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Chapter 1
Introduction
Atomic nuclei are fascinating objects exhibiting seemingly contradictory phenomena. First of all, nuclei are composite objects with constituents interacting via strong
force, but direct derivation of nucleon-nucleon potential from quantum chromodynamics, as underlying theory of strong interactions, is still not available. However,
immense progress has been achieved in this direction during last years. Modern
nucleon-nucleon potentials derived from the chiral perturbation theory can be nowadays used in nuclear structure calculations. Clever usage of Lanczos diagonalization
scheme, together with powerful computer facilities empowered that no-core shell
model calculations for nuclei up to A = 12 were performed. Unfortunately, with the
increase of mass number those exact methods become useless because of enormous
grow of dimensions of matrices, which have to be diagonalized.
For medium heavy and heavy nuclei independent motion of nucleons inside one
body potential (mean field approximation) is still very useful starting concept of all
microscopic models, and hence, it provides natural basis for the studying of excitations. The standard shell model picture is capable explain naturally single particle
excitations, but it was recognized soon that nuclei exhibit also collective motion.
This feature of nuclei is easily understood in the liquid drop model. Microscopic
treatment of collective excitations requires going beyond the mean field picture, i.e.
inclusion of residual two body interaction. For this purpose many methods have
been developed in the past, namely Tamm-Dancoff approximation, Random Phase
Approximation, Linear response theory and others. In spite of the success of these
methods, limitations resulting from used approximations prevent their direct application for description of multiphonon states and anharmonicities in nuclear spectra.
Therefore, continuous effort in the development of new many-body methods is understandable. Also growing experimental evidence calls for new theoretical methods
capable describe observed data.
In this dissertation new method for solving nuclear many-body problem, so called
1
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Equation of Motion Phonon Model (EMPM), is proposed. Because of its formal
simplicity and clarity we suppose it to become promising tool for microscopic descriptions of multiphonon excitations.
The work is organized as follows. In Chapter 2 we give a brief overview of basic microscopic nuclear models. Starting from the shell model and Hartree-Fock
method suitable for treating ground state properties we continue in explanation of
excitations. The difference between basic methods, namely Tamm-Dancoff and Random phase approximation is discussed. Further, existing multiphonon approaches for
treating complex excitations are outlined. Several multiphonon methods and their
limitations are discussed. In Chapter 3 we derive, in detail, formalism of EMPM
and iterative procedure for solving eigenvalue problem in phonon subspaces. In the
end we discuss method for the separation of spurious center of mass motion in the
framework of EMPM. Chapter 4 is devoted to numerical application of EMPM and
the chain of developed numerical codes is described. The second part is devoted to
numerical results for 16 O. In the last chapter concluding remarks are summarized.
Details of proton-neutron version of EMPM, coupling of phonon states, calculation of angular momentum and Cholesky method for elimination of redundant basis
states are discussed in enclosed appendices.

Chapter 2
Outline of nuclear microscopic
models
In the forthcoming chapters we describe the formalism of Hartree-Fock method,
Tamm-Dancoff (TDA) and Random Phase (RPA) approximations. TDA and, especially, RPA are the most widely adopted microscopic approaches to collective
excitations in nuclei. We present here the particle-hole (p − h) version of the two
approaches, strictly valid only for closed shell nuclei. Their quasi-particle (q − p)
extensions, valid for open shell nuclei, can be found in standard nuclear physics
textbooks, e.g. [1, 2].

2.1

Mean field approach

Nuclear structure properties are successfully studied within nonrelativistic quantum
mechanics. Because of the composite structure of nuclei, one has to solve a quantum
mechanic many-body problem.
Under the assumption that nucleons interact via a two-body force only, the
nuclear Hamiltonian takes the form
A
X
X
p2i
H=
+
v(ri, rj ),
(2.1)
2m i>j
i

where A denotes the nuclear mass number, pi is momentum operator of the i−th
nucleon and v(ri , rj ) is potential describing the interaction between the i−th and
j−th nucleons. Here, for the sake of illustration, such a potential is assumed to
depend on spatial coordinates only. In reality, it depends also on momentum, spin
and isospin.
Thus, one has to solve the many-body Schrödinger eigenvalue equation
A
X
X
p2i
{
+
v(ri , rj )}ψ(r1 , r2 ..., rA ) = Eψ(r1 , r2 ..., rA ).
2m i>j
i

3

(2.2)
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The above equation is not solvable directly and hence one has to resort to apposite
methods. A reliable one, exact in principle, is provided by the shell model (SM).
This consists in introducing an external field according to the prescription
H = H0 + Vres ,
where

(2.3)

A
X
p2
H0 =
[ i + U(ri )]
2m
i

and

Vres =

X

v(ri, rj ) −

i>j

A
X

(2.4)

U(ri ).

(2.5)

i

The eigenvalue equation for the unperturbed Hamiltonian H0 is exactly solvable
H0 Φν = Eν(0) Φν .

(2.6)

The eigenvectors are Slater determinants

Φν (r1 , r2 ..., rA ) =

φ1 (r1 ) φ2 (r1 )
φ1 (r2 ) φ2 (r2 )
.
.
.
.
φ1 (rA ) φ2 (rA )

.
.
.
.
.

φA (r1 )
φA (r2 )
,
.
.
φA (rA )

(2.7)

where the single particle wave functions are the solutions of the eigenvalue equations
[

p2
+ U(r)]φi (r) = ei φi (r).
2m

(2.8)

One can then solve the eigenvalue problem for the full Hamiltonian H by projecting
on the basis of the Slater determinants Φν the full eigenvalue equation
{

A
X
p2
[ i + U(ri )] + Vres }Ψ(r1 , r2..., rA ) = EΨ(r1 , r2 ..., rA ).
2m
i

(2.9)

Such a procedure leads to the diagonalization of H in the space spanned by the
basis states Φν . Such a space is in principle infinite-dimensional. In practice, H is
diagonalized in a severely truncated space. The reliability of SM calculations depends
not only on the space adopted but also on the choice of the one-body potential
U(r). This should be such as to minimize the effects of the residual interaction. In
most calculations, phenomenological potentials like the Nilsson modified harmonic
oscillator (HO) or, less frequently, Woods-Saxon potentials are used.
They are supposed to represent good approximations to the Hartree-Fock (HF)
potential. This is deduced directly from the two-body nucleon-nucleon interaction
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by solving self-consistently the HF equations. In order to obtain these equations,
one enforces the variational condition
δ(hψ|H|ψi) = 0

(2.10)

with Slater determinants as trial functions.
The HF equations are more simply derived if the Hamiltonian is written in second
quantization
X
1X
H=
tij c†i cj +
Vijkl c†i c†j cl ck ,
(2.11)
4
i
ijkl

where c†i (ci ) are creation (annihilation) operators with respect to the nucleon vacuum, obeying the anticommutation relations
{ci , cj } = 0,

{c†i , cj } = δij ,

(2.12)

p2

tij = hi| 2mi |ji are single particle matrix elements of the kinetic operator, and Vijkl =
hij|V |kli = hij|V |kli − hij|V |lki the antisymmetrized matrix elements of the twobody potential. They fulfill the following symmetry conditions
∗
Vijkl = −Vjikl = −Vijlk = Vklij
.

(2.13)

One then defines a new set of creation and annihilation operators by the unitary
transformation
X
X
∗
Dki
Dkj = δij .
(2.14)
a†i =
Dij c†j ,
j

k

By enforcing the variation with respect to the coefficients Dij , one obtains the HF
eigenvalue equations
X
Vihjh = ǫi δij .
(2.15)
tij +
h

The iterative solution of the above equations yields the HF single particle energies
ǫi and eigenvectors. In this self-consistent HF basis, the Hamiltonian (2.11) takes
the form
A
X †
X
1X
1
† †
H=
ei ai ai +
Vijkl : ai aj al ak : −
Vijij .
(2.16)
4 ijkl
2
i
ij

The first term is the diagonal HF one-body term, the second represents the residual
two-body interaction, while the last one is a constant to be added to the energy of
the ground state. The residual interaction is written in normal order with respect
to HF ground state. This represents the so called particle-hole vacuum |0̃i, defined
as follows
a†h |0̃i = 0, ǫh ≤ ǫF , ap |0̃i = 0, ǫp > ǫF ,
(2.17)
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where ǫF is the Fermi energy, defined as the energy of the last filled orbit in the
HF ground state |0̃i. The ground state energy in HF approximation is given by the
expectation value
A
A
X
X
1
E0 = h0̃|H|0̃i =
ei −
Vijij .
(2.18)
2
i
ij
The HF equations (2.15) are to be solved iteratively starting from some educated guess for the single particle states. These are usually obtained using a phenomenological potential (e.g. harmonic oscillator, Woods-Saxon) and further used
to compute the matrix elements of one body Hamiltonian. The resulting matrix is
then diagonalized and the new set of single particle states is used as entry for a
new diagonalization process. The iterative procedure terminates once convergence
is achieved.
It is to be pointed out that HF is applicable only for smooth two-body potentials. Unfortunately, the realistic bare nucleon-nucleon forces are strongly repulsive
at short distances. There are several recipes for turning these singular potentials into
well-behaving effective ones. A widely used method is the Brückner theory, which allows to replace the bare nucleon-nucleon potential with the so called G-matrix. This
is obtained by summing to all order the so called ladder diagrams and is nothing but
the scattering matrix of two-nucleons in the nuclear medium. An extensive review
can be found e.g. in [61]. The analogue of HF is now the Brückner-HF method. This
leads to a set of equations which can be solved by a doubly self-consistent procedure. Indeed, the G-matrix are adopted to obtain the HF eigensolutions through
Eq. (2.15). These, in turn, are to be used to compute the G-matrix.
Because of its complexity, Brückner theory is not suitable for systematic studies
of nuclear properties.
For these systematics, one prefers to adopt the Skyrme Hamiltonian [62]. Though
inspired by the Brückner theory, this is a completely phenomenological Hamiltonian
which describes successfully the bulk properties of nuclei (nuclear binding energies,
radii,compressibility) over the whole periodic table. Being basically composed of
contact terms, the Skyrme force yields naturally energy functionals which depend on
various types of densities (nucleon, kinetic energy, spin-orbit). It is therefore possible
to use the variational principle and derive a set of HF-like equations. By properly
tuning the force parameters, it is possible to reproduce the radii and binding energies
of known isotopes. The determination of the Skyrme parameters is not unique. This
arbitrariness can be exploited to determine the best single particle energy spectra,
essential for a correct description of low lying excited states.
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Figure 2.1: Typical example of the cross section for (n, γ) reaction as function of
incident photon energy. Taken from ref. [38].

2.2

Tamm-Dancoff Approximation (TDA)

Once the HF single particle states are obtained, it is possible to construct the eigen(0)
states of the unperturbed Hamiltonian H0 , Φν . The lowest eigenvalue Eν=0 is the
(0)
energy of the vacuum. Referred to this energy , the other eigenvalues Eν can be
expressed in term of (p − h) energies.
These unperturbed energies cannot describe faithfully the nuclear spectra. Let
us consider, for instance, the double-magic nucleus 16 O. The unperturbed 1p − 1h
energies cluster around the HO energy gap 15MeV . One, instead, observes low-lying
excited states below 10MeV down to (E(0+
1 ) = 6.02MeV )).
Moreover, (γ, n) reactions yield strong peaks (giant resonances) at about 22MeV
(fig. (2.1)). The unperturbed states neither can account for such a high energy or
for the corresponding large E1 transition strength. Although unable to account for
the detailed properties of the spectra, the unperturbed states can be used as basis
states for diagonalizing the full Hamiltonian. In TDA 1 , one considers only a subset
of them, namely the 1p − 1h states
†
|p(h)−1 i = Bph
|0̃i = a†p ah̃ |0̃i.

(2.19)

In the space spanned by these 1p−1h configurations, the Hamiltonian is represented
by the matrix
(0)

Hph,p′h′ = hp(h)−1 |H|p′ h′−1 i = δpp′ δhh′ (E0 + ep − eh̃ ) + Vph̃′ p′h̃
1

(2.20)

This method was developed independently by I. V. Tamm in 1945 and S. Dancoff in 1950.
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In this approximation only the interaction in the p − h channel contributes. The
eigenvalue equations
X
α
(2.21)
Hph,p′h′ Cpα′ h′ = E α Cph
p ′ h′

yield the set of phonon states

|αi = Q†α |0̃i

(2.22)

where
Q†α =

X

α †
Cph
ap ah̃

(2.23)

ph

are Boson-like (phonon) operators, obeying the commutation relations
h0̃|[Qα , Q†β ]|0̃i = δαβ .

(2.24)

Out of them, one can construct two phonon states of type Q†α Q†β |0̃i. These however, are not pure bosonic states since Pauli principle is to be enforced. The analogy
with the HO can be stressed further by observing that, within the 1p − 1h subspace,
as long as one adopts the HF basis, the TDA phonons obey the equations of motion



H, Q†α |0̃i = (Eα − E0 )Q†α |0̃i,

(2.25)

which resemble the harmonic oscillator eigenvalue equations.
It is to be pointed out that, within the 1p−1h subspace, TDA is exact. Its limited
applicability is just due to the too severe space truncation. The 1p − 1h space is not
sufficient to fully account for the collective phenomena observed in nuclei. TDA is
nonetheless capable of disclosing the microscopic mechanism of collectivity as shown
long ago by Brown and Bolsteri [17] in a simple schematic model using a separable
multipole interaction. They have shown, indeed, that the residual p − h interaction
pushes up in energy only one dipole state. This is a coherent superposition of 1p−1h
states and, therefore, collects most of the dipole strength. They have also shown
how such a state supports the semiclassical picture which ascribes the giant dipole
resonance to a relative oscillation of protons against neutrons.

2.3

Random Phase Approximation (RPA)

To remove the limitations of TDA, more complex configurations, like 2p−2h, must be
included in the space. In most cases it is not practicable to include them explicitly,
since the dimensions of the configuration space would become prohibitively large
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and would not allow the use of the traditional diagonalization techniques. This
is especially true for heavy nuclei where the space dimensions may reach 1020 in
number rendering unfeasible the diagonalization of the Hamiltonian even with the
present-day computers. A direct shell model approach is therefore not applicable
and alternative methods must be used.
One way out, widely used in nuclear structure calculations, is the so called random phase approximation (RPA)2 . As in TDA, the RPA states are still built out
of 1p − 1h excitations with respect to the ground state. Unlike TDA, however, the
p − h operators act on a correlated ground state. As we shall see, the assumption of
a correlated ground state has very important consequences.
One may follow several different routes to derive the RPA equations. These can
be obtained for instance within the time-dependent Hartree Fock theory, thereby
providing a microscopic foundation to the unified vibrational model of Bohr and
Mottelson (see e.g. [1]). In the following we will sketch how these equations are
obtained using the equation-of motion method [32].
The aim of nuclear structure is to solve the eigenvalue equations
H|νi = Eν |νi

(2.26)

for a general many body Hamiltonian. One then uses the above eigenstates to define
a set of phonon operators through the following equations
|νi = Q†ν |0i,

Qν |0i = 0,

(2.27)

where the ground state |0i, being the eigenstate of the full Hamiltonian H, is highly
correlated. The above equations admit always solutions. A possible one is
Q†ν = |νih0|.

(2.28)

The phonon operators fulfill the Boson-like commutator relations
h0|[Oν , Oµ† ]|0i = hν|µi = δνµ

(2.29)

as well as the HO-like equations of motion
[H, Q†ν ]|0i = (Eν − E0 )Q†ν |0i.

(2.30)

This is nothing but the eigenvalue equation (2.26) in operatorial form.
By left-multiplying by an arbitrary state h0|δQ we obtain
h0|[δQ, [H, Q†ν ]]|0i = (Eν − E0 )h0|[δQ, Q†ν ]|0i.
2

(2.31)

The method was developed by Bohm and Pines [29] for the description of plasma oscillations
of the electron gas. The very first applications of RPA in nuclear structure were done by Baranger
[30] and Sawicky [31].
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Figure 2.2: Various calculations of dipole strength in deformed nucleus 24 Mg. Filled
rectangles correspond to states with K = 0 open rectangles to K = 1 states. Comparison of TDA, RPA with mean-field model shows drastic effect of residual interaction
on distribution of strength. Taken from [63].

Here the state h0|δQ represents an arbitrary variation of the phonon operator. Up to
now, the equations were derived without any approximation. To solve them, however,
we must make an ansatz for the phonon states. The use of the TDA phonon (2.22)
would yield just the TDA equations. However, exploiting the correlated nature of
the ground state, it is straightforward to generalize the TDA phonons as follow
X
ν †
ν †
Xph
ap ah̃ − Yph
ah̃ ap .
(2.32)
Q†ν =
ph

This contains the forward amplitudes X for creating a p − h pair, as in TDA (see
Eq.(2.22)), plus the backward amplitudes Y for annihilating such a pair. In the
following we will denote the RPA ground state as |RP Ai and in accordance with
(2.27) we require
Qν |RP Ai = 0,
∀ ν.
(2.33)
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Now, we can induce variations in δQ by operating variations of the amplitudes X, Y
X
δQ =
δXph a†h̃ ap − δYpha†p ah̃ .
(2.34)
ph

Upon insertion of (2.34) into equation (2.31) and comparison of the terms in δX, δY
on both sides of the equation, we obtain
hRP A|[a†h̃ ap , [H, Q†ν ]]|RP Ai = ~ων hRP A|[a†h̃ ap , Q†ν ]|RP Ai
hRP A|[a†p ah̃ , [H, Q†ν ]]|RP Ai = ~ων hRP A|[a†p ah̃ , Q†ν ]|RP Ai

(2.35)

where ~ων = Eν − E0 is the excitation energy of the ν−th state. It is convenient to
put the above equations in matrix form
 ν 

 ν 

X
U 0
X
A B
,
(2.36)
= ~ων
ν
∗
∗
Yν
0 −U
Y
B A
with matrices A, B defined as
(A)ph,p′h′ = hRP A|[a†h̃ ap , [H, a†p′ ah̃′ ]]|RP Ai
(B)ph,p′h′ = hRP A|[a†h̃ ap , [H, a†h̃′ a′p ]]|RP Ai

(2.37)

(U)ph,p′h′ = hRP A|[a†h̃ ap , a†p ah̃′ ]|RP Ai.
Up to now, we have not specified the ground state |RP Ai. In fact, we do not know
its explicit expression. This should be obtained from solving Eq. (2.33). Since, in any
case, the use of a correlated state would render the actual calculation of matrices
A, B quite involved, one assumes that the RPA ground state does not differ too
much from the unperturbed p − h vacuum and use the HF ground state to compute
the matrix elements (2.37)
(A)ph,p′h′ ≈ hHF |[a†h̃ap , [H, a†p′ ah̃′ ]]|HF i = (ep − eh̃ )δpp′ δhh′ + Vph̃′ h̃p′
(B)ph,p′h′ ≈ hHF |[a†h̃ap , [H, a†h̃′ a′p ]]|HF i = Vph̃′ h̃p′
(U)ph,p′h′ ≈

hHF |[a†h̃ap , a†p ah̃′ ]|HF i

(2.38)

= δpp′ δhh′ .

By replacing the correlated |RP Ai with the unperturbed |HF i ground state, one
violates the Pauli principle. This is the essence of the quasi-Boson approximation
(QBA). Under such an approximation, the matrices A, B, U are well defined and
easy to compute. The block A is just the TDA matrix (2.21). The block B, instead,
keeps track of the ground state correlations and amplitude Y is a measure of these
correlations. The RPA ground state can be expressed explicitly, in principle, using
Thouless theorem (see e.g. [1]), as
X
Zphp′h′ a†p ah̃ a†p′ ah̃′
|RP Ai = NeẐ |HF i, Ẑ =
(2.39)
php′ hp
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RPA

Figure 2.3: Mechanism of photon absorption in TDA and RPA. Arrow lines represent
particle (up) hole (down) configurations, wavy line is photon emitted by external
field. Whereas in TDA photon absorption goes via creation of particle-hole pair, in
RPA also annihilation of virtual pair already present in the ground state (bubble) is
possible.

where N is a normalization constant and the matrix Z can be calculated using the
formula
X
ν∗ ν∗−1
Yph
Xp ′ h ′ .
(2.40)
Zphp′h′ =
ν

Thus, the RPA ground state is a linear combination of HF vacuum and 2p − 2h, 4p −
4h etc. configurations. Though not explicitly included, they affect the RPA eigenvalues through the block matrix B. They give also an important contribution to the
transition matrix elements, through the amplitudes Y which promote the annihilation of p − h pair (fig. 2.3).
Calculations of the dipole transition strength in various approximations in 29 Mg
are showed on fig. 2.2. As mentioned before, the inclusion of the residual interaction
causes a significant shift of the strength to higher energies. TDA and RPA predict
the resonance peaks more than 5MeV higher in comparison with the independent
particle model. The effect of ground state correlations is not strong in this case.
Nonetheless, one may notice small energy shifts and damping of the strength.
Despite the success of RPA in describing the collective modes, the validity of
the QBA is in some cases under dispute. It is certainly valid when the ground state
fluctuations are small. This is the case of collective excitations in spherical nuclei in
proximity of shell closure or in well deformed nuclei. It breaks down in nuclei which
are soft toward deformation. In those nuclei, the RPA equations become singular
yielding vanishing or complex eigenvalues.
Many extensions of RPA which try go beyond QBA have been attempted. More
correlations built in the ground state are incorporated in so called renormalized
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RPA [32]. These correlations renormalize the Hamiltonian matrix elements through
occupation numbers which partially deplete the single particle (hole) states. The
approach, however, neglects pieces of the two-body interaction, which are assumed
to contribute with random phases. It appeared that considerable improvement with
respect to standard RPA was achieved if the ground state correlations are large [37].
Alternatively, one may try to calculate the RPA ground state explicitly e.g. using
Thouless prescription (2.39) and solve the generalized RPA equations. The whole
process can be iterated, if possible, until convergence is achieved. These calculations
are very cumbersome and neglect important components of the interaction.
Another extension consists in defining more general phonon operators which
includes also 2p − 2h or higher configurations and derive new equations of motions
(2.30). The first calculations of this type were done by Sawicky [31], Tamura and
Ugadawa [34] and are known as higher random phase approximations.
In summary, RPA is a powerful method for treating collective excitations in
nuclei. It must be kept in mind, however, that it is basically an harmonic approximation. The improvements attempted so far came out to be quite involved and of
limited applicability.

2.4

Multiphonon excitations

Despite their success in describing collective excitations in nuclei, TDA and RPA
can hardly embrace phenomena which exhibit anharmonic features. Their extensions
are too involved to be of practical use for systematic studies.
On the other hand, the need of approaches, which go beyond the harmonic
approximation and are of easy implementation, is becoming more and more compelling, since the evidence of multiphonon excitations has been growing rapidly in
recent years. Two- and three- phonon multiplets built on low-lying quadrupole or
octupole states are confirmed in coincidence, lifetime and resonance fluorescence
scattering experiments [39]-[41].
Special attention is being devoted to resonances built on top of excited states.
According to Brink-Axel hypothesis [42] giant resonances built on excited states
should exhibit basically alike features (energy, strength, width) independently of the
structure of the state which are built upon. This fact has been widely exploited to
study the isovector giant dipole resonance in hot nuclei. M1 scissors resonances built
on excited levels were observed in deformed nuclei in two-step γ cascade experiment
[43].
Multiphonon excitations and anharmonicities were widely studied within phenomenological Interacting boson model (IBM) of Arima and Iachello [44] which
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have come out to be a very powerful tool for providing systematics of low-energy
multiphonon spectra and clarifying their gross features.
The microscopic treatment of multiphonon excitations require to go beyond RPA
(or TDA). For closed shell nuclei this implies the diagonalization of the Hamiltonian
in the space spanned by 1p − 1h, 2p − 2h, 3p − 3h.. configurations. Calculations in a
restricted 1p − 1h, 2p − 2h space were performed by Nishizaki and Wambach [45, 46]
for 20 Ca and 208 P b. The resulting wave functions were used to analyze the double
dipole giant resonance (DDGR). According to their calculations, the position of the
peak of the DDGR lies at about twice the energy of single dipole resonance. This
fact suggests that anharmonic effects play a small role in dipole modes.
In such a direct approach, the dimensions of the space become prohibitively large
even for present day computers and therefore some effective truncation of the space
must be adopted. Effective truncation of shell model basis is difficult because Slater
determinants do not contain any correlations important for collective states. This
appears to be especially problematic if one wants to describe low-lying collective
states which can be composed of 2p − 2h, 3p − 3h, 4p − 4h.. configurations strongly
coupled to the low 0p − 0h, 1p − 1h states.
A natural recipe for avoiding the use of a large configuration space is to use from
the beginning a correlated basis. This may be composed of tensor products of TDA or
RPA phonons. Thus, one could just pick the relevant, in general collective, phonons
only, thereby achieving a drastic reduction of the space. On the other hand, in dealing
with phonons, one encounters severe difficulties in the actual calculation of the
Hamiltonian matrix elements. In order to simplify such a task, several models based
on the Fermion-Boson mapping techniques have been attempted. The main idea
of these approaches is to represent collective fermion pairs (elementary excitations
of nucleus. e.g. TDA phonons (2.22)) as a power series of pure boson operators.
Consequently, the nuclear Hamiltonian can be expressed in terms of bosons and
diagonalized in a boson basis. Mathematically, this corresponds to mapping a manyfermion into a boson space. The mapping procedure can be performed in different
ways. Here we mention the two most important methods.
Belyaev and Zelevinski [47] have proposed a mapping which preserves the commutation relations of the bilinear Fermion operators which fulfill a given algebra.
The mapping is such as to preserves the algebra of these basic operators.
Marumori [48] has instead suggested to start with a complete orthogonal set of
states in Fermion and Boson spaces and to map all the operators in such a way that
the corresponding matrix elements in both spaces are equal.
Anyway, in all applications of the mapping procedures additional approximations
are needed. Boson expansions tend to converge slowly and therefore are useless in
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many practical situations.
A phenomenological successful example of Fermion-Boson mapping is represented by the Interacting Boson Model (IBM). Indeed, Otsuka et.al [49] have shown,
in the case of a single j−shell, that correlated Fermionic pairs coupled to J = 0 and
J = 2 can be mapped into the corresponding s and d Bosons, which represent the
building blocks of the IBM.
The boson expansion methods were applied also in a schematic microscopic model
in order to study the DDGR in 20 Ca [50].
The slow convergence of the Boson series together with the violation of Pauli
exclusion principle are the main difficulties of all models based on boson expansion
methods. These difficulties have stimulated the development of other nuclear models
which deal directly with the Fermionic degrees of freedom. The main idea behind all
of them is to construct and diagonalize the nuclear Hamiltonian in a space spanned
by multiphonon states (Q† )n |0̃i, where the phonons Q† are obtained within TDA or
RPA and describe usually low-lying collective excitations.
Since the building blocks of the multiphonon states are correlated states, a drastic
truncation of the basis is expected. On the other hand, a brute force calculation,
using a multiphonon basis, is practically impossible. Moreover, due to the violation
of the Pauli principle, the phonon basis is redundant and induces large spurious
components in the physical states.
These problems were faced by Silvestre-Brac and Piepenbring [51, 52], who developed the so called multiphonon model (MPM). In their model, BCS approximation
was used to calculate an approximate vacuum state and TDA (or quasiparticle TDA)
phonons were used as building blocks of the multiphonon basis. They however, have
taken into account only the lowest collective phonon with K = 0+ (β vibrations).
Recursive formulas were applied to a simple Hamiltonian describing 2m particles
filling equidistant pairwise degenerate levels and interacting via monopole pairing
force. Calculation up to 6 phonons were performed both in the Fermion and Boson
formalism. They have made manifest important anharmonic effects in the spectra
and pointed out the importance of the coupling between noncollective and collective
phonons.
The model was later extended to phonons of different types. Recursion formulas, which simplified the calculation, were derived [53, 54]. Due to its complexity,
the MPM was implemented only with simple Hamiltonians. Calculations were performed using a pairing plus quadrupole interaction up to 4 phonons. They describe
reasonably well the vibrational modes in the spherical nucleus 76 Se [55]. They have
also shown that the residual interaction couples strongly only states differing by 2
phonons and mixes very little states differing by 1 phonon. The MPM was extended
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to deformed nuclei using an octupole interaction for describing octupole vibrations
[56]. The calculation gave a microscopic explanation of the low lying K = 0− band
head in nuclei with 222 < A < 228, where standard RPA failed.
Correlated basis states are also used in the multistep shell model (MSM) of Liotta and Pomar [57]. Starting from the shell model picture, one-, two-, etc. particle
states are generated recurrently using quantities calculated in the previous step. To
simplify the calculation of the Hamiltonian matrix elements a graphical procedure
was developed [58]. A quasiparticle extension of the MSM was performed in order
to study 4 quasiparticle excitations in the open shell lead isotopes [59]. A satisfactory agreement between calculated and experimental energies was achieved. The
main objection concerning MSM is that it ignores the coupling between states with
different number of phonons.
A unified description of collective as well as single particle degrees of freedom is
provided by the Nuclear field theory [64]. The main ingredients are free fields: The
Boson fields represent collective modes whereas the Fermion fields are associated to
the single particle motion. The free fields are determined by the shell-structure and
the residual interaction. For instance, the Boson fields are calculated within RPA.
The interplay between vibrations and single particle motion is taken into account
via particle-phonon interaction vertices. Nuclear field theory accounts successfully
for the damping of the vibrational modes and the spreading widths of the giant
resonances.
Among the microscopic models, the quasiparticle-phonon model (QPM) [60] has
been very successful in describing low-lying a well as high lying collective states. The
QPM is one of the most successful microscopic models capable of describing many
collective as well as single particle phenomena in heavy nuclei. For this reason, we
will explain such a model in more details. The QPM Hamiltonian consists of several
pieces:
H = Hsp + Vph + Vpp .
(2.41)
Hsp is a Wood-Saxon one-body potential, Vph and Vpp are sums of separable multipole
interactions acting in p−h and p−p channel, respectively. In particular, Vpp contains
monopole and quadrupole pairing and Vph consists of spin dependent and spinindependent multipole pieces.
The QPM proceeds through several steps. At first, quasiparticle RPA is used to
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3

Q†ν =

X

Xijν αi† αj† − Yijν αi αj .

(2.42)

ij

The RPA Hamiltonian is then expressed in terms of these phonons assuming the
Boson-like structure
X
HQP M =
ων Q†ν Qν + Vqp .
(2.43)
ν

The first term is diagonal in the phonon basis, while Vqp can be schematically written
as
X
Vqpλµ =
V λµ (ij)Q†ν αi† αj .
(2.44)
ijν

This quasiparticle-phonon interaction term couples states with different phonon
numbers. All quantities entering in the transformed Hamiltonian are well-defined
once the strength constants of the multipole interaction are fixed and the amplitudes of the RPA phonons are determined. The next step is to put the transformed
Hamiltonian (2.43) into diagonal form. This is achieved using the variational principle with the following trial function:
X
X
X
cν cµ cλ Q†ν Q†µ Q†λ }|RP Ai.
(2.45)
|ψi = {
cν Q†ν +
cν cµ Q†ν Q†µ +
ν

νµ

νµλ

Because of the separable structure of the interaction, the variational condition gives
a set of secular equations which can be solved easily. Yet, in the derivation of the
secular equations, further approximations, involving the commutation relations between RPA phonons, must be made. As a consequence, Pauli principle is taken into
account only partly and the validity of the approximations can be verified only in
practical calculations.
In spite of these simplifications, the QPM has been very successful in predicting
many collective features in region of medium-heavy and heavy nuclei. Among the
latest results, we mention the study of the 0+ low-lying states in 168 Er and 158 Gd.
Recent high resolution (p, t) experiments have observed large number of these states
below 4MeV . QPM calculations [65, 66] showed the necessity of going beyond RPA
in order to describe such a large number of low-lying states. Moreover, many of them
appeared to have dominantly two-phonon character. Another interesting result is
the fragmentation of the (p, t) response due to the coupling among various phonon
components.
3

We have discussed RPA in terms of particle-hole excitations which is suitable for closed shell
nuclei. For even-even open shell nuclei quasiparticle formalism is an effective tool. Therefore, one
adopts a Bogolyubov transformation to quasiparticles ai = ui αi + vi α†ĩ with coefficients ui , vi
calculated in BCS approximation. Elementary excitations correspond to two quasiparticle states
α†i α†j . RPA phonon operators are constructed out of α†i α†j and αi αj pieces.

Chapter 3
Equation of motion phonon
method (EMPM)
As pointed in the previous chapter, from a microscopic point of view, the nuclear
states may be complicated mixtures of HF vacuum, 1p−1h, 2p−2h, etc. components.
Although during the last years the increasing power of computer facilities have made
possible shell model calculations in huge spaces and, also, huge no-core shell model
calculations, a complete shell model treatment of medium-mass and heavy nuclei
is still far out of our reach. One can hope, however, that, by a proper choice of
a basis, one is able to truncate drastically the space so as to render feasible the
diagonalization of the nuclear Hamiltonian in spaces which, though relatively small,
include a very large number of SM configurations.
This is the goal of a new multiphonon method we propose here and outline in
this chapter.
The method proceeds through several steps. We first derive a set of equations
of motion which solve the eigenvalue problem in each phonon subspace separately.
Because of their simple structure, the equations can be formulated in matrix form.
This renders the method especially suitable for realistic nuclear structure calculations. Next, we derive simple recursive formulas for all quantities, including the
coupling between different phonon spaces. We then face the redundancy of the multiphonon basis and show how a linear independent basis can be extract out of it
with no approximation. Finally we outline the iterative procedure which generates
the full multiphonon basis, and show how, in such a basis, the nuclear Hamiltonian
has a simple structure and can be easily brought to diagonal form.
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Eigenvalue problem in phonon subspaces

Our method is based on the idea of partitioning the full Hilbert space into phonon
subspaces.
Let us define the generic n− phonon state as a general linear combination of
np − nh configurations
X
Cpα1 h1 p2 h2 ...pn hn Bp†1 h1 Bp†2 h2 . . . Bp†n hn |0̃i,
(3.1)
|n, αi =
p1 h1 p2 h2 ...pn hn

where the p − h creation operator is defined by Eq. (2.19). We intend to solve
eigenvalue problem in a space which is the direct sum of the n−phonon subspaces
X
H=
⊕Hn .
(3.2)
n=0,1,2...

Each subspace Hn is spanned by the states (3.1). Since states with different phonon
numbers are orthogonal ( hn|mi = 0 for n 6= m), the completeness relation can be
expressed as
X
I=
Pn ,
(3.3)
n

where Pn is a projector operator onto n-phonon subspace
X
Pn =
|n; αihn; α|.

(3.4)

α

Let us assume, for the moment, that we have a complete set of basis states
|n − 1, βi in the (n − 1)-phonon subspace. We can generate a set of n-phonon states
by acting with the p − h operator
†
Bph
|n − 1, βi = (a†p ah̃ )|β, n − 1i,

so that the n-phonon states will have the form
X (n)
†
|n, αi =
Cαβ (ph)Bph
|n − 1, βi,

(3.5)

(3.6)

phβ

The states |n, αi (n=0,1,2..) will be the basis states spanning the full space and
hence it can be adopted to solve the full eigenvalue problem
H|ψν i = Eν |ψν i.
Then the eigenfunction will have the form
X
|ψν i =
Cαν n |n, αn i,
n=0,1,2...

(3.7)

(3.8)
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It is clear that in order to reach the goal of solving the full eigenvalue problem, we
must generate our basis states |n, αi. The decomposition (3.2) of the Hilbert space
enables us to obtain these states by solving the eigenvalue problem in each subspace
Hn separately.
Let us suppose, therefore, that we have solved the eigenvalue problem in the
(n − 1)-phonon subspace. Hence the Hamiltonian is diagonal in that subspace.
hn − 1, α|H|n − 1, βi = Eα(n−1) δαβ .

(3.9)

In order to solve the corresponding eigenvalue problem in the n-phonon subspace,
we require
hn, α|H|n, βi = Eα(n) δαβ .
(3.10)
Since the phonon subspaces with different n are orthogonal and the p − h operator
connects only states belonging to spaces which differ by one phonon, we enforce the
conditions
hn′ , α|n, βi = δnn′ δαβ .

(3.11)

†
†
hn′ , α|Bph
|n, βi = δn′ n+1 hn + 1, α|Bph
|n, βi.

In principle, we could calculate the Hamiltonian matrix in the n-phonon space directly, but, as the number of phonons increases, such a calculation becomes practically impossible. In order to overcome the difficulties of such a brute force calculation, we develop an equation of motion technique, which is known to lower the rank
of the operators (see e.g. [2]).

3.2

Equations of motion

Our crucial quantity is matrix element of commutator
X
†
†
hn, α|[H, Bph
]|n − 1, βi = hn, α|H
|n′ , γihn′ , γ|Bph
|n − 1, βi
n′ γ

†
− hn, α|Bph

X

|n′ , γihn′ , γ|H|n − 1, βi

(3.12)

n′ γ

†
†
= hn, α|HPn Bph
|n − 1, βi − hn, α|Bph
Pn−1 H|n − 1, βi

After inserting the identity operator (3.3) in the right-hand side and using the
orthogonality condition (3.11,) and assuming (3.9),(3.10) we obtain
(n−1)

†
hn, α|[H, Bph
]|n − 1, βi = (Eα(n) − Eβ

†
)hn, α|Bph
|n − 1, βi.

(3.13)
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The commutator on the left hand side can be evaluated explicitly yielding
†
hn, α|[H, Bph
]|n − 1, βi
X
X
†
=
tp′ p hn, α|Bp†′h |n − 1, βi −
thh̃′ hn, α|Bph
′ |n − 1, βi
p′

+

(3.14)

h′

1X
[Vijpk hn, α|a†i a†j ak ah̃ |n − 1, βi + Vih̃kj hn, α|a†p a†i aj ak |n − 1, βi].
2 ijk

Note that the labels p, p′ refer to particle states and h, h′ to hole states only.
Let us look into the first interaction term and split the sum over i into particle
(p) and hole (h) parts. Whenever i = p′ , after inserting the identity (3.3), we get
1X
1X
Vp′jpk hn, α|a†p′ a†j ak ah̃ |n − 1, βi = −
V ′ hn, α|a†p′ ak |n − 1, βi
2 ′
2 ′ p h̃pk
p jk
pk
X
1X
1
+
Vp′ jpk hn, α|a†p′ ah̃ Pn−1 a†j ak |n − 1, βi = −
V ′ ′ hn, α|Bp†′h |n − 1, βi
2 p′jk
2 p′ h′ p h̃ph̃
1 X
+
Vp′ p1 pp2 hn, α|Bp†′h |n − 1, γihn − 1, γ|a†p1 ap2 |n − 1, βi
2 ′
γp p1 p2
1 X
Vp′ h˜1 ph˜2 hn, α|Bp†′h |n − 1, γihn − 1, γ|a†h˜ ah˜2 |n − 1, βi
+
1
2 ′
γp h1 h2

Similarly, whenever i = h′ , we obtain
1X
1X
Vh̃′ jpk hn, α|a†h̃′ a†j ak ah̃ |n − 1, βi = −
V ′ ′ hn, α|a†j ah̃ |n − 1, βi
2 h′ jk
2 ′ h̃ jph̃
h̃ j

+

1X

2

Vh̃′ jpk hn, α|a†j ak Pn−1 a†h̃′ ah̃ |n − 1, βi = −

h̃′ jk

1X
2

Vh̃′ jph̃′ hn, α|Bp†′h |n − 1, βi

p′ h̃′

1 X
+
Vh̃′ p′ ph˜1 hn, α|Bp†′h1 |n − 1, γihn − 1, γ|a†h̃′ ah̃ |n − 1, βi.
2 ′ ′
γp h̃ h1

In the same manner it is possible to rearrange and linearize all the terms in Eq.
(3.14). After this linearization procedure, the eigenvalue equation (3.13) can be
rewritten in the form
X (n)
(n)
(n) ′ ′
Aβγ (ph, p′ h′ )Xαγ
(p h ) = Eα(n) Xαβ (ph).
(3.15)
γp′ h′

(n)

Here Xαβ (ph) is the particle-hole amplitude defined as
(n)

†
Xαβ (ph) = hn, α|Bph
|n − 1, βi

(3.16)

CHAPTER 3. EQUATION OF MOTION PHONON METHOD (EMPM)

22

and A(n) is defined as
(n)

Aβγ (ph, p′ h′ ) =
(n−1)

δαγ {δhh′ δpp′ Eβ

+ δhh′ [tpp′ +

X

Vp′ h1 ph1 ] − δpp′ [th̃h̃′ +

X

Vh̃′ h1 h̃h1 ]}

h1

h1

X
X
1
(n−1)
(n−1)
+ {δhh′
Vp′ p1 pp2 ρβγ (p1 p2 ) − δpp′
Vh̃h˜1 h̃′ h˜2 [ρβγ (h1 h2 ) − δβγ δh1 h2 ].}
2
p1p2
h1h2
X
X
(n−1)
(n−1)
Vp′h̃p1 h̃′ ρβγ (pp1 )
(3.17)
Vp′ h˜1 ph̃′ ρβγ (h1 h) +
−
p1

h1

(n−1)

where ραβ

(ik) are the particle-particle and hole-hole densities
(n−1)

ραβ

(n−1)

ραβ

(pp′ ) = hn − 1, α|a†p ap′ |n − 1, βi

(hh′ ) = hn − 1, α|a†h̄ ah̄′ |n − 1, βi.

(3.18)

Further we suppose that all amplitudes and densities are real.
Equation (3.15) represents the eigenvalue problem in the n phonon subspace.
The above linearization procedure can be achieved in different ways, depending on
the way we choose to commute the operators and on where we insert the identity
relation (3.3). In any case, we obtain equivalent equations.
The structure of the matrix A lends itself to a straightforward physical interpretation. In the definition (3.17) one can recognize in the square brackets HF equations
(2.15). Therefore this term originates from the mean field. The remaining terms contain various pieces of two-body interaction together with density matrices. In the
HF basis, Eq.(3.17) takes a simpler form since the terms in square brackets become
diagonal. We have therefore
(n−1)

(n)

+ δhh′ ǫp − δpp′ ǫh }
Aβγ (ph, p′ h′ ) = δβγ {δhh′ δpp′ Eβ
X
X
1
(n−1)
(n−1)
+ {δhh′
Vp′ p1 pp2 ρβγ (p1 p2 ) − δpp′
Vhh1 h′ h2 [ρβγ (h1 h2 ) − δβγ δh1 h2 ]}
2
p1p2
h1h2
X
X
(n−1)
(n−1)
Vp′ hp1 h′ ρβγ (pp1 ).
Vp′ h1 ph′ ρβγ (h1 h) +
−
p1

h1

It is important to notice that the above matrix contains only quantities defined in
the (n − 1)-phonon subspace. This enables us to generate step-by-step multiphonon
states. We start from n = 0 where only one basis state exists, the ph vacuum. Eqs.
(3.18) yield for the densities
ρ(0) (h1 h2 ) = h0̃|a†h̃ ah̃2 |0̃i = δh1 h2 ,
1

ρ(0) (p1 p2 ) = h0̃|a†p1 ap2 |0̃i = 0.

(3.19)

Thus, in the case of n = 1, the eigenvalue equations (3.13) reduce to the standard
TDA equations.
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After the eigenvalue equations have been solved for n = 1, we use the set of
(1)
orthonormal one-phonon states |n = 1, αi to compute the densities ραβ (ij), entering
into the matrix A(2) . Once the matrix A(2) is constructed, the eigenvalue problem
in the two-phonon subspace is fully defined. Its solution yields a set of two-phonon
states |n = 2, αi which are further used as starting point for the three-phonon
subspace. In this way, we can continue step-by-step up to a space with an arbitrary
number of phonons.
For n > 1, the nuclear force contributes not only in the p − h, as in TDA, but
also in the p − p and h − h channels. The simple structure of the equations is to be
noticed. In this sense, the EMPM represents the most natural extension of TDA to
multiphonon spaces.
The iterative process, however, cannot be implemented in the way we just proposed. We have to solve first the problem of the redundancy of the basis states. We
run into such a problem as soon as we move to subspaces with n > 1.

3.3

Generalized eigenvalue problem and removal
of redundancy in multiphonon basis

As already pointed out, the basis states we have adopted are of the factorized form
†
Bph
|n − 1, βi = (a†p ah̃ )|n − 1, βi,

(3.20)

where the p − h operator a†p ah̃ acts on each phonon state |β, n − 1i as a whole and
not on its Fermion constituents. Being these states factorized into two uncorrelated
pieces, a p−h and a phonon component, it is impossible to enforce the Pauli principle
between the Fermion constituents of the phonon pieces and those forming the p − h
term. It is therefore impossible to fully enforce the Pauli principle. In the absence
of such a constraint, the number of p − h states is determined independently of the
phonon states |n − 1, βi and vice versa.
†
It follows that the states Bph
|n−1, βi form an overcomplete set of linearly dependent states, yielding a redundant number of eigensolutions with spurious admixtures
in each eigenvector.
In order to eliminate this redundancy problem and obtain the correct number
of spurious-free eigenstates, we have to formulate an eigenvalue problem of general
type.
†
Let us denote by kn the total number of states Bph
|n − 1, βi. As already anticipated, we can always make the expansion (3.21), which we rewrite for the sake of
clarity
X (n)
†
|n, αi =
Cαβ (ph)Bph
|n − 1, βi.
(3.21)
βph
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The amplitudes Xαβ (ph) do not coincide with the expansion coefficients Cαβ (ph)
since the basis states (3.5) are not orthogonal. The two quantities, however, are
closely correlated. Indeed, upon insertion of (3.21) into the expression (3.16) defining
the X amplitudes, we get
X
(n)
(n)
(n)∗ ′ ′
Xαβ (ph) =
Cαγ
(p h )Dγβ (p′ h′ , ph),
(3.22)
γp′ h′

where the metric matrix D is defined as
(n)

†
|n − 1, βi.
Dγβ (p′ h′ , ph) = hn − 1, γ|Bp′h′ Bph

(3.23)

It is more transparent and useful for our purposes to write the above relation in
matrix form. We have
X (n) = D (n) C (n)

(3.24)

We can insert this into the eigenvalue Eq. (3.15), which in matrix form is
A(n) X (n) = E α X (n) ,

(3.25)

obtaining
A(n) D (n) C (n) = E α D (n) C (n) .

(3.26)

Eq. (3.26) defines an eigenvalue equation of general form within n-phonon subspace
for the Hamiltonian matrix
H (n) = A(n) D (n) .
(3.27)
Such an eigenvalue problem, however, is ill-defined because the matrix D (n) is sin†
gular. Its determinant is necessarily vanishing, since the vectors Bph
|n − 1; βi form
an overcomplete set of linearly dependent states. The redundancy found here is a
general feature of all methods which use phonon states.
A standard procedure for removing such a redundancy is based on the direct
diagonalization of the metric matrix [2]. The vanishing roots identify the linearly
dependent states, which, therefore, can be discarded. With increasing number of
basis states, the diagonalization procedure becomes more and more time consuming
and for large-scale realistic calculations is not practicable.
Instead of the diagonalization procedure, we adopt another method based on the
Cholesky decomposition of the metric matrix which is more effective and, yet, of
simple implementation. Details of our algorithm are given in Appendix D.
The Cholesky method picks up a subset of linearly independent states. This
restricted basis is no more redundant and spans the physical space. We can then
consider the eigenvalue equation
H̄(n) C (n) = E α D̄ (n) C (n) ,

(3.28)
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where D̄ (n) is a minor of the original singular matrix D (n) . D̄ (n) is kind × kind regular
matrix, therefore can be inverted. Its dimension kind is given by number of linearly
independent basis obtained by Cholesky method. Thus, we get
D̄ (n)−1 H̄(n) C = E α C (n)

(3.29)

where, according to Eqs. (3.26) and (3.27), the Hamiltonian is given by
(n)
H̄ij

=

kn
X

(n)

(n)

Aik Dkj ,

i, j = 1 . . . kind .

(3.30)

k=1

Let us note that the sum over k includes also redundant states and truncation can
be performed in the final Hamiltonian matrix only. For the calculation, we need
only the rectangular parts of the matrices A, D with the labels i, j running over
the restricted space and the index k over all states. With an increasing number of
phonons, the dimensions kind of the restricted physical space can be much smaller
with respect to the original space whose dimensions are given by the total number
kn of states. This significantly shortens the time of the calculation.
We are now ready to solve the generalized eigenvalue Eqs. (3.26). To this purpose
we need to compute the matrices A and D. The efficient calculation of the metric
matrix in big configuration spaces D is a highly non trivial task.
Our equation of motion method provides the easy and natural solution to this
latter problem by yielding the simple recursive formula
(n)

†
|n − 1, βi =
Dαβ (p′ h′ , ph) = hn − 1, α|Bp′h′ Bph
X
(n−1)
(n−1)∗ ′ ′
(n−1)
(n−1)
Xαγ
(ph)Xβγ
(p h ).
δpp′ ραβ (h′ h) − δhh′ ραβ (pp′ ) +

(3.31)

γ

Recursive relations hold for the densities too. Indeed, after the insertion of expansion
(3.21) into the defining equations (3.18) we obtain
X (n)
(n)
ραβ (p1 p2 ) =
Cβγ (ph)hn, α|a†p1 ap2 a†p ah̃ |n − 1, γi
γph

=

X

(n)

Cβγ (p2 h)hn, α|Bp†1h |n − 1, γi

γh

+

X

(n)

†
Cβγ (ph)hn, α|Bph
Pn−1 a†p1 ap2 |n − 1, γi

(3.32)

γph

=

X

(n)

(n)
Cβγ (p2 h)Xαγ
(p1 h) +

γh

X

(n)

(n)

(n−1)

Cβγ (ph)Xαδ (ph)ρδγ

(p1 p2 )

γδph

Here, we used the identity relation (3.3) and the orthogonality conditions (3.11). In
the same way, for the hole densities we get
X (n)
(n)
(n)
ραβ (h1 h2 ) = −
Cβγ (ph1 )Xαγ
(ph2 )
γp
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X

(n)

(n)

(n−1)

Cβγ (ph)Xαδ (ph)ρδγ

(h1 h2 ).
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γδph

We see that all necessary quantities for solving the eigenvalue problem in the (n+1)phonon space are obtained using quantities known from the n-phonon sector and,
therefore, recurrence is fully established.

3.4

Iterative procedure

We have thus accomplished all necessary steps for solving the generalized eigenvalue
problem (3.26). These can be summarized as follows:
1. Assuming that the eigensolutions in the (n − 1)-phonon subspace are known,
construct the matrix A(n) .
2. Compute the metric matrix D (n) .
3. Use the Cholesky decomposition method to extract a set of kind linearly independent states and construct the kind × kind non singular matrix D̄.
4. Solve the generalized eigenvalue equation in the restricted physical subspace to
(n)
obtain the correct number of eigenvalues and the expansion coefficients Cαβ (ph) of
the corresponding eigenvectors.
(n)
5. Compute within the n−phonon subspace the amplitudes Xαβ (ph) using Eq. (3.24)
(n)
and the density matrix ραβ (kl) using the recursive relations (3.32) and (3.33).
(n)
(n)
6. Xαβ (ph) and ραβ (kl) are the new entries for the equations of motion in the
(n + 1)-phonon subspace.
The iterative process is clearly outlined. To implement it, we have just to start
with the lowest trivial 0-phonon subspace, the ph vacuum, and, then, solve the
eigenvalue problem step by step within each n-phonon subspace following the prescriptions 1 to 6.

3.5

Full eigenvalue problem

The iterative procedure generates a multiphonon basis which reduces the Hamiltonian in the following way
X
X
|n′ α′ ihn′ , α′ |H|n, αihn, α|.
(3.34)
H=
Eα(n) |n, αihn, α| +
nα

nn′ ,n6=n′ αα′

The first term represents the diagonal blocks coming from the eigenvalue problem
(3.9), whereas the second one couples various multiphonon components. Since nuclear Hamiltonian is a two-body operator (if we include only 2-body interaction),
coupled states can differ at most by two phonons. In the following we show that
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the nondiagonal blocks of the Hamiltonian matrix can be also calculated by simple
recursive relations using the densities ρ and the amplitudes C, X.
By inserting the explicit form of the Hamiltonian and using the closure relation
(3.3), we derive for the states which differ by one phonon
X
X
(n)
Vph1h̄h1 ]Xαβ (ph)
[tph̄ +
hn, α|H|n − 1, βi =
ph1 h

ph

1 X
(n−1)
(n)
−
Vph¯1h¯2 h̄ Xαγ
(ph)[ργβ (h1 h2 ) − δh1 h2 δγβ ]
2 γh h h
1 2
1 X
(n−1)
(n)
Vpp1h̄p2 Xαγ
(ph)ργβ (p1 p2 ).
+
2 γpp hp
1

(3.35)

2

In the HF basis, according to (2.15), the term in square brackets vanishes. States
which differ by two phonons are coupled according to
1 X
(n−2)
(n−1)
hn, α|H|n − 2, βi =
Vpp1h̄h¯1 Xαγ
(ph)Xγβ (p1 h1 ).
(3.36)
4 γphp h
1 1

We can easily diagonalize H and obtain the energies E ν and the corresponding
eigenstates |ψiν
kn
X X
(n)ν
ν
Zi |n, ii
(3.37)
|ψi =
n=0,1,2... i=1

Here, the index n runs over all phonon subspaces and the dimension of each subspace
is kn . The advantage of the phonon representation of the Hamiltonian is that the
matrix to be diagonalized is very sparse (see fig. 3.1). This reduces the the storage
space by a large fraction and allows to store the full matrix. This is practically
impossible for heavy nuclei in shell model approach since the dimensions of SM
matrices are huge. Moreover, the structure of the matrix in the EMPM is especially
suitable for studying coupling effects between various phonon components.
Using the wave functions (3.37), we can compute the transition amplitudes
Mf i = hΨνf | M | Ψνi i

(3.38)

of the one-body operator
M=

X

Mkl a†k al .

(3.39)

kl

Transition matrix element (3.38) can be easily expressed in terms of p−h amplitudes
(3.16) and density matrices (3.18). Upon insertion of eigenstates of Hamiltonian in
multiphonon basis (3.37) we get
k

Mf i =

nf kn
i
X
X X

nf ,ni ,k,l a=1 b=1

(nf )νf ∗

Mkl Za

(ni )νi

Zb

(n ni )

Θabf

(kl).

(3.40)
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Figure 3.1: Block structure of Hamiltonian matrix in EMPM up to 3 phonons. Grey
blocks are diagonal matrices with corresponding eigenvalues on diagonal. Nondiagonal blocks which couple different phonon spaces can be nonzero if states differ at
most by 2 phonons.

In the previous expression indices k, l run over all single particle states included in
the model space ni , nf run over phonon subspaces of initial, final state respectively,
coefficients Z are elements of eigenvectors and quantity Θ casts in compact form
ph, pp, hh densities
(n ni )

Θabf

n

k ∈ p, l ∈ h

ni
= Xab
(lk),

l ∈ p, k ∈ h

(kl) = Xabf (kl),

(n n )
Θabf i (kl)
(n n )
Θabf i (kl)

=

n
ρabf (kl),

(3.41)

k ∈ p, l ∈ p ∨ k ∈ h, l ∈ h.

The composite structure reflects the fact that all correlations are accounted for
explicitly and not virtually as in RPA.
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Intrinsic and center of mass motion
Intrinsic motion and translation invariance

The exact nuclear Hamiltonian is invariant under a number of symmetry transformations and, hence, commutes with corresponding symmetry group generators
Si
[H, Si ] = 0.
(3.42)
We can therefore find sets of eigenfunctions which are simultaneously eigenfunctions
of H and Si . The knowledge of symmetries enables us to find the most suitable basis
for solving the eigenvalue problem. Examples of symmetry group generators are the
linear momentum P for the group of translations, the particle number operator for
gauge transformations, the total angular momentum operators J2 , Jz for the group
of rotations, the isospin operators T2 , Tz for rotation in the charge space.
In many cases, however, approximate methods adopted to solve the eigenvalue
problem break the symmetries of the original Hamiltonian. Such a symmetry breaking is in general due to the introduction of additional redundant degrees of freedom
which cause the appearance of redundant states. These do not describe the intrinsic
motion of the system and, therefore, are spurious. Moreover, these spurious states
in general mix with the intrinsic ones thereby inducing spurious admixtures.
When, for instance, the Euler angles are introduced to describe the nuclear rotational spectra, the nuclear degrees of freedom increase and, therefore, generate
redundant states. In principle, the rotational states are already accounted for by the
nuclear Hamiltonian expressed in terms of the nucleon coordinates only.
Since, on the other hand, it would be practically impossible to perform any calculation without resorting to these additional coordinates, it is necessary to develop
special techniques capable of separating the spurious from the intrinsic states.
A renowned example in nuclear structure is the spurious mode associated to the
center-of-mass (CM) motion, occurring in shell model. As pointed out in the first
chapter, in SM one introduces an external field which breaks the translational invariance of the Hamiltonian so that the nucleon coordinates are refered to a fixed center,
determined by the external potential. By doing so, one introduces new coordinates,
the center of mass coordinates, thereby incrementing the nuclear degrees of freedom
from A − 3 to A. It follows that the SM Hamiltonian describes intrinsic excitations
as well as excitations of the nuclear center of mass motion. Moreover, the two kinds
of excitations get mixed inducing a spurious contamination of the intrinsic states
This well known problem was first faced by Elliot and Skyrme [4] in their study of
p − h excitations on closed shells.
Let us remind to ourselves how the separation between CM and intrinsic degrees
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of freedom can be achieved in the coordinate representation. A general many-body
Hamiltonian describing A particles interacting via a two-body force has the form
A
A
X
p̂2i
1X
H=
V (r̂i − r̂j , p̂i − p̂j )
+
2m 2 i6=j
i=1

(3.43)

For the sake of simplicity, we suppose that the nucleon-nucleon interaction depends
only on the particle coordinates and momenta. We define a new set of coordinates
through the linear transformation
X
ri =
cij ξj + R, i = 1 . . . A,
(3.44)
j

where R is the collective center-of-mass coordinate defined in the usual way
R=

A
X
ri
i=1

A

,

(3.45)

and ξi is a set of (A−3) intrinsic coordinates. A corresponding transformation exists
also for the canonical conjugate momenta
X
pi =
dij kj + P.
(3.46)
j

The set of coordinates so defined is very impractical to work with, since the nucleon
coordinates are not treated in a symmetric manner. Still, it can be shown that
there exist a proper choice of coefficients in (3.44) which decouples intrinsic and CM
motion completely and exactly. It is basically the introduction of Jacobi coordinates
which enables us to split up the Hamiltonian (3.43) in the following way:
A
X k̂2
P2
1X ˆ ˆ
i
H=
V (ξi , ξj , k̂i , k̂j ) +
+
,
2µ
2
2Am
i
i=1
i6=j

(3.47)

where µi is the reduced mass associated to the i−th intrinsic coordinate. The first
two terms depend on the intrinsic coordinates whereas the last describes the free
movement of the nucleus as a whole. The eigenstate of the total Hamiltonian is a
product of the intrinsic and CM wave function, which is just a plane wave
ψP n (ξ, R) = φintr.
(ξ)eiPR/~.
n

(3.48)

The corresponding eigenvalue is a sum of CM and intrinsic energies
EP n =

P2
+ Enintr. .
2M

(3.49)
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The intrinsic wave functions must be translational invariant and thus satisfy
Pφint. = 0.

(3.50)

As mentioned before, however, in shell model calculations we diagonalize the
Hamiltonian in a restricted space spanned by a shell model basis which is not translational invariant, so that the shell model eigenstates ψSM are not translational
invariant either. The shell model wave functions ψSM are linear combination of the
factorized wave functions ψP n (Eq. 3.48) and, therefore can have different intrinsic
motion components
Z
X
ψSM (ξ, R) = dP
gn (P)φintr.
(ξ)φCM (P, R).
(3.51)
n
n

Clearly the SM eigenfunctions ψSM are eigenstates of the intrinsic Hamiltonian only
if gn (P) = δ(P − P′ )δnn′ , so that Eq. (3.51) yields a single factorized wave function.
All methods based on the mean field approximation necessary destroy the translational symmetry and therefore require a special treatment of the CM motion. To
this purpose many methods have been proposed. Some of them require the explicit
construction of the spurious states [7], which, in realistic calculations, is practically impossible due to the large space used for diagonalizing the SM Hamiltonian.
On the other hand, several methods, based on the use of an oscillator basis, have
been developed and are of simple implementation. In the oscillator basis, one can
generate states free of spuriosity only if all possible configurations up to N~ω (for
arbitrary N) are taken into account [5]. This fact is exploited in no-core shell model
calculations to generate spurious-free wave functions of p-shell nuclei [6].
We give below a short list of proposed methods:
• The Schmidt orthogonalization method of Baranger and Lee [7] where nonspurious states are generated by Schmidt orthogonalization algorithm of the
eigenstates with respect to spurious states.

• The unitary transformation of French et. al. [8] based on projecting the Hamiltonian onto the subspace of non-spurious states. The basis for diagonalization
consists of states which are constructed to be purely intrinsic or purely spurious.
• Method of Gartenhaus and Schwartz [9] based on the explicit derivation of a
unitary operator which insures the free motion of CM and any many-particle
wave function on which it acts.
• Numerical method of Rath et. al. [10] especially suitable for Lanczos diagonalization algorithm.
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For our purposes, we adopted method introduced by Palumbo [11, 12], applied
in shell model by Lawson [13] and, since then, widely used in shell model studies.
It is important to stress at this stage that, as shown by McGregory and Wildenthal
[14], Lawson’s calculations, being based on the use of an incomplete configuration
basis, are not reliable.
The method is based on adding an extra term to the Hamiltonian which does not
change the intrinsic part and allows to separate the CM motion from the internal
degrees of freedom. We define the new Hamiltonian
H ′ = H + βHCM

(3.52)

where β is a real constant, H is nuclear Hamiltonian and HCM describes the center
of mass motion in a spherical harmonic oscillator well
HCM =

P2
1
+ mAω 2 R2 .
2Am 2

(3.53)

In the case of SM based on a HO single particle basis, the many body Hamiltonian
H is given by
 X
A  2
X
pi
1
2 2
H=
Vijres .
(3.54)
+ mω ri +
2m 2
i=1
i<j

The separation of the CM from the intrinsic motion can be achieved by adopting
the new coordinates
ri′ = ri − R
P
p′i = pi − .
A

(3.55)

The set of coordinates ri′ represents the position of nucleons with respect to the
center-of-mass and the new momenta are measured relatively to total momentum of
the whole nucleus. An important feature of these coordinates is that relative position
and momenta of two nucleons remain unchanged since
p′i − p′j = pi − pj ,

ri′ − rj′ = ri − rj .

(3.56)

Thus, the residual two-body interaction which generally depends on relative coordinates does not change. After insertion into (3.52), we split the Hamiltonian into an
intrinsic part and a CM part
A
A
X
X
p′ 2i
1
2
2
H=
r ′ i + V res. + (β + 1)HCM .
+ mω
2m
2
i=1
i=1

(3.57)
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This Hamiltonian has eigenvalues and eigenfunctions
3
E ′ = En + (β + 1)(N + )~ω
2
′
′
′
′
osc.
ψ(r1′ , r2′ ...rA
, R) = φintr.
(r
,
r
,
...r
)φ
n
1 2
A
N (R).

(3.58)

The nonspurious states are those with the the CM in the ground state. They are
therefore given by
′
′
, R) = φintr.
(r1′ , r2′ , ...rA
)φosc.
ψ(r1′ , r2′ ...rA
0 (R)
n

(3.59)

with the energy

3
En′ = En + (β + 1) ~ω.
(3.60)
2
The spurious states, instead, are those describing CM excitations.
The separation of the spurious from the nonspurious states can be achieved by
choosing a constant β sufficiently large (≈ 105 ). In this case, all spurious states
are pushed up at very high energies and, hence, are practically uncoupled from the
nonspurious ones. If we are interested in the spectrum up to given energy E, the
condition (β + 1)~ω >> E guarantees that all states below this threshold have no
center of mass admixtures.

3.6.2

Elimination of CM motion in EMPM

The method described in the previous section can be easily implemented within the
EMPM formalism. Expressing the center of mass Hamiltonian (3.53) in terms of
nucleon coordinates and rearranging the terms, we obtain
X (CM ) X (CM )
hi
+
vij ,
(3.61)
HCM =
i

i<j

where

pi 2
1
+
mω 2 ri 2
(3.62)
2Am 2A
m
1
(CM )
pi pj + ω 2 ri rj .
(3.63)
vij
=
Am
A
The first piece is a one-body operator whereas the second term is two-body potential.
For our purposes, we express them in second quantization
X (CM ) †
1 X (CM ) † †
HCM =
hij ai aj +
Vijkl ai aj al ak .
(3.64)
4
i
ijkl
(CM )

hi

=

Single particle and two-body matrix elements are given by the usual expressions
p2
m 2 2
+
ω r |ji
2Am 2A
m
1
¯
pp′ + ω 2 rr′|kli
= hij|
Am
A

(CM )

hij
(CM )

Vijkl

= hi|

(3.65)
(3.66)
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In spherical HO basis, these matrix elements can be easily evaluated. We obtain
(CM )

hij

(CM )

Vijkl

3 1
(3.67)
= (Ni + ) ~ωδij
2 A
X
2
hi|xµ |kihj|xµ̄ |li − hi|xµ |lihj|xµ̄|ki
= δNi +Nj ,Nk +Nl mω 2
A
µ=0,±1

where xµ is the coordinate expressed in spherical coordinates
r
4π
xµ = r
Y1µ (θ, φ), xµ̄ = (−1)µ x−µ .
3

(3.68)

(CM )

We see that the two-body CM interaction Vijkl is a separable interaction of dipoledipole type and therefore it is active only in J = 1− channel. The implementation
of Palumbo’s method to the EMPM is simple in case we work in HO basis. We just
have to replace the starting Hamiltonian with the new one (3.52) which leads to the
following modification of the interaction and of the single particle matrix elements
in the A matrix (3.17)
(CM )

Vijkl −→ V ′ ijkl = Vijkl + βVijkl
3 1
tij −→ t′ij = tij + βδij (Ni + ) ~ω
2 A

(3.69)

Here Ni is principal HO quantum number corresponding to single particle state |ii.

Chapter 4
Numerical application
We have chosen the doubly-magic 16 O as test ground for the EMPM. In spite of
being double magic, this nucleus has a very complex structure and represent an
ideal benchmark for testing nuclear models.
Shell model and mean-field calculations were performed already in the sixties
[15, 16]. It was shown that treating the low-lying parity states as 4p − 4h deformed
configurations qualitatively explains the observed energy spectrum. Microscopic selfconsistent calculations (RPA and TDA) with effective Skyrme forces were performed
by Waroquier et al. [24] using different sets of parameters.
An alternative approach by Bertsch and Bertozzi [18], based on a simple αparticle model, explains qualitatively the deformed structure of the excited states
and the mixing of a deformed component into the ground state
More recent mean field calculations using effective interactions showed that, for a
proper description of this nucleus, one must go beyond HF and include correlations
[19]. One of the most complex microscopic calculations were performed by Haxton
and Johnson [20] and Warburton and Brown [21] in a SM space including excitations
up to 4~ω. They confirmed the strong role of 2p − 2h and 4p − 4h configurations in
the low lying spectrum and the importance of the coupling between 0ph − 2ph and
2ph − 4ph subspaces.
Similar conclusions were drawn also in Interacting Boson Model by Feshbach
and Iachello [22, 23]. In this simple model, the building blocks were just two low
lying collective J = 1− , T = 0 and J = 3− , T = 0 phonons which were used for
constructing the multiphonon basis. The coupling between various states was treated
in an approximate way.
A recent work by Dytrych et. al. [25] has provided evidence of a symplectic
symmetry in the ground state wave function of 16 O and in the lowest states of light
nuclei. It was shown that the exact no-core shell model wave functions could be
reproduced very well by using only a small fraction of the symplectic basis states.
35
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To our knowledge, however, there are no parameter-free calculations of the lowest
excited states in 16 O (especially concerning the excited 0+
2 ).

4.1

Model space

For the sake of simplicity, we illustrate how the EMPM is implemented for identical
particles. The method can be straightforwardly extended to systems with two types
of particles. In that case, the building blocks are both proton and neutron p − h
configurations and it can be shown that the A matrix (3.17) consists of proton,
neutron and proton-neutron sub blocks.
The other possibility is to split the nuclear Hamiltonian into a proton, neutron
and a proton-neutron part and use the EMPM in the proton and neutron subspaces
only. For N = Z nuclei (by assuming isospin invariance of Hamiltonian), it is necessary to solve the EMPM equations in one space only.
In order to work with the proton (neutron) part, we partitioned the Hamiltonian
as
H = H π + H ν + V πν .
(4.1)
We then used pieces H τ , (τ = π, ν) to generate,within the EMPM, a set of phonon
states |nτ , ατ i. We adopted M− scheme and hence obtained phonon states with good
projection of angular momentum M and parity. The proton-neutron basis states
were constructed as direct product of proton and neutron phonons (for details see
Appendix A). The remaining proton-neutron interaction was included without any
approximation in constructing the total Hamiltonian matrix.
The one-body proton (neutron) Hamiltonian H τ was calculated by using Nilsson
potential [28] while the residual two-body interaction is a G-matrix deduced from
the Bonn-A nucleon-nucleon potential [27]. The single particle energies used in our
calculation are listed in Tab. 4.1.
We have performed a consistent calculation for negative parity states in a configuration space up to four major oscillator shell. In order to achieve the correct
elimination of the CM motion, all p − h excitations up to 3~ω were taken into
account. In the one-phonon subspace this requires the inclusion of the following
configurations
• negative parity:sd(p)−1 , f p(s)−1, sdg(p)−1
• positive parity:sd(s)−1 , f p(p)−1
The situation is more complicated in two-phonon subspace. The configuration space,
in this case, does not include the sdg shell, since any 2p − 2h configuration with a
particle state in the sdg shell would be at least 4~ω. Thus, we include:
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Table 4.1: Nilsson single particle energies of first four shells in 16 O with ~ω =
16.3MeV . Values κ and µ are oscillator strength parameters of l.s and l2 term as
suggested by Bengston and Rangarsson [28]. Listed energies are in MeV .
N=0
0s1/2
κ = 0.120, µ = 0.00 0.0
N=1
0p3/2 0p1/2
κ = 0.120, µ = 0.00 14.3 20.2
N=2
0d5/2 0d3/2 1s1/2
κ = 0.105, µ = 0.00 29.1 37.7 32.5
N=3
0f7/2 0f5/2 1p3/2 1p1/2
κ = 0.090, µ = 0.30 44.4 54.7 47.3 51.7
N=4
0g9/2 0g7/2 1d5/2 1d3/2 2s1/2
κ = 0.065, µ = 0.57 60.9 70.4 63. 0 68.3 65.1

• negative parity: sd(p)−1 [sd(s)−1 ⊕ f p(p)−1 ], f p(p)−1[sd(p)−1 ], sd(s)−1 [sd(p)−1 ]
• positive parity: sd(p)−1[sd(p)−1 ]
The configurations in square brackets correspond to one-phonon states on top of
which p − h excitations are build to form the two-phonon basis. In the same way,
we have constructed the three-phonon configurations. It is worth noticing that it
is impossible to construct positive parity three-phonon states of energy ≤ 3~ω. We
have therefore only:
• negative parity: sd(p)−1 [sd(p)−1 sd(p)−1 ]
The term in square brackets represents a two-phonon state composed of sd(p)−1
configurations. With increasing number of phonons, we decrease stepwise the number of major shells included in the calculation. Using different configuration spaces
for each phonon subspace unfortunately complicates the calculation of nondiagonal
elements and hence expressions (3.35) and (3.36) mus be modified. A derivation of
non-diagonal matrix elements between states from different configuration spaces is
sketched in Appendix B.
The dimensions of one-,two- and three-phonon proton (neutron) subspaces for
the lowest projections of angular momentum are shown in Table (4.2). The righthand side shows the dimensions of the total proton-neutron space. The second and
third column show, on the left, the total number of states with given projection of
angular momentum and parity which can be constructed by acting p − h operator
on any (n − 1) phonon state (3.5), whereas, on the right, the calculated dimension
of the linearly independent basis states obtained after the Cholesky procedure has
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Table 4.2: Dimensions of phonon subspaces for lowest projections M. All configurations up to 3~ω are taken into account. Left hand side corresponds to proton(neutron)
partition while on right hand side are listed dimensions of combined proton-neutron
space.

M
0−
1−
2−
3−
4−
0+
1+
2+
3+
4+

π

proton (neutron) subspace
0-ph. 1-ph.
2-ph.
3-ph.
52
3120 678 9940
47
2916 632 9378
35
2376 510 7864
22
1678 354 5838
11
1016 208 3808
1
28
844 172
1
25
780 154
1
18
614 122
1
10
408 75
1
4
225 40

670
625
509
360
214

total proton-neutron space
0-ph. 1-ph. 2-ph. 3-ph
104
4476 21220
94
4180 20006
70
3396 16746
44
2386 12396
22
1432 8044
1
56
1188
50
1088
36
858
20
558
8
305

been applied. For M = 0+ , for instance, the total number is 9904 while the linearly
independent set contains only 670 states.

4.2

Scheme of programs

The main difficulty in the implementation of the EMPM is given by the limitation of
the memory and processor of the computer. The whole code was written in fortran
77, apart from a small part written in fortran 95. The programs were compiled using
Intel fortan compiler and run on the following hardware configuration: Intel Core2
CPU 6600 @ 2.40GHz, 4GB DDR2 RAM , 300 GB SATA hard drive.
The code, itself, was divided into several steps, even if all parts used the same
input files:
• input.dat contains as input data the mass and proton numbers A, Z, the definition of the model space and the multiplication factor β used for the CM
correction.
• singpart.dat contains the single particle energies for proton and neutron states.
• nonzero interaction matrix elements deduced from G− matrix for Bonn-A
nucleon-nucleon potential are stored in input files Vint p.dat for proton-proton,
Vint n.dat for neutron-neutron, and Vint pn.dat for proton-neutron interactions.
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• nonzero matrix elements of the CM interaction are stored in input files Vcm p.dat
for proton-proton, Vcm n.dat for neutron-neutron, and Vcm pn.dat for protonneutron interaction.
The calculation starts with program eqnm which generates proton and neutron
phonon states up to two phonons. The calculation of three phonon states is performed by another program eqnm3 in order to reduce the memory usage at once.
As explained before, a complete calculation up to 3~ω requires three independent
calculations in different spaces. Therefore during the calculation the following structure of directories is created:
/..
1phon/
2phon/
3phon/
.
.
.
In the directory 1phon/, the calculation up to one phonon in the 3~ω space is performed. In this space the complete oscillator shells from N = 0 to N = 3 are active.
The directory 2phon/ contains results of calculation up to two phonons in the space
from N = 0 to N = 2. Finally, the three phonon calculation is performed in the
space with N = 1 and N = 2 major shells.
The main problem to be faced when performing two and three phonon calculations is the drastic grow of the available states (tab. 4.2) and, as consequence,
the enormous increase of computation time. The calculation of A matrix (3.17) and
densities (3.32) and (3.33) require several nested loops, which involve an increasing
number of matrix elements to be computed.
To achieve a better performance of the code, a maximal amount of data should be
stored in the physical memory and the input from the hard drive must be minimized.
Unfortunately, already in the three-phonon subspace this becomes a serious problem.
The acquisition of the data must be performed in blocks. Therefore we adopted the
following scheme: during the calculation, we stored only nonzero matrix elements
(densities, amplitudes) in separated files with a special system of names.
Suppose that we have calculated all matrix elements of type hn, α|a†i aj |n′ , βi. The
label β in the ket vector is used explicitly in the name of the file which contains all
nonzero values for a given state |n′ , βi. The densities are stored in files ’nf rτ p.β’, ’n
f rτ h.β’ for particle and hole states, respectively. In the same way, amplitudes and
expansion coefficients X, C are stored in files ’nf xτ p.β’, ’nf cτ h.β’. In all files, the
name n stands for phonon number of bra vector and τ = n, p for neutrons, protons
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respectively. Just to give an idea, file ’2f rnp.00128’ contains all nonzero particle
densities of neutron two-phonon state with number 128. In each cycle, reading the
corresponding values is put to highest possible level in order to minimize the number
of input/output actions from hard drive.
Once proton and neutron phonons are generated, another program hful j sub,
hful j nondiag computes the diagonal blocks, composed of matrix elements between states from the same phonon subspace, as well as the coupling between different spaces in the proton-neutron basis. Some expressions are summarized in appendices A and B. For each type of matrix element, a separate subroutine, which is
optimized for a minimal run time, is used in the code. The nonzero matrix elements
of the total Hamiltonian matrix between n- and m-phonon, the states are stored in
separate files with names ’hmat nfmf.u’.
The second part of the calculation is the diagonalization of the total Hamiltonian.
This is performed separately for a given projection of the total angular momentum
M and given parity π. To this purpose, we have created the program diagh. In
the beginning, the matrix elements are read from files to allocatable array. Then,
standard LAPACK [70] routine DSYEV diagonalizes the Hamiltonian and eigenvectors
and eigenvalues are stored into files eigvec.u,eigval.u. After diagonalization, the
eigenvectors are used for the calculation of angular momenta ( see Appendix C ). We
work in M scheme and therefore states with all values of total angular momentum
J can be obtained from M = 0 calculation. At the end, the program creates output
files contMπ.dat with calculated values of J and phonon content of all eigenstates.
The last program eltrans computes electric transition probabilities. It produces
reduced transition probability and strength function of given multipolarity for all
transitions to the ground state. Finally, all data are stored in file prob.dat.
The complete calculation in the 3~ω space for 16 O is a non trivial task. The
total runtime is approximately 3 weeks. The most time consuming is the calculation of the necessary density matrices. The calculation of the two-phonon densities
between states from large configuration space which is essential for construction of
nondiagonal parts of Hamiltonian takes 12 days. Since the calculation of 3 phonon
densities would require several months, we were not able to perform a four phonon
calculation and this restrict the space to 3~ω. It is is important to stress, however,
that, apart from the truncation, no approximations have been made.

4.3

Energy spectrum

Figure 4.1 illustrates the effect of the multiphonon components on the low lying
spectrum. The spectra are calculated with a CM parameter β = 10000 (see Eq.
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3.52). Selected low lying states and structure of wave functions are listed in table
4.3. In our approach, we do not pretend to reproduce the experimental binding
energy and, therefore, we set the lowest correlated 0+ state as reference level. All
excited states are measured with respect to the ground state obtained in (0+1+2)
phonon space. The lowest 0+ state in the one-phonon approximation corresponds to
the unperturbed p − h vacuum.
Despite the fact that the two-phonon part constitutes only 19.86% of the total
wave function, the built-in correlations lower the energy by about 7MeV . Nevertheless, the calculated positive parity states are in complete disagreement with
experimental values. The calculated 0+
1 state lies 22MeV above the ground state,
while the experimental level is only at 6MeV . This is in accordance with the shell
model calculation of Haxton et. al [20] which shows the essential role of the 4p − 4h
configurations. In the language of the EMPM, this is equivalent to including fourphonon states. Recent results of no-core shell model [26] in a complete space up to
6~ω show that the unperturbed p−h vacuum plus 2p−2h configurations account for
80% of the ground state. Because of space limitations, we were not able to include in
the calculation more than two- phonon components (three- phonon positive parity
configurations do not exist in this space).
In the case of negative parity states, a complete set of states up to three phonons
was included. The dimension of the basis in M− scheme reaches 25800. As it is apparent from figure 4.1, the two- and three-phonon configurations push the energy of
all states down by about 2MeV and 7MeV , respectively. After inclusion of the threephonon states, a reasonable description of the experimental spectrum is achieved.
Let us stress that we used Nilsson single particle energies and wave functions in the
calculation. Further improvements can be achieved by adjustment of single particle
energies or by using more realistic single particle basis.
Is of considerable interest the comparison of the calculated spectra with and
without the elimination of the spurious CM motion (fig.4.2). Since we are interested
in excitation energies rather than absolute values, we put the ground state energy to
the same level. In absolute values, however, the calculation without CM correction
β=0
β=10000
gives a more bound ground state (Eg.s.
− Eg.s.
= −4.14MeV ). Similar results
were obtained also by Rath et. al [10] within the SM Lanczos iterative scheme. As it
is apparent from fig.4.2, the calculated positive parity spectrum changes significantly
after the inclusion of the CM term.
We would like to stress the fact that there is a major difference between onephonon and multiphonon approaches in the elimination of spurious states. In the
one-phonon approximation (TDA,RPA), only one spurious solution corresponding
to CM motion exists. It is always connected with the J = 1− , T = 0 state, so that
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Table 4.3: Energies and phonon structure of selected low-lying states in
16
O.Calculation with CM correction parameter β = 10000.
Jπ
0−
0−
0−
1−
1−
1−
2−
2−
2−
3−
3−
3−

E
(MeV)
10.44
12.27
20.70
8.47
12.33
16.38
8.51
10.09
13.18
5.10
10.35
12.87

phonon content (%)
n=1 n=2 n=3
80.91 6.14 12.95
80.43 6.77 12.80
77.28 7.00 15.72
78.36 8.11 13.53
80.11 6.91 12.98
78.56 8.15 13.29
79.27 8.31 12.42
81.74 6.40 11.86
77.06 8.45 14.49
80.37 5.95 13.68
81.79 6.12 12.09
78.82 7.85 13.33

Jπ
0+
g.s.
0+
0+
1+
1+
1+
2+
2+
2+
3+
3+
3+

E
(MeV)
0.00
21.70
23.21
24.19
24.73
24.87
21.13
22.65
23.85
23.62
24.86
25.22

phonon content (%)
n=0 n=1 n=2
79.58 0.56 19.86
0.86 67.30 31.84
5.07 13.40 81.53
0.00 0.25 99.75
0.00 0.17 99.83
0.00 0.48 99.52
0.00 10.57 89.43
0.00 2.02 97.98
0.00 2.53 97.47
0.00 2.65 97.35
0.00 4.03 95.97
0.00 0.81 99.19

the spectrum of positive parity states is unaffected. This is no more true once twophonon configurations come into play. Positive parity states can be constructed out
of negative parity phonons and, hence, spurious admixtures influence also positive
parity spectrum. It is especially noticeable in the case of J = 0+ states which can
be constructed out of two J = 1− phonons. If the CM correction is not made, out
of the low-lying spurious 1− , we can construct a spurious low lying 0+ state which
corresponds to a two-phonon excitation of the CM. Because of its small energy,
this state significantly changes the low lying spectrum. In the same way, spurious
components can play a role in higher multiphonons.
For three -phonon negative parity states, the effect of the CM correction is not
so significant. Excitation energies differ not more than 1MeV and spurious state
appears at energy 1.8MeV .
It is important to note that our method for eliminating the CM motion works
exactly only if all excitations up to given N~ω are included, which is the case of the
three-phonon calculation for negative parity states and the two-phonon calculation
for positive parity states.
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Figure 4.1: Experimental and calculated spectrum of 16 O in 1,2 and 3 phonon approximation for parameter of CM correction β = 10000.

4.4

Electric transitions probabilities and strength
functions

More about anharmonicities can be found by investigation of electromagnetic transitions. Therefore we have investigated E1,E2 and E3 responses.
Let us briefly remind expressions for calculation of transition probabilities. Reduced transition probability for electric transition with multipolarity λ from initial
to some final state is defined as
B(Eλ, i → f ) =

1
|hf, Jf ||Q̂λ ||i, Jii|2
2Ji + 1

(4.2)

where the reduced matrix element is given by Wigner-Eckart theorem
1
(Ji Mi λµ|Jf Mf )hf, Jf ||Q̂λ ||i, Ji i. (4.3)
Mf i ≡ hf, Jf Mf |Q̂λµ |i, JiMi i = p
2Jf + 1
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Figure 4.2: Comparison of calculated spectra of 16 O with (red lines) and without
(blue lines) CM correction. First excited J = 1− state corresponds to spurious CM
motion.

Electric multipole operator Q̂λµ in longwave approximation takes form
A

Q̂E
λµ =

eX
(1 − τ3i )riλ Yλµ (ri )
2 i=1

(4.4)

where τ3 = 1 for neutrons and τ3 = −1 for protons.
Single particle matrix element Qij of electric multipole operator is defined in
accordance with (4.4) as Qij = 2e hi|(1 − τ3 )r λ Yλµ |ji.
To simulate the finite width of resonances, it is commonm practice replace δ
function in the definition of the strength function with normalized Lorentzian of
the width ∆. The strength function of given multipolarity as function of excitation
energy ω = E − Ei is therefore defined as
X
X
S(Eλ, ω) =
B(Eλ, i → f )δ(ω − ωf ) ≈
B(Eλ, i → f )ρ∆ (ω − ωf )
(4.5)
f

f

with
ρ∆ (ω − ωf ) =

∆
1
.
2π (ω − ωf )2 + ( ∆2 )2

(4.6)
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Figure 4.3: Isoscalar (left panel) and isovector (right panel) E1 strength function
in 16 O calculated in 1,2 and 3 phonon approximation. Width of Lorentzian ∆ =
0.5MeV .

The degree of collectiveness is often measured with respect to the energy weighted
Thomas-Reiche-Kuhn sum rule (TRK). Total energy weighted strength is given by
Z
SEW SR = S(Eλ, ω)ωdω.
(4.7)
For electric transition operator r δ Yλµ , under the assumption of velocity independent interaction, TRK sum rule can be evaluated (see e.g. [1]) and one obtains
SEW SR =

(2λ + 1)[δ 2 + λ(λ + 1)] ~
AhR2δ−2 i
4π
2m

(4.8)

3
. Nuclear radius R is given by
where m is the nucleon mass and hR2δ−2 i = R2δ−2 2δ+1
1/3
standard formula R = 1.3A . It is useful to define the running sum

Sn (Eλ) =

n
X

B(Eλ, i → n)(Ei − En )

(4.9)

i=1

where n runs over excited states. Hence, the fraction Sn /SEW SR represents exhaustion of the TRK sum rule in a given interval of excitation energies.
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Figure 4.4: Isoscalar (left panel) and isovector (right panel) E1 running sum in 16 O
calculated in 1,2 and 3 phonon approximation annormalizeded to TRK sum rule.

Let us discuss first the case of E1 transitions. The right panel of fig. 4.3 shows
that two- and three- phonon components do not have significant impact on the
shape of isovector E1 strength function. In all cases there is one strongly collective
state which collects almost all the strength. It is well known isovector giant dipole
resonance (IVGDR). After inclusion of two- phonon components the strength is
shifted upward, in spite of the fact that all negative parity states are shifted down in
energy (see fig. 4.1). The shift is caused by different energy of ground state, because
as discussed in the previous part, two- phonon calculation provides correlated, and
hence, more bound ground state. Therefore, excitation energy is larger, although
absolute energy of resonance states is lower. Note, that inclusion of three- phonon
states caused more significant shift of all negative parity states. As a result IVDGR
is shifted back to the region around 20MeV . By looking to phonon structure of the
wave function one can understand this behavior. IVGDR state consists of 75% onephonon, 8% two- phonon and 17% three- phonon states. Therefore, it is obvious
that inclusion of two- phonon components has a small impact on IV GDR whereas
three- phonon components are not negligible. In fact, the strong coupling between
one- and three- phonon subspaces causes significant shift of energies of all negative
parity states. Analysis of Hamiltonian matrix in the phonon basis shows, that the
main contribution comes from the coupling of one- and three- phonon states, whereas
coupling of the subspaces differing by one phonon is much smaller.
The situation is completely different in the case of isoscalar E1 transitions. Let
us remind, that in first order of perturbation theory isoscalar transition generated
by the rY1µ field correspond to spurious CM motion, and therefore contribution of
such excitations should be subtracted. The nonspurious isoscalar E1 transition is
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Figure 4.5: Isoscalar (left panel) and isovector (right panel) E3 strength function
in 16 O calculated in 1,2 and 3 phonon approximation. Width of Lorentzian ∆ =
0.5MeV .

generated by the operator r 3 Y1µ . As it is seen from fig. 4.3, two- and three- phonon
components give important contribution to the strength. In one- phonon calculation the strength is concentrated to a single peak, whereas two- and three- phonon
calculations predict a spreading of the width of resonance. It is important to note,
however, that two- phonon calculation is not completely consistent. The reason is,
that CM spurious mode is not eliminated in the correct way, due to choice of configuration space. As mentioned before, complete elimination of CM mode requires
inclusion of all unperturbed configurations up to a given N~ω, which is not the case
in one- and two- phonon calculations. As a consequence, some states which should be
eliminated contribute and, on other hand, some which are nonspurious are thrown
out. The effect is clear from the plot of running sums (fig.4.4). For two- phonon
calculation the TRK sum rule is exhausted to less than 50%, whereas after inclusion
of three- phonon states we got more than 80%. The similar situation appears also in
the case of octupole transitions (see fig. 4.6). Anyway, even if not completely consis-
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Figure 4.6: Total E3 running sum in 16 O calculated in 1,2 and 3 phonon approximation and normalized to TRK sum rule.

tent, also two- phonon results clearly show importance of multiphonon components
in the calculations of strength functions.
Fig. 4.5 presents analogous results for octupole transitions. In all cases there is
strong transition from 3+
1 state, which is interpreted as octupole vibration around the
spherical shape. The E3 resonance peak is located around 50MeV , and similarly, as
in the case of E1 isoscalar resonance, it is spread after two- and three- phonon states
were taken into account. TRK sum rule is slightly overestimated in this case (see fig.
4.6). Analysis of phonon structure clearly demonstrates importance of multiphonon
states. Although low lying octupole states are mainly composed of one- phonon
configurations (typically 80%), states in the region of resonance are mainly two(20%) and three- phonon (80%).
As it is apparent from the presented plots, one- phonon calculations overestimate
the TRK sum rule. This is well known property of TDA, which is improved after
inclusion of correlations to the ground state (as in RPA). In our approach this is
achieved by including two- and three- phonon states. However, energy weighted sum
depends on the excitation energies and hence on the absolute energy of the ground
state. Because we performed calculation in rather small space (especially for positive
parity states), it is not surprising that our results do not exhaust the TRK sum rule.
Further, we have investigated the influence of spurious CM mode on the transition amplitudes. For this purpose we have calculated electric responses with and
without CM correction. Comparison of strength functions is on fig. 4.7. It is obvious,
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Figure 4.7: Comparison of E1,E2 and E3 strength functions calculated with (blue
lines) and without(red lines) CM correction.

that there is a huge difference in the case of isoscalar E1 transitions. It is not surprising, because CM mode correspond to isoscalar 1− state. The first excited negative
parity state in the spectrum, located around 2MeV , is spurious one (see fig. 4.2)
what is accompanied with very strong isoscalar E1 strength. We have also tested
the quality of our procedure for removing of CM spuriosity. Hence, we calculated
matrix elements of CM coordinate hψν |R̂|ψµ i for arbitrary states |ψµ i, |ψν i. Matrix
elements were very close to zero in case CM correction was applied, which indicates
that calculated eigenstates are with very high precision spurious-free.
Isoscalar E1 response without CM correction contains in giant resonance region
a lot of ”spurious” strength and position of centroid is shifted by 10MeV higher in
energy. Different situation is in the case of isovector E1 resonance, where the strength
function is little affected. Main peak is slightly enhanced and shifted by 1MeV
upward. Energy shift is quite large also for E2 response, although distribution of
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strength is very similar. Finally, E3 strength of the lowest octupole state is enhanced
with CM correction and energy centroid of the high energy resonance is pushed down.

Chapter 5
Summary and concluding remarks
We have developed a new method for solving nuclear eigenvalue problem, so called
Equation of Motion Phonon Method (EMPM). The method is based on equation of
motion technique and formulation of the problem in phonon basis. Partitioning of
Hilbert space enables us to derive, within each subspaces separately, set of eigenvalue equations of simple structure. Proposed iterative algorithm provides recipe for
construction and solution of equations of motion in arbitrary n -phonon subspace.
Redundancy of the phonon basis is removed by using simply implementable and
effective Cholesky decomposition of the overlap matrix.
Formulation of eigenvalue problem in the phonon basis predetermines the method
especially suitable for treating low lying, as well as high lying collective states. Moreover, block diagonal structure of the Hamiltonian matrix reduces significantly storage space. This determines the method to become promising tool for treating heavier
nuclei, where conventional methods fail due to space limitations. The phonon basis,
from its nature, should be also more convenient for a controlled truncation. Contrary
to unperturbed shell model configurations, it is composed of correlated states which
reflect significant piece of the residual interaction. Therefore, drastic truncation of
the space, which picks up most significant basis states, should be possible. This idea
is supported by results obtained within important sampling method developed by
F. Andreozzi et al. [68, 69] and tested in several shell model calculations.
Our discussion was restricted to TDA phonons in particle-hole formalism, but
the whole procedure can be straightforwardly extended in different directions:
• It can be reformulated so as to start with RPA phonons as building blocks.
The correlations are already present in ground state from the beginning and
spurious modes can be eliminated approximately on RPA level, because they
correspond to phonons with zero energy.
• In order to extend applicability of EMPM to open shell nuclei, quasiparticle
51
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formalism can be easily developed, with building basis composed of either
quasiparticle TDA, or RPA phonons.
• In the same spirit particle-particle or hole-hole multiphonon correlations can
be studied.
• For spherical nuclei coupled version of EMPM, can be also formulated. This
reduces significantly number of basis states, while simple structure of equations
is preserved.
As we showed, also electromagnetic transition amplitudes can be easily calculated
within EMPM. Knowledge of expansion to basis states for the ground state, as
well as for all excited states enables us to calculate also transitions amplitudes
to excited states, which is not possible in RPA. Of course, for this purpose we
have to develop numerical codes which enable us to perform calculations in large
configuration spaces.
As a benchmark, the method was used for calculation of spectra and electric
response in 16 O. The calculation in complete space up to 3~ω was performed. The
limitations following from computational time and memory requirements forbade us
to include 4 phonon configurations. Therefore, for positive parity states calculation
up to 2 phonons and for negative parity up to 3 phonons was possible. The main
results are summarized in the following points:
• The inclusion of multiphonon configurations shifts energies of low-lying states
in right direction and leads to better agreement with experimental energies. For
positive parity states, however, calculated spectrum is far from experimental
one. This indicates that correct description of positive parity states, including
the ground state, requires at least four- phonon configurations. This wellknown fact is confirmed also by shell model calculations. The inclusion of
four- phonon states should be possible in coupled version of EMPM and work
in this direction is in progress.
• Taking into account multiphonon states is also necessary for description of
electromagnetic responses, in the low-lying part of spectra, as well as giant
resonances. As it is seen from figures 4.3 and 4.5 coupling of various phonon
components via residual interaction significantly changes calculated shape and
position of giant resonances. Obtained phonon structure of states in resonance
region demonstrates essential role of multiphonon configurations (see table
4.3). Inclusion of multiphonon states leads to rich fragmentation of strengths
and spreading of the widths of resonances, especially in the case of E3 and
isoscalar E1 excitations.
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• The effect of extraction of the spurious center of mass mode is huge for isoscalar
E1 resonance, as one may expect, however, it turned out that is also non
negligible in case of E2 and E3 resonances and therefore it should be taken
into account in all nuclear structure calculations, especially for light nuclei.
Some results of presented dissertation were published in refereed journals [A1A4].

Appendix A
Proton-neutron formalism
The general two-body nuclear Hamiltonian can be separated into proton, neutron
and proton-neutron parts
H = Hπ + Hν + Vπν .
(A.1)
After we have solved the eigenvalue problem within the EMPM separately for proton
and neutron parts, the one-, two-, and three-phonon proton and neutron states are
used as building blocks for diagonalizing the total Hamiltonian. To this purpose, we
define a proton-neutron basis as direct product of proton and neutron states
|nπ απ ; nν αν i ≡ |nπ απ i ⊗ |nν αν i.

(A.2)

The set of phonon states so defined (nν + nπ ) is further used for constructing the
full Hamiltonian matrix.
The matrix element of the Hamiltonian between n and m phonon states is then
(n = nπ + nν , m = mπ + mν )
hnπ απ ; nν αν |H|mπ βπ ; mν βν i = δnπ mπ δαπ βπ hnν αν |Hν |mν βν i
+δnν mν δαν βν hnπ απ |Hπ |mπ βπ i + hnπ απ ; nν αν |Vπν |mπ βπ ; mν βν i.

(A.3)

In the following we use slightly different notation for amplitudes and densities:
α β (n )
γ β (n )
Xphτ τ τ = X ατ βτ (nτ ) (ph), ρijτ τ τ = ργτ βτ (nτ ) (ij), where ph, ij are either proton
(τ = π) or neutron (τ = ν) single particle states.
The matrix element of the proton (neutron) part of the Hamiltonian is given by
(τ = π, ν)
X (τ ) α β (n ) 1 X (τ )
α β (n )
tph̄ Xphτ τ τ +
hnτ , ατ |Hτ |nτ − 1, βτ i =
Vph1 h̄h1 Xphτ τ τ
2
ph
ph1 h
1 X
(τ )
α γ (n )
+
V
X τ τ τ ρpγ1τ pβ2τ (nτ −1)
2 γ pp hp pp1 h̄p2 ph
τ
1
2
1 X
(τ )
α γ (n ) γ β (n −1)
−
Vph¯1h¯2 h̄ Xphτ τ τ ρhτ1 hτ2 τ
(A.4)
2γ hh h
τ

1 2
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1 X
(τ )
α γ (n −1) γ β (n −2)
V
X τ τ τ Xp1τh1τ τ
4 γ php h pp1h̄h¯1 ph
τ

(A.5)

1 1

The proton-neutron interaction couples states which differ at most by one proton
or one neutron phonon. Hence the contribution to the matrix element is
hnπ απ ; nν αν |Vπν |mπ βπ ; mν βν i =
X
X
1
(πν)
α β (n ) α β (n )
(πν)
α β (n )
Vh¯1 h¯3 h¯2 h¯4 ρh1πh2π π ρh3νh4ν ν +
Vh¯1 p1 h¯2 p2 ρh1πh2π π ραp1νpβ2ν (nν )
δnπ mπ δnν mν
2
h h h h
h p h p
1 2 3 4

+

1 1 2 2

X

(πν)
α β (n )
Vp1 h¯1 p2 h¯2 ραp1πpβ2π (nπ ) ρh1νh2ν ν

+

1
+ δnπ mπ δnν mν +1
2
1
+ δnπ mπ −1 δnν mν
2
1
+ δnπ mπ δnν mν −1
2

Vp(πν)
ραπ βπ (nπ ) ραp3νpβ4ν (nν )
1 p3 p2 p4 p1 p2

p1 p2 p3 p4

p 1 h1 p 2 h2

1
+ δnπ mπ +1 δnν mν
2

X

(πν)

α β (nπ ) αν βν (nν )
ρh2 h3

X

Vp1 h¯2 h¯1 h¯3 Xp1πh1π

X

(πν)
α β (n ) α β (n )
Vh¯2 p1 h¯3 h¯1 ρh2πh3π π Xp1νh1ν ν

+

h1 h2 h3 h4

X

Vp1 p2 h¯1 p3 Xp1πh1π

α β (nπ ) αν βν (nν )
ρp2 p3

!

X

(πν)
α β (n )
Vp2 p1 p3 h¯1 ραp2πpβ3π (nπ ) Xp1νh1ν ν

!

(πν)

h1 p 1 p 2 p 3

+

p 1 h1 h2 h3

p 1 h1 p 2 p 3
(πν)

α β (mπ ) αν βν (nν )
ρh2 h3

X

Vh¯1 h¯2 p1 h¯3 Xp1πh1π

X

(πν)
α β (n ) α β (m )
Vh¯2 h¯1 h¯3 p1 ρh2πh3π π Xp1νh1ν ν

+

h1 h2 h3 h4

X

Vh¯1 p2 p1 p3 Xp1πh1π

α β (mπ ) αν βν (nν )
ρp2 p3

!

X

(πν)
α β (m )
Vp2 h¯1 p3 p1 ραp2πpβ3π (nπ ) Xp1νh1ν ν

!

(πν)

h1 p 1 p 2 p 3

p 1 h1 h2 h3

+

p 1 h1 p 2 p 3

1
+ δnπ mπ −1 δnν mν −1
2
p

X

(πν)

α β (mπ )

Vh¯2 h¯1 p2 p1 Xp2πh2π

α β (mν )

Xp1νh1ν

1 h1 p 2 h2

X
1
(πν)
α β (m ) α β (n )
Vh¯2 p1 p2 h¯1 Xp2πh2π π Xp1νh1ν ν
+ δnπ mπ −1 δnν mν +1
2
p 1 h1 p 2 h2
X
1
(πν)
α β (n ) α β (m )
Vp2 h¯1 h¯2 p1 Xp2πh2π π Xp1νh1ν ν
+ δnπ mπ +1 δnν mν −1
2
p 1 h1 p 2 h2
X
1
(πν)
α β (n ) α β (n )
Vp2 p1 h¯2 h¯1 Xp2πh2π π Xp1νh1ν ν
+ δnπ mπ +1 δnν mν +1
2
p 1 h1 p 2 h2

The general matrix element is expressed in terms of proton and neutron densities
and particle-hole amplitudes. If we suppose that the single particle states are selfconsistently calculated, we must subtract from the general matrix element the meanfield part. For the residual part of the proton-neutron interaction we obtain the
following correction
res
hnπ απ ; nν αν |Vπν
|mπ βπ ; mν βν i = hnπ απ ; nν αν |Vπν |mπ βπ ; mν βν i
!
X (πν) α β (n ) X (πν)
1
Vhh¯1 hh¯2 ρh1νh2ν ν +
Vhp1 hp2 ραp1νpβ2ν (nν )
− δnπ mπ δαπ βπ δnν mν
2
hh h
hp p
1 2

1 2

!
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1
− δnν mν δαν βν δnπ mπ
2
1
− δnπ mπ δαπ βπ
2
1
− δnν mν δαν βν
2

δnν mν +1

X

(πν)

α β (nπ )

Vh¯1 hh¯2 h ρh1πh2π

hh1 h2

X

+

δnπ mπ +1

hp1 h1

(πν)

X

Vp1 hp2h ραp1πpβ2π (nπ )

hp1 p2

(πν)
α β (n )
Vhp1 hh¯1 Xp1νh1ν ν

+ δnν mν −1

hp1 h1

X
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X

!

(πν)
β α (m )
Vhh¯1 hp1 Xp1νh1ν ν

hp1 h1
(πν)

α β (nπ )

Vp1 hh¯1 h Xp1πh1π

+ δnπ mπ −1

X

hp1 h1

(A.6)

(πν)

β α (mπ )

Vh¯1 hp1h Xp1πh1π

!

!

.

Appendix B
Coupling of phonon subspaces
In this appendix we derive the nondiagonal matrix elements of the Hamiltonian
between phonon states calculated in different configuration spaces. In the following,
we will denote by |n, αiS any n-phonon state calculated in ”small” space and by
|n, αiL a n-phonon state calculated in ”large” space. We assume also that ”large”
space contains all single particle states included in ”small” space.
Let us make the following decomposition
|n − 1, αiL = (P + Q)|n − 1, αi
X
=
|n − 1, γiS S hn − 1, γ|n − 1, αiL + Q|n − 1, αiL,

(B.1)
(B.2)

γ

where P is a projector onto the ”small” space and Q = 1 − P is its complement.
Because of the reduction of the configuration space with increasing number of
phonons, to construct the total Hamiltonian matrix, nondiagonal matrix elements
of the type S hn, β|H|n − 1, αiL and S hn, β|H|n − 2, αiL are needed. For the general
nuclear Hamiltonian we can write
S hn, β|H|n −

=
+

+

1
2
1
2

1, αiL

(B.3)

X

Vpp1 h̃p2 S hn, β|a†p ah̃ |n − 1, γiL L hn − 1, γ|a†p1 ap2 |n − 1, αiL

X

Vph˜1 h̃h˜2 S hn, β|a†pah̃ |n − 1, γiL L hn − 1, γ|a†h˜ ah˜2 |n − 1, αiL

(ph∈S)p1 p2 γ

1

(ph∈S)h1 h2 γ

X

(ph∈S)

tph̃ +

X
h1

Vph1 h̃h1

!

†
S hn, β|ap ah̃ |n

− 1, γiL.

In the above derivation, we used the antisymmetric properties of the interaction and
the identity relation (3.3). We would like to stress that the sum over ph is restricted
to small space, because S hn, α|a†p ah̃ gives zero if p − h is outside of the ”small” space.
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By using definitions (3.16) and (3.18), we can write the expression (B.3) in the
compact form
X
1
(n)
Vpp1h̃p2 ρ(n−1)
S hn, β|H|n − 1, αiL =
γL αL (p1 p2 )XβS γL (ph) (B.4)
2
(ph∈S)p1 p2 γ
X
1
(n)
+
Vph˜1h̃h˜2 ρ(n−1)
γL αL (h1 h2 )XβS γL (ph)
2
(ph∈S)h1 h2 γ
!
X
X
(n)
Vph1h̃h1 XβS αL (ph).
+
tph̃ +
h1

(ph∈S)

One can see that the equations contain densities of phonon states generated in
”large” space and p − h amplitude between small and large phonon states. This
quantity is a new one, because the EMPM ends with p−h amplitudes between states
calculated in the same configuration space. Nevertheless it can be easily evaluated.
(n)
Upon insertion of the decomposition (B.1) into the definition of XβS αL we get
X
(n)
†
XβS αL (ph) =
S hn, β|ap ah̃ |n − 1, γiS S hn − 1, γ|n − 1, αiL
γ

+

†
S hn, β|ap ah̃ Q|n

− 1, αiL.

(B.5)

The second term containing Q = 1 − P vanishes since the state Q|n − 1, αiL does
not contain any of p − h configurations from ”small” space. In summary, the p − h
amplitudes of the phonon states from different configuration spaces can be expressed
(n−1)
using projection matrices PγS αL = S hn − 1, γ|n − 1, αiL and the corresponding p − h
amplitudes calculated in the ”small” configuration space
X (n)
(n)
XβS αL (ph) =
XβS γS (ph)Pγ(n−1)
.
(B.6)
S αL
γ

Similarly, we derive the matrix element between states which differ by two
phonons:
S hn, β|H|n

− 2, αiL

1
Vpp′ h̃h̃′ S hn, β|a†p ah̃ a†p′ ah̃′ |n − 2, γiS S hn − 2, γ|n − 2, αiL
4 php′h′ ∈Sγ
1 X
=
Vpp′h̃h̃′ S hn, β|a†p ah̃ |n − 1, δiS S hn − 1, δ|a†p′ ah̃′ |n − 2, γiS S hn − 2, γ|n − 2, αiL
4 php′h′ ∈Sγδ
1 X
(n)
(n−1)
=
.
(B.7)
Vpp′h̃h̃′ XβS δS (ph)XδS γS (p′ h′ )Pγ(n−2)
S αL
4 ′ ′

=

X

php h ∈Sγδ

All nondiagonal matrix elements contain overlap matrices between states from different configuration spaces which can be interpreted as projectors. Calculation of
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these matrices is straightforward and we end up with the simple recurrent expression
X
(n−1)
†
Pγ(n−1)
=
hn
−
1,
γ|n
−
1,
αi
=
S
L
S hn − 1, γ|ap ah̃ |n − 2, δiL CαL δL (ph)
α
S L
(ph∈S)δ

=

X

(n−1)

(n−1)

(n−2)

XγS βS (ph)CαL δL (ph)PβS δL .

(B.8)

(ph∈S)δβ

In the derivation, we have expanded the ket vector into basis states and used the
relation for p − h amplitude between states from different spaces (B.6).

Appendix C
Eigenstates of angular momentum
The components of the total angular momentum obey the standard commutation
expressions
[Jˆ+ , Jˆ− ] = 2Jˆz ,
Jˆ2 can be written

[Jˆz , Jˆ+ ] = Jˆ+ ,

[Jˆz , Jˆ− ] = −Jˆ− .

2
Jˆ2 = Jˆ+ Jˆ− − Jˆz + Jˆz .

(C.1)
(C.2)

Jˆ+ Jˆ− can be expressed in terms of step operators of individual nucleons as
X (i) (i) X (i) (j)
jˆ+ jˆ− .
jˆ+ jˆ− +
Jˆ+ Jˆ− =

(C.3)

After rewriting in second quantization we get
X
1X
hkl|jˆ+ jˆ− |pqia†k a†l aq ap .
Jˆ+ Jˆ− =
hk|jˆ+ jˆ− |lia†k al +
2
klmn
kl

(C.4)

i

i6=j

The single particle and two-particle matrix elements in spherical harmonic oscillator
basis (i.e.for single particle state we have |ii ≡ |Ni li ji mi i) can be simply evaluated.
hk|jˆ+ jˆ− |li = [jl (jl + 1) − ml (ml − 1)]δkl
hkl|jˆ+ jˆ− |pqi = δjp jk δmp +1

mk

q

δjq jl δmq −1

jp (jp + 1) − mp (mp + 1) ×
q
jq (jq + 1) − mq (mq − 1)
ml

(C.5)

(C.6)

The matrix element of Jˆ+ Jˆ− between n−phonon states can be expressed in terms
of density matrices (3.18) as follows
X
(n)
[jk (jk + 1) − mk (mk − 1)]ραβ (jk mk , jk mk )
hn, α|Jˆ+ Jˆ− |n, βi =
k

Xp
p
+
jk (jk + 1) − mk (mk − 1) jl (jl + 1) − ml (ml + 1)
kl

(n)

ρ(n)
αγ (jk mk , jk mk − 1)ργβ (jl ml , jl ml + 1).
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In the proton-neutron formalism, the general wave function is a superposition of
proton-neutron basis states and therefore can be written as
X
α
(C.8)
Cααπ nπ αν nν |απ , nπ i ⊗ |αν , nν i.
|ψJM
i=
απ nπ αν nν

The value of the total angular momentum can be found after the expectation value
of Jˆ+ Jˆ− operator is calculated since
α
α
hψJM
|Jˆ+ Jˆ− |ψJM
i = J(J + 1) − M(M − 1).

(C.9)

By using expansion (C.8), the previous matrix element can be calculated. We get
X
α
α
Cααπ nπ αν nν Cβαπ mπ βν mν ×
(C.10)
hψJM
|Jˆ+ Jˆ− |ψJM
i=
απ nπ αν nν βπ mπ βν mν

(π)
(ν)
(π)
(ν)
{hβπ , mπ |Jˆ+ |απ , nπ ihβν , mν |Jˆ− |αν , nν i + hβπ , mπ |Jˆ− |απ , nπ ihβν , mν |Jˆ+ |αν , nν i
(π) (π)
(ν) (ν)
δβπ απ δmπ nπ hβν , mν |Jˆ+ Jˆ− |αν , nν i + δβν αν δmν nν hβπ , mπ |Jˆ+ Jˆ− |απ , nπ i.}

The matrix elements of Jˆ+ , Jˆ− , Jˆ+ Jˆ− operators are defined by the expressions (C.7),
while the expansion coefficients Cααπ nπ αν nν are eigenvectors of the total Hamiltonian
matrix.

Appendix D
Cholesky method
In this appendix, we describe the method used for extracting the linearly independent vectors out of the overcomplete set of states. To this purpose the metric matrix
D has to be analyzed
D ≡ {dij = hi|ji},

i = 1 . . . N.

(D.1)

Let us observe that D is real and symmetric with nonnegative eigenvalues. Our
method is based on the Cholesky decomposition of D matrix [67]. A well-known
theorem states that every symmetric positive-definite real matrix D can be decomposed as
D = LLT ,
(D.2)
where L is lower triangular matrix with positive diagonal elements and LT is its
transpose. The elements of the L matrix can be calculated using the CholeskyBanachiewicz recursive formulas
p
l11 =
d11
l11
li1 =
,
i = 2...N
di1
q
2
d22 − l21
l22 =
li2 =

1
(di2 − li1 l21 ) ,
l22

l33 =

q

i = 3...N

(D.3)
1
(di3 − li1 l31 − li2 l32 ) ,
l33
v
u
i−1
X
u
2
t
lik
dii −
=

li3 =
lii

2
2
d33 − l31
− l32

k=1
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i = 4...N
(D.4)
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lij

1
=
ljj

dij −

j−1
X
k=1

lik ljk
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!

,

f or i > j.

(D.5)

If the basis is overcomplete, the iterative calculation continues until one of the
diagonal matrix elements lii vanishes. This must occurs since the basis is linearly
dependent and the determinant must vanish
Det{A} = Det{AT } = 0,

Det{D} = Det{A}.Det{AT } = 0.,

(D.6)

As soon as lii = 0, the iteration stops.
We adopted, therefore, the following algorithm:
1. calculate the diagonal matrix elements of the overlap matrix Dii for i = 1 . . . N.
2. find the maximum value from the array Dii and take the corresponding basis
vector as first state in a new basis
3. calculate l11 and first column of matrix L
p
2
4. for the remaining N − 1 diagonal elements dii calculate lii = dii − li1
and
take the state for which lii is maximal. This will be second state in new basis
5. calculate the remaining part of the 2nd column of L
6. for the remaining N − k + 1 diagonal elements dii calculate lii according to
(D.4) and take the state for which lii is maximal. This is the kth state in the
reordered basis
7. calculate the remaining part of the kth column
8. repeat steps 6 a 7 until you find lii = 0, the resulting kmax gives the number
of the linearly independent basis states.
The algorithm allows us to reorder the starting basis immediately during the calculation in such a way that the diagonal matrix elements lii are in descending order
l11 ≥ l22 ≥ . . . ≥ lkk . . . ≥ lnn .

(D.7)

Since we stop if ln+1n+1 = 0, this ordering guarantees than all linearly independent
states are included and all remaining states are to be discarded. The advantage of
such a reordering is that we do not need to calculate all matrix elements of D matrix
as in case of direct diagonalization.
In real physical problems, the calculation of D matrix can be complicated and
lengthy and, therefore, this algorithm can save a lot of computer time . Nevertheless,
the number of nonredundant state may be only a small fraction of all states.
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[36] F. Šimkovic et. al., Phys. Rev. C 68, 014309 (2003).
[37] N. Ullah and D. J. Rowe, Phys. Rev. 188, 1640 (1969).
[38] R. L. Bramblett et al., Phys. Rev. 133, B869 (1963).
[39] A. Aprahamian et. al., Phys. Rev. Lett. 59, 535 (1987).
[40] P. F. Casten et. al., Phys. Lett. B 297, 19 (1992).
[41] P. F. Casten and N. V. Zamfir, Phys. rep. 264, 81 (1996).

BIBLIOGRAPHY

66

[42] P. Axel, Phys. Rev. 126, 671 (1962).
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