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Abstract: The goal of this thesis is to determine the asymptotic behaviour of the
number of quadratic extensions of a number field in terms of the discriminant.
We will be particularly interested in extensions of imaginary quadratic number
fields with odd class number. For a given number field K we will define the group
of ideles I and the idele class group C, which capture the local behaviour of a
number field. Then we use the Artin reciprocity theorem to give a correspondence
of quadratic extensions and quadratic characters on Cx. When the class number
is odd, quadratic characters on Ck reduce to characters on the product of groups
of units of local fields. These characters can be given explicitly and we compute
the discriminant of the corresponding extension from their local conductors. We
put this information together in the form of a zeta function and finally use a
Tauberian theorem to compute the asymptotic behaviour.
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Introduction

For every prime p of a number field K we can define a local field K,, which is
a finte extension of the p-adic numbers QQ,. We can put them all together to
form the group of ideles I. Class field theory tells us that there is a canonical
homomorphism

I /K> — Gal(K/K)™.

This gives us a way to transform questions about extensions of K to questions
about local fields, which we are able to solve. We can use this to count abelian
extension of a number field K. Using this theorem one can estimate the asymp-
totic behavior of the function ax(n) which is the number of abelian extensions
of K with discriminant < n satisfying certain properties. For example in chapter
8 of [Wool4] it is shown using the Artin reciprocity that the function ax(n) for
the number of quadratic extensions of K = QQ grows as

ag(n) = an +o(n).

In this thesis we will extend this theorem for K an imaginary quadratic field with
odd class number. We will find that

ax(n) =Cn+o(n).

where C' is a constant we can write exactly using the Dedekind zeta function of
K. Simial method can be used to count cubic or higher degree extension or count
extensions with certain splitting properties at a set of primes.

The main idea is to view quadratic extensions of K as open index 2 subgroups of
the absolute Galois group of K (the Galois group of the algebric closure of K') and
use the Artin reciprocity to transform them to subgrups of the group of ideles.
These can also be seen as kernels of certain homomorphism from ideles to Z/27Z.
If K has odd class number, then all such homomorphisms can be constructed as
sums of homomorphisms from local fields to Z/27Z such that they send all units
of Ok to 0.

If the class number is odd, then there are two problems. Firstly there are homo-
morphisms from the class group Clg to Z /27, which would have to be taken to
account. Also there would be more homomorphisms from local fields than homo-
morphisms from the ideles, because a certain group Ext'(Clg,Z/27) would be
nonzero and to calculate it, we would need to know nontrivial information about
the structure of the class group. This theorem can’t also be easily extended to
real quadratic fields, because the group of units of Ok is infinite and we would
need to know, what elements generate it.

The discriminant of each extensions can be computed from the local homomor-
phisms. The information about the extension can be put into one function called
the counting function. The asymptotic behaviour is then estimated from the
counting function using a Tauberian theorem, if we rewrite the counting function
using certain zeta and L-functions.



1. Preliminaries

We first we recall some commutative algebra and algebraic number theory and
then we take a brief introduction to local fields and the group of ideles, to get our
main result. A short summary is in the following sections. All proofs and more
details can be found in [NS99] Chapter II.

1.1 Commutative algebra

The localization of a ring R by a multiplicatively closed subset S containing 1 is
the ring of fractions ¢ a € R, s € S modulo the relation 5 ~ 2 iff z(er —ds) =0
for some x € S. The localization is denoted S™'R. The prime ideals of S™'R
correspond to the prime ideals of R disjoint from S by sending S~™'R > I — INR.
It also preserves the Noetherian property (i.e. if every ideal of R is finitely
generated, then every ideal of S™'R is finitely generated). See Proposition 38(c)
and (d) in Chapter 15.4 of [DF04] for the proofs.

For two k-algebras A and B, we can define their tensor product A ®, B as the
product A x B modulo the ideal generated by elements of the form (ra,b) —
(a,rb),(a+da',b) — (a,b) — (a’,b), (a,b+V) — (a,b— (a, b)) for all a,a’ € A, b,V €
B,r € k. This is also a k-algebra, for more information see Section 10.4 in
[DF04].

The algebraic closure of a field K is an algebraic extension K /K, where K is
algebraically closed (every polynomial has a root). For a field of characteristic 0,
there always exist an algebraic closure and all closures are isomorphic.

1.2 Algebraic number theory

We will review some basic algebraic number theory, see for example Chapter 1.
in [NS99]. Recall that for an extension of L/K of number fields with rings of in-
tegers O, Ok, a prime p of K is nonzero prime ideal of Of. Since every nonzero
ideal in the ring of integers factors uniquely as a product of prime ideals, the ideal
pOy, factors as pOp, = [[q;" for some distinct prime ideals q; of L. In this case we
say that the g, are above p. The numbers e; are called the ramification degrees
and the numbers f; = [(Or/q:)/(Ok/p)] (which are finite) are called degrees of
inertia. For every extension L/K we have Y e;f; = [L/K]. In particular for
quadratic extensions we have three cases for every prime p, either e; =1, f; = 1
ore; =1,f; =2o0re =2, f; =1. In these cases we call the prime split, inert or
ramified, respectively.

To every number field K we associate the multiplicative free abelian group gener-
ated by the nonzero prime ideals of O, denoted Jg. Its elements are also called
the fractional ideals. Let ¢ € K be a nonzero element. It can be written as §
with a,b € Ok. The elements a,b define ideals with unique factorizations into
distinct prime ideals (a) = [I, p¥ and (b) = I1; q?j. The nonzero ideals of O
are elements of this group. Then we have a group homomorphism K* — Jg,
c— L p% x I1; qj_kj . Elements in the image are called principal fractional ideals
and the cokernel is called the ideal class group denoted Clx and a famous theo-



rem in algebraic number theory says that it is finite (Theorem 6.3 in Chapter I.
INS99]). The size of Clk is called the class number hy.

For a number field extension L/K the relative norm N x(—) of a nonzero prime
ideal q in O, is defined by N,k (q) = p/ where p = Ox Nq and [ is the degree
of inertia of q over p. The norm is extended to every ideal by defining the norm
of an ideal as the product of norms of the prime ideals in its decomposition. The
norm of the extension K/Q is called the absolute norm N(—) and it is an ideal
of Z, so we can identify it with a natural number.

A number field K has r; embeddings into the real numbers 7; : K — R and ry
pairs of conjugate embeddings to the complex numbers 0;,5; : K — C. Then
there is a homomorphism log, : K — R %272 defined by

a — (log|m(a)|,log |Re(o;(a))|,log|Im(c;(a))|). If H is the subspace H = {h; €
R"1+2r2] 3~ h; = 0}, then the unit group O maps to H under log,; and the image
is a complete lattice Z™ 2721 The area of the fundamental mesh of this lattice
divided by +/r1 + rq is called the regulator Regy of K. See [NS99] Chapter I.,

Sections 5 and 7 for more information.

1.3 Local fields

A valuation on a field A is a surjective function v : A* — Z satisfying these
conditions:

e v(ab) =v(a)+v(b)
e v(a+b) > min(v(a),v(b))

One usually defines V(O) = 00. Every valuation defines an absolute value (or
norm) on A by |a| = ¢ @ for some ¢ > 1. It is discrete (meaning its image
in R is discrete outside of 0) and defines a topology on A. We say two absolute
values are equivalent if they define the same topology. Choosing different ¢ gives
equivalent absolute values.

The topology defined may not be complete, but there always exists a completion
A with dense homomorphism A — A (Theorem 7.23 in [Mill7]). This can be
done by setting A to be the field of all Cauchy sequences module an equivalence
a=b < a—0bis a sequence going to zero. The absolute value on A extends
to A and is also discrete (because the absolute value of element in A is a limit of
elements in |A| which is discrete).

The p-adic absolute value on Q for a prime p is defined for a by writing a as
the product of distinct prime powers a = plqf’ ... ¢ and setting |a| = p~® and
|0] = 0.

Rational numbers are not complete with respect to the p-adic absolute value.
Their completion is called the p-adic numbers and denoted Q,. Every element
of Q, can be uniquelly written as an infinite sum 2, a,p" where k € Z and
a; € {0,1,,])—1}

Theorem 1 (Ostrowski). The only nontrivial absolute values up to equivalence
on Q are the standard absolute value and the p-adic ones for all primes p.

Proof. Theorem 4.2 in Chapter II. in [NS99]. O



Fields with an absolute value that possess nice properties are called local

fields.

Definition 2. A local field is a field with a nontrivial absolute value such that it
1s locally compact, i.e. every point has an open neighborhood the closure of which
18 compact.

A field together with the topology defined by a complete valuation is a local
field. We will call a local field non-archimedean if it satisfies a stronger version
of the triangle inequality: |a + b| < max(|a|, |b|) otherwise it is archimedean.

Theorem 3. Every local field A of one of the following types
e if A is archimedean, then it is isomorphic to R or C

e if A is non-archimedean and of characteristic 0, then it is isomorphic to a
finite extension of some Q,

e if A is non-archimedean and of characteristic p, then it is isomorphic to a
finite extension of F,,((t)) (the ring of formal Laurent series with coefficients
inF,)

Proof. Proposition 5.2 in Chapter II. in [NS99]. H

For a non-archimedean local field A we define the ring of integers O4 = {z €
A ¢ |z| < 1}, its maximal ideal m = {z € A : |z| < 1} and the residue field
ka = O4/my which is finite. The discreteness of the norm implies that the max-
imal ideal is principal and its generator is called uniformizer m. The absolute
value is usually normalized so that the uniformizer has norm ¢~! where ¢ is the
cardinality of the residue field. The units in Q4 are exactly the elements with
la| = 1. For example for Q, the ring of integers is called the p-adic integers Z,
and the maximal ideal is generated by p.

1.4 Groups of units of local fields

For our main result we will need to know more about the structure of the group of
units of local fields. For a local field A we define the n-th unit group 4™ = 14m"
and U = 0 =Y.

Theorem 4. We have A* = (1) x U = (1) x U/UYD x UY and the quotients
UU™ 2= (O/m™)* and U™ UMY =2 1Y /m

forn > 1.

Proof. See 3.10 and 5.3 in Chapter II. in [NS99]. O

Theorem 5. For a non-archimedean local field A of characteristic 0 there is an

isomorphism
n

exp: U™ = m



and e is the normalized valuation of p. The functions are given by the power
series

00 00 k k
exp(x Z ., log(1 Z
= k=0
which converge on their domam of definition.
Proof. Propositition 5.5 in Chapter II: in [NS99]. O

We can put this together with the fact m" = (") = O = ZIY/®] as additive
groups to get

Theorem 6. For a local field A of characteristic 0 and its ring of integers O 4
we have:

A2 L X L) (q— 1)L X L] (p")Z x L
Ox=7Z/(q—1)Z x L/ (p")Z x

where p is the characteristic of the residue field and q is its order, d is the degree
of A over Q, and a is some integer.

Proof. Proposition 5.7 in Chapter II. in [NS99). O

1.5 Places

We will denote a number field by K and its ring of integers by Ok or just O.
Recall that a ring being Noetherian means that every ideal is finitely generated.
For a nonzero prime ideal p of O consider the localization O, = (O\p)™*

The ring O is Noetherian, integrally closed and is of Krull dimension 1 (every
nonzero prime ideal is maximal). The local ring O, is Noetherian since localiza-
tion preserves this property. The prime ideals of S~'R correspond to the prime
ideals of R disjoint from S. Therefore the only prime ideals of O, are the zero
ideal and pO,, in other words O, is a local Noetherian domain. It is also integrally
closed since if § in the field of fractions of O is a root of " + {tz"~ T4 +2=0
where s; ¢ p then 22 where s =[] SZ, solves a monic polynomlal with Coefﬁ01ents
in O and so %' = 0 E O and § = 2 € O,. Thus R satisfies one of the equivalent
conditions of being a discrete valuation ring (DVR), defined by the equivalent
conditions below.

Theorem 7. The following are equivalent:
e R is a local Noetherian domain of Krull dimension 1 and integrally closed

e R is a unique factorization domain with one irreducible element up to as-
sociates

Proof. Theorem 7 in Chapter 16.2 in [DF04]. ]



This means R only has one prime ideal p which is principal and every ideal
is its power. We can define a discrete valuation on O by setting v(z) to be such
that (z) = p"@. It can be extended to K by v(a/b) = v(a) — v(b). We can
complete K with respect to the absolute value induced by this valuation and we
get a non-archimedean characteristic 0 local field K.

Prime ideals of O are also called finite places. We can also define infinite
places:

Definition 8. A real infinite place of K is an embedding 7 : K — R. A complex
infinite place is a pair of conjugate embeddings o,0 : K — C that are not real.

Note that the number of real plus twice the number of complex embeddings
is equal to the degree of the number field K. To each infinite place we associate
the local field R or C if it is real or complex respectively. The number field is
embedded in the local field by the corresponding embedding.

1.6 Extensions of local fields

For an extension of number fields L /K and primes q of L above p (this means that
p = Ok Nq), the local fields L, and K, form an extension with properties that
tells us information about the primes. For proofs of these theorems see Chapter
7 and 8 of [Mill7].

Definition 9. If A/B is an extension of non-archimedean characteristic 0 local
fields with normalized valuations and uniformizers wa, g,

then we define the degree of inertia as the degree of the extension of finite fields
fayg = [ka/kB]l = [(Oa/(74))/(Op/(7B))] and the ramification index as ea/p =
va(mp). An extension is unramified if the degree of ramification is 1.

Theorem 10 (Local field extensions). For an ezxtension of number fields L/ K and
nonzero primes p C Ok and q C Oy, such that qN O = p we have an extension
of local fields Ly/ K,. If q; are all the primes of L above p, then L &k K, =[] L, .
Furthermore the degree of inertia of the local field extension is equal to the degree
of inertia of the primes and the same for the ramification index.

Proof. See Proposition 8.2 in [Mill7]. O

Theorem 11. Finite unramified extensions L/K of non-archimedean local field
K correspond to finite extensions of the residue field kg = Ok /(mg) by sending

L k= Or/(rr) and if ki, = ki [X]/(f(X)), then L = K[X]/(f(X)) for some
lift f(X) of f(X) to K[X].

Proof. Proposition 7.50 in [Mill17]. O

1.7 1Idéles

We follow Chapter VI of [NS99]. We have a number field K and the set of its
places p and the corresponding local fields K. The group of ideles is an object
I that collects all the local fields into one.

7



Definition 12. The group of idéles is defined

A~

[k = 1_[p placestX ={(ap) € [I K[lall but finitely many a, are in U,}

p places

We can put a topology on ideles by defining a system of neighbourhoods of 1

to be the sets:

I W, x [14

pes pgs
where S is a finite set of places including the infinite ones and W, are systems
of neighbourhoods of 1 in K. Systems of neighbourhoods of other points are
obtained by translations.
From the inclusions K C K, we get the diagonal embedding K* — Ix. The
quotient Iy /K is called the idele class group Ck and it inherits the quotient
topology from I (open sets in Cx are the ones whose preimage is open in I ).
There is a natural homomorphism Ix — Ji, (a;) = [, finite P* (@) Tt is obviously
surjective. This homomorphism factorizes to a surjection C'x — Clg since K*
maps exactly to principal fractional ideals.

For a set of places S we have a subgroup of ideles I3 = [ cs K X Tlpgs Up.

If S is the set of infinite places we will denote it by I%.

Theorem 13. There is an exact sequence

0——=IRK*/K* Ck Clk 0
Proof. See Proposition 1.3 in Chapter VI. in [NS99]. O
Note that by the second isomorphism theorem I K*/K* =2 1%®/(I¥ N K*).

Definition 14. The absolute Galois group G(K) of a field K of characteristic
0 is the Galois group of the algebraic closure K. It can be given a topology
whose open neighbourhoods of 1 are the subgroups Gal(K /L) where L is a finite
Galois extension of K. This makes G(K) into a topological group (multiplication
and inversion are continuous). Open subgroups of G(K) correspond to finite
extensions of K and closed subgroups correspond to all extensions of K. For

more details see Chapter 7 of [Mil20).

Definition 15. For a group G its abelization G® is its largest abelian quotient,
that is if |G, G] is the commutator subgroup, then G = G/|G,G]. It is clearly
abelian and there is a surjection G — G and every group homomorphism G — H
to an abelian group H factors through G.

Ideles can be used to conveniently formulate the main result of class field
theory: the global Artin reciprocity.

Theorem 16 (Artin reciprocity). There is a continuous homomorphism from the
idele class group of a number field to the abelization of its absolute Galois group

Cx — Gal(K)®

called the Artin map. In particular every subgroup of Ck of finite index corre-
sponds to an abelian extension L/K. Furthermore this homomorphism is surjec-
tive and its kernel is the largest connected component of C that includes 1.

8



Proof. Chapter V.5 of [Mill3]. O

This powerful result tells us that abelian extensions of K can be described by
the idele class group.



2. Counting extensions

2.1 Field extensions

In this section we will assume that K is an imaginary quadratic number field
and that the class number of K is odd. We will use some basic abelian group
cohomology, an introduction to which can be found in Chapter 17 of [DF04]. For
an exact sequence of abelian groups

0 A B C 0

and another abelian group D the contravariant functor Hom(—, D) is left exact,
that is the sequence

0 — Hom(C, D) — Hom(B, D) — Hom(A, D)

is exact. There exist functors Ext’(—, D), > 0, where Ext’(—, D) = Hom(—, D),
such that we have a long exact sequence

0 -2~ Hom(C, D) —~ Hom(B, D) —> Hom(A, D) —~

— L Ext!(C, D) —2~Ext'(B, D) —%> Ext'(4, D) —2~

— . Ext/(C, D) —2~ Ext(B, D) —%~ Ext’(A, D)~ .
The functors Ext’(A, D) can be computed via a free resolution of A

f2 f1

F-L 4 0

Fy

by applying the functor Hom(—, D)
g2

00— HOHI(FO, D) LHQm(Fl’ D) LHOHI(FQ, D) e .

The groups Ext’ are the cohomology groups of this complex, that is Ext’(A, D) =
im(g;)/ker(gi—1).

We can use the Artin reciprocity to classify all quadratic extensions of an
imaginary quadratic number field K. All quadratic extensions are abelian. By
Galois theory they correspond to index 2 (necessarily normal) open subgroups of
G(K), the absolute Galois group of K. All finite extensions of K correspond to
open subgroups of G(K) with finite index. Its commutator I' = [G(K), G(K)]
is a normal subgroup which is contained in all normal subgroups H such that
G(K)/H is abelian. So all index 2 open subgroups correspond to index 2 open
subgroups that lie in G(K)® = G(K)/T or equivalently continuous surjective ho-
momorphisms that lie in Hom(G(K)®, Z/2Z). We will call Hom, (G (K)®,Z/27)
the subgroup of continuous homomorphisms. Now we use the Artin reciprocity
to transform this to homomorphisms to Z/2Z from the idele class group.

10



Theorem 17. The inclusion IR K*/K* — Ck induces an isomorphism
Hom(Ck,Z/2Z) — Hom(I$$K*/K*,7Z/27) for K with odd class number (not
necessarily imaginary quadratic).

Proof. We have the exact sequence

We will apply the left exact functor Hom(—, Z/27Z) to the sequence and use the
property of Ext functors:

Hom(Clg,Z/27)

Hom(Ck, Z/27)

Hom(I¥ K> /K*,7/27) — Ext' (Cly, 7./27)

The edge terms are 0 as we will now show. Because Cl is finite and of odd
order Clyx =TI, Z/p{"Z, so we have a free resolution

0 zn M gn Cly

where M is the diagonal matrix M = diag(p{*,...,p).
By applying Hom(—,Z/27Z) to the resolution we get:

0——(2/22)" = (2/22)" —0

The map M takes h € Hom(Z", Z/27) = (Z/nZ)" to ho M € Hom(Z", 7./27) =
(Z/nZ)™. This map is the identity because M has odd numbers on the diagonal
and multiplication by odd numbers is the identity on Z/27Z. So the cohomology
groups of the chain above are 0 (it is exact), which are exactly Ext’(Clg, Z/27) =

Hom(Clg,7Z/27) and Ext!' (Cly, 7Z/27). O

We need to restrict ourselves to continuous homomorphisms. The topology on
I induces the subset topology on I (open sets are the sets that are intersections
of open sets in I with 1) and the quotient topology on 1% /(I3 N K*) (open
sets are those whose preimage is open in I%). Note that we have I K*/K* =
I /(I N K™).

Theorem 18. There is an isomorphism of continuous homomorphisms
Hom,.(Ck,Z/27Z) — Hom, (12 /(12 N K*),Z/2Z) for K with odd class number,
where Hom.(A, B) is the group of continuous homomorphisms from A to B.

Proof. From the previous theorem we have a bijection of all homomorphisms
Hom(Cy,Z/27) — Hom (I K* /K>, Z/27) = Hom(1 /(1% N K*),Z/27). The
inclusion map I /(I NK*) — Ck is continuous, so a continuous homomorphism
maps to a continuous homomorphism. So there is a map Hom,.(Cy,Z/27Z) —
Hom, (I3 /(I32 N K*),7Z/27) and it is injective.

If the preimage of x € Hom (I® /(IR NK*),Z/2Z) C Hom(I¥ /(I3 N K*),Z/2Z)
is v € Hom(Ck,Z/2Z), it is enough to prove that the kernel of v is open so
that v is continuous. Because I is open in [k (every point a € I has an open
neighbourhood a1, infnite Ky X Iy finite Up), We have that I /(I3 N K*) is open
in Ck (its preimage in I is I¥). The kernel H of x is open in I32/(I® N K*)
and thus in Ck. The kernel of v includes H and so it is a union of cosets of H in
Ck and therefore open. m

11



Lemma 19. There is a bijection between quadratic extensions of any number
field K and continuous surjective homomorphisms Cx — Z/27 given by the
Artin map.

Proof. Quadratic extensions of K correspond to open index 2 subgroups of G(K).
If O is the connected component of 1 in C'k, then the Artin map gives an isomor-
phism Cx /O — G(K). This gives correspondence of open index 2 subgroups of
G(K) and Ck/O. These subgroups of Cx/O can be seen as kernels of continu-
ous surjective homomorphisms Cx /O — Z/27. These correspond to continuous
surjective homomorphisms Cx — Z/27 since the connected component of 1 is
always mapped to 0 by continuity. [

We will now look at Hom(1%2,Z/27Z) with I N K> in the kernel. The elements
of I N K™ all generate the unit ideal. Therefore they are exactly the units of
Ok which are {+1, -1} if K # Q[i], Q[e*™/3].

Lemma 20. For an imaginary quadratic number field K, continuous homomor-
phisms 152 — Z /27 are finite sums of local homomorphisms U, — Z/27Z for some
distinct primes p of K. More explicitely x = >_, xp where X, is x composed with
the inclusion U, = (1,..., Uy, ..., 1) = I%.

Proof. Composition with the inclusion U, = (1,...,U,,...,1) = I3 induces ho-
momorphisms x, : U, — Z/2Z. The kernel of the homomorphism x : I3 — Z/2Z
is open, so there is a finite set .S of primes such that the kernel includes [],cg W) X
[Ipgs Uy, so all but finitely many y, are trivial and x(...,ap,...) = [I, xp(ap)-
The local field at the infinite place C* is always mapped to 0 (since every element
in C* has a square root), so the sum only includes finite primes.

Conversely every finite sum of local homomorphisms gives a continuous homo-
morphism as we will show. Let x = > ,cq Xp. As we will see in Lemma , every

local homomorphism x, : U, — Z/2Z has some subgroup Z/{p("p ) in the kernel and
if S is the set of primes in the sum, then every element g in the kernel has an
open neighbourhood g[l,eg Z/lpn") X Jlp¢s Uy, so the kernel is open. O

All these theorems can be summarized as:

Theorem 21. Quadratic extensions of an imaginary quadratic number field K
with odd class number are in bijection with finite sums x : 130 — Z /27, that can
be written as sums x = Y, X, of homomorphisms x, : U, — Z /27 with I NK* in
the kernel of x and x, is x composed with the inclusion U, = (1, ... Uy, ..., 1) —
I5e.

2.2 Conductors

Now we need to know how can we compute the discriminant of a number field
defined by such homomorphisms. We can do it using conductors.

Definition 22. For a homomorphism x, : U, — C* we define the local Artin con-
ductor to be the smallest integer f,, such that Llp(fx") C ker x,. We define the global
Artin conductor § of a homomorphism x : G(K)® — C* as § = [[, p™» where
Xp are the homomorphisms induced from x by the map U, = (1,... Uy, ..., 1) —
]IK — CK — G(K)ab.

12



We can interprete the group Z/nZ as a subgroup of C* generated by the
n-th roots of unity. In our case x is a homomorphism y : G(K)%® — Z/27 =
{+1,-1} c C*.

Lemma 23. For a character x : U, — Z/nZ the conductor is finite.

Proof. We have to show that some Z/lp(m) is in the kernel of x. Since Z/nZ is
finite, the power (U,)" is in the kernel. From Theorem [5| there is an isomorphism

log : Llp(k) >~ (7)k for k larger than some constant [, where 7 is the uniformizer of
K,. We find that Llék) C (U,)" since every element log(a) € (7)* has an n-th root
log(a)/n € (m)F—(m) = Z/lp(k_y"(")) if we choose k so that k — v,(n) > . Therefore
all elements in L{p(k) are n-th powers, so L{p(k) C (Uy)™ ]

If the character is a sum, the conductor is computable from the summands.

Theorem 24. Let x be a sum of local characters x = >, x, over distinct primes,
like in Theorem . The conductor of x is I, p’r, where f, is the local conductor

of Xp-

Proof. The characters x, are obtained from x by composition with the inclusion
Uy, = (1,...,Uy,...,1) = Ik, so this holds by the definition of the conductor. [

Definition 25. The relative discriminant of a Galois number field extension L/ K
is the ideal 0/ of Ok generated by d(by, by, ..., b,) where b; is an basis of L
over K with b; € Op and d(by,ba, ..., b,) is the determinant det(c;(b;))* with
o, € Gal(L/K). The relative discriminant dg q is a principal ideal of Z and we
can interprete it as a natural number called the absolute discriminant of K.

The relationship between conductor and discriminant is given by the following
formula.

Theorem 26. For an abelian number field extension L/K the relative discrimi-
nant 0y i is given by

0L /K = H fy

x€Char(Gal(L/K))
where Char(G) is the set of characters of G, that is homomorphisms G — C*.

Proof. Can be found in [NS99], VIL.11.9. O

If L/K is a quadratic extension, Gal(L/K) = Z/27 and there are only 2
characters with one trivial. The trivial character has conductor 1. If x : G(K) —
Z,/27 is a continuous character and L is the number field corresponding to the
open subgroup ker(x) by the Galois correspondence, then it factors as G(K) —
G(K)/ker(x) = Gal(L/K) — Z/2Z and hence y gives the nontrivial character
on Gal(L/K) so we can compute its conductor locally and thus get the relative
discriminant of L /K. The absolute discriminant of L is then easily computable.

Theorem 27. Given a tower of number fields L/K/S then the relative discrim-
inant of L/S can be computed as

05 = NK/S<DL/K)D(;{6§SL/K

where Nk s(—) is the ideal norm of K/S.
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Proof. See [NS99| II1.2.10. O

Let’s calculate the conductor of local fields for our quadratic imaginary num-
ber field K. We will start with the odd primes.

Lemma 28. Ifp is a prime of K not above 2 (i.e. pN7Z = (p) for an odd prime
p), then Uy = Z/(p* — 1)Z x L/p"Z x LI where i is the degree of inertia of p in
K/Q. The number d is 1 if p is split and 2 if inert or ramified and a is some
integer.

Proof. We know from Theorem (10| that K, is an extension of Q, and the degree
of inertia and ramification is the same as for p in K/Q. We will use Theorem []
From this theorem we know that 7 is the degree of inertia. The number d is the
degree of K,/Q, is using Theorem |10| the ramification degree times the inertia
degree. O]

We can see that there are only 2 local characters for primes not above 2:

Lemma 29. If p is a prime not above 2, then there are two characters on U, one
of which is trivial.

Proof. There are no nontrivial homomorphisms to Z/2Z from Z/p®Z since it has
odd size and neither from Z,, since 3 € Z, because 3 € Q, and v,(3) = 0 for
odd p. Finally there is a nontrivial homomorphism from Z/(p’ — 1)Z with kernel

(pinl)Z/(pi — 1)Z since 2|(p* — 1). O
The conductors of these local characters are easily computable:

Lemma 30. Ifp is prime not above 2, then the local conductor of the trivial local
character on Uy, is 0 and for the nontrivial one with kernel @Z/(pi —1)Z it is

1.

Proof. The trivial one has kernel U, = Z/{p(o) and the nontrivial one factors through
UM since Uy J UM = 7./ (p' — 1)Z by Theorem O

If p is above 2, then we have three cases depending whether 2 is split, ramified
or inert in K. Notice that 2 can’t be ramified if K is imaginary quadratic with
odd class number unless K = Q(i) or Q(v/—2).

Theorem 31. The prime 2 is not ramified in the extension K/Q, where K is
quadratic imaginary with odd class number unless K = Q(i) or Q(v/—2).

Proof. We will show that the ideal 20, cannot be written as a principal ideal
squared. If the only units in Ok are +1,-1, then 2 is associated with a square
only if 2 = 2% or —2 = 22 for some x € Q. The first case is not possible since K
is imaginary and the second case is possible only in Q(y/—2). If there are more
units then K = Q(i) or K = Q(v/=3) and for Q(v/=3) 2 is inert. If (2) = g°
for some non-principal ideal ¢, then it has order 2 in the class group, which is a
contradiction. O

[

Lemma 32. If 2 is split, we have two primes p and q above 2 and U; = 75 =
Z)27 X Ly for I =p,q. If 2 is inert, we have Uy = Z/37 x Z)27 x Z3.

14



Proof. We can use Theorem [10| to see that K is isomorphic to Q. if I is split
and K5 is an unramified degree 2 extension of QQ, if it is inert.

If 2 is split we can use Theorem [6] and the fact that O; is isomorphic to Zy. The
exponent a at Z/2°Z is 1 since —1 € Z, but > = —1 has no solution in Z, (it
doesn’t have a solution in Z/4Z), so there is a second primitive root of unity in
Zso, but no primitive forth root of unity.

If 2 is inert we use the same theorem, O, is the ring of units of an unramified
degree 2 extension of Zy. From Theorem [11]it can be written as Qy[X]/(f(X))
where f(X) is a polynomial such that Z/2Z[X]/(f(X)) is a degree two field
extension of the local field Z/2Z, i.e. it is irreducible in Z/27Z. This polynomial
is f(X) = X?+4 X + 1. So the local field is isomorphic to Qo[ X]/(X? + X + 1)
and Oy = Z,[X]/(X? + X + 1) (the elements with valuation > 0). We also have
a =1 since 2 = —1 doesn’t have a solution in Z/4Z[X]/(X?* + X + 1), so there
is no primitive forth root of unity. m

Lemma 33. There is an isomorphism (Z/AZ[X]/(X?* + X + 1)) = (Z/3Z) x
(Z)27) x (Z/27)

Proof. The invertible elements in Z/4Z[X]/(X?+ X +1) are of the form AX + B
where both A, B are not zero divisors in Z/4Z, that is 0 or 2. Therefore there
are 4 -4 — 4 = 12 elements, so the group is isomorphic to Z/3Z x Z/27 x Z]27
or Z/3Z x Z/AZ. The elements 2X + 1,2X + 3 and 3 have order 2 and so the
group must be isomorphic to Z/3Z x 7Z./27 x 7./ 27. O

Lemma 34. There is an isomorphism (Z/8Z[X]/(X% + X + 1)) = (Z/37Z) x
(Z)22) x ()2Z) % (ZJATZ)

Proof. The invertible elements in Z/8Z[X]/(X?+ X +1) are of the form AX + B
where both A, B are not zero divisors in Z/8Z, that is 0,2,4 or 6. Therefore there
are 8-8 —4-4 = 48 elements. Every element can be multiplied by one of 1, X, X?
so that it is of the form 2AX + B. It can then be multiplied by one of +1, —1 so
that B is 1 +4C'. These elements 24X + 4C' 4 1 form a subgroup with 4 -2 =8
elements and it has an element 2X + 1 of order 4 and 3 elements 5,4X +1,4X +5
of order 2, so it is isomorphic to Z/27Z x Z/AZ. O

It is now possible to determine all characters for even primes.

Lemma 35. For split primes over 2 we have 3 nontrivial characters with local
conductors 2,3 and 3. If 2 is inert we have 7 nontrivial characters, 3 of them
with local conductor 3 and 4 with local conductor 3.

Proof. There are two homomorphism Z, — Z/27. One is trivial and the other
one is nontrivial with kernel 2Z, (because 2Z, is always in the kernel and so the
homomorphism is determined by the image of 1).

For split primes we have U; = Z /27 X Zs using Lemma [32[so there are 2 x 2 =4
characters of which 3 are nontrivial (with kernels (0, 2Z,), (Z/2Z,0), (Z/2Z,27Zs)).
Also Z/II/L{I(2) = (Zo/ALs)* = (ZJAZ)* = 7,/27 using Theorem {4} so one of them
has conductor 2 (a character factorizes through U /U™ iff it has local conductor
< n). We also have L{I/Lll(g) = (Z/8Z)* = Z/27 x Z/2Z and so there are 3
nontrival characters with local conductors < 3. One of them has local conductor
2, so the other two have local conductor 3.
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From the proof of Lemma for inert prime 2 the local field is isomorphic to

Oy = Z[X]/(X?+ X +1). The group of units is Uy = (Zo[X]/(X*+ X +1))* =
Z/3Z x Z/2Z x Z% using Theorem [f| So there are 7 nontrivial characters total.
Using Theorem [ and , we can see that L{g/Z/I2(2) ~ (Z/AZ[X])(X? + X +
1)) =2 Z/37Z x 727 x 727 so 3 of them have conductor 2 and L{g/Z/lZ(S) =
(Z/8ZIX]/(X?+ X + 1)) ¥ Z/3Z x Z/2Z x Z/AZ x Z/2Z using Lemma[34] so
all other characters factorize through M2(3) and so have conductor 3. O]

2.3 Counting function

We put all information about quadratic extensions of a number field K into one
function. We still assume that K is imaginary quadratic with odd class number.

In this chapter we will assume that K # Q(i), Q(v/—2), Q(v/—3).

Definition 36. The counting function fx(s) of a number field K is a function
of a complex variable s defined as the series

fr(s) = Z apn”*®

where a,, is the number of quadratic field extensions of K with absolute discrimi-
nant n.

We have already seen in Theorem (19| that quadratic extensions correspond to
nontrivial continuous homomorphisms 1 K> /K> = 1¥ /(I N K*) — Z/2Z. 1f
K # Q(i),Q(v/=3), we have OF = {+1, —1}. Let’s first look at homomorphisms
I3 — Z/27.

In our case of an imaginary quadratic field we have Iz = C* X T[], gpite Up. We
know from Theorem 21] that each character is a sum of a finite number of homo-
morphisms U, — Z/27Z.

We will see that the counting function can be written as a product of local fac-
tor over the primes. For convenience we will define the absolute conductor of a
character as the norm of the conductor of the character, which is natural number
instead of an ideal.

Definition 37. We define the local factor g,(s) at a prime p to be the function

9e(s) = ) N(p)~'e

Xi characters on Uy
where f; is the local conductor of x;
From Lemma [30| we get that:
Theorem 38. For primes p not above 2 the local factor is
gp(s) = (L+N(p)™)

Similarly from Lemma |35 we get
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Theorem 39. If 2 is inert, then the local factor gs(s) is:
g2(5) = (1 4+ 3N(2)7% +4N(2)7)

and if 2 is split, then for the primes I above 2 we have
gr(s) = (L+ N(I)™ + 2N (I)™>).

First we show that a simplified counting function can be written as a product
of local factors.

Theorem 40. The counting function fo(s) = 3,1 ayn™° where a, is the number
of continuous characters 19 — Z /27 with absolute conductor n can be written as

fols)= I a(s) = IT  alshx 11 (1+N(p)™).

p primes of K p primes above 2 p other primes of K
Furthermore it converges for Re(s) > 1.

Proof. Notice that the function fy(s) can also be written as a sum over ideals of
Ok, that is fo(s) = X1 ideal of 0 @1V (I)™%, where a; is the number of homomor-
phisms with conductor I. This is the same sum, we are just indexing the terms
by the conductors (ideals) instead of their norms (natural numbers).

Using the theorems in Section [2.1, we know that every nontrivial homomorphism
X : [$2 — Z/2Z can be uniquely written as a sum of finitely many homomor-
phisms x, : U, — Z /27 over distinct primes. Denote Dy, the set of primes of Ok
with norm less than k and Hj, the set of ideals, that can be written as products
of prime ideals from Dj. The set D is finite, beacuse the are only finitely many
ideals with norm less then some number ([Mill7] Theorem 4.4). Every character
x whose conductor is in Hy can be written as a sum of local characters over primes
in Dy. This is because the absolute conductor of a sum of local homomorphisms
over distinct primes Y-, x, is [, N(p)”*, by .

We have Y ey, arlN(1)™° = [lpep, 95(5) as we will show. The local factors g,(s)
are sums of the terms N(p)~/»* for all local characters x, on U, to the power
—s (here f, is the local conductor of x,). If we multiply out all the local fac-
tors for primes in Dy, we get exactly the sum of absolute conductors of all sums
of local characters of primes in Dj to the power —s. Therefore the product is
22\ character with conductor in 7, IV (Ix) ™° = Y rem, arN(I)~* where I, is the conductor
of x.

From this and the form of the factors g,(s), we can see that a; is at most 4,
so the sum fo(s) = Y7 iqeal of 0, @1N(I)™° converges for Re(s) > 1. We get the

inequality
[fo(s) = TI ge(s)l < D2 arN(1)~7e.
peDy I1¢Hy,

So on the halfplane Re(s) > 1 the product converges to fo(s) by letting k go to
infinity. O

The counting function looks like an Euler product for the Dedekind zeta func-
tion as defined below.
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Theorem 41. The Dedekind zeta function of the number field K is the complex

function
Ck(s) = >

I nonzero ideals in Ok

N({)s

which converges to a holomorphic function for Re(s) > 1. It can also be given as
the Fuler product

1
(k(s) = II T= N

p nonzero prime ideals of K

Furthermore, it can be analytically extended to a holomorphic function on C\{1}
with a simple pole at 1 and (k(s) is nonzero for Re(s) > 1 (none of the factors
are zero there).

Proof. See theorems in [NS99|, Section 5, Chapter VII. O
In fact, we have

Theorem 42. The function fy(s) can be expressed as

Gl 9(5),
“aes < G N

p primes above 2

fo(s)

and therefore can be analytically extended to a holomorphic function for Re(s) >
1/2,s # 1 with a simple pole at 1.

Proof. We can write

fols)= 11 gls)y x 11 (1+N(p)™) =

p primes above 2 p other primes of K

S | G LR R

p primes above 2 (1 + N(p)is p all primes of K
g (= N)>)
p primes above 2 (1 + N(F)is p all primes of K (1 - N(p)is)

9(5)p Cx (s)
p primels_[above 2 (1+ N(p)~—s . Ck(2s)

The function (i is holomorphic outside 1 with a simple pole at 1. It also has no

zeros for Re(s) > 1 so the function ﬁ is holomorphic on the halfplane Re(s) >
1/2. There are only 1 or 2 primes above 2, so the first factor is holomorphic on
C. O

From Theorem we know that quadratic extensions of K correspond to
homomorphisms from I to Z/2Z with I N K* in the kernel. So far we have
only looked at homomorphisms 1 — Z/2Z, so we need to figure out which
ones send I N K* to 0 € Z/2Z. As we saw just before Lemma , we have
I2 N K* = {+1,—1}. So the characters need to send —1 to 0. We will call a
character even is it does send —1 to 0 and odd otherwise.
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Definition 43. We define the odd local factor g_(s), at a prime p to be the

function
gp(s) = > aiN(p)~F

Xi characters on Uy

where f; is the local conductor of x; and o; is 1 if the character is even and —1

if it is odd.
From Lemma [30| we get that:

Theorem 44. For primes p not above 2 the odd local factor is

g-(s)py = (1+N(p)™)

if p is inert or the prime p (where p is above p) is 1 mod 4 and

g-(s)y = (L= N(p)™)
if it is not inert and p is 3 mod 4.

Proof. Same as for the ordinary local factor, but now we have to look where is
—1 sent by the nontrivial character on U,. From [28 we get that Ux = Z/(p' —
V)Z X Z]p"Z x Zg. The element —1 is mapped to (@, 0,0) by the isomorphism.
If p is inert, then 7 = 2 and 4/(p’ — 1), so —1 is mapped to 0 by the nontrivial
character. This is also the case if 4|(p — 1). Otherwise —1 is sent to 1 € Z/27Z
and the nontrivial character on U, is odd. O]

We will write S for the set of primes that satisfy the first condition in the
previous theorem.
Similarly from Lemma |35 we get

Theorem 45. If 2 is inert, then the odd local factor g_(s)q is:
g (8)2 = (1+ N(2)72 —2N(2)"2 +2N(2)7% — 2N (2)~%)
and is 2 s split, then for the primes I above 2 we have
g-(s)r = (1= N(I)™* = N(I)™> + N(I)~™).

Proof. Same as for the ordinary local factor, but we use Lemmas [33| and [34] to
figure out what characters are odd.
If 2 is split, then -1 maps to 1 € Z/2Z = (Z/4Z)* = U/UP and to (1,0) €
7)27 x )27 = (Z/SZ)* = U/U®), so one character of local conductor 2 is
odd and two characters of local conductor at most 3 are odd, onee of them has
local conductor 2. In total there is one odd character of local conductor 2 and
one odd character of local conductor 3. Thus the local factor, denoted g_(s);, is
(1—N(I)™% — N(I)™3 + N(I)~3).
If 2 is inert, -1 maps to (0,1,0) € Z/3Z x Z/27Z x 7)27 = U/U? and to
(0,1,0,0) € Z/37 x 7.)27 x 7.)]27 x 7.J4Z = U /U and we can see that two
characters of conductor 2 are odd, and two characters of conductor 3 are odd,
and thus the local factor is (1 + N(2)72 — 2N (2)72 + 2N (2)73¢ — 2N (2)73%).

O
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Theorem 46. The counting function f_(s) = 3,51 byn™" where b, is the number
of continuous characters 13° — Z/27 with absolute conductor n that are even
minus the number characters with conductor n that are odd, can be written as

f-(s) = H g-(s)y =

p primes of K

= I g-(sh 11 L+ NmE)™) [0 =Np)™)

p primes above 2 p¢S and not above 2 pes
Furthermore it converges for Re(s) > 1.

Proof. The proof is similar to the one for the counting function fy(s). If we write
a character on I; as a sum of local characters on U, than the character is even iff
there is an even number of odd characters in the sum, since —1 is then mapped
to 0 in Z/2Z. If we multiply out the product, the terms correspond to sums of
local characters and the sign is positive if the sum has even number of odd local
characters and negative if it has an odd number of odd local characters. O]

Finally the counting fuunction of K is expressed as:

Theorem 47. The counting function fx(s) can be written as

1

SUols) + () — 02

fr(s) =0

where K is a quadratic imaginary number field with odd class number different
from Q(i), Q(v/—2), Q(v/—3) and vk is the discriminant of K as a natural num-

ber.

Proof. We know from Theorem [21| that quadratic extensions of K correspond to
nontrivial continuous on I3 — Z/2Z with (I N K*) in the kernel. We have
(I N K*) = {+1,—1} for our K and so the extensions correspond to even
nontrivial continuous characters. Furthermore the absolute discriminant of the
extension corresponding to the character y is from Theorem [27|equal to N(1,)0%
where I, is the conductor of x.
The function fy counts all characters, and the function f_ counts even characters
minus odd characters. Therefore adding them with a factor of one half counts
only even characters. The terms in this counting function have terms N([)~*,
so we have to multiply it by 5% to get terms with the absolute discriminant.
The term —05** is the eliminate the trivial character which correspond to the
extension K /K which we don’t count.

O

2.4 Asymptotical distribution of number fields

We can use the counting function to get the asymptotical distribution of quadratic
extensions of K.

Recall the little o notation, a positive real function f(s) is o(g(s)) iff lims_,
0.
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Theorem 48. Let f(s) = 3,51 apn™* be convergent for Re(s) > a > 0. Assume
that in the domain of convergence f(s) = g(s)(s — a)™™ + h(s) holds, where
9(s),h(s) are holomorphic functions in the closed half plane Re(s) > a, and g(a) #
0, and w > 0. Then

Yooa, = MX“(log X))t 4 o(X(log X)“ 1)

1<n<X al’(w)

As a special case, if f(s) converges for Re(s) > 1 and has meromorphic continu-
ation to Re(s) > 1 with a simple pole at s = 1 with residue r, then

> a,=71X+o0(X)

1<n<X

Proof. Corollary on page 121 of [Nar83] O

Cr (s)
(K (25)°
This function satisfies the special case of the previous theorem, we just have to

compute the residue. The residue is Res,—; Ciféss)) = Reszzléf)( ) The residue of

the Dedekind zeta function is given by the class number formula.

We know that the function fy(s) is up to some simple factors equal to

Theorem 49. The residue of the Dedekind zeta function of the number field K

is
27(2m)?Regyhi

U)K\/DK

where r and ro is the number of real and complex places respectively, Reg is the
requlator of K, hx is the class number and wy is the number of roots of unity
in K. In particular, for an imaginary quadratic number field r1 = 0,79 = 1 and
Regp =1

Res,—1Ck(s) =

Proof. See [NS99] VII. 5.11. O

The value (x(2) for imaginary quadratic number field is calculated in [Zag86]

Theorem 2. )

0 =i, I, ()2 (o)

<n<0g

where the function A(x) is defined as

00 tdt
Az) =2 /
(z) 0o xsinh®t+ 21 cosh?t

and (%) is the Kronecker symbol.

Now for the function f_(s). We can express it using Dirichlet L-functions. A
Dirichlet character is a homomorphism x : (Z/mZ)* — C*. We can extend it
to Z by defining x(a) = 0 if ged(m,a) # 1. For example we have a character
X4 : (Z/AZ)* — C where x4(3) = —1. For an imaginary quadratic number field
K there is a character (the Kronecker symbol (=%)) xx : (Z/oxZ)* — C such
that yx(p) is 1 if p splits in K and -1 if p is inert in K.

For every character we have an L-function
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Definition 50. If x : (Z/mZ)* — C* is the Dirichlet character, we define a
function

Lix,s) = [I !

D p'rf[me 1 - X(p)pfs

which converges to a holomorphic function for Re(s) > 1. If x is not the trivial
character, then L(x,s) can be extended to a holomorphic function on the entire
complex plane. See Section 2 in Chapter VII. in [NS99].

If we ignore the factors from primes above 2, the function f_(s) is equal to
(recall that S is the set of primes not above 2 that are inert, or 1 mod 4)

11 L+ NmE) ™) [[Q-Np)™) =

p¢S and not above 2 pesS
= JI A+p™) 11 (1+p7)* 11 (1—p7")* x R(s)
p inert p splits and is 1 mod 4 p splits and is 3 mod 4

since the norm of a prime ideal p above p is p? if it is inert and p otherwise and
p is odd in all products. Here R(s) is the factor for the (finitely many) ramified

primes R(s) = I, ramified, 1 moa 4(1 + N(P)™*) X I, ramified, 3 mod 4(1 — N(p)~%).

We will denote I, .S, R the set of inert, split and ramified primes of K not above
2 and I;,S;, R; i = 1,3 the subset of primes that are i mod 4.
Now we can write:

[Ta+p) [TA+p)? [T A —p*)?R(s) =

pel pEST pES3
_ [per(1 — p*) [pes(1 — )’ %
[per(1 = p72*) Tlpes, (1 = p~*)? [pes, (1 + p~%)?
HpGR(l - p_QS)

X =
[per, (1 = p~*) Iper, (1 +p7%)
_ B(s)/Cxk(2s)
Hpeh (1 - p_s) Hp€I3 (1 + p_s) HpesluRl (1 - p_s) Hp€S3UR3 (1 + p_s>
1

X
Hth (1 + pik‘;) HpG[g(l - p78> HpESl(l - pis) HpGSg(l + pis)
L L
_ (X4, 8) L(XaXK, S) x B(s)
Ck (25)
where x4xx is a character on (Z/lem(4,0x)Z)* and B(s) = Il over21/(1 —
N(p)=%) is the factor of (x(2s) at 2. For this character y,xx(p) = 1 if p is
inert and 3 mod 4 or split and 1 mod 4 , x4xx(p) = 0 is p is ramified or 2 and
X4Xk (p) = —1 otherwise. We can summarize it in the following theorem.

Theorem 51. Let K be a imaginary quadratic number field with odd class number
not equal to Q[i], Q[v/—3|, Q[v/—2]. Then the function f_(s) can be written as

f_(S) _ L(X47$>L<X4XK7$> > H

CK(2S) p primes above 2

g-(s)p x B(s)
In particular, it is holomorphic for Re(s) > 1.
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Proof. The equation is clear from the preceding discussion we just added the
factors for the primes above 2. The Dedekind zeta function ((2s) is holomorphic
and nonzero on the halfplane Re(s) > 1/2. Since the characters x4 and x4y are
nontrivial if K # Q(7), the L-functions are holomorphic for all s. O

We can put everything together te get the main result

Theorem 52. For a quadratic imaginary number field K with odd class number

not equal to Q[i], Q[v—3|, Q[v/—2| the function ax(n) = #{L/K|deg(L/K) =
2,0, < n} is asymptotically equal to

ax(n) =Cn+o(n)

where C' is given by
o= L BesaCe(s) s 0 mhy 9 (1)
20%{ CK(2) p over 2 (1 + N(F)il) 2§K<2) p over 2 (1 + N(p)il)

Proof. Apply the special case of Theorem 48| to the function

fi(s) =022 (fo(s) + f-(s)) — 0. This function is holomorphic for Re(s) > 1
except for a pole at 1. The functions f_(s) and 9> have no pole at 1, so it
doesn’t affect the asymptotic growth. The number C' is the residue of fx(s) at
1, which is thus ﬁ times the residue of fy(s). Then use Theorem K49 to get the

formula for the residue. O

2.5 Special cases

We left the cases of K = Q(i), Q(v/—3), Q(v/—2) as last. We will show that the
main Theorem [52] holds for these fields in this form:

Theorem 53. For a quadratic imaginary number field K with odd class number
the function ax(n) = {L/K|deg(L/K) = 2,0, < n} is asymptotically equal to

ag(n) =Cn+ o(n)
where C' is given by

o O;(S/QWhK H gy(1)
wKCK<2) p primes over 2 (1 + N(p)_l)

where wi s the number of roots of unity in K and gy(s) is

(1427242277, if 2 is split in K
G(s) =3 (143472 +4.47%), if 2 is inert in K
(1+272 42274 1 4.27%) if 24s ramified in K

Proof. We only need to show this for K = Q(i), Q(~/—3),Q(v/—2).
The only problem with Q(1/—3) is that the unit group has six elements, Ok

Z)6Z = ZJ2Z x Z/3Z. The Z/2Z part is generated by —1 and the Z/37Z is

I
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generated by the image of (3 = €*™/3. But (3 must map to 0 € Z/27Z for every
local character, since it has order 3, and so the Theorem |[52| works for the number
field Q(v/—3), except now wx = 6 in the formula for the residue of the Dedekind
zeta function.

For the number field Q(1/—2) the problem is that 2 is ramified, which means that
the local factor g /—(s) is going to be different. We can calculate it similarly as
in Lemmas [35[ and . From Theorem , we can see that at v/—2 the local field
is Q[X]/(X? +2) ®g Q2 = Qu[X]/(X? 4+ 2) and its ring of integers is O — =
Z5[X]/(X? +2). Using Theorem @ we get U y— = 7/27 x 73, so there are also 7
non-trivial characters. The uniformizer in the local field is not 2, but /=2 = X
(it is the element with the lowest nonzero valuation and v ,—(2) = 2). Using
Theorem , we can see that U/ U™ = (Z,[X]/(X? + 2,X™))*. By analyzing
the structure of these groups, we can calculate the local factor to be g —(s) =
(14272422715 44.275)

For Q(7) there are two problems. The prime 2 is ramified ((2) = (1 + 4)?) and
the ring of integers of the local field is Zy[X]/(X? + 1) and the uniformizer is
(144) = (1+ X). We can compute the local factor as in the previous case and
it is also gr4i(s) = (1 +272 42274 +4.275),

The unit group has 4 elements and is generated by 7. So ¢ has to be mapped to
0 in Z/2Z by the character, which means it has to be mapped to 1 by an even
number of local characters. The number ¢ is an element of order 4. If p is inert,
that it is equal to 3 mod 4, then 8|p* — 1 and so i gets mapped to 0. If p is
split, then ¢ is mapped to 0 iff p is 1 mod 8. The counting function is constructed
similarly, only now the function f_(s) is equal to

=Tl a+pr) II @+p*> II (@=p)®xg-(s)1ss

p inert p split, 1 mod 8 p split, 5 mod 8

which can also be written as L(xs, s)L(xaXxs,s)/Cow)(2s) x B(s) similarly as in
Theorem [51] where the character ys(s) = —1 for s = 5,7 mod 8 and xs(s) = 1
otherwise. This function is holomorphic in the region Re(s) > 1 and so the
Theorem [52] holds even for Q(7). O
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