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1. Introduction
Until the beginning of the last century, physical aspects of chemistry were un-
derstood mainly in terms of chemical compound transformations accompanied
by energy exchange, all governed by the laws of thermodynamics. At that time,
the existence of molecules has already been hypothesized, yet a consistent theory
that would provide its satisfactory explanation was still absent. That changed
with the emergence of quantum mechanics. Motivated by its initial success in
atomic theory, it became clear that it provides a powerful theoretical framework
which could be used to formulate a rigorous theory of chemical bonding.

The first such attempt was published in 1927 by Heitler and London, who
applied quantum mechanics to the hydrogen molecule in a way known today as
the valence bond theory [1]. Yet, the real breakthrough came four years later,
when Pauling used this theory on more complex molecules and came up with an
explanation for the tetravalence of carbon and multiple other chemical phenomena
[2]. In parallel, Mulliken, Hund and Lennard-Jones [3–5] developed an alternative
approach known as molecular orbital theory, in which the electrons are not strictly
localized between bound atoms, but distributed, possibly throughout the entire
molecule. Its non-local character made it possible to capture the delocalized
nature of electrons in unsaturated hydrocarbons [6], which was an area where the
valence bond theory failed by construction. Thus, molecular orbitals ultimately
prevailed and are now considered a cornerstone of the electronic structure theory.

It is hardly an understatement that quantum mechanics revolutionized the
way we think of chemistry and as Shaefer points out, it “...has been foundational
to why chemistry is understood in a much more profound manner than was the
case in 1926. Whether one likes it or not, orbitals have become the lingua franca
of chemistry...” [7].

Another remarkable scientific achievement of twentieth century that caused
a paradigm shift not only in chemistry, but science in general, was the advent
of electronic computers. Up till then, the science had comprised two intertwined
parts: theory and experiment. While experiments provide means to observe
physical phenomena, theory aims to describe them and possibly predict new
ones. Suddenly, it was possible to use the fundamental laws of physics (perhaps
complemented with empirical rules) in an unprecedented scale that allowed to
simulate complex physical systems, which molecules undoubtedly are. Such ap-
plications now constitute a third branch of science – simulations. Thus, also a
new field of computational chemistry has emerged and marked a new direction.
A direction in which results are obtained not in laboratories, but with computers.

Today, chemical calculations are exploited in multitude of ways. They can
help to interpret experimental results by providing insights into underlying chem-
istry of observed processes or predict molecular structures and their properties
without doing experiments at all. In fact, they became an indispensable part of
modern chemical research, a versatile tool which is routinely used by theoretically
inclined scientists and experimentalists alike. This was also acknowledged by a
wider chemical community, most notably by awarding the 1998 Nobel Prize in
Chemistry to Pople and Kohn for their contributions to this field.

Despite the immense progress in quantum chemical methods as well as in
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computational infrastructure, computational chemistry still offers numerous chal-
lenges. A particular problem in electronic structure theory is the calculation of
correlation energy, which, although small in absolute value, considerably impacts
the overall accuracy in the chemically relevant relative energies. However, accu-
racy is not the only issue, since exact solutions to this problem exist, but the
intrinsic complexity of many-body interactions renders them ineffective in prac-
tice. It is therefore crucial to devise approximations, that would reduce this
complexity, while maintaining sufficient accuracy. In the next few paragraphs, I
would like to briefly introduce the basic concepts regarding this topic, outline the
current state of research and introduce one possible approach to the problem – a
series of methods on whose development I participated during my PhD study.

Where we are...

In modern electronic structure theory, two fundamentally different approaches
exist. The wave function theory aims to solve the Schrödinger equation

H|Ψ⟩ = E|Ψ⟩ (1.1)

by finding the energy E and the wave function |Ψ⟩, for a given electronic Hamil-
tonian H. Assuming the Born-Oppenheimer approximation [8], which effectively
separates electronic and nuclear motion, the non-relativistic electronic Hamilto-
nian in atomic units takes form

H = −
∑

i

(
∇2

i

2 +
∑
A

ZA

riA

)
+
∑
ij

r−1
ij + Enuc, (1.2)

where i and j are electron indices, A is a nuclear index, ZA atomic number of the
nucleus A, r are distances between the respective bodies and Enuc is a nuclear
repulsion energy.

Hohenberg with Kohn showed that electronic energy can be alternatively ex-
pressed as a functional of electron density [9] and thus laid foundations of the
density functional theory (DFT). In fact, DFT is an exact theory and as of today,
it holds the position of the most widely used approach in quantum chemistry, es-
pecially within its Kohn-Sham formulation [10]. In this orbital based scheme, all
terms that cannot be explicitly expressed as functionals of electron density are
merged into a single term called exchange-correlation functional, which must be
approximated. This is most commonly done by using one of many semi-empirical
functionals, which are constructed in a flexible form that reflects various physical
properties and whose free parameters are fitted to accurate reference calculations.
Although DFT offers sufficient accuracy in most situations with a very good com-
putational scaling, it is not without a catch. Unlike wave function methods, the
semi-empirical functionals cannot be systematically improved and are prone to
overfitting. Yet, their major disadvantage is the limited predictive capability
when dealing with the systems that exhibit significant self-interaction errors (can
be mitigated by employing hybrid functionals) or strong correlation effects [11].

However, the work presented in this thesis deals with wave function methods,
which typically start with a solution of Hartree-Fock equations (HF) [12–14]. To
satisfy antisymmetry required for a fermionic wave function, it is expressed as a
single Slater determinant [15] constructed from molecular orbitals (MO), which
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are expanded in one-electron basis in a form of linear combination of atomic
orbitals [4]. Then, by varying the orbital coefficients under the constraint of or-
thonormality, the energy functional ⟨Ψ|H|Ψ⟩ is optimized. This approach reduces
the complex many-body problem to a set of coupled one-electron equations, in
which the two-electron Coulomb repulsion term r−1

ij is replaced by a mean-field
potential vHF(ri) that represents the average action of all the other electrons on
ith electron. Since these equations are non-linear, they must be solved in an
iterative fashion by employing the self-consistent field (SCF) procedure.

Two key approximations are made in the HF theory: wave function formed by
a single Slater determinant and mean-field approach to two-electron interactions.
This means that HF method does not retrieve total non-relativistic energy and
this difference between the exact and HF energies

Ecorr = Eexact − EHF (1.3)

is called correlation energy. It is usually distinguished between dynamic and
static correlation, with the latter also known as non-dynamic or strong correla-
tion. While dynamic correlation arises from the lack of instantaneous Coulomb
repulsion in the mean-field approximation and it is thus present to some extent
in all systems, the nature of static correlation is quite different. It emerges in
situations in which single-determinant wave function is qualitatively inadequate
to properly characterize the ground state of a studied system [16]. It is the con-
sequence of near-degenerate highest occupied and lowest unoccupied molecular
orbitals, which are commonly present in transition metal complexes, organic di-
radicals and systems undergoing a dissociation process, twist of a double bond,
etc.

A remedy to the lack of correlation can be found in the N -electron expansion
of the reference wave function, which can be formed as a linear combination of
excited determinants |Φab

ij ⟩ constructed from the reference HF determinant |Φ0⟩

|ΨFCI⟩ = c0|Φ0⟩ +
∑
ia

ca
i |Φa

i ⟩ + 1
2
∑
ijab

cab
ij |Φab

ij ⟩ + 1
6
∑

ijkabc

cabc
ijk |Φabc

ijk⟩ + · · · , (1.4)

with the expansion coefficients subsequently acquired by applying variational
principle. This approach is called configuration interaction (CI) and if the ex-
pansion contains all excitations that can be constructed in the given one-electron
basis, it is referred to as full CI (FCI). In fact, such a wave function provides an
exact solution to the electronic Schrödinger equation within a given one-electron
basis, but the number of determinants grows exponentially with the system size,a
which eventually hinders any practical applications, save for very small systems.

Clearly, the different nature of static and dynamic correlation should be re-
flected in the wave function character. To account for dynamic correlation it
needs to be expanded into a large number of low-weight determinants, whereas
static correlation requires a relatively small number of high-weight determinants.
This also implies that the means of reducing the number of determinants would
differ as well. One possible solution is to use complete active space (CAS) meth-
ods. They are based on a prior selection of orbital space within which a FCI
calculation is performed, i.e. all excitations within this space are included. This

a System size refers to the number of electrons and the size of one-electron basis.
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approach can be applied either in a single calculation (CAS-CI) or iteratively
to optimize CAS orbitals in a self-consistent manner (CASSCF). In the other
approach, the expansion (1.4) is truncated by imposing a limit on the excitation
rank. For instance, the wave function in the CISD method is constructed only
from mono- and biexcitated determinants. Both methods provide a clear hierar-
chy in which the energy converges toward the exact value; CAS approaches by
increasing the size of an active space, truncated CI by increasing the excitation
rank. CAS methods are suitable for static correlation, but they are afflicted with
a steep exponential scaling with respect to the CAS size and thus fail to include
dynamic correlation, since such wave functions cover only a small portion of vir-
tual space. On the other hand, truncated CI schemes recover dynamic correlation
well, scale polynomially, but are unable to describe static correlation and are no
longer size-extensive or size-consistent.

Because some authors use these two related, but not identical, concepts some-
what interchangeably, it is necessary to make a clear distinction between them.
Size-extensivity is a formal property of many-body methods, which guarantees
that extensive properties such as energy exhibit the proper scaling with respect
to the number of particles in the system [17], i.e. the energy is expected to scale
linearly with the number of electrons E(N) ∼ N . A method is size-consistent, if
the energy of a system composed of several non-interacting subsystems is addi-
tively and its wave function multiplicatively separable [17]. Since the quantities
of interest in chemistry are relative energies (e.g. energy differences along the re-
action coordinate or potential energy surface (PES)), it is important to maintain
consistent accuracy to obtain sensible results. Both properties are thus highly
desired for any quantum chemical method, as they ensure its consistency with
the growing number of electrons (size-extensivity) as well as increasing spatial
separation (size-consistency).

The coupled cluster (CC) approach was introduced to quantum chemistry by
Č́ıžek [18] and it is one of the most accurate methods for calculating dynamic
correlation. Owing to its exponential parametrization, the CC wave function
rigorously guarantees size-consistency of the methodb even within its truncated
schemes, while the connected CC equations guarantee size-extensivity. Today,
this method is routinely applied whenever accurate electronic energies are re-
quired and especially its version restricted to mono- and biexcitations (CCSD)
with the inclusion of perturbative triples correction (CCSD(T)) is considered to
be the gold standard in quantum chemistry [17, 19]. Unlike CI, the CC methods
are not variational and they are closely related to many-body perturbation the-
ory (MBPT) [20]. Although they offer a polynomial scaling and retrieve dynamic
correlation extremely well, they fail to correctly capture static correlation effects.

To resolve the issues stemming from the lack of static correlation, there have
been various efforts to formulate a multireference CC (MRCC) theory. As the
name suggests, these methods generalize the CC approach to take into account ex-
citations from a set of multiple reference determinants called model space. Based
on the approach taken towards the definition of excitation operators and their
respective Fermi vacua, most of these methods fall into one of three categories.
The Hilbert space methods use the Jeziorski-Monkhorst ansatz [21] in which the
wave operator is expressed as a sum of exponential excitation operators defined

b Though only for dissociation into closed-shell fragments.
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with respect to individual reference determinants as Fermi vacua. They come in
two flavors: the state-universal formulation requires a simultaneous calculation
of as many electronic states as is the dimension of the model space, whereas the
state-specific one focuses only on one state at a time. In contrast, the Fock space
methods use the same operator for all reference determinants, which requires
the model space to include determinants with variable number of electrons. Fi-
nally, internally contracted MRCC uses a single excitation operator that acts on
a multideterminantal vacuum state employing the generalized normal ordering
and Wick’s theorem [22]. These three classes of MRCC methods represent a
very broad area of research and except for Mukherjee’s state-specific formulation
of Hilbert space CC (MkCC) [23, 24], they are not of particular relevance to
this thesis. I would therefore refer to one of the following reviews [17, 19] for a
comprehensive overview of different approaches.

Apart from the described genuine MRCC formulations, there is a class of al-
ternative approaches that are capable of including static correlation within the
single-reference CC framework. Particularly relevant for this thesis are the ex-
ternally corrected MRCC introduced by Li and Paldus, who suggested to divide
the wave function into two parts: the fixed part imported from an external cal-
culation, and the remainder which is adjusted in its presence. The first such
method was reduced multireference CCSD [25–31] in which the CCSD ansatz
was modified to include up to quadruple excitations. In this approach, triple
and quadruple amplitudes extracted from a multireference CI (MRCI) calcula-
tion constitute the fixed part of the wave function, whereas the CC equations
are solved for the remaining single and double amplitudes. They later applied
an analogous approach to the general model space state-universal MRCC using
the Jeziorski-Monkhorst ansatz [32]. Another related and conceptually very sim-
ple method is tailored CC (TCC) of Kinoshita et al. [33]. It is based on the
split-amplitude ansatz of Piecuch and Adamowicz [34, 35], in which the single
and double amplitudes that parametrize the wave function are divided into two
parts. The active amplitudes are imported from an external CAS-CI calculation
and are kept “frozen”, while the external amplitudes are obtained by solving the
remaining CCSD equations within their presence. This way, the former account
for static and the latter for dynamic correlation, with the method being fully
contained within the boundaries of the conventional CCSD framework.

Compared to CC, density matrix renormalization group (DMRG) is a rela-
tively recent method, originally designed for calculations of low-energy states in
solid-state physics. It was first formulated by White [36, 37] as a generalization of
Wilson’s numerical renormalization group [38] and later successfully introduced
to quantum chemistry by White and Martin [39]. The subsequent series of in-
depth studies that provided several benchmarks and addressed issues related to
its chemical applications [40–46] paved its way to mainstream quantum chem-
istry and as of today, it is considered a well-established approach for treatment
of strongly correlated molecular, as well as solid-state systems.

From the quantum chemical perspective, DMRG is a variational approxima-
tion to FCI (or CAS-CI) in which the wave function is iteratively optimized. In
each iteration, the N -electron basis is truncated in a way that minimizes the loss
of information and thus effectively reduces the exponential scaling of FCI to a
polynomial one. This truncation procedure is controlled by a parameter specified
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prior to the calculation and with the increasing accuracy, DMRG energy rapidly
converges towards the exact energy. Despite the favorable scaling, which allowed
DMRG to outperform traditional methods in situations requiring large active
spaces, it is still unable to efficiently account for dynamic correlation, which thus
has to be included by different means.

To resolve this issue, numerous efforts went into the development of “post-
DMRG” methods in the last decade, and even today it is still a very active
area of research [47]. Due to the nature of DMRG, these endeavors naturally
revolve around methods that were formerly formulated for CI-based approaches
such as the canonical transformation theory [48] or internally contracted MRCI
[49]. Probably the most explored of these are the methods based on a multiref-
erence perturbation theory as is its matrix product state based formulation [50],
or techniques like the second-order complete active space perturbation theory
(CASPT2) [51, 52] or N -electron valence state perturbation theory (NEVPT2)
[53, 54]. Another perspective direction is represented by the class of methods
that pursue to create an interface between DMRG and DFT, e.g. short-range
DFT [55] or pair-DFT [56].

...and where we want to get

The project on which I eventually spent the majority of my PhD study aimed to
contribute to these efforts by developing an alternative approach that combines
the capabilities of DMRG and CC in retrieval of static and dynamic correlation,
respectively. This is achieved via the tailored CC ansatz which is why we refer
to the resulting method as coupled clusters tailored by matrix product states,
denoted by the acronym DMRG-TCC (we often use just TCC where the use of
DMRG is clear from the context). The major benefit of this simple approach
is that unlike the methods as NEVPT2 and CASPT2, which require the com-
putation of three- and four-electron density matrices, it does not impose any
additional computational costs apart from those of DMRG and CC.

Over the span of four years, we published our results in six peer-reviewed
articles. First, we introduced the method [57] and applied it to the very challeng-
ing problem of rotational barrier of tetramethyleneethane [58]. In collaboration
with other groups, we investigated its formal properties and systematically ex-
plored the possibility of using it in a black-box manner [59]. Considering that for
large systems the CC part might become the computational bottleneck, we im-
plemented local versions of the method [60, 61]. Then, we employed them in the
study whose goal was to reliably establish the ground state of Fe(II)-porphyrin
models [62].

Finally, I would like to initiate the reader to the way I structured this thesis.
The chosen format reflects my conviction that to efficiently convey information,
it is important first to provide the bigger picture and then keep redundancy
to the minimum. While a plain compilation of papers would lack the former,
a full-length thesis would most likely end up being a mere list of the results
and implementation specifics that have already been described in detail in the
published articles. As I prefer not to repeat the same things over and over with
no apparent added value, I decided to summarize the five years of my studies in
the form of a “semi-compilation”. I aimed to introduce key concepts from the
broader perspective in the coherent, concise and self-contained text, while the

8



technical details and full results are available in the articles, which are attached
to this thesis. Regarding the results presented directly in the text, I handpicked a
few representative systems for which I either compiled the data spanning multiple
papers that I thought might benefit from a side-by-side comparison or presented
them from a slightly different point of view. In a few cases, I even performed
some additional calculations to complement the original results.

Following these ideas, in Chapter 2, I introduce the essential concepts of the
CC and DMRG theories, together with basic properties of the TCC ansatz, which
is central to this work. I then continue by presenting the selected results of the
TCC calculations performed on the nitrogen molecule and tetramethyleneethane.
In Chapter 3, I first provide a short historical overview of developments in the
area of local approaches based on the pair natural orbitals. Afterwards, I in-
troduce the three central concepts that made near-linear scaling in CC possible
and the key modifications that were necessary to accommodate TCC within this
framework. I conclude the chapter with a brief discussion on the optimal orbital
localization scheme and the accuracy comparison of our two local TCC imple-
mentations. The articles containing further details are then attached at the end
of the thesis, preceded by a brief description of their contents and the extent of
my contributions.
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2. Tailored Coupled Clusters
The coupled cluster theory is nowadays considered a gold standard of high-
precision quantum chemistry, especially suited for the treatment of systems dom-
inated by dynamic correlation. It owes its success to its numerous advantageous
properties, most of which can be traced back to the form of its wave function

|Ψ⟩ = eT |Φ0⟩. (2.1)

Here, the wave operator, which converts the reference vacuum wave function to
the exact wave function, is expressed as an exponential of the cluster operator

T =
∑
ia

tai a
†
aai

T1

+ 1
4
∑
ijab

tab
ij a

†
aa

†
bajai

T2

+ 1
36

∑
ijkabc

tabc
ijk a

†
aa

†
ba

†
cakajai

T3

+ · · · , (2.2)

whose coefficients are referred to as CC amplitudes. It is an excitation operator
that can be decomposed to a sum of operators Tn, each corresponding to all possi-
ble n-fold excitations, thus providing a direct approach to reduce the complexity
of the wave function. Broadly speaking, CC provides a convenient framework for
performing the infinite order summations of certain classes of MBPT diagrams,
which are chosen by truncation of the cluster operator.

This leads to one of the greatest benefits stemming from the wave function
form. Unlike truncated CI, the exponential wave operator rigorously guarantees
size-extensivity even for truncated schemes, which is crucial to maintain consis-
tent behavior of the method, for instance along PES.

In this chapter, I first introduce general aspects of the standard CC and
DMRG methods. Then, I present an approach based on the tailored CC ansatz,
which we employed to combine them.

2.1 Coupled cluster equations
The first step in deriving the CC equations is the insertion of the exponential
ansatz (2.1) to time-independent Schrödinger equation (1.1), which can be then
rearranged in the form

e−THNe
T |Φ0⟩ = Ecorr|Φ0⟩, (2.3)

with HN being the normal-ordered electronic Hamiltonian. Next, the similar-
ity transformed Hamiltonian is expanded in terms of commutators by using the
Baker-Campbell-Hausdorff formula. This expansion terminates so that it con-
tains at most four-fold commutators, since the electronic Hamiltionian is a two-
body operator which includes at most four annihilation operators renormalized
with respect to the Fermi vacuum. By applying generalized Wick’s theorem, it
is possible to replace the commutators by a restriction to connected diagrams,
because the only surviving terms are those with the Hamiltonian on the left con-
nected up to four cluster operators on the right, such as HNTTTT . The reason
for this is that the cluster operator (2.2), due to its excitation nature, contains
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only creation operators with respect to the reference wave function as a Fermi
vacuum. Therefore, the only non-zero terms are those, in which each of the clus-
ter operators is contracted with at least one index with the Hamiltonian. The
series can be then rewritten in the exponential form

e−THNe
T =

(
HNe

T
)

C
, (2.4)

where the letter C denotes the restriction to connected terms.
If we limit the cluster operator to single and double excitations and substitute

the connected-terms expansion to the similarity transformed Hamiltonian (2.4),
we obtain the CCSD energy expression by projecting (2.3) onto the vacuum wave
function

Ecorr = ⟨Φ0|HNe
T1+T2 |Φ0⟩C. (2.5)

The amplitudes can be determined by projecting (2.3) onto singly and doubly
excited determinantsa yielding

0 = ⟨Φa
i |HNe

T1+T2|Φ0⟩C, (2.6a)
0 = ⟨Φab

ij |HNe
T1+T2|Φ0⟩C, (2.6b)

which are called CCSD amplitude equations. From these, detailed implementable
equations can be derived either algebraically or preferably using diagrammatic
techniques. Today, automated code generating frameworks are often used. These
are able to automatically generate CC equations based on a given ansatz, factorize
them and directly provide optimized code [63, 64].

Solution

Because the equations (2.6) are not linear in amplitudes, they require an iterative
approach to reach a solution. For any given estimate, they will not evaluate to
zero unless the amplitudes solve these equations, which yields

σa
i = ⟨Φa

i |HNe
T1+T2|Φ0⟩C, (2.7a)

σab
ij = ⟨Φab

ij |HNe
T1+T2|Φ0⟩C, (2.7b)

in which σa
i and σab

ij are called residuals.
The information gained from the set of guess amplitudes from one iteration

can be used to improve their estimate for the subsequent iteration. The idea
is to take advantage of the connection between the CC method and MBPT. In
particular, if [n]t is a set of all amplitudes in the nth iteration, then the doubles
amplitudes for the next iteration are acquired as

[n+1]tab
ij = [n]tab

ij +
σab

ij ([n]t)
εi + εj − εa − εb

, (2.8)

where εk are orbital energies. This process is then iterated, until the convergence
is reached, i.e. the left-hand sides of residual equations are evaluated below a
chosen threshold. Single amplitudes are updated analogously.

Since the use of such straightforward approach very often results in extremely
slow convergence, normally various convergence acceleration schemes are used.
Most commonly employed approach is the direct inversion in the iterative sub-
space, which was originally proposed to improve SCF convergence [65, 66].

a In general, to acquire a set of linearly independent equations, one needs to project (2.3)
onto all determinants with excitations up to the excitation rank of the cluster operator.
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2.1.1 Peturbative triples correction
The next natural extension of CCSD would be to fully include triple excitations
(CCSDT) by truncating the cluster operator at T3, but such approach significantly
increases the computational cost. This motivated the development of approxima-
te iterative triples CCSDT-n methods, which include the important triple con-
tributions, yet offer more favorable scaling [67, 68]. These methods still require
storage of triple amplitudes, which can be a limiting factor if memory is scarce.

A possible solution is to simply calculate energy correction that includes triples
contributions in a non-iterative manner. The well-proven method is CCSD(T)
[69], which draws on the close connection between the CC theory and MBPT. Its
key idea is to use the approximate T3 amplitudes

= + (2.9)

constructed from the converged CCSD T2 amplitudes, rather than second or-
der T3 amplitudes. These are then used to evaluate those triples diagrams that
contribute to the fourth order MBPT energy

ECCSD(T) = ECCSD + + + . (2.10)

Such method thus requires the iterative solution of CCSD equations, while
the evaluation of the final triples correction in the fourth order of MBPT needs
only a single step of calculating the energy contributions. The resulting energy
accounts for mono- and biexcitations in the infinite order, while the triexcitation
contribution is included up to the fourth order of MBPT.

2.1.2 Computational cost
The rate-determining step in CCSD is the evaluation of the term 1

2
∑

cd⟨ab||cd⟩tcd
ij ,

which scales as n2
on

4
v with no and nv being the numbers of occupied and virtual or-

bitals, respectively. It may appear that contributions of terms with disconnected
quadruple amplitudes might scale more rapidly, but this can be circumvented
with the clever use of intermediates. Terms like ∑ld t

db
lj [∑kc t

ac
ik⟨kl||cd⟩], which

would apparently require n4
on

4
v steps to evaluate, can be then effectively broken

into two n3
on

3
v processes. This ultimately leads to the scaling O(N6) with the sys-

tem size N and the memory cost of n2
on

2
v corresponding to the storage of doubles

amplitudes. Inclusion of each higher excitation within the framework increases
the computational and memory demands by an extra factor nonv.

In case of perturbative CCSD(T) scheme for triples, the evaluation of the
fourth-order diagrams (2.10) requires n3

on
3
v steps, but with the additional factor

nv, which arises from the internal index in the T3 amplitudes construction (2.9).
The resulting complexity of the method is then O(N6) for each CCSD iteration
with a single additional O(N7) step.
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2.2 Density matrix renormalization group
Density matrix renormalization group was introduced by White [36, 37] in solid-
state physics and later successfully applied to quantum chemistry [39]. Today,
it represents one of the prominent methods for treatment of strongly correlated
systems. As a numerical approach it was designed to treat low-lying states of
strongly correlated systems and from quantum chemical perspective, it provides
a variational approximation to FCI.

Today, two equivalent formalisms [70] for the method exist: the original renor-
malization group with renormalized operators and the more modern matrix prod-
uct states (MPS) with matrix product operators. Here, I provide only a very brief
introduction to its wave function structure in the MPS formalism and the algo-
rithm which optimizes this wave function, based mainly on the reviews by Chan
and Sharma [71], and Wouters and Van Neck [72]. For more details I would also
recommend the following reviews [73–75].

2.2.1 Matrix product states
As an alternative to (1.4), it is also possible to expand the FCI wave function in
the Fock space

|ΨFCI⟩ =
∑
{α}

Cα1α2···αk |α1α2 · · ·αk⟩, (2.11)

where |α1α2 · · ·αk⟩ is the occupation-number representation of the determinant.
The index {α} indicates the summation over all occupation numbers of all molec-
ular orbitals, where each orbital can independently take one of the four different
values αi ∈ {|−⟩, | ↓⟩, | ↑⟩, | ↓↑⟩}. Given the four possible values of each occupa-
tion number, the dimension of the FCI tensor grows exponentially as 4k with the
number of orbitals k. Generally, exponential scaling confines the applicability of
any method to a limited range of very small systems, so it is important to find
a way to reformulate this wave function in such a manner that would allow its
truncation.

A possible approach is to repeatedly apply the singular value decomposition
(SVD), and decompose the FCI tensor to a series of contracted matrix products

Cα1α2···αk =
∑
{m}

Aα1
m1A

α2
m1m2· · ·Aαk

mk−1
, (2.12)

graphically illustrated in Figure 2.1. Here, αi are referred to as physical and mi

as virtual indices and again, {m} denotes contraction over all indices mi. At this
point, such decomposition is exact, since no assumptions were made and as a
result, the complexity of the original tensor is hidden within the virtual indices,
whose dimensions grow exponentially towards the middle of the matrix product.

However, if this matrix product is truncated by introducing a maximum al-
lowed dimension of virtual indices M called bond dimension, it is possible to
greatly reduce the complexity of the wave function. In particular, if we assume
the same bond dimension for all virtual indices, the wave function is described
by a total number of parameters scaling as O(kM2). The resulting ansatz

|ΨMPS⟩ =
∑
{α}

Aα1Aα2 · · · Aαk |α1α2 · · ·αk⟩ (2.13)
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Figure 2.1: Diagrammatic representation of a FCI tensor and its MPS decompo-
sition (2.12). The open lines represent physical indices and red connected lines
virtual indices.

is called a matrix product state and in this truncated form it constitutes an
approximation of the FCI wave function. More importantly, as Östlund with
Rommer [76] have shown, it is equivalent to the wave function optimized by the
DMRG algorithm, yielding a variational upper bound for the ground state energy.

At the end of this section, I would like to make a brief remark regarding
the DMRG terminology. DMRG wave functions are represented as linear chains
of orbitals referred to as sites. Apparently, when expressed in the MPS form,
each site is associated with a single matrix, which are iteratively optimized in a
procedure I am about to describe.

2.2.2 Optimization algorithm
In analogy to Slater determinant being invariant to unitary transformations con-
tained within occupied or virtual orbital subspaces, the MPS wave function pos-
sesses similar “gauge” freedoms. In particular, it is possible to insert identity
XX−1 = I, where X is an arbitrary non-singular matrix, between any two con-
secutive matrices Aα, without changing the resulting wave function. This freedom
can be exploited to bring the wave function to the canonical form

|ΨMPS⟩ =
∑
{α}

Lα1· · · Lαi−1CαiCαi+1Rαi+2· · · Rαk |α1α2 · · ·αk⟩, (2.14)

which has certain orthogonality properties – all matrices to the left from i are
left-normalized ∑α Lα†Lα = I while those to the right of i+1 are right-normalized∑

α RαRα† = I. Any MPS can be transformed to this form, but there will always
remain at least one matrix which cannot be constrained by these orthogonality
conditions.

In analogy to the traditional renormalization group formulation of the DMRG
algorithm, we can define left and right block renormalized bases consisting of
vectors

|li−1⟩ =
∑
{α}

Lα1 · · · Lαi−1|α1 · · ·αi−1⟩, (2.15a)

|ri+2⟩ =
∑
{α}

Rαi+2 · · · Rαk |αi+2 · · ·αk⟩. (2.15b)
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The wave function (2.14) can be expanded in these reduced block basis sets
together with the basis associated with the sites i and i+ 1

|ΨDMRG⟩ =
∑

{lααr}
C

αi αi+1
li−1ri+2

|li−1⟩|αi⟩|αi+1⟩|ri+2⟩. (2.16)

Note that the matrices at these sites were contracted to a single tensor, as we
describe the two-site version of the DMRG algorithm with the corresponding two
-site canonical wave function (2.14).

Now, what does canonical mean within this context? During the DMRG
procedure, we minimize the DMRG Lagrangian [77] and this choice of the wave
function diagonalizes the matrix of Lagrange multipliers, similar to canonical
orbitals in the HF method. As a result, the task then reduces to solving the
problem

H[i]effC[i] = EiC[i] (2.17)
in each iteration, where H[i]eff is the effective Hamiltonian and C[i] represents
the contracted form of the currently optimized matrices.

Micro-iterations

Let us now assume that DMRG has already been initialized and it is somewhere
around the middle of the forward (left-to-right) sweep, with sites i and i+ 1 to
be optimized. The iteration starts with a contraction of the two matrices corre-
sponding to these sites into a single two-site tensor C[i] ≡ Cαiαi+1 = CαiCαi+1 .

Next, the equation (2.17) with the 4M×4M effective Hamiltonian is solved.
This is achieved by one of the standard eigenproblem solvers for large sparse
matrices, such as Lanczos [78] or Davidson [79] algorithms. To reduce the number
of iterations, the previously converged eigenvector C[i] is used as an initial guess
for the diagonalizer [80].

Since the calculation of the product H[i]effC[i] is the most time consuming
step in the entire DMRG calculation, it is crucial to perform it efficiently. There-
fore, renormalized operators to the right from C[i] are loaded from the previous
macro-iteration (see below), while operators to the left are constructed using the
operators from the previous iteration. The renormalized operators that comprise
only one or two second-quantized operators can be constructed directly, however,
operators composed of more than two second-quantized operators require the use
of presummed intermediates [39].

Once the solution is found, its eigenvector is decomposed by SVD

Cαiαi+1 = UαiDαiVαi+1 , (2.18)

where matrices Uαi and Vαi+1 are left- and right-normalized, respectively. This
product is then truncated based on its singular values Dαi , specifically, only the
first M largest values Dαi

k are kept. This choice provides an optimal approxima-
tionb for the bipartition of the basis {|li−1⟩} ⊗ {|αi⟩} ⊗ {|αi+1⟩} ⊗ {|ri+2⟩}. The
truncated matrices from the SVD decompositon (2.18) are then set to Aαi = Uαi

and Aαi+1 = DαiVαi+1 for the next iteration.
b In the original formulation of the method, the optimal basis was constructed from the

eigenvectors of the left-block density matrix ρL = TrR|Ψ⟩⟨Ψ| corresponding to the largest
eigenvalues, hence the name DMRG. It has been shown in the original works by White, that
such choice minimizes the information loss from the truncation [36, 37].
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Macro-iterations or sweeping

The DMRG calculations for quantum chemical applications are performed on the
finite “lattice” of orbitals in macro-iterations called sweeps. Each sweep consists
of a series of iterations, in which one block expands while the other diminishes,
until there is only one orbital left. This procedure is illustrated in Figure 2.2.

However, the initial sweep, commonly referred to as the warm-up sweep, differs
from the rest of the calculation. The reason is that although at the beginning of
calculation, left-block operators can be constructed exactly, the situation is quite
different for the right block. Due to the limited bond dimension, it is necessary
to select such a small subset of states that would provide qualitatively correct
description of the wave function, while giving the correct number of electrons and
spin when added up with the left block. The simplest approach is to pick deter-
minants energetically close to the HF determinant, but more elaborate methods
exist. One such approach is dynamically extended active space which also uses
the knowledge of HF orbitals, complemented with additional information about
their importance [43].

After the warm-up sweep, the actual sweeping begins. During the forward
(left-to-right) sweep the left block is gradually augmented, with its operators
built explicitly, while right block operators from the previous sweep are read
from the disk. At the end of each iteration, the left-block operators are saved for
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Figure 2.2: Depiction of two-site DMRG sweeping procedure with the respective
bond dimensions of the left and right blocks. Note that the maximum bond
dimension is M = 32. Convergence check is performed by comparing energies in
the middle of two successive sweeps, here denoted by arrows.
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the the subsequent backward (right-to-left) sweep. Once the sweep reaches the
end, i.e. the right block has only a single orbital left, the procedure changes the
direction, with the roles of the left and right blocks reversed. The calculation
then proceeds until the energy convergence between two consecutive sweeps is
reached, with the convergence check usually performed in the middle of a sweep.

Additional considerations

Finally, I would like to address some practical aspects of performing DMRG
calculations.

As in conventional CAS-CI calculations, one of the most important parame-
ters is the selection of orbitals for CAS. To achieve sensible results, such choice
should be motivated by the underlying chemistry of the observed system, but to-
day one can also opt for an automated CAS selection approach based on quantum
information theory [81].

Another influence that might significantly exacerbate accuracy and conver-
gence properties of DMRG, is orbital ordering along its one-dimensional lattice.
To diminish these effects, it is necessary to localize entanglement, because failing
to do so leads to higher information loss during the block basis truncation. The
first step towards achieving this, is to split-localize the orbitals in CAS, i.e. to
separately localize occupied and virtual orbital subspace [82]. Afterwards, to op-
timize the orbital ordering along the lattice, a quick less accurate (i.e. with lower
M) calculation is performed. The resulting wave function is then used to calculate
entanglement measures for each pair of orbitals, namely von Neumann entropy
and the related quantum mutual information. Based on these, the ordering is
optimized by the Fiedler method [83], genetic algorithms [84] or combination of
both.

Regarding the DMRG algorithm, one can choose from two commonly used
options, each coming with its own strengths and weaknesses. Today, the previ-
ously described two-site version is used almost exclusively, mainly because of the
larger number of variational parameters, which ensures that the algorithm gener-
ally converges to lower energies and is less prone to getting stuck in local minima.
On the other hand, the main advantage of the one-site method is that unlike its
two-site counterpart, it converges monotonically along the entire sweep [85]. This
is especially important property for calculation of four-index quantities,c such as
two-electron density matrices for DMRG-CASSCF [86] or double amplitudes for
TCC [57].

To benefit from both of these approaches, the calculations are usually con-
verged with the two-site algorithm, and subsequently switched to one-site algo-
rithm for the final sweep during which the quantities of interest are calculated.
Apart from this, there is an alternative way that allows to maintain stable accu-
racy even with the two-site algorithm. Because the squares of singular values in
(2.18) sum up to one, the truncation error

δεtr = 1 −
M∑

k=1
(Dαi

k )2 (2.19)

c For the reason that only three-index intermediates are stored and thus four-index operators
need to be collected along the entire sweep, while maintaining the same accuracy [85].
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can be defined, providing an alternative measure to control the accuracy of
DMRG. This allows to choose the bond dimension M dynamically according to
the preset accuracy threshold by employing the dynamical block state selection
(DBSS) procedure [43].

2.2.3 Computational cost
In comparison with the FCI method, DMRG offers a polynomial scaling with re-
spect to both number of sites k and bond dimension M . In particular, during each
iteration the operation count is given by the three key steps. The construction
of the renormalized operators scales as O(M2k3), the effective Hamiltonian di-
agonalization as O(M3k2), and finally the SVD with basis truncation as O(M3).
Since all these operations need to be performed k times during a single sweep,
the overall time scaling is ultimately O(M2k4) + O(M3k3) per sweep.

Regarding the memory requirements, the method needs to store to disk only
one- and two-index operatorsd represented by M×M matrices. However, these
need to be saved for each step of the whole sweep, which leads to the scaling of
O(M2k3).

2.3 Tailored CC ansatz and equations
The tailored coupled clusters method, introduced by Kinoshita et al. [33], offers
a simple approach which allows to include the static correlation effects, but still
within the single-reference CC framework. It is based on the split-amplitude
ansatz, first proposed by Piecuch et al. [34]

|ΨTCC⟩ = eT ext+T CAS|Φ0⟩, (2.20)

where the cluster operator is split into two parts. While the TCAS amplitudes
are extracted from an external calculation to introduce the static correlation into
CC, the T ext amplitudes are obtained by the usual iterative process and account
for the remaining dynamic correlation.

Originally, the method used CAS-CI to acquire the active amplitudes, but
we extended its applicability by employing DMRG as an approximate CAS-CI
solver [57]. A DMRG-TCCSD calculation thus starts with a DMRG run from
which the single and double CI coefficients are extracted by contractions of the
MPS matrices [87, 88]. These are then translated to CC amplitudes, using the
relation between CI and CC expansions

tai = ca
i

c0
, (2.21a)

tab
ij =

cab
ij

c0
−
ca

i c
b
j − ca

j c
b
i

c2
0

. (2.21b)

Afterwards, they are inserted into the TCC wave function, which for single and
double excitations takes the form

|ΨTCCSD⟩ = e(T ext
1 +T ext

2 )e(T CAS
1 +T CAS

2 )|Φ0⟩. (2.22)

d Due to the use of the aforementioned partial summations.
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The active amplitudes are kept “frozen” during the subsequent CCSD iterations,
while the remaining external amplitudes T ext are optimized, until the TCCSD
amplitude equations

0 = ⟨Φa
i |HNe

T ext
1 +T ext

2 eT CAS |Φ0⟩C {i, a} ̸⊂ CAS, (2.23a)
0 = ⟨Φab

ij |HNe
T ext

1 +T ext
2 eT CAS|Φ0⟩C {i, j, a, b} ̸⊂ CAS (2.23b)

are solved. This means that it is also possible to interpret (2.22) as an external
cluster wave operator acting on an approximate MPS wave function

|ΨDMRG-TCCSD⟩ ≈ e(T ext
1 +T ext

2 )|ΨMPS⟩. (2.24)

Apparently, such a wave function reproduces the CCSD energy in the limit of an
empty CAS and DMRG energy in the limit of CAS spanning all orbitals [59].

A significant benefit of TCCSD method is its simple implementation via stan-
dard CCSD framework. It is only necessary to load the active amplitudes before
the calculation and in each iteration, before the amplitude update, set the ac-
tive residuals to zero, i.e. those with all indices included in the active space.
As a result, the respective amplitudes are not updated (2.8), which is equivalent
to solving the TCCSD amplitude equations (2.23). Another advantage is that
unlike other “post-DMRG” methods, TCCSD does not require three- and four-
electron reduced density matrices. It only needs single and double amplitudes,
which are at most four-index quantities that can be obtained at the cost of a
DMRG calculation.

Moreover, the TCCSD method can be further improved by using the pertur-
bative triples correction, which can be easily implemented by excluding active
single and double amplitudes during the summation of fourth-order diagrams
(2.10), in order to prevent double-counting of static contributions [89].

However, the method has several inherent limitations. Although capable of
accounting for static correlation, it is still a single-reference method, which might
hamper its applicability in certain situations. For example, the method will most
likely fail if the MPS wave function does not contain a dominant configuration,
which could be taken as a Fermi vacuum. Due to the small reference coefficient
c0, one would acquire very large amplitudes (2.21). Technically, it is still possible
to perform TCC calculation unless the reference configuration weight equals zero,
but even the values close to zero would result in substantial drop in numerical
accuracy.

Another related issue is the invariance of TCC with respect to the choice of
Fermi vacuum, which might become problematic in case of exactly degenerate
systems. In these cases, the method breaks the spatial symmetry of the degener-
ate components, since it uses only a single Slater determinant [57]. For the same
reason, despite being rigorously size-extensive, TCC is not always size-consistent.
In fact, size-consistency is only guaranteed if CAS is constructed in such manner
that it includes all orbitals necessary to properly describe the dissociation process
of a bond AB to fragments A and B, i.e. the condition CASAB → CASA ⊗ CASB
is satisfied [33, 59]. Alternatively, the error in size-consistency can be mitigated
by increasing the size of the active space, because in the limit of CAS including
all orbitals, the TCCSD energy becomes identical to DMRG (FCI) [57].
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2.4 Benchmarks
In this section, I present selected results for two systems, nitrogen molecule and
tetramethyleneethane (TME), on which we examined the properties and accuracy
of the DMRG-TCCSD method. With the former, we aimed to demonstrate
how does the increasing active space size and DMRG truncation error affect the
overall accuracy of the method, while we chose the latter system as an interesting
challenge, because of its intricate singlet ground state. All our benchmark results
can be found in the articles whose full-text versions are attached to this thesis
and which contain the following:

DMRG-TCCSD [57] Retrieval of FCI correlation energy in chromium dimer,
comparison of calculated nitrogen molecule spectroscopic parameters with
experimental values and spin state ordering of oxo-Mn(Salen).

TME Rotation [58] Study of the dihedral rotation of TME by DMRG-TCCSD,
MkCC and their assessment by comparison with a FCIQMC benchmark.

N2 Molecule [59] Study of CAS size and DMRG accuracy dependence of
DMRG-TCCSD demonstrated on the dissociation of the nitrogen molecule.

In the rest of the thesis, I will use a shorthand notation for DMRG-TCCSD
calculations, TCCSD(N, k), which stands for the calculation with DMRG part
performed using the complete active space consisting of N electrons and k or-
bitals.

2.4.1 Nitrogen molecule
Dissociation of nitrogen molecule is a well-known problem in electronic structure
theory. With the increasing internuclear distance, its triple bond is broken and its
ground state character shifts from purely single-reference to highly multireference.
This eventually leads to the breakdown of single-reference CC methods [90], and
makes the balanced description along the whole curve somewhat problematic.
Since this process was used to demonstrate the capabilities of the original TCCSD
method [33], we found it suitable to investigate some of the properties of DMRG-
TCCSD, particularly those associated with increasing the size of the active space.

To illustrate the strengths of TCC methods, I would like to begin with a
series of calculations along the dissociation curve, starting from the equilibrium
distance req = 2.118 a0. These were performed with restricted HF orbitals in
cc-pVDZ basis, using the CAS(6,6) consisting of six 2p orbitals, which is the
minimal active space necessary to correctly describe the dissociation of the triple
bond. The results are plotted in Figure 2.3 as deviations from DMRG reference
energies, computed in full active space with M=4000 by Chan et al. [46], which
effectively serve as a FCI benchmark. Apart from the equilibrium geometry,
the CCSD energy quickly starts to diverge with increasing internuclear distance,
which consequently leads to a complete collapse of CCSD(T). On the other hand,
both TCCSD and TCCSD(T) provide very stable and balanced energies along
the entire presented PES.

Next, we performed a rough DMRG calculation with small bond dimension
in full CAS(14,28) for three geometries, 2.118 a0, 2.7 a0 and 3.6 a0, to acquire
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Figure 2.3: Deviations of CC and TCC energies from FCI benchmarks for nitrogen
molecule dissociation in cc-pVDZ basis. TCC calculations were performed with
CAS(6,6). DMRG energies by Chan et al. [46] were taken as a FCI reference.

the one-site entropy profile. Based on the decreasing order of entropies, we con-
structed a set of active spaces starting from the space consisting of all occupied
orbitals increasing up to the full active space. This means that the most strongly
correlated orbitals were added first and in case of degenerate orbitals, they were
added at the same time. With these active spaces we performed a series of DMRG
calculations with varying accuracy using the DBSS procedure controlled by trun-
cation error, followed by TCCSD calculations. The results are plotted in Figure
2.4 as deviations from reference energies, which were obtained by DMRG(14,28)
calculations with δεtr = 10−8 and which for all practical purposes serve as a FCI
benchmark.

Looking at the TCCSD energy CAS size dependence, its boundary points look
just as one would expect given the form of TCC ansatz (2.20). At CAS(14,7) the
wave function is identical to conventional CCSD, with all amplitudes being ex-
ternal and therefore the TCCSD effectively reproduces the CCSD energy. As the
size of CAS increases, so does the amount of correlation accounted for by DMRG,
which ultimately leads to convergence of correlation energies to the reference en-
ergy at the full CAS. Between these limits, however, the energy does not change
monotonically. Since the active spaces are constructed according to decreasing
one-site entropies, a prominent drop in energy is present immediately after the
addition of the first two orbitals. These contribute the most to static correlation
and the resulting energies are already significantly improved compared to CCSD
with the accuracy comparable to much more expensive CCSDT. Afterwards, the
energy converges towards the reference energy, with several undulations, because
certain correlations are lost due to the frozen active amplitudes.

The TCCSD method appears to be strongly dependent on the accuracy of
the preceding DMRG calculation, especially with significant static correlation
present (see Figure 2.4, left). In all three studied geometries for active spaces
up to about 15 orbitals, the energies have nearly identical trend regardless of
truncation error setting. The reason for this behavior is that even with a very
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Figure 2.4: Deviation of nitrogen molecule DMRG-TCCSD energies from the
reference energy in cc-pVDZ basis plotted with respect to active space increasing
from CAS(14,7) to CAS(14,28). The calculations were performed for equilib-
rium geometry req = 2.118 a0, as well as for geometries stretched to 2.7 a0 and
3.6 a0. DMRG calculations were performed with varying accuracies, controlled
by truncation error δεtr, while the DMRG(14,28) calculations with δεtr = 10−8

were taken as the reference, effectively serving as a FCI benchmark. Addition-
ally, the plots contain CC energies calculated up to quadruple excitations. To
maintain a reasonable scale, I omitted two CC energies in 3.6 a0 plot. These are
CCSD, which deviates from reference by 71.7 mEh, and CCSDT, which deviates
by −16.0 mEh.

loose threshold, for such small active spaces, the DMRG calculations are virtually
exact. Once we increase the active space further, the energies start to diverge due
to the limited accuracy which results in failure to account for dynamic correlation.
The large active space significantly limits the number of external amplitudes to
be optimized via CCSD, while the DMRG would require low truncation error
threshold (i.e. high bond dimension) to be able to include significant portion of
dynamic correlation. However, even these low-accuracy calculations have minima
around the same area as the ones with tighter thresholds and can be thus used
to find such a CAS, which would balance the overall cost and accuracy of the
production TCCSD calculation.

Finally, we wanted to determine whether it is possible to improve spectro-
scopic parameters calculated by TCCSD by augmenting the chemically motivated
CAS(6,6). For this purpose we used CASSCF(6,6) orbitals in conjunction with
cc-pVTZ basis. As in the previous enquiries, we chose a larger CAS(10,19) based
on the one-site entropy profile (for details see [57]) and subsequently performed
DMRG and TCCSD calculations for ten points along the PES. These were then
fitted and the spectroscopic parameters were determined by employing the Dun-
ham analysis [91].

Table 2.1 lists the resulting parameters with respect to their experimental
values taken from Lofthus and Krupenie [92]. The TCCSD(10,19) vibrational
frequencies show a significant improvement of approximately 50 cm−1 compared
to those calculated by CCSD, DMRG(10,19) and even to the one calculated by
a smaller TCCSD(6,6), although the latter improved only by about 6 cm−1. The
anharmonicities calculated by TCCSD(10,19) are also superior to CCSD, how-
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Table 2.1: Spectroscopic parameters of N2 ground state calculated with cc-pVTZ
basis shown with respect to experimental results taken from Lofthus and Krupenie
[92]: vibrational frequencies ωe, anharmonicities ωexe and bond lengths req.

Method ωe [cm−1] ωexe [cm−1] req [Å]
CCSD 2358.6 + 64.7 14.32 − 1.57 1.0977 − 0.0010
TCCSD(6,6) + 17.7 − 0.75 + 0.0032
DMRG(10,19) − 59.8 − 0.60 + 0.0135
TCCSD(10,19) − 11.3 − 0.41 + 0.0059

ever, the improvement upon TCCSD(6,6) and DMRG(10,19) is less pronounced.
Equilibrium distance is the only parameter for which CCSD provides the best es-
timate, but this is mainly because the molecule is purely single-reference around
the energy minimum.

2.4.2 Tetramethyleneethane
TME is the simplest disjoint non-Kekulé diradical with a complex electronic
structure, which arises from the presence of a pair of nearly degenerate frontier
orbitals. Moreover, the molecule has a degree of freedom corresponding to the
rotation about its central C–C bond, which also affects the occupation of the
frontier orbitals in the lowest singlet state. This makes the determination of the
relative stability of the lowest singlet and triplet states quite a challenge for both
experimental and theoretical methods.

Motivated by the diffusion Monte Carlo study of Pozun et al. [93], we wanted
to investigate how would TCCSD handle this system in comparison to other
multireference methods. We started by performing a series of constrainede geom-
etry optimizations in cc-pVTZ basis for both singlet and triplet states using the
CASPT2(6,6) method with the active space consisting of six π orbitals. Out of
the acquired natural orbitals, we selected a space consisting of 60 orbitals with
the largest occupation numbers, excluding the core orbitals. Within this space,
we then performed a large-scale FCI quantum Monte Carlo (FCIQMC) [94–97]
calculations, which served as a benchmark in our further inquiries.

All MkCC, DMRG and TCCSD calculations were also performed only within
this limited space of 60 orbitals. For the multireference MkCC calculations, we
used complete model space consisting of two electrons in two frontier orbitals.
Just as with nitrogen molecule, we constructed three active spaces for DMRG and
subsequent TCCSD calculations using one-site entropy criteria. In the following
text, I present only the results obtained with the largest of them, CAS(24,25),
but the discussion on the effects of CAS size and the details regarding their
construction can be found in the full paper [58].

The left plot in Figure 2.5 shows our MkCC and DMRG PESs together with
the FCIQMC benchmark, which agrees well with the previous diffusion Monte
Carlo results [93] and the available experimental data [98]. FCIQMC energies
exhibit two distinct features we aimed to reproduce: singlet is the ground state
along the entire PES and it has a prominent barrier at 45◦. The MkCCSD energies

e Seven values of dihedral angle ranging from 0◦ to 90◦, while maintaining D2 symmetry.
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Figure 2.5: Potential energy surfaces of TME calculated with various multirefer-
ence methods using the CASPT(6,6) orbitals. DMRG and TCCSD calculations
were performed in CAS(24,25). Both figures share the same symbols for singlet
and triplet states, but for TCCSD triplet we calculated both high spin (ms = 1)
and low spin (ms = 0) component.

lack both of these traits, as it manages to predict the proper ordering merely for
a single value. The inclusion of triple excitations corrects this issue and yields
the singlet ground state, however, its PES still remains rather flat with only a
slight elevation around the middle. In contrast, DMRG not only provides the
correct ordering, but seems to be on the right track towards the proper shape of
the singlet PES, but still, not quite there, yet. Although it rises noticeably in the
first half of the rotation, the rest of the curve does not decrease as expected and
as a result fails to form a barrier.

The right plot in Figure 2.5 then shows the TCCSD results. The method
properly describes singlet PES and in fact, with the used CAS, it is in an ex-
cellent agreement with the FCIQMC benchmark. Unfortunately, the triplet and
singlet states flip for torsional angles around 45◦. These results point towards
something what is most likely an inherent shortcoming of the TCC approach. At
45◦, high spin triplet remains purely single-reference, whereas singlet is a strongly
multireference state with two determinants with practically equal weights. Such
situations might introduce a certain bias, because albeit capable of handling
strong correlation, at its core, TCC is still just a single-reference method.

We tested this hypothesis by calculating the low spin triplet component, which
is also highly multireference, since its wave function is constructed as a combina-
tion of two equally weighedf determinants. This should remove the bias as both
singlet and triplet states are now equally multireference and as the data show,
it does indeed lead to the correct ordering of the studied states. Nevertheless,
such situation can be considered a worst-case scenario for the TCC approach and
one also needs to take into account the especially small singlet-triplet gap at this
particular geometry.

f The same as for the singlet state, but with opposite sign.
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3. PNO-Based Local Approaches
Even though the CC theory made accurate chemical calculations broadly avail-
able, applications to larger systems are still limited due to its prohibitive scaling.
One of the universally applied techniques used to partially overcome this issue is
the frozen core approximation, in which the correlation treatment is restricted to
valence orbitals, the choice justified by mostly inconsequential engagement of core
electrons in chemistry. Another straightforward, though somewhat brute-force
approach, is the use of parallelization. However, neither of these does sufficiently
alleviate the computational cost of CC, and it is thus necessary to reduce its steep
scaling, possibly by developing the local correlation methods.

The first attempts to exploit the locality of dynamic electron correlation date
way back before the age of parallel computing. In 1980s, Pulay showed that one
can take advantage of the arising sparsity in the Hamiltonian matrix by employing
the localized internal orbitals [99], but the more challenging task was to devise
a compaction scheme for the virtual orbital space. A solution to this challenge
was proposed in the pioneering work of Pulay and Sæbø, who introduced local
versions of CISD and Møller-Plesset MBPT up to the fourth order based on
the projected atomic orbitals (PAOs), with which they were able to restrict the
number of excitations by assigning occupied orbitals their correlation domains
[99–102]. Werner and Schütz then built upon these ideas, which ultimately lead
to the introduction of the local CC method [103–107].

Although many different local approaches arose over the years [108–116], pos-
sibly the most effective one is based on the pair natural orbitals (PNOs), which
were introduced by Edmiston and Krausa [117]. They possess analogous prop-
erties to those of natural orbitals, which as Löwdin has shown provide the most
compact description of a CI wave function [118, 119]. Since then, PNOs were
successfully used by Ahlrichs, Kutzelnigg [120, 121] and Meyer [122–126] in de-
velopment of efficient local correlation methods.

For many years, the development in this area stalled, but the modern hard-
ware combined with the advances in integral transformation techniques such as
density fitting (resolution of the identity) [127–130] and chain of spheres exchange
methodologies [131, 132], paved the way for their revival. Since 2009, Neese et
al. published a series of papers in which they introduced and gradually expanded
a local PNO-based framework dubbed the local pair natural orbital (LPNO) ap-
proach [133–144]. By developing a systematic infrastructure to exploit the sparse
tensor representations combined with extensive prescreening procedures, they
ultimately achieved practically linear scaling of CCSD(T) in its domain-based
LPNO (DLPNO) version [139, 141]. These methods are applicable to systems
comprising hundreds of atoms and thousands of basis functions, rendering the
prior SCF calculation possibly computationally more demanding than the actual
correlation treatment. Nowadays, PNO-based methods are actively developed
in a number of groups [145–150] and have already been successfully applied to
multireference CC techniques [143, 151–154].

We chose LPNO methods for our local TCC implementation, because apart
from their favorable scaling, they possess many other desirable properties. They

a Originally called pseudonatural orbitals.
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are controlled by a limited number of cut-off parameters, with the correlation
energy converging smoothly towards its canonicalb value. Unlike other methods,
these parameters do not involve any real space distances, which means that with
proper calibration, LPNO methods can be used in a black box fashion regardless
of the system. And most importantly, they can accommodate our implementation
of TCC via a few straightforward modifications.

The purpose of this chapter is to introduce the reader to the general ideas
behind LPNO methods and key modifications made to adapt the method to
TCC. The extensive details regarding the LPNO framework can be found in the
original articles [139, 141] with other relevant papers mentioned where necessary.

3.1 Key concepts
Generally, local approaches follow the same two-step premise: partition the total
correlation energy to a limited number of localized subsystems and subsequently
exploit the sparsity which arises from the locality. Such decomposition can be
expressed as

Ecorr =
N∑
n

δEn, (3.1)

with the first approximation achieved by truncating the expansion at Ntr < N .
The second way to reach more favorable scaling is to approximate the energy
fragments δEn ≈ δE(approx)

n by taking the advantage of the locality.
In LPNO methods of Neese et al., these subsystems are orbital pairs, since

correlation energy can be exactly decomposed to a series

Ecorr = 1
2
∑
ijab

cab
ij ⟨Φ0|H|Φab

ij ⟩ = 1
2
∑
ij

εij, (3.2)

of pair correlation energies

εij = 1
2
∑
ab

cab
ij ⟨ij||ab⟩, (3.3)

each corresponding to a pair of electrons. This can be directly shown by projecting
the Schrödinger equation (1.1) with the FCI wave function (1.4) onto the reference
determinant.

In this section, we explain three underlying concepts of the LPNO methods,
which ultimately allow to achieve near-linear scaling in the CCSD(T) method
[141]. The first one concerns the compression of internal orbital space by em-
ploying localized orbitals, while the remaining two deal with virtual orbital space
compaction, which allows to limit the number of excitations without a significant
drop in accuracy.

3.1.1 Strong pair approximation
The approach to internal space truncation arises naturally from the way correla-
tion energy is decomposed into pair contributions (3.2). The idea is to discard

b Within this context canonical means “without approximation”.
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Figure 3.1: Pair correlation energies of the MP2 estimate and the final CCSD
calculation. The labels refer to the orbital pair formed by the framed orbital and
the orbital with the corresponding label.

as many pairs as possible while keeping the error to a minimum. In his pioneer-
ing work [99], Pulay showed that if localized occupied orbitals (LMO) are used,
the pair energies decay quite rapidly with the increasing distance between the
electrons.

The easiest way to exploit this in practice is to start by localizing the occupied
orbitals, which can be easily achieved using standard methods such as Foster-Boys
[155] or Pipek-Mezey [156]. Then, the pair correlation energies εij are determined
by performing a second-order Møller-Plesset MBPT (MP2) calculation and the
number of pairs is truncated based on the cut-off parameter TCutPairs. In par-
ticular, if pair correlation energies satisfy the criterion εij > TCutPairs, the pairs
are classified as strong and subsequently treated at CCSD level. Otherwise, they
are classified as weak, excluded from further correlation treatment and their MP2
energies are stored to be added as a correction at the end of the CCSD calculation.

Figure 3.1 shows the rapid decline of MP2 and CCSD pair correlation ener-
gies with the increasing distance in a glycylglycine molecule. It also demonstrates
that the MP2 method provides a very sensible estimate of the CCSD pair cor-
relation energies, especially for weaker strong and weak pairs. This means that
with a reasonably conservative cut-off, the expansion can be truncated without
a significant loss of accuracy.

3.1.2 Pair natural orbitals
Let us now take a look at the semicanonical MP2 (SC-MP2) pair correlation
energy

εSC-MP2
ij =

∑
ab

⟨ij|ab⟩
(
4⟨ij|ab⟩ − 2⟨ij|ba⟩

)
fii + fjj − εa − εb

, (3.4)

where semicanonical means that the occupied orbitals are LMO and therefore,
diagonal Fock matrix elements fii are used instead of orbital energies εi. For
these energies to be significant, the values of two-electron integrals ⟨ij|ab⟩ have
to be non-negligible, which happens only when orbitals i and a, and j and b are
located within the same region of space.
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The localization has already spatially restricted the occupied orbitals, but this
solves only a half of the problem. The more challenging part is to find the compact
description of the virtual space, at the moment spanned by canonical orbitals.
Due to their large number and highly delocalized nature, it would neither be
possible to employ standard localization procedures used for occupied orbitals,
nor to introduce a truncation scheme that would limit their amount.

One way to solve this issue is to employ pair natural orbitals. First, we
construct SC-MP2 amplitudes for a given pair ij

tab
ij = ⟨ij|ab⟩

fii + fjj − εa − εb

, (3.5)

which can be conveniently denoted in matrix form as Tij. Then, using these
amplitudes we build a pair density matrix (PDM)

Dij = Tij†T̃ij + TijT̃ij†, (3.6)

where T̃ij = 1
1+δij

(4Tij − 2Tij†). Finally, by diagonalizing this matrix

Dijdij
ā = nij

ā dij
ā , (3.7)

we obtain the desired eigenvectors dij
ā , which contain the PNO coefficients and

their respective occupation numbers nij
ā . PNOs, denoted by barred indices, can

be then expressed in terms of MOs as

|āij⟩ =
∑

a

dij
aā|a⟩. (3.8)

This procedure provides only approximate PNOs, because getting an exact
PDM would require to solve CISD for each pair. Obviously, this would impair the
efficiency of CCSD, as it would be just as expensive to acquire PDMs as to solve
CCSD equations and therefore SC-MP2 densities are used instead. Nevertheless,
it has been previously shown that the approximate PNOs perform nearly as well
and it is not necessary to use an iterative procedure to get the exact ones [133].

PNOs possess several interesting properties. They are orthogonal to all occu-
pied orbitals and orthonormal within the set obtained for the same pair, yet not
between the sets obtained for different pairs, yielding an overlap S ij,kl

āb̄
= ⟨āij|b̄kl⟩.

Most importantly, if they are based on localized occupied orbitals, they are also
local. As can be seen in Figure 3.2, they are in fact as local as demanded by the
given occupied pair bonding situation.

The major advantage is that their occupation numbers provide a natural mea-
sure of correlation, since the more important orbitals are expected to have larger
values. This way they allow to rigorously truncate the PNO expansion of virtual
space, while abstaining from introducing any real space cut-off parameters. In
particular, for each pair the number of virtual space orbitals is reduced by the
criterion nij

ā > TCutPNO, while the remaining orbitals are discarded. However,
such truncation introduces errors, which have to be mitigated by calculating the
difference

∆ECutPNO =
strong∑

ij

(
ε

MP2(trunc)
ij − ε

MP2(full)
ij

)
(3.9)

between the full pair MP2 energy εMP2(full)
ij and the one calculated with a truncated

PNO expansion εMP2(trunc)
ij . Also, single excitations can be expanded in the PNOs
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Figure 3.2: Pair natural orbitals for different localized occupied orbital pairs of
the glycylglycine molecule with occupation numbers larger than 10−4. Canonical
virtual orbitals are shown for comparison.

of diagonal pairs. These are truncated using a more conservative threshold, which
causes virtually no decrease in accuracy [137].

The residual CC equations (2.7) then become

σā
i = ⟨Φā

i |HNe
T̄1+T̄2|Φ0⟩C, (3.10a)

σāb̄
ij = ⟨Φāb̄

ij |HNe
T̄1+T̄2|Φ0⟩C, (3.10b)

with the amplitudes in PNO basis. As a result, the virtual space is now specific
for each pair of occupied orbitals and it now consists of a small set of orbitals
with significant overlap with the occupied pair, as depicted in Figure 3.3.

3.1.3 Orbital domains
The two previously described approximations were later improved by using PAOs
and orbital domains. In combination with the revamped pair screening procedure,
it opened the way to reformulate CCSD as a method with near-linear scaling.

At the beginning of the procedure, PAOs are constructed by projecting the
localized occupied MOs |i⟩ out of the atomic orbital (AO) basis set |µ⟩c

|µ̃⟩ =
(

1 −
∑

i

|i⟩⟨i|
)

|µ⟩, (3.11)

c Alternatively can be formulated as projecting the virtual orbital space onto AOs.
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Figure 3.3: Illustrative depiction of excitation spaces for two orbital pairs in
canonical virtual space and PNO virtual space.

and normalized |µ̃⟩ → |µ̃⟩/⟨µ̃|µ̃⟩. The resulting orbitals provide a local basis
for the virtual space, yet they are not strictly localized on atoms, because of
their significant tails. Although these orbitals are orthogonal to internal MOs by
construction, they are not orthogonal to each other. Moreover, they are linearly
dependent, since the dimension of the PAO basis is that of the full AO basis,
while it spans only the virtual orbital space.

To remove the redundancy in PAO basis and take advantage of locality, each
occupied orbital is assigned a correlation domain {µ̃}i. This is achieved by cal-
culating the differential overlap integrals

(DOI)iµ̃ =
√∫

R3
|ψi(r)|2|ψµ̃(r)|2 d3r, (3.12)

between occupied MOs and PAOs, with domain construction being controlled by
a single parameter criterion [139]. Specifically, only PAOs with (DOI)iµ̃ > TCutDO
are included in the domain. Pair domains are then simply obtained as a union
{µ̃}ij = {µ̃}i ∪ {µ̃}j.

Extended pair screening

With the introduction of domains in DLPNO method [137, 141], the pair screening
procedure was reinvented by adding a prescreening stage followed by a two-step
MP2 screening, which takes advantage of the local MP2 (LMP2) method [139].

First, we calculate (DOI)ij and the upper bound to the dipole-dipole inter-
action energy. If either value is larger than its respective threshold, the pair
proceeds to be treated at LMP2 level. Otherwise, the energy εdip

ij is stored to be
added as a correction.

Afterwards, the surviving pairs are subjected to first MP2 screening. In a
small orbital domain, we perform a crude LMP2 calculation, which yields gross
estimates for pair correlation energies εcrude

ij . Based on these, the pairs are classi-
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fied into three categories: strong, weak and neglected, imposing the conditions

εcrude
ij

strong

> TCutPairs > εcrude
ij

weak

> 0.01TCutPairs > εcrude
ij

neglect

.

The neglected pair energies are stored to be added as a correction and strong and
weak pairs are subject to second refined LMP2 estimate. We perform this calcu-
lation with tighter parameters and obtain a new set of pair correlation energies
εfine

ij . The pairs are classified again applying the same conditions as before.
Finally, we construct approximate pair densities using the LMP2 amplitudes

for strong pairs as described in the previous section. This time, however, PNOs
are expanded in terms of non-redundant PAOs within the domain of a given pair
|µ̃⟩ ∈ {µ̃}ij, rather than in virtual MOs like in (3.8). The rest of the procedure
proceeds as before. Once the calculation is converged, the correction

∆ECutPairs =
weak∑

ij

εfine
ij +

neglect∑
ij

εcrude
ij +

prescreen∑
ij

εdip
ij (3.13)

is added to the strong-pair CCSD energy.

Perturbative triples correction

We briefly describe the local perturbative triples correction to CCSD, which was
introduced with the DLPNO version of the method [137, 138].

Just as orbitals i and j contribute to the pair energy εij only if they are
spatially close, the same holds for triples ijk contributions, i.e. they are only
significant if all three orbitals are located in the vicinity of each other. These
triples are constructed from pairs ij, ik and jk, and as Schütz and Werner found,
in order to select those with significant contributions, they need to be composed
not only of strong pairs, but weak pairs as well [107, 157]. This is the reason
why it is necessary to keep a list of weak pairs from the pair screening procedure.
However, it was later suggested that the accuracy does not suffer when only triples
constructed from at least two strong pairs are taken into account [138].

For each triple, it is then necessary to identify relevant virtual subspace by
constructing a set of triple natural orbitals (TNOs), which span the joint virtual
space of the three pairs. The process starts by constructing triples domains {µ̃}ijk

as a union of the respective singles domains. Within these, pair densities are built,
but since the weak pairs were excluded from CCSD, fine guess LMP2 amplitudes
are used instead to build their PDMs. The densities are then averaged and the
approximate triple density

Dijk = 1
3
(
Dij + Djk + Dik

)
(3.14)

is diagonalized. This yields the TNO expansion, which is truncated as in PNO
case, based on its occupation numbers and the cut-off parameter TCutTNO.

It has been later shown that in some cases, this approximation may break
down, resulting in large deviations from canonical CCSD(T) values. To address
this issue, an iterative scheme has been developed [143, 144].
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3.2 Implementation of tailored coupled clusters
We implemented both local versions of TCC by modifying their respective open-
shell codes. Apart from setting the active residuals to zero as in the canonical
CCSD, it was necessary to make some further adjustments.

In general, we had to ensure that all active pairs (both orbitals included
in CAS) automatically survive pair screening, as well as dipole prescreening in
DLPNO. Since the active amplitudes are expressed in the MO basis, it is im-
portant to maintain the alignment between them and the original orbitals even
in the PNO basis. The latter modification is realized differently in LPNO and
DLPNO and I provide details in the following subsections.

3.2.1 Local pair natural orbital method
The LPNO-TCCSD code is based on the unrestricted open-shell CCSD imple-
mentation described in the original LPNO-CCSD and TCCSD papers [60, 135].

For an inactive pair, PNOs are obtained directly by solving the equation
(3.7), yet the PDM has to be altered for an active pair. This alteration consists
of setting the active-external blocks of the matrix to zero and replacing the
active-active block with the matrix Dij

CAS = In + diag{δ1, δ2 . . . δn}, where δa are
“infinitesimally” small positive numbers for which holds δa > δa+1. The resulting
active PDM matrix thus assumes a block diagonal form (see Figure 3.4)

D̃ij = Dij
CAS ⊕ Dij

ext, (3.15)

where Dij
ext is the external-external block of the original PDM. This way, we make

sure that after solving (3.7), all active orbitals have the largest eigenvalues, are
in the required order and therefore pass the TCutPNO screening. Once the PNOs
are found, it is necessary to match their signs with the original MOs to maintain
the alignment between them and the imported amplitudes.

The resulting equation for singly excited amplitudes remains formally the
same as the equation in the canonical version of the method (2.23a). On the
other hand, the equation for doubly excited amplitudes (2.23b) now becomes

⟨Φāb̄
ij |HNe

T ext
1 +T̄ ext

2 eT CAS |Φ0⟩C = 0 {i, j, a, b} ̸⊂ CAS. (3.16)

1+δ1

1+δ2

1+δn

Dij
n+1,n+1 Dij

n+1,v

Dij
v,n+1 Dij

v,v

0

0

Figure 3.4: A pair density matrix D̃ij for an active pair ij. The number of active
virtual orbitals is denoted by n, total number of virtual orbitals by v.
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3.2.2 Domain-based local pair natural orbital method
The DLPNO implementation of TCCSD is based on the open-shell DLPNO-
CCSD code [142]. Unlike the LPNO approach, in which PNOs are constructed
directly as a linear combination of MOs (3.8), in DLPNO a chain of orbital
transformations MO → PAO → PNO is performed. In the open-shell version,
these transformations are carried out in such a way, that singly occupied MOs
are “camouflaged” first as PAOs and then as PNOs. Our implementation exploits
this idea by treating the active orbitals in the same manner. Details regarding
both single-reference and tailored implementations can be found in [61, 142].

First, during the construction of redundant PAOs in (3.11), the set of oc-
cupied orbitals |i⟩ must by expanded to include active virtual orbitals as well.
This means that now the PAOs are constructed by projecting internal and active
virtual orbitals out of the AO basis. After the pair prescreening, NEVPT2 pair
densities Dij for the surviving pairs are constructed and subsequently diagonal-
ized to obtain PAO/PNO transformation coefficients dij. The PNO expansions
are then truncated and the matrix is enlarged by a unit matrix, to form the final
transformation matrix (see Figure 3.5)

d̃ij = In ⊕ dij, (3.17)

where n is the number of singly occupied and virtual active orbitals. The ampli-
tude equations (2.23) then become

⟨Φā
i |HNe

T̄ ext
1 +T̄ ext

2 eT CAS |Φ0⟩C = 0 {i, a} ̸⊂ CAS, (3.18a)
⟨Φāb̄

ij |HNe
T̄ ext

1 +T̄ ext
2 eT CAS |Φ0⟩C = 0 {i, j, a, b} ̸⊂ CAS. (3.18b)

Analogous modification was performed for the perturbative triples correction.
This means that triples density (3.14) is diagonalized in order to obtain TNOs,
this expansion is subsequently truncated and the resulting PAO/TNO transfor-
mation matrix is enlarged by a unit matrix In.

CAS1

1

d ij
1,1 d ij

1,p

d ij
p,1 d ij

p,p

0

0

Figure 3.5: Illustration of an untruncated PAO/PNO transformation matrix for
an active pair ij in DLPNO-TCCSD. The original transformation matrix dij,
with p being the number of PNOs, is enlarged by a unit matrix of size n, which
is the number of active singly occupied and virtual orbitals.
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3.3 Benchmarks
Just like in the previous chapter, I would like to present a few highlights of calcu-
lations we performed for the oxo-Mn(Salen) molecule and Fe(II)-porphyrin (FeP)
model system in order to evaluate the performance of our local TCC implemen-
tations. Complete results can be found in the articles whose full-text versions
are attached to this thesis and in which we investigated various issues concerning
these methods, especially regarding its accuracy and applicability. In particular,
we explored the following:
LPNO-TCC [60] Optimal choice of orbitals and accuracy dependence of LPNO

version of TCCSD on cut-off parameters for different geometries of TME
and various active spaces of oxo-Mn(Salen).

DLPNO-TCC [61] Accuracy dependence of DLPNO versions of TCCSD and
TCCSD(T) on cut-off parameters for different geometries of TME and var-
ious active spaces of oxo-Mn(Salen) and the FeP model system.

FeP Model [62] In-depth accuracy assessment of the DLPNO-TCCSD(T) me-
thod with respect to its canonical counterpart for the FeP model system.

Note, that we did not evaluate the scaling of these methods, since they are derived
from the original single-reference implementations and therefore computational
resource requirements are virtually identical.

3.3.1 Choice of localization subspaces
The first remark concerns the way we chose the localization subspaces. In the
original single-reference implementations, localization is performed automatically
as the first step of the calculation. The orbitals are localized within two or three
subspaces: core, doubly occupied and, if present, singly occupied. However, the
optimal approach for DMRG is to use split-localized orbitals, which resulted
in fourd separate orbital subspaces, namely doubly occupied internal, doubly
occupied active, singly occupied active and virtual active. Such an approach
ensures the optimal convergence properties for the DMRG calculation, as well as
the subsequent local TCC calculation, yet, with a small caveat.

Since the localization quality directly affects the efficiency of the LPNO ap-
proximation, it is paramount that the occupied orbitals are localized within a
compact region of space (ideally on a single atom or bond). This might be
troublesome, especially when canonical orbitals are used. As the occupied or-
bital subspace is split into two parts, internal and active, it might be impossible
to properly localize the internal orbitals. As a consequence, a large number of
PNOs is required to maintain reasonable accuracy, which renders the approxima-
tion useless.

From our experience, the best approach is to perform DMRG-CASSCF calcu-
lation with a well-chosen active space and acquire a set of natural orbitals. Then,
based on their occupation numbers, split-localize the active space and localize
the internal occupied orbitals. Since the orbitals within the CAS were optimized,
they have a well-defined character and can thus be properly localized.

d Since the localization of core orbitals has no effect on correlation energy due to their
exclusion from the correlation treatment, we omitted them.

36



3.3.2 Accuracy assessments
We thoroughly assessed the accuracy of both LPNO and DLPNO versions of TCC
with respect to the canonical method by studying the dependence of the retrieved
correlation energy on different cut-off parameters. This way, we aimed to observe
behavior identical to that of the original single-reference formulation, i.e. smooth
energy convergence towards the canonical value when tightening the parameters.
Since TCutDO does not significantly affect the accuracy unless extremely loose
setting is used or the electrons are highly delocalized (e.g. in large conjugated
systems), we only examined the effect of TCutPairs, TCutPNO and perturbative triples
cut-off parameter TCutTNO in detail. Here, I present the dependence of retrieved
correlation energy and error in relative energies only on the most important of
these parameters, TCutPNO. The results are plotted in Figures 3.6 and 3.7 for an
oxo-Mn(Salen) molecule and a FeP model system, respectively.

Regarding the retrieved canonical correlation energy, both methods follow the
expected trend, but to demonstrate the superiority of DLPNO, I would like to
present a side-by-side comparison. From this, one can observe that although
the relative error is very similar for both versions, the curves are significantly
shallower in case of DLPNO and the accuracy of the LPNO version depends
more strongly on the active space size. Nevertheless, we were able to achieve sub
1 kcal/mol accuracy in relative energies even with the default settings. In general,
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Figure 3.6: Oxo-Mn(Salen) in the cc-pVDZ basis set: The percentage of retrieved
correlation energy and the absolute error of singlet-triplet gap of LPNO- (left)
and DLPNO-TCCSD (right) with respect to the canonical method in various
active spaces as a function of the cut-off for PNO occupation numbers TCutPNO.
The thin dashed lines represent the values for TCutPairs = 0 and TCutPairs = 10−5

for LPNO and DLPNO versions, respectively. Plots share the same legend.
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Figure 3.7: FeP model in the def2-SVP basis set: The percentage of retrieved
correlation energy and the absolute error of triplet-quintet gap of LPNO- (left)
and DLPNO-TCCSD (right) with respect to the canonical method in various
active spaces as a function of cut-off for PNO occupation numbers TCutPNO. The
thin dashed lines represent the values for TCutPairs = 0 and TCutPairs = 10−5 for
LPNO and DLPNO versions, respectively. Plots share the same legend.

LPNO results can be considered satisfactory, since in practice, the chemically
relevant quantities are the relative energies, in our case, the gaps between different
spin states.

However, we encountered a minor issue regarding the accuracy of the LPNO
implementation. Unlike DLPNO, it does not strictly converge to the canonical
correlation energy, which is especially evident in case of oxo-Mn(Salen). For this
system, it apparently overshoots the correlation energy even when the number of
orbital pairs remains untruncated. We observed similar, but more pronounced,
behaviour while studying the dihedral rotational barrier of TME. Although the
method remained consistently accurate across all geometries, the accuracy be-
tween singlet and triplet states differed significantly [60]. We attributed this
difference to the neglect of some of the terms in the open-shell LPNO-CCSD im-
plementation, on which our LPNO-TCCSD method was based [135]. As expected,
this discrepancy was alleviated with the newer DLPNO implementation [61].

Finally, I would like to address an issue that I feel we slightly neglected in
our DLPNO paper. For oxo-Mn(Salen), we presented a comparison of absolute
differences in singlet-triplet gaps between the canonical and local versions of the
TCCSD method, with calculations performed using two different ORCA presetse

e PNO settings default: TCutPairs = 10−4, TCutPNO = 3.33 · 10−7

tight: TCutPairs = 10−5, TCutPNO = 10−7
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of cut-off parameters. Interestingly, we achieved an order of magnitude better
accuracy with the LPNO version. Since especially with the tighter setting the
deviation from canonical energies was minuscule (∼ 0.03 kcal/mol), we attributed
this rather curious observation to fortunate cancellation errors that occurred dur-
ing the LPNO calculations. However, this statement might have been somewhat
unsubstantiated. Thus, to shed light onto this matter, I plotted these differences
for all studied values of TCutPNO (see Figure 3.6). For oxo-Mn(Salen), both lines
calculated with default TCutPairs cut-offs converge to a value slightly below zero,
with one of the lines accidentally crossing the zero error at the default setting of
TCutPNO. Although the tighter lines seem to confidently converge towards zero,
one can observe a sudden leap off around 10−8 by the line representing the smaller
CAS. On the other hand, DLPNO systematically converges towards zero error
even with the default value of TCutPairs, thus rendering it a more reliable method.
Similar behavior can be observed for the FeP model system (see Figure 3.7).

Regarding the perturbative triples correction, we investigated its accuracy
with respect to the two parameters relevant for TCCSD as well as to TCutTNO.
The latter is set by default to a rather conservative value and further tightening
of the parameter had no significant effect on the overall accuracy. Similarly to
TCCSD, the quality of the approximation is most sensitive to TCutPNO and the
retrieved correlation energy exhibits smooth convergence towards its canonical
value when tightening this parameter. With the default set of cut-offs, we were
able to retrieve over 92% of perturbative triples canonical energy, while with the
tight set over 96%. Even though these numbers might appear insufficient, one has
to consider that the triples correction contribution amounts to less than 3% of
the total correlation energy. When added with the CCSD energies, the retrieval
of canonical correlation energy does not drop below 99.5% and for the majority
of calculations with tight settings on FeP and oxo-Mn(Salen) being stably over
99.7%.
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4. Conclusion
In this thesis, I introduced the main concepts behind the project on which I
participated and spent the majority of my PhD study. Its central goal was to
implement a series of novel quantum chemical methods that would address the
problem of both static and dynamic electron correlation. Due to their different
nature, we based the proposed solution on the connection of two approaches,
DMRG and CC, each excellent in handling one specific type of correlation. To
link these methods, we employed a conceptually simple approach called tailored
CC, whose main benefit in comparison to the other “post-DMRG” methods is its
cost efficiency, as it does not impose any additional computational requirements
on top of DMRG and CC.

Compared to the original TCC method which was proposed to work in con-
junction with a conventional CAS-CI solver, our DMRG-TCC methods have the
capability to use significantly larger active spaces. This can be beneficial in mul-
titude of ways. Apart from the obvious benefit of being able to handle strongly
correlated systems which necessarily require active spaces consisting of dozens
of orbitals, we also demonstrated that by increasing the active space size, we
can partially compensate the lack of coupling between the active and external
amplitudes. This ultimately results in improved performance, best demonstrated
on the dihedral rotation of TME, for which we were able to achieve an excellent
agreement with the computationally much more expensive FCIQMC benchmark.

Motivated by its success, we implemented TCC within several PNO-based
local frameworks, to effectively allow its applications to larger systems as well as
the use of larger basis sets. After extensive testing, these methods provided very
similar behaviour and nearly the same accuracy as their original single-reference
counterparts. Consequently, we were able to use them to gain new insights into
some chemically interesting systems [60, 62].

Yet, no method is without a fly in the ointment and so is the case of DMRG-
TCC. With the very same system that has been a big success, we also observed
what appears to be an inherent flaw in the TCC approach. Even though it is
capable of handling static correlation, at its core, it is still a single-reference
method. This comes for a price of applicability limited to systems that have a
dominant reference wave function and for which all states of interest have very
similar multireference character. Another drawback of TCC is that as an active
space method, it naturally requires a well-defined active space, whose choice is
often a non-trivial task. Nevertheless, this can be possibly avoided by using an
automated CAS selection scheme.

Some of the encountered issues might be circumvented by implementing gen-
uinely multireference version of TCC, which would reduce the bias that arises
from the inadequacy of the single-determinantal description of static correlation.
In fact, we are currently working on the Hilbert space mutireference formulation
of TCC. Another possible path of research is to extend the method for calculation
of excited states via equation-of-motion CC. Also, the TCC method has been re-
cently extended to the relativistic domain by implementing its four-component
version [158] in the DIRAC program with more developments in progress.

Still, it is very important to actually use the method and apply it to as
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many different systems as possible. This was not feasible in our original studies,
because for the best performance, many systems require to optimize the orbitals
via DMRG-CASSCF. These calculations are often difficult to converge due to the
very large active spaces and consequently they end up being extremely tedious.
However, I am glad to say that DMRG-TCC as a prospective “post-DMRG”
method seemed to arouse curiosity even in the other groups, which are currently
performing inquiries of their own [159].

Personally, before moving on to another project I would like to make these
methods available to wider audience, because from my experience, only a very
few are willing to use a method unless it is sufficiently user-friendly and intuitive.
At the moment, the DMRG-TCCSD, DMRG-TCCSD(T) and their local ver-
sions are implemented in the ORCA program package [160], but we were mainly
using the external Budapest DMRG program for the DMRG part of TCC calcu-
lations. In practice, this might cause difficulties to uninitiated users, as it requires
an extensive amount of user input and file-handling between the two programs.
Recently, I have begun participating on the development of our new in-house
massively parallel DMRG program MolMPS [161], which I have already inter-
faced with ORCA for DMRG-CASSCF. I would like to build upon this interface,
to be eventually able to perform all TCC calculations with a single program call,
possibly employing some automated active space selection scheme. This way the
DMRG-TCC methods would be easy-to-approach even for routine applications,
which would consequently make them attractive to a wider quantum chemical
community.
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[73] U. Schollwöck, Rev. Mod. Phys. 77, 259 (2005).
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[76] S. Östlund, S. Rommer, Phys. Rev. Lett. 75, 3537 (1995).

[77] G. K.-L. Chan, Phys. Chem. Chem. Phys. 10, 3454 (2008).

[78] C. Lanczos, J. Res. Natl. Inst. Stand. Technol. 45, 255 (1950).

[79] E. R. Davidson, J. Comput. Phys. 17, 87 (1975).

[80] S. R. White, Phys. Rev. Lett. 77, 3633 (1996).

[81] C. J. Stein, M. Reiher, J. Chem. Theory Comput. 12, 1760 (2016).

[82] R. Olivares-Amaya, W. Hu, N. Nakatani, S. Sharma, J. Yang, G. K.-L.
Chan, J. Chem. Phys. 142, 034102 (2015).
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[106] M. Schütz, Phys. Chem. Chem. Phys. 4, 3941 (2002).
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Abbreviations
AO atomic orbital
CASPT2 second-order complete active space perturbation theory
CAS complete active space
CAS-CI complete active space configuration interaction
CASSCF complete active space self-consistent field
CC coupled clusters
CCSD iterative CC with single and double excitations
CCSDT iterative CC with single, double and triple excitations
CCSD(T) CCSD with perturbative triples correction
CI configuration interaction
CISD configuration interaction with single and double excitations
DBSS dynamical block state selection
DFT density functional theory
DMRG density matrix renormalization group
DLPNO domain-based local pair natural orbital
DOI differential overlap integral
FCI full configuration interaction
FCIQMC full configuration interaction quantum Monte Carlo
FeP Fe(II)-porphyrin
HF Hartree-Fock
LMO localized molecular orbital
LMP2 local second-order Møller-Plesset perturbation theory
LPNO local pair natural orbital
MBPT many-body perturbation theory
MkCC Mukherjee’s multireference coupled clusters
MO molecular orbital
MP2 second-order Møller-Plesset perturbation theory
MPS matrix product states
MRCC multireference coupled clusters
MRCI multireference configuration interaction
NEVPT2 second-order N -electron valence state perturbation theory
PAO projected atomic orbital
PDM pair density matrix
PES potential energy surface
PNO pair natural orbital
SCF self-consistent field
SC-MP2 semicanonical second-order Møller-Plesset perturbation theory
SVD singular value decomposition
TCC tailored CC (depending on the context also DMRG-TCC)
TCCSD tailored CCSD
TCCSD(T) tailored CCSD(T)
TME tetramethyleneethane
TNO triple natural orbital
CAS(N, k) CAS consisting of N electrons and k orbitals

this notation applies to all CAS-based methods
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Jǐŕı Pittner
Journal of Chemical Theory and Computation, 2020, vol. 16, pp. 3028–3040
We introduced the DLPNO version of the DMRG-TCCSD method, which signif-
icantly improves the scaling in the CCSD part, which now scales nearly linearly.
Moreover, we implemented both canonical and DLPNO versions of perturbative
triples correction. We performed benchmark calculations on TME, the FeP model
system and oxo-Mn(Salen). I implemented the perturbative triples correction for
the canonical version of the method, prepared the orbitals, performed the DMRG,
canonical TCCSD and TCCSD(T) calculations, analyzed the data, discussed the
results and wrote a major part of the manuscript.

Ground State of the Fe(II)-porphyrin Model System Corresponds to
the Quintet State: A DFT and DMRG-based Tailored CC Study

Andrej Antaĺık, Dana Nachtigallová, Rabindranath Lo, Mikuláš Matoušek,
Jakub Lang, Örs Legeza, Jǐŕı Pittner, Pavel Hobza, Libor Veis
Physical Chemistry Chemical Physics, 2020, vol. 22, pp. 17033–17037
We performed DFT, DMRG-CASSCF and DLPNO-TCCSD(T) calculations on
the FeP model system in order to examine the dependence of spin state ordering
on geometrical parameters and the level of electron correlation treatment. The in-
vestigations were preceded by thorough accuracy assessment of the DLPNO-TCC
method. I performed the accuracy assessment and majority of DLPNO-TCC cal-
culations, analyzed the data, discussed the results and wrote a significant part of
the manuscript.
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