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Abstract: In this work, we studied three selected problems in FRW spacetime.
In the first part, we analysed the motion of a test particle in the homogeneous
and isotropic universe. We presented a framework in which one can derive the
uniformly accelerated trajectory and geodesic motion if a scale factor for a given
spacetime is provided as a function of coordinate time. By applying the confomal
time transformation, we were able to convert second order differential equations
of motion in FRW spacetime to first order differential equations. From this, we
managed to obtain a formalism to derive the uniformly accelerated trajectory of a
test particle in spatially curved FRW spacetime. The second part of this work is
devoted to dynamical cosmology. In particular, we analyse the cases of barotropic
fluids and non-minimally coupled scalar field in spatially curved FRW spacetime.
First, we set up the dynamical systems for an unspecified EoS of a barotropic
fluid case and an unspecified positive potential for a non-minimal coupled scalar
field case. For both of these systems, we determined well-defined dynamical
variables valid for all curvatures. In the framework of these general setups we
discovered several characteristic features of the systems, such as invariant subsets,
symmetries, critical points and their physical interpretations. Finally, in the
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Introduction
The aim of this thesis is to study selected problems in the isotropic and homoge-
neous universe. On one hand, we studied the dynamics of a test particle moving
in an expanding universe; namely, we presented a novel formalism to obtain the
trajectory of a moving particle that has either uniform acceleration or uniform
velocity. On the other hand, we analysed the dynamics of barotropic 
uid and
non-minimally coupled scalar �eld in spatially curved FRW spacetime.

The materials given in this work can be divided into two parts; the introduc-
tory part and the part based on my research. The introductory part is split into
three chapters, i.e. Chapters 1, 3, and 4; and the Chapters 2, 5, and 6 are based
on the papers Kerachian [2020], Kerachian et al. [2020], and Kerachian et al.
[2019] respectively.

This work is organized as follows. Chapter 1 provides a brief introduction to
modern cosmology by providing notions, equations, and de�nitions in this �eld.
In Chapter 2, we study the motion of a test particle uniformly accelerated in an
expanding universe. Chapter 3 provides the necessary background regarding the
theory of dynamical systems. We present the basic de�nitions and theorem in
this context. In Chapter 4 we give instructions on how dynamical system anal-
ysis should be applied on a cosmological model along with an explicit example.
Chapter 5 analyses the dynamics of classes of barotropic 
uids, while Chapter 6
covers dynamics of classes of non-minimally coupled scalar �eld are discussed.
This work ends with concluding remarks.

0.1 Conventions and Formulas

In this thesis, we de�ne some of general conventions and formulas that we adopt
throughout this work. The metric tensor signature is assumed to be (� ; + ; + ; +).
We work in natural units where the speed of lightc is set to one. We considered
coupling constants� = 8 � G=c 4 = 1. Throughout this work, the Greek indices
�; �; �; ::: run from 0 to 3 unless stated otherwise. Boldfaced quantities refer to
vectors in a generalRn space.

In this work, some formulas without explicit de�nition are given. These for-
mulas are:

ˆ The Christo�el symbol � is

� �
�� =

1
2

g�� (g��;� + g��;� � g��;� ) ; (1)

whereg�� is the metric tensor.

ˆ The Ricci tensorR�� is

R�� = � �
��;� � � �

��;� + � �
�� � �

�� � � �
�� � �

�� : (2)

ˆ The Ricci scalar is
R = g�� R�� : (3)
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1. An introduction to cosmology
Cosmology is the branch of physics that seeks to understand the origin, the
evolution, the dynamics, the structure formation of the universe along with its
ultimate fate. Cosmology as a �eld of science was established from the Copernican
principle and was followed by Newtonian laws. Thanks to Albert Einstein's theory
of general relativity, the modern cosmology have 
ourished. This �eld, then, was
improved by major observation discoveries in the 1920s: Edwin Hubble uncovered
that our universe is expanding. Subsequently, all these e�orts led to speculations
regarding the origin of the universe and presented the big bang theory as a leading
cosmological paradigm. In 1990s observations from Type Ia supernovae concluded
that the expansion of our universe is accelerating. This �nding implies that there
should be a hidden energy density in the universe that expresses itself as some
kind of negative pressure, which is known as the dark energy.

In this chapter, we assume that readers are su�ciently knowledgeable about
the basics of general relativity. Moreover, the chapter derives from the following
well known text books such as Gri�ths and Podolsk�y [2009], Weinberg [2008],
and Faraoni [2004] to describe elements of current cosmological trend.

The layout of this chapter is as follows. In Sec. 1.1 we will introduce cosmo-
logical principles and the basic material needed in studying modern cosmology.
In Sec. 1.2 the Einstein universe will be introduced as a model describing static
universe. In order to visualize the known cosmological models, in Sec. 1.3,the
conformal transformation will be applied. The big bang theory and the dark side
of the universe, i.e. dark matter and dark energy, will be discussed in Sec. 1.4.
In the rest of this chapter, we will study possible candidates to solve the accel-
erated expansion of the universe: �CDM model, quintessence, and non-minimal
coupling scalar �eld in Secs. 1.5, 1.6, and 1.7 respectively.

1.1 Introduction to FRW cosmology

On a su�ciently large scales the universe appears to be homogeneous and
isotropic. Namely, the space is invariant under spatial translations and rota-
tions. This means that, there is not any preferred direction or privileged point
in three dimensional space of the universe. This assumption, which implies that
the universe is highly symmetric, is in a good agreement with astronomical ob-
servations and it is represented by the Friedmann-Lemâ�tre-Robertson-Walker
(FLRW) paradigm.

Basically, the condition that indicates the cosmological principle, namely the
isotropy and spatial homogeneity, is that the spacetime has a six-parameter group
of isometries. This group of isometries acts transitively on spacelike 3-spaces.
From the geometrical theorems, we know that a three-dimensional space has 6
isometries, at the most. Moreover, the curvature of these maximally symmetric
spaces is constant. Therefore, the isotropic and spatially homogeneous spacetime
has a foliation by a one-parameter family of 3-dimensional hypersurfaces � having
constant spatial curvature. It can be proven that there exist only three types of
such spaces, namely a 3-dimensional 
at space, a 3-sphere, and a hyperbolic 3-
space. Moreover, each of these hypersufaces � are labelled byt =Const., where
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t is the coordinate time.
Therefore, in this paradigm, a four dimensional maximally spatially symmetric

manifold, which is known as a Friedmann-Robertson-Walker (FRW) metric (or
FLRW metric by including Lemâ�tre), in pseudo-spherical coordinates reads

ds2 = � dt2 + a2(t)

 
dr2

1 � kr 2
+ r 2d� 2 + r 2 sin2(� )d� 2

!

; (1.1)

or
ds2 = � dt2 + a2(t)

�
d� 2 + S2

k (� )(d� 2 + sin2 �d� 2)
�

; (1.2)

where

Sk(� ) =

8
><

>:

sin�; k = +1 ; closed;
�; k = 0; 
at ;
sinh�; k = � 1; open;

expresses the space curvature anda(t) is the scale factor which describes the
expansion of the universe. Even if these three metrics seem to be similar, they
represent di�erent types of geometries. The range of� varies for di�erent curva-
tures, � lies in the range� 2 [0; 1 ) for k = 0; � 1 and � 2 [0; � ] for k = 1; while
the ranges of the coordinate timet 2 [0; 1 ) and angles� 2 [0; � ] and � 2 [0; 2� )
are selected independently of the curvature.

To determine the unknown scale factor functiona(t) and as a consequence the
evolution of the FRW space-time we need to apply the Einstein �eld equations
(EFE). We already know from general relativity that any spacetime is de�ned
by a metric g�� and the relation between the metric and matter distribution in
spacetime is given by the Einstein equation, i.e.

G�� = R�� �
1
2

Rg�� = T�� ; (1.3)

whereR�� is Ricci tensor,R is Ricci scalar, andT�� is stress-energy tensor.
The next step is to determine the stress-energy tensor. From the assumption

of homogeneity and isotropy, it can be shown that the matter inside the universe
is in the form of perfect 
uid for which the stress-energy momentum takes the
form

T�� = ( � + P)u� u� + Pg�� : (1.4)

Here the vector u� is the four-velocity of the 
uid; � is the energy density of
matter and P is the isotropic pressure. We assume that both� and P can be
only the functions of time. For such a 
uid, the energy conditions are

ˆ The weak energy condition (WEC): For any timelike vectorst � , the condi-
tion

T�� t � t � � 0; (1.5)

should be satis�ed. For the 
uid (1.4) this condition reads

� � 0; and � + P � 0: (1.6)

ˆ The dominant energy condition (DEC): For any timelike vectort � , if the
WEC is satis�ed then T �� t � is a null or timelike vector. Thus, for the (3.31)
we get

� �j P j : (1.7)
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ˆ The strong energy condition (SEC): For any timelike vectort � the condition

T�� t � t � � �
1
2

T; (1.8)

should be satis�ed. This condition for the energy-momentum tensor (1.4)
will be

� + P � 0; and � + 3 P � 0: (1.9)

ˆ The null energy condition (NEC): For any null vector l � the condition

T�� l � l � � 0; (1.10)

should be satis�ed. This means

� + P � 0; (1.11)

for the energy-momentum tensor (1.4).

ˆ The null dominant energy condition (NDEC): For any null vector l � , the
NEC should be satis�ed andT �� l � , is a null or timelike vector. This condi-
tion for the energy-momentum tensor (1.4) will be

� �j P j; or � = � P: (1.12)

The next task is to derive the non-vanishing components ofG�� from the met-
ric (1.2) and equating it with the stress-energy tensor (1.4). Therefore, Einstein's
equations (1.3) for the FRW spacetime reduce to

3

 

H 2 +
k
a2

!

= �; (1.13)

2H_ + 3H 2 +
k
a2

= � P: (1.14)

Here H = a_=a is Hubble parameter and Eqs. (1.13) and (1.14) are known as
the Friedmann equation and the Raychaudhuri equation respectively. Moreover,
from a Bianchi identity one can derive the continuity equation which reads

�_ + 3H (P + � ) = 0 : (1.15)

The unknown scalar functiona(t) can be determined if the barotropic equation
of state (EoS), i.e.P = P(� ), is given. Common EoS is a linear one of the form

P = w�; (1.16)

where 0� w � 1. This linear EoS includes many special cases. For instance, a
pressureless 
uid or dust whenw = 0, radiation when w = 1=3. Subsequently,
from the linear EoS (1.16) and continuity equation (1.15) the energy density� as
a function of a will be

� =
C

a3(w+1)
; (1.17)

6



whereC is a constant. The former equation reads

� /

(
a� 3; for dust-�lled universe;
a� 4; for radiation-like 
uid :

To derive the scale factor in terms of the coordinate timet, we should substitute
Eq. (1.17) into the Friedmann equation (1.13), namely

a_2 =
C
3

a� (1+3 w) � k; (1.18)

then, by integrating the former relation one can get

a( ) =
� C

3
sin2  

� 1=(1+3 w)

; t( ) =
2

R
a( )d 

1 + 3w
; k = +1 ; (1.19)

a(t) =

 p
3C
2


t

! 2=(3w+3)

; k = 0; (1.20)

a( ) =
� C

3
sinh2  

� 1=(1+3 w)

; t( ) =
2

R
a( )d 

1 + 3w
; k = � 1; (1.21)

where is de�ned implicitly.

1.1.1 On the trajectories in a spacetime

In this section, we digress for a while to introduce speci�c trajectories in spacetime
with the metric g�� . In other words, we will introduce the necessary conditions
for the timelike geodesics and uniformly accelerated trajectories ( for more details
see e.g. Poisson [2004]).

A curve in a spacetime is called a timelike geodesic if the proper time between
two points a and b on the curve is extremum. If a curve
 is described byx � (� )
where the parameter� is chosen arbitrary, then the proper time� between points
a and b is de�ned

� (a; b) =
Z b

a
L(

dx�

d�
; x � ) d� =

Z b

a

s

� g��
dx�

d�
dx�

d�
d�: (1.22)

The extremum proper time is determined from the Euler-Lagrnage equations
describing the particle's motions. After some manipulation one can get from
Eq. (1.22)

d2x �

d � 2
+ � �

��
dx�

d�
dx�

d�
= �

dx�

d�
; (1.23)

where� = 1
L

dL
d� and � �

�� is the Christo�el symbol. If we pick a speci�c parameter-
ization, i.e. d� = d� or � = c1� + c2, which is called an a�ne class of parameters
on the worldline, then � vanishes and we get the geodesics equation in the more
familiar form

d2x �

d � 2
+ � �

��
dx�

d�
dx�

d�
= 0; (1.24)

which is equivalent tou�
;� u� = 0. Here, the four-velocity u� = dx �

d� is tangent to
the geodesic. One can easily check that along an a�nely parameterized timelike
geodesic we getu� u� = � 1. Thus, the motion of a test particle with very small
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proper mass which moves in a gravitational �eld is represented by its worldline;
this worldline is necessarily a timelike geodesic. However, if other forces act on
the test particle, its worldline deviates form the geodesic one.

On the other hand, a trajectory of a uniformly accelerated test particle is
given by ( see e.g. Rohrlich [2020])

P �
� a_� = a_� � (a� a� ) u� = 0: (1.25)

Here P �
� = � �

� + u� u� is the projection tensor and the over dot meansu� r � , i.e.
covariant derivative with respect to � , and

a� = u� r � u� =
d2x �

d � 2
+ � �

��
dx�

d�
dx�

d�
; (1.26)

is the four-acceleration of a test particle. If we multiply Eq. (1.25) bya� , we get
a_� a� = 0 which guarantees that

a� a� = Constant: (1.27)

In other words, the magnitude of the four-acceleration is constant. Consequently,
for a given accelerated trajectory if the condition (1.25) is satis�ed the motion of
the particle is uniformly accelerated.

In Minkowski spacetime, it is easy to check that the uniformly accelerated
trajectory is a hyperbola ( see e.g. Rindler [2012]). Although the conditions (1.24)
and (1.25) seem to be simple, deriving the geodesic and the accelerated trajectory
for the FRW spacetime is not an easy task. Kerachian [2020] derived a general
formalism to determine the geodesic and accelerated trajectory of a test particle
in the FRW spacetime.

1.2 The static universe

Historically, when Einstein presented his theory, it was assumed that we live in
a static universe. From Eqs. (1.13) and (1.14) we can derive

a• = �
1
6

(� + 3P)a; (1.28)

which implies that in order to have a static universea_ = 0 anda• = 0 or equiv-
alently P = � 1=3� , i.e. either pressure is negative or energy density. This
statement violates the energy condition� � P � 0. Therefore, in 1917, Einstein
modi�ed his equations (1.3) by adding a constant called the cosmological constant
�:

R�� �
1
2

Rg�� � � g�� = T�� : (1.29)

Subsequently, the modi�cations of the Friedmann equation (1.13) and the Ray-
chaudhuri equation (1.14) become

H 2 +
k
a2

=
�
3

+
�
3

; (1.30)

2H_ + 3H 2 +
k
a2

= � � P: (1.31)
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It can be derived from the former equations that for a desired static universe,
i.e. a = a~ =Const., the cosmological constant � and the spatial curvaturek are
strictly positive. Consequently, a spacetime representing the static universe is
written as

ds2 = � dt2 + a~2
�
d� 2 + sin2 � (d� 2 + sin2 � d� 2)

�
: (1.32)

This spacetime is known as the Einstein static universe.
Although, this spacetime represents the static universe, it is an unstable space-

time. Moreover, in the late 1920s, it was discovered that the universe is expanding
and the use of the additional term in the Einstein �eld equation subsided. On
the other hand, as we will see in Sec. 1.3, the global causal structure of other
exact solutions of EFE can be studied simply from the Einstein static universe.

Before we proceed to the next section, here we shall brie
y analyze the global
structure of the Einstein universe. First, by using the time rescalingt = a~�~ and
also � = �~ the static universe metric takes the form

ds2 = a~2
�
� d�~2 + d�~2 + sin2 �~(d� 2 + sin2 � d� 2)

�
: (1.33)

Recall that, since the Einstein universe is a speci�c case of the FRW spacetime
with positive spatial curvature, the range of its coordinate are�~ 2 (�1 ; + 1 ),
�~ 2 [0; � ], � 2 [0; � ], and � 2 [0; 2� ]. Therefore, for any point having�~ =Const.
the spatially section is 3-sphere.

Therefore, Einstein universe can be visualized in 3-dimensions where� = �= 2
as an interior of an in�nite cylinder with radius � . Likewise, in 2-dimensions
we suppress both� = �= 2 and � =Const.; in Fig. 1.1 the 2-dimension Penrose
diagram for Einstein universe is plotted.

Figure 1.1: Penrose diagram for the Einstein universe where the� and � coordi-
nates are suppressed.
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1.3 Conformal structure

In this section we study the global structure of the FRW spacetime. To investigate
this, we use the idea of a conformal transformation. In general, the conformal
transformation is considered as a map between two spacetimes, i.e.M and M~

with metrics g�� and g~�� respectively, that satisfy

g~�� = 
 2g�� : (1.34)

Here we consider thatM is a physical spacetime,M~ can be an unphysical space-
time with a boundary I ( the boundary I is associated with the condition 
 = 0.),
and 
 is a smooth and strictly positive function. Therefore, the in�nity of M is
con�ned with the �nite hypersurface I . In other words, asymptotic properties of
M and �elds in M can be understood from studyingI and the local behaviour
of the �elds at I ( For more explanations we refer readers to the lecture given by
Penrose in DeWitt and DeWitt [1964]).

To construct the conformal transformation for the FRW spacetime, it is
enough to introduce the new temporal coordinate as a conformal time� . The
relation between the new confomal time� and coordinate timet is

� =
Z dt

a(t)
: (1.35)

Using this transformation, the transformed Friedmann metric (1.2) becomes

ds2 = a2(� )
�
� d� 2 + d� 2 + sin2(� )(d� 2 + sin2 �d� 2)

�
for k = 1; (1.36)

ds2 = a2(� )
�
� d� 2 + d� 2 + � 2(d� 2 + sin2 �d� 2)

�
for k = 0; (1.37)

ds2 = a2(� )
�
� d� 2 + d� 2 + sinh2(� )(d� 2 + sin2 �d� 2)

�
for k = � 1; (1.38)

wherea(� ) = a(t(� )) and reads

a(� ) = ac

�

sin(
3w + 1

2
� )

� 2
3w +1

for k = 1; (1.39)

a(� ) = ac�
2

3w +1 for k = 0; (1.40)

a(� ) = ac

�

sinh(
3w + 1

2
� )

� 2
3w +1

for k = � 1: (1.41)

In order to visualize the conformal spacetime, it is appropriate to plot Penrose
diagram in which a given FRW spacetime relates to the part of the Einstein static
universe. Namely, by applying the proper transformation from FRW spacetime
to Einstein static universe (1.33), one should arrive at

ds2
Eins = 
 2dsF RW : (1.42)

It is easy to show that for the FRW spacetime withk = +1, by considering �~ = �
and �~ = � the conformal factor becomes


 =
a~

a(�~)
; (1.43)
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wherea(�~) is given in (1.39). From the conformal factor (1.43) and the scale fac-
tor (1.39), it is clear that the in�nity I which corresponds to 
 = 0 or equivalently
a(�~) = 1 does not exists. However, there are two singular points corresponding
to 
 = 1 , namely whena(�~) = 0. These two singularities are called the initial
singularity or the big bang when�~ = 0 and the �nal singularity when �~ = 2�

3w+1 .
Therefore, any FRW spacetime withk = 1 is conformal to the part of the Ein-
stein static universe ( see Fig. 1.1) which is bounded between these two sections in
which the universe expands from the initial singularity and reaches its maximum
sizeac, this is followed by the re-collapses back to the �nal singularity.

In Fig. 1.2a the Penrose diagram for the radiation dominated FRW universe
with k = 1 is plotted. As this �gure shows, the initial singularity is located at
�~ = 0 and the �nal singularity occurs at �~ = � which are illustrated by the dotted
dashed lines. The vertical dotted lines, on the other hand, show the� =Const.
and the horizontal dotted lines represent�~ =Const.. Moreover, the dashed line
is the location of the maximum sizea = ac.

For the spatially 
at FRW models, one has to apply the conformal transfor-
mations

� =
2 sin�~

cos�~ + cos�~
;

� =
2 sin�~

cos�~ + cos�~
; (1.44)

to get the conformal factor


 =
a~

a(� (�~; �~))
cos

� �~ + �~
2

�

cos
� �~ � �~

2

�

; (1.45)

with a(� (�~; �~)) given in (1.40). Therefore, we can see that the conformal in�nity
I occurs when�~ + �~ = � � , �~ � �~ = � � , and a(� (�~; �~)) = 1 . Moreover, the
singularity takes place whena(� (�~; �~)) = 0 or equivalently �~ = 0. Since the scale
factor 1.40 is a monotonic function of�~, the Penrose diagram shape is independent
of the choice of the 
uid.

In �g. 1.2b the Penrose diagram for the spatially 
at FRW spacetime is plot-
ted. This spacetime is the part of the Einstein static universe which is con�ned
between the initial singularity �~ = 0 and the �~ + �~ = � .

For the FRW spacetime with negative spatial curvaturek = � 1 by using the
following conformal transformations

� = arctanh

 
sin�~
cos�~

!

;

� = arctanh

 
sin�~
cos�~

!

; (1.46)

we can derive the conformal factor


 =
a~

a(� (�~; �~))

r

sin(�~ + �~ �
�
2

) sin(�~ � �~ �
�
2

); (1.47)

wherea(� (�~; �~)) is given in (1.41). For this spacetime, the conformal in�nity, i.e.

 = 0, occurs at �~ + �~ = � �= 2 and �~� �~ = � �= 2 together with a(� (�~; �~)) = 1 .
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(a) k = 1 (b) k = 0

(c) k = � 1

Figure 1.2: Penrose diagrams for the FRW spacetime when (a)k = 1, (b) k = 0,
and (c) k = � 1. The Penrose diagram for the positive spatial curvature corre-
sponds to the FRW spacetime with radiation. However, the Penrose diagrams for
k = 0 and k = � 1 are the same for all the EoS (1.16) with 1� w � 2. In these
�gures, the dotted dashed lines show the singularities, dotted lines correspond to
constant �~ and �~. Moreover, theI + is called the future null in�nity, i+ is the
future timelike in�nity, and i 0 is the spacelike in�nity.
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There is also an initial singularity when�~ = 0. Similar to the 
at cases, the shape
of the Penrose diagram for the FRW spacetime withk = � 1 is independent of
the 
uid choice.

Fig. 1.2c illustrates the Penrose diagram for the negative spatially curved FRW
spacetime. This spacetime is the part of the Einstein static spacetime bounded
by initial singularity �~ = 0 and the conformal in�nity located at �~ + �~ = � �= 2.

1.4 The dark side of the universe

In Sec. 1.1 the FRW spacetime was presented. By solving the EFE for di�erent
types ofT �� , one can deduce di�erent cases of evolution for the scale factora, i.e.
one can deduce whethera is a constant function of timet or decreasing, or increas-
ing. However, we should �nd out which of these forms describes the real universe.
This information can be extracted from the observational measurements.

We know that the universe is expanding, which led us to one of the most
important concepts in the modern cosmology, namely the big bang. We already
know that the scale factor is positive, i.e.a > 0, and we also knowa_ > 0 from
the expansion of the universe. Consequently, ift0 is considered as the present
time, we can deduce that there exists a �nite timet? in the past, wheret? < t 0,
that satis�es a(t?) = 0. The time t? is called the big bang.

Moreover, Eq. 1.28 implies that for the baryonic matter, for which holds that
� +3P > 0, the rate of the expansion should slow down sincea• < 0, i.e. due to the
mutual gravitational e�ect. However, observations of Type Ia supernovae from
two di�erent surveys, the Supernova Cosmology Project Perlmutter et al. [1999]
and the High-z Supernova Search Team Riess et al. [1998], discovered that the rate
of the expansion is accelerating. Consequently, from Eq. (1.28) the accelerated
expansion (a• > 0) requires an energy density satisfying� + 3P < 0. Since we
do not know the nature of such energy density, this unknown energy density is
called dark energy.

Apart from dark energy, there exists another unknown matter in the universe
which is called dark matter. During 1960� 1980 Vera Rubin and her team studied
the rotation curves of spiral galaxies. They observed that the velocity of the stars
in the spiral galaxies, independent of their position from the core of the galaxies,
remains almost constant. These �ndings are inconsistent with the gravitation of
the visible mass of the galaxies, i.e. the visible is not strong enough to hold the
farther fast-moving stars from the center of a galaxy. Therefore, they concluded
that there should be dark matter in the galaxies and clusters in order to hold
them stable.

According to the data gathered by Planck Collaboration et al. [2020], the
total energy density of the universe consist of:� 68:5% dark energy,� 26:5%
cold dark matter1, and � 5% baryonic matter.

There are three main approaches in order to understand the physics behind
the dark energy: the constant vacuum energy or cosmological constant, non-
constant vacuum energy or scalar �elds, and modi�ed gravities. In the rest of
this chapter, we will succinctly introduce the �CDM model and the scalar �elds.

1Dark matter particles are called cold if their velocities are much lower that speed of light,
i.e. their velocities are non-relativistic.
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1.5 � CDM model

In this section we will introduce the standard cosmological model. Namely, we
will discuss the �CDM model. � is the cosmological constant and CDM stands
for the cold dark matter, as a model that �ts well with the observations such as
the survey in Planck Collaboration et al. [2020].

Based on the observations, dark energy's EoS haswde = � 1:03� 0:03. From
Eqs. (1.30) and (1.31) together with (1.16) one can deduce that the cosmological
constant acts like an exotic 
uid with � � = �, P� = � �, and also w� = � 1. We
have seen in Sec. 1.2 that adding the cosmological constant �, led us to the non-
physical Einstein Static universe; however, it may be an appropriate cosmological
model to describe the late time in
ation.

From the view point of particle physics, the cosmological constant can be
interpreted as a vacuum energy, namely the states of the lowest energy. Lets
start with the action of a scalar �eld ( see e.g. Carroll [2001])

S = �
Z

d4x
p

� g [
1
2

g�� @�  @�  + V( )]: (1.48)

It's energy momentum tensor is

T�� =
1
2

@�  @�  �
1
2

(g�� @�  @�  ) � V ( )g�� : (1.49)

Classically, the lowest energy density is de�ned when kinetic energy does not con-
tribute, in other words when @�  = 0. This condition implies T�� = � V( 0)g��

whereV( 0) is the minimum value of theV( ) or

T�� = � � vac g�� ; (1.50)

where � vac = V( 0). From quantum mechanics we already know that the lowest
energy state has an non-zero energyE0 = 1=2~! and consequentlyV( 0) >
0. Moreover, by considering the vacuum energy as a perfect 
uid, the energy
momentum tensor (1.4) implies that

Pvac = � � vac; (1.51)

and consequently
� vac = � � = � : (1.52)

The former relation implies that both vacuum energy and cosmological constant
� have the same impact on the EFE. Additionally, cosmological observations
con�rm that the value of the cosmological constant is of the order

� ' 10� 52m� 2; (1.53)

however, there is a big discrepancy between the theoretical values of the vacuum
energy and the one which is observed; this problem will be discussed in detail in
Sec. 1.5.2.

So far, we have seen that the EoS of the dark energy haswde � � 1 and
identi�ed the origin of cosmological constant as the vacuum energy. We shall
now present the fundamental assumptions of the cosmological constituents in the
�CDM model:
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ˆ Dark energy which is the main constituents of the universe that acts like
the vacuum energy.

ˆ Cold dark matter is the non-relativistic pressureless matter that does not
interact with the normal matter except gravitationally.

ˆ The spatial curvature of the universe is small and negligible.

Under these assumptions the Friedmann equation (1.30) and the Raychaudhuri
equation (1.31) for the �CDM model become

H 2 =
�
3

+
�
3

; (1.54)

2H_ + 3H 2 = � � P: (1.55)

1.5.1 A brief introduction to de Sitter universe

In the �CDM model, if we consider that the universe is dominated mostly by dark
energy, in other words when the contributions of matter (both dark matter and
baryonic matter) is neglected (� = 0 and P = 0), we obtain the de Sitter universe
( see de Sitter [1917]). This solution is a vacuum solution from the modi�ed
EFE (1.29). Actually, we can obtain only three vacuum solutions from (1.29). If
we contract Eq. (1.29) with T�� = 0, we get R = 4 �. Thus, the spacetimes with
� = 0, � > 0, and � < 0 are the Minkowski spacetime, de Sitter spacetime, and
anti-de Sitter spacetime respectively.

From the Eqs.(1.54) and (1.55) with� = P = 0 and � > 0 one can obtain

a(t) / eH t ; with H =

s
�
3

; (1.56)

and the de Sitter metric will be

ds2 = � dt2 +
�

a0 e
p

� =3 t
� 2 �

d� 2 + � 2 (d� 2 + sin2 �d� 2)
�

: (1.57)

Since, in the de Sitter universe the scale factor grows exponentially, thea• = H 2a
is always positive which means that the de Sitter universe expands for all its
history.

1.5.2 Cosmological constant problems

In the previous section we presented that the cosmological constant can be con-
sidered as the vacuum energy and based on the observations it has the value of
the order

� ' 10� 52m� 2 ' (10� 12 GeV)4: (1.58)

On the other hand, it is possible to calculate the vacuum energy from quantum
theory. As we will see in the following, there is a big di�erence between the
theoretical values of the vacuum energy and the one which is observed. This
conundrum is known as the cosmological constant problem ( see e.g. Carroll
[2001] and Bahamonde et al. [2018]).
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Cosmological constant can consist of di�erent contributions, such as the elec-
troweak ( EW) phase, quantum chromodynamics (QCD), and 
uctuations at the
Planck scale. The EW phase transition provides the value of the vacuum energy
density of the order

� EW
vac ' (200GeV)4; (1.59)

whereas the QCD phase transitions calculates the value

� QCD
vac ' (0:3GeV)4: (1.60)

Moreover for the vacuum energy at the Planck scale the 
uctuations has the value

� P l
vac ' (10� 12 GeV)4: (1.61)

The observational value of the cosmological constant (1.58) is much smaller
than the theoretical ones (1.59), (1.60), and (1.61); this discrepancy is not ame-
liorated even by introducing a bare cosmological constant� B and summing up all
the known theoretical vacuum energy densities to achieve

� = � B + � EW
vac + � QCD

vac + � P l
vac + :::: (1.62)

From quantum �eld theory there is not any theoretical way to determine such a
bare cosmological constant to cancel out all the other vacuum energy densities
in the right hand of (1.62) and provide the observed value for the left hand side;
this constitutes another problem for cosmology which is called a problem of �ne
tuning.

In fact, these conundrums are not the only unsolved question in the �CDM
model. Apart from how one could theoretically determine such a small value for
the cosmological constant, we know that this extremely small value of the cos-
mological constant led the universe to have a transition from the radiation epoch
to the dark matter domination era. If the cosmological constant had just slightly
bigger value, the universe would have directly transited from radiation to dark
energy epoch without forming the galaxies, clusters, or other cosmological struc-
tures. Additionally, due to this value of the cosmological constant, the transition
from dark matter to dark energy have been taking place at current time; this is
another conundrum and it is called the cosmic coincidence problem.

So far, we have seen that the �CDM model is the simplest candidate to explain
the dark energy and �ts well with the observational data; however, it su�ers from
some unsolved conundrums. In the following we will present alternative models
in order to alleviate these problems.

1.6 Quintessence

In the previous section, the �CDM model introduced as the standard model to
describe the accelerated expansion of the universe; however, this model faces
some problems with the cosmological constant (Sec. 1.5.2). Therefore, the idea
of the non-constant vacuum energy density came forward in the cosmological
community, this idea is often called quintessence. It suggests that the reason
why the vacuum energy density contribution is small, is that our universe is old.
In order to construct the time-varying vacuum energy density, it is considered
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that there exist one or more scalar �elds in which the vacuum energy density is
changing with time.

In the following, we consider the action of the scalar �eld which is minimally
coupled to gravity

S =
Z

d4x
p

� g
� R

2
+ L  

�

; (1.63)

whereL  is the Lagrangian of a scalar �eld given by

L  = �
1
2

g�� @�  @�  � V ( ); (1.64)

where V( ) is an unspeci�ed positive potential. The �eld equations can be de-
termined from variation of the action (1.63) with respect tog��

R�� �
1
2

R g�� = T  
�� ; (1.65)

where T  
�� is the energy momentum tensor of the scalar �eld given by (1.49).

Moreover, the Klein-Gordon equation is given by the variation with respect to :

r � r �  �
@V( )

@ 
= 0: (1.66)

In the context of FRW cosmology the EFE (1.65) gives

3

 

H 2 +
k
a2

!

=
1
2

 _
2

+ V( ); (1.67)

2H_ + 3H 2 +
k
a2

= �
1
2

 _
2

+ V( ); (1.68)

and the Klein-Gordon equation (1.66) becomes

 • + 3H _+ V
0
( ) = 0 ; (1.69)

where the over-dot means derivation with respect to the coordinate time and
prime means derivation with respect to the scalar �eld .

From the Friedmann equation (1.67) and the Raychaudhuri equation (1.68)
we can de�ne the energy density and pressure of the scalar �eld as follows

�  =
1
2

 _
2

+ V( ); (1.70)

P =
1
2

 _
2

� V ( ); (1.71)

therefore, the e�ective EoS parameter for the scalar �eld becomes

w =
P 

�  
=

1
2  _

2
� V ( )

1
2  _

2
+ V( )

: (1.72)

From Eq. (1.72) we see that thew is the dynamical EoS parameter in range
[� 1; 1], in other words if 1=2 _

2
� V ( ) we get w � � 1 and if V( ) � 1=2 _

2

we getw � 1. Moreover, the former case refers to the dark energy.

17



1.7 Non-minimally coupled scalar �eld

In the previous section, we rendered the minimally coupled scalar �eld as the
simplest choice of the scalar �eld, i.e. where the direct coupling between the
scalar �eld and the Ricci curvature was ignored. In 1968, a non-minimal coupling
was presented by Chernikov and Tagirov [1968] and followed by Callan et al.
[1970]. There are some areas in which the inclusion of such a coupling term,
like � 1=2�R 2 where� is the dimensionless coupling constant, in the scalar �eld
Lagrangian provides interesting outcome. For instance, the �rst loop correction
generates� 6= 0 even if it does not exists in the classical action ( see e.g. Birrell
and Davies [1982]). Moreover, a renormalization of a classical theory with� = 0,
shifts the classical theory to a one with� 6= 0; although the shift is not big, it has
a great impact on the in
ation scenario ( for more details see Faraoni [2004]).

For the non-minimally coupling scalar �eld, we shall start with the action in
the form

S =
Z

d4x
p

� g
� R

2
+ L  

�

; (1.73)

whereL  is the Lagrangian of a non-minimally coupled scalar �eld :

L  = �
1
2

�
g�� @�  @�  + �R 2

�
� V ( ); (1.74)

whereV( ) is a scalar �eld potential. Variation of the action (1.73) with respect
to g�� gives the EFE as follows

R�� �
1
2

R g�� = T  
�� : (1.75)

Here theT  
�� is the energy momentum tensor for the non-minimally coupled scalar

�eld and reads

T  
�� = (1 � 2� )r �  r �  +

�

2� �
1
2

�

g�� r �  r �  � V ( ) g��

+ �
�

R�� �
1
2

g�� R
�

 2 + 2 � (g�� r � r � � r � r � )  : (1.76)

Moreover, variation with respect to the scalar �eld provides the Klein-Gordon
equation

r � r �  � �R �
@V( )

@ 
= 0: (1.77)

There are three special cases for the coupling constant value:

ˆ � = 1=6 is the conformal coupling, namely the physics of and the Klein-
Gordon equation (1.77) is conformally invariant if the scalar �eld potential
is vanishing orV( ) = � 4 .

ˆ � = 0 is the minimal coupling.

ˆ j � j>> 1 is called the strong coupling.
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Since we deal with the isotropic and homogeneous universe, the Friedmann
and the Raychaudhuri equations for the non-minimally coupled scalar �eld in the
FRW background are

3

 

H 2 +
k
a2

!

= �  ; (1.78)
 

2H_ + 3 H 2 +
k
a2

!

= � P ; (1.79)

and the Klein-Gordon equation will be

 • + 3 H  _+ @ V + 6 �  

 

H_ + 2 H 2 +
k
a2

!

= 0: (1.80)

Here the �  and P are

�  =
1
2

 _
2

+ V( ) + 3 �  

 

2H  _+  

 

H 2 +
k
a2

!!

; (1.81)

P = (1 � 4� )
1
2

 _
2

� V ( ) � �

 

4H   _+ 2   • +  2

 

2H_ + 3 H 2 +
k
a2

!!

:

(1.82)

The e�ective EoS parameter w can then be derived from Eqs. (1.81)
and (1.82). However, thew is very complicated and it is di�cult to analyse it
in a way similar to the e�ective EoS parameter of the minimal coupling (1.72).
However, one can apply a dynamical system analysis, as we will see in Chapter 6,
to study a model of a non-minimally coupled scalar �eld cosmology.
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2. Uniformly accelerated traveler
This chapter is based on the paper Kerachian [2020] " Uniformly accelerated trav-
eler in an FLRW universe", published in Physical Review D. Here, we presented
the version from arXiv.

In Sec. 1.1.1, the de�nition of the uniformly accelerated trajectories and the
geodesics were presented. However, as we mentioned there, computing the exact
form of these trajectories are not an easy task. Therefore, in this article, we
managed to present a novel method, by applying the conformal time transfor-
mation, to derive general analytic solutions both for the accelerated motion and
for the geodesic motion in spatially curved FRW spacetime. The conformal time
transformation reduces the FRW metric to the forms (1.36), (1.37), and (1.38),
in which the coordinates� and � share a common coe�cienta(� ). This allows
us to convert the second order di�erential equations (1.26) into a �rst order set
of equations. Geodesics can be calculated from the accelerated trajectories when
the norm of acceleration is vanishing. Furthermore in this work, we provided
some examples for the spatially 
at FRW models.

The formalism presented in this work can be applied in a similar way to the
whole Anti-de Sitter spacetime.

In the last part of this work, we studied the return journey of a rocketeer in
spatially 
at FRW spacetime. It was suggested by Rindler [1960] that having
uniform deceleration would be enough to have a return journey; however, we
prove that this condition is not su�cient for all spacetimes.

This work can be considered as a generalization of the work done by Rindler
[1960].
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3. Dynamical Systems
In this section, we are going to give a succinct introduction to dynamical system
analysis. The dynamical system is a powerful mathematical instrument that
has vast applications to di�erent �elds of science such as mathematics, physics,
chemistry, biology, and medicine. Dynamics itself was proposed by Newton when
he invented his laws of motion and universal gravitation. Namely, Newton was
able to solve the motion of the earth around the sun which is known as the
two-body problem. Later on, when physicists and mathematicians tried to solve
the three-body problem, i.e., the motion of the earth, the moon and the sun,
they found out this problem is too complicated to solve. Then in the late 1800s,
Henry Poincar�e made a breakthrough into this �eld. Basically, he suggested that
one can study celestial mechanics by considering the qualitative behavior of the
objects rather than quantitative. This was the �rst step to found the dynamical
systems.

In the context of cosmology, the dynamical system analysis is also a useful
technique for the qualitative study of the early and late time behavior of di�erent
cosmological models. Since the governing equations describing the evolution of
cosmological models which are derived from the Einstein �eld equations (EFE)
are an autonomous system of ordinary di�erential equations (ODE). This chapter
follows mainly textbooks such as Wiggins [2003], Wainwright and Ellis [2005],
Perko [2013] and the article written by Bahamonde et al. [2018] and the thesis
of Tamanini [2014].

The layout of this chapter is as follows. In Sec. 3.1 basic ideas and theorems
in dynamical system analysis together with fundamental de�nitions are provided.
In Sec. 3.2 linear stability theory is presented. In Sec. 3.3 and Sec. 3.4 we will
introduce the Lyapunov stability theorem and the centre manifold theorem as
the methods when the linear stability theorem fails. Finally, in Sec. 3.5 we will
provide an example to show how to apply these methods for a dynamical system.

3.1 Basic theorems

Principally, a well-established dynamical system is considered as an abstract sys-
tem made up of a space, i.e., state space, together with a mathematical framework
to explain the evolution of any particle in that space. This evolution is parame-
terized by � which is considered mostly as time but it does not necessarily need
to be a physical time. Moreover, the dynamical systems analysis is divided into
two main parts:

ˆ continuous dynamical systems where the evolution of the system is governed
by the ODEs.

ˆ time-discrete dynamical systems which are de�ned by a map or di�erence
equations.

Note that, in studying the dynamical cosmology we are interested in the contin-
uous dynamical systems.
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To analyze a dynamical system, we choose the state space asRn and a math-
ematical framework is given as a system of ODE of the form



0
= f (
 ); (3.1)

where prime denotes di�erentiation with respect to the time� and


 = (
 1; 
 2; :::; 
 n ) 2 Rn ;

is a point in the state space. The ODE system (3.1) is called an autonomous
system since the right-hand-side of (3.1) does not explicitly depend on time� .

In order to �nd a solution for the ODE (3.1) which is valid for all � 2 R, we
need to present three theorems.

Theorem 1 (Existence- Uniqueness). Consider the initial value problem



0
= f (
 ); 
 (0) = a 2 Rn ; (3.2)

if f : Rn ! Rn is of classC1(Rn ), there exists an interval(� �; � ) and unique
function  a : (� �; � ) ! Rn such that

 
0

a(� ) = f ( a(� )) ;  a(0) = a: (3.3)

This theorem provides the existence of the solution only for the small interval
(� �; � ) centred around� = 0; however, we are seeking for the solution that covers
all � 2 R. The treatment comes from reapplying the above theorem to extend
the interval. Resulting in the following theorem.

Theorem 2 (Maximality) . For the ODE 

0

= f (
 ) where f 2 C1(Rn ), let
 a(� ) be a unique solution of this ODE, which satis�es a(0) = a, together with
(� min ; � max ) be a maximal range that a(� ) is de�ned. If � max is �nite, then

lim
� ! � max

k a(� )k = + 1 : (3.4)

Here kk denotes the standard norm onRn .
This theorem is valid also for the left-hand side limit. A consequence of

theorem 2 is the statement in the next corollary.
Corollary. Consider the ODE


0
= f (
 ) where f 2 C1(Rn ), and let D � Rn be

a compact set. If a(� ), which is a maximally extended solution, lies inD, then
this solution is de�ned for all � 2 R.

Theorem 3 (Extendibility) . If f : Rn ! Rn is continuous, and there exists a
constantM such thatkf (
 )k � M k
 k for all 
 2 Rn , then any solutions of the
ODE 


0
= f (
 ) is valid for all � 2 R.

Therefore, according to these three theorems one can conclude that a solution
for the ODE system


0
= f (
 ) on Rn is a function  : R ! Rn that satis�es:

 
0
(� ) = f ( (� )) ; (3.5)

for all � 2 R in the domain of  .
Since we have the ODE's solutions for all times we can de�ne a new concept

in dynamical systems which is called a 
ow. The 
ow of the ODE is de�ned as a
one-parameter family of mapsf � � g� 2 R, of Rn ! Rn such that

� � (a) =  a(� ) for all a 2 Rn : (3.6)

Consequently, from the (3.5) and (3.6) one can show that the vector �eldf is
tangent to its associated orbit which can be considered as a velocity of the point
in Rn .
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3.1.1 Basic de�nitions

In this section we are going to introduce some basic concepts and de�nitions in
dynamical system theory.

Orbits : An orbit through each point of state space, i.e.
 0, for a given ODE
and also its 
ow � � is de�ned as


 (
 0) = f 
 2 Rn j 
 = � � (
 0) ; � 2 Rg: (3.7)

The most important concept in the dynamical system analysis is the notion
of critical points. Mainly, we can characterize each points on the orbits as either
critical points or ordinary points.

Critical point : A critical (or �xed or equilibrium) point 
 c 2 Rn is a point
in the state space that satis�es

f (
 c) = 0 : (3.8)

Namely, critical points are the zeros of the vector �eldsf . Equivalently, in the
context of 
ow, we can de�ne the critical point as a point satisfying the condition
� � (
 c) = 
 c for all � 2 R. Moreover, from (3.7) one can see that the orbit
through a critical point is the point itself, i.e. 
 (
 c) = f 
 cg.

Ordinary orbit : An orbit passing through an ordinary point is called the
ordinary orbit. The ordinary orbit is the the smooth curve with the vector �eld
f as a tangent. There are two important types of the ordinary orbits:

ˆ Periodic orbit: for an orbit 
 (
 p) passing through an ordinary point 
 p

exists a T > 0 such that � T (
 p) = 
 p. In other words, consider that
the 
ow � � has a periodic orbit with a periodT, then the corresponding
physical system shows an oscillatory behavior of periodT.

ˆ Recurrent orbit: is de�ned as an orbit
 (
 r ) such that for all neighborhoods
of 
 r , i.e. N (
 r ), and for all T 2 R, there existst > T in such a way that
� t (
 r ) = N (
 r ). That means, if a 
ow � � has a recurrent orbit, the
physical system corresponding to that 
ow can return arbitrarily close to
an earlier state.

Heteroclinic orbit : An orbit that connects distinct critical points is called
a heteroclinic orbit.

Homoclinic orbit : Homoclinic orbit is an orbit that connects a critical point
into itself.

Note that in heteroclinic and homoclinic orbits the critical points are not the
part of the orbits. They can only be reached asymptotically, i.e. when� ! �1 .

Invariant set : In the dynamical system analysis invariant sets play a key
role in analyzing the systems. A setS � Rn is called an invariant set of 
ow
� � on Rn if for all 
 2 S and for all � 2 R we have� � (
) 2 S. Moreover, an
invariant set might have a lower dimensionality than the full parameter space.
Namely, if a class of physical system is restricted, e.g. from a special property, it
is described by a lower dimensional invariant set. In general, any orbits start in
the invariant set remain in the invariant set as� ! �1 .

So far, we have introduced some useful theorems and de�nitions in the theory
of dynamical systems. However, �nding the exact solution for the 
ow is equiv-
alent to deriving the solution of the ODE which is almost impossible or rather
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di�cult for ODE's with n � 2. In particular, as Poincar�e proposed, the aim of
dynamical system analysis is to use the 
ow as a tool to derive the qualitative
behavior of the whole family of the solutions of ODE. Therefore, by studying the
vector �eld f we are able to determine the properties of the 
ow. In the next
section, we will introduce a technique to do this.

3.2 Linear stability theory

To solve the dynamical system in a qualitative way, we need to know how the
vector �eld f or equivalently the orbits behave in the vicinity of the critical points.
In fact, for analyze this behavior we implement the linearization of the ODE at
critical points as a �rst approximation method. Before we proceed to the linear
stability theorem, we brie
y introduce the linear ODEs in Rn .

3.2.1 Linear ODEs

Suppose we have a linear ODE

0

= A
 on Rn with the eigenvalues ofA and
its associated generalized eigenvectors. Three di�erent subspaces ofRn can be
de�ned as

the stable subspace E s = span(e1; :::; es); (3.9)

the unstable subspace E u = span(es+1 ; :::; es+ u); (3.10)

the centre subspace E c = span(es+ u+1 ; :::; es+ u+ c); (3.11)

where the union of these three subspace create theRn , namely

E s � E u � E c = Rn : (3.12)

Here, the stable subspace refers to those generalized eigenvectors (e1; :::; es) whose
associated eigenvalues have the negative real parts, the unstable subspace refers
to those generalized eigenvectors (es+1 ; :::; es+ u) whose corresponding eigenvalues
have the positive real parts. And the centre subspace means that the eigenvalues
have the vanishing real part from the eigenvectors (es+ u+1 ; :::; es+ u+ c).

Additionally, a general solution 
 s for a given linear dynamical system

0
=

A
 with an initial condition 
 s(� 0) = 
 0 is


 s(� ) = 
 0 eA (� � � 0 ) ; (3.13)

where

eA (� � � 0 ) =
1X

N =0

AN (� � � 0)N

N !
: (3.14)

Note that from solution (3.13) and the subspaces ofRn we conclude that


 0 2 E s implies lim
� ! + 1


 s(� ) = 0; (3.15)


 0 2 E u implies lim
� !�1


 s(� ) = 0; (3.16)

where 0 is the location of the critical point 
 c. These statements claim that
asymptotically all the orbits in the stable subspace converge to the critical point

35



whereas in the unstable subspace they diverge from the critical point. Moreover,
if the state space consists of the stable subspace, i.e.Rn = E s, then all the orbits
in the state space attract by the0 as � ! 1 which is called as a linear sink,
while if the state space consists of unstable subspace, i.e.Rn = E u, all orbits in
the state space repeal from the0 as � ! �1 , which is called as a linear source.

These results, which are obtained from the linear ODEs, are helpful to under-
stand the notion of the linearization of the non-linear ODEs.

3.2.2 Non-linear ODEs

For a given non-linear ODE (3.1) onRn , where f is of classC1, the linear ap-
proximation is given by the Taylor expansion for the vector �eldf around the
critical point 
 c up to the �rst order

f (
 ) ' f (
 c) + Df (
 c)( 
 � 
 c); (3.17)

where

Df =
@f i

@
 j
=

0

B
B
B
B
B
@

@f 1
@
 1

@f 1
@
 2

� � � @f 1
@
 n

@f 2
@
 1

@f 2
@
 2

� � � @f 2
@
 n

...
...

. . .
...

@f n
@
 1

@f n
@
 2

� � � @f n
@
 n

1

C
C
C
C
C
A

;

which is called the Jacobian matrix or the stability matrix of the function f at
point 
 c. The eigenvalues ofDf and the associated generalized eigenvectors at
each critical points are denoted by� i and ei respectively. Since, the vector �eld
vanishes at the critical point, i.e.,f (
 c) = 0, the Taylor expansion (3.17) reduces
to

f (
 ) ' D f (
 c)( 
 � 
 c): (3.18)

If we reparametrize Eq.(3.18) by de�ningU = 
 � 
 c, namely moving the critical
point to the center, the ODE (3.1) at the critical point 
 c becomes

U 0 = Df (
 c) U : (3.19)

Thus, the Eq. (3.19) is called the linearization of the ODE (3.1) at the equi-
librium point 
 c.

So far we have introduced the linearization of the ODE and we brie
y intro-
duced the linear ODEs. Actually, linear stability theorem provides a framework
in which one can deduce, approximately, the stability behaviour of a critical point
of the non-linear ODE from its linearization if the critical point is hyperbolic.

Hyperbolic critical point: A critical point 
 c for a given ODE (3.1) is a
hyperbolic critical point if all eigenvalues ofDf (
 c) have non-zero real part. (
the critical point is called non-hyperbolic point if it's otherwise).

From this de�nition, we can now present the Hartman-Grobman theorem.

Theorem 4 (Hartman-Grobman). For an ODE 

0
= f (
 ) on Rn , if f is of class

C1,with 
ow � � . If 
 c be a hyperbolic critical point, then there exists a neigh-
bourhoodN of the hyperbolic critical point such that the 
ow� � is topologically
equivalent to the 
ow of the linearization of ODE at
 c.
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Moreover, two 
ows � � and �~� on Rn , are called topologically equivalent if
there exists a homeomorphismh : Rn ! Rn , that maps orbits of � � onto orbits
of �~� , preserving the orientation.

Hyperbolic �xed points are divided into three categories. The critical point
is called a local sink or stable point i� all the eigenvalues fromDf (
 c) have
negative real part, i.e.,Re(� i ) < 0. On the other hand, the point is called the
unstable or local source ifRe(� i ) > 0. Moreover, if the eigenvalues of a given
hyperbolic point have mixed sign in the real part, this point is called a saddle
point.

Another important issue is to distinguish between the asymptotic behaviors
of the orbits in the phase space. In other words, to see which orbits are attracted
or repelled by a critical point 
 c as � ! 1 . To do this, we should generalize
the idea of the subspaces introduced for a linear ODEs in Sec.3.2. Therefore, we
shall de�ne three di�erentiable manifolds as follows

the stable manifold W s; (3.20)

the unstable manifold W u; (3.21)

the centre manifold W c: (3.22)

At any critical point 
 c these manifolds are tangent to the corresponding sub-
spaces of linearization at
 c, e.g., theW s is tangent to E s at the critical point

 c. Moreover, all the orbits in the stable manifoldW s are attracted by the 
 c as
� ! 1 . While all the orbits in the unstable manifoldW u are attracted by the 
 c

as � ! �1 . However, the linear stability theory fails to predict the asymptotic
behavior of the orbits in the centre manifoldW c.

3.3 Lyapunov stability theory

In the previous section, we have seen that from the linear stability theory we are
not able to extract the stability properties of the orbits in the neighborhood of the
non-hyperbolic critical points. Here we introduce a method which was introduced
by Lyapunov to study the stability for all hyperbolic and non-hyperbolic points.

The Lyapunov method, on one hand, is a powerful method since it can be
applied directly to the dynamical system. One the other hand, it's not an appli-
cable method always since we need to determine a function, called a Lyapunov
function, to study the stability.

The Lyapunov function V is de�ned as a continuous function in a neighbour-
hood of critical point 
 c and V : Rn ! R be at least C 1 function with the
conditions

ˆ V(
 c) = 0,

ˆ V(
 ) > 0 in a neighborhood of
 c.

Then, the Lyapunov stability theorem claims that: if 
 c is a critical point for
a ODE system
 0 = f (
) with a Lyapunov function V then

ˆ 
 c is stable i� V 0 =
nP

i =1

@V
@
 i


 0
i = 1 � 0 in a neighborhood of
 c,
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ˆ 
 c is asymptotically stable i� V 0 < 0 in a neighborhood of
 c,

ˆ 
 c is unstable i� V 0 � 0 in a neighborhood of
 c.

In Lyapunov stability analysis the stable point is a point for which, for any
neighborhoodN � of 
 c there exists a neighborhoodN � such that for 
 c 2 N � at
� 0 we get

� � (
 ) 2 N �

for all � > � 0. Additionally, asymptotically stable refers to a critical point for
which there exists a neighborhoodN � such that for 
 c 2 N � we get

lim
� ! + 1

� � (
 ) = 
 c:

Note that, the local sink presented in the linear stability theorem is an asymp-
totically stable point.

3.4 Centre manifold theorem

In this section we introduce another approach to describe the stability of non-
hyperpolic critical point 
 c. Although in the last section the Lyapunov theorem
was introduced, this method is not an applicable method since in some cases it is
almost impossible to guess the right Lyapunov function. To introduce the centre
manifold theorem, we recall that in Sec. 3.2 we expand the vector �eld around
the critical point 
 c up to the �rst order. To analyzing the centre manifold we
use the Taylor expansion and keep the terms up to the second order, namely

U 0 = Df (
 c) U + R(U ); (3.23)

whereR(U ) = O(j U j2).
To apply the centre manifold method, we should transform Eq. (3.23) to the

desirable form. Therefore, one should �rst diagonalize the Jacobian matrix. It
is know from elementary linear algebra that for a linear ODEU 0 = Df (
 c) U
there exists a linear transformationT that transform the Jacobian matrix into
block diagonal form 0

B
@

x0

y0

z0

1

C
A =

0

B
@

As 0 0
0 Au 0
0 0 Ac

1

C
A

0

B
@

x
y
z

1

C
A ; (3.24)

where

T � 1U � T � 1

0

B
@

U1

U2

U3

1

C
A =

0

B
@

x
y
z

1

C
A ;

wherex, y, and z are vectors of certain dimensionality andAs is an s � s matrix
with the eigenvalues having negative real part,Au is an n � n matrix which its
eigenvalues have positive real part, andAc is an c � c matrix with zero real part
eigenvalues. Likewise, for a non-linear ODE, such as (3.23), we apply same linear
transformation to obtain

x0 = Asx + Rs(x; y; z);

y0 = Auy + Ru(x; y; z); (3.25)

z0 = Acz + Rc(x; y; z);
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which are the appropriate form of the non-linear vector �eld for analyzing the
centre manifold.

Before proceeding to the centre manifold analysis, we should consider whether
in the dynamical system (3.25) the Jacobian of the non-hyperbolic critical point
has both As and Au non zero, the corresponding non-hyperbolic critical point
represents as an unstable point and it is considered as a saddle point. However,
the situation is di�erent when either As or Au is vanishing. Thus, the centre
manifold analysis is implemented only in these two cases:

ˆ For E u = f � g, if the point is an attractor or a saddle as� ! + 1 .

ˆ For E s = f � g, if the point is a past attractor or a saddle as� ! �1 .

In the following we will assume that the autonomous system hasE u = f � g. Then
the case ofE s = f � g is also treated in the similar way by performing the analysis
as � ! �1 .

Now, lets consider the dynamical system in the form

x0 = Asx + Rs(x; z);

z0 = Acz + Rc(x; z): (3.26)

where

Rs(0; 0) = 0; DR s(0; 0) = 0;

Rc(0; 0) = 0; DR c(0; 0) = 0: (3.27)

De�nition: If an invariant manifold can be locally represented as

W c(0) = f (x; z) 2 E s � E c j x = h (z); j z j< �; h(0) = 0 ; D h(0) = 0 g; (3.28)

for a reasonably small� , this invariant manifold is called a centre manifold. In
other words, a centre manifold is described by a functionh : E c 7! E s. The
conditionsh(0) = 0 and D h(0) = 0 imply that the wc is tangent to E c at u3 = 0.

By introducing these three theorems, we are able to analyse the stability of
orbits in centre manifold ( usingz at this point is somehow obscured sincez is
the original coordinate for the vector �eld). Hereafter, we will usez instead ofu
since it is usually done in the literature.

Theorem 5 (Existence). there exists aC r centre manifold which restricts the
dynamics of the system(3.26) by the c-dimensional vector �eld as follows

u0 = Acu + f (h(u); u); u 2 E c: (3.29)

Here we used the new notationu instead ofz to emphasize that, in general,
the restriction of the vector �eld to the center manifold is a vector �eld on a
nonlinear surface.

Theorem 6 (Stability) . i) If the zero solution of (3.29) is either stable, asymptot-
ically stable, or unstable; the zero solution of(3.26) is also stable, asymptotically
stable, and unstable respectively. ii) Consider that the solution of(3.29) is sta-
ble. Then, if (x(� ); z(� )) is a solution of (3.26) with su�ciently small (x(0); z(0)),
there exists a solutionu(� ) from (3.29) that as � ! 1 we get

x(t) = h(u(� )) + O(e� 
� );

z(t) = u(� ) + O(e� 
� ); (3.30)

where
 > 0 is a constant.
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In order to compute the stability of a given non-hyperbolic critical point from
centre manifold, we should �rst derive the functionh(z) in advance. To do this
we should follow these steps:

ˆ Any point on W c(0) with the coordinates (x; z) should satisfy

x = h(z): (3.31)

ˆ Derivative of (3.31) with respect to time should satisfy

x0 = Dh(z)z0: (3.32)

ˆ Since any point onW c(0) has to obey the dynamical system (3.26), thus
substituting

x0 = Ash(z) + Rs(h(z); z);

z0 = Acz + Rc(h(z); z); (3.33)

in to (3.32), gives

Ash(z) + Rs(h(z); z) = Dh(z)[Acz + Rc(h(z); z)]: (3.34)

ˆ The latter equation can be re-arrange and written in the quasilinear partial
di�erent equation

N (h(z)) � Ash(z) + Rs(h(z); z) � Dh(z)[Acz + Rc(h(z); z)] = 0 : (3.35)

This equation must be satis�ed in order to be a centre manifold.

However, solving the equation (3.35) in some cases is rather more di�cult than
the original problem; But, there is a theorem which provides an approximation
solution to calculate the functionh(z).

Theorem 7 (Approximation) . Let � : Rc ! Rs be aC1 mapping with � (0) =
D� (0) = 0 such thatN (� (z)) = O(j z jq) az z ! 0 for someq > 1, then

j h(z) � � (z) j = � (j z jq) as z ! 0; (3.36)

This theorem allows us to determine the center manifold to any desired degree
of accuracy by solving (3.35) to the same degree of accuracy. Namely, this theorem
suggests that to �nd the unknown function h(z) approximately, one can simply
use the power series expansion ofh(z) and substitute it in (3.35), then calculate
the h(z) up to the desired order of accuracy. The following example makes it
more clear.

3.5 An explicit example

In this section, we present an example of a dynamical system taken from Baha-
monde et al. [2018].
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3.5.1 Changing variables

We start the example from following autonomous system

u
0
=

1
8

[
 � 26 + 36v � (6
 + 4) u � (8
 + 1) u3

+(12
 � v + 3) u2 + ( v2 � 2v)u + v3 � 13v3]; (3.37)

v
0
=

1
8

[18 + 
 � 20v � (6
 � 4)u � (8
 + 1) u3

+(12
 � v + 3) u2 + 3v2 + v3 + ( v2 � 2v)u]; (3.38)

where
 is an arbitrary parameter. It can be veri�ed that this dynamical system
has a critical point located at (u; v) = (1 =2; 3=2). Therefore, the �rst step is to
shift the critical point to the origin using the following transformation

U = u �
1
2

; V = v �
3
2

: (3.39)

With these new transformed variable the system becomes

U
0
=

1
8

[� 4U + 4V � U3(8
 + 1) � U2V + UV2 + V 3 � 8V 2]; (3.40)

V
0
=

1
8

[� 4V + 4U � U3(8
 + 1) � U2V + UV2 + V 3 + 8V 2]: (3.41)

Although the critical point is at the center, the system (3.40)-(3.41) is not in the
form of (3.26). At this point, we need to diagonalize the Jacobian matrix. In
order to do this, we compute the Jacobian matrix at the origin

J

�
�
�
�
�
U=0 ;V =0

=
1
2

 
� 1 1
1 � 1

!

: (3.42)

Then, by using the standard linear algebra method, we write

1
2

 
� 1 1
1 � 1

!

=

 
1 � 1
1 1

!  
0 0
0 � 1

!  
1=2 1=2

� 1=2 1=2

!

= T � 1DT; (3.43)

whereD matrix is the diagonalized matrix,T matrix is the matrix of eigenvectors
and T � 1 is its inverse. To derive the transformed coordinates, we use

 
x
y

!

= T � 1

 
U
V

!

=

 
1=2 1=2

� 1=2 1=2

!  
U
V

!

; (3.44)

or U = x � y and V = x + y. By substituting this result into the dynamical
system (3.40) and (3.41), we arrive at

x0 = x2y � 
 (x � y)3; (3.45)

y0 = � y + ( x + y)2: (3.46)

Thus, by doing these transformations, the dynamical system is now in the form of
(3.26) whereAc = 0, As = � 1, Rc(x; y) = x2y� 
 (x � y)3, and Rs(x; y) = ( x+ y)2.

The dynamical system (3.45)-(3.46) is the desired form of the dynamical sys-
tem; therefore, now we are able to apply either the Lyapunov stability or the
centre manifold to analyse the stability of the non-hyperbolic critical point.
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3.5.2 Lyapunov stability

In order to apply the Lyapunov method, one has to guess the appropriate form
of the Lyapunov function. Therefore, we begin with the following Lyapunov
function

V =
1
2

x2 + �y 4; (3.47)

where � is a positive constant. It is clear that this function satis�es the �rst
two conditions, namelyV(0; 0) = 0 and V > 0 in a neighborhood of the critical
point. To analyse the stability, the V

0
at the critical point should be evaluated.

Therefore
V

0
= x3y + 4�y 3((x + y)2 � y) � 
x (x � y)3: (3.48)

This equation indicates that in the neighborhood of the origin, only the quartic
terms dominate. Thus, this function might satisfyV

0
< 0 for some values of� .

Moreover, we can also change the coordinate to the polar coordinate, to see it
more explicitly. By substituting x = r cos(� ) and y = sin( � ) we get

V
0
= ( � 4� sin4 � � 
 cos� (cos� � sin� )3 + sin � cos3 � )r 4 + O(r 5): (3.49)

This equation implies that for 
 > 0 it is enough to choose a reasonably large
� to ensure that V

0
is negative. On the other hand, for
 � 0 the Lyapunov

function is not a suitable choice sinceV
0

will not be negative for all values of� .
These calculation proves that the critical point is globally asymptotically sta-

ble for 
 > 0.

3.5.3 Centre manifold

In this section we apply the centre manifold theorem to investigate the stability
of the non-hyperbolic critical point for the dynamical system (3.45)-(3.46). To
do this, we should substituteAs; Ac; Rs and Rc that we found in Sec. (3.5.1) into
the Eq. (3.35) as follows

h 0(x)[x2h(x) � 
 (x � h(x))3] + h(x) � (x + h(x))2 = 0: (3.50)

Deriving the explicit for of the h(x) is almost impossible; however, from the
approximation theorem one can use the power expansion ofh(x) as

h(x) = ax2 + bx3 + cx4: (3.51)

The next step is to substitute the former equation into the Eq. (3.50) which
becomes

(a � 1)x3 + ( b� 2a)x3 + ( c � 3b� a2 � 2
a )x4 = 0; (3.52)

where we keep the terms up to the forth order. Since this equation has to be
valid for all power of x, we can deduce that

a = 1; b= 2; c = 5 + 2 
; (3.53)

and also
h(x) = x2 + 2x3 + (5 + 2 
 )x4 (3.54)
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Moreover, functionh(x) together with Eq.(3.29) enable us to analyze the dynam-
ics of the system reduced to the centre manifold, which becomes

u0 = � 
u 3 + (1 + 3 
 )u4 + O(u5): (3.55)

Now the stability of the point can be veri�ed from Eq. (3.55). Thus, one can see
that this point is stable for 
 > 0 and unstable for
 � 0. Fig. 3.1 illustrates the
phase space for
 > 0,
 < 0, and 
 = 0. Its is clear in Fig 3.1a that the orbits
along the centre manifold, i.e. the orange line, are attracting from the critical
point. However, Fig. 3.1b shows that orbits are repelling from the critical point
along the centre manifold. For the case
 = 0 in Fig. 3.1c we see that orbits are
attracted by one direction and repelled from another direction.

(a) 
 > 0 (b) 
 < 0

(c) 
 = 0

Figure 3.1: Phase space portraits of the autonomous system (3.45)- (3.46) in the
vicinity of the critical point for 
 > 0, 
 < 0, and 
 = 0. The Orange line
represent the centre manifold (3.54).
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4. Dynamical cosmology
In the previous chapters, we presented succinct introductions to the modern cos-
mology and the dynamical systems analysis. In Chapter 1, we have seen that
the governing equations describing the evolution of the universe are systems of
ODEs. Hence, dynamical system analysis would be an elegant way to investigate
the global behaviours of any cosmological model. By choosing the proper dy-
namical variables for a given cosmological model, one can derive its autonomous
system. Then, we are able to analyse the features of the parameter space by
determining and analysing the critical points, anomalies, and orbits in this space.
This procedure provides a good insight on the global features of a cosmological
model.

The layout of this chapter is as follows. Sec. 4.1 introduces the necessary
steps that should be done in order to determine a dynamical cosmology system.
This section drives from the text books Wainwright and Ellis [2005] and Coley
[2013] and the article written by Wainwright and Lim [2005]. In Sec.4.2, we
will implement the dynamical systems analysis to a speci�c cosmological model,
namely the minimally coupled scalar �eld with an unspeci�ed potential together
with matter. The Sec. 4.3 is in fact a continuation of the Sec. 4.2 in which the form
of potential is speci�ed. These last two sections are given in this chapter in order
to provide a pedagogical example showing how this dynamical analysis works. In
these two sections, we mainly use the result of the work done by Copeland et al.
[1998].

4.1 General framework

One of the reasons that we would like to apply dynamical systems analysis in
the context of cosmology is that we want to describe the evolution of a cos-
mological model near the initial singularity as a source or past attractor of a
dynamical system and late-time evolution as a sink or a future attractor of a
dynamical system. From the governing equations in the FRW cosmology, namely
the Friedmann, Raychaudhuri, and Kein-Gordon equations, one can not study
these asymptotic behaviours since the physical variables tend to either diverge
or vanish near the initial singularity or for late-time. Therefore, one needs to
de�ne a new set of variables, namely to normalize the physical variables, in order
to achieve this goal. In the context of cosmology, the most appropriate normal-
ization is to use the Hubble parameter as a normalization factor. One of the
advantages of these new variables is that, in most cases, they are bounded. For
instance, the Friedmann equation (1.13) for zero spatial curvature, in the new set
of variables, takes the form

1 = 
 m =
�

3H 2
: (4.1)

As we can see, the new variable 
m is dimensionless and it does not diverge
or vanish at the initial singularity and for late-time. Therefore, in general, one
should be able to rewrite the Friedmann equation in terms of the dimensionless
variables, i.e.

1 = f (
 1; 
 2; :::; 
 n ); (4.2)
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where n refers to the number of dimensionless variables; moreover, a set of di-
mensionless variables creates an-dimensional variable space. In order to create
a well-de�ned set of dimensionless variables, each 
n should be de�ned in such
a way that, each physical variable can be identi�ed with a single dimensionless
variable. By doing this, dimensionless variables have a direct physical interpre-
tation. Thus, in this way, we transform the old variables, i.e. physical variables
such as energy density� , cosmological constant �, scalar �eld  , scalar potential
V( ), etc., to the new variables, i.e. 
� , 
 � , 
  , 
 V , etc. This transformation
is valid if the Jacobian determinant of the transformation is not singular ( see
e.g.Alho et al. [2016]).

Another property of this setup is that, in most cases, we can write one of
these variables in terms of the other variables, i.e. as a constraint; thus, this
constraint allows us to study the dynamics of the reduced system. For instance,
let's consider the �CDM model where the matter part consists of radiation and
dust. The Friedmann equation (1.54) for such a system will be

3H 2 = � r + � d + � ; (4.3)

where� r and � d refers to the energy density of radiation and dust. The Friedmann
equation (4.3) in the dimensionless variables will be

1 = 
 r + 
 d + 
 � : (4.4)

where 
 r = � r =3H 2, 
 d = � d=3H 2, and 
 � = � =3H 2. Since 0< � r , 0 < � d,
and 0 < �, Friedmann equation (4.4) implies 0 < 
 r < 1, 0 < 
 d < 1, and
0 < 
 � < 1, in other words they are bounded. Subsequently, one can obtain the
constraint

0 < 
 r + 
 d = 1 � 
 � < 1; (4.5)

and eliminate, for instance, 
� in the further analysis.
The next step is to investigate the evolution of the dimensionless variables.

To do this, a new evolution parameter� is de�ned asd� = Hdt . Therefore, the
evolution of dimensionless variables can be written in the following form


 0 = f (
 ); (4.6)

where 
 = (
 1; 
 2; :::; 
 n ). This equation is similar to the system of ODEs,
namely the autonomous systems introduced in Sec.3.1. Finally, the last step is
to investigate the critical points of the autonomous system and their stabilities.
Once we have found the critical points, we can look for their physical interpreta-
tion.

So far, we have presented the necessary steps that one has to follow in order
to determine an autonomous system form the Friedmann equation, Raychaudhuri
equation, and Klein-Gordon equation1 together with investigation of the critical
points. However, there are still some points that we would like to mention:

ˆ In order to analyse the whole variable space, the dimensionless variables
have to be bounded. However, there are some cases that some ( or all) of

1The Raychaudhuri equation and Klein-Gordon equation are needed in order to write the
autonomous systems in terms of new variables.
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these variables are not bounded. In these cases, one can again de�ne new
bounded variables from dimensionless variables. For instance, in Kerachian
et al. [2020], some of the dimensionless variables were not bounded. There-
fore, we introduced the bounded variables from the unbounded variables.

ˆ If the dimensionless variables are de�ned in such a way that physical vari-
ables are mixed, then one should be careful about the interpretation of a
critical point.

ˆ We have introduced the Hubble parameter as a normalization factor. For
the cases that the spatial curvature is not vanishing, i.e.k 6= 0, one can
de�ne D =

q
H 2+ j k j =a2 as a generalized normalization factor ( see Ker-

achian et al. [2019] and Kerachian et al. [2020]). Subsequently, the evolution
parameter is de�ned asd� = Ddt .

ˆ One has to notice that, in general, there is not a unique prescription on how
the dimensionless variable and the evolution parameter should be de�ned.
What we have introduced here is the most common procedure in the dy-
namical cosmology analysis ( See e.g. Ananda and Bruni [2006], Sami et al.
[2012], and Szyd lowski et al. [2014], for the di�erent approaches).

4.2 Minimally coupled scalar �eld cosmology

In Sec. 1.6 we have introduced the Friedmann and the Raychaudhuri equations
for a scalar �eld which is minimally coupled to gravity. Here we assume that the
spatial curvature is zerok = 0 and also the matter sector is not vanishing and it
has a linear EoS (1.16) as it was de�ned in Sec. 3.1. Moreover, we demand that
the scalar �eld potential V( ) is positive. Therefore, the Friedmann equation
and the Raychaudhuri equation for this model read

3H 2 = � +
1
2

 _
2

+ V( ); (4.7)

2H_ + 3H 2 = � w� �
1
2

 _
2

+ V( ): (4.8)

Recall that the the Klein-Gordon equation (1.69) is

 • + 3H _+ V
0
( ) = 0 : (4.9)

We shall de�ne the e�ective energy density� e and pressurePe as

� e = � + �  ; and Pe = P + P ; (4.10)

where�  = 1
2  _

2
+ V( ) and P = 1

2  _
2

� V ( ). Therefore, the e�ective EoS will
be we = Pe=�e. Introducing the e�ective EoS is crucial since this parameter can
tell us whether the expansion of the universe is accelerating (we < � 1=3) or
decelerating (we > � 1=3).

In order to apply the dynamical system, we rewrite the Friedmann equa-
tion (4.7) in the form

1 =
�

3H 2
+

 _
2

6H 2
+

V( )
3H 2

: (4.11)
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Thus, the dynamical variables or dimensionless variables for this system are


 m =
�

3H 2
; 
  =

 _
p

6H
; 
 V =

s
V( )

3
1
H

: (4.12)

By using this new variable, for the e�ective EoS parameter we obtain

we = 
 2
 � 
 2

V + w(1 � 
 2
 � 
 2

V ): (4.13)

Since we assume that the energy density and the potential should be strictly
positive, each term in the right-hand side of the Eq. (4.11) is positive. Therefore,
we can rewrite the Friedmann equation in the form

0 � 
 2
 + 
 2

V = 1 � 
 m � 1: (4.14)

From the former relation, we can reduce the dimensionality of the variable space,
since 
 m can be written as a function of the other two variables. Subsequently,
the autonomous system will be


 0
 =

 •
p

6H 2
� 
  

H_

H 2
; (4.15)


 0
V = 
 V

0

@

s
3
2


 @V 
  �
H_

H 2

1

A ; (4.16)

where prime meansd=Hdt and 
 @V, which is yet another dimensionless variable,
is de�ned as


 @V =
@ V
V

: (4.17)

Moreover, from the Raychaudhuri equation and Klein-Gordon equation we obtain

H_

H 2
=

3
2

h
(w � 1) 
 2

 + ( w + 1) (
 2
V � 1)

i
; (4.18)

 •

H 2
= � 3

p
6
  � 3
 2

V 
 @V: (4.19)

Since, from Eq. (4.16) we de�ned another dynamical variable, i.e. 
@V( ); the
autonomous system (4.15)-(4.16) is not closed ( see e.g. Steinhardt et al. [1999]
and De La Macorra and Piccinelli [2000]). Therefore, it is needed to derive an
evolution equation governing the 
@V. This equation is given by


 0
@V =

p
6 
 2

@V 
  (� � 1) ; (4.20)

where � is called the tracker parameter (Steinhardt et al. [1999]) and it is de�ned
as

� =
V @2

 V
(@ V)2

: (4.21)

Again, it seems that we derived another dynamical variable that the respective
system is not closed. However, since both 
@V and � are functions of  , we can
relate them to each other if (
 @V) exists ( see e.g. Zhou [2008]). Namely, if the
function 
 @V( ) is invertible, then we can write (
 @V) and hence �( (
 @V)).
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Note that the physical features of the universe do not dependent directly on
the choice of 
@V. In other words, di�erent functions of the potential V does
not change the phenomenological properties of the universe. This statement
comes from the fact that the e�ective EoS parameter (4.13), the EoS parameter
of the scalar �eld 2, and the relative energy density of the scalar �eld 
	 3 are
independent of 
 @V.

4.2.1 General features of the system

Global critical points. Before we specify the form ofV, its is useful to de-
termine the critical points of the autonomous system (4.15), (4.16), and (4.20).
One can check that, for this system there is one global critical point located at

f 
 m ; 
  ; 
 V ; 
 @Vg = f 1; 0; 0; 8g:

However, 
 V = 0 means that V = 0 and subsequently 
@V = 0, which is not ob-
vious from the autonomous system. This point refers to the case when the scalar
�eld contributions vanishes and the universe is �lled with barotropic matter.

Invariant subsets. One of the tools in analysing a dynamical system are the in-
variant subsets since they help us to characterize and understand the global prop-
erties of the phase space. From the autonomous system (4.15), (4.16), and (4.20)
we can identify the invariant subsets. For this system, 
V = 0 represents an
invariant set.

One may choose 
@V = 0 as an invariant subset. However, this choice of 
@V

is a speci�c case of 
@V = const.. This condition is equivalent to � = 1 and
seems like an invariant subset due to Eq. (4.20). However, this is a more subtle
case, because choosing a constant value of 
@V actually constraints the form of
the potential to the exponential form V = V0 e
 @V  (see, e.g., Kerachian et al.
[2019]).

Symmetries. The dynamical system (4.15), (4.16), and (4.20) under the simul-
taneous transformationf 
  ; 
 V ; 
 @Vg ! f� 
  ; 
 V ; � 
 @Vg remains invariant if
�(
 @V) = �( � 
 @V) satis�es.

Moreover, under the transformationf 
  ; 
 V ; 
 @Vg ! f 
  ; � 
 V ; 
 @Vg the
dynamical system is invariant. In other words, this transformation means that
the sign of H is changing. This implies that the physical behaviour for the
expanding universeH > 0 is the same as the contracting universeH < 0 if the
time direction is reversed.

2In Sec. 1.6 we derived the EoS parameter for the minimal coupled scalar �eld, namely
Eq.(1.72). If we substitute the new dynamical variables instead of and V we obtain

w =
P 

�  
=

1
2  _

2
� V ( )

1
2  _

2
+ V( )

=

 2

 � 
 2
V


 2
 + 
 2

V
: (4.22)

3The relative energy density of the scalar �eld is de�ned as 
 	 = �  

3H 2 = 
 2
 + 
 2

V .
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4.3 � = 1 : Exponential potentials

By choosing a form of the potentialV( ), the system is completely speci�ed;
subsequently, the variable 
@V becomes redundant. One of the special cases is
� = 1, which holds that 
 @V = const.; therefore, in this case the form of the
potentials are

V = V0e
 @V ; (4.23)

where 
 @V is a constant andV0 > 0. The autonomous systems for this spacial
case are


 0
 = �

3
2

2

42
  + ( w � 1)
 3
 + 
  (w + 1) (
 2

V � 1) �

s
2
3


 @V
 2
V

3

5 ; (4.24)


 0
V = �

3
2


 V

2

4(w � 1)
 2
 + ( w + 1) (
 2

V � 1) +

s
2
3


 @V
  

3

5 : (4.25)

So far, we have introduced the dimensionless variables and the dynamical
systems for the universe having a minimally coupled scalar �eld with exponential
potentials together with regular matter. The next step is to determine the critical
points of this system.

4.3.1 Critical points and their interpretation

In this section we are going to determine the critical points of the system with
their physical interpretations. Table 4.1 and Table 4.2 summarizes all this infor-
mation.

A matter dominated critical point:

The coordinate of this critical point is f 
  ; 
 V g = f 0; 0g. This point ( called O)
has 
 m = 1 ( from Eq. (4.14)) and describes a matter dominated universe with
we = w. This point however is the global critical point introduce in Sec. (4.2.1)
and it represents a saddle point since it has the eigenvalues

f � i g = f
3
2

(w � 1);
3
2

(w + 1) g; (4.26)

where thei = 1; 2

Two sti� 
uid like critical points:

These critical points are located atf 
  ; 
 V g = f� 1; 0g together with 
 m = 0.
At these points ( called A � ), since 
 V vanishes the universe is dominated by
kinetic energy of the scalar �eld and the e�ective EoS parameter iswe = 
 2

 = 1.
These points describe the sti� 
uid with the scale factora / t1=3. The point A+

which corresponds to the 
 = +1 has the eigenvalues

f � A +
i g = f 3(w � 1);

s
3
2

(
p

6 � 
 @V)g: (4.27)
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Critical point 
  
 V 
 m Existence we

O 0 0 1 8 
 @V, w w

A+ 1 0 0 8 
 @V, w 1

A � � 1 0 0 8 
 @V, w 1

B
q

3
2

1+ w

 @V

r
3(1� w)2

2
 2
@V

1 � 3(1+ w)

 2

@V

 2

@V > 3(1 + w) w

C 
 @Vp
6

r

1 � 
 2
@V
6 0 
 2

@V < 6 
 @V
3 � 1

Table 4.1: The critical points of the dynamical system (4.24)- (4.25).

Critical point Stability

O Saddle

A+
Unstable node for 
@V �

p
6

Saddle point for 
 @V >
p

6

A �
Unstable node for 
@V � �

p
6

Saddle point for 
 @V < �
p

6

B
Stable node if 3 (w + 1) 2 < 
 2

@V < 24 (w+1) 2

9 w+7

Stable spiral for 
 2
@V � 24 (w+1) 2

9 w+7

C
Stable if 
 @V < �

p
6

Saddle point if 3(1 + w) � 
 2
@V < 6

Table 4.2: The stability of the critical points of the dynamical system (4.24)-
(4.25).
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This point is a saddle point if 
 @V >
p

6 and it is an unstable node or a source
if 
 @V <

p
6.

However, the critical point A � has the eigenvalues

f � A �
i g = f� 3(w � 1);

s
3
2

(
p

6 + 
 @V)g: (4.28)

This point represents a saddle point if 
@V < �
p

6 and an unstable node if

 @V > �

p
6.

One scaling solution critical point:

There is another critical point ( calledB) located at

f 
  ; 
 V g = f

s
3
2

1 + w

 @V

;

vu
u
t 3(1 � w2)

2
 2
@V

g:

At this point, neither the scalar �eld nor the regular matter dominate the universe
entirely. That is why this point have been called the scaling solution by Wetterich
[1988]; in other words, at the same time, we have both 0< 
 	 < 1 and 0< 1 �

 m < 1, hence the universe evolution is in
uenced from both the regular matter
and the scalar �eld. Moreover, pointB exists if the condition 
 2

@V > 3(1 + w) (
since we have 0< 
 	 < 1) is satis�ed. This point has the e�ective EoS parameter
we = w with eigenvalues

f � B
i g = f

3
4 
 @V

((w � 1) 
 @V � �) ;
3

4 
 @V
((w � 1) 
 @V+ �) g; (4.29)

where � =
q

(w � 1) [(7 � 9w) 
 2
@V � 24 (w + 1) 2]. Point B represents a stable

node if

3 (w + 1) 2 < 
 2
@V <

24 (w + 1) 2

9w + 7
and a stable spiral if


 2
@V �

24 (w + 1) 2

9w + 7
:

One scalar �eld dominated critical point:

The last critical point ( called C) of this system is located atf 
  ; 
 V g =
f 
 @V=

p
6;

q
1 � 
 2

@V=6g. At this point 
 m = 0 and 
 	 = 1 which means that the
universe is dominated by the scalar �eld. It exists for the range 
2@V < 6 and has
the e�ective EoS parameterwe = w = 
 @V=3� 1; the e�ective EoS implies that
for 
 @V < 2 the universe undergoes an accelerated expansion. The eigenvalues of
this point are

f � C
i g = f


 2
@V

2
� 3; 
 2

@V � 3(w + 1) g: (4.30)

Point C is an attractor if 
 2
@V < 3(1+ w) and saddle point if 3(1+w) � 
 2

@V < 6.
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Figure 4.1: Variable space forw = 0 and 
 @V = 1. The orange lines denotes
the separatrice of the system and the green shaded regions is the part of the
parameter space where the universe is accelerating, i.e.we < � 1=3. The points
A � are the past attractors while the pointC is the future attractor represent an
accelerating expansion phase.

4.3.2 Parameter space portraits

In the previous section, we derived the critical points of the dynamical sys-
tem (4.24)- (4.25) with their stability conditions and their interpretations. In
this section, we would like to plot the parameter space portraits for di�erent val-
ues of 
 @V. According to the Table 4.1 and Table 4.2, there are three regions for

 @V where the qualitative features of the parameter space remain similar; these
regions are: 0< 
 2

@V < 3(1 + w) , 3(1 + w) < 
 2
@V < 6, and 6< 
 2

@V < 1 . In the
following ( Figs. 4.1, 4.2, and 4.3), we plot the parameter spaces for these three
regions withw = 0. Since we are interested in the late time accelerated expansion
and also the transitions between matter dominated era to the dark energy epoch,
choosing the matter EoS parameterw = 0 would be a suitable choice.

Figure 4.2: Variable space forw = 0 and 
 @V = 2. The orange lines denotes
the separatrice of the system and the green shaded regions is the part of the
parameter space where the universe is accelerating. Here, the pointsA � are the
past attractors and the pont B is the future attractor.

The �rst region, i.e. 0 < 
 2
@V < 3(1 + w), is plotted in Fig. 4.1. This

�gure is divided into two subregions from the separatrice or the heteroclinic orbit
connecting pointsO to C ( the orange line). Both subregions start from the sti�
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uid dominated areas ( points A � ), pass through a matter dominated phase in
case they approach pointO, and going toward the pointC; where point C is the
scalar �eld dominated area.

The second region is depicted in Fig. 4.2. Here the parameter space is divided
into two subregions from two separatrices, i.e. the separatrices that connect the
point O to the point B and point B to the point C. Both subregions start from
sti� 
uid ( points A � ), pass through both a matter dominated phase ( pointO)
and also scalar �eld dominated phase ( pointC), then going towards the scaling
solution point B .

For the region 6< 
 2
@V < 1 , the parameter phase space illustrates in Fig. 4.3.

Here, the past attractor is only the pointA � and the other sti� 
uid critical point
A+ is a saddle point. Although there is a separatrix in this region, it does not
split the parameter space into two distinct subregions. Same as the previous
cases, here the matter dominated phaseO is a saddle point; however, the scaling
solution is the future attractor.

Figure 4.3: Variable space forw = 0 and 
 @V = 3. The orange lines shows
the separatrice of the system and the green shaded regions is the part of the
parameter space where the universe is accelerating. Here, the pointA � is the
past attractor and the pont B is the future attractor.

So far, we have presented a minimally coupled scalar �eld having an expo-
nential potential together with the regular matter. This model is one of the most
interesting models in dynamical cosmology in the sense of simplicity. Namely,
in this model, the three dimensional dynamical system reduces to the two di-
mensional dynamical system; the parameter space is compact and there are no
anomalies. Moreover, the asymptotic features of the system can be determined
from the behaviors of the critical points. Similar analysis by including both ra-
diation and matter ( dust and/or dark matter), by considering two barotropic

uids, has been done by Azreg-A•�nou [2013]. In our analysis, we considered only
the caseV > 0; however, the dynamical system of scalar �eld with negative
exponential potentials was done by Heard and Wands [2002].
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5. Dynamic of barotropic 
uids
This chapter is based on the paper Kerachian et al. [2020] " Dynamics of classes
of barotropic 
uids in spatially curved FRW spacetimes", published in Physical
Review D. Here, we presented the version from arXiv.

In the �rst part of this work, we studied the dynamics of a cosmological model
with unspeci�ed EoS, without the cosmological constant �, in the spatially curved
FRW spacetime. From the Friedmann equation, we derived the dimensionless
variables in such a way that the variables are well-de�ned and valid for all curva-
tures. Therefore, the autonomous systems were derived from the dimensionless
variables for both positive and non-positive curvatures. We de�ned a tracker-like
parameter �; this parameter enables us to encode the EoS. Subsequently, general
features of the � together with the critical points of the system their cosmological
interpretations analyzed. For this general setup, we identi�ed that there are three
critical lines in the system:

ˆ two de Sitter critical lines for the casek = 0,

ˆ one static universe critical line for the casek � 0.

In the second part of the paper, we provided two examples to show how this
formalism can be used.

In the �rst example, we allied some conditions on �, such as causality condi-
tion, and consequently we could determine the EoS. This EoS represents a linear
superposition of an exotic 
uid with sti� matter. For large energy densities, the
sti� matter part of EoS takes over; however, for low energy densities the other
part, i.e. the exotic part, dominates.

In the second example, we analyzed the quadratic EoS in our framework.
Since the quadratic EoS was analyzed previously by Ananda and Bruni [2006],
we made a comparison with their �ndings.
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