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Chapter 1 

Introduction 

Graph coloring problems arise from a variety of applications including scheduling, frequency 
assignment, and others and constitute one of the most active research domains in graph 
theory. In graph theory, graph coloring is an assignment of "colors" to certain objects in a 
graph subject to certain constraints. In its simplest form, it is a way of coloring the vertices 
of a graph such that no two adjacent vertices share the same color - this type of coloring 
is called a vertex coloring. In the geometrie context, we restrict ourselves to special classes 
of graphs, which have some additional properties origiriating in the geometrie representation 
of the graphs. For example, if we restrict the vertex coloring problem to the class of planar 
graphs, the famous Four-Color Theorem states that there is always a vertex coloring using 
no more than four colors. In this thesis we present results for three coloring problems with 
geometrie context. 

1.1 Discrepancy of suDls of arithrnetic progressions 

Discrepancy theory grew out of a question posed by van der Corput in 1935: How uniform 
can an infinite sequence of numbers in [O, 1] be? To give meaning to this question, we may 
ask how fa.st the function 

D(n) = sup J lsn n [O, x] 1- nxj 
O~x:s;l 

grows with n, where Sn consists of the first n elements in the sequence. If the sequence were 
uniform -- whatever we really mean by this - we would expect D(n) to grow rather slowly, if 
at all. Indeed, there are known sequences for which D( n) = O(log n). Surprisingly, a theorem 
of Schmidt says that this is essentially optima!: D(n) can never be in o(logn). Naturally, 
countless variants of this problem can be formulated. Their collective body forms the subject 
matter of discrepancy theory. 

In our setting, we consider a set system (V, S), where V = { v1, ... , vn} is the ground set 
and S = {S1, ... , Bm}, with Si C V. We wish to color the elements of V red and blue so 
that, within each Si, no color outnumbers the other one by too much. To make this notion 
precise, we introduce a function x mapping each Vj E V to a "color" in {-1, 1}, and define 
the discrepancy of the set si to be 

x(Si) = L x(vj)· 
VjEBj 

1 



2 Introduction 

The maximum value of lx(Si)I, over all Si E S, is called the discrepancy of the set system 
(under the given coloring). When no particular coloring is understood, the discrepancy of the 
set system, denoted by disc(S), refers to its minimum discrepancy over all possible colorings. 
This type of discrepancy is called combinatorial or red-blue. 

Sets which are the object of many investigations in combinatorics and number theory are 
arithmetic progressions. A convenient notion here is the set system (hypergraph) of arithmetic 
progression where the integers O, 1, ... , n -1 build the ground set for some integer n E N and 
the subsets of the ground set (hyperedges) are arithmetic progressions on [n]o = {O, 1, ... , n-
1}. Here we use the subindex O to stress the fact that the set [n]o starts with zero, in contrast 
to the commonly used shorthand [n] for the set {1, 2, ... , n }. Formally, for any a E Z and 
di, Li E N we define the arithmetic progression AP( a, di, Li) as the set. {a+ idi : i E [Li]o}. 
The set system formed by all arithmetic progressions on [n]o we denote by ([n]o, Sn) where 
Sn= {AP( a, di, Li) n [n]o: a, di, Li E N}. 

The investigation of the discrepancy of such set systems grew out of a famous result of 
van der Waerden [vdW27]. Van der Waerden showed that for every 2-coloring of the integers 
one can find an arithmetic progression of arbitrary length in one of the color classes. From 
this, using compactness, it can be shown that for every k E N there exists a natural number 
n E N which depends on k such that the discrepancy of the set system of arithmetic pro
gressions on {O, 1, ... , n -1} is bounded from below by k. The first and famous lower bound 
of O(n114) for the discrepancy of arithmetic progressions was established by Roth [Rot64]. 
The probabilistic method immediately gives an upper bound of O(y'nlogn). In the follow
ing 30 years many excellent researchers tried to close this gap between the lower and upper 
bound. In 1974, SárkéSzy (see [ES74]) was the first who improved the upper bound signifi
cantly to O(ni/3+e). This was improved by Beck [Bec81], who obtained the near-tight upper 
bound of O(ni/4 log512 n), inventing the powerful partial coloring method for that purpose. 
The asymptotically tight upper bound O(n114) was finally proved by Matoušek and Spencer 
[MS96]. 

Therefore, after 32 years, this problem was solved. In the next years several extensions 
of this discrepancy problem were studied. Doerr, Srivastav and Wehr (DSW04] determined 
the discrepancy of d-dimensional arithmetic progressions. They proved that the set system 
([n]d,F~), where F~ = {Ilf=1 EilEi E Sn}, has discrepancy 0(nd/4). Another related set 
system-the set system of all 1-dimensional arithmetic progressions in the d-dimensional 
lattice [n]d was studied by Valkó (Va102]. He proved for the discrepancy of this set system the 
lower bound of order O(nd/(2d+2)) and the upper bound of order O(nd/(2d+2) log512 n). 

The set system that we will study in the first part of the thesis was introduced by Heb
binghaus [Heb04]. Let k E N and n E N. The set system ([n]o,S~) of sums of k arithmetic 
progression is defined as follows. The ground set is the set [n]o = {O, ... , n - 1} and S~ is 
defined as 

where APk(a, di, ... , dk, Li, ... , Lk) = {a+ iidi + ... + ikdk : iz E [Lz]o, l = 1, ... , k} is the 
sum of k arithmetic progression defined for a E Z and di, ... , dk, Li, ... , Lk E N. 
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For this system Hebbinghaus [Heb04] proved a lower bound of order O(nk/(k+2>). In the 
first of the three parts of this thesis we will present the improvement of the lower bound 
on disc( ([n]o, S~)) to O(n112) for k > 3. The following theorem is my own result and was 
pu blished in [Pri06]. 

Theorem 2.1 Forn E N, let ([n]o,S~) be a set systemformed by all sums o/ three arithmetic 
progressions on [n]o. Then disc(S~) = O(n112). 

This shows that for k > 3, the lower bound on ([n]o, Sk) is almost sharp since the random 
coloring lemma (see [AS92]) provides the upper bound O(n112 log112 n). In fact, random col
oring lemma says that any set system on n-point ground set with polynomially (in n) many 
subsets has discrepancy bounded by O(n112 Iog112 n). A natural question is whether this upper 
bound is tight. One of the few known explicit examples is the Hadamard set system [0878], 
the set system of n sets on n points with discrepancy íl( Vn). Thus, ([n]o, S~) is another 
interesting example ofset systems with polynomially many sets and a discrepancy this high. 

To prove the lower bound disc(([n]0 ,S~)) = O(n112) for k > 3, we use the eigenvalue 
bound method (see [BS95]). The method relies on estimation of the smallest eigenvalue of 
the matrix AT A, where A is the incidence matrix of the set system. The computation of 
eigenvalues becomes much easier when the matrix AT A is a circulant matrix, then, we have 
for all eigenvalues simple explicit formula. We construct a smaller set system ([n]o, So) so 
that the corresponding matrix AT A is a circulant matrix and each of its eigenvalues is large 
enough. Using the eigenvalue bound method, we will show that disc(([n]0 , 80 )) = íl(n112) and 
this would imply also disc(([n]o,S~)) = O(n112) for k> 3. 

The case k = 2 was the la.st case with a large gap between the lower and upper bound until 
Hebbinghaus [Heb06] gave another construction and proved that disc( ([n]o, 82)) = O(n112) 

too. 

Theorem 2.2 (Hebbinghaus) For n E N, let ([n]o, S~) be a set system formed by all sums 
of two arithmetic progressions on [n]o. Then disc(S~) = íl(n112). 

For the sake of completeness, we will present this result, too. The original proof by Heb
binghaus uses discrete Fourier analysis on the additive group (Z,+), the method Roth used 
to prove the íl(n114) lower bound on the set system of arithmetic progressions. In Chapter 2, 
we prove Theorem 2.2 using a slightly different method - the eigenvalue bound method -
and we will compare the construction to the construction from Theorem 2.1. 

1.2 Large Inonochroinatic coinponents in two-colored grids 

The second problem studied in this thesis investigates a certain parameter for special class of 
grid graphs with diagonals. We consider an arbitrary coloring of some graph G by two colors 
and we ask, what can be said about the number of vertices of the largest monochromatic 
connected subgraph of G? The results presented in this thesis (Chapter 3) are joint work with 
my supervisor Jiří Matoušek and can also be found in.[MP07]. 

The HEX lemma. Let T~ be the graph of an n x n triangulated square grid in the plane 
as in Fig. 1.1. Here n counts the number of rows and columns of vertices; so the picture 
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Figure 1.1: A triangulated square grid. · 

has n = 6. The well-known planar HEX lemma asserts that if the vertices of T~ are colored 
red and blue in an arb.itrary way, then there exists a path in T~ connecting the top and 
bottom sides and having all vertices red, or a path connecting the left and right sides and 
having all vertices blue. In particular, under any two-coloring of the vertices of T~ there is a 
monochromatic connected subgraph with at least n vertices. 

Triangulated grids. Our results can be regarded as d-dimensional generalizations of the 
HEX lemma. First we consider a d-dimensional triangulated grid T~, which is defined geomet
rically as follows. We begin with the d-dimensional solid cube [1, n]d and we subdivide it into 
the grid of unit cubes; each unit cube is of the form [ii, i1+1] x [i2, i2 + 1] x · · · x [id, Íd + 1], 
1 < ii, i2, ••• , id < n - 1. Then we triangulate each of the unit cubes in such a way that 
the simplices of all of these triangulations taken together forma triangulation of [1, n]d (here 
a triangulatton is a simplicial complex in the sense of algebraic topology; see Section 3.1). 
Then T~ is the graph of such a triangulation; that is, the vertex set is [n]d (where we use the 
shorthand [n] for the set {1, 2, ... , n} ), and the edges of T~ are the edges of the triangulation. 
Thus, for given n and d, T~ is not defined uniquely, but rather it stands for an arbitrary graph 
from a (finite) family. 

We consider an arbitrary coloring of [n]d by two colors and we ask, what can be said 
about the number of vertices of the largest monochromatic connected subgraph of T~? The 
obvious "horizontal layer" coloring, by the parity of the first coordinate, shows an upper 
bound of nd-l for this quantity in the worst case, and one might suspect this coloring to 
be optimal. However, it turns out that for d > 3, there are better colorings at least for 
some of the possible triangulated grids. Namely, let us define the ith diagonal layer L~(i) by 
L~(i) = {x E [n]d : E1=l Xj =i}, and the diagonal-layer coloring by coloring all L~(i) with 
even i red and all L~ (i) with odd i blue. As we will verify in Section 3. 7, there are triangulated 
grids T~ with no edges connecting L~ (i) and L~ (i') with li - i' I > 2, and for these, the largest 
monochromatic connected component is the largest diagonal layer. For d = 3, for example, 
maJq IL~(i)I is approximately in2• 

We prove that the diagonal-layer coloring is not far from optimal in the worst case. To 
state the result precisely, let us define, for a E [O, 1] and given n and d, 

Ía =min{ i : ~<. IL~(j)I > o:nd }· 
J_'t 

It can be checked that i1; 2 = f <n~l)dl and that L~(i1;2 ) is either the single largest diagonal 
layer or one of the two largest diagonal layers. We prove the following. 
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Theorem 3.1 For an arbitrary 2-coloring of the vertices of a d-dimensional triangulated 
grid T~, n > 3, there exists a monochromatic connected subgraph with at least IL~(i2;3 )1 -
IL~- 1 {i1;2)I vertices. The last quantity is of order nTa_1

• 

We conjecture that the right answer is IL~(i 1;2)I instead of IL~(i2;3 )1- IL~- 1 (i 1;2 )1; that 
is, the diagonal-layer coloring is optima! in the worst case. This would follow from a natural 
and very plausible-looking conjecture stated in Section 3.8. The numerical values of IL~(i 1 ;2 )1 
and IL~(i2;3)1- IL~- 1 (i 1;2 )1 are not too far from each other, as is illustrated by the following 
tahle (showing approximate values for small fixed d and n __, oo): 

IL~(i1;2)l IL~(i2;3)l - IL~- 1 (i1;2)l 

d=3 0.750n2 0.698n2 

d=4 0.667n3 0.609n3 

d=5 0.599n4 0.549n4 

Let us remark that the proof of Theorem 3.1 works for graphs G somewhat more general 
than T~. However, since we don't see any good use of such greater generality at the moment, 
we stick to the concrete geometrie formulation as above.· If needed, the properties of the graph 
actually required can be reconstructed from the proof. 

Grid with all diagonals. Next, we consider the d-dimensional grid with all diagonals of 
the unit cubes added. That is, we define the graph D~, the d-dimensional grid with diagonals, 
as the graph with vertex set [n]d and edge set {{u,v} : u,v E [n]d, llu - vlloo < 1}, where 
llu - vlloo = maxi lui - vil· In this case we show that the horizontal-layer coloring is almost 
optimal (the remaining lower-order term is probably an artifact of the proof method): 

Theorem 3.2 For an arbitrary 2-coloring of the vertices oj the grid with diagonals D~, there 
exists a monochromatic connected subgraph with at least nd-l - d2nd-2 vertices. 

Related work. There is a different and well-known d-dimensional generalization of the 
planar HEX lemma appearing e.g. in Gale [Gal79] (also see Linial and Saks [LS93] for a 
different proof and an application in computer science). It asserts that if the vertices of T~ 
are colored by d colors, then there is a monochromatic path connecting two opposite facets of 
the cube [1, n]d. In particular, there is a monochromatic connected component with at least 
n vertices. 

The problem considered here fits in the following general context. For an arbitrary graph 
G and an integer k, let us define mcck(G) as the smallest m such that there exists a coloring 
of the vertices of G by k colors with no monochromatic connected subgraph having more than 
m vertices. (The letters mcc abbreviate "monochromatic connected component". The usual 
chromatic number x(G) equals min{k : mcck(G) = 1}.) 

The quantity mcck(G) was investigated by Kleinberg, Motwani, Raghavan, and Venkata
subramanian [KMRV97] in the context of data storage management. They call a coloring 
witnessing mcck(G) < ca (k, c)-fragmented coloring. They proved, among others, that mcca 
can be arbitrarily large for planar graphs (we note that mcc4 = 1 for planar graphs by the 
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Four-Color Theorem), and that for a suitable absolute constant c >O and for every A there 
is an infinite family {Gn} of graphs of maximum degree A with mcce~(Gn) > clV(Gn)I. 

Apparently independent of the work of Kleinberg et al., mcck(G) has been studied exten
sively by graph-theorists for graphs of bounded degree, mainly for k = 2. It is easy to see that 
any graph G of maximum degree 3 has mcc2(G) < 2. Alon, Ding, Oporowski, and Vertigan 
[ADOV03] proved that every graph G of maximum degree 4 satisfies mcc2(G) < 57. Haxell, 
Szabó, and Tardos [HST03] improved this to mcc2(G) < 6 and proved that mcc2(G) < 20000 
for every graph G of maximum degree 5. On the other hand, Alon et al. [ADOV03] con
structed 6-regular graphs G with mcc2(G) arbitrarily large. For graphs G of maximum degree 
3 it was also shown in [BS05] that they admit two-coloring where one color induces an in
dependent set, while the other color induces components of size at most 189. Earlier work 
on this subject [DOSV96], [JW96] mainly focused on more specific questions concerning line 
graphs of 3-regular graphs. These investigations culminated in [Tho99] showing that the edges 
of every 3-regular graph can be 2-colored so that each monochromatic component is a path 
of length at most 5. Recently Linial, Matoušek, Sheffet, and Tardos [LMST07] investigated 
the order of magnitude of mcck for several graph classes; for example, they showed that 
mcc2(G) = O(n213) for every planar graph on n vertices, and this bound is tight for some 
planar graphs. 

Outline of the proofs of Theorems 3.1 and 3.2. To prove Theorem 3.1, we consider 
a red-blue coloring of [n]d. Assuming that no monochromatic connected component in T~ is 
very large, we prove that T~ has a connected monochromatic separator, where a separator 
in a graph G is a subset S C V(G) whose removal disconnects G into components of size at 
most ~IV(G)j. The only property of T~ that we use for this part is that it is the graph of a 
simply connected simplicial complex. Theorem 3.1 then follows from a known result about 
the vertex expansion of the ordinary grid graph (not triangulated). Theorem 3.2 follows along 
the same lines: we verify that D~ is also the graph of a simply connected simplicial complex 
(which is not obvious here, unlike in the case of T~), and then we apply a bound on the vertex 
expansion of D~. We derive this bound from an edge-isoperimetric inequality for the ordinary 
grid. 

1.3 Discrete tornography 

Tomography concerns recovering images from a number of projections: How can an image of 
an object be constructed, of which only the density distribution in a number of directions is 
known. An example of such a reconstruction problem can be found in medical CAT-scanners: 
Groups of parallel X-rays are sent through the body in a number of directions, providing 
information about the density distribution inside the body. From these partial data, an image 
must be reconstructed which approximates the true cross-section a.s good a.s possible. In the 
third part of this thesis (Chapter 4) we are sending k groups of parallel X-rays through a 
set of points in the plane and we are trying to answer the question: How many points can be 
reconstructed from the k X-rays? The results presented here are joint work with Jiří Matoušek 
and Petr Škovroň and can be also found in [MPS07]. 

Let A be a finite set of points in the plane. We consider A to be chosen by an adversary 
and inaccessible by itself, and the information available to us consists only of k discrete X
rays of A. The discrete X -ray of A in direction u specifies the number of points of A on 
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I \ 
I \ 

Figure 1.2: Two 3-point sets with identical X-rays in 3 directions. 

Figure 1.3: A construction of two sets with identical x·-rays in given directions. 

every line parallel to u ( this convenient terminology is borrowed from the field of geometrie 
tomography). We say that A is uniquely reconstructible for directions u1, u2, ... , Uk if there is 
no B :/=A such that for all i = 1, 2, ... , k, the X-rays of A and B in direction Ui are identical. 

It is not hard to see that every set A of k - 1 or fewer points is uniquely reconstructible for 
any k distinct directions. (To see this, we suppose that some A:/= B have the same X-rays in 
directions u1, ... , uk, we fix a point a E A\ B, and we note that each line through a parallel 
to some Ui has to contain a point of B, forcing IBI > k.) 

This has been observed many times; the earliest reference seems to be Rényi [Rén52]. If 
the directions are chosen by an adversary, then we cannot do any better in general. Fig. 1.2 
shows directions u1, u2, u3 and two distinct point sets A and B (the white points and the black 
points) that cannot be distinguished. Of course, this can be generalized to any number k of 
equally spaced directions, where A and B are obtained by coloring the vertices of a regular 
2k-gon alternately black and white. 

Intuition suggests that the equally spaced directions in this example are "exceptionally 
had", and that other sets of directions should allow for unique reconstruction of much larger 
sets. For given directions u1, u2, ... , uk let us define 

f(ui, ... ,uk) := max{n: every n-point set is uniquely reconstructible for u1, ... ,uk} 

and 

We have just noted that f ( u1, ... , uk) > k - 1 for all k-tuples of distinct u1, ... , Uk· 

The following simple construction (also rediscovered several times) shows that, perhaps 
counterintuitively, F(k) is finite for every k; see Fig. 1.3. Let ui, u2, ... , Uk be given distinct 
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directions. For suitable nonzero scalars a1, ... , ak we set Vi := aiui and we define 

A:= {v(I): I C [k], III even}, B := {v(I) : I C [k], III odd}, (1.1) 

where we use the notation [k] := {1, 2, ... , k} and v(I) := EieI Vi· First, it is easy to see that 
almost all choices of the ai guarantee that all of the 2k points v(I), I C [k], are distinct, and 
thus IAI = IBI = 2k-l. Second, for every i E [k], each point v(I) E A can be paired with the 
point v(I 6{i}) = v(I) ± Vi E B (where 6 denotes symmetric difference), and this shows that 
A and B have identical X-rays in direction Ui· 

The only published lower bound on F(k) we could find is roughly k+O( \/'k), dueto Bianchi 
and Longinetti [BL90]. After we started working on the problem, we learned from Attila Pór 
that Tóth [Tót03] announced an O(k312) lower bound, which has rem~ned unpublished. 

We have the following lower bound: 

Theorem 4.1 We have 
F(k) = 2n(k/ log k) 

for all k. Moreover, for every k there exists a finite set "Pk of nonzero polynomials in 2k 
variables and with integer coefficients such that if u1 = (x1, Y1), ... , Uk = (xk, Yk) are direc
tions with f(u1, ... , uk) = 20(k/logk), then (xi, x2, ... , Xk, yi, ... , Yk) is in the zero set oj some 
polynomial in Pk· Consequently, almost all (in the sense oj measure) k-tuples of directions 
u1, ... , Uk satisfy the stated lower bound. 

Outline of the proof of Theorem 4.1: Let ui, ... , uk be fixed direction vectors, and let 
A c R 2 be a set with the minimum number of points n that is not uniquely reconstructible 
for u1, ..• , Uk· Thus there exists another set B c R 2 with the same X-rays in these directions. 
We note that A n B = 0 (if not, A\ B and B \A would be smaller indistinguishable sets). 

For each i = 1, 2, ... , k, we construct a perfect matching Ei between A and B in such a 
way that for each edge {a, b} E Ei, the points a E A and b E B lie on the same line parallel 
to Ui· Thus, if a line ť in direction Ui contains a single point of A, and hence also a single 
point of B, these two points necessarily form an edge of Ei. If ť contains sever al points of A, 
these are matched arbitrarily, in a one-to-one fashion, to the points of ť n B (hence Ei need 
not be determined uniquely, but if there are several choices, we fix one once and for all). We 
note that Ei n Ej = 0 for i:/= j. 

We call the bipartite graph H with vertex set A U B and with edge set E(H) = E1 U··· U 
Ek an interchange graph for directions u1, ... , uk. It has 2n vertices and kn edges. For our 
exposition it will be convenient to consider the edges of an interchange graph to have colors: 
We say that an edge e E Ei has color i and we write c( e) = i. 

We show that if the interchange graph is sufficiently dense, then it has a subgraph H 
with two color-disjoint spanning trees. We also show that for every such subgraph H, there 
exists a nonzero polynomial in 2k variables such that (xi, x2, ... , Xk, y1, ... , Yk) is in the zero 
set of the polynomial. Since there is only finite number of such graphs H, there is only finite 
number of polynomials and therefore almost all (in the sense of measure) k-tuples of directions 
u1, ... , Uk satisfy the stated lower bound. 

Upper bounds: As for upper bounds, we improve the 2k-l from the construction above 
to Ck for suitable C < 2. To prove an upper bound we need to construct, for any k-tuple 
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ui, ... , uk, two sets A and B with identical X-rays in these directions. It seems technically 
much easier to construct examples if we allow for multisets A and B (formally, an n-point 
multiset A can be regarded as an arbitrary mapping [n] __... R 2, and in an X-ray of A, the 
points are counted with the appropriate multiplicities). We thus define f mult(u1, ... , uk) as 
the largest n such that every n-point multiset is uniquely reconstructible for u1, ... , uk, and 
Fmult(k) := maxu1,„.,uk f mult(ui, ... , uk)· Let us remark that the proof of the lower bound in 
Theorem 4.1 applies equally well to Fmult· 

Theorem 4.2 We have F(k) < O(Ck) for C = 6113 ~ 1.81712 and Fmult(k) < O(Cf) for 
C1 = 198119 ~ 1. 79964. 

Outline of the proof of Theorem 4.2: We begin as in the "cube construction" (see Fig. 
1.3) witnessing F(k) < 2k-l, but we chaose the scalars ai, ... ak more carefully. For simplicity 
we assume k = 3ť, and we choose the ai so that V3j = V3j-2 +v3j-1 for all j = 1, ... , .e. Then A 
and B defined by (1.1) are no longer disjoint, and the smaller sets A':= A.\B and B' := B\A 
also have identical X-rays in directions u1, ... , Uk· (Here A and B will typically be multisets, 
and so the differences have to take multiplicities into account.) A simple analysis shows that 
A' consists of all points of the form w1 + · · · + Wi, where each Wj is one of the 6 vectors: O, 
V3j-2, V3j-1, V3j-2 + V3j, V3j-1 + V3j, and V3j-2 + V3j-1 + V3j and the number of the Vi in the 
sum is even. Hence IA'I = !6i = !Ck for C = 6113 . With some more work it can be shown 
that the ai can also be chosen so that A' and B' are actually sets (no multiple points), and 
this proves the estimate for F(k) in Theorem 4.2. 

To get a better estimate for multisets, we assume that k is divisible by 9 and, in addition 
to the relations V3j = V3j-2 + V3j-1 as above, we also enforce the relations Vgq = V9q-6 + V9q-3, 

q = 1, 2, „., k/9. Then a computer-aided analysis reveals that IA'I = IB'I = 198k/9 , and the 
upper bound Fmult(k) = 0(198k/9 ) follows. However, in this case it seems complicated, and 
maybe impossible, to avoid multiple points in A' and B' for all k-tuples of directions (we can 
do so for almost all k-tuples of the ui, though). 

The constant in the upper bound for Fmult could be further improved by adding relations 
like v27 = v9 + v18 etc., but these constructions seem to bring only very minor improvements 
and they look difficult to analyze. Also it is not clear if better results can be obtained by 
enforcing other systems of relations among the Vi· We conjecture that the best upper bound 
on Fmult one can get by this method (i.e., taking A and B given by (1.1) and canceling out 
common points) cannot be below (1 + ó)k for some fixed 8 >O. 

Related work. Problems similar to those investigated have have been studied in a lively area 
called geometrie tomography; see, e.g., the book by Gardner [Gar06]. The classical tomography 
problem deals with reconstructing a set, or more generally a density function, from X-rays 
in all directions. Discrete tomography investigates the reconstruction problem for a finite 
( discrete) set of X-ray directions. Since reconstructing an arbitrary set is generally impossible, 
most of the work deals with special sets, say convex ones. 

For reconstructing finite sets A, most of the resulťs in the literature concern the case of 
lattice sets, A C Z2, and the directions of the X-rays are integer vectors. A seminal paper 
by Gardner and Gritzmann [GG97] thoroughly examines the case where A is guaranteed to 



10 Introduction 

be a convex lattice set ( that is, the intersection of Z2 with a convex set). In this case, they 
show that any 7 lattice directions suffice for unique reconstruction of every convex lattice set, 
while 6 directions. need not suffice. Dulio, Gardner, and Peri [DGP06] studied a variant of 
the problem ("point X-rays"): instead of k directions, we have k points p1, ... ,pk, and we 
obtain the number of points of A on every line passing through one of the Pi· They show, for 
example, that the analogue of our function F(k) is unbounded in their setting. 



Chapter 2 

Discrepancy of Sums of Arithmetic 
Progressions 

This chapter presents results from the following papers: 

[Pri06] A. Přívětivý: Discrepancy of Sums of Three Arithmetic Progressions, 
Electronic Journal on Combinatorics 13 (1), #R5, 2006. 

[Heb06] N. Hebbinghaus: Discrepancy of Sums of Two Arithmetic Progressions, 
manuscript, 2006. 

We will start with a quick overview of the eigenvalue bound method and then we will prove 
the main result of this chapter: 

Theorem 2.1 Forn E N, let ([n]o,S~) be a set systemformed by all sums of three arithmetic 
progressions on [n]o. Then disc(S~) = O(n112). 

Therefore, we have disc(S~) = O(n112) for any k> 3, since S~ c S~ for all k> 3. We will also 
show the construction by Hebbinghaus who proved that disc(S~) = O(n112) too. The original 
proof by Hebbinghaus uses discrete Fourier analysis on the additive group (Z,+), the method 
Roth used to prove the O(n114 ) lower bound on the set system of arithmetic progressions. 

Theorem 2.2 For n E N, let ([n]o, S~) be a set system formed by all sums of two arithmetic 
progressions on [n]o. Then disc(S~) = O(n112). 

Here, we prove Theorem 2.2 using a slightly different method - the eigenvalue bound method 
- and we will compare the construction to the construction from Theorem 2.1. 

2.1 Discrepancy Preliininaries 

In this section we recall some definitions and facts from the discrepancy theory; for further 
information see [BS95, ChaOO, Mat99]. 

Let (X, J=) be a set system on a finite set. The discrepancy problem is to color each point 
of X either red or blue, in such a way that any of the sets of F has roughly the same number 

11 
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of red points and blue points. The maximum deviation from an even splitting, over all sets of 
:F, is the discrepancy of F, denoted by disc(:F). Formally 

disc(:F) = min max I L x(x) I· 
x:X--.{-1,1} Se:F 

8 xe 

Let us enumerate the elements of X as xi, x2, ... , Xn and the sets of :F as 81, 82, ... , Sm 
in some arbitrary order. The incidence matrix of (X, F) is the m x n matrix A, with columns 
corresponding to points of X and rows corresponding to sets of F, whose element aij is given 
by 

{
l if j E Si 

aij = O otherwise. 

As we will see, it is useful to reformulate the definition of the discrepancy of :F in 
terms of the incidence matrix. Now let us regard a coloring x : X ~ {-1, +1} as the 
column vector (x(x1),x(x2), ... ,x(xn))T E Rn. Then the product Ax is the row vector 
(x(S1), x(S2), ... 'x(Sn)) E Rm, where we extend the coloring X for sets as x(S) = ExeS x(x). 
Therefore, the definition of the discrepancy of :F can be written as 

disc(:F) = min llAxll 00 • 
xe{-1,l}n 

For many lower bound techniques, it is easier to consider the L2-discrepancy instead of 
the worst-case discrepancy. In our case, this means replacing the max-norm 11·11 00 by the usual 
Euclidean norm 11·11· Naniely, we have 

disc(.ř") > disc2(.ř") = min ..!:._ L x(Si)2 = . ~ . min llAxll. ( 

m ) 1/2 

X m i=l ym xe{-1,l}n 

To obtain a lower bound on the L2-discrepancy for a set system, we can use the following 
eigenvalue lower bound: 

Theorem 2.3 {Eigenvalue bound, see [BS95]) Let (X, F) be a system of m sets on an 
n-point set, and let A denote its incidence matrix. Then we have 

disc(.ř") > disc2(.ř") > J: ·Amin, 

where Amin denotes the smallest eigenvalue of the n x n matrix AT A. 

The computation of eigenvalues becomes much easier when the matrix AT A is a circulant 
matrix. A circulant matrix is an n x n matrix whose rows are composed of cyclically shifted 
copies of the first row. Namely, for an n-dimensional vector (ao, al, ... , an-1) we define the 
n x n circulant matrix C(ao, al, ... , an-1) by putting Cij = a(j-i) mod n' i.e. 

ao al a2 an-1 
al a2 a3 ao 

C(ao, ai, ... , an-1) = a2 a3 a4 al 

an-1 ao al an-2 



2.1 Discrepancy Preliminaries 13 

Let (o, (i, ... , (n-1 denote the n-th roots oj the unity, which are defined as roots of the 
cyclotomic equation xn = 1. All the roots lie on the unit circle and we can order them 
according to the sequence of visiting them if we go around the unit circle counterclockwise 
starting at O, namely we put (k = e 

2~i k. This simplifies the following operations: 

• (j(k = ((j+k) mod n 

• (j = ((jk) mod n 

For convenience, we will consider all operations +,. on indices reduced modulo n and thus 
we will later omit the mod n suffix. 

We define the complex argument as usual by arg(x+iy) = arctan(~) and restrict its range 
to the interval (-7r, +7r]. The complex argument of the n-th root of unity is then as follows 

ifO<k<~ 

if ~<k< n. 

Let B be a circulant matrix C(ao, ai, ... , an-1). It can be easily verified that Zi = 
(1, Cl, Cr' ... 'cr-1 )T is an eigenvector of B and thus the eigenvalues AQ, Ai, ... 'An-1 of B 
are 

Let A be an incidence matrix for the set system (X, :F) and let B denote AT A. Then the 
element bij counts the number of sets Si E :F containing both elements Xi and Xj· Moreover, if 
the matrix Bis a circulant matrix C(ao, al, ... , an-1), we can derive a more useful expression 
for the eigenvalues of B: 

n-1 n-1 n-1 n-1 n-1 

n>..k - n L ai(k = L L a(i-j) mod nCki-j) mod n = L L bij(ki-j) = 
i=O i=O j =0 i=O j =O 

- L L Ldi-j)= LI Lckl 2
• 

Se:Fxies XjES Se:F xies 

And thus 

Let (X, :F) be a set system, where X= {O, 1, ... , n - 1}, and :F contains exactly mn sets 
enumerated as :F = {So, Si, ... , Smn-1}. We say that a set system (X, F) is wrapped if for 
every i E {O, 1, ... ,m - 1} and j E {O, 1, ... ,n - 1} the set Sin+j is the set Sin cyclically 
translated by j, i.e. 

Sin+j = {(k+ j) mod n .: k E Si}· 

The incidence matrix A of a wrapped set system (X, :F) is composed of m square n x n 
circulant matrices A0 , Ai, ... , Am-1 stacked up vertically, one on top of the other: 
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A= 

Am-1 

By the definition of a wrapped set system every Ai is a circulant and thus every Af Ai is 
a circulant too. Note that although A is not a circulant itself, the matrix B = AT A is equal 
to E~01 Af Ai and therefore Bis a circulant. 

Alternatively, we can observe that the (i,j) entry of AT A is the number of sets from F 
that contain both elements i and j. Since the sets forming F are invariant under cyclic shifts, 
the entries (i,j) and (i+ k,j +k) of AT A are the same for an arbitrary shift by k and thus 
AT A is a circulant. 

Lemma 2.4 Let (X, F) be a wrapped set system, where IXI = n and IFI = mn, and let A be 
its incidence matrix. Then the n x n matrix B = AT A is a circulant and its eigenvalues are 

Proof. Since for each set Sin, we have its n-1 translates in F that give the same contribution, 
we may just count n-times the contribution of the set Sin and thus 

D 

2.2 Lower bound for surns of three arithrnetic progression 

In this section we will prove the lower bound for the sums of three arithmetic progressions. 
For this purpose we will use following lemma: 

Lemma 2.5 Let ([n]o, F) be a wrapped set system, where IFI = mn, and let (o, (1, ... , (n-1 
be the n-th roots of unity. If there are real constants c, a > O such that for each j E [n]o there 
is Sin E F such that 

I E cJI > cn° 
kESin 

holds, then disc(F) > ~· 

Proof. To invoke the eigenvalue bound for an L2-discrepancy we need to lowerbound the 
value of smallest eigenvalue Amin· Since our set system is wrapped, we know that all eigenvalues 
are given by the expression 



2.2 Lower bound for sums of three arithmetic progression 
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B; = {jk mod n: k E Bj} 
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Figure 2.1: The relation of the set B; and the sum EkeB
3 

Cj 
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We know that for each j there is a set Sin that makes the eigenvalue 'large' and hence for 
every eigenvalue we know that 

Thus by Lemma 2.4 

o 
If we want to obtain a good lower bound from Lemma 2.5, the number of sets forming F 

has to be small and F has to contain for each j E [n]o a set Bj, such that I EkeB
3 

CJI is large. 
Our goal is to ensure that for each j E [n]o there is a Bj E F such that all (j for k E Bj are 
concentrated in one part of the unit circle. Namely, if all k E Bj satisfy 

- 7r < arg r~ < 7r 
3 - "':JJ - 3' 

then !R (j > ! for all k E Bj, and the value of I EkeB; (ji will beat least IBil/2. 
For convenience, we define for every Bj C [n]o a set B; as the set {jk mod n: k E Bj}· 

The set B; is actually the set of indices i of (i = Cj that participate in the sum EkeB
3 

Cj 
(see figure 2.1). The condition I arg (kl < i for all k E Bj is thus equivalent to the condition 

Moreover, if n is a prime and O< j < n, the mapping k t-t jk mod n is a bijection and the 
cardinalities of Bj and B; are the saine. 

Now let us apply this method to prove the O(n114) lower bound for the set system of 
arithmetic progressions on [n] 0 • For this purpose we cohstruct a small auxiliary wrapped set 
system F that is suitable for Lemma 2.5 and disc(Sn) is asymptotically bounded below by 
disc(F). 
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We will show, that for each j E [n]o we can find a positive integer dj = O( y'n), such 

that I arg cf' I = O(n-112). Let US ta.ke as Bj an arithmetic progression with difference dj 

having O(y'n) elements, such that I arg (JI < i for all k E Bj. For such a Bj, we get 

I L:keB; (j I = O( Vn). Since there are only O( y'n) possible choices of di, it suffices us to put 

only O( y'n) different sets Bj into F. With each inserted Bj, we also have to put into F its 
n - 1 wrapped translates, and thus :F has size O(n312 ). The following theorem summarizes 
our discussion. This version of the proof of the lower bound for Sn was first suggested by 
Lovász and can be found in [BS95]. 

Theorem 2.6 For any n E N we put k= l v'n/6J and m = 6k. Let us consider the following 
set system ([n]o, F), where F = {So, Si, ... , Smn-1} and the sets Sdn+j for d E [m]o and 
j E [n]o are given as 

Sdn+j = {(di + j) mod n: i E [k]o}. 

Then 
disc(F) > cn114

• 

Proof. For a fixed j E [n]o, there is by the Pigeonhole Principle a positive integer co, 
1 < co < m such that 

27r ( co) 27r - - < arg (
3
. < - . 

m m 

Then ~(jco > 1/2 for O< i< k - 1, and hence 

I L cJI > (~ L c;) > k/2. 
iESc0n iESc0n 

From this and Lemma 2.5 it immediately follows that 

disc(.ř') > 1~ n 114
• 

o 
Since every S E F from Theorem 2.6 is a disjoint union of two arithmetic progressions, 

we get the f ollowing corollary. 

Corollary 2. 7 For n E N, let ([n]o, Sn) be a set system formed by all arithmetic progressions 
on [n]o. Then disc(Sn) = O(n114). 

For the set system ([n]o,Sn) is the O(n114) lower bound tight. We would like to show 
that the set systems ([n]0 , S~) for k > 2 have their discrepancy bounded below by O(n112). 

Unfortunately, we are able to prove this only for k > 3, while for k= 2 the currently known 
best lower bound is O(n113); see [Heb04]. 

As we have seen in the proof of Theorem 2.6, for each j E {1, ... , n - 1} we can find two 
positive integers O < c1 < Vn and O < di < y'n, such that I arg (j1 I = 2:d1 

• Without loss of 
generality, let us assume that arg (j1 is positive and thus di = c1j mod n, the other case 
can be handled in the same way. Let Aj be the set {ic1 : i E [L1]0}. If Li < min{~, 6'd

1 
}, 

then Aj is an arithmetic progression on [n]o and A~ is an arithmetic progression on [ln/6J] 
(see figure 2.2). Although is Li is at least O( y'n), we cannot generally expect a greater value. 
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k~ jk mod n 

Figure 2.2: Aj with difference c1 goes to A~ with difference di 

Aj 
c::::::: • • • • :=> 

o c::::::: • • • • 

A'. 
:J 

c::::::: • • • 

k~ jk mod n 

>Aj +c2 

e =>Aj+ 2c2 

Figure 2.3: Bj (resp. B;) composed from copies of Aj (resp. A~) 
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n-1 

n-1 

n-1 

n-1 

Our goal is to find a Bj such that B; covers a constant fraction of {O, ... , l!nJ} U 

{ f ~n 1, ... , n - 1}. In next two steps we will schematically (and possibly misleadingly) show 
how to achieve this. In the first step we extend the arithmetic progression A~ to a longer 

arithmetic progression B; with the same difference. This is done in such a way that B; con

sists of several copies of A~ and thus Bj is taken as a sum of two arithmetic progressions (see 
figure 2.3). In this way we can have O(n/d1) elements in Bj. 

In the last step we take a suitable sum of three arithmetic progressions for Cj such that a; is composed of O(d1) interlaced copies of B; that are mutually disjoint (see figure 2.4), 

and thus c; has O(n) elements. 

The following lemma provides, for each j E {1, ... , n - 1}, a precise and more careful 
construction of the set Cj. This construction requires n to be a prime. 

Lemma 2.8 Let n be a prime. For each j E {1 ... n - 1} there exists a set Cj such that 

• Cj is a sum oj three arithmetic progressions on [n]o 

• ~(j > 1/2 for every k E Oj 
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~ - . . . . . . . . . . . 
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1 
+ b--+ j k mod n 
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B 1
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Figure 2.4: c; is composed from interlaced copies of B; 

I 
n-1 

n-1 

Proof. For a fixed j we find integer constants ci, c2, ca, di, d2, da, Li, L2 and La as follows: 

1. Let ci be the k E {1 ... l VnJ} for which the value R(j is maximum. We put di = 
min{jci mod n, -jci mod n} and Li= r i2max{ci,di} 1-

2. If ci < 12di, then we put c2 = 1, d2 = 1 and L2 = 1, otherwise we put c2 = n mod ci, 
d2 = di r ~ l and L2 = lag~1 J · 

3. If di < 6, then we put ca = 1, da = 1 and La = 1, otherwise we put ca to be the k E 

{1 ... l~~ J} for which the value ~(j is maximum. We put da = min{jca mod n, -jca 

mod n} and La= l~J. 

4. We put Cj = {iici + i2c2 + iaca : Ík E [Lk]o, k= 1, 2, 3}. 

We have chosen ci as the k E {1 ... l VnJ} for which the value of R(j is maximum, i.e. as 
the k E {1 ... l.JriJ} for which the value of I arg Cjl is minimum. By the Pigeonhole Principle 

and since I arg Cj1 I = arg (d1 = 2:d1 
, we conclude that di < Jn. Similarly we arrive at ca < ~~ 

and da < 9t· 
Claim A: Cj is a sum of three arithmetic progressions on [n]o. 

By construction the set Cj is a sum of three arithmetic progressions. The largest element 
of Cj is bounded by 

and thus Cj C [n]o. 
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Claim B: ?R(j > 1/2 for every k E Cj. 

We show that for every k E Cj the value of I arg <JI is less than rr/3 and this already 
implies the claim. 

max I arg Cjl - max I arg (~1i1 + arg (~2i2 + arg (~3i3I < 
kECj ( i1 ,i2,i3)E[L1]0 X [L2]0 X (L3]0 J J J 

< max I arg (~1 i1 I + max I arg (~2i2 I + max I arg (~3i3 I = 
ii E[L1]0 J i2E[L2]0 J i3E(L3]0 J 

2Tr 
- -(di(Li - 1) + d2(L2 - 1) + d3(L3 - 1)). 

n 

In the case that ci < 12di 

otherwise 

maxlarg Cjl 
kEC3 

maxi arg Cjl 
kEC3 

Claim C: ICil > 50~0 n. 

We put D = {i1di +i2d2: ii E [Li]o,i2 E [L2]0}. From the fact that d2 = dií~l and 
d2 > Lidi we deduce that D is a subset of an arithmetic progression with difference di and 
IDI = LiL2. 

The set E = {iidi + i2d2 + i3d3 : ii E [L1]0, i2 E [L2]0, i3 E [L3]0} is a union of L3 shifted 
copies of D. Our goal is to show that those L3 shifted copies of D are mutually disjoint. If 
there were two intersecting copies of D, then there has to exist a k E {1, ... , L3}, such that 
di lkd3. Let it be so and let k, l be the integers demonstrating this case, i.e. ldi = kd3. Since 
d1 > d3, we have l < k. Thus l < L3 < Li and the preimage of ld1 under the mapping 
fj(k) = jk mod n is Íj-1(ld1) = lci and similarly fj 1(kd3) = kc3. The mapping fj is a 
bijection and therefore ld1 = kd3 implies lci = fj 1(ldi) = Íj-1(kd3) = kc3. But since we 
also have c1 < c3 , we arrive at the contradiction l > k. Thus all L3 shifted copies of D are 
mutually disjoint and I Ci I = IEI = LiL2L3 > n/5000. 

o 

Proposition 2.9 For each prime n there exists a wrapped set system ([n]o,Fn), where Fn = 
{So, Si, ... , Bn2_1} such that each Si E Fn is a union of two sums of three arithmetic pro-
gressions and · 

. ( ) 1 i/2 
d1sc Fn > lOOOO n . 
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Proof. For a fixed n we construct Fn = {So, Si, ... , Bn2_1} as follows: For So just take the 
set {O, 1, ... Ln/5000J} and for O < j < n we put Sjn = Cj as constructed in Lemma 2.8. 
Since for all O < j < n we know that 

from Lemma 2.5 it immediately follows that 

. ( ) 1 1/2 
d1sc Fn > lOOOO n . 

o 

Proof of Theorem 2.1 Proposition 2.9 shows that there exists a set system Fn such that 
Fn = O(n112). Since any set in Fo is union of two sets from S~, we have also 

disc(S~) > ~ disc(Fn) = O(n112
). 

The theorem is proved. o 

2.3 Surns of two arithrnetic progressions 

In previous section, we have shown that disc(S~) = O(n112), for k > 3. This result has 
been further improved by Hebbinghaus [Heb06], who has shown that the lower bound on 
discrepancy for sums of two arithmetic progression has the same order O(n112). In this section, 
for the sake of completeness, we will present his result. 

We will start with a definition of a special subset eo of S~. Then we show that there is a 

real constant c = 3~0 such that for every j E [n]o there is s E &o such that I L:keS c;I > cn, 
and thus applying Lemma 2.5 to the wrapped system obtained from the set eo we arrive at 
disc(S~) = O(n/leol 112) = O(n112). 

All elements of eo are sums of two arithmetic progressions with starting point O. Before 
specifying the set &o we should mention that dueto a case distinction in Proposition 2.11 the 
set &o is a union of three sets e1, e2 and e3. The first two sets e1 and e2 are easy to define. 
We set 

and 

The definition of the last set e3 is not straightforward. For every difference d1 of the first 
arithmetic progression we have to determine the set of differences d2 for the second arithmetic 
progression. Let d1 E [n 112] and let 
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be the set of all elements of [d1] that are relatively prime to di. By gcd(a, b) we will further 
denote the greatest common divisor of a and b. For a fixed di, we will put into Ea sums of 
two arithmetic progressions of k = r1og2(n1/2 /d1)l different types, where the type governs 
the ratio between lengths of the first and the second arithmetic progression. For fixed d1 let 

where 
Md1(k)= LJ ((b+22kd1Z)n(2kn1/2,2H1n1/2+22kd1)) 

beB(d1) 

is the set of differences of the second arithmetic progression of type k for a fixed di. The third 
set is then defined as &3 = Udie[nl/2] &3(d1). 

In the following lemma we show that the cardinality of the set Eo is of the order O(n). 
This is an essential property of the set Eo for the proof of the lower bound on disc(S~). 

Lemma 2.10 We have ll'3I < 6n and thus IEol < 7n. 

Proof. We have to estimate l&3I = Edie[n1/2] E!~~) 1Md1 (k)I. First, we observe that 

22k d < 2k2Iog2(n112 
/d1) d < 2kn 1/2 

1 - 1 - ' 

and thus 

Hence, we get 

IMd1(k)I - L l(b+22kd1Z)n(2kn1!2,2k+in1!2 +22kdi)I 
beB(d1) 

I (2knl/2' 2k+1n1/2 + 22kd1) I 
< di 22kd1 

d 3. 2kn1/2 = 3. 2-k 1/2 
< 1 22kd1 n . 

k(d1) 

1e31 - L L IMd1(k)I 
di e[nl/2] k=O 

k(d1) 
< L L 3. 2-kn112 

diE[nl/2] k=O 
00 

< 3n L:2-k < 6n. 
k=O 

Since it is easy to see that IE1 U E2I < n, we arrive at IEol < 7n. 

The crucial property of the set Eo captures the following proposition: 

o 
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Proposition 2.11 For every j E (n]o there is SE &o such that I :Ekes(JI > 360n. 

To prove this . proposition we need sever al technical lemmata. 

Lemma 2.12 For every j E [n]o, m > 1 there exists a positive integer co, 1 < co < m such 
that 

2~ co 2~ -- < arg((
3
. ) < -. 

m m 

Proof. Let us consider the first m powers (}, (J, ... , (j. By the Pigeonhole Principle there 

exists two powers (j and (j, 1 < k < l < m, such that I arg((j) - arg((j)I < ~ and thus 
setting co= lk - li we have 1 <co < m and 

2~ co 2~ -- < arg((j ) < -. 
m m 

o 

Lemma 2.13 Let j E [n]o, di, d2, Li, L2 E N with Li :/= 1 :/= L2 such that 

I (/'di) I < 27r I arg '>i _ 12(Li _ l), Jor i = 1, 2. 

Let S be the sum of two arithmetic progressions AP2(0, di, d2, Li, L2), then we have 

Proof. Let k E S. There exists a li E [Li]o and a l2 E [L2]0 such that k =lidi+ l2d2. Hence, 

larg((j)j - jarg((f1li(j2l2)I 

< jarg((fili )j + larg((j2l2)I 

- li I arg (cf 1) I + l2 I arg (cf 2) I 
li l2 

- 12(Li - 1) + 12(L2 - 1) 
1 1 1 

< 12 + 12 = 6" 

Therefore, ~( (j) < ~ for all k E S and we have I :EkeS (j I > ~ · o 

Lemma 2.14 Let di, d2, Li, L2 E N with Li < gcd(~;,d2 ). Let S be the sum oj two arithmetic 
progressions AP2(0,di,d2,Li,L2), then we have ISI = LiL2. 

Proof. Assume that there are (li, l2), (li, l~) E [Li]o x [L2]0 such that (li, b) :/= (li, l~) and 
lidi + l2d2 = lidi + l~d2. Obviously, li :/= li and b :/= l~. Since (li - li)di = (l~ - l2)d2, we 
have (li - li) divisible by lcm(di, d2) = did2/ gcd(di, d2) and thus 

' did2 
Li > ili - li I > gcd( di, d2)' 
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This contradiction shows that the function 

is injective which proves the lemma. O 

Lemma 2.15 Let a, b E N with gcd(a, b) = 1. Then there exists k E [b]o such that ka = 1 ( 
mod b). Moreover, (b - k)a = -1 ( mod b) and gcd(k, b) = gcd(b - k, b) = 1. 

Proof. Since gcd(a, b) = 1, there exist k, l e Z with ka +lb = 1. Thus, ka = 1 ( mod b). 
Obviously, k can be chosen from the set [b]o. The second assrtion follows from 

ka+(b-k)a=ba=O( modb). 

Finally, the equation ka +lb= 1 proves also gcd(k, b) = 1 and this implies gcd(b - k, b) = 1. 
o 

Proof of Proposition 2.11 We will show that constant c = aÓo works for every n E N that 

is, for every j E [n]o there is s E Eo such that I L:keS cYI > cn. 

Let us fix n E N and j E [n]o. Using Lemma 2.12, ·we can find d1 E {1, ... , n112}, such 
that 

2~ di 2~ 
- nl/2 < arg( (j ) < nl/2 · 

If there are more candidates for d1, wé choose di to be minimal. We distinguish three cases: 

Case 1: We have di such that: 

I arg( cf 1 ) I < 2
7rdi and di < 24 
n 

Let us set Li= í 6d1 
l, d2 = 1 and L2 = 1. The set S= AP2(0, di, d2, Li, L2) is an element 

of &1 and therefore also an element of &o. Similarly as in the proof of Lemma 2.13, we arrive 
at 

Case 2: We have di such that: 

I arg( Cf 1 ) I < 2
7rdi and di > 24 
n 

Let us set Li = í 1ů1 l · Using again Lemma 2.12, we can find d2 E {1, ... , di - 1}, such 
that 

2~ d2 2~ 
di - 1 < arg( Ci ) < di - 1 · 
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If there are more candidates for d2, we choose d2 to be minimal. Let US set L2 = rd11211. 
The set S= AP2(0, di, d2, Li, L2) is an element of &2 and therefore also an element of &o. 

Let us show that gcd(d1, d2) < 2. Since I arg((j1 )I < 2":ndi, there exists minima! ai E N such 
that ljd1 - ainl < di. Similarly for d2, we have minima! a2 E N such that IJd2 - a2nl < din__1. 
Since we have chosen di to be minima!, the fraction Ti is irreducible. Similarly, ~ is also an 
irreducible fraction. Since d2 < di, we arrive at * :/= ~· Therefore, the these fractions at and 
~ differ at least by 1/ lcm(d1, d2) = gcd(di, d2)/(d1d2). 

Therefore, gcd(d1,d2) < 2 and L2 = rd1
12

1l < % < gcd(~;,d2 ) satisfies the conditions of 

Lemma 2.14 and we get ISI = LiL2 > 1ů1 d\21 > 1~0 . Furthermore, di,d2,Li,L2 satisfy the 
conditions of Lemma 2.13 and thus 

Case 3: We have di such that: 

I (rdi) I 2rrd1 arg ~j > n 
First, we find k which identifies the interval in which 2~ I arg( cf 1 ) I li es, that is, we fix k 

such that 
n I di I [ 1 112 1 1;2) 27r arg((j ) E 2k+1 n '2k n . 

Since I arg( (j 1 ) I is lower bounded by 2~di and bounded from above by 27r~112 , we ha ve O < k < 
log2 ( n 112 I di). Let ai E N be minima! natural number such that IJ di - ai n I = 2~ I arg (cf 1 ) I 
holds. Obviously, gcd(ai, di) = 1, since otherwise d1 wouldn't be minima! as we requested. 
Using Lemma 2.15 on ai, di, we get r E {1, ... , di - 1} such that 

1 ( mod di) 

- -1 ( mod di). 

Let s be the algebraic sign of arg((j1 
). If s= 1 then we set b = di - {, otherwise we set 

b = r. In both cases there exists µ E Z such that 

Let us define 

and 
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Lemma 2.15 guaranties, that gcd(di, b) = 1 and therefore we have also gcd(di, d2) = 1. Now, 
we show that for d2 holds 

and therefore d2 E Md1 (k): 

d2 - b + 22k di r ól < b + 22
k di ( ó + 1) 

2k 1 ( 1 ) 2k 
- b + 2 di 22kd1 · I* - Ti I . di - b + 2 di 

- . 1 + 22kd1 
I~ - Til · di 

< 2k+ini/2 + 22kdi 

The last inequality holds because lidi - ainl = 2~ I arg((f1 )I and k was chosen such that 

2~ I arg( (f 1 ) I > 21č~i n i/2 and therefore I* - Ti I > 2k+ 1~172d1 • On the other hand, we ha ve 

d2 - b + 22k di r ól > b + 22k di ó 

2k 1 ( 1 ) 1 
= b+2 di 22kd1 l*-Til ·d1 -b = l*-Til ·d1 

> 2kni/2 

The last inequality again holds because lidi - ainl = 2~ I arg((f1
) I and k was chosen such 

that 2~ I arg( (f 1 ) I < f,;n i/2 and therefore I* - Ti I < 2knl/2d
1 

• 

k 1/2 k 1/2 
Let US set Li = í2 ni2 l and L2 = r2- ni2 l · We have shown that d2 E Md1 (k) and thus 

S= AP2(0, di, d2, Li, L2) is an element of &3. We have gcd(di, d2) = 1 and 

d > 2kn1/2 > r2kn1/21 = L 
2 - I 12 i· 

Thus, from Lemma 2.14 follows that ISI > n/144. Finally, we use Lemma 2.13 to show that 

I Ezes c; I > 2~8. Obviously, we have 

I (,d1 ) I < 27r < 27r 
arg i - 2kni/2 - 12(Li - 1) · 

To show larg((j2 )I < i2(.i:-i)' we estimate 

j d2 - d2(a1) + d2(i - ai) 
n di n di 

- (b+22kdifól)(a1) + (b+22kdifól)(i - ai) 
di n di 

- (b+22kdifól)(a1) + (b+22kd1ó)(j - ai) +22kd1(íól-ó)(j - ai) 
di n di n di 

- (µ - ;
1 

+ 22ka1 íól) + (;J + c:s (f 81 - 8) lidi+ ainl) 

22ks 
- µ + 22kai f 81 + -(íól - ó) lidi+ ainl. 

n 
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Let us define the following shorthands: 

a - 22ks(f 8l - ó)lid1 + ainl 
a2 - µ + 22

ka1 íól 

Then we have lid2 -na2I = la:I which is the same as I arg((j2 )j = 2;1a:I since a2 is an integer. 

Since lidi - ainl = ~I arg((j1 )I and k was chosen such that 2~ I arg((j1 )I < f,;n 112 we have 

Therefore, we have 

la:I - l22ks(f 8l - ó)llid1 + ainl 

< 22k 2lkn1/2 < 2kn1/2. 

I 
d2 I _ 27r 27r 2k 27r 

arg((j ) - -;-lal < nl/2 < 12(L2 - 1). 

Hence, the conditions of Lemma 2.13 are satisfied and we have shown that j Eies (j j > 2~8 • 
D 

Proof of Theorem 2.2 For a fixed n > 1 we have already defined the set e0 . Let m denote 
the size of ťo. By Lemma 2.10 we have m < 7n. Now, we construct for &o the corresponding 
wrapped set system :Fo = {So, Si, ... , Snm-1} as follows: Let us enumerate the sets of &o as 
Eo, ... , Em-1· For each j E [m]o and j E [n]o we set 

Bjn+i = {k+i ( mod n): k E Ej}· 

Proposition 2.11 shows that for each j E [n]o there is a E E &o such that j Ezes(Jj > 3~0 . 
Hence by Lemma 2.5 it immediately follows 

. ( ) > 1 n > 1 1; 2 
d1sc :Fo - 300 ml/2 - 120 n . 

Since any set in :Fo is union of two sets from S~, we have also 

disc(s;) > ~disc(Fo) > 
2
!

0
n 1

/
2

. 

The theorem is proved. D 

2.4 Cornparison of the two constructions and open problerns 

In this paragraph we will briefly discuss the aspects in which the construction of Hebbinghaus 
improves the construction from Section 2.2. There are two aspects to mention: 

• Both constructions need to guarantee for each constructed set SE &o that IBI = O(n). 
In the original construction, we have always chosen the differences d1, dg such that 
dg < di and that led to the use of the third arithmetic progression. The Hebbinghaus' 
construction uses much useful characterization (Lemma 2.14), which allows us to choose 
the difference for the second arithmetic progression larger than for the first. 
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• The lengths of the arithmetic progression in the original construction are "fixed" . The 
first arithmetic progression always tries to cover the whole [O, n/6] interval. In the Heb
binghaus' construction, the concept of varying lengths of arithmetic progressions is 
introduced, the decrease of the length of the first progression can be traded for the 
increased length of the second. 

It was shown that the discrepancy of sum of k arithmetic progressions is bounded from 
below by O( y'n), for k > 2. However, there is still a small gap between this lower bound and 
the O( Jn log n) upper bound. Further improvement of the lower bound seems unlikely, so an 
obvious conjecture is that the correct order of the discrepancy is vn. 
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Chapter 3 

Monochromatic Components in 
Two-colored Grids 

This chapter is based on the following paper: 

[MP07] J. Matoušek and A. Přívětivý. Large Monoc}:iromatic Components in Two-colored 
Grids, Eurocomb'07, to appear. 

We investigate the parameter mcck(G) for special class of grid graphs with diagonals. 
First we consider a d-dimensional triangulated grid T~ and prove the following theorem: 

Theorem 3.1 For an arbitrary 2-coloring of the vertices of a d-dimensional triangulated grid 
T~, n > 3, there exists a monochromatic connected subgraph with n:/a1 

vertices. 

Then, we consider the d-dimensional grid with all diagonals of the unit cubes added. In this 
case we show that the horizontal-layer coloring is almost optima! (the remaining lower-order 
term is probably an artifact of the proof method): 

Theorem 3.2 For an arbitrary 2-coloring of the vertices of the grid with diagonals D~, there 
exists a monochromatic connected subgraph with at least nd-l - d2nd-2 vertices. 

3.1 Topological preliillinaries 

Here we present some material from elementary algebraic topology. We briefly recall even 
very standard things in order to make the thesis more accessible; see, e.g., [HatOl] or [Mun84] 
for more details and background. 

Simplicial complexes. A (geometrie) simplex u is the convex hull of a finite affinely 
independent set A in some Rd. The points of A are the vertices of CJ. The dimension of CJ is 
dim u := IAl-1. Thus a k-simplex (k-dimensional simplex) has k+ 1 vertices. The convex hull 
of an arbitrary subset of vertices of a simplex CJ is a face of u (every face is itself a simplex). 

A nonempty family K of simplices is a (geometrie) ~implicial complex if the following two 
conditions hold: 

1. Each face of any simplex CJ E Kis also a simplex of K. 

29 
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2. The intersection a 1 n a2 of any two simplices u1, u2 E Kis a face of both u1 and a2. 

In this thesis we consider only simplicial complexes with finitely many simplices. A subcomplex 
of a simplicial complex K is a subset L of the simplices of K that constitutes a simplicial 
complex. 

The union of all simplices in a simplicial complex K is the polyhedron of K and it is 
denoted by llKll· In this situation Kis called a triangulation of the topological space llKll· 

The vertex set of K, denoted by V(K), is the union of the vertex sets of all simplices of 
K. The graph of K, denoted by G(K), has vertex set V(K) and two vertices are connected 
by an edge if they are contained in a common 1-simplex (edge) of K. 

Simplicial maps and simplicial approximation. Let K and L be simplicial complexes. 
A simplicial map of K into L is a continuous map f: llKll -; llLll· such that the image of 
every simplex a E K is a simplex of L (and in particular, every vertex of K is mapped to a 
vertex of L), and moreover, f restricted to each simplex u E Kis an affine map. 

Let K and K be simplicial complexes. We call K a refinement of K if llkll = llKll and 
every simplex of Kis contained in some simplex of K (and thus for every nonempty simplex 
u of K there is a subcomplex of K that is a triangulation of u). 

We will need the following proposition, which is a variation of the standard simplicial 
approximation theorem. 

Proposition 3.3 Let K and L be simplicial complexes and let f: llKll -; llLll be an arbitrary 
continuous map. Then there is a refinement K of K and a simplicial map J of K into L such 
that 

( *) If O" E K is a simplex such that f (u) is completely contained in some simplex T E L, 
then J maps all vertices oj K lying in u to vertices oj r. In particular, if f (v) E V(L) 
for some v E V(K), then f(v) = f(v). 

The usual simplicial approximation theorem also yields J homotopie to f (but we don't 
need this part). On the other hand, condition ( *) doesn 't appear in the formulations of 
the simplicial approximation theorem in the literature, but it immediately follows from the 
standard proof; see, for example, [HatOl] or [Mun84]. 

A variant of the HEX lemma. Let T be a 2-dimensional simplicial complex with llTll 
homeomorphic to B 2, the unit disk in the plane, and let CT be the cycle in the graph G(T) 
corresponding to the boundary of B 2• (So G(T) can be drawn in the plane with the outer 
face bounded by CT and with all inner faces being triangles.) We need the following variant 
of the HEX lemma: 

Lemma 3.4 Let T and CT be as above, and let the vertices oj T be colored red and blue. 
Let the vertices of be partitioned into Jour sets, forming consecutive segments along CT (see 
Fig. 3.1), as follows: a set A oj red and blue vertices, a single red vertex u, a set B oj red 
and blue vertices, and a single red vertex v. If there is no blue path (path consisting oj blue 
vertices) from A to B, then u and v are connected by a red path. See Fig. 3.1 

Proof. The case where C has four vertices ( and thus A and B are singletons) and A and B 
are blue is Claim 6.1.4 in [MN98]. The case of A, B arbitrary reduces to the previous case by 
adding two new vertices a and b in the outer face (Fig. 3.2), coloring them blue, connecting 
a to all vertices of A U {u, v} and b to all vertices of B U {u, v}. D 
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Figure 3.1: A variant of the HEX lemma 

Figure 3.2: A reduction to the 4-cycle case. 
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Gluing a disk preserves simple connectedness. We will also need the following simple 
fact. 

Lemma 3.5 Let K be a simplicial complex and let Ko and D be subcomplexes oj it, such 
that K= KoUD, the polyhedron llDll is homeomorphic to the disk B 2 , and the corresponding 
homeomorphism maps the boundary circle oj B 2 to llD n Koll· {Less formally, llKll arises by 
taking llKoll and gluing to it a disk along the boundary.) Then if Ko is simply connected, then 
K is also simply connected. 

This is a simple instance of more general facts about the fundamental group and follows 
easily from the Seifert-Van Kampen theorem; see, e.g., Proposition 1.26 in [HatOl] (in the 
lemma we glue the boundary in a one-to-one fashion but this assumption is not needed). The 
result is also quite intuitive: If 'Y is a loop in llKll, and if x is a point in the interior of llDll 
not belonging to '-y, we can "push" the part of 'Yin D away from x to the boundary of llDll so 
that it becomes a loop in llKoll, which can be contracted by the simple connectedness of Ko. 
The existence of x is not entirely unproblematic since 'Y could be a space-filling curve, but 
here a simplicial approximation theorem, say, allows us to replace such a pathological loop 
by a piecewise polygonal one. 

3.2 Monochrornatic connected separators 

We recall that a topological space X is simply connected if each continuous map f : 8 1 --+ X 
can be extended to a continuous map f: B 2 --+ X (81 denotes the unit circle, the boundary 
of B 2). A simplicial complex K is simply connected if the topological space llKll is simply 
connected. 

Here is the main result of this section. 

Proposition 3.6 Let G = G(K) be the graph of a (finite) simply connected simplicial complex 
K. For an arbitrary coloring of V(G) by two colors there exists a monochromatic connected 
separator, that is, a subset S C V ( G) such that all vertices in S have the same color, the 
subgraph induced by Sis connected, and each component of G\S has at most ~IV(G)I vertices. 

We need the following lemma. 

Lemma 3.7 Let G be a graph as in Proposition 3.6 with V(G) colored red and blue. Let C 
be a cycle in G, let u, v E V (O) be two distinct red vertices, and let A and B be the two 
connected components ( arcs) of C \ {u, v}. lf there is no blue path from a vertex of A to a 
vertex of B in G, then u and v are connected by a red path. 

Proof. The goal is to apply Lemma 3.4. Let us choose a triangulation T with llTll homeomor
phic to the unit disk and with the boundary cycle CT such that CT has the same length as C. 
Let /o: V(CT)--+ V(C) be an isomorphism of the two cycles, and let/: llCTll-+ llCll be the 
(unique) extension of fo to a simplicial map. (So here we also regard CT as a 1-dimensional 
subcomplex of T and C as a 1-dimensional subcomplex of K.) Since llTll is homeomorphic to 
B 2 and since Kis simply connected, f can be extended to a continuous map/: llTll --+ llKll· 

Applying our version of the simplicial approximation theorem (Proposition 3.3) to the 
mapping /, we obtain a refinement Ť of T and a simplicial map j of Ť into K. Let CT be 
the subcomplex of Ť that refines CT (so llCTll = llCTll is the boundary of the disk llTll). 
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According to condition (*) in Proposition 3.3, we have j(v) = f(v) for every vertex v of 
CT, and for every edge (1-simplex) e of CT with vertices u and v, all vertices of ČT lying in 
e are mapped by j to either f(u) or f (v). 

Each vertex of Ť is mapped to a vertex j(v) E V(G) since j is a simplicial map, so we 
can define the color of each v E V (Ť) as the color of j (v). We note that if x1, x2, ... , Xk is 
a monochromatic path in Ť, then j(x1), j(x2), ... , j(xk) is a monochromatic walk in G. A 
monochromatic walk can be shortcut to a monochromatic path. 

Now we check that Ť, ČT, and the two.red vertices UT = 1-1(u) and VT = 1-1(v) 
satisfy the conditions of Lemma 3.4. Since the two components A and B of C \ {u, v} are not 
connected by a blue path in G, it follows that the two components of Č \ {UT, VT} are not 
connected by a blue path in Ť either. Therefore, by Lemma 3.4, UT and VT are connected by 
a red path, and u and v are connected by a red path too, as claimed. O 

Proof of Proposition 3.6. If the vertices of G are colored with only one color, we can take 
V ( G) for S and we are done. Otherwise, we choose S as the vertex set of a monochromatic 
connected subgraph of G that is 

• inclusion-maximal (no vertex of the same color can be added), and 

• such that the largest component G1 of G\ S has th~ smallest possible number of vertices. 

Without loss of generality, let S be colored blue. 
We claim that G1 has at most than !IV(G)I vertices. For contradiction, we thus assume 

IV(G1)I > !IV(G)I. We define S' as the union of all inclusion-maximal red connected sub
graphs of G1 that have at least one vertex connected to S (so S' is the "red foam" on the 
blue surface of S facing G1). We will show that S' is "better" than S; namely, that S' induces 
an inclusion-maximal connected red subgraph of G and the largest component of G \S' is 
smaller than G1. The set S' is red by definition. 

Next, we show that S' induces a connected subgraph (then it will also be clear that it is 
inclusion-maximal, by the choice of S'). It suffices us to show that any two vertices u and 
v of S' are connected by a red path in G. Moreover, it suffices us to show this only for u 
and v that are both connected to S by an edge. Let u' E S be a blue neighbor of u and let 
v' E S be a blue neighbor of v. Since S is a blue connected subgraph, there is a blue path 
P1 connecting u' and v'. Since G1 is connected, u and v are connected by a path P2 in Gi, 
which is is vertex-disjoint from P1. The path P2 may consist of vertices of both colors, but 
there is no blue path from a vertex of P2 to P1 (by the inclusion-maximality of S). The paths 
P1 and P2 together forma cycle Cin G. The graph G and the cycle C satisfy all conditions 
of Lemma 3.7, and so we have a red path connecting u and v. Hence S' indeed induces a 
connected subgraph. 

Each component of G\S' is contained either in G1 \S', or in G\G1. We have IV(G1)\S'I < 
IV(G1)I since S':/= 0, and IV(G) \ V(G1)I < !IV(G)I. Thus the largest component of G \S' 
is strictly smaller than Gi, and this contradicts the choice of S. O 

3.3 n: as the graph of a simply connected complex 

In order to apply Proposition 3.6 to some graph G, we need to know that G is the graph of a 
simply connected simplicial complex. This is obviously true for T~, a graph of a triangulated 
grid, but for D~, the grid with all diagonals, this has to be established. (One could say that 
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this is a somewhat artificial-looking way of proving a purely combinatorial statement about 
D~, but it is a convenient one). 

Lemma 3.8 For all n, d > 2 there exists a simply connected (2-dimensional) simplicial com
plex K such that D~ is (isomorphic to) the graph of K. 

Let us note that the simplicial complex K constructed in the proof below cannot be 
embedded in Rd and it is probably quite hard to visualize. 

Proof. First let us fix a triangulation T of the grid, i.e. a geometrie simplicial complex 
refining the subdivision of [1, n]d into unit cubes as in the definition of the graphs T~. Let 
Ko be the 2-skeleton of it (consisting of all simplices of this T~ of dimension at most 2). 
This Ko is simply connected since T is and the fundamental group of a simplicial complex is 
determined by the 2-skeleton. 

Let E = E(D~) \E(Ko) be the set of all edges of D~ not present in Ko, and let e1, e2, ... , et 
be an enumeration of E such that shorter edges precede longer ones; that is, i < j implies 
lleill1 < llejll1, where we write llell1 = E%=1 luk -vkl for e = {u,v}. 

We are going to define a sequence Ko, Kl, ... , Kt of simplicial complexes inductively, and 
K= Kt will be as in the lemma. The simplicial complex Ki is obtained from Ki-1 by adding 
the edge ei plus two triangles having ei as a common edge, while the remaining four edges 
of the triangles are already present in Ki- l · The added part is topologically a disk glued to 
llKi-1 li by its boundary, and so by Lemma 3.5 we inductively get that each Ki is simply 
connected. We also have E(Kt) = E(D~). It remains to check that the two triangles can 
indeed by added as described. 

Let us write ei = {u, v}, let a = min{k E [d] : Uk =I= vk} and b = max{ k E [d] : Uk =I= vk}· 
Since all edges e E E(D~) with llell1 = 1 are already present in Ko, we have lleil11 > 2 and 
thus a < b. Let x, y E [n]d be the vertices 

The edges {u, x}, { x, v}, {u, y}, and {y, v} all belong to E ( D~) and have length strictly 
smaller than lleill, and hence they are present in Ki-1· The two triangles added to Ki-1 to 
form Ki are {u,x,v} and {u,y,v}. O 

3.4 Isoperirnetric inequalities 

For a graph G the and a set A C V ( G), the vertex boundary of A in G is the set 

vert-bdo(A) = {v E V(G) : v~ A, {u, v} E E(G) for some u E A}. 

An isoperimetric inequality for G (or more precisely, a vertex-isoperimetric inequality) bounds 
from below the quantity min{vert-bda(A): AC V(G), IAI =s} as a function of s. 

The ordinary grid. Let G~ be the graph of the ordinary grid (not triangulated). Explicitly, 
V(G~) = [n]d and u, v E V(G~) are connected by an edge if llu - vll1 = Ef=1 lui - Vil = 1. 

A vertex-isoperimetric inequality for G~ was established by Bollobás and Leader [BL91b]. 
For stating it, we define the simplicial order on [n]d by setting x <simpl y if either Ef=1 Xi < 

Ef=1 Yi, or if Ef=1 Xi = Ef=1 Yi and x precedes y lexicographically; that is, for some i E [d] 
we have Xj = Yj for j = 1, 2, ... , i - 1 and Xi < Yi· 
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Theorem 3.9 ([BL91b]) For every AC [nd] we have lvert-bda~ (A)I > lvert-bda~ (Isimp1(IAl))I, 
where Isimp1(s) denotes the set of the first s elements of [n]d in the ordering <simpl· 

To bound from below the size of the vertex boundary of arbitrary set AC [n]d we use the 
following lemma: 

Lemma 3.10 Let A C [n]d with IAI = {3nd. Then we have lvert-bda~ (A)I > IL~(if3)1 -
IL~- 1 (i1;2)I. 

Proof. By Theorem 3.9 it suffices to prove the statement only for A of the form lsimp1(IAI). 
Then A is a subset of the union of the first if3 diagonal layers and the first if3 - 1 layers are 
fully contained in A. 

Let us write D for the intersection of A with L~(i(3)· If D = 0, then vert-bda~ (A) = L~(i(3) 
and we are done. If D :/: 0, then vert-bdad (A) is a disjoint union of two sets B1 and B2, where 

n 

B1 C L~(i(3) and B2 C L~(i(3+1). It is easy to check that B1 = L~(i{3) \ D and if we show 
that IB2l > IDI - IL~- 1 (i1;2)I, we are done. 

Let D' be D shifted by 1 in the first component; that is, D' = D + (1, O, ... , O). Similarly, 
let L' be L~(i{3) + (1, O, ... , O). Since D' CL', we have D' \ [n]d C L' \ [n]d and from the fact 
D' n [n]d C B2 we arrive at IB2l > IDI - IL' \ [n]dl· 

The rest follows from the fact that L' \ [n]d is exactly·a copy of the set L~- 1 (if3 - n), which 
has always smaller size than the middle layer L~- 1 (i 1;2 ) as will be shown in Lemma 3.11. O 

Let us remark that some error term in the previous estimation of vert-bdad (A) is needed. 
n 

For example, vert-bda~(Isimp1(21)) = 5 for the case n = 3, d = 3, but IL~(i21/21)I = 6. 

Lemma 3.11 For any n, d E N the following hold: 

{a) IL~(<n~l)d-i)I = IL~((n~l)d+i)lforeveryi = 0,1,2,„., and therefore, ii;2 = 

r (n~l)dl. 

(b) The function i ...... IL~(i)I is non-decreasing on integers i < rcn~l)dl = i1;2 and non
increasing on integers i > l (n~l)d J . 

Proof. 
(a) The function f ((xi, ... , Xd)) = (n + 1 - xi, ... , n + 1 - xd) maps L~ (<n~l~d - i) to 

L~ (<n~l)d + i) and it is easy to check from definition that i 1; 2 = pn~l)dl 
(b) The proof is by induction on d. For d = 1, 2 and any n > 1 the statement trivially 

holds. Fix some n and d > 2. We can partition arbitrary set L~(i) into n sets Li, ... , Ln 
according to the last component of the vertices; that is 

Lt = {x E L~(i) : Xd = t} for all t E [n]. 

It is easy to check that each Lt is isomorphic to L~- 1 (i - t) and thus 
n n 

IL~(i + 1)1- IL~(i)I - E IL~- 1 (i + 1 - t)I - E IL~- 1 (i - t)I 
t=l . t=l 

- IL~-1(i)l - IL~-1(i - n)I· 

We distinguish four cases: 
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1. If i< r<n+l1(d-l)l then by the inductive hypothesis we have IL~- 1 (i - n)I < IL~- 1 (i)I· 

2. If r<n+l~(d-lq <i< r<n~l)dl then by (a) we have 

IL~- 1 (i)j = jL~- 1 ((n + l)(d - 1) - i) I 

and since 
(i - n) < (n + l)(d - 1) - i< r(n + l~(d - l)l 

we have by the inductive hypothesis 

3. If l (n~l)d J < i < l (n+l~d+l) + n J then by (a) we have 

jL~- 1 (i - n)I = IL~- 1 ((n + l)(d-1) - (i - n))I 

and since 
i > (n + l)(d - 1) - (i - n) > l (n + l~(d - l) J 

we have by the inductive hypothesis 

4. Ifi > l(n+l~(d+l)+nJ then bytheinductivehypothesiswehave IL~- 1 (i-n)I > IL~- 1 (i)I· 

o 

Proposition 3.12 For every o: E (O,}) and every AC [n]d with o:nd < IAI < (1 - o:)nd we 
have lvert-bda~ (A)I > IL~(i1-a)l -1Ln-1(i1;2)l. 

Proof. Let IAI = f3nd. By Lemma 3.10 we have lvert-bda~ (A)I > IL~(it3)l - IL~- 1 (i1;2)I. If 
a < /3 < !, then also i0 < it3 < ii;2 and by Lemma 3.11 we have IL~(it3)1 > IL~(i0 )l. Similarly, 
for ! < f3 < (1 - a) we have IL~(it3)1 > IL~(i1-a)I. Since i1;2 < (n + l)d - Ía < i(1-a)' by 
Lemma 3.11 we have IL~(ia)I = IL~((n + l)d-ia)I > IL~(i(1-a))I, and thus lvert-bda~ (A)I > 
IL~ ( i(l-a)) I - IL~-l ( il/2) I· D 

The grid with diagonals. Here we derive the following vertex-isoperimetric inequality: 

Proposition 3.13 For any set A C [n]d with !nd < IAI < ind we have jvert-bdn~(A)I > 
d-1 d2 d-2 n - n . 

We are going to derive this result from an edge-isoperimeric inequality for the ordinary 
grid G~. For AC [n]d, let 

edge-bd0 d(A) = {{u,v} E E(G~): u E A,v ~A} 
n 

be the edge boundary of A in G~. 
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Theorem 3.14 {Bollobás and Leader [BL91a]) Let AC [n]d. Then 

{

4IAl/n for IAI < nd/4, 
ledge-bda~(A)I > nd-l for nd/4 < IAI < 3ndj4, 

4(nd - IAl)/n for IAI > 3nd /4. 

First we show, following [BL91b] almost verbatim, that it suffices to prove Proposition 3.13 
for sets A that are down-sets. We begin with the necessary definitions from [BL91b]. 

A set A C [n]d is a down-set if x E A implies y E A for all y E [n]d satisfying Xi < Yi for 
all i E [d]. For A C [n]d and 1 < i < d, let the i-section of A at x e [n]d-l be defined as 

Ai(x) = {t E [n] : (xi, ... , Xi-1, t, Xi, ... , Xd-1) E A}. 

For A C [n]d and 1 < i < d, let the i-compression of A be defined by giving its i-sections: 

for all x E [n]d-l. 

In other words, Ci "compresses" each i-section of A downwards. We note that ICi(A)I = IAI, 
and it is also easy to check that if a set A is i-compressed, then so is Cj(A). So the set 
A'= Cn(Cn-1( ... C1(A) .. . )) is i-compressed for every i_ E [d], and thus it is a down-set. 

Lemma 3.15 Let A C [n]d. Then there is a down-set A' C [n]d with IA'I = IAI and 
lvert-bdv~ (A') I < lvert-bdv~ (A) I· 

Proof. For A C [n]d, let N(A) =A U vert-bdv~(A) denote the closed neighborhood of A. 
By the above remarks it suffices to prove that IN(Ci(A))I < IN(A)I for all A C [n]d and all 
i E (d]. 

Let us write B for Ci(A). The case d = 1 is easy; we have IN(A)I > IAI + 1 = IN(B)I for 
all AC [n] apart from A= 0 and A= [n]. For A= 0 and A= [n] we have IN(A)I = IAI = 
IBI = IN(B)I. 

For d > 1 it is sufficient to show that for each x e [n]d-l we have 

Fixing an arbitrary x e [n]d-l, 

u 
yE[n]d-l:lly-xlloo~l 

and 

u 
yE[n]d-l:lly-xlloo~l 

The sets N(Bi(y)) are initial segments of [n], hence they are nested, and thus 

l(N(B))i(x)I < max IN (Bi(y)) I· 
yE[n]d-l:lly-xlloo~l 

From the one-dimensional case we know 
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and therefore, 

o 
Proposition 3.13 now follows from Theorem 3.14, the previous lemma, and the next one: 

Lemma 3.16 Let AC [n]d be a down-set. Then lvert-bdvg (A)I > ledge-bd0~ (A)I - d2nd-2• 

To prove this lemma we need the following claim: 

Claim 3.17 Let A C [n]d be a down-set. Then ledge-bda~ (A) I < dnd-l. 

Proof. For any edge {u, v} E edge-bdad (A) there is a unique i-section A i ( x) that contains 
n 

both of the vertices u and v. Since A is a down-set, there is at most one edge e E edge-bd0 d (A) 
n 

in every i-section, and we have dnd-l different i-sections in [n]d. O 

Proof of Lemma 3.16. Let 

E = edge-bdad(A) \ {{u,v} E E(G~): Ui = Vi = n for some i}. 
n 

We show that E can be injectively mapped into vert-bdvd(A). Let us construct a mapping 
n 

f: E ~ [n]d in the following way: For arbitrary edge {u, v} E E, let i be the number of the 
component in which u and v differ by 1, and without loss of generality, let Ui < Vi· Then we 
put 

f({u,v}) =u+ (1, 1, ... , 1,0, ... ,O). 
~ 

itimes 1 

It is easy to check that Uj < n for j < i, and hence z = f ( {u, v}) E [n]d indeed. We have 
u E A and v ~ A. If we had z E A, then since A is a down-set and Vi < Zi for all i E [d], 
it would follow that v E A as well. Thus z ~ A, and since llu - zlloo = 1, we arrive at 
f({u,v}) E vert-bdvd(A). 

n 
Now we suppose for contradiction that there exist two edges {u1,v1}, {u2,v2} E E that 

are mapped by f to the same vertex z. Let i1 be the number of the component where u1 and 
v1 differ by 1 and let i2 be the number of the component where u2 and v2 do so. Without loss 
of generality let il < i2. Then 

is in all components less or equal to 

and since A is a down-set, u1 E A implies v2 E A. This contradiction shows that f is injective 
as claimed. 

It remains to estimate the size of E. For i E [d] let us put Fi = { {u, v} E edge-bdad (A) : 
n 

Ui = Vi = n }. It is easy to see that 

where 
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Since Ai is a down-set, Claim 3.17 gives IFil < (d - l)nd-2, and thus 

d 

IEI > ledge-bda~(A)I- 2:1Fil > ledge-bd0~(A)l-d(d- l)nd-2
, 

i=l 

which is even slightly better than claimed in the lemma. o 

3.5 Proofs of Theorems 3.1 and 3.2 

Monochromatic connected separators again. We will need the following standard con
sequence of Proposition 3.6. 

Corollary 3.18 Let G be the graph oj a simply connected simplicial complex, and let V(G) 
be colored red and blue. Then there exists a partition oj V(G) into three disjoint sets A, B 
and S such that 

• no edge connects a vertex of A to a vertex oj B, 

• S is a monochromatic connected subgraph oj G, and 

• IAI, IBI < ilV(G)I. 

Proof. Let S be as in Proposition 3.6, and let Vi, V2, ... , Vm be the vertex sets of the 
components of G \S ordered by size in the descending order. Let i be the largest index with 
IV1UV2U ... Ul/il < glV(G)I. Then IV1I+· · ·+lllil < glV(G)I and IVi+2I+· · ·+IVml < !IV(G)I. 
Let us put A= V1 U V2 U··· U Vi and B = V\ A\ S. Obviously, IAI < glV(G)I, and since 
IV(G)I - IBI > IAI > IVi+1I and IBI = IVi+1I + IVi+2I + · · · + IVml < llli+1I + !IV(G)I, we 
arrive at IBI < glV(G)I too. D 

Proof of Theorem 3.1. We consider a two-colored graph T~ as in the theorem and· a 
partition V(T~) =AUBUS as in Corollary 3.18 (Sis a monochromatic connected separator). 
We may assume IBI < !nd, for otherwise, we would be done. Then IAI or IBI is between !nd 
and gnd; let us fix the notation A, B so that !nd < IAI < gnd. 

We now consider the grid graph G~ as a subgraph of T~. We have S :::> vert-bdT~(A) :::> 

vert-bda~ (A), and lvert-bda~ (A) I > IL~(i2;3)l-IL~- 1 (i1;2) I by Proposition 3.12. The required 
estimates for IL~(i2;3 )1 and IL~- 1 (i 1;2 )1 are established in the section 3.6. Theorem 3.1 is 
proved. O 

Proof of Theorem 3.2. We consider a 2-coloring of the graph D~. Lemma 3.8 tells us 
that D~ is the graph of a simply connected simplicial complex, and so using Corollary 3.18 
we again find a partition V(D~) =A U BU S. We may. assume IBI < ind, for otherwise, we 
would be done. We can again assume !nd < IAI < gnd, and using Proposition 3.13 we get 
IBI > lvert-bdD~ (A) I > nd-l - d2nd-2. Theorem 3.2 is proved. O 
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3.6 Bounding the size of diagonal layers 

Here we derive ~ymptotic bounds for the size of the diagonal layers IL~(i1;2)I and IL~(i2;a)I, 
using a quantitative version of the central limit theorem. However, the estimated quantity is 
of a quite basic nature and it might well be that considerably more precise results are known. 

Let us recall that L~(i) = {x E [n]d: E1=l Xj =i} and ia =min{ i: Ej:s;i IL~(j)I > and}. 
We prove the following estimates: 

Proposition 3.19 There exist constants C > c >O such that for all n > 1 and all d we have 

We use the following quantitative version of the central limit theorem by Feller [Fel43]. 

Theorem 3.20 Let X1, ... , Xd be independent random variables and suppose that their sec
ond moments a~, ... , a~ exist. Let Sd = X1 + ... + Xd and s~ = a~ + ... +a~, let Fd(t) = 
Prob[Sd < t] be the distribution function of Sd and let <P( u) be the distribution function of the 
standard normal distribution. Let there exist a non-increasing sequence A1, ... , >..d, such that 
IXkl < >..ksk for k= 1, „., d. 

If O < Adu < (3 - v'S) / 4, then 

1 - Fd( usd) = e-(l/2)u
2

Qc1(u) ( (1 - ~(u))+ 8.Xde-(1/ 2)u
2

) • 

Here 8 has an upper bound independent of the sequence {Xk} and oj d; furthermore 

00 

Qd(u) = Lqd,11u11 

11=1 

where coefficient qd,v depends only on the v first moments of X1, ... , Xd. 
If, more particularly, 

then 

181<9 

and 

M oreover, for any O < i < j < d we ha ve 

Let us assume that n is odd, n = 2k + 1; the case of even n is similar. Let us consider the 
sequence of independent random variables Xi, ... , Xd, where each Xi is uniformly distributed 
on the set of integers {-k, -k+ 1, ... , k}. For this sequence X1, ... , Xd we define Sd, Fd, sd 
as in Feller's theorem. It is easy to see that ndFd (t- ndtd) = Ef=o IL~(i)I for all t E N. 
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In our ca.se ljk < sd < ../dk, so we can put >.d = ~· For O< u< 1 and d > 106 it is seen 

that AdU < 360 and thus 

So we arrive at 

e-ad-1/2 < e-!u2Qd(u) < e3d-1/2 

1 - 3d-1/2 < e-!u2Qd(u) < 1+4d-1/2. 

From 

we derive 

1 - Fd(usd) < ( 1+4d-1! 2) (i - ~(u)+ 27d-1!2) 

Fd(usd) > ~(u) - 32d-1/2 

and also 

1 - Fd(usd) > ( 1 - 3d-1! 2) ( 1- ~(u) - 27d-112) 

Fd(usd) < ~(u)+ 32d-1/2. 

Let q1 = ~-1 (0.7) and q2 = ~-1 (0.8); both of them satisfy O < qi, q2 < 1. Then the i-layers 
for i E [Lq1sd+ ndtdJ, rq2sd+ ndtdl] contain together at least 31ond vertices, since 

Fd(q2sd) - Fd(q1sd) > q>(q2) - 32d-1/2 - ~(q1) - 32d-112 

= 1/10 - 64d-1/2 > 1/30. 

There are at most (q2sd - q1sd) < kd112 such layers, so the largest of them, L~(q1sd + ndld), 
contains at least 15J172 nd-l vertices. Now the ith layer for i = q1sd + ndld cuts off a set of 
size at least ind from the grid, since 

Fd(q1sd) > q>(q1) - 32d-112 

- 7 /10 - 32d-1/2 > 0.668 > 2/3. 

Thus, IL~(i2;a)I > IL~(q1sd + ndld)I and therefore, IL~(i2;a)I > 15J172nd-l. Let us remind 
that during all the previous steps we still assume that d > 106 . 

In the following proposition we show the upper bound on the size of the middle layer. To 
prove this, we need to show that two consecutive layers cannot differ too much in size. 

Lemma 3.21 For any n, d, i E N the following hold: 

(a) IL~(i1;2)I < 10oon~1 , 
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(b) IL~(i)I - IL~(i + 1)1 < IL~- 1 (i - n)I < 20oon~2 • 

Proof. First we show that IL~(i)l- IL~(i+ 1)1 < IL~- 1 (i-n)I < IL~- 1 (i1;2)I. Let L' be L~(i) 
shifted by 1 in the first component, i.e. L' = L~(i) +(1, O, ... , O). Since (L'n[n]d) C L~(i+ 1), 
we arrive at IL~(i)I - IL~(i + 1)1 < IL' \ [n]dl· It is easy to check that L' \ [n]d is exactly a 
copy of the set L~- 1 (i - n), which has always smaller size than the middle layer L~- 1 (i 1;2 ). 
The rest of (b) follows from (a). 

To prove (a) for d < 106 , we note that size of any layer L~(i) is bounded above by nd-l 

and for d < 106 we have nd-l < 10oon~1 • To prove (a) for d > 106 , we estimate the size of 

the i consecutive layers L~ (i) for i E [ i1;2, il/2 + i J : 

< (<» (__!!:__) + ~) - (q> (O) - E..) 
6sd Vd Vd 

< q> (~) - q>(O) + ~ 
Vd Vd 

< _1_ ( rd-1/2 e-(1/2)y2 dy) + 64 
v'27r lo vid 

< 65d-1/ 2 . 

Among the n/6 layers the size of the smallest layer L~ (i1; 2 +i) is at most 

I ( 
n) I 65d-1/2nd nd-1 

L~ i 1;2 + 6 < n/6 < 400 Vd . 

Using (b) we estimate the size of the middle layer as 

IL~(i1;2)I < IL~ (i1;2 +~)I+; (20oon~
2

) 
nd-1 

< 1000 Vd. 

3. 7 An upper bound for certain triangulated grids 

o 

In this section we show that there exists a triangulated grid T~ in which every edge connects 
either two vertices from the same diagonal layer L~(i) or vertices from two consecutive di
agonal layers L~(i) and L~(i + 1). Thus, each monochromatic connected component in the 
diagonal-layer coloring of such T~ is contained in some L~(i). 

To see that such triangulation exists, we consider the arrangement A of the following 
hyperplanes: Hj = {x : Xi = j} for j E [n], i = O, ... , d, and Bj = {x : E Xk = j} for 
j = d, ... , nd. The vertices of this arrangement are of two types: the first type are the vertices 
formed as the intersection of d hyperplanes among Hj, and the second type are vertices formed 
as the intersection of one hyperplane Bj and d - 1 of the hyperplanes Hj. 

The vertices of the first type are exactly the grid points of [n]d. An intersection of d - 1 
hyperplanes HJ is either empty or a line parallel to one of the coordinate axes, and if we 
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intersect this line by some hyperplane Si we get a vertex with integral coordinates. Thus, if 
we restrict ourselves to the hypercube [1, n]d, the only possible vertices of our arrangement 
are the grid points of [n]d. polyhedral complex. Let C be the subcomplex of A consisting 
of all faces contained in [1, n]d. The union of all faces of C is exactly [1, n]d, C refines' the 
subdivision of [1, n]d into unit cubes, and it remains to refine C to a triangulation. This can 
be done, for example, using the bottom-vertex triangulation ( or canonical triangulation) of 
Clarkson [Cla98]. 

For each face F of C, which is a convex polytope, we define the bottom vertex v as the 
vertex of F with the lexicographically smallest coordinate vector. 

The bottom-vertex triangulation of C is defined inductively. For k > 1, we assume that 
all faces of C dimension at most k have already been triangulated (for k = 1 this is satisfied 
automatically, since the 1-dimensional faces are segments). Given a (k+ 1)-dimensional face 
F, we let v be the bottom vertex of F, and we triangulate F as follows. For each simplex u 
from the union of the triangulations of all proper faces of F, we consider the cone over u with 
apex v, that is, the simplex conv( u U {v}). Taking all of these simplices plus all simplices in 
the triangulation of all proper faces of F yields the bottom-vertex triangulation of F. 

It is not hard to verify that this indeed defines a simplicial complex refining C, and thus 
the desired triangulated grid T:. 
3.8 Open problems 

We have considered colorings of the vertices of [n]d by two colors. The case of d colors is 
essentially solved by the d-dimensional HEX lemma. A natural and, in our opinion, very 
interesting question is, what happens for colorings by k colors for 3 < k < d - 1? An obvious 
conjecture is that the minimum possible size of the largest monochromatic connected subgraph 
should be about nd+l-k in this case (for d and k fixed and n-+ oo), but at present we have 
nothing nontrivial to say about this question. 

A natural bound one would expect in Theorem 3.1 (for a triangulated grid) would be 
the size of the "middle diagonal layer" L~(i 1;2 ). However, our method yields only IL~(i2;3 )1. 
The improved bound of IL~(i 1;2 )1 would follow immediately by our method from the follow
ing conjecture: lf A C [n]d is such that removing it from the grid G~ leaves no connected 
component larger than ~nd, then IAI > IL~(i 1;2 )1. This doesn't seem to follow from the 
vertex-isoperimetric inequality for G~, since in principle, for example, we might have a situa
tion where G~ \A has three connected components of size about lnd each, and A is a common 
boundary of all three. While this or similar situations seem unlikely, we currently don't have 
a proof of the conjecture. We note that Kleitman [Kle86] proved a similar conjecture for the 
hypercube (that is, for the grid G~), but adapting his method to larger grids seems nontrivial. 



44 Monochromatic Components in Two-colored Grids 



Chapter 4 

How many points can be 
reconstructed from k projections? 

This chapter is based on the following paper: 

[MPS07] J. Matoušek, A. Přívětivý, and P. Škovroň. How many points can be 
reconstructed from k projections?, Eurocomb'07, to appear. 

First, we establish the following lower bound: 

Theorem 4.1 We have 
F(k) = 2n(k/ log k) 

for all k. Moreover, for every k there exists a finite set 'Pk oj nonzero polynomials in 2k 
variables and with integer coefficients such that if u1 = (xi, Y1), ... , Uk = (xk, Yk) are direc
tions with f (u1, ... , uk) = 20(k/logk), then (xi, x2, ... , Xk, y1, ... , Yk) is in the zero set of some 
polynomial in 'Pk· Consequently, almost all (in the sense oj measure) k-tuples oj directions 
u1, ... , Uk satisfy the stated lower bound. 

Then, we improve the upper bound on F(k) to Ck for suitable C < 2. To prove an upper 
bound we need to construct, for any k-tuple u1, ... , uk, two sets A and B with identical X
rays in these directions. It seems technically much easier to construct examples if we allow 
for multisets A and B. Thus, we also give a slightly better upper bound on Fmult(k). 

Theorem 4.2 We have F(k) < O(Ck) for C = 6113 ~ 1.81712 and Fmult(k) < O(Cf) for 
C1 = 198119 ~ 1. 79964. 

4.1 The lower bound 

The interchange graph. Let u1, ... , uk be fixed direction vectors, and let A c R 2 be a 
set with the minimum number of points n that is not uniquely reconstructible for u1, ... , Uk· 
Thus there exists another set Bc R 2 with the same X-rays in these directions. We note that 
A n B = 0 (if not, A\ B and B \A would be smaller indistinguishable sets). 

For each i = 1, 2, ... , k, we construct a perfect matching Ei between A and B in such a. 
way that for each edge {a, b} E Ei, the points a E A and b E B lie on the same line parallel 

45 
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to Ui. Thus, if a line ť in direction Ui contains a single point of A, and hence also a single 
point of B, these two points necessarily form an edge of Ei. If ť contains several points of A, 
these are matched arbitrarily, in a one-to-one fashion, to the points of ť n B (hence Ei need 
not be determined uniquely, but if there are several choices, we fix one once and for all). We 
note that Ei n Ej = 0 for i# j. 

We call the bipartite graph H with vertex set AUB and with edge set E(H) = E1U· · ·UEk 
an interchange graph for directions u1, ... , uk. It has 2n vertices and kn edges. 

For our exposition it will be convenient to consider the edges of an interchange graph to 
have colors: We say that an edge e E Ei has color i and we write c(e) =i. 

4.1.1 An algebraic necessary condition for interchange graphs 

We begin by recalling several notions from algebraic graph theory. 
-+ -+ . 

Let G = (V, E) be a directed graph. For an edge e = (u, v) E E, we write u = head(e) 
-+ 

and v = tail(e). The incidence matrix D = Da is an V x E matrix, with rows indexed by 
-+ 

vertices of G and columns indexed by edges, given by 

{

+1 if v= head(e), 

dv,e := -1 if v= tail(e), and 

O otherwise. 

A circulation in G is any vector in ker D, that is, a vector e E RE with ne= o. 
Further we recall that an orientation of an undirected graph G = (V, E) is a directed 

-+ 

graph (V, E) obtained by choosing, for every undirected edge {u, v} E E, one of its vertices as 
head and one as tail (more formally, for every {u, v} E E we have exactly one of the directed 

-+ 

edges (u, v) and (v, u) in E). For notational convenience we will use the same letter for an 
undirected edge e = {u, v} and for a directed version (u, v) of it. 

We begin with the following necessary condition for interchange graphs: 

Lemma 4.3 Let H = (V, E) be a subgraph of an interchange graph for directions u1, u2, ... , Uk, 
-+ 

and let let H be an arbitrary orientation of H. Then there exist reals ae, e E E, all of them 
-+ 

nonzero, such that for every circulation e in H we ha ve 

-+ 

L aeeex(uc(e)) =o, 
eEE 

and for every circulation '</; in H we ha ve 

L ae'l/JeY( Uc(e)) = O. 
eEE 

Here c(e) denotes the color of the edge e (inheritedfrom the interchange graph), and x(u) and 
y( u) denote the x-coordinate and y-coordinate, respectively, oj a vector u E R 2 . 

Proof. First we note that if G = (V, Ě) is a directed graph, e is a circulation in it, and 
z E R v is a vector indexed by the vertices of G, we ha ve 

L(zhead(e) - Ztail(e))ee =O. 
eeĚ 

(4.1) 
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This is immediate using De= O, because the sum equals zT De. (Or, perhaps more intuitively, 
the equality is obvious if e is an elementary circulation along a cycle, and the general case 
follows since every circulation is a linear combination of elementary circulations.) 

~ -
Next, let US consider H as in the lemma, and let e be a circulation in it. The vertices of 

H are points in the plane, and for every edge e E E we have (head(e) - tail(e)) = CleUc(e) for 
some ae #O, since the segment with endpoints head(e) and tail(e) is parallel to Uc(e)· Then 
the first equality in the claim of the lemma follows by applying (4.1) with zv := x(v) for all 
vertices v, while the second equality is obtained similarly using the y-coordinates. D 

Let D be the incidence matrix of a directed graph. By D- we denote D with the last row 
deleted. We note that since every column of D has one +1 and one -1, the sum of all rows of 
D is the zero vector, and thus each row is a linear combination of the others. Consequently, 
we have ker n- =ker D, and thus it suffices to "test" circulations using D-. 

Let H = (V, E) be a graph with n vertices and m edges and with edges colored by k 
colors. We define a polynomial matrix PH= PH(xi, ... , Xk, Y1, ... , Yk) with m + 2n - 2 rows 
and 2m columns, where the Xi and the Yi are variables: 

where X is an E x E diagonal matrix with the entry (e, e) equal to Xc(e)' Y is defined 
analogously with Yc(e)' and D is the incidence matrix of some orientation of H. 

Here is an algebraic condition for certain subgraphs of interchange graphs: 

Lemma 4.4 Let H = (V, E) be a subgraph of an interchange graph for directions u1, ... , Uk· 

Let us assume that IEI = 2n - 2, where n = IVI. Then PH is a square matrix and 

det(PH(x(u1), ... , x(uk), y(u1), ... , y(uk))) =O 

(we substitute the coordinates of the directions ui, ... , Uk for the variables in the matrix PH). 

Proof. Let us write PH= PH(x(u1), ... ,x(uk),y(u1), ... ,y(uk)). Supposing for contradic
tion that det(PH) ~ O, we get that the linear system PHq = b has a (unique) solution q for 

every right-hand side b E R 2m. Let us choose, in particular, b = ( ~), where w E RE is 

arbitrary (and O stands for an m-component zero vector), and let us also write q = ( ! ), with 

e' 'l/J E RE. u sing the definition of PH' we get that the system PHq = b is then equivalent to 

D-e = o, D-1/J = O, x( Uc(e) )ee + y( Uc(e) )'l/Je = We for all e E E. 

The first two equations say that e and 'l/J are circulations. Lemma 4.3 tells US that there exist 
nonzero ae, e E E, such that for every two circulations e, 1/J we have 

L ae ( x(uc(e))ee + y(uc(e))'l/Je) =O. 
eeE 

However' in view of the above, for every w E RE we can choose circulations e' 'l/J with 
x(uc(e))ee + y(uc(e))'l/Je = We for all e E E, and thus we have EeeEaeWe = O for all w. 
This forces ae = O for all e, though-a contradiction proving the lemma. D 
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Figure 4.1: Terms in det(PH) contributing the monomial µ. 

In order that the last lemma provide a nontrivial condition for the directions Ui, we need 
that the determinant of the matrix PH(x1, ... , Xk, yi, ... , Yk) is not the zero polynomial. The 
following section provides a sufficient combinatorial condition for this. 

4.1.2 A combinatorial necessary condition for interchange graphs 

Lemma 4.5 Let H = (V, E) be a subgraph oj an interchange graph for directions ui, ... , uk, 
and suppose that H has two color-disjoint spanning trees Ti and T2 (that is, c(ei) =F c(e2) for 
all ei E E(Ti), e2 E E(T2)). Then (x(ui), ... , x(uk), y(ui), ... , y(uk)) is in the zero set of a 
nonzero polynomial with integer coefficients ( depending on H). 

Proof. Without loss of generality we may assume that E = E(Ti) U E(T2). Writing n = IVI, 
we have IEI = 2n - 2, and so Lemma 4.4 tells us that that the vector of the coordinates of 
the Ui is in the zero set of det(PH ). It remains to check that det(PH) is not identically O. To 
this end, we verify that the monomial 

µ := ( fl Xc(e)) ( II Yc(e)) 
eEE(T1) eEE(T2) 

appears in det(PH) with coefficient ±1. Indeed, let us consider the expansion of det(PH) 
according to the definition of the determinant as a sum over all permutations of products. 
Since Ti and T2 are color-disjoint, if such a product should be a nonzero multiple of the 
monomial µ, it must use all the entries Xc(e) of the diagonal matrix X for e E E(T1), and 
also all the entries Yc(e) of the diagonal matrix Y for e E E(T2); see Fig. 4.1. This uniquely 
determines which entries are used from the top m rows of PH. In the next n - 1 rows, the 
entries must be taken from the submatrix D2 of n- corresponding to E(T2), and in the last 
n-1 rows the entries must be taken from the submatrix of D! corresponding to E(T1). Hence 
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the coefficient of µin det(PH) equals det(D}) det(D2)· By a standard fact (a special case of 
the matrix-tree theorem; see, e.g., Biggs [Big93]), the incidence matrix of any directed tree 
has determinant ±1, and the lemma follows. O 

4.1.3 Existence of two color-disjoint spanning trees 

The last building block in the proof of our lower bound for F(k) is the next proposition, 
essentially stating that every sufficiently dense· graph has a subgraph with two color-disjoint 
spanning trees. 

The graphs we will deal with throughout the proof will be disjoint unions of perfect 
matchings, so it is convenient to introduce the following terminology. A DUPM-graph is a 
graph G = (V, E) together with a fixed partition E = E1 U · · · U Ek of the edge set into 
perfect matchings on V ( we also keep referring to colors of edges as in the previous sections). 
In particular, we note that each vertex is incident to edges of all colors in a DUPM-graph. 
For an index set I C [k] and a subset WC V, we write G[I, W] for the subgraph induced by 

W on edges with colors in J, that is, ( W, (lf) n UieI Ei) (instead of G(J, V] we write just 
G[I]). This G[I, W] need not be a DUPM-graph in general, but in our considerations we will 
chaose W so that we do get DUPM-graphs. 

First, we give a simple proof with a weaker result than we need for the proof of The
orem 4.1. Then, in the next subsection, we will improve this result using more elaborate 
method. 

Proposition 4.6 Let G = (V, E1 U··• U Ek) be a DUPM-graph on n > 1 vertices. lf k > 
2log~n, then there exist disjoint index sets li,12 C [k] and a subset WC V, IWI > 2, such 
that the graphs G[I1, W] and G[I2, W] are both connected. 

Lemma 4.7 Let G be as in Proposition 4.6. Then there exist nonempty J C [k] and WC V, 
IWI > 2, such that H := G[J, W] is a DUPM-graph in which every edge cut has edges oj at 
least r := k/ log2 n colors. That is, for every partition of W into nonempty sets A and B, the 
edges in E(H; A, B) := {e E E(H) : e n A =F 0 =Fen B} have at least r distinct colors. 

Proof. We start with J1 = [k], V1 = V, and G1 = G, and for j = 1, 2, ... we repeat the 
following step: 

(Step j) We have a current DUPM-graph Gj on vertex set V; with edge colors 
in Jj. If there is a partition V; = A U B such that the edges in E( Gj; A, B) have 
fewer than r colors, we construct Jj+b V;+i, Gj+l as follows: 

• V;+1 is the smaller of the sets A and B (a possible tie broken arbitrarily); 

• Jj+l is Jj minus all colors appearing on edges in E(Gj;A,B); 

• GJ+l = GJ [V;+i, Jj+1]. 

Otherwise, if E(Gj; A, B) has at least r colors for every partition V; = AUB, then 
we set W = Vj, J = Jj and finish. 

It is clear that the resulting H = G[J, W] is a DUPM-graph, and actually that every 
vertex of H is incident to IJI edges, and also that every edge cut has at least r colors. It 
remains to check that J =F 0. First we observe that the algorithm must finish in at most log2 n 
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steps, since ll'J+1I < l~IVJIJ for all j. In each step the number of colors in Jj decreases by 
less than r, and hence I JI > k - r log2 n > O. The lemma is proved. O 

Now the following lemma will be sufficient to finish the proof of Proposition 4.6: 

Lemma 4.8 Let H be a DUPM-graph on n > 1 vertices and with at most k colors in which 
every edge cut has edges of at least s > 1 colors. Then there exists a set I of at most 

. (k 1.4k log2 n) min , 
s 

colors such that H[I] is connected. 

We postpone the proof and we establish the proposition first. 

Proof of Proposition 4.6. Given a DUPM-graph G = (V, E 1 U· · ·UEk) as in the proposition, 
we first use Lemma 4.7 and obtain a DUPM-graph H where every edge cut contains at least 
r = k/ log2 n colors ( and of course, H has at most n vertices and at most k colors). We apply 
Lemma 4.8 for the first time with s = r and we obtain a set li of at most 1.4k(log2 n)/r = 
1.4log~ n < r colors with H[I1] connected. In the DUPM-graph induced in H by colors not 
belonging to 11, every edge cut still has at least one color (since we have removed fewer than 
r colors), and so we can apply Lemma 4.8 for the second time with s = 1. This yields a set 
12 of colors disjoint from 11 and with H[I2] connected. This proves the proposition, and it 
remains to establish Lemma 4.8. O 

Proof of Lemma 4.8. If 1.4k(log2 n)/ s> k, then we can take J consisting of all the colors 
of H, since the condition on edge cuts guarantees that H[J] = H is connected. Sowe assume 
1.4k(log2 n) /s < k. 

The idea is to start with I = 0 and add colors to I one by one, in each step choosing 
a color that reduces the number of connected components of the current graph as much as 
possible, until we get a connected graph. 

More precisely, we set lo = 0, and for j = O, 1, 2, ... , we do the following: If H[Ij] is 
connected, we set I := Ij and finish. Otherwise, we let Íj be a color i maximizing cc(H[Ij]) -
cc(H[Ij U{i}]), where cc(G) denotes the number of connected components of a graph G. Then 
we set Ij+l := Ij U {ij}, and we continue with the next step. 

We need to show that we obtain a connected graph before exhausting more than the 
claimed number of colors. 

Let mj = cc(H[Ij]). We have m1 = n, and we claim that 

mi+l < mi ( 1 - ;k) 
whenever mj > 2. To see this, let Kl, K2, ... , Kmj be the connected components of H[Ij]· 
Let us say that Kt gets connected by color i if there is an edge of color i connecting Kj to 
the rest of H. Since the edge cut E(H; V(Kt), V\ V(Kt)) contains at least s colors (none of 
them in Ij, since Kt is a connected component of H[Ij]), the probability that any particular 
Kt gets connected by a randomly chosen color i is at least s/k. Hence in expectation at least 
q := mis/k components get connected, and thus there is a particular color i by which at least 
q components get connected. It is not difficult to check that by adding such a color i to Ij the 
number of components decreases by at least q/2, and thus mj+l <mj - q/2 < mj(l - s/2k) 
as claimed. 

Applying this inequality inductively gives mj< n(l - s/2k)i < ne-is/2k. This is at most 
1 for j = 2k(ln n) /s < 1.4k(log2 n) /s, and the lemma is proved. D 
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4.1.4 Better bound on existence of two color-disjoint spanning trees 

In the previous subsection we have shown, that a DUPM-graph with k > 2 log~ n perfect 
matchings guarantees existence of two color-disjoint spanning trees. In this subsection; we 
improve this bound to k = O(log2 n log2 log2 n). 

Proposition 4.9 Let G = (V, E1 U · · · U Ek) be a DUPM-graph on n > 1 vertices. lf k > 
6400 log2 n log2 log2 n + 1024 then there exist disjoint index sets li, 12 C [k] and a subset 
WC V, IWI > 2, such that the graphs G[Ii, W] and G[I2, W] are both connected. 

Lemma 4.10 Let G = (V, E1 U·· ·UEk) be a DUPM-graph on n > 1 vertices. Then there exist 
nonempty J C [k] and WC V,·IWI > 2,IJI > k/2, such that H := G[J, W] is a DUPM-graph 
in which every edge cut E(H; A, B) has edges oj at least rc,o(A, B) colors, where 

IAl+IBI k 
cp(A, B) = log2 min(IAI, IBI) and r = 2fog2 n. 

That is, j or every partition oj W in to nonempty sets A and B, the edges in 

E(H; A, B) := {e E E(H) : e n A-:/: 0 ~ e n B} 

have at least rc,o(A, B) distinct colors. 

Proof. For k = O, the statement trivially holds, so in the following we assume k > O. We 
start with Ji = [k], V1 =V, and G1 = G, and for j = 1, 2, ... we repeat the following step: 

(Step j) We have a current DUPM-graph Gj on vertex set Vj with edge colors 
in Jj. lf there is a partition Vj =A U B such that the edges in E(Gj; A, B) have 
fewer than rc,o(A, B) colors, we construct Jj+b VJ+i, Gj+l as follows: 

• Vj+1 is the smaller of the sets A and B (a possible tie broken arbitrarily); 

• Jj+l is Jj minus all colors appearing on edges in E(Gj;A,B); 

• Gj+1 = Gj['Vj+1, Jj+1]. 

Otherwise, if E(Gj; A, B) has at least rc,o(A, B) colors for every partition Vj = 
A U B into two nonempty sets A and B, then we set W = Vj, J = Jj, t = j - 1 
and finish. 

It is clear that the resulting H = G[J, W] is a DUPM-graph, and actually that every 
vertex of H is incident to IJI edges, and also that every edge cut has the required number of 
colors. It remains to check that IJI > k/2 from which it immediately follows that IWI > 2. In 
jth step the number of colors in Jj decreases by less than 

k IVJI 
rcp(Vj+i, Vj \ VJ+i) = 21 log2 IV I' og2 n j+l 

and hence 



52 How many points can be reconstructed from k projections? 

The lemma is proved. D 

Now the following lemma will be sufficient to finish the proof of Proposition 4.9: 

Lemma 4.11 Let H = (V, Ei U··· U Ek) be a DUPM-graph on n > 1 vertices and with k 
colors in which every edge cut E(H; A, B) has edges oj at least rc,o(A, B) colors, where 

IAl+IBI 
ip(A, B) = log2 min(IAI, IBI) and 

k 
r= . 

2log2 n 

Then a set I with min(k, 1600 log2 n log2 log2 n + 255) colors taken unijormly at random from 
[k] guarantees H[I] to be connected with probability at least 3/4. 

To prove Lemma 4.11, we will consider the following algorithm. The idea is to start with 
I = 0 and add colors to I one by one, in each step choosing uniformly a random color from 
the remaining ones. We show that after 1600 log2 n log2 log2 n + 255 steps we get a connected 
graph with probability at least 3/4. 

More precisely, we set lo= 0, and for j =O, 1, 2, ... , k - 1 we choose uniformly a random 
one color Íj E [k] \ Ij and set lj+l := Ij U { Íj }. Let us define a sequence of random variables 
X 0 , Xi, ... , Xk, where Xi is the number of connected components of the graph H[Ij]· For the 
purpose of the analysis, we group the steps into blocks of size b = 320 log2 n and let us call 
these blocks phases, that is, the ith phase contains the steps ib, ib + 1, ... , (i+ l)b - 1. The 
following lemma shows that if at the beginning of the ith phase the number of connected 
components Xib is bigger than 28 , then the number of connected components at the end 
of the ith phase X(i+l)b is less than vfXib with probability 4/5. Let t E N be such that 
n(1/ 2)t+l < xib < n(1/ 2)t' then if we show that x(i+l)b < n(1/ 2)t+

2 
holds with probability 4/5, 

then we have x(i+l)b < VXib with probability 4/5. 

Lemma 4.12 Let Aj denote the random event that after perjorming the first j random steps 

we have 28 < Xj < n(1/ 2)t. Let i = O, 1, ... be the number oj a phase and t some integer from 
{O, 1, ... , Llog2 log2 n J}, then 

p* = Prob[x(i+l)b > n<1/2)t+
2

jAib] < ~· 

Proof of Lemma 4.12. For contradiction let p* > g. We will show that this implies 

E[log2(xib/X(i+1)b)IAib] > 
10;t 

and thus there would beat least one set l(i+l)b having (i+ l)b colors, with the ratio 

( ) 
log2 n 

log2 xib/ x(i+1)b > 2t • 

But this would be a contradiction since we assumed Xib < n(1/ 2)t and obviously X(i+l)b > 1. 

Let us define Dj = log2(Xj/Xj+1). We show that for j = ib,ib + 1, ... , (i+ l)b - 1 we 
ha ve 



4.1 The lower bound 53 

Let Bj denote the random event that after performing the first j random steps we have 

Xj > n(1/ 2)t+
2

• We distinguish two cases: 

• First let us estimate E [Di IA~b n BJ]. Let B be the set of all li C [k] with j coiors 

satisfying both A~b and Bj. Then we have 

where cc( G) denotes the number of connected components of graph G. Let us define 
a1, as the number of connected components of H[Ij], that get connected to another 
connected component by the color ť. Therefore, we have 

Then, by adding the color ť, the number of connected components cc(H[Ij U {ť}]) 
decreases to less than Xj(l - at,/2). We have 

m:[DilA~b n BJ] > ErjeB [ L k~ . log2 X-(l~ 0C)J 
ie[k]\I; J J 2 3 

>. ErjeB [! L log2 1 _1~ J 
ie[k]\I; 2X; 

[ 
1 ..!!:L] > ErjeB k L log2 e2X; 

ie[k]\I; 

> Er;eB uk L ;.]. 
ie[k]\I; J 

Now, let us observe that H[Ij] has at most v1XJ connected components of the size 
bigger than s = n/ \f'Xj. Since we assume Xj > n(1/ 2)t+

2
, we have s < n 1-(1/ 2)t+

3
. 

A component A of size smaller than s has at least 

k IVI k n 
rep( A, V \ A) = 2log2 n log2 IAI > 2log2 n log2 nl-(1/2)t+3 

k (1/2)t+3 - k (!) t+3 - ~ 
- 2log2 n log2 n - 2log2 n 2 log2 n - 2t+4 

different colors in the cut E(A, V\ A) and we have at least K = Xj - v1XJ such 
components in H[Ij]· Since we assume Xj > n(1/ 2)t+

2 
and n(1/ 2)t > 28 , we have Xj > 22 

and thus K> ~Xj. Sowe have at least K components, each of them can be connected 
by at least k/2t+4 colors, and therefore . 

k k L ae >K 2t+4 > 2t+sXi. 
ie[k]\I; 
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Thus, we arrive at 

lE[DjlA~bnBj] > lE11 es[ 2~ L ;.] 
le[k]\13 J 

1 k 1 1 
> 2k 2t+5 = 64 2ť 

• On the other hand, we obviously have 

lE[DjlA~b \ Bj] >O. 

Therefore, we have 

IE[DjlA~b] - lE[DjlA~b n Bj] · Prob[BjlA~b] + lE[DjjA~b \ Bj] · (1- Prob[BjlA~b]) 
> lE[DjlA~b n Bj] · Prob[BjjA~b] 

and since 

for j = ib„ ... , (i+ l)b, 

we have 

Finally, 

[ 
xib t] lE log2 X Aib -
(i+l)b 

(i+l)b-1 (i+l)b-1 1 1 

L JE[Dj] > L 320 2t 
j=ib j=ib 

1 1 log2 n 
- b . 320 2t = 2t . 

o 

Proof of Lemma 4.11. Let the algorithm first make qb steps for q = 5 log2 log2 n phases 
(each phase consumes b = 320log2 n steps). We will show that Prob[Xqb > 28] < 1/4. 

Let Yi be a random variable indicating the failure of the ith phase defined as 

Yi := {o if xib < 28 or x(i+l)b < JX,ib, 
1 otherwise. 

In the beginning of the ith phase we have Xib connected components. Let to be the largest 
t such that Xib < n(1/2)t. If Xib > 28 , according to Lemma 4.12 the ith phase succeeds with 
probability at least 4/5 and we have X(i+l)b < n(1/2)to+

2
• Due to the choice of to we have 

Xib > n(1/2)to+i, so we arrive at X(i+l)b < n(1/2)to+
2 < JX,ib. Therefore, from Lemma 4.12 it 

follows, that Prob[Yi = 1] < 1/5. 

Let Y be the sum Yo+ ... + Yq-1· Obviously, we have lE[Y] = gq and by the Markov inequality 
we have 
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Therefore, q - 4IE[Y] = log2 log2 n phases succeed with probability at least 3/4, so we have 
Prob[Xqb < 28] > 3/4. The algorithm then makes additional 255 steps and since in every 
step we join at least one more component, after at most qb + 255 steps we get a conneGted 
graph. O 

Proof of Proposition 4.9. Given a DUPM-graph G = (V, E1 U· · ·UEk) as in the proposition, 
we first use Lemma 4.10 and obtain a DUPM-graph H = G[J, W] where every edge cut 
E(H; A, B) contains at least 210~2 n c,o(A, B) distinct colors. Of course, H has at most n vertices 
and k' = IJI colors, where k/2 < k' < k. 

Let 7r be a random permutation taken uniformly from the group of all permutations on 
k' elements Sk'. Let m = 1600 log2 n log2 log2 n + 255 and let us set l 1 = { 7r( i) : i = 1, ... , m} 
and 12 = { 7r(i) : i = m+ 1, ... , 2m }. Since 2m < k', both 11 and 12 are defined and are subsets 
of [k']. Moreover, 11 and 12 are chosen uniformly at random from (l~l). By Lemma 4.11, the 
graph G[l1, W] induced by colors of 11 is connected with probability at least 3/4 and the same 
holds for 12. Therefore, both G[li, W] and G[l2, W] are connected with probability at least 
1/2 and thus there exists at least one such permutation 71". This proves the proposition. O 

4.1.5 Proof of Theorem 4.1 

Theorem 4.1 is now a simple consequence of Lemma 4.5 and of Proposition 4.9. Given direc
tions ui, ... , uk, we suppose that 

or in other words, k > 6400 log2 n log2 k + 1024 from which it immediately follows that 
k > 6400 log2 n log2 log2 n + 1024. We consider an interchange graph H for u1, ••• , Uk. By 
Proposition 4.9 it has a subgraph H' possessing two color-disjoint connected subgraphs, and 
hence two color-disjoint spanning trees. Then by Lemma 4.5 the vector of the coordinates of 
the ui has to be in the zero set of a nonzero polynomial ( depending on H'). O 

4.2 The upper bound 

We get the upper bound F(k) < n(k) so that for any set S of k unit vectors serving as 
directions of projecting we construct two distinct sets of n(k) points A, B with the same 
projections for S. We start with an alternate view of the construction giving the bound 
2k-l. We improve the bound to Fmult(k) < O(Ck) for C ~ 1.81712. Then we sketch the 
construction for the bound Fmult(k) < O(Cf) with 01 ~ 1.79964; however we show a crafted 
example of directions, for which the construction actually leads to a multiset (with elements 
of multiplicity greater than one). We conclude by showing that in the construction for the 
bound with C ~ 1.81712 we can avoid the multisets. 

Proof of Theorem 4.2 for multisets. Let ai for i= 1, ... , k be nonzero real numbers; we 
will specify them later (meanwhile we can set ai = 1 for simplicity). We set Vi = aiui. Define 
the multisets A and B in the following way: 

A' = {~::>i : I C {1,. „, k}, III even }, 
iEJ 

B' = {:~::>i : I C {1, „., k}, III odd}· 
iEJ 
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• o 
i> 

V2 / V3 .. „@> 
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Figure 4.2: Canceling of points when v1 + v2 = v3. 

We have IA'I = IB'I = ~2k and A'(uj) = B'(uj) for every j = 1, ... , k, as observed in 
Section 1.3. 

Now we improve the basis of the exponentiation by taking careful choices of aj so that A' 
and B' have some points in common. By removing these common points we do not destroy 
the property that the X-rays of the multisets are equal, since the same points have the same 
projections, but we reduce the size of the multiset. The computation will show that the 
number of common points is big enough to give the improved bound. 

For simplicity assume that the number of lines is in the form k= 3ť. The vectors si, s2 are 
linearly independent planar vectors, therefore s3 can be written as their linear combination, 
say 83 = eis1 + e2s2. Similarly we set the e's in the other groups of vectors so that U3j = 
e3j-2U3j-2 + e3j-1U3j-1 for all j = 1, ... 'ť. We set 03j arbitrarily and <l3j-2 = e3j-203j and 
<l3j-1 = e3j-103j· We therefore have V3j = V3j-2 + V3j-1· 

For this choice of a's, we show what are the points common to A' and B'. Let I be 
a set of indices with In {3j - 2, 3j - 1, 3j} = {3j} for some j. Let p = EieI Vi, define 
I'= I\ {3j} U {3j - 2, 3j -1} and let q = EieJ' Vi· Since V3j = V3j-2 + V3j-1, we have p = q. 
However, the size of I is odd if and only if the size of I' is even. This shows that p is contained 
both in A' and in B'. The situation with three vectors is depicted in Figure 4.2. 

We define A and B so that from A' and B' we remove all the linear combinations of Ui 's 
of the form described in the previous paragraph, and their counterparts. In other words, A 
is the multiset of points pin the form p = w1 + · · · + w1,, where Wj is one of the following 6 
vectors: O, V3j-2, V3j-1' V3j-2 + V3j, V3j-1 + V3j, V3j-2 + V3j-1 + V3j, and where the number 
of Vi 's is even. If we can express a point in more ways, we assign to this point the respective 
multiplicity. Similarly, B is the analogous multiset, for which the number of Vi 's is odd. 

As we noted, for every direction Ui the X-rays of A and B are the same. One can show this 
rigorously by a case analysis for p = w1 + ... + w1, E A U B, depending on i mod 3 and wri/31. 
For instance, let i= 1 and consider a point p = w1 + · · · + w1, in A, where w1 = v2 . We set 
wi = v1 +v3 and p' = wi +w2+· · ·+w1,. Compared top, in p' we have v1 +v3 instead of v2, thus 
the parity of number of vi's has changed, therefore p' E B. Since p' - p = v1 + V3 - v2 = 2v1, 

the X-rays of A and B in the direction u1 give the same point. 
We have IAI + IBI = 61., and since we removed the same number of points from A as from 

B, we have IAI = IBI. We therefore may infer that 

Fmult(k) < IAI = (6'-)/2 = ~ 6k/3 ~ ~ l.81712k. 

If k is not a multiple of 3, we can set k' to be k rounded up to the closest multiple of 3 and 
we get 

Fmult(k) < Fmult(k') < ~1.81712k+2 = 0(1.81712k). 
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Figure 4.3: Sets A, B with the same X-rays in 9 di~ections with IAI = IBI = 99. 
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We can improve this bound further by dividing the Ui 's into groups of nine vectors, instead 
of just three. We chaose ag arbitrarily, then we chaose a3 and as so that vg = v3 + vs and 
then we set the remaining a's so that v1 + v2 = v3, v4 + vs = vs and v7 + va = vg. In this 
way we get 157 pairs of points common in A' and B', therefore (29 - 2 · 157) = 198 points 
remain in A U B, i.e., IAI = IBI = 99, and this gives the bound Fmult(k) < 198k/9 ~ 1.79964k 
as claimed. O 

The magie number 157 in the last paragraph has been found by a computer search of ways 
of expressing a sum of elements given a list of linear dependencies between them. An example 
of sets A and B for a particular choice of v1, ... , vg is given in Figure 4.3. The black and white 
points display the sets A and B, the ghost points display the points that have canceled out. 

Example where the construction gives multisets. We continue with an example where 
the directions Ui are given so that this procedure with groups of 9 vectors actually gives 
elements with multiplicity greater than one. Consider the following pairwise independent 
directions: 

U1=(-1,4), 
ua = (1, 6), 

u2 = (2, 3), 
U7 = (1, 1), 

U3 = (1, 7), 
ua = (1, 12), 

U4 = (-1, 5), 
Ug = (2, 13). 

U5 = (2, 1), 

All the equations u1 + u2 = u3, u4 + us = ua, u7 + ua = ug, u3 + ua = ug hold, nevertheless 
we have u1 + u3 = (O, 13) = u4 + us, i.e., two points in A coincide. We remark that both of 
the sums u1 + u3 and u4 + ua actually appear in A, i.e., we checked that none of them cancels 
out with any sum in B. 

We can continue improving the construction by dividing the vectors into even larger groups 
and presenting more linear dependencies between Vi 's, but past the groups of 9 vectors we 
get only negligible improvements. 

Proof of Theorem 4.2 for sets. We use the proof of the bound Fmult(k) < O(Ck) with 
C ~ 1.8171, in which we specify how to chaose a3j so that the construction gives no elements 
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with multiplicity greater than one. 
Let US define the a's in ť steps. In the first step we set 01 = el, 02 = e2 and 03 = 1 (recall 

that u3i = 6i-2U3j-2 + 6j-1U3j-1). Then in the i-th step, we set Qi = L:;~;1> llo:iuill, so 
that all vectors of form EjeJ Vj for J C {1, 2, ... , 3(i-1)} are bounded in size by Qi (by llxll 
we mean the Euclidean norm of x). Furthermore we set Ói to be the length of the shortest 
nonzero vector which is a linear COmbination of e3i-2U3i-2, e3i-1 U3i-1, U3i with COeffi.cients in 
{O, 1, -1}. Note that the only such combinations equal to the zero vector are O, e3i-2U3i-2 + 
e3i-1U3i-1 - U3i, -e3i-2U3i-2 - e3i-1U3i-1 + U3i· In other words, we have Ói = minxeDi llxll, 
where 

Di = { x = ,a1e3i-2U3i-2 + ,a2e3i-1 U3i-1 + ,a3e3iU3i = 

(,81,,82,,83) E {-1,0, 1}3 \ {(0,0,0), (1, 1,-1), (-1,'-l, 1)} }. 

We have c5i > O, so we set ~i = 3Qi/c5i, a3i = ~i, and as before, 03i-2 = a3ie3i-2 and 
a3i-1 = a3ie3i-1· 

To prove that for this choice of a's the A given by the construction is a set, it suffi.ces to 
show that no two p = w1 + · · · + w1, and p' = wi + · · · + wi with (w1, ... , w1,) # (wi, ... , wi) 
determine the same point. 

For contradiction let us assume that p = p'. Let i be the smallest index such that Wj = 
wj =O for all j >i. Then 

i-1 i-1 i-1 i-1 

llP-P'll = (wi -wD + (Lwi - L wj) > llwi -wrn - li Lwill-11 Lw.ill > 
j=l j=l j=l j=l 

> llwi - w~ll - 2Qi, 
and since 1/~i(wi - wD is in Di, we get llwi - w~ll > 3Qi. Thus llP- p'll > Qi >O and we 
arrive at a contradiction. O 

4.3 Open problems 

Our work was motivated by a question of Holub [Hol03], which in our language can be re
formulated as estimating f (u1, ... , uk) for Ui = (1, i) (i.e., Ui is the direction with slope i). 
The problem emerged in study of certain systems of equations over free semigroups; originally 
it deals with a set F = {x ~ aix + bi : i = 1, 2, ... , n} of n linear functions, and it asks for 
what k we can be sure that every F is uniquely determined by the multiset of its values for 
x = 1, 2, ... , k. An almost identical question appeared few years later as a problem by Hillar 
and Levine in the American Mathematical Monthly [HL06]. In our geometrie context, these 
special directions (1, i) do not seem to have any special significance; yet, even disregarding the 
algebraic motivation, it would be interesting to have a simple explicit set of directions that 
allows unique reconstruction of large sets.1 U nfortunately, our current methods are unlikely 
to yield any nontrivial lower bound in this case. 

1We can get an "explicit" set of directions from Theorem 4.1, namely, k directions whose coordinates are 
algebraically independent real numbers, but this is perhaps not what one might call "simple". 
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