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Review of the Habilitation Thesis of Jan Hubička 

T h e habi l i ta t ion thesis of J a n H u b i č k a consists of nine scientific papers, s ix of which 
have already appeared i n scientific journals ( including one book chapter) , two have been 
submitted, and the n in th one is available in preprint form. O f these nine papers, eight 
are in collaboration w i t h Jaros lav Neše t ř i l (Char les Un ive r s i t y ) , three w i t h D a v i d E v a n s 
( I m p e r i á l Collegc London) and four w i t h M a t č j K o n e č n ý (Char les Un ive r s i t y ) ; only one 
p á p e r has other co-authors. T h e y are preceeded by a forty-page introduction, giving a 
very clear and comprehensible survey of the domain, the background, and the results 
obtained. 

T h e work presented in this thesis constitutes a major advance in N e š e t ř i P s classifiaction 
programme for R a m s e y classes, and, i n a paral le l development, of the corresponding 
classification programme for E P P A classes (to be defined below). I n fact, one important 
contribution of H u b i č k a is the fact of having unified the treatment of these two disjoint 
but analogous cases. 

Reca l l that given a countable language C, a Fra i s sé class K is a class of finite £ - s t r u c t u r e s 
closed under isomorphism and substructure (heredi tary) , and wh ich has the joint embed-
ding ( J E P ) and amalgamat ion ( A P ) properties. A fundamental theorem of Fra i s sé states 
that given a F ra i s sé class JC, there is a unique countable ultrahomogeneous structure 9Jt/c, 
its Fraissé limit, whose age (i .e. the collection of finite substructures) is precisely /C. T h u s , 
properties of the Fra i s sé class can be studied by means of its Fra i s sé l imi t and vice versa. 
W e say tha t K, is a Ramsey class, or has the Ramsey properiy, i f for every A,B G K 
there is C € /C such tha t for every colouring of a l l embeddings of A into C w i t h two (or 
finitely many) colours there is a n embedding / of B into C such tha t a l l embeddings of 
A into f(B) have the same colour. T h i s generalizes the classical R a m s e y theorem which 
states that the class of a l l finite linear orders is Ramsey. T h e class /C has EPPA (exten-
sion property for pa r t i a l automorphisms) , or the Hrushovski property, i f for every A G /C 
there is B G K. containing A such tha t every par t ia l automorphism of A extends to an 
automorphism of B; the s t ructure B is called an EPPA witness for A. F ina l ly , K. has 
coherent E P P A i f for a l l A € JC there is an E P P A witness B and a map 0 i - + </> from the 
par t ia l automorphisms of A to the automorphisms of B such that whenever the range of 
<p equals the domain of ip, then ^ o <j> = ip o <j>. 

Note that under J E P both the R a m s e y and E P P A properties imply A P . T h u s Fra i ssé 
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classes form a na tu ra l set-up for their analysis . Moreover, there are deep connections to 
topological dynamics , on one hand through the K e c h r i s - P e s t o v - T o d o r č e v i č correspondence 
between the R a m s e y property and e x t r é m e amenabil i ty of the automorphism group of 
the Fra i s sé l imi t , on the other hand v i a the Kechr i s -Rosenda l theorem that E P P A implies 
amenabil i ty of the automorphism group. 

Now the automorphism group of every R a m s e y structure (i.e. F ra i s sé l imi t of a R a m s e y 
class) stabilizes some l inear order. O n the other hand, l inear ly odered finite structures 
have no automorphisms. T h u s , R a m s e y and E P P A classes are disjoint (except for t r i v i a l 
examples) . 

T h e p r i n c i p á l results of J a n H u b i č k a can be found i n papers [HN19] for the Ramsey 
property and [ H K N 1 9 b ] for E P P A classes, where he shows that: 

• For any countable language C w i t h an order, the class of a l l finite l inear ly ordered 
A-structures is Ramsey . 

• For any finite language C w i t h only unary function symbols, the class of a l l finite 
£ - s t r u c t u r e s has coherent E P P A . 

B o t h essentially not only unify a l l previously known results, ma in ly by N e š e t ř i l - R ó d l but 
also [HN18a] for R a m s e y classes, and by Hrushovski , Hc rwig , and [ E H N 1 7 , E H N 1 9 ] for 
E P P A classes, but also add numerous new structures to the l is t . T h e y thus constitute a 
def ini t ivě solution for the unrestr icted p r o b l é m , and a major advance for the subject. 

Concerning restr icted classes, we need some more definitions. A homomorphism A —¥ B 
is a homomorphism-embedding i f i ts restr ict ion to every irreducible substructure of A (i .e. 
wh ich does not decompose as a free amalgam of proper substructures) is an embedding. 
A n amalgamation fi : A —> Bi and : Bi —> C for i = 1,2 is strong i f g\{B\) n g2{Bfi) = 
g i ( / i ( A ) ) = gíifíiA)). G i v e n a class /C, a subclass /Co of irreducible structures is locally 
finite i f for every A E /Co and BQ E /C there is a finite integer n such tha t every £ - s t r u c t u r e 
B has a homomorphism-embedded image B' E / C 0 provided 

1. every irreducible substructure of B can be embedded into A, 

2. there is a homomorphism-embedding of B to B0, and 

3. every substructure of B on at most n vertices homomorphism-embeds into a struc­
ture i n K. 

/Co is local ly finite automorphism preserving i f B' can always be chosen to contain B 
as (possibly not ful ly induced) substructure and such tha t there is a homomorphism 
/ : A u t ( A ) - ¥ A u t ( B ' ) such tha t f(a) extends a for a l l a G A u t ( A ) . 

T h e n [HN19, H K N 1 9 b ] : 

• L e t £ be a countable language, /C be a R a m s e y class of irreducible finite £ - s t r u c t u r c s , 
and /Co a heredi tary local ly finite subclass w i t h strong amalgamation. T h e n /Co is 
Ramsey. 

• L e t C be finite language w i t h only unary function symbols, /C be an E P P A class 
of irreducible finite £ - s t r u c t u r e s , and /Co a hereditary local ly finite automorphism-
preserving subclass w i t h strong amalgamation. T h e n /Co has E P P A . Moreover, i f /C 
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is coherent, so is JCQ. 

These two theorems y ie ld the R a m s e y property or E P P A for numcrous examplcs old 
and new, such as free amalgamat ion classes, par t ia l orders ( R a m s e y only—they cannot 
have E P P A ) , and metrie spaces (e.g. [ H K N 1 9 a ] ) . T h e y deseribe a eommon and gene rá l 
framework how to obtain R a m s e y or E P P A results. However, there are examples where 
this approach does not seem to apply, such as E P P A for the class of a l l finite groups, or 
for the class of a l l skew bil inear forms, and others where a possible applicat ion is work in 
progress. 

I t should be further noted that the results concerning E P P A are phrased i n a more gene rá l 
framework, w h i c h allows ari ty-preserving permutations of the language (permorphisms), 
and mult i -valued functions. 

A negative result is given in [ E H N 1 9 ] , where an w-categorical s t ructure OJÍ is constructed 
by Hrushovk i amalgamat ion wh ich has no canonical R a m s e y expansion, but a non-canonical 
one, and w h i c h is not E P P A , but has an E P P A expansion. 

I n my opinion, the results assembled in J a n H u b i č k a ' s habi l i ta t ion thesis form a major 
contribution to combinatorics, more precisely to (generalized) R a m s e y theory. T h e pro-
vide a definite answer i n the unrestr icted contect to an important open p r o b l é m (or two: 
whether a class is R a m s e y or has E P P A ) , and a unified a highly g e n e r á l approach in 
the restr icted context. T h e methods used bui ld on earlier work of Neše t ř i l and others, 
but constitute a significant amelioration, simplifying, unifying and generalizing previous 
approaches. Moreover, the p á p e r [EHN19] in appendix E also delineates the boundaries 
by giving a counter-example to both properties. I recommend acceptance of this thesis 
for the habi l i ta t ion process. 
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