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Introduction
Linear approximation problems appear in many fields: in medicine (for instance,
radiology and tomography), physics, economics, finances, geology, image process-
ing etc. (see [1, Introduction] for more details). Data collected in real world
applications are noisy, contain rounding, sampling, modelling and other errors.
The need to compensate for them leaded to development of many data-correction
techniques that are able to deliver reasonable approximate solutions.

In this work we will focus on the approximation problems with multiple right-
hand side in the form:

AX ≈ B,

A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d.

Please note that in our setting the right-hand side is represented by a matrix
instead of a vector, the columns of B correspond to d available measurements,
hence the name multiple right-hand side or observations.

One of the most well-known methods for solving linear approximation prob-
lems is the least squares (LS) method. The method allows to compensate for
the errors in the right-hand side: it seeks to find the smallest perturbation of
B that will make the system compatible. In many applied tasks, however, the
errors are present both in the observations B and in the model A. Total least
squares (TLS) introduced already in [2] and [3] is one of techniques dealing with
such type of errors. It is worth noting that in different fields the method is known
under different names. For instance, in the context of statistics it is often called
orthogonal regression or error-in-variables regression.

TLS method has been studied for a long time and today it could be consid-
ered one of “classic” approaches (see, e.g., [4, Section 6.3]). The monograph [1]
dedicated to the TLS problem and considered the key source was published in
1991. It presents an extensive analysis of the TLS problem and a deep study of
its computational aspects. The book focuses mainly on the algebraic properties
of the problem, but certain statistical aspects are discussed, too. The so-called
classical TLS algorithm is described and presented there (see [1, Section 3.6]).

The analysis reveals that TLS problems with multiple right-hand side are
particularly difficult and cunning. Despite the long history of TLS, the analysis
provided in [1] was not exhaustive: the introduced classification turned out to
be incomplete and limited to special cases only. This gap has been successfully
filled in the following 30 years. For instance, one of the articles [5] attempting to
extend the analysis was published in 2000. It took 10 years more to finally mark
the “Case of TLS Problem with Multiple Right Side” as “closed”: the article [6]
was published in 2011 presenting complete classification and exhaustive existence
and uniqueness analysis for any data matrix (B, A).

In summary, the last monograph was published in 1991 and the analysis
was not complete, the information acquired since then was spread and scattered
among various articles, the notation and other technical details varied and were
inconsistent. This lead us to the first goal pursued in this work. The first chapter
of the thesis is meant to be an overview of the basic solvability analysis related
to the TLS problems with multiple right-hand side, bringing together the results,
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comparing the notation etc. Taking into account the fact this work is merely a
bachelor thesis, the idea was to write it the way that it could be used as an entry
point for students and scholars interested in the topic and having no experience,
without attempting to make the description complete.

In the last two decades, a new approach to the TLS problems has been devel-
oped: the so-called core data reduction (CDR) leading to the core problem (see
[7], [8]). The idea of CDR is to extract the information necessary and sufficient
for solving the TLS problem by applying orthogonal transformations to the data
(B, A). For the multiple right-hand side, the approach is described in [8], and the
second chapter of this work is dedicated to it. We describe the CDR step by step
in terms of manipulations with the data matrix and also discuss its properties.

It must be said that so far the core problem concept has been studied only
in the context of exact arithmetic, its numerical properties are still to be scruti-
nised. So, despite the fact that this work is mainly focused on theoretical aspects
of TLS, for the sake of completeness and as a proof-of-concept, the third chap-
ter is dedicated to numerical experiments demonstrating certain computational
properties of CDR.

To sum up, this work is organised as follows:

• Chapter 1 describes the TLS problems with multiple right-hand side, their
properties, and analytical results related to their solvability.

• Chapter 2 is devoted to the description of the core data reduction procedure.

• Chapter 3 focuses on a proof-of-concept implementation of the CDR al-
gorithm and includes several numerical experiments examining the core
reduction behaviour.
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1. Total Least Squares Problem

1.1 Preliminaries
In this section we are going to summarise the known definitions, theorems, and
facts that will be necessary in the course of the work.

Theorem 1 (Singular value decomposition—SVD). Let A∈Rm×n, rank(A) = r.
Then there exist orthonormal matrices U ′, V ′, and a matrix Σ′ such that:

U ′ = (u′
1, . . . , u′

m) ∈ Rm×m

V ′ = (v′
1, . . . , v′

n) ∈ Rn×n

Σ′ =
(︄

Σ′
r 0

0 0

)︄
∈ Rm×n

Σ′
r = diag(σ′

1, . . . , σ′
r)

σ′
1 ≥ . . . ≥ σ′

r > 0
A = U ′Σ′V ′⊺ (1.1)

Proof. For the proof, see [4, Theorem 2.4.1] or [9, p.150-151, Theorem 2.6.3]

Definition 1 (Singular values, vectors, and triplets). The representation (1.1) is
called the singular value decomposition of the matrix A.
The numbers σ′

i are called singular values of A.
The vectors u′

i (v′
i) are called the ith left (right) singular vectors.

The triplet (u′
i, σ′

i, v′
i) is called the ith singular triplet.

Remark 1. Through the course of the work we will stick to the convention that
dashed entities (U ′, Σ′, V ′, σ′

i etc.) refer to the matrix A (unless another matrix
is explicitly mentioned), while the equivalents with no dashes (U , Σ, V , σi etc.)
are reserved for the extended matrix (B, A). The convention might initially seem
slightly confusing, but we believe it is the best option.

Definition 2 (Dyadic decomposition). Consider the setting as in Theorem 1.
The following representation of the matrix A as a finite series is called the dyadic
decomposition:

A =
r∑︂

i=1
σ′

iu
′
iv

′
i
⊺
. (1.2)

Remark 2. The dyadic decomposition represents the matrix A of rank r as a sum
of r matrices of rank one.

Theorem 2 (Eckart-Young-Mirsky matrix approximation theorem). Consider
the matrix A from Theorem 1 and its dyadic decomposition (1.2).
Let k ∈ N, k < r. Then the matrix

Ak :=
k∑︂

i=1
σ′

iu
′
iv

′
i
⊺ (1.3)
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is the best rank k approximation of the matrix A in the following sense:

minimize
rank(C)=k

∥A − C∥2 = ∥A − Ak∥2 = σ′k+1
, (1.4)

minimize
rank(C)=k

∥A − C∥F = ∥A − Ak∥F =
⌜⃓⃓⎷ r∑︂

i=k+1
σ′2

i . (1.5)

Proof. For the proof, see [10] and [11].

Theorem 3 (Rouché-Capelli (Frobenius) theorem). Let

A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d. (1.6)

Consider the system of equations AX = B. Then the following statements are
equivalent:

1. The system AX = B has a solution,

2. rank(B, A) = rank(A).

Proof. For the proof, see [12, p.56 & Theorem 2.38].

1.2 Total Least Squares Problem
In this section we are going to define the concept of the total least squares prob-
lem. We will also define the TLS solutions and the TLS solutions minimal in
norm. A cheat sheet summarising the key aspects of this section is available in
Appendix A.

Definition 3 (Multidimensional total least squares problem). Let

A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d;
rank(B) = d, m ≥ n + d, A⊺B ̸= 0. (1.7)

Consider (an overdetermined) set of linear equations AX ≈ B in variables X or,
equivalently,

(B, A)
(︄

−Id

X

)︄
≈ 0. (1.8)

We call the matrices A and B the system and observation matrices respectively.
The matrix (B, A) is called the extended or data matrix.

Let R(A) ⊈ R(B). The multidimensional total least squares (TLS) seeks to

minimize
A′, B′

∥(B′, A′) − (B, A)∥F (1.9)

subject to R(B′) ⊆ R(A′).
The minimizing matrices (B′, A′) are called corrected matrices. We then call any
matrix X ′ satisfying the condition

A′X ′ = B′ (1.10)

a (generic) TLS solution, and (∆B, ∆A) := (B′, A′) − (B, A) is then the corre-
sponding TLS correction.
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Remark 3. Note that in the case R(A) ⊆ R(B), the problem is reduced to solving
a compatible set of linear equations. Hence, the condition R(A) ⊈ R(B) simply
stresses the fact that we are solving an approximation problem.
Remark 4. The situation A⊺B = 0 means that the right and left sides are uncor-
related/orthogonal and the only meaningful solution is X := 0. The condition
A⊺B ̸= 0 therefore excludes this trivial case.
Remark 5. The conditions m ≥ n + d and rank(B) = d are introduced for the
sake of keeping the calculations more neat and unambiguous, and they are not
too restrictive. The matrix B could always be preprocessed to meet the latter
condition. As for the former constraint, zero rows could be added to the matrices
A and B so that it is fulfilled.
Remark 6. The reason why we have to stress the solution is generic is explained
in the Section 1.5. See [1, Section 3.4] and [6, Section 5] for more details.

Various sources describe the TLS problem in slightly different ways. Some
other possible definitions could be found in [4, p.320, Section 6.3] and [6, Formu-
lae (1.1)–(1.3)]. We defined the TLS problem for the Frobenius norm. Sometimes
it is worth considering the problem for other norms. The most common case would
be the 2-norm, but other options are possible as well (see, for instance, [13]). Now
we define a solution minimal in the selected norm:

Definition 4 (TLS solution minimal in norm). Consider the setting from Defi-
nition 3. We say X ′ is the TLS solution minimal in Frobenius norm if it satisfies

X ′ = argmin
X, A′X=B′

∥X∥F . (1.11)

Solutions minimal in other norms (e.g. in 2-norm) are defined in the same manner.

1.3 SVD of Data Matrix (B, A)
In this section we will describe notation that will make our exposition easier and
as transparent as possible. The paper [6] and the book [1] were the main sources
used while writing this part. A cheat sheet summarising this section is available
in Appendix A.

Definition 5 (p, q and e numbers for singular values). Consider the matrices

A ∈ Rm×n, m ≥ n + d; B ∈ Rm×d. (1.12)

Let
(B, A) = UΣV ⊺ (1.13)

be the corresponding singular value decomposition. We define the numbers p, q,
and e as follows:

σn−q > σn−q+1 = . . . = σn⏞ ⏟⏟ ⏞
q

= σn+1 = . . . = σn+e⏞ ⏟⏟ ⏞
e

> σn+e+1, (1.14)

p := n − q, (1.15)
σp := σn−q. (1.16)

If σn > σn+1, we define q := 0 =: e.
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Remark 7. Note that the definition is consistent in the following sense: σp := σn−q

is undefined if and only if q ≥ n. Similarly, σn+e+1 is undefined if and only if
e ≥ d.
Remark 8. The singular value σn+1 plays a key role in the following discussions. In
order to handle the (possible) multiplicity of σn+1, notation (1.14) was suggested
in the paper [6, Formula (2.5)]. Provided that σn = σn+1, the numbers q and e
represent left-hand multiplicity of σn and, correspondingly, right-hand multiplicity
of σn+1.

Definition 6 (e-q matrix partitioning). Consider the setting from Definition 5.
We introduce so called e-q partitioning as follows:

V =
(︄ d + n⏟ ⏞⏞ ⏟

V11 V12 V13

⏞ ⏟⏟ ⏞
n − q

V21 ⏞⏟⏟⏞
e + q

V22 ⏞ ⏟⏟ ⏞
d − e

V23

)︄
} d
} n (1.17)

For the sake of convenience, we also introduce the following notation:

V1 := (V12, V13) ∈ Rd×(d+q), (1.18)
V2 := (V22, V23) ∈ Rn×(d+q). (1.19)

Remark 9. The partitioning in Definition 6 brings together two consequent par-
titionings described in [6, Formulae (2.6), (4.5)].

Recall that we denote the singular values of the matrix A as σ′
i (see Theorem 1

and Remark 1).

Theorem 4 (e-q partitioning properties). Consider the setting as in Definition 5
and the e-q partitioning of the matrix V given by (1.17)–(1.19).
If σ′

p := σ′
n−q > σn−q+1 =: σp+1, then

1. σn−q > σn−q+1;

2. V1 is of full row rank, rank(V1) = d;

3. V21 is of full column rank, rank(V21) = n − q.

Proof. For the proof, see [1, p.32, Theorem 2.4; pp.64–65, Lemma 3.1] and [6,
pp.750–751, Theorem 2.1].

Remark 10. Theorem 4 is a special case of one presented in the paper [6, pp.750–
751, Theorem 2.1].

1.4 The TLS Problems Classification
In this section, we will summarise the TLS problems classification introduced in
the paper [6]. We will also list the key properties of each problem class. The
proofs could be found in [6] or, partially, in [1, Chapter 3]. Some proofs and ideas
are also presented in Section 1.6 of the present work.
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Definition 7 (The first and second class problems). Consider the setting from
Definition 3. Let (1.13) be the SVD of the extended matrix (B, A) and let (1.17)
and (1.18) be the corresponding e-q partitioning of the matrix V from SVD.

1. We say the TLS problem belongs to the first class if and only if the matrix
V1 is of full row rank (i.e. rank(V1) = d). The set of all first class problems
is denoted as F .

2. We say the TLS problem is of the second class if and only if the matrix V1
is rank deficient (i.e. rank(V1) < d). We denote the set of all second class
problems as S.

Remark 11. The classification and notation were suggested in paper [6, Defini-
tion 2.2].

The next definition is based on the matrices V12 and V13 from Definition 6.
Hence it is worth recalling their dimensions: V12 ∈ Rd×(e+q), V13 ∈ Rd×(d−e).

Definition 8 (Partitioning of the first class problems). Consider the setting from
Definition 7 and let the problem be of the first class. We denote the set of all
problems for which:

1. rank(V12) = e and rank(V13) = d − e (V13 is of full column rank) as F1,

2. rank(V12) > e and rank(V13) = d − e (V13 is of full column rank) as F2,

3. rank(V12) > e and rank(V13) < d − e (V13 is rank deficient) as F3.

Remark 12. F1, F2, and F3 are mutually disjoint, F1 ∪ F2 ∪ F3 = F .
The singular values of the extended matrix reveal a lot of information about

the possible solutions. The following definition introduces three possible scenarios
that we differ.

Definition 9 (Singular values distribution scenarios). Consider the setting from
Definition 3. Let (1.13) be the SVD of the extended matrix (B, A) and let e-q
numbers be defined as in Definition 5. We then say that the singular values σi:

1. have a pretty pivot if σn > σn+1;

2. have a long tail if σp > σp+1 = . . . = σn+1 = . . . = σd+n;

3. have a general distribution in all other cases, i.e. if n ≥ q > 0 (i.e. 0 ≤ p <
n), e < d, and

σ1 ≥ . . . ≥ σp > σp+1 = . . . = σn+1 = . . . = σn+e > σn+e+1 ≥ . . . ≥ σn+d.

We call the pretty pivot and long tail properties the special properties.

Remark 13. When we say “the singular values’ distribution of the problem”, we
refer to the distribution of singular values of the extended matrix.

The following Theorems 5–8 summarise the results presented in the paper [6].
We begin with a theorem explaining the importance of the special properties.
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Theorem 5 (Relation between F and the special properties). Consider a TLS
problem. Let the problem be of the first class. If the singular values’ distribution
has:

1. a pretty pivot, the problem belongs to F1 and has a unique solution;

2. a long tail, the problem belongs to F1.

The next three theorems describe the properties of each set of the TLS prob-
lems.

Theorem 6 (F1 properties). Let the problem be from the set F1. Then the TLS
problem:

1. has a solution;

2. may have infinitely many solutions;

3. has a unique solution minimal in 2- and Frobenius norms given by
X ′ = −V2V†

1.

Theorem 7 (F2 properties). Consider a TLS problem from the set F2. Then the
TLS problem:

1. has a solution;

2. may have infinitely many solutions;

3. has a solution minimal in 2-norm;

4. has a solution minimal in Frobenius norm;

5. the solutions minimal in 2- and Frobenius norm may not coincide (more-
over, the sets of solutions minimal in the norms may be disjoint);

6. may have infinitely many solutions minimal in 2- or Frobenius norm.

Remark 14. The points 5 and 6 of the theorem are rather counter intuitive. See
[6, Section 4.2] for a more detailed explanation.

Theorem 8 (F3 and S properties). Consider a TLS problem. Let the problem
belong to the set F3 or S. Then the problem has no TLS solution.

Remark 15. It could be shown that for the problems from the sets F3 and S it
is possible to find a correction with an arbitrary small norm that will still make
the system compatible. Therefore, the minimum for the correction norm cannot
be reached. See [6, Sections 4.3, 5]. The paper [3] (besides introducing the TLS
problem) demonstrates an example of a one-dimensional (d = 1) TLS problem
that has no minimal correction.
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1.5 Comparison with Classic Approach
In this section, we will briefly compare the classic approach to analysing the TLS
problem presented in [1, Chapter 3] with the modern results presented in [6] and
which this work is based on.

Please note the difference in notation: Sabine Van Huffel’s and Joos Vande-
walle’s analysis uses the extended matrix (A, B). Besides, the authors split the
matrix V from the SVD to only 4 sub-matrices (we denote the corresponding
matrices as V11, V21, V1 and V2, see Table B.2). A cheat sheet comparing the
notation in the used resources is presented in Attachment B.

The book [1] provides an important statistical perspective on the TLS prob-
lem. Indeed, consider a matrix (B, A) of m observations of an exact but unob-
servable linear relation

A0X0 = B0. (1.20)
Let the observations and the real data be in the following relation:

(B, A) = (B0, A0) + (Be, Ae), (1.21)

where (Be, Ae) is an error matrix with independent identically distributed rows
with zero mean and the covariance matrix σ2Id+n. Then we could perceive the
TLS problem as constructing an estimator for the matrix X0 (errors-in-variables
regression). The paper [6] focuses on the algebraic side of the TLS problem only.

The book [1] uses a slightly different TLS problems classification. In
essence, it is a straight-forward generalisation of the one-dimensional TLS prob-
lems classification. The book describes generic and non-generic problems. The
paper [6] introduced correspondingly the names first (F) and second (S) class
problems instead. Besides that, the paper presented an additional classification
for the problems of the first class, namely the sets F1–F3.

The definitions generic and non-generic solutions are also introduced in [1,
Section 3.4]:

The generic solution is a TLS solution as it is described in Definition 3. Generic
solution reduces the extended matrix (B, A) rank by d (for the correction
matrix, correspondingly, rank(∆B, ∆A) = d).

The non-generic solution does not solve the TLS problem as it is presented in Def-
inition 3. The concept is one way to deal with the TLS problems that have
no (generic) solution and is a straightforward generalisation of non-generic
solutions for the one-dimensional TLS problems. For the corresponding cor-
rection matrix it holds that rank(∆B, ∆A) > d, the (B, A) rank is reduced
by more than d. The detailed description could be found in [1, Section 3.4]
or in [6, Section 5].

The book [1] fully covers solving the F -problems with special properties,
namely a pretty pivot or a long tale property, and the S-problems. Note that
the authors claim that any F -problem (or, using their terminology, any generic
problem) has a generic solution. The paper [6] demonstrates that this is not the
case (see also Theorem 8). For this reason, we opt for the F -S terminology when
classifying the TLS problems.
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As for the F -problems with the general distribution of singular values, the
authors of [1] provide no linear algebraic analysis for them. However, they take
into account the statistical angle and present interesting ways of dealing with
such problems. Two scenarios are possible:

1. If the singular values σp+1, . . . , σd+n are close to each other, we could say
that these are in fact the same singular value σd+n of the matrix (B0, A0)
but perturbed with noise. Then the problem could be perceived as having
a long tale property and we focus on minimizing the norm of the solution
∥X ′∥ instead of enforcing the minimality of the value ∥(∆B, ∆A)∥.

2. If the last singular values differ significantly, the system AX ≈ B is highly
incompatible. Hence there are two ways to deal with it:

(a) We could refuse solving the problem, saying it is not suitable for linear
modelling.

(b) We could solve the TLS problem anyway (hence opting to minimize
the value ∥(∆B, ∆A)∥). The authors, however, provided no algebraic
analysis for this case, claiming that: “Procedures... have not yet been
fully analysed.” see [1, p. 66].

The paper [6] fully described the key properties of the problems with the general
singular distribution. Nevertheless, it does not provide an algorithm for solving
the problems from the subset F2.

To sum up:

F1, S: fully analysed both in [1] and [6], the results are consistent;

F2, F3: the work [1] suggests calculating non-generic solutions and implies generic
solutions exist (with no proof, however). The paper [6] proves the existence
of generic TLS solutions for F2, but provides no way of calculating them,
and shows generic solutions do not exist for F3.

1.6 Key Ideas of Constructing Solutions
In this section we will present the key ideas lying behind constructing the TLS
solutions. We will limit ourselves to the problems where the singular values
distributions have a pretty pivot or a long tale. The section is based on the paper
[6, Sections 3.1–3.2]. Another description is presented in [1, Chapter 3].

One could perceive the general approach to constructing the TLS solutions
as follows. According to the Rouché-Capelli theorem (Theorem 3), a system of
linear equations AX = B is compatible if and only if rank(B, A) = rank(A),
i.e. the columns of B are linearly dependent on the columns of A. We face
the situation rank(B, A) > rank(A) when it comes to solving the TLS problem
AX ≈ B. It then seems natural to reduce the value rank(B, A) so that the
equality is reached. When reducing the matrix rank, we want the perturbations
to be as small as possible, which leads us to using Eckart-Young-Mirsky theorem
(Theorem 2).
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1.6.1 Pretty Pivot Case
We will start with looking at the most straight-forward case when σn > σn+1.
We could vaguely describe it as “we need to get rid of the last d singular values
of the extended matrix (A, B) and there is only one way to choose them”.

Theorem 9 (Pretty pivot case properties). Consider the setting from Defini-
tion 3. Let (1.13) be the SVD of the extended matrix (B, A) and let (1.17)–(1.18)
be the corresponding e-q partitioning of the matrix V .

Assume V1 is square and non-singular, and the problem has the pretty pivot
property (i.e. σn > σn+1). Then

1. q = 0, p = n;

2. the problem belongs to the set F1;

3. the TLS correction, corrected matrices, and TLS solution are correspond-
ingly given by the following equations:

(∆B, ∆A) = −UΣ
(︄

0 V1
0 V2

)︄⊺

, (1.22)

(B′, A′) = UΣ
(︄

V11 0
V12 0

)︄⊺

, (1.23)

X ′ = −V2V−1
1 . (1.24)

Proof. 1. Since σ′
n > σn+1, q = 0 by definition. Consequently, we obtain

p := n − q = n.

2. The assumption that V1 is non-singular ensures that the problem belongs
to the set F1.

3. (a) Note that the correction effectively nullifies the last d singular values
(by turning the associated right-hand singular vectors to zero). With
the help of the dyadic decomposition (Definition 2) we obtain:

(B, A) =
n+d∑︂
i=1

σiuivi
⊺,

(∆B, ∆A) = −
n+d∑︂

i=n+1
σiuivi

⊺,

(B′, A′) = (B, A) + (∆B, ∆A)

=
n∑︂

i=1
σiuivi

⊺ = UΣ
(︄

V11 0
V12 0

)︄⊺

.

(b) Eckart-Young-Mirsky theorem (Theorem 2) ensures that (1.23) is the
unique rank n approximation of (B, A) with minimal ∥(∆B, ∆A)∥F .

(c) N (B′, A′) = span (V⊺
1, V⊺

2)⊺. Since V1 is square and non-singular,

(B′, A′)
(︄

−V1
−V2

)︄
= 0

12



(B′, A′)
(︄

−I
−V2V−1

1

)︄
= 0.

Hence X ′ = −V2V−1
1 .

Remark 16. The alternative description of the proof/construction of the solution
for this special case could be found in [1, pp.51–53] and [6, p.751, Theorem 3.1].
Remark 17. Observing that by definition q = 0 and using Theorem 4, the as-
sumptions σn > σn+1 and V1 is square and non-singular could be substituted
with the assumption σ′

n > σn+1. For d = 1, it is known as the Golub-Van Loan
(GVL) condition [4, Theorem 6.3.1] ensuring a unique TLS solution existence.

1.6.2 Long Tail Case
We will now proceed with applying the same approach to the case where

σ1 ≥ . . . ≥ σp > σp+1 = . . . = σn+1 = . . . = σd+n ≥ 0, (1.25)

which means that e = d. The setting could be roughly described as “we want to
get rid of the last d singular values of the extended matrix (B, A); however, we
have d + q equal singular values to choose from”. Observe that:

1. Two degenerated cases are possible within this setting:

(a) If p = n (i.e. q = 0), the problem is reduced to the previous case.
(b) If p = 0 (i.e. q = n), all singular values of the extended matrix

(B, A) are equal to each other. Hence, R(B) ⊥ R(A) and the only
reasonable solution is X := 0. This case does not satisfy the non-
triviality condition A⊺B = 0.

2. Now let 0 < p < n (i.e. n > q > 0):

(a) We could choose any d singular values from the last d + q and subse-
quently use exactly the same approach as in the proof of Theorem 9
to construct the solution and corresponding correction matrix.

(b) The 2- and Frobenius norms are unitary invariant. Therefore, we could
apply an orthogonal linear transformation to the last d + q right sin-
gular vectors and then use the approach from the previous point.

(c) The latter means that the problem has infinitely many solutions. This
in turn leads us to the necessity of constructing the TLS solution
minimal in norm.

Theorem 10. Consider the setting from Definition 3. Let (1.13) be the SVD of
the extended matrix (B, A) and let (1.17)–(1.18) be the corresponding e-q parti-
tioning of the matrix V .

Assume V1 is of full row rank (i.e. the problem is of the first class), q < n,
and σp > σp+1 = . . . = σn+d.

Let Q1 ∈ R(d+q)×q, Q2 ∈ R(d+q)×d be matrices such that

Q := (Q1, Q2) ∈ R(d+q)×(d+q)
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is an orthogonal matrix and

(vp+1, . . . , vn+d)Q =:
(︄

V1
V2

)︄
(Q1, Q2) =

(︄
0 Γ
Y Z

)︄
. (1.26)

Then the TLS correction, corrected matrices, and TLS solution minimal in 2-
and Frobenius norms are correspondingly given by the following equations:

(∆B, ∆A) = − (B, A)
(︄

Γ
Z

)︄(︄
Γ
Z

)︄⊺

, (1.27)

(B′, A′) = (B, A)
(︄

Id+n −
(︄

Γ
Z

)︄(︄
Γ
Z

)︄⊺)︄
, (1.28)

X ′ = −V2V†
1 = (A⊺A − σ2

n+1In)†A⊺B. (1.29)

Proof (certain highlights). For the full proof, see [6, Section 3.2] and [1, pp.60-64,
Theorems 3.9-3.10]. Several aspects however deserve a closer look.

1. V1 is of full row rank. Therefore, there exists the matrix Q: for instance,
we could use the QR-decomposition of the matrix V⊺

1.

2. We will now focus on the correction matrix:

(∆B, ∆A) = − (B, A)
(︄

Γ
Z

)︄(︄
Γ
Z

)︄⊺

= −UΣV ⊺

(︄
V1
V2

)︄
Q2Q

⊺
2

(︄
V1
V2

)︄⊺

= −UΣ
(︂
v1, . . . , vd+n

)︂⊺ (︂
vn−q+1, . . . , vn+d

)︂
Q2Q

⊺
2

(︄
V1
V2

)︄⊺

= −UΣ
(︄

0
Id+q

)︄
Q2Q

⊺
2

(︄
V1
V2

)︄⊺

.

Note that again the correction effectively nullifies the last d + q singular
values. The fact that they are all equal allows us to rewrite it as follows:

= −σn+1
(︂
up+1, . . . , un+d

)︂
Q2Q

⊺
2

(︄
V1
V2

)︄⊺

. (1.30)

Remark 18. It could be shown that the construction does not depend on the
particular choice of the matrix Q. Hence, the minimal norm TLS solution X ′ is
unique.
Remark 19. Again the condition σ′

p > σp+1 = . . . = σd+n is sufficient for applying
the theorem and therefore for existence of a unique TLS solution minimal in 2-
and Frobenius norms.
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1.6.3 General Distribution Case and Summary
We could deal with the F1 problems with the general distribution of singular
values in the same manner. The details could be found in [6, Section 3.3].

The following theorem summarises the information about the behaviour of
the F1 problems.

Theorem 11. Consider the setting from Definition 3. Let (1.13) be the SVD
of the extended matrix (B, A) and let (1.17) and (1.18) be the corresponding e-q
partitioning of the matrix V . Let the problem be from the F1 set: rank(V1) = d,
rank(V12) = e, and rank(V13) = d − e.

Let Q1 ∈ R(d+q)×q, Q2 ∈ R(d+q)×d be matrices such that

Q := (Q1, Q2) ∈ R(d+q)×(d+q)

is an orthogonal matrix with the property (1.26). Then it holds that:

1. X ′ := −V2V†
1 is the TLS solution minimal in 2- and Frobenius norms,

2. the corresponding correction is given by
(∆B, ∆A) = −(up+1, . . . , un+d)diag(σp+1, . . . , σn+d)Q2Q

⊺
2(vp+1, . . . , vn+d)⊺.

Proof. For the proof, see [6, p. 762, Theorem 4.4].

Remark 20. The closed-form expressions for the TLS solutions are mainly of
theoretical interest. When it comes to solving the TLS problems on practice, it
is often a better idea to calculate the solution via solving the corrected system.

1.7 One-Dimensional (d = 1) Case
Originally, the concept of one-dimensional TLS problem was presented and anal-
ysed in the paper [3]. In this section we will show how the theory of multidi-
mensional TLS problems we described above matches with the well-known one-
dimensional case.

First of all, we should point out that for d = 1, V1 ∈ R1×(1+q), i.e. the
matrix V1 is a row vector, the number of its elements equals the multiplicity of
σd+n := σn+1. Secondly, it is easy to observe that there are only two possible
scenarios for the problem’s singular values distribution: it either has a pretty
pivot, or a long tale. We will now explore the two cases.

In the pretty pivot case, both q = e = 0. Hence the matrix V1 ∈ R1×(1+0)

is reduced to a real number (which is in fact the first element of the last right
singular vector). Two configurations are possible:

V1 ̸= 0 means the problem belongs to the first class. The problem has a pretty
pivot property, hence it belongs to the set F1 and, as follows from the mul-
tidimensional theory, the problem has a unique solution (see Theorem 5).

V1 = 0 implies that by definition (see Definition 7) the problem belongs to the
second class and has no solution, a non-generic solution is constructed in-
stead.

If the problem’s singular value distribution has a long tale, then:
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1. e = 1;

2. d − e = 1 − 1 = 0, hence:

(a) the matrix V13 has zero columns, rank(V13) = 0;
(b) V1 = V12;

3. Depending on the value rank(V12) = rank(V1):

rank(V12) ̸= 0 means V12 has a non-zero element and the problem is of the
first class. Then there are two ways to show the problem belongs to
the set F1. We could either observe that rank(V12) = 1 = e, hence the
problem is from F1 by definition (see Definition 8); or we could say
that the problem is of the first class and it has a long tail property, thus
it is from the set F1 by Theorem 5. The problem then has infinitely
many solutions and a unique solution minimal in 2- and Frobenius
norms.

rank(V12) = 0 means V12 consists of zeros. The problem then belongs to
the second class S and has no solution; a non-generic solution could
be constructed.

As we can see, the results derived from the multidimensional theory fully
coincide with the wide-known results for the one-dimensional TLS problems. In
particular, we also see that if d = 1, then F = F1, i.e. for any problem of the first
class, there exists a TLS solution, and the solution minimal in norm is unique.
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2. Core Data Reduction
We have introduced the multidimensional TLS problem and summarised its prop-
erties. In this chapter, we will focus on the following question: do we need all
data from the matrix (B, A) to solve the TLS problem? Or, perhaps, some data
are redundant and we could potentially benefit from removing them? As we will
see, it was shown first in [7] and [6] that the necessary and sufficient data can be
extracted from the data matrix (B, A) in the form known as the core problem.

In the first part of the chapter we will give the basic idea behind the core data
reduction (CDR). The second part of the chapter focuses on the description of the
so-called classic CDR algorithm in the SVD form. A cheat sheet summarising
the key steps of CDR is available in Appendix C. We will also compare the
multidimensional case with the case d = 1 (described in [7]). This part is based
mostly on the paper [8].

2.1 Preliminaries
Consider a TLS problem

AX ≈ B (2.1)
as in Definition 3. We want to transform the problem in such a way that its
dimensions will be reduced, without changing the possible TLS solutions. The 2-
and Frobenius norms are orthogonally invariant, thus we will limit ourselves to
orthogonal transformations only.

We are search for such orthogonal matrices P, Q, R, that they separate the
necessary and sufficient information from the redundancies, as follows:

P ⊺(B, A)
(︄

R 0
0 Q

)︄
= (P ⊺BR, P ⊺AQ) =:

(︄
B1 A1 0
0 0 A2

)︄
, (2.2)

which corresponds to solving the approximation problem

ˆ︁Aˆ︂X ≈ ˆ︁B, (2.3)ˆ︁A := P ⊺AQ, ˆ︂X := Q⊺XR, ˆ︁B := P ⊺BR. (2.4)

This effectively splits the original TLS problem to two independent subproblems:

A1
ˆ︂X1 ≈ B1, (2.5)

A2
ˆ︂X2 ≈ 0. (2.6)

The homogenous subproblem (2.6) is trivial and we set ˆ︂X2 = 0 (see [7] for a
detailed explanation); so the initial problem is then reduced to (2.5). We naturally
want the matrix A1 to be of minimal dimensions and we call the problem (2.5) a
core problem if the minimality condition is fulfilled. Here is the formal definition
of a core problem.

Definition 10 (Core problem, core data reduction). Consider an approximation
problem AX ≈ B as in Definition 3. Consider orthogonal matrices P, Q, R trans-
forming the problem as in (2.2). If (B1, A1) is minimally dimensioned and A2 is of
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maximal dimensions, then we call the subproblem A1X1 ≈ B1 the corresponding
core problem. Core data reduction (CDR) is then the process of extracting the
core problem from the data matrix (B, A).

The definition was proposed in the paper [8, Definition 5.2].
Remark 21. The core problem is not unique. We will see that it could be derived
in various forms; the so-called SVD and QR forms are of main interest. In this
work we however focus on the CDR in SVD form and the phrase “classic CDR
algorithm” will refer to the one based on SVD.
Remark 22. In general case when B is not of full column rank, the transformed
matrix has the form: (︄

B1 0 A1 0
0 0 0 A2

)︄
. (2.7)

We then get four independent subproblems, three of them will be homogenous,
see [8, p. 925, equations (3.22)–(3.23)]. In this work we will limit ourselves to the
case when B is of full rank, thus the zero column disappears. The cheat sheet in
Appendix C however describes the general situation.

2.2 Classic CDR Algorithm
In this section we will summarise the classic algorithm for extracting the core
problem presented in [8, Section 3].

We construct the matrices P, Q, R in four steps:

1. preprocessing the matrix of observations B; this step ensures the matrix of
observations is of full rank; achieving some special properties (diagonal, low
triangular echelon form) may also be the purpose;

2. transforming the system matrix A; in this step we transform the system
matrix to a diagonal form;

3. transforming the matrix of observations B; in this step we maximize the
number of zero rows in the observations matrix.;

4. final permutation regroups the elements so that the diagonal structure as
in (2.2) is revealed.

Remark 23. In 2015, an article [14] was published, presenting an iterative CDR
algorithm based on generalised Golub-Kahan band diagonalization. By saying
classic CDR algorithm we stress that we are talking about the algorithm based
on orthogonal transformations.

2.2.1 Preprocessing Matrix B

For general data, the main purpose of this step is to ensure the matrix B is of
full column rank. Recall that in our setting we already assume:

B ∈ Rm×d, rank(B) = d. (2.8)
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Thus in our case we preprocess the right-hand side to achieve certain proper-
ties. General case however does not differ much from ours; for more details refer
to [8, Section 3.1]. We will present two alternative ways of preprocessing the
observations matrix.

Preprocessing in SVD form

We start with the SVD of the matrix B:

B = SΘR⊺, (2.9)
S ∈ Rm×d, Θ ∈ Rd×d, R ∈ Rd×d. (2.10)

Multiplying the problem (2.1) by R from the right side yields:

A(XR) ≈ BR
def⇐⇒ AY ≈ C, (2.11)

BR = SΘR⊺R = SΘ =: C ∈ Rm×d, XR =: Y ∈ Rn×d. (2.12)

Note that the matrix C has mutually orthogonal columns.

Preprocessing in LU (QR) form

We start with the LU decomposition of the matrix B:

B = LU, (2.13)
L ∈ Rm×d, U ∈ Rd×d, (2.14)

where L is a lower triangular matrix and U is orthogonal. Multiplying the problem
(2.1) by UT from the right side yields:

A(XU⊺) ≈ BU⊺ def⇐⇒ AY ≈ C, (2.15)
BU⊺ = LUU⊺ = L =: C ∈ Rm×d, XU⊺ =: Y ∈ Rn×d. (2.16)

Matrix C in this case is lower triangular.

2.2.2 Transforming Matrix A

We now work with the problem AY ≈ C. In this step we transform the system
matrix A to diagonal form. Consider the SVD of the matrix A given by (1.1).
We then obtain:

(U ′⊺AV ′)(V ′⊺Y ) ≈ U⊺C, (2.17)
Z := V ′⊺Y, F := U ′⊺C, U ′⊺AV ′ = Σ′, (2.18)

Σ′Z ≈ F. (2.19)

Note that now the approximation problem has the system matrix Σ′ in diagonal
form and the matrix of observations F is of full column rank (and has mutually
orthogonal columns if we used the preprocessing in the SVD form).
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2.2.3 Transforming Matrix of Observations
In this step we maximise the number of zero rows in the right-hand side matrix.
We begin with the singular values σ′

i of the matrix A (i.e. with the generalised di-
agonal of the matrix Σ′). Let A have k distinct singular values with multiplicities
mi, i = 1, . . . , k + 1. The index k + 1 here stands for the zero singular value.

We proceed with partitioning of the matrix F :

F =:
(︂
F ⊺

1 , . . . , F ⊺
k , F ⊺

k+1

)︂⊺
, (2.20)

Fi ∈ Rmi×d, ri := rank(Fi) ≤ min{mi, d}, (2.21)
i = 1, . . . , k, k + 1. (2.22)

We cut the matrix F by rows in correspondence with the multiplicities of σ′
i; for

each σ′
i we allocate a block of mi rows in F . We denote the ranks of Fi as ri. It

may happen that a certain singular value has a multiplicity greater than d, hence
the min appearing in the expression for the upper boundary for ri.

Transformation in SVD Form

Consider the SVD of Fi in the following form:
Fi = SiΘiW

⊺
i , Si ∈ Rmi×mi , Θi ∈ Rmi×ri , Wi ∈ Rri×d. (2.23)

We then define the following transformation matrices:
SL := diag(S1, S2, . . . , Sk+1), SR := diag(S1, S2, . . . , In−rank(A)). (2.24)

The transformation matrices differ in the last block only; we have substituted the
Sk+1 with the identity matrix. Also note the dimensions:

m =
k+1∑︂
i=1

mi, (2.25)

SL ∈ Rm×d(k+1), SR ∈ Rm×(kd+mk+1). (2.26)
The transformation of (2.19) then yields:

(S⊺
LΣ′S⊺

R) (S⊺
RZ) ≈ S⊺

LF. (2.27)
It could be shown that (S⊺

LΣS⊺
R) = Σ. We then obtain the following approxima-

tion problem:
Σ′T ≈ G,

T := S⊺
RZ, G := S⊺

LF. (2.28)
The extended data matrix is of the following form:

(G, Σ′) := (S⊺
LF, Σ′) =

⎛⎜⎜⎜⎜⎝
Θ1W

⊺
1 σ′

1Im1 . . . 0 0
... ... . . . ... ...

ΘkW ⊺
k 0 . . . σ′

kImk
0

Θk+1W
⊺
k+1 0 . . . 0 0

⎞⎟⎟⎟⎟⎠ ∈ Rm×(n+d)

(2.29)
Note that the extended matrix (G, Σ) has the same dimensions as the original
extended matrix (B, A).
Remark 24. This step could be also conducted using QR-decomposition, yielding
the transformation in the QR form, see [8, p. 926, Remark 3.1].
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2.2.4 Final Permutation
Let us now focus on the sub-matrices ΘiW

⊺
i . If mi > ri (i.e. the number of rows

is larger than the matrix rank), the bottom rows will be zero:

ΘiW
⊺
i =:

(︄
Φi

0i

)︄
, Φj ∈ Rri×d. (2.30)

In order to reveal the diagonal structure in the matrix (G, Σ), we do the
following:

1. We move the rows of (G, Σ), corresponding to the zero blocks 0i in (2.30)
to the bottom of the matrix.

2. The corresponding columns with blocks σiImi−ri
are then moved to the right

(ri rows are non-zero, hence the dimension mi − ri of the identity matrix).
This can be written as follows:

Π⊺
L(G, Σ′)

(︄
Id 0
0 ΠR

)︄
. (2.31)

The formal description of the permutations ΠL and ΠR may be found in [8,
Section 3.4].

2.2.5 Summary of Transformations (SVD Form)
The classic CDR algorithm for our setting could be summed up as follows:

(P ⊺AQ)(Q⊺XR) ≈ P ⊺BR,

P := U ′SLΠL, Q := V ′SRΠR. (2.32)

Matrices P, Q, R are orthogonal. Denote

m∗ :=
k+1∑︂
i=1

ri, n∗ :=
k∑︂

i=1
ri. (2.33)

Then the sub-matrices of the transformed data matrix (B, A) have the following
dimensions:

( ˆ︁B, ˆ︁A) := P ⊺(B, A)
(︄

R 0
0 Q

)︄
= (2.34)

(︄
B1 A1 0

⏞ ⏟⏟ ⏞
d

0 ⏞ ⏟⏟ ⏞
n∗

0 ⏞ ⏟⏟ ⏞
n − n∗

A2

)︄
} m∗

} m − m∗ (2.35)

The matrix of variables is transformed as follows:

ˆ︂X := Q⊺XR =
(︄ ˆ︂X1ˆ︂X2

)︄
, (2.36)

ˆ︂X1 ∈ Rn∗×d, ˆ︂X2 ∈ R(n−n∗)×d. (2.37)

The transformations described here are then called the classic CDR algorithm
in the SVD form. The following theorem states the key property of the CDR
algorithm and justifies the name “core problem”.
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Theorem 12 (Core problem minimality). Consider a TLS problem AX ≈ B
as in Definition 3 and its subproblem A1

ˆ︂X1 ≈ B1 yielded by the classic CDR
algorithm. Then the matrix (B1, A1) has minimal dimensions over all matrices
obtained by the orthogonal transformations of the form (2.2). Consequently, the
subproblem A1

ˆ︂X1 ≈ B1 is a core problem.

Proof. For a more general formulation and proof, see [8, Section 4].

Let ˆ︂X1 ∈ Rn∗×d be a TLS solution of the core problem A1
ˆ︂X1 ≈ B1. Corre-

sponding TLS solution X ′ of the original problem (B, A) can be reconstructed
by reverting the transformations applied to the variables X:

X ′ = Q

(︄ˆ︂X1
0

)︄
P ⊺, 0 ∈ R(n−n∗)×d. (2.38)

2.3 One-Dimensional Case
In this section we are going to describe how the steps of the classic CDR algorithm
are simplified in case d = 1. For more details on the CDR algorithm for the case
of one-dimensional observation please refer to [7] and [8, Section 2].

Consider a TLS problem

Ax ≈ b,

A ∈ Rm×n, x ∈ Rn, b ∈ Rm. (2.39)

The CDR procedure then goes as follows:

Preprocessing the right-hand side. Trivially, there is nothing to preprocess. By
Definition 3, A⊺b ̸= 0. Hence b ̸= 0 and the right-hand side is of full rank 1.
The matrix R from the equations (2.2) and (2.32) reduces to the constant
1 ∈ R.

Transforming the matrix A. The step does not differ from the case d > 1. We
use the SVD of the matrix A in order to diagonalize it. The step yields the
problem with the data matrix (f, Σ′). The problem then has the form:

Σ′z ≈ f

Σ′ ∈ Rm×n, V ′⊺x =: z ∈ Rn, U ′⊺b =: f ∈ Rm. (2.40)

Transforming the observations. We proceed with the partitioning as in equations
(2.20)–(2.22). In our case however we slice the vector f , not a matrix, hence
the result is of the form:

f =: (f⊺
1 , . . . , f⊺

k , f⊺
k+1)⊺, (2.41)

Let σ′
i has the multiplicity mi. Then fi ∈ Rmi .

Here comes the first substantial simplification. In the multidimensional
case we used the SVDs of sub-matrices Fi in order to maximize the number
of zero rows. Since we are now dealing with sub-vectors fi, we want to
maximize the number of zero entries and it suffices to find a Householder
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reflection Si such that S⊺
i fi = ∥fi∥e1, where e1 is the first canonical base

vector of the same dimension as fi.
The transformations SL and SR are constructed as in the equation (2.24),
again S⊺

LΣ′SR = Σ′. After this step, the data matrix has the form (S⊺
Lf, Σ′).

Final permutation. The permutations ΠL and ΠR are constructed exactly in the
same way as for the multidimensional case.

As we can see, the two main simplifications include:

1. for any data matrix (b, A) the right-hand side is always of the full rank and
does not need any preprocessing;

2. there is no need to compute the SVD in order to transform the right-hand
side b, it could be transformed using only one Householder reflection for
each sub-vector fi.
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3. Numerical Experiments
A proof-of-concept programme was developed as a part of this work. The source
code is available on the GitHub repository [15].

When developing the programme, the focus was on the setting used and dis-
cussed in the previous chapter without attempting to cover all possible input data
matrices (B, A). We particularly assumed that the right-hand side B is of full
rank. The following algorithms were implemented:

1. the TLS algorithm for the problems from F1 discussed in Section 1.6;

2. the classic CDR algorithm described in Section 2.2.

The chapter is organised as follows. In the first part of the chapter, we discuss
the technical details behind the programme implementation. We then proceed
with describing numerical experiments and analysing their results.

3.1 Technical Aspects

3.1.1 PC and Software Specification
The experiments were conducted on a notebook with the following specifications:

Model: ASUS ROG STRIX G G731GU-EV032T

Processor: Intel(R) Core(TM) i7-9750H CPU @ 2.60GHz
Installed RAM: 16.0 GB
System type: 64-bit operating system, x64-based processor
GPU: GeForce GTX 1660 Ti

Programming languages and libraries used to develop the programme:

1. Python programming language, version 3.7.6, and its standard modules, see
[16];

2. SciPy library, version 1.4.1, see [17];

3. NumPy library, version 1.18.1, see [18].

3.1.2 Programming Details
Essentially the programme consists of two parts: the core library that implements
the algorithm and ensures computations, and a number of programming scripts
with computational experiments. The Python programming language was used
both for writing the core library and running experiments. The library NumPy
was used as a basic tool for all routines related to linear algebra, e.g. representing
matrices and operations with them, computing the SVD and QR decompositions,
computing matrix norms and numeric ranks etc. SciPy was used for working with
block diagonal matrices (namely the scipy.linalg.block diag() function).
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Since Python has an interactive shell, we decided to limit ourself to writing
a library without developing a user interface and turning it into a stand-alone
programme. It is meant to be just a proof-of-concept, hence the computational
efficiency (both in terms of memory and time) was not a priority, the focus was
rather on the source code readability. We believe the source code is reasonably
well organised, commented and documented, so working with it should not pose
major challenges.

The programme was developed using the objective-oriented programming
paradigm. The class TLS Problem:

1. represents the concept of TLS problems,

2. encapsulates all data related to it (for instance, the data matrix (B, A) and
its SVD, e-q numbers and matrices yielded by the corresponding partition-
ing (see Definitions 5, 6) etc.),

3. and provides an interface for common routines related to the TLS and CDR
(e.g. computing the corrections, extracting the core problem etc.).

Certain basic tests were conducted, but creating appropriate unit tests and
implementing them in code is beyond the scope of the present work.

3.1.3 Computational Details
In this subsection we will review various computational aspects that arose in the
process of developing the programme and seem to be important or interesting.

Tolerances and thresholds

Our algorithm requires computing numerical ranks and comparing singular values
numerically, e.g. when determining e-q numbers (see Definition 5) or when slic-
ing the matrix F in the CDR (see equations (2.20)–(2.22). Such procedures
demand using a carefully selected tolerance. In our programme it is called
sigma threshold and may be chosen separately for different problems. The de-
fault value of the constant is set to 10−6. The question of how to choose tolerances
requires further investigation.

TLS algorithm

As it was already mentioned, our library deals only with problems from F1 with
the right-hand side B of full rank and the programme raises an exception if any
of the conditions is not met. Essentially the algorithm determines whether the
problem has a special property (see Definition 9) and then uses the appropriate
formulae from the Section 1.6 to compute the TLS correction or corrected data
matrix.

When it comes to computing the TLS solution, the library offers two ways.

Closed formula. The first one is to compute the TLS solution based on the
appropriate closed formula (the solution closed() method). The formula
is not applied in a straight-forward way, rather it is transformed in a way
leading to solving a system of equations, which should be more numerically
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stable. For instance, in the pretty pivot case, the closed formula (1.24)
X ′ = −V2V−1

1 is rewritten in the form V⊺
1X ′⊺ = −V⊺

2. In case with the
general formula (1.29), the same trick is applied, but the least squared
method is used to solve the resulting system.

Solving corrected system. Another way is solving the corrected system. The
library computes the corrected system using an appropriate closed formula
and returns its least squares solution.

Currently, when it comes to long-tail problems, the library uses general closed
formulae. The reason is explained below.

Singular values regularisation

Both in the long-tail case and when slicing the matrix F we end up with sub-
matrices of Σ or Σ′, that contain numerically close singular values. It may happen
however that they are not equal, and two approaches are possible:

Do nothing. This is the library’s current behaviour.

Enforce equality by applying regularisation rules.

The question of choosing the regularisation rules and their effect on the whole
process requires further investigation as well.

3.2 Numerical Experiments
The source codes for all experiments are available at the repository [15]. A whole
series of computational experiments were conducted using the developed test
scripts. Here we include two selected examples as an illustration. In this section
we will use the following notation:

1. X0 denotes the real solution (if known);

2. X ′ refers to the solutions obtained by applying the TLS algorithm;

3. X∗ refers to the solution reconstructed from the solution of the correspond-
ing core problem;

4. X ′
a and X∗

a denote the solutions yielded by the closed formulae;

5. X ′
b and X∗

b stand for the solutions of the corrected system.

3.2.1 Trivial experiment (exp1.py)
We begin with the following system:⎛⎜⎜⎜⎜⎜⎜⎝

1 0
0 1
5 4
3 2
0 0

⎞⎟⎟⎟⎟⎟⎟⎠X ≈

⎛⎜⎜⎜⎜⎜⎜⎝
1 0
0 1
5 4
3 2
1 1

⎞⎟⎟⎟⎟⎟⎟⎠ (3.1)
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Note the both sides are of full rank, and the system is almost consistent: the
right-hand side differs only in the last row. Hence X0 = I2.

The programme states, that the problem is from F1 and has a pretty pivot
special property, which is easy to check. All numerical solutions that we track
are equal and the following holds:

X ′ =
(︄

0.91393909 −0.08606091
0.1334653 1.1334653

)︄
(3.2)

∥I2 − X ′∥F = ∥I2 − X ′∥2 = 0.224586 (3.3)

As we can see, the trivial test is passed.

3.2.2 Increasing number of rows m (exp2.py)
In the second experiment we tracked how the number of rows m affects the TLS
solutions. The experiment is designed as follows.

1. The script allows to choose the parameters mmax, n, d, for our experiment
they were set respectively to 700, 5, 4.

2. The matrix A0 ∈ Rmmax×n is populated with random integers from 0 to 49
sampled from a discrete uniform distribution.

3. The matrix X0 ∈ Rn×d is populated with random integers −5 to 5 sampled
from the same distribution.

4. The matrix B0 is calculated as a product of A0 and X0.

5. The data matrix (B, A) is obtained from (B0, A0) by adding noise matrices
(Be, Ae) whose elements were populated from N(0, σ2).

6. The matrix (Bm, Am), m ∈ n + d, mmax is obtained by taking the first m
rows of (B, A). We then use (Bm, Am) to compute the TLS solutions. In
each iteration we track:

• the norms of the deviations between the TLS solutions and X0;
• the signal-to-noise ratio ∥Bm

0 ,Am
0 ∥F

∥Bm
e ,Am

e ∥F
.

Three sub-experiments were conducted with the parameter σ increasing from 5
to 20 and 40. The results are presented in the Figure 3.1. For the sake of keeping
the figure transparent, only graphs referring to X ′

a and X∗
b were plotted.

As we can see, the TLS and CDR solutions behave in the same way, which
proves that the classic CDR algorithm could be used for solving TLS problems.
Secondly, as it could be expected, the larger is the parameter σ, more data is
needed (i.e. greater m) to obtain a reliable solution. Nevertheless, despite the
loss of stability for small m, the deviations eventually converge to zero.

The solutions for the parameter σ = 40 could be pretty unstable for small m.
More detailed graphs are presented in the Figure 3.2. Such behaviour leads to
an idea: when applying the TLS method in practice, it might be a good idea to
track the norm of the solution for different number of rows. This technique may
allow to detect abnormal behaviour. The exact reason why the solutions are so
unstable is to be further investigated.
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Figure 3.1: The figure presents the results of the second experiment for different
parameters σ. The graphs in the first row track the behaviour of the signal-to-
noise ratio with growing m. Graphs in the second row track the distance between
the real solution and the closed formula TLS solution. Graphs in the third row
track the deviation of the CDR solution obtained by solving the corrected system
from X0. Note that the deviation graphs in the third column have outliers that
are not plotted.
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Figure 3.2: The complete graph of deviations for the parameter σ = 40. As we
can see, the solution may be quite unstable if m is small.
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Conclusion
In this work we have summarised the basic information related to the TLS prob-
lems with multiple right-hand side available in literature. In particular, we have
described the classification of the TLS problems and discussed the properties of
each problem class. We explained that certain TLS problems may have no solu-
tion, or infinitely many solutions minimal in norm may exist. We have introduced
terms for the special cases of the TLS problems that are of particular interest,
i.e. the pretty pivot case and the long tail case. We have also compared the TLS
problems with single and multiple right-hand side and demonstrated that indeed
the single observation problems are just a special case of the multidimensional
problems.

The information on the TLS is spread across various sources, the notation and
approaches are not consistent and differ from author to author, which posed one of
the key challenges. Hence we have included a section comparing the approaches,
see also a cheat sheet that helps to work with different sources consistently in
Appendix B.

A brief description of the core data reduction (CDR) has been given. CDR
allows to extract the information that is necessary and sufficient for solving the
TLS problem in the form of a so-called core problem. We have summarised certain
basic properties of the CDR and compared core problems for the cases of single
and multiple right-hand side. Also see a cheat sheet on CDR in Appendix C.

Core problem properties have so far been studied solely for the case of exact
arithmetic. Hence it was a question if CDR is applicable for solving TLS problems
on computers. A proof-of-concept programme has been written implementing
the classic CDR algorithm. A series of basic numerical experiments has been
conducted, giving certain hope that the CDR approach in principle could be used
for solving TLS problems numerically. It must be said the experiments are merely
a small first step in this direction and certainly the topic requires further thorough
studies. As it often happens, an attempt to create a programme implementation
of a mathematical algorithm yielded a number of computational questions (e.g.
treating numerically close singular values; choosing drop tolerances etc.). These
questions are also to be further investigated.

In 2015, an article [14] describing an iterative version of the core data reduc-
tion procedure was published. Studying the numerical properties of the iterative
algorithm and comparing it with the classic CDR procedure is one more potential
way for future research.
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A. TLS Problem Cheat Sheet
TLS

A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d (A.1)
rank(B) = d, m ≥ d + n, A⊺B ̸= 0 (A.2)

R(A) ⊈ R(B) (A.3)

AX ≈ B ⇐⇒ (B, A)
(︄

−Id

X

)︄
≈ 0 (A.4)

minimize
A′,B′

∥(B′, A′) − (B, A)∥(F |2) subject to R(B′) ⊆ R(A′) (A.5)

Any X ′ such that A′X ′ = B′ is a (generic) solution.
(∆B, ∆A) := (B′, A′) − (B, A) is the corresponding TLS correction.

SVD for (B, A)

U ∈ Rm×m, V ∈ R(d+n)×(d+n); (A.6)

Σ =
(︄

Σr

0

)︄
∈ Rm×(d+n); (A.7)

Σr = diag(σ1, . . . , σd+n), (A.8)
σ1 ≥ . . . ≥ σn ≥ σn+1 ≥ . . . ≥ σn+d ≥ 0, (A.9)

(B, A) = UΣV ⊺, (A.10)
σn−q > σn−q+1 = . . . = σn⏞ ⏟⏟ ⏞

q

= σn+1 = . . . = σn+e⏞ ⏟⏟ ⏞
e

> σn+e+1 ≥ . . . ≥ σd+n (A.11)

p := n − q

V =
(︄ d + n⏟ ⏞⏞ ⏟

V11 V12 V13

⏞ ⏟⏟ ⏞
n − q

V21 ⏞⏟⏟⏞
e + q

V22 ⏞ ⏟⏟ ⏞
d − e

V23

)︄
} d
} n

σp := σn−q

σn ̸= σn+1 ⇒ q := 0 =: e
V1 := (V12, V13) ∈ Rd×(d+q)

V2 := (V22, V23) ∈ Rn×(d+q)

(A.12)

Property σi distribution
Pretty pivot σn > σn+1

Long tail σp > σp+1 = . . . = σn+1 = . . . = σd+n

General distribution other cases

(A.13)
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B. Notation Comparison Cheat
Sheet

S. Van Huffel et al. I. Hnětynkova et al. This work
([1]) ([6])

Extended matrices

(A, B)
(︄

X
−Id

)︄
≈ 0 (B, A)

(︄
−Id

X

)︄
≈ 0

Matrix V partitioning

(︄
V11 V12

⏞ ⏟⏟ ⏞
n

V21 ⏞ ⏟⏟ ⏞
d

V22

)︄
} n
} d

(︄
V

(q)
11 V

(q)
12

⏞ ⏟⏟ ⏞
n − q

V
(q)

21 ⏞ ⏟⏟ ⏞
d + q

V
(q)

22

)︄
} d
} n (︄ d + n⏟ ⏞⏞ ⏟

V11 V12 V13

⏞ ⏟⏟ ⏞
n − q

V21 ⏞⏟⏟⏞
e + q

V22 ⏞ ⏟⏟ ⏞
d − e

V23

)︄
} d
} n

V
(q)

12 =
(︂
⏞ ⏟⏟ ⏞

q + e

W (q,e) ⏞ ⏟⏟ ⏞
d − e

V
(q)

12

)︂
} d

Table B.1: The table compares extended matrices and the matrix V partitionings
used in different texts analysing the TLS problems.

S. Van Huffel et al. I. Hnětynkova et al. This work
([1]) ([6])
V12 V22 V2
V22 V12 V1
— W (q,e) V12

— V
(−e)

12 V13

Table B.2: The table gives equivalents for selected parts of the matrix V used in
different texts that analyse the TLS problems.
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C. Classic CDR Algorithm Cheat
Sheet

A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d (C.1)
d∗ := rank(B), m ≥ d + n, A⊺B ̸= 0 (C.2)
r := rank(A). (C.3)

R(A) ⊈ R(B) (C.4)

P ⊺(B, A)
(︄

R 0
0 Q

)︄
= (C.5)

(P ⊺BR, P ⊺AQ) =:
(︄

B1 0 A1 0
0 0 0 A2

)︄
. (C.6)

P , Q, R orthogonal. Core problem: ˆ︁Aˆ︂X1 ≈ ˆ︁B1.

Preprocessing B using SVD

Make the right-hand side of full rank, with orthogonal columns.
B = SΘR⊺, S ∈ Rm×d∗

, Θ ∈ Rd∗×d, R ∈ Rd×d, (C.7)

A(XR) ≈ BR
def⇐⇒ AY ≈ C, (C.8)

BR = SΘR⊺R = SΘ =: (C, 0) ∈ Rm×d∗
, XR =: Y ∈ Rn×d∗

. (C.9)
We get two subproblems, one of them is homogenous. We then focus on the
subproblem:

AY ≈ C. (C.10)

Transforming A using SVD

Making A diagonal.
A = U ′Σ′V ′⊺, U ∈ Rm×m, Σ′ ∈ Rm×n, V ∈ Rn×n, (C.11)

(U ′⊺AV ′)(V ′⊺Y ) ≈ U⊺C
def⇐⇒ Σ′Z ≈ F, (C.12)

Z := V ′⊺Y, F := U ′⊺C, U ′⊺AV ′ = Σ′. (C.13)
We now work with Σ′Z ≈ F .

Transforming matrix of observations using SVD

Let k distinct non-zero singular values σ′
i of the matrix A (i.e. the generalised

diagonal of Σ′) have multiplicities mi, i ∈ {1, . . . , k, k+1}. The index k+1 stands
for the zero singular value.

F =:
(︂
F ⊺

1 , . . . , F ⊺
k , F ⊺

k+1

)︂⊺
, (C.14)

Fi ∈ Rmi×d∗
, ri := rank(Fi) ≤ min{mi, d∗}, (C.15)

i = 1, . . . , k, k + 1. (C.16)
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Consider the SVD of Fi in the following form:

Fi = SiΘiW
⊺
i , Si ∈ Rmi×mi , Θi ∈ Rmi×ri , Wi ∈ Rri×d∗

. (C.17)

We then define the transformation matrices:

SL := diag(S1, S2, . . . , Sk+1), SR := diag(S1, S2, . . . , In−r). (C.18)

(S⊺
LΣ′S⊺

R) (S⊺
RZ) ≈ S⊺

LF, (C.19)
(S⊺

LΣ′S⊺
R) = Σ′ =⇒ (C.20)

Σ′ (S⊺
RZ) ≈ S⊺

LF
def⇐⇒ Σ′T ≈ G. (C.21)

We now work with Σ′T ≈ G.

Final permutation

(G, Σ′) := (S⊺
LF, Σ′) =

⎛⎜⎜⎜⎜⎝
Θ1W

⊺
1 σ′

1Im1 . . . 0 0
... ... . . . ... ...

ΘkW ⊺
k 0 . . . σ′

kImk
0

Θk+1W
⊺
k+1 0 . . . 0 0

⎞⎟⎟⎟⎟⎠ , (C.22)

mi > ri =⇒ ΘiW
⊺
i =:

(︄
Φi

0i

)︄
, Φj ∈ Rri×d∗

. (C.23)

In order to reveal the diagonal structure in the matrix (G, Σ), we do the following:

1. We move the rows of (G, Σ), corresponding to the zero blocks 0i in (2.30)
to the bottom of the matrix.

2. The corresponding columns with blocks σiImi−ri
are then moved to the right

(ri rows are non-zero, hence the dimension mi − ri of the identity matrix).

This can be written as:
Π⊺

L(G, Σ′)
(︄

Id 0
0 ΠR

)︄
. (C.24)

Summary

(P ⊺AQ)(Q⊺XR) ≈ P ⊺BR, (C.25)
P := U ′SLΠL, Q := V ′SRΠR, (C.26)

d∗ := rank(B), m∗ :=
k+1∑︂
i=1

ri, n∗ :=
k∑︂

i=1
ri, (C.27)

( ˆ︁B, ˆ︁A) := P ⊺(B, A)
(︄

R 0
0 Q

)︄
= (C.28)

=
(︄

B1 0 A1 0

⏞ ⏟⏟ ⏞
d∗

0 ⏞ ⏟⏟ ⏞
d − d∗

0 ⏞ ⏟⏟ ⏞
n∗

0 ⏞ ⏟⏟ ⏞
n − n∗

A2

)︄
} m∗

} m − m∗ (C.29)
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Reconstructing the original solution:

X ′ = Q

(︄ˆ︂X1 0
0 O

)︄
P ⊺, (C.30)

ˆ︂X1 ∈ Rn∗×d∗
, O ∈ R(n−n∗)×(d−d∗). (C.31)
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