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Abstract: This work is concerned with the theoretical analysis of the space-time
discontinuous Galerkin method applied to the numerical solution of nonstationary
nonlinear convection-diffusion problem in a time-dependent domain. At first, the
problem is reformulated by the use of the arbitrary Lagrangian-Eulerian (ALE)
method, which replaces the classical partial time derivative by the so-called ALE
derivative and an additional convection term. Then the problem is discretized
with the use of the ALE space-time discontinuous Galerkin method. On the basis
of a technical analysis we obtain an unconditional stability of this method. An
important step in the analysis is the generalization of a discrete characteristic
function associated with the approximate solution in a time-dependent domain
and the derivation of its properties. Further we derive an a priori error estimate
of the method in terms of the interpolation error, as well as in terms of h and T.
Finally, some practical applications of the ALE space-time discontinuos Galerkin
method in a time-dependent domain are given. We are concerned with the nu-
merical solution of a nonlinear elasticity benchmark problem and moreover with
the interaction of compressible viscous flow with elastic structures. The main at-
tention is paid to the modeling of flow induced vocal fold vibrations in a simplified
human vocal tract.
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Introduction

Most of the theoretical mathematical results on the solvability and numerical
analysis of nonstationary partial differential equations (PDEs) are obtained un-
der the assumption that a space domain €2 is independent of time t. However,
problems in time-dependent domains )¢ are important in a number of areas of
science and technology. We can mention, for example, problems with moving
boundaries, when the motion of the boundary 9€2; is prescribed, or free boundary
problems, when the motion of the boundary 0€2; should be determined together
with the solution of the PDEs in consideration. This is particularly the case of
fluid-structure interaction (FSI) problems, when the flow is solved in a domain
deformed due to the coupling with an elastic structure.

The simulation of an interaction of flow and elastic bodies plays an important
role in aerospace industry — aircraft design and safety, in civil engineering — sta-
bility of bridges, towers, smokestacks or skyscrapers, in mechanical engineering —
rotary bladed machines, etc. On the other hand, FSI is also used in biomedicine.
Namely, the flow in blood vessels or flow induced vocal folds vibrations are inten-
sively studied. The F'SI problems were studied by a number of different methods
in several books, e.g. [17], [18], [65], [66], [73].

There are various approaches to the solution of problems in time-dependent
domains as, for example, fictitious domain method [59], or imersed boundary
method [12]. Very popular technique is the arbitrary Lagrangian-Eulerian (ALE)
method based on a suitable one-to-one ALE mapping of the reference config-
uration Qper (usually ) onto the current configuration ;. This method is
usually applied in connection with conforming finite element space discretization
combined with time discretization by the use of a backward difference formula
(BDF). From a wide literature we can mention, e.g., works [32], [55], [57], [63].
Paper [49] investigates the stability of the ALE-conforming finite element method
for linear parabolic convection-diffusion initial-boundary value problems, whereas
papers [4] and [50] are devoted to the error estimation.

For the numerical solution of compressible viscous flow, one of the most attrac-
tive techniques appears the discontinuous Galerkin method (DGM). It is based
on piecewise polynomial approximations over finite element meshes, in general
discontinuous on interfaces between neighbouring elements. This method was
applied to the solution of compressible flow first in [I0] and then in [II]. It al-
lows a good resolution of boundary and internal layers (including shock waves
and contact discontinuities) and has been used for the solution of various types
of flow problems ([29], [30], [36], [40], [45], [51], [52], [61]). Theory of the space
DGM is a subject of a number of works. We cite only some of them: [2], [3], [16],
[19], [26], [31], [32], [47], [54], [56], [58], [64], [72]. Tt is also possible to refer to
the monograph [31] containing a number of references.

In the cited works, the time discretization is carried out with the aid of the
BDF of the first or second order. One possibility how to construct a higher order
method in time is the application of the DGM using piecewise polynomial ap-
proximation in time, which are in general discontinuous at discrete time instants
that form a partition of the time interval. This method was used for time dis-
cretization combined with conforming finite elements for the space discretization



of linear parabolic equations in [1], [23], [35], [37], [38], [70], [71] and [74]. An-
other approach combines DGM in space with Runge-Kutta time discretization as
mentioned in [69)].

By the combination of the DGM in space and time we get the space-time
discontinuous Galerkin method (STDGM). This method was theoretically ana-
lyzed in papers [9], [20], [43], [46], [77] and monograph [31]. In [42] and [62], the
BDF-DGM and STDGM are applied to linear and nonlinear dynamic elasticity
problems. One of the advantages of the STDGM is the possibility to use different
meshes on different time levels.

The mentioned methods have also been extended to the numerical solution
of initial-boundary value problems in time-dependent domains using the ALE
method. The ALE method combined with the space DGM and BDF in time
(ALE-DGM-BDF) was applied with success to the interaction of viscous com-
pressible flow with elastic structures in [21], [44], [53] and [62]. In [22], the
ALE-STDGM is applied to the simulation of flow induced airfoil vibrations and
the results are compared with the ALE-DGM-BDF approach. It appears that
the ALE-STDGM is more robust and accurate. We should note that in [79] the
ALE-STDGM technique is applied to inviscid compressible flow.

The ALE-time discontinuous Galerkin semidiscretization of a linear parabolic
convection-diffusion problem is analyzed in [14] and [I5]. Both papers assume
that the transport velocity is divergence free and consider homogeneous Dirichelt
boundary condition. In [14], the stability of the ALE-time DGM is proved and
[15] is devoted to the error estimation. Papers [6], [7] and [8] are concerned
with the stability analysis of the ALE-STDGM applied to a linear convection-
diffusion initial-boundary value problem ([7], [8]) as well as to the case with
nonlinear convection and diffusion ([6]) with nonhomogeneous Dirichlet boundary
condition, using piecewise linear DG time discretization.

The present work is devoted to the theoretical analysis of the ALE-STDGM
and its applications to FSI problems. The structure of the thesis is as follows.

In Chapter [1] we introduce the system of Navier-Stokes equations describing
viscous compressible flow in a time-dependent domain.

In Chapter 2] we formulate the scalar nonstationary nonlinear convection-
diffusion problem equipped with initial condition and nonhomogeneous Dirichlet
boundary condition. This problem can be considered as a simplified prototype
of the compressible Navier-Stokes system. In this chapter we describe triangu-
lations, ALE mappings and introduce important function spaces and concepts.
Then an approximate solution of the nonlinear convection-diffusion problem using
the ALE-STDGM is defined.

Chapter |3|is devoted to the stability analysis of the ALE-STDGM with arbi-
trary polynomial degree in space as well as in time. The method analyzed here
corresponds to the technique used in [22] and [42] for the numerical simulation
of airfoil vibrations induced by compressible flow. This means that the ALE
mapping is constructed successively from one time slab to the next one. The pre-
sented stability analysis in this chapter is based on estimates of forms from the
definition of the approximate solution. An important tool is the concept of the
discrete characteristic function. It was introduced in [23] in the framework of the
time discontinuous Galerkin method combined with conforming finite elements
applied to a linear parabolic problem. The discrete characteristic function was



generalized in connection with the STDGM for nonlinear parabolic problems in
[9], [20] and [31]. Here we generalize the concept of the discrete characteristic
function and prove its important properties in the case of the ALE-STDGM in
time dependent domains. On the basis of a technical analysis we obtain an un-
conditional stability of this method represented by a bound of the approximate
solution in terms of data, without any limitation of the time step in dependence
on the size of the triangulations.

In Chapter [4] we derive error estimates for the ALE-STDGM in terms of h
(mesh size) and T (time step). Here we use the standard procedure, which means
that we split the error e = u—U (difference between the exact solution u and the
approximate solution U) into two parts: § and n. The term n approximates the
distance of the exact solution U from the space, where the approximate solution
is sought, whereas & represents the distance between the approximate solution U
and the projection of the exact solution U on the space, where the approximate
solution belongs. At first error estimates in terms of & and n are derived. Again
we use the generalized discrete characteristic function and its properties. After
that, using results from [31], error estimates in terms of h and T are proved.

Finally, Chapter [5 is devoted to the application of the ALE-STDGM to the
solution of the compressible Navier-Stokes equations in the conservative ALE
form in a time-dependent domain coupled with linear or nonlinear elasticity. The
developed method is applied to the numerical simulation of air flow in a simplified
model of human vocal tract and flow induced vocal folds vibrations. This problem
was already solved in [44], where the ALE-DGM-BDF technique for the solution of
the compressible Navier-Stokes equations was combined with the linear elasticity
approximated in space by conforming finite elements and in time by the Newmark
method. In our work, because of the successful solution of the compressible
viscous flow by the ALE-STDGM, we discretize the elasticity problems also by
the STDGM. The interaction of the flow and elastic structures are interacted via
transmission conditions on the interface between the flow domain and the elastic
body. In the numerical process this is implemented with the aid of a strong
coupling algorithm. Our goal is to consider several nonlinear elasticity models and
compare them to the linear elasticity model in simulation of flow induced vocal
folds vibrations. We demonstrate that in the studied problem the nonlinear St.
Venant-Kirchhoff and neo-Hookean models give more accurate results than the
linear elasticity model. The presented numerical experiments show the robustness
of the developed method and suggest the importance of using nonlinear elasticity
models in such a study.



1. Formulation of the viscous
compressible flow problem in
time-dependent domains

In this chapter we shall consider unsteady, compressible viscous flow in a bounded,
time-dependent domain Q; [CRP,t [0, T]. Compressible viscous flow is de-
scribed by the system of Navier-Stokes equations, which consists of the continuity
equation, the Navier-Stokes equations of motion and the energy equation:

gf+ﬁWw)==0 (1.1)
opv: + div(pviv) = —;, fori=1,2 (1.2)
ot j=1 an
sy N S—
oE
95 g — C Ity —q; L1
3t + div(Ev) L ox, j=lTUVj ai 5 (1.3)
where
Tj = —péij +Ti\J(, e 5 . (1‘4>
Vo= Adivvg; i )= - N %
Tj = Adivwdi + 2udj(v),  dij(Vv) 2 ax + ax (1.5)

T = {T1;;} is the stress tensor and TV = {T,\J/ } denotes the viscous part of the
stress tensor. Moreover we use the standard notation: p - density, Vv = (Vq,V7)
- velocity, E - total energy, p - pressure, C, - specific heat at constant volume,
dij - Kronecker symbol, g > 0 and A - viscosity coefficients. We assume that
A = —2u/3. The heat flux q = (qy, g2) satisfies the Fourier law

q=—k[E1 (1.6)

where K > 0 is the heat conductivity assumed to be constant here and 8 denotes
the absolute temperature.
The above system can be written in the following form:

ow N Eofdw)  EaR(w, Dw] (1.7)

ot ., 0Xs =1 0Xs
where

(Wi,...,wy)" = (p,pvi,pv2, E)T [CRF,
= w(x,t), x &, t [(0,T),
fs(w) = (fs1,...,Fsa)" = (PVs, PV1Vs + B1sP, PVaVs + Basp, (E + p)Vs)T,

08
Rs(w, O = (Rs,...,Rs)" = (0,1, T, TV1 + THVo + kaT)T’ s=1,2.
S



System (|1.7)) is completed by the thermodynamical relations

|| g |v|2|:|
p=(y—-1) E—-p—H , e:a E_T

and is equipped with the initial condition
w(x,0) = w(x), x .

Concerning the boundary conditions, we distinguish following disjoint parts of
the boundary 02 :

GQt - F| I:m) mvty

where I'} represents the inlet through which the fluid flows into the domain, I'g
is the outlet through which the fluid leaves €2y and I'y, are moving impermeable
walls (the parts of which can depend on time t). We assume that I'j and I'g are
fixed. We prescribe the following boundary conditions on individual parts of the

boundary:
i % 1
P=pPp, V =Vp, ij Ni —|—ka——0 on I'y, (1.8)
=1 i=1
i——v_l 06 .
T|j nj = 01 3. Oa I = 11 21 on FO; (19)
j=1 on

6r91 =0 onIw, (1.10)
with prescribed data pp, Vp, Zp. Here N = (Nny, Ny) denotes the outward unit
normal to d€2¢ and 8/0nN is the derivative in the direction N. On I'g and T,
only three boundary conditions are specified. The missing condition is completed
in the discrete problem by extrapolation.

Now we mention some important properties of vector-valued functions s and

Rs. We set

Vlry, = Zp = velocity of the moving wall,

Dfs(w)
Dw '

which are Jacobi matrices of the mappings Fs. It is possible to show that

As (W) =

s=1,2,

fs(aw) = afs(w), for s>0,
which implies that

fs(w) = As(w)w, s=1,2. (1.11)
The viscous terms Rg can be written in the form

ow

| S—
Rs(w, wjl=  Kg(W)z——, s=1,2, (1.12)
k=1 an
where Kg (W) CRP4 for w [CRF. These results are proved, for example, in [41]
or [31].
In Chapter 5| we shall deal with the numerical simulation of the interaction of
compressible flow with elastic structures. It is connected with some difficulties,
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particularly with the fact, that the compressible Navier-Stokes system is strongly
nonlinear and that it is considered in a time-dependent domain. These obstacles
will be overcome by the discretization using the space-time discontinuous Galerkin
method (STDGM) and by the arbitrary Lagrangian-Eulerian (ALE) method.

The next sections are devoted to the theoretical analysis of this technique.
Since the compressible Navier-Stokes problem is very complicated, we shall con-
sider an initial-boundary value problem in a time-dependent domain for a scalar
nonlinear parabolic convection-diffusion equation, which can be considered as a
simplified model of the Navier-Stokes system.



2. Formulation of a continuous
model problem and its
discretization

In this chapter we introduce the nonlinear convection - diffusion problem in a
time dependent domain. Then we reformulate it using the arbitrary Lagrangian-
Eulerian (ALE) method. Further we describe suitable function spaces and fi-
nally define the approximate solution using the space-time discontinuous Galerkin
method (STDGM).

2.1 Continuous problem

We shall be concerned with an initial-boundary value nonlinear convection - dif-
fusion problem in a time-dependent bounded domain Q; [CRY with a Lipschitz-
continuous boundary 9, where d = 2,3, t [0, T], T > 0:

Find a function u = u(x, t) with x [k, t [{0, T) such that

ou el —div(B(u) [ = g in Q, t [0, T), (2.1)

at ', 0Xs
U = up on 0% t [(0,T), (2.2)
u(x,0) = u’(x), x . (2.3)
Function B(u) yields a nonlinear diffusion term. If we set B(u) = [Jwhere

10, 4+o0) is a constant, we arrive at a more standard linear case of equa-
tion (2.1). Then the diffusion term becomes div(p(u) L= [Au.
Conditions ([2.2)) and (22.3)) represent the Dirichlet boundary condition and the

initial condition, respectively, g, Up and u° are given functions and fs, s =1,...,d
are given inviscid fluxes. We assume that f; CCF(R), fs(0) = 0 and
Ifi<L¢, s=1,...,d, (2.4)

where the constant L¢ does not depend on u. Moreover we assume that function
B is bounded and Lipschitz-continuous:

B:R - [Bo,B1], 0<Po<P1<oo, (2.5)
IB(us) = B(uz)| = Lplus —up| [, up; CRL (2.6)

In what follows, we shall use the standard notation L?(w) for the Lebesgue
space, WKP(w), HX(w) = Wk2(w) for the Sobolev spaces over a bounded domain
w [CRY, d = 2,3, with Lipschitz boundary and the Bochner spaces L*(0,T; X)
with a Banach space X. Moreover we define

WL (0, T; WE2(Qy))
L1 L1
= f [P0, T; Wh(Q)); dF/dt CILF°(0, T; WH ()
where df/dt denotes the distributional derivative.
If B is a Banach (Hilbert) space, then its norm (scalar product) will be denoted

by Cgl((+,+)g). By | |s we denote a seminorm in B. For simplicity we use the
notation T0dy = EIled (4 )2y = (4 )e and Cd0dee) = [l

9



2.1.1 ALE formulation

Problem f can be reformulated with the aid of the so-called arbitrary
Lagrangian-Eulerian (ALE) method. Because of simplicity, first we consider a
standard ALE formulation prescribed globally in the whole time interval, used in
a number of works (cf., e.g., [6], [14], [15], [34], [49], [50], [55], [57]). It is based on
a regular one-to-one ALE mapping of the reference domain 2y onto the current
configuration :

Ac: Qo - O X Ch - x=x(X,t) =A(X) C&, tCOT], (27)

see Figure [2.1

A¢
/_\
“\/
Al

Figure 2.1: ALE mapping A; and its inverse Ag .

We can also write A(X, t) = A¢(X), X [, t [0, T]. Usually it is supposed
that the ALE mapping is sufficiently regular, e.g., Ay LW 1(0, T; W1 (y)).
In further considerations more general property will appear. Now we introduce
the domain velocity

2(X,t) = gtAt(X), z(x,t) = (A7 (x),1), t OO0, T], X CO, x C&, (2.8)

and define the ALE derivative Dif = Df/Dt of a differentiable function
f="F(xt) for x COk and t L]0, T] as
D of-]
D (x,t) = —F(x,t) = — (X, 1), 2.
FOH = DY = TOK (2.9
where (X, t) = F(A(X), 1), X [, and X = A;(X) [Z%. The use of the chain
rule yields the relation
Df of
— -2 4z ] 2.1
Dt ot ° (2.10)

which allows us to reformulate problem ({2.1)—(2.3)) in the ALE form:
Find u = u(x, t) with x Ok, t [0, T) such that

'[D)lt’+ fgf)zj) —z- uFdiv(u) ud = g in Q, t C(O,T), (2.11)

U = up on 0% t [(0,T),(2.12)
uix,0) = u’(x), x . (2.13)

10



2.2 ALE space-time discretization

In the time interval [0, T| we consider a partition 0 =t <t < - <ty =T
and set Tm — tm - tm—l, Im — (tm—l,tm), Im — [tm—l,tm] fOl" m = ]., sy I\/l7
T = maxm=1,..mTm- We assume that T [(D,T), where T > 0. The space-

time discontinuous Galerkin method (STDGM) has an advantage that on every
time interval I,y = [tm—1, tm] it is possible to consider a different space partition
(i.e. triangulation) — see, e.g. [31], [20]. Here we also use this possibility for
the application of the STDGM in the framework of the ALE method. It allows
us to consider an ALE mapping separately on each time interval [tm—;,ty) for
m=1,...,M and the resulting ALE mapping in [0, T] may be discontinuous at
time instants tym,, m =1,...,M — 1. This means that one-sided limits A(tm—) &
A(tm+) in general. Similarly the same may hold for the approximate solution.
Such situation appears in the numerical solution of fluid-structure interaction
problems, when both the ALE mapping and the approximate flow solution are
constructed successively on the time intervals I,, m = 1,..., M, by the space-
time discontinuous Galerkin method (see [62]).

As was mentioned above, in what follows, we consider a new generalized ALE
technique developed for the simulation of the compressible fluid-structure inter-
action. This approach is applicable in the framework of the STDGM. To this
end, we introduce the following notation.

2.2.1 ALE mappings and triangulations

For every m = 1,..., M we consider a standard conforming triangulation T hotm—1
in OQ,,_,, where h [{0,h) and h > 0. This triangulation is formed by a finite
number of closed triangles (d = 2) or tetrahedra (d = 3) with disjoint interiors.
We assume that the triangulations T htn_, have the standard properties men-
tioned in [24]. Thus, we assume that the domain € __, is polygonal (polyhedral).

Further, for each m=1,..., M we introduce a one-to-one ALE mapping
AL Oy T O for t ClEhe—g, tm), h C(0,H). (2.14)

We assume that Ap'y ! is in space a piecewise affine mapping on the triangulation
T htm_s, cOntinuous in space variable X [{% __, and continuously differentiable
in time t [fn—1,tm) and Al'c! = Id (identical mapping). Hence, we assume
that all domains ¢ are polygonal (polyhedral). For every t [th—1, tm) we define
the conforming triangulation

—1 R R . 1
Thi= K=AT1K); K Cohg,, in Q. (2.15)

For an illustration, see Figure [2.2]
At t = t,, we define the one-sided limit Ahm’t_ml_, introduce the triangulation

Th,tm— = {Amt_rr}_(K)’ K D/jh,tmfl} n ﬁtm

and suppose that (o I e
AT Qrsy = Qe (2.16)

We have Thy,,_, = T hitn_y, DUt in general, Th¢,,— B T hutrm -
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m—1
Ah t

th—l
O

Figure 2.2: ALE mapping At " for t Clfly—1,tm), h C10, h).

As we see, for every t [0, T] we have a family {Th }p, i) of triangulations
of the domain €2;. Triangulations T htn_, and T htn have different structure and,
in general, different number of cells. Triangulations Ty and Tp¢,,— have the same
structure as T pg._, for t Cln_1, tm], but starting from T . the structure of
Tht for t i, tm+1], may be different from T ng._, .

2.2.2 Discrete function spaces

In what follows, for every m=1,...,M we consider the space
1

SpmT = <I> EEF(th )i $lg CEP(K) K [y, (2.17)

where p = 1 is an integer and PP(K) is the space of all polynomials on K of
degree < p. Now for every t ET_—,ln we define the space

gLpm—t — ¢ CIF(Q); ¢ Al m= 1:.' (2.18)

It is possible to see that
1

Sy = ¢ [LF(Q); ¢l CPP(K) [ [Thy . (2.19)

Of course, Sf™P™ ™ 5 SP™ in general.
Further, let p, @ = 1 be integers. By P9(ly; Sﬁ’m_l) we denote the space of
mappings of the time interval I, into the space Sﬁ’m_l which are polynomials of

degree < @ in time. We set
1 1

d; d(t) o AT i CPA(Im; SE™Y), m=1,...,M . (2.20)
This means that if ¢ CSEYT, then
1 L1 — .
d ATTI(X),t = 8i(X)t, (2.21)

i=0
9 CSP™ X [, ,, t Coh, m=1,...,M, h [{0,h).

An approximate solution of problem ([2.11)—(2.13]) and test functions will be ele-
ments of the space Sf1.

By D¢ we denote the ALE derivative defined by ([2.9)) for t -1 Im

12



2.2.3 Some notation and important concepts

Over a triangulation Ty ¢, for each positive integer Kk, we define the broken Sobolev
space

H¥(Q, The) = {v; vk CH*(K) K CThe,

equipped with the seminorm

— v
Vlnk@e g = 5 Ik =,
K [TH,

where | - |k denotes the seminorm in the space H*(K), defined as
L I/
| I | 2
L1 |[D%|“dx .
lal=k

V] =

The symbol D® denotes the d-dimensional derivative defined for example in [31],
page 11.

By Fnt we denote the system of all faces of all elements K [T}. It consists
of the set of all inner faces Fj}; and the set of all boundary faces F&:

Fnt = Fn¢ CER,.

Each I' [LHp¢ will be associated with a unit normal vector nr. By K(L) nd
(R) [Th¢ we denote the elements adjacent to the face I' [CH! t- Moreover, for
r EEIHE?t the element adjacent to this face will be denoted by KlS ). We shall use

the convention, that nr is the outer normal to OKS‘).
Similarly, by Fnyt,_, we denote the system of all faces of all elements K [

T hitn_, and it holds, that it consists of the set of all inner and boundary faces:
N Al ~B
l:h.tm—l = Fh,tm_l I:Eh,tm—l'

If v CHY(Q, The) and T' CFhy, then V(L) and V(R) will denote the traces of v

on I' from the side of elements K# ) and K# ), respectively. We set hx = diam K
for K CTh, h(T') = diam T for T EEh,t and

Ly

Vr = (L) - V(rR), jump of traces of v on I' EEu't.

, average of traces of v on I' EElr!’t,

Moreover, by pk we denote the diameter of the largest ball inscribed into K LT} ¢.

2.3 Approximate solution

First we introduce the space semidiscretization of problem (2.11)—(2.13)). We
assume that U is a sufficiently smooth solution of our problem. If we choose
an arbitrary but fixed t (D, T), multiply equation (2.11)) by a test function

13



¢ [CH?(Q, Thy), integrate over any element K and finally sum over all elements

K [T}, then for t LI}, we get

@¢ dx + okt [u)cb dx (2.22)
ki, K Dt Kimg, Ks=1 0%s
—4

(—— —
—bdx— div(B(u) WP dx = 3 gd dx.

KiTg, Ks=1 K, K K [TH,¢

Applying Green’s theorem to the convection and diffusion terms, introducing the
concept of a numerical flux and suitable expressions mutually vanishing, after
some manipulation we arrive at the identity

(Dey, d)a, + An(u, ¢, 1) +bn(u, d,t) +dn(u, d,t) = In(, 1), (2.23)

where the forms appearing here are defined for u,¢ CH?(Q, The), © [CR and
cw = 0 in the following way:

——
an(u, d,t) := B(u) Cu-dChpdx (2.24)
K, K
- - ([B(u) Curtine [¢] + © [B(u) LRIHN [u]) dS
-
B .
- (B(u) IdnF ¢ + OB (u) Cd-InFu — OB (u) Cd=Inr up) dS,
reEg, '
’ i i
In(U, §, ) == cw A [u][d]dS +ow D)™ uddS, (2.25)
L= ’ rER, r
, - :
JE2(u, d,1) == cw h(I™  u¢ds, (2.26)
rEL, r
An(u, ¢, t) = an(u, ¢, t) + Bo In(u, §, 1), (2.27)
s Y — T
bh(u, ¢, t) := — fs(u)=— dx (2.28)
KTg, Ks=1 0Xs

—4 —4
+ HU®, u® nr)[¢]ds + Hu® ub, nr)ds,

reEl, | rep, |
. ' — (—
h(u, o, t) .:—K t Ks_lzsa)(scl)dx:—K K(z- [w)g dx, (2.29)
' 1 =
In(,t) := g dx + Bo Cw h(I™  up$dsS. (2.30)
K, K rep, r

If 0 is a measurable set and ¢, [LF(w), then we set
1]

(¢1 '-IJ)co = ¢'~|—' dx.

()

Let us note that in integrals over faces we omit the subscript I' of LI hnd
[]. We consider © = 1, © = 0 and © = —1 and get the symmetric (SIPG),
incomplete (IIPG) and nonsymmetric (NIPG) variants of the approximation of

14



the diffusion terms, respectively. The constant ¢y will be specified in Section
B.2.11

In (2:28), H is a numerical flux with the following properties:
(H1) H(u,v,n) is defined in R? x By, where B; = {n [RY% |n| = 1}, and is
Lipschitz-continuous with respect to u,V: there exists Ly > 0 such that

H(u,v,n) —HUV5h)| s Ly (u—uf+|v—vY), foruv,uSV-TR
(H2) H is consistent:
H(u,u,n)=  fs(u)ns, u R, n=(ny,...,ng) B,
s=1
(H3) H is conservative:
H(u,v,n) =—H(v,u,—n), u,v [R, n [B}.

In what follows, in the stability analysis we shall use properties (H1) and
(H2). Assumption (H3) is important for error estimation.
For a function ¢ defined in 7 —; Iy we denote

¥ = O(tmt) = lim_ 01, {OIm = Oltmt) —Btn=),  (231)

if the one-sided limits ¢ exist.

Now we define an ALE-STDG approximate solution of problem ([2.11)—(2.13]).
Definition 1. A function U is an approximate solution of problem (2.11)—(2.13),

if U S| and

LI 1
| (DU, 0)q, +An(U, ¢, 1) +br(U, ¢, 1) +dn(U, §,t) dt (2.32)
m (|

+({U}m_1, q);_l)gtm_l = | |h(¢, t) dt m ES:E?, m=1,...,M,

Us CSPO (U —u®vh)g, =0 D CSPO. (2.33)

(For m =1 we set {U}n—1 = {U}o:= Uy — Uy with Uy given by (2.33)).
The ALE-STDG numerical method (2.32)(2.33)) was applied in [22] and [62]

in the computer programs for the numerical simulation of a compressible flow in
time-dependent domains and fluid-structure interaction.
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3. Analysis of the stability

In what follows we shall be concerned with the numerical solution of the ALE
problem — by the space-time discontinuous Galerkin method. In the
theoretical analysis a number of various constants will appear. Some important
constants in main assertions will be denoted by Cr1, Crp, etc. in Theorem [}
Theorem [2] etc. and Crg, Cpio, etc. in Lemma [9) Lemma [10] etc. Inside proofs,
constants are denoted locally by ¢, ¢y, Cy, cbtec. The aim of this notation is to
show the continuity of individual theorems and lemmas.

3.1 Some auxiliary results

Similarly as in Section we define the following Bochner spaces over a time
interval I,,, m=1,...,M:

W (Im; WH2()) -
= F P (Iy; WE()); dFZdt TP (1y; WH())
Wl'm(lm;Wl'%th_l))

1
= f [P (I, WE2(Q,,_,)); dFZ7dt TP (I ; W (Qy, )
WL (1y; L*=())
= {f CLF(In; L=(Qq)); df7dt TP (1, L= ()},
1,00 )
w (Im’ L (IQj'nfl)) 1
= f P (Im; L™(Q,,,_,)); df7dt CLF° (1y; L= (Q,,,))
where df/dt denotes the distributional derivative.
In the space HY(Q, Tht) we define the norm
1 Lyl
|:|2
[@llsk: = T [$lf4c) + In(P, ¢, 1) . (3.1)
KLTd ¢
Moreover, over 0€) we define the norm
1 - PR
1 ] Lab
b oker = foed ~ h(ID)™! o ds F= 3Bup,uot) . (32
rES,

As was mentioned in Section [2.2.1] for each t [0, T] we consider a system of
triangulations {Th .}y, rofy- We assume that these systems are uniformly shape
regular. This means that there exists a positive constant Cr, independent of K, t
and h such that

h _
pi <cr forall K CThy, h C10,h), t Ty, tm], (3.3)
K
In<T1 [(0,T), m=1,...,M.
m—1
By (AR 1)~1 we denote the inverse to the mapping ANy ! The symbols d e

d(Amgl)—l

and "

denote the Jacobian matrices of Af'y ! and (ARY 1=1 respectively.
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m 1

and

dAT
: ; m—1 m—1\—1
Since mappings AR and (AQy )7 are piecewise affine, the entries of —5
dAp  H ™t
— g — are constant on every element K D]h tmy and K [T}, respectively.

1
Moreover, we define the Jacobians J(X,t) = de tﬂ X [, _,, and
m—1 —
J7x,t) = de tw, X [. The Jacobians J and J~! are piecewise
constant over T hitm_, and Tpy, respectively. The constant value of J on K [

T htm, and of 371 on K [T} will be denoted by Jz and ng, respectively. Of
course, these terms depend on t and, hence, Jz = Jz(t) and It = I (1).
In what follows, we assume that

AN W (1, W (Qy, ), m=1,...,M, h C{0,h)  (3.4)

and

(ATTH ™ D (1 WH2(Qy)), m=1,...M, h 10, h). (3.5)

Obviously, we have J LW (1; L®(Q,,—,)), 71 WL (15; L=(Q)). Since
Ahm,t_r:_l is the identical mapping and, hence, J(X,tn—1) = 1, we assume that
there exist constants C3, CJ > 0 such that the Jacobians satisfy the conditions

C;y=J(X,t)=C;, X [, ,, t[Th m=1,...,M, h [10,h), (3.6)
CH =3 x,t)=(Cy)™, x[C&, tCLh, m=1,...,M, h [{0,h).

Finally, there exist constants C,, C;, €y > 0 such that

m—1
Ewg Cx, X &, ,, t CITh, m=1,...,M, h [{0,h), (3.7)

EAW%CA,XII& t CTh, m=1,...,M, h [{0,h), (3.8)
|JK| %ESCJ, K [Thet COoH, m=1,...,M, h [{0,h), (3.9)

where [-1% the matrix norm induced by the Euclidean norm | - | in RY.
The above assumptions imply the following properties of the domain velocity:
There exists a constant ¢, = 0 such that

|z(x,t)], |divz(x,t)| <c, for x &, t C(Q,T). (3.10)

In what follows, f; e sake of simplicity, we use the notation A¢ for the ALE
mapping defined in  J—; Im so that

A(X) =APTHX) for X R, ,, t COh, m=1,...,M, h [10,h). (3.11)

The symbol A;! will denote the inverse to A;. This means that Ayt : O onto
th_l fort CLL, m=1,...,M.

Under assumption , the multiplicative trace inequality and the inverse
inequality hold: There exist constants Cp,C; = 0 independent of v, h,t and K
such that

1 1
NVTfd oK) < tm ML) VIni) + hid' MMk (3.12)
v [AY(K), K Ty, h [10,h), t [0, T],
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and

IVIHiky < &1 hi LAy, Vv CPP(K), K CThe, h [(0,h), t O[O0, T]. (3.13)

If we use ¢ := U as a test function in (2.32]), we get the basic identity

I I | T
(DtU,U)g, + An(U, U, t) +bn(U, U, t) + dn(U, U, 1) dt  (3.14)

Im ]

+{Uln-1.Up 1o, = (U, D)dt

Im

3.2 Important estimates

In what follows we need to estimate each term in (3.14). These estimates can be
found in Lemmas([I]-[6] Their proofs are mainly based on the multiplicative trace

inequality (3.12), inverse inequality (3.13), Young’s inequality and assumptions
(2.5) of function B.
3.2.1 Coercivity of the diffusion and penalty term

For a sufficiently large constant ¢y we obtain the coercivity of the diffusion and
penalty terms.

Lemma 1. Let

2
Cw = l§:I2'C|\/| (C| + 1) for ©6=-1 (NlPG), (315)
0
2
Cw = I:BS;:CM(Q + 1) for ©=0 (“PG), (316)
0
16B2
Cw = F(:M (cg+1) for © =1 (SIPG). (3.17)
0
Then
(|
| (ah(U,U,t) +Bth(U,U,t>) dt (318)
Bo ' B
=5 [AIE), dt 5 [ kg ¢ dt.

Proof. 1) Let ©® = —1. Then from the definition of the forms we get

ah(U,U,EngBth(U,U,t)
— B(U) [Ud [UAx — B(U) CUdnr up dS + B In(U, U, 1)
K, K reep, |

Using assumption ([2.5)) and the definition of the [-1lgk -norm, we have

—
an(U, U, 1) + Bo In(U, U, t) = Bo IEL  — By ] | (OMup|dS.  (3.19)
rEL,
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Now we have to estimate the last term on the right-hand side of (3.19). Using
Young’s inequality and the relation h(I') < h,_q,, for each € > 0 we get
r

-
B1 | [UM|up| dS
rEg,

—H
62 ()1|u 2 ds+[231 hw | CO dS.
ru;,?t SI‘EE'f,t r "

=

If we use the definition of the form JE, we obtain

——
B1 r| [UMup]| dS

rER,
2Bth (UD, UD) —+ [231 W hK(L) | Iﬂﬁ ds.
Cw € rEE, oKy r

Now we express the first term on the right-hand side with the aid of the definition
of the [:1lpkp t-norm and to the second term we apply the multiplicative trace

inequality (3.12)) and the inverse inequality (3.13]). We get

—H
B1 | CUPJup| dS (3.20)
reeg,
1
Ble m,b Bhot + ——Cm(Ci +1) mivn ZI9
K Md¢

If we use the inequality K [TH.. D]EQ(K) IE[& t» which obviously follows
from the definition of the [k -norm, we get

—H
B | CUP|up| dS (3.21)
reg, "
_ B mb@BtJrB

2CW

Substituting back to (3.19)), implies that

ah(lu_._llJ, t) + Bo In(U, UIL)_‘I

= BO_S:ZC CI"’1 m@t Blem@Bt

(C| + 1) Iﬂllﬂt

If we set € = %CM (¢ + 1), we get the inequality
ah(U U,t) + Bo In(U, U, t)
B gy, — PO D g g,
Finally, this inequality, assumption and integration over the interval I

imply (3.18), what we wanted to prove.
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2) Let © = 0. From ([2.24)), assumption ([2.5)) and the definition of the [Tk ¢-

norm, we get
an(U, U, t) + Bo In(U, U,% (3.22)

= Bo UL, — Bs | (MUTHn, [U]]dS — By | CUdnrU|dS
ree), reg, |

= B -

) ) ﬂ
—p, = |m§'r|+|m§ UJ|ds + | rupu|as F
reeh, reeg

Now applying Young’s inequality with & > 0 separately to the first and the second
term above in round brackets and using the inequality (a+b)? < 2(a? + b?) valid
for a,b Rl we obtain

ﬂ ) ) ﬂ
|Euﬁr|+|m§ uJlds + | CUTIU| dS (3.23)
L= rcEft r

I:Uf:lr) I:Uﬁ)

+ —H

——h | | l ds+1 6CW|[ UJ|>ds
r 6CW 2 rE} h( )

-
ﬂﬁr)@ds +; ECW|U| ds
reep, T
)2 )|2
_ 1 |Etré‘r|+|méf|ds

Lo H
+—= hK(I_)
26CW rEP r r

Using the inequality h(T’ ) < hk for I' CdK we get

! | EOEE ! WP
26CW
IR NN

ﬂﬁr@ds + th(U,U,t).

(3.24)

Iﬁr)%ds + th<u, U, t)

— -
< 47 hK(L)l mﬁ)lz + hK(R)l mﬁ)lz ds
r r r

1 ——
+—- hK(L) E
r

Iﬁr)@ds + th(u, U, t)

—
S— hK|mﬁdS+§Jh(U,U,t).
W Ky, oK 2

The multiplicative trace inequality and the inverse inequality imply that
1

. hk| U dS = hy CIUTE 5 (3.25)

=Cm (1 + C|) D]E[@(K) =Cm (1 + C|)|U|2H1(K)-
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Now, summarizing (3.23)—(3.25|) yields
S| ol mjj) —H
| '*' UJ|ds + |COMUldS  (3.26)
roEL, rEp,

1 8
Sow hk| DJdex+§Jh(U,U,t)

=
KT, 9K

|:|2 0
U [Hxy + §Jh(U1U’t)-

<cm(l+c)
26CW K
[TH,¢

This and (3.22)) imply that

an(U, U, 1) + Bo In(U, U, t) (3.27)
cm(l+c 0
> B [WE), — B“;é') [UlZgey — Py 2 In(U, UL ),
Cw K [TH ¢ 2

If we set 6 = %, we find that

ah(U,U,t) +Bth(U,U,t) (328)
_ Bfem(1 +1) Bo
> Bo [WIZ 128o<:w;<mt|U|Hl(K) 23n(U,U, ).

Using assumption (3.16]) for the constant ¢y and the definition (3.1)) of the Cllgk
norm, we find that

an(U, U, t) + Bo In(U, U, t) Iﬂl@;t (3.29)

Integrating both sides over the interval Iy, we finally get (3.18).
3) Let © = 1. From assumption (22.5) and the definition of the [C-dlgk -norm,
we get

an(U,U,t) + Bo In(U, U, t) (3.30)
= Bo IR, = =
—2pB; r|I:I]ZUIIIInr[UHdS—ZBl r|IIIan|dS
roe) rEpR,
—=
—Bs | (Udnrup|dS
rEg, r

260@% 1
) ) ﬂ
—28, IS |mﬁ|+|mﬁ U dS + “rupuas

rEg,

—B1 | CUup| dS.
rEL, r

Expression in round brackets has already been estimated in (3.26). It follows
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from - ) and ( - ) that

ah(U,U,t) + [30 Jh<U,U,t) (331)
cm(l+c¢ I:
2&@@&—&%10 U4y = B1dIn(U, U, 1)
w K [Tt

(-
—B1 | CUHup| dS.
rtaft r

The last term on the right-hand side has been estimated in (3.21]) with arbitrary
€ > 0. Substituting it into (3.31)), we obtain

an(U, U, t) + Bo Jn(U, U, 1) (3.32)

cuic +1 1,
zmm@wfﬁiLi [01215¢ — B18n(U, U, 1

6CW K [TH ¢

Blem@Bt Py CI"’1 Iﬂ“@;t

If we set 6 := B and € := 4[3ch (¢ + 1), we find that

an(U, U, 1) + Bo In(U, U, 1) (3.33)
> [ (WY, — mecg”(w Pos uu.t
oCw K [Tt 4
2p¢

BO WCM(CI + 1) Wb Bhey — Bom@t

|U|H1(K)

Using assumption (§3.17)) for the constant cyw implies that
an(U,U, 1) + Bo In(U, U, t) (3.34)

B 1 B
=Bk~ [URugy = In(U.UY)
K Md

L;Om @B,t - iolﬂl@s,t
= B;m]@,t - Bzomlgss,t-

Finally, integrating over the interval Iy, we get (3.18)). O

3.2.2 Estimates of the convective terms
Further, we estimate the convective terms by (U, U, t) and dn(U, U, t).

Lemma 2. For each k; > 0 there exists a constant ¢, > 0 such that for the
approximate solution U of problem (2.11)-(2.13) we have the inequality
.
Bo

|bh(U U tjdt < = EUJEQ3 dt + ¢y Emlfcgdt. (3.35)
Im

(The constant c, depends on k;, namely, ¢, = ci k1 “where ¢; > 0 is independent
of k;.)
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Proof. By (£2.28)),

br(U,U,t) = — fs(U)— dx 3.36
WUy == TR (3.36)
1 i [T 1
=01 %
+ rH(uéL),U‘R) [U]rdS + rH(uéL’,u‘L) nr) U|rdS.
r r
I_IEEA’t mnal S O
=02
Then from the Lipschitz- continuity of the functions fs, s = 1,...,d, with the
modul L¢ > 0, assumption that f5(0) = 0 and the Cauchy 1nequahty, we obtain
——  S—
los| = |fs 0)] (3.37)
KITgy Ks=1
N — 10 v_
= Lf |U| X< Lf d I:D”E(Q)lulHl(Qt,Th,t)-
KTd, Ks=1 Xs
Now we shall estimate 0,. From the relation fs(0) = 0, s = 1,...,d, and the

consistency of property (H2) of the numerical flux H we have H(0,0,nr) = 0.
Then we can use the Lipschitz-continuity of H and get

—H
o2l < Ln QU1+ 1D (U]l ds
reel, "
+ Ly (U1 + U] US| ds.
r|:E,§t r

Using that U(R) U(L) for T CHP,, Cauchy inequality, and the relation h(I') <
hk, if ' [CdK, we obtain

——
ool < Ln r<|U#”|+|U§R>|>|U#L>|ols (3.38)
re],
+L (U1 +1UF2D VI ds
rle,?‘t r
— —4 —H
U(L) 2 U w2
UL Vr 1 4s 1 ey | ldSE|
Cw reey, " h(T") rep, " h(T")
1 - @
E—. w (R)\2
x L1 h(I') (JU’|+[Ur7])7ds B
u= r
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1 . Lyl
|:|
< *LJh U, U, )2 R(T) _(UOP + UPR) as £
MEd ¢

< Ly Jn(U, U, )2
1 - - Ll

—1 (L)2 R)2 1
x rEEﬂthKﬁL) aKﬁL)nrlur |dS+hKﬁR) GKFR) |U | dS
’ —1

s A , bard

<Ly Jdn(U,U, 1) L hk|U|*dS T
K, 9K

1 Lyl
1

= Lyt In(U, U, )2 T hy [ 5, T

K [Td ¢

Substituting (3.37)) and ( into , using the Cauchy inequality and the
definition of the IIII&I norm, we ﬁnd that

|bn (U, U, )]
1 Ll

V- 1/2 1 1
b Lf d IEI:IIU |H1(Qt,Th,t) + LH Jh(U1 Ul t) L hK Iﬂl@(@l‘()
K [Td ¢
1 Lizdd

2 1 L1 2
< [E4d M- L h W) = U Rar, o + In(U, U, 1)
K14t

where ¢ = max{L%d, L? } . Furthermore, the multiplicative trace inequality

and the inverse inequality 1mply that
 —  — . "
hk m@(aK) = Cm hk IHIIQ(K)|U |H1(K) + hK m@(K)
K [TH,¢ K [TH,¢
1
K [TH,¢

Hence, from this relation and Young’s inequality we get
1 s -

1
Ibn(U, U, t)| < ¢ Mgk, FAIE =3 hy mi3,,, —H]
K [Td ¢

< ¢, Wik, UICZ i%ﬂl@ﬁcl e = BO Iﬂl@;tnch [z
1

Bo
—1
where ¢; = c¢(1+ cm(cp +1)),ky >0andc, = 02 kl . Integrating over the interval

Im, we finally have (3.35)). O

Lemma 3. For every k, > 0 there exists a constant c¢qy > 0 such that for the
approximate solution U of problem (2.11 — 2.13) we have the inequality
]
ldn(U, U Dl dE < 28k<> [k, dt+ EUJ@;Idt (3.39)
Im
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Proof. By (2.29)), (3.10) and the Cauchy and Young’s inequalities,

] [ [
Idn(U, U, D] dt < ¢, |U|
m SKDﬂ’t KS=1

= G ID]I@|U|H1(QLTh’t) dt
'

< ¢, [MigMgk,dt

L
& Cek [UJl;%;Jdt
2Ks  Im 2[30 Im

which is (3.39) with ¢q = c2k,. O

3.2.3 Estimate of the right-hand side form

Now we continue with the estimate of the right-hand side form I (U, t).

Lemma 4. For the approximate solution U of problem (2.11)—(2.13) and any
ks > 0 we have
]
In(U, t)] dt (3.40)
10 = B,
<5 . [g15] + [UIE] dt+[30k3 . mb@;mdw— EDJEQ3 dt.

Proof. It follows from ([2.30]) that
[ — -
[Ih (U, )] = 1(9,U) + BoCw h(I)™"  up|rU|rdS|.
rEE,fft r

After using the Cauchy inequality for the first term on the right-hand side and
applying Young’s inequality with k3 > 0 for the second term, we find that
'
1(9,U) + Bo Cw h(")™ _up|rUlrdS]|
rep, ]
' 1

([gT&) + CALE)) + Boks Cw heo . up|r|?dS

-
|—|EE'?'t [ .

1 :IEDI%IGBI
Po :|]_
AR .
=Jn(U,UH= MEL

<

N | —

Hence,

[Ih(U, t)] @@—F ml@ +Bok3%®35t+80m®3t’

from which we get (3.40) by integrating both sides over the interval ly,. m
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3.2.4 Estimates of the ALE derivative

Finally we need to estimate the term with the ALE derivative. In the proof we
will use the Reynolds transport theorem.

Lemma 5. (Reynolds transport theorem) Let A W (0, T; W1()) be an
ALE-mapping with domain velocity z(x,t) defined in (2.8). For any t [0, T]
and v(x,t) W1 (€) it holds

g = 1

It o V(X, t)dx = 0 (Dev(X, t) + V(X t) divz(x, 1)) dx, (3.41)

where the derivative Dyv is defined in (2.9).

Proof. See, e.g. [41] or [I]. O
Lemma 6. It holds that
1 1 1
(DtU,U)Qtdt2§ [Uf, &) — [m;_llgigm_l—cz [UJl;%;ldt , (3.42)
' -
{U}m_l,U+_ 5 (3.43)
=5 U, Y- 1@; gl % "L
(DU, U)q, dt + {U}m nUmn o (3.44)
'm Y

_c +E'
> Mﬂ@ [01“1@ ¢ m@dt U1 Umea g, R

Proof. We start with the first inequality. We have
= S —
(DtU,U)q, dt = (DU, U )k dt. (3.45)
Im Im K [T ¢

By virtue of relation (2.15)), the Reynolds transport theorem ([3.41)) and relation
(2.10), we get

=
& U2(x,t) dx (3.46)
S 5502, =
— T +2z(x,t) - CUF(x, 1)) + U3(x, t)divz(x,t) dx
él:l 1 1 1
= 2U(x, 1) aU(g)t(’t)Jrz(x,t)- Ok, t) +U?(x, t)divz(x,t) dx

= 2(DyU, U)k + (U?,div z)k.

Expressing (DU, U)k, summing over K [T} and integrating over I, together
with assumption (3.10]) and using Fubini’s theorem yield

1 1I:I d 1 1I:I
(DU, U)q, dt = 5 x U2dxdt— =  (U? divz)q, dt (3.47)
Im Im Q¢ Im
1
1 .
= SR~ 5 (U divza,dt
_ C
= §Emnfégm—§mn_ll:%;lml 5, g
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which gives (3.42).

Further, we find that

2( r-r';—l ~ Ym-1» r-n'-—l)th_l

= ( $—1 —Un_1 Ur-r1|-—1)th_1 + (U$—1 — U1, U|:T1|-—1)th_1

= MUK, I@m_l — (Um—1 Ur:—l)th_l + (U1 — Upoas Ur'-r'1-—l>th_1

= O, I@m_l — (Um0 Un—doy,, + (Uns = U, Uns = Unda,
+(U$—1 — U1, Ur;—l)th_l

= M I@m_l — (Um0 Un-day,_, + BU}m— Ei;lm_l
+(Upm—1, Un—1)ay,._, — ULy I@m_l

= M, I@m_l + U }m-1 @m_l — L, @—flm_l’

which immediately implies (3.43)).

Concerning inequality (3.44]), from (3.47)) we get

L] ] 1
. (DU, U)o dt + {U}lm-1,Un_y o,
ml = d = 2 1|:| 2 1 EI+ - + -
=5 @t QtU dxdt— - Im(u ,divz)dt+ Ug_; —Unh 1, Ur o .
1 1 1=
=5 W, &l — 5 Uk & - 3 Im(u ,div z)q,dt

+05_1 ) — (U, Unoioy,,
1 1 1
=3 U ), + UK, ) —c,

1
[ME)dt — Un_,,Us

m—1» ¥m—1 ’
| th—l

which proves the lemma. O

3.3 Discrete characteristic function

In our further considerations, the concept of a discrete characteristic function
generalized to time-dependent domains will play an important role. The discrete
characteristic function was introduced in [23] in the framework of the time dis-
continuous Galerkin method combined with conforming finite elements applied to
a linear parabolic problem. The discrete characteristic function was generalized
in connection with the STDGM for nonlinear parabolic problems in [9], [20], [31].
Here it is generalized to time-dependent domains.

3.3.1 Definition of the discrete characteristic function

For m=1,...,M we use the following notation:

U=U(xt), x [, t L} (3.48)

will denote the approximate solution in €2, and

U=U(Xt)=UA(X),t), X &, ,, t LI} (3.49)
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denotes the approximate solution transformed to the reference domain {2, _,.
For s [}, by Usg = Ug(X,t), X [, _,, t I}, we denote the discrete
characteristic function to U at a point s [L}. It is defined as Us CPF(Iy,; SP™H)

such that
1

(I
(Us, ®)g, ., dt = (U,d)q, , dt EICPE(1,;SP™ ), (3.50)

Im tm—1

Us(X,tm1+) = U(X, tmost), X K, .. (3.51)

The existence and uniqueness of the discrete characteristic function satisfying

(3.50)—(3.51)) is proved in the monograph [31].

Further, we introduce the discrete characteristic function Ug = Us(X,t), X []

Q, t L}, to U I:Sﬁg at a point s [L}:

Us(X,t) = Us(A7H(X), 1), x <, t CT. (3.52)
Hence, in view of (2.20), Us Sk and for X [k, _, we have
Us(X, tm-1+) = U(X, tm=1+). (3.53)

3.3.2 Continuity of the discrete characteristic function

In what follows, we prove some important properties of the discrete characteristic
function. Namely, we prove that the discrete characteristic function mapping
U - Us is continuous with respect to the norms [0 dq,y and [dlgkt. In the
proof we use a result from [9] for the discrete characteristic function on a reference
domain:
There exists a constant C(C,)_, > () depending on q only such that
1] o 1
- " .

. ULE]  dt =< cgy . g dt, (3.54)

forallm=1,...,M and h [{0,h).

Lemma 7. There exist constants C/5, CF™ 0 such that
cFh(D)t=shD)t=cThd ™ (3.55)
forall I' (B, I =A(l) [Bhandallt CTh, m=1,...,M, h [{0,h).

Proof. We use the relation between I and I and the propertles and (| -
of the “mappings Ay and Ay, We also take into account that r IZKI for some

K [Ty, ,, [ CK = A(K) CIh; and that the Jacobian matrices % and
-1

dA
—q5— are constant on K and K, respectively. Then we can write

h(I') = diam(") = Jmax |X — X?— max_ |At( ) — A(X 5]

< max@LEnax X - XY=cCx max |X XY=Cxh
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Similarly, we get

A A

h(l') = diam(l') = max_|[X — XY= Jmax AT (x) — AH(xH]
X, X )

-1
X _ —
< 1}(1%%%'6\57() 7X%<E,X—X[1_L'S Ca xr,g%clx_)(?]: CA h(T).

These inequalities immediately imply (3.55) with constants C\5' = (Cx)™! and

CEL=C,. O
Theorem 1. There exist constants ¢, &) > 0, such that
[Mi2)dt < cf), [WE)dt (3.56)
'm , i
| M}, dt < c& | [y, dt (3.57)

foralls CLh, m=1,...,M and h [{0,h).
Proof. We begin with the %OOf of the first irll%qruality. We have

MO = UG tPdx = JUs(AT(x), 1) dx
|:| t t

1
= |Us(X, )23 (X,t)dX < C7 |Us(X, t)]? dX
tm—1 Qt_y
—_ + B
= CyIUL(t) ]
Integrating over Iy, and using (3.54), (3.49) and (3.6)), we obtain
2, 3, €
| My(t)5ldt < Cy | [UL(t) (5]  dt (3.58)
m m l:l
+(1 -
< cred), o) (2] dt
=T -
= cred), |0(X, t)[PdX dt
5 e =
= Cyed) JU(A(X), )]PdX  dt
il 1
= cred), JU(x,t)237(x, t)dx  dt
Im 5% -

< cre®cr U(x,t)2dx dt
J :: J Ij‘ Qtl ( )l
= CyeciCr | [TI(t) 5] dt.
Setting ¢&), = CFeSLC5, we get (3.56).

Now we pay our attention to the proof of the second inequality in the theorem.
From the deﬁq,iiﬁ}on of the DG-norm we have

m

[[Uslpe ¢ dt (3.59)
Im 1 - (-
. -
—1
= [Us 241y dt + =% ug2as Fad
Im K [T ¢ Im - h(T) r
- 1 — %‘t
T Ug|? dS Fad
R h(I') r
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where F,{t = {Ahmt_l(f), I |:EF,!,tmfl} and similarly FhB,t = {A?;l(f), I

l:hB,tm—l}'
Further, we estimate each term on the right-hand side of (3.59)). From [31],
relation (6.161), it follows that

[ —

Im

8 —
Us ()11, dt < e U)F gy dt.  (3.60)
Ry,

KTty

with a constant C(CZ,L > () depending on ( only. For simplicity let us denote

B;'=B;!(x) = d(A“m’t;;)_l(X). (3.61)

dARTH(X
By = By(X) = h(itx( )

Then it follows from (3.7) and (3.8) that B[ Cx and [Bf* [ Cj4.
Now, for K [Thy, K = A((K) with K [Ty, ,, using that [Bk|z Cand B |« ]

are constant, we have

— —— ,
Us(O)51c) = « | CUAX, t)[° dx (3.62)

Py g, <

_ HO1(AL (), 1)) %dx
élK [TH,e
= . B« Eﬁﬁgx,t)@J(x,t) dX
R Ij::"l‘vtm—l

2t | I 9
= (CA) CJ |US(t) H1(K)"
Rtﬁ‘vtm—l

Integrating over lmy, using (3.60)), (3.49), (3.6), Fubini’s and the substitution
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theorem we find that
1

[Us (1) 1yt (3.63)
Im K T,

=< (Ca)*Cy

=< (Ca)’Cye&) U (0)[712 g, dt
[—
= (carered  H o Bt ax Fad

1 Ij
= (crrcred, | TUIA(X), 0 X

e -
1
= (Cprciedy T Bk EPEOIK, 1Pt (x, 1) dx
m o KM
2 . 1 1
= (CRreyedh(Cicy)™ BT Ik o dx
2 — K [Td,¢
= (CR)*CTTdn(CR*(C)™ U (1) s it
™ K [Th ¢

@ 1]
a 2
=Cch | |U(t)|H1(Qt,Th,t)dt1
h C(a) — (Cx< 2c+C(2) CH)2 C_)_l
where C¢yy == (CA)*CyCeh(Ca)7(C) .
Now we turn our attention to the term

i - -
= e A TRCRT e |
™, h(T') r

First, we assume that d = 2. We will use the analogy to estimate (6.162) from
[31]. This implies that

1 1
1 1
[ I N -
hVY _[0?as” 4 (3.64)
Im = r
rEE'Ltm—l (F)
1 1
L %, - -
=& h"V% [02as" 4
Im = r
rEE'l:tm—l ( )

Here dST denotes the element of the arc T. Similarly we use the notation ds’.
Now we consider the relation I' = A¢(T'), I [CH}, _, and introduce a

parametrization of I

= Bl_,((0,1]) = {X = Bl _;(u);v [0, 1]}
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Then an element of ' can be expressed as

ds’ = |(Bf,_y){v)ldv, v C[O,1].

These relations imply that
I ={x = A(Bf_4(v));v [0, 1]
s’ = %ﬁm;_lw»(s;_ﬁu)@u, o £, 1)

The term (BE_l)%U) is a tangent vector to I at the point Bg_l(u). It follows
from the properties of the mapping A¢ that the values of

dA¢ o r
S (BL_1(0))(B], 1) V)

are identical from the sides of both elements K( ) and K( ) adjacent to . Then
we can use the above relations, inequalities ([3.55) and write

o
] W[Us]zdsr (3.65)
o A A

) m o
=Cx
|:lcl:[l:l~ ~
Cx _—Sl[Ug%ds™
h(T’)
From (§ - ) and (| - we get
—
(- -
E'jg‘”— Us2ds™ Bl (3.66)
R h(T) r
* —-— -
L] %k, —.. -
<@ crct h“"Y _[U)2ds" 4
R, MO T

Further, for T' = A¢(T"), where I [H! . _,. we consider the parametrization

I = {x_BrE& v [1a, 1]},

!
F:{X: t ( t(U))§U 1]}1
r_ At_l r r
s —@W@t(umst)%@u.
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Then, by (33,

1 R 4 Al
F[O]str = [_|A (rm }Br (BI)Yv) Edu
[U(B{ (L)]?
L4 t—l gd
0[U<BE(U))J2 X (Bt (0)) B¢ ){v) v
[ I (I

—7A

IA

Cx  [UBFu)P(BNHTv)|d
< C, (L ) {u)|dv
(Bt () )

= C, [U]J?ds'.
r

Substituting back to (3.66) and using (3.55)), we find that

1 1
] 1
= ugzast B (3.67)
LR h(l') r
* - 1 - 1
scgfgc;cEECE')—lc;I — h‘*’“ r[U]stE

e
1
L] L1
—co,  E O upaskd,

Im rfE}l,th<F) r

where C&), = ¢@,ccTfc =) 1cy.
Similarly we can prove the inequality

1 1 ] 1
= hés“ lUs2ds™ Bl < c&, = hés“ U2 ds Edt. (3.68)
' ep, () r - ep, () r

Finally, (3.63), (3.67) and (3.68) imply (3.57) with ¢&, = max{C&,,c&®,,c&),
The proof of (3.67) and (3.68]) in case of d = 3 is much more complicated. I
am grateful to Zuzana Vlasakova for her advice.
We introduce a parametrization of [. Let A? be a reference simplex in R?
(with one vertex being the origin and all of the other vertices have only one
non-zero coordinate equal to 1). Now

r=A(), TR, |,
[ =Bl (A% ={X =B _,(v); v [1¥%},

- r r
dsh = Eg’;l—l (v) x 53;2—1 (V) Eixl dx?, v AP,

I = {x=Ad(Bl_4(v)):; v [},

- oBf _ dA 0Bl _
Xt(BrZ_l(V)) a)Tll(V) dxt(Br 1 (V) a;‘(‘zl(v)%xl dx3, v [,

33



of
By the symbol % we denote the vector product. The terms o8 ol

vectors to I at the point Bm 1(V). It follows from the properties of the mapping
A¢ that the values of OIAt(Br (v ))

L(v) are tangent

ax- L(v) are identical from the sides of both

~T A

elements K,_ and KR adjacent to I'.
Then we can write

1

1 r
rh—r)[us]2 ds
1 r 2
= Az*P)[Us(At(Bm_l(W))]
tpff aBrr;n—l dA¢ of aBrI:n—l 1 32
(Bl (V) =S (v) < < (B, 1<v>>axz<v>§ dx

|
= +\2 CLDGJZIU 2 dSF
(P ¢ 5108
Hence
— = - -
= [UgJ2 dS™ =t (3.69)
Im rEE1th( ) r
’ - -
] %, . -
=< cCh(CX)*ClE" e ([U) as”
™ Frey, D)

Further for T' = Ay(T'), T [H. . _,, we consider the parametrization

I'={x=Bg(v); v [&%,
I'={X =A"(B{(v)); v (¥}

r r:1—1 aBrz—l 2
dS' = ol (v) x I (v)[=lv, v A

- -1 0Bl dA! o0Br %
r _ t r t t r t 2
dS’ = X (By (V))axl (V) x Ix (By (V))f-)x2 (V) [=lv, v AR
Then
I:|~ ~
_[U]? dS" (3.70)
.

T = = - I |- 1A Lo

< UV (BL W) HEGm () < 5 <v>§ax dx
1

<(Ca? U as”
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Together we get

] — 1 —
Elﬂh” [Ug)2 dS™ =k
R, T r
| ] — 1 —
< 2cIC ) (Cx)? i EJE;; hs(ilrv) r[U s’ bt

which is the 3D version of (3.67). Similarly we prove (3.68) in the 3D case. [

3.4 Proof of the unconditional stability

Now we can apply estimates from Section [3.2] to the basic ideptity (3-14)). These
estimates, apart from another, produce a problematic term | Iﬂl[gldt which
we will need to estimate in terms of data. To overcome this difficulty we use the
generalized discrete characteristic function in time-dependent domains.

3.4.1 Estimates of the basic idientity

Theorem 2. There exists a constant Ct, > 0 such that
|

EUln'f%J -1 G +E{1U}m1I;%;I +5 [WIE) dt (3.71)

Im -
<Cr, @@dw | [p ok (At + | [@Eldt .

Proof. From (3.14)) we get

1 1 ]
(DU, U)o dt+  An(U,U,t)dt+  bn(U, U, 1) dt
dr_ o 0 2 o O r o ]
Elol |:|02 1 3 1
+ dh(U,U,t) dt+ {U}m—lyUr:—l o = |h(U,t) dt.
cr_ [ - Mo oo [
04 Os5 O6

By virtue of (3.42)), (3.18)), (3.35), (3.39), (|3.43]) and ([3.40)), we find that

o, = fmm%; IDJn 1[5;1 CZ gt
o, = @ ﬂ@’tdt—? [h [oe ¢ dt

™ L
QS (dt + Co | [AIE)dt

IA
|

O3

Cd
Iﬂll%]; dt + — U 1dt,
2k2 Im it + 2[30 Im @

05 = EUE{_l@—TI + QUm-1 ) —[U];—lﬁjm_l
@fo;w [Iz) dt+B03 - [10h Bk et + 5 - BO [}, dt.

IA
|

04

IA

Os
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The above relations imply that

;EUE@}I _1[@;_1@ —%Z gt
+@ . [AIg) dt — 2 D mbf—,;gstdt
+35 EU% & TS E{]J}m 106, — 5 W,
2'3k°1 Ih[mtgg,tdwrcb; [ )dt + jé - [ dt
+2T50 - IZU]If{TIdtJrf I@If;{fldtva . [ )dt
4Bk ID [0 okt + fk(’ g gt

After multiplying by two and rearranging, we get

Iﬂl;@ — Iﬂﬁ—l I@m_l + U }m—1 I@m_l
i [

1 1 1
+D[30 1 © kK [AIE) dt
@@dur Bo(1+ks)  [Iblpkgdt+
Cgh ™
cz+1+l3—+2cb | [AIE]dt.
0 m
Hence, choosing k; = ky = k3 = 6, we get with Cr, = max{l, 7Bo,C; + 1 +
Cd/BO -+ 2Cb}. ]

Theorem 3. There exist constants Cr3z, C13' > 0 such that for any &, > 0 we
have

U led + R E) +@ EUJ@3 dt (3.72)
™ =

=Crs [AE)dt + Crj - @fgﬁ (b Bk ¢ dt
2
5 OF_, 5] +48, [Uf_, 3] .

Proof. From (3.14), by virtue of (3.44), (3.18), (3.35), (3.39) and (3.40), we get
1 1 1 1
(DtU,U)Qtdt+ {U}m_l,Ur}:_l o + An(U, U, t) dt
or ann mr e o ]
. . ] o2
+ bh(U,U,t) dt+ dh(U,U,t) dt = |h(U,t) dt,
cdr o O 2r [T o N R

O4 Os
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where

v

01

G - U -
fumnra mnra ,mradt u
0, 2[320 Iﬂl@,tdt—? mﬂ)@;mdt
™ [

03 < Bo MG dt+c, Bt
2klllﬂ' ' 1
0 Cd
O < 5~ ID]IQ;,thQ—BO . EUJQ%;dt
1 k
05 < 5 @;E;u ] dt+B°3 . [Th b ot + o - BO gt

We remind that ¢y, = c2k;/Bg and ¢cg = c2ks.
After rearranging we have

1 1, - U L1
5@11@ +§|ﬂln—1|€|m Iﬂ”@dt Um 1 Um-1 o 3

B Bo

+?° | m@,tdt—%’ . [ (B (dt
I .

SQBkO (UL, dt+c, [t + QBkO [}, dt

. i ir [ m

+2T30 - IZU]I@dtJr— @@dwf . [ ]dt
BOk3 - BO

+— mbté;gBtdtJr IR} dt.
2 Im 2Kz 1m ’

Hence,
—1 [T

1 1 1
Im;@—tj + R, 0] +Bo === [E} dt
m m—1 ki ko ks m '

@@dwﬁo 1+ k3) m@;mdt
o '™
+ 1+cz+2cb+— [ )dt + 2 Um LUr ) :
BO Im Qtpy—g
Using Young’s inequality for the term 2(U;,_;, Up—1) and setting k; = k, = k3 =
6, we get (3.72)), where Cr3 =1+ ¢, + 2¢, + Ca/Po and C13' = max{1,7B}. O

3.4.2 Estimates with the discrete characteristic function

In this sectionﬂfe derive key estimates, which will help us to estimate the prob-
lematic term | [IZ]dt in terms of data. In Lemmas @ - |13 we will estimate
similar terms as in Section [3.2, but the test function (second variable) will be
replaced by the generalized discrete characteristic function.

We introduce the following notation:

tm—1+I/q = tm—l‘i‘Tma,

Un-1+17¢ = U(tm-1+179), 1=0,...,0.
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Lemma 8. There exist constants L('l?'l\/lq'ib 0 such that for m = 1,...,M we
have

| — =
[h—1+1/q e Z —1 g, (3.73)
1=0 mo Tm Im
MI:D
10/AY Y I qu [ )dt. (3.74)
m= m Im

Proof. Using the equivalence of norms in the space of polynomials of degree <,
for p(t) = U(X,t), t L}, and any fixed X [k, _,, we have

]
1 L -
(X;tm—1+llq)§ = 7q |U(X,t)|2dt,
1=0 fm im
M -
%(x,t;_l)g = 1 |UX,t)2dt,

Tm Im

gl

where the constants Ly, Mg > 0 were introduced in [31], Section 6.2.3.2. Inte-
grating over (. _, and using Fubini’s theorem, we get

= - L R N | 1
U X, tm—1iq PdAX = = |U(X,t)[2dt  dX
I=0 Ptm—1 Tn Qt_ Im
= =
q

= 3 |U(X, t)[2dX dt.

Tm Im th—l

Analogously we find that

1 1 1 M — L= ~ —
U X, th_, PdX =2 |U(X, t)[2dX dt.

Qe m Im Qe

Now the substitution X = Af '(x), where X [ ,, X [, the relation
U(A{(x),t) = U(x,t) and (3.6) imply that

':I

1+I/q Iz-flm 1+1/q
—=h

=Cy |U (X, 1:m—1+I/q>|2‘J _1(X, tm—1+|/q) dx

1=0 th—l+|/q

|=0

—=h
=Cj 10 (X, tm—1+17q)|?dX

=0 tml:a —

> Cy |U(X,t)]2dX dt
Tm J Im Qtrn_1
L I 1
= Cy |U(AZE(X), )23 71 (x, 1) dx dt
Tm '™ % —1
L
= T—q(Cj“)_lCJ‘ U (x,t)]?dx dt
m IIj. Q¢
Lq

Im
Hence, we get (3.73) with Ly Ly(Cy)™'Cy.
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Further, since X = A, _,(X) = X for X [ _, and, thus, U(X, tm—1+) =
U (X, tm—1+), using the substitution theorem and ({3.6)), we obtain

L1 1 1
WO+ ] = o MU Xt [?dX
V== I
= 3 |U(X,t)]?dX dt
Tm Im th—l
M 1 [T ~ 1
= 3 |U(AL(X), D271 (x, t) dx  dt
Tm Im ©Q
M B 1
= 2(c;)t |U(x,t)|?dx dt
Tm Im Qt
M
= 1 [Edt
Tm Im
where M= My(C; )™ O
In what follows, because of simplicity, we use the notation 0 = %—Lt’ and do
not write the arguments X and t in integrals.
Lemma 9. There exists a constant C, ¢ > 0 such that
1
. (DU, Us)o, dt + ({U}m-1, Us(ty1))ex,, (3.75)
" |:| -
= 5 @ + Iﬂl m l) Ié—flm_l
I:I

_C“’. [ dt — (Up_y, Ui 1),

forany s [I}, m=1,...,M and h [(0,h).

Proof. By virtue of the definition of the ALE derivative (2.9), the definitions
(3-49), (3-50)-(3-51)), (3.52) of functions U, Us, Us, the fact that U Yisa polynomial
of degree < g — 1 in time and the substitution theorem for any s [ 1}, we can
write

(! L, . O
(DW,Us)gdt = 0,00 dt (3.76)
m tn—
L e T e R e s B
= 00, dt+ 0,03 -1 dt
th—l ‘j—' th—l
I i
- 000 dt+  0,0,0-1) _ dt
_ tm— 1 tm—
e T o I T =
- 0,03 dt+ U,0(1—J) dt
tm—1 Q4 tm—1 Qtn—g
1 C . 1
+ 00,0 -1 _  dt
Im tm—
L U o T
= (DU, U)o dt + 0,0(1—-J) dt
tm—1 tm—1 th—l
1 I:~]EI ~ 1
+  00,0-1) dt
Im tm—1

Now we estimate the second and third term on the right-hand side. We begin
with the third term. The fact that J is constant on each K I:Dht _, and the
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substitution theorem imply that

 — LT —1
EZIEOID,US(J—DD th: Iz —1) Rtﬂ]sdx dt

tm—1 m

Ij\jl-tm—l
< max [Jz — 1| J0Tgldx  dt.
toad Im K

IZ I:I’:__'l‘vtm—l
Using the relation Jg (tm—1) = 1, we have

m

- — 1< J)dt <
max Iz — 1] B [Jzldt < cyTm,

where ¢ > 0 is a constant independent of h, T,, m. Then we find that
1 ~%
max Iz — 1] e U Ug| dXdt

m

K Dbt 1 [TT —

1 -
<c; Tn RlU%sldX dt

K 1

= CyTm . |00 dt dX

KT, ™

g A i L (OO0 vz

< CyTm . |02 dt 104t dX.

lej'l,tm_l m m

Now we apply the inverse inequality in time: There exists a constant €, such

that = GA o OO0 L3
UX,t)Fdt < ?I 10 (X, t)]2dt (3.77)
Im m Im
holds for every X [ _,, Ty [0, T) and m=1,..., M.
This inequality, Young’s inequality, Fubini’s theorem, inequality (3.54]), the
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substitution theorem and assumption (3.6) imply that

e w2l -
T 1072 dt U2 dt dX
R Eh s " "
|:FIEEI] R L4 [T R Ol
<¢ |U|?dt |Ugl2dt  dX
R Fhn s 'm 'm
¢ (| - N = —1
=5 |UJ? + |Ug? dt dX
I’{Ijjhtmfl
¢ |:|:|]|:|~ = —1
=5 |UJ? + |Ug)? dX dt
R iy
¢ (| ~ 1 ~ 1
- 5‘ | Mg dt+ | [UL[g)  dt
=G @) -
_5(1+cCH . [g] ~ dt
¢ o O O ,
= 2(14¢e&)) _JUPAX dt
2 Im ~ = K
Kh 4
C I | 1
T +eq) JU[23tdx dt
2 I:I |m Qt

=c™ Mg,

Im

where ¢ (C5) 726, (1 + ¢5,)/2. Summarizing the obtained results, we see that
we have proved the inequality

— 1
ﬁj 0,043 —1) thsc% | [AE]dt. (3.78)

Qe

Similarly as above we can estimate the second term on the right-hand side

of (B70):

. -

0,01 -3) dt
tm-—1 tm—1

|jl |:I:|]~ 1
=< (1-J) _U0dx dt
K

- Im
— L
< max |l —Jz| |00 dXdt
t I | K

)
)
3

D ~
< CyTm 100 dxdt

Im K
[T R 1
— CyTm i |U%|dt dX
K

! '%J O (T w2 LR
< CyTm i |UT2 dt |02 dt dX =: RHS.
K Im
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Now the inverse inequality in time, Young’s inequality, Fubini’s theorem and (j3.6))
yield the inequality

—— Lid LLT Lisd

RHS =< c¢M! . |UJ?dt UPPdt  dX
~ o~ K Im Im
e ~ =
< ¢t . [UJ? + |UJPdt dX
Rifhe ©Im
L L —H
< c _JUPdXdt=c UIP3 "t dxdt
Im ~ = K Im K [TH K
O Tt [ T !
< c UPPdX dt=c [Edt.
Im Q¢ Im
From above estimates we find that
T - -
uu-J)  dtfso [ )dt, (3.79)
Tm—1 tm—1 Im

where €; = C3 (C;>_lé|/2

Finally, from (3.76)), (3.78), (3.79) and analogy to (3.44)), (3.53) putting ¢, =
Cl%]J + C1 we find that

]
(Dth Us)Qtdt + ({U }m—l, Us(tm—l‘i‘))thfl
Mg -
> (DU, U)gdt + MR _ 5] — Uy, Upi)a,, —C  [WIEE]dt
et 1 m
1 B T T ]
= —  U%(x,t)dx dt—= U2div,z _ dt
2 tm—1 dt Q¢ tm—1 Qc
]
+ 0 If;,;lm_l —= (Un—1, Un-)oe,, —C2 | WG dt
1 1 ¢, "
= Ms)EI+ LR —— Rt
2 ] m—1 2 tm—1

—G | Iﬂl@dt_(ur;—liur_nk—l)ﬁltm,ll

which implies (3.75]) with CLg = ¢,/2 + C,. O

In the following lemmas, for simplicity we use the notation U hnd U,Dfor
the discrete characteristic functions to U and U, respectively at the time instant

tm—l+|/q| I = 01 e 1q'

Lemma 10. There exists a constant C 19 > 0 such that
1 -
lan(U, U5t) + Bodn(U, US| < Crio MRk, + UHEE, + b Bhs,  (3.80)

forallt CIh, m=1,...,M,1=0,...,q, h 10,h).

Proof. Using the definition of the form ay, the property of the function B, the
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Cauchy inequality and Young’s inequality, we get

lan (U, U,E,'q! - (3.81)

1
SB]_ ||Iﬁ+|m_t_'2 dx
K T4« o
ﬂ
By ) Y ru®p + | o S U as
reey, -
—
By Al |Ecuﬁ‘”|2+|m:uﬂ‘R>|Z A UE s
reee | Y )|
— Y0
B |mﬁ+°l|uﬁz as
FEE}f’t
— h(D —
+B1 |DI_E|2 |U|2 ds
rEgR,
-
+B1 r| ETWDNS-
rljzﬁt

The last term can be estimated using Young’s inequality and the relation
h(I') < hK(L), for each € > 0 in the following way:
r

——
B1 r| [0 |up| dS

rljzﬁt
e —H
sB; ()1|u|dS+Sl hew | LGP dS
rle;Ejt 8ru—:ft roor
B B lﬂ
201W JB(up, up) + 2—:: hea | [0, 7 ds.

reeg, °

Now we express the first term on the right-hand side of this inequality with the
aid of the definition of the [l kg r-norm ({3.2) and to the second term we apply
the multiplicative trace inequality (3.12]) and the inverse inequality (3.13]). We
get

|
B1 rIEU}TIuDIdS<Bl IHbEQ;Bt+B (cr + 1) 2L, (3.82)
rtlafft
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Setting € : '3 cm(Cr + 1) in (3.82) and substituting back to (3.81) we get

- 1
lan(U, U5 1) < By IEEﬁHEUle dx

Krlﬂt
ﬂh r——Sh(r
+By D TLo®F PP as g, | rpas
rieh, " roep, T oW
By 'ﬂh ) TEf®R + | iR ds
reg, |
ﬂh
+Ba e |[u;§2ds+ Bl —Cu (c + 1) b Blp
roeg, T oW
+B2°E0ﬁé‘é;,t-

From the definition (2.25) and Young’s inequality we find that
Jn, (U, U51) < Jn(U, U, t) + Jn(U5US). (3.83)
Using the inequality h(I") < hk for I' [CLdK and (3.83)), we have

lan (U, U,E,'t%! - (3.84)

-]
<P . | U + | 0 dx

Iﬁl:l 1
B hew | PP +h | CCFP2 dS
W, T ]
—H
+C% rhK§L)| Ui ds
FEE}f’t
Iﬁl:l 1
+Cﬁl heo| CUHP P + hy ool OGHPP - dS
Wre, ©T '
ﬁ
+& K(L>||15§2ds+ cM(c.+1 ) b [Bke ¢

+BO [0 5k ¢ + Ba In( UI:UDt)+|313h(U U, 1)
ﬂ
=P |IIﬁ—|rIIE_EI2 dx

K [Td,¢
ﬁ ]
B e [COJ + | COF S
Cw K [TH ¢ oK
2
+5 PGy e+ 1) b b + 0 O B2
BoCw 2

Now, applying the multiplicative inequality and the inverse inequality, we can

44



obtain the estimate

— [ 1
KhK | (O + | O dS (3.85)

K [TH,¢

101 1
= hi Eﬂm@(w) + DMTS(GK)

K [TH¢
1
scow  he( MO, E%Hﬁjmémmam
K [TH,
' <chi (IO o
+Cm EDETQ(K) EEE%&E +hy D]ETS(K)
KEEJ,
) =cih EDEE(K) O
=cm(c + 1) II]E@(K) + I:Dmﬁ(m
’—
=cm(c +1) |U |H1(Q) + |UH|2?|1(Q) :
KLTd ¢

From ([3.84] - - the definition of the [-Ig§ -norm, using the inequality -
and putting Cpio = max{Bo + B1 + Bicm (C1 + 1)/cw, Bfem(Cr + 1)/(2BoCw )}, we
finally get

1 B 1
lan(U, USt) + Bo In(U, USH) < By + flCM (€1 +1) |U|Hl(Qt Thit)
1
Bo [31

Hm+m%wu0+s+—+—4<wﬂ>mﬁmmﬂ

2
+(Bo + Bl)Jh(U U5 + BLZCW Cm (€1 + 1) [h (Bkg ¢

|:|
= CrL1wo EUJE‘S&;W lﬂlﬁt‘F %@Bt .
O

Lemma 11. For each k> 0 there exists a constant ¢/-> 0 such that for the
approximate solution U and the discrete characteristic function U/—we have the
inequality
| B .|
Ibn(V, uStdt < k"D 2} dt + ¢ [E]dt. (3.86)
Im

Proof. By (£2.28)),
Y — TV

bn(U,USE) = — f (U dx 3.87
(== U5 (3.87)

[ i [T11 1
% =01 %
+ ) HU®S, U nr) [UTEdS + ) HU®, U nr)uds.
%Eq't rmrEE'?" ]

=02

Then from the Lipschitz-continuity of the functions fs, s = 1,...,d, with the
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modul L¢ > 0, assumption that f5(0) = 0 and the Cauchy inequality, we obtain

N —
los] = Ifs 0)] %@d (3.88)

KITg, Ks=1

Y — 7} V-
L¢ |U X X<Ls d IHIIE”UI?Hl(Qt,Th,t)'
S

KTg, Ks=1

IA

Now we shall estimate 0,. From the relation f5(0) = 0,s = 1,...,d, and
the consistency property (H2) of the numerical flux H we have H(0,0,nr) = 0.
Then we can use the Lipschitz-continuity of H and get

—
o2l = Lu (U1 VD UfHeS
rEl
+Ln U1+ 1D 1P ds.
rEg, r

Using the fact that UéR) = Ué") for T' CHE,, the Cauchy inequality and the
relation h(I') < hgk, if I' [CdK, we obtain

|o2| (3.89)
<Lu (U1 1uD Ut ds
rE)
L U+ IUED U5 ds
FEEft
(- L1 LA
—3 U5
=V [l OO s
— h(F) ——
(- - Loz
— w R)[\2
x L1 h(') (JUp~]+|Up™))*ds
r r r
M [Ed e
I:I DE]L ] — PP
<»Lah (USUSHY2 TRy UOR 4 URP ds T
= r
S %Jh(uﬂ?lhl;lt)llz
W
::: L L ik
7 h e o UPPAS +hw o JUPPds T
(. r aKr nlC r E)Kr nlC
1
172 lﬂ 2 @l
<\7LJh (U552 £ hk|[U[?dS 3
K, oK
I:I @
K [Td ¢

Substituting (3.88]) and ( into , using the Cauchy inequality and the
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definition of the [-I[g§ -norm, we find that

V_
Ibr(U,USY)] = L d U T (3.90)
|:| @

K [Td.¢
Lzl
1

‘W K g,

L
x |U||jh2—|1 QuThe) T Jh(UF’Ul:"t)

IA

Lyl 1
< c ok, E]LEH- hK@@(aK)I:IEI
K [Md«
1
where ¢ = max{L%d, L3/cw} . Furthermore, the multiplicative trace in-

equality and the inverse inequality imply that

1 | E— - _
hk IHIELZ_Q(@K) = Cm hk IHIIE(K)|U |H1(K) + hK ID]I@(K)
K [Td ¢ K [Md,«

1
KL[Td ¢

Hence, from this relation, (3.90) and Young’s inequality we get

Ibn(U, US| < o (0] Pk, Mifa) < 5 ﬂ%& +012 g

Bo
= Tklzlﬂﬁ&,t + ¢, TG,
—1
where ¢; = ¢(1 + cm(c + 1)), ki 0 and c¢[-= c?k[7Bo. Integrating over the
interval I, we finally have (3.86]). O

Lemma 12. For each kJ2 0 there exists a constant c{> 0 such that the approx-
imate solution U and the discrete characteristic function U,=$atisfy the inequality
[ B ¢ L1
|dh(U uStdt < 2k0‘:' [k, di+ 2 [O-1dt. (3.91)

2 Im

Proof. By (2.29), (3.10) and the Cauchy and Young’s inequalities,

L e =
ldn (U, U50)]dt < ¢, #i'afum dt
Im

Im Kg
) [Td.«

< ¢ . EUﬁ;llUlHl(Qt,Th,t) dt
< ¢, [k, dt

Im
[30 1 2kI:|:|

CzK3
dt,
2k 1, t 20 Im 0y ]
which is (3.91) with cfE c2k}’ O
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Lemma 13. For the approximate solution U, the discrete characteristic function
Utand any kz > 0 we have

1 1 LI 1
| (U5 dt < 5 [gla] + [ E] dt (3.92)
Boks — By —
+T : [up @B,t dt + 2T(3 Iﬂ]ﬂt dt.

Proof. From (12.30)), using the Cauchy and Young’s inequality with k3 > 0, we
find that

1
L1
(9, Ui+ Bocw h(I)™*  upUdS]|
MER. r
1 Boks —
55(@@+ MI@)‘FT Cw h(T') r|UD| ds
Crmp ~
= =Ub Flog ¢
L1
cPoo, TR s,
2k3 FDE'E r
[ * 1 1
< IV D= W s
from which we get (3.92)) by integrating both sides over the interval In,. O

3.4.3 Estimate of the term I?m [ Jdt

Using Lemmas 9] - [13]and properties of the discrete Characterliﬁic function proved
in Theorem [l we can finally estimate the problematic term |,  [QI5]dt in terms
of data.

Theorem 4. There exist constants Cr4, C{;'> 0 such that
1 1 —
dt

1
MM < Cratn MRy (3) |+ [GI3)+ (b kg

provided 0 < T, < C&.

(3.93)

Proof. For q = 1, the proof is contained in [6]. Let us assume that q = 2,

| C4,...,q— 1}
From the definition of the approximate solution (2.32)—(2.33)) for ¢ := UHve
get

- 1 1
(DeU, U, dt+ {U}m-1, U~ (3.94)
b Ot
= (—an(U, U5%) = Bodn(U, U5t) — bn(U, U5H)) dt
T

+  (=dn(U,U51) + In(U5h)) dt.

Im
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This relation and Lemma [9 imply that
1

: t;—1+I/qE + Iﬂﬁ;—l I@m_l L (395)

I:I_ tm—l+l/q —J
< |an(U,U5%) + Bodn(U, U5 dt+  |bn (U, USt)| dt

| 1 Im

+ |dn (U, U)5t)| dt + | |In(U5 )] dt

T ] ™
+ U, Ul +Cy [I)dt = RHS.
Im

Now we need to estimate the right-hand side of (3.95]) from above. Using ((3.80)),
(3-86), (3.91), (3.92) with ky = k, = k3 = 1, (3.75)) and Young’s inequality with
any 0, > 0, we get

L1

RHS = Cpyp | [D]@t—i— EUJ%HWL ml@sst dt

B”‘j = B
SHRLY -V CT R EUJIfr-{fldtnL 2°| [T}, dt

ﬁdwf @i{ﬁ 0] 5] it
2[30':' I
B e mr,

2
—

n —g [gilm—l + 8, [T, @m_l +CuLg | D]]I@dt.
2 m

N | —

tm—1

Hence,
1

1 1
RHS = ¢ L, + 5L + O]+ [E) + [g15] + M B, dt

m

[
+;2|€|m—1 + 62 Iﬂm—l @m_l

where ¢; = max{Cyi0+ Bo + Ca/(2Bo) + 1/2, ¢, + CLo}. Now we apply Theorem
on the continuity of the discrete characteristic function:
1 1 1
mﬁdt =c&), Mz, U2} dt < c(z) WAL dt.
Im Im Im '

Hence,
L1 1
RHS < ¢ MGk, + (R + [GT3) + (b ke, dt
W1 )
T
with ¢, = ¢; max{l + Cél,)_“ 1+ C(Z) 41} Then it follows from ‘D that
1

! %n_w 1+I/q%t + Iﬂﬁ; @ (3'96>

—1+1/
1 a

2
=C Iﬂll@;t"‘lﬂl@"‘@@'*'m@Bt dt

m

(O, ] .
At 1L e N
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Further, multiplying ([3.96) by ﬁ, summing over | = 1,...,0— 1 and adding
to (3.72)), we find that

‘n*l:l

Bo
lﬂh‘@ 8C|l_9‘|_ I€Im 1+1/q
+ &4-1 [Uf;_ If_;l +f| [WEk dt

8Cz
— Ceh
[::10 @_—)Idt + IZO +Crs | @@dt
%“i Ceh o -
+ +Cr3 [gT5) + [ub @33 ¢ dt
= |—'_”l|
Bo [3052
+ 3 (U, &) + 48, EU[; 1
C262 m—1
L1
Setting C3 := min 8 (Bq —1y 8C + 1 and rearranging, we get
- q g, O
C3 lﬂﬁ@m + %—1+I/q I@m 1+I/q R, lé—tlm_l + 1. m'@;,tdt
1 =1 O
= =0 Wh—1+1/q 1+
Bo |30 - t
< 4+CT3 | [AE)dt + 4+CT3 | [g15] + b (Ehg, dt
B 2 I3 5 R -
0 002 "
4% _ .
* 40252 01 1|@m 1 + +40, W, 1I€Im—1
It follows from inequalities (3.73)) and ( - ) that
C LI:D
S it 4 22 Bo [UIE), dt
T Im 4 Im =T
LM 46 M
ZCZT ¢4 i BO + Crs [UJ@;Jdt
g Im
I_f? ) - Bo 2 .-
+ 7 +Cr QIZ) ¢ W B, dt+ o5 T3 Whatl
Im C262 m-1"
Setting 0; = fg,bl‘lmé = CEOCEALD Cq = 4C252 + E Cs = B 4 CH we get
1 (=
Calg
] i(’ —Cra mgﬁgdw io [}, At (3.97)
”tl 1 m
=0 . [g15] + b [Bhg ¢ dt—l—C4IH]n 1@
If the condition 0 < T, < CHj:= Bgai is satisfied, then
4(Z2+C3)
1
C3LqI:|_ BO ic - CquIII
2 4 T,
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and from (3.97) we obtain the estimate

C3 L BO
- [UJEgdt + = [WgE, dt
ATm  Im Im

=G @@Jr I EN S dt+c4EUJrn_1I;2£J
which implies . O

3.4.4 Main theorem

The stability analysis will be finished by the application of the following auxiliary
lemma.

Lemma 14. (Discrete Gronwall inequality) Let X, am, bm and yn,, where
m =1, 2,..., be non-negative sequences and let the sequence a,, be nondecreasing.
Then, if

Xo + Yo = Qy,
mpt—
Xm + Ym < am + bjx; for m=1,
j=0
we have
mpt——
Xm + Ym < am (1+bj) for m=0.
i=0

The proof can be carried out by induction, see [31].
Now, if (3.93)) is substituted into (3.71)), an inequality is obtained, which is a
basis of the proof of our main result about the stability:

O] — WL B+ BUna (] + 5 EUJ@,tdt (3.98)
I:I m
< (CT2 + Crs Tm) | (@@ + [up @B,t) dt + C12C14Tm Iﬂl;—l @m_l

Theorem 5. Let 0 < 1, < C{;/for m=1,...,M. Then there exists a constant
Cts > 0 such that

| L— —Eh
UL, &)+ @}j—l@j_l—i—go ) [E) , dt (3.99)
— 7t

B —=h =
<Crs L)+ RydtEIm=1,...,M, h C(0,h),

j:]_ IJ

where Rt,j = (CTZ + Cts4 TJ) (@@ + [up @BI) for t I:El
Proof. Writing J instead of m in (3.98]), we obtain

1
Uy @j — U, |+ U} I?Q_t]m_l +820 . IS}  dt
1 j

< Rydt+CrCreyy -, &),
]

o1



Let m = 1. The summation over all j = 1,...,m yields the inequality

 — —=h
ORi), +  EUha) - (ot
=1 j=1 i

mpt—y T—=h
< [0} [§] + CraCra Or,-ﬂm} Gl + Ryt
J:

i= 1 IJ

The use of the discrete Gronwall inequality form Lemma [14] with setting

Xo = aoZEUEE%QO, Yo = 0,

Xm = MRLE,
 — =h
ym = UGG + B g, dt,
j=1 ! 2 =1 i
=
an = W)+  Rydt
j=1 i
bj - CTZCT4Tj+l) j - 01 ]-! . 'lm - ]-)
yields
_ L La— B, =1
[UF, 5]+ E{]J}j—llzlj_l—i-?o MOkt (3.100)
j=1 j=1 i
1 1
T—=h mEt -
= oy @0 + RyjdtE 1+ CroCraTjer -
j=11 j=0

Finally (3.100)) and the inequality 1+0 < exp(0) valid for any 0 > 0 immediately
yield (3.99) with the constant Crs := exp(Ct2Cr4T). O

In virtue of Theorem [5 the approximate solution obtained by the ALE-
STDGM - is bounded by a constant depending on data of the
problem, namely the functions from the initial and boundary conditions and
right-hand side of the solved differential equation (2.1)). This constant is inde-
pendent of the time step Ty, < T, which means that the method is unconditionally
stable.
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4. Error estimation

In what follows we shall be concerned with the analysis of error estimates for
the ALE-STDGM. To this end, we consider the form ap defined by (2.24) as
depending on four variables, namely v, w, ¢, t:

—4
an(v,w, ¢, t) = 3 B(v) Dad Chdx (4.1)

% K Td,¢
- - ([B(v) baTHnr [¢] + © [B(v) LetHnr [w]) dS
rE]
— (B(v) adnr ¢ + OB(v) ChInrw — OB (v) ChInr up) dS.
rleﬁt r

Then the approximate solution of problem (2.11)(2.13) is defined as U CSh
satisfying

LI ]
| (DtU, 0)q, +an(U, U, b, 1) + Bodn(U, &, 1) +bn(U, d, 1) +dn(U, d, 1) dt (4.2)
m —

+{U}lm-1, ¢:1—1)th_1 = | Ih(p,t)dt [l ESL):?, m=1,...,M,
Uy CSP% (U —u® Vh)g, =0 0w CSRO. (4.3)

The regular exact solution u of problem ([2.11))—(2.13) satifies the identity

L1 1
| (DU, §)g, +an(u,u, d,t) + Bon(u, ¢, t) +bn(u, ¢, t) +dn(u, d,t) dt (4.4)
m |

+({U}m—1,¢:1—1)§2tm_1: | Ih(,t)dt IIEIESH, m=1,...,M.

Of course, ({U}m-1, dm—-1)or,_, = 0.
In the further sections, if it is not mentioned we consider m=1,..., M.

4.1 Important estimates

We are interested in the estimation of the error e = U — u. It will be expressed
in the form

e=&+n, where{=U—nu CS}} andn=rnu—u. (4.5)

Here m is a projection into the space Sﬁﬁ. It will be defined later in Section .
Subtracting (4.4) from ([4.2)), for every ¢ CSP7, we find that
1

(D&, d)a, +an(U, U, d,t) —an(u,u,§, t) + BoIn(&, d, 1) (4.6)
m 1 (.
+dn (&, 0, 1)) dt +  {&Fm—1, Oy o
] I ]
=, (bn(u, ¢, t) = br(U, ¢, 1)) dt — | (Den, d)a, dt —Bo | Jn(n, d, 1) dt
] - T "

= (04t~ (M Oy

m 1
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Using the identity

ah(U,U,(I),t) —ah(U,U,(I),t) (47)
=an(U,U, ¢, t) —an(U,ntu, ¢, t) + an(U, tu, ¢, t)
—an(u,mu, d, t) + ap(u, mu, ¢, t) —an(u, u, , t)

and setting ¢ := & in (4.6]) we get

-
(D&, &), +an(U,U, &, t) —an(U,mu, &, t)) dt (4.8)
"o 1 1
+ (Bodn(& & 1) +dn(&, 8, 1) dt+ {&m-1.8m
1 m m—1
= (—an(U,mu, &, t) + ap(u, mu, &, t) —an(u, mu, &, t) + an(u,u, &, t)) dt
T

+  (bn(u, & 1) = bn(U, &, t) = BoIn(n, & t) —dn(n, &, 1)) dt
Ij 1 ]
- (Dtn!E>Qt dt— {rl}m—]_!Er-;—l Ot

m m—1

In what follows, we need to estimate all of the individual terms appearing in
(4.8). We shall use the following notation:

e 2 0, 2 112 -
Re(n) = sk + Ml + INlG2cy + Mk Nfzgey (4.9)

K [TH,¢

Re(h) = Mgk, + hKlnleZ(K) = Rt(n). (4.10)

K [T

4.1.1 Estimates of the diffusion and penalty term
Lemma 15. Let

cw >0, for © =—1 (NIPG), (4.11)
(. P
Cw = 4—[51 Cwi for©@=1 (SIPG), (4.12)
) o
Cw =2 2[5;1 Cwi foreo=0 (1IPG), (4.13)

where Cyy =cm(cp +1). Then, for t CLL, m=1,..., M,

an(U,U,&, 1) — an(U, TU, &, 1) + Bodn(, &, 1) = 0 DETRE.  (414)

Proof. For the proof see Lemma 6.37 in the monograph [31]. O

Lemma 16. There exists a constant C, > 0 independent of U,u, h,t,t [CTL, M
and m such that

an(U, U, §,t) = an(U,mu, ¢, 1) + Bodn(§, §, 1) < Ca([ELRk, + [IBL,)  (4.15)
forany ¢ CSpfand m=1,...,M.

Proof. For the proof see Lemma 6.39 in [31]. O
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We continue with other useful estimates of the diffusion form ay.

Lemma 17. For arbitrary k¢, kg > 0 there exist constants C, = C(k;), Cq =
Ca(kq) > 0 independent of U,u, h,T,t CLh, M and m such that for each ¢ [SP?
the following estimates hold:

lan(U, Ty, ¢, t) — an(u, Ty, ¢, t)| < — Ifclil@;t+c [E15] + Re(n) (4.16)
|an(u, Ty, ¢, t) —an(u,u, ¢, t)| = — E@@t‘FCth% (4.17)

where R¢ and R{-are defined in (4.9) and (.10).
Proof. For the proof see Lemma 6.40 in the monograph [31]. O

Lemma 18. There exists a constant 8 > 0 such that the following inequality
holds
1 B 1 1
Bo  Pn(n&pldt = % Ri(n)dt+2Bed 12k, dt.  (4.18)

Proof. From the definition of the form Jy,, using the Cauchy and Young’s inequal-
ity and the definition of the [dlgk -norm, we get

801 = (0007 0E & 0
= %Jh(n,n,thwh(i,&,t)
= %Rt n) + 28 [E15k .
Multiplying by Bo and integrating over Iy, we get . O

4.1.2 Estimates of the convective terms

Lemma 19. For every k, > 0 there exists a constant C, > 0 independent of
U,u,h,t,t CI}, M and m such that for each ¢ S|}

|br(U, ¢, t) — bn(u, d),t}J:I - (4.19)
< DIEL o+ Co T - WE) | enfugo
K [Md,¢
Proof. See Lemma 6.36 in [31]. O

Lemma 20. For every ke > 0 there exists a constant ¢, > 0 such that the
following inequalities hold

1

ldn(E,E,t)|dt < QBkO [E12), dt+ Eﬂf;;ldt (4.20)
)
| |dnh(n, &, )] dt < 2'3;3 5k ¢ dt+ Eﬂ@dt (4.21)

Proof. It can be proved similarly as Lemma [3] and Lemma [12] O
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4.1.3 Estimates of the ALE derivative term
Lemma 21. Let § CSP7{. Then we have

=
(D+€, &)q, dt (4.22)
o — . 1
=35 @@m_mﬂ'@m_l_cz | [EI5)dt
1 ] m
{&m—1.&m-1 (4.23)
I:] m—1
-1 @m_l + Hd}m— @m_l — -, @m_l
] ] .
. (D&, &ocdt + {&m-1,&m—1 (4.24)
o1 S
>7 E&%'@ml"i‘l:{&}m 1@ Eﬁ%l@ | Ef:l;z;tldt
- m
(D€, &)q, dt + {E}m 1, &m-1 o (4.25)

II' 1

1 1 —
Zil:a;l;l@m‘i‘i[q_l@m_l Iﬂ@dt m—1» r-; 1 o

Proof. We start with the first inequality. We have
1

-1

—
(Dy€, €)o, dt = (D€, &)k dt, (4.26)

Im KD:g,t Im

where of course K depends on t. By virtue of assumption (2.15)), the Reynolds

transport theorem (3.41)) and relation ([2.10)), we get

E2(x, 1) dx (4.27)
. (-

980 Y Lo, t) - LTEAX, 1)) + E2(x, )divZ(x, 1) dx
A ] 1 1
GES;, Y +2z(x,t) - ER, 1) +& (X, t)divz(x,t) dx

I

[\
™
—~
X

~+
~—

= 2(DtE, E)K + (EZ, div Z)K.

Expressing (D€, &)k, summing over K [Th: and integrating over Iy, together
with assumption (3.10]) yield

] 1, 1

1 —d 1
(D€, &g dt = =  —  Edxdt—- (&,divz)g,dt (4.28)
Im 2 Im dU 0 2 Im I

— 7@@ [5;1; 1N ; (82, divz)q, dt
§@®m_§@—1@m %Z I}Iﬁ;]dt,

Im

\Y

which is (4.22)).

By a simple manipulation we obtain (4.23]), which together with (4.22]) implies
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(4.24). Concerning inequality (4.25)), by virtue of (4.28)) we have
- (-

1]
(D&, Eadt+ {Em-s &y _

m tm—1

:lta;ram—lm_lram_l

1
(&%, divz)qdt + &} - 1@ — (&m—1 &m—t)ar,_,
1 = o o
=5 Eh G, + Ehs @m_l —C Eﬂ@dt — &n-1:&m1 Oy
which proves the lemma. O

Let us consider the functions & and n, defined by (4.5)), in the interval [tm—1, tm]
and set

AX, 1) = n(A(X), 1), E(X, 1) = E(AdX), 1), (4.29)
X = A(X) = ATTHX), X CH,,, x TR, t Cl—q, tm).

Lemma 22. There exists a constant C, > 0 independent of u, U, h, T, m, M such
that

QH(DJI &) acdt + ({n}m-1, &m- 1)th E (4.30)
1 -
=C, 3 gﬁ@ Eaf;;ldt':'

+60 Iﬂ}m_l Iz-flmfl + 670 m_l I@mfl
holds for every 9, > 0.

Proof. By (2.9)) and (4.29)) we have

0
Din(x, t) = atr|(X 1), Xx=A¢(X). (4.31)
Using the substitution theorem, we get
1 1 [To 1
Im(Dtn,E)Qtdt = i %Dtn( t)&(x, t)dx dt - (4.32)
on(X, t)

E(X, 1) I(X,t)dX dt.

Im  Q,, Ot
Here J(X, 1) is the Jacobian defined in Section Using the fact, that
J( X, tm-1) =1,
we shall revIV:rilte in the following way:

| (DN, &) q.dt (4.33)
™ L (X, 1) 1
- Yex, tax dt

op Otme [T O

1 Leh
_|_

\_/

1
(X, )(I(X, 1) = I (X, tm1)) dX  dt.

o Otm ERn! Cl
Y2

Waald
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By virtue of (3.4), 3 W (Im; L=(Q,,_,)) and, thus, since J is constant on
each K and satisfies (3.9, we have
- <
xglﬂaf_l [J (X, t) = I(X, tm—1)| =< C3 Tm. (4.34)

toA
From (4.34]), Young’s inequality and the substitution theorem we get the estimate

0 B B O
ly2] = c313 =R [E15)  dt (4.35)
" Oty "
1 b 2 [
= 312 —  dt+ |€(X, t)]2 dX dt
Im SO L Im Q4
2 tm—
1 =l 2 1]
= 313 —  dt+ 1€(x, 1)[2I (%, t) dx dt
Im t O Im Qt
2 tm—1
. N
< &5t = dt+ (Cy)~ Eﬂf_,;ldt
Im ol

m—1

Now we shall estimate expression y;. The integration by parts implies that
e I N

_ R _ 0¢

Y1 = (r]m1 Em)th_l - (nm—l’ Em—l)th_l - | M, a dt. (4'36>

Qe

Since gi is a polynom in t of degree < q — 1, by the definition of 1, the last term

on the right-hand side of ([£.36]) is zero (cf. [51], (6.90)). Moreover, the first term
on the right-hand side is also zero. Since A+ = Id, we have E;_l = &mn—1 and

Am—1 = Nm—1. Hence, taking into account these considerations, we have

Y1 = _<r~1;—17 ém—l)ﬂtm,l = —(mﬁ—ll ErTw—l)th,l- (4.37)
To prove (4.30)) it remains to estimate
1 1
Vit {dm-1 & (4.38)
+ + m_j1:-||- - + —
_(nm—ll Em—l)th_l + Nm—1 =7 Nm-1 Em—l o
- - m

— +
== r]m—l!Em—l o
tm—1

Similarly as (ﬁ;,é;)gtm_l = 0, we have (Mm—1,&m-1)a;,,_, = 0 and we need to
prove that

(Mm-1: &m—1)ox,, = 0- (4.39)
If we set X := Al'g2 (X) with X [k, _, and X [, _,, we can write
(O = P @j 10X o= JE(X, i) de (4.40)

tm—1

= (AT, (X), tm1=)E(ATEZ - (X), 1) I (X, tm—1—) dXE

<C; A(X, tme1—)E(X, tm_1—) dX

Qtrn—

= C;(ﬁ;—l’ gn_’1—1>th_2 =0.
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Hence (4.39) holds and thus

(Nm—1, Er:—l)th_l = (Nm—1,&m—-1 — Em—1)0,, = (Nm—1, {€Im-1)a,_,- (4.41)

Finally, this together with (4.33), (4.35), (4.38) and Young’s inequality imply
[@30). 0

4.2 Abstract error estimate

Lemma 23. There exist constants C,, C,, C3 > 0 independent of u, U, h,t,m, M
such that

Emé; + = E{I}m 1E§;I -G Eaa dt (4.42)
1
P Cgatic, Ry(n)dt+Cs T @E dt+40F 0,
m m th 1
Proof. From and Lemmas [15 - 22| we have
L 1 1
(Dt&,&)o, dt + {&Fm—-1,Em—1 0
L Bidies o
1 oL
+ (ah(U! U’ E,t) - ah(U,T[u,E,t) + BO‘Jh(Ei E!t) dt
Cr Rl ]
1 02
= - (an(U,mu, &, t) —an(u,mu, &, t)) dt
Cr " rrrlh ]
(| o3
—  (ap(u,muy, &, t) —an(u,u, &, t)) dt
e " Eps! ' 1
1 o4 1 1
+ (bh(u,E,t) — bh(U,E,t)) dt— Bth(r],E,t) dt— dh(r],E,t) dt
Cr (L O e Rl O 2o 1
LT os | 1 06I:II:I o7
- (Dtrlvz.)Qt dt + {n}m—l’zr-;-]—l 0 - dh<E1Eat) dt1
' T il iy e LN R ]
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where

[, 1
@m—l + Hd}m—1 @m_l — &l I@m_l -5 . Eﬂ;zz—fldt,

Q
N
\Y
™ ol =
o

o
ot

| o
F & O ol

1
Eﬂ%‘gdwcc ([ET2] + Re(n)) dt,
'

Eﬂ@; dt+Cq Rth) dt
(i

Os BO | [EI5k . dt+ Cy . m@‘F @@+ hk|r]|2H1(K)) dt,

K [TH,¢

=~
o

A
|

04

A
|

1

A
|

Os

RNt 288 TETRR
Il_n] I
07 = & m dt+2B I}']@dt’
0 Im

g ] 1
og = C, 13 n dt+ [ET3] dt

Im Qtn—1

+do [{}}m 1 Ié;l + 1blfl;l2—1 I:szz_f]m_l
O < | Eagg dt+ oo Eﬂf;;l dt.

Rearranging we get
I:I

L1 I:l
E&l@ e B - B, 4 EIRLdE (443)
= c.

—+CC+Cb+Cn B [E15]
0

%IJFBOJFBOJFBOJJBB Eﬂﬁ;

|/\ N | =

1
+(C¢ + Cp)Re(n) + Ca Reth) + % Rt (n) + 2[3:(0 @@;,t dt
e
L Bh 1
B At -+ 8o Bbm—s 8], + 5 W2 ],
m Qtm—g

Now multiplying by two, putting &g = 1/4, 8 = 1/16 ky, = ks = kg = 32,
ke = 16 and taking into account that 0 < RHh) < R¢(n), we obtain (4.42). [

In our further analysis we need the following modification of Lemma [23]

Lemma 24. We have

(ERIS), + &t '?:—Qm_l Eﬂ@; dt (4.44)
L1 (|
L [El@dt%—cz | R¢(n) dt + C5 12 @E

m Qty—g

1
+60 E{&}m_l Ig‘flm—l - 670 Iﬁll;—l lgm—l T a [E%_l I@m—l T 461 IZ':F_]' Iztlm—l
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for arbitrary dq,9; > 0, where C;, C,, C;3 are constants from (4.42).

Proof. From ({4.§)) and Lemmas [15]- 22| we have

(| 1 1
(D&, &)a, dt + {€3m-1,&m—1 a
I M
+ (ah<U’U’E!t)_ah(U1T[u1E’t)+BOJh<EaE1t> dt
T |

(an(U,mu, &, t) —ap(u, mu, &, 1)) dt

[ O
(an(u,mu, &, t) —an(u,u, &, t)) dt

T ]

o4 - -
+ (bh<U,E,t) - bh(U,E,t)) dt— BOJh(n,E;t) dt— dh(n,z,t) dt
(L O @ [TL O @r__ o O]
o5 - - 06|:||:| a7

- (Dtn’ E)Qt dt + {n}m—1 ) Er_;—l 0 - dh(E,, Eu t) dt,
m 10 'm 1 dr o ]

Og 09

i

UF OF DE

}

i

]_

where
1

*[E%@"‘ E;Fllfq—fl Eﬂ@dt ;117:119 ,

—1

\Y

01

$ o 8
IA IA IA
FIRPPrE
o (o o
~+ ~+ ~+
+ o+ o+
o o 9
_l’_
_l’_

hk|n||2—|1(K)) dt,

@]
(2]
IA
2
=
-
(o
~+
_|_
DO
=
o
(o]
-
(o
o+

07

1 . ] -
Og Cy T4 dt+  [ET] dt

IA

A
-
3
a@ﬂ;ﬂ
=
_l’_
&
2

+do E{&}m 1@ +1bm—1 @m_l,
Oy < le Imtaj-;g dt+2[30 . [E15] dt.
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Rearranging we get

1
f[E;LIf;I Eé;q; B Po bm Ldt (445)
E'%j B Bo Bo
s §+cb+c +Cy +7 [E15] + —+—+k—+—+2[306 EEIQ;
m d
1 B 1 -
4+ Ce+Cpt+ ™ Rt(n)+Cth%)+—°Im§;t dt+Cnr,$] dt
2% 2Ke : I COL )

1 1

1 - +
+60 E{I}m—l @m_l + 670 m—l Ié—flm_l + Em—l’ Em—l Ot

Now multiplying by two, puttingrd,= 1/16,ky = ke = kg = 32, ke = 16,
using Young’s inequality to the term &,_q,&mn_; o with constant 8; > 0 and
t

m—1
taking into account that 0 < RHh) < R¢(n), we obtain (4.44)). O

m—1

The further goal is the estimation of expressions corﬁumng ¢ in terms of n.
To this end, it is necessary to estimate the expression Eﬂ@dt in a suitable
way. The analysis of this problem will be divided into two parts First we assume
that piecewise linear approximation in time is used, i.e. q = 1.

4.2.1 Abstract error estimate for linear approximation in
time

Similarly as in Lemma [§]for = 1, we find that there exist LM 0 such that
form=1,...,M we have

1

B imem =t e (4.46)
m—1 M I:I:] m Im

B, =7 Bt (4.47)

Theorem 6. There exist constants C, > 0 and C~% 0 independent of h, T,,, m,
u, U such that

[ 1 .
Igldt < Cy4Tm Re(n)dt + 12 n dt (4.48)
'm fm 1 'm T T, -
+00 & }m—1 @m_l + % oh— @m_l + ] @m_l ’
ifo<t,<CH'm=1,...,M.
Proof. It follows from (4.44)), (4.46) and (4.47) that
. — AM Leh
E&I@dtJr IRk dt< Ci+— : [E15)dt
Im Im m Im
1 1
+Co Re(n) dt + C3 T3 dt+ 8 H&}m-1 5]
th 1

1
+$ m_l [@m—l + a @_1 l%_-t]m—l
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which after neglecting the positive second term on the left-hand side, multiplying
by Tm and rearranging can be written as

1 1
(Lit Citm —4AM®:)  [EIGldt < czrm Re(n)dt + C312 @g
Im |

m Qt_g

2
+00Tm & }m—1 I@m_l + .[5? 41 @m_l Tm e @m 1!

Let L{+4M{3) = 3L{-And CyTm < iLI'which means that we set 8 = Wt.and
assume that

o_ L
<Th=C—=—. 4.4
0<Tm iC, (4.49)
Then we find that
1 1 1 .
= EIGdt=Coty  R(n)dt+C3T}, n dt
Im Im Im o
32M St
+60Tm Iﬂ}l’]’] -1 szl -1 I@m 1 L]l_:I @—1 @m—l !
from which we get estimate (4.48]) with
Cs = max{2C,/L{,2Cs/L 2/ 64M [ €,/ (LR}
O

Theorem 7. There exists a constant Cag > 0 such that the error e = U — u
satisfies the following estimate

E%@ﬁj E{B}, 1Tl +2 E@;dt

j=

(4.50)
. o — =) -
=Cae Bl +Cs (+1) | R(n)dt+ +r, dt
Qtj

i=1 i
111

| LA |
+(T2+1) [, ),

=1

+2Iﬁ.l£|§3£lm+f E{EI}J 1Tl +Bo _Il_uii;dt

j ji=1
form=1,...,M.
Proof. Substituting (4.48)) into (4.42]) we have the estimate
7 =
@@m‘i‘ §_C1C450Tm B § 1[? —[EJ] 1'@ @Q;dt
1
= (Cl CiTty + Cz) . R (r]) dt + (C4T + CgT

Qtry—y

1
+C4Tm E;L 1 I@ C4Tm 6 4) mII]—l @m—l .
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Using the estimate T, < T and choosing g so that C; Cy4 50 T = l we find that

LG+~ E{&}m 1@ — 2] Eai;g dt (4.51)
E]
= (Cl CsTm + Cz) . R (r]) dt + (C4T + C3T @E
Oty
+CaTm Ef 1 [R)  + (4C1CIT? +4) ], If;gjm_l.

Further, writing j instead of m in (4.51)), summing the result over j from 1 to
m and setting Cs = max{max{C;C,, C,}, max{Cs, C4}, C4, max{4C; C2, 4}} we
obtain

| U— T—=h
FayEay +i EEy T E‘?Q;IH + @ ) [E12} dt (4.52)
ji=1 j=1 i
IEI - -
< Cs (T +1) | Re(n) dt + 1 + 1)
j=1 j Qtj_l

m

1
- Orj+1E£;rI§§;Jj+(T2+1) Iﬂ; &), +EEJE§;J

j:

Using the discrete Gronwall inequality from Lemma [14] with the following setting

Xg = aoszé“@o, Yo = 0,

Xm == [E%@m’
1 T—1 —=h
Yo = Wl 2 leEgdt,
4j:1 -1 2 j=1 b
—
dm = @4-(:5 Tj—i-l ()dt

I:I 1
+ 1+r, dt + T2+1) m;r_llgig_l ,
Qtj

=1
bj = C5Tj+1, JZO,L..., ,

imply that
1 T—1
Eh e, + 1 Wik E@tj_l + B2 E&]f;g dt (4.53)
j=1 j=1
— Lg—— O =
= BB +C (G +1) . R(n)dt+ 1+r, dt
i=1 j
) | L— Lkt
+HT24+1) WG, (1 + CsTj+1)-
j=1 j=0

Now (4.53)) and the inequality 1 + 0 < exp0 valid for any 0 > 0 immediately
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yield
| L— T—=h
ERG), ¢ Ehall 2 ot
_

j 2 =1l

Jj=1 ]

L1 Itl [ rp——z—] 131

< Cae EEJI@OJrCE, (1+1) | Re(n)dt+ 1 (1+T1) | %@ dt

i =1 i Qtj—l
2 ™ 1 Lo
+(T*+1) MMy, 1}”;]1_1 ,
j=t
with constant Cag = expCsT.
Finally, using the relation € = § + 1 and the standard inequalities

[ ]
Ehlsl, = 2 E30e) + Ohis,
E15h, < 2 EIo+ BI5,
E{E}j—llfc;lj_l 2 [{&}j—ﬂ@j_lJrE{]’I}j—l@j_l

we obtain the abstract error estimate (4.50) for ¢ = 1. It follows from the
definition of & that & = 0. Hence, the error e is bounded only by expressions
depending on n and f. O]

1

IA

4.2.2 Discrete characteristic function

In our further considerations, the concept of a discrete characteristic function will
play an important role.

Let m Cf1,...,M}. For s [T}, we denote 95 = SS(X,t), X <%, t 14,
the discrete characteristic function to & at a point s [lk,. It is defined as
s [PF(1m; SP™ 1) such that

= .
(B P)g, , dt = € d)a, ,dt [RICPF 7 (1m; SP™), (4.54)

| m tm—1

(X, tm—1+) = &K tpm—1+), X K, . (4.55)

Further, we introduce the discrete characteristic function 9s = 9s(X, t), x [, t [
Im to & CSEY at a point s [k

(X, t) = s (ATH(X), 1), x K, t CLh. (4.56)
Hence, in view of (2.20), 9 CSET and for X [, we have
'83()(, tm—1+) - E(X, tm—]_"_)- (457)

In what follows, we prove some important properties of the discrete char-
acteristic function. Namely, we prove that the discrete characteristic function
mapping § — Js is continuous with respect of the norms [l dq,) and Cdlgk.
In the proof we use a result from [9] for the discrete characteristic function on
a reference domain: There exists a constant C(Cl,)_| > () depending on ¢ only such

that
(I ]

iR At =< cg) 3] dt, (4.58)

Im

I
forallm=1,...,M and h [{0,h).
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Theorem 8. There exist constants c(clz. c(czz. > 0, such that

[ O
MEldt < c&, [EI3)dt (4.59)

—'m , i

| Fl 5k, dt < e | [ET5k . dt (4.60)

foralls CLh, m=1,...,M and h [{0,h).
Proof. It is analogous to the proof of Theorem [I} O

D . #0 5F
In what follows, because of simplicity, we use the notation & = % and do not
write the arguments X and t in integrals.

Lemma 25. There exists a constant C, »4 > 0 such that

(I
(DtEn’SS)Qtdt + ({E}m—ly 19s(tm—l_'_))th_l (4'61)

m

1

> TEls—) 5] + Eltma+) 2]
(I

m—1

_CL24 | Eﬂ@dt—(iﬁq_l, ;1_1>th_1-

forany s [}, m=1,...,M and h [{0,h).

Proof. By virtue of the definition of the ALE derivative (2.9), the definitions

@29), (@.54), [@.55) and ([@.56) of &, 9 and s, the fact that £ is a polynomial
of degree < q — 1 in time and the substitution theorem, we can write

1 (| %~ 1
(D¢, Os)q,dt = ¢, 9 dt (4.62)
In]:l l:ﬁl_lh‘ l:l Im I:I I:LI_Ith_l :I
= i £,  dt+ &350 -1)  dt
:rl'nfl tm—1
= o %2 o dt+ %SS(J -1 dt
-1 It:ml—l @ tm—1
= %EJ dt + %E(l—\l) dt
t"El % fm—1 tm—1 Qtyy—
+ &80 1) dt
Im Ot
d =i -
= D&Badt+  LE1-3) ot
T tops -1
(I [
+ &, 9s(J —1) ot

Now we estimate the second and third term in the last line of (4.62)). We
begin with the third term. The fact that J is constant on each K [Tl _, and
the substitution theorem imply that

T (| —1
ﬁj I%SS(J — 1)%l th: (g =) RE%de dt
m tm—1 D’jw,tm_l m

I:I I:I I:D] ~ I:I
< max |z — 1| CE¥lax dt.
~ A tA Im K
Km‘rtm—l

66



Using the relation Jg (tm—1) = 1 and inequality (3.9)), we have

m 0
{nﬁa;}c\{ |JR - 1| = - |JR| dt<c3Tm.
Then we find that
1 1 ~%
max [Jg — 1| o &0 dXdt

m

K [h,e,_ g

1 1
<, T CIEDlax dt
Rfhe,, ™
(| 1
= C3Tm i |E9|dt dX
R P, R Im
L L [T g
< CyTm i €2 dt 192 dt dxX.
R Fhe K Im Im
Now we apply the inverse inequality in time: There exists a constant €, such
that (o LA o OO A
EIX PRdt < - IR pPdt (4.63)
m m m

holds for every X & ., Tn O, T) and m=1,..., M.
This inequality, Young’s inequality, Fubini’s theorem, (4.58]), substitution the-
orem and (3.6 imply that

L vz Rum i A
Tm X 1€ dt 192 dt dX
~ K Im Im
R Thy,,_
S [ 5= N v N o (R v
< ¢ R |€[2dt |9)2dt  dX
IZI___'\D‘tm L K I Im
¢, I IR
< . |E|2 |96)? dt dX
2 K Im
KI:r__"‘tm 1
¢ [T —
=5 |E|2+|8 > dX dt
AD’j’l,tm_l Im
¢ ~ 1 ~ 1
:5' | E&]f:;lmildtqtl [B5]  dt
: m I:] m
Ci (1 ~
5(1+c‘cl.) I dt
¢ o O g (-
= S (1+egh) _ [EPax dt
Im ~ =~ K
KI:Ij‘vtm—l
¢ 1 L[ 1 1
:5'(1+68,L) o €23 ~dx dtscDI [E15] dt,

where ¢ (C7) 726, (1 + ¢5,)/2. Summarizing the obtained results, we see that
we have proved the inequality

1
Elj %95(3—1)2 dt& c'ch | [E15] dt. (4.64)

m—1

67



Similarly as above we can estimate the second term on the right-hand side

of (4.62):
1 1 g
E;I %5(1—3) o thS EED,E(l—J))thﬂit
tm—1 - |:|Im

tm—1
= mmhodrl o JEEdxat
Khtm—y 1
< )T €% dxat
RiThe,, ™
[T ~ 1
= C3Tm . E€|dt ax
Ile:avtmfl "

e L= L | R wy R
< CyTm i €2 dt €2 dt dxX.
k D’j»]’tm_l K Im Im
Now the inverse inequality (4.63]) in time, Young’s inequality, Fubini’s theorem,
(4.58) and (3.6) yield the inequality
§E(1—-J) dtf=c . [E15] dt. (4.65)

tm—1 tm—1

with ¢, = ¢3 (CJ_)_16|/2
From (4.62)), (4.64) and (4.65)) we find that
- L

1
| (D& D)o dt= (D&, §)ocdt — (c'ch +cp) . [E13] dt. (4.66)
m m—1 m
Similarly as in the proof of Lemma by (4.28)), we get
J
. (Di€, &)q, dt (4.67)
m—1
L I:dII:IEZ(x t)dx?t L (82, divz)q, dt
= - — : - = ,divz)q,
2 tm—1 dt Q¢ tm—1 @

1 =

2 tm—1

1

1
s - gL -

Now, if we set ¢; = ¢’} + ¢1, from (4.66]), (4.67)), (4.57) and (3.10)) we obtain the

(22, diVZ)Qt dt.

inequality
1
(D& )a, At + (s, %o (tm-s+)a,. (4.68)
" ] -
= B [&ls—) I_Zﬁ—sl + [Eh-y I@m_l — (C2/2 +¢2) . I}]@dt — (&m-1, Er-;—l)th_y
which is with Cpos = C,/2 + C,. O

4.2.3 Abstract error estimate for higher order approxima-
tion in time

In the following part of this chapter we shall consider higher order approximation
in time. This means that we assume q = 2. For every m = 1,...,M on the
interval Iy, we introduce the following notation:
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tm—1+I/q = tm—l + Tm(;, Em—l = E(tm—l+), Em = E(tm_>a

Em—l+l/q == E(tm—1+llq), I == O’ ey q

Lemma 26. There exist constants L(E'I\/chb 0 such that for m = 1,...,M we
have

i:l L
Eh-reale) ., = o5 [ERldt, (4.69)
1=0 m Im
M
Bl Gl =< o [ET5]dt. (4.70)

Proof. See proof of Lemma
U

In the following lemmas, for simplicity we shall use the notation 9-And 9::%01"
discrete characteristic functions to § and &, respectively, at time instant tm—1+1/4.
~ |:| ~

This means that 9+ 9 =

Stm 1+1/q? 8tm—1+l/q'
Now we prove an auxiliary result similar to Lemma

Lemma 27. There exists a constant C, > 0 independent of u, U, h, T, m, M such
that

LT o0k o a1

< C, IED@E [&:lfo;ldt:l

Qg
+7 m_l I__%ﬂ;lm—l + 63 II;F_]‘ Iglm—l
O3

holds for every 63 > 0.

Proof. Similarly as in (4.33)), we get

1
I (Den, 97 ), dt -
AERE= -
_ an(;:,t)sl%(,t) dX dt
'_lr]n th—l I 1
Y1
1 Leh 3 .
. ‘%(’t)z(x,t)(J(X,t) J(X,tm—g))dX dt
,_Iﬁn Qt—1 at [T11 -

1 - 1
vl < ¢34 n dt+(Cy)™  [@HR)dt (4.73)
|

A
t(')
5[]

i

o3l
[[1T%5
=

i
l



where C,, = max{c3, (C;)~ 1 3.

Further, we pay attention to y;. Integration by parts implies

- I:Iasd:l
e O mae . — (Mo B o . — 1, =

LM dt.  (4.74)

Qty_q

|
Since a(;st 1s a polynom in t of degree < q— 1, the last expression is zero. We also

have (M (8 Jm)ae,, = 0 (cf. [BT], (6.90)), My = Mhs, BTy = (O
and thus,
1 1 1 1
Vit {NFm-1, (8 )t O, =1, (31 m—1 o, (4.75)

This, the relation (37%_; = &+_; and Young’s inequality with constant 8 > 0
imply that

1 1
|V1 + {n}m—l, (‘85!;1_1 o

m—1

1
l = % m_l Iglm—l + 60 I:E'I‘_l Iglm—l'

]
Theorem 9. Let g = 2. There exist constants Crg, Cg' > 0 such that
] ]
EI5Jdt < CTgrm (Re(n) + R{h)) dt + 13 (4.76)
Im Im
1
+ L& 1@ + 0o & }m— 1@ + C7+* ﬂgml :

provided 0 < 1, < C’

Proof. Let | Cf,...,q—1}. Setting ¢ := 3—n ([4.6) and using identity (4.7),

we get

1 1 (]
| (De&, 9o dt + {€3m—1, (B)m—s o (4.77)
n’]:l m—1
= (—an(U, U, 951 + an(U, u, 851) — Bodn (&, 951)) dt
T
+ . (—an(U, mu, 951) + an(u, mu, 951)) dt
+ . (—an(u,mu, 95%) + an(u, u, 951) — Bodn(n, 951)) dt
+ (bh(u,SDt) bn (U, SE't))
o
+  (—0h(&,97t) — dn(n,B551)) dt
Cm . .
- (D, 90, dt — {N}m-1, (B s
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This relation and Lemma [25(imply that
1

: MB—lH/qE + @—l @m_l L (478)

t
m—1+1/q
[

| | — an(U, U, 97t) + an (U, mu, 95t) — Bodn (€, 95 1)| dt
T

N |

IA

| —an(U, mu, 95%) + an(u, mu, 95 1)| dt
(I = an(u, tu, 951) + an(u, u, 95 1)| + [Bodn(n, 915 1)) dt

+
+

]
+  on(u, 871) — bp(U, 951)| dt
+

(ldn (&, 3q)|+|dh(ﬂ 9 b)) dt

1
+ | Dtn 'SL_}‘Qtdt—f_ {n}m 1a ||__)H- -1 0, H
m -1
Eazrln 1 &m—1 O E‘FCLM m@dt_RHS

—1

Now we need to estimate the right-hand side of (4.78 n ) from above. Using Lemmas

[19] 20} 27 with ky = ke = kg = 1, ke = 1/2 and Young’s inequality

with any 0, > 0, we have
1

1 1
RHS < Ca([EIBL, + Eﬁat)JrBoE?IJ@;ﬁCcEﬂ@JrCth(ﬂ) dt
1

m

+ Bo 5L + CaR((h) + Rt ) + 2Bod HEL ¢
07

+ Botﬁ+cbfﬂ@+cht(n) dt

i - —1

+ B + 5 9]+ BomIBh, + — (9]T5) dt
1 230 2B

m

o ETEL ¢
3 - (-
+C, 2 " dt+  EI5ldtt
Im Im

Qt—1

1
+*m—1|€| + 03 &y @m_l
1@}1 -
T L 98, (6, 3]+ Crag | [E15]dt.

Rearranging we get
N

1
RHS < ¢ 15k + B + 5] + [E15] + Re(n) + Ri(h) dt
=t 1
SRCREN= dt+5—3m_1|€lm (B3 +28) [EF 1 [B)

where ¢; = max{Cs + Bo, Ca + 2Bo + 2B00, Bo + Ce/Po, Cc + Cp + Cy + Croa, Cc +
Bo/2d + Cy + Bo, Ca}. Now applying (4.57) and the result from Theorem [ about
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the continuity of the discrete characteristic function, ie.,

1

_ SfRt = ch Eaz';gdt,
I:I m

it = cez; 12 it

we get
1 |:| 1
RHS < ¢, 15k + EI5] + Re(n) + R{th) dt+CuT
Im Q
tm—1
—1%}' _
+3 m;;l@;l + (85 + 28,) (B}, [B] I
2
with ¢, = ¢y max{l + cS,L, 1+ C(z) 4}. Then it follows from this inequality and
[4.78) that
1
1
Eﬁﬂﬁﬁ -, o
2 Qtm—1+1/q m—1
Lo |:| -
<c I8k + EI5] + Re(n) + Rith) dt
:LE
+CyT2 - dt + — m;gllgiglml
tm—1

Eh-10a)
P '

+(3s +28,) B} (5] +

Further, multiplying (4.79) by %, summing over | = 1,...,q— 1 and adding
to (4.44), we find that

1 1
Bo art— Bo
o 1N —+1
m @m + 8C2(q - 1) =1 I:E;l:l_l_'_llq m—1+1/q + 8C2 + |ZII1—1 I@m_l
Bo — .
+? I Iﬂ@;,t t
B, " " Ceh
<= EIEk (dt + U ot [ET5]dt
g 4 o
Bo Bo
+ Z + CZ I Rt( dt + — tl%h
1 L1
CBG o @@
4¢, o
—1 m—1
Bo 2
+ T +5 EhealE) |, + % E{zt}m_l 2]
l:l 1
L P O, 3] 63 +28,) + 48 B}, 3] .
4C253 m—1 m—1
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1
Setting €3 := min 1, 85 (q L SC + 1 and rearranging, we get

1 ot I:I I:I
C3 @@m + lz;L—]_+|/q m—1+1/q + Iz:III_]. I@m_l + e ' éb dt
] I=1 ann 1
= =0 Eh— 1+I/q@ —141/
w=? I:I L_a_ﬁ
Bo
< 1 + Cq [a%—fldt + 4 + C, -
Bo n o
t'%h dt + +Cs T4,
th 1
B 2
é:l%z 51 (Ehs l%_t]m—l +8 g&}m_l @m—l
1 1
Bo 1
" s Ty Wl g G i LG

It follows from mequahtles ) and (| - ) that

= Eﬂ@dH@ 15k (dt
83 + 28,)M 46 M
sr?(fr 2)Mg~, 4% i°+cl [E12)dt

2
+ észoéz + 5, (-1 Eszz—flm_l + 0o & }m—1 @m_l
1

Bo 1
+ 4C263 _1 I@m 1

. C3LD (32C3L|:I 202C3L BoC

—i—%, C; = L% we get

4c203
BP0 ¢, [Elf;gldtJr 20 rErE) .t (4.80)

2Tm 4

- |:| .
sc4I (Re(n) + Reth)) dt + cst3 | %E dt

1
+Ce L&T—1 I@m_l + 0 & }m—1 @m_l Tt & - @m_l.

CG = 4c20,

C3 L
4 and

If the condition 0 < Ty < CEQI : Bocilzg: is satisfied, then BO +Cy = e
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from (4.80) we obtain the estimate

E&jégdt + Eaf;g dt

4Tm Im

teolEhalo) |, + 0l male] |+ o+ 5 M e,

which implies (4.76)) with Ctg := Cgil_:max{czl, Cs, Ce, 1}. ]
q

The error analysis will be finished by the application of the discrete Gronwall
inequality. If (4.76) is substituted into (4.42)), an inequality is obtained, which is
a basis of the proof of our main result about the abstract error estimate:

1
ELE) — Bl + ;E{I}m—l B+ 820 i [E12L At (4.81)

([ ] "
<Ci;CroTm (Re(n) + Rih)) dt + T dt

Im In LAt G,

I I I | 1

+ - 1@ + 0o & }m— 1@ + C?‘i‘l m—ﬂ@m_l
(-
+C; R(n)dt+C3r @E dt+4mf . E) .

(Cz +C; CT9)<1 —|—Tm —|— Rt%
|:|
+(C1CroTm +C) T
th*ﬁ:l —

1
+C1Crotm &4 @mil +C1Crg C7+ 3 Tm [0} —1 Eza—flm,l
+C1CroTm o & }m-1 @m_l
1 1
<CiCrotn ], @;Jm_l +C1Crg C7+ 3 Tm [0 I@m_l
1
+C1 CroTm 0o &} m—1 @m_l +C DI Kem(n) dt,

where

C I:': H’laX{Cz + C]_ CT9, C]_ CTg T + C3} (482)

is a constant independent on T, and

Kem(n) = (14 Tm)(Re(n) + Reth)) + 14, %E

for t C14,.
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Theorem 10. Let 0 < 1, < C5'for m = 1,..., M. Then there exists a constant
Ct10 > 0 such that

1 T—1
ELE] + L G, + [32 ) [E12); , dt (4.83)
j=1 j=1 b
1 T—=h
SCT]_O @I@O -+ C%tyj(ﬂ)dt
=1 - )
+C1CT9 (C7+4C1CT9T) Tj @I‘_ll@_il ) m:1,...,M,h m,h),
i=t !
where Cvas defined in and
Keg(n) = (1+)(Re(n) + Rih) + 77 %E (484
Oy,

fort CL), j=1,...,m
Proof. Writing J instead of m in (4.81)), we obtain

5 (3], — (e, + 5 - 5. B a

I:I

1
=CiCro1y L, @__1 +C1Cry C7 ‘|‘ ~ o, %—fjj_l

+C1Cr9Tj 9o Iﬂ}j—l@ +CDI Ktj(r])dt
—r e

< C1CroTj [Ejll;l@ + C1 Cry C7+ 3 T i, @_1

+C1CroT 8o i} I@j_l +C DI Kej(n) dt.
i
Setting 89 = m we have

B
&7 ) — ELalal , + ey AR 5 Earé;g dt
< CiCreT (5, (3], +C1Cro (c7 +4Cy CTgT )G M &)
—i—CDI Kej(n) dt.
i

Let m = 1. The summation over all j = 1,..., m yields the inequality

1 T Hh
@@m + All &} @j,l + 820 ] Iﬂ&,t dt

Jj=1 j=1

TF_EI
_ qut,j(n) dt

=1

SEJIQ—FClCTg TJ+1|Z}“@+
o )

j_

+C1Crg (7 +4C1CroT) T Ifjl' I@_l
1

ji=
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The use of the discrete Gronwall inequality from Lemma [14] with the following
setting

Xo = aOZEEJ@O, Yo =0,

Xm - m@m’
™ 1 | EI
Yo = & ENaE) 42T e
4j:1 ] 2 j=1 li

| um—
am = G+ | C"Kej(n)dt
j=1 1
™1
+C1 CTg (CY +4C1 CTQT) Tj Iﬂir_l L_Zﬁ_llj_l’
j=1

J:
bj = ClchTj+1, j:O,l,...,m,

yield
I L— B, T=1
R, - WEhal + gt (4.85)
j=l j:]_ J
- T =h
= W+ CRymd
 Lo— G -
+C1Crg (C7 +4C4 CTgT) Tj @-_1 @jil 14+ C1Cqrg CaTj+1 -
j=1 j=0
Finally (4.85)) and the inequality 1+ 0 < exp(0) valid for any 0 > 0 immediately
yield (4.83)) with the constant Crig := exp(Cy CrgCsT). O
Theorem 11. Let 0 < 1, < C5'for m = 1,..., M. Then there exists a constant
Cage > 0 such that
[ L— B, T=1
EhE] +- eyjal3]  + (a2} , dt (4.86)
m 4j:1 -1 2 j=1 Ij
1
< CAE @I@O —|—j:l | Cl%t’j (r]) dt
1 L
+C1Crg (c7 +4C1CroT) T [, l@j_l + 2004, 05)
Jj=1
TR L —=h _
+5  Hh-al), +B Mkt m=1,...,M, h[Q0h)
j:]_ j:]_ J

where CHand Ky j(n) was defined in (4.82) and (4.84)), respectively.
Proof. From (4.83)) using the relation e = & + n and the standard inequalities
1 1
S, = 2 G, W,
1k, < 2 VL + [TBL,
({&}j—1 @j_l 2 &} @j_l + M}i—1 lf_;—tlj_l

we obtain the abstract error estimate (4.80]). O

IA

IA

1

IA
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Taking into account the definition of & and (2.33)), we see that & = 0. Hence,
(4.86)) represents the estimate of the error e in terms of expressions depending on
the interpolation error 1. This is the basis for the derivation of the error estimate
in terms of T and h.

4.3 Interpolation and space-time projection op-
erator

In this section a suitable Sﬁ‘m_l—interpolation and a space-time projection oper-
ator will be defined with respect to the error analysis of the numerical method
proposed in Chapterl Space SP™ ! was defined in Section by .

At first we introduce the Sp —mterpolation [T m—1 defined for all functions

w CLP(,, ,) as
Mhm-W CSE™, (ThmaaW =W, §)g, =0 CRCSP™ (4.87)

Hence, Iy m—1 is the L?(Q,_, )-projection on the space SP™ .

Before defining the space-time projection operation we remind some important
spaces from Section . By P(Iy; Sﬁ’m_l) we denote the space of mappings of
the time interval I, into the space Sﬁ’m_l which are polynomials of degree < ¢
in time (p, @ =1 are integers) Then the space of piecewise polynomial functions
in space and time S{'{ was deﬁned by [2.20) -

Now we define space Sh T as

§ = {0 ¢li, CO(Tm; L3,y ,) M=1,..., M}, (4.88)

By [31], Section 6.1.4, we define the space-time projection operator
:S — Sh 1 in the following way:

fw I:Sl then
mw Bhr! (4.89)
() (X, tm =) = Thm-aW(X tm—), X [k, m=1,...,M, (4.90)
(MW — W (I))th L dt=0, @I:Sﬁ:g_l, m=1,...,M, (4.91)

lm

where the operator IT,m—1 is defined by (4.87). We can see, that condition
(4.91) means, that the interpolation error W — W is orthogonal to polynomials
of degree ¢ — 1 on l,,. The lower degree of test functions ¢ is compensated by
the condition (4.90)).

Hence, if v = v(X,t) for x [, t [k then v = V(X t) = V(AT 1 (X), t) for
X [, _,,t [T}, and we can define the space-time projection operator T as

(mv)(x,t) = (V) (AR D) 7H(x), 1), x CX, t Coh, m=1,...,M, (4.92)

provided the expressions in (4.92)) make sense.
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4.4 Error estimates in terms of h and T

Error estimates in terms of h (size of the space mesh) and T (size of the time
mesh) can be derived using the abstract error estimate (4.86]), where we take into
account that & = 0, as it is mentioned at the end of Section . Moreover, in
this analysis we come to the difficult open problem how imate the expression

0} -1 @j_l- Therefore, we omit the expression % j=1 {8} @j_l in the

estimate (4.86)), which will be replaced by the following relation:

(e &), + B; [eT5} , dt (4.93)
j=1 li

| L— L

1TJ [, 'Qzlz—r'j_l

L=
< CAE | Cl%t,j (r]) dt+C1 CTg (C7 +4C1 CTgT)
j i=

=1

T—=h
+2M1, &)+ Bo Iu?r@;,tdt, m=1,...,M, h [10,h).

j=1 1

As in the previous sections, we assume, that u and U denote the exact and the

approximate solutions satisfying (4.4) and (4.2)) - (4.3)), respectively. According
to (4.5)) the error can be written in the form

e(x,t) = U(x,t)—u(xt) (4.94)
= Q (X, 1) T_I_plu(x, t)H @u(x, t>|‘|_‘|‘|u(x' t)1):.I
E(x1) nx.n

Terms u(X, t), n(X, t) and (X, t) can be transferred to the reference domain using
the ALE-mapping Al¢ ", see (4:29):

00X, 1) = UATTHX), 0, AOGH = NATCHX), 0, EOX 1) = EARTHX), 1),

X =AlTHX), X Ty, X TG, t Ty, tm).

Using the definition of the space-time projector operators i and T (see (4.89)-
(4.91) and (4.92), respectively) we can write fj(X, t) in the following form:

AX Y = n(ATTH(X), 1) = mu(ATTH(X), ) —u(ATH(X), ) (4.95)
= TO((ATTH) AT (X), ) —u(ATTH(X), 1)
= fa(X,t)—a(X,t).

Now we express term fj = fj(X, t) as

Qi = (0= 0|1, =AP +7P, m=1,...,M, (4.96)
AY = (h,m-10— 0)], (@ = ((hm-10) = Tnm—10)]1,0,

m!

where operators Tl and IIp m—1 are given by (4.89)-(4.91)) and (4.87), respectively.
In (4.96) we used the fact, that f(Ilhm—10)y,, = 0y, m = 1,..., M, which
follows from Theorem 6.9. in [31].

Assumption on the regularity of u: We consider p,q = 1 (p and q denote
polynomial degree in space and time, respectively), assume that the functions u
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and O are sufficiently regular so that A has continuous time derivative of order
q+1and

u CHYN[0, T HY () n CH[0, T]; H3 (), (4.97)
U, CH™ Y 1 HY Q) 0 C I H3 (D)), m=1,...,M, (4.98)

where § = 2 is an integer. As usual we set 4 = min(p + 1, S).

4.4.1 Estimates for

Now we summarize results from [31] for the term f.

Lemma 28. There exists a constant C,g > 0 such that the following estimates
hold:

MF &) < Clph™u(0)fue, ) (4.99)
- M- l&l | = Clph™u(tn-1—) g, ) (4.100)
o [P gy dt < Clh210l2, iy (4.101)
Y [ 21z, dt < ClghZ* Plul, huky: (4.102)
h% . [0 2L, dt < ClghZ' Plu, vuky: (4.103)
for K [CIlhm-1, m=1,..., M.
Proof. These results are consequence of Lemma 6.17 from [31]. ]

Lemma 29. There exists constant C; o9 > 0 such that the following estimates
hold:

2 2(q+1
mﬁ ) I:LZQ(IZ) dt = CL29 Th s )lulHq+1(|m L2(K))* (4104)
mﬂZ) @(R) dt S CL2 2(q+1)|u|Hq+1(|m Hl(K))’ (4105)
h|22 I @Z) IiL(IZ) dt = CL29 -[Z(q-'-l)|u||_|q+1(|n,I HL1(K))’ (4106)

for K [CIlhm-1, m=1,..., M.
Proof. It follows from Lemma 6.18 from [31]. O

[
Finally, we shall be concerned with the estimation of | Jn(A,1,t) dt. We
have

Jn(1,1, 1) < 2(In((D, 4D, 1) + In(1®, 79, 1)), (4.107)
From identity (6.115) of the monograph [31] we have
L1
Jn(A®, 4D t) dt < C?h2H- 1)|U|L2(|m HE Qe ) (4.108)

Im
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Lemma 30. Let the Dirichlet data up = up(X,t) have the behaviour in t as a
polynomial of degree < q:

[ —
up(X,t) = ;(x)t, (4.109)
j=0
where g; CHSY2(9Q) for j =0,...,q. Then there exists C/5} > 0 such that
-
(@090 dt = (Cl)* T VN0 e,y (4-110)

m=1,...,M.

Im

For general data up, if there exists a constant C > 0 such that

IA

for all T Eélﬁtm_l, m=1,...,M, h [0, h), then there exists constant C,55'> 0
such that

[
| In(@,0P, 0 dt < (CED2TZ(0R0ag 120 ) (4.111)
Jr|‘]|2Hq+1(lm;H1(th_1)))’ m=1,...,M.
Proof. See Lemma 6.19 from [31]. ]

From Lemma [30| we immediately have the following conclusion:
If up is defined by (4.109), we put y = 1. Otherwise, if Up has a general
behaviour, we set y = 0. Then
1
In(®, 7@, 1) dt (4.112)

2 2 ~12 ~12
< Clao T (10101 1mie(@e, ) + 1001 it (@e, o)
m=1,...,M.

Lemma 31. Let the exact solution u satisfy the regularity condition (4.98]). Then
there exists a constant C, 3; > 0 independent of h,t,,, m,M and u such that

1 1
2(u—1) |42
M5k, dt < Cia h** D020, v, Ly (4.113)
Im 1
2 12 ~12
+Tm(q+y)(lulHQ+1(Im;L2(th_1)) Rl U] (FESEPORTEVE MY
m=1,...,M.

The choice of the parameter y = 0 or y = 1 is specified before identity (4.112]).

Proof. See Lemma 6.22 from [31]. O
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4.4.2 Estimates for n

Now we need to prove some auxiliary lemmas.

Lemma 32. The following estimates hold:

MY < CrmoE), (4.114)
MRy = CTCR MO k) (4.115)
NOFea) = CT(CRANMDIg): (4.116)

where K = AlY(K), K T, _,, t CTHh, m=1,...,M.

Proof. Inequality (4.114) can be proved using the definition of the ALE-mapping
(2.14)), the substitution theorem and ({3.6):
] L]

mit) 5] = o In(x, t)[?dx = o (AT (X), D23 (X, 1) dX
|:| m—1
< Cjy o NS H1?dX = C @i 5] .

Using (4.29) and (3.61) we can prove inequality (4.115]) in the following way:
1] 1]
MOk = |f|| L, t)? dx = N CORIAT ) ™ (%), 1) 17 dx
= Bk EPOEX, )PI (X, 1) dX
K .
< (CRPCT I TAK,OP X = (CR)’CH IN(OR,eqe

Similarly, because Af't ! is affine, which means that second derivatives with re-

spect to X are zero, we get . ]
Lemma 33. The following estimates hold:

MLE = CImL. &, m=1...,M, (4.117)

Mh-. R = CiML.E ., m=2..M (4.118)

For m =1 we set N,—; = Ng := Il ou® —u®. Similarly we set fj_; := IIj, ou® — UC.
Proof. Inequality (4.117) can be proved using the definition of the ALE-mapping
(2.14)), the substitution theorem and (J3.6)):

1 L]

m@m = |rl(X, tm—)lde = |r](Ahm,t_ml—(X)’tm—1)|2‘] (Xatm—l) dX
Fm—) Y1
< €I X tmey)PdX = CF Wb ] .
tTm—1
Inequality (4.118) can be proved similarly:
1
- I:szz—fjm_l = IN(X, tm—1—)?dx
I%m—l
= o AT -0, tn) PI (X, tmz) dX
il
< Cf (X tm)PdX =Cy ]
tm—2
O
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Lemma 34. The following estimate hold:
In(n,n, 1) < CZEL In(n, A, 1).
Proof. From the definition of the form Jy (2.25)) we have
(.

1 1
Ja(n,n, t) = cw h()™ [n]?dS +cw h(I)™

ree), ' rEg, "
Analogously as in the proof of Lemma (7| and (3.65)) we prove inequalities
gously pro p q

h()™ [nfas” < ClERX (D)™ _[ndsT,

for T CHL,, T CHY, .
h(D)™r nds” = cTe; h()™ _n2ds’,
r

where I' CHE,, ' CHZ, _, T'= (AP 7Y(D).
Thus, we have
1 -
Jn(n,n,t) = cwCHEX h(I)™ _[aJ?ds"
ey, -
+ch|_|:|7:@; h(F)_l
rl:lg?’t
1),

>

= (AR 7HT), and

O

< CHEX In(n.N

Lemma 35. There exists a constant Cpg > 0 such that

ﬁ@;,t = Cpgc m,t'
Proof. From (3.1, (4.115) and (4.119)) we find that
'TL@;,t = NGy +In(n, N, 1)

K [Td«

1
< Cj(Ca)’ IOy + CEER In(A, N, 1)

K ey
= CDG m t

where Cpg = max{CJ (C,)?, CLEX}.

(4.119)

(4.120)

O

Now we are ready to estimate all terms on the right-hand side of (4.93)) in

terms of h and T.

Lemma 36. There exists a constant C 3¢ > 0 such that

T—=h
C"Kej(n) dt (4.121)
j=1 I
ﬁ —1)~12 2(p—1) +-2 u
=Curss h=+ )|U|L2(|,-;Hu(§ztj_1)) +h* )Tj %
J=1 Lz(leru(Qtjfl))
2(9+Y) 117412 (12
—|—‘[J- (lulHq+l(|j;L2(Qtj_l)) + |U|Hq+1(|j;H1(Qtj_l)))

. E 1
2(g+1)
+1; . ,

HI(1j:H1(Qy_,))
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where choice of the parameter y = 0 or y = 1 is specified before identity (4.112]).

Proof. From (4.84)) we have

Kt,j(n)=(Hn)(RdnHR%))Hﬁ%E , tj=1,...,M,

where R¢(n) and RHh) was defined in (4.9) and (4.10]), respectively. Using esti-
mates (4.120), (4.114)), (4.115)) and (4.116]) we find that

[
Rt(n) - t + Lﬂlﬁi + mlHl(K) + hi |r]|H2(K)
K [Td,¢
< Cpc Mgk + C Enj@;l
— L]
+ CJ (CA> |ﬂ| H1(K) + h Ianz(K)
KIh g,y

and

Reth) = @&,t + hK|r]||2-|2(K)

K [Md¢
= CDG m,t + CJ_(C;)2 h2 |n|H2(K)1
R Fhy_y
which in total gives
T—=h T—=h ]
C¥jm)dt = cH (1+71) 2Cpg A5k +CJDﬁJ§;|
j=1 b j=1 i
e, ]
+CJ (CA) (lnl l(K)+h |n|H2(K)) dt
l"il_—:\ul,tj_]_
- 2
e EREE
j=1 1 Qtj_,

Concerning term % % , from (4.98)) we have
tj—1

on
at

and from (4.102)) and (4.105)) we obtain

I I ~(1) ~
E u
! t (R) t L2(Im;t I“(}2))

1 = _
.[2 gﬂ E dt = C|_2 .[2(q+l) %E
m o, Eot - t !

L2(K) HI(Im;HY(K))

CH (In: H (Q4,-,)) 0 C1m; H(Quy),

for K I:tlh,m_l, m=1,...,M.
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Now we can apply results from (4.113)), (4.101), (4.104), (4.102)), (4.105),
(4.103)), (4.106) and obtain the following estimate in terms of h and T:

—H=h
CIRt,j (n) dt
j=1 I
1
| LIS |
=2CCpeCLar  (1+T) hZ(u_l)lalzLZ(lj;HH(Qtj_l))

-:1
] —1

29+Y) (1412 (12
—|—Tj (lulHq+1(|j§L2(Qtj_1)) + IulHq+l(|j;H1(Qtj_l)))

I%+ 2 h2u 12
+C<C; _ (1+T1) Cios R'“'LZ(l,—;Hu(R))
=1 Rm,tj—l

2(9+1)(~12
+Clr2g T |U|Hq+1(|j;|_2(|2))

L1

L —
—\2 2 212
+C €7 (CR) _ (1+1) Cighz |u||_2(|j;Hu(|2))
i=t R (Fhyy

2q+1) ~12
+Cl29 T |U|Hq+1(|,-;H1(l2))

L1

 L— — &
_ 2(0—1)y~12
+2C"€ (CL)? _ (1+T1) Clag hiz |U|L2(|,-;HH(F<))
i=1 KThy

29+1) 1 ~12
+CLao Tj |U|Hq+1(|,-;H1(l2))

! _ v
+C™ Cinhg VT B

ISR Ty, L2(15;HH(K))

N (.
2(q+1) [@U
L Cuap T2 %E

Ha(lj;HL(K))

L1

a
% ~D)| 2(1—1) 1.2
=Cirs h=+ 1)|u|2L2(Ij:Hu(Qtj—l)) h? g

. ) Dot
=1 L2(15;H1(Qy _,))

2@@+Y) (17412 ij12
1T (|U|Hq+1(|j;|_2(§ztj_l)) + |u|Hq+1(Ij;H1(Qtj_1)))
(i 1
+Tj2(q+1) . ’
HI(15:HL(Qg_,))

where we used that hx < h for all K I:Ijh,tj_l, j=1,...,M and

Crzs = max {2CCpgCrai (1+T),
CET (1 +T) max{C?,, Croo},
2C %; (C;)z (1+T) max{CEZS, CrL2o},
Cax{C¢,5, CL20}},
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fory =1 and

Crse = max {2C"CpCra (1+T),
C €7 (1+T) max{CZ,, T Cr20},
2C€7 (CA)? (1 +T)max{Cl, T Crao},
c %aX{Cﬁzgu CrL20}}

fory = 0. [
Lemma 37. The following estimates hold:
| LI— L LI—
Tj [0 I;Zz—fjj_l < CjCiph™ Tj|U('[j—2_)|2Hu(§ztj_2)1 (4.122)
Jj=2 j=2
MLE] =< C3Ciy h2“|ﬂ(tm—1_)||2—|u(9tm_l)- (4.123)
Proof. From (4.118) and (4.100) we have
LI | LI
Tj -1 I;Zz—fjj_l = Cy 1 @j_z
j=2 j=2
+ ~2 2u f|":~| 2
= CyCixh Tj|U(tj—2_)|Hu(Qtj_2)-
i=2
Moreover from (4.117)) and (4.100) we get
ML, < CrMhalE
< Cj Clph™u(tm-1—) i, _,)-
[
Lemma 38. The following estimate holds:
T—=h 'I’__Ing
[[2Ldt < CpgCrai R0 2, ar L) (4.124)
j=1 li j=1 1 —
2 ~ ~
+T; (q+y)(luleCI"'l(lj;Lz(Qtj_l)) + |u|2Hq+1(Ij;H1(Qtj_l))) -
The choice of the parameter y = 0 or y = 1 is specified before identity (4.112]).
Proof. From (4.120) and (4.113)) we get
T—=h T—=h
gL dt < Cpe [FI5) . dt
j=1 b j=1 b
= CocCia h u_1)|u|2|-2(|j;H“(Qtj—l))
= 1
2 ~ -
+T; (q+y)(|u|2Hq+1(lj;LZ(Qtjil)) + |U||2—|q+1(|j;Hl(Qtj71))) :
O
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4.4.3 Main result

Now we can formulate our main theorem about the error estimate in terms of h
and T:

Theorem 12. There exists a constant Cy1, > 0 such that

By T—=1
lehle), +5 | [eloh,dt (4.125)
% —)ye _ a
=Cre h= 1)lulsz(lj:H“(Qtj—l)) +h e t@
j=1 L2(15;HH Qe ;)

N L1

2(q+1) @Y

2 112 12
+1 (q+y)(luIHq+1(|j;L2(Qtj_1)) + |u|Hq+1(|j§H1(Qtj_l))) +T t

HQ(lj ;Hl(Qtj_l))
1

+h? T Tju(t o) If +h?|a(tm—1—)I7
_, 2Ty ) m—17)IHk(@Qr, ;)
J:

The choice of the parameter y = 0 or y = 1 is specified before identity (4.112).

Proof. From (4.93)), (4.121)), (4.123), (4.122) and (4.124) we get

) [el5),  dt

Bo
lehie), + 5
i=1
éb =D — a
= CAECL36 h " 1)|u|2|—2(|j;H”(Qtj—1)) + h2(u ¥ T'Z

. 1 Dot
J=1 LZ('JyH“(Qtjfl))

29+Y) (1912 12
+Tj (lulHq+1(Ij;L2(Qtj_l)) + |u|Hq+1(Ij;H1(Qtj_l)))

~ E —1
2(q } 1)

Ha(13:H(Qg )
+ ~2 2u rr':~l 2
+CAEC]_ CTg <C7 + 4C1 CT9 T) CJ CL28 h Tj |u(tj_2_)|H“(Qtj_2)

j=2
+2C3 Clpg h2“|l](tm_1—)|,2_,u(9tm_1)

+BoCb; CLa1 h !

—1)1~12
L g )|U|L2(lj;Hu(mj_1»
J:

1
2(a+Y) (11412 “12
+Tj (|U|Hq+l(|j;|_2(9tj_l)) + |u|Hq+1(lj;H1(Qtj_l))) :

Setting CT12 = maX{CAECL36, CAEC1 CTg <C7 + 4C1 CTg T) C;— CEZS’ 2C;_ CEZS’
BoCps Cra1} and using T = maxj=1, m Tj we obtain (4.125). O
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5. Applications of STDGM

Let us now focus our attention on applications of STDGM to the solution of the
compressible Navier-Stokes equations (written in the conservative ALE form) in a
time-dependent domain coupled with linear or nonlinear elasticity. The developed
method is applied to the numerical simulation of air flow in a simplified model of
human vocal tract and flow induced vocal folds vibrations.

5.1 Formulation of the continuous problem

In Chapter [I) we introduced the formulation of a nonstationary viscous compress-
ible flow in a time-dependent domain €2;. Now we reformulate this problem with
the aid of the ALE method.

5.1.1 Compressible Navier-Stokes equations in the ALE
form

The system describing compressible flow, consisting of the continuity equation,
the Navier-Stokes equations and the energy equation, can be written in the form

ow Eoflw) EoRLw, [w)

ow - =W, W 5.1
at s=1 aXS s=1 aXS ( )

where W is the state vector, ¥4 (W) represents the inviscid fluxes and Rg(w, D)
denotes the viscous terms, see .

Then, introducing a regular one-to-one ALE mapping we can define the
domain velocity z in and the ALE derivative of a function w; = w;(X, t),

x &, t OO, T),i=1,...,4 as

D 0
aWi(x,t) = ﬁ,t), (5.2)

where WX, t) = wi(A¢(X), t), X [, and X = A¢(X) k.

Using the chain rule we can rewrite this formula to the following form

Dw; aWi aWi
= +z- [wk= 3t

Dt ot
Finally, introducing g4(w) = Fgi(w) —zw, s = 1,2 and using (5.3) we can
write system (5.1 in the ALE form
EaRL(w, Cw]

D Eagd
= W) +wdivz = ———-. (5.4)
Dt o, 0Xs =1 0Xs

+div (zw;) —widivz, i=1,...,4. (5.3)

5.1.2 Dynamic elasticity system

We assume that the elastic body is represented by a bounded polygonal domain
O [CR¥ with boundary 89Q° = I'y) [T%,, where I'y n I}, = [IOn I'%) and 'Y, we
prescribe the Dirichlet and the Neumann boundary condition, respectively. The
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deformation of the body is described by the displacement u : Qb x [0, T] - R?
and the deformation mapping

W(X,t) =X +u(X,t), X P, t ]0,T]. (5.5)

Further, we introduce the deformation gradient, the Jacobian and the cofactor
CofF of the matrix F:

F=I[0, J=detF >0, CofF =J(F™"). (5.6)
Here F~T = (F71)T. If we set F = (Fij)?;=;, then Fjj = ‘“' and
1 [+ 1 -
r_ 1 Foo —Fp 1 Fo, —Fo
det F _FZl l:ll det F _F12 Fll

Now, we introduce the first Piola-Kirchhoff stress tensor P = P (F),

L1 1
P1i(F) P1(F)

P PulF) PalF)

Its form depends on the chosen elasticity model (cf. [25]). Moreover we denote
the divergence of the first Piola-Kirchhoff stress tensor P as

—1
0P11(F) + 6P21(F)
divP (F) = G + oratey =

6X1 6X2

The general dynamic elasticity problem is formulated in the following way:
Find a displacement function u : Q° % [0, T] - R? such that

ba u pOu

u b
P 5e +Clhp 3t —divP(F)=Ff inQ°x][0,T], (5.7)
u=up inT% x[0,T], (5.8)
P(F)n=gn inI} x[0,T], (5.9)
u(-,0) = uo, %‘:(-,0) =2 in Q°, (5.10)

where F : QP % [0, T] —» R? is the density of the acting volume force, gy : '} X
[0,T] - R2? is the surface traction, up : I'y % [0,T] —» R? is the prescribed
displacement, Ug : Q° - R? is the initial displacement, Zg : ° - R? is the initial
deformation velocity, p° > 0 is the material density and C, = 0 is the damping
coeflicient.

In the stationary case (static problem) we seek u : QP — R? such that

—divP (F) =f in Q°, (5.11)
u=up onI%, P(F)n=gy onl¥. (5.12)

Linear elasticity

In case of linear elasticity the stress tensor P (F) is denoted as o(u), which
depends linearly on the strain tensor e(u) = ( CLF [U)/2 according to the
relation

P(F):=a(u) = A tr(e(u))l + 2ue(u). (5.13)
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Here A° and p° are the Lamé parameters that can be expressed with the aid of
the Young modulus E? and the Poisson ratio v®:

Eb
2(1+vP)’

EPyP
b _ b _
A= (14 vb)(1 —2vh)’ H =

(5.14)

If we set e(u) = (& (U))?j—y, then e;j(u) = 3(32 + &) and

tr(e(u)) = _ eii(u) = - % = divu.

Nonlinear elasticity

In the nonlinear case we consider two elasticity models. First, the neo-Hookean
model with Piola-Kirchhoff stress tensor

P(F)=u(F —F )+ Alog(detF)FT. (5.15)

Moreover we consider the nonlinear St. Venant-Kirchhoff model, which is re-
lated to the linear elasticity model by using the nonlinear Green strain tensor E
instead of the linearized strain tensor €. The first Piola-Kirchhoff stress tensor is
then defined as

P(F)=FZX, (5.16)
where
¥ = Ntr(E)l + 2u°E (5.17)
and = [
E=3 F'F—1, E=(Ej)ij= (5.18)

is the second Piola-Kirchhoff stress tensor with components

1 1
1 an an 1 mauk
Eij = 5 3 + 67 + 5 P ai (519)
£ le_l_ﬂ Xj O IZl Xi 0Xj
eij—linear part EStnonlinear part
Writing 3(u) = (5ij){j=1, We get
1 1 lﬁl
1 gy
Sij = AP —out 1 ——< gy (5.20)
|:1|:|6X| 2 1sik=1 OX o
ou; du; Eauldou
TR T =

an Oxi k=1 aXi an

For a detailed description we can refer the reader to monographs [25] and [13].
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5.1.3 Fluid-structure coupling

In the FSI problem the coupling of the discrete flow problem and the structural
problem is realized via the transmission conditions representing the continuity of
the velocity and normal stress on the common boundary fwt between fluid and
structure. We assume that

. — -
Tw, = X [RP; x =X +u(X,t), X [T} L[CIV,. (5.21)

Then we use the following transmission conditions:
a) For linear elasticity we assume that

ou(X,t))n(X) =17 (x,H)n(X), v(x,t) = au(;:t) (5.22)
b) For nonlinear elasticity we use the following conditions:
P (F(X,t)n(X) = tf(x, t)Cof (F (X, t))n(X), V(X,t) = au(;:’t) (5.23)

In the above relations, X = X4+u(X,t), X [T}, X I:Ij,vt, Vv is the flow velocity,
expression TF = {T,ﬁ z j=1 = {—Pdij +Ti\J{ ¥ j=1 represents the aerodynamical stress
tensor and N(X) is the unit outward normal to Q° on I'}; (by &8i; we denote the

Kronecker symbol).

5.1.4 Determination of the ALE mapping

The ALE mapping A¢ is determined with the aid of an artificial stationary linear
elasticity problem proposed in [80]. We seek d = (di,d;) defined in Qe as a
solution of the elastic static system

Eiﬁl d
a>§- ) o Qrer, 1=1,2, (5.24)
il

=1

where T are the compppnents of the artificial stress tensor T = 0;A%divd +

2p%ei(d), €f(d) = : g;i; g—fgi , 1=1,2. The Lamé coefficients A* and p? are

related to the artificial Young modulus E? and the artificial Poisson number v
similarly as in Section [5.1.2] The boundary conditions for d are prescribed by

dir, s = 0, dlr,, .\, =0, (X, 1) = u(X,t), X TY, (5.25)

(for the definition of the boundary parts see Chapter [I] and [5.1.2)). The solution
of the problem 1}1} gives us the ALE mapping of Qe onto ) in the

form

AdX) =X +d(X,1), X [, (5.26)

for each time instant t.

For simplicity we set Qrer = (o for all time steps, but it is possible to pro-
ceed in such a way as in the previous sections, i.e. define the reference domain
separately for each time interval [tm—1, tm].
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5.2 Discrete problem

The following section is devoted to the description of the STDGM discretization
of the flow and structural problems.

5.2.1 Discretization of the flow problem

We describe the discretization as it is carried out in the program system used
in our practical computations. We assume that ) is a polygonal domain for
every t [0, T]. We denote by Tp a partition of the closure O into a finite
number of closed triangles with disjoint interiors satisfying standard properties
(3-3). We suppose that Tpy is an image of Thg under the regular mapping "t — A¢”.
Moreover, we assume that the ALE mapping A¢ is continuous and piecewise affine
in Q.

By F we denote the system of all faces of all elements K [ Tk¢. Further,
we introduce the set of boundary faces FB = {I' [H; I' [dW}, the set of
“Dirichlet” boundary faces FP = {I' [CH®B; a Dirichlet condition is prescribed
on I'} and the set of inner faces F! = F \FB. Each I' [H is associated with a
unit normal vector N to I'. For I' [CH® the normal N has the same orientation
as the outer normal to 0.

For each I' [CA' there exist two neighbouring elements KﬁL), K#R) [T} such
that T’ I:il(ﬁR) n OKS‘). We use the convention that KéR) lies in the direction
of Nr and KﬁL) lies in the opposite direction to nr. If I' [CH®, then the element
adjacent to I' will be denoted by KéL).

Now we introduce the space of piecewise polynomial functions

ro=1[Sr]%  with Sl = {v;v|x [PI'(K) K [T}, (5.27)

where r > 0 is an integer and P"(K) denotes the space of all polynomials on K
of degree < r. It is possible to see that Sf; = {v;v = A¢(V), v ]} A function
¢ 9, is, in general, discontinuous on interfaces I' [CA'. If ¢ is a function
defined on K#L) I:KI#R), then by (rL) and ¢(rR) we denote the values of ¢ on I'

considered from the interior of KﬁL) and KFR), respectively, and set

B = (6 + )72,
Plr = o8 — .

The discrete problem is derived in the following way: We multiply system ([5.4))
by a test function ¢,, Sk, integrate over K [Tk, apply Green’s theorem, sum
over all elements K [T}, use the concept of the numerical flux and introduce
suitable terms mutually vanishing for a regular exact solution and linearize the
resulting forms on the basis of properties (L.11), of the functions g and
Rs. It is a generalization of approaches from [29], [22] and [3I]. In this way we
get the following forms (followed by the explanation of symbols appearing in their
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definitions):

11 owWn 0
ah(Wh,Wh, q)h,t) = KSJ((Wh) Th (I)h dx (528)
KTg Ks=1k=1 Xk 0Xs
P |t m— owy,
— Kk ( h)T (Nr)s - [dy] dS
rEl, Ms=1 k=1
I | 2 . - ow
- Ksk(wh)Th(nr)s ¢, dS
reep " s=1k=1 Xk
. [ 1 1
6 I S < a0, is
La(Wr) 520 () - [we)
rE], Ms=1 k=1 k
= - - - 9
-0 Kk,s(Wh) ad)h(nr) “Wp dS
rER Ms=1k=1 k
dh(Wh, ¢y, t) = (Wh ¢y,) divz dx, (5.29)
l——E\JC |——E]J
In(Wh, &y, 1) = “h W] - (] dS + erh-cbh ds, (5.30)
rEl, H:E‘,'Pt
|——EL|C
L Wh, Wg, Oy, t) = thB -y, dS (5.31)
reep T
|—_E'|i:i:lfr|
- 0 )aq)h (nr) -wWpg dS,
rEg M s=1k=1 0X
bh(Wh,Wh, (phlt) == (532)
[ : 1 9
= A = 2s00) w0 22
K [Md, s=1 s
1o & =N i s 'I'
+ Py Wh Nr Wy~ +Py Wh ,Nr wi® [y d
r t
Eﬁl—_EH:' i e [ o o [ s L1
+ Py Whranﬁ)ﬂLP Whrnrwﬁ) - ¢y, dS.
reeg b

Weset © =1, © =0 or © = —1 and get the so-called symmetric (SIPG), in-
complete (IIPG) or nonsymmetric (NIPG) version, respectively, of the discretiza-
tion of viscous terms. In and (5.31)), Cw denotes a positive sufficiently
large constant.

In the form (5.32) we follow the ideas from [76]. The symbols Py (w, n) and
P, (W, n) denote the “positive” and “negative” parts of the matrix Pg(w,n) =

_1(As(W) — zgl)ng defined in the following way. By [41], this matrix is diago-
nalizable. It means that there exists a nonsingular matrix T = T(w, n) such that

Po =TT, I\ =diag(Ag,..., \), (5.33)

where Aj = Aij(w, N) are eigenvalues of the matrix Py. Now we define the “posi-
tive” and “negative” parts of the matrix Py by

PE=TIN*T™, I* =diag(\f,..., \]), (5.34)
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where AT = max(A,0), A~ = min(A,0).
The boundary state wg is defined on the basis of the Dirichlet boundary

conditions (I8), (T9), (L0
1
Wg = (Pp, PoVD1, PDVD2, CvaeéL) + §DD|VD|2) onI'y, (5.35)

wg =w®  on I, (5.36)

1
Wg = (p(rL)' p(rL)le, p(r")zDg, cvp,(-")e,(-") + ip(r")lzDF) on I'wi. (5.37)

Here quantities o, W(rL) and p(rL) are obtained by extrapolation. For I' [HB
we set Wy [Fl= (W(FL) +W(FR))/ 2 and the boundary state W(FR) is defined with the
aid of the solution of the 1D linearized initial-boundary Riemann problem as in
[39].

In order to avoid spurious oscillations in the approximate solution in the
vicinity of discontinuities or steep gradients, we apply artificial viscosity forms.
They are based on the discontinuity indicator

1 1

= hKPA aK[ph]z ds, K [T, (5.38)

ge(K)
introduced in [33]. By [p},] we denote the jump of the function p;, on the boundary
0K and |K| denotes the area of the element K. Then we define the discrete
discontinuity indicator G¢(K) =0 if gi(K) <1, G{(K) =1 if g(K) =1, and
the artificial viscosity forms (see [45])

R — -
B (Wh, Wh, dp,, 1) = Vg hk Gi(K) « Dwy Lyl dx, (5.39)
K [Ty

A

o] 5
In(Wn, Wi, &, 1) = Vo o GuKP) + Gu(K™Y)  [wal-[§y] dS,
r
e
with parameters vi, v, = O(1).
Because of the time discretization we consider a partition

0=t <ty <...<ty=T

of the time interval [0,T] and denote Iy, = (tm=1,tm); Im = [tm=1,tm], Tm =
tm_tm—l, fOI‘ m = 1,...,M.
We define the space Sy = (Spa)*, where S{7 is defined in a similar way as in

(-20), @21,
St (5.40)
1  — 1
= ¢ ox,t)= t'gi(x), ¢ CS],, t CTH, x CAX, m=1,...,M ,

i=0

with integers r,q = 1. For ¢ [SI! we introduce one-sided limits and jump at
time instant t,, as

O = d(6) = Jim (1), {dIn = b~ b (5.41)
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In order to bind the solution on intervals Im—; and I, we augment the resulting
identity by the penalty expression ({Whr}m—1, Pne(tm-1+));,_,- The initial state

tm

Whe (0—) [S], is defined as the L2(Qno)-projection of WP on Sf, i.e.
|:|0 1
(Whr(o_)’q)h)gto = W, ¢, Ot [}, [S],. (5.42)

Moreover, we introduce the prolongation Wy (t) of Wpe|y,,,_, on time interval I,
(the space-time DG technique with prolongation was analyzed theoretically in
[78] on a scalar model problem with a domain 2 independent of time t).

In what follows we denote
(|

(a,b)y, = ab dx, (5.43)
w
for functions a, b defined in a set 0 [CRY.
Now the space-time DG approximate solution of the flow problem is defined
as a function Wy [C9[] satisfying (5.42) and the following relation for m =
1,...,M:

| EEDA 1 1
D Wht -
R (I)h‘[ + ah (Wh'[ » Whe, ¢h1’s t) dt (544)

Im Dt o
= -

+ b (Whe, Whe, @pes ©) + In(Whe, P, t) + dn (Wi, Ppe, ) dt
L] . 1

+ | Bh(Whe, Whe, O, t) + In(Whe, Whe, g, t) - dt

m (|

+({Whr}m—1,¢hr(tm—1+))§2tm_l = | l;(Whr,WB,cl)hr’t) dt! @ﬁ Bm

Remark 1. In the derivation of the discrete problem, the approximate solution
and the test functions are considered as elements of the space S;!. In practical
computations, integrals appearing in the definitions of the forms &, Bh, dn, Jn, jh
and ﬁh and also the time integrals over I,,, are evaluated with the aid of quadrature
formulas using values of the approximate solution at discrete points of intervals
Im. Therefore, the space Sy is finite dimensional and the discrete problem is
equivalent with a finite algebraic system for every m=1,..., M.

5.2.2 Discretization of the elasticity problem

In the discretization of the structural problem we consider the displacement u
and the deformation velocity y and split the basic system into two systems of
first-order in time

NAY ou

pE+CRﬂpby—divP(F):f, S Y=0 i Q< [0,T],  (5.45)
u=up inTY x[0,T], (5.46)

P(F)n=gy inT% x[0,T], (5.47)

u(-,0)=ug, Y(-0)=Yo in Q% (5.48)

. =b . . .
We construct a partition T,® of Q into a finite number of closed triangles
K with mutually disjoint interiors satisfying standard properties formulated in
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previous sections. The approximate solution at every time instant t [0, T| will
be sought in the finite-dimensional space

b,s ] LZ__I
Sp® = v [IFQ); vk [PFK),K TP °, (5.49)

where s > 0 is an integer and P3(K) denotes the space of polynomials of de-
gree not greater than s on K. By F{ we denote the system of all faces of all
elements K [T, and distinguiphythere sets of heyndary, Bjrichlet”, “Ney—
mann” arl%linner faces: FI%B = I [CE;T Com |, F)P = ¢ CET oY
Fﬁ'N = I CE;T T4 and Fﬁ" = Fﬁ\Fﬁ’B. Triangulation T2 is of course

constructed in such a way that the set ft,; n be is formed by vertices of elements
laying on 0. For each I' [CH, we define a unit normal vector Nr. We assume
that for I' EEIﬁ’B the normal Nr has the same orientation as the outer normal
to 0. By h(I') we denote the length of I'. For ¢ [CSP® symbols (I)(rL) and d)(rR)
denote the traces of ¢ on I' from the sides of elements KéL) and K#R) adjacent to
I'. We assume that Nr is the outer normal to GKS‘). In integrals over I', instead
of N we write only N. Further, [@[rldenotes the average of the traces on I' and
] = O — »® is the jump of ¢ on T
If & = (ajj)fj=1, b = (bjj)j=; are tensors, then we set & : b = I%Il aijbij.
The DG discretization in space is formulated with the use of the following
forms.
Linear elasticity form:

. B (- ‘ _ [ — | |
an(u, ) = o(u):e(d) dx ([@(u)tm) - [d] dS  (5.50)

K [T} r ey
- " own) e ds—6 | (@@)m) [u] ds
rEy = rEy
—© (a(d)n)-u ds,
rE}® r

where o(u) is defined by (j5.13)). Here the parameter © is chosen as 1,0, —1 for
SIPG, IIPG, NIPG, respectively, version of the linear elasticity form.
Nonlinear IIPG elasticity form (© = 0):

— —
ap(u, ) = KP(F): Cp Hx — r([E (F)m) - [¢] dS  (5.51)
K I} FEE:I’
- (P (F)n) ¢ dS.
reg® r
Penalty form:
R(u,0) = I [u] - [@] dS + &u ¢ dS (5.52)
A e rep " N(D)

Here Cf, > 0 is a sufficiently large constant.
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Right-hand side form:

= —H
Zld)(t) = y F(t)- ¢ dx+ rgN(t) ¢ dS (5.53)
K I} r[q"\'
—— —=ch,
-0 r(cr(q))-n)-uD(t) ds + r—h(r)uD(t)-q) ds.
rEg® r e ®

In the nonlinear case, it is not clear how to define the SIPG and NIPG versions
of the elasticity forms so that the form a, is linear with respect to the test function

¢. For this reason we will consider only the ITPG version (5.51) of af.
STDGM for the structural problem
An approximate solution of problem (5.45)—(5.48)), i.e., the approximations of

the functions U, y will be sought in the space of piecewise polynomial vector

functions SP = [SP%' ]2 where
Vo= %ﬁ’i_qlz' (5.54)
1 " — 1
= MTRQ < (0,T));Vli, =ty with ¢ CSESm=1,...,M

i=0

By s and q"te denote positive integers representing the degrees of polynomial
approximations in space and time in the discretization of the structural problem.
We introduce the one-sided limits and jump of a function ¢ I:[Sfﬁsq? at time tm
similarly as in (5.41)). Now, the approximate STDG solution of problem ((5.45)—

(5.48) is defined as a couple Unt, Yht I:Sﬁrsq “such that

1 gy, - ] —
| pb atT ) q)h‘[ ob + CRA pbyh‘[! ¢hr ob + aE(UhT, q)h‘[) (555)
" —i

"’Jﬁ(uhn (I)h'l') dt + ({yhr}m—la ¢hr (tm—1+>>§2b
1
= Blon) dt ke TSP,

— [T - 1
auhr
) (I)hr - (yhr, q)hT)Qb dt (5.56)
Im ot b

+({uhT}m_1! q)hT (tm-l"‘))Qb = O! lm’]l’ Esﬁ:[sqlzll m = 1) Py M-
Similarly as in (5.42) we define the initial states un(0—), yn(0—) CSP® by

(Un(0=), Pr)ow = (U°, Pr)ow [k CSES, (5.57)
(Yn(0=), dn)ae = (Y%, dn)ar [k CSE®.

5.2.3 Coupling procedure

In the solution of the complete coupled FSI problem it is necessary to apply
a suitable coupling procedure. See, e.g. [0] for a general framework. Here we
apply the following algorithm, in which we proceed successively from one time
interval [tm—1,tm] to the next interval [ty, tm+1] using an iterative process with
few subiterations. The approximate solutions obtained during the subiterations
are denoted with the index I, i.e. W, URt 1, Qtnt, Atmts 21
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1. Assume that the approximate solution wjj; of the flow problem in time
interval Ty, = [tm—1, tm] and the displacement of the structure ufl at time
instant t,, are known.

2. Set uhm;fol = upy, | := 1 and apply the iterative process:

(a) Interpolate UP,~; on the common boundary between the fluid and

the structure domain - in order to get a continuous function on this
interface.

(b) The approximation €, ,, | of the fluid domain Q,_,, is determined by
the interpolated displacement of the moving part of the fluid domain
boundary.

(c¢) Determine the ALE mapping Ay,,,,,.1 and approximate the domain ve-
locity z™**.

(d) Solve the flow problem in the domain €, ., to obtain the approximate
solution Wﬂ}ﬁl in time interval I yaq = [tm, tm+1].

(e) Compute the stress tensor and the aerodynamical force acting on the
structure and transform it to the interface I'%.

(f) Solve the elasticity problem, compute the displacement uﬂ}jl at time

tm+l.
(g) If the variation of the displacement ﬁlhmﬁl - uﬂ}jl_lﬁis larger than a
prescribed tolerance, set | := | + 1 and go to (a), else, continue with

().

(h) Set up™* = uft, wi™ = wiiit, m:=m+1 and go to step 2.

This algorithm represents the so-called strong coupling. If in the step (g) we
set m:=m+ 1 and go to (2) already in the case when | = 1, then we get the
weak (loose) coupling.

5.3 Algorithmization and numerical realization
of the coupled problem

The linear algebraic systems equivalent to and are solved either by
the direct solver UMFPACK ([27]) or by the GMRES ([68]) method with block
diagonal preconditioning. These methods are also used for the solution of the
structure problem (5.55)—(5.56). In the case of nonlinear elasticity on each time
level the nonlinear system is solved by the Newton method.

5.3.1 Newton method

In case of nonlinear elasticity model, the form af(u, ¢) is linear with respect to
¢, but nonlinear in U. As a consequence, the STDGM discrete scheme results in
systems of nonlinear algebraic equations. For their solution we apply the Newton
method (see [28]), which was applied in, e.g., [4§] and [67], where incompressible
flow model and conforming finite element discretization were employed.
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Let £ : RN o RN. We seck a solution o [CRN such that f(a) = 0. The
Newton method to obtain a solution can be described in the following way: let
a® be an initial guess of the sought solution and let € > 0 be a given tolerance.
For i = 0 iterate:

i (-
1. Evaluate the residual r® =f a® .

2. If the residual is smaller then the given tolerance: @i) @ €, stop iterations
and set o := a®,

3. If the residual is greater then the given tolerance, compute d from a system
of linear algebraic equations

1 [ .
[fl o da=r®, (5.58)
4. Update a*D .= a® —da, set i := i+ 1 and go to step 1.

5.3.2 Application of the Newton method

Now we shall explain the application of the Newton method from Section [5.3.]]
to the discretization of the nonlinear elasticity problem.

Let i, i=1,...,N =dimV, be a basis of V. The approximate solution Un¢
of our problem can be expressed as a linear combination of basis functions of the
space [V]?:

4 L
Uht = UhT(C() = a;Qi, (5.59)
i=1
where a = (O(i)izl\l1 are the coefficients and @; = (¢;,0) for 1 < i < N and
@i = (0,YPj—n) for N <i=<2N form the basis of [V]z.

That one may apply the Newton method to the discretization of the nonlinear
elasticity problem, it is necessary to differentiate the form al (Un. (), ¢), defined
by (5.51), and thereafter the tensor P (F) with respect to the coefficients a. In
what follows, [ hnd L[g W¥ill denote the gradient with respect to X and d,
respectively. We have

0
- =K =
aakuh'[ (LlJ“ O) y 1 —_ k —_ N, | k,
0 .
EUhT (O,q.h), N <kS2N, |:k_N,

and

| 1
Lecle = 0 IIClIJi,O)-I-_ Oirn A0, §i) =
Ii@ oy; I_I_:LFI oy; L1

i—1 O , i—1 O
= LT %% YT %

i=1 di+N 55, i=1 di+N gy,
By (5.5) and (5.6),
P(F)=P (X + [x0). (5.60)
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Taking into account that [c(X) is the constant unit matrix I, we introduce the
notation

P (Gal) = P(I + ). (5.61)
Now the gradient of the form af can be expressed as
—= O -
Cagl(Um (@), §) = [P (Delm(@): D@ dx (5.62)

RS LIl - -

- LalP (Gxn() n-[d] ds
rEnmﬁl - -

+ - [« P (mm(a))n'(b ds.
reg®

Let P ( xne (a)) = (Pij)?j=1, where for simplicity we shall not write the
dependence of Pjj on Ll (), and let ¢ = (¢q, §2). From

0, 00, 00, %

P (D () : Dedh = PllT)Q + PlzTXz + leaixl + P2 9%, (5.63)
we find that
o L1 9 00, 0 09,
dax (Detne (@) : D = o Hax, T dag 2ax
+ 9 P216¢2 + g Pzza¢2,
I__dprk 0X; 00K ““0X%» ]
o [ L] L1 9 0
~— P (G (a)) [Pl = —— Bl + — B0, [¢4]
00 ala__Kl do
3 P 1
+ o (P, [0 + aar (B[O, [],
o I 0
a. P (L (a)n-¢ = ﬁpll ni + ﬁplz n, ¢
k |—_'3 ka —
+ TCXKPH Ny + EPZZ n, ¢
Now for ¢ = (P;,0) we have
. It O
P (Gl (a)) : g = PnaiJl' + Plza)q:;, (5.64)
o I oy; 0 oY;
o P (e () s T = 5 Puis 4 0 Py, (5.65)
Ok % 0X4 da 0X,
0 [IT]1 1 1 0 0
~— P (G () n-[¢] = —— P+ —— Pl [§i, (5.66)
60(k 60(k 60(k
1
OB (o) = 2 Pumt 2 Pon w (5.67)
0, ht = Go Mt g, P2 Pi, .
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while for ¢ = (0, ;) we get

5 : _ . Oy oy
P ( DxUne (a) = e = PZlOTq + P226X2’ (5.68)
5 [P == R (AR T I
da, P (OxUn () : L = E leaxl + o Pzzaxz, (5.69)
o P (Gdnw(a)) n-[d] = ETs (Bo, M) + —— B[, [Y5i], (5.70)
k Ol aak
1
i:ﬁ’l@an-m—apn aPn- 5.71
FIen ( (@)n-¢ = o 2 1+670(k 22Nz Yi. (5.71)

It remains to express the derivatives of the tensor P for the neo-Hookean and for
the St. Venant-Kirchhoff material.

The Newton method is applied at each time step for the solution of the non-
linear discrete problem. Each iteration of the Newton method represents a linear
algebraic system and is solved by the direct solver UMFPACK (cf. [27]).

The next two sections [5.3.3| and [5.3.4| follows the work [60].

5.3.3 Neo-Hookean material - derivatives
Let P = P ( Dxn () = (Pij)?i=; be the first Piola-Kirchhoff tensor of the

neo-Hookean material, defined in 4‘5.15). Let Upe () = (U, Up). From (5.6) and
(5.15) we get

b 1 au; T - au, 1
Pu=p 1455 +o 1452, (5.72)
P, = ubg;: - clgij, (5.73)
Py = ubg;_;— Cl?él . . (5.74)
Pa = WP HZZ + ¢ 1+gii : (5.75)

where

A log(det F) — P
B det F
Now let Une(0) = (Ur,Up) = 2N o4&y, where & = (&,0) for 1 < k < N and
& = (O, Ek—N) for N <k < 2N.

At first we express the derivative of the determinant of F with respect to the
coefficient 0. If 1 <=k <N and i := K, then

C1 (5.76)

0 0¢; I%LIJZ = 0¢; du,
and for N <k < 2N, i:=k—N:
0 OE. %I,ll — 0{. aUl
ga ) "o, o T T amon, 79
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The derivatives of P ( Dy (01)) with respect to the coefficient oy are given as
follows: If 1 <=k <N and i := K, then

0 b O 0 - ouy —
s it =W gy + g (detF) 14+ (5.79)
aaakplz = ubgi - cZaaak (det F) gii, (5.80)
aao(kP21 = —clgiiz - Czazk (det F) auz' . (5.81)
0‘30”(p22 = clgiil + cza‘;k (detF) 1+ gii ! (5.82)

where ¢, is as in ([5.76]),

AP — A log(det F) + p°

C = , 5.83
? (det F )2 (5.83)
and —agk (det F) is expressed in 1)
Finally for N <k < 2N we set i = k — N and get
0 0¢ 0 0
_ %6 9 otz
aakP“ = ClaXZ + Czaak (detF) 1+ %, (5.84)
0 0¢&; 0 ou,
— P, =— —Cp=— (det F) =22 .
oy 2 Claxl 20a, (det F) 0%y’ (5.85)
9 J 0 B du,
Py = — (detF) =2, .
o2~ Wox, ~ C2ag, (detF) (5.86)
0 0¢&; 0 ouy
— Py = — (detF) 14— :
dar 2~ W, T Caq, (AtF) 15 (5.87)

where ¢; is as in (5.76]), ¢, as in ((5.83)) and a%k (det F) is expressed in ([5.78)).

101



5.3.4 St. Venant-Kirchhoff material - derivatives

Let P =

|5( Cddn () = (Pij)%j=1 be the first Piola-Kirchhoff tensor of the

St. Venant-Kirchoff material as defined in (5.16)) - (5.20)). Let une (&) = (ug, Up).
Then we get
,0u; 0 0 I:IN’ I%I i 1
U 0uz u Uz u
= — — — 1 —10L 1 (588
1 u aXZ 6X1 aXZ * 2 aXl 6X2 + ( )
] A’ du I_éLL.| ou? % —
b 1 1 2 1
—  —+1 1 —101
Tt 2 aXl + 6X2 6X1 aXl + '
our ol au, . Nou, ow
Uz u uz Uy u
Po=W ——+1 —— —— - 5.89
12 H OX + 6X1 6X2 + 2 6X2 6X1 ( )
R o, S
bt S raJ’Il Lo+ 224 -0
2 0x2 6X2 6x1 aXZ
%IJ I:alu % )\bau au2 !
Po, — b 72 1 1 2 vdi1 .
21 H 6X2 6X2 6 X1 2 6X1 6X2 <5 90)
SIRr o
TET AR raJ“lz Oy My e
2 aXl 6X1 aXl 0X X2
T e
U du; 0u; uz Uy
P, = P—=""2 1 — — 41 1 —1C1 (591
2=H X, 0%,  0Xy Tt 2 0Xo + 0X1 + ( )
1 [ 1 L
b 2
T T B A
2 6X2 6X2 6X1 6X2
_ _ Dol _
Now let Upc () = (U, Up) = 5, Okék, where & = (&, 0) for 1 =k < N

and & = (0, &-n) for N <k =< 2N.

The derivatives of P ( cpe (O)) with respect to the coefficient oy are given
as follows: If 1 =k <N and 1 :=k, then
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5.4 Numerical experiments

Now we present numerical results to demonstrate the performance of the proposed
ALE-STDGM. Section is devoted to the investigation of the Turek-Hron

nonlinear elasticity benchmark problem [75]. Here the

STDGM is applied to

solve the motion of an elastic beam. Finally, in Section the main attention

is paid to fluid-structure interaction, i.e. the modeling of
vibrations in a simplified human vocal tract.
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5.4.1 Nonlinear elasticity benchmark problem

We consider a 2D domain of an elastic beam attached to a rigid cylinder with
a radius r = 0.05 m. The beam is | = 0.35 m long and h = 0.02 m high. We
will evaluate the displacement of the point A = A(t), which is defined in the
middle of the right-hand side end of the beam, see Figure In the Turek-Hron
benchmark problem [75] the elastic beam is modelled with the aid of the St.
Venant-Kirchhoff material. In our computations we consider the neo-Hookean
material as well.

—

JA th

Figure 5.1: Setup of the benchmark problem: elastic beam attached to a rigid
cylinder.

The domain Q° defined in the previous sections represents the elastic beam.
Homogenous Dirichlet boundary condition is prescribed on the part of the bound-
ary, where the beam is attached to the rigid cylinder

Up=0 on Ft,’j x [0, T],

and on the rest of the boundary we prescribe Neumann boundary condition with
no surface traction
gv=0 on IR x[0,T]

The initial condition for the time-dependent problem is given by
Up=0, Zzo=0, in
We also prescribe the acting body force density ¥ by
f=p", where b=(0,—2)" [ms™?], p°=1000 [kgm™3).

We set the damping coefficient C, = 0, Young’s modulus E? = 1.4 - 10° and
Poisson ratio v® = 0.4. The Lamé parameters are determined by relations (5.14).

In our computations we used three different computational meshes, see Fig-
ure generated by the finite element grid generator Gmsh. Characteristics of
these meshes are summarized in Table 5.1l

The nonlinear benchmark problem was solved by the proposed STDGM —
5.57) in the space of piecewise polynomial vector functions Sﬁ’fqmdeﬁned by
5.54]). We used piecewise linear approximation in space (S = 1) and piecewise
constant (™% 0), linear (q"% 1) and quadratic (q"% 2) approximation in time
with a constant time step T. For all computations we set C%, = 6 - 10°.

In our computations we compare the time-dependent values of the displace-
ment of the point A, which are represented by the mean value, amplitude and
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Mesh 1:

Mesh 2:

Mesh 3:

Figure 5.2: Triangular computational meshes for the benchmark problem.

number of elements | mesh size [<1073]
Mesh 1 722 7.31
Mesh 2 1348 5.17
Mesh 3 2822 3.40

Table 5.1: Mesh statistics for the nonlinear elasticity benchmark problem.

frequency. The mean values and amplitudes are computed from the last period
of the oscillations by taking the maximum (max) and minimum (min) values.
Then mean value = 1/2(max + min), and amplitude = 1/2(max —min). The fre-
quency of the oscillations is computed by the fast Fourier transform (FFT) taking
the lowest significant frequency present in the spectrum. The data denoted by
“ref” represent results from [75] for the St. Venant-Kirchhoff material. For the
neo-Hookean material there are not available any reference results.

In Tables [5.2] [5.3] and [5.4] we summarize results obtained for the St. Venant-
Kirchhoff material for different time steps T on Mesh 1. It can be seen, that
in case of piecewise constant time approximation (¢ 0) we need even smaller
time step to obtain satisfactory results. On the other hand results obtained by
the piecewise linear (™= 1) and quadratic (q™% 2) approximation in time show
a very good agreement with computations from [75] for all time steps.

The evolution of the displacement of the point A for the St. Venant-Kirchhoff
material for different time steps is shown in Figures[5.3] and 5.5 for piecewise
constant (=% 0), linear (q"% 1) and quadratic (q"% 2) approximation in time,
respectively. It can be seen that in case of ¢*4= 1 and especially in case of q-= 2
the results for different time steps T are almost identical.

Finally in Table [5.5| we compare results for different computational meshes ob-
tained for the St. Venant-Kirchhoff material with piecewise linear approximation
in space and time for the time step T = 0.02.
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method T U [x1073 Uy [%1073)

ref —14.305 * 14.305 [1.0995] | —63.607 %+ 65.160 [1.0995]
STDGM | 0.04 | —7.203 £ 0.002 [1.0712] | —66.214 £0.011  [1.0725]
STDGM | 0.02 | —7.186 £0.175 [1.0800] | —66.130 £0.789  [1.0775]
STDGM | 0.01 | —7.200 %+ 1.564 [1.0887] | —65.705 £ 7.079  [1.0862]
STDGM | 0.005 | —7.840 £4.708 [1.0920] | —65.409 £ 21.393  [1.0900]

Table 5.2: Comparison of the displacement of the point A for STDGM with
s = 1, q~= 0, St. Venant-Kirchhoff material and different time steps T. The
values are written in the format “mean value = amplitude [frequency]”.

method T U [*<1073] Up [*<1073]

ref —14.305+ 14.305 [1.0995] | —63.607 % 65.160 [1.0995]
STDGM | 0.04 | —14.072 £ 14.043 [1.0925] | —66.374 = 61.499 [1.0925]
STDGM | 0.02 | —14.337 % 14.316 [1.0925] | —66.456 % 62.556 [1.0925]
STDGM | 0.01 | —14.546 + 14.526 [1.0950] | —66.580 % 62.994 [1.0950]
STDGM | 0.005 | —14.628 = 14.608 [1.0930] | —66.623 = 63.153  [1.0930]

Table 5.3: Comparison of the displacement of the point A for STDGM with
s = 1, q~= 1, St. Venant-Kirchhoff material and different time steps T. The
values are written in the format “mean value & amplitude [frequency]”.

method | T | ug[*x1073 Up [*<1073]

ref —14.305 % 14.305 [1.0995] | —63.607 =+ 65.160 [1.0995]
STDGM | 0.04 | —14.497 £ 14.497 [1.0925] | —64.743 = 64.748 [1.0925]
STDGM | 0.02 | —14.627 £ 14.627 [1.0925] | —65.088 = 64.711 [1.0925]
STDGM | 0.01 | —14.672 = 14.672 [1.0950] | —64.879 = 65.025 [1.0900]

Table 5.4: Comparison of the displacement of the point A for STDGM with
s = 1, g~ 2, St. Venant-Kirchhoff material and different time steps T. The
values are written in the format “mean value &= amplitude [frequency]”.

# elements | T | ug [x1073 Up [x1073]

ref —14.305 + 14.305 [1.0995] | —63.607 + 65.160 [1.0995]
722 0.02 | —14.337 £ 14.316 [1.0925] | —66.456 % 62.556 [1.0925)]
1348 0.02 | —14.117 % 14.112  [1.0962] | —64.508 = 63.514  [1.0962]
2822 0.02 | —14.113 * 14.110 [1.0962] | —64.523 = 63.518 [1.0962]

Table 5.5: Comparison of the displacement of the point A for STDGM with
s =1, q':': 1 for St. Venant-Kirchhoff material and different meshes. The values
are written in the format “mean value = amplitude [frequency]”.
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Figure 5.3: St. Venant-Kirchhoff material - displacement of the point A for
STDGM with s = 1, =% 0 for different time steps T.
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In Tables and [5.8] we summarize results obtained for the neo-Hookean
material for different time steps T on Mesh 1. In this case we do not have reference
data, so we can compare these results only by the results for the St. Venant-
Kirchhoff material.

The evolution of the displacement of the point A for the neo-Hookean ma-
terial for different time steps is shown in Figure [5.0] and [5.8], for piecewise
constant (=% 0), linear (q"%= 1) and quadratic (q"% 2) approximation in time,
respectively. It can be seen that in case of ("% 1 and especially in case of gL 2
the results for different time steps T are almost identical. In all cases we get very
similar computational results as for the St. Venant-Kirchhoff material.

method T U [x1073 Up [*<1073]

STDGM | 0.04 | —=7.176 £0.002 [1.0712] | —66.209 = 0.011  [1.0725]
STDGM | 0.02 | —=7.164 =0.174 [1.0800] | —66.149 %= 0.788  [1.0775]
STDGM | 0.01 | —=7.174 = 1.558 [1.0887] | —65.798 = 7.078  [1.0862]
STDGM | 0.005 | —=7.813 £4.690 [1.0920] | —65.414 +21.387 [1.0900]

Table 5.6: Comparison of the displacement of the point A for STDGM with
s =1, g% 0, neo-Hookean material and different time steps T. The values are
written in the format “mean value & amplitude [frequency]”.

method T U [*<1073 Uz [%1073)
STDGM | 0.04 | —14.027 %= 13.992 [1.0937] | —66.625 *= 61.263 [1.0925
STDGM | 0.02 | —14.290 £ 14.264 [1.0937] | —66.710 *=62.311 [1.0925

[ ] [ ]
[ ] [ ]
STDGM | 0.01 | —14.505 %+ 14.480 [1.0937] | —66.824 * 62.277 [1.0925]
STDGM | 0.005 | —14.590 = 14.566 [1.0930] | —66.863 % 62.944 | ]

Table 5.7: Comparison of the displacement of the point A for STDGM with
s = 1, g~ 1, neo-Hookean material and different time steps T. The values are
written in the format “mean value & amplitude [frequency]”.

method | T | ug[x1073 Up [x1073]

STDGM | 0.04 | —14.454 + 14.454 [1.0937] | —64.829 + 64.686  [1.0925]
STDGM | 0.02 | —14.587 £ 14.587 [1.0937] | —65.172 £ 64.657 [1.0925]
STDGM | 0.01 | —14.596 + 14.595 [1.0937] | —65.227 + 64.634 [1.0925]

Table 5.8: Comparison of the displacement of the point A for STDGM with
s =1, g~ 2, neo-Hookean material and different time steps T. The values are
written in the format “mean value & amplitude [frequency]”.
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Figure 5.6: Neo-Hookean material - displacement of the point A for STDGM with
s =1, g~ 0 for different time steps T.
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5.4.2 Flow induced vocal folds vibrations

Now we present our numerical results for a model of vocal folds in a simplified
human vocal tract. The geometry of the domain occupied by the fluid and its
size are given in Figure [5.9) On the right-hand side of the geometry a semicircle

subdomain with a radius 3.0 cm is added - it represents the outlet ['o.

We prescribe the inlet boundary conditions on I'y (left part of the bound-
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Figure 5.9: Geometry of the computational domain at time t = 0 and the descrip-
tion of its size: Ly = 20.0 mm, Ly = 17.5 mm, Lo = 55.0 mm, H; = 25.5 mm,
Ho = 2.76 mm. The radius of the semicircle subdomain is 3.0 cm.

ary), the outlet boundary conditions on I'g (right part of the boundary, which
is a semicircle), and we prescribe boundary conditions on the impermeable fixed
walls T'yy (including the vertical segments of the semicircle) and on the moving
impermeable walls denoted in Figure by I'w,. The fluid flow problem is com-
puted on the triangulation with 17652 elements. Further, for the definition of the
fluid flow problem the following data are used:

1

magnitude of the inlet velocity Vih =4 m s™-,

dynamic viscosity H=1.80-10"° kg m~t s 1,
inlet density Pin = 1.225 kg m™3,

outlet pressure Pout = 97611 Pa,

Reynolds number Re = pinVinH /1 = 6941.7,
heat conduction coefficient K=2428 1072 kg m s 3 K1,
specific heat Cy = 721.428 m? s72 K71,
Poisson adiabatic constant y =14.

For the fluid solver we use the STDGM with polynomial approximation of
degree 2 in space and degree 1 in time. We employ the ITPG version of the DGM
with the penalization constant Cy, = 500 for inner faces and Cy = 5000 for
boundary edges. The stabilization parameters v; and v, from are set to
0.1. The time step T is set to 1.0 - 107® s. For the first 1000 time steps the fluid
flow is computed with the fixed boundary. Then the part 'y, of the boundary is
released and we solve the FSI problem.

We assume that the elastic bodies motivated by a cut of vocal folds are
isotropic with constant material density p® = 1040 kg m™3. The triangulation
used for the solution of the structure problem has 5118 elements, see Figure [5.10]
The division of the domain into 4 regions with different material characteristics is
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Figure 5.10: Computational mesh of vocal folds

illustrated in Figure by the Lamé parameters and the setting of the material
characteristics is described in Table 5.9l

Figure 5.11: Nonhomogeneous model of vocal folds - layers with different Lamé
parameters.

Further, the initial displacement and the initial deformation velocity are set to
be zero. On the bottom, right and left straight parts of the boundary we prescribe
homogeneous Dirichlet boundary condition and on the curved part of the
boundary the Neumann boundary condition . The damping coefficient 8, is
set to 1.0 s~1. For the solution of the dynamic elasticity problem we employ the
NIPG version of the DGM, where the penalization constant is set to C, = 4-10°.

The ALE mapping is determined as described in Section[5.1.4] For the solution
of the static elasticity problem we employ the NIPG version of the DGM,
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layer E® VP AP e
1. layer (orange) | 12-10% | 0.4 | 17143 | 4285
2. layer (yellow) | 8-10° 0.4 | 11430 | 2857
3. layer (blue) 1-10° ]0.495 | 33110 | 335
(

4. layer (red) 100-10° | 0.4 | 142857 | 35714

Table 5.9: Nonhomogeneous model of vocal folds - prescribed Young modulus,
Poisson ratio and Lamé parameters for different layers, ordered from the lower
layer to the upper layer. See Figure for the visualization of the corresponding
subdomains.

where the penalization constant is set to C5, = 10%. Then the DG solution of the
ALE discrete problem is interpolated to a continuous approximation.

We use the strong coupling algorithm described in Section with the
prescribed tolerance 107°. Further, we use 5 coupling subiterations as the maxi-
mum, however the prescribed tolerance was usually reached after 2 — 3 coupling
subiterations.

In what follows we compare the linear strain tensor € and the nonlinear Green
strain tensor E [RP*?, see [25], defined by - p-1§).

In the case of the linear elasticity the stress tensor depends on the strain tensor
e = (eij)iz,jzl and in the case of nonlinear elasticity it depends on E = e + E",
where E" = (E)7 2.

The influence of the nonlinear part of the strain tensor is given by the ratio

R, B el
T B eH ENCT

(5.100)

If R = 1, then the nonlinear part of the strain tensor has no influence to
the computation (the linear elasticity model is sufficient), but if R = 0, then the
nonlinear part strongly takes effect and it is necessary to use a nonlinear elasticity
model.

Comparing the linear and the neo-Hookean nonlinear elasticity model

Figure [5.12] shows numerical simulation of the vocal folds from the beginning
of the FSI computation at 12 time instants. Figure [5.13] shows in detail the
deformation of the vocal folds at 2 time instants for a maximal and minimal
glottal gap during vocal folds oscillations. In Figure and Figure [5.13| case
R = 1 is depicted by white and case R = 0 by dark red color. It can be seen, that
nonlinear part of the strain tensor takes effect in elements near to the boundary,
therefore to correctly capture deformations of the vocal folds, it is necessary to
use a nonlinear model of elasticity.

Comparing the linear and the St. Venant-Kirchhoff nonlinear elasticity
model

Figure [5.14] shows numerical simulation of the vocal folds from the beginning
of the FSI computation at 12 time instants. Figure [5.15] shows in detail the
deformation of the vocal folds at 2 time instants for a maximal and minimal
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vocal fold

Figure 5.12: Deformation of vocal folds in dependence on time computed by the
neo-Hookean model and the ratios of the norms of the linear strain tensor and
the nonlinear Green strain tensor at different time instants.
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vocal fold

Figure 5.13: Deformation of vocal folds in dependence on time computed by the
neo-Hookean model and the ratios of the norms of the linear strain tensor and the
nonlinear Green strain tensor at different time instants - details for the smallest
and the largest glottal gap between the vocal folds.

glottal gap during vocal folds oscillations. In Figure and Figure [5.15| case
R =1 is depicted by gray and case R = 0 by dark red color. It can be seen, that
nonlinear part of the strain tensor takes effect in elements near to the boundary,
therefore to correctly capture deformations of the vocal folds, it is again necessary
to use a nonlinear model of elasticity.

Figure 5.16|shows velocity field in the glottal region at two time instants of the
vocal folds self-oscillation. In these time instants different jet declination behind
the channel construction, i.e. the Coanda effect can be observed.
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vocal fold

Figure 5.14: Deformation of vocal folds in dependence on time computed by the
St. Venant-Kirchhoff model and the ratios of the norms of the linear strain tensor
and the nonlinear Green strain tensor at different time instants.
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vocal fold

Figure 5.15: Deformation of vocal folds in dependence on time computed by the
St. Venant-Kirchhoff model and the ratios of the norms of the linear strain tensor
and the nonlinear Green strain tensor at different time instants - details for the
smallest and the largest glottal gap between the vocal folds.

Figure 5.16: Velocity field in the glottal region at two time instants of the vocal
folds self-oscillation.
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Conclusion

In the first four chapters of this thesis, we have formulated and theoretically
analyzed the space-time discontinuous Galerkin method for the solution of non-
stationary nonlinear convection-diffusion problem in time-dependent domains.
The problem was reformulated using the arbitrary Lagrangian-Eulerian (ALE)
method, where the ALE mapping is constructed successively from one time slab
to the next one. The problem is discretized with the aid of the ALE space-
time discontinuous Galerkin method (ALE-STDGM). In the formulation of the
numerical scheme we use the nonsymmetric, symmetric and incomplete versions
of the space discretization of the diffusion terms and an interior and boundary
penalty. The nonlinear convection terms are discretized with the aid of a numer-
ical flux. The discontinuous Galerkin discretization uses piecewise polynomial
approximation of degree p =1 in space and q = 1 in time.

Chapter |3] is devoted to the stability analysis of the ALE space-time discon-
tinuous Galerkin method. An important tool in this analysis was the discrete
characteristic function, which was generalized for problems in time-dependent
domains €. The key requirement for this function was the continuity with re-
spect to the [ g,y and [-Ilgk ¢ norms, which has been also proved. On the
basis of a technical analysis we obtained unconditional stability of this method,
which means that the approximate solution is bounded by terms of data, without
any limitation of the time step in dependence on the size of the space mesh. For
further research we shall investigate the ALE-STDGM for nonlinear convection-
diffusion problems with prescribed Neumann or mixed boundary conditions in
a time-dependent domain. An interesting, but very difficult further extension
would be the stability analysis of the ALE-STDGM applied to singularly per-
turbed nonlinear problems.

In Chapter 4] we derived a priori error estimates for the ALE-STDGM, first
in terms of the interpolation error n and then in terms of h (mesh size) and T
(time step). In the presented error analysis we used a simplification, namely
we omitted expression containing [{8};j—1 @j_l, because it is not clear how to

estimate expression {M}j—1 @j_l in terms of h and 1. Therefore further work
must be invested in the derivation of more accurate a priori error estimates.

In the last chapter, we presented some numerical results. At first we have ap-
plied the STDGM to the solution of the nonlinear elasticity benchmark problem,
which was proposed by Turek and Hron and originally was solved by the finite
element method (FEM). Our results show a very good agreement with compu-
tational results obtained by the FEM. From this comparison we can conclude,
that STDGM yields an accurate and robust method capable of solving elasticity
problems. In the next part of this chapter we were focused on fluid-structure
interaction in a time-dependent domain, namely on numerical solution of flow
induced vocal folds vibration in a simplified human vocal tract. The fluid flow
problem was described by the compressible Navier-Stokes equations in the con-
servative ALE form and it was coupled with the solution of the linear or nonlinear
elasticity problem. The elastic structure domain was split into four subdomains
with different material characteristics. The ALE mapping was determined on the
basis of an artificial static linear elasticity problem in the domain occupied by
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the fluid. Our main goal was to compare linear and nonlinear elasticity models
of vocal folds in the FSI simulation. From the obtained results we can conclude,
that linear elasticity model is not sufficient to correctly capture deformation of
the vocal folds and is better to use nonlinear elasticity models. There are many
possible extensions for the future work. The most challenging would be the simu-
lation of the complete closure of the channel between the vocal folds. This effect
takes place during the voice creation process in human vocal folds.
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