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Introduction

Over the past few years, there has been a rapid growth of the data industry. As
it becomes possible to store more and more data each year, there is a tendency
to digitalise every variable aspect of nature or society to the highest degree. For
time-dependent or otherwise continuously evolving random elements, we can ob-
serve and store even the slightest of changes. This results in an ever-increasing
importance of functional data analysis, and thus drives the relevance of this math-
ematical domain in the scientific community:.

For the same reason, we have seen numerous new techniques in finances or
physics which operate with functional data. Nevertheless, many of the practical
results, even though applicable to any data and readily available in software
packages, stand on some strict assumptions that need to be verified, such as
being distributed as an Ornstein-Uhlenbeck process. However, statistical tests for
functional data still tend to be scarce, and so this issue is too often overlooked.

The issues encountered when working with functional data differ from ordinary
statistics in many ways, as we are not provided with the concept of density,
on which so much of the scalar statistics stand. Some techniques try to get
around the issue of infinite dimensionality, for example by methods of principal
component analysis, whereas others embrace it and exhaust the well-developed
functional calculus onto the topic.

In this thesis, we discuss some of the most important concepts in scalar theory
of probability, such as densities, distribution functions and characteristic func-
tions, as well as their functional counterparts. Then, we implement some of the
latest statistical tests utilising these functionals and develop a novel goodness-
of-fit test for Gaussian processes with specific means and covariance structures.
Finally, we examine their performance on simulated data.



1. Preliminaries

The main object of our analysis is the probability distribution of real-valued
stochastic processes. Throughout this thesis, we work on some probability space
(92, F,P). We specifically look at stochastic processes from space L%[0, 1]. We use
the term stochastic process and random function interchangeably. Let us now
introduce some basic concepts of functional data analysis.

1.1 Finite-dimensional Distributions

First, let us discuss the concept of probability distributions in the functional
setting.

Definition 1 (Distribution of a process)

Let (X, B) be a measurable subspace of real-valued functions on [0,1] and let X :
Q — (X, B) be a measurable, real-valued stochastic process. The distribution of the
process X is defined as the push-forward measure PX of X, which is a probability
measure on the measurable space (X, B) satisfying PX = PX 1 ie.

P*(B)=P{weQ: X(w) € B}, BEB.

Definition 2 (Finite-dimensional distributions)
Let (X,B) be a measurable subspace of real-valued functions on [0,1] and let
X : Q — (%,B) be a measurable, real-valued stochastic process. The finite-
dimensional distributions of X are the probability measures defined on R"™ and
sequences ti,...,t, € [0,1], n € N by the expression:

PY o (A)=PlweQ: (X,W),..., X, (w)) € A}, A€ B(R").

-----

Theorem 1 (Kolmogorov’s extension theorem)
Let
tny N € N, tly-“;tn € [0,1]}

.....

be a system of finite-dimensional distributions satisfying:

1. For everyn € N, tq,...,t, and measurable sets (Aq,...,A,) € B(R)™ :

Pry ottt (AL X XA g X A X oo X Ay) =
Potn (A X oo X Aoy X RX Ay X -+ X Ay),
2. For every n € N, every permutation m over ti,...,t, and for measurable

sets (Aq,..., A,) € B(R)™:

]pTr(tl) ..... w(tn)(Al Xoee X An) = ]Ptl,...tn(Al X X An),

Then, there exists a probability distribution whose finite-dimensional distributions
are defined by the system P.



This theorem assures us that there always exists a stochastic process for a
consistent system of finite-dimensional distributions of our choosing.

One specific stochastic process that is defined by its finite-dimensional distri-
butions is the Gaussian process:

Definition 3 (Gaussian process)

A measurable, real-valued, time-continuous stochastic process X is called Gaus-
sian if its finite-dimensional distributions P, , 0<t; <---<t, <1, neN
are distributions of a multivariate normal variable

Z o~ N(plte, o tn), Vit .. ta)),
where

pltrs o tn) = (BX,, - EXG,) T,

var(Xy,) cov( Xy, Xyy) o0 cov(Xy, Xy,)
V(th o 7tn) _ COV()(%27 Xt1> VaI'(Xt2> .. COV(Xt.Q, th)
cov(Xy,, Xy,) cov(Xy,, Xp,) - var(X;, )

The concept of finite-dimensional distributions provides us with a simple
framework for defining a probability distribution of a stochastic process.

1.2 Functional Spaces

1.2.1 Dual Spaces

In functional analysis, the dual space is an important concept that introduces
a different perspective on spaces of functions, often resulting in a significantly
simpler situation than is offered by the original outlook.

Definition 4 (Dual Space)
Let (X,]| - ||) be a Banach space. A dual space X* of space X is defined as the
space of all continuous linear functionals z* : X — R.

Let us now look at an alternative to finite-dimensional distributions, which
we borrow from Definition 2.1 in |Getoor]| [1957].

Definition 5 (Weak Distribution)
By the term weak distribution L on X, we mean a map

L:(ay,...;zn) = Fo(a], ... xn A, ooy An),

where (z7,...,2}) € (X*)", n € N and F,, is a distribution function satisfying
the following conditions:

o [, is symmetric in the pairs (x}; \;),

o Fo(af,...;x5 M, .., \u1,00) = Foq(xf, . o,xh M, A1),



o Letay,...,a, €R such that 377, ajz; = 0. Then,

//Z AR ai ) = A2 0} AER
j:la‘j jS

Let us consider an X-valued stochastic process X and an arbitrary sequence
(x7,...,2}) of linear functionals from X*. Consider also a system of distribution
functions F' of random vectors ({z}, X))"_,. This system necessarily satisfies the
conditions of weak distributions and is thus a natural way of obtaining a weak
distribution from a defined stochastic process. This weak distribution also defines
the finite-dimensional distributions of X, what can be easily seen by setting the
functional x} as a projection from X to Xj.

Notice that even though the weak distribution of an X-valued process com-
pletely determines the finite-dimensional distributions of the process, it is defined

only by elements of its dual space X*. The space X does not figure in its definition.

1.2.2 L? Spaces

Definition 6 (L? Space)

We define the space H = L?[0, 1] as a separable Hilbert space of real-valued func-
tions, defined on the compact interval [0,1], with a Borel o-algebra ¥ and the
inner product

(@0 = [ Oy, vy M,
satisfying the condition
/01 22 (t)dt < oo, x € H.
By the L*-norm, we mean
|||z = (z,2)7, z € H.
For random elements on L*[0, 1], we make the assumption of square-integrability:
E[|X|* < oco.

Sometimes, we consider a function z € (L?[0, 1])?, for some p € N. Then, by
(z,7), x € L*[0, 1], we mean the vector ((z;, z))r_;.

Definition 7 (Covariance operator)

We call an operator C : H — H the covariance operator of a random process X
on H, if
Cx=E[(X —EX,z)X], = € H.

We denote the class of covariance operators by L.

Covariance operators are linear, compact, symmetric, and positive, and they
are of trace class, which means that they can be expressed as

C = Z<C€k, €k>,
k=1



for some orthonormal basis (e;) of space H. A covariance operator may seem
as too complex a structure at first glance. Notice, however, that in the case of
a random vector in R?, its covariance operator would be an ordinary variance
represented by a matrix, i.e. again a linear operator which maps vectors from R?
to R,

The sample covariance operator C, can be obtained by utilising the sample
covariance kernel

Cn(s,t) =

UK () — Kl X5(0) — Knu(®)], 5.t € [0,1],

J=1

in the following way:
1
Co(s) = / cu(s, )z (t)dt, = € HL.
0

It could also prove useful to be able to express (C,x,z) without the presence of
Cn'

Furthermore, let v be a measure on H. We define L? as the Hilbert space of
all measurable functionals
f-H—-R
satisfying [i f(z)?dv(z) < co. This space is separable, due to separability of H.
We also define the scalar product

(F)g0) = [ F@)g@)dv(a)
along with the norm || f||, = \/(f, f), f € L2.

Lastly, we state two versions of the central limit theorem for elements in a
separable Hilbert space. The first version deals with the regular case of a sequence
of i.i.d. random elements, whereas the second one deals with a triangular array.

Theorem 2 (Central Limit Theorem I)
Let (X;,7 > 1) be a sequence of i.i.d. random elements from a separable Hilbert

J
space H. Assume E||X;||* < oo and denote the mean function EX; =: u € H and

the covariance operator Cx =:C € L}. Then,
— Zn:(Xj — 1) % N,
Vi
where N ~ N(0,C) is a centered Gaussian function with covariance operator C.
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Proof. See Theorem 2.7 in Bosq| [2000]. O

Theorem 3 (Central Limit Theorem II)

Let {(Xna,...,Xnn), n > 1} be a triangular array of row-wise independent,
column-wise i.i.d. random elements from a separable Hilbert space H and let
Sp = i Xy be the sum of the n-th row of the array. Let (er, k > 1) be an
orthonormal basis of H and assume E(X, j,ex) = 0 and E||X,,;||> < oo, 1 <
j <n, k>1. Let C, be the (actual) covariance operator of S, and assume the

following conditions:
1. hmn%oo<cnekael> = Ak, kal > 17

2. limy, o0 Y001 (Creks €r) = Yopeq it < 00,

3. lim, oo Ly (g,6x) =0, € >0, k> 1, where

En:IE Xy ) H{{( X, 5, 2)| > €}], = € H.

Jj=1

Then,
S, % N,

where N ~ N(0,C) is a centered Gaussian function with covariance operator C
characterised by

(Cx,e) = er]ajl,l>1
7j=1
Proof. See Theorem 1.1 in Kundu et al.| [2000]. O

1.2.3 Discretisation

In practice, we rarely observe truly functional data. A discretised sample of
random functions observed at times 0 =ty < ty...t7_1 <ty =1, T € N is more
frequently the case. In this thesis, we assume that the distances |t; — t;_1|, i €
{1,...,T} are constant, which necessarily means that ¢; = %

If this was not so and if we assumed that the functions were continuous, we
could easily interpolate the missing points using a local linear regression, thereby
returning to the case of a grid of points with equal distances between each other.

We also usually estimate the integral of a continuous function by calculating
it as a Riemann integral with a fixed number of steps. More specifically, for a
function x € C[0,1] and a (large) number 7' € N, we approximate the integral

I(z) = [y z(t)dt with:
22C)
==> z|=]).
Ti= \T
We will be using this approximation as well. Although we generally deal with

functions from L?[0, 1] instead of C[0, 1], the functions considered in the simulation
study are indeed continuous in all cases.



1.3 Functional Density Absence

In finite-dimensional spaces, Lebesgue measure is considered to be an abstraction
of the concept of volume. Due to its natural properties, many probability distri-
butions are defined using Lebesgue measure along the way. The most common
approach to inspect a finite-dimensional probability distribution is to identify
its density function, another natural concept that plays a major role in (scalar)
statistics. Many probability distributions, including the normal distribution, are
most commonly defined by their density function. We usually define it using
Radon-Nikodym’s Theorem.

Theorem 4 (Radon-Nikodym)

Let (X,3%) be a measurable space and let pu, v be two o-finite measures defined on
X. If v is absolutely continuous with respect to u, then there exists a X-measurable
function f, unique up to p-null sets, such that

v(A) = /Afd,u, Ael.

In the topic of probability theory, the measure v represents the distribution
of a random element, whereas the dominant measure y, in a space R?, d € N,
is in the case of continuous random elements almost exclusively established as
the d-dimensional Lebesgue measure. A slightly different way of arriving at the
density function is to observe the probability limit of a small ball, again using
Lebesgue measure:

fo) — g PIX =l <2

h—0+ hdv,

, v e X,

where v, is the Lebesgue measure (volume) of a d-dimensional unit-sphere and
| - || is the Euclidean distance in RY. This idea is discussed in the Appendix of
Delaigle and Hall [2010].

In the functional setting, we do not have the luxury of a Lebesgue measure.
Due to this absence, there is no obvious way to choose a measure p, with respect
to which v is absolutely continuous. Concerning the second definition of a density,
we could argue that it is sufficient to define a volume function v(h), so that

_ o PlIX —af| < A
f(x>_hll>%1+ o) , xEX,
where || - || is the L?-distance. Were this possible, we would have arrived, by

applying the logarithm on both sides, at the following:
log(f(x)) = lim log(P[||X — z|[ < h]) —log(v(h)),
—0+
and so, without the limit,
log(P[[| X — z|| < h]) = log(v(h)) +log(f(x)) 4 op(1).

In other words, it would have to be true that the logarithm of a small ball proba-
bility can be partitioned into a sum of an error term converging in probability to
0, a volume term not dependent on x, and finally a density term not dependent

8



on h. This is not true as generally, the term v is actually dependent on both A
and z. For the reason of no straightforward generalisation, we avoid the concept
of density functionals in subsequent chapters. Nevertheless, there have been some
useful attempts, usually utilising principal component analysis, see for example
Delaigle and Hall [2010] or Bongiorno and Goial [2017].

1.4 Supporting Probability Measures

As we have stated in the previous section, we omit the concept of density func-
tionals due to the absence of a dominant measure in spaces of functional random
elements, namely L?[0,1]. However, we still discourse about generalisations of
distribution functions and characteristic functions, both of which, in some way,
depend on the comparison of the observed element with all values of the space
L?[0,1]. Therefore, in both cases, we look at the comparisons through a certain
measure v defined in L?[0, 1]. Due to the non-existence of a dominant measure in
L?[0, 1], there is no unique and straightforward choice of v.

In this thesis, we deal with measures induced by a probability distribution, as
they can be easily sampled for some chosen constant. This does not mean that the
theory developed in the subsequent chapters would not, after some modifications,
work for a non-stochastic measure, or a sequence of measures v, dependent on
the random sample.

Concerning the choice of a probability measure v, we are constrained by the
reality that all calculations need to be performed on a computer, thus making it
necessary for the measure to be computationally tractable. On the other hand,
it would also be prudent to take in consideration the power of evaluated tests,
which we want to maximise.

Let us now look at some examples of the supporting probability measures v.

Ezxample (Wiener Process). One obvious choice is the distribution v = vy of a
Wiener process, starting at Xo = 0, almost surely. An integral

109 = [ f@)dv(a)

would then be estimated as
R 1 T M "
] = — |/1/ . —
(7) TM%EJC( J(T))’

where Wy, ..., Wy, is a random sample of Wiener processes, M € N is the sample
size of Wiener trajectories and 7' € N is the discretisation constant. Figure
depicts a sample of M = 10 Wiener processes over which we integrate when
evaluating I(f).

Alternatively, we could start the Wiener process at a random point Xy ~
N(0,1), see Figure . Of course, depending on the application, other processes
could also serve as a viable option. It could also make sense to increase the o = 1
parameter, so that the trajectories intermix to a greater degree in the scope of
the interval [0, 1].
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Figure 1.1: Measure Induced by a Wiener Process.

Wiener Measure with a Random Start
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Figure 1.2: Measure Induced by a Wiener Process, Started at a Random Point.



FEzample (Truncated Orthonormal Basis Process). From a different perspective,
we could utilise the fact that L?[0,1] has an orthonormal basis (®4)72 ;. Another
probability measure could be the distribution v = v, of a random function

= bPi(t), t €[0,1],
where ()52, are the Fourier coefficients of Z, meaning that
1
b= [ 2@yt
0
> b < 0.
k=1
In order to achieve a finite evaluation time, this process would be truncated to

t) = iqu)k(t), te0,1]

and the coefficients (by)E_, would be sampled as i.i.d. random variables
b, = pr Nk,

where (px)?2, are non-stochastic coefficients satisfying the condition
e}
2
> Pk <0
k=1

Therefore, the sampled Fourier coefficients would actually define the process Z;,
not vice versa. Overall, we would get a single trajectory as

L
Z pka(I)k t € [0, 1]

Principally, we need to choose three ingredients: an orthonormal basis, a
distribution of the random variables, and lastly, a representation of the coeffi-
cients py. In this thesis, we use Ny ~ AN(0,1), i.e. standard normal variables.
Next, as the orthonormal basis of L?[0, 1], we use sine functions

®;(t) = v2sin (27rkt>, t €10,1].

As for the coefficients, we use p;, = # In conclusion, one sample of a path over
which we integrate would be:

L
3 QNk sin (2mkt), t € [0,1],
= Tk

for some independent standard normal random variables (N;)£_; and some trun-
cation constant L € N.

11



Sine Orthonormal Basis Measure

Random Sample of 20 Trajectories

0.0 0.2 0.4 0.6 0.8 1.0
Time t

Figure 1.3: Sine Orthonormal Basis Measure.

An estimate of the integral I(f) = [y f(z)v(x) would be

R 1 T M L /3 "
I(f) = m;;f (; %Nt,kq)k <?>> ;
where Ny1,..., Ny is a random sample of standard normal variables, M € N
is the sample size of basis trajectories, L is the truncation constant and 7' € N is
the discretisation constant.

Figure[I.3| depicts a sample of M = 10 random functions, truncated to L = 20
basis functions, over which we integrate when evaluating I (f)-

In Chapter 4, we perform a simulation study of some of the introduced tests
and compare the choices of measures v.

1.5 Parametric Bootstrap Tests

As we will see in the following chapters, it is difficult to find a test statistic for
functional data with a known parameter-free distribution. Rather, a complex
and parameter-dependent distribution is usually the case. Nevertheless, it is still
possible to find a test statistic for which we can estimate the critical values. This
technique is called a bootstrap test. The idea is simple - simulate the data under
the null hypothesis, calculate the test statistic and repeat the process D-times,
so that you get a sample quantile of the test statistic. The bootstrap denotation
stems from the method by which we simulate the data - we do not know the
actual parameters of the distribution from which our data is sampled, and so we

12



estimate the parameters from the original data and compute some replicates from
this estimated distribution.

As we concern ourselves extensively with this type of bootstrap test, we shall
define it here in a very general form for processes in H = L?[0, 1].

Consider a random sample of functions Xy, ..., X,,, distributed as some model
random function X. Consider functionals Gx defining the probability distribu-
tions Px of random functions in H. We want to test whether GGx belongs to some
parametric family of these functionals, denoted as F = {G(-|f), 6 € ©}. In this
context, we reserve the letter Y for random functions that are actually sampled
from this parametric family. The parametric space used here, ©, can be very
complex, such as a space of all operators on H.

The hypothesis is the following:

HO:GXE.F,
HlGX¢F

Alternatively, we can write:

Hy: Gx(-) = Gy(-]0y), for some fixed 6, € O,
H, : Gx(-) # Gy(-|0), for all 0 € ©.

Let us also assume that we have a test statistic 7,, = T, (@X(), Gy(|§)) :
which is a metric on the space of functionals in H which measures how close the
sample functional Gx gets to some functional in F. An asymptotically-consistent
estimator of the parameter # € © C RP? is also necessary, we denote it as

0=0,:H"— 0O, neN.
A parametric bootstrap is performed in the following steps:
1. Compute the parameter estimate of our random sample, denoted as

0=0(X1,...,X,).

-~

2. For k =1,..., B: simulate functions Y7",..., Y, from Gy(-|0), i.e. using
the estimated parameter 0 as the true parameter.

3. For k=1,..., B: compute the test statistic nT; , = nT,, (Y}, ..., Y1)

4. Estimate the probability distribution P* of the bootstrapped test statistics
and find a critical value C, such that P*[nT,(Y1,...,Y,) > C,] = a. In
other words, approximate the upper a-percentile of the null distribution of
n’l}, by this empirical probability distribution as

Ca = Rip(1-a)],

where Ry, ..., Rp are the values of nT}; ,, ..., nT} p ordered from the lowest
values to the highest.

5. Compute the test statistic nT}, o = n1,(Xq,...,X,) for our random sample.
If nT,, o > C,, we reject the null hypothesis.

13



In the upcoming chapters, our metric will be the Cramér-von Mises distance
nT, = [ nlGix(x) = Gy (alf) Pd(x)

Under Hy, the true distribution Gy may not be known. We replace it with a
simulation-based estimate @y in such a case.

In the finite-dimensional case, we would get that under H, and some regularity
assumptions on the parameters, the function

an() = Vn[Fu(x) = Fy(z|0)], © € R™,

where Fy is the distribution function and F,, the empirical distribution function,
converges in distribution to a Gaussian process with zero mean, continuous sample
paths and a known covariance function (dependent on the actual parameter of the
distribution ), almost surely. This result is called Durbin’s invariance principle,
and can be extended to a bootstrap version, see for example [Stute et al.| [1993].

Inspired by Durbin’s invariance principle, we attempt to prove a similar con-
vergence for distribution functionals and characteristic functionals in the subse-
quent chapters.

14



2. Distribution Functional

We first draw our attention to the distribution functionals, which arguably have
the most straightforward generalisation from scalar to functional data. As stated
in the previous chapter, we concentrate on the case of random functions in the
separable Hilbert space H = L?[0, 1].

2.1 Definition and properties

Let us first define the distribution functional.

Definition 8 (Distribution Functional)
Let X : (2,[0,1]) — R be astochastic process measurable in the Hilbert space
(H, B). The distribution functional of X is defined by:

Fx(x) =P[X(t) < z(t), YVt € [0,1]], = € H.
The distribution functional is well-defined, as the set
{weQ: X(t;w) <z(t), YVt €[0,1]}
is equivalent to

fweQ: tit[épl][X(t;W) —x(t)] < 0},

which is measurable if X (-;w) and x(-) are measurable functions.
For a random sample, the most straightforward estimator of a distribution
functional is the following:

Definition 9 (Empirical Distribution Functional)

Let Xq,..., X, be i.i.d. random functions from H. The empirical distribution
functional of X s defined by:

Fule) = 23 1{X.(0) < 2(t), ¥t € [0,1]}, = € H.

n .—

Further on, we sometimes denote the random sample by a single symbol X.

Of course, we cannot actually compare the measured random functions with
every x € H. In practical applications, we can make comparisons with only a
finite number of functions, which we have to choose carefully.

2.2 A Goodness-of-fit Test for Empirical Distri-
bution Functionals

2.2.1 Test Statistic

Let us now consider a random sample Xj, ..., X, of functions in H and a family
of distribution functionals with a parameter,

F:={F(0), 0 € ©CRP}, peN.
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By Fx(-|0), Fx(:|0), we mean the distribution functional (or the empirical
distribution functional) of a random function (or a random sample of functions)
whose distribution depends on the parameter 6.

We test the null hypothesis that the distribution functional of X belongs to
the family F, against the universal alternative:

Hy: Fx = Fy(+|0), for some 0 € ©,
Hl : FX §é F.

Now, we describe a test from Bugni et al|[2009]. We use the Cramér-von
Mises distance for the construction of our test statistic:

T(X|0) = [ [F(2) = Fy (@) dv(x),

where v is a probability measure on L?[0,1] and Y is a random function of a
distribution from F, i.e. a distribution dependent on the parameter 6 € ©.
Since we do not usually know the distribution functional Fy, the actual test is
performed with a different test statistic T, (X|0), utilising the sample functional
Fy(-|0) instead of Fy(-|0), calculated over S simulations Y, ..., Yg ~ F(:|0):

E,(2]0) = 21{3/ x(t), vt € [0,1]}, = € L*0,1].

The argument in Bugni et al.|[2009] is that, since we can simulate the process un-
der the null hypothesis Y ~ Fy(-|f) with an arbitrarily small error, it is sufficient
to develop theory around Tj,((X|6). It seems, however, appropriate to mention
here that this approach results in longer evaluation times, as we need to estimate
the distribution functional for each evaluation of the bootstrap.

2.2.2 Bootstrap Convergence

Let us now introduce several assumptions necessary for a valid convergence of the
test statistic.

Assumption 1 (Random Sample)
Xy,..., X, are independent and identically distributed random functions from
L?0,1]. We denote their distribution functional by Fx.

Assumption 2 (Regularity of Parameter Estimator)
There is a unique (non-stochastic) constant 6y € © C RP, such that:

\/_(9 90 ZQ —|—OP )
where ) is p-dimensional and satisfies the following properties:

/HQ(:B)TQ(QJ)V(dx) < 0
E[Q(X)] =0,
Va = cov[Q(X)] is finite and non-singular.
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Assumption 3 (Properties of F)
Let ' ' '
(E1(-10), - Fp(+]0)) = F(-]0) = Vo F(-[0)

exist for all 8 in a neighbourhood U of 6y. Furthermore, let

2161(1]) HF(J:]G)TF(:L’W)dV(:c) < 00, (2.1)
tm [ S0 sup [[Fi(al6) = Fi(el00)][F5(216) — Fy(alo)]ldv(a) =0, (2.2

0 JH 21 10-6oll<e
where || - || is the Euclidean distance in RP.

Assumption 4 (Properties of v)
Measure v is the probability distribution of a Gaussian process

Zi=3 peNen(t), t € [0,1],

k=1

where

0 < |px| < Ck™, for some C < oo, d>1 and all k € N,
Nk NN(O,l),
or(t) = V2sin(krt).

Assumption [3| provides us with the means of using Taylor series expansion on
the functional F. The purpose of Assumption [4is to guarantee that, with proba-
bility 1, a function sampled from v is bounded in L?[0, 1]. We could utilise different
probability measures that would nevertheless satisfy the boundedness result, and
we do actually use other probability measures in our simulation studies.

Theorem 5 (Convergence of T, under Hy)
Let Assumptions[1] -[{] hold. Under the alternative Hy and the additional assump-
tion that the actual distribution functional Fx is fixed, it holds that:

T.(X(0) = [ [F(@) = By (alf)2dv(e) 5 [[Fx(e) = Py (albo)dv(a)

Proof. We know from Assumption [2 I that 6 converges to some 6, in probability.
Also, we know from Assumption [3] that a derivative of Fix () exists on an open
neighbourhood U of 6. Therefore, Fx(-|f) is continuous on U and so Fx(-|f)
converges in probability to Fix(-|6y) on U.

Finally, we know that the empirical distribution functional converges to the
actual distribution functional:

~ 12
Fu(e) = ~ > 1{X(t) < a(t), Ve € [0,1]) 4 Fx(x), = € L0, 1],
=1
~ 1 & d 2
F.(z|0) = 521{)(1( ) < x(t), vVt € [0,1]} = Fx(x|0), = € L*[0,1], 6 € ©.
=1
Combining these findings, we get the result. O]
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Theorem 6 (Convergence of n7,, in Distribution under Hy)
Let Assumptions [1] - [{] hold. Under Hy, let 0y € U be the true parameter, such
that Fx () = Fx(:|6p). Then,

T(X|9) —>/ )+ e (2]00) TE2du (),

where

1. ¢ is a centered Gaussian process on [0, 1] with covariance identical to the
covariance of the indicator process 1{X (t) < x(t) Vt € [0,1]},

2. & is a centered normal random variable in RP with covariance matriz Vg,

3. It holds for ¢ and & that

E[&((x)] = EQ(X)[1{X <a} — Fx(x)], ¢ € H.

Proof. The proof can be found in Bugni et al.|[2009]. Let us define a stochastic
process W, == \/ﬁ(ﬁ x — Fx). W, is centered and has the same covariance as (.
One obvious difference is in Gaussianity, which the process W,, lacks, compared
to (. We have

nTo(X|8) = n /H [Fy(2) — Fy(x]0)dv(z)
—n / [Ex(z) — Fx(x) + Fy(x/6) — Fy (2|0)]*dv(x)
= [Wal@) = ValFy (lf) = Fy (xlf))dv (),

where, since we assume Hj to be true, Fix(-) and Fy(+|6y) are the same distribu-
tion functionals. Assumption [3| allows us to employ the following Taylor series
expansion:

Fy(2|0) = Fy (x]60) + Fy (2|0,)7(0 — 6,), z € H, 0, € U,

where [|6, — 6o|| < ||@ — 6p||. Thus, we can rewrite nT},(X|6) as

nTL(XI0) = [ [Wal@) = vaky ()6) (0 — 00)
— alFy (20.) — Fy (2]60)] (0 — 0)Pdv(x)

The last element under the integral converges to 0 in distribution, which we
know from Assumption [3l Due to Assumption [2] and the definition of &, the
second element /nEy (x]0)7 (6 — 6y) converges to the same distribution as &,
with probability 1. Thus, nT, (X|9) has, with probability 1, the same asymptotic
distribution as

Vie = [ [Wal@) = Fy (al6) "¢ dv ().

We show that Vy actually has the same asymptotic distribution as

V= / )+ Fy (2]60)T€)2dv ().
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Consider the Hilbert space L? of v-square integrable functionals from H to R.
Every Hilbert space has a complete, orthonormal basis - denote such a basis of
space L2 by (¢ : k = 1,...,00). By ¢ux and dj, we mean the (real-valued)
coordinates of W,, and ( in this basis. We obtain the coefficients from:

ne = Was00)y = [ Wal@)n(w)dv (),
de = (G 8uhy = [ C(@)onla)dv(a)

Now, we truncate the processes W,, and ( to their first K coordinates in the basis
(¢r) and define the counterparts of V' employing this split:

nKl chk¢k 7IEHa
Wn,K,2<$) = Z Cn,k¢k($>7 T E H7
k=K1

z) = kf:ldkﬁbk(l’)a z € H,
Vi = [ [Cx(@) + Py (al6) "€ldu(a),
Vara = [ [Wasca(e) + Fy(elf) el dv ().
From Cauchy-Schwarz inequality, we have
Vv — Vara| = ’/ W ki Wake + W ko — 2W, ko Fy (7]00) "€ )dV(ﬂf)‘
]/’wgkq W, i1 — 2Fy (2]60) T l/ 2 odu(a
<2v”2wéwﬁxgm4r ”+uéwﬁK2y@y

We would like to prove that E|Viy — V,, k1| — 0, for n, K — oo. Both V,, 1
and W2 k.2 are bounded. In the case of the second functional, we can use the
dominated convergence theorem on B [ W2 1 o(x)dv(z). From the orthogonality
of ¢, we have

/ E[W3K2 / nde x).
H ’ H 2K
It holds that
[}gnooh;nﬁs;ip/ W7 i o)dv(z) = Hl}gnoo > limsupc) pdv(z) = 0.

Thus, Vi and V), 1 have the same asymptotic distribution. Furthermore, for a
fixed K, we have that

d
Va1 — Vi,

which we know from the central limit theorem for K-variate random variables,
and as K — oo, we know that

Vie =V 5 0.
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We get the result
Viw =V,

which concludes the proof. O

Let us now describe how to perform a bootstrap test in the case of distribution
functionals, and prove its consistency. As was stated in the beginning of the
chapter, our test statistic needs to be estimated by

T, (X)) = /H [F(2) — By (x]8))dv(2).

The calculation of nT,(Z,...,Z,), for some Z,..., Z, representing either the
original random sample or a simulated bootstrap sample, proceeds in the following
way:

1. Calculate the parameter estimate 0, = g(Zl, ..+, Zy). The actual § which we
are estimating here is either 6 for the original random sample X, ..., X,
or § =0(Xy,...,X,) for a simulated sample.

2. Simulate S processes Y3, ..., Ys from Fy(-|6,).
3. Calculate the estimate Fy(-|0,) using the simulated processes Yy, ..., Ys.
4. Finally, calculate the test statistic nT,(Z1, ..., Za|0s).

Aside from this detail, the bootstrap procedure is evaluated as in Section [I.5]

Theorem 7 (Bootstrap Consistency)
Let Assumptions[]] - [f] hold. Then,

c: 5o,

Also, under the null hypothesis Hy, we have that

-~

lim P[nT,(X|0) > C] = a.

n—oo

Proof. See Proof of Theorem 3.2 in Bugni et al. [2009]. O

2.3 Examples

Let us now look at two examples of goodness-of-fit tests using the defined test
structure. In Chapter 4, we evaluate these tests against the null hypothesis and
some alternatives.

Of course, one serious drawback of tests based on functional distributions is
that we cannot usually express the functionals F'(-|0) explicitly. This is the case
of Gaussian distribution functionals as well.

Ezxample (Brownian Bridge). The Brownian bridge process B is a Gaussian pro-
cess with parameter o > 0, where

Bt - Wt - th, t € [0, ]_],
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and W, is a Wiener process with variance o2. Denote the family of distribution
functionals of the Brownian bridge as F = {Fy(:|o), ¢ > 0}. The tested hy-
potheses are:

Hy : Fx(r) = Fy(x|o), Va € L*[0,1], for some o > 0,
H, : Fx(x) # Fy(x|o), for some x € L*[0,1].

In order to optimize the power of our test, we would need to choose a measure
v with some respect to the possible trajectories of B;. If the trajectories of the
measure v always began or ended above zero, all empirical distribution functionals
would be identical to a zero functional.

On Figure [2.1], we can see that the sine basis measure is properly chosen, as
the number of functions completely under the trajectory of a Brownian bridge
seems appropriate.

Comparison of a Brownian Bridge to Sine Basis Functions

Random Sample of 10 Trajectories

0.0 0.2 0.4 0.6 0.8 1.0
Time t

Figure 2.1: Brownian Bridge (red), Compared to a Sample of Sine Basis Functions
(green).

Let us also look at a comparison with our second measure generated by the
Wiener process. Figure also suggests that such a measure could be a valid
alternative for the test. Of course, we need to verify the Assumption |8, Here, we
can utilise the fact that a Wiener process can be represented as:

o0 : t
Wy = &ot + \/52 fnwa
= ™m
where &1,&,--- ~ N(0,1) are i.i.d. standard normal random variables. This

is also the reason why we choose Fourier coefficients p, = # for the previous
measure. W, is clearly identical to a sine basis function, except for the term &yt.
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Although this violates Assumption 4] the stated theorems can be also proved
with the added term ot, as is stated in [Bugni et al.| [2009].

Comparison of a Brownian Bridge to Wiener Trajectories

Random Sample of 10 Trajectories

0.0 0.2 0.4 0.6 0.8 1.0
Time t

Figure 2.2: Brownian Bridge (red), Compared to a Sample of Wiener Processes
(green).

Ezample (Ornstein-Uhlenbeck Process). We define the Ornstein-Uhlenbeck pro-
cess X; as a Gaussian process with three parameters § > 0, m € R, o > 0,
where

0.2
XO ~N <m7 %) s
dXt = 9(m — Xt)dt + O'th.

In this case of a non-constant starting point, the process is stationary. The
hypotheses are:

Hy : Fx(x) = Fy (2|0, m, o), Yo € L*0,1], for some § >0, m € R, o > 0,
H, : Fx(z) # Fy (2|0, m, o), for some z € L?[0,1].

From the comparisons to our original measures v, which are depicted in Fig-
ures [2.3] and we can immediately see that choices starting at zero could be
problematic. For that reason, we also defined the measure induced by a Wiener
process starting at a random point. Indeed, looking at Figure 2.5, we expect this
measure to yield higher power than the former.
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Comparison of an Ornstein-Uhlenbeck Process to Sine Basis Functions

Random Sample of 10 Trajectories

0.0 0.2 0.4 0.6 0.8 1.0
Time t

Figure 2.3: Ornstein-Uhlenbeck Process with (0, m, o) = (1,0, 1) (red), Compared
to a Sample of Sine Basis Functions (green).

Comparison of an Ornstein-Uhlenbeck Process to Wiener Trajectories

2

Random Sample of 10 Trajectories

|
%]
g 'P
=

0.0 0.2 0.4 0.6 0.8
Time t

.0

Figure 2.4: Ornstein-Uhlenbeck Process with (6, m, o) = (1,0,1) (red), Compared
to a Sample of Wiener Processes (green).
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Comparison of an Ornstein-Uhlenbeck Process to Wiener Trajectories
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Figure 2.5: Ornstein-Uhlenbeck Process with (0, m, o) = (1,0, 1) (red), Compared
to a Sample of Wiener Processes with Random Starting Point (green).
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3. Characteristic Functionals

In finite-dimensional spaces, the characteristic function serves as a less popular
alternative to the density function. Nevertheless, this tool finds its place in many
proofs, most notably the central limit theorem. We argue that characteristic
functionals may actually be the preferred method of functional data analysis, in
spite of their rather less intuitive nature.

3.1 Definition and properties

Definition 10 (Characteristic functional)
Let X : (£,]0,1]) — R be a stochastic process measurable in a Hilbert space
(H, B). The characteristic functional of X is defined as

P(z*) = E[e!® ] = / ePdF (x5 \), ¥ € HY,
R

where F(x*;\) = P{w € Q: (%, X(w)) < A} is the distribution function of the
real-valued random variable (z*, X).

Definition 11 (Empirical characteristic functional)
Let X4,..., X, be independent, identically distributed stochastic processes mea-
surable in (H, B). We define the empirical characteristic functional as

plz*) == > N gt e W
n -
7=1

The characteristic functional of a stochastic process clearly satisfies the main
properties of characteristic functions that we know from finite-dimensional spaces.
It holds that ¢(0) = 1, where 0 is the zero linear functional, it is positive definite
due to the properties of exponential function, and finally, it is continuous, which
can be proved from continuity of the inner product. Let us also recollect that
H = H* holds for all Hilbert space.

Contrary to the case of distribution functionals, we actually know the char-

acteristic functional of a Gaussian process. Thus, we provide an alternative to
Definition Bl

Definition 12 (Gaussian process)
Let X be a stochastic process measurable in (H, B). We call X Gaussian if and
only if there exists u € H and C € L.(H) such that

E[€i<x,X>] = gb(x) = ¢(ZL‘|M,C) = exp (i<ﬂax> - ;<CI,I‘>> , v € H.

This indeed corresponds to Definition [3] where u is the mean function of X
and C is the covariance operator of X.

3.2 A Goodness-of-fit Test for Gaussianity

Now we introduce a test from Henzel and Jiménez-Gamero [2020] for testing
Gaussianity of a random function. Again, we operate on the Hilbert space H =
L?[0,1] of all real-valued functions on [0, 1] satisfying E||X||% < oo.
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3.2.1 Test Statistic

Consider the following test statistic:
To(X) = To(X, ..., X / 160(2) — S| X n, Co)Pdv(a),

which is the Cramér—von Mises distance, this time between the empirical charac-
teristic functional and the characteristic functional of a normal distribution, with
the parameters being the sample mean and the sample covariance operator. Also,
v is again some probability measure on H, for now without any assumptions.

We obviously expect that 7;, tends to zero almost surely under the null hy-
pothesis.

Theorem 8 (Limit of 7},)
Consider a random sample of functions Xi,..., X, ~ X from H, satisfying

E||X||} < oco. Let ¢x, u, C denote the (actual) characteristic functional, the
expectation and the covariance operator of X, respectively. Then,

/fﬁbn G| Xy, Co)Pdv(z /|¢X oz, C)|Pdv ().

Proof. The proof is based on the strong law of large numbers and the asymptotic
consistence of estimators X,,, C, and ¢,. See Theorem 1 in Henzel and Jiménez-
Gamero| [2020] for details. O

We can rewrite the statistic in the following way:

T, = /H ’711 éexp (i(z, X;)) —exp (i(Xn,a:> — ;(Cnx,@) ‘lej(x)

1

_ /H ‘ [;jz::lcos(x,Xj) — cos(X,,, z) exp <—2<Cn:v, x))

+ 2[711 ésin(x, X;) —sin(X,,, ) exp (—;(Cn:c, x}) } ’2d1/(9(:)

By using the formulas |a + bi|* = a* 4+ b* and cos(a) cos(f) + sin(a)sin(3) =
cos(av — 3), we get that:

T, = /H [iz %n:: cos ((x, X; — Xi))

With cos(z, X;— X;) = cos(z, X;— X ,,— (X — X)) and again the cosine formula,
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we are left with:

1 n
T, = / {ﬁ .;1 cos(z, X; — X,,) cos(z, Xj, — X )
]7 =
1 & —
+— Z sin{x, X; — X,,) sin(x, Xy, — X,,)
n
7,k=1
2 & — 1
— =) cos(z, X; — X,,) exp (— (Cn:c,zz:)>
n i3 2

By restricting measure v to be symmetric with respect to the functional 0 € Hi, i
we have:

/H_*Zsm r,X; — X >exp( ;(Cnx,x)> dv(z) =0,

njl

since sine is an odd function, which cancels out with the symmetry of v in the
integral. Thus, we can add this term to the equation for 7, above. We get the
following expression:

nTn:/ V2(z)dv(z),
H
where

Vo(x) == \/1_ > [cos z, X; — X,) +sin(z, X; — X,,) — exp (—;(Cnx,@) }

This expression is useful, as V,,(z) is a sum of some random elements

;(Cnx,:@) :

cos(x, X; — X,,) +sin(z, X; — X,,) — exp (—

J

If we could, under the null hypothesis, approximate this random element by some
function 1 (z, X;), we could find the distribution of nT,, due to the central limit
theorem and Slutsky’s lemma.

This is indeed true, as we can see from the following theorem.

Theorem 9 (Limit Distribution of nT,, under Hy)

Let Xq,..., X, ~ X bei.id., Gaussian random elements with covariance operator
C. Let v be a probability measure, symmetric with respect to the functional 0 € H
and satisfying

/H || dv(z) < co. (3.1)

Then,
d
= VI,

where:

1. V is a centered Gaussian random element of L?,
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2. The covariance kernel of V 1is:

EV@)V()] = exp (—5(02+02) ) (exp(0sy) = 1= 02— 502,)

where 0, = (Cx,y), 02 =044, x,y € H.

Proof. See Theorem 2 in Henzel and Jiménez-Gamero [2020] for the same proof
in slightly less detail. We have already found that we can express nT), as ||V,,||>.
Now, we apply Taylor series expansion on the cos, sin and exp functions in the
expression, so as to approximate V,, with a sum of expressions dependent only on
X;. Then, we will be able to use the central limit theorem.

cos(z, Xj — Xp) = cos(z, X;) + (z,
sin{z, X; — X,,) = sin(z, X;) — (x,

exp (—;(Cnx, x}) = exp (—;O’i) (1 - ;((Cn —C)z, x)) + op({(C,, — C)x, x)).

We use the symbol op(€) to represent all functions Z such that norms || % ||, vanish
in probability as n — oo. We can rewrite V,, to

Vi( zi:[cos (x, X;) +sin(x, X;) — exp (‘éag%)}
— ! En:l {cos z, X;) Sil’l<l’,Xj>} (3.2)
i ;W(cn — ),z exp (—502) + ox(1). (3.3)

Due to the assumption that the mean function is zero, the sample mean is also
included in op(1). Thus,

1 n
(Cx,z) = = (x,X;)* + op(1),
nFl

and so the term (3.2)) can be rewritten to
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where we have used the Taylor expansion of sin and cos in the first equation and
exp (—%[B) in the second one. As for the term |) realize that

(Vn(C, —C)x,z) = 1nzn: z, X;)? — 02) + vn{z, X,,)°.

We finally get:

where

U(z,y) = cos(z,y) + sin(z,y) — exp (—;0 ) [1 + (z,y) — ; ((ac,y)2 — 02)]
and the functional v : H x H — R satisfies the following propertics:

1. EW(z, X1) =0, z € H,

2. B W(, X075 = fuB[¥*(z, X1)]dv(z) < oo,

where the second property is due to our assumption (3.1). We can finally use
Theorem , from which we know that there exists a functional V € L2, such that
V(z) is a centered Gaussian random function Vz € H, and it holds that

\/_Z\Ime)—>V()

for all elements x in H. Slutsky’s lemma gives us the convergence for V,,:
Vo(z) S V(z), z € H.

The last thing to prove is the covariance kernel of V. We know that E[V(z)V(y)] =
E[W(x, X1)¥(y, X1)]. We also know from the fact that a projection of a Gaus-
sian random element must be normally distributed that the joint distribution of
(x, X1) and (y, X;) is the joint distribution of two random variables

(ale, s, (pN1+ 1—p2N2)), Ny, Na ~ N(0, 1),

where p = = Uyy

We are left with the task of calculating the moment E[¥(z, X;)¥(y, X;)]. The
first two terms of W, multiplied together, yield cos{x —y, X;)+sin{(x+y, X;), from
which only the cosine is non-zero due to the symmetry of sines. Using standard

calculus, we find all non-zero moments present in E[U(x, X;)¥(y, X;)]:
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E[cos(x, X1)] = exp (—;afﬁ) ,
E[cos(y, X1)] = exp (—;ai) :

1 1
E[cos(z — y, X1)] = exp (—02 + 0y — 02) :
E[(z, X1){y, X1)] = 030,

. 1
Efsin{y, 1)z, X)) = 02y exp (=503

1
Elcos(z, X1)(y, X1)?] = (0% — 0%) exp (-205) ,
1
Elcos(y. Xu) (o, X1)?] = (02 = o2 ) exp (503
E[<$7 X1>2<y7 X1>2] = UiO’; + 20’:%,347
which yields the covariance kernel as it was stated in the theorem. O

3.2.2 Bootstrap Convergence

Since the test statistic nT;, is not distribution-free, but rather depends on the
actual parameters (covariance operator) of the random elements, we have to cal-
culate the sample critical values for each evaluation of a test.

Once again, we evaluate the test using the bootstrap technique, as described
in Section [I.5] Our observed functional is, of course, the characteristic functional.
We do not need to estimate ¢y, and so we do not need to simulate any processes
when calculating the test statistic. We still do need to simulate processes under
Hy, that is, simulate B - n-times a centered Gaussian random function with the
estimated parameter 6 being C,.. Notice that the parametric space here is actually
ci.

As we are unable to explicitly find the limit distribution of nT,,, we need to
create a bootstrap test. The idea behind a bootstrap test is to calculate the
test statistic for several random samples satisfying the null hypothesis and then
calculate the sample critical value of the distribution of this test statistic. If the
actual value of the test statistic is higher than the critical value, we reject the
hypothesis.

Let

nlr =nl,(X7,..., X)),

n

be the bootstrapped test statistic, where X7, ..., X* are simulated i.i.d. Gaussian
processes of zero mean and covariance operator C,. The last thing necessary to
show is that this bootstrapped version indeed satisfies the same convergence as
we have in Theorem [

Theorem 10 (Limit Distribution of Bootstrap)
Let Xq,..., X, ~ X be a random sample from H with covariance operator C. Let
Ju llz||fdv(z) < co. Then

nT* 5 |V, PX-almost surely,

where V is the centered Gaussian random element from Theorem [,
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Proof. Proof of this theorem can be found under Theorem 3 in |[Henzel and
Jiménez-Gamero| [2020]. Let V,* be the bootstrap version of V,, i.e.

1 & —x —x 1
V() = NG > {cos(x,X;:,j - X,,) +sin(z, X, ; — X,,) —exp (—2<C;x,x>> },
=1

where X ,,..., X, is a bootstrap sample and X and C;, are the estimates of

mean function and covariance operator. Keep in mind here that the actual mean
is 0 and the actual covariance operator is C,,. Analogically to the previous case of
nT,, we get the following:
* * |12
nTy = [IVII5,
HV; - V;,()HV = Op*(l), PX — almost surely

where

and U, is given by

~ 1 1
\I]n(xu y) - COS<I‘,y> + Sin(x,y} — exXp <_283L,IE> []‘ + <5L’,y> - § (<(L’,y>2 B ai,x) }7

where &, , = (C,z, 7). We would like to show that V7, 4 V. We cannot, how-
ever, simply apply Theorem [2[ as we have done in the previous proof, since the
actual covariance operator of X ; changes for different n € N. We need to apply
the central limit theorem for triangular arrays, i.e. Theorem [3] Clearly, if all
conditions were satisfied, we would have
Viro(z) ﬁ V(z), € H, P* — almost surely,

which would be sufficient to further continue in the proof of Theorem 9] and would
thus prove the theorem.

Let us now prove Conditions 1-3 of Theorem . Let C;, v/, ¢;, y be the covariance
operator and the covariance kernel of V', respectively, and let Cy,cy be the
covariance operator and the covariance kernel of V), respectively. Analogically to
the proof of Theorem [9, we get:

CZ,V(%?J) =E[ ;,0(1:) n*,0<y>]
1 1
= exp (=5(02, +82,)) (x0(Gung) — L= G — 5550, )
where G, ., = (C,x,y). Also,
C;,V(:Cagﬁ & CV(xay)a T,y € H7

and
IM < oo : ey (z,y)| < M, Yo,y € H,

i.e. ¢ is bounded.
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Let (ex)2, be an orthonormal basis of L2. Hitherto, we have used an ordinary
dot product. Now, we use the dot product of space L2, which we have defined in
Chapter 1. Define ag,; == (Cyey, €;),. Condition 1 is satisfied, due to

lim (C,, yex,e), = lim /H/ch,v(x,y)ek(x)el(y)u(d:c)y(dy)

n—oo n—oo

= [ [ ev@er@ely)vidr)v(dy)

= (Cyer, e)y, P* —as.,

where we have used dominated convergence theorem in the second equation, due
to the boundedness of ¢}, ;. Condition 2 is proved using the following:

B S (Chyers o)y = Jim S B (Vg e = Jim B[Vl
k=1 k=1
= | lim ¢ ,(z,z)dv(z) = / cy(z, x)dv(z)
H n—00 ’ H
=E|V|? < 00, P¥ —as,,
where E,[] = E[-|Xy,...,X,] and where we have used Beppo-Levi’s theorem,

Parseval’s relation and dominated convergence theorem.
Lastly, we show that L,(e, f) — 0, Ve > 0, f € L. As L,(,0) = 0, we
assume without loss of generality that f ## 0. Clearly, we can write

Lule ) = LB (=0, X200 003 H{l( =B X0, Pl > )]
= E. (B, X200, 12 {10, X20). 0] > evin)
Using boundedness of sin and cos, along with the inequality
T exp (_§> < 2exp(—1), Vx >0,

we see that U, is bounded, i.e.

o~

1
B, p)l < 1+ 1+ 1 (14 oyl + 5 lollylE) + exp(-1)
1
< 4+ llallallyls + 5 lo Ryl

It follows that A
U (2,9)* <Y allallillyll, =y € H,
§=0

for some fixed constants (aj);*:O. Utilising the Cauchy-Schwartz inequality, we
get:

(W (-, X7), )0 < 1 XD, f € L
Also, if the condition present in the indicator function holds:
[(Wa(e, X7), )l > v/,
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then the Cauchy-Schwartz inequality implies

e’n

A2

(-, X2 >
We arrive at

R 4 ne?
(W, (L, X5 0), O >evn} <Y 1IX0 g > ———5 1
U X000 > eviny < S {IIXGME > 5 s )

where b, = [y ||lz||kv(dx), k € {0,...,4}. Finally, we prove that

for some ¢ > 0, which implies that L, (e, f) —0.
For k =0, (3.4) holds trivially. The argument for k& > 0 is that, since

X ~N(0,C,), and C, — C, P* — almost surely,
then, due to finite second moments of X7, it holds that
E*{HXfHﬁH | X e > (cn)%}} ——0, PX — almost surely.

]

3.3 Goodness-of-fit Tests for Gaussian Paramet-
ric Families

In this section, we would like to test if a Gaussian process actually has some spe-
cific parametric structure, such as the structure of an Ornstein-Uhlenbeck process,
or a Brownian bridge. Thus, we test whether the observed process belongs to a
certain parametric family.

In our functional setting, the parametric family consists of Gaussian charac-
teristic functionals F := {¢(-|u(0), C(9)), 8 € © C RP}, where p(#) and C(0) are
the mean function and the covariance operator of the Gaussian process with the
specific parametric structure that we are testing, with parameter 6.

Once again, we use the Cramér—von Mises distance as our evaluation metric,
just as in the previous tests. The test statistic would be:

T, = To(Xi, o Xa) = [ [60(@) = 6(alu(6),C(6)) Fdv(a)

3.3.1 Test Statistic

Inspired by the assumptions from Chapter 2, we now introduce four assumptions
for a valid convergence of the test statistic under both the null hypothesis and
the alternative.

Assumption 5 (Random Sample)
X1,..., X, are independent and identically distributed random functions from
L?[0,1]. We denote their characteristic functional by ¢x.
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Assumption 6 (Regularity of Parameter Estimator)
There is a unique, non-stochastic 6y € © such that:

\/_(9 90 ZQ ‘l‘O]p )

where Q) is p-dimensional and satisfies the following properties:

/H O(2) Qv (dr) < oo
E[Q(X)] =0,
Va == cov[QU(X)] is finite and non-singular.

Assumption 7 (Properties of /i and C)
Let

(711(0), - - 1,(0)) = u(0) == Vou(8) : R” — (L?[0,1])7,
(CL(0),...,C,(0)) = C(B) == VeC(0) : R? x L2[0,1] — (L2[0,1])"

exist for all 8 in a neighbourhood U of 6y. Furthermore, let

sup [ (1(6). )" (u6). 2)dv(z) < . (3.5)
31615) H(C(G)m,x>T<C(9)x,x>du(x) < 00, (3.6)

p

lim [ > sup  [(i1(0) — f1;(60), ) (j;(0) — fi; (00), @)|dv(z) =0,  (3.7)

e0JH ;5= 1660l <e
p

lim [ 7 sup [((Ci(8) — Cilbo))z, 2)((C;(0) — C;(b0))z, z)|dv(x) = 0, (3.8)

=0 TH 2 10-60ll<e
where || - || is the Euclidean distance in RP.

Assumption 8 (Properties of v)
v is a probability measure on H, invariant to the mapping x — —x, and it holds

that
/ ||:E||4dV(ZL‘) < 00
H

Theorem 11 (Convergence of T, under H;)
Let Assumptions[3 -[§ hold. Under the alternative Hy and the additional assump-
tion that the actual characteristic functional ¢x is fized, it holds that:

T(X10) 5 [ lox(@) = oy (wlfo) Pav ().

Proof. We know from Assumption |§| that 6 converges to some 6 in probability.
Also, we know from continuity of the exponential function and Assumption
that a derivative of ¢x(-|f) exists on an open neighbourhood U of #y. Therefore,
dx(-]0) is continuous on U and so ¢x(-|0) converges in probability to ¢x(-|6,) on
U.
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Next, we also know that the empirical characteristic functional converges to
the actual characteristic functional almost surely:

n 1 - . a.s.
On(z) = - > exp (i(Xj,2)) == ¢x (), = € H,
j=1
n 1 - a.s.
on(z)0) = - > exp (i(Xj,z)) == ¢x(2]d), z € H, 0 € O.
j=1
Combining these findings, we get the result. O

Theorem 12 (Convergence of nT,, in Distribution under Hy)
Let Assumptions [3 - [§ hold. Under Hy, let 8y € U be the true parameter, such
that ¢x(-) = ¢x(+|00). Then,

nT, % VI,

where:
1.V is a centered Gaussian random element of L2,

2. The covariance kernel of V 1is:

EV(V()] = oxp (=508 + 00y — 507)
resp (=302) - (5 C0)z.2) — (i6o), @)T (ay + 5,)
resp (~502) - (€00 - 60 )) (ot )
—exp (=502 = 202) (1= 3(Cl60)2, 2) TVali8n), v
= 5 €l ) Vali(Bo).a) + 4 (Cl60)z. ) ValCB)y.1) ).

a, = E[Q(X) cos(z, X — u(by))],
oy = E[Q(X) cos(y, X — u(6y))],
B, = E[Q(X) sin(z, X — 1u(6))],
By = E[Q(X) sin(y, X — u(6o))].

Proof. We know from that we can rewrite the test statistic as:
nT,(X|9) = / Vi (2)2dv(z),
H

where

Va(x) = |¢n(x) = oy (20)]

n
-~ -~

! > cos(z, X; — p(0)) + sin(z, X; — p(0)) — exp (—;(C(@)x,@) :

n =1
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Notice that, compared to the distribution functionals, we have the benefit of
actually knowing the functional ¢y (-|f). We express the functional V,, as a sum
ﬁ >25—1 ¥(z, X;) and we prove that

Vi(z) — \/15 é U(r, X;) = op(1), @ € H.

We employ the Taylor series expansion on the function
(, 1(8)) = (1) (6) : RP > R

to get:

-~ ~

cos(a, X; — (B)) = cos{, X; — u(00)) — {z, 1(6) — ()} sim(, X, — a(6o)
+ op(z, 11(0o) — M(é»
= cos(w, X; — pubh)) + sin(z, X; — u(6)) (. 1(00) " (6 — 6y))
+op(x, j1(6o) " (0 — 60)),

which is well defined, due to the assumptions on /.
For sine, we similarly get the result

-~

sin(z, X; — u(0)) = sin(z, X; — u(0y)) — cos(w, X; — u(0o))(, i1(6o) " (6 — 6p))
+ op(z, f1(00) T (6 — 6))).

The exponential term can be extended to the following:

= exp (5 (Cl00),2)) - exp (—5(€O) — Clbo))w. ) )
= exp (=5 (ClO0)z,2)) - [1 = SUCO) — (b)), )] + 08(€ (D) — (b)), )
1

1
=exp(—502) 13

We combine the results and get

(C(06)" (0 — bo)z, x)| + 0p(C(0) " (0 — bo)x, 7).

Va(z) = \/15211:1 [COS<ZL’, X; — p(6o)) + sin(z, X; — u(6y)) — exp (—;0923)

= o jl60) (6= 60)) - (1= (o, X, — b)) = 5. X; = pl60))?)
resp (=302) - (50T 0= b0).0)) | + 0n(1)

which, again after the application of Taylor series on the exponential, yields

Vol(z) = \/1%2; [COS<$, X; — 1u(6p)) +sinfz, X; — () — exp (—;(i)

= o i80)T (0= 80)) - (exp (=502 = X, — )

esp (=307) - (1600 T@ ~ ) | + ox(1).
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We are left with

Vi (2) zlni cos(z, X; — j(0)) + sin(z, X; — j(0))

90)><$7Xj - M(90)>
~exp (—;ag) . (1 00T (B = 00), ) — ~(C(06)T (@ — o), x})
)

Now we use Assumption [ and get

Vi (2) :\/1%2: [cos<x, X; — ul00)) + sin(z, X, — u(6y))

n

— 0 S XY X — i) (39

k=1

1 1
—exp( 22) (1—1— (z, (1(60) " Z

3 \

n

)T S X, x>)] +op(1).

=1
Term (3.9) can be expressed as:

_ 1nkz<x X — u(00)) - (2, n(60) TQUX))
SIS AL z< (60) QX))

Clearly, the term vanishes in probability, as v/n(z, X, — u()) tends to zero and

n

L DB < el s iy (B x(Ve) - )

.....

Therefore, we include (3.9) in op(1). We finally rewrite the expression as:
1 n
Vo(x) = NG z:: U(z, X;)+ op(1),

j=1

where

U(z,y) = cos(x,y — u(fo)) + sinz,y — (o))

1 . 1 .
—exp (=502 ) - (14 (0(00) Q). ) — 5 (€00 U, )
and the functional ¢ : H x H — R satisfies the following properties:
1. E¥(z,X;) =0, x € H,
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2. E[U(-, X1)|? = [z E[¥%(z, X1)]dv(z) < oo,

where the second property is due to Assumption[8, We again use the central limit
theorem (Theorem [2]) for separable Hilbert spaces, just as in the normality test
in the previous section. We get that there exists a centered Gaussian random
element V € L2, such that

\/_Z\IJxX)—>V()

for functions x in H. Slutsky’s lemma again provides us with the convergence for
V.:
Vo(z) S V(z), v € H

Let us now calculate the covariance kernel of V. We have that:
EV(@)V(y)] = E[¥(z, X)¥(y, X)].

Again, we may utilise the fact that the joint distribution of (z, X — pu(6y)) and
(y, X — p(bp)) is the joint distribution of two random variables is

(ale, o, (pN1 1o p2N2>) L Ny, Ny ~ N(0, 1),

where Np, N, are independent and p = —=% Usmg the cosine and sine formulas
for the first terms, we get:

E[W(z, X)W (y, X)] = cos{z —y, X — pu(bo)) + sin(z + y, X — p(bo))

+exp | — ai—;ai) V-V,
where
1 .
Vo= L (00) QX)) — 2 (E(600)T (X ),
1

= 5(C(00) " QAX)y. ).

Notice that the only random element figuring in V, and V, is Q(X), which is a
centered p-variate random vector that can be exempted from the dot products
using the linearity property (and thus making the products p-variate). Let us
realize that



We finally get:

B0 (e, X)W(y, X)] = exp (307 + 00y — 507
+oxp (302) - (31€0e ) (i00.2)) (e + )
resp (<22) - (€@~ 600, 9)) o+ 52)
—exp (502 = 302 (1= 5 CO)2, 1) Vali00). 1)
= 5 €60y, 1) Valj(Bo).z) + 4 (Cl60)z.2) ValC(60)y.u) )

]

3.3.2 Bootstrap Convergence

The test itself is performed as described in Section with characteristic func-
tionals as the observed functionals and a regular parametric space © C RP. Now
we prove that the bootstrap test statistic also converges to functional V.

Theorem 13 (Limit Distribution of Bootstrap)

Let Xq,..., X, ~ X be a random sample of functions from H with covariance
operator C. Let Assumptions[4 - [§ hold. Then,

nT* 5 |V||2 PX-almost surely,

where V is the centered Gaussian random element from Theorem [13.

Proof. Proof of this theorem is an analogy to the proof of Theorem [10]
Let V¥ be the bootstrap version of V,,, i.e.

! Zn: {cos x, X — u(07)) + sin(z, X* - — p(07))

n7j
J:1

where X ,,..., X} is a bootstrap sample, HA;*L is the estimate of 6, (which, in
turn, is the estimate of 6y from X,...,X,,), and u, C are the parametric mean
function and covariance operator, respectively. We get the following:

nT,; =V,

IV — Vn*,oHu = op, (1), P — almost surely

where

V:,o = Z (, X*
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and

~

\I/n(l'7 y) = COS<‘T’ Y= M(00)> + Sil’l(:L‘7 Yy—= /‘L(QO»
—exp (=592 ) - (14 G0 00), ) = SC0) 0w, 2)).

where G,, = (C(07)x,z). Again, we show that Vo 4V by proving Conditions
1-3 of Theorem . Let C, 1, ¢y, be the covariance operator and the covariance
kernel of V', respectively, and let Cy,cy be the covariance operator and the

covariance kernel of V, respectively. Analogically to the proof of Theorem [I2] we
get:

Cn v (2, y) = B[V, o (2) Vo (y)]

1. . 1.
= exp (=382 1 + G — 500
o (252,) - (€0na) — (160).2)) (a4 5,)
o (~2a2,) - (S — o). ) (. + )
—exp (502, = 302,) (1= 5 (C0)2.2) Valil6). )
= 5 €80y ) Valj(Bo).z) +  (Cl60)z. ) ValC)y.1) ).

Qg = E[X;,l cos(z, X;,l — 11(60))],

Qy = E[X:;,l cos(y, X;:,l — 11(60))],

Be = E[X;,l sin(z, X;,l — 11(60))],

By = E[X,, ,sin(y, X;,l — 11(6o))]
Also,

cv(@y) == ev(z,y), 2,y € H,
and

IM < oo e, y(z,y)| < M, Vr,y € H,

i.e. ¢,y is bounded, mostly due to Assumption . Let (ex)32, be an orthonormal
basis of L2. Define ax; := (Cyex, €;),. Condition 1 is satisfied, due to

lim (C;, e, )y = lim /]HI/HC;‘L’V(:E,y)ek(x)el(y)y(dx)y(dy)

n—oo n—oo

:/H/Hcv(x,y)ek(a?)el(y)’/(dff)”(dy)

= <Cv€k, el>y = Qg,1, IEDX — a.S.,

where we have again used dominated convergence theorem in the second equation,
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due to the boundedness of ¢}, .. Condition 2 is proved using the following:

T}Lrgoz_: Vs Ch)y = h_}I{)lOZE no;ek> = hm E. |V, 0”;2/
= i d li d
tim [y laa)du(o) = [ lim ey o 0)dv(o)

:/ ey, 2)dv(z) = E|V|? < 00, PX — as.,
H

where E,[-] = E[-| Xy, ..., X,] and where Beppo-Levi’s theorem gives us the sec-
ond equality, Parseval’s relation the third equality, and dominated convergence
theorem the fourth equality.

Lastly, we show that L,(e,f) — 0, Ve > 0, f € H. As L,(¢,0) = 0, we
assume without loss of generality that f # 0. We may write

Lo(e.f) = B[00 X2) D=0 K1) 1) > <))
= E.[ (@l X0, D210, X20). 0] > evin}]

From Assumption m, we know that the derivatives 1(6y) and C(6y)(z), = € H
are uniformly bounded in U. We also know from Assumption [] that € has finite
second moments. Using these observations, along with the boundedness of sin
and cos, we see that W, is also bounded:

~ ' 1 .
[Fae, )] < 141+ 1 (14 00 2 lellals + 5100 Q) slols)
<3 tr(Va) - || max i, (60) el

-----

-----

It follows that

'

2 <Y allelllylE, oy € H

for some fixed constants (aj);*:(]. We get from the Cauchy-Schwartz inequality:
(U XT), )0 < 1 G XDIBIANE. f e LD
Also, if the following holds:
(@, X7), Fhul > eV,
then the Cauchy-Schwartz inequality implies

e’n

Wa(-, XD > 77715
: ILF113

We have

2

4
1 \/I}n,X* , > ev/nt < 13X k>L7
UG X0 D > ey < 32 1Kl > 5 e
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where by = [y || fl|Ev(dz), k € {0,...,4}. We now prove that
E.[IXG BL{IXT I > en}] 0. Gk € {0, 4}, (3.10)

for some ¢ > 0, which would imply that L, (e, x) — 0.
For k =0, (3.10]) holds trivially. The argument for k£ > 0 is that, since

X~ N(0,C(9)), P¥ — almost surely,
then, due to finite second moments of X7,
E*{HX{‘HJHHHXTHH > (cn)%}} —0, P* — almost surely.
We finally have

Vio(r) LN V(x), x € H, P* — almost surely,

n—o0
which proves the theorem. O

Ezample (Brownian Bridge). Consider the Brownian bridge with o = 1. We know
that

p(t) =0, t €[0,1],
1
Clz(t)] = / (s —ts)1{s <t} + (t — st)1{t < s}]z(s)ds, x € H, t € [0,1].
0
The hypotheses for testing if a process is a Brownian bridge are simply:

Hy : ¢x(x) = ¢(z[pn,C), Vo € H,
Hi : ¢x(x) # ¢(x|p,C), for some x € H.

Ezample (Ornstein-Uhlenbeck Process). Consider the stationary version of the
Ornstein-Uhlenbeck process. We know that

pu(t) =m, t €0,1],
2
Clz(t)] = (27—9/ lexp(—0|t — s|) — exp(—0(t + s))]|z(s)ds, x € H, t € [0,1].
0
The hypotheses for testing if a process is Ornstein-Uhlenbeck are:

HO : QSX(:E) = ¢(‘T|/'L7C)a Vz € H7
Hy : ¢x(x) # ¢(x|p,C), for some x € H.
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4. Simulation Study

In this chapter, we present an empirical study of tests which we have defined in
previous parts of the thesis. Specifically, we observe the empirical significance
level and the empirical power of the test from Chapter 2 and the second test
from Chapter 3, and we concern ourselves with the hypothesis that a process
is of a certain type of a Gaussian process, i.e. has a specific mean function
and covariance structure. All calculations were performed using scripts written
in Python 3 programming language, see, for example, [Van Rossum and Drake
[2009] for reference. Due to the usage of multiprocessing, random seeds were
chosen independently for each evaluation of a test.

4.1 Experiment Setting

Let us first describe the tested processes and all the constants that were used in
our experiments.

4.1.1 Hyper-parameters

There are multiple hyper-parameters which need to be established before the
calculation of our experiments begin. Let us label these constants and choose
some feasible values. We define:

e [/ = 1000 as the number of test evaluations for each choice of a sampled
process and a null hypothesis,

e n = 100 as the size of the observed samples,
e B =200 as the size of a bootstrapped sample,

e T' = 200 as the number of discretisation steps, which we have described in
Section The distance between each steps is denoted as 6 = 0.005.

M = 1000 as the number of integral trajectories, sampled from v for every
computation of an integral [y f(x)dv(x),

e S = 200 as the size of a sample from which we estimate the distribution
functional Fy. This number is applicable only to the case of evaluating a
test based on distribution functionals, defined in Chapter 2,

e a = 0.05 as the significance level of the tests.

4.1.2 Supporting Measures

We use the following supporting measures:

e A measure induced by a Wiener process starting at zero, with ¢ = 1.
Further on, we call this measure a Wiener measure.
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e A measure induced by a Wiener process with ¢ = 1, starting at a random
point Xy ~ N(0,1). Further on, we call this measure a dislocated Wiener
measure.

e Sine orthonormal basis measure, where each trajectory is truncated to a
sum of L = 20 sines. Further on, we call this measure a sine measure.

All of these measures were defined in Section [1.4]

4.2 Brownian Bridge Process

In our first experiment, we test the null hypothesis that a stochastic process is a
Brownian bridge from zero to zero:

Bt = Wt - th, t € [O, 1]7

where W, is a Wiener process (starting at zero). The parametric space here is
actually a singleton {1}, as we assumed the o parameter to be 1 for the sake of
simplicity. In the case of distribution functionals, assume that F is the family
of distribution functionals for the Brownian bridge defined above. Clearly, F =
{Fy(-)} is a singleton of some distribution functional Fy. The tested hypotheses
are:

HQ . Fx(l') = Fy(ZE), Vo € LQ[O, 1],
H, : Fx(z) # Fy(x), for some x € L*[0,1].

In the case of characteristic functionals, we know that
pu(t) =0, t €[0,1],
1
Cl(t)] :/ (s — ts)z(s)ds, = € L20,1], t € [0,1], s < .
0

The resulting characteristic functional is then ¢y (z) = exp (—%<CI,$>> . The
tested hypotheses are:

Hy : ¢x(7) = ¢y (x), Vo € L?0,1],
H, : ¢x(x) # ¢y(x), for some x € L*[0,1].

Assume N, M to be independent standard normal variables. We evaluate the
test for the following processes:

1. Brownian bridge B, representing the case when null hypothesis holds,
2. Process Ay(k) = By + k|N| - sin(2nt), for k£ = 0.1, 0.2,

3. Process Asi(k) = By + k|N| - sin(2nt) + k|M]| - sin(4nt), for k = 0.1, 0.2,
4. Process Az (k) = By + k|N| - sin(2nt) - 1{t > 0.5}, for &k = 0.1, 0.2.
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Comparison of Brownian Bridge to A1(0.2)

A, |
LAl

TN
0 ).'If;"':tl' ;"“

Random Sample of 10 Trajectories

Figure 4.1: A Sample of Brownian Bridges (blue), Compared to a Sample of
Processes A;(0.2) (red).

Comparison of Brownian Bridge to A2(0.2)

Random Sample of 10 Trajectories

Time t

Figure 4.2: A Sample of Brownian Bridges (blue), Compared to a Sample of
Processes A3(0.2) (red).
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Comparison of Brownian Bridge to A3(0.2)

\1"0 “'J :

hﬂ\* “W_‘ 4

Random Sample of 10 Trajectories

Time t

Figure 4.3: A Sample of Brownian Bridges (blue), Compared to a Sample of
Processes A3(0.2) (red).

From Figures - we can see that the alternative processes are not
very distinguishable from the null hypothesis. Let us see if any of our tests
are powerful enough to recognise the difference. The empirical power (or the
empirical significance level in the cases when Hj holds) can be found in Table

Z81}

Tested Supporting Empirical Power
Process Measure v | Characteristic f. Distribution f.
B, Wiener 0.046 0.057
A;(0.1) Wiener 0.130 0.129
A:(0.2) Wiener 0.429 0.425
Ay(0.1) Wiener 0.188 0.500
A5(0.2) Wiener 0.789 0.981
A5(0.1) Wiener 0.213 0.061
A3(0.2) Wiener 0.684 0.108
B, Sine 0.047 0.054
A;(0.1) Sine 0.076 0.051
A1(0.2) Sine 0.531 0.076
As(0.1) Sine 0.090 0.084
A5(0.2) Sine 0.741 0.202
A3(0.1) Sine 0.148 0.094
A3(0.2) Sine 0.443 0.231

Table 4.1: Empirical Power and Significance Level for Brownian Bridge Test.
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We can see that the goodness-of-fit test based on characteristic functionals
performs generally better than the distribution functional test. The only surpris-
ing outlier to this rule is the process As(k) and the supporting measure induced
by a Wiener process. This indicates that the distribution functional test could
make sense in some cases, though we do not see a clear conceptual distinction
between the cases of A; and A,. This result also confirms our suspicion that the
sine measure used in Bugni et al., [2009] is not ideal for all alternatives, as the
results for As(k) and the sine measure had significantly lower empirical power.

Also, it is interesting to note that, for characteristic functionals and the
Wiener measure, the process A;(k) was rejected less frequently than the pro-
cess As(k) - the alternative where only the second half of the sine function is
actually added to the Brownian bridge. Concerning the sine measure, the results
suggest that it is not a reasonable option for a characteristic functional test.

4.3 Ornstein-Uhlenbeck Process

In our second experiment, we test if the observed process is a stationary Ornstein-
Uhlenbeck process, for some parameters (0, m, o) € Ry x R x Ry =: ©. Specif-
ically, we test if a process satisfies the following stochastic differential equation:

o2
Xo ~ —
0 N <m7 20) 3
dXt = 9(m - Xt) -+ O'th, t e (O, 1]
We evaluate the test for the following processes:
1. Ornstein-Uhlenbeck process X;, with parameters (6, m, o) = (5, 4, 1),

2. Cox-Ingersoll-Ross process C;, defined by
o2
CO ~ N (m, 26) 5
dCy = O(m — C) + 0\/CLdW,, t € (0,1],
with parameters (6, m, o) = (5, 4, 1),
3. A drifted Wiener Process V;, dislocated at the origin, defined by

Vo ~ N(m, 1),
Vi =m - dt + odW,

with parameters m = 0.2, o =1,

4. Process Z;(k) = X; + k|N| - sin(2nt), for & = 0.05, 0.1 and parameters
(0, m, o) = (5, 0, 1).

We also need an estimator of the Ornstein-Uhlenbeck parameters, (GA, m, 7).
Due to the stationarity assumption, we are allowed to use the following maximum
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likelihood estimate from [Tang and Chen [2009]:

~ log(5;

i _ g((gﬁ )7

m = [,

5= _210g(31283
0(1—57)

where
S AT XX = (D X) (S X))
£ X 7 (T XK
B, — Ly (X —ABlXj—l)’
1—f
By = izn:(Xj — BiXjo1 — Bo(1 = Bu))%

J=1

Y

We choose a higher m for Cox-Ingersoll-Ross process, as we want to minimise the
probability of Cy being below zero. In reality, we use an absolute value |Cy| for
this extremely improbable case. Concerning the Wiener processes, we do not test
a Wiener process without drift V'(0, 1), as such a process would yield parameter
estimates around (6, m, o) = (0, 0, 1). These values would not be covered by
our parametric space, as we need 6 to be positive. This issue also reminds us
that, before the application of a test, we should analyse the maximum likelihood
estimate itself. The case with drift is a much different story, as the parameter m
is present alongside the speed parameter 6. From Figure [4.4] we can see that its
parameter estimates are not entirely nonsensical.

The increments of the process Z; are distributed around the increments of an
Ornstein-Uhlenbeck process, and so the estimated Ornstein-Uhlenbeck parame-
ters (5, m, o) for the process are expected to be close to (5, 0, 1). As for the
Cox-Ingersoll-Ross process, the o parameter is expected to be greater than 1, due
to the added factor of /C;. This behaviour is already apparent from a sample of
10 trajectories, see Figures [4.5]- 4.6, where we have compared 10 processes Z;, Cy
to 10 Ornstein-Uhlenbeck processes with parameters calculated as the maximum
likelihood estimates of these parameters from processes Z; and C;.
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Comparison of Ornstein-Uhlenbeck Process to V(0.2, 1)

Random Sample of 10 Trajectories
(=)

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.4: A Sample of Ornstein-Uhlenbeck Processes X (0.44,0.01,0.99) (blue),
Compared to a Sample of Processes V(0.2,1) (red).

Comparison of Ornstein-Uhlenbeck Process to Z(5,0, 1)

0.75 A

0.50 +

0.25 +

0.00

—0.25 A

Random Sample of 10 Trajectories

—0.50 A

—0.75 A

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.5: A Sample of Ornstein-Uhlenbeck Processes X (6.40,0.01,1.00) (blue),
Compared to a Sample of Processes Z(5,0,1,0.1) (red).
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Comparison of Ornstein-Uhlenbeck Process to C(5, 4, 1)

Random Sample of 10 Trajectories
I
Ln (=] Ln
1 1 1

w
[=]
1

g
L
I

Figure 4.6: A Sample of Ornstein-Uhlenbeck Processes X (5.21,4.08,2.05) (blue),
Compared to a Sample of Processes C'(5,4,1) (red).

Tested Supporting Empirical Power
Process Measure v | Characteristic f. Distribution f.
X:(5,4,1) Wiener 0.047 0.000
Cy(5,4,1) Wiener 0.048 0.000
V;(0.2,1) Wiener 0.587 0.028
Z(5,0,1,0.05) Wiener 0.482 0.063
Z(5,0,1,0.10) Wiener 0.974 0.079
X:(5,4,1) Disl. Wiener 0.056 0.042
Cy(5,4,1) Disl. Wiener 0.018 0.046
V:(0.2,1) Disl. Wiener 0.720 0.069
Z(5,0,1,0.05) Disl. Wiener 0.092 0.086
Z4(5,0,1,0.10) Disl. Wiener 0.315 0.241
Xi(5,4,1) Sine 0.058 0.000
Cy(5,4,1) Sine 0.039 0.000
V;(0.2,1) Sine 0.408 0.019
Z(5,0,1,0.05) Sine 0.253 0.062
Z(5,0,1,0.10) Sine 0.872 0.046

Table 4.2: Empirical Power and Significance Level for Ornstein-Uhlenbeck Test.

The test based on characteristic functionals performs significantly better than
its distribution functional counterpart. The only alternative that this test could
not distinguish from the null hypothesis is the Cox-Ingersoll-Ross test. This is
due to the fact that the difference between /C; and a higher o parameter is tiny
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if the process does not stray from the mean m. Increasing the number of steps T,
or redefining the experiment to handle non-stationary versions of the processes
could favourably impact the rejection.

The dislocation of the Wiener supporting measure seems to have detrimental
effects on the characteristic functional test, unlike to the case of distribution func-
tionals, which seem to benefit from this change. Also, notice that the empirical
power (or significance level) for Cox-Ingersoll-Ross process or Ornstein-Uhlenbeck
process of distribution functional test is zero. We contribute this to parameter
m = 4 and the usage of measures with trajectories located mostly around zero.
For dislocated Wiener measure, the empirical power / level is greater than zero,
though still very small.

4.4 Discussion

In [Bugni et al.| [2009], the authors of this test present an analysis of its power on
smooth functions with stochastic coefficients. Our simulation study deals with
continuous, yet not smooth stochastic functions. For Brownian bridges starting at
zero, most of the functions sampled from measure v actually cross the observed
function at some point, which is detrimental to the quality of the distribution
functional test. We believe that the very definition of a distribution functional is
not optimal, since so much information is lost in the simplicity of an observation
that a function is completely beneath another function. We also recognise the
limitation of this test for processes which generally stray far from the x axis,
though this could be resolved by considering different supporting measures.

On the other hand, our goodness-of-fit test based on characteristic function-
als, which utilises very similar ideas, does perform well in most observed cases.
The sine measure or the dislocated Wiener measure does not seem to yield any
better results than the Wiener measure. We conclude that the Wiener measure,
though surely not the optimal choice, could be relatively universal across different
hypotheses.
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Conclusion

In this thesis, we have discussed the generalisation of densities, distribution func-
tions and characteristic functions to functional spaces. We have discussed the
reason why density functional is a problematic concept. Then, we have intro-
duced a goodness-of-fit test, which compares the empirical distribution functional
and a distribution functional from a parametric family with estimated parame-
ters, where the comparison is performed using a Cramér—von Mises type of test
statistic in a bootstrap procedure. Further on, we have also described a very
similar test for Gaussianity featuring characteristic functionals. Here, the para-
metric family is the family of Gaussian characteristic functionals, which is known
explicitly.

Building on these two tests, we have introduced a novel goodness-of-fit test for
testing the parametric structure of a Gaussian process, again by using bootstraps.
We have proved the convergence of our test statistic, as well as its null distribution
and the distribution of the bootstrapped test statistic, which implies that the
bootstrap procedure is valid.

Lastly, we have performed a simulation study, comparing the distribution
functional test and the new characteristic functional test. We have found that
the empirical power of the characteristic functional test tends to be better than
that of the test utilising distribution functionals, which gives us yet another reason
why the characteristic functionals could be the preferred method of analysis in
the topic of functional data.

We also believe that some research needs to be done concerning the choice
of an optimal supporting measure, either globally, or for specific hypotheses. It
would also be interesting to further analyse the tests on different alternatives and
for other hyper-parameters.
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