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Abstract: Eulerian graphs have a closed walk traversing each edge exactly once.
Finding such a walk is a basic arc routing problem based on a road network.
Most of the problems with applications in operational research are NP-hard.
We describe a formal model of a road network and vehicle routes and formulate
several arc routing problems motivated by winter road maintenance in the Czech
Republic.

The main part is focused on single vehicle routing problems on trees. We propose
a new unfairness minimization problem for finding a vehicle route with properties
that lead to a minimal number of resident complaints against unfair maintenance.
Residents feel like they are skipped when the vehicle route has multiple trips and
passes nearby without providing maintenance to their street. By reduction of the
necklace splitting problem to the unfairness minimization problem we prove it is
PPA-complete.

Further, we define a restricted arc routing problem on trees which formalize con-
ditions given by Czech legislation. We proved the existence of a polynomial
algorithm for deciding whether a single vehicle route exists when there is a single
priority for roads. If multiple priorities are used, we express conditions and con-
jectures when the problem has polynomial complexity. Finally, a utilization of
the model is illustrated by an application in winter road maintenance in the Plzeň
region.
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Introduction
The topic of the thesis is decompositions of graphs and digraphs into closed walks
motivated by the winter road maintenance problem.

We talk mostly about simple (undirected) graphs G = ( V; E) with the set
of vertices V and the set of edgesE where elementsf u; vg 2 E are unordered
pairs of vertices andu, v are distinct. When we studydirected graphs (digraphs)
G = ( V; E) we talk about the set of arcsE which are ordered pairs of vertices
from V:

A walk is de�ned as a sequencev0; e1; v1; e2; :::; è ; v` of alternating vertices
vi and edgesei such that for 1 � i � ` the edgeei has endpointsvi � 1 and vi

(for directed graphsei = ( vi � 1; vi )). If endpoints v0 and v` are the same, it is
a closed walk. Moreover, it is a cycle if the closed walk has no repeated vertices
with the exception of the end-vertices.

In the beginning I was interested in the existence of long and short cycles.
This topic is discussed in Chapter 1. However, soon I turned my attention to
the arc routing problems introduced in Chapter 2, and speci�cally to the problem
of designing winter road maintenance plans.

The main results of the thesis are contained in Chapters 3 and 4. Chapter 3 is
focused on the problem of how to �nd a single vehicle route. Chapter 4 describes
an illustrative application of a theoretical model created in Chapter 3.

Chapter 3 is based on and extends the work of Fink and Loebl [1]. The basic
concepts de�ned there are repeated or slightly modi�ed here. I participated in
introducing these basic concepts which is acknowledged in the paper.

The �nal chapter contains a description of an application for the winter road
maintenance in the Plze¬ region. This thesis initiated our collective research with
Fink and Loebl. Extended results are summarized in our paper [2] about an arc
routing algorithm applied to the winter road maintenance in the Czech Republic.
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1. Existence of Long and Short
Cycles
Graph theory examines properties of many graph classes. Eulerian graphs form
one of them which shows up naturally in many applications. The theorem at-
tributed to Euler, that a graph has an Euler closed walk if and only if it is
connected and eachdegreeof a vertex (number of edges incident with a vertex)
is even, gave rise to graph theory.

The parameters of a graph such as theorder (number of vertices), thesize
(number of edges) or thegirth (length of the shortest cycle) are connected to the
existence of cycles, e.g., any undirected graphG with n vertices andm edges has
a subgraph with minimum degree at leastm=n, and thus G also contains a cycle
of length at leastm=n + 1. [3]

Many results from undirected graphs cant be generalize for directed graphs,
so special classes of graphs are studied, including Eulerian graphs.

An Eulerian digraph is a connected directed graph, in which for each vertex
the in-degree (number of incident arcs oriented into the vertex) equals the out-
degree (number of incident arcs oriented outside of the vertex). An example of
an Eulerian digraph is the symmetric orientation of a graph.

A symmetric orientation of an undirected graphG = ( V; E) is a directed
graph GS = ( V; ES) where a set of vertices is identical to the set of vertices of
the original graph G and the set of arcsE S contains for all edgesf u; vg 2 E
symmetric arcs(u; v) 2 E S and (v; u) 2 E S.

A feedback arc setof a digraph is a set of arcs whose removal makes the
digraph acyclic. We denote by� (G) the minimum size of a feedback arc set.

Several results about the existence of cycles in directed graphs are mentioned
in this section.

1.1 Eulerian graphs and long cycles

An attempt to generalize results known for undirected graphs was made by
Huang, Ma, Shapira, Sudakov and Yuster [3]. They focused on several parameters
of Eulerian digraps and especially studied the feedback arc sets.

Below we mention their results on relations of the order and size of an Eulerian
digraph with the existence of long and short cycles.

Theorem 1 (Existence of a short cycle)Every Eulerian digraph G withn vertices
and m arcs has the length of the shortest cycle at most6n2=m:

Theorem 2 (Existence of a long cycle)Every Eulerian digraph withn vertices
and m arcs has a cycle of length at least1 +

j q
m=n

k
:

1.2 Conjectures about short cycles

The Caccetta-Häggkvist Conjecture is one of the famous and extensively studied
conjectures in the graph theory. The conjecture talks about the upper bound of
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the cycle length in digraphs. Many partial results have been made [4].

Conjecture 1 (Caccetta-Häggkvist Conjecture)Every simplen-vertex digraph
with a minimum out-degree at leastk has a cycle with length at most

l
n
k

m
.

It has been proven only fork � 5 by Hoàng and Reed [5]. Other conjectures
increase its popularity because they partially include the Caccetta-Häggkvist.
There are alternative formulations related to di�erent �elds of graph theory, e.g.
graph colorings (edges have assigned colors for our purpose).

A generalization of the Caccetta-Häggkvist Conjecture is the Aharoni Con-
jecture [7] where the orientation is transformed into colors. Arainbow cyclein
an edge-colored graph is a cycle with all edges having distinct colors.

Conjecture 2 (Aharoni Conjecture) Let G be an undirected graph onn vertices
with the edges colored byn colors such that each color is used on at leastk edges.
Then there is a rainbow cycle of length at most�

l
n
k

m
in G.

We obtain the Caccetta-Häggkivst Conjecture from the Aharony Conjecture
by coloring all outgoing edges for each vertex with one unique color. Then a rain-
bow cycle from the edge-colored graph is an oriented cycle in the corresponding
digraph.

The Aharoni Conjecture is proven to hold fork = 2 in a paper about short
rainbow cycles [8].

We proved, in a joint work with Sophie Spirkl and Aneta ’´astná [9], the
following partial result.

Theorem 3 Let G be a graph onn vertices with edge coloring usingn colors such
that each color is used on at least(128k3 + 74k2 + k)2 edges. Then there exists
a rainbow cycle of length at most

l
n
k

m
in G.

So if we have asymptoticallyO(k6) edges of each color, the Aharoni Conjecture
implies the existence of a short cycle of length at most

l
n
k

m
.

We are at the end of the famous Cimrman's Step-Aside and we can continue
with other parts of the research.
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2. Arc Routing Introduction
The following chapters are about arc routing problems and an application in win-
ter road maintenance. In general, routing problems are based on a road network
and they deal with problems related to it. Common examples are mail delivery
and garbage collection. New vehicle routing problems occur with the evolution
of technology. The routing of drones is one of the current interesting problems
dealing with navigating an autonomous entity in areas with �ight restrictions.

2.1 Arc routing

In arc routing problems there are demands on the edges of a graph. As an exam-
ple, we include the classicalChinese postman problem. Suppose there is a mail-
man who needs to deliver mail to a certain neighborhood. The mailman is unwill-
ing to walk far, so he wants to �nd the shortest route through the neighborhood
that meets the following criteria: it is a closed walk (it ends at the same point it
starts) and he needs to go through every street at least once.

If the graph of the road network to be traveled by the mailman has an Eulerian
circuit (no repeated edges), this circuit is the ideal solution.

Otherwise, the problem is to �nd a minimum weight T-join, where T is the
set of vertices of an odd degree. These vertices determine roads which have to
be traversed twice. The solution can be found by a reduction to the weighted
perfect matching problem.

Alan Goldman of the U.S. National Bureau of Standards �rst coined the name
�Chinese Postman Problem� for this problem, as it was originally studied by the
Chinese mathematician Mei-Ku Kuan in 1960 [12].

2.2 Vehicle routing

An associated area, which will not be discussed here, is formed by thevehicle
routing problems. On the contrary to arc routing, the vehicle routing problems
have demands on vertices. A basic example of a vehicle routing problem is the
famoustravelling salesman problem.

Imagine a �eet of vehicles and a set of vertices which has to be visited for
meeting the demands. We always want to minimize the cost of the routes, which
may depend on the length of the routes, delivery times, the number of used
vehicles or a penalty given by the quality of service, and so on.

2.3 Motivation

The arc routing problems on which we focus here are usually NP-hard1. This is
a reason why the existing research in the arc routing area is extensively focused
on heuristics and approximations.

1The Chinese postman problem is an exception since there exists a polynomial algorithm.
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We will now specify the types of arc routing problems discussed in this thesis.
My involvement started with my supervisor asking the question:

�Can we improve routing for winter road maintenance in the Czech Republic
and speci�cally in the Plze¬ region?�

In the Plze¬ region, the involved experts were creating routes using their ex-
perience and good practice, but also considered public opinion and made changes
accordingly. This leads to a design governed by local changes. Such a situa-
tion welcomes attempts for a new and more global approach based on modern
algorithms and extensive computation.

The main task was: to create new routing for winter road maintenance vehicles
while minimizing the total number of vehicles used. There are many additional
conditions that need to be satis�ed; in particular, conditions given by Czech
legislation.

A �xed plan for an entire winter season had to be created. We do theo�ine-
planning on a tactical level for middle length durations, i.e., months. The strate-
gical level is in years, e.g., positioning of depots, while the operational level is for
short time periods (online) planning like the work of a dispatcher.[10]

The winter road maintenance problem is acapacitated arc routing problem
because the maintenance vehicles have a �nite capacity of material which they
can store, and roads have demands given by their length. Czech legislation limits
the length of a working shift for drivers to eight hours including several security
breaks and time for non-driving manipulations.

Another important rule imposed is that each road has to be maintained by
the same vehicle in both directions. We assume that there are no one-way roads
which was the case for winter road maintenance in the Plze¬ region.

This is the reason why we base our models onundirected graphs in the next
sections. In order to solve the problem of routing for a single vehicle we need
a directed graph. For each undirected graph, we consider itssymmetric orien-
tation where each edge is replaced by two arcs with opposite orientations. This
representation guarantees that each edge is maintained in both directions.

We do not need mixed variations of the routing problem which use graphs
having both a set of undirected edges and a set of directed arcs. The mixed
graphs are useful for cities with many of one-way roads.

Important operating conditions are given by de�nedlevels of service policies.
There are three levels in the Czech Republic. Arterial roads in a region used
for long-distance travelling have the �rst level of priority and the highest level of
service. The second priority has a medium level of service. The third priority
of local roads has the lowest level of service. (Note that this hierarchy is not
completely coincident with the well-known classi�cation of roads marked as class
I., II., and III.). Each priority has a time limit, e.g., the �rst priority roads have
to be maintained within 3 hours.

Furthermore, each road has one of threemethods of maintenanceassigned to
it. Most of the roads are maintained using chemicals (sodium chloride solution)
because this strategy is inexpensive and does not require supplementary oper-
ations. This deicing method also prevents ice formation and it is preferred for
roads with a large tra�c volume.
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