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Abstract: Local helioseismology consists of methods which study the propagation of
the waves through the solar interior. The properties of the waves encode conditions
in the plasma along their propagation trajectories. Local helioseismology allows
us to learn about these conditions.
The principal method utilised in this thesis is the time-distance local helioseismology. The time-distance method is based on measurements of travel times
of the waves, hence it is sensitive especially to plasma flows and sound-speed
perturbations, to which we focus. We utilised the inverse modelling, mainly
using subtractive optimally localised averaging method with a minimisation of
the cross-talk. This method was modified to allow for a simultaneous inversion
of vector flows and sound-speed perturbation. This combination makes use of
both the difference and the mean point-to-annulus averaging geometries of wave
travel times in both the ridge and the phase-speed filtering approaches. The combined inversion provides us with more information about the inverted quantities.
Moreover, the user can control the cross-talk and other important mathematical
properties of the objects involved.
The modified methodology was thoroughly tested. The main results may be
summarised in five points. First, for successful inversions of the sound-speed
perturbations it is necessary to minimise the cross-talk. Our results show that the
separate inversions for sound-speed perturbations seen in literature are possibly
highly affected by a cross-talk contribution, which artificially boosts the magnitude
of the inverted sound-speed perturbations by a factor of about two. Second, the
inference of the complete vertical flows is possible when both the mean and the
difference geometries are taken into account. Before, only inversions for spatial
variations of the vertical flows were possible. Third, for the successful inversion
for vertical flows it is absolutely necessary to minimise the cross-talk, otherwise
the cross-talk from horizontal flows spoils the inversion completely. Fourth, due to
noise regularisation one cannot invert for vertical flows at depths larger than about
2 Mm with data averaged over 1 day. Fifth, we confirmed the state-of-the-art
models of horizontal flows in supergranular regions. The models predict, and
our inversions confirm the strong horizontal divergent flows in the supergranular
centre, which get weaker at larger depths. Furthermore, we detected a trend in
the longitudinal flows. This trend is consistent with the model of solar rotation.
At the end of the thesis, we briefly introduce new travel-time measurement
geometries. These consist of one-sided arc geometries, which may be useful in
active regions or anywhere, where the amplitude of the waves is affected by mode
conversion.
Keywords: helioseismology, oscillations, inverse methods, solar interior

iii

Contents
Introduction

3

1 Waves in plasma
1.1 Basic equations . . . . . . . . . . . . . . . . . . . . .
1.2 Waves in homogeneous plasma . . . . . . . . . . . . .
1.2.1 Electromagnetic waves . . . . . . . . . . . . .
1.2.2 Magnetohydrodynamic waves . . . . . . . . .
1.3 The hydrodynamic waves in radially stratified plasma
1.3.1 Internal waves . . . . . . . . . . . . . . . . . .
1.3.2 Surface gravity waves . . . . . . . . . . . . . .
1.4 Observations . . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.

6
6
8
8
11
14
16
17
18

.
.
.
.
.
.

21
21
24
25
26
27
28

.
.
.
.

32
32
32
32
34

4 Inverse problem in local time-distance helioseismology
4.1 The RLS method . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.2 The OLA method . . . . . . . . . . . . . . . . . . . . . . . . . . .

35
35
36

5 The MC-SOLA method
5.1 The SOLA method . . . . . . . . .
5.2 Our implementation of the method
5.2.1 Trade-off parameters . . . .
5.2.2 An example inversion . . . .

.
.
.
.

37
37
38
40
41

.
.
.
.
.

44
44
45
46
47
49

2 Helioseismology
2.1 Global helioseismology . . . . .
2.2 Local helioseismology . . . . . .
2.2.1 Ring-diagram analysis .
2.2.2 Fourier–Hankel analysis
2.2.3 Helioseismic holography
2.2.4 Time-distance analysis .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

3 Forward problem in time-distance helioseismology
3.1 Introduction to the problem . . . . . . . . . . . . .
3.2 Travel times . . . . . . . . . . . . . . . . . . . . . .
3.3 Sensitivity kernels . . . . . . . . . . . . . . . . . . .
3.4 Noise covariance matrices . . . . . . . . . . . . . .

6 Pipelines
6.1 Travel-time pipeline . . . .
6.2 Noise matrices pipeline . .
6.3 Sensitivity kernels pipeline
6.4 Inversion pipeline . . . . .
6.5 Pipeline dependencies . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

1

.
.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.

7 Results
7.1 Combined inversion for vector flows and sound-speed perturbations
7.2 Applications to real observations . . . . . . . . . . . . . . . . . .
7.2.1 Comparison with a current standard method . . . . . . . .
7.2.2 Evolution of an eruptive filament . . . . . . . . . . . . . .
7.2.3 Plasma flows and sound-speed perturbations in the average
supergranule . . . . . . . . . . . . . . . . . . . . . . . . . .
7.3 One-sided arc averaging geometries . . . . . . . . . . . . . . . . .
7.3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.3.2 Construction . . . . . . . . . . . . . . . . . . . . . . . . .
7.3.3 Consistency checks . . . . . . . . . . . . . . . . . . . . . .
7.3.4 Travel-time trends . . . . . . . . . . . . . . . . . . . . . .
7.3.5 Noise matrices . . . . . . . . . . . . . . . . . . . . . . . . .
7.3.6 Travel times close to the sunspot . . . . . . . . . . . . . .
7.3.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . .

50
50
64
64
94
106
120
120
121
122
125
127
127
129

Conclusion

131

Bibliography

133

List of publications

143

A Attachments
144
A.1 Combined helioseismic inversion – first results . . . . . . . . . . . 144
A.2 Invited review article . . . . . . . . . . . . . . . . . . . . . . . . . 154

2

Introduction
The Sun is our closest star. It is a main-sequence single star of the G2V spectral
type with the age t⊙ , the effective temperature Teff,⊙ , the mass M⊙ , the radius
R⊙ , the luminosity L⊙ , the mass fractions of hydrogen X⊙ and helium Y⊙ , and
the metallicity Z⊙ (Stix, 2002; Asplund et al., 2009; Vagnozzi, 2019):
t⊙ = (4.57 ± 0.05) × 109 yr,
Teff,⊙ = (5778 ± 3) K,
M⊙ = (1.9889 ± 0.0003) × 1030 kg,
R⊙ = (6.960 ± 0.001) × 108 m,
L⊙ = (3.844 ± 0.010) × 1026 W,
X⊙ ≈ 0.73, Y⊙ ≈ 0.26, Z⊙ ≈ 0.01–0.02.
The Sun consists of eight fundamental layers. The innermost layer is the core.
Due to gravitational contraction, the core temperature, pressure, and density are
high enough for thermonuclear fusion. In the twentieth century, Arthur Stanley
Eddington announced that the dominant source of energy of the Sun was the
hydrogen fusion (Eddington, 1920) even though people believed that the most
abundant elements were metals. However, five years later in 1925, Cecilia Helena
Payne applied the Saha–Milne theory to the Sun and derived that the Sun was
mostly composed of hydrogen and helium (Payne, 1925).
As a standard medium-mass main-sequence star, the Sun creates its energy via
the p-p chain. In the p-p chain four protons combine and create one α particle,
two positrons, two electron neutrinos, and release about 27 MeV of energy. Due
to the 4th -power temperature dependence of the p-p chain and a steep decrease
of temperature towards the surface (the core temperature in the centre is about
15.7 MK and at the edge of the core about 7 MK), the solar core is sharply
bounded. The core extends to about 25% of the solar radius. Therefore, the
volume of the solar core is about 2% of the solar volume, but the core contains
about 50% of the solar mass.
The released energy escapes the core in a form of photons. The temperature
gradient is not steep enough for driving a convection in the vicinity of the core.
Therefore, the photons are transferred by radiation via scattering. The layer
in which the radiative energy transfer occurs is called the radiative zone. The
efficiency of energy transport in the radiative zone is low and there is only a
slightly higher chance of scattering the photon outwards than inwards the solar
centre. Both the core and the radiative zone seem to rotate as a rigid body.
This changes at about 70% of the solar radius away from the centre where
the tachocline appears. The tachocline is a thin transition layer between the
radiative zone with the rigid rotation and the convective zone with a differential
rotation. The differential rotation of the Sun was discovered by Scheiner (1630).
It is thought nowadays that the solar magnetic field is generated in the tachocline
due to the large shear motion.
In last about 30% of the solar radius, the temperature decreases from about
2 MK to approximately 6000 K. The temperature gradient is large (in absolute
values) enough to drive the convective motion. Therefore, this layer is called the
3

convective (or convection) zone. The convective motions are naturally unstable.
Therefore, the convective zone is a great source of turbulence. The turbulence
creates small random fluctuations of state parameters which propagate as sound
waves.
The sound waves on the Sun were observed by Leighton et al. (1962) for the first
time. They observed the most dominant oscillation pattern, called the five-minute
oscillations. Later, Ulrich (1970) and Leibacher and Stein (1971) showed that
these waves were the standing waves trapped inside the Sun. This was successfully
confirmed a few years later by Deubner (1975). Later in 1979, the large and the
small frequency separations were discovered in a signal of low-l resonant sound
waves. The sound waves have been used as probes of the solar interior. The waves
interact with the solar plasma. This interaction changes the properties of the
waves according to a dispersion relation. The study of the wave properties and
their inversions are one of the most precise techniques in astrophysics. Thanks to
the so-called global helioseismology, we know 1-D profiles of state parameters, 2-D
rotational profile, chemical composition, and other quantities which are necessary
for theoretical model calibrations and validations. The waves have been observed
not only inside the Sun but also on surfaces of other stars. Since then, we have
been able to compute radii and masses of single stars with a very high accuracy.
Therefore, the global helioseismology and the asteroseismology give us the most
precise information about the conditions in the Sun and other stars. Together with
high-resolution observations, the local helioseismology and its inversion methods
appeared. Nowadays, the local helioseismology is a standard tool utilised for
mid-resolution studies of the convective zone.
The sound waves can be detected at the visible “surface” of the Sun called the
photosphere. The photosphere is a very thin layer from which nearly all visible
radiation originates. There is a steep decrease in the visible light opacity due to
the decrease of H− ions. The solar continuum originates in the photosphere as
well. The solar visible continuum originates due to the interaction of electrons
with hydrogen atoms to produce the H− ions (Gibson, 1973). In the photosphere,
the temperature gradient is still negative. Moreover, the photosphere is semitransparent for the visible radiation. Therefore, the Sun does not have the
same brightness on the whole disk. This effect is known as the limb darkening.
The spectrum of the photosphere is close to a black-body spectrum with the
temperature Teff,⊙ .
The last three layers of the Sun are parts of the solar atmosphere called the
chromosphere, the transition region, and the corona. As the photospheric photons
go through the solar atmosphere, the absorption lines appear in the spectrum.
The temperature increases in these regions from thousands up to tens of millions of
Kelvin and the density is very low. The atmospheric heating process is still an open
question. The existence of these layers seems to be a consequence of the magnetic
field (Carlsson and Stein, 1995). Unlike the “solar body”, the atmosphere is highly
variable primarily due to the magnetic field and its manifestations (eruptions,
CME’s, and others).
The Sun is the brightest body in the sky. Therefore, the Sun has been observed
for thousands of years. Here we present some key breakthroughs in understanding
the Sun:
• ≈ 800 BC – first sunspot observations,
4

• 1543 – the Sun is in the centre of the solar system,
• 1600 – the Sun is one of the stars,
• 1802 – discovery of spectroscopy,
• 1920 – hydrogen fusion as a source of energy,
• 1925 – the Sun is composed of hydrogen and helium,
• 1941 – discovery of the coronal heating,
• 1962 – discovery of the solar oscillations.
In this thesis, we will introduce basic concepts of plasma oscillation theory in
Chap. 1. We will describe general equations and derive a few examples of dispersion
relations. At the end of this chapter, one can find some information about groundbase and space-borne observations. In Chap. 2, we will demonstrate the power of
helioseismology and asteroseismology. We will also report about standard methods
which have been used in global and local helioseismology. Chap. 3 is devoted
to the forward problem in time-distance helioseismology, i.e. the computation of
sensitivity kernels and noise matrices while in Chap. 4 we will describe the inverse
problem. Two classical inverse methods are mentioned, namely the RLS method
and briefly the OLA method. Extension of the OLA method, the MC-SOLA
method is analysed in Chap. 5 as well as our implementation of this method.
Chap. 6 contains a description of pipelines which we use in order to obtain the
inverted results. Finally, Chap. 7 contains the author’s original results which were
or will be published as scholarly papers. For each article one can find a brief
summary of motivations and results. The full articles are attached in this chapter
as well. At the end of the thesis, the relevant papers with a smaller impact in
which I am a co-author are attached. Namely, the first results of our extended
pipeline and a review article describing inverse methods applicable on visible-range
observations.
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1. Waves in plasma
In the first chapter, we will describe basic equations and show that single-fluid
(magnetohydrodynamic, MHD) equations allow for oscillatory solutions. We will
describe and discuss linear waves in two different media, homogeneous plasma
and radially stratified plasma. Especially the latter one is closely related to solar
diagnostics.

1.1

Basic equations

In the single-fluid approximation we combine basic properties of ions and electrons
into the bulk density ρ, the bulk velocity u, and the bulk current density j in this
way:
ρ ≡ ni mi + ne me ,
ni mi ui + ne me ue
u≡
,
ni mi + ne me
j ≡ qi ni ui + qe ne ue ,

(1.1)
(1.2)
(1.3)

where nX is the particle density, mX the particle mass, uX the particle velocity,
and qX the particle charge for X ∈ {i, e}. Index i stands for the ions and
index e for the electrons. In this text, we also assume the plasma approximation,
i.e. n = ni = ne . Then the combination of the ion and the electron Euler equations
and continuity equations conclude in stress-free MHD equations in the form:
∂ρ
+ ∇ · (ρu) = 0,
∂t
∂ρe
+ ∇ · j = 0,
∂t
[︄
]︄
∂u
ρ
+ (u · ∇) u = −∇p + j × B + ρg,
∂t
j × B − ∇pe
E + u × B = ηj +
,
ne

(1.4)
(1.5)
(1.6)
(1.7)

where t is the time, ρe the charge density, p the pressure, B the magnetic induction,
g the gravitational acceleration, E the electric intensity, η the electrical resistivity,
and e the electron charge. The first two equations describe the conservation of
mass and charge, third equation is the equation of motion, and the fourth equation
me
is the generalised Ohm law (we neglected terms proportional to
). This set of
mi
equations describes the single-fluid plasma if one takes into account the Maxwell
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equations and a state equation:
∇×E =−

∂B
,
∂t

∂E
∇ × B = µ 0 j + ε0 µ 0
,
∂t
ρe
∇·E = ,
ε0
∇ · B = 0,
p = p (ρ, T ) ,

(1.8)
(1.9)
(1.10)
(1.11)
(1.12)

where µ0 is the vacuum permeability, ε0 the vacuum permittivity, and T the
temperature.

Linear approach
In the linear approach we assume that each quantity A and B can be split into
two parts, A0 , B0 (background) and A1 , B1 (small perturbation) and these parts
fulfil following conditions:
• A = A0 + A1 ,
•

A1
≪ 1,
A0

• A0 fulfils the set of MHD, Maxwell, and state equations,
⟨︄

• ⟨A1 ⟩ = 0,

∂A1
∂t

⟩︄

= 0, ⟨∇A1 ⟩ = 0,

• A1 B1 = 0,
where ⟨·⟩ stands for averaging in space or time. Another typical simplification
consists in solving the equations in the plasma rest frame, hence u0 = 0. In a
general reference frame, the resulting dispersion relation, i.e. the angular frequency
ω as a function of the wave vector k, ω = ω (k; u0 ) explicitly contains the Doppler
shift. The explicit Doppler shift can be removed if one applies the transformation
ω (k; u0 ) → ω (k; u0 = 0) + k · u0 . Therefore, the Doppler shift is covered in the
angular frequency.
Under these assumptions we can split the quantities and decompose the set of
equations into the “background” and the “first-order” equations. The first-order

7

equations are in the form:
∂ρ1
+ ∇ · (ρ0 u1 ) = 0,
∂t
∂ρe,1
+ ∇ · j1 = 0,
∂t
∂u1
ρ0
= −∇p1 + j1 × B0 + ρ0 g1 + ρ1 g0 ,
∂t
j1 × B0 − ∇pe,1
E1 + u1 × B0 = ηj1 +
,
ne
∂B1
∇ × E1 = −
,
∂t
∂E1
∇ × B1 = µ0 j1 + ε0 µ0
,
∂t
ρe,1
,
∇ · E1 =
ε0
∇ · B1 = 0,
p1 = p1 (ρ0 , ρ1 , T0 , T1 ) .

(1.13)
(1.14)
(1.15)
(1.16)
(1.17)
(1.18)
(1.19)
(1.20)
(1.21)

We are looking for a periodic solution of these equations, namely the planewave solution with the angular frequency ω and the wave vector k. Plane waves
create a basis of all periodic solutions. Therefore, any periodic function can be
written as a linear combination of the plane waves, where the components are
called modes. We will search for the dispersion relation of each mode separately.

1.2

Waves in homogeneous plasma

In the following sections we will derive a few examples of waves in a homogeneous
plasma where ρ0 is constant. Plasma is formed by two components, lightweight
electrons and heavy ions. In the following sections we will describe both electron
(electromagnetic) and ion (MHD) waves.

1.2.1

Electromagnetic waves

In general, a dispersion relation of electromagnetic waves can be found from the
Maxwell equations and the Ohm law. First, we combine the Maxwell equations
and convert them into the Fourier domain. This results in
c2 k × (k × E)
i
+
E
=
−
j,
(1.22)
ω2
ωε0
where c2 ≡ (µ0 ε0 )−1 is the speed of light in vacuum squared and i the imaginary
unit. Second, we split the current density j onto the induced j ind and the
extraneous j ext current densities. The induced current density fulfils the Ohm law
in the form:
j ind = σ · E,
(1.23)
where σ is the conductivity tensor. Third, the combination of equations (1.22)
and (1.23) leads to
c2 k × (k × E)
i ext
+ε·E =−
j ,
2
ω
ωε0
8

(1.24)

i
σ is the dielectric tensor and 1 the unit matrix. The
ωε0
Eq. (1.24) can be written in a matrix form:
)︃

(︃

where ε =

1+

i ext
j (k, ω) ,
ωε0
(︄
)︄
k 2 c2 ki k j
j
j
Mi (k, ω) = 2
− δi + εji (k, ω) ,
2
ω
k

M (k, ω) · E (k, ω) = −

(1.25)
(1.26)

where δij is the Kronecker delta. The general dispersion relation of the electromagnetic waves contains two source terms. The first one is the extraneous current
density j ext itself. The other one is an anti-hermitian part of the dielectric tensor
which controls the energy changes (amplification and damping). If we assume
non-damped waves with no extraneous sources, the dispersion relation of the
electromagnetic waves can be written as
det Mh = 0,

(1.27)

where Mh is the Hermitian part of M .
Electromagnetic waves in plasma interact predominantly with electrons because
of the large frequencies of the waves and large mass of ions. Therefore, we can
omit ions from a description of the electromagnetic waves.
The set of the first-order equations in homogeneous plasma is reduced to
∂ue,1
= −e (E1 + ue,1 × B0 ) ,
∂t
∂B1
,
∇ × E1 = −
∂t
∂E1
∇ × B1 = −en0 µ0 ue,1 + ε0 µ0
.
∂t

me

(1.28)
(1.29)
(1.30)

Combination of these equation gives us
e
e
∂ue,1
= − E1 −
ue,1 × B0 ,
∂t
me
me
∂ue,1
ε0 ∂ 2 E1 ∇ × ∇ × E1
=
+
.
∂t
en0 ∂t2
en0 µ0

(1.31)
(1.32)

Let the Cartesian coordinate system be such that B0 ∥ ez , k ⊥ ey , and α is the
angle between B0 and k. Then B0 = (0, 0, B0 ) and k = k (sin α, 0, cos α) and the
equations (1.31) and (1.32) can be written as
M · E1 = 0,

(1.33)

where the matrix M is equal to
ω 2 − ωp2 − c2 k 2 cos2 α i ωωc (ω 2 − c2 k 2 )
c2 k 2 sin α cos α
⎜
⎟
M = ⎝−i ωωc (ω 2 − c2 k 2 cos2 α) ω 2 − ωp2 − c2 k 2 −i ωωc c2 k 2 sin α cos α ⎠ .
c2 k 2 sin α cos α
0
ω 2 − ωp2 − c2 k 2 sin2 α
(1.34)
2
e n0
Here we denote the electron plasma frequency squared ωp2 ≡
, and the
ε0 me
eB0
cyclotron frequency ωc ≡
. The only non-trivial solution of Eq. (1.33) and the
me
⎛

⎞
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dispersion relation of the electron electromagnetic waves in homogeneous plasma
is det M = 0:
[︄

]︄
)︂ (︂
)︂
ωc2 (︂ 2
2 2
2
2 2
2
c k sin α cos α 2 ω − k c − ω − k c − ωp +
ω
4 4

(︂

2

2

2

2 2

2

+ ω − k c sin α −

ωp2

[︄
)︂ (︂

ω 2 − k 2 c2 cos2 α − ωp2

)︂ (︂

)︂

ω 2 − k 2 c2 − ωp2 −

]︄

)︂ (︂
)︂
ω 2 (︂
− c2 ω 2 − k 2 c2 ω 2 − k 2 c2 cos2 α = 0.
ω

(1.35)

Special cases
The wave which propagates along the magnetic field (α = 0) splits into three
different modes. One of them is the plasma oscillations:
ω 2 = ωp2 .

(1.36)

Plasma oscillations are not propagating as a wave. These oscillations are caused
by electrons that try to reach the equilibrium, but because of their inertia, the
electrons oscillate around the equilibrium. The other two solutions correspond to
dispersive modes, called the R mode and the L mode:
ωp2
,
1 − ωωc
ωp2
ω 2 − c2 k 2 =
,
1 + ωωc
ω 2 − c2 k 2 =

(1.37)
(1.38)

where Eq. (1.37) stands for the R mode. The R mode does not propagate for
frequencies between ωc and ωR while the L mode is evanescent for frequencies
below ωL (see Fig. 1.1), where ωL and ωR are defined as
√︂
)︂
1 (︂
−ωc + ωc2 + 4ωp2 ,
2
√︂
)︂
1 (︂
ωR ≡
+ωc + ωc2 + 4ωp2 .
2

ωL ≡

(1.39)
(1.40)

Both modes have the same amplitude and are circularly polarised in the opposite
direction. Therefore, the overall observed wave is linearly polarised. Moreover,
both modes have different phase velocities. This causes a rotation of the polarisation plane known as the Faraday rotation. The total rotation of the polarisation
plane φ in high-frequency regime is equal to
∫︂d
e3
φ = φ0 +
dz B0 (z) n0 (z) ,
2m2e ε0 cω 2

(1.41)

0

where d is the distance between a source and an observer, e the electron charge,
and φ0 the initial angle of polarisation. Therefore, by measuring the polarisation
plane rotation with various frequencies one can fit the dependency and estimate
∫︁d

dz B0 (z) n0 (z).

0
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π
there are two solutions of the dispersion relation. The
2
first one is the ordinary electromagnetic wave (O mode) in non-magnetised plasma:
In the case of α =

ω 2 = ωp2 + c2 k 2 .

(1.42)

This mode is dispersive, linearly polarised and propagates only for frequencies
ω 2 > ωp2 . This fact has a diagnostic potential. By measuring the frequency
spectrum one can find the cut-off frequency ωp2 which depends only on the plasma
number density n0 . The other solution is called the extraordinary mode (X mode)
and its dispersion relation is in the form:
2

2 2

ω −c k =

ωp2

ω 2 − ωp2
.
ω 2 − ωp2 − ωc2

(1.43)

This dispersive√︂wave is evanescent when the frequency ω is lower than ωL or
between ωh ≡ ωp2 + ωc2 and ωR . All special cases of the dispersion relations of
the electron electromagnetic waves are plotted in Fig. 1.1. The black dashed lines
indicate the cut-off and the resonant frequencies and the asymptote of the electron
electromagnetic waves ω = ck.

Figure 1.1: The dispersion relations of the electron electromagnetic waves. The
blue curves correspond to the parallel modes, while the red curves to the perpendicular modes. The black dashed lines highlight the cut-off and the resonant
frequencies and the asymptote ω = ck.

1.2.2

Magnetohydrodynamic waves

Compared to the electromagnetic waves, the MHD waves are said to be the ion
waves with low frequencies. In this section we will derive a general dispersion
relation of the magnetoacoustic waves assuming the adiabatic approximation to
the equation of state. The set of equations which must be solved can be written
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in the form:
∂ρ1
+ ρ0 ∇ · u1 = 0,
∂t
∂u1
= −∇p1 + j1 × B0 ,
ρ0
∂t
E1 + u1 × B0 = ηj1 ,
∂B1
∇ × E1 = −
,
∂t
∇ × B1 = µ 0 j 1 ,
∇ · B1 = 0,
∂p1
∂ρ1
= c2s
,
∂t
∂t

(1.44)
(1.45)
(1.46)
(1.47)
(1.48)
(1.49)
(1.50)

γp0
is the sound-speed squared and γ the adiabatic index. The
ρ0
combination of the Maxwell equations and the Ohm law results in the induction
equation
∂B1
η
(1.51)
= ∇ × (u1 × B0 ) − ∆B1 ,
∂t
µ0
η
where the diffusion term
∆B1 is usually neglected because of the high conducµ0
tivity of solar plasma (or equivalently the large magnetic Reynolds number). The
equations can be combined into
where c2s ≡

∂ 2 u1
B0
= c2s ∇ (∇ · u1 ) + {∇ × [∇ × (u1 × B0 )]} ×
.
2
∂t
ρ 0 µ0

(1.52)

In the Fourier domain we can, after some maths, write
ω 2 u1 = k 2 c2A cos2 αu1 − (k · u1 ) kc2A cos αb0 +
+

[︂(︂

)︂

]︂

c2A + c2s (k · u1 ) − (b0 · u1 ) kc2A cos α k,

(1.53)

B2
B0
, α the angle between k and B0 , and c2A ≡ 0 the Alfvén speed
B0
ρ 0 µ0
squared. Eq. (1.53) is the general dispersion relation of the magnetoacoustic
waves.
where b0 =

Special cases
To simplify this equation, we compute projections of Eq. (1.53) into directions k
and b0 . This results in
(︂

)︂

−ω 2 + c2A k 2 + c2s k 2 (u1 · k) = c2A k 3 cos α (u1 · b0 ) ,
kc2s cos α (u1 · k) = ω 2 (u1 · b0 ) .

(1.54)
(1.55)

In the case of no pressure perturbation, we can omit the acoustic part of the
solution and get (u1 · b0 ) = 0. Therefore,
(︂

)︂

−ω 2 + c2A k 2 (u1 · k) = 0.
12

(1.56)

The first possibility leads to the Alfvén waves with the dispersion relation
ω 2 = c2A k 2 .

(1.57)

If we put the other possibility, u1 · k = 0, (which is equivalent to incompressible
fluid) to Eq. (1.53) one easily gets the dispersion relation of the shear Alfvén
waves:
ω 2 = c2A k 2 cos2 α.
(1.58)
In the case of no magnetic field (c2A = 0) the MHD waves degenerate to
hydrodynamic (HD) waves. Unlike the previous special case, there is only one
physical solution
ω 2 = c2s k 2 ,
(1.59)
which is the dispersion relation of the sound waves.
In a more general situation when cs ̸= 0 and cA ̸= 0 the only non-trivial
solution of Eqs. (1.54) and (1.55) is
]︃
)︂
1 (︂ 2
1 √︂ 4
2
2
2
4
2
2
2
ω =
c + cA ±
c + cA − 4cs cA cos α + 2cs cA k 2 .
2 s
2 s
2

[︃

(1.60)

For each α there are two modes which correspond to the plus (fast mode) and the
minus (slow mode) sign in Eq. (1.60). The magnetoacoustic waves are (for the
given α) non-dispersive waves.
If the wave is propagating along the magnetic field, then obviously α = 0 and
Eq. (1.60) is reduced to
⃓
⃓)︂
1 (︂ 2
⃓
⃓
cs + c2A ± ⃓c2s − c2A ⃓ k 2 .
ω =
2
2

[︃

]︃

(1.61)

Therefore, the dispersion relations of the MHD waves for the fast mode and the
slow mode which propagates along the magnetic field are
ω 2 = max c2s , c2A k 2 ,

(︂

)︂

(1.62)

(︂

)︂

(1.63)

ω 2 = min c2s , c2A k 2 .

In the case of the waves which propagate perpendicularly to the magnetic field,
π
hence α = , the slow mode does not exist. The dispersion relation for the fast
2
mode is given by
(︂
)︂
ω 2 = c2s + c2A k 2 .
(1.64)
Examples of the so-called CMA (Clemmow–Mullaly–Allis) diagrams of the phase
ω
speed vph ≡ are plotted in Fig. 1.2. The CMA diagrams are polar diagrams of
k
a given quantity. In Fig. 1.2 we plotted the phase speeds of the fast and the slow
modes and the shear Alfvén speed with respect to the angle α. The blue curves
correspond to the phase speed of the fast mode, the red curves to the phase speed
of the slow mode, and the green curves to the shear Alfvén speed. The black
dashed and the black dotted lines visualise the sound speed and the Alfvén speed
respectively. One can easily see that, e.g. the only magnetoacoustic mode, which
propagates in the direction perpendicular to the magnetic field, is the fast mode.
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Figure 1.2: The phase-speed CMA diagrams of the fast (blue) and the slow (red)
modes and the shear Alfvén speed (green) with respect to the direction of the
background magnetic field. The black dashed and the black dotted lines visualise
the sound speed and the Alfvén speed.

1.3

The hydrodynamic waves in radially
stratified plasma

The Sun is not homogeneous, therefore, results of the previous section cannot
be successfully used in helioseismology. In the first approximation, the Sun is
stratified in the radial direction only. Under this assumption we will derive
dispersion relations of the sound waves, the surface gravity waves, and the internal
gravity waves which have diagnostic potential in helioseismology. We will assume
the radially stratified background density ρ0 = ρ0 (r) and the background pressure
p0 = p0 (r) and the adiabatic approximation to the equation of state. Additionally,
we will neglect electromagnetic fields, stress, and rotation. The set of linear
equations under these approximations is given by
ρ1 + ∇ · (ρ0 ξ) = 0,
∂ 2ξ
ρ0 2 = −∇p1 − ∇Φ1 ρ0 − ger ρ1 ,
∂t
(︄
)︄
∂ρ0
∂p0
2
= cs ρ1 + ξr
,
p1 + ξr
∂r
∂r
∆Φ1 = 4πGρ1 ,

(1.65)
(1.66)
(1.67)
(1.68)

∂ξ
where ξ defined by u1 =
is the displacement vector, Φ the gravitational
∂t
potential, and r indicates the radial component.
Usually, the so-called Cowling approximation is applied. In this approximation
we assume that small perturbations caused by the wave field do not affect the
gravitational field. Therefore, we can neglect Φ1 . Now we will split the displacement vector into the angular ξh and the radial ξr parts and transform the set of
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equations into spherical coordinates (r, θ, φ) = (r, h). The result is
ρ1 +

)︂
1 ∂ (︂ 2
ρ0
r
ρ
ξ
∇ h · ξh ,
0 r = −
2
r ∂r
r
∂ 2 ξr
∂p1
− gρ1 ,
ρ0 2 = −
∂t
∂r
∂ 2 ξh
1
ρ0 2 = − ∇h p′1 ,
∂t
r
p1 N 2 ρ 0
ξr ,
ρ1 = 2 +
cs
g

(1.69)
(1.70)
(1.71)
(1.72)

where ∇h is the angular part of the spherical gradient (does not depend on r any
more) and the Brunt–Väisälä frequency squared N 2 is defied by
)︄

(︄

1 ∂ ln p ∂ ln ρ
−
.
N ≡g
γ ∂r
∂r
2

(1.73)

The set of Eqs. (1.69)–(1.72) can be solved numerically for the given boundary
conditions. The typical boundary conditions are
δp (r = R∗ ) = fext ,
ξ (r = 0) = 0,

(1.74)
(1.75)

where δp is a Lagrange perturbation of the pressure. The first equation is equality
of the pressure changes and the external force surface densities fext at the surface
of a star R∗ . If one assumes the “free surface” boundary condition (e.g. the
atmosphere of the star is neglected), then fext = 0. The latter “boundary”
condition in the centre of a star is a consequence of a singularity of the spherical
harmonic functions at r = 0.
Now we will try to find a solution of the set of Eqs. (1.69)–(1.72) in a special
form:
ρ1 (r, θ, φ) = ρ1 (r) f (θ, φ) ,
p1 (r, θ, φ) = p1 (r) f (θ, φ) ,
ξr (r, θ, φ) = ξr (r) f (θ, φ) exp (−iωt) ,
ξh (r, θ, φ) = ξh (r) ∇h f (θ, φ) exp (−iωt) .

(1.76)
(1.77)
(1.78)
(1.79)

When assuming these forms one can easily find that f (θ, φ) are spherical harmonic
functions and horizontal wave vector kh is equal to
√︂

kh =

l (l + 1)

,
(1.80)
r
where l is the spherical harmonic degree (or the angular degree) of a mode.
∂ξr
ξr
Additionally, we will assume the local approach where
≫
(or equivalently
∂r
r
the wavelength λ ≪ r). Now the set of hydrodynamic equations is transformed to
(︄

)︄

∂ξr ξr g
p1
Sl2
− 2 +
1
−
= 0,
∂r
cs
ρ0 c2s
ω2
(︂
)︂
∂p1 gp1
+ 2 + ρ0 ξr N 2 − ω 2 = 0,
∂r
cs
where Sl2 ≡ c2s kh2 is the square of the Lamb frequency.
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(1.81)
(1.82)

1.3.1

Internal waves

To find a dispersion relation of internal waves, namely the sound waves (called
p modes) and the gravity waves (called g modes) we will look for a solution of
equations (1.81) and (1.82) in a special form. This form is based on assumption
that predominantly density is affected by the waves. The solution is sought in the
form:
−1/2

ξr = Aρ0

exp (ikr r) ,

1/2

p1 = Bρ0 exp (ikr r) ,

(1.83)
(1.84)

where A and B are not functions of r and kr is slowly varying with r. Therefore,
in local approach kr is also considered
to be
a constant on r. Let’s define the so(︄
)︄−1
∂ ln ρ0
called density scale height Hρ ≡ −
and the acoustic cut-off frequency
∂r
c2
2
squared ωac
≡ s 2 . Then the dispersion relation can be found in the form:
4Hρ
kr2 =

2
)︂
Sl2 (︂ 2
ω 2 − ωac
2
+
N
−
ω
.
c2s
ω 2 c2s

(1.85)

The waves are propagating only if kr2 > 0. If kr2 < 0, the waves are evanescent and
for kr = 0 the waves are totally reflected. The maximum penetration depth rl of
the internal waves fulfils the condition
rl =
where L ≡

√︂

⌜
⃓ 2
Lcs (rl ) ⃓
⎷ω

ω

− N 2 (rl )
,
2 (r )
ω 2 − ωac
l

(1.86)

l (l + 1).

Sound waves
The sound waves or the p modes can penetrate from the surface into the centre of
the star depending on Sl frequency. Unfortunately, modes with low Sl (which scan
the whole star) are difficult to observe because of their long trajectory below the
surface. Therefore, we can observe nearly only sound waves which are propagating
in the convective zone where we can assume ω 2 ≫ N 2 . Then the dispersion
relation (1.85) is simplified to the dispersion relation of the sound waves:
2
ω 2 = k 2 c2s + ωac
.

(1.87)

2
The sound waves propagate only where ω 2 > ωac
. The form of the dispersion
relation of the sound waves is the same as of the electron electromagnetic waves
in non-magnetised plasma. The sound waves are also dispersive waves and have
a diagnostic potential. The diagnostic is complicated by the fact that not only
ωac = ωac (r) but also cs = cs (r).
2
The lower turning point rl of the sound waves is usually located where ω 2 ≫ ωac
.
Therefore, we can set
Lcs (rl )
rl =
.
(1.88)
ω
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The upper turning point ru is situated where
ω = ωac (ru ) .

(1.89)

Because the density scale height is very small at the surface, the cut-off frequency
ωac steeply increases. Waves with frequency lower than ωac cannot react to
changes of density and are reflected back below the surface. Therefore, in the first
approximation one can set
ru = R∗ .
(1.90)
Internal gravity waves
The internal gravity waves or the g modes are low-frequency waves which propagate
only in regions of convective stability. In the dispersion relation (1.85) we can
neglect ω 2 against Sl2 . The final dispersion relation of the g modes is
ω2 = N 2

kh2
≈ N 2 cos2 θ,
2 /c2
k 2 + ωac
s

(1.91)

where θ is the angle between k and kh . Due to the cosine squared in the dispersion
relation, these modes propagate mostly in the horizontal direction. Moreover, the
waves are propagating only where ω 2 ≤ N 2 .
The lower turning point of the internal gravity waves is located where ω 2 ≪ N 2 .
The internal gravity waves penetrate into depth of
rl =

Lcs (rl ) N (rl )
.
ω ωac (rl )

(1.92)

The dispersion relation can be written in the form ω 2 ≈ N 2
for kr = 0 the upper turning point is situated where

kh2
. Therefore,
kr2 + kh2

ω = N (ru ) .

1.3.2

(1.93)

Surface gravity waves

In this part we will rewrite equations (1.81) and (1.82) from Eulerian perturbations
(lower index 1) into Lagrangian perturbations (δ) and combine both equations via
∂ξr
. The dispersion relation is transformed to
∂r
[︄

]︄

∂δp gl (l + 1)
gρ0 gl (l + 1) rω 2
+
δp + ξr
−
= 0.
∂r
ω 2 r2
r
ω2r
g

(1.94)

The typical boundary condition of the surface waves is δp = 0. Therefore, the
dispersion relation of the surface gravity mode, often called the fundamental mode
or the f mode is as simple as
√︂

ω 2 = kh g =

l (l + 1) GM∗
R∗
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R∗2

.

(1.95)

The diagnostic potential of these waves is clearly visible from the dispersion
relation. From the observations one can construct a power spectrum, fit the
f -mode ridge (see Fig. 1.3) and derive a mean density of a star.
One can verify that this wave is really a surface wave and derive that the radial
part of the displacement vector ξr ∝ exp [kh (r − R∗ )]. Therefore, the f mode
does not propagate through the stellar interior.

1.4

Observations

Stellar oscillations can be observed in various datasets. Two typical candidates
are time series of intensity maps and Dopplergrams. In local helioseismology, the
Dopplergrams are usually used because of a better signal-to-noise ratio, especially
at low frequencies. The Doppler shifts are measured from shifts of a specific sharp
emission line (e.g. Ni or Fe) which is formed in the photosphere.
In these days there are three main observational data sets available, one from
ground-based and two from space-bourne instruments. The first one, the Global
Oscillation Network Group (GONG; Harvey et al., 1996) consists of six automatic
telescopes. The telescopes are located all round the world, so the data set is
continuous regardless of weather conditions or day-night changes. Another one is
the instrument Michelson Doppler Imager (MDI; Scherrer et al., 1995) on-board
the Solar and Heliospheric Observatory (SOHO) spacecraft. SOHO was launched
in December 1995 and is situated in the Lagrange point L1 of Sun-Earth system.
SOHO should have observed the Sun for two years, but its mission was extended
until the end of 2020. MDI itself was used for scientific goals until 2010 when
the current spacecraft started its observations. The current one is called Solar
Dynamics Observatory (SDO) and instrument of our interest is the Helioseismic
and Magnetic Imager (HMI; Scherrer et al., 2012; Schou et al., 2012). SDO was
lunched in February 2010 and is still observing the Sun. SDO orbits the Earth
on the heliosynchronous orbit. The biggest advantage of space-bourne data is
their high quality because of no seeing and long uninterrupted time series which
are absolutely necessary for oscillation studies. Therefore, the European Space
Agency (ESA) launched the Solar Orbiter (SolO) spacecraft on 10 February 2020.
SolO will be on elliptical orbit around the Sun with a high inclination to observe
solar poles for the first time. The instrument which will observe the line-of-sight
Doppler shifts is called the Polarimetric and Helioseismic Imager (PHI; Solanki
et al., 2020). PHI will measure the same emission line (Fe I 617.3 nm) as HMI,
which is important for calibration of the PHI instrument and comparative studies.
In the case of global helioseismology, it is not possible to neglect curvature of
the Sun and the decomposition of the signal is done into the basis of the spherical
harmonics. In the local helioseismology, one often neglects curvature of the Sun
and decomposes the signal into plane-parallel geometry (data are remapped using
the Postel projection) by using the Fourier transform. The signal (e.g. a series
of aligned Dopplergrams) ϕ (r, t), where r is the Cartesian horizontal position
(here we would like to point out the reader to distinguish between the Cartesian
horizontal position r and the spherical radial component r) and t the time is
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Figure 1.3: The averaged power spectrum observed with SDO/HMI. The lowermost ridge corresponds to the f mode, other ridges are the p modes. The signal
at about 3 mHz at low l corresponds to the five-minute oscillations. The low
frequency signal (below 1 mHz) is a manifestation of the convective zone. The
red dashed curves correspond to the eigenfunctions of individual resonant modes
in the Model S. The blue dash-dotted lines are cuts through the power spectrum
which are plotted in Figs. 2.1 and 2.2.
transformed by a Fourier transform into
ϕ̃ (k, ω) =

∫︂ ∫︂T

d2 r dt ϕ (r, t) exp [−i (ωt − k · r)] ,

(1.96)

S 0

where S is the observed part of the solar surface, T the length of the observing
interval, k the horizontal wave vector, and ω the angular frequency. The power
spectrum P (k, ω) of the signal ϕ (r, t) is defined as
⃓2
P (k, ω) = ⃓⃓ϕ̃ (k, ω)⃓ .
⃓

⃓

(1.97)

The power spectrum carries information about the power of individual modes
of oscillations. To separate the waves with specific properties special filters are
applied to the Dopplergrams. There are two basic types of filters. The first type
called “the phase-speed filters” selects waves with the same phase speed. These
waves propagate along the same trajectory and therefore scan the same depths
in the Sun. The second type called “the ridge filters” selects waves of the same
resonant mode. These waves scan different parts of the Sun. On the other hand,
they carry more signal because of the resonances. The resonances correspond to
standing waves. Therefore, the resonances can be described as
∫︂ru

dr kr = π (n + α) ,

rl
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(1.98)

where rl is the lower turning point, ru the upper turning point, α the additional
phase shift due to a total reflection at flexible boundary, and n the integer radial
order of a wave mode. An example of the observed power spectrum and resonant
frequencies (similar to ridge filters) of the Model S (Christensen-Dalsgaard et al.,
1996) is plotted in Fig. 1.3.
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2. Helioseismology
Helioseismology is the overall name for methods which allow determining the
properties of solar plasma. Helioseismology is one of the most successful fields
of solar physics and astrophysics generally. It is an application of the theory of
oscillations. The dispersion relations of different kind of waves depend on state
parameters or other local conditions. Therefore, helioseismology is (the only)
powerful tool which gives us information about a subsurface structure of the Sun
and other stars.
There are two basic approaches called global and local helioseismology. The
global helioseismology studies the 1-D structure of radially stratified Sun or 2-D
large-scale features as rotational profile. The local helioseismology studies local
properties in plane-parallel approximation. Due to the better localisation, the
user must deal with a higher level of noise in the data.

2.1

Global helioseismology

As the birth of the global helioseismology, it may be considered either the discovery
of five-minute oscillations in 1962 (Leighton et al., 1962) or the discovery of
frequency separation by Claverie et al. (1979). The small and the large frequency
separation are observed in the low-degree p-mode oscillations which correspond
to large-scale oscillations. If one assumes the p-mode dispersion relation and its
resonances, it may be shown (in an asymptotic approach; see, e.g. Stix, 2002) that
the frequency splitting is given by
(︄

νn,l ≈ n +

)︄

⎛

np 1 ⎜
l
+
+
⎝2
2
2
4

∫︂R⊙
0

⎞−1

dr ⎟
⎠
c

− dn,l ,

(2.1)

where l = 0–3 is the spherical harmonic degree, n the radial order, np the polytropic
index at the surface, dn,l the second-order term, r the radial coordinate, and c the
adiabatic sound speed. If one neglects the second-order term, the frequencies νn,l
and νn−1,l+2 are the same. The second-order term results in the small separation.
Namely, the large ∆ν and the small δν separations fulfil the conditions (see, e.g.
Christensen-Dalsgaard, 2019)
⎛

∫︂R⊙

dr ⎟
⎠
c

≈ 136 µHz,

(2.2)

R⊙
∆ν ∫︂ dr dc
≈ − (4l + 6) 2
≈ 10 µHz,
4π νn,l
r dr

(2.3)

∆ν ≡ νn,l − νn+1,l ≈ ⎝2
⎜

0

δν ≡ νn,l − νn−1,l+2

⎞−1

0

where the approximate values stand for the Sun. The large separation is sensitive
to the “mean” sound speed inside a star and via the adiabatic equation of state to
the “mean” pressure and the “mean” density, while small separation is sensitive
mostly to conditions close to the stellar core because of r−1 in the integrand.
Therefore, the small separation may be used to determine the core temperature
or the age of the star via abundance of hydrogen in the core.
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The power of small separation diagnostics was demonstrated in a very well
known “neutrino problem” where only approximately one-third of predicted solar
neutrinos were observed. Many modifications of standard solar model were
introduced in order to explain the observed neutrino flux. These models aim to
decrease in pressure (and temperature) gradient in the solar core. There were five
classes of the non-standard models. The “low-metallicity” models, models with a
large rotation rate of the core, models with a large magnetic field pressure in the
core, models with helium-hydrogen mixing in the core, and “WIMP” models. All
these models were disproved by the global helioseismology. The only remaining
explanation was covered in the neutrino physics and led to discovery of the
neutrino oscillations. For more information about the neutrino problem see,
e.g. Christensen-Dalsgaard (2019).
There are two more standard usages of the global helioseismology, the soundspeed profile and the rotational velocity profile. In the following paragraphs we
will briefly introduce both of them.
Let’s start with the sound-speed profile. First, one combines the resonant
modes given by Eq. (1.98) and the 2-D p-mode dispersion relation. The result is
(︄
)︄1/2
∫︂R⊙
π (n + α)
L2
1
F (ω) ≡
=
− 2 2
dr
.
2
ω
c
r
ω
s
r

(2.4)

l

The lower turning point rl is a function of

ω
as well as the integrand. Therefore,
L

π (n + α)
ω
in a 2-D plot with axes
and , all the resonant ridges form a single
ω
L
curve if one sets the correct value of α ≈ 1.5. The 2-D dispersion relation collapses
into 1-D dispersion relation. This is known as Duvall’s law (Duvall, 1982). Now,
L2
r2
let’s introduce new variables u2 ≡ 2 , ξ ≡ 2 , and G ≡ ln r. Then
ω
cs
F (ω) =

∫︂ξ⊙

dξ (ξ − u)1/2

u

dG
,
dξ

(2.5)

where ξ⊙ = ξ (R⊙ ). The derivative of Eq. (2.5) with respect to u leads to
ξ⊙

dF (u) ∫︂
dG
−2
= dξ (ξ − u)−1/2
.
du
dξ
u

(2.6)

This is the Abel integral equation with a known analytical solution
ξ

−2 ∫︂
dF
G (ξ) − G (ξ⊙ ) =
,
du (u − ξ)−1/2
π
du

(2.7)

ξ⊙

⎡
⎢ −2

r = R⊙ exp ⎣

π

∫︂ξ
ξ⊙

⎤

du (u − ξ)−1/2

dF ⎥
⎦.
du

(2.8)

This is an implicit equation of type r = r (r, cs (r)). The equation can be inverted
uniquely because cs (r) is a monotonic function. The result of the inversion
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can be found, e.g., in Duvall (1982). At regions where r > 0.4R⊙ , there is a
good agreement with the standard model, the disagreement closer to the core is
explained by the lack of waves which penetrate into these depths.
In general, the power spectrum in spherical geometry is given by an amplitude
of the spherical-harmonic transformation. Such a power spectrum depends on
the radial order n, the angular degree l and the azimuthal order m. In the case
of a non-rotating star, the m dependency is lost. With an assumption of a slow
rigid-body rotation, the frequency splitting is similar to the Zeeman splitting:
±m
0
0
νn,l
= νn,l
± mβn,l Ω = νn,l
± δνn,l,m ,

(2.9)

where Ω is the rotation rate and βn,l the related Ledoux constant. When one
replaces the assumption of rigid rotation by differential rotation symmetrical with
respect to the equator, the rotational splitting is not constant any more. The
frequency shifts can be written in the kernel form (Buldgen, 2019):
δνn,l,m = m

∫︂R⊙∫︂π
0

dr dθ Kn,l,m (r, θ) Ω (r, Ω) r,

(2.10)

0

where Kn,l,m is the m-dependent rotational kernel. For example of the rotational
kernel see, e.g. Buldgen (2019) or Stix (2002). This equation is precise enough
for slow rotators, while in the case of fast rotators, one must include higher order
perturbations or compute a full 2-D pulsation model. However, as is mentioned by
Buldgen (2019), the absence of regularity in observed spectra of the fast rotators
precludes to identify the modes.

Asteroseismology
Asteroseismology is basically the global “helio”seismology applied to other stars.
In principle, there are two standard processes which generate oscillations. The
first one is called the κ mechanism. The κ mechanism makes use of opacity
changes of a partially ionised element near the surface. When the star expands,
the temperature is decreasing as well as the opacity and the star starts contracting.
During the radial contraction, potential energy is stored into the increase in
ionisation, the temperature and the opacity are increasing again and the star
expands. The other mechanism (which acts on the Sun) is the stochastic excitation
via a turbulent convective zone. These oscillations are naturally non-radial.
The stars as seen from the Earth are point sources. Therefore, the low-degree
p modes are easier to observe than the high-degree ones. The wavelength of
the low-degree modes is comparable to the radius of a star and the asymptotic
relation (2.1) is valid. The large and the small separations are very useful tools
also in asteroseismology. Let’s assume following scaling relations (Kippenhahn
et al., 1990):
ρ
M
=
ρ⊙
M⊙
p
=
p⊙

(︄

(︄

M
M⊙

R
R⊙

)︄−3

)︄2 (︄
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(2.11)

,
R
R⊙

)︄−4

.

(2.12)

Then the sound speed is scaled as
(︄

cs
cs,⊙

)︄2

M
=
M⊙

(︄

R
R⊙

)︄−1

(2.13)

and the large separation equals to (Kjeldsen and Bedding, 1995)
∆ν
=
∆ν⊙

(︄

M
M⊙

)︄1/2 (︄

R
R⊙

)︄−3/2

(2.14)

.

Now, let’s assume that the frequency with maximum observed power, νmax , is
cs
scaling similarly to the acoustic cut-off frequency ωac =
(Belkacem et al.,
2Hρ
2011) and, additionally, isothermal atmosphere. In the isothermal atmosphere
(︄

cs
cs,⊙

)︄2

=

Teff
,
Teff,⊙

Hρ
Teff
=
Hρ,⊙
Teff,⊙
M
νmax
=
νmax,⊙
M⊙

(2.15)

(︄

(︄

g
g⊙

R
R⊙

)︄−1

(2.16)

,

)︄−2 (︄

Teff
Teff,⊙

)︄−1/2

(2.17)

.

Equations (2.14) and (2.17) are two equations for M and R. The results are
(︄

M = M⊙
(︄

R = R⊙

∆ν
∆ν⊙

∆ν
∆ν⊙

)︄−4 (︄

)︄−2 (︄

νmax
νmax,⊙

νmax
νmax,⊙

)︄3 (︄

)︄ (︄

Teff
Teff,⊙

Teff
Teff,⊙

)︄3/2

,

(2.18)

)︄1/2

,

(2.19)

where the effective temperature Teff must be obtained by other (e.g. spectroscopic)
observations. The uncertainties of this method are approximately 1% in both
the mass M and the radius R. For more information see, e.g. Garcı́a and Ballot
(2019) or Di Mauro (2016) and references therein.
The escaping targets of helioseismology are the g modes. These modes propagate only in the convectively stable layers (such as the solar core) and are
evanescent in the convectively unstable layers. They can bring us unprecedented
information about the properties and conditions in the core. In the Sun, the convective envelope is thick enough that g modes cannot be observed on the surface.
Another possibility is to observe the low-degree p modes which can interact with
the g modes and create the so-called “mixed modes”. Unfortunately, the mixed
modes have not been observed on the Sun yet mostly because of the realisation
noise. However, this is not the case of red giant stars where the convective layer is
thin enough. This interaction was studied, e.g. by Mosser et al. (2011) or Bedding
et al. (2011) who were able to distinguish whether helium fusion in the core or
hydrogen fusion in the shell is dominant source of energy of a star.

2.2

Local helioseismology

In this section we will introduce basic concepts and methods used in local helioseismology.
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2.2.1

Ring-diagram analysis

The ring-diagram analysis (Hill, 1988) evaluates local power spectra. This method
is based on studying the changes of power spectra caused by Doppler shifts and
sound-speed perturbations and have been widely used for the inversions for vector
flows (Basu et al., 1999; Haber et al., 2002; Zaatri et al., 2006; Komm et al., 2007,
2008) or sound-speed perturbations (Bogart et al., 2008; Baldner et al., 2011).
At the beginning, the user selects a size of a roundish patch where the power
spectrum is observed. The size of the patch determines the resolution and the
depth sensitivity of the inversion. Typical diameter of the patch for inversion for
near surface flows is about 2◦ , while at larger depths the resolution is decreasing
and the diameter of the patch is increasing. In order to obtain a time series, the
patch is tracked in longitude with a local rotational velocity. Then the 3-D power
spectrum P (kx , ky , ω) is computed from the patch. We note that the f -mode ring
should be omitted from the analysis due to the different dispersion relation from
the p modes.
There are many possibilities how to fit the power spectrum, an example
function may look like (Basu et al., 1999)
[︂

P (kx , ky , ω) =

exp A0 + (k − k0 ) A1 + A2 (kx /k)2 + A3 kx ky /k 2

]︂

(ω 2 − cs k p − ux kx − uy ky )2 + [w0 + w1 (k − k0 )]2
exp (B1 ) exp (B2 )
+
+
,
k3
k4

+
(2.20)

where except for known ω, kx , ky , k, and k0 (the central value of k in the fitting
interval) all other parameters are (A0 , A1 , A2 , A3 , cs , p, ux , uy , w0 , w1 , B1 , and
B2 ) obtained by means of the maximum likelihood approach. Especially the sound
speed cs and the horizontal velocity components ux and uy are parts of the result.
Another possibility can be found, e.g. in Patrón et al. (1997).
There are two standard ways how to infer flows and sound-speed perturbations
directly from the power spectrum with a lower number of free parameters. The
first one is based on cuts of the power spectrum at the constant frequency
P (kx , ky , ω = const.). If one cuts the power spectrum at constant frequency,
the ridges look like concentric rings with centre at [kx = 0, ky = 0]. Each ring
corresponds to one ridge. The one with the largest radius is the lowest-order
resonant mode which can be observed at the given frequency. If all modes can
be observed then the one with the largest radius is the f mode, and the others
are the p modes. The sound-speed perturbation alters the radius of the rings
while the flows distort the rings at the azimuthal angle which corresponds to the
direction of the flows. Therefore, by fitting the rings one can infer these quantities.
An example of the ring-like structure is plotted in Fig. 2.1.
The other method lies in a cut at the constant horizontal wave number
kh . The power spectrum P (kx , ky , ω) is transformed to the polar coordinates
P (kh cos ψ, kh sin ψ, ω) and after cutting one gets the dependency P (ψ, ω). In
this case the ridges look like straight strips. The sound-speed perturbations cause
a constant shift in all the frequencies, while the flows cause a frequency shift at ψ
which corresponds to the direction of the flows. Therefore, these two perturbers
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Figure 2.1: A cut through a power spectrum at the frequency ν = 4 mHz (the
vertical blue dash-dotted line in Fig. 1.3). The outermost circle corresponds to
the f mode, others are the p modes which radial order is increasing towards the
centre. The red dashed curves correspond to the eigenfunctions of the individual
resonant modes in the Model S.
can be easily separated. One can fit, e.g. function (Gizon and Birch, 2005)
P (ψ, ω) =

A
+ Bkh−3 ,
2
2
1 + (ω − ω0 − ux k cos ψ − uy kh sin ψ) /γ

(2.21)

where the last term represents the model of the noise, ω, kh , and ψ are known.
The other parameters are fitted (A, B, ux , uy , and γ). A more sophisticated
model is described by Greer et al. (2014) or recently by Nagashima et al. (2020).
The important parameters are ux , uy , and ω0 which correspond to the components
of the horizontal flows and the central frequency (sound-speed perturbations). An
example of P (ψ, ω) dependence is visualised in Fig. 2.2.

2.2.2

Fourier–Hankel analysis

Giving insight into the subsurface structure of sunspots is very important for their
understanding but difficult as well. The amplitude of sound waves is decreasing
there because of the wave dissipation and the conversion of the sound waves
into the magnetoacoustic waves which are not reflected back into the Sun and
are escaping to the atmosphere. The first insight into the conversion was done
by means of the Fourier–Hankel analysis (Braun et al., 1987). With the use of
the Fourier–Hankel analysis, one can separate waves which propagate inwards
and outwards a sunspot. Braun et al. (1992) found that not only amplitude but
also phase of the waves is changed in active regions. Moreover, Braun (1995)
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Figure 2.2: A cut through a power spectrum at the angular degree l = 500 (the
horizontal blue dash-dotted line in Fig. 1.3). The strip in the lowest frequency
corresponds to the f mode, other strips are the p modes with increasing radial
order n where only clearly visible modes are from p1 to p4 . The low frequency
signal (below 1 mHz) is the manifestation of the convection zone. The red dashed
curves correspond to the eigenfunctions of the individual resonant modes in the
Model S.
showed that modes which radial order n differs by one can be scattered between
themselves. For more information about this method see, e.g. review of Gizon
and Birch (2005).

2.2.3

Helioseismic holography

Helioseismic holography (Lindsey and Braun, 1990) is based on the assumption
that it is possible to estimate a wavefield at any time and any position from
the given observed wavefield ϕ. The wavefield propagated backward in time is
called the egression H+ , while the wavefield propagated forward in time is called
the ingression H− . The evolution of ϕ backward or forward is arranged by the
propagation operators G+ and G− whose selection is a very important part of
the whole method. The ingression and egression can be computed as (Gizon and
Birch, 2005):
H± (r, z, ω) =

∫︂

d2 r ′ G± (∥r ′ − r∥, z, ω) ϕ (r ′ , ω) ,

(2.22)

P

where r and z are the horizontal and the vertical positions of the estimated
points, P the part of surface which is affected by the wavefield called pupil,
and r ′ the horizontal positions inside P . The important diagnostic quantities
are cross-correlations between the egression, the ingression, and the observed
signal. There are various methods which compare phases or amplitudes of the
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cross-correlations. One of the methods is called far-side imaging. This method is
based on study of the phase of the cross-correlation between the egression and the
ingression. The far-side imaging enables to compute a location of a wave scatterer
from the observed wavefield even though the source is at the far side of the Sun.
This is potentially very important because we can localise active regions on the
far side. For more information see, e.g. Lindsey and Braun (1997), Lindsey and
Braun (2000a), Lindsey and Braun (2000b), Lindsey and Braun (2001), Lindsey
and Braun (2004), Zhao (2007), or Ilonidis et al. (2009).

2.2.4

Time-distance analysis

The advantage of the time-distance analysis (Duvall et al., 1993, 1996; Kosovichev,
1996; Duvall et al., 1997) over the ring diagram method is a greater spatial
resolution. Due to this, the user must deal with a larger realisation noise. The
time-distance method is based on measuring of a travel time τ of acoustic and
surface gravity wave packets which are propagating from the point r1 to the point
r2 , both on the surface. The travel time is a function of conditions along the wave
trajectory via the dispersion relation of the wave. First, the vigorous convection
cause a small perturbation of background stable conditions at the point r1 . This
perturbation is propagating as a wave as we showed in Sec. 1.3. There is an
analogy between the trajectory of light in geometrical optics and trajectory of
sound waves in helioseismology. Due to an increase in the sound speed towards the
solar centre the wave packet bends away from a normal line. The lower turning
point of sound waves rl is reached for kr = 0 while the upper turning point ru for
ω = ωac which is close to the surface (see Sec. 1.4). The waves with frequency
ω < ωac are trapped in a cavity with a thickness given by ru − rl . The waves with
larger frequencies escape to the solar atmosphere.
The schematic representation of the time-distance method is shown in Fig. 2.3.
Here one can see sources of perturbations (“source”) on the solar surface (the black
solid curve) and five waves in the ray approximation (colour curves) which are
generated by the source, propagate through the solar interior (the black dashed
curve corresponds to the bottom of the convective zone), and are detected at
the solar surface (“observed position”). Some of the waves propagate through an
anomaly (e.g. a sound-speed perturbation or vector flows). The user can localise
and quantify the cause of the anomaly via comparing waves which propagate
through it, and which do not.
In order to increase the signal-to-noise ratio (SNR), the signal is averaged in
time. Therefore, the first step is tracking the observed area with the local angular
velocity. In local helioseismology the curvature of the Sun is usually neglected and
the observed data are remapped using the Postel azimuthal equidistant projection.
The obtained data ϕ (typically aligned Dopplergrams) are then filtered.
The filter F applied in the Fourier domain selects only waves with required
properties. As said before, the standard filters are the ridge filters and the phasespeed filters. First, the low-frequency signal is filtered out, i.e. supergranulation
and granulation noises. Due to different dispersion relations of f and p modes
the signal of both types of waves are processed separately. Let’s start with the p
modes. In this case both types of filters are used. As the ridge filter, one can use
eigenvalues of the reference model. The width of the filter is set up in such a way
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Figure 2.3: Simplified scheme of the time-distance method. The waves are
generated by the sources, propagate through the solar interior, and are detected at
“observed position” on the surface. Via comparison of waves which propagate and
which do not propagate through the anomaly, the user can quantify and localise
the anomaly.
the filter does not contain the signal from surroundings ridges. The phase-speed
filters filtered out the waves with the same phase speed (or trajectory). The
higher the phase speed is, the deeper the sound wave penetrates. The standard
phase-speed filters are defined in Table 1 of Couvidat et al. (2006). In the case of
the f mode only the ridge filter is applied. The filtered data ψ = F (ϕ) are input
data in a subsequent processing.
Unless the noise component of the power spectrum is low (we can see all the
structures very clearly), the measurements of the travel times are very noisy. The
reason is in the origin of the waves, vigorous convective zone which generates
waves. Especially the subsurface convection, i.e. the granulation is a major source
of the waves. This noise is called the realisation noise. The best way how to define
a travel time in the “random” wave signal ψ is via similarities in the signal. In
the mathematical sense this corresponds to the temporal cross-correlation C of
the wave signal observed at the two points r1 and r2 on the solar surface:
∞
1 ∫︂
C (r1 , r2 , t) =
dt′ ψ (r1 , t′ ) ψ (r2 , t′ + t) ,
T

(2.23)

−∞

where T is the duration of the observation. A standard visualisation of the
cross-correlation function is called the time-distance diagram. An example of
the observed time-distance diagram is shown in Fig. 2.4. The positive time lags
correspond to waves travelling from r1 to r2 and the negative time lags to waves
propagating in the opposite direction. For simplicity, we will comment only the
positive time lags. In the figure one can see “strips” of increased cross-covariance.
Each strip represents a wave packet which goes through a different number of
reflections from the surface. The fastest wave (the first strip) travels directly from
r1 to r2 , the wave which corresponds to the second strip propagates from r1 to
r1.5 and then to r2 , and so on. We note that in many cases only the first-bounce
strip is utilised for measurements of the travel times, the others are filtered out.
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Figure 2.4: Time-distance diagram observed with SDO/HMI after application of
the window function.
The travel time τ is such the time lag t which maximises C (r1 , r2 , t):
τ (r1 , r2 ) = arg max [C (r1 , r2 , t)] .

(2.24)

t

In time-distance helioseismology, we usually do not compute the whole travel time
but its difference according to a reference one:
τ± (r1 , r2 ) = arg min [X± (r1 , r2 , t)] ,

(2.25)

t

X± (r1 , r2 , t) ≡

∫︂∞

2

dt′ f (±t′ ) [C (r1 , r2 , t′ ) − Cref (r1 , r2 , t′ ∓ t)] ,

(2.26)

−∞

where τ+ is the travel time from the point r1 to the point r2 and τ− is the travel
time in the opposite direction (the negative time lag in the cross-correlation; see
Fig. 2.4) and f (t) is the window function which selects a specific part of the
cross-correlation (Gizon and Birch, 2002). The choice of Cref is left to the user but
the meaning of τ is different for different choices. If one selects, e.g. Cref = Cmodel ,
then model travel time τmodel = 0 and observed travel time τobs has a meaning
of travel-time perturbation about the reference model. The decomposition of
the travel times according to the wave direction to τ+ and τ− is useful since the
combination of these travel times separates perturbations which do not depend
on direction (sound-speed perturbations) and perturbations which depend on
direction (flows).
We look for small perturbations of a background model. The perturbations
slightly change the travel time via the change of the cross-correlation C. The
perturbed cross-correlation and the perturbed travel time are then
δC (r1 , r2 , t) ≡ Cobs (r1 , r2 , t) − Cmodel (r1 , r2 , t) ,
δτ (r1 , r2 ) ≡ τobs (r1 , r2 ) − τmodel (r1 , r2 ) .
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(2.27)
(2.28)

In order to reduce the realisation noise, averaging geometries are utilised.
Typical geometries are annulus geometries which average the cross-correlation
between the point r = r1 and the circle with the radius ∆ and the centre at r.
Normally three types of annulus geometries are distinguished. The first one sets
weights on the circle to one and computes the average travel time between the
point r and the circle in both directions separately. The other two geometries set
weights in such a way the geometries are sensitive only to longitudinal (east-west
geometry) in one case and latitudinal (north-south geometry) wave direction in
the other case. Again, the weighted average is computed for both directions
separately. The averaged travel time is computed as
τ (r, ∆) = τ [C (r, ∆, t)] = τ a (r) ,
C (r, ∆, t) =

∫︂∞

1
T

(2.29)

dt′ ψ (r, t′ ) ⟨ψ (r + ∆, t′ + t)⟩,

(2.30)

−∞

where the upper index a stands for the different measurements and ⟨·⟩ denotes the
application of the averaging geometry. The upper index a summarises properties
of the filter functional F, the distance ∆, the types of the averaging geometries,
and information about direction of the wave. The information about the wave
direction is often separated from the a index and one gets τ+a and τ−a . Typically,
two combinations of the travel times are constructed. The difference travel times
and the mean travel times are given by
a
τdiff
= τ+a − τ−a ,
a
τmean

=

(︂

τ+a

+

τ−a

(2.31)
)︂

(2.32)

/2,

where the difference travel times are constructed from all three averaging geometries
while the mean travel times are constructed only from the geometry independent
of direction. The difference travel times are sensitive to perturbations which
depend on the wave direction and the mean travel time to the perturbations which
do not depend on the wave direction.
Because of small changes in travel times, one can linearise the equation
(︂

)︂

δτ a = δτ a δq β ,

(2.33)

where δq β are various perturbers and obtain
a

δτ (r) =

∫︂
⊙

d2 r ′ dz

P
∑︂

Kβa (r ′ − r, z) δq β (r ′ , z) + na (r) ,

(2.34)

β=1

where na is the realisation noise in measurement of the type a, P the number of
perturbers, r and r ′ the horizontal positions, z the vertical position, and Kβa are
the sensitivity kernels. The sensitivity kernel Kβa quantify the sensitivity of the
measurement of the type a to changes of the quantity δq β . The computation of
the sensitivity kernels is a typical task for the forward modelling and is described
in Chap. 3. We note that the perturbed travel time in the ray approximation can
be written in the form (e.g. Kosovichev and Duvall, 1997):
a

δτ = −

∫︂

Γa

{︄

ds

n · u kδcs ωac δωac
k c2A (k · cA )2
+
+
+
−
c2s
cs ω
ωc2s k
2ω c2s
k 2 c2s
[︄

]︄}︄

,

(2.35)

where Γa is the ray path parametrised with s, n the unit vector tangent to the
ray, and u the vector flows.
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3. Forward problem in
time-distance helioseismology
In this chapter we will briefly introduce the forward problem, it is how to compute
the sensitivity kernels and the cross-correlation function. This chapter follows the
first-order theory of Gizon and Birch (2002).

3.1

Introduction to the problem

In general, the forward problem is related to the Fréchet derivative of the perturbed
a
travel times δτmodel
with respect to the perturbed quantity δq β of the background
model. This derivative is called the sensitivity kernel Kβa . This relation in integral
form is given by
a
δτmodel
(r) =

∫︂

d2 r ′ dz

P
∑︂

Kβa (r ′ − r, z) δq β (r ′ , z) .

(3.1)

β=1

⊙

In the following sections we outline a derivation of single-scattering (Born) approximation of the sensitivity kernels where the waves are scattered from the
inhomogeneities δq β in the background model.

3.2

Travel times

First, one must compute the unperturbed travel time of the wave packet between
the two points as a function of the two points τ (r1 , r2 ). As is written in Sec. 1.4,
the typical helioseismic input data are the filtered Dopplergrams ψ. The travel
time is defined as a time lag that minimises the difference between the observed
cross-correlation (see Sec. 2.2.4) and the reference cross-correlation Cref .
To deal with the perturbed travel time defined by Eq. (2.28) we need to
linearise the forward model around the background model. The result is given by
δτ (r1 , r2 ) =

∫︂∞

dt W± (r1 , r2 , t) δC (r1 , r2 ) ,

(3.2)

−∞

where the W± are unknown functions of Cmodel , Cref , and the window function f
and δC is defined in Eq. (2.27). The derivation and analytical expression for W±
can be found in Appendix A of Gizon and Birch (2002).

3.3

Sensitivity kernels

If we decouple the perturbed cross-correlation δC into the perturbed quantities
δq β and the unknown function C, we can compare Eqs. (3.1) and (3.2) and obtain
expression for Kβa .
The first step is to compute the filtered model Dopplergram ψ and its perturbations ψ1 which are needed for computations of the cross-correlation C and the
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corresponding perturbation δC. The filtered model Dopplergram is related to the
model velocity field v as
ψ = F (I · v) = F (ϕ) ,

(3.3)

where F is the filter function and I the unit vector with direction parallel to the
line of sight. Let S denotes the randomly distributed sources of oscillations and
L is the linear operator such that
Lv = S

(3.4)

describe the propagation of waves in radially stratified medium (Gizon and Birch,
2002). Similarly as in Sec. 1.1, we decompose the quantities to the background
and the perturbed parts and get
L0 v0 = S0 ,
L0 v1 + L1 v0 = S1 ,

(3.5)
(3.6)

where the first-order approximation is called the first Born approximation. Examples of the L0 and the L1 operators can be found, e.g. in Burston et al. (2015).
Both equations can be solved by means of the Green’s functions. The perturbed
velocity v1 (or the corresponding perturbed filtered Dopplergram ψ1 ) has two
“source” terms. The first one is a perturbed source term S1 itself, and the other
one is related to changes in the model δq β .
Now one applies the given filters described in Sec. 1.4 to the line-of-sight
components of v0 and v1 and put v0 to Eq. (2.23). The perturbed cross-correlation
δC is obtained by differentiation of Eq. (2.23). Moreover, only the expectation
value E of δC is computed because the realisation noise is neglected in Eq. (3.1):
∞
1 ∫︂
δC (r1 , r2 , t) =
dt′ E [ψ0 (r1 , t′ ) ψ1 (r2 , t′ + t) + ψ1 (r1 , t′ ) ψ0 (r2 , t′ + t)] .
T
−∞

(3.7)
Both S1 and L1 contain perturbations of the background model. Therefore, by
application of the integration by parts on the position, one can get
δC (r1 , r2 , t) =

∫︂
⊙

d2 r ′ dz

P
∑︂

Cβ (r1 , r2 , t, r ′ , z) δq β (r ′ , z) ,

(3.8)

β=1

where the exact form of Cβ depends on the source term and the specific perturbed
quantity. For more information and analytical expression for Cβ see Gizon and
Birch (2002).
Combination of Eqs. (3.1), (3.2), and (3.8) results in the first Born approximation sensitivity kernels
K±,α (r1 , r2 , r, z) =

∫︂∞

dt W± (r1 , r2 , t) Cα (r1 , r2 , t, r, z) = Kαa (r, z) .

(3.9)

−∞

In our inversions we have utilised kernels for two different physical quantities, for
vector flows and for sound-speed perturbations. In the case of the vector flows,
the specific Cβ can be found in Birch and Gizon (2007) Eq. (11), while for the
sound-speed perturbations in Birch et al. (2004) Eq. (25).
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3.4

Noise covariance matrices

The precise statistical description of the realisation noise is very important in
time-distance local helioseismology, since the signal-to-noise ratio of the data is
very small. The properties of the realisation noise are given by the covariance
matrix of the two travel times:
[︂

]︂

Λab (r2 − r1 , r2′ − r1′ , r1′ − r1 ) ≡ cov τ a (r1 , r2 ) , τ b (r1′ , r2′ ) .

(3.10)

One can put the expression (2.25) into the definition of the covariance matrix Λab .
This expression contains the covariance of the cross-correlations of the two travel
times. This covariance can be computed if ψ is known (see Eq. (2.23)). In the
case of the noise estimation, we assume that ψ are the random variables which
are normally distributed. Additionally, we assume that the difference between the
observed and the reference cross-covariance is small. Then the covariance can be
written analytically as
(2π)3 ∑︂ ̃a,∗
hω
Λ =
f (ω) ×
T
ω
{︂
× f̃b (ω) E [C (r1′ − r1 , ω)] E [C (r2 − r2′ , ω)] +
ab

(3.11)

}︂

+ f̃b,∗ (ω) E [C (r2′ − r1 , ω)] E [C (r2 − r1′ , ω)] ,
where f̃a (ω) is the Fourier transform of the window functions f a (t) and ∗ denotes
the complex conjugation. The precise mathematical derivation of Eq. (3.11) can
be found in Appendix C of Gizon and Birch (2004).
A more sophisticated model was introduced by Fournier et al. (2014) (see their
Eq. (13)). They extended theory of Gizon and Birch (2004) and found other terms
in the covariance of the two travel times. These terms decay at least as T −2 and
may be important for short time averages.
In principle, one can set Cref = Cmodel . Then τmodel = 0 and therefore,
δτ (r1 , r2 ) = τobs (r1 , r2 ). Because of the large level of noise in the observed travel
times, one can estimate the coefficients of Λab by fitting the linear (Gizon and
Birch, 2004) function or quadratic (Fournier et al., 2014) function of T −1 onto
the covariance of the two observed travel times. The precision can be increased if
one computes average cross-correlation of many travel times and many averaging
times T . The validity of this approximation of Λab coefficients was tested by Gizon
and Birch (2004) (see their Fig. 6 for comparison).
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4. Inverse problem in local
time-distance helioseismology
In local helioseismology, the inverse problem is defined by Eq. (2.34) where δτ a
and Kβa are given. In general, the inverted result can be formulated as
)︂

(︂

δqαinv = δqαinv δτ a , Kβa , δq β , na .

(4.1)

There are a few issues with the inversion of Eq. (2.34). Backus and Gilbert (1967)
showed that even if the solution exists and one knows the exact form of na (r),
the solution cannot be unique if one has a finite number of observations a. The
reason is that the functions Kβa are not basis functions in the volume covered by
the integral in Eq. (2.34). One can find a function g that is orthogonal to all Kβa
and therefore does not contribute to the inverted result. Moreover, there is an
infinite amount of such functions g.
Two types of methods are typically used in time-distance helioseismology which
attempt to estimate the inverted result. These methods are based on different
principles and in general return different results with different interpretations.
Therefore, it is extremely important to interpret the results correctly or at least
as correctly as possible.

4.1

The RLS method

One of the classical methods is called regularised least squares (RLS; Paige and
Saunders, 1982) which corresponds to the Tikhonov regularisation (Tikhonov,
1963). The RLS method fits the observed travel times with the modelled ones
under the given regularisations.
In standard implementations the RLS method minimises the functional
⎤2

⎡

χ2RLS =

∑︂
a

P
∑︂
1 ⎣ a ∫︂ 2 ′
δτ
−
d
r
dz
Kβa (r ′ − r, z) δq β (r ′ , z)⎦ + µL (δq α ) , (4.2)
σa2
β=1
⊙

where the travel-time error estimation squared σa2 is equal to the root mean square
(rms) of the mean travel time of type a. This σa2 is then utilised also for the other
averaging geometries of the same type of travel time (Zhao et al., 2012). The first
term is the misfit term and the second term is the regularisation term, µ is the
user-selected trade-off parameter and L the regularisation operator. The standard
selection of the regularisation operator is the second-derivative regularisation (see,
e.g. Christensen-Dalsgaard et al., 1990; Couvidat et al., 2006). The important
feature of the RLS method is that it fits the real measurements, and the inversion
is very fast. Although it is fast, the χ2RLS function is a function of observations
and must be computed repeatedly for each set of observations.
This method is considered not to be very robust. The perturbations of travel
times occur mostly in shallow layers below the surface, and this method is mostly
sensitive there. Moreover, only some of the diagonal components of Λ input into
the inversion via σa . Another problem is a cross-talk neglection. The cross-talk
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quantifies the leakages from other quantities δq β̸=α into the inverted one δqαinv and
must be minimised in most cases. Another problem is related to the interpretation
of the results. In any linear inverse method one can construct the so-called
averaging kernels which quantify a real sensitivity of an individual inversion as
a function of position. The knowledge of the averaging kernels is essential for
interpretation of the inverted results (the cross-talk can be interpreted as a part
of the averaging kernel as well). Moreover, the total integral of all components of
the averaging kernel must be one, otherwise inverted result is multiplied by this
integral. We found the non-unity integrals of the RLS averaging kernels when we
worked on article Korda et al. (2019). In the RLS the averaging kernels are not
normalised and thus, user must be careful when interpreting the results.
Jacobsen et al. (1999) used the property of horizontal-translation invariance of
the background model (invariance of the sensitivity kernels) and showed that the
inversion problem can be decoupled into many small problems. In other words, if
one solves the minimisation problem in the Fourier domain, it is possible to solve
it for each wave vector separately which significantly speeds up the computation.
The RLS method has been used in many applications, e.g. for inversion for
vector flows (Kosovichev and Duvall, 1997; Zhao et al., 2001, 2009b), sound-speed
perturbations (Kosovichev and Duvall, 1997; Jensen et al., 1998; Couvidat et al.,
2004, 2006; Zhao et al., 2009b, 2010), sound-speed perturbations in the tachocline
region (Zhao et al., 2009a), meridional circulation (Giles et al., 1997; Zhao and
Kosovichev, 2004), differential rotation (Schou et al., 1998; Charbonneau et al.,
1999), to name a few.

4.2

The OLA method

The other standard method is called optimally localised averages (OLA; Backus
and Gilbert, 1968). The OLA method was developed for terrestrial seismology
and corresponds to the method of approximate inverse (Louis and Maass, 1990).
Unlike the RLS method, the OLA method fits the sensitivity of the inversion
(the averaging kernels) which makes the interpretation easier. On the other hand,
one cannot say whether the obtained results fit the measurements or not. More
information about the implementation of this method in helioseismology can be
found in Chap. 5.
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5. The MC-SOLA method
5.1

The SOLA method

The first useful adaptation of the OLA method for helioseismology, the SOLA
(subtractive OLA) method, was published by Pijpers and Thompson (1992). The
SOLA method searches for an approximate solution of Eq. (2.34) at the given
position (r0 ; z0 ) in the form of cross-correlation of the unknown weight functions
waα and the observed perturbed travel times δτ a :
δqαinv (r0 ; z0 ) =

N ∑︂
M
∑︂

waα (ri − r0 ; z0 ) δτ a (ri ) ,

(5.1)

i=1 a=1

where N is the number of horizontal positions and M the number of independent
travel-time geometries. One can put the definition of δτ a (ri ) from Eq. (2.34) into
this equation and obtains
δqαinv (r0 ; z0 ) =

∫︂

d2 r ′ dz Kαα (r ′ − r0 , z; z0 ) δq α (r ′ , z) +

⊙

+

∫︂

d2 r ′ dz

Kβα (r ′ − r0 , z; z0 ) δq β (r ′ , z) +

(5.2)

β̸=α

⊙

+

∑︂

N ∑︂
M
∑︂

waα (ri − r0 ; z0 ) na (ri ) ,

i=1 a=1

where
Kβα (r ′ , z; z0 ) =

N ∑︂
M
∑︂

waα (ri − r0 ; z0 ) Kβa (r ′ − ri , z)

(5.3)

i=1 a=1

is the averaging kernel. It is the cross-correlation kernel which smears the real
quantities into the inverted one. The first term of Eq. (5.2) quantifies the estimate
of the inverted quantity. The second term is the cross-talk term which must be
minimised. Otherwise, the inverted solution δqαinv can be highly biased or even
useless in some cases. Finally, the third term stands for the propagation of the
realisation noise, which must be minimised, too.
The weight functions in Eq. (5.1) are such that they minimise the functional
χ2α for given α in the form:
χ2α =

∫︂
⊙

d2 r ′ dz

P [︂
∑︂

]︂2

Kβα (r ′ , z; z0 ) − Tβα (r ′ , z; z0 )

+

NR
∑︂
i=1

β=1

µi Ai +

NC
∑︂

λi Bi ,

(5.4)

i=1

where NR is the number of regularisation terms Ai , NC the number of constraints
Bi , µi the trade-off parameters, and λi the Lagrange multipliers. Tβα is the target
function, which is a zeroth-order approximation of the averaging kernel. In a
reasonable physical system, there is one constraint per one physical quantity.
Therefore, NC = P . The χ2α is minimised according to wα and λi . The minimisation leads to a set of algebraic equations which can be (in principle) solved
analytically. The number of elements of the matrix which must be inverted is
given by (N M + P )2 .
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The SOLA method was used for inversion for vector flows (Jackiewicz et al.,
̌vanda et al., 2011; S
̌vanda, 2013; Korda et al., 2019), sound-speed perturba2008; S
tions (Jensen et al., 2001; Korda et al., 2019), flows below the average supergranule
̌vanda, 2012), meridional circulation (Schad et al., 2013), differential rotation
(S
(Di Mauro and Dziembowski, 1998; Schou et al., 1998; Charbonneau et al., 1999),
internal rotation (Pijpers, 1998), to name a few.

5.2

Our implementation of the method

Our implementation is based on the multichannel approach (Jackiewicz et al., 2012)
with the minimisation of the cross-talk. The multichannel SOLA (MC-SOLA)
method decouples the original problem to many small ones under the assumption
of the horizontal translation symmetry of the reference model. This makes it
possible to solve much more complex models, while the CPU time consumption is
also lower.
We utilise three regularisation terms and four constraints, one for each physical
quantity. The target function Tβα (r ′ , z; z0 ) = T (r ′ , z; z0 ) δβα is non-zero only in
the direction of the inversion denoted by α. The χ2α in the real domain may be
written in the form:
χ2α

=

∫︂

2 ′

d r dz

]︂2

Kβα (r ′ , z; z0 ) − T (r ′ , z; z0 ) δβα +

β=1

⊙

+µ

4 [︂
∑︂

∑︂

waα

(ri ; z0 ) Λab (ri − rj ) wbα (rj ; z0 ) +

(5.5)

i, j, a, b

+ν

∑︂ ∫︂

[︂

d2 r ′ dz Kβα (r ′ , z; z0 )

⎡
∫︂
4
∑︂
β⎣
λ
β=1

+ϵ

∑︂

[waα (ri ; z0 )]2 +

a, i

β̸=α ⊙

+

]︂2

⎤

d2 r ′ dz Kβα (r ′ , z; z0 ) − δβα ⎦ .

⊙

The first term is the misfit term which controls the sensitivity of the inversion
inside the Sun. The second term minimises the propagation of the realisation
noise through the data processing. Λab (ri − rj ) is the noise covariance matrix
defined as
[︂

]︂

[︂

]︂

Λab (ri − rj ) = cov na (ri ) , nb (rj ) ≈ cov δτ a (ri ) , δτ b (rj ) ,

(5.6)

therefore, the second term is proportional to the variance of the random noise
of the inverted quantity caused by the propagation of the realisation noise. The
third term minimises the cross-talk. The effect of the cross-talk minimisation
̌vanda et al. (2011). The demonstration is shown in their
was studied, e.g. by S
Fig. 11 or in the top row of our Fig. 7.5 (no minimisation in the top left panel,
minimisation in the top right panel). The last regularisation term controls
mathematical assumptions of equivalency between the Fourier transform and the
convolution. The last term of Eq. (5.5) represents four constraints, normalisation
of the averaging kernel components. Because of the cross-talk and the noise
minimisation and the normalisation of the averaging kernels, the interpretation of
the results is clear. However, we cannot say whether the inverted results fit the
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measurements or not. Since the regularisation terms and the constraints are not
functions of observations, the weight functions are not functions of observations
as well. Therefore, one can compute a set of the weight functions for a set of
different target functions and then apply Eq. (5.1) for any travel times.
If one uses the following definition of the Fourier transform
f (r) = h2k
f̃ (k) =

∑︂

k
2
hx
2

(2π)

f̃ (k) exp (ik · r) ,

(5.7)

∑︂

(5.8)

f (r) exp (−ik · r) ,

r

where f̃ (k) is the Fourier transform of f (r), hk and hx are the grid spacing in the
Fourier and real domain, and assume the horizontal invariance of the background
model, the minimisation of Eq. (5.5) in the Fourier domain splits into two cases,
k = 0 and k ̸= 0:
̃ (0) C w
h4k N A
̃ (0)
h2k T̃ (0)
=
,
T
λ
δ
(h2k N C)
0
̃ (k) w
̃ (k) = T̃ (k) .
h2 N A

[︄

k=0
k ̸= 0

]︄ [︄

]︄

[︄

]︄

k

(5.9)
(5.10)

̃ has M × M elements Ãab , the matrix C has M × P elements C a ,
The matrix A
β
the vector λ has P × 1 elements λβ , the vector δ has P × 1 elements δβα , and the
vector T̃ has M × 1 elements T a . The components are defined as follows:
̃ab

2

A (k) = (2π)

∫︂∞

̃ ab (k) + ϵδ ab +
̃ ∗a (k, z) K
̃ b (k, z) + µΛ
dz K
α
α

−∞
2

+ (2π) ν

∞
∑︂ ∫︂

̃ ∗a (k, z) K
̃ b (k, z) ,
dz K
β
β

(5.11)

β̸=α−∞

Cβa =
T a (k; z0 ) =

∫︂

d2 r dz Kβa (r, z) ,

⊙
∫︂∞

̃ ∗a (k, z) T̃ (k, z; z0 ) .
dz K
α

(5.12)

(5.13)

−∞

As said before, the number M quantifies a number of independent measurements.
In our implementation we combine difference and mean geometries (four types),
sixteen distances ∆ = 5, 6, . . . , 20 Mm for each of five ridge filters f , p1 , . . . , p4
and five distances for each of ten phase-speed filters td2 , . . . , td11 defined in Table
1 of Couvidat et al. (2006). That is 520 different geometries indexed by the upper
index a. The advantage of the Fourier-domain minimisation is that the matrix
which must be inverted (for each k separately) has only (M + P )2 elements in
the case of k = 0 and M 2 elements in the case of k ̸= 0. Our typical inversion
setup is N = 2002 , M = 520, and P = 4. In the real domain, we would need to
invert one matrix with 4.33 × 1014 elements. In the Fourier domain we need to
invert 40 000 matrices with less than 3 × 105 elements. Such a computation can be
done by using an ordinary laptop with just a few GB of RAM memory (but the
inversions may be running for a couple of weeks). We note that the background
model in our inversions is the Model S of Christensen-Dalsgaard et al. (1996).
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5.2.1

Trade-off parameters

In spite of the weight functions being unique for the given inversion, they are
highly dependent on the trade-off parameters. For a proper selection of the
trade-off parameters, one should compute a grid of inversions by varying the
trade-off parameters. Unfortunately, the final selection of the trade-off parameters
is usually subjective and depends on the user’s experience.
L-curve method
In principle, there is an objective method called the L-curve method. The L-curve
method visualise the dependence of misfit term and the regularisation terms in
log-log scale (e.g. Hansen, 2001). The optimal solution lies in the L-bow of the
curve, where the considered quantities change with a comparable rate with the
change of the value of the parameters. In helioseismology, this method usually
leads to an insufficient regularisation of the realisation noise propagation. The
noise propagation can be reduced by the ensemble averaging, e.g. when the average
sunspot or the average supergranule is studied. Examples of the L-curves for the
horizontal and the vertical flows are plotted in Fig. 5.1. The black arrows and the
numbers indicate the optimal solutions and corresponding uncertainties. In the
case of the horizontal flows, the uncertainty is large but still reasonable, while in
the case of the vertical flows, the signal-to-noise ration (SNR) is below unity.

Figure 5.1: L-curves for the horizontal and the vertical flows. The arrows indicate
the optimal solutions.

Our “snapshot” method
If one wants to study properties at a given time and volume inside the Sun, it
is not possible to compute an average of many such volumes and the L-curve
analysis fails. Then there are other subjective methods which depends on values of
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individual regularisation terms. Our trade-off selection procedure can be divided
into four parts.
First, the user sets a reasonable noise interval σα . This interval is typically
different for different δqαinv . The intervals which we utilised are σh ∈ ⟨10; 30⟩ m s−1 ,
σz ∈ ⟨1; 7⟩ m s−1 , and σs ∈ ⟨2; 8⟩ m s−1 for the horizontal flow components, the
vertical flow component, and the sound-speed perturbations respectively where
⟨a; b⟩ is the closed interval from a to b.
In the second part the user selects only such combinations of the trade-off
parameters for which the noise estimation is within the noise interval. This is, of
course, highly sensitive especially to µ.
Following part roughly tests fulfilment of the mathematical assumptions. If
these are fulfilled, then the noise estimation must be a real number. If the
imaginary part of the noise estimation is not negligible, then we do not use the
corresponding combination of the trade-off parameters. The complex valued noise
estimation is a consequence of numerical errors. The errors usually occur when
the ϵ parameter is very small. The weights are in such the case not localised in
space and ringing occurs in the map of δqαinv . The ringing effect is similar to an
aliasing problem in harmonic analysis.
Finally, for each combination of the trade-off parameters which remained, we
plot the averaging kernels, the weights, and the inverted quantity and print the
noise estimation. The inversion of the testing set of travel times allows keeping
only those combinations of the trade-off parameters, for which SNR is above
unity, and the magnitude of the testing inverted quantity gains a reasonable value.
In the remaining plots the user varies between the localisation of the averaging
kernels, the level of the cross-talk and the noise estimation. All these depend on
the inverted quantity.
For example, in the case of the horizontal flow components, the localisation of
the targeted part of the averaging kernel is more important than the amplitude
of the cross-talk part of the averaging kernel because amplitudes of the vertical
flow component and the sound-speed perturbations are much smaller than the
amplitude of the horizontal flow components. Moreover, the integral of the crosstalk part is zero. Therefore, the overall cross-talk is small. While in the case of the
vertical flow component or the sound-speed perturbations the cross-talk is larger
because the amplitude of the horizontal flow components is larger. Therefore, the
cross-talk must be minimised and, as a consequence of additional regularisation,
the localisation of the averaging kernel is generally worse.

5.2.2

An example inversion

In this section we will present an example inversion. First, the user selects
individual independent observations and perturbers which are included in the
inversion. Then the inversion pipeline (see Sec. 6.4) solves Eqs. (5.9) and (5.10)
and end up with the weight functions which are computed in a grid of the trade-off
parameters. The user selects the values of these parameters according to his
experience (see Sec. 5.2.1). Examples of the averaging kernels for an inversion
for the vertical flow component and the sound-speed perturbations are plotted
in Figs. 5.2 and 5.3. In the top row of these figures, one can see a horizontal cut
through the averaging kernels at the target depth (2.0 Mm). In the bottom row,
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Figure 5.2: Averaging kernel for the vertical flow component inversion.

Figure 5.3: Averaging kernel for the sound-speed perturbations inversion.
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there is a vertical cut at y = 0. In the columns one can see from left to right,
the real sensitivity of the inversions to longitudinal flows, latitudinal flows, radial
flows, and sound-speed perturbations. The blue and green contours are isolines of
the averaging kernel. The blue solid and dashed contours correspond to 5% and
−5%, and the green one to 50% of the maximum of the averaging kernel at the
target depth. The red contours correspond to 50% of the maximum of the target
function at the target depth. The cross-talk components of averaging kernels (the
first, the second, and the fourth column in Fig. 5.2 and the first, the second, and
the third column in Fig. 5.3) are minimised in order to get the “clear” result which
is not contaminated by other quantities.
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6. Pipelines
In this chapter we will describe individual processing pipelines and show how
the pipelines and data exchange are connected to each other. In the following
sections we will outline the individual pipelines in a bit more detailed way. The
connections among the pipelines are mentioned at the end of this chapter. Here
in Fig. 6.1, we introduce the whole process of the inverted quantity computation
very briefly and simply, which is meant to help in overall understanding.

Figure 6.1: Simple schematic representation of the pipelines.

6.1

Travel-time pipeline

The travel-time pipeline processes the observed series of the tracked Dopplergrams,
the datacube. The outputs of this pipeline are the travel-time maps for the given
measurement scheme. The pipeline is split into three parts.
In the first part, visualised in Fig. 6.2, we detrend the datacube and compute
the power spectrum. In the second part (Fig. 6.3), the user can compute the
ridge filters by fitting the resonances in the power spectrum. Then, all the filters
are applied, namely the phase-speed and the ridge filters, to extract the signal
of specific waves. In the third part (block diagram plotted in Fig. 6.4) we firstly
compute the kernels corresponding to the averaging geometries and apply the
kernels to the filtered datacube. Then we compute the cross-correlation function
C in the given geometry and compare is with the reference cross-correlation. The
user can create the reference one from the datacube or use a different one. In our
inversions we pre-compute many reference cross-correlations from observations of
quiet-Sun regions (approximately 90 days of observations) and average them to
the reference one. Penultimate step is a construction of the window function f .
We utilised an experimental estimation of single-skip wave packet arrival time for
each filter (this filter selects only the ridge closest to the zero time in Fig. 2.4).
The window function is a rectangular function centred at the estimated arrival
time. Finally, the travel times are computed according to the given measurement
scheme (Gabor wavelet fitting, Gizon and Birch (2002), and Gizon and Birch
(2004) methods are implemented).
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Figure 6.2: Datacube pre-processing. The red arrows show the preferred way.

Figure 6.3: Filter application. The red arrow shows the preferred way.

Figure 6.4: Travel time computation. The red arrows show the preferred way.

6.2

Noise matrices pipeline

The noise matrices are computed following Eq. (5.6). In the first step of this
pipeline (block diagram in Fig. 6.5) for each pair of the travel times, we compute
the average cross-covariance of the travel times. Here we assume that the signalto-noise ratio of the travel times is very low, which is usually fulfilled. The
cross-covariance is computed for the travel times averaged over different time
intervals. Namely, 2, 3, 4, 6, 8, 12, and 24 hours. We compute such crosscovariances for the travel times which cover approximately 35 days of observations.
Then, for the given cross-covariance matrix, we collect all the realisations for
all averaging times and fit the linear function a + bT −1 for all corresponding
elements because the dispersion of the noise given by the cross-covariance matrices
is proportional to T −1 (see Sec. 3.4). The parameter b corresponds to the element
of the final noise cross-covariance matrix (normalised to a given time). According
to the averaging geometries of the travel times in the given pair, the noise matrix
may be partially symmetric. This symmetry is enforced at the end of the first step.
The second part of the pipeline is called “the symmetrisation” (block diagram in
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Fig. 6.6). In this part we symmetrise not the individual noise matrices but more
of them at the same time. This is important for a reduction of the computational
error, e.g. in the Fourier transform computation. Finally, any covariance matrix
must be by definition positive semi-definite (psd). This is not fulfilled because of
the numerical errors. Therefore, the noise matrices are reprojected such that all
eigenvalues of the noise matrices which are negative are set to zero (visualised in
Fig. 6.7). We note that if the modes do not overlap in the power spectrum then
the corresponding noise matrix has been zero since its saving in the “fitting” part.

Figure 6.5: Noise matrices fitting.

Figure 6.6: Noise matrices symmetrisation.

Figure 6.7: Removing negative eigenvalues.

6.3

Sensitivity kernels pipeline

The sensitivity kernels are computed in the first-order Born approximation according to Birch et al. (2004) and Birch and Gizon (2007). The theory is outlined
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in Sec. 3.3. This approximation takes into account finite-wavelength scattering
effects. The computation visualised in Fig. 6.8 consists of a few parts. First, one
needs to solve the zeroth-order problem. That is the filtered velocity field ψ0
or the power spectrum of the background model (Eq. (72) in Gizon and Birch,
2002), the corresponding cross-correlation function C (Eq. (76) in Gizon and Birch,
2002), and the kernel weight function W (Eq. (A8) in Gizon and Birch, 2002).
Afterwards, one needs to compute all the integrals (Eqs. (12) to (14) from Birch
and Gizon (2007) in the case of the flow kernels and Eqs. (62) and (65) from Birch
et al. (2004) in the case of the sound-speed kernels) which come from the first-order
problem given by Eq. (3.6) and combines them into the flow and the sound-speed
perturbations sensitivity kernels (Eq. (10) in Birch and Gizon (2007) for the flows
and Eq. (5) in Birch et al. (2004) for the sound-speed perturbations). The results
of this part are point-to-point (PtP) sensitivity kernels. In the following step we
average PtP kernels to point-to-annulus (PtA) sensitivity kernels (see Fig. 6.9)
where the averaging geometries are the same as in the case of the travel times.

Figure 6.8: PtP sensitivity kernel block diagram.

Figure 6.9: PtA sensitivity kernel block diagram.

6.4

Inversion pipeline

In the inversion pipeline we solve Eqs. (5.9) and (5.10). The inversion is solved
in the Fourier domain and can be parallelised as we described in Sec. 5.2. The
̌vanda et al. (2011) and Korda and S
̌vanda (2019). The
pipeline was validated by S
whole pipeline is split into five parts.
In the first part, we prepare the inversion for parallel computation. In the
̃ and C for parallel computation.
second part, we construct and save the matrices A
This step is visualised in Fig. 6.10 and is very time-consuming especially for
inversions involving many travel-time geometries. The advantage of the SOLA
inversion is that this step must be done only once for a given setup and is skipped
in consecutive inversions. Afterwards, we compute the target function T̃ (see
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Fig. 6.11). Finally, we combine all the temporary results and combine them in the
Eqs. (5.9) and (5.10) which are solved numerically. In some cases the matrices to
be numerically inverted are nearly singular, then the approach of the mathematical
pseudo-inverse (singular-value decomposition) is invoked. At this time, results
are saved in the Fourier domain and are “chunked” into many parts. The last
part of this pipeline is therefore the “post-processing” part where we combine all
the “chunks” together. Equivalently, we can say that we join parts of the weight
functions w
̃ which correspond to the specific k together. The weight functions
w
̃ depend only on the background model, the target function, and the inverted
quantity and may be utilised independently on the observed travel times.

Figure 6.10: Setup inversion. Three parallel lines indicate a parallelisation.

Figure 6.11: Setup target function. Three parallel lines indicate a parallelisation.

Figure 6.12: The MC-SOLA implementation.
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6.5

Pipeline dependencies

Finally, we have described all the pipelines, but their dependencies may be unclear.
In Fig. 6.13 one can see the block diagram of all the pipelines and the dependencies
among them indicated by dot-dashed arrows.

Figure 6.13: Pipeline dependencies. The solid arrows show the dependencies
inside each pipeline while the dot-dashed arrows the dependencies among the
pipelines. For clarity, we did not show the parallelisation. The only non-parallel
computations are “Preprocessing” and “Inverted quantity” in the bottom line.
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7. Results
The principal results obtained using the methodology described in the previous
chapters were published in peer-reviewed journals. Here I give their print-outs
accompanied by a short summary. For an easier orientation throughout this
chapter, I divided the results into three sections. Sec. 7.1 describes a validation
process of an extended pipeline. Sec. 7.2 incorporates applications of the pipeline
on real observations. Sec. 7.3 contains the yet unpublished original results on new
averaging geometries. In the articles in preparation, we did not repeat the general
comments on application of the time-distance helioseismology.

7.1

Combined inversion for vector flows and
sound-speed perturbations

̌vanda, M. (2019). Combined helioseismic inIn the article [Korda, D. and S
versions for 3D vector flows and sound-speed perturbations. A&A, 622:A163.]
we introduced a new methodology which combines inversions for vector flows
and sound-speed perturbations. The methodology was validated on a synthetic
datacube provided by Rempel (2014).
There were two main motivations for this work. The first one was the fact that
there were issues with previous time-distance inversions. Especially only horizontal
variations of the vertical component of vector flows could be measured. This is in
contrast with importance of the mean vertical flow component in theories of the
solar dynamo. The other motivation was the fact that the vector flows and the
sound-speed perturbations were inverted for separately. This can be done with
assumption of independent action of these two quantities to the wave travel time.
However, this assumption does not hold in realistic simulations of convection. The
simulations show that larger upflow is in the centre of convective cells which are
hotter. Hotter plasma implies a larger sound-speed. The cross-correlation between
the vertical flows and the sound-speed perturbations as seen in the numerical
simulation of the convection (Rempel, 2014) is plotted in Fig. 7.1.
Because of a natural correlation between the vertical flows and the sound-speed
perturbations we showed that there is nearly a constant cross-talk between the
vertical flows and the sound-speed perturbations and, what is more important, the
separate inversions for the sound-speed perturbations are highly contaminated by
a non-minimised cross-talk. In surface layers, the cross-talk is positively correlated
with the sound-speed perturbations and the rms of the cross-talk is one half of
the “targeted” rms.
Last but not least is the inversion for the vertical flows. A simultaneous
inversion for the flows and the sound-speed perturbations was possible due to
a combination of the difference and the mean geometries. The sound-speed
perturbations are sensitive to the mean geometry while the horizontal flows to
the difference geometries. The variations of the vertical flows are sensitive to
difference geometries as well, but the mean part of it is sensitive to the mean
geometry. Therefore, the combination of both types of the averaging geometries
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Figure 7.1: The cross-correlation between vertical flows and sound-speed perturbations. The black curve shows a typical width of a target function.
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Figure 7.2: The vertical flow inversions. Top row: inverted results; bottom row:
ideal answer (first term in Eq. (5.2) where Kαα is replaced by T ). Left column: full
component; middle column: horizontal variations; right column: mean component.
The difference between both rows is caused mostly by the misfit term which is
reduced when more independent observations are taken into account.
allowed us to invert for the full vertical flow component for the first time and
extract the mean part of the vertical flows as well. The result is shown in Fig. 7.2.
We note that the differences between inversions for the horizontal flows in the
separate and the combined inversion are negligible.
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7.2

Applications to real observations

The extended pipeline was applied on three different data sets: quiet-Sun regions
(Sec. 7.2.1), surroundings of the eruptive filament (Sec. 7.2.2), and the average
supergranule (Sec. 7.2.3).

7.2.1

Comparison with a current standard method

̌vanda, M., and Zhao, J. (2019). Comparison of timeIn the article [Korda, D., S
distance inversion methods applied to SDO/HMI Dopplergrams. A&A, 629:A55.]
we compared the new validated methodology with a methodology which is used
by Joint Science Operations Center (JSOC) operated at Stanford University. We
selected JSOC data sets for comparison because they provide standard helioseismic
products all for free and online. Another reason is that JSOC data processing
is based on the RLS method (Sec. 4.1) which is completely different from the
MC-SOLA method (Sec. 5.2).
The comparison was split into three steps. In the first step (denoted by OUR1
in figures) we reproduced the JSOC results. We utilised the JSOC averaging
kernels as our target functions and the JSOC inversion setup as our setup. In
the second step (denoted by OUR2) we “improved” the JSOC results by means
of the combined inversion. We kept the JSOC averaging kernels but largely
increased the number of independent observations in the setup. Finally, in the
third step (denoted by OUR3) we inverted for the vector flows and the sound-speed
perturbations in target depths which corresponds to the JSOC’s estimations. The
Gaussian-shape target functions were utilised in this step.
Despite the differences in the inversion methods, e.g. ignoring the crosstalk, noise underestimation (only some of the diagonal components of the crosscovariance matrix Λab are utilised), and imprecise depth localisation of the inversion
in the JSOC data products, the results for the horizontal flows were comparable
(see Fig. 7.3). This is a consequence of two factors. The first one is a small vertical
gradient of the horizontal flows between the surface and approximately 5 Mm
below the surface, where the JSOC inversions are sensitive (this nullifies the effect
of imprecise depth localisation). The other factor is related to the amplitude of
the horizontal flows. That is much larger (at least an order of magnitude larger)
than the noise or the cross-talk contribution.
The comparison of the sound-speed perturbations agreed with the positively
correlated cross-talk, which is not minimised in the JSOC’s case. Therefore, the
rms of our inversion is about 50% lower as compared to the JSOC inversion and
the correlation coefficient between the inversions is about 0.5. The correlation
coefficient is lower because the noise dominates the JSOC data. There are a few
similar features in both inverted results but the only one clearly visible in the
JSOC data is at coordinates of approximately [266, 12] deg (see Fig. 7.4).
We also compared the vertical flow component. Here we note that the vertical
flow component is downloadable but an unofficial JSOC data product. As was shown
̌vanda et al. (2011), the cross-talk from the horizontal flows associated with
by S
supergranules is anti-correlated with the vertical flows. Moreover, the amplitude
of the cross-talk is larger than amplitude of the vertical flows. Therefore, the
minimisation of the cross-talk is very important in this case. This effect is nicely
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Figure 7.3: Comparisons with the JSOC inversion for the horizontal components
at 2.0 Mm depth.
seen in Fig. 7.5 (compare top left and top right panels). The correlation coefficient
is −0.79 because the JSOC’s result is dominated by the cross-talk. In this figure
one must be a bit more careful. When we utilised the JSOC setup (JSOC, OUR1),
we were able to invert for the oscillatory part only. Therefore, there is no possibility
how to compare, e.g. JSOC to OUR3. Another important comment was about
localisation of the vertical flow inversions. We found that it is not possible to
invert for the vertical flows at depths larger than about 2 Mm when the travel
times are averaged over 1 day or less. The averaging kernels corresponding to
various target depths are plotted in Fig. 7.6. The averaging kernels always tend to
“shallow” surface inversion because of the noise and the cross-talk regularisations.
One can improve this, e.g. by ensemble averaging where the noise contribution is
reduced.
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Figure 7.4: Comparisons with the JSOC inversion for the sound-speed perturbations at 2.0 Mm depth.
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Figure 7.5: Comparisons with the JSOC inversion for the vertical flows at 2.0 Mm
depth. Top row: the oscillatory part; bottom row: the full component.

Figure 7.6: The horizontally averaged averaging kernels for the vertical flow
inversions at various indicated depths.
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7.2.2

Evolution of an eruptive filament

̌vanda, M., Korda, D., and Roudier, T. (2020).
In the article [Wollmann, J., S
Evolution of photospheric flows under an erupting filament in the quiet-Sun
region. A&A, 636:A102.] we described the filament evolution. We analysed
various kinds of data (magnetograms, Dopplergrams, Hα filtergrams, ultraviolet
filtergrams) from the growing phase of the filament, through its activation phase,
to its disappearance. We utilised the data from SDO and GONG network from
18 October 2010 to 22 October 2010. We studied mostly horizontal flows around
the filament.
The parallel and the perpendicular velocities are plotted in Fig. 7.7 where the
red curve corresponds to the shear velocity along the filament and the blue curve
corresponds to the divergent (+) and convergent (-) velocity with respect to the
filament, the green bar indicates time between the activation and the eruption
of the filament. We detected a significant convergent flows towards the filament
in pre-activation phase which pushed the two opposite polarities of the magnetic
field together. For computational details, see Wollmann et al. (2020) attached
below. The root-mean-square velocity peaked just before the beginning of the
activation phase followed by a steep decrease just after it. The root-mean-square
velocity is plotted in Fig. 7.8.

Figure 7.7: The average parallel (red
curve) and perpendicular (blue curve)
velocity components in the region
around the filament. One can see a significant convergent flows just before the
filament activation phase. The green
bar indicates time between activation
and eruption of the filament.

Figure 7.8: The root-mean-square
square velocity in the region around the
filament. One can see a steep increase
before the filament activation phase followed by steep decrease just after it.
The green bar indicates time between
activation and eruption of the filament.

The same profile (the increase following by the steep decrease) was observed
also in the case of the longitudinal average of differential rotation, which is
visualised in Fig. 7.9. The filament activation started after the noon and at
around 15:00 UT we observed the steep decrease in the average velocity shear
followed by increase.
We extrapolated the magnetic field by means of the potential extrapolation
method which was sensitive to a large-scale magnetic field. The extrapolated
result corresponded to the chromospheric magnetic field observations and roughly
94

Figure 7.9: The average zonal shear evolution in the filament surroundings.
corresponded to the photospheric observations. Therefore, the magnetic field in
chromosphere was dominated by the large-scale magnetic field. Also, the decay
index of the magnetic field in chromosphere was larger than the critical one at
the connecting point of the northern filament hook.
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7.2.3

Plasma flows and sound-speed perturbations in the
average supergranule
Article in preparation

Introduction
The spatial spectrum of velocity features in the photosphere is continuous with two
clearly visible peaks (see Fig. 7.10). One peak at the angular degree of about 1500
corresponds to the granules, the top-most convective mode, which corresponds to
the thermal dissipation scale. The second peak at the angular degree of 120 is an
indication for so-called supergranules. The supergranules were intensively studied
since their discovery by Hart (1954). Classical explanation of a supergranules’
origin is based on thermal instability (Gierasch, 1985). Latent heat which is
released during recombination of He III to He II at around 10 Mm below the
solar surface is able to trigger motions at supergranular scale (about 20–30 Mm).
This was derived for plasma at rest. However, the convective zone is naturally
turbulent, and the turbulence can suppress the instability. Although the origin of
supergranules is still unknown, many papers were written about their properties,
̌vanda, 2012; Duvall and
especially about plasma flows in the supergranules (S
Hanasoge, 2013; Duvall et al., 2014; DeGrave and Jackiewicz, 2015; Langfellner
et al., 2015; Bhattacharya et al., 2017; Ferret, 2019), to name a few recent studies.

Figure 7.10: Power spectrum of velocity features observed with SOHO/MDI. The
broad peak at l > 1000 corresponds to the granulation. The sharp peak at l ≈ 120
corresponds to the supergranulation.
Supergranules cannot be observed in a visible light because they cause only
small perturbations in temperature (Goldbaum et al., 2009; Langfellner et al., 2016).
On the other hand, supergranules correspond to places with strong horizontal
outflows on the solar surface. The outflows affect waves travel times propagating
through this area. Therefore, time-distance local helioseismology seems to be very
useful tool for studying supergranules.
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Motivation
A lot of papers were published about the average supergranule, but all of them can
be divided into two groups. The first group compares many forward models and
selects that one which fits best the observations (e.g. Duvall and Hanasoge, 2013;
DeGrave and Jackiewicz, 2015). The second group applies an inverse modelling
̌vanda, 2012). Inverse models are
and derives 2-D parameters at a few depths (S
usually better constraint and provide more information about the model which is
necessary for its interpretation. In addition, only plasma flows are usually studied
by both groups.
̌vanda and Kozon
Since paper by S
̌ (2017) it is possible to deconvolve a set of
Eqs. (5.2) at different depths and compute a fully 3-D inverse model on a regular
grid. However, this is only possible in the high-SNR regime with SNR larger than
about 50. Such SNR can only be achieved by using an ensemble averaging method,
e.g. a study of the “average supergranule”. Moreover, we want to study not only
plasma flows but also sound-speed perturbations. This can be consistently done
̌vanda, 2019).
by a recently validated pipeline (Korda and S

Observed travel times
We utilised SDO/HMI (Scherrer et al., 2012; Schou et al., 2012) Dopplergrams
of photospheric Fe I 617.3 nm line with a cadence of 45 s. The travel times
were measured by means of the cross-correlation of the Dopplergrams in the
approximation presented by Gizon and Birch (2004).

Average supergranule
The main advantage of the ensemble averaging method is the suppression of the
realisation noise. In time-distance helioseismology, the realisation noise is usually
very large because of the stochastic nature of the waves. A regularisation of the
realisation noise leads to a larger smearing of the inverted maps indicated by
the averaging kernel. Thus, any details, especially the correct information about
local amplitudes, are lost. Due to the ensemble averaging method, the smearing
level can be much lower because of the lower noise regularisation. DeGrave and
Jackiewicz (2015) showed that the amplitude of horizontal flows is even of about
̌vanda (2012) demonstrated this on a
50% lower, when the smearing is too large. S
simple model of supergranular flows with a similar result.
Supergranules can be found everywhere on the solar surface. In the quiet-Sun
regions, their properties are similar. Supergranules are believed to be a manifestation of the stochastic convection. Therefore, by averaging of N independent
√
realisations of supergranules in the quiet-Sun regions, the noise becomes N times
smaller. Travel times corresponding to the average supergranule are measured in
̌vanda, 2012):
the following way (S
• measure f -mode travel times of the outflow-inflow geometry,
• smooth the travel times with a 3 Mm-FWHM Gaussian,
• label all points of the travel-time map which are smaller than the mean
value by more than two standard deviations,
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• find minima of the travel time in a square area (a side of a square is about
30 Mm, a size of a large supergranule),
• if the minimum (centre of a supergranule) is less than 10% away from the
edge of the data set, the minimum is removed,
• if two or more minima are closer than 23 Mm to each other, then store a
point with lower value,
• remove a trend caused by foreshortening in the case of the mean travel
times,
• align centres of supergranules and compute travel times of the average
supergranule.
We processed 64 days of travel times between dates 31 July 2010 and 23 February 2011 and found more than 104 individual supergranules which reduce the noise
level by a factor of about 100. The noise suppression enabled us to utilise the
L-curve method as the objective method of the trade-off parameters determination
(Hansen, 2001). Here we remind the reader that the L-curve method fails in the
high-noise regime. In the low-noise regime the trade-off parameters determined by
the L-curve method and by the “snapshot” method (both methods were described
in Sec. 5.2.1) are nearly the same. Therefore, even though the snapshot method
depends on the user’s experience, it seems to be more general.

Results
For the inversions we utilised the simultaneous inversion of the vector flows and
the sound-speed perturbations with combination of the ridge and the phase-speed
̌vanda (2019).
filters validated by Korda and S
Even though the state-of-the-art models (e.g. Rempel, 2014) of solar convection
cannot correctly reproduce supergranules, it is believed that the supergranules
are a manifestation of the convection with a typical size of about 20–30 Mm. The
models predict an upflow in the centre of a supergranule, divergent horizontal
flows at the surface followed by downflow at the edge of the supergranule, and
a slight increase in temperature in the centre of the supergranule, which can be
converted to the positive perturbation of the sound speed.
Horizontal flows
Horizontal flows vh = (vx , vy ) are usually not biased by the cross-talk because of
their larger amplitude. The same holds true for the random noise contribution as
well. Therefore, one can invert for the horizontal components at larger depth, up
to about 5 Mm below the surface. At even larger depths the localisation of the
inversion given by the averaging kernel is not good enough to say the inversion
returns the horizontal flows at the target depth. The worse localisation is mostly
due to the random noise regularisation. Because of the noise suppression via the
ensemble average, we can invert for the horizontal flows at about 5 Mm depth
with still a reasonable localisation.
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Vertical flows
Due to a large symmetry of the average supergranule and large amplitude of the
horizontal flows, it is necessary to minimise the cross-talk. Otherwise, the inverted
vertical flows are spoiled by the cross-talk and are completely useless. Even though
the random noise is suppressed by the ensemble averaging, the cross-talk and the
random noise minimisation generally make the localisation of the inversions worse.
Therefore, one cannot invert for the vertical flows at depths larger than about
3 Mm.
Sound-speed perturbations
Similarly to the case of the vertical flows, the sound-speed perturbations are small
compare to the horizontal flows. Therefore, the cross-talk must be minimised.
The reasonable localisation of the inversions can be achieved up to about 4 Mm
depth.
Inversions at 0.5 Mm depth
If a supergranule is close to the solar limb, the surface divergent horizontal flows
at a supergranular scale can be observed directly from the Dopplergrams.
The horizontal flows at 0.5 Mm depth were consistent with models of the
convective zone. In Fig. 7.11 the divergent horizontal flows are clearly visible.
The colour map of this figure codes the vertical flows (positive value corresponds
to upflow). The arrows correspond to the horizontal flows. The reference arrow
at the left bottom corner corresponds to 250 m s−1 . We note that the centre of
the average supergranule is always at coordinate [0, 0]. The radius corresponds
to the distance in which the average surface latitudinal flows change the sign.
This is related to the location of the adjacent supergranular cell. The edge of
the average supergranule is plotted with the black dashed circle. The measured
radius of 23 Mm corresponds to the typical size of our average supergranule of
46 Mm, which is larger than the value seen in literature. The larger value is a
consequence of the detection algorithm which naturally prefers larger cells with
stronger flow signals, which is a typical property of the large supergranules.
The localisation of this inversion (only for vx component, vy is similar) is
visualised in Fig. 7.12. In each column there are cuts through the components
of the averaging kernel. The red curves correspond to the half-maximum of the
target function and the solid green curves to the half-maximum of the averaging
kernel. For the complete description see Sec. 5.2.2. In the case of the vx inversion,
the first column corresponds to the localisation of the inversion, while the others
are cross-talk components of the averaging kernel. One can see that the cross-talk
components are negligible and, at the same time, the inversion is localised around
the target depth.
The vertical supergranular flows at the surface of the Sun can be measured from
the Dopplergrams taken at the disc centre. Duvall and Birch (2010) measured an
upflow of 10 m s−1 in the centre of the average supergranule, and 4 m s−1 downflow
at a distance of about 14 Mm away from the centre of the average supergranule.
The surface inversion for the vertical flows resulted consistently with the
continuity equation. The upflow at the centre of the average supergranule is
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Figure 7.11: Inverted flows at 0.5 Mm depth. The colour map codes the vertical
flows, where positive value corresponds to upflow. The arrows correspond to
the horizontal flows. The reference arrow at left bottom corner corresponds to
250 m s−1 . The radius of the black dashed circle is 23 Mm.
compensated by the downflow at the edge of the average supergranule. In Fig. 7.11
there are inverted flows visualised via the colour map. One can see the upflow at
the centre and the downflow at the edge of the supergranule. The other annuli
correspond to supergranules which are next to the one which was averaged. Due
to no preferred position of the supergranules, the annuli around the average one
are formed.
The true localisation of the vertical flow inversion is plotted in Fig. 7.13. As
visible, the cross-talk components of the averaging kernel are negligible. The
inversion should not be called the “surface” inversion because of the deeper lobe.
The mean depth sensitivity of the inversion is 1.8 Mm. Therefore, it does not
surprise we detected the upflow with the amplitude of about 20 m s−1 .
In principle, the sound-speed perturbations at the solar surface can be measured
via intensity (or temperature) changes. There are two main issues in this approach.
First, one must subtract the limb darkening profile very precisely, and second,
the temperature changes due to the supergranulation are a few Kelvins only.
Even though the small temperature and intensity changes, Langfellner et al.
(2016) measured the intensity contrast of (7.8 ± 0.6) × 10−4 and corresponding
temperature changes of 1.1 ± 0.1 K. Similar results were observed also by other
authors (e.g. Meunier et al., 2007; Goldbaum et al., 2009).
The small amplitude of the sound-speed perturbations makes the inversion
difficult. In Figs. 7.14 and 7.15 there are two inverted results. At the first sight,
they are completely different. In Fig. 7.14 one can see increase in the sound speed
(or temperature) in the supergranule. In the other one, the result is completely
opposite. This does not have to be incorrect because both inversions might be
sensitive at different locations.
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Figure 7.12: Averaging kernel for the horizontal flows component inversion at
0.5 Mm depth.
10 -3
8
40

40

40

40

20

20

20

20

6
0

0

0

0

-20

-20

-20

-20

-40
-40

-40
-40

-40
-40

-40
-40

0

40

0

40

0

40

4
2
0

40
0

0

0

0

0

2

2

2

2

4

4

4

4

6

6

6

6

8

8

8

8

10
-40

0

40

10
-40

0

40

10
-40

0

40

10
-40

0

40

Figure 7.13: Averaging kernel for the vertical flows component inversion at 0.5 Mm
depth.
The localisations of the inversions are shown in Figs. 7.16 and 7.17. In the
case of the positive δcs in the supergranule centre, the cross-talk components of
the averaging kernel is extremely small and the inversion is well-localised around
the target depth. In the case of the negative δcs in the supergranule centre, there
are negligible cross-talk components as well, and the inversion scans the same
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Figure 7.14: The inverted sound-speed perturbations at 0.5 Mm depth. The radius
of the black dashed circle is 23 Mm.
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Figure 7.15: The inverted sound-speed perturbations at 0.5 Mm depth. The radius
of the black dashed circle is 23 Mm. The set of the trade-off parameters differs
from the set utilised in Fig. 7.14.
depths. Therefore, the inverted results should be comparable. This issue was very
common in our inversions for the vertical flows and the sound-speed perturbations.
̌vanda (2015), who utilised separate
The first one who noticed similar issues was S
inversions for the vector flows. Here, we found out the issue also in the case of
the sound-speed perturbations.
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Figure 7.16: Averaging kernel for the inversion of the sound-speed perturbations
at 0.5 Mm depth (positive δcs in the supergranule centre).
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Figure 7.17: Averaging kernel for the inversion of the sound-speed perturbations
at 0.5 Mm depth (negative δcs in the supergranule centre). The set of the trade-off
parameters differs from the set utilised in Fig. 7.16.
There are two quantities which enter the computation of the weights, the
sensitivity kernels and the noise covariance matrices. First, let’s assume the
suspicious input quantities are the sensitivity kernels which form the averaging
kernels. If the sensitivity kernels which correspond to a filter are incorrect, we
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Figure 7.18: Contributions to the horizontally averaged averaging kernel for the
sound-speed perturbations inversion at 0.5 Mm depth. Left: the inversion with
the positive δcs in the supergranule centre. Right: the inversion with the negative
δcs in the supergranule centre.
will see a different contribution into the vertical profile of the averaging kernel.
In Fig. 7.18 we plotted the filter contributions into the horizontal integral of the
averaging kernels. None of the individual filters (f , p1 to p4 , td2 to td11 ) changed
its sign and simultaneously had a significant contribution into the final averaging
kernel.
The systematic errors of the model are related with the sensitivity kernels as
well. These errors are completely unknown. Böning et al. (2016) compared two
models of sensitivity kernels. They found 0.3% discrepancy in the horizontal and
the total sensitivity kernel integrals of both models. Additionally, the detailed
structure of both models was different. Typically, in the helioseismic inversions
the possible systematic errors may be amplified because many sensitivity kernels
input the inversions. Furthermore, we combine many wavenumbers in order to fit
the target function precisely enough. Therefore, the errors of the order of 1% in
the detail structures are completely out of control.
The second problematic quantities can be the noise matrices. The noise
matrices are computed directly from the travel times. This can result in two
issues. First, we utilised the reference cross-correlation function computed as a
long-term average cross-correlation. Generally, this is not fully consistent with
the background Model S, and therefore with the sensitivity kernels. We computed
travel times by using the reference cross-correlation consistent with the sensitivity
kernels. The differences between both travel times were negligible. Second, the
mean travel times are spoiled by a systematic trend caused by foreshortening. The
trend must be subtracted from the mean travel times. We computed the trend in
the following way:
• compute a long-term (35 days) average of mean travel times,
• blur the average travel times with a wide Gaussian (FWHM = 30 Mm) in
order to remove small-scale structures,
• make the average travel times rotationally symmetric (property of the
foreshortening),
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• for each geometry compute medians of concentric circles which centre is in
the centre of the field of view (be careful close to edges of the field of view)
and replace the travel-times elements with the medians,
• blur the images constructed from the medians with a narrow Gaussian
(FWHM = 3 Mm) in order to remove discontinuities,
• subtract the mean values computed in the central areas of the images
(foreshortening is zero there).
In Fig. 7.19 one can see a travel time after the trend was removed and before the
supergranule alignment (left-hand side) and the corresponding trend (right-hand
side).
0
40

30
-5
20
-10

10

0
-15
-10
-20

-20

Figure 7.19: Mean f -mode travel time, ∆ ≈ 16 Mm. Left: the travel time after
the trend was subtracted and before the supergranules were aligned. Right: the
corresponding trend.
Considering the vertical flows and the sound-speed perturbations are sensitive
to the mean travel times, they are also sensitive to a process of the trend reduction.
̌vanda (2015) found out the same issues in the inversion for the
We note that S
vertical flows (he did not invert for the sound-speed perturbations) with the
difference travel times only. The difference travel times do not contain the trend.
Moreover, the inversion in the high-SNR regime is dominated by the misfit term.
The low noise regularisation controlled by the µ parameter made the potential
errors in the noise matrices unimportant. Therefore, the noise matrices should
not be the source of the issues.
Inversions at the other target depths
We computed the inversions at target depths of 0.2, 0.5, 1.0, 2.0, 3.0, 3.5, 4.0,
4.3 and 5.0 Mm. At depths smaller than 2.0 Mm the inverted vertical flows and
the sound-speed perturbations could be either positive (upflow or increase in
sound speed) or negative (downflow or decrease in sound speed) depending on
the trade-off parameters, even though the averaging kernels were comparable. At
depths equal or larger than 2.0 Mm the inverted vertical flows and the sound-speed
perturbation were negative for any combination of the trade-off parameters. The
localisation of the vertical flow inversions at the target depths larger than 2.0 Mm
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Figure 7.20: Inverted horizontal flows. The reference arrows at the left bottom
corners correspond to 250 m s−1 (0.2 and 1.0 Mm), 100 m s−1 (2.0 and 3.0 Mm),
and 50 m s−1 (3.5, 4.0, 4.3, and 5.0 Mm). At the depth 3.5 Mm and larger one
can see the systematic longitudinal flows. The radii of the black dashed circles
are 23 Mm.
was dominated by the regularisation terms. Therefore, the inversions were mostly
sensitive to shallow layers.
The inversions for the horizontal flows were consistent for all the target depths.
In the latitudinal direction the flows were always divergent. In the longitudinal
direction the flows were divergent as well, but at depths 2.0 Mm and larger we
detected systematic flows in the direction of the solar rotation. Therefore, the
purely divergent flows were changed. In Fig. 7.20 we plotted the horizontal flows
at the target depths different from 0.5 Mm. Due to a different amplitude of
the inverted flows at various depths, the length of the reference arrows at the
left bottom corners differs as well. At depths 0.2 and 1.0, the reference arrow
corresponds to 250 m s−1 , at depths 2.0 and 3.0 Mm it corresponds to 100 m s−1 ,
and at depths 3.5 Mm and larger it corresponds to 50 m s−1 . The divergent
character in the latitudinal direction is clearly visible. The systematic longitudinal
flows are visible from 3.5 Mm depths. We analysed the systematic flows and
summarised the results in the following section. We note that we did not detect a
trend in the latitudinal component.
Table 7.1 summarises the average maximum horizontal outflows and the mean
outflow. The maximum outflow was computed as an average of maximum outflows
at the given directions (longitudinal and latitudinal flows). This automatically
subtracts the additive trend. The mean outflow was computed as a mean value of
an annulus. The radius of the annulus corresponds to the maximum outflow in
latitudinal direction. This is necessary to cover a possible change in a size of the
average supergranule with depth. The width of the annulus is about 4.2 Mm. In
this case the trend was subtracted before computation. This value should be a
robust estimate of the divergent flows since it is the average over the whole polar
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Table 7.1: Maximum and mean horizontal outflows in the average supergranule.
The trend was subtracted.
target depth [Mm] 0.2 0.5 1.0 2.0 3.0 3.5 4.0 4.3 5.0
max (︂(vxinv ))︂ [m s−1 ] 245 328 222 78 82 39 66 30 29
max vyinv [m s−1 ] 244 324 221 79 82 39 66 30 29
236 310 213 76 75 36 59 27 27
⟨vhinv ⟩ [m s−1 ]
angle. One can see that without the trend, the amplitudes of both horizontal flow
components are comparable. The differences between the mean and the maximum
values are caused by the width of the annulus. We note that suspicious increase
in horizontal outflows at the first 0.5 Mm is caused by sensitivity of the inversion
at 0.2 Mm depth. This inversion had a deep lobe and thus, scanned locations
where the divergent flows had smaller amplitudes.
Comparison of vxinv and the model of rotation
At depths larger than about 2 Mm we detected significant systematic flows parallel
to the solar rotation. We tested whether the systematic flows were related to the
increase in the rotation rate at these depths. First, we selected a central part
of the inverted map. In order to increase the number of points in the statistical
computation, the radius of the selected part is about two diameters of the average
supergranule. We computed the mean value of the points along the solar equator.
Second, we utilised a model of solar rotation rate in shallow layers published by
Howe et al. (2000). Third, we subtracted the surface rotation since our datacubes
were tracked with a surface-rotation rate and thus are in the surface-rotation rest
frame. Finally, we smeared the rotation rate with the averaging kernels in order
to take into account the depth sensitivity.
In Fig. 7.21 the mean values and the rotation rates for various target depths
are plotted. The profiles look very similar especially up to depth of about 4 Mm.
The correlation coefficient of the two curves was 0.93. The mean value of the
model-to-inversion ration was 1.36. We note that the decrease in rotation rate
at the first megametre is caused by the depth sensitivity, because the inversion
at the target depth of 0.2 Mm had a non-zero sensitivity at deeper layers. The
difference between the inverted longitudinal flows and the model of rotation might
be caused by the fact that the averaged supergranules were not located at the
equator. The rotation rate decreases with an increase latitude. Therefore, the
trend in the inverted longitudinal flows must be lower than the model rotation
rate.

Conclusions
We performed helioseismic inversions for the vector flows and the sound-speed
perturbations in regions of the average supergranule at target depths of 0.2, 0.5,
1.0, 2.0, 3.0, 3.5, 4.0, 4.3, and 5.0 Mm.
In the case of the vertical flows, the noise suppression did not improve the
localisation of the inversions via lower noise regularisation. The inversions were
reasonably localised up to depth of about 2 Mm. At these depths we found the
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Figure 7.21: The mean trend of the inverted longitudinal flows and the model of
rotation smeared with the averaging kernels.
̌vanda (2015) even though we utilised
similar issues with the inverted results as S
different inversion setup. According to the trade-off parameters, the inverted
result changed their direction between upflow and downflow and, at the same time,
the averaging kernels were comparable. Moreover, the direction of the vertical
flow often changed with depth. We tested whether the issues are caused by the
sensitivity kernels or the travel times. Any suspicious behaviour was not found
in either of the quantities. Another possibility might be the cross-talk from the
horizontal flows due to a high symmetry of the average supergranule. In spite of
a high regularisation of the cross-talk, the issues remained. The most probable
sources of the issues were systematic errors of the sensitivity kernels. These errors
are completely unknown and may be amplified with the increase number of the
sensitivity kernels in the inversion setup.
A very similar story can be told about the inverted sound-speed perturbations.
The changing sign (positive for the increase and negative for the decrease in
sound speed) of the inverted results was found in this case as well. This is a new
̌vanda (2015) did not invert for the sound-speed perturbations. The
result since S
localisation of the inversions was generally better than the vertical flow inversions
and one can invert for the sound-speed perturbations up to about 4 Mm depth
with about 104 averaged supergranules.
We did not find these issues in the case of the horizontal flows. At all target
depths we found a strong divergent flows in latitudinal and longitudinal directions.
As the target depth increased, we detected systematic flows in direction of the solar
rotation. Therefore, the divergent longitudinal flows changed to more laminar
flows at larger depths. The systematic flows were compared to the solar rotation
rate at the equator. The comparison is plotted in Fig. 7.21. The systematic
flows were consistent with the increase in rotation rate up to the depth of about
4 Mm. The correlation coefficient of the systematic flows and the rotation profile
was 0.93, and the mean model-to-inversion ratio was 1.36. This result is a new
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and completely independent confirmation that the inverted horizontal flows are
roughly correct. Such a test was never done before on scales of local time-distance
helioseismology. The inverted horizontal flows are visualised in Fig. 7.20. The
inversions for the horizontal flows are generally better localised and up to the
depth of about 5 Mm, the inversions can be said to be inversions at the target
depth.
̌vanda
In future work we will apply the deconvolution method developed by S
and Kozon
̌ (2017) on the horizontal flows. We will be able to reconstruct the
horizontal flows at, in principle, any depth within the range of the target depths.
This can put a constraint to the amplitude and the direction of the vertical flows
via the continuity equation.
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7.3

One-sided arc averaging geometries
Article in preparation

7.3.1

Motivation

In the past, local helioseismology was utilised to search for evidence that a
magnetic flux tube rises through the convective zone, but without success (Chang
et al., 1999). A similar situation was repeated with inversions for plasma flows
in the vicinity of active regions (Zhao et al., 2001) or inversions for the soundspeed perturbations (Kosovichev, 2009). The inverted flows seemed to be very
chaotic and did not correspond to numerical simulations. This discrepancy was
subsequently attributed to the neglection of the magnetic fields in the helioseismic
inversions. Moradi et al. (2010) compared the results of different helioseismic
methods used to analyse the subsurface structure of a single sunspot. They showed
that the results were not consistent among the methods. The inverted flows differed
not only in structure and amplitude, but often also in sign, i.e. the direction of
the flows. Therefore, the vertical structure of sunspots in the subsurface layers is
still unknown. Furthermore, knowledge of the larger active region dynamics is
important since they can be potentially dangerous for the Earth through solar
flares.
Birch et al. (2010) showed that the dominant signal connected with the
magnetic flux tubes rising towards the surface corresponds to horizontal flows with
an amplitude of approximately 100 m s−1 . However, they noted that this signal
was too weak and suggested studying of an average active region. Birch et al.
(2019) followed up on this idea and found peculiar plasma flows on a supergranular
scale. The flows interacted with magnetic flux tubes during the formation of
active regions.
However, the ensemble average method assumes that the averaged active regions
have similar properties, e.g. they are at the same stage of evolution. Numerical
models of sunspots (e.g. Rempel et al., 2009) predict a specific character of plasma
flows in the vicinity of active regions. In the vicinity of an evolved sunspot, there
is the so-called moat. The moat is a place of systematic divergent subsurface flows
̌vanda et al., 2014). However, a depth
with a speed of about 500 m s−1 (see, e.g. S
structure of the moats is described differently by different authors. Numerical
simulations of sunspots (Rempel et al., 2009) lead to a more uniform flows at
the first few megametres below the surface. The standard helioseismic inversions
(Zhao et al., 2010) give us a completely different view, a multi-layer structure with
repeatedly changing signs of vector flows and sound-speed perturbations.
In this work, we want to introduce new type of one-sided averaging geometries
which minimise negative effects of the magnetic field to the helioseismic inversions.
The advantage of two-sided averaging geometries is mostly a noise reduction
because one computes a weighted average over a larger area. The disadvantage
of them is their insensitivity to inhomogeneities in the cross-correlation function
C. This is not an issue in regions of the quiet Sun. However, every time authors
tried to invert for conditions in an active region, they obtained biased results.
In active regions, sound waves are converted to magnetoacoustic waves which
propagate farther into the atmosphere (Schunker et al., 2013). Therefore, these
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waves are not trapped inside the Sun, and we cannot detect them. The energy of
remaining waves is lower as well as the amplitude of the cross-correlation function.
The amplitude of the cross-correlation function appears in “linear” definition of
travel times (GB04; Gizon and Birch, 2004) but not in “full” definition (GB02;
Gizon and Birch, 2002). This implies that one should not invert GB04 travel
times in active regions.
Moreover, two-sided averaging geometries are useless in magnetically active
regions. They average an active region with its quiet-Sun surrounding. The only
way how to solve this issue is to abandon two-sided geometries and implement
one-sided averaging geometries. The one-sided geometries do not mix the active
and the quiet-Sun regions as is illustrated in Fig. 7.22. In this figure, there is an
example of two-sided annulus averaging geometry which is sensitive to flows in x
direction (the outer circle) and the corresponding one-sided geometry (the inner
arc). The colour bar codes the weights of the weighted average for a point in the
origin [0, 0], the black contour corresponds to an edge of an artificial active region.
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Figure 7.22: Examples of two-sided (outer circle) and one-sided (inner arc) averaging geometries. The black contour is an edge of an active region. Two-sided
geometry averages the active and the quiet-Sun regions together while the onesided does not. Due to displaying purposes, the radii of the averaging geometries
are different.
On the other hand, one needs more one-sided geometries to get the same
quantity of information (twice more in this example) which slows down the
inversion. Additionally, it is possible that the level of the realisation noise is too
high to get any reasonable results.

7.3.2

Construction

In general, the arc geometry is defined by three numbers, the angular length of the
arc α, the orientation of the arc axis φ, and the distance ∆. First, we selected the
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three numbers. Second, we kept only angles in the interval ⟨φ − α/2; φ + α/2⟩.
Additionally, we applied a cosine weighting to the resulting arc. The weights are
zero at the edge of the arc, one at the centre, and between zero and one elsewhere
within the arc. The form of the function is
(︄

)︄

θπ
cos
,
α

(7.1)

where θ is the angle between a point within the arc and a reference direction
defined by the angle φ. Third, for each point we constructed a Gaussian with
FWHM of about 1.4 Mm (1 px). This creates an annulus at distance ∆ with the
given FWHM. The final geometry was created by multiplication of the Gaussian
annulus and the weighted arc. An example is shown in Fig. 7.22. In this case
φ = 0, α = π/4, and ∆ ≈ 22 Mm. We can reconstruct the standard annulus
geometries. e.g. the east-west geometry is obtained from a combination of φ1 = 0,
α1 = π (east), and φ2 = π, α2 = π (west).

7.3.3

Consistency checks

In our inversions we utilised φ from 0 to 2π − α with the step α = π/4. Hence,
we covered all directions. The step was selected in order to force the symmetries
of the sensitivity kernels without usage of an interpolation. As a test of the
new geometries, we chose a reconstruction of the annulus geometries from the
arc ones. Because of our selected α =
̸ π, we could obtain approximate equality
only. We note that the reference cross-correlation utilised during the travel time
measurements was obtained as a long-term average (90 days) cross-correlation.
In Figs. 7.23 and 7.24 we plotted travel times computed in classical annulus
geometries and their reconstruction by using the new arc geometries. The travel
times were measured from 24-hour average of observed Dopplergrams. The
Dopplergrams were carried-out on 8 January 2011. The Carrington coordinates
of the central part are 156.6◦ longitude and −3.8◦ latitude. We also showed
the geometry kernels of the plotted travel times. In Fig. 7.23 one can see the
comparison to the annulus geometries which are independent of the wave trajectory
(the outflow-inflow and the mean geometries), while in Fig. 7.24 the comparison
to the annulus geometries which depend on the wave trajectory (the east-west
and the north-south geometries). All corresponding subplots have the same colour
map. In Table 7.2 we summarised the statistical information about the comparison
between the annulus travel times and their reconstruction via the arc travel times.
In the case of the outflow-inflow (denoted by o-i) and the mean (denoted
by mn) geometries, the travel times reconstructed from the arc geometries were
nearly the same. The travel times could not be exactly the same since the
corresponding averaging geometries differed. The correlation coefficient between
the two averaging geometries was 0.9, between the o-i travel times 0.87, and
between the mean travel times 0.81. Even the amplitudes of the travel times
are comparable, the rms of the difference of the o-i travel times was equal to 13
seconds, and in the case of the mean travel times to 7 seconds only.
In the case of the east-west (denoted by e-w) and the north-south (denoted by
n-s) the reconstructed travel times differ slightly more than in the case of the o-i
and the mean geometries due to the corresponding averaging geometries differed
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Figure 7.23: Outflow-inflow and mean f -mode travel times with ∆ ≈ 22 Mm and
their reconstruction by using the arc geometries.
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Figure 7.24: East-west and north-south f -mode travel times with ∆ ≈ 22 Mm and
their reconstruction by using the arc geometries. Only the east-west averaging
geometry is showed.
more. Despite this, the correlation coefficients between the corresponding travel
times were 0.74 (e-w) and 0.73 (n-s). The rms of the differences between the
corresponding travel times were 10 seconds in both cases.
Histograms computed from the annulus and the corresponding arc-to-annulus
travel times are plotted in Fig. 7.25. In each subplot, the black histogram corresponds to the arc-to-annulus travel time, and the yellow histogram corresponds to
the annulus travel time. Bin widths are 5 seconds and counts are in thousands.
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Table 7.2: Correlation coefficients and rms obtained from the comparison between
the arc and the annulus geometries.
corr (arc
corr (arc
corr (arc
corr (arc

→
→
→
→

o-i, o-i)
mn, mn)
e-w, e-w)
n-s, n-s)

0.87
0.81
0.74
0.73

rms [(arc
rms [(arc
rms [(arc
rms [(arc

→
→
→
→

o-i) − o-i]
13.3 s
mn) − mn]
7.1 s
e-w) − e-w] 9.7 s
n-s) − n-s]
9.8 s

Figure 7.25: Histograms computed from the arc-to-annulus and the annulus
f -mode travel times, ∆ ≈ 22 Mm. The black bars correspond to the arc-toannulus geometries, and the yellow bars correspond to the annulus geometries.
Another necessary consistency check was related with the Eqs. (5.1) and (5.2).
If all the pipelines were self-consistent, the results computed by these equations
must be the same. In this test we utilised the surface f mode only. First, we
computed the weight functions waα for the f -mode arc geometries and constructed
the averaging kernels via Eq. (5.3). Second, we utilised a snapshot of a realistic
simulation of the convective zone computed by Rempel (2014). This was very
useful because we knew the exact forms of the perturbed quantities δq β . Third,
we generated a random realisation of the realisation noise na via a generator of
̃ (k) for each wave vector separately.
multivariate normal numbers utilised the Λ
Now, we had all the ingredients needed according to Eq. (5.2) and we computed
the inverted result.
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The other part of this consistency check is related to Eq. (5.1). The weight
function and the realisation noise were computed in the previous step. Therefore,
we could compute the travel times which corresponded to the perturbations present
in the simulation. The travel times were computed via Eq. (2.34). The travel times
were smeared with the weight function according to Eq. (5.1) and we obtained
the second independent inverted result.
The pipelines are consistent with themselves only if
1. Eq. (5.1) → δqαinv = δqαinv ← Eq. (5.2),
[︄

2. rms

]︄
∑︁
i, a

waα

a

(ri − r0 ; z0 ) n (ri ) =

√︃ ∑︁
i, j, a, b

waα (ri ; z0 ) Λab (ri − rj ) wbα (rj ; z0 ).

In the top row of Fig. 7.26 we plotted the inverted results for longitudinal flows
computed via Eqs.(5.1) and (5.2), in the bottom row there are the difference
between both results and the ideal answer. The ideal answer corresponds to
the first term in Eq. (5.2) where the averaging kernel Kαα is replaced by the
target function T . In the corresponding subplots, the colour bars are the same.
The difference between the inverted results (left bottom panel) was negligible.
The difference was not exactly zero because of numerical errors. The predicted
errors of the inverted quantities were 1.4 m s−1 in both cases. Therefore, all the
modifications of the pipelines (see Sec. 6) in order to cover the arc geometries
seemed to be consistent with themselves.

7.3.4

Travel-time trends

As well as the mean geometry, the arc geometries contain a trend. The origin of
the trend is in foreshortening. Due to the one-sided character of the arc geometries
and narrower arc widths, the radial trend observed in the mean travel times is
transformed into a band-like trend. The band orientation corresponds to the φ
angle of the geometry. The trend was computed in the following way:
• compute a long-term (35 days) average of all arc geometries,
• blur the average travel time with a wide Gaussian (FWHM = 30 Mm) in
order to remove small-scale structures,
• make the blurred travel time symmetric with respect to the axis of symmetry,
• fit each line parallel to the axis of symmetry (rows, columns, or diagonals)
with the parabola (be careful close to edges of the field of view) and replace
the travel-times elements with the values of the parabola,
• blur the image constructed from the parabolas with a narrow Gaussian
(FWHM = 3 Mm) in order to remove discontinuities,
• subtract the mean value computed in the central area (foreshortening is zero
there).
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Figure 7.26: Comparison of the inverted flows and the target-function smoothed
flows.
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Figure 7.27: Mean f -mode travel time, ∆ ≈ 16 Mm. Left: the travel time after
the trend was subtracted. Right: the corresponding trend.
In Fig. 7.27 we showed a travel time after the trend was removed (left-hand side)
and the corresponding trend (right-hand side). The band character of the trend is
clearly visible. The correspondence of the band-like trend and the foreshortening
was shown in Fig. 7.23 where the band-like trends were put together and the
well-known radial trend appeared.
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The trend caused by foreshortening should be maximal at the centre of the
field of view. It is not fulfilled in most of the arc geometries. We tested whether it
is related with the observed central latitude or the geometry type. In Fig. 7.28 we
plotted position of a trend maximum as a function of observed central latitude.
It seems, there is no dependency on the observed latitude. The same conclusion
holds for the geometry type, too. Therefore, the shift of the trend maximum is of
an unknown origin.

Figure 7.28: Dependency of the central observed latitude and maximum of the
trend along the axis of symmetry. The black dashed line corresponds to the centre
of the field of view.

7.3.5

Noise matrices

The noise matrices Λab were computed similarly as in the case of the annulus
geometry (see Sec. 6.2). Because of the one-sided character of the arc geometries,
the noise matrices were not symmetrical for a ̸= b. We illustrated the computation
of the noise matrices in Fig. 7.29. In each column, there is one part of the
computation. In the top row, there is an example of Λab for a = b and in the
bottom row for a ̸= b. First, we fitted cross-covariance according to diagram
in Fig. 6.5. The fitted noise matrices were not localised. This might be caused
by a remaining trend in the travel times. Therefore, after the symmetrisation
(Fig. 6.6) we applied an additional Gaussian filter. The noise covariance matrix
was multiplied by the Gaussian which FWHM ≈ 6 Mm (a few correlation lengths).
The symmetrised noise matrices were made positive semi-definite (Fig. 6.7).

7.3.6

Travel times close to the sunspot

Let’s assume a circular sunspot with a centre at the position r0 , the radius ρ,
and a travel time averaging geometry with the distance ∆. In classical annulus
outflow-inflow geometry, points affected by the sunspot are located in a circle
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Figure 7.29: Individual parts of Λab computation. Top row: a = b; bottom row:
a ̸= b. Left column: after the fit; middle column: after symmetrisation and filter
application; right column: after making positive semi-definite. The colour bars
are the same in each row.
with centre at r0 and the radius ρ + ∆. In one-sided arc geometries with the
orientation φ, the affected points are inside an ellipse-like figure with major axis
along the arc geometry (in the φ direction). The length of the semi-major axis
differs in each side of the figure. In the direction φ + π the length is ρ + ∆. Due
to the one-sided character, in the direction φ the affected points are at distance ρ
from the centre (see Fig. 7.22). This holds true for a general shape of a sunspot.
Therefore, if we combine inversions with different φ, we can reconstruct radial
flows around the sunspot.
We computed travel times around the active region NOAA 11084 on 2 July
2010 to demonstrate this effect. The active region NOAA 11084 was a circular
H-type sunspot. The travel times are visualised in Fig. 7.30. In the left part of
the figure, there is the f -mode travel time of outflow-inflow annulus geometry
with ∆ ≈ 29 Mm (GB04 approach). In the right part of the figure, there is the
f -mode travel time of arc geometry with φ = π and ∆ ≈ 29 Mm (GB02 approach).
The black central contours bound points which are affected by the sunspot in
the outflow-inflow travel time. The red arcs indicate the orientation of the arc
geometry. As one can see, the amplitude of the arc travel time is decreased in
similar regions as the annulus travel time. The difference can be seen along the
line y = 0 Mm, where from about x = −5 Mm to about x = −20 Mm, there is a
strip with non-reduced amplitude (indicated by the red arc). The one-sided travel
times in this geometry contain a non-disturbed information about flows in the
eastern direction (within the segment represented by this arc).
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Figure 7.30: The f -mode travel times with ∆ ≈ 29 Mm around the active region
NOAA 11084 on 2 July 2010. Left: outflow-inflow annulus geometry; GB04.
Right: one-sided arc geometry with φ = π; GB02. The black contours on both
plots bound points with are affected by the sunspot in the outflow-inflow geometry.
The red arcs indicate the orientation of the arc geometry.

7.3.7

Conclusions

In this work we introduced the one-sided arc averaging geometries. The one-sided
arc geometries take into account possible inhomogeneities in the vicinity of the
point of interest. This property can be very useful especially in magnetic regions,
which is the main advantage of the arc geometries over the standard annulus
geometries.
In principle, the arc geometries can be considered a superset of the annulus
geometries. We utilised a set of arc geometries with a narrow arc width. Such a
subset of all the possible arc geometries is not fully compatible with the annulus
geometries. As one of two consistency checks we reconstructed travel times
measured in the annulus geometries via the arc geometries. The results are shown
in Figs. 7.23 (o-i and mn geometries) and 7.24 (e-w and n-s geometries). Even
though the averaging geometry cannot be the same, the reconstructed travel times
were very similar. The correlation coefficients were from 0.73 to 0.87. A slightly
lower correlation was computed in the cases of the e-w and n-s geometries. This
was connected with the weighting of the annulus with the cosine or the sine, which
reduced the number of non-zero arc geometries from eight to six. In the cases
of the o-i and mn geometries, we could use all 8 arc geometries. Therefore, the
reconstructions were more precise in the cases of o-i and mn geometries.
The other consistency check was focused on the consistency of all computational
pipelines and numerical errors. In this test we utilised a snapshot of a realistic
simulation of the convection zone. With the known perturbations δq β presented
in the simulation and realisation noise na , we computed the forward perturbed
travel times δτ a via Eq. (2.34). The weight functions waα resulted from the
inverse problem solution. These quantities are ingredients which are necessary for
computation of the inverted quantity. The inverted quantity can be computed
via Eq. (5.1) or Eq. (5.2). If all the pipelines are consistent, the inverted results
are the same, as well as the estimated uncertainties. The difference between both
inverted results were of the order of 10−12 m s−1 (see left bottom panel in Fig. 7.26).
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This discrepancy is caused by numerical errors. The uncertainty estimations were
1.4 m s−1 in both cases. Therefore, we did not have any indication which pointed
out inconsistency in our arc-geometry pipelines.
In data-driven travel times we detected a band-like trend. The trend was associated with foreshortening. The band-like appearance of the trend is a consequence
of one-sided character of the arc geometries. A standard radial foreshortening
trend was reconstructed from the arc geometries. The reconstruction is shown in
the middle column of Fig. 7.23. The orientation of the band-like trend corresponds
to the orientation of the arc. We proposed a method of the trend subtraction. In
Fig. 7.27 we illustrate the correctness of the method.
In future work we will apply the arc geometries in magnetic regions. We will
utilise the surface inversions where we can compare the inverted results with other
methods independent of helioseismology. The ideal reference method seems to
be local correlation tracking method, especially the advanced coherent structure
tracking (CST; Rieutord et al., 2007) method. This method is independent
of magnetic fields. If our inverted result and the CST result are comparable,
we will perform inversions at deeper layers, which can be compared with the
state-of-the-art models of magnetic regions.
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Conclusions
In the course of working on my dissertation, I obtained results of three different
kinds.
First, we constructed and validated the combined inversion setup. In Korda
̌vanda (2017) and Korda and S
̌vanda (2019) we introduced and validated the
and S
extended pipeline. The extension consisted in the combination of the mean and
the difference geometries in one inversion setup. We showed that this combination
enabled the user to invert for the full vertical flow component and not only its
horizontal variations as before. Moreover, we found that separate inversion of
sound-speed perturbations are contaminated with the cross-talk originating in
vector flows. Therefore, the combined inversion which naturally combines vector
flows and sound-speed perturbations into one inversion setup is necessary for
inversions of sound-speed perturbations, otherwise the cross-talk cannot be dealt
with.
Second, we applied this method to real data. In Korda et al. (2019) we
compared the extended method against another validated method implemented in
JSOC, Stanford University. The JSOC method is based on a different inversion
technique (see Sec. 4.1) and its results are available freely online. We found out
that the correspondence of both inversion methods is very good in the case of the
inversions for horizontal flows. In the case of sound-speed perturbations, there is
only one structure in JSOC result amplitude of which is above the noise level. In
our inversions we found the same structure at the same coordinates. Moreover,
due to noise minimisation there are much more structures in our inverted map.
Additionally, the JSOC sound-speed inversion is a separate inversion, therefore
it is contaminated by (positively) correlated cross-talk with vector flows. This
results in a larger amplitude of JSOC inverted maps.
In Wollmann et al. (2020) we studied plasma flows under an erupting filament.
We found a convergent horizontal flows and an increase in velocity magnitude
in the vicinity of the filament just before the filament activation. The velocity
magnitude sharply decreased after the filament activation. We observed the
increase followed by the steep decrease in a longitudinal average of differential
rotation as well.
We studied plasma flows and sound-speed perturbations in the average supergranule. Supergranules are thought to be a consequence of thermal instability in
upper layers of the convective zone. Many people study supergranulation via a
forward modelling, and their results are very diverse. The results of our inverse
method indicate that there is a strong horizontal divergent flow from the centre
of supergranules. Moreover, we were able to detect a trend in the longitudinal
flow component. The trend is consistent with changes in the solar rotational rate.
Third, we focused on time-distance inversions in active regions. The interaction
of sound waves with magnetic fields causes the dissipation and conversion of sound
waves into magnetoacoustic waves. Moreover, commonly used averaging geometries
are not suitable for inversions in regions without transversal symmetry because
the inhomogeneities are smoothed too much. For this reason we constructed new
type of one-sided arc geometries which can be handy in problems of this type.
We reconstructed the standard annulus geometries via the arc geometries. The
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correlation coefficients between the annulus geometries and the reconstructed
annulus geometries were always large (at least 0.73). The remaining discrepancy
was mostly caused by the fact that the annulus geometries cannot be fully
reconstructed from our set of the arc geometries. Similarly as in the case of the
mean geometry, we found a trend in travel times of the arc geometries. The trend
has a band-like shape. The inclination of the trend is the same as the inclination
of the arc. During the mean travel time reconstruction, we reconstructed even the
trend of the mean travel time. Therefore, the band-like trend of the arc geometries
has its origin in foreshortening too. The band is a consequence of narrow arcs
and one-sided character of the arc geometries. We validated this method by using
a snapshot of a realistic model of the solar convection.
In this thesis we wanted to show that the study of the waves and their
interaction with matter contains much information about the matter. At this time
there are only few celestial bodies whose non-radial pulsations can be studied.
We described the study of the waves propagating inside the Sun and other stars.
Helioseismic methods were utilised also on Jupiter (Lognonné and Mosser, 1993)
and Saturn (Hedman and Nicholson, 2013) but there one must deal with additional
Doppler shift due to motion of the atmospheres.
At this time there are two solid bodies at which we can measure properties of
seismic waves. In the case of the solid bodies, the hydrodynamic equations do
not represent the state of matter well and must be changed to the viscoelastic
equations. The first body is the Earth. The seismic waves in the Earth are
generated by earthquakes. “Classical” seismology profits from the fact that the
source is localised in a small volume. In addition, the source of the sound waves is
not a stochastic process. Therefore, the noise term, which is dominant in the case
of helioseismology, is very small there and our knowledge of the internal structure
of the Earth is very detailed. If one does not want to wait for an earthquake,
one can study waves which are generated by tides. This situation is much closer
to the case of helioseismology because the source is turbulence in water and the
realisation noise occurs. The second body is Mars studied by the InSight (Interior
Exploration using Seismic Investigations, Geodesy and Heat Transport) robotic
lander. The InSight lander has measured since 26 November 2018.
To study the other solid bodies in the solar system, people are planning to send
seismic sensors there. In around 2025 there should be the Europa lander mission
which will study the Europa’s interior and a year later in 2026 the Dragonfly
mission which will study Titan. There is also possibility of renewal of seismic
waves detection on the Moon via the Lunar Geophysical Network project.
In the future one can imagine that the study of other icy moons can bring us
a lot of information about their internal structure including chemical composition.
Material properties of asteroids are not known with high precision as well. Such
properties can be studied in situ (which is not acceptable in the case of icy moons
due to possible contamination with microorganisms) or via seismology.
At the end, we hope that when the reader crosses the river and looks down at
the wavelets, the reader will not only see the wavelets, but the possibilities and
opportunities encoded in them. This is the real art hidden in seismology.
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Combined helioseismic inversion – first
results
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perturbations. In S
̊, J., editors, WDS’17 Proceedings
of Contributed Papers, 19–27.] we described the method which we utilised in
the other articles. We introduced the combined inversion for vector flows and
sound-speed perturbations and our motivation for this extension. The origin of
data and their processing is briefly discussed. The extended pipeline and its first
results were present in this article as well.
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ploiting solar visible-range observations by inversion techniques: from
flows in the solar subsurface to a flaring atmosphere. In Kabáth, P.,
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