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ABSTRACT

Measuring and managing credit risk constitute one of the most important processes within
bank risk management. Classical credit risk models assume multivariate normality for
distribution of underlying risk factors. Resulting methods offer analytical simplicity and
computational efficiency but disregard of extreme joint events since their probability is too
small. Recently several studies have doubted multivariate normality assumption saying that if
we accept this assumption we might seriously underestimate downside risk of given credit

portfolio.

The master thesis provides with an insight into the problem of modelling credit risk under
assumption of heavy tailed risk factors. We first present necessary mathematical
preliminaries of copula functions which stand for an alternative method of modelling
multivariate dependence structures. Next we introduce a credit risk model for bond portfolio
with heavy tailed risk factors. At last we carry out several simulations on portfolios of different

riskiness and compare to what extent the results from both mentioned models differ.

ABSTRAKT

bankovnich rizik. Klasické modely kreditniho rizika pfedpokladaji vicerozmérnou normalitu
pro rozdéleni rizikovych faktoru. Takto definované modely nabizeji analytickou jednoduchost
a vypocetni efektivitu, avSak odhlizeji od extrémnich sdruzenych udalosti, nebot
pravdépodobnost nastani takovych jevl se zda byti pfili§ malou. V posledni dobé& nékolik
studii zpochybfiuje vicerozmérnou normalitu a Fika, Ze takovyto pFedpoklad vazné

podhodnocuje vysledny odhad kreditniho rizika portfolia.

Diplomova prace se zabyva modely kreditniho rizika za predpokladu rizikovych faktor(
s tézkymi chvosty. Nejdfive popisujeme nezbytné matematické metody kopula funkci, které
pfedstavuji alternativni pfistup modelovani vicerozmérnych zavislostnich struktur. Poté
pfedstavujeme vlastni model kreditniho rizika portfolia obligaci s rizikovymi faktory s t&zkymi
chvosty. Zavérem popisujeme nékolik simulaci provedenych na obligaénich portfoliich o

rlzné rizikovosti a porovnavame do jaké miry se vysledky z obou zminénych modeld lisi.
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1. INTRODUCTION

In recent development of financial markets we observe an ever-rising importance and
popularity of risk management science. Interest in deeper understanding of uncertainty and
threats, which financial institutions are exposed to, comes not only from boards of such
institutions but as well from directive decisions of regulatory authorities. European Basel
Committee on Banking Supervision currently recognizes three major type of risks. These are
market risk, credit risk and operational risk. Among all of them, the credit risk have always

constituted the major concern for all banks and lending institutions around the world.

As a credit risk we understand an uncertainty in a counterparty’s ability to fully meet its
obligations on financial as well as non-financial contracts'. An effort to capture and quantify
the risk of loss due to credit has led to establishment of humerous amount of credit risk
models. Despite using different methodological approaches, all models are driven by three
basic common factors. First one is the probability of default which simply means assessing
the chance that undesirable outcome would ever happen. Secondly, the credit exposure
stands for amount of money which are in danger of loss in case of default. It is important to
be aware that this might not always be easily defined. Default can occur practically anytime
from the first to the last year of the contract duration and therefore for instance various
instalments and discount rates have to be considered in the analysis. Lastly if default really
happens, it is important to determine a fraction of the claims which could be recovered

through bankruptcy proceedings — so called recovery rate stand for this.

Within the framework of credit risk modelling, the probability of default is the most
challenging from all the mentioned factors. The analysis becomes even more involved when
we consider a portfolio of credit instruments. In such case mutual dependency of portfolio
segments needs to be taken into account and modelling such dependence structures poses
the key element in portfolio construction and credit risk management. Traditionally, a linear
correlation serves as the most popular measure of dependence between random variables
and therefore it is not too much surprising that leading commercial credit risk models are built
upon the assumption of that. Let us first describe the methodology of most popular models

and then discuss their shortcomings.

Probably the most influential credit risk model ever was introduced by Robert C. Merton in

1974 and is called in his name. Merton’s both revolutionary and intuitive idea was to see

! http://www.riskglossary.com/link/credit_risk.htm




firm’s equity as a call option on company’s assets’ and defining default as a case
when firm’s equity value falls bellow some predetermined threshold. Studying
probability of default on the base of such defined mark-to-market models gained a lots of
popularity and two of the currently most important commercial industry models are the
followers of Merton’s thoughts. KMV’s model (1993) continues in further development of
Merton’s option pricing theory, while CreditMetrics™ model (introduced by J. P. Morgan in
1997) brings new methodology based on estimation of obligor’s credit rating and credit rating

migration. The both models are, hence, of a latent variable type®.

From the portfolio point of view, the dependence between defaults of portfolio segments is
driven by mutual dependence structure between latent variables which are underlying these
segments. Both KMV’s and CreditMetrics™ models assume that those underlying
dependence structures are of multivariate normal class of distribution. However
recently there has been interesting amount of studies criticizing such approach for being too

restrictive. In the following chapter we give the main arguments.

1.1 LITERATURE SURVEY

Apparently the most rational reason for assuming multivariate normal dependence structure
for underlying risk factors might be found in analytical simplicity of the resulting models*.
It might be well shown that the shape of multivariate normal distribution is driven entirely by
structure of its covariance matrix. Since the only parameters of covariance matrix are the
variances of marginal distributions and the value of their linear correlation, which might be
both extracted from the latent variable of equity returns, we get a very appealing and easily
assessable model. But the main question remains. Is it admissible to assume just
multivariate normal distribution structures between latent variables? And how
inaccurate would be exercitation of such models on data sets where the multivariate

normality assumption would be not fulfilled?

Mashal (2002) finds that assumed normal dependence structure of joint equity returns had
never been tested. Apart from Mashal's study, there has been an impressive number of

studies negating the CreditMetrics™ and KMV’s corner-stone. Nyfeler (2001) states that

2 As any other option, this might be valuated by using Black-Scholes option pricing formula. Hence
we have a five determinants of price - strike value, asset market value, volatility of underlying asset,
time to maturity and risk free rate.

® As a latent variable we understand the value of obligor's assets and the default occurs when the
latent variable falls bellow some given threshold.

* Embrechts et al. (1999)




there is no compelling reason for choosing multivariate normal (Gaussian) distribution for
asset values and Embrechts (2002) adds that empirical research in finance and insurance
shows that distributions of real world assets are seldom in the class of multivariate normal
distributions. Domingues (2004) continues with declaring that while it is legitimate to assume
normality of the portfolio changes due to market risk, it is no longer the case for credit
returns. Domingues (2004) further shows that portfolio of credit instruments has highly
skewed distribution which exhibits heavy tails which is in direct contradiction with normal

dependence structure®.

Taken from the another point of view, the multivariate normal distribution automatically
incorporates linear correlation as the measure of dependence between given random
variables. However, as we will show, such a thinking might be misguided. Embrechts (1999)
sees correlation to be not only one of the most ubiquitous but as well the most
misunderstood concepts in modern finance. Correlation is often associated with thought
of being able to measure any dependence. Linear correlation, however, is only the measure
of linear dependence. Embrechts continues that correlation is canonical measure only in
the world of multivariate normal class of distribution. Moreover Longin and Solnik (2001)
show that linear correlation is not able to capture dependence between low probable but

extreme events.

1.2 STUDY CASE

For purposes of studying heavy tailed risk factors, the main pitfall of multivariate normality
assumptions is the small probability of extreme joint events. We next present a study
case which gives empirical evidence that extreme events occur and that they occur more

often than what would be predicted under the multivariate normal distribution structures.

Mashal (2002) takes and plots bivariate standardized monthly returns of four US firms and
highlights the extreme joint events. Out of 84 observations depicted in Figure 1, we can find
two, respectively one occurrence of extreme joint realisations. Probability of presence each
of highlighted events in bivariate normal distribution is approximately once in 100,000
observations. Given this fact Mashal concludes that for investigated bivariate distribution to
be normal, the quantity of extreme joint realizations is too high and that equity returns have

fat tails not only in their marginal distributions but as well in higher dimensions.

® For more information about multivariate normality pitfalls see: Embrechts: Correlation and

dependence in risk management: properties and pitfalls , 2002
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Figure 1: Standardized US equity returns, August 1994-July 2001

Standardized Monthly Returns Standardized Monthly Retu rns
1 1
< " )
¥ 2 - ]
£ ".:; & I '!. & :,
s L - » 4
S ¥ : - * 2 0 d'ﬁ s
= * = + oo
= LI .. 5l d o % ~ﬂ'
N ) .’ . L]
* b .
+ i .
ad (’: <4
L
4 a3 2 a1 f 1 t 31 4 I N S D T D TR B
HoneyWell IBM

Source: Mashal (2002)

1.2.1 EVIDENCE FROM CZECH STOCK MARKET

We executed the same research as Mashal on the data from Czech stock market. We used
GARCH(1,1)° filtered monthly returns of firms CEZ, Unipetrol, Telefonica O, and
Komeréni banka from period January 2001 to February 2007. The results are depicted in
Figure 2. We highlighted some of observations whose occurrence, given assumption
of bivariate normality, should not be larger than once per five hundred events (and
actually should be lower, for extreme cases even much lower). We stress the fact that each

graph contains mere 77 observations’.

Comparing to the Mashal’s results from US data, we find even higher evidence of extreme
joint realizations. Our personal opinion is that this might be due to the specific
characteristics of small and still developing stock market in Czech republic. Nevertheless the
results give us support in an effort to investigate the issue of extreme joint events more

closely.

® We give more information about GARCH (1,1) in chapter 5.1
"note: implied assets linear correlation: Corr(CEZ,Unipetrol)=0.39; Corr(TelefonicaO2, KB)=0.37
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Figure 2: GARCH (1,1) filtered Czech equity returns, January 2001-February 2007
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1.3 STRUCTURE OF DIPLOMA THESIS

Summing up the previous chapters, we showed that leading industry credit risk models are
built in the set-up of multivariate normal distributed variables which are underlying the
models’ risk factors. We presented the evidence that such assumption might not be
appropriate. First of all, the marginal assets’ distributions do not have to be normally
distributed and actually in reality, often, they are not. Secondly multivariate normal
distribution implies linear correlation as a measure of dependence and such defined
dependence structure is not able to fully capture possible occurrence of extreme joint events.
Or better to say, the probability of extreme joint events under linear correlation dependence
structures and multivariate normal distributions is so small that it makes almost no sense to
consider such events to ever happen. However disregarding of extreme joint events might be

found irresponsible as the potential losses are huge and might bring severe consequences.

In this diploma thesis we are presenting models which offer an alternative to the
commercial credit risk models of KMV or CreditMetrics™ type and study and incorporate the
chance of realization of low probable extreme joint events. We comparatively study,
theoretically as well as practically using the Czech stock market data, to what extent the

results from presented models differ.

We start with presentation of necessary mathematical background. Beside the linear

correlation there exist many alternative models assessing dependence structures.
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Considering risk management, model of copula functions presents the state of art of current
science and belongs recently to the most popular ones. We give a little insight to the copula
functions and introduce alternative dependence measures to linear correlation in the chapter
2. Chapter 3 is dedicated to the CreditMetrics™ model which is further used as a benchmark
for comparative study of our results. In chapter 4 we finally present the credit risk model with
incorporated heavy tailed risk factors and in chapter 5 discuss its results given the real data
from Czech stock market as well as couple of artificial portfolios of different riskiness. All
simulations in this thesis were carried out with program Matlab 6.1 with Statistics Toolbox.
Lastly, necessary program codes and some supplementary files are provided on CD which is

enclosed to the thesis.
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2. MATHEMATICAL PRELIMINARIES

One of the fundamental problems with portfolio credit risk management is perceived as how
to aggregate individual obligor’s risks with respect to specific dependence structures
between them. In the previous chapter we stated that models, which are built upon
multivariate normal distributions, could lead to results which underestimate the probability of
joint defaults of credit obligors. The alternative way how to describe the dependence
structure of random variables might be found in the concept of latent variable copula
functions. Due to their properties, which are presented later in the chapter, copula functions
comprise a powerful and very flexible tool for multivariate dependence structure analyses

which enable us to describe the examined data in more detail.

Going back through the history we find that the concept of copula functions was firstly
introduced by Abe Sklar in 1959. However it was not until late 90’s when copulas started to
attract attention of financial fields. At these days, copulas are extensively used to investigate
dependencies between random variables on the fields of operational, market and most of all
the credit risk management. We introduce copula function as an alternative method for
modelling dependence structure between random variables. From the point of view of
classical statistical science, the dependence structures of random variables are completely
describe by a joint distribution. If we have F(x) to be a joint distribution of random

variables X;,..., X, , we mean:

IF(x) =P(Xy < X4,..., Xpy < Xp))| (2.1)

The motivation standing behind the copula concept of dependency is to separate the joint
distribution function F(x) into two parts. First one for representing the margins® and
second one, described by copula function, for modelling the dependence structure between
those margins. We dedicate this whole chapter to the copula functions starting with basic
definition and important theorems, going through alternative concepts for measuring
dependence structures of random variables and finishing with models fitting the copula

functions onto given data sets.

8 Throughout the thesis as margins we understand the distribution functions of the marginal random
variables.
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2.1 PROPERTIES OF COPULA FUNCTIONS

Definition 1 (Copula function)
For ne N/ {0} a n-dimensional distribution function with margins uniformly distributed on

[0,1] is called a copula.

Copula can be alternatively fully defined to be any function which can be used as a

distribution function on [0,1]" :

A copula is any function C : [0,1]" — [0,1] which fulfil the following properties:
1. C(x,,..., X, )is increasing in each component x;

2. C(1,..,1,%x,,1..,1)=x, Vie[l,.,n]x, €[0,1]

1

3. V(ay,...,ap), (by,....b,) € [0,1]" with a; < b; we have

i...i(-1)’1*---”~ C(Xys e Xy )20 °
in=1

iy=1

where xj; =aj, Xjp =b; V je{l,..n}

There are several propositions about the properties of copula functions but none of them has
reached the importance of Sklar's theorem which sets up the basis of copula dependence
modelling. The theorem clearly shows that a multivariate distribution function can be
separated and completely described by its univariate margins and a multivariate
dependence structure. Moreover, such multivariate dependence structure is entirely
characterized by copula. The significance of the Sklar's theorem is found not only in its
primary meaning but as well in its several propositions which further enlarge the general

knowledge about the copula function modelling.

Sklar’s theorem

Let H be an n-dimensional distribution function with margins F,..., F,. Then there exists an
n-copula C such that Vx e R" :
H(x,,...x,)=PX, < x;,...., X, <X,)=C(F,(x,),....F,(x,)) (2.2)

If Fy,...,F, are all continuous, then C is unique.

Conversely, if C is an n-copula and F4,...,F, are distribution functions, then the function H

defined as above is an n-dimensional distribution function with margins F4,...,F,.

° The expression in the sum might be interpreted as P[a; < X;< by ,..., a, < Xy < by]
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Proposition 1

Let H be a n-dimensional distribution function with continuous margins F;,..., F, and copula

C. Then for Vx e [0,1]" we have:
CX;os Xy ) = H(F (X;),.... F (X,), (2.3)

where F,." (x;),i =1,...,n,denotes the generalized inverse function.

Hence the first corollary gives an advice how the concrete form of copula function might
be derived under specified multivariate distribution function and its margins. We use this
proposition and show its practicality in the next chapter 2.2, where we derive particular form
for several most popular copula functions. From the general properties of distribution

functions and Sklar’s theorem arises another proposition.

n
Since P(X, < X;,.... X, <X,)= HP(Y,. < y;) holds if and only if the components of X are
i=1

independent, we come to a particularly simple but conceptually important case which is

summarised in the next statement.

Proposition 2

Let X be a random vector with continuous margins, then the components of X are

independent if and only if the copula representation C has the following form:

C(u1,...,u,,)=1£[u, (2.4)
i=1

Last proposition says that copula representation shows a lots of universality as it is
invariant under strictly increasing and continuous transformations of the margins.
Such invariance allows for high flexibility of copula models. For instance if we are building a
model based on equity returns we can easily transform the input data into log-values, which
is in this type models a common practice, without any need for changing the copula function
as logarithmic transformation of margins is strictly increasing and continuous operation and

therefore has no impact on copula representation.

Proposition 3

If (F4,...,F,)T has copula C and T,,...,T, are increasing and continuous functions, then
(T+(F1),....,Ta(F,))T also has copula C.

16




Proof.

Let (U, ..., U,)" have distribution function C. In the case of continuous margins FX,. we take
Uj =Fx (X;). Then we may write:
C‘(:T,(X,)(X1 )-oFT (x )(Xn )) =Plu; <Fr(x,)(X1)sUp SF7 (x )(Xp ))

7‘.7(X7)(U1)§ x1,...,F;n7(Xn)(Un)s X,

/j?

The aim of this chapter was to illustrate the basic properties of copula functions. For those
readers who are interested in deeper knowledge of this subject matter we recommend any
publications of P. Embrechts or R. Frey. Both of them give very relevant studies on the field

of dependent default and copula modelling as well as on copula theory itself.

2.2 EXAMPLES OF MOST COMMON COPULA FORMS

Sklar’'s theorem shows how copula C creates a connection from the margins F;,...,F, to the
joint distribution H. Therefore if we keep the margins F;,...,F, fixed and change the functional
form of copula C, we can simulate different kind of joint dependencies between given random

variables™. In what follows we present very concrete forms of most popular copula concepts.

However before we describe the mentioned copula concepts we outline a terminology which
is associated with copula classification. First of all, we distinguish between implicit copula
whose density function is given by a known multivariate distribution (e.g. multivariate normal
or t-distributions are very commonly used) and explicit copula whose distribution function
has a closed-form expression''. Further according to the particular form of copula
representation we recognise several copula subclasses. From those, the most important
ones are the subclasses of elliptical copulas and Archimedean copulas. We describe

both of them in the following sub-chapters.

19If not otherwise stated, we suppose that all risk factors X, ...,X, have univariate N(0,1) distribution.
As well by saying Gaussian or normal distribution we mean N(0,1) distribution, multivariate or
univariate.

! Wikipedia explains that an equation or system of equations is said to have a closed-form solution
if, and only if, at least one solution can be expressed analytically in terms of a bounded number of
certain well-known elementary functions..
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Nevertheless first of all, the easiest form offers the copula of independent variables. We
already showed in Proposition 2 of the last chapter that in such case the copula is
represented just by simple product of its margins. On the other hand, probably the most often

used is so called Gaussian or normal copula. This is nothing else than the copula

representation for multivariate normal distribution N, (0,1), i.e. the distribution of

independent standard normal variables. Following Proposition 1, which says how to extract

copula function from given joint distribution function, we get the formula :

Co(u,,u,) =H (47 (uy), 47 (u,))

Where pe[0,1] stands for linear correlation parameter, ¢ is univariate N(0,1) distribution
function and H, stands for bivariate N»(0,1) distribution function with correlation coefficient p.

Combining Proposition 1 with the definition of bivariate normal distribution'? we then get

standard Gaussian copula function as a following integral:

=i =7l 2 2
CGa(u1,u2):I¢ (U1)J-¢ (u,) 1 o (s -2pst+t°) dsdt| (2.5)
p o Jw 2 2(1-p?

27(1- p?) (1-p%)

2.2.1 SPHERICAL AND ELLIPTICAL DISTRIBUTIONS

The theory of spherical and elliptical distributions is clearly described in Embrechts et al.

(1999). The spherical distribution can be best understood as a natural extension of

multivariate N, (0, I) normal distributions which, as we said, stand for distributions of

independent (and hence as well uncorrelated) standard normal variables. Following this the
spherical distribution provides the family of symmetric distributions for random vectors with

zero mean which are no more independent but still uncorrelated.

Definition 5 (Spherical distribution)
A random vector X = (X;, ... ,X,)" is said to have a spherical distribution if for every

dist
orthogonal map U € R™" 3 jt holds that UX = X

2 For the form of bivariate normal distribution see for instance:
http://en.wikipedia.org/wiki/Bivariate_normal_distribution
'3 Orthogonal maps are the maps satisfying UU'=UTU=l,

18



It might be shown that if X has a density f(x)=f(xy,...,Xx,) then for some function

g:R, > R, this is equivalent to f(x)=g(xTx)=g(x12 +...+x,2,). Hence the spherical

distributions might be interpreted as the distributions with constant on spheres.

Multivariate normal distribution, which was introduced in the last chapter, belongs to the
class of spherical distribution and is the only spherical distribution with independent random
variables. Apart from that the multivariate t-distribution and the logistic distribution are other
two popular spherical distributions. In this paper, we will use only t-distribution and thus we
do not provide exact formula for logistic distribution. However for logistic distribution we refer
to Embrechts et al. (1999).

Concept of t-copula constitutes for our modelling the biggest importance. Firstly, comparing
to Gaussian copula, t-copula exhibits heavy tails as it is the representation of
multivariate student’s t-distribution. Secondly in case of higher degrees of freedom, we
might approximate t-copula by Gaussian copula which allows us to create a conjunction with
models using multivariate normal distribution. But most importantly, Mashal (2002) shows
that considering an ability to fit the empirical data, the t-copula is generally superior to the
Gaussian copula. For all those reasons, t-copula belongs to the most popular copula
concepts. We can derive t-copula form in the same way as the Gaussian copula following the
Proposition 1. Standard bivariate t-copula function with v degrees of freedom then looks as

follows.

v+2

Suy) et (uy 2 _ 2\ 2
Cﬁ,p(UwUz):J‘tV( )f (1) 1 (1+s 2pSt2+t j - 26)
T 2m (- p?) v(l-p)

where p = linear correlation parameter —1< p <1

t,= univariate standard t-distribution function with v degrees of freedom

To sum up, the spherical distribution is a natural extension of multivariate N, (0,1)

distribution. If we are looking for even more generalization we, simply, come to the elliptical

distributions.

We are mentioning the elliptical distribution since they represent the next logical step in the

distribution analysis. However as we will not use anything else than spherical distributions,

we leave the elliptical distribution with saying that they extend the multivariate N, (,u,Z)

19



normal distribution' and that they are the affine map of spherical distributions in R". Again
for those who are interested in deeper knowledge about elliptical distribution, we refer to
Embrechts et al. (1999). In the next chapter we introduce the second famous class of copula

functions — Archimedean copulas.

2.2.2 ARCHIMEDEAN COPULA FUNCTIONS

Definition 6 (Archimedean copula function)
An Archimedean copula function C : [0,1]" — [0,1] is such a copula function which might be
represented in the following form:
Clugmstin) =y [y(ug) + ...+ p(up )],
where v is a decreasing convex function satisfying v : [0,1] - R, with w(1)=0, y(0)=o.

Such a function v is then called a generator of the copula.

From the definition it is evident that for the selection of Archimedean copula, it is
sufficient to identified its generator. In what follows we present the three most elementary
as well as most popular Archimedean copula functions - the concepts of Gumbel copula,
Clayton copula and Frank copula. Here we only stay with theoretical background and in
the Box 1 bellow present generators for all the mentioned copula functions, the range of used

parameters and, of course, the resulting copula function in a bivariate form.

Box 1: Archimedean copula functions

Name Parameter Generator (p) Bivariate copula function
1/6
Gumbel Oe[1,x) (-Inp)? exp(-[(-lnu1)9+(-lnu2)9] j
0 _ 1/6
Clayton 6¢e(0,) (pfp” max[(ufe +u2_9 —1) ,0}
_gp _ —0U1 _ —euz _
Frank Oc(—0o)l0 —ne——  _Tp 1+(e 719 7)
e P-1 0 e -1

'* Hence all spherical distributions are indeed the elliptical distributions.

20



2.2.3 GRAPHICAL DEMONSTRATION

We conclude the whole chapter by graphical examples of joint distributions of random
variables generated by bivariate functional forms of just introduced copula functions.
We assume normally N(0,1) distributed margins for underlying risk factors X;, X, and for
each copula function present three graphs which differ in linear correlation between X, and
X,. Always, first graph correspond to p = 0.4 , the second to p = 0.6 and the third to p=0.8 .
Each graph depicts 5000 independent scenarios. In addition to this, on the enclosed CD we
give all files underlying these graphs. Files are in MS Excel format and allow to change
copula parameters in any way. Hence any form of given copula might be created. Lastly in

Appendix A we give algorithms according to each of presented copulas might be generated.

From the graphs we might clearly see that the number of joint events expectedly rises with
higher correlation. Moreover we might notice that Gumbel copula exhibits relatively more
dependencies in the first quadrant while Clayton copula shows the same in third quadrant
and t-copula in both of them. On the other hand we do not observe any of such properties in
cases of Gaussian or Frank copulas. We give the proper definition and measure of so called

tailed dependence in the chapter 2.4.2.

Figure 3: Examples of copula functions™

Gaussian copula function

1> x-axis: value for underlying risk factor X ; y-axis: value for underlying risk factor X,
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Gumbel copula function

Clayton copula function

2.3 CONCEPT OF LINEAR CORRELATION

The study of heavy tailed credit risk factors is closely related to the problem of modelling and
measuring dependence structures. We are briefly introducing the most common measure of
dependence between random variables - the concept of linear correlation. Later we use the
concept of linear correlation as a benchmark for comparative studies of copula functions.
Now we recall some of the linear correlation basic properties and discuss the shortcomings
which this dependence concept brings. We mention the main arguments from Embrechts et
al. (1999).
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Definition 2 (Linear correlation)

Let X and Y be two random variables with finite nonzero variances Var(X) and Var(Y), the

linear correlation between X and Y is defined as:

p( ,Y) COV(X,Y)

- JVar(X)Var(Y) @7

where cov(X,Y) is the covariance between X and Y, given as Cov(X,Y) = E[XY] - E[X]E[Y];

and Var(X) and Var(Y) denotes variances of X and Y.

We recall several properties of linear correlation:

(i)

(iii)

(v)

In the case of perfect linear dependence Y =aX +b (wherea,besRanda=0) we

get ‘p(X ,Y)| =1. More importantly, the statement is equivalence.

This might be shown by considering the following representation:

o Var(Y)-min E|(Y —(aX + b))? |
pIXY)" = Var(Y) (2.8)

The above equation describes a connection between correlation and simple linear
regression. Hence the linear correlation might be interpreted as the relative

reduction in the variance of variable Y due to linear regression on X.

In case of independent random variables, we have p(X,Y)=0. However this

statement is not anymore equivalence.

It holds that |p(aX +b,cY +d)=sign(ac)p(X,Y)]|. Thus linear correlation is

invariant under strictly increasing linear transformations.

Linear correlation is easily manipulated under linear operations. Under affine linear

transformations A:R" > R™ x> Ax+a and B:R" - R™, x+>Bx+b where

A BcR™" abeR™ we have: Cov[AX +a,BY +b]=ACov[X,Y]BT

On the base of introduced relationships it might be finally showed that variance of
linear combination of random variables is fully determined by their pairwise

covariance. In the mathematical notation we get'®:

for a eR", o2(a” X)=aT Cov(X)a

' To see the exact analytic derivations and more about the properties of linear correlation, see
Embrechts et al. (1999)
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In practice the concept of linear correlation is the canonical measure of dependence in the
world of multivariate normal distributions and the natural measure of dependence within the
class of elliptical distributions which to a large extent resemble multivariate normal case'’.
However for purposes of heavy-tailed risk factors modelling the concept of linear
correlation defined as in (2.7) is not the appropriate one. We present the couple of

reasons why is it like that.

(i) Linear correlation is not defined when the variances of X and Y are not finite.
This can be the case of t-distribution with small degrees of freedoms which we will

use latter in the modelling section.

(i) Independence of X and Y always implies zero linear correlation, but this
relationship does not necessarily hold other way round. In fact it holds in cases
of multivariate normal distribution but is no longer valid when only marginal
distributions are normal while joint distribution is non-normal or in other general

cases. This again will be the case of our model.

(i)  While the concept of linear correlation is invariant under strictly increasing linear
transformations, it is no longer invariant under non-linear strictly increasing
transformations. Hence in general case for T:R > R p(T(X),T(Y)) = o(X,Y).
We might be liking some more general invariance, for example invariance under

logarithmic transformations which are so popular within the stock market models.

(iv) The estimator (2.7) lack robustness in cases when marginal distributions are

asymmetric or exhibits heavy tails.

Summing up, the concept of linear correlation, defined as in (2.7), is undoubtedly well-
established, simple and straightforward tool for analysing the dependence structures. It is
even the best possible measure of dependence given the assumption that examined random
variables are multivariate normally distributed. Further, correlation as well serves as one of

the parameters determining multivariate elliptically distributed functions (e.g. t-distribution).

However the quality of estimator (2.7) crucially depends on the marginal distributions of given
random variables (see points (i) and (iv) from above). Hence it might pay off to search for
models that are able to capture dependence structure between random variables in more

general cases, i.e. without restricting assumptions on the shape of modelled distributions.

"7 For proper definition of elliptical distribution see chapter 2.2
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2.4 ALTERNATIVE DEPENDENCE MEASURES

On several places of previous chapters we stated that as far as we move away from
multivariate normal variables and elliptical distributions, the concept of linear correlation
stops to be a proper method for dependence structure analyses. On this place we introduce
the concept of Kendall’s tau which alternates the linear correlation as a measure of
dependence. Besides that in a mutual comparison to linear correlation, the Kendall’s tau
shows more generality and can be without any restrictions used not only within the classes of
multivariate normal variables but as well within many other classes. Simultaneously we
introduce measures of tail dependence as a tool for analysing extreme events of

bivariate distributions, which are considering this paper of a special interest.

2.4.1 KENDALL’S TAU

Definition 3 (Kendall’s tau)

Let (X,Y) and (X',Y') be bivariate random vectors with continuous and common margins
F (of X and X’) and G (of Y and Y’). We say that (X,Y) and (X',Y') are
concordant if and only if (X -X'\Y-Y')>0 and discordant if and only if
(X-X'\Y-Y")<o0.

As Kendall's tau we understand the difference between the probabilities of concordance
and discordance for vectors (X,Y) and (X",Y’).

[r=P(X-X'YY-Y")>0)-P(X-X)Y-Y')<0)| (2.9)

Kendall’s tau is known as a measure of concordance for bivariate random vectors. It can
be further shown'® that probabilities of concordance and discordance (2.9) might be

evaluated by integrating over the distribution of (X, Y). This transition enables us to

rewrite the definition of Kendall’s tau into notation of the following integral.

r=4j;j; Clu,v)dC(u,v)-1 (2.10)

where C(u,v) stands for copula associated to (X,Y). Equation (2.10) represents a remarkable

transformation as it shows that Kendall’s tau is of copula property. This for instance

18 Nelsen (1999), p. 127 or Embrechts et al. (2001)
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means that, on the contrary to linear correlation, Kendall’s tau is invariant under any strictly

increasing and continuous transformations of the margins.

We would like to stress that Kendall's tau, no matter how often being used, is not the only
measure of concordance. Very popular are for instance models of Spearman’s p or
Schweizer and Wolff’s . It can be shown again that both concepts are of copula property.
What have further all three methods in coincidence is that they are all defined for bivariate
random variables. However a dimension of the analysis can be simply enlarged in a
completely same way as for linear correlation, i.e. we can achieve higher dimension analyses

just by writing pair-wise correlation into n x n matrix.

KENDALL’S TAU AND CORRELATION FOR ELLIPTICAL COPULA FUNCTIONS

From the chapter 2.2 it is evident that distribution of Gaussian as well as t-copula functions

are determined by correlation coefficient p. In the last chapter we introduced correlation

estimator (2.7) and showed its limited robustness. Nevertheless within the models with
elliptical distributions with absolutely continuous margins we might construct a robust linear
correlation estimator using the following relationship between linear correlation and

Kendall’s tau®®:

p(X,Y) = sin (% (XY )j (2.11)

And a consistent Kendall’s tau estimate for a sample of n observations of variables defined

as above might be obtain by:

-1
#(X,Y)= [ZJ > > sign [(x (")—x("))(y(")— Y("))] (2.12)

In following Figure 4 we present bivariate mixtures of normal and t-3 distributions which were
all built up upon the same value of copula linear correlation parameter 0.6. For each figure
we calculated correlation by means of estimator (2.7) and (2.11) — correlation p; and p..
Expectedly both estimators give almost the same results for bivariate Gaussian distribution
(a) and the most distinct results for Gaussian copula with fat tail margins (b). Further we
might notice that figures (c) and (d) have evidently more dependence in tails than figures (a)

and (b). However none of the employed estimators is able to capture this difference.

'9 J.J.Quasada-Molina, What are copulas, 2003, p. 4
20 Proper derivation of relationship between Kendall’s tau and linear correlation coefficient and further
description of this approach might be found for instance in Lindskog et al. (2002).
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Figure 4: Copula mixtures of normal and t-distributions®'

(a) Bivariate Gaussian distribution (b) Gaussian copula with t-3 margins

p;=0.6018 p,=0.6013 p;=0.5440 p,=0.6013

(c) t-3 copula with Gaussian margins (d) Bivariate t-3 distribution

ps=0.6059 p,=0.6140 0;=0.6102 p,=0.6140

2.4.2 TAIL DEPENDENCE

The concept of tail dependence has a close relation to the problems of extreme joint events
since it provides an asymptotic measure of dependencies in upper- and lower- quadrant
tail of bivariate distributions. In another words the model assumes two random variables
and is based on measuring probability of extreme realisation of the first variable given the
assumption that extreme event of the second variable happened. According to the interests

we distinguish between coefficients of upper and coefficients of lower tail dependence.

2 x-axis: value for underlying risk factor X; ; y-axis: value for underlying risk factor X, ; Each graph
contains 5000 independent scenarios.
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Definition 4 (Coefficient of tail dependence)

Let X and Y be two continuous random variables with distribution functions F, G and copula

C. A coefficient of lower tail dependence of X and Y is then defined as:

2 = lim P[Y < G"(ujx < F‘7(u)} (2.13)

u—0

if the limit exists. Further if 4, < (0,1] we say that X and Y are asymptotically dependent in the
lower tail and similarly if 4, =0 we say that X and Y are asymptotically independent in the

lower tail.

A coefficient of upper tail dependence is likewise defined for the upper right quadrant:

Ay = lim P[Y > G_1(u)1X > F_1(u)} (2.14)

u—1

if such a limit exists.

As with the measures of concordance it is again possible to show that coefficients of lower
and upper tail dependence are both of copula property and again depend only on copula C of
variables X and Y. The copula-based variation of lower / upper coefficient of tail
dependence then have following forms:

X’L = lim M and ﬂ’U = lim M
u—»0 U u—1 1-u

(2.15, 2.16)
It is good to realize that for elliptically symmetric copula functions, which is for instance
the case of Gaussian copula or t-copula, the lower and upper coefficients of tail
dependence concur and consequently are simply denoted by A. Further we might prove that
for Gaussian copula we always get zero tail dependence and that for t-copula the coefficient

of tail dependence equals the following expression?.

A= 2tv+{— N \/_V;;/’j (2.17)

It is obvious that t-copula’s coefficient of tail dependence A is increasing in p and decreasing
in v. Further as v rises, the t-copula converges to the Gaussian copula and A simultaneously
converges to zero. We recall the Figure 4 in chapter 2.4.1 and adds some A calculations for
given values of p and v. The situation where v equals to infinity corresponds to the case

where t-copula perfectly converges to Gaussian copula. On the other hand we might see that

22 For the particular proofs, see Nyfeler (2000), p.45
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apart of cases with high positive margins’ correlation we get a good approximation of
Gaussian copula’s tails even for t-copula with only about twenty degrees of freedom. We
might as well see that similarly to univariate t-distribution, the higher are the t-copula
function’s degree of freedom, the more it resembles the Gaussian distribution. And if a
t-copula has more than 30 degrees of freedom, it is supposed to be in well coincidence with

the Gaussian case.

Table 1: Coefficient of tail dependence A for t-copula

W\ p -0.5 0 0.5 0.9 1
2 0.06 0.18 0.39 0.72 1
5 0.01 0.05 0.21 0.59 1
10 0.00 0.01 0.08 0.46 1
20 0.00 0.00 0.02 0.31 1
0 0.00 0.00 0.00 0.00 1

2.5 TEST STATISTICS FOR THE COPULA FITNESS

Great property of copula based models is that different copula functional forms could be used
in order to simulate any dependence structure between random variables that scientists have
ever thought about. On the other hand the large variety of plausible functional forms brings
the major drawback of copula’s wider usage in practice as there usually exists no clear
guidance of what parametric copula form to use. Moreover there is just one consensus
about the selection of the right functional form saying that this process belongs to the most
undiscovered parts of copula modelling. The fact whether a chosen copula family
appropriately models the dependence structure of an observed data set therefore constitutes

a fundamental problem.

When the data set is to be analysed, the problem to be solved generally consists of three
parts. First using the experience from the similar type models, we suggest several copula
functional forms which are believed to fit the given data. As a second step we estimate the
parameters of all proposed functions. Lastly, using goodness-of-fit tests, we analyse which of
the particular copulas seems to be most appropriate. If the analysis is done properly, the final
output is a conveniently fitted copula function which by means of Monte-Carlo simulation

further serves for detail investigation of likely behaviour of examined variables.
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We present two methods for copula parameters estimation. According to the treatment
with copula margins we differ on so called parametric and semi-parametric models.
Parametric models specify and estimate parametric forms of margins as well as of copula
function. On the contrary the semi-parametric models put no assumption on margins’
parameters and substitute marginal distributions by the univariate empirical cumulative
distribution functions. We describe both technique in detail in the next two sections and then

close the whole chapter with introduction to several goodness-of-fit tests in subchapter 2.6.

2.5.1 PARAMETRIC METHOD OF COPULA ESTIMATION

Parametric copula estimations are accomplished by the method of maximum likelihood. The
method assumes that empirical observations are independent and identically
distributed and that particular functional forms for copula and margins are somehow
specified. In the procedure, whose description just follows, we principally try to find a set of
parameters for the given copula and marginal distributions which would maximize the

likelihood of occurrence of observed realisation of examined random variables.

Suppose we have T i.i.d. empirical data observations and C is an n-copula with unknown
parameter ¢ and continuous margins F,...,F, with unknown parameters v4,..., v,. Then from
the Sklar’s theorem we have an n-dimensional distribution function H such that:

H(x1,...s Xp ) = C(Fy(X1£.v1 )se-s Fn(Xpt v ) @)

We can derive a corresponding density function which then looks like as follows:

n
h(X{,e X ) = €(F1 (X1t,V1 )seoes Fn Xt v ) )] [ i (Xiovi )
i=1
where f;(x;,v;) stands for the density of the margins and c(Fs(x4t,v1),.-cs Fn(Xnt vn ) &)
o"C(uy,...,u, )
ouq -...-ou,

represents the density of copula C and is defined as: c(us,...,u, ) =

The desired parameters v and « are finally simultaneously estimated by maximising the
density function h. The maximisation procedure is however easier performed under
logarithmic structures and therefore we first carry out a logarithmic transformation® of

density function h. We get a log-likelihood function I(v, @) and maximise that.

T T n
I(v.a) = Inc(Fy(X1t,V1 )sees Fn (Xt v )i @) + D Infi (X, vi) (2.18)
t=1 t=1i=1

% This is an increasing continuous transformation and therefore has no impact on the results.
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Joint estimation of margins’ and copula parameters is, however, computationally intensive
and in a reaction Joe and Xu proposed in 1996 to use the method of inference function for
margins (IFM). The base of this approach is to divide maximisation procedure into two
computationally simpler parts and estimate parameters for margins and for copula
separately. In this case we first evaluate margins’ parameters v by maximising the

expression:

.
I(v)=>Inf;(xi,vi) (2.19)
t=1

Lastly, we use the results from (2.19) to estimate the copula parameters « :

;
I(@) =" Inc(Fy(X1t,v1 )ses Fn (Xt v ) @) (2.20)
t=1

2.5.2 SEMI-PARAMETRIC METHOD OF COPULA ESTIMATION

Semi-parametric method has a close relation to the method of maximum likelihood and
therefore is sometimes as well called as a method of canonical maximum likelihood.
Unlike the approach from the last chapter 2.5.1, the CML method is based on the
estimation of copula parameters without specifying the parametric form for margins.
The method relies on the fact that if X;, ..., X, are random variables with continuous
cumulative distribution functions F4, ..., F,, then variables uy, ..., u, defined as u;=F;(x;) have

each a uniform marginal distribution defined on interval [0,1].

The problem under consideration is how to work with margins F;, ..., F, when we should not
introduce any distributional assumptions for them. The solution comes with incorporating the

empirical cumulative distribution function defined for T observations xy; of variables

1 T
Xi, ..., Xpas: Fe(o)=o 3 ilx; < x) (2.21)
j=1

where i=1,...,n and I(...) is the indicator function defined as 1 if expression in the
parenthesis holds and 0 otherwise. Further as number of observations T converges to
infinity, the empirical distribution function converges to the actual one. Therefore in case of

large data samples we can substitute u; = F;(x;) from the first paragraph by u; = Fg; (x)).

At the end are the transformed variables used as parameters of likelihood function /(«), which

is then maximized and gives a wanted copula parameter a.
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-
I(a)=>Incluy,...up; a). (2.22)
t=1

The last question to be asked is which of the two introduced models for copula estimation is
more appropriate. The cardinal difference between both models is in the specification of
marginal distributions F;,...,F,. It is actually this fact that makes the parametric method of
copula estimation vulnerable as a wrong assumption about the margins’ parametric
distribution functions causes that copula parameters estimates are biased. Therefore if we
are not completely sure about the marginal distribution functions the semi-parametric

method should be preferred.

2.6 GOODNESS-OF-FIT TEST

In the previous sections we introduced two methods how to estimate parameters for given
type of copula functional form. Having determined the parameters, one might naturally arise
a question how good such resulting model is, i.e. how much appropriately an assumed family

of copula could model the dependency structure of an observed data set.

Nevertheless taken from the practical point of view, in order to fit the given data, first usually
several different plausible copula functional forms are proposed and their parameters are
estimated. The question then is no more how good the individual models are, but which
model outperforms the others and could be most likely relied on. Goodness-of-fit tests

comprises a method which should provide a direction for answering these questions.

2.6.1 AKAIKE’S INFORMATION CRITERION

The first, straightforward, computationally easy, but unfortunately only very rough guideline
on copula selection might be obtained by Akaike’s Information Criterion. The criterion is
based on the maximum likelihood estimates (recall the part 2.5.1) and is defined as:

AIC =-2L(v, a, X)+2q (2.23)

where q stands for the number of parameters of the copula family being fitted.
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The simple rule says that we should use such copula that returns the smallest value of
AIC. Evidently the higher the value of likelihood function and the lesser the number of copula
parameters, the better. In another words the Akaike’s model measures the pay-off between
the quality of copula models and their complexity. The point to be stressed is the fact that
there is no hypothesis to be tested and that we work only with the selection criterion. This
represents the crucially weak point of Akaike’s method as it fails to provide any
information about the size or power of decision rule that is employed. Hence if we are

about to choose the copula more consistently, we need to look for some other methods.

2.6.2 UNIVARIATE MODELS

When we are to decide about appropriateness of an univariate model, we can simply rely on
several well established goodness-of-fits statistics for univariate distribution. These
models are built on the assumption that if a hypothesised model is constructed correctly,
then the empirical cumulative distribution Fg would almost surely converge to the
hypothesised cumulative distribution F.?*. The quality of modelled distribution Fy can
therefore be tested by measuring its distance deviations from empirical cumulative

distribution F.

In the literature we can usually find two test statistics - Kolmogorov-Smirnov’s and
Anderson-Darling’s. From a certain point of view, the two tests mutual supplement each
other as Kolmogorov-Smirnov’s exhibits higher sensitivity to deviations in the centre of
distribution while Anderson-Darling’s approach puts more weight on the deviation in the tails
of the distribution. However as our interests are in copula heavy tailed risk factors modelling,
usually the Aderson-Darling’s test is applied. In what follows, we give four test statistics from

Kole (2006). Let x; be a realization of the random variable X out of sample T realization, then:

> Kolmogorov-Smirnov Dys = max|Fg(x¢)— Fry(x¢ )
t
> Average Kolmogorov-Smirnov Dis = .[X |Fe(x¢)— Fiy(x¢ ) dF(x)

|Fe(x¢)— Fry(x¢)
JFH (x¢)- (1= Fry (x¢))
|Fe( Xt — Fry(xt)
X JF(x¢)- (1= Fy(x¢))

> Anderson-Darling D, = max

dF(x)

» Average Anderson-Darling J-

2 E Kole et al., Selecting copulas for risk management, 2006, p.6

33



2.6.3 MULTIVARIATE MODELS

Given a multivariate case we are trying to find and impose some transformation which would
project the multivariate decision problem into univariate scales. If we manage to find
such transformation, we can then apply any method from the last chapter of univariate
models. Breymann et al. (2003) suggest a technique which is found as computationally very
efficient but the way they project from multivariate to univariate problem makes the results
inconsistent, i.e. meaning that the resulting test statistics is not strictly increasing for every
deviation from the null hypothesis. In this respect, Berg and Bakken (2005) deepen the
original Breymann’s idea and come with numerically efficient and unbiased goodness-of-fit

test which moreover already proves consistency.

Before we describe the Berg’s and Bakken’s test in detail, we look at a technique of
probability integral transform?® which represents the important part of Berg’s and Bakken’s
method as well as the part of original model by Breymann. Given the right multivariate
distribution, the method of PIT serves as a tool for transmuting a set of observed dependent

variables into a new set of independent variables with uniform U(0,1) distribution.

Hence we could take a hypothesised multivariate distribution represented by copula function
and carry out the PIT method. If the hypothesised distribution fits the observed data set
appropriately®®, the PIT should give us a set of i.i.d. U(0,1) variables. The task for
goodness-of-fit tests is then to find out whether the transformed variables are really i.i.d.
U(0,1) or not. The technique of PIT works as follow, Berg (2005):

Let X=(X4,.,X,) be a random vector with marginal distribution functions
Fi(x; )=P(X; <x;) and conditional distributions F(X,-gx,-|X1=x1,...,X,-_1=x,-_1) for
i=1,..,n. As a probability integral transform of X we understand the vector
T(X)=(T1(X1)...T4(Xy)), where T;(X;) is defined as:

T4(X4)=P(Xq SX1)=Fx1(x1)

T2(X2)=P(X2 < xz|Xq =X1)=FX2‘X1(X2|X1)

Th(Xpn)=P(Xp < xn|X1 = X1,y Xp_q1=Xp_1)=F

(Xn|Xq,s Xn_1)
Xp|X X (X1 X

% Eurther in the text we call the Probability Integral Transform as PIT.
% This case we call a zero hypothesis. An alternative hypothesis is that chosen copula does not fit
the given data.
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The such obtained random variables Z; =T;(X;), for i=1,...,d are then uniformly and

independently distributed on [0,1]".

The original Breymann’s model then decreases dimensions of the analysis and gets the
multivariate problem into univariate scales by computing Y =Z:.7:14D_7(Z,- )2 . It is right this
projection that makes the test inconsistent®”. In order to avoid this problem, Berg and Bakken

propose firstly to transform the variables Z; into Z; and afterwards to apply the same

*

2
projection method as in Breymann, i.e. we have Y = 27:1@_7 (Z, ) . Z; is defined as:

’ ~ ~\n—(i-1)
ZI* =P(fi £2,|r1,...,r,-_7)= 1—{ = J (2.24)
1—/’,'_1

fori=1,..,n; where Z = (21,...,Zn) is the sorted version of Z and r; is rank variable i from Z%.

Berg and Bakken claim that if we find the probability, under Hy, that the variable with rank i,

given the variables with rank 1,..., i-1, will be smaller or equal to the observed variable with

rank i, Z i, then we can project the multivariate problem to a univariate case consistently. In a

mathematical notation, we can rewrite this idea as a following probability:

P(r,- sz,-|r1,...,r,-_1)=1—P(r,- >Z,-|r1,...,r,-_1). The only way r, could be greater than Z; is
when all remaining n—(i-1) variables are greater than Z,-. Since the remaining n-(i-1)
variables are independent, the probability of all being greater than Z j equals to the product
over the probabilities of each ry, k<[0,1], being greater than Z i, thus:

P(Z<r <1|r > ):P(rk>zlmrk>rl—1)= P(rk>zl):1_2/
o o Plrk >riq) Plr >riq) 1-ri4

., kelin] m.

Having created the variable Z,-, we can introduce the projection function Y and transform

2
the multivariate analysis into an univariate problem in a way Y = 27:1 nNZi;a) o (Z,*) ,

where 7(2,- ; a) is a weighting function with weight parameter a..

" For more information about this problem see Breymann et al. (2003)
8 j.e. r; comes from ascendingly ordered Z.
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Function »(Z;;a) represents another valuable extension from Breymann’s model as it

enables us to use much more general weighting procedure than just by implicit mean of

)2 29

inverse normal function as in Y=z7z1¢_1(2, . For instance we might wish to weight

more the tail accuracy of modelled copula function. For this sake, Berg and Bakken introduce

several examples of such functions:

(i) power tail weighting: »(Z;; a)=(Z; —1/2)* for a be some positive, integer, even number.
(ii) Left power tail weighting: »(Z;;a)=1-2,""¢
(iii) Right power tail weighting: »(Z;;a)=1-(1-2;)"/¢

(iv) Inverse student's t tail weighting: »(Z;; a)=t;"(z;)?

Finally the Berg’'s and Bakken’s test is defined as: B(w)=P(Fy(Y)<w) , where Fy is a

cumulative distribution function of Y and we[0,1]. We might as well derive empirical version

of B(w), then for T observation of n-dimensional vector Z we have:

A 1 T 1 T
Bw)=7- >, IR(Y)<w) — w= —— e (2.25)

Under the null hypothesis the function B(w) has an uniform distribution and hence B(w)=w
and the corresponding density function is b(w)=1 for all we[0,1]. We have obtained all
information which we need for performing the univariate analysis. We carry out the
Anderson-Darling test and reject or do not reject the null hypothesis about copula function

appropriateness.

% Moreover the square root in the function causes that Breymann’s approach weights larger

deviations relatively more than the small ones.
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3. MODEL CREDITMETRICS™

CreditMetrics™ represents one of the most influential financial models of the last decade and
is believed to stand at the beginning of quantitative credit risk modelling at a portfolio level.
Originally, the model was introduced by JP Morgan in 1997 as a mark-to-market model*®
which simulates the full distribution of future value for any credit portfolios over a
given time horizon®'. For purposes of our study we will use the fact that CreditMetrics™
model is the representative of credit risk models using an assumption of multivariate normal
distributions for underlying risk factors. Moreover CreditMetrics™ model is very popular in the
commercial practice. Primarily for those reasons we find CreditMetrics™ model as the

ideal benchmark for comparison with our model supposing the heavy tailed risk factors.

The framework of the model is based on evaluation of credit quality of given obligors. An
elegant idea standing behind the model is that any change in credit rating of particular credit
instrument - bonds, loans, certificates or other financial claims with derivable loss distribution
- including up- and downgrades as well as default, has a direct impact on the value of such
instrument. Therefore in CreditMetrics™ model the risk comes not only from default but
as well from credit quality changes and the proper analysis of credit quality migration®?
provides an effective tool for estimating the portfolio value at risk due to credit as a final
output. In the next three chapters we introduce the rating systems and transition probabilities,
valuation mechanism within the CreditMetrics™ model and finally analytic background for

simulating loss distribution.

3.1 RATING SYSTEMS AND TRANSITION PROBABILITIES

A rating system®® with probabilities of migrating from one rating class to another constitutes
the key component of the overall model. CreditMetrics™ introduce a flexible approach as it
puts no restrictions on the origin of such rating system nor on the number of implied rating

classes. Hence risk managers and financial institutions might use any established

¥ Market-to-market models are models assigning a position held in a financial instrument on the
base of the current market price for such instrument.

3" Even though the time can be taken arbitrary, it is often set fixed as a one year.

¥ As a credit quality migration or credit rating migration we understand the probability of moving
from one credit quality to another, including default.

3 A credit rating assesses the credit worthiness of an individual or corporation. Credit ratings are
calculated from financial history and current assets and liabilities. Typically, a credit rating tells a
lender or investor the probability of the subject being able to pay back a loan.
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commercial system like Standard and Poor’s or Moody’s or imply their own internal rating
systems which are recently so popular in the light of new legislative directives resulting from
Basel Il Committee. However taken from the portfolio view it is essential for the credit
rating system to be homogeneous over all portfolio segments otherwise the analysis
would not be consistent. In our study we will use solely system and statistics developed by
Standard and Poor’s with eight rating classes given as AAA, AA, A, BBB, BB, B, CCC and

default®.

In practice, actually, the issue is not about to choose a rating system but to choose such a
system which provides full description of probability of credit quality migration for any
obligor in examined portfolio to any possible states of the world at given risk horizon. Having
right data, one could easily calculate the desired probabilities by means of observing the
historical patterns. However such a data set should be large enough with both respect to
time (at least five years) as well as portfolio volume and thus it is seldom facile to obtain an
appropriate data file®*®. As a consequence of data scarcity one might incline to use
information published by large credit rating agencies. Nevertheless it is important to bear in
mind that such statistics usually represent average data across different industries and over

several business cycles and therefore their interpretation should be taken carefully.

If we carry out an embracive analysis and estimate the probability of credit quality change of
any rated obligor for all possible circumstances over a given time horizon X, we get so called
X-year credit transition matrix. These matrices are regularly issued by large rating

agencies. In the table bellow we present an example of transition matrix created by S&P.

Table 2: Average One-Year N.R.-Removed*® Transition Rates, 1981 to 2005 (%)

FromiTo  AAA AA A | BBB BB B CCC  Default
AAA | 9142 | 7.92 0.51 0.09 0.06 0.00 0.00 0.00
AA 0.61 90.68 | 7.91 0.61 0.05 0.11 0.02 0.01
A 0.05 199 | 9143 | 586 0.43 0.16 0.03 0.04
BBB 0.02 0.17 408 | 8994 | 455 0.79 0.18 0.27
BB 0.04 0.05 0.27 579 | 83.61 8.06 0.99 1.20
B 0.00 0.06 0.22 0.35 6.21 8249 | 476 5.91
cce 0.00 0.00 0.32 0.48 1.45 1263 | 5471 | 3041

Source: Standard & Poor’s Global Fixed Income Research; Standard & Poor’s CreditPro® 7.02 .

¥ For more information see http://www.standardandpoors.com

% For methodology of modelling the credit migration matrices see Measurement and Estimation of
Credit Migration Matrices by Til Schuermann and Yusuf Jafry, 2003

% N.R. Removed stands for Not Rated Removed, i.e. companies, which are not rated at the end of
investigated horizon are removed from the whole analysis
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From the transition matrix we might observe that for instance a A-rated obligor has in a one
year time 91.43% chance to remain within the A class, 1.99% chance to be upgraded to AA
class and 5.86% chance to be downgraded to BBB class of the rating etc. We might as well
notice that the biggest chance for all obligors is to remain within the same rating class which
they are in at the beginning of the analysis. Therefore the credit quality changes might be

regarded as rather rare events.

3.2 VALUATION IN THE SENSE OF CREDITMETRICS™

The complete process of credit risk evaluation in sense of CreditMetrics™ model is
depicted in Figure 5. We see that portfolio Value at Risk due to Credit is determined by three
factors - exposures the portfolio has to face, credit VaR of every single instrument that

portfolio has and finally by correlation between such instruments.

Figure 5: Scheme of CreditMetrics™

Exposure Bond Credit VaR Correlation
User_ Crt_adit Seniority Credit Ratings
portfolio rating spreads series
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Market Rating Recovery Present value Models
volatilities migration rate bond
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We present the valuation method on the example of bond portfolio. The reason for such

choice is very clear — it is just straightforward and simple. However we stress the fact that
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CreditMetrics™ model is not restricted only to the valuation of bond instruments and that very
similar analysis might be performed on any credit instrument which has a derivable loss
distribution. We present the valuation process in two steps - valuation of single bond and
valuation of overall bond portfolio where mutual dependence structures need to be taken into

account.

3.2.1 VALUATION OF A SINGLE BOND

The basic thought of valuation procedure is that any examined rated bond can during time of
analysis change its credit quality to any state of the world with probability given from
transition matrix (see chapter 3.1). The theory then says that the bond value is given by its
value at all possible credit quality migration states weighted by the probability of

migrating to such state. Hence in order to evaluate the bond, one might proceed like that:

1. First, the credit rating system, the credit rating of particular obligor and transition matrix
needs to be selected and determined.

2. A time horizon, within which the analysis is considered, is set up. This is often taken
almost automatically as a one year.

3. The bond is evaluated at all possible credit quality states. In case of S&P system of
rating this includes seven rating classes states and one case for default.

4. The bond value is given as a weighted average of value at all states with weights given
from transition matrix.

5. Finally the Value at Risk due to credit is calculated.

The most complex part is hidden behind point 3 (evaluation) and we will discuss it now in
detail. Generally the evaluation procedure might be separated into one case representing the

default and another case representing credit quality upgrades and downgrades.

(i) If the obligor falls into default we are interested in amount of our claims which could be
recovered through bankruptcy proceedings. Original CreditMetrics™ model point out that
under bankruptcy proceedings the creditors are settled according to the seniority class of
their claims. Hence obviously it should be the factor of seniority that determines the value of

debt in default. However quite often we come to the recent studies which simplify the
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analysis by incorporating beta distribution®” with 50% mean and 20% variance for all the

cases®. The residual value is than given as in the following formula:

Residual Value (Debt Value in default) = f(x; a,B) x Face Value

(ii) In order to obtain value at risk horizon corresponding to rating up- and down-grades,
we need to perform straightforward present value bond revaluation, CMDT (1997). The
question are the discount rates. Theory says that while in general case for loans the discount
rates for each rating category and maturity would be given by credit spreads, in case of
bonds the rates are given by forward zero curves. Bonds corresponding to different rating
category are discounted by rates from different forward zero curves, respecting the expected
assets riskiness. The discount rates which we employ in calculations throughout the thesis

are presented in following Table 3.

Table 3: Forward zero curves®®

Rating Year 1 Year 2 Year 3 Year 4
AAA 3,01% 3,27% 3,46% 3,56%
AA 3,02% 3,28% 3,46% 3,57%
A 3,03% 3,30% 3,49% 3,61%
BBB 3,16% 3,49% 3,71% 3,86%
BB 3,67% 4,31% 4,74% 4,96%
B 6,33% 7,18% 7,46% 7,45%
CCC 22,89% 16,32% 13,52% 11,96%

51 _(1 _ X),B—1

and
Pur . (1- u)ﬂ_1du

%7 Beta distribution is defined with probability density function f(x, &, 8) =

has mean E(X) = % _ and variance Var(X) = Za'ﬂ )
a+ (@+p) (a+p+1)

% CreditMetrics™ Technical Document (1997) recognises 5 seniority classes each determining
different mean recovery rate and standard deviation. Nevertheless senior secured and unsecured
assets are calibrated to recovery rates with means of 53.8% and 51.13% and variances of 26.86% and
25.45%. Hence our approximation with beta distribution, supposing some better quality assets, is
justifiable.

¥ Presented forward zero curves were derived specially for Czech environment given transition
matrix in Table 2 and information about forward interest rates of Czech national bank (www.cnb.cz)
and selected major Czech commercial banks. The proper technique and calculations are described on
enclosed CD in file Forward_zero_curves.xls
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Given the discount rates, the general formula for bond revaluation in a one year time then
looks as follows. C stands for coupon, Face for bond face value and f; for discount rates

determined by forward zero curves from Table 3.

C C C Face+C
+ + + Forinr b ———
1+f, @+f)> (@+f,)° @a+f)"

(3.1)

We introduced all necessary requisites for bond evaluation. The calculating procedure of the
whole model is presented in the next section, where volatility of value due to credit quality
changes and credit Value at Risk are both given as a final output of CreditMetrics™ risk

measurement.

3.2.2 EXAMPLE OF BOND VALUATION

We will follow the valuation procedure which was introduced in this chapter. We assume a
BBB-rated bond with 5 years to maturity - a classical example from CreditMetrics™ Technical
Document. In a one year time the bond might change its credit quality to any state of the
world for which we carry out the bond revaluation as in the chapter 3.2.1. Next,
corresponding probabilities of migration might be extracted from transition matrix. The sum of
probability weighted values at all the states finally gives the mean (i.e. expected) value of the
bond. At the end the variance and standard deviation are calculated. Resulting numbers are
presented in Table 4.

Table 4: Evaluation of single bond

Probabilt Prob.
State in one Probability Value at the ; Y Difference  Difference weighted
weighted .
year at the state state value from mean square difference
square
AAA 0.02% 110.35 0.02 1.55 242 0.00
AA 0.17% 110.31 0.19 1.51 2.28 0.00
A 4.08% 110.18 4.50 1.38 1.91 0.08
BBB 89.94% 109.24 98.25 0.44 0.20 0.18
BB 4.55% 105.30 4.79 -3.50 12.26 0.56
B 0.79% 96.87 0.77 -11.93 142.35 1.12
CCC 0.18% 83.01 0.15 -25.79 665.00 1.20
Default 0.27% 50.00 0.14 -58.80 3457.01 9.33
Mean 108.80 Variance 12.47
St. dev. 3.53
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We conclude the analysis by comparing 99% Value at Risk and the first percentile of the
calculated value distribution. For establishing the first percentile it is necessary to sum up the
probability of default, CCC and B rating which counts for 1.24% and for corresponding value
96.87. However we need first percentile. We can use the fact that default and CCC counts
for 0.45% and value 83.01. If we apply the method of linear polarization we come to the first

percentile at value of 92.66 which is 16.14 points bellow the average value of 108.80.

Corresponding 99% VaR calculated from standard normal distribution equals to
Var(99%)=2.33*3.53=8.22. This means that assumed BBB rated bond exhibits a long
downside tail because corresponding first percentile of value distribution equals 16.14 which
is almost the double of 99% VaR. Hence again, assuming normal distribution structure

might not be appropriate.

3.2.3 VALUATION OF BOND PORTFOLIO

The area of main interest of CreditMetrics™ model might be found, of course, not in the
evaluation of one single instruments but in the assessment of portfolio of credit instruments.
Together with condition of homogeneous rating system over all portfolio segments, which we
already mentioned in the chapter 3.1.1, a portfolio CreditMetrics™ model is built upon three

core assumptions, Nyfeler (2000):

(i) all bond issuers are credit-homogenous within the same rating class and
therefore they share the same transition probabilities
(i) the transition probability of every firm depends only on the rating category the

company is in at the moment of analysis

(iii) the transition probabilities are stationary, i.e. not time dependent

The question under consideration is then how to merge a behaviour of every single portfolio
instrument into one common model so that obligors specific properties as well as their
joint dependencies would be respected. If we assumed independence, i.e. regardless the
correlation, the probabilities of assets joint movements would be given only by product of
particular marginal probabilities of transition matrix relating to these assets. However in the

globalised world with high market interference, this assumption is truly naive. For example, it
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is broadly accepted®® that correlation is higher for companies working within the same
industry sector and geopolitical region or that correlation significantly vary within the state of

economy.

Simply says, joint asset correlation matters and because of that a simulation of joint
distribution of portfolio assets represents a challenging problem. We might theoretically
reckon the correlation for instance with historical defaults data or bond spreads. However in
practice both estimates are inaccurate with wide confidence levels respectively suffer from
scarcity of data. In a reaction, CMTD (1997) presents its own Asset value model which
links company’s credit rating evolution with changes in its asset value (stock returns)*’.
In another words the evolution of obligors’ credit quality is tied to evolution of their
asset returns and simultaneously the dependence structure between the obligors is

given by dependence structure of those returns.

The model further assumes that the asset returns are jointly correlated and have
multivariate normal distribution. The shape of such distribution is from definition driven by
its variance-covariance matrix = whose only parameters are variances of its marginal
variables and their correlation (see Example 1). Therefore variances and correlation are the
only needed model inputs. Moreover, both can be extracted from particular equity returns
which stand in the model as proxy variables. We follow this property and in the next section

conclude the chapter with model simulation set-up.

Example 1

Here we just recall the form of variance-covariance matrix of bivariate normal

distribution:
_ ) _
o1 P12 0102 P1,30103 - = P1n010p
2
P2,102 01 o2 P230203 < = P2rn020p
2
S = P310301 pP320203 o3 ot P3n020n
2
|Pn19n0%1 Pn2Yn02 Pn39n03 - On ]

pij€[0,1] stands for linear correlation parameter, i,j=1,...,n
0,2 are variances of random variables.

From the definition, it holds that p;; = p;, for all i,j=1,...,n and hence the matrix is symmetric.

L. Illova (2005)
* We recall the methodological resemblance with model of Robert C. Merton from 1974 which was
mentioned in the introductory chapter.
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3.3 SIMULATION

As we already stated, CreditMetrics™ model’s approach is based on distribution of
portfolio value. Considering this distribution, the model relies on Monte Carlo simulation —
a process which generates numerous independent scenarios in which the future credit rating
of each obligor in the portfolio is set and correlations are reflected so that for example highly
correlated obligors default in the same scenario more frequently than the less correlated.
Within each simulated scenario, obligors' credit ratings fully determine the portfolio value.
Finally, gathering all generated independent scenarios together we can estimate the shape

of the distribution for the portfolio as a whole.

For the simulation, lets assume the following:

» we have a portfolio with n obligors which are all rated according to S&P rating
system with eight categories of credit quality (i.e. from AAA to default).

» In a one year time of our analysis the credit quality might change to any other seven
states including default.

» In accordance with CreditMetrics’ Asset value model lets further suppose that
change in obligors’ rating quality depends only on value V of obligors’ asset.

» Finally lets assume that obligors’ assets value V follows multivariate normal

distribution.

In order to carry out a simulation in sense of CreditMetrics™ model, we need to first
generate scenarios of multivariate normal distributions and ensure that such
generated random variables respect the correlation structure of portfolio assets. We

proceed that we randomly generate n i.i.d. N(0,1) distributions, we mark them #; for i=1,..,n.
Next we interconnect 7; variables so that desired dependence structure given by variance-

covariance matrix 2 is met. This might be manage by so called decomposition of
variance-covariance matrix. There exist two well established techniques for decomposition
— Cholesky factorisation and eigenvector-eigenvalue decomposition — both of them lead to
the same result. However since the computer Matlab program, which we will use for
modelling session, uses Cholesky factorisation, we describe this and refer for instance to

http://mathworld.wolfram.com/EigenDecomposition.html for the second method.
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3.3.1 CHOLESKY DECOMPOSITION

For i=1,..,n let n; be i.i.d. N(0,1) distributions and ¢ be N(0,1) random variables respecting

the dependencies from some variance-covariance matrix 2. Then the Cholesky

factorisation might be written as

g =a11m

Ex=azqm+azoip

én=@apiMmtaponNot..tann1Mn-1tannn

Where a; are unknown coefficient which might be obtained by solving the following system of

equations:
1. Var(eg)=1Vi=1,.,n
2. Cov(egj,ej)=pj Vi, j=1..nni#j

3. We recall that 7; are N(0,1) i.i.d. and hence uncorrelated

Example 2

We assume a bivariate case of assignment from above. The Cholesky factorisation then

takes a following form:
&1 =8a11m
2 =az1Mm+az21m2
Since Var(gy)=Var(a;1m) = af1Var(n1) =1 we immediately see that a, s equals 1.

Secondly Var(ey)=Var(ay1n;+as 2 n2)=1. Since n; are i.i.d. we can write:
Var(ag s +8z,51p) = a5 1-Var(ny) + a3 -Var(inp) =1
a5,-1+as,-1=1
We substitute a§,1 = p2 and get the resultas ay ;= pand ap , = W
To sum up, the Cholesky factorisation in case of two assets has the following representation:
&1=mM

2
g2=p-m+\T1=p" 112
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3.3.2 MODELLING CREDIT MIGRATION

Having generated correlated multivariate normal distributions which are describing the
evolution of assets’ value V, the last step of our analysis is to incorporate a process
identifying changes in assets’ credit quality. In order to do so, we slice the generated

distributions into several ranges, each one referring to one particular credit quality state.

Since we use eight rating classes, we need to set up seven asset value thresholds
Zanaa,...Zccc Which is just enough for a full determination of rating quality of particular obligor
given value of its asset. Hence for instance if we have V<Z.cc then the corresponding rating
is default and if we have Zggg<V<Z, then the corresponding rating is BBB. Since
CreditMetrics™ model assumes normal distribution for asset value V, we can compute the

probability of each credit rating state to come just as follows:

P|default]= P|V < Zocc = @(Zoce / o)
P[BBB|=P|Zggg <V <Zp|=®(Z4/ o) - D(Zggg / ©)

It is crucial to ensure that everything will be in accordance to transition probabilities of
transition matrix. The way how this might be manage is called slicing the x-axis of
marginal normal distributions for every obligor into bands which are reflecting a rating
category after possible credit quality migration. The method is described in the table bellow

on example of a BBB rated bond.

Table 5: Selecting thresholds

Probability from the Probability according to

transition matrix the asset value model
AAA 0.02% 1-D(Zppp/ o)
AA 0.17% D(Zppp/ 0)—D(Zpp / o)
A 4.08% D(Zpp/ 0)-D(Zy/ o)
BBB 89.94% D(Zp/oc)-D(Zggg/ o)
BB 4.55% &(Zggg/ 0)-D(Zgg/ o)
B 0.79% &(Zgg/ o)-@(Zg/ o)
CCC 0.18% D(Zg/o)-D(Zcce/ o)
Default 0.27% D(Zcce / o)

Next we calculate the value for each threshold, for instance: Zgcc = @‘1(0.27%) ¥
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Finally when we solve the whole system of equation from Table 5 we get the concrete values
for desired thresholds. We present them in the Table 6 together with graphical example of

corresponding “sliced normal distribution”.

Table 6: Thresholds value and corresponding graph

Threshold Value
ZAAA 3.260
Zan 2.830
Za 1.73 0
ZggB -1.570 BB BBB
B A AAA
ZBB -2.24 0 cce A
Def \\
Zs -258 a0
Zcee 2730 'LC’QW@% "3’%% v ,LY? %

At this stage the simulation is completed — Monte-Carlo method generates correlated N(0,1)
distributions for which the thresholds are set-up so that assets’ credit quality is completely
determined. Once we know the credit rating, it is easy to evaluate given assets (see chapter

3.2) and calculate portfolio loss distribution, its volatility and value at risk due to credit.

Using proxy equity returns correlations to evaluate obligor-to-obligor asset correlations has
several shortcomings. For many obligors there exist a certain scarcity of data which does
not enable proper analysis. As well a storage of huge correlation matrices seems to be at
least an uneasy problem. Possible solution might be found in resorting obligors and
assessing their correlation on basis of sector index correlation*’. However the general
quality of this approach could be doubtful as it well depends on the strength of correlation

between the sectors.

In our modelling session we will not manage to avoid the shortcomings relating the data
availability mentioned in the last paragraph and we keep on depending on stock market
returns. Nevertheless the main pitfall of Asset value model remains still its assumption of
multivariate normal distribution for the assets returns and this is what we are about to change

towards more generalized approach in the last chapters.

*2 |In such approach, correlation between two assets is fully determined by correlation between two
sectors which the assets correspond to. On portfolio level, each asset is first assigned particular sector
index label. The correlation structure of portfolio having n assets is then fully described by vector of
sector indices (n x 1) and sector correlation matrix (m x m) where m is a number of incorporated
sectors. Since m<<n the resulting dimension is much smaller then for obligor-to-obligor corr. approach.
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4. HEAVY TAILED RISK FACTORS CREDIT RISK MODEL

We are going to introduce a credit risk model which is build up on the foundations of
industrial CreditMetrics™ methodology of credit rating migration. However on the contrary to
the original CreditMetrics™ approach we are leaving the path of models which are based on
assumption of multivariate normal distributions for underlying risk factors. Instead of this we
suggest to look at the dependence structure of risk factors from the perspective of copula
functions. Such approach enables us to operate with much larger scale of plausible
dependence concepts which we utilize for analysing the occurrence of low probable but
extreme joint events — i.e. for the analysis of credit portfolio model with heavy tailed risk

factors.

4.1 CREDIT RISK MODEL

We consider the model which was presented in Kostadinov (2006). Suppose we have a

credit portfolio with n obligors (ne N) and X =(Xjy,..., X, ) is a random vector with discrete

integer margins, all having the same range {1, 2,..., K} and standing for credit rating of "
obligor at the given time horizon T of our analysis (for some i=17,...,n). Since throughout the
thesis we are using the S&P system of rating with eight rating classes, we set K=8 and we
suppose that 1 means default while 8 means rating class AAA. The value of our considered

credit portfolio might be then simply written down as:

V(T)=Y" &-Vi(T) (4.1)

where e; stands for exposure of the /" obligor and V;(T ) is a particular value given the time
horizon T. We assume that V;(T ) entirely depends only on credit rating X, i.e. once the X

is determined, the ratings and states of other obligors have no impact on value determination

of " obligor.

Since it is a credit rating migration that determines a value of the whole portfolio, we are
naturally mostly interested in finding a way how we might describe its behaviour. In what

follows we describe the joint distribution of vector X =(Xjy,..., X,,;). Once we manage to

cope with that, computing the loss distribution should be straightforward and easy.
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First we denote the marginal probability of default and credit quality migration by

P(X; =k)=pj.So we have P(X; SS)=Zi:1Pi,k =p;

i ’

sk=1..,Ki=1..n. (4.2)

Incorporation of the Asset value model of CreditMetrics™ is a next logical step, i.e. we
introduce a random vector of (log-)returns of obligors assets Z=(Z4,...,Z,,) and by means
of that will model the dependence structure of vector X =(Xjy,..., X, ). We suppose that the
considered random vector Z=(Z4,...,Z,,) has a continuous marginal distributions F; and a

copula function C. In another words the multivariate distribution function of Z is given as:
Fz(z1,....2n) =C(F4(21),.... Fn(2p)) (4.3)

Following the CreditMetrics™ model, the process of matching credit quality migration with

asset value development is determined by following expression. For all i=1,...,n :

Xi=k < F,.—7(pj."7)<y,-sF,.—7(pj?),k=1,...,K (4.4)

Kostadinov (2006) gives a proof that the distribution function of X =(Xjy,..., X, ) is uniquely

determined by the marginal probabilities (4.2) and the copula C of vector Z. Hence in a next

step we focus on the dependence structure of the asset returns (Z4,...,Z,). We suppose

that they follow a linear one factor model with a multiplicative random shock:

Zi=Jp W-X+J1-p W g (4.5)

where:
» Xis a standard normally distributed variable standing for a common risk factors
» W is some positive random variable, independent of X. It represents a global shock

affecting all assets across the portfolio.

> ¢i represents idiosyncratic risk®. It has i.i.d. N(0,1) distributions for i=1,...,n and is

independent of X and W.

> P is afactor loading or, if you want, a correlation coefficient.

It comes out that for W=1 we get Z =(Z4,...,Z,, ) as a Gaussian vector with correlation matrix
2 (i.,e.ZeN,(0,%)). A popular alternative is to set W = ’SL where S, € ;(VQ - chi-square
14

distribution with v degrees of freedom. In such case we have a t-model Z<t,(0,2,v). More

* Idiosyncratic risk means obligor specific risk.
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importantly the Gaussian version ZeN,(0,2) describes exactly what CreditMetrics™
model is. On the other hand the t-model Z et,(0,2,v) stands for our desired heavy tailed

risk factors model. Now we turn to the computation of risk of the credit portfolio.

Once we determine the distribution of portfolio values we define distribution of portfolio

losses L: L=V -V(i) fori=1,...,n (4.6)

The risk of credit portfolio is then generally computed with a value at risk (VaR)
measure given at some confidence level «. For our purposes we define it as the «-
percentile of the loss distribution L given by relationship (4.6). Hence as a Credit VaR we

understand:

Credit Var(a) = inf{L : P{L(t)<L}> o} (4.7)

Another point of view on the value of exposed credit risk might be obtained by calculating
expected shortfall for confidence level «. This measurement is defined as a mean value
of particular distribution for realizations happening behind the threshold specified by the
confidence level « of value at risk measure (4.7). For example, 95% expected shortfall is the

mean of values under remaining last 5% of the distribution.

Expected SF(a)=E [X | X >VaR(a)] (4.8)

4.2 SELECTION OF COPULA REPRESENTATION

From a professional point of view the computational aspects of resulting model is one big
issue. We might say that we are looking for a compromise between the model
preciseness and difficulty of parameter estimation and duration of model simulation.
We are particularly interested in such compromise for analysis in higher dimensions as
industrial portfolios tend to have numerous elements. Archimedean copula functions are not
really tractable in higher dimensions and for our analysis would lead to a computationally
difficult problem. On the other hand Gaussian as well as Student-t copula have both the
properties which make it easy to estimate their parameters and straightforward to
carry out the simulation (for more information about both copula functions recall the
chapter 2.2.1).
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Since our concern is to introduce a model of heavy tailed risk factors we give the equation
(4.3) representation of the survival student-t copula function. Nevertheless our interests
are as well in comparison of resulting model with CreditMetrics™ practice and hence we
introduce a model with Gaussian survival copula as well. With reference to the previous
paragraph we disregard of Archimedean copula functions because we find them for our
purposes not tractable for analysis within more than two dimensions. Such restrictive
assumption is not only convenient for computational efficiency of resulting simulations but
further offers very easy and appealing goodness-of-fit test. For that we might use a well
known fact that t-distributions having around 30 degrees of freedom and more might be
approximated by Gaussian distribution. Hence when we are assessing some data set, we
might first estimate parameters for t-copula function and then review the value of obtained
degrees of freedom. If the value is high enough we might consider that appropriate copula
function is a Gaussian one (and t-copula otherwise). Here “high enough” is generally
referring to the value around 30 degrees of freedom and more. For purposes of our
simulations we decided to set the threshold up to the value of 100 degrees of freedom.
Hence our Gaussian approximation should be valid without any need for construction of

other test statistics.

In another words, our approach does not require any of goodness-of-fit tests which we
introduced in the chapter 2.6. Nevertheless we found it consistent with the copula theory to
introduce those test as in practice, where more sophisticated models are implemented,

Archimedean copulas and thus as well goodness-of-fit tests are in use.
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5. SIMULATION

Throughout the diploma thesis we dwell on the theory of heavy tailed credit risk factors,
copula functions and the relating problems. In the remaining part of the thesis we will try to
show for a change a bit of practical use of the presented models. For that we carried out

three simulations**:

» We took several companies from primary market of Prague stock exchange (SPAD)

and tested which elliptical copula function*® would best fit their dependence structure.

> Obtained results were used in the second simulation where we investigated how big
influence has a choice of copula function on the number of defaulted obligors within a

homogeneous exchangeable model.

> Last simulation is done in the sense of CreditMetrics™ model. We simulated value
distribution of bond portfolio, given four portfolios of different riskiness and four

elliptical copula functions having different weight in their tails.

5.1 ELLIPTICAL COPULA FUNCTION FOR CZECH STOCK MARKET

As a first one we introduce a simulation showing which elliptical copula functions might
be found in the real world. We concentrated on the Czech stock market, concretely on the
SPAD market of Prague stock exchange, and chose all companies which have price
history from 7" May 2007 to at least 1% January 2001. However since SPAD market is really
small only five companies fulfiled our criteria — these companies are Cez, Unipetrol,
Komeréni banka, Phillip Morris and Telefonica O2. In order to reduce influence of short term
fluctuations we worked with monthly log-returns which makes up 79 observations. This is not
much and therefore we as well carried out the same analysis for weekly returns of the
identical sample of companies. However considered data sample might not be regarded as
i.id. due to conditional heteroskedasticity. Therefore we first employ univariate

GARCH(1,1)* filter and then proceed the simulations on the result.

* Algorithms for each simulation are readable from Matlab codes which are presented in Appendix B.
** Here and further we restrict the view of elliptical copula functions to Gaussian copula and t-copula
functions only.

*® Generalized autoregressive conditional heteroskedasticity, Garch (p,q) model, is for GARCH(1,1)
and asset returns described by following system of equations:

(1) x; = 1+ & where X; denotes asset returns, 4 mean value and &; is a random error defined as:

(2) &t =0t -u where uy follows i.i.d. N(0,1) distribution and variance O't2 is modelled as:

(3) Jtz =K+a-gt2_1 +ﬂ-at2_1 ,where « >20,a>0,20

53




Having data for five companies we set up four types of portfolios differing in size — one
portfolio contains all 5 companies, five portfolios are of size 4, ten portfolios of size 3 and ten
portfolios of size 2. Further we refer to chapter 4.2 where we due to computational efficiency
decided to carry out our simulations only for Gaussian and student t-copula functions. We
applied the semi parametric method of copula estimation (see chapter 2.5.2) and present

the results of our analysis in Table 7.

Table 7: Copula estimation

Monthly returns Weekly returns
Sample
Copula MLE Copula MLE

Cez-Telef-Uni-PM-KB Gauss 25.651 t-12 103.598
Cez-Telef-Uni-PM t-27 17.025 t-14 66.415
Cez-Telef-Uni-KB Gauss 20.938 t-9 89.248
Cez-Telef-PM-KB Gauss 12.150 t-13 73.821
Cez-Uni-PM-KB t-35 21.381 t-9 68.429
Telef-Uni-PM-KB t-14 9.148 t-16 46.193
Cez-Telef-Uni Gauss 14.420 t-8 55.949
Cez-Telef-PM Gauss 4.388 t-16 37.356
Cez-Telef-KB Gauss 8.427 t-10 59.785
Cez-Uni-PM t-9 14.084 t-12 36.566
Cez-Uni-KB Gauss 16.790 t-6 54.273
Cez-PM-KB Gauss 8.293 t-7 41.025
Telef-Uni-PM t-11 4.397 -39 17.460
Telef-Uni-KB t-13 4.348 t-10 34.500
Telef-PM-KB t-22 5.870 t-23 30.070
Uni-PM-KB t-9 5.352 t-9 22.134
Cez-Telef Gauss 2.531 t-10 26.759
Cez-Uni Gauss 11.520 t-5 26.704
Cez-PM Gauss 1.289 t-10 9.851
Cez-KB Gauss 4.827 t-4 27.331
Telef-Uni t-24 1.801 t-8 10.469
Telef-PM t-18 1.107 Gauss 4.911
Telef-KB t-8 2.621 t-12 19.884
Uni-PM t-5 2.278 Gauss 5.159
Uni-KB t-8 0.550 t-5 11.378
PM-KB t-25 3.167 t-8 9.956
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Lets look at the table not from the point of view of what distribution fits the particular sample
of data but distributions which might be in the table observed. Considering the monthly
returns 12 out of 25 samples might be best represented by Gaussian copula function.
In all these cases company CEZ is included in the examined portfolio. Moreover only three
out of 15 portfolios including company CEZ are not represented by a Gaussian copula.
Hence taken the monthly returns, presence of CEZ in portfolio has probably a big influence
on copula representation. Quite interestingly, none of the 12 portfolios having Gaussian
copula representation for monthly returns keeps the Gaussian copula when we consider
weekly returns. Moreover out of the 25 portfolios with weekly returns, only two has a
Gaussian copula. We might conclude that weekly returns exhibit higher tail dependence

and hence tend more to joint extreme events than monthly returns.

Nevertheless our main interest was to find out which copula function was represented most
frequently. From Table 7 we identified four copulas which will be referred to in
simulations following in chapters 5.2 and 5.3. Those copulas are Gaussian, student t-20
standing for average of upper bounds of t-copulas, student t-10 representing average of
lower bounds and student t-5 representing the lower extreme for t-copulas from Table 7.
Gaussian copula further as well serve as a benchmark for comparison of CreditMetrics™

model with models exhibiting heavy tailed risk factors.

5.2 HOMOGENEOUS EXCHANGEABLE MODEL

As a homogeneous exchangeable model we simple understand a portfolio with assets all
having the same marginal distribution, sharing the same correlation and most importantly
sharing the same exposure. We set up three homogeneous exchangeable portfolios differing
in credit quality and investigate to what extent a copula representation influence
number of defaulted obligors within these portfolios. For the own model we incorporate
the concept described in chapter 4.2. We set K=2 and thus work only with two rating
categories — default and non-default. Nice property of homogenous exchangeable models is
that since all assets are the same, mere number of affected assets is enough to determine

the value (or loss) resulting from given model.

Finally portfolios used in our study are defined in Table 8 which is as in Frey (2001). R. Frey
presents three realistic homogeneous scenarios (A, B, C) which were made up after
discussion with UBS Switzerland. We compared the default threshold of presented scenarios
with information from transition matrix in chapter 3 and supplemented each portfolio with its

expected credit rating — hence we have portfolios of credit quality AA, BBB and B.
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Table 8: Homogeneous exchangeable portfolios

Group ﬂl‘Z:ifsahuoIT 4 Correlation Co"‘::g;’gd'"g
A 0.01% 2.58% ~AA
B 0.50% 3.80% ~BBB
C 7.50% 9.21% ~B

For each portfolio we supposed 1000 obligors and simulated 5000 independent scenarios for
Gaussian, student t-5, t-10 and t-20 copula functions. First idea about intensity of defaults
might be provided by coefficient of tail dependence (see chapter 2.4.2). Even though it is
defined for a bivariate case only we can use it since homogeneity of our samples. We
calculated bivariate coefficient for every copula and portfolio and present the results in first
part of Table 9. It is important to bear in mind that this approach generally provides only a
rough guidance as number of defaulted events is determined not only by tail dependence of
copula function but as well by default threshold which is varying with different samples

(however in our case default thresholds and assets correlation are positively correlated).

Further we carried out the own simulations. Within each scenario the numbers of defaulted
obligors were summed up and distribution of defaulted obligors was created. The 99" and
95™ percentiles of this distribution for each scenario and copula function are presented again
in Table 9 bellow. The overall summary is accompanied by graphical evidence of upper

percentiles of mentioned - number of defaults — distributions which is given in Figure 6.

Table 9: Homogenous exchangeable model — default distribution

Sample t-5 t-10 t-20 Gaussian Gauss/t-5
Tail dependence (X,Y)
A 0.0542 | 0.0080 | 0.0002 | 0.0000
B 0.0564 | 0.0086 | 0.0002 | 0.0000
C 0.0670 | 0.0116 | 0.0004 | 0.0000
99" percentile
A 1 2 2 1 1,00
B 99 62 41 18 5,50
C 377 316 271 229 1,65
95™ percentile
A 0 0 1 1 0,00
B 27 24 20 12 2,25
C 244 209 190 167 1,46

Number degrees of freedom has a massive influence on default distribution. Apart from

case A we might clearly see that as we move from t-5 to Gaussian copula, number of default
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events expectedly falls, sometimes even quite drastically. In the last column of Table 9 we
compare number of default events under extreme cases of Gaussian and t-5 copula
functions. Immediately we might notice that relatively biggest difference in outcomes

brings Group B representing assets of average credit quality BBB.

Quite interestingly, considering the Group A, which shows the highest credit quality, we see
that even 99" percentile is not high enough for t-copula functions to show more defaults than
Gaussian case. Default distribution within Group A is depicted in Figure 6 in illustration (a)
with graph’s axis beginning at 98" percentile and ending in 100. The top observation of t-5
copula functions showed 293 defaults (the second largest was 32), the same for t-10 function
was 54 (and the second largest 43). These observations are such outliers that we left them
out and build the graph without them. Other two graphs (b) and (c) are constructed on the
scales 90-100 percentiles and no outliers were omitted at this time, hence they show the full

distribution.

Figure 6: Homogenous exchangeable model — default distribution

(a) Group A (x-axis: 98-100 percentile of default distribution; y-axis: number of defaults)
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(b) Group B (x-axis: 90-100 percentile of default distribution; y-axis: number of defaults)
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(c) Group C (x-axis: 90-100 percentile of default distribution; y-axis: number of defaults)
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5.3 BOND PORTFOLIO VALUE DISTRIBUTION

The last, third, simulation set-up represents our main interest — value distribution for
portfolios of heavy tailed credit instruments. We employ portfolios of bond instruments, the
methodology given by CreditMetrics™ model and the credit model described in chapter 4.1.
Hence credit rating and rating migration constitutes a fundament of our analysis. However
apart from original CreditMetrics™ model we work not only with dependence structure
of multivariate normal distribution but as well with t-copula functions, again having 5,

10 and 20 degrees of freedom.

For the simulation we considered four bond portfolios of different credit quality which are
described in Bank of Canada Working Paper 2004-30. So called average and high quality
portfolios refer to survey of U.S. bank holdings in 2002. Other two portfolios called skewed
left and skewed right are just hypothetical. The percentage representation for each credit

quality and portfolio is depicted in Figure 7.
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Figure 7: Quality distribution of contemplated portfolios
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Own simulations consisted of 10,000 scenarios calculated for portfolios defined as above
and having 200 bond instruments each. Moreover all bonds are homogenous considering
time to maturity (5 years), coupon (5%) and face value of 100 units. On the other hand,
bonds of course differ in their credit quality and thus share different probabilities of credit
rating migration. Finally, a correlation matrix (serving as a parameter of used copula
functions) is for each portfolio modelled using artificial sector correlation indices*’. The proper

algorithm for model simulation is again described in Appendix B.

First of all in Figure 8 we present histograms for portfolio value distribution upon simulations
with student t-5 a Gaussian copula functions which again represents two extreme scenarios.
The remaining histograms for t-10 and t-20 copula functions always lied somewhere in
between presented graphs. In histograms we might see that apart of skewed right
portfolio, all cases show a heavy left (downside) tail. The most evident downside tail
might be observed for high quality and skewed left portfolios. For both of those two portfolios
the tail is much longer for t-5 copula distribution than Gaussian one. Looking at quality
distribution of these portfolios in Figure 7, we see that both have a large proportion of A and
BBB rating quality bonds. This is quite in accordance with conclusions from last chapter 5.2
where we said that among AA, BBB a B rated bonds, the BBB are the ones which exhibits

the highest sensitivity of outcome to changes in copula representation.

*" To our analysis we imply four sectors as presented in Jouanin et al. (2003), p.12. Sector indices were
randomly distributed along considered portfolio, further portfolio assets correlation matrix was
calculated and obtained results were kept fix for all simulations.
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Figure 8: Histograms of portfolio value distribution (t-5 and Gaussian copulas)*
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We have four copula functions and four bond portfolios, hence 16 scenarios. For each of
them we calculated expected portfolio value, 99" and 95" percentiles of expected
portfolio loss distribution (i.e. value at risk) and values for 99% and 95% expected
shortfall. All values are presented in “units” with given portfolio having 200 bonds of 100
units value each. Everything is again summarized in table bellow and again we supplement
the summary by relative difference of results for extreme t-5 and Gaussian copula functions

which might be found in the last column.

Table 10: Portfolios value and loss distribution

t-5 t-10 t-20 Gaussian t-5/Gauss

Average quality portfolio

Exp. value 21138.14 21134.09 21134.62 21133.44 1.00
Loss-99 479.06 438.64 416.17 391.38 1.22
Loss-95 24400 24760 239.18 232.11 1.05
Exp SF-99 593.15 54448 516.46 474.22 1.25
Exp SF-95 384.24 364.76 349.67 327.17 1.17

High quality portfolio

Exp. value 21417.58 21423.28 21421.54 21418.64 1.00
Loss-99 225154 1766.03 1474.23 1259.78 1.79
Loss-95 689.80 628.78 619.25 597.54 1.15
Exp SF-99 3388.31 2894.35 2271.31 1816.18 1.87
Exp SF-95 1644.47 1388.24 1187.30 1029.39 1.60

Skewed left portfolio

Exp. value 21517.34 21516.62 21515.65 21516.43 1.00
Loss-99 278.08 268.23 25462 210.86 1.32
Loss-95 11742 120.77 117.41 117.02 1.00
Exp SF-99 44494 393.53 363.94 277.26 1.60
Exp SF-95 22747 21427 20349 175.27 1.30

Skewed right portfolio

Exp. value 20972.75 20968.39 20969.51 20967.94 1.00
Loss-99 449.21 40456 400.27 379.87 1.18
Loss-95 245.09 249.00 238.20 233.98 1.05
Exp SF-99 537.30 498.90 485.68 458.87 1.17
Exp SF-95 361.85 349.19 337.35 32341 1.12

Looking at the mean values we might notice that taking each portfolio separately all copula
functions always give almost the same results (and of course when comparing different
portfolios, the means are different). However, when we consider percentiles of expected
loss distribution, we see huge disparities. Looking at extremes, at 99" percentile of loss

distribution for highly quality portfolio we see that value implied by t-5 copula function is
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about 79% higher than for Gaussian copula representation. The same case for skewed left
portfolio counts for 32% difference. Other two portfolios then show the difference of about
20%. On the other hand considering the 95" percentile values, the disparities are not so
evident — once we see 15%, twice 5% and once even zero difference. Quite similar analysis
might be done for values of expected shortfall. Here large disparities are observable even
for 95% level; nevertheless it is not unexpectable since value of 95% ES is to a large extent

influenced by extreme values caught in 99% VaR which were already discussed above.

Considering sensitivity of quality of portfolio assets to changes in copula
representation we see that the most sensitive are two portfolios marked as “high quality”
and “skewed left”. Both consist of a large proportion of A and BBB rated assets. From these
two, the high quality portfolio is more sensitive and contains more BBB rated assets than

skewed left portfolio. This again is in accordance with conclusions of chapter 5.2.

Finally we might sum up results of the simulation into the following points:

(i) Selection of copula representation has a massive influence on determination of loss

distribution of credit portfolio.

(i) 95" percentile of loss distribution seems to be the breakpoint where heavy tails of

t-copula functions start to prevail over the tails of Gaussian copula

(i) For 99" percentile of loss distribution we observe huge differences between the

results implied by t-copula functions and Gaussian copula.

(iv) Portfolios consisting of large share of BBB rated assets tend to be more sensitive to

changes in copula representation than the others.
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6. CONCLUSION

Measuring and managing credit risk constitute one of the most important processes within
bank risk management. Classical credit risk models assume multivariate normality for
underlying risk factors. Resulting methods offer analytical simplicity and computational
efficiency but disregard of extreme joint events since their probability is too small. Recently
several studies have doubted multivariate normality assumption saying that if we accept this

assumption we might seriously underestimate downside risk of given credit portfolio.

The master thesis provided with an insight into the problem of modelling credit risk under
assumption of heavy tailed risk factors. In the first part, we discussed the concept of linear
correlation in the light of optimal method describing dependence structure between random
variables. We introduced copula functions as the alternative method for modelling
dependence structures and supplemented this concept with test statistics for the copula
fithess and several copula goodness-of-fits tests. The second part of the thesis was
dedicated to CreditMetrics™ model which represents the example of models which
incorporate criticized assumption of multivariate normality for underlying risk factors. Further,
the methodology of this model is widely used in practice. For both these reasons we
identified CreditMetrics™ model as the ideal benchmark for comparative analysis with our
heavy tailed risk factors model which was introduced later in third part of the thesis. Finally
after a short discussion we decided to proceed in remaining sections with Gaussian and

t-copulas only.

In the fourth and last part, we introduced and carried out three different simulations. The first
simulation estimated appropriate copula functional form and its corresponding parameters
given the stock market data for few companies from primary market of Prague stock
exchange. Obtained results were used in the second simulation where we investigated how
big influence had a choice of copula function on the number of defaulted obligors within
a homogeneous exchangeable model. Last simulation was done in the sense of
CreditMetrics™ model. We simulated value distribution of bond portfolio, given four portfolios

of different riskiness and four copula functions having different weight in their tails.

The first simulation was carried out given GARCH(1,1) monthly and weekly returns for few
companies from Czech stock market for time period from 1% January 2001 to 7™ May 2007.
Considering this we found that weekly returns exhibit higher tail dependence and hence tend
more to joint extreme events than monthly returns. Moreover we identified Gaussian, student

t-20, t-10 and t-5 copula functions as the optimal ones for the remaining simulations.
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For the second simulation we set up homogeneous exchangeable model for three portfolios
corresponding to bonds with credit rating AA, BBB and B respectively. We investigated the
number of defaulted obligors within these scenarios at 95% and 99% confidence level. At last
we compared obtained results for extreme t-5 and Gaussian copula representations We
conclude that the relatively biggest difference in outcomes brought second portfolio

representing assets of average credit quality BBB.

Last simulation represented our biggest concern — measuring credit risk for bond portfolio.
For that we introduced four portfolios of different riskiness from which two corresponded to
commercial practice (so called average and high quality portfolios) and two were hypothetical
(skewed left and skewed right portfolios). For each portfolio we derived value distribution,
calculated expected loss at 95% and 99% confidence level (value at risk), 95% and 99%
expected shortfall and again compared the values given by extreme cases of t-5 and
Gaussian copula functions. The results of our analysis might be concluded into the following

points:

(i) Selection of copula representation has a massive influence on determination of

loss distribution of credit portfolio.

(i) 95th percentile of loss distribution seems to be the breakpoint where heavy tails of

t-copula functions start to prevail over the tails of Gaussian copula

(iii) For 99th percentile of loss distribution we observe huge differences between the

results implied by t-copula functions and Gaussian copula.

(iv) Portfolios consisting of large share of BBB rated assets tend to be more sensitive

to changes in copula representation than the others.

Clearly, multivariate normal distribution is in general cases not the appropriate method of
modelling dependence structures for risk factors underlying credit portfolios. Instead of this,
more credible dependence structures might be obtained by incorporating the concept of
copula functions. Nevertheless there are as well several shortcomings relating to the copula
modelling approach. One of the biggest one is perceived as how to choose a correct copula
functional form out of many available options. Researchers agree that this problem is to a

large extent still undiscovered and leaves an open space for further studies.
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APPENDIX A

ALGORITHMS FOR GENERATION OF COPULA FUNCTIONS

In the first appendix we present algorithms which might be used for generating variables
following dependencies from different copula distributions which were described in the
chapter 2.2. Step by step we introduce the algorithms for Gaussian copula, student t-copula,
Gumbel copula, Clayton copula and Frank copula. All algorithms, as presented here, were
borrowed from study of C. Cech (2006).

GAUSSIAN COPULA DISTRIBUTION

Simulation of a m-dimensional Gaussian distribution with n simulated realisations and copula

parameters given by correlation matrix 2 (m x m):
1. Simulate m independent standard normal random variables z; ~ N(0,1) j=1,...m

2. Use a Cholesky factorisation to transform the independent random variables z; into

dependent variables x; according to the copula parameter matrix 2.

3. Transform the standard normally distributed variables x; into variables u; that are

uniformly distributed on (0,1) scales. For that define u; = q)(xj,,-) for j=1,...,m and

i=1,...,n where @(-) is the standard normal distribution function.

4. Compute the simulated joint realizations of the Gaussian distribution a; as
aj :Fj‘7(uj,,-), j=12, i=1,.,n where Fj‘7 is the functional inverse of the j’h

marginal distribution function F;.

T-COPULA DISTRIBUTION

Simulation of a m-dimensional student t distribution with n simulated realisations and copula

parameters given by correlation matrix 2 (m x m) and v degrees of freedom:

1. Simulate m independent standard normal random variables z; ~ N(0,7) j=1,..,m and

one chi-square distributed random vector (1xn) with v degrees of freedom s ~ ;(5.
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2.

Use a Cholesky factorisation to transform the independent random variables z; into

dependent variables x; according to the copula parameter matrix 2.

Transform the standard normally distributed variables x; into variables u; that are

uniformly distributed on (0,1) scales. For that define u; :tv-(xj,,- -,/v/s,-) for

j=1,...,mand i=1,...,n where t,(-) is the Student t distribution function with v degrees

of freedom.
Compute the simulated joint realizations of the Student t-copula distribution a; as
aj =Fj_7(uj,,-), j=12, i=1,..,n where Fj‘1 is the functional inverse of the j’h

marginal distribution function F;.

GUMBEL COPULA DISTRIBUTION

Simulation of a bivariate Gumbel distribution with n simulated realizations and copula

parameter 4:

1.

2.

Simulate 2 independent uniformly distributed random variables s, t; ~ U(0,1).

Use numerical methods to find the elements of the variable t, such that

In t2' .
t2,,-(1— 9”}:3,- i=1..,n

Compute the dependent uniformly distributed variables u,, ~ U(0,1) as

Ugj= exp(t]’lw -In t2,i)
Upi :exp((1—t1,,-)7/9 -In t2’,') i=1,...,n

Compute the simulated joint realizations of the Gumbel distribution a as

aj :Fj‘7(uj,,-), j=12,i=1,...,n where Fj‘7 is the functional inverse of the j”’

marginal distribution function F;.

CLAYTON COPULA DISTRIBUTION

Simulation of a bivariate Clayton distribution with n simulated realizations and copula

parameter 6 :

66



Simulate 2 independent uniformly distributed random variables s, u; ~ U(0,1).

Compute the dependent uniformly distributed variable u, ~ U(0,1) as

1/0
Upj = (“16:i ‘(si—e/(en) ‘1)+ 1) i=1..,n

Compute the simulated joint realizations of the Clayton distribution a as
aj :Fj‘7(uj,,-), j=12, i=1,..,n where Fj‘7 is the functional inverse of the j’h

marginal distribution function F;.

FRANK COPULA DISTRIBUTION

Simulation of a bivariate Frank distribution with n simulated realizations and

copula parameter 6:

1.

2.

Simulate 2 independent uniformly distributed random variables s, u; ~ U(0,1).

Compute the dependent uniformly distributed variable u, ~ U(0,1) as

Compute the simulated joint realizations of the Frank distribution a; as
aj =Fj_7(uj,,-), j=12, i=1,..,n where Fj_7 is the functional inverse of the j’h

marginal distribution function F;.
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APPENDIX B

MATLAB CODES (All presented programs are available on the enclosed CD)

1. ESTIMATING ELLIPTICAL COPULA FUNCTION FOR CZECH STOCK MARKET

%File SPAD.m provides a program code for semi-parametric method of copula estimation for some
%given data file x. The data file should contain log-returns on some stocks or stock indices. We
%provide such monthly and weekly data for Czech SPAD stock market. The program is restricted to
%work out only t-copula estimates. If the given results exhibit high value for degree of freedom (>100)
%we substitute t-copula by Gaussian copula.

%

% The program goes as follows. First Kendall's tau is estimated and then using its relation with
%correlation, the correlation parameter rho is set up. Next the data from matrix x are transpose by
%their empirical distributions onto [0,1] scales. Finally log-likelihood estimates are constructed and the
Y%maximum log-likelihood function value is selected.

%

%In the INPUT part you might set the range for degrees of freedom within which the optimum is found
%in the MAIN program section. The most of this program code (particularly Kendall's tau and mle
%estimates) was borrowed from resources of Mr. Saket Sathe - this and more might be found on
Y%http://www.ee.iitb.ac.influma/~saket/ . For high dimensions the program might take time. In order to
%show progress during computation some 'disp' messages introducing just processing sections were
%incorporated into the code.

%INPUTS:
%
%
clc;

x1=xlIsread('E:\Matlab_read_data.xIs','monthly'); %Here must be a correct path to data files!!!
x2=xlIsread('E:\Matlab_read_data.xIs','weekly'); %Here must be a correct path to data files!!!
t=input('Please insert 1 for monthly log returns or 2 for weekly log returns: ');

do=1;

while do==

lowdof=input('Insert lower bound for degrees of freedom (integer number): *);
updof=input('Insert upper bound for degrees of freedom (integer number): ');

disp(’ );

%MAIN SECTION:
%
%
if t==1 x=x1;
else x=x2;
end;

disp('Estimating Kendalls tau');
[sim,n] = size(x);
tau = eye(n); %eye(n) = identity matrix(n)
for row = 1:(n-1)
for col = (row+1):n

s =0;
fori=1:sim
s = s + sum(sign(x(i:sim,row)-x(i,row)).*sign(x(i:sim,col)-x(i,col)));
end;

tau(row,col) = s.*2./(sim.*(sim-1));
tau(col,row) = tau(row,col);
end;
end;
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disp('Computing parameter for correlation');
rho=sin((pi/2)*tau);

disp('Working on empirical distributions');
fori=1:1:n
for j=1:1:sim
index=0;
for k=1:1:sim
if x(j,i)>=x(k,i)
index=index+1;
end;
end;
emp(j,i)=index/(sim+1); %division by (sim+1) ensures that emp(i,j)<1 even for index=sim
end;
end;

disp('Working on maximum likelihood estimation');
i=0;
for dof=lowdof:1:updof
tmatrix=tinv(emp,dof);
i=i+1;
f1=sim*log((gamma((dof+n)/2))/gamma(dof/2))-sim*n*log((gamma((dof+1)/2))/gamma(dof/2))-
(sim/2)*log(det(rho));
temp1=0;
temp=0;
for t=1:sim
for n=1:n
temp1=temp1+log((dof+(tmatrix(t,n)"2))/dof);
end;
temp=temp+log((dof+(tmatrix(t,:)*inv(rho)*tmatrix(t,:)"))/dof);
end;
f2=-((dof+n)/2)*temp;
f3=((dof+1)/2)*temp1;
f=f1+1f2+13;
out(i,1)=dof;
out(i,2)=f;
end;

[L,i]=max(out(;,2));

DoF=out(i,1);
disp(' );
disp(sprintf('Maximum log-likelihood function value: %f at DoF %d',L,DoF));
disp(' );
if DoF>100
disp('Best fit is Gaussian copula');
else
disp(sprintf('Best fit is -%d copula’,DoF));
end;
disp(' );

if DoF==lowdof | DoF==updof
disp('Given results lies on the boundary of plausible value for DoF');
disp('Very possible, some better results might be obtained by enlarging the set for DoF"');
do=input("Try again? Please enter 1 for YES or O for NO: ");
disp(’ );
else do=0;
end;
end;
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2. HOMOGENEOUS EXCHANGEABLE MODEL

%File exchangeable.m contains a program code for description default events within some
%homogeneous exchangeable credit portfolio model of size 'n'. All 'n' assets are correlated by same
%correlation parameter 'corr' and as well default threshold 'thrs' has a constant value along all portfolio
%segments. Such assumptions are restrictive however model might be used for observing influences
%of different copulas on default behavior for assets of particular riskiness.

Y%First, program computes correlation matrix. Given that, four scenarios of portfolio distribution are
%simulated - one for Gaussian copula and three for t-copula functions with degrees of freedom t1, t2
%and t3. Amount of default events is determined and resulted value is given as final output for each
%scenarios at 95 and 99 confidence level.

%lIn the first, INPUT, section you might select all mentioned parameters, i.e. n, sim (number of
Y%simulations, should be rather large), corr, thrs, t1, t2 and t3. The second section represents own
%program. For high dimensions the program might take time. In order to show progress during
%computation some 'disp' messages introducing just processing sections were incorporated into the
%code.

%INPUTS:
%
%
clear;

clc;

n=input('Insert number of portfolio assets: ');

sim=input('Insert number of scenarios to be simulated (must be divisible by 100): ");
corr=input('Insert assets correlation (constant among all assets): ');
thrs=input('Insert default threshold (constant among all assets): ');

t1=input('Insert value for degrees of freedom of first t-copula: ');

t2=input('Insert value for degrees of freedom of second t-copula: ');

t3=input('Insert value for degrees of freedom of third t-copula: ');

disp(’ );

%MAIN SECTION:
%
%
disp('Working on correlation matrix');
sigma=zeros(n,n);
fori=1:1:n;
for j=1:1:n;
if i==]
sigma(i,j)=1;
else
sigmal(i,j)=corr;
end;
end;
end;

disp('Generating multivariate variables');
ndist=mvnrnd(zeros(n,1),sigma,sim);
t1dist=mvtrnd(sigma,t1,sim);
t2dist=mvtrnd(sigma,t2,sim);
t3dist=mvtrnd(sigma,t3,sim);

disp('Computing copula functions');
disp('ncop’);
ncop=normcdf(ndist,0,1);
disp('t1cop’);

t1cop=tcdf(t1dist,t1);
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disp('t2cop’);
t2cop=tcdf(t2dist,t2);
disp('t3cop’);
t3cop=tcdf(t3dist,t3);

disp('Computing number of defaulting events');
for i=1:1:sim;
ndefault=0;
t1default=0;
t2default=0;
t3default=0;
for j=1:1:n;
if ncop(i,j)<thrs ndefault=ndefault+1;
end;
if t1cop(i,j)<thrs t1default=t1default+1;
end;
if t2cop(i,j)<thrs t2default=t2default+1;
end;
if t3cop(i,j)<thrs t3default=t3default+1;
end;
end;
ndef(i,1)=ndefault;
t1def(i,1)=t1default;
t2def(i,1)=t2default;
t3def(i,1)=t3default;
end;

disp(‘'Summarising');
nvar=sort(ndef);
t1var=sort(t1def);
t2var=sort(t2def);
t3var=sort(t3def);

order99=sim*0.99;
order95=sim*0.95;

disp(’ );

disp(’ );
disp('Number of defaults on 95 confidence level is:');
disp(sprintf('t-%d copula : %d',t1,t1var(order95,1)));
disp(sprintf('t-%d copula : %d',t2,t2var(order95,1)));
disp(sprintf('t-%d copula : %d',t3,t3var(order95,1)));
disp(sprintf('Gaussian : %d',nvar(order95,1)));

disp(' );
disp('Number of defaults on 99 confidence level is:');
disp(sprintf('t-%d copula : %d',t1,t1var(order99,1)));
disp(sprintf('t-%d copula : %d',12,t2var(order99,1)));
disp(sprintf('t-%d copula : %d',t3,t3var(order99,1)));
disp(sprintf('Gaussian : %d',nvar(order99,1)));

%last part is here just for graphical evidence for master thesis
Y%summarized(:,1)=nvar;
Y%summarized(:,2)=t1var;
%summarized(:,3)=t2var;
Y%summarized(:,4)=t3var;
Y%wk1write('homo.wk1',summarized)
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3. BOND PORTFOLIO VALUE DISTRIBUTION

%File creditmodel.m is designed to calculate distribution of values for portfolio of bond instruments
%on 95 and 99 confidence level. Undertaking analysis is based on credit rating migration - technique
%introduce by JP Morgan in CreditMetricsTM model. Similarly to this model we assume 7 rating
%classes (from AAA to CCC). However on the contrary to JP Morgan's model we employ not only
%Gaussian dependence structures but as well structures implied by t-copula functions. For the
%comparison, each program execution calculates 99 and 95 percent value at risk for one Gaussian
%and three t-copula functions (given degrees of freedom t1, t2, t3).

%

% The program works as follows. In INPUT section, parameters, which are required for the model, are
%set up. This includes portfolio size 'n', number of simulations 'sim' (should be rather large), degrees
%of freedom for considered t-copula functions 't1, t2, t3' and distribution of credit rating 'r1,...,r7'

%(r1 stands for AAA and r7 for CCC). For ratings, you might either select from four predetermined
%options or create your own distribution.

%In MAIN section first correlation matrix 'sigma' is derived given the sector correlation matrix and
Y%distribution of sectors among the assets (very first this is randomly assigned). Next, four scenarios of
Y%portfolio distribution are simulated - one for Gaussian copula and three for t-copula functions with
%degrees of freedom t1, t2 and t3. Under these migration scenarios, new credit rating for each asset
%is determined. Given this, assets are evaluated, whole portfolio value computed and resulted value
%is given as final output for each scenarios at 95 and 99 confidence level.

%

%For high dimensions the program might take time. In order to show progress during computation
%some 'disp' messages introducing just processing sections were incorporated into the code.

%

%Program works with three matrices which were determined out of this model - these are sector
%correlation matrix 'sector_corr', transition matrix 'trans_matrix' and matrix for asset value given its
Y%rating 'value'. These matrices are either describe in diploma thesis or in enclosed.xls files.

%INPUTS:
%
%
clc;

n=input('Insert number of assets (must be divisible by 100): ');

sim=input('Insert number of scenarios to be simulated (must be divisible by 100): ');
t1=input('Insert value for degrees of freedom of first t-copula: ');

t2=input('Insert value for degrees of freedom of second t-copula:');

t3=input('Insert value for degrees of freedom of third t-copula: ");

%Rating distribution:

in=0;
while (in~=1 & in~=2 & in~=3 & in~=4 & in~=5)
disp(' );

disp('Select distribution of ratings: ');
disp(" 1...average quality portfolio');
disp(' 2...high quality portfolio');
disp(' 3...skewed left portfolio");
disp(' 4...skewed right portfolio');
disp(" 5...different');
in=input('Portfolio number: ');

end;

if in==
r1=0.03; r2=0.05; r3=0.13; r4=0.29; r5=0.35; r6=0.12; r7=0.03;
end;

if in==

r1=0.04; r2=0.06; r3=0.29; r4=0.36; r5=0.21; r6=0.03; r7=0.01;
end;
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if in==3
r1=0.03; r2=0.18; r3=0.38; r4=0.19; r5=0.10; r6=0.09; r7=0.03;
end;

if in==
r1=0.03; r2=0.09; r3=0.10; r4=0.19; r5=0.38; r6=0.18; r7=0.03;
end;

if in==
i=0;
while i==0
r1=input('Insert share of assets with AAA rating: ');
r2=input('Insert share of assets with AA rating: ');
r3=input('Insert share of assets with A rating: ');
r4=input('Insert share of assets with BBB rating: ');
r5=input('Insert share of assets with BB rating: ');
ré=input('Insert share of assets with B rating: ');
r7=1-(r1+r2+r3+r4+r5+r6);
if r7<0
disp(‘Share of CCC rating assets is negative. Please try again.');
i=0;
else i=1;
end;
end;
end;

rating_sum=[r1 r2r3 r4 r5r6 r7];

disp(’ );

disp('Selected rating distribution is (aaa/aa/a/bbb/bb/b/ccc):");
disp(sprintf('%g ',rating_sum));

disp(’ );

%sector_correlation matrix
%We incorporate 4 sectors but any dimension of sector analysis is generally possible.
sector_corr=[0.30.20.10;0.20.40.30.2;0.10.30.50.1;00.20.1 0.6];

%transition matrix

trans_matrix=[0.9142 0.0792 0.0051 0.0009 0.0006 0 0 0;
0.0061 0.9068 0.0791 0.0061 0.0005 0.0011 0.0002 0.0001;

0.0005 0.0199 0.9144 0.0586 0.0043 0.0016 0.0003 0.0004;

0.0002 0.0017 0.0408 0.8994 0.0455 0.0079 0.0018 0.0027;

0.0004 0.0005 0.0027 0.0579 0.8360 0.0806 0.0099 0.012;

0 0.0006 0.0022 0.0035 0.0621 0.8249 0.0476 0.0591;

0 0 0.0032 0.0048 0.0145 0.1263 0.5471 0.3041];

%matrix of asset value given its rating (taken from CM.xls, as well presented in Table 4 in chapter 3.2)
value=[110.35 110.31 110.18 109.24 105.30 96.87 83.0 100*betacdf(rand,15,15)];

%MAIN SECTION:
%
%
disp('Generating sectors for underlying assets');
%Each single one asset out of 'n' is randomly assgined some sector.
sector_index=rand(1,n);
size_sc=size(sector_corr,1); %i.e. size_sc is number of sectors incorporated into model
fori=1:1:n

=0;

ind=0;

while ind==0
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=+,
if (((j-1)/size_sc)<=sector_index(1,i) & sector_index(1,i)<(j/size_sc))
sector_index(1,i)=j;
ind=1;
end;
if j==size_sc
ind=1; %i.e. for utterly rare cases when a(1,i) = 1, we set sector_index=1
end;
end;
end;

disp('Constructing correlation matrix');
fori=1:1:n;
for j=i:1:n;
row=sector_index(1,i);
column=sector_index(1,j);
if i==]
sigma(i,j)=1;
else
sigmai,j)=sector_corr(row,column);
sigma(j,i)=sector_corr(row,column);
end;
end;
end;

disp('Assigning credit rating values for underlying assets');
%Here we combine information about rating distribution from rating_sum with number
%of assets 'n".
i=0;
cumul=0;
for j=1:1:7

for i=(i+1):1:(rating_sum(1,j)*n+cumul)

rating(1,i)=j;

end;

cumul=i;
end;
rating(1,n)=7;

disp('Generating multivariate variables');
ndist=mvnrnd(zeros(n,1),sigma,sim);
t1dist=mvtrnd(sigma,t1,sim);
t2dist=mvtrnd(sigma,t2,sim);
t3dist=mvtrnd(sigma,t3,sim);

disp('Computing copula functions');
ncop=normcdf(ndist,0,1);
t1cop=tcdf(t1dist,t1);
t2cop=tcdf(t2dist,t2);
t3cop=tcdf(t3dist,t3);

%First row in ncop and txcop is sacrified and will further refer to credit quality of
%assets in given column.

ncop(1,:)=rating;

t1cop(1,:)=rating;

t2cop(1,:)=rating;

t3cop(1,:)=rating;
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%We create cumulative transition matrix which will be used for credit matching in next section.
fori=1:1:7
cumul_trans_matrix(i,1)=0;
for j=2:1:9
if j==
cumul_trans_matrix(i,j)=trans_matrix(i,j-1);
else
cumul_trans_matrix(i,j)=trans_matrix(i,j-1)+cumul_trans_matrix(i,j-1);
end;
end;
end;
cumul_trans_matrix(:,9)=cumul_trans_matrix(:,9)+0.001; %This is necessary for the next section
%in order to unambiguously determine the credit rating.

disp('Determining new credit rating');
fori=1:1:n
for j=2:1:sim %We go from j=2 as j=1 correspond to the initial rating.
r=ncop(1,i); %This identified original asset rating, next new rating is determined.
for k=1:1:8
if (cumul_trans_matrix(r,k)<=ncop(j,i) & ncop(j,i)<cumul_trans_matrix(r,k+1))
ncat(j,i)=k;
end;
if (cumul_trans_matrix(r,k)<=t1cop(j,i) & t1cop(j,i)<cumul_trans_matrix(r,k+1))
t1cat(j,i)=k;
end;
if (cumul_trans_matrix(r,k)<=t2cop(j,i) & t2cop(j,i)<cumul_trans_matrix(r,k+1))
t2cat(j,i)=k;
end;
if (cumul_trans_matrix(r,k)<=t3cop(j,i) & t3cop(j,i)<cumul_trans_matrix(r,k+1))
t3cat(j,i)=k;
end;
end;
end;
end;

disp('Evaluating assets under new credit ratings');
%Given the 'value' matrix from input section, we evaluate each asset.
%Asset values on each row are then sumed up to give portfolio value.
fori=2:1:sim
forj=1:1:n
rat=ncat(i,j);
nval(i,j)=value(1,rat);
end;
nport_val(i,1)=sum(nval(i,:));
end;

for i=2:1:sim
forj=1:1:n
rat=t1cat(i,j);
t1val(i,j)=value(1,rat);
end;
t1port_val(i,1)=sum(t1val(i,:));
end;

for i=2:1:sim

forj=1:1:n
rat=t2cat(i,j);
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t2val(i,j)=value(1,rat);
end;
t2port_val(i,1)=sum(t2val(i,:));
end;

fori=2:1:sim
forj=1:1:n
rat=t3cat(i,j);
t3val(i,j)=value(1,rat);
end;
t3port_val(i,1)=sum(t3val(i,:));
end;

disp('Computing Value at Risk');
nvar=sort(nport_val(2:sim,1));
t1var=sort(t1port_val(2:sim,1));
t2var=sort(t2port_val(2:sim,1));
t3var=sort(t3port_val(2:sim,1));

order99=sim*0.01;
order95=sim*0.05;

%Expected (mean) value
nmean=sum(nvar)/size(nvar,1);
t1mean=sum(tivar)/size(t1var,1);
t2mean=sum(t2var)/size(t2var,1);
t3mean=sum(t3var)/size(t3var,1);
A=[t1mean t2mean t3mean nmean];

%VaR
Var99=A-[t1var(order99,1) t2var(order99,1) t3var(order99,1) nvar(order99,1)];
Var95=A-[t1var(order95,1) t2var(order95,1) t3var(order95,1) nvar(order95,1)];

disp(’ );
disp(’ );
disp('Value at risk on 95 confidence level is:');
disp(sprintf('t-%d copula : %g',t1,Var95(1,1)));
disp(sprintf('t-%d copula : %g',t2,Var95(1,2)));
disp(sprintf('t-%d copula : %g',t3,Var95(1,3)));
disp(sprintf('Gaussian : %g',Var95(1,4)));

disp(' )
disp('Value at risk on 99 confidence level is:');
disp(sprintf('t-%d copula : %g',t1,Var99(1,1)));
disp(sprintf('t-%d copula : %g',t2,Var99(1,2)));
disp(sprintf('t-%d copula : %g',t3,Var99(1,3)));
disp(sprintf('Gaussian : %g',Var99(1,4)));

%last part is here just for graphical evidence for master thesis
Y%summarized(:,1)=nvar;
%summarized(:,2)=t1var;
Y%summarized(:,3)=t2var;
%summarized(:,4)=t3var;
%x=hist(summarized,100)
Y%wk1write('CM_var.wk1',summarized)
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PROJECT OF MASTER THESIS

Author: Bc. Petr Jablonsky

Leader of the master thesis: Doc. Ing. Miloslav Vosvrda, CSc.

Term of master examinations: Summer semester 2006-2007

Title: Measuring credit risk for portfolios with heavy-tailed risk factors

Characteristics of the theme:

The aim of the master thesis is to introduce a model for measuring portfolio credit risk under
the assumption of possible joint default events. The portfolio credit risk will be first modelled
in sense of method CreditMetrics™ which represents a benchmark of commercial practice.
The methodology of examined model will be further extended by the assumption of heavy
tails for underlying risk factors. Such assumption causes much higher occurrence of extreme
joint events than what might be observed under the CreditMetrics™ model. To find the
extend of diversity in model outcomes, both approaches are confronted using the Monte
Carlo simulation on artificial portfolios of different riskiness. At the end we discuss the

consequences of assumed model for decisioning process of credit risk management.

The master thesis will try to find the answer to following questions:

- What consequences does assumption of joint default bring to portfolio credit risk
management?

- Are classic credit risk models able to deal with assumption of joint default?

- What are optimal methods for modelling heavy tailed risk factors?

- To what extent are outcomes resulting from models with and without an assumption
of heavy tailed risk factor different?

- What kind of recommendation for measuring and managing credit risk might new

model bring?
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