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Abstract: Survival analysis often includes dealing with data that are censored.
This thesis focuses on censoring in the form of current status data. We discuss
several methods of regression analysis of current status data and focus mainly
on a method that assumes that the time to event follows the additive hazards
model. Under the assumption of proportional hazards for the monitoring time,
this method does not require knowing the baseline hazard function and allows
us to use the theory and software which were developed for Cox model. We also
present a modification of this method, a two-step estimator, and show that it is
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Introduction
The aim of survival analysis is to analyze time-to-event data. Time to event
is a random variable measuring the time until an event happens, this can be
for example occurence of a disease in a medical study. The data are very often
censored — we are prevented from observing the exact time to event in some/all
of the observations. In the case of a medical study, the subject may leave the
study before the event occurs — this is an example of right-censoring. In this
thesis, we are focusing on censoring in the form of current status data. In this
type of data, we only observe the subject once at so-called monitoring time and
see whether the event has occured before the monitoring time or not. We will be
interested in estimating the effect of covariates on time to event from such data.

One of the most popular models for performing regression on time-to-event
data is the Cox model, which is used on right-censored data. Its advantage
is that one is able to estimate the effect of (possibly time-varying) covariates
without having to estimate the distribution of the time to event itself. Many
authors have introduced methods of performing regression analysis on current
status data and some of them (Finkelstein [1986], Diamond and McDonald [1991],
Huang [1996]) are based on the Cox proportional hazards model. However, these
methods require estimation of the distribution of time to event to be able to
proceed to estimation of the effect of covariates and these covariates can only
be constant. The main topic of this thesis is the method proposed by Lin et al.
[1998], which performs regression on current status data using an additive hazards
model for time to event and proportional hazards model for monitoring time.
The application of this method is surprisingly simple and does not require any
estimation of the distribution of time to event.

In the first chapter of the thesis, we introduce the basics of survival analysis
and also sum up the most important results of martingale theory that are used
in regression models. The second chapter describes the theory regarding the Cox
proportional hazards model and the additive hazards model in the case of right-
censored data. In the third chapter, we discuss regression analysis on current
status data, focusing deeply on the method proposed by Lin et al. [1998]. We
study their method thoroughly and supplement it with details and proofs that
were not contained in the article. The fourth chapter presents a simulation study,
in which we use the method by Lin et al. [1998] for different kinds of data.
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1. Theoretical foundations for
survival analysis

1.1 Time to event and censoring
Time-to-event data arise when we await an event that should occur with (some
of) the subjects. We determine the beginning or, in other words, time zero (this
can be for example start of the study, which is common for all the subjects, or
the date of birth of individuals, which differs among subjects) and define T ≥ 0
as the time from the beginning to the event. Examples of such events are heart
attack of a person, death of a person caused by a certain disease, explosion of
a lightbulb or breakdown of a machine. Based on the character of the event or
the scientific field, T can be called time to event, survival time or failure time.
We will now summarize basic definitions and results from analysis of such data
(survival analysis), which will be used later in the thesis. To keep the summary
brief, we will only restrict ourselves to continuous T .

Definition 1. Let T be a continuous and non-negative random variable. Denote
by f its density and by F its cumulative distribution function. We define the
survival function as

S(t) = 1 − F (t) = P(T > t),
the hazard function as

λ(t) = lim
h↘0

1
h

P(t ≤ T < t + h|T ≥ t)

and the cumulative hazard function as

Λ(t) =
∫︂ t

0
λ(s)ds

for t ≥ 0.

The following lemma describes useful relationships between these functions.

Lemma 1. Let T be a continuous and non-negative random variable and let f ,
F , S, λ and Λ be functions defined as in Definition 1. Then

λ(t) = f(t)
S(t−) = f(t)

S(t)

and
S(t) = e−Λ(t)

for t ≥ 0.

We will now extend the topic with the possibility of censoring. A subject is
censored if we are prevented from observing the time of the failure. We will (in
the first two chapters) focus on right-censoring. A subject is right-censored if we
observe it from the beginning and it leaves the study before the time to event T .
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Examples of this are the subject’s own decision to leave the study, the subject’s
death (by a different cause than the one defining the failure, if the failure is death)
or end of the study itself (e.g. if the study is designed to last 5 years). Let us
denote by C ≥ 0 the time of censoring. Instead of observing the time of failure T
of every subject, we observe random variables X = min(T, C) and δ = I(T ≤ C).
To be able to derive any useful properties of the distribution of failure time, we
need to assume some form of independence between T and C.

Definition 2. Let T and C be the failure time and censoring time defined above.
We will say that the independent censoring condition holds if

lim
h↘0

1
h

P(t ≤ T < t + h|T ≥ t) = lim
h↘0

1
h

P(t ≤ T < t + h|T ≥ t, C ≥ t).

In other words, the independent censoring condition requires that the hazard
of failure at time t does not depend on whether the subject has already been
censored or not. The independent censoring condition holds automatically if the
failure and censoring times are stochastically independent.

1.2 Counting processes and martingale theory
in survival analysis

We will now start looking at failure time and its observing in terms of stochastic
processes. Define the processes

{N(t), t ≥ 0}, where N(t) = I(X ≤ t, δ = 1) = I(T ≤ t, δ = 1),
and

{Y (t), t ≥ 0}, where Y (t) = I(X ≥ t).

The process N(t) starts at value 0 and remains equal to 0 for the whole time
t ≥ 0 if the subject is censored, or jumps to 1 at a certain time t if and only if the
failure occurs at t and we manage to observe it. The process Y (t) starts at value
1 and jumps to 0 after the first of the events (failure or censoring) occurs. As long
as Y (t) is still equal to 1, we say that the subject is at risk. These two processes
carry the same information as the pair of observations (X, δ). We assume to be
working on a probability space (Ω, F , P) throughout the whole thesis. Let us
define a filtration of this probability space,

Ft = σ{N(s), Y (s+), 0 ≤ s ≤ t} for all t ≥ 0.

For a fixed t, the σ-algebra Ft carries all information about the subject up to
time t. Also, N(t) is a counting process with respect to the filtration Ft. Applying
the Doob-Meyer decomposition gives us the following lemma.

Lemma 2. The process
∫︁ t

0 Y (s) dΛ(s) is a right-continuous Ft-predictable process.
The process

M(t) = N(t) −
∫︂ t

0
Y (s) dΛ(s)

is an Ft-martingale if and only if the independent censoring condition (Definition
2) holds.
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Denote by ⟨M1, M2⟩(t) the predictable covariation process of any martingales
M1, M2 and by ⟨M1, M1⟩(t) = ⟨M1⟩(t) the predictable variation process of any
martingale M1. Let us remind that we have restricted ourselves to continuous T .
Then

⟨M, M⟩(t) =
∫︂ t

0
Y (s) dΛ(s),

where the martingale M is the one from Lemma 2. Also, if M1(0) = M2(0) = 0 a.s.
(which in our case holds), then var M1(t) = E ⟨M1⟩(t) and cov(M1(t), M2(t)) =
E ⟨M1, M2⟩(t).

Because we will be dealing a lot with martingale integrals, we are now intro-
ducing their properties in the following lemma.
Lemma 3. Let M1(t), M2(t) be Ft-martingales as in Lemma 2. Let H1, H2 be
bounded Ft-predictable processes. Then

Lj(t) =
∫︂ t

0
Hj(s) dMj(s)

is an Ft-martingale, j = 1, 2. Also, there exists a predictable covariation process
⟨L1, L2⟩ and it holds that

⟨L1, L2⟩(t) =
∫︂ t

0
H1H2 d⟨M1, M2⟩(s).

The last and crucial part of martingale theory that we will use later is the Central
limit theorem for sums of martingale integrals. First, we are specifying the forms
and properties of random processes used in this theorem.
Definition 3. Let Ni(t), i = 1, ..., n be counting processes adapted to a filtra-
tion {Ft}t≥0. Then {N1(t), ..., Nn(t)} is called a multivariate counting process if
P(∆Ni(t) = 1, ∆Nj(t) = 1) = 0 for all i ̸= j, i, j ∈ {1, ..., n} and all t ≥ 0.

Let {N
(n)
i : i = 1, ..., n} be a multivariate counting process with respect to the

stochastic basis (Ω, F , {Ft}t≥0, P).
Let the compensators A

(n)
i for N

(n)
i (i.e. M

(n)
i = N

(n)
i − A

(n)
i are Ft-martingales)

be continuous.
Let H

(n)
ki , k = 1, ..., p, i = 1, ..., n, be bounded Ft-predictable processes on an

interval ⟨0, τ⟩.
Denote

U
(n)
ki (t) =

∫︂ t

0
H

(n)
ki (s)dM

(n)
i (s) and U

(n)
k (t) =

n∑︂
i=1

U
(n)
ki (t).

Denote for any ε > 0

U
(n)
ki,ε(t) =

∫︂ t

0
H

(n)
ki (s) I(|H(n)

ki (s)| > ε)dM
(n)
i (s) and U

(n)
k,ε (t) =

n∑︂
i=1

U
(n)
ki,ε(t).

Then U
(n)
ki (t), U

(n)
k (t), U

(n)
ki,ε(t) and U

(n)
k,ε (t) are square integrable Ft-martingales and

⟨U (n)
k , U

(n)
l ⟩(t) =

n∑︂
i=1

∫︂ t

0
H

(n)
ki (s)H(n)

li (s)dA
(n)
i (s)

and

⟨U (n)
k,ε , U

(n)
l,ε ⟩(t) =

n∑︂
i=1

∫︂ t

0
H

(n)
ki (s)H(n)

li (s) I(|H(n)
ki (s)| > ε) I(|H(n)

li (s)| > ε)dA
(n)
i (s).
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Theorem 4. Let for all t ∈ ⟨0, τ⟩ and for all k, l = 1, ..., p

⟨U (n)
k , U

(n)
l ⟩(t) P−→ ckl(t) < ∞

as n −→ ∞, where ckl(t) are continuous functions. Let for all ε > 0 and all
k = 1, ..., p

⟨U (n)
k,ε , U

(n)
k,ε ⟩(t) P−→ 0

as n −→ ∞. Then

(U (n)
1 , U

(n)
2 , ..., U (n)

p ) =⇒ (W1, ..., Wp) on Dp⟨0, τ⟩,

where =⇒ denotes weak convergence, W1, ..., Wp are (dependent) zero-mean
Gaussian processes with independent increments, a.s. continuous sample paths
and covariance function cov(Wk(s), Wl(t)) = ckl(s) for all k, l = 1, ..., p and
0 ≤ s ≤ t ≤ τ . D⟨0, τ⟩ stands for the space of functions on ⟨0, τ⟩ which are
right-continuous with finite left-hand limits.
As a consequence, the random vector (U (n)

1 (t), U
(n)
2 (t), ..., U (n)

p (t)) evaluated at a
fixed t ∈ ⟨0, τ⟩ converges in distribution to a p-dimensional normal random vector
with zero mean and covariance matrix with elements ckl(t), k, l = 1, ..., p.

8



2. Regression on time-to-event
data
Consider again a non-negative, continous random variable T (failure time, time
to event) and a non-negative random variable C (censoring time). This time, we
will suppose that both T and C can be affected by a p-variate vector of random
processes {Z(t), t ≥ 0} — a time-varying vector of covariates. We require the fol-
lowing condition (independent censoring condition in the presence of covariates)
to hold:

λ(t|Z) = lim
h↘0

P(t ≤ T < t + h|T ≥ t, Z(t))
h

= lim
h↘0

P(t ≤ T < t + h|T ≥ t, C ≥ t, Z(t))
h

,

(2.1)

where λ(t|Z) is the conditional hazard function of T (the first equality is its defi-
nition). What we actually observe, are n individuals (subjects) with their values
of covariates from a starting time t = 0 until either failure or censoring hap-
pens. Let us denote the independent and identically distributed observations as
(Xi, δi, Zi), i = 1, ..., n, where Xi = min(Ti, Ci) is the time of failure or censoring
(whichever happens first) and δi = I(Ti ≤ Ci) indicates whether we have observed
the failure time or not. All the information given to us by Xi and δi can be also
described by two processes {Ni(t), t ≥ 0} and {Yi(t), t ≥ 0}, as was mentioned in
section 1.2.

Analyses of such data often aim to estimate the effect of covariates {Z(t), t ≥
0} on the failure time T . There are many regression models that are based
on dividing the conditional hazard function λ(t|Z) into a function of Z and a
function which does not depend on Z. In this chapter, we are going to describe
two such models — the well-known Cox model (proportional hazards model) and
the additive hazards model.

2.1 Cox proportional hazards model
We will now, based on Fleming and Harrington [1991], describe the basis of
the Cox proportional hazards model for right-censored data and summarize the
assumptions and asymptotic properties of its estimation via partial likelihood.
The classical Cox proportional hazards model specifies the hazard function as

λ(t|Z) = λ0(t)eβ⊤
0 Z(t),

where λ0(t) is some unknown hazard function that does not depend on Z. While
the relationship between T and Z is defined using a p-variate vector of parameters
β0, the function λ0(t), called the baseline hazard, is not further specified. In other
words, we are dealing with a semiparametric model.

The estimation of β0 starts with the partial likelihood function

L(β) =
n∏︂

i=1

∏︂
s>0

[︄
eβ⊤Zi(s)∑︁n

j=1 Yj(s)eβ⊤Zj(s)

]︄∆Ni(s)

.
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It is called partial likelihood because the model is not parametric and the likeli-
hood is not a standard product of density computed at different values. Define

S(k)
n (β, s) = 1

n

n∑︂
i=1

Yi(s)eβ⊤Zi(s) Z⊗k
i (s) for k = 0, 1, 2,

where for a vector x, x⊗k equals 1 for k = 0, x for k = 1 and xx⊤ for k = 2.
We can notice that we get S(1)

n (β, s) (resp. S(2)
n (β, s)) by differentiating S(0)

n (β, s)
with respect to β once (resp. twice). After taking the logarithm of the partial
likelihood, we obtain

ln(β) =
n∑︂

i=1

∫︂ ∞

0

[︂
β⊤Zi(s) − log nS(0)

n (β, s)
]︂
dNi(s).

After differentiating this with respect to β we obtain the score statistic

Un(β) =
n∑︂

i=1

∫︂ ∞

0

[︄
Zi(s) − S(1)

n (β, s)
S

(0)
n (β, s)

]︄
dNi(s) (2.2)

and (after multiplying by − 1
n

and differentiating it with respect to β one more
time) the observed information matrix

In(β) = 1
n

n∑︂
i=1

∫︂ ∞

0

⎡⎣S(2)
n (β, s)

S
(0)
n (β, s)

−
(︄

S(1)
n (β, s)

S
(0)
n (β, s)

)︄⊗2⎤⎦ dNi(s).

Let us also define statistics Un(β, t) and In(β, t) for t ≥ 0 as modifications of
Un(β) and In(β) where we take the integral from 0 to t (instead of 0 to ∞). Then
Un(β) = Un(β, ∞) and In(β) = In(β, ∞). Before summarizing the theory, we will
list the regularity conditions that are used for its derivation. When using a norm,
we mean the maximum norm where for a p-variate x, ∥x∥ = max(|x1| , ..., |xp|).

(C.1) The data are observed on an interval ⟨0, τ⟩ (i.e. Xi ∈ ⟨0, τ⟩ a.s., i =
1, ..., n) where τ > 0 is fixed,

∫︁ τ
0 λ0(t)dt < ∞ and there exists an ε > 0 such that

P(Yi(t) = 1) > ε for all t ∈ ⟨0, τ⟩ and all i = 1, ..., n.

(C.2) All components of the covariate process Zi(t) are bounded by a constant
on the interval ⟨0, τ⟩, i.e. there exists M > 0 such that ∥Zi(t)∥ < M a.s. for all
t ∈ ⟨0, τ⟩, i = 1, ..., n. This condition is not necessary, but it simplifies the proofs.

(C.3) There exists a neighbourhood B of β0 and functions s(0), s(1), s(2) defined
on B × ⟨0, τ⟩ such that

sup
t∈⟨0,τ⟩,β∈B

∥S(j)
n (β, t) − s(j)(β, t)∥ P−→ 0

as n → ∞, for j = 0, 1, 2.

(C.4) It holds for all β ∈ B and t ∈ ⟨0, τ⟩ that

∂s(0)(β, t)
∂β

= s(1)(β, t) and ∂s(1)(β, t)
∂β

= s(2)(β, t).
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(C.5) The functions s(j) are bounded and s(0) is bounded away from 0 on
B × ⟨0, τ⟩. For j = 0, 1, 2, the family of functions {s(j)(·, t), t ∈ ⟨0, τ⟩} is equicon-
tinuous at β0.

(C.6) Define e(β, t) = s(1)(β,t)
s(0)(β,t) . The matrix

I(β0, τ) =
∫︂ τ

0

[︄
s(2)(β, t)
s(0)(β, t) − e(β, t)⊗2

]︄
s(0)(β0, t)λ0(t)dt

is positive definite.
Conditions (C.3) to (C.5) are automatically fulfilled if the observations are in-
dependent and identically distributed and all components of the covariate have
bounded support. Notice that Un(β, ∞) = Un(β, τ) a.s. and In(β, ∞) = In(β, τ)
a.s. due to (C.1). We will now summarize the most important theoretical re-
sults. Consider Ft = σ{Ni(s), Yi(s+), Zi(s), 0 ≤ s ≤ t, i = 1, ..., n}, a filtration
of the probability space (Ω, F , P), and assume that Zi(t) is Ft-predictable for all
t ≥ 0, i = 1, ..., n.

Theorem 5. Consider process

Mi(t) = Ni(t) −
∫︂ t

0
Yi(s)eβ⊤

0 Zi(s)λ0(s)ds.

Assume that the independent censoring condition (2.1) holds. Then {Mi(t), t ≥ 0}
is an Ft-martingale. Furthermore, at the true parameter β0 and for all t ≥ 0

Un(β0, t) =
n∑︂

i=1

∫︂ t

0

[︄
Zi(s) − S(1)

n (β, s)
S

(0)
n (β, s)

]︄
dMi(s).

Thus, Un(β0, t) is an Ft-martingale.

The asymptotic results, mostly based on martingale theory (section 1.2), are
summed up in the following theorems.

Theorem 6. Let the conditions (C.1) to (C.6) hold. Then the process 1√
n
Un(β0, t)

converges weakly on Dp⟨0, τ⟩ to a p-variate zero-mean Gaussian process with
continuous sample paths, independent increments and variance function I(β0, t).
Thus,

1√
n

Un(β0, τ) D−→ Np

(︂
0, I(β0, τ)

)︂
.

Let β̂ be any consistent estimator of β0. Then

sup
t∈⟨0,τ⟩

∥In(β̂, t) − I(β0, t)∥ P−→ 0.

Now denote by β̂ the partial likelihood estimator of β0, i.e. Un(β̂) = 0. The
matrix In(β, t) is positive semidefinite and if we assume that it is non-singular,
then the unique β̂ that maximizes the partial loglikelihood is the unique solution
of Un(β̂) = 0. This system of equations (or one equation in case of p = 1) is
in practice solved by the Newton-Raphson algorithm. The next theorem states
consistency and asymptotic distribution of the partial likelihood estimator.
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Theorem 7. Let the conditions (C.1) - (C.6) hold. Then

β̂
P−→ β0

and √
n(β̂ − β0) D−→ Np

(︂
0, I−1(β0, τ)

)︂
.

2.2 Additive hazards regression
This section summarizes briefly, based on Lin and Ying [1994], the additive haz-
ards model and the estimation of its parameters. As the name suggests, this
model divides the conditional hazard function into two summands:

λ(t|Z) = λ0(t) + β⊤
0 Z(t),

where λ0(t) is some unknown hazard function that does not depend on Z. Thus,
this is also a semiparametric model. Note that in contrast to the Cox model, here
we need to constrain β⊤

0 Z(t) to make sure that λ(t|Z) is non-negative.
Similarly as in the Cox model, we get the score function

Un(β) =
n∑︂

i=1

∫︂ ∞

0
{Zi(s) − Z̃(s)}{dNi(s) − Yi(s)β⊤Zi(s)ds},

where
Z̃(s) =

∑︁n
j=1 Yj(s)Zj(s)∑︁n

j=1 Yj(s) .

The estimator of β0 is such β̂ that solves Un(β̂) = 0. This time, we do not have
to use the Newton-Raphson algorithm and we can get an explicit form of the
estimator:

β̂ =
[︄

n∑︂
i=1

∫︂ ∞

0
Yi(s){Zi(s) − Z̃(s)}⊗2dt

]︄−1 [︄ n∑︂
i=1

∫︂ ∞

0
{Zi(s) − Z̃(s)}dNi(s)

]︄
.

This estimator has then, under certain conditions, the following asymptotic dis-
tribution: √

n(β̂ − β0) D−→ Np

(︂
0, A−1BA−1

)︂
,

where A−1BA−1 can be consistently estimated by Â
−1

B̂Â
−1, where

B̂ = 1
n

n∑︂
i=1

∫︂ ∞

0
{Zi(s) − Z̃(s)}⊗2dNi(t), Â = 1

n

n∑︂
i=1

∫︂ ∞

0
Yi(t){Zi(s) − Z̃(s)}⊗2dt.
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3. Regression on current status
data
Consider non-negative random variables T (failure time, time to event) and C
(now called monitoring time). With current status data, we do not directly
observe the failure time. We only know the monitoring time and whether the
failure has already occurred before the monitoring time or not. Current status
data can be considered as a special case of interval censoring — a type of censoring
where we only know that the failure time lies within a specific interval. In case
of current status data, the interval would be either (−∞, C) (the failure time is
left-censored) or (C, ∞) (right-censored).

Such data can be seen in many areas of research and their censoring can have
different causes. A typical cause is that we are literally unable to observe the
failure time. One example, which showed up in the works of Finkelstein [1986],
Huang [1996] and Lin et al. [1998], are animal tumorigenicity experiments. These
experiments aim to analyze the effect of a possible carcinogen on T — the time of
tumor outbreak. Because T cannot be observed, the animals in the experiment
(e.g. mice) are examined after their sacrifice (or death by another cause) and the
presence or absence of a tumor is recorded. A different cause of current status data
occurs when the authors of a study intentionally decide for this type of heavier
censoring in order to avoid inaccuracy and bias of the data, which are mostly
caused by the respondents’ poor memory. Examples of such situations (discussed
in Diamond and McDonald [1991]) are studies on the time of menopause or first
menstrual bleeding. In these cases, the authors may decide to only ask whether
the milestone has already happened, rather than risk the possibility of bias, caused
for example by the respondents’ tendency to state later age.

To proceed to the topic of regression, consider a p-dimensional vector of ran-
dom processes Z = {Z(t), t ≥ 0} (vector of possibly time-varying covariates).
Our aim is to express and estimate the potential effect of Z(t) on T . We need
to make restrictions on the nature of the covariates. It is important that the
covariates are external. In Kalbfleisch and Prentice [1980], external covariates
are defined as covariates that satisfy the condition

P(t ≤ T < t + h|T ≥ t; Z(s), s ≤ t) = P(t ≤ T < t + h|T ≥ t; Z(s), s ≤ u) (3.1)

for all 0 < t ≤ u, which says that adding information about the future values
of covariates to the information up to present time does not change the condi-
tional hazard at this time. An example of a covariate that violates this condition
is blood pressure of an individual measured throughout a study which considers
death as the failure. Knowing the blood pressure at some time in the future would
guarantee that the individual stays alive at least until that future. Kalbfleisch
and Prentice [1980] describe external covariates in more details by distinguishing
three types. The first type of external covariate is a constant covariate. This
can be for example gender or some health condition at the beginning of the
study. The second type are time-varying covariates that are determined in ad-
vance. Examples of these could be age or some medicine whose dose changes in a
predetermined way. The third type are literally external time-varying covariates
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that are not related to the individuals, such as outside temperature or the level
of air pollution. In this thesis, we will need survival function conditioned by
the covariates for further derivations in the models. While it does not generally
make sense to talk about survival function for time-varying covariates, external
covariates are an exception. This is one of the reasons why we restrict ourselves
to external covariates, one of the technical parts of the theory where we need to
have only external covariates to be able to proceed to the next step. However,
this restriction also goes hand in hand with the nature of our data. The fact that
we cannot observe the subject the whole time and wait until the failure happens
and that we can only examine at a single monitoring time whether the failure
happened or not, often means that we are not able to observe other individual
characteristics until the monitoring time either.

3.1 Proportional hazards model with current
status data

We have introduced the proportional hazards model in chapter 2.1 and specified
the relationship between the failure time T and the covariates Z(t) through the
hazard function of T :

λ(t|Z) = λ0(t)eβ⊤
0 Z(t),

where λ0(t) (called the baseline hazard) is some unknown hazard function that
does not depend on Z. As was stated at the beginning of this chapter, this time
we have current status data — the extent of censoring is such that it prevents us
from estimating β0 as in chapter 2.1 (where we had right-censored data). Because
the only thing that we know is whether the failure occured before the monitoring
time or not, the probability of this event will, in some way, have to form the
main part of any likelihood that we build to estimate β0. Using Lemma 1, we
can express the survival function as

S(t|Z) = e−
∫︁ t

0 λ0(s)eβ⊤
0 Z(s)ds,

which appears troublesome because of the integral of product of the unknown
baseline hazard and the relevant eβ⊤

0 Z(s). If we only have constant covariates, we
can write

S(t|Z) = e−eβ⊤
0 Z ∫︁ t

0 λ0(s)ds = (e−Λ0(t))eβ⊤
0 Z

= S(t|Z = 0)eβ⊤
0 Z

,

which is more convenient for further derivations. This is what was used in all the
works that we are mentioning in the next paragraphs.

Finkelstein [1986] worked with the proportional hazards model, proposed a
method to deal with interval-censored data and described current status data as
a special case of interval-censored data. The assumptions used to develop this
method included covariates being constant (w.r.t. time) and the monitoring time
being independent of both the failure time and the covariates. She mentioned the
data being treated as incomplete observations from grouped response time data
and, concerning the asymptotic properties, pointed out problems when having
continuous or arbitrarily interval-censored data.
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Diamond and McDonald [1991] worked with the likelihood of a binary regres-
sion model and proposed two methods to deal with the unknown baseline hazard.
The first method divides the continuous data into groups (intervals) and uses
conditional probability of ending in an interval, conditional on survival up to the
interval. This method requires the number of time-intervals to be small. The
second method uses splines to specify the baseline hazard. The whole work con-
siders only constant covariates and the dependence/independence of monitoring
time (on covariates or time to event) or even the random character of monitoring
time are not discussed.

Huang [1996] approached the problem through profile likelihood — the likeli-
hood is first maximized with respect to the cumulative baseline hazard function
and then used to estimate the desired parameter. Again, the covariates are as-
sumed to be constant. As for the monitoring time, it is only assumed to be
independent of time to event conditionally on the covariates. It is also required
that the joint distribution of monitoring time and covariates does not involve
β0 and Λ0(t). He proved that his estimator is asymptotically normal with

√
n

convergence rate.
None of these works managed to avoid restriction to constant covariates and

some estimation of the unknown distribution function or (cumulative) baseline
hazard function. This is where lie the main advantages of the approach of Lin
et al. [1998], introduced in the next section.

3.2 Additive hazards model with current status
data

Let us have {Ti, Ci, Zi}, i = 1, ..., n, independent replicates of {T, C, Z}. Assume
that both T and C are continuous. We will analyze the current status data under
the additive hazards regression model

λT (t|Zi) = lim
h↘0

P(t ≤ Ti < t + h|Ti ≥ t; Zi(s), s ≤ t)
h

= lim
h↘0

P(t ≤ Ti < t + h|Ti ≥ t, Zi(t))
h

= λT,0(t) + β⊤
0 Zi(t),

(3.2)

λT,0(t) is an unspecified baseline hazard function, β0 ∈ Rp. We have reached the
main topic of this thesis, which is the method for analysing current status data
described in the article of Lin et al. [1998]. In the vast majority of this chapter,
we go through the theory of this method and supplement it with proofs (or parts
of them) which were omitted or only briefly proposed in the article.

Apart from the additive hazards model for the failure time, the method of
Lin et al. [1998] is built upon the relationship between monitoring time and the
covariates, formulated through the proportional hazards model

λC(t|Zi) = lim
h↘0

P(t ≤ Ci < t + h|Ci ≥ t; Zi(s), s ≤ t)
h

= lim
h↘0

P(t ≤ Ci < t + h|Ci ≥ t, Zi(t))
h

= λC,0(t)eγ⊤
0 Zi(t),

(3.3)

λC,0(t) is again an unspecified baseline hazard function, γ0 ∈ Rp. We express
the hazard functions at time t in both models with covariates only from time t,
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but that does not mean that the hazard function cannot depend on the past of
the covariates — we are free to define some components of Zi(t) as functions of
Zi(s), s ≤ t.
An important assumption is that Ti and Ci are conditionally independent given
Zi, i.e.

P(Ti ≤ a, Ci ≤ b|Zi) = P(Ti ≤ a|Zi) · P(Ci ≤ b|Zi) ∀a, b ∈ R.

Notice that in the special case of γ0 = 0, the monitoring time Ci does not depend
on Zi and is therefore fully independent of the failure time Ti.

As mentioned at the beginning of this chapter, we only observe {Ci, δi, Zi},
i = 1, ..., n, where this time δi = I(Ci ≤ Ti). Now let us define counting process
Ni(t) = δi I(Ci ≤ t) for t ≥ 0. It starts at 0 and then jumps to 1 at t if and only
if the monitoring occurs at t and the subject is found to be without failure. If the
other outcome is observed (failure occurs before the monitoring), we will regard
the process Ni(t) as censored. One has to keep in mind the almost opposite
meanings of Ni(t) and being censored in the Cox model and our model. In the
former, the process Ni(t) had a jump only if we observed the failure. In the latter,
the process Ni(t) has a jump only if we find (at time Ci) a failure-free subject.
We also define process Yi(t) = I(Ci ≥ t). As long as it holds that Yi(t) = 1,
we will say that subject i is still at risk at time t (see Figure 3.1). This is quite
similar to the Cox model — the jump from 1 to 0 happens as soon as we observe
some event.

Figure 3.1: The terminology of censoring with current status data used in this
thesis.

Suppose now that we define λ(t|Zi) as the hazard of a jump of Ni(t) for
a subject that has not yet been monitored, as did Lin et al. [1998]. They explained
that for the jump to happen at time t, we need a) the monitoring to happen at
time t and b) the subject i to stay failure-free up to time t. Therefore, λ(t|Zi) is
equal to the product of hazard of Ci and the probability that the failure happens
after t, i.e.

λ(t|Zi) = λC(t|Zi) · P(Ti ≥ t|Zi(s), s ≤ t). (3.4)
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This is an intuitive explanation, however, we will provide the reader with a more
detailed definition of λ(t|Zi) and a complete proof of the equality (3.4).
Definition 4. Consider Vi, the time of jump of Ni(t). We then define λ(t|Zi) as

lim
h↘0

P(t ≤ Vi < t + h|Vi ≥ t; Ci ≥ t; Zi(s), s ≤ t)
h

.

This is an appropriate moment to add that we assume the covariates to be external
not just with respect to the failure time, as the definition in 3.1 indicates, but also
with respect to the monitoring time. Due to that, the hazard in the definition
above would not change if we conditioned it by the whole {Zi(t), t ≥ 0}.
Theorem 8. It holds for λ(t|Zi), the hazard of a jump of Ni(t) for a subject that
has not yet been monitored, that

λ(t|Zi) = λC(t|Zi) · P(Ti ≥ t|Zi(s), s ≤ t) = λ0(t) e−β⊤
0 Z∗

i (t)+γ⊤
o Zi(t),

where

Z∗
i (t) =

∫︂ t

0
Zi(s)ds, λ0(t) = e−ΛT,0(t)λC,0(t) and ΛT,0(t) =

∫︂ t

0
λT,0(s)ds.

Proof. The time of jump of Ni(t) (i.e. Vi) equals either Ci (if the process is
not censored) or ∞ (if the process is censored, i.e. the jump never happens).
Therefore Ci ≥ t implies Vi ≥ t. Using this, the law of total probability and the
fact that P(Ti < Vi < ∞) = 0, we get

λ(t|Zi) = lim
h↘0

1
h

P(t ≤ Vi < t + h|Ci ≥ t; Zi(s), s ≤ t)

= lim
h↘0

1
h

P(t ≤ Vi < t + h, Ti ≥ t + h|Ci ≥ t; Zi(s), s ≤ t)

+ lim
h↘0

1
h

P(t ≤ Vi ≤ Ti < t + h|Ci ≥ t; Zi(s), s ≤ t).

We can replace Vi by Ci in both of the summands because Ti ≥ Vi and Vi < ∞,
i.e. Vi = Ci in both of the events (whose probabilities we compute). The second
summand then equals

lim
h↘0

1
h

P(t ≤ Ci < t + h, t ≤ Ti < t + h, Ci ≤ Ti|Ci ≥ t; Zi(s), s ≤ t)

≤ lim
h↘0

1
h

P(t ≤ Ci < t + h, t ≤ Ti < t + h|Ci ≥ t; Zi(s), s ≤ t)

= lim
h↘0

1
h

P(t ≤ Ci < t + h|Ci ≥ t; Zi(s), s ≤ t) · lim
h↘0

P(t ≤ Ti < t + h|Zi(s), s ≤ t)

= λC(t|Zi) · 0 = 0.

We have used (and will use again with the first summand) the assumption that
Ti and Ci are independent given Zi. So the second summand goes to zero and
the first summand equals

lim
h↘0

1
h

P(t ≤ Ci < t + h|Ci ≥ t; Zi(s), s ≤ t) · lim
h↘0

P(Ti ≥ t + h|Zi(s), s ≤ t)

= λC(t|Zi) e−ΛT,0(t)−β⊤
0 Z∗

i (t) = λ0(t) e−β⊤
0 Z∗

i (t)+γ⊤
o Zi(t).

We have applied the well-known relationship between survival function and (cu-
mulative) hazard function (Lemma 1).
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Looking at the form of hazard λ(t|Zi), one can see that we have ended up with
a proportional hazards model.

3.2.1 Parameter estimation via one-step partial likelihood
approach

We have started with an additive hazards model for the failure time and even-
tually ended up with a proportional hazards model which will be used for the
estimation of parameters. In this section, we will discuss the similarities of in-
terpretation of our model and interpretation of the classical Cox proportional
hazards model with right-censored data. We will then show that the existing
partial likelihood theory and standard software for fitting the proportional haz-
ards model with right-censored data can be used for our matter.

The event on which we are focusing now (jump of Ni(t)) is analogous to the
event (failure) that we focused on with the traditional Cox model and right-
censored data. The time of event Vi is analogous to the former time of event
Ti. In both of the models, the process Ni(t) jumps to 1 if (and at the time) we
observe the event (in our model it is actually the definition of the event). The two
models have an analogous form of the hazard function (it is not important that
we have (−β⊤

0 , γ⊤
0 )⊤ instead of β0 and (Z∗

i (t)⊤, Zi(t)⊤)⊤ instead of Zi(t)), but the
properties of these hazard functions (and the relationships between the hazard
function and the event) differ a little bit. In the Cox model, the independent
censoring condition

lim
h↘0

1
h

P(t ≤ Ti < t+h|Ti ≥ t, Zi(t)) = lim
h↘0

1
h

P(t ≤ Ti < t+h|Ti ≥ t, Ci ≥ t, Zi(t))

actually tells us that the hazard of the event equals the hazard of the event for a
subject that is still at risk. This does not hold in our case, i.e.

lim
h↘0

1
h

P(t ≤ Vi < t + h|Vi ≥ t, Zi(s), s ≤ t)

̸= lim
h↘0

1
h

P(t ≤ Vi < t + h|Vi ≥ t, Ci ≥ t, Zi(s), s ≤ t).

This difference can be pointed out also in another way: in our case, once that
the subject is censored, the event can not happen anymore, whereas in the Cox
model, the event can happen even after the censoring — it is just not observed.
However, this property of the classical Cox model is used only for showing that a
certain process is a martingale. If we justify the martingale property also in our
case, it will still be possible to use the rest of the theory for Cox model.
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Let us denote

Zi(t) =
(︄

Z∗
i (t)

Zi(t)

)︄
,

S(0)
n (β, γ, t) = 1

n

n∑︂
i=1

Yi(t)e−β⊤Z∗
i (t)+γ⊤

0 Zi(t),

S(1)
n (β, γ, t) = 1

n

n∑︂
i=1

Yi(t)e−β⊤Z∗
i (t)+γ⊤

0 Zi(t)
(︄

Z∗
i (t)

Zi(t)

)︄
=
(︄

S∗(1)
n (β, γ, t)

S(1)
n (β, γ, t)

)︄
,

S(2)
n (β, γ, t) = 1

n

n∑︂
i=1

Yi(t)e−β⊤Z∗
i (t)+γ⊤

0 Zi(t)
(︄

Z∗
i (t)⊗2 Z∗

i (t)Zi(t)⊤

Zi(t)Z∗
i (t)⊤ Zi(t)⊗2

)︄

=
(︄

S∗(2)
n (β, γ, t) S+(2)

n (β, γ, t)
(S+(2)

n (β, γ, t))⊤ S(2)
n (β, γ, t)

)︄
.

First of all, we will state again the assumptions needed for the partial likelihood
theory, this time modified for our model.

(C.1)∗ The data are observed on an interval ⟨0, τ⟩ (i.e. Ci ∈ ⟨0, τ⟩ a.s.,
i = 1, ..., n) where τ > 0 is fixed,

∫︁ τ
0 λ0(t)dt < ∞ and there exists an ε > 0

such that P(Yi(t) = 1) > ε for all t ∈ ⟨0, τ⟩ and all i = 1, ..., n.

(C.2)∗ All components of the covariate process Zi(t) are bounded by a constant
on the interval ⟨0, τ⟩, i.e. there exists M > 0 such that ∥Zi(t)∥ < M a.s. for all
t ∈ ⟨0, τ⟩, i = 1, ..., n.

(C.3)∗ There exists a neighbourhood B of
(︄

β0
γ0

)︄
and functions s(0)(β, γ, t),

s(1)(β, γ, t) =
(︄

s∗(1)(β, γ, t)
s(1)(β, γ, t)

)︄
,

s(2)(β, γ, t) =
(︄

s∗(2)(β, γ, t) s+(2)(β, γ, t)
(s+(2)(β, γ, t))⊤ s(2)(β, γ, t)

)︄

defined on B × ⟨0, τ⟩ such that

sup
t∈⟨0,τ⟩,(β⊤,γ⊤)⊤∈B

∥S(j)
n (β, γ, t) − s(j)(β, γ, t)∥ P−→ 0

as n → ∞, for j = 0, 1, 2.

(C.4)∗ It holds for all
(︄

β
γ

)︄
∈ B and t ∈ ⟨0, τ⟩ that

∂s(0)(β, γ, t)

∂

(︄
−β
γ

)︄ = s(1)(β, γ, t) and ∂s(1)(β, γ, t)

∂

(︄
−β
γ

)︄ = s(2)(β, γ, t).
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(C.5)∗ The functions s(j) are bounded and s(0) is bounded away from 0 on
B × ⟨0, τ⟩. For j = 0, 1, 2, the family of functions {s(j)(·, t), t ∈ ⟨0, τ⟩} is equicon-
tinuous at β0.

(C.6)∗ Define e(β, γ, t) = s(1)(β,γ,t)
s(0)(β,γ,t) . The 2p × 2p matrix

I(β0, γ0, τ) =
∫︂ τ

0

[︄
s(2)(β0, γ0, t)
s(0)(β0γ0, t) − e(β0, γ0, t)⊗2

]︄
s(0)(β0, γ0, t)λ0(t)dt

is positive definite.
The assumption (C.2)∗ could be replaced by the former (C.2) because bounded-
ness of Zi(t) implies boundedness of Z∗

i (t). We state here the conditions (C.3)∗ to
(C.5)∗ merely to point out the existence and properties of s(j)(β, γ, t), j = 0, 1, 2.
Because just like in chapter 2.1, these conditions are fulfilled if (C.2)∗ is fulfilled
and the data are independent and identically distributed, which we already as-
sume at the beginning of this chapter. Moreover, due to the data being i.i.d.,
E S(j)

n (β, γ, t) = s(j)(β, γ, t), j = 0, 1, 2.

Theorem 9. Let us define processes

Mi(t) = Ni(t) −
∫︂ t

0
Yi(s)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s), i = 1, ..., n,

where Λ0(t) =
∫︁ t

0 λ0(s)ds. Then Mi(t), i = 1, ..., n are martingales with respect to
filtration Ft = σ{Ni(s), Yi(s+), s ≤ t, Zi, i = 1, ..., n}.

The Zi in the filtration stands for the whole process {Zi(s), s ≥ 0}. This is
another moment where we need the restriction to external covariates. Thanks to
the covariates being external, the σ-algebra Ft can contain Zi(s) over all s ≥ 0
without carrying any information on what happens with Ni(s) or Yi(s) after time
t. Lin et al. [1998] included the covariates Zi(s) in Ft only for s ≤ t. That, as we
believe, makes it impossible to proceed with one step of the proof, specifically the
equivalence between equalities (3.5) and (3.6) below. In the article, only some
parts of the proof were shown, and this equivalence was not among them.

Proof. The random vectors Ni(t), Yi(s) for s ≤ t and (Z∗
i (s), Zi(s)) for s ≤ t are

clearly Ft-measurable, therefore Mi(t) is Ft-measurable for all t ≥ 0. Thus, the
process {Mi(t), t ≥ 0} is Ft-adapted.
The absolute moment of Mi(t) is finite due to assumptions (C.1)∗ and (C.2)∗.
Finally, we need to show that E [Mi(t + u)|Ft] a.s.= Mi(t) for any t, u ≥ 0. This is
equivalent to showing that

E [Ni(t + u) − Ni(t)|Ft] = E
[︃∫︂ t+u

t
I(Ci ≥ s)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s)|Ft

]︃
(3.5)

and that is equivalent to showing that

E [Ni(t + u) − Ni(t)|Ft] =
∫︂ t+u

t
P(Ci ≥ s|Ft)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s) (3.6)
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because

E
[︃∫︂ t+u

t
I(Ci ≥ s)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s)|Ft

]︃
=
∫︂ t+u

t
E
[︂
I(Ci ≥ s)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)|Ft

]︂
dΛ0(s)

=
∫︂ t+u

t
P(Ci ≥ s|Ft)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s)

due to Z∗
i (s), Zi(s) being Ft-measurable for all s ≥ 0. Because expected value of

a random variable that can only be equal to 0 or 1 equals probability that this
random variable is qual to 1,

E [Ni(t + u) − Ni(t)|Ft] = P(Ni(t + u) − Ni(t) = 1|Ft)
= P(Ni(t + u) − Ni(t) = 1|Ft, Ci ≤ t) P(Ci ≤ t|Ft)

+ P(Ni(t + u) − Ni(t) = 1|Ft, Ci > t) P(Ci > t|Ft)
=0 + P(t < Ci ≤ t + u, Ti ≥ Ci|Ft, Ci > t) P(Ci > t|Ft).

Now, the conditioning by Ft, Ci > t can be replaced by Zi, Ci > t because once
we know that Ci > t, the σ-algebra Ft doesn’t bring any new information apart
from Zi. Hence,

P(t < Ci ≤ t + u, Ti ≥ Ci|Ft, Ci > t) = P(t < Ci ≤ t + u, Ti ≥ Ci|Zi)
P(Ci > t|Zi)

.

Denote by fC|Z the conditional density of the monitoring time Ci given Zi. Then
the numerator of the fraction above equals

∫︁ t+u
t fC|Z(s) P(Ti ≥ s|Zi)ds. We can

compute the density of Ci using the well-known relationship between density,
hazard function and survival function (Lemma 1). The survival function of Ti

can be computed using the already mentioned formula S = e−Λ. We then get

E [Ni(t + u) − Ni(t)|Ft] =
∫︁ t+u

t fC|Z(s) P(Ti ≥ s|Zi)ds

P(Ci > t|Zi)
· P(Ci > t|Ft)

=
∫︁ t+u

t P(Ci ≥ s|Zi)λC,0(s)eγ⊤
0 Z(s) · e−ΛT,0(s)−β⊤

0 Z∗
i (s)ds

P(Ci > t|Zi)
· P(Ci > t|Ft)

=
∫︂ t+u

t
P(Ci ≥ s|Ft, Ci > t)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s) · P(Ci > t|Ft)

=
∫︂ t+u

t
P(Ci ≥ s|Ft)e−β⊤

0 Z∗
i (s)+γ⊤

o Zi(s)dΛ0(s).

Estimation with both parameters unknown

We have data {Ni(t), Yi(t),Zi(t), t ≥ 0}, a proportional hazards model λ(t|Zi) =
λ0(t)e−β⊤

0 Z∗
i (t)+γ⊤

0 Zi(t) and a martingale process Mi(t) that are analogous to the
data, model and martingale process from Cox proportional hazards model. We
have already pointed out that the relationship between the hazard function and
the process Ni(t) differs a little bit, but the role of Ni(t) in the score statistic

Un(β, γ, ∞) = Un(β, γ, τ) =
n∑︂

i=1

∫︂ τ

0

[︄
Zi(s) − S(1)

n (β, γ, s)
S(0)

n (β, γ, s)

]︄
dNi(s) (3.7)
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stays the same — it sorts out those subjects (out of n subjects) where we have
seen the event. We can therefore use the standard software and the asymptotic
properties for the Cox model with right-censored data. If we assume that the
observed information matrix

In(β, γ, t) = − 1
n

∂Un(β, γ, t)

∂

(︄
−β
γ

)︄

is non-singular, we obtain β̂ and γ̂, consistent estimates of β0 and γ0, with asymp-
totic distribution (by Theorem 7)

√
n

(︄(︄
β̂
γ̂

)︄
−
(︄

β0
γ0

)︄)︄
D−→ N2p

(︂
0, I−1(β0, γ0, τ)

)︂
.

Also, it holds for the observed information matrix that

sup
t∈⟨0,τ⟩

∥In(β̂, γ̂, t) − I(β0, γ0, t)∥ P−→ 0 (3.8)

for any β̂ and γ̂ that are consistent estimates of β0 and γ0. Denote by Iβ, Iβγ, Iγβ

and Iγ the topleft, topright, bottomleft and bottomright blocks of sizes p × p of
the matrix I(β0, γ0, τ). Then the asymptotic variance of β̂ is the topleft p×p-sized
block of the matrix I−1(β0, γ0, τ), which equals (Iβ − IβγI−1

γ Iγβ)−1.

Estimation with a known parameter for monitoring

Suppose that we know the true value of γ0. An example of this is the assumption
of complete independence between Ti and Ci, i.e. γ0 = 0. If we know the value
of γ0, the estimation reduces to finding such β̂ that solves Uβ,n(β̂, γ0) = 0, where
Uβ,n(β, γ) denotes the first p components of Un(β, γ) (which correspond to the
loglikelihood differentiated only with respect to −β), i.e.

Uβ,n(β, γ) =
n∑︂

i=1

∫︂ τ

0

[︄
Z∗

i (s) − S∗(1)
n (β, γ, s)
S(0)

n (β, γ, s)

]︄
dNi(s). (3.9)

The asymptotic variance of β̂ then equals I−1
β , which is the inverse of the limit

of − 1
n

∂Uβ,n(β,γ)
∂(−β)⊤ . Let us now go back and analyze the asymptotic variance of

estimation of β0 with unknown γ0. The matrix Iγ is positive definite, therefore its
inverse matrix is positive definite too and the Cholesky decomposition I−1

γ = LL⊤

can be applied to it. Notice also that Iγβ = I⊤
βγ. We can then write IβγI−1

γ Iγβ =
(IβγL)(IβγL)⊤, which implies that this is a positive semidefinite matrix. Hence,
Iβ is greater than Iβ − IβγI−1

γ Iγβ and I−1
β is smaller than (Iβ − IβγI−1

γ Iγβ)−1. The
estimation with known γ0 is therefore more efficient than the estimation with
both parameters unknown, which is not a surprising fact.

3.2.2 Parameter estimation via two-step partial likelihood
approach

Let us now get back to the partial likelihood with both parameters unknown. In
(3.7), dNi(s) causes that we only compute values of

[︃
Zi(s) − S(1)

n (β,γ,s)
S(0)

n (β,γ,s)

]︃
for those
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subjects i where the failure happened after the monitoring and we throw away the
rest of the summands (it does not mean that we throw away all information about
subjects that were censored — these information are included in S(1)

n (β, γ, s) and
S(0)

n (β, γ, s), only not at the times of the subjects’ monitoring). This indicates
that the partial likelihood applied as in the previous section might not be fully
effective. We will now describe and analyze a two-step partial likelihood approach
which was introduced by Lin et al. [1998]. This approach first computes γ̃, the
estimate of γ0, and then estimates β0 using the score statistic Uβ,n(β, γ̃).

Recall the proportional hazards model which was defined for the monitoring
time in (3.3) — this is the classical Cox model with the monitoring time playing
the role of the event that we are waiting for. Notice that in terms of this Cox
model, all n subjects end up as uncensored. Assume that we apply the partial
likelihood approach for the Cox model and get a score statistic

Uγ,n(γ) =
n∑︂

i=1

∫︂ ∞

0

⎡⎣Zi(s) −
1
n

∑︁n
j=1 Yj(s)eγ⊤Zj(s)Zj(s)

1
n

∑︁n
j=1 Yj(s)eγ⊤Zj(s)

⎤⎦ dNC
i (s),

where, due to the lack of censoring, Yi(s) = I(Ci ≥ s) stays the same as before
and NC

i (s) = I(Ci ≤ s). Let the regularity conditions (C.1) to (C.6) for the Cox
model (adjusted to model (3.3) with monitoring time) hold. Notice that, again,
this score statistic is almost surely equal to Uγ,n(γ, τ) (where the integral is taken
from 0 to τ). We get from section 2.1 that

MC
i (t) = NC

i (t) −
∫︂ t

0
Yi(s)eγ⊤

0 Zi(s)λC,0(s)ds

are martingales for i = 1, ..., n with respect to the filtration

FC
t = σ{NC

i (s), Zi(s), s ≤ t, i = 1, ..., n}

and
1√
n

Uγ,n(γ0, τ) D−→ Np

(︂
0, J(γ0, τ)

)︂
, (3.10)

where
J(γ0, τ) =

∫︂ τ

0

[︄
s(2)

γ (γ0, t)
s

(0)
γ (γ0, t)

− eγ(γ0, s)⊗2
]︄

s(0)
γ (γ0, t)λC,0(s)ds

is the limit (in probability) of Jn(γ, t) = − 1
n

∂Uγ,n(γ,t)
∂γ⊤ at γ = γ0 and t = τ . Denote

by γ̃ the partial likelihood estimator of γ0 that solves Uγ,n(γ̃) = 0. Then

γ̂
P−→ γ0

and
sup

t∈⟨0,τ⟩
∥Jn(γ̃, t) − J(γ0, t)∥ P−→ 0. (3.11)

The convergence (3.11) actually holds for any γ̃ that is a consistent estimator of
γ0.
Consider the score statistic in (3.9) for estimating β0 with γ0 known. We will
substitute the γ0 ”known” by the estimate γ̃ described above and then estimate
β0 by such β̃ that solves Uβ,n(β̃, γ̃) = 0. The following theorems and steps that
we will take aim to derivation of asymptotic properties of such β̃.
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Theorem 10. Assume that Jn(γ, τ) is non-singular. Denote

s(k)
γ (γ, t) = E Yi(t)eγ⊤

0 Zi(s)Zi(t)⊗k, k = 0, 1, 2 and eγ(γ0, t) =
s(1)

γ (γ0, t)
s

(0)
γ (γ0, t)

.

Then
√

n(γ̃ − γ0) = J(γ0, τ)−1 1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t) + oP (1). (3.12)

Also,
1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t) is OP (1). (3.13)

The proof of this theorem is not given in Lin et al. [1998].

Proof. The Taylor series expansion of the score statistic gives us

Uγ,n(γ̃, τ) = Uγ,n(γ0, τ) + ∂Uγ,n(γ∗, τ)
∂γ⊤ (γ̃ − γ0),

where γ∗ lies between γ̃ and γ0. Because the left hand side equals 0,
√

n(γ̃ − γ0) = 1√
n

Jn(γ∗, τ)−1Uγ,n(γ0, τ). (3.14)

Let us first deal with the information matrix. Because γ̃
P−→ γ0 and γ∗ lies

between γ̃ and γ0, γ∗ is also a consistent estimator of γ0. Using (3.11) and the
regularity of Jn(γ, τ) and J(γ0, τ), we get

Jn(γ∗, τ)−1 = J(γ0, τ)−1 + oP (1). (3.15)

We know from Theorem 5 that 1√
n
Uγ,n(γ0, τ) equals

1√
n

n∑︂
i=1

∫︂ τ

0

[︄
Zi(s) − S

(1)
γ,n(γ0, s)

S
(0)
γ,n(γ0, s)

]︄
dMC

i (s)

= 1√
n

n∑︂
i=1

∫︂ τ

0
[Zi(s) − eγ(γ0, s)] dMC

i (s) + 1√
n

n∑︂
i=1

∫︂ τ

0

[︄
eγ(γ0, s) − S

(1)
γ,n(γ0, s)

S
(0)
γ,n(γ0, s)

]︄
dMC

i (s),

where S(k)
γ,n(γ, t) = 1

n

∑︁n
i=1 Yi(t)eγ⊤Zi(s)Zi(t)⊗k for k = 0, 1, 2. Denote the sec-

ond summand by V C
n (τ). Then E V C

n (τ) = 0 (it is a martingale integral) and
var V C

n (τ) = E ⟨V C
n ⟩(τ). By Lemma 3, ⟨V C

n ⟩(τ) equals

1
n

n∑︂
i=1

∫︂ τ

0

[︄
eγ(γ0, s)⊗2 − eγ(γ0, s)

S(1)
γ,n(γ, t)⊤

S
(0)
γ,n(γ, t)

−
S(1)

γ,n(γ, t)
S

(0)
γ,n(γ, t)

eγ(γ0, s)⊤+

+
(︄

S(1)
γ,n(γ, t)

S
(0)
γ,n(γ, t)

)︄⊗2 ]︄
Yi(s)eγ⊤

0 Zi(s)dΛC,0(s)

=
n∑︂

i=1

∫︂ τ

0

[︄
eγ(γ0, s)⊗2S(0)

γ,n(γ, t) − eγ(γ0, s)S(1)
γ,n(γ, t)⊤ − S(1)

γ,n(γ, t)eγ(γ0, s)⊤+

+
S(1)

γ,n(γ, t)⊗2

S
(0)
γ,n(γ, t)

]︄
dΛC,0,
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which converges to 0 in probability due to condition (C.3). Hence,

1√
n

Uγ,n(γ0, τ) = 1√
n

n∑︂
i=1

∫︂ τ

0
[Zi(s) − eγ(γ0, s)] dMC

i (s) + op(1). (3.16)

Notice also that due to 1√
n
Uγ,n(γ0, τ) being OP (1) (Theorem 6), the term

1√
n

∑︁n
i=1

∫︁ τ
0 [Zi(s) − eγ(γ0, s)] dMC

i (s) is OP (1) too. From this, (3.15) and (3.14)
we get

√
n(γ̃ − γ0) =

(︂
J(γ0, τ)−1 + oP (1)

)︂(︄ 1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t) + oP (1)
)︄

= J(γ0, τ)−1 1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t) + oP (1).

Lemma 11. Denote by eβ(β, γ, t) the first p components of e(β, γ, t), i.e.
eβ(β, γ, t) = s∗(1)(β,γ,t)

s(0)(β,γ,t) . Then

1√
n

Uβ,n(β0, γ̃) = 1√
n

n∑︂
i=1

∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}dMi(t)

− IβγJ(γ0, τ)−1 1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t) + oP (1).

Proof. Consider the score statistic for β at points β0, γ0:

Uβ,n(β0, γ0) =
n∑︂

i=1

∫︂ τ

0

{︄
Z∗

i (t) − S∗(1)
n (β0, γ0, t)
S(0)

n (β0, γ0, t)

}︄
dNi(t)

=
n∑︂

i=1

∫︂ τ

0

{︄
Z∗

i (t) − S∗(1)
n (β0, γ0, t)
S(0)

n (β0, γ0, t)

}︄
dMi(t)

+
n∑︂

i=1

∫︂ τ

0

{︄
Z∗

i (t) − S∗(1)
n (β0, γ0, t)
S(0)

n (β0, γ0, t)

}︄
Yi(t)e−β⊤

0 Z∗
i (t)+γ⊤

o Zi(t)dΛ0(t)

=
n∑︂

i=1

∫︂ τ

0

{︄
Z∗

i (t) − S∗(1)
n (β0, γ0, t)
S(0)

n (β0, γ0, t)

}︄
dMi(t)

=
n∑︂

i=1

∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)} dMi(t)

+
n∑︂

i=1

∫︂ τ

0

{︄
eβ(β0, γ0, t) − S∗(1)

n (β0, γ0, t)
S(0)

n (β0, γ0, t)

}︄
dMi(t).

After multiplying by 1√
n
, the second summand is oP (1), which can be proved

completely analogically as (3.16) in the proof of Theorem 10. Hence,

1√
n

Uβ,n(β0, γ0) = 1√
n

n∑︂
i=1

∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)} dMi(t) + op(1). (3.17)

By Taylor series expansion,

1√
n

Uβ,n(β0, γ̃) = 1√
n

Uβ,n(β0, γ0) + 1
n

∂Uβ,n(β0, γ∗)
∂γ⊤

√
n(γ̃ − γ0),
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where γ∗ lies between γ0 and γ̃. It follows from the consistency of γ̃ (and therefore
also consistency of γ∗) and from (3.8) that

− 1
n

∂Uβ,n(β0, γ∗)
∂γ⊤

P−→ Iβγ as n −→ ∞.

Combining this, (3.17) and Theorem 10 implies that 1√
n
Uβ,n(β0, γ̃) equals

n∑︂
i=1

∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)} dMi(t) + op(1)

− (Iβγ + oP (1))
(︄

J(γ0, τ)−1 1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t) + oP (1)
)︄

.

Since we know from the proof of Theorem 10 that

1√
n

n∑︂
i=1

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)

is OP (1), the proof of Lemma 11 is complete.

Theorem 12. Denote Jγ = J(γ0, τ). Under conditions (C.1)∗ to (C.6)∗,
1√
n

Uβ,n(β0, γ̃) D−→ Np

(︂
0, Iβ − IβγJγI⊤

βγ

)︂
.

Proof. Recall the equality that was proved in Lemma 11. Since we have martin-
gale integrals, the expected value of the term∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}dMi(t)

is a zero vector and its variance is the expected value of predictable variation
taken at time τ , which equals

E
∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}⊗2Yi(t)e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)dΛ0(t)

= E 1
n

n∑︂
i=1

∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}⊗2Yi(t)e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)dΛ0(t)

= E
∫︂ τ

0

{︄
S∗(2)

n (β0, γ0, t) − eβ(β0, γ0, t)S∗(1)
n (β0, γ0, t)⊤

− S∗(1)
n (β0, γ0, t)eβ(β0, γ0, t)⊤ + eβ(β0, γ0, t)⊗2S(0)

n (β0, γ0, t)
}︄

dΛ0(t)

=
∫︂ τ

0

{︃
s∗(2)(β0, γ0, t)
s(0)(β0, γ0, t) − eβ(β0, γ0, t)⊗2

}︃
s(0)(β0, γ0, t)dΛ0(t) = Iβ.

Analogously, the expected value of∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)

is a zero vector and its variance is Jγ. We will continue with computing the
covariance of these two terms. First, let us break down the martingale Mi(t)
with respect to which we compute the first integral:

dMi(t) = dNi(t) · {I(Ti ≥ t) + I(Ti < t)} − Yi(t)e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)e−ΛT,0(t)dΛC,0(t).
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After multiplying the terms in the brackets, the term I(Ti < t) · dNi(t) is clearly
zero because after the original failure (with time Ti) happens, the jump of Ni(t)
cannot happen anymore. Also, dNi(t) · I(Ti ≥ t) = dNC

i (t) · I(Ti ≥ t) because if
we know that the original failure has not happened yet, then the jump of Ni(t)
at the present time is equivalent to the jump of NC

i (t). Moreover,

dNC
i (t) · I(Ti ≥ t) = (dMC

i (t) + Yi(t)eγ⊤
0 Zi(t)dΛC,0(t)) · I(Ti ≥ t).

Also notice that e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)e−ΛT,0(t) = P(Ti ≥ t|Zi) · eγ⊤

0 Zi(t). Altogether,

dMi(t) = I(Ti ≥ t)dMC
i (t) + {I(Ti ≥ t) − P(Ti ≥ t|Zi)}Yi(t)eγ⊤

0 Zi(t)dΛC,0(t).

We get

cov
[︃∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}dMi(t),
∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)
]︃

= cov
[︃∫︂ τ

0
I(Ti ≥ t){Z∗

i (t) − eβ(β0, γ0, t)}dMC
i (t),

∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)
]︃

+ cov
[︃ ∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}{I(Ti ≥ t) − P(Ti ≥ t|Zi)}Yi(t)eγ⊤
0 Zi(t)dΛC,0(t),∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)
]︃
.

Let us, to simplify the matter, label the first summand by cov[A, B⊤] and the
second summand by cov[C, D⊤]. We will first focus on the second summand.
Expected value of the integral D is a zero vector because it is a martingale
integral. Thus, the covariance of the two integrals is equal to the expected value
of their product. Let us compute this expected value using conditioning by Zi

and Ci in the following way: E [C, D⊤] = E [E [C, D⊤|Zi, Ci]]. The integral D is
σ{Zi, Ci}-measurable and can be pulled out from the conditioned expected value.
The summand cov[C, D⊤] then equals

E
[︃ ∫︂ τ

0
E
[︂
{Z∗

i (t) − eβ(β0, γ0, t)}{I(Ti ≥ t) − P(Ti ≥ t|Zi)}Yi(t)eγ⊤
0 Zi(t) ⃓⃓Zi, Ci

]︂
dΛC,0(t)

·
(︃∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)
)︃⊤ ]︃

.

Everything except {I(Ti ≥ t) − P(Ti ≥ t|Zi)} can be, again, pulled out from the
conditioned expected value and E [I(Ti ≥ t) − P(Ti ≥ t|Zi)|Zi, Ci] = 0. Thus,
cov[C, D⊤] = 0. Now we need to compute cov[A, B⊤]. Because both A and B
are martingale integrals, cov[A, B⊤] = E AB⊤ equals

E
[︃∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}{Zi(t) − eγ(γ0, t)}⊤ I(Ti ≥ t)d⟨MC
i , MC

i ⟩(t)
]︃

.

Furthermore, ⟨MC
i , MC

i ⟩(t) = NC
i (t) − MC

i (t), which implies that

cov[A, B⊤] = E
[︃∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}{Zi(t) − eγ(γ0, t)}⊤ I(Ti ≥ t)dNC
i (t)

]︃
because the integral with respect to MC

i (t) has a zero expected value. At last,
processes I(Ti ≥ t)dNC

i (t) and dNi(t) are equal for t ∈ ⟨0, τ⟩, from which follows
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that cov[A, B⊤] is equal to

E
[︃∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}{Zi(t) − eγ(γ0, t)}⊤dNi(t)
]︃

= E
[︃ ∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}{Zi(t) − eγ(γ0, t)}⊤

(︂
dMi(t) + Yi(t)e−β⊤

0 Z∗
i (t)+γ⊤

0 Zi(t)dΛ0(t)
)︂]︃

= E
[︃ ∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}{Zi(t) − eγ(γ0, t)}⊤

Yi(t)e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)dΛ0(t)

]︃
= E

[︃ 1
n

n∑︂
i=1

∫︂ τ

0
{Z∗

i (t)Zi(t)⊤ − eβ(β0, γ0, t)Zi(t)⊤ − Z∗
i (t)eγ(γ0, t)⊤

+ eβ(β0, γ0, t)eγ(γ0, t)⊤}Yi(t)e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)dΛ0(t)

]︃

=
∫︂ τ

0

{︄
s+(2)(β0, γ0, t)
s(0)(β0, γ0, t) − eβ(β0, γ0, t)

(︄
s(1)(β0, γ0, t)
s(0)(β0, γ0, t)

)︄⊤}︄
s(0)(β0, γ0, t)dΛ0(t).

Now, let us remind and calculate Iβγ, the topright block of matrix I(β0, γ0, τ). It
is equal to the limit (in probability) of

− 1
n

∂Uβ,n(β0, γ0)
∂γ⊤ = 1

n

n∑︂
i=1

∫︂ τ

0

{︄
S+(2)

n (β0, γ0, t)
S(0)

n (β0, γ0, t)
− S∗(1)

n (β0, γ0, t)S(1)
n (β0, γ0, t)⊤

S(0)
n (β0, γ0, t)2

}︄
·

·Yi(t)e−β⊤
0 Z∗

i (t)+γ⊤
0 Zi(t)dΛ0(t).

We can now see that

cov
[︃∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}dMi(t),
∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t)
]︃

= Iβγ.

Let us now, using Lemma 11, rewrite the statistic whose asymptotic distribution
we want to prove:

1√
n

Uβ,n(β0, γ̃) =
√

n

(︄
1
n

n∑︂
i=1

Ui − 0
)︄

+ oP (1),

Ui =
∫︂ τ

0
{Z∗

i (t) − eβ(β0, γ0, t)}dMi(t) − IβγJ(γ0, τ)−1
∫︂ τ

0
{Zi(t) − eγ(γ0, t)}dMC

i (t),

where Ui are i.i.d. random vectors with zero mean and a finite covariance matrix
equal to

Iβ − Iβγ

(︂
IβγJ−1

γ

)︂⊤
− IβγJ−1

γ I⊤
βγ + IβγJ−1

γ Jγ

(︂
IβγJ−1

γ

)︂⊤
= Iβ − IβγJ−1

γ I⊤
βγ.

After applying Central limit theorem to
√

n
(︂

1
n

∑︁n
i=1 Ui−0

)︂
, the proof is complete.

The last thing that we need before we show the asymptotic distribution of
β̃ is the proof of consistency of this two-step estimator. Lin et al. [1998] do not
present this proof and suggest that it is similar to that of the ordinary maximum
partial likelihood from the Cox model. However, it is not completely analogical
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(the consistency from Cox model cannot be applied to it like we did in the case
of the one-step estimator). That is why we present the proof here. We will not
build it from the beginning, but use some facts that have already been proved for
the case of the ordinary maximum partial likelihood from the Cox model (and
that can be applied to our case). These facts are summed up in the following two
lemmata.

Lemma 13. Let E be an open convex subset of Rq, q ∈ N and let F1, F2, ..., be
a sequence of random concave functions on E and f a real-valued function on E
such that, for all x ∈ E,

Fn(x) P−→ f(x) as n → ∞.

Let Fn have a unique maximum at Xn for all n ∈ N and let f have one at x.
Then Xn

P−→ x as n → ∞.

The proof of this lemma can be found in Andersen and Gill [1982].

Lemma 14. Let the conditions (C.1)∗ to (C.6)∗ hold. Recall the partial log-
likelihood

ln(β, γ) =
n∑︂

i=1

∫︂ τ

0

[︂
− β⊤Z∗

i (s) + γ⊤Zi(s) − log nS(0)
n (β, γ, s)

]︂
dNi(s)

and denote
Xn(β, γ) = 1

n
(ln(β, γ) − ln(β0, γ0))

and

A(β, γ) =
∫︂ τ

0

[︄(︄(︄
−β
γ

)︄
−
(︄

−β0
γ0

)︄)︄⊤

S(1)
n (β0, γ0, s)

−log
(︄

S(0)
n (β, γ, s)

S(0)
n (β0, γ0, s)

)︄
S(0)

n (β0, γ0, s)
]︄
λ0(s)ds.

Then A(β, γ) has a unique maximum at
(︄

β
γ

)︄
=
(︄

β0
γ0

)︄
and Xn(β, γ) converges to

A(β, γ) in probability as n → ∞ for all
(︄

β
γ

)︄
∈ B.

The proof of this lemma can be found in Fleming and Harrington [1991] as a part
of proof of consistency of the ordinary maximum partial likelihood estimator from
the Cox model.

Theorem 15. Assume that − 1
n

∂Uβ,n(β,γ)
∂(−β)⊤ is non-singular. Under conditions (C.1)∗

to (C.6)∗ and under conditions (C.1) to (C.6) modified for the estimation of γ0,

β̃
P−→ β0.

Proof. Denote Xn(β) = Xn(β, γ̃) and A(β) = A(β, γ0). We are going to use
these two functions together with Lemma 13 to prove the consistency of β̃. Note
that ∂Xn(β)

∂β
= − 1

n
Uβ,n(β, γ̃) and ∂Xn(β)

∂β∂β⊤ = 1
n

∂Uβ,n(β,γ)
∂(−β)⊤ , which is a negative definite

29



matrix. Thus, Xn(β) is a concave function and has a unique maximum at β = β̃
for all n ∈ N. We get from Lemma 14 that A(β) has a unique maximum at
β = β0 and that

Xn(β, γ0) P−→ A(β)

as n → ∞ for all β ∈ B∗, where B∗ = {β : (β, γ0)⊤ ∈ B}. Thus, we only need to
show that

(Xn(β) − Xn(β, γ0)) P−→ 0, n → ∞, β ∈ B∗.

By Taylor series expansion,

Xn(β) − Xn(β, γ0) = Xn(β, γ̃) − Xn(β, γ0) = ∂Xn(β, γ∗)
∂γ

(γ̃ − γ0),

where γ∗ lies between γ̃ and γ0. We know that (γ̃ − γ0) is oP (1) and therefore it
remains to show that ∂Xn(β,γ∗)

∂γ
is OP (1). We have

⃦⃦⃦⃦
⃦∂Xn(β, γ∗)

∂γ

⃦⃦⃦⃦
⃦ =

⃦⃦⃦⃦
⃦ 1

n

n∑︂
i=1

∫︂ τ

0

[︄
Zi(s) − S(1)

n (β, γ∗, s)
S(0)

n (β, γ∗, s)

]︄
dNi(s)

⃦⃦⃦⃦
⃦

≤ 1
n

n∑︂
i=1

sup
s∈⟨0,τ⟩

⃦⃦⃦⃦
⃦Zi(s) − S(1)

n (β, γ∗, s)
S(0)

n (β, γ∗, s)

⃦⃦⃦⃦
⃦

≤ 1
n

n∑︂
i=1

sup
s∈⟨0,τ⟩

⃦⃦⃦⃦
⃦Zi(s)

⃦⃦⃦⃦
⃦+ sup

s∈⟨0,τ⟩

⃦⃦⃦⃦
⃦S(1)

n (β, γ∗, s)
S(0)

n (β, γ∗, s)

⃦⃦⃦⃦
⃦.

The first summand is ≤ M a.s. due to condition (C.2)∗. The second summand is

≤ sups∈⟨0,τ⟩,(β⊤,γ⊤)⊤∈B

⃦⃦⃦⃦
⃦S

(1)
n (β,γ,s)

S(0)
n (β,γ,s)

⃦⃦⃦⃦
⃦ and that is OP (1) due to conditions (C.3)∗ and

(C.5)∗. Thus, ∂Xn(β,γ∗)
∂γ

is OP (1) and therefore Xn(β) P−→ A(β) as n → ∞ for all
β ∈ B∗. Lemma 13 now implies the consistency of β̃.

Theorem 16. Assume that − 1
n

∂Uβ,n(β,γ)
∂(−β)⊤ is non-singular. Let the conditions

(C.1)∗ to (C.6)∗ and the conditions (C.1) to (C.6) modified for the estimation
of γ0 hold. Let β̃ be the estimate of β0 that solves Uβ,n(β̃, γ̃) = 0. Then

√
n(β̃ − β0) D−→ Np

(︂
0, I−1

β − I−1
β IβγJ−1

γ I⊤
βγI−1

β

)︂
.

Proof. By Taylor series expansion,

0 = Uβ,n(β̃, γ̃) = Uβ,n(β0, γ̃) + ∂Uβ,n(β∗, γ̃)
∂β⊤ (β̃ − β0),

where β∗ lies between β̃ and β0. This implies that

√
n(β̃ − β0) = −

(︄
1
n

∂Uβ,n(β∗, γ̃)
∂β⊤

)︄−1 1√
n

Uβ,n(β0, γ̃).

Because β̃ is a consistent estimator of β0, so is β∗. The matrix 1
n

∂Uβ,n(β∗,γ̃)
∂β⊤ is

positive definite and its inverse converges to I−1
β . This completes, together with

Theorem 12, the proof.
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The following derivations will be similar to those at the end of section 3.2.1.
The matrix Jγ is positive definite, therefore its inverse matrix is positive definite
too and the Cholesky decomposition J−1

γ = LL⊤ can be applied to it. We can
then write I−1

β IβγJ−1
γ I⊤

βγI−1
β = (I−1

β IβγL)(I−1
β IβγL)⊤, which implies that this is a

positive semidefinite matrix. Therefore, the asymptotic variance of the two-step
estimator I−1

β − I−1
β IβγJ−1

γ I⊤
βγI−1

β is smaller than I−1
β , which is the asymptotic

variance of estimator with γ0 known, and that is smaller than (Iβ − IβγI−1
γ Iγβ)−1,

which is the asymptotic variance of the one-step estimator. This implies that the
two-step approach is the most efficient of the three mentioned approaches. It is
more efficient for the estimation of β0 to estimate γ0 from the data first, even if
we know the true value of γ0.

3.2.3 Estimation with semiparametric efficient score func-
tion

Martinussen and Scheike [2002] developed a method to analyze current status
data under the additive hazards model without the need to assume proportional
hazards (or any other) model for monitoring time. In this section, we will briefly
sum up the description of this method and its comparison with the method of
Lin et al. [1998] from the article.

Assume that the additive hazards model (3.2) holds for time to event and that
we only obtain the triplets of {Ci, δi, Zi}, as described in the previous section.
The covariates can be time-dependent, though it is not properly highlited in the
article (nor the necessity to restrict ourselves to external covariates). The theory
begins with expressing the loglikelihood function

l(β, ΛT,0) =
n∑︂

i=1
δilog(e−ΛT,0(Ci)−β⊤Z∗

i (Ci)) + (1 − δi)log(1 − e−ΛT,0(Ci)−β⊤Z∗
i (Ci)),

this leads to Un(β, ΛT,0), the empirical version of the efficient score for β0, which
includes the processes

N1i(t) = δi I(Ci ≤ t) and N2i(t) = (1 − δi) I(Ci ≤ t).

This is compared with (3.7), where we only use N1i(t). The estimator β̂MS is
defined as the solution to

Un(β, ˆ︃ΛT,0) = 0,

where ˆ︃ΛT,0 is an estimator of ΛT,0. If it is a uniformly consistent estimator of ΛT,0,
then β̂MS converges in distribution to a zero-mean normal random vector and it
is also efficient — which is an important advantage of this method, compared to
β̂LOY , the estimator by Lin et al. [1998]. In the article, the theory is discussed
separately for the cases of monitoring time independent of/dependent on the
covariates.

Martinussen and Scheike [2002] performed two simulations studies, both com-
pared the estimators β̂MS and β̂LOY . In the first study, the monitoring time is
generated independently of the covariates (and, of course, also of time to event).
It comes out from this study that β̂MS is indeed more efficient — its standard
error is 25% (resp. 17%) lower than the standard error of β̂LOY for n = 100 (resp.
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n = 200). On the other hand, in the case of β̂MS, nonconvergence occured in 12%
(resp. 5%) of the 10000 replications for n = 100 (resp. n = 200). The second
study was built to demonstrate the other advantage of the method proposed by
Martinussen and Scheike [2002] — we do not need to assume proportional haz-
ards model for the monitoring time. This is, without any doubt, an advantage.
The consequences of violating this assumption in the method of Lin et al. [1998]
are unknown. However, we believe that this study, specifically the part with
estimates β̂LOY , was not done entirely correctly. This will be described in more
detail in chapter 4.

To sum up, the advantages of the method of Martinussen and Scheike [2002]
lie undoubtedly in its efficiency and lighter assumptions on the monitoring time.
However, the method of Lin et al. [1998] can still be sometimes prefered, especially
because of its elegance and simplicity (we do not have to estimate any form of
baseline hazard) and also lower number of cases with nonconvergence. Also, the
assumption on proportional hazards for monitoring time is not that restrictive
when it comes to controlled experiments. Moreover, it is always possible to
test whether this assumption is fulfilled, because we have all the observations of
monitoring time Ci.
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4. Simulation study
In the last chapter, we would like to describe a simulation study that we per-
formed to demonstrate the properties of the estimation method proposed by Lin
et al. [1998]. We also intend to show the differences between using three differ-
ent approaches to this method — the one-step approach with both parameters
unknown (3.2.1), the approach using a known parameter for monitoring (3.2.1)
and, at last, the two-step approach (3.2.2). Before providing the results, we will
describe the generating procedure used for our data.

4.1 Generating time to event
For the simulation study, we needed to generate observations of time to event
(and monitoring time/censoring time) from a piecewise exponential distribution
(probability distribution with a piecewise constant hazard function) and also
from a distribution with hazard function λ(t) = λ0(t) + β⊤Z(t), where λ0(t) is
the hazard function of Weibull distribution. For the former, we have used a
function in R from the package cpsurvsim (Hochheimer [2019]) which, according
to the words of the author, draws on the work from Walke [2010]. For the latter,
we have built a function which works analogously as the functions from package
cpsurvsim. We will describe the generating process and add a proof showing
that the generated observations are from the desired distribution.

4.1.1 Piecewise exponential distribution
Suppose that we want to generate an observation from a distribution with piece-
wise hazard function

λ(t) = λi, τi−1 ≤ t < τi, i = 1, ..., m,

where τ0 = 0, τm = ∞ and λ1, ..., λm ∈ (0, ∞) are the values and τ1, ..., τm−1 ∈
(0, ∞) the change points defining the distribution. Note that Λ(0) = 0, Λ(∞) =
∞ and compute values of the cumulative hazard function at the change points:

Λ(τi) = Λ(τi−1) + λi(τi − τi−1) =
i∑︂

j=1
λj(τj − τj−1), i = 1, ..., m − 1.

Consider now a random variable X ∼ Exp(1). We will obtain T as a transfor-
mation of X that satisfies Λ(T ) = X. Taking into consideration that Λ(t) has
different forms on different intervals ⟨τi−1, τi), we get

Λ(τi−1) + λi(T − τi−1) = X, X ∈ ⟨Λ(τi−1), Λ(τi))

T = X − Λ(τi−1)
λi

+ τi−1, X ∈ ⟨Λ(τi−1), Λ(τi)), i = 1, ..., m.

We will show that if we create observations by generating from Exp(1) and
then applying the transformation above, those observations will follow the desired
distribution with piecewise constant hazard function λ(t). Because the cumulative
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distribution function Λ(t) is increasing and therefore has an inverse function, we
can write

lim
h↘0

P(t ≤ T < t + h|T ≥ t)
h

= lim
h↘0

P(t ≤ Λ−1(X) < t + h | Λ−1(X) ≥ t)
h

= lim
h↘0

P(Λ(t) ≤ X < Λ(t) +
∫︁ t+h

t λ(s)ds | X ≥ Λ(t))
h

,

which equals, if h is small enough,

= lim
h↘0

P(Λ(t) ≤ X < Λ(t) + λih | X ≥ Λ(t))
h

, t ∈ ⟨τi−1, τi)

= lim
h↘0

P(Λ(t) ≤ X < Λ(t) + λih | X ≥ Λ(t))
λih

· λi = λi, t ∈ ⟨τi−1, τi).

This holds for any i = 1, ..., m.

4.1.2 Baseline hazard from Weibull distribution
Suppose that we want to generate an observation from a distribution with hazard
function of the form

λ(t) = a

ba
ta−1 + θi, τi−1 ≤ t < τi, i = 1, ..., m,

where a, b > 0, τ0 = 0, τm = ∞ and θ1, ..., θm ∈ ⟨0, ∞) are the values and
τ1, ..., τm−1 ∈ (0, ∞) the change points defining the distribution in different time
intervals. The values of cumulative hazard function at change points are

Λ(τi) = τa
i

ba
+

i∑︂
j=1

θj(τj − τj−1), i = 1, ..., m − 1.

Just like in section 4.1.1, we will consider a random variable X ∼ Exp(1) and
look for such T , a transformation of X, that fulfills Λ(T ) = X, in this case

Λ(τi−1) + T a

ba
+ θiT −

τa
i−1
ba

− θiτi−1 = X, X ∈ ⟨Λ(τi−1), Λ(τi))

T a

ba
+ θiT +

i−1∑︂
j=1

τj(θj − θj+1) = X, X ∈ ⟨Λ(τi−1), Λ(τi)), i = 1, ..., m.

For a = 1, this represents the case from previous section. For a = 2, we get

T = b2

2

⎛⎝−θi +

⌜⃓⃓⎷θ2
i − 4

b2 (
i−1∑︂
j=1

τj(θj − θj+1) − X)
⎞⎠ , X ∈ ⟨Λ(τi−1), Λ(τi)).

Let us verify that this transformation gives us a random variable with the desired
hazard function. As in the previous section,

lim
h↘0

P(t ≤ T < t + h|T ≥ t)
h

= lim
h↘0

P(Λ(t) ≤ X < Λ(t) +
∫︁ t+h

t λ(s)ds | X ≥ Λ(t))
h
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and if h is small enough, that equals

lim
h↘0

P(Λ(t) ≤ X < Λ(t) + h2

b2 + h( 2t
b2 + θi) | X ≥ Λ(t))

h

= lim
h↘0

P(Λ(t) ≤ X < Λ(t) + h2

b2 + h( 2t
b2 + θi) | X ≥ Λ(t))

h2

b2 + h( 2t
b2 + θi)

·
(︄

h

b2 + 2t

b2 + θi

)︄

= 2t

b2 + θi, t ∈ ⟨τi−1, τi).

4.2 Details and results of the study
The simulations were performed in the program R using the Monte Carlo principle
with B = 10000 repetitions. The summaries of results in tables were computed
from those repetitions that converged. Among all the studies, the maximum
of nonconverging cases out of 10000 simulations was 3. We use two methods
to analyze the generated data. The first (and the main) one is the method for
current status data proposed by Lin et al. [1998] and we perform it in three
versions — one-step approach, approach with γ0 known and two-step approach
(sections 3.2.1 and 3.2.2). Their implementation in R included adjustments of
data (mostly splitting observations into time intervals and computing the integrals
of covariates at different time points), construction of the correct formula (based
on the number of covariates and the chosen approach) and application of existing
functions coxph and Surv (from package survival, Therneau [2020]), designed
to analyze time-to-event data under the Cox model. The second method is a
method for right-censored data with additive hazards assumption proposed by
Lin and Ying [1994] and described in section 2.2. We implemented this method
similarly as was described in Zavřelová [2020], but adjusted it for time-dependent
covariate.

For the majority of this study, we consider the following two covariates:

Z1(t) = Z1 ∼ Unif(0, 3), t ≥ 0

and
Z2(t) = W · I(t ≥ 0.5), t ≥ 0, W ∼ Bernoulli

(︃1
2

)︃
.

The first covariate does not change over time and the second covariate starts at
value 0 and either stays equal to 0 or jumps to 1 at t = 0.5. The fact whether
Z2(t) jumps to 1 or not differs among the generated observations (subjects) and
is known from the beginning t = 0 (otherwise the condition of external covariates
would not be met). If not specified differently, these two covariates are indepen-
dent. The parameters defining their effect on time to event and monitoring time
(or censoring time) are set to β0 = (0.5, 0.5)⊤ and γ0 = (1, 1)⊤. Because the
generating procedure of time to event and its censoring was done in more ways,
we are describing it together with the results in smaller sections below.

4.2.1 Current status data
In this section, time to event was censored to the form of current status data.
We have tried more alternatives by changing the baseline hazard, fulfilment of
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conditions and relationships between the covariates. A simple summary of the
character of datasets generated according to these alternatives can be found in
Table 4.1. All simulated data in this section were analyzed using each of the three
approaches (one-step, γ0 known, two-step).

Data failures failures
(jump in Z2(t))

avg. Z1
(failure)

avg. Z1
(no failure)

λT,0 = 3
2 122.7 19.4 1.5 1.3

λT,0 = 8
9t 121.8 18.6 1.7 1.5

λT,0 = 3
2 , cov. correlated 121.7 12.1 1.6 1.3

λT,0 = 3
2 , addhaz monitoring 124.5 18.2 1.5 1.5

λT,0 = 8
9t, addhaz monitoring 124.9 20.2 1.5 1.5

Table 4.1: Summary of 1000 generations of data with n = 200. The average
number of failures, average number of failures among observations with a jump
in covariate Z2(t), average value of Z1 among observations with a failure, average
value of Z1 among observations without a failure.

Constant baseline hazard of time to event

The distribution of covariates is described above. In this simulation, time to event
T follows distribution with the hazard function

λT (t|Z) = λT,0(t) + β⊤
0 Z(t) = 1

3 + 0.5Z1 + 0.5Z2(t), t ≥ 0

and monitoring time C follows distribution with the hazard function

λC(t|Z) = λC,0(t) · eγ⊤
0 Z(t) = 1

3 · eZ1+Z2(t), t ≥ 0.

With our specific covariates, both of these conditional hazard functions are piece-
wise constant and we could use the generating procedure described in section
4.1.1. So in each of B = 10000 repetitions, we generated n independent copies of
(Z1, Z2(t), T, C) and censored them to the form of current status data. We can
see an example of such data in the Figure 4.1. The time to event and monitoring
time are joined with a line for each individual observation. Remember that we
regard the observations as censored if T < C, this is marked by red colour. The
plot indicates that the covariate Z1 has a greater effect on the monitoring time
than on the time to event. This agrees with the fact that γ0 > β0 and the fact
that the monitoring time has proportional hazards model (and the time to event
only additive hazards).

We have performed these simulations for the cases of n = 200, 400, 800, the
results are recorded in the Table 4.2. For each option of estimates β1̂, β2̂ (options
of n and chosen approach), we have computed the mean and standard error of
β1̂, β2̂ over the 10000 repetitions. We have also computed the means of σ̂1, σ̂2,
which are the estimates of

√︂
var(βĵ), j = 1, 2 that were computed using the

results from the very end of section 3.2.2 and the standard observed information
matrix from the Cox model partial likelihood method. We also added, for every
option of estimation, the coverage of the true parameter by confidence intervals.
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Figure 4.1: An example of dataset generated in the simulation study. The current
status censoring is marked using colours. The so-called censored observations are
those where time to event comes before the monitoring time.

For all options of n, the two-step approach has the lowest variability and the
one-step approach the largest variability, just as was concluded at the end of
section 3.2.2. For example, for n = 200, the standard error of β1̂ is 0.42 with
the one-step approach, 0.29 with the approach with γ0 known and 0.24 with the
two-step approach. The approach with γ0 known is the least biased, which seems
reasonable, given that we provide the computation with the real value of γ0, while
in the other approaches, it has to be estimated. For n = 200, the mean of β2̂ is
0.68 with the one-step approach, 0.54 with the approach with γ0 known and 0.57
with the two-step approach. The estimation of β2 is naturally more problematic
because the monitoring often occurs before t = 0.5, the time of possible jump of
Z2(t). This is even more noticeable with the one-step approach, which converges
very slowly — the mean and standard error of β2̂ are 0.68 and 1.32, 0.59 and
0.70, 0.55 and 0.44 for n equal to 200, 400, 800, respectively.

Linear baseline hazard of time to event

Assume now that the time to event of a subject with all covariates equal to 0 has
Weibull(2, 1.5) distribution, that is,

λT (t|Z) = λT,0(t) + β⊤
0 Z(t) = 8

9t + 0.5Z1 + 0.5Z2(t), t ≥ 0.

The monitoring time stays with the baseline hazard λC,0(t) = 1
3 . Such simulations

were performed for n = 200 and n = 400. The results of these simulations can be
found in Table 4.3. The estimates have greater variability than in the case with
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Data Parameter One-step γ0 known Two-step

Current
status,
λT,0 = 1

3 ,
n = 200

β1

Mean(β1̂) 0.51 0.50 0.51
SE(β1̂) 0.42 0.29 0.24
Mean(σ̂1) 0.41 0.29 0.24
Coverage by CI 95 % 95 % 95 %

β2

Mean(β2̂) 0.68 0.54 0.57
SE(β2̂) 1.32 0.79 0.70
Mean(σ̂2) 1.07 0.74 0.66
Coverage by CI 97 % 96 % 97 %

Current
status,
λT,0 = 1

3 ,
n = 400

β1

Mean(β1̂) 0.50 0.50 0.50
SE(β1̂) 0.28 0.20 0.17
Mean(σ̂1) 0.28 0.20 0.16
Coverage by CI 95 % 95 % 95 %

β2

Mean(β2̂) 0.59 0.53 0.54
SE(β2̂) 0.70 0.48 0.43
Mean(σ̂2) 0.65 0.47 0.42
Coverage by CI 95 % 95 % 95 %

Current
status,
λT,0 = 1

3 ,
n = 800

β1

Mean(β1̂) 0.50 0.50 0.50
SE(β1̂) 0.19 0.14 0.11
Mean(σ̂1) 0.19 0.14 0.11
Coverage by CI 95 % 95 % 95 %

β2

Mean(β2̂) 0.55 0.52 0.52
SE(β2̂) 0.44 0.32 0.29
Mean(σ̂2) 0.43 0.31 0.28
Coverage by CI 95 % 95 % 95 %

Table 4.2: Current status data. Time to event follows additive hazards model
with constant baseline hazard.

constant baseline hazard, especially concerning the estimate of β2. For example,
standard error of estimates of β2 with the two-step method and n = 200 is 0.98 in
this model, compared to 0.70 in the model with constant baseline hazard. This
is not because we would generate data with too little failures — as we can see
in Table 4.1, the number of overall failures and the number of failures among
observations with jump in Z2(t) are comparable in the two models.

Correlated covariates

In this part, we keep λT,0(t) = 1
3 and λC,0(t) = 1

3 , but we create correlation
between the covariates. Specifically, Z1 stays with the distribution Unif(0, 3) and

Z2(t) = W · I(t ≥ 0.5), t ≥ 0, W ∼ Bernoulli(Q),
Q = 0.1 · I(Z1 ∈ (0, 1⟩) + 0.5 · I(Z1 ∈ (1, 2⟩) + 0.9 · I(Z1 ∈ (2, 3)).

The results of this simulation for n = 200 are in Table 4.4. The estimates of
β1 have similar properties as the ones from datasets with uncorrelated covari-
ates. The estimates of β2 are more biased and have much greater variability.
For example, the mean and standard error of estimates of β2 with the two-step
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Data Parameter One-step γ0 known Two-step

Current
status,
λT,0 = 8

9t,
n = 200

β1

Mean(β1̂) 0.50 0.49 0.51
SE(β1̂) 0.49 0.33 0.26
Mean(σ̂1) 0.48 0.32 0.25
Coverage by CI 95 % 95 % 95 %

β2

Mean(β2̂) 0.70 0.53 0.56
SE(β2̂) 1.86 1.10 0.98
Mean(σ̂2) 1.58 1.05 0.94
Coverage by CI 97 % 97 % 98 %

Current
status,
λT,0 = 8

9t,
n = 400

β1

Mean(β1̂) 0.50 0.49 0.50
SE(β1̂) 0.33 0.22 0.18
Mean(σ̂1) 0.33 0.22 0.18
Coverage by CI 95 % 95 % 95 %

β2

Mean(β2̂) 0.61 0.52 0.54
SE(β2̂) 1.04 0.68 0.62
Mean(σ̂2) 0.98 0.67 0.61
Coverage by CI 96 % 96 % 97 %

Table 4.3: Current status data. Time to event follows additive hazards model
with baseline hazard from Weibull distribution.

Data Parameter One-step γ0 known Two-step

Current
status,
λT,0 = 1

3 ,
covar.
correlated,
n = 200

β1

Mean(β1̂) 0.51 0.50 0.51
SE(β1̂) 0.41 0.30 0.25
Mean(σ̂1) 0.40 0.29 0.24
Coverage by CI 95 % 95 % 95 %

β2

Mean(β2̂) 1.02 0.61 0.73
SE(β2̂) 3.19 1.65 1.46
Mean(σ̂2) 2.14 1.40 1.25
Coverage by CI 95 % 94 % 94 %

Table 4.4: Current status data. Time to event follows additive hazards model
with constant baseline hazard. Covariates are correlated.

method are 0.73 and 1.46. It is possible that the lower number of failures among
observations with jump in Z2(t) in case of these data (Table 4.1) also contributed
to these results. In these data with correlated covariates, the number of failures
among observations with jump in Z2(t) was 12.1 on average, whereas in data with
uncorrelated covariates it was 19.4 on average.

Additive hazards for monitoring time

The last simulations with current status data were designed to try the method of
Lin et al. [1998] in the case of violated assumptions. We generated the monitoring
time from a distribution with additive hazard instead of proportional hazard.
That is,

λC(t) = λC,0(t) + γ⊤
0 Z(t), t ≥ 0.
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We have tried constant and linear baseline hazard for the monitoring time,
λC,0(t) = 1

3 and λC,0(t) = 8
9t. The baseline hazard for time to event was set

to λT,0(t) = 1
3 . The results of these simulations for n = 200 are in the Table

4.5. In all cases, the approach with γ0 known is the most (and quite heavily)

Data Parameter One-step γ0 known Two-step

Current
status,
add. haz.
for moni-
toring,
exp,
n = 200

β1

Mean(β1̂) 0.47 1.16 0.46
SE(β1̂) 0.37 0.29 0.20
Mean(σ̂1) 0.37 0.25 0.20
Coverage by CI 95 % 25 % 94 %

β2

Mean(β2̂) 0.39 0.94 0.37
SE(β2̂) 1.46 0.94 0.77
Mean(σ̂2) 1.20 0.81 0.72
Coverage by CI 95 % 93 % 94 %

Current
status,
add. haz.
for moni-
toring,
weibull,
n = 200

β1

Mean(β1̂) 0.81 1.27 0.54
SE(β1̂) 0.38 0.27 0.18
Mean(σ̂1) 0.38 0.24 0.20
Coverage by CI 89 % 12 % 96 %

β2

Mean(β2̂) 0.67 1.42 0.48
SE(β2̂) 1.38 0.94 0.74
Mean(σ̂2) 1.27 0.82 0.72
Coverage by CI 96 % 80 % 96 %

Table 4.5: Current status data, where the assumption of proportional hazards for
monitoring time is violated.

biased. The means of estimates of β1, β2 with this approach are 1.16, 0.94 and
1.27, 1.42 in the case of constant and linear λC,0(t), respectively. This is rea-
sonable — adding the specific value of γ0 to the wrong form of λC(t) makes the
assumptions used for computing βĵ, j = 1, 2 even more wrong. Let us concen-
trate on the option with two-step approach. The results here are quite peculiar.
In the case of constant λC,0(t), the estimate of β1 is a bit more biased than in
the situation with proportional hazard for monitoring, but has lower variability
(mean(β1̂) = 0.46, SE(β1̂) = 0.20). The estimate of β2 is much more biased and
has a bit greater variability in comparison with proportional hazard for monitor-
ing (mean(β2̂) = 0.37, SE(β2̂) = 0.77). In the case of linear λC,0(t), the estimates
seem almost more successful than with the data with proportional hazards for
monitoring. The estimate of β1 is slightly more biased with lower variability
(mean(β1̂) = 0.54, SE(β1̂) = 0.18) and the estimate of β2 is less biased and has
lower variability (mean(β2̂) = 0.48, SE(β2̂) = 0.74). We would need many more
simulations with different baseline hazards and also different values of β0, γ0 to
make a better picture about how the method works when the assumption of
proportional hazards for monitoring is violated.

Reproduction of a study by Martinussen and Scheike [2002]

As was mentioned in 3.2.3, Martinussen and Scheike [2002] made a small study
to demonstrate that their estimator β̂MS (unlike the one from Lin et al. [1998],
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β̂LOY ) works also when the monitoring time does not follow proportional hazards
model. We repeat again that this is true according to the theory — we need
this assumption for deriving assymptotic properties of β̂LOY , while β̂MS does not
need any restriction of this kind. However, we believe that the estimate β̂LOY

in this particular study was done incorrectly and that the results are actually
not that much worse than the results of β̂MS. According to their study with the
true value of parameter β0 = 0.5, mean(β̂MS) = 0.51 and SE(β̂MS) = 0.21, while
mean(β̂LOY ) = 0.18 (a considerable bias); SE(β̂LOY ) is not stated in the article.

Just like in the study from Martinussen and Scheike [2002], we have gener-
ated one constant covariate Z from distribution Unif(0,

√
12), the failure time

was generated from distribution with hazard function λT (t|Z) = 1 + 0.5Z (i.e.
β0 = 0.5) and the monitoring time was generated from distribution with hazard
function λC(t|Z) = 0.5+0.5

√
Z (i.e. the assumption of proportional hazards was

violated). This was done in B = 10000 repetitions with a sample size of n = 200.
The data were censored to the form of current status data. We have analyzed
these data with two approaches. The first is the approach with γ0 known, but we
use intentionally the wrong assumption that γ0 = 0 (i.e. monitoring is indepen-
dent of covariates). The second approach is the two-step approach. The results
can be found in Table 4.6. In the case of approach with the wrong assumption
that γ0 = 0, mean(β̂LOY ) = 0.18 and SE(β̂LOY ) = 0.24. In the case of the two-
step approach, mean(β̂LOY ) = 0.49 and SE(β̂LOY ) = 0.23. We deduce from this
that Martinussen and Scheike [2002] used the first of these two approaches. In
our opinion, there was no reason for that and the two-step approach should have
been used instead, because it was stated in the article Lin et al. [1998] that it is
more efficient even if we (think that we) know the true value of γ0.

Data Parameter γ0 ”known” Two-step

Current
status,
n=200

β0

Mean(β0̂) 0.18 0.49
SE(β0̂) 0.24 0.23
Mean(σ̂0) 0.25 0.23
Coverage by CI 74 % 95 %

Table 4.6: Current status data. The assumptions on monitoring time are violated.
The approach with γ0 ”known” assumes that monitoring time is independent of
covariates, which is not true.

4.2.2 Right-censored data
In the end, we would like to describe a small simulation study with right-censored
data to show the impact of lighter/heavier censoring on estimation. We generated
exactly the same observations of covariates, time to event and monitoring time
as in the first section, i.e.

λT (t|Z) = 1
3 + 0.5Z1 + 0.5Z2(t), t ≥ 0,

λC(t|Z) = 1
3 · eZ1+Z2(t), t ≥ 0,

and then applied right-censoring instead of censoring to current status data. The
results of estimating with the method by Lin and Ying [1994] for n = 200 are
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in Table 4.7. As expected, the estimates are better than with the current status

Data β1 β2

Right-
censored,
λT,0 = 1

3 ,
n = 200

Mean(βĵ) 0.51 0.52
SE(βĵ) 0.16 0.44
Mean(σ̂j) 0.16 0.42
Coverage by CI 95 % 95 %

Current
status,
λT,0 = 1

3 ,
n = 200

Mean(βĵ) 0.51 0.57
SE(βĵ) 0.24 0.70
Mean(σ̂j) 0.24 0.66
Coverage by CI 95 % 97 %

Table 4.7: The comparison between estimating from right-censored data and
current status data. In the case of current status data, the results are from the
two-step method.

data. The mean and standard error of estimates are 0.51 and 0.16 for β1, 0.52
and 0.44 for β2.
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Conclusion
This thesis described how to deal with current status data if the goal is to es-
timate the effect of (possibly time-varying) covariates on time to event. In the
first chapter, we introduced the basics of survival analysis in general and also
important results in martingale theory. The second chapter is dedicated to re-
gression in survival analysis in the case of right-censored data, specifically to the
Cox proportional hazards model and the additive hazards model.

We began the third chapter with the description of current status data and
described the term of external covariates — covariates whose future values do
not add any information on the status of the subject in the present. Restricting
ourselves to external covariates turns out to be important in many steps of dealing
with current status data. The third chapter continues with comparing the works
of Finkelstein [1986], Diamond and McDonald [1991] and Huang [1996], who
proposed methods for regression on current status data using the proportional
hazards model. These methods are quite complicated and their usage is limited
to constant covariates.

In the vast majority of the third chapter, we analyzed the method proposed
by Lin et al. [1998], which was the main topic of this thesis. We studied the
theoretical aspects of this method in detail and supplemented it with proofs (or
parts of proofs) which were omitted in the article. This method assumes the
additive hazards model for the time to event and the proportional hazards model
for the monitoring time. We proved that these assumptions let us define an
event whose hazard can be expressed in such way, that it eventually takes the
form of proportional hazards model. Because the idea is to use the asymptotic
properties and software for the Cox model, it is necessary to specify the regularity
assumptions needed for its theory modified for the model with current status data.
We extended and specified the proof of martingale property of a process given
in the article, which makes it possible to use the theory of the Cox model. This
way, we get two estimators: a one-step estimator and an estimator which uses a
known parameter for the monitoring time (if it is known).

One can take three approaches to the method proposed by Lin et al. [1998].
The third and the most effective one is the two-step approach. In the first step, it
uses all observations to estimate the effect of covariates on the monitoring time.
This estimate is then used in the second step to estimate the desired parameter,
which describes the effect of covariates on the time to event. We needed additional
proofs to derive the asymptotic properties of this two-step approach. The final
result is that the two-step estimator is also asymptotically normal and has the
lowest variability (in comparison with the one-step estimator and the estimator
which uses a known parameter for monitoring).

In the fourth chapter, we present a simulation study which analyzes the es-
timator (with all three possible approaches) in different situations with current
status data. We try the exponential and Weibull distribution for the time to
event, a situation with correlated covariates and also a situation where the as-
sumptions on the monitoring time are violated. The results of the study agree
with the theory and show that the two-step estimator has the lowest variability.
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