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Report on the Doctoral Thesis
,,Coloring Problems in Geometric Context"

by Mgr. A. Pfivetivy.

The thesis is divided into three independent parts, but all arc concerned with different aspects
of coloring problems. In chapter 2, an open problem on the discrepancy of hypergraphs
arising from sums of arithmetic progression is solved, in chapter 3 the existence of a large
monochromatic, connected component in a 2-colorcd (/-dimensional grid is proved, and finally
in chapter 4 upper and lower bounds on the maximum number of points rcconstructablc from
a given set of k vectors in the plane arc determined.

Discrepancy of Sums of Arithmetic Progressions. The hypergraph of sums of arith-
metic progressions has the first n integers, denoted by [n], as the set of vertices and all sums
of k arithmetic progressions in [n] as hyperedges. The author denotes it with <$£ For k — 1
this is the famous hypergraph of arithmetic progressions. The celebrated theorem of K. Roth
(19G4) says that the discrepancy of the hypergraph of arithmetic progressions in [n] is at
least £2(n*). In 1994, Matonsck and Spencer proved that this is also the correct upper bound,
solving a 20 year open problem in the affirmative. The study of sums of arithmetic progres-
sions is motivated by Prcimans theorem in additive number theory (1964). Such arithmetic
structures are also used in the work of Gowcrs (1998) on the fc-term arithmetic progressi-
on problem in [n]. Nathanson and Cowers refer to such progressions as „multidimensional
arithmetic progressions". In 2002 the investigation of the discrepancy of sums of arithmetic
progressions was started in Kiel, and became a part of the doctoral thesis of my student Nils
Hebbinghaus, who proved with discrete Fourier analysis, based on the basic idea of Roth's
proof for k = 1, that the discrepancy of <$£ is O(nfc/<2fc+2)) for k > 3, and ^(n1/2) for k = 2.
A. Pfivetivy shows in this thesis that the discrepancy of <S* for A; > 3 is at least ft(n1'a).
This is a very nice result, and surprising in the sense that the discrepancy lower bound for
$* does not depend on the number k. It is not clear at the moment what implications on
the structural density of sums of k arithmetic progressions can be drawn from this result.
For the proof it is sufficient to consider the case k = 3. The main work is the estimation of



good lower bounds on the eigenvalues of the circulant matrix of $%• This is done with tricky
combinatorial arguments and the pigeon-hole principle. Furthermore, by the probabilistic
method, the upper bound for the discrepancy of «S* is O(Jnlog(n)}. So we know now that

the gap between upper and lower bound is only a factor of Jlog(n).

Monochromatic Components in Two-Colored Grids. In chapter 3 a kind of Ramsey
type coloring problem is considered. Given the d-dimcnsional triangulated grid TJf, n > 3,
and a 2-coloring of its vertices. How large is a connected, monochromatic component of T^?
It is proved that for an arbitrary 2-coloring there exists such a component with nd~l j\fd
vertices. Not only the result is very interesting, the proof technique is even more striking.
It combines a Ramsey type result on the 2-coloring of a 2-dimcnsional simplicial complex,
the so called HEX lemma, an isopcrimctric uncquality of Bollobas and Leader (1991) and
a coloring-version of the separator theorem for graphs. I think that this is excellent work.
deep and elegant.

Reconstruction of many points from k Projections. Let MI , . . . , Uk be k vectors in R2

with

/ (ui , . . . ,Ufc) := max{n; every n-point set is uniquely rcconstructiblc from Ui , . . . ,Ujt} .

F(k) ist the invariant
F(k) :=

where the maximum is taken over all u i , . . . , W f e . The problem of detcrming F(k) is moti-
vated by the reconstruction problem in discrete tomography. Little was known about F(k).
Bianchi and Longincthi (1998) proved a lower bound of k + fi(^), and Toth (2003) showed
a lower bound of Q(fc5). The author proves the much stronger lower bound 2n(*'1°8™, and
gives an exponential upper bound of O(6*). For the proof of the lower bound a coloring
theorem is used which I found interesting in itself: in a sufficiently dense graph there exists
a subgraph with two-color disjoint spanning trees. For the proof graphs arc considered with
a given partitioning of its edges into k perfect matchings. With the probabilistic method,
using arguments on conditional expectations, the existence of the so far smallest k is proved
for which two color-disjoint spanning trees in the graph appear (Proposition 4.9). For the
proof of the upper bound a construction technique is introduced where for any u\, • • • , uk

two distinct sets of n(k) points A, B with the same projections for u1} • • • , uk are constructed.

The thesis contains very interesting and beautiful new results, some of thcta, e.g. existence
of monochromatic components in a grid, arc deep. The binding theme is coloring of graphs
and hypergraphs. The thesis is rich of different and advanced methods in combinatorics used
in a creative way.

I strongly recommend to accept the thesis for the doctoral degree.


