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Abstract  

The thesis introduces several methods of real estate price modelling suitable either for 

prediction of the housing prices or for exploring the relationships between the price 

and its determinants. We compared the conventional linear regression approach to the 

tree-based methods of machine learning. The comparison analysis on the dataset of 

28 019 apartments in Prague suggests that regression trees (especially the Random 

forest) yield a higher accuracy in the price prediction. Another objective was to 

examine the effects of location attributes (especially its accessibility and environmental 

quality) on the prices of nearby apartments. To address the spatial interactions in the 

geographical data, we employed three spatially conscious models to achieve more 

reliable results. The local analysis performed with the geographically weighted 

regression confirmed the presence of spatial heterogeneity and described the price 

effects relative to the location. In some areas, an increase of 100 meters in distance 

from the nearest metro station and the nearest park are associated with a decrease in 

the apartment prices by 644 CZK/m2 and 916 CZK/m2, respectively. These findings 

are especially important for the apartments near the stations of the new metro line, 

which is currently in construction. 
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Abstrakt  

Práce představuje několik metod modelování cen nemovitostí vhodných pro predikci 

cen bydlení nebo pro zkoumání vztahů mezi cenou a jejími určujícími faktory. Srovnali 

jsme konvenční lineární regresi se stromovými metodami strojového učení. Srovnávací 

analýza datové sady 28 019 bytů v Praze naznačuje, že regresní stromy (zejména 

náhodné lesy) poskytují vyšší přesnost při predikci cen. Dalším cílem této práce bylo 

prozkoumat účinky vlastností lokality (zejména její dostupnost a kvalita životního 

prostředí) na ceny blízkých bytů. K řešení prostorových interakcí v geografických 

datech jsme použili tři prostorově orientované modely, abychom dosáhli 

spolehlivějších výsledků. Lokální analýza provedená s geograficky váženou regresí 

odhalila prostorové interakce a popsala rozdílnost cenových faktorů v závislosti na 

lokalitě. V některých oblastech je zvýšení vzdálenosti od nejbližší stanice metra a 

nejbližšího parku spojeno se snížením cen bytů o 644 Kč/m2 a 916 Kč/m2. Tato zjištění 

jsou zvláště důležitá pro byty v blízkosti stanic nové linky metra, která je v současné 

době ve výstavbě. 
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Real Estate Price Modelling from the Perspective of Demand 

Motivtion: 

Real estate prices have been recognized as one of the main factors during the 

financial crisis in 2008. This raises the question if the current real estate prices 

correspond to the economic fundamentals. In this context, where the housing market 

is strongly connected to the financial system, the research focusing on determinants 

of real estate prices is essential for our understanding of the housing market 

dynamics and its possible implications for the whole economy. 

According to the company “Europe in Data” the housing costs in the Czech 

Republic increased by 32 % since 2010, which is the second highest rise among 

European Union members over the past decade. The main reason for this sharp 

increase is the modest available housing stock and an insufficient development of 

new housing caused by a slow building permit issuing process. Housing goods have 

the dual nature of commodities and investment assets. International Monetary Fund 

report from 2018 suggests that demand for investment properties also played a 

significant role in the ongoing housing price surge. 

Common challenges in real estate price modelling (next to bad data quality) are 

the behavioral factors, which usually remain unpredictable. To deal with these 

challenges, machine learning techniques are being applied to arrive at closer 

estimates for the price of a worse quality of interpretation. Since these techniques 

are relatively young, their use in real estate price modelling is limited. Hence, 

incorporating methods of machine learning can offer an additional view on housing 

price development in the Czech Republic. 

Hypotheses: 

1. Hypothesis #1: Fundamentals do not fully explain the recent housing price boom. 

2. Hypothesis #2: Location characteristics impact the real estate price significantly. 

3. Hypothesis #3: Machine learning techniques yield higher predictability in real 

estate price assessment. 

Methodology: 

Previous studies confirm that identification and quantification of property price 

imbalance is often problematic (even ex post) as estimation of the equilibrium prices 

is rather complicated. According to Hejlová, Hlaváček and Komárek (2017) 

equilibrium property prices should be explainable primarily by the factors of supply 

and demand. I will follow their methodology inspired by Hlaváček and Komárek 

(2009) to estimate equilibrium prices of residential property. The supply 

determinants comprise land prices, construction costs, rent prices and size of the 

housing stock. The demand factors include population size and its structural 

development (population growth, marriage and divorce rates), labor force indicators, 
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rent prices, and disposable income with borrowing capacity of households. 

Unfortunately, this model does not account for endogenous links between apartment 

prices, land prices and rents, which constitutes a substantial disadvantage. To avoid 

such deficiency, I will modify this model for simultaneous-equations approach 

inspired by Wen and Goodman (2013), which will consider interrelations between 

the mentioned variables. 

A generally accepted economic theory is that the supply-demand relationship to 

a certain degree determines the market value of a real estate. To include all factors 

affecting the demand side, I plan to incorporate several characteristics of the 

geographical locations that impact the overall living conditions. The major factor 

among these features will be travel facilities comprising public transport and private 

transport options. Although the authors (Dai et al., 2016) studied the effects of this 

feature that is already being used, I will take into account also the transport qualities 

in planning (metro D line). The second important location factor included in this 

analysis will be recreational qualities such as parks, lakes and other natural areas. 

The rest of the explanatory variables linked to the particular locations will be number 

and proximity of educational institutions, supermarkets and medical centers. 

There are numerous machine learning techniques that can be applied for real 

estate price modelling. For example, Baldominos et al. (2018) used regression trees, 

k-nearest neighbors, support vector machines and neural networks. I plan to follow 

one of the most recent work made by Kiely and Bastian (2019), who used advanced 

prediction techniques, such as feed-forward artificial neural networks and gradient 

boosting models, to show that spatially-conscious machine learning models 

outperform non-spatial models. 

The main data source will be CZSO which publishes transaction prices of 

apartments in the 14 districts of the Czech Republic since 2007. If necessary, I plan 

to extract additional data from the largest Czech real estate portal (sreality.cz). To 

test the first two hypotheses, I also plan to use the quantile regression to explore the 

effects of the fundamental factors (macroeconomic indicators with housing loans 

options, local demographic indicators and property characteristics) at various levels 

of apartment prices. 

Expected Contribution: 

This thesis aims to contribute to the existing research by employing the quantile 

regression and machine learning techniques for the setting in the Czech Republic. 

Estimating effects of the fundamental variables on apartment prices at different 

quantiles offers an additional approach to the existing studies. One advantage of this 

method is revealing dependencies that remain hidden when estimating only the 

average effect. Next, exploring the impact of subway proximity on real estate prices 

can be helpful for agents on the real estate market in the context of the planned 

construction of the new metro line D. Lastly, the potential of machine learning 

techniques for real estate price assessment has not been utilized to a large extent as 

it has been developed quite recently. After conducting the initial literature review, I 

am not aware of these methods being used for the Czech housing market. 

Outline: 
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2. Literature review 

3. Overview of the real estate market in the Czech Republic  

4. Data and methodology description 

5. Results 

6. Conclusion 
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1 Introduction 

The real estate market plays one of the essential roles in the global economy. Many 

real estate markets around the world have experienced periods of extensive price 

increases over the last two decades. The Czech housing market is no exception. 

According to EU-SILC survey1, nearly 80% of households in the Czech Republic live 

in their own real estate, which is a significantly higher rate than the European Union 

average of 69.3%. There are many factors that impact the behavior of the real estate 

market, such as demographic indicators, construction industry, access to external 

financing, and general economic health. However, when determining the value of a 

specific housing unit it is more convenient to look on each real estate separately and 

derive its value based on its features rather than focusing on the market evolution from 

o global perspective. Overall, the two main determinants of real estate prices are the 

size and the location. Among other considered features driving the housing prices are 

for example number of rooms, availability of an elevator, access to public transport, or 

proximity to a shopping center. Nevertheless, the essential factor in real estate price 

assessment is demand. In the last decade, real estate price development received 

significant attention in areas of economic research and macroeconomic policy, since 

the housing market played a significant role in the financial crisis in 2008. Therefore, 

it is essential to understand various factors affecting these prices to explain the real 

estate market dynamics and avoid any critical scenarios.  

The objective of this thesis is threefold. Firstly, it provides an overview of 

several machine learning techniques frequently applied for appraisal of real estate and 

compares them to the traditional linear regression framework. Secondly, it focuses on 

spatial attributes of locations surrounding the studied housing units, which allows us 

to explore their impacts on the final price of the properties. Lastly, the thesis provides 

a comprehensive local analysis of spatial heterogeneity by utilizing the geographically 

weighted regression, which allows us to visualize how the relationships between price 

and its determinants differ across space. This thesis seeks to contribute to the current 

literature on real estate price modelling by exploiting the advantages of machine 

learning and comparing them to the traditionally used methods. Moreover, most of the 

empirical analyses of the Prague real estate market utilize the conventional hedonic 

price framework, which assumes stationary effects of various determinants on housing 

prices. However, recent studies suggest that real estate prices exhibit spatial 

 
1 Source: Eurostat (code: ilc_lvho02) 
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heterogeneity and promote spatially conscious methods (Mulley et al., 2016; Tang, 

Jaewook and Xi, 2019a; Cellmer, Cichulska and Bełej, 2020). In this thesis, we 

employed two methods of spatial regression and the framework of geographically 

weighted regression to fill this gap. These methods help us to shed more light on the 

price dynamics of the Prague housing market. 

Initially, the proposed hypotheses and goals of this thesis were focusing 

partially on the fundamental determinants of real estate prices and the potential 

presence of the housing price bubble. Including this hypothesis would significantly 

extend the body of methodology to cover and make the thesis overall incohesive. 

Instead, we decided to focus on one specific topic (effects of location amenities and 

their spatial variability) in greater depth rather than covering several unrelated topics 

in lesser detail.  The current form of hypotheses is specified in the Methodology 

chapter. The rest of the thesis is organized as follows. Chapter 2 provides a structured 

literature review with an overview of research focusing on machine learning techniques 

used for real estate price modelling, impacts of various determinants (including 

location factors) on apartment prices, and spatial methods detecting spatial 

heterogeneity and allowing for local analysis. Chapter 3 introduces the process of data 

collection, various data sources, and an overview of data adjustments. Next, the 

methodology used for testing the specified hypotheses is covered by Chapter 4. Then, 

we follow with Chapter 5, where we present and interpret the achieved results of all 

introduced models. Finally, Chapter 6 concludes the thesis by a summary of the key 

findings and provides recommendations for further research. 
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2 Literature review 

In recent times, the real estate market received considerable attention from both 

policymakers and researchers all over the world. Consequently, there is a large body 

of literature describing various determinants of housing prices and numerous 

techniques to estimate their effects. This chapter introduces several studies related to 

the objectives of this thesis. First, we start with a section introducing examples from 

literature focused on machine learning methods and their application in real estate 

appraisal. Then, we follow with a section dedicated to the most widely used modelling 

framework (Hedonic Pricing Model) including possible factors determining prices of 

real estates, such as structural variables (size, age), environmental quality (proximity 

to urban forests) or access to public transport. Lastly, this chapter closes with an 

overview of literature focusing on spatial analyses addressing spatial dependencies 

among observations and exploring impacts of the studied factors at the local level. 

 

2.1 Machine Learning methods 

Artificial intelligence (AI) has made significant progress over the past decades and 

became more popular for its wide range of applications and rapid development. 

Traditionally, real estate prices have been estimated with a regression-based model, 

such as the hedonic price model in the form of multiple linear regression or other 

functional forms. There has been a substantial improvement in terms of prediction 

accuracy and reliability with the help of the innovative methods collectively called 

machine learning.  

So far, the main method for mass appraisal of real estate prices has been 

multiple regression analysis (MRA), which is widely accepted by professionals and 

scholars (Abidoye and Chan, 2017). MRA is a straightforward model used in valuation 

of various real estates, such as residential properties or land plots. Few other examples 

of artificial intelligence techniques used for real estate valuation in comparison to MRA 

are Artificial Neural Networks (ANN), Support Vector Machine (SVM), Support 

Vector Regression (SVR), and Fuzzy Logic (FL). These methods used for mass 

appraisal of real estate property are relatively advanced. The framework of these 

techniques builds on dividing the datasets into training and testing datasets to evaluate 

the performance of the constructed models. ANN were found to be suitable for mass 
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appraisal, while fuzzy logic models were primarily used for prediction of prices of land, 

rural areas, buildings, and offices (Tajani, Morano and Ntalianis, 2018). Furthermore, 

Yalpir and Tezel (2013) demonstrate that the market values are predicted more 

accurately with SVM compared to the MRA approach. 

The amount of machine learning methods applied for real estate price 

modelling is quite extensive.  For example, Baldominos et al. (2018) used regression 

trees, k-nearest neighbors regression, neural networks, and support vector machines to 

evaluate real estate offerings in the Salamanca district of Madrid. The motivation for 

this study was to compare different machine learning techniques and to discover 

potential investment opportunities with undervalued listings. The best performing 

method yielding the lowest mean absolute error were ensembles of regression trees. 

Hence, this study suggests that ensembles of tree-based models outperform even some 

more advanced techniques such as neural networks and support vector machines. 

 Another machine learning technique used in the real estate domain is the 

analytic hierarchy process (AHP), a type of multi-criteria decision analysis (MCDA) 

related to the fuzzy logic (FL) technique. MCDA approach is used for solving complex 

tasks such as estimating values robust to low-quality datasets. Furthermore, multi-

criteria decision analysis models applied to real estate valuation yields more accurate 

estimates (Ferreira, Spahr and Sunderman, 2016). A real estate appraisal is one of these 

complex problems because it includes several criteria that are immeasurable. AHP 

approach benefits from its flexible structure and ability to yield consistent estimates 

(Mulliner, Smallbone and Maliene, 2013). Multi-criteria decision analysis methods 

uncover relationships between various input values and construct models without 

output variables. Hence, the results constitute the total AHP points of real estate 

properties when using the AHP method for valuation (Unel and Yalpir, 2019). The 

authors point out a few key contrasts between other valuation approaches and the AHP 

method, which are data homogenization, no reliance of the analysis on the dataset, 

deriving the value coefficients without using the market value, understandable 

interpretation of variables by grouping the criteria, simplified complexity of valuation 

processes through reducing criteria. They also promote using the geographic 

information systems (GIS) together with MCDA methods to solve spatial decision 

problems.  

Utilization of the analytic hierarchy process (AHP) method for real estate 

appraisal evaluates the subjectivity of real estate valuation in line with expert’s 

judgments. This approach is preferred as it allows criteria classification to follow a 

certain hierarchy and the transactions are performed step by step for comparison of two 
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criteria in the process of decision-making and assessing their weights. In their most 

recent study, Unel and Yalpir (2019) construct a model that can be adapted for mass 

appraisal by identifying real estate values corresponding to their AHP points. The 

authors use 12 criteria to account for social facilities of the studied locations and other 

characteristics affecting the building plot values in Turkey. These criteria were further 

divided into three groups (legal, locational, physical) which were weighted with the 

AHP method and the expert’s judgments. Examples of used criteria are parcel area for 

legal features, location features comprised distances to educational facilities, shopping 

centers, sanctuaries, healthcare organizations, parks and greenery, transportation 

network, and the city center, and physical features combined parcel status and road 

status. The weight of the main three feature groups was calculated with the AHP 

method and different weights were obtained for all criteria. To assess the feasibility 

and predictive power of the AHP method, the authors conducted multiple regression 

analysis (MRA) to compare the outputs of both methods to market values. Furthermore, 

Mean Absolute Percentage Error (MAPE), Root Mean Square Error (RMSE), and R2 

were analyzed for performance comparison analysis. The results of this analysis 

suggest that while independent variables in both methods explained around 90% of the 

dependent variable (price), the error rate of AHP was of smaller magnitude compared 

to MRA.  

Kauko (2003) evaluates the benefits and limitations of neural network models 

for property valuation, particularly the “multilayer-Perceptron (MLP) network” and the 

“self-organizing map” (SOM), and compares their feasibility to hedonic regression 

approaches. He notes that neural networks have an advantage over standard hedonic 

price models in dealing with imprecisions and nonlinearity. Furthermore, the hedonic 

approach requires a priori specified model and assumes a smooth relationship between 

location features and the price. However, the author argues that neural network 

techniques could serve as complements to hedonic price models rather than substitutes. 

Kauko concludes that neural networks may be a suitable tool for mass appraisal of real 

estate as a large number of housing units can be valued fairly quickly and within a 

predefined tolerable range of error. 

 

2.2 Hedonic pricing model and location characteristics 

The theory behind the hedonic pricing models assumes that housing consists of 

heterogeneous characteristics and thereby an apartment price is essentially equal to the 

sum of the implicit (hedonic) prices for each of these features. The framework for the 
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hedonic approach in the context of real estate was developed several decades ago by 

Griliches (1971) and Rosen (1974). Since then, many other researchers took advantage 

of this method and it quickly became the most frequently used concept in real estate 

price analyses (Cordera, Coppola and Ibeas, 2019). The theoretical framework for 

hedonic pricing models is described in great detail by Malpezzi (2003).  

 A reasonably common locational element used in real estate price modelling is 

access to greenery (parks, natural sites, landscapes, etc.), which improve the quality of 

the environment (Jim and Chen, 2010; Liebelt, Bartke and Schwart, 2019). Jim and 

Chen (2010) focus on neighborhood effects of recreational parks in the urban area of 

Hong Kong by including its proximity in the hedonic pricing model. Their model is 

based on actual transactions and measures the direct impacts of parks close to 

residential properties on their value. The results of this study suggest that neighborhood 

parks bring a certain added value to apartment selling prices. Furthermore, the authors 

found a sizeable premium in housing prices in case of properties near a natural park or 

with just a nice view of these green areas. The model indicates that homebuyers are 

willing to pay almost 15% (14.93%) extra in order to live in a neighborhood with a 

park nearby. A park view increases the price by 1.95%, which also constitutes a 

significant premium. Other findings show, that for example an ocean view is highly 

valued by the residents and can increase the real estate price by up to 8.2%. 

 One of the most recent studies contributing to the literature focusing on effects 

of locational characteristics on real estate prices is the one of Cordora, Coppola, 

dell’Olio and Ibeas (2019) analyzing the impact of accessibility to public transportation 

on real estate values. Generally, empirical studies focusing on these effects find a 

positive relationship between access to public transport and property values. The 

authors estimate hedonic and spatial hedonic models in two urban areas (Santander – 

Spain, Rome – Italy) to compare the differences in these effects. Accessibility to public 

transport was measure in two ways: relative indicator and gravity-based indicator. The 

results of this study confirm that accessibility to public transport increases real estate 

property value as the coefficients were positive for both cities. 

There have been several analyses with the hedonic price model conducted in 

the setting of the real estate market in the Czech Republic. For example, Melichar & 

Kaprová (2013) examined the impact of urban greenery on housing prices in Prague. 

Next to the proximity to these green areas, the authors incorporated their size effects 

by including an interaction variable, which combines the distance and area of urban 

greenery amenities. Their results confirm that proximity to urban greenery and its size 

both have a significant and positive impact on real estate prices. Next, Melichar et al. 
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(2014) employed the hedonic pricing model in the context of Prague real estate market 

to quantify impacts of structural variables (size), environmental qualities (distance to 

urban forests) and accessibility (distance to the nearest metro station) of locations on 

apartment prices. In this study, the authors analyzed a dataset of 1708 apartments in 

Prague that were sold between 2005 and 2008. Moreover, they specified four different 

functional forms of the hedonic pricing model: fully linear, linear-log, log-linear (or 

semi-log), and log-log (fully logarithmic). The authors found an inverse relationship 

between apartment prices and their distance to urban forests and from the city center. 

On the other hand, the impact of proximity to the underground station was found to be 

insignificant. This might be one of the indicators suggesting that overall, proximity to 

metro stations is not significant, because some areas are very distant (e.g. 5 kilometers 

away) from their nearest metro station. Hence, some apartments, such as those located 

too far from the underground transport, are not likely to be affected by this measure.  

Li et al. (2019) approached the problem of impact variability by dividing the 

city of Shanghai into a pattern of concentric rings. They found that in the inner-city 

locations public service amenities such as urban parks, hospitals,, and schools boost 

the prices of real estate. Furthermore, their results suggest that in the suburbs the access 

to public transport (shared bicycles, metro stations, and bus stations) significantly 

increases the apartment values. Such finding indicates that access to these public 

transport types is not affecting the prices of apartments in the center, since the options 

of public transport are much richer in the center. Both mentioned studies offer a 

reasonable explanation of a questionable impact of proximity to metro (and other types 

of public transport) when analyzed globally. Therefore, methods of spatial or local 

analysis are required to better explain these effects that may be substantially different 

in various locations within a city. 

 

2.3 Spatial analysis of real estate price determinants 

 

It is frequently observed that data collected for single points or whole regions in space 

are not independent, but rather spatially dependent and observations closer to each 

other tend to exhibit similar values (LeSage, 2008). Anselin (2001) defines two 

categories of spatial interactions that cause issues when using the conventional hedonic 

price model: spatial autocorrelation (or spatial dependence) and spatial heterogeneity. 

The former issue is present when prices of nearby apartments are more similar than the 

prices of further properties. The latter is related to heteroskedasticity (or non-constant 
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variance of errors). Therefore, several methods to address these issues related to 

interconnected data in space have been developed. For example, D’Elia et al. (2020) 

used the Spatial Lag Model (SLM) to overcome spatial autocorrelation and Spatial 

Error Model (SEM) to deal with the spatial heterogeneity. The results of this study 

suggest that when the mentioned spatial interactions are present, the corresponding 

models addressing these issues are always preferred to OLS.  

In general, spatial analysis study geographical data with the aim of explaining 

potential relationships between various determinants and a single dependent variable. 

However, these relationships are often assumed to be stationary in space, which may 

cause serious issues in the interpretation of the estimated coefficients if these 

relationships exhibit spatial nonstationarity (Fotheringham, Charlton and Brunsdon, 

1998). When we assume that the studied relationships may differ across space, local 

analysis techniques (such as geographically weighted regression) can be used to 

explore the spatial nonstationarity and to describe these impacts locally.  

Geographically weighted regression (GWR) is a relatively modern method for 

exploring variations in spatial data, pioneered by Fotheringham (1998, 2002). This 

technique uncovers spatial heterogeneity and allows for analysis of spatially varying 

price effects of considered determinants. Other advantages of GWR are further 

described in a very recent study of Cellmar et al. (2020) describing housing prices and 

real estate market activity in Poland. According to the authors, models addressing 

spatial heterogeneity issues better reflect the relationships on the real estate market than 

traditionally used non-spatial models. Their results confirm the presence of spatial 

autocorrelation among determinants of average prices and real estate market activity 

and promote the use of spatial techniques (such as GWR and its modifications) for 

similar analyses. Yang et al. (2020) focused on the price effect of accessibility to bus 

transit by analyzing nearly 5000 housing units in Xiamen, China. The authors 

constructed a battery of spatial econometric models to explain both the global and local 

impacts of this feature. Their findings suggest that the number of nearby bus stations 

positively affects the housing prices. Moreover, the authors discovered a spatial 

heterogeneity in the price effects of bus accessibility suggesting a larger impact in the 

peripheral areas than in the center.  Cellmer et al. (2019) analyzed the adverse impact 

of noise exposure on the prices of single-family houses near the Airport in the city of 

Warsaw. The authors employed several statistical modelling techniques to quantify this 

effect, such as the multiple regression model, spatial autoregressive model (or spatial 

lag model), and geographically weighted regression. The results of this study suggest 

that single-family houses near the airport suffer a price penalty for excessive noise 

exposure. 
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Since it has been developed fairly recently, only a handful of studies has utilized 

the geographically weighted regression framework in the setting of the Czech Republic 

and even fewer studies using this technique for local analysis for the real estate market 

in Prague. Among the first researchers in the Czech Republic to introduce GWR was 

Spurná (2008a, 2008b).  However, most of the studies implement this technique in 

fields of geography or examine land values rather than residential housing prices. For 

example, Burian et al. (2020) examined land prices in four Czech cities and their 

relationships with land-use types and macroeconomic indicators. The authors found 

that the effects of land price determinants differ across these cities. The results suggest 

that land prices increased at a significantly higher rate in the peripheral residential areas 

of the cities. Janoušek et al. (2019) used the geographically weighted regression to 

detect spatial deviations from global models trying to explain relationships between 

land protection and land consumption. In short, geographically weighted regression for 

research of spatially heterogeneous dynamics of the Czech real estate market has a 

strong potential that is yet to be exploited.  
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3 Data  

In this chapter, we introduce the dataset utilized in further analyses. Before exploring 

the data and its features, this chapter is initiated with a short summary of various data 

sources and a description of the data collection process. Next, we proceed with a 

section dedicated to the construction of new variables related to distances of apartments 

to their nearest metro station and to other points of interest (POIs). Lastly, a thorough 

data description section follows and terminates this chapter.  

3.1 Data collection and sources 

This thesis examines various factors influencing the real estate market in Prague. The 

fundamental variable for this analysis is the price for real estate units. Most of the 

related studies obtained prices from real estate agencies (either directly or by web 

scraping). However, the data gathered in this way usually include only the offering 

prices, which may be significantly different from the final selling prices.  In order to 

overcome this limitation and to distinguish from other studies, our goal was to use real 

transaction prices of apartments as the dependent variable. Such data can be bought 

from the Czech Cadastre of Real Estate (CCRE). However, buying a sufficient amount 

of data would become extremely expensive. Apart from the CCRE the only suitable 

option was REAS, a real estate consultancy start-up, working with real purchase prices 

from the the CCRE and making these accessible to the public on their website2 through 

a price map. From this website, we managed to extract 29 858 prices of apartments in 

Prague from January 2018 to April 2020 together with some additional information 

about the sold real estate. These features of apartments are called structural variables 

and comprise the date of the transaction (month and year), area of the apartment in 

meters squared, full address, and discount from the original price. Some listed 

transactions carried more information about the transaction such as the offering time 

in the market before the transaction or a number of rooms. The addresses needed to be 

translated into GPS coordinates for later calculations of distances to the nearest metro 

station and other POIs. For this task, we used free geocoding services from 

gpsvisulizer3, which provides processing of large amounts of addresses and translates 

them into latitude and longitude coordinates (WGS84 coordination system).  

 
2 The price map of REAS is available at: https://www.reas.cz/atlas-cen 
3 The geocoding utility of gpsvisualizer is available at: https://www.gpsvisualizer.com/geocoder/ 

https://www.reas.cz/atlas-cen
https://www.gpsvisualizer.com/geocoder/
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The collection of the remaining data was far less complicated. Since we focused 

on apartments in Prague, we were able to utilize freely accessible data from the city’s 

geoportal4. From this source, we extracted the locations of all entries to Prague metro 

stations, the environmental data (locations of natural parks and a map of average noise 

levels during the day), and borders of 57 Prague municipal parts for visualization and 

orientation purposes. One of the benefits of Prague’s geoportal is that the location data 

can be downloaded with the WGS84 coordinates and no further geocoding is required. 

Then, locations of the remaining points of interest were collected from a portal 2gis5. 

This website shows the locations of various facilities, such as education centers 

(elementary schools, grammar schools, high schools, and universities), grocery stores, 

parks or cultural centers, and sports centers.  All these amenities were used to measure 

the quality of the location of the sold apartments. Lastly, we collected mortgage rates 

for each month in the period from January 2018 to April 2020, which covers all 

transaction data obtained from REAS. The mortgage rates are in the form of the 

average rates for each month and are accessible at numerous websites. For the purpose 

of this study, we found the data from hypoindex.cz sufficient. The next section 

describes the process of data adjustment and calculation of distances. 

 

3.2 Data manipulation and distances                                      

Firstly, we matched the mortgage rates to the respective apartments based on the 

month-year information of the transactions. Then, we transformed dates into a real 

number by dividing months by 12 and adding this value to the year, which constructs 

the Time variable. This way, we conversed the month-year date format into a single 

quantitative variable. Such conversion allows us to plot other variables in time and 

observe their trends. The next adjustment was to translate the tags representing the 

number of rooms from qualitative to quantitative values. The rooms with kitchenettes 

are discounted 0.5 from the number of free rooms to differentiate between apartments 

with kitchenettes and the ordinary kitchens occupying the whole room. For example, 

an apartment with a tag 3+1 has 3 free rooms and 1 separate kitchen. Another apartment 

with a tag 3+kk has 2 free rooms and 1 room with a kitchenette. Hence, these 

apartments are assigned 3 and 2.5 values as a number of rooms, respectively.  

 
4 The list of Prague opendata is available at: https://www.geoportalpraha.cz/en/data/opendata/list 
5 Maps with desired POIs: https://2gis.cz/praha 

https://www.geoportalpraha.cz/en/data/opendata/list
https://2gis.cz/praha
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Once the data collection and transformation were finished, we needed to 

calculate the nearest distances from all apartments to all points of interest types. There 

are several ways how to calculate the distance of two points in space. One of the 

frequently used methods is Euclidean distance, which regards the Earth’s surface as a 

plane. This method is mainly used for its simplicity but becomes imprecise for longer 

distances. Although the area of Prague is relatively small for this method to yield 

reasonable results, we decided to use a more accurate method for calculating distances 

on a sphere surface, which is achieved by the Haversine formula:  

 
𝑑 = 2𝑟 𝑎𝑟𝑐𝑠𝑖𝑛 (√𝑠𝑖𝑛2 (

𝜑2 − 𝜑1

2
) + 𝑐𝑜𝑠(𝜑1) 𝑐𝑜𝑠(𝜑2) 𝑠𝑖𝑛2 (

𝜆2 − 𝜆1

2
))  

The Haversine formula takes latitude and longitude (denoted as φ𝑖 and 𝜆𝑖) of 

two points and calculates their distance denoted as 𝑑. In most cases, we used the 

shortest distance to the specific POI type, but in the case of sports centers and cultural 

centers, we chose to measure the number of these facilities in a 1000-meter radius. 

People have different tastes and preferences considering sports and cultural events. 

These facilities differ significantly and are not easily substitutable as for example 

grocery stores or grammar schools. Grocery stores arguably follow the competitive 

pricing of other stores and thereby the nearest supermarket seems the most convenient 

for daily shopping. Apart from sports and cultural facilities, we regard other POIs as 

substitutable and the shortest distance is considered for the analyses. 

 

3.3 Data description      

This section introduces the final dataset by the usual descriptive statistics, which is 

followed by three subsections dedicated to groups of variables in more detail. The 

original dataset was filtered from 1 516 duplicates and apartments with extremely large 

areas or extremely large prices. The limits of these variables were set at 200 m2 for 

areas and 200 000 CZK/m2 for the price, which eliminated 325 (or 1.13%) 

observations. Any higher values were considered outliers (for example, the maximum 

value of the area was 920 m2). Hence, their elimination serves to prevent such extreme 

cases to significantly influence the estimated relationships when fitting the models. The 

final dataset consists of 28 019 transactions. However, in the second part of the 

empirical chapter focusing on the analysis of location effects on prices we needed to 

reduce the sample further to contain only a single transaction per each specific location. 

Furthermore, since there are two variables (Number of rooms and Offer duration) in 
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the full data set, we also filtered the remaining transactions with missing observations 

to have complete a dataset. This selection resulted in the reduced sample of 4 371 

observations. The descriptive statistics of the full sample are presented in Table 3.1. 

The descriptive statistics of the reduced sample are comparable and are presented in 

Appendix (see Table A.1).                     

Table 3.1: Descriptive statistics - full sample 

  N Mean SD Min 25% 50% 75% Max 

Price 28019 81001 21843 29034 65738 77440 92413 199786 

Latitude 28019 50.08 0.04 49.96 50.05 50.07 50.10 50.17 

Longitude 28019 14.46 0.07 14.28 14.41 14.46 14.51 14.69 

Time 28019 2019.15 0.67 2018.08 2018.58 2019.08 2019.75 2020.33 

Mortgage rate 28019 0.026 0.002 0.023 0.024 0.025 0.028 0.030 

Number of rooms 6331 2.0 0.9 0.5 1.5 2.0 2.5 6.0 

Area 28019 61.0 27.8 15 42.5 57.5 72.5 197.5 

Offer duration 6573 152.3 144.2 0 60 90 180 1080 

Discount 28019 0.007 0.025 0 0 0 0 0.270 

Metro distance 28019 1313.7 1410.4 6.9 456.0 824.4 1634.8 10421.1 

Park distance 28019 1071.5 831.9 39.2 525.4 833.0 1311.2 7258.3 

Noise 28019 55.4 8.5 40 50 55 60 80 

School distance 28019 392.1 262.5 0.0 200.2 336.5 518.4 2309.4 

El. school distance 28019 265.8 168.3 0.0 135.7 222.6 365.4 1677.9 

Shop distance 28019 483.4 375.9 0.0 224.1 375.0 638.4 4450.5 

Center distance 28019 6190.1 3325.5 79.3 3499.6 5696.1 8429.9 19470.6 

Sports facilities 28019 12.9 9.6 0 6 10 18 58 

Culture facilities 28019 12.4 28.1 0 1 3 8 232 

             

Judging from the presented statistics and distributions, the Price variable seems 

to have a longer tail to the right, which suggests a positive skewness. Therefore, we 

might consider the logarithmic transformation of the dependent variable in our 

analyses, which makes the skewed distribution closer to normal and more suitable for 

linear regression (Meloun and Militky, 2011). Unfortunately, the transaction data 

contained information about the number of rooms and the duration of the offer only for 

6 331 and 6 573 observations, respectively. The rest of this section is divided into three 

subsections where we describe the presented statistics and the used variables in more 

detail. 
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Structural variables 

This subsection is focusing on the structural variables related to the apartment and the 

time of each transaction. First, we focus on the dependent variable Price, which is in 

units of the Czech Crowns (CZK) per meter squared. Next, we introduce some time 

trends of Price and Number of transactions. We close this subsection with an overview 

of the distribution of Area and development of variables Offer duration and Discount 

in time.  

 

The most frequent price values in our dataset are between 70 000 and 80 000 

CZK/m2, which corresponds to the mean of 81 000 CZK/m2 and the median of 77 440 

CZK/m2. The distribution of price resembles a normal distribution, although it is 

slightly skewed to the right (it has a longer tail towards higher prices). Therefore, we 

decided to include the logarithm transformation of the Price variable in our analyses as 

the dependent variable (see Figure A.1 for the histogram of the transformed values). 

The original maximum value of 256 912 CZK/m2 and other 44 observations with a 

higher price than 200 000 CZK/m2 were filtered out. On the other hand, there is a 

handful of apartments with a price of around 30 000 CZK/m2. A short inspection 

discovered that the cheapest apartments are situated very close to a highway and at the 

edge of Prague. The quality of such locations is indeed very poor and might explain 

these extremely low prices.  

 

 

 

Figure 3.1: Histogram of Price 
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Figure 3.2: Apartment Prices and Number of Transactions in time 

 

The development of price and the number of transactions in each month of the 

studied period (1/2018 – 4/2020) is presented in Figure 3.2. The graph displays an 

increasing trend in the average monthly prices and a slightly decreasing trend in the 

number of apartment transactions. The number of transactions dropped significantly in 

the beginning and at the end of the year 2018. While the volume of transactions heavily 

fluctuates, the growth of the average price seems to be relatively consistent throughout 

the period. The only exceptions are the two drops in the first half of 2018 and in the 

second half of 2019. To account for these time trends, we included the Time variable 

(Year and Month) in our baseline models. 

 

Although we filtered apartments with extremely large areas, the distribution is 

still positively skewed and has a longer tail to the right. Such distribution is not 

Figure 3.3: Histogram of Area 
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surprising. There is a certain minimal area for an apartment to serve its purpose. On 

the other hand, apartments can be very large and, theoretically, have no upper limit 

(recall the original maximum value of 920 m2). The most frequent apartment size is 

50-50 m2. We tried to transform the Area variable into the logarithm form to make its 

distribution closer to normal. Nevertheless, the transformed variable seems even 

further from normal (see Figure A.2), thereby we included only its linear version. 

 

Figure 3.4: Offer duration and Discount in time 

 

The growth of prices over the studied period may be one of the reasons the real 

estate market slowed down in terms of transaction volume. Similarly, the average offer 

duration and the average discount from the original price significantly increased over 

time. During these 28 months, both variables reached more than 200% of their initial 

values from January 2018. One possible explanation is that with the ongoing growth 

of apartment prices other owners were trying to sell their apartments at this increasing 

rate and, consequently, the process of finding a buyer got significantly longer. 

Moreover, sellers became more willing to discount their initial offers in order to find a 

buyer and finish a transaction.  

We expect the Time variable to have a positive effect on the price to capture 

the increasing trend. Growing mortgage rates may have caused the decrease in volume 

of transactions, but we aim to find whether lower mortgage rates have any effect on 

the final prices. We expect a slightly negative (if any) effect on prices because lower 

mortgage rates might enable buyers to take higher loans and agree on higher prices. 

The variables Offer duration and Discount both displayed a growing development, 

which may be describing an effort to keep up with increasing prices or simply 

decreasing demand. Short Offer duration may be a sign of an undervalued real estate 

to attract more buyers and finish the transaction quickly. Hence, we expect this variable 
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to have a positive impact on price. Lastly, since we are trying to predict and quantify 

the ceteris paribus effect of these variables, the impact of Discount is expected to be 

negative. 

 

Environmental variables and access to public transport 

In this subsection, we focus on the environmental variables (proximity to parks and 

noise levels during the day) and access to public transport measured by distance to the 

nearest metro station. It is convenient that the locations of natural parks in Prague from 

the city’s geoportal are stored as GPS coordinates of polygon shapes, which means the 

distances are calculated to the nearest edge of these polygons (i.e. borders of the parks). 

However, there are only 12 natural parks in Prague recorded and we wanted to include 

all city parks and other green areas that provide similar benefits for citizens. Therefore, 

we also compiled data from the previously mentioned 2gis website to find locations for 

other parks, gardens, orchards, etc. Unfortunately, locations from 2gis are not as 

detailed as data from geoportal and are stored only as single points. Since these parks 

and gardens are not as large as natural parks, we decided to include them despite the 

slight imprecisions in calculated distances. In total, 112 locations of parks and other 

green areas were collected. For simplicity, we refer to natural parks, urban forests, city 

parks, gardens, orchards, and other greenery simply as parks from hereafter. A 

visualization of all parks in Prague can be seen in Figure 3.5. Although the maximum 

distance is 7 258 meters, the third quartile and the median are 1 311 meters and 833 

meters, respectively. These statistics indicate that parks are fairly accessible for most 

of the population. 
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Figure 3.5: City Parks in Prague 

 

Note: Polygon areas represent natural parks and dots represent regular city parks, gardens, etc. 

 

Noise level during the day is another variable from Prague’s geoportal, hence, 

these data are available in polygon shapes. In total, there are 44 716 polygons with a 

noise value in decibels that cover the whole city (with only several blind spots). 

Therefore, we were able to collect the exact noise value at each location in our dataset. 

The distribution of noise levels in Prague is available in Figure 3.6. The highest values 

seem to follow the city roads, which implies that traffic is the main source of noise in 

this city.  

Figure 3.6: Noise distribution in Prague (DB) 
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Metro is arguably the most convenient type of public transport as it operates in 

the underground, where it avoids any complications or delays caused by the city traffic. 

One of the few disadvantages is its limited coverage, which is depicted in Figure 3.7. 

The median value of proximity to the nearest metro station is 824 meters, which seems 

still fairly accessible. However, the third quartile (1 635 m) and the maximum value 

(10 421 m) suggest that a significant number of apartments are situated far from the 

metro system and need to use other means of transport, such as buses, trams or private 

vehicles.  

 

Figure 3.7: Metro stations in Prague 

 

 

The expected impacts of these variables on apartment prices are relatively 

intuitive. Parks provide opportunities for relaxation and various recreational activities. 

Hence, apartments with lower proximity to parks are expected to sell at a certain 

premium. In other words, we expect the variable Park distance to have a decreasing 

effect on price. Since high noise levels may be considered disturbing, we expect the 

variable Noise to affect prices negatively. Metro provides an efficient way to move 

quickly through the city. Hence, we expect the variable Metro distance to have a 

negative impact on the prices of apartments in reasonable proximity and possibly no 

impact on prices of very distant apartments. 

 

 Other location amenities  

In this subsection, we describe the remaining location features of apartments, such as 

their distance to the nearest grocery store, numbers of nearby facilities providing 



Data  20 

cultural and sports services, and distance to the nearest education centers (grammar 

schools and elementary schools). We can notice some differences in the distributions 

of cultural, sports, and shopping facilities. While most cultural centers cluster in the 

center of Prague, the remaining amenities seem to be more evenly allocated throughout 

the city. In total, we collected 229 locations of grocery stores, 674 cultural and 858 

sports facilities from the 2gis website. The average distance to the nearest grocery store 

is 483 meters, the median is 375 meters and the third quartile is 638 meters. These 

values indicate that stores are well distributed and very accessible for most of the 

population. On the other hand, cultural and sports facilities are of various types and 

may attract different people. Hence, it is not unlikely for cultural (or sports) facilities 

to cluster at one location. We can see in Figure 3.8 that these clusters occur mostly in 

the center of the city. The median number of cultural centers is 3, the third quartile is 

still only 8 and the maximum number of cultural centers is 232, which is an extremely 

large value compared to the previous three statistics. Sports facilities seem to be 

slightly more evenly dispersed through the city. The median value is 10, the third 

quartile is 18 and the maximum number of sports centers in the near distance (1000-

meter radius) is 58. These statistics suggest that the clustering occurs especially for 

cultural facilities and that they follow a very unequal distribution in the city. 

 

Figure 3.8: Culture, Sports and Grocery stores in Prague 

 

Finally, we describe the distribution and statistics of educational centers – 

grammar schools and elementary schools. We collected locations of 1 247 elementary 

schools and 416 grammar schools. Both elementary and grammar schools are relatively 

equally distributed, and the descriptive statistics confirm that most of the apartments 

are situated close to these education centers. The third quartile of apartment distances 
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is 365 meters and 518 meters for elementary schools and grammar schools, 

respectively.  

Figure 3.9: Grammar schools and Elementary schools in Prague 

 

 

We expect that living closer to grocery stores benefits the nearby citizens, hence 

Shop distance variable affecting apartment prices negatively. However, nearby areas 

might get very crowded during the day and since we observe most of the sold 

apartments are situated within a walking distance from a grocery store, apartments 

situated too close to a grocery store may suffer a certain price penalty. In the case of 

sports and cultural centers, we expect a higher variety in the near distance (1000 

meters) to affect apartment prices positively. On the other hand, one could use a similar 

theory as with grocery stores suffering a price penalty for attracting large crowds. For 

example, areas close to amusement parks and concert halls may become noisy both 

during the day and in the evening. To include an example from sports facilities, the 

same can be said about football stadiums and large crowds of football fans, who are 

very noisy and occasionally turn to vandalism. Therefore, the effects of sports and 

cultural facilities most probably differ in various locations based on the type of these 

facilities. 
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4 Methodology 

This chapter introduces thy selected hypotheses and provides methodological overview 

of methods used for further analyses. Machine learning has bloomed in the past decade 

and researchers have been finding new ways how to utilize its potential in various 

fields. We were inspired by the works of Baldominos et al. (2018) to provide an 

overview of several machine learning techniques used for real estate appraisal and to 

compare their performance in the setting of Prague, the capital city of the Czech 

Republic. Then, the thesis aims to describe the relationships between various location 

factors and apartment prices, which may vary across space. These objectives have 

motivated the following hypotheses. 

 

Hypothesis #1: Tree-based methods of machine learning yield higher accuracy in 

prediction of real estate prices than linear regression models. 

Hypothesis #2: Accessibility and environmental quality of locations  

significantly affects prices of nearby apartments. 

Hypothesis #3: Effects of location qualities on apartment prices are different across 

space. 

 

4.1 Predictive power of Machine learning techniques  

Majority of machine learning problems fit into one of the two categories: supervised 

learning and unsupervised learning. Supervised learning may be described by a 

situation where for each observation 𝑥𝑖 our dataset includes a response 𝑦𝑖. The main 

goal of the supervised learning is to fit a model relating the predictors with the response 

variable to either predict the response for future observations or to describe 

relationships between predictors and the explained variable. Unsupervised learning 

comprises methods to explore relationships only among the predictors because there is 

no response variable to supervise our analysis (James et al., 2013). Since our data 

includes the response variable (price), all following methods operate in the supervised 

learning domain. To compare prediction accuracy of the considered models, we split 

the dataset into a training set (75%) to fit the models and a testing set (25%) to evaluate 

their predictive power on new observations excluded from the learning process.  
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4.1.1 Linear models: MLR, Lasso, Ridge regression 

Linear regression is one of the simplest concepts from the supervised learning. 

Although the theory behind this method builds on strong assumptions, linear regression 

is frequently used for its clear interpretability and satisfactory performance. Multiple 

linear regression (MLR) is a type of linear regression with more than one predictor. 

Suppose we have a dependent variable 𝑦 and 𝑘 independent variables 𝑥1, 𝑥2, … 𝑥𝑘. 

Then, the general multiple linear regression model can be written as: 

 

 𝑦 = 𝛽0  +  𝛽1𝑥1  +  𝛽2𝑥2  +   …   +  𝛽𝑘𝑥𝑘  +  𝜀, (1) 

 

where 𝛽0 is the intercept, 𝛽𝑗 determines the slope of the linear relationship between 𝑗th 

explanatory variable 𝑥𝑗 and the explained variable 𝑦, and ε represents the error term 

(Wooldridge, 2002). We may interpret 𝛽𝑗 as the average effect on the response variable 

𝑦 of a unit increase in predictor 𝑥𝑗, while holding all remaining variables equal. In other 

words, MLR assumes the associations between the predictors and the response variable 

are linear. The most common approach to fit the model described in Equation (1) and 

estimating the coefficients 𝛽𝑗 involves minimizing the squared sum of residuals. 

(James et al., 2013) This algorithm is known as the ordinary least squares (OLS) and 

the residual sum of squares (RSS) is explained in the following formula: 

 

 
𝑅𝑆𝑆  =   ∑(𝑦𝑖 − �̂�𝑖)

2

𝑛

𝑖=1

, (2) 

 

where �̂�𝑖 is the predicted or the fitted value for the 𝑖th observation, given the 𝑖th value 

of 𝑥1, … 𝑥𝑘 and the estimates of the parameters β can be obtained by the following 

formula: 

 

 �̂� = (𝑋𝑇𝑋)−1𝑋𝑇𝑦  

 

 Despite multiple linear regression allows many observed variables to affect y, 

there will always be factors that cannot be included (for example unobserved ones), 

and these are collectively contained in the error term. (Wooldridge, 2002) In summary, 

the linear model serves as a useful benchmark model, but the real-world problems are 

usually too complex to fit in such a simplistic framework and further analysis may be 
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required. Therefore, several extensions and modifications of this model have been 

developed. We introduce two of them in the next subsection. 

 

Shrinkage method: Ridge regression and Lasso 

The linear models have numerous benefits in terms concerning inference and 

interpretability. Hence, before moving to non-linear and more advanced methods, we 

introduce some ways to improve the linear model framework by replacing the ordinary 

least squares fitting algorithm with some alternative procedures. These alternative 

methods improve either the model interpretation or its prediction accuracy. Model 

interpretability may be troublesome when the model assumes many variables and some 

of them are not related to the explained variable. The OLS algorithm is trying to find 

the best fitting relationships for all included variables, which may result in a complex 

and distorted estimation. Exclusion of these irrelevant predictors leads to a model with 

less complexity and clearer interpretation. Issues with prediction accuracy might arise 

when the number of observations is not substantially higher than the number of 

predictors. In such case, the OLS might overfit the training observations, which results 

in a poor performance of the model in predicting a response for new observations. 

Shrinking or constraining some estimated coefficients can bring significant 

improvements in the prediction accuracy (James et al., 2013).  

The shrinkage method involves fitting a model with all 𝑘 explanatory variables 

as in case of the least squares. Nevertheless, the estimated coefficients of these 

variables are reduced (or shrunken) towards zero. In case of Lasso regression, some 

coefficients can be reduced to the extent of their elimination from the model.  The 

Ridge regression is fairly comparable to the ordinary least squares, but its goals is to 

minimize RSS with a slight adjustment. The coefficients estimated by the Ridge 

regression are achieved by minimizing the following term: 

 

 
𝑅𝑆𝑆  + 𝜆 ∑ 𝛽𝑗

2

𝑝

𝑗=1

 (3) 

 

where 𝜆 ≥ 0 represents a tuning parameter, which is determined beforehand. Contrary 

to the OLS, the Ridge regression aims at minimizing the RSS, but also the remaining 

term called a shrinkage penalty (James et al., 2013). The tuning parameter controls the 

resulting impact of the shrinkage penalty. With 𝜆 = 0, the shrinkage penalty vanishes 

and the same coefficients as with the least squares are achieved. On the other hand, 
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increasing the tuning parameter shrinks the estimated coefficients closer towards zero. 

Although the Ridge regression achieves lower variance in the estimated coefficients, it 

has a significant drawback. The shrinkage penalty in Equation (3) reduces all 

coefficients towards zero, but never eliminates any coefficient completely unless we 

specify lambda to equal infinity (James et al., 2013). The Least absolute shrinkage and 

selection operator (Lasso) overcomes this drawback by slightly adjusting the shrinkage 

penalty. The Lasso obtains the estimated coefficients by minimizing the following:  

 

 

 
𝑅𝑆𝑆  + 𝜆 ∑|𝛽𝑗|

𝑝

𝑗=1

 (4) 

 

The penalization used in Lasso can reduce some estimated coefficient all the 

way to zero, when 𝜆 is large enough. This method selects only a subset of explanatory 

variables, which may significantly simplify the interpretation of results compared to 

the models with all predictors. Both described alternative extensions of the linear 

model have a potential to improve the model interpretation or accuracy in prediction. 

However, selection of the tuning parameter is crucial for these methods to utilize their 

potential (James et al., 2013). In the next two subsections we introduce some non-

parametric and more advanced methods.  

 

4.1.2 K-Nearest Neighbors regression 

Linear regression is a parametric method because it assumes linear relationships 

between predictors 𝑥𝑗 and 𝑦. Parametric methods have several benefits such as easy 

implementation and clear interpretation. On the other hand, assuming the functional 

form of the relationships between predictors and the explained variable constitutes a 

strong assumption.  If the actual relationship differs significantly, the resulting 

estimates will explain the  observed data poorly and the drawn inference might be false 

(James et al., 2013). Non-parametric methods do not assume any specific form of 

relationships between predictors and the response, which increases the flexibility of 

these models. K-Nearest Neighbors (KNN) regression is a representative example of 

these methods. The KNN algorithm requires a specified value of 𝐾 (the number of the 

nearest data points to consider) to predict the response �̂�0 for any observation 𝑥0. The 

response is achieved by taking the mean of responses 𝑦𝑖 from the 𝐾 nearest 

observations from the point 𝑥0. Mathematically, this can be written as: 
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�̂�0 =

1

𝐾
∑ 𝑦𝑖

𝑦𝑖∈𝒩0

 (5) 

 

where 𝒩0  is the set of the 𝐾 nearest observations from the point 𝑥0. This technique is 

interesting as it considers only the similar assets to the one observation in question, but 

this may cause issues when the data have multiple dimensions and include binary 

variables (Baldominos et al., 2018). 

 

4.1.3 Regression-trees 

This subsection is dedicated to tree-based machine learning methods for regression, 

usually regarded as regression trees. Regression trees are logical models that construct 

a set of rules to divide the observations into numerous subgroups and to produce an 

output in form of predicted response based on this division. The process involves 

separating the observations into subgroups based on their characteristics and predicting 

the response for a specific observation by taking the average of responses of the 

remaining observations in the same subgroup. This concept may seem familiar to the 

KNN regression, however, the technique for segmentation of observations into the 

subgroups is relatively more complicated than grouping observations based on their 

distance (James et al., 2013). A simple example of a tree-based segmentation of the 

predictor space into three regions may be seen in Figure 4.1. On the left side we can 

see a scatter plot of Metro distance and Center distance with a division of observation 

into three subgroups based on the tree structure on the right.  
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Note: The final prices are only illustrative and do not represent the studied dataset 

 

 The example above could be interpreted as follows. The distance to metro 

stations plays a role in the price setting only in case the apartment is more than 5000 

meters from the center. The public transport options are much richer in the center of 

Prague, and thereby the distance to metro stations has no effect. On the other hand, 

apartments far from the center could benefit from easy access to the metro transport in 

order to move efficiently through the city. Hence, apartments situated outside the city 

center but in near distance (1000 meters) from a metro station are on average more 

expensive. In practice, the tree structures are much more complicated than this example 

and the methods we are going to explore produce multiple trees simultaneously. These 

ensembles of models are used collectively to obtain a single prediction for each 

observation, which often leads to a high prediction accuracy. 

 

Bagging is the first introduced tree-based method because for its simplicity, it is 

relatively powerful and a frequent example of the decision tree approach. Bagging 

employs the benefits of bootstrapping to yield lower variance, which consequently 

increases the prediction accuracy. The idea of this approach is to take many training 

sets and construct a prediction model for each of them and the predicted response 

would be obtained by averaging the results of all these models (James et al., 2013). 

Unfortunately, it is unlikely to have access to several training datasets for building 

these models. Hence, Bagging creates these multiple training sets by bootstrapping 𝐵 

different subsamples from the actual single training set. Then, building a model for of 

the 𝐵 manufactured subsamples yields 𝐵 predictions and their mean represents the final 

prediction of the Bagging method.  

Figure 4.1: Example of a tree sorting algorithm 
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Random Forest also utilizes bootstrapping as a source of multiple training sets and 

averaging their separate prediction models, but it differs from Bagging by decorrelating 

the obtained tree models. The decorrelation is achieved by considering only a random 

subset of m predictors from the total number of 𝑘 explanatory variables (where  𝑚 ≤

 𝑘 ) at each split in the trees. Hence, if there is one strong predictor it will not be 

included that often as in case of Bagging and other explanatory variables have more 

chances to influence the tree structure. This method is especially useful if the 

explanatory variables are correlated (James et al., 2013). When  𝑚 =  𝑘  is considered, 

Random forest is simply the same as Bagging. Therefore, choosing a smaller number 

of predictors to be selected at each split is essential to achieve any improvements.  

 

Gradient boosting is the last tree-based method discussed in this subsection. Again, 

this approach works similarly as the previously mentioned methods in building 

multiple trees. However, in case of Boosting the consecutive trees are built in a way to 

include the information from all previous trees and improve gradually. Another 

difference compared to Bagging and Random forests is that it does not utilize bootstrap 

to create multiple training sets. Instead, it fits a tree model on the whole training set. 

Then, it fits another tree model on the residuals from the first model and combines the 

results, which yields a new set of residuals. This process is repeated until the residuals 

diminish to a sufficiently low level. Each iteration slowly improves the model in its 

weak spots, which leads to a significant improvement of its performance (James et al., 

2013).  

 

4.1.4 Tuning and model comparison  

Before we describe several measures for comparison of the mentioned models, 

we briefly discuss the process of parameter tuning and its importance. Selecting the 

optimal parameters used in the introduced models is critical in order to achieve the best 

possible results from each method (James et al., 2013). For example, we need to find 

optimal values of the tuning parameter λ for Lasso and Ridge regression, the value of 

𝐾 to determine the number of neighbors considered in KNN, the value of 𝑚 chosen 

predictors at each split in Random forest, etc. Therefore, we defined up to ten different 

values for each parameter and selected the optimal parameter value by K-fold cross-

validation. The K-fold cross-validation separates the training data into K subsets and 

fits the model to the other K-1 parts of the training set. The remaining part is used to 

evaluate the prediction error. The fitting process is repeated K-times (each subset is 
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used as the testing set) and the K estimated prediction errors are averaged (Haistie, 

Tibshirani and Friedman, 2016). We decided to follow Kohavi (2001) and use 10-fold 

cross-validation, which is found to be sufficient and often preferable even when 

computational power allows more folds.  

 

Measures of accuracy 

To evaluate the prediction accuracy of all described models, we test their performance 

on the remaining test sample and compare their prediction accuracy by some of the 

following measures. One of the measures to compare the different models is the R-

squared statistics (𝑅2), which is defined by the following formula:  

 

 𝑅2 =
𝑇𝑆𝑆 − 𝑅𝑆𝑆

𝑇𝑆𝑆
= 1 −

𝑅𝑆𝑆

𝑇𝑆𝑆
 (6) 

 

The residual sum of squares (RSS) was already defined in Equation (2) and quantifies 

the variance that is not explained by the model. The total sum of squares (TSS), defined 

as ∑ (𝑦𝑖 − �̅�)2𝑛
𝑖=1 , quantifies the total variance of the dependent variable 𝑦. Hence, 𝑅2 

measures the proportion of the variability in the response variable 𝑦 explained by the 

predictors (Haistie, Tibshirani and Friedman, 2016). R2 statistic is often used to 

evaluate the chosen models in how well they fit the data. 

 

 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(𝑦𝑖 − �̂�𝑖)2

𝑛

𝑖=1

= √
1

𝑛
𝑅𝑆𝑆 (7) 

 

To evaluate the accuracy of the models, we need to compare how precisely they 

predict the response for the observed data. In the regression setting, the most frequently 

used statistic to measure model accuracy is the mean squared error (MSE) (James et 

al., 2013). However, our dependent variable reaches values as 200 000 and the squared 

errors will be extremely large. Therefore, we used the root mean squared error (RMSE) 

measure, the square root of MSE, for the comparison of the chosen models and their 

prediction accuracy.  
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𝑀𝐴𝐸 =

1

𝑛
∑|𝑦𝑖 − �̂�𝑖|

𝑛

𝑖=1

 (8) 

 

Lastly, we included mean absolute error (MAE) defined in Equation (8) for its 

intuitive interpretation. The formula is similar to MSE, except it assumes the absolute 

value of errors to convert the negative values. A main advantage of MAE is that it 

describes the average difference between the predicted and actual prices, and we can 

easily compare the models in how much their predicted response values deviate from 

the actual prices. 

 

4.2 Impacts of location attributes on apartment prices 

The machine learning methods mentioned in the previous section are useful for 

prediction of the response variable, but not very effective in quantifying the 

relationships between predictors and the dependent variable because there is no simple 

way to interpret individual effects of each independent variable. Therefore, this section 

describes the most frequently used (Cordera, Coppola and Ibeas, 2019) concept in real 

estate price analyses, the Hedonic Pricing Model (HPM), and its spatial variations. The 

general hypothesis behind the HPM theory is that housing consists of heterogeneous 

features. Hence, the price for an apartment is essentially equal to the sum of the implicit 

(hedonic) prices for each characteristic of the apartment. This can be expressed as: 

 

 𝑃 = 𝑓(𝑥1, 𝑥2, … 𝑥𝑘) ,  

 

where 𝑃 is the transaction price for the apartment and 𝑥1, 𝑥2, … , 𝑥𝑘  are its features. As 

was previously discussed, these characteristics may be grouped into various categories. 

The obvious set of attributes of a housing commodity are structural characteristics such 

as its area, number of rooms, floor, age, etc. Other attributes affecting the prices of real 

estate are associated with the specific location of the housing unit. Locations have 

numerous qualities to consider when assessing the prices of apartments. Accessibility 

to public transport is one of these features. Another attribute can be the environmental 

quality measured by the proximity to the nearest parks, air pollution, or noise exposure 
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(Le Boennec and Salladarré, 2017). The remaining studies included for example 

distances to schools, shopping centers, and others (see the Literature review chapter 

for a more detailed overview). 

 

4.2.1 Hedonic Pricing Model  

The framework for the hedonic approach in the field of real estate was developed 

several decades ago by Griliches (1971) and Rosen (1974). Since then, numerous 

researchers used this concept to analyze relationships between the real estate price and 

its predictors. The benchmark hedonic price model was specified as follows: 

 

 𝑦 = 𝛽0 + 𝛽𝑆𝑆 + 𝛽𝐸𝐸 + 𝛽𝐴𝐴 + 𝛽𝐿𝐿 +  𝜀, (9) 

 

where 𝑦 is the price of the apartment from the transaction, 𝑆 is a matrix comprising all 

structural variables about the apartment, 𝐸 and 𝐴 contain variables measuring 

environmental quality and accessibility, and 𝐿 is a matrix of other location amenities 

described in Section 3.3, ε represents independent identically distributed errors and 

𝛽0, 𝛽𝑆, 𝛽𝐸 , 𝛽𝐴, 𝛽𝐿 are coefficients to be estimated. Hedonic pricing models often vary in 

their specifications across different areas and time periods (Zietz, Sirmans and 

Macpherson, 2006). Consequently, the amount of studies produced a wide range of 

estimated effects, which shows that the impacts depend on the context of the study. 

Next to this linear specification, we decided to consider the logarithm form of the 

dependent variable, which results in a semi-log model. Furthermore, we decided to 

incorporate some additional methods to discover potential spatial dependency. Finally, 

we performed a local analysis of the effects to detect possible spatial variations in 

relationships of real estate prices and the explanatory variables in the studied area. 

 

4.2.2 Spatial Regression models 

Conventional regression models assume that observations are independent. However, 

a majority of researchers conclude that observations of points (or regions) in space are 

not independent of each other but exhibit spatial dependency. We say that data points 

are spatially dependent if their values are similar to observations in close geographical 

proximity (LeSage, 2008). Methods for spatial regression account for spatial 
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dependency among observations, which is a frequent issue when the data points are 

distributed in space. Spatial dependency is embodied by the Tobler’s First Law of 

geography (Miller, 2004): 

“Everything is related to everything else, but near things are more related than distant things.” 

– Tobler, 1970 

 

The concept of spatial regression is thoroughly described by LeSage (2008) and 

others (see Literature review chapter for more references). We follow D’Elia et al. 

(2020) and consider two spatial models that account for spatial dependency. One of the 

widely used methods to overcome spatial autocorrelation is the Spatial Lag Model 

(SLM), which assumes spatial dependence in the explained variable. The SLM is 

specified as follows: 

 𝑦 =  𝛽0 + 𝜌𝑊𝑦 + 𝛽𝑆𝑆 + 𝛽𝐸𝐸 + 𝛽𝐴𝐴 + 𝛽𝐿𝐿 +  𝜀, (10) 

 

where 𝜌 is the parameter of spatial autocorrelation, 𝑊 is a N × N matrix of spatial 

weights and the rest remains the same as in the Equation (9). The term 𝑊𝑦 is often 

called the spatially lagged dependent variable for weight matrix 𝑊. Another popular 

method to accommodate spatial dependency is the Spatial Error Model (SEM), which 

assumes spatial correlation in the error term. The SEM is specified as: 

 

 𝑦 =  𝛽0 + 𝛽𝑆𝑆 + 𝛽𝐸𝐸 + 𝛽𝐴𝐴 + 𝛽𝐿𝐿 +  𝜀 

(11)   

 𝜀 = 𝜆𝑊𝜀 + 𝑢 

 

where λ is the parameter of spatial correlation in the residuals ε from the non-spatial 

model, 𝑊 is a N × N matrix of spatial weights, 𝑢 is a vector of independent errors and 

the rest remains the same as in the Equation (9). Note, that when λ = 0, both SLM and 

SEM simplify to the simple hedonic pricing model specified in the previous subsection. 

In the context of real estate, the spatial dependence in residuals of the HPM is caused 

by the spatial diffusion of housing prices on nearby observations or by the absence of 

equilibrium between the demand and supply for properties in various locations 

(Cordera, Coppola and Ibeas, 2019). Hence, we employ the mentioned spatial 

econometric methods to address these issues. 
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4.2.3 Geographically weighted regression  

Geographically weighted regression (GWR) is a relatively novel approach pioneered 

by Fotheringham (1998, 2002), which aims to process spatially heterogeneous data 

locally. For each location 𝑖, the GWR specifies a separate model as: 

 

 𝑦𝑖 = 𝛽0(𝑢𝑖, 𝑣𝑖) + ∑ 𝛽𝑘(𝑢𝑖, 𝑣𝑖)𝑥𝑖𝑘

𝑘

+ 𝜀𝑖 , (12) 

 

where 𝛽𝑗(𝑢𝑖, 𝑣𝑖) quantifies the relationship of the 𝑗th predictor and the dependent 

variable 𝑦𝑖 at the location specified by coordinates (𝑢𝑖, 𝑣𝑖). GWR allows the estimated 

coefficients to differ across space by borrowing data from near observations 

(Fotheringham, Charlton and Brunsdon, 1998). Essentially, the geographically 

weighted regression describes the relationships between predictors and the explained 

variable at all locations in the sample separately by weighted least squares. In matrix 

form, the GWR local estimates at location 𝑖 are defined as follows: 

 

 �̂�(𝑢𝑖, 𝑣𝑖) = [𝑋𝑇𝑊(𝑢𝑖, 𝑣𝑖)𝑋]−1𝑋𝑇𝑊(𝑢𝑖 , 𝑣𝑖)𝑦, (13) 

 

where 𝑊(𝑢𝑖, 𝑣𝑖) is a diagonal matrix of weights defined based on the distance to the 

remaining locations. In order to construct the spatial weight matrix 𝑊 it is required to 

select the distance-weighting function. There are several modifications, but the two 

most utilized kernel functions are Gaussian and Bi-square weighting schemes, defined 

as: 

 

Gaussian: 

 

𝑤𝑖𝑗 = 𝑒𝑥𝑝 (−
1

2
(

𝑑𝑖𝑗

𝑏
)

2

) 

 

 

 

Bi-square: 

 
𝑤𝑖𝑗 = {

(1 − 𝑑𝑖𝑗
2 /𝑏2)2        if  𝑑𝑖𝑗  <  𝑏

0                               if  𝑑𝑖𝑗  ≥  𝑏
  

where the term wij is the geographical weight of point 𝑗 in estimating the local model 

at location 𝑖, 𝑑𝑖𝑗 is the distance between points 𝑖 and 𝑗, and 𝑏 is a quantity called 

bandwidth, which can be defined either as a fixed distance or fixed number of the 
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nearest neighbors (Lu et al., 2014). In this study, we chose the Bi-square kernel 

function. After choosing the distance-weighting scheme, the frequent measure to select 

the optimal bandwidth is Akaike information criterion (AIC) or its adjusted version 

(Xiaojin et al., 2018). Furthermore, two types of bandwidth are available: fixed and 

adaptive. The former uses a fixed value of 𝑏 for all observations. The fixed bandwidths 

run into troubles when the data is sparsely distributed in some regions, because the 

number of observations within the specified fixed bandwidth may be insufficient for 

performing a meaningful local regression. The adaptive bandwidths are more flexible 

because they adapt to yield the same amount of the nearest points at each location. 

Another advantage of adaptive bandwidths is that in densely populated regions, the 

maximum distance for considered neighbors is very small and the local estimation is 

built only with the observations from that specific location. The difference between the 

fixed and adaptive bandwidths is illustrated in Figure 4.2. 

 

Figure 4.2: Fixed and adaptive bandwidth in GWR 

 

Source: Fotheringham et. al. (2002) 

A convenient method for implementing the adaptive bandwidth type in the 

mentioned distance-weighting functions is to sort the distances of other points in the 

sample from the 𝑖th observation and incorporate only the first 𝑘 closest observations 
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to fit the local regression (Charlton and Fotheringham, 2009). Adaptive versions of 

Gaussian and Bi-square weighting schemes are formulated as follows: 

 

Adaptive Gaussian: 

 

𝑤𝑖𝑗 = exp (−
1

2
(

𝑑𝑖𝑗

𝜃𝑖(𝑘)
)

2

) 

 

 

 

Adaptive Bi-square: 

 

𝑤𝑖𝑗 = {
(1 − 𝑑𝑖𝑗

2 /𝜃𝑖(𝑘)
2 )2        if  𝑑𝑖𝑗  <  𝜃𝑖(𝑘)

0                                  if  𝑑𝑖𝑗  ≥  𝜃𝑖(𝑘)
 

 

 

 

where 𝜃𝑖(𝑘) is the adaptive bandwidth for the 𝑖th observation based on the specified 

number of the 𝑘 nearest neighbors. We follow Fotheringham et. al. (2002) and choose 

the optimal adaptive bandwidth for each observation. The search method for finding 

the optimal bandwidth can minimize either the goodness-of-fit diagnostics, cross-

validation (CV) score, or Akaike Information Criterion, which considers the trade-off 

between the model complexity and the prediction accuracy. In practice, the corrected 

Akaike information criterion (AICc) is used as the measure of the model quality (Lu et 

al., 2014). AICc is defined by Equation (14), where 𝑛 is the number of observations, 

𝑅𝑆𝑆 is the sum of squared residuals, and 𝑡𝑟(𝑆) is the trace of the hat matrix.  

 

 AICc = 2n ln (
RSS

n
) + n ln(2π) + n (

n + tr(S)

n − 2 − tr(S)
), (14) 

 

4.3 Limitations  

There are several limitations related to the described methodology. While some 

machine learning methods yield more accurate predictions and are flexible in terms of 

the form of the actual relationships between predictors and the response, interpretation 

of these relationships gets quite difficult. On the other hand, the linear models make a 

strong assumption about the relationship form in order to achieve a straightforward 

interpretation of the estimated coefficient. The KNN regression model and the tree-

based models are not fitting individual coefficients but focus solely on the prediction 

for each observation. Hence, the influence of each predictor may vary among 

observations and it is thereby complicated to interpret them. This trade-off is 
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summarized in Figure 4.3. Therefore, some advanced machine learning techniques are 

not useful for analyzing the relationships between price and its determinants. 

 

Figure 4.3: Trade-off between flexibility and interpretability 

 

Source: (James et al., 2013) 

 

Hedonic pricing models might suffer from the false specification of the 

relationships by assuming a linear (or other) functional form. For example, Melichar 

et al. (2014) employed four different specifications (linear, log-linear, linear-log, and 

log-log) to increase their chances of selecting the optimal functional form. However, 

next to the linear model and its logarithmic transformations, there are numerous 

functions that could be considered when building these models and there is no 

consensus on the optimal form (Arguea and Hsiao, 1993; Fotheringham, Brunsdon and 

Charlton, 2002). Another disadvantage of the classical HPM is the issue of spatial 

dependency, which is not frequently accounted for. Neglecting spatial heterogeneity 

and spatial dependency in the geographical data might cause serious issues such as 

biased estimates leading to false conclusions (LeSage, 2008).  
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5 Results 

All data processing and mentioned analyses described in the Methodology chapter 

were performed in Python 3.7.3. Withing Python, we used the scikit-learn6 package for 

training the machine learning models and Python Spatial Analysis Library (PySAL)7 

for the implementation of spatial analysis techniques. The outline of this chapter 

follows the order of the previous chapter. First, we discuss different methods of 

machine learning for predicting prices, their tuning, and comparison of the achieved 

results. Second, we describe the results measuring how accessibility and environmental 

quality (and other POIs) affect real estate prices in Prague. Lastly, the local results of 

GWR regression inspired by the study of Oshan et al. (2019) and their visualizations 

are presented. 

 

5.1 Predictive power of machine learning techniques 

This section is split into four parts. The first three subsections describe the chosen 

parameters and the results linear models (MLR, Lasso, Ridge), K-Nearest Neighbors, 

and tree-based methods (Bagging, Random forest, Gradient boosting), respectively. 

The fourth subsection compares the accuracy of these models measured by RMSE, 

MAE and R-squared. This section is terminated with a short discussion about the use 

of machine learning in real estate appraisal, its advantages and limitations.  

 

5.1.1 Linear models: MLR, Lasso, Ridge 

First, we needed to select an optimal shrinkage penalty parameter λ for Lasso and Ridge 

regression. For both methods, we predefined a wide range8 of values for λ and let the 

cross-validation technique select the optimal one to achieve the most accurate 

predictions. Although the cross-validation algorithm selected different values for Lasso 

and the Ridge regression, the results are practically identical for all three linear models 

used. While the shrinkage penalty for Lasso used a tuning parameter of value λ = 1, 

 
6 https://scikit-learn.org/ 
7 http://pysal.org/ 
8 The range for values of λ: 0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1, 5, 10, 25 and 50 

https://scikit-learn.org/
http://pysal.org/
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the Ridge regression used a tuning parameter of  λ = 50. The measures of model 

accuracy are available in Table 5.1. The multiple linear regression yields the best 

results, but the differences in MAE and RMSE measures can be considered immaterial. 

This can be explained by the fact, that Lasso and Ridge regression are not as helpful 

when the sample size is very large. These methods often improve the linear model if it 

includes many explanatory variables and their interpretation gets difficult. 

Furthermore, a small sample size can be associated with high variance, which could 

potentially deviate the estimated coefficients further from their actual values.  

 

Table 5.1: Prediction accuracy measures (Linear models) 

  R2 MAE RMSE 

MLR with OLS 0.354 13656.9 17747.1 

Lasso 0.336 13657.1 17747.1 

Ridge 0.354 13657.2 17747.2 

 

However, as we can see in Figure 5.1, all models seem to exhibit a very similar 

distribution of predictions because our sample size was very large. Even though the 

final sample of transactions was filtered from prices of 200 000 CZK/m2 and above, 

prediction of high prices seems to be a notable weakness of all three models. The 

highest predicted prices were approximately 150 000 CZK/m2. Moreover, there is a 

group of observations with prices above this value with such small predictions as 

70 000 CZK/m2. However, the number of these extreme deviations is reasonably low. 

The mean absolute error is 13 657 CZK/m2, which might be considered a relatively 

strong inaccuracy.   

Figure 5.1: Predicted and actual prices (Linear models) 
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5.1.2 K-Nearest Neighbors 

The fundamental parameter to tune in the K-Nearest Neighbors method is the number 

𝐾 of considered closest observations. Again, we defined a range9 of possible values 

and selected the one suggested by 10-fold cross validation procedure. This value was 

set to 10 nearest neighbors for each observation. It is necessary to mention that the 

KNN method requires standardizing data beforehand to avoid influential imbalances 

among predictors. Hence, we standardized the data beforehand. The results of the K-

Nearest Neighbors method are notably more representative than the results in the 

previous subsection. The R2 value of the KNN method is 0.53, which is a significant 

improvement compared to R2 value 0.35 of linear methods. Furthermore, both MAE 

and RMSE decreased by more than 2 000 CZK/m2. The average prediction error for 

K-Nearest Neighbors is 11 130 CZK/m2.  

 

Table 5.2: Prediction accuracy measures (K-Nearest Neighbors) 

  R2 MAE RMSE 

KNN 0.528 11130.3 15162.3 

   

The visualization of the predicted prices confirms that predictions from KNN 

are much more accurate. The number of very large deviations from the actual prices is 

lower than in the case of linear models and seems to be more evenly distributed. On 

the other hand, apart from the number of extremely wrong predictions the severity of 

these cases was not sufficiently improved compared to the linear models. However, the 

magnitude of the overall undervaluation is not as critical as before. The predicted prices 

reach up to 175 000 CZK/m2, which is a substantial improvement. 

 

 
9 The range for values of 𝐾: 3, 5, 10, 20, 50 and 100 



Results  40 

Figure 5.2: Predicted and actual prices (K-Nearest Neighbors) 

 

 

5.1.3 Regression trees 

From all used methods for the price prediction the tree-based models include 

the most parameters that need to be optimized before fitting the models to the training 

data set. Bagging method is the simplest out of the selected tree-based procedures and 

involves mainly selecting the value of 𝐵, which represents the number of subsampling 

from the training set via bootstrap. Out of the predefined range10, a 𝐵 value of 200 was 

selected (the maximum of the specified range). Random forest method involves 

bootstrapping numerous training subsamples and taking subsets of 𝑚 out of 𝑘 

predictors (where 𝑚 ≤ 𝑘) at each split in the trees. We set the range of functions for 

specifying the random subsets of predictors to be either the square root of 𝑘 or one 

third of 𝑘. Out of these options, the latter was selected. Gradient boosting improves the 

model in consecutive boosting stages, where a specific learning rate (𝑙𝑟 < 1) shrinks 

a contribution of each additional tree. Hence, there is a trade-off between the learning 

rate and the number of stages. Gradient boosting is fairly robust to overfitting. Hence, 

the maximum of the predefined range11 of stages to perform (200) was selected. Then, 

0.05 was found as the optimal learning rate out of the possible values12. 

 

 

 
10 The range of values for 𝐵 (bagging and random forest): 10, 20, 30, 50, 100 and 200  
11 The range of boosting stages: 10, 20, 30, 50, 100 and 200 
12 The range of learning rate: 0.01, 0.05, 0.1, 0.2 and 0.5 
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Table 5.3: Prediction accuracy measures (Regression trees) 

  R2 MAE RMSE 

Bagging 0.608 9974.0 13828.4 

Random forest 0.634 9741.1 13353.7 

Gradient boosting 0.621 9912.6 13584.5 

 

 The accuracy measures in Table 5.3 exhibit yet another improvement compared 

to linear models and the KNN method. The values of R2 surpass 0.60 and the mean 

absolute error is lower than 10 000 CZK/m2. Such value still suggests a fairly 

significant inaccuracy. However, this can be explained by the fact that the number of 

structural variables is relatively low compared to the studies analyzing the offering 

prices from servers such as sreality.cz, which includes a significantly higher number 

of structural variables. More importantly, the goal of the thesis is not to achieve the 

highest possible accuracy but rather to compare different methods in real estate price 

modelling for the specific data. Figure 5.3 visualizes the predictions compared to actual 

prices. All graphs seem to be fairly similar, which corresponds to the comparable 

accuracy measures. Nevertheless, the random forest method is slightly superior, which 

is in line with the results of Baldominos et al. (2018).  

 

 

 

 

Figure 5.3: Predicted and actual prices (Regression trees) 
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5.1.4 Model Comparison 

This subsection summarizes the results from the used machine learning methods on the 

testing set of observations that were not included in the learning process. When 

comparing several models, an important measure is how well they explain the 

dependent variable. We can see a comparison of achieved coefficients of determination 

(R2 values) in Figure 5.4. The highest explanatory power was achieved by the random 

forest method, which reached a value of 0.63. 

 

 

 

The most important measure of accuracy used for model selection is the root 

mean squared error (RMSE). This value penalizes higher errors more than lower errors. 

Therefore, small deviations are tolerated but this measure is very sensitive to large 

deviations. A visualization of the RMSE values for the machine learning method can 

be seen in Figure 5.5. Nevertheless, these values cannot be interpreted in an intuitive 

way. Hence, we included a comparison of the mean absolute errors (MAE). Figure 5.6 

presents the values of MAE for each used method.  

 

 

Figure 5.4: R-squared of machine learning methods 
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Judging from all presented comparison graphs and tables we can conclude that 

the tree-based method outperformed the linear models and the K-Nearest Neighbors 

regression. On the other hand, linear models have a significant advantage in terms of 

interpretation of individual relationships between predictors and the explained 

variable. While linear models specifically define the effect of each variable, random 

forest and other advanced machine learning techniques work as a so-called black-box. 

In other words, we cannot easily interpret the impact of a single variable. Therefore, 

Figure 5.5: RMSE of machine learning methods 

Figure 5.6: MAE of machine learning methods 
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these techniques might be preferred only for regressions, where the main focus is to 

predict the dependent variable with the highest precision (e.g. mass real estate 

appraisal). However, when the goal is to describe how a specific feature of an 

apartment affects its price, we need to take a different approach, which we present in 

the following section. 

 

5.2 Effects of location attributes on real estate prices 

This section is split into four parts. The first subsection describes the results of a 

traditional hedonic pricing model in the form of multiple linear regression estimated 

with the least squares. Next, we aim to detect the spatial dependency and use the spatial 

lag model and the spatial error model to address it. Then, the geographically weighted 

regression method is used to explore the relationships between predictors and prices at 

various locations. Finally, we present the visualizations of the local estimates.  

 

5.2.1 Hedonic Pricing Model 

We estimated two different versions of the hedonic pricing model specified by 

Equation (1). These are linear and semi-log specifications, where the semi-log model 

transforms the dependent variable into the natural logarithmic form, which is suitable 

for skewed distributions (Ottensmann, Payton and Man, 2008). The semi-log 

specification allows us to interpret the estimated parameters as semi-elasticities or, in 

other words, the percentage increase (or decrease) in the explained variable when a 

predictor changes by one unit and all other predictors remain constant. The results of 

these three specified models are presented in Table 5.4. 
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Table 5.4: Results of hedonic pricing models (all variables) 

Model   linear semi-log   

Variable   Coef. Std. Error z Sig. Coef. Std. Error z Sig. VIF 

Constant   -11240000 646000 -17.42  *** -139.2 7.85 -17.72  *** - 

Time   5617 320 17.56  *** 0.075 0.004 19.185  *** 227 

Mortgage rate   -69880 91000 -0.77   -0.488 1.10 -0.443   152 

Number of rooms -7521 381 -19.75  *** -0.102 0.01 -22.24  *** 16 

Area   64.79 18 3.56  *** 0.001 0.000 4.647  *** 23 

Offer duration   -2.66 1.5 -1.83  * -0.00005 0.00 -2.812  *** 2 

Discount   -30540 4577 -6.67  *** -0.355 0.06 -6.46  *** 2 

Metro distance   0.26 0.2 1.53   0.000003 0.00 1.436   3 

Park distance   -1.53 0.3 -5.05  *** -0.000018 0.00 -4.643  *** 5 

Noise   -28.5 26 -1.09   -0.00020 0.00 -0.76   46 

School distance   5.01 0.9 5.30  *** 0.00006 0.00 5.039  *** 4 

El. school distance 3.78 1.6 2.41  ** 0.00006 0.00 3.196  *** 4 

Shop distance   4.95 0.7 7.20  *** 0.00006 0.00 6.518  *** 3 

Center distance   -1.90 0.1 -21.43  *** -0.00003 0.00 -22.7  *** 12 

Sports facilities   98.6 49 2.00  ** 0.002 0.00 3.84  *** 11 

Culture facilities   287 19 14.95  *** 0.003 0.00 15.336  *** 3 

                                        
 

  R-squared:   0.582   0.571     
              
Significance levels:   0.01 '***', 0.05 '**', 0.1 '*'     

Note: the standard errors are robust to heteroskedasticity   

 

Explanatory variables used in these models have different ranges of values and 

are measured in different units. Furthermore, estimated coefficients of some 

parameters need to be interpreted together in order to sound reasonable. For example, 

in the fully linear model the significant estimated Constant coefficient amounts to -11 

240 000, which alone may seem slightly worrying. However, this negative number is 

fully offset by the positive parameter coefficient for the variable Time, because the 

range of this variable spans from 2018.08 to 2020.33. Hence, these two variables 

combined represent a constant parameter changing in time, which spans from 95 574 

(for the transactions made in January 2018) to 108 210 (for the transactions made in 

April 2020). The Time variable implies a yearly increase of 5 617 in price (or 468 

CZK/m2 increase each month), which corresponds to the price trend visible in Figure 

3.2. The coefficients of Mortgage rate and Discount need be interpreted with caution 

since these variables are not measured in percentage points but in decimals (0.01 =

1%). The estimated coefficients need to be divided by 100 to describe the effects of an 

increase by 1 percentage point (p.p.). Therefore, an increase in Mortgage rate by 1 p.p. 

decreases the final transaction price by 699 CZK/m2. However, this result is not 

statistically significant. Next, an increase in Discount by 1 p.p. decreases the 
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transaction price, on average, by 305 CZK/m2. Coefficients of distance variables are 

very small because they quantify the price effect of each extra meter. Hence, it is more 

effective to interpret these coefficients when proximity to a specific POI changes by a 

larger amount (e.g. 100 meters). Nevertheless, all distance variables have very little 

effect (or almost none) on the dependent variable. Moreover, variables representing 

distances to grammar schools, elementary schools, and grocery stores are positive, 

which is the opposite relationship than expected. However, these places are associated 

with high street and pedestrian traffic. Schools tend to be surrounded by playgrounds 

for children, which creates a busy and noisy environment. Similarly, grocery stores and 

supermarkets tend to attract crowds during the whole day, which increases the local 

traffic as well. Hence, while it might be beneficial to live closer to these POIs, the 

results suggest that people prioritize calm and quiet areas over the comfort of lower 

walking distance. The fully linear model produces a higher R2 value out of the two 

specifications. The semi-log model yields similar results in terms of significance and 

magnitude of the effects, but the coefficients are interpreted as semi-elasticities.  

Before we proceed to spatial models, the set of variables is slightly altered to 

avoid multicollinearity issues. For example, Area and Number of rooms arguably 

describe the same feature of an apartment – its size. Therefore, their estimated effects 

may interfere with each other, which complicates their interpretation. Since there might 

be more variables explaining the same variance in the model, we included the Variance 

Inflation Factor (VIF) quotient in the last column of Table 5.4, which measures the 

severity of multicollinearity caused by each variable. Higher values (above 5) suggest 

strong multicollinearity among explanatory variables (Ozalp and Akinci, 2017; 

Łaszkiewicz, Czembrowski and Kronenberg, 2019). Therefore, we employed the 

backwards selection and removed one variable with the highest value of VIF. Then, 

Variance Inflation Factor was measured again and another variable was removed and 

this process was repeated until all variables exhibited VIF values below 5. The removed 

variables were Time, Mortgage rate, Area, Noise, and Center distance. This selection 

procedure resulted in ten independent variables, which are assumed to not suffer from 

multicollinearity. We estimated the specified hedonic pricing models again with only 

these selected variables. The results are presented in Table 5.5. 
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Table 5.5: Results of hedonic pricing models (selected variables) 

Model   linear   semi-log   

Variable   Coef. Std. Error z Sig. Coef. Std. Error z Sig. VIF 

Constant   80620 1045 77.14 *** 11.277 0.012 919.987 *** - 

Number of rooms   -6270 243 -25.86 *** -0.083 0.003 -27.77 *** 4.2 

Offer duration   6.64 1.46 4.55 *** 0.0001 0.000 4.36 *** 2.1 

Discount   -21560 4790 -4.50 *** -0.235 0.058 -4.04 *** 1.5 

Metro distance   -0.60 0.17 -3.55 *** -0.00001 0.000 -3.58 *** 2.6 

Park distance   -3.43 0.31 -10.93 *** -0.00004 0.000 -10.90 *** 4.0 

School distance   5.03 1.65 3.05 *** 0.00008 0.000 3.90 *** 4.1 

El. school distance 2.72 1.00 2.73 *** 0.00003 0.000 2.54 ** 4.1 

Shop distance   7.09 0.75 9.43 *** 0.00009 0.000 9.11 *** 3.1 

Sports facilities   416 49.5 8.41 *** 0.006 0.001 11.82 *** 4.9 

Culture facilities   300 20.3 14.81 *** 0.003 0.000 14.85 *** 2.4 

                                            R-squared:   0.511   0.481         
                      
Significance levels:   0.01 '***', 0.05 '**', 0.1 '*'             

Note: the standard errors are robust to heteroskedasticity           

 

Once we got rid of the multicollinearity issue, the independent variables should 

not be interacting with each other significantly and each coefficient is describing solely 

the effect of its parameter. Since the Time variable was removed, the Constant 

coefficient now amounts to 80 620, which is very close to the average price in our 

sample. The effects of structural variables in both model specifications are reasonable. 

The increase of the apartment size in the form of one extra room translates to -6 270 or 

-8.3% decrease in price for the linear and semi-log models, respectively. This is a 

common phenomenon since smaller apartments suffer a price premium induced by 

high demand and substantial fixed costs. The time of the offer on the market affects 

the price by 6.64 each day. Therefore, being patient and waiting for a suitable buyer 

for 4 additional months can increase the price of an apartment by 808 CZK/m2. The 

variable Discount should, by its definition, have a negative coefficient if it were to 

explain the ceteris paribus effect. The linear and semi-log models associate an increase 

in discount by one percentage point with a decrease of -215.6 and -0.235%, 

respectively.   

 Proceeding to the POIs, the coefficients for distance variables are significantly 

smaller in magnitude. However, the negative effect of Park distance is twice as large 

as in the previous model with all 15 independent variables. Moreover, the Metro 

distance variable has a significant and negative coefficient. Despite the effect is very 

small, it has at least the expected sign. However, we suspect that the effect of Metro 
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distance is not significant in most non-centric parts of Prague (for example city parts 

further than 2.5 kilometers away from the nearest metro station). The remaining 

distances seem to have comparable results as in the previous models, thereby the 

interpretation is analogous. The presence of sports and cultural facilities seems to have 

a very positive effect on the prices of nearby apartments. However, these results need 

to be interpreted with caution since these facilities are strongly clustered and may be 

partially representing the distance from the city center.  

  

5.2.2 Spatial Hedonic Pricing Models  

In the first step, we estimated a simple hedonic pricing model by MLR with the least 

squares. However, these standard models are usually insufficient for modelling data 

with spatial autocorrelation. Therefore, we checked the Moran’s I statistic, the most 

common test to detect spatial dependency (D’Elia, Grand and León, 2020). The range 

of this measure spans from -1 to 1, where Moran’s I of 1 (alternatively -1) means a 

perfectly positive (alternatively negative) spatial autocorrelation, whereas the desired 

value is very close to zero. The spatial dependency is present when the Moran’s I is 

large in absolute value and significant (Tang, Jaewook and Xi, 2019b). The observed 

Moran’s I statistic from the residuals of the standard model is 0.22, whereas the 

expected Moran’s I value is -0.00022883, which confirms the presence of the spatial 

autocorrelation. We can see the expected Moran’s I and the observed value in Figure 

5.7. 

 



Results  49 

Figure 5.7: Expected Moran's I and the observed value 

 

Note: the observed value is marked with the red point 

To address the detected spatial autocorrelation and to account for spatial 

heterogeneity, we employed two frequently used methods to address it. These are 

Spatial Lag Model (SLM) and Spatial Error Model (SEM), which are described in more 

detail in Section 4.2.2. The results from these models are presented in Table 5.6 and 

Table 5.7, respectively. The significant estimates of the lagged dependent variable in 

SLM and the lagged error term in SEM confirmed the presence of spatial 

autocorrelation and spatial heterogeneity.  

Even though the distance variables of interest (public transport accessibility and 

environmental quality) are indeed significant, their negative coefficients imply a very 

small effect on the dependent variable. According to the SEM model, each extra 100 

meters from the nearest park reduces the apartment price by 337 CZK/m2 or by 0.005% 

for the linear and semi-log specification, respectively. The impact of increasing 

distance to the nearest metro station is even smaller in magnitude. This can be 

explained by the fact, that metro stations are not evenly distributed throughout the city 

and many apartments are located very far from the metro system. It can be assumed, 

that for these apartments a greater distance from the metro is not affecting their prices 

anymore because there are other public transport options available in these locations 

such as trams and buses. Furthermore, some locations have easy access to the city 

center by more types of public transport and since trams and buses have a much more 

dense network, the stations of these types are most probably closer to the apartments 

and might be the preferred transport option. Therefore, we decided to analyze how 

these location effects change with different locations. The results of the geographically 

weighted regression with the local estimates are presented in the following subsection.   
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Table 5.6: Results of Spatial Lag Model 

Model   linear semi-log 

Variable   Coef. Std. Error z Sig. Coef. Std. Error z Sig. 

Constant   48358 1555 31.10 *** 5.918 5.788795 30.43 *** 

Number of rooms   -5947 211 -28.15 *** -0.078 -0.2141615 -30.40 *** 

Offer duration   6.48 1.27 5.11 *** 0.000 0.0128718 4.73 *** 

Discount   -26185 4134 -6.33 *** -0.294 -0.0134321 -5.87 *** 

Metro distance   -0.39 0.16 -2.45 ** 0.000 -0.0137482 -2.59 *** 

Park distance   -1.84 0.31 -5.90 *** 0.000 -0.014923 -5.91 *** 

School distance   3.10 1.46 2.13 ** 0.000 0.0038309 2.82 *** 

El. school distance   1.36 0.92 1.47   0.000 0.0164258 1.33   

Shop distance   3.83 0.61 6.31 *** 0.000 0.0201559 6.09 *** 

Sports facilities   165 36.9 4.46 *** 0.003 0.0020764 5.74 *** 

Culture facilities   181 11.4 15.84 *** 0.002 0.0541435 12.48 *** 

Rho (Lagged price)   0.47 0.02 26.36 *** 0.482 0.4888194 27.68 *** 

                                        Pseudo R-squared:   0.596 0.579 

                    
Significance levels:   0.01 '***', 0.05 '**', 0.1 '*'             

 

 

Table 5.7: Results of Spatial Error Model 

Model   linear semi-log 

Variable   Coef. Std. Error z Sig. Coef. Std. Error z Sig. 

Constant   82582 1354 61 *** 11.300 0.017 676.107 *** 

Number of rooms   -6174 211 -29 *** -0.080 0.003 -31.521 *** 

Offer duration   6.52 1.24 5.28 *** 0.0001 0.000 4.874 *** 

Discount   -31315 4046 -8 *** -0.359 0.049 -7.330 *** 

Metro distance   -0.74 0.31 -2.42 ** -0.00001 0.000 -2.591 *** 

Park distance   -3.37 0.56 -6.01 *** -0.00004 0.000 -6.006 *** 

School distance   5.31 1.91 2.78 *** 0.00008 0.000 3.578 *** 

El. school distance   1.73 1.31 1.31   0.00002 0.000 0.955   

Shop distance   6.19 0.91 6.82 *** 0.00008 0.000 6.734 *** 

Sports facilities   303 63.7 4.8 *** 0.005 0.001 6.042 *** 

Culture facilities   327 18.7 17.4 *** 0.003 0.000 13.015 *** 

Lambda   0.51 0.02 27.18 *** 0.522 0.018 28.466 *** 

                                        Pseudo R-squared:   0.596 0.579 

                    
Significance levels:   0.01 '***', 0.05 '**', 0.1 '*'             
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5.2.3 Geographically Weighted Regression 

The results table from a geographically weighted regression offers a slightly different 

format than the results tables from the other regressions. Since GWR performs a 

separate regression for each location, the table presents the descriptive statistics of all 

the results. To improve these outputs, we filtered the estimated coefficients to only 

those significant at 5% level. The variables related to POIs (either distances or number 

of facilities in the near distance) and one structural variable (Offer duration) have their 

coefficients either positive or negative depending on the location. Therefore, we focus 

on the average effects during the interpretation of these tables, and then we visualize 

the spatial diversity in order to explore it in more detail. The overview of the significant 

GWR results for the linear and semi-log specifications are presented in Table 5.8 and 

Table 5.9, respectively. 

 

Table 5.8: Results of GWR model (linear) – significant at 5% 

Model   linear 

Variable   Mean SD MIN MED MAX Count [%] 

Constant   85808 15397 55292 81757 140441 4371 100.0% 

Number of rooms   -5974 1584 -11264 -6050 -2087 4343 99.4% 

Offer duration   14.29 3.50 -11.03 13.90 22.01 631 14.4% 

Discount   -54830 13293 -98303 -52597 -29441 1407 32.2% 

Metro distance   -6.44 9.52 -27.74 -6.25 16.56 1351 30.9% 

Park distance   -9.16 11.19 -32.58 -11.28 25.01 896 20.5% 

School distance   12.85 10.30 -34.35 14.49 42.17 1217 27.8% 

El. school distance   3.30 21.0 -46.08 14.35 29.85 861 19.7% 

Shop distance   11.61 9.86 -17.84 9.46 43.62 1187 27.2% 

Sports facilities   280 820 -1452 649 1456 1112 25.4% 

Culture facilities   508 1168 -3021 453 4338 1823 41.7% 

                                    Average R-squared:   0.673             
                  

Note: The table describes statistical overview of only the coefficients, which were significant at 5% 

level. The amount of significant estimates from 4371 regressions is shown in the last two columns. 

 

The estimates of the constant parameter are significant at all locations and 

reflect relatively well the distribution of the price in our sample. The structural 

variables (especially the size) have undoubtedly a large impact on the prices of 

apartments, which is supported by the observed results. On average, each extra room 

in an apartment decreases price by - 5 974 CZK/m2. Furthermore, the estimate of this 
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size feature is significant at 5% level in 99.4% of regressions. The next structural 

variables seem not to be that significant. The impact of keeping the offer on the market 

for a longer period of time is associated with the selling price increase of 14.3 CZK/m2 

for each extra day. This translates to 435 CZK/m2 per one more month, which suggests 

that patience is indeed rewarded on the real estate market. However, the estimates were 

significant only in 14.4% of regressions, thereby it is not an important factor in most 

of the locations. Discounts may have various effects, which may ultimately depend on 

the initial prices. As was discussed earlier, the expected ceteris paribus effect of 

discount is by its definition negative. The average effect amounts to -548.3 CZK/m2 

price reductions for each percentage point of discount and the estimates are significant 

in nearly one third of the regressions. 

Variables measuring distance to the nearest points of interest are significant in 

approximately 20 – 30% of locations. The two main variables of interest (Metro 

distance and Park distance) negatively impact the apartment prices. The mean effect of 

100 meters greater distance from a metro station is -644 CZK/m2 and the mean effect 

of such distance difference from parks is -916 CZK/m2. These already seem  Similarly 

as in the previous models, the average effects of distances to other POIs (elementary 

schools, grammar schools and grocery stores) have the opposite sign than initially 

proposed. The positive coefficients suggest, that apartments closer to these amenities 

suffer from a price penalty. While these amenities are providing services to most 

households, the added value of living in their proximity is not reflected in the prices. 

Contrary to that, apartments situated further from these places seem to be preferred for 

their absence of large crowds and quieter neighborhoods. Presence of more sports and 

cultural facilities enriches the location of an apartment, which is confirmed by the 

positive coefficients. Since each regression at the specific location is performed with 

use of only the close observations, the distance to the city center is already accounted 

for in the intercept, which can be considered the intercept specific for the location. 

Therefore, the coefficients of the variables measuring the number of sports and culture 

facilities are not biased by partially representing the center distance. While the average 

effects are positive and amount to 280 and 508 CZK/m2, respectively, the ranges of the 

significant coefficients are relatively large and 40 – 50% of their estimates are even 

negative, we need to interpret the effects locally. 
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Table 5.9: Results of GWR model (semi-log) – significant at 5% 

Model   semi-log 

Variable   Mean SD Min Median Max Count [%] 

Constant   11.350 0.1821 10.947 11.314 11.900 4371 100.0% 

Number of rooms   -0.0782 0.0228 -0.1203 -0.0829 -0.0251 4322 98.9% 

Offer duration   0.0002 0.0000 0.0001 0.0002 0.0002 590 13.5% 

Discount   -0.6456 0.1439 -1.1019 -0.6324 -0.3614 1355 31.0% 

Metro distance   -0.00008 0.00011 -0.00032 -0.00008 0.00017 1395 31.9% 

Park distance   -0.00011 0.00012 -0.00031 -0.00014 0.00023 901 20.6% 

School distance   0.00015 0.00013 -0.00044 0.00018 0.00038 1175 26.9% 

El. school distance   0.00009 0.00024 -0.00053 0.00020 0.00036 915 20.9% 

Shop distance   0.00014 0.00010 -0.00020 0.00012 0.00037 1102 25.2% 

Sports facilities   0.0047 0.0094 -0.0209 0.0080 0.0215 1226 28.0% 

Culture facilities   0.0062 0.0177 -0.0443 0.0046 0.0644 1844 42.2% 

                                    Average R-squared:   0.661             
                  

Note: The table describes statistical overview of only the coefficients, which were significant at 5% 

level. The amount of significant estimates from 4371 regressions is shown in the last two columns. 

 

 The significant GWR results of the semi-log specification have the same sign 

as the results of the model with the dependent variable without the transformation and 

the only difference is that now these results represent semi-elasticities. For example, a 

unit increase in the Number of rooms is associated, on average, with a decrease of price 

per meter squared by -7.82%.  A greater distance from a metro station by 100 meters 

is met with a decrease in price by -0.8%. The same effect for distance to the nearest 

park affects the price negatively by -1.1%. Overall, these estimates describe very 

similar relationships as the linear GWR results. However, these effect statistics do not 

explain the relationship in various locations. Since the coefficients have relatively large 

ranges, the effects might differ significantly in different areas, thereby we proceed to 

visualizations of the results to explore the spatial heterogeneity. 

 

5.2.4 Visualization of the local estimates from GWR 

The first visualization in Figure 5.8 describes the variance in the constant estimates. 

These estimates seem to correspond well to the price distribution in Prague (see Figure 

5.9) with the highest prices in the center and a decreasing trend in the direction to the 

edges. As we previously mentioned, the constant is estimated separately at each 

location, thereby it accounts for the omitted features of the location such as center 
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distance. Thus, the remaining coefficients should not be affected by the center distance, 

which has been dropped due to multicollinearity issues. The visualizations of the GWR 

local results of the semi-log specification of the model are very similar, thereby not 

reported. These visualizations are available in Figure A.3 in the Appendix. 

 

Figure 5.8: GWR local results - Constant 

 

 

Figure 5.9: Distribution of Prices (CZK/m2) 

 

 

Number of rooms 

The increasing number of rooms, which can be considered the increasing size of an 

apartment, is often related to lower prices per meter squared. However, we can see in 
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Figure 5.10 that this decrease in price may vary among locations. The strongest effect 

seems to be in the city center, where each additional room decreases the final price by 

approximately 10 000 CZK/m2. This might also indicate that very small apartments 

have inherently higher prices per unit of area because of high fixed costs associated 

with construction and furnishing. Surprisingly, the magnitude of the size effect is not 

changing according to the price distribution (gradually decreasing from the center). 

Contrary, the effect seems to be weaker in locations just out of the city center than at 

the edges of Prague. 

 

Figure 5.10: GWR local results - Number of rooms 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Offer duration and Discount 

When only the significant results are considered, the sample of estimated coefficients 

is reduced to 14.4% for the variable Offer duration and to 32.2% for the variable 

Discount. The significant estimates of the former are presented in Figure 5.11 and the 

significant results of the latter are presented in Figure 5.12. The results suggest that one 

extra day of waiting may bring additional 15 CZK/m2 (in locations where this feature 

is significant). Most of the relevant Discount estimates in the city center revolve around 

-500 CZK/m2 per each extra percentage point. However, the prices in this location 

range from around 90 000 CZK/m2, thereby 1% discount is only partially decreasing 

the price compared to similar apartments. Hence, the initial prices of apartments with 

a present discount were most probably set significantly higher than comparable 

apartments in these locations. 
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Figure 5.11: GWR local results - Offer duration 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Figure 5.12: GWR local results - Discount 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Distance to Parks 

The visualization of the significant estimates for Park distance in Figure 5.13 suggests 

that in most cases the park distance affects apartment prices negatively. The negative 

effects span approximately from -10 CZK/m2 to -25 CZK/m2 for each meter of distance 

from parks. On the other hand, the situation in the city center is completely the 

opposite. Further apartments from the parks in the center are valued higher by 

approximately 15 CZK/m2 for each additional meter. One possible explanation of this 

finding is that the two large parks in the center, Vrchlického sady and Karlovo náměstí, 
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are situated at very busy locations. The former is placed next to the main train station 

and is very unattractive. The latter park lies next to a large crossroad, with a tram stop, 

metro station, and a bus stop. Hence, it is no surprise that apartments directly at these 

parks suffer a certain price penalty. We can conclude that more often the effect is 

negative and apartments closer to the city parks are sold at a higher price per meter 

squared. Furthermore, the price effects depend on the location and characteristics of 

the nearest park because some parks are not as welcoming and do not provide the 

desired peaceful environment. 

 

Figure 5.13: GWR local results - Park distance 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Distance to Metro 

As in the case of park distance, the significant coefficients for Metro distance are 

mostly negative but some locations suggest a positive effect on prices. There seem to 

be three clusters of locations with positive estimates. The strongest effect (around +15 

CZK/m2) of these three areas is in a highly demanded neighborhood called Letná, 

which is a part of the municipal district Prague 7. This neighborhood is situated 

between two metro stations, Vltavská and Hradčanská, thereby a higher distance, in 

this case, represents more central placement in this expensive neighborhood. The 

positive effects in the remaining clusters are smaller in magnitude. Therefore, we can 

conclude, that (when significant) the effect is mostly negative and apartments closer to 

the metro stations are sold at a higher price per meter squared. 
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Figure 5.14: GWR local results - Metro distance 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Furthermore, the strongest negative effects of metro distance seem to be near 

the new metro stations of line D (see Figure 5.15). The estimates in this location 

revolve around -20 CZK/m2 per each meter of distance. Such a coefficient translates to 

a substantial difference when we consider an extra distance of 100 meters and more. 

Therefore, we can assume that the new metro station will improve the accessibility of 

apartments in this location and, consequently, significantly increase their selling prices. 

 

Figure 5.15: Metro stations in Prague with line D 

 

Note: metro line D is still in construction (the figure is only illustrative) 
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Distance to Grammar schools and Elementary schools 

A greater distance from grammar schools seems to have a rather positive effect on 

prices than the expected negative effect. As we previously mentioned, the positive 

effect can be explained by the fact that areas near schools may be associated with high 

street and pedestrian traffic, excessive noise exposure, and in extreme cases even 

vandalism. However, there is only a small cluster in the city center where the 

magnitude of these positive coefficients is significantly large, whereas most of the 

other positive coefficients seem to be rather moderate. Moreover, there are two small 

clusters of significantly negative estimates. Therefore, we can conclude, that distance 

to grammar schools generally has none or very small effects on prices, but there are 

certain locations where it can affect prices either positively or negatively, which 

ultimately depends on the location and the specific grammar school.   

 

Figure 5.16: GWR local results - Grammar school distance 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Distance to elementary schools is even less significant than grammar schools. 

On the other hand, we can notice more clusters with a significant negative effect on 

prices. Ultimately, the effect is yet again specific to the location and elementary school. 

The advantages of living near elementary school is an easy commute for parents with 

young children. The disadvantages include increased traffic in the morning and the 

afternoon, or possibly some noise during the day when the children play outside. 

However, some disadvantages of grammar schools, such as vandalism and noise after 

school, should not be a concern in the case of elementary schools. Therefore, we can 

see the effect distribution is more balanced. 
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Figure 5.17: GWR local results - Elementary school distance 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

Other amenities 

Distance to grocery stores has a modest effect in most locations, but the impact on 

prices is mostly positive. In fact, there are disadvantages of living close to supermarkets 

and grocery stores, such as big crowds and increased traffic during the whole day. 

Hence, home buyers generally prefer quiet areas even when it involves a longer way 

to go shopping for ordinary goods. Another possible explanation of this effect being 

mostly positive is emerging online services (such as Košík or Rohlík) delivering 

ordinary goods to households every day. Lu et al. (2020) studied the impact of online 

and physical shopping services and found that proximity to physical retail businesses 

has a negative effect on nearby residential property prices. Hence, for people using 

online services for daily shopping, living closer to a grocery store does not bring any 

benefits and may be considered completely bothersome. In such a case, living further 

from a supermarket and other places attracting large crowds and traffic during the 

whole day is most probably adding value to an apartment. 
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Figure 5.18: GWR local results - Grocery store distance 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

The presence of sports and cultural facilities is expected to improve the location 

quality as they provide more recreational activities. As we can see in Figure 5.19 and 

Figure 5.20, the price effects may not be only positive. There are notable clusters of 

locations, where the effect of more facilities decreases the prices of nearby apartments. 

A brief inspection of the list of these facilities, we discovered that grammar schools 

frequently also facilitate various sports classes and, thereby, are included in the list of 

sports facilities. The disadvantages of apartments close to grammar schools have been 

discussed earlier and apply in the case of these facilities as well. Another explanation 

is that football stadiums occasionally attract large crowds, which are associated with 

noise and vandalism. These are examples of candidate reasons for the negative effect 

of living near distance from sports facilities. Nevertheless, there are more clusters of 

significant estimates, where the presence of these facilities increases the prices of 

nearby apartments.  
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Figure 5.19: GWR local results - Sports facilities 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 

 

 The last point of interest variable is a number of cultural facilities in a radius of 

1000 meters, which is significant in 42% of locations and has a very wide range of 

estimates. While the mean and median effects are positive and amount to 508 CZK/m2 

and 453 CZK/m2, respectively, there are two distinct areas with significantly negative 

effects on apartment prices. These two cultural facilities are cinemas in large shopping 

centers (OC Zličín and OC Černý Most). Shopping centers attract even larger crowds 

and traffic than grocery stores, hence the burden of living close to these facilities is 

self-explanatory. In most locations, the effect is positive and fairly strong in magnitude, 

with a few clusters where the impact is significantly increasing the apartment prices. 

However, the general and most common impact is well described by the mean and 

median values.  

Figure 5.20: GWR local results - Cultural facilities 

 

Note: grey points in the graph represent apartments with an insignificant estimate of this variable 
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6 Conclusion 

This thesis employs several techniques related to real estate price modelling focusing 

on various objectives. The main contribution to the existing research focusing on 

Prague real estate market is the utilization of machine learning algorithms and spatially 

conscious models on transaction data with the final selling prices. Since transaction 

data are not readily available, most of the related studies analyze offering prices 

collected from real estate agencies or by web scraping housing sale offers from public 

websites.  

In the first part of our empirical section, we compared the performance of linear 

models and more advanced methods of machine learning when the objective is to 

predict the values of many housing units effectively and most accurately. The fitted 

models on the training sample included multiple linear regression, k-nearest neighbors 

regression, and a group of regression trees methods, such as bagging, random forest, 

and gradient boosting. These techniques were compared by three statistics measuring 

their performance on a testing set of observation that was not included in the learning 

process to fit the models. The evaluation metrics include R-squared, Mean Absolute 

Error, and Root Mean Squared Error. The results of this analysis suggest that regression 

trees are more versatile and yield much higher accuracy in predicting prices. The 

multiple linear regression achieved R2 of 0.35, which may be considered a poor fit. 

One of the reasons is that the dataset lacks more structural variables that explain 

arguably most of the price variance. However, the KNN regression and tree-based 

methods achieved R2 values of 0.53 and 0.63, respectively, thereby the poor R2 of linear 

models is not caused solely by the absence of more structural variables in our dataset. 

Furthermore, the remaining two accuracy evaluation metrics also support the 

superiority of regression trees methods.  While linear models yield Mean Absolute 

Error of 13 657 and the KNN method regression yields 11 130, the random forest 

technique deviates, on average, only by 9 741 CZK/m2 from the actual prices of the 

testing observations. Hence, these results confirm that regression trees (especially 

Random forest) perform better than linear models for tasks of mass appraisal where the 

accuracy of price prediction is the main interest. 

The second part of the empirical section focuses on models that explain the 

relationships between real estate prices and its determinants. Since regression trees 

have usually complicated structures, there are very limited options to interpret how 
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each independent variable influences the final price. Therefore, the hedonic price 

model is the most frequent approach for describing the effects of various determinants. 

There are many factors considered to influence the prices of real estate units, which 

can be divided into two general categories: characteristics of the apartment and 

qualities of its location. The former include size (area or number of bedrooms), age, 

floor, basement, and other structural variables. The latter can be further divided into 

several subcategories such as environmental factors, public amenities, and private 

amenities. The only drawback of the acquired dataset is the limited number of structural 

variables describing the sold apartments. These included area, number of rooms, 

duration of the offer, month and year of the transaction, discount, and full address, 

which was used to determine the location qualities for each apartment. To examine the 

importance of the location qualities, we included 9 location variables. These were 

distances to various points of interest (metro station, park, center, grocery store, 

grammar school, and elementary school), noise exposure at the exact location, and the 

number of sports and cultural facilities within a radius of 1 kilometer. The last two 

amenities can be of various types that are not easily substitutable, thereby the variety 

of these facilities is considered rather than a single distance to describe the location 

quality of an apartment more effectively. Conventional forms of the hedonic price 

model consider stationary relationships between price and its determining factors. 

However, such analysis yields global average estimates, which may not reflect the true 

relationships in individual locations. Geographically weighted regression is a 

technique of spatially conscious analysis and allows the studied relationships to be 

specific to each location. Since it is a relatively novel approach, it has not been utilized 

to its full potential in the context of Prague real estate. To fill this gap, we employed 

the geographically weighted regression framework to explore the spatial heterogeneity 

of real estate prices and their determinants.  

 Since accessibility and environmental quality of the location have been widely 

considered the most important among location features, we chose Distance to metro 

and Distance to parks to be the two main variables of interest. The results of the global 

analysis suggest that a higher distance from both the city’s greenery and the 

underground system negatively impact the prices of apartments in Prague. On the other 

hand, the magnitude of their estimated global coefficients is surprisingly low. An 

increase of 100 meters in distances from parks and metro was associated with a 

decrease of - 343 CZK/m2 and - 60 CZK/m2, respectively. Such moderate impacts 

might be suppressed by observations in too distant locations from these amenities 

where they do not influence the apartment prices. Hence, the local analysis was 

performed to explore the variability of the studied relationship across space. In 

locations where these impacts were significant, the average effect of an increase of 
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their nearest distance by 100 meters is - 916 CZK/m2 for parks and - 644 CZK/m2 for 

metro stations. These results suggest that people are willing to pay a significant price 

premium for better accessibility and environmental quality when buying an apartment 

in Prague. Moreover, the visualization of the local estimates revealed that distance to 

the nearest metro station has a negative effect in an area of the planned metro line D, 

which is currently in construction. Once the construction is finished, distance to the 

metro and its impact in this area will most likely change. However, based on these 

results it may be assumed that the value of nearby apartments will substantially 

increase.  

 The thesis provides an illustrative overview of various methods for real estate 

price modelling in different scenarios. It accomplished extending the related literature 

focusing on the real estate market in Prague by studying the price determinants at the 

local level. For the purpose of the conducted analyses, we managed to acquire a dataset 

of nearly 30 thousand apartment transactions from Prague containing their selling 

price, full address, time of purchase (month and year from January 2018 to April 2020), 

and other information about each apartment. Therefore, the contribution of this work 

is not limited only to the current literature but also to future research by providing these 

data to other scholars and researchers. Using more methods of machine learning or 

including new location characteristics that have rarely been used in the literature are 

two examples of possible extensions of this work.  
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A. Appendix  

Table A.1: Descriptive statistics - reduced sample 

  N Mean SD Min 25% 50% 75% Max 

Price 4371 78329 19551 35915 64453 74844 88131 198000 

Latitude 4371 50.07 0.04 49.96 50.05 50.07 50.10 50.17 

Longitude 4371 14.45 0.07 14.28 14.41 14.45 14.50 14.69 

Time 4371 2019.21 0.64 2018.08 2018.67 2019.25 2019.75 2020.33 

Mortgage rate 4371 0.026 0.002 0.023 0.024 0.025 0.028 0.030 

Number of rooms 4371 2.0 0.9 0.5 1.5 2.0 2.5 6.0 

Area 4371 61.0 22.9 17.5 42.5 57.5 72.5 197.5 

Offer duration 4371 157.9 149.3 4 60 120 180 1080 

Discount 4371 0.031 0.046 0 0 0.01 0.04 0.270 

Metro distance 4371 1306.8 1441.5 16.8 430.2 829.8 1630.7 10421.1 

Park distance 4371 1054.0 763.1 61.9 544.8 877.1 1325.3 7258.3 

Noise 4371 53.8 8.2 40 50 55 60 80 

School distance 4371 341.9 245.2 0.0 179.1 284.3 443.9 2309.4 

El. school distance 4371 226.4 146.4 0.0 124.2 192.4 289.4 1677.9 

Shop distance 4371 424.9 357.5 0.0 194.3 313.7 546.1 4450.5 

Center distance 4371 6053.3 3172.8 79.3 3463.6 5704.5 8175.2 19470.6 

Sports facilities 4371 13.0 9.2 0 6 10 18 57 

Culture facilities 4371 12.0 28.4 0 1 3 8 227 

 

 

Figure A.1: Histogram of Price (logarithmic transformation) 
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Figure A.2: Histogram of Area (logarithmic transformation) 

 

 

Figure A.3: GWR local results (semi-log model) – all variables 
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