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Abstract: Convergence behavior of Krylov subspace methods is often studied for linear
algebraic systems with symmetric positive definite matrices in terms of the condition
number of the system matrix. As recalled in the first part of this thesis, their actual
convergence behavior (that can be in practice also substantially affected by rounding
errors) is however determined by the whole spectrum of the system matrix, and by
the projections of the initial residual to the associated invariant subspaces. The core
part of this thesis investigates the spectra of infinite dimensional operators −∇ · (k(x)∇)
and −∇ · (K(x)∇), where k(x) is a scalar coefficient function and K(x) is a symmetric
tensor function, preconditioned by the Laplace operator. Subsequently, the focus is on
the eigenvalues of the matrices that arise from the discretization using conforming finite
elements. Assuming continuity of K(x), it is proved that the spectrum of the preconditioned infinite dimensional operator is equal to the convex hull of the ranges of the diagonal
function entries of Λ(x) from the spectral decomposition K(x) = Q(x)Λ(x)QT (x). The
other main contribution states that in the discrete case the values of k(x) give close
approximations to all individual eigenvalues of the associated preconditioned matrix.
To the best of our knowledge these results provide for the first time detailed information
about the whole spectra of the infinite dimensional operators and of the matrices resulting
from their FEM discretizations. This information is readily available using the function
values of k(x) and K(x). The presented results can motivate new path in investigation
of preconditioning for symmetric problems.
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Abstrakt: Konvergenčnı́ chovánı́ krylovovských metod pro řešenı́ lineárnı́ch algebraických
rovnic s pozitivně definitnı́ symetrickou maticı́ je často spojováno s čı́slem podmı́něnosti
matice. Jak je však shrnuto v prvnı́ části disertace, jejich skutečné konvergenčnı́ chovánı́
(které může být v praktických výpočtech významně ovlivněno zaokrouhlovacı́mi chybami)
je určeno celým spektrem matice a projekcemi počátečnı́ho rezidua do odpovı́dajı́cı́ch invariantnı́ch podprostorů. Jádro práce spočı́vá ve vyšetřovánı́ spekter nekonečně dimenzionálnı́ch operátorů −∇ · (k(x)∇) a −∇ · (K(x)∇), kde k(x) je skalárnı́ funkce a K(x) je
symetrická tensorová funkce, předpodmı́něných pomocı́ Laplaceova operátoru. Následně
je pozornost zaměřena na vlastnı́ čı́sla matic vzniklých diskretizacı́ pomocı́ konformnı́
metody konečných prvků. Za předpokladu spojitosti funkce K(x) je dokázáno, že spektrum přı́slušné předpodmı́něnému nekonečně dimenzionálnı́mu operátoru je ekvivalentnı́
konvexnı́ obálce oborů hodnot funkcı́ diagonálnı́ho tenzoru Λ(x) ze spektrálnı́ho rozkladu
K(x) = Q(x)Λ(x)QT (x). V diskrétnı́m přı́padě je dále dokázáno, že hodnoty funkce k(x)
dobře aproximujı́ všechna vlastnı́ čı́sla přı́slušné předpodmı́něné matice.
Podle našeho nejlepšı́ho vědomı́ jsou tyto výsledky prvnı́, které poskytujı́ takto detailnı́
informaci o celém spektru nekonečně dimenzionálnı́ch operatorů a přı́slušných konečněprvkových matic. Tato informace je snadno dostupná pomocı́ hodnot funkcı́ k(x) a K(x).
Dosažené výsledky mohou motivovat novou cestu ve studiu předpodmı́něnı́ symetrických
problémů.
Klı́čová slova: Krylovovské metody, spektrálnı́ informace, konvergence, zaokrouhlovacı́
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1. Introduction
Krylov subspace methods for solving linear systems Ax = b and eigenvalue problems
Ax = λx are considered among the top 10 algorithms of the 20th century (see (Dongarra
and Sullivan, 2000, Cipra, 2000)). They are especially useful when dealing with problems
with large and sparse system matrix A; the matrix even does not have to be assembled
explicitly and it is sufficient to have efficient routine for computing the matrix-vector
multiplications.
In this thesis we consider Krylov subspace methods in the context of numerical solution
of partial differential equations (PDEs). We restrict ourselves to problems where the
associated infinite dimensional operator A : V → V # is self-adjoint and bounded and the
matrix A resulting from discretization is Hermitian (here V denote the associated Hilbert
space and V # its dual). Then the convergence behavior of Krylov subspace methods,
such as the method of conjugate gradients (CG) or the method of minimized residuals
(MINRES), is completely determined by the full spectral information given by the studied
system.1
In the mostly expository chapter 2, important for understanding of the main results
in chapters 3 and 4, we briefly describe the mathematical properties of the CG method.
The well-known relationship with Gauss-Christoffel quadrature approximation of the
Riemann-Stieltjes distribution function determined by the input data reveals the strong
nonlinearity of CG. Since the implementations are based on short recurrences, convergence
behavior is in finite precision arithmetic in most practically important cases significantly
delayed due to loss of orthogonality among the computed direction vectors. In order to
briefly summarize the main results in the analysis of the CG method in finite precision
arithmetic, we quote parts of the paper (Gergelits and Strakoš, 2014).2 This paper studies the so-called composite convergence bounds derived assuming exact arithmetic and it
demonstrates that any consideration concerning the CG rate of convergence relevant to
practical computations must include analysis of effects of rounding errors. In the rest of
the chapter we follow the ideas presented, e.g., in (Liesen and Strakoš, 2013, Chapter 5)
and (Gergelits, 2013). We associate the exact arithmetic entities with their finite-precision
counterparts in later iterations, with quoting parts of conference proceedings contribution (Gergelits et al., 2018).3 We observe that even non-monotonic entities (e.g. the norm
of the CG residuals) resulting from finite precision computations can be associated with
their exact arithmetic counterparts.
In the context of numerical solution of PDEs, efficient numerical computation requires
preconditioning. Spectral information of the preconditioned algebraic system resulting
from discretization is naturally connected to the spectral properties of the underlying
preconditioned infinite dimensional problem. Motivated by this reasoning, this thesis
considers a class of second order PDEs preconditioned by the Laplace operator, and it
studies spectra of the self-adjoint infinite dimensional preconditioned operators. The
obtained results are subsequently linked to the eigenvalues of the preconditioned matrices
resulting from the discretization of the boundary value problems (BVPs) using finite
element method (FEM).
1

The spectral information is not descriptive for the convergence behavior of Krylov subspace methods
in general.
2
Its full text was presented in the master thesis (Gergelits, 2013),
3
Its full text was presented in the PhD thesis (Kubı́nová, 2018).

3

Standard results in the field of operator preconditioning bound the extreme eigenvalues
of the preconditioned matrix independently of the mesh size of the discretization (and
eventually also of some problem parameters). However, as Krylov subspace methods
are strongly nonlinear in the input data (matrix and the initial residual), convergence
bounds based on single number characteristics, such as the condition number, are typically
incapable to capture the actual convergence behavior. Therefore we must concentrate on
investigating full spectra of the preconditioned operators.
The main contributions of this thesis, contained in chapters 3 and 4, are motivated by
the paper (Nielsen et al., 2009), where the authors consider a second order elliptic PDE
−∇ · (k(x)∇u) = f for x ∈ Ω,
u = 0 for x ∈ ∂Ω,

(1.1)

with the uniformly positive and bounded scalar function k(x) on an open and bounded
domain Ω. They study the spectrum of the preconditioned operator L−1 A defined as the
complement of the resolvent set
{︂

}︂

sp(L−1 A) ≡ λ ∈ C : resolvent λI − L−1 A does not have a bounded inverse ,
where L : H01 (Ω) → H −1 (Ω) and A : H01 (Ω) → H −1 (Ω) are defined by the standard
integral formulation of the Laplace operator and the self-adjoint operator −∇ · (k(x)∇)
on the left-hand side of (1.1), respectively. Here H01 (Ω) and H −1 (Ω) denote the associated
Sobolev spaces. In short, (Nielsen et al., 2009) proves that under assumption of the continuity of k(x), its range is contained in the spectrum of the preconditioned operator L−1 A.
Considering the standard FEM discretization with nodal polynomial basis functions, the
authors also conjecture that the spectrum of the resulting preconditioned matrix L−1 A
can be approximated by the nodal values of the function k(x).
Motivated by this conjecture and experimental evidence, we present in Chapter 3,
which includes the results from the published paper (Gergelits et al., 2019), considerably
stronger result. Using only technical assumptions on k(x), we show that the eigenvalues
of the preconditioned matrix L−1 A can be paired with the resolution dependent intervals
around the nodal values of the function k(x). These intervals tend to the nodal values as
the resolution increases. The proof non-trivially combines arguments from perturbation
theory of symmetric matrices with the classical result from the theory of bipartite graphs.
As a consequence, if k(x) is constant on a part of the computational domain that contains
the supports of one or more basis functions, then the function value of k(x) determines the
associated eigenvalue exactly, with its multiplicity being at least the number of involved
supports. If k(x) is slowly changing over the support of some basis function, then we get
a very accurate localization of the associated eigenvalue. Assuming smoothness of k(x)
in the node, the estimated difference between the eigenvalues and the paired nodal values
decreases at least linearly as the mesh is refined.
In Chapter 4 we consider more general class of two-dimensional problems with the
self-adjoint operator
−∇ · (K(x)∇),
where the scalar coefficient function k(x) is replaced by the bounded symmetric tensor
K(x). The first part of the chapter includes the results from the paper (Gergelits et al.,
2020), which is to appear. Here, using the spectral decomposition of the tensor K(x),
(︄

K(x) = Q(x)

κ1 (x)
0
0
κ2 (x)
4

)︄

QT (x),

where Q(x) is an orthogonal matrix function, we present a full characterization of the
spectrum of the associated self-adjoint preconditioned operator L−1 A. Assuming continuity of K(x) throughout the closure of Ω, we prove that the spectrum equals the convex
hull of the ranges of the functions κ1 (x) and κ2 (x) from the spectral decomposition,
sp(L−1 A) = Conv(κ1 (Ω) ∪ κ2 (Ω)),
{︂

(1.2)

}︂

where κi (Ω) = κi (x), x ∈ Ω , i = 1, 2. The result holds for second order differential
operators with definite, semidefinite and indefinite tensors. Moreover, in addition to the
inclusion proved for the scalar case in (Nielsen et al., 2009), it gives characterization of
the whole spectrum. It consists not only of the union of the individual ranges
κ1 (Ω) ∪ κ2 (Ω),
but in the case that κ1 (Ω) and κ2 (Ω) do not overlap, it contains the gap between them. In
the second part of the chapter we investigate the eigenvalues of the preconditioned matrix
L−1 A associated with the discretization of the infinite dimensional operator L−1 A. Using
the same technique as in (Gergelits et al., 2019), we prove the existence of one-to-one
pairing between the individual eigenvalues of L−1 A and the intervals determined by the
images of functions κi (x), i = 1, 2, over the supports of the finite element nodal basis
functions.
Summarizing, the content of chapters 3 and 4 shows that detailed information about
the spectrum of the preconditioned infinite dimensional operator and the eigenvalues of
the preconditioned matrix resulting from its discretization is readily available from the
data of the problem (the scalar function k(x) in Chapter 3 and the tensor function K(x)
in Chapter 4). These results seem to be of principal theoretical and practical importance.
The full text of the SIAM Journal on Numerical Analysis papers (Gergelits et al., 2019,
2020) is included in the thesis as an attachment.
Chapter 5 wraps up and formulates some open problems.

Bibliography
Cipra, B. A. (2000). The best of the 20th century: Editors name top 10 algorithms. SIAM
News, 33(4).
Dongarra, J. and Sullivan, F. (2000). The Top 10 Algorithms (Guest editors’ introduction). Comput. Sci. Eng., 2(1):22–23.
Gergelits, T. (2013). Analysis of Krylov subspace methods. Master’s thesis, Charles
University, Prague, The Czech Republic.
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2. Finite precision computations
with the method of conjugate
gradients
The method of conjugate gradients (CG) was introduced in the seminal paper (Hestenes
and Stiefel, 1952). The Lanczos method for approximation eigenvalues and a method for
solving linear systems using the Lanczos algorithm (which is mathematically equivalent to
CG) has been introduced in (Lanczos, 1950) and (Lanczos, 1952), respectively. The early
history of related papers is presented in the unique survey (Golub and O’Leary, 1989).
Among many monographs covering Krylov subspace methods and CG in particular, we
point out (Fischer, 1996, Greenbaum, 1997, Meurant, 1999, 2006, Saad, 2003) and (van der
Vorst, 2003). This chapter benefits from the monograph (Liesen and Strakoš, 2013),
which focuses on the mathematical fundamentals of Krylov subspace methods, and from
the exposition in the paper (Gergelits and Strakoš, 2014). The extensive review of the
properties of CG and the Lanczos method in finite precision computations can be found,
e.g., in (Meurant and Strakoš, 2006).
The CG method was soon after its introduction also formulated in infinite dimensional
Hilbert spaces; see, e.g, (Karush, 1952, Hayes, 1954, Vorobyev, 1954, Daniel, 1967), etc.
In the context of numerical solution of partial differential equations (PDEs) the operator
preconditioned CG can be found, e.g., in (Günnel et al., 2014, Málek and Strakoš, 2015).
The objective is to solve the functional equation
Ax = b,

A : V → V #, b ∈ V #,

(2.1)

with A self-adjoint, bounded and coercive. V is an infinite-dimensional Hilbert space
equipped with the inner product (·, ·)V : V × V → R and V # its dual with the duality
pairing ⟨·, ·⟩ : V # × V → R.
Using the Riesz map
τ :V# →V
(2.2)
determined by the choice of the inner product on V ,
(τ f, v)V ≡ ⟨f, v⟩,

for all f ∈ V # , v ∈ V,

(2.3)

the problem (2.1) can be transformed using (2.2) to the problem in the function space V ,
τ Ax = τ b.

(2.4)

Since τ A : V → V , the powers (τ A)n as well as the Krylov subspaces
Kn (τ A, τ b) = span(τ b, τ A τ b, . . . , (τ A)n−1 τ b),

n = 1, 2, . . .

(2.5)

are well defined and the CG method can be given in the following algorithmic form; see,
e.g., (Málek and Strakoš, 2015, Algorithm 2).
The transformation of (2.1) to (2.4) using (2.2) is commonly called operator preconditioning mentioned above and it motivates construction of acceleration techniques
used in order to improve the behavior of iterative methods for solving associated discretized problems; see, e.g., Faber et al. (1990), Axelsson and Karátson (2009), Günnel et al.
(2014), Málek and Strakoš (2015) and the references therein.
7

Algorithm 1 The CG method in Hilbert space
Input: Given A, b, x0 and τ
r0 = b − Ax0
p0 = τ r0
for n = 1, 2, . . . do
rn−1 ,τ rn−1 )V
αn−1 = (τ(τAp
n−1 ,pn−1 )V
xn = xn−1 + αn−1 pn−1
rn = rn−1 − αn−1 Apn−1
rn ,τ rn )V
βn = (τ r(τn−1
,τ rn−1 )V
pn = τ rn + βn pn−1
end for
In this context, the Laplace operator preconditioning studied in chapters 3 and 4
corresponds to the choice of the inner product
(u, v)V ≡

∫︂

∇u · ∇v,

for all u, v ∈ V,

(2.6)

on the Hilbert space V = H01 (Ω) defined on an open and bounded domain Ω.
In the rest of this chapter we consider the finite dimensional linear algebraic formulation of the CG method for the system
Ax = b,

A ∈ RN ×N , b ∈ RN ,

(2.7)

with the symmetric and positive definite matrix A.1 We will follow the convention in
(Gergelits and Strakoš, 2014, p. 760).
”In practical computations, preconditioning is incorporated into the algorithm
and the preconditioned system Ax = b is not formed. For an analytic investigation of the rate of convergence assuming exact arithmetic this difference is
not important. In finite precision arithmetic, convergence is delayed due to the
loss of orthogonality among the computed direction (residual) vectors. This can
be conveniently demonstrated using the preconditioned system Ax = b without
going into further details on the particular preconditioning technique.”
A detailed rounding error analysis of the preconditioned CG method can be found in
(Strakoš and Tichý, 2005).

2.1

CG in exact arithmetic

Given A, b and the initial approximation x0 , the CG approximations are determined
by Algorithm 2; see, e.g., (Liesen and Strakoš, 2013, Algorithm 2.5.1). Clearly,
xn ∈ x0 + Kn (A, r0 ),

rn ⊥ Kn (A, r0 ),

n = 1, 2, . . . ,

where rn = b − Axn is the nth residual and
Kn (A, r0 ) ≡ span{r0 , Ar0 , . . . , An−1 r0 }
1

(2.8)

The exposition for Hermitian and positive definite matrix A ∈ CN ×N is completely analogous.

8

Algorithm 2 The CG method
Input: Given A, b and x0
r0 = b − Ax0
p0 = r0
for n = 1, 2, . . . do
r∗ r
αn−1 = p∗n−1Apn−1
n−1
n−1
xn = xn−1 + αn−1 pn−1
rn = rn−1 − αn−1 Apn−1
∗
n
βn = r∗ rn rrn−1
n−1
pn = rn + βn pn−1
end for
is the nth Krylov subspace associated with the matrix A and the vector r0 . The choice
of the coefficient αn−1 ensures to minimize the A-norm (or the so-called energy norm) of
the error along the line xn−1 + αpn−1 and the choice of the coefficient βn ensures the local
A-orthogonality of direction vectors pn , i.e., it ensures that pTn−1 Apn = 0. Using the
induction argument, it can be shown that such choice of coefficients guarantees, in exact
arithmetic, the global A-orthogonality of direction vectors pn and the global orthogonality
of residual vectors rn . The closely related Lanczos algorithm forms the orthonormal basis
{v1 , . . . , vn } of the Krylov subspace (2.8),
AVn = Vn Tn + δn+1 vn+1 eTn = Vn+1 Tn+1,n ,

n = 1, . . . , N,

(2.9)

where Vn ≡ [v1 , . . . , vn ] and
γ1 δ2
⎢ δ
⎢ 2 γ2

⎤

⎡

Tn ≡

⎢
⎢
⎢
⎢
⎢
⎣

δ3

δ3
.. ..
.
.
.. ..
. δn
.
δn γn

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[︄
n×n

∈R

Tn+1,n ≡

,

Tn
T
en δn+1

]︄

∈ R(n+1)×n .

(2.10)

The entries of the Jacobi matrix Tn are the orthogonalization and normalization coefficients from the Lanczos algorithm; see, e.g., (Liesen and Strakoš, 2013, Algorithm 2.4.3).
(n)
(n)
(n)
(n)
The eigenvalues θ1 < θ2 < . . . < θn(n) of Tn and the vectors yj = Vn sj , where
(n)
sj , j = 1, . . . , n, are the eigenvectors of Tn , are called Ritz values and Ritz vectors and
they approximate the eigenvalues and eigenvectors of A, respectively; see, e.g., (Lanczos,
1950) or the monograph (Parlett, 1998). Using the spectral decomposition of A it can be
derived from (2.9) that
(n)

min |λi −

i=1,...,N

(n)
θj |

≤

δn+1 eTn sj
(n)

∥yj ∥

,
(n)

j = 1, . . . , n,

(2.11)

which, using the fact that (in exact arithmetic) ∥yj ∥ = 1, relates the size of the last
components of eigenvectors of Tn with convergence of the associated Ritz values.
It can be shown that the CG approximation is given by xn = Vn tn , where tn is the
solution of the n × n problem
Tn tn = ∥r0 ∥e1 .
(2.12)
Moreover, it holds that
vn+1 = (−1)n
9

rn
.
∥rn ∥

Relationship with the MINRES method
The properties of the CG method are also linked with the properties of the MINRES
method introduced in (Paige and Saunders, 1975) for solving linear systems with a
symmetric matrix.2 The MINRES approximations xnM are determined by the relations
∥rnM ∥ =

xnM ∈ x0 + Kn (A, r0 ),

min

z∈x0 +Kn (A,r0 )

∥b − Az∥,

n = 1, 2, . . . ,

where rnM = b − AxnM is the nth MINRES residual. The residual norms are related by
the so-called peak-plateau relation
∥rn ∥ = √︂

∥rnM ∥
M
∥)2
1 − (∥rnM ∥/∥rn−1

;

(2.13)

see (Cullum and Greenbaum, 1996, Theorem 4). This relationship was proved to be
approximately valid also in finite precision arithmetic and it will be useful in section 2.5
below.
CG, the Gauss-Christoffel quadrature and the Vorobyev moment problem
As explained, e.g., in (Liesen and Strakoš, 2013, Section 3.5) with references to many
earlier publications, including (Hestenes and Stiefel, 1952), and as summarized in (Liesen
and Strakoš, 2013, p. 139),
”The ... Lanczos algorithm and the CG method are matrix formulations of the
Gauss-Christoffel quadrature. Vice versa, the Gauss-Christoffel quadrature is
the essence of the ... Lanczos algorithm and the CG method.”
Using the spectral decomposition of the matrix A,
A = U diag(λ1 , . . . , λN ) UT ,

where U = [u1 , . . . , uN ],

UT U = UUT = I,

(2.14)

the piecewise constant distribution function ω(λ) is determined by the nodes λ1 , . . . , λN
and the weights ωj ≡ (v1T uj )2 , j = 1, . . . , N , by3
ω(λ) =

⎧
⎪
⎪
⎨0
∑︁i
l=1 ωl
⎪
⎪
⎩

1

for
λ < λ1 ,
for λi ≤ λ < λi+1 ,
for λN ≤ λ.

(2.15)

The n-node Gauss-Christoffel quadrature of the monomials then determines the nodes
(n)
(n)
θl and the weights ωl , l = 1, . . . , n, such that the first 2n moments of the distribution
function ω(λ) are matched, i.e.,
N
∑︂
j=1

ωj λkj =

n
∑︂
(n)

(n)

ωl {θj }k ,

k = 0, 1, 2, . . . , 2n − 1.

(2.16)

l=1

2

The Lanczos algorithm can be defined even for indefinite symmetric matrices and the matrix Tn can
be singular. However, in that case both matrices Tn−1 and Tn+1 must be nonsingular, so that the CG
approximation exists at least at every second step. This fact follows from the strict interlacing property
of the eigenvalues of Jacobi matrices; see, e.g., (Liesen and Strakoš, 2013, Theorem 3.3.1).
3
For simplicity of exposition here we assume that the eigenvalues are distinct, 0 < λ1 < . . . < λN ,
and all the weights are nonzero.
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Here the sums on both sides of (2.16) can be expressed via the Riemann-Stieltjes integrals
for the monomials with respect to the distribution functions ω(λ) and ω (n) (λ), where the
(n)
(n)
latter is determined analogously to (2.15) by the nodes θl and the weights ωl . It can
(n)
(n)
be shown that θl and ωl , l = 1, . . . , n, are equal to the eigenvalues and the squared
first components of the associated normalized eigenvectors of the matrix Tn , respectively.
Using (2.14) and the spectral decomposition of Tn , the matrix formulation of the moment
matching property (2.16) of the Gauss-Christoffel quadrature of ω(λ) can be written as
v1T Ak v1 = eT1 Tkn e1 ,

k = 0, 1, 2, . . . , 2n − 1.

(2.17)

Thus (as written in (Liesen and Strakoš, 2013, p. 137))
”The nth CG approximation xn can be considered as a result of the model
reduction from Ax = b to Tn yn = ∥r0 ∥e1 , such that the first 2n moments of
the reduced model match those of the original model;”
and (as written in (Gergelits and Strakoš, 2014, p. 761))
”CG applied to Ax = b with the initial residual r0 can be understood as
a process generating the sequence of the distribution functions ω (n) (λ), n =
1, . . . , N approximating the original distribution function ω(λ) in the sense of
the Gauss-Christoffel quadrature.”
Equivalently, CG (implicitly) solves the (simplified) Stieltjes moment problem (2.17). The
relationship of the CG method to the Riemann-Stieltjes integral and the Gauss-Christoffel
quadrature was described already in (Hestenes and Stiefel, 1952, Section 14).
Using the mapping Vn VnT : RN → Kn (A, r0 ), which represents the orthogonal projector onto Krylov subspace Kn (A, r0 ), the Vorobyev moment problem can be written as
follows (cf. (Vorobyev, 1965, Chapter III, Section 2, p. 54)): Given A and v1 , determine
the nth dimensional operator An such that
Aln v1 = Av1 ,

l = 0, . . . , n − 1,

(2.18)

Ann v1 = Vn VnT An v1 .

(2.19)

An ≡ Vn VnT AVn VnT = Vn Tn VnT

(2.20)

The operator defined as

represents the solution of the Vorobyev moment problem and the matrix Tn is its matrix
representation with respect to the orthonormal basis Vn . Using the properties of the
orthogonal projector Vn VnT it can be shown (see, e.g., (Liesen and Strakoš, 2013, Theorem
3.7.1)) that
v1T Ak v1 = v1T Akn v1 ,

k = 0, 1, 2, . . . , 2n − 1,

(2.21)

which, using the matrix representation Tn of An , is identical to (2.17).
The outlined relationship of the CG method to the Gauss-Christoffel quadrature and
to the Vorobyev moment problem is vital for understanding its highly nonlinear character.
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2.2

Convergence behavior assuming exact arithmetic

The CG approximations xn minimize the energy norm of the error over the manifolds
x0 + Kn (A, r0 ); cf. (Hestenes and Stiefel, 1952, Theorem 4.1). Equivalently,
∥x − xn ∥2A = min ∥φ(A)(x − x0 )∥2A

(2.22)

φ2 (λj )
λj

(2.23)

φ(0)=1
deg(φ)≤n

= min ∥r0 ∥2
φ(0)=1
deg(φ)≤n

= ∥r0 ∥2

N
∑︂

N
∑︂
j=1

ωj

j=1

ωj

2
(φCG
n (λj ))
.
λj

(2.24)

The zeros of the CG polynomial φCG
n (λ) are the Ritz values, i.e., eigenvalues of the matrix
Tn ,
(n)
(n)
n (λ − θ1 ) . . . (λ − θn )
(λ)
=
(−1)
φCG
.
(2.25)
n
(n)
(n)
θ1 . . . θn
The energy norm of the CG error can be also expressed as
∥x − xn ∥2A =

N
∑︂

(2.26)

αj−1 ∥rj−1 ∥2 ,

j=n+1

⎛

=∥r0 ∥2 ⎝

N
∑︂

ωj λ−1
j −

j=1

n
∑︂
(n)

⎞
(n)

ωl {θl }−1 ⎠ ;

(2.27)

l=1

see, e.g., (Liesen and Strakoš, 2013, Section 5.6.1, Corollary 5.6.2). The equality (2.26) has
already been shown in (Hestenes and Stiefel, 1952, Theorem 6:1, equation (6:2)). However,
in (Strakoš and Tichý, 2002), it was proven assuming only local orthogonality among the
consecutive residuals and direction vectors, which is important for practical computations,
where the global orthogonality is lost due to rounding errors. The equality (2.27) relates
CG and the Gauss-Christoffel quadrature quantitatively, the squared energy norm of the
nth error in the CG method, scaled by the squared Euclidean norm of the initial residual,
is equal to the approximation error of the n-node Gauss-Christoffel quadrature of the
Riemann-Stieltjes integral with the distribution function ω(λ) for function f (λ) = λ−1 .
The expression (2.27) demonstrates that any bound or estimate that aims at respecting the essence of CG, has to deal with the significant nonlinear character of CG
convergence behavior. Without going to further details we point out that both (2.26)
and the relationship of CG with the Gauss-Christoffel quadrature are very helpful for
a-posteriori estimating of the error in the CG method; see (Strakoš and Tichý, 2002) or
(Meurant and Strakoš, 2006, Section 5.3) and the references therein. In the rest of this
section, we focus on the a-priori bounds for the CG convergence rate.

2.2.1

Linear bound for nonlinear CG

The formula (2.22) leads, using the spectral decomposition (2.14) of A, to the bound for
the relative energy norm of the error
∥x − xn ∥A
≤ min
φ(0)=1
∥x − x0 ∥A

deg(φ)≤n

12

max |φ(λj )| .

j=1,...,N

(2.28)

This bound represents the worst case convergence behavior of the CG method. However,
the convergence behavior for a specific initial approximation can be very different from
the worst case scenario; see, e.g., the numerical experiments in (Liesen and Strakoš, 2013,
Section 5.6.3).
One can estimate the min-max expression in (2.28) by replacing the discrete set of
eigenvalues of A by the interval [λ1 , λN ],
∥x − xn ∥A
≤ min
φ(0)=1
∥x − x0 ∥A

max |φ(λ)| .

λ∈[λ1 ,λN ]

(2.29)

deg(φ)≤n

Using the properties of the scaled and shifted Chebyshev polynomials leads to the possibly
most widely known error bound commonly associated with the CG method,
⎞n

⎛ √︂

κ(A) − 1
∥x − xn ∥A
⎠ ,
≤ 2 ⎝ √︂
∥x − x0 ∥A
κ(A) + 1

n = 0, 1, 2, . . . ,

(2.30)

where κ(A) = λN /λ1 is the condition number of the matrix A. However, this bound is
primarily constructed for the Chebyshev semi-iterative method (CSI); see the very clear
description given by Rutishauser in (Engeli et al., 1959). As written in (Gergelits and
Strakoš, 2014, Section 2) (here we use our notation and numbering of formulas),
”(n)ow we come to the point which is fundamental but still very rarely mentioned in literature . . . This bound holds for the CG method because the optimal
polynomial giving the minimum in (2.28) can be bounded using (2.29). The
behaviour of ∥x − xn ∥A for some given initial error (residual) is, however,
given by (2.23), which can be substantially different than suggested by (2.28)
and therefore certainly substantially different than suggested by the CSI error
bound (2.30). The different nature of the CG and CSI methods is clear also
from the comparison of the minimization problems (2.29) and (2.23). Whereas
the CSI norm of the error can be tightly bounded by the minimization problem
over the whole interval [λ1 , λN ], the CG norm of the error is determined by the
discrete minimization problem . . . Therefore it is beyond any doubt that, except
for very special situations, the bound (2.30) relevant for the CSI method has
a very little in common with the rate of convergence of the CG method.”
Further details and extensive historical comments can be found in (Liesen and Strakoš,
2013, Section 5.6.2). As pointed out by Strakoš at the lecture given at the annual meeting of the Edinburgh Mathematical Society in January 2020, the difference between the
approximation problems on the right hand side of (2.28) and (2.29) was emphasized
already in (Lanczos, 1952, pp. 32–33):
”The principle by which this process [the CG method] gives good attenuation, is quite different from the previous one [purification based on Chebyshev
polynomials]. Here we take heed of the specific nature of the matrix A and
operate in a selective way. The polynomials of this process . . . have the peculiarity that they attenuate due to the nearness of their zeros to those λ-values
[eigenvalues] which are present in A. These polynomials take advantage of the
fact that the spectrum to be attenuated is a line spectrum and not a continuous
spectrum. They work efficiently in the neighbourhood of the λi of the matrix
but not for the intermediate values.”
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2.2.2

Outlying eigenvalues and superlinear convergence

In practical computations, the nonlinear character of the CG method often manifests
in the acceleration of its convergence. As written in (Liesen and Strakoš, 2013, Section
5.6.4), this superlinear CG convergence behavior is in the literature
”. . . often related to spectra with the ’outlying eigenvalues’, i.e. spectra where
a few (largest or smallest) eigenvalues are well separated from all other eigenvalues. A typical argument in this context is that once such an eigenvalue,
say λN , is well approximated by a root of the CG iteration polynomial, the
method further on behaves as though this eigenvalue had not been present to
begin with, and therefore the iteration speed must increase.”
The idea of the so-called composite polynomial convergence bounds (see, e.g., (Axelsson,
1976) and (Jennings, 1977)) is based on explicit annihilation of the outlying eigenvalues.
The key observation is that any given polynomial qm (λ) of degree m ≤ n scaled to
one at the origin satisfies
min

max |φ(λj )| ≤

φ(0)=1 j=1,...,N
deg(φ)≤n

min

max |qm (λj )φ(λj )| .

j=1,...,N
φ(0)=1
deg(φ)≤n−m

(2.31)

Focusing on the large outlying eigenvalues, the natural choice
N
∏︂

qm (λ) =

(︄

j=N −m+1

λ
1−
λj

)︄

(2.32)

leads (analogously to (2.30) and using that |qm (λ)| ≤ 1 for λ ∈ [λ1 , λN −m ]) to the bound
⎞n−m

⎛ √︂

κm (A) − 1
∥x − xn ∥A
⎠
≤ 2⎝ √︂
∥x − x0 ∥A
κm (A) + 1

,

n = m, m + 1, . . . ,

(2.33)

where κm (A) ≡ λN −m /λ1 is the so-called effective condition number. This quantity is
typically substantially smaller than the condition number κ(A) which indicates possibly
faster convergence after m initial iterations. The bound (2.33) can be derived using
different approach (motivated by (van der Sluis and van der Vorst, 1986)), which compares
the rate of CG convergence for Ax = b with x0 after initial m steps to computations
for Ax = b with x̃0 , where the influence of the largest m eigenvalues of A has been
removed; see (Liesen and Strakoš, 2013, Theorem 5.6.9). The above suggests that the CG
convergence rate accelerates whenever the roots of the CG polynomial are close to the
outlying eigenvalues, i.e., that the superlinear convergence is related to the convergence
of Ritz values to the eigenvalues of A. In exact arithmetic, (2.33) indeed explains the
superlinear convergence behavior or the CG method and it implies that after
(︃ )︃ √︂
⌉︃
1
2
ln
κm (A)
nϵ = m +
2
ϵ
⌈︃

(2.34)

iterations the relative energy norm of the error drops below the given tolerance ϵ. However,
as noticed already in (Jennings, 1977, van der Sluis and van der Vorst, 1986) and as
explained in detail in (Gergelits and Strakoš, 2014), this approach must fail in practical computations with the large outlying eigenvalues sufficiently far from the rest of the
spectrum (these are exactly the cases when a substantial acceleration of convergence is
14

quantitatively predicted by (2.34)). As will be summarized in section 2.4 below, which
contains fragments of the paper (Gergelits and Strakoš, 2014), the failure of the composite
polynomial bounds in finite precision CG computations can be explained by the fact that
the related Lanczos method computes in finite precision arithmetic repeated approximations of large outlying eigenvalues.
Focusing on the small outlying eigenvalues, the explicit annihilation of the eigenvalues
at the lower end of the spectrum analogous to (2.32) gives only limited insight as the fixed
polynomial with the roots given by the smallest eigenvalues is typically huge on the rest
of the spectrum. However, it was proved in the seminal paper (van der Sluis and van der
Vorst, 1986) that if a Ritz value approximates (in a rather moderate way) an eigenvalue
at the lower end of the spectrum, then the computation further proceed with a rate as
if the approximated eigenvalue is not present. For a brief summary of the related idea
and history of the so-called deflating techniques see, e.g., the end of (Liesen and Strakoš,
2013, Section 5.6.4). We will elaborate more on the effects of rounding errors in the next
section.

2.3

CG in finite precision arithmetic

In the rest of this chapter the entities computed in finite precision arithmetic will be
denoted by bars to distinguish them from their exact arithmetic counterparts.
Numerical experiments in this section were performed using a symmetric positive
definite diagonal matrix A of the size N with the eigenvalues 0 < λ1 < . . . < λN , where
for given λ1 , λN and the parameter ρ ∈ (0, 1], the inner eigenvalues are determined by
the formula
i−1
(λN − λ1 )ρN −i , i = 2, . . . , N − 1;
(2.35)
λi = λ1 +
N −1
see (Strakoš, 1991, Greenbaum and Strakoš, 1992, Meurant, 2006). The parameter ρ
determines the non-uniformity of the spectrum. For ρ ≪ 1 the eigenvalues tend to
cumulate near λ1 and for ρ = 1 the spectrum is distributed uniformly. In our experiments
we use the vector b of all ones, i.e., b = [1, . . . , 1]T . CG behavior assuming exact arithmetic is simulated by double reorthogonalization of the residual vectors; for justification
see (Greenbaum and Strakoš, 1992, Paige, 1976).

2.3.1

Loss of orthogonality and delay of convergence

It has been known since the introduction of the CG method and the Lanczos algorithm
that their numerical behavior can be strongly affected by rounding errors and that they do
not fulfill their theoretical properties; cf. (Hestenes and Stiefel, 1952, Section 8), (Lanczos,
1950, equation (99)) or (Lanczos, 1952, pp. 39 and 46). In finite precision computations,
the orthogonality of computed residual vectors in CG (or computed Lanczos vectors in
the Lanczos algorithm) is usually very quickly lost and they often become even (numerically) highly linearly dependent. For some problems, the desired accuracy of the approximate solution may be reached before the severe loss of orthogonality emerges (e.g., when
extremely efficient preconditioning can be used).4 However, short recurrences in principle
cannot guarantee the linear independence of the computed vectors when rounding errors
4

We emphasize that here we have in mind realistic problems coming from applications, not the toy
problems that are used for false argumentation in many published texts.
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are present. As a consequence, without proper rounding error analysis it is completely
unclear whether and to which extent the results derived assuming the exact computations and global orthogonality (such as (2.11) for convergence of Ritz values or (2.33) for
convergence of CG) hold also in finite precision computations.

Figure 2.1: Illustration of the loss of orthogonality and the delay of convergence in finite
precision CG computations. The loss of orthogonality among the computed residual
T
vectors, measured by ∥I−V̄n V̄n ∥F where columns of V̄n are normalized computed residual
vectors, is lost after a few iterations.
In the Lanczos algorithm the loss of global orthogonality of the computed Lanczos
vectors results in multiple approximations of the individual eigenvalues of A by the eigenvalues of the computed matrix T̄n , which leads to delay in the approximation of some
other eigenvalues. Subsequently, in finite precision CG computations the computed residual vectors then span a subspace of dimension smaller than the given iteration step. This
rank-deficiency of computed Krylov subspace bases thus determines delay of convergence
of finite precision computations, which can be defined as the difference between the
number of iterations required to attain a prescribed accuracy in finite precision computations and the number of iterations required to attain the same accuracy assuming exact
arithmetic. See the illustration in Figure 2.1 which is adopted from (Gergelits, 2013,
Figure 3.1, p. 17) and which shows the convergence curves of CG computations with a
diagonal matrix A of the size N = 25 whose eigenvalues are determined by (2.35) where
λ1 = 0.1, λN = 100 and ρ = 0.65.

2.3.2

Results of Paige, Greenbaum and others

A thorough analysis of rounding errors in the Lanczos algorithm and CG did not appear
until the PhD thesis (Paige, 1971). Nearly all further development is based on this thesis
and the subsequent papers (Paige, 1972, 1976, 1980); see the extensive review (Meurant
and Strakoš, 2006) and the references therein. Among other important results, Paige
16

(n)

showed that if the quantity δ̄ n+1 eTn s̄j

(n)

(where s̄j

is an eigenvector of T̄n ) is small, then

(n)
the associated Ritz value θ̄j has
(n)
(n)
of the Ritz vector ∥ȳj ∥, ȳj =

converged to some eigenvalue of A regardless the size
(n)
V̄n s̄j that can in finite precision computations even
numerically vanish. Moreover, he showed that the orthogonality of the computed Lanczos
vectors can be lost only in the direction of Ritz vectors associated with converged Ritz
values. Building on the results of Paige, the seminal paper (Greenbaum, 1989) developed
a backward-like analysis of the Lanczos algorithm (and also of the closely related CG).
As summarized in (Gergelits and Strakoš, 2014, p. 772), (adapted to the notation of this
thesis)
”. . . Greenbaum has proved that the finite precision Lanczos computation for
a matrix A and a given starting vector v produces in steps 1 through n the
same eigenvalue approximations (the same Jacobi matrix T̄n ) as the exact
ˆ︂
Lanczos computation for some particular larger matrix A(n)
and some partiˆ︂
ˆ︁
cular starting vector v(n)
while the eigenvalues of A(n) all lie within tiny
intervals around the eigenvalues of A. The size as well as (all) individual entriˆ︂
ˆ︁
es of A(n)
and v(n)
depend on the rounding errors in the steps 1 through n . . .
An analogous statement is valid, with a small inaccuracy . . . also for the behaviour of finite precision CG computations . . . The reasoning about the delay in
ˆ︂
finite precision CG computations suggests . . . that the particular matrix A(n)
constructed for the n steps of the given finite precision CG computation can
be replaced (with an acceptable inaccuracy) by a matrix Ã having sufficiently
many eigenvalues in tight clusters around each eigenvalue of A.”
The experimental confirmation can be found in (Greenbaum and Strakoš, 1992); see also
the illustration in Figure 2.2 which is adopted from (Gergelits, 2013, Figure 2.3, p. 16).
Here the solid line shows the relative energy norm of the error in finite precision CG
computations with the diagonal matrix A whose eigenvalues are determined by (2.35)
with N = 25, λ1 = 0.1, λN = 1000 and ρ = 0.6. The dashed line shows relative energy
norm of the error in exact CG computations with a larger matrix Ã with five eigenvalues
uniformly distributed in tiny intervals of width 2 · 10−13 around each eigenvalue of A. The
conclusion is that
ˆ︁ − x
ˆ︁ n ∥Ã , n = 1, 2, . . . ,
∥x − x̄n ∥A ≈ ∥x
(2.36)
the detailed exposition can be found in (Liesen and Strakoš, 2013, Section 5.9) from which
we quote the summarization from page 323:
”The finite precision CG computation behaves like the exact CG computations
for a matrix having its eigenvalues replaced by tight clusters.”
Using this highly nontrivial and extremely elegant result, it can be shown that the
strong relationship of CG and the Gauss-Christoffel quadrature remains valid (up to
small inaccuracies) also in finite precision computations; see, e.g., (Golub and Strakoš,
1994, Strakoš and Tichý, 2002). Moreover, this result provides an explanation why the
convergence bound (2.33) and the iteration count (2.34), which are based on explicit
annihilation of the large outlying eigenvalues and derived assuming exact arithmetic, are
not valid for practical computations; see section 2.4 below. On the other hand, using this
result it can be shown that the result from (van der Sluis and van der Vorst, 1986) linking
even the mild convergence of Ritz values to the small outlying eigenvalues with increased
rate of convergence remains valid also in finite precision arithmetic computations. Detailed
discussion of this topic is out of the scope of this thesis.
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Figure 2.2: The convergence behavior of finite precision CG computations (solid line)
applied to the matrix with individual eigenvalues determined by (2.35) with N = 25,
λ1 = 0.1, λN = 1000 and ρ = 0.6 corresponds with the behavior of exact CG computations
(dashed line) applied to a larger matrix where each eigenvalue is replaced by tight cluster
of five eigenvalues.

2.3.3

Comparison of CG computations based on rank-deficiency

Despite the wide attention, the properties of CG in finite precision computations can still
be further investigated. In particular, it is not clear how the subspaces generated by the
computed CG residuals differ from the exact Krylov subspaces, or how the computed
approximation vectors resemble their counterparts from exact CG computations with
the same matrix, right-hand side and initial approximation. Although the results of
Greenbaum and others do not allow for direct comparison of the solution or residual
vectors (as they involve extended matrices), they give sufficient reasoning to relate the
energy norm of the error in the nth iteration of finite precision CG computations with an
earlier lth iteration of the exact CG computations with the same data
∥x − x̄n ∥A ≈ ∥x − xl ∥A .

(2.37)

As stated above, the gap n − l represents the delay of convergence corresponding to the
rank-deficiency of the computed Krylov subspace.
To illustrate this idea (which has appeared in literature repeatedly; see (Liesen and
Strakoš, 2013, Section 5.9), (Gergelits, 2013, Chapter 3) or (Hansen, 1998, Section 6.7.4))
we replicate here the numerical experiment from (Gergelits, 2013, Chapter 3). In the left
part of Figure 2.3 we show again the exact CG curve from Figure 2.1 (solid line) and
the curve for finite precision CG computations which is shifted by the numerical rankdeficiency of the computed Krylov subspace (dash-dotted line with circles), i.e., the curve
generated by the points
(︄
)︄
∥x − x̄n ∥A
(2.38)
l;
∥x − x̄0 ∥A
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where for every value l = 1, 2, . . . we plot the point corresponding to the latest iteration
n where
l = num rank(Kn (A, r̄0 )).
(2.39)
Here num rank(Kn (A, r̄0 )) is given by the number of singular values of the matrix com-

Figure 2.3: Left: Convergence curve for finite precision CG computation is shifted
horizontally correspondingly to the rank-deficiency of the computed Krylov subspace
(dash-dotted line with circles) and compared with the convergence curve for exact CG
computations (solid line). Visually, the curves coincide to each other. Right: The delay of
convergence is equal to the rank-deficiency of the computed Krylov subspace, i.e., to the
quantity n − num rank(Kn (A, r̄0 )), which can be seen as the vertical difference between
the solid and dash-dotted lines.
posed of computed residuals [r̄0 , . . . , r̄n−1 ] that are greater or equal to 0.1. Setting a different threshold value would not change the main point, but the observed correspondence
would not be so tight. The numerical rank l of the computed Krylov subspace Kn (A, r̄0 )
is plotted in the right part of Figure 2.3 by the dash-dotted line and the rank-deficiency
n − l can be seen as the vertical difference between the dash-dotted and solid lines.
This approach has been further studied in (Gergelits et al., 2018) and the obtained
results are summarized in section 2.5 below.

2.3.4

Maximal attainable accuracy

The approximate solutions in iterative computation can not, in general, reach arbitrary accuracy. The value of the maximal attainable accuracy is determined by the
implementation, computer arithmetic and the input data. Studying the difference of true
and iterative CG residual vectors, some bounds of the maximal attainable accuracy can be
obtained; see (Meurant, 2006, Chapter 6), (Higham, 2002, Chapter 17) or (Meurant and
Strakoš, 2006, Section 5.4) and the references therein. However, in most practical applications, the computations are stopped before the maximal attainable accuracy is reached.
In the numerical experiments in this thesis we assume that the iteration is stopped before
the maximal attainable accuracy is reached.
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2.4

More on the composite polynomial convergence
bounds

In this section we use fragments of the paper (Gergelits and Strakoš, 2014) to further
illustrate the failure of (2.33) in practical CG computations where the rounding errors
are present.
As summarized in (Gergelits and Strakoš, 2014, pp. 773-774), an immediate consequence of the results from (Greenbaum, 1989, Greenbaum and Strakoš, 1992) is
”that convergence behaviour of exact CG applied to a matrix with the spectrum
having well separated clusters of eigenvalues is both qualitatively and quantitatively different from the convergence behaviour of exact CG applied to a
matrix with a spectrum where each cluster is replaced by a single eigenvalue.
We can conclude that even for the CG method, the HPD matrix and assuming
exact arithmetic,
a spectrum composed of a small number of tight clusters can not be
associated, in general, with fast convergence.
Indeed, the associated Stieltjes moment problems . . . can be for different distribution of eigenvalues very different. This is true, in particular, when clusters
of eigenvalues are replaced by single (representing) eigenvalues of the same weights . . . . This point contradicts the common belief which seems widespread.”
The closely related sensitivity of the Gauss-Christoffel quadrature to changes of number
of points of increase of the associated distribution function has been studied in (O’Leary
et al., 2007). Using our notation and numbering of formulas we continue with quotes from

Figure 2.4: The sequence of the composite polynomial bounds (2.33) (dashed lines) for
increasing number of deflated large eigenvalues (m = 0, 3, 6, . . .) is compared with the
results of finite precision CG computations (bold solid line) and exact CG computations
(dash-dotted line).
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(Gergelits and Strakoš, 2014, p. 774 and p. 772)
”Using the relationship with the exact CG computations applied to Ã, the
corresponding minimization problem which bounds the CG convergence behaviour in finite precision arithmetic is not
min

max |φ(λj )| ,

φ(0)=1 j=1,...,N
deg(φ)≤n

(2.40)

where λ1 , . . . , λN are the eigenvalues of A . . . Instead, one must use
min

max |φ(λ)| ,

φ(0)=1 λ∈σ(Ã)
deg(φ)≤n

(2.41)

where the spectrum σ(Ã) of the matrix Ã consists of the union of the individual
clusters around the original eigenvalues λj , j = 1, . . . , N .”
”This explains why (2.33) and (2.34) must fail, in general, in finite precision
arithmetic, where m CG steps are not enough to annihilate the influence of
the m large outlying eigenvalues. One may suggest to resolve the matter by
adding several penalty steps which account for the effects of rounding errors.
The number of such additional steps, however, depends on current iteration n
and it can not be determined a-priori.”
We conclude this section by replicating the illustrative numerical experiment and by
using (with our numbering of formulas) the quotes from (Gergelits and Strakoš, 2014,
p. 771). The computations were performed using a diagonal matrix A of the size N = 50
with the eigenvalues determined by (2.35) where λ1 = 0.1, λN = 104 and ρ = 0.8. In
Figure 2.4, the dashed lines plot the sequence of the bounds (2.33) with increasing number
of the large eigenvalues of A considered as outliers (m = 0, 3, 6, . . .). The bold solid line
represents the convergence curve of finite precision CG and the dash-dotted line the CG
behavior assuming exact arithmetic.
”We observe that the linear convergence bounds determine (a close) envelope
for the exact arithmetic CG convergence curve. This is in correspondence
with the intuitive explanation of the superlinear convergence behaviour of CG
in exact arithmetic presented in literature.
The point is that none of the straight lines describes the finite precision convergence behaviour, as can be seen by comparing the dashed lines with the bold
solid line. Evidently, the composite polynomial bounds (2.33) can not be used,
in general, as upper bounds.”

2.5

Relating computed and exact entities in CG and
MINRES

Building up on the notion of rank-deficiency of the computed Krylov subspaces outlined
in section 2.3, the conference proceedings contribution (Gergelits et al., 2018) exploits
further the idea of simultaneous comparison of the entities from the nth iteration of finite
precision CG and MINRES computations with an earlier lth iteration of exact CG and
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MINRES computations for the same algebraic problem. Here n − l corresponds to the
rank-deficiency of the computed Krylov subspace. The results are based on the peakplateau relation (2.13) and its recursive variant
1
√︂∑︁

n+p
j=n

1/∥rj ∥2

= √︂

M
∥rn+p
∥
M
M
1 − (∥rn+p
∥/∥rn−1
∥)2

,

p = 0, 1, . . . .

(2.42)

In this section, we summarize the paper (Gergelits et al., 2018) and show that finite
precision CG residuals (as well as their norms) have to be aggregated over several iterations
to form a counterpart to CG residuals (and their norms) from the exact computation. We
refer an interested reader to the original publication (Gergelits et al., 2018) for details.
To the best of our knowledge, the possibility of comparison of entities whose size does
not decay monotonically (such as CG residuals), has not been addressed in literature
previously.
In exact arithmetic, the Lanczos method and the CG method are mathematically
equivalent and the matrix Tn can be formed using the coefficients αn and βn from the
CG implementation; see Algorithm 2 above. In the presence of rounding errors, the
computed results can slightly differ. To avoid dealing with additional inaccuracies caused
by implementations, the method of conjugate gradients implemented via the Lanczos
algorithm (CGL) is considered in Gergelits et al. (2018), i.e., the CG approximation
vector is computed as
x̄n = V̄n t̄n ,

where T̄n t̄n = ∥r̄0 ∥e1

(2.43)

and the MINRES approximation vector is computed as
M

x̄nM = V̄n t̄n ,

M

where t̄n = argmin∥∥r̄0 ∥e1 − T̄n+1,n t∥.
t∈Rn

(2.44)

As explained in (Gergelits et al., 2018, p. 75), using our notation,
”[b]ecause some finite-precision iterations n are a redundant consequence of
reappearing information due to the delay of convergence, we do not consider
all n. We rather assume we are given a subsequence {nl }rl=1 , r ≤ N , where
nl is the finite-precision iteration related to the exact iteration l in the sense
that the minimized quantities, i.e., A-norm of the error for CGL and residual
norm for MINRES, are comparable between the two computations.”
In (Gergelits et al., 2018), it is looked for the sequence {nl }rl=1 satisfies
∥x − xl ∥A ≈ ∥x − x̄nl ∥A ,

∥rlM ∥ ≈ ∥r̄nMl ∥,

(2.45)

xl ≈ x̄nl ,

rlM ≈ r̄nMl .

(2.46)

Then the quantities minimized in exact arithmetic and the corresponding vectors can
be associated with their finite precision counterparts, which means that the distance
between the vectors measured in a suitable norm is small relative to their size. A possible
construction of such sequence is discussed in section 2.5.2 below.
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2.5.1

Comparison of CGL residual norms and vectors

As explained in (Gergelits et al., 2018, Section 3.1), assuming that the exact MINRES
does not stagnate, i.e.,
M
∥ ̸≈ 1, l = 1, 2, . . . ,
∥rlM ∥/∥rl−1
using techniques from the proof of (Cullum and Greenbaum, 1996, Theorem 4), (2.13),
(2.42) and (2.45) it can be shown that
1

∥rl ∥ ≈ √︂∑︁n

l

j=nl−1 +1

1/∥r̄j ∥2

(2.47)

.

In words, the CGL residual norms cannot be compared directly, but finite-precision norms
have to be aggregated over the intermediate iterations. Using additional arguments discussed in (Gergelits et al., 2018, Section 3.1) and the relation (2.46), it is suggested that
rl ≈ ∑︁nl

1

1
j=nl−1 +1 ∥r̄j ∥2

·

1
r̄ ,
2 j
j=nl−1 +1 ∥r̄j ∥
nl
∑︂

(2.48)

i.e., the CG residual vectors from finite-precision computation have to be aggregated over
the same iterations as their norms.
Now consider a plateau in exact MINRES convergence curve, i.e.,
M
∥rlM ∥/∥rl−1
∥ ≈ 1 for some l.

This can be caused (among others) by the presence of a tight cluster of eigenvalues in
the spectrum of A. Due to (2.13), we simultaneously observe a peak in the exact CGL
residual norms. In this case, some of the CGL residual norms in exact arithmetic may
not have a finite-precision counterpart of the form (2.47). If the exact MINRES does not
stagnate till the last iteration, we can proceed pl iterations forward to achieve
M
M
∥rl+p
∥/∥rl−1
∥ ≪ 1.
l

(2.49)

Then, using the similar arguments as above, it can be shown that the norms can be
compared as
1
√︂∑︁
l+pl
j=l

1/∥rj ∥2

≈ √︂∑︁nl+p

1

l
j=nl−1 +1

1/∥r̄j ∥2

,

(2.50)

i.e., both finite precision and exact arithmetic norms are aggregated over consecutive
iterations.

2.5.2

Construction of the subsequence {nl }

Here we summarize the content of (Gergelits et al., 2018, Section 4), where the several
approaches to find a sequence {nl } satisfying (2.45) and (2.46) are discussed.
Numerical rank of the computed subspace
Using the idea originally formulated in (Liesen and Strakoš, 2013, Section 5.9) and
presented in section 2.3.3 above, the sequence {nl } can be determined using the rankdeficiency of the matrix V̄n of computed Lanczos vectors as
nrank
≡ max{n| num rank(V̄n ) = l},
l
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l = 1, 2, . . . ,

(2.51)

where we consider as numerical rank the number of singular values of V̄n greater or equal
to 0.1. It is possible to consider different thresholds and the optimal choice can be highly
problem dependent.
Explicit fitting of the convergence curves
Ideally, the subsequence {nl } could be found by explicit fitting of the quantities minimized
over the Krylov subspace. In this way we find subsequence optimal with respect to one
of the two rules in (2.45).
Fitting the CGL convergence curves:
nlL = argmin |∥xl − x∥A − ∥x̄n − x∥A | ,
n

l = 1, 2, . . . .

(2.52)

Fitting the MINRES convergence curves:
nlM = argmin|∥rlM ∥ − ∥r̄nM ∥|,
n

l = 1, 2, . . . .

(2.53)

As commented on (Gergelits et al., 2018, p. 81), note that (using our notation and
numbering of formulas)
”. . . the applicability of the approaches depends on the entities available. While
(2.51) requires only the matrix V̄n , (2.53) requires rlM , i.e., exact computation
has to be simulated. Approach (2.52) requires in addition the true solution x,
which is not available in practical computations. Since CGL and MINRES are
closely related, it is natural to expect that (2.52) and (2.53) provide similar
subsequences.”

2.5.3

Numerical experiments

In this section we replicate one of the numerical experiments from (Gergelits et al.,
2018, Section 5). We consider test matrix bcsstk01 (N = 48) from the Harwell-Boeing
collection (Duff et al., 1992). Computations in exact arithmetic are simulated via double
reorthogonalization of the computed Lanczos vectors and the problems (2.43) and (2.44)
are solved using Matlab function mldivide.
In Figure 2.5 we show the subsequences constructed by different approaches from
(n)
section 2.5.2 together with the evolution of the singular values σl , l = 1, . . . , n, of V̄n
for problem bcsstk01. To be more precise, for each l we plot the associated iteration
number nrank
, nlL and nlM and for each iteration n we visualize the size of all singular
l
(n)
values σ1 , . . . , σn(n) . We observe that all subsequences follow the edge of nonzero singular
values throughout the whole computation. Since the subsequences {nlL } and {nlM } differ,
we conclude that there cannot be a subsequence optimal in all considered aspects.
In Figure 2.6 we show the match between the exact and finite precision convergence
curves shifted using three subsequences {nl } from section 2.5.2 for CGL (top left) and
MINRES (bottom left). We observe that regardless the particular choice of the subsequence {nl }, the shifted convergence curves nicely fit the convergence curve for exact
computations. In the right part of Figure 2.6 we observe that
∥xl − x̄nl ∥A ≪ ∥xl − x∥A

and ∥rlM − r̄nMl ∥ ≪ ∥rlM ∥
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(2.54)

(n)

Figure 2.5: For any iteration number n, the size of singular values σ1 ≥ . . . ≥ σn(n) of the
computed matrix V̄n is visualized and related with the subsequences {nl } constructed
using the three approaches from section 2.5.2 for the test problem bcsstk01. As an
L
example, for n = 60 there are 36 singular values of V̄n significantly larger than 0 and n36
is indeed equal to 60.
holds for most iterations and the relations (2.45) and (2.46) are reasonably satisfied.
Based on the experiments from (Gergelits et al., 2018), the subsequence {nlM } obtained
by optimal fitting of the MINRES residual norms seems to provide the best results.
Therefore the subsequence {nlM } is used in Figure 2.7, where the aggregation of CG
residual vectors (2.48) and their norms (2.47) is tested. In the left part, the norm of
exact CG residuals (red solid line) is compared with the norm of CG residuals from finite
precision computation (blue dashed line) and with the right hand side of (2.47) (here
denoted as ∥r̄nl ∥agr ) where the norms of computed CG residuals are aggregated over the
intermediate iterations (green dots). We observe very good match of the aggregated
norms, which is able to capture even the non-monotonous behavior of norms of exact CG
residuals. Denoting the right part of (2.48) as ralg
nl , in the right part of Figure 2.7 we
compare its match with the exact CG residual vector rl . We observe that
∥rl − ralg
nl ∥ ≪ ∥rl ∥

(2.55)

holds for most iterations.
Further numerical experiments are presented in (Gergelits et al., 2018, Section 5).
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Golub, G. H. and Strakoš, Z. (1994). Estimates in quadratic formulas. Numer. Algorithms,
8(2-4):241–268.
Greenbaum, A. (1989). Behavior of slightly perturbed Lanczos and conjugate-gradient
recurrences. Linear Algebra Appl., 113:7–63.
Greenbaum, A. (1997). Iterative Methods for Solving Linear Systems, volume 17 of Frontiers in Applied Mathematics. SIAM, Philadelphia, PA.
27
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3. Spectrum of elliptic PDEs
preconditioned by Laplacian: Scalar
coefficient function, discrete problem
This chapter revisits and further considerably extense the results in the paper Nielsen
et al. (2009), which considers a second order elliptic PDE
−∇ · (k(x)∇u) = f for x ∈ Ω,
u = 0 for x ∈ ∂Ω,

(3.1)

with the given function f ∈ L2 (Ω) and the uniformly positive and bounded real scalar
function k(x) on an open and bounded domain Ω ⊂ Rd , d ∈ {1, 2, 3}. The paper analyzes
(3.1) preconditioned by the Laplace operator. In short, it is proved that the spectrum
{︂

}︂

sp(L−1 A) ≡ λ ∈ C : resolvent λI − L−1 A does not have a bounded inverse ,

(3.2)

where
A : H01 (Ω) ↦→ H −1 (Ω),
L : H01 (Ω) ↦→ H −1 (Ω),

⟨Au, v⟩ =

∫︂

⟨Lu, v⟩ =

∫︂

k∇u · ∇v,

Ω

∇u · ∇v,

Ω

u, v ∈ H01 (Ω),
u, v ∈ H01 (Ω),

(3.3)
(3.4)

contains values of function k(x) in all its points of continuity, i.e.,
k(x) ∈ sp(L−1 A)
for all x ∈ Ω at which k(x) is continuous. Considering the standard FEM discretization
with nodal polynomial basis functions ϕ1 , . . . , ϕN with the local supports, the authors also
conjecture that the spectrum of the associated preconditioned matrix L−1 A, where
[A]ij = ⟨Aϕj , ϕi ⟩ =
[L]ij = ⟨Lϕj , ϕi ⟩ =

∫︂
∫︂ Ω
Ω

(3.5)

∇ϕi · k∇ϕj ,
∇ϕi · ∇ϕj ,

i, j = 1, . . . , N,

(3.6)

can be approximated by the nodal values of the function k(x).
This chapter includes results from the published paper (Gergelits et al., 2019) that
proves a considerably stronger result. Its full text is presented in the attachment of this
thesis. Using only technical assumptions on k(x), it is shown that the eigenvalues of the
preconditioned matrix L−1 A can be paired with the resolution dependent intervals around
the nodal values of the function k(x). These intervals tend to the nodal values as the
resolution increases; see section 3.1 below for the statements and summary of our results.
Section 3.2 contains summary of ideas needed for proof of these results from (Gergelits
et al., 2019). Section 3.3 contains strengthening of the main result for the discretization
using piecewise linear elements, which enables to get slightly better localization of the
eigenvalues. This is illustrated by numerical experiments in section 3.4.
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3.1

Summary of the results

In short, the eigenvalues 0 < λ1 ≤ λ2 . . . ≤ λN of the preconditioned matrix L−1 A can be
localized in the intervals determined by the function values of k(x) over the supports of
the local basis functions ϕj
Tj = supp(ϕj ),

j = 1, . . . , N.

In particular, Theorem 3.1.1 (see (Gergelits et al., 2019, Theorem 3.1)) proves the existence of (a possibly non-unique) one-to-one correspondence between the eigenvalues of
L−1 A and the intervals
[︄

]︄

k(Tj ) = inf k(x), sup k(x) ,
x∈Tj

x∈Tj

j = 1, . . . , N.

(3.7)

Theorem 3.1.1. Let k(x) from (3.1) be a bounded and piecewise continuous function.
Then there exists a (possibly non-unique) permutation π such that the eigenvalues of the
matrix L−1 A given by (3.5) and (3.6) satisfy
λπ(j) ∈ k(Tj ),

j = 1, . . . , N,

(3.8)

where the intervals k(Tj ) are given by (3.7).
Remark 3.1.2. Assuming k(x) only to be measurable and bounded, Theorem 3.1.1 holds
with intervals defined as
]︄
[︄
(3.9)
ess inf k(x), ess sup k(x) .
x∈Tj

x∈Tj

Furthermore, assuming k(x) to be continuous on Tj , then k(Tj ) given by (3.7) is the
closure of the range of k(x) over Tj .
Theorem 3.1.1 suggests that whenever k(x) is slowly changing over the support of
some basis function, then we get a very accurate localization of the associated eigenvalue.
Specifically, if k(x) is constant on a part of the computational domain that contains the
supports of one or more basis functions, then the function value of k(x) determines the
associated eigenvalue exactly with its multiplicity being at least the number of involved
supports. The following Corollary 3.1.3 (see (Gergelits et al., 2019, Corollary 3.2)) implies
that the function values k(x) at the nodes of the finite element mesh can be paired with
the individual eigenvalues of the preconditioned matrix L−1 A.
Corollary 3.1.3. Using the notation and assumption of Theorem 3.1.1, consider any
point x̂j such that x̂j ∈ Tj . Then the associated eigenvalue λπ(j) of the matrix L−1 A
satisfies
|λπ(j) − k(x̂j )| ≤ sup |k(x) − k(x̂j )|, j = 1, . . . , N.
(3.10)
x∈Tj

If, in addition, k(x) ∈ C (Tj ), then
2

|λπ(j) − k(x̂j )| ≤ sup |k(x) − k(x̂j )|
x∈Tj

2

≤ ĥ∥∇k(x̂j )∥ + 21 ĥ sup ∥D2 k(x)∥,
x∈Tj

j = 1, . . . , N,

(3.11)

where ĥ = diam(Tj ) and D2 k(x) is the second order derivative of the function k(x).1 In
particular, (3.10) and (3.11) hold for any discretization mesh node x̂j such that x̂j ∈ Tj .
1

See (Ciarlet, 2002, Section 1.2) for the definition of the second order derivative.
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Assuming additional smoothness of k(x) in the node, Corollary 3.1.3 gives that the
estimated difference between the eigenvalues and the paired nodal values decreases at
least linearly as the mesh is refined.
Considering the FEM discretization with nodal piecewise linear basis functions, the
localization intervals in Theorem 3.1.1 can be improved using the mean values of the
function k(x) over the individual elements ∆s of the patch Tj ,
ks∆ ≡

1 ∫︂
k(x) dx,
|∆s | ∆s

where |∆s | =

∫︂
∆s

1 dx,

s = 1, . . . , nel .

(3.12)

Theorem 3.1.4 then gives the analogy of Theorem 3.1.1 using the set of intervals
[︄

k̂(Tj ) ≡

]︄

min ks∆ , max ks∆
s∈Sj
s∈Sj

,

j = 1, . . . , N,

(3.13)

where Sj ⊂ {1, . . . , nel } is the set of indices of elements forming the subdomain Tj .
Theorem 3.1.4. Let k(x) from (3.1) be a bounded and measurable function. Then there
exists a (possibly non-unique) permutation π such that the eigenvalues of the matrix L−1 A
given by (3.5) and (3.6) using the FEM discretization with piecewise linear basis functions
satisfy
λπ(j) ∈ k̂(Tj ), j = 1, . . . , N,
(3.14)
where the intervals k̂(Tj ) are given by (3.13).
The intervals given by (3.13) are smaller than their counterpart given by (3.7). The
improvement in localization of the associated eigenvalue λπ(j) can be significant especially
when the function k(x) oscillates rapidly in small parts of Tj or when it is discontinuous
inside Tj ; see the numerical illustrations in section 3.4. We note that the intervals (3.13)
are easily available in practical computations.

3.2

Concept of the proofs

The proof of Theorem 3.1.1 from (Gergelits et al., 2019) non-trivially combines arguments from the perturbation theory of symmetric matrices with the classical result from
the theory of bipartite graphs.
Using the arguments from perturbation theory of symmetric matrices, it is possible to
localize the group of eigenvalues of L−1 A in the intervals
Int(J , k(x)),

(3.15)

whose edges are for any J ⊂ {1, . . . , N } determined by the values of k(x) over the
subdomain
⋃︂
TJ ≡
Tj .
(3.16)
j∈J

To be more precise, Lemma 3.2.1 below (see (Gergelits et al., 2019, Lemma 3.3)) states
that for any J ⊂ {1, . . . , N } there exists a group of at least |J | eigenvalues of L−1 A
located in the interval (3.15).
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Lemma 3.2.1. For any J ⊂ {1, . . . , N } there exists P ⊂ {1, . . . , N }, |P| ≥ |J |, such
that
λs ∈ Int(J , k(x)), s ∈ P;
(3.17)
see (Gergelits et al., 2019, Lemma 3.3), where
[︄

Int(J , k(x)) = k(TJ ) =

]︄

inf k(x), sup k(x) .

x∈TJ

x∈TJ

The proof of Lemma 3.2.1 follows in the following way.
(I) For any subdomain TJ , J ⊂ {1, . . . , N }, one can locally modify the scalar function
k(x) to function k̃ J (x) by setting it equal to a positive constant K in the subdomain TJ .
This results, after discretization, in a modified matrix
[ÃJ ]ij =

∫︂
Ω

i, j = 1, . . . , N,

∇ϕi · k̃ J ∇ϕj ,

(3.18)

such that L−1 ÃJ has at least |J | eigenvalues equal to K. Indeed, from the construction
of ÃJ it follows that
ÃJ ej = K Lej for any j ∈ J .
(II) The similarity transformation between the matrices L−1 A, L−1 ÃJ and the symmetric matrices L−1/2 AL−1/2 , L−1/2 ÃJ L−1/2 together with the standard perturbation
theorem for symmetric matrices (see, e.g., (Stewart and Sun, 1990, Corollary 4.9, p. 203))
gives that there exist at least |J | eigenvalues λs of L−1 A such that
λs ∈ [K + θmin , K + θmax ] ⊂ [K − Θ, K + Θ],

s ∈ {1, . . . , N },

(3.19)

where Θ = max{|θmin |, |θmax |} and where θmin and θmax are the smallest and largest
eigenvalues of the error matrix
where EJ = A − ÃJ .

L−1 EJ ,

(3.20)

(III) In the next step, the bound
|Θ| ≤ sup |k(x) − K|
x∈TJ

(3.21)

is developed; for details see (Gergelits et al., 2019, proof of Lemma 3.3, equation (3.10)).
The proof of Lemma 3.2.1 is then finished by substituting (3.21) into (3.19) and by the
choice of the constant
K = 21 ( inf k(x) + sup k(x)).
x∈TJ

x∈TJ

Using Lemma 3.2.1 we can further improve the localization and show that for any
J ⊂ {1, . . . , N } there exists a set of indices P ⊂ {1, . . . , N }, |P| ≥ |J |, such that
λs ∈

⋃︂

Int(j, k(x)),

s ∈ P,

(3.22)

j∈J

i.e., the eigenvalues are located in union of intervals Int(j, k(x)), j ∈ J , rather than in one
(possibly much larger) interval Int(J , k(x)). Indeed, for any J ⊂ {1, . . . , N } the union
of intervals from (3.22) can be decomposed into at most |J | mutually disjoint intervals,
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i.e., the subset J can be decomposed onto the subsets Ji , i = 1, . . . , p, where p ≤ |J |,
such that
⋃︂
Int(j, k(x)) = Int(Ji , k(x)), i = 1, . . . , p.
j∈Ji

Lemma 3.2.1 then ensures that each interval Int(Ji , k(x)) contains at least |Ji | eigenvalues
∑︁
of L−1 A. Summing up, at least i=1,...,p |Ji | = |J | eigenvalues of L−1 A must be contained
in the union of intervals from (3.22).
The task is now to find a pairing π such that
λπ(j) ∈ Int(j, k(x)),

j = 1, . . . , N ;

(3.23)

see the statement of Theorem 3.1.1 above. The question of existence of such a pairing can
be elegantly answered by translating the problem into the language of bipartite graphs
and by the use of the well-known Hall’s theorem; see, e.g., (Bondy and Murty, 1976,
Theorem 5.2) or the original formulation (Hall, 1935, Theorem 1).
Consider the bipartite graph
(S, I, E)
(3.24)
with the sets of nodes S = I = {1, . . . , N } and the set of edges E, where
{s, i} ∈ E

if and only if λs ∈ Int(j, k(x)),

s ∈ S, i ∈ I.

Given any J ⊂ I, the set of all nodes from S adjacent to any node from J is denoted as
G(J ) ⊂ S, i.e.,
G(J ) = {s ∈ S; ∃i ∈ J such that {s, i} ∈ E}.
and it represents the set of indices of all eigenvalues of L−1 A located in any of the intervals
Int(j, k(x)), j ∈ J . Thus, using the representation by the bipartite graph, the localization
of eigenvalues in (3.22) gives that for any J ⊂ I,
|G(J )| ≥ |J |.

(3.25)

Theorem 3.2.2 (Hall’s theorem). Let (S, I, E) be a bipartite graph. There exists a
matching M ⊂ E (i.e., no edges from M ⊂ E share a common node) that covers I if and
only if
|G(J )| ≥ |J | for any J ⊂ I.
(3.26)
Since the set of nodes S and I in the bipartite graph (3.24) are of the same size, using
(3.25) and the Hall’s theorem gives the matching M , which provides the definition of the
permutation π from Theorem 3.1.1. Setting π(j) = s for any {s, j} ∈ M ensures (3.23).
To sum up, the Hall’s theorem implies the existence of the pairing π from Theorem
3.1.1 such that
λπ(j) ∈ Int(Tj ), j = 1, . . . , N,
where Lemma 3.2.1 guarantees that the necessary and sufficient condition (3.26) is satisfied.
Assuming the FEM discretization with linear elements, analogous approach is used in
section 3.3 to prove Theorem 3.1.4. The only difference is that the additional linearity
assumption allows for tighter bounds of eigenvalues of the error matrix L−1 EJ from
(3.20), which results in different definition of intervals Int(j, k(x)); see section 3.3 for
details. Similarly, analogous approach is used in section 4.4 to prove Theorem 4.1.3, in
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which the generalization of the problem (3.1) is considered with the scalar function k(x)
replaced by the symmetric tensor function K(x).
Corollary 3.1.3 follows easily from Theorem 3.1.1 by the use of the multidimensional Taylor expansion; see, e.g., (Ciarlet, 2002, p. 11, Section 1.2) and detailed proof of
(Gergelits et al., 2019, Corollary 3.2).

3.3

Tighter bounds for discretization by the linear
elements

This section outlines a slight improvement of the length of the intervals in Theorem 3.1.1
from Gergelits et al. (2019) for the case of discretization with linear Lagrange elements.
Results of this subsection were achieved in collaboration with Václav Kučera from Charles
University. They are based on the observation that piecewise linear functions have piecewise constant derivations.
Consider any J ⊂ {1, . . . , N } the interval
[︃

k̂(TJ ) = min
s∈SJ

ks∆ ,

max ks∆
s∈SJ

]︃

(3.27)

where ks∆ is the mean value of k(x) over the element ∆s , s = 1, . . . , nel , given by (3.12)
and where SJ ⊂ {1, . . . , nel } is the set of indices of the elements forming the subdomain
TJ .
As explained in section 3.2, it is sufficient to prove the following lemma.
Lemma 3.3.1. Let k(x) from (3.1) be a bounded and measurable function and consider
the matrix L−1 A given by (3.5) and (3.6) using the FEM discretization with piecewise
linear basis functions. For any J ⊂ {1, . . . , N } there are at least |J | eigenvalues of the
matrix L−1 A located in the interval k̂(TJ ), i.e., for any J ⊂ {1, . . . , N } there exists
P ⊂ {1, . . . , N }, |P| ≥ |J |, such that
λs ∈ k̂(TJ ),

s ∈ P,

(3.28)

where the intervals k̂(TJ ) are given by (3.27).
Proof. The proof follows steps (I) and (II) from the outlined proof of Lemma 3.2.1 in
section 3.2 to get (3.19), i.e., there exists a group of at least |J | eigenvalues of L−1 A such
that
λs ∈ [K − Θ, K + Θ], s ∈ {1, . . . , N },
(3.29)
where Θ is the maximal size of eigenvalues of the error matrix L−1 EJ , EJ = A − ÃJ and
where ÃJ is given by the function k̃ J (x) as above. Following the step (III) from the proof
of Lemma 3.2.1, we need to bound |Θ|. To do so, we consider the Rayleigh quotient for
the eigenpair (θ, q), ∥q∥ = 1, of the error matrix L−1 EJ and the associated eigenfunction
∑︁
T
q= N
j=1 νj ϕj , where q = [ν1 , . . . , νN ],
qT (A − ÃJ )q
∇q · (k(x) − k̃ J (x))∇q dx
q T EJ q
∫︁
=
= Ω
θ= T
T
2
q Lq
q Lq
Ω ∥∇q∥ dx
∫︁
∫︁
2
2
T (k(x) − K)∥∇q∥ dx
TJ (k(x) − K)∥∇q∥ dx
∫︁
= J ∫︁
≤
.
2
2
Ω ∥∇q∥ dx
TJ ∥∇q∥ dx
∫︁
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Since the discretization space consists of piecewise linear functions, the gradient of function q is piecewise constant. Denoting as
αs = ∥∇q(x)|∆s ∥2 ,

s = 1, . . . , nel ,

and writing the integral over the subdomain TJ as a sum of integrals over the elements
∆s , s ∈ SJ , gives
∑︁

θ≤

s∈SJ

αs

∆s (k(x)

∫︁

∑︁

s∈SJ

− K) dx
=
αs |∆s |

αs |∆s |

∑︁

s∈SJ

∑︁

s∈SJ

(︃ ∫︁

∆s

k(x)−K dx
|∆s |

αs |∆s |

)︃

.

(3.30)

Using the definition (3.12) of the mean values ks∆ , the eigenvalues of L−1 EJ can be
bounded as
(︂
)︂
∑︁
∆
{︂
}︂
α
|∆
|
k
−
K
s
s∈SJ s
s
θ≤
≤ max ks∆ − K .
(3.31)
∑︁
s∈SJ
s∈SJ αs |∆s |
Substituting into (3.29) gives that there exists a group of at least |J | eigenvalues λs of
L−1 A such that
λs ∈ [ K − max |ks∆ − K|, K + max |ks∆ − K| ],
s∈SJ

Setting K =

3.3.1

1
2

(︂

s∈SJ

s ∈ {1, . . . , N }.

(3.32)

)︂

mins∈SJ ks∆ + maxs∈SJ ks∆ finishes the proof.

An alternative proof of Theorem 3.1.4 for linear FEM

For the FEM discretization with linear elements, Theorem 3.1.4 can be proved also using
the following approach. Consider the piecewise constant function k̂(x) defined as
k̂(x)|∆s = ks∆ ,

s = 1, . . . , nel ,

(3.33)

i.e., k̂(x) equals on each element ∆s , s = 1, . . . , nel , to the mean value given by (3.12).
Moreover, consider the associated matrix
[Â]ij =

∫︂
Ω

i, j = 1, . . . , N.

k̂∇ϕi · ∇ϕj ,

(3.34)

The application of Theorem 3.1.1 to the matrix L−1 Â given by (3.6) and (3.34) gives the
existence of pairing π such that
λ̂π(j) ∈ [ inf k̂(x), sup k̂(x)],
x∈Tj

x∈Tj

j = 1, . . . , N,

where 0 < λ̂1 ≤ λ̂2 ≤ . . . ≤ λ̂N are the eigenvalues of L−1 Â. Since the function k̂(x) is
piecewise constant, it follows that
inf k̂(x) = min ks∆ ,

x∈Tj

s∈Sj

sup k̂(x) = max ks∆ .
s∈Sj

x∈Tj

Thus, to prove Theorem 3.1.4 which gives a localization of the eigenvalues of the original matrix L−1 A, it is sufficient to show that matrices L−1 Â and L−1 A have the same
spectrum. Assuming linear elements, we show that A = Â. Indeed,
[Â]ij =

∫︂
Ω

k̂∇ϕi · ∇ϕj =

∫︂
Ti ∩Tj

k̂∇ϕi · ∇ϕj =

∑︂ ∫︂
s∈Sij
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∆s

k̂∇ϕi · ∇ϕj ,

i, j = 1, . . . , N,

where Sij ⊂ {1, . . . , nel } is the set of indices of elements forming the intersection of
supports Ti ∩ Tj . Similarly
[A]ij =

∫︂
Ω

k∇ϕi · ∇ϕj =

∫︂
Ti ∩Tj

k∇ϕi · ∇ϕj =

∑︂ ∫︂
∆s

s∈Sij

k∇ϕi · ∇ϕj ,

i, j = 1, . . . , N.

From the definition (3.33) of the perturbed function k̂(x) we see that
∫︂
∆s

k̂(x) dx =

∫︂

k(x) dx,

∆s

s = 1, . . . , nel .

Thus, since the gradients of piecewise linear basis functions are piecewise constant vector
functions, the matrices Â and A are the same.

3.4

Numerical experiments illustrating Theorem 3.1.4

We consider a uniform triangular mesh with piecewise linear discretization basis functions
ϕj , j = 1, . . . , N , and we compare the size of the original intervals k(Tj ) given by (3.7)
with the improved intervals k̂(Tj ) given by (3.13) using the mean values of k(x) over the
elements of support Tj . Moreover, we compare the mean values of k(x) over the supports
Tj of the basis functions ϕj ,
kjT

1 ∫︂
k(x) dx,
≡
|Tj | Tj

where |Tj | =

∫︂
Tj

1 dx,

j = 1, . . . , N,

(3.35)

with the nodal values k(xj ) (where ϕi (xj ) = δij ) and the eigenvalues of L−1 A. The mean
value kjT is the weighted arithmetic mean of the values ks∆ , s ∈ Sj , given by (3.12)
kjT =

∑︂
∑︁
s∈Sj

|∆s |
ks∆ ,
|∆
|
s
s∈Sj

and thus it is contained in the interval k̂(Tj ). As a consequence, it can provide better
approximation of the eigenvalues of L−1 A than the nodal values.
We consider a computational domain Ω = (0, 1) × (0, 1), three test problems (P1)–
(P3) from (Gergelits et al., 2019, Section 4) denoted here as (P 3.1)–(P 3.3), and two test
problems with discontinuous function k(x). Solely for purpose of description of the test
problems, we slightly abuse the notation above and write k = k(x, y),
(P 3.1)
(P 3.2)
(P 3.3)
(P 3.4)
(P 3.5)

k(x, y) = sin(x + y),
k(x, y) = 1 + 50 exp(−5(x2 + y 2 )),
k(x, y) = 27 (x7 + y 7 ),
k(x, y) =
k(x, y) =

⎧
⎨

1+x+y
⎩ 10 + x + y

whenever y ≥ 5x − 2,
elsewhere,

⎧
⎨

5 + k(x, y) from (P 3.2) whenever y ≥ 5x − 2,
⎩ 100 + k(x, y) from (P 3.3) elsewhere.

Numerical experiments were computed using FEniCS and the results were visualized using
Matlab.2 If not specified otherwise, the discretized problems are of the size N = 81.
2

FEniCS version 2017.2.0 and MATLAB Version: 9.5.0 (R2018b).
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Figure 3.1: Comparison of the eigenvalues λs (red dots) and the associated intervals
k(TR(s) ) (black lines) and k̂(TR(s) ) (cyan lines). Top left: (P 3.1), top right: (P 3.2),
bottom: (P 3.3) where the right panel uses logarithmic vertical axes.
Throughout this section we consider increasingly sorted eigenvalues 0 < λ1 ≤ . . . ≤ λN
and the reordering R of the mean values ksT such that
T
T
kR(1)
≤ . . . ≤ kR(N
).

In Figure 3.1 we use the reordering R to pair the eigenvalues λs (red dots) with the original
intervals k(TR(s) ) (black lines) and the improved intervals k̂(TR(s) ) (cyan lines) for the test
problems (P 3.1)–(P 3.3). Since for every test problem it holds that
λs ∈ k̂(TR(s) ) ⊂ k(TR(s) ) for any s = 1, . . . , N,
the pairing π from Theorems 3.1.1 and 3.1.4 (whose proof does not construct the pairing
π explicitly) can be here identified with the reordering R. We observe that the intervals
k̂(Tj ) are indeed notably smaller than k(Tj ).
In Figures 3.2 and 3.3 we compare the eigenvalues λs (red dots) with the mean values
T
kR(s) (cyan dots) and the nodal values k(xR(s) ) (blue asterisks). Whereas for the test
T
problems (P 3.1) and (P 3.2) the nodal values k(xR(s) ) and the mean values kR(s)
are
practically indistinguishable and both provide accurate approximation of the eigenvalues,
T
the mean values kR(s)
provide significantly better approximations of λs at both ends of
spectrum for the test problem (P 3.3).
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T
Figure 3.2: Comparison of eigenvalues λs (red dots) and the mean values kR(s)
(cyan dots)
and the nodal values k(xR(s) ) (blue asterisks). Left: (P 3.1), right: (P 3.2).

T
Figure 3.3: Comparison of eigenvalues λs (red dots) and the mean values kR(s)
(cyan dots)
and the nodal values k(xR(s) ) (blue asterisks) for test problem (P 3.3). The right panel
uses logarithmic vertical axes.

The improved intervals k̂(Tj ) and the mean values kjT can provide significant insight
onto the localization of the eigenvalues λs of the preconditioned matrix L−1 A especially
when the function k(x) contains discontinuities with large jumps. This is illustrated using
the test problems (P 3.4) and (P 3.5) with discontinuous function k(x) in Figures 3.4 and
3.5 where the resulting discretized problems are of the size N = 25 and N = 81. Denoting
D ⊂ {1, . . . , N } as the set of all indices of supports Tj crossing the discontinuity, i.e.,
D = {j | Tj ∩ {(x, y) : y = 5x − 2} =
̸ ∅},
we observe that any interval k(Tj ), j ∈ D, provides no significant information on localization of the eigenvalues of L−1 A. Moreover, many nodal values (e.g., the nodal values k(xj ),
j ∈ D) can not be paired with the nearby eigenvalues. Consequently, the eigenvalues in
the middle of the spectrum are poorly localized and approximated. On the other hand,
some of the improved intervals k̂(Tj ), j ∈ D, are significantly smaller and they provide
better information about the localization of the eigenvalues in the middle of the spectrum.
It is most interesting that the mean values kjT , j ∈ D, provide very accurate approximati40

Figure 3.4: Test problem (P 3.4) of the size N = 25 (left) and N = 81 (right). Comparison
of eigenvalues λs to the intervals k̂(TR(s) ) and k(TR(s) ) (top) and with the mean values
T
kR(s)
and the nodal values k(xR(s) ) (bottom).
on of these eigenvalues. Similar behavior was observed in other numerical experiments.
We hope to investigate this phenomenon further and report the results elsewhere.
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4. Spectrum of second order PDEs
preconditioned by Laplacian:
Symmetric tensor coefficient function
This chapter contains furter generalization of the results obtained in the papers Nielsen
et al. (2009) and Gergelits et al. (2019). Here we restrict to two dimensional problems
with bounded domain Ω ⊂ R2 and we use the notation (x, y) ∈ Ω for the points from
Ω. Instead of the problem (3.1) with the scalar function k(x, y), we consider here the
problem
−∇ · (K(x, y)∇u) = f
u=0

for (x, y) ∈ Ω,
for (x, y) ∈ ∂Ω,

(4.1)

with the symmetric tensor function K(x, y) : R2 → R2 with its entries being bounded
Lebesgue integrable functions.
The weak formulation of the associated generalized eigenvalue problem
−∇ · (K(x, y)∇u) = ∆u for (x, y) ∈ Ω,
u=0
for (x, y) ∈ ∂Ω,

(4.2)

is to seek u ∈ H01 (Ω) and λ ∈ R such that
Au = λLu

(4.3)

where A, L : H01 (Ω) → H −1 (Ω) are defined as
⟨Au, v⟩ =
⟨Lu, v⟩ =

∫︂
∫︂ Ω

K∇u · ∇v,
∇u · ∇v,

Ω

u, v ∈ H01 (Ω),
u, v ∈ H01 (Ω).

(4.4)
(4.5)

Considering the standard finite element discretization with nodal polynomial basis functions ϕ1 , . . . , ϕN , the matrix representations A and L associated with the discretization of
operators A and L are defined as
[A]ij =
[L]ij =

∫︂
∫︂Ω
Ω

(4.6)

K∇ϕi · ∇ϕj ,
∇ϕi · ∇ϕj ,

i, j = 1, . . . , N.

(4.7)

This chapter includes the results from the paper (Gergelits et al., 2020), which provides
full description of the spectrum of the infinite dimensional preconditioned operator L−1 A;
see Theorem 4.1.1 in section below. The full text of (Gergelits et al., 2020), which is to
appear in SIAM Journal on Numerical Analysis, is presented in the attachment of this
thesis. Moreover, we prove the existence of one-to-one pairing between the eigenvalues of
the preconditioned matrix L−1 A and the intervals determined by the images of diagonal
functions from the spectral decomposition of tensor function K(x, y) over the supports of
the finite element nodal basis functions; see Theorem 4.1.3 in section below. Section 4.2
outlines the proof of Theorem 4.1.1. Section 4.3 shortly outline the related question of
existence of similarity transformation between infinite dimensional operators that have the
same spectrum. Section 4.4 outlines the proof of Theorem 4.1.3 and section 4.5 contains
the numerical experiments.
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4.1

Summary of the results

The results of this chapter are based on the spectral decomposition of the tensor function
K(x, y) from (4.2)
K(x, y) = Q(x, y)Λ(x, y)QT (x, y),
[︄

Λ(x, y) =

κ1 (x, y)
0
0
κ2 (x, y)

(x, y) ∈ Ω,
(4.8)

]︄

,

where the columns of Q(x, y) are orthogonal eigenvectors of K(x, y); Q(x, y)T Q(x, y) = I.
The following Theorem 4.1.1 (see (Gergelits et al., 2020, Theorem 1.1)) presents the full
characterization of the spectrum (3.2) of the infinite dimensional operator L−1 A.1
Theorem 4.1.1. Consider an open and bounded Lipschitz domain Ω ⊂ R2 . Assume
that the entries of the symmetric tensor K(x, y) are continuous throughout the closure Ω.
Then the spectrum of the operator L−1 A given by (4.4) and (4.5) equals
sp(L−1 A) = Conv(κ1 (Ω) ∪ κ2 (Ω)),

(4.9)

where
Conv(κ1 (Ω) ∪ κ2 (Ω)) = [ inf min κi (x, y),
(x,y)∈Ω i=1,2

sup max κi (x, y)].
(x,y)∈Ω

i=1,2

(4.10)

It is worth noting that Theorem 4.1.1 extends the results in Nielsen et al. (2009)
in several ways. It holds for second order differential operators with definite, indefinite
and semidefinite tensors. Moreover, instead of the inclusion proved for the scalar case
in Nielsen et al. (2009), it shows that the spectrum actually equals the interval (4.10)
determined by K(x, y). It consists not only of the union of the individual ranges
κ1 (Ω) ∪ κ2 (Ω),
but in the case that κ1 (Ω) and κ2 (Ω) do not overlap, it contains also the gap between
them.
Remark 4.1.2. As stated in (Gergelits et al., 2020, Section 5), Theorem 4.1.1 holds also
for spectrum of the infinite dimensional operator L−1 A associated with the generalized
eigenvalue problem with homogeneous Neumann boundary conditions,
∇ · (K∇u) = λ∆u
∇u · n = 0

for (x, y) ∈ Ω,
for (x, y) ∈ ∂Ω,

(4.11)

where n denotes the outwards pointing unit normal vector of ∂Ω.
The following Theorem 4.1.3 presents an analogy of Theorem 3.1.1 and gives a (possibly non-unique) one-to-one correspondence of the eigenvalues λ1 ≤ λ2 ≤ . . . ≤ λN of the
preconditioned matrix L−1 A given by (4.6) and (4.7) with the intervals
[︄

κ(Tj ) ≡

]︄

inf

min κi (x, y), sup max κi (x, y) ,

(x,y)∈Tj i=1,2

(x,y)∈Tj i=1,2

1

j = 1, . . . , N.

(4.12)

Since for operators defined on infinite dimensional Hilbert spaces the eigenvalues represent, in general,
only a part of the spectrum, the generalized eigenvalue problem (4.3) does not determine the whole
spectrum of the operator L−1 A.
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Theorem 4.1.3. Let the entries of the symmetric tensor function K(x, y) from (4.2) be
bounded and piecewise continuous functions. Then there exists a (possibly non-unique)
permutation π such that the eigenvalues of the matrix L−1 A given by (4.6) and (4.7)
satisfy
λπ(j) ∈ κ(Tj ),

j = 1, . . . , N,

(4.13)

where the intervals κ(Tj ) are given by (4.12).
The proof of Theorem 4.1.3 follows the same steps as the proof of Theorem 3.1.1 from
the previous chapter. We just need to prove that for any J ⊂ {1, . . . , N } there exists a
group of at least |J | eigenvalues of L−1 A located in intervals
[︄

]︄

κ(TJ ) ≡ min inf κi (x), max sup κi (x)
i=1,2 x∈TJ

i=1,2 x∈TJ

(4.14)

where TJ ≡ j∈J Tj is the union of supports of basis functions ϕj , j ∈ J ; see Lemma
4.4.1 in section 4.4. In this context, the intervals (4.14) play the role of intervals (3.15)
from section 3.2.
We note that similarly as in Theorem 4.1.1, the tensor function K(x, y) in Theorem
4.1.3 can be definite, indefinite or semidefinite. Besides, the assumptions on the tensor
function K(x, y) are in Theorem 4.1.3 substantially weaker than in Theorem 4.1.1, as
the continuity is not needed. Similarly as in Remark 3.1.2, assuming only bounded and
measurable entries of tensor function K(x, y), the same statement holds with replacing
intervals (4.12) by intervals
⋃︁

]︄

[︄

ess inf min κi (x, y), ess sup max κi (x, y) ,

(x,y)∈Tj i=1,2

(x,y)∈Tj i=1,2

j = 1, . . . , N.

Moreover, the generalization of Theorem 4.1.1 to three dimensional problems seems to
be only a technical matter.2 The generalization of Theorem 4.1.3 to three dimensions is
straightforward.
Theorem 4.1.3 often does not provide as tight localization of the individual eigenvalues
as Theorem 3.1.1. The reason is that although both intervals
[︄

]︄

inf κi (x, y), sup κi (x, y)

(x,y)∈Tj

for i = 1 and i = 2

(4.15)

(x,y)∈Tj

might be small for many different functions κ1 (x, y) and κ2 (x, y), we are able to localize the
eigenvalues only in the interval (4.12) that contains also the potentially large gap between
the intervals (4.15); see the numerical experiments in section 4.5 for more details.
Inspired by (Gergelits et al., 2019) and using approach based on the Courant-Fischer
min-max principle (see, e.g., (Golub and Van Loan, 1996, Theorem 8.1.2)), a different
localization of eigenvalues of the preconditioned matrix was given recently in (Ladecký
et al., 2020).
2

This issue has been recently investigated by I. Pultarová from the Czech Technical University in
Prague.
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4.2

Concept of the proof of Theorem 4.1.1

Theorem 4.1.1 is in (Gergelits et al., 2020) proved in several steps, which are outlined in
this section. The statement is proved by a sequence of several lemmas for the preconditioned operator L−1 A associated with a diagonal tensor
[︄

K(x, y) =

κ1 (x, y)
0
0
κ2 (x, y)

]︄

(4.16)

with the generalization to the non-diagonal symmetric tensor function K(x, y) with the
spectral decomposition (4.8) given subsequently.
As a first step it is proved (see (Gergelits et al., 2020, Lemma 2.1)) that the function
values of a diagonal tensor at their points of continuity belong to the spectrum, i.e., for
i = 1, 2,
κi (x, y) ∈ sp(L−1 A)
for all (x, y) ∈ Ω at which κi (x, y) is continuous. In the proof, assuming κi (x, y) is
continuous at (x0 , y0 ), the parametrized functions vr and ur = (λI − L−1 A)vr , where
λ = κi (x0 , y0 ), are constructed such that
lim ∥vr ∥L ̸= 0 and

r→0

lim ∥ur ∥L = 0,

r→0

which is not possible if λI − L−1 A has a bounded inverse.3 This result gives an analogy
of (Nielsen et al., 2009, Theorem 3.1).
Next, the case when the ranges κi (Ω) = {κi (x, y); (x, y) ∈ Ω)}, i = 1, 2, are disjoint
is considered. Assuming a diagonal tensor (4.16) that is constant on an open subdomain
S ⊂ Ω, it is proved that any value from the gap between κ1 (Ω) and κ2 (Ω) belong to the
spectrum (see (Gergelits et al., 2020, Lemma 2.2)). The proof is based on the existence
of nontrivial solutions of the Dirichlet problem for the wave equation, which is considered
in the rectangular subdomain of S. As a consequence, using the fact that the set of
invertible operators is open, it is proved that any value from the gap between κ1 (Ω)
and κ2 (Ω) belong to the spectrum for any diagonal tensor with (at least) one point of
continuity (see (Gergelits et al., 2020, Lemma 2.3)).
Assuming continuity of diagonal tensor K(x, y) in the closure Ω, the statements above
imply that
Conv(κ1 (Ω) ∪ κ2 (Ω)) ⊂ sp(L−1 A).
The proof of Theorem 4.1.1 for diagonal tensors is then completed by proving the reverse
implication (see (Gergelits et al., 2020, Lemma 3.1)). This implication is proved using
the self-adjointness of the operator L−1 A with respect to the inner product given by the
Laplace operator L.
The generalization of the above statements to the non-diagonal symmetric tensor
function K(x, y) is straightforward using the properties of the spectral decomposition
(4.8); see (Gergelits et al., 2020, Section 4).

4.3

Further discussion

Theorem 4.1.1 characterizes the spectrum of the preconditioned operator L−1 A given by
(4.4) and (4.5) using only the values of the diagonal tensor Λ(x, y) from the spectral
3

The norm ∥ · ∥L is the norm induced by the inner product associated with the Laplace operator L.
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decomposition (4.8). As a consequence, considering the generalized eigenvalue problem
−∇ · (Λ(x, y)∇u) = ∆u for (x, y) ∈ Ω,
u=0
for (x, y) ∈ ∂Ω,

(4.17)

with the diagonal tensor function Λ(x, y) determined by the spectral decomposition (4.8)
of symmetric tensor function K(x, y) and considering the associated infinite dimensional
operator B : H01 (Ω) → H −1 (Ω) defined as
⟨Bu, v⟩ =
we get that

∫︂
Ω

Λ∇u · ∇v,

u, v ∈ H01 Ω,

(4.18)

sp(L−1 B) = sp(L−1 A).

(4.19)

In other words, the spectrum of the infinite dimensional operator L−1 A associated with
the symmetric tensor function K(x, y) is invariant under orthogonal transformations.
Inspired by this, in this section we formulate and look into the following open problem.
Open problem 4.3.1 (Existence of invertible operator S). Consider the preconditioned
operators L−1 A and L−1 B given by (4.4), (4.5) and (4.18). The task is to find an invertible
operator S : H01 (Ω) → H01 (Ω) such that
S −1 L−1 BS = L−1 A.

(4.20)

Next we explain that assuming solvability of the following open problem 4.3.2, the operator
S satisfying (4.20) from the open problem 4.3.1 can be determined using the solution of
problem 4.3.2.
Open problem 4.3.2 (Solvability of the weak problem). Consider a given u ∈ H01 (Ω)
and an orthogonal tensor function Q(x, y) : R2 → R2 . The task is to find su ∈ H01 (Ω)
such that
∫︂
∫︂
⃗ ∈ W,
(4.21)
∇su · ⃗v = QT ∇u · ⃗v , ∀v
Ω

Ω

where the space of test functions W is defined as
{︂

W = ⃗v ∈ L2 (Ω) × L2 (Ω) : ⃗v = M ∇u

}︂

for any M ∈ Q, u ∈ H01 (Ω) ,

where Q is the set of all bounded tensor functions M (x, y) : R2 → R2 .
Assuming solvability of the open problem 4.3.2, the operator S satisfying (4.20) can
be determined as
S : u ↦→ su ,
(4.22)
where su is the solution of (4.21). Indeed, for any u, v ∈ H01 (Ω) we get
⟨Au, v⟩ =

∫︂
Ω

K∇u · ∇v =

∫︂
Ω

QT ∇u · ΛQT ∇v.

Since ΛQT ∇v ∈ W , we get from (4.21) (assuming solvability of the open problem 4.3.2)
the existence of su ∈ H01 (Ω) such that
⟨Au, v⟩ =

∫︂
Ω

∇su · ΛQ ∇v =
T
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∫︂
Ω

QT ∇v · Λ∇su .

Since Λ∇su ∈ W , we get the existence of sv ∈ H01 (Ω) such that
∫︂
Ω

which gives that

Q ∇v · Λ∇su =
T

∫︂
Ω

∇sv · Λ∇su

⟨Au, v⟩ = ⟨Bsu , sv ⟩ = ⟨BSu, Sv⟩,

(4.23)

where we use the definition of the operator S from (4.22). Similarly, using the orthogonality of Q(x, y) and the fact that for any u, v ∈ H01 (Ω) it holds that QT ∇u, QT ∇v ∈ W , we
get
∫︂
∫︂
⟨Lu, v⟩ = ∇u · ∇v = QT ∇u · QT ∇v
Ω
∫︂Ω
(4.24)
= ∇su · ∇sv = ⟨Lsu , sv ⟩ = ⟨LSu, Sv⟩.
Ω

Using (4.23) and (4.24) implies that
S ∗ BS = A,

S ∗ LS = L,

(4.25)

where the dual operator S ∗ : H −1 (Ω) → H −1 (Ω) is given by
⟨S ∗ f, v⟩ = ⟨f, Sv⟩ ,

for all v ∈ H01 (Ω), f ∈ H −1 (Ω).

The existence of operator S satisfying (4.20) now follows from (4.25),
L−1 A = (S −1 L−1 S −∗ )(S ∗ BS) = S −1 L−1 BS.
However, the (unique) solvability of problem (4.21) is still unresolved. In the rest of
this section we comment on the solvability of the weak problems 4.3.3 and 4.3.4, which
differ from the problem 4.3.2 only by the choice of the test space.
Weak problem 4.3.3 (Solvable for any u ∈ H01 (Ω)). Given u ∈ H01 (Ω) and an orthogonal
tensor function Q(x, y), find su ∈ H01 (Ω) such that
∫︂
Ω

∇su · ∇v =

∫︂

QT ∇u · ∇v,

Ω

∀v ∈ H01 (Ω).

(4.26)

Since the tensor Q(x, y) is bounded, the functional
⟨fu , v⟩ =

∫︂

∀v ∈ H01 (Ω),

QT ∇u · ∇v,

Ω

is well defined for each u ∈ H01 (Ω) and the problem (4.26) can be written as Lsu = fu
that is uniquely solvable. Moreover, since
∫︂
Ω

QT ∇u · ∇v = 0,

∀v ∈ H01 (Ω),

implies that ∇u = 0, we get fu ̸= fv for any u ̸= v and thus the problem (4.26) is uniquely
solvable. The problem (4.26) is a weak formulation of a standard elliptic PDE problem
to find su ∈ H01 (Ω) such that
div(∇su ) = div(QT ∇u),
su = 0,
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(x, y) ∈ Ω,
(x, y) ∈ ∂Ω.

(4.27)

Weak problem 4.3.4 (Not solvable for every u ∈ H01 (Ω)). Given u ∈ H01 (Ω) and an
orthogonal tensor function Q(x, y), find su ∈ H01 (Ω) such that
∫︂
Ω

∇su · ⃗v dx =

∫︂

∀v
⃗ ∈ L2 (Ω) × L2 (Ω).

QT ∇u · ⃗v ,

Ω

(4.28)

The problem (4.28) is a weak formulation of the following PDE problem to find su ∈ H01 (Ω)
such that
∇su = QT ∇u, (x, y) ∈ Ω,
(4.29)
su = 0,
(x, y) ∈ ∂Ω.
Using the Helmholtz decomposition (see, e.g., (Girault and Raviart, 1986, Theorem 3.2),
the problem (4.29) and thus also the problem (4.28) is solvable only when div(QT ∇u) = 0
for any u ∈ H01 (Ω), which is not, in general, true for non-constant orthogonal tensor
function Q(x, y) from the spectral decomposition (4.8).
We observe that formulations of weak problems 4.3.2, 4.3.3 and 4.3.4 differ only in the
choice of the test spaces, which satisfy
{∇v; v ∈ H01 (Ω)} ⊂ W ⊂ L2 (Ω) × L2 (Ω).
Answering the question (either negatively or positively) of solvability of problem 4.3.2
needs further investigation.

4.4

Localization of eigenvalues of the discretized operator

In this section we present a proof of Theorem 4.1.3, i.e., we prove the existence of a pairing
between the eigenvalues of preconditioned matrix L−1 A and the intervals κ(Tj ) given by
(4.12). As explained in section 3.2, it is sufficient to prove the following lemma.
Lemma 4.4.1. Let the entries of the symmetric tensor function K(x, y) from (4.2)
be bounded and piecewise continuous functions and consider the matrix L−1 A given by
(4.6) and (4.7). For any J ⊂ {1, . . . , N } there are at least |J | eigenvalues of the
matrix L−1 A located in the interval κ(TJ ), i.e., for any J ⊂ {1, . . . , N } there exists
P ⊂ {1, . . . , N }, |P| ≥ |J |, such that
λs ∈ κ(TJ ),

s ∈ P,

(4.30)

where the intervals κ(TJ ) are given by (4.14).
Proof. The proof follows the steps from the outlined proof of Lemma 3.2.1. Following the
step (I) and using the spectral decomposition (4.8), consider for any J ⊂ {1, . . . , N } the
local modification of the tensor function K(x, y) by some constant C
K̃ J (x, y) = Q(x, y) diag(C, C)QT (x, y) for (x, y) ∈ TJ ,
= K(x, y)
elsewhere;
and the corresponding modified matrix
[ÃJ ]ij =

∫︂
Ω

K̃ J ∇ϕi · ∇ϕj
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i, j = 1, . . . , N.

(4.31)

Using the orthogonality of Q(x, y) from the spectral decomposition (4.8) and the fact that
supp (QT ∇ϕj ) ⊂ supp (∇ϕj ) ⊂ supp (ϕj ) = Tj ,

j = 1, . . . , N,

(4.32)

we can express (4.31) for any j ∈ J and i = 1, . . . , N as
[ÃJ ]ij =

∫︂

=

∫︂

Tj ∩Ti

Tj ∩Ti

=C

K̃ J ∇ϕi · ∇ϕj =

∫︂
Tj ∩Ti

Q diag(C, C)QT ∇ϕi · ∇ϕj

diag(C, C)QT ∇ϕi · QT ∇ϕj = C

∫︂
Tj ∩Ti

∫︂
Tj ∩Ti

QT ∇ϕi · QT ∇ϕj

∇ϕi · ∇ϕj = C [L]ij .

In other words,

ÃJ ej = C Lej ,

j ∈ J,

i.e., the matrix L−1 ÃJ has at least |J | eigenvalues equal to the constant C.
Following the step (II) from the proof of Lemma 3.2.1 gives that there exists a group
of at least |J | eigenvalues of L−1 A such that
λs ∈ [K − Θ, K + Θ],

(4.33)

s ∈ {1, . . . , N },

where Θ is the maximal size of eigenvalues of the error matrix L−1 EJ , EJ = A − ÃJ .
Following the step (III) from the proof of Lemma 3.2.1, we need to bound |Θ|. To do
so, we consider the Rayleigh quotient for the eigenpair (θ, q), ∥q∥ = 1, of the error matrix
∑︁
T
L−1 EJ and the associated eigenfunction q = N
j=1 νj ϕj , where q = [ν1 , . . . , νN ],
q T EJ q
qT (A − ÃJ )q
(K − K̃ J )∇q · ∇q
∫︁
=
= Ω
θ= T
2
T
q Lq
q Lq
Ω ∥∇q∥
∫︁
T
T
TJ (Λ(x, y) − diag(C, C)Q ∇q · Q ∇q
∫︁
=
2
Ω ∥∇q∥
∫︁
T
2
T ∥Q ∇q∥
≤ sup ∥Λ(x, y) − C∥ J∫︁
,
2
(x,y)∈TJ
Ω ∥∇q∥
∫︁

which gives that
|θ| ≤

sup ∥Λ(x, y) − C∥.

(4.34)

(x,y)∈TJ

Substituting into (4.33) gives that there exists a group of at least |J | eigenvalues λs
of L−1 A such that
λs ∈ [ C − sup ∥Λ(x, y) − C∥, C + sup ∥Λ(x, y) − C∥ ],
(x,y)∈TJ

s ∈ {1, . . . , N }. (4.35)

(x,y)∈TJ

Clearly,
sup ∥Λ(x, y) − C∥ = max sup |κi (x, y) − C|
(x,y)∈TJ

i=1,2 (x,y)∈T
J

= max max { sup κi (x, y) − C, C −
i=1,2

(x,y)∈TJ

see the illustration in Figure 4.1. Thus, setting
50

inf

(x,y)∈TJ

κi (x, y)};

(4.36)

sup ∥Λ(x, y) − C∥

C
inf κ1 (x, y)

inf κ2 (x, y) sup κ1 (x, y)

sup κ2 (x, y)

Figure 4.1: Illustration of the spectral norm of the shifted diagonal tensor as a function
of the shift C (thick solid line). The dashed lines correspond to four different functions
of C from the right hand side of (4.36).
1
min inf κi (x, y) + max sup κi (x, y)
C=
i=1,2 (x,y)∈T
2 i=1,2 (x,y)∈TJ
J
(︄

)︄

minimizes the length of the interval (4.35) and it gives that there exists a group of at
least |J | eigenvalues λs of L−1 A such that
]︄

[︄

λs ∈ min sup κi (x, y), max sup κi (x, y) ,
i=1,2 (x,y)∈T

i=1,2 (x,y)∈T
J

J

s ∈ {1, . . . , N },

which finishes the proof.

4.5

Numerical experiments illustrating Theorem 4.1.3

Although Theorem 4.1.3 is formally very similar to Theorem 3.1.1, it in general provides
significantly weaker localization of the eigenvalues of L−1 A. The main reason is that the
eigenvalues are localized in the interval κ(Tj ) given by (4.12), which contains the gap
between intervals
[︄

κi (Tj ) ≡

]︄

inf κi (x, y), sup κi (x, y) ,

(x,y)∈Tj

i = 1, 2,

(4.37)

(x,y)∈Tj

whenever κ1 (Tj ) ∩ κ2 (Tj ) = ∅. This gap can be large regardless the length of the intervals
(4.37). In particular, whereas the length of intervals (4.37) decreases proportionally to the
size of the elements of the computational mesh, the size of the gap remains more or less the
same. Moreover, the nodal values κ1 (xj , yj ) and κ2 (xj , yj ) (or even their average), where
ϕi (xj , yj ) = δij , may not provide accurate approximations of the individual eigenvalues.
To illustrate these issues, consider the preconditioned matrix L−1 A associated with
the problem (4.2) and the constant tensor K(x, y) = diag(5, −5). Here, Theorem 4.1.3
provides no additional information as κ1 (Tj ) = −κ2 (Tj ) = 5 for all j = 1, . . . , N and the
isolated points of nodal values do not approximate the eigenvalues of L−1 A, which spread
over the entire interval [−5, 5]; see (Gergelits et al., 2020, Figure 2).
On the other hand, depending on the properties of functions κ1 (x, y) and κ2 (x, y),
Theorem 4.1.3 can, in many cases, provide useful information on the eigenvalues of the
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Figure 4.2: Illustration of Theorem 4.1.3 for test problems (P 4.1)–(P 4.6). Apart from
(P 4.6), the reordering R given by increasingly sorted nodal values of κ1 (x, y) can play the
role of a pairing from Theorem 4.1.3 as the increasingly sorted eigenvalues λs are located
between the intervals κ1 (TR(s) ) and κ2 (TR(s) ).

preconditioned matrix. In the numerical experiments below we consider computational
domain Ω = (0, 1) × (0, 1) and we restrict to problems (4.2) with the diagonal tensor
K(x, y). We discretize the problem using a uniform triangular mesh with piecewise li52

near discretization basis functions and the discretized problems are of the size N = 81.
Numerical experiments were computed using FEniCS and the results were visualized using
Matlab.
We consider the following test problems, where for any (x, y) ∈ Ω,
(P
(P
(P
(P
(P
(P

4.1) :
4.2) :
4.3) :
4.4) :
4.5) :
4.6) :

κ1 (x, y) = 1 + 4(x + y),
κ1 (x, y) = 1 + 4.5(x + y),
κ1 (x, y) = 1 + 100 exp(−5(x2 + y 2 )),
κ1 (x, y) = −15 + 40 exp(−5(x2 + y 2 )),
κ1 (x, y) = 26 (x6 + y 6 ),
κ1 (x, y) = 1 + 3(x + y),

κ2 (x, y) = 2 + 4(x + y),
κ2 (x, y) = 5.5,
κ2 (x, y) = 10 + 20 exp(−3(x2 + y 2 )),
κ2 (x, y) = −10 + 40 exp(−5(x2 + y 2 )),
κ2 (x, y) = 24 ((1 − x)3 + (1 − y)3 ),
κ2 (x, y) = 10 − 3(x + y).

In Figure 4.2 we plot the increasingly sorted eigenvalues or L−1 A (red dots) together
with the visualization of the paired intervals
κ(Tj ) = Conv(κ1 (Tj ) ∪ κ2 (Tj )),

j = 1, . . . , N.

Intersection κ1 (Tj ) ∩ κ2 (Tj ) is plotted by magenta solid line and the intervals κ1 (Tj )
and κ2 (Tj ) are plotted by cyan and black solid lines, respectively. Here we consider the

Figure 4.3: Illustration of Theorem 4.1.3 for test problem (P 4.6), where the pairing is
determined by the combination of reorderings R given by increasingly sorted nodal values
of κ1 (x, y) and S given by switching regularly between smallest and largest eigenvalues of
L−1 A.
reordering R of the nodes (xj , yj ), where ϕi (xj , yj ) = δij , such that the nodal values of
the function κ1 (x, y) (blue dots) are increasingly sorted, i.e.,
κ1 (xR(1) , yR(1) ) ≤ κ1 (xR(2) , yR(2) ) ≤ . . . ≤ κ1 (xR(N ) , yR(N ) ).
The nodal values κ2 (xR(s) , yR(s) ) are plotted by green dots.
We observe that apart from the test problem (P 4.6), the reordering R given by the
increasingly sorted nodal values of κ1 (x, y) can play the role of the pairing from Theorem
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4.1.3 as the increasingly sorted eigenvalues λs are located between the intervals κ1 (TR(s) )
and κ2 (TR(s) ). In Figure 4.3 we plot again the quantities related to the test problem (P 4.6),
where the eigenvalues of L−1 A are ordered differently, switching regularly between the
smallest and largest eigenvalues. Denoting this reordering of eigenvalues as S, it again
holds that
λS(s) ∈ κ(TR(s) ), s = 1, . . . , N,
i.e., the pairing from Theorem 4.1.3 is given by combination of reorderings R and S.
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5. Conclusions
Krylov subspace methods for solving linear systems are strongly nonlinear in the input
data. As a consequence, the convergence bounds based on single number characteristics
(such as the condition number) are too simple to capture the adaption of Krylov subspace
methods to the data, which is their principal advantage over other methods. In fact,
the widely and non-critically used condition number can yield misleading information
concerning preconditioning; see, e.g., the introductory numerical experiment in (Gergelits
et al., 2019, Section 2). Convergence behavior of the method of conjugate gradients
(CG) for solving linear algebraic systems with symmetric and positive definite matrix is
completely determined by the associated full spectral information. Thus, it is vital to
have as detailed information about all eigenvalues of the system matrix as possible.
Using the connection of the CG method to the Gauss-Christoffel quadrature, the
relationship of the spectral information to CG convergence behavior has been summarized
in chapter 2 of this thesis. Using the example of composite polynomial convergence bounds
based on Chebyshev polynomials studied in the paper (Gergelits and Strakoš, 2014), the
chapter 2 concludes that any consideration concerning the CG rate of convergence relevant
to practical computations must include analysis of effects of rounding errors.
Chapters 3 and 4 are motivated by applications in numerical solution of partial
differential equations. They investigate the spectra of infinite dimensional operators
−∇·(k(x)∇) and −∇·(K(x)∇), where k(x) is a scalar coefficient function and where K(x)
is a symmetric tensor function preconditioned by the Laplace operator. Subsequently,
the focus is on the eigenvalues of the matrices that arise from their discretization using
conforming finite elements. The main results prove that detailed information about the
spectra is readily available by the function values of k(x) or of κ1 (x) and κ2 (x) from
the spectral decomposition K(x) = Q(x)Λ(x)Q(x)T , Λ(x) = diag(κ1 (x), κ2 (x)). Assuming continuity of K(x), the spectra of the associated preconditioned infinite dimensional
operators are equal to the convex hull of the ranges of functions κ1 (x) and κ2 (x). This
indicates that for highly heterogeneous problems, where the ranges of κ1 (x) and κ2 (x) are
disjoint and far apart, the spectrum of the preconditioned operator is very large. The other
main contribution states that in the discrete case the values of k(x) give close approximations to all individual eigenvalues of the associated preconditioned matrix. These results
are presented in the SIAM Journal on Numerical Analysis papers (Gergelits et al., 2019,
2020) included in this thesis as an attachment.
To the best of our knowledge, (Gergelits et al., 2019, 2020) presents the first results
that provide detailed information about the whole spectra of the infinite dimensional
operators and of the matrices resulting from their FEM discretization. They motivate
questions for further research:
• Extension of the results to other problems and other preconditioners.
• Can the easily available information given by the presented results be used for
construction of efficient acceleration/preconditioning techniques?
• Numerical experiments suggest that whenever the ranges of κ1 (x) and κ2 (x) are disjoint, the eigenvalues of the preconditioned matrix are almost uniformly distributed
over the whole interval given by their extremal points. What is the distribution of
the eigenvalues of the disretized problem over the interval determined by the infinite
dimensional problem?
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(Gergelits et al., 2019, 2020)
In the attachment of this thesis we present the full text of SIAM Journal on Numerical
Analysis papers (Gergelits et al., 2019, 2020).
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