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1 Introduction

Neurons communicate via chemical and electrical synapses, in a process known

as synaptic transmission. The crucial event that triggers synaptic transmission

is the action potential (or spike), a pulse of electrical discharge that travels

along the axon excitable membrane. The shapes and durations of individual

spikes generated by a given neuron are very similar, therefore it is generally

assumed that the form of the action potential is not important in information

transmission. The series of action potentials in time (spike trains) can be

recorded by placing an electrode close to or inside the soma or axon of a

neuron. Since individual spikes in a spike train are usually well separated, the

whole spike train can be described as a series of all-or-none point events in time

(Gerstner & Kistler, 2002). The lengths of interspike intervals (ISIs) between

two successive spikes in a spike train often vary, apparently randomly, both

within and across trials (Gerstner & Kistler, 2002; Shadlen & Newsome, 1998;

Stein et al., 2005). In order to describe and analyze neuronal firing, statistical

methods and methods of probability theory and stochastic point processes have

been widely applied (Cox & Lewis, 1966; Kass et al., 2005; Moore et al., 1966;

Tuckwell, 1988).

One of the most fundamental questions in neuroscience has been the

problem of neuronal coding, i.e., the way information about stimuli is

represented in spike trains (Perkel & Bullock, 1968; Softky, 1995; Strong et al.,

1998). To answer this question, methods to compare different spike trains are

needed first (Bhumbra et al., 2004; Buracas & Albright, 1999; Nemenman

et al., 2004; Paninski, 2003; Rieke et al., 1997; Victor & Purpura, 1997).

1.1 Rate coding scheme

In the rate coding scheme information sent along the axon is encoded in the

number of spikes per observation time window (the firing rate) (Adrian, 1928).

In most sensory systems, the firing rate increases, generally non-linearly, with

increasing stimulus intensity (Kandel et al., 1991). Any information possibly

encoded in the temporal structure of the spike train is ignored. Consequently,

rate coding is inefficient but highly robust with respect to the ISI ’noise’ (Stein

et al., 2005). The question whether the temporal structure of ISIs is due

to unavoidable fluctuations in spike generation or whether it represents an
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informative part of the neuronal signal is not yet fully resolved (Gerstner &

Kistler, 2002; Shadlen & Newsome, 1994; Stein et al., 2005) and leads to the

idea of temporal coding.

1.2 Temporal coding scheme

Temporal codes employ those features of the spiking activity, that cannot

be described by the firing rate. For example, time to first spike after the

stimulus onset, characteristics based on the second and higher statistical

moments of the ISI probability distribution, or precisely timed groups of spikes

(temporal patterns) are candidates for temporal codes (Buracas & Albright,

1999; Gerstner & Kistler, 2002; Rieke et al., 1997). Possibility of information

transmission by changes in ISIs serial correlation has been reported in crayfish

interneurons (Sugano & Tsukada, 1978; Wiersma & Adams, 1950). For a

classic overview of temporal coding see Perkel & Bullock (1968), for a more

recent discussion see Abeles (1994); Rieke et al. (1997); Shadlen & Newsome

(1994); Stein et al. (2005); Theunissen & Miller (1995).

1.3 Motivation and aims of the thesis

Fast information transfer in neuronal systems rests on series of action

potentials, the spike trains, conducted along axons. Methods that compare

spike trains are crucial for characterizing different neuronal coding schemes.

While the description of neuronal activity from the rate coding point of view

is relatively straightforward, the temporal coding allows infinite number of

possibilities. Spike trains which are equivalent from the rate coding perspective

may turn out to be different under various measures of their temporal

structure. The purpose of this text is to describe a measure of randomness of

the neuronal activity. We discuss properties of this measure with respect to

rate and temporal coding schemes and its application to experimental data.

We show, that spiking randomness is capable to capture characteristics that

would otherwise be difficult to obtain with conventional methods. The notion

of randomness is very different from that of variability, even though these terms

are sometimes interchanged. Furthermore, since the definition of randomness

is based on the concept of entropy (Shannon & Weaver, 1998), relation with

other information-theoretic quantities can be established.
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2 Theory and methods

2.1 Probabilistic description of neuronal activity

Spike train consists of times of spike occurences τ0, τ1, . . . , τn. For the purpose

of further analysis it is advantageous to describe such spike train equivalently

by a set of n ISIs ti = τi − τi−1, i = 1 . . . n. Arguably the most important

characteristics calculated from ti is the estimate t̄ of the mean ISI,

t̄ =
1

n

n
∑

i=1

ti. (1)

Since
∑n

i=1 ti = τn−τ0, the average t̄ is computed without recourse to particular

interval lengths and thus presents the lowest level of ISI analysis (Moore

et al., 1966). Other common parameters, coefficient of variation and standard

deviation of ISIs, require all measurements, ti, and both rely on the estimate

s2 of the ISI variance,

s2 =
1

n − 1

n
∑

i=1

(ti − t̄)2. (2)

However, t̄ and s2 are meaningful only if the spiking activity is stationary,

i.e., if the major probability characteristics of the firing are invariant in time

(Cox & Lewis, 1966; Landolt & Correia, 1978). Stationary neuronal firing

is typically observed in the spontaneous activity, or under constant stimulus

conditions (Gerstner & Kistler, 2002; Moore et al., 1966; Tuckwell, 1988).

The probabilistic description of the spiking results from the fact, that the

positions of spikes cannot be predicted deterministically, only the probability

that a spike occurs can be given (Gerstner & Kistler, 2002). By far the most

common probabilistic descriptor is the ISI probability density function f(t),

where f(t) dt is the probability that spike occurs in an interval [t, t+dt) (Moore

et al., 1966). Probability density function is usually estimated from the data

by means of histograms.

There are several functions completely equivalent to f(t), that characterize

the spiking activity (Cox & Lewis, 1966; Landolt & Correia, 1978). The
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cumulative distribution function F (t),

F (t) =

t
∫

0

f(z) dz, (3)

gives the probability that the ISI will have a length not greater than t. F (t)

is easily estimated from data by means of empirical cumulative distribution

function (Cox & Lewis, 1966; Duchamp-Viret et al., 2005), which serves as a

basis for some differential entropy estimators. The final probability descriptor

we mention is the hazard rate r(t),

r(t) =
f(t)

1 − F (t)
. (4)

The hazard rate determines the probability r(t) dt of spike occurring in a time

interval [t, t + dt) under the condition that there was no firing in [0, t). The

hazard rate characterizes the ”imminency” of spiking (Tuckwell, 1988) and it

has been traditionally employed in neuronal data analysis (Adrian et al., 1964;

Moore et al., 1966; Poggio & Viernstein, 1964) to provide a different point of

view from f(t) and F (t).

The mentioned decriptors, f(t), F (T ) and r(t), do not depend on the

ordering of ISIs, i.e., they completely describe the firing when ISIs are

mutually independent realizations of a positive random variable T , with

mean ISI E(T ) and variance V ar(T ) estimated by formulas (1) and (2).

Such firing is called renewal process of ISIs (Cox & Lewis, 1966; Gerstner

& Kistler, 2002). The plausibility of renewal models under steady-state

stimulus conditions is supported by observation, that after a spike is emitted,

the membrane potential of the cell returns to its (approximately) constant

resting value (Gerstner & Kistler, 2002; Landolt & Correia, 1978; Stein, 1967;

Tuckwell, 1988). Sometimes, however, there might be a dependency structure

between the observed ISIs (Chacron et al., 2001; Lansky & Rodriguez, 1999;

Lindner, 2004; Longtin & Racicot, 1997; Ratnam & Nelson, 2000; Sakai

et al., 1999). The dependence may arise, for example, due to incomplete

resetting of the membrane potential after the spike is emitted, which is

experimentally observed especially in the distal parts of the neuron (Abeles,

1982). Such type of neuronal firing is not a renewal process, although the ISI

probability distribution is invariant in time (due to the stationarity of spiking).
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 0  20  40  60  80  100

t [s]

a.   Regular,  CV=0,  η=-∞

b.   Exponential,  CV=1,  η=1

c.   Bimodal (Bernoulli),  CV=1,  η=-∞

d.   Pareto,  CV=1,  η=0

e.   Correlated,  CV=1,  η=0.26

f.   Gamma,  CV=1.1,  η=0.01

g.   Mixture of exponentials,  CV=1.1, η=0.8

h.   Bursting (inv. Gauss),  CV=1.73, η=0.8

Caption on next page.

Consequently, the mean ISI is constant in time and therefore E(T ) carries all

the information from the rate coding point of view, since E(T ) is inversely

proportional to the (mean) firing rate (Gerstner & Kistler, 2002; Moore et al.,

1966). Basic observation reveals, however, that even if the firing rates are the

same, the resulting spike trains can have very different appearances (Fig. 1).

See Appendix for description of models employed in the figure.
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Fig. 1: Examples of different simulated spike trains. Mean

interspike interval is E(T ) = 1 s in all cases, thus the spike

trains (a–h) are equivalent in the rate coding scheme. Temporal

coding scheme must be used to classify the apparent differences.

The interspike interval (ISI) variability (measured by coefficient of

variation, CV ) is not sufficient for (b–e). The ISIs described by

the exponential probability distribution (b) have many different

lengths (i.e., they are ’variable’), but the same variability is

achieved for a regular spiking disturbed by appropriately long

pauses (c). Activity described by the Pareto distribution (d) has

the same variability (CV = 1), though it lacks short ISIs. Finally,

(e) contains the same individual ISIs as (b) but ordered in a

particular way (Markov chain, first-order serial correlation % =

0.9). The measure that describes the differences is randomness,

η, defined as the ’choice’ of possible ISIs when reconstructing the

spike train ’spike by spike’. Spike trains (f–h) were simulated using

the same random seed to make the visual comparison easier. The

differences in randomness between cases (f) and (g) with equal CV

are not as apparent as in (b–e). The same level of randomness,

in (g) and (h), is reached with different variability and results in

different spike trains. Bursting activity (h) is more variable than

the exponential case (a), though its randomness is lower.

2.2 Spiking variability

One of the most frequently used characteristics of renewal neuronal firing is

the ISI variability. The variability may be measured simply using the ISI

variance, V ar(T ), but variance depends on the mean ISI. Usually, it is required

to characterize the spike train differences from the temporal coding point of

view, in other words to describe properties which are distinct from the mean

ISI. To achieve this the ISI lengths are rate-normalized, i.e., individual ISIs

are divided by the mean ISI,

Θ =
T

E(T )
, (5)
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so we obtain a new dimensionless random variable Θ with mean E(Θ) = 1.

Variance of Θ is equal to the coefficient of variation of the original random

variable T , V ar(Θ) = CV , where

CV =

√

V ar(T )

E(T )
. (6)

The main advantage of CV as a measure of spiking variability (compared

to variance) is that CV is dimensionless and its value does not depend on the

choice of units of ISIs (e.g., seconds or miliseconds) and thus ISI probability

distributions with different means can be compared meaningfully (Softky &

Koch, 1993). Furthermore, the CV of ISIs is related to the variability coding

hypothesis (Perkel & Bullock, 1968). The coding characterized by CV has been

proposed as a possible mechanism to transmit information about light intensity

as well as adaptation state in the same spike train. A dark adapted cell has

a larger CV of ISIs than a light-adapted cell (for a given mean ISI) (Ratliff

et al., 1968). Changes in the level of bursting activity, characterized by values

CV > 1, are reported to be the proper code for edge detection in certain units

of visual cortex (Burns & Pritchard, 1964) and also in hippocampal place cells

(Fenton et al., 2002). The variability of ISIs generated by the leaky integrate-

and-fire model (Burkitt, 2006; Gerstner & Kistler, 2002) was recently a topic

for a very extensive discussion initiated by Softky & Koch (1993).

Nevertheless, E(T ) and CV are not sufficient to describe all possible

differences between spike trains (Fig. 1b–e, where E(T ) = 1 s and CV = 1).

The spike trains described by the renewal processes of equal variability may

have ISI probability distributions that differ in higher than second statistical

moments. Additionaly, CV does not account for statistical dependency

between ISIs (by definition), and thus spike trains with the same marginal

probability distributions of ISIs have the same variability.

Instead of employing characteristics based on higher statistical moments of

the probability distributions involved and serial correlation coefficients of the

ISIs we propose to measure the randomness of the spiking activity. Spiking

randomness accounts automatically for differences in both marginal probability

distributions and serial dependence of ISIs.
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2.3 Spiking randomness

The randomness of spiking can be defined as the measure of ’choice’ of different

ISI lengths that appear in the spike train and the measure of ’freedom’ in

their serial ordering. Bigger choice of ISIs and more freedom in their ordering

results, intuitively, in greater randomness of spiking. We first overview the

concept of entropy (Shannon & Weaver, 1998), on which the measure of spiking

randomness is based.

For a discrete random variable X with the set of possible states

{x1, x2, . . . , xn} and the corresponding probability mass function pi =

Prob{X = xi}, the entropy H(X) is defined as (Shannon & Weaver, 1998)

H(X) = −
n

∑

i=1

pi ln pi. (7)

The entropy H(X) is positive or equal to zero with equality if only one option is

possible (no randomness). Maximum randomness (maximum H(X)) is reached

when all pi’s are the same. If the logarithm base in formula (7) is 2, H(X)

can be interpreted as the average length in bits of the shortest description of

X (Cover & Thomas, 1991). The entropy is a unique measure of randomness

satisfying a set of intuitive conditions (Jaynes & Bretthorst, 2003; Shannon &

Weaver, 1998), however, it is applicable to discrete systems only.

The extension of formula (7) for continuous probability distributions is

impossible because the value of H(X) diverges (Cover & Thomas, 1991).

Therefore, the differential entropy h(T ) of the ISI probability density function

f(t) is defined as

h(T ) = −
∞

∫

0

f(t) ln f(t) dt. (8)

Differential entropy h(T ) does not have all the properties and intuitive interpre-

tation of the entropy H(X). The value of h(t) changes with coordinate

transforms, e.g., depends on the time units of ISIs. Probability density function

f(t) has a physical dimension (it is a derivative of probability with respect to

time), therefore h(T ) has the dimension of its logarithm, e.g., logarithm of

a milisecond. These facts show, that the differential entropy cannot be used

to quantify the randomness of spiking activity. To overcome this problem, a

discretization method has been adopted in literature (Rieke et al., 1997; Strong
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et al., 1998) which converts the task back to formula (7), however, the results

depend on the discretization factor (Chacron et al., 2001).

Here we proceed in a different way, avoiding the discretization. We want

the randomness to characterize the spike train differences from the temporal

coding point of view, in a similar way to CV . Thus formula (5) is employed

to rate-normalize the ISI lengths and the spiking randomness η is defined as

the differential entropy of the random variable Θ. The following relation holds

(Kostal et al., 2007)

η = h(T ) − lnE(T ). (9)

Before discussing the properties of η we mention another approach to defining

randomness. The exponential probability density function, fexp(t), is given as

fexp(t) = λ exp(−λt), (10)

where λ > 0 is the inverse of its mean, λ = 1/E(T ). An important property

of fexp(t) is, that it achieves maximum differential entropy among all ISI

probability distributions with the same mean ISI (Cover & Thomas, 1991).

The exponential model fexp(t) represents the ’zero point’ on the differential

entropy scale for all ISI probability density functions with the same means.

Kullback-Leibler (KL) distance D(f, fexp) given by formula (Cover & Thomas,

1991)

D(f, fexp) =

∞
∫

0

f(t) ln
f(t)

fexp(t)
dt (11)

measures the deviation between probability density functions f(t) and fexp(t).

Therefore, D(f, fexp) can be used to quantify the randomness of probability

density function f(t), if f(t) has the same mean as fexp(t) (Kostal & Lansky,

2006c). It can be shown that η is related to D(f, fexp) by a simple formula

(Kostal et al., 2007)

η = 1 − D(f, fexp) (12)

and thus both proposed measures of randomness, η and D(f, fexp), are

equivalent in their properties because their values differ only in a sign and a

constant. Definition (9) can be naturally extended to account for non-renewal

spiking activity (Kostal & Lansky, 2006a).

Finally, by employing the hazard rate from formula (4), we provide
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an independent justification for maximum randomness of the exponential

distribution. Intuitively, the most random firing makes the time to the first

spike (since the last observed spike) most unpredictable. In other words, the

probability of first spike occurring in [t, t + dt) must be independent on the

elapsed time t and consequently the hazard rate must be constant. (Any

dependence of r(t) on t would lead to increased predictability of firing due to

more probable first spike occurrence after certain elapsed times.) The only

ISI probability distribution with constant r(t) is the exponential distribution

defined in equation (10), then r(t) = 1/λ. Even though the randomness η

can be determined from r(t) (and not vice versa), we see two main advantages

of η over r(t) as a measure of randomness. First, r(t) is a function not a

number (contrary to η), and therefore comparison of randomness of different

ISI distributions by means of r(t) is difficult (Kostal & Lansky, 2006c). Second,

while η in its general form accounts also for non-renewal spiking activity, r(t)

is used only in the renewal case (Moore et al., 1966).

2.4 Randomness of non-renewal firing

In the stationary, but non-renewal spiking activity, the successive ISIs are

realizations of identical, statistically dependent random variables {Ti} and the

activity is fully described by the joint probability density function f(t1, t2, . . . )

of ISIs. For the mean ISI, E(T ), thus holds E(T ) = E(Ti) (Cox & Lewis,

1966). The appropriate generalization of differential entropy h(T ) is given by

the differential entropy rate h̄(f) (Cover & Thomas, 1991)

h̄(f) = − lim
n→∞

1

n

∞
∫

0

· · ·
∞

∫

0

f(t1, . . . , tn) ln f(t1, . . . , tn) dt1 . . . dtn. (13)

Equation (13) provides the general form of differential entropy rate which can

be significantly simplified for many cases of interest. For example, neuronal

firing which is described by the first-order Markov chain (example in Fig. 1e)

is fully characterized by the joint probability density function f(t1, t2) of two

adjacent ISIs (Cover & Thomas, 1991). Equation (13) then reads

h̄(f) = −
∞

∫

0

∞
∫

0

f(t1, t2) ln f(t2|t1) dt1 dt2, (14)
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where f(t2|t1) = f(t1, t2)/f(t1) is the conditional probability density function

(Cox & Lewis, 1966).

The joint probability density function f(t1, t2, . . . ) describes also a general,

non-stationary neuronal activity. By observing the first n spikes (from the

stimulus onset) over many trials we may estimate the n-dimensional probability

density function f(t1, . . . , tn) that governs the immediate response of a neuron

(or a population of neurons). The definition (13) holds without the limit

(for a finite n) and we may formally put µ = 1
n

∑n
i=1 E(Ti) instead of E(T ).

Randomness of any activity may be calculated according to formula (9),

however, due to non-stationarity the interpretation of η with respect to the

rate coding scheme becomes unclear.

2.5 Properties of spiking randomness

Here we summarize basic properties of the spiking randomness η, and compare

it with the properties of variability as measured by the coefficient of variation

CV .

• Due to rate-normalization of the ISI probability distribution, the

randomness η is a dimensionless quantity and does not depend on

coordinate transformations (Kostal et al., 2007). Consequently η allows

to compare different stationary spiking activities in the same way as CV .

• Maximum spiking randomness is generated only by the renewal process

with exponential probability distribution of ISIs (Poisson process,

Fig. 1a). Substituting formula (10) into formula (9) gives η = 1.

Any non-renewal spiking activity with exponential marginal probability

distribution of ISIs must have η < 1, since less freedom in serial ordering

of ISIs results in smaller randomness (Kostal & Lansky, 2006a).

• Coincidentally, both η = 1 and CV = 1 for exponential distribution.

Many non-exponential probability distributions can have CV = 1, but

their randomness is always η < 1. The equality η = 1 completely

characterizes the exponential distribution of ISIs.

• Equally variable spike trains may differ in their randomness. However,

the same spiking randomness may be achieved with different spiking

variabilities (Fig. 1g and h). Thus, randomness provides an alternative
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rather than superior characteristic of neuronal firing compared to

variability (Kostal et al., 2007).

• CV is limited from below by CV = 0 (regular spiking, Fig. 1a) but there

is no maximum spiking variability. Values CV > 1 are characteristic

of bursting activity (Fig. 1h). On the other hand, there is no unique

minimal randomness probability distribution, because η = −∞ for any

discrete random variable (Fig. 1a and c). However, discrete probability

distributions are not valid models of spiking activity (ISI ’noise’ is always

present), and the fact that η may not be finite is of little practical

consequence (Kostal & Lansky, 2006a).

• Spiking randomness is an information-theoretic measure, related to

entropy and KL distance. The strength of information-theoretic

measures lies in their ability to reveal non-linear dependencies (Cover

& Thomas, 1991; Rieke et al., 1997; Yamada et al., 1993). Recently, KL

distance has been used in the field of neuronal coding from the classifi-

cation theory point of view Johnson et al. (2001) and as a predictor

of purely rate coding models (Johnson & Glantz, 2004). Renormalized

entropy (a special case of KL distance) has been shown to provide

additional information over traditional tools in EEG record analysis

(Kopitzki et al., 1998; Quiroga et al., 2000; Thakor & Tong, 2004).

2.6 Estimation of spiking randomness from data

The definition of randomness in formula (9) depends on the differential entropy.

The problem of differential entropy from data estimation is well exploited in

literature, see, e.g., Beirlant et al. (1997); Tsybakov & van der Meulen (1994)

for an overview of available techniques. It is preferable to avoid estimations

based on data binning (histograms), because discretization affects the results

greatly. The support of ISI distributions is always positive, which makes the

application of kernel estimators problematic.

If the neuronal firing is described by the renewal process our experience

shows, that the simple and well researched Vasicek’s estimator (Vasicek, 1976)

gives good results on a wide range of data (Ebrahimi et al., 1992; Esteban

et al., 2001; Miller & Fisher III, 2003). The Vasicek’s estimator is based

on the empirical cumulative distribution function. Given the n ranked ISIs
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{t[1] < t[2] < · · · < t[n]} the Vasicek’s estimator ĥ of differential entropy reads

ĥ =
1

n

n
∑

i=1

ln
[ n

2m

(

t[i+m] − t[i−m]

)

]

+ ϕbias. (15)

The positive integer parameter m < n/2 is set prior to computation and the

two following conditions hold: t[i−m] = t[1] for (i−m) < 1 and x[i+m] = x[n] for

(i + m) > n. The particular values of m corresponding to various values of n

were determined by Ebrahimi et al. (1992). The bias-correcting factor is

ϕbias = ln
2m

n
−

(

1 − 2m

n

)

Ψ(2m) + Ψ(n + 1) − 2

n

m
∑

i=1

Ψ(i + m − 1), (16)

where Ψ(z) = d
dz

ln Γ(z) is the digamma function (Abramowitz & Stegun,

1965). Our experience with simulated data shows, that for sample sizes

n ≈ 500 the error of estimation is relatively small (Kostal & Lansky, 2006b),

the positive bias with respect to true values is not important for small samples

(Ebrahimi et al., 1992; Esteban et al., 2001) and the value of m may be

approximated by an integer closest to
√

n. The disadvantage of Vasicek’s

estimator is, that it cannot be easily extended to non-renewal processes.

Non-renewal sustained neuronal activity is described by multi-dimensional

joint probability distributions and so more elaborate techniques have to be

employed in differential entropy estimation. One popular approach (Kraskov

et al., 2004; Victor, 2002) is realized by the Kozachenko-Leonenko binless

estimator (Kozachenko & Leonenko, 1987), which is asymptotically unbiased

and consistent, but the dimension of the problem must be known beforehand,

and the underlying probability density function must be continuous. If the

spiking is described by a d-dimensional probability density function, each

vector (tj, tj+1, . . . , tj−1+d) of consequent ISIs represents a point in a d-

dimensional space. If the observed spike train consists of N ISIs then total

n = N −d+1 of such points may be obtained (if the firing is stationary). The

estimate ĥ then reads

ĥ =
d

n

n
∑

i=1

ln λi + ln

[

(n − 1)
√

πd

Γ(d/2 + 1)

]

+ γ, (17)

where λi is the Euclidean distance of the i-th point to its nearest neighbour,
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γ = −
∫

∞

0
e−z ln z dz ≈ 0.5772 is the Euler-Mascheroni constant and Γ(z)

is the gamma function (Abramowitz & Stegun, 1965). It must be stated,

however, that ’reasonable’ estimation of differential entropy of non-renewal

spiking activity usually requires large amounts of data, often not available in

experimental recordings.

3 Summary of main results

3.1 Model spiking activity

Probabilistic models of stationary spiking activity may be divided in two

categories: statistical and biophysical. The statistical models are described

by probability density functions which are simple enough to manipulate and

adequately describe experimentally observed data but no other connection

with neurophysiological reality is required. The biophysical models, on the

other hand, result from attempts to describe the behavior of real neurons

at different levels of abstraction (Gerstner & Kistler, 2002; Tuckwell, 1988).

However, mathematical expressions for biophysical models are rarely given in

a closed form and one has to rely on numerical approximations.

The analysis of several statistical and biophysical renewal process models

was performed in Kostal & Lansky (2006b,c); Kostal et al. (2007). Here we

present an overview of the main results. The statistical models are represented

by gamma and log-normal ISI probability distributions, both are commonly

used for experimental data description (Duchamp-Viret et al., 2005; Levine,

1991; Mandl, 1992; McKeegan, 2002; Rospars et al., 1994). The inverse

Gaussian distribution (Chhikara & Folks, 1989) results from a simple point

stochastic neuronal model (perfect integrator) where the approach of the

membrane potential towards the threshold is described by the Wiener process

with a positive drift (Berger et al., 1990; Levine, 1991). The inclusion of

leakage current into this model results in the more realistic diffusion leaky IF

model (Burkitt, 2006; Tuckwell, 1988) where the membrane potential evolution

is described by the Ornstein-Uhlenbeck process. The parameters of the leaky

IF model determine two firing regimes, depending on the ratio ξ = S/(µτ) of

the threshold membrane potential S to the neuronal input µ and membrane

time constant τ (Burkitt, 2006; Kostal et al., 2007). The sub-threshold regime

is characterized by ξ > 1, supra-threshold by ξ < 1. The gamma, lognormal
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and inverse Gaussian distributions are completely characterized by E(T ) and

CV and therefore it is possible to calculate unique value of η for each value

of CV (note that η is independent of E(T )). Similar calculation is possible

for the leaky IF model once µ, τ and S are known (determining the supra-

or sub-threshold regimes) because the amount of input ’noise’ σ2 controls the

actual value of CV (Kostal et al., 2007). The following inference can be made

based on Fig. 2, where the randomness of each model is plotted against the

corresponding variability.

• The randomness-variability curves of the investigated models are often

U-shaped with high randomness values distributed around CV = 1.

The notable exceptions are the sub-threshold regime of the leaky IF

model and the statistical Pareto model (not included, Kostal & Lansky

(2006a)).

• While small variability generally implies low randomness, high variability

in the firing may result in both low as well as high randomness.

• It is well known that the lognormal, inverse Gaussian and leaky IF supra-

threshold ISI distributions never become exponential, but in addition

their maximum randomness (minimal KL distance from the exponential

model) is not located at CV = 1.

• The behavior of the leaky IF model in the supra-threshold regime is

comparable to the perfect integrator (inverse Gaussian model). In the

sub-threshold regime, the effect of coherence resonance (Lindner et al.,

2002) is demonstrated by local decrease of CV for η ≈ 0.96. However,

there is no corresponding local decrease in spiking randomness, i.e., the

coherence resonance for certain (high) values of ξ is observable in CV

but not in η. Though it is known that the degree of coherence resonance

depends on the measure employed (Lindner et al., 2004), the apparent

disappearance of the effect on the η scale raises the question of what is

the proper measure of ISI coherence (Kostal et al., 2007).

Several statistical models of non-renewal spiking activity described by first-

order Markov chains (Cox & Lewis, 1966) were examined in Kostal & Lansky

(2006a). Markov structure in experimental data is reported in literature

(Ratnam & Nelson, 2000), and even the first-order case makes the existence
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Fig. 2: Randomness vs. variability for some widely used renewal

models of neuronal activity. For CV = 1 the gamma distribution

becomes exponential and thus η = 1. The inverse Gaussian

and lognormal models never become exponential their maximum

randomness (minimal KL distance from the exponential model

with the same mean ISI) is not located at CV = 1. The behavior

of leaky IF model in the supra-threshold case is similar to the

behavior of inverse Gaussian and lognormal models. The sub-

threshold activity exhibits the effect of coherence resonance (local

decrease of CV for η ≈ 0.96). The dot shows, that for CV = 1.1 the

randomness of the exponential mixture model is lower than that

of any other model considered here.

of certain (short) sequences of ISIs more probable than others (basic temporal

pattern formation, Kostal & Lansky (2006a)). Although the examined models

were not used in data analysis previously, the results show that the serial

correlation coefficient (Cox & Lewis, 1966) is a weak indicator of the true

ISI serial dependence. For example, the Lawrance and Lewis model with

exponential marginal probability distribution of ISIs (Lawrance & Lewis, 1977)

can achieve either randomness η = 0.97 or η = 0.82 for the same value of first-
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order serial correlation % = 0.17. It follows, that randomness η or mutual

information between ISIs (Cover & Thomas, 1991) should be employed when

deciding on renewal or non-renewal character of experimental data. However,

estimation of these information-theoretic quantities requires large amounts of

data which are usually not available in experimental recordings. Finally we

note, that the maximum order of non-zero serial correlation coefficient does not

coincide with the dimension of the joint probability density function describing

the activity. For example, first-order moving average process is non-renewal

with all second- and higher-order serial correlations equal to zero. However,

joint probability density function of two adjacent ISIs does not describe such

process, since the Markov property, Prob{Tn ≤ tn|Tn−1 = tn−1, . . . , T1 = t1} =

Prob{Tn ≤ tn|Tn−1 = tn−1} (Cox & Lewis, 1966), does not hold in this case.

3.2 Simulated and experimental data

Here we provide an example with practical consequences, showing that

estimates of randomness from two spike trains may differ significantly although

their appearance is very similar (Fig. 1f and g) and their histograms are almost

identical.

Bursting neuronal activity consists of runs of short ISIs (bursts)

interspersed among comparatively longer ISIs. Bursting is usually

characterized by CV > 1 and it is often reported in experimental data analysis.

(Bhumbra et al., 2004; Rospars et al., 1994; Duchamp-Viret et al., 2005).

The bursting activity of neuron is usually described by a mixture of two

distributions, one for interburst ISIs and the other for intraburst ISIs. A

common model of bursting activity is given by a probability density function

of the mixture of two exponential (ME) distributions (Smith & Smith, 1965;

Tuckwell, 1988)

f(t) = pae−ax + (1 − p)be−bx, (18)

where p ∈ (0, 1) and a > 0, b > 0, a 6= b. The parameters a, b and p are

independent and consequently a whole range of different randomness values

can be achieved for a fixed mean ISI and CV > 1 (Kostal & Lansky, 2006b).

We compare two simulated spike trains with E(T ) = 1 s, CV = 1.1: the first

generated by the gamma model (Fig. 1f) and the second generated by the

ME distribution (Fig. 1g). The theoretical value of η for the gamma model
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in this case is η = 0.99. The parameters in formula (18) were set so, that

η = 0.80 for the ME model. Fig. 2 shows, that the randomness of the ME

distribution with variability CV = 1.1 is the lowest of the considered models

with the same CV . The histograms of ISIs constructed from n = 200 spikes are,

however, hardly distinguishable due to the striking similarity of spike trains

in Fig. 1f and g. The estimated CV values are (mean ± standard deviation):

ĈV = 1.1 ± 0.06 (gamma) and ĈV = 1.104 ± 0.05 (ME). The estimates of

randomness, η̂ according to formula (15) (see Appendix B) with ϕbias = 0

and m = 14, averaged over several runs give η̂ = 0.91 ± 0.05 (gamma) and

η̂ = 0.77 ± 0.06 (ME). The error of estimation is acceptable, because even
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Fig. 3: Comparison of the mixture of exponentials (ME) and

gamma models with parameters E(T ) = 1 s and CV = 1.

Exponential model with E(T ) = 1 s is also shown. Probability

density functions (a) of ME and gamma models are almost identical

for times greater than 0.5 s. However, the calculated spiking

randomness η differs significantly (Fig. 2), which is supported

independently by comparing the hazard rates of ME and gamma

models. The gamma model approaches the constant hazard rate

quickly and therefore its spiking activity is more random than that

described by the ME model with monotonously decreasing hazard

rate.

for 200 spikes the Vasicek’s estimator clearly marks the difference in spiking

randomness. Theoretical probability density functions of the exponential,

gamma and ME models (Fig. 3a) differ for very short ISIs, however, histograms

with wide-enough bins hide this difference. Visual comparison of hazard

rates, however, provides an independent proof that the spiking randomness

of the ME model is indeed different from both exponential and gamma

model (Fig. 3b). The hazard rate of the gamma model rapidly approaches

the constant value and thus confirms the small deviation in randomness

from the exponential distribution, contrary to the ME distribution which

has monotonously decreasing hazard rate. We conclude, that even though

conventional analysis of two spike trains reveals no difference, the spike trains

may still differ in their randomness and the difference is tractable even with

limited amount of data. Values η = 0.99 and η = 0.80 may also characterize

visually different spike trains. This is confirmed by comparing Fig. 1f and h

with η = 0.8 but different levels of variability. The bursting activity described

by the inverse Gaussian model contains more of both longer and shorter ISIs

than the less variable gamma model.

Duchamp-Viret et al. (2005) estimated the randomness from the

spontaneous activity recordings done on olfactory receptor neurons of freely

breathing and tracheotomized rats. The recordings were obtained under

steady-state conditions and it was shown that in the majority of cases the

firing can be considered renewal. It was demonstrated, that the spontaneous

activity is less variable but more random in the case of tracheotomized animals
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than in those freely breathing. This effect is further enhanced if η is adjusted

for different spiking rates by considering instead the ratio η/E(T ), i.e., the

’amount’ of randomness per time unit (Kostal & Lansky, 2006a).

4 Concluding remarks

Comparison of neuronal spiking activity under different conditions plays a key

role in resolving the question of neuronal coding. The spiking activity of a

neuron is usually not deterministic, therefore ISI is described by means of

probability distributions. We proposed an information-theoretic measure of

spiking randomness, η, which can be related to the differential entropy or KL

distance from the maximum entropy distribution. Conceptually, the spiking

randomness can be best compared with the more often used ISI variability

measured by the coefficient of variation, CV . However, the properties of

randomness and variability are different. Namely, small variability generally

implies low randomness, but high variability of firing may not result in high

level of randomness. Simultaneously, the same level of randomness can be

reached by different values of variability, depending on the probabilistic model

of the spiking.
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Appendix A: Simulated spike trains

In this section we describe models of neuronal activity that were used to create

Fig. 1 and that are not discussed in the previous text. We employed the

standard transformation method (Devroye, 1986) for generating the ISIs from

known probability density functions.

• ad c. The spike train contains ISIs of two possible lengths, θ1 and θ2,

distributed according to the Bernoulli distribution

Prob(T = θ1) = 1 − Prob(T = θ2) = p, (A-1)

where p ∈ [0, 1]. It holds

E(T ) = pθ1 + (1 − p)θ2, (A-2)

CV =

√

(1 − p)p|θ1 − θ2|
(θ1 − θ2)p + θ2

. (A-3)

From E(T ) = 1 s, CV = 1 and by choosing p = 1/10 follows θ1 = 4 s and

θ2 = 2/3 s, which was used to generate the shown spike train.

• ad d. The probability density function of the Pareto distribution is

f(t) =

{

0, t ∈ (0, b)

abat−a−1, t ∈ [b,∞)
(A-4)

with parameters a > 2 and b > 0. The following relations hold: CV =

1/
√

(a2 − 2a) and E(T ) = ab/(a − 1).

• ad e. The first-order Markov chain was generated by the Downton

bivariate exponential model (Downton, 1970)

f(t1, t2) =
a2

1 − %
exp

[

a(t1 + t2)

% − 1

]

I0

(

2a
√

t1t2%

1 − %

)

, (A-5)

where % ∈ (0, 1) is the first-order serial correlation, a = 1/E(T ) and Iν(z)

is the modified Bessel function of the first kind (Abramowitz & Stegun,

1965).

• ad f. Probability density function of the gamma distribution,
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parameterized by µ = E(T ) and CV is

f(t) =

(

1

C2
V µ

)1/C2

V

Γ(1/C2
V ) t1/C2

V
−1 exp

(

− t

C2
V µ

)

, (A-6)

where Γ(z) is the gamma function.

• ad h. Probability density function of the inverse Gaussian distribution

(Chhikara & Folks, 1989), parameterized by µ = E(T ) and CV is

f(t) =

√

µ

2πC2
V t3

exp

[

− 1

2C2
V µ

(t − µ)2

t

]

. (A-7)
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ABSTRACT: Spontaneous firing of olfactory recep-

tor neurons (ORNs) was recently shown to be required

for the survival of ORNs and the maintenance of their

appropriate synaptic connections with mitral cells in the

olfactory bulb. ORN spontaneous activity has never been

described or characterized quantitatively in mammals.

To do so we have made extracellular single unit record-

ings from ORNs of freely breathing (FB) and tracheo-

tomized (TT) rats. We show that the firing behavior of

TT neurons was relatively simple: they tended to fire

spikes at the same average frequency according to purely

random (Poisson) or simple (Gamma or Weibull) statisti-

cal laws. A minority of them were bursting with relatively

infrequent and short bursts. The activity of FB neurons

was less simple: their firing rates were more diverse,

some of them showed trends or were driven by breathing.

Although more of them were regular, only a minority

could be described by simple laws; the majority displayed

random bursts with more spikes than the bursts of TT

neurons. In both categories bursts and isolated spikes

(outside bursts) occurred completely at random. The

spontaneous activity of ORNs in rats resembles that of

frogs, but is higher, which may be due to a difference in

body temperature. These results suggest that, in addition

to the intrinsic thermal noise, spontaneous activity is pro-

voked in part by mechanical, thermal, or chemical (odor-

ant molecules) effects of air movements due to respira-

tion, this extrinsic part being naturally larger in FB neu-

rons. It is suggested that spontaneous activity may be

modulated by respiration. Because natural sampling of

odors is synchronized with breathing, such modulation

may prepare and keep olfactory bulb circuits tuned to

process odor stimuli. ' 2005 Wiley Periodicals, Inc. J Neurobiol

65: 97–114, 2005

Keywords: olfactory receptor unit; spontaneous firing;

rat; single unit; free breathing; statistical analysis

INTRODUCTION

Since the pioneering studies of Hubel and Wiesel in

the 1970s (Hubel and Wiesel, 1970), the spontaneous

activity present in several areas of the central nervous

system has been shown to play an essential role in the

refinement of neural connections, especially during

development (Shatz and Stryker, 1988; Erzurumlu

and Kind, 2001; McLaughin et al., 2003; Grubb et al.,
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2003; Hanson and Landsmesser, 2004). In the olfactory

system, the organization of the connections between

the primary olfactory receptor neurons (ORNs), located

in the olfactory mucosa, and the second order neurons

(i.e, mitral cells, MC), located in the olfactory bulb

(OB), is very precise (Mombaerts et al., 1996; Ressler

et al., 1993; Vassar et al., 1993, 1994) and is main-

tained despite the continual renewal of ORNs during

the life span. ORNs that express the same odorant

receptor are broadly dispersed across the olfactory epi-

thelium, but their axons converge onto one or a few

bulbar glomeruli (Mombaerts et al., 1996; Ressler et

al., 1993; Vassar et al., 1993). ORN projection is gov-

erned by the receptor expression itself (Wang et al.,

1998; Cutforth et al., 2003, Zou et al., 2004) and creates

an OB topographic map of receptor activation that is

one of the bases of the neural code allowing odor dis-

crimination. ORN activity was not thought to be

involved in the development and maintenance of the

ORN connectivity map until recent reports indicated

such a role of ORN spontaneous (Yu et al., 2004) and

odor-evoked (Zou et al., 2004) activities.

Consistent with other observations (Lin et al.,

2000; Zheng et al., 2000), Yu et al. (2004) showed

that the development of the map was apparently nor-

mal if all ORNs were inactivated. However, a selec-

tive suppression of spontaneous activity or synaptic

transmission in the ORNs that express the P2 odorant

receptor resulted in the dissolution of the correspond-

ing glomeruli and the gradual depletion of the inac-

tive P2 ORNs. These results indicate a bidirectional

influence of spontaneous activity in the ORNs, which

would ensure both the ORN survival and the synaptic

stability in glomeruli. Furthermore, Zou et al. (2004)

showed that, once established, odor-evoked activity

could refine the sensory map. They also proposed

that, in a competitive environment, silent neurons,

providing neither spike emission nor synaptic trans-

mission, could be switched to transcribe a different

receptor gene. Such a selective pressure exerted by

surrounding active neurons raises the hypothesis that

neural activity may regulate not only neurotransmitter

expression (Borodinsky et al., 2004) but also the

expression of olfactory receptors.

In frogs (Blank and Mozell, 1976; Duchamp et al.,

1974; Duchamp-Viret et al., 2000; Gesteland, 1971;

Gesteland et al., 1963; 1965; Juge et al., 1979; O’Con-

nell and Mozell, 1969), salamanders (Bayling, 1979;

Trotier and MacLeod, 1983), tortoises (Matthews,

1972), birds (McKeegan, 2002), and mice (Sicard,

1986) ORNs have been shown to fire action potentials

more or less regularly at a frequency rate varying from

a few spikes per minute to a few spikes per second in

absence of odor stimulation. In most species only the

average spontaneous firing rate or the histogram of fir-

ing frequencies is known. We showed in frogs

(Rospars et al., 1994), that the spontaneous activity of

ORNs can be described by a completely random (Pois-

son) process. The basic random event can be either the

firing of an individual action potential or the occur-

rence of a burst of action potentials, that is series of

spikes with interspike intervals (ISIs) much shorter

than the interburst intervals. Spontaneous activity of

frog ORNs was furthermore shown to influence the

activity of second-order neurons because a partial

deafferentation of the OB from the mucosa increased

their spontaneous firing rate. This effect was not in

accordance with the simple expectation that decreasing

the excitatory inputs of mitral cells should decrease

their firing rate. It raised the hypothesis that the partial

deafferentation of the OB from the mucosa resulted in

a relative decrease of the number of excitatory inputs

on inhibitory GABAergic neurons in the glomerular

layer. This hypothesis was supported by experiments

(Duchamp-Viret et al., 1993) where the pharmacologi-

cal antagonization of the inhibitory GABAergic net-

work induced an increase in MC spontaneous rate,

suggesting that ORN spontaneous activity influences

the OB network stability.

The recent evidence that spontaneous spiking is

involved in both the shaping of neuronal circuits in

glomeruli and the ORN maintenance makes more sali-

ent the lack of description and characterization of this

activity in mammalian ORNs. A statistical and model-

ing study of the spontaneous activity of rat single

ORNs was thus undertaken from recordings gathered

during studies of ORN reactivity to odors in anesthe-

tized rats (Duchamp-Viret et al., 1999, 2000, 2003).

ORNs were recorded in freely breathing and in tra-

cheotomized animals, which offered an opportunity to

examine the role of respiration rhythm in the genesis

and the patterning of ORN spontaneous activity. In the

present article the following questions are addressed:

What are the qualitative and quantitative characteris-

tics of the spontaneous activity in normally breathing

rats? How is it modified by tracheotomy? How does it

compare with that in other species (frogs, fishes, and

birds)? What is the origin of the spontaneous activity

in ORNs? Can it be ascribed to intrinsic (thermal

noise) or extrinsic (odorant molecules) factors?

METHODS

Surgical Methods

All experiments were carried out in accordance with the

European Communities Council Directive of November

24th, 1986 (86/609/EEC) for the care and use of laboratory
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animals and all efforts were made to minimize animal suf-

fering and to reduce the number of animals used. Adult

Wistar rats (250–300 g) were used. Rats were anesthetized

by an intraperitoneal injection of Equithesine (mixture of

pentobarbital sodium and chloral hydrate) at the initial dose

of 3 mL/kg. Anesthetic was then supplemented as necessary

to maintain a deep level of anesthesia, as determined by the

depth and rate of the respiratory rhythm of the rat and the

lack of withdrawal of the leg in response to a moderately

intense toe pinch. Rectal temperature was maintained at

37 6 0.58C by a homeothermic blanket (Harvard Appara-

tus, USA). The incision on the scalp was regularly infil-

trated with 2% procaine. For recordings, anesthetized ani-

mals were left freely - breathing or they were tracheotom-

ized. Recordings were performed in the Endoturbinate II.

Access to the olfactory mucosa was gained by removing the

nasal bones and then gently slipping aside the dorsal recess

underlying these bones; no procaine was applied to this area.

Electrophysiological Recordings
and Data Analysis

Single-unit action potentials were recorded using glass

micropipettes filled with an alloy of Wood’s metal (80%)

and indium (20%) (Gesteland et al., 1959). Their impedan-

ces ranged from 2 to 4 MO. The signal was recorded on line
through a conventional amplifier (band pass 300–3000 Hz)

to a Data Tape Recorder (Biologic, France) and a CED-

1401 data acquisition system (Cambridge Electronic Design

Ltd., United Kingdom) connected to a computer. Spike

activity was sampled at 15 kHz on the CED-1401 data

acquisition system. The single unit nature of each recording

was first examined during the experiment by triggering the

recorded spikes near the background-noise on a storage

oscilloscope. This allowed us to evaluate the characteristics

of the polyphasic spike of each neuron studied in order to

ensure that only one neuron was recorded throughout all the

experimental procedure. Off line, recordings were further

analyzed using the facilities offered by the Spike2 language

associated to the CED-1401 system. Spikes were detected

using a waveform template and then visually inspected. The

single-unit nature of each recording was checked for the

constancy of the total amplitude of the spike, the constancy

of the ratio between the positive and negative phases, and

the absence of action potentials within the absolute refrac-

tory period. All recordings that might have involved more

than one neuron were discarded. [The number of records

retained in each population were 19 (FB) and 15 (TT).] For

each record ti denotes the time of the ith spike occurrence

and the ith 1SI is defined as xi ¼ tiþ1 – ti.
In parallel to single recordings, the mucosa field poten-

tial or electro-olfactogram (EOG) was recorded by using a

large glass micropipette broken to about 50 �m OD and

filled with saline solution (NaCl 9% þ agar-agar or gelatin

5%). The signal was amplified and filtered between DC and

30 Hz. In absence of odor stimulation, this signal oscillated

in phase with the respiration and was utilized to monitor the

respiratory rhythm.

Tests of Stationarity

A spike train is nonstationary if the ISIs present a trend,

that is, a progressive lengthening or shortening of ISIs

within a record. Nonstationarity was systematically

checked because it may affect the reliability of all quanti-

tative characteristics derived from ISIs. For studying sta-

tionarity the linear regression of ISIs, xi, on their serial

numbers, i, was computed. The slope of the regression line

was tested against zero (p < 0.05). Nonparametric tests

based on median runs (Wald-Wolfowitz test) were also

performed (p < 0.05) (Siegel, 1956), large negative values

of the test statistics indicating the presence of a trend.

Records for which at least one of the tests yielded a signif-

icant value were regarded as nonstationary.

Periodicity

To discover possible periodicities in the spike trains we

employed a spectral density estimation. Spike trains, in

which each spike is a point event, were transformed into

waveforms in which each spike was approximated by a

Gaussian curve instead of a delta function. So, from the

times of occurrences {t1 < t2 < . . . < tn} of n spikes we

constructed a new ‘‘spike train’’ function g(t):

gðtÞ ¼
Xn
i¼1

1ffiffiffiffiffiffiffiffiffiffi
2��2

p exp �ðt� tiÞ2
2�2

 !
ð1Þ

The width � of the Gaussian curves was chosen as one-

fourth the shortest ISI in the record in order to avoid over-

lapping curves. Fourier transform of a Gaussian curve is

easy to compute, so the spectral power density Pg(f) of g(t)
can be written as

Pgðf Þ ¼ 1

n2
e�2�2 f 2�2
h i2 Xn

i¼1

e�i2�fti

�����
�����
2

ð2Þ

The choice of the norm coefficient 1/n2 is arbitrary because

only the location of the peak of the periodogram, not its

height, is of interest. This method presents the advantage of

avoiding numerical computation of Fourier transform.

The presence of periodicities was also indicated by the

Wald-Wolfovitz test used for testing the stationarity of

spike trains. In contrast with trend detection, significantly

large positive values of the test statistics suggest that long

and short ISIs alternate with some regularity.

Tests of Independence between
Successive Intervals

Serial dependence or independence of ISIs is an important

criterion to characterize spontaneous activity. Dependence

means that spike triggering is influenced by the firing of

previous spikes (no wiping out of the ‘‘memory’’ of the neu-

ron or of its input) and that the length of the current ISI is
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related to the previous ones. Coefficients of serial correla-

tion have been the most widely used measure of the serial

dependency of ISIs (Cox and Lewis, 1966). For example, a

value of the first-order serial coefficient r1 close to 1 indi-

cates that long ISIs are often followed by long ones and

short ISIs by short ones. On the contrary, a value of r1 close
to –1 means that long ISIs are often followed by short ones

and vice versa (negative correlation).

The significance of only the first-order coefficients was

determined. To test whether the serial coefficient r1 for a

given record was significant, we used the asymptotical

method based on the property that r1
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
, where n is the

number of ISIs, follows the standard normal law if ISIs are

not correlated.

Intensity and Variability of Activity

If a trend is detected, the mean ISI changes in time and esti-

mating it by a constant is therefore inappropriate. For this

reason all the records with a trend in mean ISI were short-

ened to find a section of the record that can be considered

as stationary. The firing intensity of a stationary record was

characterized by the sample mean ISI, �x, and the sample

median, xM, which are both inversely related to the firing

frequency. The variability of the activity was expressed by

the sample standard deviation s of ISIs, which is also in sec-
onds, and by the sample coefficient of variation CV ¼ s=�x,
which is dimensionless. In addition to these parametric

measures we used for the same purpose their nonparametric

equivalents, the interquantile range IQR, which is the dif-

ference (in s) between the first quartile (the ISI value for

which 25% of ISIs of a given neuron are shorter) and the

third quartile (75% of ISIs are shorter) and the dimension-

less quantity CVM ¼ IQR/xM.

Comparison and Testing of Neuron-Wise
Statistical Series

For visualizing a series of m statistics yi (the statistics being
�x, s, CV, etc., and m the number of neurons), each coming

from a different neuron in a given category (FB or TT), the

yi values were ranked and a stairstep graph was drawn with

identical steps equal to 1/m added at each yi (in abscissa).

Unlike the histogram, this empirical cumulative distribution

function (or cumulated histogram) is unique, does not

depend on the arbitrary choice of the bin width, and is

much more efficient than histograms for detecting small

differences between samples of small sizes. Comparison of

these graphs from two samples can reveal slight differences

in location (i.e., different central values) and in slope (i.e.,

different variabilities). Difference in location was tested

using the Wilcoxon test, which is based on the sum of

ranks. Difference in slope was tested with the Fisher test

for comparing variances. In all cases the 5% significance

level was selected. This procedure was used for all statistics

based on a single value per neuron to compare the two cate-

gories FB and TT.

Probability Density Functions

The simplest distribution for describing ISls is the exponen-

tial one, which is unimodal with a maximum at the origin.

Its density is f(x) ¼ �exp(–�x), where x � 0 is the duration

of an ISI and � > 0 is a parameter (firing rate). Here both

the mean and standard deviation of ISIs are equal to 1/�, so
that CV is always 1 and does not depend on �. Its cumulative

distribution function is F(x) ¼ 1 – exp (–�x). It can be cal-

culated with F(x) ¼ 0.25, 0.5, and 0.75 for the first quartile,

median, and third quartile, respectively, that CVM ¼ 1.58 is

also independent of �. The exponential distribution charac-

terizes a Poisson process, that is, a process in which events

(action potentials) occur at any moment independently of

the past firing pattern. In a Poissonian neuron, no mecha-

nism is present that would give a structure to the successive

occurrences of action potentials and thus it can be called

purely random. When describing neuronal activity, such a

process can be considered only as an approximation,

because the mechanisms that normally trigger action poten-

tials are expected to deviate from these assumptions, as evi-

denced by refractoriness and afterhyperpolarization, for

example. This approximation can be expected to work only

for slowly firing neurons when the instantaneous triggering

of an action potential after a previous one can be neglected.

The Gamma distribution is another suitable description

of ISIs. Its density is f(x) ¼ �kxk–1exp(–�x)/G(k), where
G(k) is the gamma function (generalization of the factorial

to real numbers) and � > 0 related to mean E(X) and k > 0

related to shape are parameters, with E(X) ¼ k/�. This dis-
tribution is characterized by a linear relationship between

its mean and standard deviation, � ¼ ffiffiffi
k

p
=�, and thus

� ¼ EðXÞ= ffiffiffi
k

p
. For k ¼ 1, the Gamma distribution becomes

the exponential distribution and when k is large, it tends to

a normal distribution with increasing mean and variance.

When k < 1, it is more skewed than the exponential distri-

bution, being infinity at x ¼ 0. For integer k > 1, the

Gamma distribution can result from various mechanisms.

For example, a Poisson process of rate � in which all events

are suppressed except every kth event results in a Gamma

distribution of interevent times.

The Weibull distribution of ISI was also utilized. It is

not so commonly tested on experimental data as Gamma

distribution, but McKeegan (2002) reported its agreement

with data recorded from ORNs in hens. This distribution is

characterized by the family of hazard functions h(t) ¼ t���,
and associated cumulative distribution functions are

GðtÞ ¼ 1� exp � �

1� �
t1��

� �
; � < 1 ð3Þ

Weibull and Gamma distributions can have the same shape

as the exponential (with maximum at the origin) or have a

single peak remote from the origin.

We fitted our data to these three distributions. Parame-

ters �, �, k and � were estimated and then the goodness of

fit was tested at the significance level p ¼ 0.05 by the one-

sample Kolmogorov-Smirnov test (Siegel, 1956), which is

based on the empirical cumulative distribution function.
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Entropy

The entropy concept was introduced into statistical informa-

tion theory by Shannon (1948), and we employed it as an

alternative measure for deviations of a given spike train

from the Poisson process. In contrast to statistical testing, it

can be used for ordering the trains with respect to their dis-

tance to the template (Poisson process). The differential

entropy I of a continuous distribution f(t) on t [ [0, ?) is

given as

Iðf ðtÞÞ ¼ �
Z1
0

f ðtÞ ln f ðtÞdt ð4Þ

Of all possible probability distributions on [0, ?) with

fixed mean the exponential one has the maximum entropy

Iexp ¼ 1� ln � ð5Þ

where 1/� ¼ E(X) is the mean value of the ISIs. This is

intuitively well understandable because the Poisson process

is known as completely random and any deviation from

such a process suggests some systematic influence on the

spike generating system. Thus, after estimating the entropy

Idata of the ISIs, the difference

D ¼ 1þ ln �x� Idata ð6Þ

is always non-negative (D� 0) and it measures the deviation

of the ISI distribution with respect to the exponential one,

that is the deviation of the spike train from the Poisson proc-

ess of the same mean. D is called Kullback-Leibler distance.

The quantity D, in contrast to CV, characterizes a Poisson

process. The reason for this difference is that a necessary

and sufficient condition for having a Poisson process is that

D ¼ 0, whereas the condition CV ¼ 1 is not sufficient (all

Poisson processes have CV ¼ 1 but CV ¼ 1 does not imply a

Poisson process). In compensation, for calculating the CV it

is enough to know the mean and the standard deviation but

the complete distribution is needed to determineD.
The estimation of the entropy of a continuous distribu-

tion is a nontrivial problem. Given the n ranked ISIs {x[1] <
x[2] < . . . < x[n]} we used the entropy estimator proposed

by Vasicek (1976)

Idata ¼ 1

n

Xn
i¼1

ln
n

2m
ðx½iþm� � x½i�m�Þ

n o
ð7Þ

The positive integer parameter m < n/2 is set before com-

putation and the two following conditions also hold:

x[i–m] ¼ x[1] for (i – m) < 1 and x[iþm] ¼ x[n] for (i þ m) >
n. The particular values of m we used were determined by

Ebrahimi et al. (1991).

Bursting

Neurons with an ISI distribution not fitting an exponential

law were further investigated using the assumption that

only the shortest ISIs were deviating from exponentiality.

To find whether an ISI distribution had an exponential tail,

we applied the following procedure: ISIs longer than a cer-

tain (small) value xcut were tested against exponentiality.

This procedure was tried sequentially with increasing xcut
by step of 1 ms starting from xcut ¼ 0, until the distribution

of ISIs longer than xcut was found to be an exponential. This
procedure is meaningful only if the proportion of ISIs lon-

ger than xcut is sufficiently large.

Two different cases can be found. In the first one, short

ISIs are abundant with respect to what would be expected

from an exponential distribution. Thus, such a neuron is

bursting. In the second case the tail of the ISI distribution

follows an exponential law but there is a lack of short ISIs

with respect to the same law. These ISIs shorter than xcut
can also be declared as bursts but in contrast to the first case

they appear rarely. In both cases the ISIs within the bursts

of spikes are distinguished from ISIs between bursts using

the assumption that bursts occur completely at random, that

is, are distributed according to an exponential density. As a

first hint for the presence of frequent (first case) or rare

bursts (second case), CV larger or smaller than one can be

used, respectively.

RESULTS

Slow and Fast Neurons

Spontaneous activity was recorded from 19 neurons

in freely breathing animals (FB neurons) and from 15

neurons in tracheotomized animals (TT neurons). The

mean and median of the ISIs of each neuron were

determined. Histograms of the median ISIs are shown

in Figure 1. Mean ISIs (not shown) ranged from 87 to

210 s and median ISIs ranged from 0.026 to 226 s.

Six neurons (18%) had a mean ISI greater than 3.1 s

and a median ISI greater than 2 s, as visible in the

right part of the histograms in Figure 1. These ‘‘slow’’

neurons fired too few spontaneous action potentials

(less than 50 per neuron) to permit quantitative analy-

ses and were not studied.

Further analyses were thus performed on 14 TT

and 14 FB neurons, whose firing characteristics

(mean, variance, CV, and others) are summarized in

Table 1. Spike trains of some of them are presented

in Figure 2 showing the diversity of the firing patterns

found in the samples. It can be seen in this figure that

TT neurons had a global tendency to fire less spikes

than FB neurons. This change in behavior, and others,

induced by tracheotomy is quantitatively analyzed in

the following subsections.

Trend, Periodicity, and Serial
Dependency

Neurons showing a trend, periodicity, or serial

dependency (e.g., spikes appearing in couples) had to
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be detected because such firing patterns would hide

the more simple and basic firing behaviors that we

wished to focus on. Only after removing these neu-

rons, or the portion of the recordings displaying them,

could the other analyses be performed reliably.

Trend. All TT neurons were found to be stationary

with respect to the mean. For FB neurons a trend in

the length of ISIs was detected in two records (FB29

and FB34). In FB29 the end of the record showed a

slowing down of the activity. When we removed this

part, the record became stationary. The neuron FB34

showed a more complicated behavior (see below).

This trend was also removed by keeping approxi-

mately only the first 100 s of the record for further

statistical evalution.

Periodicity. Spectral densities were computed for

both categories of data. In the TT category no appa-

rent peaks appeared, so no TT neuron had a periodic

firing. Three neurons of the FB category were found

to be significantly periodic close to 1 Hz (Fig. 3):

FB35 and FB31 (clearly visible) and FB30 (less appa-

rent). The first two were also detected by the Wald-

Wolfowitz test (with Z ¼ 2.955, p ¼ 0.003 for FB35

and Z ¼ 2.430, p ¼ 0.015 for FB31). In all three cases

the location of the peak of the periodogram corre-

sponded exactly to the breathing frequency: 1.14 6
0.06 (mean 6 standard deviation, FB30), 1.10 6 0.04

(FB31), and 1.48 6 0.12 (FB35) Hz.

In general, for records with CV close to one the

spectrum appears flat. For records with large CV the

spectra have decreasing shape (similar to 1/f noise)
and for records with CV lower than one the spectra

are unimodal.

Serial Dependency. ISIs in six neurons were found

to be serially correlated, three positively and three

negatively. The neurons with positively correlated

ISIs were FB34, TT52, TT73 (where FB34 was

already problematic in trend testing). These neurons

were also irregular with high values of CV (respec-

tively 3.16, 1.27, and 1.10), which is indicative of a

bursting tendency. On the contrary, the neurons with

negatively correlated ISIs (FB25p, FB3l, and TT75)

presented a tendency to fire relatively more regularly

(their CVs were 0.77, 0.80, and 0.91, respectively)

and with no apparent periodicity in two of them.

Central Value and Variability of ISIs

To characterize the central value and the variability of

the ISIs in a single neuron, two types of measures were

used: parametric (mean and standard deviation of ISIs)

and nonparametric (median and interquartile range of

ISIs). The parametric measures are sensitive to the

absolute magnitude of the data (hence their sensitivity

to outliers) whereas the nonparametric ones are not

because they are based only on the ranks of data.

Central values (measured by means or medians)

and variabilities (measured by standard deviations or

interquartile ranges) of all ‘‘fast’’ neurons, either sta-

tionary (after removal of the nonstationary part of the

record for FB29 and FB34) or periodic, were consid-

ered. Inclusion of periodic activity is justified because

periodicity does not affect the average rate and

increases variability in a deterministic way. Studying

fit to distributions (see next subsection) was done fol-

lowing a more selective approach. FB and TT catego-

ries were compared based on cumulative histograms

because interpretation of these graphs is relatively

straightforward. Two cumulative histograms have the

Figure 1 Histograms of median interspike intervals (ISI)

of receptor neurons in freely breathing (FB) control animals

(19 FB neurons, solid lines) and in tracheotomized (TT)

animals (15 TT neurons, dotted lines). (A) Histograms in

log-scale, all log median values shown. The vertical line at

2 s separates fast neurons on the left from slow ones on the

right. (B) Histograms in linear scale, all median values are

shown but neurons with median ISI greater than 2 s [on the

right of the vertical line in (A)] are gathered in a single bar.

In all other figures, only fast neurons, that is, with median

ISI smaller than 2 s, are studied (14 neurons in each cate-

gory).
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same central value if they are superimposed or if they

cross close to their 50% levels. They have the same

variability if their global slopes, especially in the

25–75% levels, are the same. Note that the two char-

acteristics, central value (location of the 50% level)

and variability (slope), are a priori independent from

one another.

Central Value of ISIs. The cumulative histograms of

the means and medians of ISIs for FB and TT neurons

are shown in Figure 4 (A,B). Both histograms had the

same central values (location of the histograms)

regarding means [Fig. 4(A), p ¼ 0.37] but not regard-

ing medians, the TT medians being significantly

longer than the FB ones [Fig. 4(B), p ¼ 0.027].

Figure 2 Examples of plots derived from recorded spike trains for the two categories (14 control

neurons FB and 14 neurons TT from tracheotomized rats) of neurons with median ISI smaller than

2 s (see Fig. 1). Action potentials are represented by vertical lines during 15 s, from 60 to 75 s after

beginning of recording. The time scale is the same for all graphs. The three neurons shown in each

category illustrate long (FB17: 1.12 s, TT52: 0.84 s), median (FB25P: 0.18 s, TT48: 0.33 s), and

short ISIs (FB26: 0.16 s, TT58: 0.12 s).

Table 1 Global Characteristics of Fast Neurons*

FBy TT{

Number of neurons 14 14

Number of ISIs 769 (71–2128) 310 (128–788)

Record duration 221 (184–280) 156 (63–212)

Central values �x 0.64 (0.087–3.0) 0.65 (0.19–1.7)

xM 0.16 (0.026–l.3) 0.37 (0.l2–0.84)

Variabilities s 0.88 (0.0 69–4 .1) 0.73 (0.20–2.1)

IQR 0.26 (0.059–4.8) 0.71 (0.25–2.1)

CV 1.2 (0.57–2.9) 1.1 (0.84–1.3)

CVM 1.9 (0. 78–3.8) 1.7 (1.2–2.5)

* Values given are for ‘‘fast’’ neurons (i.e., with median ISI smaller than 2 s) in the corresponding categories. The mean number of ISIs

per neuron and the mean record duration are indicated as well as their extreme values. For each neuron i the mean (�xi), standard deviation (si),

and coefficients of variation (CVi) of ISIs were determined, as well as their median (xMi), interquartile range (IQRi), and the ratio IQRi/xMi

(CVMi
) The table gives the means of xi, si, and CVi and the medians of xMi, IQRi and CVMi, each based on 14 values (except CVM of FB neu-

rons, one outlier excluded). It gives also the minimum and maximum of each characteristic.
y Freely breathing animals.
{Tracheotomized animals.
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Figure 3 Spectral power densities of spike trains. The peaks indicate that the dominant firing fre-

quencies are 1.13 Hz (FB30), 1.10 Hz (FB31), and 1.46 Hz (FB35). These values were found to be

the respective breathing frequencies of the animals recorded from. The fourth periodogram (TT48),

without dominant firing frequency, is representative of all other neurons.

Figure 4 Cumulative histograms of central values (A,B), variabilities (C,D), and relative disper-

sions (E,F) of ISIs for neurons in control (FB, solid line) and tracheotomized rats (TT, dashed line).

(A) Means of ISIs �x (in seconds). The cumulative histograms in both categories have same loca-

tions (significance probability p ¼ 0.37) but different variabilities (p ¼ 0.0016). (B) Medians of

ISIs �x (in seconds). The TT and FB histograms are significantly different in position (p ¼ 0.027)

and variability (p ¼ 0.036). (C) Standard deviations, s, of ISIs (in seconds). The locations of FB

and TT histograms are not significantly different (p ¼ 0.54) but their variabilities are (p < 10�3).

(D) Interquartile ranges, IQR, of ISIs (in seconds). Two FB neurons with IQR greater than 2.5 s are

not shown. The histograms have the same location (p value 0.61) but different variabilities (p <
10�3). (E) Standard coefficient of variation of ISIs CV ¼ s/�x (dimensionless). In a Poisson process,

CV is 1 (thin vertical line). Both histograms have the same locations (p ¼ 0.79) but different varia-

bilities (p ¼ 1.2 � 10�3). (F) Relative dispersion of ISIs based on interquartile range and median,

CVM ¼ IQR/xM (dimensionless); in a Poisson process, CVM ¼ 1.58 (thin vertical line). Both histo-

grams have the same locations (p ¼ 0.61) but different variabilities (p < 10�3).



Figure 4
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Both means [Fig. 4(A), p ¼ 0.0016] and medians

[Fig. 4(B), p ¼ 0.036] had different variabilities

(slopes of the histograms) as judged by the Fisher

test. This means that the variability of the central

values in TT neurons was significantly lower than

those in FB neurons.

Variability of lSIs. The cumulative histograms of the

standard deviations s and interquartile ranges IQR of

the ISIs in the two categories of neurons are com-

pared in Figure 4(C,D), those of CV and CVM are

compared in Figure 4(E,F). The central values (loca-

tions) of FB and TT histograms were not significantly

different as judged by either s or IQR but their varia-

bilities (slopes), tested by Fisher test, were (p ¼
1.1 � 10�4 for s and p ¼ 1.2 � 10�4 for IQR). The
same conclusion holds for CV and CVM with p <
10�3. This means that neurons in the FB category

were more different from one another than those in

the TT category.

Relation between Average of ISIs and Their Vari-
ability. For TT as well as FB cells, the relation

between the means and the standard deviations of

ISIs in each neuron was well described by linear

regressions with positive slopes (Fig. 5), which means

that faster neurons tended to fire more regularly than

slower neurons. The slopes of the regression lines for

both FB and TT were close to one. This is compatible

with a Poisson process although it is not a sufficient

condition. So, the values of CV (see above) suggest

that the deviation from exponential distribution went

in both directions, overdispersion (CV > 1) and

underdispersion (CV < 1, see Fig. 4).

Stochastic Processes Describing
Spontaneous Activity

Up to now, the description of the neuronal activity

was based on single parameters (mean, CV of each

neuron, etc.). Now we want to propose a more

detailed characterization of this activity based on

functions that aim at describing the mechanisms

responsible for generating spontaneous spikes. This

analysis can be meaningfully done only on stationary

neurons, which led us to remove the neurons FB30,

FB31, and FB35, which presented a periodic activity.

Differential Entropy of ISIs. Entropy was estimated

for both FB and TT neurons, and then compared to

the theoretical entropy of the Poisson process with

the appropriate mean. Figure 6 shows that the ISI dis-

tributions were closer to exponential in tracheotom-

ized rats than in freely breathing ones.

Fitting of Spontaneous ISIs to Theoretical Distribu-
tions. Two approaches were followed for finding theo-

retical distributions liable to describe spontaneous ISIs.

In the first approach the observed ISI distribution

in each record was compared to simple probability

laws (exponential, Gamma, and Weibull). Table 2

confirms that the activity of FB neurons did not

follow a Poisson process. The fit to the exponential

distribution was rejected in 91% of FB neurons but in

only 50% of TT neurons. Thus, there was a greater

tendency of TT neurons to fire spikes purely at ran-

dom than FB neurons. Using Gamma and Weibull

distributions improved the fitting, although more than

73% of FB trains were still not accounted for. The sit-

uation was markedly different for tracheotomized

animals because the three simple laws were rejected

in only 29% of records. It can be noted that, for both

FB and TT categories taken together, all seven expo-

nential spike trains were of course accounted for by

the Gamma law. Similarly, all 12 Gamma trains also

fitted to the Weibull law, although a single train was

fitted to the Weibull distribution only.

The second approach is based on the exponential

law alone. Indeed, a closer examination of ISI histo-

grams (Fig. 7) suggests that the relative failure of the

exponential distribution was often due to abundance

of the shortest ISIs, which can be interpreted as due

to bursts of spikes. To test this hypothesis we exam-

Figure 5 Scatter plot of standard deviation, s, against

mean ISI �x of the neurons’ stationary activity of the two cat-
egories (crosses, control FB; circles, tracheotomized TT).

Two outliers (for s) not shown. In a Poisson process, the

points would lie on the line of slope 1.
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ined whether an ISI length xcut existed such that the

ISIs longer than xcut, that is, forming the tail of the

distribution, follow an exponential shape. After

excluding the shortest ISIs, the tails of the distribu-

tions could be fitted to exponentials (difference not

significant at level 5%) in all stationary neurons,

including 12 of them (Table 2) for which none of the

three tested distributions (exponential, Gamma, and

Weibull) was fitted. Of course, this procedure is

meaningful only if xcut is very small. Actually this is

what was found: in all neurons, the values of xcut
never exceeded 150 ms (with a single exception) in

FB neurons and 40 ms in TT neurons.

According to this second procedure neurons could

be classified into three groups: those with random,

regular, and bursting spike trains respectively. In the

first group (xcut ¼ 0) the spikes can be considered as

fired according to a purely random (Poisson) process

(they are the same as the ‘‘exponential not rejected’’

of Table 2). The two other groups (xcut > 0) had

either less short ISIs (underdispersed spikes) or more

short ISIs (overdispersed) than expected from a

purely random process. The underdispersed trains can

be called ‘‘regular’’ and the overdispersed ones

‘‘bursting’’. Table 3 shows that globally 56% of neu-

rons were bursting and the others were not. However,

the regular firing was absent in FB animals and

appeared only in TT animals.

The second classification is not independent of the

first one: all nonbursting (random and regular) neu-

rons except one were fitted to at least one of the theo-

retical distributions tested (exponential, Gamma, or

Weibull), whereas most bursting neurons (79%)

could not be fitted to any of them (Table 4).

Crossing the two classifications, six firing patterns

can be distinguished: exponential, Gamma, Weibull,

regular, bursting, and a sixth pattern that is both

Gamma, according to the first classification, and

bursting, according to the second one (Table 5). If

one excepts the intermediate latter group (three neu-

rons, all in the TT category), the majority of FB neu-

rons were bursting and the majority of TT neurons

were not, that is, they were regular or followed a sim-

ple theoretical law. Two other facts can be noted.

First, the Gamma and Weibull laws can accomodate

a limited number of short intervals; if short ISIs are

too many, they fail. Second, the regular neurons, with

less short ISIs than expected from exponential, do not

fit always to the same simple law; of the three such

trains, one is described by the Gamma law, another

by the Weibull law, and the third one by none.

Analysis of Bursts. In both groups with too many or

too few bursts, the bursts of spikes, not the individual

spikes, are exponentially distributed. The actual val-

ues of the maximum possible ISI in a burst, xcut,
depended on the neuron. Their cumulative histograms

are shown separately for FB and TT neurons in

Figure 8(A). Statistical testing indicated that these his-

tograms are significantly different (p � 10�3) both in

position and variability, xcut being shorter and less varia-
ble in TT than in FB neurons, although testing may be

influenced by the low numbers of observations in both

categories: 7 and 10. This confirms that FB neurons pre-

sented often a bursting spontaneous activity whereas

Figure 6 Cumulative histograms of deviations of ISI dis-

tributions from the exponential distribution. The compari-

son is based on Kullback-Leibler distance K, which meas-

ures the difference between the entropy of a spike train and

the entropy of the Poisson process with the same mean ISI,

therefore K ¼ 0 implies Poissonian firing. The average dis-

tances of both categories FB (solid line) and TT (dashed

line) are not significantly different (p ¼ 0.21) but their vari-

abilities are (p < 10�7). Three neurons with periodic activ-

ity were not included.

Table 2 Fittings of Observed ISIs to Theoretical

Distributions*

Groups FB TT

Stationary neuronsy 11 (100%) 14 (100%)

Exponential not rejected 1 (9%) 6 (43%)

Gamma not rejected 2 (18%) 10 (71%)

Weibull not rejected 3 (27%) 10 (71%)

All simple models rejected{ 8 (73%) 4 (29%)

* Kolmogorov-Smirnov test at significance level 5%.
y No trend and no periodicity of ISIs.
{Exponential, Gamma, and Weibull rejected.
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fewer TT neurons fired in bursts. When present, these

bursts were furthermore less conspicuous.

We characterized further the firing of bursting

neurons by determining the median duration of ISIs

within bursts, that is, with a duration less than xcut

[Fig. 8(B)]. The proportion of ISIs appearing within

bursts was between 23 and 77% in FB neurons and

fell down to at most 19% in TT neurons [Fig. 8(C)].

The mean number of ISIs per burst ranged from 1.2

to 4.9 in FB neurons against 1 to 1.4 in TT neurons

Figure 7 Examples of histograms of interspike intervals for the neurons shown in Figure 2 in

each category FB (left column) and TT (right columns). The histograms of neurons FBI7, TT5, and

TT48 fit directly to exponential distributions; they are not bursting and action potentials are fired at

random. Those of neurons FB25p, FB26, and TT58 do not fit directly. After the smallest ISIs (cor-

responding to bursts, on the left of the vertical line at xcut shown for FB25p, FB26, and TT58) are

removed, the tails fit to exponential distributions. FB25p and FB26 are ‘‘regular’’ neurons (too few

bursts), and TT58 is a bursting neurons (too many bursts), whose bursts are fired at random.
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[Fig. 8(D)]. (Note that the number of spikes is the

number of ISIs plus one, so a burst of one ISI

includes two spikes.) On these three criteria the FB

and TT categories appeared significantly different

(p � 0.015). However, the mean burst durations (0.12

to 1.92 s in FB neurons and 0.18 to 1.40 s in TT) were

not significantly different [Fig. 8(E)].

DISCUSSION

Spontaneous Firing Rate and Its
Variability, Trend, and Periodicity

Neurons from FB animals were more often slowly

firing (26% with firing frequency below 0.5 Hz) than

those of TT animals (7%). However, among the ‘‘fast’’

neurons (above 0.5 Hz) the FB neurons were globally

more active than the TT neurons [as judged by

medians of ISIs, Fig. 4(B)]. This apparent contradic-

tion can be explained when it is realized that the varia-

bility of the firing frequency among ‘‘fast’’ FB neurons

was significantly higher than that of TT neurons (see

Fig. 4). In summary TT neurons displayed a simpler

behavior, because their activity was remarkably similar

to one another, all of them tending to fire at the same

average frequency. Normal breathing changed this

behavior: although the average firing seemed to remain

approximately the same, some neurons tended to

decrease their activity, resulting in the increase of the

proportion of ‘‘slow’’ neurons, whereas an equal number

tended to increase their activity resulting in the observed

shift of the average frequency among ‘‘fast’’ FB neurons

and the corresponding increase in their variability.

This diversity among FB neurons was further con-

firmed by the fact that systematic changes of the fir-

ing frequency during the recording session (trend) as

well as periodic firing were observed only in this cat-

egory. We showed that when a periodicity was

detected it was precisely synchronized with breath-

ing. Unsurprisingly, no periodic activity was found in

TT neurons.

An unknown proportion of ‘‘silent’’ neurons, with-

out any spontaneous activity and therefore with a

high probability of not being recorded at all, must be

added to the known proportion of excluded ‘‘slow’’

neurons. This proportion could be decreased in fur-

ther studies, but not reduced to zero because there is

likely no solution of continuity between slowly,

rarely, and never firing neurons. The major part of

this study, discussed below, is concerned with the

‘‘fast’’ neurons only, that is, those with a median ISI

smaller than 2 s, which are presumably the most

influential from a physiological point of view.

Patterns of Spontaneous Activity

Three types of basic firing patterns could be distin-

guished: purely random, less dispersed than purely

random (called here ‘‘regular’’), and more dispersed

than purely random (called here ‘‘bursting’’).

Although in the logic of our analysis the regular and

bursting neurons can be further subdivided, in three

and two subtypes, respectively (see Table 5), this is

an unessential refinement because as no two record-

ings are exactly alike, the number of subtypes is a

matter of convenience and sample size. However, the

diversity of firing patterns is worth noting because it

is a clear indication that the spontaneous activity is

influenced by several independent factors (see

below), which likely include the diverse ages and

physiological characteristics of ORNs.

More important than the number of subtypes is the

fact that not all basic firing patterns are equally fre-

Table 3 Fittings of Truncated ISI Distributions

to Exponential Law*

Groups FB TT

Purely random trainsy 1 (9%) 7 (50%)

Regular trains{ 3 (27%) 0 –

Bursting trains§ 7 (64%) 7 (50%)

*Stationary neurons only.
y Fit to exponential law without truncating, that is, xcut ¼ 0 (see

Fig. 7). Same as ‘‘Exponential not rejected’’ of Table 2, plus one

TT neuron that fits for xcut ¼ 0.004 s smaller than any of its ISIs.
{Fit after truncating xcut > 0 and with a number of ISIs < xcut

smaller than the number F expected from the exponential law fitted

to the tail (ISIs > xcut).
§Trains with xcut > 0 and a number of ISIs < xcut greater than F.

Table 4 Comparison* of the Classifications in

Tables 2 and 3

Simple

Distributionsy

EGW Not EGW Total

Bursting{

(or not)

Purely random þ
regular

10 1 11

Bursting 3 11 14

Total 13 12 25

* Without distinguishing categories FB and TT. This contin-

gency table departs significantly from equiprobable distribution

between cells (�2 ¼ 9.81, p-value ¼ 0.17%).
y Classification used in Table 2. EGW: fits to either exponential

(E), Gamma (G), or Weibull (W) law.
{Classification used in Table 3.

����
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quent, their relative proportions being correlated with

the breathing conditions. FB neurons displayed the

three basic patterns, purely random, regular, and

bursting, in respective proportions 9, 2, and 64%,

whereas no TT neurons presented the regular pattern,

the two others being in equal proportions (see Tables

2 and 3). All observations were consistent with a

greater simplicity of spontaneous activity in neurons

from TT rats. Half of them fired spikes completely at

random according to a Poisson process, that is, the

corresponding ISIs followed exponential distributions

with modes close to the origin (Table 2, Fig. 8). More

than 70% of these TT neurons fired spikes according

to a Gamma law (which includes the exponential

one) or a Weibull law. The remaining TT neurons

could be considered as bursting neurons that fired

bursts of spikes or isolated spikes according to a Pois-

son process. However these bursts were relatively

infrequent and usually composed of a single short

ISI; it was very rare that they included more than

one ISI.

In normally breathing animals (FB) the situation

was different. Not only trend and periodicity

synchronized with breathing appeared, but even in

the records that could be considered as stable (the

majority), the activity resembled the Poisson process

in only one of them. Less than 30% of records fol-

lowed a Gamma or Weibull distribution, which

means that more than 70% of FB neurons could not

be modeled by simple laws. So the proportions of

modeled neurons were inverted in the two categories.

Furthermore, the departure from randomness in FB

neurons occurred in both possible directions, more

regular and more irregular (bursting). In bursting FB

neurons, the proportion of ISIs within bursts was

greater than in the bursting TT [Fig. 8(C)] neurons

and the bursts were more frequently composed of two

ISIs or more [Fig. 8(D)].

In conclusion, the spontaneous activity in FB and

TT neurons was qualitatively and quantitatively dif-

ferent. Some FB neurons had trend in their activity or

were driven by breathing. Moreover, they rarely fitted

to a simple homogeneous generator of spikes but

often fired bursts of spikes in a completely random

manner. On the other hand, TT neurons had activity

that often closely resembled a Poisson process and if

it deviated from this description, it was only slightly,

either towards another simple process (Gamma or

Weibull) or towards a bursting process involving

small bursts.

Comparison with Other Species

Table 6 summarizes the mean firing rate and mean

ISI observed in various species (frogs, hen, mouse,

and rat). It must be noted that 1.25 spike/s in rat

is derived from the mean ISI. The estimate of the

firing rate based on the median ISI gives a rather

different central value (4 spikes/s) because in a

positively skewed distribution, that is, with the

right tail longer than the left tail, as all distribu-

tions of ISIs are, the median is always smaller than

the mean. Unfortunately, median spontaneous fre-

quencies were not given in previous reports, except

for a frog species.

Spontaneous activity is higher in the rat than in the

frog. Part of this difference might be related to the

temperature of the animal, which is higher in the rat

(37–388C) than in the frog (138C). However, temper-

ature by itself cannot account for the very high activ-

ity recorded in the olfactory nerve layer of the olfac-

tory bulb in hens (408C) by McKeegan (2002),

although ascertaining whether only ORNs were

recorded is difficult to do at this recording site.

Spontaneous activity in the mouse (Sicard, 1986)

seems higher than in the rat and less variable. It was

recorded in conditions minimizing the influence of

air movements due to respiration, which likely

explains its lesser variability.

The proportion of (presumably regular) neurons fol-

lowing Gamma or Weibull law was 10% (hen), 28%

(frog), and 27% (rat FB). After removal of bursts, the

interburst intervals were found to follow a complete

random (Poisson) process in all studied neurons in both

frogs (Rospars et al., 1994) and rats (this study).

Biological Interpretation

We describe here for the first time spontaneous activ-

ity of ORNs in vivo in mammals. Our data obtained

in TT and breathing rats show that the pattern of

spontaneous firing is profoundly influenced by the

Table 5 Global Classification of Spontaneous

Firing Patterns*

Groupsy FB TT

Purely random (exponential) 1 (9%) 6 (43%)

Gamma, not bursting 1 (9%) 1 (7%){
Weibull, not bursting 1 (9%) 0 –

No simple law, regular 1 (9%) 0 –

Gamma, bursting 0 – 3 (21%)

No simple law, bursting 7 (64%) 4 (29%)

*Stationary neurons only.
y Based on crossing the groups defined in Tables 2 and 3.
{This is the neuron mentioned in note y of Table 3 for which

xcut ¼ 0.004 s.
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Figure 8 Cumulative histograms of xcut, (A,B) and burst characteristics (C–E) for control ani-

mals (FB, solid line) and tracheotomized ones (TT, dashed line). (A) In all neurons of both catego-

ries, when ISIs shorter than xcut are excluded from a record, the remaining ISIs (forming the tail of

the distribution) follow an exponential law (see Table 2). Both histograms have different locations

(p ¼ 10�3) and variabilities (p < 10�8). (B) Comparison of the median duration of ISIs within

bursts. Locations (p ¼ 0.005) and variabilities (p ¼ 0.015) are different. (C) Ratio of the number of

ISIs within bursts to the total number of ISIs in a given neuron. The histograms differ both in loca-

tion (p < 10�3) and variability (p ¼ 0.0016). (D) Mean number of ISIs per burst. The difference in

location of histograms (p ¼ 0.003) and their variability (p < 10�5) are significantly different. (E)

Mean burst duration. The histograms are not significantly different (p > 0.15).

respiratory conditions. The situation in TT rats can be

considered as the simplest one because the air above

the olfactory epithelium is not renewed. That condi-

tion diminishes or abolishes the occurrence of

mechanical, thermal, or chemical stimulation. On the

contrary, in normally breathing rats the surrounding

air is renewed following the respiratory rhythm,

which changes periodically the thermal and chemical
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environment of ORNs. The ‘‘spontaneous’’ activity

can thus be interpreted as the summation of two proc-

esses: an intrinsic process, due to noise in the trans-

duction machinery firing mostly single spikes, and an

extrinsic process, due to the uncontrolled occurrence

of either mechanical, thermal, or chemical (odorant

molecules) effects from the environment, firing bursts

of spikes. Among intrinsic processes, the random

opening of the cyclic-nucleotide-gated channels

might play a major role. It is related to the high basal

level of cAMP in the neuron and contribute up to

40% to the resting conductance of the ORN (Pun and

Kleene, 2003).

The observed differences between TT and

breathing animals are consistent with this dual proc-

ess interpretation. Intrinsic and extrinsic processes

would be active in both conditions, but the extrinsic

process is expected to be minimized in the TT con-

dition. This hypothesis is in perfect agreement with

our observations. However, normal breathing does

not systematically induce an increase in firing rate

and bursting; sometimes it induces a decrease (see

Figs. 1 and 4) and apparition of more regular firing

patterns (Table 3). These results suggest that, in

both experimental conditions, extrinsic stimulation

led with comparable probabilities to spike triggering

and spike suppression (or delay). These effects were

unexpected. Indeed, they cannot be easily inter-

preted as resulting from a direct, simple stimulation

of neurons due to mechanical, thermal, or chemical

changes accompanying air movements. The mecha-

nism behind this smaller activity and greater regu-

larity in the nonbursting fraction of FB neurons

remains to be investigated.

If all bursts result from air movement as suggested

above, this raises the problem of understanding why

only 21% of FB neurons were clearly periodic and fir-

ing bursts synchronized with respiration. A possible

explanation is that the difference between the peri-

odic and nonperiodic neurons lies in the probability

of firing a burst at each respiratory cycle, the proba-

bility being one in the periodic neurons and less than

one in the others. So, a nonperiodic neuron would

merely miss some cycles at random whereas a peri-

odic one would miss none. However, at each cycle,

the number of discharging neurons connecting a

given mitral cell would be large enough to generate a

periodic global spontaneous input.

If spontaneous activity is globally driven by respira-

tion in this way, interesting new possibilities are opened

for its physiological role. For example, in FB rats odor

stimulation was shown to generate successive bursts of

spikes and EOG waves that were both synchronized

with respiration (Chaput et al., 2002). This indicates that

in breathing animals, olfactory sensory inputs must be

de facto analyzed in the bulb according to the temporal

rhythm driven by respiration. So, in the absence of odor,

the role of spontaneous activity may be to keep the bul-

bar neural network synchronized with respiration. It

may also be to select and maintain a synaptic organiza-

tion in the bulbar network capable of processing effi-

ciently periodic sensory inputs, as suggested by experi-

ments in the visual system (Stryker and Harris, 1986).

Understanding the role of spontaneous activity in the

survival of ORNs and in the development and mainte-

nance of the glomerular circuitry should benefit from a

better physiological and pharmacological characteriza-

tion of the intrinsic and extrinsic processes that underlie

this activity.
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Table 6 Average Spontaneous Activity of ORNs in Different Species

Species Firing Rate* Mean ISIy n References

Frogs 0.4–0.5 2–2.5 16–112 Several authors (Cf. Rospars et al., 1994)

Frog{ 0.40 2.49 28 Rospars et al. (1994)

Hen 3.8 0.25 11 McKeegan (2002)

Mouse§ 2.08 0.47 34 Sicard (1986)

Rat|| 1.25 0.73 28 This study

* In spikes per second.
y In seconds.
{ ‘‘Fast’’ neurons only (mean ISI < 5.2 s).
§Calculated from an histogram.
|| ‘‘Fast’’ neurons in both freely breathing and tracheotomized rats (both have same mean, see Fig. 4).
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Abstract The Kullback–Leibler (KL) information distance
is proposed for judging similarity between two different in-
terspike interval (ISI) distributions. The method is applied
by a comparison of four common ISI descriptors with an
exponential model which is characterized by the highest en-
tropy. Under the condition of equal mean ISI values, the KL
distance corresponds to information gain coming from the
state described by the exponential distribution to the state
described by the chosen ISI model. It has been shown that
information can be transmitted changing neither the spike
rate nor coefficient of variation (CV ). Furthermore the KL
distance offers an indication of the exponentiality of the cho-
sen ISI descriptor (or data): the distance is zero if, and only
if, the ISIs are distributed exponentially. Finally an applica-
tion on experimental data coming from the olfactory sensory
neurons of rats is shown.

1 Introduction

The discharge activity of neurons is composed of the series
of events called action potentials (or spikes). It is generally
accepted that these action potentials form the dominant mode
of communication in the central nervous system of living
organisms. Since Shannon developed his general and rigor-
ous theory of communication and information transmission
in electro-engineering systems (Shannon 1948), many scien-
tists of various background (biologists, engineers, mathema-
ticians) have tried to apply it to the study of the properties
of neural systems. Probably the most fundamental questions
point to a problem of neuronal coding, (Rieke et al. 1997).
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The classical results in early neuroscience (Adrian 1928)
show that the number of spikes per a time period (firing rate) is
related to the stimulus intensity, i.e., the firing rate increases
with increasing stimulus intensity (generally non-linearly).
The idea that most of the information is transferred by this
rate coding is probably the oldest existing, however, many
related questions arise; for an overview see, e.g., Gerstner
and Kistler (2002). There are examples of situations in which
time averaging (counting) is hardly possible. This all leads
to a different view of neural coding, where exact timing of
spikes or their temporal pattern plays a key role (Buracas and
Albright 1999; Johnson and Glantz 2004; Stevens and Zador
1995). While rate codes and temporal spike codes are shown
to be compatible under many circumstances (Gerstner and
Kistler 2002), it is clear that infinitely more different spike
records may have the same rate. Therefore, there is a need
for the quantification of the differences among these firing
patterns and the information they transfer (Bhumbra et al.
2004; Buracas and Albright 1999; Nemenman et al. 2004;
Paninski 2003; Rieke et al. 1997; Stein 1967; Strong et al.
1998; Zador 1998).

Neuronal firing under constant conditions is often de-
scribed as a renewal process of interspike intervals (ISI). Then
the ISIs are realizations of a positive random variable T and
are fully characterized by the probability density function,
f = f (t), where f (t) dt = Prob(T ∈ [t, t + dt)) (Cox and
Lewis 1966). The renewal character of the ISIs implies sta-
tionarity of the neuronal activity. Other characteristics, for
example the autocorrelation function (renewal density), can
be easily computed (see Perkel et al. 1967 for details) and
indicate important features of the mechanism behind neuro-
nal firing, e.g., it is constant for the exponential model of
ISI.

The basic statistical description of the ISIs can give some
information related to the above-mentioned possibilities of
information transfer. The terms (firing) rate, mean rate, fre-
quency or mean/instantaneous frequency are used differently
by different authors, depending on the context (Lansky et al.
2004). We use the term “firing frequency”, ν, for the recip-
rocal value of the mean interspike interval, ν = 1/E(T ),
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where the mean value E(T ) is estimated by the average length
of ISI. The coefficient of variation CV (a ratio of standard
deviation to the mean value) gives preliminary information
about the temporal dispersion of neuronal discharge within
a spike train; for a review see (Christodoulou and Bugmann
2001). An important characteristic of the CV is that it gives
an indication of the exponential ISI distribution – the most
prominent of all ISI distributions – when CV = 1.

The first- and second-order statistical features are easy to
estimate from experimental data. From the statistical point
of view, the higher moments provide information about the
shape of the distribution (ISI), that cannot be obtained using
only the first- and second-order moments. Thus, the higher
moments help us to quantify and measure some of the fea-
tures, that are visible in histograms but not in the mean and
CV . The higher moments represent the step between esti-
mate of ISI density and the mean and CV only. On the other
hand, the estimates of higher moments cannot be reliably
determined from samples of relatively small size as is nor-
mal with the neuronal data. Thus, the attempts to use higher
moments are not so frequent as using mean and CV (Han et
al. 1998; Lewis et al. 2001; Ruskin et al. 2002; Shinomoto et
al. 2002). There is a strong demand for measuring the vari-
ablity of neuronal discharge and CV is not the only existing
method. Based on the results of Holt et al. (1996), Shinomoto
et al. (2003) introduce a local measure of spike train variabil-
ity, LV , which is not based on the statistical moments. Some
properties of LV are similar to those of CV , e.g., they are
both zero for a regular ISI sequence and for a Poisson pro-
cess LV = 1. Analogously to CV , LV is not unique in the
sense that LV = 1 does not imply Poisson nature of spikes.

There exist many neuronal models of different types and
for their mutual comparison, or their fitting to data, vari-
ous methods have been applied. Most of these methods are
closely related to the already mentioned coding strategies.
The aim of this paper is to propose a measure of deviation
between two models of ISI, respectively, between a model
and data and investigate its properties. We will use tools pro-
vided by information theory, employing the Kullback–Lei-
bler (KL) distance for the purpose and show explicitly how
the most common ISI descriptors differ from the exponential
one using this measure. Also an example on experimental
data will be presented to provide a practical illustration.

2 Theory and methods

2.1 Entropy and the Kullback–Leibler distance

The concept of entropy was introduced into statistical infor-
mation theory by Shannon (1948). For a discrete probability
distribution with n possible states, each with a probability
pi , i ∈ {1, . . . , n}, the entropy H is defined as

H = −
n∑

i=1

pi ln pi . (1)

The entropy H measures the ‘randomness’ of the distribu-
tion, see Shannon (1948) for details. It is maximized when
all pi values are equal. In information theory the logarithm
base is chosen to be 2, as it is related to ‘bits’ of information.
For the simplicity of calculation, we use a natural logarithm.
The units are then commonly called ‘nats’.

The differential entropy h (Cover and Thomas 1991) of
a continuous probability distribution f defined on [0,∞) is

h( f ) = −
∫ ∞

0
f (t) ln f (t) dt. (2)

It is possible to rewrite the Eq. (2) into a form based on
the cumulative distribution function, F(t) = ∫ t

0 f (x) dx , by
using the method of Ling and He (1993), which gives

h( f ) = −
∫ 1

0
ln

dF(t)

dt
dF(t). (3)

Both definitions, (2) and (3), play their role from the point
of view of numerical estimation in dependency whether the
density or the cumulative distribution function is employed.

Though formula (2) is analogous to Eq. (1), differential
entropy does not have the same properties and intuitive inter-
pretation as entropy H of a discrete random variable. Namely,
h given by formula (2) cannot be used directly to measure the
information content of a random variable as it may become
negative and depends on the scale of the random variable
(Cover and Thomas 1991; Shannon 1948). To overcome these
difficulties we measure the information content of a random
variable with a density f ‘against’ some reference state given
by another random variable with density g (both defined on
[0,∞)) as a KL distance of these two distributions,

KL( f, g) =
∫ ∞

0
f (t) ln

f (t)

g(t)
dt. (4)

This approach was proposed by Tarantola (1994); Tarantola
and Valette (1982). The reference state described by the prob-
ability density function g is termed the ‘state of null informa-
tion’ or the ‘state of total ignorance’ (Jaynes 1968; Tarantola
1994). The quantity KL( f, g) provides a measure for the
information content of f (or information ‘gained’ from f
when knowing g). Though it depends on the template distri-
bution g, it is invariant with respect to a transformation of
variable and always non-negative. This quantity can also be
interpreted as a ‘coding inefficiency’ when using distribu-
tion g to ‘encode’ distribution f (more details in Cover and
Thomas 1991).

Generally, the KL distance is a measure of the ‘close-
ness’ between two probability density functions (Cover and
Thomas 1991), though it does not form a measure in the
metric sense. It is not symmetrical, however, one can use
its symmetric extension (resistor-averaged KL distance), see
e.g., Rozell et al. (2004). This proves to be useful when com-
paring more than two probability densities simultaneously
and also when it is not clear what is the template (ideal) dis-
tribution to which the others are related.



Similarity of interspike interval distributions and information gain in a stationary neuronal firing 159

2.2 The KL distance between the exponential and general
model

The exponential distribution plays a key role in neuronal
modeling. Its probability density function fe is

fe(t) = a exp(−at), (5)

where for the parameter a > 0 holds E(Te) = 1/a. We see
that the firing frequency ν completely characterizes the dis-
tribution, ν = 1/E(Te) = a. For the exponential distribution
holds CV = 1, independently of the parameter a, but the
reverse implication that CV = 1 guarantees exponentiality
is not true.

One of the most important features of exponential distri-
bution, in the context of information theory, is that among
all probability distributions on the real positive half-line with
fixed E(T ), the exponential distribution maximizes the en-
tropy h. The entropy h( fe) of the exponential distribution
is

h( fe) = 1 − ln a. (6)

Thus, among all possible stationary neuronal discharge activ-
ities the one described by the exponential distribution of ISI
is the most random. It is natural to choose it as a reference
state, the state of null information.

We will measure the information ‘gained’ when changing
from the response state described by the exponential distri-
bution fe given by Eq. (5) to a response state described by
a probability density function f with mean value E(T ). For
this purpose we employ formula (4), in which by substituting
g = fe we obtain

KL( f, fe) = aE(T ) − ln a − h( f ). (7)

If the mean values of f and fe differ, then the spike trains
generally carry different information in the concept of rate
coding. However, as we want to analyze the possibilities for
a mechanism different from rate coding, let us suppose that
the means of f and fe are equal, i.e., E(T ) = E(Te) = 1/a.
Then for the KL distance of these two distributions we obtain
the following difference in entropies (Soofi et al. 1995)

KL( f, fe) = h( fe) − h( f ) = 1 + ln E(T ) − h( f ). (8)

The formula (8) for the information gained when changing
from the reference state is also intuitively consistent with
the notion of information as a reduction in entropy (Shannon
1948; Borst and Theunissen 1999).

We further precise the interpretation of the KL distance
as a measure of information using the notion of mutual infor-
mation since it is commonly used in the neuronal context.
The mutual information I (S; R) (Cover and Thomas 1991)
determines the dependence between stimuli S and responses
R (Borst and Theunissen 1999). Let the set of stimuli S =
{si }n

i=1 be discrete and the set of responses continuous R =
{T, T > 0}, where T is an ISI. Mutual information can be
formally expressed as I (S; R) = ∑

i p(si ) i(R|si ), where
i(R|si ) is called the specific information due to the stimulus
si . Analogously to DeWeese and Meister (1999) we express
i(R|si ) as

i(R|si ) = h(R) − h(R|si ). (9)

It follows from formula (9) that the specific information is
large for those stimuli that have only a few different responses
associated with them, because h(R|si ) is the uncertainty in
response given a particular stimulus si . In the limits, if there
is only a single response related to the stimulus si , then
h(R|si ) = −∞. We have limited ourselves to the case in
which the ISIs are described by a renewal process with prob-
ability density function f and the stimuli conditions are con-
stant in time. Under these two assumptions we can assign
to each ISI distribution with density f a chosen stimulus si .
The uncertainty in response given stimulus si then becomes
h(R|si ) = h( f ), i.e., the smaller the value of h(R|si ), the
greater the information gain due to si . The remaining term
in formula (9), the marginal entropy h(R), depends on the
distribution of stimuli. This distribution affects the absolute
value of i(R|si ); however, the relative encoding efficiency for
different si ’s remains unchanged. It is useful to view h(R) as
the entropy of the spontaneous neuronal activity, see Chacron
et al. (2001) for details. If this activity is described by the
Poisson process, then formula (9) corresponds to the expres-
sion for the KL distance (8). Furthermore, using formula (8)
on two renewal processes described by distributions f A and
fB yields

KL( fB, fe) − KL( f A, fe) = h( f A) − h( fB). (10)

The KL distance thus also provides a way to determine the
specific information in cases when the spontaneous activity
is not a Poisson process.

It follows from the definition (4) that the KL distance may
sometimes tend to infinity. This is due to the fact that a con-
tinuous random variable generally carries an infinite amount
of information (van der Lubbe 1997, p. 171). Nevertheless,
this fact can be considered as merely formal and without con-
sequences, realizing that in practice we are always working
with finite precision on a finite time scale. It also follows
from Eq. (8) that the KL distance between any density and
the exponential one with the same mean is positive and equal
to zero if, and only if, f = fe. This statement of equiva-
lence, in contrast to equality CV = 1, allows us to judge
exponentiality. In statistical literature the KL distance also
appears as one of the approaches to exponentiality testing
(Ebrahimi et al. 1992; Choi et al. 2004).

2.3 Evaluation of the KL distance from data

It follows from Eq. (8) that the evaluation of the KL dis-
tance from experimental data is reduced to the problem of
estimating the entropy of the involved distributions. Estima-
tion of the entropy of exponential distribution is equivalent
to the estimation of the mean value E(Te). Therefore, the
only open problem is the estimation of the entropy h( f ).
Two possible approaches to h( f ) estimation exist: the para-
metric one, where from a preselected model its parameters
are estimated and then the entropy is calculated, and the non-
parametric one, where h( f ) is estimated directly from data
without specifying the model.
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The first approach has been recently exploited, e.g., by
Reeke and Coop (2004), for the case of shifted gamma distri-
bution (with three independent parameters). To illustrate this
approach we will estimate the parameters of several common
ISI descriptors. The goodness of fit of the data to the mod-
els will be checked by the standard one-sample Kolmogo-
rov–Smirnov (KS) test (Gibbons 1971) using the estimated
parameters. In the cases when the null hypothesis cannot be
rejected, the KL distance will be evaluated using this para-
metric approach. In general, however, the application of the
KL distance method is not conditioned by the KS test.

As regards the second approach, many possibilities to
estimate h( f ) non-parametrically exist and have been dis-
cussed in literature, see e.g. Beirlant et al. (1997) and Tsy-
bakov and Meulen (1996) for an overview. We may divide
non-parametric entropy estimators into two groups. The so-
called “plug-in” estimators using formula (2) directly, thus
some estimate of density has to be constructed, employing,
e.g., histograms, kernel-smoothed probability densities and
the estimators where the probability density function does not
appear explicitly, usually derived using formula (3) in some
way. To this group belong e.g., the estimator of Vasicek (Va-
sicek 1976), or estimators based on nearest sample spacings,
see Beirlant et al. (1997). The choice of concrete estima-
tor is strongly situation and purpose dependent. Histogram
estimates or smoothed kernel densities are well known to be
greatly affected by bin-size resp. bandwidth. The fact that the
estimated probability density function has limited support to
the real positive half-line may in some cases be the next rea-
son why not to employ kernel-smoothed density estimates. In
our case explicit evaluation of probability density function f
is not needed so we avoided “plug-in” entropy estimators. To
illustrate the non-parametric KL distance evaluation on the
experimental data, we use the simple binless entropy estima-
tor of Vasicek (1976), which is known to converge and behave
well for various types of data (Ebrahimi et al. 1992; Miller
and Fisher III 2003). The examples of estimated entropy val-
ues relevant to our calculations are included in Fig. 1. Given n
ISIs {t1, t2, . . . , tn}, we sort them with respect to their length
{t[1], t[2], . . . , t[n]}. Then the estimated entropy, h(data), is

h(data) = 1

n

n∑

i=1

ln
[ n

2m
(t[i+m] − t[i−m])

]
, (11)

with a free parameter m < n/2 and t[ j] = t[1] for j < 1 and
t[ j] = t[n] for j > n. Note that estimator (11) is based on dis-
cretization of formula (3) using empirical cumulative distri-
bution function. The additional parameter m allows the avoid-
ance of possible numerical problems resulting from such dis-
cretization. The relation between n and m was determined
by Ebrahimi et al. (1992). For sample sizes n ≥ 200 holds
m = 13, which was the value of m we used in the entropy
estimation.

3 Results and discussion

This section is divided into two parts. First, we investigate
the KL distances of several commonly used ISI distributions
from the exponential one under the condition of equal mean
values. All the tested distributions are described by two inde-
pendent parameters related to their mean and variance. It
follows from the formula (8), valid under equality of the
mean values, that the KL distance should also depend on
two parameters. Employing the scaling property of differen-
tial entropy (Cover and Thomas 1991, p. 233) together with
formula (8) yields that in our case the KL distance does not
depend on E(T ), as will be shown explicitly in the studied
examples. To provide a unified view of the results, we chose
coefficient of variation CV as an independent variable. This
particular choice also seems to be the most natural for the
purpose of insight into possible mechanisms of neural coding
mentioned earlier. In the light of our setting, the dependence
KL(CV ) allows to judge possible amount of information be-
ing transmitted between two particular states of neuronal fir-
ing as a function of spike train variability (while the firing
frequency is not changing). Secondly, an application of the
KL distance on the experimental data is shown. The obtained
results are related to those from the first part.

3.1 Gamma distribution

Gamma distribution is one of the most frequent statistical
descriptors of ISIs (Hentall 2000; Levine 1991; McKeegan
2002; Mandl 1992). Its probability density function is

f (t) = bata−1e−bt

�(a)
, (12)

where �(z) = ∫ ∞
0 t z−1 exp(−t) dt is the gamma function

and a > 0, b > 0 are the parameters. From formula (12)
these relations follow

E(T ) = a

b
, CV = 1√

a
. (13)

Using formula (2), the entropy of gamma distribution is

h( f ) = a + (1 − a)�(a) − ln b + ln �(a), (14)

where�(a) = d
da

ln �(a) is the digamma function. By substi-
tuting Eqs. (13) and (14) in formula (8), we find the KL dis-
tance of the gamma distribution from the exponential one in
the explicit form as a function of CV

KL(CV ) = 1 − ln CV 2 − ln �
(
1/CV 2)

+�(1/CV 2) − 1

CV 2 − �(1/CV 2). (15)

This dependence is shown in Fig. 1 together with the esti-
mated values and standard deviations from simulated data.
We see that the error of estimation is relatively small and a
possible positive bias with respect to true values is negligible
for tested sample sizes. The density f given by formula (12) is
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Fig. 1 The Kullback–Leibler (KL) distance as a function of coefficient of variation (CV ) for the tested models. Four values of CV (marked on the
minor horizontal axis) are chosen to produce Fig. 2. The KL distance of gamma and shifted exponential (available only for CV ≤ 1) distributions
is zero for CV = 1, implying that at this point they become exponential. For CV → 0 and for CV → ∞ the KL distance tends to infinity for
the tested distributions. With CV increasing from zero the KL distances of lognormal, inverse Gaussian and gamma distributions are initially the
same. Then gamma branches off at CV ≈ 0.25 and the lognormal and inverse Gaussian depart at CV ≈ 1. For lognormal and inverse Gaussian
distributions the distance never reaches zero and even the minima are not located at CV = 1 implying that for no combination of parameters
these distributions become exponential. A common feature of the tested models is that near CV = 1 the values of KL distances are generally
low, however, minimum for the lognormal, resp. inverse Gaussian distribution is located at CV ≈ 1.31, resp. CV ≈ 1.17. Furthermore, for these
two distributions, especially for the lognormal, the KL distance grows very slowly with increasing CV , compared to the gamma distribution.
Estimated values from simulated data with sample sizes n = 500 and their standard deviations over 100 trials are shown for comparison with
theoretical results

exponential for a = 1 and therefore KL(CV = 1) = 0. The
KL distance tends to infinity for CV → 0 and CV → ∞.
We can see from the figure that KL(CV ) increases rapidly
for CV > 1 especially if compared to the other models pre-
sented here. For CV < 0.25 (approximately) the KL dis-
tances of gamma, lognormal and inverse Gaussian distribu-
tions become the same. Probability densities of investigated
models for the values of CV selected with respect to results in
Fig. 1 and with mean ISI equal to one are presented in Fig. 2.
We can see that the gamma distribution ranges from the shape
similar to the Gaussian distribution at CV = 0.25 through
the “typical” shape of gamma distribution at CV = 0.86 to
the exponential distribution at CV = 1. Finally, for CV > 1
the gamma distribution is characterized by a majority of very
short intervals and long tail of the distribution. This feature,
at least at the first approximation, looks like bursting type of
neuronal activity.

The KL distance provides a different approach to the com-
parison of two distributions if compared with the KS test: it
is ‘global’, i.e., it takes into account the whole shapes of the
compared density functions, while the key parameter for the
KS method is the extreme local ‘distance’ of the curves. Thus,
one can construct cases for which the results given by KL and
KS are contradictory. The most striking example is when the
template distribution is zero on some interval where the other
function is not. Then the KL distance is infinite, while the KS
statistics may be even an infinitely small one. Thus, KS repre-
sents an alternative to KL, however, with completely different
properties.

3.2 Inverse Gaussian distribution

The inverse Gaussian distribution (Chhikhara and Folks 1989)
is often used to describe neural activity (Iynegar and Liaom
1997) and fitted to experimentally observed ISIs (Gerstein
and Mandelbrot 1964; Levine 1991). This distribution results
from the Wiener process with positive drift (the depolariza-
tion has a linear trend to the threshold) as a stochastic neu-
ronal model (Berger et al. 1990; Berger and Pribram 1992;
Levine 1991). The probability density of inverse Gaussian
distribution can be expressed as a function of two parameters
a > 0 and b > 0

f (t) =
√

a

2πbt3 exp

[
− 1

2b

(t − a)2

at

]
, (16)

with

E(T ) = a, CV = √
b. (17)

The fact that the mean and coefficient of variation can be
easily related to the parameters a, b, which act as a scale and
shape parameter, respectively, of the curve, is of practical
advantage.

The KL distance of the inverse Gaussian distribution from
the exponential one as a function of CV is

KL(CV ) = 1

2
ln

e

2π
− ln CV

+ 3√
2π

e1/CV 2

CV
K (1,0)

1
2

(1/CV 2), (18)
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Fig. 2 Probability density functions f (t) of the gamma, inverse Gaussian and lognormal distributions with E(T ) = 1 s for four different values
of CV indicated in Fig. 1. The lowest number nKS of interspike intervals (ISIs), required for the Kolmogorov–Smirnov (KS) test to “distinguish”
between gamma and inverse Gaussian distributions at 5% significance level is given. We can see that for CV = 0.25 the three probability density
functions are hardly distinguishable. The number nKS is too large compared to usual sample sizes obtained in the experiments. The probability
density functions start to differ more for CV = 0.86 (this is the value, for which the KL distances of lognormal, inverse Gaussian and shifted
exponential distribution approximately equal), nKS falls into the average length of experimental records. At CV = 1 the gamma distribution
becomes exponential (KL = 0), while the lognormal and inverse Gaussian do not, and they are even not “close” to exponential as much as possible.
The minimal KL distance of lognormal distribution (corresponding to its maximum “closeness” to exponential distribution) is at CV = 1.31. At
this point the KL distance of inverse Gaussian and gamma distributions is roughly the same, though their probability densities differ strikingly
(nKS is merely 55)

where K (1,0)
ν (z) is the derivative of the modified Bessel func-

tion of the second kind (Abramowitz and Stegun 1972)

K (1,0)
ν (z) = ∂

∂ν
Kν(z). (19)

The dependence is shown in Fig. 1. Due to the fact that nei-
ther for any combination of parameters nor asymptotically
the inverse Gaussian distribution is exponential, the KL dis-
tance is not zero for CV = 1. This fact can be interpreted in
this way, following formula (8): even if there is no change in
E(T ) and CV = 1 there still may be some gain of informa-
tion coming from the reference state (described by exponen-
tial distribution). Following Fig. 1 we can judge the infor-
mation gain under the condition of fixed CV . The minimum
of KL(CV ) for the inverse Gaussian distribution is located
at CV ≈ 1.173. We can see a difference here, compared
to the previous case of the gamma distribution. It has been
already noted that the condition CV = 1 does not imply ex-
ponentiality, but in this case even the minimal distance of the
inverse Gaussian to exponential distribution is not located at
CV = 1. In Fig. 2 there are ISI probability densities for four
selected values of CV . The important fact is that for CV =
0.25 the models are practically indistinguishable. Even at
CV = 0.86 and CV = 1, lognormal and inverse Gaussian
distributions are of very similar shape. Finally, compared to
gamma, inverse Gaussian lacks very short ISIs which can be
considered as positive feature of this distribution, if refracto-
riness should be taken into account.

3.3 Lognormal distribution

The lognormal distribution of ISI, with some exceptions (Ber-
shadskii et al. 2001), is rarely presented as a result of a neuro-
nal model. However, it represents quite a common descriptor
in ISI data analysis (Levine 1991), e.g., a mixture of two log-
normal distributions has been used recently (Bhumbra et al.
2004).

The lognormal distribution is given by the probability
density function

f (t) = 1

tσ
√

2π
exp

[
− (ln t − m)2

2σ 2

]
, (20)

where m and σ > 0 are the parameters. As the variable ln T
is normally distributed, it follows

E(T ) = exp(m + σ 2/2), CV =
√

exp σ 2 − 1. (21)

We use formula (8) to compute the KL distance of lognor-
mal distribution from the exponential one. Expressing the KL
distance as a function of CV , we come to a formula

KL(CV ) = 1

2

[
ln

CV 2 + 1

ln(CV 2 + 1)
+ ln

e

2π

]
. (22)

From there it follows that

d(KL)

d(CV )
= CV [ln(CV 2 + 1) − 1]

(CV 2 + 1) ln(CV 2 + 1)
(23)
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and the minimum is at CV = √
e − 1 ≈ 1.311. The depen-

dence is shown in Fig. 1 together with the estimated values
and standard deviations from simulated data, which shows
good correspondence between theoretical and numerical ap-
proaches. The estimate is not systematically biased and the
relative error is very small. Again, as in the case of inverse
Gaussian distribution, we see that even if CV = 1 the dis-
tribution is not exponential. Yet again – the minimal pos-
sible deviation of lognormal distribution from exponential
one is not at CV = 1. It is interesting that for CV < 1
(approximately) there is no difference in lognormal and in-
verse Gaussian distributions from the perspective of the KL
distance. The equality in the KL distance, of course, does
not imply that these distributions are identical, see Fig. 2.
Nevertheless, their similarity is very high.

3.4 Distributions involving a refractory period

The refractory phase is such a state of a neuron, coming
immediately after a spike was generated, when it is impossi-
ble for another spike to be emitted. In more detail, one can
distinguish the absolute refractory phase, when the genera-
tion of the next spike is absolutely impossible and the relative
refractory phase, when it is merely not probable. The typical
duration of the absolute refractory phase is around 2–4 ms,
while the relative one may last around 10–20 ms, depend-
ing on the definition of “not probable”, Gerstner and Kistler
(2002). The discussion on the topic of refractory phases and
their importance is still ongoing (Berry II and Meister 1998).

Recently, a shifted gamma distribution was used as a gen-
erally suitable ISI probability distribution for parametric en-
tropy estimation by Reeke and Coop (2004). The absolute
refractory phase is, in this model, described by a shift in time
for τ > 0, while parameters a, b are kept the same as in
Eq. (12). Correspondingly, E(T ) and CV change in a simple
way but the entropy of such distribution is independent of τ
as follows from formula (2). In the case of shifted gamma
distribution, we have three independent parameters and it is
no longer possible to describe the KL distance from the expo-
nential model just as a function of one parameter (CV ). On
the other hand, comparing the shifted gamma model to the
exponential distribution shifted by the same value τ gives nat-
urally the same results for KL(CV ) as given by Eq. (15). The
same is true for any shifted distribution. However, it might
be interesting to compare two exponentials; one with and the
other one without refractory phase, as follows.

The probability density function of the shifted exponen-
tial distribution with parameter a > 0 and a shift τ ≥ 0
is

f (t) =
{

0, t ≤ τ

ae−a(t−τ), t > τ.
(24)

Then it follows

E(T ) = 1 + aτ

a
, CV = 1

1 + aτ
. (25)

It is obvious that in this case it is always CV < 1 for τ > 0.
The evaluation of the KL distance of the shifted exponential

distribution from the exponential one under the condition of
the same means using Eqs. (8) and (25) gives

KL(CV ) = − ln(CV ). (26)

For τ = 0 is CV = 1 and f given by formula (24) is exponen-
tial which is confirmed by KL = 0. The function KL(CV )
is shown in Fig. 1.

The shape of KL(CV ) given by Eq. (26) differs from
the KL distances of gamma, inverse Gaussian and lognormal
models with the corresponding CV . We see that this curve,
despite taking the value of zero at CV = 1, is the steep-
est among all of them. Thus we can ask, what is the critical
value of CV such that for smaller values the KL distance of
the shifted exponential distribution is greater than that of any
other tested model? Following Fig. 1 we estimate the critical
value of CV as the one for which the KL distances of the
lognormal and shifted exponential distributions equal. This
results in (a very nice) equation

(CV 2 + 1)CV 2

ln(CV 2 + 1)
= 2π

e
, (27)

which yields CV ≈ 0.86. Realizing that

CV = 1 − τ

E(T )
(28)

and using the critical value of CV , we receive a critical ra-
tio of the refractory phase to the mean value as τ/E(T ) ≈
14.4 %. For ratios greater than the critical the KL distance
of the shifted exponential distribution is greater than that of
other models tested here. For example, if the average abso-
lute refractory phase is 3 ms, the corresponding critical mean
value is approximately 21 ms.

3.5 Experimental data

The data comes from extracellular recordings made from
olfactory receptor neurons of freely breathing and tracheo-
tomized rats using glass insulated tungsten microelectrodes.
Spontaneous, single-unit action potentials were recorded us-
ing metal-filled glass micropipettes filled with an alloy of
Wood’s metal (80%) and indium (20%). The single unit na-
ture of the recorded spikes was controlled during the experi-
ment by triggering the recorded neuron near the background-
noise on a storage oscilloscope. More details of the data
acquisition are described in Duchamp-Viret et al. (2003).
Here, we do not distinguish between the data that come
from freely breathing or tracheotomized rats. A comparison
of these two conditions are published elsewhere (Duchamp-
Viret et al. 2005). The sample sizes range from (circa) n =
100 to n = 2000 and all records have been tested for non-
stationarity (the Wald–Wolfowitz test, serial correlation, pe-
riodogram). We use these recordings to illustrate the estima-
tion of the KL distance. Both parametric and non-parametric
methods were applied. The results are summarized in Fig. 3,
where estimated KL distances are plotted in dependency on
the CV along with the theoretical curves of KL distances
re-plotted from Fig. 1. Two different categories of data are
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Fig. 3 The KL distance as a function of CV for the experimental data. Theoretical curves of the tested models are re-plotted from Fig. 1. Two
different categories of data are distinguished based on the KS test of exponentiality at 5% level of significance. Spike trains and ISI histograms
of the encircled data are shown in Fig. 4 and those with CV close to unity are given a more detailed treatment in Table 1. We see that even
for CV ≈ 1 there exist data that are not exponential. The points around the value CV = 1, where the hypothesis of exponentiality was not
rejected, are asymmetric, closely following the theoretical curve for the shifted exponential distribution. Generally, we see that the data obey the
rule indicated in Fig. 1 for the common ISI descriptors, i.e., the smallest values of the KL distance are around CV = 1. For CV > 1 the general
“course” of the data is even steeper than that of gamma distribution

distinguished, exponentiality rejected or not rejected, based
on the Kolmogorov–Smirnov test at 5% significance level.
We can see that even if CV ≈ 1 the exponentiality may be
rejected. We note that the data obey the general feature of the
tested models: the small values of the KL distance are distrib-
uted around CV = 1. Of particular interest is the asymmetri-
cal distribution of possibly exponential data around CV = 1.
Except for one spike train all records for which exponential-
ity is not rejected have CV < 1. Furthermore, these points
(filled triangles) closely follow the theoretical curve for the
shifted exponential distribution. Of course from this fact we
cannot conclude that these ISIs follow this distribution.

For CV > 1 the calculated KL distances are far above all
considered curves. Though the KL distance does not tell us
which particular distribution to use, the difference between
theoretical and estimated KL values suggests that the gamma
distribution cannot describe the data well. We can expect
that analogously to olfactory neurons in frogs (Rospars et
al. 1994), there is a bursting character in this activity. The
bursting activity of the neuron is usually described by a mix-
ture of two distributions, one for interburst ISIs and the other
for intraburst ISIs (Mandl 1992). For example Bhumbra et
al. (2004) combines two lognormal distributions given by
formula (20), which results in a very flexible model with
five unknown parameters. An alternative, and more common,
description could be a probability density function f of the
mixture of two exponential distributions

f (t) = pae−ax + (1 − p)be−bx (29)

with p ∈ (0, 1) and a > 0, b > 0, a �= b. We can ask,
whether model (29) can be as far from the single exponential

model as are the data in Fig. 3. To check this idea we first
compute E(T ) and CV of the distribution (29)

E(T ) = pb + (1 − p)a

ab
,

CV =
√

2pb2 + 2(1 − p)a2

(pb + (1 − p)a)2 − 1. (30)

Expressing p and b from Eqs. (30), we re-parameterize the
original formula (29) using parameters E(T ), CV and a.

Table 1 Comparison of two pairs of spike trains (encircled in Fig. 3
with CV ≈ 1)

Filename Exp. n ν [s−1] CV KLdata KLγ KLshift

RN20_01 − 1906 6.862 1.005 0.074 – –
RT48_01 + 355 1.988 1.032 0.027 0.001 –

RT58_01 − 788 5.246 1.073 0.236 – –
RN30_01 + 549 1.963 0.930 0.097 0.006 0.073

The Kullback-Leibler (KL) distances were estimated both from data
(non-parametrically) and from theoretical models (parametrically). The
“−” sign in the “Exp.” column indicates that the hypothesis of expo-
nentiality was rejected by the Kolmogorov–Smirnov (KS) test, while
“+” states that it was not rejected (within a 5% significance level).
n is the number of interspike intervals (ISIs) in the record, ν the fir-
ing frequency, CV is the computed coefficient of variation, KLdata is
estimated directly from data (non-parametrically), KLγ is the corre-
sponding distance of the gamma distribution and KLshift of the shifted
exponential. We see that the KL distances computed parametrically and
non-parametrically are rather different. This can be attributed both to
wide confidence intervals of estimated parameters and to the behavior
of Vasicek’s estimator
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Fig. 4 First 20 s of the spike trains and ISI histograms (of the whole record) for the selected data encircled in Fig. 3 compared with exponential
probability density with the corresponding mean ISI. The values of CV and KL distance estimated from data are also indicated. The first four
records with CV closest to unity are explored in Table 1. The record RN24_01 was chosen to represent the group of data with CV > 1 and
relatively large KL distance. The sharp increase in the frequency of very small ISI values together with relatively flat tail of the histogram and
large KL distance value favors the double exponential model as the more probable ISI descriptor compared to the gamma model. On the other
hand, the record RN26_01 was chosen for comparison only due to its small value of CV . Except RT48_01 all records have n > 500

Though the expressions grow in size quickly and get diffi-
cult to handle analytically, we can evaluate the KL distance
KL(E(T ), CV, a) from formula (8) numerically. The results
for CV = 1.2 show that for any E(T ) we can find a value
of parameter a such that the KL distance of the double expo-
nential is greater than the KL distance of gamma distribution
with the same mean and CV . Though it is not possible to fit
the theoretical distributions to the data based solely on the
KL number, we deduce that the double exponential distribu-
tion has a chance to describe the bursting behavior better than
gamma distribution.

We chose two pairs of data sets with CV close to unity to
show the situation in more detail. The results are summarized
in Table 1. The parameters of the gamma, inverse Gaussian,
lognormal and shifted exponential were estimated from the

data. Then the Kolmogorov–Smirnov test was performed to
test the goodness of fit at a 5% significance level. In the case
of not rejecting the null hypothesis, the KL distance was esti-
mated parametrically using the previous theoretical results.
(Note that for all of these four data sets the inverse Gauss-
ian and lognormal models were rejected.) Though all four
data sets have CV ≈ 1 there are differences in the KL dis-
tance from the exponential distribution. One may note that
KLRN20_01 > KLRT 48_01 even though |1 − CVRN20_01| <
|1−CVRT 48_01|. The spike trains and corresponding ISI his-
tograms of the four above-mentioned data sets (together with
two other records also encircled in Fig. 3) are shown for com-
parison in Fig. 4, each plotted together with the exponential
distribution with the corresponding mean ISI.
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4 Conclusions

The (KL) distance was proposed as a measure of similarity
between two (ISI) distributions. Choosing the exponential
one as the template we analyzed the KL distance from both
data and models. We selected four common two-paramet-
ric distributions: gamma, lognormal, inverse Gaussian and
shifted exponential.

Fixing the mean values of exponential and model distri-
bution (or data) to be equal, the KL distance corresponds to
information gain coming from a state described by the expo-
nential distribution of ISI to another state described by the
model distribution. Thus, it reveals a different mechanism
from rate coding of information transmission. Furthermore,
the KL distance is interpreted in terms of specific informa-
tion and its usefulness when determining the efficiency of
the stimulus encoding is shown. It is natural to express the
information gain as a function of a spike train variability,
commonly reflected by coefficient of variation (CV ). For
exponential distribution CV = 1, however, the reverse impli-
cation does not hold. The KL distance offers an alternative
tool to CV to judge exponentiality of the model distribu-
tion (or data), because the exponentiality is guaranteed if,
and only if, the distance is zero. Furthermore, while there are
tools to measure the variability of spike trains, the KL dis-
tance measures a different characteristics – the randomness
of the underlying process.

The following inference can be made on the basis of the
KL distance of ISIs distributions:

1. Even if neither spike frequency nor coefficient of vari-
ation changes, the KL distances to the exponential dis-
tribution can be different for different models (data) and
thus there is still a gain of information coming from one
state to another.

2. It is well known that the lognormal and inverse Gaussian
distributions never become exponential, but surprisingly
their minimal KL distances to this distribution are not
located at CV = 1.

3. For CV increasing from zero (regular spiking) the KL
distances of lognormal, inverse Gaussian and gamma dis-
tributions are initially the same. Then gamma branches
off at CV ≈ 0.25 and the lognormal and inverse Gauss-
ian depart at CV ≈ 1. For low values of CV the differ-
ences among the distributions are hardly distinguishable
for usual sample sizes available in neural spiking data
studies.

4. For lognormal and inverse Gaussian distributions, the KL
distance grows very slowly for CV > 1, compared to the
gamma distribution, and their distances to the exponen-
tial distribution are practically the same for CV = 1 as
for CV < 2.

5. The KL distance of shifted exponential (CV < 1) is the
steepest from all of the investigated alternatives.

6. As shown in the experimental data, even if CV ≈ 1,
the ISI distribution may not be exponential, and this is
confirmed by the Kolmogorov–Smirnov test. Although
the data follow the general features indicated by the-

oretical results, the “course” of their KL distance for
CV > 1 is steeper even than that of gamma distribu-
tion. This suggests/confirms the bursting character of this
data.

7. The occurrence of data, where exponentiality cannot be
rejected, is asymmetric around CV = 1 and closely fol-
lows the theoretical curve for the shifted exponential dis-
tribution.
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Abstract
We propose a measure of the information rate of a single stationary neuronal activity with respect to
the state of null information. The measure is based on the Kullback–Leibler distance between two
interspike interval distributions. The selected activity is compared with the Poisson model with the
same mean firing frequency. We show that the approach is related to the notion of specific information
and that the method allows us to judge the relative encoding efficiency. Two classes of neuronal activity
models are classified according to their information rate: the renewal process models and the first-order
Markov chain models. It has been proven that information can be transmitted changing neither the
spike rate nor the coefficient of variation and that the increase in serial correlation does not necessarily
increase the information gain. We employ the simple, but powerful, Vasicek’s estimator of differential
entropy to illustrate an application on the experimental data coming from olfactory sensory neurons
of rats.

Keywords: Spike train, stationary activity, information rate, Markov chain

Introduction

It is generally accepted that the information in neuronal systems is transferred using the series
of action potentials–the spike trains. There are two main hypotheses that attempt to classify
possible ways in which the spike train may carry information: the frequency (rate) codes and
the temporal spike codes (Theunissen & Miller 1995; Gerstner & Kistler 2002). Both hy-
potheses rely on the important assumption that single spikes are mutually indistinguishable.
Therefore the spike trains can be considered as a time series of point events. This is a widely
accepted simplification that allows further analysis, especially from the information-theoretic
point of view.

The idea of frequency coding was proposed by Adrian (1928). He showed that the number
of spikes per some time window (spike frequency) non-linearly increases with the increase of
the stimulus intensity. The idea of temporal spike coding (Perkel & Bullock 1968; Theunissen
& Miller 1995), on the other hand, employs the timing of the spikes or their particular
temporal pattern. This is a consequence of the fact that there are situations where time
averaging is not possible. Also the high time variability in neuronal discharge, particularly
within the cortex, see, e.g., Buracas & Albright (1999), may play some role and cannot
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be simply “averaged out”. The extreme case, which gives an upper bound on the possible
amount of information encoded (Zador 1998), follows from the hypothesis that the precise
value of each successive interspike interval (ISI) carries the information (in other words the
information gain is maximized if there is no noise in the transmission). Though frequency
codes and temporal spike codes are shown to be compatible in many cases (Gerstner &
Kistler 2002), it is clear that infinitely many different spike records may have the same
frequency.

If the the neuronal firing is stationary, the mean spike frequency (the inverse of the mean
ISI, Lánský et al. (2004) carries the information from the frequency coding hypothesis point
of view. However, as has been shown by Bialek et al. (1991) (see overview in Theunissen
& Miller (1995)), the frequency codes in single neurons carry information about dynamic
stimuli, which results in a non-stationary neuronal signal. The temporal coding, on the other
hand, has been shown to occur almost exclusively under steady-state stimulus conditions
(Fuller & Looft 1984; Middlebrooks et al. 1994).

At the first approximation, neuronal firing under steady-state conditions is often described
as a renewal process. This is justified by the observation that the emitted spike resets the
membrane potential of the neuron’s body independently of the preceding synaptic processes
(Abeles 1982). In this case, ISIs are described as independent realizations of a positive
random variable T. The corresponding probability density function f (t) is thus the complete
descriptor of such neuronal activity with the expected value of T (the mean ISI) denoted by
E(T).

Most of the time, however, though the neuronal firing is stationary there is a depen-
dency structure between the observed ISIs (Longtin & Racicot 1996; Chacron et al. 2001).
The dependence may arise due to incomplete resetting of the membrane potential after
the spike is emitted, which is experimentally observed especially in the distal parts of the
neuron (Abeles 1982). Such a type of neuronal firing is not a renewal process. The suc-
cessive ISIs {Ti } are then statistically dependent with an expected value E(T) = E(Ti ). The
activity is fully described by the joint probability density function f (t1, t2, . . .), see, e.g.,
Cox & Lewis (1966) for details. The importance of the dependence in the ISI structure
is also reflected in recent efforts to include the effect of serial correlation into neuronal
models (Sakai et al. 1999; Lánský & Rodriguez 1999; Lindner 2004). Despite this ef-
fort, we are not aware of any models where analytical results are available, except those
vaguely mentioned in Lawrance (1972, p. 215) for the model developed by Lampard
(1968).

In this article, we will try to quantify the information encoded by the temporal coding
scheme, i.e., under the assumption of stationary stimuli conditions. The information theory,
introduced by Shannon (1948) provides the mathematical basis for the task.

Theory and methods

Without loss of generality, information may be defined as a decrease in uncertainty (Shannon
1948). For discrete random variables, the entropy, H, measures the uncertainty and is thus
closely related to the notion of information. The quantity that measures the uncertainty of a
continuous random variable T with a probability density function f (t) is called differential
entropy h( f ), also denoted h(T) (Cover & Thomas 1991):

h( f ) = −
∫ ∞

−∞
f (t) ln f (t) dt. (1)
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Differential entropy h( f ) does not share the same properties and intuitive interpretation
as the entropy H (Shannon 1948). Namely, it can be negative and its value changes with
coordinate transforms. Thus, it cannot be used as an absolute measure of the information
content. Nevertheless, the most “random” distribution is still the one that maximizes h under
the given constraints. No discrete random variable appears in this article and for simplicity
the term “entropy” is used for h( f ).

The measure of deviation of two probability density functions f (t) and g(t) that is related
to the concept of entropy is the Kullback–Leibler (KL) distance (also relative entropy, (Cover
& Thomas 1991))

KL( f, g) =
∫ ∞

−∞
f (t) ln

f (t)
g(t)

dt. (2)

The KL distance defined by formula 2 is not symmetric and does not satisfy the trian-
gle inequality. Further, if there exists an interval such that g(t) = 0 while f (t) �= 0 then
KL( f, g) = ∞. On the other hand, the KL distance is independent of coordinate trans-
forms and KL( f, g) ≥ 0 with equality if, and only if, f (t) = g(t). These properties make
the KL distance suitable for measuring the information content described by the probability
density f (t) relative to the reference probability density g(t), which maximizes uncertainty.
The interpretation of KL distance as a measure of the information content was pioneered
by Tarantolav & Valette (1982) in the general theory of inverse problems. The reference
state g(t) is often described as the state of null information or the “state of total ignorance”
(Tarantola 1994). If the interpretation in terms of information is not needed, the KL distance
can be still used as a tool to compare ISI distributions.

The above mentioned definitions can be extended into more dimensions, see Cover &
Thomas (1991) for details. Let {T1, . . . , Tn} be a set of n random variables described by
the joint probability density function f (t1, . . . , tn). Then the (joint) entropy h(T1, . . . , Tn),
sometimes also denoted as h( f ), is defined by

h(T1, . . . , Tn) = −
∫ ∞

−∞
· · ·

∫ ∞

−∞
f (t1, . . . , tn) ln f (t1, . . . , tn) dt1 . . . dtn. (3)

The joint entropy can be expressed as a sum of conditional entropies:

h(T1, . . . , Tn) =
n∑

i=1

h(Ti | Ti−1, . . . , T1), (4)

where h(Ti | Ti−1, . . . , T1) = − ∫ ∞
−∞ · · · ∫ ∞

−∞ f (t1, . . . , ti ) ln f (ti | ti−1, . . . , t1) dt1 . . . dti . The in-
dependence bound for the joint entropy states that (Cover & Thomas 1991)

h(T1, . . . , Tn) ≤
n∑

i=1

h(Ti ) (5)

with equality if, and only if, the variables Ti are independent, i.e., when the conditional
densities are equal to the marginal ones f (ti | ti−1, . . . , t1) = f (ti ) for each i . Furthermore,
it is possible (Cover & Thomas 1991, p. 273) to define the “entropy per variable,” or, the
entropy rate h̄ of a stochastic process {Ti }∞i=1 as

h̄( f ) = lim
n→∞

1
n

h(T1, . . . , Tn). (6)

The existence of the limit is guaranteed if the sequence {Ti }∞i=1 is stationary.
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Similarly to Formula “3”, the KL distance of two joint probability density functions
f (t1, . . . , tn) and g(t1, . . . , tn) is

KL( f, g) =
∫ ∞

−∞
· · ·

∫ ∞

−∞
f (t1, . . . , tn) ln

f (t1, . . . , tn)
g(t1, . . . , tn)

dt1 . . . dtn. (7)

In agreement with Equation 6 we formally define the rate R of the KL distance as:

R = lim
n→∞

1
n

KL( f (t1, . . . , tn), g(t1, . . . , tn)). (8)

Expanding R employing formulas 3 and 6 gives

R = − lim
n→∞

[
1
n

∫ ∞

−∞
· · ·

∫ ∞

−∞
f (t1, . . . , tn) ln g(t1, . . . , tn) dt1 . . . dtn

]
− h̄( f ). (9)

In light of the KL distance as a measure of information, we interpret R as the “information
rate” of a stochastic process described by the joint probability density function f (t1, t2, . . .)
relative to the state of null information described by g(t1, t2, . . .). This concept of information
differs from the standard notion of mutual information introduced by Shannon (1948),
though under special conditions a relation between the two can be found, as we demonstrate
later. We will employ this definition to classify the available information content in several
particular models of neuronal activity.

Results and discussion

The spike train as a renewal process

We apply formula 9 to find the information rate R of a renewal process describing the
ISI generation. First, however, we have to determine uniquely the appropriate state of null
information. The least informative state is in other words the most random one, i.e., it
bounds the entropy rate h̄ of all other possible processes from above. Formula 5 implies, that
such sequence of random variables must consist of independent and identically distributed
variables maximizing the entropy h. The maximum entropy distribution on (0, ∞) with fixed
expected value is the exponential one described by the probability density function

g(t) = a exp(−at), (10)

where a > 0 and the expected value equals to 1/a. The entropy of the exponential distribution
is h(g) = 1−ln a. The state of null information is thus described by the Poisson process which
holds a prominent position in the neuronal modeling (Gerstner & Kistler 2002). The Poisson-
like firing has been experimentally observed in many situations, particularly in the cortical
neurons, see Abeles (1982) for details. From Formulas 4 and 6 it follows, that the entropy rate
of a renewal process is equal to the entropy of the probability density. Thus, the Equation 9
reduces to

R = aE(T) − ln a − h( f ). (11)

As we quantify the information gained beyond the hypothesis of frequency coding, we let
distributions f (t) and g(t) have the same mean values, E(T) = 1/a. Formula 11 finally
results in

R = 1 + ln E(T) − h( f ). (12)

As mentioned, the entropy h(T) of a random variable T changes with the transformation
T → sT (with a ‘scaling’ constant s > 0) as h(sT) = h(T) + ln s (Cover & Thomas 1991,
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p. 233). Due to this “scaling property” the rate R in the Formula 12 does not depend on the
actual E(T), which also follows from the fact that the rate is defined “per ISI”. We see that
the information rate of the renewal process gained beyond frequency coding relative to the
state of null information is reduced to the calculation (estimation) of h( f ).

In the following, we compare the information rates R of several ISI distribution models
described by probability density functions f (t) with two parameters. The rate R is param-
eterized by the coefficient of variation CV–the ratio of standard deviation to E(T). While
the advantage of CV is that for exponential distribution holds CV = 1 (independently of
E(T)), the condition CV = 1 does not in general imply exponentiality of the distribution.
This feature was explored in greater detail with respect to experimental data in Kostal &
Lansky (2006).

Gamma model. The gamma distribution is one of the most frequent statistical descriptor of
ISI (Levine 1991; Mandl 1992; Rieke et al. 1997). Its probability density function f (t) is
defined by

f (t) = bata−1 exp(−bt)
�(a)

, (13)

with parameters a > 0, b > 0 and �(z) = ∫ ∞
0 tz−1e−t dt the gamma function. It holds for

Equation 13: E(T) = a/b and CV = 1/
√

a. Using Formula 12 we obtain the information
rate R(CV)

R(CV) = 1 − ln CV2 − ln �(1/CV2) + �(1/CV2) − 1
CV2

− �(1/CV2), (14)

where �(z) = d
dz ln �(z) is the digamma function.

The rate R(CV) from Equation 14 is plotted in Figure 1A. It is useful to view the de-
pendence R(CV) for every possible value of CV and R. To do this, we employ a conformal
mapping (CV, R) → ( ˆCV, R̂) described by

ˆCV = arctan CV,

R̂ = arctan R. (15)

Due to this transformation, the whole quadrant (0, ∞) × (0, ∞) is mapped onto section
(0, π/2) × (0, π/2) and the points ˆCV = π/2, resp. R̂ = π/2 are identified with CV = ∞,
resp. R = ∞. For convenience, labels on Figure 1A. correspond to the original scale (CV, R).

The gamma density f (t) in Equation 13 is exponential for a = 1, implying R(CV = 1) = 0.
The information rate R tends to infinity for CV → 0. This is a general property which can
be seen directly from Formula (12): for CV = 0 the variable T is described by a δ-function
and the entropy is thus h( f ) = −∞, see Cover & Thomas, p. 229 (1991) for details. On
the other hand, the limit R(CV → ∞) = ∞ is true for the gamma distribution, but does not
hold in general.

Inverse Gaussian model. The inverse Gaussian distribution of ISI can be obtained from the
integrate-and-fire class of neuronal models and is also often fitted to experimental data
(Gerstein & Mandelbrot 1964; Levine 1991). Its probability density is

f (t) =
√

a
2πbt3

exp
[
− 1

2b
(t − a)2

at

]
, (16)
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Figure 1. Information rates R of renewal processes in dependence on the CV (A). For CV = 1 the rate of gamma
model is zero, implying that at this point its distribution becomes exponential. The inverse Gaussian model is
never exponential (R > 0) and its minimal distance is at CV ≈ 1.17. The Pareto model is also never exponential,
but contrary to the gamma and inverse Gaussian cases its rate decreases with increasing CV, reaching the limit
R(CV → ∞) ≈ 0.89. The information rate of inverse Gaussian grows slowly compared to that of the gamma
distribution. The rates of gamma and inverse Gaussian are equivalent for CV ≈ 1.31. For CV 	 1 the gamma
and inverse Gaussian rates are hardly distinguishable, though this fact cannot be used to judge the degree of their
mutual similarity, see (B), where the three corresponding probability density functions with E(T) = 1 s are plotted
for selected values of CV.

with parameters a > 0 and b > 0. In this case, CV = √
b, E(T) = a and using the same

technique as in the case of the gamma model the information rate R(CV) is obtained in the
form

R(CV) = 1
2

ln
e

2π
− ln CV + 3√

2π

exp(1/CV2)
CV

K(1,0)
1/2 (1/CV2), (17)

where K(1,0)
ν (z) is the derivative of the modified Bessel function of the second kind K(1,0)

ν (z) =
∂
∂ν

Kν(z) (Abramowitz & Stegun 1972).
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The resulting dependence R(CV) from Equation (17) is plotted in Figure 1A using the
transformation rules (Equation 15). The inverse Gaussian distribution is not exponential
for CV = 1 thus always R(CV) > 0. Furthermore, the minimal rate (and thus the maximum
similarity with the exponential model) does not occur at CV = 1 but at CV ≈ 1.17. The rates
of gamma and inverse Gaussian models become equivalent at CV ≈ 1.31. In comparison
with gamma model, we see that though R(CV → ∞) = ∞ for both cases the gamma model
approaches infinite information rate R(CV) much faster than the inverse Gaussian. On the
other hand, for very small values of CV both rates are undistinguishable.

Pareto model. The Pareto distribution is not resulting from any theoretic neuronal model and
we are not aware of any attempt to fit it to experimentally observed ISIs. We present it here to
show a different kind of behavior than that of the above mentioned models. The probability
density function f (t) of the Pareto distribution is

f (t) =
{

0, t ∈ (0, b)

abat−a−1, t ∈ [b, ∞)
(18)

with parameters a > 2 and b > 0. In this case CV = 1/
√

(a2 − 2a) and E(T) = ab/(a − 1).
Using Formula 12, we arrive at the equation for the information rate R(CV) of the Pareto
model in the form

R(CV) = CV2 − CV
√

1 + CV2 + ln
(

2 + 1 + 2CV2

CV
√

1 + CV2

)
, (19)

for illustration see Figure 1A. The Pareto model is never exponential and we can see that
for increasing values of CV the rate R(CV) is slowly decreasing with the limit (which is also
the minimal value of R(CV)): R(CV → ∞) = ln 4 − 1/2 ≈ 0.886. The information rates of
Pareto and gamma models are equal for CV ≈ 1.86, while for gamma and inverse Gaussian
models it is equal for CV ≈ 1.26. Nevertheless this fact cannot cannot be used to judge the
degree of similarity between the gamma and either the Pareto or inverse Gaussian models.
The comparison of probability density functions f (t) of the inverse Gaussian, gamma and
Pareto models can be seen in Figure 1B for E(T) = 1 s and CV ≈ 1.86.

R and specific information

Mutual information I(S;R) (Cover & Thomas 1991) determines the dependence between
stimuli S and responses R (Borst & Theunissen 1999). The information gained from a
particular stimulus is known once the variability of responses across the whole set of stimuli
is determined. I(S;R) has no informative value if only one stimulus is presented. The coding
efficiency of chosen stimulus can be judged according to the deviation of the response from
the spontaneous activity (Chacron et al. 2001), i.e., the most informative stimuli cause the
largest difference. The information rate R provides a natural measure for this difference.
Furthermore, in the following we show that under certain conditions a link between R and
I(S;R) may be established.

The set of stimuli S = {si }n
i=1 is discrete and the set of responses is realized by ISIs which

can take any positive value. Mutual information can be formally expressed as I(S;R) =∑
i p(si ) i(R | si ), where i(R | si ) is called the specific information due to the stimulus si .

Analogously to DeWeese & Meister (1999), we express i(R | si ) as

i(R | si ) = h(R) − h(R | si ). (20)
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From Formula 20 it follows that the specific information is large for those stimuli that have
only a few different responses associated with them because h(R | si ) is the uncertainty in
response given stimulus si . If the stimulus si evokes only single possible response then it
holds h(R | si ) = −∞, because the probability density function of responses is realized by
δ-function.

We have restricted ourselves to the case in which the ISIs are described by a renewal
process with probability density function f and the stimuli conditions are stationary in time.
Under these two assumptions, we can assign ISI distribution with density f to the stimulus
si and the uncertainty in response becomes h( f ) = h(R | si ). The remaining term h(R) in
Formula 20 depends on the distribution of stimuli. It is possible to view h(R) as the entropy of
the spontaneous neuronal activity h(Spon). The difference i(Spon | si ) = h(Spon)−h(R | si )
does not add up to mutual information in the Shannon’s sense. Nevertheless, the information
rate computed employing the spontaneous activity differs only by a constant from the true
mutual information rate and therefore the two measures behave similarly, see (Chacron et
al. 2001) and (Chacron et al. 2003) for details.

If the spontaneous activity is described by the Poisson process, then Formula 20 corre-
sponds to the expression for the information rate (Equation 12) and R coincides with specific
information. If the spontaneous activity differs from the Poisson firing, then i(Spon|si ) can
be obtained from formula

i(Spon | si ) = R( f ) − R(Spon) = h(Spon) − h( f ), (21)

where R(Spon) resp. R( f ) are the information rates of the spontaneous activity and the ac-
tivity in question. Note that we cannot directly employ a general (non-Poisson) spontaneous
activity as the state of null information (which is required to maximize the entropy) because
we would lose the interpretation in terms of information.

The spike train as a Markov chain

First we employ Formula 9 to find the information rate R of a general stationary ISI model.
Using the same reasoning as in the case of renewal process we find the state of null information
to be the Poisson process. Simplifying Equation 9 in this situation yields an expression similar
to Formula 11

R = aE(T) − ln a − h̄( f ) (22)

and putting the mean ISI of the stochastic process described by f (t1, t2, . . .) and that of the
state of null information equal, it yields

R = 1 + ln E(T) − h̄( f ). (23)

The available information rate of the general stationary stochastic process (gained beyond
the idea of frequency coding) relative to the state of null information is again reduced to the
calculation (estimation) of the entropy rate. (Obviously the relationship between R and the
specific information holds also in the general stationary case.)

The computation of the entropy rate is however hardly possible in the general case (Cover
& Thomas 1991). Even though the limit is theoretically guaranteed to exist the convergence
may be arbitrarily slow with increasing dimension of the joint probability density function.
In the following, we restrict ourselves to the class of stationary stochastic processes satisfying
the first-order Markov property (Cox & Lewis 1966)

Prob{Tn ≤ tn | Tn−1 = tn−1, . . . , T1 = t1} = Prob{Tn ≤ tn | Tn−1 = tn−1}. (24)
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In other words, each ISI depends only on the immediately preceding one and is conditionally
independent of all other preceeding ISIs. The Markov chain is therefore fully described by the
joint probability density function f (t1, t2) of the two adjacent ISIs. Condition 24 simplifies
the expression for the entropy rate and analogously to Cover & Thomas (1991, p. 66), we
write

h̄( f ) = h(T2 | T1) = −
∫ ∞

0

∫ ∞

0
f (t1, t2) ln f (t2 | t1) dt1 dt2. (25)

(To avoid indexing we denote T1 ≡ X and T2 ≡ Y.)
Formula 23 for the information rate R of the first-order Markov chain becomes

R = 1 + ln E(Y) − h(Y |X). (26)

Equation 26 can be rewritten using the mutual information I(X; Y), the symmetric quantity
that measures dependence between two random variables X, Y (Cover & Thomas 1991)

I(X; Y) = h(Y) − h(Y |X). (27)

Combining Equations 26 and 27 separates the total information rate R into two parts

R = R1 + I(X; Y), (28)

where R1 = h(g) − h(Y) is the information rate of the renewal process described by the
marginal probability density function corresponding to the given Markov chain. The impor-
tant property of mutual information is that I(X; Y) = 0 if, and only if, the variables X and
Y are independent, i.e., the Markov chain is reduced to the renewal process. Note that the
above derived results can be extended to the kth-order class of Markov chains (conditional
dependence on the k preceeding states).

In the following, we compare the information rates R of several Markov chain ISI models
described by the probability density functions f (x, y). We parameterize the rate R in de-
pendence on the serial correlation � = [E(XY) − E(X)E(Y)]/[

√
Var(X)

√
Var(Y)], which is

frequently used to measure the dependence between variables X and Y. The resulting rate
R is again independent of the expected value of the ISI.

Lawrance and Lewis model. The model introduced by Lawrance and Lewis (L–L) is described
by the joint probability density function (Lawrance & Lewis 1977)

f (x, y) = a2b
1 − b + b2

{
U(bx − y)

1 − b
b2

exp
[

− ab(x + y) − ay
b2

]

+ exp
[

− a(x + by)
b

]
+ U(y − bx)

(b − 1)2

b
exp[−a(x − bx + y)]

}
(29)

with parameters a > 0, b ∈ (0, 1) and U(x) the Heaviside unit step-function: U(x < 0) = 0
and U(x ≥ 0) = 1. The (first-order) serial correlation � is

� = b(1 − b), (30)

from which the limitation of the L–L model follows: serial correlation is confined in interval
(0, 1/4). The marginal distribution of the L–L model is exponential with parameter a, see
Formula 10.

We investigate the information rate of the L–L model using formula 28. The term R1 is
zero and thus the total rate R is equivalent to the mutual information, R = I(X; Y). Two
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Figure 2. The information rates R in dependence on the serial correlation � of the Lawrance and Lewis (L–L)
and Morgenstern ISI models. For b ∈ (1/2, 2) (the L–L model) the rate increases monotonically to its maximum
R(� = 1/4) ≈ 0.12. For b ∈ (0, 1/2) the rate reaches its maximum at R(� ≈ 0.17) ≈ 0.17 and then decreases.
The Morgenstern model exhibits simpler behavior: its rate is smaller compared to that of the L–L model at the
corresponding value of �.

values of parameter b lead to the same value of the serial correlation in Equation 30, thus we
have to consider two solutions of R depending on which value of b was used

b ∈ (0, 1/2) :
1
2

− 1
2

√
1 − 4�,

b ∈ (1/2, 1) :
1
2

+ 1
2

√
1 − 4�.

The resulting R(�) was carried out numerically and is plotted in Figure 2. For b ∈ (1/2, 1)
the rate increases monotonically from zero (R(� = 0) = 0, the ISIs are independent) to
its maximum value R(� = 1/4) ≈ 0.12. A more interesting result comes from examining
the behavior of R for b ∈ (0, 1/2). The maximum value R ≈ 0.17 does not correspond to
the maximum value of serial correlation, but is located at � ≈ 0.17. From this value with
increasing serial correlation we observe a decreasing rate, while the marginal distribution is
still exponential. This seemingly paradoxical result comes from the fact that the value of serial
correlation as a measure of dependency cannot be used to judge the degree of difference from
the state of null information.

We can judge the qualitative behavior of the L–L model from the joint probability density
plots shown in Figure 3A and B. Though serial correlation is often found in experimental
data, two-dimensional histograms corresponding to Figure 3 are not presented. The length
of the “immediately preceeding” ISI is given on the x-axis, the length of the current ISI is
on the y-axis and the probability of their joint occurrence is indicated by the shade (a darker
tone corresponds to a higher value, absolute numbers are not important). The positive serial
correlation of the ISIs can be seen immediately for b = 0.23 (A): short ISIs tend to be followed
by short ones (the dark region for x < 0.5 s and y < 0.5 s), longer ISIs by comparatively
long ones. Note especially the narrow dark band of highly probable (x, y) pairs in the lower
part of the plot. This feature makes the existence of certain (short) sequences of ISIs more
probable than others, i.e., it can be regarded as a simple mechanism of temporal pattern
formation. Unfortunately, the serial correlation in this case is not large enough to make the
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Figure 3. Density plots of the joint probability density functions f (x, y) of the Markov chain ISI models with
E(Y) = 1 s, darker tones correspond to higher values (absolute numbers are not important). The Lawrance and
Lewis (L–L) model (A + B) is plotted for two different values of parameter b. Though the serial correlation � is
the same in both situations the shapes of f (x, y) are different. This difference is captured by different values of the
rate R. The Morgenstern model (C + D) is plotted for both extremal values of the serial correlation � = ±1/4 with
equal values of R ≈ 0.6.

effect visually pronounced (see also Figure 4). Below the band of high probability one can
see a triangle of nearly zero probability, e.g., x > 1.5 s can hardly be followed by y < 0.25 s.
The behavior of the L–L model for b = 0.77 (B) differs in many aspects, though the value of
serial correlation is the same as for b = 0.23. The sharp band of high probability is missing
and the joint probability density is more diffused. Very short ISIs are often followed by even
shorter ones than in the previous case (compare with Figure 4D), but the preference for long
ISIs following the longer ones (x > 1 s) is not pronounced (note the darker triangle below
the diagonal). The difference between the two cases is captured in different values of the
information rates R.

The neuronal activity described by the L–L model is simulated in Figure 4D for E(Y) = 1 s
and serial correlation � = 0.17 (b = 0.23). Another realization corresponding to Figure 3B
is shown in Figure 4E. Note that the simulations were always done with the same initial
value of random seed. The relatively small differences from the Poisson case (Figure 4A) are
captured in comparatively small values of information rate R ≈ 0.17.
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Figure 4. Simulated spike trains for renewal models with CV = 1 and Markov models with exponential marginal
distributions in both cases E(T) = 1. The values of serial correlation � and information rate R are given. (A) The
Poisson process. The inverse Gaussian model (B) is similar to (A) but lacking the extremely short ISIs (see the
probability density plot in Figure 1B). The Pareto model (C) differs strikingly from the Poisson process, with
the main distinction being the “dead time” (approx. 0.58 s). The values of serial correlation � in the cases of the
Lawrance and Lewis (D + E), Morgenstern (F + G) and Lampard models (H + I) are relatively too small to
produce apparent change in comparison with the Poisson process–the effect is only slightly more pronounced for
negative � (G) and for � = 0.5 (H). The spike train generated according to Lampard model (I) with � = 0.9 can
be distinguished on the first sight.

Morgenstern model. The next model is constructed using the bivariate joint probability density
function f (x, y) first described by (Morgenstern 1956)

f (x, y) = a2e−2a(x+y)[ea(x+y) + 4�(eax − 2)(eay − 2)], (31)

with parameters a > 0 and � ∈ (−1/4, 1, 4). The function f (x, y) is symmetric in its argu-
ments f (x, y) = f (y, x). The marginal distribution of this model is again exponential with
parameter a. The serial correlation is equal to the parameter � in Formula 31. The maximum
serial correlation is again |�| = 1/4, but contrary to the previous case of L–L model it can
also be negative.

We use the same approach in applying Formula 26 as in the case of L–L model. The result
was carried out numerically and is plotted for comparison with the L–L model in Figure 2.
The behavior of the Morgenstern model appears simple compared to that of the L–L model.
The information rate is symmetric R(�) = R(−�) and R(� = 0) = 0 implying that for zero
serial correlation the ISIs are independent, as can be seen directly from Formula 31. An
interesting observation is that for the same value of � the rates R(�) of the Morgenstern
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and L–L models differ and that for any � ∈ (0, 1/4) the rates of the Morgenstern model are
smaller.

Figure 3C and D shows the f (x, y) for both extreme values of serial correlation. The
behavior of the model is simpler compared to the L–L model, there are no sharp regions
of special interest and the probability density is smooth and symmetric around x = y. The
positive correlation (C) is seen for ISIs smaller than 1 s, and then for large ISIs (x ≈ 2 s)
which are usually not followed by very short ones. The reverse statements hold for the
negative serial correlation (D). Very short ISIs are not followed by comparatively short ones
(the light region for small x, y) and very long ISIs (x > 2 s) are preferably followed by shorter
ones (y < 1 s). Because the information rate is the same in both cases, we cannot distinguish
between negative and positive serial correlation just by observing the value of R.

Neuronal firing that behaves according to the Morgenstern model is simulated in Figure 4F
and G. Due to the small values of serial correlation only small differences can be seen com-
pared to the Poisson process (A). This is confirmed by a very small value of the information
rate R ≈ 0.06.

Lampard model. The last example of the stationary Markov chain we employ as the ISI
distribution model was first described by (Lampard 1968). It describes a counter system
whose inputs are a pair of independent Poisson processes. The advantage of this model over
the previous two lies in its possible interpretation from the neurophysiological point of view
(Lawrance 1972).

The joint probability density function f (x, y) is defined by

f (x, y) = (1/� − 1)ξ

xy�(ξ)

(
aξ2√xy�

|� − 1|
)1+ξ

exp
[

aξ(x + y)
� − 1

]
Iξ−1

(
2aξ

√
xy�

1 − �

)
, (32)

where � ∈ (0, 1) is the first-order serial correlation, parameters ξ > 0, a > 0 and Iν(z) is
the modified Bessel function of the first kind (Abramowitz & Stegun 1972). The marginal
distribution of the model is the gamma distribution (compare with equation (13)): f (y) =
(aξ)ξ yξ−1 exp(−aξy)/�(ξ), from which follows that parameter ξ is related to the CV by
CV2 = 1/ξ , and a describes the mean value of the ISI E(T) = 1/a. For ξ = 1, which implies
CV = 1, the joint density f (x, y) is reduced to the Downton bivariate exponential density
(Downton 1970) with exponential marginal distributions:

f (x, y) = a2

1 − �
exp

[
a(x + y)
� − 1

]
I0

(
2a

√
xy�

1 − �

)
. (33)

To obtain the information rate R of the Lampard model we apply Formula 28, because
the term R1 is already given in the closed form by Formula 14. Therefore, the mutual
information I = I(X; Y) remains to be calculated. We parameterize the mutual information
I(�) with the serial correlation (in agreement with the previous reasoning) and investigate
its possible dependence on the CV through the remaining parameter ξ . The Bessel function
Iν(z) can be expressed in a simple form for two particular values of parameter ν (Abramowitz
& Stegun 1972)

I1/2(z) =
√

2
π

sinh z√
z

,

I−1/2(z) =
√

2
π

cosh z√
z

.
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The solution for the first condition ξ − 1 = 1/2 is CV = √
2/3 ≈ 0.816 and for the second

ξ − 1 = −1/2 is CV = √
2 ≈ 1.414. The joint density f (x, y) of the Lampard model then

reduces to much simpler forms

CV =
√

2
3

: f (x, y) = − 9a2

2π
√

(1 − �)�
exp

[
3
2

a(x + y)
� − 1

]
sinh

(
3a

√
xy�

� − 1

)
, (34)

CV =
√

2 : f (x, y) = a

2π
√

xy(1 − �)
exp

[
1
2

a(x + y)
� − 1

]
cosh

(
a
√

xy�

� − 1

)
. (35)

The reduced forms given by Formulas 33 (for CV = 1), 34 and 35 make the analytical inte-
gration of at least some parts in I(�) possible. The remaining integration can thus be carried
out numerically with much better precision than using the general and rather complicated
form in Equation 32.

The resulting mutual information I(�) is plotted in Figure 5 for the three above men-
tioned values of CV. The total information rate R can be computed using Formula 28. For
CV = 1 and � = 0 the Lampard model reduces to the Poisson process, thus both R1 = 0 and
I(X; Y) = 0. For CV = 1 and � > 0 holds R1 = 0 and the mutual information corresponds
to the total information rate R of the Lampard (=Downton) model. Similarly if CV �= 1
and � = 0, then I(X; Y) = 0 and the Lampard model reduces to the renewal process with
gamma ISI distribution. Using Formula 28 for the term R1 gives: R1(CV = √

2/3) ≈ 0.044
and R1(CV = √

2) ≈ 0.216. The shapes of the curves I(�) are very similar, starting from
I(� = 0) = 0 and continuing with monotonous increase I(� → 1) → ∞. Mutual informa-
tion increases dramatically for � > 0.8, where an arbitrarily small change in � has a strong
effect on the information rate, while the changes in the serial correlation value for � < 0.5
may be neglected. The dependence of I(�) on the value of CV is relatively small, never-
theless, it cannot be attributed to numerical errors. For CV more deviated from one the
effect is slightly more pronounced. Again we have a situation where the serial correlation �

is not a sufficient measure of the true dependence between two random variables, contrary
to I(X; Y).

Figure 5. The mutual information I = I(X; Y) of the Lampard model in dependence on serial correlation � for
three values of CV. The shapes of the curves are very similar but not identical, which means that � does not
measure the ISI dependence completely. A very sharp increase in I for � > 0.5 suggests that low values of � have
only marginal effect, while a small increase in � for � > 0.8 can change R dramatically.
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A sample of neuronal firing behaving according to the Lampard model is shown in Fig-
ure 4 for � = 0.5 (H) and � = 0.9 (I). At such a high value of serial correlation (especially
in Figure 4I) the pattern of spikes can be immediately distinguished from the other cases
presented in the figure, though the marginal distribution (estimated, e.g., by histograms) of
all the presented cases is exponential with equal parameters.

Experimental data

Formula 26 for the information rate R of the Markov chain can be expressed alternatively,
substituting from the chain rule (Equation 4)

R = h(g) + h(X) − H(X, Y). (36)

We see that the computation of R from experimental data for the renewal process and Markov
chain is reduced to the estimation of entropy from one- and two-dimensional probability
density functions. This makes equations 12 and 36 applicable in experimental data analysis
as the problem of entropy from data estimation is well exploited in literature, see, e.g.,
Tsybakov & Meulen (1996); Beirlant et al. (1997) for an overview of available techniques.

For one dimension (the renewal process) the simple and well researched Vasicek’s estimator
(Vasicek 1976) gives reasonably good results on a wide range of data (Ebrahimi et al. 1992;
Miller & Fisher III, 2003). Furthermore, our own experience with simulated data shows that
for sample sizes n = 500 (the average size in the experimental data we used) the standard
deviation is relatively small (σ < 0.07) and a possible positive bias with respect to true values
is negligible. It is also preferable to avoid estimations based purely on histograms because the
choice of binwidth affects the results greatly. The support of ISI distributions is always positive
which makes the application of kernel estimators problematic due to possible overlapping
into negative values.

In this section, we illustrate the use of information rate on experimental data in the case
of renewal process. The data come from extracellular recordings made from olfactory recep-
tor neurons of freely breathing and tracheotomized rats. Single-unit action potentials were
recorded and more details on the data acquisition is described in (Duchamp-Viret et al.
2003). The sample sizes range from (circa) n = 100 to n = 2000 ISIs and all records have
been tested for stationarity and ISI independence (the Wald–Wolfowitz test, serial correla-
tion, periodogram).

Given the n ranked ISIs {t[1] < t[2] < · · · < t[n]} we used the entropy estimator proposed
by (Vasicek 1976)

h(data) = 1
n

n∑
i=1

ln
[

n
2m

(t[i+m] − t[i−m])
]
. (37)

The positive integer parameter m < n/2 is set prior to computation and the two following
conditions hold: t[i−m] = t[1] for (i − m) < 1 and x[i+m] = x[n] for (i + m) > n. The particular
values of m corresponding to various values of n were determined by Ebrahimi et al. (1992).

The information rate R represents the average information gained per ISI and does not
depend on E(T), i.e., the firing rate. To include the effect offaster vs. slower neuronal firing,
we examine the average distribution of information rate in time. We define the information
rate flow η by

η = 1
ln 2

R
E(T)

. (38)
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Figure 6. The information rate flow η in bits per second estimated from the experimental data in dependence on
the CV. The stationary renewal activity of olfactory neurons in rats is compared for freely breathing (� ) (in the
absence of any particular stimulus) and tracheotomized (×) animals. Except for two cases the η of tracheotomized
animals is lower than in freely breathing ones. The results show that the activity in tracheotomized rats is closer
to the state of null information (Poisson process) and that CV is not well related to the Poisson character of the
process.

The factor 1/ ln 2 is used to change the logarithm base in Equation 9 to 2, so the quantity
η represents the average information gained (relative to the state of null information) in bits
per second.

The estimated information rate flow η for the already mentioned two categories of data is
plotted in Figure 6. We see that the η in the tracheotomized case (×) is in most of the cases
lower than that of the freely breathing (� ). This is verified independently by other methods
in Duchamp-Viret et al. (2005), where also some further inferences from the data are made.
Due to the properties of R low values of η indicate that the firing is close to the state of null
information, therefore justifying the hypothesis that spontaneous firing is not informative.

Conclusions

The information rate R based on the Kullback–Leibler distance between two ISI models was
proposed for a general case of stationary neuronal activity. If the reference state maximizes
the entropy of the ISI probability distribution and if the mean values of both distributions are
equal, then R measures the information rate per ISI due to the temporal coding scheme. Be-
side the introduction of R, we proposed a related quantity, the information flow: η = R/E(T),
which measures the information gain per time unit. This quantity takes the firing rate of the
neuron into account, thus even relatively small values of R must be taken into consideration
when comparing the η of fast-firing neurons to the slower ones. The determination of R (and
η) requires the computation (estimation) of differential entropy which makes the quantity
applicable on suitable experimental or simulated data, as illustrated in the final section of
this article. We showed that R is related to the mutual information and corresponds to the
information due to specific stimulus.

We analyzed in detail several examples from two categories: the renewal process and the
first-order Markov chain ISI models. The case of the renewal processes shows that even if
neither spike frequency nor CV changes there still may be a gain of information. The chosen
models behave differently for CV > 1, while for CV 	 1 their information rates R are very
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similar. On the other hand, the case of Markov chains indicates that if R is examined only
due to the dependency among ISIs, small values of serial correlation � imply small values
of R. Moreover, the increase in the serial correlation of ISIs does not necessarily increase
the information rate. Though the Markov chain ISI models discussed here are not resulting
from realistic neuronal models, it is nevertheless clear that the relation of serial correlation
to the information rate is not simple. As the entropy rates h̄ were computed directly from
the joint probability densities these Markov chain models serve well for testing purposes and
further development of multi-dimensional entropy estimators. These estimators in turn may
be used to estimate R in realistic models, where the joint probability density of ISIs is not
available (including experimental data).

Theoretically, the information rate R may tend to infinity. This is due to the fact that a con-
tinuous random variable generally carries an infinite amount of information (van der Lubbe,
1997). Nevertheless this fact can be considered as merely formal and without consequences,
in practice we are always working with finite precision on a finite time scale. Notably, the
cases CV → 0 or � → ±1 would require an infinite timing precision of the neuronal firing.
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bstract

The patterns of neuronal activity can be different even if the mean firing rate is fixed. Investigating the variability of the firing
ay not be sufficient and we suggest to take into account the notion of randomness. The randomness is related to the entropy of the
ring, which is bounded from above by the entropy of the Poisson process (given the mean interspike interval). Thus, we propose

he Kullback–Leibler distance with respect to the Poisson process as a measure of randomness in a stationary neuronal activity.
nder the condition of equal mean values the KL distance does not depend on the time scale and therefore can be compared to the

oefficient of variation employed to measure the variability. Furthermore, this measure can be extended to account for correlated
C
T

euronal firing. Finally, we analyze the variability and randomness for three common ISI distributions in detail: gamma, lognormal
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. Introduction

The discharge activity of neurons is composed of the
eries of events called action potentials or spikes. It is
enerally accepted that the information in neuronal sys-
ems is transferred by the time series of spikes—the spike
rains. There are two main hypotheses that attempt to
lassify possible ways in which the spike trains may carry
nformation: the frequency (rate) codes and the tempo-
al codes (Gerstner and Kistler, 2002; Theunissen and

iller, 1995). The classical results in early neuroscience
Adrian, 1928) show that the number of spikes per a time
eriod (the firing rate) is related to the stimulus intensity,
U
N

C
O
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.e., the firing rate increases with increasing stimulus
ntensity. The idea of temporal spike coding (Perkel
nd Bullock, 1968; Theunissen and Miller, 1995), on
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E
D

of variation

the other hand, employs the timing of the spikes or the
particular ordering of interspike intervals. Whereas fre-
quency code has quite specific meaning, the temporal
code denotes all alternatives not classified as the for-
mer one. Therefore, the temporal coding involves on one
hand precise patterns of spikes and on the other hand,
for example, variability differences in the firing. Search-
ing and comparing variability of different spike trains
is a traditional tool in neuroscience studies. It holds for
experimental as well as model spike trains and the most
common way is by calculating the coefficient of variation
(CV) of interspike intervals (ISI).

The frequency codes in single neurons may carry
information about both dynamic and stationary stim-
uli, see overview in Theunissen and Miller (1995). If
the neuronal firing is stationary then the mean spike
frequency (the inverse of the mean ISI, Lánský et al.,
2004) carries the information from the frequency coding
BIO 2676 1–6and randomness in stationary neuronal activity, BioSystems

hypothesis point of view. The temporal coding, on the 34

other hand, has been shown to occur almost exclusively 35

under steady-state stimulus conditions (Fuller and Looft, 36

1984; Middlebrooks et al., 1994). Therefore, to classify 37
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Fig. 1. Simulated spike trains illustrating the variability in stationary
neuronal firing with E(T ) = 1 s and different CV. (A) Poisson process,
CV = 1. (B) Regular firing, CV = 0. (C) Bursting neuronal activity
(overdispersed firing), C > 1. (D) Renewal process with Bernoulli
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the spike trains solely from the temporal coding scheme
point of view, one needs to describe differences between
various stationary firing regimes with equal mean ISI.

The aim of this paper is to characterize the stationary
neuronal firing. The method is based on a measure of ran-
domness and we compare it with a measure of variability.
The examples are restricted on the renewal spiking activ-
ity despite the fact that a general theory is available. The
reason is that for the renewal model analytical results
can be obtained, while there are no descriptions of corre-
lated neuronal activity both realistic and mathematically
suitable for our purpose.

2. Methods

2.1. Variability

Neuronal firing under stable conditions is often described
as a renewal process of ISIs. In such a case the ISIs are mutu-
ally independent realizations of a positive random variable T
and are fully characterized by the probability density function
f (t), where f (t) dt = Prob(T ∈ [t, t + dt)) (Cox and Lewis,
1966). The renewal character of the ISIs implies stationarity
of the neuronal activity. Often, though the neuronal firing is
stationary, there is a dependency structure among the observed
ISIs (Chacron et al., 2001; Longtin and Racicot, 1999). The
dependence may arise due to the incomplete resetting of the
membrane potential after the spike is emitted, which is exper-
imentally observed especially in the distal parts of the neuron
(Abeles, 1982). The other source of dependency may be a
time structure in the input of the neuron. The successive ISIs
{Ti} are then statistically dependent, but due to the stationarity
the expected value E(T ) = E(Ti) exists. The activity is fully
described by the joint probability density function f (t1, t2, . . .),
see e.g., Cox and Lewis (1966) for details.

The patterns of stationary neuronal activity may be strik-
ingly different even if the mean firing rate, or equivalently
the mean ISI, is fixed. The variability is probably the first
issue to consider. It is often measured by employing the
variance, Var(T ), or the coefficient of variation, CV, which
relates variance to mean value, CV = √

Var(T )/E(T ). The
main advantage of CV over Var(T ) – and the reason why it
is used in data analysis – is that CV does not depend on the
‘scaling’, CV(aT ) = CV(T ). In other words, CV is dimension-
less and can be used to compare variability of spike trains with
different mean ISI. For the Poisson process holds CV = 1 inde-
pendently of E(T ). The differences in variability for several
firing regimes are shown in Fig. 1A–C.

Even if the mean firing rate and variability of the neuronal
firing are the same, the resulting spike trains may still have very
U
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different properties, compare Fig. 1A, D and E. The spike train
in Fig. 1D is realized by the renewal process with Bernoulli
distribution of ISIs and parameters chosen so that CV = 1 just
as in the case of the Poisson process in Fig. 1A. In other words,
though Poisson process implies CV = 1 the reverse implication
E
D

 P
R V

distribution of ISIs, CV = 1. (E) activity ‘derived’ from the Poisson
process (ISI densities are the same, thus CV = 1). The ISIs are ordered
so that the serial correlation ρ between two successive ISIs is ρ = 0.86.

does not hold. The example in Fig. 1E shows a spike train with
CV = 1 again, but with properties significantly different from
that of the Poisson firing (though the ISI densities of Fig. 1A
and E are the same). The successive ISIs in Fig. 1E are not
independent and the first-order serial correlation is ρ = 0.86.
Thus, such a neuronal firing is not described by the renewal
process. We may conclude by comparing spiking activities in
Fig. 1A, D and E, that even though the variability is the same,
the randomness of the firing can be different. We take this
fact as an indication that the classification of stationary firing
may be based also on different qualities than variability. In the
following text we will precise the notion of randomness (or
uncertainty) in neuronal activity.

Next we introduce three “standard” renewal-process mod-
els of neuronal firing. These are gamma, inverse Gaussian and
lognormal ISI distributions and we analyze their properties
with respect to variability and randomness. The three men-
tioned distributions are fully determined by two parameters.
We choose CV as a parameter in order to employ variability
directly. The CV ranges from zero to infinity for all three men-
tioned models. We let the remaining parameter be the mean ISI,
μ = E(T ), which makes comparing distributions with equal
E(T ) easier.

Gamma distribution is one of the most frequent statistical
descriptors of ISIs (Hentall, 2000; Levine, 1991; McKeegan,
2002; Mandl, 1992; Reeke and Coop, 2004). Its probability
density function is

f (t) =
(

1

C2
Vμ

)1/C2
V

Γ (1/C2
V) t1/C2

V−1 exp

(
− t

C2
Vμ

)
, (1)
BIO 2676 1–6and randomness in stationary neuronal activity, BioSystems

where Γ (z) = ∫ ∞
0

tz−1 exp(−t) dt is the gamma function. For 118

CV = 1 it becomes exponential. 119

The inverse Gaussian distribution (Chhikhara and Folks, 120

1989) is often used to describe neural activity (Iynegar and 121
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iaom, 1997) and fitted to experimentally observed ISIs
Berger et al., 1990; Berger and Pribram, 1992; Gerstein and

andelbrot, 1964; Levine, 1991). This distribution results
rom the Wiener process with positive drift (the depolarization
as a linear trend to the threshold) and describes the spik-
ng activity of non-leaky integrate-and-fire stochastic neuronal

odel (Ricciardi and Lánský, 2003). The probability density
f the inverse Gaussian distribution can be expressed as

(t) =
√

μ

2πC2
Vt3

exp

[
− 1

2C2
Vμ

(t − μ)2

t

]
. (2)

The lognormal distribution of ISI, with some exceptions
Bershadskii et al., 2001), is rarely presented as a result of a neu-
onal model. However, it represents quite a common descriptor
n ISI data analysis (Levine, 1991), e.g., a mixture of two log-
ormal distributions has been used recently (Bhumbra et al.,
004). It is given by the probability density function:

(t) = 1

t
√

2π ln(1 + C2
V)

× exp

{
−1

8

[ln(1 + C2
V) + 2 ln(t/μ)]2

ln(1 + C2
V)

}
. (3)

either the inverse Gaussian nor the lognormal distribution is
xponential for CV = 1.

.2. Randomness

The randomness of the renewal process with probability
ensity function f (t) can be judged by using the hazard rate
(t):

(t) = f (t)

1 − F (t)
, (4)

here F (t) is the cumulative distribution function F (t) =
t

0
f (z) dz. The hazard rate determines the probability of spike

ccurrence in interval [t, t + dt) under the condition that there
as no firing in [0, t). The most random firing is such that
ith elapsed time from the previous spike the probability of

he next one does not change. It is well known that this holds
or the renewal process with exponential distribution of ISIs.

e denote the exponential probability density function as g(t),

(t) = 1

μ
e−t/μ, (5)

etaining the condition E(T ) = μ. The hazard rate for density
5) is then r(t) = 1/μ.

Function r(t) reflects the randomness of the renewal process
ut if we wish to relate it to the single value of CV, we need to
nd a single-valued counterpart. The question how to measure
U
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he randomness of any renewal process with probability density
(t) is answered by the concept of (differential) entropy, h(f ):

(f ) = −
∫ ∞

0

f (t) ln f (t) dt. (6)
E
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The entropy h(f ) does not share the same properties and
intuitive interpretation as the entropy H of a discrete probability
mass function (Cover and Thomas, 1991). Namely, it can be
negative and its value changes with a coordinate transform.
Nevertheless, the most ‘random’ distribution is still the one
that maximizes h(f ). The Poisson process thus represents the
‘zero point’ on the scale measuring the randomness of neuronal
firing and we will relate it to any other stationary neuronal
activity. It is not reasonable to choose regular spiking as the
‘zero point’ because the entropy h of the Dirac δ-distribution
is h = −∞ (Cover and Thomas, 1991). A measure D(f, g)
relating a renewal process with ISI probability density f (t) to
the Poisson process with the same mean value μ = E(T ) is
realized by the difference of the respective entropies:

D(f, g) = h(g) − h(f ). (7)

From Eqs. (5) and (6) follows that h(g) = 1 + ln μ and then

D(f, g) = 1 + ln μ − h(f ). (8)

The proposed measure of randomness thus gives increasing
values with decreasing randomness.

Formula (7) is related to the more general notion of
Kullback–Leibler (KL) distance (relative entropy) of two prob-
ability density functions defined as (Cover and Thomas, 1991):

KL(f, g) =
∫ ∞

0

f (t) ln
f (t)

g(t)
dt. (9)

Calculation shows immediately that if the mean values of
f (t) and g(t) in formula (9) are the same and g(t) is exponential
then

KL(f, g) = D(f, g). (10)

Thus, the KL distance of a probability density function f (t)
from the exponential density under the condition of equal mean
values can be used as a measure of randomness of a renewal
neuronal activity.

Formula (10) can be extended to include any non-renewal
stationary neuronal activity (see example in Fig. 1E). In such
a case the activity is fully described by the joint probability
density function f (t1, t2, . . .). The Kullback–Leibler distance
per ISI then takes form:

KL(f, g) = lim
n→∞

1

n

∫ ∞

0

· · ·
∫ ∞

0

f (t1, . . . , tn)

× ln
f (t1, . . . , tn)

g(t1, . . . , tn)
dt1 · · · dtn, (11)

see Cover and Thomas (1991) for details. Formula (11) cor-
responds to the original definition (9) for the renewal process.
Conditioning reduces entropy (Cover and Thomas, 1991) and
thus the Poisson process maximizes entropy even in the gener-
alized case. Lettingg(t1, . . . , tn) = (1/μ)n exp

(−∑n

i=1 ti/μ
)

BIO 2676 1–6and randomness in stationary neuronal activity, BioSystems

in formula (11) and setting the mean values of f (t1, t2, . . .) 206

and g(t1, t2, . . .) equal to E(T ) (this is possible because both 207

activities are stationary) yields: 208

KL(f, g) = h(g) − h̄(f ), (12) 209
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where

h̄(f ) = − lim
n→∞

1

n

∫ ∞

0

· · ·
∫ ∞

0

f (t1, . . . , tn)

× ln f (t1, . . . , tn) dt1 · · · dtn. (13)

Note that by taking the difference of two entropies in for-
mula (7) instead of employing h(f ) directly, and by relating
the result to the concept of the KL distance, several important
issues are solved and some new properties emerge:

• D(f, g) does not depend on coordinate transforms because
in formula (11) both nominator and denominator are mul-
tiplied by the same factors.

• D(f, g) ≥ 0 with equality if and only if f (t) is exponential
because g(t) maximizes the entropy.

• D(f, g) does not depend on E(T ) due to the invariance of
KL distance to coordinate transforms. The logarithm of a
time unit (ln E(T )) “cancels out” as can be seen from the
general formula (11).

3. Results

In this section we illustrate the application of formula
(10) on the neuronal firing models given by Eqs. (1)–(3).
Using formula (6), the entropy of gamma distribution (1)
is

h(f ) = 1

C2
V

+ ln

(
1

μC2
V

)
+ ln Γ

(
1

C2
V

)

+
(

1 − 1

C2
V

)
Ψ

(
1

C2
V

)
, (14)

where Ψ (z) = (d/dz) ln Γ (z) is the digamma function.
Combining Eqs. (8) and (14) we find the KL distance of
the gamma distribution from the exponential one

KL(CV) = ln
e

C2
V

− ln Γ (1/C2
V) + Ψ (1/C2

V) − 1

C2
V

− Ψ

(
1

C2
V

)
. (15)

This result is illustrated in Fig. 2. Note that formula
(15) does indeed not depend on E(T ) as mentioned
before. The density f given by formula (1) is exponen-
tial for CV = 1 and therefore KL(CV = 1) = 0. The KL
distance tends to infinity for CV → 0 and CV → ∞.
We can see from Fig. 2 that KL(CV) increases rapidly
for CV > 1, especially if compared to the other mod-
els presented here. For C < 0.25 (approximately) the
U
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V
KL distances of gamma, lognormal and inverse Gaus-
sian distributions become the same. The exponentiality
of the gamma distribution for CV = 1 and its difference
from the Poisson process at CV = 2 is illustrated using
E
Ding. On the other hand, the KL distances of the lognormal and inverse

Gaussian grow very slowly with increasing CV compared to the gamma
distribution. This means that high variability may results in high as well
as low randomness.

the hazard rates and probability density functions in
Fig. 3.

The identical approach as in the previous case reveals
that the KL distance of the inverse Gaussian distribution
(2) from the exponential one is

KL(CV) = 1

2
ln

e

2πC2
V

+ 3e1/C2
V√

2πC2
V

K
(1,0)
1/2

(
1

C2
V

)
, (16)

where K
(1,0)
ν (z) is the derivative of the modified Bessel

function of the second kind (Abramowitz and Ste-
gun, 1972), K(1,0)

ν (z) = (∂/∂ν)Kν(z). The dependence is
shown in Fig. 2. Due to the fact that the inverse Gaus-
sian is never exponential, KL(CV) > 0. The minimum of
KL(CV) for the inverse Gaussian distribution is located
at CV ≈ 1.173. We can see a difference compared to
the gamma distribution. It has been already noted that
the condition CV = 1 does not imply exponentiality but
in this case even the minimal distance is not located at
CV = 1, but at CV ≈ 1.17.

Finally, the KL distance of lognormal distribution (3)
BIO 2676 1–6and randomness in stationary neuronal activity, BioSystems

from the exponential one is 268

KL(CV) = 1

2

[
ln

C2
V + 1

ln(C2
V + 1)

+ ln
e

2π

]
(17) 269
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Fig. 3. Comparison of hazard rates and probability densities of the tested models with E(T ) = 1 s for two values of CV. (A) CV = 1. The gamma
distribution reduces to the exponential one. The hazard rates of inverse Gaussian and lognormal distributions are very similar in shape but none
is constant. The lognormal and inverse Gaussian distributions can be hardly distinguished based on the hazard rates or densities and it is reflected
in nearly equivalent values of the KL distance, see Fig. 2. (B) CV = 2. The hazard rates are more different. In analogy with the KL distance, the
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ognormal is ‘closest’ to the exponential and gamma distribution is
omparing the probability density functions.

nd the minimum is at CV = √
e − 1 ≈ 1.311. Again,

he minimal possible deviation of lognormal distribution
rom exponential one is not at CV = 1. It is interesting
hat for CV < 1 (approximately) there is no difference
n lognormal and inverse Gaussian distributions from the
erspective of the KL distance. The equality in the KL
istance, however, does not imply that these distributions
re identical.

. Conclusions

We demonstrated that variability in stationary neu-
onal firing is not sufficient to describe different firing
egimes with equal mean ISI and that the notion of
andomness brings an alternate point of view. The
ullback–Leibler (KL) distance was proposed as a mea-

ure of randomness with the exponential distribution
eing chosen as a template, because the exponential dis-
ribution is the most random one (maximizes entropy).
nder the condition of equal mean values the KL dis-

ance resolves the problems of differential entropy and
atisfies additional useful properties.
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We concentrated mainly on the neuronal firing
escribed by the renewal process and we analyzed three
ommon two-parametric distributions using the pro-
osed method: gamma, lognormal and inverse Gaussian.
E
D

 st different. Similar (only less prominent) observation is yielded by

The following inference can be made on the basis of the
KL distance of ISI distributions:

1. The KL distances for all three investigated distribu-
tions is U-shaped with low values distributed around
CV = 1.

2. While small variability generally implies low ran-
domness, high variability in the firing may result in
both low as well as high randomness.

3. The same level of randomness in the firing can be
obtained with different values of variability. There-
fore, the notions of randomness and variability
represent different descriptions of the neuronal activ-
ity.

4. It is well known that the lognormal and inverse Gaus-
sian distributions never become exponential but in
addition their minimal KL distances to this distribu-
tion are not located at CV = 1.

5. For CV increasing from zero (regular spiking) the KL
distances of lognormal, inverse Gaussian and gamma
distributions are initially the same. Then gamma
branches off at C ≈ 0.25 and the lognormal and
BIO 2676 1–6and randomness in stationary neuronal activity, BioSystems

V
inverse Gaussian depart at CV ≈ 1. 315

6. For lognormal and inverse Gaussian distributions the 316

KL distance grows very slowly forCV > 1, compared 317

to the gamma distribution and their distances to the 318
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exponential distribution are practically the same for
CV = 1 as for CV < 2.
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Abstract
Normalized entropy as a measure of randomness is explored. It is employed to characterize
those properties of neuronal firing that cannot be described by the first two statistical
moments. We analyze randomness of firing of the Ornstein–Uhlenbeck (OU) neuronal model

15 with respect either to the variability of interspike intervals (coefficient of variation) or the
model parameters. A new form of the Siegert’s equation for first-passage time of the OU
process is given. The parametric space of the model is divided into two parts (sub-and supra-
threshold) depending upon the neuron activity in the absence of noise. In the supra-threshold
regime there are many similarities of the model with the Wiener process model.

20 The sub-threshold behavior differs qualitatively both from the Wiener model and from the
supra-threshold regime. For very low input the firing regularity increases (due to increase of
noise) cannot be observed by employing the entropy, while it is clearly observable by
employing the coefficient of variation. Finally, we introduce and quantify the converse effect
of firing regularity decrease by employing the normalized entropy.

25 Keywords: 222

Introduction

Several approaches have been proposed in the literature to model the activity

of a single neuron. Such models usually describe the evolution of the membrane

potential and they can be either stochastic or deterministic (Tuckwell 1988;
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30 Gerstner and Kistler 2002). The leaky integrate-and-fire concept is employed very

often (for a recent review see Burkitt 2006). In one of the stochastic versions

of this model the membrane potential evolution is described by the

Ornstein–Uhlenbeck (OU) process bounded by a firing threshold. Another and

simpler model, parallel to the OU process, is the perfect integrator described by a
35 Wiener process with a positive drift. Due to its simplicity many results can be

obtained in a closed form, while for the OU model only few analytical results are

available.

The neuronal firing in both these models is viewed as a first-passage time of the

membrane potential through a threshold S. The spike itself is considered to be a
40 point event after which the membrane potential is reset. The spiking activity of the

OU and Wiener models is therefore described by the renewal process of interspike

intervals (ISIs) T with probability density function f(t). The densities f(t) for

different parameter values are mutually compared by calculating the moments of the

distribution. The advantage of using the approach based on the moments lies in the
45 possibility of relating statistical characteristics with some key concepts of neuronal

coding or neuronal properties. For example, the mean value E(T ) describes

the neuronal firing from the rate coding hypothesis point of view (Gerstner and

Kistler 2002). The characteristics based on the variance can be related to the

variability coding hypothesis (Perkel and Bullock 1968), and may also provide some
50 information about the metabolic efficiency of the neuronal coding (Laughlin 2001).

Variability, reflected by the coefficient of variation, of ISIs generated by the OU

model was recently a topic for a very extensive discussion initiated by Softky and

Koch (1993). On the other hand the estimates of higher moments cannot be reliably

determined from samples of relatively small size as is normal with the neuronal data.
55 Thus the attempts to use higher moments are not as frequent as using mean and CV

(Han et al. 1998; Lewis et al. 2001; Ruskin et al. 2002; Shinomoto et al. 2002).

Besides the approach based on statistical moments, the information-theoretic

quantities are employed in analysis of neuronal signal in order to provide an

alternative point of view. Recently, for example, the concept of the Kullback–Leibler
60 (KL) distance has been utilized in Johnson et al. (2001) and DeWeese and Meister

(1999), although for a different purpose than in this article.

The aim of our article is to discuss the properties of different firing regimes of the

OU model by employing statistical characteristics of the resulting spike trains with

respect to the two input model parameters – signal � and ‘noise’ �2. Besides the
65 mentioned E(T ) and CV, we define the normalized entropy (related to the KL

distance), �, as a measure of randomness of the neuronal firing. Among these three

characteristics (E(T ), CV, �), we concentrate mainly on the differences between CV

and �, i.e., the differences that go beyond the first moment. We continue the work

started in Kostal and Lansky (2007) and show, that the notions of variability and
70 randomness describe different qualities of the neuronal firing and that these terms

cannot be interchanged generally. We also note at this point, that the relation

between � and some recently proposed information measures (DeWeese and

Meister 1999; Chacron et al. 2001, 2003) has been exploited in Kostal and

Lansky (2006b). Our current study describes similar phenomena to those obtained
75 in Lindner et al. (2002), though from a different point of view. The approach used

here permits a global comparison of the ISI probability densities generated by the

model. Further on, working in the parameteric space of the original model gives an

2 L. Kostal et al.
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opportunity to judge if the features observed in the standardized form can be

realized by real neurons.

80 Theory and methods

Classification of neuronal firing

One of the most important characteristics of the neuronal firing (besides the firing

rate) is its variability. The variability is often described by the coefficient of variation,

CV, which relates SD to the mean value, CV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VarðT Þ
p

=EðT Þ. The CV is
85 dimensionless and does not depend on the linear scaling of the random variable,

CV(aT )¼CV(T ). In this sense the CV does not depend on the actual E(T ) and both

these numbers provide separate views on the spiking activity. Nevertheless, E(T )

and CV cannot be used to distinguish between two probability distributions that

differ in higher than second moments.
90 Instead of looking for classifications based on higher moments, we offer a

conceptually different approach based on the randomness of the firing. The measure

of randomness of a random variable T with probability density f(t) is given by the

entropy, h( f ),

hð f Þ ¼ �

Z 1

0

f ðtÞ ln f ðtÞdt, ð1Þ

95 see Cover and Thomas (1991) for details. The entropy can be seen as measuring the

‘choice’ in neuronal firing, i.e., its value decreases as the possible ISI lengths are

subject to more constraints. The maximum entropy on [0,1) for a fixed E(T ) is

realized by the exponential distribution, h( f )¼ 1þ ln E(T ). The particular value

of h( f ), however, generally depends on E(T ). In order to make the
100 entropy independent of the linear scaling (in the same way as CV), we transform

the original random variable T to �¼T/E(T ). The ‘new’ variable � is

dimensionless with mean E(�)¼ 1, and we denote its entropy as ‘normalized

entropy’ �( f ). The normalized entropy is related to the original entropy of the

unscaled variable T as

�ð f Þ ¼ hð f Þ � ln EðT Þ ð2Þ

105 If the firing is regular, i.e., f(t)¼ �(t� t0), then �( f )¼�1. On the other hand, the

value of � is maximized for the exponential probability density function and in that

case �( f )¼ 1 which identifies maximum randomness of the firing.

Normalized entropy (2) can be related to the KL distance, D( f, g), of a general
110 probability density function f(t) to the exponential density, g(t)¼ �e��t, with the

same mean, i.e., with �¼ 1/E(T )

Dð f , gÞ ¼

Z 1

0

f ðtÞ ln
f ðtÞ

gðtÞ
dt ¼ 1þ ln EðT Þ � hð f Þ ð3Þ

Combining formulas (2) and (3) yields

�ð f Þ ¼ 1�Dð f , gÞ ð4Þ

Randomness and variability of the OU model activity 3
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115 Note that for the exponential distribution CV¼ 1 holds, but the reverse

statement is not valid. On the other hand, it follows from the properties of the KL

distance (Cover and Thomas 1991) that �( f )¼ 1 if and only if f(t) is exponential

density. Thus, for CV 6¼ 1 it always holds �( f )51. Finally, we note, that the

(normalized) entropy can be estimated directly from experimental data, see, e.g.,
120 Tsybakov and Meulen (1996), Beirlant et al. (1997); for an overview of different

methods.

The models

We assume that the membrane depolarization of a neuron is described by a

stochastic process X¼ {Xt; t� 0} and a spike is elicited any time the process crosses
125 a constant boundary S from below, under the condition that the process is reset after

each spike. The time between two consecutive firings of the neuron is identified

with the first-passage time of the stochastic process through a threshold

S, T¼ inf{t40|Xt�S, X0¼ x05S}.

The OU model describes the membrane depolarization by the stochastic process
130 that fulfills the stochastic differential equation

dXt ¼ �
Xt

�
þ �

� �

dt þ �dWt, X0 ¼ 0 ð5Þ

where W¼ {Wt; t� 0} is a standard Wiener process, �40 is the membrane time

constant, the constant � characterizes the net-neuronal input and �40 is a further

constant related with the variability of the neuronal input. Commonly, the constant
135 � is denoted as the signal and �2 as the noise. However, such a distinction may

appear to be confusing, because generally, there is dependence between � and �2

(Hanson and Tuckwell 1983; Lansky and Sacerdote 2001) and large values of �
imply relatively low values of �2 (Ditlevsen and Lansky 2005). The choice X0¼ 0

implies that the resting and resetting potentials are set to zero. The parameters S and
140 � are the intrinsic parameters of the model while � and �2 depend on the activity of

other neurons in a network (Tuckwell and Richter 1978). The parameters of the

process determine two firing regimes, depending on the behavior of the model in the

absence of noise (�2
¼ 0). If ��4S (supra-threshold regime) the neuron is active

also in absence of noise and the firing is regular. If ��5S (sub-threshold regime) the
145 neuron is silent in absence of noise. The intermediate situation corresponds to the

threshold regime ��¼S.

The Wiener model can be obtained by taking the limit �!1 in formula (5).

The membrane potential is then described by the Wiener process with drift

Y¼ {Yt; t� 0}, that fulfills the stochastic differential equation

dYt ¼ �dt þ �dWt, Y0 ¼ 0: ð6Þ

150 Due to the properties of the model (6) an additional condition �40 has to be

imposed, otherwise T is not a proper random variable, Prob(T¼1)40. From

formula (6) follows that the membrane potential always approaches and crosses the

threshold linearly for any �2. From this point of view, the Wiener model is always
155 operating in the supra-threshold regime.

4 L. Kostal et al.
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The ISI probability density of the Wiener model is known in a closed form, and is

equivalent to an inverse Gaussian density (Chhikhara and Folks 1989),

fW ðtÞ ¼
S

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2��2t3
p exp �

ðS � �tÞ2

2�2t

� �

: ð7Þ

The ISI probability density of the OU model is known in a closed form only in the
160 threshold regime ��¼S

fOUðtÞ ¼
2S
ffiffiffiffiffiffiffiffiffiffiffiffi

��2t3
p

expð2t=�Þ

ðexpð2t=�Þ � 1Þ3=2
exp �

S2

�2�ðexpð2t=�Þ � 1Þ

� �

: ð8Þ

In the remaining cases, i.e., �� 6¼S, numerical techniques have to be employed.

The mean and CV of the Wiener model follow from formula (7),

EðT Þ ¼
S

�
, CV ¼

�
ffiffiffiffiffiffiffi

�S
p : ð9Þ

165 For the OU model the first two moments can be written in several ways in terms

of integrals (Siegert 1951; Keilson and Ross 1975) or in terms of series (Tuckwell

and Cope 1980; Ricciardi et al. 1999). Nevertheless these expressions are difficult to

handle especially from a numerical point of view.

Numerical procedures

170 The method used throughout the article for the numerical evaluation of the ISI

probability density function fOU(t) is based on the integral equation with non-

singular kernel derived in (Buonocore et al. 1987; Ricciardi et al. 1999).

Furthermore, E(T ) can be evaluated using a closed form expression or calculated

numerically from fOU(t) together with CV. Normalized entropy given by formula
175 (2) is estimated numerically by an approximation of the involved integrals using a

trapezoidal rule. We explicitly note that a reliable numerical integration is possible

because the probability density function can be numerically evaluated with sufficient

precision in a sufficiently dense set of points.

A simulation technique for the computation of the entropy does not give reliable
180 results due to the estimation of the density function via histograms that are not

smooth and depend on the binning. Kernel density estimators are also not useful

here since, even if they give smooth densities they are bin-width dependent.

Results and discussion

Throughout the article, we set S¼ 10 mV and �¼ 10 ms to make our results
185 biologically plausible and comparable with the previously published studies

(Tuckwell and Richter 1978; Kandel and Schwartz 1985; Inoue et al. 1995;

Lansky and Rospars 1995; Stevens and Zador 1998; La Camera et al. 2004).

Consequently, the threshold value of neuronal input is �¼ 1 mV/ms and any smaller

value results the sub-threshold regime independently on the value of �2.

Randomness and variability of the OU model activity 5
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190 The maximum value of �2 we allow is �2
¼ 40 mV2/ms which is within the range of

the estimated values from experimental data (Inoue et al. 1995).

Relations between model parameters and statistical characteristics of the generated ISIs

In order to obtain better insight into the behavior of the OU model we first review

the dependence between the two input parameters � and �2 and the two statistical
195 characteristics CV and E(T ) in the sub-threshold and supra-threshold regimes.

The Siegert formula (Siegert 1951) for the mean first-passage time of the OU

process is

EðT Þ ¼

ffiffiffiffiffiffi

��

�2

r

Z S���

���

exp
z2

��2

� �

1þ erf
z

�
ffiffiffi

�
p

� �� �

dz: ð10Þ

Equation 10 can be written as

EðT Þ ¼
ðS � ��Þ2

�2 2F2 1, 1;
3

2
, 2;
ðS � ��Þ2

�2�

� �

�
�2�2

�2 2F2 1, 1;
3

2
, 2;

�2�

�2

� �

þ
��

2
erfi

�
ffiffiffi

�
p

�

� �

þ erfi
S � ��

�
ffiffiffi

�
p

� �� �

, ð11Þ

200 where 2F2(a1, a2; b1, b2; z) is the generalized hypergeometric function (Abramowitz

and Stegun 1972) and erfi(z)¼ erf(iz)/i is the imaginary error function.

This expression is particularly useful for numerical evaluation since the involved

special functions can be implemented with sufficient precision.
205 As shown in Figure 1 the qualitative dependence of E(T ) on �2 is monotonous

for all values of parameter �. With decreasing �2 the E(T ) increases to infinity in

threshold (�¼ 1) and sub-threshold (�51) regimes and to a constant in supra-

threshold (�41) regime as expected intuitively. With increasing �2 the mean ISI

always tends to zero, which is shown up to 5 ms.

 500
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Figure 1. The dependence of the mean ISI upon the noise �2 for different values of � for the
OU model (S¼ 10 mV and �¼ 10 ms, � is in mV/ms).
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210 The relation between CV and �2 is shown in Figure 2. We can see again the

different behavior between the two regimes in the OU model. In the supra-threshold

regime as �2 ! 0 we get CV ! 0 that means absence of variability, indeed the ISIs

are almost constant. In the sub-threshold regime it holds CV ! 1 for �2 ! 0.

As expected, the density of T converges to an exponential density and this is
215 illustrated by CV close to one. With �2 increasing, we notice the local decrease

of CV. This effect is often denoted as the coherence resonance (Lindner et al. 2002).

In Figure 3 the dependence between E(T ) and CV is illustrated. The dependency

is always plotted for fixed � and varying �2. In the supra-threshold regime as

CV increases E(T ) monotonically decreases. On the other hand, in the sub-
220 threshold regime CV does not determine E(T ) uniquely, i.e., it is impossible to

determine E(T ) and �2 only from � and CV. However, it is possible to determine �
and CV from E(T ) and �2 as Figure 1 shows. Comparison of Figures 1, 2 and 3

reveals, that knowledge of (almost) any two values in the quadruplet (�, �2, E(T ),

CV) uniquely determines the remaining two. The only exception is that (E(T ), �2)
225 cannot be determined from (�, CV) due to the coherence resonance effect (local CV

decrease) described later.

Randomness and moment characteristics of firing

We examine the behavior of randomness by employing the normalized entropy in

dependency on the CV. (Recall that the effect of different E(T ) values is removed for
230 both of these measures.) For the Wiener model the normalized entropy can be

written in terms of CV as follows from Kostal and Lansky (2006a)

�ð fW Þ ¼
1

2
þ

1

2
lnð2�C2

V Þ �
3e1=C2

V

ffiffiffiffiffiffiffiffiffiffiffiffi

2�C2
V

p K
ð1,0Þ
ð1=2Þ

1

C2
V

� �

, ð12Þ
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Figure 2. Coefficient of variation CV for the OU model in dependency on the noise �2 with
different values of the input parameter � (in mV/ms).

Randomness and variability of the OU model activity 7



New XML Template (2006) [24.2.2007–1:48pm] [1–13]
{TANDF_FPP}TNET/TNET_A_224226.3d (TNET) [First Proof]

where K ð1, 0Þ� ðzÞ is the derivative of the modified Bessel function of the second kind

(Abramowitz and Stegun 1972). For the OU model only numerical procedure is
235 available.

The results are shown in Figure 4 for the Wiener model and both sub and supra-

threshold regimes of the OU model. We see that maximum randomness does not

coincide with maximum variability. (Note, that there are distributions with
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maximum variability and randomness coinciding, i.e., Pareto distribution, see
240 Kostal and Lansky 2006b for details). Similarly, we see that CV¼ 1 does not imply

maximum randomness. For the OU model in the sub-threshold regime CV does not

determine the randomness (and thus the shape of the ISI probability density)

uniquely if � is fixed (see Figure 2). We can deduce from Figure 4 that there are

always two different shapes of the probability density functions with CV close to
245 unity: one which is very close to the exponential density (maximum randomness)

and the second one further away. With small input � the CV cannot be made

deliberately small regardless of the noise amplitude. As the input in the sub-

threshold regime increases the minimal value of CV, C
ðminÞ
V , decreases. Note that

around CV¼ 1.25 the values of � are nearly the same for all sets of parameters of the
250 sub-threshold OU model.

The effect of coherence resonance can be observed in both measures, CV and �.

However, it follows from the picture that the coherence resonance can be reliably

observed in randomness only for �40.2. This fact further enhances the difference

between variability and randomness, i.e, the increase of regularity (as measured
255 by CV) does not necessarily imply the decrease in randomness of the spike train.

Namely, few sufficiently long ISIs in otherwise ‘almost’ regular spiking activity

result in a high variability although the randomness may be low.

For the case of �� 1 (the threshold and supra-threshold regimes) the behavior of

the model is less complicated and all CV values are obtainable. Furthermore, it
260 always holds �� 1, i.e., the ISI probability density is never close to the exponential

distribution. The curves �( fOU) parameterized by the CV in the supra-threshold

regime have a very similar shape and are similar to the Wiener model as expected.

For increasing � the normalized entropy of the OU model converges to the entropy

of the Wiener model and the shape of �( fOU) is less convex. This similarity holds
265 only for small CV. For CV41.4 the randomness of the OU model is always lower

than the randomness of the Wiener model.

Randomness and input parameters

In this section, we explore randomness in the Wiener and OU models with respect

to the model parameters (�, �2). The normalized entropy for the Wiener model is
270 given in terms of (S, �, �2) by combining formulas (9) and (12). For the OU model,

we can write the normalized entropy only in the threshold regime (�¼ 1) and we get

an expression in terms of the parameters (S, �, �2)

�ð fOUÞ ¼
1

2
þ

3

2
	 þ ln

4S2

�2�

� �� �

� ln
2S
ffiffiffiffiffiffiffiffiffiffiffiffi

��2�3
p

� �

�
2

�
EðT Þ � ln EðT Þ, ð13Þ

where E(T ) is given by formula (11) and 	� 0.577 is the Euler Gamma constant
275 (Abramowitz and Stegun 1972). For the threshold regime, we checked the

agreement between � given by formula (13) and its numerical estimation obtained

directly from the probability density function.

The results relating randomness to � and �2 are shown in Figure 5. For �¼ 0

the dependence �(�2) is almost linear and decreases rather slowly. The nonlinearity
280 is more pronounced for increasing values of �. For �51 as �2 ! 0 the

normalized entropy tends to 1, it means that the probability density function is

Randomness and variability of the OU model activity 9
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getting exponential. Then as �2 increases the randomness decreases to its local

minimum (coherence resonance) and then increases again to its local maximum and

it slowly decreases again. On the other hand, for �� 1 the firing gets more regular in
285 the case of �2 ! 0 which is reflected by �!�1. The local maxima of � occur for

higher values of �2 with increasing �.

Though Figure 5 looks very similar to Figure 2 there are substantial differences

between the measures CV and �. To demonstrate this, we plot the dependence of

E(T ) on � in Figure 6 and compare it with a similar plot for CV in Figure 3.
290 The behavior of normalized entropy is more complex. The coherence resonance is

present in the sub-threshold regime only for �40.2 as already mentioned.

Moreover, the relation between E(T ) and � is non-unique even in the supra-

threshold regime. For each �40.2, we observe a local increase in randomness

(and irregularity of the firing) in dependence on E(T ) (or �2) even though CV is
295 monotonous in the supra-threshold regime.

Conclusions

The normalized entropy as a measure of randomness was introduced. We applied it

to the neuronal activity described by the OU and Wiener models. In particular,

we described the firing characteristics that go beyond the first statistical moment and
300 analyzed the randomness of the ISIs with respect to the coefficient of variation and

the mean ISI (the statistical approach) or with respect to the model parameters

(the modeling approach).

The behavior of the OU model is qualitatively different in the sub- and supra-

threshold regimes. In the sub-threshold regime CV does not determine uniquely the
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Figure 5. Normalized entropy as a function of the noise �2 for different values of parameter �
of the OU model (S¼ 10 mV and �¼ 10 ms). Note the similarity with Figure 2, however,
the local decrease in CV in the sub-threshold regime is not prominent for � smaller than
0.2 mV/ms.
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305 shape of the ISI probability density function even if the model parameters (except

the input noise) are fixed. For both sub-and supra-threshold regimes, we identified

such regions of CV and model parameter values for which the randomness can be

considered independent on the neuronal input. Finally, we noted that the local

decrease in variability (with respect to the noise) for very low neuronal values input
310 is not reliably observable by employing the normalized entropy of the firing, which

demonstrates the key difference between randomness and variability. Moreover,

we described the converse effect (the local decrease in regularity of the firing), which

on the other hand cannot be observed by employing the notion of variability.
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