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Introduction

The topic of this work is motivated by the study of quadratic forms. A quadratic
form over totally real number fields is a sum ZZ]':1 a;jx;x; where a;; lie in the
ring of algebraic integers. A quadratic form is universal if it represents all totally
positive integers. For example, a famous universal quadratic form appears in
Lagrange’s four-squares theorem which states that every positive integer in Z is
a sum of four squares.

My supervisor Vitézslav Kala has been working on extending the studies of
universal forms in the totally real number fields. In [2], [I0], he with Valentin
Blomer proved that for every positive integer M there are infinitely many real
quadratic fields K = Q(v/D) such that every classical universal quadratic form
over K has at least M variables. In the proof of this theorem, they used the
connection between so-called indecomposable elements in Q(v/D) (see Chapter
and the continued fractions, which was proved by Andreas Dress and Rudolf
Scharlau in [3] and by Oskar Perron in [17].

A natural question is if this connection between indecomposable elements
and continued fractions could be generalized into fields of higher degrees. In this
thesis, we will examine this in cubic fields. However, in these fields, the continued
fractions do not work well. Instead, one can study the Jacobi—Perron algorithm
(JPA), which is a generalization of the continued fractions algorithm.

Jacobi—Perron algorithm was studied by many researchers, for instance [I],
[13], [16], [21], [20]. The important question is under which conditions our JPA
expansions are periodic. That is still open, but some partial results are known.
Claude Levesque and Georges Rhin [I3] and Paul Voutier [2I] proved that period
could have an arbitrary length. In [16], Roger Paysant-Le Roux and Eugene
Dubois proved that for any real number field of order n 4+ 1 there exists a n-tuple
with a purely periodic JPA expansion.

In this thesis, we will study a connection between indecomposable elements
and elements originating from the algorithms on elements in the family of Ennola’s
cubic fields [7]. Concretely, we work with the family of fields Q(p), where p is one
of the roots of a polynomial 2® — (a — 1)2? —az — 1 where a € N,a > 5. We try to
figure out how the indecomposable elements are related to elements originating
from this algorithm, whether some of these elements generate all indecomposable
elements in the field, and how to determine which of these elements will generate
indecomposable elements.

In Chapter [I} we give definitions of the JPA and of the homogeneous form
of this algorithm (hJPA). Moreover, we show a relationship between these two
algorithms. In Chapter [2 there are some facts about number fields and we
introduce here the family of Ennola’s cubic fields. In Chapter [3| we state some
basic properties of JPA expansion (some of them without proof) and then using
them to present the proof from [16] that for any real number field there exists a
basis for which we have purely periodic JPA expansion.

In Chapters [4] and [f| we compute the JPA expansions of (|p|, p?) and the hJPA
expansion of (1, |p|, p?). Here we will prove that these expansions are periodic for
every root p.

In Chapter @, we compare the indecomposable elements in the field Q(p) with



the elements originating from the algorithms from the previous chapter. We will
determine which iterations in the algorithm generate the indecomposable elements
and we will find some rules for this. Finally, we formulate several Conjectures
1] [2} ] that give sufficient conditions for generating indecomposable elements by
the iterations of hJPA expansion. At the same time, we prove some necessary
conditions that have to hold for an iteration in the algorithm to generate these
elements in Theorems [19] 20} 21]

The author’s contribution in this thesis consists mainly of Chapters[d] ] and
6 where the author computed the periodic JPA expansions and determined how
to use them for obtaining indecomposable elements. These are original results
and will be published in a paper with coauthors V. Kala and M. Tinkova.



1. Definition of Jacobi—Perron
Algorithms

This chapter focuses on the basic theory of the Jacobi—Perron Algorithm. In the
first section, we introduce the definition of the Jacobi-Perron Algorithm (JPA).
The second section describes the definition of the homogenous Jacobi-Perron

Algorithm (hJPA) and the relationship between JPA and hJPA.

1.1 Jacobi—Perron Algorithm

The Jacobi—Perron algorithm [21I] is a generalization of the continued fraction
algorithm to higher dimensions. For fixed n € N and o € R"! we define the
sequence (")), of complete coefficients

o) = (af?, o, o)

(0)

where a,; © = «a and sequences of incomplete coefficients

a” = (@ al”, ... a ) = (], (o], ... 1Y),

where for all indices v holds

agu) — GII/) + A OZELVJrl) > 1’
n—1
al” =l + o’y 2<i<n-1), 0<atV<al
i W Og(VJrll)7 =0t = ) = -1 = “n-1-

Then the JPA expansion of « is the sequence of the complete coefficients. We
can verify that this is equivalent to the following definition, from which we can
more easily see how the elements of the algorithm look like.

Definition 1. Let o? = (ozgo),ago), . ,04510_)1) € R forn > 2. The Jacobi-
Perron Algorithm (JPA) expansion of o) is the sequence of elements of R"~1,
(@), 50, defined by

») (v

(v) o ) - (v) 1
o = (ol ) = (S T e )
o —ay s |

where o\ # o\ and al(j) = Lagj)J. Here |-| denotes the floor function, i.e. for
z € R we have |x] = max{m € Z | m < z}.

We can easily see that for n = 2 is this expansion exactly the continued
fraction expansion for the real number o € R.

The JPA expansion of a(? is periodic if there exist two integers ly,l;, with
lp > 0 and l; > 1 such that



Q) — o)

for every v > ly. If Iy and [; are the smallest integers satisfying these conditions,
then a©@ o™ . alo=D and al) qlot)  qloth-1) gre called the preperiod
and the period of the periodic JPA expansion, and [y, [; are their lengths. If [ = 0,
then the JPA expansion of a(® is purely periodic.

For the periodic JPA expansion of algebraic integers 041(0) the element

lo+l1—1 ()

1

€= H Qn—1
i=lg

0) ) (0)

is a unit in the ring of algebraic integers of Q (ag Sy an_l), named Hasse—

Bernstein unit. This was proved by Hasse and Bernstein in [9].

1.2 The homogenous Jacobi—Perron Algorithm

For us it is more convenient to use the homogenous Jacobi—Perron Algorithm,
which is defined in the following way:

Definition 2. Let B = (5£0)75§0)7 ., BOY € R for n > 2. The hJPA expan-
sion of 30 is the sequence of elements of R™, (B™)),>0, defined by

(4) (4)
B+ (Béi) B lﬁg ‘ O g0 _ lﬁg‘
E E

For this expansion, unlike JPA expansion, if the starting elements are alge-
braic integers, then the elements in the expansion are always algebraic integers.
We call the elements 6,-(” where 7,7 € N the convergents of the expansion or
simply convergents. These convergences sometimes generate so-called indecom-
posable elements in some field, this will be shown in Chapter [l The following
lemma gives us the relationship between JPA and hJPA expansion of a similar
vector. In the latter chapter, we will calculate the hJPA expansion for some spe-
cific vectors. However in the JPA expansions, we have easily seen when is this
expansion periodic, so first, we will calculate the JPA expansion, and then we use
the following relationship.

B B0 — | P B Y
A

Lemma 1. Let o9 be the JPA expansion of (01,0s,...,0,_1). Then the hJPA
expansion of B0 = (1,601,604, ...,0,_1) is equal to

5(@') = (5“&5@')5“ . ,as)_25¢,047(f)—15i)a

where 0, = ﬁ for k>0, 6g = 1.
Qp 17 A1
Proof. We will prove this by induction on .
For 7 = 0 we have

6§0) =1= (507
6(0) = 971—1 = Oég)_)l(SO

n



and for 1 < j <nitis

Therefore
6(0) = (507 CYg())doa s 705510—)160)'

Let us assume that the formula holds for ¢, we will prove it for ¢ 4 1:

| | W) | (i) 5. | |
mﬁ>=5ﬁ—V@V@=a%F¢%@rzzwﬁ—m%m
1

0i
1
n—1
/67224-1) — 5%1) = 61 = agj_ll)(si—i-lv

and for 1 < 7 < n we get

i i 5@ i i 04@52‘ i i
gD = B;»zl—{ 160 o — |2 5 — (@ o

By 0;
(4) (1)
(" =o' ]) i ity 1 i+1
= @’ = e )d = o s = oo,
(" = [e1”]) n_1
Hence, ‘ ‘ |
B(ZH) = (0i+1, a§1+1)5i+17 e 7CY£Z—+11)5¢+1, Oégﬁ)(sz'H)-

]

The hJPA expansion of 3 is periodic, if there exist two integers [y, [;, with
lp > 0 and l; > 1 and a unit € such that

5(10 +itil) BIE:Z) el

fori=0,1,...,l1 —1, 7 > 0. If [y and [; are the smallest integers satisfying these
conditions, then B, g1 . Blo=1) gnd glo) glo+tl) —  glothi=1) are called the
preperiod and the period of the periodic hJPA expansion, and Iy, [; are their
lengths. If Iy = 0, then the hJPA expansion of 8 is purely periodic. The
following lemma give us the relationship between periodic JPA expansion and
periodic hJPA expansion of the similar vectors.

Lemma 2. When JPA ezpansion of (01,0a,...,0,_1) is periodic with preperiod
and period lenght ly and ly, then the hJPA expansion of (1,61,0s,...,0,_1) is also
periodic with the same preperiod and period length and the unit € is the inverse
of Hasse-Bernstein unit.

Proof. 1t follows from the previous lemma. It is easy to see that

) 1 ) !
lot+i+ilh = ~ (1) (o) (lo+3) (lot+itjly) — Yo+ (lg+it1) (otitiln)
Qp QO Q7 Oy g ap_q Qg

So hJPA expansion is periodic and € is the inverse of Hasse-Bernstein unit.  []



2. Number fields

In this chapter, we will recall some basic facts about algebraic number fields.
Then, we will introduce a family of Ennola’s cubic fields and the indecomposable
elements in these fields.

The field K is a number field if it is a finite-dimensional extension of rational
numbers Q. And the number field is totally real if all embeddings of K into C are
real embeddings. For the element o € K the norm is Ng g(a) = IIy, Ai(«), where
A; runs over all embeddings K into C. For o we define a signature, Sgn(«) as a
vector of sings, where the i-th sign is + when \;(«) > 0 and — when \;(a) < 0.
We say that the element « is totally positive if \(«) > 0 for all embedings A, i.e.
Sgn(a) = (+,+, -+ ,+). The element « is indecomposable if it is an algebraic
integer and it cannot be expressed as o = a; + as where a; a s are algebraic
integer and have the same signature as the a. When « is indecomposable and
Sgn(a) = o, we can say that « is o-indecomposable. However, in this thesis
we will call them simple indecomposable elements, because it will not cause any
confusion.

2.1 Ennola’s number fields

In this thesis we will work with the family of Ennola’s cubic fields [7], [§], i.e. the
fields generated by a root 1 of the polynomial g(z) = 2%+ (b—1)2? —bx — 1 where
b € N. However, we will instead work with a root of the similar polynomial

f(@)=fo(x) =2 - (a—1)2* —ax —1

where a € N, a > 5, this roots generate the same fields. Let us denote by p; for
i € {1,2,3} the roots of polynomial f (in is easy to see that they are all real),
where p; < pa < ps. The relationship between roots of the two polynomials is
when p is root of polynomial f then —(a—1)—(a—1)p+ p? is a root of polynomial
g. In the later chapters we will look at the convergents of the hJPA expansion
of the triple (1, |p;|, p?) and compare them with the indecomposable elements of
the field Q(p;).
For roots of the polynomial f, we can easily see that

a—1 a—2
—l<—<p < —
a a—1

<0,

1 1
—1l<——-x< < ——<0
a—?2 p2 a—1 ’

a—1 a?—1 1
e <ps<a-+ o <a—|—¥.

The field Q(p;) is a totally real number field of degree three and with basis
{1, pi, p2}. For every 4,5 € {1,2,3} there is a Q-isomorphisms ), ; between Q(p;)
and Q(p;) such that p; is mapped on p;. Actually, every embedding Q(p;) into R
(or C) is one of these isomorphism, i.e. for element g,, = b+ cp; + dp? € Q(p;),
the imagines of these embedings from Q(p;) into R are

a<a-+

1. )\i,1<qu‘> = b+ cP + dp%a



2. Nig2(gp,) = b+ cp2 +dps,
3. )\Z-,g(qpi) =b+ CpP3 + dp%

From this we get that

N(qp:) = Xia(Gp) Ni2(qp,) Nis(qp,)-

From the previous paragraphs it follows that if ¢,, € Q(p;) is an indecompos-
able element, then also A; j(g,,) € Q(p;) is an indecomposable element in Q(p;).
At the same time, N(q,,) = N(Xi;(qp)) and Sgn(q,,) = Sgn(X;(qp,)) for ev-
ery 1,7 € {1,2,3}. From this, we can see that we only need to examine the
indecomposable elements in one of these fields, let us denote this field by Q(p).

It was proved by Ennola [7] and by Thomas [I§] that the fundamental units
in the order Z(p) are A and A — 1. From the relationship between roots of
polynomial f and g we get that the fundamental units in the order Z(p) are
—(a—=1)—(a—1)p+p*and —a — (a — 1)p + p*. Tt is easy to show that these
units have the signature (—, —, +):

—a — (a=Dpi+p; < —(a=1) = (a—1)p +pj
~1 (@-1? -a+1
< —(a—l)—(a—l)aa +(a ) S < 0,

a? a?

—a — (a=1)pp+p; < —(a—1)—(a—1)p2+ pj
1 1 —a® +6a® — 11la + 8
< —(a—1)=(a—1 = <0
(a=1) - (e )a—2+(a—2)2 (a —2)?

and

— (a—1)—(a—1)ps+p; > —a—(a—1)ps + p;

a’? —1 a—1 1—2a+a®—a*+a®
" )+ ala+ 2 = > 0.

> —a—(a—1)(a+ o

a3

HGHCG, Sgn(_(a o 1) - (a - 1)p + p2) = Sgn(_a - (Cl B 1)p + p2) = <_7 K +)
These units generate all units in this order, so all units have signatures (+, +, +),
<_7 ) _)7 (_7 ) +> or (+7 _'_7 _)

The following theorem gives us all indecomposable elements in the order Z(p),
which was proved by Kala and Tinkova in [12] and in [IT].

Theorem 3. ([12], Proposition 8.1) Let p be root of the polynomial z* — (a —
Da? —ar—1,a € N,a > 5. Then all indecoposable elements up to multiplication
by units in Zlp| are

I Yo=1—w+aw+ (1 —w+aw)p —wp* where 1 <w < a— 3,
2. 8y = l+v—u+taut(a—u+au)p—(u+1)p* where 1 <v <a—3,0 <u < v,
8. C=z+2+(z2+4)p+p* where 0 < 2z < a— 4.

Let us call these elements basic indecomposable elements.

8



One of the most important tools for comparing convergents and indecom-
posable elements is their signatures and norms. Indecomposable elements are
described in the previous theorem up to multiplication by a unit, hence if we take
an element from the field, it is not easy to see whether it is an indecomposable
element. However, each indecomposable element has in the absolute value the
same norm as some element from the previous theorem. Also, each indecompos-
able element has the same signature as some basic indecomposable element, up
to multiplication by a unit. Therefore, to distinguish indecomposable elements
in some hJPA expansion, it is necessary to know the norms and the signatures of
the basic indecomposable elements.

For the computation of norms, we use the Vieta’s formulas for polynomial
f,ie pipeps = 1 and pips + p1p3 + p2ps = —a. Then with help by computer
program we get that

1. N(vp) =1 —w? —w?® + a(w + w?),

2. N(b6yu) =1+ 3v+20? + v — 5u — 3vu — 3v*u — 2u® + 2vu? — ud + (—v —
v? + 4u + Svu + v?u — 2u? — vu?)a + (—u — vu + u?)a?,

3. N(G.) = 25+202 + 72° + 2% —az + (=2 — 2)a®.

a—2

a—1"

For the computation of signatures we use the fact that —“%1 < pr < —
—L <m<—-Handa<a+iS <py< a+ 25 < a+ Z5. We will show that

a—2 a3 a

Sgn(vw) = (+,+,+). We have that:

1 — whaw+ (1 —w+aw)p, —wpi

_ )2
a—l—l_w(a 1)
a a?

> l—w+aw+ (1 —w+ aw)
a+ 3wa —w 6
a? ” a?

in the inequality we used that 1 < w < a — 3. For the second root we get

1 — wtaw+ (1 —w+aw)py — wp

—1 1
> 1—w+aw+(1—w+aw)a_2—w(a_Z)2

w(a® —6a® + 11la — 7) + a*> — 5a + 6
— > 0,
(a —2)?

in the inequality we used that w > 0, a® —6a®> +11a —7 > 0 and a®> — 5a+6 > 0
for a > 5. And for the last root we have

1 — wHaw+ (1 —w+aw)ps — wps

1
> 1—w+aw+(1—w+aw)a—w(a+—2)2
a

2wa? 2(a — 3)a’ -3
= 1+a—w—wa74+w>1+a—(a—3)— (a=3)a"+(a=3) >
a

at



Therefore the signature of the element ~,, is (+,+,+). For the d,, we get
that

1 + v—u+au+(a—u+au)p; — (u+1)p]

—a+2
a—1 _(u+1)(a—1)2

—3—a®+3a®>+ (2a — 3)u + (a* — 2a + 1)v

_ )
)

< l+v—u+au+(a—u+au)

(a—1)2
—3—a®+3a®+ (2a — 3)v + (a? — 2a + 1)v

<
(a —1)?

-3 —a®+ 3a* + (a® — 2)v -3 —a*+3a*+ (a®* — 2)(a — 3)

< <
(a—1) (a—1)

—2a+3
= —Y0 < 0.

(a—1)2

Here, we used that 1 <v <a—3 and 0 < u < v. Then we have that

1 + v—u+tau+(a—u+au)p, — (u+1)p;

> 1+v—u+au+ (a—u+ au) —(u+1)

a—2 (a —2)?
= 3—2a+ (a®—6a*>+ 1la — T)u+ (a* — 4a + 4)v

> 3—2a+ (a® —6a®+ 11la — 7)0 + (a® — 4a + 4)1

= a*—6a+7 > 0.

For the last root, we get

1 + v—u+au+(a—u+au)ps — (u+1)p;

a—1 a?—1
p3) — (u+1)(a+

> 1+v—u+au+ (a —u+au)(a+ )?

a3

1—-2a®>+a*—2a°+a%+a” — a8 1—2a2+a*—3a°+2a%+a" + a®
= — 3 +v—u 5
a a
1—-2a®>+a*—2a°+a%+a” — a8 1—2a%2+a*—3a°+2a% +d”
= - ad —-v ad
1—2a®>+a*—2a°+a%+a” — a8 1—2a%+a* —3a° +2a® + d”
> - 3 —(a—3) 8
a a
2 —a—4a® + 2a® + 2a* — 8a® + 8a’
= p: > 0

We used that u < v < a — 3 Hence, we have that Sgn(d,,) = (—,+,+). The
elements (, have the signature (—, +, +), because

10



2+ 24 (z4+4)p + 0
—a+2 (a—1)?

< 2 4
224 (2 d) g
—a*+3a® +3a — 1+ za® —a®+3a® +3a — 1+ (a — 4)a?
= <
a3 — a2 a3 — a2
 —a*+3a—-1
= g g < 0,

2 4 24 (z+4)py + pl

-1 1
> 2 4
24+ 24+ (2+ )a_2+(a_1)2
~2a® —12a* 4 19a — 10 + (a® 4 5a® + Ta — 3)z
B (a—2)(a—1)2
2a® — 12a® 4+ 19a — 10 + (a® 4+ 5a® + 7a — 3)0
>
(a—2)(a—1)2
2a® — 124 + 19a — 10
= > 0,
(@—2)(a— 17

and

2 4 24 (z4+4)ps+p2
> 242+ (2 4+4)a+ad
= a*+4a+2+(a+1)z > a*+4a+2+(a+1)0 > 0.
Therefore, we have Sgn(¢.) = (—, +,+).

We can see that the elements 7, lie on a line. Moreover, it will be helpful for
us to know the direction of this line, i.e. what is the difference between ~,,; and
Yw- Because in Chapter [6] we will look at the convergents and discuss whether
they generate the incomposable elements, we will try to find such elements which
also generate this line. So, define 4, as

'7[ = Ywtl = Yw = l(@ - 1) - lp - po’
and it is easy to prove that
N(r%) - —TL3, Sgn(ﬁl) - <+7 =+, _) if [>0.
Similarly the elements ¢, lie on a line and define ¢, as

G = Corr — G =k + kp
and their norm and signatures are
N(G) =k, Sgn(() = (+,+,+) i k>0

Elements d,,,, form a triangle and the elements

Sn,m = 5v+n,u+m - (Sv,u =—m-+am-+n -+ (—m + am)p — mp2,
have the norm —m?+2m?n—am?n+ (a—3)mn®+n3. Signature of these elements

depends on the values of n,m and below in Figure [2.1} we can see some of these
elements 9, ,,, and their norms and signatures.

11



-1+2a (+,+,+)

5+6a (+,+,+)

-3

-2

Figure 2.1: Some of elements gnm
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3. Purely periodic JPA

In this chapter, we will show the proof from the [16] that for any real number field
there exists a basis for which the JPA expansion of this basis is purely periodic.
In the first section, we will show some properties of the purely periodic JPA
expansion from [5], [14], [16], and [20]. In the second section, we introduce the
Pisot numbers and some of their properties and in the third section, we prove the
main theorem. In the last section, we show an example of purely periodic JPA
expansion in one concrete field.

3.1 Properties of periodic JPA expansion

First, we need to define a set of matrices for a given JPA expansion. So, let us

consider the JPA expansion of elements o*) = (agy), ..., aW) with incomplete
coefficients a® = (a!”), ... ,a")) for some fixed n, then define (n + 1)-component
vectors

A" = (AP AV LAWY peN,

n

where A7 = 0if i # j, AY = 1ifi=j for 0<i,j <n and

A§y+n+1) — AW 4 agu)AguH) .. +a7(1V)AZ(u+n).

)

Thus, for instance (A"t1)T = (1, a?, . ,a")). Then M®, B® are (n+1) x (n+
1) matrix such that

00 ...0 1
1 0 o
B™ =10 1 0 al
00 ... 1 a¥

and

M) — (A(”)|A(”+1)| o |A(V+n)).
For matrices M), B") clearly hold that

M@+ — A )

We will prove that for purely periodic JPA expansion of the elements aq, . .., a,
the vector (1, ay, ..., a,) is an eigenvector of the matrix M where [ is the period
length of the expansion. This result follows from the following lemma, which was
shown in [20].

Lemma 4. ([20], page 262) Let us have the matrices BY, M® defined as above
and vectors v\ = (1,@51), o where i € N. Then the following equalities

hold
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k
1
) — = pAf(k),(K)
o = 1 M™
j=1 Qn
Proof. We have that
00 ... 0 1 1 Oé7(1k+1)
(k) (k+1) (k) (kt1
00 1 a®) \agm) a4 g
1
N0
Y S IR NSO
04£sz1

The third equality follows from the definition of the JPA expansion:

®) (k) 1
o = ap + QD
(k) (k) (kH)
2 1 .

This proved the first equation. For the second equation, we have that

kol ko L
-~ — [ M IBEDGE — [[ BB B,
oM 0 o) .
j=10n j=10n j=1CQn
k
- ] % BOBO | B2k _ 0
j=1CQn

When we consider this lemma for purely periodic JPA expansion, we get the
following corollary.

Corollary 5. ([16], page 146) If o) is purely periodic JPA with incomplete
coefficients a™) and period length , then vector v\ is an eigenvector of the matriz
MO

Proof. This follows from the previous lemma and the fact that v = v(©), O

For this JPA expansion the polynomial f(z) = (—1)"*'det(M") — xI), where
I is identity matrix, is the characteristic polynomial of this expansion. Let us
denote the matrix M — 2T by M and by g the largest root of this polynomial.
From [0] (page 244) and [14] (page 101) we know that g, is simple root and
R )

From [I4] we know that for the characteristic polynomial of the JPA ex-
pansion, the following theorem holds. We write here just the statement of this
theorem.
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Theorem 6. ([1])], page 104) The characteristic polynomial of JPA of (a1, -+ , )
is irreducible if and only if (1,4, ,aq) are linearly independent over Q.

Now we show some properties of incomplete coefficients a*) = (aﬁ”), o al)
(v)

%

of some JPA expansion o¥). We know that a
this we can get the following inequalities.

=[] for every i,v and from

Lemma 7. ([Ij), page 72) For a purely periodic JPA expansion o) with incom-
plete coefficients a') and periodic length 1, it holds that:

a >1,a" >a” >0, (0<i<n) (31
(any)a any—ll)7 s 7a£LV_‘f;2)) 2 (az(y)7 agi—;l)7 ) (V+l_1)7 1) (0 <1< n) 3.2
where > denotes the lexicographic order, i.e. for some two vectorsv = (vq,...,Uy,)

and u = (uy,...,u,) it holds that v < w if there exists some j € N, 1 < j <n
such that v; < u; and for all k € N, k < j is vy = uy.

Proof. This follows from the definition of JPA expansions. We know that for
every v it holds that

v— vV— 1 v— v—
ozg b :ag Vi~ and ag b _ Lag l)j.

o)

Hence,
L <1

o)
and

o > 1.

From the fact that o) = |a{")], we get that a{*) > 1. Similarly, we know that

v)

S A C Odi(;)l and ol " = [V,

n

From this we get that

Thus

aq(;,) 2 az@l
for all 2 < ¢ < n. This gives us inequality (3.1). For the inequality (3.2)) we know
that o > a”). If o) > 4", we know that the inequality (3.2) holds, and if

alV) = ag") we can see that

) Oé@—{l) ) o) " 1/—&—11)
alzx + i— _ C(iu < C(nu _ anu + nV— '
ang/-i-l) 047(7, +1)

Hence, ozgf{l) < aS’_Jrll) and a;_ 1 ). We can proceed the same way and

prove the inequality (3.2)). O
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On the contrary, if we have incomplete coefficients a(*) satisfying the inequal-
ities , , we can find (1, a4, ..., a,) such that the JPA expansion of these
elements has incomplete coefficients a*). This was showed in [4], we write here
just a statement of this lemma.

Lemma 8. ([Jl, Section 2.) Let us fix constant n € N, and assume that some

positive integers a( where 1 < i < n satisfy the inequalities (E) (.) Assume
that the matriz M is defined as above. Define the elements

95:(00)
gj,o(Qo) ’

o = 1<1<n

where g;;(x) is the minor of matriz M without (j 4+ 1)* column and (i + 1) row

and oq 1s the largest root of the characteristic polynomial of matriz M. Then vec-

tor (o, ..., ayp) have purely periodic JPA expansion with incomplete coefficients
(v)
a'").

Hence, now we can find a matrix M for some purely periodic JPA expansion,
and for some specific matrix M we can find elements (a4, ..., a,) such that this
matrix is related to the JPA expansion of these elements. We will use this in the
main theorem of this chapter.

In Theorem [0}, we will derive the form of the characteristic polynomial of purely
periodic JPA expansion with specific incomplete coefficients. This is Proposition
IT from the article [16]. However, the statement of the theorem is a little bit
different, because the definition of the coefficients ¢; in the article is not correct
(see remark under the proof).

Theorem 9. ([16], Proposition II) Let ay,as,...,a, are positive integers such
that

a, > Maz(ay,ag, ... 60,-1). (3.3)
Then the purely periodic JPA with period length n+ 1 and incomplete coefficients
™ =(0,...,0,1), 0<v<n-—1, ™ = (ay,ay,...,a,) (3.4)

has the characteristic polynomial
" — e F e — o (=D iz + (=1 =0, (3.5)

where for 1 < 7 <n we have

cn:<n+1>+§n:ak, ci:<”+1) g( k)ak (3.6)

n—i
Proof. From the assumptions we have that A° = (1,0,...,0),..., A" = (0,...,0,1).

(Sn, Sn_1,---, 1,1+ s,), where

55 = Z ag, 1< <n.



Then the characteristic polynomial of this expansion is

()

(—1)"*'det

(—1)"*det

1—=x 1 1 Sn
0 1—=z 1 Sn—1
0 0 1—2z s1
1 1 1 1+s,—x
1—=x 0 0 1
1 1—=x 0 1
1 1 1—=x 1
Sn Sp_1 S1 1+s,—x

Now, we subtract the first column of the matrix from the last column, and by
the expansion along the last column, we get that

det

det

Let us denote

Then we have that

/()

(=)™

11—z 0 0 1
1 1—=x 0 1
1 1 11—z 1
Sn Sp—1 S1 1 + Sp — X
1—=x 0 0 T
1 1—2z 0 0
1 1 11—z 0
Sn Sn—1 S1 1—2z
1 1—=x 0 0
1 1 0 0
2)"™ (1) P det | 2 S
1 1 1 1—x
Sn Sp—1 S9 S1
1 1—=x 0 0
1 1 0 0
D=|: I
1 1 1 1—=
Sn Sp—1 S9 S1

— )"+ (=1)""2 detD) = (z

—1)"* — x detD.

We will compute the determinant of D. Firstly, we subtract the first column of
the matrix from the every other column and then we multiplied every column,

17



except the first one, by —1. We get

1 1—z ... O 0
1 1 ... 0 0
detD = det| : : : :
1 1 1 1—=x
Sn Sn—1 ) S1
1 T 1 1
1 0 1 1
= (—1)""'det : .
1 0 0 T
Sn Sp — Sp—1 ... Sp— Sa Sp, — S1
Let us denote
0j = Sy — Sp—j = Zak— Zak Zak, 1<5j<n—-1, Op = Sp.
k=j+1

Now, we compute the determinant of D by expansion along the last row. Here
A; denotes the matrix

1 x 1 1 1 =z 1 1
1 0 1 1 1 0 1 1
1 0 0 T 10 ... 0 T
Sn Sp —Sp—-1 .. Sp—S2 S, — 851 Op 01 ... Op—92 Op_1

without last row and the j** column for 2 < j < n. Then by the expansion along
the last row we get:

detD = 0,2 " 4+ > (=1)"'o;_1detA;.
=2

We compute determinant A; as follows

1 = 11 1
10 ... 21 1

detA; = det|1 O ... 0 1 1
10 0 = 1
10 0 0 T
1z 1 0 0
10 ...z 0 ... 0 -

= det|1 0 ... 0 0 ... 0 = (=1 a2 (z — 1)

10 0 r—1 0
10 0 -1 r—1

18



= (D)"Y —2)"™ + (=1)"2xdetD) = (z—1)"" —zdetD
= (z—-1"" —x (anxnl + Z(—l)jlojldetAj)
j=2
= (z—-1"" —x (anmn ") oz - 2)”3)
j=2
n+1 1 n—1 n—1—j 1
= > L) iy VAR DD DI I (G i
i=0 ¢ =1 i=0 !
n+l 1 n—1 n—1 1=
— Z<n+ )( 1)n+1 'sz O-nxn—i_zajz:(n J>( 1)n121
i=0 v j=1  i=j v
= 2" — " e — o (=) e + (1)
where
n+1 n+1 "
(e () g
n n =
‘ n—l—j> <n+1> i3 <n—1—j>
¢ = Z ( = + Z Qg .
( ) = J ¢ =1 k=1 L=
n+1 : n—1-— n+1 : n—=k
)T () )
L k=1 j—k L k=1 n—1
Hence, the theorem was proved. O

Remark. In the article [16] we have the coefficients ¢; = (“jl) + Y51 (7;11:];) ag
but this cannot work. For instance, when we take n = 3 then we have

Cy = 6 + a1 + as,
but the characteristic polynomial of the expansion is
' — (4+ ay + ag + az)z® + (6 + 2a; + ax)z® — (44 ar)z + 1.

Hence, ¢, is not correct. In this thesis we proved that ¢; = ("H) + Zk 1 (" k) ag.

3.2 Pisot numbers

For the rest of the proof, we will need some properties of the Pisot numbers,
which are a positive algebraic integer greater than 1 whose all conjugates have
absolute value less than 1. All lemmas and theorem in this section are stated
without proof.
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Theorem 10. ([16)], Théoréme III.) Let qo be a Pisot number, qi,...,q, be its
conjugates. If there exist k € Z, 0 < k < n and integers l;,i; where j € {0,... k}
such that

0<ipg<iq... <1 <,

qi =1,
then eitherly=...=l, =0o0ork=nandly=...=1,.

Corollary 11. ([16], Corollaire III.1) Let gy be a Pisot number, q1,. .. ,qy, be its
conjugates. If |g;| = |g;| and i # j, then ¢; and q; are complex conjugates.

Corollary 12. ([16], Corollaire II1.2) Let gy be a Pisot number, 01, ...,0; be the
arguments of non-real conjugates q;,, ..., q;, of number qo. Then 2w, 0;,...,0, are
Q-linearly independent.

Theorem 13. ([16], Proposition IV.) Let K be a real number field of degree n+1
(n > 0). Then for arbitrary positive constant X there exists infinite many Pisot
numbers which generate K and are the roots of the following polynomial:

" — " Fep " — 4 ()" + (=1 =0

where ciy1 > A, i =0,...,n—1, (¢g =1).

3.3 Existence of the periodic expansion in any
real number field

In this section, we will prove that for every real number field there exist a basis
for which the JPA expansion is purely periodic. Firstly, we will show how for con-
crete ¢1,...,¢, and ay, ..., a, from Theorem@]we can find a vector (1, a4, ..., ay)
which is a basis of the field Q(«q, ..., «,) and have a purely periodic JPA expan-
sion. This we will need the theorem from [I5], and the consequence of Rouché’s
theorem from [22] and the Perron’s irreducibility criterion [23], we put here just
the statement of this theorems.

Theorem 14. ([6/, Théoréme 2) Let be aq, s, ..., o, an n-tuple with periodic
JPA expansion, where 1,aq, s, ..., q, are linearly independent over Q and let
the characteristic polynomial of this expansion be irreducible with a Pisot number
as root gg. Then Q(aq, ag, ..., a,) = Q(00) and the degree of Q(0o) is n + 1.

Corollary 15. (Corollary of Rouché’s theorem, [22]) If for the polynomial a,x™+
...+ a1x + ag exist a positive real number R and an integer 0 < k < n such that

|ag| RF > |ao| + -+ + |ap_1|RF1 + |apt [ R + - 4 |an| R™,

then there are exactly k roots, counted with multiplicity, of absolute value less

than R.

Lemma 16. (Perron’s irreducibility criterion/, [23]) Suppose that we have the
following polynomial with integer coefficients

fx)=a2"+ap 12" '+ 4+ a1x + ag,
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where ag # 0. If either of the following two conditions applies:
lan_1| > 14 |ap_o| + -+ |ao|, or

’an—1’ 21+‘an—2‘+"'+|a0’7 f(j:]')%oa

then f is irreducible over the integers (and by Gauss’s lemma also over the rational
numbers).

From these theorems and Theorem |8 we can prove the following theorem
where we will find the purely periodic JPA expansion for concrete coefficients c;
from Theorem [

Theorem 17. ([16], Théoréme II.) Let ¢, ..., c, be positive integers. Assume,
that integers ay, . . . , a, defined as in @ are non-negative and satisfies inequality
. Let og be the largest positive root of polynomial . Then we can find
ay, ..., an € Qo) such that their JPA expansion is purely periodic with period
length n + 1. Then the coefficients of the expansion are a\®,a™, ... a™ where
a are defined in .

If in addition, ¢, > c,_1+...+c1+1, then the polynomial is irreducible,
00 s a Pisot number and 1,cv, ..., o, s a basis of the field Q(gp).

Proof. 1t is easy to see that a; defined in Theorem [§] satisfy the condition of the
theorem. Moreover, we get that o = H§:1 aly) > 1, because from the inequality
(3.1)) we have al/) > 1 for every j € N.

The second part of the statement is clear from the previous corollary and
theorem. When we assume that ¢, > ¢,_1 + ...+ ¢ + 1 and take R = 1 then
we can see from Corollary [14] that the characteristic polynomial has exactly n
roots, counted with multiplicity, of absolute value less than 1. Hence, we get that
0o is a Pisot number. And from Perron’s irreducibility criterion we get that this
polynomial is irreducible.

Then from the Theorem |§| and Theorem (14| we get that Q(ay, ag, ..., ap) =
Q(go) and the degree of Q(go) is n+ 1. Hence, 1,1, - , v, is a basis of the field

Q(00)- ]

Finally, we will prove the main theorem of this chapter, where we show that
in every real number field exists a purely periodic JPA expansion.

Theorem 18. ([16], Théoréme IV.) In every real number field K with degree n+
1, there exist infinitely many n-tuples (o, ..., ay) such that their JPA expansion
is purely periodic and (1,0, ..., ) is a basis of the field K.

Proof. The idea of the proof is to find infinitely many constants A from Theorem
such that for every {ci,...,c,} where

Ciy1 >Nt =0,--- . n—1land ¢g =1
it has to hold that
a; >0, fori=0,---,n—1and a, > Max(ay,as,...,a, 1)

where a; are from the equations (3.6). Then we will use Theorem [13|and Theorem
!
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From the fact that all coefficients ¢; are positive we can easily see that there
exists constant \; such that when ¢;.q7 > M\i¢;, 0 =10,--- ,n—1and ¢g = 1. We
get that all coefficients a; are non negative. For instance, for a; we know that

n+1
C1 = 1 +T()CL1

where 7; is some positive constant which depends only on n. Hence, if we take
A1 > n + 2, then we get that ¢; > (n 4+ 2)cg = n+ 2 and so 1pa; > 0 and a; is
positive. Then for a; we have that

n+1
Co = 9 + Ta1 + Taaz

where 7y, T are some positive constant which depend only on n. Hence, if we
take that A; > 5 4 71 we get that

n+1 n T n 7
+’7'1a1+7'2a2 = Cy > <+> cT > (+) (7’L+1+’7'0a1)
2 2 70 2 T0

n+1 . +n +7'1( +1)
= Tia1 + =Toa1 + —(n .
9 141+ 5700 .

Thus, mas is positive and also as is positive. Therefore, we can proceed in the
same way and for every a; we can find some condition. Then we can fix some \;.

For the condition a, > Max(ai,as,...,a,—1) we find Ay such that for all
A > )Xo this condition holds. We know that a,, depends only on ¢,,. We have that

cn:n—|—1+Zak
k=1

and .
n-+1 =
Cn—1 = <n _ 1) + k;ﬂkak

where p > 1. Hence, when we take A\ > 4, then we get

n + 1 n—1 n—1
n+1—|—Zak > 4<<n )—I—Z,ukak) = 2(n+1)(n)+z4,ukak.
k

=1 n—1 =1 k=1
Therefore,
n—1
Ay > Z ag,
k=1

so also a, > Maz(ay,aq,...,a,1). Then we take A = Maz(A;, \y).

For this A we can find a Pisot number gy and ¢;, a; from Theorem Then
by Theorem we can find «aq,...,a, € Q(gy) which have a purely periodic
JPA expansion with period length n + 1. Moreover, we can easily see that the
condition ¢, > ¢,_1 + ...+ ¢; + 1 holds (because Ay > 4), hence g, is a Pisot
number and the elements 1, aq, ..., a, form a basis of the field Q(go). O
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3.4 Example

In this section, we will show the concrete example of purely periodic expansion in
one real number field. In the previous chapter, we say that in this thesis, we work
with the fields Q(p) where p is one of the roots of polynomial 2 —(a—1)2? —az—1
where a € N, a > 5, so we will find a purely periodic JPA expansion in one of
these fields.

Let us take a = 5 and f(x) = z® — 42 — 5z — 1 and let p be the largest root
of the polynomial f. We know that this polynomial has other roots less than 1
in absolute value, hence p is a Pisot number. In the previous chapter, we showed
how the norm of the element looks like in this field and it is easy to show that
N(p) = —1 and N(p?*) = 1 for every k € N. Hence, p?* is a Pisot number of the
norm 1. From [16] (page 150) we know that Q(p) = Q(p') for every I € N, hence
we can use any Pisot number of the form p?*. Also, we know that degree of this
field is 3, thus n = 2.

We need to find polynomial from Theorem [17] of the form

23 — cor? + cqx — 1, where ¢3 > ¢ + 1
and ai, as such that as > a; > 0 where

co=3+a;+ayand ¢t =3+ a1

or equivalently
ap=c —3anda, =cy— .

First, we look at the minimal polynomial of p? which is
x® —262° + 17z — 1.

This polynomial is in the right form, but the condition ay > a; > 0 is not satisfied
because here we get a; = 14 and as = 9. Thus this polynomial does not work.
So, we try the minimal polynomial of p*:

2 — 6422% + 237x — 1.

For this polynomial we get that a; = 234 and ay = 405 which satisfies the
condition ay > a; > 0. Hence, from Theorem [9] we know that the purely periodic
JPA expansion with period length 3 and incomplete quotient

a® = (0,1) aV =(0,1), a® = (a1, ay).
has the characteristic polynomial
r® — 6422% 4 237z — 1.

Now we just have to find the ay, @y from Theorem [I7] We have that

1—=x 1 a, + ao 1—= 1 639
M = 0 1—x Ao = 0 1—=x 405
1 1 1+a1+ay—2 1 1 640 — =
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From this we can compute that for j = 2 we get

_ g2a(p") _ 405(p" — 1)
g20(p*)  639p* — 1044

a7

and A )
o — 92,2(P) _ (p*—1)
* 7 gaolp)  639p" — 1044

Therefore, by Theorem (18| the pair (a1, as) has purely periodic JPA expansion
with period length 3 and with incomplete coefficients

a® =01 V=01, a®=(a1,a).

Moreover, (1, a1, as) is a basis of the field Q(p).
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4. The JPA expansion

It this chapter we will find the JPA expansion of the couple (|p|, p*), where p is
one of the roots of polynomial 2% — (a — 1)z — ax — 1 where a € N, a > 5. Let
us denote this polynomial by f(z) (or f.(x)) and the roots of the polynomial by

P1s P2, P3, Where p1 < pa < p3.
From Chapter [2] we know that

a—1 a—2
—l<———<p < —
a a—1

<0,

1 1
—l<——— << ——<0
a—2 p2 a—1 ’
a—1 a’? —1

a<a+———<pg<a-t "
a a

1
<a+?

4.1 The first root

We will prove that the JPA expansion of the couple (|p1], p?) is periodic with
preperiod length 4, period length 7, and the first eleven iterations are

al® —p1 P?

atl) —p1 a+(a—1)p1 —p3

a® a® —2a+ 1+ (a® = 2a+2)p1 + (—a + 1)p3 a+(a—1)p1 — p

a® —p1 —1+ (—a+1)p1 + p?

a® —a?+3a—14 (—a?+3a—3)p1 + (a — 2)p? a+(a—1)p1 — p?

a® | a7 (=2 = 3p1 +}) a7 (—2+ (—2a+4)p1 + p7)
a® | a—1+(a—1)p1 —pi —a+ (—2a+1)p1 + 2p?
oM -3+ (—a+1)p1+p] —1+ (—a)p1 + p?

a® 527 (20— 5+ 3p1 — p7) a7 (—4+ (=20 + 1)p1 +2p3)
a® m(—(a_g)z_(a2_3a+3)p1+(a—2)p§) m(a2_6a+7—(2a—4)p1 +p2)
a(10) —p1 —2+4 (—a+1)p1 +p3
o) —a?+3a—14 (—a® +3a—3)p1 + (a — 2)p? a+(a—1)p1 — p?

We will calculate the expansion directly from the definition of JPA, so the "
iteration is

i—1 i-1)  (i—1 i—1
O ozg ) _ aé ) 04:(3 ) _ aé ) 1
Cngfl) _ angl) ’ Oéngl) B angl) ’ Oéglfl) B a(zfl)

where ag-k) = La,(f)J. It follows straight away from the definition that at®) >0 for

J
all 7, k, since the elements ot is always non-negative which follows from the fact

J
(0)

that the elements ;" are non-negative.

First iteration
From the fact that —1 < p; < 0 we directly get the value of a(”), where

@’ = "] = |=p) = 0,
@’ = o] = 1) =0
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Now, it is easy to see that

L _ ag()) - ag)) _ pi _
RN )N ) -
o —ay —hP1
and
() 1 1 :
ay’ = = = a+ (a—1)p1 — pi.
? a§°> — ago) —P1 !

In the last equality we used that p; is a root of the polynomial 23 — (a — 1)z —
ax — 1. So, it also implies

(a+(a—1Dpr = pi)(=p1) = pi — (a = 1)pi —apr = 1.
Hence we get o) = (—py,a+ (a — 1)p; — p?).

Second iteration

Let us count first a). From the first iteration we know that agl) =|—p1] =0.

So, we only need to compute agl) = mgl)J:
1y 9 —a+1 a*—2a+1 B a—1
ay’ = a+(a—1)pr—p{ > a+(a—1) P g = 1+ e 1,
2
1 9 —a+ 2 a® —4a+4
o’ = at(e—Dp—p <atla—l)——r——7rp
2a — 3
= 2—-14———- < 2.
- a?> —2a+1

Hence, we have that a() = (0,1).

It simply follows the identities

@ oy —d at(a—1)p —pi-1
“aT oo
;T —ay —h1
= a*—2a+1+(a®>—2a+2)p + (—a+1)p3
and
@) 1 1 2
ay’ = = = a+ (a—1)p; — pi.
? agl) — agl) —P1 !

In the both equations we again used that (—p;)™! =a+ (a — 1)p; — p3.
This means that a® = (a? —2a + 1+ (a®> — 2a + 2)p1 + (—a + 1)p?,a + (a —

1)p1 — p3).

Third iteration
We will repeat the same step as in the previous iteration. So, we first show
that a® = (0,1):
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a? = @ —2a+1+ (a®—2a+2)p + (—a+ 1)p?

) 9 —a+2 a? — 4a + 4
< -2 1 -2 2 — 1)—
a a+1+ (a a+ >a—1 + (—a+ )a2—2a+1
2_9 2 24 4
= a2—2a+1—(a2—2a+2)+a ocre_ ¢ ot
a—1 a—1
2a — 2
- 1+ - 142 = 1.
a—1

Since the element 0452) is non-negative, we have a?) = 0. And from the second

iteration we have that aéz) = aél) = 1.
To calculate of”) we use that (a2 —2a+1+ (a® —2a+2)p, + (—a+1)p2) (=1 +
(—a + 1)py + p?) = 1. This follows from the fact that p? = (a — 1)p? + ap; + 1.

Hence,

ol = of — a3’ — at(a=Dp—pi—1 = =P
T 00 T o at 11 (@201 2+ (—a+ VA3 :
and
1 1

o —a?  a®—2a+1+(a®—2a+2)p + (—a+ 1)t
= —1+(—a+1)p +pi.

We verified that a®) = (—py, =1+ (—a + 1)p; + p?).
Fourth iteration

As usual we first calculate a®. From the previous iteration it is clear that
af’) = (0 and so we need to compute only a§3):

—a+2 a’—4a+4

(3) 2
— 14 (—a+l > —1+(-a+1
s + (—a+1)p1 + py +(—a+ )a—l a? —2a+1
2 _da+4
= —1+a—2++$ > a—3
a2 —2a+1
and
—a+1 a*—2a+1
0y = I+ (—atDpr+pf < —14(cat)——+
1 —2a+1 1
_ _1+a—2+—+1+a72+=a—2—at <a-2
a a a

Thus, we get that a®® = (0,a — 3). A trivial verification shows that

w o —a’ 14 (-atDp+pi-a+3
N ) B ) N
o)’ — a4y —p1

= —a’+3a—1+(=a®>+3a—3)p; + (a—2)p]
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and ] 1
(4) 2
ay’ = = = a+ (a—1)p; — py.
? af’) — af’) —P1 !

In the both equations we again used (—p;)™! = a + (a — 1)p; — p}. Therefore
we have that a®) = (—a®+3a—1+4(—a*+3a—3)p;1+ (a—2)p?,a+ (a—1)p1 — p?).

Fifth iteration

Firstly, we will show that a® = (0,1). The element 0454) is greater or equal

to zero, so we just need to show that 0454) < 1. Here we need to use the fact that

—a*+a®+2a+2
P} < p1-

ol = —a®+3a—1+ (—a®+3a—3)p + (a —2)p?
—a* 4 a® + 20 + 2 —a* 4 d® + 20+ 2\’
< —a*+3a—1+(—a*+3a—3) ¢ —|—aa4—|— o —|—(a—2)< ¢ aa4—|— ot
—8 — 12a — 4a3 — 2a* + 8a® — 2a° + a®
= < 1.
ad
Hence, ag4) = 0 and from the second iteration we know that agl) = 1. When we

realize that = (—a?+3a—1+(—a*+3a—3)p1+(a—2)p})(—2+(—2a+4) p1+p?) =
1, it easy to see that

o o) —a at(a—1)p—pi—1
1 oV —afV -+ 3a—14(=a®+3a—=3)p1+ (a—2)pt
1
= -2-3 3
Sy p1+ p1)
and
2 ol —a{¥ —a?+3a—1+(—a?2+3a—3)p + (a —2)p?
1

= o 772+ (=204 4o+ pi).

Therefore, we get that a®) = (= (=2 —3p1 + p?), 2= (—2+ (—2a+4)p1 + p?)).

Sixth iteration
Now, we will compute a®. For a§5), we can see that

1 —a+1 a*>—=2a+1
R —2-3 2) < —2-3
1 2a — 7( Pt o) 2a — 7 ( a + a?
1 3 —2a+1 1 2a®2—5a+1
- Y S AN [ ) <1
2a—7( + a+ + a? ) 2a — 7 a?
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and because a§5) > 0, we get that a§5) = 0. For aés), it holds the following

G _ L oo 5
ay’ = 2a—7( 2+ ( 2a+4)p1—|—,01>
1 —a+2 a’?—4a+4
> -2 -2 4
2a—7< + (=204 )a—l a2—2a+1>
1 2 —2a+ 3
= 94 %64+ p 1
2a—7( reambh T +a2—2a+1)
1 1
= 1 1
T Ta—2atr1l
and
e _ L _ 5
ay’ = 2@_7( 2+ ( 2a+4)p1+p1)
1 —a+1 a>—2a+1
< -2 -2 4
2a—7< T(~2a+4) i a’ )
1 4 —2a+1
- 24264414 LT
2a—7( e 6+a+ * a? )
1 2a+1
= 1 S 2.
+2a—7 a? <

Hence, a® = (0,1). Now it is simply to verify that

o oy g (224 (“20k py+pf) 1
R R S

= a—1+(a—1p —p

and

© _ 1 _ 1
? 0455) — a§5) 2a1—7 (_2 - 3p1 + p%)

= —a+ (—2a+1)p; +2p3.

We used that 5= (=2 — 3p; + pi) (—a + (—2a + 1)p; + 2p}) = 1. Therefore, we
get the following identity a(® = (a — 1+ (a —1)p; — p?, —a+ (—2a + 1)p, +2p3).

Seventh iteration
From the second iteration we know that a$” = 1 = la+(a—1)p; —p?]. Hence

it is clear that a!® = la — 14 (a—1)p; — p?] = 0. So we only need to compute
aéﬁ). For a > 5 it holds

—a+2 a? —4a+4

© _ 2
ay’ = —a+(—2a+1)P1+201>_a+(_2a+1)@_1 a?—2a+1
-1 —4a +6 —da+7
= —a+20-34+—+2+5—— =a—-14+5——
at20 =3+ + 24 ooy = a1 o
> a—2
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and for a = 5 we have f5(r) = 2° — 42? — 5z — 1 and p; < =3

15> then we get that

31 312
o) = —5-9p +20° > 5+ 9% T 2
2541, )
800

Together we get that agﬁ) >a— 2 forall a > 5. For ozgﬁ), it holds that
—a+1 a’?—2a+1

agﬁ) = —a+(—2a+1)p1+2p] < —a+(—2a+1) a +2 a?
-1 —4 2 -3 2
— —a+2a—3+7+2+a7+ = a_l"‘ai—'— <a-L
01 ) a?

Hence, we have a(® = (0,a — 2). We will use the following identity (a — 1+ (a —
)p1 — pi)(=1+4 (—a)p1 + p7) = 1 to verify that

NG o — ol  —a+ (—2a+)py 4207 —a+2
1 - =
oy’ — at” a—1+(a—1)p —pi

= 34 (—a+1)p +p?
and
o = 1 _ 1
al® — gl a—1+(a—1)p —pi
= —l+(=a)pi+p1.

Therefore, ' = (=3 + (—a + 1)py + p?, —1+ (—a)p1 + p?).

Eighth iteration
We will show that a(” = (¢ — 5,a — 2). For o{” we have that

—a+2 a’?—4a+4

M = 34 (-a+1 2> 34 (—a+1
—2a 4+ 3 —2a+ 3
= -3 -24+1+——-—— =a—4+———F7—> > a—>
ta * +a2—2a—1—1 ¢ +a2—2a—|—1 “
and
—a+1 a®>—2a+1
L 3+ (—a+Dp +p] < =3+ (—a+1) - + o
1 —2a+1 - 1
= B4a—24 41+ — a4y 2T o ay,
a a a
For ozg) we can see the following
2
(M 14 (— 2o 14 (— —a+2 a*—4a+4
" ] 1 T4 —2a+ 3 . —3a+4
a—1 a? —2a +1 a? —2a+1

> ag—2
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and

—a+1 a*>—2a+1
_|_

o)) = —14(—a)p+p} < —1+4(—a) - o

2 +1
= lda—l+14 2 oo
Cl

Now, when we used the identity T1_7(—a +2+ (—a+1)p1 +p})(—4+ (—2a +
1)p1 + 2p%) = 1, it is easy to verify the following equalities:

o oo —a 14 (ca)p+pi—at?
! ol? — {" -3+ (—a+1)p1+p—a+5
1
= 20 — 5+ 3p; — p?
5, 7 (20— 5430 —p1),
© _ 1 _ 1
’ oz§7) — agﬂ =3+ (-a+1)p+pi—a+5

1
= 5 7(—4 + (=2a + 1)p + 2p7).

Therefore, a® = (qu@a —543p1 — p1), 5o (—4+ (—2a + 1)p1 + 2,0%)).

Ninth iteration
Firstly, we will count a®:

(8) 1 9 —a+2 a2—4a+4
= 2a — 5+ 3p1 — < 20 —5+3
“ 2a 720 =5 F 30 =) 2a—7<a a—1 a—2a+1
1 —2a+3
= 2a —5—3 11—
2a—7<a +a—1 a2—2a+1)
~ oy 1 —2a*>+9a—38 <1
B 20—7 a®>—2a+1
and because oz§8) > 0, we have that al = 0. We will show a( )= 1.

1
0f) = S (—4+(=2a+ Dpy +24})
1 —a+2 a2—4a—|—4
> —4 4+ (—2a+1 2
2a—7< +(2t >a—1 * a2—2a+1>
1 1 —4a + 6
- 4+20 -3 - ——+2+ 5———
2a—7( T a—1" +a2—2a+1)
—5a+7
B 24— ) > 1
+2a—7( +a2—2@+1)

and
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1
oy = (—4+ (=2a+1)p1 + 2p7)

20 — 7
1 —a+1 a? —2a+1
—4 -2 1 2
2@_7< + (—2a+1) - + 5 )
1 1
= (—4+2a—3—|—+2—|—
a

20 — 7
—3a—|-2)

1
=1 2
+ 7<+ a?

a
—4aq + 2
a? >

< 2.

Hence, a® = (0,1). Now it is easy to find the value of a*:

Oégg) _ Oéés) — CLéS) _ 2a177(_4 + (-2(1 + 1)p1 + 2p%) —1
agg) — agS) 2a1—7 (2(1 -5 + 3p1 — p%)
1 2 2 2
= m(—(@ —2)"=(a" = 3a+3)p + (a —2)p7)
and
Ofég) = ! = 1 .
Oé§8) — agg) a—7 (2(1 — 5 + 3p1 — p%)
1

= m(GQ —6a+7— (2a —4)p, + p?).

We used that the inverse of the element 3-1=(2a — 54 3py — p) is p—rz(a® —

6a +7 — (2a — 4)p1 + p?). Therefore, we get: a®) = (m(—(a —2)? — (a® -

3a+3)p1 + (a —2)p}), msags(® — 6a+ 7 — (2a — 4)p1 + 7).

Tenth iteration
We will show that a® = (0,1):

1
9
off = S (~(a =27~ (@ = 3a+ 3)pr + (a —2)p})
1 —a+1 a*—2a+1
—(~@-27- (- R T
= a2—5a+5< (@=2) ~ @ et f)— =+ a-2—p7 )
1 3 da — 2
a —5a+5 a @
1 < 2+2a—2) <1
— _— a — °
a2 —5a + 5 a?

9 (9)

So, ag ) = 0, because ;" is non-negative. Then we get the following inequalities:
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(9) 1

ay = g (= 6atT—(2a—4)pi + pi)
1 ) —a+2 a*—4da+4
> a2_5a+5<a —6a+7— (2a —4) p— +a2—2a—|—1>
1 9 2 —2a+ 3
N a2—5a+5<a _6a+7+2a_4_2+a—1+1+a2—2a—|—1>

1 1
- 1+a2—5a+5(a_3+a2—2a+1) > 1

and

) 1

of) = (et T (20— Do+ 4d)
1 , —a+1 a*—2a+1
- - - —6a+7—(2a—4
a2_5a—|—5<a ot (2a ) a * a? )
1 4 —2 1
- (a2—6a—|—7+2a—6++1+a+>
a?—5a+5 a a>
1 2a +1
S -3 < 2.
+a2—5a+5(a " a? )

Thus, a® = (0, 1).
From the fact that m(—(a—@z —(a*—=3a+3)p1+(a—2)p})(—2+ (—a+
1)p1 + p?) = 1 we can see that

10— ozég) - aég’ _ aQ_éa—i-E)(aQ —6a+7—(2a—4)p1 +pi) — 1
' o —a?  ams(—(a—2) = (a® = 3a +3)p1 + (a - 2)p})
= —pP1,
? o —d?  ams(—(a—2) = (a® = 3a+3)p1 + (a — 2)p})

= 24 (—a+1)p +p°.
Hence, the tenth iteration is o' = (—p;, =2 + (—a + 1)p; + p?).

Eleventh iteration
(10)

From the first iteration we know that a; ° = [—p;| = 0. From the fourth
iteration we know that | -1+ (—a+1)p1+ p}] = a—3, hence af'? = |—24(—a—+

)p1 + p3] = a—4. A trivial verification shows the following identities

ay _ of”—add” 24 (-a+p+pl-a+4

a§1°) — aﬁ“’) B —P

= —a’*+3a—1+(—a*+3a—3)p1 + (a —2)p],
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a(n) B 1 _ 1
? ozglo) — aglo) —P1

— a+(a—Lp— g2

Therefore, 'Y = (—a?+3a—1+(—a?+3a—3)p1+(a—2)p?, a+(a—1)p; —p?)
and ¥ = o™, We showed that JPA expansion of the couple (|p1], p?) is periodic
with preperiod length 4 and period length 7 and derived the first eleven iterations.

4.2 The second root

We will prove that the JPA expansion of the couple (|pz|, p3) is periodic with
preperiod length 3, period length 3, and the first six iterations are

ol 2 p

a —p2 a+(a—1)p2 - pj
a@ a+1+(2a—1)p2 + (—2)p3 a+ (a—1)p2 — p3
a® | = é(2a279a+10+(a2 —2a—1)pz2 + (2 — a)p3) 5(2(12 —8a+ 8+ (2a2 — Ta + 6)p2 + (5 — 2a)p3)
a® 1—p2 a—2+ap2—p§
a®) a+(2a—1)p2 + (=2)p3 a+(a—1)p2 —p3
a® 2(2a® = 9a+10+ (a® =2a—1)p2 + (2 — a)p3)  +(2a® —8a + 8+ (2a> — Ta+6)p2 + (5 — 2a)p3)

where g = 2a® — 12a + 17.
We use the same technique as for the first root. For the second root we know
that a%12 < pg < a%ll and from the definition of the JPA expansion we know that

a,gj) > ( for all k,7 € N.

First iteration

The first iteration is the same as the first iteration of the first root. We can use
exactly the same proof, because for the first root we only used the fact that —1 <
p1 < 0, which also holds for the second root. Hence, o) = (—py, a+(a—1)pa—p2).

Second iteration
We will prove that a®) = (0,a—2). From the previous iteration we know that

(1) gl)J =a—2:

ay’ = M”J = 0. So it is enough to verify that agl) = |«

(1) 2 —1 1
= at+(a—1D)ps—p; > a+(a—1 -
Qs a+ (a—1)ps — p3 a+(a—1) 5 5

1 1 1 . a—1 - 9
= a—1-— — =a—1— — a—
a—2 a?2—4a+14 a? —4a+4
and

. —1 1

ay’ = a+(a—1)p2—p; < a+(a_1)a—1_a2—2a+1
1
= a—1- <a-1
“ a?—2a+1 “

SO
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) )

@) agl—agl B a+(a—1)py—ps—a+2
N o_ o
;) — a4y —p2
= a+1+2a—1)py —2p3
and
) 1 1
Ckg ) = 1) D = = a-+t (CL - 1)p2 - pg

oy’ — ag P2

Hence, we get that a® = (a 4+ 1+ (2a — 1)py + (=2)p2,a + (a — 1)ps — p2).

Third iteration

First we will compute that a®® = (a — 2,a — 2). From the previous iteration
(2) (2)

we know that ay” = a — 2, so it is enough to calculate a;™:

(2) ; = 1

o’ = atl+@a—Dpp+(=2)pp > at+14+Qa—1)——+(=2)5— )
et S S R U S
- a—2 2—da+d " a? —4a+4 “

and

(2) 5 = :

a;” = a+1+2a—1)ps+(=2)p; < a+1+(2@_1)ﬁ+(_2)m
_ apqfatl 2 _ ppo—e=b 1
=« a—1 " @—2a+1 Z_2q41 4T

Now, it is easy to verify that

@ o —a?  a+(a—Dp—pi—a+2
T Ty @ 2
@1 _al a+1+(2a—1)p2+(—2)p2—a—|—2
1
= 20> — 9a + 10 2 _9%a—1 2 — a)p?
and
NO 1 _ 1
i a?—a® T a+14Q2a—1)p+(-2)p3 —a+2
1

= 20> — 8a+8+ (24> — Ta + 6 5 — 2a)p3)).
In the both equations we used that 5——5—r= (34 (2a—1)p2 + (—2)p3)(2a* — 8a +
8+(2a®—7a+6)py+(5—2a)p3)) = 1. Therefore, a'®) = (5—5—7-(2a> —9a+10+
(a2—2a—1)p2+(2—a),0§),m(2a2—8a+8+(2a2—7a+6)p2+(5—2a)p§)).
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Fourth iteration
We will show that a® = (1,1). For af’) we have the following

al? = 2a2_112a+17(2a2—9a+10+(a2—2a—1)p2+(2—@)p§
> 2a2_112a+17 (2@2—9a+10+(a2—2a—1)a__12+(2—a)a2_ia+4)
- 2a2—112a—|—17<2a2_9a+10_a+ai2+a23;aa+4>
- 1+2a2_112a+17<4“‘7+m) -1

and

ol = 5.7 112a n 17(2a2 —9a 410+ (a* — 2a — 1)ps + (2 — a)p3)
< 2a2_112a+17(2@2—9a+10+(a2—2a—1)a__11—|—(2—a)a2_;a+1)
- 2a2—112a+17(2a2_9a+10_a+1+a_—21+a235aa+1>
- 1+2a2—112a+17<4a_8+az—;a+1) <2

For aég) we get

ot = 57 112a n 17(2a2 —8a+ 8+ (2a* — Ta + 6)ps + (5 — 2a)p3)
> 2a2_112a+17(2@2—8a+8+(2a2—7a+6)a__2—|—(5—2a)a2_4a+4>
- 2a2—112a—|—17(2_8a+8_2a+3+(5_2a>a2—4a+4)
- 1+2a2—112a+17 <_6+(5_2a)a2—4a—|—4) -1

and

ot = 5 112a n 17(2@2 —8a+ 8+ (2a* — Ta+6)py + (5 — 2a)p3)
< 2a2_112a+17(2@2—8a+8+(2a2—7a+6)a__1+(5—2a)a2_2a+1>
= 2a2_112a+17<2a2—8a+8—2a+5—|—a__11—I—(5—2a)a2_;a+1)
= (e A (63 ) < 2

Hence, a®® = (1,1). Now, when we used that m(i’)a —T+(a*—2a—1)py+

(2 —a)p3)(a— 2+ apy — p3) = 1, it is easy to check that
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@ o) —af¥ s (20% = 8a+ 8+ (202 — Ta +6)py + (5 — 2a)p3) — 1

ol _ _ 2a2-12a+17
a® — o® sar—izari7 (20 — 94+ 10+ (a? — 2a — 1)py + (2 — a)p3) — 1
and
w1 1
2 al¥ —al® 557 (207 — 94+ 10+ (a? — 20 — 1)py + (2 — a)p3) — 1

= a—2+apy — p3
So, the fourth iteration is (1 — pg,a — 2 + apy — p3).

Fifth iteration

We will show the following identity a¥ = (1,a — 4). From the first iteration

we know that | —ps| = 0, then it is clear that a§4) = |1—p2] = 1. So it is enough

to show a§4) =a—4:

Qs a + apa — p; a —|—aa_2 2 —da+4
-2 1 2a — 3
= a—2-1 — =a—3———F7"— > a—14
¢ +a—2 a? —4a + 4 ¢ a? —4a + 4 “
and
(4) 2 —1 1
= a—2 —p5 < a—2 —
2 “ apz =P “ +aa—1 a?—2a+1
—1 1 a
= a—2-1 — =a—-3—-————— < a—3.
“ +a—l a?—2a+1 “ a? —2a+1 “
It is easy to verify that
G) as! — a? _a—=2+4apy,—p;—a+4
e ) N ) N 1— 1
oy’ —ay P2

= a+(2a—1)p2 + (=2)p3

and

o _ 1
alt —al¥ L—p2—1

= a+(a—1)p—p.

We used the fact that (1 — py — 1)(a + (a — 1)py — p3) = 1. Therefore, a®) =
(a+ (2a —1)pa + (=2)p3,a + (a — 1)p2 — p3).
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Sixth iteration

From the third iteration we know the following: |a+1+(2a—1)pa+(—2)p
a—2,50 a” = [a+(2a—1)pa+(=2)p3| = =1+ |a+1+(2a—1)pp+(—2)p3] =
And also from the third iteration we know that a$” = la+(a—1)py—p3] =
So, a® = (a —3,a — 2).

Now it easy to check that

5 =
a—3.
a—2.

ol = of) —af _ _at(a-Dp-pp-at3
T AP T e e Dpt (D —a+2
1
= 2a> — 9a + 10 + (a*> — 2a — 1 92— )2
27 120 1720 T e+ 104 (¢ =2a=1)p, + (2= a)py)
and
NONNS 1 _ 1
P T W T at@a-Dp+ (2 —a+2
1

_ 2 2 2
= 5" 1%at 17(2a —8a+ 8+ (2a® — Ta+6)p2 + (5 — 2a)p3).
Therefore, we prove that o(%) = (5—— (20> — 9a+ 10+ (a* — 2a — 1)py +
(2 — a)p3), sor—iomri7 (207 — 8a+ 8 4 (2a° — Ta + 6)py + (5 — 2a)p3)). We can see
that o® = o which means that we derived the form of the JPA expansion of
the couple (| p2|, p3). Tt is periodic with period length 3 and preperiod length 3.

4.3 The third root

The JPA expansion of the couple (ps,p3) is periodic with preperiod length 2,
period length 1, and the first three iterations are

a® P3 P%

ol | atps pst
a® | la+1+p3 p3+p3
a® a+1+ps p3+p;

We Wlll use the same technlque as for the other roots. Here we know that
a<pz<* +1 (and all a( > 0 from the definition of the JPA).

First iteration

We prove that a®) = (a,d?).

Weknowthata<p3<a—|—1 soal = |p3] = a. And a* < p3 <L‘13+1:
a® + 2a 20%51 < 42 4+ 1. So, a = |p%]| = a®. From this we get that

0 0
O aé)—aé) _ P?J,—GQ _
GUF 0 e AT
ap — a4y p3—a

and
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(1) 1 1 2
2 aﬁo) — ago) p3 —a K

Hence, the first iteration is (a + p3, p3 + p3).

Second iteration
We prove the following identity: a®") = (2a,a + a?).
From the first iteration we know that |ps] = a, so a{” = |a+ps] = a+ |ps] =

2a. For the agl) we compute

ol = ps+pl > a’+a
and
(1) 9 a+1 a®+2a®+1 a®+a® +2a® +a® + 1 9
Q' = p3tpz < 5T 1 = 1 < a“+a+l.
a a a
So, agl) = a® + a. Now it is easy to show that
(1) (1) 2 2
(2) Q" —ay pstp3—a”—a
o} = = =a+1+4ps
' ozgl) — agl) a+ps—2a
and
(2) 1 1 )
? o —afV a+p3—2a S

Therefore, a® = (a + 14 ps, p3 + p2).

Third iteration

From the second iteration we know that af) =la+1+4+ps]=1+]a+ps| =
2a+ 1 and af? = |p3 + p2] = a® + a. Hence, a'® = (2a+ 1,a + a?). And we can
easily check that

(2) (2) 2 2
(3) Q9" — Qg p3+pz—a”—a
f— f— p— ]_
“ oD@ T atltp—20-1 “TITP

and

3 1 1

pu— pumy 2.
“ 04(12)—ag2) a+1+p3—2a—1 P3 T+ P3

So, a® = (a + 1+ ps, p3 + p2). We can see that the second iteration is the
same as the third iteration, so we proved that the JPA expansion of the couple
(ps, p2) is periodic with preperiod length 2 and period length 1.
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5. The hJPA expansion

In this chapter we will find the hJPA expansion of the triple (1, |p|, p*), where
p is one of the roots of the polynomial 2* — (a — 1)z? — ax — 1 where a € N,
a > 5. We are use the expansions from Chapter [4] and Lemma [I} which gives
us the relationship between JPA expansion and hJPA expansion. It holds that
if ol is the JPA expansion of the pair (|p|, p?), then i'" iteration of the hJPA

expansion of the triple (1, |p|, p?) is given by the following relation:

(51'7 agl) 51'7 Ckg)(sz)

where 5k:W fOI‘kZO, (50:1
2 2

5.1 The first root

We will show that the first eleven iterations of hJPA expansion of the sequence

(L, lp1], pi) are

1 —pP1

—pP1 ot 1
02 14 p1 —A1
14 p1 —p1 — P} p3
—p1 -0} —a+3+(-a+3)p1 + 0] 14 p1
—a+3+ (—a+3)p1 + p3 1+42p1 + p? —p1 — p3
1+2p1+pf a73+(a74)p172pf 7a+3+(7u,+3)p1+p%
a73+(a74)p172p§ 72a+5+(73a+7)p1+(7a+3)p% 1+2p1+p%
—a2+6a—10+(—a2+6a—13)p1+(a—7)p§ —a?+5a—5+(—a +6a—6)p1+(2a—3)p% a—3+(a—4)91—2p%
—a? +5a — 5+ (—a? + 6a — 6)p1 +(2a73)p§ a? —5a+ 7+ (a2 — 5a + 9)p1 +(7a+5)p? B.(Q)
a275a+7+(a275a+9)p+(7a+5)p2 a7577p+(7a74)p2 6(310)
a—5—Tp+ (—a— 4)p2 —a® 4+ 8a2 — 22a + 23 + (—a® + 8a2 — 23a + 30)p + (a2 — Ta + 17)p2 Bz“’
where
(9) 2 2 2
p3’ = —a*+6a— 104 (—a” +6a —13)p1 + (a — 7)p7,
(10) 2 2 2
ps ' = —a®+5a—5+(—a”+6a—6)p+ (2a — 3)p°,

B BT (@ =5+ 9+ (< 5)

First iteration
Firstly, we find ¢; from Lemma [I}
1 1

61 - — =
al)  a+(a—1p —pf

_pl.

Then we count the first iteration:

8O = (51,01"61,01"8)) = (=p1, —pr(=p1), —prla+ (a = L)py = p}))
= (_p7p271>'

In the last equality we used that p5 — (a — 1)p? — ap; = 1.
Second iteration
For 8§, we have
1 1 1

02 = —v 37 = 01—57 = —P1
aay? ay) a+(a—1)p1 — pt

= —Pl(_P1) = /)%
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and then we get
B8P = (d2,01705,05762) = (7, p1(a® = 2a + 1+ (a* = 2a +2)p1 + (—a+1)p}),

pila+ (a—1)p1 — p?)) = (03, 1+ p1, —p1).
Third iteration
In the same way we find B(?’),

L 1
o P (Cat Do+ A
= Al -20+d’+ @22+ )p+(1-a)p}) = 1+p

53:(52

and

5(3) = (53,a§3)53,a§3)53)
= (14 p1, (14 p1)(=p1), L+ p) (=1 + (—a+ Dp1 + pi))
= (14 p1,—p1 — i, p}).

Fourth iteration
For 6, and ™ we have

1 1
64 = (537 = (1 +Pl)
04§4) a+(a—1)p —pi
= (1+p)(=p1) = —p1 —p}
and
W = (64,0164, a5Y6))

—p1 = pi)(a+ (a—1)pr — p7))

(
= (=p1—pl, (=p1 — p) (=0 + 3a = 1 + (=a® + 3a — 3)p1 + (a — 2)p}),
(
(=p1r = pi,—a+ 3+ (=a+3)p1 + pi, 1+ p1).

Fifth iteration
We will compute d5:

1 1
0 = d— = (=p—pi
° 4Oé§5) ( ! 1) 2(11_7(_2 + (—2& + 4)p1 + p%)
(14 p)(=1+3a—a®>+ (=3 +3a — a®)p, + (=2 +a)p?)

= —a+3+(-a+3)p+ i

Then we get

BO = (65,0165, 0565)
(—a+3+(—a+3)p + pi,

(=2 =3p1+ 1)),

1
—a+34+(—a+3 2
( a+ +( a/+ )p1+pl)2a_7

(—a+34(—a+3)p1+p7) (=24 (=2a+4)p1 + pi))

2a — 7
= (—a+3+(—a+3)p1+pl, 1+ 2p + pi, —p1 — p}).
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Sixth iteration
In the sixth iteration we have that

1 1
86 = 05—= = (—a+3+(—a+3)p +p>
6 5@56) ( ( ):01 pl)_a+(_2a+1)p1+2p%
—2 = 3p1 + 7
= (—a+3+4(—a+3)p1+p}) o -
= 1+2p+p
and
5O = (G, o, o)

(

(1+2p1+pf, (1421 + p)(a = 1+ (a = 1)pr — p})),

(1+2p1 + p)(—a+ (=2a+ 1)p1 + 2p7))
(142p1+pfa—3+ (a—4)p1 — 207, —a+ 3+ (—a+ 3)p1 + p}).

Seventh iteration
We will show that d; = a — 3+ (a — 4)p; — 2p%:

1
1+ (=a)p: + pt
= (L+2p1+p)(=1+a+ (=1+a)p — pi)
= a—3+(a—4)p — 203

1
07 = 06—y = (1+2p1 + pi)
o)

and then
5(7) —

14 2p1 4 p}).

Eighth iteration
It is easy to see that

1 1
68 = 577: a—3+ a—4p1—2p2
ol o=y Vo A (20t Do+ 200

= (a=3+(@—4p —201)(2—a+ (1 —a)p + p})
= —a’+6a—10+ (—a®+6a —13)p; + (a — 7)p?

5(8) = (58704?)58,04;8)58)
= (—a*+6a—10+ (—a®>+6a — 13)p; + (a — 7)p3,
(2a — 5+ 3p1 — p?)
2a — 7 ’
(—4+ (=2a+1)p1 + 207)
2a — 7

(—a® +6a — 10 + (—a* + 6a — 13)py + (a — 7)p?)

)

a—3+(a—4)p —2p).
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Ninth iteration
For 69 we have

g (58029)
= (—a®+6a— 10+ (—a® +6a — 13)p, + (a — 7)p7) (a2_6a+7_(12a_4)p1+p%)
a®—5a+5
= (=a®+6a—10+ (—a® +6a — 13)p, + (a — 7)p?) S 22aa+_37pl lli
= —a’*+5a—5+(—a*+6a—6)p, + (2a — 3)p?
and we get

B9 = (89,018, 0”59)

= (—a®*+5a—5+ (—a*+6a—6)p1 + (2a — 3)pi,

—(a—2) = (a® = 3a+3)p1 + (a — 2)p?

(—a® +5a — 5+ (—a® + 6a — 6)p1 + (2a — 3)p?)

a’>—b5a+5
2—6a+7—(2a—4)p1 + p?

2 2 2\ @
— 5a — b5+ (— 6a — 6 2a — 3
(—a” + 5a + (—a® + 6a — 6)p1 + (2a — 3)p7) T ha 1 h
= (—a®>+5a—5+ (—a*+6a—6)p1 + (2a — 3)p?,

a® —5a+ 7+ (a* = 5a +9)p1 + (—a + 5)p3,

—a® 4 6a — 10 + (—a® + 6a — 13)py + (a — 7)p3).

Tenth iteration
We can verify that

d10

and

5(10)

1
09—
aém)

89 !
—2+ (—a+1)p1 + p?
8 —10a + 6a? — a® + (8 — 10a + 5a% — a®)p1 + (4 — 4a + a?)p?
—8 + 8a — 6a? + a3
= a®>—5a+ 7+ (a* —5a+9)p1 + (—a + 5)p?

- 9

(5107 04510)5107 04510)510)

(a®> —5a+ 7+ (a®> —5a+9)p; + (—a+5)pi,
(a* = 5a+ 7+ (a* = 5a + 9)p1 + (—a + 5)p7)(—p1),
(a®> —5a + 7+ (a® —5a +9)p, + (— )02 (=2 4 (—a + 1)py + p2))
( ( 5—Tp1+ (—a—4)pi,

(
a+5)p7)(
a®> —5a+ 7+ (a®* —5a+9)p; + (—a+5)pi,a
—a? +5a — 5+ (—a® + 6a — 6)p; + (2a — 3)p3).
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Eleventh iteration
The last iteration is
1
011 = 00—
11 10 O_/éll)

1
a+(a—1)p — p
= (a* —5a+7+ (a* —5a+9)p+ (—a+5)p*)(—p1)

a—5—"Tp+ (—a—4)p

= (a®=5a+ 7+ (a®>—=5a+9)p+ (—a+5)p?)

and

5(11) _

—a® + 8a® — 22a + 23 + (—a® + 8a® — 23a + 30)p + (a® — Ta + 17)p?%,
a? —5a+ 7+ (a®> —5a+9)p+ (—a+5)p?).

We found how the first eleven iterations of the hJPA expansion of the sequence

(1,|p1], p?) look like. From Lemma [2] it follows that this expansion is periodic

with preperiod length 4 and period length 7. It is easy to verify that for ¢ =
0

1 .
[[of) =2—a®+(=143a+a* = a*)ps + (=2 — a+ a®)p} is B0t = gL,
i=4

5.2 The second root

We will show that the first six iterations of hJPA expansion of the sequence
(17 ‘/02|7p%) are

1 —p2 03
—p2 o3 1
3 1+ (a—2)p2 —p2
1+ (=2+a)p2 + (—a+2)p3 —p2 + (—a +2)p} P}
—1+ (—a+1)p2 —1+ (—a+2)p2 + (a — 1)p3 14 (=2+a)p2 + (—a+2)p3
p2 + (a—1)p3 a—3+ (a® —4a+2)p2 + (—a+2)p3 ~1+ (—a+1)p2
a—3+(a%—-5a+5)p2+(—a?+3a—1)p2 —1+4 (—2a+3)p2+ (—a®+ 3a—2)p3 p2 + (a—1)p3

Again, we will use Lemma [I| that gives us the relationship between JPA and
hJPA expansion of the sequences (|ps|, p2) and (1, |p2], p3).

First iteration

Firstly, we find &,

1 1

5 —_ — p— .
! o a+(a—1)py — p} P2
Then we get
BY = (61,0781, 08%61) = (—pa, —pa(—pa), —pala+ (a—1)ps — p2))
= <_p27p§7 1)
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Second iteration
The second iteration is
1 1
1775y — —P2
at? a+(a—1)ps — p3

0y = 0 = —pa(—p2) = ,03

and

6(2) - (527 0552)627 a§2)52>
= (p3,pa(a+1+ (20— 1)pa + (=2)p3), pila+ (a — 1)py — p3))
= (05,14 (a—2)p2, —p2).

Third iteration
We will compute &5 and 5O):

1

1 2
—= = p
o) e (207 = 8a+ 8 4 (242 — Ta + 6)pz + (5 — 2a)p3)

= p3(3+ (2a—1)ps—2p3) = 1+ (=2+a)p2 + (—a+ 2)p3,

03 = 02

6(3) = (53,@53)53,0553)(53)
= (1+(=2+a)p2+ (—a+2)p3,
2a? — 9a + 10 + (a* — 2a — 1)py + (2 — a)p3

(L4 (=2+a)p2 + (—a+2)p3)

20 — 12a + 17 ’

20 — 8a + 8 + (2a* — Ta + 6)py + (5 — 2a)p3

1+ (-2 —a + 2)p? 2
( +( +a)p2+( a+ )p2) 2a2_12a+17 )

= (14 (=2+a)p2+ (—a+2)p3, —ps + (—a+2)p3, p3).

Fourth iteration
As usual we find d,:

1

1
a—2+ap; — p3
—T+3a+(—1—2a+a*)ps+ (2 —a)p’
17 — 12a + 2a?

0 = 03 (1+ (=2 +a)pz + (—a+2)p3)

= (1+(=2+4a)p+ (—a+2)p3)
= —1+(—a+1)p,

and then we get

BY = (54,016, a85y)

(=14 (—a+1)ps, (=1 + (—a+ 1)p2)(1 — p2),
(=14 (—a+1D)ps)(a—2+apy — p3))

(=14 (=a+1)py, =1+ (=a+2)p2 + (a = 1)p3,
L+ (=2+a)ps + (—a+2)p3).
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Fifth iteration
We can see that

1 1
— G = (=14 (—a+1
(55 54@&5) ( + ( a + ),02)a + (CL N 1)p2 _ p%
(=14 (—a+1)p2)(—p2)

= pp+(a—1)p;

and
5(5) = (55, 55,042 5)
= (p2+ (a—1)p3, (p2+ (a — 1)p3)(a+ (2a — 1)pz + (—2)p3),
(p2+ (a = 1)p3)(a+ (a—1)ps — p3))
= (pp+(a—1)ps5,a—3+ (a®> —4a+2)py + (—a+2)p5, —1 + (—a+ 1)py).

Sixth iteration
The last iteration is

1

oP

56:55

1
(p2 + ( )p3) sar—i5a717 (20% — 8a+ 8 + (24 — Ta + 6)py + (5 — 2a)p3)

(P2 + (a = 1)p3)(3 + (=1 + 2a)pz — 2p3)
a— 3+ (a* —5a+5)py + (—a* + 3a — 1)p;

and

5(6) = (56,a§6)56,ag6)56)
= (a—3+ (a®—5a+5)p2 + (—a* + 3a — 1)p3,
2a% — 9a + 10 + (a® — 2a — 1)pa + (2 — a)p}

06
2a2 — 12a + 17 ’
5, 2a% — 8a + 8 + (24> —7a+6)p2+(5—2a)p§)
2a2 — 12a + 17

= (a—3+(a®> = 5a+5)ps + (—a® + 3a — 1)p3,
—1+ (—2a+ 3)pa + (—a® + 3a — 2)p3,
p2 + (a —1)p3).

We determined the first sixth iterations of the hJPA expansion of the se-
quence (1,]ps|,p3). From Lemma [2] it follows that this expansion is periodic
with preperiod length 3 and period length 3. We can verify that (1 + (=2 +
a)pg + (—a + 2)p3, —ps + (—a + 2)p3,p3)et = (a — 3 + (a®> — 5a + 5)py +
(—a? —i— 3a —1)p2,—1+ (—2a + 3)ps + (—a® + 3a — 2)p3, p2 + (a — 1)p3), where

€= H ol = 14 (=1 +a)ps + (=2 + 2a — a?)p3. Hence, BBe~! = B©) and the

Hasse Bernsteln unit is —1 4 (=14 a)ps + (—2 + 2a — a?)p3.
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5.3 The third root

We will show that the first three iterations of hJPA expansion of the sequence
(17 |I03|7p§) are

1 —p3 P3
—a + p3 —a? +p§ 1
a? —2ap3+p5 14+a?2+a3+ (—a—a?)ps3 —a+ p3 ’
1—a®+ (a+3a2)ps+ (—1—2a)p2 —a—a®—a*+ (14 2a% +2a%)p3 + (—a —a?)p? a2 — 2ap3 + p2

First iteration
In the first iteration we have that

and
/8(1) = (5170451)517@&1)51)
= (—a+ps,(—a+ps)(a+ps), (—a+ps)(ps + p3))
= (—a+ps,—a® +p3, 1).

Second iteration

Then, we get
1
b2 = 01— = (—a+ps) = (—a+ps)(—a+p3) = a® = 2aps + p3
a§2) p3 + p3 ’
and

5(2) = (527 0552)527 04§2)52)
= (a® = 2aps + p3, (a® = 2aps + p3)(a + 1+ p3), (a® — 2aps + p3)(ps + p3))
= (a® = 2aps + p3, 1+ a® + a® + (—a — a®)ps, —a + p3).

Third iteration
We can see that the last equation is

1 1
03 = o5 = (> =2aps +p3)———
oy “ps+ 03

= (a® = 2aps +p3)(—a+p3) = 1—a’+ (a+3a*)ps + (—1 — 2a)p3,

B3 = (g, ag3>53,ag3>5 )
= (1-d’+(a+3a*)ps + (—1 — 2a)p5,
(1 —a® + (a+3a*)ps + (=1 —2a)p3)(a + 1 + p3),
(1 —a®+ (a+3a%)ps + (=1 — 2a)p3) (p3 + p3))
= (1-d° +(a+3a )ps + (=1 — 2a)p3,
—a—a® —a* + (14 2a* + 2a*)p3 + (—a — a*)p3,
a® — 2apz + p3).

We derived the first three iterations of the hJPA expansion of the sequence
(1, |psl, p3). From Lemma [2|it follows that this expansion is periodic with prepe-
riod length 2 and period length 1. We can verify that (a* — 2aps + p2,1 + a* +
a®+ (—a—a*)ps,—a+p3)et = (1 —a®+ (a+3a*)ps + (—1 — 2a)p%, —a — a® —
a* + (14 20 + 2a%)ps + (—a — a?)p?, a — 2aps + p2), where e = at? = ps + p2.
Hence, 8®e¢~! = 33) and the Hasse-Bernstein unit is p3 + p2.
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6. Indecomposable elements in
the expansions

In this chapter, we will compare the convergents from the previous Chapter and
the indecomposable elements from Chapter 2] As we say in Chapter 2] the impor-
tant tools for comparing these elements are their norms and signatures. So, we
will start with computing norms and signatures of convergents from Chapter [j]

6.1 Norms and signatures of convergents

We know that the hJPA expansion of the triple (1, |p;]|, p7) is periodic with prepe-
riod length 4, period length 7, and the first eleven iterations are

6.1.1 First root

1 —P1 pf
—p1 o3 1
p? 1+ p1 —P1
1+ p1 —pP1 *p? pf
—p1 — p? —a+3+(—a+3)p1 + 0} 14 p1
—a+3+ (—a+3)p1 +p? 1+ 2p1 + p3 —p1 —p?
1+ 2p1 + o2 a—3+ (a—4)p1 —2p3 —a+3+ (—a+3)p1 +p?
a—3+(a—4)p1 — 203 —2a 45+ (=3a + 7)p1 + (—a + 3)p} 14 2p1 +p}
7a2+6a710+(7a2+6a713)p1+(a77)pf 7a2+5a75+(7a2+6a76)p1+(2a73)p§ a73+(a74)p172p§
—a2+5a—5+(—a2+6a—6)p1+(2a—3)p% a2—5a+7+(a2—5a+9)p1+(—a+5)p% Bég)
a? —5a 47+ (a® = 5a + 9)p + (—a + 5)p> a—5—Tp+(—a—4)p2 gl
a—5—Tp+ (—a—4)p2 —a3 +8a2 — 22a + 23 + (—a3 + 8a2 — 23a + 30)p + (a2 — 7a + 17)p? 5@11)
where
(9) 2 2 2
ps’ = —a‘+6a—10+ (—a”+ 6a — 13)p; + (a — 7)pi,
(10) 2 2 2
fBs ' = —a”+5ba—5+(—a”+6a—6)p+ (2a —3)p,

B = @ —5a+ T+ (a® = 5a+9)p+ (—a +5)p%

Norms and signatures of these elements are in the following table. We will
calculate them in the same way as norms and signatures of the indecomposable
elements in Chapter 2] We write here only the determination of signatures for

some more complicated elements, i.e. the elements §4), 56),557), §8), ég) and

8.
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N(f1) Sgn(B1) N(B2) Sgn(B2) N(Bs) Sgn(fs)
B0 1 (+,+,+) -1 (+,+,—) 1 (++,+)
B —1 (+,+ ) 1 (+,+,+) 1 (++,+)
8?2 1 (+,+,+) 1 (+,+,+) —1 (+,+,—)
BB) 1 (++,+) -1 (+,+,-) 1 (+,++)
B —1 (++,-) —2a+7 (+ - +) 1 (+,++)
B®) —2a+7  (+,—,+) 1 (+,+,+) —1 (+,+,—)
3 1 (+,+,+) —1 (+,+.—) | —2a+7 (+,—,+)
B —1 (+,4+,—) | 2a2 —14a+23 (+,—,—) 1 (+,+,+)
B®) 2a —7 (+,——) | —a®+5a—-5 (+,—,+) —1 (+,+,—)
B | —a2+5a—-5 (+,—,+) 1 (+,4,4) 20 — 7 (+,—,—)
310) 1 (+,+,4) ~1 (+,4,—) | —a*>+5a—5 (+,—,+)
puy —1 (++,-) —2a+7 (+—+) 1 (+,++)

For the computation of signatures we use the fact that every convergent is positive
and that —1<—£<p2<—a—£1<0anda<p3<a+a%.
The element 654) has the signature (4, —,+), which we can check in the

following way

M2(BY) = —a+34(—a+3)pe+pi < —a+3+(—a+3)(=1)+0% =0
and
1
Ms(BY) = —a+3+ (—a+3)ps+p3 > —a+3+(—a+3)(a—|—§)+a2

2a® +3a®> —a+3

> 0.

a?

We can see that Sgn(6§6)) =(+,+,—):

-1

Ma(BY) = a_3+(a—4)p2—2p§>a—3+(a—4)a_2—2(a_2)2
2a — 6
= a—4 0
a +(a—2)2 > 0,

1
Ma(B”) = a=3+(a—4)ps—2p5 <a -3+ (a-4(a+ ) -2

= —a*—3a—3+

a—4
a2

< 0.

The element 557) has the signature (4, —, —), because

Ma(B) =

—2a+5+ (=3a+T7)ps + (—a+ 3)p3

-1
—2a+ 5+ (—3a + 7)m + (—a+3) @17

—2a +4
-2 8+ ———— <0
a+ +(a_1)2 ,
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Ara( é”) = —2a+5+(=3a+T7)ps+ (—a+3)p3
< —2a+54+(=3a+T)a+ (—a+ 3)a?
= —a*+5a+5 < 0.

We can verify that the element 558) has the signature (4, —, —):
)\1,2(59)) = —a’+6a— 10+ (—a* +6a — 13)py + (a — 7)p3
—1 1
2 2
< —a”+6a—10+ (—a +6a—13)m+(a—7)(a_2)2
—a* + 11a3 — 464 + 90a — 73)
= < 0,
(—2+a)
A1 s( §8)) = —a*+6a—10+ (—a*+6a — 13)p3 + (a — 7)p3
1
< —a*+6a—10+ (—a*+6a—13)a+ (a — 7)(a + ?)2
-7
— —d* 460> —1da—10+ 2" < 0.
a
We can calculate that Sgn(85Y) = (+, —, +):
A1 2 58)) = —a’+5a—5+ (—a®+6a—6)py + (2a — 3)p5
—1 1
2 2
< —a®+5a—5+(—a +6a_6)ﬁ+(2a_3)(a—2)2
—a* 4+ 10a® — 37a* + 60a — 35
= <0
EEE
and
)\173(558)) = —a’+5a—5+ (—a®+6a—6)ps + (2a — 3)p3
1
> —a’+5a—5+ (—a® 4 6a —6)(a+ =) + (2a — 3)a®
a
6a — 6
= a*+2a*—a—6+ a2 > 0.
a
And finally the signature of the element 659) is (+, 4+, +):
Ma(BY) = a® —5a+ 7+ (a2 —5a+9)ps + (—a+ 5)p
—1 1
2 2
> a°—ba+ 7+ (a —5a+9)aj+(—a+5)(a_2)2

a* — 10a® 4 38a% — 68a + 51
= > 0
(—2 +a)?

and
9y _ 2 2 2
Ms(By’) = a*—=ba+T7+ (a”—ba+9)ps+ (—a+5)p;
1
> a’ —5a+ 7+ (a*> —5a+9)a+ (—a+5)(a+ —)?

a2
100 —a+5
— @idatst T2 oy
a
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From the fifth chapter we know that the eleventh iteration is the same as the
fourth iteration multiplied by the unit a® — 4a +4 + (a® —4a+5)p; + (—a + 3)p3.
It is easy to verify that this unit has the signature (4, +, +), so the elements in
the eleventh iteration have the same norms and signatures as the element in the
fourth iteration.

6.1.2 Second root

For the second root, we know that the hJPA expansion of the triple (1, |ps], p3) is
periodic with preperiod length 3, period length 3, and the first six iterations are

1 —p2 03
—p2 P2 1
o3 14 (a—2)p2 —p2
14+ (—2+a)p2 + (—a+2)p3 —p2 + (—a+2)p3 o2
—14 (—a+1)p2 —1+(—a+2)p2+(a—1)p§ 14 (=2+a)p2 + (—a+2)p3
p2 + (a —1)p3 a =3+ (a® — da+2)pz + (-a+2)p} 1+ (—a+1)p2

a—3+(a%—-5a+5)p2+(—a2+3a—1)p2 —1+4(—2a+3)p2+ (—a®+ 3a—2)p3 p2 + (a—1)p3
The norms and signatures of these elements are in the following table. We
again show just computation of signatures for some complicated elements, i.e.

elements Big), 554) and [3’55)

N(B) Sgn(B1) N(B2) Sgn(B2) N(B3) Sgn(Bs3)
B0 1 (+++) —1 (++,-) 1 (+++)
EIS —1 (++,-) 1 (++ 1) (+,++)
3@ 1 (+,++) | —a*+5a—5 (—,+,+) —1 (+,+, )
B | 202 —12a+17 (—,+,—-) | a®>=5a+5 (—,+,-) 1 (+,+,+)
E1S) —1 (+,+,-) 2a — 1 (+,+,+) | 2a> =12 +17 (-, +,—-)
B®) 1 (+,+,+) 2a — 7 (—+,—) —1 (+,+,—)
BO [ 2a2 —12a+17 (—,+,—) | a*—5a+5 (—,+,-) 1 (+,+,+)

For the computation of norms we again use that every convergent in the
expansion is positive and that —21 < p; < — a<p3<a —|—

We get that Sgn( 1 ) = (—,—l—, —):

al’

Ma(BY) = 14 (=2+a)p + (—a+2)p?

—a+2 (a—2)?
< 1+4+(-2 — 22—
+ ( +a)a_1+( a+ )(a—1)2
B —2a® + 12a* — 22a + 13 <
- (—1+a)? ’

Mos(BY) = 1+ (=2+a)ps + (—a+2)p2
1 2
< 1+ (—-2+a) <a+a2) + (—a+2)a

= —a3+3a2—2a+1a_2 < 0.

a

We can verify that the Sgn(ﬁgl)) = (+,+,+):
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Ma(BY) = —14 (—a+2)p+(a—1)p°

—a+2 (a —2)*
> =1+ (= 2 -1)—-—=
+( a—l—)a_l + (a )(a—1)2
2a®> —9a +9
- 4TI oy,
a—1
AR 2
Aoa(Ba”) = =14 (=a+2)ps+(a—1)p;
1
> —1+(—a—|—2)<a+a2>+(a—l)a2
—1+2
= a’—2a°+2a—1 j > 0.
a

And the last element is ﬁég)), which has signature (—, 4+, —):

)\2,1(555)) = a—3+ (" —4a+2)p + (—a+2)p;

—a+2 (a —2)?
< a-3 2 _da+2 —a+2)——~
a=3+ (@ —da+2) 7+ (Ca+ 2
—a* +7a® — 156> +9a + 1
= <0

(~1+ap

and

Xog(B7) = a=3+(a® —da+2)ps+ (—a+2)p3
1
< a—3+(a*—4a+2) <a+a2> + (—a +2)a®

—4 2
= —2a2+3a—2+a7+ < 0.

a2

From the previous chapter we know, that the sixth iteration is equal to the
third iteration multiplied by the unit —1 + (a — 1)py + p3, which has signature
(4+,+,+). Hence, the elements in the sixth iteration have the same signatures
and norms as the element in the third iteration.

6.1.3 Third root

From the previous chapter, we know that expansion of the sequence (1, |ps|, p3)
are periodic with preperiod length 2, period length 1. The first three iterations
are:

1 —p3 o3
—a + p3 —a? + p% 1
a? — 2ap3 + p3 14+a?+ a3+ (—a—a?)p3 —a+ p3 ’
1—a®+ (a+3a?)ps + (-1 —2a)p2 —a—a®—a* + (1 +2a% +2a%)p3 + (—a —a?)p? a2 — 2ap3 + p2
The norms and signatures of these elements are in the following table. The

signatures here are relatively obvious, so we have here this table without any
computation.
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. N(B1) Sgn(B:) N(pBs) Sgn(B2) | N(Bs) Sgn(fs)
5 1

L ) (==+) ] 1 )
BUT 1 (= —+)| 1-2a+2d (—,—4+)| 1 (+,++)
L i (0| 1 ;

5@ 1+ a+ 3a®+ 2a®
ﬁ(g) 1 (_J_7+ 1+a+3a2+2a’3 (_J_7+) 1 (+7+7+
We know that the third iteration is the second iteration multiplied by the unit

—a + p3, which has signature (—, —,+). (Hence, the signature of the third and
second iteration are not the same.)

6.2 Comparing convergents and indecomposable
element

From the third chapter we have that the indecoposable elements up to multi-
plication by units in the field Q(p) (where p is one of the roots of polynomial
23— (a —1)2% — ax — 1 where a € N, a > 5) are

L Yo=1—w+aw+ (1 —w+aw)p — wp* where 1 <w < a— 3,
2. 6yu = l+v—u+aut(a—u+au)p—(u+1)p* where 1 <v <a—3,0 <u <,
3. &=z+2+(z2+4)p+p* where 0 < z < a—4.
And the norms and signatures of these elements are
L N(y) =1-w®—w’+a(w+w?), Sgn(ye) = (+,+,4),

2. N(0y4) = 14 3v+20* +0° — bu— 3vu — 3v?u — 2u® + 2vu? —u® + (—v —v? +
4u + bvu + v¥u — 2u? —vu?)a + (—u — vu + u?)a?, Sgn(dy.) = (—, +,+),

3. N(¢.) =25+20z+ 72+ 2% —az + (=2 — 2)a?, Sgn((.) = (—, +, +).

The elements 7, lie on a line, where

M= Y+l — Y :l(a_l) —lp—lp2
and
N(3) = =n®, Sgn(§)) = (+,+,—) for  [>0.

The elements 9, form a triangle with

5n,m = 5v+n,u+m - 5v,u =-—-m-+am+n-+ (—m + am)p — me,

and
N(Opm) = —m> + 2m>n — am®n + (a — 3)mn® + n®

and the signatures of these elements are different depending on the m,n (see
Figure [2.1)). Similarly, the elements ¢, lie on a line and

Ch=Cork — Co =k + kp
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and the norm and signatures are
N(G) =K, Sgn(G) = (+,+,+)  if k>0,

In the expansion we will discuss whether the elements in one iteration give the
mdecomposable elements, concretely we wﬂl examlne the elements of the form
B — i B — 5185 and B — hoBlY — 5585 where hy,is, by, js € Z. We will
compare these elements with the indecomposable elements in the order Z[p;]. We
will show that, for specific hy, ho, 1, j2, some of these elements generate indecom-
posable elements. For simplicity, we will omit the indices of the h, j in some of the
following calculations, where it will be clear from the context which coefficient is
meant.

6.2.1 First root

Firstly, we look at the convergent in the hJPA expansion of (1,|p1], p?). Here it
is enough to examine just the first ten iterations because the hJPA expansion is
periodic with preperiod length 4 and period length 7.

(i) Elements ,

Here we examine if some iteration generates elements 7, and ;. First, by
comparing of norms we try to figure out if some elements Bt have the same
norm as some element v, or 4;. Then we will try to find a unit e for which for
some w, [ € N one of the following equations hold:

If there exists such a unit, then the element ﬁt generates ”yw or ”yl Then we will
look at the elements B — 7, 8" — 7,8 and B — hoBlY — j,8{" and again by
comparing norms we will try to find some hq, hs, j1, j2, for which the norms are
the same as norms of elements v,,. Next we will try to find some unit € for which
it holds that

B — my B — 185 = e,
or

B8 = haB” = a3 = e

If we find a unit such that one of these equations is satisfied for all w (depending on
the hq, hs, j1, j2), then elements from this iteration generate all indecomposable
elements v,. Finally, we try to state some general rules when some iteration
generates these elements.

For instance, in the first iteration we can see that N ( (1)) N(%) N( él)) =

N(y) and N(B") = N(7o). Then the units 1, e, €5 satisfying 81" = ey,
551) = 7Yo€2 and @gl) =o€z are €1 = € = —1+ (1 —a)p1 + pf and €3 = —ap: + pi.
This means that the elements in the first iteration generate elements 7y, ¥,. Note
that for the elements B%l) and ﬁél) we found the same unit. Hence, it is clear
that element B{l) + BS) give the element 79 4+ 5; = 71. Indeed the following two
equalities hold.

NG —nBY) = N(y-p),

and
1 1
5; - hﬁi ) = Y-n(—=1+ (1 —a)py + p}).
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It means that the elements ﬁéi) — hﬂ@ — jﬁg), when we take j = 0 and h €
{—a + 3,...,1}, generate all indecomposable elements ~,. For the elements

B — pBM — 58 we can see that

N+ = N(), N+ 858Y) = N(vo)

and then
Vgl =1+ -ap+p3), B +8" =0(—aps + pd).

We probably do no get all the elements 7, which can be expressed as Bél) —
hﬁ@ — jﬁél). We try to find such elements for small value of indices h,j and
we did not find any intervals for h,j such that 551) — hﬁ;l) -7 ﬁél) generates all
elements 7, for all a > 5.

For rest of iterations, we proceed in the same way and in the following tables
we show the most interesting results which we got. We proved that the first
and seventh iterations generate all elements ’yw There are probably some more
combmatlons of 4, j, h such that elements 85 — hy 8\ — j; 8 and B — hyBY —

J2 62 generate some elements of ~,,, but we did not find any other iteration which
generate all the elements ~,, for all a.

The following tables give a list of some elements that each iteration generates.
For each iteration, there are the elements of this iteration, their norms, and
signatures. Moreover, we can find there some elements v, and 7, multiplied
by units such that they are equal to some convergent in this iteration. Then,
for iterations for which it is interesting, there are elements Béi) — hlﬁii) - N Béi),
5?@ — hQ[)’Y) — jzﬁéi) and the elements ~, which correspond to them. In these
tables, we show only the first ten iterations, because other iterations are the
same as one of the first ten iterations up to multiplication by a unit, so they
generate the same elements 7,,.

First iteration

o~ T EE
N(ﬁ“)) -1, Sgn(B) = (+,+,-) | N6 =1,50n(88") = (+,+,+) N(BP) =1, Sgn(BE) = (+,+,+)
W =3 (-1+(1—a)p +p3) B8 =0(=1+ (1—a)pr + p3) 5<1> = 0(= amﬂﬁ)
In the first iteration, there are interesting elements 62 hﬁ(l) 1). When

we take j = 0 and —a + 3 < h < —1, the following equation holds:

—hBY =y h (14 (1= a)py + p2).

Hence, these elements generate all the elements ,,.

Second iteration

(2)

(2) (2) _

= p? s =1+pm B3 —p1
N(W) =1, Sgn(B?) = (-, +,+) | NBP) =1, Sgn(87) = (+,+,+) (5(2)) —1, Sgn(8%) = (+,+,-)
(2)*70( 1+ (1 —a)p1 +p}) ,8(2):7 1(1+ap1 —p3) ) =5, (=14 (1 — a)p1 +p3)
51 =y_1(=14+a+ (—2a +a®)p1 +
(2 — a)p? ) =0
Third iteration
553) =1+p1 ﬂég) =—p1—p? (3>
N(ﬂ‘3’> =1, Sgn(BP) = (+,+,+) | NBP) = -1, Sgn(8) = (+,+,-) (5@) =1, Sgn(8Y)) = (+,+,+)
P =1 +ap —pd) B =503 ) = 0(=1+ (1 —a)p1 +p?)
5“ = 7-1(-1+a+(~2a+a*)p +
5(3) =0 (2 —a)p?)
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Fourth iteration

5;4) =—p1—p3 ,8§4) =—a+3+(—a+3)p1+p? B(4> =1+p1
e @ NET) = 20+ 7 sgn(al) = | @
N(B " )=-1, Sgn(B) ) =(++-) | (+=+) N(B3") =1, Sgn(B3") = (+,+,+)
B =5, p? B%: =7-1(1+ap—p?)
Bz =70
Fifth iteration
P = —a+3+ (—a+3)p1+p3 BY) =1+ 2p1 + p? 85 = —p1 — p}
By _— _ B)y _
N(/Bl ) = 2a + 7, Sgn(ﬁl ) = &)y 5)y ®) 5)
(+,—+) N(By") =1, Sgn(By") = (+,+,+) N(B3") = —1, Sgn(B3") = (+,+,—)
(5) _ (5) _
By’ =v-1p1 By =A.1p3
2 =01+ p1)

Sixth iteration

B =14 2p; + p2

By =a =3+ (a—4)p1 — 2}

BY) = —a+3+ (—a+3)p1 + 2

N =1, Sgn(8) = (+,+,4)

N = -1, Sgn(BS) = (+,+,-)

NBY) = —2a + 7, Sgn(8lY) =
(+777+)

(6) i lpl

) =511+ 201 +93)

(6) =1+ p1)

Seventh iteration

%7)=a—3+(a—4)p1—2p%

(7) _
S =
3)/)1

—2a+5+ (=3a+T7)p1 + (—a+

B =142 +p3

N(ﬁ@):fl Sgn(8") = (+,+,-)

N(BS7) = 2a%—14a+23, Sgn(BL") =
(Jr»*yi)

NB) =1, Sgn(B”) = (+,+,+)

%7) 31(1 4201 + o) /5’(7) =y-1p}
A7 =0+ o0
There are interesting elements 6§7) — hﬁf” — jﬁg), which generate all the
elements ~v,. Indeed, for j =1 and —a+ 5 < h < 1 we have:
B — hp" — B =y a(1+ 201 + ).
Eight iteration
B® = —a2 4+ 6a— 10+ (a2 +6a — | B = —a2 + 5a — 5 + (—a? + 6a —

13)p1 + (a — 7)p}

6)p1 + (2a — 3)p3

i =a =3+ (a-2p 23

NED) = 20 — 7, 5gn(BY) = | N(BY) = —a® + 5a—5, Sgn(8Y)) = N ©
+, =) (+,—+) N(B37) =—1, Sgn(B3") = (+,+,—)
) = 311+ 2p1 +p3)
Ninth iteration
6(9) 2+5a—5+( a? + 6a — Bég):a2—5a+7+(a2—5a+9)p1+ ng):—a2+6a—10+(—a2+6a—
6)p1 + (2 — 3)01 (=a+5)p 13)p1 + (a — 7)p?

NB®) = —a? + 50— 5, Sgn(B”) = N@BS) = 20 — 7, Sgn(B) =
(+,— 1) NB) =1, Sgn(8) = (+,+,+) (+=,-)
é ) = = yo(a®—4a+4+(a®—4a+5)p1 +
(—a+3)p7)
,859) =y-1(—a+2+ (—a+2)p1 + p?)
Tenth iteration
6%10) =a?—5a+7+ (a®> —5a+9)p1 + ,8;10) = —a?+5a — 5+ (—a® + 6a —
(—a+5)p? B8 =a—5—Tp1 + (~a—4)p3 6)p1 + (2a — 3)p?
N( <1°>) —1, Sgn(8S") = | NBU?) = —a2+5a—5, Sgn({"”) =
N =1, Sgn(B!) = (+,+,1) | (+,+,-) (+,=,+)

ﬁ<10)—7 (—a+2+(—a+2)p1 +02)

BUY = 5,2+ (a+3)p1 + (a +2)p2)

(10) = vo(a? 74a+4+(a — 4a +
5)m+( a+3)p?)

So, we found out that all the elements ~,, are generated by the first or seventh
iteration. (There could be some other iterations which generate all these elements,
but we have not found it.) For both of this iterations, the first element of this

iteration gives 7.
that BV = 3,
Yo—h€r).-

Moreover, for each iteration, there exists a unit ¢; (e7) such

e (87 = F1e7) and B — hpY = 4,6

Then there is at least one totally positive convergent in the ﬁrst or

(88" — hpt — B

seventh iteration. Let us notice that this condition can be satisfied also by some
others iterations, for which we did not prove that they generate all elements ~,,.
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(ii) Elements 0,

Let us denote by P the plane where the elements 9, , lie and by L the lattice
which they generate on this plane. We will try to decide for which iteration the
elements ﬁéi — hy 5{") — 1 ﬁgf and ﬁéi) — h261i) — jgﬁéi) generate this lattice, and
then we examine for which h, j these elements generate exactly the elements ¢, .
We will proceed similarly to the previous case. First, we will discuss some specific
iterations, which give us some interesting results, and then we show tables with
results for all ten iterations.

When we look at the first iteration, which is 31 = (—py, p2, 1) with N(3")) =
(—1,1,1), then we can see that N(ﬁ{l)) — N(01,) and N(ﬁél)) — N(d1). Then
we can verify that ) )

B =603, B = 5100k

It means that the elements ﬂél) and 651) generate the basis of the lattice L.
And then by comparing norms we get that

N = hBY — B5) = N(Bac1-n—ja1-n),

and it is easy to verify the following equation:

B — hBt" = i85 = Garrn-ja-1-np}

Hence, when we take 2 < h < a—1and 2 —-h < j < 0, then the elements
B — hBW — 5L generate the indecomposable elements v

Similarly, in the third iteration, N(B{g)) = N(6_1.1), N( 53)) = N(6_1) and
N(B) = N(dpp0). We can verify that B = d_1-1(p1+p3), B = d_10(p1+p?)
and 5§3) = 0p0(p1 + p7). Hence, the elements 553), 553) generate the basis of the
lattice L, and the element ﬂég) is idecomposable. From this, we easily get that

NG = s — i) = N(dnis5)
and
P —ng? — gl = Snrji(p1 + 7).

Therefore, when we fix 0 < j < a—3,0 < h < a—3—7j, we get that these
elements generate the indecomposable elements d,, .
For the fifth iteration, we have that N ( 55)) = N(d10) = N(0_1,_1). From this
we get that
555) =d10(1+ 20+ p?)

and -
B =51 (14 (1+2a)py + (1 +a)p?).

Then, we can see that
85" = 081" = jB5Y = 851y (L4 (L4 2a)p1 + (1 + a)p})

and
3 3 . H(3
B — 288 — B =6_5- (142p+ p?).

Hence, the elements B§5) — hﬁf)) -7 555) generate at least two lines from the plane
P but each of these lines is obtained after the multiplication by a different unit.
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Similarly, as in the previous case, in the following tables, we can find the list
of elements 9, ,, which are generated by convergents in some iterations. Again
the list is probably incomplete but we found some iterations, which generate all

elements 9, .

First iteration

(1)
1

=—p1, Sgn(8) = (+,+,-)

(1) _p17 Sgn( ( )) (+7+7+)

B =1, Sgn(B) = (+,+,+)

N(E) = -1 NED) =1 N =1
5;1) = 31,103 ﬂél) =d1,0p%
The elements ﬂél) hﬁ%l) — 7 ﬂél) generate a line in a plane P and we have

that:
(1)
2

— W3 + RS = 6y _nl(p + ).

And the elements Bgl)—hﬂﬁl)—jﬁél) generate all the elements ¢, ,,, for2 < h < a—1

and 2 — h < 7 < 0 we have

that

1 1 (1
:g ) h5£ ) - ]55 ) = 5a717h7j,a717hp2'
Second iteration
@ _ 57— 11p 57—,
N(5(2>) 1, Sgn(87) = (-, +,+) | NBP) =1, Sgn(8)) = (+,+,+) (B(2>) —1, Sgn(8%) = (+,+,-)
552) = 81,00} 53 =01,1p%
The elements 652)—hﬁ§2)—j6§2) generate all the elements 4, ,, for 1 < j <a—2

and 1 — 7 < h <0 we have:

- — iy

2
= 5a—2—h—j,a—2—jp .

Third iteration

B =14 p

/8(3) = —P1 — Pl

(3)

N(6(3>) =1, Sgn(8%) = (+,+,+)

<6§3>>— 1, Sgn(8) = (+,+, )

(5(3)) =1, Sgn(8) = (+,+,+)

B =5 1 _1(p1 +p2)

B85 =5_1.0(p1 +p?)

5<5> = S0,0(p1 + p?)

There are interesting el

ements 6§3) — hﬁfg)

— jﬁég); they generate all the ele-

ments d,,. For 0 <j <a—-3,0<h <a—-3-7j we have:

B — hp — 5B = 6_riniin(p + P2
Fourth iteration
WV =—p-p BV = —a+3+ (—at3)p1 +p? BV =1+p
W W NBY) = —2a + 7, Sgn(BY) = W "
N(B)==1, Sgn(By ) =(++,—) | (£, =1) N(@B37) =1, Sgn(B3") = (++.+)
=35 1(1+a0+ap ) B =61, 1(p+ )
In this case, the elements 6§4) — hﬁf‘l) —J 654) generate at least three different

line at the plane P. We can see, that

B — hptt —

By h6(4) +(h

— ha"

(2 — h)B"

= 61,2—h<1 + 2p -+ ;02),

— 1B = G103 —a+ (4 —a)p +2p7),

= 5a717h,a717h(1 +ap + GPQ)-

Fifth iteration

® = —a+3+(-a+3)p+0}

BY) =1+2p1 + 93

8Y) = —p1 — p?

NE®) = —2a + 7, Sgn(8”) =
(+777+)

NEP) =1, Sgn(BY) = (+,+,+)

N = =1, Sgn(B{™) = (+,+,-)

®) =5 1 _1(1+(1+a)p1+(1+a)p?)

B =6 100+ (1L +a)ps +(1+a)p)

$) = 1001+ 2p1 +93)
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For the fifth iteration, for the elements 655) — hﬁf’) —J 53(,5), we can see that

B — g™ — (—h+1)8) = 1. (1+ 2p1 + pi)

and

)~ mBP + hBY) =6 h0(—a+ 3+ (—a + 4)py + 207).

Then for the elements [)’3(,5) — hﬁf’) -7 555), we have that

B — i =6, (1+ (1 + 2a)p + (1 + a)p?)

and
3 3 (3
B — 28 — jpY = 6_ja(1+ 20+ p?).
Sixth iteration
) =14 2p1 4 p2 B = a—3+ (a—4)p1 — 202 B = —a+3+ (—a+3)p1 +p2
S ] . ] N = —2a+ 7, Sgn(8Y) =
NE) =1, Sgn(B) = (+,+,+) | NBF) =1, Sgn(BY) = (+,+,-) | (+,—.+)

56) =61,0(1+2p1 +p?)

56) =d0,1(1 + 2p1 + p?)

B = 6102 —a+(2—a)p1 +p3)

B9 =5 1 _1(1+(1+a)p1+(1+a)p?)

B = 5112+ (B+a)pr + (2+a)p?)

For the elements 556) — h6£6) — j6§6) we can get that

) — Bl — 185 = 5_po(1+ 201 + p2),

B~ pp® 189 = 5,11+ (1 +a)pr + (1 +a)pd).

Hence, these elements generate two line at the plane P. Then, for elements
5§6) — hﬁgﬁ) — jﬁéﬁ) we get, that

D —hB — hpE =61 n0(2—at (2—a)pr + p?)

and

B —aB® — jBY =0 422+ B+ a)pr + (2+ a)p}),

so these elements also generate two lines at the plane P.

Seventh iteration

%7):a—3+(a—4)p1—2p%

B = —2a+5+ (—3a+T)p1 + (—a+
3)p3

B =1+ 201 + 5}

N =1, Sgn(B”) = (+,+,-)

N(BS7) = 2a2—14a+23, Sgn(Bl") =

s T

NES) =1, Sgn(B”) = (+,+,+)

B =5 108 —a+ (4—a)p1 +2p?)

B = 60,03 —a+ (4—a)p1 +267)

17 = b0a(1+2p1 +p})

5§7> =51.0(1+2p1 + 0?)

B =512+ 3+ a)p + (2+a)p?)

For the seventh iteration we get, that

B — nB = 2887 = 64 _pa(2 4+ 3+ a)py + (2+ a)pd),
B — hp” + 1857 = 0_pinea1(3 — a + (4 — a)p1 + 202),
B~ hBD — 28D = 5 s a2+ B+ a)p + (2 + a)p?),
B = h3" = 8,03 — a+ (4 — a)pr + 202).
Hence, the elements 557) — hﬁp — j@én and 6§7) - hﬁp —Jb §7) generate some

lines from the plane P.
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BEight iteration

8% = —a% 1 6a — 10 + (—a? + 6a —
13)p1 + (a — 7)p?

B = —a2 + 5a — 5 + (—a? + 6a —
6)p1 + (2a — 3)p?

B =a—3+ (a—4)p1 — 202

M) = 20 = T Sma”) =

N(BY) = —a® +5a — 5, Sgn(8Y")) =
(+> 77“”)

N(B®) = -1, Sgn(8®) = (+,+,-)

B® = 601 (—a+5+Tp1 + (a+4)p2)

éS) = 6171(7(1 +5+ 7/)1 + (a + 4)P%)

B =5 1 0(—a+5+Tp1+ (a+4)p?)

Here we can see that the elements 558) — h6§8) - jﬁigs) and 5?(’8) - hﬁ%B) - ]ﬂéS)

generate some lines at P:

and
Ninth iteration
B9 = —a2 +5a—5+ (—a® +6a— | B =a%—ba+T+(a®—5a+9p + | B = —a? + 6a — 10 + (—a? + 6a —

6)p1 + (2a — 3)P%

(—a+5)p3

13)p1 + (a — 7)p3

N(B) = —a2 + 5a— 5, Sgn(8”) =
(+,=+)

NE) =1, Sgn(8) = (+,+,4)

NET) = 20— 7, Sgn(pl) =

B = 511 (—a+5+Tp1 + (a+4)p?)

B =5 1 _1(—a+5+7p1+(a+4)p2)

Here we get that:

5§9) _ jﬁég) =014j(—a+5+Tp1 + (a+ 4)p7).

Tenth iteration

B = a2 —5a+ T+ (a2 —5a+9)p1 +
(—a+5)p?

B =a—5—7p1 + (—a — 4)p?

B8 = —a2 + 5a — 5+ (—a2 + 6a —
6)p1 + (2a — 3)p?

NE) =1, Sgn(BU?) = (+,+,4)

N(E7) —1, Sgn(8J"") =
(+> +7 7)

N(BI) = —a2+5a—5, Sgn(B") =
(+7 ) +)

)
T =5 1 1 (—a+5+7p1+(at4)p?)

B =5 1 o(—a+5+T7p1+(a+4)p?)

5;10) = 6171(704 +5+ 7/)1 + (a + 4)P%)

For the tenth iteration we get that elements ﬁém) — hﬁflo) — jﬁélo) generate all
the elements 9, ,. For the —1 <j<a—4and 0 <h <a—4—j we get that

B3 = hB1 = G5 = Stanrsen(—a+5+Tpy + (a+4)p7).

Therefore, the first, second, third, and tenth iteration generate all the elements
dy.u, actually, they generate the whole lattice L. For all of these iterations, it holds
that two of the convergents form a basis of lattice L. Moreover, for each iteration,
there is just one unit € such that two convergents in the iteration multiplied by
€ are equal to the basis of the lattice L. Moreover, for the third and tenth
iterations the third convergent multiplied by the same unit € lie in the plane P.
Hence, maybe it is significant whether two of the convergents (after multiplying
by the same unit €) generate a basis of the lattice L.

In the sixth iteration, it also holds that the first two convergents (multiplied
by the same unit) generate the basis of lattice L. However, this iteration does
not generate the whole lattice L. In this case, the third convergent (multiplied by
the same unit) does not lie in this plane, and this convergent has a large norm.
(The similar elements in the first and second iteration have small norms.)

In summary, it seems that the most important thing is if two of the convergents
(after multiplying by the same unit €) generate a basis of the lattice L. Then,
when the third convergent (after multiplying by the same unit €) lie in the lattice
L, the iteration always generates the elements d,,. But if the third convergent
(after multiplying by the same unit €) does not lie at the lattice L, then the
iteration does not have to generate all these elements. This may depend on the
value of the norm of this element.
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(iii) Elements (,

The elements (, lie in a line as the elements 7,,, hence we proceed as in this

case.

We look at the same elements and by comparing of norms we get the

following tables, where for each iteration, we can find a list of the elements that
this iteration generates. The hst of these elemente is probably 1ncomp1ete and

we wrote just the elements 6

hﬁl ]5 53

proved that they generate all the elements (,.

hay

362 , for which we

First iteration

5D — ) D _ 2 0
N(ﬁm) —1, Sgn(8) = (+,+,-) w(”) =1, Sgn(BL") = (+,+,+) (B“)) 1, Sgn(8{") = (+,+,+)
(1) ={(_1(1+ap1—p?) (1) = (-1+ (1 —a)p1 +pd) 5<1> = {1 (—ap1 +p})

We can see that the elements 62

4 < h<aandj=2—h we get

(1)
2

—ha =2 n)p =

Ch—s-

Y _pBM — i3 generate all elements ¢,. For

Second iteration

@

o3

52):1+01

5@) —p1

(/3”’) =1, Sgn(8®) = (+,+,+)

NEP) =1, Sgn(8Y) = (+,+,4)

<ﬂ(2>)

—1, Sgn(8Y) = (+,+,-)

B =& (~1+ (1 —a)p1 +p2)

B =¢,

(2) =¢ 1 (1+ap1—pd)

Third iteration

50 =1+ 5 = —pr - 5= 2
NEP) =1, Sgn(B7) = (++,H) | N = -1, Sgn(87) = (+.+,-) | NB) =1, Sgn(B8) = (+,+,4)
f) =( (3) _C 1P1 /3“) _Cl( 14+ (1 —a)p +P%)
Here, the elements Bég)—hﬁl —362 %) generate all the elements (.. For j = a—1

and —a+1<h < —3 we get

3 3
- hﬁf ) — (a— h)ﬁé )= Cns(l+p1).
Fourth iteration
/BYL) =—p1—p? 554) (j) —a+3+4+(—a+3)p1 + '?z}) ,6’(4) =14+p
N(B3’) = —2a + 7, Sgn(By’) =
N(ED) = <1, Sn(BY) = (4. 0) | (hmt) N =1, Sgn(BY) = (+,+,+)
(4) ={im 5§4> -
Fifth iteration
P =—a+3+(-a+3)p +43 B =1+2p1 +p3 B = —p1 — p?
NED) = 20 + 7, Sgn(8Y) =
(h =) 1 NP =1, Sgn(B*) = (+,+,+) (ﬁ(“g -1, Sgnw“)) (+,+,-)
P =40 +p1) Y =,
Sixth iteration
§6):l+2p1+p% ﬂé6):a—3+(a—4)p1—2p% ,6’(6) —a+3+ (—a+3)p1 + p?
NET) = 20+ 7, Sgn(80) =
NEB) =1, Sgn(B) = (+,+,1) | N@E) =1, Sgn(B) = (+,+,—) | (+, =+ ’
(b) = (14 p1) (6) =(_12-a+(2—a)p1+p?)
It is easy to see that
6 2
5§ ) —h5§ (h"‘l)ﬁ = (1l —a+(1—a)ps + p7).

Hence, for 0 < h < a—4 and 7 = h+ 1 the elements 6§6) — hﬁfﬁ)

all the elements (,.

—J 656) generate

Seventh iteration

%7)=a73+(a74)p172p%

6(7) =—-2a+5+4+(=3a+7)p1 +(—a+
3)P1

B = 14201 + p2

N =<1, Sgn(B"”) = (+,+,-)

(6(7)) = 2a%—14a+23, Sgn( (7>)
(+>777)

NE) =1, Sgn(B”) = (+,+,+)

=120+ 2—a)p+p})

7y =
<7> =& (1+p1)
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We get that:

8" —hp” —

(h+

+1)55"

= Carn-1(1 —a+ (1= a)ps + p?).

Thus, the elements 657) — hﬁ{” — j5§7), forl<h<a—3and j=—-a+h+1,
generate all the elements (..

Eight iteration

6%8) = —a? + 6a — 10 + (—a® + 6a —
13)p1 + (a —T)p}

558) = —a? +5a -5+ (—a? + 6a —
6)p1 + (2a — 3)p?

B =a -3+ (a—2p — 23

NP 20 — 7, Sgn(8®) =
(J’»:*:*)

N(ng)) = —a? + 5a — 5, Sgn(ﬂ§8>) =

(+777+)

(5“”) —1, Sgn(8) = (+,+,-)

B =C¢_ 1 (2—a+(2—a)pi+p2)

In this iteration, the elements 658) —

For 3<h<a—2andj=—h+2 we have:

8) h5£8)

—(=h+2)8"

hﬁ{g) -7 Bés) generate all the elements (..

= (ps(4 —4da+a*+ (5 —4da+a)p + (3 —a)p?).

Ninth iteration

Big) = —a?+5a — 5+ (—a® + 6a — ﬁég):a275a+7+(a275a+9)p1+ ,8<9): —a? + 6a — 10 + (—a® + 6a —
6)p1 + (2a — 3)p1 (—a+5)p7 13)p1 + (a— e}
N(B) = —a® + 50— 5, Sgn(]”) = (ﬁ“”) 2a — 7, Sgn(BY) =
(=) N =1, Sgn(B) = (+,+,+) | (+,—

,8(9) = §1(4 4a+a’+(5—4a+a?)p1 +

(3 —a)p?)

Tenth iteration

6(10) =a?—-5a+7+ (a®>—5a+9)p1 + Bélo) = —a?>+5a—5+ (—a? + 6a —
(—a+5)p? B8 =a—5—Tp1 + (—a—4)p? 6)p1 + (2a — 3)p3

N(ES) —1, Sgn(8y"”) = | N(B') = —a®+5a—5, Sgn(§"”) =
NE) =1, Sgn(B!) = (+.+.4) | (+,+.-) (+,=,+)

510) ¢1(4—4a+a2+(5—4a+a?)p1+ _
(3—a)p?) $0 =2 B-a+(@-a)p +203)
We can see that
(10) (10) 2
B B0 _(q—h— 1) = ¢, H(7T—=5a+a*+(9—5a+a*)p+ (5 —a)p?).

Hence, the elements 5§

10)

generate all the elements (..

Therefore, we found out that first, third, sixth, seventh, eight and tenth iter-
ation generate the elements (.. Unlike previous cases the unit do not correspond,
i.e. in each of this iteration at least one convergent generates the element ¢ , or
¢ _1, but the unit which we multiplied these elements is different than unit by

which we multiplied elements ﬁg

'~ hp’

— 8 or B

—hBMY — B0 for —a<h < —4and j=a—h—1,

=y — gy

Thus, for the first root, we obtain that some iterations generate some inde-
composable elements. Moreover, we proved that the first iteration generates all
the indecomposable elements. We show that usually (except for the element (,)
in the iterations which generates some indecomposable elements the convergents
generate the elements 7;, Sn’m, fk It seems that there is some connection between

these two assertions.

seems that it is better when they are smaller.

6.2.2 Second root

Also, when we look at the norms of the convergents, it

For the second root, we proceed in the same way. Here it is enough to examine
just the first five iterations because the hJPA expansion of the triple (1, |ps|, p2)

is periodic with preperiod length 3 and period length 3.
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(i) Elements v,

The following tables are, as in the previous case, the list of those elements ~,,
which are generated by this expansion.

First iteration

Bl)_pz

W _

—1, Sgn(88") = (+,+,-)

NEM) =1, Sgn(BY) = (+,+,+)

(B(l)) 1, Sgn(8{") = (+,+,+)

1 =71( 1+(1*a)p2+p2)

B = 10(=1+ (1 — a)p2 + p2)

B =0(—ap2 + p3)

In this case, the elements 551) — h6§

1 - (1
BT

j=0and —a+3 < h < —1 we get:

generate all the elements ~,,. For

B — B =y (=14 (1= a)pa + p3).
(This is exactly the same as the first iteration of the hJPA expansion of the
(L lpal, pi).)
Second iteration
=02 =1+ (a—2)ps B =

NP =1, Sgn(8P) = (+,+,+)

N(ﬁg)) =—a?+5a -5, Sgn(ﬂé2>) =
(7>+7+)

(6(2)) = —1, Sgn(B) = (+,+,-)

@ — yo(—1+ (1 —a)p2 + p2) B =5, (-1+ (1 —a)ps + p3)
Third iteration
B =1+ (-2+a)pa + (-a+2)p3 §3>:—p2+( a+2)p3 B =0}
N(/3<3>) =2a2—12a+17, Sgn(8) = | N(BIPY) = a2 — 50 + 5, Sgn(8YY) =
(= +,-) (= +,-) NP Sgn(B5)) = (+,+,+)

):
B = yo(=1 + (1 —a)p1 + p?)

Fourth iteration

BY = —1 4 (—a+)p2 B0 = 14 (—at 2)pa + (a—1)p2 50— 14 (24 st (—at 202
s 3 NET) = 20— L Sgn(") = | NGB = 20712017, Sqn(”) -
N = -1, Sgn(BY) = (+,+,-) | (+,+,4) -3

(4)*71(2—11—&—( 1+3a—a2)p2+

(=2+a)p3)

S *71(2—a+( 1+ 3a—a?)p2 +
(=2 +a)p3)

Here we get that

B — hB" = n(2 = a+ (=14 30— a®)py + (—2 + a)p}).

Hence, for 7 = 0 and —a +4 < h < 1, the elements 654) — h6£4)

all elements 7,,.

— j/8§4) generate

Fifth iteration

) = pa + (a—1)p3 By = a=3+(a’~4a+2)pa+(=a+2)p3 | B = 1+ (—a+ Dpo
. . NEF) = 2a - 7, Sgn(8Y) = ] .
N =1, Sgn(B?) = (+,+.4) | (= +, ) N = —1, Sgn(B{) = (+,+,-)

Y0(2—a+(—1+3a— a2)pz+( 2+4a)p3)

31(2—a+(~1+3a— a2)pz+(—2+a)p§)

We can see that all the elements ~,, are generated in

the first and fourth it-

eration (where the first iteration is the same as the first iteration for the first
root). Again, the convergents in this iteration generate elements 4, and in both

iteration, there is some totally positive convergent.
iterations, the elements v, can be expressed as Béz)

and the totally positive element is ﬁ;i).

(ii) Elements 0,

Actually, in both of these
— hp{? — jBY where j =0,

In the following tables, we can find a list of those elements, which are generated

by convergents in some iterations.
that almost all iterations generated all the elements 0, ,.

Again this list is incomplete, but we found

First iteration

,8(1) _

(1> —

1, Sgnw“)) (+,+,-)

N(3 <”>—1 Sgn(B{") = (+,+,+)

(5“>) —1, Sgn(8{") = (,+,+)

(1) =0_2,_1(p2 + p3)

Y = 60.0(p2 + p2)
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Here, we get that the elements ﬁg(,l) — hﬁfl) —J BS) generate all elements d,, .
Indeed for 2 < h<a+1and 2—h <j <0 we get:

(1 _
3

hpy =6y =

For the elements BS) — hﬁf) — jﬁél) we can see that

2
a—1—h—j,a—1-hP2-

D — nBY 4 b =6 n(ps + p3).

Second iteration

8% =3

B =1+ (a—2)ps

552) = —p2

NEP) =1, Sgn(8P) = (+,+,+)

N(BP) = —a? +5a — 5, Sgn(BS?) =
(_7 +7+)

NP = -1, Sgn(8?) = (+,+,-)

552) = 01,003

5&2) =61,193

§2) = 31,1P§

B =61 1(1+apz + (a—1)p3)

It holds that

552) - hﬁf) - Jﬂ:?) = 51—h—j,1—jpg-

Hence the elements 652) — hﬁf) — j5§2) generate all elements 9,,. Then, for
elements 6&2) — hﬂf) — j5§2) we get that:

and

B — P + 18P = 6y pap?

B = 3P =168 = 5 sl + aps + (<1 + a)a}).

Third iteration

B =14 (—2+a)ps + (—a+2)p2

B = —p3 + (—a + 2)p2

B = o3

N(BP) = 202 —12a+17, Sgn(8Y) =
(_7+7 _)

N(BP) = a? — 5a + 5, Sgn(BY) =
(_)+7_)

NEPHY =1, Sgn(BY) = (+,+,+)

D =61 1(1+apa + (a—1)pd)

Here we found just that

85 = Bt = 3B =6 1455(1+ aps + (14 a)p}).

Fourth iteration

=1+ (-at1)ps

ﬂé‘l) =—1+(—a+2)p2+ (a—1)p2

§4> =14 (—2+a)p2 + (—a+2)p’

NEBY) = -1, Sgn(B™) = (+,+,-)

NEY) = 2a — 1, Sgn(8lY) =
(+,+,+)

N(BSY) = 242 —12a+17, Sgn(8{") =
(_7 +7 _)

D =51 1(p2 + (~L+a)p2)

54) =d2.1(p2 + (=1 +a)p3)

The elements 6§4) — hﬁfn -7 654) generate all elements 4,,,. We get that

5§4) o hﬁ§4) - ]654) — 5a—47h72j,a*3*h*j(p2 —+ (—1 + a)pg)

And the elements 554) — h5£4) -7 ﬁ§4) generate a line in P:

Y — hB 4 B8 = buanaman(pe + (=1 + a)pd).

Fifth iteration

B = pa + (a — 1)p3 Y = a—3+(a®—4a+2)pat(—a+2)p3 | B = —1+ (~a+ )p
(5) (5) N(Bés)) = 2a — 7, Sgn( §5>) = (5) (%)
NEP) =1, Sgn(BP) = (+,+.4) | (=4, ) N(BP) = -1, Sgn(8)) = (+,+,-)

8% = 510(p2 + (—1 + a)p2)

B = 60,1(p2 + (—1 + a)p2)

1,1(p2 + (=14 a)p3)

B =5 1 _1(—1+a+(—ata?)ps+
(2 —2a +a”)p3)
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Here we get that

BY — naP

Hence, for4 —a < j<land 1< h <a— 3+, the elements 655)
generate all the elements d,,,. And also we can see that the elements (33

— 3B =0 nj1i(pa + (1 +a)pd).

j5§5) generate at P at least two lines:

B -

and

= npt - B

1 — a9
6)_p, 30

BB + 55 = 01 a2 + (—1+ @)pf)

= 5,2+h771+h(_1 + a + (—G + (12)p2 + (2 - 2@ + G2>p§)

We found out that all the iterations, except the third iteration, give all the ele-
ments d,,,,. But in the third iteration, the first and second convergent have a large
norm. Similarly, as in the previous case, the convergents in all iterations (except
the third) generated a basis of lattice L. And again, there is a correspondence
between the unit which we need (i.e. in every iteration the two convergents which
generate a basis of L lie in the same plane containing indecomposable elements).

(iii) Elements ,

In the following tables, we can find a list of those elements, which are generated
by the iterations of this expansion.

First iteration

m _ D _ 2 M _
B —p2 2 P2 Bs 1
NED) = 1, Sgn(E”) = (4. ) N =1, Sgn(8) = (+. 4.+ | NBD) =1, Sgn(B) = (+,+.+)
W= 0+ ap— ) P =41+ (1 —a)p +43) 57 =&y (—ap1 + p3)
The first iteration generate all elements (,. For 4 < h <a and j =2 — h we
get that
—hB" = 2= B = G
Second iteration
8 = p3 B =1+ (a—2)ps = —po
@ N(B5”) = —a +5a — 5, Sgn(3”) = @) @
N(ﬁl )~2 ’ Sgn(ﬁl ) (+ -+ +) (_7+7+) N(ﬂg )~Z -1, Sgn(,33 ): (+7+7_)
P =1+ -a)p+p}) B =8 (1 +api —p3)
Third iteration
B =14 (=2 +a)p2 + (—a +2)p2 ﬂés):—pz-ﬁ-( a+2)p3 8Y) = p3
N(B(3>) =2a%—12a+17, Sgn( (3)) N(ng)) = a? — 5a + 5, Sgn( (3>) 5 5
(=4, -) (= +.-) NP =1, Sgn(BY) = (+,+,+)

¢$*Q(1+ﬂ—@m+pﬂ

Fourth iteration

B = —1+ (ca+ Do B = 14 (—a+2)pa+(a=1)p3 | B =14 (=2+a)ps + (—a+2)p3
4 . NEY) = 2a — 1, Sgn(SY) = (5(4>) = 2a%—12a+17, Sgn(B{") =
NED) = 1, Sgn(B") = (+,+,2) | i+ -1,

BY = (14 a+(—2a+a?)ps +
(2 - a)p?)
Fifth iteration
(5) =p2+(a—1)p2 5£5) = a—3+(a®—4a+2)p2+(—a+2)p2 §5> =—-14(—a+1)p2
(5) (5) N(ﬁéS)) = 2 =T Sgn( (5>) - (5) (5)
N(ﬂ ) = 1 Sgn(ﬁl ) = (+7+7 +) (_) +, _) (18 ) 17 Sgn(ﬁs ) = (Jﬁ +, _)

(O)* 12—a+ (=1+3a—a?)p1 +
(= 2+G)P1)

={_1(-14+a+(-2a+a?)p1 +
(2,(1) )

We proved that the first iteration generates all these elements.

In these

iterations, the convergents generate the element ¢ ; and there is a correspon-
dence between the unit by which we multiplied the convergents and the elements
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ﬁél) — hﬁ%l) -7 ﬂ?(,l). For the other iterations, we did not prove if they generate all
the elements (.. However, if some other iterations generate all elements (., there
is probably not correspondence between these units, because we focus on these
cases and we were not successful.

In summary, the iterations in the hJPA expansion of the triple (1, |ps], p3)
generated all the indecomposable elements. Again, the first iteration generated
all indecomposable elements, but the first iteration is exactly the same as the
first iteration in the previous case. It seems that for iteration which generated
some indecomposable elements it is important if the convergents are equal to
some elements 7, Sm,n or ,, (up to multiplication by units).

6.2.3 Third root

For the last root and the hJPA expansion of the sequence (1, |ps], p3), it is enough
to examine the first two iterations because the other iterations generate the same
indecomposable elements as the second iteration.

(i) Elements v,

For the elements 7,,, we found out that both of these iterations generate all
these elements. In both of these iterations, the convergents generated 4_; and
in the second iteration, we used the same unit (1 + 2a + a® + (=1 — a + 2a® +
a®)ps + (—2a — a?)p3) for the multiplication of the convergent and the elements
551) — hﬁfl) -7 53()1). However, in the first iteration there is not a correspondence
between units. It can be because none of the indices h,j is constant in the
elements ﬁél) — hﬁfl) — jﬂél), which generated elements ,. In the following
tables we can find a list of elements ~,,, which are generated by the iterations of
this expansion.

First iteration

%1)=—a+p3 ﬂél)z—aZ-i-p% Bél)zl
Ty — 3 =
M M N8y 7) =1 = 2ak2a%, Sgn(By7) M M
N(ﬁl ) =1, Sgn( 1 ) = (7777 ) (7>77 ) N( 3 ) =1, Sgn(le ) = (+7+7+)
W =5 ((-1—a+(1-a—aps+ o
(1+a)p3) By  =~-1(1+a+(=1+a?)ps —ap3)

We get that the elements ﬁél) — hﬁfl) —J Bgl) generate all the elements ~,,. For
2<j<a—2and h= —aj we get:

B +ajpt — i85 = v (L + at (=1 +a*)ps — ap}).

Second iteration

2
5 = o — 205 1 1

52)=1+a2+a3+(—a—a2)p3 ,8;2)=—a+,03

NEP) =1, Sgn(8P) = (+,+,+)

N( éQ)) 1 + a + 3a?
2a3, Sgn(B8?) = (+,+,+)

_l’_
NP =1, Sgn(83) = (-,

_’_;'_)

20% + a%)p3 + (—2a — a?)p})

@ =5 (1+2a+a®+(-1—-a+

(2)
3

=0(1+(a+a*)p3+ (=1 —a)p3)

We can see that the elements BS) — hﬂ%l) — jﬁél) generate all the elements 7,,.
For 2+a < h <2a—2andj=0 we get:

BS) — h/ﬁ” =7 1 arn(l1+2a+a*+ (=1 —a+2a* +a*)p3 + (—2a — a*)p3).

(ii) Elements 6, ,
We did not find out if some iterations of this expansion generate all the ele-
ments d,,. It is probably related to the fact that in both iterations, the second
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convergent has a large norm. And in each iteration, the convergents generated a
basis of lattice L, but they are not multiplied by the same unit. In the following
tables, we can find a list of elements ¢,,, which are generated by the iterations

of this expansion.

First iteration

51) =—a+p3

ﬂél) — —g2 +p§

By =1

NEBY) =1, Sgn(BM) = (=, - +)

N(BM) =1 2a+ 243, Sgn(BlV) =
(_7 ) )

( Yy = 1Sgn(ﬂ§”):<+,+,+>

=62

5 =0d-1,-1(p3)

The elements ﬁél) — hﬁfl)

1
s

-7 ﬁél) generate a line at P:

1 . 1
- @55 ) ]53(, = 5—2+j,—1+jﬂ3-

Second iteration

2
5 = o~ 2aps 1 13

é2)=1+a2+a3+(7a7a2)p3

B = —a+ps

NEP) =1, Sgn(8P) = (+,+,+)

N () 1 + a + 3a2
2%, Sgn(8y")) = (+,+,+)

_l’_

NEP) =1, Sgn(B) = (=, —,+)

@ =5, 1(1+2a+a>+(-1—a+
2a% 4 a®)p3 + (—2a — a?)p3)

B =65,

(iii) Elements ¢,

For these elements, we again did not find out if that some iteration generate

all these elements (..

We just found some specific combinations of i, h, j such

that an iteration generated one isolated element (., but it not so interesting. In
the following tables, we can find a list of elements (,, which are generated by the
iterations of this expansion.

First iteration

D = —a+ps B = —a? + p2 8 =
N(B) =1 —2a + 243, Sgn(8V) =
NEM) =1, sgn(B) = (=, —+) | (= —+) NBY) =1, Sgn(8$M) = (+,+,+)
W =81+ (ata®)ps+(~1—a)pd) “> =y (—aps + p2)
Second iteration
ﬂf) =a® — 2ap3 + p? 652) =1+a’+a®+ (—a—a?)ps B§2> = —a+p3
N(BP) 1 + a + 3a%2 +
N =1, Sgn(BP) = (+,+,4) | 243, Sgn(8)) = (+,+,+) NBP) =1, Sgn(8) = (=, —,+)
8P = ¢, (- 172a+(17a72a27
s+ (s 20 a058) (2 = & (14 (a+a2)ps + (~1— a)pd)

In summary, this expansion does not generate all the indecomposable ele-
ments. This is probably related to the fact that the norms in this expansion are
large. The norms of the second convergent in both iterations are cubic polyno-
mials in a. Hence, they are a lot larger than the norms of any indecomposable
elements (so they are not indecomposable elements).

6.3 Summary

We have seen that some iterations of the expansions generated some indecompos-
able elements. The first two expansion generate all the indecomposable elements.
We did not find if the third expansion generates all indecomposable elements
but this expansion has some coefficients larger norm (norm which is cubic in
a), hence we think that this expansion does not generate all indecomposable

elements.
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indecomposable elements. Here, we will formulate some general results for the
expansions of the triples of elements from the fields Q(p;).

6.3.1 Elements 7,

In the previous section we have seen that in some iterations, the elements 5&') -
hy B%i) - ﬁéi) and ﬁéi) — hgﬁy) — jQBS) generated all elements 7,,. We have noticed
that in the iteration which generated all the elements ,,, often some convergent
generates the element 7, or ¥_;. Moreover, in most of the cases, at least one of
these elements is totally posmve Frorn thls We can get the following conjecture.
We state it just for elements 52 hﬁl 53 , but we can formulate a similar
conjecture for elements hﬁ — 7B (M),

Conjecture 1. There exist a nonzero polynomial g(x) € Z[z| with the following

properties: Let us fit a a € Nya > 5. Let (5?),/@50), §0)) be a basis of the field
Q(p), where p is one of the roots of a polynomial x> — (a Daz? —ax — 1. And

let (8%),=o be the hJPA expansion of a vector (51 ,52 , (0 ). Then whenever
for some iteration i, there exist a unit € and b,c € Z such that

b0 + B = e, IN(B) <gla)  and  Sgn(Be) = (+,+,+),

then for every 1 < w < a — 3, there exist h,j € Z such that
(857 =By = 55 )e =

Equivalently, for these h,j it holds that the elements 55” — hﬁy) — jﬁ;gi) generate
all the elements ~,,,.

From the examples, it seems that g could be a constant or linear polynomial.
But it does not seem that g is a quadratic polynomial because the norm of the
elements 7, is linear in a.

The assumption bﬁy) + cﬁéi) = 7,€ leads to the Thue equations
5(%’) (i)

1 3 ~
C

b = 1€

1 T

i) (i)
N b@ + 05% = +1,
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which have, for concrete a, finitely many solutions [I9]. However, we do not
know how the solutions for a general a look like, hence this assumptions are
hard to verify for some iteration in the expansion. Also, even if we know that
the assumptlons of conJecture hold, it is hard to find such indices h,j that the
elements 62 — hﬂl —7 6 generate the elements ~,,, because this problem again
leads to the Thue equation. Firstly, we have to find some d, e such that

(85 — dpy? — epi)e = 4o

and

and

N(BY —dB® —epl?)y =1
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We can use any +,,, but we use 7y because it is a unit. When we find such indices
d, e, it is clear that for every 1 < w < a — 3 the following equation holds:

(857 = (d+wh)B” — (e + we)BS”)) € = Y.

The assumption S gn([)’éi)e) = (+,+,+) is maybe unnecessary, but it holds in
every iterations for which we found out that it generates all the elements 7,,.
Also these elements are the only totally positive indecomposable elements and it
makes sense that the signature is important.

We can easily see that the almost opposite implication holds.

Theorem 19. Let (3")),~¢ be the hJPA expansion of a vector ( {0),650), 5§0)> €

Q(p)®. Let us assume that elements ﬁéi) — hﬁ%i) — jﬁéi) generate all the elements
Yw, i-€. there exists unit € such that for every 1 <w < a—3

ywe € {85 = h) — iy h,j € 2.}
Then there exist b, c € Z such that bﬁy) + cﬂéi) = 7,€.

Proof. From assumptions we know that there have to exist h,j,h',j’ € 7Z such
that

me= 5 —hp? — g
and ' ‘ '
e =) =05 - 765

From this we can get that

e = (u=me = (87 WA = 87) — (87 = hB” = i8")
= (=B + (G = 8.

Hence, the theorem holds for b = (h — h') and ¢ = (j — j'). O

6.3.2 Elements ¢,,

In the previous section, we saw some iterations which generate elements o,,. It
seems that the most important thing here is whether two of the convergents (after
multiplying by the same unit €) generate a basis of the lattice L. Then, when the
third convergent has a small norm, the iteration generates the indecomposable
elements ¢, ,. From this we can get the following conjectures, we again write just

the conjecture for /BS) — hﬁii) — jﬁéi)'

Conjecture 2. There exist a nonzero polynomial g(z) € Z[z] with the following
properties: Let us fir a a € N,a > 5. Let (Bfo),ﬁéo), éo)) be a basis of the field
Q(p), where p is one of the roots of a polynomial x* — (a — 1)2* — ax — 1. And

let (8%),>0 be the hJPA expansion of a vector (ﬁfo),ﬁéo), éo)). Then whenever
for some iteration i, there exist a unit € such that

BY) = Sn,mey :gZ) - Sn’,mle and |N( él))| S g(a)’
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where the pair Snvm, Sn/7m/ are a basis of lattice L, then for every 1 < v < a — 3,
0 <u <w, there exist h,j € Z such that

(B8 — hBY — 5BV = by

FEquivalently, for these h,j it holds that the elements BS) — hﬁy) — jﬁéi) generate
all the elements 0y.,.

Norms of the elements d,, are quadratic polynomials in a. So, we think that
g could be a constant or linear polynomial.

Here, if assumptions hold, is relatively easy to find the right h, j for some v, u
the right h,j. Because if the assumptions (and the conjecture) hold, then we
have the following equations:

{Oourv,u € Z} = { (B — h" — jB)e, h,j € 7}

Hence, for every h, j there exist v, u such that

(857 = hB1" = jB)e = by
Especially, for h,j = 0 we get that there exist v, u such that
Béi)e = Oy u-

When we find solution of these equations, it is easy to determine right h,j € Z
for every 1 < v <a—3,0 <wu < v such that ( éi) - hﬁii) - j@gi))e = 0. That
follows from the fact that we know a basis of lattice L.

In the following theorem, we show that the almost opposite implication of the
conjecture holds:

Theorem 20. Let (3%)),~q be the hJPA expansion of a vector ( %0)7550), 5?(,0)) €
Q(p)3. Then assume that elements 55’) — hﬁy) — jﬁg(f) generate all elements 9, ,,
i.e. that there exist unit € such that for every 1 <v <a—3,0<u <w,

Soue € {85 —npt" — jBy" hj €L}
Then there exists a m,n,m’,n’ such that Bii) = Sn,me and Béi) = Sn’,m’E; where
the vectors (n,m), (n',m’) are linearly independent.

Proof. From the assumptions we know that there have to exist b,c, 0/, c,b", "
such that:

59 - bﬁli) - Cﬂ?()i) = 01,06,
B =8 — By = dre,
Béi) - b//51i) - Cl/ﬁéi) = 01,1€.
From this we get that:
broe = (B0 —bro)e = (b—=1)8" — (e~ )8
and
50,16 = (011 —d10)e = (b— b//)ﬁy) —(c— C/,)ﬁzg.i)~

Hence, we get that Bfi),ﬁi(f) generate a basis of lattice L. Therefore, there

exist m,n,m’,n’ such that 5@ = Sn,me and Bgi) = O0pm€, Where the vectors
(n,m), (n’,m’) are linearly independent. O
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6.3.3 Elements (.,

Elements (., similarly as the elements ~,, lie on a line. And we saw that for
iterations that generate elements (., we need similar conditions. We have noticed
that in the iteration which generated all elements (. often some convergent gen-
erates the element ¢ , or ¢ _;. From this, we can get the following conjecture. We

again state it just for elements Béi) — hﬁ%i) -7 B?Ei).

Conjecture 3. There exist a nonzero polynomial g(x) € Z[z| with the following
properties: Let us fir a a € N,a > 5. Let (5%0),650), éo)) be a basis of the field
Q(p), where p is one of the roots of a polynomial x* — (a — 1)z* — ax — 1. And
let (3")),>¢ be the hJPA expansion of a vector <5§0)’ﬂ§0)’ §0)). Then whenever
for some iteration i, there exist a unit € and b,c € Z such that

oo ey’ =Cieand  IN(8Y)] < gla),
then for every 0 < z < a — 4, there exist h,j € 7Z such that
(857 = ht? — By )e = ¢..

Equivalently, for these h,j it holds that the elements ﬁéi) — hﬂy) — jﬁéi) generate
all the elements (..

From the examples, it seems that g could be a constant or hnear polynomial.
And as the case for the elements 7, the assumption bﬁl + 053 = 1€ is hard to
verify, because for this, we need to solve the Thue equation:

(4) (4)
bﬁ} —i—cﬁf’ =7

= 7€

1 1

Also, even if we know that the assumptlons of conjecture hold, it is hard to find
such h, 7 that the element 62 hﬁl — 7 Bg generate the elements (., because
this problem again leads to Thue equation.

And as in the previous case, we can easily see that the almost opposite impli-
cation holds:

Theorem 21. Let {3")),~¢ be the hJPA expansion of a vector ( %0), ﬁéo), 5?()0)) €

Q(p)3. Then assume that elements 6;) — hﬂfi) — jﬁg) generate all elements (.,
i.e. there exists unit € such that for every 0 < z <a—4

Gee {8 —np —jpy) h,j e 2}
Then there exist b, c € Z such that bﬂy) + cﬁéi) = 616.

Proof. The proof is the same as the proof of Theorem [19] O
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