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Abstract
In this thesis we focus on partially occluded object recognition under geometric transformations. Objects are represented by their contours. Depending on the kind of geometric
transformation and robustness to occlusion we introduce different solutions. Our results
are applicable in industry, robotics, 3D vision, forensics, etc.
We propose three novel methods for partially occluded object recognition. The major
contribution of all our methods is a creation of features. Features are designed to be local
and invariant to appropriate geometric transformations. We use mostly standard feature
matching to prove properties of designed features.
The first method deals only with translation, rotation and scaling (Euclidian transformation) and is based on contour approximation by circle arcs. The parameters of the
circle arcs seem to be suitable features. The second method deals with affine transformation and is based on polygonal approximation of contours and, moreover, is robust to
additive noise. The second method splits the contour into parts using inflexion points
and transforms every part into both normalized shape and position. The parameters of
standard shapes of every part are the desired features. The third method deals also with
affine transformation. It splits the object into parts using a novel, cutting algorithm. This
method employs moment based affine invariants of these parts as features . All methods
are simple and easy to implement.
We demonstrate the properties of the proposed methods on synthetic, manually drawn
data, where the geometrical transformation, occlusion, additive noise and noise in inflexion points detection were simulated. Moreover, the second method was tested on
real-word data as well.
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Chapter 1
Introduction
This Ph.D. thesis addresses object recognition, one of the fundamental problems of computer vision. Image acquisition and image preprocessing are both instantaneous due to
rapid development of new CCD/CMOS cameras and powerful computers. However, object recognition remains a crucial problem, which cannot be solved simply by faster computers, because many algorithms require extremely complex and extensive computations.
Let us intuitively call objects all the things that are surrounding us such as trees, tables,
chairs, knives etc. Visual object recognition is defined as follows. A database of known
objects and one unknown object are given. Our goal is to decide which object from the
database is most similar to the unknown object. If the unknown object is most similar to
the object V and if the similarity is If this is not the case we label this object as unrecognized. The database of objects is usually manually prepared by a human, although it is
not necessary for every kind of application.
A recognition process can be either semiautomatic or fully automated. Most of industry applications require fast, efficient and accurate recognition without intervention of a
human operator.
The recognition algorithm needs to know how to identify an object. The object can
be described by features, i.e. by an n-D vector in metric space, by its structure in formal
grammar or by a fuzzy description. Depending upon the description the recognition is
then considered statistical, structural(syntactic) or fuzzy.
In structural recognition graph representation of primitives composing objects is used.
In the image processing step of a structural recognition system graphs corresponding to
objects are extracted. These graphs are then exploited in the structural recognition step.
The image processing step extracts graphic primitives from images (component, stroke,
vector, and so on.) and utilizes these graphic primitives to build graphs. The structural
recognition step uses two main approaches: graph-matching and graph-grammar. In the
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first case one matches extracted graphs with model graphs. In the second, various different rules are applied to transform extracted graphs into model graphs.
The fuzzy systems are capable of representing uncertain and non-exact information.
Such systems closely approximate human representation of knowledge. For better understanding let us define fuzzy set DARK as a set of pairs x, m(x), where xSis T
a feature (a
color) and m(x) is a degree of membership to set DARK. Fuzzy operators , as well as
complements are also defined. Fuzzy rules can be applied to fuzzy sets. For example if x
is DARK then w is SLOW. The goal of fuzzy reasoning is to combine information carried
in fuzzy sets in order to make a decision.
The statistical recognition system consists of two parts: feature creation and feature
matching. In the feature creation step n-D vector representations of object are computed.
In the feature matching step template features are matched to the features that were generated.
The feature vector is a point in a metric space (typically in the n-D Euclidean space)
that describes an object. The most desirable properties of the features are:
• Invariance - feature can be invariant to
– geometric transformations – Euclidean, affine, projective
– blurring – the image of the object can be blurred due to incorrect focus or due
to movement
– color transformation – images of the object can have changed contrast or any
color component.
• Discriminability - features should make the different classes of objects well separable in n-D space.
• Robustness - A feature is considered stable if minor changes to the object result in
minor changes to the feature value. A feature is unstable in the opposite case, i.e.
when minor changes to the object significantly affect the feature value. Features
can be robust, for example, to additive noise.
• Efficiency, completeness - ideally a feature (n-D vector) should have a small number of components and at the same time describe the object accurately. In an ideal
case the object can be exactly reconstructed from the feature that contains several
components.
Features can be categorized into four main classes:
1. Visual features – compactness, elongation, rectangularity, convexity, etc. Euler
numbers represent simple features. Chain codes, polygonal approximation, shape
vector etc. are representatives of complete features. Simple visual features are
computed from complex objects and thus cannot be used for partially occluded
object recognition.
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2. Transform coefficient features – Fourier descriptor and wavelet based features are
typical representatives of this class. Neither can be used for recognition of partially
occluded objects. The Fourier descriptor is computed from complex objects and is
global. Wavelet based features can be local, but matching algorithms accounting
for occlusion would necessarily result in huge computation complexity.
3. Differential features – Differential invariants are computed using high order derivatives of the object boundary. They are local and thus are ideal for recognition of
partially occluded objects. Unfortunately, high order derivatives are extremely unstable. Even a small amount of noise or variable boundary digitization result in
significant changes to these features. Semi-differential invariants preserve locality
of differential invariants and are more stable than differential invariants. The basic
idea of this procedure is to divide complex object into parts and then describe each
part by a global invariant.
4. Moment invariants – are typical global invariants. Moments are ”projections”
of the image function into a polynomial basis. Moment invariants are computed
from moments. They can be invariant to geometrical transformations, blur, etc. An
example of a simple moment invariant is the center of gravity of an object. Because
of their global nature, they are not suitable for recognition of partially occluded
objects.
As mentioned, the second part of statistical recognition system is feature matching.
We are in the situation when we have a set of templates in n-D Euclidean space and one
n-D vector. We want to decide which group our vector belongs to. In other words we
want to divide the n-D Euclidean space into parts that correspond to different classes.
If we have a lots of templates for every class, many good classifiers such as Bayes,
multilayer neural networks, Fisher linear discriminant, support vector machine, etc. are
available. Otherwise, if we have several representatives for every class, we can use for
example a simple k-nearest neighbor classifier.
The aim of this thesis is to develop tools for recognizing objects which are only partially visible. They may be occluded by other objects in the scene or they may just exceed
the visual field. Most features mentioned above are global, which means that a local disturbance of the object (even minor) may influence significantly the whole feature vector.
Apparently, such features cannot be used for our purpose. On the other hand, differential
invariants have local properties, but because of their extreme vulnerability, can applied
to real tasks only with extreme difficulties, as has been reported several times previously
in literature. Clearly, there is a shortage of local robust and discriminative invariants for
description of partially occluded objects. The goal of my thesis is to bridge this gap.

4

Introduction

Figure 1.1: Indoor images from a digital camera, where objects have perspective distortion and are partially occluded.

1.1 Motivation
The recognition of partially occluded object is needed for example in robotics, forensic
applications, astronomy, industry applications and so on. We present several examples to
illustrate the use of recognition algorithms. In all the cases partial occlusion of objects
has to be included in the recognition process.
Robotics: The most typical examples come from robotics. To decide how to behave, a
mobile robot is equiped with a camera which he utilizes to find, in a bounded area, one
specific object or alternatively to recognize all the objects.
In three dimensions objects naturally overlap. The images of all objects are transformed by a projective transformation. Moreover, the illumination of objects is different
from various points of view (see Figure 1.1). In such case (see Figure 1.1) the projective
transformation can be well approximated by a less general, affine transformation.
Optical Character Recognition (OCR): In Figure 1.2, you can see three images of a Machine Readable Zone (MRZ). The MRZ is a special part of any valid travel document
made according to ICAO Document 9303 on which all important information about a
holder is written using a special code. This MRZ was designed to be automatically read
by a machine to check holders identity in order to improve security.
The characters on a MRZ are printed with IR-absorbing ink but sometimes there is a
need to capture the MRZ only by a camera sensitive to visible light. This causes problems
with hologram labels that are printed on every travel document to protect it from copying.
These labels may make some characters appear as occluded (see Figure 1.2c). Another
case of occlusion appears when the whole MRZ does not fit into one image and some
letters are cut off (see Figure 1.2b). In both cases, we need an algorithm for recognition
of partially occluded object.

1.1 Motivation

(a)
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(b)

(c)

Figure 1.2: Images from the DocuCenter: (a) Non-damaged captured image of the a of the
MRZ (b) The MRZ with several last characters occluded (c) Several letters are damaged
by the hologram label.

The images in Figure 1.2 were captured by Voskuhler 1.3MPx camera, using visible
light. We obtained images from an image acquisition commercial product called DocuCenter which is now widely used on airports, country borders and police stations. Because
of the flatness of the characters and the frontoparallel camera position, only an Euclidean
distortion is present. This makes the recognition easier.
Another forensic application is identification of shoe prints found at a crime scene.
Visual inspection in industry: In Figure 1.2 you can see a conveyor belt with several kinds
of objects. The camera can be in different positions and a general perspective projection
should be included in the recognition process. Sometimes, an object can be occluded by
another object. It does not matter if the occlusion is caused by another object of interest
or by an obstacle. We can think of over-illumination as a specific case of occlusion.
The camera can be placed in a normalized position, however the objects often cannot.
Objects preserve their 3D characteristics and because they may rotate, the presence of perspective projection, often approximated by an affine transformation, cannot be avoided.
The pictures in Figure 1.2 are not from a real-life industry application but the situation
itself is realistic enough. Let us imagine several machines which cut off bottle openers,
washers, stoppers or cap plugs from a metal sheet and put them on the same conveyor
belt. The task is to count the amount of openers produced.
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Figure 1.3: Typical images from an industrial camera placed above the conveyor belt.
Images contain several kinds of objects.

1.2 Discussion
The examples presented in section 1.1, represent only a small fraction of all the possible applications. Nevertheless, they demonstrate variable lighting conditions, reflections,
perspective projections, partial occlusion and many different types of texture.
We decided to recognize objects only by their contours because contours are easy to
find, are robust to the light conditions and are independent to the texture of an objext.
The objects’ textures sometimes contain a lot of valuable information but are not always
present. Moreover, textures can be the same for many different objects.
Let us consider a non-algebraic contour. According to Ästrom[2], every such curve
can be mapped by a perspective projection arbitrarily close to a circle in the Hausdorff’s
strengthened metric. That means we can transform two different non-algebraic curves by
two different perspective projections arbitrarily close to the unit circle. If the projective
invariant is continuous the values of the invariant can be arbitrarily close to each other.
In real-life cases such a perspective projection hardly appears, and so many authors
deal with further perspective projections. Therefore we must realize that the method proposed in Ästrom’s paper sustains bad discriminability of continuous projective invariants.
This is one of the reason why we decided to deal with less general geometrical transformations than the projective. We consider rotation, scaling, translation as well as affine
transformation. In most cases, these transformations seem to be a suitable approximation
of the general perspective projection.

Chapter 2
State-of-the-art
In this chapter, we explain the background of the addressed problem. We introduce basic
terminology used in the field of our research. We survey standard methods and compare
their advantages and weaknesses. Moreover, we show the areas of research that have not
been fully explored and on which we focus.

2.1 Problem analysis
Let us define our goal. We have an unknown contour and a database of known contours.
Our goal is to find, from a given database, the most similar contour to the one unknown,
while taking into account possible occlusion and geometric transformation.
This problem, in full generality has not been sufficiently solved yet, although it was a
focus of much research conducted during the past twenty years.
As we mentioned above, according to Ästrom[2], there are some fundamental limits
to the solution of the problem .Because of this we consider geometric transformations
only up to an affine transformation.
In the case of a polygonal shape our problem becomes trivial. The recognition can
be solved directly by point string matching. The recognition of a partially occluded polygon can be considered as completed. For more details please see Maes[19], Glauser[12].
From here on, we deal with curved objects.
Before discussing different methods of contour recognition, we should mention that
the recognition consists of two parts. The first part is feature detection, the second feature
matching.
Most known methods focus on the first part, i.e. on contour description. The contour
description is also the major focus of this thesis. As the feature matching algorithm, au-
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thors often use certain standard algorithms such as substring matching.
In the following section we offer a survey of standard methods in the field of contour description. Selected important papers on geometric invariants can be found in a
publication by Mundy and Zisserman [25].

2.2 Standard methods
There are four basic approaches that are used to handle the problem of contour description. The first approach is a description of contours by string features. The string contains several features for every point of a digitized contour.
The well known local differential invariants by Weiss[49][50][51] and Rivlin[37] belong to this category. Weiss introduced geometric invariants using high order derivatives
but his invariants were very sensitive to noise. For every point of the contour he found
a simple curve, cubic or a quartic, which approximated the contour well, which means
the derivations up to the n-th grade were equal. Weiss proposed a method how to transform such a cubic into the canonical form ensuring invariance to transformations. By
transforming the cubic we obtain several invariants which we assign to the actual point
of the contour as features. This method has one principal basic disadvantage. It is very
sensitive to the noise because of the use of high order derivatives. At first Weiss focused
on projective invariants which need eight derivations. As a side effect affine invariants
were obtained, while transforming the quartic into canonical form. For these affine invariants eight derivations are needed as well. Using another curve for the approximation
process and focusing on affine transformation affine invariants were received, which need
only four derivations. Despite the great effort invested by Weiss and Rivlin, their method
is still unusable in real cases. However, this method has a very strong theoretical background and it is widely known and respected.
Pikaz and Dinstein[35] use a total curvature description (total curvature function is
defined as the angle function with a length parameter). In addition, they introduced a
fast subfunction matching algorithm acting on this description. Their method deals with
affine transformation as well, but the method is not so fundamental and thus will not be
described in detail.
The second approach is contour description by important points such as minimal/maximal
curvature points, inflection points, or zero- and first- order discontinuities. Many papers
deal with dominant point detection. For details, see Ansari and Delp[1], Tsang et al.[47],
Kankanhalli[26], Cormic[8], Teh and Chin[42] or Manocha and Canny[18]. Even though
many kinds of dominant points exist and many methods to detect them were proposed,
none can be used to reliable determine the number of affine invariant points.
Ansari and Delp[1], Tsang et al.[47] first convolved the contour curvature with the
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gaussian function. The local extremes of the resultant function were considered dominant
points. Kankanhalli[26] first specified four points and then associated regions. After that
he recursively extracted other dominant points. Cormic[8] used chain code properties of
straight lines to compute a set of contour features. Dominant points were computed from
these features.
Han and Jang[13]and Han et al.[14] extended the polygonal approximation method of
Duda and Hart[11]. Their modification increased its speed and used compatibility index
for matching. Unfortunately, they dealt only with translation and rotation. Moreover, for
contours matching Han and Jang had to solve the problem of the largest clique which is
NP-hard.
Tsang et al.[47] proposed a new polygonal approximation and used a weighted distance transform to get a similarity score. Tsang et al. used Ansari, Delp[1] Curvature
Guided Polygonal Approximation to get base dominant points and extended these points
by a split-and-merge procedure, but their method was not robust to errors created in the
split-and-merge procedure. Moreover the method was invariant only to translation, rotation and scaling.
Werman, Weinshall[52] introduced a new measure between two sets of points and
used it for contour recognition. Their measure can be invariant to similarity and affine
transformation.
All methods mentioned in the second approach, suffer from several disadvantages.
They were designed to be invariant only to scaling, translation and rotation, or they could
not describe contour as accurately as needed (methods could find only few points), or they
were sensitive to noise. This is the area where our research could obviously contribute the
most.
The following paper partially solves all the mentioned disadvantages. We use it as a
reference for our newly developed method. Lamdan et al.[33] method is as follows:
1. At first they find dominant points P = P1 , . . . , Pn of the contour. Dominant points
can be inflection points, points where convex hull of the contour touches the contour, points where the derivation is not defined.
2. For two adjacent important points Pi , Pi+1 ∈ P they found out the most distant
point Qi belonging to the boundary between Pi , Pi+1 . These three points were
called a triplet.
3. For the triplet Pi , Qi , Pi+1 they constructed a footprint which describes the part of
the contour between points Pi , Pi+1 in detail.
When they match two contours, they match their triplets. Single triplets correspond
to a uniquely determined affine transformation. After contour normalization by single
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triplets correspondence, the degree of contour similarity is given by the number of congruent triplets. Lamdan’s method is widely recognized, considered stable and easy to
implement.
The third approach is a boundary approximation by non-linear primitive shapes e.g.
Cohen et al[5][6]. They used B-splines for the approximation because if correspondence
of control points is well defined, an affine transformed B-spline becomes a B-spline again.
A B-spline is smooth and can well approximate any contour by choosing the right number of B-spline control points. Despite the fact that description by B-splines is local, the
method is unusable for occluded objects due to dependence on number of B-spline control points. For the same contour, a different number of control points creates a different
B-spline representation. Avrithis et al.[3] also approximated contours by B-splines, but
afterwards they used curve normalization using moments and Fourier descriptors which
made their method unusable for partially occluded objects recognition because of global
nature of moments and Fourier descriptors.
A very interesting method was proposed by Jia[17], who approximated contours by
circle arcs. The approach was as follows. The curvatures for every point of the contour
were computed. For every point he found an osculating circle and a part of the curve
which was well approximated by an osculating circle. Let us label Desc as a set of features
describing the curve. Let us label surr(P ), |surr(P )| and d(surr(P )) as the part of the
curve well approximated by an osculating circle in the point P, the length of such a part
and features (center, radius, angle) of the osculating circle arc, respectively.
1.
2.
3.
4.
5.

Desc = ∅, A = {a set of points belonging to the digitized curve}
find point Pj ∈ A, ∀Pi ∈ A |surr(Pj )| >= |surr(Pj )|
S
Desc = Desc d(surr(Pj ))
A = A\surr(Pj )
while A 6= ∅ goto step 2.

Obviously the description Desc is invariant to translation, rotation and scaling invariant.
It is not clear, why Jia selected the description according to the longest approximated
part of the contour because such a selection suppresses details. Moreover, his method
propagates approximation errors caused by contour occlusion. Clarifying this issue was
subject to the first stage of our research.
The fourth approach uses curve description by dyadic wavelets. Most papers have
been written and the best progress in this area has been achieved by Tieng and Boles[43][44][45].
They first focused on the Euclidean transformation[43] and later dealt with the affine
transformation and perspective projection. Compared to the Fourier descriptors the wavelet
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description is much better namely when contours are corrupted by noise. Unfortunately,
this method is not suitable for partially occluded objects because of the used matching algorithm. Moreover, applying the matching algorithm to our problem is problematic as it
would dramatically increase computation complexity and decrease objects discriminability.
Bala, Cetin[4] used an invariant function defined by detail coefficients calculated at
two different levels of boundary wavelet decomposition. Khalil, Bayoumi[28] used an invariant function which they obtained from a wavelet based conic equation. Their function
was based on six dyadic levels. In both papers almost the same problems occurred as in
papers by Tieng and Boles. This approach is very good for contours heavily corrupted by
noise and slightly by occlusion but cannot be used in the case of greater occlusion.
There are also some other methods that do not belong to any of the categories listed
above, for example Turney et al.[48]. The method used a saliency measure of contour
parts as weights for contour recognition. Saliency measure reflects uniqueness of actual
parts of contours. Their method is invariant to translation and rotation.
Siddiqi[41] et al. introduced a shock graph. Shock graph is derived from curve evolution diagram based on mathematical morphology. They define shock graph grammar of
the curve and shock trees based on it. And they match such a shock trees. Unfortunately,
the shock graph is not affine invariant.
Hoffman and Richards[36] introduced codons which describe the contour according
to curve planar topology. Codons are robust to occlusion and moreover codon description
is affine invariant. Codons give us a weak contour description, especially when contours
do not contain many curvature extremes.
Rothwell[38] introduced well known algebraic projective invariants, but these invariants are not suitable for complex objects.
As an example of a purely empirical approach, we should mention the genetic algorithm by Kawaguchi, Nagao[27]. Their method is translation and rotation invariant.
In their early papers Mokhtarian and Mackworth [22][23] introduced curvature scale
space (CSS) and new shape representation which was invariant only to Euclidean transformation. In the later paper Mokhtarian and Abbasi[24] used curve evolution diagrams
in CSS which were affine invariant but although the evolution diagram had local character
it was not usable for partially occluded object recognition because of CSS normalization
using curve length. Very similar results were obtained also by Daoudi and Matusiak[10]
based on Mokhtarian and Mackworth[23].
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There is a lot of other papers not important for solving our problem or which only marginally touch the topic. Among those we could include the following: Cohignac, Lopez,
Morel[7] used affine invariant scale space to define novel affine invariant chopping of the
contour. Hummel and Wolfson[16] proposed a fast geometric hashing of affine invariant
points, and Costa et al.[9] further improved their method. Meer and Weiss[21] computed
correspondence of two point sets under projective transformation using conic invariants.
Koch and Kashyap[29] used a split-and-merge procedure by Pavlidis[34] to find corners
of the contour, and match such polygons using a fast match hypothesis generation and verification. Yang and Cohen[54] introduced special cross-weighted moments which were
more stable than regular moments. Another idea of Yang and Cohen[53] was to employ a
convex hull of the object and compute well known geometric invariants from such polygon. Sato and Cipolla[40] developed semi-local integral invariants which used only the
second derivative and which are semi-local and affine invariant. Huttenlocher[15] published a method suitable to find point matches under affine transformation. His method
had complexity O(mn2 log mn) where n is the number of model points and m is the number of image points.
The last published paper related to our topic is by Manay and Cremers[20]. They
developed clever local integral invariants which uniquely represent the curve. They are
invariant to Euclidean transformation and very robust to noise.

Chapter 3
Objectives
In this chapter we specify the general objective and precise objectives of this thesis
roughly outlined in the previous chapter. We will revise an insertion into the area of
partially occluded object recognition.

3.1 Objectives of this thesis
The general objective of this thesis is to develop a method suitable for recognition of
partially occluded objects when the object is transformed by an Euclidean or affine transformation.
Plan of objective processing
• The early objective was to find an Euclidean (translation, rotation, scaling) invariant
contour description.
• Find affine invariant description.
• Find stable affine invariant, important points that are independent on occlusion.

3.2 Precise objectives
Like a first objective we chose to explore deeply the idea introduced in Jia’s paper. As
we mentioned in the previous chapter (Section 2.2), his basic idea was to approximate a
contour by circle arcs. In the iterative approximation he firstly chose circle arcs which
approximated the longest part of the contour. It was not clear why he used the criteria
which selected the longest part of the contour. Such a selection suppressed details of the
contour. And if the occlusion was presented, the propagation of the approximation error
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deprecated the contour description greatly. One advantage of such a criteria is that the
contour is approximated relatively by several osculating circles. Thanks to this property
the matching algorithm works on small data sets and is fast.
Oour main goal was to an find approximation based on Jia’s paper, which suppresses
error propagation, is more robust to occlusion and does not suppress details of the contour.
We met this objective, we designed an algorithm that restricts the propagation of an
error caused by an occlusion. The description is invariant to Euclidean transformation.
We describe the method in the first paper.
The second objective was to find affine invariant polygonal approximation of contours which could be robust to the occlusion and noise as well. As we mentioned in
the review, all the polygonal approximations of contours published until now were only
Euclidean transformation invariant (see Section 2.2). Moreover many of them suffer from
great error propagation caused by the presence of noise or by inaccuracy in dominant
points detection.
In fact, none of the methods published until now has all of following properties: affine
invariancy, robustness to noise, can describe contour in details – good discriminability.
Among the survey of standard methods known to us, an affine invariant polygonal approximation was not yet published and thus its properties are not known.
Affine invariant polygonal approximation,robust to noise and inaccurate dominant
point detection as well as describing contours in details, would be a good contribution
because, among others algorithm matching polygons are well known and simple.
We developed a new polygonal approximation of contours and we fulfilled this objective as well. Moreover, we proved the usability of our method on many generated images
and real world photos. The method description, experiments and results can be find in the
second paper.
The third objective stems directly from the review, where you may notice that many
methods are semi-local. This means they use a certain natural object division into segments using dominant points and afterward use a certain standard recognition method on
the segments.
Affine invariant dominant points would be sharp corners, points where the convex hull
touches the contour or the inflexion points. The number of sharp corners and points where
an object touches its convex hull is typically low. Locations of inflexion points are not
very stable because of the use of the second derivative. The number of stable dominant
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points is important for object description. If the number is small, the error propagation,
caused for example by occlusion, can make the object undefinable. If the dominant point
detection is inaccurate the object discriminability is low.
The third objective was to find a stable object splitting into segments and confirmation
of the feasibility of such a division by some standard recognition method.
We fulfilled this objective too, as you can find in the third paper.

Chapter 4
Extended abstracts

4.1 Recognition of occluded objects using curvature
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4.1 Recognition of occluded objects using curvature
In this paper, we introduce two new algorithms for recognizing partially occluded objects
. Objects are represented by their contours which can be partially occluded. We assume
that objects are compact, that means, their contours are Jordan curves.
Both algorithms for recognition consist of two major parts – contour representation
and contour matching. The first part which is major contribution, contains two new contour representations created by approximation by circle arcs. The first representation
extends Jia’s idea and the second one is different and eliminates the error propagation.
We designed both representations to be local and invariant to the translation and rotation.
The representation is robust to occlusion. With respect to noise curve approximation by
circle arcs is equivalent to the curvature representation.
After we obtain the contour representation, there are many possibilities how we can
match them. The second part of the paper describes matching curve representation. The
matching algorithm can match two scaled contours, and so the algorithm can recognize
translated, rotated, scaled, and partially occluded objects. The algorithm is simple and
easy to implement.
We tested both algorithms on different types of curves which were rotated, scaled and
occluded and we showed their robustness to occlusion. Moreover, we showed the separability of types of contours as well. Finally we gave the computation complexity of
obtaining the representation and of the matching.

This paper was published:
F. Krolupper, ”Recognition of Occluded Objects Using Curvature,” WSCG 2004 (Posters),
pp. 89-92, Plzen 2004.
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4.2 Polygonal shape description for recognition of partially occluded objects
We introduce a new method for recognition of partially occluded objects represented by
their contours. Contour description based on inflection points detection, approximates the
contour by a polygon and it is affine invariant.
The paper contains a new method for the object shape description and the standard
method for substring matching. The main contribution is that it creates an affine invariant
description for contours without computing parameters of the affine transformation. Despite that the method is based on inflection points, the description can be made as detailed
as needed. This makes the method robust to both – noise and inaccuracy of inflection
points detection. Our method can be categorized as the polygonal shape approximation
based on dominant points.
We introduce a simple penalty function for substring matching and present recognition
results. We compared our method to the standard Lamdan’s method. We tested recognition robustness to additive gaussian noise to the inaccurate detection of inflection points.
Comparison to Lamdan’s method was done on many synthetic, manually drawn images.
We demonstrate the power of the method on real-world samples, too.
Further development of the algorithm would involve the automatic determination of
the number of iterations of the approximation algorithm. The new way of matching according to the different iteration level approximations of contours is also challenging.

This paper was published:
F. Krolupper and J. Flusser ”Polygonal shape description for recognition of partially
occluded objects,” Pattern Recognition Letters, vol. 28(9), pp. 1002-1011, 2007.
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4.3 Local object description using novel object division
and moment invariants
We introduce a new method suitable for recognition of rugged, partially occluded objects
under an affine transformation. The object description consists of cutting the object into
parts and computing moments based affine invariants for each parts. The object cutting
uses a new kind of important points and does not need higher than the first derivative of
the contour. The cutting process as well as important points, are affine invariant.
By cutting the object we obtain a set of inner and outer shreds, that means, parts of
the object. The number of shreds equals twice the number of the parts obtained as the
difference of convex hull of the object and the interior of the object. For every shred
we compute few first moments based affine invariants and that give us the desired object
description. This is the major contribution of the paper.
Our experiments show that the method is suitable for objects under affine transformation with additive noise added by digitization even if the skewing is high. We show
the method is robust to occlusion, especially when objects are rugged. We compared our
method to the standard Lamdan’s method and proved that our method performs better
when occlusion is less then 30 %.
We made another extensive test on much bigger set of objects. Because this article
was made to be published in a scientific journal and the journal limits the number of a
paper pages, we attach the extensive test of the method in Appendix A.

This paper was submitted:
F. Krolupper and J. Flusser, ”Local object description using novel object division and
moment invariants”, Pattern Recognition Letter.
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Recognition of occluded objects using curvature
Filip Krolupper
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ABSTRACT
New approaches of object representation reliable for partially occluded objects recognition are introduced in this
article. Objects are represented by their boundaries, which are deformed by the occlusion. The boundary
representation was made by approximation with circle arcs. The representation was designed to be local and
robust to occlusion. The curve approximation with circle arcs is equivalent to the curvature representation with
respect to noise. The algorithm is simple and easy to implement. Experimental results are presented.

Keywords
occluded object, dominant points, minimal and maximal curvature points

1. INTRODUCTION
Recently, many papers about partially occluded
object recognition have been published. The objects
are supposed to be planar and represented just by
their binary pictures. Moreover, we assume the
objects are compact, that means each object consists
of one part only, the boundary of which is a closed
curve. We also assume the object may undergo some
spatial transformations: translation, rotation, scaling,
affine transformation or perspective transformation.
Even in this simplified specification, the recognition
problem has not been efficiently solved yet. In this
article we assume the occluded object undergo just
three basic transformations: translation, rotation,
scaling.
The key point is to find a reliable description (the
method for features extraction) of the object. To be
robust to occlusion and to be invariant to the implicit
transformations, the description should have local
characteristic. Moreover the description should
represent the object as accurate so that two different
objects would have different features.
Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for
profit or commercial advantage and that copies bear this
notice and the full citation on the first page. To copy
otherwise, or republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.
Journal of WSCG, Vol.12, No.1-3., ISSN 1213-6972
WSCG’2004, February 2-6, 2004, Plzen, Czech Republic.
Copyright UNION Agency – Science Press

When it is not the case, and we do not have any
database, the object could be reconstructed due to its
specifications.
There are three basic approaches, which are used to
handle the objects description. The first approach is:
object string features characterization (the string
contains some features for every point). The well
known local differential invariants [Weiss92] or total
curvature description [Pikaz95] belong to this
category. The second approach is the object
description by important points such as extreme
curvature points [Han Jang88], [Tsang94], or
curvature points of inflection. The third approach is
the boundary approximation for example by splines
[Cohen95]. There are also some publications, in
which the authors suggested algorithms which didn't
belong to any of these three approach classes for
example saliency descriptor [Turney85]. There were
some other experiments, for example genetic
algorithms [Kawaguchi98].
This work contains two new algorithms, which stem
from the Jia's idea [Jia92], for partially occluded
objects recognition. Both of them have the same base
- new approximation method of digitized curve by
circle arcs. The methods differ by approximation
progress i.e. construction of the object representation.
In the second chapter we show two ways to obtain
the boundary representation, from the circle arcs
curve approximation. The segment description is
explained in the third chapter. Experimental results
are mentioned in chapter four.

2. CURVE REPRESENTATION
In this section we focus on curve description by
osculating circles. Let us assume, that we can obtain,
for every point of digitized curve, an osculating circle
and the surroundings of validity, i.e. the surrounding
of the current point, where the curve is well
approximated with a predefined accuracy by the
osculating circle. The description of the algorithm for
obtaining osculating circles can be found for example
in [Worring94]. Let us denote repr Ba i the
representation of osculating circle and the
surroundings of validity (Ba i ) at the point Bi. The
description of the structure repr Ba i is written in the
next section.

(c)

(a)

(b)

(d)

Figure 1: Curve split into parts by different V feature
(a) The biggest curvature (b) The smallest
curvature (c) The shortest surroundings of validity
(d) The longest surroundings of validity

Non sequential description
The algorithm for object description should be robust
to errors, i.e. any error, which can appear in the
process is not distributed into other parts.
Algorithm description:
1. M = {set of points, which belong to the curve};
2. R = {};
3. While M is not empty do {i-th loop};
a. Find out the point Bi from M which has a V
feature;
b. Find out the set of points Bai which are in the
Bi’s validity region and which belong to M.
c. M=M – {Bai};
d. R=R + repr (Bai ∩ M);
4. endwhile

Set R is the desired representation. V is the feature of
point, for example we can put V equal to the biggest
curvature.
In this part we discuss advantages and disadvantages
of V features, which we use as a decision rule to get
Bi. We have tested four V features: the biggest and
the smallest curvature, the largest and the shortest
surroundings of validity.
The biggest curvature: The algorithm chooses the
details, and so there is a big respect to the details. i.e.
there is the respect to points with big curvature corners describe the object very efficiently. The next
advantage is, that the occlusion changes quite a small
part of object description where the object was not
occluded. The disadvantage is the number of parts,
which the object is split in.
The smallest curvature: In fact we took points with
the smallest absolute value of curvature - points with
curvature near zero. If there were points of inflection,
the algorithm chooses them at first. The advantage is
that the parts, which the curve is split in, are quite
long and there is a relative small number of them.
The disadvantages are inaccurate detection of points
of inflection and partial suppression of the curve
details.
The shortest surroundings of validity: The
algorithm picks up the parts of curve which are
typically non circular and which are difficult to
approximate in this way. At the border we can find
corners and points of discontinuity. The meaning of
circle approximation is nearly lost, but the important
points can be found out very easy.
The longest surroundings of validity: That was the
original Jia's idea[Jia92]. At first sight it seems to be
natural and the best method. But we have to know
that it is not true. The algorithm splits the curve into
small number of long parts. The first disadvantage is
that if we occlude a few points of one part, the whole
part comes to be unusable i.e. the big part of object is
lost. The second disadvantage is that specific details
of the curve are partially suppressed.
The algorithm is not sequential. The areas are step by
step chosen independently on each other. But we can
find specific objects - or part of objects where the
areas are chosen dependently. Let us look at the
ellipse. We can damage two small parts of the ellipse
and the object description would be absolutely
different (if feature V is one of our four features),
because of the monotonic change of ellipse
curvature. We suggest an algorithm which can solve
this problem.

Sequential description
The sequential algorithm we suggested and tested has
the basic advantages of the previous algorithm and it
solves the problem described above. The essential
idea is almost the same: using the curvature to find
the important points.
Algorithm description:
1. Struct = {};
2. Find the "important" points B = {Bi}
3. For every two following important points (Bi1, Bi2)
on the curve make two structures String(Bi1, Bi2) and
String(Bi2 , Bi1). The structure String(Bi1, Bi2) create in
this way:
a. String(Bi1, Bi2)={};
b. V=Bi1;M={points belong to curve between
points Bi1, Bi2};
c. While |V - Bi1| < | Bi2 - Bi1| do
I. String(Bi1,Bi2) = String(Bi1, Bi2) + repr(
sur V ∩ M) where sur V are the points
which belong to surroundings of validity
of the point V.
II. M=M-{sur V ∩ M };
III. V= the closest point to Bi2 of {sur V∩ M }
d. endwhile
4. Struct = Struct + {String(Bi1,Bi2), String(Bi2,Bi1)};
The final curve description is given by structure
Struct.
The "important" points could be points of inflection
or points where the curve reaches extreme curvature.
In our experiment we used all points suggested above
as the set of "important" points , because of
minimizing sequential error distribution. All these
points are invariant to rotation, translation, scaling.

Discussion
In this section we discuss advantages and
disadvantages of both methods. At first we can see
that both of them are based on the same curve
property (curvature) and that implies the same
robustness to noise and it implies similar computing
completeness.
The size of curve descriptor - the structure Struct is
four times bigger for sequential method. The
matching algorithm will be much slower anywhere.
But the size amplification makes the description
robust to occlusion. Let's see why.
Let us assume curve, which has two important points
Bi, Bj next to each other, and there are minima of the
curvature. Herewith we think about smallest
curvature like the V feature. If we occlude just one of
these points, the first algorithm makes the description
that is damaged by 50% compared to the original in

the case that curve is an ellipse. But if we use the
second algorithm, the String(Bi, Bj) will be wrong
however the String(Bj, Bi) will be completely correct!
Here is one disadvantage of the sequential algorithm,
which we have mentioned above. The approximation
error is increasing and is distributed from the
beginning point to the next one through whole
structure String(Bi, Bj). Let's look closer at the first
algorithm. If we choose two points on the curve, the
curvature between them is a monotone function, the
first algorithm is "sequential" between them. From
this easy case, we can deduce that the sequential
algorithm distributes the error in the same area as
non-sequential algorithm.

3. SEGMENT DESCRIPTION
In the previous chapter, we have mentioned structure
repr X with the notice to be explained later. How can
this structure look like. At first we repeat, that X is a
part of the curve, which can consists of several
continuous parts. Let us assume X is just one part.
The extension can be done very easy as implies from
our description.
Well, we have the part of curve X, which is
continuous, we know the osculating circle, i.e. its
center and radius. The representation of this
information can be made in many ways.

(a)

(b)

Figure 2: Structure reprX
We define S as a center of gravity of X. The point B1
is the first point of X (clockwise), point B3 is the last
point of X and point B2 is point which is lying on
curve X and line from center of the osculating circle
which halves the angle between B1 and B3. See fig.
2a. After that we can define three vectors v1, v2, v3
see fig. 2b, which fully determine center and radius
of osculating circle. But this representation has many
advantages when compared to the first one.
1. The representation is robust to inaccuracy while
finding the osculating circle.
2. The measure of error can be defined easily as a
difference between three vectors.
3. This measure has good properties near zero
curvature, the measure sufficiently defines the error.
If the X consists of several continuous parts, we make
these three vectors for every part.

4.RESULTS
We have tested these two algorithms at different
types of curves which were rotated, scaled and
occluded. In this section we show the robustness of
these algorithms to occlusion, moreover the
separability of types of objects is shown.
We designed simple matching algorithm to show
object description properties. Match results are
written in the tables. The numbers in the tables mean
the similarity (percentage) of two objects. The names
of objects are derived in this way: Name o1 means
first object. Objects were damaged by occlusion and
so the name o1d1 means first object that was
damaged in the first way.
The computing complexity is O(n) where n is
number of points, which belong to the digitized
curve.

o1
o1d1 o2d1 o2d2 o3
o3d1
o1
xxx
59.8 2.8
2.0
3.1
1.4
o1d2 xxx
xxx
0.8
2.7
3.0
1.4
o2d1 xxx
xxx
xxx
14.0 0.4
1.7
o2d2 xxx
xxx
xxx
xxx
1.6
0.7
o3
xxx
xxx
xxx
xxx
xxx
56.2
o3d1 xxx
xxx
xxx
xxx
xxx
xxx
Table 2: Similarity measure (in %) between the test
objects for sequential method

5.CONCLUSION
Two algorithms for occluded curve representation
were presented. Both of them were based on curve
approximation by circle arcs. We showed the
robustness of the representation algorithm and
matching algorithm to occlusion and experimental
results were presented.
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Abstract
We introduce a new method for the recognition of partially occluded
objects represented only by their contours. Object description, which
stems from the inflection point detection, approximates the object by
polygon and is affine invariant. The matching algorithm is simple and
easy to implement.
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1.1

Introduction
Motivation

The recognition of a partially occluded object is a major problem in computer
vision. This problem has not been sufficiently resolved yet, although many people have been working on it for about last twenty years.
Partially occluded object recognition is needed for example in forensic applications, medicine, astronomy, industry applications etc. We present an example
to illustrate the use of the partially occluded object recognition algorithms.
Optical Character Recognition(OCR): Fig. 1 shows three images of a Machine Readable Zone(MRZ). The MRZ is a special part of any valid travel
document made according to the ICAO Document 9303. It stores all important
information about the holder in a special code. The MRZ is developed in such
a way that a machine can read it automatically and check the holder’s identity
thereby improving security.
Characters in the MRZ are printed by an infra red(IR) absorbing material
but sometimes it becomes necessary to capture the MRZ by a simple visible
light sensitive camera. This raises a problem with the hologram labels which
are printed on every travel document to avoid forgery. These labels make some
characters discontinuous which results in occlusion(see Fig. 1c). Another case
of occlusion can appear when the camera cannot capture the whole MRZ into
one image and some letters are cropped(see Fig. 1b). In these cases we need an
algorithm for partially occluded object recognition.
Images on Fig. 1 were captured by a Voskuhler 1.3MPx camera, where the
MRZ was illuminated by the visible light. Images were obtained from an image
1

acquisition product called DocuCenter, which is now widely used at national
airports, country borders and police stations.
Many more examples can be found in the 3D computer vision. Partially
occluded object recognition is needed in the fields of forensic applications, medicine and astronomy - objects very often overlap in these areas. The automatized
recognition of the occluded objects is usually the first stage of the process. After
the recognition we can observe how the object changes in time.

(a)

(b)

(c)

Figure 1: Images from the DocuCenter: (a) A part of the MRZ correctly captured(b) The MRZ with cropped last characters (c) Several letters are made
defective by the hologram reflection.

1.2

Our research

The task of the partially occluded object recognition algorithm is to match a
single object against a database of objects. An algorithm should be able to confirm, whether the occluded and transformed single object is one of the objects
in the database. In this paper, objects are represented only by their binary
contours and an affine transformation is considered because it is a good approximation of perspective transformation in most 3D computer vision tasks.
We focus on a reliable description(features extraction) of the object. To be
robust to occlusion and to be invariant to the basic transformation, the description should have a local character. Moreover the description should be so
accurate that it should match just the object it represents, and none other.
There are three basic approaches, that handle the problem of object description. The first approach is a string feature characterization of the objects
(the string contains several features for every point). The well known local differential invariants from Weiss(1992) belong to this category. Weiss suggested
geometric invariants, which contain high order derivatives and are sensitive to
noise. Similarly Pikaz, Dinstein(1995) used a total curvature description with a
fast sub-curve matching, which also belongs to this category.
The second approach is the object description by important points such as
minimal/maximal curvature points, or curvature inflection points. Tsang et
2

al.(1994) suggested a polygonal approximation approach and used weighted distance transform to get a similarity score. The Han and Jang(1990) method
stems from the Duda, Hart(1973) polygonal approximation which was extended
to be faster and used a compatibility indexing for the matching. Lamdan et
al.(1988) used a hash table for a fast triplets correspondence. Werman, Weinshall(1995) introduced a new measure between two sets of points and used it
for object recognition.
The third approach is the boundary approximation by splines used by Cohen
et al.(1992,1995). They use B-splines for the approximation, because if a control
points correspondence is well defined, an affine transformed B-spline becomes
the B-spline again.
There are a few other papers, like the one by Turney et al.(1985), suggesting algorithms that do not belong to any of the above categories. Their method
uses a saliency measure(matrix of numbers) as a descriptor. A shock graph from
Siddiqi et al.(1998), codons from Hoffman and Richards(1985) and well known
projective invariants from Rothwell(1991) are the other possibilities for object
description. Unfortunately the shock graph is not affine invariant, codons give
us a weak object description and the projective invariants from Rothwell are not
suitable for complex objects. From the other approaches we should mention the
genetic algorithm of Kawaguchi, Nagao(1998) and the wavelet based approach
by Tieng(1997). Mohatharian, Abbasi(2002) use evolution CSS image matching.
This paper contains a new method for object shape description. The main
advantage of the method is that it creates the affine invariant description for
objects without computing parameters of the affine transformation. It is based
on detection of inflection points and can make the description by inflection
points as detailed as required. This makes the description quite robust to both
- additive noise and inaccuracy in inflection point detection.
Our method can be categorized as the polygonal shape approximation based
on the inflection point detection, that is it can be included in the second category described above.
Let us assume, that our objects have a continuous and piecewise smooth
border. For a parametric curve of the object border y = y(t), x = x(t) the
inflection point is defined:
ẍẏ − ẋÿ = 0
Many papers have been published about the detection and matching of dominant(especially inflection) points. See for instance Ansari and Delp(1990), Teh
and Chin(1989) or Tsang et al.(1994). Much work has also been done on the
polygonal approximations. Most methods are based on the Duda,Hart method
(1973) but almost none of them take into account the invariance to the affine
transformation.
Methods for dominant point detection are presented for example in works of
Manocha,Canny(1992) and Mohatharian,Mackworth(1986).
The affine invariant coordinate system, which is the keystone of our ob-
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(a)

(b)

(c)

Figure 2: (a) A new object defined between two inflection points (b) Affine
coordinates system (c) If such a curve is a part of our contour, this method of
approximation is unusable
ject description , is mentioned in Section 2. Section 3 shows how to obtain
the representation by polygonal approximation. The similarity score for object
matching and object matching itself is presented in Section 4. Finally, experimental results, comparison with the Lamdan method, real world experiments,
and algorithm limitations are mentioned in Section 5 .

2

Affine invariant coordinates

Affine transformation can be defined by the following equations:
xt = ax + by + c

y t = dx + ey + f

(1)

where xt , y t are the transformed coordinates, x, y the original coordinates and
a, b, c, d, e, f the transformation coefficients.
Let us take a digitized contour of the object. The contour is naturally split
into several parts by inflection points I1 , . . . , In . We will deal with the part of
the contour that begins and ends in inflection points. Let us assume that the
object given by (I1 ,part of border, I2 , line(I2 , I1 )) is convex(see Fig. 2b for an
example and Fig. 2c for a counter example) and call such an object a shred.
The next step is to compute the center of gravity of the shred. The center
of gravity(Cg ) is invariant to affine transformation. The new affine coordinate
system is defined by the origin S and two vectors v1 , v2 (see Fig. 2b). S is the
point between I1 , I2 , such that S=(I1 + I2 )/2. Vectors v1 , v2 are defined as
v1 = I1 − S and v2 = Cg − S.
Relative coordinates are preserved, that is the coordinates of each point,
which belongs to the border in the new coordinates system is affine invariant.

3

Polygonal approximation

The shred description is based on the hierarchical shred approximation in the
affine coordinate system. The first phase of approximation is the parallelogram
4

defined by vectors v1 , v2 . The first line of the parallelogram is parallel to the
vector v1 and goes via point S. The second line is also parallel to the vector
v1 , but touches the shred on the other side. The third and the fourth lines are
both parallel to the vector v2 and also touch the shred at separate points. The
points of intersection of these lines represent the corners of the parallelogram
(see Fig. 3a).
The second phase involves the four corners of the parallelogram and the
approximation is improved in the following way. For every corner Bi take the
vector vi defined as Bi+1 − Bi−1 . Take the line in the direction vi and such that
it touches the shred (it need not be tangential because points I1 , I2 do not define tangents). This line intersects the parallelogram(generally a polygon) and
defines a new approximation(see Fig. 3b). The procedure is described in detail
in the next paragraph.

(a)

(b)

(c)

Figure 3: (a) The basic parallelogram (b) One step of the cutting algorithm (c)
The approximation after the second phase
The algorithm description:
1. Fix the number of iterations NoI
2. Let P := {B1 , ..., Bm } be the set of corners from the previous phase approximation.
3. For every point Bi do
(a) Compute direction vni = Bi+1 − Bi−1 of a new tangent.
(b) Find the translation of the tangent, that means find the exact equation of the tangent with vni direction.
(c) Cut off the polygon and get a new list of the corners P 0 .
(d) endfor
4. If the loop(steps 2-4) has been proceeded less than NoI times, set P = P 0
and go to step 2.
The new boundary representation is compiled from the corners in the list P ,
defined by the algorithm in the affine coordinate system.
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(o1)

(o1t1)

(o1t2)

(o2)

(o2t1)

(o2t2)

(o3)

(o3t1)

(o3t2)

(o4)

(o4t1)

(o4t2)

Figure 4: (o1-o1t2) The first object and its affine transformation, (o2-o2t2),(o3o3t2),(o4-o4t2) The second, third, fourth objects and their affine transformation,
respectively.

3.1

Discussion

In this section we discuss the advantages and the disadvantages of our boundary
representation. The first advantage is that the boundary can be described as accurately as required. The approximation error decreases very fast. The second
advantage is, that the intersection of the lines of the polygonal approximation is
robust to noise although the point of touch of the line and the original contour
is unstable.
Our object description has several disadvantages. The main disadvantage
is sensitivity to accuracy of inflection point detection. However this is a general property of the methods which use inflection points and fortunately the
sensitivity of our algorithm is not critical.
An experiment to illustrate In algorithm behavior under these conditions is
described in Section 5.5.
The second disadvantage is the error propagation. That means, if some inaccuracy is made in the intersection finding process, the error distributes to the
next approximation phase. The last disadvantage is that it is not possible to detect whether the affine coordinates should be defined by (v1 , v2 ) or by (−v1 , v2 )

6

(see Fig. 2b) because affine transformation allows mirroring.

(a)

(b)

(c)

Figure 5: (a,b) The second and third phase of the contour approximation in the
affine coordinates (c) The original image in original coordinates

4

The similarity score

Let us take two shreds with its affine invariant polygonal approximations ap1
and ap2 , as described above. In this section, we will show two simple penalty
functions for the shreds matching. At the end of this section we give consideration to the matching algorithms for the complex objects.

4.1

The first penalty function

Let us define characteristic function F (i, j) for polygon ap:
F (i, j) = 1 ⇐⇒ (i, j) ∈ ap
F (i, j) = 0 ⇐⇒ (i, j) ∈
/ ap

Let the functions F 1 , F 2 be characteristic functions of ap1 , ap2 . Define the
penalty function F (ap1 , ap2 ) to be a symmetric difference F 1 ÷ F 2 .
The symmetric difference F (ap1 , ap2 ) for polygons ap1 and ap2 can be also
defined following way:
XX
F (ap1 , ap2 ) =
R(i, j)
i∈I j∈I

where:
R(i, j) = 1 ⇐⇒ (i, j) ∈ ap1 &(i, j) ∈
/ ap2
R(i, j) = 1 ⇐⇒ (i, j) ∈ ap2 &(i, j) ∈
/ ap1
R(i, j) = 0 ⇐⇒ (i, j) ∈ ap1 &(i, j) ∈ ap2
R(i, j) = 0 ⇐⇒ (i, j) ∈
/ ap2 &(i, j) ∈
/ ap1
7

4.2

The second penalty function

Compute the distance from every point of ap1 to the second polygon and from
every point of ap2 to the first polygon. The sum of the distances is quite suitable
penalty function. Its complexity is O(n2 ) where n is the size of the bigger set
of ap1 , ap2 .
The second penalty function gave us worse discriminability than the previous one, but it is faster. We have chosen the first penalty function in our
experiments.
In fact, the penalty function has to be min(F (ap1 , ap2 ), F (ap1 , mirror(ap2 )),
where mirror(ap2 ) is the mirror reflection image of ap2 with the centerline
(S, CG) (see Fig. 2b). The penalty function has to be defined this way because
of considering affine transformation.
Two polygonal approximations ap1 , ap2 are labeled as corresponding if
their penalty function is lower than given threshold.

4.3

On matching the complex objects

We have proposed an algorithm to represent an object by pieces of its borders
- so called shreds - and a similarity score to mutually match these pieces. Now
we will introduce a method to match the complex borders of the whole objects
based on proposed representation.
Let us take template object from our database O1 . Its set of inflection points
{p11 , . . . , pn1 }.
I1 = {i11 , . . . , in1 } divide the border into n independent parts P1 = P
Parts pi1 have corresponding lengths Li1 in pixels and applies L1 = i Li1 where
L1 is the length of the complex border. For every part pi1 let us denote the
polygonal, affine invariant representation of this part api1 .Finally, object O1 has
its polygonal affine invariant representation AP1 = {ap11 , . . . , apn1 }.
Let us take the unknown object O2 , set of its inflection points I2 = {i12 , . . . , im
2 },
}
and
affine
invariant
representation
AP
=
independent parts P2 = {p12 , . . . , pm
2
2
{ap12 , . . . , apm
2 }.
We try to match every part from AP1 to every part of AP2 with the key
condition, that the order of the shreds must be respected. That means the parts
ap11 , ap21 , ap31 , ap41 , ap51 can for example correspond to ap22 , ap32 , ap42 , ap52 , ap62 (only
if ap11 corresponds to ap22 , ap21 corresponds to ap32 and so on). Cyclic correspondence and a mirrored correspondence can occur. ap11 , ap21 , ap31 , ap41 , ap51 can
correspond to ap52 , ap62 , ap72 , ap12 , ap22 (cyclic correspondence) or ap82 , ap72 , ap62 , ap52 , ap42
(mirror correspondence) or cyclic and mirror correspondences can occur together.
For every set of corresponding pairs
j2
j2
jk
i2
ik
M = {api1
1 − ap2 , ap1 − ap2 , . . . , ap1 − ap2 }
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we compute the similarity score for the set M
SSCM (O1 , O2 ) =

1
Lt

X

(Lm
1 ) ∗ 100

m∈i1...ik

The similarity score between two objects O1 , O2 is defined as the maximum
of all similarity scores of the allowed correspondences.

SSC(O1 , O2 ) = maxM {SSC(O1 , O2 )M }

4.4

Occlusion

We still have not discussed the problem of the occlusion. We have described
the polygonal approximation algorithm and the matching algorithm for object
recognition. But if the object is not occluded, many other object descriptors
that are more suitable can be used (e.g. moments). Occlusion however makes
them totally unusable.
In order to make possible recognition of the occluded objects, we changed
the matching algorithm from the previous sections slightly. Let us take two
borders of objects O1 , O2 and their affine invariant representations AP1 =
ap11 , . . . , apn1 , AP2 = ap12 , . . . , apm
2 . Again, every part of AP1 is matched to every
corresponding part of AP2 , respecting the shreds order and cyclic and mirroring
correspondence. But unlike the previous case, every correspondence must take
into account the fact that some parts may be occluded. For example correspondence ap21 , ap41 , ap51 , ap81 , ap91 to ap12 , ap32 , ap42 , ap72 , ap82 is permitted (we assume
that shreds No.1,3,6,7 from the first object and shreds No.2,5,6 from the second
object are occluded in this correspondence). Missing shreds are permitted in
cyclic and mirrored correspondence as well. This extension of correspondence
makes the matching algorithm more time consuming but applicable for the partially occluded object recognition.
For example if the inflection points I1 , . . . , I5 were detected on the object
border and points I2 , I3 were occluded then the Shred(I4 , I5 ) and Shred(I5 , I1 )
will be recognized correctly by our algorithm. This is because missing inflection
points have no influence on the distant shreds.

Figure 6: Examples of two objects, on which inflection points were detected.
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o1
o1t1
o1t2

o1
0
784
887

o1t1
784
0
1187

o1t2
887
1187
0

o3
o3t1
o3t2

o3
0
824
714

o3t1
824
0
430

o3t2
714
430
0

o2
0
760
874

o2t1
760
0
556

o2t2
874
556
0

o4
0
1672
1010

o4t1
1672
0
1722

o4t2
1010
1722
0

o2
o2t1
o2t2

o4
o4t1
o4t2

Table 1: Penalty function of the original object and the object transformed by
affine transformation. The penalty function is not zero due to discretisation
problem by affine transformation when strong skewing presented.

o1
o2
o3
o4

o1
0
7824
16498
21441

o2
7824
0
19693
25002

o3
16498
19693
0
6117

o4
21441
25002
6117
0

Table 2: The penalty function of all original objects

5

Results

We have tested this algorithm on different types of curves which were transformed by affine transformation. In this section we show the separability of
types of different objects. Tests were first done on parts of objects which were
bordered by two inflection points.
Fig. 4 shows the images of four different objects and their affine transformation. Tables 1,2 contain the values of the penalty function. The shortcut ”o1”
denotes the first object. The shortcut ”o1t1” denotes the first object affine
transformed by the first set of the coefficients.
Tables 1 and 2 show us an excellent discriminability of the penalty function.
In the worst case the penalty function is approx. four times greater between
two different shreds than between original and affine transformed shreds.

cot1
cot2 a
cot2 b
cot3
cot4

co1
78.14
0
11.22
23.7
6.64

co2
23.43
65.36
59.16
32.47
0

co3
10.99
0
22.32
64.6
0

co4
17.67
0
17.67
24.03
53.18

Table 3: The correspondence(as a percentage) between the original and transformed and occluded objects.
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(co1 )

(co2 )

(co3 )

(co4 )

(cot1 )

(cot2a )

(cot2b )

(cot3 )

(cot4 )

Figure 7: (coi ) are the original complex objects, (cotj ) are the transformed and
partially occluded complex objects.

5.1

The recognition of the complex objects

The recognition process consists of three steps, as mentioned before. The first
step searches for the inflection points and splits the border into segments according to the inflection points. The second step is putting every part of the
border into affine invariant form as described in the previous section. The third
step is matching these forms to each other.
For the first step, we used in our tests the automatic inflection point
detection which does not need any derivatives and which is robust to noise.
For every point of the border we can decide if the point is inflection point or
not in the following way: Take the current point and insert a circle(with center
in the current point) into the image. The border splits the circle into two parts
- inner and outer part. The current point is the inflection point, if the areas of
the inner and outer parts are the same.
The second step - putting every part of the border into the affine invariant
form - was undertaken exactly as described in Section 3.
The third step - matching the complex objects was described in the previous section.
Please see Fig. 7 for the tested objects and Table 3 for the results. Numbers
in Table 3 represent the percentage of the part of the original border that was
matched to the border of the tested object.
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(o1 )

(o2 )

(ot1 )

(ot2 )

(o3 )

(o4 )

(ot3 )

(ot4 )

Figure 8: (o1 ) corresponds to (ot1 ) where the teapot was transformed with d=0.4
and 50% of the contour was occluded, (o2 ) corresponds to (ot2 ) where the snake
was transformed with d=0.5 and 50% of the contour was occluded, (o3 ) corresponds to (ot3 ) where the plane was transformed with d=0.4 and 40% of the
contour was occluded, (o4 ) corresponds to (ot4 ) where the teapot was transformed
with d=0.2 and 40% of the contour was occluded

If we wanted to recognize objects by maximizing the percentage of the
matched border, the recognition algorithm would recognize all objects correctly.
All borders had approximately 600 pixels, and as we can see, it was enough for
the inflection point detection, but not enough for the correct recognition of all
parts of objects. We can see at Table 3 that co1 corresponds to cot1 in 78.14%
of the border, although the damage to the bone border was not too severe. We
would presume correspondence of about 85%.
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skew/damage
d = 0.0
d = 0.1
d = 0.2
d = 0.3
d = 0.4
d = 0.5

0%
100
100
100
100
100
93.8

10%
93.8
87.5
87.5
87.5
87.5
87.5

20%
93.8
93.8
93.8
87.5
87.5
93.8

30%
81.3
75.0
75.0
81.3
68.8
75.0

40%
81.3
81.3
81.3
81.3
81.3
87.5

50%
81.3
81.3
68.8
68.8
68.8
68.8

Table 4: The recognition results. For the object skewed with d = 0.1 and with
20% of the contour occluded, the probability of correct recognition is 93.8%(from
our four template objects). In the remaining cases the recognition process delivers false results - the percentage of matched border is higher for another template
- or the similarity score for all object is zero.

5.2

Extensive testing on simulated data

To get the statistically reasonable results, we have suggested the following experiment. We took four test objects - templates, we changed their contour randomly
and transformed them by affine transformation. The contour was impaired by 050% and affine transformation had coefficients a = 1, b = 0, d ∈ (0 . . . 0.5), e = 1.
This simplification of affine transformation is suitable, because scaling and rotation have only a little influence on our recognition algorithm and could make
the results ambiguous.
For every contour, for every d = 0, 0.1, 0.2, 0.3, 0.4, 0.5 and for every contour
impairment of 0%,10%,20%,30%,40%,50%, four realizations were made which
differed in the location of the contour impairment (these locations were chosen
randomly). The algorithm was tested on 576 images. You can see the original
images and samples of the transformed and damaged images in Fig 8. For the
results see Table 4.
This method seems to be suitable up to skew d=0.5 and impairment of 20%.
If the skewing is strong, the discretisation effect causes the worse recognition.
There is no theoretic limitation, of course.
This method and generally all methods based on inflection point detection suffer
from inaccurate inflection point detection under affine transformation and low
resolution.

5.3

Comparison to other methods

We have decided to compare our method to the Lamdans method(1988), because these two are the most similar. First let us point out the similarities and
differences between these two methods.
Both methods deal with affine transformation and need to find out important points(such inflection points)for the non-convex object description.
The first and the main difference between these two methods is that our
13

skew/damage
d = 0.0
d = 0.1
d = 0.2
d = 0.3
d = 0.4
d = 0.5

0%
100
66.6
66.6
33.3
66.6
66.6

10%
83.3
50.0
66.6
33.3
41.6
50.0

20%
75.0
58.3
58.3
33.3
33.3
41.6

30%
70.0
30.0
20.0
10.0
20.0
30.0

40%
63.6
45.4
45.5
27.2
45.4
54.5

50%
33.3
00.0
22.2
11.1
22.2
33.3

Table 5: The recognition success of the Lamdans method.
method computes approximations of all shreds and matches these approximations for two different objects by matching algorithm which is similar to substring matching. The Lamdans method computes parameters of affine transformation from two corresponding shreds and verifies if the other important points
match.
The second difference (definitely less important) is the meaning of the phrase
”shred correspondence”. In the Lamdans paper the decision that two shreds correspond is based on radial vectors similarity of the shreds. In our paper it is
a penalty function between shred approximations, what is the key to decision
if two shreds correspond or not. The shred approximation contains more information about the shred and therefore leads to less false matches.
We implemented Lamdans method and tested it on the same images that
were used for extensive testing(see 5.2 for details) of our method and with the
same inflection points. Results are available in Table 5. The Lamdans method
performs worse than our method, namely when skewing becomes large. In such
cases the detection of inflection points becomes less accurate and this affects
the Lamdans method more than ours.

5.4

Robustness to additive gaussian noise

We carried out tests with objects corrupted by additive noise. We must point
out that more significant corruption near inflection points can make the descrip-

Figure 9: Samples of the images with additive noise
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tion very different from the original one.

σ2 = 1
σ2 = 4
σ 2 = 16
σ 2 = 64

o1(174x237)
1198.6
1811.9
2696.9
3717.7

o2(233x295)
943.4
1363.8
1629.0
2073.4

o3(276x244)
699.5
894.9
1387.6
1920.5

o4(358x106)
2506.8
3494.3
4213.7
5678.6

Table 6: The mean of the penalty function between the original images and
100 realizations of additive noise to images with given σ 2 . The numbers in
the brackets represent the real width and height of the original images. Please
compare the penalty function from the graph to the penalty function between
different shreds(Table 2). You can see, that the penalty function between all
tested different shreds is greater than between shreds and noisy shreds although
σ 2 was up to 64. This shows very good stability to additive noise.
Our tests were based on adding gaussian noise to the original borders. Every
point of the border was translated in the direction normal to the border. The
length of translation vector was determined by a random number of normal
distributions N (0, σ 2 ) - see Fig 9.
We added gaussian noise with σ 2 = 1, 4, 16, 64 to each of our four original
images o1, o2, o3, o4 and made 100 realizations of every object and sigma. The
results of matching of the original and noise-corrupted images are presented in

(o1 )

(o2 )

(o3 )

(o4 )

Figure 10: I1 , I2 labels in every image the original points of inflection. We
computed the penalty function between the image with original inflection points
and the images, where the inflection points were chosen from the highlighted
interval. The size of the interval is 10% of the length of original border.
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Table 6.
Table 6 shows that the penalty function between any tested shreds and the
corresponding corrupted ones(in the worst case corrupted by gaussian noise
with σ 2 = 64) is lower than the penalty function between any tested different
shreds(see Table 2). Considering the relatively low resolution of shreds, we can
assert that our algorithm is robust to additive gaussian noise.

5.5

Robustness to inaccurate inflection point detection

In this section we want to discuss robustness of the polygonal affine invariant
description to the inaccurate detection of inflection points.

Figure 11: This graph corresponds to Fig. 10 and shows the penalty function
between the original object and the object which had its inflection points shifted.
The x axis represents (in a %) how much the first and the second inflection points
were shifted together. The y axis is the penalty function. Diamonds represent
o1 , x-marks o2 , triangles o3 and squares o4 .
We took four objects (see Fig. 10 ) and we computed the penalty function
between the original object and the object which had its beginning and end(the
new inflection points) in the highlighted areas. The border points of the highlighted areas were designed to be the original inflection point plus or minus five
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percent of the length of the border between the inflection points.
For the results of the penalty function see Fig. 11. The x axis represents (in
%) how much the first and the second inflection points were shifted together.
The y axis represents the penalty function. If the first inflection point was
shifted by 3%(plus or minus) and the second point by 2%(plus or minus) the
penalty function of the original object and the object with shifted inflection
points can be found in the graph - where x is equal to 5.
The algorithm seems to be unaffected by small inaccuracies in inflection
point detection. From Fig. 10 we could guess that objects o1 and o3 would
give us the worst results, because of the bump near I2 (object o1 ) and near I1
(object o3 ) which is the reason for the significant approximation modification.
This presumption was confirmed(see Fig. 11).

5.6

Tests on the real objects

We tested our algorithm on the real objects such as knife, screwdriver, scissors,
spoon, axe, pliers, stopper, etc. There were eleven different objects in the template database. Every object consists of 4 to 8 shreds. Four shreds have spoon,
screwdriver or stopper and eight shreds has pliers.

(a1)

(b1)

(c1)

(d1)

(a2)

(b2)

(c2)

(d2)

Figure 12: (a1)-(d1) Several examples of tested objects (a2)-(d2) Examples of
several segmented objects
We took fifteen pictures of every object and although we had almost uniform
red background, segmentation was correct in 10-13 cases for every object. The
corrected images were our input files in this test.
We used camera with 3MPixels with a macro mode. The objects had length
and width from 10 to 50 centimeters and depth from 3 millimeters to 3 centimeters. The macro mode uses focal length from 10 to 40 centimeters. The
limit for camera inclination was 45 degrees. These conditions had three different
implications.
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• Complex object would not appear whole in the focus plane - its border
was not detected accurately.
• The object image is deformed by strong perspective transformation. See
Fig. 13 a1,b1.
• When the object has nonzero depth its contour is not, from different camera inclination angles, created by the same edges. See Fig. 13 a2,b2.

(a1)

(b1)

(a2)

(b2)

Figure 13: (a1)The original image of the stopper (b1)The image of the stopper
under strong projective transformation (a2)Original image of the pliers (b2)
The pliers contour change is caused by the pliers nonzero depth and relatively
big angle of the camera inclination. The white curves on image a2,b2 highlight
the places where the contours were most changed.
Despite these bad conditions, we think that affine transformation still would
be a good approximation of perspective transformation, which deforms our images.
The problem of additional edges, which create different contours for different
camera inclinations, when the object has non-zero depth, is not so critical. We
have to realize that in many cases the additional edges have the similar shape
to the original ones and the inflection points are preserved too. However, this
does not hold for the piers.
As we mentioned above, we made 10 to 13 pictures of every object. The
occlusion was from 0% up to 50% of the object border. For non-occluded, only
perspective transformed objects, the recognition ratio was 88.9%. When the
18

occlusion was 50% of the length of the border, the recognition ratio was 43.1%.
As we suspected the worst recognition ratio gave object with small number of
shreds and hardly detectable inflection points(cooking spoon - Fig. 12d2) and
objects with the large depth (pliers - Fig. 12a1). On the other hand the flat
tool with higher number of inflection points, which were well detectable (knife
- Fig. 12a2), was recognized correctly in almost all the cases.
Although we used relatively small number images, the computation of the
results took huge amount of time. The explanation is easy. Every picture has
three mega pixels. The object border length was approximately 2000 pixels.
All the preprocessing - dynamic threshold, border detection, border smoothing, inflection point detection and getting shred representation, requires many
time consuming (especially in Matlab) operation. Let us assume that object A
consists of a shreds and object B consists of b shreds. The substring matching
algorithm takes much time too, because its complexity is huge as we mentioned
in Section 4.3.

6

Conclusion

In this paper we have introduced a new method which is suitable for occluded
object recognition, if the objects possess inflection points. We suggested a simple penalty function and we have presented the results of the recognition, comparison to the Lamdans method, robustness to additive gaussian noise and to
inaccurate detection of inflection points.
Further development of the algorithm would involve the automatic determination of the number of iterations of the approximation algorithm. The new
way of matching according to the different iteration level approximations of objects is also encouraging.
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Abstract
We introduce a novel method for an object description, which are
represented by their contour. Our method is designed to be robust to noise
and to the occlusion as well. We define the object’s cutting method using
inner points and the convex hull, which cuts the object into shreds. Inner
points construction doesn’t need higher than first derivative. Inner points,
a convex hull and the cutting procedure preserve affine transformation.
The exemplary object descriptor can be constructed as the array of affine
invariant moments for every object’s shred. In this paper we use such a
object descriptor and we provide several tests to show the strength of our
cutting algorithm. Moreover we compare our algorithm to the standard
and well known Lamdan’s algorithm.

keywords : occluded objects recognition, shreds, convex hull, moment invariants
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Introduction

The problem, which we want to solve and which is this article about is following:
We have a database of objects, which are given by their contours, and we get
as an input a single object, which is proposed to be one of the objects of our
database. The input object can be occluded and transformed. We assume an
affine transformation in this article.
The main problem is the reliable description (features extraction) of the
object. To be robust to the occlusion and to be invariant to the basic transformations, the description should have a local characteristic. Moreover the
description should represent the object with a good accuracy so that one description should not match two different objects.
The field of the object describing method is really wide. We have no ambitions to make a survey of all the methods. In the following survey we consider
only local method using objects boundary, which can be usable for partially
occluded object recognition.
There are four basic approaches, which are used to handle the problem of the
objects description. The first approach is object string features characterization (the string contains several features for every point). The well known local
differential invariants from Weiss[23] belong to this category. Weiss suggested
geometric invariants, which contain high order derivatives and were sensitive to
1

noise. For example Pikaz, Dinstein[16] - use a total curvature description plus
a fast sub-curve matching, which belongs to this category too.
The second approach is the object description using important points such as
minimal/maximal curvature points, or the inflection points. Tsang et al.[20] suggested his own polygonal approximation and used weighted distance transform
to get a similarity score. The Han, Jang[7] method stems from Duda, Hart[5]
polygonal approximation which was extended to be faster and used compatibility index for matching. Krolupper and Flusser[12] suggested new polygonal
transformation based on dominant points which is affine invariant. Werman,
Weinshall[22] introduced a new measure between two sets of points and used it
for the object recognition.
Lamdan et al.[13] cut the object into parts using important points (inflection
points, convex hull, points where the derivation is not defined). For two adjacent
important points they found out most distant point belonging the boundary.
This three points they called triplet. Triplet correspondence uniquely determine
affine transformation. After normalization by a single triplet correspondence,
the percentage of object congruence is given by number of congruent triplets.
Lamdans method is widely known, considered good, stable and moreover easy
to program. We use this method for comparison in this paper.
The third approach is a boundary approximation, for example, by splines
Cohen et al.[3][4]. They used B-splines for the approximation, because if a
control points correspondence is well defined, an affine transformed B-Spline
becomes a B-Spline again.
The fourth approach uses curve description by a dyadic wavelet, affine invariant, function. Bala, Cetin[2] used an invariant function defined by detail
coefficients calculated at two different levels of boundary wavelet decomposition. Khalil, Bayoumi[11] used an invariant function, which they got from a
wavelet based conic equation. Their function was based on six dyadic levels.
There are also some other papers suggesting algorithms that do not belong
to any of the categories above, for example Turney et al.[21]. The method
used a saliency measure like a descriptor. A shock graph from Siddiqi[19] et
al., codons from Hoffman and Richards[17] and well known projective invariants from Rothwell[18] were the other possibilities for the object description.
Unfortunately the shock graph is not affine invariant, codons give us a weak
object description and the projective invariants from Rothwell are not suitable
for complex objects. From the other approaches we should mention the genetic
algorithm of Kawaguchi, Nagao[10] and F. Mokhtarian, S. Abbasi[15] curve
evolution diagrams in curvature scale space.
Liu et al.[14] optimize cost function to decompose an object by an optimal
over-redundant basis. They deal with just occluded objects and they do not
consider any geometrical transformation. Ying and Castanon[24] developed two
new statistical models based on new Bayesian framework to match features from
partially occluded objects. They do not deal with geometrically transformed
objects too. Hoynck and Ohm[9] introduced local object descriptor based on
central moments, which is robust to occlusion. They consider transformation
up to Euclidean transformation.
2

(a)

(b)

Figure 1: (a) the outer shreds So1 - So4 we get like a complement of the object
and its convex hull. The shreds are enumerated (labelled) clockwise. (b) an ideal
object for our image description.

We have chosen to work with an affine transformation because of two main
reasons:
• An affine transformation is in most cases a good approximation of a perspective transformation and can be used in 3D vision.
• According to Astrom[1], all the object boundaries with nonzero curvature
can be matched by perspective transformation. This is the fundamental
limitation for the perspective invariants.

2

Object description

The first part of this article is about a novel method for local object description.
Cutting the object we obtain a set of inner and outer shreds, and we obtain them
using only the first derivative and a convex hull. For every shred we compute
few first affine invariant moments and that give us desired object description.
This is the most important part of the paper, the main contribution. The rest
of the paper is only applying well known algorithms.
Getting shreds
Our method is based on cutting the object and getting local shreds. This advantage makes it robust to the partial occlusion. But if the object is convex,
our method is not usable. Best recognized objects are objects, which can be
split into many shreds.
Outer shreds - The first kind of shreds, which we use, can be obtained like a
objects complement to its convex hull. Lets call them outer shreds - see Fig.
1a. Outer shreds obviously preserve affine transformation, moreover perspective
transformation.
Inner shreds - The construction of the second kind of shreds is more complicated. Lets have two adjacent outer shreds So1 , So2 . For both of them we find
the inner point P (Fig. 2) following way:
3

(a)

(b)

(c)

(d)

Figure 2: (a) the inner point P , which we can construct for an outer shred (b)
the inner point P cannot be constructed (c) the shape of inner shred - the first
possibility (d) the shape of inner shred - the second possibility
1. we find the leftmost and the rightmost inflexion points of the outer shred
- let us label them PLM , PRM .
2. we construct for both these points tangential line.
3. Let us label P the intersection of the lines. Let us call this point ”the
inner point”.
We can construct the inner point for any outer shred except the case, where two
tangential lines coming through PLM and PRM are parallel (Fig. 2b).
Let us assume, we can construct for adjacent outer shreds So1 , So2 their
inner points P1 , P2 respectively. We are able now define the boundary of the
appropriate inner shred:
1.
2.
3.
4.

the
the
the
the

line connecting P1 and P1RM
boundary of the original object between P1RM and P2LM
line connecting P2LM and P2
line from P2 to P1

The inner shred was defined by its contour. Let us label it Si1 .
The inner shred can have two possible shapes - see Fig. 1cd. Both of them
we can use for object recognition, but better (more stable) for recognition is the
first type of inner shreds (Fig. 1c). If we are not able to construct one of two
inner points P1 , P2 , the inner shred cannot be constructed too. So let us label
the inner shred to be invalid.
Inflexion points, tangential lines and P1 , P2 too, preserve an affine transformation, moreover a perspective transformation. That cause inner shreds to
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preserve perspective transformation as well.
Getting convex hull
All our experiments were programmed in Matlab. We used standard Matlab
function to obtain the convex hull. That means we used the quickhull algorithm.
But we have to point out, that fast implementation is not crucial in our paper.
Moreover our images are small and even if we use slower convex hull algorithm,
we can obtain results in the reasonable time.
Getting inflexion points
We used simple and stable method to obtain inflexion points. This method was
published by Horacek et al.[8].
Let us recall that in the continuous domain an inflexion point is defined by
a constraint ẍ(t)ẏ(t) - ẋ(t)ÿ(t)= 0, where x(t), y(t) represent a parametrization
of the curve and the dots denote derivatives with respect to t. When this definition is directly converted to the discrete domain, it becomes very sensitive
to sampling and noise. Thus, he proposes a new robust method of curvature
estimation.
A circle with a fixed radius is placed on each point of the object boundary (see
1
Fig. 3a). He estimates the object boundary curvature as objectcoveredarea
wholecirclearea − 2 .
The curvature is below zero for convex parts of the object boundary (less than
a half of the circle is covered by the object), above zero for concave parts and
a zero inflexion points or straight lines. To suppress small fluctuation of the
curvature value, he applies a smoothing of the curvature series by convolution
with a gaussian kernel. He gets a curvature graph, such as in Fig. 3b.
Now he constructs the division of the original object into parts: He defines
cut points to as zero-crossing points and middle points of approximately zerovalue segments on the curvature graph. Furthermore, a request of sufficient
volume of the parts is considered: sum of the curvature values of part boundary
points should be above some threshold.

(a)

(b)

Figure 3: (a) Curvature estimation. The boundary color illustrates absolute
value of the curvature (b) The curvature graph with the cut points . Reprinted
from [8] with permission.”
We took Horacek’s cut points to be our inflexion points.
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Getting tangential line
First of all we have to highlight that we need to get tangential lines only in
the inflexion points. That means we need to obtain tangential line in the part
of boundary, where the curvature is near by zero. The tangential line we can
obtain following way.
Let us consider that P is an inflexion point (we don’t need an accurate
detection of the inflexion point). Let us consider points P1 , P2 which bound the
part of the curve, where the curvature is almost zero. Exactly it is the area,
which was in the previous paragraph named by Horacek et al. as ”approximately
zero-value segments”.
We took such a part of the boundary and we construct a regress line. The
regress line is our desired tangential line. Let us label the intersection of two
tangential lines as inner point P .
Inner point stability
In this paragraph we discuss the stability of inner points and inflexion points
respectively.

(a)

(b)

(c)

Figure 4: (a) Standard shape of the boundary (b) The boundary curvature can
change slowly or rapidly (c) Partial occlusion of the boundary can cause dramatic difference in the inflexion point detection.
Images on Fig. 4ab are common samples of tangential lines. We can see
the points Pf , Pt which bound the segment of curve with ”approximately zerovalue curvature” and the inflexion P . If we occlude the curve Pf , Pt (Fig. 4a
becomes Fig. 4c) the point Pf becomes Pf0 , P becomes Pt0 , and P 0 is defined
like the middle point between Pf0 , Pt0 . We can see that the occlusion causes big
difference in inflexion point detection, but the tangential line is almost the same.
On the Fig. 4b we can see another situation, where the inflexion point detection is unstable and tangential line is stable. This is caused by slow curvature
changing near by point Pf and fast curvature changing near by point Pt . If we
change the threshold in inflexion point detection algorithm, we can obtain two
very different results. But the tangential line will be almost the same.
We can of course use another inflexion point detection algorithm, but the
problems with the inaccuracy will be the same.
Our algorithm can have problem with inaccuracy too. On the Fig. 5a we
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(a)

(b)

(c)

Figure 5: (a) The situation where the inner point detection is the most stable.
(b) The inner point detection becomes inaccurate (c)The inner point doesn’t
exist.
can see almost ideal situation, where the inner point (the intersection of two
tangential lines) is detected very precisely. In the situation similar too Fig. 5a
the inner point can be detected less precisely and in the situation 5c there is no
inner point. To avoid the situation 5b we can define that the inner point exists only if the tangential lines make an angle greater than some threshold angle.
As we mentioned above the tangential line is constructed like a regression
line of the ”approximately zero-value curvature segments”. This causes its robustness to additive noise.
Inner shred stability
Let us repeat that the inner shred is constructed from the line between two
adjacent inner points, lines between inner points and corresponding inflexion
points and the part of the objects boundary between such inflexion points (see
Fig. 2cd). If we detect the inner points with good precision the whole shred will
determined precisely and it doesn’t depend on the precise detection of inflexion
points. This is because, as we mentioned in the previous paragraph, the inflexion point come from the ”approximately zero-value curvature segment”, where
the curvature is well approximated by a line - exactly by the tangential line.
Conclusion
In several previous paragraphs we show the properties of the inner shreds - only
the first type (see Fig. 2c) of inner shreds. The second type (see Fig. 2d)of
inner shreds is more sensitive to noise and to precise inflexion point detection
too.
From the shred construction and the paragraph above directly stems, that
the construction sensitivity to the additive noise is subject to first order derivative, because we need only tangential lines for the shred construction. This is
the basic advantage of this description compared to other methods using inflexion points for object division into shreds. Method using inflexion points are for
example used by Mohatharian[15],Han, Jang[7],Tsang et al.[20].
The method works best on the object, which has long graded junction i.e.
parts of boundary with nearly zero curvature are long (Fig 1b). On such a
object is our method much more suitable than other methods using inflexion
points.
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The cutting of the complex object Let us assume object O and its boundary. Lets cut it into shreds So1 , Si1 , So2 , Si2 , . . . , Son , Sin (marked on the
boundary clockwise) where Soj are the outer shreds and Sij are the inner shreds.
Moreover the inner shreds Sij have flags if they are valid or not. Every two
adjacent outer shreds determine one inner shred in between them and so the
written adjustment has a good sense.

3

Object recognition

We have a database of known objects, that implies we have database of known
shreds. For every shred from our database we can compute first ten affine
invariant moments according to Suk, Flusser[6]. The vector of values of first ten
affine invariant moments is our feature vector for every shred in our database.
Let us denote for the shred Si the feature vector Vi .
Now the whole object is represented by two dimensional array of doubles.
The i-th row in the array corresponds to i-th shred. Every row of the array
contains ten affine invariant moments for corresponding shred.
Probably there is another set of affine invariant moments which can give
us better recognition results, but the set of first ten moments is sufficient for
demonstrating power of our object cutting algorithm.

(guitar)

(spoon)

(zed)

(snail)

(flower)

(flash)

(oak)

(maple)

(teapot)

(cup)

(star)

Figure 6: the database of pattern objects
Let us define penalty function between two shreds P (S, Sd ) when we assume
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that corresponding feature vectors are V, Vd .
The shred Sd came from database and shred S is one single input shred.
P (S, Sd ) =

1

X

σd2 (i)

i

(V (i) − µd (i))2

(1)

where µd and σd respectively are mean and variance of the known shred’s
moments respectively. At first we used Mahalanobis distance, but covariance
matrices were badly scaled and the resolution gave us worse results. The Eq.
1 is equivalent to the Mahalanobis distance between two vectors, where covariances between different features are equal to zero.
If P (S, Sd ) is higher than constant C, or one of S, Sd is invalid (see definition above), lets define P (S, Sd ) to be equal C. If both S, Sd are invalid define
P (S, Sd ) to be equal constant D which should be lower than C, because invalidity is invariant to affine transformation.
After definition the penalty function between two shreds, we define penalty
function between two whole objects:
Lets have two objects O1 , O2 and their list of the shreds S1 = s11 , . . . , sn1 , S2 =
s12 , . . . , sm
2 . We try to match every part from S1 to each other part from the
S2 with the following condition. The order must be kept. That means that
shreds s11 , s21 , s31 , s41 , s51 for example can correspond to s22 , s32 , s42 , s52 , s62 (of course
if s11 corresponds to s22 , s21 corresponds to s32 and so on ...). This condition
is not such a trivial because there can be in extension cyclic correspondence
and mirrored correspondence. s11 , s21 , s31 , s41 , s51 can correspond to s52 , s62 , s72 , s12 , s22
(cyclic correspondence) or s82 , s72 , s62 , s52 , s42 (mirror correspondence) or cyclic and
mirror correspondence together. And of course only two inner or two outer
shreds can correspond. We define the penalty function between O1 , O2 like a
minimum of sum of penalty function between corresponding shreds. Exactly:
i
i
PF (O, Od ) = min(ΣM
i=0 P (S , Sd ))

(2)

where PF is desired penalty function, O is tested object, Od is object from the
database, M is number of all shreds of O.
Let us assume, that we have a database which contains objects O1 , . . . , On .
We get an input object O and our goal is to decide, which object from the database is most similar. For every object from the database we compute PF (Oi , O).
The most similar object results the smallest PF (Oi , O).
Occlusion
To make a matching algorithm usable for partially occluded objects recognition,
we have to change a little our matching algorithm from previous section.
Lets have two objects O1 , O2 and their list of the shreds S1 = s11 , . . . , sn1 , S2 =
We try to match every part from S1 to each other part from the
S2 if the order is kept or cyclic or mirror correspondence exists. But against
the previous case in every correspondence have to be involved, that some parts

s12 , . . . , sm
2 .
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(oak)

(maple)

(teapot)
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Figure 7: Several cases of randomly skewed objects from database
can be occluded. I.e correspondence s21 , s41 , s51 , s81 , s91 to s12 , s32 , s42 , s72 , s82 is permitted (we expected that shreds No.1,3,6,7 from first object and shreds No.2,5,6
from the second object are occluded in this correspondence). Missing shreds
are permitted in cyclic and mirrored correspondence as well. This extension of
correspondence make the matching algorithm more time consuming, but usable
for partially occluded object recognition. If we assume that occlusion hide continuous part of boundary, we could still use fast algorithm described above.
The complexity of the matching algorithm
Let us assume two objects O1 , O2 consisting of N1 , N2 shreds respectively. Let
us assume that occlusion hide continuous part of the boundary. For every shred
we get first K moments i.e. the feature vector for every shred has K dimensions.
Let us assume, that we have precomputed σd2 (i) and µd (i) from Eq. 1. The
computing complexity of penalty function (see Eq. 1) is O(K).
We have to find minimum of penalty function between all shreds from objects
O1 , O2 . Computing the penalty function over all shreds in one position takes
O(min(N1 , N2 )∗K). The number of all positions is O(max(N1 , N2 )). This gives
us that overall computation complexity is O(max(N1 , N2 ) ∗ min(N1 , N2 ) ∗ K)
for matching two objects.

4

Results

We made a database containing 11 different, hand painted, objects (Fig. 6).
That means, that the objects were represented only by contour and stored in
digital (sampled) form. Every object had a boundary from 500 to 1000 pixels
long.
We tested our algorithm in three phases. The first phase was testing on only
affine transformed objects from the database (although the affine transformation brings sort of noise in the case, when the objects are digitized). The second

10

Figure 8: objects modified by random occlusion
phase was testing the recognition on occluded objects. The third phase was
testing on skewed and partially occluded objects. In every phase we compared
our method to the Lamdans method, mentioned in the review.
As we mentioned above, we had to generate for every object a set of their
represents to obtain µ and σ for every shred.
For every object we generated 21 represents only by applying an affine transformation on original objects. In fact we cut every object into its shreds and
we collected appropriate shreds. On every single shred we compute according
to Flusser,Suk[6] first ten affine invariant moments. From these information we
could obtain desired µ and σ for every shred.

4.1

The first phase

For this experiment we took our eleven testing objects and we changed their
contours by an affine transformation. The transformation is defined by the
following equations:
xt = ax + by + c

y t = dx + ey + f

(3)

where xt , y t are transformed coordinates, x, y original coordinates and a, b, c, d, e, f
transformation coefficients.
The affine transformation had coefficient a = 1, b ∈< −1, 1 >, d = 0, e = 1.
This simplification of the affine transformation is suitable, because scaling and
11

|b|
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

our method
85.7%
85.7%
85.7%
95.2%
100%
100%
100%
100%
100%
100%

Lamdans method
76.2%
71.4%
57.3%
71.4%
76.2%
62.0%
57.1%
57.1%
57.1%
76.2%

Table 1: in this table it is written percentage of correct recognition, when the
objects were skewed by the affine transformation with given parameter b.
rotation have only little influence on our recognition algorithm and could make
the results ambiguous.
We generated this way 21 images for every object in database ( b ∈< −1, 1 >
with step 0.1 ). That means we generated 231 image. Our recognition algorithm
did 10 mistakes that means the recognition was successful in 95.7%. For detailed
results please see Table 1.
Discussion From the Table 1 it is obvious, that our method performed much
better than the Lamdans method in this test. Although we used, for the Lamdans method, only the most stable important points (from the convex hull) for
triplets generation, we can see, that the error gained by skewing results many
recognition mistakes. This result is caused by using more information in our
method - Lamdan’s method doesn’t involve inner shreds, which are in this case
more stable than outer shreds.

4.2

The second phase

We tested the recognition on 485 images of partially occluded objects. The
occlusion was generated as follows: We took original objects from the database
in Fig. 3 and occluded a continuous part from 10% to 40% of the boundary.
The starting of the occlusion was selected randomly and the respective part of
the boundary was replaced by a straight line. Results can be seen in the Table 2.
Discussion We can see in the Table 2, that the Lamdans method performed
better. It is because of one single reason. The database of templates is in the
Lamdans method created from non-occluded, non-transformed objects. When
we occlude part of non-transformed object the triplet correspondence in Lamdans method is perfect for triplet, which were not affected by occlusion.
Our method uses mean and variation for the shred recognition. If we recognize non-occluded and non-transformed objects the penalty function would not
be zero. This phenomena causes worse recognition in the case of partially oc-
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boundary occluded
10%
20%
30%
40%

our method
82.5%
66.7%
33.3%
21.5%

Lamdans method
88.9%
70.5%
57.8%
38.2%

Table 2: in this table it is written percentage of correct recognition, when the
given percentage of objects boundary was occluded.
cluded and non-transformed objects.
But if we in the recognition add the assumption, that no skewing is presented, we can easily modify our method to performs better than the Lamdans
method.

4.3

The third phase

In this testing phase we combined skewing and boundary impairment. We assumed from previous results, that the recognition could not be much worse, if
the skewing is not great.
occluded
10%
20%
30%
40%

|b| = 0.2 |b| = 0.5
83.3%
81.8%
57.1%
61.9%
50.0%
53.8%
22.8%
30.0%
(our method)

|b| = 0.8
87.5%
58.1%
46.5%
25.0%

occluded
10%
20%
30%
40%

|b| = 0.2 |b| = 0.5
66.7%
65.4%
52.3%
45.2%
45.0%
51.2%
37.1%
40.0%
(Lamdans method)

|b| = 0.8
55.0%
47.2%
46.5%
40.0%

Table 3: in this table it is written percentage of correct recognition, when
the given percentage of objects boundary was occluded and skewing parameter
|b|=0.2,0.5,0.8.
We took objects, which were skewed with parameter b equal to 0.2,0.5,0.8
and impaired its boundary by 10-40% the same way like in the second phase. We
tested the recognition on 545 images. Our assumptions were fulfilled - the resolution had very similar results like in the case, where objects were not skewed.
For detailed results see Table 3.
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Discussion From Table 3 we can see, that our method performed much better
when boundary was occluded up to 30%. When occlusion was greater, more
than the half of all shreds can be affected, our method became unusable. In
such a great occlusion the simplicity of Lamdans method is an advantage, which
makes the Lamdans method more usable than ours.

4.4

Extensive tests

We decided to make on extensive test of our method. We generated 58 different
synthetic contours. All were approximately 1000 pixels long. From these contours we generated 14152 images using various occlusion, skewing and additive
noise. Results confirmed our previous conclusions.
The best results were achieved in the case where objects were just skewed.
In 96.5% cases, the template was recognized correctly.
When we combined skewing and occlusion of 10% of objects boundary, the
correct template was in to the set of 10% most similar templates in 92.7% cases.
When we combined skewing and occlusion of 30% of the objects boundary, the
correct template was in 10% most similar templates in 57.3% cases.
We obtained the worst results, when we combined skewing, occlusion of 30%
of the boundary and additive noise with σ = 10. The recognition process find
the correct template only in 13.6% cases. The method placed the correct template into 10% best matched templates in 36% cases and this is highly above
probability of the random choice.

5

Conclusion

We presented novel method for local object description. Our experiments showed
that method is suitable for affine transformed objects with common additive
noise added by digitalization. We showed that method is robust to occlusion,
especially when objects consist of more shreds. We compared our method to
the standard Lamdans method and we proved that ours performs better when
occlusion is less or equal to 30 %.
The main advantage of our algorithm is combination of affine invariancy and
robustness to occlusion, which makes our method ideal for using in 3D robotics,
where the object recognition under these conditions is often needed. Our methods performs better than standard method especially when affine transformation
(skewing) is strong.
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Chapter 6
Results and Contribution
Our first contribution is, on extension of Jia’s method of curve recognition under Euclidean transformation. We proposed changes and improvement of the method, tested it on
synthetic images, and showed that it outperforms the original method. The objects had
better discriminability if we use our method. The improvement was achieved by choosing
different, more stable criteria for circle arc approximation which prefers curved parts of
the contour. Moreover the propagation of the approximation error was decreased using
stopper points.
As our second contribution we introduced a new algorithm for polygonal approximation of contours which is affine invariant and robust to additive gaussian noise, inaccuracy
in inflection point detection. Moreover, the contour description can be detailed as much
as needed which was achieved by splitting the contour using inflection points and approximating every such part separately. The approximation was an outer one, that means, the
corners of the approximating polygon did not belong to the curve. The approximation
was constructed iteratively to achieve required accuracy and to minimize the influence of
additive noise. We showed the properties of the method on synthetic and real-word contours. We proved that the polygonal approximation of contours has good properties and
can be used in real-world applications. In most cases our method outperformed Lamdan’s
method.
As our third contribution a new method of cutting objects into parts which is affine
invariant and needs only the first derivatives. We showed the power of the method using moments based affine invariants of the shreds as object description. We tested the
recognition on manually drawn images and compared it to standard Lamdan’s method.
Our method performs better, especially when strong skewing and occlusion up to 30%
is present. This is enabled by affine invariant and stable cutting method and the use of
moments based affine invariants.

Appendix A
Extensive tests
We decided to make on extensive test of the third method. In details we tested the method
described in Section 4.3. We attach these tests separately to the thesis, because the
paper[32] was published in the scientific journal that limits the number of a paper pages.
We generated 58 different synthetic contours. All were approximately 1000 pixels
long. We skewed them by an affine transformation defined by:
xt = ax + by + c

y t = dx + ey + f

(A.1)

where xt , y t are transformed coordinates, x, y original coordinates, and a, b, c, d, e, f transformation coefficients. In our case we set the coefficients as a = 1, b = 0, c = 0, d ∈
{0, 0.1, 0.2, 0.3}, e = 1, f = 0, that means the transformation was only skewing. The
realization of such a transformation gave us 232 objects.
From the 232 skewed objects we generated, another set of objects using occlusion. We
simulated three types of the occlusion: 10%, 20%, 30% occlusion of objects boundary.
For every of 232 skewed objects we constructed 5 realization for every type of occlusion.
That means, we got 232*3*5 = 3480 objects.
From the 3480 occluded objects we generated another set of objects corrupted by
noise. For each occluded object, we added an additive gaussian noise to its boundary with
σ ∈ 2, 5, 10. This way we generated another set of 10440 objects. The original objects
and samples of the skewed, occluded and noised objects, are shown in Figure A.1.
Results of the tests are written in Tables A.1 and A.2. Every type of the object modification (skewing, occlusion, gaussian noise) corresponds to one column in the Tables.
The tables confirm our previous results from section 4.3. Best results were obtained
for the objects subject only to skew. Skew had almost no influence on recognition. As
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the tables show, additive noise with σ = 2, 5, 10 caused similar recognition error. These
results suggest, that the method is robust to additive gaussian noise.
As we mentioned the best results were achieved in the case where objects were just
skewed. In all 232 cases, the recognition algorithm labelled the correct template as the
most similar in 224 cases and as the second similar in 5 cases. That means, in 224 (96.5%)
cases, the template was recognized correctly.
When we occluded 10% of the contour, the recognition results were still very good.
The correct template was labelled as a most similar in 878 (75.6%) of 1160 cases. The
correct template was in to the set of six (10%) most similar templates in 1076 (92.7%) of
1160 cases. When we occluded 30% of the contour the recognition results became worse.
The correct template was labelled as the most similar in 294 (25.3%) of 1160 cases and
the correct template was in 10% most similar templates in 665 (57.3%) of 1160 cases.
After adding object degradation (occlusion, gaussian noise) the results become worse.
For the largest degradation(occlusion 30%, noise σ = 10) the recognition process find
the correct template (the template was labelled as the most similar) only in 158 (13.6%)
cases. The method placed the correct template into 10% (order up to 6th place) best
matched templates in 423 (36%) of 1160 cases and this is highly above probability of the
random choice.
Let us look at Figure A.1, objects number 9,14,17,25,30. These objects have small
number of shreds. The 30% occlusion can affect a half of all shreds of the object. That
means in the case of 30% occlusion the algorithm have to recognize objects 9,14,17,25,30
according to two shreds. Such a small number of shreds causes the recognition very unstable and causes bad recognition results as well.
From the previous results we can see, that our algorithm is stable to additive noise but
when the occlusion is greater than 20% our algorithm becomes almost unusable.
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(1)

(2)

(3)

Figure A.1: Images from the tests. In the leftmost column there are original images, in
the middle column there are just skewed images and in the rightmost there are skewed,
cut and noised images.
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order
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
sum

skewed
224
5
0
0
0
0
0
1
0
1
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
232

occlusion 10%
878
99
39
19
28
13
7
12
5
8
9
7
0
2
4
6
3
2
2
4
1
0
0
1
1
2
0
0
0
1
1
0
0
0
0
0
5
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
1160

occlusion 20%
519
150
72
64
52
35
31
31
29
22
21
18
11
10
10
6
9
9
6
6
5
6
6
5
3
1
1
0
4
5
2
1
0
2
1
0
1
2
0
0
1
1
0
0
0
0
1
0
0
0
0
0
0
1
0
0
0
0
1160

occlusion 30%
294
120
57
64
70
60
41
40
39
29
37
26
30
15
27
17
17
8
7
13
12
12
14
16
14
3
6
6
7
8
4
4
6
5
1
4
3
0
1
1
4
2
3
1
0
0
0
1
1
4
0
0
3
0
2
0
0
1
1160

Table A.1: Results of the test. Every column corresponds to the different type of objects
modification. In the leftmost column the number 1 means that the correct template was
labelled as the first most similar object, the number 2 means that the correct template
was labelled as the second most similar object and n means that the correct template
was labelled as the n-th most similar one. In the second column there are presented
results of recognition of 232 objects which were only skewed. The number in the first row
(224) means that the correct template was labelled as the most similar in 224 cases. The
number 5 in the second row means that the correct template was labelled as the second
most similar object in 5 cases and so on ... In fact, the number in the first row (correct
template was labelled as the most similar) means number of successful recognitions. Next
columns in the table corresponds to tests, where we occluded 10%, 20% and 30% of
skewed objects.
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order
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
sum

Extensive tests

Occ 10,Gn 2
416
100
43
28
29
26
28
18
18
24
16
18
26
28
12
15
11
19
16
15
19
13
15
17
7
7
13
8
10
5
3
11
4
5
7
10
7
7
8
5
5
4
6
3
2
3
3
2
7
6
6
3
1
11
9
2
0
0
1160

Occ 20,Gn 2
245
91
65
56
44
39
36
40
17
20
21
26
25
16
18
15
22
17
17
16
13
18
14
23
17
11
9
10
6
3
13
12
4
8
15
11
9
10
7
11
6
7
5
7
5
8
4
4
3
5
5
3
6
10
6
5
1
0
1160

Occ 30, Gn 2
166
72
58
32
42
40
38
44
24
28
30
19
19
27
28
18
20
14
26
23
16
21
16
20
21
21
16
11
16
11
16
3
15
18
5
14
9
9
9
9
13
7
5
8
4
5
10
11
6
3
1
3
4
12
8
8
5
3
1160

Occ 10,Gn 5
410
105
53
38
23
27
20
24
20
22
26
26
22
24
17
16
14
5
13
10
18
12
12
8
10
12
5
12
12
9
9
6
9
2
12
1
13
11
7
1
3
8
3
4
1
0
2
7
3
3
2
4
7
6
4
6
1
0
1160

Occ 20,Gn 5
244
92
64
37
55
32
33
40
28
16
24
32
27
14
26
30
18
21
13
14
13
17
16
9
9
20
9
8
5
7
7
13
9
8
6
8
10
6
9
15
5
10
5
6
2
6
5
4
2
5
9
9
3
6
6
8
2
3
1160

Occ 30,Gn 5
148
76
46
51
52
30
42
30
25
29
33
40
26
14
27
21
22
22
22
19
19
22
17
12
17
8
16
19
15
7
17
14
10
11
11
12
11
9
13
7
9
14
2
8
6
6
7
6
7
8
4
7
8
10
3
7
4
2
1160

Occ 10,Gn 10
415
101
42
42
29
24
28
28
20
29
19
25
29
7
26
13
20
12
12
9
13
14
13
4
12
8
9
7
8
6
6
5
15
8
5
13
7
9
2
3
2
5
4
4
4
2
5
4
2
0
1
6
2
6
10
4
0
2
1160

Occ 20,Gn 10
249
90
58
39
59
32
31
34
24
23
25
20
29
21
19
18
14
16
25
13
22
11
14
19
10
11
6
12
5
14
13
6
12
10
6
11
10
10
8
8
9
4
4
15
9
2
2
6
8
7
2
5
7
9
7
2
3
2
1160

Occ 30,Gn 10
158
92
55
43
48
27
30
38
27
27
21
24
29
30
17
21
23
22
17
19
21
14
12
19
15
13
13
14
17
14
14
11
8
16
7
7
11
10
13
12
7
9
6
8
10
9
4
5
3
9
7
9
11
6
14
9
4
1
1160

Table A.2: Results of the tests. The structure of the table is the same as the previous one.
Every column corresponds to the different type of object modification. Occ L means the
occlusion of L% of boundary, Gn K means the gaussian noise with σ = K.
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[2] K. Ästrom, ”Fundamental Limitations on Projective Invariants of Planar Curves,”
IEEE Transaction on Pattern Analysis and Machine Intelligence, vol. 17(1), pp. 7781, January 1995.
[3] Y. Avrithis, Y. Xirouhakis and S. Kollias, ”Affine-invariant curve normalization for
shape-based retrieval,” ICPR 2000’ Proceedings of the International Conference on
Pattern Recognition, vol. 1, pp. 1015-1018, September 2000.
[4] E. Bala and A. E. Cetin, ”Computionally Efficient Wavelet Affine Invariant Functions for Shape recognition,” IEEE Transaction on Pattern Analysis and Machine
Intelligence, vol. 26(8), pp. 1095-1099, August 2004.
[5] F. S. Cohen, Z. Huang and Z. Yang, ”Curve Recognition Using B-spline Representation,” WACV 92’ Workshop on Application of Computer Vision, pp. 213-220,
1992.
[6] F. S. Cohen, Z. Huang and Z. Yang, ”Invariant matching and identification of
curves using B-spline curve reprezentation,” IEEE Transaction on Image Processing, vol. 4(1), pp. 1-10, January 1995.
[7] T. Cohignac, C. and Lopez and J. M. Morel, ”Integral and Local Affine Invariant
Parameter and Application to Shape Recognition,”, ICPR 94’ Proceedings of the
13th International Conference on Pattern Recognition, vol. A, pp. 164-168, 1994.
[8] P. Cornic, ”Another look at the dominant point detection of digital curves,”, vol. 18,
pp. 13-25, 1997.
[9] M. S. Costa, R. M. Haralick and L. G. Shapiro, ”Optimal Affine-Invariant Point
Matching,” ICPR 90’ Proceedings of the 9th International Conference on Pattern
Recognition, vol. 1, pp. 233-236, 1990.

74

BIBLIOGRAPHY

[10] M. Daoudi and S. Matusiak, ”New multiscale planar shape invariant representation
under a general affine transformations,” ICPR 2000’ Proceedings of the International Conference on Pattern Recognition, vol. 3, pp. 786-789, September 2000.
[11] R. O. Duda and P. E. Hart, Pattern Recognition and Scene Analysis, John Wiley,
New York, 1973.
[12] T. Glauser, H. Bunke, ”Edge length ratios: an affine invariant shape representation
for recognition with occlusions”, Pattern Recognition, Vol.1. Conference A: Computer Vision and Applications, Proceedings., 11th IAPR International Conference
on Publication, pp. 437-440, 1992.
[13] M. H. Han and D. Jang, ”The use of maximum curvature points for the recognition
of partially occluded objects,” Pattern Recognition, vol. 23(1-2), pp. 21-33, 1990.
[14] M. H. Han, D. Jang and J. Foster,”Identification of cornerpoints of two-dimensional
images using a line search method,” Pattern Recognition, vol. 22(1), pp. 13-20,
1989.
[15] D. P. Huttenlocher, ”Fast affine point matching: An output sensitive method,” Proceedings of the Computer Vision Pattern Recognition, pp. 263-268, 1991.
[16] R. Hummel and H. Wolfson, ”Affine invariant matching,” DARPA Image Understanding Workshop, pp. 351-364, 1988.
[17] Y. Jia, ”Description and recognition of curved objects,” ICPR 92’ Proceedings of the
11th International Conference on Pattern Recognition, vol. C, pp. 464-467, September 1992.
[18] D. Manocha and J. Canny, ”Detecting cups and inflections in curves,” Computer
Aided Geometric Design, vol. 9, pp. 1-24, 1992.
[19] M. Maes, ”Polygonal shape recognition using string-matching techniques”, Pattern
Recognition, vol. 24(5), pp. 433-440, 1991.
[20] S. Manay, D. Cremers, ”Integral invariants for shape matching,” IEEE Transaction
on Pattern Analysis and Machine Intelligence, vol. 28(10), pp. 1602-1618, 2006.
[21] P. Meer and I. Weiss, ”Point/line correspondence under 2D projective transformation,” ICPR 92’ Proceedings of the 11th International Conference on Pattern Recognition, pp. 399-402, 1992.
[22] F. Mokhtarian and A. Mackworth, ”Scale-Based Description and Recognition of
Planar Curves and Two-Dimensional Shapes,” IEEE Transaction on Pattern Analysis
and Machine Intelligence, vol. 8, pp. 34-44, 1986.

BIBLIOGRAPHY

75

[23] F. Mokhtarian and A. Mackworth, ”A Theory of multiscale curvature based shape
representation for planar curves,” IEEE Transaction on Pattern Analysis and Machine Intelligence, vol. 14, pp. 789-805, 1992.
[24] F. Mokhtarian and S. Abbasi, ”Shape similarity retrieval under affine transforms,”
Pattern Recognition, vol. 35(1), pp. 31-41, 2002.
[25] J. L. Mundy and A. Zisserman, ”Geometric Invariance in Computer Vision”, Massachusetts Institute of Technology, 1992.
[26] M. S. Kankanhalli, ”An adaptive dominant point detection algorithm for digital
curves, ”vol. 14, pp. 385-390, 1993.
[27] T. Kawaguchi and M. Nagao, ”Recognition of Occluded Objects by a Genetic Algorithm,” ICPR 98’ Proceedings of the 17th International Conference on Pattern
Recognition, pp. 233-237, 1998.
[28] M. I. Khalil and M. M. Bayoumi, ”A dyadic Wavelet Affine Invariant Function for
2D Shape Recognition,” IEEE Transaction on Pattern Analysis and Machine Intelligence, vol. 23(10), pp. 1152-1163, October 2001.
[29] M. W. Koch and R. L. Kashyap, ”Using polygons to recognize and locate partially
occluded objects,” IEEE Transaction on Pattern Analysis and Machine Intelligence,
vol. 9(4), pp. 483-494, July 1987.
[30] F. Krolupper, ”Recognition of Occluded Objects Using Curvature,” WSCG
2004(Posters), pp. 89-92, Plzeň 2004.
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