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Introduction

This work concerns two problems

• design of algorithm for computations of incompressible flow influenced by
temperature changes

• high order approximation to the solution in spatial coordinates (at single
time step).

Motivation for study of the heated flow was a missing numerical simulation to
the work (V́ıt et al. [40]), where the frequency of vortex shedding in flow around
heated cylinder was investigated experimentally. Empirical formula for the depen-
dence of the Strouhal number on the Reynolds number and heating was derived
in (Marš́ık et al. [27]) and our numerical results are compared with this result.

The studied flow is in the range of transition from laminar to turbulent state,
when the Kármán vortex street occurs. The quantities describing this regime of
flow evolve in time, but the evolution is relatively slow and the fields seems to be
smooth in view of physical experiments. Expectation of the quantities smooth-
ness motivates us to use high order methods to represent its spatial distribution
(Canuto [8]-[9], Karniadakis [25], Peyret [32], Šoĺın [38]). The computational
algorithm is designed such, that use of the high order spatial approximation is
advantageous.

The high order methods are capable to reach the computer precision ap-
proximation for smooth problems. But various types of singularities occur in
mathematical solutions of differential equations. The high order methods show
these mathematical aspects and connect theory of the mathematical analysis with
computational praxis. The high order methods also provide insight to function
representation in a transformed space, its coefficient spectra, which contain in-
formation about quality of the approximation and which are not available in the
low order methods. However, setting the problem and the time discretisation
algorithm to work with mathematically smooth problem is still demanding work
and an automatic process is missing. Therefore the high order methods got more
attention in academic area and up to the authors knowledge, they are not used
in commercial engineering codes.

The text is organized to three chapters. The problem is formulated in sense
of physics and continuum mechanics in the first chapter. The final system of
differential equations is derived and present results from mathematical analysis
of this problem are collected.

Second chapter contains construction of the computational algorithm and dis-
cussion of the high order methods.

Practical applications of the developed numerical algorithms are provided in
the third chapter.
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Nomenclature

The symbols are used interchangeably in the physical formulation concerning the
SI units and the dimensionless, mathematical form.

Symbol Meaning Definition or SI units

Ω (computational) domain

∂Ω boundary of the domain Ω

n normal vector

t tangential vector

· dot product a · b =
∑

i ai bi

: Frobenius product A : B =
∑

ij aijbij

⊗ tensor product a⊗ b =




a1b1 a1b2 . . .

a2b1 a2b2 . . .
...

...
. . .




∂

∂t
partial derivative (in time)

d

dt
total derivative

∇ gradient ∇f = (
∂f

∂x1
,
∂f

∂x2
, . . .)T

∇· divergence ∇ · a =
∑

i

∂ai
∂xi

∇× curl

‖·‖X norm in space X
a a vector quantity a = (a1, a2, . . .)

T

A operator

A vector operator

A tensor quantity/matrix A =




a11 a12 . . .

a21 a22 . . .
...

...
. . .




D dimension of the space in spa-
tial coordinates

xi spatial coordinates i = 1, . . . , D

~x position vector ~x = (x1, . . . , xD)
T

C complex numbers

cp specific heat at constant pres-
sure

[J kg−1K−1]
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cV specific heat at constant vol-
ume

[J kg−1K−1]

D strain rate tensor

e internal energy [J ]

E total energy [J ]

g acceleration vector due to
Earth’s gravity

ms−2

h specific enthalpy [J ]

Ic imaginary part of number c

J
(α,β)
n Jacobi polynomial of n-th or-

der

L characteristic length [m]

p pressure [Pa]

p̃ kinematic pressure p = p̃/ρ

v velocity [ms−1]

t time [s]

∆t time step

T temperature [K]

T stress tensor

κ thermal conductivity [W m−1K−1]

µ dynamic viscosity [Pa s]

ν kinematic viscosity [m2 s−1]

ρ density [kg m−3]

R real numbers

Rc real part of number c

Pr Prandtl number

Re Reynolds number

Ri Richardson number

St Strouhal number

t time [s]

U
(α)
n n-th order ultraspherical

polynomial
U

(α)
n = J

(α,α)
n
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1. Heated flow: physical and
mathematical model

The aim of this work is in numerical model of a flow under change of a fluids
temperature. In this chapter, we will formulate the system of basic equations
and conclude with the mathematical formulation.

Properties of fluids depend mainly on the temperature, density and the de-
formation rate. In the heated flows, it may seem, that the most significant is
the influence of heating in the change of density, which results in buoyant flows.
This is not the case in our study, since the forced convection generating the von
Kármán vortex street will dominate in comparison to the buoyancy. However,
we will primarily examine the balance equations in the sense of Boussinesque
approximation, which introduces a linear dependence of the buoyancy on the
temperature in the incompressible flow. The buoyancy will be finally neglected,
but the Boussinesque approach will be used to establish incompressibility in case
of the heated flow.

It is the thermal dependence of viscosity, what is responsible for changes
in the vortex structures of the flow in our settings. It do not cause the fluids
motion itself, as buoyancy does, but results in change of the frequency of vortex
shedding, as measured in (V́ıt [40]). To preserve the physical characteristics of
a real fluid, we have to discuss also temperature dependence of other quantities
acting in the model. This is mostly the case of the thermal conductivity. Its
change with temperature, together with change of viscosity, moderate locally
the Prandtl number, which is a scaling factor in the dimensionless form of the
governing equations (c.f. 1.2).

Since the accurate experimental data as for air as for water are available, we
decided to examine both these fluids.

1.1 Basic equations

Our formulation of the governing equations follows the Eulerian approach, which
describes the motion of the continuum as a distribution of velocity v in particular
domain of observation Ω.
Let Ω ⊂ RD, D = 1, 2, 3 be a domain occupied by the fluid. If not explicitly
written, we will simplify writing of variables by omitting the dependencies on the
time t and position vector ~x, we denote a scalar functions s = s(~x, t), vectors
(in D-dimensional space) v = (v1(~x, t), . . . , vN(~x, t))

T and tensors (or objects
represented by a matrix) T = T(v, t).

The notion of physical quantities will be as follows:
ρ density, v velocity, T stress tensor, f (specific)1 volumetric force, E (specific)
total energy and q heat flux. The total energy E is a sum of the specific internal
energy e and specific mechanical energy

E = e+
1

2
(v · v) . (1.1)

1A specific quantity is one per unit mass
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The balances of mass, momentum and energy give the system of equations for
unknowns ρ, v and E

• Continuity equation (conservation of mass)

∂ρ

∂t
+∇ · (ρv) = 0 (1.2)

• The equation of motion (balance of momentum)2

ρ
Dv

Dt
= ∇ · T+ ρf (1.3)

• The energy equation (balance of total energy)

ρ
DE

Dt
= ρf · v +∇ · (Tv)−∇ · q

may be simplified by subtracting the whole balance of mechanical energy,
what results in balance of internal energy 3

ρ
De

Dt
= T : ∇v −∇ · q . (1.4)

The last equation, sometimes noted as the thermal energy equation (e.g. Kundu
[26]), expresses the I. Law of Thermodynamics.

To complete the governing equations (1.2)-(1.4) we have to define the stress
tensor T, the term representing volumetric forces f and vector of the heat flux
q. Definitions of these quantities introduce material properties (coefficients or
functions) which complement the governing equations to specific problem.

In our study, we will constrain to the fluids of Newtonian type, whose rheo-
logical equation4 fulfils a linear dependence between the strain rate ∇v and the
stress tensor. The coefficient of the linearity relation, however, is dependent on
the temperature and therefore is variable both in time and space. We will restrict
to those materials, for which the balance of angular momentum implies symmetry
of the strain rate tensor5

∇v = D =
1

2
[∇v + (∇v)T] .

Collecting these properties, we arrive to the rheological equation of a generalized
Newtonian fluid

T = −p∗I+ λ∇ · v + 2µ(T )D . (1.5)

2We introduce the material derivative
D

Dt
=

∂

∂t
+ (v · ∇) to simplify the notation;

a⊗ b is a tensor with components aibj
3∇·(Tv) = v ·(∇·T)+T : ∇v, resp. in components ∇·(Tv) = ∂

∂xk

(tklvl) =
∂tkl
∂xk

vl+tkl
∂vl
∂xk

,

where we use the Einsteins summation convention.
4Relations between the stress tensor and material properties are the rheological equations.

5 Dkl =
1

2

(
∂vk
∂xl

+
∂vl
∂xk

)
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In the above formula, p∗ denotes pressure ([p∗] = Pa; star is used to simplify later
notation, since p will be used for the kinematic pressure6), µ is non-constant
µ = µ(T ) = µ(~x, t) dynamic viscosity, defining the linear dependence of T on D

and second viscosity λ describes partly the resistance of material to change its
volume.

Concerning the energy equation, we introduce the Fourier law

q = −κ∇T (1.6)

to define q. The material specific function κ = κ(T ) represents the thermal
conductivity.

Incompressibility and Boussinesque approximation

Propagation of sound is an intrinsic property of material. It manifests the com-
pressibility, change of materials density. However, under certain conditions the
compressibility may be neglected, what have striking consequences especially in
design of computational schemes (c.f. Section 2.1).
The compressibility of fluids is negligible in wide range of thermodynamic states,
regardless, whether the fluid is a liquid or a gas. For example the change of
water volume with pressure change of 105Pa (one atmosphere) is only about 5%.
Similarly the compressibility of gases is negligible in case of flow velocities which
are much lower than the speed of sound. Denoting by M the Mach number7,
the incompressible approach is usually used when M ≪ 1. Avoiding extreme
situations, speed of motion in water is much lower than the speed of sound, so
the incompressible approach is acceptable to a wide range of models. The situa-
tion differs in case of gas motion, when compressibility plays crucial role in many
technical applications and incompressible model must be used carefully.

In both studies, air and water flows, the velocity magnitude will be safely
under the above mentioned limit, given by the Mach number.

Using the material derivative, we rewrite equation (1.2) into the form

1

ρ

Dρ

Dt
+∇ · v = 0 .

Following the Boussinesque approximation (e.g. Kundu [26]), which introduces
incompressible model with buoyancy, we neglect the term with density change
and arrive to

∇ · v = 0 . (1.7)

The last equation is obtained also in the case, when ρ(~x, t) = const., but for

wider range of problems its meaning is, that the magnitude of the term
1

ρ

Dρ

Dt
is

negligible in comparison with magnitude of ∇ · v.
The condition (1.7) is a constraint to the velocity field and its geometric

meaning is the zero volumetric strain rate. This constraint influences those terms
in the momentum and energy equation, where acts on the stress tensor T and on
the forcing f .

6p = p∗/ρ
7Denoting by c the speed of sound and |v| the flow speed, Mach number is defined as

M = |v|/c
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In those cases, when the Boussinesque approximation is valid, the forcing term
takes form

ρf = ρ∞[1 + β(T − T∞)]g , (1.8)

since the density is expected to depend linearly on temperature, ρ ≃ ρ∞[1 +
β(T − T∞)]. In (1.8), the subscript ∞ denotes a constant reference values and g
is the acceleration vector due to the Earth’s gravity, β is the volumetric thermal
expansion coefficient.

Assumption of incompressibility reduces the stress tensor (1.5) to

T = −p∗I+ 2µD (1.9)

and the term λ∇ · v is neglected.
Equation (1.3) under the Boussinesque approximation takes form

ρ∞

(
∂v

∂t
+ v · ∇v

)
= −∇p∗ +∇ · (2µD) + ρ∞β(T − T∞)g , (1.10)

where we used also (1.9).
Substituting the stress tensor in form (1.9) to the thermal energy equation

(1.4), the deformation work term becomes

T : ∇v = −p∗∇ · v + 2µD : ∇v , (1.11)

or8

T : D = −p∗∇ · v + 2µD : D , (1.12)

as a result of symmetry in D. The dissipative term 2µD : D represents the viscous
heating9. Magnitude of this term in comparison to the left side of (1.4) is usually
very small (∼ 10−7) and we can neglect it for this reason.

The term p∗∇ · v represents the change of temperature due to the fluids
expansion/compression and may be neglected for the incompressible liquids. The
deformation work of incompressible liquids is then negligible and we can set

T : D = 0 . (1.13)

However, the term p∗∇·v stays significant for gases also in the case of incom-
pressible approximation. We remind now, that the gas of our interest is air, which
well satisfy the state equation of the ideal gas10. Using the continuity equation
(1.2), we can rewrite the mentioned term

− p∗∇ · v =
p∗

ρ

Dρ

Dt
≃ p∗

ρ

(
∂ρ

∂T

)

p

DT

Dt
= −p∗βDT

Dt
, (1.14)

where

(
∂ρ

∂T

)

p

is a temperature variation of density at constant pressure. We get

β = − 1

T
(1.15)

8the product of symmetric and antisymmetric tensor is zero

9In 2D we have particularly 2µD : D = µ

{
2

[(
∂v1
∂x1

)2

+

(
∂v2
∂x2

)2
]
+

(
∂v1
∂x2

+
∂v2
∂x1

)2
}

10p∗ = ρRT ; R denotes the gas constant, which is universal gas constant divided by the
molecular mass
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for ideal gases. Finally, the deformation work for ideal gases states

T : ∇v = −ρ(cp − cV )
DT

Dt
, (1.16)

since R = cp− cV (cp and cV are specific heat capacities at constant pressure and
constant volume).

The influence of heating will be studied in temperature ranges of T ∈ [16; 23]◦C
for water and T ∈ [298; 537]K for air. In both cases, change of the cp and cV
can be neglected. Only in case of the highest temperatures in the air flow the
difference reaches values around 5%.

If the specific heat capacities are constant, the fluid may be examined as
calorically perfect, what results in linear dependence between internal energy and
temperature

e = cV T (1.17)

and specific enthalpy h and temperature

h = cpT . (1.18)

Concerning the Fourier law (1.6), expression (1.13) and (1.17) in the energy
equation (1.4) we arrive to thermal energy equation for water

ρcV
DT

Dt
= ∇ · κ∇T , (1.19)

which describes evolution of the temperature field.
Similarly, substituting (1.16) and (1.17) to (1.4), we get temperature evolution

for flow of air in incompressibility approximation

ρcp
DT

Dt
= ∇ · κ∇T . (1.20)

Remark: Both the (1.19) and (1.20) differ only in the coefficient in the left
side, but its derivation differ substantially. In view of (1.17) and (1.18), (1.19) is
equation describing evolution of specific internal energy, while (1.20) is evolution
of specific enthalpy.

Following the experimental setting presented in (V́ıt [40]), we neglect an in-
fluence of the buoyancy. Therefore the temperature effects in the flow are solely
described by temperature variations of µ and κ in our model.

1.1.1 Temperature dependent properties

Viscosity

The dynamic viscosity µ expresses mutual sliding of layers in fluids. It is the
coefficient relating velocity gradient and tangential stress. It is generally related
to the substance, temperature11, shear rate, time (strain history), pressure, etc.
Avoiding extreme cases, viscosity of gases do not depend on pressure, but viscosity
of liquids slightly increase with pressure. For the most of the fluids, viscosity

11Strong dependencies of viscosity on temperature is not rare. Several mineral oils lose about
10% of their viscosity with every Kelvin grade of increase in temperature

9



also do not depend on the shear rate, this is the case of the Newtonian fluids.
Viscosity of gases increases with temperature, but viscosity of liquids has opposite
tendency. Impacts of the temperature dependence results in change of the flow
structures in the heated flow. As we will observe later in computational results,
it is responsible for moderation of the Strouhal number (St, c.f. table 1.1) in flow
around a heated/cooled cylinder.

For computations, we need a functional dependence µ = µ(T ), which is to
be imposed in the governing equations. Various empirical formulas relating the
viscosity of liquids to temperature are widely used

• Arrhenius Law
µ(T ) = C1 e

C2/(C3+T ) (1.21)

• Andrade’s Law:
µ(T ) = C1 e

C2/T (1.22)

For water in temperature range T ∈ [10; 100]◦C the least-squares fitting for An-
drade’s law results in constants C1 = exp(−12.9896) and C2 = 1780.622.

Widely used formula for dynamic viscosity of gases as dependence on absolute
temperature is Sutherland’s Law:

µ(T ) = µ∞

(
T

T∞

)3/2
T∞ + C1

T + C2
(1.23)

where for air the constants C1 = C2 = 110.5K, if T∞ = 273K and µ∞ = µ(T∞).
Formula (1.23) results from theory of ideal gases and idealised potential of in-
termolecular forces. For a limited temperature range a power law approximation
may be used

µ(T ) = µ∞

(
T

T∞

)ω

. (1.24)

We will follow the data presented in (Gebhart [14]), so the powers in (1.24) are
([27])

• air:
ωa = 0.7774 (1.25)

• water:
ωw = −7 . (1.26)

The power law form was used in computations presented in chapter 3, since it
was used in the work (Marš́ık [27]), whose results are also compared with present
numerical simulations.

Temperature dependences of dynamical viscosities of water and air are plotted
in Figure 1.1.
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Figure 1.1: Dependence of dynamical viscosity of air and water. Data taken from
(Gebhart [14]) and fitted by power law (1.24).

Thermal conductivity

Thermal conductivity of both air and water exhibits temperature dependence as
well. Omitting this fact in a model may result, at least locally, in incorrect Prandtl
number Pr (c.f. table 1.1).The experimental data for the thermal conductivity of
water have been fitted to a quadratic functional form in Ramires [35]:

κ∗ = −1.48445 + 4.12292T ∗ − 1.63866T ∗2 . (1.27)

In the above expression κ∗ = κ(T )/κ(298.15) and T ∗ = T/298.15 are dimen-
sionless thermal conductivity and temperature, respectively. The value of κ is
the adopted standard value of thermal conductivity of water at 298.15K and
0.1MPa. Recommended value from Ramires [35] is

κ(298.15) = 0.6065± 0.0036W m−1K−1 .

In our study, we follow again the fitting to power law and the data from Gebhart
[14]:

κ = κ∞

(
T

T∞

)ω

, (1.28)

where ω = 0.71 for water and ω = 0.85 for air.
Plots of these temperature dependencies for both air and water is in Fig. 1.2.

1.2 Mathematical formulation

The equations (1.10), (1.7), (1.20) or (1.19) are the balance equations of the
physical quantities in the physical units. But mathematical formulation is inde-
pendent of physical units and it works with equations scaled by numerical values
only.
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Figure 1.2: Temperature dependence of thermal conductivity for water and air.
Data taken from Gebhart [14].

Redefinition of the coordinate system

t = τ t̃ , ~x = L~̃x , (1.29)

allows to write the equations independently to the physical units. Value L is
the characteristic length (eg. diameter of an obstacle in the flow), significant
dimension in the studied problem (e.g. diameter of channel in case of channel
flow). Value of τ results from other quantities, as seen on the case of velocity,
v = |v∞|ṽ, scaled by its inlet magnitude |v∞|

v =
∂~x

∂t
=
L

τ

∂~̃x

∂t̃
= |v∞|ṽ ⇒ τ =

L

|v∞| . (1.30)

We use the subscript ∞ to denote constant-in-time values scaled in physical units,
which are used for the time average and boundary values. Quantities with tilde
are numerical values, independent of physical units. Other quantities are defined
accordingly in the new coordinates

ρ = ρ∞ρ̃ , µ = µ∞µ̃ , T = T∞ T̃ or T = (∆T )T̃ + T∞

κ(T ) = κ(T∞)κ̃(T ) = κ∞κ̃(T ) .

Two definition of T̃ were presented, the former will be used in computations in
chapter 3, while the latter is traditionally used since it introduces the character-
istic temperature difference ∆T , which acts in the definitions of the Richardson
and the Grashof numbers (c.f. table 1.1).

The system of governing equations (1.7, 1.10, 1.19 or 1.20) with the stress
tensor T defined in (1.9) becomes

∇̃ · ṽ = 0 (1.31a)

∂ṽ

∂t̃
+ ṽ · ∇̃ṽ = −∇̃p̃+ 1

Re
∇̃ ·
[
µ̃
(
∇̃ṽ + (∇̃ṽ)T

)]
−
{
Ri T̃ g̃

}
(1.31b)
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Name label definition meaning

Eckert Ec |v∞|2 /cp∆T mech. energy/char. enthalpy difference

Grashof Gr |g|β∆TL3 / ν2 buoyancy/viscous forces

Péclet Pe RePr advective/diffusive transport rate

Prandtl Pr µcp/κ∞ momentum/thermal diffusivity

Reynolds Re |v∞|L/ ν∞ inertial forces/viscous forces

Richardson Ri Gr/Re2 buoyancy/flow gradient

Strouhal St fL / |v∞| frequency

Table 1.1: Nondimensional parameters.

∂T̃

∂t̃
+ ṽ · ∇̃T̃ =

1

Pe
∇̃
(
κ̃∇̃T̃

)
+

{
Ec

Re
D̃ : D̃

}
, (1.31c)

where we denote ∇̃ the gradient operator in coordinates ~̃x, p̃ =
p∗

ρ∞|v∞|2 =

p/|v∞|2 (p is the kinematic pressure), g̃ dimensionless acceleration due to Earth’s
gravity, D̃ symmetric part of the strain rate tensor in dimensionless form and the
dimensionless parameters as listed in Table 1.1. Phenomenons described by the
terms in the braces (buoyancy and viscous heating) are negligible in the following
study of the flow around heated cylinder (c.f. chapter 3).

Irrespective of particular values of the quantities, two experiments exhibit the
same phenomenons, if the nondimensional parameters are same in both cases. Hy-
pothesis of the continuum together with the dimensionless numbers in equations
allows us to set the mathematical description to particular physical phenomena
independently on the physical units.

Henceforward, we will work with dimensionless formulation, but we will omit
writing the ∼ symbol to simplify the notation. The final system of equations,
which will be discussed and approximatively solved in the following, consists of
the momentum equation12

∂v

∂t
+ (v · ∇)v = −∇p+ 1

Re
∇ · (µ(T )D) (1.32)

under the constraint of incompressibility

∇ · v = 0 (1.33)

and the equation for temperature distribution, which takes form

DT

Dt
= γ

1

Pe
∇ · (κ(T )∇T ) (1.34a)

for incompressible liquid (water) and

DT

Dt
=

1

Pe
∇ · (κ(T )∇T ) (1.34b)

12∇ · (µ(T )D) = ∂

∂xk

[
µ(T )

(
∂vk
∂xl

+
∂vl
∂xk

)]
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for gas in incompressible approximation. Coefficient γ = cp/cV was introduced in
(1.34a) to satisfy definition of the Péclet number. Definition of γ coincides with
the (Poisson) adiabatic constant.

1.2.1 Mathematical analysis

In terms of mathematics, the system (1.32)-(1.34) consists of the Incompressible
Navier-Stokes equations (INS) with the energy equation, noted also as the Navier-
Stokes-Fourier system. It forms a set of coupled non-linear differential equations.

Up to the authors knowledge, the analysis of this problem, concerning physi-
cally realistic setting (boundary condition), is not closed.

The subject of this work stays in numerical solution of the system and extend-
ing results of the mathematical analysis is beyond its scope. However, to underlay
the presented discrete solutions, we collect some known results from analysis on
this place. Especially, we will be concerned of existence of a unique solution and
its continuous dependence on the data, since we need to establish wellposedness
(Appendix A, Definition 4) to ensure convergence of the discretisation methods.

Both cited results, (Pérez [30]) and (Buĺıček [4]), analyze more general sys-
tems, than is our objective (buoyancy included in [30], viscous heating included
in [4]). But concerning boundary conditions and shape of the computational
domain, both of them meet our setting only partially.

Existence of the weak and suitable weak solution13 has been proven to a system
in fully thermodynamic setting in (Buĺıček [4]). Limiting for us in view of the
velocity v, is the absence of other than impermeable boundary condition (v ·n =
0) and the Navier’s slip boundary condition, which excludes the no-slip condition.
This result is limited also in view of temperature, since it expects no heat exchange
(∇·T = 0 on (0, T )×∂Ω). On the other side, the system analyzed in [4] contains
the viscous-heating term, is analysed in 3D and continuously in time, what is not
the case of the result in (Pérez [30]).

Work [30] analyse the system (1.32)-(1.34) with the buoyancy in the Boussi-
nesque approximation. The analysis is simplified by discretisation in time, when
the existence, uniqueness and continuous dependence on data is analysed for sin-
gle time layer, resp. steady problem. However, the idea coincides with the prob-
lem arising from discretisation by backward difference formulas in time, what is
the technique used in sec. 2.1. Boundary conditions in the discussed problem
encompass both the flow through the domain and heat exchange, therefore we
will describe this result in more detail.

Let Ω is an open, bounded, convex domain with a Lipschitz boundary ∂Ω and
∂Ω is composed of the part ΓD, on which the Dirichlet condition is prescribed
and ΓN with Neumann type condition (∂Ω = ΓD ∪ ΓN). L

2(Ω) is the standard
Lebesgue space of square integrable functions with norm denoted by ‖·‖0 and
scalar product (·, ·). We define the standard functional spaces

H1(Ω) = {v ∈ L2(Ω),∇v ∈ L
2(Ω)} (1.35)

H1
0,ΓD

= {v ∈ H1(Ω), v|ΓD
= 0} (1.36)

13The suitable weak solution is defined in [4] as a weak solution satisfying the weak form of
the entropy inequality.
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H1/2(ΓD) = {η ∈ L2(ΓD), ∃v ∈ H1(Ω, v|ΓD
) = η} . (1.37)

Bold symbol is used for vector-valued spaces, e.g. H
1
0,ΓD

= H1
0,ΓD

× H1
0,ΓD

and
‖·‖m,Ω is the norm of the Hilbert space Hm(Ω).

The variable properties are expected to be bounded

∃µ1, µ2 = const. ∀T ∈ (0,∞) : 0 < µ1 ≤ µ(T ) ≤ µ2 (1.38)

∃κ1, κ2 = const. ∀T ∈ (0,∞) : 0 < κ1 ≤ κ(T ) ≤ κ2 (1.39)

Introduction of the ”frozen” values of temperature T̂ and velocity v̂ (e.g.
values at particular time level of the temporal discretisation) allows to decouple
the momentum and energy equations and consider existence and uniqueness of
the two separate steady problems

1. the steady incompressible Navier-Stokes problem with fixed temperature T̂

v · ∇v − 1

Re
∇ · (µ(T̂ )D(v)) +∇p = Ri T̂g + F

∇ · v = 0 ,
(1.40a)

suject to boundary conditions

v = v∞ ...at inflow,

v = 0 ...no-slip at walls,

T : n = 0 ...zero normal traction forces at outflow

(1.40b)

2. steady advection-diffusion problem with fixed divergence-free velocity field
v̂ and fixed temperature T̂ for linearisation of the diffusive term

v̂ · ∇T − 1

Pe
∇ · (κ(T̂ )∇T ) = 0 , (1.41a)

with following boundary conditions

T = T∞ ...at inflow

T = TW ...at wall of the body

(κ(T )∇T ) · n = 0 ...at the outflow.

(1.41b)

Both problems are analysed in its weak form, but the a priori estimates are
still hard to obtain without any considerations on the solution values on the
outflow boundary ΓN . Operator denoting a weak form of the convective term in
the momentum equation

b(v,w,φ) =

∫

Ω

(v · ∇)w · φ (1.42)

becomes

b(v,w,φ) =
1

2
b(v,w,φ)− 1

2
b(v,φ,w) +

1

2

∫

ΓN

v · nw · φ (1.43)
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for v satisfying ∇ · v = 0 in Ω, φ = 0 on ΓD. The scalar version

b(v, T, φ) =
1

2
b(v, T, φ)− 1

2
b(v, φ, T ) +

1

2

∫

ΓN

v · nT φ (1.44)

is used in the weak form of the equation for temperature (∇ · v = 0 in Ω, φ = 0
on ΓD). The boundary terms in the above definitions can’t be well controlled on
the outflow boundary, since the values of velocity are a priory unknown on ΓN .

Constraint, leading to proof of the weak solutions existence, stays in prohibit-
ing the re-entrant flow. Introducing a term [u · n]− = sup{−(u · n), 0}, which is
non-zero only if the flow on the outflow is re-entrant, we arrive to the modified
convective terms

b̃(v,w,φ) = b(v,w,φ) +
1

2

∫

ΓN

[v · n]−w · φ (1.45)

b̃(v, T, φ) = b(v, T, φ) +
1

2

∫

ΓN

[v · n]−Tφ , (1.46)

where the scalar version is applied in the energy equation.
However, introducing the terms (1.45) and (1.46), the solution (v, p, T ) of the

weak problem (formulated below) is formally a solution of the equation system
(1.40a), (1.41a), but subject to a different (outflow) boundary conditions, than
(1.40b),(1.41b)

v = vD on ΓD,

T : n+ 1
2
[v · n]−v = 0 on ΓN

(1.47a)

T = TD on ΓD,

κ(T )∇T · n+ 1
2
[v · n]−T = 0 on ΓN .

(1.47b)

Two weak problems are analysed, while decoupling the system using the frozen
fields T̂ ∈ H1(Ω) and v̂ ∈ H

1(Ω) : ∇ · v̂ = 014:

1. Let TD ∈ H1/2(ΓD). We say that T ∈ H1(Ω), such that T |ΓD
= TD, is a

weak solution to (1.41a), (1.47b) if

aT̂ (T, φ) + b̃(v̂, T, φ) = 0 ∀φ ∈ H1
0,ΓD

(Ω) , (1.48)

2. Let vD ∈ H
1/2(ΓD). We say that couple (v, p) ∈ H

1(Ω)×L2(Ω) is a weak
solution of (1.40a), (1.41a) if v|ΓD

= vD and

aT̂ (v,φ)+b̃(v,v,φ)− (divφ, p)0,Ω

= (RiTg,φ)0,Ω + (f ,φ)0,Ω ∀φ ∈ H
1
0,ΓD

(Ω)
(1.49)

14Standard lifting technique is applied to the solutions T and v in order to satisfy the Dirichlet
boundary conditions. More precisely, functions

T ∗ ∈ H1(Ω) : T ∗|ΓD
= TD

and
v∗ ∈ H

1(Ω) : v∗|ΓD
= vD,∇ · v∗ = 0 in Ω

are introduced. The unknowns are then Θ = T − T ∗ ∈ H1
0,ΓD

(Ω) and u = v − v∗ ∈ H
1
0,ΓD

(Ω),
what coincides with test spaces in (1.48) and (1.49).
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where subscript T̂ indicates temperature dependence of the operator aT̂ (and
aT̂ ), g = (0,−g, 0)T denotes the gravity and

aT̂ (v,φ) = 2

∫

Ω

µ(T̂ )

Re
D(v) : D(φ) (1.50a)

aT̂ (T, φ) =

∫

Ω

κ(T̂ )

Pe
∇T · ∇φ (1.50b)

Following theorems are collected from results in (Pérez [30])

Theorem 1. Let v̂ ∈ H
1(Ω) be a given divergence-free velocity field. If TD ∈

H1/2(ΓD) (Dirichlet data) is such that

T1 ≤ TD(x) ≤ T2 a.e. on ΓD ,

then, problem (1.48) has an unique solution T ∈ H1(Ω) such that T |ΓD
= TD,

which satisfies
T1 ≤ T (x) ≤ T2 a.e. in Ω

and

‖T‖1,Ω ≤ C

(
κ2
κ1

+
Pe

κ1
‖v‖1,Ω

)
‖TD‖1/2,ΓD

(1.51)

Note, that the uniform bound (1.51) do not depend on T̂ explicitly, but implicitly
through v = v(T̂ ).

For the weak form of the steady incompressible Navier-Stokes follows

Theorem 2. For any F ∈ L
2(Ω), for any T̂ given in L2(Ω), with T1 ≤ T̂ ≤ T2

and for any vD ∈ H
1/2(ΓD)

• exists at least one pair (v, p) ∈ H
1(Ω) × L2(Ω), solution of (1.49), such

that v = vD on ΓD.

• For sufficiently small Re and Pe, and small prescribed boundary values TD
and vD, the Navier-Stokes problem (1.49) admits an unique solution.

• ∃C = const. , depending on Ω and ΓD, such that any solution (v, p) of the
Navier-Stokes problem (1.49) satisfies

‖v‖1,Ω ≤ C

(
‖vD‖1/2,ΓD

+
Re

µ1
‖vD‖21/2,ΓD

+
Gr

µ1Re

∥∥∥T̂
∥∥∥
0,Ω

+
Re

µ1
‖F‖0,Ω

)

(1.52)
and

‖p‖0,Ω ≤ C

(
µ2 ‖vD‖21/2,ΓD

+ Ri
∥∥∥T̂
∥∥∥
0,Ω

+ ‖F‖0,Ω + µ2 ‖v‖21,Ω
)
. (1.53)
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Remarks:

• In our case, we neglect the buoyancy term (Gr = 0 and Ri = 0), what
in (1.52) results in uniform bound for v, independently of the ”frozen”
temperature field T̂ . Both these facts then establish uniform bound for
pressure. The uniform bound of velocity also implies uniform bound for
the temperature field. The constant property problem without the buoyant
term was analysed in former work of (Bruneau and Fabrie [3]). It can be
shown, that the existence and uniqueness in case of variable property and
no-buoyant flow follows from the same technique as in the constant property
case.

• The solution of the coupled problem is finally approximated by the de-
coupled sub-problems using outer Picard iteration in the thermophysical
properties (µ, κ)

T̂ → (v(T̂ ), p(T̂ )) → T (v(T̂ )) . (1.54)

It is also shown in (Pérez [30]), that (1.54) allows a fixed point even for the
problem with the linear approximation of buoyancy.

• Modification of the convective terms in both the Navier-Stokes equations
and Energy equation facilitates the proof of solution existence, but also mo-
tivates further discussion especially on the treatment of the outflow bound-
ary condition (sec. 2.1.2). In other words, the modified form of the con-
vective operator in weak form (1.45) leads to the directional do-nothing
boundary condition discussed in (Braack [2]). Physically realistic situa-
tions, however, exhibit the reentrant flow, which is partially allowed by
construction of (Dong [6], c.f. sec. 2.1.2).
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2. Discretisation methods

This chapter concerns discretisation of the incompressible Navier-Stokes (INS)
system coupled with the heat equation (HE), (1.32)-(1.34), where the tempera-
ture influence of the velocity field is solely given by the change in temperature
dependent viscosity and the buoyancy is neglected. Unlike the buoyancy ef-
fects, which were successfully computed under Boussinesque approximation (e.g.
Ren [36]) and act as a forcing term in the momentum equation, temperature
dependent viscosity and thermal conductivity affect the second order differential
operators, which are no more constant in time.

Two of the main contributions of this work are presented in this chapter.
First is the construction of a reasonably fast algorithm for the systems coupled
by temperature dependent properties, which allows us to use a high order method
in space.

Second contribution is in application of a high order polynomial approxima-
tion to the spatial part of the solution. The low order methods approximate a
function in a piecewise manner due to decomposition of the computational do-
main Ω to smaller parts. This is in contrast to the high order methods, which
construct a global approximation, while keeping functions mathematical prop-
erties over the whole or substantial part of the computational domain. If the
domain must be divided for some reason (e.g. complicated geometry of Ω), the
high order approximation substantially lowers the number of elements Ωe, need-
ed to cover Ω (Ω ≈ ∪eΩe). High order approximation also carries information
about (higher) functions derivatives. Rate of convergence to the exact solution
is controlled by regularity of the approximated function, when the convergence
rate is not limited for smooth functions, what again stays in contrast to the low
order methods (sec. 2.2).

The chosen discretisation approach states the temporal discretisation as pri-
mal, what coincides with already presented mathematical analysis. This approach
formulates the problem as a sequence of steady state sub-problems (c.f. sec. 1.2.1).
The differential operator of the coupled problem is split on multiple levels. As a
result of the temporal discretisation a set of linear differential equations is con-
structed and solved as separate boundary value problems, employing the high
order method in space.

The problems solved in temporal and spatial discretisation differs fundamen-
tally and will be described in a separate sections of this chapter.

2.1 Temporal discretization

In this section, we present methods for discrete solution of ordinary differential
equations. Those appropriate for the computational algorithm of the system
(1.32)-(1.34) are discussed in detail. The general structure of the time discretisa-
tion schemes is presented to establish terminology and idea of the General Linear
Method, which has important consequences in programming techniques and is
described in sec. 2.1.3 in more detail.

An ordinary differential equation (ODE) in time, written in the implicit form

F (t, u, u̇) = 0 (2.1a)
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u0 = u(0) , (2.1b)

encompasses both the momentum (1.32) and energy (1.34) equations, which are
in form

u̇ = f(t, u) . (2.2)

We denote the solution u = u(t) , u̇ its time derivative and f a function, which
may include a differential operator in space coordinates. The initial condition
(IC) denoted by u0 completes the problem.

Solution methods for ODEs form two basic families, the one-step/multi-stage
methods and multi-step methods.

Higher order one-step methods are equivalently noted as multi-stage, since
the time step is divided internally to multiple stages. An M-stage method can
be written in form

F (tn−1 + ci ∆t, un−1 +∆t
M∑

j=1

aijẎj , Ẏi) = 0 , (2.3)

where Ẏi are estimates for u̇(tn−1 + ci∆t) called the stage derivatives. The terms
un−1 + ∆t

∑M
j=1 aij Ẏj ≡ Yi are the stage values, estimates to u(tn−1 + ci ∆t).

Coefficients ci and aij are method-specific. Into this group belong the widely used
Runge-Kutta schemes. Its advantage is in simple initialisation, which requires
knowledge of only one previous time level of solution (possibly initial condition),
regardless the order of the method. They are recommended for algorithms, where
the scheme is frequently restarted (e.g. multigrid methods). This kind of methods
is not used in computations presented in this work, but we can meet with results
concerning spectral element method with temporal discretisation as composed of
mixture of a multi-step method and Runge-Kutta schemes (see Karniadakis [25],
pg. 428).

The multi-step methods omit evaluations on the stage level, but take in-
formation from the multiple steps of computational history. All the computed
values are used repeatedly and only evaluation of the new time level quantities
is performed, regardless the order of the method. This significantly reduce the
computational cost. Initialization of an N -step scheme with N > 1 employs a
sequence of 1, 2, . . . , N−1-step methods or the N−1 values are calculated using a
multi-stage method. Generally, the multi step methods are not recommended for
algorithms performing frequent restart. Representatives of multi-step methods
are especially the Adams methods and backward differentiation formulae (BDF).
We will use an equidistant time stepping, but schemes with variable time step
are available (see Appendix E).

Stiffly stable methods

The particular steps of our computational algorithm will involve the second or-
der diffusion operator in the spatial coordinates. However, discretisation of the
diffusion operator employing the high order/spectral methods leads to the stiff
problem, what may cause instability of some time-integration methods.

Definition 1. (Stiff problem)
A linear differential system

u̇ = Au+ φ(x) (2.4)

20



where A ∈ Rn×n, u, φ ∈ Rn is said to be stiff if and only if

• For all i,Rλi < 0,

• (Stiffness ratio)
max |Rλi|
min |Rλi|

>> 1

where λi, i = 1, ..., n are eigenvalues of A.

It is worthy to note, that stiffness is exhibited by more general problems than
(2.4). The above definition fits to the case of the heat equation

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2

u(0, t) = u(1, t) = 0

u(x, 0) = g(x)

As noted in almost all works about the spectral methods the eigenvalues of
the diffusion operator discretised through N -th order polynomial basis grow as
O(N4) and are negative.

Following the definition 1, a method is stiffly stable if it is accurate around
origin for all the components in the stability diagram and absolutely stable in the
half complex plane with a negative real component. Stability properties of these
methods remain almost constant, while the accuracy of integration (together with
the order) increases. The coefficients of stiffly stable schemes were already found
up to 11-th order.

Definition 2. (Stiffly stable method; Gear [13])
A method is stiffly stable if in the region

R1 := {z ∈ C; R(z) ≤ a < 0} (2.5)

it is absolutely stable, and in

R2 := {z ∈ C; a < R(z) < b, |I(z)| < c}, (2.6)

it is accurate.

In the above theorem a, b, c ∈ R, a < 0 < b, c.
Theorem concerning existence of the stiffly stable schemes is provided in

Gear [13]

Theorem 3. (Existence of stiffly stable methods)

• The k-step methods of order k-1 with characteristic polynomial σ(ξ) = β0ξ
k

are stiffly stable for k = 1, . . . , 6 (These methods are backward differentia-
tion formulae, see folowing paragraph).

• Above methods are not stiffly stable for k = 7, . . . , 15.

• There are stiffly stable multistep methods of orders up to 11.
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The characteristic polynomial of a general k-step method

k∑

q=0

(αqun−q + hβqfn−q) = 0

is ρ(ξ) + hλσ(ξ) = 0, where ρ(ξ) =
k∑

q=0

αqξ
k−q and σ(ξ) =

k∑
q=0

βqσ
k−q.

The highest order of stiffly stable Adams-Moulton method is 2. Higher order
schemes (order ≤ 6), which exhibit stability against the stiff problems, are based
on the backward differentiation formulae (BDF). These are all implicit and use
the values of multiple old solution values {un−q}Q−1

q=0 . BDF’s are based on multi-
step approximation of the temporal derivative in (2.2) at the node tn+1, so it can
be generally written as

Q∑

q=0

αqun+1−q = ∆t fn+1 (2.7)

or with requirement α0 = 1 as

Q∑

q=0

αqun+1−q = ∆t β0 fn+1 ,

where fn+1 = f(tn+1, un+1)). In comparison to the Adams methods, which have
the simplest first characteristic polynomial ρ(ξ) = ξn − ξn−1, BDF have a sim-

plest second characteristic polynomial σ(ξ) =
1

α0
ξn and form a complementary

approach to the Adams methods.
To derive the coefficients αq the Lagrange interpolation polynomial of u(t)

is expressed using the backward differences ∇un = un − un−1. Having Q points
{[tn+1−q, un+1−q]}Q−1

q=0 available, we obtain

u(t) ≈ ΠQ−1
u = un+1 +

(t− tn+1)

∆t
∇un+1 +

(t− tn+1)(tn+1 − tn)

2∆t2
∇2un+1 + . . .

. . .+
(t− tn+1)(tn+1 − tn) . . . (tn+1 − tn+1−(Q−1))

(Q− 1)!∆tQ−1
∇Q−1 un+1

where ∇qun = ∇(∇q−1un). Coefficients of the approximation then follow from

the derivative of this interpolant
∂u

∂t
≈ dΠQ−1

u

dt
=

∑Q−1
q=0 αq un+1−q

∆t
.

As mentioned in Theorem 3, the BDF are zero-stable for Q ≤ 5 (see also
[34]). Its properties suit the stiff stability definition 2. Only the first order
BDF is unconditionally stable1. The higher-order BDF schemes include a small
region around the imaginary axis, where they are unstable. Due to this stability
properties they are suitable for diffusion equations, but may become unstable in
case of convective operators.

Detail discussion and illustrations of the stability regions for BDF may be
found in (Gear [13], Karniadakis [25] or Canuto [8]).

1First order BDF coincides with the first order Adams-Moulton scheme, which is often
denoted as Euler Implicit scheme
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k 1 2 3 4 5 6

α0 1 1 1 1 1 1

α1 -1 -4/3 -18/11 -48/25 -300/137 -360/147

α2 1/3 9/11 36/25 300/137 450/147

α3 -2/11 -16/25 -200/137 -400/147

α4 3/25 75/137 225/147

α5 -12/137 -72/147

α6 10/147

β0 1 2/3 6/11 12/25 60/137 60/147

Table 2.1: Coefficients of the k-step Backward-Differencing schemes (normalized
to α0 = 1).

If the spatial differential operators in fn+1 are time dependent (convection,
temperature dependent diffusive terms), the implicit evaluation employing ma-
trix inversion, if possible, is not effective. However, an explicit evaluation of
fn+1 in the BDF scheme is possible (see also Karniadakis [23] or Peyret [32]).
Requirement of consistency restricts the coefficients of the BDF scheme

α0 =

Q−1∑

q=1

αq , (2.8)

therefore

Q−1∑

q=0

αq un+1−q = α0 un+1 −
Q−1∑

q=1

αq un+1−q =

Q−1∑

q=1

αq(un+1 − un+1−q) =

=

Q−1∑

q=1

αq

∫ tn+1

tn+1−q

∂u

∂t
dt =

Q−1∑

q=1

αq

∫ tn+1

tn+1−q

f(t, u(t))dt .

(2.9)

Evaluating the integrals explicitly
∫ tn+1

ti
f(t, t(t))dt ≈ ∆t f(tn, un) and due to

the uniformly increasing integration length tn+1 − tn+1−q = q∆t in the summed
integrals in (2.9), we arrive to coefficients for explicit approximation

fn+1 ≈
Q−1∑

q=1

βqfn+1−q , (2.10)

where βq = q αq. Above formula represents a Q − 1 extrapolation and its coeffi-
cients are summarized in the table 2.2.

IMEX schemes

As already noted, equations in the system (1.32)-(1.34) take form u̇ = f(t, u),
where f includes differential operators in the spatial coordinates. f then sums
both the linear, constant in time operators fL, which allow implicit evaluation,
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Coefficient 1st order 2nd order 3rd order 4th order

β0 1 2 3 4

β1 -1 -3 -6

β2 1 4

β3 -1

Table 2.2: Extrapolation coefficients belonging to the BDFs (the values are de-
rived from coefficients in table 2.1).

Coefficient 1st order 2nd order 3rd order 4th order

γ0 1 3/2 11/6 25/12

α0 1 2 3 4

α1 0 -1/2 -3/2 -3

α2 0 0 1/3 4/3

α3 0 0 0 -1/4

β0 1 2 3 4

β1 0 -1 -3 -6

β2 0 0 1 4

β3 0 0 0 -1

Table 2.3: Coefficients of mixed stiffly-stable schemes ([25], [32]).

but also those non-linear and time dependent, fN . The BDF scheme then results
in a mixed form, denoted as implicit-explicit (IMEX)

γ0un+1 −
∑Q−1

q=0 αqun−q

∆t
= fL(un+1) +

Q−1∑

q=0

βqfN (un−q) , (2.11)

since it consists of implicit problem

γ0un+1 −
∑Q−1

q=0 αqun−q

∆t
= fL(un+1)

enhanced of explicitly evaluated term
∑Q−1

q=0 βqfN(un−q). Coefficients of this type
schemes are summarized in table 2.3.

Formulation of the IMEX schemes coincide with the operator splitting ap-
proach described in the Appendix B.
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2.1.1 Time stepping algorithm

Decoupling of the momentum and heat equation

Introducing solution vector u =


 v

T


, whole system (1.32)-(1.34) may be

written in form of initial value problem (IVP)

∂u

∂t
= A(u)

∇ · u = 0

B(u) = 0 , u(0, ~x) = g(~x) , ~x ∈ Ω , t ∈ [0, T ] ,

(2.12)

where B is a boundary operator defining the boundary conditions and A(u) =
 M(u)

H(u)


 represents a non-linear operator, which couples both the momentum

M(v, T ) = −v · ∇v −∇p+∇ ·
[
ν(T )(∇v + (∇v)T)

]
+ fM (2.13)

and the heat
H(v, T ) = −v · ∇T +∇ · (κ(T )∇T ) + fT (2.14)

operators. The functions fM =




f1
...

fD


 and fT are known in (2.13) and (2.14).

More precisely

A(u) =




−v · ∇v1 −
∂p

∂x1
+∇ · [ν(T )(∇v1 +

∂v

∂x1
)] + f1

...

−v · ∇vD − ∂p

∂xD
+∇ · [ν(T )(∇vD +

∂v

∂xD
)] + fD

−v · ∇T +∇ · [κ(T )∇T ] + fT



, (2.15)

where we denote

∂v

∂xi
=




∂v1
∂xi
...

∂vD
∂xi




∀i = 1, . . . , D .

Reasons of computational efficiency motivate us to decouple the system to
a sequence of linear equations with constant coefficients. We use the idea of
the ”frozen” values of both the velocity and temperature field as described in
section 1.2.1. Values at time tn, or other preceding time steps if higher order
extrapolation is employed, are used for evaluation of the terms, which couple the
equations.
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This is the generalized diffusion operator

∇ · [ν(T )(∇u+ (∇u)T)] (2.16)

in momentum equation and advection term

v · ∇T (2.17)

in the heat equation2.
The viscous term (2.16) will be evaluated as in (Karamanos [22]), where the

viscosity is divided to the constant ν̄ part and time dependent νs = νs(t) part

ν(T ) = ν̄ + νs . (2.20)

Then for all the velocity components (i = 1, . . . , D), the viscous term splits to
the linear part DL

(DL)i(u) = (DL)i(v) = ν̄∇2vi ,

which is treated implicitly and time dependent, non-linear term DN

(DN)i(v) = ∇νs · (∇vi +
∂v

∂xi
) + νs∇2vi (2.21)

evaluated explicitly, using the known values from previous steps or the initial
condition. Term (2.21) is already simplified by imposing ∇ · v = 0.

Note, that ν̄ is possibly variable in space ν̄ = ν̄(~x). Successful computations
were performed both taking ν̄ = ν∞ and ν̄ as the time average of values ν(T )
taken from similar computation.

All the forcing terms (2.18), (2.19) and advective term in the heat equation
(2.17) will be evaluated explicitly3.

Now, vn+1 = v(tn+1) and Tn+1 = T (tn+1) are evaluated independently in the
algorithm and the system (2.12) separates to momentum equation

∂v

∂t
= −v · ∇v −∇p+ ν̄∇2v + fM +DN(v)

∇ · v = 0
(2.22)

2Functions fM and fT , however, may cause the coupling too. For example, the buoyancy
term from the Boussinesque approximation (1.8) couples the momentum to the heat equation
since

fM = −RiTg . (2.18)

In opposite direction, coupling of the heat to the momentum equation emerges in case of viscous
heating

fT =
Ec

Re
D : D . (2.19)

3Forestier ([12]) studied the technique of splitting the velocity field in the convective term
to constant v̄ and time-dependent vs parts

(v̄ + vs) · ∇v

on the system of Navier-Stokes equations. This idea, coinciding with splitting the viscosity
(2.20) is applicable also to the term (2.17), obtaining part solvable by linear solver and explicitly
evaluated temporal deviation.
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and
∂T

∂t
= ∇(κ(t)∇T ) + fT + v · ∇T . (2.23)

The operator splitting technique may be used to both the equations independent-
ly, arriving to the incompressible Navier-Stokes equations and non-linear heat
equation.

Incompressible Navier-Stokes system

Both the fM and DN(v) are known and we arrive to the system

∂v

∂t
+M(v, Tn) = 0

∇ · v = 0 ,
(2.24)

which has the form of Incompressible Navier-Stokes equations with a ”source”
term s = f +DN (v)

∂v

∂t
+ v · ∇v = −∇p+ ν̄∇2v + s (2.25)

and coincides with the formulation with ”frozen” temperature field presented in
section 1.2.1. Now, the velocity components in the incompressible Navier-Stokes
equations are still coupled in both the convective term v · ∇v and the constraint
∇ · v = 0. In this part of the algorithm, we follow the approach of velocity-
correction splitting scheme presented in (Karniadakis [23]). The operator splitting
technique both decouples the variables and linearise the non-linear operators. The
splitting is prior to the spatial discretisation, what is noted as differential splitting
in literature and contrasts with algebraic splitting which acts to algebraic system
emerging from spatial discretisation. This technique and its other variants are
described in Appendix B and some recent schemes for the incompressible Navier-
Stokes equations, based on this approach, are compared in Appendix C.

In view of operator splitting, two sub-problems are constructed

∂v(1)

∂t
= −v(1) · ∇v(1) + s (2.26)

and the Stokes problem

∂v(2)

∂t
= −∇p+ ν̄∇2v(2)

∇ · v(2) = 0
(2.27)

Backward difference formula approximating the time derivative combined with
extrapolation of the convection term is used in the first sub-step (2.26)

γ0v
(1)
n+1 −

∑Ji
q=0 αqvn−q

∆t
= −

Je∑

q=0

βq(vn−q · ∇vn−q + sn−q) . (2.28)

Coefficients αq and βq correspond to those in the table 2.3. The source term s
includes the variations in the velocity fields induced by the change of temperature.
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Nevertheless the initial condition(s) of this step vn−q may be solenoidal, the
result v(1) is generally not, since the divergence operator do not commute with
the convection.

After explicit treatment of the nonlinearity, the Stokes problem (2.27) remains
to be solved. The projection method will finally decouple the velocity compo-
nents, while keeping the incompressibility condition ∇ · v = 0.

Stokes problem-Projection method

The Stokes problem can be solved for the velocity field without approximating the
pressure field and there is no equation of state needed to complete the system.
For more, this system of equations do not prescribe the time evolution of the
pressure. Therefore the pressure looses its meaning of the state variable and gets
more mathematical essence of variable enabling the velocity field to belong to the
space of solenoidal functions.

Postulation of incompressibility is moderately significant approximation in
view of physics of slow fluid flows, but has striking impact to construction of
computational scheme. This results from the orthogonal decomposition of the
space L

2(Ω) to the solenoidal

S(Ω) = {u ∈ L
2(Ω),∇ · u = 0 inΩ,u · n = 0 on ∂Ω}

and irrotational part

R(Ω) = {w ∈ L
2(Ω),w = ∇φ} .

Velocity v(2) in (2.27) is solution to the Stokes problem, which is divided into
two steps in the projection method and may be seen as further operator splitting
with sub-solutions v(2,1) and v(2,2) such, that

∂v(2,1)

∂t
= −∇pn+1 (2.29)

∂v
(2,2)
i

∂t
= ∇2vi i = 1, . . . , D (2.30)

and v
(2,1)
n = v

(1)
n+1, v

(2,2)
n = v

(2,1)
n+1 , v

(2)
n+1 = v

(2,2)
n+1 . The purpose of writing (2.30) in

non-vector form is to highlight the fact, that we get equations for the separate
velocity components, so the system is now fully decoupled.

Concerning the scheme from (Karniadakis [23]), both the sub-steps are solved
using Euler Implicit scheme. Equation (2.29) becomes

v
(2,1)
n+1 − v

(1)
n+1

∆t
= −∇pn+1 . (2.31)

Divergence applied to equation (2.31) together with ∇ · v(2,1)
n+1 = 0 represents the

projection step and results in the pressure-Poisson equation

∇2pn+1 = ∇ · v(1)
n+1 (2.32)
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Finally, the ”heat equation” for velocity components, discretized by implicit
Euler method reads

v
(2,2)
n+1 − v

(2,1)
n+1

∆t
= ∇2v

(2,2)
n+1 (2.33)

Evaluation of v
(2,1)
n+1 follows from (2.31)

v
(2,1)
n+1 = −∆t∇pn+1 + v

(1)
n+1 . (2.34)

The equation evaluated implicitly, using a spatial solver, forms the Helmholtz
equation for all velocity components

(
∇2 − 1

ν̄∆t

)
(vi)

(2,2)
n+1 =

−1

ν̄∆t
(vi)

(2,1)
n+1 i = 1, . . . , D . (2.35)

Remark: In view of the Helmholtz decomposition, the equation (2.34) corre-

lates elements of the solenoidal space, v
(2,1)
n+1 , irrotational space, ∆t∇p, and result

of the first sub-step, v
(1)
n+1. In this sense, pressure p is such, that ∆t∇p repre-

sents that part of v
(1)
n+1, which is not solenoidal. Subtracting this term from v

(1)
n+1

results in solenoidal velocity v
(2,1)
n+1 , which is the initial condition for the second

sub-problem (2.33). However, this initial condition stays in the RHS of the dis-
cretised problem, and if the boundary condition prescribed to the sub-problem
is not ”consistent” with this RHS (=initial condition), a steep gradient occurs in
vicinity of ∂Ω. C.f. section 2.1.2.

Non-linear heat equation

The equation for temperature with ”frozen” velocity field, takes form

∂T

∂t
+H(vn, T ) = 0 . (2.36)

after decoupling the whole system.
However, the generalized (anisotropic) diffusion operator

∇ · (κ(T )∇T ) (2.37)

is still strongly nonlinear in T . Nature of this term is different from (2.16), but
the linearisation technique follow the same process as in the case of the viscous
term. We introduce the structure of κ(T )

κ(T ) = κ̄ + κs , (2.38)

where κs = κs(~x, t), while κ̄ = const. or κ̄ = κ̄(~x).
Operator splitting then results in two sub-problems

∂T (1)

∂t
= ∇κs · ∇T (1) + κs∇2T (1) + fH (2.39)

∂T (2)

∂t
= κ̄∇2T (2) , (2.40)
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COUPLED SYSTEM
(2.12)

∇ · [νs(∇v + (∇v)T)]

v · ∇T

Incompressible Navier-Stokes
(2.22)

v · ∇v

Non-linear heat equation
(2.23)

∇ · [κt∇T ]

Stokes problem

Projection method

Linear heat equation

Helmholtz eq.

pressure-Poisson Linear ”heat” equation

Helmholtz eq.

Figure 2.1: Scheme of decoupling the incompressible Navier-Stokes-Fourier sys-
tem. The dark-grey blocks are solved by implicit method, while in the others an
explicit evaluation of the presented terms is performed.

where the first contains the time dependent part of the diffusion operator, which is
extrapolated, and the second sub-problem is linear constant-coefficient problem,
solved by implicit method. The source term fH represents now the advection
term, which is evaluated through extrapolation in this step as a consequence of
decoupling the momentum and heat equation.

Applying the backward difference scheme with extrapolation of the RHS, we
get discretised version of the first sub-problem (2.39)

γ0T
(1)
n+1 −

∑Ji−1
q=0 αqT

n−q

∆t
=

Je∑

q=0

βq[∇ · κs∇T − v · ∇T ]n−q (2.41)

Implicit Euler method applied to the second sub-problem results in Helmholtz-
type equation solved implicitly using a spatial solver

(
∇2 − 1

κ̄∆t

)
T

(2)
n+1 = − 1

κ̄∆t
T

(1)
n+1 . (2.42)

2.1.2 Boundary conditions

The boundary conditions (BC) play a crucial role both in definition of the inter-
mediate steps of the computational algorithm and global setting of the physical
model. We will show the problems, following from the imprecise setting of BC
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inside the algorithm and collect some recent results for the open question of out-
flow BC. Attention will be paid also to compatibility between the BC and initial
condition.

Every implicit step (2.32), (2.35) or (2.42), form an elliptic PDE and a bound-
ary conditions must be specified to complete the problem. Setting of these bound-
aries define the model in view of mathematics. The solution than may be obtained
for relatively arbitrary choice of BC, independently of particular definition of the
equations RHS. However, not every such a solution may refer to a real physical
problem as illustrates following 1D example.

We generate the RHS belonging to an exact solution u, e.g. u = cos(x), for
the Poisson equation (2.32 in 1D)

d2u

dx2
= f → f =

d2cos(x)

dx2
= −cos(x)

and the Helmholtz equation (2.35 in 1D)

(
d2

dx2
− λ

)
u = f → f =

(
d2

dx2
− λ

)
cos(x) = −(1 + λ)cos(x) .

Both the problems admit setting of boundary conditions, independently to the
function f . However, we derived the function f from the ”known” solution and
the boundary condition for the known solution satisfy naturally u|∂Ω = cos|∂Ω.
Solving the problem with accurate RHS and accurate BC leads to exact solution
if sufficiently accurate method is employed (c.f. 2.2). However, the situation in
the real computation is different, we prescribe a boundary condition resulting
from considerations of physics and math. analysis, but the RHS is a result of a
preceding sub-problem.

The inconsistency of BC and RHS influences differently the solution to the
Poisson and the Helmholtz equation.

In case of the Poisson equation, the solution is influenced in the whole com-
putational domain. However, the resulting function has similar demands to the
approximation space as the function f 4. But this is not the case of Helmholtz
equation, where a ”boundary layer” of thickness dependent on value of coeffi-
cient λ occurs. In 1D problem, the ”boundary layer” refers to the solution of
homogeneous problem, which has a known form

uH = c1exp(−
√
λx) + c2exp(

√
λx) ,

where c1, c2 are constants and the solution may be written as

ũ = u+ uH .

Comparison in the influence of the ”RHS-inconsistent” boundary condition
for the Poisson and Helmholtz problem is illustrated in figure 2.2 for u = cos(x),
λ = 100, ũ(xL) = u(xL) and ũ(xR) 6= u(xR) on interval x ∈ [xL, xR].

It is also shown in figure 2.2, how the coefficient λ influences the function near
the boundary. Among examples of the spectral methods (sec. 2.2.5), it will be

4If the spectral method is used for spatial approximation, same (or very similar) number of
basis functions is needed to approximate both functions to a given precision
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Figure 2.2: left : Comparison of solutions to the Poisson and Helmholtz (λ = 100)
equations, when boundary condition is not consistent with the RHS. right : De-
pendence of the ”boundary layer” on the value of lambda in the Helmholtz equa-
tion, when boundary condition inconsistent with the RHS is prescribed. Steep
gradient occurs with increasing λ.

demonstrated, how a solution belonging to higher λ may become expensive for
discrete approximation. Reminding the Helmholtz equation in the implicit step
of the splitting algorithm, we find that

λ =
1

ν̄∆t

in (2.35). If a fluid flow with higher Reynolds number is simulated, (e.g. Re =
104), ν̄ becomes relatively small

ν̄ ≈ 1

Re
= 10−4 .

Setting e.g. ∆t ≈ 10−3 as a safe time step for stability of the scheme, we arrive
to λ ≈ 10−7, what results in steep gradient (∼ exp(

√
λx)) in the solution towards

the boundary if the boundary condition is not ”RHS-consistent” (c.f. figure 2.19).
Now, we return to particular steps of the splitting algorithm. Those steps,

where explicit time-stepping method is used, do not allow to prescribe implicit
boundary conditions, since it is extrapolated together with the domain-interior
values of the solution. Formally, the boundary condition is satisfied automatically
in this case and strictly derived from the initial condition of the (sub-)problem.
This is the case of (2.28), (2.41).

While setting the RHS-inconsistent boundary conditions do not result in low-
ering regularity of the solution in 1D problems, this is not the case in higher
dimensions, where non-smooth geometry of domain Ω reflects in singularities as
shown in more detail in sec. 2.2.5.
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Neuman pressure BC

Since the pressure acts as a Lagrange multiplier in the INS system, its boundary
condition may be calculated accordingly to the velocity field, if Dirichlet condition
is not available.

Neumann pressure boundary condition is derived as the inner product of the
momentum equation with the outward oriented normal vector n to the boundary
∂Ω

∂pn+1

∂n
= n · ([−∂v

∂t
− v · ∇v + ν̄∇×∇× v]n+1) ,

where we used symbol [ ]n to represent evaluation at the n-th time step (isothermal
case is presented for simplicity). At the pressure step, the velocity vn+1 is still
unknown. Extrapolation is then used to evaluate the above formula, consistently
with the extrapolation of the convective term in (2.28)

∂pn+1

∂n
= n ·

{
−∂v
∂t

+

Je∑

q=0

βq[ν̄∇×∇× v − v · ∇v]n−q

}
. (2.43)

The viscous term is in rotational form, what reduces the numerical boundary
layer in velocity5 (Orszag [28], Karniadakis [23]). The rotational form of the
viscous term emerged directly in the computational algorithms presented in more
recent works (Guermond [16], [17], Dong [6]). It has an impact not only to the
behaviour near the boundary, but it has also relation to satisfaction of the inf-sup
condition, what results in higher order estimates of the algorithm. This issue is
discussed in Appendix C.

The same approach was used to derive boundary condition for pressure in case
of the temperature dependent viscosity

∂pn+1

∂n
= n ·

{
−∂v
∂t

+

+
Je∑

q=0

βq[∇νs · (∇v + (∇v)T)− ν∇×∇× v − v · ∇v]n−q

}
.

(2.45)

Note, that viscosity multiplying the rotational term is ”whole” viscosity ν, not
only the time-constant part ν̄ as in previous cases.

This kind of pressure-Neumann boundary condition is evaluated using infor-
mation only from the velocity field.

Outflow velocity BC

It is the third step (2.35), which allows (and requires) definition of the boundary

conditions for velocity components (vi)
(2,2)
n+1 . Unfortunately, the boundary condi-

tions prescribed a priory may be hardly consistent exactly with the RHS obtained

5Splitting of the operator results in the splitting error, which causes numerical boundary
layer. The stiffly-stable method of third order (Karniadakis [23]) with the rotational form of
the viscous term in pressure boundary condition produces numerical boundary layer, which
vanishes as

∆t3
[
d3

dt3
(v · ∇) + 3ν

d3

dt3
∇2v)

]
(2.44)

If the original form of the diffusive term is applied, constant numerical boundary layer is present
(detail description is provided in (Karniadakis [25], pg. 424)).
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employing extrapolation. The numerical boundary layer occurs, as demonstrated
on the 1D situation on the beginning of this section. For more, the numerical
boundary layer possibly lowers the solutions regularity, as a result of the non-
smooth concatenating of domain boundaries (c.f. sec. 2.2.5).

While the values on inlet boundary are known and no-slip (v = 0) condition
may be prescribed on walls, values on the outflow boundary ∂ΩO are still a subject
of research. We briefly introduce some of the present results in this field.

One of the present works on this theme (Dong [6]) suggests its form

− pn+ νn · ∇v −
[
1

2
|v|2 SO(n · v)

]
n = 0 , on ∂ΩO (2.46)

where

SO(n · v) = 1

2

(
1− tanh

n · v
|v∞| δ

)
(2.47)

and n is the normal vector to the outflow part ∂ΩO of the domain boundary. This
kind of condition improves stability and may be modified by value of parameter δ,
to find the best setting to the particular problem. The term 2.46 is an extension
of other form, so called directional do-nothing condition (c.f. (1.47))

Tn− 1

2
[v · n]− = 0 . (2.48)

This outflow condition was analysed presently in (Braack [2]), even so it was
successfully used from its formulation in 1990’s. In the above equations [f(x)]− =
sup{−f(x, 0)} is the term, which cuts off possible re-entrant flow and partly solves
in this way the problems of the original do-nothing boundary condition

0 = Tn = −pn+ νn · ∇u = 0 . (2.49)

In the case of pure outflow from the domain, both conditions 2.46 and 2.48
coincide with the classical do-nothing condition 2.49, which follows from the weak
formulation of the (steady) Navier-Stokes system where

−(∇ · T, φ) = −ν(∇2v, φ) + (∇p, φ)

= ν(∇v,∇φ)− (p,∇ · φ) +
∫
∂Ω
(−ν∇v + p)nφ ds

= ν(∇v,∇φ)−
∫
∂Ω

Tnφ ds

∀φ ∈ {v ∈ H1(Ω)d : ∇ · v = 0,v|∂ΩO
= 0 a.e.}

(2.50)

2.1.3 General Linear Method

The general linear method (GLM) is a framework encapsulating schemes for time-
stepping PDEs. It was originally proposed to unify stability analysis of Runge-
Kutta (multi-stage) and multi-step methods (Butcher [5]). The common structure
simplifies implementation of the time-stepping methods in computational codes.
Recently, it emerged in implementations of software packages (e.g. Nektar++ [7],
Hermes [19]).
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We will focus only to the version implemented in Nektar++, which is enhanced
to encompass the ”IMEX” methods, which are employed in our computational
algorithm.

Let the differential equation for u = [u1, . . . , uD]
T is in form

du

dt
= g(u) + f(u)

u(t0) = u0 ,
(2.51)

where g(·) and f(·) are a differential operators in spatial coordinates. We em-
ploy the operator splitting technique (sec. 2.1.1) and apply implicit method to
sub-problem with g and explicit method to the sub-problem with f . Regard-
ing algorithm for the incompressible Navier-Stokes equations (2.26-2.27), we can
identify g(u) = −∇p + ν̄∇2u and f(u) = −u · ∇u.

Method of our interest is single-stage, resp. strictly multi-step, but we will
show its definition within the general GLM framework. A method using s-stages
and r-steps is seen in form

Yi = ∆t
s∑

j=1

aIMij Gnew
j +∆t

s∑

j=1

aEX
ij Fnew

j +
r∑

j=1

uiju
old
j , 1 ≤ i ≤ s, (2.52a)

unew
i = ∆t

s∑

j=1

bIMij Gnew
j +∆t

s∑

j=1

bEX
ij Fnew

j +

r∑

j=1

viju
old
j , 1 ≤ i ≤ r , (2.52b)

where Yi are the stage values and unew
i are elements of the output vector unew.

unew is an input (uold) for the next time step, carrying the actual solution together
with all the other information needed for evaluation of the next time step as
defined for a particular method. Gi = g(Yi) denote implicitly evaluated stage
derivatives and Fi = f(Yi) denote explicitly evaluated stage derivatives. Yi, Gi

and Fi (i = 1, . . . , s) are computed within every time step ∆t. These values are
no more used in multi-stage methods, but some of them are stored in the output
vector unew if multi-step method is used. Runge-Kutta methods are recovered for
r = 1, while linear multi-step methods are obtained with s = 1. The coefficients
may be organized to matrices B = (bij), U = (uij), V = (vij). Recognizing implicit
AIM = (aIMij ) and explicit AEX = (aEX

ij ) evaluation of the stage derivatives allows
the implementation of the IMEX schemes within the GLM framework.

An analogy to Butcher tableau (Butcher [5]) states


 Y

unew


 =


 AIM ⊗ ID AEX ⊗ ID U⊗ ID

BIM ⊗ ID BEX ⊗ ID V⊗ ID







∆tGnew

∆tFnew

uold



, (2.53)

where the coefficient matrices are multiplied by ID, D×D identity matrix, since
we work with D-dimensional problem (2.51).

Gnew and Fnew are evaluated within the new step of the algorithm. The input
vector is known from previous time step(s)

uold =
[
un, . . . ,un−(r−1), ∆tFn, . . . ,Fn−(r−1)

]T
,
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where the subscript denote particular time step un = u(tn). The information is
passed only through the output vector

unew = [un+1, . . . ,un−r, ∆tFn+1, . . . ,Fn−r]
T .

The computational algorithm is shown in Algorithm 1.

input: uold

output: unew

// Calculate stage values and stage derivatives
for i = 1 . . . s do

//Calculate temporary variable xi

xi = ∆t
∑i−1

j=1 a
IM
ij Gj +∆t

∑i−1
j=1 a

EX
ij Fj +

∑r
j=1 uiju

old
j

//Calculate the stage value Yi by solving
(Yi − aIMii ∆tg(Yi)) = xi

//Calculate the explicit Fi and implicit Gi stage derivative
FIM

i = f(Yi)

GIM
i = g(Yi) =

1

aIMii ∆t
(Yi − xi)

end

// Calculate the output vector
for i = 1 . . . r do

//Calculate unew

unew
i = ∆t

∑s
j=1 b

IM
ij Gnew

j +∆t
∑s

j=1 b
EX
ij Fnew

j +
∑r

j=1 viju
old
j

end

Algorithm 1: Algorithm of GLM (Vos [41]).

Implicit evaluation of the stage values Yi and stage derivatives Fi must be
provided in the code to complete the algorithm. Initialisation of the multi-step
algorithms employs methods of lower order, so that the first step is evaluated by
the one-step method.

As an example, the coefficients belonging to the second order ”IMEX” scheme
for 1D problem form following ”Butcher table”

[
AIM AEX U

BIM BEX V

]
=




2
3

0 4
3

−1
3

4
3

−2
3

2
3

0 4
3

−1
3

4
3

−2
3

0 0 1 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0



. (2.54)

GLM is constructed from the similarities among particular methods and it is
extensible for newly occurring schemes.
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2.2 Spatial discretization

One of the aims in this work is use of a high order approximation to the elliptic
PDEs, which constitute the single steps of the time-stepping algorithm. The high
order approach is strongest in approximation of the smooth functions, what is a
property expected in various physical processes and is not in contradiction to the
observations of the fluid flow phenomena of our interest.

Mathematical analysis discovers various singularities emerging in solutions of
the partial differential equations (especially in 2D and 3D). But only particu-
lar combinations of the boundary conditions, RHS and computational domain
shape admit smooth solutions. Source of singularities is also in the algorithm
discretising the solved system in time, a consequence of inaccuracy between the
RHS function and boundary conditions. These singularities are not dumped in
the high order methods. Therefore, unless the high order methods provide high
accuracy and additional tools for analysis of the error, it gets less attention in ap-
plications than the lower order methods and up to the authors knowledge, there
do not exist commercial software based on high order (spectral) approximations.

The high order approach follows rather the mathematical solution while show-
ing the distance of the mathematical description from the physical reality, since
the physical processes do not exhibit most of the mentioned singularities.

Another aspect of the high-order solutions is, that it abandons the strong
dependence on design of the computational mesh, what is the case of low order
methods. The high order solution then resembles more a function than a piecewise
function or a set of function values and it carry also the information about the
functions derivatives.

The high order methods also minimize the number of degrees of freedom in
the resulting algebraic system.

We will start with formulation of a general framework, the method of weight-
ed residuals what will help us to highlight differences among high order/spectral
methods and the other commonly used. We will construct the numerical solution
uN and mention estimates controlling its distance from the exact solution in vari-
ous norms ‖u− uN‖. More precisely, methods based on the abstract formulation
of the differential equation will be employed to construct projection of the solu-
tion PNu to the space of the finite dimension (sec. 2.2.1). Truncating the space
to the finite dimension produces the truncation (projection) error

‖u− PNu‖ . (2.55)

However, the projection PNu itself can’t be computed exactly and the discrete
projection IN( 6= PN) is performed instead. Therefore the approximation quality
is estimated as

‖u− PNu‖ ≤ ‖u− INu‖+ ‖INu− PNu‖ , (2.56)

where ‖u− INu‖, the discrete truncation error, will be discussded in (sec. 2.2.4)
together with the difference between the continuous and discrete projection, what
is the aliasing error.

The global estimate

‖u− uN‖ ≤ ‖u− PNu‖+ ‖uN − PNu‖ (2.57)
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is then established on base of the convergence theory mentioned in Appendix A.
Attention will be paid to the standard elements, intrinsic to the weighted

residual framework. These are especially the numerical integration, differentiation
or approximation of the curved boundaries of the computational domain.

The section is concluded by various examples.

2.2.1 Method of weighted residuals

Computational methods concerning one common mathematical issue often share
some similar features notwithstanding they are developed independently. Discov-
ering the similarity motivates generalised formulation and mathematical struc-
ture, which simplifies comparison among particular methods and highlights their
pros and cons. Theoretically, software packages based on the common structure
would allow computations by multiple methods within one platform.

The method of weighted residuals6 (MWR) unifies methods for approxima-
tive solution of PDEs7. Moreover it connects fields of mathematical analysis
and computational methods, since MWR is finite-dimensional counterpart to the
weak formulation.

Let X denote a functional space, whose definition reflects properties of u(~x),
solution to a PDE

Lu = f in Ω (2.58)

(accompanied with boundary conditions). Differential operator L : D(L) ⊂ X →
X is defined on D(L), subset of functions b(~x) ∈ X satisfying (in some sense) the
boundary conditions. In our discussions, L will take mostly forms of

L = ∇2 Laplace

L = ∇ · (µ(~x)∇)

L = −(∇ · µ(~x)∇) + (v · ∇) steady convection − diffusion ,

(2.59)

since these occur as a separate steps in the time-marching algorithms of both
the Navier-Stokes and heat equations (sec. 2.1). f(~x) ∈ X is a given function in
(2.58).

Space Y , which do not generally coincide with X , is defined for the weak
formulation. Y is used to specify weaker condition, under which the equation is
satisfied, resulting in a set of equations

∫

Ω

(Lu) v dΩ =

∫

Ω

f v dΩ ∀v ∈ Y . (2.60)

This system of conditions tests, whether the weakened form of the PDE is satisfied
and coincides with the weak form already presented for the system of Navier-
Stokes and energy equations in sec. 1.2.1. Both X and Y are generally of the
infinite dimension, so the exact solution u(~x) can be found in exact form in special

6Some authors use term Mean weighted residuals in the same sense (e.g. [1]).
7c.f. common concept for the time-marching schemes, the General Linear Method (2.1.3)

and its implementation in Nektar++ library ([7])
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cases only. MWR therefore restricts (2.60) to a finite dimension, introducing
XN = span{Φp(~x)}Np=1 ⊂ X for representation of the approximate solution uN
and YN = span{Ψq(~x)}Nq=1 ⊂ Y for testing. Definition of XN , YN , resp. its
basis sets {Φp}Np=1, {Ψq}Nq=1, is tied with particular computational method (c.f.
overview below). The basic requirement to the basis sets is, that it should form
a complete basis in particular space as N → ∞, otherwise a good approximation
to the solution is unachievable despite increasing of N .

Testing (2.58) over YN is, thanks to linearity of the space, equivalent to testing
over the basis {Ψq}Nq=1

∫

Ω

(Lu)Ψq dΩ =

∫

Ω

f Ψq dΩ ∀q = 1, . . . , N . (2.61)

Concurrently, (2.61) may be seen as a system balancing coefficients of the equation
projected onto the space YN . Denoting the projection as PN

Y (PN
Y : X → YN),

we can write
PN
Y (Lu) = PN

Y f ∈ YN . (2.62)

Denoting by ûXp the coefficients of u in XN , we can substitute its projection
(PN

X : X → XN)

PN
X u(~x) =

N∑

p=1

ûXp Φp(~x) , (2.63)

into (2.62) and obtain
PN
Y LP

N
X u = PN

Y f . (2.64)

Finally, (2.64) defines a matrix-vector system for unknown coefficients ûXp

LûX = f̂Y , (2.65)

where

Lqp =

∫

Ω

Ψq LΦp dΩ , ûX =




ûX1
...

ûXN


 , f̂Y =




f̂Y
1

...

f̂Y
N


 . (2.66)

Other interpretation of the same system follows, when firstly the solution is
approximated by its projection PN

X u in the original equation

L(PN
X u) ≈ f . (2.67)

This relation is no more an equation, since a non-zero residuum r ∈ X is produced

0 6= r = LPN
X u− f . (2.68)

r ∈ X and especially for nonlinear problems r 6∈ XN .
Now, the problem turns to determination of the N unknown coefficients ûXp , so
the testing in the weak form (2.60) may enforce only N conditions. These are
specified through the choice of the N -dimensional space YN . YN is defined by its
basis {Ψq}Nq=1, what results in the system of equations

∫

Ω

rΨq dΩ = 0 ∀q = 1, . . . , N , (2.69)
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resp. ∫

Ω

(LPN
X u) Ψq dΩ =

∫

Ω

f Ψq dΩ ∀q = 1, . . . , N . (2.70)

The equation (2.70) may be seen as a set of conditions forcing r to vanish in
YN , what means

PN
Y r =

N∑

p=1

r̂Yp Ψq = 0 , (2.71)

being equivalent to set of conditions

r̂Yq = 0 ∀q = 1, . . . , N . (2.72)

Substituting definition of r (2.68) into (2.72) results in the same system as
(2.65).

The integral forms in (2.60) coincide with a ”weighted” integral (
∫
Ω
aw dΩ is

a weighted integral of a function a under the weight w), therefore {Ψq}Nq=1 are
denoted as weight functions in some literature and here also originates the name
Method of Weighted Residuals).

If the space X is such, that the integral forms in (2.60) coincide with an inner
product, the whole process gets a geometrical interpretation. The projections PX

N

and PN
Y are then orthogonal projections and system (2.70) tests orthogonality of

r to YN .

Errors

Two kinds of error occur in just presented construction. The consequences of
reduction the functional spaces to finite dimension and evaluation of the projec-
tions coefficients.
Insight to the errors, produced by the restriction to the finite dimension, is given
if no approximation is performed, while elements of X are decomposed according
to the projection operators, i.e.

u = PN
X u+ (I − PN

X )u . (2.73)

(I − PN
X )u ∈ X \ XN and similarly for PN

Y . Applying such decomposition to r
using PN

Y

r = PN
Y r + (I − PN

Y )r ,

resp. to the original equation (2.58), while substituting u by (2.73), we get

PN
Y L[P

N
X u+ (I − PN

X )u] + (I − PN
Y )Lu =

= PN
Y f + (I − PN

Y )f .
(2.74)

Comparing elements of the same spaces we find that (I − PN
Y )Lu ∈ Y \ YN

represents that part of error caused by ”insufficient testing” and equals to the
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truncation error 8 of the data f in space YN . Then, if the operator L is linear, we
get (restricting to the elements of YN)

PN
Y LP

N
X u+ PN

Y L(I − PN
X )u = PN

Y f , (2.75)

where the second term on the left hand side defines the truncation error, whose
bounds follow from particular definition of {Φp}Np=1 (c.f. section 2.2.2). L(I −
PN
X )u is exactly the residuum (2.68) in this linear case.

The coefficients of projection (or forward transform from physical to functional
space) are defined by the integral form

f̂X
p =

(f,Φp)X
(Φp,Φp)X

=
1

‖Φp‖2X

∫

Ω

f Φp d~x . (2.76)

Integrals in (2.76), however, can’t be computed exactly in general, so a quadra-
ture rule must be employed (c.f. ”aliasing error” in sec. 2.2.4) and the forward
transform provides just an approximation f̃X

p (symbol ’̃ ’) of the coefficients f̂X
p ,

where generally f̃X
p 6= f̂X

p . Computed solution uN includes both the approxima-
tion of the space and possible aliasing, therefore the computation do not provide
an exact solution neither of the approximate system (2.70). uN ∈ X , but regard-
less the expectation of MWR uN 6= PN

X u. uN = PN
X u only in the special cases,

when the method provides an exact solution.

MWR concept do not impose mutual restriction between spaces XN and YN ,
so they can be defined independently.

Every method following under the concept of MWR defines the test functions
{Ψq}Nq=1 (basis of YN) specifically and results in characteristic condition, which is
satisfied by the solution (see table 2.4). Definition of the space spanned over the
test (=weight) functions do not restrict the trial basis {Φp(~x)}Np=1, but inserts a
rule measuring the quality of the approximation in the method-specific sense.

Particular methods in MWR

Particular methods are defined by the test and trial functions in MWR. Details
about the trial functions are left to the separate section, so the overview of meth-
ods as seen in MWR will follow firstly the differences among the test spaces.

The point collocation methods force the residual to zero in a chosen set of
(collocation) points {~xq}Nq=1 ⊂ Ω. In the MWR concept this means testing over
a set of Dirac-delta functions shifted to the collocation points

Ψq(~x) = δ(~x− ~xq) .

The set of ”test” equations (2.69) then reads

(r,Ψq(~x)) =

∫

Ω

r δ(~x− ~xq) dΩ = r(~xq) = 0 q = 1, . . . , N .

8The term ”truncation error is used in spectral methods since the functions are represented
by (infinite) series, which are truncated to finite expansion in XN (or YN )
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Table 2.4: Weight/test functions Ψq(~x) for various methods in concept of MWR
(compare [25], pg. 19 and [42]). ~xq ∈ Ω are chosen points, where the collocation
method forces R(~xq) = 0 and Ωq are elements of a finite volume mesh Ω ≈ ∪qΩq

approximating Ω as a domain with piecewise linear boundary.

Ψq(~x) Method

δ(~x− ~xq) Point collocation

∂R

∂ûq
Least-squares

χq(~x)





1, ~x ∈ Ωq

0, ~x 6∈ Ωq

Domain collocation

Φq Galerkin

Ψq( 6= Φq) Petrov-Galerkin

The solution is represented in the transform space, but the equation stays in
the physical space. This fact substantially simplifies treatment of the non-linear
equations, which produce difficulties, when transformed to a linear space.

Taking as the expansion basis a low order interpolants (Lagrange or trigono-
metric polynomial) through the collocation points, while performing exact inte-
gration in the testing phase, the finite-difference method or Fourier finite differ-
ence method is recovered

(LuN)|~x=~xq
= f(~xq) q = 1, . . . , N .

The process of obtaining the ”infinite” order method as a limit of increasing order
to finite differences is described in (Hesthaven [18]) and forms a basic motivation
for the spectral methods.

Under the term domain collocation follow methods, whose test functions are

Ψq(~x) =





1, ~x ∈ Ωq

0, ~x 6∈ Ωq

q = 1, . . . , N

and the system of equations is

∫

Ωq

(Lδ uN − f) dΩ = 0 q = 1, . . . , N .

Generally, depending on the choice of the space XN introduction of a discrete
operator Lδ may be necessary. This is the case of the finite volume method (FV),
which define XN as piecewise-constant functions, what results in reformulation of
the differential operator, which contains the numerical fluxes.

Other examples following under the MWR concept are the Method of least
squares or Method of moments.
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The Galerkin formulation unifies the spaces of trial and test functions, Φp(x) =
Ψq(x) p, q = 1, . . . , N . Concerning the boundary conditions, some authors dis-
tinguish Galerkin and Tau method ([8], [18]). The boundary conditions in the
Galerkin approach are satisfied individually by all the trial and test functions.
This approach is reasonable only in case of special boundary conditions (e.g.
homogeneous), while for more general and time dependent case it becomes un-
tenable. The Tau method is a modification of the Galerkin approach, when the
trial functions do not satisfy the boundary conditions. A boundary condition in
the Tau method is enforced as collocation at the boundary points. Coincidence of
trial and test functions is then limited to Φp = Ψq p = q = 1, . . . , N−k, where k
is number of the boundary conditions. The problem of construction appropriate
functional space is moved to the structure of matrix in the resulting algebraic
system, since the method introduce a set of equations to satisfy the conditions.
The Tau method can be seen as a special case of the Petrov-Galerkin method,
where trial and test functions do not coincide.

Concept of MWR includes methods, which combine approaches of just de-
scribed main types. This is the case of spectral element method (SEM), which
takes advantages of both FEM and SM or discontinuous Galerkin method using
formulation of fluxes known from FV within the higher than constant order of
the trial space.

2.2.2 Trial functions

The set of trial functions {Φn}Nn=1 do not generally coincide with the test functions
{Ψn}Nn=1. However, we will apply method where {Φn}Nn=1 = {Ψn}Nn=1 in later
applications. Therefore we do not distinguish the projection operators to trial
and test spaces henceforward and introduce a common symbol PN = PN

X = PN
Y to

simplify the notation. Similarly, the coefficients, representing functions in discrete
spaces will be simplified to f̂n = f̂X

p ≡ f̂Y
q and f̃n = f̃X

p ≡ f̃Y
q . Keeping an exact

form of the trial functions unspecified, we distinguish them into two classes

• global over Ω
supp(Φn) ≈ Ω ∀n = 1, . . . , N

• localised in Ω

∀n = 1, . . . , N ∃e : supp(Φn) = Ωe ( Ω where Φn(x) = 0 ∀x ∈ Ω \ Ωe

and

Ω ≈
E⋃

e=1

Ωe .

Some methods (spectral/hp FEM)9 combine both approaches, so that a multi-
ple localised trial functions share a common support, therefore N 6= E generally.

9We present the term ”spectral/hp FEM” which is used in title of (Karniadakis [?]) to show,
that wide terminology denotes similar or same methods. The finite element method (FEM) em-
ploying high order approximation on every element coincides with the spectral element method
and both these methods may exhibit the h-convergence (mesh-refinement) or the p-convergence
(increase in order of the approximation), what some authors denote as hp-FEM (e.g. Šoĺın
[38]).
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A function f as projected to XN is then represented by a finite sum

PNf(x) =

N∑

n=1

f̂n Φn(x) =

E∑

e=1

Me∑

m=0

f̂ e
m Φe

m(x) x ∈ Ω , (2.77)

where we introduce Φe
m(x) = Φn(x) ∀m,n : supp(Φn) = Ωe.

Some methods are formulated such, that it allows Me to be unique for every
sub-domain Ωe, but we restrict to Me =M ∀e in this work.

Methods using the decomposition of Ω to ”elements” Ωe effectively work on
general geometries of the computational domain in higher dimensions, where the
global methods (E = 1 and N =M + 1) are not applicable10.

We will restrict now to 1D, ~x → x, for sake of simplicity. Since the basis
functions in the global method share one common support, PNf may be seen as

an N -element truncation of an expansion series
∞∑
n=1

f̂n φn

PNf =
N∑

n=1

f̂nΦn =
N∑

n=1

f̂n φn . (2.78)

It is reasonable to use an expansion series on its domain of convergence Ωstd.
Because the computational domain Ω can not be restricted to coincide with Ωstd,
we introduce local coordinate ξ ∈ Ωstd and a mapping xΩ(ξ) : Ωstd → Ω, which
allows to expand the function at arbitrary Ω, since x−1

Ω (x) ∈ Ωstd and finally

PNf(x) =

N∑

n=1

f̂nφn(x
−1
Ω (x)) .

The mapping may be defined similarly for every Ωe in case of localised trial
functions, xe(ξ) : Ωstd → Ωe, what allows to define an expansion series on every
sub-domain Ωe, while Φe

n(x) = φn(x
−1
e (x)).

Especially for the global methods, the terms expansion and trial functions
coincide, both denoting the basis {φn(x)}Nn=1 in XN . The expansion coefficients
f̂n form for increasing n a ”spectrum” over the trial basis and the global methods
are therefore denoted as spectral methods (SM). If a (truncated) expansion is
constructed on every Ωe, the method is known as the spectral element method
(SEM) and coincides with the finite element (FEM) formulation.

The expansion functions {φn}∞n=0 must be chosen such, that it form a complete
system in X . Otherwise XN 9 X as N → ∞ and the existence of particular
function wouldn’t be ensured in the trial space.

Generally we can think about expansions to the Taylor, Fourier, Chebyshev,
Hermite, etc. series, but only some of them provide reasonable convergence prop-
erties.

Values of f̂n are unique for particular expansion. The truncated part of the

expansion
∞∑

n=N+1

f̂n define the truncation error. If the coefficients f̂n decay fast

enough as N → ∞, the truncation error becomes finite and the faster the decay
is, the smaller truncation error occurs11.

10Applicability of the global methods in 2D and 3D suffer from the absence of expansion basis
defined on a standard domain with a hole inside

11The reasons, why and how the expansion coefficients decay for particular function expansion
is hidden in the complex analysis. For example, the Taylor series has a circular domain of
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Sturm-Liouville problem

The Sturm-Liouville problem is defined by

Lφ(x) = − d

dx

(
p(x)

dφ(x)

dx

)
+ q(x)φ(x) = λw(x)φ(x) , x ∈ [−1, 1] (2.79)

as a subject to boundary conditions (a±, b± are constants)

a−φ(−1) + β−φ
′(−1) = 0, a2− + β2

− 6= 0,

a+φ(1) + β+φ
′(1) = 0, a2+ + β2

+ 6= 0 ,
(2.80)

where
p(x) ∈ C1[−1, 1]; p(x) > 0 ∀x ∈ (−1, 1) ,

q(x) ∈ C0[−1, 1]; 0 ≤ q <∞ ,

w(x) ∈ C0[−1, 1]; 0 ≤ w .

Assuming a−b− ≤ 0, a+b+ ≥ 0 it can be shown, that solutions to the eigenvalue
problem form a complete basis in L2[−1, 1]. Since L is self-adjoint, this basis

is orthogonal in the weighted L2 norm ‖·‖L2
w[−1,1] =

1∫
−1

| · |2w(x)dx, while the

eigenvalues λn are non-negative and form unbounded sequence with quadratic
growth

0 ≤ λn ∝ n2 as n→ ∞ .

The expansion coefficients in a series based on a system of eigensolutions φn

to (2.79) satisfy

f̂n =
1

γn

∫ 1

−1
f(x)φn(x)w(x) dx =

. . . =
1

γn λn
[p(f ′φn − fφ′

n)]
1
−1 +

1

γn λn

∫ 1

−1
(Lf(x))φn(x) dx ,

(2.81)

where γn = (φn, φn)Lw[−1,1]. Procedure in (2.81) is valid providing that Lf, L2f ∈
L2[−1, 1]. The boundary term in (2.81) vanishes if

p(±1) = 0 , (2.82)

or
u(1) = u(−1) , u′(1) = u′(−1) . (2.83)

convergence in the complex plane, Fourier series has an infinite strip along the real axis, while
the Jacobi polynomials have an ellipse with foci in −1 and 1. The convergence rate of the
series is limited by the regularity of approximated function in the domain of convergence (c.f.
table 2.5). Convergence of the Taylor series is limited by the distance of the first singularity
in the complex plane. On the other hand, the region of convergence may often obviate the
singularities relatively near to the real axis and limits of [−1, 1] in case of the Jacobi plynomials
(Chebyshev, Legendre, ...). The Fourier expansion is dependent solely on the conditions of
periodicity. These issues are presented in more detail in (Boyd [1]). This is an illustrative
explanation, why the Taylor series is not used in spectral methods. On the other side, both the
Fourier and series based on Jacobi polynomials are common in spectral methods, both being
eigensolutions to the Sturm-Liouville problem.
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Reminding definition (2.79), the condition (2.82) defines the singular Sturm-
Liouville problem, while p(±1) 6= 0 belongs to the regular Sturm-Liouville prob-
lem. Zeroing the boundary term, we can repeat the whole process (2.81) and
conclude that

|ûn| ≃ C
1

(λn)m

∥∥∥∥
(

L

w(x)

)m

u(x)

∥∥∥∥
L2
w[−1,1]

. (2.84)

This estimate applies asymptotically as n → ∞ and establishes estimete for
the coefficients decay for the spectral methods in dependence on the regularity
of the expanded function. Exponential (infinite order) decay is recovered for the
coefficients of C∞ functions. The fast decay of expansion coefficients is the reason,
why eigensolutions φn to the Sturm-Liouville problem are used in construction of
the basis in the spectral type methods.

The estimate (2.84) is valid without further limitations to w(x) or q(x), there-
fore a wide class of orthogonal functions exhibit this property. The Fourier basis
is an example of such a set in case of the regular Sturm-Liouville problem, while
the Jacobi polynomials belong to the singular version (2.82).

Fourier spectral methods

gained attention after appearance of the fast Fourier transform in 1965. The
efficient projection to the transform space extended field of solvable differential
equations. Fourier methods, however, are limited to the periodic problems, since
this feature is intrinsic to the trigonometric functions, which form the basis in
the transform space XN = span{einx| |n| ≤ (N − 1)/2} in this case (i denotes the
imaginary unit). The order of convergence for the expansion coefficients ûn (as
n→ ∞) is given by regularity and periodicity of the function and its derivatives.

Let a periodic function u(x) has derivative u′(x) ∈ L2[0, 2π]. The expansion
coefficients are given repeating the procedure (2.81) with φn = einx

2πûn =

∫ 2π

0

u(x) e−inxdx =
−1

i n
(u(2π)− u(0)) +

1

i n

∫ 2π

0

u′(x)e−inxdx , (2.85)

what shows that

|ûn| ∝
1

n
.

The first term on the right hand side of (2.85) vanishes from periodicity. If
the function has higher regularity u(m) ∈ L2[0, 2π] and u(m−1) is periodic, then
integration per-parts, applied repeatedly to the last term, results in

|ûn| ∝
(
1

n

)m

.

For periodic function u(x) ∈ C∞[0, 2π] with periodic derivatives this asymptotic
behaviour (as n→ ∞) reaches exponential decay.

The periodicity is crucial for the high order decay in the Fourier methods. For
illustration, lets take a periodic function with non-periodic derivative

u(x) = sin
(x
2

)
x ∈ [0, 2π] .
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Its expansion coefficients on the Fourier basis are

ûn =
2

π

1

(1− 4n2)
,

exhibiting only quadratic decay in n as a consequence of missing periodicity of
the derivative. The truncation error do not decay fast enough in this case and
makes the Fourier spectral method expensive and inefficient.

If the Fourier spectral method is applied to approximate solution to a dif-
ferential equation, the requirement of periodicity reflects in demand of periodic
boundary conditions, therefore it is not used in the local type methods, since
the solution on every neighbouring domain would be just the periodic extension.
However, the Fourier expansion is successfully applied in solutions of differential
problems with periodic boundary conditions (e.g. [24]).

Expansions based on Jacobi polynomials

Concerning the singular Sturm-Liouville problem (SSL), a high order coefficient
decay (2.84) is recovered without any requirement of periodicity to u. A relevant
class of eigenfunctions is obtained setting

w(α,β)(x) = (1− x)α(1 + x)β (2.86)

q(x) ≡ 0 (2.87)

p(x) = (1− x)α+1(1 + x)β+1 (i.e. p(±1) = 0). (2.88)

Then, the SSL takes form

d

dx

[
(1− x)(1+α)(1 + x)(1+β) d

dx
J (α,β)
n (x)

]
= λn(1− x)α(1 + x)(β)Jα,β

n (x) ,

where Jα,β
n (x), the eigenfunctions, are the Jacobi polynomials. These are orthog-

onal under the weighted inner product (·, ·)w (the weight being that defined in
(2.86))

(J (α,β)
m , Jα,β

n )w =

∫ 1

−1

J (α,β)
m (x) J (α,β)

n (x)w(α,β)(x) dx = Cmn δmn . (2.89)

Taking α = β together with normalization defines the ultraspherical polynomials
U

(α)
n (x), whose representatives are the Chebyshev (α = 1/2) and Legendre(α = 0)

polynomials.
Jacobi polynomials play the key role in construction of the spectral methods,

since they are used in constructions both of the expansion basis, but also the
quadrature formulas with maximal degree of exactness (c.f. Gauss quadrature
formulas in sec. 2.2.4). Some of the basic formulas for evaluation of these functions
are summarized in Appendix D.

Following theorems provide estimates of the truncation error for ultraspherical
polynomials, as formulated for Ωstd = [−1 : 1] (proofs, e.g. Hesthaven [18]).

Theorem 4. For any u(x) ∈ Hp
w[−1, 1], p ≥ 0, there exists a constant C, inde-

pendent of N , such that

‖u− PNu‖L2
w[−1,1] ≤ C N−p ‖u‖Hp

w[−1,1] . (2.90)
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Projection operator do not commute with the operator of derivative, however
the error exhibits high order decay if the function is regular enough.

Theorem 5. Let u(x) ∈ Hp
w[−1, 1], there exists a constant C, independent of N ,

such that
∥∥∥∥PN

du

dx
− d

dx
PNu

∥∥∥∥
H

q
w[−1,1]

≤ C N2q−p+3/2 ‖u‖Hp
w[−1,1] , (2.91)

where 1 ≤ q ≤ p.

Estimate in Sobolev norm follows consequently

Theorem 6. For any u(x) ∈ Hp
w[−1, 1] there exists a constant C, independent

of n, such that for 0 ≤ q ≤ p

‖u− PNu‖Hq
w[−1,1] ≤ C N3q/2−p ‖u‖Hp

w[−1,1] 0 ≤ q ≤ 1,

‖u− PNu‖Hq
w[−1,1] ≤ C N2q−p−1/2 ‖u‖Hp

w[−1,1] q ≥ 1 .
(2.92)

These theorems are valid in case of exact evaluation of the expansion coeffi-
cients. Its discrete counterpart must consider the aliasing error, what is an issue
in sec. 2.2.4, where the discrete version of above theorems are presented.

Smoothness of the expanded function plays a key role in the convergence
properties. Functions, which contain some kind of singularity in the convergence
domain of the expansion do not achieve exponential decay as shown in table 2.5.

An example of a modal 1D basis on a standard interval ξ ∈ [−1 : 1] is

φm(ξ) =





1− ξ

2
, m = 0

(
1− ξ

2

)(
1 + ξ

2

)
U

(1)
m−1(ξ), 0 < m < M

1 + ξ

2
, m =M

(2.93)

Only the boundary modes (m = 0,M) are non-zero at the border points and
these provide also the C0 continuity among neighbouring subdomains Ωe, needed
in the weak formulation of the second order problems. Basis defined in (2.93) is
used in later computations and construction of a multi-dimensional basis. Several
first modes of this basis are plotted in figure 2.3.

The finite dimensional spaces XN = span{φn−1}Nn=1, where φ are defined in
(2.93), form a hierarchical structure, since XN ⊂ XN+1 ∀N = 1, 2, . . .. This kind
of basis is sometimes noted as modal, to distinguish it from the basis described
in the next section.

Nodal basis

Another kind of trial basis arises from a set of (N + 1) Lagrange characteristic
polynomials

ln(x) =

N∏

m=0
m6=n

x− ξm
ξn − ξm

n = 0, . . . , N (2.94)
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Type of singularity Form of singularity
Asymptotic behaviour

of expansion coeffs

Simple pole 1/(x− a) []pn

Double pole 1/(x− a)2 []n pn

Logarithm log(x− a) []n−1 pn

Reciprocal of square root 1/
√
x− a []n−1/2 pn

Cube root (x− a)1/3 []pn/n4/3

Infinitely differentiable

singular at x = 0
exp(−q/|x|) []exp(−p n1/2)

Branch point within [−1, 1] xy []1/ny+1

Jump discontinuity sign(x) []/n

Continuous function with

discontinuous first derivative

df

dx
= sign(x) []/n2

Infinitely differentiable

but singular at endpoint
exp(−q/|x+ 1|) []exp(−pn2/3)

Table 2.5: Asymptotic behaviour of the spectral coefficients in approximation of
functions with singularities ([1], pg. 60). Empty brackets [] denote slowly varying
algebraic factor of n.

associated with quadrature points {ξn}Nn=0. The truncated series in this basis is
then the Lagrange interpolation polynomial

PX
N f(x) = ΠN

f (x) =

N∑

n=0

f(ξn)ln(x) .

Here often arises a misunderstanding of the term ”spectral method”. Because
f̂n = f(ξn), it is misleading to use the term spectrum or expansion coefficients.
However, for a smooth function f , we recover the exponential decay as N → ∞
for ‖f − PNf‖, similarly to the Fourier or Jacobi-type expansions. This property
is sometimes noted as spectral accuracy. Equivalence of nodal and Jacobi-type
expansions follows from numerical evaluation of the coefficients of the latter one:

Taking points {ξn}Nn=0 and weights {wn}Nn=0 from the Gauss-type quadrature

generated by U
(α)
N (c.f. 2.2.4), we obtain

INf(x) =
N∑

n=0

f̃n U
(α)
n (x) =

N∑

n=0

f(ξn)ln(x) = ΠN
f (x) (2.95)

since

ln(x) = wn

N∑

m=0

1

γm
U (α)
m (x)U (α)

m (ξm) n = 0, . . . , N ,
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Figure 2.3: Plot of the first 5 functions from 1D basis (2.93) over the standard
interval [−1 : 1]. The functions oscillate with increasing order, since all their
zeros are in the standard interval, but all of them are bounded by the extremal
values of the lowest modes.

where γm is discretely, but accurately evaluated inner product γm = (U
(α)
m , U

(α)
m ).

(2.95) implies the decay of error similar to discretely evaluated Jacobi expansion
(theorem 7).

The nodal basis exhibits so called δ-property

φm(ξn) = δmn m,n = 0, . . .N . (2.96)

The spaces spanned above the nodal basis do not exhibit the hierarchical structure
as in case of the modal basis, since all the trial functions are polynomials of
order N . Rather it is referred as nodal or collocation, because the truncated
series collocates the function in the nodes {ξn}Nn=0. The nodal basis functions
are also referred as discrete δ-functions, because on a discrete set of points it
is indistinguishable from the Dirac-δ function (c.f. point collocation methods in
sec. 2.2.1).

Definition of this kind of basis is dependent on the associated points. The
formulation concerning the boundary condition is simplified substantially, if the
points are of the Gauss-Lobatto type, which include the endpoints of the interval.
Taking N + 1 Gauss-Legendre-Lobatto points, nodal functions on the standard
interval ξ ∈ [−1 : 1] are

φn(ξ) =
1− ξ2

N(N + 1)LN (ξn)(ξn − ξ)

∂LN

∂ξ
n = 0, . . . , N (2.97)

with ξi being now the Gauss-Legendre-Lobatto nodes (2.110) and LN (ξ) = U
(0)
N (ξ)

the Legendre polynomial of degree N .
The Galerkin approach applied to the nodal basis coincide with the point-

collocation, when the numerical integration is performed in the testing phase.
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Multidimensional basis

Basis for the quadrilateral standard domain Ωstd = [−1, 1]× [−1, 1] is the tensor
product of the 1D expansions (2.93) in both coordinates

φmn(ξ1, ξ2) = φm(ξ1)φn(ξ2) m = 1, . . . ,M1 , n = 1, . . . ,M2 . (2.98)

The orders of the expansion,M1,M2, are not necessarily same for both directions.
The trial functions on the standard triangle are derived also from the tensor
product of 1D expansions. The formulation taken from (Karniadakis [25]) uses
collapsed coordinates (η1, η2), which define the transform between the standard
quadrilateral (ξ1, ξ2) and standard triangle (η1, η2)

ξ1 =
(1 + η1)(1− η2)

2
− 1 ,

ξ2 = η2

(2.99)

resp.

η1 =
2(1 + ξ1)

1− ξ2
− 1 ,

η2 = ξ2 .
(2.100)

The standard triangle is then given as T = {(η1, η2)| − 1 ≤ η1, η2 ≤ 1} and
associated orthogonal basis

φmn(ξ1, ξ2) = φm(η1)ψmn(η2) , (2.101)

where

ψmn(ξ) =





φm(ξ) , m = 0, 0 ≤ n ≤M2 ,(
1− ξ

2

)m+1

, 1 ≤ m < M1, n = 0 ,
(
1− ξ

2

)m+1
1 + ξ

2
J2m+1,1
n−1 (ξ), 1 ≤ m < M1, 1 ≤ n < M2 ,

φn(ξ), m =M1, 0 ≤ n ≤M2 .

(2.102)

2.2.3 Differentiation

The approximation by high order expansion includes an approximation also to
the function derivatives, which may be directly evaluated in any physical point
in Ω. For high order approximation, it allows the second or higher derivatives in
the computational schemes.

Differentiation is applied in evaluation of elements of the Jacobi matrix (2.124)
from the weighted residual formulation on the deformed elements, but also in the
explicit steps of our scheme (2.28), (2.41) and (2.45), where the second order
derivatives are evaluated. However, the accuracy of approximation decays with
order of the derivative due to the finite order of the basis and the finite comput-
er precision. The numerically evaluated differentiation is then one of the most
dangerous operations, since the round-off error, caused by representation of the
expansion coefficients in finite precision arithmetic may become significant.
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Having an N -th order polynomial approximation of a function f on the stan-
dard interval

fN(ξ) =
N∑

n=0

f̃n φn(ξ) ξ ∈ [−1, 1]

or a set of its values in physical points {ξn}Nn=0, we recognize

1. the collocation differentiation, which takes the set of physical function values
{f(ξn)}Nn=0, constructs the interpolation polynomial (ln are the Lagrange
characteristic polynomials (2.94))

ΠN
f (ξ) =

N∑

n=0

f(ξn) ln(ξ)

and differentiates this interpolation

df

dξ
=

N∑

n=0

f(ξn)
dln
dξ

.

If only values at a discrete points are of interest, the above formula define
the differentiation matrix

Dmn =
dln(ξ)

dξ

∣∣∣∣
ξ=ξm

Values of these matrix entries for Gauss type quadrature points can be
found in most of the books concerning spectral methods ([25], [8], [18], ...).
The derivatives in the nodal points are then

df(ξ)

dξ

∣∣∣∣
ξ=ξm

=
N∑

n=0

Dmnf(ξn) .

2. the differentiation in the transformed space, which takes the function ex-
pansion as primal. If derivatives of the expansion functions are known, we
obtain

df

dξ
=

N∑

n=0

f̃n
dφn

dξ
. (2.103)

Evaluation of the derivative in the discrete points of the physical space can
be again represented by a matrix vector product

df(ξ)

dξ

∣∣∣∣
ξ=ξm

=

N∑

n=0

Dmnf̃n ,

where

Dmn =
dφn

dξ

∣∣∣∣
ξ=ξm

.

E.g. evaluation of the basis derivatives are not complicated in case of the

basis (2.93), since values of
(
J
(α,β)
n

)′
satisfy the recurrence formula (47).
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Both approaches coincide in the case, when f ∈ XN .
12

Because of the finite precision effects in differentiation, it is advantageous to
formulate the problems in spaces concerning derivatives as low as possible. Beside
the smoothness of the solution the accuracy suffer from evaluation of the higher
order derivatives.

Figure 2.4 illustrates the methods and mentioned accuracy lowering on a con-
crete function.
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Figure 2.4: LEFT: Error in derivative of cos(x) comparing the method using inter-
polation, Intp, and basis-derivation, DerB. RIGHT: Lowering of the approxima-
tion accuracy with differentiation-D0 ∼ u = cos(x), D1 ∼ du/dx, D2 ∼ d2u/dx2.
Both plots refer to the spectral element method, when domain Ω = [−1 : 2] is
divided equidistantly to three elements and the local basis consists of M = 10
modes (polynomial order 9).

2.2.4 Integration

Both the matrix elements and data, as defined in MWR (2.70), have integral
forms, which can’t be evaluated analytically in general.
Already mentioned test and trial functions are based on the Jacobi polynomials
or trigonometric series (sec. 2.2.2). The former are not known in a closed form
13 and the latter often lead to the elliptic integrals. However, highly accurate
quadrature formulas successfully replace the continuous integration in these cases.
Particularly, for the trigonometric integrands the fast Fourier transform (FFT)
is available and the Gauss type quadratures applies to polynomials. Accuracy
of mentioned formulas is limited only by the number of available discrete points
and computer precision.

The Gauss quadrature is of special interest in this work, since the trigono-
metric expansion applies only to periodic problems. We will briefly summarize

12If f ∈ XN , then f̂n = f̃n.
13Values of the Jacobi polynomials in discrete points are available through the recurrence

formulas (D)
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its properties14.

Gauss integration

A quadrature formula based on Q quadrature nodes {ξi}Q−1
i=0 takes form of a

weighted sum ∫ 1

−1

f(x)dx =

Q−1∑

i=0

wi f(ξi) + E(f) , (2.104)

where wi are the quadrature weights, {f(ξi)}Q−1
i=0 values of integrand in ξi and

E(f) an error term. Equidistant grid of nodes, which is suitable for integration
of trigonometric integrands, leads to erroneous behaviour if applied to evaluation
of higher order polynomials. An alternative is provided in the Gauss quadrature
formulas, which define specific distribution of {ξi}Q−1

i=0 . These are defined on the
standard interval [−1, 1]. Integration over arbitrary interval is achieved by ap-
propriate mapping.

Three types of the Gauss quadratures are distinguished accordingly to inclu-
sion of intervals end-points ξ0 = −1 and ξQ−1 = 1.

1. Gauss quadrature, avoids the endpoints of the computational interval and
is accurate for polynomial integrands up to order 2Q− 1

2. Gauss-Radau quadrature involves one of the endpoints −1 or 1 and is ac-
curate for polynomials of order up to 2Q− 2

3. Gauss-Lobatto quadrature involves both the points ±1 and is accurate up
to order 2Q− 3

More precisely, the formulas provide computation of a weighted integral

1∫

−1

w(ξ)u(ξ) dξ , (2.105)

where the weight w(ξ) = (1 − ξ)α(1 + ξ)β is specified by the kind of Jacobi

polynomial J
(α,β)
n used in definition of the quadrature nodes {ξi}Q−1

i=0 . Presence
of the weight may complicate formulation of the algorithm, so the Gauss points
and weights based on the Legendre polynomials (α = β = 0) are used preferably.

Denoting by {ξ(α,β)i,Q }Q−1
i=0 the Q zeros of the Jacobi polynomial J

(α,β)
Q (ξ), the

quadrature points and weights for the Legendre type formulas are

1. Gauss-Legendre
ξi = ξ

(0,0)
i,Q , i = 0, . . . , Q− 1 , (2.106)

w0,0
i =

2

1− (ξi)2

[
d

dξ
(J

(0,0)
Q )|ξ=ξi

]−2

, i = 0, . . . , Q− 1 (2.107)

14For detail description of Gauss type quadrature we refer reader to [34]
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2. Gauss-Legendre-Radau (including left boundary point ξ0 = −1)

ξi =





−1,

ξ0,1i−1,Q−1, i = 1, . . . , Q− 1
, (2.108)

w0,0
i =

1− ξi

Q2[J
(0,0)
Q−1 (ξi)]

2
, i = 0, . . . , Q− 1 (2.109)

3. Gauss-Legendre-Lobatto

ξi =





−1, i = 0,

ξ1,1i−1,Q−2, i = 1, . . . , Q− 2,

1, i = Q− 1,

(2.110)

w0,0
i =

2

Q(Q− 1)[J
(0,0)
Q−1 (ξi)]

2
, i = 0, . . . , Q− 1 (2.111)

Formulas employing various values of α and β are used in higher dimensions,
reflecting the structure of multidimensional basis. Particular definitions of ξi and
wi for more general Gauss quadratures can be found in most of the textbooks
concerning the spectral methods (e.g. [25], [18],. . . ; some reference values are
available in [38]).

In fact, all the Gauss rules employ Lagrange-type polynomial interpolation
of the integrand through the quadrature points. Their weights wi are defined as
integrals over Lagrange characteristic polynomials li(x) (2.94) belonging to nodes
{ξi}Q−1

i=0

wi =

∫ 1

−1

li(x)dx i = 0, . . . , Q− 1 . (2.112)

Quality of the Gauss integration is given by the interpolation polynomial, which
is defined by distribution of {ξi}Q−1

i=0 . It follows from the theory of electrostatic
points and optimisation of the Lebesgue constant ([18]), that none of the above
mentioned point distributions provides optimal interpolation and integration.
Thanks to the accuracy of these formulas, orthogonality relations as (2.89) are
preserved to the truncated expansions based on Jacobi polynomials, when suffi-
cient number of quadrature points is available. Concretely taking i, j < Q− 3/2
for Gauss-Legendre-Lobatto points and weights, we get the discrete orthogonality
relation

Q−1∑

i=0

wq J
(α,β)
p (ξi)J

(α,β)
q (ξi)w(α,β)(ξi) = Cpqδpq . (2.113)

Accurate integration of high order polynomials allows exact evaluation of el-
ements in the system matrix (2.66) without limitation to order of the generating
basis.

The number of quadrature points is primarily optimised for exact evaluation of
mass matrix elements. But special attention must be paid to forward integration
of non-linear functions emerging in data (RHS).
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Aliasing error

Aliasing error is intrinsic to discretely evaluated coefficients in projection (2.63).
It emerges if the number of quadrature points Q is optimised for accurate projec-
tion of functions from space XN , but the projected function is an element of high-
er order space XH , where H > N . Without loss of generality, the phenomenon
will be shown using expansion to Legendre polynomials {φn}Nn=1 = {U (0)

m }Mm=0

and use of Q point Gauss-Legendre-Lobatto quadrature (GLL(Q)). The discrete
space is indexed n = 1, . . . , N in (2.77), so restricting to a single element (E = 1),
N = M + 1 and M is the highest polynomial order occurring in the expansion
basis.

It would seem, that the coefficient, belonging to the highest order mode, φM ,
from the transformation of arbitrary function f to the space XN , requires max-
imally Q = M + 2 points for GLL to be accurate. Unfortunately the number
of quadrature points needed is given by the space, where f is located before
the transform. If f ∈ XH , H > N , then there exists M̄ such, that f̃m, where
M̄ < m ≤M is not exact, if GLL(M + 2) is used. These coefficients include the
aliasing error, which can be precisely described.

Let f(x) is a function with expansion

f(x) =

∞∑

m=0

f̂m φm(x) , (2.114)

where f̂m are known exact projection coefficients and φm(x) = U
(0)
m (x). Evalu-

ation of an n-th coefficient f̃n (0 ≤ n ≤ M) using the GLL(Q), Q = M + 2,
states

f̃n ‖φn‖2X =

Q−1∑

q=0

f(ξq)φn(ξq)wq . (2.115)

Substitution of the infinite and accurate expansion (2.114) to (2.115) results
in

f̃n ‖φn‖2X =
Q−1∑
q=0

(
∞∑

m=0

f̂mφm(ξq)

)
φn(ξq)wq =

=
M∑

m=0

f̂m
Q−1∑
q=0

φm(ξq)φn(ξq)wq +
∞∑

m=M+1

f̂m

(
Q−1∑
q=0

φm(ξq)φn(ξq)wq

)
.

(2.116)
The first term contains the discrete orthogonality relation (2.113), while the sec-
ond represents the aliasing error AN of the N -th coefficient

f̃N = f̂N + AN . (2.117)

Aliasing error highlights the fact, that discrete orthogonality among basis func-
tions, is limited only to that subset, for which is the numerical integration accurate
and is lost for the remainder. Overall error for the whole transformation is then

Af
N =

M∑

n=0

(
∞∑

m>M

(φn, φm) f̂m

)
=

∞∑

m>M

(INφm)f̂m . (2.118)
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Existence of this error evoked discussions about applicability of the spectral meth-
ods in its early development, since it was not known, if the coefficients may be
computed with sufficient accuracy.

The aliasing error occurs rather in the testing step of the problem in MWR,
because the number of the grid points is usually optimised to accurate evaluation
of the integrals in elements of the mass matrix, while the function on RHS is from
an unknown space.

Applying numerical integration, we do not have projection PN
Y , but its discrete

counterpart INY connected with the error. It follows from orthogonality of the
polynomial basis, that

‖f − INf‖2L2
w[−1,1] = ‖f − PNf‖2L2

w[−1,1] +
∥∥∥Af

N

∥∥∥
2

L2
w[−1,1]

. (2.119)

and the overall estimate (2.57) then becomes

‖u− uN‖ ≤
∥∥u− INY u

∥∥+
∥∥INY u− PN

Y u
∥∥+

∥∥uN − PN
Y u
∥∥ . (2.120)

It can be shown, that both
∥∥u− INY u

∥∥ and
∥∥INY u− PN

Y u
∥∥ are of the same order

as
∥∥u− PN

Y u
∥∥, c.f. Theorem 4. This fact is summarized in the following theorem

(Hesthaven [18]), which is valid for spectral methods with basis constructed on
ultraspherical polynomials.

Theorem 7. (Discrete truncation error estimate)
For u ∈ Hp

w[−1, 1] where p > 1/2max(1, 1+α), there exists a constant, C, which
depends on α and p but not on N , such that

‖u− INu‖L2
w[−1,1] ≤ CN−p ‖u‖Hp

w[−1,1] , (2.121)

where INu is constructed using ultraspherical polynomials, U
(α)
n (x), with |α| ≤ 1.

This holds for Gauss and Gauss-Lobatto based interpolations.

More specific results for higher norms and particular Gauss-type quadrature
points are available (see e.g. [18], [8], [9]).

Results in the above theorem refer to asymptotic behaviour as N → ∞ and
it should be traced carefully for limited N . The aliasing error is not present if
f(x) ∈ XN (then f̂n = f̃n = 0 ∀n > N) or its expansion coefficients decay is
such, that it covers the whole range of the computer precision, then the aliasing
error coincides with the error given by the finite arithmetic.

When the approximation space can’t be constructed rich enough, the tech-
nique of aliasing removal should be considered. This is the case of approximation
of the convective term v ·∇v, representing a quadratic nonlinearity in the Navier-
Stokes equations.

Aliasing removal in polynomial spectral methods consists in increasing the
number of quadrature points Q. It is so called the ”3/2 rule”, which dealiases
projection of a function f ∈ X2N−1 onto the space XN ≡ XM+1.

15 The highest
order integrand of the transformation is then of order 3M , so Q = 3

2
(M + 1) is

needed for exact integration using GLL formula.
Following example shows the aliasing error for the basis (2.93):

15Maximal polynomial order in space X2N−1 ≡ X2M+1 is double the order of XN since
N = M + 1, where M is the maximal order of the expansion.
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• Input: converged coefficients {f̂m}Mm=0 of a function f ∈ XN and coefficients

of its square {(̂f 2)m}Mm=0

• Evaluate f in physical space both in Q quadrature points (Q =M +2) and
Q̃ quadrature points (Q̃ = 3(M + 1)/2)

• Square the function in the physical space in both sets of points

• Evaluate the discrete inner products (f 2, φm)Q, (f
2, φm)Q̃ m = 0, . . . ,M .

The difference shows the aliasing error, see fig. 2.5.

• Finalise the projection problem Iu = f 2 and compare obtained coefficients

with {(̂f 2)m} from the input, see fig. 2.6.

The above example is illustrated in figures 2.5 and 2.6
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Figure 2.5: Values of the RHS integrals (
∫
Ω
fφmdx m = 0, . . . ,M) evaluated

using GLL(M + 2), aliased, and GLL(3(M + 1)/2), dealiased. We work on Ω =
[−1 : 30] and f = cos2(x), so the expansion withM = 74 produces the truncation
error, since the coeffs f̃m decay to machine precision level for H ≈ 91. Index M̄ ,
such that aliasing error occurs in f̃m m > M̄ , is possible to calculate (M̄ ≈
2M + 2 − H), but H is usually unknown. Values denoted as dif are differences
between aliased and dealiased coefficients, M̄ = 59 in this case. The aliasing error
grows (exponentially) in interval m ∈ [60, 74], but it do not exceed the value of
the highest expansion coefficient.

This simple example shows, that the aliasing error decays in similar manner
as the truncation error, so it is not important in case of converged spectrum.
However it strongly influence the transformation if the spectral coefficients are
not converged. In such a cases using the dealiasing technique is recommended.
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Figure 2.6: Coefficients cfs belong to function cos(x), x ∈ [−1, 30], cfssqr are
coefficients of cos2(x), x ∈ [−1, 30]. Ending ”al” denotes aliased, ”de” denotes
dealiased and ”ex” denotes exact. The differences of exact-aliased, and exact-
dealiased are nearly the same, but difference of aliased-dealiased shows the dif-
ference. It is the truncation error, what dominates in this example. The aliasing
error do not develop as in fig. 2.5, because the coefficients belong to the solu-
tion of projection problem Mu = f , where inversion M−1 is full and distributes
the aliasing error included in the coefficients of RHS f over all the expansion
coefficients.

Integration in higher dimensions

Gauss and Gauss-Radau rules do not include some of the boundary points. This
fact can be very profitably used if there are geometrical singularities in the compu-
tational domain (integration on triangle). Integration on quadrilaterals in higher
spatial dimensions is given as tensor product of 1D rules, in 2D we have

∫

[−1:1]×[−1:1]

f(x, y)dxdy =

Q1,Q2∑

p,q=0

wpqf(xp, yq) ,

where wpq = wpwq. Integration on triangles brings complications and the quadra-
ture rules are not, up to the authors knowledge, closed, especially for high order
integrands. But spectral methods are applicable also when using triangular shape
of the standard element. The trick is in transformation of standard quadrilateral
to triangle. Similarly to construction of the basis on the triangular standard ele-
ment, we denote η1, η2 local coordinates on the standard quadrilateral and ξ1, ξ2
coordinates on the standard triangle, the transformation follows

η1 = 2
1 + ξ1
1− ξ2

− 1

η2 = ξ2

(2.122)

Transformation (2.122) has singularity at ξ2 = 1 which excludes use of the Gauss-
Lobatto type of quadrature in the η2 resp. ξ2 direction. Solution is in enforcement
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Figure 2.7: Gauss-Lobatto grid (dots) on standard quadrilateral [−1, 1]× [−1, 1]
and standard triangle (grid connected by lines) as transformed quadrilateral
(2.122) with Gauss-Lobatto points in x-direction and Gauss-Radau points in y-
direction.

of the Gauss-Radau rule defined on [−1 : 1) avoiding the point in the singularity
of the transform. This approach results in quadratures on triangles, having no
other limitation than computer precision. Distribution of the quadrature points
used on the quadrilateral and triangular standard element is shown in figure 2.7.

Deformed domains

The subdomains Ωe are transformed standard domains Ωstd in the multi-domain
methods. This applies if the subdomain include a curved boundary of the com-
putational domainfor triangular domain. As the Fourier expansion is defined on
[0, 2π] or the Jacobi polynomials on [−1, 1], the standard (quadrilateral in 2D)
domain is defined as Ωstd = [0, 2π]D or Ωstd = [−1, 1]D, where D denotes spa-
tial dimension of the problem. The mapping may be described as a change of
coordinates between the physical (x1, . . . , xD) and the local (ξ1, . . . , ξD) system

xe(ξ1, . . . , ξD) : Ωstd → Ωe ,

where the expansion basis is defined on the Ωstd. Especially in the case of high
order approximations, where a large part of domain boundary is covered by a
single subdomain, the mapping must be capable of describing the boundary ge-
ometry. The mapping is represented in the polynomial space built on the standard
element. This isoparametric transformation (in 2D) reads

xei (ξ1, ξ2) =

Me
1∑

m=1

Me
2∑

n=1

xemnφmn(ξ1, ξ2) i = 1, 2 , (2.123)
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Figure 2.8: A detail of curved boundary in a high order approximation. Lines
are connecting the Gauss-Legendre-Lobatto integration points.

where φmn(ξ1, ξ2) are the 2D expansion functions, e.g. (2.98) or (2.101). Then,
f(x) = f(xe(ξ)) and integration becomes

∫

Ωe

fdx =

∫

Ωstd

f(xe(ξ))|Je|dξ ,

where

Je =




∂xe1
∂ξ1

∂xe2
∂ξ1

∂xe1
∂ξ2

∂xe2
∂ξ2


 (2.124)

is the Jacobi matrix. The coefficients of isoparametric transformation (2.123) be-
have same as projection of a function to the trial space and decay with increasing
index relatively to its smoothness and complexity. Values of testing integrals

∫

Ωe

1φmn(ξ)|Je|dξ m = 1, . . . ,Me
1 n = 1, . . . ,Me

2

for a particular situation are illustrated in figure 2.29. In comparison to elements
without curved boundaries, convergence of ”projection” integrals

∫

Ωe

f φmn|Je|

as m and n increases, differs.
The mapping influences also the matrix elements in the algebraic system, so

that it affects orthogonality among the basis functions as illustrated in fig. 2.30.

2.2.5 Spectral approach-demonstrations

In this section, aspects of high order computations will be examined in practice.
We will concern Galerkin type method, XN = YN = span{φn}Nn=1, where φn are
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given by (2.93). The forms in the MWR formulation will be always evaluated
using the Gauss-Legendre-Lobatto integration.

For a number of smooth functions, we will observe fast decays of spectral
coefficients as predicted in (2.84). Substantial difference in convergence between

• p-convergence: increasing the order of expansion on a fixed mesh (or whole
computational domain)

• h-convergence: sub-dividing the computational domain at fixed order local
expansion.

will be shown on numerically evaluated error ‖u− uN‖∞ for known functions u.

Decay of a sequence {f̂n}∞n=0 may be classified as follows

Definition 3. (Orders of convergence, see also [1])

1. The Algebraic index of convergence is the largest k for which

f̂n ≈ O(1/nk) n≫ 1 (2.125)

2. If the convergence is faster than 1/nk for any k, than the series has infinite
order or exponential convergence

f̂n ≈ O(exp(−mnr)) n≫ 1 (2.126)

for m = const. and r = const. > 0. For exponential convergence three rates
are defined

(a) subgeometric, if r < 1 in 2.126

(b) geometric, if r = 1 in 2.126

(c) supergeometric, if f̂n ≈ O(exp(−(n/j) log(n)))

These types of convergences are easily distinguishable in linear-log and log-log
plots, figure 2.9.

Character of the subgeometric convergence changes between the linear-log and
log-log graphs, when in the first it is hardly distinguishable from the algebraic
type and in second it mimics shape of the geometric and supergeometric conver-
gence.

The coefficient spectra {f̂n}∞n=0 or values of ‖u− INu‖ for N → ∞ form
sequences, whose decay may be classified useing above definition.

Estimate (2.84) and theorem 7 states, that both the coefficient values and
truncation error reach infinite asymptotic decay for smooth functions. Unless the
situation for finite series of coefficients or error values can be hardly predicted
the examples below show, that the asymptotic decay occurs for finite expansions.

The level, to which the coefficients are converged, is an important tool for
estimate of the truncation error. This can be formulated as follows
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Figure 2.9: Illustration of convergence orders in a linear-log and log-log graph.
All empty circles belong to the exponential decays. These graphs clarify usage of
notion ”infinite order” for the exponential types of convergence, since as n→ ∞
the negative slope of the curve is unbounded.

Theorem 8. (Last coefficient error estimate; [1])
The truncation error is the same order of magnitude as the last coefficient re-
tained in the truncation for series with geometric convergence (Def. 3). Since the
truncation error is a quantity, we can only estimate anyway (in the absence of
a known, exact solution), we can loosely speak of the last retained coefficient as
being the truncation error, that is:

‖u(x)− uN(x)‖ ∼ O(|ûN |) (2.127)

If the series has algebraic convergence index, k, i.e., if ûn ∼ O(1/nk) for large n,
then

‖u(x)− uN(x)‖ ∼ O(N |ûN |) (2.128)

In the above theorem, the index N in the coefficient ûN refers to the highest
order mode of the basis, what is M − 1 in basis (2.93).

In the following examples, we will restrict to solutions of the Helmholtz equa-
tion

1D :
∂2u

∂x2
− λu = f

2D : ∇2u− λu = f ,

(2.129)

and its limit, Poisson equation (λ = 0), which state all the spatial steps in the
computational algorithm for the incompressible heated fluid motion, cf. (2.32),(2.33)
and (2.42).

In FV or FEM, the computational domain is decomposed to mesh of sub-
domains Ωe : Ω ≈

⋃E
e Ωe, E ≫ 1 and the order of the expansion is fixed on every

Ωe
16. Only a small number of trial functions share a common support. If the

16Formally, FV takes only the first term of a polynomial expansion Pe = 0 ∀e = 1, . . . , E,
since the approximation is constant on every Ωe. Similarly in FEM only a few first terms are
used, linear (M = 1) or quadratic (M = 2) expansions on Ωe is mostly used.
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mesh is globally characterized by parameter h = supe{diam(Ωe)} convergence is
achieved when refining the mesh (h→ 0; h-convergence).

Concerning a smooth problem, we compare solution to 1D Helmholtz equation
as achieved by increasing number of elements in Ω (FEM) and increasing order
of the basis (SM). Results are shown in figure 2.10.
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Figure 2.10: Numerically evaluated ‖u− uN‖L∞ as dependent on number of de-

grees of freedom, representing the solution u = cos(x) in equation
∂2u

∂x2
−1000u =

f . ”h-convergence” represents solution with fixed order 2 (M = 3), while increas-
ing the number of elements, ”p-convergence” is computed on the whole domain
(one element) and increasing the order of approximation (E = 1). Problem was
implemented in quad representation of real numbers. Both axis have logarithmic
scale.

Both plots show the strength of spectral method as it is capable to calculate
the solutions up to precision given by the (quad) computer precision in reasonable
number of overall DOFs.

Matrix structures

Every coefficient is strongly influenced by values of the other coefficients in the
spectral method, what can be deduced from the structure of matrix inverse
fig. 2.12. The values of the matrix elements decay slowly with distance from
the matrix diagonal in comparison to the low order method (fig.2.11), where the
values decay exponentially. Expansion coefficients in first order method coincide
with the function values, so the fast decay of coefficients in the matrix inverse
implies, that function values in distant parts of the computational domain do not
influence each other significantly.

The high order/spectral methods highlight the mathematical properties of
the solutions. Improper boundary condition or singularity affects whole solution
stronger than in low order methods. Therefore interdependence of spectral ex-
pansions may be seen as disadvantageous in some cases, because computational
algorithm introduces various inaccuracies in boundary conditions especially and
spectral methods do not dump these solution properties in contrast to lower order
methods.
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The three figures (fig. 2.11-2.13) compare the matrix structures belonging to a
1D problem as generated by the finite element method, spectral method and the
spectral element method, while the same number of degrees of freedom is kept in
the algebraic system. Only absolute values of the matrix elements are shown in
these plots, since the scale in z direction is logarithmic.
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Figure 2.11: Structure of matrix inverse in case of piecewise linear (M = 1 ∀e)
approximation and decomposition of the domain to E = 60 elements.

1D Examples

Demonstrations in this section are mostly computed in quad computer precision
(16 bytes), what can be seen as impractical in comparison with physical reality
and accuracies achieved in physical experiments. It shows rather the mathemati-
cal aspects in the solved problems, because the precision used, refer to measuring
of a hair thickness on scale of astronomical distances.

All the 1D calculations were performed by the Fortran code written by author,
which may be switched easily to any of the single, double or quad precisions. The
precision plays crucial role in all the following computations, since the converging
coefficients fulfil the whole range given by the significand of the floating point
number representation. Taking the expansion basis in form (2.93), the boundary
modes carry the values of the function in the boundary points. Therefore the
range scaled by coefficients converged to the chosen computer precision has the
upper limit in the function values, while the lower is given by length of the
significand in the computer representation of the floating point number. This
range is ±7 decimal places for single precision and the coefficients has values
in range [v ∗ 10−7, v]. Similarly ±16 decimal places are available for the double
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Figure 2.12: Inverse of the matrix in case of the spectral method (M = 60, E = 1)
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Figure 2.13: Structure of matrix inverse to the discretised 1D Helmholtz equation
(2.129); spectral elements with M = 16, E = 4.

precision and ±33 for the quad precision. We chose the quad precision in this
section to highlight the spectral effects in figures.

The finite arithmetic limits also the maximal number of modes M , which can
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be used in the basis. The computation crashes, if M is higher limits

• single precision: M < 20

• double precision: M < 97

• quad precision: M > 500

found experimentally using our code. Finding limit in the quad precision seems
to be unreasonable presently, since the calculations with M ∼ 500 are computa-
tionally expensive and usable only in special cases.

Geometry itself is not a source of singularities in 1D problems. The conver-
gence in spectra is fully dependent on the regularity of the approximated functions
in this case.

Taking a smooth function, the number of modes needed to resolve the function
to machine precision, is given only by complexity of the function and length of
the computational interval Ω. This number of modes is specific for a particular
function and we will denote it spectral length for our purposes.

The RHS, f , and the Dirichlet boundary conditions are always set accordingly
to the chosen exact function in (2.129). Influence of the value of λ is discussed
as the last example.

Convergence limits given by finite arithmetics

The effect of various levels of the machine precision for the problem (2.129) is
shown in figure 2.14 and also a pre-asymptotic behaviour when no convergence
occurs. Expecting the coefficients with an exponential decay, the rate of expo-
nential decay can be recognized among the coefficients, figure 2.14. The area of
convergence is better distinguishable from the plot of the rate of the decay.

Spectral length vs. dimensions of the computational domain

The spectrum reflects the dimensions of the computational domain. Taking as
an exact solution u = α cos(β x), we solve the problem (2.129) on three intervals

1. Ω = [−1, 0]

2. Ω = [−1, 6]

3. Ω = [−1, 24]

observing that, shorter the interval is, lower number of modes to suppress error to
machine precision is needed (fig. 2.15). On the other side,M needed for resolution
to the computer precision is not proportional to the length of the interval.

This fact motivates the decomposition of Ω to subdomains, where the spectral
method is applied locally. Coefficients of the problem decomposed to 7 spectral
elements is shown in fig. 2.16.
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Figure 2.14: LEFT: Asymptotic exponential decay of expansion coefficients ( ũm
m = 0, . . . ,M ; E = 1; M = N + 1), cfs-quad, and numerically evaluated L∞

norm for smooth functions. Comparison of computations in double Err-double
and quad-precision Err-quad. Solutions are fully converged through whole extent
of the particular number representation, what is seen in existence of the round-
off plateau. RIGHT: Rate of exponential convergence, r, calculated from the
sequence ũm, which is expected to satisfy ũm+1 = r ũm. r =

√
ũm+1/ũm−1 to

suppress effects caused by (anti)symmetry of the function over the interval.
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Figure 2.15: Comparison of spectra to the function u = 10−5 cos(x) on various
intervals. Note, that the round-off plateau is on level 10−40, since the maximal
values of the function in every of the intervals is 10−5.

Nonuniform quality of approximation over the computational interval

Quality of the approximation differs over the computational interval in depen-
dence to the distribution of quadrature points. Taking

u(x) = e−1000x2

, (2.130)
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Figure 2.16: Function u = 10−5 cos(x) represented on 7 spectral elements of
order 21 (E = 7, M = 22). Convergence of spectra to machine precision is
achieved on all the elements. The total number degrees on freedom in the system,
N = 154, needed for the computer precision accuracy is much higher than in case
of the spectral method when approaching the same accuracy (single element,
N =M ∼ 38).

which change rapidly around x = 0, we observe, that quality of approximation
slightly differs depending on the position of area of the rapid changes over the
computational interval if the approximation is not at machine precision. Maximal
numerical error on grid of 500 equidistant points in Ω was

1. 10−14 for Ω = [−0.2, 0] and

2. 10−12 for Ω = [−0.1, 0.1],

since M = 40 were used while full convergence demand M > 80. This phe-
nomenon is explained in ([1]) as an impact of variable distribution of quadrature
points over Ω. Especially in time dependent problems combined with low order
approximation, this phenomenon results in variable quality of spatial approxi-
mation. However, this is not the case, when the spectral coefficients fall to the
machine precision, so that the approximation is indistinguishable from the origi-
nal function.

If the approximated function is symmetrical in Ω, every second coefficient falls
to the machine precision as shows the figure 2.17, in the case of function (2.130).
The reason is, that the basis functions (2.93, figure 2.3) are only symmetric or
antisymmetric (except the boundary modes) and only symmetrical modes assert
in this case.

Approximation using polynomial of order 500

The Helmholtz equation admits arbitrary value as a boundary condition. If
the RHS and this boundary condition are not compatible, the ”boundary lay-
er” emerges in the solution, having gradient dependent on value of λ (c.f. 2.1.2).
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Figure 2.17: Effect of symmetry seen on jigsaw shape of spectra (right) of the
function (left), if the function is symmetric over Ω or not.
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Figure 2.18: Function (2.130) as the exact solution to (2.129) for x ∈ [0, 1]. Ω
is divided to 8 elements, E = 8,M = 70. Left: spectrum of the solution. Right:
projection coefficients of function on the RHS. n denotes index of global modes
n = 1, . . . , N = 553

Simplest case with homogeneous RHS is shown in fig. 2.19, where the solution
is the solution to the homogeneous problem, which is characterized by exponen-
tial solution. However, the solution is smooth and exponential decay occurs,
notwithstanding it decays very slowly.

Nonhomogeneous problem is shown in fig. 2.20, where the RHS spectra decays
rapidly. If the boundary condition would be set such, that the solution of the
homogeneous problem would be zero, the spectra of the solution would resemble
the decay of RHS. This is not the case of the solution presented and the spectra
decays slower.

Construction of infinitely smooth problem, exhibiting the spectral accuracy,
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Figure 2.19: Solution to the Helmholtz equation with λ = 107, f = 0, x ∈ [−1, 0]
and u(−1) = 0, u(0) = 1. Extremely steep gradient, covering 33 orders occurs in
the vicinity of the right boundary. Linear shape of the function in the log-scale
plot suggest its exponential origin. Coefficients are converged to quad precision
near the value 500! So the approximation to the solution is exact in view of finite
arithmetic.
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Figure 2.20: Solution to Helmholtz equation λ = 100, x ∈ [0, 10], f =
(∂2/∂x2 − λ)cos(x). Only left boundary condition is set to suit the solution
cos(x) ”expected” in the setting of RHS. Dirichlet condition on the right bound-
ary is chosen to be u(10) = 1 6= cos(10). In contrast to the spectra of the RHS,
the solution spectra is not converged to the machine precision. Solution u recedes
from cos(x) exponentially as approaching the prescribed boundary condition.

is not difficult in one-dimension, but in higher dimensions the smooth solutions
for differential equations are seldom, especially as a consequence of complications
in construction of a smooth computational domain.
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2D Examples

Singularities in the 1D computations were given by the functions on the RHS,
so construction of smooth problem was not difficult. This is not the case in
higher dimensions, where the smooth solutions are seldom, since singularities
are generated also from the shape of the computational domain itself. This can
be shown on example of the Laplace equation ∇2u = 0 on square domain with
Dirichlet boundary conditions provided. It has been proven (Grisvard [15]), that
the solution u in polar coordinates (r,Θ) behaves as

u ∼ C r2 ln(r)sin(2Θ) (2.131)

at the corners, where the Dirichlet condition is prescribed.
The third order derivatives of u at the corner are infinite, what results in

loss of spectral accuracy. The problem is illustrated in figure 2.21. Occasional
zero values among the spectral coefficients are substituted by ”machine” zero
(10−16) and only absolute values of the coefficients are used to improve plotting
in logarithmic scale of the following graphs. Mx and My are numbers of modes
in x and y directions of the tensorial basis (2.98).
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Figure 2.21: Expansion coefficients ûxy of solution to ∇2u = 1 , Ω = [0, 1]2.
Algebraic convergence is achieved in this case, since Dirichlet conditions u = 0
are prescribed on all the boundaries.

Mixed boundary conditions on domain with non-smooth boundary

We can avoid the corner singularity when Dirichlet boundary condition suits
the known solution values on boundary. In special case of a constant RHS,
a combination of the Dirichlet and Neumann type conditions is another case
producing a smooth solution, as illustrated in fig. 2.22.

Domain with smooth boundaries

If the domain boundary is free of singularities, the coefficients also exhibit expo-
nential decay, as shown in figure 2.23.
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Figure 2.22: Exponential convergence of expansion coefficients occurs for com-
bination of the Dirichlet u = 0 (boundaries with x = 0 and x = 1) and Neumann
∂u

∂n
= 0 condition (on boundaries y = 0 and y = 1) in spectral solution to

∇2u− 100u = 0 on single domain Ω = [0, 1]2.
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Figure 2.23: Visualization of the spectral coefficients ûxy of the solution u to the
Helmholtz equation (∇2−100)u = 0 with constant Dirichlet boundary conditions
(zero on inner circle 1 on the outer circle). Domain (left) has smooth boundaries
and the solution coefficients exhibit spectral convergence in both x and y direc-
tion. Px and Py here denote the indices in x,y direction. Coefficients in right
belong to the element ”2” (left).

Smoothness in finite arithmetic

Exponential decay in the spectra may be achieved for the Poisson problem also
on the domain with sharp corners in case, when the approximated function and
its derivatives up to a sufficiently high order vanish at the corner, as shown in
figure 2.24 for increasing order of boundary-vanishing derivatives. The solution
with high order vanishing derivatives accepts both the homogeneous Dirichlet or
Neumann conditions and the results are indistinguishable.

Smoothness of the domain boundary

Similarly to the 1D case described in 2.1.2, the equation admits solution to the
problem, where the boundary conditions are not compatible to the RHS. However,
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Figure 2.24: Poisson equation solved for the Dirichlet boundary conditions on
standard square [−1 : 1]2. 2D spectra for three cases, when the Dirichlet values
on three of the four boundaries are u|∂Ω−Γ = 0 and u|Γ = (x−1)2(x+1)2 at ”a)”,
u|Γ = (x − 1)10(x + 1)10 at ”b)” and u|Γ = (x − 1)20(x + 1)20 iat ”c). Solution
of the third case is at ”d)” position for illustration. The higher the derivative
vanishing at the boundary is, the shorter the slowly converging part of the spectra
occurs.

in such a case any singularity of the boundary geometry reflects in the solution,
resp. influences the decay of the coefficients in the spectra. If the computational
domain is smooth, it do not introduce singularities to solutions of (2.129) and ex-
ponential decay may occur, as illustrated in fig. 2.23. The exponentially decaying
spectra occurs also for the non-smooth domains boundary, if the smooth function
is on the RHS and the boundary conditions are compatible with the RHS.

The solution spectrum reflects singularities present in a higher derivatives of
the boundary curve, as illustrated on spectra of the solution (see fig. 2.25)

∇2u = f

f = 0

u|ΓI
= 0

u|ΓO
= 0 .

(2.132)

The domain boundary do not have continuous second derivatives in this case,
since it consists of concatenations of the linear and circular arcs. The exponen-
tial convergence is then limited to a few first coefficients and then it continues

74



with a slow decay reflecting the singularity (fig. 2.25 b)). Regardless the slow con-
vergence, the inaccuracy in the solution is hardly detectable from its values, since
the coefficients are converged to values ∼ 10−7 (fig. 2.25 c)). The smoother the
boundary is, the weaker singularity occurs in the solution and longer part of the
spectra decay exponentially, c.f. fig. 2.24. Finally, spectra of solution u = cos(x)
to

∇2u = f

f = −cos(x)
u|ΓI

= cos(x) = u|ΓO
,

(2.133)

where BC and RHS are compatible, is shown in fig. 2.25. This solution exhibits
exponential decay of coefficients, while computed on a domain with a non-smooth
boundary.
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Figure 2.25: a) Domain consisting of straight-sided and circularly deformed ele-
ments. b) Coefficient spectra of the solution to problem (2.132) on element no.
0. c) Visualisation of the solution to problem (2.132). d) Coefficients of solution
to problem (2.133) on element no. 0.

Insufficient number of points describing curved boundary

If the computational domain has a curved boundary ∂Ωc, Q quadrature points
lying on ∂Ωc has to be specified to define the curve. Here meet the problems
of accurate approximation of the boundary curve and sufficient quadrature for
evaluation of the integrand over the deformed domain/element. But a shape of the
domain and the solved problems are two independent aspects of the computation.

As already noted in sec. 2.2.4, we use an isoparametric description of the de-
formed domains, so the boundary is approximated as same as a function in (D−1)-
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dimensional basis. Having two neighbouring elements on a smooth boundary, the
approximation is not smooth in given (machine) precision, if the expansion coeffi-
cients of the curve approximations are not converged to this precision. A problem
expected to be smooth in the continuous analysis then adopts limited regularity
and the spectra of solution do not decay exponentially in whole range (see fig-
ure 2.26).
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Figure 2.26: left: Difference (ue − u) between solution with exactly (ue) and
insufficiently (u) approximated curved boundary (circular domain with circular
hole). Values multiplied by 104. right: Coefficients in element no.2, convergence
stops at level ∼ 10−5, what corresponds with amplitude of the oscillations of error
in the left figure.

The number of points Qc needed for accurate approximation of a curve may
differ from the number of points adjusted for polynomial order of the basis Qb.
If the Qb > Qc, interpolation polynomial of order Qc − 1 is constructed and Qb

quadrature points are evaluated accurately and the curve is approximated to ma-
chine precision. However, if the polynomial order of the basis is set such, that
Qb < Qc, the curve is not approximated with the same level of accuracy. This sit-
uation is improved by refinement of the boundary elements, but the convergence
to the accurate approximation of the curve is of algebraic type and may result in
exceeding increase of computational complexity.

The interpolation polynomials oscillate on equidistant grids, this is the reason,
why the high order approximations to the curve should not be given by equidistant
points. A specialised tool, programme ”JP XmlEdit”, was written as a generator
of curved (elliptical or arbitrary polynomial) boundaries approximated by points
distributed as Guass-Legendre-Lobatto over the curve length.

Spectral length on deformed domains

Both the testing/projection integrals

∫

Ωstd

f(x(ξ))φmn |Je|dΩ m,n = 1, . . . ,M , e = 1, . . . , E (2.134)
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and matrix elements (e.g. for Mass matrix
∫
Ωstd

φpq φmn |Je|dΩ p, q,m, n =

1, . . . , N , e = 1, . . . , E) include the Jacobian in the integrand. Taking f =
cos(2y), we compute coefficients of its projection (2.134) (left plots in fig. 2.27).
In the projection integrals, Jacobian change order of the integrand in a priory
unknown manner, so it should be checked, if the space is sufficient to keep the
truncation error under the tolerance. If the coefficients are not converged for
smooth function with exponential coefficient decay, value of the last mode refers
to the truncation error (Theorem- 8). Then, concerning the simplest problem,
forward transform of f

Iu = f , (2.135)

the truncation error in f refers to the ”testing error”, as mentioned in sec. 2.2.1.
The result is shown in the right-column plots in figure 2.27.
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Figure 2.27: (Domain and mesh shown in fig. 2.25) Testing error (truncation error
of the RHS), proj, sets the level, under which the coefficients of the solution can
not decay. Coefficients of the result of the forward transform are shown in the
right column (fwd), reflecting the fact, that the truncation/testing error spreads
over all the coefficients, but also into neighbouring elements, since the boundary
modes are shared.

It is not only the projection, what is influenced by the deformation. In ele-
ments of the system matrix, the non-constant Jacobian influences the orthogo-
nality property of the basis, but also order of the integrand.
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Figure 2.28: Square domain with eccentric circular hole. Mesh consists of 4
elements and the grid belongs to GLL(10). Local x-coordinate is pointed by the
arrow. Estimate of Nm, resp. number of grid points Nm +1, needed for accurate
approximation of the boundary curve follows from 1D-Projection problem. Nm =
14 is needed for one quarter of circle shape in double precision.Therefore the curve
in every element should be described at least by 15 GLL points.
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Figure 2.29: Projections
∫
Ωstd

f φpq dΩ p, q = 1, . . . , 30 of function representing

the Jacobian, f = |Je|, belonging to elements 0 and 1 in mesh described in
fig. 2.28. Curved boundary is in local-x direction for the element 0 and local-y
for element 1. Nm = 15 is needed only for approximation of the Jacobian.

Basis functions, those mutually orthogonal in the standard element, loose
some part of orthogonality in the deformed elements, as illustrated on comparison
of fig. 2.30 and fig. 2.31. It is result of a non-constant Jacobian in the integral
definitions of the matrix elements. E.g. the mass matrix elements in 2D are
defined

∫
Ωe

Φpq ΦmndΩ =
1∫

−1

1∫
−1

φp(ξ1)φm(ξ1)φq(ξ2)φn(ξ2) |Je(ξ1, ξ2)|dξ1dξ2

∀p, q,m, n = 1, . . . , Nm , e = 1, . . . , E.

(2.136)

Increasing complexity of the function describing the Jacobian increases polyno-
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Figure 2.30: left: Structure of the mass matrix generated on 2D ”Lobatto”
basis and M = 10 in standard quadrilateral element. right: Convergence with
increasing number of points Q, defining the curve. Values represent the difference
from the most accurate value of the last Mass matrix element (M100 100) in case
of Jacobian as described in fig.2.28 and 2.29.

mial order of integrand in (2.136). However, if the quadrature is sufficient only
for the undeformed domain, the inaccuracy arising from the Jacobian occur still
only in a limited number of the matrix elements. It is strongest in matrix element
referring the highest-order modes and decreases for lower orders in the integrand,
resp. for lower indices in the matrix structure (single-element matrices are dis-
cussed, not the matrices of the full multi-element system).
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Figure 2.31: Structures of the mass matrices belonging to 2D ”Lobatto” basis
with M = 10 in both spatial directions as influenced by Jacobians shown in
fig. 2.29. Matrix elements > 1e− 15 are represented by black dots. Left diagram
belongs to element 0, the right to element 1 in mesh from fig. 2.28.
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3. Flow around a (heated)
cylinder: numerical results

Our aim is to perform direct numerical simulation of non-stationary flow around
heated cylinder. The scheme, introduced in previous chapter, is formulated in
primitive variables and discretizes the equations presented in Chapter 1. The
scheme allows to use a high order approximation in space and we will investigate
this non-standard approach in our computations. No parameters, e.g. that sug-
gested in model of outflow boundary condition in sec. 2.1.2, are used to fit the
computational results to suit better the known results from the physical experi-
ment.

Computations of both the isothermal and temperature dependent flows will
be shown on the problem of flow around a (heated) cylinder. Flow around a
cylinder is one of the classical problems, used as a test case in development of
numerical methods, since it is well defined and suited for comparison. We will
begin with calculation of the isothermal flow to validate quality of our scheme.
The new results concern the Strouhal number obtained from the numerical simu-
lation and its dependence on temperature and the Reynolds number. The results
are compared with experimental data (Wang [43]) and (V́ıt [40]). Second benefit
stays in investigation of the angle of flow separation, which is compared with the
result (Wu [46]) and gives a preliminary estimate of its temperature dependence,
for which an experimental data are not available up to now.

All the results presented in this chapter were based on the Nektar++ library
[7] (version 3.3), which is an open-source program package allowing computations
by the spectral element method, resp. with an unlimited approximation order in
the finite element concept. The Nektar++ library was fundamentally modified
on several parts.

3.1 Used software and software packages

The spectral methods and spectral element methods do not get such attention as
lower order methods, especially in engineering and up to the authors knowledge,
there do not exist commercial software based on these methods. Software used in
this work is freely available, open source or newly written. The only commercial
software (Comsol, Fluent), was used only for comparison.

Figure 3.1 presents the computational software and its place in the computa-
tional process.

Spectral method, especially in higher dimension, can’t avoid breaking the
computational domain Ω into elements Ωe (Ω = ∪eΩe) if a hole is present in the
computational domain. In our study the circular hole is representation of the
cylinder. This results in need of some mesh generation software. Gmsh is a pro-
gram capable of generating mesh of various shapes (triangular, quadrilateral,...)
and up to three dimensions. It allows work in graphical mode or through script
files and beside meshing it can be used for visualization of the results. All the
meshes, used for computations in this work, were prepared in Gmsh. An extra
advantage is Gmsh’s export format, which suits also as input for Fluent.
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Figure 3.1: Sceme of the computational process. The blocks contain basic feature
of the programme, its name and type of output.

Due to large dimensions of elements in spectral element meshes, the mesh
must be deformed such that the elements well approximate curved boundaries of
the computational domain. For more, the points describing the curve should have
the same distribution as the Gauss-type points needed for numerical integration,
otherwise interpolation is performed inside the Nektar++, what may cause dra-
matically different shape of the boundary curve than expected. Output from the
Gmsh contains only the vertex points of the mesh. Therefore a programme for
generation of Gauss points distribution lying on elliptical or arbitrary polynomial
curve was developed. This program performs following process to generate the
curve-describing points

• Calculate whole length of the curve using various number of quadrature
points to ensure convergence and choose the sufficient number for accurate
evaluation.

• Perform cycle starting at one of the boundary points to find coordinates of
the internal points such, that the lengths of the curve between the points
refer to distribution of chosen points type (GLL, equidistant,...).

• Last point calculated should coincide with the endpoint, vertex of the ele-
ment. Tolerance for this check was set to 1e− 14 in the double precision.
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Nektar++ is the heart of computations presented in this work. In the code
is implemented both the C0 continuous form of spectral elements and the Dis-
continuous Galerkin method. Theory and structure of the code follows (Karni-
adakis [25]). The C++ language and the object structures simplify orientation
in the code especially with use of automatically generated documentation by
program Doxygen. The package includes various utility programs for pre- and
post-processing. Also some complete solvers1 are delivered with the package. It
was the Incompressible Navier-Stokes solver, which was enhanced for computa-
tions of temperature dependent flows with variable coefficients in this work. The
fact, that the developed code is capable of parallel computations, should be em-
phasized. During work on this thesis, new releases of the Nektar++ package
emerged, what confirms fast growth in interest to the high-order methods in last
years.

There are two outputs from the newly developed solver program

• .txt files containing instant values of the drag and lift coefficients, and values
of recognized separation angles.

• packed data of field values (.fld file).

Programs performing transform of .fld file to visualising programs as Gmsh (Fld-
ToGmsh), Paraview (FldToVtk) or Tecplot (FldToTecplot) are provided in the
Nektar++ package. The utility FldToVtk was enhanced by optional adding data
field of the divergence, vorticity, magnitude, etc. but also output of the expansion
coefficient2, which is an important tool in analysis for the spectral methods.

Program Strouhal was developed for analysis of the Strouhal number (St, c.f.
table 1.1) from the periodical evolution of the lift or drag coefficients. It automat-
ically recognizes the part of data, which belongs to fully developed flow field and
calculates the final value from this part of the data, while providing the average
value completed by the value of dispersion (c.f. sec. 3.3.1).

Paraview and gnuplot represent the last step of data visualisation. Both freely
available software (http://www.paraview.org/, http://www.gnuplot.info/).

3.2 Aspects of the computations

Computational domain and mesh

We construct numerical model of a flow in wind tunnel and water tank. Setting
of the physical experiments minimizes influence of the tunnel/tank walls, so that
the measuring area is far enough from them. Due to the lack of knowledge of
the inflow profile and need of reasonable computational efficiency we constraint

1Advection-diffusion solver, Acoustic Perturbation Equation Solver, Cardiac Electrohysiolo-
gy Solver, Compressible Flow Solver, Incompressible Navier-Stokes Solver, Pulse Wave Solver,
Shallow Water Solver

2The element-wise output creates a file of ordered coefficient values, c.f. figures in sec. 2.2.5.
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the dimensions of the computational domain and try to prescribe boundary con-
ditions, which resemble the farfield flow without influence of the object inside.
These boundary conditions are necessarily artificial, since a disturbance caused
by the object in all the velocity and pressure field decays with the distance so
slowly, that in the machine precision level it can be observed so far, that the
computational demands would be too large. The boundary conditions prescribe
the balanced flow and the distance of the cylinder to the boundary should be
corresponding. Unfortunately, the larger the domain is, the weaker singularity is
present thanks to finite precision, but worser the spatial approximation is. Op-
positely, the closer the outer domain boundary is to the object in the flow, the
better spatial approximation is obtained, but stronger singularity emerge in the
corners.

The influence of the boundaries is not known a priori and has to be tested.
(Williamson [44]) presents a visualization of wake vortex structures existing in
distance 350L downstream behind the cylinder (L is diameter of the cylinder,
which coincides with the characteristic length in definition of Re). Most atten-
tion is usually paid to the outflow boundary, but thanks to the spectral methods
we recognize, that source of singularities in the approximate mathematical solu-
tion occurs also at connection of inflow and side boundary conditions. However,
this is not problem of the computational method, since this feature follows from
properties of solutions to the differential equations.

Mesh

Decomposition of the computational domain Ω to sub-domains Ωe

Ω =
Ne⋃

e=1

Ωe

is an artificial operation required by some of the numerical methods (e.g. FEM,
FV) and its origin is not in the formulation of solved equations. But particular
decomposition may strongly affect the result of the computation. More precisely,
existence of the inter-elemental borders makes the solution function to be function
with only piecewise features, in contrast to global expectations from mathematical
analysis of the original equations.

An important part of the solutions construction is then design of the mesh in
low order approximations. However, particular mesh is rather result of experience
of a designer. As a quality test of the mesh is used its refinement, but in view
of the algebraic convergence in the h-convergence process (fig. 2.10) it indicate
rather the exhaustion of the method, than vicinity to the mathematical solution.
More advanced approach seems to be automatic/dynamic construction of the
mesh, as a defined reaction to a solution property. This approach is implemented
in some computational packages (Hermes [19]).
We will present results mostly from computations on two meshes. The first, with
only necessary elemental decomposition to capture the geometry of the problem,
while keeping very high polynomial space on every element (fig. 3.2). The unit
cylinder diameter in the mesh was chosen for simplicity and the spatial dimensions
of the computational domain were: 20 units upstream, 60 downstream and 20

83



Figure 3.2: Mesh with grid points. Used for computations of flow around heated
cylinder. Grid points are connected by lines. Grid refers to polynomial order
49. Grid points are concentrated toward the element boundaries, since the Gauss
quadrature is employed.

above and under the cylinder. We divided the computational domain to small
number of elements (E = 9) and used the rich expansion basis, having polynomial
orders up to M = 49 in each coordinate variable (2500 degrees of freedom per
single element in the algebraic system).

The second mesh is less extravagant, but still consisting of relatively large
(triangular) elements (fig. 3.3).

Spectral convergences in flow computations

Examples of convergence of spectral coefficients were shown in previous chapter
already. We remind, that values in the spectra indicate the quality of function
approximation. If the coefficients of the approximated function are not fully con-
verged, we can observe oscillations in adequately enlarged visualisation. In case
of full convergence, no spurious oscillations are present until resolution, which
coincide with the machine precision.

If the expansion is rich enough, we can observe asymptotic behaviour of the
coefficients, which reflects regularity of the solution as mentioned in table 2.5.
If the exponential decay is not observed, the truncation error or singularity may
be expected in the solution. Enhancement of dimension of the expansion space
improves the former case and as suggested in previous chapter, increase in poly-
nomial order becomes stronger in high accuracies, than sub-dividing the domain
to elements.

The computational algorithm for the Navier-Stokes-Energy system (sec. 2.1.1)
is a subject of solution to Poisson and Helmholtz equations in the spatial solver
at each time level. Solutions to these equations are strongly dependent on con-
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Figure 3.3: Triangular mesh with detail in the cylinder area and grid for basis
of polynomial order 6. Dimensions of the whole domain are 100 downstream, 50
upstream and 100 in cross flow direction, while the cylinder diameter is 1.

sistence of BC and RHS as illustrated in sec. 2.1.2. The inconsistence of BC and
RHS in these steps results in ”boundary layers” and singularities in the spatial
solution. The ”boundary layer” in this sense is result of inaccuracy of the time
discretisation and do not coincide with physical reality of the model. In view
of the spectral decays, the boundary layer arising in the mentioned algorithm
is computationally extremely expensive, as illustrated on the 1D example (fig-
ure 2.19). For more, this boundary layer introduces singularity into the solution
if the boundary of the domain is not smooth. Spurious oscillations in the solu-
tion of flow around cylinder on the outer boundary of the domain, where constant
Dirichlet conditions were prescribed is shown in figure 3.4.

Decay in spectra is achievable in solutions to the Navier-Stokes system as
illustrated in figure 3.5. However, the computational demands are very high.
The computational domain is restricted and the vicinity of the artificial outer
boundary conditions to the cylinder makes the solved problem physically less
realistic. Note, that coefficients of the spectra are not fully converged and in
some of the elements the convergence is very slow.

3.3 Results for flow around cylinder

3.3.1 Strouhal number analysis

In this paragraph, we will describe evaluation of the forces acting to the body as
done in our code and the tool ”Strouhal”, written for analysis of obtained data.
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Figure 3.4: Oscillations in ”y” component of the velocity, solution to the (isother-
mal) flow around cylinder, when constant Dirichlet conditions are prescribed on
two boundaries, which intersect. Note, that the values are multiplied by 1000, so
the precision of the computation is usually sufficient.
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Figure 3.5: top-left : Pressure field in isothermal flow around cylinder in
domain with half-ellipse shape, values in z-direction multiplied 10x. top-
right :Computational mesh with highlighted numbering of elements. The cylinder
with an unit diameter is in focus of an ellipse with major semi-axis length 17, mi-
nor 8 and eccentricity 15. The upstream length is the only 2. bottom:Coefficient
spectra of pressure in element no. 1 (left) and x-component of velocity in element
no.4 (right).

Data for this analysis will be taken from models of laminar vortex shedding
in flow around a cylinder, where von Kármán vortex street occurs. The Strouhal
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number is dimensionless expression related to the (characteristic) frequency of
vortex shedding f in this case. The cylinder diameter was chosen to be the
characteristic length L and the reference flow velocity |v∞| is given by inflow
boundary condition. Characteristic frequency f may be determined from oscil-
lations of drag FD or lift FL force, defined as vector components of total surface
force F acting on the cylinder. Supposing that the main stream has direction of
x-coordinate we arrive to (Schafer [37])

F =


FD

FL


 =




∫
C

(
ν
∂vt
∂n

ny − p nx

)
dS

−
∫
C

(
ν
∂vt
∂n

nx + p ny

)
dS




(3.1)

where n = (nx, ny)
T is a normal vector to the cylinder surface C, pointing into the

domain Ω. Tangential vector to the cylinder surface is denoted by t = (ny,−nx)

and respective tangential velocity is vt = v · t. The term
∂vt
∂n

then refers to the

shear stress.
The components of the force may be seen also directly in terms of the stress
vector Tn

F =

∫

C

(Tn)dS =




∫
C
(2ν

∂v1
∂x

− p)nx + ν(
∂v1
∂y

+
∂v2
∂x

)nydS

∫
C
(2ν

∂v2
∂y

− p)ny + ν(
∂v1
∂y

+
∂v2
∂x

)nxdS




(3.2)

Both previous representations are corresponding and may be also computed
using volume integration. This approach is recommended in (John [20]) for reason
of accuracy and lower sensitivity of approximation of the cylinders shape3.

Drag CD and lift CL coefficients are then normalized values of FD, FL

CD =
2FD

|v∞|2 L
, CL =

2FL

|v∞|2 L
(3.4)

Output of these values is done in every time step of the computation and
results in a series of temporal data. The timestep ∆t used in the computational
scheme is short enough to resolve the frequency with enough accuracy.
All the formulas are valid also in the case of temperature dependent flow, while
simply substituting the temperature dependent viscosity into definition of the
stress tensor. Formula (3.2) is implemented in our code.

Figures 3.6, 3.8 contain an example data of drag and lift forces, output from
the main code for isothermal flow on the triangular mesh and Re = 120.

3Surface forces given by volumetric integrals are:

F =




∫
Ω
[ν∇v : ∇vd + (v · ∇)v · vd − p(∇ · vd)]dxdy

∫
Ω
[ν∇v : ∇vl + (v · ∇)v · vl − p(∇ · vl)]dxdy


 (3.3)

where vl,vd ∈ (H1(Ω))2 with (vd)|S = (1, 0)T and (vl)|S = (0, 1)T vanish on ∂Ω \ S.
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Figure 3.6: Time evolution of the drag coefficient in flow around cylinder. Vari-
able t denotes the dimensionless time, (1.29).
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Figure 3.7: Time evolution of the lift coefficient in flow around cylinder.

Two methods of obtaining the frequency from the data, the Fourier analysis
and an direct detection of periods between the extremes, were compared. The
programme ”Strouhal” was written for the latter method, algorithm of the Fourier
analysis was found as less accurate4

The programme ”Strouhal” firstly reads all the data and detects a local ex-
tremes. Temporal distances between relevant extremes define periods in the oscil-

4Data after manual cut of the initial disturbances may be analysed through following
MATLAB (Octave) script using Fourier method
L=length(input);

NFFT=2(̂nextpow2(L)+6);

Y=fft(input(:,2),NFFT)/L;

f=1/((input(2,1)-input(1,1))*2)*linspace(0,1,NFFT/2);

fce=2*abs(Y(1:NFFT/2));

’[’C,I’]’=max(fce);

plot(f,fce)

title([’Maximum: ’ num2str(f(I)) ’,’ num2str(C) ’ = > St= ’ num2str(f(I)) ’

df=’ num2str((f(I+1)-f(I-1))/2)]);

axis ([0 0.5]);

In the previous script the input are data in columns, NFFT is number of points (frequencies)
in the transformed space (higher number of points results in shorter frequency step).
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Figure 3.8: Time evolution of the time periods between local extremes in the
lift coefficient data for Re = 120 and the triangular mesh. detected denotes the
detected periods and used data denote the periods used in St computation. The
values stabilizes with increasing time.
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Figure 3.9: Time evolution of the oscillation periods for Re = 73.8 in case of
isothermal incompressible flow as calculated on the ”9-element” mesh. Notation
is the same as in Figure 3.8. In comparison to the triangular mesh, the oscillations
at frequency of the vortex shedding begin at a higher time. Difference is also in
the jump onset of this frequency, which we observed at lower Re and only on the
”9-element” mesh.
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velocity pressure

Boundary BC-type value BC-type value

Inlet Dirichlet v = (1, 0) Neumann ∂p/∂n = 0

Sides Dirichlet v = (1, 0) Neumann ∂p/∂n = 0

Outflow Neumann ∂v/∂n = (0, 0) Dirichlet p = 0

Cylinder Dirichlet v = (0, 0) Neumann HOPBC

Table 3.1: Boundary conditions for velocity and pressure. HOPBC refers to the
High Order Pressure BC defined in (2.43). Inlet and sides forms a single boundary
in case of the triangular mesh.

lating data, see figure 3.8. Having temporal series of periods {pi}, the algorithm
goes through it oppositely, from the largest time, and comparing every change of
dispersion

σ2 =
N∑

i=1

(p̄− pi)
2

N
,

when new period to computed average is added, it searches, where to stop reading
the data.

This process is done in cycles, taking a tolerance of the dispersion larger and
larger, until the number of involved periods reach or exceed the number of vortices
(set by user) in the wake behind the cylinder in the computational domain. This
is done to detect possibly not fully developed wake.

Periods in the stabilised shedding regime are very accurately constant with
precision much better than needed for the final comparison with data from phys-
ical experiment. In contrast to the Fourier analysis, this result is independent on
particular cut-off of the initial data.

Having the final average value of period length and its dispersion, final fre-
quency is just its reciprocal value f = 1/p̄.

3.3.2 Critical Reynolds number

Between laminar and turbulent flow regimes there exists a range, where parallel
vortex shedding occurs in the flow around a cylinder. This range may be specified
as

Rec ≤ Re ≤ 180 , (3.5)

where Rec is the critical Reynolds number separating the stationary (if Re ≤ Rec)
and nonstationary (Re ≥ Rec) flow. Theoretical study on the value of the Rec
was presented in (Fedorchenko [10]), where value of Rec = 47.5 was derived.

We performed a set of computations to find Rec through the flow simulation.
The observed quantity was a time evolution of the lift (or drag) coefficient. The
expectation was, that the initial disturbance, which arises from incompatibility of
the initial condition, will be suppressed in time, if the flow regime is stable, resp.
Re < Rec. The above critical regime would be characterized by development in
value of this coefficient and its oscillatory behaviour.

Prescribed boundary conditions are summarized in table 3.1.

90



The final results are presented in figures 3.10 and 3.11. The first figure shows
strong dumping of the initial inaccuracy, since the flow regime was far under
the Rec. From the second figure it may be deduced, that the dumping weakens
towards the Rec and oppositely the disturbances are developed weakly, if Re is a
little above the Rec.
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time
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Figure 3.10: Dumping of initial disturbance if computation starts incompatible
initial condition (Re = 20).

We conclude, that the Rec found from these computations was in interval
Rec ∈ [46; 47], what is in good agreement with the expected value. The difference
coincides with the later described observation in the calculated Strouhal number
for higher Re, which is overvalued in comparison to the empirical results for low
Re and converge to the value with increasing accuracy of the simulation.

It is noticeable also in the figures, that the lift coefficient develops periodically
also in these low amplitudes, when the vortex shedding is not observed. The tool
for analysis of the Strouhal number was used on data of Re = 47, with the result
St = 0.117 being in good agreement with (3.7), which gives St = 0.1188 for Re =
47.5. This suggests, that the oscillatory behaviour with period resembling the
period of vortex shedding is present in the flow earlier, than the vortex shedding
is developed.

3.3.3 Strouhal-Reynolds relationship

The parallel vortex shedding occurs in the interval

Rec ≤ Re ≤ 180 (3.6)

in the flow around a cylinder. The Van Kármán vortex street develops in this
regime, which is also denoted as transition to turbulence. The upper bound of
mentioned interval is chosen to be safely under the value, above which oblique
shedding occurs. Therefore for Re < 180 a 2D computational model may be
sufficient approximation.
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Figure 3.11: Evolution of lift coefficient in time for sub-critical Reynolds number
Re = 46 (top) and above-critical Reynolds number Re = 47. An initial distur-
bance is suppressed in the former, while slowly (note the difference in time range)
increases in the latter.

This flow regime was already extensively studied both experimentally and in
simulations. From the experimental data there were derived various relations
of Strouhal and Reynolds numbers. (Williamson [44]) provided a formula, an
expansion in powers of Re1/2, concerning a wide range of Reynolds numbers
(50 ≤ Re ≤ 1.4× 105). This formula takes the form of

St(Re) = 0.2665− 1.0175√
Re

(3.7)

in mentioned range of parallel shedding.
Since the flow develops slowly from the constant initial conditions, a long

time computation exceeding 200000 time steps was needed (the time step was set
always to ∆t = 0.001). The computation was performed for a whole set of the
Reynolds numbers to approximate the dependence St(Re) in whole range (3.6).
Whole set of computations was performed on both the 9-element and triangular
mesh. Computations on the 9-element mesh used one step IMEX scheme and
those on the triangular mesh employed 3-step IMEX scheme, c.f. section 2.1.

Prescribed boundary conditions coincide with those in table 3.1.

The final values from computations are listed in table 3.2 and plotted in
figure 3.12.
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Re Ste Stt Sts

60 0, 1351 0, 1356 0, 1376

62, 9 0, 1382 0, 1387 0, 1406

73, 8 0, 1481 0, 1501

80 0, 1527 0, 1527 0, 1545

85, 8 0, 1567 0, 1567

90, 4 0, 1595 0, 1613

100 0, 1647 0, 1663

101, 4 0, 1655 0, 1655 0, 1671

120 0, 1736 0, 1738 0, 1749

123, 2 0, 1748 0, 1750 0, 1764

146, 3 0, 1824 0, 1829 0, 1838

160 0, 1861 0, 1868 0, 1872

163, 3 0, 1869 0, 1884

180 0, 1907 0, 1917

Table 3.2: Calculated values of the Strouhal number for various Re. Ste is value
from empirical formula (3.7), Stt values belonging to computation on the trian-
gular mesh and Sts on the 9-element mesh. The average value of the relative
difference to the empirical formula is 0.2% for the triangular mesh and 1% for
the ”9-element” mesh.

3.3.4 Strouhal-Reynolds-Prandtl relationship

There is no difference in flow characteristics among various materials in isothermal
case if the same Reynolds number is prescribed. However, if the temperature
change occurs in the flow, we can observe fundamental difference in the response.

In our studies, working fluids were water and air. As mentioned in sec.1.1.1,
viscosity of air increases with temperature, while decreases for water. In a virtual
situation, when the temperature of the fluid would change uniformly, the flow
would behave as set to a different Reynolds number. Increase in viscosity causes
decrease of the Reynolds number, therefore the heated air would behave as in
flow of lower Re and uniformly heated water would behave as with higher Re.
However, the heat exchange is given only through the contact with the cylinders
wall, so the ”change of the Reynolds number” is only local, what results in a
more complex change of flow structures.

The temperature distribution itself influences the heat propagation through
the fluid, since the thermal conductivity is also temperature dependent. Again,
an uniform change in temperature causes a change in the Prandtl number. But in
the case, when only viscosity would reflect the temperature change, the Prandtl
number would not be correct up to the farfield values. Therefore we consider the
temperature dependent thermal conductivity too.

The St− Re relationship for the heated cylinder in flow of water and air was
investigated experimentally in (V́ıt [40]) and a theoretical analysis was done in
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Figure 3.12: Strouhal number dependent on the Reynolds as a result of com-
putations both on the 9-element mesh ”9el” (fig. 3.2) and triangular mesh ”tri”
(fig. 3.3) with the empirical formula (3.7).

(Marš́ık [27]), resulting in the empirical formula

St(Re,Pr, T ∗) = 0.2665− 1.0175(T ∗)
ω
2

√
Re

[
1 +

0.227(1− T ∗)

Pr1/3(2T ∗ − 1)

] 1

2

, (3.8)

where ω is the exponent from the power-law approximation to the temperature
dependence of dynamical viscosity (1.24). Above formula well approximates the
experimental data and it was used for comparison with results from our compu-
tations.

Ratio of the inlet temperature T∞ and the temperature of the cylinder wall Tc
define a characteristic, dimensionless temperature T ∗. Results for T ∗ = 1.1, T ∗ =
1.5 and T ∗ = 1.8 are available for flow of the air and T ∗ = 1.0034, T ∗ = 1.0048
and T ∗ = 1.0096 for flow of the water, all as a result from the experimental studies
of (V́ıt [40]). A set of computations covering whole range of all the mentioned
temperature ratios was performed for particular values of the Reynolds numbers
for both the air and water.
Because the 9-element mesh represents non-standard computation, all the results
were done primarily on the triangular mesh. Setting of the boundary and initial
conditions for velocity v and pressure p was same as in the isothermal case, only
the pressure-Neumann condition took the form with the variable viscosity (2.45)
instead of (2.43).

The boundary conditions for temperature field are summarized in table 3.3.
Evaluation of the surface forces, resp. the drag and lift coefficients, followed

(3.2) with temperature dependent viscosity. The data analysis was done using
the programme ”Strouhal” as in the previous sections.

The resulting data for both air and water are summarized in tables 3.4, 3.5,
3.6, 3.7 and graphs of St−Re dependencies, fig. 3.13 and fig. 3.15. The continuous
curve is given by the formula (3.8).
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Boundary BC type value

Inlet Dirichlet T = 1

Sides Dirichlet T = 1

Outflow Neumann ∂T/∂n = 0

Cylinder Dirichlet T = T ∗

Table 3.3: Settings of temperature boundary conditions. Note, that for the tri-
angular mesh, inlet and sides form a single border of the computational domain.

Air T ∗ = 1.1

Re 9-el. tri. emp. exp.

55.2 0.13 0.1279 0.1259 0.1267

123.2 0.1748 0.1735 0.1724 0.1727

146 0.1824 0.18 0.1804

163.3 0.1871 0.1863 0.1848 0.1845

Table 3.4: Strouhal numbers from simulation on the ”9-element” mesh, 9-el., ”tri-
angular” mesh, tri., calculated from (3.8), emp., and those obtained experimen-
tally (V́ıt et al. [40]), exp. in case of the cylinders wall temperature TW = 1.1T∞.

Air: T ∗ = 1.5

Re 9-el. tri. emp. exp.

62.9 0.1303 0.1282 0.1211 0.12

100.7 0.1586 0.1516 0.152

123.2 0.1691 0.1675 0.1626 0.1631

146.3 0.1775 0.1712 0.1724

163.8 0.1821 0.1812 0.1763 0.1776

Table 3.5: Strouhal numbers from simulation on the ”9-element” mesh, 9-el., ”tri-
angular” mesh, tri., calculated from (3.8), emp., and those obtained experimen-
tally (V́ıt et al. [40]), exp. in case of the cylinders wall temperature TW = 1.5T∞.

3.3.5 Angle of separation

An other quantity, for which the experimental results were available in literature,
is the separation angle on cylinder. As defined in [46], the separation point in
the boundary layer is on the surface at the place, where the shear stress is zero.
The separation angle is then the angle between the frontal stagnation point and
the separation point. The shear stress on the cylinder surface is computed as the
tangential velocity gradient in the radial direction

∂v

∂n
· t . (3.9)
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Water: T ∗ = 1.0034

Re 9-el. tri. emp. exp.

54.5 0.1319 0.1298 0.1303 0.1313

70.4 0.1477 0.1458 0.1467 0.1481

90.4 0.1616 0.1598 0.1608 0.1618

Table 3.6: Strouhal numbers from simulation on the ”9-element” mesh, 9-el., ”tri-
angular” mesh, tri., calculated from (3.8), emp., and those obtained experimental-
ly (V́ıt et al. [40]), exp. in case of the cylinders wall temperature TW = 1.0034T∞.

Water: T ∗ = 1.0096

Re 9-el. tri. emp. exp.

56.3 0.1348 0.1328 0.1354 0.1369

73.8 0.1511 0.1492 0.1520 0.1538

85.8 0.1595 0.1576 0.1603 0.1613

90.4 0.1622 0.1604 0.1631 −

Table 3.7: Strouhal numbers from simulation on the ”9-element” mesh, 9-el., ”tri-
angular” mesh, tri., calculated from (3.8), emp., and those obtained experimental-
ly (V́ıt et al. [40]), exp. in case of the cylinders wall temperature TW = 1.0096T∞.
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Figure 3.13: Strouhal-Reynolds number relation for flow of air at various ratios
T ∗ = TW/T∞ of the temperature of the cylinder wall TW and inlet flow tempera-
ture T∞. Data sets belong to (3.8), emp., computation on the ”9-element” mesh,
comp. and experiment (V́ıt [40]), exp.

If the neighbouring discrete values, calculated in the quadrature points, have
opposite signs, we use the linear interpolation to find the position of zero value.
The accuracy of the position determination then varies through every element,
since the distribution of the Gauss-Legendre-Lobatto quadrature points is not
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Figure 3.14: Strouhal-Reynolds number relation for various temperatures and
various ratios T ∗ = TW/T∞ of the temperature of the cylinder wall TW and
inlet flow temperature T∞. Data sets belong to (3.8), emp., computation on the
”triangular” mesh, comp. and experiment (V́ıt [40]), exp.
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Figure 3.15: Resulting St − Re dependence for various temperatures in flow of
water, as calculated on ”9-element” mesh (tab. 3.6 and 3.7).

uniform over the element.
The separation angle Θ is measured on the arc defined by frontal stagnation

point, cylinder center and the separation point (figure 3.3.5).
We recognized four positions of the zero shear stress on the cylinder surface

in the calculated data. These correspond to frontal and backward stagnation
points and points of separation on the ”top” and ”bottom” side of the cylin-
der. The positions of all the four points oscillate in time with the frequency of
vortex shedding. Resulting angles, as dependent on the Reynolds number and
temperature, are plotted in figure 3.3.5. Presented results were computed on the
”triangular mesh” with number of modes M = 7 in both coordinate directions of
the standard element.
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Figure 3.16: Visualisation of the temperature fields calculated at triangular mesh
(fig. 3.3) with polynomial order 6, top, and 9-element mesh (fig. 3.2) with poly-
nomial order 49, bottom.
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Figure 3.17: The separation angle Θ is measured from time-averaged position of
the upstream zero shear stress point. Approximative positions on frontal (T1),
backward (T2) stagnation points and two separation points (E1, E2) is drawn.

The amplitude of the oscillations increases with increasing Re in the simu-
lation, as shown in the Figure 3.3.5. The values plotted are summarized in the
Table 3.8.

The frontal stagnation point very accurately preserves mean value of Θ = 0.
The amplitude of the oscillations of the separation angle is approximately twice
the amplitude of oscillations of the frontal stagnation point. Time-averaged po-
sitions of the separation points (E1 and E2 in figure 3.3.5) appear symmetrically
(ΘS1 ≃ 360 − ΘS2). A difference between angles evaluated on the ”triangular”
mesh and ”9-element” mesh was observed. This deviation in results is up to
2 angular degrees and suggests a need of improvement of the present evalua-
tion method, whose accuracy depends on local distribution of quadrature points,
which is non-uniform over the elements and is significant especially in the high-
order case.
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Figure 3.18: The dependence of the separation angle on Re for various tempera-
ture ratios T ∗ = TW/T∞. The values of separation angles are the mean values in
time. For the maximal and minimal values observed we refer to figure 3.3.5.
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Figure 3.19: Temperature dependence of amplitude of the separation angle for
various ratios of flow and cylinder temperatures T ∗ = TW/T∞. Filled points refer
to maximal separation angles, empty points denotes the minima.
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T ∗ Re ΘE Amp(ΘE) Amp(ΘT )

1

62, 9 121, 32 2, 7 1, 2

85, 8 118, 46 4, 5 2, 1

101, 4 116, 91 5, 8 2, 6

123, 2 115, 50 7, 0 3, 1

146, 3 114, 27 8, 5 3, 6

163, 3 113, 48 9, 7 3, 9

1.1

55, 2 123, 21 1, 5 0, 7

85, 4 119, 00 4, 3 2, 0

101, 4 117, 44 5, 5 2, 5

123, 2 115, 92 6, 8 3, 0

146, 3 114, 71 8, 2 3, 5

163, 3 113, 93 9, 3 3, 9

1.5

62, 9 123, 89 1, 5 0, 8

85, 4 120, 82 3, 6 1, 7

101, 4 119, 23 4, 6 2, 1

123, 2 117, 49 6, 1 2, 7

146, 3 116, 17 7, 3 3, 2

163, 8 115, 39 8, 2 3, 6

1.8

85, 4 122, 03 3, 0 1, 4

101, 4 120, 34 4, 1 1, 9

123, 5 118, 60 5, 4 2, 4

146, 3 117, 11 6, 8 2, 9

162, 8 116, 34 7, 5 3, 3

Table 3.8: Resulting values from the computations: ΘE denotes the time-averaged
value of the separation angle, Amp(ΘE) is the amplitude of oscillations of the
separation angle, while Amp(ΘT ) is amplitude of the frontal stagnation point.

100



Conclusion

The thesis concerns a direct numerical simulation of instabilities in a flow of heat-
ed fluids. The system of equations was formulated from general physical laws,
while neglecting insignificant phenomenons. The resulting system of evolution-
ary partial differential equations is strongly coupled and concerns temperature
dependent material properties. Available results from mathematical analysis,
concerning this system were collected, but up to the authors knowledge, there is
still no complete analysis formulated, especially due to the restrictions in bound-
ary conditions.

The computational algorithm for the incompressible Navier-Stokes-Fourier
system in primitive variables was designed with intention to apply a high order
discretisation in spatial coordinates. Properties of the high order discretisations
were described on relevant examples, which emerge in the single steps of the
time-marching algorithm. Various results of the spatial discretisation, exhibiting
exponential convergence and machine precision accuracy, were presented. The
spectra of a function in the transform space appeared as an additional tool for
analysis of the results, since it contains information related to both the level of
accuracy achieved and regularity of the function. Using this tool, an inaccuracy
emerging from the incompatibility of the initial data and boundary conditions in
the steps of the time-marching scheme, was recognized.

Most of the computations were performed using high order and extremely
high order spectral element methods, providing comparison of both approaches.
We observed, that a need of breaking the computational domain to elements and
the total number of degrees of freedom in the algebraic system are reduced with
increasing order of the approximation.

The results from computations, which use the designed algorithm, were pre-
sented and show, that the high order approximation give physically realistic re-
sults. Concerning the heated cylinder in flow of both air and water, the results
reflect the influence of the heating in change of the Strouhal number, which is
dependent on both the cylinders temperature and the Reynolds number. The
solutions from the numerical simulations were compared with data from physical
experiments and exhibit a satisfactory coincidence.

Presented results concerning dependence of the separation angle on temper-
ature in flow around the cylinder have not been investigated in physical experi-
ments so far.

Both the main aims of the work, application of a high order method and con-
struction of an algorithm for temperature dependent fluid flow, were fulfilled and
resulted in suggestions for further evolution and a number of possible improve-
ments.
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[37] Schäfer, M., Turek S.: Benchmark Computations of Laminar Flow Around
a Cylinder. Flow Simulation with High-Performance Computers II, Notes on
Numerical Fluid Mechanics (NNFM) 48 (1996), 547.
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Appendices

A Elements of convergence theory

Definition 4. (Wellposedness)
Equation

∂u(x, t)

∂t
= Lu(x, t), x ∈ Ω, t ≥ 0,

Bu(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = g(x), x ∈ Ω, t = 0,

(10)

L is independent of time and space and boundary operator B is possibly included
in L, is wellposed if,for every g ∈ Cr

0 and for each time T0 > 0 there exists an
unique solution u(x, t), which is a classical solution, and such that

‖u(t)‖ ≤ Ceαt ‖g‖Hp(Ω) , 0 ≤ t ≤ T0 (11)

for p ≤ r and some positive constants C and α. It is strongly well posed if this is
true for p = 0, i.e., when ‖·‖Hp(Ω) is the L2 norm.

Definition 5. (Convegrence)
An approximation is convergent if

‖uN(t)PNu(t)‖ → 0 asN → ∞ , (12)

∀t ∈ [0, T ], u(0) ∈ B and uN(0) ∈ BN .

Definition 6. (Consistency)
An approximation is consistent if

‖PNL(I − PN)u‖ → 0

‖PNu(0)− uN(0)‖ → 0



 asN → ∞ , (13)

∀u(0) ∈ B and uN(0) ∈ BN .

Definition 7. (Stability)
An approximation is stable if

∥∥eLN t
∥∥ ≤ C(t), ∀N , (14)

with the associated operator norm

∥∥eLN t
∥∥ = supu∈B

∥∥eLN tu
∥∥

‖u‖

and C(t) is independent of N and bounded for any t ∈ [0, T ].

Theorem 9. A consistent approximation to a linear wellposed partial differential
equation is convergent if and only if it is stable.
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B Fractional step (operator splitting) techniques

An initial value problem in form

∂u

∂t
=

N∑

i=1

Ai(u) , t ∈ [tn, tn +∆t] = [tn, tn+1]

y(tn) = u0

(15)

where u is the solution and Ai i = 1, . . . , N are differential operators, may be
solved as a sequence of M initial value problems

∂u(j)

∂t
= Ai(u

(j)) ,

t ∈ [t
(j)
1 , t

(j)
2 ] ⊆ [tn, tn+1] ,

i = 1, . . . , N , j = 1, . . . ,M , M ≥ N .

(16)

u(j) denotes the j-th solution andM is related to particular fractional step method
(see below). This method is noted as method of fractional steps or operator
splitting. The sub-problems are concatenated by passing the j-th result to the
initial conditions of (j + 1)-th problem

t
(1)
1 = tn , u

(1)(t
(1)
1 ) = u0 ,

u(j+1)(t
(j+1)
1 ) = u(j)(t

(j)
2 ) , ∀j = 1, . . . ,M − 1

t
(M)
2 = tn+1 , u(tn+1) ≈ u(M)(t

(M)
2 ) .

Concerning properties of particular Ai, this approach allows to use different
methods to solve every sub-problem (ODE), concerning properties of every par-
ticular Ai.

In case of linear operators, the splitting error is the error caused by the se-
quential application of the operators, depends on value of their commutator

[Ai,Aj] = AiAj −AjAi .

If the operators commute ([Ai,Aj] = 0) the splitting error vanishes, what is valid
already for the splitting technique of lowest order.

There are various methods of various orders of accuracy.
The basic types of the method for N = 2, un = u0 (initial condition) or

un = u(tn) (solution at n-th step as an initial condition for the n+ 1-st step) are

1. first order splitting

• Lie-Trotter
∂u(1)

∂t
= A1(u

(1)) , u(1)(tn) = un (17)

∂u(2)

∂t
= A2(u

(2)) , u(2)(tn) = u(1)(tn+1) (18)
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• Additive splitting

∂u(1)

∂t
= A1(u

(1)) , u(1)(tn) = un (19)

∂u(2)

∂t
= A2(u

(2)) , u(2)(tn) = un (20)

u(tn+1) = u(2)(tn+1) + u(1)(tn+1)− un (21)

2. second order splitting

• The Strang’s splitting performs the problem in three steps (N = 2,
M = 3)

∂u(1)

∂t
= A1(u

(1)) , u(1)(tn) = un (22)

∂u(2)

∂t
= A2(u

(2)) , u(2)(tn) = u(1)(tn+1/2) (23)

∂u(3)

∂t
= A1(u

(3)) , u(3)(tn+1/2) = u(2)(tn+1) (24)

Note, that the first and third step is discretized with half step since

tn+1/2 = tn +
∆t

2
.

• Symmetrically weighted splitting (N = 2,M = 4) performs firstly the
Lie-Trotter splitting with result u(2)(tn+1)

∂u(1)

∂t
= A1(u

(1)) , u(1)(tn) = un (25)

∂u(2)

∂t
= A2(u

(2)) , u(2)(tn) = u(1)(tn+1) (26)

Second part is again the Lie-Trotter approach, but the operators act
in reverse order

∂u(3)

∂t
= A2(u

(3)) , u(3)(tn) = un (27)

∂u(4)

∂t
= A4(u

(4)) , u(4)(tn) = u(3)(tn+1) (28)

The solution is obtained as an average of both results

un+1 =
u(2)(tn+1) + u(4)(tn+1)

2
(29)

Operator splitting technique based on integration factor was used in combi-
nation with spectral method in (Timmermans [39]) and is briefly introduced in
the following section.
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Operator splitting- formulation by integration factor

Splitting of a differential operator to a set of simpler problems, allows one to use
different approximation methods in the solution to the sub-problems. Lets take
the convection diffusion problem

∂u

∂t
= Du+ Cu+ f (30)

for illustration. Du = ν∇2u is the diffusion operator and Cu = v · ∇u is (lin-
earized) convection operator with known velocity v. Following (Maday [21]) we
introduce an integrating factor FC

(t∗,t) in C, satisfying

∂

∂t
FC

(t∗,t) = −FC
(t∗,t)C,FC

(t∗,t∗) = I (31)

to the (30)
∂

∂t

(
FC

(t∗,t)u(t)
)
= FC

(t∗,t)(Du+ f). (32)

If the backward differences are used as approximation to the time derivative, we
arrive to

γ0u
n+1 −

∑J
q=0 αqFC

(tn+1,tn+1−q)un+1−q

∆t
= Dun+1 + fn+1, (33)

where condition FC
(tn+1,tn+1) = I was applied in the first term of the nominator.

To complete the scheme, we have to provide method of calculation of terms
FC

(tn+1,tn+1−q)un+1−q. It is not necessary to explicitly construct the integrating
factor FC, but we arrive to associated initial value problem

∂ũ(s)

∂s
= Cũ(s),0 < s < q∆tũ(0) = un+1−q (34)

and finally
FC

(tn+1,tn+1−q)un+1−q = ũ(q∆t) (35)

C Other splitting schemes for the Inc. Navier-

Stokes system

The splitting scheme designed for the incompressible Navier-Stokes equations
(Karniadakis [23]) became the basis for the scheme solving the temperature de-
pendent flow in this thesis. It also motivated development of more recent splitting
schemes for the incompressible Navier-Stokes equations, which will be summa-
rized in this paragraph. From comparison of the recent schemes it follows, that an
important role in accuracy of the scheme plays satisfaction of the Babuška-Brezzi
condition.

Babuška-Brezzi condition

inf
q∈L2(Ω)

sup
v∈H1

0,ΓD
(Ω)

(div v, q)

‖v‖1 ‖q‖
≥ β (36)
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for some positive number β, reflects the fact, that the Navier-Stokes equations are
solved with only the gradient of pressure. It was recognised, that those schemes,
which satisfy this condition are of higher accuracy (Guermond [17]). This is
closely related to the rotational form of the diffusion term introduced firstly in
the pressure-Neumann condition (2.43).

In solution techniques to the Incompressible Navier-Stokes equations in primi-
tive variables it has been common practice to extrapolate the non-linear term and
proceed by solution of the linearized system, the incompressible Stokes problem
(see section 2.1.1). This is the case of semi-implicit velocity-correction scheme
(Karniadakis [23]), which firstly established a priori control on the divergence by
introduction of the rotational form of the boundary condition 2.43. This pres-
sure boundary condition controls the divergence boundary layer, but the vorticity
is not still accurate. A strategy, which incorporates the rotational form of the
diffusion term directly into the solved equations, leaves the pressure boundary
condition and results in consistent splitting schemes, was proposed by Guermond
([17]). The key idea stays in testing the momentum equation against gradients

∇φ, when applying

(
∂u

∂t
,∇φ

)
= −

(
∇ ·
(
∂u

∂t

)
, φ

)
= 0 to obtain

∫

Ω

∇p · ∇φ =

∫

Ω

(ν∇2u− u · ∇u+ f) · ∇φ , ∀φ ∈ H1(Ω) (37)

what together with substitution ∇2u → −∇ × ∇ × u (this repeatedly removes
the term ∇∇ · u) leads to

∑Q
q=0 αqun+1−q

∆t
− ν∇2un+1 +∇p⋆ = f(tn+1)− (u · ∇u)⋆ (38)

(∇pn+1,∇φ) = (f(tn+1)− (u · ∇u)⋆ − ν∇×∇× un+1,∇φ), ∀φ ∈ H1(Ω) , (39)

where αq are coefficients of the BDF (see table 2.1) and symbol ⋆ denotes extrap-

olation, e.g. p⋆ =
∑Q−1

q=0 βqpn−q. The term ∇ × ∇ × u is problematic in spatial

discretisation using methods providing only the C0 continuity (FEM, SEM, ...).
Its direct evaluation is therfore circumvented by subtracting the L2 inner product
of the equation 38 and gradients ∇φ from 39, what results in new form of (39)

(∇ψn+1,∇φ) =
(∑Q

q=0 αqun+1−q

∆t
,∇φ

)
, ∀φ ∈ H1(Ω) , (40)

where pn+1 = ψn+1 + p⋆ − ν∇ · un+1.
The ”KIO” scheme was revised in [16]. The approach of rotational diffusion

term (∇2u = −∇ × ∇ × u) was introduced directly in the formulation of the
solved equations, but still it preserves splitting of the non-linearity from the
Stokes system. In the first step the pressure-Poisson equation





1

∆t

(
α0un+1 +

Q∑

q=1

αqũn+1−q

)
+∇×∇× ũn +∇pn+1 = f(tn+1)

∇ · un+1 = 0

uk+1 · n|Γ = 0

(41)
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is solved. This step also applies the compatibility condition un+1 · n = 0 and
results in evaluation of the intermediate velocity un+1. The correction comes in
the second step





α0

∆t
(ũn+1 − un+1)−∇2ũn+1 −∇×∇× ũn+1 = 0

ũn+1|Γ = 0
(42)

This scheme fulfills

∂pn+1

∂n
|Γ = (f(tn+1) +∇2ũn+1) · n|Γ , (43)

which is a consistent Neumann pressure boundary condition. Finally, the KIO
scheme is exposed as a representative of this rotational velocity-correction schemes
and its analysis is provided.

More recently, Dong [6] proposed a scheme, which do not include any extrap-
olation neither on the convective term nor the pressure. The scheme is therefore
expected to be unconditionally stable. Since it enhances the rotational velocity-
correction scheme of Guermond ([16]) it adopts the similar estimates for order of
accuracy.

1

∆t

(
α0ũn+1

∑Q
q=1 αqun+1−q

)
+∇pn+1 + un · ∇un + ν∇×∇× un = f(tn+1)

∇ · ũn+1 = 0

n · ũn+1|Γ = n ·wn+1 ,

(44)
where w refers to the nonhomogeneous Dirichlet boundary condition u|Γ = w.
The second substep then corrects the velocity

α0

∆t
(un+1 − ũn+1)− ν∇2un+1 + ũn+1 · ∇un+1 − un · ∇un − ν∇×∇× un = 0

un+1|Γ = wn+1 .

(45)

D Jacobi polynomials

Recursion relations ([25])

P α,β
0 (x) = 1 ,

P α,β
1 (x) =

1

2
[α− β + (α + β + 2)x] ,

a1n P
α,β
n+1(x) = (a2n + a3nx)P

α,β
n (x)− a4nP

α,β
n−1(x) ,

a1n = 2(n+ 1)(n+ α + β + 1)(2n+ α + β) ,

a2n = (2n+ α + β + 1)(α2 − β2) ,

a3n = (2n+ α + β)(2n+ α + β + 1)(2n+ α + β + 2) ,

a4n = 2(n+ α)(n+ β)(2n+ α + β + 2) ,

(46)
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Recursion relations for derivatives of Jacobi polynomials. These are needed in
Galerkin formulation of second order PDEs.

b1n(x)
d

dx
P α,β
n (x) = b2n(x)P

α,β
n (x) + b3n(x)P

α,β
n−1(x) ,

b1n(x) = (2n+ α + β)(1− x2) ,

b2n(x) = n[α− β − (2n+ α + β)x] ,

b3n(x) = 2(n+ α)(n+ β)

(47)

Another useful relations

1. Value at the end-point of the ”standard” interval [−1, 1]

P α,β
n (1) =

(n+ α)!

α!n!

2. ”Symmetry”
P α,β
n (−x) = (−1)nP β,α

n (x)

3. Relation among types of the Jacobi polynomials in sense of a k-th derivative

dk

dxk
P α,β
n (x) =

(
1

2

)k
Γ(α+ β + n+ k + 1)

Γ(α+ β + n + 1)
P α+k,β+k
n+k (x)

Consequences

• 1. & 2. ⇒ P α,β
n (−1) = (−1)n

(n + β)!

β!n!

• 2. ⇒ ultraspherical polynomials are even (or odd) with respect to the origin

P α
n (−x) = (−1)nP α

n (x)

E Extension to time integration methods

Variable timestep in IMEX methods

Let ∆t = tn+1 − tn and rn+2−m∆t = tn+2−m − tn+1−m for m ≥ 2. Coefficients of
the second and third order stiffly-stable mixed schemes are as follows

the schemes still need values from multiple previous time steps
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Table 9: Coefficients of variable time-step mixed stiffly-stable schemes ( [32]).

Coefficient 2nd order 3rd order

γ0
2 + rn
1 + rn

1 +
1

1 + rn
+

1

1 + rn + rn−1

α0 −1 − 1

rn
−(1 + rn)(1 + rn + rn−1)

rn(rn + rn−1)

α1
1

1 + rn

1 + rn + rn−1

rnrn−1(1 + rn)

α2 − 1 + rn
rn−1(rn + rn−1)(1 + rn + rn−1)

β0 1 +
1

rn

(1 + rn)(1 + rn + rn−1)

rn(rn + rn−1)

β1 − 1

rn
−1 + rn + rn−1

rnrn−1

β2
1 + rn

rn−1(rn + rn−1)
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