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Introduction
Material research represents an integral part of the condensed matter physics,
improving and tuning properties of the known materials and smoothing the path
toward designing new outstanding ones. Novel materials bearing remarkable and
unforeseen physical properties allow people to create more efficient devices or
incredible constructions. Their properties depend on e.g. preparation method,
dimensionality, or actual composition. Besides, real materials are not pristine
structure in general as they contain a wide range of defects which affect resulting
properties. From the experimental point of view, it is unfeasible to cover the
whole range of compositions, crystal or magnetic structures, defects, etc. Partic-
ularly, one is able to prepare a limited number of samples only, and also a sort of
them might be hardly achievable or even unavailable. However, they might bear
serious physical effects relevant for further development. Such a problem can be
managed in a theoretical framework by ab-initio calculations. After decades of
improvement, solid-state theory represents a reliable approach to describing real
materials and related physical phenomena. It allows for detail studying of mate-
rials and associated physical properties beyond the scope of experimental studies.
A possible continuous variation of parameters makes the analysis thoroughgoing.
Then excellent comprehension of physical behavior makes the material designing
easier.

In this thesis, we deal particularly with an influence of the chemical disorder
on the physical properties of topological insulators, namely the Bi2Se3 compound.
Topological insulators represent a quite novel field of solid-state physics. They
are interesting from the point of view of spintronics, a new advanced branch of
electronics, since hosting spin-polarized gapless surface states. Besides, the signif-
icance of topological concepts in the description of phases of matter and related
phase transitions were highlighted by the Nobel Prize in Physics, which D.J.
Thouless, F.D.M. Haldane, and J.M. Kosterlitz were awarded in 2016. However,
upon real conditions, the formation of defects, likely modifying both surface and
bulk properties, is hardly avoided. The physical properties might be modified
accidentally by an occurrence of intrinsic defects, which naturally appears in the
real samples. It can be challenging to control their presence during the formation
of samples. Thus, calculations do not only indicate modifications of the physical
properties but also they might serve to a determination of the type and amount
of present defects. On the other hand, artificial doping can be introduced to
control the compound’s behavior. Regarding the gapless surface states, magnetic
doping is important as the magnetic field breaks the time-reversal symmetry,
which keeps the surface band gap closed. Then, an examination of the magnetic
pair exchange interactions is essential to estimate related magnetic ordering tem-
peratures, where nonzero net magnetization occurs. In this work, a theoretic
description benefits from properties of the tight-binding linear-muffin-tin orbital
method based on the Green’s function formalism. It allows to include disorder
in the framework of coherent potential approximation, which guarantees effective
and high-performance treating, while the reliability of calculations is kept. Con-
sidering translation symmetry in the plane only, this formalism can be extended
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to the description of layered systems, allowing one to calculate the physical prop-
erties of thin-layer structures as bismuth chalcogenides. Besides, thanks to the
Green’s function formalism, the magnetic exchange interactions are easily obtain-
able.

Aims of the thesis
Namely, we aim at the influences of the native and magnetic disorder on the
bulk Bi2Se3 electronic structure in order to describe the behavior of the band
gap, which significantly modify transport properties. Then, concerning magnetic
doping, we try to analyze in detail the character of the magnetic pair exchange
interactions there, due to an estimation of the ferromagnetic ordering tempera-
ture. Notably, the impact of the actual composition, including the type of the
doping, on the strength and character of the magnetic exchange interactions.
Later, we compare the observed bulk behavior to that one of the thin layered
Bi2Se3 structures, where we focus mainly on the formation of the surface gapless
states. Having performed calculations of the thin-layer system, we examine the
behavior of less studied planar defects, namely twin planes.

Structure of the thesis
Initially we provide a brief introduction to used computation methods, materials
and related physics (Chapters 1 to 4). Then, we proceed from an examination
of the influence of the chemical disorder on Bi2Se3 bulk properties (Chapter 5).
Studying the bulk is a great starting point as it allows one to understand the com-
pound’s behavior in presence of the disorder. Regarding the bulk properties, we
discuss a possible influence of native as well as magnetic chemical disorder on the
bulk transport properties based on the modification of the electronic structure
(Sec. 5.2). It is shown that also the occurrence of the native defects substan-
tially affects the magnetism of introduced magnetic dopants. Thus, one does not
only discuss how the magnetic dopants behave themselves in a pristine structure
but also how the behavior depends on the type and amount of native defects.
A detailed study of the magnetic exchange interactions (Sec. 5.3) is employed
to determine the dependence of the ferromagnetic ordering temperatures of the
actual composition of the Bi2Se3 systems (Sec. 5.4). The influence of relativistic
corrections on the exchange interactions’ behavior is considered in Chapter 6.

Having studied bulk systems, we can proceed to the more complex case, dis-
cussing the impact of the partial loss of translation symmetry in thin layered
systems (Chapter 7). Concerning thin layered Bi2Se3 systems, we verify the pres-
ence of the gapless surface states in presence of the various chemical disorder
(Sec. 7.3). Besides, the influence of the reduced dimensionality on the exchange
interactions is checked. Namely, a depth profile of the exchange interactions is
discussed (Sec. 7.4). Additionally, employing the layered formalism, the behav-
ior of twin planes – experimentally evidenced planar defects in Bi2Se3 is studied
(Sec. 7.5). We focus on the distribution of twin planes in a multilayer Bi2Se3
slab, and their interplay with magnetic and native defects, where their preference
under doping is discussed.
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Overview of publications
Part of the results mentioned in this work is included in the following publica-
tions. They are divided into already published (P), or submitted (S).

• Ref. [1] (P) contains a study of the bulk Bi2Se3 compound in presence of
the chemical disorder. The influence of magnetic and nonmagnetic defects
on the electronic structure, magnetic properties as the magnetic exchange
interactions are discussed there. The obtained behavior is employed to
estimate Curie temperatures of Mn magnetic defects and their dependence
on the composition.

• Ref. [2] (P) discussed behavior of twin planes – planar defects in thin layered
Bi2Se3 systems. The dependence of twin planes formation and segregation
in the dependence on the character of chemical doping is discussed. The
impact of twin plane occurrence on the metallic Dirac surface states is
appended.

• Refs. [3] (P) and [4] (S) contain calculations of the exchange interactions in
the framework of the fully relativistic approach in the case of 3d alloys.
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1. Electronic Structure of Solids
Around one hundred years of quantum theory development, which had brought
a ground-breaking concept of the wave-particle duality, enabled people to describe
physics on atomic and electronic scales reliably. Nonetheless, a considerable com-
plexity of the theoretical description cause that analytical solutions of only simple
systems are feasible despite using various approximations. A way-out was pro-
vided by rising computational performance in connection with a numerical solu-
tion of problems. Nowadays, a wide range of approximations suitable for various
systems exists, namely, Hatry-Fock or top-notch Coupled Cluster method used
mainly in quantum chemistry, Density Functional Theory (DFT), a workhorse
of solid-state physics, or cutting-edge GW approximation suitable for studying
electron excitation. All the above mention cases represent so-called ab-initio com-
putational methods. The name stands for a widely used framework of methods,
which avoids using any extra assumptions like phenomenological parameters or
models, which break the method’s generality. It relies only on physical laws and
constants. Differently speaking, calculations are performed from the first princi-
ples. However, reasonable, general, and physical relevant assumptions might be
used to decrease the complexity of solved problems.

This section will briefly introduce density functional theory (DFT), and an
overview of the employed tight-binding linear-muffin-tin orbital method utilizing
the atomic–sphere approximation (TB-LMTO-ASA) is mentioned. References
[5–8] are followed mainly in this chapter.

1.1 Nonrelativistic electrons
One of the key point of non-relativistic quantum physics is description of the
evolution of a particle system by the so-called Schrödinger equation (SE) having
a form a wave equation,

iℏ∂t|ψ⟩ = Ĥ|ψ⟩ , (1.1)
where ℏ stands for the Plank constant and the whole system is described by
a many body wave-function |ψ⟩. Assuming a system whose Hamiltonian Ĥ is
time independent, it yields a simplified form of the Eq. 1.1 — the stationary SE

Ĥ|ψ⟩ = E|ψ⟩ (1.2)
and a simple time evolution the stationary state

|ψ⟩(t) = e− i
ℏ Ĥt|ψ0⟩ . (1.3)

Nevertheless, electrons’ behavior in a matter represents a complicated problem
with a complex structure of interactions even one assumes the Born-Oppenheimer
(adiabatic) approximation. It separates the motion of nuclei, which results in an
external potential parametrized by nuclei positions. Then the Hamiltonian of an
N-electron system reads

Ĥ = Ĥ0 + V̂ ee + V̂ ej (1.4)

= − ℏ2

2m

N∑︂
i=1

△i + e′ 2

2

N∑︂
i,j=1

1
|ri − rj|

+ e′ 2

2

N∑︂
i=1

Nn∑︂
I=1

ZI

|ri − rI |
,
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where m denotes the electron mass, e′ is the reduce elementary charge (e′ =
e/

√
4πϵ0, where ϵ0 is the vacuum permittivity), ZI represents the proton number

of the Ith atom and a vector r describes position of electrons or nuclei.
The solution of Eq. 1.4 with an N-electron wave function might be obtained

in the framework of the single-particle description. The original wave function
having real and spin part |ψ(r1 . . . rN ;σ1 . . . σN)⟩, σi denotes spin polarization of
an electron i, can be emphasized in the way of one-electron orbitals |φi⟩, while
one has to be aware of the total wave function’s fermionic character, namely
the Pauli exclusion principle. Then a fully antisymmetric wave-function |ψ⟩ is
represented by the so-called Slater determinant composed of one electron orbital
wave-functions, usually orthonormal.

The Slater determinant Ψ0 minimizing the total energy, given by the many
electron Hamiltonian (Eq. 1.4), is obtainable by Hartree-Fock (HF) method. As-
suming that the total energy EHF [φ1, . . . , φN ] is functional of one electron orbitals
with constraint to their orthonormality, one obtains a set of one electron equations
for orbitals φj:

ϵjφj =
[︄
− ℏ2

2m △ + V̂ H + V̂ HF + V̂ ext

]︄
φj , (1.5)

V̂ H(r)φj(r) =
N∑︂

a=1

∫︂ φ∗
a(r′)φa(r′)
|r − r′|

dr′φj(r) =
∫︂ n(r′)

|r − r′|
dr′φj(r) , (1.6)

V̂ HF (r)φj(r) =
N∑︂

a=1

∫︂ φ∗
a(r′)φj(r′)
|r − r′|

dr′φa(r) . (1.7)

Besides the first kinetic term (Eq. 1.5) and the external potential V̂ ext includ-
ing for instance, the interaction with nuclei, there occur the Coulomb term V̂ H

denoting the electrostatic interaction with the electron density of all electrons n(r)
and the HF exchange term V̂ HF representing a non-local potential arising from
antisymmetric constrains on wave-functions. Finally, Lagrange multiplicators ϵj

are related to the ionization energy. The occurrence of the non-local potential
V̂ HF makes the method demanding and unsuitable for spacious systems. More-
over, the HF method neglects correlations since using a single Slater determinant.

[5, 7, 8]

1.2 Relativistic description
For certain materials, generally containing heavier elements, the above stated
description is insufficient and an inclusion of relativistic corrections is inevitable
to obtain correct behavior. It resides in the replacement of SE by the Dirac
equation (DE)

ĤΨi = EiΨi = Ei

(︄
ϕi

χi

)︄
; Ĥ = cα · [p − eA] + (β − I4)mc2 + V (r)I4 , (1.8)

where Ψi denotes a four-component bispinor composed of the large component ϕi

and the small component χi. Both of them are spinors. Since that the Hamil-
tonian is composed of four-dimensional matrices. The vector of matrices α is
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composed of Pauli spin matrices σ

α =
(︄

0 σ
σ 0

)︄
, (1.9)

p̂ denotes the momentum operator and A is the vector potential operator. The
matrix β is defined as follows

β =
(︄
I2 0
0 −I2

)︄
, (1.10)

where In is a unity matrix of order n, mc2 is the electron rest energy, which
together with Ei produces the total relativistic energy.

However, the form of the Hamiltonian (Eq. 1.8) is problematic, since expres-
sion of the exchange-correlation (xc) part of the effective potential Aeff . There-
fore, it is replaced by coupling of an effective magnetic field Beff to the spin
density. It results in the fully relativistic (FR) Kohn-Sham-Dirac equation de-
fined by a Hamiltonian

ĤKSD = cα · p + (β − I4)mc2 + V0(r)I4 + βΣ · Beff , (1.11)

Beff [n,m](r) = µBBext(r) + δExc[n(r),m(r)]
δm(r) , (1.12)

Σ =
(︄

σ 0
0 σ

)︄
, (1.13)

where potential V0 is related to the spin independent part of the effective poten-
tial vS (Eq. 1.22), Bext is an external magnetic field and µB is the Bohr magneton.
The latter term of Beff (Eq. 1.12) denotes the xc-magnetic field Bxc.

Separating and excluding the small component χ and neglecting the external
magnetic field Bext, it yields an effective energy dependent Hamiltonian for the
large component ϕ

Ĥeff(E) = (p · σ) c2

2mc2 + E − V0(r) + Bxc(r) · σ
(p · σ) + V0(r) + Bxc(r) · σ .

(1.14)

Concerning valence electrons, their energy range as well as the exchange split-
ting in the denominator of Eq. 1.14 can be neglected. Considering the scalar-
relativistic approximation (SRA) of Eq. 1.14, one obtains a Hamiltonian

ĤSRAΦ = EΦ , ĤSRA = p · ω−1(r)p + V0(r) + Bxc(r) · σ , (1.15)
ω(r) = 2m+ c−2 [E0 − V0(r)] , (1.16)

where E0 is an energy inside the valence band. In the case of a constant direction
of the magnetic field Bxc, let’s suppose its alignment along the z-axis, the SRA
Hamiltonian ĤSRA (Eq. 1.15) commutes with the spin operator σz. Hence, one
obtains two separated solutions related either to the spin up or spin down.

The neglected spin-orbit (SO) interaction, which might be significant for ob-
taining reliable results, can be treated in the framework of the SRA as an per-
turbation with a Hamiltonian

ĤSO = (p · σ)ω−1(r) (p · σ) − p · ω−1(r)p =
{︂[︂

∇ω−1(r)
]︂

× p
}︂

· σ . (1.17)
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Generally, it leads to a small mixing of the spin up and spin down solutions.
Considering spherically symmetrical potential V0(r) and atomic orbitals ϕℓms(r),
where ℓ,m and s are angular resp. spin momentum quantum numbers, the matrix
elements of the SO Hamiltonian reads

⟨ϕℓms|ĤSO|ϕℓ′m′s′⟩ = δℓℓ′ξℓ,ss′⟨ϕℓms|L · S|ϕℓ′m′s′⟩ , (1.18)

ξℓ,ss′ = 2
∫︂
rϕℓs′(r)ϕℓs(r)

[︂
ω−1(r)

]︂′
dr , (1.19)

where L resp. S stand for the angular orbital and spin momentum operators.
[6, 8]

1.3 Density functional theory
The problem of the mentioned extreme complicatedness arising from the non-local
potential VHF (Eq. 1.7) can be overcame by focusing on the electron density n(r)
instead of wave function, where electron density resulting from the N-body wave
function stands for a function of only three coordinates. It is possible thank to the
Hohenberg-Kohn theorems, which says that a potential have to be a functional
of n(r) and the total energy is minimized for the ground state density [5–7]

n(r) =
∑︂

σ1...σN

∫︂
dr1 . . . drN

N∑︂
i=1

|ψ(r1 . . . rN ;σ1 . . . σN)|2δ(r − ri) . (1.20)

Kohn-Sham (KS) equations show that an easily solvable one electron SE can
be constructed(︄

− ℏ2

2m △ + vS

)︄
φS = ϵiφS ; n(r;σ) =

∑︂
i

|φS i(r, σ)|2 , (1.21)

where φS is a KS orbital and vS denotes an effective potential given by n(r)

vS(r) = vext(r) + e′ 2
∫︂ n(r′)

|(r) − (r′)|dr′ + δExc[n(r)]
δn(r) . (1.22)

The first term vext is an external potential, the second represents the Coulomb
interaction, and the last one stands for an xc-potential vxc, while Exc denotes an
xc-functional. KS equations represent a set of coupled equations. The ground
state density can be obtained by iterations until a self-consistency is achieved.

The mentioned xc-functional Exc[n(r)] stands for a key point of DFT calcu-
lations. Despite being small, it has a significant impact on the obtained results.
Nonetheless, its form is unknown. Therefore, several approximations are used.
There are mentioned a few of them.

• Local density approximation LDA
A basic approximation of the exchange-correlation potential based on the
xc-energy density ϵxc[n(r)] of the homogenous electron gas parameterized
only by the electron density n(r)

Exc[n(r)] =
∫︂
ϵxc[n(r)]n(r)dr . (1.23)

10



The xc-energy density ϵxc can be decomposed to the exchange part ϵx and
correlation part ϵc since the exchange energy density has a simple form for
the homogeneous electron

ϵx = −3
4

(︃ 3
π
n(r)

)︃ 1
3
. (1.24)

The correlations are more complex. Functionals based on fitting of Monte-
Carlo simulations are used in general. Namely correlation functionals of
Perdew-Zunger, Vosko-Wilk-Nusair etc. A general feature is the underesti-
mation of the exchange and overestimation of correlations. For instance, it
leads to underestimation of the band gap.

• Local spin density approximation (LSDA)
An extension of the LDA for systems with a spin polarized electron density
n(r; s). Assuming a system with a collinear spin polarization along the
z-axis, two likely distinct densities for the spin up (σ =↑) and spin down
(σ =↓) channel occur there

n(r) = n↑(r) + n↓(r) . (1.25)

Then a simple generalization of xc-potential appears

vxc,σ = δExc[n↑(r), n↓(r)]
δnσ(r) =

δ
∫︂
n(r)ϵxc(n↑(r), n↓(r))dr

δnσ(r) , (1.26)

which means solving of two sets of KS equations for different spins σ = ↑, ↓.
A difference between electron densities of spin-up and spin-down channels
brings about the occurrence of the spin density m, which is a vector quantity
pointing along the spin polarization axis. Assuming polarization along the
z-axis

m(r) = (n↑(r) − n↓(r)) êz . (1.27)

It brings about an effective magnetic contribution to Hamiltonian

σ · Beff = δExc[n(r),m(r)]
δm(r) , (1.28)

where σ denotes Pauli matrices.

• Generalized gradient approximation (GGA)
L(S)DA seems to be inappropriate to a description of systems with a large
spatial variation of electron densities. Therefore, a large number of func-
tionals depending not only on the density but also on its gradient have
been formulated, namely PBE, b3LYP etc. Assuming a system the spin
polarization, a general formula for the xc-energy reads

Exc =
∫︂
f (n↑, n↓,∇n↑,∇n↓) dr . (1.29)
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• LDA + U
Simple LDA fails in description of strongly-correlated materials, where par-
tially filled d- or f -shells appear. LDA+U cures correlation effects by adding
an orbital dependent single-particle potential, which treats the Coulomb re-
pulsion of well-localized orbitals in the manner of the Hubbard like Hamil-
tonian. Assuming a set of N localized electrons, a general total energy
functional in LDA+U framework reads

ELDA+U[n(r)] = ELDA[n(r)] + EHub[{nσ
mn}] − Edc[{nσ

mm}] , (1.30)

where {nσ
mn} denotes set of occupation numbers defined by a projection of

the occupied Kohn-Sham states φkjσ on the localized basis {ϕmσ}

nσ
mn =

∑︂
kj

fσ
kj⟨φkjσ|ϕmσ⟩⟨ϕnσ|φkjσ⟩ , (1.31)

the index k denotes k-points and j index energy bands. The EHub term con-
tains electron-electron interaction modeled similarly to the Hubbard Hamil-
tonian and Edc represents a correction for double-counting.

[5, 7, 8]

1.4 TB-LMTO-ASA method
In this section, an overview of the tight-binding linear muffin-tin orbital method
in the atomic sphere approximation (TB-LMTO-ASA) is introduced. It was
employed to reckon electronic structures of the studied system, which serve as
grounding for presented results. Fundamental ideas, including treating disorder
and calculating magnetic exchange interactions, reliability as well as strengths
and weaknesses of the used approach, are mentioned. Thanks to the complexity
of the method, one is referred for a thorough description to Refs. [5, 6], since
it goes beyond the scope of the present work. Refs. [5, 6] are followed in this
section.

1.4.1 Bulk systems
The method arises from an assumption of spherically symmetric atomic muffin-
tin potentials centered at the atomic sites. The atomic spheres are only slightly
over-lapped and fill the whole spaces – atomic sphere approximation. It allows
one to neglect the kinetic term in the interstitial region, which leads to high
performance and the effective description of various sorts of systems. However,
it causes problems in materials with spatial inhomogeneity (e.g. van der Walls
material), where the usage of empty spheres is desired. Besides, it does not allow
the complete lattice relaxation, and there occurs a systematic total energy error.

This method enables one to treat a problem within various formalism, which
includes either non-relativistic, scalar-relativistic or fully relativistic approach
according to the system complexity. Solving an appropriate wave equation, men-
tioned in previous sections, one obtains a secular equation in the framework of the
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ASA. Using the translational symmetry of solids and assuming the non-relativistic
treatment, it reads in the k-space

det [PBℓ(E) δBL,B′L′ − SBL,B′L′(k)] = 0 , (1.32)

where k is the wave vector and L = (l,m) are angular momentum quantum
numbers labeling distinct solutions. In the case of relativistic treatment, they are
replaced by relativistic Λ = (κ, µ) indices. A vector B represents atomic basis
vectors. According to the translational symmetry, an atomic site R might be
express by means of the translation vector T as follows R = B + T. The secular
equation (Eq. 1.32) is composed of two principal parts, namely potential function
PBℓ(E) and structure constants SBL,B′L′(k). The former describes properties
of the particular atomic spheres. The later refers to positions of the atomic
spheres, where the lattice Fourier transformation was used according to the 3D
translational symmetry

SBL,B′L′(k) =
∑︂
T

SBL,(B′+T)L′ ei k·T . (1.33)

One should note that the energy independence of structure constants makes
the geometrical description quite simple. By an energy linearization of LMTO
orbitals it is possible to get rid of the energy dependence in the secular equation,
which yields

det
[︂
EδBL,B′L′ − Horth

BL,B′L′(k)
]︂

= 0 , (1.34)

where the orthogonal Hamiltonian Horth is parametrized by potential parameters
C, ∆ and γ as follows

Horth = C +
√

∆Sγ
√

∆ , (1.35)
Sγ = S ( 1 − γS)−1 , (1.36)

and where potential function PBℓ(E) has a parametric form as well. The operator
notation is neglected in this section for brevity.

A great advantage of the TB-LMTO-ASA method resides in possible treat-
ment by the Green’s function formalism. It is well suitable for an inclusion of
chemical disorder, final temperature, or solving electrical transport or magnetic
exchange interactions. The appropriate Green’s function can be written as follows

G(z) =λ(z) + µ(z)g(z)µ(z) , (1.37)
g(z) = [P (z) − S]−1 , (1.38)

where λ(z) and µ(z) are diagonal matrices in indices (Rℓ). The non-diagonal
matrix g(z) is the so-called auxiliary Green’s function, whose poles z corresponds
to the eigenvalues of the secular equation Eq. 1.32. Assuming second order
parametrization of the potential function P (z), the physical Green’s function
G(z) becomes a resolvent of the orthogonal Hamiltonian Horth

G(z) =
(︂
z −Horth

)︂−1
. (1.39)

It means the physical properties of interest are available in the framework of
Green’s function.
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1.4.2 Layered systems
The bulk TB-LMTO-ASA method concerning the Green’s function formalism
can be generalized for layered systems including the translational symmetry in
the atomic plane only. Concerning screened tight-binding structure constants
Sβ

RL,R′L′ vanishing over a few nearest neighbors distance, the system might be di-
vided into a countable set of principal layer described by an index p, where they
contain a finite number of atomic layers. One can assume that structure con-
stants Sβ

RL,R′L′ are non-zero only up to nearest neighbor principal layer. Having
layered structure, the two-dimensional lattice Fourier transformation of a layered
translation invariant matrix ABL,B′L′(k∥) can be defined

ApBL,p′B′L′(k∥) =
∑︂
T∥

ApBL,p′(B′+T∥)L′ ei k∥·T∥ , (1.40)

where B is a basis vector in the pth principal layer. T∥ and k∥ denote 2D trans-
lation resp. 2D wave vectors. The layered counterpart of the auxiliary Green’s
function g (Eq. 1.38) can be defined by a matrix equation∑︂

pBL

Mp′B′L′,pBL(k∥, z) gpBL,p′′B′′L′′(k∥, z) = δp′B′L′,p′′B′′L′′ , (1.41)

Mp′B′L′,pBL(k∥, z) =
[︂
Pp′Bℓ(z)δp′B′L′,pBL − Sp′B′,pBL(k∥)

]︂
. (1.42)

Thanks to the screened structure constants Sβ, the matrix M is tridiagonal in the
p index. Hence, neglecting B, L indices for brevity, the on-site auxiliary Green’s
function at the pth principal layer can be obtained by the partitioning as follows

gp,p(k∥, z) =
[︂
Pp(z) − Sp,p(k∥) − Γ<

p (k∥, z) − Γ,>
p (k∥, z)

]︂−1
, (1.43)

where Γ<
p (k∥, z) and Γ>

p (k∥, z) denote embedding potentials originating from the
adjacent semi-infinite blocks. They satisfy following recursion relations

Γ
>
<
p (k∥, z) = Sp,p±1(k∥)

[︃
Pp±1(z) − Sp±1,p±1(k∥) − Γ

>
<
p±1(k∥, z)

]︃−1
Sp±1,p(k∥) .

(1.44)
Having a system attached to semi-infinite leads, one is able to reckon the

initial embedding potential Γ >
0 , Γ >

0 . For an semi-infinite system they satisfied
a closed recursion relation

Γ
>
<
0 (k∥, z) = S0,1(k∥)

[︃
P0(z) − S0,0(k∥) − Γ

>
<
0 (k∥, z)

]︃−1
S1,0(k∥) , (1.45)

where potential functions P0(z) and structure constants S0,0(k∥) are related to
the semi-infinite system composed of principal layers p = 0.

1.5 Coherent potential approximation
For real material calculations, an influence of chemical disorder is generally highly
important as it might significantly modify the properties of pristine structures. In
general, there are two main approaches describing a system with a random sub-
stitutional disorder on a non-random lattice. The first is the so-called supercell
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method based on configuration averaging of a (quasi-)randomly perturbed sys-
tem. According to the structure size, it might require large statistical ensembles,
which makes it quite computationally demanding. Having employed the Green’s
function formalism, one can treat the substitutional disorder in the framework
of the coherent potential approximation (CPA) [9] through the construction of
Green’s functions describing an effective medium. CPA represents an efficient
concept to include substitutional disorder since small demands in comparison to
the supercell method. It suits for small perturbations concerning similar elements
or small defect concentrations. In the following section, a general concept of the
CPA in the TB-LMTO-ASA framework is introduced, while Ref. [6] is followed.

Let’s assume a system composed of components Q, which are randomly dis-
tributed with concentrations cQ

R obeying the relation∑︂
Q

cQ
R = 1 , (1.46)

where R denotes lattice site. A random configuration is described by occupation
number ηQ

R denoting whether an atom of Q type occupies lattice site R (ηQ
R = 1)

or not (ηQ
R = 0), whilst occupation numbers satisfy relations∑︂

Q

ηQ
R = 1, ⟨ηQ

R⟩ = cQ
R , (1.47)

where ⟨. . . ⟩ stands for the configurational averaging. Then the configurational
averaged form of the physical Green’s function (Eq. 1.37) can be express. Its
site-diagonal elements reads

⟨GR,R(z)⟩ = ḠR,R(z) =
∑︂
Q

cQ
RḠ

Q

R,R(z) , (1.48)

Ḡ
Q

R,R(z) =
∑︂
Q

cQ
R

[︂
λα,Q

R (z) + µQ
R(z)ḡQ

R,R(z)µQ
R(z)

]︂
, (1.49)

ḡQ
R,R(z) = 1

cQ
R

⟨ηQ
RgR,R(z)⟩ , (1.50)

where ḠQ

R,R(z) and ḡα,Q
R,R(z) are conditionally averaged site-diagonal elements of

physical resp. auxiliary Green’s functions denoting the contribution originated
from the occupation of the site R by an atomic type Q. Analogously, the non-
diagonal elements of the configurational averaged Green’s function reads

ḠR,R′(z) =
∑︂
Q,Q′

cQ
RḠ

Q,Q′

R,R′(z)cQ′

R′ , (1.51)

Ḡ
Q,Q′

R,R′(z) = µR(z)ḡQQ′

R,R′(z)µQ′

R′(z) , (1.52)

ḡQQ′

R,R′(z) = 1
cQ

R
⟨ ηQ

RgR,R′(z)ηQ′

R′⟩
1
cQ′

R′

. (1.53)

Concerning numerical application, the auxiliary Green’s function g(z) (Eq. 1.38)
is important. The configuration averaged counterpart ḡ(z), which reads

ḡR,R′(z) =
∑︂
Q

cQ
Rḡ

Q
R,R(z)δR,R′ +

∑︂
QQ′

cQ
Rḡ

QQ′

R,R′(z)cQ′

R (1 − δR,R′) , (1.54)
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can be for practical purpose reformulated by means of the non-random coherent
potential function matrix P(z), which describes non-random scattering properties
of “effective” atoms brought about by the configurational averaging, as follows

ḡR,R′(z) =
[︂
Pα(z) − Sα)−1

]︂
R,R′

. (1.55)

In the framework of the CPA, the single-site approximation is used. It neglects
the site off-diagonal elements of the coherent potential function P(z), which leads
to a simple site-diagonal matrix form

PR,R′(z) = PR(z)δR,R′ . (1.56)

For numerical solution, a site-diagonal coherent interactor ΩR(z) should be in-
troduced

ΩR(z) = PR(z) − [ḡR,R(z)]−1 . (1.57)
It represents a coupling of the atomic site R described by the configurational
averaged Green’s function ḡR,R(z) to all other atomic sites. The CPA-condition
in the framework of the single-site approximation reads∑︂

Q

cQ
Rḡ

Q
R,R(z) = ḡR,R′(z) . (1.58)

Having defined the coherent interactor ΩR(z), the CPA-condition (Eq. 1.58) can
be rewritten as follows∑︂

Q

cQ
R

[︂
Pα,Q

R (z) − Ωα
R(z)

]︂−1
= ḡα

R,R(z) , (1.59)

where Eq. 1.58 and Eq. 1.59 stands for a closed set of equations defining the
coherent potential function P(z) and the coherent interactor ΩR(z), which can
be solved by an iterative process.

1.6 Observables in TB-LMTO-ASA
The evaluation of the most important one-electron physical quantities obtainable
from TB-LMTO-ASA electronic structure calculations is described in this part.
Ref. [6] is followed in this section.

Charge density
One should start from the key point of electronic structure calculations – the
charge density ϱ(r). Employing complete orthonormal basis set ψi, a resolvent
G(z) related to the Hamiltonian H (Eq. 1.39) with eigenvalues ϵi can be written
in the form of the spectral representation

G(z) =
∑︂

i

|ψi⟩
1

z − ϵi

⟨ψi| . (1.60)

The resolvent G(z) is analytical in the upper half of the complex plane. Hence
the energy resolved charge density w(r, E) can be obtained by a side-limit of the
one-electron Green’s function G(r, r, z), where z = E + i0, as follows

w(r, E) = − 1
π

Im G(r, r, z = E + i0) . (1.61)
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Likely, more important in the framework of the LMTO-ASA theory is the charge
density ϱR(r) inside the atomic sphere R. For generality, the spin-dependent
charge density ϱR,σ(r) might be defined as it arise for spin-polarized systems. It
obeys relation

ϱR,σ(r) =
∑︂
LL′

∫︂ EF

−∞
φRL,σ(r, E)nR,LL′,σ(E)φRL′,σ(R, E)dE , (1.62)

where φRL,σ(r, E) denotes spin-dependent regular solutions in the R atomic
sphere. The spin-dependent local density of states nR,LL′,σ(E) obeys a simi-
lar relation to Eq. 1.61. Employing the spin-dependent on-site physical Green’s
function, it yields

nR,LL′,σ(E) = − 1
π

ImGRL,RL′,σ(E + i0) . (1.63)

Assuming a system with a collinear spin polarization, for simplicity with polar-
ization along z-axis (σ =↑, ↓), the total charge density ϱR(r) and the total spin
density obeys relations

ϱR(r) = ϱR,↑(r) + ϱR,↓(r) , (1.64)
mR(r) = ϱR,↑(r) − ϱR,↓(r) . (1.65)

Density of states
The local density of states (DOS) nR(E) at the atomic site R consists of contri-
butions represented by RLσ-projected local densities nRL,σ(E). They stand for
diagonal elements of the local DOS matrix. Therefore, nR(E) reads

nR(E) =
∑︂
Lσ

nRL,σ(E) = − 1
π

∑︂
Lσ

ImGRL,RL,σ(E + i0) . (1.66)

Concerning atomic site R, the total DOS of the occupied states is equal to the
total charge at the site R∫︂

R
ϱR(r)dr =

∫︂ EF

−∞
nR(E)dE . (1.67)

Bloch spectral function
Assuming a system with translational symmetry, the electronic structure can be
described in the Brillouin zone (BZ) by k-resolved physical quantities through
the lattice Fourier transformation (Eq. 1.33). Hence, the on-site physical Green’s
function determining the local density of states (Eq. 1.66) obeys a relation

GBL,BL(z) = 1
N

∑︂
k

GBL,BL(k, z). (1.68)

Similarly, the local density of states nR(E) (Eq. 1.66) can be defined by means
of the Bloch spectral functions (BSF’s) ABL(k, E) as follows

nR(E) = 1
N

∑︂
Lσ

∑︂
k

ABL,σ(k, E) , (1.69)

ABL,σ(k, E) = − 1
π

ImGBL,BL(k, E + i0, σ) . (1.70)
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The BSF ABL(k, E) stands for a distribution of the density of states in the
k-space, the amplitude includes. Therefore it is suitable for description and anal-
ysis of the band structure.

The all mentioned observables can be generalized assuming a layered system
in presence of substitutional disorder. Mainly, the BSF’s are essential for the
description of a disordered system since the poles z of the configurational averaged
physical Green’s function G(z) (Eqs. 1.48, 1.51) do not describe the effective
medium in the CPA framework properly.
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2. Magnetic Interactions
Assuming for simplicity a non-relativistic system with the spin polarization along
z-axis, an atomic orbital is characterized by a set of quantum numbers, namely
principal q.n. n , angular q.n. l, magnetic q.n. m and spin q.n. ms. An electron
of the atomic state |nlm;ms⟩ carries two magnetic moments contributions. The
first is the angular magnetic moment µL (with z-projection µL z) [10]

|µL| = −µB

√︂
l(l + 1) , (2.1)

µL z = −µBm, (2.2)

which represent a quantum analogue of classical magnetic moment, where the
quantum current density j(r) is assumed [10]

j(r) = − ℏe
2mi [φ∗(r)∇φ(r) − ∇φ(r)φ∗(r)] . (2.3)

The second is the spin magnetic moment µS with no classical analogy [10]

|µS| = −geµBms , (2.4)

where ge ≈ 2.0023 . . . is the gyro-magnetic ratio. Finally, assuming the LS cou-
pling, the total angular momentum J and the related magnetic moment µJ obey
relations [10]

J = L + S , (2.5)
µJ = −gJµBJ , (2.6)

where gJ is the Landeé g-factor. Realizing that the atomic moments are of the
order of µB, it is obvious, that magnetostatic dipole-dipole interaction [7, 10]

∆E = µ0

4π
µ1 · µ2 − ((R2 − R1) · µ1) ((R2 − R1) · µ2)

|R2 − R1|3
, (2.7)

where µi and R are magnetic moment and position of the ith atom, is not sufficient
to reach observed high magnetic ordering temperatures. Therefore, additional
magnetic interactions have to be introduced. The constant µ0 denotes the vacuum
permeability.

In solid, an effective coupling between magnetic moments arises from the
Coulomb repulsion and electron hopping, considering the Pauli exclusion princi-
ple forbidding the occupation of a particular quantum state by more than one
fermion.

2.1 Exchange mechanisms
In this section, several model exchange mechanisms characterizing electron cou-
pling in real systems are introduced employing small model systems. Concern-
ing the exchange mechanisms, one follows Refs. [7, 11]. Besides regarding the
Ruderman-Kittel-Kasuya-Yoshida interaction Refs. [12–17] are employed and
Refs. [10, 18] in the case of the magnetic anisotropy are used.
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2.1.1 Coulomb exchange
The Pauli exclusion principle states that a permutation of fermions changes the
many-body fermionic wave function sign. Therefore, electrons of the same spin
are not allowed to occupy the same orbital simultaneously. It makes the Coulomb
energy spin-dependent as the exchange hole occurs.

Let’s consider for brevity two electron model, with two one electron orbitals
φα(r), where α = a, b, and the Coulomb repulsion

HU =
∑︂
i<j

1
|ri − rj|

(2.8)

setting e′ = 1. Using the second quantization formalism, the two-electron state
Ψaσ;bσ′ reads

Ψaσ;bσ′ = |aσ; bσ′⟩ = c†
aσc

†
bσ′|0⟩ , (2.9)

where σ, σ′ denote electron spins, c†, c are fermionic creation and annihilation
operators and |0⟩ stands for the empty state. Similarly, the Coulomb interaction
is defined in the second quantization as follows

V = 1
2
∑︂
ijkl

Vijklc
†
ic

†
jckcl , (2.10)

Vijkl =
∫︂∫︂

φ∗
i (r1)φ∗

j(r2) 1
|r1 − r2|

φk(r2)φl(r1)dr1dr2 . (2.11)

Considering the two-electron state |aσ; bσ⟩, two contributions to the Eq. 2.11
can be distinguished. First, the direct Coulomb integral

Uab =
∫︂∫︂

|φa(r1)|2|φb(r2)|2dr1
1

|r1 − r2|
dr2 (2.12)

and second, the exchange integral

Jab =
∫︂∫︂

φ∗
a(r1)φ∗

b(r2)φa(r2)φb(r1) 1
|r1 − r2|

dr2 . (2.13)

Assuming various orientations of the electron spins σ, σ′, one obtains the basis
set {Ψ↑↑,Ψ↑↓,Ψ↓↑,Ψ↓↓}, where the Coulomb term matrix reads

HU =

⎛⎜⎜⎜⎝
Uab − Jab 0 0 0

0 Uab −Jab 0
0 −Jab Uab 0
0 0 0 Uab − Jab

⎞⎟⎟⎟⎠ . (2.14)

Diagonalizing it, one obtains two sort of the eigenstates, namely triples states Ψ↑↑,
Ψ↓↑ and 1√

2 (Ψ↑↓ + Ψ↓↑) bearing the eigenenergy ∆ϵt = Uab−Jab and a singlet state
1√
2 (Ψ↑↓ − Ψ↓↑) with the eigenenergy ∆ϵs = Uab + Jab. One can show that both

integrals Uab and Jab are positive, therefore triplet states lie below the singlet
states. Let’s φα are degenerate atomic orbitals, then the Coulombs exchange
maximize the spin of the atomic shell.
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2.1.2 Kinetic exchange
An exchange mechanism where the electron hopping is dominant is called the
kinetic exchange. The Coulomb interaction plays there only a role of the local
on-site electron repulsion U . Let’s consider a system with two spatially separated
orthogonal orbitals (φi, i = 1, 2). The system is occupied by two electrons with
opposite spins, which are allowed to move between the orbitals. The electron hop-
ping is described by the matrix element −t when electrons’ order is maintained.
Otherwise, a change of the sign is needed according to the Pauli exclusion prin-
ciple. Then, assuming the basis

{| ↑, ↓⟩, | ↓, ↑⟩, | ↑↓, ·⟩, |·, ↑↓⟩} , (2.15)

the Hamiltonian describing the mentioned toy model of the H2 molecule reads

H =

⎛⎜⎜⎜⎝
0 0 −t −t
0 0 t t

−t t U 0
−t t 0 U

⎞⎟⎟⎟⎠ . (2.16)

It is related to the following eigenstates and energy eigenvalues

Ψcov = 1√
2

(| ↑, ↓⟩ + | ↓, ↑⟩) , ϵcov = 0 ;

Ψion = 1√
2

(| ↑↓, ·⟩ − |·, ↑↓⟩) , ϵion = U ; (2.17)

Ψ± =

[︂
| ↑, ↓⟩ − | ↓, ↑⟩ − ϵ±

2t
(| ↑↓, ·⟩ + |·, ↑↓⟩)

]︂
√︃

2 + ϵ2
±

2t2

, ϵ± = U

2 ±
√
U2 + 16t2

2 .

One should be aware that states with parallel spins are neglected in the basis
set since electron hopping is forbidden there. Their eigenenergy would be zero,
similar to the covalent states Ψcov.

Direct exchange

Recalling the eigenstates and eigenenergies (Eq. 2.17) of the model Hamiltonian
(Eq. 2.16), one can notice that the lowest energies are achieved for the states with
dominant contribution of the “covalent states”, | ↑, ↓⟩ and | ↓↑⟩, especially in the
large-U limit . Therefore, let’s focus on the covalent states and project out the
ionic ones out of the Hamiltonian (Eq.: 2.16) by the partitioning technique. It
yields an effective Hamiltonian

Hdir(ϵ) =
(︄

−t −t
t t

)︄(︄
ϵ− U 0

0 ϵ− U

)︄−1 (︄−t t
−t t

)︄
, (2.18)

where the energy ϵ can be approximate by a characteristic eigenenergy of the
covalent states Ψcov and Ψ−, which is roughly zero. It leads to the occurrence of
an effective spin-spin interaction in the effective Hamiltonian, which reads

Hdir ≈ 2t2
U

(︄
−1 1

1 −1

)︄
= 4t2

U

(︃
S1 · S2 − n1n2

4

)︃
, (2.19)
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where Si is the spin operator and ni is the occupation number. The related
eigenstates are singlet state Ψs and triplet state Ψt

Ψs = 1√
2

(| ↑, ↓⟩ − | ↓, ↑⟩) , εs = −4t2
U
,

Ψt = 1√
2

(| ↑, ↓⟩ + | ↓, ↑⟩) , εt = 0 , (2.20)

where the other triple states were excluded due to parallel spins as it has been
mentioned. Concerning the effective Hamiltonian, it is obvious that the direct
kinetic exchange favors the antiparallel ordering.

Superexchange

Localized orbitals might require an improvement of the previous exchange mech-
anism since their overlap can be negligible, and therefore the electron hopping is
supposed to be unlikely. Although the direct coupling of localized orbitals can be
negligible, there might appear an indirect coupling for specific compounds. For
instance, considering transition metal oxides, there occurs an indirect coupling
of the localized metallic d-states intermediated by oxygen p-states. According
to the geometry, one can distinguish the antiferromagnetic and ferromagnetic
superexchange.

tpd tpd

εd εp εd

UdUd

Figure 2.1: Antiferromagnetic superexchange geometry. (Adapted after [19])

• Antiferromagnetic superexchange
Initially, let’s consider inline coupling of two d-orbitals mediated by a single
p-orbital (Fig. 2.1). Assuming hopping between p- and d-orbitals tpd and the
Coulomb repulsion Ud within d-orbitals, while the repulsion is neglected for
simplicity at the p-orbital, the Hamiltonian of the model system (Fig. 2.1)
in the second quantization reads

H = εd

∑︂
iσ

niσ + εp

∑︂
σ

npσ − tdp

∑︂
iσ

(︂
c†

iσcpσ + c†
pσciσ

)︂
+ Ud

∑︂
i

ni↑ni↓ , (2.21)

where εd and εp denote the electron energy in the d- resp. p-orbital, and
i = 1, 2 describes particular d-orbitals. Let’s consider an initial state of the
system with two p-electrons and a single electron at each d-orbital. Then,
one can set 2(εp +εd) as the zero-energy level. The Hilbert spaces related to
the initial states either with parallel or antiparallel d-electron spin are dis-
joint. Hence, one can treat them separately. Particular Hilbert spaces can
be constructed by acting of the third term in the Hamiltonian (Eq.: 2.21),
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describing the electron hopping, on the initial states. Focusing on the ini-
tial states and projecting out the rest of the related Hilbert space by the
partitioning technique analogously to the Direct exchange, one obtains for
parallel d-electron spins

(︂
c†

1↑c
†
p↓c

†
p↑c

†
2↑|0⟩

)︂
an effective Hamiltonian

Heff =
(︂
tpd tpd

)︂(︄ε− Ud + ∆pd 0
0 ε− Ud + ∆pd

)︄(︄
tpd

tpd

)︄
≈ −

2t2pd

Ud + ∆pd

,

(2.22)
where ∆pd = εd−εp denotes a difference of d- and p- energy levels. According
to the zero-energy level position, one can assume ε = 0. The same relation
(Eq. 2.22) is valid for the state with two spin down d-electron states.
Analogously, one can derive an effective Hamiltonian concerning the an-
tiparallel d-electron spins. The related Hilbert space is quite large, con-
taining nine distinct states. Therefore, for brevity, only the final result is
mentioned

Heff ≈ −
2t2pd

Ud + ∆pd

(︄
1 0
0 1

)︄
−

2t4pd

(Ud + ∆pd)4

(︄
1
Ud

+ 1
Ud + ∆pd

)︄(︄
1 −1

−1 1

)︄
.

(2.23)
The first term is similar to the previous effective Hamiltonian (Eq.: 2.22).
However, according to the Direct exchange (Eq. 2.19), the second term, the
sign included, represents an effective spin coupling described by a Hamilto-
nian

Heff =
2t4pd

(Ud + ∆pd)4

(︄
1
Ud

+ 1
Ud + ∆pd

)︄(︃
S1 · S2 − n1n2

4

)︃
, (2.24)

which shows that an antiparallel spin order is favored as well.

tpd tpd

εd

εp εp

εd

UdUdd1 d2

px py

Figure 2.2: Ferromagnetic superexchange geometry. (Adapted after [19])

• Ferromagnetic superexchange
Actually, the character of the spin coupling strongly depends on the as-
sumed geometry. Let’s consider a site bearing two p-orbitals, namely px

and py, which form a right-angled bridge between two d-orbitals (Fig. 2.2).
According to the right-angled geometry the Slater-Coster integrals allow
electron hopping only between d1 and px resp. d2 and py orbitals. Con-
cerning the electron hoping, it gives rise to the occurrence of two separated
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electron system. However, the energy depends on the mutual spin orienta-
tion. Let’s consider two initial states, namely c†

1↑c
†
px↓c

†
px↑c

†
py↓c

†
py↑c

†
2↑|0⟩ and

c†
1↑c

†
px↓c

†
px↑c

†
py↓c

†
py↑c

†
2↓|0⟩, which are related to disjoint Hilbert spaces. Sim-

ilarly to the previous case, only d-orbital on-site repulsion Ud is include.
However, the Coulomb exchange between px and py has to be taken into
account. It is described by the the exchange Jxy according the Eq. 2.14.
Then, for the first state bearing parallel d-spins, a triplet state, the effective
Hamiltonian reads

Heff ≈ −
2t2pd

Ud + ∆pd

−
(︄

2t4pd

(Ud + ∆pd)2
1

2 (Ud + ∆pd) − Jxy

)︄
. (2.25)

Concerning the set of states related to the second initial state, the antipar-
allel d-spins effective Hamiltonian follows

Heff ≈ −
2t2pd

Ud + ∆pd

−
2t4pd

(Ud + ∆pd)2
1

2 (Ud + ∆pd) − Jxy

(2.26)

+
4t4pd

(Ud + ∆pd)2
Jxy

4 (Ud + ∆pd)2 − J2
xy

(︄
1 −1

−1 1

)︄
,

where the last term describes an extra energy contribution related to the
singlet states with respect to the triplet ones. It denotes the singlet-triplet
splitting. Then, it is obvious that the 90◦ superexchange has a ferromagnetic
character.

2.1.3 Double exchange

Most commonly it can be ascribe to mixed valence compounds. They possess
a non-integer number of electrons per site, therefore the occupations of particular
site can differ. It means that an electron might hop between sites without a cost of
the extra Coulomb interaction U . Let’s consider two sites with two orbital of the
type used in the description of the Coulomb exchange (Eq. 2.9). Orbitals φa are
occupied by one electron per site, however only one of φb orbitals is occupied by
a single electron, which can hop between φb orbitals with the rate tbb. According
to the Coulomb exchange, there occurs the exchange coupling Jab, while Coulomb
repulsion Uab is set as the zero energy level. Assuming the basis of states with
total spin Stot

z = 3
2 , one obtains eigenstates which couple φa orbitals into triplet

states

Ψ
3
2
± = 1√

2
(| ↑, ↑⟩1|·, ↑⟩2 ± |·, ↑⟩1| ↑, ↑⟩2) = 1√

2
(|·, ↑⟩b ± |·, ↑⟩b) | ↑, ↑⟩a , (2.27)

ε
3
2
± = −Jab ± tbb . (2.28)
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Similarly, regarding the total spin Stot
z = 1

2 , the eigenstates acquire a form of
equally weighted linear combination of the basis states. It reads

Ψ
1
2
± = 1√

6
( | ↑, ↑⟩1|·, ↓⟩2 ± |·, ↑⟩1| ↑, ↓⟩2 (2.29)

+|·, ↑⟩1| ↓, ↑⟩2 ± | ↓, ↑⟩1|·, ↑⟩2 + | ↑, ↑⟩1|·, ↓⟩2 ± |·, ↓⟩1| ↑, ↓⟩2 )

= 1√
2

(| ↑, ·⟩b ± |·, ↑⟩b)
1√
2

(| ↑, ↓⟩a + | ↓, ↑⟩a) + 1√
2

(| ↓, ·⟩b ± |·, ↓⟩b) | ↑, ↑⟩a ,

ε
1
2
± = −Jab ± tbb . (2.30)

It reveals that the electron hoping in the φb orbitals leads to the spin alignment
in the orbitals φa.

2.1.4 Metallic exchange
– Ruderman-Kittel-Kasuya-Yoshida interaction

In metals, so-called Ruderman-Kittel-Kasuya-Yoshida (RKKY) interaction oc-
curs. It stands for an indirect exchange mediated by the electron gas. It repre-
sents a second-order scattering process. Simply speaking, an electron is scattered
by a moment to an intermediate state initially. Afterward, another scattering by
a different moment causes a return from the intermediate state.

In the RKKY framework, the exchange interaction between two localized spin
moments is effectively mediated by virtual particle-hole excitations in the Fermi
sea, which arise from the electrons’ interaction with a spin moment. The excita-
tions change the electron gas’s polarization modifying its dielectric properties.

The RKKY interaction can be formally derived in terms of the Kubo response
theory. Let’s consider an interaction Hamiltonian Hint between conduction elec-
trons and spin moment, which reads

Hint = −A
∑︂

i

si(ri) · Sα(Rα) δ(ri − Rα) (2.31)

= gµB
∑︂

i

Heff(ri) · si(ri) ,

Heff((r)) = − A

gµB
Sα(Rα) δ(r − Rα) , (2.32)

where A is a scaling parameter, si and ri are conduction electrons’ spin and
position. Analogously Rα describes the position of a spin Sα. Heff represents
the effective molecular field acting on the conduction electrons’ spins. Then,
one can evaluate the electron gas magnetization m(r) introduced by the effective
molecular field Heff through the electron gas susceptibility χ0. Let’s Rα = 0 for
brevity, then

m(r) =
∫︂
χ0(r − r′)Heff(r′)dr′ = − A

gµB
χ0(r)Sα . (2.33)

Let’s suppose another localized spin Sβ(Rβ), where Rβ = r. Then, according
to Eq. 2.31, it interacts with the electron gas magnetization, which is related to
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an induced spin density s(r), as follows

Hαβ = A

gµB
m(r)Sβ(r) , (2.34)

m(r) = −gµBs(r) . (2.35)

Finally, one obtains the RKKY interaction Hamiltonian proportional to the sus-
ceptibility of the electron gas

HRKKY = − A2

g2µ2
B

1
(2π)3

∫︂
χ0(q)e−iqrdq Sα(0) · Sβ(r) . (2.36)

The noninteracting electron gas susceptibility in the atomic units reads

χ0(q, ω) = 2
(2π)3

∑︂
n,n′

∫︂ f(εn,k+q) − f(εn′,k)
εn′,k+q − εn,k+q − (ω + iη)dk , (2.37)

where n,n′ denotes energy band indices and ε is the related energy. The integra-
tion is performed in the first Brillouin zone, f(εn,k) stands for the Fermi-Dirac
distribution and ω is the frequency. A small quantity (η −→ 0) is related to the
analytical continuation. Assuming the static limit, one obtains the real static
susceptibility

χ0(q, 0) = 2
(2π)3

∑︂
n,n′

p.v.
∫︂ f(εn,k+q) − f(εn′,k)

εn′,k+q − εn,k+q
dk . (2.38)

One should be aware of the properties of the electron gas susceptibility in the
real space. In the case of the 3D electron gas the static susceptibility reads

χ0(q, 0) = − mkF

(2π)3F

(︄
2kF

q

)︄
, (2.39)

F (x) = 1 − 1 − x2

2x ln|x+ 1
x− 1 | , (2.40)

where m is the electron mass and kF denotes the Fermi wave vector. Performing
the inverse Fourier transformation, one obtains an oscillation function in the real
space

χ0(r, 0) = m

(2π)3
(2kFr)cos(2kFr) − sin(2kFr)

r4 . (2.41)

The amplitude of the oscillations decays as (r−3) – so-called Friedel oscillation
(Fig. 2.3). It is obvious that the character of the RKKY-interaction depends on
the mutual distance of the localized spins.
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Figure 2.3: Friedel oscilations

2.1.5 Magnetic anisotropy
To explain the existence of the hard and easy magnetic axes, which are essential
for much practical application, one has to introduce the anisotropic interactions.
They bring about the magnetic anisotropy energy, an orientation-dependent en-
ergy contribution, giving rise to the favored magnetization direction.

One can distinguish two origins of the magnetic anisotropy. The first one is
the dipole magnetic interaction (Eq. 2.7) of the local magnetization density m(r).

Shape anisotropy
Let’s evaluate the dipolar field Hdip acting on a certain magnetic moment µi. One
can consider the Lorentz decomposition method dividing a sample to a spherical
cavity around the moment µi and the rest part. In the cavity, microscopic mo-
ments are considered. Otherwise, a continuous distribution of the macroscopic
magnetization M(r) is assumed. Then, the magnetic pseudo-charge density ρM(r)
can be defined

ρM(r) = −∇ ·M(r) . (2.42)
Considering a uniform magnetization M , magnetic pseudo-charges exist only at
boundaries. The dipole field due to dipoles in the cavity and magnetic pseudo-
charge at the Lorentz cavity boundary rapidly converges and slightly contributes
to the magnetocrystalline anisotropy discussed later. The most important in the
sense of the shape anisotropy is the demagnetizing field Hd caused by pseudo-
charges at the surface. The related magnetic energy contribution reads

Ush = −1
2

∫︂
M · Hd . (2.43)

Concerning the bulk the demagnetizing field Hd is described by a demagnetizing
tensor D as follows

Hd = −D · M . (2.44)
On the other hand, concerning thin films the surface shape anisotropy energy

follows a simple relation
E = 1

2µ0Mcos2θ , (2.45)

where θ denotes the angle to the plane normal.
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Magnetocrystaline anisotropy
The second origin of the magnetic aniisotropy bears in the SO interaction

(Eq. 1.18). According to the crystal field theory, the angular momentum L in
a crystal field is being quenched, in general. The crystal field potential is real,
which means that pure real eigenstates can be found. Since the angular mo-
mentum operator is imaginary, it leads to its zero expactation values. Hence,
only spin magnetic moments remains. The SO interaction partly removes the
quenching of the angular momentum, nevertheless the effect is tiny since the SO
coupling ξ (Eq. 1.19) is generally much smaller than the bandwidth. Thus, higher
order perturbation theory is used. Considering the second order, for an unknown
spin state the magnetic anisotropy obeys a relation

H
(2)
MCA = |ξ|2

∑︂
n

⟨0|Lµ|n⟩⟨n|Lν |0⟩
E0 − En

Sµν = −SµΛµνSν . (2.46)

where µ, ν denotes Cartesian components and Λµν stands for a general 3×3 real
symmetric tensor R. Rotating Λ into principal axis, one obtains the anisotropy
constants K

Λµµ = Kµδµµ . (2.47)

Concerning frequent cubic symmetry, using of the 4th order perturbation theory
is needed.

2.2 Magnetic exchange interactions
In this paragraph, a general form of magnetic exchange interactions is described,
while Refs. [19, 20] are followed. Considering various exchange mechanisms, the
spin-spin exchange interactions up to the second-order can be described by a
Hamiltonian, which obeys relation

H =
∑︂

i

K(Si) −
∑︂
i ̸=j

SiJijSj . (2.48)

The first term stands for the on-site anisotropy energy and the second one de-
scribes inter-site magnetic exchange interactions represented by a bilinear form
with 3×3 matrices Jij. One can decomposed the inter-site exchange interactions’
bilinear form into three distinct contributions as follows

Jij = JijI + JA
ij + JS

ij , (2.49)

Jij = 1
3TrJij , (2.50)

JA
ij = 1

2(Jij − JT
ij) , (2.51)

JS
ij = 1

2(Jij + JT
ij) − JijI , (2.52)

where I is the unity matrix and JT denotes the transpose of the of Jij. The
first contribution represents the isotropic Heisenberg exchange interactions Jij.
The second one describes the antisymmetric or Dzyaloshinskii-Moriya interac-
tion (DMI) JA

ij and the last one stands for the anisotropic exchange JS
ij being
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a trace less symmetric part of the Jij. Defining the Dzyaloshinskii-Moriya vector
Dx

ij = ϵxyzJ
A xy
ij , where the ϵxyz stands for the Levi-Civita symbol, the general

Hamiltonian (Eq. 2.48) reads

H =
∑︂

i

K(Si) −
∑︂
i ̸=j

JijSi · Sj −
∑︂
i ̸=j

Dij (Si × Sj) −
∑︂
i ̸=j

SiJS
ijSj . (2.53)

Concerning this work, one deals with the Heisenberg exchange interactions Jij.
They stand for the most essential interactions as they represent the energy leading
term with the most considerable energy contribution. They are responsible for the
parallel or antiparallel spin ordering considering the collinear magnetic structure,
or they might give arise to noncollinear spin spiral structures. According to
the form of the Hamiltonian (Eq.: 2.53) and concerning a simple structure, the
parallel spin alignment is related to the positive values of the Heisenberg exchange
interactions Jij and vice versa. Mostly, the absolute values of the Jij decay
exponentially with the distance. However, it depends on the considered system.
Concerning the metals, exchange interactions’ oscillations might occur thanks to
the RKKY-interaction.

The presence of the DMI strongly depends on the crystal symmetry. Namely,
it vanishes in the case of high symmetry structures containing the inversion sym-
metry. However, it naturally occurs at interfaces and surfaces. DMI exists only
between two distinct atoms without mirror or inversion symmetry. The SO inter-
action’s presence brings it about, and the DMI’s magnitude is of the first-order in
the SO interaction. DMI gives rise to the noncollinear chiral magnetic structures
or weak ferromagnetism as a net magnetization in the antiferromagnets.

2.3 Ab-initio calculation of magnetic exchange
interactions

The knowledge of the magnetic exchange interactions is essential in the descrip-
tion of the magnetic atoms’ interplay or the evaluation of magnetic ordering
temperatures. Generally, there exist two approaches to reckon the Heisenberg
exchange interactions Jij (Eq. 2.53) discussed in this work. Both of them are
able to describe chemical disorder, which is important to treat magnetic dop-
ing [21, 22]. The first one is called the frozen magnon approach. It relies on
calculations of the total energy of spin spiral structures described by the spin
vector q, in the reciprocal space [23]. The generalized Bloch theorem allows a di-
rect evaluation of the total energies E(q) [24]. The second approach is based on
the Liechtenstein formula [22, 25, 26]. It evaluates the exchange interactions Jij

in the real space according to energy changes related to a constrained rotation of
the spin polarization axis. In the present work, the last approach is adopted. It
allows direct calculating of the exchange interactions concerning particular con-
stituents, including their types and positions, which is suitable e.g. for nontrivial
layer structures.
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2.3.1 Real-space method, Liechtenstein formula
In the real-space approach, the description of exchange interactions arises from
the multiple scattering theory. Initially, let’s assume the effective Heisenberg
Hamiltonian [22]

H = −
∑︂
i ̸=j

Jijei · ej , (2.54)

where ei denotes a unite vector pointing along the direction of the spin moment
Si (Eq. 2.53). The exchange interactions Jij include the local moments’ Si,j

magnitudes. The adiabatic approximation is considered there. It allows one to
neglect the magnetization’s precession caused by spin waves in calculations of
related energy changes. It means that the magnetization’s precession is much
slower than the electron motion, namely, the electron hoping. It says that spin-
wave energy is small with respect to the band width and the exchange splitting
[7, 22, 23]. It is valid for long-wavelength magnons, which are mostly a scope of
thermodynamic calculations.

According to the effective Heisenberg Hamiltonian (Eq. 2.54), the exchange
interactions are related to a rotation of the local moments spin-polarization axis.
Therefore, the energy change associated to local moment deviations is calcu-
lated. Considering infinitesimal deviations, the magnetic force theorem can be
applied [25, 27]. It states that the energy change is related to the change of
the one-particle energies. Assuming the first order perturbation of the spin and
charge density the energy variation δE reads

δE = −δ
(︄∑︂

i

εi

)︄
(2.55)

=
∫︂∫︂ n(r)n(r′)

|r − r′|
dr dr′ + Tr

(︂
ρ̂δV̂ exc

)︂
,

where εi denotes the one-electron energies, ρ is the density matrix and V̂ exc stands
for the xc-potential operator. Considering the multiple scattering approach [25,
28], the energy variation δE obeys a relation

δE = 1
π

∫︂ EF
dε Im Tr ln

[︄
1 −

(︃
1 + δt̂

−1
i T̂

ii
)︃−1

δt̂
−1
i T̂

ij
(︃

1 + δt̂
−1
j T̂

jj
)︃−1

]︄
, (2.56)

where T̂ is the scattering path operator and t̂ denotes single site scattering matrix.
Indices i and j denote the spin moment sites. Using the second order perturba-
tion in the deviation angle and spin polarization along the z-axis, the exchange
interactions Jij reads [25]

Jij ≃ 1
4π

∫︂ EF
dε Im TrL

[︃
∆iT̂

ij

↑ ∆jT̂
ji

↓

]︃
,

∆i = δt̂
−1
i, ↑ − δt̂

−1
i, ↓ . (2.57)

Finally in terms of the TB-LMTO-ASA method the exchange interactions Jij

reads [23, 26]

Jij ≃ 1
4π Im

∫︂ EB

EF
TrL

[︂
∆i(E + i0)g↑

ij(E + i0)∆j(E + i0)g↓
ji(E + i0)

]︂
dE ,

∆i(z) = P ↑
i (z) − P ↓

i (z) , (2.58)
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where, according to the TB-LMTO-ASA formalism (Eq. 1.4), gσ
ij(z) = gσ

RL,R′L′(z)
denotes the spin-resolved auxiliary Green’s function (Eq. 1.38) and P σ

i (z) =
P σ

RL(z) stands for the potential function. The energy integration is performed
along a contour in the upper part of the complex plane involving the occupied
part of the valence band, where EB denotes the bottom of the valence band.

According to the vertex cancellation theorem [29], one is able to directly ex-
tend the last formula to disorder systems in the framework of the CPA [22, 23].
It yields

J αβ
ij = 1

4π Im
∫︂ EB

EF
TrL

[︂
∆α

i (z) ḡ αβ, ↑
ij (z) ∆β

j (z) ḡ βα, ↓
ji (z)

]︂
dz , (2.59)

where ḡ αβσ
ij denotes the conditionally averaged spin polarized auxiliary Green’s

functions (Eq. 1.53). Besides, it is possible to evaluate directly the on-site average
pair exchange interactions J0

i defined as follows [22]

J 0,α
i =

∑︂
j

J αβ
ij cβ

j , (2.60)

where cβ
j denotes concentration of the element β at the site j. Considering the

multiple scattering approach, the exchange interactions J0
i in the framework of

the TB-LMTO-ASA method reads [21, 22]

J 0,α
i = − 1

4π Im
∫︂ EB

EF
TrL

{︄
∆α

i (z)
[︂
ḡ α,↑

ii (z) − ḡ α,↓
ii (z)

]︂
+
[︂
∆α

i (z) ḡ α,↑
ii (z) ∆α

i (z) ḡ α,↓
ii (z)

]︂ }︄
dz .

(2.61)
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3. Magnetic Ordering
In this chapter, a brief overview of the magnetic materials’ types and their char-
acteristic behavior are mentioned. It includes a fundamental division of mag-
netic materials as well as fundamental approaches describing magnetic ordering.
Refs. [10, 22, 30] are mostly followed here.

Let’s introduce basic physical quantities describing magnetic properties ini-
tially.
Magnetization
Magnetization M denotes a density of the magnetic moment in the studied sys-
tem. It stands for an important quantity in the description of magnetic ordering
as it belongs among the ordering parameters by means of the Landau theory of
phase transitions. Assuming a system in presence of the magnetic field H, the
magnetization obeys a relation

Mµ(H) = − 1
V

∂E0(H)
∂Hµ

, (3.1)

where V denotes the volume of the system, E0(H) is the magnetic field depen-
dent ground-state energy, and µ describes a vector component. In the case of
a system in thermal equilibrium, the temperature-dependent magnetization can
be expressed by means of the Helmholtz free energy F

M(H,T ) = − 1
V

(︄
∂F

∂H

)︄
T

, (3.2)

F = −kBT ln
(︄∑︂

n

e−En(H)/kBT

)︄
= − 1

β
ln
(︄∑︂

n

e−βEn(H)
)︄
, (3.3)

where kB denotes the Boltzmann constant, T is the thermodynamic temperature
and En(H) stands for the energies of excited states.

[10]

Magnetic susceptibility
Magnetic susceptibility describes the response of a system to the magnetic field.
It is defined by the change of the magnetization as follows

χµν = ∂Mµ

∂Hν

= − 1
V

(︄
∂2F

∂Hµ∂Hν

)︄
T

, (3.4)

where µ, ν denote Cartesian coordinates. According to the Kubo linear response
theory, the magnetic susceptibility tensor χ(ij)

ξζ reads

χ(ij)
µν = i

ℏ
Θ(t− t0)

⟨︃[︃
Ŝ

(i)
µ (t), Ŝ(j)

ν (t0)
]︃⟩︃

, (3.5)

where Ŝ(i)
µ stands for the µ component of the spin operator at the site i. It means,

that the susceptibility is related to spin-spin correlations of a quantum-mechanical
system.

[10, 13, 31, 32]
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3.1 Magnetic materials
According to the interaction of magnetic materials with the external magnetic
field and the magnetic order character, one can distinguish several types of mag-
netic behavior. Special magnetic behavior as the super-paramagnetism occurring
in nano-particles is neglected.

3.1.1 Diamagnetics
Diamagnetism is related to the effort of a matter to repel the external magnetic
field by changes in its electronic structure. They lead to the induction of the
opposite magnetic field to the external one repelling the matter from it. It can
be described as a screening of the external magnetic field by a motion of the
electron charge, which represents an electric current inducing a magnetic field
counteracting the external one. Diamagnetism is present in all kinds of material.
However, being relatively weak, it is overcome by other effects if they are present.
In the case when diamagnetism is the sole contribution, we are talking about
diamagnetics. It includes metals like copper, silver, selenium, bismuth, or most
of the organic compound. Diamagnetics bear a negative magnetic susceptibility,
and their relative magnetic permeability is less than one.

Considering closed shell atoms, the angular L and spin S magnetic moments
vanish. Hence the total magnetic moment J is zero as well. Assuming a spher-
ically symmetric atoms, the so-called Langevin diamagnetic susceptibility reads

χLangevin = − e2N

6mcV ⟨r2⟩ , (3.6)

where N is number of electron of the mass m, V denoted the volume and ⟨r2⟩
stands for the quantum-mechanical mean square value of the electron radii.

In the case of metals, one describes the diamagnetism by the Landau suscepti-
bility which is based on the behavior of the Fermi electron gas. The susceptibility
reads

χLandau = −µ2
B
3 g(EF) , (3.7)

where g(EF) denotes the density of states at the Fermi level. [10]

3.1.2 Paramagnetics
Paramagnetism represents the opposite behavior in the previous case. It is related
to the attraction of a matter to the external magnetic field and the induction of the
internal magnetic field in the external one’s direction. Therefore, paramagnetic
susceptibility as well as the magnetic permeability of paramagnetic materials are
greater than the one.

Free electron paramagnetism – Pauli paramagnetism

Pauli paramagnetism arises from an extra spin dependent energy contribution
±µBH in presence of the external field H. In the absence of the external field,
the occupation of both electron gas spin channels is same (g↑↓(E)) = 1

2g(E)).
Applying the external field, the states with the opposite spin to the external
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field are shift to higher energies acquiring an extra energy contribution µBH and
vice versa, while a collinear spin polarization along the external field direction is
concerned. Since µBσH is small with respect to the Fermi energy EF, it yields

g↑↓(E) = 1
2g(E ± µBH) ≈ 1

2g(E) ± 1
2µBH

∂g(E)
∂E

. (3.8)

Then, recalling that the magnetization M is proportional to the difference of the
spin channels’ occupations n↑↓

M = µB(n↑ − n↓) = µB

(︃∫︂
g↑(E)f(E)dE −

∫︂
g↓(E)f(E)dE

)︃
, (3.9)

where f(E) denotes the Fermi-Dirac distribution, the conduction electrons’ sus-
ceptibility χPauli at the zero temperature T = 0 reads

χPauli = ∂M

∂H
= ∂

∂H

(︄
−µ2

BH
∫︂
g(E)

(︄
∂f(E)
∂E

)︄
dE

)︄
= µ2

B g(EF). (3.10)

Temperature corrections are quite negligible being of order
(︂

kBT
EF

)︂2
. [10]

Bound electrons paramagnetism – Curie Law

Also net magnetic moments can exhibit paramagnetic behavior. Let’s consider
the lowest-lying spin multiplet. Since the zero-field ground state is degenerated
for a nonzero total magnetic moments J, one has to calculate the susceptibility by
the statistical mechanics. Thermodynamic behavior is described by the Helmholtz
free energy F calculated over the (2J + 1) lowest lying states, where J is the total
momentum quantum number. Assuming the spin polarization along the z-axis,
it follows

e−βF =
∑︂

n

e−βEn(H) =
J∑︂

Jz=−J

e−βgJ µBJzH , (3.11)

where the total magnetic moment µJ, z = −gJµBJz (Eq. 2.6) is used. It stands for
a simple summation of a geometric series (Eq. 3.11). According to the Eq. 3.2,
the magnetization of the studied system reads

M = −N

V

∂F

∂H
= N

V
gJµBJ BJ (βgJ µBJH) , (3.12)

where the function BJ(x) is the so-called Brillouin function defined as follows

BJ(x) = 2J + 1
2J coth

(︃2J + 1
2J x

)︃
− 1

2J coth
(︃ 1

2J x
)︃
. (3.13)

Assuming small fields and high temperatures, actually (gJ µBH ≪ kBT ), one can
expand the Brillouin function around zero, which yields the magnetic suscepti-
bility

χ = C

T
= N

V

g2µ2
B

3
J(J + 1)
kBT

. (3.14)

The last equation (Eq. 3.14) is called the Curie’s law, describing paramagnetic
behavior of a system containing permanent magnetic moments. [10]
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3.1.3 Magnetically ordered materials
There occur materials, called magnetically ordered, possessing a non-vanishing
mean vector of magnetic moments below a certain critical temperature. Accord-
ing to the existence of the macroscopic magnetization density, one can distinguish
ferromagnetic (FM) materials, where the individual magnetic moments merge into
non-zero so-called spontaneous magnetization, antiferromagnetic (AFM) ones
missing the spontaneous magnetization as the magnetic moments cancel each
other out, and ferrimagnetic ones, representing an uncompensated AFM case,
simply put. Usually, the ferromagnets stand only for materials possessing mag-
netic moments aligned along a particular direction, as in this work. Then ferri-
magnetic materials are introduced. They contain antiparallel alignment of mag-
netic moments while they bear non-vanishing spontaneous magnetization. The
simplest magnetic structure is the FM one consisting of magnetic moments of
the same direction and the same magnitude. However, various types of magnetic
ordering occur, including complicated FM, AFM, or ferrimagnetic structures,
namely helical structures or spin density waves. Concerning metals, the magnetic
ordering is described by means of the spin density m(r) along an appropriate di-
rection êz (Eq. 1.27). In the case of the ferromagnets and ferrimagnets, there
exist a direction, where

∫︁
m(r)dr is non-zero. However, for antiferromagnets, the

integral vanishes for any direction [10, 30].
Assuming individual spins at Bravais lattice sites Ri, it is possible to describe

their low lying excitations by the Heisenberg Hamiltonian
Hex = −

∑︂
ij

Jij(Ri − Rj) S(Ri) · S(Rj) − gµB
∑︂

i

S(Ri) · H , (3.15)

where S(Ri) denotes the vector spin operator, Jij stands for the magnetic pair
exchange interactions and H is the external magnetic field [10, 30].

Mean Field Approximation

The simplest way to analyze the behavior and magnetic phase transition of a sys-
tem described by the Heisenberg Hamiltonian (Eq. 3.15) is represented by the
mean-field approximation (MFA). Although it fails in describing the critical re-
gion as the description is quantitatively incorrect, it stands for a starting point
suitable for a brief overview of the system behavior. Critical exponents obtained
by the MFA differ from experimental values. The MFA completely neglects spin
correlation, which leads to overestimated critical temperatures. Finally, the MFA
is valid only in the high-temperature limit [10, 22, 30].

The heart of the MFA is replacing the many-body problem (Eq. 3.15) by
a one-body system in presence of an effective field originating from the remaining
particles. The effective “Weiss” field Heff

i is determined as follows

Heff
i = 1

gµB

∑︂
j

JijS(Rj) + H , (3.16)

which stands for an operator with a complex dependence on the actual spin
configuration. Thus, it is replaced by its thermodynamic mean value. It yields
the appropriate MFA Hamiltonian [10, 30]
H = −gµB

∑︂
i

S(Ri) · ⟨Heff
i ⟩ = −

∑︂
ij

JijS(Ri)⟨S(Rj)⟩−gµB
∑︂

i

S(Ri) ·H . (3.17)
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Considering ferromagnets, each spin has the same mean value, which can be
expressed by means of the magnetization M

⟨S⟩ = V

N

M

gµB
. (3.18)

Then the effective “Weiss” field reads

Heff = H + J0

(gµB)2 , (3.19)

where J0 denotes the on-site average pair exchange interactions (Eq. 2.60). Em-
ploying the Eq. 3.12, one obtains the MFA critical temperature

TMFA
C = J(J + 1)

3kB
J0 , (3.20)

where J is the total momentum quantum number. Considering the effective
Heisenberg Hamiltonian (Eq. 2.54), the MFA critical temperature acquires a sim-
ple form

kBT
MFA
C = 2

3J
0 . (3.21)

[10, 22, 30]
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4. Topological Insulators
Overview
Topological insulators (TI) represent a remarkable kind of solids, possessing
unique physical behavior. It emerges from their unusual band structure regarding
their topologically protected metallic surface states. In the present chapter, a brief
introduction to the field of topological matter and TIs is provided. Initially, the
topology in the solids is introduced. Then, basic concepts describing the topologi-
cal matter are mentioned. The last part is dedicated to 3D TIs, which are studied
in the present work. Regarding this chapter, one follows mostly Refs. [19, 33, 34].

4.1 Topological matter
Inclusion of the topological description stands for a milestone in the characteriza-
tion of solids concerning their classification, physical states, or physical properties,
which brings about a new perspective to experiments as well as to the theoretical
description [33, 35]. Exceptional physical properties of topological matter arise
from a complex nontrivial topology either in the momentum- or real-space. It
includes the topology of the band structure or the topology of real structures
as magnetic structures are [19, 33]. In the present work, one deals with materi-
als possessing a nontrivial band structure. The real space topology concerning
e.g. skyrmions being vertices in magnetic structures is out of the scope. Unlike
common phases of matter, topological phases are described by non-local ordering
parameters describing the system’s global character and its stability [19]. Each
topological phase is characterized by the so-called topological invariant, which
represents quantities robust against smooth system’s modification similarly to
the topology of the system. In general, the topology invariance arises, and it is
protected by certain symmetries, where one of the most important is the time-
reversal symmetry (TRS) or the inversion symmetry [33, 36]. The topological
description not only does provide a new approach to known physical phenom-
ena but also leads to the discovery of new physical phenomena with a strong
application potential [19, 33, 37].
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4.1.1 Integer Quantum Hall Effect
The birth of the topological band theory can be ascribed to attempts to describe
the quantum Hall effect (QHE) regarding its integer form, which had been dis-
covered a couple of decades ago (Klitzing, Dorda, and Peper; 1988 [38]). For
brevity, we would call it simply QHE. It was observed that the Hall resistance
ϱxy of the 2D electron gas (2DEG) exhibits a discrete quantization in units of the
inverse quantum conductance G0 = e2/ℏ as follows [39]

ϱxy = 1
n

ℏ
e2 , (4.1)

where n is an integer, and e denotes the elemental charge. Besides, the constant
Hall resistance ϱxy is associated with the vanishing longitudinal resistance ϱxx

(Fig. 4.1a).

(a) DC measurement of the longitudinal re-
sistance and Hall resistance in GaAs het-
erostructures. (adapted from [40])

(b) Ideal Landau levels for a device with
boundaries. (adapted from [39])

Figure 4.1: Quantum Hall effect.

Traditionally, the observed behavior can be explained by a simple model of the
free electrons’ cyclotron motion in the homogeneous magnetic field. Assuming
non-relativistic electrons, one can describe the electrons by a harmonic-oscillator
like Hamiltonian providing k independent energy levels, so-called Landau levels

εn = ℏωc

(︃
n+ 1

2

)︃
, (4.2)

where ωc stands for the cyclotron frequency. Nonetheless, close to boundaries,
the electron motion is restricted and the electrons bouncing along the interface.
It can be described by an additional potential, which bends the Landau levels
in the interface’s vicinity (Fig. 4.1b). One finds that for the increasing chemical
potential, a larger number of dispersive edge channels are obtained. Recalling
the group velocity

vn,kx = dEn

dkx

, (4.3)

one can observe that a set of channels with the same velocity direction at a certain
edge is obtained. [39, 40]
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4.1.2 Thouless–Kohmoto–Nightingale–den Nijs theory
Closely after the QHE discovery a link between the quantized Hall conductiv-
ity σxy and the topology of the related band structure were introduced by the
Thouless–Kohmoto–Nightingale–den Nijs (TKNN) theory [41]. It reformulates
the Kubo formula for the conductivity by means of band structure topological
properties. The conductivity of a non-interacting system with a respect to an
external uniform field Ee−iωt reads [8, 19, 42]

σµν(ω) = − ie2ℏ
a

∑︂
nn′

f(En′) − f(En)
En′ − En

⟨n′|v̂µ|n⟩⟨n|v̂ν |n′⟩
ℏω − iη + En′ − En

, (4.4)

where µ,ν stands for real coordinates, a is the system area, f(E) denotes the
Fermi-Dirac distribution and v̂µ is the µ-projection of the velocity operator

v̂µ = 1
iℏ
(︂
x̂µĤ − Ĥx̂µ

)︂
. (4.5)

Considering a direct current (DC) conductivity at the zero temperature, one
obtains a simple formula for the Hall conductivity σxy [19]

σxy = − ie2ℏ
a

∑︂
En′ <EF,
En>EF

⟨n′|v̂x|n⟩⟨n|v̂y|n′⟩ − ⟨n′|v̂y|n⟩⟨n|v̂x|n′⟩
(En′ − En)2 . (4.6)

Transforming the coordinate operator x̂ into the k-space and employing the pe-
riodic boundary conditions, it yields [19, 33, 34]

σxy = − ie2

ℏ

∫︂
BZ

dkxdky

2π
∑︂

En<EF

[︂
⟨∂kxn|∂kyn⟩ − ⟨∂kyn|∂kxn⟩

]︂
, (4.7)

which shows that the conductivity is related to the character of the band structure
in the k-space.

4.1.3 Berry phase, connection and curvature
The matrix elements (Eq. 4.7) contain an effective vector potential in the momen-
tum space, the so-called Berry connection Ak. Considering the Berry connection
of the all occupied bands defined as follows [19]

A
(µ)
k = −i

∑︂
En<EF

⟨n|∂kµ |n⟩ , (4.8)

the conductivity (Eq. 4.7) reads [19, 34]

σxy(ω) = e2

ℏ

∫︂
BZ

dkxdky

2π
(︂
∂kxA

(y)
k − ∂kyA

(x)
k

)︂
= e2

ℏ

∫︂
BZ

dkxdky

2π (∇k × Ak)z (4.9)

Ω = (∇k × Ak) . (4.10)

The curl of the Berry connection is called Berry curvature Ω (Eq.4.10). It stands
for an effective magnetic field originating from the band structure topology, which
acts on the electron states. Both quantities A and Ω, are related to the geomet-
rical (Berry) phase γ, which occurs is systems depending of external parameters.
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Let’s consider a system described by a time independent Hamiltonian depend-
ing on a parameter λ

H(λ)|nλ⟩ = En(λ)|nλ⟩ , (4.11)
|φ(t)⟩ = e−iθ(t)|nλ(t)⟩ , (4.12)

where the phase θ gives arise to the time evolution of the wave function |φ(t)⟩ [19,
34]. Assuming the adiabatic approximation considering well-separated and slowly
varying states and employing the time dependent SE (Eq. 1.1), one finds that the
time dependent phase θ(t) obeys a relation [19]

θ(t) = 1
ℏ

∫︂ t

0
Enλ(t′)dt′ − i

∫︂ t

0
⟨nλ(t′)|∂t′ |nλ(t′)⟩dt′ , (4.13)

where the first term denotes the common dynamical phase whereas the second
one represents the Berry phase γ.

To demonstrate the integer quantization of the QHE, let’s assume a square
BZ. It can be easily map on a torus, which allows one to divide the BZ into two
closed areas with a common boundary C. Since Berry connections along C can
differ only by a gradient of the phase A1

k − A2
k = ∇kθ, the Hall conductivity

follows a relation [19, 34]

σxy = e2

ℏ
1

2π

(︃∮︂
C
A1

k · dk −
∮︂

C
A2

k · dk
)︃

= e2

ℏ
1

2π

∮︂
C

∇kθ · dk = e2

ℏ
n , (4.14)

where one uses the Stoke’s theorem in the Eq. 4.9 and where the winding number
n is an integer for a uniquely defined wave function.

We recall that the bulk states cannot contribute to the conductivity in the
case of the Fermi level EF lying in between the 2DEG Landau levels (Fig. 4.1b).
Hence, the Hall conductivity relies on the states at the sample edges. However,
one should be aware that the evaluation of the edge conductivity (Eq. 4.14) is
based on the bulk band structure. The relation between the edge properties and
the bulk band structure is called the bulk-boundary correspondence [19, 33, 34].

Figure 4.2: Chern insulator edge state. Orange dashed curve depicts the particle
mass distribution, green curve is the related wave function of the edge state.
The inset depicts the model band structure with a red edge state. (adapted
after [19, 43])
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4.2 Edge states
A model of the so-called Chern insulator describes the QHE occurrence without
the external field presence (quantum anomalous Hall effect – QAHE). In 1988,
Haldane [44] described a honeycomb model of the graphene with the broken TRS
introduced by the QAHE arising from a nontrivial band structure.

A Hamiltonian of a simple Chern insulator in 2D can be written as follows

H = ℏv (σxkx + σyky) +mσz , (4.15)

where v denotes the particle velocity, σi stands for Pauli matrices and m is
the mass of particles [19]. One should note that for m = 0, the Eq. 4.15 de-
scribes mass-less “Dirac fermions” with a linear band dispersion, They are rep-
resented e.g. by Dirac cones occurring at the K and K ′ reciprocal points in the
graphene [45–47].

Considering an arbitrary m and a basis of the helicity matrix

σ · u,
σ = (σx, σy, σz)
u = (ℏvkx, ℏvky,m)

| (ℏvkx, ℏvky,m) |
, (4.16)

the Eq. 4.15 has corresponding eigenvalues [19]

εks = s
√︂

(ℏv)2k2 +m2 , (4.17)

where s±1 denotes the conduction resp. valence bulk bands. In order to describe
the edge states, let’s write the Dirac equation (Eq. 4.15) in the real space

[−iℏv (σx∂x + σy∂y) +mσz]ψ(x, y) = Eψ(x, y) (4.18)

and consider an interface at y = 0 between two systems describes by Eq. 4.15 but
with different signs of the m. These two systems possess mutually inverted bulk
band structures and represent different states of the Chern insulator [43, 44].

The localized edge states can be found though mapping the present problem
(Eq. 4.18) with the varying mass term m ≡ m(y) to the Jackiw-Rebbi 1D edge
models [48]. It leads to localized modes at the edge y = 0. The obtained modes
decay in bulk, whilst they propagate along the edge as a plane wave. Considering
a mass distribution m(y < 0) > 0 and m(y > 0) < 0, where naturally it is set
m(0) = 0, one obtains a single physical solution (Fig. 4.2) [19, 48]

ψ(x, y) = exp (ikxx) exp
(︃

+ 1
ℏv

∫︂ y

0
m(y′)dy′

)︃
|χ+⟩ . (4.19)

Whereas, in the case of the opposite mass distribution the solution reads

ψ(x, y) = exp (ikxx) exp
(︃

− 1
ℏv

∫︂ y

0
m(y′)dy′

)︃
|χ−⟩ , (4.20)

where |χ±⟩ denotes eigenstates of the spin operator σx, (σx|χ±⟩ = ±|χ±⟩). As-
suming m(y) described by a step-like function (m(y) = ± sgn(y)m), it yields the
decay length λ of the edge mode ψ as follows [19]

ψ = eikxxey/λ|χ⟩ ; λ = ℏv
|m|

. (4.21)
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Regardless of the form of m(y) the edge-state spectrum reads [19]

ε(k) = s ℏvk , (4.22)

where s± denotes eigenvalues of the operator σx. Unlike the bulk band structure,
the edge states are gapless and they span the bulk gap (Fig. 4.2). Thanks to
the non-vanishing mass term, the TRS is broken and the edge states are chiral.
Only a single edge state moving in a given direction occurs. According to the
edge-state spectrum, the appropriate group velocity follows a relation

vg = s ℏv . (4.23)

[19, 43, 49]

4.3 Topological phase transition
In topological matters, one can observe so-called topological transitions related to
modifications of the system topology. It was mentioned that topological phases,
e.g. differing by the topology of the band structure, are classified by topological
invariants. They distinguish topological phases between each other and denote
whether the phase is topologically nontrivial or not. Regarding the introduced
Chern insulators, one deals with the topological Chern invariant [19, 33] defined
as follows

C = 1
2π

∫︂
BZ

Ω d2k , (4.24)

which occurs in the TKNN formula (Eq. 4.9) and where Ω denotes the Berry
curvature (Eq. 4.10).

To introduce a simple model of a topological transition, let’s consider a thin
slab represented by the top and bottom 2D electronic systems in xy-direction,
which are similar to the introduced one in the previous section and separated by
an insulating spacer. Reducing the spacer’s thickness, one obtains a quasi 2D
system effectively, with overlapping top and bottom surface states. The coupling
between the surfaces is described by a parameter ∆. Thus, one can construct the
Hamiltonian as follows [19]

H =
(︄

−iℏv (σx∂x + σy∂y) +mσz ∆ σ0
∆ σ0 +iℏv (σx∂x + σy∂y) +mσz

)︄
, (4.25)

where σ0 denote a unit matrix. Different signs in the diagonal elements are
related to the inversion symmetry between the surfaces. Particularly, it reflects
the swapping of the z axis. The Hamiltonian’s form (Eq. 4.25) satisfies the
fermion doubling principle [50] stating that Dirac fermions in the lattice crystals
structures occurs in pairs. Related wave functions are described by bispinors
composed of the top and bottom surface spinors. The Hamiltonian (Eq. 4.25)
can be mapped to the Chern insulator’s Hamiltonian (Eq. 4.15) by an unitary
transformation. The transformed Hamiltonian is block diagonal being composed
of two Chern insulators with different mass terms [19]

H0 =
(︄

−iℏv (σx∂x + σy∂y) + (m+ ∆)σz 0
0 +iℏv (σx∂x + σy∂y) + (m− ∆)σz

)︄
.

(4.26)
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Considering of the helicity matrix eigenstates (Eq. 4.16) and employing the
formula of the Chern number (Eq. 4.24) together with the TKNN formula of the
edge conductivity (Eqs. 4.9 and 4.8), one can find that the Chern number C and
the Hall conductivity σxy follow relations [19]

C = −1
2 (sgn (m+ ∆) + sgn (m− ∆)) , (4.27)

σxy = e2

ℏ
C . (4.28)

It is obvious, one obtains three different topological phases classified by the Chern
numbers C = {−1, 0,+1} which are related to distinct Hall conductivity. One
should note that the case m = ∆ violates the fermion doubling principle. It
is evident that the nonzero Hall conductivity depends on the ratio m/∆. It
describes the state of the TRS breaking, which is needed to give rise the QAHE.
In the case of a small m with respect to the coupling ∆, the Hall conductivity
vanish [19].

Figure 4.3: Quasi 2D-model edge spectra. (adapted after [19])

To depict the difference between these topological phases, one can evaluate
the edge state spectra (Eq. 4.22). Edge states similar to the states at the interface
of two systems with mutual inverted band structure can be obtained for a vacuum
interface [19]. Considering a boundary along the x-axis (y = 0) with the vacuum
in the positive semi-space, the eigenvalues s of the spin operator σx (Eq. 4.22)
can be assign to the sign of the mass term m (Eq. 4.18) (σx|χ⟩ = sgn(m)|χ⟩).
Thus, in the present case the edge spectrum follows a relation [19]

ε±(k) = sgn(m± k)ℏvk , (4.29)

and one can distinguish several cases:

|m| > |∆| (QAHE)

ε±(k) = +ℏvk, C = −1, m > 0, ∆ > 0
m > 0, ∆ < 0

ε±(k) = −ℏvk, C = +1, m < 0, ∆ > 0
m < 0, ∆ < 0

|m| < |∆| (QSHE)

ε±(k) = ±ℏvk, C = 0 , (4.30)

where QSHE denotes the quantum spin Hall effect. The topological transition
between the QAHE and the QSHE is located at m = ∆. Regardless of the
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topological phase, there occur two edge modes at each surface. However, the
phases differ in the mutual orientation of the edge modes (Fig. 4.3). In the case
of the QAHE, both edge modes move within the same direction (chiral states),
whereas in the other case, they have opposite directions (helical states). There-
fore, the Hall conductivity is zero concerning the QSHE. The model presented in
this section represents a simple model of 2D topological insulators [19, 33].

Figure 4.4: HgTe and Hg0.32Cd0.68Te
band structures obtained by the Kane-
Mele model. (adapted from [33])

Figure 4.5: HgTe topological phase tran-
sition. (a) Electron-(E) and hole-(H) sub-
bands as a function of the quantum well
thickness. (b) Dispersion relations of E1
and H1 subbands. (adapted from [33, 51])

4.4 2D Quantum spin Hall
topological insulators

Although the mentioned quantum Hall effect (Sec. 4.1.1) represents the first dis-
covered topological state of the matter, the topological band theory’s boom is
related to the coming of quantum spin Hall topological insulators. Let’s call
them for brevity 2D topological insulators. They launched a strong development
of the solid-state topological theory, which led to new proposed topologically non-
trivial compounds. Also, a huge experimental effort was made. The origin of the
topologically nontrivial states is discussed there by the Bernevig–Hughes–Zhang
(BHZ) model [51]. It proposes an occurrence of the topological surface states,
protected against weak perturbation, unlike common surface states [45], in ma-
terials possessing strong spin-orbit coupling (SOC) and the inverted band gap.
The BHZ model represents a generalization of the Kane-Mele model [49, 51, 52].
It considers the honeycomb lattice and describes the occurrence of the QSHE in
systems following the TRS and bearing strong SOC. The SOC represents a key
ingredient of TIs. It keeps the inverted bulk band structure gapped, and it allows
the QSHE without breaking the TRS, since the SOC brings about a new effective
mass term, allowing new topological states of an insulating system with unbro-
ken TRS [19, 49, 51–55]. In the Section 4.2, the Dirac edge states’ formation at
the interface between two topologically different materials with mutually inverted
bands was shown through the simple model Hamiltonian (Eq. 4.15). The band
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inversion and the related change of the topology are possible only by the level
crossing, which is accompanied by the emergence of metallic in-gap states at the
interface. Considering a material with an inverted band order, the origin of the
topological surface states at the vacuum interface of can be explained similarly,
since the vacuum can be regarded as an effective matter with a normal band order
possessing the infinite band gap [56]. Let’s introduce the essence of the BHZ the-
ory, which is a prediction of the topological phase transition and the occurrence of
the QSHE in HgTe quantum well by a band inversion. HgTe stands for a suitable
compound to observe the QSHE. It bears strong SOC thanks to relatively heavy
Hg atoms and possesses an inverted band structure, which is the central feature.
Its Γ8 band has higher energy than the Γ6 band (Fig. 4.4). Replacing Hg by Cd,
the normal band order structure can be restored. Thus, placing HgTe in between
CdTe slabs, a quantum phase transition is able to be demonstrated by changing
the HgTe well thickness (Fig. 4.5). Depending on the quantum confinement, the
quantum well is either in the normal regime for a small its small width, where
CdTe is predominant, or in the inverted regime for the width above a critical
value [33, 51, 53], which was experimentally verified [57] (Fig. 4.6).

Figure 4.6: Experimental evidence of QSHE in HgTe quantum well. (I) normal regime,
(II−IV) inverted regime. (adapted from [57])

Similar to the Chern insulators, where the topology is classified by the Chern
invariant (Eq. 4.24), one needs to identify the nontrivial topology of surface states
in the case of TIs. The robustness of the surface states is protected by certain
symmetries, which includes TRS, crystal symmetries, or their combinations. Con-
cerning the BHZ model of 2D TIs, the TRS symmetry is essential. Assuming the
spin 1/2, it is described by the time-reversal operator Θ [19, 33]

Θ = −iσyK , (4.31)
where σy is a Pauli matrix, and K denotes the complex conjugate operator. The
operator notation is neglected for brevity. The TRS inverts the momentum and
the spin. Therefore, regarding systems respecting the TRS, their Hamiltonian H
commutes with Θ

[H,Θ] = 0 , (4.32)
and the energy bands occur in pairs, so-called Kramer’s pairs [45]

ΘH(k, ↑)Θ−1 = H(−k, ↓) . (4.33)
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Thus, the Kramer’s pairs become degenerate at time-reversal invariant momenta
(TRIM) points Γi in the BZ following a relation [33]

Γ ≡ −Γ(mod G) , (4.34)

where G stands for the reciprocal lattice vector. It leads to an unavoidable cross-
ing of the surface states at the TRIM points [33, 49, 58]. Due to the SOC presence,
the degeneracy of Kramer’s pairs is lifted out of TRIM points. The topology of
surface states can be classified by the number of times the Fermi surface intersects
the surface states between two TRIM points (Fig. 4.7). One distinguishes two
cases. An even number of intersections indicates a topologically trivial surface
structure. The gapless states are vulnerable as a continuous transformation can
remove them. On the other hand, an odd number denotes robust topologically
nontrivial surface states, which are protected by the TRS [33].

Figure 4.7: Schematic surface states. Λ points stands for the TRIM points.
(a) Topologically trivial and (b) topologically nontrivial case. (adapted from [58])

The gapless helical surface states bear extraordinary transport properties.
Not only is the QSHE observed in 2D TIs, but also a suppression of the electron
backscattering occurs. The chiral surface states cannot be backscattered there
due to the TRS presence. Let’s consider a backscattering of a forward-moving
spin-up electron by a nonmagnetic impurity (unbreak TRS). In general, there
are two types of scattering paths – clockwise and anticlockwise turn around the
impurity whilst the spin direction is being changed (Fig. 4.8). According to
the SOC, only the opposite spins can move backward. Therefore, the spin has to
rotate adiabatically during the scattering around the impurity. The clockwise and
anticlockwise spin rotations differ by 2π. It means that the related wave functions
differ by the phase factor of -1 and their interference is destructive [59]. However,
in reality, the experiments show that the ballistic transport is limited by the length
of the edge channels. Regarding longer ones, the theoretical conductivity G = 2e2

h

is being reduces and several scattering mechanisms have been proposed [60–62].

Figure 4.8: Edge scattering. Destructive interference of the backscattered elec-
trons. (adapted from [63])

48



The mentioned backscattering suppression is related to the so-called weak
anti-localization (WAL), a physical feature characteristic for TIs. Let’s start
with a common topologically trivial material and the weak localization (WL)
(Fig. 4.9). The natural presence of disorder leads to the electron motion’s scat-
tering. Considering a weak disorder, the electron motion obeys the so-called
quantum diffusive regime. The conductivity is related to the probability of the
motion from the source to the drain, assuming all possible scattering paths. Un-
like the Boltzmann transport, the coherent superposition of the scattered wave
functions is taken into account. The interference of the scattered electrons is
relevant for closed electron paths. Assuming 2D transport, there exist two sorts
of these electron loops. One is the propagation of an electron pair in the same
sense around a closed path. In the other case, the electrons propagate in the
opposite directions around the close loop representing the time-reversal counter-
part (Fig. 4.10). The constructive interference of both cases contributes to the
backscattering. Applying a weak perpendicular magnetic field, the WL is sup-
pressed due to the TRS breaking. The WAL occurs in presence of the SOC.
Moving an electron adiabatically around the Fermi surface of TIs, the electron
acquires π Berry phase for a closed path. It is related to 2π rotation of the
spin, and it yields destructive interference and suppression of the backscattering.
Unlike the WL, the applied magnetic field enhances the backscattering. [64–67]

Figure 4.9: Weak (anti-)localization
magnetoconductivity sketch. (adapted
from [68])

Figure 4.10: Clockwise – counterclockwise
trajectory giving a backscattering contri-
bution. (adapted from [69])

Figure 4.11: Temperature-induced WAL/WL crossover in a disordered
InAs/GaSb double quantum well. (adapted from [58])
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4.5 3D topological insulators
Great progress in the field of TIs was made by a discovery of the topologically
nontrivial phase in 3D insulators [70]. Unlike the 2D TIs where topological states
are obtained at edges of buried quantum well, the nontrivial surface states occur
in 3D TIs also at the bare surface. It makes the experiments more feasible. It
allows not only charge transport measurements but also e.g. the photoemission
spectroscopy, which probes the band structure and provides information about
optical or transport properties. Besides, doping or interfacing of the 3D TIs can
lead to a realization of magnetic or superconductive behavior [19, 33]. Finally, the
3D TIs paved the way to discovering new topologically distinct materials, namely
topological crystal insulators (TCI), topological Kondo insulators, or Dirac and
Weyl semimetals [35, 45, 59, 71–73].

The topological state of 3D TIs is topologically distinct from the 2D analogs
since 3D TIs do not represent a simple generalization of the 2D case. In general, it
is not possible to compose them of multiple adiabatically connected 2D quantum
spin Hall topological insulators (QSH TI) [33, 45]. Let’s introduce the appropriate
topological invariant. In both cases, 2D QSH TIs as well as 3D TIs, one deals
with the so-called Z2 invariant [49, 74–76]. One should be aware that the 3D
TIs protected by the TRS are taken into account since the TRS is needed to
define the Z2 invariant. In the 2D case, it is only a binary quantity ν resolving
the topologically trivial (ν = 0) and nontrivial (ν = 1) states. Whereas, in the
3D case, the situation is more complicated as so-called strong and weak TIs are
distinguished, and the Z2 invariant acquires a vector form being composed of one
so-called strong topological index and three weak indices.

4.5.1 Z2 invariant

In the following abstract model, one shows that the topological properties, in-
cluding the occurrence of the spin-polarized surface (edge) states, can be derived
from the bulk band structure properties similar to the Chern insulators (Eq. 4.14).
Initially, let’s consider a bulk insulating ribbon and assume that electron wave
functions have a form of the Bloch waves in the y direction, whereas they are rep-
resented by Wannier states localized at lattice sites in the x direction (Fig. 4.12).
Since bulk is insulating, a Wannier state’s spin can be transferred without adding
the energy by an adiabatic change of the Hamiltonian only if there exist spin-
polarized edge states. To avoid the charge movement, one interchanges the oppo-
site spins between the edges. The realization by a thought experiment is sketched
in the Fig. 4.13, where the Wannier states moving through the ribbon’s 1D BZ is
depicted. The k-points ky = nπ/a, where n is an integer and a is the y-direction
lattice constant, stands for TRIM points, where the spin states have to become
degenerate. If a spin states switch its spin partner between the TRIM points, the
spin-polarized Wannier states move toward the particular edge according to their
spin, which leads to uncompensated spin edge states (Fig. 4.13). The mentioned
process can be realized adiabatically by moving the spins along a hollow cylinder
with the circumference of the y lattice parameter, which follows the periodicity
of the ribbon (Fig. 4.12). Besides, an adjustable field pointing in the x-direction
is applied. A change of the one magnetic flux quantum is related to the 2π phase
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shift, which modified the ky vector by the required value of 2π/a. The 2π phase
shift does not change the electronic band structure, and the process is adiabatic
since the energy of the 2D states is not influenced by the field parallel to the rib-
bon plane. For an insulating bulk, the transfer is impossible without edge states
switching of the spin partner, which represents a topological property related to
the connectivity. In 2D, the switching of the spin partners is simply related to
the nontrivial topology (ν = 1). References [19, 74, 77] have been followed.

Figure 4.12: Transfer of the Wannier states along an insulating cylinder. (adapted
from [19])

The presence of the spin partner switching originates from bulk properties.
Switching from the Wannier states to Bloch waves in both direction, the variation
of ky between 0 and π/a etc. stands for a transition between states represented
by two line segments in the 2D BZ (Fig. 4.13). To describe the partner switching,
one needs to describe the partner configuration at the particular segment. It is
possible by evaluating the so-called time reversal polarization (TRP) π = ±1 [75,
76]. Thus, if the TRP π varies between these segments the Wannier states change
the partner. Moreover, the TRP is express only by properties at TRIM points
by means of the product of quantities δ(Γi) [19, 59, 77]

δi =

√︂
det [w (Γi)]
Pf [w (Γi)]

= ±1 , (4.35)

wij(k) = ⟨ui(−k)|Θ|uj(k)⟩ , (4.36)

where Pf [w] denotes the Pfaffian of a unitary matrix w, |u(k)⟩ is a Bloch state
and Θ stands for the time-reversal operator (Eq. 4.31).

Simply, it yields that if the product of δ(Γi) at the all four irreducible TRIM
points in the 2D BZ is negative, the Wannier states switch the spin partner, which
indicates a topologically non-trivial state (ν = 1) [59, 77]

(−1)ν2D =
4∏︂

i=1
δi . (4.37)

The TRP and δ(Γi) depend solely on the bulk properties. They depends on the
properties of the occupied bands and they do not change till the EF reach another
band [19, 75, 77].
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Figure 4.13: Switching of the spin partner. (a) Sketch of the spin resolved
paths of the Wannier states. (b) 2D Brillouin zone, where Γi stand for TRIM
points. cij denotes line segments where the time reversed polarization is evalu-
ated. (adapted after [19, 77])

Assuming a rectangular lattice for brevity, one can extend the formulation of
the Z2 invariant to 3D. It was shown that the edge states occur if the TRP given
by the projection of δ(Γi) to the edge changes its sign (Fig. 4.13). Regarding
the 3D case, such projection represents a cut-out plane of the surface, and the
edge states become a part of the surface. One has to deal effectively with all the
possible cut-offs giving the surface states. Therefore, it is needed to evaluate the
TRS at all the line segments perpendicular to the surface, which stands for the
projections of δ(Γi) at the bulk TRIM points to the selected surface (Fig. 4.14)

(−1)ν0 =
8∏︂

i=1
δi . (4.38)

If the TRS product is negative (one different sign in Fig. 4.14c), the surface states
occur on any surface since the TRS change between all possible line segments,
which were defined for the edge states. Such topological phase is called a strong
TI (STI) (ν0 = 1) (Fig 4.14). In the other case, there exists a plane where the
projections of δ(Γi) lead to the same signs of the TRS. It means that in this plane,
there absent the topologically protected surface states, and one talks about weak
TI (WTI) (ν0 = 0). One describes the plane by weak indices νi denoting the
surface plane normal (Fig 4.14)

(−1)νk=1,2,3 =
∏︂

nj ̸=k=0,1;nk=1
δi=(n1n2n3) . (4.39)

If both the strong as well as weak indices are zero, no topologically protected
states occur in the material. References [19, 74–76] have been followed.
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Figure 4.14: Time reversal polarization - projection of the TRIM points. (a) pro-
jection from a 2D BZ to the edge, (b) projection from a 3D BZ to the surface,
(c) examples of the TRS in the 3D BZ and related Z2 invariants. (adapted
from [76])

4.6 Bi(1−x)Sbx – the first 3D TI
The topological band theory’s importance was manifested by the prediction of 3D
materials where nontrivial topology emerges. Employing the theoretical predic-
tions [75, 78], the Bi(1−x)Sbx alloy became the first experimentally prepared 3D
TI [70]. The theory had supposed that the interplay of heavy Bi and Sb elements
should lead to the occurrence of topologically nontrivial surface states. Both
elements bear strong SOC. Moreover, the Sb band structure possesses a band
inversion at the T -point, which makes it topologically nontrivial according to
the Z2 theory [33, 74]. Nonetheless, the bulk band gap is partly close, as Sb is
a semimetal. Bi is also a semimetal. However, an opening of the band gap by sub-
stituting is expected [33]. Concerning tiny Sb concentrations (x < 0.07) as well as
much significant ones (x > 0.22), Bi(1−x)Sbx stay semimetallic (Fig. 4.15). How-
ever, for intermediate compositions, a bulk band gap opens. Meanwhile, the band
inversion occurs at the L point. Thus, Bi(1−x)Sbx becomes topologically nontriv-
ial in the semiconductor regime [70, 79] (Fig. 4.16). The surface band structure
of the experimentally probed Bi0.99Sb0.01 is quite complicated [70]. Important
are states around the surface M̄ point (the bar denotes the surface BZ point),
where the band gap occurs. The M̄ point is the projection of the bulk L point
with the inverted band structure [35, 70] (Fig. 4.15). The angle-resolved photoe-
mission spectroscopy (ARPES) measurements revealed that the spin-polarized
bands cross five times the Fermi level on the path between the Γ̄ and M̄ points,
which indicates topologically nontrivial surface states (Fig. 4.16). Considering the
three-fold symmetry, it can be shown that an odd number of Fermi surface pock-
ets enclose the surface TRIM points, which suggest the π Berry phase also related
to topologically nontrivial surfaces (Fig. 4.16). Finally, it is confirmed by the bulk
boundary correspondence as it corresponds to the calculated TRP [33, 35, 70, 76].
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Figure 4.15: Bulk band gap evolution and topological phase in Bi(1−x)Sbx systems
as a function of the composition. (adapted from [70, 79])

Figure 4.16: Bi0.99Sb0.01 surface states. (a),(d) experimentally measured spin
polarized surface states. (c) sketch of the surface states between the Γ̄ and M̄
points, switching of the spin partner is visible (b),(e) projection to the bulk BZ.
(adapted from [70, 80])
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4.7 Second generation 3D TI

The band structure of Bi(1−x)Sbx is complicated to study the physics of topologi-
cal surface states. Furthermore, the bulk band gap is relatively small (≤ 50 meV
comp. Fig. 4.15), which does not suit well real applications. Thus, people focus
on tetradymid semiconductors, namely Bi2Se3, Bi2Te3 and Sb2Te3 compounds.
These so-called second-generation TIs bear a rather large band gap. Particularly,
the largest is Bi2Se3 bulk band gap (0.3 meV) promising the occurrence of the
surface states up to room temperatures [35]. However, especially, an extremely
simple surface band structure had been theoretically predicted [81] and confirmed
by the experiments [82–85]. They revealed, regarding this family of compounds,
that there is only a single Dirac cone at the Γ̄ point, in the center of the surface
BZ. These three mentioned compounds have the same Z2 invariant (1;000), which
makes the surface states robust. Bi2Se3 possesses the simplest surface band struc-
ture among these compounds, and having an almost ideal Dirac cone, [82, 83, 86]
it became a prototype of the 3D TIs (Fig. 4.18). According to the spin-momentum
locking, the surface states are spin-polarized with a helical spin texture possessing
certain chirality by means of the spin texture rotation. It is characteristic for TIs
as it is related to the π Berry phase and nontrivial topology [87, 88]. Compared
to Bi(1−x)Sbx, the clear stoichiometry of the second generation TIs is a great
advantage. Since these compounds possess an additional mirror symmetry, the
chirality is well defined, and is related to the positive velocity (Eq. 4.29) [33]. Not
only the TRS but also crystal symmetries can protect the surface states – e.g.
TCI [73]. In that case, the topology is described by the so-called mirror Chern
number nM representing a topological invariant characterizing the connection of
surface states to the valence and conduction bands along the mirror plane [89].
The mention compounds have nonzero mirror Chern number (nM = −1). There-
fore, they bear a dual topological character. It results in the protection of the
gapless surface states for a magnetic field perpendicular to the mirror plane, al-
though the TRS is broken by the magnetic field [90]. These TIs crystallize in a
rhombohedral crystal structure of the R3̄m space group (Fig. 4.17) [35, 81]. It
consists of hexagonal layers gathered into quintuples (so-called quintuple layers –
QL), where Se and Bi layers alternate. These QLs interact only by van der Waals
(vdW) forces, and the structural vdW gap between QLs occurs. The stacking
of the hexagonal layers through the structure resembles the face-centered cubic
(FCC) stacking as three stacking positions alternate there. Considering z axis
as the normal to the hexagonal layers, there exist three mirror planes, accord-
ing to the three-fold symmetry, parallel to the z axis, which are responsible for
the nonzero mirror Chern number [35, 81, 90, 91]. Naturally, the real structure is
hardly pristine and several kinds of defect occur there, namely vacancies, antisites
or stacking faults as twin planes or Bi double-layers etc. [91–99].

The breaking of the TRS can be realized e.g. by a nonzero net magnetiza-
tion of magnetic dopants employing, for instance, transition metals (Fe, Cr, Mn)
or proximity of magnetic material [35]. It can lead to the surface gap opening
and modification of the surface conductivity. Considering a sufficiently small
concentration of magnetic dopant, a temperature-driven surface conductivity can
occur by employing the magnetic ordering of magnetic dopants [87, 100, 101].
A nonzero magnetization and the induced magnetic surface gap can lead to the
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presence of the QAHE. The Kramer’s degeneracy is lifted, and chiral edge states
occur for the Fermi level EF within the opened gap [33, 35, 102, 102–104]. Be-
sides control of the magnetization direction in magnetically doped TIs is also
interesting. Considering a strong SOC, switching the magnetization direction by
an electric current through the spin-orbit torque has been demonstrated [105].
These mentioned examples of the uncommon magnetically doped TIs’ behavior
indicate why one is involved in their study in this work, particularly in their
exchange interactions.

Figure 4.17: Sketch of the crystal structure of Bi2Se3, Bi2Te3 and Sb2Te3 com-
pounds.

Figure 4.18: Surface band structure of Bi2Se3 and Bi2Te3 experimentally mea-
sured by ARPES. (a) 2D structure of the Bi2Se3 Dirac cone, (b) surface Dirac
states in Bi2Te3, (c) temperature robustness of gapless surface states in Bi2Se3.
(adapted from [45, 84, 86])

56



5. Bulk Bi2Se3
The previous section showed that magnetic doping could significantly change
the physical properties of TIs. In this work, we focus on their influence on their
electronic structure and behavior of the magnetic exchange interactions, including
magnetic ordering temperatures, of well-known Bi2Se3 compound, the prototype
of the 3D TI. However, we do not concentrate only on magnetic dopants itself,
but native defects are also taken into account. They naturally occur in the real
samples, and they are able to modify the physical properties of the ideal TIs
as the band gap width, surface states, or exchange interactions. The thin-layer
structures of 3D TIs are important due to the occurrence of the surface Dirac
states. However, we do not deal with Bi2Se3 slabs right now, but initially, we
focus on the bulk structures’ behavior. It allows one to learn a lot about the
Bi2Se3 behavior, and later it enables one to compare the bulk behavior to the
surface one. Besides, it is evident that the layered calculations are more complex,
and thus, the bulk calculations are a great starting point. This chapter aims to
describe the interplay of the magnetic and native dopants and their influence on
the ground state properties of the bulk Bi2Se3. Most of the results have been
published in the Ref. [1].

Figure 5.1: Examples of chemical disorder in the Bi2Se3 structure. QL – quintuple
layer, MnBi – substitutional Mn defect, MnBi – interstitial Mn defect, BiSe and
SeBi – Bi resp. Se antisites, VacSe – Se vacancies.

It the following calculation, experimental lattice parameters and inner coordi-
nates are employed [106] (a = 4.138 Å and c = 28.640 Å). In order to minimize the
number of atomic sites, the rhombohedral unit cell is used. It consists of two Bi
and three Se sites. To improve the filling of the structure in the TB-LMTO-ASA
framework, an empty sphere (ES) is placed in the vdW gap as an extra site [107].
Besides, it stands for a possible host of magnetic atoms. In the present work, we
occupy with Mn magnetic doping widely used in the experiments [108–112]. It
does not represent such strong magnetic perturbation as e.g. Fe doping and it
seems to be more suitable to ab-initio calculation than e.g. Cr one. In the crystal
structure, there occur several sites, which can be possibly occupied by magnetic
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dopants. According to the experimental and theoretical studies [95, 100, 113],
the most probable position is related to replacing of Bi atoms, so-called substitu-
tional position MnBi (Fig. 5.1). However, Mn doping can lead to the occurrence
of Mn atom at the interstitial position Mni in the vdW gap [113–115]. Therefore,
we take it into account in the present work as well. Additionally, recent work
points to the formation of the septuple layer (SL) in bismuth chalcogenides [116]
induced by magnetic doping. However, concerning Bi2Se3 compound, it is shown
that the formation of the SLs is negligible for small concentrations of magnetic
defects, unlike Bi2Te3.

In real materials, intrinsic defects occur [82, 94, 117, 118]. It is hard to
avoid them and their formation depends on the used growth method and growth
conditions [119, 120]. According to the experiments, the measured samples are
mostly n-type. It is believed, that the increased Fermi level stems from the
occurrence of Se vacancies (VacSe) [92, 94, 121]. It corresponds to theoretical
works calculating the formation energy of native defects and revealing that VacSe

defects are likely the most favorable intrinsic defects in Bi2Se3 compound [93, 95,
122]. Besides, there exist other native defects as Bi and Se antisites (BiSe resp.
SeBi), which are also considered there. They represent a substitution of the Se
atoms by Bi ones (BiSe) and vice versa (Fig. 5.1). According to the preparation,
stoichiometric as well as nonstoichiometric samples can occur [96].

Usually, people do not pay attention to the intrinsic defects studying magnet-
ically doped TIs. However, the presence of native defects modifies the electronic
structure. It influences the bulk conductivity [93] and therefore has a significant
impact on the indirect exchange interactions. Considering typical low concen-
trations of the magnetic dopants in samples, the importance of the superex-
change [123–125], and RKKY [126, 127] interactions arises, where mainly the
later one strongly depends on the carrier density. Besides, the native defects
move the Fermi level and modify the band gap width, which is important from
the surface states’ point of view [128].

5.1 Computational details
Electronic structure calculations are performed in the framework of the scalar
relativistic TB-LMTO-ASA method (Sec. 1.2) with the included SO interaction,
which is essential for a good description of the band structure as it modifies the
band structure significantly in the proximity of the Fermi level [33]. We employ
the spd atomic model with the LSDA xc-potential of Vosko-Wilk-Nusair [129].
Besides, a basic screened impurity model was involved in order to improve the
electrostatics in the calculated disordered systems [130]. Calculations are per-
formed in the full BZ of 36 × 36 × 36 k-points, which appeared to be sufficient
to obtain a great convergence of the calculated data. The energy convergence
criterion of the self-consistent cycle is less than 10 µRy. The calculated band
gap width (313 meV, Fig. 5.2) corresponds well with the experimental ARPES
measurements [82, 131, 132] as well as to theoretical calculations [81, 132, 133].
Further increasing of the k-mesh density leads to only small negligible modifi-
cations of the band structure, namely a change of the band gap width is less
than 0.5 %. Concerning the calculated magnetically doped structures, the re-
lated change of magnitudes of magnetic moments has an order of 10−3µB and
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the ordering temperatures estimated in the framework of the mean-field approx-
imation differ less than 1 % of their magnitude. Chemical disorder is treated
by means of the CPA, which is suitable for the studied small concentrations of
defects. The CPA stands for a highly efficient approach with substantially small
computational demands compared to the supercell method [134]. The magnetic
defects, as well as the native ones, are treated with the same concentration at the
appropriate sublattices.

Figure 5.2: Band structure of the pure Bi2Se3 compound.

5.2 Electronic structure
Initially, the electronic structure of the pure Bi2Se3 compound is evaluated to
compare our approach to the literature. The obtained large band gap width of
313 meV (Figs. 5.2 and 5.3) corresponds well to the experimental and theoretical
works [82, 131, 132] as it was mentioned in the previous paragraph. The DOS
calculations reveal that the valence band is dominated by the Se-6p states, while
Bi-4p states predominate in the conduction band, which agrees with the already
publish calculations [135, 136].

Figure 5.3: Density of states of pure Bi2Se3. (a) Total DOS with Bi and Se
resolved contributions. (b), (c) s, p, d-orbital resolved DOS of the Bi resp. Se
contributions.
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Magnetic disorder

Having verified the behavior of the pristine Bi2Se3, we can focus on the influence
of the chemical disorder on the electronic structure. First, magnetic Mn disor-
der is discussed. Previous works show that the inclusion of the disorder-induced
local relaxation in CPA calculation might be essential to achieve reliable elec-
tronic structure [107, 137]. Since the TB-LMTO-ASA method does not allow for
a calculation of the structure relaxation, the relaxation of the dopant neighbor-
hood is studied by supper-cell calculations using the Vienna ab initio Simulation
Package (VASP) [138] (performed by Dr. F. Máca at the Institute of Physics
of the Czech Academy of Sciences). It employs the spin-polarized DFT based
on projector augmented wave (PAW) potentials implemented in the VASP [139]
with a large enough cutoff energy of 500 eV and xc-potential in the GGA of
Perdew, Burke, and Ernzerhof [140], where only small modifications of the elec-
tronic structure are observed in comparison with calculations using the LSDA.
The electronic structure calculations are performed using the BZ consisting of
10 × 10 × 2 k-point and energy convergence criterion of 10−4 eV. The structure
optimization is treated by the conjugated gradient technique with the residual
force criterion of 2.5 meV·Å−1. The calculation used the hexagonal unit cell con-
sisting of 60 atoms resp. 61 atoms in the case of Mni defects. Only a single Mn
defect (either MnBi or Mni) is incorporated in the unit cell. It is related to the
nominal concentration of 1/24 (∼4.2 %), which corresponds to the considered
concentration range of the magnetic defects. It is important due to reaching the
appropriate Fermi level position as it significantly influences dopants’ behavior
[120]. Concerning the substitutional MnBi defect, a non-negligible lattice relax-
ation is obtained as the Mn-Se distance is reduced from the initial symmetric one
of 2.97 Å to 2.60 Å resp. 2.70 Å, depending on the Se sublattice, while the Mn-Bi
distance remains unchanged (4.14 Å). On the contrary, no significant structure
distortion is observed in the case of the interstitial Mni defects.

Figure 5.4: Dependence of the spin-resolved density of states of Bi2Se3 doped by
MnBi acceptors on the structure relaxation. Solutions related to three different
local Mn Wiegner-Seitz radii are depicted. Mn-Se1 distance: (unrelaxed) 2.97 Å,
(relaxed) 2.70 Å, (overrelaxed) 2.61 Å. Concentration of MnBi is x = 0.05 per f.u.
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In the TB-LMTO-ASA method framework, the structure relaxation obtained
by the supper-cell calculations can be reflected by corrections of the species-
dependent Wiegner-Seitz radii [107, 141]. Their modification leads to a change
of the structure constants in the LMTO method, which influences the associ-
ated hoping integrals and changes the potential parameters through the self-
consistent calculations [6] (Sec. 1.4). Altogether, it can significantly modify
the resulting Green’s function and electronic structure. There exist two sorts
of Wiegner-Seitz radii, the global one wall, which defines the structure volume
and the local radii wQ related to the atomic species Q. To reflect the struc-
tural distortion, the Wiegner-Seitz radii are changed locally for Q = Bi,Mn,
while the total volume of the Bi-sublattice is preserved. It is defined as follows
V Bi = 4π/3

[︂
(x− 1)(wBi)3 + x(wMn)3

]︂
, where x denotes the Mn concentration.

We point out that small volume changes related to magnetic doping or native de-
fects are neglected in our calculation. Concerning the Mn Wiegner-Seitz radius
wMn, the native value of the solid-state Mn wMn = 2.80 a.u. is used to replace
the original Wiegner-Seitz radii related to the Bi-sublattice (Fig. 5.4 – relaxed
solution). We note that the structural distortion is studied only for the magnetic
doping. No further modifications are performed concerning the native defects
discussed later.

Figure 5.5: Spin-resolved densities of states of magnetically doped Bi2Se3. Con-
centration of Mn atoms is x = 0.05 per f.u. (a) Doping with MnBi acceptors.
(b) Doping with Mni donors.

Regarding the MnBi dopants, it is found that the DOS is highly sensitive
to the structure relaxation (Fig. 5.4). Notably, the character of the MnBi local
DOS. MnBi dopants stand for electron acceptors, which moves the Fermi level
position inside the valence band (Fig. 5.5a). At the Fermi level, a small major-
ity spin impurity Mn peak working as a virtual bound state occurs. Depending
on the state of the relaxation, its intensity and relative position to the valence
band edge change. Mostly, MnBi majority spin 3d-states lie more in-depth in the
valence band, and they are also sensitive to the amount of the structure distor-
tion as their energy localization strongly depends on the introduced relaxation.
Concerning the minority spin channel, there appears a significant MnBi impurity
peak at the edge of the conduction band. The position of the calculated MnBi

peaks corresponds to the ab-initio calculation performed by the Korringa-Kohn-
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Rostoker method [142]. Also, the band gap width strongly depends on structural
distortion. It is reduced with the increasing amount of local relaxation (Fig. 5.4).
However, concerning the employed relaxation determined by wMn = 2.80 a.u., the
band gap is maintained (Fig. 5.5a), despite the presence of the ingap states. Be-
sides the dependence on the relaxation, the band gap width is influenced by the
concentration of the MnBi defects as well (Fig. 5.6a). Increasing the concentration
of magnetic MnBi dopants, the bulk band gap is being closed, particularly by the
Mn impurity states and Se states, which strongly hybridize with the Mn one. The
occurrence of the majority spin Mn impurity peak and the related hybridization
leads to a predominance of majority spin states at the Fermi level. Regarding the
used small MnBi concentration, the reduction of the bulk band gap is nearly lin-
ear with respect to the dopant concentration (Fig. 5.7). Concerning the magnetic
doping, the magnetocrystalline anisotropy is calculated. Studying the hexagonal
layer structure (Fig. 5.1) a weak out of plane anisotropy of the order of 0.1 µRy
is found. Thus, the out of plane spin polarization in the calculation is used.

Figure 5.6: Bulk band gap in magnetically doped Bi2Se3. (a) Doping with MnBi

acceptors. (b) Doping with Mni donors.

Since the VASP supercell calculations reveal only little relaxation concerning
the interstitial Mni dopant, no additional relaxation similar to the previous case
of MnBi dopants is included in the TB-LMTO-ASA method framework. Unlike
the substitutional Mn defects, the Mni dopants act as electron donors placing
the Fermi level at the bottom of the conduction band (Fig. 5.5b). The presence
of Mni dopants gives rise to the occurrence of Mn impurity peaks in the former
Bi2Se3 band gap. They strongly hybridize with Bi and Se states, and they act
as the virtual bound states. These states fill the band gap in the minority spin
channel even for small Mni concentration, while for the majority spin channel,
the width is reduced only (Fig. 5.6b). It removes the insulating character and
brings about half-metallic behavior.

The obtained MnBi magnetic moments around 4.0 µB (Fig. 5.8) correspond
to values obtained elsewhere [143] and they resemble to magnitudes of magnetic
moments founded in magnetically doped Bi2Te3 compounds [107, 144] similarly
to the Mni moments (3.1 − 3.2 µB). The MnBi magnetic moments’ magnitudes
strongly depend on the amount of the included relaxation, which is obvious from
the change of the DOS (Considering the Fig. 5.4: unrelaxed system 4.59 µB,
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relaxed system 4.03 µB and over-relaxed system 3.52 µB). However, they are
not influenced by the type of magnetic order. Comparing the used FM order
with the paramagnetic state represented by the disordered local moment (DLM)
model, almost no change is found. The FM and DLM states represent the limiting
cases of the magnetic order. The first describes a perfectly ordered system, the
second absolutely disordered one. Nevertheless, it is observed that magnetic mo-
ments’ magnitudes decrease with increasing concentrations of magnetic dopants
(Fig. 5.8), regarding both defect types. It stems from the shifting of the Fermi
level Mn impurity peaks with respect to the Mn impurity peaks (Fig. 5.6).

Figure 5.7: Bulk band gap width as a function of the chemical defects’ concen-
tration.

Figure 5.8: Dependence of the Mn magnetic moments’ magnitude on the Mn con-
centration x and the presence of other chemical defects. (a) Magnitudes of MnBi

magnetic moments as a function of the MnBi dopant concentration. (b) Magni-
tudes of Mni magnetic moments as a function of the Mni dopant concentration.
Subscripts of dopants’ labels specify dopant concentration per f.u.
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Native defects

The most common native defects in the Bi2Se3 compound, the Se vacancies
(VacSe), act in the Bi2Se3 system as electron donor moving the Fermi level up-
wards with the respect to the ideal system (Fig 5.9a). These defects induce shal-
low mid-gap states filling the whole gap irrespective of the dopant concentration.
Thus, one can expect tiny conductivity in presence of VacSe. Their occurrence
in magnetically doped systems (Fig 5.9b, c) induces mid-gap states similar to
the original case. It results in gap closing in the both spin channel. Concerning
Mni dopants the position of the Fermi level is nearly unchanged. However, in the
case of MnBi dopants, the Fermi level is fixed at the mid-gap states. Besides, the
positions of the Mn impurity peaks are almost unchanged (Fig. 5.7).

Figure 5.9: Bi2Se3 system densities of states in presence of Se vacancies (VacSe)
with the total concentration 0.075 per f.u.: (a) native defects only, (b) native
defects together with the magnetic substitutional MnBi dopants, (c) native defects
together with the magnetic interstitial Mni dopants.
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Figure 5.10: Bi2Se3 system densities of states in presence of Bi antisites (BiSe)
with the total concentration 0.075 per f.u.: (a) native defects only, (b) native
defects together with the magnetic substitutional MnBi dopants, (c) native defects
together with the magnetic interstitial Mni dopants.

Another kind of possible native defect is Bi antisite (BiSe). They behave
as electron acceptors shifting the Fermi level to the valence band, while they
form a slight BiSe impurity peak nearby the Fermi level (Fig. 5.10a). Unlike the
VacSe defects, the band gap survives in presence of BiSe ones, although the gap
width is partly reduced. However, the width depends only weakly on the BiSe

concentration (Fig. 5.7). In presence of the MnBi dopants, the gap is further
reduced (the gap width Egap is about 130 meV concerning the system depicted in
the (Fig. 5.10b). The position of the Fermi level within the valence band is nearly
kept since both defects behave as electron donors. Besides, the weak majority
spin BiSe impurity peak strongly hybridizes with the MnBi impurity peak, which
is suppressed by the presence of the Bi antisites. Concerning the Mni magnetic
dopants, the minority spin channel band gap remains closed (Fig. 5.10c). The
position of the Fermi level depends on the concentrations of defects as both
electron acceptors, and electron donors are introduced. Similarly to the MnBi

defects, there occurs a hybridization of the impurity peak in the majority spin
channel. Furthermore, an additional splitting of Mni impurity peaks around the
Fermi level appears in the other spin channel.
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Figure 5.11: Bi2Se3 system densities of states in presence of Se antisites (SeBi)
with the total concentration 0.075 per f.u.: (a) native defects only, (b) native
defects together with the magnetic substitutional MnBi dopants, (c) native defects
together with the magnetic interstitial Mni dopants.

To be complete, the SeBi defects are appended. Unlike the BiSe counterparts,
the SeBi defects work naturally as electron donors placing the Fermi level at the
conduction band edge (Fig. 5.11a). The SeBi impurity peak behaves as a virtual
bound state, where it strongly hybridizes particularly with the Se states. The
SeBi defects cause band gap closing as the valence band and the conduction band
almost touch nearly regardless of the SeBi concentration. Similarly, the band
gap is about to be closed concerning additional substitutional MnBi co-doping
(Fig. 5.11b), whereas a small band gap in the majority spin channel seems to
be maintained regarding Mni magnetic dopants (Fig. 5.11c). There, a significant
hybridization of minority spin MnBi impurity peaks with the SeBi occurs.

Naturally the native defects influence the MnBi and Mni magnetic moments’
magnitudes (Fig. 5.8). Concerning the later ones, all the mentioned native defects
bring about increasing of their magnitude. It is related to shape modification of
the minority spin Mn impurity peaks (Fig. 5.9c) or to a downwards shift of the
relative Fermi level position (Figs 5.10c and 5.11c). In the case of MnBi dopants,
VacBi and SeBi defects increase the magnitudes of magnetic moments since they
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place the Fermi level into the former Bi2Se3 gap above the majority state Mn
impurity peak (Figs. 5.9b and 5.11b). By contrast, a small reduction is observed
regarding BiSe defects as the Fermi level slightly moves downwards (Fig. 5.10b).
Finally, also the magnetic MnBi and Mni defects increase the magnitude of mag-
netic moments of the counterpart (Fig. 5.8) since they act as electron acceptors
resp. donors, which changes the spins polarization as it has been mentioned
before.

5.3 Exchange interactions

Figure 5.12: Magnetic exchange interactions between MnBi magnetic moments as
a function of the mutual distance r. The dependence of the exchange interactions
on the dopant concentration is depicted. The distance is expressed in terms of
the lattice parameter a. (a) Magnetic moments belonging to the same sublattice
at the same hexagonal layer. (b) Magnetic moments belonging to the same sub-
lattice, but in neighboring QLs. (c) Magnetic moments belonging to the different
sublattice in the same QL. (d) Magnetic moments belonging to the different sub-
lattices and neighboring QLs. The inset in (d) depicts a planar distribution of the
exchange interaction strength between moments at depicted atomic sites and the
magnetic moment at the other sublattice’s origin. Subscripts of dopants’ labels
specify dopant concentration per f.u.
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Knowledge of the magnetic exchange interactions is essential to describe the
magnetic ordering of the studied system. The TB-LMTO approach employing
Liechtenstein formula (Eq. 2.59) is used. It applies a pure scalar-relativistic frame-
work neglecting the SO interactions in the Hamiltonian (Eq. 1.15). It makes the
method high efficient with small computation demand as it allows for the calcula-
tion only in the irreducible part of the BZ. The evaluation of magnetic exchange
interactions demands a high density of the k-points. Actually, the previously
calculated electronic structures within the scalar relativistic framework allow-
ing for the SO interactions are employed. Using the known potential parameters
(Eq. 1.38) the CPA self-consistent configuration averaged Green’s function is eval-
uated (Eqs. 1.55) while the SO interaction is neglected. The presence of the SO
interaction leads to the loss of the invariance against a global rotation of spins,
which makes the mapping (Eq. 2.57) of the energy variations δE (Eq. 2.56) on the
effective Heisenberg Hamiltonian (Eq. 2.54) unfeasible [145, 146]. The Green’s
function is constructed by using the 20×20×20 k-mesh in the BZ. A substantially
larger density of k-points (100×100×100) is adopted to obtain reliable real space
magnetic exchange interactions based on the inverse Fourier transform.

The exchange interactions are depicted as functions of the magnetic moment
distances J(r) = J(|R2 − R1|) (Figs. 5.12, 5.14, 5.15, 5.16). They are divided
by the types of the interacting Mn defects and related sublattices. Namely, sub-
plots (a, b) describe interactions related to magnetic atoms occupying the same
atomic sublattice, whereas (c, d) ones are related to different sublattices. Besides,
concerning MnBi moments (Figs. 5.12, 5.14), (a,c) subplots contain interaction
within the same QL, while (b, d) ones belong to neighboring QLs. It the Fig. 5.16,
subplots (c, d) depict interactions between MnBi and Mni moments.

In the description, we begin with the MnBi interactions. Considering no other
defects (Fig. 5.12), the exchange interactions are rather positive, except for the
two nearest ones. However, in the diluted magnetic system, a wide range of
neighbors has to be considered. There exist other stronger positive interactions,
which are able to overcome the nearest neighbor ones. Besides, the impact of
the nearest neighbor interaction in diluted systems is suppressed by means of the
percolation effect [124]. It is evident that the strength of the exchange interac-
tions evolves with the increasing MnBi concentration, while their sign is almost
unchanged. Based on the calculated data, it appears that the exchange inter-
actions are converged above the concentration x = 0.08. Naturally, one of the
most robust exchange interactions occurs within the same QL (Fig. 5.12a,b).
With increasing distance, these interactions turn from significant negative val-
ues to positive ones. The interactions at the same sublattice (Fig. 5.12a) seem
to vigorously oscillate with increasing distance, while the inter-sublattice ones
(Fig. 5.12b) strongly decay above the distance of 2.4 a.
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Figure 5.13: Relation of the MnBi exchange interactions across the vdW gap and
the crystal structure. The numbers denote the nearest neighbor atomic shells
according to the Fig. 5.12d.

Figure 5.14: Magnetic exchange interactions between MnBi magnetic moments as
a function of the mutual distance r in presence of other defects. The distance is
expressed in terms of the lattice parameter a. (a) Magnetic moments belonging to
the same sublattice at the same hexagonal layer. (b) Magnetic moments belonging
to the same sublattice, but in neighboring QLs. (c) Magnetic moments belonging
to the different sublattice in the same QL. (d) Magnetic moments belonging to the
different sublattices and neighboring QLs. Subscripts of dopants’ labels specify
dopant concentration per f.u.
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The interactions between different sublattices (Fig. 5.12c,b) are mostly weak
except for the unexpected colossal exchange interactions belonging to different
Bi sublattices separated by the vdW gap. It stands for the far strongest inter-
action, considerably overcoming the other calculated ones. The position of the
interacting partner site in the counter-sublattice is depicted in the inset of the
Fig. 5.12d, which fulfills the three-fold symmetry in agreement with the R3̄m
space group. Analyzing the crystal structure, we find interestingly that the con-
nection between the appropriate MnBi positions meets the Se atom closely in the
intermediate atomic layers forming an MnBi-Se-Se-MnBi chain (Fig. 5.13). The
inter-atomic distances within the chain are relatively small: the MnBi-Se distance
is of 0.7 a, and the Se-Se distance across the vdW gap is of 0.85 a. Hence, it
appears that the Se atoms substantially enhance the MnBi-MnBi exchange inter-
actions by mediating them (super-exchange). It is likely suit also to exchange
interactions near r = 3 a (compare Figs. 5.12d and 5.13).

The character of the MnBi exchange interactions is strongly affected by the
occurrence of other chemical defects (Fig. 5.14). Their presence not only does
significantly modify the strength of the exchange interactions but also it is able
to change their sign. Based on the calculated data, we observe that only BiSe

defects from the all considered defects renders the MnBi exchange interactions
more positive, namely the most intensive ones. The other defects shift the ex-
change interactions to negative values. Significantly, the VacSe and SeBi makes
the exchange interactions purely antiparallel.

Figure 5.15: Magnetic exchange interactions between Mni magnetic moments as
a function of the mutual distance r. Dependence of the exchange interactions
on the dopant concentration is depicted. The distance is expressed in term of
the lattice parameter a. (a) Magnetic moments belonging to the same sublat-
tice at the same hexagonal layer. (b) Magnetic moments belonging to the same
sublattice, but in neighboring QLs. Subscripts of dopants’ labels specify dopant
concentration per f.u.

Similar to the previous case, Mni exchange interactions are influenced by the
concentration of the magnetic dopants as well (Fig. 5.15). By contrast, their mag-
nitudes are decreased, except that one of the nearest neighbor Mni atom. More-
over, some of them acquire the opposite sign (Fig. 5.15b). However, the solely
Mni exchange interactions are positive, especially the same sublattice (Fig. 5.15a).
The presence of other defects shifts the intra-sublattice Mni exchange interac-
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tions towards the negative values (Fig. 5.16a), namely the SeBi ones and also the
BiSe antisites, which induce the opposite behavior concerning the MnBi exchange
interactions. The dependence of the Mni exchange interactions across the QL
(Fig. 5.16b) on the disorder is more complex as there occur modifications of the
original oscillations of the interactions’ magnitudes. Finally, the mixed Mni-MnBi

exchange interactions are rather antiparallel. Only the nearest neighbor ones are
positive. They are sensitive to the presence of native defects as the SeBi ones
can introduce extremely robust antiparallel exchange interactions (Fig. 5.16c). It
has been shown that the magnetic exchange interactions are highly sensitive to
the presence of the chemical disorder as well as the concentration of the magnetic
atoms. In agreement with the modification of the magnetic moments (Fig. 5.8), it
reveals that the magnetic properties of the Mn-doped Bi2Se3 compound strongly
depend on its actual composition. Besides, it enables one to modify the properties
in the case of a well controllable growth method.

Figure 5.16: Magnetic exchange interactions between Mni magnetic moments as
a function of the mutual distance r in presence of other defects: (a) magnetic mo-
ments belonging to the same sublattice at the same hexagonal layer, (b) magnetic
moments belonging to the same sublattice, but in neighboring QLs. Exchange
interactions between Mni magnetic moments and MnBi magnetic moments as
a function of the mutual distance r, (c) MnBi moments in the adjacent Bi sublat-
tice, (d) MnBi moments in the opposite Bi sublattice The distance is expressed
in term of the lattice parameter a. Subscripts of dopants’ labels specify dopant
concentration per f.u.
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Figure 5.17: Relation between the Fermi level shift and magnitudes of magnetic
exchange interactions. (lines) Exchange interactions between different magnetic
dopants summed over all considered shells in the reference system with concen-
trations of magnetic dopants limiting to zero as a function of the Fermi level
position relative to the Fermi level of pure Bi2Se3. (points) Exchange interac-
tions between different magnetic dopants calculated for a specific combination of
dopants and depicted at the energy corresponding to its own Fermi level. They
are also summed over all considered shells. Subscripts of dopants’ labels specify
dopant concentrations per f.u.

Obviously, one cannot describe the magnetic exchange interactions’ behavior
in detail since it is so complex, and the configuration space is enormous, consid-
ering all possible defects. Still, one can study the relationship between the Fermi
level position and the exchange interactions’ character as it might be partly re-
lated to the conduction electrons. This contribution is influenced by the Fermi
level position, and one has observed that the defects are able to shift its position
strongly. To evaluate the influence of the Fermi level position on the magnetic
exchange interactions, we calculate the exchange interactions as a function of the
Fermi level shift δEF with respect to the unperturbed system employing just two
magnetic defects in the pristine Bi2Se3 system (Fig. 5.17). In the CPA framework,
it can be mimic by limiting the concentration of magnetic defects to zero. The
exchange interactions are evaluated for the same number of neighboring shells
similar to the previous cases (Figs. 5.14, 5.16). However, for brevity, their sums
J0

A,B related to particular magnetic sublattices A, B are depicted only. We re-
strict to the interactions within the same QL (Fig. 5.14a,c) or the same vdW gap
(Fig. 5.16a) and the nearest MnBi and Mni sublattices (Fig. 5.15c). The evalu-
ated sums are depicted as functions of the Fermi level shift δEF. It is determined
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either by self-consistent calculation of systems containing various types of defects
in comparison to the Fermi level of the unperturbed system or by the modified
Fermi level position of the reference effective system (Fig. 5.17).

Comparing the disordered systems to the reference ones, we reveal a quite
good agreement. Although the exchange interactions in the disordered systems
are mostly weaker, which might arise from the increased electron scattering, there
occurs a great qualitative correspondence with the reference system concerning
the shape of dependencies. It suggests that the conduction electrons and the
related RKKY exchange interactions substantially influence the observed mag-
netic behavior. The analysis also reveals that the n- resp. p-typed doping likely
strongly influences the FM order’s stability. It shows that below the Fermi level
shift δEF of -10 mRy strong positive MnBi related interactions arise. It can be
achieved just by the MnBi doping or using the BiSe defects, which both represent
the electron acceptors.

5.4 Curie temperatures
Having found almost positive magnetic exchange interactions concerning both
MnBi and Mni magnetic defect, we are encouraged to evaluate the FM ordering
temperatures. It can be briefly estimated by means of the MFA, employing the
on-site average pair exchange interactions J0,α

i . They are directly obtainable by
Eq. 2.61. The MFA stands for the basic approximation in the description of the
critical temperatures. Although it yields overestimated TC’s due to complete ne-
glecting of spin correlations, the MFA critical temperatures serve as the upper
limit. It enables one not only to estimate the upper TC limit but also to determine
the influence of particular defects on its value briefly. Regarding studied diluted
systems, the critical temperature can be evaluated through a simple modifica-
tion of the original MFA formula (Eq. 3.21) considering the magnetic dopants
concentration x as follows [21, 147]

kBT
MFA
C = 2x

3
∑︂
i ̸=0

JMn,Mn
0i . (5.1)

Employing the Eq. 2.61 and related averaged J0,α
i interactions one can avoid the

summation of JMn,Mn interactions, which directly yields

kBT
MFA
C = 2

3J
0,Mn . (5.2)

Neglecting tiny concentrations of the magnetic dopants, calculations reveal
that the MnBi TMFA

C ’s are higher the Mni ones (Fig. 5.18a, b). Regarding the
concentration x = 0.10, the relative difference is about 15 %. Concerning small
concentrations, approximately up to x=0.05, and no other defect, the ferromag-
netic behavior is stronger in the case of Mni systems. However, a strong de-
pendence on the occurrence of extra chemical defects appears. According to the
calculated influence of chemical disorder on the exchange interactions’ character
(Figs. 5.14 and 5.16), the TMFA

C ’s are influenced by the actual composition. Con-
cerning the MnBi dopants (Fig. 5.18a), it is observed that only BiSe defects are
possibly able to enhance the TC little bit. Importantly, it is revealed that espe-
cially the Mni counterparts strongly suppress TC’s. However, their occurrence is
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Figure 5.18: MFA magnetic ordering temperature as a function of the concentra-
tion x of Mn magnetic defects in dependence on the presence of other chemical
defects: (a) MnBi dopants (b), Mni dopants. Subscripts of dopants’ labels specify
dopant concentration per f.u.

far less probable than that one of the MnBi dopants [113]. Also the VacSe’s cannot
be omitted as the most probable intrinsic defects in Bi2Se3 systems [93, 95, 122].
It was shown that they suppress FM exchange interactions (Figs. 5.14), and thus,
they decrease the TC of MnBi. The observed behavior corresponds to the de-
scribed enhanced FM character of the MnBi exchange interactions in the case of
p-type doping, e.g. BiSe (Fig. 5.17). A similar influence of the Fermi level shift on
Curie temperature values was observed e.g. in the MFA calculations of diluted
magnetic semi-conductors as (Ga,Mn)N or (Ga,Mn)As [148].

A quite different effect of chemical disorder on the TMFA
C is observed in the

case of Mni dopants (Fig. 5.18b). Similarly to previous case, these TMFA
C ’s are

suppressed in presence of the other type of Mn dopants (i.e. MnBi). By contrary,
the influence BiSe defects is opposite. Both studied native defects BiSe and VacSe

suppress the TMFA
C ’s However, it is hardly surprising thanks to the calculated Mni

magnetic exchange interactions (Fig. 5.16). The observed modification of TMFA
C ’s

qualitatively corresponds to the influence of the magnetic pair exchange interac-
tion by the presence of extra chemical disorder (Figs. 5.14 and 5.16). Namely,
regarding the in-plane Mni interactions, it has been found that their FM character
is suppressed by co-doping.

One of the most reliable method to estimate the Curie temperature TC is the
Monte-Carlo (MC) simulation method [149–151]. Unlike the MFA, it does not
neglect spin correlations. Thus it should provide nearly exact values of TC in
principle. Also, it allows for the chemical disorder in a more sophisticated way
by means of a set of sufficiently large random supercell structures. In practice,
however, the MC method’s precision is limited by including a small finite num-
ber of the neighboring shells of interacting magnetic atoms due to computational
demands. It leads to neglecting the long-range magnetic interactions. To eval-
uate the MC critical temperatures TMC

C , we employ the Metropolis algorithm as
implemented in Uppsala Atomistic Spin Dynamics (UppASD) package [152, 153].
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Figure 5.19: Temperature dependence of MC simulations calculated quantities
for a Bi-rich Mn-doped Bi2Se3 system. (a) magnetization M(T ), and magnetic
susceptibility χ in the inset, (b) Binder cumulants U(L, T ) for different sizes of
simulated supercell: L = 20, 30, and 40.

The critical temperature in the MC simulations’ framework is evaluated by
means of the Binder cumulant [154]. It stands for the most reliable way, since
it takes account of the finite size effects originating from the supercell approach.
Thus, it provides a better reliability than approaches based on the evaluation of
e.g. the magnetic susceptibility χ. Binder cumulant U is defined through the
second and the fourth moment of the system magnetization M . It reads

U ≡ U(L, T ) = 1 − ⟨M4⟩
3⟨M2⟩2 , (5.3)

where L characterize the dimension of the three-dimensional L×L×L supercell.
It denotes the number of elemental cells along one its side. ⟨. . . ⟩ stands for
averaging over MC step at the constant temperature T . The critical temperature
TMC

C is determined based on the characteristic critical behavior of the Binder
cumulant as a function of the temperature T [154]:

lim
T →0

U(L, T ) = 2
3 ,

lim
T →∞

U(L, T ) = 1
L
, (5.4)

lim
T →TC

U(L, T ) = U∗ ,

where U∗ denotes an invariant independent of the supercell size L. It describes
the point where the U(L, T ) curves as a function of the temperature T intersect
and also it determines the critical temperature TMC

C (Fig. 5.19).
The temperature dependence of magnetization M(T ) is determined by the

simulated annealing technique, where a system initially thermalized at a suffi-
ciently high temperature above the TC is slowly cooled down toward the zero
temperature. The MC simulations consist of more than 105 MC steps per each
temperature point. For each considered combination of chemical defects and
their particular concentrations, which is reflected by a unique set of pair ex-
change interactions, ten random distributions of Mn dopants in the supercell
are generated. Besides, five independent parallel simulations for a certain Mn

75



Figure 5.20: Dependence of the MC Curie temperature on the concentration x
of substitutional MnBi atoms and the inclusion of extra chemical defects. De-
picted data: (⃝) MnBi defects only, (□) MnBi and BiSe defects, (△) previous
case together with Mni, (∇) MnBi defects with VacSe , (×) experimental results
originating from the following references: a [155], b [143], c [156].

dopant configuration are performed to improve the statistics. Also, large super-
cell (L = {20, 30, 40}) are considered to obtain correct intersections of Binder
cumulant curves U(L, T ) with respect to T . We point out that only the TMC

C of
MnBi dopants is evaluated as they are much more probable than the Mni one.
A wide range of MnBi magnetic pair exchange interactions, up to the mutual
distance of 3.5 Å of the Mn dopants, is included. It stands for eleven nearest
neighbor atomic shells concerning the same Bi sublattice and fifteen shells in the
case of distinct Bi sublattices. Overall, 175 distinct possible Mn neighbors can
be considered.

Since the MFA provides only the upper limit for Curie temperatures, MC
simulations are needed due to the estimation of their real values. The simula-
tions show that the MnBi Curie temperatures are far below the room temperature
(Fig. 5.20). The obtained TMC

C ’s correspond for small MnBi concentrations to the
experimentally determined values [143, 155, 156]. However, the amount of defects
as VacSe or BiSe is undetermined there. Therefore, concerning the chemical disor-
der, we provide a dependence of the MnBi MC Curie temperatures (Fig. 5.20) on
the presence of p- resp. n-type doping similar to the previous MFA calculations
(Fig. 5.18a). It corresponds to the prediction made by Fermi level position manip-
ulations (Fig. 5.17). It displays that the p-type doping (BiSe) enhances TC of MnBi

whereas n-type doping (VacSe, Mni) suppresses them. Thus one might assume
that the negligible dependence of the experimental TC’s[143, 155, 156] on the Mn
defect concentration arise from simultaneous presence of both MnBi and Mni de-
fects or alternatively from the influence of the native defects as VacSe [157, 158].
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One should point out that an onset of the ferromagnetic order with the sam-
ple conductivity changing from n-type to p-type has been observed in certain
experiments [156]. Finally, one can notice that in the case of MC simulations,
the FM ordering is suppressed for small MnBi concentrations. It likely originates
from percolation effects. Besides, the nearly linear evolution of the TC’s with
increasing MnBi corresponds to foregoing calculations [159].
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5.5 Results summary
The scope of this chapter has been a chemical disorder in bulk Bi2Se3. The influ-
ence of intrinsic as well as magnetic defects on the electronic structure has been
inspected. Particularly, magnetic doping has been studied, where the character
of Mn magnetic pair exchange interactions has been thoroughly discussed, in-
cluding the estimation of the related magnetic pair exchange interactions. In the
following, the main conclusions are stated.

• Both magnetic and nonmagnetic defects can substantially influence trans-
port properties. It has been found that mid-gap states induced by most
common intrinsic Bi2Se3 defect – VacSe fill the entire band gap. Similarly,
the presence of the interstitial magnetic Mni defects brings about the clos-
ing of the minority spin channel. Besides, the occurrence of SeBi antisites
cause also a significant reduction of the band gap width.

• The importance of the local relaxations in the case of the substitutional
Mn doping is demonstrated as the sensitivity of the Bi2Se3 system to the
relaxations is discussed.

• It has been found that actual composition, regarding magnetic as well as
intrinsic defects, substantially influences magnitudes of magnetic moments
and magnetic exchange interactions. Concerning magnetic moments’ mag-
nitudes, a significant enhancement of the MnBi magnetic moments by Mni

counterparts and VacSe has been observed. In the case of the Mni moment,
they are strengthened by the MnBi defects likewise, but the SeBi antisites
appears to be ones of the most important regarding intrinsic defects.

• Concerning the magnetic exchange interactions, the ferromagnetic character
of the interactions prevails, particularly for a higher amount of Mn defects,
regarding the positive values of MFA Curie temperatures. However, strong
antiparallel nearest neighbor MnBi interactions there occur. Besides, con-
sidering inter atomic layer MnBi pair interactions, likely Se atoms induced
striking exchange interactions’ enhancement has been observed.

• The revealed correspondence between the magnitudes of exchange interac-
tions and the Fermi level shift indicates the RKKY character of the exchange
interactions

• Regarding MnBi dopants, a substantial enhancement of the stability of the
FM order given by p-doping has been found. Electron acceptors, MnBi

defects as well as BiSe antisites, likely strengthen ferromagnetic exchange
interactions for small negative Fermi level shifts.
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• Predictions of the FM ordering temperatures, assuming a wide range of
chemical defects, based on the MC simulation has been made. A nearly
linear dependence of TC’s on the MnBi concentration has been observed.
Substantial reduction of TC’s by magnetic Mni counterpart and VacSe defect,
the most probable native defects, has been found. It has been shown that
the p-type counter-doping by e.g. BiSe might be required to enhance TC
in correspondence to the relation of the magnetic exchange strength and
Fermi level shift.
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6. Heisenberg Exchange
Interactions – Influence of
the Relativistic Corrections
So far, we calculated magnetic pair exchange interactions while the SO-interaction
(Eq. 1.17) was neglected in the Hamiltonian during their evaluation by the Liecht-
enstein formula (Sec. 5.3) due to breaking of the global spin rotation invariance.
Regarding the occurrence of a strong SO interaction within Bi2Se3 system, let’s
examine a possible influence of the modified Hamiltonian on the obtained Curie
temperatures. Part of the presented results is included in the Refs. [3, 4].

In the TB-LMTO-ASA method’s framework, the SO parameters ξRℓ,ss′ aris-
ing from the SO matrix elements ⟨ϕℓms|ĤSO|ϕℓ′m′s′⟩ (Eq. 1.19) can be included
as a perturbation in the orthogonal Hamiltonian Horth (Eq. 1.35) via the modifi-
cation of the matrix of the potential parameters C [6]

Horth = C̃ +
√

∆Sγ
√

∆; C̃ = C + ξ . (6.1)

Subsequently, it changes the potential parameters P (Eq. 1.38)

P α(z) =
[︃√

∆
(︂
z − C̃

)︂−1 √
∆ + γ − α

]︃
, (6.2)

where an α LMTO representation is used [6]. Thus, it influences the auxiliary
Green’s function g(z) and matrices ∆ occurring in the Liechtenstein formula
(Eq. 2.59). Therefore, one can ask how the neglected SO perturbation can modify
the calculated TMFA

C . However, even for the used collinear structure [25, 145, 146]
the isotropic Heisenberg exchange interactions cannot be defined properly by
employing the Eqs. 2.56 and 2.57 since the breaking of the global spin rotation
invariance.

6.1 Bulk Bi2Se3 exchange interactions
Calculating the exchange interactions despite that fact, we obtain modifications
of the exchange interactions’ magnitudes and an artificial splitting of the ex-
change interactions as a function of the radial distance (Figs. 6.1, 6.2). It is
related to a spatial modification of the exchange interactions’ magnitudes as it
is depicted for the in-plane pair exchange interaction in Fig. 6.3a. The symme-
try of the texture is not exactly three-fold since slight asymmetry occurs in the
x direction [146]. The modification of pair exchange interactions can be ascribed
to the SO interaction. Regarding the inplane interactions, there exist a mirror
crystal structure symmetry (we recall that Bi2Se3 is a dual TIs, Sec. 4.7). Thus,
the interactions should respect the mirror symmetry without the SO interaction
(Fig. 5.12d–inset). The modification of the exchange interactions leads to an
underestimation of the MFA Curie temperatures (Eq. 5.2). Depending on the
amount of Mn dopants, the MFA TC is underestimated about 5 % − 6 %, except
tiny concentrations below 4 % where the mismatch is relatively more massive.
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Figure 6.1: Deviation of the MnBi magnetic exchange interactions caused by
the inclusion of the SO coupling as a function of the mutual distance r.
A Bi1.95Mn0.05Se3 system is considered: (⃝) scalar relativistic approach with
the neglected SO interaction, (+) scalar relativistic approach with the included
SO interaction, (×) fully relativistic approach. The distance is expressed in terms
of the lattice parameter a. (a) Magnetic moments belonging to the same sub-
lattice at the same hexagonal layer. (b) Magnetic moments belonging to the
same sublattice, but in neighboring QLs. (c) Magnetic moments belonging to
the different sublattice in the same QL. (d) Magnetic moments belonging to the
different sublattices and neighboring QLs.

It shows that the neglected SO in the exchange interactions’ calculations do not
significantly influence the obtained data.

We have discussed the calculation in the framework of the scalar relativistic
approach yet. A question might occur, what happens if one would work within the
fully relativistic framework and how the observed modulation would change. We
tried to implement the calculation of the magnetic exchange interactions through
the Liechtenstein formula in this way. Concerning the fully relativistic framework,
the LMTO canonical potential parameters P 0 are defined by relativistic potential
parameters γ, C, W [6]. The Λ-th block of P 0, reads

P 0
Λ(z) =

(︂
γΛ +W T

Λ (EI2 − CΛ)−1
)︂−1

, (6.3)

where the index Λ is composed of relativistic quantum numbers µ, κ1, κ1. How-
ever, considering the spin polarization along the z-axis, the spin resolved auxiliary
Green’s function can be construct from the output of the fully relativistic calcu-
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Figure 6.2: Deviation of the MnBi magnetic exchange interactions caused by
the inclusion of the SO coupling and scaled by the factor (r/a)3 a function of
the mutual distance r in units of the lattice parameter a. A Bi1.95Mn0.05Se3
system is considered: (⃝) scalar relativistic approach with the neglected SO
interaction, (+) scalar relativistic approach with the included SO interaction,
(×) fully relativistic approach. (a) Magnetic moments belonging to the same
sublattice at the same hexagonal layer. (b) Magnetic moments belonging to the
same sublattice, but in neighboring QLs. (c) Magnetic moments belonging to
the different sublattice in the same QL. (d) Magnetic moments belonging to the
different sublattices and neighboring QLs.

lation by means of a transformation of the spin spherical harmonics’ basic set
to the non-relativistic one employing the appropriate Clebsh-Gordon coefficients
⟨κµ|ℓms⟩ [6, 8]. They are defined as follows

⟨κµ|ℓms⟩C = δ|2κ+1|,2ℓ+1δµ,m+ssgn(|κ| − κ− 2s)
√︄

1
2 − 2sµ

2κ+ 1 ; (6.4)

(m > 0)
⟨κµ|ℓ−ms⟩R = i

[︂
⟨κµ|ℓ−ms⟩C − (−1)m⟨κµ|ℓms⟩C

]︂
/
√

2 ,

⟨κµ|ℓms⟩R = i
[︂
⟨κµ|ℓ−ms⟩C + (−1)m⟨κµ|ℓms⟩C

]︂
/
√

2 , (6.5)
(m = 0)

⟨κµ|ℓms⟩R = ⟨κµ|ℓms⟩C , (6.6)

where the superscript C denotes coefficient related to the complex spherical har-
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Figure 6.3: Spatial distribution of the exchange interaction modification caused
by the inclusion of SO interaction: (a) within the scalar relativistic approach,
(b) fully relativistic approach, both compared to the unperturbed scalar relativis-
tic one. Exchange interactions within the same hexagonal Bi layer are depicted
only. Dashed line indicates anisotropy along the x axis. The plus sign denotes
positive difference JSO − J .

monics and superscript R for the real ones [160]. Then the structure constants S
can be evaluated as in the scalar relativistic case [6]. It enables one to obtain the
conditionally averaged auxiliary Green’s function using the CPA self-consistent
loop (Eq. 1.59). Similar to the case of the scalar relativistic approach, we deal
only with their spin diagonal blocks to examine the behavior of the corrupted
exchange interactions. It allows us to compare partly the result obtained either
by the scalar relativistic to the fully relativistic approach, where the SO coupling
is present directly in the Hamiltonian not only as a perturbation. Relativistic
calculations provide a little bit smaller magnitudes of Mn magnetic moments
(Fig. 6.5) and slightly changed exchange interactions’ magnitudes. However, the
shape of the radial dependence of the exchange interactions remains nearly un-
changed (Figs. 6.1, 6.2). One can observe that the splitting of the data points
in the radial dependence becomes more pronounced. It likely arises from a more
sophisticated treatment of the SO coupling, which supports the origin of the split-
ting. Besides, the anisotropy along the x direction is better visible (Fig. 6.3b).
The value of the MFA TC ’s are reduced in the range of 3 % − 14 % compared
to the original SRA values for the studied Mn concentrations, where the differ-
ence increases with the increasing concentration (Fig. 6.4). Partly, the observed
difference might arise from slightly distinct calculated spin splitting (Fig. 6.5).
However, the strong artificial splitting of the exchange interactions corrupts the
estimated MFA TC ’s as well (Figs. 6.1, 6.2). Finally, the calculations show that
the improper evaluation could lead to a substantial error in magnitudes of partic-
ular of the exchange interactions, for instance, the nearest neighbor interactions’
splitting (Figs. 6.1). Still, in total, the estimated MFA Curie temperatures are
not too distinct compared to the original calculation (Sec. 5.4), notably consid-
ering the related scalar relativistic approaches with and without included SO
interaction.
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Figure 6.4: MFA magnetic ordering temperature as a function of the MnBi

dopants concentration x depending of the inclusion of the SO interaction:
(⃝) scalar relativistic approach with the neglected SO interaction, (□) scalar
relativistic approach with the included SO interaction, (∇) fully relativistic ap-
proach.

Figure 6.5: Comparison of MnBi magnetic moments’ magnitudes in the case of
scalar and fully relativistic approaches as a function of the dopants concentra-
tion: (□) scalar relativistic approach with the included SO interaction, (∇) fully
relativistic approach.
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6.2 Transition metals alloys’
exchange interactions

So far, we have discussed the error in the case of the compound possessing a sig-
nificant SO interaction. Now, let’s focus on systems where the SO interaction’s
influence is not such significant such as 3d-metals and compare the obtained
results. Actually, we study the behavior of the exchange interactions in multi
principal element alloys based on the 3d-metals (Cr, Mn, Fe, Co, Ni) [3, 4]. Dis-
ordered systems should be suitable as the exchange interactions should decay
fast as a function of the radial distance due to the alloying [22]. Thus, one likely
does not have to pay much attention to long-range interactions. The mentioned
alloys are called high-entropy alloys since a substantial stabilization of the high-
temperature phase is provided by the entropy term [161]. They represent an
interesting sort of material as they possess high application potential concerning
the engineering [162–164]. However, the CrMnFeCoNi alloy bears only a param-
agnetic behavior despite being composed of magnetic elements [165]. Therefore, it
is worthy of studying the exchange interactions there, for instance, by using a non-
magnetic substitution. Concerning the CrMnFeCoNi derivatives, we estimate the
distortion of the magnetic exchange interactions caused by the non-neglected SO
interaction within the scalar relativistic approach’s framework. Comparing the
results with and without the SO interaction, we find that the splitting of the ex-
change interactions is irrelevant there even for long-range interaction (Fig. 6.6),
based on the analysis of the RKKY oscillation [22] rescaling the data by the fac-
tor (r/a)3 (Eq. 2.41). Moreover, the calculations employing the SO interaction
follow well the original data, where it is neglected (Fig. 6.6). It suggests a weak
importance of the SO interaction for such alloys. To evaluate the difference, let’s
estimate the FM MFA Curie temperatures [4]. Since we are not concerned with
diluted magnetic atoms, we have to employ a more sophisticated approach to
evaluate the MFA TC. Regarding the multi-sublattice system, it can be obtained
by solving a eigenvalue problem considering a symmetric matrix Jαβ [22]. It is
defined as follows

Jαβ = cβ
∑︂

i

J αβ
0i , (6.7)

where J αβ
0i is the pair exchange interaction related to an atom of the- α-type at the

origin and the other one of the β-type at the site i, cβ stands for the appropriate
concentration. Then, the MFA TC is defined by the maximal eigenvalue jmax of
the matrix Jαβ, which yields

kBTC = 2
3jmax . (6.8)

We discuss the body-centered cubic (BCC) crystal structure as it provides en-
hanced magnetic behavior compared to the closed pack structures as FCC or
hexagonal close-packed (HCP) [3]. To obtain great convergence of the MFA TC
values, a large number of atomic shells Nsh is taken into account. Namely, we
use Nsh = 70, which is related to distances r < 7.2 a, where a is the appropriate
lattice parameter. It stands for 110 different neighbors in the irreducible part
of the space concerning the calculations without SO interaction and over 3000
neighbors in the whole space regarding the other case. Comparing the MFA TC’s

86



alloy TC (K)
SR SR + SO FR

MoMnFeCoNi 686 685 762

CrMoFeCoNi 553 553 608

CrMnMoCoNi 265 265 164

CrMnFeMoNi 470 469 499

CrMnFeCoMo 754 754 834

Table 6.1: MFA ferromagnetic Curie temperatures of Mo-based CrMnFeCoNi
derivatives: SR - scalar relativistic approach, SR+SO - scalar relativistic approach
with included SO interaction, FR - fully relativistic approach.

alloy magnetic moments
per element (µB)

MoMnFeCoNi SR -0.218 1.970 2.221 1.402 0.283
FR -0.191 1.921 2.223 1.438 0.300

CrMoFeCoNi SR 0.037 -0.078 2.145 1.226 0.117
FR 0.062 -0.063 2.147 1.278 0.132

CrMnMoCoNi SR -0.116 1.584 -0.083 1.144 0.107
FR -0.195 1.004 -0.043 -0.798 0.074

CrMnFeMoNi SR -0.217 1.376 2.024 -0.122 0.176
FR -0.206 1.384 2.057 -0.115 0.195

CrMnFeCoMo SR -0.042 1.642 2.122 1.383 -0.120
FR -0.025 1.706 2.179 1.476 -0.112

Table 6.2: Element resolved magnetic moments magnitudes of Mo-based
CrMnFeCoNi derivatives: SR - scalar relativistic approach, FR - fully relativistic
approach.

estimated in terms of the neglected and included SO interaction (Tab. 6.1), we
find that the difference is negligible approximately up to 1 K (error up to 0.2 %),
which corresponds to coinciding exchange interactions (Fig. 6.6). Small differ-
ences concerning the magnetic moments’ magnitudes caused by the neglecting of
the SO interaction might contribute. Having observed the negligible effect of the
SO interaction, one can think about the impact of the fully relativistic treatment.
However, even there, the splitting of the exchange interaction values as a function
of the distance is insignificant (Figs. 6.6 and 6.7). Thus, it suggests a negligible
corruption of the exchange interactions regarding these 3d-metals alloys. The
enhanced magnitudes of the MFA TC’s (Tab. 6.1) likely arise from modified mag-
nitudes of magnetic moments concerning the FR approach (Tab. 6.2) [3]. Their
relative change is about a few percent there.
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Figure 6.6: Exchange interactions of the Mo-based CrMnFeCoNi derivatives.
(a,c,e,g,i) Radial distribution of the pair exchange interactions. (b,d,f,h,j) Ra-
dial distribution of the pair exchange interactions rescaled by (r/a)3 – RKKY
oscillations. (⃝) Scalar relativistic approach with the neglected SO interaction,
(∇) scalar relativistic approach with the included SO interaction, (×) fully rela-
tivistic approach.

Figure 6.7: RKKY-like oscillations of the Mo-based CrMnFeCoNi derivatives’ ex-
change interactions calculated in the framework of the fully relativistic approach.

89



6.3 Results summary
This chapter focuses on the impact of the missing SO interaction in calculations of
Heisenberg exchange interactions as they were introduced in Sec. 5. Implementing
the exchange interaction calculation in the SRA framework allowing for the SO
as well as in the FR treatment, the modification of the exchange interactions’
character and their magnitudes are discussed. It includes the modification of
Curie temperatures likewise. In the following, the main conclusions are stated.

• Regarding Bi2Se3 possessing strong SO coupling, we have observed small de-
viations of exchange interaction’s magnitudes residing at the nearest neigh-
bor shells. They are accompanied by magnitudes’ splitting due to the SO
induced anisotropy. Concerning the SRA, we have shown that the character
of the exchange interactions is nearly unchanged and the MFA Curie tem-
peratures are only slightly suppressed. The comparison of the scalar and
fully relativistic approaches indicates that more substantial are the pre-
ceding electronic structure calculation as different spin splitting has been
obtained.

• Considering light elements and their alloys, it has been demonstrated that
the SO interaction hardly influence the character of the exchange interac-
tions irrespective of the employed approach as no visible data points split-
ting has been observed.
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7. Bi2Se3 Thin Layers
So far, the properties of Bi2Se3 bulk structure have been discussed (Chapter 5).
However, this compound belonging among 3D TIs attracts attention, particularly
by the occurrence of gapless surface states (Sec. 4.7). Thus, in the following
chapter, we examine the chemical disorder’s influence, concerning the magnetic
dopants and native defects, on the surface electronic structure properties similar
to the bulk case. In order to describe the surface effects, one has to tackle multi-
layered structures, which can be solved through the layered Green’s function
LMTO method (Sec. 4.7). It enables us to study the layered resolved electronic
structure, including the surface states, in presence of the mentioned chemical
disorder. Moreover, not only the point defects can be treated, but also the impact
of stacking fault as twin planes (TPs) [97–99] can be possibly discussed. Presented
results mostly concerning the TP behavior are included in the Ref. [2].

Figure 7.1: Layout of the calculated multilayer Bi2Se3 structure with a top vac-
uum surface.

7.1 Computational details
To compose a thin layer Bi2Se3 structure (Fig. 7.1), the previously used bulk
lattice parameters and inner coordinates are employed (Chapter 5). In agreement
with the bulk calculations, a local lattice relaxation related to MnBi dopants is
reflected through modifications of the Wiegner-Seitz radii in the same way as
in bulk (Sec. 5.2). To simulate a vacuum interface, where the gapless surface
states can occur, we build a multilayer Bi2Se3 system as follows. It is placed
in between two same semi-infinite Sc leads, which are needed to perform self-
consistent calculations (Sec. 1.4.2). Besides, leads also set the Fermi level position
in the whole simulated slab. Sc is chosen since its HCP crystal structure, and
its lattice parameters nearly suit the Bi2Se3 structure. Lattice parameters are
not too distinct, and the crystal structure fits the FCC-like stacking of Bi2Se3
QLs. A vacuum interface is created by placing a vacuum spacer between the top
lead and the Bi2Se3 slab. It consists of several ES layers in a similar sense to
the vdW gap. The ES layers extend Bi2Se3 slab following an FCC-like stacking
and respecting the three-fold symmetry of the Bi2Se3 structure. Focusing on
the surface states, we increase the k-mesh density for a better description of the
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electronic structure, where almost 5000 k-points in the 1st BZ are used. In the
layered TB-LMTO calculations framework, a multilayer structure is divided into
principal layers (Sec. 1.4.2). Regarding the present work, each principal layer
consists of two atomic layers. It is found to be adequate for the surface states’
description, whereas calculations using smaller principal layers fail there. On the
other hand, larger blocks make the calculation extremely time demanding.

Figure 7.2: Bloch spectral functions related to the top QL of a Bi2Se3 slab consist-
ing of 10 QLs employing a 10 ES layer thick vacuum spacer: (a) spin up channel,
(b) spin down channel.

7.2 Thin layers & surface states
A sufficient thickness of the vacuum spacer and the Bi2Se3 slab to obtain gap-
less surface states is thoroughly checked. We perform an analysis of the BSF
(Fig. 7.2a) in the vicinity of the Γ calculated at the path in between high symmet-
rical M and K points of the appropriate hexagonal 2D BZ (Fig. 4.16e). However,
the BSF is hardly convenient for comparison of different multilayer structures.
Therefore, we deal with a BSF projection along the k-path to the energy-intensity
plane (Fig. 7.3), where the maximal intensity of the BSF over the considered
k-path in the vicinity of the Γ point is ascribed to particular energy points

PBSF(E) = maxk (BSF(E, k)) . (7.1)

It results in easily handled line plots. One can simply compare the projected
Bloch spectral function (PBSF) curves related to particular studied cases and
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detect a formation of gapless Dirac states. It is indicated by band gap closing
and presence of a striking intensity at the Dirac point where the surface states
intersect (Fig. 7.4). Evaluating the obtained PBSF curves, we find that the
surface Dirac states appear with increasing thickness of the Bi2Se3 slab (Fig. 7.4a).
The initial band gap (∼ 93 meV concerning 3 QLs Bi2Se3 slab) is being closed
around the Bi2Se3 slab thickness of 7 QL, and gapless Dirac surface states occur
there. One can notice a nice monotonous dependence of PBSF in the vicinity
of the Dirac point denoted by an intensity peak. It proves that the thickness
of 10 QLs chosen for further calculations is sufficient to form the surface Dirac
states. Besides, the obtained results correspond well to the experimental evidence
and theoretical models. Regarding the thinnest Bi2Se3 slab (3 QL), only Rasba-
like splitting occurs [166] (Compare Figs. 7.4b and 7.5c). The non-existence
of Dirac states can be explained by hybridization between the top and bottom
edge states due to their non-negligible overlap originating from the insufficient
thickness of the slab [19, 33]. Increasing the thickness, the overlap vanishes, and
the Dirac states are formed [166] (Figs. 7.4c and 7.5e), where the obtained surface
band structure corresponds well to ARPES measurements [167, 168]. One can
notice that there occurs a shift of the Fermi level position towards the conduction
band in comparison to the bulk results (compare Fig. 7.4 and Fig. 5.3). It likely
arises from a small observed artificial charge transfer out of the semi-infinite leads
toward the simulated slab.

Figure 7.3: Projected Bloch spectral function.

Similarly, we estimate a sufficient thickness of the vacuum spacer (Fig. 7.6).
A small number of used ES’s layers leads to an artificial corruption of the surface
band structure (Fig. 7.6b), likely due to hybridization with the electronic states
of the top lead. For instance, one can observe a Rashba-like splitting in the con-
duction band. It vanishes with the increasing vacuum spacer thickness, while the
shape of the surface electronic structure near the Γ point converges (Figs. 7.6a,c
and 7.4c). It follows that the used vacuum spacer thickness of 10 ES’s is large
enough to a reliable description of the surface states. We point out the difference
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between PBSF curves in Fig. 7.4 and Fig. 7.6. It stems from the usage of distinct
k-meshes, where the first one (Fig. 7.2) is finer.

Finally, we examine the behavior of the inner QLs (Fig. 7.7). Regarding larger
Bi2Se3 slab thicknesses, the bulk-like QLs seems to be hardly influenced by the
surface states and the band gap width (Egap = 332 meV, considering 10 QLs
thick slab and vacuum spacer of 10 ES’s layers.) approaches to the bulk value
(Sec. 5.2). Concerning the Bi2Se3 slab composed of 3 QLs, the modification of
the electronic structure and related reduction of the gap width arises from the
proximity to the bottom interface. Considering larger multi-layered structures,
the influence of the interface is ebbing. Besides, only slight penetration of the
surface states to 3rd QL is observed.

Figure 7.4: Formation of surface states with increasing thickness of the simulated
Bi2Se3 slab. Ten ES layers thick vacuum spacer is used. (a) Projected Bloch
spectral function of the surface QLs. Dispersions related to Bi2Se3 slabs composed
from 3 QLs to 10 QLs are depicted. Curves are labeled by the Bi2Se3 slab
thickness. Dotted lines denote zero levels. (b,c) Bloch spectral functions of the
surface QL in the vicinity of the Γ point. Either 3 QLs or 10 QLs Bi2Se3 slabs
are considered.
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Figure 7.5: Experimental Bi2Se3 thin-film ARPES spectra in dependence on the
film thickness. (adapted from [166])

Figure 7.6: Surface states’ dispersion as a function of the vacuum spacer thickness.
Bi2Se3 slab composed of 10 QLs is used. (a) Projected Bloch spectral function
of the surface QLs. Dispersions related to the various thickness of the vacuum
spacer are depicted. The number of used ES layers labels curves. Dotted lines
denote zero levels. (b,c) Bloch spectral functions of the surface QL in the vicinity
of the Γ point. Vacuum spacers of 3 ES’s resp. 8 ES’s are employed.
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Figure 7.7: Evolution of the band gap at the 3rd QL of the Bi2Se3 slab. A vacuum
spacer of 10 ES layers is used. (a) Projected Bloch spectral function of the 3rd

QL. Curves are labeled by the Bi2Se3 slab thickness. Dotted lines denote zero
levels. (b) Band gap at the Γ point in the BSF of the 3rd QL of the Bi2Se3 slab
composed of 10 QLs.
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7.3 Electronic structure
in presence of chemical disorder

This section examines the influence of native and magnetic defects on the charac-
ter of the electronic structure of the surface and inner Bi2Se3 QLs and compares
it to the previously obtained bulk results. Notably, we focus on the occurrence of
the surface states. In the layered calculations, we generally assume homogeneous
doping, which resembles the bulk case. Dopants occupy sites of the same type in
the multilayer structure with the same probability. Regarding the magnetic de-
fects, the homogeneous disorder is supported by synchrotron experiments [169].
They indicate that Mn dopants are not metallic there, and therefore, they do
not segregate there. Finally, we deal with the spin polarization along the z-axis
similar to the bulk calculations.

However, initially, comparing the bulk and thin layer DOS’s of the pure Bi2Se3,
we focus on the different dimensionality impact on the DOS character (Fig. 7.8).
Actually, we compare the bulk DOS to the DOS’s of the surface and 5th QLs
(Fig. 7.1), where the later one stands for a representative of inner QLs. For
a better description, particularly of the states near the band gap, we use a finer
energy mesh compared to previous DOS plots. The energy axis is scaled to the
bulk Fermi level Ebulk

F . The bulk and thin layer DOS’s are placed to fit the same
valence band edge position. Thus, the Fermi level position Elayer

F in a thin layer
structure is depicted by a vertical line. We recall that the Elayer

F is placed near the
conduction band edge irrespective of the QL number. Regarding the surface QL,
both total and local DOS’s are unsurprisingly modified by the interface proximity
(Fig. 7.8a). Comparing the DOS curves, there occurs a larger separation of the
valence and conduction bands. In the Fig. 7.8, one can observe a shift of peaks
in the conduction band with respect to the bulk DOS. Besides, particularly the
Se DOS is strongly modified in the valence band. Focusing on an inner QL
(Fig. 7.8b), namely the 5th QL, the thin layer DOS converges to the bulk one,
and the thin layer band gap width approaches to that of the bulk counterpart as
one would expect (Fig. 7.8b). It indicates consistency between the bulk and thin
layer structure calculations. Besides, it is evident that the DOS is not suitable
for studying the surface states as other states overshadow them. It also demands
a high density of the k-mesh.

7.3.1 Magnetic defects
Similarly to the pure Bi2Se3 structure, the surface proximity substantially modi-
fies the surface QL DOS (Fig. 7.9). However, the Mn impurity peaks, concerning
their shape and position, are nearly unchanged except the MnBi states in the
conduction band of the surface layers (Fig. 7.9a). As in bulk, there appears
a hybridization of Bi and Se states with Mn impurity peak for both types of
Mn dopants. Regarding an inner QL (Figs. 7.9b,d), the DOS’s almost resem-
ble the previously calculated bulk ones. Regardless of the QL position, the Mn
impurity states’ occurrence leads to a reduction of the band gap similar to bulk
one concerning the MnBi. Considering Mni defect, it appears that a tiny gap
is maintained in the minority spin channel, unlike the bulk case. Finally, the
Fermi levels are located in similar positions to the bulk calculation. Altogether,
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Figure 7.8: Densities of states of the thin layer Bi2Se3 system. Vacuum spacer
of 10 ES layers and 10 QLs thick Bi2Se3 slab are used. (solid line) Thin layered
system, (dotted line) bulk system. (a) Surface QL DOS, (b) 5th QL DOS.

it shows that despite the interface proximity, the magnetic Mn dopants’ influence
on the electronic structure resembles the bulk behavior, particularly concerning
non-surface QLs.

The magnitudes on Mn magnetic moments follow similar dopant concentra-
tion dependencies as in bulk, and they approach magnitudes of bulk moments
(Fig. 7.10). The Mn moments’ magnitudes in the surface QL are either enhances
concerning MnBi defects or suppressed in the case of Mni ones compared to mag-
nitudes of magnetic moments in inner QLs, which nearly fast converge as the
function of the layer depth. Unlike the bulk, the MnBi moment also differs for
a particular Bi-sublattice within a QL. The Mn in the top Bi sublattice bears the
strongest magnetic moments, while the magnitudes at the second Bi-sublattice
almost reach values related to inner QLs. The observed difference between the
surface and inner QLs arise from the discussed interface proximity induced mod-
ification of the electronic structure through the simulated Bi2Se3 slab. (Fig. 7.9).
A mismatch between the bulk and inner QLs values likely resides on the calcu-
lated systems’ distinct dimensionality. One can notice that the DOS inside the
Bi2Se3 slab approaches to the bulk one. However, small deviations still survive
(Fig. 7.9). It seems that the impact of the discussed shift of the Fermi level
(Fig. 7.9) between thin layers and the bulk system is negligible as the Fermi level
shift is insignificant concerning the bulk-like QLs.

Analyzing the BSF (Fig. 7.11) as functions of the QL position and related
PBSFs plots (Figs. 7.12, 7.13), we find that the surface states in the Bi2Se3 system
are highly sensitive to the presence of magnetic defects. Regarding the MnBi

defects, the bulk band gap is well preserved. However, the calculations reveal
that the surface states near the Γ point become likely gapped already for tiny
MnBi concentrations (Fig. 7.12a). Calculations indicate a splitting of the high-
intensity peaks, originally related to the Dirac point, for the MnBi concentration
x = 0.04 and opening of a surface gap with an increasing amount of MnBi defects.
The surface gap is well presented for the larger MnBi concentrations. Concerning
the smaller ones, only a sudden drop in the intensity occurs, which might indicate
a gap. One can suggest that the surface gap is beyond the energy resolution of
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Figure 7.9: Densities of states of magnetically doped layered Bi2Se3 systems.
(a,b) Substitutional MnBi defects. (c,d) Interstitial Mni defects. Vacuum spacer
of 10 ES layers and 10 QLs thick Bi2Se3 slab are used. (solid line) Thin layered
system, (dotted line) bulk system. (a,c) Surface QL DOS, (b,d) 5th QL DOS.

the calculated BSFs. For an inner QL (Fig. 7.12b), a reduction of the band gap
width occurs due to MnBi states similar to the bulk results. In the bang gap
a small intensity of the PBSF is maintained. It appears it is an artifact of the
strong surface states as the intensity disappears in the region of the surface band
gap (Fig. 7.12a).

Unlike the previous case of the MnBi defects, the interstitial Mni ones strongly
modified the surface states’ dispersion even for tiny concentrations (Fig. 7.13a).
The PBSF dependencies indicate an occurrence of the surface gap for the 1 %
Mn occupation of the interstitial positions. Concerning the PBSF spectrum, the
intensity peak near the assumed band gap is related to the top of the conduction
band (Fig. 7.11b). Regarding the inner QL (Fig. 7.13b), there appears a nonzero
PBSF intensity in the former band gap with the increasing Mni amount, similarly
to the MnBi defects. By contrast, it does not stand for a surface state relic, but
it seems that it originates from Mn impurity states and their hybridization with
Bi and Se (Figs. 7.11b, 7.9d). Calculations reveal that the Dirac states might
survive only for really tiny concentrations of MnBi defects (x < 0.01).
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Figure 7.10: Dependence of the Mn magnetic moments’ magnitude on the Mn
defects concentration x and the position of defects within the thin layer structure.
(a) Magnitudes of MnBi magnetic moments as a function of the MnBi dopant
concentration. (b) Magnitudes of Mni magnetic moments as a function of the
Mni dopant concentration. Vacuum spacer of 10 ES layers and 10 QLs thick
Bi2Se3 slab are used. Bulk results are depicted for comparison. Concerning thin
layer structures, magnitudes of MnBi magnetic moments at both Bi-sublattices
are shows: (△) top and (▽) bottom Bi-sublattices with respect to the top vacuum
interface.

Figure 7.11: Surface QL BSFs of magnetically doped Bi2Se3 systems.
(a) Substitutional MnBi doping (Bi1.9Mn0.1 Se3), majority spin channel is de-
picted. (b) Interstitial Mni doping (Bi2Mn0.1 Se3), minority spin channel is de-
picted.
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Figure 7.12: Surface states in terms of the PBSF in presence of magnetic MnBi

defects. (a) The surface QL PBSFs and (b) the 5th QL PBSFs. The later ones are
also depicted in the subplot (a) by dotted lines for a better comparison. (bluish
spectra) majority spin channel, (reddish spectra) minority spin channel.
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Figure 7.13: Surface states in terms of PBSF in presence of magnetic Mni defects.
(a) The surface QL PBSFs and (b) the 5th QL PBSFs. The later ones are also
depicted in the subplot (a) by dotted lines for a better comparison. (greenish
spectra) majority spin channel, (mauve spectra) minority spin channel.
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7.3.2 Native defects
Naturally, native defects occur also in the thin layer Bi2Se3 systems and influence
their physical properties. To be consistent with the bulk study, we focus on the
same type of intrinsic defects. Similar to the previous case of magnetic defects,
the thin layer DOS’s are not too distinct from the bulk one (Figs. 7.14, 7.15).
Particularly concerning inner QLs, they nearly resemble. Also, the position of
the Fermi level is almost the same except for the artificial shift discussed above.

Concerning VacSe defects, the presence of the induced mid-gap states is kept
(Fig. 7.14). They occur irrespective of the QL position and close the band gap.
It leads to loss of Dirac states (Figs. 7.16a, 7.17a). An increasing amount of
VacSe defects rapidly ruins signs of the gapless surface states. Only their trace is
indicated in the mid-gap state saddle.

Figure 7.14: Densities of states of Bi2Se3 systems in presence of VacSe defects.
(solid line) Thin layer system, (dotted line) bulk system. (a,c) Surface QL DOS
(b,d) 5th QL DOS. Vacuum spacer of 10 ES layers and 10 QLs thick Bi2Se3 slab
are used concerning thin layer systems.

Also, a thin layer structure hardly modifies the impact of the presence of BiSe

and SeBi antisites (Fig. 7.15). The BiSe impurity peak is still located nearby
the Fermi level, and the BiSe defects give rise to only shrinking of the band gap
width. Furthermore, the SeBi impurity states stand for virtual bound states like-
wise and strongly hybridize with Se state as in bulk. Also, only a tiny band gap
is maintained. All the mentioned features are kept regardless of the QL posi-
tion. A non-vanishing band gap has a significant impact on the surface states
(Fig. 7.15). Concerning the BiSe defects, the character of the surface states is
hardly influenced compared to the pristine structure as a large band gap is main-
tained (Figs. 7.16b, 7.17b). Regarding the SeBi defects (Figs. 7.16c, 7.17c), the
Dirac surface states seem to be maintained despite the narrow band gap and
smeared states at the bottom of the conduction band, which is induced by the
SeBi virtual bound states (Fig. 7.15c). The surface states mostly lack a linear dis-
persion character, which is likely caused by the narrow gap. However, it appears
that the linearity is kept in the close vicinity of the Dirac point. The results nat-
urally show that the closing of the band gap induced by native defects is crucial.
A mere presence of weak mid-gap states induced by VacSe defects is sufficient to
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lose the Dirac states. Thus, one should be aware of not only the magnetic defects
but also the native one as they modify bulk band gap properties, which also has
an impact on the surface states. Finally, one should take into account the Fermi
level shift induced by the disorder presence, particularly the BiSe electron accep-
tors. It is obvious that an additional co-doping is needed to place the Fermi level
EF in the band gap [170].

Figure 7.15: Densities of states of Bi2Se3 systems in presence of BiSe and SeBi

antisites: (a,b) BiSe antisites, (c,d) SeBi antisites. (solid line) Thin layer system,
(dotted line) bulk system. (a,c) Surface QL DOS, (b,d) 5th QL DOS. Vacuum
spacer of 10 ES layers and 10 QLs thick Bi2Se3 slab are used concerning thin
layer systems.
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Figure 7.16: BSFs of the surface QL in presence of native defects.
(a) VacSe defects, (b) BiSe defects, (c) SeBi defects.

Figure 7.17: Surface states in terms of PBSF in presence of native defects:
(a) VacSe defects, (b) BiSe defects, (c) SeBi defects. (solid lines) The surface QL,
(dotted lines) the 5th QL.
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7.4 Exchange interactions
To better analyze of the behavior of magnetic dopants in Bi2Se3 thin layers, we
try to describe their magnetic pair exchange interactions and compare them to
the previously obtained bulk ones. It also includes the determination of MFA
magnetic ordering temperatures.

To evaluate the magnetic exchange interactions, we transform the bulk codes
based on the Liechtenstein formula (Eq. 2.59) into the layered Green’s function
formalism (Sec. 1.4.2). The site non-diagonal elements of the auxiliary Green’s
function beyond the region of the single principal layer gp,q(z,k∥) (Eq. 1.43) can
be obtained by the inversion of a finite block tridiagonal matrix T (z,k∥) [6]

gp,q(z,k∥) =
[︂
T (z,k∥)

]︂−1
(p,q) , (7.2)

where the indices p and q denote appropriate principal layers in the intermediate
region between leads. The matrix T is defined in term of the elements of the
matrix M (Eq. 1.42), composed of the potential parameters Pp(z) and structure
constants Sp,p′(k∥), and embedding potentials Γ<

p (z,k∥), Γ>
q (z,k∥) (Eq. 1.45) as

follows

T =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Mp,p − Γ<
p Mp,p+1 0 . . . 0

Mp+1,p Mp+1,p+1 Mp+1,p+2 0 ...
0 . . . 0
... 0 Mq−1,q−2 Mq−1,q−1 Mq−1,q

0 . . . 0 Mq,q−1 Mq,q − Γ>
q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (7.3)

Employing the inverse two-dimensional Fourier transformation, the real space
auxiliary Green’s function gij can be obtained, and the magnetic pair exchange
interactions Jij can be evaluated analogously to the bulk calculations (Eq. 2.59).
Due to computational demands arising from the evaluation of the matrix inversion
(Eq. 7.2), we restrict only to exchange interactions between close atomic layers.
Namely, we investigate inplane and neighboring magnetic plane MnBi exchange
interactions and in-plane Mni ones. To obtain better bulk-like behavior of inner
QLs, we enlarge the Bi2Se3 slab to 20 QL in order to screen the influence of the
vacuum and substrate interfaces.

Regarding the MnBi pair exchange interactions (Fig. 7.18), a strong inter-
face proximity effect is evident. Restricting to Mn defects within the same QL
(Fig. 7.18a,b), magnitudes of the FM exchange interactions in the vicinity of the
surface (Fig. 7.18a,b - purple circles) are significantly suppressed in comparison
to interactions within deep QLs and the nearest neighbor interactions become
more antiferromagnetic. Then, around the second QL, numbered from the vac-
uum surface, the exchange interactions reach the maximal values and converge to
the lower intensities of the inner QLs. Similarly, the strength of exchange inter-
actions across the vdW gap culminates at the vdW between the top and second
QLs. The observed oscillations of the magnitudes of exchange interactions as
a function of the QL position correspond to the charge transfer modulations in
the vacuum interface’s vicinity. The charge of the elements in the surface QL
is strongly modified due to the presence of the interface, which leads to charge
oscillations at the top atomic layers. The calculated exchange interactions follow
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Figure 7.18: Magnetic MnBi pair exchange interactions in thin layer systems as
a function of the MnBi position in a doped Bi2Se3 slab. A system consists of 10
ES layer vacuum spacer and homogeneously doped Bi1.95Mn0.05Se3 slab of 20 QL.
Bi layers are numbered from the vacuum interface. Bulk results are depicted for
comparison. (a) In-plane exchange interactions. (b) Interactions within the same
QL between different magnetic sublattices. (c) Interactions between different
magnetic sublattices across the vdW gap.

the previously calculated bulk curves, particularly in the inner QL case. However,
these interactions are weaker than pure bulk ones. It is pronounced mainly at
the strong exchange interaction values (Fig. 7.18b,c). The actual modification of
the exchange interaction magnitudes at deep QLs with respect to the bulk result
is stated in the Tab. 7.1. Mostly, the MnBi magnetic exchange interactions are
reduced by 10 − 20 %.

The impact of the thin layer structure on the Mni pair exchange interactions
(Fig. 7.19) is not too much different. They still resemble the calculated bulk
exchange interactions. Only the proximity of the vacuum surface enhances their
magnitudes, unlike the previously discussed MnBi interactions (compare Fig. 7.19
to Fig. 7.18a). Besides, the thin layer Mni exchange interactions at inner atomic
layers are not entirely reduced in comparison with the bulk values as the in-
plane next-nearest neighbor interactions remain enhanced (Fig. 7.19, Tab. 7.1).
However, one should be aware that the Mni defects are located further from
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MnBi Mni

Nsh ∆ Jss (%) ∆ Jds (%) ∆ Jds (%) ∆ Jss (%)
(in-plane) (within QL) (across vdW gap) (in-plane)

1 -1.3 3.7 -23.0 -4.1
2 -11.5 -17.5 -11.3 12.9
3 -10.7 -9.3 -17.6 / -15.6∗ -7.1
4 -3.7 -11.0 -0.1 -4.0
5 -12.4 -21.2 -7.4 / -15.0∗ -22.0
6 -11.9 -18.9 -17.4
7 -12.1 -4.8
8 -19.6 -15.0

Table 7.1: Relative difference of exchange interactions’ strength at the inner QL
with respect to bulk magnitudes as a function of the atomic shell number Nsh
(∆J = (Jlayer − Jbulk)/Jbulk). Exchange interactions evaluated at the 5th QL are
employed. (∗) denotes values related to enhanced values of Jds in the Fig. 7.18c.

the surface. Thus, suppression of the exchange interactions as a function of the
atomic layer position is likely not observed. The top vdW gap, where occurs
the Mni defect occurs, meets the atomic position related to the culmination of
magnitudes of MnBi exchange interactions.

To evaluate better the difference between the bulk and thin layer magnetic ex-
change interactions, we determine the appropriate MFA Curie temperatures TMFA

C
resolved by the Mn dopant positions similarly to the bulk case (Sec. 5.4). Regard-
ing the MnBi dopants (Fig. 7.20a), the on-site average pair exchange interactions
J0 (Eq. 2.61) at the top QL are significantly suppressed with respect to the deeper
QL values or in comparison to the bulk, which leads to less than half the value
of the MFA Curie temperature. Concerning small amount of the MnBi dopants,
antiparallel interactions prevail (compare Fig. 5.12) and J0 becomes negative. By
contrast, the mentioned enhancement of the exchange interactions toward more
positive magnitudes at the following QLs is indicated by the culmination of the
TMFA

C ’s as a function of the QL position. It is manifested particularly in the case
of higher MnBi concentrations, where the estimated TMFA

C nearly reach the bulk
values. However, inside the Bi2Se3 slab, the TMFA

C is reduced in comparison to
the bulk one due to weaker exchange interactions. Concerning a Bi1.9Mn0.1Se3
system, the reduction is about 8 K. Concerning the Mni dopants (Fig. 7.20b),
the surface TMFA

C ’s are enhanced, and they are able to overcome the bulk val-
ues slightly. However, they are suppressed concerning the inner QLs. Regarding
the MnBi and Mni defects’ positions in the slab, the behavior of the TMFA

C as
a function of the Mn dopant atomic layer position nearly resemble each other.
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Figure 7.19: Magnetic Mni pair exchange interactions in thin layer systems as
a function of the Mni position in a doped Bi2Se3 slab. A system consists of 10
ES layer vacuum spacer and homogeneously doped Bi2Mn0.05Se3 slab of 20 QL.
Bi layers are numbered from the vacuum interface. Bulk results are depicted for
comparison. In-plane exchange interactions are depicted only.

Figure 7.20: MFA Curie temperatures as a function of the position of Mn dopants
in a Bi2Se3 slab. A system consists of 10 ES layer vacuum spacer and homoge-
neously doped 10 QLs. (a) Substitutional MnBi dopants. Bi sublattices within
a QL are resolved. (b) Interstitial Mni defects. Bulk results are depicted for
comparison.
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7.5 Planar defects – Twin planes
Having dealt with thin layers, one is able to take into account not only the
point defects as the introduced native and magnetic ones but also planar defects,
which naturally occur in experimental samples [171]. Namely, in this section, we
tackle behavior of TPs, which are one of the experimentally evidenced planar
defects [98, 99, 171] in Bi2Se3 multilayers. TPs stand for stacking faults, where
their occurrence resides in breaking the FCC-like stacking sequence of three alter-
nating stacking positions of hexagonal atomic layers. During the growth process,
two possible stacking positions arise, which can be occupied by a new atomic
layer. Thus, the mirroring of the stacking sequence could appear. It is based
on the 60-degree rotation of new build atomic layers with respect to the ideal
growth [99]. It gives rise to the inverse order of the stacking sequence with a TP
as an interface of two adjacent twin domains. Concerning studied chalcogenides,
TPs can be possibly located at several positions. However, it has been found that
the most probable TP position is located at chalcogenide sites nearby the vdW
gap [172], which stands for the form of TPs assume in this work. Also, TPs can
modify the physical properties of TIs [173]. Thus, in this section, we focus on
their segregation in the multilayer structure, while an interplay with point defects
is considered. Particularly, we concentrate on the magnetic defects.

Figure 7.21: Sketch of the simulated multilayer Bi2Se3 slab including twin planes.
Proportions of atoms are neglected. QL – quintuple layer, ES – empty sphere,
T 2

3 – twin plane between the second QL and the third QL.

Unlike the previous sections, we build a multilayer structure consisting of
a Bi2Se3 slab surrounded by vacuum spacers at both sides to avoid an artificial
influence of the substrate (Fig. 7.21). The vacuum spacers have the same thick-
ness of 10 ES layers, as in the previous sections. For brevity, the position of
a particular TP within a Bi2Se3 slab is described by the notation T x

x+1, where the
indices denote QLs adjoining the TPs. Actually, QLs are numbered from the top
surface, as in the previous case.
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7.5.1 Single TP in a pristine Bi2Se3 system
Initially, we examine behavior of a single TP in the Bi2Se3 structure with no
other defect. For simplicity, a not large slab of 10 QLs is employed. Since there
exist two position where TPs can be located (Fig. 7.21) – above or below the
vdW gap, we use TPs placed at QLs close to the top vacuum interface (lower QL
number). Varying the TP position, we obtain a monotonous dependence of the
TP relative formation energy ∆Eform (Fig. 7.22). We point out that the employed
TB-LMTO-ASA framework does not allow to evaluate the absolute TP formation
energy. Based on the vacuum spacer composed of ES layers (Figs. 7.1, 7.21), there
occurs an artificial coupling to the lead structure, which makes the calculated
absolute formation energies ET

form = ET
total − Etotal of extra TPs unreliable. The

T sign in the superscript denotes a structure including TPs. Consequently, we
consider only systems with the same type and same number of stacking faults,
where relative formation energies ∆Eform are used for comparison instead of the
absolute ones. The later TP formation energies were studied elsewhere, we refer
to Ref. [97, 172]. The relative TP formation energy is defined with a respect to
the default formation energy ET (z0)

form as follows

∆Eform(z) = E
T (z)
form − E

T (z0)
form

=
(︂
E

T (z)
total − Etotal

)︂
−
(︂
E

T (z0)
total − Etotal

)︂
(7.4)

= E
T (z)
total − E

T (z0)
total ,

where z describes the position of a TP. It ensures the cancellation of the artificial
energy contributions. Mostly, the ET (z0)

total is related to the structure bearing the
minimal total energy ET

total. Analogously, regarding multiple TPs, their relative
TP formation energy reads

∆Eform(zA, zA, . . . ) = E
(T A(zA)T B(zB)... )
total − E

(T A(zA
0 )T B(zB

0 )... )
total . (7.5)

Figure 7.22: Relative formation energy of a single TP as a function of its position
within the Bi2Se3 slab.
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Figure 7.23: Single TP induced charge transfer. (left axis) Charge transfer dis-
tribution. (right axis) Absolute charge transfer per QL.

The shape of the obtained relative formation energy’s dependence is asymmet-
ric relating to the simulated structure. It arises from the non-symmetric position
of TPs lying at the edge of QLs, which is incommensurable with the structure
composed of QLs. Let’s divide the Bi2Se3 structure into two twin domains com-
posed of entire QLs. It is not usual since one domain would contain the TP, but it
is more appropriate to simulated structure (Fig. 7.21). Having placed a TP in the
top domain, the obtained dependence (Fig. 7.22) favors increasing the thickness
of this domain at the expense of the bottom one. It indicates an interplay of the
TP with surface vacuum interfaces, which depends on the orientation of the TP
with respect to the particular interface. One can study the charge transfer ρt

caused by the occurrence of a TP (Fig. 7.23). Particularly, it modifies the charge
at TP adjacent Bi and ES atomic layers, where the charge flows from ES to Bi.
Concerning more distant atomic layers, there occur charge oscillations propagat-
ing out of the TPs. Calculating the absolute charge transfer per QL ∑︁QL |∆ρt|, it
can be shown that the more substantial charge modulation takes place at the top
domain, where the TP is localized. It suggests that its thickness maximization is
energetically favorable (Fig. 7.22).

7.5.2 Interaction between TPs

Having regarded the interface induced shape of the relative formation energy of
a single TP (Fig. 7.22), one can think about mutual interaction between multiple
TPs as the vacuum interface can be regarded as a sort of stacking fault. For
simplicity, one can assume an extra TP in the system and examine the relative
formation energy with respect to their mutual position. For instance, one can
fix the position of one TP and modified the distance of the other one. However,
concerning multiple TPs, one has to take into account their mutual orientations.
It means whether TPs lie on the same side of the vdW gap or not. According to
the Fig. 7.24, let’s denote the position above vdW gap α (lower QL number) and
the other below the vdW gap β (higher QL number). Initially, we focus on the
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Figure 7.24: Mutual twin plane orientation. (a) Same sides of the vdW gaps resp.
QLs. (b) Distinct sides of QLs.

simplest case, where all TPs are of the same type. Let’s choose the α-type, for
instance.

Concerning the simplest case of 2 TPs in the slab composed of 10 QLs, we
observe that the obtained relative formation energy dependencies with one fixed
TP position (Fig. 7.25) nearly resemble the dependence related to a single TP
in the system (Fig. 7.22). Having subtracted the later from the 2 TPs depen-
dencies, extra energetic contribution related to an interaction between adjacent
TPs occurs. However, it is evident that such a small Bi2Se3 slab is inappropriate
to study the inter TP interactions as interface proximity effects strongly influ-
enced the calculated dependencies (Fig. 7.25). To suppress the surface-related
effects, we employ a large slab composed of 20 QLs, where 3 TPs are introduced
(Fig. 7.26a). Only the position of the middle one is variable as the rest two bor-
der ones are fixed. Concerning this structure, the relative formation energy is
influenced principally by modification of the inter TP interactions. The larger
Bi2Se3 slab provides a flatter single TP relative formation energy dependence
(Fig. 7.26a). Furthermore, all the TPs are quite distant from vacuum interfaces
(T 4

5 , T x
x+1, and T 16

17 ; 5 ≤ x ≤ 15) and one can compare the interplay related
either to the top or bottom TP. Calculations reveal that TPs in a pure Bi2Se3
system clearly repel each other over a distance of 3 QLs at least (Fig. 7.26a). It
corresponds to experiments which show that the observed TPs are several 10 nm
apart [98, 99, 174]. According to the used lattice parameters [106], the thickness
of a QL is about 1 nm. However, one should notice that one confronts samples
grown by the molecular beam epitaxy, a method far from equilibrium conditions,
with ab-initio ground-state calculations.

7.5.3 Influence of chemical disorder
Having dealt with chemical defects, either magnetic or nonmagnetic in the pre-
vious parts, we focus on their impact on the inter TP interactions. Similar to
the preceding calculations, homogeneous doping is used. Initially, we examine
the influence of magnetic MnBi dopants (Fig. 7.26b) as the substitution position
of magnetic defects is preferential [95, 100, 113]. The presence of MnBi dopants
induces a significant modification of the relative formation energy curves. Unlike
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Figure 7.25: Relative formation energy of two TPs as a function of their position.
( ) Relative formation energy of two TPs. (⊗) Relative formation energy belong-
ing single TP. (□) Relative formation energy of two TPs with subtracted single
TP relative energy contribution. Relative formation energies of systems contain-
ing different numbers of TPs are related to distinct absolute energies. The Bi2Se3
slab consists of 10 QLs.

the pure Bi2Se3 system (Fig. 7.26a), TPs in presence of magnetic disorder tend
to be gathered here. Changing the magnetic MnBi defects to nonmagnetic SeBi

ones (Fig. 7.26c), the TP repulsion is slightly restored. It occurs only for the
adjacent TPs. One can notice that disorder suppresses inter TP interactions in
general. The observed changes of relative formation energies are about one or-
der of magnitude smaller. Besides, also the influence of the vacuum interfaces
on the single TP relative formation energy dependence is strongly diminished
(Fig. 7.26c). The dependence becomes almost flat in the intermediate region. It
indicates that the relevance of a TP as a perturbation is reduced in disordered
systems in comparison to the pure regular one (Fig. 7.26a). The observed dif-
ference in TPs’ behavior in presence of either magnetic or nonmagnetic defects
suggests that magnetism-related effects are important there. Nevertheless, the
influence of different chemistry originating from different doping cannot be ruled
out.

114



Figure 7.26: Relative formation energy of three TPs as a function of the middle
TP position. (a) No chemical disorder. (b) System with magnetic MnBi defects.
(c) System with SeBi antisites. (●) Relative formation energy of systems with
three TPs. (⊠) Relative formation energy related to the presence of a single
TP. (⃝) Three TP relative formation energy with the subtracted single TP de-
pendence. Particular relative formation energy curves are related to different
absolute energies. The Bi2Se3 slab consists of 20 QLs.

7.5.4 Dependence of the inter-TP interaction
on the dopant concentration

To reveal more details about the influence of magnetism, we examine the depen-
dence of the TP relative formation energy on the chemical defects’ concentration
(Fig. 7.27). According to the Eq. 7.4 and using fixed TP positions, the relative
formation energy in the case of varying composition can be defined as follows

∆Ẽform(x) = ET
form(x) − ET

form(0) (7.6)
=
[︂
ET

total(x) − Etotal(x)
]︂

−
[︂
ET

total(0) − Etotal(0)
]︂

=
[︂
ET

total(x) − ET
total(0)

]︂
− [Etotal(x) − Etotal(0)] ,

where the argument x denotes the dopant concentration. Regarding the last line
of the Eq. 7.6, the artificial energy contributions are still eliminated.
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We employ Bi2Se3 slabs of 20 QLs containing either two or three TPs in
presence of homogeneous either magnetic (MnBi or FeBi) or nonmagnetic (SeBi)
doping. It yields nearly linear concentration dependencies of the TP relative
formation energy. Concerning magnetic doping, they grow irrespective of the
used magnetic defects, which indicates suppressing the TP formation with an
increasing amount of magnetic defects. By contrast, the calculations reveal that
the increasing concentration of SeBi defects decreases TP formation energy. It
likely corresponds to the obtained TP relative formation energies as functions
of the TP distribution. It was mentioned that nonmagnetic disorder seems to
suppress the impact on the electronic structure induced by TPs’ presence. It
agrees with the observed reduction of the TP formation energy (Fig. 7.26c). On
the other hand, we suppose that the observed gathering of TPs (Fig. 7.26b) may
be in accordance with the decreasing preference of TPs in a Bi2Se3 slab with an
increasing amount of magnetic defects (Fig. 7.27). One might assume that the
gathering of TPs leads to the minimization of the perturbation’s influence on the
system. Interestingly, we find that the concentration dependence of TP formation
energy is almost proportional to the number of introduced TPs (Fig. 7.27: (+)
and (×) data points).

Figure 7.27: Dependence of the TP relative formation energy on the defect con-
centration. Bi2Se3 slabs of 20 QLs containing either two (T 7

8 , T 12
13 ) or three TPs

(T 4
5 , T 9

10, and T 16
17 ) are used. Magnetic and native defects are used. (+) and (×)

denote relative formation energy contributions per single TP.
(dotted lines) Linear fits.

To examine whether the TP formation energy is affected by the type of mag-
netic order, we attach calculations employing the DLM model representing a
paramagnetic state (Fig. 7.27: empty points). The so far used FM ordering of
magnetic dopants stands for a limit of a wholly ordered system, whereas the DLM
state is related to an absolute disorder. However, the calculations reveal hardly
any impact of magnetic ordering type on the evaluated concentration dependen-
cies. Nevertheless, one can notice that the slope of relation formation energy
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dependencies substantially differs for different magnetic dopants. Based on the
ab-initio calculations, the Fe atoms in the used Bi2Se3 slab possess about 0.8 µB
smaller magnitudes of magnetic moments than Mn counterparts. It suggests that
the TP formation energy might depend on the local exchange splitting.

Figure 7.28: Local MnBi magnetic doping in presence of a TP. (a) Relative MnBi

defects formation energy. (b) Relative change of the magnitude of MnBi magnetic
moments. Only a single Bi-layer is doped by 1 % of MnBi. MnBi

(1) defects occupy
Bi sites facing the top vacuum interface and vice versa. The Mn defect position
is denoted by the number of the appropriate QL.

7.5.5 Magnetic dopants
In order to better determine the interplay between TPs and magnetic defects, we
examine the influence of the TPs on the behavior of magnetic defects. Particu-
larly, we focus on the MnBi formation energy of MnBi defects and the magnitudes
of their magnetic moments (Fig. 7.28). We employ the larger Bi2Se3 slab of 20
QLs, where the magnetic doping is not homogeneous, but unlike previous sec-
tions, only a sole Bi-sublattice is doped by 1 % of MnBi defects. Regarding a
system with no TP, dependencies of the defects formation energy (Fig. 7.28a)
and their magnitudes of magnetic moments (Fig. 7.28b) as functions of the Bi-
sublattice position are near symmetric with respect to the layered structure of the
slab. We point out that the positions of the Bi-sites are asymmetric concerning
the center of the slab. Introducing a TP, modifications of the defects’ formation
energy and their magnitudes of magnetic moments occur. They are of the order
of the finite slab size effects. According to the selected twin domain, there appear
either more or less favorable sites for MnBi defects compared to the initial state
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with no TP. One can notice a correspondence between the change of the defect
formation energy and the observed modification of the Mn spin splitting as the
relatively enhanced magnitudes of magnetic moments are related to effectively
increased defect formation energies and vice versa.

Let’s introduce multiple TPs in the Bi2Se3 structure and evaluate their influ-
ence on the magnetic atoms’ spin splitting in the homogeneously MnBi doped slab
with respect to the TP distribution (Fig. 7.29a). We find that the absolute mod-
ification of the magnitudes of MnBi moments increases with the TP segregation
(Figs. 7.29b,c). It suggests that the influence of TPs on the electronic structure
is reduced for close TPs here. It might explain the tendency towards gathering
of TPs in the case of magnetically doped systems.

Figure 7.29: Influence of multiple TPs on MnBi magnetic moments’ magnitudes.
Homogeneously doped Bi1.98Mn0.02Se3 slab is used. (a) Distribution of magni-
tudes of magnetic moments within the slab with respect to TP positions. (b) Ab-
solute change of the magnetic moments’ magnitudes with respect to the mean
value µmn. (c) Sums of the absolute magnetic moment changes as a function of
the middle TP position.
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7.5.6 Mixed TP orientation
So far, we have discussed TPs with the same orientation only. To examine the
influence of non-identical TPs on the observed behavior, we recalculate the previ-
ously obtained relative formation energy of three TPs (Fig. 7.26) considering the
inverted orientation of a single particular TP. Namely the foregoing identical three
TPs of the α-type are replace by the following sets of TPs with mixed TP orien-
tations: {ααβ, αβα, βαα}. Due to the mentioned artificial effects (Sec. 7.5.1), it
is not possible to compare the formation energy of different types of TPs. There-
fore, the comparison of the TP formation energies obtained for TPs of identical
type with those containing a β-type TP is unfeasible. Nevertheless, one is able to
mutually compare the formation energies in systems containing a single inverted
TP.

Initially, let’s consider the undoped Bi2Se3 system. Calculations reveal that
the TP formation energy is strongly influenced by the TP-type order in the simu-
lated structure (Fig. 7.30a). Based on the result, where structures including three
TPs are employed, it appears that the local (βα) order of TP types is related to
the lower formation energy then the (αβ) one, and thus is more favorable. The
types of TPs are ordered by means of the increasing QL index, which is numbered
from the top vacuum interface. According to the Fig. 7.31, both TPs are located
in the intermediate twin domain, in the case of the later (βα) order. Whereas,
concerning the former one, TPs occurs at the outer domains. One can notice
that structures containing no (αβ) TP sequence, the βαα TP order, possess the
lowest formation energy. Namely, the different formation energies of the (αβ)
and (βα) sequence are illustrated at the furthest points of the calculated depen-
dencies, where adjacent TPs are introduced. The order of the α and β TPs is
swapped there, and the (αβ) sequence is interchange for the (βα) (Fig. 7.31). It
is evident that the lower formation energy belongs to the local (βα) sequence for
both cases (Fig. 7.30a). Generally, the type of TP sequence is determinate by
the number of intermediate vdW gaps. Comparing to the (αα) TP sequence, the
(αβ) one possesses an extra intermediate vdW gap, however the more favorable
(βα) sequence misses one (Fig. 7.31).

Concerning TP orders with inverted border TP orientations – ααβ resp. βαα,
the obtained dependencies of the formation energy as functions of the middle TP
position nearly resemble the original energy curve belonging to the identical TPs
(Fig. 7.30a). Particularly the shape of the dependence related to the βαα TP
order is almost the same. Regarding the ααβ order, a higher slope of the forma-
tion energy dependence might stem from the occurrence of the (αβ) TP segment,
which elongates as the middle TP approaches towards the top surface. The for-
mation energy dependence related to the αβα TP order bears more complicated
behavior, which qualitatively differs from the preceding ones. Unlike the other
dependencies, there occurs a noticeable local maximum for the middle β-type
TP near the center of the slab. One might assume that it arises from a complex
interplay given by the presence of the opposite αβ and βα segments at the same
time.

Thanks to the symmetry of the used Bi2Se3 slab and its vacuum interfaces
(Fig. 7.21), we find that the ααβ TP order is equivalent to the αββ one due
to the side inversion of the slab. Similarly, the βαα order is equivalent the
ββα one. Regarding the later equivalence and the calculated formation energy

119



Figure 7.30: Influence of the mutual TP orientation on the relative formation
energy. Relative formation energy of three TPs as a function of the position of
the middle TP is depicted, different mutual orientations of the TPs are employed.
(a) Pure Bi2Se3 structure. (b) Magnetically doped structure. (c) Change of the
TP formation energy caused by magnetic doping with respect to the undoped case
analogously to the Fig. 7.27. The relative formation energy curve of identical TPs
serves only as a shape reference in panels (a), (b).

dependencies, it seems that the close alternation of TP types represented by the
αβα TP order is energetically unfavorable. Thus, considering all the calculated
formation energy dependencies (Figs. 7.26a, 7.30a), one can assume that the TP
distribution is hardly affected by TP orientations for pure Bi2Se3 systems.

Since the magnetically doped systems have been thoroughly discussed (Secs.
7.3.1 and 7.4), we examine the interplay of the mutual TP orientation and MnBi

defects likewise. Similar to the identical TPs, magnetic doping strongly modi-
fies the formation energy curves (Fig. 7.30b). However, not only is their shape
changed in comparison to the pure Bi2Se3 system, but also the preference of the
order of TP types is rearranged. The calculated formation energy dependencies
reveal that the magnetic doping still induces the gathering of TPs as local min-
ima of the formation energy for close TPs occur (Fig. 7.30b). Regarding the
βαα and ααβ TP orders, the shape of the formation energy curves approaches
that one of the identical TPs except for the part related to close TPs of differ-
ent types. It indicates an interplay of the type of TP sequence and magnetic
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Figure 7.31: Interchange of TP orientation in the case of gathered TPs.

defects. Unlike the pure Bi2Se3, it appears that the (αβ) is more favorable than
the (βα) one. However, the interplay between magnetic doping and TP type
variation is rather complex. The TP formation energies are not clearly separated
concerning different TP orders. They mostly overlap. Nevertheless, an increasing
amount of magnetic dopants still suppress the TP formation except for special
cases (Fig. 7.30c). The actual dependence is influenced by the TP orientations
and TP distribution. We can conclude that the types of TPs concerning their
orientations hardly qualitatively modify the TP behavior. Regarding either mag-
netically doped or pure Bi2Se3 system, the distribution related to identical TPs
seems to be maintained. Similarly, an increase of the TP formation energy in-
duced by magnetic defect does not disappear.
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7.6 Results summary
Thin layer Bi2Se3 systems in presence of chemical and structural disorder have
been studied in this chapter. We have focused on differences in the electronic
structure between bulk and thin layer structures and examines the chemical
doping influence on the surface Dirac states. Surface-induced modifications of
magnetic pair exchange interactions have been discussed. Finally, motivated by
layered structure and experimental data, behavior of twin planes, a sort of planar
defects have been studied. Based on the obtained results, we can mention the
main conclusions.

• Reliability of the Bi2Se3 surface states’ description in the framework of
the layer TB-LMTO-ASA method has been shown by comparison to the
experimental data. Formation of the Dirac surface states in dependence on
the thicknesses of Bi2Se3 slab and vacuum spacer has been discussed.

• Both magnetic as well as nonmagnetic impurity states are not strongly
influenced by surface-induced effects. Mostly they nearly resemble the bulk
counterparts. Furthermore, the employed chemical disorder induces in the
surface layer modifications of the band gap similar to the bulk one. However,
differences between the surface and bulk electronic structure naturally exist.
It is reflected by small detected variations of the magnitudes of magnetic
moments of magnetic dopants.

• Nonmagnetic defects, similar to the magnetic one, influence dispersion of
the surface Dirac states. Defects as VacSe or SeBi, which substantially mod-
ify the electronic structure concerning the band gap, are able to suppress
the Dirac states strongly. Regarding magnetic defects, particularly signif-
icant destruction of the Dirac surface states by the interstitial Mni defect
even for tiny concentrations has been shown.

• According to the electronic structure, the magnetic exchange interactions
substantially change with the increasing atomic layer’s depth. Having im-
plemented calculation of the exchange interactions within the layered for-
malism, it has been revealed that the magnitudes of magnetic exchange
interactions substantially vary in the top QLs, although the character of
the exchange interactions is hardly modified. Regarding the substitutional
MnBi defects, a substantial reduction of the related MFA Curie tempera-
tures at surface atomic layers has been found. Despite small oscillation,
their magnitudes converge in a distance of 4 − 5 QLs near the bulk Curie
temperatures.

• Regarding undoped Bi2Se3 systems, the observed TP segregation over a dis-
tance of 3 − 4 QLs has been found, which corresponds to the experimental
results. The distribution of the twin planes in Bi2Se3 structure seems to
be strongly influenced by the magnetic disorder. It has been found that an
increasing amount of magnetic MnBi defects suppress TP formation, where
a tendency towards TPs gathering has been observed. It likely indicates
their annihilation. A thorough study has revealed an interplay between
TPs’ presence and modification of spin splitting of magnetic atoms. On the
other hand, nonmagnetic disorder seems to make TPs more favorable.
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Conclusions
The thesis covers the disorder’s influence on the physical properties of well-known
3D TI Bi2Se3 employing the first-principle TB-LMTO-ASA calculations. A great
emphasis is put on magnetic defects and related magnetic interactions. We pro-
ceed from the bulk compound and the impact of magnetic or native nonmagnetic
defects’ presence. Their influence on the Bi2Se3 electronic structure, particularly
the character of the band gap is discussed. Distinct magnetic behavior of the sub-
stitutional and interstitial Mn dopants is studied in detail. Besides, the impact
of native defects on the magnetism is demonstrated. A thorough study of Mn
magnetic pair exchange interactions is performed to estimate magnetic ordering
temperatures of magnetic dopants. Having discussed disorder in bulk, we focus
on thin layer Bi2Se3 systems where surface metallic Dirac states, as a character-
istic feature, can be observed. A simultaneous influence of the final Bi2Se3 slab
size and chemical disorder on the electronic structure is examined. Notably, we
concentrate on the impact on the surface Dirac states. The magnetic behavior of
Mn defects in the bulk and thin layer systems is compared, focusing on the char-
acter of the exchange interactions and related magnetic ordering temperatures.
Finally, motivated by the layered structure, the behavior of twin planes, a sort of
planar defect, is inspected. We can introduce the following conclusions.

Regarding bulk Bi2Se3 systems, the chemical disorder is able to substantially
modify electronic structure, namely, concerning the character of the band gap
width. Particularly, it is shown there that closing of the band gap in either
single or both spin channels can occur in presence of magnetic Mni defects resp.
the native VacSe ones, which likely brings about a weak conductivity. Besides,
considering substitutional MnBi defects, the significance of the local relaxation is
shown. It strongly affects the electronic structure and related magnetic behavior.

A thorough study of the Mn magnetic exchange interactions is provided. We
discuss their dependence on the concentrations of both magnetic and native de-
fects. Notably, a substantial strengthening of FM magnetic pair exchange inter-
actions with the increasing concentration of Mn defects, as well as their strong
dependence on co-doping, are observed for studied range of concentrations. In-
terestingly, enhancement of MnBi FM interactions through BiSe atoms is found.
It corresponds to the evaluated dependence of the magnetic exchange interac-
tions’ strength on the Fermi level shift. It predicts the enhancement in the case
of p-doping, namely for the Fermi level shift exceeding -10 mRy. Besides, it re-
veals a significant contribution of conduction electrons and related RKKY-type
interactions. The evaluated Curie temperatures reflect the behavior of exchange
interactions. They almost linearly rise with increasing concentration of MnBi

magnetic defects. However, most of the studied co-dopants suppress their mag-
nitudes, including also less favorable Mni dopants. It might explain the weak
dependence of experimentally observed ordering temperatures on the Mn dopant
concentration.
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Then, employing thin layer Bi2Se3 systems, the influence of the vacuum in-
terface is inspected in the framework of the layered TB-LMTO-ASA calculation.
Modifications of the electronic structure in presence of disorder are evaluated,
where particularly the impact on the surface Dirac states is examined. In the
presence of a vacuum interface, the character of impurity states and their influ-
ence on the electronic structure is nearly preserved. It is shown that not only the
magnetic Mn defects open surface gap, where Mn concentration dependence is
discussed, but also a modification of the surface Dirac states’ dispersion by native
defects is described. In order to compare magnetic behavior in thin layer struc-
tures, the magnetic exchange interactions’ calculation has been implemented in
the layered framework. It reveals surface proximity induced modulation of mag-
nitudes of exchange interactions in a few upper QLs, expressed mainly by the
observed substantial reduction of Curie temperatures at the top QLs. In addi-
tion to chemical defects, structure defects in the thin layer Bi2Se3 systems are
studied. Namely, we focus on the twin planes, a sort of planar defects. Their
distribution in Bi2Se3 slabs and their interplay with chemical doping is discussed,
where their mutual position is taken into account. It is found that TPs in the pure
Bi2Se3 system are more than 3 QLs apart. However, TP segregation is strongly
influenced by magnetic defects. Employed MnBi defects induce gathering of TPs
in the structure. It corresponds to the observed suppressed formation of TPs
in presence of magnetic defects. It might reflect minimization of the electron
structure modifications as TPs seems to influence the spin splitting of magnetic
defects. By contrast, nonmagnetic SeBi defects suppress inter-TP interaction and
make TPs more favorable.
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ther Springholz, and Václav Holý. Structure and composition of bismuth
telluride topological insulators grown by molecular beam epitaxy. Journal
of Applied Crystallography, 47(6):1889–1900, Dec 2014.

[92] Y. S. Hor, A. Richardella, P. Roushan, Y. Xia, J. G. Checkelsky, A. Yazdani,
M. Z. Hasan, N. P. Ong, and R. J. Cava. p-type Bi2Se3 for topological
insulator and low-temperature thermoelectric applications. Phys. Rev. B,
79:195208, May 2009.

[93] D. O. Scanlon, P. D. C. King, R. P. Singh, A. de la Torre, S. McKeown
Walker, G. Balakrishnan, F. Baumberger, and C. R. A. Catlow. Controlling
bulk conductivity in topological insulators: Key role of anti-site defects.
Advanced Materials, 24(16):2154–2158, 2012.

[94] Agnieszka Wolos, Aneta Drabinska, Jolanta Borysiuk, Kamil Sobczak,
Maria Kaminska, Andrzej Hruban, Stanislawa G. Strzelecka, Andrzej Ma-
terna, Miroslaw Piersa, Magdalena Romaniec, and Ryszard Diduszko. High-
spin configuration of Mn in Bi2Se3 three-dimensional topological insulator.
Journal of Magnetism and Magnetic Materials, 419:301 – 308, 2016.

[95] Jian-Min Zhang, Wenmei Ming, Zhigao Huang, Gui-Bin Liu, Xufeng Kou,
Yabin Fan, Kang L. Wang, and Yugui Yao. Stability, electronic, and mag-
netic properties of the magnetically doped topological insulators Bi2Se3,
Bi2Te3, and Sb2Te3. Phys. Rev. B, 88:235131, Dec 2013.

[96] F.-T. Huang, M.-W. Chu, H. H. Kung, W. L. Lee, R. Sankar, S.-C. Liou,
K. K. Wu, Y. K. Kuo, and F. C. Chou. Nonstoichiometric doping and Bi
antisite defect in single crystal Bi2Se3. Phys. Rev. B, 86:081104, Aug 2012.

[97] D. L. Medlin and N. Y. C. Yang. Interfacial Step Structure at a (0001)
Basal Twin in Bi2Te3. Journal of Electronic Materials, 41(6):1456–1464,
Jun 2012.

[98] Y.F. Lee, S. Punugupati, F. Wu, Z. Jin, J. Narayan, and J. Schwartz.
Evidence for topological surface states in epitaxial Bi2Se3 thin film grown by
pulsed laser deposition through magneto-transport measurements. Current
Opinion in Solid State and Materials Science, 18(5):279 – 285, 2014.

[99] Dominik Kriegner, Petr Harcuba, Jozef Veselý, Andreas Lesnik, Guenther
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Lounis. Ab initio investigation of impurity-induced in-gap states in Bi2Te3
and Bi2Se3. Phys. Rev. B, 98:035119, Jul 2018.

[143] J. Sánchez Barriga, A. Varykhalov, G. Springholz, H. Steiner, R. Kirch-
schlager, G. Bauer, O. Caha, E. Schierle, E. Weschke, A. A. Ünal, S. Valen-
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