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Introduction
Over the past few years, there has been a rapid growth of the data industry. As
it becomes possible to store more and more data each year, there is a tendency
to digitalise every variable aspect of nature or society to the highest degree. For
time-dependent or otherwise continuously evolving random elements, we can ob-
serve and store even the slightest of changes. This results in an ever-increasing
importance of functional data analysis, and thus drives the relevance of this math-
ematical domain in the scientific community.

For the same reason, we have seen numerous new techniques in finances or
physics which operate with functional data. Nevertheless, many of the practical
results, even though applicable to any data and readily available in software
packages, stand on some strict assumptions that need to be verified, such as
being distributed as an Ornstein-Uhlenbeck process. However, statistical tests for
functional data still tend to be scarce, and so this issue is too often overlooked.

The issues encountered when working with functional data differ from ordinary
statistics in many ways, as we are not provided with the concept of density,
on which so much of the scalar statistics stand. Some techniques try to get
around the issue of infinite dimensionality, for example by methods of principal
component analysis, whereas others embrace it and exhaust the well-developed
functional calculus onto the topic.

In this thesis, we discuss some of the most important concepts in scalar theory
of probability, such as densities, distribution functions and characteristic func-
tions, as well as their functional counterparts. Then, we implement some of the
latest statistical tests utilising these functionals and develop a novel goodness-
of-fit test for Gaussian processes with specific means and covariance structures.
Finally, we examine their performance on simulated data.
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1. Preliminaries
The main object of our analysis is the probability distribution of real-valued
stochastic processes. Throughout this thesis, we work on some probability space
(Ω,F ,P). We specifically look at stochastic processes from space L2[0, 1]. We use
the term stochastic process and random function interchangeably. Let us now
introduce some basic concepts of functional data analysis.

1.1 Finite-dimensional Distributions
First, let us discuss the concept of probability distributions in the functional
setting.

Definition 1 (Distribution of a process)
Let (X,B) be a measurable subspace of real-valued functions on [0, 1] and let X :
Ω → (X,B) be a measurable, real-valued stochastic process. The distribution of the
process X is defined as the push-forward measure PX of X, which is a probability
measure on the measurable space (X,B) satisfying PX = PX−1, i.e.

PX(B) = P{ω ∈ Ω : X(ω) ∈ B}, B ∈ B.

Definition 2 (Finite-dimensional distributions)
Let (X,B) be a measurable subspace of real-valued functions on [0, 1] and let
X : Ω → (X,B) be a measurable, real-valued stochastic process. The finite-
dimensional distributions of X are the probability measures defined on Rn and
sequences t1, . . . , tn ∈ [0, 1], n ∈ N by the expression:

PX
t1,...,tn

(A) ..= P{ω ∈ Ω : (Xt1(ω), . . . , Xtn(ω)) ∈ A}, A ∈ B(Rn).

Theorem 1 (Kolmogorov’s extension theorem)
Let

P ..= {Pt1,...,tn , n ∈ N, t1, . . . , tn ∈ [0, 1]}

be a system of finite-dimensional distributions satisfying:

1. For every n ∈ N, t1, . . . , tn and measurable sets (A1, . . . , An) ∈ B(R)n :

Pt1,...,tk−1,tk+1,...tn(A1 × · · · × Ak−1 × Ak+1 × · · · × An) =
Pt1,...tn(A1 × · · · × Ak−1 × R × Ak+1 × · · · × An),

2. For every n ∈ N, every permutation π over t1, . . . , tn and for measurable
sets (A1, . . . , An) ∈ B(R)n :

Pπ(t1),...,π(tn)(A1 × · · · × An) = Pt1,...tn(A1 × · · · × An),

Then, there exists a probability distribution whose finite-dimensional distributions
are defined by the system P .
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This theorem assures us that there always exists a stochastic process for a
consistent system of finite-dimensional distributions of our choosing.

One specific stochastic process that is defined by its finite-dimensional distri-
butions is the Gaussian process:

Definition 3 (Gaussian process)
A measurable, real-valued, time-continuous stochastic process X is called Gaus-
sian if its finite-dimensional distributions PX

t1,...,tn
, 0 ≤ t1 < · · · < tn ≤ 1, n ∈ N

are distributions of a multivariate normal variable

Z ∼ N (µ(t1, . . . , tn), V (t1, . . . , tn)),

where

µ(t1, . . . , tn) = (EXt1 , · · · ,EXtn)⊤,

V (t1, . . . , tn) =

⎛⎜⎜⎜⎜⎝
var(Xt1) cov(Xt1 , Xt2) · · · cov(Xt1 , Xtn)

cov(Xt2 , Xt1) var(Xt2) · · · cov(Xt2 , Xtn)
... · · · . . . ...

cov(Xtn , Xt1) cov(Xtn , Xt2) · · · var(Xtn)

⎞⎟⎟⎟⎟⎠ .

The concept of finite-dimensional distributions provides us with a simple
framework for defining a probability distribution of a stochastic process.

1.2 Functional Spaces

1.2.1 Dual Spaces
In functional analysis, the dual space is an important concept that introduces
a different perspective on spaces of functions, often resulting in a significantly
simpler situation than is offered by the original outlook.

Definition 4 (Dual Space)
Let (X, ∥ · ∥) be a Banach space. A dual space X∗ of space X is defined as the
space of all continuous linear functionals x∗ : X → R.

Let us now look at an alternative to finite-dimensional distributions, which
we borrow from Definition 2.1 in Getoor [1957].

Definition 5 (Weak Distribution)
By the term weak distribution L on X, we mean a map

L : (x∗
1, . . . , x

∗
n) ↦→ Fn(x∗

1, . . . , x
∗
n;λ1, . . . , λn),

where (x∗
1, . . . , x

∗
n) ∈ (X∗)n, n ∈ N and Fn is a distribution function satisfying

the following conditions:

• Fn is symmetric in the pairs (x∗
i ;λi),

• Fn(x∗
1, . . . , x

∗
n;λ1, . . . , λn−1,∞) = Fn−1(x∗

1, . . . , x
∗
n−1;λ1, . . . , λn−1),
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• Let a1, . . . , an ∈ R such that ∑︁n
j=1 ajx

∗
j = 0. Then,∫︂

· · ·
∫︂∑︁n

j=1 ajλj≤λ
dFn(x∗

1, . . . , x
∗
n;λ1, . . . , λn) = 1{λ ≥ 0}, λ ∈ R.

Let us consider an X-valued stochastic process X and an arbitrary sequence
(x∗

1, . . . , x
∗
n) of linear functionals from X∗. Consider also a system of distribution

functions F of random vectors (⟨x∗
j , X⟩)n

j=1. This system necessarily satisfies the
conditions of weak distributions and is thus a natural way of obtaining a weak
distribution from a defined stochastic process. This weak distribution also defines
the finite-dimensional distributions of X, what can be easily seen by setting the
functional x∗

j as a projection from X to Xj.
Notice that even though the weak distribution of an X-valued process com-

pletely determines the finite-dimensional distributions of the process, it is defined
only by elements of its dual space X∗. The space X does not figure in its definition.

1.2.2 L2 Spaces
Definition 6 (L2 Space)
We define the space H = L2[0, 1] as a separable Hilbert space of real-valued func-
tions, defined on the compact interval [0, 1], with a Borel σ-algebra Σ and the
inner product

⟨x, y⟩ ..=
∫︂ 1

0
x(t)y(t)dt, x, y ∈ H,

satisfying the condition ∫︂ 1

0
x2(t)dt < ∞, x ∈ H.

By the L2-norm, we mean

∥x∥L2 ..= ⟨x, x⟩
1
2 , x ∈ H.

For random elements on L2[0, 1], we make the assumption of square-integrability:

E∥X∥2 < ∞.

Sometimes, we consider a function z ∈ (L2[0, 1])p, for some p ∈ N. Then, by
⟨z, x⟩, x ∈ L2[0, 1], we mean the vector (⟨zi, x⟩)p

i=1.

Definition 7 (Covariance operator)
We call an operator C : H → H the covariance operator of a random process X
on H, if

Cx = E[⟨X − EX, x⟩X], x ∈ H.

We denote the class of covariance operators by L+
tr.

Covariance operators are linear, compact, symmetric, and positive, and they
are of trace class, which means that they can be expressed as

C =
∞∑︂

k=1
⟨Cek, ek⟩,
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for some orthonormal basis (ek) of space H. A covariance operator may seem
as too complex a structure at first glance. Notice, however, that in the case of
a random vector in Rd, its covariance operator would be an ordinary variance
represented by a matrix, i.e. again a linear operator which maps vectors from Rd

to Rd.
The sample covariance operator Cn can be obtained by utilising the sample

covariance kernel

cn(s, t) ..= 1
n

n∑︂
j=1

[Xj(s) −Xn(s)][Xj(t) −Xn(t)], s, t ∈ [0, 1],

in the following way:

Cnx(s) =
∫︂ 1

0
cn(s, t)x(t)dt, x ∈ H.

It could also prove useful to be able to express ⟨Cnx, x⟩ without the presence of
cn:

⟨Cnx, x⟩ =
∫︂ 1

0

[︂ ∫︂ 1

0
cn(s, t)x(t)dt

]︂
x(s)ds

=
∫︂ 1

0

∫︂ 1

0

1
n

n∑︂
j=1

[Xj(s) −Xn(s)][Xj(t) −Xn(t)]x(t)x(s) dt ds

= 1
n

n∑︂
j=1

[︂ ∫︂ 1

0
[Xj(t) −Xn(t)]x(t)dt

]︂2
= 1
n

n∑︂
j=1

⟨Xj −Xn, x⟩2, x ∈ H.

Furthermore, let ν be a measure on H. We define L2
ν as the Hilbert space of

all measurable functionals
f : H → R

satisfying
∫︁
H f(x)2dν(x) < ∞. This space is separable, due to separability of H.

We also define the scalar product

⟨f(·), g(·)⟩ ..=
∫︂
H
f(x)g(x)dν(x),

along with the norm ∥f∥ν
..=
√︂

⟨f, f⟩, f ∈ L2
ν .

Lastly, we state two versions of the central limit theorem for elements in a
separable Hilbert space. The first version deals with the regular case of a sequence
of i.i.d. random elements, whereas the second one deals with a triangular array.

Theorem 2 (Central Limit Theorem I)
Let (Xj, j ≥ 1) be a sequence of i.i.d. random elements from a separable Hilbert
space H. Assume E∥X1∥2 < ∞ and denote the mean function EX1 =.. µ ∈ H and
the covariance operator CX =.. C ∈ L+

tr. Then,

1√
n

n∑︂
j=1

(Xj − µ) d−→ N,

where N ∼ N (0, C) is a centered Gaussian function with covariance operator C.
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Proof. See Theorem 2.7 in Bosq [2000].

Theorem 3 (Central Limit Theorem II)
Let {(Xn,1, . . . , Xn,n), n ≥ 1} be a triangular array of row-wise independent,
column-wise i.i.d. random elements from a separable Hilbert space H and let
Sn = ∑︁n

j=1 Xn,j be the sum of the n-th row of the array. Let (ek, k ≥ 1) be an
orthonormal basis of H and assume E⟨Xn,j, ek⟩ = 0 and E∥Xn,j∥2 < ∞, 1 ≤
j ≤ n, k ≥ 1. Let Cn be the (actual) covariance operator of Sn and assume the
following conditions:

1. limn→∞⟨Cnek, el⟩ = ak,l, k, l ≥ 1,

2. limn→∞
∑︁∞

k=1⟨Cnek, ek⟩ = ∑︁∞
k=1 ak,k < ∞,

3. limn→∞ Ln(ε, ek) = 0, ε > 0, k ≥ 1, where

Ln(ε, x) ..=
n∑︂

j=1
E[⟨Xn,j, x⟩21{|⟨Xn,j, x⟩| > ε}], x ∈ H.

Then,
Sn

d−→ N,

where N ∼ N (0, C) is a centered Gaussian function with covariance operator C
characterised by

⟨Cx, el⟩ =
∞∑︂

j=1
⟨x, ej⟩aj,l, l ≥ 1.

Proof. See Theorem 1.1 in Kundu et al. [2000].

1.2.3 Discretisation
In practice, we rarely observe truly functional data. A discretised sample of
random functions observed at times 0 = t0 < t1 . . . tT −1 < tT = 1, T ∈ N is more
frequently the case. In this thesis, we assume that the distances |ti − ti−1|, i ∈
{1, . . . , T} are constant, which necessarily means that ti = i

T
.

If this was not so and if we assumed that the functions were continuous, we
could easily interpolate the missing points using a local linear regression, thereby
returning to the case of a grid of points with equal distances between each other.

We also usually estimate the integral of a continuous function by calculating
it as a Riemann integral with a fixed number of steps. More specifically, for a
function x ∈ C[0, 1] and a (large) number T ∈ N, we approximate the integral
I(x) =

∫︁ 1
0 x(t)dt with:

ˆ︁I(x) = 1
T

T∑︂
t=0

x
(︃
t

T

)︃
.

We will be using this approximation as well. Although we generally deal with
functions from L2[0, 1] instead of C[0, 1], the functions considered in the simulation
study are indeed continuous in all cases.
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1.3 Functional Density Absence
In finite-dimensional spaces, Lebesgue measure is considered to be an abstraction
of the concept of volume. Due to its natural properties, many probability distri-
butions are defined using Lebesgue measure along the way. The most common
approach to inspect a finite-dimensional probability distribution is to identify
its density function, another natural concept that plays a major role in (scalar)
statistics. Many probability distributions, including the normal distribution, are
most commonly defined by their density function. We usually define it using
Radon-Nikodym’s Theorem.

Theorem 4 (Radon-Nikodym)
Let (X ,Σ) be a measurable space and let µ, ν be two σ-finite measures defined on
X . If ν is absolutely continuous with respect to µ, then there exists a Σ-measurable
function f , unique up to µ-null sets, such that

ν(A) =
∫︂

A
fdµ, A ∈ Σ.

In the topic of probability theory, the measure ν represents the distribution
of a random element, whereas the dominant measure µ, in a space Rd, d ∈ N,
is in the case of continuous random elements almost exclusively established as
the d-dimensional Lebesgue measure. A slightly different way of arriving at the
density function is to observe the probability limit of a small ball, again using
Lebesgue measure:

f(x) ..= lim
h→0+

P[∥X − x∥ ≤ h]
hdvd

, x ∈ X ,

where vd is the Lebesgue measure (volume) of a d-dimensional unit-sphere and
∥ · ∥ is the Euclidean distance in Rd. This idea is discussed in the Appendix of
Delaigle and Hall [2010].

In the functional setting, we do not have the luxury of a Lebesgue measure.
Due to this absence, there is no obvious way to choose a measure µ, with respect
to which ν is absolutely continuous. Concerning the second definition of a density,
we could argue that it is sufficient to define a volume function v(h), so that

f(x) = lim
h→0+

P[∥X − x∥ ≤ h]
v(h) , x ∈ X ,

where ∥ · ∥ is the L2-distance. Were this possible, we would have arrived, by
applying the logarithm on both sides, at the following:

log(f(x)) = lim
h→0+

log(P[∥X − x∥ ≤ h]) − log(v(h)),

and so, without the limit,

log(P[∥X − x∥ ≤ h]) = log(v(h)) + log(f(x)) + oP(1).

In other words, it would have to be true that the logarithm of a small ball proba-
bility can be partitioned into a sum of an error term converging in probability to
0, a volume term not dependent on x, and finally a density term not dependent
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on h. This is not true as generally, the term v is actually dependent on both h
and x. For the reason of no straightforward generalisation, we avoid the concept
of density functionals in subsequent chapters. Nevertheless, there have been some
useful attempts, usually utilising principal component analysis, see for example
Delaigle and Hall [2010] or Bongiorno and Goia [2017].

1.4 Supporting Probability Measures
As we have stated in the previous section, we omit the concept of density func-
tionals due to the absence of a dominant measure in spaces of functional random
elements, namely L2[0, 1]. However, we still discourse about generalisations of
distribution functions and characteristic functions, both of which, in some way,
depend on the comparison of the observed element with all values of the space
L2[0, 1]. Therefore, in both cases, we look at the comparisons through a certain
measure ν defined in L2[0, 1]. Due to the non-existence of a dominant measure in
L2[0, 1], there is no unique and straightforward choice of ν.

In this thesis, we deal with measures induced by a probability distribution, as
they can be easily sampled for some chosen constant. This does not mean that the
theory developed in the subsequent chapters would not, after some modifications,
work for a non-stochastic measure, or a sequence of measures νn dependent on
the random sample.

Concerning the choice of a probability measure ν, we are constrained by the
reality that all calculations need to be performed on a computer, thus making it
necessary for the measure to be computationally tractable. On the other hand,
it would also be prudent to take in consideration the power of evaluated tests,
which we want to maximise.

Let us now look at some examples of the supporting probability measures ν.
Example (Wiener Process). One obvious choice is the distribution ν = νW of a
Wiener process, starting at X0 = 0, almost surely. An integral

I(f) =
∫︂
H
f(x)dν(x)

would then be estimated as

ˆ︁I(f) = 1
TM

T∑︂
t=0

M∑︂
j=1

f
(︃
Wj

(︃
t

T

)︃)︃
,

where W1, . . . ,WM is a random sample of Wiener processes, M ∈ N is the sample
size of Wiener trajectories and T ∈ N is the discretisation constant. Figure 1.1
depicts a sample of M = 10 Wiener processes over which we integrate when
evaluating ˆ︁I(f).

Alternatively, we could start the Wiener process at a random point X0 ∼
N (0, 1), see Figure 1.2. Of course, depending on the application, other processes
could also serve as a viable option. It could also make sense to increase the σ = 1
parameter, so that the trajectories intermix to a greater degree in the scope of
the interval [0, 1].

9



Figure 1.1: Measure Induced by a Wiener Process.

Figure 1.2: Measure Induced by a Wiener Process, Started at a Random Point.
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Example (Truncated Orthonormal Basis Process). From a different perspective,
we could utilise the fact that L2[0, 1] has an orthonormal basis (Φk)∞

k=1. Another
probability measure could be the distribution ν = νZ of a random function

Z(t) =
∞∑︂

k=1
bkΦk(t), t ∈ [0, 1],

where (bk)∞
k=1 are the Fourier coefficients of Z, meaning that

bk =
∫︂ 1

0
Z(t)Φk(t)dt,

∞∑︂
k=1

b2
k < ∞.

In order to achieve a finite evaluation time, this process would be truncated to

ZL(t) =
L∑︂

k=1
bjΦk(t), t ∈ [0, 1]

and the coefficients (bk)L
k=1 would be sampled as i.i.d. random variables

bk = ρkNk,

where (ρk)∞
k=1 are non-stochastic coefficients satisfying the condition

∞∑︂
k=1

ρ2
k < ∞.

Therefore, the sampled Fourier coefficients would actually define the process ZL,
not vice versa. Overall, we would get a single trajectory as

ZL(t) =
L∑︂

k=1
ρkNkΦk(t), t ∈ [0, 1].

Principally, we need to choose three ingredients: an orthonormal basis, a
distribution of the random variables, and lastly, a representation of the coeffi-
cients ρk. In this thesis, we use Nk ∼ N (0, 1), i.e. standard normal variables.
Next, as the orthonormal basis of L2[0, 1], we use sine functions

Φk(t) =
√

2 sin
(︂
2πkt

)︂
, t ∈ [0, 1].

As for the coefficients, we use ρk = 1
πk
. In conclusion, one sample of a path over

which we integrate would be:

L∑︂
k=1

√
2

πk
Nk sin

(︂
2πkt

)︂
, t ∈ [0, 1],

for some independent standard normal random variables (Nk)L
k=1 and some trun-

cation constant L ∈ N.
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Figure 1.3: Sine Orthonormal Basis Measure.

An estimate of the integral I(f) =
∫︁
H f(x)ν(x) would be

ˆ︁I(f) = 1
TM

T∑︂
t=0

M∑︂
j=1

f

(︄
L∑︂

k=1

√
2

πk
Nt,kΦk

(︃
t

T

)︃)︄
,

where N1,1, . . . , NM,L is a random sample of standard normal variables, M ∈ N
is the sample size of basis trajectories, L is the truncation constant and T ∈ N is
the discretisation constant.

Figure 1.3 depicts a sample of M = 10 random functions, truncated to L = 20
basis functions, over which we integrate when evaluating ˆ︁I(f).

In Chapter 4, we perform a simulation study of some of the introduced tests
and compare the choices of measures ν.

1.5 Parametric Bootstrap Tests
As we will see in the following chapters, it is difficult to find a test statistic for
functional data with a known parameter-free distribution. Rather, a complex
and parameter-dependent distribution is usually the case. Nevertheless, it is still
possible to find a test statistic for which we can estimate the critical values. This
technique is called a bootstrap test. The idea is simple - simulate the data under
the null hypothesis, calculate the test statistic and repeat the process D-times,
so that you get a sample quantile of the test statistic. The bootstrap denotation
stems from the method by which we simulate the data - we do not know the
actual parameters of the distribution from which our data is sampled, and so we
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estimate the parameters from the original data and compute some replicates from
this estimated distribution.

As we concern ourselves extensively with this type of bootstrap test, we shall
define it here in a very general form for processes in H = L2[0, 1].

Consider a random sample of functions X1, . . . , Xn, distributed as some model
random function X. Consider functionals GX defining the probability distribu-
tions PX of random functions in H. We want to test whether GX belongs to some
parametric family of these functionals, denoted as F = {G(·|θ), θ ∈ Θ}. In this
context, we reserve the letter Y for random functions that are actually sampled
from this parametric family. The parametric space used here, Θ, can be very
complex, such as a space of all operators on H.

The hypothesis is the following:

H0 : GX ∈ F ,
H1 : GX /∈ F .

Alternatively, we can write:

H0 : GX(·) = GY (·|θ0), for some fixed θ0 ∈ Θ,
H1 : GX(·) ̸= GY (·|θ), for all θ ∈ Θ.

Let us also assume that we have a test statistic Tn = Tn

(︂ ˆ︁GX(·), GY (·|ˆ︁θ))︂ ,
which is a metric on the space of functionals in H which measures how close the
sample functional ˆ︁GX gets to some functional in F . An asymptotically-consistent
estimator of the parameter θ ∈ Θ ⊂ Rp is also necessary, we denote it as

ˆ︁θ = ˆ︁θn : Hn → Θ, n ∈ N.

A parametric bootstrap is performed in the following steps:

1. Compute the parameter estimate of our random sample, denoted as

ˆ︁θ = ˆ︁θ(X1, . . . , Xn).

2. For k = 1, . . . , B: simulate functions Y ∗
1,k, . . . , Y

∗
n,k from GY (·|ˆ︁θ), i.e. using

the estimated parameter ˆ︁θ as the true parameter.

3. For k = 1, . . . , B: compute the test statistic nT ∗
n,k = nTn(Y ∗

1,k, . . . , Y
∗

n,k).

4. Estimate the probability distribution P∗ of the bootstrapped test statistics
and find a critical value Cα such that P∗[nTn(Y1, . . . , Yn) > Cα] = α. In
other words, approximate the upper α-percentile of the null distribution of
nTn by this empirical probability distribution as

Cα = R⌈B(1−α)⌉,

where R1, . . . , RB are the values of nT ∗
n,1, . . . , nT

∗
n,B ordered from the lowest

values to the highest.

5. Compute the test statistic nTn,0 = nTn(X1, . . . , Xn) for our random sample.
If nTn,0 > Cα, we reject the null hypothesis.
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In the upcoming chapters, our metric will be the Cramér–von Mises distance

nTn =
∫︂
n| ˆ︁GX(x) −GY (x|ˆ︁θ)|2dν(x)

Under H0, the true distribution GY may not be known. We replace it with a
simulation-based estimate ˆ︁GY in such a case.

In the finite-dimensional case, we would get that under H0 and some regularity
assumptions on the parameters, the function

ˆ︁αn(x) =
√
n[Fn(x) − FY (x|ˆ︁θ)], x ∈ Rm,

where FY is the distribution function and Fn the empirical distribution function,
converges in distribution to a Gaussian process with zero mean, continuous sample
paths and a known covariance function (dependent on the actual parameter of the
distribution θ), almost surely. This result is called Durbin’s invariance principle,
and can be extended to a bootstrap version, see for example Stute et al. [1993].

Inspired by Durbin’s invariance principle, we attempt to prove a similar con-
vergence for distribution functionals and characteristic functionals in the subse-
quent chapters.
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2. Distribution Functional
We first draw our attention to the distribution functionals, which arguably have
the most straightforward generalisation from scalar to functional data. As stated
in the previous chapter, we concentrate on the case of random functions in the
separable Hilbert space H = L2[0, 1].

2.1 Definition and properties
Let us first define the distribution functional.

Definition 8 (Distribution Functional)
Let X : (Ω, [0, 1]) → R be a stochastic process measurable in the Hilbert space
(H,B). The distribution functional of X is defined by:

FX(x) ..= P[X(t) ≤ x(t), ∀t ∈ [0, 1]], x ∈ H.

The distribution functional is well-defined, as the set

{ω ∈ Ω : X(t;ω) ≤ x(t), ∀t ∈ [0, 1]}

is equivalent to
{ω ∈ Ω : sup

t∈[0,1]
[X(t;ω) − x(t)] ≤ 0},

which is measurable if X(·;ω) and x(·) are measurable functions.
For a random sample, the most straightforward estimator of a distribution

functional is the following:

Definition 9 (Empirical Distribution Functional)
Let X1, . . . , Xn be i.i.d. random functions from H. The empirical distribution
functional of X is defined by:

ˆ︁Fn(x) ..= 1
n

n∑︂
i=1

1{Xi(t) ≤ x(t), ∀t ∈ [0, 1]}, x ∈ H.

Further on, we sometimes denote the random sample by a single symbol X.
Of course, we cannot actually compare the measured random functions with

every x ∈ H. In practical applications, we can make comparisons with only a
finite number of functions, which we have to choose carefully.

2.2 A Goodness-of-fit Test for Empirical Distri-
bution Functionals

2.2.1 Test Statistic
Let us now consider a random sample X1, . . . , Xn of functions in H and a family
of distribution functionals with a parameter,

F ..= {F (·|θ), θ ∈ Θ ⊂ Rp}, p ∈ N.
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By FX(·|θ), ˆ︁FX(·|θ), we mean the distribution functional (or the empirical
distribution functional) of a random function (or a random sample of functions)
whose distribution depends on the parameter θ.

We test the null hypothesis that the distribution functional of X belongs to
the family F , against the universal alternative:

H0 : FX = FY (·|θ), for some θ ∈ Θ,
H1 : FX /∈ F .

Now, we describe a test from Bugni et al. [2009]. We use the Cramér–von
Mises distance for the construction of our test statistic:

T (X|ˆ︁θ) =
∫︂
H

[ ˆ︁F (x) − FY (x|ˆ︁θ)]2dν(x),

where ν is a probability measure on L2[0, 1] and Y is a random function of a
distribution from F , i.e. a distribution dependent on the parameter θ ∈ Θ.

Since we do not usually know the distribution functional FY , the actual test is
performed with a different test statistic ˆ︁Tn(X|ˆ︁θ), utilising the sample functionalˆ︁FY (·|ˆ︁θ) instead of FY (·|ˆ︁θ), calculated over S simulations Y1, . . . , YS ∼ F (·|ˆ︁θ):

ˆ︁Fn(x|ˆ︁θ) ..= 1
S

S∑︂
i=1

1{Yi(t) ≤ x(t), ∀t ∈ [0, 1]}, x ∈ L2[0, 1].

The argument in Bugni et al. [2009] is that, since we can simulate the process un-
der the null hypothesis Y ∼ FY (·|ˆ︁θ) with an arbitrarily small error, it is sufficient
to develop theory around Tn((X|ˆ︁θ). It seems, however, appropriate to mention
here that this approach results in longer evaluation times, as we need to estimate
the distribution functional for each evaluation of the bootstrap.

2.2.2 Bootstrap Convergence
Let us now introduce several assumptions necessary for a valid convergence of the
test statistic.

Assumption 1 (Random Sample)
X1, . . . , Xn are independent and identically distributed random functions from
L2[0, 1]. We denote their distribution functional by FX .

Assumption 2 (Regularity of Parameter Estimator)
There is a unique (non-stochastic) constant θ0 ∈ Θ ⊂ Rp, such that:

√
n(ˆ︁θ − θ0) = 1√

n

n∑︂
i=1

Ω(Xi) + oP(1),

where Ω is p-dimensional and satisfies the following properties:∫︂
H

Ω(x)⊤Ω(x)ν(dx) < ∞,

E[Ω(X)] = 0,
VΩ

..= cov[Ω(X)] is finite and non-singular.
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Assumption 3 (Properties of Ḟ )
Let

(Ḟ 1(·|θ), . . . , Ḟ p(·|θ)) =.. Ḟ (·|θ) ..= ∇θF (·|θ)

exist for all θ in a neighbourhood U of θ0. Furthermore, let

sup
θ∈U

∫︂
H
Ḟ (x|θ)⊤Ḟ (x|θ)dν(x) < ∞, (2.1)

lim
ϵ→0

∫︂
H

p∑︂
i,j=1

sup
∥θ−θ0∥≤ϵ

|[Ḟ i(x|θ) − Ḟ i(x|θ0)][Ḟ j(x|θ) − Ḟ j(x|θ0)]|dν(x) = 0, (2.2)

where ∥ · ∥ is the Euclidean distance in Rp.

Assumption 4 (Properties of ν)
Measure ν is the probability distribution of a Gaussian process

Zt =
∞∑︂

k=1
ρkNkϕk(t), t ∈ [0, 1],

where

0 < |ρk| ≤ Ck−d, for some C < ∞, d > 1 and all k ∈ N,
Nk ∼ N (0, 1),

ϕk(t) =
√

2 sin(kπt).

Assumption 3 provides us with the means of using Taylor series expansion on
the functional F. The purpose of Assumption 4 is to guarantee that, with proba-
bility 1, a function sampled from ν is bounded in L2[0, 1].We could utilise different
probability measures that would nevertheless satisfy the boundedness result, and
we do actually use other probability measures in our simulation studies.

Theorem 5 (Convergence of Tn under H1)
Let Assumptions 1 - 4 hold. Under the alternative H1 and the additional assump-
tion that the actual distribution functional FX is fixed, it holds that:

Tn(X|ˆ︁θ) =
∫︂
H

[ ˆ︁F (x) − FY (x|ˆ︁θ)]2dν(x) P−→
∫︂

[FX(x) − FY (x|θ0)]2dν(x).

Proof. We know from Assumption 2 that ˆ︁θ converges to some θ0 in probability.
Also, we know from Assumption 3 that a derivative of FX(·|θ) exists on an open
neighbourhood U of θ0. Therefore, FX(·|θ) is continuous on U and so FX(·|ˆ︁θ)
converges in probability to FX(·|θ0) on U.

Finally, we know that the empirical distribution functional converges to the
actual distribution functional:

ˆ︁Fn(x) = 1
n

n∑︂
i=1

1{Xi(t) ≤ x(t), ∀t ∈ [0, 1]} d−→ FX(x), x ∈ L2[0, 1],

ˆ︁Fn(x|θ) = 1
n

n∑︂
i=1

1{Xi(t) ≤ x(t), ∀t ∈ [0, 1]} d−→ FX(x|θ), x ∈ L2[0, 1], θ ∈ Θ.

Combining these findings, we get the result.
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Theorem 6 (Convergence of nTn in Distribution under H0)
Let Assumptions 1 - 4 hold. Under H0, let θ0 ∈ U be the true parameter, such
that FX(·) = FX(·|θ0). Then,

nT (X|ˆ︁θ) d−→
∫︂
H

[ζ(x) + ḞX(x|θ0)⊤ξ]2dν(x),

where

1. ζ is a centered Gaussian process on [0, 1] with covariance identical to the
covariance of the indicator process 1{X(t) ≤ x(t) ∀t ∈ [0, 1]},

2. ξ is a centered normal random variable in Rp with covariance matrix VΩ,

3. It holds for ζ and ξ that

E[ξζ(x)] = EΩ(X)[1{X ≤ x} − FX(x)], c ∈ H.

Proof. The proof can be found in Bugni et al. [2009]. Let us define a stochastic
process Wn

..=
√
n( ˆ︁FX − FX). Wn is centered and has the same covariance as ζ.

One obvious difference is in Gaussianity, which the process Wn lacks, compared
to ζ. We have

nTn(X|ˆ︁θ) = n
∫︂
H

[ ˆ︁FX(x) − FY (x|ˆ︁θ)]2dν(x)

= n
∫︂
H

[ ˆ︁FX(x) − FX(x) + FY (x|θ0) − FY (x|ˆ︁θ)]2dν(x)

=
∫︂
H

[Wn(x) −
√
n[FY (x|ˆ︁θ) − FY (x|θ0)]]2dν(x),

where, since we assume H0 to be true, FX(·) and FY (·|θ0) are the same distribu-
tion functionals. Assumption 3 allows us to employ the following Taylor series
expansion:

FY (x|ˆ︁θ) = FY (x|θ0) + Ḟ Y (x|θ∗)⊤(ˆ︁θ − θ0), x ∈ H, θ∗ ∈ U,

where ∥θ∗ − θ0∥ ≤ ∥ˆ︁θ − θ0∥. Thus, we can rewrite nTn(X|ˆ︁θ) as

nTn(X|ˆ︁θ) =
∫︂
H

[Wn(x) −
√
nḞ Y (x|θ0)⊤(ˆ︁θ − θ0)

−
√
n[Ḟ Y (x|θ∗) − Ḟ Y (x|θ0)]⊤(ˆ︁θ − θ0)]2dν(x)

The last element under the integral converges to 0 in distribution, which we
know from Assumption 3. Due to Assumption 2 and the definition of ξ, the
second element

√
nḞ Y (x|θ0)⊤(ˆ︁θ − θ0) converges to the same distribution as ξ,

with probability 1. Thus, nTn(X|ˆ︁θ) has, with probability 1, the same asymptotic
distribution as

VW
..=
∫︂
H

[Wn(x) − Ḟ Y (x|θ0)⊤ξ]2dν(x).

We show that VW actually has the same asymptotic distribution as

V ..=
∫︂
H

[ζ(x) + Ḟ Y (x|θ0)⊤ξ]2dν(x).
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Consider the Hilbert space L2
ν of ν-square integrable functionals from H to R.

Every Hilbert space has a complete, orthonormal basis - denote such a basis of
space L2

ν by (ϕk : k = 1, . . . ,∞). By cn,k and dk, we mean the (real-valued)
coordinates of Wn and ζ in this basis. We obtain the coefficients from:

cn,k = ⟨Wn, ϕk⟩ν =
∫︂
H
Wn(x)ϕk(x)dν(x),

dk = ⟨ζ, ϕk⟩ν =
∫︂
H
ζ(x)ϕk(x)dν(x).

Now, we truncate the processes Wn and ζ to their first K coordinates in the basis
(ϕk) and define the counterparts of V employing this split:

Wn,K,1(x) ..=
K∑︂

k=1
cn,kϕk(x), x ∈ H,

Wn,K,2(x) ..=
∞∑︂

k=K+1
cn,kϕk(x), x ∈ H,

ζK(x) ..=
K∑︂

k=1
dkϕk(x), x ∈ H,

VK,ζ
..=
∫︂
H

[ζK(x) + Ḟ Y (x|θ0)⊤ξ]2dν(x),

Vn,K,1
..=
∫︂
H

[Wn,K,1(x) + Ḟ Y (x|θ0)⊤ξ]2dν(x).

From Cauchy-Schwarz inequality, we have

|VW − Vn,K,1| =
⃓⃓⃓ ∫︂

H
(2Wn,K,1Wn,K,2 +W 2

n,K,2 − 2Wn,K,2Ḟ Y (x|θ0)⊤ξ)dν(x)
⃓⃓⃓

=
⃓⃓⃓ ∫︂

H
Wn,K,2(2Wn,K,1 − 2Ḟ Y (x|θ0)⊤ξ)dν(x) +

∫︂
H
W 2

n,K,2dν(x)
⃓⃓⃓

≤ 2V 1/2
n,K,1

[︂ ∫︂
H
W 2

n,K,2dν(x)
]︂1/2

+
∫︂
H
W 2

n,K,2dν(x).

We would like to prove that E|VW − Vn,K,1| → 0, for n, K → ∞. Both Vn,K,1
and W 2

n,K,2 are bounded. In the case of the second functional, we can use the
dominated convergence theorem on E

∫︁
HW

2
n,K,2(x)dν(x). From the orthogonality

of ϕk, we have ∫︂
H
E[W 2

n,K,2(x)]dν(x) =
∫︂
H

∞∑︂
k=K+1

c2
n,kdν(x).

It holds that

lim
K→∞

lim sup
n→∞

∫︂
H
E(W 2

n,K,2)dν(x) =
∫︂
H

lim
K→∞

∞∑︂
k=K+1

lim sup
n→∞

c2
n,kdν(x) = 0.

Thus, VW and Vn,K,1 have the same asymptotic distribution. Furthermore, for a
fixed K, we have that

Vn,K,1
d−→ VK,ζ ,

which we know from the central limit theorem for K-variate random variables,
and as K → ∞, we know that

VK,ζ − V
P−→ 0.
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We get the result
VW

d−→ V,

which concludes the proof.

Let us now describe how to perform a bootstrap test in the case of distribution
functionals, and prove its consistency. As was stated in the beginning of the
chapter, our test statistic needs to be estimated by

n ˆ︁Tn(X|ˆ︁θ) =
∫︂
H

[ ˆ︁F (x) − ˆ︁FY (x|ˆ︁θ)]2dν(x).

The calculation of nTn(Z1, . . . , Zn), for some Z1, . . . , Zn representing either the
original random sample or a simulated bootstrap sample, proceeds in the following
way:

1. Calculate the parameter estimate ˆ︁θ∗ = ˆ︁θ(Z1, . . . , Zn). The actual θ which we
are estimating here is either θ0 for the original random sample X1, . . . , Xn,
or ˆ︁θ = ˆ︁θ(X1, . . . , Xn) for a simulated sample.

2. Simulate S processes Y1, . . . , YS from FY (·|ˆ︁θ∗).

3. Calculate the estimate ˆ︁FY (·|ˆ︁θ∗) using the simulated processes Y1, . . . , YS.

4. Finally, calculate the test statistic n ˆ︁Tn(Z1, . . . , Zn|ˆ︁θ∗).

Aside from this detail, the bootstrap procedure is evaluated as in Section 1.5.

Theorem 7 (Bootstrap Consistency)
Let Assumptions 1 - 4 hold. Then,

C∗
α

P−→ Cα.

Also, under the null hypothesis H0, we have that

lim
n→∞

P[nTn(X|ˆ︁θ) > C∗
α] = α.

Proof. See Proof of Theorem 3.2 in Bugni et al. [2009].

2.3 Examples
Let us now look at two examples of goodness-of-fit tests using the defined test
structure. In Chapter 4, we evaluate these tests against the null hypothesis and
some alternatives.

Of course, one serious drawback of tests based on functional distributions is
that we cannot usually express the functionals F (·|θ) explicitly. This is the case
of Gaussian distribution functionals as well.
Example (Brownian Bridge). The Brownian bridge process B is a Gaussian pro-
cess with parameter σ > 0, where

Bt = Wt − tW1, t ∈ [0, 1],
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and Wt is a Wiener process with variance σ2. Denote the family of distribution
functionals of the Brownian bridge as F = {FY (·|σ), σ > 0}. The tested hy-
potheses are:

H0 : FX(x) = FY (x|σ), ∀x ∈ L2[0, 1], for some σ > 0,
H1 : FX(x) ̸= FY (x|σ), for some x ∈ L2[0, 1].

In order to optimize the power of our test, we would need to choose a measure
ν with some respect to the possible trajectories of Bt. If the trajectories of the
measure ν always began or ended above zero, all empirical distribution functionals
would be identical to a zero functional.

On Figure 2.1, we can see that the sine basis measure is properly chosen, as
the number of functions completely under the trajectory of a Brownian bridge
seems appropriate.

Figure 2.1: Brownian Bridge (red), Compared to a Sample of Sine Basis Functions
(green).

Let us also look at a comparison with our second measure generated by the
Wiener process. Figure 2.2 also suggests that such a measure could be a valid
alternative for the test. Of course, we need to verify the Assumption 8. Here, we
can utilise the fact that a Wiener process can be represented as:

Wt = ξ0t+
√

2
∞∑︂

n=1
ξn

sin(πnt)
πn

,

where ξ1, ξ2, · · · ∼ N (0, 1) are i.i.d. standard normal random variables. This
is also the reason why we choose Fourier coefficients ρk = 1

πk
for the previous

measure. Wt is clearly identical to a sine basis function, except for the term ξ0t.
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Although this violates Assumption 4, the stated theorems can be also proved
with the added term ξ0t, as is stated in Bugni et al. [2009].

Figure 2.2: Brownian Bridge (red), Compared to a Sample of Wiener Processes
(green).

Example (Ornstein-Uhlenbeck Process). We define the Ornstein-Uhlenbeck pro-
cess Xt as a Gaussian process with three parameters θ > 0, m ∈ R, σ > 0,
where

X0 ∼ N
(︄
m,

σ2

2θ

)︄
,

dXt = θ(m−Xt)dt+ σdWt.

In this case of a non-constant starting point, the process is stationary. The
hypotheses are:

H0 : FX(x) = FY (x|θ, m, σ), ∀x ∈ L2[0, 1], for some θ > 0, m ∈ R, σ > 0,
H1 : FX(x) ̸= FY (x|θ, m, σ), for some x ∈ L2[0, 1].

From the comparisons to our original measures ν, which are depicted in Fig-
ures 2.3 and 2.4, we can immediately see that choices starting at zero could be
problematic. For that reason, we also defined the measure induced by a Wiener
process starting at a random point. Indeed, looking at Figure 2.5, we expect this
measure to yield higher power than the former.
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Figure 2.3: Ornstein-Uhlenbeck Process with (θ,m, σ) = (1, 0, 1) (red), Compared
to a Sample of Sine Basis Functions (green).

Figure 2.4: Ornstein-Uhlenbeck Process with (θ,m, σ) = (1, 0, 1) (red), Compared
to a Sample of Wiener Processes (green).
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Figure 2.5: Ornstein-Uhlenbeck Process with (θ,m, σ) = (1, 0, 1) (red), Compared
to a Sample of Wiener Processes with Random Starting Point (green).
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3. Characteristic Functionals
In finite-dimensional spaces, the characteristic function serves as a less popular
alternative to the density function. Nevertheless, this tool finds its place in many
proofs, most notably the central limit theorem. We argue that characteristic
functionals may actually be the preferred method of functional data analysis, in
spite of their rather less intuitive nature.

3.1 Definition and properties
Definition 10 (Characteristic functional)
Let X : (Ω, [0, 1]) → R be a stochastic process measurable in a Hilbert space
(H,B). The characteristic functional of X is defined as

ϕ(x∗) = E[ei⟨x∗,X⟩] =
∫︂
R
eiλdF (x∗;λ), x∗ ∈ H∗,

where F (x∗;λ) = P{ω ∈ Ω : ⟨x∗, X(ω)⟩ ≤ λ} is the distribution function of the
real-valued random variable ⟨x∗, X⟩.
Definition 11 (Empirical characteristic functional)
Let X1, . . . , Xn be independent, identically distributed stochastic processes mea-
surable in (H,B). We define the empirical characteristic functional as

ϕ(x∗) = 1
n

n∑︂
j=1

ei⟨x∗,Xj⟩, x∗ ∈ H∗.

The characteristic functional of a stochastic process clearly satisfies the main
properties of characteristic functions that we know from finite-dimensional spaces.
It holds that ϕ(0) = 1, where 0 is the zero linear functional, it is positive definite
due to the properties of exponential function, and finally, it is continuous, which
can be proved from continuity of the inner product. Let us also recollect that
H ≡ H∗ holds for all Hilbert space.

Contrary to the case of distribution functionals, we actually know the char-
acteristic functional of a Gaussian process. Thus, we provide an alternative to
Definition 3.
Definition 12 (Gaussian process)
Let X be a stochastic process measurable in (H,B). We call X Gaussian if and
only if there exists µ ∈ H and C ∈ L+

tr(H) such that

E[ei⟨x,X⟩] = ϕ(x) = ϕ(x|µ, C) = exp
(︃
i⟨µ, x⟩ − 1

2⟨Cx, x⟩
)︃
, x ∈ H.

This indeed corresponds to Definition 3, where µ is the mean function of X
and C is the covariance operator of X.

3.2 A Goodness-of-fit Test for Gaussianity
Now we introduce a test from Henzel and Jiménez-Gamero [2020] for testing
Gaussianity of a random function. Again, we operate on the Hilbert space H =
L2[0, 1] of all real-valued functions on [0, 1] satisfying E∥X∥2

H < ∞.
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3.2.1 Test Statistic
Consider the following test statistic:

Tn(X) = Tn(X1, . . . , Xn) =
∫︂
H

|ϕn(x) − ϕ(x|Xn, Cn)|2dν(x),

which is the Cramér–von Mises distance, this time between the empirical charac-
teristic functional and the characteristic functional of a normal distribution, with
the parameters being the sample mean and the sample covariance operator. Also,
ν is again some probability measure on H, for now without any assumptions.

We obviously expect that Tn tends to zero almost surely under the null hy-
pothesis.

Theorem 8 (Limit of Tn)
Consider a random sample of functions X1, . . . , Xn ∼ X from H, satisfying
E∥X∥2

H < ∞. Let ϕX , µ, C denote the (actual) characteristic functional, the
expectation and the covariance operator of X, respectively. Then,

Tn(X) =
∫︂
H

|ϕn(x) − ϕ(x|Xn, Cn)|2dν(x) a.s.−−→
∫︂
H

|ϕX(x) − ϕ(x|µ, C)|2dν(x).

Proof. The proof is based on the strong law of large numbers and the asymptotic
consistence of estimators Xn, Cn and ϕn. See Theorem 1 in Henzel and Jiménez-
Gamero [2020] for details.

We can rewrite the statistic in the following way:

Tn =
∫︂
H

⃓⃓⃓ 1
n

n∑︂
j=1

exp (i⟨x,Xj⟩) − exp
(︃
i⟨Xn, x⟩ − 1

2⟨Cnx, x⟩
)︃ ⃓⃓⃓2

dν(x)

=
∫︂
H

⃓⃓⃓[︂ 1
n

n∑︂
j=1

cos⟨x,Xj⟩ − cos⟨Xn, x⟩ exp
(︃

−1
2⟨Cnx, x⟩

)︃

+ i
[︂ 1
n

n∑︂
j=1

sin⟨x,Xj⟩ − sin⟨Xn, x⟩ exp
(︃

−1
2⟨Cnx, x⟩

)︃ ]︂⃓⃓⃓2
dν(x)

By using the formulas |a + bi|2 = a2 + b2 and cos(α) cos(β) + sin(α) sin(β) =
cos(α− β), we get that:

Tn =
∫︂
H

[︂ 1
n2

n∑︂
j,k=1

cos (⟨x,Xj −Xk⟩)

− 2
n

n∑︂
j=1

cos
(︂
⟨x,Xj −Xn⟩

)︂
exp

(︃
−1

2⟨Cnx, x⟩
)︃

+ exp (−⟨Cnx, x⟩)
]︂
dν(x)

With cos⟨x,Xj −Xk⟩ = cos⟨x,Xj −Xn−(Xk −Xn)⟩ and again the cosine formula,
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we are left with:

Tn =
∫︂
H

[︂ 1
n2

n∑︂
j,k=1

cos⟨x,Xj −Xn⟩ cos⟨x,Xk −Xn⟩

+ 1
n2

n∑︂
j,k=1

sin⟨x,Xj −Xn⟩ sin⟨x,Xk −Xn⟩

− 2
n

n∑︂
j=1

cos⟨x,Xj −Xn⟩ exp
(︃

−1
2⟨Cnx, x⟩

)︃
+ exp (−⟨Cnx, x⟩)

]︂
dν(x)

By restricting measure ν to be symmetric with respect to the functional 0 ∈ H, i
we have: ∫︂

H
− 2
n

n∑︂
j=1

sin⟨x,Xj −Xn⟩ exp
(︃

−1
2⟨Cnx, x⟩

)︃
dν(x) = 0,

since sine is an odd function, which cancels out with the symmetry of ν in the
integral. Thus, we can add this term to the equation for Tn above. We get the
following expression:

nTn =
∫︂
H
V 2

n (x)dν(x),

where

Vn(x) ..= 1√
n

n∑︂
j=1

[︂
cos⟨x,Xj −Xn⟩ + sin⟨x,Xj −Xn⟩ − exp

(︃
−1

2⟨Cnx, x⟩
)︃ ]︂
.

This expression is useful, as Vn(x) is a sum of some random elements

cos⟨x,Xj −Xn⟩ + sin⟨x,Xj −Xn⟩ − exp
(︃

−1
2⟨Cnx, x⟩

)︃
.

If we could, under the null hypothesis, approximate this random element by some
function ψ(x,Xj), we could find the distribution of nTn due to the central limit
theorem and Slutsky’s lemma.

This is indeed true, as we can see from the following theorem.

Theorem 9 (Limit Distribution of nTn under H0)
Let X1, . . . , Xn ∼ X be i.i.d., Gaussian random elements with covariance operator
C. Let ν be a probability measure, symmetric with respect to the functional 0 ∈ H
and satisfying ∫︂

H
∥x∥4

Hdν(x) < ∞. (3.1)

Then,
nTn

d−→ ∥V∥2
ν ,

where:

1. V is a centered Gaussian random element of L2
ν,
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2. The covariance kernel of V is:

E[V(x)V(y)] = exp
(︃

−1
2(σ2

x + σ2
y)
)︃(︃

exp(σx,y) − 1 − σx,y − 1
2σ

2
x,y

)︃
,

where σx,y = ⟨Cx, y⟩, σ2
x = σx,x, x, y ∈ H.

Proof. See Theorem 2 in Henzel and Jiménez-Gamero [2020] for the same proof
in slightly less detail. We have already found that we can express nTn as ∥Vn∥2

ν .
Now, we apply Taylor series expansion on the cos, sin and exp functions in the
expression, so as to approximate Vn with a sum of expressions dependent only on
Xj. Then, we will be able to use the central limit theorem.

cos⟨x,Xj −Xn⟩ = cos⟨x,Xj⟩ + ⟨x,Xn⟩ sin⟨x,Xj⟩ + oP(⟨x,Xn⟩),
sin⟨x,Xj −Xn⟩ = sin⟨x,Xj⟩ − ⟨x,Xn⟩ cos⟨x,Xj⟩ + oP(⟨x,Xn⟩),

exp
(︃

−1
2⟨Cnx, x⟩

)︃
= exp

(︃
−1

2σ
2
x

)︃(︃
1 − 1

2⟨(Cn − C)x, x⟩
)︃

+ oP(⟨(Cn − C)x, x⟩).

We use the symbol oP(ξ) to represent all functions Z such that norms ∥Z
ξ
∥ν vanish

in probability as n → ∞. We can rewrite Vn to

Vn(x) = 1√
n

n∑︂
j=1

[︂
cos⟨x,Xj⟩ + sin⟨x,Xj⟩ − exp

(︃
−1

2σ
2
x

)︃ ]︂

− ⟨x,Xn⟩ 1√
n

n∑︂
j=1

[︂
cos⟨x,Xj⟩ − sin⟨x,Xj⟩

]︂
(3.2)

+ 1
2⟨

√
n(Cn − C)x, x⟩ exp

(︃
−1

2σ
2
x

)︃
+ oP(1). (3.3)

Due to the assumption that the mean function is zero, the sample mean is also
included in oP(1). Thus,

⟨Cx, x⟩ = 1
n

n∑︂
j=1

⟨x,Xj⟩2 + oP(1),

and so the term (3.2) can be rewritten to

− 1√
n

n∑︂
j=1

⟨x,Xj⟩
1
n

n∑︂
k=1

[︂
cos⟨x,Xk⟩ − sin⟨x,Xk⟩

]︂

= − 1√
n

n∑︂
j=1

⟨x,Xj⟩
1
n

n∑︂
k=1

[︂
1 − 1

2⟨x,Xk⟩2 − ⟨x,Xk⟩
]︂

+ oP(1)

= − 1√
n

n∑︂
j=1

[︂
exp

(︃
−1

2σ
2
x

)︃
⟨x,Xj⟩ − ⟨x,Xn⟩⟨x,Xj⟩

]︂
+ oP(1)

= − 1√
n

n∑︂
j=1

[︂
exp

(︃
−1

2σ
2
x

)︃
⟨x,Xj⟩

]︂
+

√
n⟨x,Xn⟩2 + oP(1)

= − 1√
n

n∑︂
j=1

exp
(︃

−1
2σ

2
x

)︃
⟨x,Xj⟩ + oP(1),
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where we have used the Taylor expansion of sin and cos in the first equation and
exp

(︂
−1

2x
)︂

in the second one. As for the term (3.3), realize that

⟨
√
n(Cn − C)x, x⟩ = 1√

n

n∑︂
j=1

(⟨x,Xj⟩2 − σ2
x) +

√
n⟨x,Xn⟩2.

We finally get:
Vn(x) = 1√

n

n∑︂
j=1

Ψ(x,Xj) + oP(1),

where

Ψ(x, y) = cos⟨x, y⟩ + sin⟨x, y⟩ − exp
(︃

−1
2σ

2
x

)︃ [︂
1 + ⟨x, y⟩ − 1

2
(︂
⟨x, y⟩2 − σ2

x

)︂ ]︂
and the functional ψ : H × H → R satisfies the following properties:

1. EΨ(x,X1) = 0, x ∈ H,

2. E∥Ψ(·, X1)∥2
ν =

∫︁
H E[Ψ2(x,X1)]dν(x) < ∞,

where the second property is due to our assumption (3.1). We can finally use
Theorem 2, from which we know that there exists a functional V ∈ L2

ν , such that
V(x) is a centered Gaussian random function ∀x ∈ H, and it holds that

1√
n

n∑︂
j=1

Ψ(x,Xj) d−→ V(x),

for all elements x in H. Slutsky’s lemma gives us the convergence for Vn:

Vn(x) d−→ V(x), x ∈ H.

The last thing to prove is the covariance kernel of V . We know that E[V(x)V(y)] =
E[Ψ(x,X1)Ψ(y,X1)]. We also know from the fact that a projection of a Gaus-
sian random element must be normally distributed that the joint distribution of
⟨x,X1⟩ and ⟨y,X1⟩ is the joint distribution of two random variables(︃

σxN1, σy

(︃
ρN1 +

√︂
1 − ρ2N2

)︃)︃
, N1, N2 ∼ N (0, 1),

where ρ = σx,y

σxσy
.

We are left with the task of calculating the moment E[Ψ(x,X1)Ψ(y,X1)]. The
first two terms of Ψ, multiplied together, yield cos⟨x−y,X1⟩+sin⟨x+y,X1⟩, from
which only the cosine is non-zero due to the symmetry of sines. Using standard
calculus, we find all non-zero moments present in E[Ψ(x,X1)Ψ(y,X1)]:
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E[cos⟨x,X1⟩] = exp
(︃

−1
2σ

2
x

)︃
,

E[cos⟨y,X1⟩] = exp
(︃

−1
2σ

2
y

)︃
,

E[cos⟨x− y,X1⟩] = exp
(︃

−1
2σ

2
x + σx,y − 1

2σ
2
y

)︃
,

E[⟨x,X1⟩⟨y,X1⟩] = σ2
xσ

2
y,

E[sin⟨y,X1⟩⟨x,X1⟩] = σx,y exp
(︃

−1
2σ

2
y

)︃
,

E[cos⟨x,X1⟩⟨y,X1⟩2] = (σ2
y − σ2

x,y) exp
(︃

−1
2σ

2
x

)︃
,

E[cos⟨y,X1⟩⟨x,X1⟩2] = (σ2
x − σ2

x,y) exp
(︃

−1
2σ

2
y

)︃
,

E[⟨x,X1⟩2⟨y,X1⟩2] = σ2
xσ

2
y + 2σ2

x,y,

which yields the covariance kernel as it was stated in the theorem.

3.2.2 Bootstrap Convergence
Since the test statistic nTn is not distribution-free, but rather depends on the
actual parameters (covariance operator) of the random elements, we have to cal-
culate the sample critical values for each evaluation of a test.

Once again, we evaluate the test using the bootstrap technique, as described
in Section 1.5. Our observed functional is, of course, the characteristic functional.
We do not need to estimate ϕY , and so we do not need to simulate any processes
when calculating the test statistic. We still do need to simulate processes under
H0, that is, simulate B · n-times a centered Gaussian random function with the
estimated parameter ˆ︁θ being Cn. Notice that the parametric space here is actually
L+

tr.
As we are unable to explicitly find the limit distribution of nTn, we need to

create a bootstrap test. The idea behind a bootstrap test is to calculate the
test statistic for several random samples satisfying the null hypothesis and then
calculate the sample critical value of the distribution of this test statistic. If the
actual value of the test statistic is higher than the critical value, we reject the
hypothesis.

Let
nT ∗

n = nTn(X∗
1 , . . . , X

∗
n),

be the bootstrapped test statistic, where X∗
1 , . . . , X

∗
n are simulated i.i.d. Gaussian

processes of zero mean and covariance operator Cn. The last thing necessary to
show is that this bootstrapped version indeed satisfies the same convergence as
we have in Theorem 9.
Theorem 10 (Limit Distribution of Bootstrap)
Let X1, . . . , Xn ∼ X be a random sample from H with covariance operator C. Let∫︁
H ∥x∥4

Hdν(x) < ∞. Then

nT ∗
n

d−→ ∥V∥2
ν , PX-almost surely,

where V is the centered Gaussian random element from Theorem 9.
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Proof. Proof of this theorem can be found under Theorem 3 in Henzel and
Jiménez-Gamero [2020]. Let V ∗

n be the bootstrap version of Vn, i.e.

V ∗
n (x) = 1√

n

n∑︂
j=1

[︂
cos⟨x,X∗

n,j −X
∗
n⟩ + sin⟨x,X∗

n,j −X
∗
n⟩ − exp

(︃
−1

2⟨C∗
nx, x⟩

)︃ ]︂
,

where X∗
n,1, . . . , X

∗
n,n is a bootstrap sample and X∗

n and C∗
n are the estimates of

mean function and covariance operator. Keep in mind here that the actual mean
is 0 and the actual covariance operator is Cn. Analogically to the previous case of
nTn, we get the following:

nT ∗
n = ∥V ∗

n ∥2
ν ,

∥V ∗
n − V ∗

n,0∥ν = oP∗(1), PX − almost surely

where

V ∗
n,0 = 1√

n

n∑︂
j=1

ˆ︁Ψn(x,X∗
n,j),

and ˆ︁Ψn is given by

ˆ︁Ψn(x, y) = cos⟨x, y⟩ + sin⟨x, y⟩ − exp
(︃

−1
2
ˆ︁σ2

n,x

)︃ [︂
1 + ⟨x, y⟩ − 1

2
(︂
⟨x, y⟩2 − ˆ︁σ2

n,x

)︂ ]︂
,

where ˆ︁σn,x = ⟨Cnx, x⟩. We would like to show that V ∗
n,0

d−→ V . We cannot, how-
ever, simply apply Theorem 2 as we have done in the previous proof, since the
actual covariance operator of X∗

n,j changes for different n ∈ N. We need to apply
the central limit theorem for triangular arrays, i.e. Theorem 3. Clearly, if all
conditions were satisfied, we would have

V ∗
n,0(x) d−−−→

n→∞
V(x), x ∈ H, PX − almost surely,

which would be sufficient to further continue in the proof of Theorem 9 and would
thus prove the theorem.

Let us now prove Conditions 1-3 of Theorem 3. Let C∗
n,V , c

∗
n,V be the covariance

operator and the covariance kernel of V ∗
n,0, respectively, and let CV , cV be the

covariance operator and the covariance kernel of V , respectively. Analogically to
the proof of Theorem 9, we get:

c∗
n,V (x, y) = E[V ∗

n,0(x)V ∗
n,0(y)]

= exp
(︃

−1
2(ˆ︁σ2

n,x + ˆ︁σ2
n,y)

)︃(︃
exp(ˆ︁σn,x,y) − 1 − ˆ︁σn,x,y − 1

2
ˆ︁σ2

n,x,y

)︃
,

where ˆ︁σn,x,y = ⟨Cnx, y⟩. Also,

c∗
n,V (x, y) a.s.−−→ cV(x, y), x, y ∈ H,

and
∃M < ∞ : |c∗

n,V (x, y)| ≤ M, ∀x, y ∈ H,

i.e. c∗
n,V is bounded.
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Let (ek)∞
k=1 be an orthonormal basis of L2

ν . Hitherto, we have used an ordinary
dot product. Now, we use the dot product of space L2

ν , which we have defined in
Chapter 1. Define ak,l

..= ⟨CVek, el⟩ν . Condition 1 is satisfied, due to

lim
n→∞

⟨C∗
n,V ek, el⟩ν = lim

n→∞

∫︂
H

∫︂
H
c∗

n,V (x, y)ek(x)el(y)ν(dx)ν(dy)

=
∫︂
H

∫︂
H
cV(x, y)ek(x)el(y)ν(dx)ν(dy)

= ⟨CVek, el⟩ν , PX − a.s.,

where we have used dominated convergence theorem in the second equation, due
to the boundedness of c∗

n,V . Condition 2 is proved using the following:

lim
n→∞

∞∑︂
k=1

⟨C∗
n,V ek, ek⟩ν = lim

n→∞

∞∑︂
k=1

E∗⟨V ∗
n,0, ek⟩2

ν = lim
n→∞

E∗∥V ∗
n,0∥2

ν

=
∫︂
H

lim
n→∞

c∗
n,V (x, x)dν(x) =

∫︂
H
cV(x, x)dν(x)

= E∥V∥2
ν < ∞, PX − a.s.,

where E∗[·] = E[·|X1, . . . , Xn] and where we have used Beppo-Levi’s theorem,
Parseval’s relation and dominated convergence theorem.

Lastly, we show that Ln(ε, f) → 0, ∀ε > 0, f ∈ L2
ν . As Ln(ε, 0) = 0, we

assume without loss of generality that f ̸= 0. Clearly, we can write

Ln(ε, f) =
n∑︂

j=1
E∗

[︃
⟨ 1√

n
ˆ︁Ψn(·, X∗

n,j), f⟩2
ν · 1

{︂
|⟨ 1√

n
ˆ︁Ψn(·, X∗

n,j), f⟩ν | > ε
}︂]︃

= E∗

[︃
⟨ ˆ︁Ψn(·, X∗

n,1), f⟩2
ν · 1

{︂
|⟨ ˆ︁Ψn(·, X∗

n,1), f⟩ν | > ε
√
n
}︂]︃

Using boundedness of sin and cos, along with the inequality

x exp
(︃

−x

2

)︃
≤ 2 exp(−1), ∀x ≥ 0,

we see that ˆ︁Ψn is bounded, i.e.

| ˆ︁Ψn(x, y)| ≤ 1 + 1 + 1 ·
(︃

1 + ∥x∥H∥y∥H + 1
2∥x∥2

H∥y∥2
H

)︃
+ exp(−1)

≤ 4 + ∥x∥H∥y∥H + 1
2∥x∥2

H∥y∥2
H.

It follows that ˆ︁Ψn(x, y)2 ≤
4∑︂

j=0
aj∥x∥j

H∥y∥j
H, x, y ∈ H,

for some fixed constants (aj)4
j=0. Utilising the Cauchy-Schwartz inequality, we

get:

⟨ ˆ︁Ψn(·, X∗
1 ), f⟩2

ν ≤ ∥ ˆ︁Ψn(·, X∗
1 )∥2

ν∥f∥2
ν , f ∈ L2

ν .

Also, if the condition present in the indicator function holds:

|⟨ ˆ︁Ψn(·, X∗
1 ), f⟩ν | > ε

√
n,
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then the Cauchy-Schwartz inequality implies

∥ ˆ︁Ψn(·, X∗
1 )∥2

ν >
ε2n

∥f∥2
ν

.

We arrive at

1{|⟨ ˆ︁Ψn(·, X∗
n,1), f⟩| > ε

√
n} ≤

4∑︂
k=0

1
{︂
∥X∗

n,1∥k
H >

nε2

5akbk∥f∥2
ν

}︂
,

where bk =
∫︁
H ∥x∥k

Hν(dx), k ∈ {0, . . . , 4}. Finally, we prove that

E∗
[︂
∥X∗

1 ∥j
H · 1{∥X∗

1 ∥k
H > cn}

]︂
−−−→
n→∞

0, j, k ∈ {0, . . . , 4}, (3.4)

for some c > 0, which implies that Ln(ε, f) −−−→
n→∞

0.
For k = 0, (3.4) holds trivially. The argument for k > 0 is that, since

X∗
1 ∼ N (0, Cn), and Cn → C, PX − almost surely,

then, due to finite second moments of X∗
1 , it holds that

E∗
[︂
∥X∗

1 ∥j
H · 1{∥X∗

1 ∥H > (cn) 1
k }
]︂

−−−→
n→∞

0, PX − almost surely.

3.3 Goodness-of-fit Tests for Gaussian Paramet-
ric Families

In this section, we would like to test if a Gaussian process actually has some spe-
cific parametric structure, such as the structure of an Ornstein-Uhlenbeck process,
or a Brownian bridge. Thus, we test whether the observed process belongs to a
certain parametric family.

In our functional setting, the parametric family consists of Gaussian charac-
teristic functionals F ..= {ϕ(·|µ(θ), C(θ)), θ ∈ Θ ⊆ Rp}, where µ(θ) and C(θ) are
the mean function and the covariance operator of the Gaussian process with the
specific parametric structure that we are testing, with parameter θ.

Once again, we use the Cramér–von Mises distance as our evaluation metric,
just as in the previous tests. The test statistic would be:

Tn = Tn(X1, . . . , Xn) =
∫︂
H

|ϕn(x) − ϕ(x|µ(ˆ︁θ), C(ˆ︁θ))|2dν(x)

3.3.1 Test Statistic
Inspired by the assumptions from Chapter 2, we now introduce four assumptions
for a valid convergence of the test statistic under both the null hypothesis and
the alternative.

Assumption 5 (Random Sample)
X1, . . . , Xn are independent and identically distributed random functions from
L2[0, 1]. We denote their characteristic functional by ϕX .
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Assumption 6 (Regularity of Parameter Estimator)
There is a unique, non-stochastic θ0 ∈ Θ such that:

√
n(ˆ︁θ − θ0) = 1√

n

n∑︂
i=1

Ω(Xi) + oP(1),

where Ω is p-dimensional and satisfies the following properties:∫︂
H

Ω(x)⊤Ω(x)ν(dx) < ∞,

E[Ω(X)] = 0,
VΩ

..= cov[Ω(X)] is finite and non-singular.

Assumption 7 (Properties of µ̇ and Ċ)
Let

(µ̇1(θ), . . . , µ̇p(θ)) = µ̇(θ) ..= ∇θµ(θ) : Rp → (L2[0, 1])p,

(Ċ1(θ), . . . , Ċp(θ)) = Ċ(θ) ..= ∇θC(θ) : Rp × L2[0, 1] → (L2[0, 1])p

exist for all θ in a neighbourhood U of θ0. Furthermore, let

sup
θ∈U

∫︂
H

⟨µ̇(θ), x⟩⊤⟨µ̇(θ), x⟩dν(x) < ∞, (3.5)

sup
θ∈U

∫︂
H

⟨Ċ(θ)x, x⟩⊤⟨Ċ(θ)x, x⟩dν(x) < ∞, (3.6)

lim
ε→0

∫︂
H

p∑︂
i,j=1

sup
∥θ−θ0∥≤ε

|⟨µ̇i(θ) − µ̇i(θ0), x⟩⟨µ̇j(θ) − µ̇j(θ0), x⟩|dν(x) = 0, (3.7)

lim
ε→0

∫︂
H

p∑︂
i,j=1

sup
∥θ−θ0∥≤ε

|⟨(Ċi(θ) − Ċi(θ0))x, x⟩⟨(Ċj(θ) − Ċj(θ0))x, x⟩|dν(x) = 0, (3.8)

where ∥ · ∥ is the Euclidean distance in Rp.

Assumption 8 (Properties of ν)
ν is a probability measure on H, invariant to the mapping x ↦→ −x, and it holds
that ∫︂

H
∥x∥4dν(x) < ∞.

Theorem 11 (Convergence of Tn under H1)
Let Assumptions 5 - 8 hold. Under the alternative H1 and the additional assump-
tion that the actual characteristic functional ϕX is fixed, it holds that:

Tn(X|ˆ︁θ) P−→
∫︂

|ϕX(x) − ϕY (x|θ0)|2dν(x).

Proof. We know from Assumption 6 that ˆ︁θ converges to some θ0 in probability.
Also, we know from continuity of the exponential function and Assumption 7
that a derivative of ϕX(·|θ) exists on an open neighbourhood U of θ0. Therefore,
ϕX(·|θ) is continuous on U and so ϕX(·|ˆ︁θ) converges in probability to ϕX(·|θ0) on
U.
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Next, we also know that the empirical characteristic functional converges to
the actual characteristic functional almost surely:

ˆ︁ϕn(x) = 1
n

n∑︂
j=1

exp (i⟨Xj, x⟩) a.s.−−→ ϕX(x), x ∈ H,

ˆ︁ϕn(x|θ) = 1
n

n∑︂
j=1

exp (i⟨Xj, x⟩) a.s.−−→ ϕX(x|θ), x ∈ H, θ ∈ Θ.

Combining these findings, we get the result.

Theorem 12 (Convergence of nTn in Distribution under H0)
Let Assumptions 5 - 8 hold. Under H0, let θ0 ∈ U be the true parameter, such
that ϕX(·) = ϕX(·|θ0). Then,

nTn
d−→ ∥V∥2

ν ,

where:

1. V is a centered Gaussian random element of L2
ν,

2. The covariance kernel of V is:

E[V(x)V(y)] = exp
(︃

−1
2σ

2
x + σx,y − 1

2σ
2
x

)︃
+ exp

(︃
−1

2σ
2
x

)︃
·
(︃1

2⟨Ċ(θ0)x, x⟩ − ⟨µ̇(θ0), x⟩
)︃⊤

(αy + βy)

+ exp
(︃

−1
2σ

2
y

)︃
·
(︃1

2⟨Ċ(θ0)y, y⟩ − ⟨µ̇(θ0), y⟩
)︃⊤

(αx + βx)

− exp
(︃

−1
2σ

2
x − 1

2σ
2
y

)︃(︃
1 − 1

2⟨Ċ(θ0)x, x⟩⊤VΩ⟨µ̇(θ0), y⟩

− 1
2⟨Ċ(θ0)y, y⟩⊤VΩ⟨µ̇(θ0), x⟩ + 1

4⟨Ċ(θ0)x, x⟩⊤VΩ⟨Ċ(θ0)y, y⟩
)︃
,

where σx,y = ⟨C(θ0)x, y⟩, σ2
x = σx,x, x, y ∈ H and

αx
..= E[Ω(X) cos⟨x,X − µ(θ0)⟩],

αy
..= E[Ω(X) cos⟨y,X − µ(θ0)⟩],

βx
..= E[Ω(X) sin⟨x,X − µ(θ0)⟩],

βy
..= E[Ω(X) sin⟨y,X − µ(θ0)⟩].

Proof. We know from 3.2.1 that we can rewrite the test statistic as:

nTn(X|ˆ︁θ) =
∫︂
H
Vn(x)2dν(x),

where

Vn(x) = |ϕn(x) − ϕY (x|ˆ︁θ)|
= 1
n

n∑︂
j=1

cos⟨x,Xj − µ(ˆ︁θ)⟩ + sin⟨x,Xj − µ(ˆ︁θ)⟩ − exp
(︃

−1
2⟨C(ˆ︁θ)x, x⟩

)︃
.
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Notice that, compared to the distribution functionals, we have the benefit of
actually knowing the functional ϕY (·|θ). We express the functional Vn as a sum

1√
n

∑︁n
j=1 Ψ(x,Xj) and we prove that

Vn(x) − 1√
n

n∑︂
j=1

Ψ(x,Xj) = oP(1), x ∈ H.

We employ the Taylor series expansion on the function

⟨x, µ(θ)⟩ ≡ ⟨x, µ⟩(θ) : Rp → R

to get:

cos⟨x,Xj − µ(ˆ︁θ)⟩ = cos⟨x,Xj − µ(θ0)⟩ − ⟨x, µ(θ0) − µ(ˆ︁θ)⟩ sin⟨x,Xj − µ(θ0)⟩
+ oP⟨x, µ(θ0) − µ(ˆ︁θ)⟩

= cos⟨x,Xj − µ(θ0)⟩ + sin⟨x,Xj − µ(θ0)⟩⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩
+ oP⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩,

which is well defined, due to the assumptions on µ̇.
For sine, we similarly get the result

sin⟨x,Xj − µ(ˆ︁θ)⟩ = sin⟨x,Xj − µ(θ0)⟩ − cos⟨x,Xj − µ(θ0)⟩⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩
+ oP⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩.

The exponential term can be extended to the following:

exp
(︃

−1
2⟨C(ˆ︁θ)x, x⟩

)︃
= exp

(︃
−1

2⟨C(θ0)x, x⟩
)︃

· exp
(︃

−1
2⟨(C(ˆ︁θ) − C(θ0))x, x⟩

)︃
= exp

(︃
−1

2⟨C(θ0)x, x⟩
)︃

·
[︂
1 − 1

2⟨(C(ˆ︁θ) − C(θ0))x, x⟩
]︂

+ oP⟨(C(ˆ︁θ) − C(θ0))x, x⟩

= exp
(︃

−1
2σ

2
x

)︃
·
[︂
1 − 1

2⟨Ċ(θ0)⊤(ˆ︁θ − θ0)x, x⟩
]︂

+ oP⟨Ċ(θ0)⊤(ˆ︁θ − θ0)x, x⟩.

We combine the results and get

Vn(x) = 1√
n

n∑︂
j=1

[︃
cos⟨x,Xj − µ(θ0)⟩ + sin⟨x,Xj − µ(θ0)⟩ − exp

(︃
−1

2σ
2
x

)︃

− ⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩ ·
(︃

1 − ⟨x,Xj − µ(θ0)⟩ − 1
2⟨x,Xj − µ(θ0)⟩2

)︃
+ exp

(︃
−1

2σ
2
x

)︃
·
(︃1

2⟨Ċ(θ0)⊤(ˆ︁θ − θ0)x, x⟩
)︃ ]︃

+ oP(1),

which, again after the application of Taylor series on the exponential, yields

Vn(x) = 1√
n

n∑︂
j=1

[︃
cos⟨x,Xj − µ(θ0)⟩ + sin⟨x,Xj − µ(θ0)⟩ − exp

(︃
−1

2σ
2
x

)︃

− ⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩ ·
(︃

exp
(︃

−1
2σ

2
x

)︃
− ⟨x,Xj − µ(θ0)⟩

)︃
+ exp

(︃
−1

2σ
2
x

)︃
·
(︃1

2⟨Ċ(θ0)⊤(ˆ︁θ − θ0)x, x⟩
)︃ ]︃

+ oP(1).
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We are left with

Vn(x) = 1√
n

n∑︂
j=1

[︃
cos⟨x,Xj − µ(θ0)⟩ + sin⟨x,Xj − µ(θ0)⟩

− ⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩⟨x,Xj − µ(θ0)⟩

− exp
(︃

−1
2σ

2
x

)︃
·
(︃

1 + ⟨µ̇(θ0)⊤(ˆ︁θ − θ0), x⟩ − 1
2⟨Ċ(θ0)⊤(ˆ︁θ − θ0)x, x⟩

)︃ ]︃
+ oP(1).

Now we use Assumption 6 and get

Vn(x) = 1√
n

n∑︂
j=1

[︃
cos⟨x,Xj − µ(θ0)⟩ + sin⟨x,Xj − µ(θ0)⟩

− ⟨x, µ̇(θ0)⊤ 1
n

n∑︂
k=1

Ω(Xk)⟩⟨x,Xj − µ(θ0)⟩ (3.9)

− exp
(︃

−1
2σ

2
x

)︃
·
(︃

1 + ⟨x, µ̇(θ0)⊤ 1
n

n∑︂
k=1

Ω(Xk)⟩

− 1
2⟨Ċ(θ0)⊤ 1

n

n∑︂
k=1

Ω(Xk)x, x⟩
)︃]︃

+ oP(1).

Term (3.9) can be expressed as:

1√
n

n∑︂
j=1

⟨x, µ̇(θ0)⊤(ˆ︁θ − θ0)⟩⟨x,Xj − µ(θ0)⟩

= 1√
n

n∑︂
k=1

⟨x,Xn − µ(θ0)⟩ · ⟨x, µ̇(θ0)⊤Ω(Xk)⟩

=
√
n⟨x,Xn − µ(θ0)⟩

1
n

n∑︂
k=1

⟨x, µ̇(θ0)⊤Ω(Xk)⟩.

Clearly, the term vanishes in probability, as
√
n⟨x,Xn −µ(θ0)⟩ tends to zero and

1
n

n∑︂
k=1

⟨x, µ̇(θ0)⊤Ω(Xk)⟩ ≤ ∥x∥ · sup
j=1,...,p

|µ̇j(θ0)| · tr(VΩ) · ∥X1∥.

Therefore, we include (3.9) in oP(1). We finally rewrite the expression as:

Vn(x) = 1√
n

n∑︂
j=1

Ψ(x,Xj) + oP(1),

where

Ψ(x, y) = cos⟨x, y − µ(θ0)⟩ + sin⟨x, y − µ(θ0)⟩

− exp
(︃

−1
2σ

2
x

)︃
·
(︃

1 + ⟨µ̇(θ0)⊤Ω(y), x⟩ − 1
2⟨Ċ(θ0)⊤Ω(y)x, x⟩

)︃
and the functional ψ : H × H → R satisfies the following properties:

1. EΨ(x,X1) = 0, x ∈ H,
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2. E∥Ψ(·, X1)∥2
ν =

∫︁
H E[Ψ2(x,X1)]dν(x) < ∞,

where the second property is due to Assumption 8. We again use the central limit
theorem (Theorem 2) for separable Hilbert spaces, just as in the normality test
in the previous section. We get that there exists a centered Gaussian random
element V ∈ L2

ν , such that

1√
n

n∑︂
j=1

Ψ(x,Xj) d−→ V(x),

for functions x in H. Slutsky’s lemma again provides us with the convergence for
Vn:

Vn(x) d−→ V(x), x ∈ H.

Let us now calculate the covariance kernel of V . We have that:

E[V(x)V(y)] = E[Ψ(x,X)Ψ(y,X)].

Again, we may utilise the fact that the joint distribution of ⟨x,X − µ(θ0)⟩ and
⟨y,X − µ(θ0)⟩ is the joint distribution of two random variables is(︃

σxN1, σy

(︃
ρN1 +

√︂
1 − ρ2N2

)︃)︃
, N1, N2 ∼ N (0, 1),

where N1, N2 are independent and ρ = σx,y

σxσy
. Using the cosine and sine formulas

for the first terms, we get:

E[Ψ(x,X)Ψ(y,X)] = cos⟨x− y,X − µ(θ0)⟩ + sin⟨x+ y,X − µ(θ0)⟩

− exp
(︃

−1
2σ

2
x

)︃
·
[︂

cos⟨y,X − µ(θ0)⟩ + sin⟨y,X − µ(θ0)⟩
]︂

· Vx

− exp
(︃

−1
2σ

2
y

)︃
·
[︂

cos⟨x,X − µ(θ0)⟩ + sin⟨x,X − µ(θ0)⟩
]︂

· Vy

+ exp
(︃

−1
2σ

2
x − 1

2σ
2
y

)︃
· Vx · Vy,

where

Vx
..= 1 + ⟨µ̇(θ0)⊤Ω(X), x⟩ − 1

2⟨Ċ(θ0)⊤Ω(X)x, x⟩,

Vy
..= 1 + ⟨µ̇(θ0)⊤Ω(X), y⟩ − 1

2⟨Ċ(θ0)⊤Ω(X)y, y⟩.

Notice that the only random element figuring in Vx and Vy is Ω(X), which is a
centered p-variate random vector that can be exempted from the dot products
using the linearity property (and thus making the products p-variate). Let us
realize that

E[cos⟨x,X − µ(θ0)⟩] = exp
(︃

−1
2σ

2
x

)︃
,

E[sin⟨x,X − µ(θ0)⟩] = 0,

E[cos⟨x− y,X − µ(θ0)⟩] = exp
(︃

−1
2σ

2
x + σx,y − 1

2σ
2
x

)︃
,

E[sin⟨x+ y,X − µ(θ0)⟩] = 0.
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We finally get:

E[Ψ(x,X)Ψ(y,X)] = exp
(︃

−1
2σ

2
x + σx,y − 1

2σ
2
x

)︃
+ exp

(︃
−1

2σ
2
x

)︃
·
(︃1

2⟨Ċ(θ0)x, x⟩ − ⟨µ̇(θ0), x⟩
)︃⊤

(αy + βy)

+ exp
(︃

−1
2σ

2
y

)︃
·
(︃1

2⟨Ċ(θ0)y, y⟩ − ⟨µ̇(θ0), y⟩
)︃⊤

(αx + βx)

− exp
(︃

−1
2σ

2
x − 1

2σ
2
y

)︃(︃
1 − 1

2⟨Ċ(θ0)x, x⟩⊤VΩ⟨µ̇(θ0), y⟩

− 1
2⟨Ċ(θ0)y, y⟩⊤VΩ⟨µ̇(θ0), x⟩ + 1

4⟨Ċ(θ0)x, x⟩⊤VΩ⟨Ċ(θ0)y, y⟩
)︃

3.3.2 Bootstrap Convergence
The test itself is performed as described in Section 1.5, with characteristic func-
tionals as the observed functionals and a regular parametric space Θ ⊆ Rp. Now
we prove that the bootstrap test statistic also converges to functional V .

Theorem 13 (Limit Distribution of Bootstrap)
Let X1, . . . , Xn ∼ X be a random sample of functions from H with covariance
operator C. Let Assumptions 5 - 8 hold. Then,

nT ∗
n

d−→ ∥V∥2
ν PX-almost surely,

where V is the centered Gaussian random element from Theorem 12.

Proof. Proof of this theorem is an analogy to the proof of Theorem 10.
Let V ∗

n be the bootstrap version of Vn, i.e.

V ∗
n (x) ..= 1√

n

n∑︂
j=1

[︂
cos⟨x,X∗

n,j − µ(ˆ︁θ∗
n)⟩ + sin⟨x,X∗

n,j − µ(ˆ︁θ∗
n)⟩

− exp
(︃

−1
2⟨C(ˆ︁θ∗

n)x, x⟩
)︃ ]︂
,

where X∗
n,1, . . . , X

∗
n,n is a bootstrap sample, ˆ︁θ∗

n is the estimate of ˆ︁θn (which, in
turn, is the estimate of θ0 from X1, . . . , Xn), and µ, C are the parametric mean
function and covariance operator, respectively. We get the following:

nT ∗
n = ∥V ∗

n ∥2
ν ,

∥V ∗
n − V ∗

n,0∥ν = oP∗(1), PX − almost surely

where

V ∗
n,0

..= 1√
n

n∑︂
j=1

ˆ︁Ψn(x,X∗
n,j),
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and

ˆ︁Ψn(x, y) = cos⟨x, y − µ(θ0)⟩ + sin⟨x, y − µ(θ0)⟩

− exp
(︃

−1
2
ˆ︁σ2

n,x

)︃
·
(︃

1 + ⟨µ̇(θ0)⊤Ω(y), x⟩ − 1
2⟨Ċ(θ0)⊤Ω(y)x, x⟩

)︃
,

where ˆ︁σn,x = ⟨C(ˆ︁θ∗
n)x, x⟩. Again, we show that V ∗

n,0
d−→ V by proving Conditions

1-3 of Theorem 3. Let C∗
n,V , c

∗
n,V be the covariance operator and the covariance

kernel of V ∗
n,0, respectively, and let CV , cV be the covariance operator and the

covariance kernel of V , respectively. Analogically to the proof of Theorem 12, we
get:

c∗
n,V (x, y) = E[V ∗

n,0(x)V ∗
n,0(y)]

= exp
(︃

−1
2
ˆ︁σ2

n,x + ˆ︁σn,x,y − 1
2
ˆ︁σ2

n,x

)︃
+ exp

(︃
−1

2
ˆ︁σ2

n,x

)︃
·
(︃1

2⟨Ċ(θ0)x, x⟩ − ⟨µ̇(θ0), x⟩
)︃⊤

(αy + βy)

+ exp
(︃

−1
2
ˆ︁σ2

n,y

)︃
·
(︃1

2⟨Ċ(θ0)y, y⟩ − ⟨µ̇(θ0), y⟩
)︃⊤

(αx + βx)

− exp
(︃

−1
2
ˆ︁σ2

n,x − 1
2
ˆ︁σ2

n,y

)︃(︃
1 − 1

2⟨Ċ(θ0)x, x⟩⊤VΩ⟨µ̇(θ0), y⟩

− 1
2⟨Ċ(θ0)y, y⟩⊤VΩ⟨µ̇(θ0), x⟩ + 1

4⟨Ċ(θ0)x, x⟩⊤VΩ⟨Ċ(θ0)y, y⟩
)︃
,

where ˆ︁σn,x,y = ⟨C(ˆ︁θ)x, y⟩ and

αx
..= E[X∗

n,1 cos⟨x,X∗
n,1 − µ(θ0)⟩],

αy
..= E[X∗

n,1 cos⟨y,X∗
n,1 − µ(θ0)⟩],

βx
..= E[X∗

n,1 sin⟨x,X∗
n,1 − µ(θ0)⟩],

βy
..= E[X∗

n,1 sin⟨y,X∗
n,1 − µ(θ0)⟩].

Also,
c∗

n,V (x, y) a.s.−−→ cV(x, y), x, y ∈ H,

and
∃M < ∞ : |c∗

n,V (x, y)| ≤ M, ∀x, y ∈ H,

i.e. c∗
n,V is bounded, mostly due to Assumption 7. Let (ek)∞

k=1 be an orthonormal
basis of L2

ν . Define ak,l
..= ⟨CVek, el⟩ν . Condition 1 is satisfied, due to

lim
n→∞

⟨C∗
n,V ek, el⟩ν = lim

n→∞

∫︂
H

∫︂
H
c∗

n,V (x, y)ek(x)el(y)ν(dx)ν(dy)

=
∫︂
H

∫︂
H
cV(x, y)ek(x)el(y)ν(dx)ν(dy)

= ⟨CVek, el⟩ν = ak,l, PX − a.s.,

where we have again used dominated convergence theorem in the second equation,
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due to the boundedness of c∗
n,V . Condition 2 is proved using the following:

lim
n→∞

∞∑︂
k=1

⟨C∗
n,V ek, ek⟩ν = lim

n→∞

∞∑︂
k=1

E∗⟨V ∗
n,0, ek⟩2

ν = lim
n→∞

E∗∥V ∗
n,0∥2

ν

= lim
n→∞

∫︂
H
c∗

n,V (x, x)dν(x) =
∫︂
H

lim
n→∞

c∗
n,V (x, x)dν(x)

=
∫︂
H
cV(x, x)dν(x) = E∥V∥2

ν < ∞, PX − a.s.,

where E∗[·] = E[·|X1, . . . , Xn] and where Beppo-Levi’s theorem gives us the sec-
ond equality, Parseval’s relation the third equality, and dominated convergence
theorem the fourth equality.

Lastly, we show that Ln(ε, f) → 0, ∀ε > 0, f ∈ H. As Ln(ε, 0) = 0, we
assume without loss of generality that f ̸= 0. We may write

Ln(ε, f) =
n∑︂

j=1
E∗

[︃
⟨ 1√

n
ˆ︁Ψn(·, X∗

n,j), f⟩2
ν1
{︂
|⟨ 1√

n
ˆ︁Ψn(·, X∗

n,j), f⟩ν | > ε
}︂]︃

= E∗

[︃
⟨ ˆ︁Ψn(·, X∗

n,1), f⟩2
ν1
{︂
|⟨ ˆ︁Ψn(·, X∗

n,1), f⟩ν | > ε
√
n
}︂]︃

From Assumption 7, we know that the derivatives µ̇(θ0) and Ċ(θ0)(x), x ∈ H
are uniformly bounded in U . We also know from Assumption 6 that Ω has finite
second moments. Using these observations, along with the boundedness of sin
and cos, we see that ˆ︁Ψn is also bounded:

| ˆ︁Ψn(x, y)| ≤ 1 + 1 + 1 ·
(︃

1 + ∥µ̇(θ0)⊤Ω(y)∥H∥x∥H + 1
2∥Ċ(θ0)⊤Ω(y)x∥H∥x∥H

)︃
≤ 3 + tr(VΩ) · ∥ max

j=1,...,p
µ̇j(θ0)∥H∥x∥H∥y∥H

+ 1
2tr(VΩ) · ∥ max

j=1,...,p
Ċj(θ0)x∥H∥x∥H∥y∥H.

It follows that ˆ︁Ψn(x, y)2 ≤
4∑︂

j=0
aj∥x∥j

H∥y∥j
H, x, y ∈ H,

for some fixed constants (aj)4
j=0. We get from the Cauchy-Schwartz inequality:

⟨ ˆ︁Ψn(·, X∗
1 ), f⟩2

ν ≤ ∥ ˆ︁Ψn(·, X∗
1 )∥2

ν∥f∥2
ν , f ∈ L2

ν .

Also, if the following holds:

|⟨ ˆ︁Ψn(·, X∗
1 ), f⟩ν | > ε

√
n,

then the Cauchy-Schwartz inequality implies

∥ ˆ︁Ψn(·, X∗
1 )∥2

ν >
ε2n

∥f∥2
ν

.

We have

1{|⟨ ˆ︁Ψn(·, X∗
n,1), f⟩| > ε

√
n} ≤

4∑︂
k=0

1
{︂
∥X∗

n,1∥k
H >

nε2

5akbk∥f∥2
ν

}︂
,
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where bk =
∫︁
H ∥f∥k

Hν(dx), k ∈ {0, . . . , 4}. We now prove that

E∗
[︂
∥X∗

1 ∥j
H1{∥X∗

1 ∥k
H > cn}

]︂
−−−→
n→∞

0, j, k ∈ {0, . . . , 4}, (3.10)

for some c > 0, which would imply that Ln(ε, x) −−−→
n→∞

0.
For k = 0, (3.10) holds trivially. The argument for k > 0 is that, since

X∗
1 ∼ N (0, C(ˆ︁θ)), PX − almost surely,

then, due to finite second moments of X∗
1 ,

E∗
[︂
∥X∗

1 ∥j
H1{∥X∗

1 ∥H > (cn) 1
k }
]︂

−−−→
n→∞

0, PX − almost surely.

We finally have

V ∗
n,0(x) d−−−→

n→∞
V(x), x ∈ H, PX − almost surely,

which proves the theorem.

Example (Brownian Bridge). Consider the Brownian bridge with σ = 1. We know
that

µ(t) = 0, t ∈ [0, 1],

C[x(t)] =
∫︂ 1

0
[(s− ts)1{s < t} + (t− st)1{t < s}]x(s)ds, x ∈ H, t ∈ [0, 1].

The hypotheses for testing if a process is a Brownian bridge are simply:

H0 : ϕX(x) = ϕ(x|µ, C), ∀x ∈ H,
H1 : ϕX(x) ̸= ϕ(x|µ, C), for some x ∈ H.

Example (Ornstein-Uhlenbeck Process). Consider the stationary version of the
Ornstein-Uhlenbeck process. We know that

µ(t) = m, t ∈ [0, 1],

C[x(t)] = σ2

2θ

∫︂ 1

0
[exp(−θ|t− s|) − exp(−θ(t+ s))]x(s)ds, x ∈ H, t ∈ [0, 1].

The hypotheses for testing if a process is Ornstein-Uhlenbeck are:

H0 : ϕX(x) = ϕ(x|µ, C), ∀x ∈ H,
H1 : ϕX(x) ̸= ϕ(x|µ, C), for some x ∈ H.
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4. Simulation Study
In this chapter, we present an empirical study of tests which we have defined in
previous parts of the thesis. Specifically, we observe the empirical significance
level and the empirical power of the test from Chapter 2 and the second test
from Chapter 3, and we concern ourselves with the hypothesis that a process
is of a certain type of a Gaussian process, i.e. has a specific mean function
and covariance structure. All calculations were performed using scripts written
in Python 3 programming language, see, for example, Van Rossum and Drake
[2009] for reference. Due to the usage of multiprocessing, random seeds were
chosen independently for each evaluation of a test.

4.1 Experiment Setting
Let us first describe the tested processes and all the constants that were used in
our experiments.

4.1.1 Hyper-parameters
There are multiple hyper-parameters which need to be established before the
calculation of our experiments begin. Let us label these constants and choose
some feasible values. We define:

• E = 1000 as the number of test evaluations for each choice of a sampled
process and a null hypothesis,

• n = 100 as the size of the observed samples,

• B = 200 as the size of a bootstrapped sample,

• T = 200 as the number of discretisation steps, which we have described in
Section 1.2.3. The distance between each steps is denoted as δ = 0.005.

• M = 1000 as the number of integral trajectories, sampled from ν for every
computation of an integral

∫︁
H f(x)dν(x),

• S = 200 as the size of a sample from which we estimate the distribution
functional ˆ︁FY . This number is applicable only to the case of evaluating a
test based on distribution functionals, defined in Chapter 2,

• α = 0.05 as the significance level of the tests.

4.1.2 Supporting Measures
We use the following supporting measures:

• A measure induced by a Wiener process starting at zero, with σ = 1.
Further on, we call this measure a Wiener measure.
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• A measure induced by a Wiener process with σ = 1, starting at a random
point X0 ∼ N (0, 1). Further on, we call this measure a dislocated Wiener
measure.

• Sine orthonormal basis measure, where each trajectory is truncated to a
sum of L = 20 sines. Further on, we call this measure a sine measure.

All of these measures were defined in Section 1.4.

4.2 Brownian Bridge Process
In our first experiment, we test the null hypothesis that a stochastic process is a
Brownian bridge from zero to zero:

Bt = Wt − tW1, t ∈ [0, 1],

where Wt is a Wiener process (starting at zero). The parametric space here is
actually a singleton {1}, as we assumed the σ parameter to be 1 for the sake of
simplicity. In the case of distribution functionals, assume that F is the family
of distribution functionals for the Brownian bridge defined above. Clearly, F =
{FY (·)} is a singleton of some distribution functional FY . The tested hypotheses
are:

H0 : FX(x) = FY (x), ∀x ∈ L2[0, 1],
H1 : FX(x) ̸= FY (x), for some x ∈ L2[0, 1].

In the case of characteristic functionals, we know that

µ(t) = 0, t ∈ [0, 1],

C[x(t)] =
∫︂ 1

0
(s− ts)x(s)ds, x ∈ L2[0, 1], t ∈ [0, 1], s < t.

The resulting characteristic functional is then ϕY (x) = exp
(︂
−1

2⟨Cx, x⟩
)︂
. The

tested hypotheses are:

H0 : ϕX(x) = ϕY (x), ∀x ∈ L2[0, 1],
H1 : ϕX(x) ̸= ϕY (x), for some x ∈ L2[0, 1].

Assume N, M to be independent standard normal variables. We evaluate the
test for the following processes:

1. Brownian bridge Bt, representing the case when null hypothesis holds,

2. Process A1,t(k) = Bt + k|N | · sin(2πt), for k = 0.1, 0.2,

3. Process A2,t(k) = Bt + k|N | · sin(2πt) + k|M | · sin(4πt), for k = 0.1, 0.2,

4. Process A3,t(k) = Bt + k|N | · sin(2πt) · 1{t ≥ 0.5}, for k = 0.1, 0.2.

44



Figure 4.1: A Sample of Brownian Bridges (blue), Compared to a Sample of
Processes A1(0.2) (red).

Figure 4.2: A Sample of Brownian Bridges (blue), Compared to a Sample of
Processes A2(0.2) (red).
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Figure 4.3: A Sample of Brownian Bridges (blue), Compared to a Sample of
Processes A3(0.2) (red).

From Figures 4.1 - 4.3, we can see that the alternative processes are not
very distinguishable from the null hypothesis. Let us see if any of our tests
are powerful enough to recognise the difference. The empirical power (or the
empirical significance level in the cases when H0 holds) can be found in Table
4.1.

Tested Supporting Empirical Power
Process Measure ν Characteristic f. Distribution f.

Bt Wiener 0.046 0.057
A1(0.1) Wiener 0.130 0.129
A1(0.2) Wiener 0.429 0.425
A2(0.1) Wiener 0.188 0.500
A2(0.2) Wiener 0.789 0.981
A3(0.1) Wiener 0.213 0.061
A3(0.2) Wiener 0.684 0.108
Bt Sine 0.047 0.054

A1(0.1) Sine 0.076 0.051
A1(0.2) Sine 0.531 0.076
A2(0.1) Sine 0.090 0.084
A2(0.2) Sine 0.741 0.202
A3(0.1) Sine 0.148 0.094
A3(0.2) Sine 0.443 0.231

Table 4.1: Empirical Power and Significance Level for Brownian Bridge Test.
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We can see that the goodness-of-fit test based on characteristic functionals
performs generally better than the distribution functional test. The only surpris-
ing outlier to this rule is the process A2(k) and the supporting measure induced
by a Wiener process. This indicates that the distribution functional test could
make sense in some cases, though we do not see a clear conceptual distinction
between the cases of A1 and A2. This result also confirms our suspicion that the
sine measure used in Bugni et al. [2009] is not ideal for all alternatives, as the
results for A2(k) and the sine measure had significantly lower empirical power.

Also, it is interesting to note that, for characteristic functionals and the
Wiener measure, the process A1(k) was rejected less frequently than the pro-
cess A3(k) - the alternative where only the second half of the sine function is
actually added to the Brownian bridge. Concerning the sine measure, the results
suggest that it is not a reasonable option for a characteristic functional test.

4.3 Ornstein-Uhlenbeck Process
In our second experiment, we test if the observed process is a stationary Ornstein-
Uhlenbeck process, for some parameters (θ, m, σ) ∈ R+ × R × R+ =.. Θ. Specif-
ically, we test if a process satisfies the following stochastic differential equation:

X0 ∼ N
(︄
m,

σ2

2θ

)︄
,

dXt = θ(m−Xt) + σdWt, t ∈ (0, 1].

We evaluate the test for the following processes:

1. Ornstein-Uhlenbeck process Xt, with parameters (θ, m, σ) = (5, 4, 1),

2. Cox-Ingersoll-Ross process Ct, defined by

C0 ∼ N
(︄
m,

σ2

2θ

)︄
,

dCt = θ(m− Ct) + σ
√︂
CtdWt, t ∈ (0, 1],

with parameters (θ, m, σ) = (5, 4, 1),

3. A drifted Wiener Process Vt, dislocated at the origin, defined by

V0 ∼ N (m, 1),
Vt = m · dt+ σdWt,

with parameters m = 0.2, σ = 1,

4. Process Zt(k) = Xt + k|N | · sin(2πt), for k = 0.05, 0.1 and parameters
(θ, m, σ) = (5, 0, 1).

We also need an estimator of the Ornstein-Uhlenbeck parameters, (ˆ︁θ, ˆ︂m, ˆ︁σ).
Due to the stationarity assumption, we are allowed to use the following maximum
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likelihood estimate from Tang and Chen [2009]:

ˆ︁θ = − log( ˆ︁β1)
δ

,

ˆ︂m = ˆ︁β2,

ˆ︁σ = −2 log( ˆ︁β1) ˆ︁β3

δ(1 − ˆ︁β2
1)
,

where

ˆ︁β1 =
1
n

∑︁n
j=1 XjXj−1 − 1

n2

(︂∑︁n
j=1 Xj

)︂ (︂∑︁n
j=1 Xj−1

)︂
1
n

∑︁n
j=1 X

2
j−1 − 1

n2

(︂∑︁n
j=1 Xj−1

)︂2 ,

ˆ︁β2 =
1
n

∑︁n
j=1(Xj − ˆ︁β1Xj−1)

1 − ˆ︁β1
,

ˆ︁β3 = 1
n

n∑︂
j=1

(Xj − ˆ︁β1Xj−1 − ˆ︁β2(1 − ˆ︁β1))2.

We choose a higher m for Cox-Ingersoll-Ross process, as we want to minimise the
probability of C0 being below zero. In reality, we use an absolute value |C0| for
this extremely improbable case. Concerning the Wiener processes, we do not test
a Wiener process without drift V (0, 1), as such a process would yield parameter
estimates around (θ, m, σ) = (0, 0, 1). These values would not be covered by
our parametric space, as we need θ to be positive. This issue also reminds us
that, before the application of a test, we should analyse the maximum likelihood
estimate itself. The case with drift is a much different story, as the parameter m
is present alongside the speed parameter θ. From Figure 4.4, we can see that its
parameter estimates are not entirely nonsensical.

The increments of the process Zt are distributed around the increments of an
Ornstein-Uhlenbeck process, and so the estimated Ornstein-Uhlenbeck parame-
ters (ˆ︁θ, ˆ︂m, ˆ︁σ) for the process are expected to be close to (5, 0, 1). As for the
Cox-Ingersoll-Ross process, the ˆ︁σ parameter is expected to be greater than 1, due
to the added factor of

√
Ct. This behaviour is already apparent from a sample of

10 trajectories, see Figures 4.5 - 4.6, where we have compared 10 processes Zt, Ct

to 10 Ornstein-Uhlenbeck processes with parameters calculated as the maximum
likelihood estimates of these parameters from processes Zt and Ct.
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Figure 4.4: A Sample of Ornstein-Uhlenbeck Processes X(0.44, 0.01, 0.99) (blue),
Compared to a Sample of Processes V (0.2, 1) (red).

Figure 4.5: A Sample of Ornstein-Uhlenbeck Processes X(6.40, 0.01, 1.00) (blue),
Compared to a Sample of Processes Z(5, 0, 1, 0.1) (red).

49



Figure 4.6: A Sample of Ornstein-Uhlenbeck Processes X(5.21, 4.08, 2.05) (blue),
Compared to a Sample of Processes C(5, 4, 1) (red).

Tested Supporting Empirical Power
Process Measure ν Characteristic f. Distribution f.
Xt(5, 4, 1) Wiener 0.047 0.000
Ct(5, 4, 1) Wiener 0.048 0.000
Vt(0.2, 1) Wiener 0.587 0.028

Zt(5, 0, 1, 0.05) Wiener 0.482 0.063
Zt(5, 0, 1, 0.10) Wiener 0.974 0.079
Xt(5, 4, 1) Disl. Wiener 0.056 0.042
Ct(5, 4, 1) Disl. Wiener 0.018 0.046
Vt(0.2, 1) Disl. Wiener 0.720 0.069

Zt(5, 0, 1, 0.05) Disl. Wiener 0.092 0.086
Zt(5, 0, 1, 0.10) Disl. Wiener 0.315 0.241
Xt(5, 4, 1) Sine 0.058 0.000
Ct(5, 4, 1) Sine 0.039 0.000
Vt(0.2, 1) Sine 0.408 0.019

Zt(5, 0, 1, 0.05) Sine 0.253 0.062
Zt(5, 0, 1, 0.10) Sine 0.872 0.046

Table 4.2: Empirical Power and Significance Level for Ornstein-Uhlenbeck Test.

The test based on characteristic functionals performs significantly better than
its distribution functional counterpart. The only alternative that this test could
not distinguish from the null hypothesis is the Cox-Ingersoll-Ross test. This is
due to the fact that the difference between

√
Ct and a higher σ parameter is tiny
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if the process does not stray from the mean m. Increasing the number of steps T ,
or redefining the experiment to handle non-stationary versions of the processes
could favourably impact the rejection.

The dislocation of the Wiener supporting measure seems to have detrimental
effects on the characteristic functional test, unlike to the case of distribution func-
tionals, which seem to benefit from this change. Also, notice that the empirical
power (or significance level) for Cox-Ingersoll-Ross process or Ornstein-Uhlenbeck
process of distribution functional test is zero. We contribute this to parameter
m = 4 and the usage of measures with trajectories located mostly around zero.
For dislocated Wiener measure, the empirical power / level is greater than zero,
though still very small.

4.4 Discussion
In Bugni et al. [2009], the authors of this test present an analysis of its power on
smooth functions with stochastic coefficients. Our simulation study deals with
continuous, yet not smooth stochastic functions. For Brownian bridges starting at
zero, most of the functions sampled from measure ν actually cross the observed
function at some point, which is detrimental to the quality of the distribution
functional test. We believe that the very definition of a distribution functional is
not optimal, since so much information is lost in the simplicity of an observation
that a function is completely beneath another function. We also recognise the
limitation of this test for processes which generally stray far from the x axis,
though this could be resolved by considering different supporting measures.

On the other hand, our goodness-of-fit test based on characteristic function-
als, which utilises very similar ideas, does perform well in most observed cases.
The sine measure or the dislocated Wiener measure does not seem to yield any
better results than the Wiener measure. We conclude that the Wiener measure,
though surely not the optimal choice, could be relatively universal across different
hypotheses.
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Conclusion
In this thesis, we have discussed the generalisation of densities, distribution func-
tions and characteristic functions to functional spaces. We have discussed the
reason why density functional is a problematic concept. Then, we have intro-
duced a goodness-of-fit test, which compares the empirical distribution functional
and a distribution functional from a parametric family with estimated parame-
ters, where the comparison is performed using a Cramér–von Mises type of test
statistic in a bootstrap procedure. Further on, we have also described a very
similar test for Gaussianity featuring characteristic functionals. Here, the para-
metric family is the family of Gaussian characteristic functionals, which is known
explicitly.

Building on these two tests, we have introduced a novel goodness-of-fit test for
testing the parametric structure of a Gaussian process, again by using bootstraps.
We have proved the convergence of our test statistic, as well as its null distribution
and the distribution of the bootstrapped test statistic, which implies that the
bootstrap procedure is valid.

Lastly, we have performed a simulation study, comparing the distribution
functional test and the new characteristic functional test. We have found that
the empirical power of the characteristic functional test tends to be better than
that of the test utilising distribution functionals, which gives us yet another reason
why the characteristic functionals could be the preferred method of analysis in
the topic of functional data.

We also believe that some research needs to be done concerning the choice
of an optimal supporting measure, either globally, or for specific hypotheses. It
would also be interesting to further analyse the tests on different alternatives and
for other hyper-parameters.
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