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Stokes flow of a linearly viscous fluid, comparing two different jump conditions for
traction. By reproducing the results from the relevant literature we motivate the
assumption of nontrivial traction jump as the limit of the solution of governing
equations across a transitional layer of finite thickness with the thickness going
to zero, and we compare it to the classical traction continuity condition implied
by the modified Reynolds transport theorem. The original method of derivation
of the nontrivial traction jump involves manipulation of terms ill-defined even in
the sense of distributions. To interpret these correctly, we use the Colombeau
algebra of generalized functions. We derive the form of the traction jump for
radially symmetric flow rigorously and show that this result is identical to the
one obtained by the original method. The theoretical results are accompanied by
numerical experiments, and possible generalizations as well as physical significance
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C generalized complex numbers

C0 generalized complex numbers that have an associated usual complex number

C complex numbers

N natural numbers

N0 nonnegative integers

R real numbers

Vector Spaces

D infinitely differentiable functions with compact support

D′ distributions

G Colombeau generalized functions

Rn n-dimensional Euclidean vector space

C0 continuous functions

C∞ infinitely differentiable functions
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Vector Analysis Operators

div divergence

∇ gradient

Physical Quantities

D(v) symmetric part of the velocity gradient

S deviatoric part of the Cauchy stress tensor
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η shear viscosity

λ bulk viscosity

Ψ stream function

ρ density

T Cauchy stress tensor

v Eulerian velocity of a fluid

w Eulerian velocity of a singular surface

Other Symbols

I identity tensor

[[f ]] jump of the quantity f at singular surface

⊗ dyadic (tensor) product

eq unit vector in the direction of the coordinate q

Abbreviations

ODE ordinary differential equation

PDE partial differential equation
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Introduction

Arguably the biggest scientific revolution of the 20th century is the rise of quantum
physics and the description of microscopic world it provides. However, the formal-
ism of quantum physics becomes very impractical when it comes to describing
systems on larger scales, and the numerical requirements of such approach tend
to exceed the present computational possibilities. This is why classical physics is
still relevant today for solving physical problems on mesoscopic and macroscopic
scales. The classical theory of physical laws is used namely in problems of solid
and fluid mechanics and thermodynamics.

That said, there exist physical systems whose description demands a coop-
eration of these two theories in order to obtain a macroscopic description of
microscopic phenomena. A prime example of such situation is a system with a
phase transition taking place. Although the microscopic description of a phase
change alone can be given by statistical physics, if coupled with fluid flow for
example, macroscopic description of the underlying phenomena is needed to study
the evolution of this system. In more general terms, the medium-scale to large-
scale systems are studied in the framework of continuum mechanics, where, as
the name suggests, physical quantities are assumed to possess some regularity
properties (e.g. continuity or continuous differentiability in the region occupied by
the system). However, certain problems in continuum mechanics involve settings
where one or more quantities are discontinuous across an interface, for example
the phase interface mentioned above. Therefore, the question is how to model
mechanical evolution of such systems.

This question has been treated in numerous publications over the last few
decades, Anderson et al. [1998], Rajagopal and Tao [1995], and Slattery et al.
[2007] to name just a few. The conventional method of working with flows across
interfaces is to set up governing equations for homogeneous parts of the system
and prescribe the assumed discontinuities of each relevant quantity in the form of
a jump condition. One of the jump conditions that are usually postulated in these
problems is the continuity of traction (normal component of the stress tensor)
across the interface, as argued by Martinec [2010] for example.

However, there have been multiple hints that this condition might not lead
to physically sensible results. In the context of Earth geophysics, Corrieu et al.
[1995] and Ricard [2015] have made remarks on the incompatibility of the traction
continuity assumption with the approach of solving the governing equations
numerically inside the interface. Motivated by these remarks, Chambat et al.
[2014] have proposed an alternative traction jump condition that is consistent
with the so-called diffuse interface point of view. The paper by Chambat et al.
[2014] proves the jump condition for the particular case of quasi-static Stokes flow
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and illustrates its implications on systems with simple geometries.
Besides its obvious physical meaning, the diffuse interface is a very convenient

tool in numerical simulations of fluid problems. The correct implementation and
treatment of discontinuous quantities in floating point arithmetic can be quite
difficult and the simplest solution is often to regularize the discontinuities and
create a transitional layer as a numerical tool rather than a physical phenomenon
in itself. Its use is probably the most prominent in the so-called level set method
illustrated, e.g., by Lindbo [2006]. What Chambat et al. [2014] show in their
paper is that this approach can lead to inconsistencies between the computed
solutions and the expected physical behavior. As can be seen in Figure 1, taking
a simple problem that can be solved analytically and comparing velocities for
the sharp and diffuse interface models, it is evident that the sharp interface
with continuous traction is not the limit of the diffuse interface inside which the
governing equations hold as the interface thickness goes to zero. Instead, this
limiting process leads to a discontinuity in traction across the interface, which
Chambat et al. [2014] attribute to a new physical quantity named dynamic surface
tension.

Figure 1: The z- and x-components of velocities in the quasi-static Stokes flow across
an interface. The plots on the left correspond to the diffuse interface solution, whereas
the middle pair of plots shows the solution of the sharp interface model with continuous
traction. It is clear that despite the z-components of the velocity field being very similar
for both solutions, the x-components differ considerably. The plots on the right show
the sharp interface model with discontinuous traction and dynamic surface tension. The
plots were taken from Chambat et al. [2014].

In the formal derivation of their jump condition, Chambat et al. [2014] have
pointed out considerable difficulties in interpreting specific terms that arise in
the governing equations. If the physical quantities describing the system are
assumed discontinuous, the equations have to be solved in a generalized sense of
distributions. However, the well-established linear theory of distributions is not
suited to treatment of nonlinear operations, as was proved by Schwartz [1954]; and
the governing equations of the system described by Chambat et al. [2014] contain
several terms that would translate to a multiplication of two distributions. In
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order to obtain a fully mathematically correct derivation of the new traction jump
condition, an even broader theoretical toolkit is needed. This toolkit comes in the
form of the Colombeau algebra of generalized functions, as found in a textbook by
Rosinger [1987] for example. This mathematical framework has already been used
in a similar context by Průša and Rajagopal [2016] to determine the response to
a step input in nonlinear solid mechanics.

The aim of this thesis is to take a particular physical system with an interface that
has relevant applications to the real-world setting despite being relatively simple.
For this system, we shall reproduce and comment on existing results, namely the
examples given by Chambat et al. [2014], to motivate the traction discontinuity
assumption. Next, we shall derive these results in a more general mathematical
setting, thus providing a rigorous interpretation of the jump condition proposed
by Chambat et al. [2014], and we shall discuss possible implications for more
complex systems. These results will then be illustrated numerically.

In Chapter 1, we introduce the notions in continuum mechanics pertinent to
the subject of the thesis, such as the mechanical balance laws and description
of interfaces, and we set up the model problem to be studied in the subsequent
chapters.

Chapter 2 essentially motivates the work presented in the thesis by taking a
simple physical system that can be resolved both analytically and numerically,
and comparing the results obtained from different methods. The comparison leads
to the introduction of a nontrivial traction jump condition described by dynamical
surface tension. This chapter also serves as a reproduction of results published by
Chambat et al. [2014].

Further insights into the nature of dynamic surface tension are given in Chapter
3. Two specific simple geometries with analytic diffuse interface solutions are
considered, and we show how the limiting process of approximating the sharp
interface by the diffuse interface leads to a jump in traction in these special cases.

Chapter 4 is devoted to the Colombeau algebra. First, we briefly review its
construction and its properties. We then apply this generalized framework to
our model problem to obtain an expression for the traction jump in a special
one-dimensional case, which can be compared by the Chambat et al. [2014] traction
jump. This theoretical result is also illustrated numerically, and the convergence
of diffuse interface solutions to the sharp interface with dynamic surface tension
is discussed in further detail.

Finally, Chapter 5 comments on possible generalizations of the model problem,
outlining the issues that may arise when interpreting more general models via
Colombeau algebra. Then, the physical significance of the effect caused by dynamic
surface tension is addressed.

At the end of the thesis, two appendices are included. These contain detailed
proofs of various mathematical properties used throughout the thesis and whose
proofs, while fairly illustrative, would be considered tangents if placed inside the
body of the thesis.
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Chapter 1

Formulation of Mechanical
Problems in Domains with
Singular Surfaces

We start by presenting an overview of the concepts in continuum mechanics crucial
to the main topic of this thesis. We first give a brief exposition of the balance
laws used to describe the system evolution. Next, we introduce elementary and
more advanced formal treatments of physical interfaces in continuous bodies. The
chapter is concluded by the formulation of the quasi-static Stokes flow problem
that will be referred to throughout subsequent chapters.

In continuum mechanics, there are two main mathematical descriptions of
the studied system: Lagrangian and Eulerian. The former describes physical
quantities with respect to the reference configuration of the continuous body and is
more suited to solid mechanics, while the latter describes the system with respect
to its current configuration and since it is more suitable for fluid mechanics, it is
the one that we shall adopt from now on.

1.1 Balance Laws
The continuum mechanics theory consists of a specific mathematical description
of a given macroscopic system and a set of physical principles that dictate its
evolution. These are represented by balance laws that link the time evolution
of certain quantities to other quantities and properties of the system. They
are essentially interpretations of fundamental laws of classical mechanics and
thermodynamics in the mathematical framework of continuum mechanics.

From a purely physical perspective, the laws of classical mechanics and ther-
modynamics are formulated in an integral sense. They prescribe the evolution or
the expected properties of a system as a whole. However, the continuous approach
calls for a description of the system that is local from a mathematical point of
view. The connection between the global (volume) and the local (point-wise)
forms of balance laws is made using the Reynolds transport theorem. It asserts
that if ϕ is a continuously differentiable scalar or vector field defined in a material
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(i.e. advected by the fluid) control volume ω(t) in the current configuration, then

d
dt

∫︂
ω(t)

ϕ dx =
∫︂

ω(t)

(︄
∂ϕ

∂t
+ div (ϕ⊗ v)

)︄
dx, (1.1)

where v = v(x, t) is the Eulerian velocity field, holds.1 The proof of the theorem
can be found, e.g., in a textbook by [Martinec, 2010, p. 42 – 44]. It uses the Gauss
integration formulae that for a vector field u and a tensor field A read respectively∫︂

ω
div u dx =

∫︂
∂ω

u · n ds, (1.2)∫︂
ω

divA dx =
∫︂

∂ω
An ds. (1.3)

1.1.1 Mass and Momentum Balance Laws
The mass balance law states that the mass of a continuous body is conserved, i.e.,
it is the same at all times. In continuum mechanics, the mass is defined as a
volume integral of the density field ρ(x, t). The integral form of the mass balance
can therefore be written as

d
dt

∫︂
ω(t)

ρ dx = 0, (1.4)

where ω(t) is an arbitrary control volume and d
dt

denotes the usual total time
derivative.

If we then apply the Reynolds transport theorem (1.1) to the identity (1.4)
and use the localization lemma (cf. Kopáček [2015]), we get the local mass balance
equation

∂ρ

∂t
+ div (ρv) = 0. (1.5)

The momentum balance is the continuum mechanics counterpart of Newton’s
second law. It relates the time evolution of system’s momentum to the action
of body and contact forces and can be expressed in its global form for a control
volume ω(t) as

d
dt

∫︂
ω(t)

ρv dx =
∫︂

ω(t)
ρb dx+

∫︂
∂ω(t)

Tn ds. (1.6)

Here b represents the density of body forces, T is the Cauchy stress tensor, and n
denotes the unit outward normal to ∂ω(t).

As with the mass balance, the local momentum balance equation can be
obtained using the Reynolds transport theorem and the localization lemma, as
well as the Gauss integration formula (1.3). The resulting identity reads

∂

∂t
(ρv) + div (ρv ⊗ v) = ρb + divT. (1.7)

1If ϕ is a scalar field, then the expression ϕ ⊗ v is to be understood simply as ϕv.
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1.1.2 Classical Jump Conditions
Note that in deriving the local forms of balance laws (1.5) and (1.7) above, we
have assumed that all the quantities were continuously differentiable inside the
control volume ω(t). Whenever there exists a surface σ(t) inside ω(t) across which
a scalar or vector field ϕ is discontinuous, the continuous differentiability condition
has to be relaxed and the Reynolds transport theorem has to be modified to take
this discontinuity into account.

When describing surfaces inside a continuous body, we shall use two important
concepts defined below.

Definition 1.1. The surface inside a body occupied by the same set of particles
at each time is referred to as a material surface.

Definition 1.2. The surface inside a body across which a physical quantity
admits a discontinuity is referred to as a singular surface.

The characterization of discontinuity of the physical quantity ϕ across a singular
surface σ(t) that is not necessarily material is achieved by means of its jump [[ϕ]].
This quantity is defined by

[[ϕ]](x) := lim
ε→0+

[ϕ(x + εnσ) − ϕ(x − εnσ)] , ∀x ∈ σ(t),

where nσ is the unit normal vector of σ(t) at the point x ∈ σ(t). Since σ(t) is not
necessarily a closed surface, the orientation of nσ is ambiguous a priori. In order
to fix it, we need to denote the two subdomains delimited by σ(t) and ∂ω(t) by
ω− and ω+. The exact choice of notation is purely formal in nature, for example,
if ϕ is piecewise constant, one might choose ω− as the subdomain with the smaller
value of ϕ. We then choose nσ as the unit normal vector to σ(t) pointing inside
ω+.

The modified version of the Reynolds transport theorem asserts that if ϕ is a
scalar or vector defined in ω(t) that is discontinuous across σ(t), then

d
dt

∫︂
ω(t)\σ(t)

ϕ dx =
∫︂

ω(t)\σ(t)

(︄
∂ϕ

∂t
+ div (ϕ⊗ v)

)︄
dx−

∫︂
σ(t)

[[(ϕ⊗ (v − w))nσ]] ds,

(1.8)
where nσ is again the unit normal vector of the singular surface σ(t) with the
orientation specified above, and w is the Eulerian velocity of σ(t). We refer the
reader to Appendix A for the proof of this theorem. It relies on a modification of
the Gauss integration formulae on a domain with a singular surface that read∫︂

ω(t)\σ(t)
div u dx =

∫︂
∂ω(t)

u · nω ds−
∫︂

σ(t)
[[u · nσ]] ds, (1.9)∫︂

ω(t)\σ(t)
divA dx =

∫︂
∂ω(t)

Anω ds−
∫︂

σ(t)
[[Anσ]] ds (1.10)

for vector and tensor fields respectively. Here nω is the unit outward normal
vector to the boundary of ω(t).

Suppose that all the fields appearing in the statements of the mass and
momentum balance laws are discontinuous across the non-material surface σ(t) ⊂
ω(t), and are continuously differentiable in ω(t) \ σ(t). Taking into account
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the modified Reynolds transport theorem (1.8) as well as the modified Gauss
integration formula (1.10), the global forms of the mass and momentum balance
laws become∫︂

ω(t)\σ(t)

(︄
∂ρ

∂t
+ div (ρv)

)︄
dx+

∫︂
σ(t)

[[ρ(v − w) · nσ]] ds = 0,
∫︂

ω(t)\σ(t)

(︄
∂

∂t
(ρv) + div (ρv ⊗ v)

)︄
dx+

∫︂
σ(t)

[[(ρv ⊗ (v − w))nσ]] ds =

=
∫︂

ω(t)\σ(t)
(ρb + divT) dx+

∫︂
σ(t)

[[Tnσ]] ds,

respectively.
Applying the localization lemma now yields not only the local balance equations

in ω(t) \ σ(t), but also jump conditions on σ(t)

[[ρ(v − w) · nσ]] = 0, (1.11)
[[(ρv ⊗ (v − w))nσ − Tnσ]] = o. (1.12)

The former imposes the continuity of mass flux across σ(t) and the latter relates
the jump in traction Tnσ to the jump of momentum flux across σ(t).

The primary motivation behind the topic of this thesis is a paper by Chambat
et al. [2014], where the classical form (1.12) of the momentum jump condition
is contested for a specific flow discussed in more detail in one of the following
sections.

Although the fundamental idea behind the continuous description of matter is
the continuity of quantities of physical interest, the admission of singular surfaces
into models is valid, especially for systems with regions occupied by substances
whose properties differ considerably. The most prevalent example of this are phase
interfaces. There are many examples of physical systems with multiple phases of
one material represented, glaciers or the Earth’s inner core to name a few. Indeed,
the jump conditions discussed in this thesis are used for example by Corrieu et al.
[1995] to model mantle flow evolution and compare it to the present-day state of
the Earth.

Another example of a problem describing a phase change in a dynamic medium
is the thermo-mechanically coupled Stefan problem. It models a system with a
phase interface that can move in time. Besides its appeal to the theory of PDE, it
can be used in geophysics to model lava flow after an eruption as shown by Lister
[1994] or solidification of a liquid in a channel, as demonstrated by Myers and
Low [2011].

1.2 Description of Phase Interfaces
[Slattery et al., 2007, p. 7] define the phase interface as the “region separating
two phases in which properties of the material differ from those of the adjoining
phases”. The experimental hints of the specific behavior of a system near an
interface have been established by Defay et al. [1966]. From a purely physical
point of view, the properties of a system in the neighborhood of a phase interface
are best described by molecular modelling and statistical mechanics. While the
molecular description of interfaces is very realistic and leads to sensible predictions

12



of system behavior on a macroscopic scale, the continuous approach is of equal
importance due to relative ease of solution of problems and direct relation to the
analysis of experimental data. In continuum mechanics, there are two available
models of phase interfaces: the three-dimensional region and the two-dimensional
surface.

1.2.1 Phase Interface as a Three-Dimensional Interfacial
Region

The obvious first choice of phase interface description in continuum mechanics is
to treat it as a region of finite thickness. As [Slattery et al., 2007, p. 8] mention,
there exists a theory describing the relationships between stress and deformation
for this view of a phase interface, but it essentially assumes a static system and
therefore yields no results as far as dynamic properties of interfaces are concerned.

For the purposes of this thesis, we shall adopt a diffuse interface approach used
by Chambat et al. [2014], where the physical quantities such as density, velocity, or
viscosity are supposed to undergo a rapid but smooth change inside a transitional
layer of finite thickness. We then assume that the governing equations formulated
for each of the homogeneous phases2 also hold inside the interfacial region.

1.2.2 Phase Interface as a Dividing Surface
It is clear from the previous section that while the three-dimensional model is
still quite realistic in its description of material properties inside the interface,
it is quite difficult to use in general applications. As an alternative, Slattery
et al. [2007] introduce the concept of a dividing surface, which is a hypothetical
two-dimensional region lying within or near the two homogeneous phases. The
accumulated effects of the interface on the adjoining phases are accounted for by
excess surface densities and fluxes of physical quantities.

The simplest nontrivial example of a physical quantity defined on a dividing
surface is the isotropic surface tension. It arises from interpreting the excess
forces acting between the interface and the neighboring phases as the surface
Cauchy stress tensor Tσ. If we assume that the interface behaves like an isotropic
membrane, then the surface Cauchy stress tensor can be prescribed as Tσ = sIσ, s
being the scalar surface tension and Iσ denoting the identity tensor on the surface
σ(t) defined by

Iσ := I − nσ ⊗ nσ.

Instead of the simple jump condition (1.12), the momentum balance equation on
such a surface reads (cf. Slattery et al. [2007])

[[Tnσ − (ρv ⊗ (v − w))nσ]] = divσ Tσ,

where divσ is the surface divergence operator. The right-hand side of the above
expression can be rewritten as

divσ (sIσ) = ∇σs− s divσ Iσ = ∇σs− 2κnσ, (1.13)
2[Slattery et al., 2007, p. 8] define a homogeneous phase as a subdomain where all constitutive

relations hold uniformly.
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where ∇σ is the surface gradient and κ denotes the mean curvature of the surface.
The physical interpretation of the first term is the Marangoni effect relating the
traction along the phase interface to the gradient of surface tension, and the
second term corresponds to the Young-Laplace law.

Besides being simple and illustrative, the above example is pertinent to the
main topic of this thesis. The alternative stress tensor jump condition proposed by
Chambat et al. [2014] takes a form analogous to (1.13), which motivates Chambat
et al. [2014] to attribute the jump in stress to some kind of dynamic surface
tension.

1.3 Quasi-Static Stokes Flow
Even for very simple fluid models, the solution of equations (1.5) and (1.7) in their
general form is extremely complicated or not feasible. It is therefore commonplace
to simplify the equations by neglecting certain terms according to physical scaling
arguments.

For the purposes of this thesis, we have chosen to treat the quasi-static Stokes
flow problem, as introduced, e.g., by [Sangtae and Seppo, 1991, p. 9 – 10]. In
this type of flow, also called steady creeping flow, the partial derivatives with
respect to time are neglected, as well as the nonlinear inertia term ρv ⊗ v in the
momentum balance and the corresponding jump condition (1.12). Furthermore,
the absence of body forces is assumed, translating to b = o. The resulting set of
governing equations and jump conditions reads

div (ρv) = 0, in ω(t) \ σ(t), (1.14)
divT = o, in ω(t) \ σ(t), (1.15)

[[ρv · nσ]] = 0, on σ(t), (1.16)
[[Tnσ]] = o, on σ(t). (1.17)

In both jump conditions (1.16) and (1.17) we also assume that the singular surface
σ(t) is static, i.e., w ≡ o, for the sake of simplicity.

Although the simplified equations above are very convenient from a mathe-
matical point of view, their interpretation in the physical context is not trivial.

First, the terms involving partial derivatives with respect to time as well as
the convective derivative of velocity in the momentum balance (1.7) are omitted.
This can be justified by an a priori assumption of the explicit time-independence
of physical quantities and by deriving the dimensionless form of the momentum
balance equation in a way that introduces the Reynolds number. The Reynolds
number compares the characteristic lengths and velocities of the system, and for
very small lengths or very slow speeds we can justify working with the limiting
case of the Reynolds number equal to zero, which reduces the system to the one
presented here. This is the argument made by Sangtae and Seppo [1991].

However, there is an argument, made for example by [Matyska, 2005, p. 31],
that is more complete from a physical point of view. It takes into account the
full thermodynamically coupled system and introduces a dimensionless form of
the momentum balance equation involving the Prandtl number that compares
the kinematic viscosity of the fluid with its heat transfer properties. Then, if the
physical properties of the studied system are such that the limit as the Prandtl
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number goes to infinity is relevant, both the local and convective time derivatives
in the momentum balance can be neglected.

Another point concerns the inclusion of ρ inside the divergence operator in
Equation (1.14). In the sharp interface approach, we assume the density to be
constant on each side of the dividing surface, both phases of the fluid being
incompressible. On the other hand, if we solve the system with a diffuse interface,
the density is assumed to change rapidly but smoothly inside the transitional
layer and the governing equations are assumed valid both inside and outside the
layer, making the fluid effectively compressible.

Although the difference may seem formal at first sight, the difference between
compressible and incompressible flows is significant both in terms of the mathemat-
ical analysis and the underlying physical interpretation. The physical argument
that leads to a mass balance in the form (1.14) is the so called compressible
extended Boussinesq approximation.

For compressible fluids, density ρ, pressure p, and temperature θ of the
system are related via the equation of state ρ = ρ(p, θ) that is postulated as
one of the constitutive relations. As formulated by [Matyska, 2005, p. 26],
“the idea of the Boussinesq approximation consists in the linearization of the
basic laws of conservation near a reference hydrostatic state”, i.e., the state with
v ≡ o. This reference state is characterized by a density ρ0, a pressure p0, and a
temperature θ0. The equation of state is linearized with respect to the variations
of temperature ∆θ := θ − θ0, effectively including the hydrostatic pressure and
reference temperature dependencies in the spatial dependence of the reference
density. Substituting this linearized model into the mass balance equation leads
to its form (1.14) stated above. A more rigorous derivation of a problem setting
where ρ is essentially independent of p based on fundamental thermodynamic
assumptions was developed by Bechtel et al. [2003], but is beyond the scope of
this thesis.

As we have already mentioned above, the work presented in this thesis builds
on an article by Chambat et al. [2014] that puts into question the validity of
the traction jump condition (1.17) usually prescribed in this type of flow model.
Chambat et al. [2014] argue that the correct jump condition to be prescribed in
this case is

[[Tnσ]] = sκnσ − ∇σs, (1.18)
where κ is the sum of principal curvatures of σ(t), ∇σ denotes the surface gradient,
and s is the dynamic surface tension given by

s = −2(ρv · nσ) lim
ε→0+

∫︂ x+εnσ

x−εnσ

η
∂

∂q3

(︄
1
ρ

)︄
dq3,

q3 being the local generalized coordinate normal to the surface σ(t).
It is evident that the form of the jump resembles that of the interface momentum

balance in presence of surface tension from Equation (1.13)3, hence the name and
the notation for s. However, as we shall see in the next chapter, the derived jump

3The only difference between Equations (1.13) and (1.18) is in the sign. This is due to the
convention used in the definition of surface tension. The surface tension model interprets s as an
extension, which motivates the definition Tσ = sIσ. As an example of the alternative convention,
the pressure in the hydrostatic model is interpreted as a compression and the Cauchy stress
tensor then reads T = −pI.
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condition is not an intrinsic property of the surface, but arises from the dynamic
properties of the studied system.

Besides having a relatively simple structure, the steady Stokes flow problem
has numerous physical applications. It can be used to model flows of viscous
fluids at very slow speeds or in systems with very small characteristic lengths.
One of prominent examples of its practical use is the study of mantle dynamics in
geophysics by Corrieu et al. [1995] among others.

As for the fluid rheology, the starting point for all discussions that follow is
the linear viscous (or Newtonian) fluid. Its Cauchy stress tensor is given by

T = −pI + η
[︂
∇v + (∇v)T

]︂
+ λ(div v)I, (1.19)

where p denotes pressure, v is the Eulerian velocity field, I is the identity tensor,
and λ and η are bulk and shear viscosities, respectively.

Chapter Summary The work presented in this thesis deals with modelling of
fluid flow on domains with interfaces. This chapter has introduced the fundamental
concepts of continuum mechanics which will be further elaborated in the subsequent
chapters of the thesis. We have namely given a review of the various theoretical
descriptions of interfaces and a review of their mathematical treatment has been
given in the form of the modified Reynolds transport theorem and the discussion
of isotropic surface tension. Finally, we have set up the problem that is the basis
of the investigations that follow, discussing the physical significance of the chosen
flow regime as well as the various prescriptions for the traction jump condition
that will be compared later on.
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Chapter 2

Dynamic Surface Tension –
Motivation

The main reason behind the introduction of dynamic surface tension into the
description of flows across an interface is the inconsistency between the theoretically
postulated behavior of a continuous system with a singular surface and the results
of numerical experiments. This chapter aims at demonstrating this inconsistency
on a model of two-dimensional planar flow in the stationary Stokes regime discussed
above. The particular structure of this model allows its fully analytic resolution in
the sharp interface approach as well as numerical solution in the diffuse interface
approach. By comparing the exact solution for a sharp interface and continuous
traction with a numerical solution for a diffuse interface we show that the two differ
considerably, and that the inconsistency in the two approaches can be overcome by
introducing a nontrivial traction jump corresponding to dynamic surface tension.

Besides motivating the work presented in the subsequent chapters, these results
reproduce the results published by Chambat et al. [2014], shown in Figure 1, using
different methods.

2.1 Problem Setting
Consider the two-dimensional domain

Ω :=
(︃

−π

k
,
π

k

)︃
× (−h, h) ∋ (x, z)

with k, h > 0 given. We are interested in the quasi-static Stokes flow inside this
domain, i.e., we let the governing equations (1.14), (1.15) hold in Ω.

To ensure that the problem is well-posed, boundary conditions need to be
specified on ∂Ω. Motivated by Chambat et al. [2014], we prescribe the mass flow
at the horizontal parts of the boundary and a free slip condition at the vertical
parts of the boundary. The full set of boundary conditions then reads

(ρv · n)(z = ±h) = Ψ0 cos (kx), (2.1)

(v · n)
(︃
x = ±π

k

)︃
= 0, (t · Tn)

(︃
x = ±π

k

)︃
= 0. (2.2)

If we decide to treat the interface as a singular surface

Σ := {(x, z) ∈ Ω; z = 0} ,
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then we are essentially solving the two governing equations (1.14) and (1.15) on
the subdomains

Ω1 :=
(︃

−π

k
,
π

k

)︃
× (−h, 0), Ω2 :=

(︃
−π

k
,
π

k

)︃
× (0, h),

and we need to prescribe jump conditions at the interface. This setting is shown
schematically in Figure 2.1a.

Taking into account the mass flux jump condition (1.16) and the fact that
nΣ = ez is the normal vector of the dividing surface Σ, the first jump condition
reads

(ρvz)(z = 0+) = (ρvz)(z = 0−). (2.3)

For the traction jump, our goal is to compare the classical jump condition (1.17)
to the condition (1.18) suggested by Chambat et al. [2014]. To account for both of
these conditions in the formal manipulations, we prescribe the traction jump as

Txz(z = 0+) − Txz(z = 0−) = J sin (kx), (2.4)

where J = 0 for the classical jump condition and J = 2η[[1/ρ]]ρv · n for the
Chambat et al. [2014] jump condition assuming continuous rheology ([[η]] = 0).

Instead of considering the interface as the sharp singular surface Σ, we can
treat it as a transitional layer of very small nontrivial thickness proportional to
some ε > 0 defined by

˜︁Σ :=
(︃

−π

k
,
π

k

)︃
× (−αε, αε).

The exact value of the proportionality constant α is of little importance here,
although it will be discussed in more detail in one of the subsequent chapters. For
now, it is sufficient to assume that ε is a small parameter and that the governing
equations (1.14), (1.15) hold inside ˜︁Σ. The illustration of this setting is in Figure
2.1b.

Ω1

Ω2

Σ

(a) sharp interface

Ω
˜︁Σ

αε

(b) diffuse interface

Figure 2.1: Sketches of the two interface models considered in this chapter. For the full
analytical resolution, we assume that the governing equations hold in two subdomains
Ω1, Ω2 with a possible discontinuity in the solution across a sharp interface Σ. For
the numerical experiment, we solve the governing equations in the entire domain Ω,
and we assume that the discontinuities in physical quantities are regularized across a
transitional layer ˜︁Σ.
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2.2 Exact Solution for the Sharp Interface
Let us proceed to finding the exact solution of the governing equations in the
sharp interface case. The solution procedure presented here is similar to the one
published by Chambat et al. [2014]. If we choose Ψ(x, z) such that

ρvx = −∂Ψ
∂z

, ρvz = ∂Ψ
∂x

in Ωi, i = 1, 2,

then the mass balance equation (1.14) is satisfied trivially provided that Ψ is
sufficiently smooth.
Remark. The function Ψ is a hydrodynamic auxiliary quantity referred to as the
stream function.

If we then take the curl of the momentum balance equation (1.15), substitute
for T from the linear rheology assumption (1.19), and introduce the stream
function Ψ, we get

∆
(︄

div
(︄

1
ρ

∇Ψ
)︄)︄

= 0 in Ω1,Ω2.

For simplicity, assume ρ = ρi = const. in each of the subdomains Ω1, Ω2. The
above equation thus reduces to the biharmonic equation for the stream function

∆2Ψ = 0 in Ω1,Ω2. (2.5)

We look for a solution of the form

Ψ(x, z) = Ψ̂(z) sin (kx) in Ω1,Ω2.

Equation (2.5) is therefore further simplified to the fourth order ODE

Ψ̂
(4)

− 2k2Ψ̂
(2)

+ k4Ψ̂ = 0 (2.6)

for Ψ̂(z) on the two subdomains Ω1, Ω2. Its general solution reads

Ψ̂(z) = (Ai +Biz)e−kz + (Ci +Diz)ekz, z ∈ Ωi, i = 1, 2, (2.7)

where Ai, Bi, Ci, Di, i = 1, 2 are constants. To fix these constants, we have to
incorporate the boundary and jump conditions introduced above. The mass flux
boundary condition (2.1) translates to

Ψ̂(±h) = Ψ0

k
, Ψ̂

′
(±h) = 0 (2.8)

when interpreted using the stream function. Due to the assumed form of the
solution, the free slip boundary conditions (2.2) at x = ±π/k are satisfied auto-
matically. The mass flux jump condition (1.16) and the traction jump condition
(1.17) expressed in terms of Ψ̂ read

Ψ̂(0+) = Ψ̂(0−), (2.9)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛⎝Ψ̂
′′
(0+)
ρ2

− Ψ̂
′′
(0−)
ρ1

⎞⎠+ k2

⎛⎝Ψ̂(0+)
ρ2

− Ψ̂(0−)
ρ1

⎞⎠ = 0 in classical case,
⎛⎝Ψ̂

′′
(0+)
ρ2

− Ψ̂
′′
(0−)
ρ1

⎞⎠− k2

⎛⎝Ψ̂(0+)
ρ2

− Ψ̂(0−)
ρ1

⎞⎠ = 0 in Chambat case,

(2.10)
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respectively. Two more jump conditions need to be added for the system to be
uniquely solvable. The first is the kinematic condition [[vx]] = 0 that translates to

Ψ̂
′
(0+)
ρ2

= Ψ̂
′
(0−)
ρ1

. (2.11)

The second is obtained by differentiating the continuity condition for the zz-
component of the Cauchy stress tensor [[Tzz]] = 0 with respect to x and introducing
the stream function. After some manipulation, we get the condition

Ψ̂
′′′

(0+)
ρ2

= Ψ̂
′′′

(0−)
ρ1

. (2.12)

Conditions (2.8) – (2.12) for Ψ̂ in the form (2.7) present in total a system of 8
linear equations for 8 unknowns Ai, Bi, Ci, Di, i = 1, 2. We used the Wolfram
Mathematica software to solve this system symbolically, and we have plotted the
resulting velocity fields for both the classical and the Chambat et al. [2014] traction
jump conditions. The plots can be found in Figures 2.3a and 2.3b. We shall now
proceed to the numerical solution of the diffuse interface model before discussing
the results of the analytical resolution of the sharp interface model above. The
exact choice of physical parameters such as densities on the subdomains or the
value of viscosity will be addressed as part of the implementation of the numerical
experiment.

2.3 Numerical Solution for the Diffuse Interface

2.3.1 Finite Element Method
In almost every physical theory, the formulation of fundamental principles results
in one or more PDEs involving quantities changing in time and space. However,
in many settings among which countless examples from continuum mechanics, the
physical fields or the computational domains are not regular enough to enable
classical PDE description. The modern theory of PDEs therefore introduces
the concept of a weak derivative and the weak formulation of a PDE problem,
which relax the regularity conditions on the quantities involved. Although the full
exposition of this mathematical theory is far beyond the scope of this thesis, we
note that one of the motivation for weakly formulated PDEs are integral forms of
physical laws such as those mentioned in Section 1.1.

For practical purposes, physical PDE systems can be solved almost exclusively
(except for a few special cases) via numerical methods. The finite element method
is possibly the most widespread method of approximating the weak solution of a
PDE introduced, e.g., in the book by Ciarlet [2002]. In the case of linear equation,
the method interprets the weak formulation of a PDE as an abstract variational
problem of the form

Find u ∈ U : a(u, v) = l(v) ∀v ∈ V,

where U is the solution space, v is called a test function, V is the test function
space, a is a bilinear form, and l is a linear form. Provided that the forms a and l
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satisfy certain conditions, it can be proved that the above variational problem
has a unique solution.

The main idea of the finite element method is to define a mesh on the compu-
tational domain and approximate the spaces U , V by finite-dimensional spaces
Uh, Vh (called finite element spaces) defined on the mesh (for example spaces
of piecewise polynomials). If the spaces Uh, Vh have the correct approximation
properties, then the discrete solution uh of the discrete problem

Find uh ∈ Uh : a(uh, vh) = l(vh) ∀vh ∈ Vh

converges in some sense to the exact solution u. The approximation properties
of finite element spaces rely on the interpolation theory in Sobolev spaces and
will not be treated in detail here, although when discussing specific PDE problem
implementation, relevant literature references will be given.

In this section, we discuss numerical implementation of the diffuse interface
model described in Section 2.1. For illustrative purposes, we fix h = 1, k = π

5 ,
which then translates to Ω = (−5, 5) × (−1, 1).

2.3.2 Formulation and Implementation
If we interpret the interface at z = 0 as a transitional layer, then the density is
assumed to be continuously differentiable in the whole domain Ω, but varies rapidly
from ρ1 to ρ2. The density transitional profile we shall use in the implementation
is taken directly from Chambat et al. [2014] and reads

ρ(z) = ρ1 + ρ2 − ρ1

2

[︃
1 + tanh

(︃
z

ε

)︃]︃
,

where ε is a small parameter. For the linear constitutive relation given by (1.19),
the system of equations to be solved is

div (ρv) = 0, div [−pI + 2ηD(v) + λ(div v)I] = o in Ω, (2.13)

where we have introduced the notation

D(v) := 1
2
[︂
∇v + (∇v)T

]︂
for the symmetric part of a gradient. The boundary conditions for velocity are
given by (2.1) and (2.2). Since the structure of the momentum balance equation
implies that the pressure is determined up to a constant, it is natural to fix a
point value of pressure. Hence, the pressure “boundary” condition we impose is

p(x = −5, z = 1) = 0. (2.14)

In order to be able to apply the existing mathematical theory, we have to
further transform the system (2.13). Set u := ρv. Rewriting Equations (2.13) in
terms of u yields

div u = 0 in Ω, (2.15a)

div
{︄

−pI + 2ηD
(︄

u
ρ

)︄
+ λ

[︄
div

(︄
u
ρ

)︄]︄
I
}︄

= o in Ω. (2.15b)
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The boundary conditions for u derived from boundary conditions (2.1), (2.2) are

ux(x = ±5) = 0, u(z = ±h) = Ψ0 cos
(︃
π

5x
)︃

ez. (2.16)

While from a physical point of view we have formulated the governing equations
in terms of momentum instead of velocity, from a mathematical point of view
the system (2.15) can be interpreted as a mixed problem for u reminiscent
of the incompressible Stokes problem, which enables relatively straightforward
implementation.

Following the procedure outlined, e.g., by [Larson and Bengzon, 2013, p. 292 –
295], we define the following test function spaces:

V :=
{︃

w ∈
[︂
H1(Ω)

]︂2
; w|∂Ω = o

}︃
,

Q :=
{︂
q ∈ L2(Ω); q(x = −5, z = 1) = 0

}︂
.

Here, L2(Ω) is the space of Lebesgue square-integrable functions on Ω and H1(Ω)
denotes the Sobolev space of L2-integrable functions with L2-integrable first weak
derivatives. The solution space for pressure p is identical to the corresponding
test function space Q, whereas the momentum solution space has to take the
boundary conditions into account. Hence, we define

U :=
{︃

u ∈
[︂
H1(Ω)

]︂2
; ux(x = ±5) = 0, u(z = ±h) = Ψ0 cos

(︃
π

5x
)︃

ez

}︃
.

To derive the weak formulation of the problem, we multiply Equation (2.15a) by
q ∈ Q, take the inner product of Equation (2.15b) with w ∈ V , and integrate both
equations over the domain Ω. After integrating the terms involving first derivatives
of pressure and second derivatives of momentum by parts and acknowledging that
thanks to the definition of V the boundary integrals vanish, we get∫︂

Ω
q div u dx = 0, q ∈ Q, (2.17)∫︂

Ω
p div w dx− 2

∫︂
Ω
ηD

(︄
u
ρ

)︄
: D(w) dx−

−
∫︂

Ω
λ div

(︄
u
ρ

)︄
div w dx = 0, w ∈ V,

(2.18)

where : denotes the tensor inner product. Finally, summing these two equations
gives us the abstract variational problem

Find (u, p) ∈ U ×Q : a [(u, p), (w, q)] = 0 ∀q ∈ Q, ∀w ∈ V (2.19)

with

a [(u, p), (w, q)] =
∫︂

Ω
q div u dx+

∫︂
Ω
p div w dx−

− 2
∫︂

Ω
ηD

(︄
u
ρ

)︄
: D(w) dx−

∫︂
Ω
λ div

(︄
u
ρ

)︄
div w dx.
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Remark. Problem (2.19) is a special case of the so-called mixed problem, where
multiple variables from different spaces are solved for. As [Larson and Bengzon,
2013, p. 295] show, this problem can be viewed as a constrained minimization
problem, where the functional that is minimized is derived from (2.18) and the
“incompressibility” condition (2.17) acts as a constraint. This leads to the mathe-
matical interpretation of pressure in incompressible Stokes flows as a Lagrange
multiplier corresponding to the incompressibility condition.

We can now proceed to defining the appropriate finite element spaces Uh,
Vh, Qh. In order for the numerical approximation (uh, ph) to converge to the
exact solution (u, p) of Problem (2.19), the spaces Vh and Qh have to satisfy the
Babuška-Brezzi condition

inf
qh∈Qh

sup
wh∈Vh

∫︁
Ω qh div wh dx

∥qh∥0,Ω ∥wh∥1,Ω
≥ β (2.20)

for some β > 0 independent of h, as is proved, e.g., by [Ern and Guermond, 2004,
Proposition 4.13]. The symbols ∥·∥0,Ω and ∥·∥1,Ω denote the norms in the spaces
L2(Ω) and H1(Ω) respectively.

We solve the above-mentioned variational problem on a mesh consisting of
triangles. Its outline can be seen in Figure 2.2. Note that the mesh is much
finer around the interface z = 0. This is motivated by the expected behavior
of the interpolated functions. We expect the changes in z of all the relevant
quantities to be much more significant in the vicinity of z = 0 compared to the two
subdomains z ≪ 0 and z ≫ 0. In most of the usually encountered settings, finite
element spaces consist of functions that belong to a certain space of polynomials
on each triangle of the mesh and satisfy relevant continuity conditions to ensure
the required regularity of interpolated functions.

Figure 2.2: The mesh used in the diffuse interface version of the finite element solution
of the planar Stokes flow problem. Close to the interface z = 0, the mesh has been
refined multiple times to achieve greater precision in approximated functions in the
region where their variations are expected to be comparatively large. Note that all
plotted quantities are considered non-dimensional and without explicit physical units.

The next step is therefore to choose the spaces of polynomials for Vh and Qh

pertinent to our problem. As [Ern and Guermond, 2004, p. 186 – 189] show,
not every combination works. Problem (2.19) has a saddle point structure, which
makes it numerically unstable, and many choices of polynomial space combination
lead to unwanted oscillatory components called spurious modes appearing in the
numerical solution due to the violation of the Babuška-Brezzi condition (2.20).
The standard choice of finite element spaces that satisfy the condition (2.20) is
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based on the so-called Taylor-Hood element, where the restrictions of functions
from Vh to each element (triangle in our case) are polynomials of degree k+ 1 and
the restrictions of functions from Qh to each element are polynomials of degree
k, for some k ∈ N. The approximation Uh of the solution space is constructed
similarly to Vh, the only difference being in the conditions on the behavior of the
functions on ∂Ω. For the purposes of our numerical experiments, we have chosen
the Taylor-Hood mixed element with k = 1.

Following the results published by Chambat et al. [2014], we fix the values of
parameters1 of the implementation as

ρ1 = 1, ρ2 = 2, η = 1, λ = 1000, Ψ0 = 1, ε = 0.003.

Note that since there is no mention of the exact value of λ in the article by
Chambat et al. [2014], we have set it to a value large enough to capture the
“almost incompressible” nature of the problem setting. We have also decreased
the value of ε from the article value 0.03 to emphasize that the diffuse interface
approach is to be interpreted as a limiting process here.
Remark. While the exact values of physical parameters were not needed for the
sharp interface calculations in Section 2.2, the values above were chosen for the
plots shown in Figures 2.3a and 2.3b.

The FEniCS software environment was used for practical implementation of
the method described above. The FEniCS project is a collaborative software
package aimed at creating “easy, intuitive, efficient, and flexible software for
solving partial differential equations [. . . ] using finite element methods” (taken
from the FEniCS tutorial book by [Langtangen and Logg, 2017, p. 3]). Its detailed
presentation can be found in Alnaes et al. [2015].

2.4 Results and Interpretation
The resulting velocity component fields computed in the numerical experiment are
in Figure 2.3c, along with the exact solutions of the sharp interface model from
above. The exact solution plots were generated using Wolfram Mathematica and
the solution of the finite element numerical experiment was plotted in ParaView
(cf. Ahrens et al. [2005]).

If we compare the fields obtained numerically with those computed analytically
before, we see that while the z-components of the velocity fields are virtually
identical in all three cases, the classical traction jump in the sharp interface
approach leads to an x-component of v that differs considerably from the diffuse
interface numerical approximation. On the other hand, the traction jump proposed
by Chambat et al. [2014] corresponds very well to the fields computed in this
numerical experiment.

Besides serving as a proof of reproducibility for the results presented by
1Since the interest of the numerical experiment is primarily mathematical, we omit the units

of these parameters. This might also be interpreted as a consequence of the scaling procedure
from Section 1.3, since now we are effectively working with dimensionless variables. Nevertheless,
in Chapter 5 the issue of exact values of these parameters for a real physical system is addressed.

24



Chambat et al. [2014]2, the results presented in this section serve as evidence for
the Chambat et al. [2014] traction jump condition as the correct sharp interface
limit with respect to the diffuse interface approach. It is also a motivation for
further study of implications of solving the governing equations “inside” the
interface presented in the chapters that follow.

2.5 Note on Finite Element Implementation of
the Sharp Interface Model

We restricted ourselves to the diffuse interface point of view in the numerical
experiment to illustrate the usual approach to this sort of problem. Taking the
diffuse interface as an approximation of a system whose theoretical description
involves a sharp interface is very convenient. The main difficulty of implementing
the sharp interface case lies in the discontinuous nature of the quantities in the
equations. This restricts the possible choice of elements leading to stable numerical
schemes considerably. Furthermore, the implementation is made even more
challenging by the fact that the variational problem has to contain information of
the exact form of the discontinuity in the solution at the interface, given by the
prescribed traction jump. While transcending the scope of the work presented here,
these difficulties can nevertheless be overcome and a more detailed investigation
of this problem setting is a subject of ongoing research.

Chapter Summary The aim of this chapter was to illustrate the pitfalls of
taking the diffuse interface approach with all governing equations valid inside
the interface as an approximation of the sharp interface model with continuous
traction on a simple model of two-dimensional planar Stokes flow. For the sharp
interface model, we found and compared exact forms of velocity fields for the
trivial traction jump as well as the Chambat et al. [2014] traction jump involving
dynamic surface tension. We then formulated the diffuse interface model in terms
of the finite element method and compared the solution to the sharp interface
exact solutions, coming to the conclusion that the appropriate sharp interface
limit with respect to the diffuse interface approach is the one involving dynamic
surface tension in this particular simple case. This leads to further investigations
of the limit behavior of the diffuse interface solutions and its interpretation in
what follows.

2The method Chambat et al. [2014] used differs from the method presented in this work in
that Chambat et al. [2014] solved the ODEs obtained via the stream function method numerically
using Runge-Kutta methods in all three cases, whereas the solution we have presented for the
sharp interface model is fully analytical, and the diffuse interface model is implemented in finite
elements.
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(a) sharp interface – classical traction jump

(b) sharp interface – Chambat traction jump

(c) diffuse interface

Figure 2.3: Planar flow velocity fields in the sharp and diffuse interface approaches.
The two versions of the flow profile in the sharp interface model represent the classical
and Chambat traction jump conditions. It is evident that the numerical solution
yields results inconsistent with the theoretically predicted behavior assuming continuous
traction, which can be seen here in the differences between the x-components of the
respective velocity fields. This inconsistency can be catered for by introducing a
nontrivial jump in traction attributed by Chambat et al. [2014] to dynamic surface
tension. Note that all plotted quantities are considered non-dimensional and without
explicit physical units.
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Chapter 3

Dynamic Surface Tension –
Analytical Insights

The conclusion of the previous chapter was that there is indeed a new phenomenon
in the form of dynamic surface tension that arises when solving the Stokes flow
across an interface from the diffuse interface point of view. This chapter aims at
giving an insight into the way the nontrivial jump of traction is obtained from
the limiting process of the transitional layer thickness going to zero, still using
simple enough models to allow fully analytical treatment.

The expression for the traction jump condition (1.18) proposed by Chambat
et al. [2014] consists of two terms – one corresponding to the Marangoni effect
and other to the Young-Laplace law. It is therefore illustrative to investigate the
properties of the diffuse interface solutions in special geometries, where one of the
terms vanishes. Hence, in what follows, we first treat a two-dimensional system
with a planar interface, where only the Marangoni term is nontrivial, and then
shift our focus to a radially symmetric flow across a spherical interface, relevant
to the Young-Laplace term. Note that the planar system differs slightly from the
one treated in the previous chapter, as we are essentially solving the equations in
an unbounded domain, and we are only interested in the behavior of the solutions
near the interface.

The observations made in this chapter will then serve as a starting point for
the study of generalized solutions of governing equations in domains with an
interface in subsequent chapters.

3.1 Diffuse Interface Solutions for the Planar In-
terface

In this section, we consider a two-dimensional planar flow (the coordinates being
again x and z) with an interfacial layer centered around z = 0. We assume that
the governing equations (1.14), (1.15) hold everywhere in the (a priori unbounded)
domain, including the interface, and take the jump of the xz-component of the
Cauchy stress tensor as the limit

[[Txz]] = lim
δ→0

∫︂ δ

−δ

∂Txz

∂z
dz, (3.1)
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assuming its differentiability for any fixed δ. This assumption follows from the
assumption of existence of classical solution inside the interface.

In the two-dimensional planar flow, the Cauchy stress tensor given by (1.19)
takes the form

T =
[︄
Txx Txz

Txz Tzz

]︄
,

where

Txx = −p+ (2η + λ)∂vx

∂x
+ λ

∂vz

∂z
,

Txz = η

(︄
∂vz

∂x
+ ∂vx

∂z

)︄
,

Tzz = −p+ λ
∂vx

∂x
+ (2η + λ)∂vz

∂z
.

(3.2)

We regularize the jump discontinuities in the density field as well as in the
rheology parameters η, λ, using one smooth profile function f(z) for all quantities.
We set

1
ρ

(z) = 1
ρ0
f(z), η(z) = η0f(z), λ(z) = λ0f(z). (3.3a)

In addition, we prescribe a special nontrivial mass flux and the corresponding
velocity field

q(x) = q0x, v(x, z) = vz(x, z)ez = q(x)
ρ(z)ez. (3.3b)

The form of the velocity field above has been chosen mainly for the sake of
simplicity and for illustrative purposes. Additional remarks on the scope of this
choice are made further on. First, let us verify that this choice of transitional
profiles is compatible with the momentum balance equation.

Lemma 3.1. The forms of field quantities postulated in (3.3) define a class of
solutions of the momentum balance equation (1.15) in the case of two-dimensional
planar flow.

Proof. If we now substitute the transitional profiles (3.3) into the constitutive
formulae (3.2), we obtain

Txx = −p+ λ0q(x)
ρ0

(︄
f 2

2

)︄′

(z),

Txz = η0q̇(x)
ρ0

f 2(z),

Tzz = −p+ (2η0 + λ0)q(x)
ρ0

(︄
f 2

2

)︄′

(z).

In view of the above identities, the momentum balance

∂Txx

∂x
+ ∂Txz

∂z
= 0, ∂Txz

∂x
+ ∂Tzz

∂z
= 0,
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can be written in the form

∂p

∂x
= (λ0 + 2η0)q̇(x)

ρ0

(︄
f 2

2

)︄′

(z),

∂p

∂z
= 2η0q̈(x)

ρ0

(︄
f 2

2

)︄
(z) + (2η0 + λ0)q(x)

ρ0

(︄
f 2

2

)︄′′

(z).

The first term in the second equation vanishes because q is assumed to be linear.
The compatibility condition for this system to be solvable is the equality of

mixed second partial derivatives of p. Taking the z-partial derivative of the first
equation and the x-partial derivative of the second yields

∂2p

∂z∂x
= ∂2p

∂x∂z
= (λ0 + 2η0)q̇(x)

ρ0

(︄
f 2

2

)︄′′

(z),

which means that the two equations are compatible and the system is solvable for
the proposed transitional profiles.

Remark. The compatibility condition on the second mixed partial derivatives of
pressure in fact requires only that the third derivative of q be trivial. The velocity
profile could therefore be defined in a more general form using

q(x) = q0 + q1x+ q2x
2

with q0, q1, q2 constants. However, this generalization is of little interest in the
context of the studied properties of the flow, which makes the choice of simple
linear velocity profile in the x coordinate more reasonable.

Now that we have made sure that the assumption on the form of the field
quantities inside the interface is consistent with the momentum balance equation,
we can proceed to deriving the jump of the xz-component of the Cauchy stress
tensor. We shall compare the results obtained via the definition of the jump (3.1)
to the results from substituting the profiles (3.3) into the Chambat et al. [2014]
form of the traction jump

[[Txz]] = lim
δ→0

2 ∂

∂x

(︄
ρvz

∫︂ δ

−δ
η
∂

∂z

(︄
1
ρ

)︄
dz
)︄
.

First, let us use the definition of the jump. Substituting the transitional
profiles into Equation (3.1) leads to

[[Txz]] = lim
δ→0

∫︂ δ

−δ

∂Txz

∂z
dz =

= 2η0q̇(x)
ρ0

lim
δ→0

∫︂ δ

−δ

(︄
f 2

2

)︄′

(z) dz =

= η0q̇(x)
ρ0

[[f 2]].

On the other hand, the Chambat et al. [2014] jump condition in conjunction
with the assumed form of regularization of discontinuities in the relevant physical
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quantities yields

[[Txz]] = lim
δ→0

2 ∂

∂x

(︄
ρvz

∫︂ δ

−δ
η
∂

∂z

(︄
1
ρ

)︄
dz
)︄

=

= 2η0q̇(x)
ρ0

lim
δ→0

∫︂ δ

−δ

(︄
f 2

2

)︄′

(z) dz =

= η0q̇(x)
ρ0

[[f 2]].

It is therefore clear that these two methods of deriving the jump conditions are
equivalent in the special case where the velocity and density fields as well as
the viscosity coefficients inside the transitional layer are given by formulae from
Equations (3.3). Thus, the sharp interface limit of planar diffuse interface solutions
does not lead to continuous traction, but on the contrary it induces a nontrivial
jump that can be interpreted as the Marangoni term of dynamic surface tension
inside the interface.
Remark. The purpose of the model given by transitional profiles (3.3) is primarily
to illustrate the diffuse interface approach and the results it yields in relation to
the traction jump condition proposed by Chambat et al. [2014]. Hence, while this
model generates a class of admissible solutions of the momentum balance system
of equations in a relatively straightforward way, it is quite restrictive in terms of
scaling of discontinuities in respective quantities. By specifying the profile via a
multiple of a single smooth function f(z), the model essentially leaves just one
degree of freedom to each quantity.

A more general model would involve specifying two parameters for each
discontinuous physical quantity, one describing its magnitude and other scaling
its jump. This type of model will be investigated for the radially symmetric flow
problem in the next section.

In the following chapter, we suggest that the idea of regularization of discon-
tinuities presented above using a specific profile function f can be generalized
to allow a mathematically sensible treatment of nonlinear singular terms such
as those seen in the traction jump by Chambat et al. [2014], where the product
η∂z(1/ρ) behaves as a product of a Heaviside function by a Dirac mass at its point
of discontinuity in the limit δ → 0.

3.2 Diffuse Interface Solutions for the Spherical
Interface

The second special case we treat here is the case of a spherically symmetric
velocity field diverging from a point. It is clearly efficient to describe the problem
in spherical coordinates (r, θ, ϕ). Since the problem is supposed to be radially
symmetric, we assume the following form of the field quantities of interest:

v = v(r)er, ρ = ρ(r), λ = λ(r), η = η(r). (3.4)
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Using the expressions for the action of vector operators on functions of spherical
coordinates

div v = div (v(r)er) = 1
r2

d
dr (r2v),

1
2
[︂
∇v + (∇v)T

]︂
= dv

drer ⊗ er + v

r
(eθ ⊗ eθ + eϕ ⊗ eϕ) ,

found, e.g., in the book by [Martinec, 2010, p. 233 – 238], it can be deduced that
the Cauchy stress tensor is given by

T =

⎡⎢⎣Trr 0 0
0 Tθθ 0
0 0 Tϕϕ

⎤⎥⎦ ,
where

Trr = −p+ 2λv
r

+ (λ+ 2η)dv
dr , (3.5)

Tθθ = Tϕϕ = −p+ 2(λ+ η)v
r

+ λ
dv
dr .

The next step is to substitute the explicit form of T into the momentum balance
equation (1.15). The vector analysis formulae presented by Martinec [2010] yield

divT =
[︄

1
r2

∂

∂r
(r2Trr) − 1

r
(Tθθ + Tϕϕ)

]︄
er+

+
[︄

1
r sin θ

∂

∂θ
(sin θTθθ) − cot θ

r
Tϕϕ

]︄
eθ + 1

r sin θ
∂Tϕϕ

∂ϕ
eϕ = o.

(3.6)

In view of the assumptions (3.4) on the velocity and density fields and on the
viscosity coefficients, the only term in the presently considered form of the Cauchy
stress tensor that may depend on the angular coordinates θ, ϕ is the pressure.
This issue is addressed in the following lemma.

Lemma 3.2. In a radial quasi-static Stokes flow diverging from a point, the
pressure field is radial, i.e., p = p(r).

Proof. The ϕ-component of Equation (3.6) reads

1
r sin θ

∂Tϕϕ

∂ϕ
= − 1

r sin θ
∂p

∂ϕ
= 0,

therefore the pressure cannot depend on ϕ. Moreover, if we take its θ-component,
then it is clear from the simple manipulations

1
r sin θ

∂

∂θ
(sin θTθθ) − cot θ

r
Tϕϕ = = cot θ

r
[Tθθ − Tϕϕ]⏞ ⏟⏟ ⏞

=0

+1
r

∂Tθθ

∂θ
= −1

r

∂p

∂θ
= 0

that the pressure must be independent of θ, too. Consequently, the pressure field
p = p(r) is radial.
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If we now rearrange the remaining terms in Equation (3.6) and express the
angular components of T as

Tθθ = Tϕϕ = Trr − 2ηdv
dr + 2ηv

r
,

we can conclude that the mass balance equation for the radial flow reduces to an
ODE for Trr

dTrr

dr + 4η
r

(︄
dv
dr − v

r

)︄
= 0. (3.7)

As for the mass balance equation (1.14), it can be integrated directly as follows:

div (ρv) = 1
r2

d
dr (r2ρv) = 0 =⇒ ρv = C

r2 , (3.8)

where C is a constant to be determined.
For the traction jump (jump of the rr-component of the Cauchy stress tensor),

the aim is to compare the discontinuity implied by the limiting behavior of the
diffuse interface solution to the Chambat et al. [2014] jump condition (1.18), which
reduces to

[[Trr]] = −4ρv
R

lim
δ→0

∫︂ R+δ

R−δ
η

d
dr

(︄
1
ρ

)︄
dr (3.9)

in the radial case.
Suppose we model the interface as a spherical surface located at r = R. As for

the two-dimensional planar flow, we proceed to treat the interface as a transitional
layer corresponding to the interval [R − δ, R + δ] for some small value of δ. Next,
we regularize the discontinuities in both the density and the viscosity fields via
the same transitional profile function χ(r) as

1
ρ

(r) = g + g∆ χ(r), η(r) = f + f∆ χ(r), (3.10)

where f , f∆, g, g∆ are assumed constant. Substituting these profiles into Equation
(3.7) along with the expression for velocity from Equation (3.8) then yields

0 = dTrr

dr − 4C
r3 (f + f∆ χ(r))g∆ χ

′(r) − 12C
r4 (f + f∆ χ(r))(g + g∆ χ(r)) =

= dTrr

dr − 4C
r3

(︄
fg∆ χ+ f∆g∆

2 χ2
)︄′

(r) − 12C
r4 (f + f∆ χ(r))(g + g∆ χ(r)).

The jump condition can then be obtained by integrating the equation, which leads
to

[[Trr]] = − lim
δ→0

∫︂ R+δ

R−δ

4C
r3

(︄
fg∆ χ+ f∆g∆

2 χ2
)︄′

(r)+

+ lim
δ→0

∫︂ R+δ

R−δ

12C
r4 (f + f∆ χ(r))(g + g∆ χ(r)) dr =

= −4C
R3

(︄
fg∆[[χ]] + f∆g∆

2 [[χ2]]
)︄

+

+ 12C lim
δ→0

∫︂ R+δ

R−δ

fg∆ χ+ f∆g∆
2 χ2 + (f + f∆ χ(r))(g + g∆ χ(r))

r4 dr⏞ ⏟⏟ ⏞
=0

,

(3.11)
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where the integral vanishes in the limit due to the regularity of the integrand.
On the other hand, substituting the transitional profiles (3.10) into the jump

condition (3.9) proposed by Chambat et al. [2014] gives us

[[Trr]] = −4 C
R3 lim

δ→0

∫︂ R+δ

R−δ
(f + f∆ χ(r))g∆ χ

′(r) dr = −4C
R3

(︄
fg∆[[χ]] + f∆g∆

2 [[χ2]]
)︄
,

which is the same result as in Equation (3.11).
The results of this section confirm the hypothesis postulated by Chambat et al.

[2014] that, in the limit δ → 0, the diffuse interface approach does not correspond
to the classical requirement of continuous traction across the interface in the case
of a radially symmetric flow. Instead, the limiting behavior of the diffuse interface
solution induces a discontinuity in the rr-component of the Cauchy stress tensor
similar to the Young-Laplace law and attributed by Chambat et al. [2014] to
dynamic surface tension inside the interface.

Chapter Summary The goal of this chapter was to provide an insight into
the behavior of diffuse interface solutions of the quasi-static Stokes flow in two
special cases, planar and radial, and to illustrate how the respective terms of
the dynamic surface tension introduced by Chambat et al. [2014] are indeed an
intrinsic property of the diffuse interface model. In what follows, we shall study
the sharp interface as a limit of the diffuse interface approach in a mathematically
rigorous framework of generalized functions well-suited to the type of equations
encountered here.
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Chapter 4

Generalized Solutions of the
Governing Equations

In what follows, we shall extend the ideas illustrated on the special cases treated in
Chapter 3 to a more general mathematical framework. The mathematical theory
used to interpret the Stokes flow problem enables further generalizations of the
setting, which will be discussed.

Since we are interested in a system where multiple known and unknown
variables are expected to be discontinuous, it is natural to seek some kind of
generalized solutions for the governing equations. These are usually constructed
using the linear distribution theory introduced by Schwartz [1950]. Despite
being very abstract mathematically, the theory of distributions has clear physical
motivation, whether it is the mathematical treatment of point charges in classical
electrodynamics, or the notion of a localized particle in quantum mechanics.

However, as was shown very early on by Schwartz [1954], the linear theory
with its intuitive properties fails to cater for nonlinear operations as simple as
distribution multiplication. This assertion, referred to as the Schwartz impossi-
bility result, essentially means that any nonlinear theory of generalized functions
necessarily has to lose intuitive properties like consistency of multiplication of
continuous functions. There were several attempts to overcome this difficulty, but
the approach of Jean François Colombeau, presented for example by Rosinger
[1987], has proved to be one of the more convenient by its numerous applications,
namely in theory of nonlinear elasticity (cf. Průša and Rajagopal [2016]).

We start the chapter by stating fundamental definitions and properties of the
Colombeau algebra. Then we take the radial stationary Stokes problem discussed
in Section 3.2 and reinterpret the equation in terms of the newly introduced
generalized framework. To end the chapter, a numerical illustration of the derived
results is given by investigating the convergence of the diffuse interface solutions
to the sharp interface model with the formally derived traction jump.

4.1 Review of the Colombeau Algebra of Gen-
eralized Functions

We first give a brief outline of the theoretical framework used throughout the rest
of the chapter. The definitions as well as parts of the notation are taken from

34



Rosinger [1987].
The starting point for Colombeau’s construction of nonlinear theory of gener-

alized functions is the fact that any distribution T ∈ D′ can be approximated by
functions from C∞ via convolutions with compactly supported smooth functions
ϕε ∈ D such that limε→0+ ϕε = δ in D′, where δ is the Dirac distribution. These
functions are sometimes called smoothing kernels. The key here is to define
appropriate classes of smooth approximations in order to obtain a differential
algebra with the corresponding quotient structure.

4.1.1 Colombeau Algebra Definition
To restrict the choice of smoothing kernels, let us define the following index sets.

Definition 4.1. For m ∈ N, define Φm as the set of all functions ϕ ∈ D(Rn)
satisfying∫︂

Rn
ϕ(x) dx = 1 and ∀α ∈ Nn

0 , 1 ≤ |α| ≤ m :
∫︂
Rn
xαϕ(x) dx = 0,

where α is a multiindex.

It is easy to see that the inclusions

Φ1 ⊃ Φ2 ⊃ · · · ⊃ Φm ⊃ · · ·

hold, which leads us to define the basic index set as Φ := Φ1. The object used
to construct the Colombeau algebra is E [Rn] := (C∞(Rn))Φ, i.e., the space of
“sequences” of C∞ functions “indexed” by functions from Φ. The notation we use
further on refers to the elements of E [Rn] as the mappings

f : Φ × R ∋ (ϕ, x) ↦→ f(ϕ, x) ∈ C.

For the sake of convenience, we denote

ψε(x) := 1
εn
ψ
(︃
x

ε

)︃
, ∀x ∈ Rn,

where ψ ∈ D(Rn) is arbitrary such that
∫︁
Rn ψ = 1 and ε > 0.

The construction itself consists of three steps. First, we define an appropriate
subalgebra in E [Rn]. Then, we find an ideal in that subalgebra. Finally, the
Colombeau algebra itself is defined as the quotient of these two objects.

Definition 4.2. Let A be the subalgebra in E [Rn] consisting of all f ∈ E [Rn]
such that

∀K ⊂ Rn compact, ∀α ∈ Nn
0 , ∃m ∈ N : ∀ϕ ∈ Φm, ∃η, c > 0 :

|Dαf(ϕε, x)| ≤ c

εm
, ∀x ∈ K, ∀ε ∈ (0, η),

(4.1)

where Dα is the usual partial derivative of the C∞ function Rn ∋ x ↦→ f(ϕε, x) ∈ C.
Let I be the ideal in A given by f ∈ A such that

∀K ⊂ Rn compact, ∀α ∈ Nn
0 , ∃l ∈ N, ∃b ∈ B :

∀m ∈ N,m ≥ l, ∀ϕ ∈ Φm, ∃η, c > 0 :
|Dαf(ϕε, x)| ≤ cεb(m)−l, ∀x ∈ K, ∀ε ∈ (0, η),

(4.2)
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where we have denoted

B :=
{︃
b : N → (0,+∞); b increasing, lim

m→∞
b(m) = +∞

}︃
.

The Colombeau algebra of generalized functions is then defined by the quotient
structure G(Rn) := A/I.

The interpretation of the definition above is the following. The ideal I has
the role of the null element in the Colombeau algebra. Indeed, the condition (4.2)
requires that all derivatives of each f ∈ I converge uniformly to zero as ε → 0+.
Furthermore, the convergence has to be faster for smoothing kernels with more
vanishing moments, hence the increasing sequence b(m) in (4.2). It can easily be
shown (cf. [Rosinger, 1987, p. 59]) that I is not an ideal in E [Rn]. It is thus
necessary to define a subalgebra in E [Rn] compatible with the structure of I. This
is ensured by the condition (4.1) in the definition of A. The Colombeau algebra
itself is then defined as the space of equivalence classes with respect to I, i.e., two
functions from A are considered equal in G provided that their difference is an
element of I.
Remark. The elements of A are sometimes called moderate generalized functions,
and the elements I are called null generalized functions (cf. Průša and Rajagopal
[2016]).

By definition, G(Rn) is an associative and commutative algebra. It can
also be equipped with differential structure via the partial derivative operators
Dα : G(Rn) → G(Rn), α ∈ Nn

0 defined by

Dα(f + I) := Dαf + I, ∀α ∈ Nn
0 , ∀f ∈ A. (4.3)

Clearly, the operators Dα are linear and satisfy the Leibniz product rule.

4.1.2 Embeddings
The next logical step is to determine the representation of particular classes
of functions or distributions in the Colombeau algebra and investigate their
compatibility with nonlinear operations, namely multiplication. We introduce the
three special cases that will be useful in the following sections.

First, consider the embedding C∞ ⊂ G defined by the mapping

C∞(Rn) ∋ f ↦→ ˜︁f + I ∈ G(Rn), (4.4)

where ˜︁f(ϕ, x) := f(x), ∀ϕ ∈ Φ, ∀x ∈ Rn. (4.5)
Thus, the representation of an arbitrary function from C∞ in Colombeau algebra
is the function itself.

Next, the embedding C0 ⊂ G is defined by the mapping

C0(Rn) ∋ f ↦→ f + I ∈ G(Rn), (4.6)

where

f(ϕ, x) :=
∫︂
Rn
f(x+ y)ϕ(y) dy =

∫︂
Rn
f(y)ϕ(y − x) dy, ∀ϕ ∈ Φ, ∀x ∈ Rn. (4.7)
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Finally, define the embedding D′ ⊂ G by the mapping

D′(Rn) ∋ T ↦→ fT + I ∈ G(Rn), (4.8)

where
fT (ϕ, x) := Ty(ϕ(y − x)), ∀ϕ ∈ Φ, ∀x ∈ Rn. (4.9)

Note that the embedding (4.6) is a special case of the embedding (4.8), since (4.9)
reduces to (4.7) for a regular distribution T generated by a continuous function f .

As argued by Rosinger [1987], the following embedding properties follow
trivially from the above constructions.

Theorem 4.3. (i) The embedding C∞(Rn) ⊂ G(Rn) is an embedding of differ-
ential algebras and the function 1 is the unit in the algebra G(Rn).

(ii) The embedding C0(Rn) ⊂ G(Rn) is an embedding of vector spaces.

(iii) The embedding D′(Rn) ⊂ G(Rn) is an embedding of vector spaces that extends
the distributional partial derivatives. In particular, Dα on G(Rn) coincides
with the usual partial derivative Dα of smooth functions when restricted to
C l(Rn), l ∈ N ∪ {∞}, l ≥ |α|.

4.1.3 Generalized Complex Numbers
In J. F. Colombeau’s theory, a generalized function is represented by an entire class
of mappings from Φ ×Rn to C that are equivalent in the sense of the definition of
the ideal I. Consequently, the definition of the value of such generalized functions
requires a similar structure on the field of complex numbers. This is the main
motivation behind the following definition of generalized complex numbers.

In analogy with the construction of the algebra G(Rn), the starting point is
the algebra E0 := CΦ.

Definition 4.4. Let A0 be the subalgebra in E0 consisting of all h ∈ E0 such that

∃m ∈ N : ∀ϕ ∈ Φm, ∃η, c > 0 : |h(ϕε)| ≤ c

εm
, ∀ε ∈ (0, η). (4.10)

Let I0 be the ideal in A0 given by h ∈ A0 such that

∃l ∈ N, ∃b ∈ B : ∀m ∈ N,m ≥ l, ∀ϕ ∈ Φm, ∃η, c > 0 :
|h(ϕε)| ≤ cεb(m)−l, ∀ε ∈ (0, η).

(4.11)

The associative and commutative algebra C of generalized complex numbers is
defined by C := A0/I0.

Similar to the embedding of C∞ functions in the Colombeau algebra, we can
define the embedding C ⊂ C by the mapping

C ∋ z ↦→ ˜︁z + I0 ∈ C, (4.12)

where ˜︁z(ϕ) = z for all ϕ ∈ Φ. This embedding is clearly an embedding of algebras
(cf. [Rosinger, 1987, p. 70]).

As we will see later on, it is of advantage to define the following weaker notion
of correspondence between usual and generalized complex numbers.
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Definition 4.5. The usual complex number z ∈ C is said to be associated with
the generalized complex number z ∈ C, denoted z ⊢ z, if there is a representation
z = h+ I0 ∈ C such that

∃m ∈ N, ∀ϕ ∈ Φm : lim
ε→0+

h(ϕε) = z.

Since not every generalized complex number is associated to a usual complex
number (see [Rosinger, 1987, p. 70]), it makes sense to introduce the set

C0 :=
{︂
z ∈ C; ∃z ∈ C : z ⊢ z

}︂
.

With the above construction of generalized complex numbers, it is straightfor-
ward to define the point value of a generalized function.

Definition 4.6. Let F = f + I ∈ G(Rn), f ∈ A be a generalized function and
let x ∈ Rn. The value F (x) of F at x is the generalized complex number

F (x) := fx + I0 ∈ C,

where fx ∈ A0 is defined by fx(ϕ) := f(ϕ, x) for all x ∈ Rn.

The embeddings introduced in Section 4.1.2 induce the properties of point
values in G summarized in the theorem below. Proofs of these statements can be
found in the textbook by [Rosinger, 1987, p. 75 – 77].

Theorem 4.7. (i) Let F ∈ G(Rn) be given by a C∞ function, i.e., F := f ∈
C∞(Rn) ⊂ G(Rn). Then the value of F at x ∈ Rn coincides with the usual
function value f(x) ∈ C ⊂ C.

(ii) Let F := f ∈ C0(Rn) ⊂ G(Rn), x ∈ R. Then F (x) ∈ C0 and F (x) ⊢ f(x).

For technical purposes, we also define the notion of integration in Colombeau
algebra.

Definition 4.8. Let F = f + I ∈ G(Rn), f ∈ A be a generalized function and
let K ⊂ Rn be compact. We define the integral of F on K as the generalized
complex number ∫︂

K
F (x) dx := h+ I0 ∈ C,

where
h(ϕ) :=

∫︂
K
f(ϕ, x) dx, ∀ϕ ∈ Φ.

Let F ∈ G(Rn), ψ ∈ D(Rn), K ⊂ Rn compact such that suppψ ⊂ K. The
integral of ψ · F over K (both the product and the integration in the sense of
Colombeau algebra) clearly does not depend on K, which allows us to define∫︂

Rn
(ψ · F )(x) dx :=

∫︂
K

(ψ · F )(x) dx.
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4.1.4 Coupled Calculus
As we have mentioned at the beginning of this chapter, any effort to extend the
linear theory of generalized functions to nonlinear operations is made all but
infeasible by the Schwartz impossibility result. This is true for Colombeau algebra,
too. Even fairly simple examples illustrate that the structure of G is compatible
neither with the usual product of continuous functions (cf. [Rosinger, 1987, p. 63
– 64]), nor with the multiplication of a distribution by a C∞ function, which is
well-defined in D′ (cf. [Rosinger, 1987, p. 65]).

To account for these inconsistencies, additional structure is introduced into the
Colombeau algebra in the form of equivalence relations weaker than the equality
in the sense of G. For the purposes of this thesis, it is especially useful to consider
the equivalence in the sense of association defined below.
Definition 4.9. A distribution T ∈ D′(Rn) is said to be associated with a
generalized function F ∈ G(Rn), denoted F ⊩ T , if∫︂

Rn
(ψ · F )(x) dx ⊢

∫︂
Rn

(ψ · T )(x) dx, ∀ψ ∈ D(Rn),

where both products and both integrals are taken in the sense of G(Rn).
Two generalized functions F1, F2 ∈ G(Rn) are said to be associated, denoted

F1 ≈ F2, if F2 − F1 ⊩ 0.
The above introduced weaker concept of equivalence of generalized functions

has several convenient properties and a few drawbacks that are listed below. Some
of the properties are trivial consequences of the construction of G and the definition
of equivalence in the sense of association. In the case of less direct observations,
the reader is invited to refer to Appendix B for their proofs.

(i) Equivalence in the sense of association is compatible with the vector space
structure of G(Rn) as well as with the partial derivative operators Dα on
G(Rn) defined by (4.3).

(ii) The equivalence relation ≈ reduces to the usual equality = of distributions
when restricted to D′(Rn).

(iii) If F1, F2 ∈ G(Rn) satisfy Fi = fi ∈ C0(Rn) ⊂ G(Rn), i = 1, 2 in the sense
of the embedding (4.6) – (4.7), then F1 · F2 ≈ Tf1·f2 , where the product on
the left-hand side is taken in G(Rn) and the right-hand side is a Colombeau
algebra representation of the regular distribution corresponding to the usual
product of continuous functions f1, f2.

(iv) Equivalence in the sense of association is not compatible with multiplication
in G(Rn). Namely, it can be shown (cf. Lemma B.5) that while the identities
in the sense of association

Hq ≈ H, (r + 1)Hr · δ ≈ δ

hold in G, the product of the left-hand sides of these identities is not
associated to the product of the right-hand sides.

The last property shows that a fully general theory of nonlinear generalized
functions is hardly feasible, even with an elaborate algebraic structure like G. The
following section further supports this claim, introducing the concept of more
general nonlinear operations with elements of Colombeau algebra.
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4.1.5 Nonlinear Operations
Definition 4.10. A function φ : Rr → C is called slowly increasing if there exist
a, c > 0 such that

|φ(ξ)| ≤ c(1 + |ξ|)a, ∀ξ ∈ Rr.

The function space Θ(Rr) is the differential subalgebra of C∞(Rr) defined by

Θ(Rr) := {φ ∈ C∞(Rr); ∀α ∈ Nr
0 : Dαφ slowly increasing} .

Definition 4.11. Let F1, . . . , Fm ∈ G(Rn), m ∈ N, and let φ ∈ Θ(Rm). The
nonlinear operation φ(F1, . . . , Fm) ∈ G(Rn) is defined by

φ(F1, . . . , Fm) := φ(f1, . . . , fm) + I ∈ G(Rn),

where Fi = fi + I ∈ G(Rn), i = 1, . . . ,m.

According to [Rosinger, 1987, p. 104 – 105], this definition is correct in
Colombeau algebra.

The embedding (4.4) implies that, for F1, . . . , Fm given by C∞ functions
f1, . . . , fm, the nonlinear operation φ(F1, . . . , Fm) reduces to the usual C∞ function
φ(f1, . . . , fm). Similarly, if f1, . . . , fm ∈ C0(Rn) ⊂ G(Rn) in the sense of (4.6),
then the generalized function φ(F1, . . . , Fm) is associated in the sense of Definition
4.9 to the regular distribution induced by φ(f1, . . . , fm).

4.2 Application to the Radial Stokes Flow
We are now sufficiently equipped to investigate general solutions of the Stokes
flow problem that is at the core of this thesis. For the sake of formal simplicity,
as well as relatively straightforward generalization in terms of fluid models, we
treat the radially symmetric flow diverging from a point described in Section 3.2.

Recall that the radial case assumes a spherically symmetric velocity field
v = v(r)er and the density ρ, together with the material properties η, λ, are also
taken to be r-dependent only. The system is described by the mass balance, which
upon integration (cf. (3.8)) yields simply

ρv = C

r2 ,

and the momentum balance that can be expressed in form of the ODE (cf. (3.7))

dTrr

dr + 4η d
dr

(︃
v

r

)︃
= 0, r ∈ (0,+∞).

The interface is incorporated into the model by assuming that one or more physical
quantities are discontinuous at r = R for a fixed value R ∈ (0,+∞).

Purely as a matter of convenience, we introduce the substitution x := r −R.
The governing equations then read

ρv = C

(x+R)2 , (4.13)

dTrr

dx + 4η d
dx

(︃
v

x+R

)︃
= 0, x ∈ (−R,+∞). (4.14)
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This substitution enables us to describe the discontinuities in field quantities using
the Heaviside function in its simplest form

H(x) =

⎧⎨⎩0, x < 0,
1, x > 0.

In what follows, it proves useful to introduce the notation H+ := H, H− := 1 −H.
For later reference, we also recall that the Dirac δ distribution is defined by

⟨δ, φ⟩ = φ(0), ∀φ ∈ D(R).

Remark. Equation (4.13) hints at the fact that the appropriate algebraic structure
for the study of this problem is G((−R,+∞)) rather than G(R) defined in the
previous section, which might lead to inconsistencies when using the properties of
Colombeau algebra later on. However, the passage from G(R) to G((−R,+∞))
is purely technical, as shown by [Rosinger, 1987, p. 105 – 108]. The exposition
of Colombeau algebra on Rn rather than on arbitrary domains in Section 4.1
was chosen for its illustrative nature without the need for tedious mathematical
formalities.

4.2.1 Formal Derivation of the Radial Flow ODE
Similar to the discussion in Section 3.2, our aim here is to investigate the jump of
traction Trr in a system with discontinuous density and possibly discontinuous
rheology. Thus, as a preliminary step, we need to eliminate the velocity from
Equation (4.14) and introduce the inverse density into the equation according to
(4.13). This amounts to proving the identity

v

r
= C

r3
1
ρ

(4.15)

in G((−R,+∞)), where we assume that the velocity and inverse density fields are
of the form

v := ˜︁v1 + ˜︁v2H+,
1
ρ

:= 1˜︁ρ1
+ 1˜︁ρ2

H+, (4.16)

where ˜︁vi, 1/˜︁ρi, i = 1, 2 are smooth functions. The identity (4.15) holds trivially
for v, 1/ρ smooth. Therefore, by considering Equation (4.13) on (−R, 0) and
(0,+∞) respectively, we obtain

˜︁vi

r
= C

r3
1˜︁ρi

, i = 1, 2,

where the equality is understood in the usual context of smooth functions. In
order for the substitution v ↔ 1/ρ to make sense in the Colombeau algebra, the
implication

˜︁v2

r
= C

r3
1˜︁ρ2

in C∞((−R,+∞)) =⇒
˜︁v2

r
H+ = C

r3
1˜︁ρ2
H+ in G((−R,+∞))

is necessary. Fortunately, this is a direct consequence of the embedding C∞ ⊂ G
defined by (4.4) – (4.5). We can therefore conclude that the identity (4.15) with
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v and 1/ρ given by (4.16) holds in G((−R,+∞)). Hence, we can substitute the
mass balance (4.13) into the momentum balance (4.14) to obtain the ODE

dTrr

dx + η
d
dx

(︄
4C

(x+R)3
1
ρ

)︄
≈ 0, x ∈ (−R,+∞), (4.17)

where the ≈ sign means that, instead of strict equality, we are looking for Trr ∈
G((−R,+∞)) satisfying the equation in the sense of association.

4.2.2 Interpretation of Nonlinear Terms
We proceed to investigate the meaning and properties in G of the term

η
d
dx

(︄
4C

(x+R)3
1
ρ

)︄

that is nonlinear if both density and viscosity are assumed discontinuous. The chief
tool in its interpretation is the assumption of some sort of functional relationship
between the two discontinuities. In what follows, we first apply this technique to a
special case of polynomial discontinuity and then discuss a more general approach.

Polynomial Discontinuity

To illustrate the power of the Colombeau algebra framework, let us first discuss a
simple case where we assume that the quantities of interest can be expressed as

Trr = y + y∆H+, η = f + f∆H
q
+,

4C
(x+R)3

1
ρ

= g + g∆H+, (4.18)

where f , f∆, g, g∆ are smooth functions and q ∈ N. The term y∆ corresponds to
the jump of traction. The goal of the following investigation is therefore to derive
a theoretical expression for this term.

Substituting these expressions into Equation (4.17) yields

dy
dx + dy∆

dx H+ + y∆δ + (f + f∆H
q
+)
(︄

dg
dx + dg∆

dx H+ + g∆δ

)︄
≈ 0.

If we expand the last term on the left-hand side, we get

(f + f∆H
q
+)
(︄

dg
dx + dg∆

dx H+ + g∆δ

)︄
=

= f
dg
dx + f

dg∆

dx H+ + fg∆δ + f∆
dg
dxH

q
+ + f∆

dg∆

dx H
q+1
+ + f∆g∆H

q
+ · δ.

While, as we have mentioned above, the association of generalized functions is
not in general compatible with multiplication in the sense of G, it can be shown
(cf. Lemma B.3) that the identities

Hq
+ ≈ H+, Hq

+ · δ ≈ 1
q + 1δ, ∀q ∈ N
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hold. This means that we can write

(f + f∆H
q
+)
(︄

dg
dx + dg∆

dx H+ + g∆δ

)︄
≈

≈ f
dg
dx +

(︄
f

dg∆

dx + f∆
dg
dx + f∆

dg∆

dx

)︄
H+ +

(︄
fg∆ + f∆g∆

q + 1

)︄
δ.

(4.19)

We proceed by rewriting the smooth function terms f dg
dx

, dy
dx

in the form

f
dg
dx ≈ f

dg
dxH− + f

dg
dxH+,

dy
dx ≈ dy

dxH− + dy
dxH+,

and thus obtain(︄
dy
dx + f

dg
dx

)︄
H− +

(︄
d
dx(y + y∆) + (f + f∆) d

dx(g + g∆)
)︄
H++

+
(︄
y∆ + fg∆ + f∆g∆

q + 1

)︄
δ ≈ 0.

This is an algebraic equation in G that has the form
F1 ·H− + F2 ·H+ + F3 · δ ≈ 0 in G, (4.20)

where F1, F2, F3 are generalized functions corresponding to some smooth functions
f1, f2, f3 respectively. It can be shown (cf. Lemma B.6) that the solution of this
equation in G amounts to solving the following three equations:

f1(x) = 0, ∀x ∈ (−∞, 0],
f2(x) = 0, ∀x ∈ [0,+∞),
f3(0) = 0.

Applying this to Equation (4.19) yields
dy
dx + f

dg
dx = 0 on (−R, 0), (4.21)

d
dx(y + y∆) + (f + f∆) d

dx(g + g∆) = 0 on (0,+∞), (4.22)

y∆(0) = −f(0)g∆(0) − f∆(0)g∆(0)
q + 1 . (4.23)

The interpretation of this result is straightforward. Considering the definition
of functions y, y∆, f , f∆, g, and g∆, Equations (4.21) and (4.22) mean that the
momentum balance equation holds on both subdomains (given by r < R and
r > R in the original setting), whereas Equation (4.23) provides the traction jump
condition.

Note that in the special case q = 1, the derived jump condition is analogous to
that derived in Section 3.2. Indeed, instead of considering one specific transition
profile function for both inverse density and viscosity, we have now formalized
the notion of smooth transition inside the interface and the limiting procedure of
decreasing its thickness to zero in the quotient structure of the Colombeau algebra.
By expressing the discontinuous quantities via the Colombeau representation of
the Heaviside function we are implicitly considering an entire class of transitional
profiles. Moreover, the framework of Colombeau algebra enables more general
interface behaviors to be considered, as the choice of general q ∈ N in the above
calculations illustrates.
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Generalization by Modelling Argument

While the results of the above discussion seem promising, there is no particular
reason to assume a priori that the behavior of discontinuous quantities at the
interface can be described by the model (4.18). A slightly more general approach
is described by Chambat et al. [2014]. In what the authors call the modelling
argument, the diffuse interface point of view is taken as a starting point, and it is
argued that if we assume that both the density and the viscosity are monotonous
functions inside the transitional layer, then there exists a functional relationship
η = f(1/ρ) connecting these two quantities. This motivates the interpretation of
the ill-defined term η(1/ρ)′1 via the chain rule as

η
d
dr

(︄
1
ρ

)︄
= d

drF
(︄

1
ρ

)︄
,

where F is the primitive function of f . If we now assert that this function can
be written in the form F = F0 + F∆H+, then the problematic term can again be
thought of as a linear distributional term.

While this is the argument Chambat et al. [2014] use in the formal proof of
their proposed jump condition (1.18), it is considered purely in the framework of
linear distribution theory, despite the starting point for the argument being clearly
beyond this framework. A similar approach is used by Průša and Rajagopal [2016]
to treat nonlinear terms in ODEs, this time using the Colombeau algebra. The
aim of what follows is to investigate the modelling argument and its correctness
in G in detail.

First, we introduce a generalization of (4.18). While we still assume Trr to
have the same form, we postulate

η = f + f∆(H+), 4C
(x+R)3

1
ρ

= g + g∆H+, (4.24)

where f , f∆, and g are smooth functions and g∆ is a constant. The properties of
Colombeau algebra dictate that, in order for the above identities to make sense,
f∆ has to be slowly increasing in the sense of Definition 4.10.

Although it may seem that this assumption is more restrictive in that g∆ is
no longer allowed to depend on x, it is simply a representation of the fact that we
are only interested in the relationship between η and 1/ρ “inside” the interface.
Furthermore, the choice f∆(H+) = f0H

q
+ reduces (4.24) to (4.18).

Substituting (4.24) into the nonlinear term in the ODE (4.17) yields

η
d
dx

(︄
4C

(x+R)3
1
ρ

)︄
= (f + f∆(H+)) ·

(︄
dg
dx + g∆δ

)︄
=

= f
dg
dx + dg

dxf∆(H+) + fg∆δ + g∆f∆(H+) · δ.

The aim is to interpret the nonlinearity f∆(H+) · δ as a derivative of the primitive
function to f∆ with respect to x. This issue is addressed in the following lemma.

1This term is problematic in the sense of linear theory of distributions as it is essentially a
product of two distributions.
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Lemma 4.12. Let F∆ ∈ Θ(R) and denote f∆ := F ′
∆. Then

d
dxF∆(H+) ≈ f∆(H+) · δ (4.25)

holds in G(R).
Proof. Throughout the proof, we denote by gw ∈ A the representation of a
generalized function w ∈ G.

Start by expressing the representations of individual terms in G(R). First,
d
dxF∆(H+) = g d

dx
F∆(H+) + I ∈ G(R),

and the properties of Colombeau algebra and Definition 4.11 imply that

gdF∆
dx

(H+)(ϕ, x) = d
dxgF∆(H+)(ϕ, x) = d

dx
[︂
F∆

(︂
gH+(ϕ, x)

)︂]︂
, ∀ϕ ∈ Φ, ∀x ∈ R

holds. Next, we have

f∆(H+) = gf∆(H+) + I ∈ G(R),
gf∆(H+)(ϕ, x) = f∆(gH+(ϕ, x)), ∀ϕ ∈ Φ, ∀x ∈ R,

where the use of Definition 4.11 makes sense because Definition 4.10 implies that
if F∆ ∈ Θ(R), then f∆ ∈ Θ(R), too. Finally, the embedding (4.8) – (4.9) enables
us to write

δ = gδ + I ∈ G(R), gδ(ϕ, x) = ϕ(−x), ∀ϕ ∈ Φ, ∀x ∈ R,

H+ = gH+ + I ∈ G(R), gH+(ϕ, x) =
∫︂ +∞

0
ϕ(y − x) dy, ∀ϕ ∈ Φ, ∀x ∈ R.

Furthermore, due to the natural properties of the Colombeau algebra, we can
write

f∆(H+) · δ = gf∆(H+)gδ + I ∈ G(R).
Our goal is to show that there exists m ∈ N such that for all ϕ ∈ Φm

lim
ε→0+

∫︂ +∞

−∞
ψ(x)

⎛⎝ d
dξ
[︂
F∆(gH+(ϕε, ξ))

]︂⃓⃓⃓⃓⃓
ξ=x

− f∆(gH+(ϕε, x))ϕε(−x)
⎞⎠ dx = 0

holds for arbitrary test functions ψ ∈ D(R). This amounts to investigating the
behavior of the expression

d
dξ
[︂
F∆(gH+(ϕε, ξ))

]︂⃓⃓⃓⃓⃓
ξ=x

− f∆(gH+(ϕε, x))ϕε(−x) =

= f∆(gH+(ϕε, x))
⎡⎣ d

dξ gH+(ϕε, ξ)
⃓⃓⃓⃓
⃓
ξ=x

− ϕε(−x)
⎤⎦ .

Differentiating the definition of gH+ with respect to the parameter ξ yields
d
dξ gH+(ϕ, ξ) = d

dξ

∫︂ +∞

0
ϕ(y − ξ) dy =

= −
∫︂ +∞

−ξ
ϕ′(z) dz =

= ϕ(−ξ),
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since ϕ is compactly supported by definition. Thus, for all ϕ ∈ Φ and all ε > 0 we
have

d
dξ gH+(ϕε, ξ)

⃓⃓⃓⃓
⃓
ξ=x

− ϕε(−x) = 0

and the proof is complete.

Remark. We have in fact proved an even stronger result, where the equivalence in
the sense of association in Equation (4.25) is replaced by equality in G(R).

The next and final step in the interpretation is to specify the discontinuous
structure of F∆(H+). In order to replicate the thought process behind the
modelling argument presented by Chambat et al. [2014], it is necessary to modify
the expression for viscosity in (4.24) slightly by assuming

η = f + f∆(g∆H+),

where f , g∆ are still constants and f∆ is a smooth function with a slowly increasing
primitive function. It is evident that while this modification does not interfere
with the results derived above, it provides the substance of the modelling argument
in the form of a relationship between the density and the viscosity. Our goal here
is to show that F∆(g∆H+) ≈ F∆(g∆)H+ holds for the primitive function F∆ of
f∆. This can be achieved as follows.

If we consider F∆ and H+ as functions in their usual sense, then we clearly
have

F∆(g∆H+) =

⎧⎨⎩F∆(0), x < 0,
F∆(g∆), x > 0,

F∆(g∆)H+ =

⎧⎨⎩0, x < 0,
F∆(g∆), x > 0.

If F∆(0) = 0, then the regular distributions corresponding to these functions
are equal in D′(R), i.e. TF∆(g∆H+) = TF∆(g∆)H+ ∈ D′(R). It follows from the
properties of equivalence in the sense of association (cf. Section 4.1.4) that
F∆(g∆H+) ≈ F∆(g∆)H+ holds in G(R), which is what was to be proved.

To summarize, the modelling argument in the form proposed by Chambat et al.
[2014] can be accounted for rigorously in the framework of Colombeau algebra
and the full procedure can be summed up to these steps:

(i) Postulate that the behavior of physical quantities at the interface can be
described as

η = f + f∆(g∆H+), 4C
(x+R)3

1
ρ

= g + g∆H+,

where f and g are smooth functions, g∆ is a constant and f∆ is a slowly
increasing function with a slowly increasing primitive function. It is impor-
tant to choose the particular primitive function F∆ satisfying F∆(0) = 0 for
the subsequent parts of the argument to make sense.
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(ii) Substitute the above expressions into the momentum balance ODE (4.17) and
replace the term involving nonlinear operations with generalized functions
H+ and δ by a derivative of the appropriate primitive function according to
the chain rule

dF∆

dx (g∆H+) ≈ f∆(g∆H+) · g∆δ.

(iii) Evaluate the above derivative using the identity F∆(g∆H+) ≈ F∆(g∆)H+,
which makes sense thanks to the requirement F∆(0) = 0 from above. As a
result, the ODE (4.17) can be transformed into the form of the algebraic
equation (4.20) which is then solved by applying Lemma B.6.

The traction jump condition determined by y∆ thus obtained reads

[[Trr]] = y∆ = −f(0)g∆ − F∆(g∆). (4.26)

To compare it to the expression for traction jump (3.9) proposed by Chambat
et al. [2014] we need to evaluate the limit

[[Trr]] = − lim
ε→0+

4C
R3

∫︂ +ε

−ε
η

d
dx

(︄
1
ρ

)︄
dx

with the expressions for η and 1/ρ from (i) above. Note that the expression above
has been adjusted for the substitution r → x used throughout this section for
compatibility. Evaluating this limit essentially amounts to properly interpreting
the term

η
d
dx

(︄
4C
ρ

)︄
in Colombeau algebra. If we denote

˜︁g := (x+R)3g, ˜︁g∆ := (x+R)3g∆,

we can write

η
d
dx

(︄
4C
ρ

)︄
= η

d
dx (˜︁g + ˜︁g∆H+) = η

d˜︁g
dx + η

d˜︁g∆

dx H+ + η˜︁g∆δ.

The first two terms on the right-hand side correspond to integrable functions
(in the classical sense), which means that their integrals over (−ε,+ε) vanish as
ε → 0+. The third term can be rewritten in G as

η˜︁g∆δ = [f + f∆(g∆H+)]˜︁g∆δ ≈

≈ f ˜︁g∆δ +
˜︁g∆

g∆
f∆(g∆H+)g∆δ,

(4.27)

provided that g∆ ̸= 0. We already know from previous investigation (see above)
that

f∆(g∆H+)g∆δ ≈ F∆(g∆)δ,

and since ˜︁g∆/g∆ is a smooth function, which makes the multiplication of both sides
of the above identity well-defined in D′, the properties of the coupled calculus in
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Colombeau algebra ensure that Equation (4.27) is compatible with multiplication
by ˜︁g∆/g∆ in the sense of association. By a similar argument we can show that

˜︁g∆

g∆
δ ≈

˜︁g∆(0)
g∆

δ, f ˜︁g∆δ ≈ f(0)˜︁g∆(0)δ,

which upon substitution into (4.27) yields

η˜︁g∆δ ≈ R3 [f(0)g∆ + F∆(g∆)] dH+

dx .

Substituting this back to the jump condition by Chambat et al. [2014] leads to

[[Trr]] ≈ − lim
ε→0+

1
R3

∫︂ +ε

−ε
R3 [f(0)g∆ + F∆(g∆)] dH+

dx dx ≈

≈ −f(0)g∆ − F∆(g∆),

which is the desired result identical to Equation (4.26). We have shown that the
Chambat et al. [2014] condition is identical to the one derived via Lemma B.6.

4.3 Numerical Solution and the Sharp Interface
Limit of the Radial Stokes Flow

The main goal of this section is to illustrate the results of the previous section,
namely the expression for the traction jump condition in the case where both the
density and the viscosity are discontinuous with the discontinuities parametrized
by powers of the Heaviside function, on a numerical solution of the radial Stokes
flow mass balance ODE. In what follows, we discuss the details of interpreting the
numerical solution in the limit as the thickness of the transitional layer goes to
zero, and we show the agreement of theoretical results and numerical experiments.

4.3.1 Problem Setting and Solution Methods
We start by recalling the problem setting. We are interested in the solution of the
ODE

dTrr

dr + η
d
dr

(︄
4C
ρr3

)︄
= 0, r ∈ (0,+∞), (4.28)

where we assume that all quantities change across an interface layer centered
around r = R. In order to mimic the theoretical setup (4.18), we set

η = f + f∆h
q(r), 4C

ρr3 = g(r) + g∆(r)h(r), (4.29)

for q ∈ N with h representing an approximation of the Heaviside function (or,
more specifically, the Heaviside function translated so that its jump occurs at
R as opposed to zero). Inspired by the finite element numerical experiment in
Section 2.3, we have chosen to use

h(r) := 1
2

(︃
1 + tanh r −R

ε

)︃
, ε > 0.
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The discontinuous physical quantities that we are approximating have the form

η =

⎧⎨⎩η1, r < R,

η2, r > R,

1
ρ

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
ρ1
, r < R,

1
ρ2
, r > R,

which leads to the following definition of the terms in Equation (4.29):

f := η1, f∆ := η2 − η1, g(r) := 4C
ρ1r3 , g∆(r) := 4C

r3

(︄
1
ρ2

− 1
ρ1

)︄
.

For the purposes of our numerical experiments, the values of relevant parameters
are2

ρ1 = 1, ρ2 = 2, η1 = 1, η2 = 2, R = 1, C = 1.

Since the purpose of the numerical experiments is to illustrate the validity of
result implied by Colombeau algebra theory, the choice of these values is of little
physical interest. The discussion of parameters with specific “real-world” meaning
can be confined exclusively to the theoretical results, provided that they are in
agreement with the numerical experiments.

We used the Wolfram Mathematica software to obtain the numerical solution
of Equation (4.28). The ODE was solved on the interval (R − 0.5, R + 0.5) and
the Cauchy data were set to Trr(R − 0.1) = 0. Note that in the case of an ODE
as simple as (4.28), the degree of freedom represented by the initial condition
(or Cauchy data in general) reduces to simple translation of the solution in the
direction of the dependent variable. Because we are only interested in the jump
of the solution, the choice of the Cauchy data is effectively irrelevant here.

The solution was computed using the built-in NDSolveValue function (cf. Wol-
fram Research [2012]) with its default parameters. By default, the NDSolveValue
method chooses the most efficient method for solving the input ODE from all the
methods implemented in Wolfram Mathematica. While this certainly obscures the
solution process and complicates any detailed interpretation of the results from a
numerical standpoint, it is on the other hand convenient in a situation similar to
the one presented here, where the exact numerical nature of the computation is
not the main concern, and the emphasis is rather on further study of obtained
solutions. Hence, we have chosen to use default parameters of this function without
deeper investigation.

4.3.2 Definition of the Jump
Once the ODE of interest is solved, the next nontrivial step is the exact definition
of jump in the numerical solution which will then be compared to theoretical
results. The viscosity and the density being continuous functions of r on the
entire solution interval, the traction Trr is also expected to be continuous. This

2Similar to the numerical experiment in Chapter 2, we omit the physical units of the
parameters to emphasize that the primary purpose of this section is to illustrate the mathematical
theory developed in the previous sections. Traction jump for a specific physical system is discussed
in the following chapter.

49



means that, for fixed ε > 0 in the definition of h above, the most straightforward
definition of the jump

[[Trr]] := lim
ξ→0

Trr(R + ξ) − Trr(R − ξ)

will yield misleading results, as the limit will be equal to zero due to the continuity
of Trr. It is therefore natural to resort to a definition of traction jump that somehow
depends on the parameter ε representing the “sharpness” of the transitional profiles.

First, define the variable jump of a quantity φ as

[[φ]](ξ) := φ(R + ξ) − φ(R − ξ).

The variable ξ can be thought of as a measure of the interface thickness. It is
clear that if the value of ξ is very small, the jump is close to zero for any φ
continuous. On the other hand, unless φ is a function approximating a quantity
that is piecewise constant, the value of [[φ]](ξ) for ξ large enough will not represent
the concept of jump across an interface at all correctly. Our goal is therefore to
determine the appropriate value of ξ (presumably in relation to ε) to be used for
the definition of the jump.
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gΔ - numerical value fΔ - numerical value yΔ - numerical value

gΔ - theoretical value fΔ - theoretical value yΔ - theoretical value

Figure 4.1: Variable jump plots for different values of ε. Besides confirming the
expected behavior of the variable jump for extreme values of interface thickness, the
above plots pave the way to the correct definition of the jump of the numerical solution
of the radial flow ODE. Note that all plotted quantities are considered non-dimensional
and without explicit physical units.

In Figure 4.1 we have plotted the functions [[η]](ξ) (denoted in the plots as
the numerical value of f∆), [[4C/(ρr3)]](ξ) (denoted in the plots as the numerical
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value of g∆), and [[Trr]](ξ) (denoted in the plots as the numerical value of y∆) for
four different values of ε, keeping the value of q in the definition of η fixed at
q = 1.3 It is evident from the plots that the comments on the behavior of the
variable jump for small and large values of ξ made in the previous paragraph
are indeed reasonable. More importantly, though, in Figures 4.1c and 4.1d we
can see a plateau appear in between the extreme values of interface thickness.
Moreover, the value of the jump at this plateau is in agreement with the theoretical
predictions for all three plotted quantities. Hence, we define the jump of the
numerical solution of the radial Stokes flow ODE (4.28) as

[[Trr]]num := Trr(R + 2ε) − Trr(R − 2ε),

where ε is the parameter from the definition of h above. The choice of ξ = 2ε is of
course still quite coarse, but as we shall see next, it is already sufficient to show
the convergence of the diffuse interface solution to a sharp interface solution with
the traction jump prescribed by Chambat et al. [2014].

4.3.3 Convergence Properties of Diffuse Interface Solu-
tions

Equipped with a suitable definition of the jump of numerically computed trac-
tion, we proceed to comparing the numerical jump to the one predicted by the
considerations of Section 4.2 in the Colombeau algebra framework. Recall that
the theoretically derived jump condition (4.23) read

[[Trr]] = y∆ =
(︄
f + f∆

q + 1

)︄
g∆(R). (4.30)

To study the behavior of the numerical jump with decreasing ε, we solved the
ODE (4.28) with viscosity and density profiles given by (4.29), and we computed
the numerical jumps [[Trr]]num according to the definition above for different values
of ε and q. The resulting plot is shown in Figure 4.2. It is evident from the plot
that the traction jump across the diffuse interface as its thickness goes to zero
does indeed converge to the sharp interface limit with discontinuous traction given
by (4.30), which, as we have shown in Section 4.2, is the jump condition proposed
by Chambat et al. [2014].

Chapter Summary In this chapter we have studied general solutions of the
radial Stokes flow across an interface using Colombeau algebra of generalized
functions. We have introduced its basic concepts and properties. These were next
applied to the interpretation of the modelling argument used to treat nonlinear
terms in the relevant governing equations, leading to a result in agreement with
the Chambat et al. [2014] traction jump condition. The formally derived results
were illustrated by solving the radial Stokes flow in the diffuse interface setting
and investigating the limit of the interface thickness going to zero in relation to
the traction jump deduced using Colombeau algebra. The possible generalizations
and physical implications of these results will be discussed further on.

3The labels of quantities in the plots are related to the notation introduced in Section 4.2
and used to derive the theoretical results. Since the emphasis here is on the definition of the
jump, q = 1 was fixed for simplicity.
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Figure 4.2: Convergence of the diffuse interface numerical solutions to the sharp
interface limit. It is clear that as the thickness of the transitional layer in the diffuse
interface approach tends to zero, the system converges to a solution with discontinuous
traction and its jump is given by the theoretical results of the previous chapter. For
illustrative purposes, the convergence rates for q ∈ {1, 4, 14} are given. Similar results
can be obtained for other values of q. Note that all plotted quantities are considered
non-dimensional and without explicit physical units.
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Chapter 5

Discussion and Open Problems

The following chapter is devoted to a broader discussion of the possible general-
izations of the work presented in Chapter 4, as well as the physical significance of
dynamic surface tension in real-world systems. Rather than a definite account of
exact results, the content of this chapter is to be understood as an outline of open
problems connected to the subject of the thesis and topics of further research.

5.1 Nonlinear Rheology and Connected Issues
As we have demonstrated in the previous section, the formalism of Colombeau
algebra is a very powerful tool in correct mathematical interpretation of generalized
solutions of governing equations for a system with an interface. At this point, we
make some remarks on possible generalizations of the model system considered in
this thesis, and point out the issues connected with such generalizations that are
a possible subject of further research.

Besides the extension of the radially symmetric Stokes flow to a flow on a
general domain with a general interface, which is presumably of purely formal
nature, the most straightforward generalization of the considered system pertains
to the fluid rheology. Up to now, we have been working with a linear viscous fluid,
whose Cauchy stress tensor is given by Equation (1.19). A slight extension of this
constitutive model is the so-called power law fluid.

As illustrated, e.g., by Blechta et al. [2020], this model for incompressible
fluids is based on the initial view of the Cauchy stress tensor T being composed of
the mean normal stress mI and the deviatoric stress S as T = mI + S. The linear
rheology (1.19) model used in this thesis, where the incompressibility assumption
translates to div v = 0, is clearly a special case of this prescription with m = −p
and S = 2ηD, where we have denoted

D ≡ D(v) = 1
2
[︂
∇v + (∇v)T

]︂
.

According to Blechta et al. [2020], the defining relation of a power law fluid is

S = 2˜︁η|D|r−2D,

where r ∈ (1,+∞). In relation to the linear model mentioned above, it is natural
to define generalized viscosity by ηg(|D|) := ˜︁η|D|r−2, thus obtaining the relation
S = 2ηgD.
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As for our specific geometrical setting, this reduces to the viscosity η being
proportional to some power q of |dv

dr
|. In view of Section 4.2.1, it can be argued that

the functional relationship of the viscosity and the spatial derivative of velocity
can be transformed to a relationship of the form

η = η̂

(︄
d
dr

(︄
1
ρ

)︄)︄
,

which, if we prescribe discontinuous density, means that the viscosity of the power
law fluid is proportional to the generalized function δq.

One can assume that substituting this functional relationship even in the
simple special case q = 1 into the momentum balance ODE (4.17) and performing
appropriate manipulations would lead to an algebraic equation similar to

F1 ·H− + F2 ·H+ + F3 · δ + F4 · δ2 ≈ 0 in G.

Note that the purpose of this equation is to illustrate the issues bound to appear
in the eventual solution of the generalized model, and we do not specify any
information on the exact nature of the smooth functions represented by Fi,
i = 1, . . . , 4.

Though it may seem that the addition of the δ2 term is only a minor complica-
tion, it causes on the contrary a fundamental shift in the nature of the equation.
The fact that there exists no distribution associated to δ2 in the sense of Definition
4.9 (cf. Lemma B.4) implies that the stress field Trr cannot have just a simple
discontinuous structure, but it may be expected that it contains a δ-like singularity.
This shows that even a mathematical tool as powerful as Colombeau algebra faces
considerable difficulties when faced with highly singular nonlinear terms.

From a mathematical standpoint, it is also interesting to consider fluid models
where the outcome of a procedure similar to the one outlined above is a dependence
of viscosity on a bounded monotone function of δ as a Colombeau generalized
function. For example, the relation arctan δ is well-defined in G thanks to defi-
nitions 4.10 and 4.11 and its behavior may be more convenient in the sense of
manipulations in the Colombeau algebra.

The goal of this section was to illustrate that any generalization of the treatment
of physical systems with an interface within the Colombeau algebra framework that
was introduced in Section 4.2 to more complex fluid rheologies is far from trivial
and relies heavily on the mathematical theory beyond the linear distributions
introduced by Schwartz [1950]. These generalizations are nevertheless very useful
and have numerous practical applications, hence the problems outlined in this
section constitute a possible subject of further research.

5.2 Jumps for Particular Physical Systems
To conclude the chapter, we comment briefly on the significance of the results
of this thesis in specific real-world systems and discuss their relevance. Recall
that throughout the thesis, all the exact values of physical quantities were chosen
purely for convenient illustration of the mathematical theory, with less emphasis
on the actual physical context. In this way, we have effectively decoupled the
mathematical and physical sides of the problem and treated the mathematical
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aspect in great detail, especially for the case of radially symmetric flow. The
results in the form of the jump condition (4.30) can now be used very conveniently
to describe real physical systems. In what follows, we give examples of such
systems and discuss the impact the discontinuity in traction has on their behavior.

As argued in Chapter 1, the prototypical physical situation modelled by the set
of equations studied in this thesis is the flow of a material across a phase interface.
One possible example of this situation is the behavior of ice shells on stellar bodies,
such as Enceladus, an icy moon of Saturn. Let us apply our theoretical results for
the traction jump across a radial interface to this specific example.

Motivated by [Čadek et al., 2019, Table 1], we set the densities of water and
ice to ρwater = 1010 kg m−3, ρice = 926 kg m−3 respectively, and take R = 232.1 km
as the interface radius. We take the viscosity of water as ηwater = 1 × 10−3 Pa s,
according to [Myers et al., 2002, Table 1]. As for the viscosity of ice, in the context
of glacial dynamics, for example the study by Souček et al. [2015], it is generally
taken to have some kind of power law dependence. However, it is argued by Čadek
et al. [2019] that the use of a constant value ηice = 3 × 1014 Pa s is appropriate
here. The remaining constant to be fixed in order to obtain numerical results is
C, which can be interpreted as the mass flux constant. This depends mainly on
the specific flow regime and will be set simply to 1 kg s−1 in this case. For the
sake of simplicity we also fix q = 1 from now on.

Substituting the above values into the radial component of the traction jump
given by Equation (4.30) yields

[[Trr]] = −4C
R3

ηice + ηwater

2

(︄
1
ρice

− 1
ρwater

)︄
≈ −4.3 × 10−6 Pa.

For comparison, let us estimate the values of Trr in the ice layer. Equation (3.5)
implies the estimate

T (ice)
rr ≃ 4Cηice

ρiceR3 ≈ 0.0001 Pa,

which is approximately two orders of magnitude higher than the jump itself.
In this particular context, the value of the jump is around 5 % of the value of
traction in one of the subdomains. While not extremely large, such discontinuity
is potentially detectable. However, we only treat the radial component of the
jump here, which is expected to be small because of the relatively large radius
of the interface. It is possible that the planar component of the jump would be
even more significant, although the investigation of this component would demand
more precise theoretical results for the planar flow than those presented in the
thesis.

While some part of the numerical result above is indeed due to the large radius
of Enceladus, it has to be said that the term 1/R3 figures in both the approximate
calculation of the jump and the estimate of the traction in ice. Thus, the difference
in order of magnitude of these two values is influenced more importantly by the
values of density and viscosity specific to the system (while the densities of the
two substances are quite similar, their viscosities differ considerably). We can
therefore conclude that the effect of the traction discontinuity in a phase interface
would be more significant for a physical system with different parameters, e.g.
higher viscosity of both media or greater difference in densities.
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Conclusion

The aim of this thesis was to investigate the stationary Stokes flow of a linearly
viscous fluid across an interface and compare the classical assumption of traction
continuity to the traction jump condition proposed by Chambat et al. [2014].

After a brief overview in Chapter 1 of the concepts of balance laws and
jump conditions, as well as the ways of describing phase interfaces, the results
by Chambat et al. [2014] that led to the definition of dynamic surface tension
were reproduced in Chapter 2. Despite the simplicity of the considered problem,
allowing for fully analytical solution of the governing equations in the usual sense
as well as numerical solution via finite element method, we have shown a clear
inconsistency between the diffuse interface approximation and the sharp interface
limit with continuous traction. In Chapter 3, we have investigated the provenance
of the traction discontinuity on analytic diffuse interface solutions in the special
cases of planar and radial interfaces.

Chapter 4 introduced the Colombeau algebra of generalized functions as a
tool enabling mathematically rigorous derivation of the traction jump condition.
An explicit formula for the traction jump was derived for the radially symmetric
flow using Colombeau algebra, showing an agreement with the result by Chambat
et al. [2014]. The theoretical result was illustrated by numerical experiments
studying the convergence properties of the diffuse interface solutions in detail. In
Chapter 5, possible generalizations of the model system in the Colombeau algebra
framework were outlined as subject of possible future research. At the end, values
of expected traction jump were calculated for the particular physical system of
Enceladus, icy moon of Saturn.

The conclusion of the work presented here is that, if the governing equations
for the quasi-static Stokes flow are assumed valid in the entire domain of interest
including the interface, the traction jump discontinuity postulated by Chambat
et al. [2014] is indeed the one consistent with the equations, i.e., the assumption of
continuous traction across an interface appears to be incorrect. Besides reproducing
several results from the paper by Chambat et al. [2014], we have provided here a
detailed derivation of the jump condition for the radial flow in the Colombeau
algebra framework. This acts not only as a mathematically correct interpretation
of the provenance of the traction jump, but also provides a convenient way of
calculating the jump explicitly for systems with discontinuous rheology.

While the expression for the traction jump we have derived holds only in the
special case of spherical symmetry, the difficulty lying in the transition from this
special case to a jump across a general three-dimensional interface is presumably
formal rather than conceptual. The Colombeau theory of generalized functions
also paves the way to further generalizations of the results obtained here.
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The work on the subject of this thesis led to several open questions at almost all
stages of its development. While some concern the “practical” side of the thesis,
i.e. mathematical derivations or implementation of numerical solutions, others
are connected deeply to the very nature of the way interfacial phenomena are
described in continuum mechanics.

In discussing the extension of the Colombeau algebra generalized treatment
of the governing equations to nonlinear fluids with power law rheology, we have
suggested that even the simplest form of power dependence, namely the linear
dependence of viscosity on the derivative of the inverse density, leads to mathemat-
ical problems lying far beyond the linear theory of distributions and the accurate
physical interpretation of the results is complicated at best. This illustrates the
difficulty of constructing differential algebras of generalized functions usable in a
broad range of physical contexts. On the other hand, the complication itself is
a consequence of the assumption that the power law rheology and the balance
equations hold inside the interface. A priori, this is not a known fact, and is
related to the fundamental description of interfaces that will be discussed below.

As for the finite element solution of the sharp interface planar flow problem
mentioned very briefly in Section 2.5, it is a clear example of a simple physical
system whose numerical solution is hardly trivial and concise theory regarding its
implementation in finite elements is scarce. However, the solution via the finite
element method can be envisaged with more complex finite element spaces and
different methods of prescribing boundary conditions. The details of this approach
are a subject of ongoing research.

The last section in the last chapter of the thesis was devoted to numerical
evaluation of the traction jump proposed by Chambat et al. [2014] for concrete
physical systems. For Enceladus, the calculated jump was two orders of magnitude
smaller than the values of traction in ice. Whether this jump is significant enough
to impact the results of numerical models of the ice shell evolution on Enceladus
is mainly a question of precision of said models, while our investigation suggests
that it is potentially detectable. Nevertheless, physical systems with different
parameters may lead to the conclusion that traction discontinuity plays a chief
role in the behavior of the solutions of the governing equations.

Finally, note that the underlying assumption for all the arguments leading to
the discontinuous traction result is that the governing equations valid for the
homogenous phases hold also inside the interface. While this assumption seems
completely reasonable, it is in fact a philosophical test of the limits of continuum
mechanics. The continuous description of physical bodies as an approximation of
their discrete structure relies on the interpretation of an infinitesimal volume as a
volume small enough so that the quantities of interest can be assumed constant in
that volume up to a reasonable precision, but large enough to contain a sufficient
number of discrete particles for the averaged quantities to be relevant, which is
sufficient for description of larger control volumes, but is not trivially satisfied for
an interfacial layer. This also puts the matter of viewing the sharp interface as
a limit of the diffuse interface with balance laws valid throughout the interface
into question. Moreover, it shows that the use of regularized quantities as an
approximation of discontinuous problem setting in numerical simulations (e.g. via
the level set method) does in fact introduce an additional physical phenomenon
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in the form of dynamic surface tension into the model.
A breakthrough in this question could be achieved in part by designing a

simple experimental setup that would allow to somehow measure the traction
jump for a real system with a phase interface, where the influence of the jump
condition is expected to be important.
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Appendix A

Modified Reynolds Transport
Theorem

The purpose of this appendix is to provide the proof of the modified Reynolds
transport theorem and thus to give an insight into the ways singular surfaces
are incorporated into the framework of continuum mechanics. We shall first
introduce the geometric context considered, then a modified form of the Gauss
integration formula will be proved, proceeding finally to a proof of the modified
Reynolds transport theorem. The proof presented here is based on the one given
by [Martinec, 2010, p. 44 – 47].

We start by specifying the geometry of the problem we are considering. Let
ω(t) be a control volume inside a continuous body in reference configuration and
let σ(t) be a singular, non-material surface inside ω(t) such that ∂σ(t) ⊂ ∂ω(t).
Denote by nσ the unit normal to σ(t) and let nω denote the unit outward normal
to ω(t). Define subdomains ω−, ω+ by

ω(t) = ω− ∪ ω+ ∪ σ(t),

where the vector nσ is pointing towards ω+.
For the purposes of the manipulations used in the proofs that follow, we also

define surfaces σ−, σ+, γ−, γ+, and their corresponding unit normal vectors nσ− ,
nσ+ , nγ− , nγ+ in such a way that the conditions

lim
σ−,σ+→σ(t)

γ− ∪ γ+ = ∂ω(t),

lim
σ±→σ(t)

nσ± = ∓nσ,

nγ± = nω|γ±

(A.1)

hold. The above described setting is illustrated in Figure A.1.
We denote by w = w(x, t) the Eulerian velocity of the singular surface σ(t).

Note that since σ(t) is supposed to be non-material, this velocity is generally
different from the Eulerian velocity v(x, t).

Having specified the geometry setting, we continue by proving the following
modification of the Gauss integration formula.
Theorem A.1 (modified Gauss integration formula for tensors). Let ω−, ω+, σ(t)
be as in Figure A.1 and let A be a tensor field differentiable in ω− ∪ ω+. Then∫︂

ω−∪ω+
divA dx =

∫︂
∂ω(t)

Anω ds−
∫︂

σ(t)
[[Anσ]] ds. (A.2)
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γ+nγ+
σ(t)

ω+ σ+
nσ−
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ω−
nσ+

σ−

γ−nγ−

Figure A.1: The geometrical setting used in the proof of the modified Reynolds
transport theorem.

Proof. Splitting the integral and applying the regular Gauss integration formula
(1.3), we obtain

∫︂
ω−∪ω+

divA dx = lim
σ−→σ(t)

[︄∫︂
γ−

Anγ− ds+
∫︂

σ−
Anσ− ds

]︄
+

+ lim
σ+→σ(t)

[︄∫︂
γ+

Anγ+ ds+
∫︂

σ+
Anσ+ ds

]︄
.

Applying the conditions (A.1) then yields the desired result (A.2).

Remark. The corresponding modified formula for vectors∫︂
ω−∪ω+

div u dx =
∫︂

∂ω(t)
u · nω ds−

∫︂
σ(t)

[[u · nσ]] ds

can be derived from Equation (1.2) analogously.
We are now ready to prove the modified version of the Reynolds transport

theorem.

Theorem A.2 (modified Reynolds transport theorem). Let ω−, ω+, σ(t) be as
in Figure A.1 and let ϕ be a scalar or vector defined in ω(t) that is discontinuous
across σ(t). Then

d
dt

∫︂
ω−∪ω+

ϕ dx =
∫︂

ω−∪ω+

(︄
∂ϕ

∂t
+ div (ϕ⊗ v)

)︄
dx−

∫︂
σ(t)

[[(ϕ⊗ (v − w))nσ]] ds.

(A.3)

Sketch of the proof. Splitting the integral and applying the regular Reynolds
transport theorem (1.1), as well as the regular Gauss integration formulae (1.2)
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and (1.3), we obtain

d
dt

∫︂
ω−∪ω+

ϕ dx =
∫︂

ω−∪ω+

∂ϕ

∂t
dx+

∫︂
∂ω(t)

(ϕ⊗ v)nω ds−
∫︂

σ(t)
[[(ϕ⊗ w)nσ]] ds.

If we then express the second term on the right-hand side using the modified
Gauss integration formula (A.2) as∫︂

∂ω(t)
(ϕ⊗ v)nω ds =

∫︂
ω−∪ω+

div (ϕ⊗ v) dx+
∫︂

σ(t)
[[(ϕ⊗ v)nσ]] ds,

the identity (A.3) follows from trivial manipulation.
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Appendix B

Coupled Calculus Properties

Here we use the coupled calculus framework on the Colombeau algebra introduced
in Section 4.1.4 to prove certain properties of the formalism stated in that section.
The proofs are based heavily on the proofs presented by Rosinger [1987].

Theorem B.1. Let f1, f2 ∈ C0(Rn). Their usual product f1 · f2 ∈ C0(Rn) can
be interpreted as a regular distribution Tf1·f2 ∈ D′(Rn). On the other hand, we
can consider the generalized functions F1, F2 ∈ G(Rn) that correspond to f1 and
f2 respectively according to the embedding (4.6). The product F1 · F2 ∈ G(Rn) in
the sense of Colombeau algebra then satisfies F1 · F2 ⊩ Tf1·f2.

Proof. Denote Fi = f i + I ∈ G(Rn), i = 1, 2, where f i are given by Equation
(4.7), and take ψ ∈ D(Rn) arbitrary. The embedding (4.4) – (4.5) along with
Definition 4.8 implies ∫︂

Rn
(ψ · F1 · F2)(x) dx = g + I0 ∈ C,

g(ϕ) =
∫︂
Rn
ψ(x)f 1(ϕ, x)f 2(ϕ, x) dx, ∀ϕ ∈ Φ.

On the other hand, we have Tf1·f2 = fT +I ∈ G(Rn) with fT given by Equation
(4.9) and analogously with the previous case we can write∫︂

Rn
(ψ · Tf1·f2)(x) dx = ĝ + I0 ∈ C,

ĝ(ϕ) =
∫︂
Rn
ψ(x)fT (ϕ, x) dx, ∀ϕ ∈ Φ.

Take ε > 0 and ϕ ∈ Φ arbitrary. By definition,

g(ϕε) − ĝ(ϕε) =
∫︂
Rn
ψ(x)

[︃(︃∫︂
Rn
f1(x+ εy)ϕ(y) dy

)︃(︃∫︂
Rn
f1(x+ εz)ϕ(z) dz

)︃
−

−
∫︂
Rn
f1(x+ εw)f2(x+ εw)ϕ(w) dw

]︃
dx.

If we now take the limit ε → 0+ and realize that by construction
∫︁
Rn ϕ = 1, we

get g − ĝ ⊢ 0 ∈ C and the proof is complete.

Theorem B.2. Let F1, F2 ∈ G(Rn), α ∈ Nn
0 . If F1 ≈ F2, then DαF1 ≈ DαF2.
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Proof. Denote Fi = fi + I ∈ G(Rn), fi ∈ A, i = 1, 2. By definition, F1 ≈ F2
implies ∫︂

Rn
(ψ · (F2 − F1)) (x) dx ⊢ 0 ∈ C, ∀ψ ∈ D(Rn),

which translates to

lim
ε→0+

∫︂
Rn
ψ(x)(f2(ϕε, x) − f1(ϕε, x)) dx = 0, ∀ϕ ∈ Φm, ∀ψ ∈ D(Rn)

for some m ∈ N.
On the other hand, DαFi = Dαfi + I ∈ G(Rn), which means that we can write∫︂

Rn
(ψ · (DαF2 −DαF1)) (x) dx = g + I0 ∈ C,

g(ϕ) =
∫︂
Rn
ψ(x)Dα(f2(ϕ, x) − f1(ϕ, x)) dx =

= (−1)|α|
∫︂
Rn
Dαψ(x)(f2(ϕ, x) − f1(ϕ, x)) dx, ∀ϕ ∈ Φ, ∀ψ ∈ D(Rn).

Since Dαψ ∈ D(Rn), limε→0+ g(ϕε) = 0 holds, which completes the proof.

Lemma B.3. With the multiplication in G(R), Hq ≈ H holds for all q ∈ N.
Moreover, qHq−1δ ≈ δ holds in G(R).

Proof. The Heaviside function can be represented by the regular distribution TH

defined as
⟨Th, φ⟩ =

∫︂ +∞

0
φ(x) dx, ∀φ ∈ D(R),

which in view of the embedding (4.8) – (4.9) leads to its interpretation in
Colombeau algebra as

H = h+ I ∈ G(Rn),

h(ϕ, x) =
∫︂ +∞

−x
ϕ(y) dy, ∀ϕ ∈ Φ, ∀x ∈ R.

Naturally, Hq = hq + I ∈ G(Rn) holds.
Take ϕ ∈ Φ and define χ ∈ C∞(R) by

χ(x) :=
∫︂ x

−∞
ϕ(y) dy, ∀x ∈ R.

The above defined function χ has the following properties:

lim
x→−∞

χ(x) = 0, lim
x→+∞

χ(x) = 1, (B.1)

∀x ∈ R, ∀ε > 0 : h(ϕε, x) = 1 − χ
(︃

−x

ε

)︃
. (B.2)

Let ψ ∈ D(R) and denote∫︂ +∞

−∞
(ψ · (Hq −H)) (x) dx = g + I0 ∈ C,

where g can be expressed using (B.2) as

g(ϕε) =
∫︂ +∞

−∞
ψ(x)

{︃[︃
1 − χ

(︃
−x

ε

)︃]︃q

−
[︃
1 − χ

(︃
−x

ε

)︃]︃}︃
dx, ∀ε > 0, ∀ϕ ∈ Φ.
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Define ωε(x) := [1 − χ(−x/ε)]q − [1 − χ(−x/ε)] for ε > 0 and x ∈ R arbitrary. It
follows from (B.1) that

lim
ε→0+

ωε(x) =

⎧⎨⎩0, x ̸= 0,
[1 − χ(0)]q − [1 − χ(0)], x = 0.

It is also clear that |ωε(x)| ≤ (1 + M)q + (1 + M) for all x ∈ R, where M :=∫︁
R |ϕ(y)| dy < +∞. Finally, the Lebesgue bounded convergence theorem can be

used to show that limε→0+ g(ϕε) = 0, which then leads to the conclusion Hq ≈ H.
In view of Theorem B.2, we can take the derivative of the above identity and

obtain qHq−1 · δ ≈ δ immediately.

For the purposes of the proof of the next lemma, recall the following property
of distributions (cf. [Rosinger, 1987, p. 85]). For a fixed distribution T ∈ D′(Rn),
the integral of the product ψT ∈ D′(Rn), ψ ∈ D(Rn), can be defined as∫︂

Rn
(ψT )(x) dx = T (ψ) ∈ C, ∀ψ ∈ D(Rn). (B.3)

Lemma B.4. There exists no distribution T ∈ D′(R) satisfying δ2 ⊩ T .
Proof. Take any ψ ∈ D(R). By definition,∫︂

R
(ψ · δ2)(x) dx = f + I0 ∈ C,

f(ϕ) =
∫︂
R
ψ(x)ϕ2(−x) dx, ∀ϕ ∈ Φ,

f(ϕε) = 1
ε

∫︂
R
ψ(−εy)ϕ2(y) dy, ∀ϕ ∈ Φ, ∀ε > 0.

Assume that there exists T ∈ D′(R) such that δ2 ⊩ T . Equation (B.3) would then
imply

lim
ε→0+

1
ε

∫︂
R
ψ(−εy)ϕ2(y) dy = T (ψ), ∀ψ ∈ D(R),

which is clearly absurd due to both ψ and ϕ being bounded and compactly
supported and 1/ε diverging to +∞ in the limit.
Lemma B.5. The equivalence in the sense of association is not compatible with
multiplication of generalized functions.
Illustration of the incompatibility. Let q, r ∈ N. We already know from Lemma
B.3 that the identities

Hq ≈ H, (r + 1)Hr · δ ≈ δ,

hold in G(R). If we now take the product of the left-hand sides of these identities
we get, assuming multiplication compatibility,

(r + 1)Hq+r · δ ≈ r + 1
q + r + 1δ,

whereas the product of the right hand sides yields H · δ ≈ 1
2δ. For q ̸= r + 1, this

clearly leads to a contradiction.
It is therefore evident that

Hq · (r + 1)Hr · δ ̸≈ H · δ

unless q = r + 1.
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The next result is a variation on a fundamental algebraic identity in G(R)
proved by [Průša and Rajagopal, 2016, Lemma 8] that is crucial to the derivation
of jump conditions in the formalism of Colombeau algebra.

Lemma B.6. Let Fi = fi ∈ C0(R) ⊂ G(R), i = 1, 2, 3, in the sense of embedding
(4.6). Then

F1 ·H− + F2 ·H+ + F3 · δ ≈ 0 in G(R) (B.4)

holds if and only if

(i) f1 ≡ 0 on (−∞, 0],

(ii) f2 ≡ 0 on [0,+∞),

(iii) f3(0) = 0.

Proof. According to the embedding (4.6) – (4.7), we can write for i = 1, 2, 3

Fi = f i + I ∈ G(R), f i(ϕ, x) =
∫︂ +∞

−∞
fi(x+ y)ϕ(y) dy, ∀ϕ ∈ Φ, ∀x ∈ R.

Next, if we interpret H−, H+ as their corresponding regular distributions, the
embedding (4.8) – (4.9) yields

H− = h− + I ∈ G(R), h−(ϕ, x) =
∫︂ −x

−∞
ϕ(y) dy, ∀ϕ ∈ Φ, ∀x ∈ R,

H+ = h+ + I ∈ G(R), h+(ϕ, x) =
∫︂ +∞

−x
ϕ(y) dy, ∀ϕ ∈ Φ, ∀x ∈ R,

δ = g + I ∈ G(R), g(ϕ, x) = ϕ(−x), ∀ϕ ∈ Φ, ∀x ∈ R.

Equation (B.4) is by definition equivalent to

lim
ε→0+

∫︂ +∞

−∞

[︃(︃∫︂ +∞

−∞
f1(x+ y)ϕε(y) dy

)︃(︃∫︂ −x

−∞
ϕε(y) dy

)︃
+

+
(︃∫︂ +∞

−∞
f2(x+ y)ϕε(y) dy

)︃(︃∫︂ +∞

−x
ϕε(y) dy

)︃
+

+
(︃∫︂ +∞

−∞
f3(x+ y)ϕε(y) dy

)︃
ϕε(−x)

]︃
ψ(x) dx = 0, ∀ψ ∈ D(R).

We proceed by investigating behaviors of individual integrals in the limit ε → 0+.
It follows from trivial manipulations and properties of ϕ that for i = 1, 2, 3

lim
ε→0+

∫︂ +∞

−∞
fi(x+ y)ϕε(y) dy = lim

ε→0+

∫︂ +∞

−∞
fi(x+ y)ϕ

(︃
y

ε

)︃ dy
ε

=

= lim
ε→0+

∫︂ +∞

−∞
fi(x+ εz)ϕ(z) dz = fi(x), ∀ϕ ∈ Φ, ∀x ∈ R
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holds. Similarly,

lim
ε→0+

∫︂ −x

−∞
ϕε(y) dy = lim

ε→0+

∫︂ −x/ε

−∞
ϕ(z) dz =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, x < 0,∫︂ 0

−∞
ϕ(z) dz, x = 0,

0, x > 0,

lim
ε→0+

∫︂ +∞

−x
ϕε(y) dy = lim

ε→0+

∫︂ +∞

−x/ε
ϕ(z) dz =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, x < 0,∫︂ +∞

0
ϕ(z) dz, x = 0,

1, x > 0.

This means that the limits of the three terms in the sum can be evaluated
individually as

lim
ε→0+

(︃∫︂ +∞

−∞
f1(x+ y)ϕε(y) dy

)︃(︃∫︂ −x

−∞
ϕε(y) dy

)︃
ψ(x) dx =

∫︂ 0

−∞
f1(x)ψ(x) dx,

lim
ε→0+

(︃∫︂ +∞

−∞
f2(x+ y)ϕε(y) dy

)︃(︃∫︂ +∞

−x
ϕε(y) dy

)︃
ψ(x) dx =

∫︂ +∞

0
f2(x)ψ(x) dx,

lim
ε→0+

(︃∫︂ +∞

−∞
f3(x+ y)ϕε(y) dy

)︃
ϕε(−x)ψ(x) dx =

= lim
ε→0+

(︃∫︂ +∞

−∞
f3(x+ εz)ϕ(z) dz

)︃
ϕ
(︃

−x

ε

)︃
ψ(x) dx

ε
=

= lim
ε→0+

(︃∫︂ +∞

−∞
f3(ε(z − w))ϕ(z) dz

)︃
ϕ (w)ψ(−εw) dw = f3(0)ψ(0).

In total, Equation (B.4) is equivalent to∫︂ 0

−∞
f1(x)ψ(x) dx+

∫︂ +∞

0
f2(x)ψ(x) dx+ f3(0)ψ(0) = 0, ∀ψ ∈ D(R),

which is then equivalent to

f1 ≡ 0 on (−∞, 0], f2 ≡ 0 on [0,+∞), f3(0) = 0,

and the proof is complete.
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