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List of Symbols
The next list describes several symbols that will be later used in the document

(.)+ a projection onto a set of non-negative vectors

(., .) an Euclidean inner product/dot product

α a safety parameter

ϵ an estimate of an Euclidean norm of the noise e

η the standard deviation of a Gaussian white noise

R real numbers

C a condition space

Kk(A, b) the k-order Krylov subspace generated by a matrix A and a
vector b

Kshift
k (A, b) a shifted Krylov subspace

S a search space

µ the mean of a Gaussian white noise

Σ a diagonal matrix containing singular values

σi singular values

ζ a noise level

A a system matrix Rm×n

A† the Moore–Penrose inverse

A−1 an inverse of matrix A

AT a transpose of matrix A

b a right-hand side

bexact an unperturbed right-hand side

Cov(.) a covariance matrix

dim(.) a dimension of a vector space

e a perturbation/noise

E(.) an expected value

I an identity matrix

kopt an optimal iteration index
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r = rank(.) a rank of a matrix

rk a residuum in k-th iteration

span a linear span of a vector set

U, V unitary matrices holding left and right singular vectors, respec-
tively

ui left singular vectors

vi right singular vectors

x an approximate solution

xexact an exact solution

xnaive a naive solution

x0 an initial vector

xk an approximate solution in k-th iteration
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Introduction
Inverse problems appear in many applications such as image processing, signal
processing, computed tomography, geophysical prospecting, to name a few. Imag-
ine a 3-piece scheme. The first piece is the input data which goes through the
second part - some system that modifies it and ends up returning the output
data - the last piece. Either the input or the system is unknown, while the rest is
available. In real-world problems, we usually know a mathematical model of the
system and the measured data contaminated with noise. This thesis will focus
on a specific type of inverse problems that leads to a so-called Fredholm integral
of the first kind [14] ∫︂ 1

0
K(s, t)f(t) dt = g(s), s ∈ [0, 1]. (1)

In this example, kernel K(., .) represents the system, function f(.) the unknown
input data, and function g(.) the measured data. However, we won’t work directly
with this equation. Instead, we focus on solving the approximation problem
expressed by a system of linear equations

Ax ≈ b, (2)
where A ∈ Rm×n is a matrix, x ∈ Rn is an unknown vector representing an
approximation of the exact solution and b ∈ Rm is a vector with the imprecise
measured data. Note that we’ll only work with real numbers. We call the new
problem (2) a discrete inverse problem.

Discrete inverse problems are complicated to solve as they are ill-conditioned.
That means that even a small perturbation in the measured data can cause a
large error in the solution. In Chapter 1 we address this issue by studying theory
of inverse problems based on the books [14], [16] and the papers [5], [9], [10], [13],
[22]. That includes mainly the Singular value decomposition analysis, the influ-
ence of Gaussian white noise, and the Discrete Picard condition. We explain how
noise can drastically affect the solution. Hence, we can’t use standard techniques
for solving systems of linear equations or least squares problems here. Instead, we
have to seek iterative regularization methods that stop the computations at the
right moment - before noise starts to significantly affect the approximate solution.
Besides this matter, we have to deal with the scalability of methods, as problems
arising in image processing and other areas mentioned above usually produce
large discrete inverse problems. Therefore, we don’t solve them explicitly, but
implicitly. A well-known class of methods that proved to work well here is the
class of Krylov subspace methods studied in Chapter 2. Their great advantage is
that there’s only a need for matrix-vector multiplications during the computation
process, which can lead to savings of computational time and memory and al-
lows to apply the methods in a matrix-free form (if A is not available explicitly).
We focused primarily on the CGLS algorithm [27] and on a phenomenon called
semiconvergence [14]. This phenomenon is specific for iterative methods used on
discrete inverse problems and must be carefully taken into account in order to be
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able to determine high-quality approximations.

Many applications lead to inverse problems, where the exact solution has all of
its entries non-negative (we speak about the non-negative solution). For example
in image processing, the entries of the unknown true solution are simply some
non-negative pixel values. Therefore, the second issue addressed in this paper
is the requirement of non-negativity of the approximation. As we will see later
in Chapter 3, this constraint proved to be hard to fulfill, however, necessary to
obtain an accurate approximation and to interpret the results correctly. That is
demonstrated on examples from the image reconstruction. It is well known [9]
that imposing non-negativity in standard regularized Krylov subspace methods
is not trivial. However, several successful approaches are known. These are for
example the PRI and RSPRI algorithms proposed in [5], and the NN-FCGLS
algorithm presented in the paper [9]. We summarize the main idea, properties,
and correct implementation of these methods. Based on this knowledge, we then
suggest a modification of the PRI algorithm leading to the reduction of the total
number of iterations and the computational time.

In the last chapter, Chapter 5, we present a wide numerical study of the con-
sidered methods on 1D and 2D non-negative inverse problems from the RegTools
[13] and IRTools [10] software packages for MATLAB. A part of the work was
to study optimal parameter choice for each algorithm. Afterward, six methods,
namely unconstrained CGLS, MCGLS, NN-FCGLS, PRI, MPRI, and RSPRI,
were compared with each other. The results demonstrate the advantages and
disadvantages of each particular method. At the end of the thesis, we summarize
our main observations, give several final remarks and suggestions for future work.
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1. Inverse problems

1.1 Ill-posed problems
Solving inverse problems is a difficult task because they belong to the ill-posed
problems. At the beginning of the 20th century, french mathematician Jacques
Hadamard stated three conditions for a problem to be considered well-posed
(an opposite of ill-posed) [12]. These conditions are now referred to as a well-
posedness in sense of Hadamard.

Definition 1 (Well-posedness in sense of Hadamard). A problem is well-posed
if the following conditions are fulfilled:

• existence: there exists a solution,

• uniqueness: there exists an unique solution,

• stability: the solution is continuously dependent on data and parameters

While it is possible to fix the first two conditions by reformulating the problem
and adding extra requirements ([14], Chapter 1), to deal with the violation of the
third condition we have to study the problem more deeply. It is not possible to
completely fix instability, however, it is feasible to approximate the original prob-
lem by a stabler one, i.e. to regularize it. We’ll discuss this topic in a later section.

Violation of stability condition means that small perturbations in either our
measured data b or our system A or both can drastically change the solution.
Such an example was shown in [14], Chapter 1. To simplify the issue, let us from
now on only consider perturbations on the right-hand side, i.e.

Ax ≈ b = bexact + e, (1.1)
where e is noise, which can be caused by various factors. One of the common
examples is if we use a damaged tool/machine to measure our data, e.g. we take a
photo with an old camera. There also exist different types of noise. In this thesis,
we’ll particularly talk about Gaussian white noise because of its nice properties.
This will be explained shortly.

Definition 2 (Noise level). A noise level of noise e is defined as follows

ζ = ||e||2
||bexact||2

. (1.2)

Let us first showcase the complication we encounter by having noise on the
right-hand side of an ill-posed problem. The exact equation would look like

Axexact = bexact, (1.3)
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where A ∈ Rm×n is a matrix, xexact ∈ Rn is a vector representing our wanted
solution and bexact ∈ Rm is a vector with perfectly measured data. However, this
flawless situation can only happen in an ideal world. More realistic would be to
consider the problem (1.1). We can rewrite this equation and get

x = A†b = A†bexact + A†e = xexact + A†e, (1.4)
where A† is the Moore–Penrose inverse, i.e. the pseudoinverse, of the matrix A
as we consider A a general rectangular matrix. Here we’re looking for a solution
x in a sense of the least squares. However, the expression A†e in (1.4) can
significantly spoil our solution. The smoothing effect of matrix A (a property
of inverse problems’ models [14], Chapter 3) and contrarily the accentuation of
oscillations caused by multiplication with the matrix A†, and amount of the noise
play a big role in this. Therefore, we will study the smoothing effect of the matrix
A and properties of the noise e in the following two sections.

1.2 Singular value decomposition analysis
In the introduction, we mentioned that instead of solving the Fredholm integral of
the first kind (1) we can solve a discrete approximation problem (2). This can be
obtained by discretization methods such as Quadrature or Expansion Methods.
Moreover, it can be shown that there exists a strong bond between the equations
(1) and (2) ([14], Chapter 3). The matrix A is closely related to the kernel K
and vectors x, b hold the information of the function f and the right-hand side
g, respectively. Therefore a lot of properties of the continuous problem (1) are
inherited by the matrix problem (2).

Before singular value decomposition (SVD) was found for matrices, there was a
similar tool known for the integral formulation (1), the singular value expansion
(SVE). SVE serves as a tool to obtain a better knowledge about a smoothing
effect of the kernel K and an existence of the solution. If the kernel K is square
integrable, i.e

∫︁ 1
0

∫︁ 1
0 K(s, t) ds dt < ∞, then its SVE takes the form

K(s, t) =
∞∑︂

i=1
µiui(s)vi(t), (1.5)

where µi are singular values and ui, vi are left and right singular functions.
Here µ1 ≥ µ2 ≥ · · · ≥ 0 decrease rapidly. Moreover, functions ui and vi create
an orthonormal basis of L2([0, 1]) functions with an inner product defined as
⟨ui, vj⟩ =

∫︁ 1
0 ui(t)vj(t) dt. Unfortunately, it is difficult to determine SVE analyt-

ically [14]. So besides a convenient manipulation on computers, this is another
advantage of the matrix representation (1) as it’s easier to obtain its SVD (or
its part) in case that m, n are not too large.
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Definition 3 (Singular value decomposition). For any rectangular matrix A ∈
Rm×n there exist unitary matrices U ∈ Rm×m, V ∈ Rn×n, i.e.

UT U = Im

V T V = In,

and a rectangular diagonal matrix Σ ∈ Rm×n with non-negative real numbers on
the main diagonal, such that

A = UΣV T . (1.6)

Another way to write the SVD decomposition is

A = UΣV T =
r∑︂

i=1
σiuiv

T
i , (1.7)

where r = rank(A). The middle expression in (1.7) is a matrix form of the
SVD, whilst the latter expression is called a dyadic form of the SVD. Matrices
U ∈ Rm×m and V ∈ Rn×n hold vectors ui and vi in their columns. These
vectors generate linearly independent sequences {u1, u2, ..., um}, {v1, v2, ..., vn},
which define the finite-dimensional vector spaces Rm, Rn, respectively. On top of
that, similarly as in the SVE, they are orthonormal, i.e.

uT
i uj = δij, vT

i vj = δij,

where δij is the Kronecker delta. The matrix Σ ∈ Rm×n is a non-negative sparse
matrix having its all nonzero elements on the main diagonal. These nonzero values
are called singular values σi and they form a non-increasing sequence decaying to
zero in the same way as in the SVE

σ1 ≥ σ2 ≥ ... ≥ σr > σr+1 = ... = σmin{m,n} = 0. (1.8)

Because the singular values with indices greater than the rank of A are all zeros,
we can rewrite the matrix form of the SVD into an economic form

A = UEΣEV T
E , UE ∈ Rm×r, VE ∈ Rr×n, ΣE ∈ Rr×r.

It can be shown that there is a strong connection between SVE and SVD. For
inverse problems, SVE gives an insight into the smoothing effect of the kernel
K, while SVD gives an insight into the smoothing effect of the matrix A. With
this knowledge, we can further investigate the instability of the initial problem
(1) and obtain similar conclusions and utilizations from SVE and SVD.

Replacing the matrix A in (1.4) by its SVD decomposition (1.7) in the dyadic
form and using the property of unitary matrices, i.e. U−1 = UT , V −1 = V T , we
get

x = A†b = V Σ†UT b =
r∑︂

i=1

uT
i b

σi

vi. (1.9)
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The solution obtained in this way is called a naive solution. For inverse problems,
this approximation usually notably differs from the true solution. The reason
behind it is the instability of the problem (1.1) and the presence of noise and
rounding errors that have a big impact on it. From (1.9) we see that x lies in a
linear span of vectors vi. These right singular vectors have more oscillations with
an increasing index i as it is illustrated in Figure 1.1. Therefore, we have to be
careful with multiplying these vectors by coefficients

uT
i b = uT

i bexact + uT
i e (1.10)

in (1.9) as they determine how well our solution will behave. We’ll study the
behaviour of the approximate solution x for a test problem shaw(32) from the
RegTools library [13] developed for Matlab in the next section.

Figure 1.1: First six right singular vectors vi of the shaw(32) test problem.
Number of oscillations of these vectors is increasing with an increasing index i.

1.3 Gaussian white noise
As we said before, there exist many types of noise but the most common model
is Gaussian white noise which models random errors. Using a technique called
prewhitening, we can convert most of the noises, where the covariance matrix of
the noise vector e is known, to Gaussian white noise (Section 5.1 in [6]). There-
fore, we’ll now focus only on Gaussian white noise (GWN) and in our further
experiments we’ll also do analytics only for the GWN added to the right-hand
side of the equation (1.1).

Gaussian white noise e can be modeled as a vector e = [e1, e2, ..., em]T where
each element ei is withdrawn randomly from the same standard normal Gaussian
distribution. This specific distribution has the mean µ = 0 and the standard
deviation η. Therefore, by computing a covariance matrix of e we get

Cov(e) = E[(e − µ)(e − µ)T ] = E(eeT ) = η2I,
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where E(.) denotes the expected value. The covariance matrix tells us how big the
dispersion between elements ei is. Moreover, covariance is a unitarily invariant
operator, i.e.

Cov(UT e) = Cov(e) = η2I. (1.11)
That means that the coefficients |uT

i e| will more or less stay or slightly oscillate
around one level.

First of all, let’s assume that the well-known Discrete Picard Condition is
satisfied for our inverse problem (1.1), else different, more complicated, methods
would have to be used to approximate the solution.

The Discrete Picard Condition ([14], p.37) Let τ denote the level at which
the computed singular values σi level off due to rounding errors. The discrete
Picard condition is satisfied if, for all singular values larger than τ , the corre-
sponding coefficients |uT

i b|, on average, decay faster than σi.

This property can be nicely shown on a Picard plot which is already imple-
mented, together with a csvd (Compact singular value decomposition) function,
in the RegTools library. In Figure 1.2 we showcase the difference in the behavior
of the perturbed and unperturbed problem. As we can see, for the unperturbed
problem the coefficients |uT

i b| decay faster than σi till i ≈ 20 where they reach
the machine precision. Thus bexact satisfies the Discrete Picard Condition. We
also see that rounding errors play a role in adding errors to our problem. In com-
parison, the behavior of the coefficients on the Picard plot for perturbed problem
with ζ = 10−3 gets bad much sooner as coefficients |uT

i b| already hit their plateau
for i ≈ 10.

Figure 1.2: Picard plot for shaw(32) test problem. Left graph displays a Pi-
card plot for unperturbed problem while right graph shows a Picard plot for a
perturbed right-hand side with the noise level ζ = 10−3.
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Second important observation is that if the noise level ζ < 1, then at least
the first few coefficients |uT

i bexact| will be greater than |uT
i e|. However, because

we assume that the Discrete Picard Condition is satisfied, we know that the co-
efficients |uT

i bexact| decay to zero with an increasing index i, even faster than the
singular values σi. That said, what might happen is that from a certain index
i the coefficients |uT

i bexact| will on the contrary be smaller than |uT
i e| because of

the property (1.11), see Figure 1.3.

Figure 1.3: Gaussian white noise added to the right hand side of the test problem
shaw(32). In these four plots we show the absolute values of coefficients |uT

i bexact|,
|uT

i e| in (1.10) with noise levels equal to 10−1, 10−3, 10−4, 10−6 (illustrated by
the dot dashed line). This manifests which component in the equation (1.10)
outbalances the other and around which iteration that happens.

This scenario would lead to the components |uT
i b| from (1.10) losing the infor-

mation about bexact which is undesired. Unfortunately, this is a typical behavior
of discrete inverse problems. The consequence it has on the naive solution com-
puted directly from the SVD decomposition (1.9) is shown in Figure 1.4. As we
can see, this solution doesn’t even remotely resemble the exact solution xexact.
Therefore, a different approach will have to be studied.
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Figure 1.4: Comparison of the exact and naive solution for the perturbed test
problem shaw(32) with ζ = 10−3. Clearly, xnaive does not represent a meaningful
approximation of xexact.

1.4 Regularization
To solve the problem stated above, we try to use fewer SVD components while
computing the approximate solution x in (1.9) as the error caused by noise e
creeps in primarily in posterior iterations. We’ll call this solution a truncated
SVD solution xk, see [14], Chapter 4.

Definition 4 (Truncated SVD). Truncated SVD or TSVD solution xk is defined
as a sum of the first k components of the naive solution, i.e.

xk =
k∑︂

i=1

uT
i b

σi

vi, 1 ≤ k ≤ r. (1.12)

The reason behind doing this is simple. As we’ve explained in the previous
section, the coefficients |uT

i b| linked to the larger singular values are more trust-
worthy, whilst the other coefficients spoil our solution. This can be observed from
Figure 1.3 where coefficients |uT

i b| hold the useful information for case ζ = 10−3

only until the index i = 7. Therefore, it makes sense to choose the parameter k
equal to 7, and as we can see in the Figure 1.5, this gives us the best solution so
far.
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Figure 1.5: Truncated SVD solutions for a test problem shaw(32) with ζ = 10−3

obtained by formula (1.12) with various parameters k.

If we compare a condition number of the matrix A7 = ∑︁7
i=1 σiuiv

T
i with the

original matrix A, we see that the condition number of the new matrix is much
smaller. Concretely, cond(A) = σ1

σr
= 1.9678 ∗ 1016 while cond(A7) = σ1

σ7
=

122.0332. Hence, the new regularized problem

xk = A†
kb

is less ill-conditioned and stabler.

However, it’s not easy to choose the regularization parameter k in practice.
In our example, we were able to track the best solution belonging to k = 7 be-
cause we had the exact measurement data bexact. Unfortunately, in reality it’s not
available. There’s a whole big theory around various approaches for the choice
of the parameter k. In this thesis, we won’t go into details about these methods.
The algorithms we’ll study in the chapter Considered methods will mostly use the
discrepancy principle in a combination with other criteria.

The discrepancy principle ([14], p.90) We say that a vector xk satisfies the
discrepancy principle, if

||b − Axk|| ≤ αϵ, (1.13)
where α ≥ 1 is a prescribed safety parameter and ϵ an estimate of the norm of
noise e in the right-hand side of (1.1). The discrepancy principle used as a regu-
larization parameter selection method chooses k as the largest integer satisfying
(1.13).

A curious reader can find more explanation of this and other parameter se-
lection methods and references to original papers in [14], Chapter 4.
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2. Krylov subspace methods
So far we’ve shown the properties of discrete inverse problems only on a small
1D test problem shaw(32). Here it was feasible to explicitly compute the SVD
decomposition of the matrix A and trim its troublesome components afterward.
However, for a larger problem (1.1) this would be computationally and memory-
wise too expensive. In these cases, it’s wiser to solve the problem (1.1) by iterative
regularization methods.

2.1 Projection methods
The most known and employed group of iterative methods for real problems,
which lead to large system matrices, are Krylov subspace methods [17]. These
methods belong to a group of projection methods that project the original prob-
lem to a small dimensional subspace where the approximate solution is computed,
see Figure 2.1. In other words, if the original system matrix A ∈ Rm×n then the
solution x lives in a space S = Rn. By applying a project method on the original
problem (1.1) we reduce the n-dimensional search space S, i.e. a space where we
search for an approximate solution x, to some low-dimensional subspace Sk ⊂ S
where k < n. We have to choose a suitable basis for this low-dimensional sub-
space and then define a new problem.

Figure 2.1: Illustration of the idea of projection methods.

The problem can be defined in various ways. We’ll introduce only two of them
in this chapter. First, we can look for an approximate solution that minimizes
an error, i.e. error projection methods ([21], p. 18)

xk = argmin
y∈x0+Sk

||y − xexact||2. (2.1)

The second possibility, which we’ll focus on, is to minimize a residuum, i.e. resid-
ual projection methods ([21], p. 18), where the approximate solution is chosen
such that

xk = argmin
y∈x0+Sk

||Ay − b||2. (2.2)
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In both cases xk lies in the space x0 + Sk where x0 denotes the initial approxi-
mation. For simplification of further derivations let’s consider x0 = 0 throughout
the thesis.

One might find a similarity between the projection approach and the truncated
SVD we’ve seen in the previous chapter. There the dimension of the search space
of the initial problem defined by column vectors of the matrix V from the SVD
decomposition was reduced to the vector space defined by only its k vectors
v1, ..., vk corresponding to the k largest singular values σ1, ..., σk. In other words,
here formally

Sk = span{v1, . . . , vk}
C = Ak.

We know that these vectors are very significant for reconstructing a good approx-
imate solution that lives in their span. Unfortunately, as we stated above, for
large problems it’s computationally inefficient to obtain the right singular vectors
by the SVD decomposition. The question now is if there is a way to find a set
of basis vectors that have the same overall features as the first singular vectors,
namely, being dominated by low-frequency components.

It’s good to note that the singular values σ1, ..., σr of the matrix A from
(1.8) are simultaneously the square roots of eigenvalues of the matrix AT A [18],
Theorem 2.6.3, p. 150. This holds, since for every singular value σ and its pair
of singular vectors u, v of A

Av = σu,

AT u = σv.

Therefore, by using this knowledge we get

AT Av = σAT u = σ2v, (2.3)
which shows that σ2 is an eigenvalue of the matrix AT A. Moreover, the vector
v is the corresponding eigenvector. This can be used to our advantage because
there exist several methods on how to approximately acquire the eigenvectors of
a matrix.

2.2 The partial eigenvalue problem
Probably the most famous methods for the solution of partial eigenvalue prob-
lem are the Power iteration ([11], Chapter 7, 8), the Arnoldi method [2] and the
Lanczos method for symmetric matrices [20]. While the basic Power iteration
is typically used to approximate the extremal eigenvalues and their associated
eigenvectors, the latter methods enable us to approximate more eigenvalues si-
multaneously.

Definition 5 (Krylov subspace). Let B ∈ Rn×n, q ∈ Rn. The subspace

Kk(B, q) = span{q, Bq, . . . , (B)k−1q}
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is called the k-th Krylov subspace generated by the matrix B and the vector q.

Recall that we are interested in the eigenvalues of AT A, which is symmet-
ric. The Lanczos method can be used to sequentially compute bases of Krylov
subspaces

Kk(AT A, q) = span{q, AT Aq, . . . , (AT A)k−1q}.

The principle of this method is the following:

• take a non-zero initial vector q ∈ Rn and put w1 = q
||q||2 ,

• get the next vector w2 by orthogonalizing the vector AT Aw1 against w1
followed by normalisation, i.e.

w̃2 = AT Aw1 − (AT Aw1, w1)w1, w2 = w̃2

||w̃2||2
,

where (., .) denotes the Euclidean inner product,

• obtain every following vector wj by orthogonalizing the vector (AT A)wj−1
against previous two vectors wj−1, wj−2 followed by normalisation.

The question now is how to choose the initial vector q. If we choose it ran-
domly, the Krylov subspace Kk(AT A, q) won’t carry any information about our
measured data b. Instead, we can look at the normal equation

AT Ax ≈ AT b, (2.4)
which is just the equation (1.1) multiplied by AT from the left. This equation
still carries all the information of our original problem and therefore motivates
us to choose q = AT b. The Krylov subspace of our interest will hence be

Kk(AT A, AT b) = span{AT b, (AT A)AT b, . . . , (AT A)k−1AT b}. (2.5)

Figure 2.2 displays three bases of the same Krylov subspace (2.5) obtained by
three different methods.
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Figure 2.2: Various bases of the Krylov subspace K5(AT A, AT b) for the problem
shaw(32). The first row from the top shows a naive basis computed by the Power
method as wpower

i = (AT A)i−1AT b/||(AT A)i−1AT b||2. The second row shows a
basis computed by the Lanczos method with a random initial vector q. The
third row shows a basis computed by the Lanczos method with an initial vector
q = AT b. The last row contains the first five right singular vectors vi of the SVD
decomposition. We can see that the basis vectors from the third row are very
similar to these vectors.

The last row is acquired by the SVD decomposition. As explained before, we
want to approximate this basis. In the Power basis, the linear independence of
basis vectors is lost due to the dominance of the first vector. Using the Lanc-
zos method with a random initial vector leads to basis vectors with oscillations.
However, using the Lanczos method with an initial vector q = AT b leads to a
fairly good approximation of the right singular vectors vi of the SVD decomposi-
tion. A relation between these bases and the SVD basis can be also studied from
an expansion of the basis vectors of Krylov subspace K5(AT A, AT b) in the SVD
basis. This is shown in Figure 2.3, where a dominant component of every vector
can be observed.
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Figure 2.3: Expansion of the basis vectors of the Krylov subspace K5(AT A, AT b)
in the SVD basis. Here we investigate the further similarity of the basis vectors
from Figure 2.2 and the right singular vectors vi of the SVD decomposition. See
that the basis vectors computed naively converge to one vector. The basis vectors
from the second row don’t have a dominant component in most cases. The basis
vectors wlanczos

i computed by the Lanczos method with an initial vector q = AT b
seem to do much better as they are generally dominated by a vector vj (starting
from i = 2) with an index j ≈ i.

Therefore, let’s set the search space Sk to Kk(AT A, AT b). Since we’re now
working with the normal equation (2.4) instead of the original equation (1.1),
and considering that we want to minimize the residuum of the normal equation,
(2.2) is replaced with

xk = argmin
y∈Sk

||AT Ay − AT b||2. (2.6)

This already fully defines the approximate solution xk. Projection methods are
generally defined by two conditions: the choice of a search space Sk, where xk ∈
Sk, and the choice of a condition space Ĉk, where zk ⊥ Ĉk, zk ≡ AT b−AT Axk. The
search space is already set and the equation (2.6) determines how the condition
space would look, concretely

Ĉk = Sk = Kk(AT A, AT b). (2.7)
Now, note that

zk = AT b − AT Axk = AT (b − Axk) = AT rk, (2.8)
where rk is a residuum to the original problem (1.1). From (2.7) and (2.5), we
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obtain after some manipulation

rk ⊥ Ck, Ck = Kk(AAT , b). (2.9)

Definition 6 (Projection method; [27], Chapter 5). Let B ∈ Rn×n and Sk, Ck

(for k ∈ N, k ≤ n) are two k-dimensional subspaces of Rn. A projection technique
onto the subspace Sk and orthogonal to Ck is a process which finds an approximate
solution xk to (1.1) by imposing the conditions that xk belongs to Sk and that
the corresponding residual vector is orthogonal to Ck, i.e.

Find xk ∈ Sk, such that b − Axk ⊥ Ck. (2.10)

2.3 CGLS
By choosing Ck = Kk(AAT , b) we’ll get the Lanczos method for solving symmetric
linear systems (LSLS) ([27], Section 6.6). This method is mathematically equiva-
lent 1 to the Conjugate gradient method (CG) [17] applied on the equation (2.4),
otherwise known as the Conjugate gradient for least squares (shortly CGLS, also
known as CGNR) algorithm ([4], p. 288-293). As the name of CGLS hints, it
finds the least squares approximate solution to the original system (1.1). How-
ever, note that this method minimizes the norm of error in consideration to the
normal equation (2.4), which leads to the minimization of Euclidean norm of the
residuum, i.e.

||xk − xexact||2AT A = (AT A(xexact − xk), (xexact − xk))
= ||A(xexact − xk)||22
= ||rk||22.

As seen previously, both TSVD and LSLS methods have to explicitly com-
pute and store the basis. CGLS method, however, computes the approximate
solutions xk implicitly, see the Algorithm 1. Computationally and storage-wise
it’s very advantageous because CGLS uses only two matrix-vector multiplications
per iteration, one by the matrix A and the other by the matrix AT , and it doesn’t
have to store all the previous vectors. Therefore, notice in Algorithm 1 that the
matrix AT A doesn’t need to be explicitly computed to obtain the normalized
basis vectors of the Krylov subspace Kk(AT A, AT b). Only matrix-vector multi-
plications must be available.

1By mathematical equivalency we mean that the search and the condition space are for both
methods defined in the same way, i.e. Sk = Kk(AT A, AT b), Ck = Kk(AAT , b), and thus the
approximate solution is identical to the one obtained by LSLS in the exact arithmetics.
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Algorithm 1 CGLS/CGNR [27]
1: Compute r0 = b − Ax0, z0 = AT r0, p0 = z0
2: for k = 0, 1, . . . until convergence do
3: wk = Apk

4: αk = ||zk||22/||wk||22
5: xk+1 = xk + αkpk

6: rk+1 = rk − αkwk

7: zk+1 = AT rk+1
8: βk = ||zk+1||22/||zk||22
9: pk+1 = zk+1 + βkpk

10: end

2.4 Semiconvergence
It can be shown that using certain iterative methods on discrete inverse problems
often leads to a phenomenon called semiconvergence ([14], Chapter 6). That is
when the relative error

||xk − xexact||2
||xexact||2

first decreases with an increasing number of iterations but at some iteration index
k the approximate solution xk starts to deviate from the exact solution xexact,
leading to an increase in the relative error, see Figure 2.4. Note that in order to
compute the relative error, we must know the true noise free solution. In reality
that is unknown, however, it is available in these artificial experiments. If we can
stop the iterative method soon enough, near some optimal iteration kopt where
kopt = argmin

k∈N
||xexact − xk||2, then we can often obtain a good-quality regularized

approximate solution of (1.1).

‘
Figure 2.4: This plot shows the relative error of the approximate solutions xk

for a test problem shaw(32), ζ = 10−3 computed by CGLS. It illustrates a
phenomenon of semiconvergence commonly present in iterative solution of discrete
inverse problems.
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The phenomenon of semiconvergence is inspected in Figure 2.5. The plot dis-
plays the first 20 approximations obtained by the CGLS algorithm. The approxi-
mate solution is enhanced every iteration up to k = 10, where the high-frequency
components start to dominate the basis vectors. Methods for choosing regular-
ization parameter k such as the discrepancy principle mentioned in Chapter 1
proved to be quite good in many cases [14]. This is the reason why iterative
regularization methods, especially regularized projection methods as they have
generally faster convergence, are such powerful tools for solving discrete inverse
problems.

Figure 2.5: The first 20 iterations of CGLS algorithm applied on the test problem
shaw(32) with the noise level ζ = 10−3. The green line is the exact solution xexact

and the blue line an approximate solution xk. The best approximate solution is
obtained for k = 10 and notice how it starts to deviate from the exact solution
and only gets worse within next iterations.

2.5 Other Krylov subspace methods
Note that if we chose to solve a different problem from the beginning, e.g. (2.1),
we would obtain a different condition space, and therefore a different method.
The one we derived in section 2.2 corresponds to Krylov subspace methods called
CGLS and LSQR, which are mathematically equivalent.

Apart from that, there exist also other Krylov subspace methods related to
normal equations, e.g. LSMR [8], CGNE [27]. For example, CGNE is associated
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with the system

AAT y = b,

x = AT y,
(2.11)

which is obtained by substituting x by AT y in the original equation (1.1).

However, sometimes we don’t even have to consider normal equations. At the
beginning, we worked with a general rectangular matrix A ∈ Rm×n. If our model
matrix A has special properties such as A ∈ Rn×n is nonsingular and possibly
moreover symmetric or even positive definite (SPD), i.e. xT Ax > 0 for all x > 0,
other Krylov subspace methods are applicable for regularization, see the following
table.

Figure 2.6: Various residual minimizing methods and the corresponding Krylov
search subspaces. Table taken from [19].

Let’s start with the most specific category mentioned above. For solving
systems of linear equations with SPD matrices the most used algorithm is CG.
If the matrix A is only symmetric and nonsingular, we can use a projection
method called MINRES [25] which is based on the Lanczos tridiagonalization and
it minimizes a residual norm of the approximate solution xk. For a nonsymmetric
nonsingular square matrix, a well-known method is GMRES [26]. However, in the
case of discrete inverse problems we have to be careful with using these methods
directly because they are based on the Krylov subspaces generated by the matrix
A and the vector b

Kk(A, b) = span{b, Ab, . . . , (A)k−1b}.

The noise present in the vector b can cause major oscillations which would
spoil the smoothness of the solution. From Chapter 1 we know that for discrete
inverse problems the matrix A has a smoothing effect. Therefore, in these cases,
where a smooth solution is desired, modification of these methods is preferred:
RRGMRES and MINRES-II (MR-II). Instead of the Krylov subspace above, they
are based on a shifted subspace.

Definition 7 (Shifted Krylov subspace). The k-th shifted Krylov subspace gen-
erated by the matrix A and the vector b is defined as follows

Kshift
k (A, b) = span{Ab, A2b, . . . , (A)kb} = Kk(A, Ab).
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This span contains less noise as we omitted the vector b and shifted the span one
place to the right. See [19] for detailed explanation.
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3. Non-negative inverse problems
Definition 8 (Non-negative vector). The vector x ∈ Rn is non-negative if and
only if all of its components are non-negative, i.e.

xi ≥ 0 ∀i = 1, . . . , n.

We denote x ≥ 0.

So far general inverse problems were introduced. This thesis will however focus
on one specific kind, non-negative inverse problems. These arise in applications
where a non-negative solution x is expected. We can look at this as solving
constrained least squares

min
x∈Rn

||Ax − b||2, x ≥ 0. (3.1)

These problems are very common, mainly in image deblurring, but we can find
a lot of one-dimensional cases as well. Some of them can be found in the Reg-
Tools package for Matlab [13]. One such example was already illustrated in the
previous chapters, the shaw test problem, see e.g. Figure 2.5. As we can see in
this figure, where CGLS is used to find an approximate solution, or in Figure 1.5,
where a truncated SVD solution is computed, the constraint of non-negativity is
not always fulfilled and the approximate solution in such cases is very inaccurate.
Moreover, it’s sometimes very complicated to interpret an approximate solution
if the non-negativity is not satisfied. For example, such uncertainty can happen
when considering the task of deblurring an image. Images are represented on
computers as arrays with non-negative values, which correspond to the intensity
of the light that hits each pixel. But how to use this analogy if we get a solution
with negative elements?

In this chapter, we’ll talk about the difficulties one might come across when
trying to solve non-negative inverse problems by standard methods. Later we’ll
look at methods specially designed to produce approximations satisfying the non-
negativity constraint. Most of these methods will be tested on 1D test problems
from RegTools package [13] and 2D test problems from IR Tools package for
Matlab [10], which contains mainly realistic large-scale problems arising in image
reconstruction.

3.1 Image representation
First, it’s useful to summarize the basics of how the 2D images are represented,
processed, and manipulated on computers, and how point-spread functions define
the blurring. An image is a 2D object consisting of pixels, which are small single
(colored) points. Imagine for example stitching an embroidery, the principle is
the same. On computers, a gray-scale image can be represented as an M × N
matrix where each element holds information about a color of a particular pixel.
For colored images, every color can be expressed as a combination of three color
channels, where each channel marks an intensity of either red (R), green (G), or
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blue (B). The intensity is denoted by an integer varying from 0 to 255. This is
often referred to as the RGB color model, see Figure 3.1.

Figure 3.1: RGB colour space [1]

There exist other formats of stor-
ing images but the RGB format suf-
fices for the explanation. For example,
the red color is represented by a value
(255,0,0), as red is one of our main
three colors and therefore it should
have the highest intensity on the first
color channel and zeros on the two left
channels. However, that doesn’t mean
that this is the only option how to ob-
tain red. Every color comes in various
shades and it can be changed with how
much intensity we put on that color.
By combining colors we can get a new color, e.g. yellow is represented by a value
(255, 255, 0). Hence, the RGB model can cover the whole color spectrum.

In this thesis we will make things easier by focusing only on gray-scale images,
i.e. black-and-white pictures. There’s no need of three colour channels for gray-
scale images anymore. We only need to say how much intensity of the light falls on
each pixel. That can be represented by one number varying from 0 to 255, where
0 is black and 255 is white. This value can be normalized to fit in an interval
[0, 1], where 0 is black and 1 is white. This is how imagesc works in Matlab.
With the commands imagesc(X), axis image, colormap(gray) in this order,
we display a grayscale image X ([16], Chapter 1). From all the knowledge we
have gathered until now, we know that the variable X can be seen as a 2D array
with values from 0 to 1. Consider a simple example,

X =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 1 1 1 0
0 1 0 0 1 0 0 1 0 0
0 1 1 1 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
to see what each of the commands above does in Figure 3.2.
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Figure 3.2: Displaying an array X with Matlab commands imagesc(X), axis
image, colormap(gray) in this order. The first image is stretched to fit the
axes position. Command axis image shrinks it to a square image and the third
command converts the image into a gray scale.

3.2 Point spread function (PSF)
The blurring of an image can be caused by many factors. For example, the camera
can be out of focus, our hands are shaking while taking a picture, the blurring is
caused by atmospheric turbulence (Figure 3.3), and more (see Section 3.1 in [10]).
Many of such blurring processes can be modeled using the so-called point spread
function (PSF). In a continuous setting described by the Fredholm integral of the
first kind ∫︂

K(s, t)f(t) dt = g(s), s, t ∈ R, (3.2)

PSF is represented by a function K(s, t) called blurring kernel. This function
specifies how the points in the image are distorted [10]. Moreover, PSF can be
either spatially invariant or spatially variant, where a spatially invariant PSF is
obtained if K(s, t) = K(s − t).

A task of image deblurring on computers is a discrete, finite-dimensional prob-
lem, and hence we directly work with a discrete model Ax ≈ b, see (1.1). The
matrix A is determined by the PSF, x is approximate of a true image and b is
a blurred noisy image. The PSF is applied on every pixel of a sharp image, i.e.
on each element of the vector x. Firstly, let’s explain why a true image and a
blurred image are represented in our discrete model by vectors and not matrices
when we clearly showed above that grayscale images are 2D arrays.
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Figure 3.3: An example of a blurred satellite image, where the blurring is
caused by atmospheric turbulence. On the left we see the exact image, in the mid-
dle a blurred noisy image and on the right the PSF obtained by PRblurspeckle
function implemented in IR Tools.

3.3 Storing images
Let’s assume that X ∈ RM×N , B ∈ RM×N are a sharp and a blurred image,
respectively. Notice that they must have the same sizes. If the blurrings of the
rows and columns are independent, then we can express the blurring of an image
by the equation

AcXAT
r = B = Bexact + E, (3.3)

where E ∈ RM×N is a noise matrix, Ac ∈ RM×M blurs the columns of the image X
and AT

r ∈ RN×N blurs the rows of X [16]. Assuming that the blurring operation
is linear, which in many applications holds or the blur can be approximated by
a linear model [16], we can convert the equation (3.3) to the equation (1.1). The
vector x is a result of the vectorization of X, i.e. the columns of X are stacked into
a long vector. The vector b is created the same way from the matrix B. Therefore,
the dimensions of x, b, A are the following: x, b ∈ RMN and A ∈ RMN×MN , see
an example below. However, bear in mind that the matrix A is never explicitly
constructed. Instead, we operate with a Matlab object, a small sparse matrix (e.g.
blurring of images), or a function handle (e.g. inverse diffusion) corresponding to
the PSF. Such examples are implemented in the IR Tools [10].
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Now we have a problem of the form (1.1) and we can try to solve it by the
standard Krylov subspace regularization methods recalled in Chapter 2. These
methods are implemented in the IR Tools package and we will freely use them to
showcase the performance of the methods on non-negative inverse problems.

3.4 Using standard methods
Let’s take a test problem dotk from IR Tools, which is an image of stars, and a
PSF generated by the function PRblurdefocus. This PSF simulates a spatially
invariant, out-of-focus blur [10]. Moreover, a Gaussian noise e of relative noise
level ζ = 0.01 is added to the right-hand side, see the top right picture of Figure
3.4. We use the CGLS algorithm stopped by the discrepancy principle (DP
CGLS) with α = 1.01, as described in Chapter 2. In this case, the algorithm stops
at the iteration k = 100 due to reaching the maximum number of iterations. In
Figure 3.4 we see, that this approximate solution is still very noisy and inaccurate.
The optimal stopping iteration refers to the iteration, where the relative error is
minimal. The solution obtained in this iteration is called the best-regularized
solution.

Figure 3.4: Reconstructed dotk noisy image blurred with PRblurdefocus using
regularized CGLS. These pictures illustrate how inaccurate the approximate so-
lution obtained by regularized CGLS is, even at the optimal stopping iteration
(Best CGLS). The tracks of circles caused by out-of-focus blur are still visible
and the black background is never fully recovered.
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Figure 3.5: The error history for the test problem dotk with PRblurdefocus
blurring. Two points are highlighted: the red circle denotes the optimal iteration
for stopping the CGLS method to obtain the best-regularized solution; the pink
square denotes an actual iteration obtained by regularized CGLS stopped by the
discrepancy principle. The reconstructed images acquired at these two points are
displayed in Figure 3.4.

Another example, where the inaccuracy of reconstructed solutions can be
shown, is the standard regularized RRGMRES algorithm employed on the inverse
PDE problem (2D diffusion problem of the size N = 64) implemented in the IR
Tools package, see Figure 3.6.

Figure 3.6: Inverse diffusion problem produced by PRdiffusion with Gaussian
noise, ζ = 0.005, added to the right-hand side. Again we see, that the approxi-
mate solution obtained by regularized RRGMRES is not able to reconstruct the
second peak well and the surface at level 0 is warped.
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Figure 3.7: Error history and residual history of RRGMRES used on the inverse
diffusion problem constructed by PRdiffusion. The Gaussian white noise of the
noise level ζ = 0.005 was added to the right-hand side of this problem. On the
error plot, we see that the optimal stopping iteration is k = 35 but the discrepancy
principle (with α = 1.01) stopped the iterations a bit earlier, at k = 24. This is
due to the intersection of relative residual norm curve, defined as ||b−Axk||2/||b||2,
and αζ, shown in residual history.

In a similar fashion as in the first example solved by the CGLS algorithm above,
the semi-convergence behavior can be spotted in an error history of the RRGM-
RES algorithm, see Figure 3.7. The RRGMRES method was stopped before it
reached the optimal stopping iteration. The argument is provided in the resid-
ual history. The discrepancy principle tells us to stop the iteration as soon as
||Axk − b||2 ≤ αϵ is satisfied, where α is a safety factor (usually slightly larger
than 1) and ϵ is an estimate of the norm of the noise ||e||2. Therefore, as soon as
the left-hand side function of the above equation intersects with the right-hand
side function, we stop the iterations. From the residual history, we see that that
happens for k = 24.

From this, we can conclude that standard Krylov subspace methods might
sometimes not work well on discrete inverse problems with a non-negativity con-
straint. Obtained approximate solutions are not actually non-negative, i.e. x
may contain negative elements. That can be nicely seen on the bottom two plots
in Figure 3.6. Hence, these approximations are hard to interpret. One way how
to deal with this issue is to find a minimal (negative) element of the solution
and shift the solution by the absolute value of this number to the right (positive)
side. This is how function imagesc deals with images containing negative values.
The images of reconstructed solutions for dotk test problem in Figure 3.4 were
converted and displayed this way. However, as we summarized in the results
above, both standard CGLS and RRGMRES don’t perform well. Maybe if we
strive for keeping the non-negativity constraint (3.1) satisfied for an approximate
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solution at each iteration of the Krylov subspace method, we might significantly
improve its performance. Next chapter will introduce methods that deal with
this constraint.
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4. Considered methods
In this chapter we would like to present some algorithms for solving non-negative
inverse problems that were proposed in papers [5], [9], and were further tested
on problems in [10] and [13]. We will also propose several modifications of these
methods and discuss their performance in comparison with the original versions.

All of the methods we’ll talk about here belong to the projection methods that
preserve the non-negativity of the approximate solution or they do so to some
extend. For an explanation of these approaches, we will consider only CGLS and
RRGMRES algorithms, however, an arbitrary Krylov subspace method can be
used.

By methods preserving non-negativity of approximations we basically mean
that xk ≥ 0 component-wise for some or all k ∈ N∪{0}. One of the first ideas on
how to achieve that was introduced in [5]. Here we simply use the unconstrained
Krylov subspace method and project negative elements of the solution xk to zero,
i.e. ((xk)+)i = max{0, (xk)i}. The symbol (.)+ denotes a projection onto a set of
non-negative vectors

S = {x ∈ Rn : x ≥ 0}. (4.1)

4.1 Basic non-negative projections
There are several ways how to impose non-negativity. Let us start with a modi-
fication of the CGLS algorithm. As we can see in the Algorithm 1 in Chapter 2,
there’s no guarantee that the approximate solution xk is non-negative. A quick
and easy fix we suggest in this thesis (similar idea was studied in [9]) is to pre-
serve the non-negativity right after computing a new approximation xk+1. We
use the projection to the set S and call this modification the Modified CGLS, i.e.
MCGLS - see Algorithm 2. This method brings some better results than CGLS,
see Figure 4.1.

Algorithm 2 MCGLS
1: Compute r0 = b − Ax0, z0 = AT r0, p0 = z0
2: for k = 0, 1, . . . until convergence do
3: wk = Apk

4: αk = ||zk||22/||wk||22
5: xk+1 = (xk + αkpk)+
6: rk+1 = rk − αkwk

7: zk+1 = AT rk+1
8: βk = ||zk+1||22/||zk||22
9: pk+1 = zk+1 + βkpk

10: end
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(a) (b)

Figure 4.1: On the left picture we see a reconstruction of hst deblurring problem
with a speckle point spread function and noise with ζ = 10−2 by standard CGLS.
The picture on the right is a reconstruction of the same problem by MCGLS.
Notice how sharper and refined the approximate solution by MCGLS is in com-
parison with the unconstrained CGLS.

Similarly as in Algorithm 2, we can modify other Krylov regularization meth-
ods such as RRGMRES, etc. In Section 5, we use CGLS and RRGMRES al-
gorithms preimplemented in the IRTools that we modified to impose the non-
negativity. Unfortunately, that led to certain restrictions on what we were able to
do. For example, the modification inside the CGLS algorithm was quite straight-
forward. However, that was not the case for the RRGMRES which uses House-
holder reflections to construct Hessenberg matrices which are then used to obtain
the approximate solution xk.

The issue with MCGLS is that we have no idea how the modification on line
5 in Algorithm 2 influences the convergence, therefore the success of this strategy
is not guaranteed. Another proposal is to have a method with inner and outer
iterations where in the inner iteration the approximation to the system Ax ≈ b
is solved using regularized CGLS or RRGMRES (or any other Krylov subspace
method). Once the inner cycle is quitted by satisfying the stopping criterion
or reaching the maximum number of inner iterations maxIn, we project the
obtained approximation denoted as xk+1 to the non-negative orthant S. After that
the algorithm is restarted with xk+1 as a new initial vector, unless the stopping
criterion of outer cycle is satisfied or the maximum number of outer iterations
maxOut is reached. This idea is used in Algorithm 3. Let’s assume throughout
this chapter that we have an estimate of the norm of noise e on the right-hand
side of the equation (1.1). Therefore, the discrepancy principle can be used as a
stopping criterion.
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Algorithm 3
1: Input: A, b, x0 ≥ 0, maxIn, maxOut, ϵ, α
2: Output: Approximate non-negative solution to (3.1)
3: r0 = b − Ax0, k = 0
4: while the stopping criterion is not satisfied and k ̸= maxOut do
5: Inner iteration: Compute an approximate solution xk+1 to a system

Ax ≈ b by regularized CGLS or RRGMRES with the initial vector xk.
Terminate the iterations when the discrepancy principle is satisfied or
maxIn number of iterations is reached.

6: xk+1 = (xk+1)+
7: k = k + 1
8: end

4.2 Projected restarted iteration
This approach was studied in [5], where authors named it a Projected restarted
iteration (PRI). Their algorithm corresponds to the idea described in Algorithm
3, however, it looks slightly different. Instead of solving the system Ax ≈ b inside
the while loop, they perform an iterative refinement, which should improve the
accuracy of numerical solutions.

Denote the exact solution of Ax = b (in sense of the least squares) as follows
x∗ = x̃ + w, where x̃ is the computed approximation and w is a deflection. This
leads to a derivation

Ax∗ = b

Ax̃ + Aw = b

Aw = b − Ax̃

Aw = r̃.

Here r̃ denotes the residuum. The last equation is called the correction equation
(in general case the equation is again in sense of the least squares). PRI runs inner
and outer iterations. In the inner iterations it solves the correction equation Aw =
rk using one of the standard Krylov subspace methods mentioned above. In this
equation, the matrix A and the vector rk are known, whilst w is unknown. The
iterations are terminated once the maximum number of inner iterations maxIn
(arbitrarily chosen by the user) is reached or the discrepancy principle is satisfied.
The final approximate solution is denoted wk. Once the inner cycle is finished,
a new iterate is defined as a former iterate corrected by the vector wk, projected
onto the set S, i.e.

xk+1 = (xk + wk)+.

This vector is accepted as a final approximate solution only if it satisfies the
outer iteration’s stopping criterion. This can be again defined as a fulfillment
of the discrepancy principle or reaching a maximum number of outer iterations
maxOut. If none of the outer stopping criteria is satisfied, define k = k + 1,
compute a new residuum rk, and restart the iterative method, see Algorithm 4.
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Algorithm 4 Projected restarted iteration
1: Input: A, b, x0 ≥ 0, maxIn, maxOut, ϵ, α
2: Output: Approximate non-negative solution to (3.1)
3: k = 0, w̃ = 0
4: while ||rk||2 = ||b − Axk||2 > αϵ and k ̸= maxOut do
5: Inner iteration: Compute an approximate solution wk to a correction

equation Aw = rk by regularized CGLS or RRGMRES with the initial
vector w̃. Terminate the iterations when the discrepancy principle is
satisfied or maxInnumber of iterations is reached.

6: xk+1 = (xk + wk)+
7: k = k + 1
8: end
9: Let out be the stopping iteration, i.e. xout is the final output.

This algorithm still leads in many cases to large errors or a long computational
time, and hence we consider several modifications. One is our own (MPRI) and
the second one (RSPRI) is suggested by the authors of PRI in the same paper
[5].

4.3 Modified projected restarted iteration
Instead of projecting the whole vector xk onto the set S like in the Algorithm 4,
we select a threshold tol > 0 which controls whether the element (xk)i should be
projected to 0 or not. The purpose of this method is to preserve the information
about the real solution as much as possible, taking into account that we have to
make a choice between accuracy and the non-negativity constraint. This leads
to savings of total computational time in many cases, where the algorithm stops
a bit earlier than the original PRI, however with a negligible difference in the
relative error. Therefore, there is no visible deterioration in the reconstructed
images, see the example below.
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Algorithm 5 Modified projected restarted iteration (MPRI)
1: Input: A, b, x0 ≥ 0, maxIn, maxOut, ϵ, α, tol
2: Output: Approximate non-negative solution to (3.1)
3: k = 0, w̃ = 0
4: while ||rk||2 = ||b − Axk||2 > αϵ and k ̸= maxOut do
5: Inner iteration: Compute an approximate solution wk to a correction

equation Aw = rk, with an initial vector w̃, by regularized CGLS or
RRGMRES. Terminate the iterations when the discrepancy principle is
satisfied or we reached maxIn.

6:
7: for i = 1, . . . , n do
8: if (xk+1)i < −tol then
9: (xk+1)i = 0

10: end
11: k = k + 1
12: end
13: Let out be a stopping iteration, i.e. xout is the final output.

Inspired by the paper [22], we drew a plot displaying the largest negative
values in the approximate solution at each iteration of CGLS compared with its
relative errors, to get a closer look at how the CGLS behaves and how the non-
negativity is enforced, see Figure 4.2.

Figure 4.2: Largest negative values (in absolute value) in the approximate solution
at each iteration of CGLS compared with its relative errors for the dotk deblurring
problem with a defocus spread function, ζ = 0.01, α = 1.01. Note that as the
iteration proceeds, some recovery is made, but negative values remain.

This helps us to choose a suitable threshold tol - we try to choose it so that most
of the largest negative values are below this value, therefore, in the algorithm
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they are projected to 0. As shown in Figure 4.3, MPRI with tol = 0.001 was
stopped a bit earlier than PRI, but the reconstructed image looks the same as
the one from PRI.

Figure 4.3: Comparison of the relative error history of PRI and MPRI with
tol = 0.001 for the problem defined above. MPRI stops a few iterations before
PRI with a minimal relative error difference.

(a) (b)

Figure 4.4: Reconstructed images using PRI and MPRI algorithm with the
threshold tol = 0.001. The images look the same to the naked eye. However,
MPRI reduced the number of iterations and the computational time significantly.
PRI ended with 30 outer iterations, 261 inner iterations and the running time of
79.49 seconds. Meanwhile, MPRI with the same input parameters and tol = 0.001
stopped at 27 outer iterations, 243 inner iterations and time of 61.99 seconds.
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The question which should be asked at this point is if the sequence {r0, . . . ,
rout} is nonincreasing, i.e.

||rk||2 ≤ ||rk−1||2, k = 1, 2, . . . , out, (4.2)
because that’s normally the case for standard CGLS and RRGMRES. The reason
we want to preserve this property is because both CGLS and RRGMRES, which
we use in the inner iterations, minimize the residual norm and have this behavior
(4.2). Unfortunately, the projection onto a set of non-negative vectors spoils this
property, and the monotonicity of the norm of residua is not guaranteed. A
solution to this problem is suggested in [5], the new method is called Restricted
step projected restarted iteration (RSPRI).

4.4 RSPRI
We mentioned the motivation for this method, which is to ensure (as much as
possible) that the norm of the next residuum in a sequence is reduced or equal to
the previous one. That can be achieved by adding a line search into the Algorithm
4 between the lines 5 and 6. Remember that we’re trying to minimize the norm
of our new residuum. Hence, the function we’re minimizing is

f(x̃) = ||r̃||2 = ||b − Ax̃||2. (4.3)

There are two common strategies in the optimization theory to decide in which
direction to shift the approximate solution to find a local minimum. One is a line
search approach and the other a trust-region approach. Authors of RSPRI used
a line search method with an Armijo condition (or Armijo rule), see [28]. Line
search methods move a solution in a descent direction pk with a step size γ, i.e.
a new iterate is defined as xk+1 = xk + γpk. The choice of the length of the step
size is crucial here. Choosing it too small would lead to a very slow convergence
and choosing it too large won’t give us convergence at all and could lead to a
well-known zig-zag effect. This is what the Armijo condition deals with. It checks
if a function f decreases sufficiently in the direction pk with a chosen step size.
The step size γ is accepted if the Armijo condition is satisfied. Let’s introduce a
new function

Φ(γ) = f(xk + γpk). (4.4)
Generally, the Armijo condition looks like this

Φ(γ) < Φ(0) + CγΦ′(γ), (4.5)

where C is a small positive constant between 0 and 1, usually chosen as 10−4 [5].
By definition of a function Φ and formulation (4.5), we’ll get

f(xk+1) < f(xk) + Cγ∇f(xk+1)T pk, (4.6)
where we can clearly see, that this line search moves the next approximate in the
direction of gradient descent.

Looking at the PRI Algorithm 4, we can identify the vector wk with a descent
direction pk, since a new iterate is corrected in this way: xk+1 = (xk + wk)+.
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Putting (4.3), (4.4), (4.5) together, defining a step size in the form of γ = 2−m,
where m ∈ N∪ {0}, and substituting wk for pk including the following projection
onto a set S, we get the Armijo condition for our specific problem

||b − A(xk + 2−mwk)+||2 < (1 − 2−mC)||b − Axk||2. (4.7)

The Armijo condition is first checked for m = 0. If it’s satisfied then we stop and
move to the line 6 in Algorithm 4, else we increase m by one and repeat until
(4.7) is satisfied. More on the Armijo condition can be found in [7], [23]. The
final pseudocode of the RSPRI algorithm is shown below.

Algorithm 6 RSPRI
1: Input: A, b, x0 ≥ 0, maxIn, maxOut, ϵ, α
2: Output: Approximate non-negative solution to (3.1)
3: k = 0, w̃ = 0
4: while ||rk||2 = ||b − Axk||2 > αϵ and k ̸= maxOut do
5: Inner iteration: Compute an approximate solution wk to a correction

equation Aw = rk by regularized CGLS or RRGMRES with the initial
vector w̃. Terminate the iterations when the discrepancy principle is
satisfied or maxIn number of iterations is reached.

6: Line search: Find the smallest integer m ≥ 0 such that it satisfies
the Armijo condition (4.7).

7: xk+1 = (xk + 2−mwk)+
8: k = k + 1
9: end

10: Let out be a stopping iteration, i.e. xout is the final output.

4.5 NN-FCGLS
Projection to the non-negative orthant in the earlier methods led to the approxi-
mations xk not belonging to the Krylov subspace Kk(AT A, AT b) (if the CGLS was
used). Therefore, these methods would be often prone to premature stagnation.
The new approach Non-negative Flexible CGLS, shortly NN-FCGLS, is the first
systematic attempt to enforce non-negative approximations within the framework
of Krylov subspace methods introduced in [9]. This method uses Karush-Kuhn-
Tucker (KKT) conditions to ensure the optimality of the solution of the problem
(3.1).

Definition 9 (Karush-Kuhn-Tucker (KKT) conditions [9, 22, 4]). KKT condi-
tions can be compactly expressed as

XAT (Ax − b) = 0, where X = diag(x), x ≥ 0, AT (Ax − b) ≥ 0. (4.8)

Consequently, in each iteration the linear system

X(k)AT (Ax − b) = 0 (4.9)
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should be solved, where X(k) = diag(xk−1). Note that the matrix X(k) acts like
a left preconditioner (more about preconditioned iterations in [27], Chapter 9)

X(k)AT Ax = X(k)AT b,

however, its main purpose is to regularize the original problem by including new
information about the solution as soon as a new iteration is computed [9]. De-
note the preconditioner L(k) = X(k) and we see that it updates from step to step,
hence the name flexible CGLS.

Krylov subspace methods generally compute the approximate solution at the
k-th iteration by the following formula ([3], Chapter 12)

xk = xk−1 +
k−1∑︂
j=0

α
(k−1)
j pj, (4.10)

where α
(k−1)
j are the step sizes and pk the search directions defined as

pk = zk +
k−1∑︂
j=0

β
(k−1)
j pj, (4.11)

where zk is as defined in (2.8) and β
(k−1)
j are coefficients. The standard CGLS

algorithm simplifies the equations (4.10), (4.11) to

xk = xk−1 + αk−1pk−1, (4.12)

pk = zk + βk−1pk−1 ∀k ∈ N, (4.13)
due to the optimality condition (3.1) and the orthogonality of Apj [9]. Coeffi-
cients αk−1, βk−1 are defined as in the Algorithm 1. However, NN-CGLS works
with z̄k = L(k)zk = L(k)AT rk instead of zk in (4.13), considering the fulfillment of
(4.9). That leads back to the full recurrence (4.11) and unfortunately increases
the storage cost with an increasing number of iterations.

To address this issue, the recursion (4.11) is truncated at a chosen parameter
m̂ > 0. According to [9], the truncation causes loosing the orthogonality of Apj,
and therefore the optimality property (3.1) is not guaranteed anymore. However,
that shouldn’t have a big impact on the convergence unless the extremal eigen-
values are well separated [24].

Now, what remains is to ensure the non-negativity of the approximate solution
at every iteration, i.e. xk ≥ 0, ∀k ∈ N. Taking into account the equation (4.12),
we have to bound the step size αk−1 along the search direction pk−1. This new
bounded step size ᾱk−1 is computed as

α̂k−1 = min(αk−1, min(−xk−1(pk−1 < 0)/pk−1(pk−1 < 0))). [9] (4.14)

Remark: The above notation is considered in the MATLAB convention.
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Furthermore, it can be proven that the scalar ᾱk−1 is non-negative (see [9], Propo-
sition 3.1.). Unfortunately, with the new step size a new issue arises - the method
is now prone to stagnation. In order to overcome this, a restart will be needed as
soon as the maximum number of inner iterations maxIn is performed, or ᾱm = 0
[9]. Therefore, we will use double indices: an upper index denoting outer iter-
ations and a lower index counting inner iterations. Altogether, we obtain the
Algorithm 7.

Algorithm 7 NonNegative FCGLS method [9]
1: Input: A, b, x0

0 ≥ 0, m̂, maxIn, maxOut
2: for k = 1, . . . , till a stopping criterion is satisfied OR k = maxOut do
3: L(0) = X(0) = diag(xk−1

0 )
4: rk−1

0 = b − Axk−1
0 , z̄k−1

0 = L(0)AT rk−1
0 , pk−1

0 = z̄k−1
0 , and wk−1

0 = Az̄k−1
0

5: for m = 1, . . . till ᾱm−1 = 0, OR m = maxIn, OR a stopping criterion is
satisfied do

6: Set αm−1 = (rk−1
m−1, wk−1

m−1)/(wk−1
m−1, wk−1

m−1).
7: Set ᾱm−1 = min(αm−1, min(−xk−1

m−1(pk−1
m−1 < 0)/pk−1

m−1(pk−1
m−1 < 0))).

8: Update xk−1
m = xk−1

m−1 + ᾱm−1p
k−1
m−1.

9: Update L(m) = X(m) = diag(xk−1
m ).

10: Update rk−1
m = rk−1

m−1 − αm−1w
k−1
m−1.

11: Compute zk−1
m = AT rk−1

m and z̄k−1
m = L(m)zk−1

m .
12: Compute Az̄k−1

m .
13: For j = max{0, m − m̂}, . . . , m − 1,

set β
(m−1)
j = −(Az̄k−1

m , wk−1
j )/(wk−1

j , wk−1
j ).

14: Compute pk−1
m = z̄k−1

m + ∑︁m−1
j=max{0,m−m̂} β

(m−1)
j pk−1

j .
15: Update wk−1

m = Apk−1
m = Az̄k−1

m + ∑︁m−1
j=max{0,m−m̂} β

(m−1)
j pk−1

j .
16: end
17: Let nk be the stopping iteration. Take xk

0 = xk−1
nk

.

18: end

42



5. Experiments
In order to study the behavior of the methods we saw in the previous chapter, it’s
time to present some experiments on real discrete inverse problems. This section
contains experiments on 1D and 2D problems from the RegTools and the IRTools
package, respectively. All the tests were performed in MATLAB R2019b on a
single processor 1.6 GHz Intel Core i5.

It’s important to say that we used the standard CGLS, RRGMRES, and NN-
FCGLS algorithms from the IRTools toolbox, and our modifications of CGLS,
PRI, and RSPRI algorithms. Although the PRI and RSPRI algorithms were
available in the IRTools, we decided to implement them by ourselves. The reason
was to have a better understanding of how things work inside the algorithms. As
we later compare the results of our PRI and the one incorporated in the tool-
box, the outcome was mostly the same. However, it’s important to note that if
the prebuilt algorithms were used in the later experiments, we might have had
slightly different results. Therefore, any conclusion presented in this section is
entirely based on the performance of our implementations.

5.1 1D problems
First, we started with testing PRI and RSPRI algorithms on 1D discrete inverse
problems derived by discretization of a Fredholm integral equation of the first
kind [13], i.e. the equation (1). The RegTools package contains 14 such build-
in test problems, from which we’ve chosen only few (phillips, baart, blur,
foxgood) to showcase the performance of the considered methods. Inside the
PRI, RSPRI algorithms, we use the standard CGLS, LSQR, and RRGMRES to
solve the correction equation derived in Section 4.2. All of these Krylov subspace
methods are included in the RegTools.

Our experiments consist of N × N problems with N = 32, 100, 300, 1000. The
Algorithm 4 and Algorithm 6 take as inputs following parameters: the system
matrix A, the right-hand side vector b, maxIn, maxOut number of iterations,
the safety factor α and the estimate of the norm of noise ϵ. We tried different
combinations of these parameters in order to find the optimal one that can be
later used on larger problems, or to come to a general conclusion.

Parameter values

• problem size N : 32, 100, 300, 1000,

• Krylov subspace method: CGLS, RRGMRES, LSQR,

• the estimate of the norm of noise ϵ: 0.1, 0.01, 0.0001,

• the safety factor α: 1.01, 2,
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• maximum number of inner iterations maxIn: 5, 15, 30,

• maximum number of outer iterations maxOut: 100.

Test problem: foxgood + baart
Both foxgood and baart test problems had a trivial solution (foxgood: f(t) = t;
baart: f(t) = sin(t)). Hence, it is not surprising that both PRI and RSPRI did
really well and their results were identical. They found an accurate solution after
2 outer iterations and in total less than 5 overall iterations.

Test problem: blur
This was already a bit more difficult problem in comparison with the previous
ones. The sequence of relative errors of PRI was always nonincreasing, while the
norms of residuals weren’t for a small noise level 10−4. Because this example was
more complex than the previous ones, we only tested PRI and RSPRI for N = 32
and N = 100.

Test problem: phillips
Surprisingly, PRI performed better than or equally well as RSPRI in almost ev-
ery aspect: computational time, number of iterations, the norm of error, and
residual. When we looked more deeply into the choices the RSPRI algorithm
made, we concluded that the Armijo’s rule was merely ever fulfilled (even when
the parameter m from (4.7) was increased up to 30, more would be computa-
tionally ineffective). That leads to our next observation: the sequence ||rk||k (for
k = 1, . . . , 100) was merely ever decreasing. The same holds for relative errors,
but there it makes sense as it’s caused by the semiconvergence (see our explana-
tion in Chapter 2). There were cases where we reached the maximum number
of outer iterations, which was set to 100. These problems arose when choosing
ϵ = 10−4.

In general, algorithms CGLS and LSQR gave very similar results, which were
mostly better than the ones obtained using RRGMRES. The difference was most
visible in their computational time, where CGLS was the fastest out of these three
algorithms. As a stopping criterion, we used the discrepancy principle since it’s
assumed that we received the estimate of the norm of noise e from the user. In the
Figure 5.1 we see a table of input and output values from experiments executed
on the phillips test problem. Besides, they manifest a general behavior of PRI
and RSPRI algorithms using these specific combinations. It is obvious that the
best choice for the parameters α and ϵ was 1.01 and 10−4, respectively.
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Figure 5.1: Experimenting with different combinations of input parameters for
PRI and RSPRI algorithms applied on the phillips test problem of the size
300×300. In the table we see the input data on the left side and the output data
on the right side. The highlighted rows show the best results obtained by specific
parameter choices.

5.2 2D problems
While the 1D problems from the RegTools were quite easy and straightforward
to solve, they were not good examples of the inverse problems from real-world
applications. The IRTools package, however, is more complex and provides a
set of large-scale test problems in the form of discretizations of 2D linear inverse
problems [10]. Such examples are inverse diffusion, inverse interpolation prob-
lem, or reconstruction of blurred and noisy 2D images. Similarly, as in RegTools,
this new package contains a few preimplemented methods, concretely some of
the considered methods for solving non-negative inverse problems discussed in
Chapter 4 (PRI, RSPRI, NN-FCGLS). All of these methods are designed so that
they can work with objects, function handles (when the matrix corresponding to
the point-spread function is not explicitly given, there’s a function A times vec
that deals with it) and non-vectorized pictures, i.e. raw pictures. Moreover, we
can find there different types of point-spread functions, for more details see the
section devoted to the reconstruction of images.

Tested methods:

• unconstrained methods: CGLS, RRGMRES

• partially constrained method: MCGLS

• constrained methods: PRI, MPRI, and RSPRI with CGLS

• constrained and preconditioned method: NN-FCGLS

The decision to choose the CGLS algorithm for solving the correction equation
inside the inner cycle of the methods PRI, MPRI, and RSPRI was made consid-
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ering the results obtained on the RegTools test problems. CGLS outperformed
LSQR and RRGMRES in most aspects. Besides, we can compare the results with
the corresponding standard CGLS method.

Stopping criteria

We also experimented with the stopping criteria. We considered:

1. the discrepancy principle explained in Chapter 1 (implemented in the tool-
box as well),

2. stopping when the norm of the residuum starts to increase, i.e. if for any
k ∈ N

||rk+1||2 > ||rk||2, (5.1)

3. stopping when the difference between two consecutive residuals is smaller
than some tolerance τ , i.e.

|||rk−1||2 − ||rk||2|
||rk−1||2

< τ, (5.2)

4. stopping when we reach the maximum number of iterations.

In most cases, criterion 2 stopped the algorithm prematurely, therefore we didn’t
use it in further experiments.

Our study focused particularly on the following points:

• How large is the relative residual norm of the approximate solution?

• How large is the relative error norm of the approximate solution?

• How many inner and outer iterations did we run in total?

• How long was the computation?

5.2.1 EXdiffusion
This example showcases the failure of PRI and RSPRI algorithms on a 2D diffu-
sion problem with ζ = 0.01, α = 1.01. Both of the methods were used with the
CGLS method (solving the correction equation inside the inner cycle) and were
compared with the regularized CGLS. While the PRI and RSPRI had a smaller
norm of the relative error, they used 62 times more iterations than CGLS, see
Figure 5.2, which led to the computational time equal to 3.2 hours (3 times longer
than the CGLS). However, even then the approximate has a quite large error and
the shapes of the peaks shown in the graph of the true solution are not recon-
structed well. The reason the computational time was so large in both cases
is because the stopping criterion (the discrepancy principle) was never satisfied
for both inner and outer cycle. For comparison, we solved the problem also by
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versions of PRI and RSPRI algorithms available in IRTools and we obtained sim-
ilarly poor results.

Messages received by running the IRTools script IRconstr ls:
” The stopping criterion of the inner iterations is never satisfied.”
“The outer stopping criterion is never satisfied.”

On the other hand, the NN-FCGLS algorithm was able to produce better results
after only 93 iterations.

(a) (b)

(c) (d)

Figure 5.2: In this figure we see (a) the true solution of diffusion test problem
with ζ = 0.01 together with the approximate solutions obtained by (b) uncon-
strained CGLS (24 it.), (c) PRI with α = 1.01 (1485 it.), and (d) NN-FCGLS
(93 it.).

5.2.2 EXblur
This section contains the description of the largest group of our experiments.
It’s dedicated to the restoration of the blurred and noisy images collected by the
Space Telescope Science Institute, see below.

Employed images:

• dotk: n/2 small Gaussian shaped dots, e.g., stars (placement is random,
reset using rng(0))

• satellite: satellite test image

• hst: image of the Hubble space telescope
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All of these images are included in the IRTools together with various PSFs, which
we used freely. We did analyses of CGLS, MCGLS, NN-FCGLS, PRI, MPRI and
RSPRI on five different image deblurring problems:

1. PRblurdefocus - image deblurring problem with a defocus spread function,

2. PRblurspeckle - image deblurring problem with a speckle point spread
function caused by atmospheric turbulence,

3. PRblurrotation - image deblurring problem with spatially variant rota-
tional motion blur around the center of the image,

4. PRblurshake - image deblurring problem with random camera motion,

5. PRblurmotion - image deblurring problem with linear motion blur.

5.2.3 Choice of parameters
All experiments were done on images of the size 256 × 256 pixels. As for other
optional variables we experimented with:

• true image: satellite, hst (image of the Hubble space telescope), dotk
(n/2 small Gaussian shaped dots, e.g. stars),

• noise level: 10−2, 10−6,

• safety factor α: 1.01, 1.1, 2,

• parameter C from the Armijo condition (4.7): 10−4 (as recommended in
[5]),

• maximum number of inner iterations: 10, 30,

• maximum number of outer iterations: 30,

• Krylov subspace method: CGLS, RRGMRES,

• parameter τ from the equation (5.2): 10−2, 10−3, 10−6,

• threshold tol for MPRI: 10−2, 10−3, 10−6.

The maximum numbers of inner and outer iterations were chosen based on the
results on 1D inverse problems from the Regtools toolbox, and to prevent the
computational time from getting too large like it happened for the inverse diffu-
sion test problem.

Safety factor α
In literature [5] it’s recommended to set α ≥ 1. We did not observe a significant
difference between the approximations obtained for values 1.01, 1.1, 2. However,
when enlargening the safety factor, the deterioration in the image could be seen,
see Figure 5.3 for a basic illustration.
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(a) (b)

Figure 5.3: Comparison of restored images for PRblurspeckle on hst test prob-
lem (ζ = 0.01) by PRI (with CGLS) with (a) α = 1.01, (b) α = 100.

Maximum number of inner iterations maxIn
We tested different values of maxIn varying from 5 to 30. It can be seen that
with a larger maxIn we get a more accurate approximate solution, however, in
cost of the computational time. In Figure 5.4 we see on the left the solution
obtained by PRI with maxIn = 10, and on the right PRI with maxIn = 30.
The first one stopped after 10 outer iterations, 51 inner iterations with the total
computational time of 17.5 seconds, while the second one stopped after 3 outer
iterations, 435 inner iterations with the time = 58.84 seconds.

(a) (b)

Figure 5.4: Comparison of restored images for PRblurspeckle on hst test prob-
lem (ζ = 0.01, α = 1.01) by PRI (with CGLS) with (a) maxIn = 10, (b)
maxIn = 30.

Tolerance for MPRI
In Chapter 4, section Modified PRI we saw the plot of the largest negative val-
ues (in absolute value) in the approximate solution at each iteration of CGLS,
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which can help us with choosing a good threshold tol. On Figure 4.4 we see a
reconstruction of the image dotk, PSF PRblurdefocus by PRI and MPRI with
tol = 0.001. This choice leads to a reduction of the number of iterations and
consequently to saving of the computational time. With the choice tol = 0.01
the savings were even more significant (stopped after 13 outer iterations, 117
inner iterations, and time 22.17 seconds which is almost three times less than
with = 0.001) without any drastic degradation in the solution, see example (a)
in Figure 5.5. However, enlargening the threshold, e.g. tol = 0.08, can already
worsen the result, see example b) in Figure 5.5.

(a) (b)

Figure 5.5: Degradation of the quality of the restored image dotk with
PRblurdefocus (ζ = 0.01, α = 1.01) by MPRI (with CGLS) when enlargen-
ing the threshold from (a) tol = 0.01 to (b) tol = 0.08.

Parameter τ for the stopping criterion defined by equation (5.2)
Equation (5.2) ensures that the difference between two consecutive residuals is
smaller than some parameter τ > 0. The larger the difference we allow, the earlier
the algorithm stops. That can lead to premature stopping, and therefore blurrier
images, as shown in Figure 5.6. On the other hand, if we choose τ too small, it
might be hard to fulfill the condition in a reasonable computational time. The
optimal τ was found between 10−3 and 10−6.
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(a) (b) (c)

Figure 5.6: Gradually improved results for dotk image with PRblurdefocus (ζ =
0.01, α = 1.01, tol = 10−3) obtained by MPRI when decreasing the value of τ :
(a) τ = 0.1, (b) τ = 10−3, (c) τ = 10−6.

5.2.4 Example 1
For this example, we consider the test image satellite of size 256 × 256 pix-
els blurred with the rotational motion blur PRblurrotation from [10] and noise
ζ = 10−2. We solve this problem with six approaches using Krylov subspace
methods - unconstrained CGLS, MCGLS, NN-FCGLS, PRI, MPRI, and RSPRI.
The experiments were run with various parameters. However, the results pre-
sented here are the ones with the best outcomes, chosen according to the relative
error norm of the approximate solution and the computational time, see the table
in Figure 5.7.

Figure 5.7: The best parameter combination for each method used to solve the
image satellite deblurring problem with rotational motion blur and noise with
ζ = 10−2, corresponding to the images displayed in Figure 5.8.

In the table above, we see ten columns corresponding to the input data (first
five columns) explained in Section 5.2.3., and the output data (the next five
columns) referring to the observations of the relative error norm of the approxi-
mate solution, the relative residual norm of the approximate solution, total num-
ber of outer and inner iterations, and the computational time, respectively. The
PRI, MPRI, and RSPRI algorithms allowed a maximum of 10 iterations in each
inner cycle and a maximum of 30 outer iterations. The same maxIn and maxOut
values were set for the NN-FCGLS algorithm from [10], however, we don’t have
an explanation why the number of outer iterations went above 30. Meanwhile,
CGLS and MCGLS allowed up to 100 iterations in total, as they don’t contain
two cycles.
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Notice that the PRI and MPRI algorithms outperformed the others in terms of
minimizing the relative error norm of the approximate solution. Also, notice that
the MPRI method was one second faster than PRI. Comparing all the methods
by the relative residual norms of the approximate solution, we see that PRI,
MPRI, and RSPRI, on the contrary, obtained the worst results. That might be
caused by the fact that CGLS is used to compute the correction equation, while
the other approaches are fundamentally based on the CGLS algorithm, which
is known to minimize the residual norm of the approximation of the equation
Ax ≈ b. Computationally-wise, standard CGLS, and MCGLS are the fastest,
however, as seen in the next Figure 5.8, at the price of losing the accuracy of
reconstructions.
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(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure 5.8: Image satellite deblurring problem with the rotational motion
blur and noise with ζ = 10−2. (a) Exact image. (b) Blurred and noisy image.
The next images are restorations obtained by: (c) CGLS method, (d) MCGLS
method, (e) NN-FCGLS method, (f) PRI, (g) MPRI, (h) RSPRI with paramater
values as set in Figure 5.7.

We can see that standard CGLS (c) gives the worst results. Unlike other re-
constructions, the restored image by CGLS has a gray background and it shows
defined lines from the rotation motion, which are not desired. These lines are
also visible in MCGLS (d). However, the background here is already black, even
though it still contains some noise visualized by tiny gray dots, and the compu-
tational time is halved. In picture (e) we finally see a clear black background
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as in the exact image (a) and the lines from the rotation motion are fully sup-
pressed. Even though this restoration by NN-FCGLS is already decent, it can
be improved. Images (f), (g), (h) show restorations by PRI, MPRI, and RSPRI,
respectively. These images don’t differ too much from each other visually but in
comparison with other methods we mentioned before, these restorations are more
accurate.

5.2.5 Example 2
The second image reconstruction experiment was done on the test image hst
of size 256 × 256 pixels with a speckle point spread function PRblurspeckle
from [10] and noise ζ = 10−2. Like in the previous example, we compared the
best reconstruction images obtained by the unconstrained CGLS, MCGLS, NN-
FCGLS, PRI, MPRI, and RSPRI algorithms. The table below displays the best
results achieved by a concrete choice of parameters α, τ , and tol (explained in
Section 5.2.3.). The limits for the maximum number of inner and outer iterations
for each method were set to the same values as in Example 1.

Figure 5.9: The best parameter combination for each method used to solve the
image hst deblurring problem with a speckle point spread function and noise
with ζ = 10−2, corresponding to the images displayed in Figure 5.10.

See that the NN-FCGLS algorithm gives the smallest relative error norm of
the approximate solution. However, the gap between the computational time of
NN-FCGLS and RSPRI compared to the other methods is quite large. Again
notice that both PRI and MPRI return the same value of the relative error norm
of the approximate solution, but MPRI is a bit faster. That seemed to be a com-
mon behavior in our experiments. Besides, the observation that PRI, MPRI, and
RSPRI give the worst results for the relative residual norm and that the uncon-
strained CGLS and MCGLS are the fastest methods, was also recurring. Next,
we will look at the reconstruction images corresponding to the data presented in
Figure 5.9.
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(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure 5.10: Image hst deblurring problem with a speckle point spread function
and noise with ζ = 10−2. (a) Exact image. (b) Blurred and noisy image.
The next images are restorations obtained by: (c) CGLS method, (d) MCGLS
method, (e) NN-FCGLS method, (f) PRI, (g) MPRI, (h) RSPRI with paramater
values as set in Figure 5.9.

In this case, we see that the best restoration is obtained by the NN-FCGLS
method. Again, images (f), (g), (h) computed by PRI, MPRI, and RSPRI give
visually the same results. In comparison with MCGLS or NN-FCGLS, it’s very
blurry and noisy. By projecting the negative elements to the positive sector we
obtain a more detailed image, however still quite noisy.
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Conclusion
In this paper, we described several iterative regularization methods based on
Krylov subspace projections to solve non-negative inverse problems. Apart from
studying the well-known approaches, we proposed some modifications of one of
them, yielding a method we called MPRI. Since the performance of the algo-
rithms depends strongly on careful selection of various parameters, we presented
a numerical study on a variety of test problems. Based on the results, we pro-
posed how to select parameters optimally. We concentrated particularly on four
factors: the relative error norm of the approximate solution, the relative residual
norm of the approximate solution, the total number of outer and inner iterations,
and the computational time.

In comparison with other considered methods, MCGLS and CGLS were a
lot faster, however, not very accurate. Even though the MCGLS was able to
significantly improve the approximate solution from the one obtained by the un-
constrained CGLS, its performance was unpredictable. Example 1 in Chapter 5
showcased successful approximations by PRI, MPRI, and RSPRI, while Exam-
ple 2 illustrated the better reconstruction by the NN-FCGLS algorithm. These
methods are undoubtedly competitive with each other. In terms of minimizing
the relative residual norm of the approximate solution, PRI, MPRI, and RSPRI
lose in this aspect. That is caused by the fact that CGLS is used to solve the
correction equation inside the inner cycle instead of the original system Ax ≈ b.
Generally, choosing the right set of parameters for each method is an important
aspect in enhancing the performance. We did several tests with different values
of input data and we came to a conclusion that it’s safe to choose the safety
parameter α in the range [1, 2] and the parameter τ for stopping criterion in the
range [10−3, 10−6]. As for the tolerance for MPRI, we should first plot the largest
negative values (in absolute value) in the approximate solution at each iteration
of CGLS and then decide on the optimal tol according to its curve. It was shown
that the choice of the parameter tol in MPRI can influence the results of the
computation drastically. Concretely, we observed a reduction in the number of
iterations and the running time.

There are several directions in which our results can be extended. For example,
we focused only on the reconstruction of images of size 256×256 pixels. To come
to a more complex conclusion, we should scale up the test problems and observe
the behavior of the considered methods in these cases. Moreover, there exist
various stopping criteria for inverse problems suggested for example in [14], [9],
which weren’t applied in this thesis. For future work, we advise looking into these
techniques. So far, we’ve only considered modifications of the CGLS, RRGMRES,
and LSQR algorithms on 1D test problems, and CGLS on 2D problems. However,
other Krylov subspace methods can be investigated. And lastly, we can also study
the performance of the methods on other test problems such as the ones from
AIR Tools II software package [15] and compare them with other state-of-the-
art methods known for solving non-negative inverse problems, see for example
experiments in [9].
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