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Abstract: Estimating large covariance matrices from small samples is an impor-
tant problem in many fields. Among others, this includes spatial statistics and
data assimilation. In this thesis, we deal with several methods of covariance esti-
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problems. We prove several properties of estimators and propose a new filtering
method. After a brief summary of basic estimating methods used in data assi-
milation, the attention is shifted to covariance models. We show a distinct type
of hierarchy in nested models applied to the spectral diagonal covariance ma-
trix: explicit estimators of parameters are computed by the maximum likelihood
method and asymptotic variance of these estimators is shown to decrease when
the maximization is restricted to a subspace that contains the true parameter
value. A similar result is obtained for general M-estimators. For more complex
covariance models, maximum likelihood method cannot provide explicit para-
meter estimates. In the case of a linear model for a precision matrix, however,
consistent estimator in a closed form can be computed by the score matching
method. Modelling of the precision matrix is particularly beneficial in Gaussian
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Introduction

In many fields of applied science, e.g. finance, medicine, image processing or
climate studies, it is common to encounter situations where we are confronted with
a very high dimension of vectors of interest, be it a data vector corresponding to
an observation or a state vector, say, of a dynamical system. Often this dimension
highly exceeds the size of the sample we have at our disposal. If we are interested
in relations between variables, e.g. in filtering tasks or in data assimilation,
using sample covariance as a legitimate estimate of the true covariance matrix
is problematic. Obviously the main shortcoming of sample covariance is its low
rank, which complicates using many of the standard methods. Moreover, if we
need to estimate the precision matrix (inverse of the covariance matrix), the naive
estimator in the form of the inverse of sample covariance is unavailable. Further,
a sample covariance matrix of low rank usually contains spurious covariances
that distort the covariance structure among individual variables. Therefore, it
is desirable to find alternative covariance estimators that are more accurate and
better-conditioned than the sample covariance matrix. Any technique leading to
a covariance estimate that is regular and positive definite will be called covariance
regularization in this thesis.

Covariance estimation and the quality of the estimate form a key component
of data assimilation algorithms in meteorological sciences. In this context, the
dimension of the state vector describing the atmosphere or ocean is in the order
of millions or larger, however, due to the computational cost, the size of avail-
able sample (usually called ensemble) is in the order of tens. For example, the
Canadian Meteorological Centre (CMC) uses an ensemble with 20 members, and
the European Centre for Medium-Range Weather Forecasts (ECMWEF) uses 51
members.

In data assimilation, where the state vector is composed from several 2D or
3D spatial fields, a common approach to regularization of the sample covari-
ance matrix is localization, which is usually achieved by imposing sparsity of the
covariance estimate. A simple localization method consists in multiplying the
sample covariance matrix term by term by a gradual cut-off matrix (Buehner
and Charron [12], Furrer and Bengtsson [24]) in order to suppress off-diagonal
entries corresponding to long-range spurious covariances. If the random field is
weakly stationary, we may keep the diagonal of the sample covariance matrix only
(Section after transformation to spectral domain. Such diagonal approxima-
tion in the spectral domain is also beneficial in filtering algorithms (Parrish and
Derber [59], Kasanicky et al. [37]). Beside localization, current filtering methods
use non-parametric estimating methods as shrinkage and ad hoc techniques for
dimension reduction. A summary of estimation methods used in data assimilation
is provided in Section [2.1]

In this thesis, we focus on introducing sparsity into covariance matrices or
their inverses by means of suitable parametric covariance models. We deal with
two specific aspects of covariance modelling, namely, hierarchy of nested para-
metric models and modelling of precision matrices with applications in filtering.
In Chapter [3, we study nested parametric models estimated by the maximum
likelihood method and show a hierarchical structure of their asymptotic covari-



ance matrices. In particular, the asymptotic variance of the maximum likelihood
estimate (MLE) is proved to decrease when the maximization is restricted to
a subspace that contains the true parameter value. We apply this result to nested
models for a diagonal covariance matrix arising, e.g., in the context of the diagonal
approximation mentioned above. In the case of a covariance matrix of a weakly
stationary random field after the spectral transform, sample covariance matrix
represents the MLE of the most general model and MLE of an unconstrained
diagonal matrix is its submodel. We also compute the MLE for parameters of
two specific models describing the decay of diagonal elements. In accordance with
the theory, such models, if realistic, outperform the simple estimate in form of
a diagonal of sample covariance matrix. The hierarchical property is illustrated
by means of a simulation and the Fisher information matrices representing the
inverse of asymptotic covariances of the computed estimators are provided as
well.

The second part of the thesis shares the parametric approach with the first
part and deals with modelling of the precision matrix. A very general linear model
for the precision matrix is investigated and applied to Gaussian Markov Random
Fields (GMRFs). Since conditional independence of variables implies zero corres-
ponding elements in the precision matrix, sparsity is taken into account as well.
In Section [4.6| we compute explicit formulas for estimators of the parameters of
this linear model by an estimation method which arose originally in the area of
graphical models and which is called score matching. Beside these formulas, we
show continuity of the score matching estimators to random perturbations for the
exponential family of distributions. The score matching estimators belong to the
class of M-estimators. This motivated an extension of the results on hierarchical
structure of asymptotic variances from maximum likelihood estimators to M-
estimators. The closed form estimator for a precision matrix of a GMRF becomes
a key component for the new filtering algorithms proposed in Chapter [/} Both
of these filters are intended for a dynamical system whose state vector can be
represented by a GMRF in every time step. The first proposed filter is the Score
matching filter with Gaussian resampling (SMF-GR) and it performs very well
under this assumption. Moreover, we prove that SMF-GR provides a consistent
estimator for the mean and covariance matrix of the true forecast distribution in
every time step. The second proposed filter is called Score matching ensemble
filter (SMEF), since it consists of the Ensemble Kalman filter employing the
score matching estimate of the precision matrix. This algorithm appears to be
more robust than SMF-GR. Simulations suggest that it works very well for small
samples and even for a non-Gaussian and non-Markov system like the Lorenz
96 model. It seems that the score matching covariance estimate improves the
filtering process significantly even though it was derived under the assumption of
normality.

Chapters [I [2] and [6] contain summary of the known methods and provide
background for other chapters. Chapters [3| [, 5] and [7] offer short introductions
to the problem areas followed by new results, most of which have been published
in Turc¢icova et al. [67] and Turcicova et al. [66].



1. Covariance and its properties

Consider a random vector X defined on a probability space (£2,.A4, P) with va-
lues in R™. In the context of data assimilation, X represents the state of some
dynamical system and it is usually understood as a discretization of a conti-
nuous random field defined on a one, two or three-dimensional bounded domain.
The discretization is realized by evaluating the random field on a uniform mesh
covering the domain and stacking these values vertically in a single column.

When X € L?(Q, A, P) =: Ly(2), we can define its covariance matriz
covX =E(X -EX)(X-EX) =E(XX") - (EX)EX)".

In the whole thesis, we will assume that X € L*(, A, P) and denote ¥ =
cov X . From the definition, covariance matrix is a symmetric positive semidefinite
matrix.

In the following two sections, we provide few specific properties of covariance
matrices or covariance operators that are needed later in the thesis.

1.1 Covariance operator on a compact domain

When the dimension n is very large (in practice, n is often of order 10° or more),
even in numeric processing of such fields, effects that are typical for continuous
fields emerge. These limiting properties become important for high-dimensional
covariance matrices, and it is useful to keep in mind the link to covariance ope-
rators.

Domain ® C R? is defined as an open and connected set. Assume that © is
bounded and define C(D) = {g: ® — R, g continuous}, where ® denotes the
closure of ®. Consider a random field X on ® as a collection of random variables
X(s,)): (2,4, P) — R indexed by s € D. It is assumed that X(-,w) € C(D)
for a fixed w € Q, and X(s,-) € Ly(Q) for a fixed s € D. In order to make the
notation shorter, we will omit the variable w and use X(s) instead of X(s,w).
The expected value of X is defined pointwise, i.e. (E X)(s) = E(X(s)) Vs € D.

The covariance function c(t,s) of X is defined as ¢ (¢, s) = cov (X(t), X(s)),
Vt,s € ® and it is assumed to be continuous on ® x ®. The covariance function

forms the kernel of a covariance operator T : C(D) — C(D), which is defined, for

u € C(D), by
T:ur v, v(t):/gc(t,s)u(s)ds, te?. (1.1)

Equation (1.1)) also defines T as a bounded operator T: Ly(®D) — Lo(®D) and
from the definition of covariance, it follows that T is positive, i.e.,

<T u,u)Lz(@) > 0, Yu € Lg(@) (12)

Since the domain ® is bounded, the covariance operator T is compact as

an operator on C(®D) as well as an operator on Ly(®). Thus, it has countably
many eigenvalues )\, and eigenvectors u, € Lo(®), k € N, defined by \yu, =

Tug, ur # 0. Also, all up € C(®). The set {A;}ren is bounded and has only
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zero as an accumulation point. It follows from that all eigenvalues A\, are
non-negative.

An important condition that is automatically fulfilled for finite-dimensional
random vectors but becomes nontrivial in infinite dimension is the trace-class
property specified in the following lemma, which follows immediately from the
classical Mercer’s theorem (e.g., Kénig [39, Theorem 3.a.1]).

Lemma 1 (trace-class property). Under the assumptions made above, the co-
variance operator T is of the trace-class, i.e., it holds that

tr(T) =) M\, < oo
k=1

1.1.1 Spectral convergence of covariance operators

As indicated at the beginning of this section, the random vector X often arises
by a discretization of a random field X = (X (s), s € D). In what follows, we
will briefly describe the spectral convergence of the covariance matrices of X to
the covariance operator of X. This result should be kept in mind together with
the trace-class property (Lemma (1) when looking for a proper model for high-
dimensional covariance matrices. Eigenvalues of the model covariance matrix
(sorted in descending order) should rapidly decay to zero for all n, in order to
fulfil the trace-class property in the limit case.

Consider a uniform mesh of points s; € ©, i = 1,...,n, with spacing h,,. The
discretization of u € C(D) is a vector w, = (u(s1),...,u(s,))". Analogously,
the discretization of a continuous random field X is the random vector X,, =
(X (s1),...,X(s,))" with covariance matrix ¥, = [0;]";_; consisting of elements

045 =C (Si, Sj) = COV (X (81) ,X (Sj)) .
Replacing the integral in (1.1)) by the numerical quadrature scheme
/ c(t,s)u(s)ds~ > wn c(t,s;)ul(s;)
o) ;
7j=1

with weights {wy, ;}7_,, we can interpret matrix-vector multiplication by the co-
variance matrix as a numerical approximation of the covariance operator. Define

the discrete operator T,, : C(®) — C(D) by

T,:u—wv, v(t)= Zj:l hic(t,s;)u(s;). (1.3)
Since v = T, u depends on the values of u (s;), j = 1,...,n, only, operator T,
has rank at most n and v = T,, u is determined uniquely by the values v (s;), j =
1,...,n. Values v (t) elsewhere are interpolated naturally by the kernel ¢(-, )

itself. In numerical analysis, (1.3) is known as Nystrom interpolation formula
(Atkinson and Han [3], Section 12.4]). The eigenvalue equation for T,

M =T,a, e C(®),
is equivalent to

Al (t;) = Z;‘:l hie(ti,s))u(s;), i=1,...,n,

6



which is in turn equivalent to
Aty = A @, @, € R™

Thus, the eigenvalues of the discretized operator T,, are the same as the eigenva-
lues of the scaled covariance matrix h%>,.

It is known from the theory of collectively compact operators that on a se-
quence of meshes with h,, — 0 for n — oo, the eigenvalues of T, converge to the
eigenvalues of T (Atkinson [4, 2]). A brief contemporary review on this topic can
be found in the introduction of Huang et al. [31].

1.2 Spectral representation of n-periodic statio-
nary random sequence

In this section, assume for simplicity that ® is a line segment, which is covered
by a uniform mesh of n nodes with spacing h. Further assume that n = 2m + 1
and that the nodes {s;} are indexed by k € {—m,...,—1,0,1,...,m} =M, i.e.,
D = [-mh,mh] and sy = kh, k € M. Denote X}, = X(s3), k € M. Now, extend
D periodically to the whole R, so that the resulting infinite mesh consists of nodes
s = kh indexed by k € Z. The associated random element X, = (Xj)gez is
then an n-periodic random sequence satisfying

Xoij = X;, Vj € Z.

In geophysical sciences, the random sequence X, represents the state of some

dynamical system, which can be often assumed to be weakly stationary, i.e., it
holds that

EX; = const., Vje€Z,
cov(X;, Xi) = c(sj, sx) = ¢(|s; — sk|), Vi, k€Z,

where the covariance function ¢(-) depends only on the distance between s; and
si. Without loss of generality, consider EX; = 0, Vj € Z. In order to simplify
the calculations, assume for the moment that X, is complex. Each component
of X has the spectral representation of the form (Brockwell and Davis [I1])

Xy = / " erndz() = Zew w(Z(y) — Z(vye),  (L4)

- max\VJ—l/J 1|—>0

where —1 = vy < v; < ... < v,y <1, = 7 is a partition of [~7, 7], v is an
arbitrary point from the subinterval [v,_1,v;], and Z(v) is a centered random
process with uncorrelated increments.
The periodicity condition X _,, = X, 41 restricts the values of v € [—m, 7], so
2ml 2ml
vy = = , feM.
‘ 2m+1)h  nh
Therefore, X, has discrete spectrum and the right-hand side of (1.4)) turns into
a simple sum of uncorrelated harmonic oscillations (Yaglom [73])

Xk— Z de 27;4;1@ = Z dei%, (15)

l=—m l=—m




where {Z;}sem are random variables such that EZ, = 0, £ € M, and E(Z,Z,) =
0, {,keM, (+#k.

Denote by ¥ the n x n covariance matrix of X,, = (X_,,,..., X,,,) . Then its
(7, k)-th entry is of the form

m m
o =EXX0)=E 3 3 ZyZpc T
li=—mlae=—m
m
— Y EZPEHON = Y GBI | g,
l=—m l=—m
where we used that the random variables Z, are uncorrelated. Denote by D the
n X n matrix with E|Z_,,|%,. .., E|Z,.|? on its diagonal and by F, the matrix with
rows consisting of vectors u(®) = [ug-e)]jeM, ¢ € M, such that ugz) — ¢%. Then
Y= FCDFCT, where Fj is the adjoint matrix to F,, is the spectral decomposition

of ¥. Hence, u¥) are eigenvectors of ¥ and A, = E|Z,|?> € R the associated
eigenvalues.

When X, is real, then X, = X, and (1.5) implies that Z, = Z_,. Therefore,

Ao =E|Z P =E|ZJ* =E|Z)* = A\ (1.6)
In order to obtain a real basis, define real orthogonal vectors v = [Uj(e)]jeM,
w®) = [w](z)] jem by linear combinations of vectors u(® of the complex basis:
O (=0) :
+ u; 2ml
vy):?:ms(?), 0=0,...,m, (1.7)
(0 (=0) :
ws —us 2m/
wf):J%J:sin(T), (=1,...,m. (1.8)

Indeed, for k # ¢,

(v0,00) = (w® w®) = (s®, w®) =0

n

and

<v(€)7w(£)>n _ <u(1z) J;u(—a’ u® _Qiu(—e>>n _ i <H“(£)Hi B H“(_Z)HD _

where (-, ), is the standard inner product in R".

This new basis V = {v® v w® ¢ = 1,...,m} has again n = 2m + 1
elements and matrix X can again be Shown to be diagonal in this basis. The
covariance between the coefficients of X, in the basis V equals

E (X, 0®) <Xn,v<f>> ) —E((v") X, X[0) = () " 2o
('v )T ( ul” £)> _ (U(k))T/\z (u“) —|—2u(_£)>

:(’U )T)\[v { N, ifk=1Y,

0, otherwise,
e
(06 ), (3 n>={ " i

E (X0 0®), (X

8
:
~—

O



for K, =0,...,mand 7,7 = 1,...,m, where we used the eigenvalue symmetry
and the orthogonality of the basis vectors.

Denote by F = [w(™ ... w® @ vM . »0™]the matrix with basis vec-
tors in its columns. Then

Y= FDF"

is the spectral decomposition of .

This result can be generalized for a domain ® C R? d > 1. Since the
matrix F' represents the discrete Fourier transform, we can conclude that the
covariance matrix of a periodic stationary random sequence can be diagonalized
by the discrete Fourier transform. We will take advantage of this result later in
Section 2.2.1]

For other than periodic boundary condition, the discrete Fourier transform
leads only to approximate diagonality of X, since the spectral coefficients Z, are
uncorrelated only in the limit n — oo (Dwivedi and Rao [21]).



2. Covariance regularization in
high dimension

As mentioned in the introduction, estimation of a large covariance matrix or its
inverse from a small sample is an important task in many applied fields. In the
situation of low sample size, the sample covariance matrix

S= > (X -X)(x-X)" (2.1)

which is the most common covariance estimator, is known to perform poorly.

The main problems appearing here are rank deficiency and spurious covari-
ances. When the matrix dimension n is larger than the number N of available
observations, S has a low rank and hence is not even invertible. Although, es-
timation of the precision matrix X! is crucial in many situations. The latter
undesirable phenomenon is the occurrence of high covariances between variables
with small true dependency. When X is a meteorological field, these spurious co-
variances typically appear between meteorological variables at distant locations
and arise only as a result of small sample size. In the context of spatial statistics,
suppression of long-term covariances is called localization.

In order to avoid the drawbacks listed above, the estimating process in case of
n >> N usually requires an extra contribution. In this thesis, by a reqularization
method, we understand any estimating technique leading to positive definite co-
variance estimator without spurious covariances. Some of the methods consist of
consecutive transform of sample covariance S, and some of them impose a specific
covariance structure based on additional assumptions.

This chapter contains an overview of regularization methods suitable for high-
dimensional covariance matrices, with special attention to methods used in data
assimilation. We proceed from non-parametric methods, which usually work
element-wise, to parametric models, which take an advantage of some specific
property of the random vector. All estimators are based on a random sample
X, Xo,..., Xy

2.1 Non-parametric methods

In this section, we present three estimating methods that does not assume any
particular distribution of X, neither a particular structure of ¥. They start
with the sample covariance matrix and by means of element-wise opera-
tions transform it into a regular matrix and suppress the spurious covariances.
The estimated covariance matrix is sparse and positive definite (at least asymp-
totically). Consistency result is usually achieved under additional condition on
the relation between n and V.

2.1.1 Shrinkage

In case of sample size deficiency, the eigenstructure of the sample covariance
matrix S tends to be systematically distorted (Muirhead [56]) in the sense that
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the largest (smallest) eigenvalues are overestimated (underestimated). Below are
two methods from a wide range of attempts that deal with correction of this
phenomenon.

Linear shrinkage estimator

Ledoit and Wolf [42] assume that X has zero mean and they proposed a covari-
ance estimator that is regular and better conditioned than the sample covariance
matrix, without assuming any particular structure. The needed assumptions re-
late to boundedness of the ratio n/N and finite moments of X. The proposed
shrinkage estimator has the form

Ssnr = pvI + (1 — p)So, (2.2)

where 0 < p <1, v >0, and Sy = + YN, X; X, is a sample covariance matrix
estimating covariance of a zero-mean variable. Therefore, the resulting estimator
is given by shrinking the sample covariance Sy towards a diagonal matrix. Note
that vI can be interpreted as a shrinkage target and the weight p as a shrinkage
intensity. In Ledoit and Wolf [42], the optimal estimates of the parameters p, v
are sought by minimization of expected quadratic loss

min E|pv] + (1 - p)So — S|[5-

The calculation takes into account that E Sy = ¥. Ledoit and Wolf [42, Lemma
2.1 and Theorem 2.1] found that optimal coefficients of the linear combination

are

1 B 3
v = %tr(E), p= e =5 (2.3)

where
F=ElS-TE @@= S-wllr, 8= ElS -l
n F n " " )

which, unfortunately, depend on the unknown covariance matrix 3. However,
consistent estimators of the parameters v, a, 3, are provided in Ledoit and Wolf
[42]. Using these estimators in the formula (2.3)) gives estimators , p, which can
be plugged into in order to get an optimal covariance estimator. For p # 0,
positive definiteness of the identity matrix ensures the resulting matrix to be
positive definite as well and therefore invertible. Moreover, in simulations carried
out by Ledoit and Wolf [42], Sy, performed incomparably better than the sample
covariance matrix Sjy.

The interpretation of in Ledoit and Wolf [42] is based on the dispersion
of covariance matrix eigenvalues. The sample eigenvalues (i.e. eigenvalues of
the sample covariance) are more dispersed around their mean than the true ones
(Ledoit and Wolf [42], Muirhead [56]). By using the convex combination (2.2, the
sample eigenvalues are shrunk towards their mean, which results in an improved
estimator.

When X represents a discretization of a continuous random process, then,
by making the discretization finer and finer, its covariance matrix tends to the
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covariance operator of the original process. From that point of view, using of the
identity matrix as a shrinkage target is problematic because in the limiting case
(n — 00), it does not satisfy the trace-class property (Lemma [I)).

The estimator can be generalized to

e = T+ (1 — p)So,

where T is a target matrix endowed with standard covariance properties like full
rank and positive definiteness. Usually, T" is chosen to be diagonal.

Shrinkage effect can be achieved also implicitly by computing sample covari-
ance matrix from a random sample X, X5, ..., Xy augmented by additional
independent random vectors sampled from a distribution with covariance matrix
T. Construction of these new random vectors depends on the assumed statistical
properties of X. For example in spatial modelling of meteorological variables at
distant locations, it turned out to be useful to generate random vectors with spa-
tial Markov property with covariance matrix from the Matérn family. A fruitful
source of such vectors is a stochastic diffusion equation, whose stationary solution
is just like that (Simpson et al. [64]). This equation can make generating of new
vectors easier, especially in high-dimension.

Condition-number-regularized covariance estimation

An estimator proposed in Won and Kim [71] and Won et al. [72] falls into a broad
family of shrinkage estimators, however it additionally assumes a specific distri-
bution of X. The regularization effect is achieved by bounding the condition
number of the estimate by a regularization parameter k.. This ensures the re-
sulting matrix to be invertible and well-conditioned. Since the condition number
is defined as a ratio of the largest and smallest eigenvalue, this method corrects
for overestimation of the largest eigenvalues and underestimation of the small
eigenvalues simultaneously. The resulting estimator is called a condition-number-
reqularized covariance estimator and it is formulated as the restricted on
the subspace of matrices with condition number bounded by k,q, i-€.,

mgxé(Z) subject to cond(X) = o (5) < Bmaz, (2.4)
where A\ (X)), resp. A\pnin(X), is the largest, resp. the smallest, eigenvalue of the
covariance matrix Y. An implicit condition is that ¥ be symmetric and positive
definite. Therefore, the idea of this method is to search a in a subspace
defined by covariance matrices with condition number smaller or equal to the
true condition number.

Let Iy > ... > [, > 0 be the ordered eigenvalues of the sample covariance
S, so that QLQ" with L = diag(ly,...,l,) and QQ" = Q'Q = I,,. For a given
Kmaz < cond(S), the unique solution of the problem is a matrix S.,, =
QA*QT (Won and Kim [71], Won et al. [72]), where the diagonal matrix A* is
formed by
T if [; <,
Al =<1 if 7 <l; < KmaaT,

BmazT 1l 2 KmaxT-
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Therefore, the sample eigenvalues [; are truncated when they are smaller than 7
or larger than k,,.,7. The optimal lower cut-off level 7 equals

25;1 li/ﬁmam + Z?:]@ lz
ky+n—Fky+1

)

where k1 € {1,...,n} is the largest index such that I, > Kpne.7 and ks is the
smallest index such that [y, < 7. Hence, 7 is an average of the (scaled and)
truncated eigenvalues. Note that when k4, > cond(S5), then S.,, = S.

An optimal K., is selected by maximization of the expected likelihood, which
is approximated by using K-fold cross-validation. Details of the computational
process are provided in Won et al. [72]. The authors also proved that k., selected
in this way is a consistent estimator for the true condition number.

2.1.2 Tapering

An effective and simple way of localization of sample covariance matrix is mul-
tiplying S by a real sparse positive definite matrix M. The estimator is of the
form

Stap =So M, (25)

where o denotes the Schur product. This method is called tapering or banding
(in Pourahmadi [60]) and matrix St is called tapered matriz. Due to the spar-
sity of M, the matrix Si,, is sparse as well, which brings many computational
advantages.

When M is real and positive definite, than, due to the Lemma [2| the matrix
Stap 1s real and positive definite, too.

Lemma 2 (Horn and Johnson [29, Theorem 7.5.3]). Let A, B be real matrices of
type n x n. If A is positive definite and B is positive semidefinite with positive
entries on the main diagonal, then A o B is positive definite.

In the context of data assimilation, regularization of a covariance matrix by
means of Schur product has been proposed in Houtekamer and Mitchell [30]
and Hamill et al. [28], based on covariance modelling by means of a covariance
function. Let X = (X(s),s € D) be a continuous random field defined on
a bounded domain ® C R? (e.g. covering part of the Earth’s atmosphere) and
X = (X1,...,X,)" represents some discretization of X, ie. X; = X(s;), s, € D.
Denote by c(s,t) = cov(X(s), X (t)) the covariance function of X. It holds that
for every discretization X, a matrix with entries c(s;, s;) is positive semidefinite
and, on the contrary, when a covariance matrix with entries c(s;, s;) is positive
definite for arbitrary set of points s;, then ¢ define a covariance function. In
Houtekamer and Mitchell [30], the matrix M is constructed so that it is positive
definite and its (i, j)-th entry M;; equals o||s; — s;||5), where o: [0,00) — [0, 1]
is a function with compact support and ||||; is a norm in R*. In other words,
o can be identified with a well-defined correlation function and so models
a covariance matrix of a random field as the Schur product of sample covariance
matrix with a correlation matrix defined by means of p. Construction of such
a function (in particular compactly supported) is a non-trivial task, which is
dealt with in Gaspari and Cohn [25]. Hamill et al. [28] use a function o that
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is smooth and monotonically decreasing to zero, specifically, it is a polynomial
of the 5th degree (Gaspari and Cohn [25], expression (4.10)]). The shape of the
curve resembles the right half of a Gaussian curve that takes zero values at a finite
distance, which ensures the sparsity of M.

In Furrer and Bengtsson [24], M is chosen to minimize the mean square error

MSE(Siap) = E|S = Siapl7 = E (tr (£ = S0 M)?)).

To ensure that the estimator S o M is positive definite, the above minimization
should be carried over the set of positive definite matrices M, which is a non-
trivial problem. Therefore, this constraint is usually ignored, which allows a term
by term minimization leading to an explicit formula for entries m;; of M,

%
0-1'2]' + (0'12] + O-iio'jj)/N7

g

m,-j =

where [o]7,_; are entries of ¥. Given sample data, a plug-in estimator based
on the entries s;; of S is straightforwardly obtained. Note that m;; tends to one
at rate 1/N. Finally, the resulting M is made to be positive definite by some
heuristic approaches (e.g. keep only the positive eigenvalues of M and set the
remaining ones equal to any small number ¢ > 0). Also, sparseness may be
introduced by setting m;; = 0 whenever s;; ~ 0. Second attempt (inspired by
Houtekamer and Mitchell [30], Hamill et al. [28]) is to parametrize the matrix
M by a valid correlation function describing the correlation range and estimate
its parameters by minimizing of MSE. This method ensures the resulting matrix
to be positive definite, however, it does not introduce sparseness, which makes it
less computationally attractive.

2.1.3 Thresholding

High-dimensional covariance matrices of random vectors representing meteoro-
logical fields are usually supposed to be sparse and to contain many zero entries.
The idea of thresholding (Bickel and Levina [9]) is to neglect the small covariances
in order to get an improved estimate

Tt(S) = (Sij]-[\siﬂzt] : Z?] =1,... >p) )

where T;(S) denotes the thresholding operator applied to the sample covariance
and t > 0 is the chosen threshold. Bickel and Levina [9] recommend to choose t
according to the following procedure. The available sample is split randomly into
two parts of size Ny = N (1 — @) and Ny = % and the associated sample
covariance matrices Sy, and Sy, are computed. This step is repeated K times

and ¢ is chosen so as to minimize
1 E 9
R(t) = — > IIT(Snik) — Svall -
K=

A big advantage of this method is its simple implementation. A potential
disadvantage is the loss of positive definiteness. However, it has been shown in
Bickel and Levina [9] that the thresholded estimator is consistent in the operator
norm as long as the true covariance matrix is sparse (in a suitable sense), the
variable X is Gaussian (or sub-Gaussian) and (logn)/N — 0.
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2.2 Parametric methods

When X can be assumed to have additional statistical properties like particu-
lar distribution and specific covariance structure, its covariance matrix can be
estimated by using a proper covariance model.

For meteorological random fields, it is often possible to assume normal dis-
tribution, covariance stationarity and spatial Markov property (see Definition .
Each of these properties offer a potential improvement of the covariance estima-
tor by imposing a special parametric structure, whose parameters are estimated
by standard statistical methods. Accuracy of the resulting estimate and its per-
formance in further application (e.g., data assimilation) depend on how realistic
those additional assumptions are.

In a bid to avoid complex models with a large number of parameters, many
estimating methods are based on transforming X to a space where its covariance
matrix is approximately diagonal. This leads to a large reduction in the number
of parameters.

Possibilities of using parametric models in covariance modelling are very wide.
A particular model can be used for ¥ itself, its inverse, or Y after some decom-
position or transformation. From the large number of options, we have chosen
two remarkable methods that are closely connected with the contribution of this
thesis. These methods are briefly summarized in the following subsections and
will be revisited in later chapters of the thesis.

2.2.1 Regularization in spectral domain

This approach is based on the Karhunen-Loeve expansion

X =EX + > d/%v, (2.6)

j=1

where {d;}7_, are coefficients, {{;}}_, are pairwise uncorrelated random variables
with zero mean and unit variance and {v;}"_, are orthonormal vectors in R".
Then, the covariance matrix of X can be written as

Y= FDF', (2.7)

where D = diag(dy, ...,d,) and columns of the matrix F' are formed by vectors
v;. Since represents the spectral decomposition of X2, represents X
in the basis of its principal components. However, for large n, most of the sam-
ple eigenvalues are zero and estimation of the theoretical decomposition is
difficult. Thus, it is better to base a regularization method on an appropriate
deterministic basis (or, more generally, on frames).

For a given F, modelling of ¥ through can be based on estimating the
diagonal matrix

D=F'SF=F{).

If we do not accept any other assumptions on D, it is possible, as in the previous
section, to apply some non-parametric method on the sample covariance matrix
S transformed to the spectral space, i.e., on FTSF = F(S). Of course, this
matrix is never perfectly diagonal, but there remain (in practice usually small)
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non-zero entries. The easiest way of the regularization of F(S) is using only its
diagonal part (Kasanicky et al. [37]). Essentially, it is equivalent to tapering of
F(S) according to for M = 1.

When a specific distribution of X is assumed, the diagonal entries {d;;}}_; of
the spectral covariance matrix D can be estimated, for instance, by the method
of maximum likelihood. In the case of normal distribution, the based on
a random sample X, ..., Xy is (Turc¢icova et al. [67])

N
gl--:iZXz- =1 n
29 N-,l iJ) J RG]

where X;; denotes the j-th entry of X;, ¢ =1,..., N.

Until now, no assumption on the specific choice of the orthogonal matrix
F has been made. In many practical applications, the random vector X =
(X1, Xs,...,X,)" can be assumed to be weakly stationary, i.e., for k =1,...,n,

E X = const.,
COV(Xk,Xk+h) = E(h), Vh € R

for some function ¢. As shown in Section[1.2] the covariance matrix ¥ of a weakly
stationary random vector X can be diagonalized by the discrete Fourier trans-
form. Therefore, ¥ = cov X has the spectral decomposition ([2.7) with F' repre-
senting the discrete Fourier transform.

In meteorological and geophysical applications, the random vector X often
represents a discretization of a continuous random field X = (X(s),s € D),
where ® is a spatial domain covering part of the Earth. Usually, ® is a subset
of R? for d = 1,2, 3. Following Section [L.2] assume for simplicity that D is a line
segment [—mh, mh] with n = 2m + 1 nodes s, = kh, where h > 0 and k €
M= {-m,...,—1,0,1,...,m}. The matrix F' representing the discrete Fourier
transform consists of orthonormal vectors v(¥) = ['U]('é)]jeM and w = [wj(g)]jeM
with entries

obtained by normalizing eigenvectors and (1.8). Now, we can take the
advantage of the fact that the vectors v and w'® are also eigenvectors of the
discrete Laplace operator L : R — R"™, which is in one-dimensional case identical
to the operator of second derivative and can be represented by the matrix

-2 1 0 1
] 1 -2 1 ... 0
0 1 -2 1
1 0o 1 =2

16



Then for = [z;];em € R, the j-th element of the vector L(z) = L x equals

Ti1 — 233]' + Tj41

L(z); =~ 5 ,

where j € M;For values z_,,_1 and z,, 11 located at s_,,, 1 and s,,,1 (beyond the
boundary of ©), we can considered various boundary conditions. The definition
(2.8]) corresponds to the periodic boundary condition for which z_,,_; = x,, and

Tm+1 = L1-
Eigenvalues of L associated to the definition (2.8 are

4
M:—mﬁ<f>,€:aanm (2.9)

and it holds

L(v(@) = o9, 0=0,1,...,m,
LiwY) = w®, ¢=1,... m.

By denoting

F=[w™,.  wh y® o0

5 g ey

A:diag()‘ma'"7/\17)\07)\17"'7>\m)7

we get the spectral decomposition L = FAF .

Having L = FAFT and ¥ = FDF', it is natural to model 3 as a function of
the discrete Laplace operator. When L = FAFT, then for a continuous matrix
f, it is possible to define a matrix f(L) by the spectral decomposition f(L) =
Ff(A)FT7 where f(A) = dlag (f()‘m)7 te 7f()‘1)7 f()‘0>7 f()‘l)u Tt f()‘m>>

The eigenvalues d;; (forming the diagonal of D) can thus be modelled by a suit-
able function of the eigenvalues of L, ie., dj; = f(Aj—m-1)), 7 =1,...,n.
Recall that X is assumed to represent a discretization of a continuous random
field X. According to Lemmal[I] the covariance operator T associated to X needs
to have finite trace, i.e., the sum of its eigenvalues needs to be finite. Under the as-
sumption that the kernel c(s,t) = cov(X(s), X(t)), s,t € D, of T is continuous,
it was shown in Section that the eigenvalues {d;;}7_, of ¥ converge to the
eigenvalues of the covariance operator T as n — oo, i.e., as the discretization is
getting finer and finer. In order to fulfil the trace-class property in the limit case,
the eigenvalues {f(\)}7, should also decrease rapidly to zerdl] with increasing
k even for every m finite. Since {A;}}", is a decreasing sequence of negative
numbers, the function f needs to have a sufficiently fast decay for A — —oo.
The exponential decay is used, e.g., by Mirouze and Weaver [55]. One specific
exponential model is treated in Section for normally distributed X. Another
possible choice of a covariance model is a power model, where the eigenvalues
of the covariance are assumed to be a negative power of {—\;}i",, e.g., Berner
et al. [8], Gaspari et al. [26], Simpson et al. [64]. When using those models for
modelling D, the number of parameters is reduced from n to the number of pa-
rameters of the particular model. The model adjusts the eigenstructure of the

'For results on the use of random fields, whose covariance operator does not have finite
trace, in data assimilation, we refer to Kasanicky [30].
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covariance matrix in a similar way as shrinkage, smooth down the shape of the
estimated Elkk and so contributes to the noise reduction.

The spectral diagonal approach can be particularly beneficial for the Ensemble
Kalman filter (Section [6.2] Algorithm 1), when R = H = I, (Kasanicky et al.
[37]). More general and practical methods that use the Laplace operator can be
found in Lindgren et al. [46], Mirouze and Weaver [55], etc.

The idea of covariance diagonalization in a transformed space appears also in
Courtier et al. [16] for a continuous field defined on a sphere and in Pannekoucke
et al. [58] for a discrete field defined on a 1D and 2D cyclic domain.

2.2.2 Regularization in inverse space

In many applications, the need for a precision matrix ¥~! is stronger than that
for 3. itself. Moreover, modelling of the precision matrix can be more convenient.
One of the ideas that provides a sparse estimate of the precision matrix is based
on the following result. For a subset of indices A C {1,...,n} denote by X _4
the subfield (X; :i € {1,2,...,n}\ A).

Lemma 3 (Rue and Held [63, Theorem 2.2]). Let X be normally distributed with
mean p and precision matriz X~ > 0. Then for i # j,

Xi LXGIX qijy & (275 =0,
where (X71),; denotes the (i, j)-th entry of ¥t

This result can be particularly beneficial for normal random vectors with the
spatial Markov property. Below, we adopt its definition from Rue and Held [63]
and consider X equipped with an adjacency structure of an undirected graph.
For each X}, denote by 9Mx, C X_j, the set of neighbours of Xj.

Definition 1 (spatial Markov property). The random vector X is said to have the
spatial Markov property if for every k € {1,...,n}, the conditional distribution
of Xy depends only on the neighbourhood Nx,, i.e., for every k and every Borel
set B,

P(Xy € B|X_i) = P(X} € BMNy,).

That is, each variable X; of a Markov field X is conditionally independent on
variables outside MNx, .

This observation provides a powerful tool for a sparse representation of the
covariance matrix of a , since its inverse (the precision matrix) is a sparse,
band matrix. For illustration, in Figure [2.1, we provide three examples of two-
dimensional Gaussian Markov fields (with dimension 10 x 10) and the corre-
sponding precision matrices. The random field corresponding to the Figure 2.1,
where only the four closest neighbours are considered, will be called the first order
in this thesis.

[GMRF§ naturally arise in the area of graphical models, where a common task
is to estimate the precision matrix and its associated graph from data. For further
details, we refer to e.g., Dempster [19], Whittaker [70], Giudici and Green [27].
More recent results on estimation of graphical models in high-dimension can be
found in Lin et al. [45], where the score matching method, which will be studied
in Chapter [4, is modified by using ¢; penalty in order to accommodate sparsity
of the graph.
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(a) (b) (c)

Figure 2.1: Block band-diagonal structure of inverse covariance matrix of a 10 x
10 with columns stacked vertically. In the bottom row: diagrams of
a gridpoint and its 4, 8, 12 nearest neighbours.

Linear model for the precision matrix

Consider the model
Yl =34, +...+ 5.4, (2.10)

where Ay, ..., A, are known, linearly independent (in the space of matrices) and
sparse matrices of type (n x n) and 8 = (31,...,3,)" are unknown parameters.
Suitable choice of Ay, ..., A, are matrices A;; with one on the (4, j)-th position
and zero elsewhere, or symmetric matrices containing non-zero elements only on
selected subdiagonals or their parts.

Parameters 8 can be estimated by the maximum likelihood method (Ueno
and Tsuchiya [68]), where the numerical maximization is needed. Closed for-
mula does not exist. The score matching estimation method (Hyvérinen [33])
makes it possible to compute a closed form estimate (Turc¢icova et al. [66]), which
is described in Chapter [4] in greater detail. Under further assumptions, both
these methods provide consistent estimators. However, positive definiteness of
the resulting matrix estimate is guaranteed only asymptotically (as follows from
consistency).
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3. Nested maximum likelihood
estimators

The principal result of this chapter is the observation that if parameters of a dis-
tribution are fitted as the [MLE] then, under some assumptions on the true pa-
rameters, the estimate using fewer parameters is asymptotically more (or equally)
accurate. Although, our result is asymptotic, the difference in accuracy is often
significant even for small samples. This observation points out the importance
of searching for a covariance model that is as accurate as possible for the given
problem because overparametrization can be very harmful. A simulation study
comparing the accuracy of covariance submodels in spectral and inverse space is
provided at the end of the chapter. The results contained in this chapter were
published in Turc¢icova et al. [67].

3.1 Asymptotic variance of the maximum like-
lihood estimator

First, we briefly review some standard results of maximum likelihood method
following Lehmann and Casella [43]. Suppose Xy = [Xi,..., Xy] is a random
sample from a distribution on R"™ with density f (x|@) with unknown parameter
vector @ in a parameter space ®@ C R*. The maximum likelihood estimate Oy of
the true parameter 6 is defined by maximizing the likelihood

By = argmax £ (0[Xy) . L£(6%y) = [[L(01X). L (Blx) = [ (x]6).

=1

or, equivalently, maximizing the log-likelihood
Oy = argmax € (0]Xy), £(6]Xy) = Ze (0|X;), ((0)z)=log [ (x|0).

We adopt the usual assumptions (Lehmann and Casella [43], Section 6.3 and
6.5]) that

(A1) the true parameter 6, lies in an open subset © of ©,

(A2) the density f determines the parameter 6 uniquely in the sense that
f(x]01) = f(x]02) a.e. if and only if 8; = 05,

(A3) X ={zx: f(x|0) > 0} does not depend on 6,

(A4) the derivative %%iaﬁk f(x|0) exists for all @ € ©, for almost all € X and
for every 1,7,k =1,...,s,

(AD) [y %;ij(a:]@)dw =0forall® e © and every i,j =1,...,s,
(A6) for all 4,5,k = 1,...,s, there exists a function M,j,(x) > 0 such that

E Mjji(x) < oo and TR ae T logf(a:]O)‘ < M;i(x) for all 6 € © and
almost all x € X.
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Then the error of the estimate is asymptotically normal (Lehmann and Casella
[43, Theorem 5.1, p. 463]),

VN(@@y — 80) & N,(0,Cy,), as N — oo, (3.1)
where
Coy =To,'s To, = E(V4l(60|X)Vel(60]X)), X ~ f(/60). (3.2)

The matrix Zg, is called the Fisher information matrix for the parametrization
0. Here, X, x, and @ are columns, while the gradient Vgl of ¢ with respect to
the parameter 0 is a row vector, which is compatible with the dimensioning of
Jacobian matrices below. The column vector (Vgf)T is denoted by V, /.

3.2 Asymptotic variance of nested estimators

Now, suppose we have an additional information that the true parameter 8 lies in
a subspace of ®, which is parametrized by 7 < s parameters (¢1,..., @) = .

Denote by J (0( )) the s x r Jacobian matrix with entries %. In the next

theorem, the asymptotic covariance of the maximum likelihood estimator for ¢

¢y = argmax ( (p[Xn), £(p|Xn) Zﬁ (¢ Xi), C(plz) =log f(x|0(p)),

is derived based on the asymptotic covariance of 8 in (3.1)).

Theorem 4. Assume that the map @ — 0(p) is one-to-one from ® C R" to O,
the map @ — 0(p) is continuously differentiable, J,(0(p)) is full rank for all
p € @, and 0y = O(py) with ¢y in the interior of ®. Then,

VN($n — o) S N, (0,Cy,) as N — oo, (3.3)

where Cy, I;O, with L,y the Fisher information matriz of the parametrization
@ given by
-
Loy = Jo(0(0)) Lo, Jo(0(0)) -

Proof. From ({3.2) and the chain rule
Vol(p|X) = Vol(0]X)J,(6(¢)) ,

it follows
Ty, = E (Vi l(00l X) Vol X))
= Jo(0(0)) " E (V4 L(80|X)Vol(80] X)) Jo(6(0))
= Jo(0(¢0))" Lo, Jo(6(0)) -
The asymptotic distribution (3.3 is now applied to ¢. m

When the parameter 0 is the quantity of interest in an application, it is useful
to express the estimate and its variance in terms of the original parameter 6
rather than the subspace parameter .
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Corollary. Under the assumptions of Theorem

VN (0(@n) — 00) > N, (0, Coipy)) as N — oo,

where
Co(po) = J¢(9(<P0))I<;01J¢(9(<P0))T
-1
= Jo(0(¢0)) (Jo(0(90)) " Ta, To(B(0))  To(0(0)) . (3.4)
Proof. The lemma follows from ({3.3) by the delta method (Rao [62) p. 387]), since
the map ¢ +— 0(¢p) is continuously differentiable. ]

Remark 1. The matrix Cg(y,) is singular, so it cannot be written as the inverse
of another matrix, but it can be understood as the inverse Zg((lpo) of the Fisher
information matrix for ¢, embedded in the larger parameter space ©.

The next theorem shows that in case of two parametrizations ¢ and € which
are nested, the smaller parametrization has smaller or equal asymptotic covari-
ance than the larger one. For symmetric matrices A and B, A < B means that
A — B is positive semidefinite.

Theorem 5. Suppose that ¢ satisfies the assumptions in Theorem[). Then,
Co(eo) < Coy- (3.5)

In addition, if U ~ N, (0, Co(yy)) and V' ~ N, (0,Cy,) are random vectors with
the asymptotic distributions of the estimates @ (pn) and éN, then

EIIU; = tr (Cop) < tr(Coo) = EIIV]3, (3.6)
where ||V ||, is the standard Euclidean norm in R™.

Proof. Denote A =7y, B = J,(0(¢o)) and define
Py = AYV2B(BTAB)'BT AY2,

The matrix Pg is symmetric and idempotent, hence it is an orthogonal projection.
In addition,
Range Pg = Range AY?B  Range I,,.

Consequently, Pg < I holds from standard properties of orthogonal projections,
and follows.

To prove 7 note that for random vector X with E X = 0 and finite second
moment, E || X||] = tr (cov X). The proof is concluded by using the fact that for
symmetric matrices, A < B implies tr A < tr B, cf. e.g., Carlen [15]. O

Remark 2. In the practically interesting cases when there is a large difference in
the dimensions of the parameters ¢ and 6, many eigenvalues in the covariance of
the estimation error become zero. The computational tests in Section show
that the resulting decrease of the estimation error can be significant.
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3.3 Application: nested covariance models

A frequent assumption in data assimilation is the weak stationarity, which leads
to diagonality in spectral space (Courtier et al. [16], Pannekoucke et al. [58]), as
described in Section Besides, part of the assimilation methods that dominate
today’s practice of meteorological services (the so called variational methods)
usually employ a covariance model based on a series of transformations leading
to independence of variables (Bannister [5], Michel and Auligné [54]). One way or
other, it results in an estimation problem for a diagonal covariance matrix. The
distribution is not normal but formulas derived from the normal distribution are
used anyway.

In what follows, we introduce the particular covariance structures, state some
known facts on full and diagonal covariance, propose parametric models for the
diagonal and compute corresponding [MLE]

3.3.1 Sample covariance

Assume that the top-level parameter space © consists of all symmetric positive
definite matrices, resulting in the parametrization ¥ with w independent
parameters. Recall that Xy = [X7,..., X x| denotes a matrix with columns
formed by vectors Xi,..., Xy. The likelihood of ¥ given a sample Xy from
Nn(O, 20) is

1 1 1 T
L(SX ) = e—Etr(E XNXN)‘
( ‘ N) (det E)N/Q (27T)nN/2

If N > n, it is well known (e.g. Muirhead [57, p. 83]) that the likelihood is
maximized at the sample covariance matrix

1 X .

=1

The Fisher information matrix for the maximum likelihood covariance estimator
(Magnus and Neudecker [49, p. 356]) is

T _
Ivec(X}O) = 520 ! ® E0 17
where ® stands for the Kronecker product and vec is an operator that transforms
a matrix into a vector by stacking the columns of the matrix one underneath the

other. This matrix has dimension n? x n?2.

Remark 3. If S(,—¢) is singular, £ (S(l,;o) |XN) cannot be evaluated because that
requires the inverse of S(,—p). Also, in that case, the likelihood £ (3|Xy) is not
bounded above on the set of all ¥ > 0, thus the maximum of £ (3|Xy) does not
exist. To show that, consider an orthonormal change of basis so that the vectors
in span (Xy) come first, write vectors and matrices in the corresponding 2 x 2
block form, and let
/
sguzo):l o 8] )
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~1
Then lim,_,o+ X} (SEHZO) + aI) Xy exists, but lim,_,q+ det (SENZO) + aI) =0,
thus

lim £ (Sbl/:o) + CL[’ XN) = OQ.

a—07t
Note that when the likelihood is redefined in terms of the subspace span (Xy)
only, the sample covariance can be obtained by maximization on the subspace
(Rao [62, p. 527]).
Suppose
X ~ N, (0, Dy), (3.8)

where X denotes the random vector after an appropriate transform and Dy is
a diagonal matrix.

When the true covariance is diagonal (i.e., 3y = Dy, cf. (3.8)), a significant
improvement can be achieved by setting the off-diagonal terms of sample covari-
ance to zero, which is equivalent to tapering of S,—g) according to ([2.5)
with M =1, i.e.,

Stap = diag (S(uzo)) : (3.9)
It is known that using only the diagonal of the unbiased sample covariance
. 1 XN .
Sw=0) = 31 ; X X;

results in smaller (or equal) Frobenius norm of the error pointwise,
E Hdlag (S(MZO)) — DOHF S E HS(“:()) — DOHF s (310)

cf. Furrer and Bengtsson [24] for the case when the mean is assumed to be
known like here, and Kasanicky et al. [37] for the unbiased sample covariance and
unknown mean.

3.3.2 Diagonal covariance

The parameter space ®; C © consisting of all diagonal matrices with positive
diagonal, with n parameters d = (dy, .. ., dn)T, can be viewed as a simple class of
models for either covariance or its inverse. The log-likelihood function for D =
diag(dy,...,d,) as covariance with a given random sample Xy = [X7,..., Xx]
from N, (0, Do) is

N 1Y
((D|Xy) = —7 log ((27)" det D) — 3 Y X,'D'X;

i=1

and has its maximum at
N 1 N
dk:NZXZZ,k7 kzl’...,n,
i=1

where X, ; denotes the k-th entry of X;. The sum of squares S? = SN, X7 isa
sufficient statistic for the variance dj. Thus, the maximum likelihood estimator
of covariance in the class of diagonal matrices is

~ (1) o 1 . 2 2
Dy = Ndlag (Sl, . .,Sn) . (3.11)
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Denote D = diag(dp, . . ., don). It is easy to compute the Fisher information

matrix exphc1tly,
1 1
I o =di —
p{ = a8 <2d31’ ’ 2d§n> ’

which is an n x n matrix and gives the asymptotic covariance of the estimation

error 1 1 1
O = NIBm Ndiag(mgl,...,wgn)

from (3.1)).

3.3.3 Diagonal covariance with prescribed decay by 3 pa-
rameters

A more specific situation appears when we have an additional information that
the matrix Dy = diag(dp1, ..., do,) is not only diagonal, but its diagonal entries
have a prescribed decay. For instance, this decay can be governed by a model of
the form dy, = ((c1 + cohg) fr(a))™, k = 1,...,n, where ¢, ¢y and « are unknown
parameters, hq,...,h, are known positive numbers, and fi,..., f, are known
differentiable functions. For easier computation it is useful to work with

Tk = dlk = (1 + c2hue) fr(a).

Maximum likelihood estimators for the true parameters cgy, co2, and o can be
computed efficiently from the likelihood

N N & 1 &
((D|IXy) = ——=nlog(2m) + = > logm, — = > 75;
2 2 = 2=

by using the chain rule. It holds that

o g otom g (N i) on
dep = O Ocy N =\ 27 2 c
N 2 1
= — 782
2 1;<(01+C2hk)fk:( ) NF fule)

Setting this derivative equal to zero we get

é (01 . Sifk(a)) = 0. (3.12)

Analogously,

dea Z ) h
Dey = Omdcy 2 f (Cl+02hk)fk( )TN ) kfr(a),

so the equation for estimating the parameter ¢, is

Zi: <C1 + cohy Jbszhkfk(av =0. <3'13)
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Similarly,

o om N L g 25i(e)
oa 2 oa 2 kz::l ((cl + cohy) fr(@) Nsk> (c1 4 czhu) Oa

N 1 1, Ifi(a)
= 5 Z (fk<a> — NSk(cl + Cghk)> 804

and setting the derivative to zero, we get

n 1 8fk(04) . i 2. c 8fk(a) _
;; <fk(a) o~ Nt ) =5 ) 0. (3.14)

The maximum likelihood estimator for Dy is then given by

A

D = diag {((& + &2hi) (@) k= 1,...,n}, (3.15)

where (¢1, ¢9, &) is the solution of the system (3.12 [3.13] [3.14)). This expression
corresponds to searching a maximum likelihood estimator of Dy in the subspace
0, C ©; C © formed by matrices of the form

diag {((01 +eohg) fu(a) k=1, .. ,n} :

For completeness, the asymptotic covariance of the estimation error of
2 .
D(() ) = dlag {dk<001, Co2, Oéo), k= 1, e ,n} s

based on a sample of size N is

1 1
—C

Np® = NVd(ConCoz,Oéo)I*l (Vd(cor, coz, o))

€01,€02,%0

from (3.4), where the Fisher information matrix Z., ¢y, a0 is the 3 X 3 matrix

Z. =
1,C2,00
1\ 1 1 h 1 1 A fr(c)
2 ZkZl (c1+c2hy)? 2 ZkZl (cl-i-cghk)Q 2 ZkZl (c14c2hi) fr(a) 50(
1 n Ay 1 n h 1 n hi Ofr(a)
2 Zk:l (c1+c;hk)2 2 Zk:l (c1+c§hk)2 2 Zk:l (cl+c2h’;)fk(a) 5&
2
1 ¢ 1 Afk() 1 hy Af(a) 1\ 1 Ofk ()
I e Y I et 2B 15 ey (25)

evaluated at (co1, co2, ) and

d(COIa Co2, 040) = (dl(COI; Co2, 040)7 cee 7dn<0017 Co2, Oéo))T

= (((001 + cozh1) fi(ao)) ™t oo ((cor + COth)fn(Oéo))_l)T .

3.3.4 Diagonal covariance with prescribed decay by 2 pa-
rameters

Consider an even more specific model for diagonal elements with two parameters:
dy = (cfe(a))™h ie. 7 = cfp(a), k = 1,...,n, where ¢ and « are unknown
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parameters. Maximum likelihood estimators for ¢y and oy can be computed
similarly as in the previous case. The estimating equations have the form

1 & 1 Ofile) &
Ek:l fela) Oa k; NS]“ oo’
which can be rearranged to
1 11
L= 1S st (3.16)
S L Ofu(a) 1L df;(a)
0= kz::ls,?fk(a) (fk(a) ﬁz:j 50 ) : (3.17)

Equation (3.17]) is an implicit formula for estimating ag. Its result can be used
for estimating ¢ through (3.16). The maximum likelihood estimator for Dy is
then given by

DY = diag (efu(@) ™., (@fala) ), (3.18)

where ¢ and & are of ¢y and «ag. It corresponds to searching a maximum
likelihood estimator of Dy in the subspace ®3 C ©y C ©; C © formed by
diagonal matrices of the form diag {(cf(a)) ™, k=1,...,n}.

The covariance of the asymptotic distribution of the estimator ﬁ(g) is
1 1 T
NCD(()IS) = NVd(Co, Oé())IcO ao (Vd(Co, Oé())) )

from ([3.4), where Fisher information matrix Z,, o, is the 2 x 2 matrix

Ofr(c)
% Zk 1 fk a) 5

T. =
G 1 1 9fp(a)
3 it e 3 T 7 (e 2)’

evaluated at ¢y, ap and

d(co, ap) = [di(co, ), - -, dn(co,a0)] = [(Cofl(ao))_lv e (Cofn(ao))_lr-

3.4 Computational study

In Section [3.2], it has been shown that in the sense of asymptotic variance and se-
cond moment (mean-squared) error, the maximum likelihood estimator computed
in a smaller space containing the true parameter is more (or equally) precise. For
small samples, this behaviour is illustrated by means of simulations.

3.4.1 Simulation of fields with diagonal covariance

The simulation is carried out with a covariance stationary random field. As
mentioned in Section [2.2.1] the spectral covariance of such a field is diagonal and
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can be modelled by means of eigenvalues of Laplace operator. The simulation set-
up was similar to the Section|3.3| First, a diagonal matrix Dy was prepared, whose
diagonal entries decay according to the model d = %ea“, k=1,...,n, where c
and « are parameters and A\, are the eigenvalues of discrete Laplace operator in
two dimensions on 10 x 10 nodes (so n = 100). Note that all Ay, &k = 1,...,n,
are negative. Such models are useful in modelling smooth random fields, e.g., in
meteorology. Then, random samples were generated from N, (0, Dy) with sample
sizes N = 5,...,20. For each sample, four covariance matrix estimators were
computed:

« sample covariance matrix S(,—¢), cf. (3.7)),

o MLE ﬁ(l) in the space of diagonal matrices, cf. (3.11)),

« MLE D = diag{(e; — &M\) " te® k= 1,...,n} with 3 parameters ¢, ¢y
and a, cf. (3.15)), and

« MLE DY = diag{¢"'e®* k = 1,...,n} with 2 parameters ¢ and «, cf.

(13.18).

The difference of each estimator from the true matrix Dy was measured in the
Frobenius norm. To reduce the sampling noise, 50 replications have been done
for each sample size and the mean of squared Frobenius norm can be found in
Figure |3.1]

106 T T T T N
O  sample covariance
*  MLE for general diagonal
% A MLE with 3 parameters
£ 109 ¢ E X MLE with 2 parameters
o} constN ™! (least squares fit)
c
%)
2 104F
GCJ *ox * * * ¥ x x
L 103 L
©
o L
= A
© R Q X A
o E X X E
510 244 s%244
101 1 1 1 1

5 10 15 20
sample size N

Figure 3.1: Nested covariance models (simulation): Errors of estimators D(J) €

®,, j =1,2,3, of a diagonal covariance Dy measured by Hﬁm — Dg||%. The error
of S(u—o) is also added. The random field had dimension n = 10 x 10. Eigenvalues
of Dy decay exponentially, i.e. d = cyle®™, where A\, < 0, k = 1,...,n, with
parameters ¢g = 1/30 and ap = 0.002. The full line is the order of convergence

const(N 1) fitted to the error of the sample covariance.
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For the diagonal given by (3.11)), (3.15), and (3.18]), we can expect from
(3.6) that these estimators should satisfy asymptotically

2 1 » A
F%Ntr<D((]])>, j:17273,

even if convergence in distribution does not imply convergence of moments with-
out additional assumptions. This conjecture can be supported by a comparison
of Figures [3.3] and where the same decay is observed. From the nesting, it is

known that (cf. (3.6))

(7o) = e (T) < (75

and it can be expected that the Frobenius norm should decrease for more restric-
tive models, that is,

E Hb(j) _ D,

£ (3) 2 £ (2) 2 A 2
E|D? - D, gEHD( “po| <€e|DY -~ Dy . (3.19)
F F F
which is confirmed by the simulations (see Figure resp. [3.3)).
1045 % ") T T N
F * * *
*
* *  x x  x
3L _
z 10
®  |a
& Boa 4 A
=02t A& A 5 o, N E
[ A X A A A ]
% MLE for general diagonal
A MLE with 3 parameters
X MLE with 2 parameters
10" — : : '
5 10 15 20

sample size N

Figure 3.2: Nested covariance models (simulation): Comparison of sums of es-

timated asymptotic variances %tr(I;j)) for three estimators D(j) € 0;, j=

1,2,3, of a diagonal matrix Dy = diag{c;'e®* k =1,...,n}, where ¢y = 1/30
and oo = 0.002.

The comparisons of the Frobenius norm of the error in the mean squared
complement the pointwise comparison between the sample covariance and
its diagonal. Relying on [MLE] for that comparison is not practical, because the
sample size of interest here is N < n, and, consequently, S(,—o) is singular and
cannot be cast as with an accompanying Fisher information matrix, cf.
Remark [3)in Section [3.3.1] But it is evident that for small sample sizes, estimators
computed in the proper subspace perform better. Hence, the hierarchical order
seems to hold even when N < n.
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Figure 3.3: Nested covariance models (simulation): Averaged errors HDU) — Dy||%

(based on 50 replications) of estimators D(j) € 0;, j = 1,2,3, of a diagonal
matrix Dy = diag{cy e k=1,...,n}, where ¢y = 1/30 and ag = 0.002.

3.4.2 Simulation of sparse inverse covariance of

The second simulation is related to a simple [GMREF] (cf. Section and it
illustrates another way to bring in assumed covariance structure. In the GMREF]
on a rectangular mesh, a variable on a gridpoint is conditionally independent on
the rest of the gridpoints, given values on neighbouring gridpoints. It follows
from Lemma [3] that nonzero entries in the inverse of the covariance matrix can be
only between neighbour gridpoints. Adding more details, we start with 4 neigh-
bours (as in Figure ), and adding neighbours gives rise to a sequence of nested
covariance models. If the columns of the mesh are stacked vertically, their inverse
covariance matrix will have a band-diagonal structure as has been already seen
at Figure [2.1]

The inverse covariance model for fitted by was introduced by
Ueno and Tsuchiya [68] and applied on data from oceanography. The corre-
sponding Fisher information matrix may be found as the negative of the Hessian
matrix (Ueno and Tsuchiya [68, eq. (C17)]). Later, in Section we will es-
timate parameters of such inverse covariance model also by the score matching
method.

The simulation has been carried out as follows. First, a sample of realizations
of the has been generated with dimensions 10 x 10 (resulting in n = 100)
and inverse covariance structure as in Figure 2.1} The values on the diagonals of
the precision matrix have been set to constant, since we assume the correlation
with left and right neighbour to be identical, as well as the correlation with upper
and lower neighbour. In particular, the main diagonal of precision matrix was
set to the value 5, the elements that correspond to the dependence between lower
and upper neighbours were set to -0.2 and the elements describing the dependence
between left and right neighbours were set to 0.5. This leads to a sequence of
nested models with 3 parameters for 4 neighbours, 5 parameters for 8 neighbours
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and 7 parameters for 12 neighbours,

The structure of 5! with 4 neighbours (Figure 2.1h) was set as the “truth”
and random samples were generated from N, (0,%,) with sample sizes N =
10,15,20,...,55. As already said, the values on first, second and tenth diagonal
have been set as 5, -0.2 and 0.5. For each sample, we computed successively the
with 3, 5 and 7 unknown parameters numerically by Newton’s method, as
described in Ueno and Tsuchiya [68].

The difference of each estimate from the true matrix ¥, was measured again
in the Frobenius norm. In order to reduce the sampling error, 50 simulations
of the same size were generated and the mean of squared Frobenius norm was
computed. The results can be found in Figure |3.4

‘IO‘1 E'i' T T T T T T T T T3
- +  sample covariance. | 1

L ¢ 13diags i

(O + O 9diags -

107 E X E
E + + + *  5diags E

+ ]

+ + + +1

10 F 3

square of Frobenius norm

8 8
* *

- %GO
-~ GO

1074

*
10 15 20 25 30 35 40 45 50
sample size N

Figure 3.4: Nested covariance models for a (simulation): Errors of
of four nested covariance models measured in the Frobenius norm. Compared
estimators: sample covariance and models with 4, 8, 12 neighbours, i.e. 5, 9, 13
nonzero diagonals in the inverse covariance matrix.

As expected, the [MLE| with 3 parameters outperforms the estimates with 5

and 7 parameters and the Frobenius norm for sample covariance stays one order
worse than all parametric estimates.
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4. Score matching estimators

When estimating parameters of a distribution, the maximum likelihood method is
usually the first choice. However, sometimes this method is not suitable because
of some computational difficulties, e.g., when only numerical maximization is
possible or when the normalization constant in the density function is unknown.
In that situations, the score matching estimation method published by Hyvarinen
[33] in 2005 provides a consistent estimator that may be easy to accomplish.

Because the score matching estimation method is less known than the ma-
ximum likelihood method, a brief summary of this method, following Forbes and
Lauritzen [23] and Hyvérinen [33| [34], is provided in Section 1.2l The general
result from Hyvérinen [33] is supplemented by later results from Forbes and
Lauritzen [23] concerning the case when the model distribution belongs to the
exponential family and the estimator is available in a closed form. This method is
applied to estimating parameters of a precision matrix of that will be taken
an advantage of later, in Chapter [7], where we propose three filtering algorithms
based on this estimator. Score matching provides an explicit estimating formula
that is easy to compute and the resulting matrix is a consistent estimator.

Asymptotic variances of score matching estimators corresponding to nested
parametrizations follow a hierarchical structure similar to the in the pre-
vious chapter. This is proved in Chapter 5| in a slightly more general case of
M-estimators.

4.1 Notation

Let X be a random vector with values in a set X C R". In this chapter, the
expected value of X with respect to a probability density p(x) is denoted by

Exop (X) = /X zp(x)da.

The Euclidean norm of & € R" is denoted by ||||,,, which is a shortcut of |||z,
and the inner product by (x,v),, ®,v € R". A column vector (z1,...,2,)" is
sometimes written as [z;]}_;, in order to make the notation shorter. A matrix
consisting of columns vy, ..., v, € R" is denoted by [vy, ..., v,,] and a matrix of
elements vy, j = 1,...,m, k=1,...,n, by [v]j5Z,, or [v]7,—;, when m = n.

For a scalar function g of vector argument @ = (xy,...,z,)" € R" A, stands
for the Laplacian and V, for the gradient,

M) = XL, 54 @), Tusl) = (2 @) g (@)

If the gradient is needed as a column vector, we denote V; g(x) = (Vag(x))'.
The Jacobian matrix of a vector function h = (hy, ..., h,,) " : R® — R™ is denoted
by

m,n

inta) = | @)

ij=1
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4.2 Score matching estimation method

For the unknown probability density function p(x) of the random vector X,
consider a parametrized density model of the form

1
(216) = 7 igralelo).  2(6) = [ atwlo)ia. (4.1)
where the normalization constant Z(0) may be difficult to compute, and 6 varies
over ®, which is an open set in a finite dimensional vector space L. The objective
is to find an estimate @ € @ of @ and to approximate p(x) by f(2|@) without
the use of Z(6).

The idea of score matching estimation (Hyvérinen [33]) is to make inference
about @ using the gradient with respect to « of the log-density

Ve log f(x]6) (4.2)

instead of the density itself. The function is called the score function in
Hyvérinen [33] because it is the Fisher score function (Barndorff-Nielsen and
Cox [7, expr. (2.5)], Hyvéarinen [34]), with respect to a hypothetical location
parameter: assuming an additional location parameter vector &, can be
obtained by taking the gradient of log f(x — &|@) with respect to € and evaluate
it at £ =0.

The principal observation is that

Vg log f(x|0) = V (log q(x|60) — log Z(0)) = V. log q(x[6), (4.3)

thus the score function V, log f(x|@) does not depend on Z(0). The parameter
0 in f(x|0) is then estimated by matching the score function of the model to the
score function of the data by minimizing the expectation of the squared distance

50) = [ |Vi10gq(0) -V logp(a)|, pla)da
= Exny | V2 logg(X|6) -V 10gp(X)Hi- (4.4)

Estimating parameters by matching the model and data scores gave the procedure
its name. The [Score Matching Estimator (SME)| of 6 is

0 = argmin S(0).
6cO

sMUE]| relies on the following assumptions:
g p
(B1) p(x) and V. logq(x|@) are differentiable in X,

(B2) Ex~p HVI, log q(zc]O)H2 is finite for all @ € ©,
(B3) Ex~p HVI logp(w)H2 is finite, and
(B4) function g(x|0) = log q(x|0): R™ — R satisfies that p(x)V, g(z|@) — 0 for

any 0 € © when x — 0X and the boundary 0X of & is sufficiently regular
for integration by parts, in particular

/X (VIp(@), Vig(xl0)) dz= —/Xp(zc)Amg(a:w)dcc, v € ©.
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Remark 4. When g(x|@) is polynomial for any 8 € ©, assumption (B4) is sa-
tisfied for a large class of probability distributions. For example for the normal
distribution, where X = R", the Fubini theorem implies

T T x) dg(x|0) o
/Rn<vm()v 9(6)) daz—Z/ 8% 8% d; =

“E (e
—/ )ALg(x|0)dx,

because p(x )89("”'9) — 0 as x; — oo due to the exponential decay of the Gaus-
sian density.

When assumptions (B1)-(B4) hold, it can be shown (Hyvérinen [33, Theo-
rem 1]) by integration by parts that the objective function (4.4) equals to

1 2
S(6) = Ex- |5 [V oga(X10)[ + Asloga(X10)| +¢,  (49)

where ¢ = Ex., HVI logp(X)H2 does not depend on €. Thus, the squared dis-
tance of the model score function from the data score function can be computed
as an expectation of certain functions of the unnormalized model density q(x|0).
Given a sample Xy = {X3,..., Xy} from the density p, the expected value

in can be approximated by the sample mean,
1N

3 (; Hv; log q(Xi|0)Hi + Aglog q(XiIO)) ton(Xn),  (4.6)

Sy(0|1Xy) = N
i=1

where cy (Xy) = + XN, HV; log p(X;)
1/N and the constant cy, for a fixed sample Xy, do not affect the point where
the minimum in (4.6) is attained. Thus, we obtain the empirical estimate

2
does not depend on 0. The coefficient

N N1
O = argmin (Z 5 |2 1og q(XAG)Hi + Ay log q(x,-|9)> . (4.7)
i=1

4.3 Exponential family

Following Forbes and Lauritzen [23], suppose in addition, that the density model
(4.1) belongs to the exponential family , i.e.,

log f(x|0) = (T'(x),0) L, — a(8) + b(x), (4.8)

where (-, -}, is the inner product of the vector space L D ©. Further assume that
© is such that Z(0) < oo for all @ € . Function T'(x) is the canonical sufficient
statistics and 0 is the canonical parameter. For density from the exponential
family, the expressions in the objective function ,

Valogq(x|0) = V. (T(x),0) + Vib(x), (4.9)
Aglogq(x|0) = A (T (), 0) 1 + Ab(x),

34



are linear functions of 8. Substituting into (4.6)), we obtain an empirical scoring
function quadratic in 6,

Sw(Ol%y) = 3 [5 | Vo T (X0, 0), + TIb(X,)

2
93 -+ AL(T(X,).6).

4 sz)(Xi)} +en (Xy)

= 2[5 IVE). 0.+ (VInx). VIr(x) 6)1)

+ AL(T(X)), 0>L] e (X)), (4.10)
where

. 1 X+ SR LA T
cy Xy) = N ; Hvx log p(X;) TN ; {2 vab(Xi)

|+ A

does not depend on 0. For a fixed @, define linear operator D(x) by
D(z): L - R", D(x)8 =V (T(x),0), (4.11)
its adjoint operator D*(x) by
D*(x): R" = L, (6,D*(x)v), =(D(x)0,v),, VOc L, VveR" (4.12)
by
,0), = A (T(x),0),, VO € L. (4.13)

and the Laplacian vector AT (x
AT(x)e L: (AT(x
Then, becomes
1N
|

)
)

L ID(x)612 + (D" (X)VI(X,). 0) 1+

Sv(01%n) = 3 |5

N

=1

+(ALT(X0), 01|+ (Xy). (4.14)

Since the feasible set © is open and the quadratic form + YN, ID(X)8|? is
positive semidefinite, Sy (0|Xy) attains minimum on O if and only if

VoSn(0)Xy) = 0. (4.15)

In addition, if Y22, || D(X;)8)||> is positive definite and the minimum of Sy (8|Xy)
on © exists, then the minimum is unique. Equation (4.15)) provides the linear
estimating equation for

gj (D*(X;)D(X;)) 6 + ivj (D*(X,-)v;b(xi) - AmT(Xi)) =0, (4.16)

where D*(x)D(x) is a linear map on L and D*(z)V, b(x) + AT (x) € L. If
N, (D*(X;)D(X;)) is invertible, (4.16) has a unique solution in L,

Oy = argmin Sy (0|Xy)
ocL

== (ZE D*<Xz-)D<Xz-)> S (DI(X)Vab(Xi) + A T(X).  (417)

=1
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In the Section [4.6] we will take an advantage of (4.17), and derive for

the mean and covariance matrix of a Gaussian Markov random vector.
Hereafter, we will assume that the true density p(x) = f(x|6,) for a unique 6y,
where f(x|@) belongs to the exponential family. Under that condition, the
can be shown to be consistent. In Theorem @ below, an exact statement
based on Forbes and Lauritzen [23] with a detailed proof is provided for the

[1.17)), because it will be helpful later on, in Section [4.5]
In addition to assumptions (B1)-(B4), we need the exponential family distri-
bution to satisfy that

(CL) Exey | AT(X)), < o0,
(€2) Exey [VIHX)[] < o,

(G3) Exey [D(X)]2, < o0,
where [ D(X)|2, = sup {| D(X)0] : 0 € L, 0], <1}, and

(C4) assumption (B4) holds with g(x|@) = (T'(x), 8), in place of g.

Remark 5. For distributions with b(x) = 0, assumption (C2) is fulfilled automa-
tically and assumption (C4) coincides with (B4).

Since p(x) = f(x|6y), assumption (B3) follows from (B2). Moreover, assump-
tion (B2) follows from (C2) and (C3), because

Ex- VI oga(X10)| = Ex-, [D(X)0 + VIb(a)|”
< Ex, (IDXO01, + |[VIb(@)| )’
2

< 2B [D(X)]3, 16115+ 2Exey [Vob(@)]| -

n

Theorem 6 (Consistency of [SME| Forbes and Lauritzen [23]). Assume that
p(x) = f(x|0y) for a unique 8y € O and that q(x|@) > 0 for all x € X and
all @ € ©. Further assume that f(x|0@) satisfies conditions (B1), (B4), (C1)-
(C4) and that Ex.., (D*(X)D(X)) is invertible. Let X1, ..., Xn be the random

sample from p(x). Then, the exists with probability approaching one

as N — oo, and it is a consistent estimator of Oy, i.e.
A P
Oy —— 00.
N—oo

Proof. Denote by {£;};_, an orthonormal basis of the vector space L. Then the
components {¢x}5_; of any ¢ € L in this basis are given by

¢ = ZS: (@, L) L.
k=1"—""—"—"

(7

Take ¢ equal to the last sum in (4.17)), i.e.,

d(X) =D (X)Vob(X)+AT(X)€L (4.18)
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and evaluate the coefficients Ex ., (¢x(X)) for k =1,... s,

Exey (66(X) = Exp((X). &)1 = [ p(@)(D" @)V, b(a), &) dw+
+ / p() (AT (), £ pd, (4.19)
X
where the Laplacian is defined by ,

(AT (), )1, = A (T (), Ly) 1-

The first integral in (4.19)) is finite as a consequence of the Cauchy-Schwartz
inequality in Lo(2)

/ HD Wbz H dm</ p(z) | D*(z Hva H

= (/Xp(“’) ||D*($)\|(2,p dm>2 (/Xp(w) Hv;b(m)Hidm>%
N (EXNP ”D*(X)Hip)% (Ex~p Hvlb(X)Hif

combined with assumptions (C2) and (C3) and by the linearity of the inner
product

AP(:C)(D*(:B)VIb(:U),Ek)Lda: = </Xp(;v)D*(a:)VIb(w)dw,£k> .

L

The second integral in (4.19) is finite due to assumption (C1) and again by
the linearity of the inner product. Moreover, the integration by parts imply

/X p(2)Ag(T (@), ) pdz = — /X (VIp(x), V(T (x) b)) de,  (4.20)
due to assumption (C4). From (4.11)) and (4.12)), it follows that

(Vip(@), Vi(T(@), b)) = (Vop(@), D(@)ty)
= (D*(@)Vap(x), &), .

and hence (4.20)) results in
_ * T
/X p(€)Ap(T (), £) dz = — /X (D (@)Y p(x), £), da. (4.21)
Due to (4.3)), p(x) = f(x|6y) implies V, logp(x) = V, log q(x|6y). By substitut-
ing
Vap(a) = p(x)V, log p(x) = p(x) (D(2)6 + Vb)) ,
from and ,
V. logp(x) = D(x)0, + V,b(xz) € R"
into (4.21]), we get
[ p(@) 8T (), £} v = — [ p() (D" ()] logp(x), &), da
x x

= —/Xp x (x) D(w)@o + V;b(:c)) ,£k>de
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for every k =1,...,s. This is the same as

Exep(AaT(X), £, = — Exp (D*(X)D(X)0y + D*(X)V, b(X), &)

L
(4.22)
Substituting into results in
Ex~p (01(X)) = = Exp(D"(X)D(X)60, £y) .- (4.23)
Multiplication of both sides of by £; and summation over k gives
Exp(6(X)) = — Ex.,, (D*(X)D(X)) 6. (4.24)

Finally, by comparing (4.18) and (4.24), we get
Exep (D7(X)Vab(X) + A;T(X)) = = Exp (D"(X)D(X)) 6. (4.25)

By the Khinchin’s weak law of large numbers

LS (D1(X)VIHX) + AT(X,)) ~2 —Ex, (D'(X)D(X)) 6y

=1

and similarly

3 DHX)DIX) o Exey (D(X)D(X))

=1

The weak law of large numbers assumes that Ex., [D*(X)D(X)] is finite, which
is ensured by (C3) together with the Cauchy-Schwarz inequality in Ly (€2),

Exp | D*(X)D(X)|,,, < Ex~p (ID(X),, - | D*(X)],,)

op —
< (Exwp IDX)Z,)" (Exnn ID*(XOI,) "
Since Ex., (D*(X)D(X)) is invertible by assumption, we get

Oy = — (f: D*(X»D(Xi)>_ i (D" (X)V2b(X0) + AsT (X)) —— 6,

=1

where the inverse exists with probability approaching one (cf., Lemma m below

for By = + Y, D*(X;)D(X;) and A = Ex., (D*(X)D(X))). O

Lemma 7. Suppose that { By} nen are random operators with values in a finite
dimensional normed space V. Assume that By Lo A as N — 0o and that A~
exists. Then, Pr (Bgfl e:m'sts) — 1 and By' & A7 as N — oo.

Proof. Note that if [|A — By/|,, < 1/[|A7]|,, for a given N € N, then By exists,
and

—1112
”A 1||0p HA_BNHop
o — 1— ||A71||op ||A - BNHop

Ja7 -5y
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The last inequality follows from

A= Byl = A7Y(By — A)BY,
Byt = A Y1 — (A— By)A Y)Y,

which together yields
A= Byl =AY (By - A)ATNI - (A-By)A ™)™
Let € > 0 and 6 > 0. Without loss of generality, suppose 6 < 1/ (2 ]|A‘1||Op).

Since By NL> A by assumption, there exists N; such that for every N > Ny,
—00

Pr {HA — Byll,, < 5} > 1 —e. Thus, for every N > N;, with probability at least
1 — ¢, By' exists, and

1112
A5 1By = All,,

AP B < (4.26)
H Mllop =1~ 1A = Byl 147l
2 4] 2
<A < 2| AT 0
- H opl —9 HA*l”Op H op
Since [|A — Byl|,, < ¢ implies HA_l — B;f” <2 ||A_1||§p 9, then
op
1 —e<Pr[|A-Byl,, <0 <Pr U‘A—l - By <2fa’ 5} ,
op op
which means that By NL> AL O
—00

4.4 SME in matrices and vectors

When L is the entire space R® and (-,-); is the usual Euclidean inner product
(-,),, the simplifies further (Hyvérinen [34]). In the notation here, which
is from Forbes and Lauritzen [23], the canonical density (4.8]) becomes

log f(2|0) = >, | Ti(@)0x — a(6) + b(x),

the linear operator D in (4.11)) becomes

n

L P ST B D ol A )

j=1 axj j=1
where
oxr1 OTn
Jo(T(x)) = | o
8$1 awn

is the Jacobian matrix of 7', so D(x) is the Jacobian transposed,

D(z) = J,(T(z))" .
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the adjoint operator in (4.12)) becomes simply the Jacobian itself,

D*(x) = J,(T(x)) . (4.27)
and (4.13]) becomes the Laplacian applied to T entry by entry,
Ale (m)
AT (x) = : (4.28)
A Ty(x)

- (Z To(T(X5) Jm<T<Xi>>T> > (Ja(T(X0) Vb(X0) + A, T(X3))

=1

where Vb (x) = (%iw) ab(w)).

4.5 Continuity of SME

In Chapter [7] where the filtering method using is proposed, we will need
continuity of SME with respect to random perturbations. We start with two
well-known statements that will be used several times in this thesis. Then, we
continue with a weak law of large numbers for triangular arrays. In addition to
the notation from Section [f.1 we denote by covx.s(.g) (X) the covariance of X
with respect to its probability density f (x|0).

Lemma 8. Let X be a random variable with values in R™, which has the den-
sity f(x). Assume that h : R™ — R™ is a Borel measurable function such that
Exs (h(X)h(X)T> exists. Then, Ex..y h(X) exists.

Proof. From the Cauchy inequality;,

(Exs 16X, = Exes (1), - 1) < Exe (X2, Exey (1)
= Exeg I1(X) 5, = Exeep tr (R(X)R(X)T)
o (Exe (HORCX)T)).
which is finite by assumption. O

Theorem 9 (Continuous mapping, Van der Vaart [69, Theorem 2.3 (ii)]). Let
g : R¥ — R™ be continuous at every point of a set C' such that Pr(X € C) =

If Xy —— X, then g(Xy) —— g(X).
N—o00 N—o00

Lemma 10. Suppose that f (x|0) is a parametric probability density with respect
to Lebesque measure on a measurable set X C R™ with parameter @ € © C L,
with © open, such that covx.y(.je) (X) exists and is continuous from © to R™™.

Suppose that Oy are random parameters with values in © such that 0y RN 6, € ©
as N — oo, and, for each N, {XlN i=1,.. .,kN} is a sample from f (x|Oy),
with ky — oo as N — oco. Then,

1

N—o0
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Proof. Since covxn f(jg5) (X{V) exists by assumption, Exy_s(jgy) (Xﬁ) exists
from Lemma [§ In order to simplify the notation, we will denote

Eﬂ“ﬂwm(XF)ZE(Xwa) and
COVXN~ (o) (XlN) = cov (X{V‘9N> = C(0y).
Further, denote

WY =XxY—E(X\joy), W= ,fN A
We need to show that W £ 0 as N — co. Fix N and Oy. Then,
E(Wlox) =0,
cov <W1N|0N) = cov (XMBN) = C(0y),

and, since W/ are uncorrelated, by the standard L? law of large numbers argu-
ment,

(WL lov) = 5 S E (W 1ew) = e (] en)
::é;terV(PVfWON)>::é;tI(C(HN».
Let € > 0 and 6 > 0. Using the Markov inequality, we have
E(IW"10x) e on)

pr ([ = ) < e e

Since C'(0) is continuous function of 6, there exists n > 0 such that
tr (C'(0)) <tr(C(60y))+1, if || -6, <n.

Since Oy il 6o, there exists N; such that

. if N> N,

N 1

Pr([|0n — 60|, 2 1) <
Then, by the law of total probability,

Pr(|w”| =) =Pr(|W"] =cll6n —60ll, = n) Pr(|6x — ol = n)
<1 <$

+Pr (W > elllw — 6l <) Pr(|8x —6ull, < n)

<t C6g)+1 <1
- 82kN
6 tr(C(0 1
B (G
2 82kN

Since ky — 00, there exists Ny such that

tr (C (00)) + 1
621{3]\[

J
<3 it N > Ns.
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Then, finally,

Pr (HWNHn > 5) < g+ g =0, if N >max{Ny,N,},

which proves that w' NL> 0. O
—00

We now apply Lemma to functions of samples from exponential family
distribution.

Lemma 11. Suppose that f (x|0) is a parametric probability density on X C R™
of the exponential family @ with parameter @ € © C L, © open. Further,
suppose that h : R™ — R™ s Borel measurable and such that

/ |\h ()|, f(x]@)de < oo  forall 8 € O. (4.29)

Finally, suppose that Oy are random parameters with values in © such that
Oy NL> 6o, and, for each N, {XN i=1,. k:N} is a sample from f (x|0y),
—00
and ky o Then,
— 00

1 &
P Zh (XN) —> Ex (60 h (X)) .

Proof. We use Lemma with h (XZN) in place of X¥. From (4.29) and Lemma
B, the integrals

M (9) = / h (w) h (m)T f (33|0) dw:e—a(e)/ 6<T(m),0)Lh (33) h (m)T eb(m)dw
x X

m (6) :/ h(z) f (x]0) dm:@—a(")/ T @O p (1) @ dg (4.30)
X X

exist for all @ € ©. Since M (6) and m (0) are the Fourier-Laplace transform of
the sufficient statistics 7" (x), they are analytic in ® (Lehmann and Romano [44],
Theorem 2.7.1], Barndorff-Nielsen [0, Theorem 7.2]) and, in particular continuous.
Thus,

C(8) = covxesy (h (X)) = M (8) — m (6) m (6)"

exists and is continuous from © to R™*". Now, from Lemma |10,

ooh (XN) = Exne seiom (h (X)) —= 0.

Next, writing the expectation as the integral (4.30)),

Exy~ r(lon) (h (va)) =m (Oy),

which is a continuous function of @, we have
P
Exse seiow) (0 (X1)) =m(6) ~o (60) = Ex~ sci00) (A (X)),
by the continuous mapping theorem (cf., Theorem E[) O]
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For the following theorem, we need stronger versions of assumptions (C1)-

(C3). Assume that
(C1b) Ex~p [A:T(X)]] < o0,

(C2b) Ex., [VIb(X)| < o0, and

(C3D) Exey ID(X)], < oc.

We are now ready to prove continuity of [SME] to random perturbations of the
parameter of the exponential family.

Theorem 12. Suppose that p(x) = f(x|6y) for a unique 8y € O, where f (x|0) =
q(z|0)/Z(0) is a parametric density on X from an exponential family ({{.8) that
satisfies assumptions:

(B1) f(x|6y) and V,logq(x|0) are differentiable in X,
(B4) f(x|600)V.] logq(x|0) — 0 when © — OX and the boundary OX of X is

sufficiently reqular for integration by parts,
(C4) f(x]0,)V (T (x),0); — 0 when x — OX,
(C1b) Exsiian) 2T (X)), < oo,

(026) EXNf(.|90) V;b (X)Hi < 00, and

(C3b) Exsij0,) ID(X)]];, < oo

Let Oy, N = 1,2, ..., be random parameters with values in an open set @ C L
such that @y NL> 0y € ©. Assume that the inverse of Ex s, (D*(X)D(X))
—00

exists. For each N € N, denote by Ox the computed by using a
sample XN, ..., XN from f(x|0y). Then Oy NL> 0,.
—00

Proof. From Lemma [L1{ with h (x) = D*(x)D(x) and assumption (C3b), it fol-
lows that

N

= D (XD o Exe o (D'(X)DX)). (431

1=

Next, we apply Lemma (11| with h (z) = D*(z)V,b(x) + A, T(x). By Cauchy
inequality and (C2b) together with (C3b),

([ |0 @vie@] s @oyaz) < [ 10" @)L, 1 l0) da
/XHV;b T an (x]0) dx < oo,

which yields (£.29). Thus, by Lemma [11]

1N * N T N N

Ex~ sci00) (D(X)VIb(X) + A, T(X)).

43



It was shown in (4.25) (inside the proof of Theorem @ that

Ex~ s(/00) (D" (X) D (X)) 60 + Ex~ sjan) (D7 (X) Vb (X) + A, T (X)) = 0.
(4.32)
Thus, from (4.31)), (4.32)), and the continuous mapping theorem (cf., Theorem@[)7

<Z D*(XZ.N)D(XZ,N)> Z( (X b(XY) + A T(X)))

s (Ex ptian (D*(X)D(X))) " Ex~ sejon) (D(X)VIB(X) + T(X)) = 6,

N—oo

Existence of the inverse on the left-hand side follows from Lemma [7] with By =
v 2in DM(XY)D(XF) and A = Ex. s(jo) (D*(X)D(X)). O

4.6 SME in Gaussian Markov random vector

In this section, the covariance matrix of a (defined in Section will
be estimated by the score matching method together with its expected value.
First, an unconstrained covariance matrix, which corresponds to a degenerate
case with no conditional independence between the entries of the random vector,
is considered for completeness. In that case, it is shown that the score match-
ing estimation method leads to the same estimator as the maximum likelihood
method. Covariance regularization can be achieved through a linear model

for the precision matrix after replacing the parameter 8 = (81, B2,...,05,)"
its which is addressed in Section |4.6.2]

4.6.1 Unconstrained covariance matrix

Random vector following normal distribution N, (g, Xo) with unconstrained X
can be considered as a special case of GMRF] The computational procedure is
based on Hyvérinen [33] with missing arguments added.

The of (po, Xo) in this case can be most easily computed by minimizing
the score matching objective function . In order to compute the minimum,
we take derivative of the objective function with respect to a symmetric matrix,
which is addressed in the following lemma.

Lemma 13. Define S, = {B € R™" : B = B'} with an inner product
(A,B)s, =tr(AB)VA,B €S,. For A €S, define

91: S, = R, 1(2) =tr(ZAZ), and
g2 Sn — Ra 92(Z> = tr<Z)

Then, the derivative gi(Z) is represented by ZA + AZ and g4(Z) by I,.
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Proof. The derivative of g,(Z), resp. g2(Z), in direction H € S, is
o 2 +tH) — g1(Z)

H(Z2)H =1i
t—0 t
i & (ZAZ +tZAH +tHAZ +t*HAH) — tr(ZAZ)
= 11m
t—0 t

:hmlmQZAH+¢HAZ+ﬁHAH)
t—0 ¢
=tr(ZAH) +tr(HAZ) = 2tr(ZAH),

7 +tH) — go(Z (7 2 tE) — to(Z
g;(Z)H:hmgQ( +HH) — g(2) _ {2+ tH) — te(2)
=0 t t—0 t

= tr(H),

since the trace is linear and invariant under transposition and since A, Z and H
are symmetric.
Linear functionals ¢}(Z) and g5(Z) has the Riesz representation

gll(Z)H = <Bl7H>Sn7 VH € Sna
go(Z)H = (By, H)s,, VH €S,

for some By, By € S,,. The right choice is By = ZA + AZ and By = I,,, which is
easy to verify,

G(Z)H = (By,H)s, = (ZA+ AZ H)s, =tr ((ZA+ AZ)H)
=tr(ZAH)+tr (AZH) =2tr (ZAH)
g;(Z)H = <B27 H>Sn = <]n7 H>Sn =tr (H) )
where we again used the linearity of trace and its invariance under transposition
and cyclic permutation, which provide tr (AZH) = tr (HAZ) = tr ((HAZ)T) =
tr (ZAH), due to the symmetry of Z, A, H. Hence, g}(Z) is represented by ZA +
AZ €8S, and ¢4(Z) by I,, € S,. O

In order to show that the minimum of the objective function is unique, we
will need Lemma [I4l

Lemma 14. Suppose S € R™™™ is symmetric positive definite and define operator
T :RY™ = R™™ by T(P) =PS+ SP. Then, T is injective.

Proof. A linear mapping is injective if and only if its kernel is {0}. Therefore,
the objective is to show that the only solution of

PS+SP =0 (4.33)

is P=0.

Since S > 0, all its eigenvalues are positive and there exists a basis of R"”
consisting of eigenvalues of S. By multiplying (4.33]) by an eigenvector v € R" of
S, we get

0 = P(Sv) + S(Pv)

0 = P(\v) + S(Pv),
which implies S(Pv) = —A(Pv). Since all the eigenvalues of S are positive, i.e.
A > 0, Pv cannot be an eigenvector of S and it follows that Pv = 0. This holds

for every eigenvector of S and so P = 0.
]
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We are now ready to prove that the score matching estimate of the covariance
matrix equals to the sample covariance.

Theorem 15 (Hyvérinen [33] Section 3.1)). Let Xn = {Xi, Xo,..., Xy} be
a random sample from N, (po, Xo) with reqular Xq. Then, the score matching
estimator of (o, Xo) based on Xy is

(%) = (X.5),
if the sample covariance matriz S is reqular.

Proof. Tt will be more convenient to work with a parameter 8 = (u, P), where P
stands for the precision matrix, instead of (u, X). By assumption, P is symmetric
and positive definite. The logarithm of the density of N, (u, ) is

log f(z|6) = —g log(2r) + ;log(det P) - ;(:13 W) Pz — p)
and its part that depends on the data is
log a(16) = 3 (@ — 1) Pl — ).
Since the gradient of a scalar function y' Ay, A € S,,, with respect to y € R” is
V, (y" Ay) = 24y, (4.34)
we get

V) logq(x]0) = —P(z — p) = P(p — x)
Ay logq(x]6) = Vs - (Valogq(]0)) = Vo - (1 — ) P) = — tx(P),

and the objective function (4.6)) turns into

S (1Pt = X1~ (P)) + en(n)

1
TN
1 o T p2

N;( i X) P = X))~ te(P)) +ex(Xy)  (435)

—+

r( (;\éjp, X)) (- X))P P>+0N(XN)
— tr (;PS P—P)+en(Xy), (4.36)

where S, = & Y (X; — u)(X; — p)" and cy(Xy) is a constant that does not
depend on parameters.

To obtain the [SME] we minimize Sy(0|Xy) over (p, P) with symmetric po-
sitive definite P. For this purpose, compute the derivatives of Sy(6|Xy) with
respect to g and P, which give the conditions for the minimizer (f, ]5) The
derivative with respect to g can be most easily computed from by using
(4.34):

o (Bl%) = P~ X) = 0. (437)
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where X = % SN, X;. By using Lemma [13| with Z = P and A = S,,, we can
compute the derivative with respect to P from (4.36)),

oS
2 (O|Xy) =

op (PSy+ SuP) = I, = 0. (4.38)

1
2

It is easy to see that fi = X and P = S;l is a solution of (4.37, 4.38|). By

Lemma , P is determined by 1} uniquely. Since P is positive definite, from
(4.37)), f is also unique. Hence, the score matching estimator of 8y = (o, Fo) is

0 = (X,S5;h),

where S, = £+ 3V (X, — X)(X; — X)) =6. O

4.6.2 Linear model for the precision matrix
Suppose that the precision matrix of a [GMREF]| follows the linear model (2.10)),

Y= B1AL 4 BaAy + ..+ BrA, (4.39)

This model is formed by a linear combination of linearly independent known
matrices {Ay},_,, which are called design matrices by Ueno and Tsuchiya [68].
The unconstrained covariance matrix in Section [£.6.1] can be considered to fol-
low the linear model with design matrices A;;,7 = 1,...,n, 7 =1,...,1,
such that A;; has value 1 at positions (,j) and (j,7) and zeros elsewhere. By
choosing a more restrictive set of design matrices, the linear model can
provide a regularization of the precision matrix. In Ueno and Tsuchiya [68], the
parameters (3y,..., [, of this model are estimated by the maximum likelihood
method, which, however, is not a linear problem in this case, and the maximiza-
tion has to be done numerically. In this section, it will be shown that the score
matching method provides estimators in a closed form. Regularization of the
covariance matrix by means of the Markov property has been also considered in
Spantini et al. [65]. Linear estimation of the precision matrix by score matching
was studied in Forbes and Lauritzen [23].

The following theorem provides the explicit formulas of of the mean value
and a linear model for the precision matrix of normal distribution N, (o, Xo).
This result is essential for filtering algorithms presented in Chapter [7l Since the
computation is for one fixed N, we can drop the subscript /N here.

Theorem 16 (Turcicova et al. [66]). Assume that X,..., Xy is a sample from
N, (o, X0), suppose that X is reqular, and consider the model 35 _, Br A for the
precision matriz X1, where {A}i_, are given symmetric and linearly indepen-
dent matrices. Denote B = (31, ..., 3.)". Then, the score matching estimator of

(o, Bo) is
(.8) = (X, (fer (SAAD,L) ()4 (@0

where X and S are the sample mean and sample covariance , assuming that
the inverse exists.
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Proof. Normal distribution belongs to the exponential family of distributions, so
we can compute based on (4.17). Note that the model density f(x|u,X) is
assumed to coincide with the true density p(x) for some (g, o). Dimension of
the parameter space is s = n+7. The density of NV,,(p,2) with 271 = 37}, Bp A

1S

ey
Pt = @l o A

where

logaeln,%) = - 3@ — 1) Y Bz — ) (4.42)

<2

x . ( > k1 BrArp >>
( —% (mTAlw, - ,wTArw) ) ’ B
= (T(x),n),y, —aln)

,
k=1
is of the exponential family with a new parametrization

n+r

DO | —

n

™m 2221 BkAkN/
- — 4.43
o= )= () (149
with sufficient statistics
T v 4.44
(@) = -3 (wTAla:, . ,:cTATa:>T (4.44)

and
1

a(n) = 5 <Makz;15kf4ku>n-

The original parameters (u, 3) define probability density by (4.41)) if and only
if
(n,B) € © = {(p,, B) ‘u € R",) " BrAy is positive deﬁnite} .
k=1
Define

0= {nER"”

Z Mo A 18 positive deﬁnite} ,
k=1

where 1o = [n21]j—;. Lemma [17] (below) shows that (4.43) defines a one-to-one
correspondence between n € @ and (u, 8) € ©.
Now, the estimate (4.17)) can be evaluated. From (4.27)),

* _ — m = In
D*(x) = Jp(T(x)) = Jw( _% (:nTAla:,...,a:TAT:B)T ) - [ —[Al:n,...,A?»iB]T ]

and then D is the transpose,
D(x) =[I,,— [A1z, ..., A.x]].
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So,

D*(z)D(z) = l B [Alm’.]f. A" ] [, — Az, ..., Ax]]
In - [Ala:, . ,Ara‘,']
N l_ Az, . .. ,Ar:v]T [mTAkAlm]szl ] . (4.45)

For every k =1,...,r, we have
L+ L+ T
A, (—2:1: Ak:r;) —v,. (vx (-2:1; Akm» = V.- (27 A) = —tr(Ay)
and due to (4.28)), the Laplacian of the sufficient statistics from (4.44)) is

0
AaT (@) = < ~(te(Ay), - tr(A))T ) ' (4.46)

With a random sample X7, ..., Xy, we have the (4.17)),

-1
. 1 X, 1Y
= - (N > D (Xi)D(Xi)> v > AT(X;) (4.47)
i=1 =1
__|En Ep - 0
Ea Ey (tr(Ay), ,tr(AT,))T '
where

Enn Eip| _ I, —E SN AXG, . AKX
Eo1 E —% Ef\;l [A1 X, ... ,Ar)(i]—r % Zfil[XiTAkAin]Z,l:l

Using the formula for the inverse of 2 x 2 block matrix,

—1
Ei1 Eig _ My M| _ B! (In + E12M22E21E1171) —Ey1 ' Eja Moo
E>  E Ma1 Moo — My By B! S’ ’

where

Spo = Eyy — E01 By ' Eny

1 X "
= lZXJ AkAgXi] —
Nz':l k=1
1[N N T 1[N 1N
Y AX S AX S Y AX, =S AKX,
(1 & 1 X 1 X '
= NZX;—AkAEXi - NZX;AI@NZAL’XJ‘ (4.48)
Y =1 i=1 j=1 k=1
i 1Y B A R A '
i i=1 j=1 i=1 koo=1
— [tr (SARAD], oy (4.49)
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Since S,y exists by assumption, the inverse in (4.47) exists, and

0= [%i %] ( (br(A)), .(.),tr<Ar>>T )

-1 —1
_ [ —E1152§12522 ] (tr(Ay), ... tr(4,) "

_ [ —E; By

I 1 Sy (tr(Ar), .., tr(A) T

which gives

A

r —1
=B = ([tr (SA AL my)  (t(Ar), - te(A) T
and
1 Y .
M =—En 'Epf = N YoAX, .. AX B

=1
r

1 N R LA B
= N Z Z BkAk‘Xi = Z 5kAkX-
k=1

i=1 k=1

By (4.43), m = >5_; BrArpe, and since the mapping of the parameters (m;,1s)
and the original parameters (u, 3) is one-to-one by Lemma [17] below, it follows

that o = X. m

Remark 6. Note that the form (4.48]) will be cheaper to compute than the elegant
form (4.49).

Lemma 17. Let all the assumptions of Theorem [16 hold and denote

0= {(/J,, B) ‘,u e R",) " BrAy is positive deﬁm’te}

k=1

m € R", Z Mor Ag 1S positive deﬁm’te} )
k=1

Then

_(m o _ [ ke BArp
()

defines a homeomorphism between n € © and (u, B) € O.

Proof. Evaluating 7 (u, B) € O gives a unique n € O. In the opposite
direction, if n € ©, then m» = B and, since > ;_; BxA; is nonsingular, p =
(Shey BeAr) ™ o

The mapping (p, 8) — m is continuous from the continuity of vector space
operation, while the continuity of the inverse mapping follows using also the
continuity of the mapping A — A~!, cf. (4.26)). O

Following through the steps of the proof of Theorem [16| omitting p as a pa-
rameter, we get the following result.
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Theorem 18. When pg is known, then the score matching estimator of By is

A

BN
B = ([tr (SuAr A} _,)  (t(Ar), ... tr(A) (4.51)
with Suy = + SN (X — po)(Xi — po) " (if the inverse exists).

Proof. From (4.42)), we have

log g(2]S) =log g(z|8) = — (@ — po)” 3 FeAu( — pao)
k=1

2
(=5 (@ =m0 @ = ) (@~ o) A~ ) B
= <T(m>7ﬁ>r
with the sufficient statistics
T(e) =~ (2~ o) sl — o), (2 — o) Al — )

So,
D*(2)D(x) = [(w — po) AcAi(w — o), -
Similarly as in (4.46]),
AT (x) = — (tr(Ay), ... tr(4,) .
With a random sample X;,..., Xy, we have
1 X, 1 .
N Z D*(X;)D(X;) = N (Xi — o) ArAi(Xi — o)
i=1 i=1
1 Y -
= tr N Z(XZ — [1,0)()(z — ;1,0) AkAl =1tr (S/,LOAkAl) .
i=1

Then, the (4.17)) is
R 1 -1 1
B=- <NZD*(X1-)D(XZ-)> NZAJ’(XJ
i=1 i=1

= ([tr (S AA)]y o)) (A, tr(A)
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We now show that the of the distribution of IGMRUE] is consistent. In
order to emphasize that the sample covariance matrix depends on N, we will use
the notation Sy instead of S in the following theorem. Similarly, we will use X y
instead of X.

Theorem 19. Assume that all the assumptzons of Theorem [16] are satisfied and

denote by ,BN the of By from based on a sample of size N, if the in-
verse of [tr(SNAkAl)]kJ:l erists. Further assume that Exf(uo,80) (D*(X)D(X))

defined by s invertible. Then, (XN,,@N) is a consistent estimator of
(1o, Bo), and, in particular, S5_, BniAk is a consistent estimator of ¥g'.

Proof. Denote By = [Box)r—,- We will apply Theorem |§| to the parameter

| ket BrArp
77 - ( ,6 > )

which provides

iy —F s o = (Z};:l 501«%#0) ’
N—o00 ,3()

where Pr (7jy exists) — 1 as N — oo. Then, the convergence

(XNHBN) P (Mo Bo)

will result from the continuous mapping theorem (cf., Theorem E[) applied to the
mapping of n to (u, B), which is continuous by Lemma .
We need to verify the assumptions of Theorem [0 Recall that

log f(z|n) = (T(z), M)n+r — a(n) + b(x),
where for normal distribution b(x) = 0 and the sufficient statistics (4.44]) for n is

T
T(x) = R (mTAlm’ L ,:L'TAT:I;)T

2
The density of normal distribution and the gradient of its logarithm are diffe-
rentiable, as required in assumption (B1). Since all moments of normal distri-
bution are finite, assumptions (C1) and (C3) are fulfilled. Since b(x) = 0 for
normal distribution, (C2) is fulfilled automatically, and further, V, log q(x|0) =
V(T (x),0),.,, which implies that assumption (C4) coincides with (B4). It is
evident that T' is continuous and polynomial, and, therefore,

dlog q(x|n) . 0 'K
] —o 2T Ti (), = 0
. f (o) o, o S (o) jkzl k(@) =

for all j = 1,...,n and for any n, because of the exponential decay of f(a|np).
Thus, assumption (B4) is satisfied (cf., Remark [)). The inverse of

) I, ~ X, A X
ExesCino) (DY(X)D(X)) = Exoptim) | _ (4, X,..., A, X]" [tr (AkAlXXT)}
k,l=1

exists by assumption. O
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A R -1
Corollary. Under the assumptions of Theorem M YN = (22:1 6] NkAk) (when
the inverse exists) is a consistent estimator of .

Proof. From Theorem [19]

ZBNkAk —> 2 1.

k=1

Since X5 exists by assumption, the consistency of Sy follows from Lemma . n

The matrices A,k = 1,...,r, are usually chosen as sparse matrices, whose
diagonals and subdiagonals can effectively model the appropriate precision matrix
(e.g. as in Figure . The design matrices Ay also need to be selected in a way
that the inverse in (4.40)) (and hence the whole exists.

Theorem 20. The matriz [tr (SARA)]; ,—,, where S is the sample covariance of

X1,..., Xy, is invertible if and only if the matrices Ay [Xl - X...., Xy— X},

k=1,...,r, are linearly independent as elements of R™*V

Proof. From (4.48)),

—_

.

1 Y 1 ! 1 Y
[tI‘(SAkA[ k= 1= Nz NJZIXJ AkAg Xl_NZXJ
k=1

-5 [ e ar - x)]

ke f=1

which is a nonzero multiple of the Gram matrix of the vectors
Ay Xl—X,...,XN—X} = [Ak(Xl—X),,Ak(XN—X)] GR”XN,

for k = 1,...,r, with R™" equipped with the Frobenius inner product, which
can be written as

(U, ..., UN], Vi, s VD)o = ZUT

where U;, V; e R” fort=1,..., N. n

Corollary. A necessary condition for [tr (SA,A;)]; ,—, to be invertible is that the
set of design matrices {Ag, k = 1,...,r} is linearly independent.

Corollary. Tf [tr (SAxA)], ., is invertible for a set of design matrices A =
{Ag, k=1,...,r}, then it is invertible for any nonempty subset of .A.

Remark 7. The assumed model Y}_, B A for X! does not contain any restric-
tion that would ensure the positive definiteness of the resulting estimator, which
is equivalent with positive definiteness of the associated covariance matrix esti-
mator. Positive definiteness of Y7}, B ~NieAgr cannot be guaranteed, because the
set of positive definite matrices is not closed and so the objective function may
not achieve its minimum in this set. The matrix >7;_, 3 N Ak only converge to
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the positive definite matrix with probability tending to 1, due to the consistency
stated in Theorem [T9

When the estimate of precision matrix is not required to be invertible, we can
get a positive semidefinite estimate by taking a set of positive semidefinite design
matrices {Aj}7_, and working only with nonnegative coefficients 3, ..., 3,. The
existence and consistency of of a parameter from R/, was studied by Yu et al.
[74]. However, matrices Y°j,_; Bx Ay with (51, ..., 5,)" € R, form only a subset of
the space of all positive semidefinite matrices, so this method would reduce the
parameter space dramatically.

Due to the fact that the positive definiteness of the resulting estimate cannot
be guaranteed by any prior restrictions on the model, this problem needs to be
addressed in a different way. In Section [7.4.2] positive definiteness of estimates
based on small samples is ensured by the process of model selection.

4.6.3 [SME] of [GMRF] from a triangular array of samples

In the following theorem, we will apply the continuity result from Section
on the parameters p, 3 = [Bi]i_; of normal distribution N, (u, (>hey BkAk)_E
It will be a key component in the proof of consistency of the filtering algorithm
proposed in Section and it may be also of independent interest.

Theorem 21. Let f(-|po,Bo) be the density of N, (o, (Ch—y ﬂokAk)_l), and
assume that Exf(|uo.8,) (D*(X)D(X)) defined by is invertible. Further,
assume that (py, Bn) L (po, Bo) as N — oo and denote Sy = S5, B Ak

Let X%, BN be the‘SMa5 computed from formula based on a random sample
XV, ..., XY from N,,(un,2n). Then

(X Br) ﬁ (0 Bo)- (4.52)

Proof. The proof follows the same scheme as the proof of Theorem [19. The
convergence (4.52)) results from the Theorem (12 applied to the parameter

[ et Bk
77 - ( ,6 > )

followed by the continuous mapping theorem applied to the mapping of 1 to
(1, B).

As in the proof of Theorem [19 we only need to verify the assumptions of
Theorem (12| for normal distribution. Assumptions (B1), (B4) and (C4) have
been already discussed within the proof of Theorem [I9] Assumptions (C1b)-
(C3b) represent stronger version of assumptions (C1)-(C3). However, since the
normal distribution has finite moments of all orders, assumptions (C1b)-(C3b) are
satisfied as well. The inverse of Ex.(.|n,) (D*(X)D(X)) exists by assumption.

[

4.7 Computational study

The following simulations illustrate that, unlike the unconstrained [SME] in Sec-
tion {4.6.1} the [SME] (4.40) gives only very similar (but not the same) results as
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the maximum likelihood method for the same linear model , which was
described in Ueno and Tsuchiya [68]. However, computing [SME]|is incomparably
faster since it is given as a solution of a system of linear equations and avoids
numerical maximization of an intricate likelihood function.

4.7.1 Comparison of and on simulated

In order to compare estimates computed by the score matching method with
those obtained from maximum likelihood, we created a precision matrix 5! =
> k1 Bor Ay displayed in Figure [f.2a] corresponding to a first-order [GMREF| X with
dimension 5 x 5 with 4 neighbours of every gridpoint (see the scheme in Figure
). The values on the main diagonal, resp. two subdiagonals, were generated
from the uniform distribution on interval [4, 8], resp. [-2,-0.5]. We compose our
set of design matrices, {Ag},_,, from linearly independent matrices such that for
each point (,7) on the main diagonal and the subdiagonals, the corresponding
Ay, has value 1 at positions (i, j) and (j,4) and zeros elsewhere. Thus, the number
of parameters is 7 = 65. A random sample Xy = {X3,..., Xy} was generated

from N, (0,3). The of Bo = (Bot,- - -, Bor) " was computed from (4.51)) and
the MLE] was obtained by numerical maximization of the log-likelihood

N N r N r
((BIXy) = —771 log(27) + 5 log (det <Z 51«41@)) - ;ZXZT > BrAX,
=1 k=1

i=1

both using the same sample. The numerical comparison of resulting estimates is
depicted in Figure and the corresponding estimates of the precision matrix in
Figures and [4.2d,

The score matching and maximum likelihood estimates do not exhibit sub-
stantial differences in their values. As expected for the sample size of 20, the
error of both estimates was large for many of 5;’s.

201
—*— sme

mle

151
—— ftrue

=
o

value of Bx
w

Figure 4.1: Simulated first-order (dimensions 5 X 5, columns stacked ver-
tically): Comparison of the score matching (sme) and the maximum likelihood
(mle) estimates with the true parameters [Bp;|$2,. Sample size was N = 20. First
25 entries correspond to the diagonal of X5
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10

15 2

0 5 10 15 20

(a) True precision matrix.

. 15 i ,
5 || 10 5 || 10
5 5
10+ 10
.. 0 .. 0
| |
15 515 -5
.. —10 u -10
20 20
- _15 - -15
0 5 10 15 20 0 5 10 15 20
(b) Estimate based on the score (c) Estimate based on the maximum
matching method. likelihood method.

Figure 4.2: Simulated first-order GMRF| (dimensions 5 x 5, columns stacked
vertically): The precision matrix and its estimates based on a sample of size
N = 20.
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4.7.2 An illustration of modelling covariance
of real weather fields in wavelet domain

One of the standard approaches to modelling covariance matrix in atmospheric
data assimilation lies in transforming the variables which enter the assimilation
process (such as temperature, air pressure, wind velocity etc.) to another space,
often spectral, such as Fourier or wavelet space. For spatial data, the wavelet
transform is often preferred because it enables us to model not only wave (spec-
tral) characteristics but also local properties tied to location in space. Similarly
as in the Fourier transform, wavelet transform is based on a decomposition of X,

n
1/2
X =EX +3 d/*¢uv;, (4.53)
j=1
where v; are now the vectors of the wavelet basis, £; are random variables that
have unit variance but that are not necessarily independent and d; are determin-
istic real coefficients. We then have a decomposition of the covariance matrix

¥ = FDFT, (4.54)

where matrix D may not be diagonal in general but there are important situ-
ations where it is approximately diagonal and/or sparse. For example, local
stationarity of the random field may often be an appropriate assumption and
Pannekoucke et al. [58] prove that “a wavelet diagonal approach amounts to
locally averaging the correlations”, i.e. modelling > with a diagonal matrix D
in (4.54) represents a locally stationary approximation of the field X. Another
theoretical justification for employing models with sparse covariance matrix in
wavelet space is in Matsuo et al. [53] and in the references therein. Roughly
speaking, the decay of the off-diagonal elements of D in is quantified under
fairly general assumptions and it depends on the distance of locations.

We do not need a deeper insight into wavelet theory nor technical details
here. For our purpose it is sufficient to keep in mind that the wavelet transform
performs a multiscale decomposition of the field. A comprehensive treatment of
wavelets is found in, e.g., Burrus et al. [14]. The theory is covered in Daubechies
[18].

The transformation matrix F' in is composed of basis functions gene-
rated from scaling functions, which keep the lowest frequencies of the transform
and ensure that the whole spectrum is covered, and wawvelets, which keep higher
frequencies and provide more detailed information. It is possible and sometimes
advantageous to require the scaling functions and wavelets to be orthogonal. The
scaling functions and wavelets are organized into bands. Each band involves
a number of wavelets of the same frequency but shifted in space differently. In
practice, the wavelet transform is computed by successive application of a filter
bank consisting of a low-pass and a high-pass filter. In this manner, coefficients,
which correspond to several levels, arise. The wavelet compression technique,
common in engineering literature, lies in discarding some levels which are not
essential for the task at hand. In this study, we will use Daubechies 2 wavelets
(often denoted as DB2) defined in Daubechies [17].

In the original physical space, the variables of interest can often be well
approximated by a spatial[GMRF] The scaling coefficients in the lowest frequency
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sub-bands have a spatial covariance structure similar to the original physical
space, and thus, they may be modelled by a [GMREF] as well. Hence, we propose
to model the inverse of their covariance matrix by a linear model of type (2.10)),

.
=3 Beds. (4.55)

k=1
After estimating the parameters fi,..., ., we obtain a sparse estimate of the

precision matrix of the low frequency wavelets. By inverting and transforming
back to the physical space, we obtain a covariance matrix estimate adjusted for
noise. The coefficients of scaling functions represent the coarse information in
the data and so their covariance structure is strong. By contrast, the coefficients
of high frequency wavelets representing the finer “details” have a much smaller
variance and negligible correlation structure; we propose to neglect them. This
wavelet compression is similar to denoising in image analysis, where the neglected
coefficients usually correspond to the bands of higher frequency wavelets.

The particular data used in this study contains model fields of a control vari-
able called unbalanced tempemturfﬂ To simplify the computations, we selected
a domain with dimension 128 x 128. The data consists of 480 temperature fields
- model fields in 12 consequential days and two different day-times (00 and 12
UTC) and we have an ensemble of 20 members for each time. For covariance
modelling, we use departures from ensemble mean in the corresponding time. As
it is a common practice, they are considered to be nearly independent. The field
of sample variances in the chosen domain is given in Figure 4.3|

FE dE N 50

r20

r1o

Lo

Figure 4.3: Real temperature data: Sample variances of unbalanced temperature
computed from 480 temperature fields.

Since the domain is two-dimensional, the wavelet decomposition was made
in each dimension separately, which results in four sub-bands of basis functions:
A (scaling functions in both direction), H (scaling functions horizontally, wavelets
vertically), V (scaling functions vertically, wavelets horizontally) and D (wavelets

More precisely, potential temperature used in algorithms of data assimilation in numeric
weather prediction. The data come from the Global Ensemble Forecast System of NCEP, USA,
downscaled by the WRF model of NCAR, USA. We selected the lowest vertical level, 15 m
above ground.
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in both directions). We use Daubechies wavelets DB2 up to level 4. In Fi-
gure [4.4] it can be seen that only the level 4 coefficients in sub-bands A4, V4, H4
(three blocks of size 64 x 64) have significant variances. Therefore, the level 1, 2
and 3 covariance coefficients are discarded as well as the D sub-band in level 4.
The sample covariance matrix of the remaining 192 coefficients is displayed in
Figure [4.5 As seen from this figure, the major part of variance is concentrated
in the “compressed image” A4. A much smaller part of the variance is in the
sub-bands H4 and V4 (compressed in one directions and wavelet transformed in
another). Since the variance in the remaining sub-bands (D4, complete levels
1,2,3) is insignificant, our model for the rest of the coefficients is zero.

300
A4

250
200
150
100

50

D4
H3 V3 D3 H2
ol u»hm BTN || PP | . |
0 250 500 750 1000 1250 1500 1750 2000

Figure 4.4: Real temperature data: Sample variances of wavelet coefficients cor-
responding to basis functions in different sub-bands. Based on 480 temperature
fields. A4 represents the coarse informations and corresponds to scaling functions
in both directions. We keep only coefficients from A4, H4 and V4. Coeflicients
from the remaining sub-bands were neglected.

The covariance structure in the wavelet space is different for particular sub-
bands and our model for the precision matrix has to reflect that. For the A4
sub-band, we assume each gridpoint to have 12 neighbours, which results in
a structure of 13 diagonals displayed in Figure [2.1.

In Section we used “elementary” design matrices with one or two ones only
and zero otherwise. Here we use more restrictive choice of design matrices, which
results in further reduction of the number of parameters and spatial smoothing of
covariances. We divide each subdiagonal into sections corresponding to rows of
the field of wavelet coefficients. Each section is modelled as a linear combination
of B-spline basis along each section (the basis is displayed in Figure . Hence,
every design matrix Ay in consists of one B-spline on the subdiagonal
section. For wavelet detail sub-bands H4 and V4, we use design matrices formed
by constant diagonal segments corresponding to simple stencils of two neighbours.
For the H4 sub-band, these neighbours are in horizontal direction, and for the
V4 sub-band in the vertical direction. In total, we have r = 201 design matrices.
The vector of parameters 8 = (fo,. .. ,6200)T consists of coefficients associated
with the B-splines for the precision matrix in the A4 sub-band and coefficients
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Figure 4.5: Real temperature data: Sample covariance matrix of coefficients cor-
responding to basis functions from A4, H4 and V4 sub-band. Based on 480
temperature fields.

associated with constant subdiagonals for the rest of level 4. Parameters were
estimated by the maximum likelihood method (Ueno and Tsuchiya [68]) and
the score matching method. Comparison of the coefficients estimates can be
found in Figure 4.7 The resulting regularized precision matrix and regularized
correlation matrix are depicted in Figure[4.8] Similarly as in the previous section,
the estimates by [SME| and [MLE| do not show substantial differences.

1.0

0.8 1

0.6 1

0.4 1

0.2

0.0

o 1 2 3 4 5 6 7

Figure 4.6: The B-spline basis for setting the design matrices intended for mo-
delling the part of precision matrix corresponding to the A4 sub-band.
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Figure 4.7: Real temperature data:

and score matching estimates of parameters [y, ..

Comparison of the maximum likelihood

., Ba00 of the model 7! =

S200, Br Ay for the precision matrix of wavelet coefficients. Based on 480 tempe-

rature fields.
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(a) of the precision matrix.
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(c) of the precision matrix.
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(b) Correlation matrix associated to (a).

0
o

l.-.\'\

25 M\Ek\ '

1

,5’

5015k as

xxh-ﬂk
75

100
125
150

175

1.00

0.00

-0.25

-0.50

-0.75

0 25 50

T T T r T -1.00
75 100 125 150 175

(d) Correlation matrix associated to (c).

Figure 4.8: Real temperature data: Estimates of the correlation and precision
matrix of wavelet transform coefficients.
rameters estimated by the maximum likelihood and the score matching method.
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5. Hierarchical structure of
asymptotic variance of nested
M-estimators

This chapter is concerned with asymptotic normality of M-estimators. Namely,
it is proved that the asymptotic variance of nested M-estimators follow similar
hierarchical structure as the in Section In particular, this result is
applied to [MLE] and [SME], which are special cases of M-estimators.

5.1 A brief introduction to M-estimators

We start with an introduction to M-estimators, based on Van der Vaart [69].

Consider a random sample Xy = {X,..., Xy} from a distribution depend-
ing on a parameter @ € © C R*. M-estimator @y is defined as the maximizing
value of the criterion function

V(O]Xy) = ;;m(Xi,H), (5.1)

over @, where m(-,0) : R* — R are known functions. The maximum is often
sought by setting the derivative VoM y(60|Xy) equal to zero, i.e. the estimator
O satisfies

VoM (On|Xn) =0T, (5.2)
provided that the derivatives exist. In order to simplify the notation, denote
$(X,0) = Vym(X.0), (5.3)

which is a vector-valued function. Estimators satisfying systems of estimating
equations of the type (5.2)) are sometimes also called Z-estimators. Under mild
conditions on My, resp. w,bN, which are specified in Van der Vaart [69], M-
estimator @y is consistent for @. In the cases of our interest (]MLEl and |SME[)
we have consistency from other arguments. Moreover, it can be proved that the
M-estimator asymptotically follows the normal distribution:

Theorem 22 (Van der Vaart [69], Theorem 5.41). Let X be a random vector
from the distribution Py, depending on a parameter 6y from an open subset © of
Rs. For @ € ©, let O — 1p(x,0) be twice continuously differentiable for every
x. Suppose that Ep(X,0y) = 0, E|[h(X,00)|° < oo and that the expectation
of the Jacobian matriz E Jo(1 (X, 0)) exists and is non-singular at 6y. Further
assume that the second-order partial derivatives of ¥ (x, @) with respect to 6 are
dominated by a fized integrable function d(x) for every 0 in a neighbourhood of
0y. For each N € N and a given sample X, ..., Xn from Py,, suppose that Ox
satisfying % SN (X, éN) = 0 is a consistent estimator of 6y. Then,

\/N(é]\/ — 00) ﬁ) Nn(O, Cgo),
where

Co, = (EJo($(X,6,))) " E [th(X, 80)((X,0))" | (EJo(w6(X,60)) " (5.4)
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The inverse of matrix (5.4) is sometimes called the Godambe information
matrix because it plays the role of the Fisher information matrix for more ge-
neral estimators and V. P. Godambe initiated the theory of unbiased estimating
equations. It can be said that is the inverse Godambe information.

5.2 Comparison of asymptotic variances of nes-
ted estimators
First, we will express the covariance matrix (5.4)) in terms of function m. The

column vector ¥(X,0) = (Y1,19,...,1%,)" in |} has entries v; = %‘;’0),
i=1,2,...,s, therefore

P(X,0)(¢(X,0))" = Vym(X,0)Vem(X,0) = [

Om om )"
96; 06,

ij=1

The Jacobian matrix Jp(¢ (X, 0)) in (5.4]) is a s x s matrix of the form

= Hp(m(X,0)),

B(X.0) = 1(Tgm(x,0)) = |50

00;00; i j=1
where Hy stands for the Hessian with respect to 8. Hence, the asymptotic co-
variance matrix (5.4 of an M-estimator is equal to

Co, = (E Ho(m(X,80))) " E [Vgm(X,00)Vem (X, 6,)] (E Ho(m(X ,6,))) "
(5.5)
Denote by A the negative expectation of the Hessian matrix, i.e.,

A =—EHy(m(X,0)). (5.6)

If m is concave, then A is positive semidefinite, which will be assumed. Because
A is symmetric,

VNAY? Oy — 6) # N, (0, A2Cy, A2). (5.7)

In order to compare precision of estimators based on nested parametrizations, we
are interested in comparing their asymptotic variances as in Section[3.2] Here, the
comparison is in terms of the sum of variances tr(A/2Cy, A'/?) of the asymptotic
distribution (5.7). Similarly as in Section , suppose that the true parameter
0y lies in a subspace ® of ©, which is parametrized by r < s parameters (p1,. . .,
©r)" = ¢, however the quantity of interest is the original parameter 8. Assume
that 8y = 0(wpo). The estimator (@), resulting from substituting the M-
estimate @y into the function 8(¢), has the asymptotic covariance matrix Co(,y),
which can be compared with Cp,. The next theorem shows that the asymptotic
distribution of estimator (@) based on the smaller parametrization ¢ has total
variance tr(AY2Cy(,)A'/?) that is not larger than that of @y. This corresponds
to the comparison of asymptotic covariance matrices in the basis of eigenvectors
of the matrix A scaled by the square roots of its eigenvectors.

63



Theorem 23. Let X be a random vector with distribution Py,, where 6y is a pa-
rameter belonging to an open parameter set ©. Assume Oy being estimated by
maximizing the criterion function with ¥(X,0) = Vim(X,80) satisfying
all the assumptions of Theorem [29, Denote A = — EHy(m(X,0)). Suppose
@ — O(p) is a one-to-one map from ® C R” to O and continuously differen-
tiable with J,(0()) that is non-singular for all p € ®. Assume 6y = (o) with
@o in the interior of ®. Then

br (A2 AV?) < tr (AV2Cp, AV2). 6539

Proof. The estimator based on the parametrization @ has the asymptotic co-
variance matrix (5.5). Analogically, the estimator of the submodel ¢ has the
asymptotic covariance matrix

Cy = (E Ho(m(X . 00))) " E [VEm(X, 00) V(X 00)| (E Hy(m(X,00))) .
(5.9)
From the chain rule, we obtain

0 0 5 8m X 0) 00
X .
dp; m( 7 (,0) a% Z 00y, 0pi ’

which has the vector form

v‘Pm(Xa p) = Vom(X, 0)*]90 CHF

where J,, (0) is the s x r Jacobian matrix with entries g?f.-
expected Hessian,

éﬁm(X,sO)V
EH mX, =E|—————7+ )
‘P( ( (P)) [ 84,01890] it

in (5.9) by using the chain rule as

E82m(X,<p) _E 9 [0m(X, ) _E 0 [~ 90 0m(X,0)
0p;i0p; Op; Dpj Opi \f=; 0p; 06k

-5 (a5 () = (55 %) - S e (o ().

Evaluating the above expression at ¢, we obtain

iZaek ( aegéle)> 0,

p=po  k=11=1 dp; i -

— | 1o(6) E Holm(X.6))J,(6)]

*m(X, p)

E
a%‘a%

‘PZSOO] ij ’

because EVym(X,0) = E4(X,0) is zero at 8y = 0(p) by assumption. Thus,

we have shown that there is the following equality:

E H,(m(X,00)) = J,(00)" E Ho(m(X., 60))J,(6y).
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It follows that the asymptotic covariance matrix (5.9 of the submodel ¢ is

Coo = (Tp(00)" E Ho(m(X,00))75(600))  Jo(60)" E(Vgm(X,00)Vem(X.0y))-
1(00) (T (00) T E Ho(m(X.00))(60))

The delta method (Lehmann and Romano [44, Theorem 11.2.14]) provides
the following asymptotic covariance matrix of the estimator (@ y):

CB((po) = Jw(ao) CcpoJLP(BO)T
= J5(00) (Jo(60) T E Ho(m(X.,00))J5(60)) " J(80) " E (V5 m(X.00)Vom(X.60))
Tp(00) (74(80) T E Ho(m(X,00))To(60)) " J(80) -
In order to compare this with , denote

A= —EHp(m(X,8))

as in (5.6) and

B = J,(6),

C = E(Vim(X,00)Vem(X,60)).
Then, the covariance matrices can be written as

Co, = A1CA™
Co(po) = B(BTAB)'B'"CB(B"AB) 'B",
and after multiplying both these matrices by AY? from the right and left, we
have
AY2Cy AY? =D (5.10)
AY2Cypp AY? = PDP, (5.11)

where D = A~'/2C A=1/? is positive semidefinite and
P =AY?B(BTAB)"'BTAY?

is symmetric and idempotent, and hence, an orthogonal projection.

If P and D have the same eigenvectors, i.e. if they commute, then D > PDP
and hence, Cg, > Cy(,,) holds in the sense of comparison of symmetric positive
semidefinite matrices, i.e., that Cg, — Cp(,,) is positive semidefinite.

In general, we can choose an orthonormal basis, whose vectors form columns
of an orthonormal matrix U, such that

UTPU:l[ 0]

0 0
and
Dy D
UTDU — 11 12 .
l D21 D22
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Then

U'PDPU = l Dy 0 ]

0 O

and, consequently,
tr D = tr(U" DU) = tr Dy + tr Doy > tr Dy; = tr(U' PDPU) = tr(PDP)

because D is symmetric positive semidefinite so it has non-negative diagonal in

any basis. Hence, by substituting from (5.10) and (5.11)),
tr (AY2Co, AY?) > tr (A2l A'V?)

O

5.3 Application to SME| for normal distribution

Score matching estimators are a special case of M-estimators with

My(O%) = - 3 m(X,,0) = ~Sx(0]%x),

i=1

where

m(X.0) = —||VIlogq(X|6) ~ V] log p(X)] . (5.12)

When the true distribution p(x) coincides with f(x|8y) for a unique 8, € O, it

can be easily seen from that @y is the maximizing value of Em(X,0). As
we have that (X, 0) = V,m(X,0), it follows that E+ (X, 6;) = 0.

When the model density f(x|@) belongs to the family of exponential distri-

butions (4.8), Sy(0|Xy) is given in ([£.14) and the function (X, ) is of the

form
W(X,0) = -D*(X)D(X)0 — D*(X)V,.b(X) — A, T(X) (5.13)

given in (4.16)). Evidently, the function (5.13)) is twice continuously differentiable
in @ for all X. The second order partial derivatives of (5.13]) with respect to 6
are zero, and therefore, they can be dominated by any constant function d(X) =

d € (0,00). Since Ed = d, this dominating function is integrable.
In the case of the normal distribution N, (g, Xo) from Theorem ,

I, (A X,..., AX] 0
X,0 == 0 ’
¥(X.9) l[Alx,...,Arxf —[XTAkAle,J [ (tr(Ar), ... tr(A,)T
(5.14)
which results by substituting (4.45)) and (4.46]) in (5.13)). The expectation of its

Jacobian matrix,

Ejg(w(X,e)):E[ —I, [AlX,...,ATX]L

A X,... AX]" —[XTAAXT;
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exists for all 8, and

EJo(¥(X,60)) = [Aipo, .. Avpo] — [tl" (AkAl(EO + MOH(D”T _

_[n [AllJ'O; s 7A1”l'l’0] ]
k=1

is non-singular under the assumption that the matrix [tr(A;A4,%0)]} ,_; is regular.
This can be seen by using the formula for determinant of a block matrix,

det(E Jo(¥(X,00))) = det([,,) det ([tr(AkAl(EO + ”O”UT))};Izl B [MTAkAmo}kl 1)
=1-det ([tl“(AkAlEO)]Z,lzl) :

Since the normal distribution has finite moments of all orders, it follows from
that E |4 (X, 8p)]> < co.

Under the additional assumption that the matrix [tr(ArA;0)]) ,—, is regular,
all assumptions of Theorems [22| and [23]are satisfied and it follows that asymptotic
covariance matrices of of the mean and the parameters of the linear model
for precision matrix based on two nested parametrizations ¢ and 6 satisfy the
hierarchical property .

5.4 Application to

In this section, we show what Theorem [23| becomes for maximum likelihood esti-
mators. Assume that the standard assumptions (A1)-(A5) listed at the beginning
of Section [3.1] hold.
In the case of the maximum likelihood method, m(X, 0) is equal to the log-
density and so
$(X,6) =V log f(x]6).

Hence, the middle term E [¢(X ,0) (Y(X, 0))1 of |D represents the common
definition of the Fisher information matrix Zg. Its (i, j)-element is

_ o |0log f(X|0) dlog f(X[0)] _ o, f(|6) s, [(x|6)
Toly; = E l 06; 06 ] =l o) f(alp) ¢ @O
(5.15)
where X = {x : f(x|0) > 0} and 0y, f(x|0) = af m|0) From
00,00 "\ f(zl6) f(x6) f(xl0)>
it follows that
Oy, [ (x10)0y, [ (x0) _ 0.0, f(|0)
CE F(zl6) — 09, l0g f(x6). (5.16)
By substituting into ((5.15)), we obtain
L), = [ 0o, (@l0)dz— [ (9,108 (210)) f(alO)dz.  (5.17)
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By assumption (Ab), it holds

[ %, f(@l6)dz =0,
X J

and hence, ([5.17)) turns into

Zal,; =~ [ (950, 08 /(210)) J (@|6)da

We thus obtain
Ty = —E Ho(log /(X]0)), (5.18)

which we denoted by A in Theorem
The asymptotic covariance matrix |) of the MLE @y equals to

Ceo = (Ieo)_lzt‘)o (Ieo)_l = I(J_Ula (5'19)
which is a well-known result. Then, by using (5.18)) and ([5.19)), we obtain
tr (Al/QC’gOAl/z) = tr (ACy,) = tr (1'901'6_01> = tr(ls) = s.

On the other hand, from (3.4) and the invariance of trace under cyclic permuta-
tion, we have that

-1

tr (ACuan) = 1 (T, 7o(8(00)) (Jo(0(0)) " To,To(6(00)))
=tr(l.) =r.

Hence, (5.8)) turns into

Jo(8p0))

r <s.

Therefore, it simply compares dimensions of the parameter spaces. Note that in
Theorem [f, we obtained a different result,

090 — Cg(wo) >0,

and
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6. Data assimilation and
ensemble Kalman filter

The purpose of this chapter is to provide a brief introduction to data assimila-
tion problem and present one of the most famous algorithm called the Ensemble
Kalman filter. The whole topic is discussed in the context of discrete-time dy-
namical systems, as it is the case in practical applications.

6.1 The linear data assimilation problem

The origin of data assimilation can be found in geographical sciences and the
initial drivers for evolution of the field were atmospheric sciences, weather pre-
diction and oceanography (Law et al. [40]). Nowadays, other applications are
taking advantage of the methodology of data assimilation, e.g., in neuroscience,
geophysical sciences, and oil industry.

In general, the data assimilation problem can be formulated for nonlinear
dynamical systems with non-Gaussian perturbations. However, the theory pre-
sented in this and the following chapter will focus only on the linear and Gaussian
case. This simpler formulation is also considered in practical algorithms in geo-
physical systems such as weather forecasting, since the general formulation would
be beyond the current algorithmic and computational capability.

Consider a discrete-time stochastic linear dynamical system and observation
model (Katzfuss et al. [38, eq. (6,7)])

X, =MX, ,+e*, teN,
Y,=HX,+e, tcN,

with initial condition Xy ~ N, (o, Xo). Here, X, is an unobservable system state
and Y; is its observation available up to an error e} . The model operator M €
R™™ represents the system dynamics, H € R™™ ™ is the observation operator,
which selects m locations with available observations. The index t € N denotes
the time index. The additive random perturbations e ~ N, (0,Q) and the
additive observation errors e} ~ N, (0, R) are independent mutually and also
as a sequence of ¢t € N.

The objective of data assimilation is to estimate the hidden system state X, at
particular time ¢ based on the observed realizations y; of Y; and a prior knowledge.
Mathematically, it is a problem of conditioning the random variable X; on the
observed data y;. In geosciences, the prior distribution of X; conditioned on
Y1, ...,Y;_1 is called the forecast, and the posterior, or filtering, distribution of
X, conditioned on yy, ..., y; is called the analysis.

For the system (6.1} [6.2)), the forecast distribution is

X/ = (X|Yi=yi.... Y =y) ~ N, (i ) (63)

for some ,u,,{c and E,{ , which results from the normality assumption on eX and e
and from the invariance of normal distribution under linear transform.
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Since the distribution of Y;| X, is normal, then by application of the Bayes’s
formula (Law et al. [40, Section 1.1.4]), we obtain the filtering distribution at
time ¢ (Law et al. [40, Section 2.4 and 4.1]), as

Xf = (Xt’ylu S >yt) ~ Nn(“‘?? Z?)
with parameters

pi=pl +S{HT(HS{H" + R)™ (y, — Hpl), (6.4)
vo =5 —SIHT(HSIHT + R)“'HY. (6.5)

This can be rewritten using the Woodbury matrix formula (Law et al. [40, Lemma
4.4]) as

wi= () + H RH) () ul +H R 'y, (6.6)
s = (&) +H RVH) (6.7)

Applying model (6.1)), we get the forecast distribution (6.3) at time ¢ + 1, with
the parameters

ply = My + e, (6.8)
Slo=M2eM™ 4+ Q.

The forecast covariance Z{ is unknown, while the covariances R and @ of the
observation and the model error, respectively, are assumed to be known.

The sequential algorithm given by equations , , or , for assimi-
lation of the data vector and , for advancing the distribution parameters
from time ¢ to time ¢+ 1 is known as Kalman filter (Kalman [35]). The key diffe-
rence between the update formulas in , and those in , is that in the
former, matrix inversion takes place in the data space (with dimension m), while
in the latter, matrix inversion takes place in the state space (with dimension n).
Thus, in applications where m << n, the former formulation is more frequently
employed. Alternatively, if the observations in the data vector are independent,
it is possible to solve a system of size of ensemble Mandel et al. [51, p. 58] or
assimilate them one by one (Anderson [1], Hunt et al. [32]).

6.2 Ensemble Kalman filter

In its original form, the Kalman filter is restricted to linear Gaussian problems,
which makes it possible to represent the probability distributions only by their
mean and covariance matrix. However, in weather prediction and similar ap-
plications, the state vector X;,t > 0, consists of the values of a simulation on
a computational grid in a spatial domain and so its dimension is very high, often
millions and more. In such a case, computing or even storing the exact covari-
ance matrix of the system state is somewhat impractical. In addition, the model
is nonlinear so the state is necessarily non-Gaussian and advancing the state
covariance requires approximations.
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One of the most successful data assimilation methods that addresses this
problem is the [Ensemble Kalman filter (EnKF) (Evensen [22]). is an
approximation of the Kalman filter, in which the state probability distribution
at time ¢ > 1 is represented by a set of realizations X;,..., X;n. This set is
called an ensemble instead of a sample because it does not fulfil the definition
of a random sample - the vectors are usually not independent and may not be
identically distributed.

Denote by 7 the ensemble member index and by N the ensemble size. The i-th
ensemble member X; at time ¢ is updated and advanced in time by the Kalman
filter formulas (or (6.6)) and (6.8), where the forecast covariance matrix
E{ is estimated by the sample covariance matrix computed from the forecast
ensemble. Specifically, the algorithm proceeds as follows:

Algorithm 1: Ensemble Kalman filter (with linear dynamics) (EnKF)
Initial condition: The initial ensemble X, ..., X§y is sampled from
a given initial distribution N, (o, ).

for t > 1 do
Forecast: Foralli=1,..., N:

Xt}; =MXQ,,+ e, where ¥ ~ N,(0,Q)

Compute

=}

X, = % Z'fil Xt];

o _ 1N (xl_x (xf - x|

5 = w2l (xt- x1) (xt - x])

Y, ~ N, (y,, R), i =1,...,N (perturbed observations)
Analysis: Forall:=1,...,N:

X¢ = X} + SIHT(HS!HT + R)-\(Y,, — HX])

end

The perturbed observations Y;;,2 = 1,..., N, are artificial observations found
by perturbing the given observation y; with additional noise. They are necessary
in the calculation of the analysis ensemble, which otherwise has a too low variance
(Burgers et al. [13]). Consequently, the analysis ensemble mean and sample
covariance does not correspond to the parameters of the correct analysis
distribution, which negatively affects the evolution of the filter.

When the state estimate is required, it can be obtained from the ensemble
mean. The sample covariance matrix provides a quantification of uncertainty.
Moreover, the mean and sample covariance of the analysis ensemble converge in
the limit for large ensembles to the mean and covariance of the true filtering dis-
tribution in L, for all p € [1,00) (Mandel et al. [52], Le Gland et al. [41]). Hence,
in every time step, [EnKF| (with linear dynamic) provides consistent estimates of
the true mean and covariance matrix of the analysis and forecast distribution.

Even though the algorithm is motivated as an approximation of the Kalman
filter, which is restricted to Gaussian problems, distribution of the ensemble mem-
bers is not prescribed to be Gaussian. Since the sample covariance matrix is
computed from all ensemble members together, the first analysis step introduces
dependence among the members and destroys their normality. Despite this fact,
it was proved by Mandel et al. [52] and also by Le Gland et al. [41] that the
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converges to the Kalman filter in the limit of infinite ensemble in the case
of linear dynamics.

Since the does not need to maintain the state covariance matrix, it
can be implemented efficiently for high-dimensional problems. Moreover, the
algorithm can be used for nonlinear dynamical models and it can be modified
also for nonlinear observation functions (e.g. Mandel et al. [50, p. 59]), which
makes it very computationally appealing.

There exist also other algorithms that approximate the state probability distri-
bution by means of an ensemble. Beside [EnKF|and its variants, which produce
the analysis ensemble from the forecast ensemble and the data in a stochastic
manner through the perturbed observations, an analysis ensemble with correct
covariance can be formed also in a deterministic way by computing the square
root of a matrix. The resulting unbiased square root filters (Livings et al. [47])
include, e.g., the ensemble transform Kalman filter (Bishop et al. [I0], Hunt et al.
[32]), the ensemble adjustment Kalman filter (Anderson [1]), etc.

6.3 Diagonal ensemble Kalman filter

Sometimes, the filter is performed in a space where the entries of the system
state can be assumed to be independent, e.g., in the spectral or wavelet space (cf.
Section . In that case, the covariance estimate can be improved by using
only the diagonal of sample covariance (Parrish and Derber [59], Kasanicky et al.
[37]). The resulting algorithm is called the diagonal EnKF in this thesis and its
algorithm is summarized below. In the next chapter, we will use this algorithm
to demonstrate the importance of estimating some off-diagonal elements of the
covariance matrix.

Algorithm 2: Diagonal ensemble Kalman filter (diag EnKF)
Initial condition: The initial ensemble X, ..., X{y is sampled from
a given initial distribution N, (g0, Xo).

fort > 1 do
Forecast: Foralli=1,..., N:

X =MXp,, + ek, where eX ~ N, (0,Q)
Compute
X =LyN x/
Df_dlag< LN 1< )(Xg; X{)T)
Y, ~ Ny (yi, R),i=1,..., N (perturbed observations)

Analysis: Forallt=1,..., N:
Xo = X/ +D/HT(HD/HT + R)"\(Y,, — HX])

end
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7. Filtering algorithms for
GMRYF| using score matching
method

We briefly review the filter setting from Section [0.1]in order to recall the notation
and terminology. Consider the state space model

X, =MX,_ +eX, tecN,
Y,=HX,+el, tcN,

where X ~ N, (o, Xo). Recall that M € R™"™ H € R™™ and that the additive
random errors e ~ N, (0,Q) and e} ~ N, (0, R) are independent mutually and
also between as a sequence of ¢ € N. The covariances () and R are assumed to
be known and diagonal.

The estimate of X, given yq, ..., vy, is specified by the analysis distribution,

Xta = (Xt’yla s 7yt) ~ Nn(l«‘f?, 2?) (73)
with parameters
-1
W= () + HRH) () 1wl + HTR 'y (7.4)
Si= () + HTRH) (7.5)

The prior estimate of X, given vy, ...,y is specified by the forecast distri-
bution

X/ = (Xnlyn - y) ~ No(ul, 200 (7.6)

with parameters
“{H = M, Z{H = MM +Q.

Due to the high dimension of the problem, the estimation of Z,{ in practical
applications is not a straightforward task and different regularization methods,
many of them heuristic, are used to produce practically useful estimates.

Our objective is to build a filter resting on the assumption that X, is a[GMRE]
and using a linear model for its precision matrix. Parameters of the model are
estimated by the score matching approach. This approach provides the explicit
formula for parameter estimators and avoids a heuristic regularization of
the sample covariance.

7.1 Score matching filter with Gaussian resam-
pling

Assume that X, has the Markov property so that the inverse of ¥, is sparse.

Further, assume that the matrix M, representing the dynamics, has sparse inverse
so that X{ =X =MX,+ ef( is again a |(GMRF| For a short assimilation time

step, this is a realistic assumption in meteorological sciences because values of
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meteorological variables at one location are assumed to be influenced only by
points from its immediate neighbourhood. By assuming also the sparsity of H,
the distribution of the analysis X{ = X;|Y] resulting from Bayes’s theorem has
a sparse covariance matrix and therefore, X{ is also a [GMREF] Sparsity of H
means that observations are available only at a small number of locations, which
is common in meteorological applications. By induction, we can consider the
forecast X/ = (X;|Yi,...,Y;_;) and the analysis X? = (X,|Y3,...,Y;) to be
Gaussian Markov random fields for all ¢ € N.

Some dynamical models may be assumed to be linear, however they are not
accessible as a matrix. We may have use of the model only in the form of an algo-
rithm that is able to forward a state vector in time. In this case, we are left with
ensemble filtering algorithms. In Algorithm [3] we propose an ensemble filtering
algorithm called the [Score matching filter with Gaussian resampling (SMF-GR))|
that provides ensembles that approximate distributions and . As op-
posed to the [EnKF| SMF-GR] does not need to perturb the observation and it
preserves the normal distribution in every time step. Moreover, the algorithm
estimates 2{ through a linear model for its inverse instead of using sample
covariance and hence, it is better adapted for GMRFE. Parameters of the forecast
precision matrix are estimated by the score matching method (estimator (4.40)),
which gave the algorithm its name.

Algorithm 3: Score matching filter with Gaussian resampling (SMF-GR)
Initial condition: The initial ensemble X, ..., X{y is sampled from
a given initial distribution N, (g0, Xo).

fort > 1 do
Forecast: Foralli=1,..., N:

X/, =MXg,, + e, where e ~ N,(0,Q)

Compute
v/
X, = ﬁ ZZ‘JL Xt];

sf =42 (xid - x]) (x4 - x)
Bt = (Bw ce 7Btr)—r = ([tr (Atlsth;)} )_1 [tr(Atk)];;tzl

Analysis: For a given data vector y;, the analysis mean and

T

Tt

k=1

covariance are found by substituting X; and Bt into the formulas

for the conditional mean and covariance :

A = (i BuAu + HTRH) ™ (S, BudaX] + HTR'y,)
Sy = (Spy BuAu + HTROH)

The ensemble X2, ..., X% is then sampled from N, (A2, 3;).

end

The set of design matrices {Ay : k= 1,...,7} is selected in every time step ¢
in order to capture the most important parts of £/ and to make 31, 3, Ay
positive definite. This covariance selection process is addressed in Section [7.4.2]

The following theorem states that Algorithm [3| provides a consistent estima-
tor of the mean and covariance of the forecast distribution in every time step.
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A consistency result for the analysis distribution then follows immediately from
the continuous mapping theorem (cf., Theorem E[)

Theorem 24 (SMF-GR)). Assume the discrete-time stochastic linear dynamical
system with Xo ~ Nu(po, Xo) being a and with M and H

sparse. Assume also that the forecast and analysis ensemble are gemerated by
Algorithm @ and, at every time t, the covariance matrix Z{ of the forecast is
reqular and its inverse is in the span of the design matrices at time t, i.e.,

= Z BtkAtk; (7‘7>
k=1

for some By, € R. Suppose that E(D*(Xf)D(Xf)) defined by (4.45) is invertible
forallt > 1. For Xﬂ, e ,thN, let X{ and ,é,fv be the|SME| computed from (4.40).

R . -1
Assume that Y, 6tkAtk is invertible and denote Eiv = (2221 BtNkAtk) . Then,
forallt > 1,

(X SN B (uf ) as N = oo (7.8)

Proof. At t =1, Theorem [19| provides

v/ A P
(X17 IB{V) N—>oo} (IJ/{, IB].f)’
since (Z{ )~! is assumed to be of form 1} Then, by the continuous mapping
theorem (cf. Theorem [J)), there is the convergence

—f " AN _
(thZlBtkAtk) N_}% (“{7(2{> 1)

and - for t = 1 follows from Lemma Suppose now that . ) holds with ¢t —1
in place of t for some ¢t > 1. Then, by the continuous mapping theorem applied
to the mapping (,ut,l,Zf, ) = (e, X9 ) defined by i, we obtain the

convergence

Ge Sy P a
(l'l'tflvztfl) (Nt 1 2 1)

The forecast ensemble at time ¢ is then a sample from N, (M a¢ , Mi?_lMT +Q)
and due to the sparsity of M and H, each its member is a [GMRF| Consider

(X f , ,éiv ) computed from the forecast ensemble by using the expression (4.40)).
Then, it follows from Theorem [21| that X f and va converge, i.e.,

N—oo

x/ gNY 2 (. Bf
(Xt718t ) N—oo (/J’tuﬂt)u
and therefore,
, -1
—f ~N
(Xta (Z 5tkAtk> ) NL> (“{721{0)7
1 —00

since the inverse was assumed to exist. O
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7.2 Score matching ensemble filter

When there is a need for covariance regularization in filtering, the standard at-
tempt is to insert the regularized covariance into the EnKF formula. This results
in a filter that we call the [Score matching ensemble filter (SMEF)| The algorithm
is summarized below.

Algorithm 4: Score matching ensemble filter (SMEF)
Initial condition: The initial ensemble X, ,..., X§y is sampled from
a given initial distribution N,,(po, o).

for t > 1 do
Forecast: Foralli=1,..., N:

X/ = MX[, ; +eff, where ef ~ N, (0,Q)

Compute

=9

X, = % Zz‘]\; Xt];

N f v/ f v/ T
St = %21:1 <Xti - Xt) (Xti - Xt)
N N Tt -1 re

Be=(Bu, - aﬁtr)T - ([tr (AtlS{Atk)}k l_1) [tr Awe]py
Y, ~ N (y, R), i =1,..., N (perturbed observations)

Analysis: Foralli=1,..., N :
A -1 A
X = (S BuAw + HTRTH) (S, By An Xl + HTRTY,)

end

The set of design matrices { Ay} can again be chosen adaptively and there-
fore, it can change over time.

Unlike the [SMF-GR] in this filter, the ensembles are not normally distributed
even for t = 1 and therefore, the score matching estimator of (y,{ , B¢) cannot be
shown to be consistent by the same method as in Theorem [24]

On the other hand, the filter from Algorithm [4| performs very well and in
some situations can beat the standard EnKF (Algorithm (1)) or the diagonal EnKF
(Algorithm [2)).

7.3 A non-ensemble score matching filter

In “small” models, we may be able to work with the matrix M, construct the
model adjoint M T, or at least to evaluate the product of a sparse design matrix
with the model matrix M. Then a non-ensemble filter that avoids generating
analysis ensemble from the estimated posterior distribution may be set-up. The
method proceeds directly in terms of the parameters ,u{ , B and pf of the forecast
and analysis distribution.

At t =1, let X{ and B; be the score-matching estimators of ! and B8; from
Theorem [16] (i.e. constructed from an initial ensemble). For ¢ > 2, we shall derive
the forward model for p,,{ and B; from the explicit form of the . Having the
estimators X,{ and Bt, the analysis follows from conditioning. As in the previous
section, the set of design matrices { Ax}}_; can change over time, which we again
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point out by adding a subindex t.

The estimators of the forecast mean and covariance at time ¢ are

X! = MX¢
Tt—1

-1
itf = MS:ﬁlMT + Q == M (Z Bt—l,jAt*Lj + HTRlH) MT + Q7
7j=1

and therefore, the estimator of B is

-1
Tt—1
= tr M (Z /Btfl,jAt*].,j + HTR_IH) MT + Q AtkAtl
j=1

1
Tt—1
— | |tr (Z Bi1,At-1, +HTR_1H) (ApM) " AuM + AgQAy,

Tt -1

k=1

- [tr(As) iy

Tt

—
J k=1

- [er(Aw)]iz

-1

where we used invariance of trace under cyclic permutation. Summarizing, we

obtain Algorithm [5]

Algorithm 5: Non-ensemble score matching filter

fo

Initial condition: From the initial ensemble X {1, o X { N compute the

sample mean X{ and sample covariance S;. Then ﬂ{ = X{ and
A _1
B = ([tr (SlAlkAll)]Zflzl) [tr A1g],L,, where {A;};L, are selected so

A f\—1 “
that (Z{) = >ty B1pAik is positive definite. Finally,

A -1 .
(271;1:1 BrieAu + HTR*IH) (22121 B A + HTR*lyl) :

1
t>2do
Forecast:

al = Mpg
A Te_1 _ -1
B, = ( {tr ((Zj:f Bror Ay + HTRTH) ™ (AgM)T AgM+
-1
+AtlQAtk>} ) : [tr<Atk)}2t:1
k=1

Analysis: For a given data vector vy, :
na re 2 T p-1 -1 re N ~f T -1
By = (Ek=1 BuAn +H R H) (Zkzl BuAwmbly + H R yt) -

i
r

Tt

end

A 4

The consistency of the estimated analysis mean fif and covariance ¥, :
~ _1 A

(Zztzl BueArie + HTR”H) follows from the consistency of (4], /3;) and the

continuous mapping theorem (cf., Theorem [J)).

7.4 Computational study

In this section, we carry out a computational study comparing the performance
of the proposed Score matching filter with Gaussian resampling and the Score
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matching ensemble filter with the standard and the diagonal [EnKF]

First, we consider a simple example of a Gaussian Markov system with linear
dynamics, where the assumptions of Theorem are nearly satisfied. In the
second simulation, we test both these score matching filters on the Lorenz 96
model, which is neither Gaussian nor Markov but even in this case, the
algorithm seems to be useful.

In both cases, the performance of the methods is measured by the root-mean-
square-error of the analysis ensemble mean given by

2

RMSE, = 711 X —x[

(7.9)

for every time step ¢ > 1. Recall that n is the state vector dimension, X; denotes
the true system state and X: is the analysis ensemble mean produced by the
given filtering algorithm.

7.4.1 Simple linear advection

Consider a dynamical system ([7.1)) with M being a simple linear advection model
from Raanes et al. [61], which evolves according to a simple cyclic permutation
with additive noise

Xij1j=Xpjo1+eqy, teNg=1,...,n, (7.10)

where X ; denotes the j-th component of the state vector X, and e;; the j-th
component of the model error vector e, ~ N,(0,Q). We assume X;q = X;,,
so the system domain is a circle. The initial precision matrix ¥y’ was set-up as
a band matrix with two subdiagonals (involving the two corners), which corre-
sponds to the first order Markov property on a circle. The structure of the initial
precision and covariance matrix is depicted in Figure |7.1]

The matrix M which corresponds to is sparse and orthogonal and with-
out the presence of model error, the band structure of the precision matrix would
have been preserved over time. The additive error contributing to the covariance
matrix spoils the Markov property but for the values chosen below the departures
are not large.

The initial state X, with dimension n = 100 was drawn from N, (o, o),
where po = (fto1,-- -, fon) ' Was generated as a sum of 25 sinusoids of random
amplitude and phase (cf. Raanes et al. [61) expr. (62)])

1 25 j
Hoj = 5 Z ay, sin (27rk [n + gokD ) (7.11)
k=1

The a; and ¢y, in are drawn independently and uniformly from the interval
(0,1) for each k. In the sequel, py is fixed. The model error covariance matrix is
Q) = 0.01 - Xy (Raanes et al. [61], expr. (63)]). Figure|7.2|illustrates the evolution
of the state vector for the first three time steps.

We choose a simple linear observation operator H selecting every fifth com-
ponent of X, so the observation vector has dimension m = 20. The observation
error covariance matrix is £ = 0.01 - I,,.
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Figure 7.1: The initial precision and covariance matrix of a simulated random
vector defined on a circle and possessing the first order Markov property.

The initial ensemble of N members arises from Gaussian perturbations of X
with zero mean and covariance matrix Y. Then the system evolves according
to (|7.1) and ; at t = 1 the forecast ensemble has a multivariate normal
distribution with mean Mpu, and covariance matrix ¥ = MY M + Q, etc.
The observations are assimilated by means of the standard (Algorithm ,
SMF-GR]| (Algorithm [3)) and also by (Algorithm {). The set of design
matrices {A4;;:i=1,...,n—1, j=14,i+ 1} U{A,1, An,} consists of symmetric
matrices A;; that have value 1 at positions (4, j) and (j,7) and zeros elsewhere.
In the reported simulation, the precision matrix estimated by the score matching
method was positive definite in every time step.

Theorem 24 refers to the asymptotic behaviour of SMF-GR] However, for finite
ensemble sizes, it is useful to centre the sampled analysis ensemble around the
estimated mean fif (specified in Algorithm [3)) in order to minimize the sampling
erTor.

The performance of every filter in each time was measured by the RMSE ([7.9))
and plotted into Figure It is evident that for smaller ensemble (N = 50),

[SMEF]performs slightly better than[SMEF-GR], and that is the worst. When
the ensemble size increases to the value of n (or more), we can observe that

[GR] has the smallest RMSE. SMEF| is slightly worse and has the worst
performance. The mean RMSE computed as an average over all 500 time steps for
each filter is in Table|7.1. For ensemble size smaller than 40, the precision matrix
estimated by the score matching method sometimes happened to be negative
semidefinite and the simulation was stopped. Since this section tends to illustrate
the asymptotic behaviour of stated in Theorem [24] we decided to use
only larger ensemble sizes. The problem of negative semidefiniteness for small
ensemble size is addressed within Section [7.4.2]
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Figure 7.2: Linear advection: Random vector Xo = (Xo;)j=; ~ Nau(po, o)
evolving in time by the model X115 = Xy ;1 + €15, e = (er5)7—1 ~ Na(0,Q).
The mean py is specified in (7.11)), X is plotted in Figure and Q = 0.01-%.

ensemble size N
50 100 200
EnKF 0.0905 | 0.0720 | 0.0631
SMF-G 0.0612 | 0.0556 | 0.0518
SMEF 0.0573 | 0.0571 | 0.0560

Table 7.1: Linear advection (simulation): RMSE of different filtering algorithms
averaged from 500 time steps. Minimum in each column is displayed in bold font.
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Figure 7.3: Linear advection (simulation): Comparison of (Algorithm
B, (Algorithm [4) and (Algorithm [1]) for a Gauss Markov system
with linear advection dynamics. The state vector dimension was n = 100 and the
ensemble size was N = 50, 100, 200. Observations were available for every 5-th
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variable and the observation error has covariance R = 0.01 - I,
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7.4.2 Lorenz 96

This model was published by Lorenz [48] as a simplified one-dimensional equato-
rial atmospheric model. The system state at time ¢ is represented by a random
vector X; = (X;1,...,Xs,)" defined on a circle with n = 40 points. The time
evolution of each component X; ;, j € {1,...,n}, is defined by the equation

dX;.;
KXiyr; = Xy + t’j, t € N, with

dt
dX;
dttd = (Xpjr1 — Xej2)Xpjo1 — Xoy + F, (7.12)
where Xy 1 = Xy 1, Xvo = X, Xins1 = X1 The components X ;,7 =
1,...,n, of the initial vector were sampled from uniform distribution on interval

—3,3|- The forcing term F was set to 8, which is a known value that causes

chaotic behaviour. Due to this chaotic behaviour, the dynamic model does not
need to contain any additive noise. The Lorenz system does not have the spa-
tial Markov property in the traditional sense of Definition [T, however, equation
foreshadows some kind of relationship between each point and its three
neighbours. This guess is further supported by the shape of inverse of the sample
covariance matrix computed from a sample of 5000 random vectors resulting after
1000 steps of evolution by Lorenz 96, which is depicted in Figure [7.4] Even if
the inverse of covariance matrix of forecast distribution could have slightly diffe-
rent structure than the matrix from Figure [7.4] we suggest to approximate it by
a band matrix with one main diagonal and 3 subdiagonals on each side (including
the two corners since the system is defined on a circle). The set of chosen design
matrices

A={A;:i=1,....n, j=1,i+1,i+2,i+3,
wheren+k=kand 1l —k=n—k+1for k=1,23}

consists of symmetric matrices A;; that have value 1 at positions (7, 7) and (j, )
and zeros elsewhere.

Rather than using the covariance matrix from the free run (Figure , par-
ticle filters (Doucet et al. [20]) could be in principle used to approximate the
exact filtering distribution, from which we could calculate the covariance and its
inverse. However, the chosen set A seems to perform well in simulations. Since
every design matrix corresponds only to one element (up to symmetry), the model
is very flexible. We want to model the important parts of the precision matrix
adaptively, and at the same time, we have to keep the estimates of covariance
matrix positive definite. To this point we propose a selection method described
in the following subsection.
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10

-10

Figure 7.4: Lorenz 96 (simulation): Inversion of the sample covariance matrix
computed from 5000 vectors of length n = 40 starting from the uniform distribu-
tion on {—%, %} at each point and advanced by Lorenz 96 (with F' = 8) for 1000
time steps.

Backward selection of design matrices

The form ;. _, B Ay of the precision matrix model does not guarantee its score
matching estimate to be positive definite. Sometimes, the [SME] based on an
ensemble Xy = {X7,..., Xy} may overestimate the model fit as it corresponds
to the minimum of the objective function Sy(m,B|Xx) over the entire space

L={(p,B)|pneR" B cR"} rather than over

O = {(M, B) ‘[L € R",) " BrAy is positive deﬁnite} C L.
k=1

This problem occurs mainly for small ensemble sizes. For larger ensemble sizes,
the estimate tends to be positive definite due to the consistency of SME] as stated
in Lemma [7, In order to make the score matching filters practically applicable
even for small ensemble sizes, we need a method for finding acceptable value of
(1, B) in © in the situation when the minimum of Sy(p, 8|Xy) lies in L \ ©.
Since there is no restriction on p, we keep fi associated with the minimum of
Sn (1, B|Xy) and focus on adjusting J.

The main idea is to model X! only by means of a subset A, of A that leads
to a positive definite score matching estimate and contributes significantly to the
objective function (4.14]).

The set Aj of design matrices spanning the diagonal of ¥~! has to be involved
in A, in any case. Denote by B the set of parameters corresponding to matrices in
Ay. For each design matrix A;;, € A\ Ap, which is associated with an off-diagonal
element of X7, we compute the optimal value of the objective function (4.14))
associated with the Bix (given by ) of the parameter B;x = (B, , Bjr) -
The optimal value of Sy(u, B|1Xy) (up to constants 1/N and ¢} (Xy), which do
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not depend on parameters) is equal to

;SN(X, Bl Xn) — ch;‘V(xN) _ —;(tr(An), (A, (A0 ) B (7.13)
The exact computation of is provided in Appendix . Afterwards, all
matrices A;;, € A\ Ay are ordered in ascending manner according to their value
of . Thus the A, yielding the largest contribution to the objective function
when added to the set which spans the diagonal, are ranked first in the list. Then,
design matrices from the opposite end of the list are successively discarded until
we reach a positive definite matrix. A treshold for the minimal eigenvalue of the
estimated covariance can also be set in this way.

Even though we do not have any optimality result to justify this approach, it
worked well in practice.

Simulation results

The simulation was carried out as follows. At the beginning, we took a random
vector sampled from the uniform distribution on [—%, %] and performed 1000
steps of free run (the so called spin-up), so as to let the system to catch the
attractor. After the spin-up, we generate a vector representing the truth and
an initial ensemble of N vectors by adding white noise to each component of
the spin-up vector. Then we start the assimilation process. We choose a linear
observation operator H selecting every second component of X and we observe
in every time step with the observation error matrix R = 0.5 - I,,,. Beside the
EnKEF| (Algorithm [1]), (Algorithm |3)) and the (Algorithm [4]), we
used also the diagonal EnKF (Algorithm [2). The RMSE of the analysis
ensemble mean for all these filters is plotted in Figure [7.5] The averaged RMSE
from all time steps is recorded in Table [7.2]

ensemble size N

10 30 80
EnKF 4.6679 | 4.5796 | 0.2570
SMF-GR 4.6650 | 1.9357 | 0.4940
SMEF 0.7008 | 0.4705 | 0.4317

diag EnKF | 1.3748 | 1.4754 | 1.7292
free run 49194 | 5.1320 | 4.8785

Table 7.2: Lorenz 96 (simulation): RMSE of different filtering algorithms ave-
raged from 500 time steps. Minimum in each column displayed in bold font.

We see in Figure [7.5] that for small ensembles, the SMEF] has constantly the
lowest RMSE, even though the structure of the regularized precision matrix was
derived under the assumption of normality. The diagonal EnKF performs better
than EnKF but not as well as SMEF] This confirms the fact that estimating
off-diagonal elements of the forecast covariance is beneficial in small samples.
The performance of is similar to the free run. Since the system state is
not Gaussian, the (which preserves normality by resampling) performs
poorly, however, especially for N = 30, it is still better than the [EnKF}|
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When the ensemble size significantly exceeds the dimension of the state, the
sample covariance matrix becomes the best available estimate of the true co-
variance, which results in the excellent performance of (cf., the very last

picture in Figure [7.5]).

Remark 8. In this simulation study we did not employ any of the heuristic tech-
niques of Section [2.1| or inflation of the ensemble. Apart from the simulations
presented here, we performed a number of experiments where some of these tech-
niques were employed. The performance of both traditional and proposed filters
improved. Also, hybrid approach combining regularization with resampling was
successful in some cases. These considerations are beyond the scope of this thesis
and will be treated elsewhere.
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Figure 7.5: Lorenz 96 (simulation): Comparison of [SMF-GR| (Algorithm [3)),
SMEF] (Algorithm [4)), (Algorithm [I) and diagonal EnKF (Algorithm [2)).

Spin-up was 1000 steps. The state vector had dimension n = 40 and the ensemble
size was N = 10, 30, 80. Observations were available for every second variable
and the observation error had covariance R = 0.5 - I,,,.
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Conclusion

Many applied problems require an estimate of a covariance matrix or its inverse.
In such problems, the matrix dimension can be large compared to the sample size.
In the first part of this thesis, we have provided an overview of several estimating
methods with focus on their use in data assimilation.

After summarizing basic estimating techniques, that are usually based on
element-wise transformation of the sample covariance matrix, we shifted our at-
tention on parametric models for the covariance matrix or its inverse. The associ-
ated parameters were estimated by the maximum likelihood or the score matching
method. Both of these techniques were supplemented by several new results. We
have shown that asymptotic covariance matrices of nested M-estimators have a hi-
erarchical structure, which, in particular, applies to the maximum likelihood and
score matching estimators. The hierarchical comparison was in terms of traces
of asymptotic covariance matrices of two nested parametrizations after a specific
transform. For the maximum likelihood estimators, we have derived a stronger
result that compares the whole asymptotic covariance matrices of two nested
parametrizations in terms of positive definiteness. Moreover, we derived explicit
formulas for parameter estimators for two particular covariance models. First, we
computed maximum likelihood estimators of parameters in models intended for
the decay of eigenvalues of a covariance matrix of weakly stationary random field.
Second, we computed score matching estimators for parameters of a linear model
for the precision matrix of a Gaussian Markov random field. These covariance
models allow a compromise between realistic assumptions and relatively cheap
computations.

The second part of the thesis deals with filtering algorithms used in data
assimilation. The performance of these filtering algorithms is highly influenced
by the quality of the covariance estimate. We proposed three filtering algorithms
based on the score matching estimator of a covariance model for a Gaussian
Markov random field. We proved that the Score matching filter with Gaussian
resampling provides consistent estimates of the mean and covariance matrix of
the true forecast distribution in every time step. The key component in the proof
is the continuity of score matching estimators to random perturbations, which we
have also shown. The second proposed filter, called the Score matching ensemble
filter, is directly based on the well-known Ensemble Kalman filter and it seems
to work well even for a large class of dynamical systems (even without normality
or Markov property). However, its limit properties for large ensembles are not
studied in this thesis and they are left as a subject of further research. One
problem in using a linear model for a precision matrix in filtering algorithms is
that positive definiteness of the resulting estimator is not guaranteed and has to
be addressed separately. In our algorithm, we proposed a method of covariance
selection. However, an optimal way of making the estimated covariance positive
definite is a non-trivial open problem.

The main contribution of this thesis is contained in Chapters [3| [4 [f] and [7]
All these results together with other outcomes from related topics that we have
dealt with during my PhD studies, have been published in papers listed in the
“List of publications” at the end of this thesis.
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A. Appendix

A.1 Computing the optimal value ([7.13)) of the
score matching objective function

For a sample Xy = { X1, ..., Xy}, the precision matrix model selection in Section
is based on the sample version (4.14)) of the score for normal distribution,
where V(X)) = 0,
N
1 T T *
Sn(nXx) = Y- (50" DX)DXm+ 0" 8T(X)) + (), (A1)

i=1

where the constant ¢} (Xy) does not depend on parameter and 1 is defined in

(4.43) as
o m [ i BrArp
77—(,,72)—( 15 ) (4.2)

By substituting for D*(X;)D(X;) from (4.45)), we get
n' DY(X)D(X)m =mim — D maymi A Xa = Y X[ Aym+
j=1 j=1

0D mna X AjALX,. (A3)

j=1k=1

By substituting for n from (A.2)), the terms in (A.3) are

nm = kZlJZIBkBJu ArAjp, (A.4)

anml A X = kZlZlﬂkﬁju ApA; X, (A.5)
j

Z%X Ay = kZlZB]ﬁkX AjAups, (A.6)
;

ZlkZlnzmszf AjAX; = 2;;1 B8, X A;ALX. (A.7)

P P

By using (4.46) for A,T(X;), the second term of the sum in (A.1)) is

'r]TAa:T(X) = (’l’]ir, ’l’];—) <[_ tr Slk]k 1) Z Bk tI‘Ak (Ag)
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Now, we can rewrite the objective function Sy (n|Xy) in terms of (u, B) by subs-

tituting (A4)-(A3) into (A.1):

Sn(p, BIXN) — eny(Xn) = Z % { S BB ApAj(p — Xi)—
i=1 k=1j=1
- Z Z BB Xy ArAj(p — Xi):| — N> Brtr(Ag)
h=1j=1 k=1

XZT)A]CAJ([L — Xz) - N Z Bk tr(Ak)
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BT [tr <AkAj]if > (p—Xi)(p— Xi)Tﬂ B—NBT [tr(Ap)]h; -
k,j=1

=1

By evaluating Sy (u, 8|Xy) at (X, ,@), which represents arguments of its ma-
ximum, we get its optimal value

Sy (X, AIEx) = 3BT [ir (A, )i,y B NB (Al + cie(K),

where S denotes the sample covariance matrix computed from X;, ..., Xy.

From (T40),
[tr (SAkAl)]Z,zzl B = [tr(Ap)]ies »

and therefore,

tr (ﬁ [tr(Ax)]k ) Mler(Ae)]iey

SBT[tr(A)—y — BT [tr(AW)]i

= _§BT[U(AI<:>]7I;:1-

Sy (X BIKy) — pei(Kn) =

Do | >—t[\’)\>—t
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