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Dear Professor Nemecek,

Overview. The dissertation under review concerns extremal type
questions in graph theory. The starting point of the thesis is the
simple observation, that every graph G with minimum degree
strictly bigger k-1 must contain any tree with at most k edges.
Motivated by the extremal examples for this observation and
results for paths and stars, in 1965 Erdos and Sos conjectured
that, in fact, the same is true under the weaker assumption,
that the average degree of G is strictly bigger k-1. It is easily seen
that this degree condition is best possible, e.g., a (7c-i;-regular
graph contains no copy of the star on k+1 vertices. Recently, a
proof of the Erdos-Sos-conjecture was announced by Ajtai,
Komlos, Simonovits, and Szemeredi, but the proof appears to be
a ,,tour de force" and a complete manuscript is not available yet.
(In fact a first proof was already announced in the mid-eighties.)
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In the early nineties Loebl suggested the following somewhat
related conjecture: If an n-vertex graph contains at least n/2
vertices of degree at least n/2, then it contains any tree on at
most n/2 edges. In other words, Loebl conjectured that every
graph with median degree n/2 contains any tree on at most n/2
edges. An approximate version of this conjecture was proved by
Ajtai, Komlos, and Szemeredi and the precise version for large n
was announced a few years ago by Zhao. There is a nice
generalization of Loebl's conjecture, suggested by Komlos and Sos,
which is known as Loebl-Komlos-Sos conjecture (LKS-conjecture):
Every graph with median degree k contains any tree on at most k
edges. Obviously, this conjecture Jies" in between the simple graph
theoretic lemma we started with and the Erdos-Sos-conjecture.

Content and Results. In her thesis Ms. Piguet worked on the
LKS-conjecture. In fact, in joint work with Maya Stein, she proved
two results inspired by this conjecture. Theorem 2.0,3 resolves
the LKS-conjecture for trees of diameter 5. The second and much
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more important result (Main Theorem, Theorem 4.0.4) establishes an approximate version of
the conjecture for large k. More precisely, the result says: For all q, n>0 any graph with at least
(l+r})n/2 vertices of degree at least (l+rj)k contains any tree on at most k>qn edges. This
result can be viewed as a generalization of the proof of the approximate version of the Loebl
conjecture. This is a very nice result and an important step towards the resolution of the LKS-
conjecture. Both those results have immediate consequences concerning the Ramsey number of
trees. Which are discussed in Section 5.

The thesis is organized as follows. In Section 1 and 2 Ms. Piguet introduces the LKS-conjecture
and its connection to the Erdos-Sos-conjecture. She briefly discusses the history and surveys
some results related to those conjectures. Moreover, the proof of Theorem 2.0.3 (LKS-
conjecture for trees of diameter 5) and a proof of the LKS-conjecture for paths (a result due to
Bazgan, Li and Wozniak) are given. The proof of Theorem 2.0.3 is elementary and based on a
careful study of the structure of an assumed counterexample to the conjecture, which leads to a
contradiction.

The main part of the thesis concerns the proof of the approximate version of the LKS-conjecture
for large trees. One of the central tools for the proof of this ruslt is the regularity lemma of
Szemeredi. This lemma allows to decompose the edge set of any dense graph into ,,mostly"
quasirandom (so-called £-regular) bipartite subgraphs. This quasirandomness is in particular
useful for graph embedding problems. For example, the regularity lemma played a key role in
the proof of the Loebl-conjecture and also the proof of the main theorem from this thesis relies
on the regularity lemma. Section 3 is devoted to the regularity lemma and auxiliary technical
results related to it. Most of those results are known in the literature and Ms. Piguet gives the
proofs to make the presentation self contained.

Section 4 contains the complex and technical proof of the main theorem, i.e., the approximate
version of the LKS-conjecture. First a short outline of the proof is given. After the application of
the regularity lemma one studies the structure of the so-called cluster graph. Roughly speaking,
the cluster graph gives an approximate description of the input graph and if one finds an
appropriate homomorphism from the tree T into the cluster graph, then one can ,,extend" this
homomorphism into an embedding of T into G. To carry out such a plan Ms. Piguet first shows
that the structure of the cluster graph may fall into two cases. Both cases ensure the existence
of ,,big" and ,,well connected" matching (see Section 4.4). Secondly, for each case, one tries to
find a appropriate decomposition of T. Roughly speaking, one tries to split Tinto several smaller
trees with bounded maximum degree. Those subtrees can be embedded into the e-regular
bipartite graph corresponding to matching edges from the clustergraph and the Connectedness"
of the matching allows to connect those subtrees to a copy of 7 in G. However, making such a
plan work, requires a lot of technical arguments and tricks and the details are given in Section
4.

In the last section, Ms. Piguet discusses a slight generalization of the main result. In fact, the
proof extends from trees with at most k edges to arbitrary bipartite graphs of at most k+1
vertices and k+0(l) edges. Finally, Ms. Piguet derives the Ramsey-type consequences of her
main results and discusses a few open questions.

Conclusion. The main result of the thesis establishes an approximate version of the LKS-
Conjecture for large trees. This is a very interesting contribution and an important step towards
a resolution of the LKS-conjecture. This work resulted into joint paper with Maya Stain, which
was submitted recently. I'm convinced it will appear in an international journal on graph theory
or discrete mathematics. Moreover, the result was presented on international conferences on
graph theory and an extended abstract appeared in the Electronic Notes in Discrete
Mathematics.

Summarizing, Ms. Piguet solved an important case of a well known conjecture in extremal graph
theory. In this thesis she showed a solid background in the area and overcame many non-trivial
and technical obstacles. In my opinion she clearly demonstrated her ability to work scientifically
in discrete mathematics and I suggest to accept this thesis as a doctoral dissertation.

Vnnrc faithfully.


