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Abstract: In the Thesis the problem of estimating an unknown parameter in a
stochastic differential equation is studied. Linear equations with Volterra process
as the source of noise are considered. Firstly, the properties of Volterra processes
and the properties of stochastic integral with respect to a Volterra process are
presented. Secondly, the properties of the solution to the equation under con-
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Introduction

Consider a stochastic differential equation whose coefficients are known up to a
unknown parameter. Suppose we observe a trajectory of a solution of the equa-
tion. The task to estimate the unknown parameter using the observed trajectory
is called the problem of parameter estimation and it is the topic of this Thesis.

In the Thesis we consider a finite dimensional linear stochastic equations driven
by a Volterra process. Volterra processes, introduced in Alos, Mazet and Nualart
[1], have risen to popularity in the recent years. Results concerning existence and
regularity of solutions of stochastic differential equations driven by a Volterra pro-
cess were given in Bonaccorsi and Tudor [3], Coupek and Maslowski [7], Coupek,
Maslowski and Ondrejat [8], Coupek, Maslowski and Snupérkova [9] and Coupek
[6]. Some articles, instead of a general Volterra process, consider the special
cases such as fractional Brownian motion (fBm). Linear stochastic equations in
a Hilbert space with a cylindrical fractional Brownian motion are considered by
Duncan, Maslowski and Pasik-Duncan in [10] and [12] where some results on
the continuity and space regularity of sample paths are given and large time be-
haviour of solutions is investigated. Similar results for a bilinear equation were
established by the same authors in [11]. For other works concerning stationarity
and large-time behavior of the solutions see e.g. Maslowski and Nualart [18],
Maslowski and Snupérkové [21] or Snupérkové [25].

Returning to the problem of parameter estimation, from the pioneer works
of Koski, Akademi and Loges [15] and Huebner and Rozovskii [14] who consid-
ered Wiener process as the source of noise, most of recent literature deals with
the noise in the form of a fractional Brownian motion. For example the work
of Cialenco, Lototsky and Pospisil [10] deals with space asymptotics for a max-
imum likelihood estimator. The work of Maslowski and Pospisil [19] proves the
strong consistency of the minimum contrast (MC) estimator considering fBm
with trace-class covariance operator as a driving noise. The work of Balde, Es-
Sebaiy and Tudor [2] deals with the least squares estimators constructed from
the one-dimensional projection of the mild solution to the linear SPDEs driven
by fBm and the work of Maslowski and Tudor [22] deals with the same problem
but consider an cylindrical fBm as a source of noise. For the results concerning
an asymptotic normality of the MC estimator see e.g. [16].

In this Thesis, in order to derive a strongly consistent estimators we employ
a method based on ergodicity used in [19], where an infinite-dimensional stochas-
tic differential equation with fractional Brownian motion as a noise is considered.
In the Thesis we consider only finite-dimensional case, but we (at least in the
beginning) allow the noise to be any a-regular Volterra process. Firstly, we
present conditions found in [6] under which a strongly stationary solution ex-
ists. Secondly, we find conditions under which the strongly stationary solution is
ergodic. As a corollary we obtain a similar ergodic-like result for any solution.
We employ these ergodic results to obtain the desired estimators. In order for
our main results to not be a special case of results from [19] we slightly general-
ize our setting and consider a stochastic differential equation with a mixed noise.



Theorem 23 and Theorem 24 are thus a partial generalization of results from [19].

The structure of the Thesis is as follows. In Section 1 we introduce an a-regular
Volterra process and a we present a construction of stochastic integral of deter-
ministic functions with respect to an a-regular Volterra process. In the rest of the
first chapter we deal with various properties of the integral which will be needed
in the following chapters.

In Section 2 we present the results concerning a linear stochastic differential
equation of the form

dXt - AXtdt“‘ @dBt, t 2 0,

X() = 2.

Firstly, we discuss the solution of the equation under consideration. Secondly, we
present the results of [6] concerning the existence of a strictly stationary solution.
Lastly, following [19], we show the ergodicity of a strictly stationary solution and
as a corollary we obtain a similar ergodic result for an arbitrary solution.

In Section 3 we slightly generalize the setting and results of Section 2. We
consider a stochastic differential equation of the form

p

dX; = AX,dt+ > _ ®'dB;, t >0,
=1

Xo = T,

and obtain results analogous to those of Section 2. Ergodic results from this
chapter are the key ingredient needed in the last chapter.

In the last Section 4 we will consider an equation from Section 4 with added
multiplicative parameter in the drift, i.e.

p
dX; = yAX,dt + ) _ ®'dB;, t >0,
=1
Xo = T,

with the unknown parameter 7. Following [19] and using the results from previ-
ous chapters we derive a strongly consistent estimators of .

The novelty of the Thesis consists in the new proof of ergodicity for stationary
solution (Theorem 15). Also the results in Section 3 can probably be considered
as new, although they are a rather straightforward generalization of results de-
scribed in Section 2. As a result of this generalization, the estimators derived in
Section 4 partially extend the results found in [19)].

The results contained in the Thesis are closely related to GACR grant project
no. 19-071408S.



1. Volterra processes

In this preliminary chapter we deal with the definition of a Volterra process, with
the definition of a stochastic integral with respect to a Volterra process and we
derive properties of such integrals. Most results in this chapter can be found in
[5] and [6]. See also [1] and [3].

1.1 Definition and basic properties

We start with the definition of a Volterra process.

Definition. A function K : R* — R, (¢,7) — K(t,r) satisfying
1. K(t,r)=0on {t <r},
2. Vr e R:limy_,,.y K(t,r) =0,
3. ¥r € R: K(-,r) is continuously differentiable on (r, c0),

4. there exists an a € (0, 1) and C € (0, 00) such that

<Clu—r)!

oK
‘ E (% 7’)

on {r < u}
is called an a-regular Volterra kernel.
The following lemma will be often needed later.

Lemma 1 ([6], Lemma 2.1). Let K be an a-regular Volterra kernel. Define

uA\v
0K 0K
o(u,v) = / E(u,r)ﬁ(v,r)dr.

Then for u # v we have p(u,v) < colu — v|**7 for some c, € (0, 00).

Proof. Claim follows by using 4. from the definition of K and the substitution
z =" ]

u—r"

Now for sq,t1, S9,ts € R define
R(s1,t1, 82,t3) = /(K(tl,r) — K(s1,7)) (K(tg,r) — K(s9,7))dr.
R

For s; < t; and sy < t9 we set

t1 12

R(s1,11, 82,t2) 1= //gp(u,v) du dv

51 82

and previous lemma implies that R(sq,y, S2, o) is finite.

4



Definition. A stochastic process b = (b, t € R) is a two-sided a-regular Volterra
process, if by = 0 P-a.s., b is centred and

E(bs, — bs, ) (b, — bs,) = R(s1,t1, 82, 12)
for every sq,tq, 89,t2 € R.

Remark ([6], Remark 2.2). An a-regular Volterra process has a version with
locally e-Holder continuous trajectories for every € € (0,«). In the sequel we
always work with this continuous version.

The following is an example of a Gaussian a-regular Volterra process. For the
proofs of statements in the example see e.g. [5], Example 1.26.

Example 1.1.1 (Two-sided fractional Brownian motion). Take H € (0,1). The
two-sided fractional Brownian motion (fBm) with the Hurst index H is defined
as a stochastic process B = (Bt € R) which is continuous centred Gaussian
process with B = 0 P-a.s. and with a covariance function

E[BIB!] - ; (sl + 112 — |s — t2#) , 5,t € R

The existence and properties of BY are well-known. Assume that H > % Let

e <B<2H—(22Z,_Hl>— §>>é

where B(-,-) is the Beta function. Let

t
c u—rH_%du, —o0 <1 <t
K,y = )

0, elsewhere.

Then B is a two-sided (H — 3 )-regular Volterra process with the (H — 1 )-regular
Volterra kernel K and the ¢y function from Lemmal is of the form

or(u,v) = H2H — 1)|u — v[*772,

Furthermore, B has stationary and reflexive increments.

1.2 Wiener integration

We now proceed with the definition of the integral with respect to an a-regular
Volterra process. In what follows we identify function equal almost everywhere.
Let b = (bt,t € R) be a two-sided a-regular Volterra process. Denote £(R) the
set of R-valued step functions defined on R, i.e. f € £(R) if and only if

f(t) = ijjn‘[tj—17tj)(t)7 S R>
j=1



for some n € N, fi,...,f, € R ty,...,t,, € Rty < --- < t,. Define the linear
map i : E(R) — L*(;R) by

M-

i (il fj]]'[tj—htj)(t)) = fj (btj - bt]’—1) :

Define a linear operator K* : £(R) — L*(R;R) by

1

J

(K" f) (r) = /f(u)a—(u,r) du, f€E&R),reR.

Assume, that £* is injective. For f € £(R) it holds that

Hi(f)”LZ(Q;R) = H,C*fHLQ(R;R) :
Indeed, we have that

> filbe, = bi, )

=1

zn: zn: foJE btz bti—l)(btj - bt]‘—1)

=1 j=1

||i(f>‘|i2(Q;R) =E

I
NE
NE

fifiR(tiz1, ti, tj—1,t;)

1:=1

.
Il

I
M=
M=

fifi [ (B (t7) = K (tim0,7) (K (45,7) = K (t1,7)) dr

j=11i=1 %
2
n 2 n t; 0K
:R/ ;fi(K(ti,T)_K@ifl,T)) dr:R/ .:1f¢ti_/1 E(u,r}du dr
2 [ee) 2
- L 0K
:/ Z/fz [tio1,t) (U r) du|dr / /fi]l[ti,l,ti)(U)E(u,r) du|dr
R z:lR R i=17
T 0K
=[] fe S aul dr = [ (€ F) (1) dr = 1K I} ey
BRI R

On &£(R) we define an inner product (-, -)p by

(fg)p = (K" f,K*g) r2®sm)-

Denote D(R; R) the completion of £(R) under (-, -)p and extend £* from E(R) to
D(R;R). Denote this extension again by *. This extends 7 to a linear isometry
between D(R;R) and closed linear subspace of L*(;R). The set D(R;R) is
called the set of admissible integrands and, for f € D(R;R), the random variable
i(f) is called the stochastic integral of f with respect to the Volterra process b.

We use the notation
/fdb::/f(r)dbr —i(f).

In order to a better specification of admissible integrands we will need the fol-
lowing definition and the theorem which follows it.



Definition. Let 5 € (0,1), p € [ %) f € LP(R;R). We then define an operator
1% by

1 7 )
(fff)(:v)IPw)[o f(O)(@—t)1dt, zeR

and call it the (left-sided) Riemann-Liouville fractional integral of f of order g
on R.

Theorem 1 (Hardy-Littlewood inequality). Let 1 <
(0,1). The operator L’Br is a bounded operator from LP

only if p € (1, %) and ¢ = ﬁ.

q < o0, 3 €

p<oo,1<¢gc<
(R;R) to LYR;R) if and

<
R;R) ¢t

Proof. See e.g. [13], Theorem 4. O

The following result gives us a better understanding of D(R; R).

Theorem 2 ([5], Proposition 1.9). The space LH%(R; R) is continuously embed-
ded in D(R;R).

Proof. Let f € £R). We show that ||f||, < C HfHLH% for a suitable constant
C > 0 depending only on a. We have

LI = " Iy = [ 17 / / F(w) () du| dr
:R/]O]Of(u)f(v)g:( )aa(v r)dudovdr
:R/I!_va(u)f(v)i;;( )88 (v,r)drdudv

Now we use Lemma 1 to get

Sca//!f @)l = v~ dudo

—2ca//\f I = o~ dudo

—2ca/\f r(/ F (0= ) v

§20a</|f(v)|1+22adfu) (/(/f 2°‘1du)12adv)

=



Finally, we can use the Hardy-Littlewood inequality to get

%+a 2c 2 :
= 200 (11 i zy) . T (12711 )

020) (Call A1 s )

N

[N

< 26 (122
~ClfI:

L 1+2a (R; R))

L1+2a R ]R

where C' depends only on . We have shown the desired inequality

1fllp < ClAIL 2 - (%)

Now, take f € LH%(R; R). Then there exists a sequence { f,} such that f, €
ER),n € Nand f, — fin L7 By the inequality (*), {f.} is Cauchy in
D(R;R) and by completeness thereof there is f € D(R;R) such that
f HD(R;R) — 0. Now we can identify f with f. O]

In the sequel we identify f € LH%(R; R) with its image f in D(R;R) under
the map from the previous theorem. Therefore any f € LH%(]R; R) is now inte-
grable. Also, whenever we have a sequence f, € £(R), n € N such that f, — f

in LH%(R; R) we have i(f,) — i(f) in L*(Q; R).

In the previous theorem we showed the inequality

1 llp = I Fll o ey < C ISl

L 1+2a (R;R)

forany f € £(R). Now take f € [ (R; R) and find a sequence { f,,} of functions
from LH%(]R;]R) such that f, — f in LH%(R; R). Then

||IC*f||L2(]R;R) = ||f||D R;R) <[f- anD ®R) T | fallp

< |f = fallp@g) + C 1 fall ClIfll

L1+2a (R;R) n—)oo L1+2a (R;R) ’

since we identified f and f. Therefore, for any f € LW(R; R) we have that
1 llp = I fll 2 gy < C IS (1.1)

We thus have the same inequality holding for a larger set of functions, i.e. for
2
any f € L2 (R;R).

L 1+2a (RiR)

Definition. Let —0o < s < ¢t < oo. If f is a function defined only on (s,t] we
identify f with the function f*, defined on R, where

f*<t):{f(t):te(s,t]

0 :elsewhere

and similarly for functions defined only on (s,t), [s,t) and [s,t]. Now, for
fe LH%(S, t;R) we define the definite integral is:(f) by

iva(f) ::/tfdb ::/f(r) db, == i(1 f)-



Remark. Since b is centred, for f; € LH%(R; R) we have E (i(f;)) = 0 and for

fa € LH%(S, t;R) we have E (is.(f2)) = 0. If b is moreover Gaussian, then both
i(f1) and is4(f2) are Gaussian.

In what follows we state some properties of stochastic integrals driven by a
Volterra process.

Theorem 3 ([5], Proposition 1.14). Let —0c0 < a < b < ¢ < o0 and f €
Lﬁ(a, c;R). Then

/Cf(s) db, Z/bf(s) dbs+/cf(s) db,.
a 5 /

Proof. We have

= /b f(s)db, + / f(s) db,.

]

Lemma 2 ([5], Lemma 1.13). The extended operator K* : D(R;R) — L*(R;R)
satisfies

K ) () = [ £ () du

for almost every r € R and every f € LH%(R; R).

Proof. Take f € LH%(]R; R) and a sequence {f,} of simple functions from E(R)
such that f,, — f in LH%(R;R). Then by (1.1) we get

Ko = [ F % )

L2(R;R)

L2(R;R)

. 0K 7. 0K
K" F = K Full g+ | [ 0) G (s du = [ () S () du

S OUF = fully gy | ) = FC0) Do)

LTT2a (R;R)

L2(R;R)
The first term converges to zero as n — o0 trivially. The fact that the second
term converges to zero follows from the proof of Theorem 2. ]
Theorem 4 ([5], Proposition 1.14). Let s1 < t1, s < ta, f € Lﬁ(sl,tl;ﬂ%) and
g€ LH’%<S2,t2;R>. Then

ty t1

(i1 (£)sisnia (@) 20 = [ [ F)g(0)eu,v) dudv,

52 81

where  is defined in Lemma 1.



Proof. Denote f = 15, 4,)f and g = 1|, 1,)9. Then similarly as in Theorem 2 and
using the previous lemma we have that

<i81,t1(f)7i82,t2 (g)>L2(QR < (f) ( )>L2(Q;R) = <,C*f> IC*g>L2(R;R)

to t1

_//f uvdudv—//f o(u,v) dudv.

S S1
]

Definition. Let m € N. An R™-valued stochastic process Y = (V;,t € R) is said
to have

1. stationary increments if for every n € N, s;,t; € Ry s; < t;,i =1,...,n and
for all h € R we have

Law(}/lf1+h - }/31+h7 s 7}/tn+h - st“‘h) = Law(}/tl - }/817 o JY;/ - }/Sn)

n

2. reflexive increments if for every n € N, s;,t; € Rys; < t,1 = 1,...,n we
have

Law(Y;, — Yi,,...,Y,, — Y, ) = Law(Y_y, — Yoy, ..., Yoy, — Y_4 ).

n

A weak convergence of probability measures will be denoted by v

Theorem 5 ([6], Proposition 2.1). Let f € Ll“o‘([O, o0);R) and let b have sta-

loc
tionary and reflexive increments. Then ¥Vt > 0 we have

£t —s) dbsg/tf(s) db, 2 /f(—s) dbs.

t

—

0

Proof. Take [ = Z Fili,ve) € EMR). Thendg,(f) = X f; (btj — btj,l). Denote
1
g(s) = f(t —s). Then
g = Z fj]l(t—tjvt—tj—ll
i=1

and, since we identified function equal almost everywhere,

i0t(9) = En: fi (bt—tj—l - bt_tf) '
=1

From stationarity and reflexivity of increments we get that

Law (brty = be—ty, -+ bty — brs, ) = Law (boyy — by, by —boy,)
= Law (b, — brg, -, by, — by,

10



2
and hence Law (ig+(f)) = Law (i0+(g)). Now, consider f € L;;/** ([0, 00); R) arbi-

loc

trary. We fix ¢ > 0 and we again denote g(u) = f(t—u). We find a sequence of el-
ementary functions { f,,} such that f, — fin LH%(O, t;R). Let gn(u) = fu(t—u).
Clearly g, — ¢ in LH%(O, t;R). Then

Law (/ fu(s) dbs) % Law (io,+(f))

Il
Law ( / Gn(8) dbs> " Law (io.(9))

This proves the first equality. The other equalities are proved similarly. O

Definition. Let B = (B;,t € R) be an R™ valued stochastic process, B =
(B and let BY, ..., B™ be independent two-sided a-regular Volterra pro-
cesses, all with the same kernel K. We then call B an m-dimensional a-regular
Volterra process.

Define
D(R;R™™) := {G = (Gyy)l'—y : R = R™™|Gyy € D(R;R), i, =1,...,m}.

We again call D(R; R™*™) the set of admissible integrands. For G € D(R; R"™*™)
and B m-dimensional a-regular Volterra process we define

i(G):= [GaB:= [G(r)aB, = (i/gﬁm ng))

m

i=1
Sufficient condition for G to be integrable is G € LH%(R; R™*™) Definite inte-
gral is defined naturally, i.e. for G € L> (R;R™™) and a < b we define

loc
b b m b m
e ::/GdB ZZ/G(T) dB, == (Z/sz(r) dB;ﬂ)
a a J=1g =1

In what follows we derive a formula for a covariance of two stochastic integrals
driven by Volterra processes. Recall the notion of uncorrelated stochastic pro-
cesses.

Definition. Centred stochastic processes X = (X, t € R) and Y = (Y}, t € R)
are uncorrelated if Vs,t € R : EX,;Y, = 0.

The following lemma is a slight modification of Proposition 1.18 from [6].

Lemma 3. For j = 1,2 assume that b9 is a one-dimensional a-reqular Volterra
process. Assume that bV and b are uncorrelated. Let a,b,c,d € R,a < b,¢ <

d, f € L™ (a,b;R), g € L% (¢, d;R). Then

E

/b f(u) dptV) /d g(u) dbf)] = 0.

a Cc

11



Proof. For f,g simple the claim is obvious. Indeed, we have
b d "

E /f(u) dbq(})/g(u) dp® (Z fi( —bt ) (Zgj 5(2) S] 1))]
a c =1

n k
=33 fig; (E6V6® — BB 0> —EH6® | +EHD 52 ) = 0.
i=1j=1

For f, g general, we find simple functions { f,, }nen and {g, }nen such that f, — f
2

2
in L1291 (q,b;R) and g, — ¢ in L2 (¢, d;R). Denote by i; the integral from a
to b with respect to ) and denote by i, the integral from ¢ to d with respect to
b2, Recall equation (1.1) which in our notations states that for j = 1,2 we have
that

Ifllo, = |1 £ A

where [|-| 5, and K7 are from the definition of i; and Cj is some constant (de-

L2(R;R) — L1+204 RR)

pending only on «;). Then we have
b

/ ) dbh) / g(u) db?

= Ei1(f)ia(g) = (i1(f),12(9)) L2y

= (i1(f) = i1(fn) + i1(fn), 12(9) — i2(gn) + i2(9n)) 12(m)
< i (f) = i (fo)ll 2 iy l1i2(9) = t2(gn) [l L2 (my

+ Hzl<fn)HL2(Q]R li2(g) — i2(9n)”L2(Q;R) + |’i2(gn)||L2(Q;R) |21 (f) — il(fn)"LQ(Q;R)
+ (i1(fn), i2(gn)) 2 (m)

= f = fallp, 19 = gullp, + [ fullp, 19 = gnllp, + llgnllp, If = fallp, +0

SO = fall 53 C2llg = 9nll, 3
+ Ol 3 Collg = onll 3 + Collgnll, zs Ol = foll | 3
which goes to zero as n — +o0. O

Now it is easy to show the formula for a covariance of two stochastic integrals
driven by Volterra processes.
Theorem 6. Let S1,t1,89,12 € R,Sl < 11, S9 < io, G e Lﬁ(shtl;Rmxm) and
2
H € L7+3 (s9,t9; R™*™). Then

Cov <7GdB,/tQHdB) = 77G(U)H*(v)<p(u,v) dudv.

Proof. Take i,j € {1,...,m}. We have

o (Joon fnan)) ~co(([oan) (fnar)

) J

— Cov (Z / GaB®, 3" / HJZB(1>

k=1 1=14,

m m t
— 33 Cov (/ GikB(k),/HﬂB(l)) .

k=1l=

—_

12



By Lemma 3 the cross-terms are all zero. Thus

(/GkB( /H B(k)

ta 11 ta 11

//sz Jo(u,v dudv—//Zle Jo(u,v) dudv

§2 81 VT

I
s\“ Il 3 || 3

to 11

ZGZ,C u) Hi (v)p(u, v) du do = / / (G(u) H* (v),, ¢(u, v) du do.

2 81

]

Theorem 7. For j = 1,2 assume that B(j) is an m-dimensional o;-reqular
Volterra process. Assume that BW and B® are uncorrelated. Let sq,t1, 59,15 €

2
R,s1 <t1, S0 <tg, GE L1+2a1 (sl,tl,Rmxm) and H € L1292 (s9,19; R™*™). Then

t1 to
Cov (/GdBl,/HdBQ) _ 0,
S1 89

where 0 is a zero m X m matrix.

Proof. Take i,j € {1,...,m}. As before we have

t1 to m m t1 to
(Cov (/ GdB', / HdBQ)) =33 Cov (] GiuB", / HﬂBZ(l)>
1 52 k=11=1 1 s2

]
and by Lemma 3 the right hand size is zero. O

Lemma 4. For a,b € R,a < b,G € LT (a,b; R™*™) we have the following
equality and inequality:

/GdB

:/b/b(G(u),G(v))Rmxm o(u,v)dudv

L2(QRm) a a

<C|GEG)1

L1+22o¢ (a b: Rmxm) ’

where C' is a positive constant depending only on o, a and b.

Proof.
b 2 b 2 m b 2
[cas ~E|[GaB| -E Z(/GdB)
a L2(Q;R™) a Rm =1 \a i
SO ERE S oo SE  CREC R
=1 \j=12 i=1 j=1 k=1 s S



By Lemma 3 and Theorem 6 we get

_YYE (/Z)Gde /GUdB(J)

=1 j=1 a

i;/b/bG” Yo(u,v) dudv

1j

S

.
Il

1aa

:/b g;@* (v)p(u,v)dudv
:/b/bg; w)G*(v))ip(u,v) dudv—/b/Tr (u)G*(v))p(u,v) dudv

:/b/(G(u),G(v»Rmm o(u,v) dudw.

This proves the equality. As for the inequality we can write

b b
sa/a/HG(u)llRmm 1G ()l (1, v) dudv

and to finish the proof we can follow the exact same steps as in the proof of
Theorem 2. ]

The final theorem of this chapter is the stochastic version of the theorem by
Fubini.

Theorem 8 (Stochastic Fubini’s theorem). Let (E,p) be a measurable space
equipped with a finite measure p. Let

G : (E x [a,b], B(E) @ B([a,b])) — (R™™ BR™ ™)

be measurable. Let B be a two sided a-reqular R™-valued Volterra process and

assume that )
b ats
/ ( [1G5) |55 ds ) dpa(z) < +00,
E a

Then

/(/G:csdB)du( /(/stdu( ))st,P—as

a

Proof. For the proof of a more general statement see [5], Proposition 2.21. O]
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2. Stochastic differential
equations

In this chapter we will consider the equation

dXt = AXtdt+ (det, t 2 0,

SDE
Xo = o, ( )

where A, ® € R"™*™ are real matrices, z is an R"-valued random variable (called
the initial condition) and B is a two-sided m-dimensional a-regular Volterra pro-
cess.

Firstly, we will discuss the solution to (SDE) and its properties. Secondly, we will
present the result from [6] which gives us a condition under which there exists
an initial condition z., such that the solution with z,, as an initial condition is
a strictly stationary process. Finally, following [19], we will discuss ergodicity.

2.1 Solution and its properties

Firstly, we will define what we mean by a solution to (SDE).

Definition. A continuous R™-valued stochastic process X = (Xy, ¢t > 0) satisfy-
ing

t
X, =20+ /AXS ds + OB, (2.1)
0

for all t > 0 P-almost surely is called a solution to (SDE).
To show the uniqueness of the solution we will need the following

Theorem 9 (Gronwall’s lemma). Let I C R be an interval, s € I and ¢ > 0.
Let 9, : I — [0,+00) be a non-negative functions. Let £ be continuous and
o € L} (I) be locally integrable. Assume that

loc

§(t) <e+

[ cretrar

) |

holds for allt € I. Then for allt € I it holds that

§(t) < eexp (/Q(T) dr

Moreover, if
&) < | [ &etr ar

holds for all t € I we have that £ =0 on I.

15



Proof. See [24], Theorem D.1. O

Now we can give an expression for the solution and show its uniqueness.

Theorem 10. Equation (SDE) admits a unique solution of the form
¢
X[ = Mo + /eA(t_S)CD dB,, t>0.

Proof. Firstly we show the uniqueness. Let X*° and Y*° be two solutions to
(SDE). Then from the definition of the solution we have that for all ¢ > 0 it
P-a.s. holds that

t
X =y = [AXm - ve)ds.
Hence for almost all w € € it holds that
t
15679 ) = Y70 (t,0) g < [ [ Allgomen 1672(5,0) = Y7005, )l s
0

and the uniqueness follows from Gronwall’s lemma, since X*° and Y*° are con-
tinuous. Define

t
Roo = eAtgy 4 / A9 dB,, t> 0.

Since the map s + eA=*)® is in L“Qa (R;R™™) the X* is a well-defined

loc

process. We show that X is a solution to (SDE). We plug X® into the right
hand side of Equation (2.1). Take ¢ > 0. We have

t t s
To + / AX®0ds 4+ OB, = x¢ + / A (eASxO + / AP dBT) ds + ®B,
0 0 0
t t s
— 1o+ / Aezds + / / AcA G AB, ds + ® B,
0

t s
— 2o+ (e — D + / / AACNG AB, ds + DB,

By the stochastic Fubini’s theorem, i.e. Theorem 8, we P-a.s. have that

//AeA(S "ddB, ds—//AeA(S NddsdB, —//d ) dsdB,
S
t

= [[ee 0] aB, = / ~1)®dB, = / AN AB, — BB,
0 0
Continuing the calculations from before we find out that

t s
zo + (e — 1)z + //AeA(S_T)QD dB,ds + ®B;
00

t
= ety + / AtNGAB, — BB, + BB, = X2,
0

16



We have thus verified the equation Equation (2.1) with X* = X and that
completes the proof. O

Remark. Assume that B is Gaussian. Assume that either zq € R™ is determin-
istic or zp : 0 — R™ is Gaussian and independent of B. Then the solution X™*°
is also Gaussian.

The following lemma gives an alternative expression for the convolution inte-
¢

gral [eA=*)® dB,. The idea of the lemma and its proof come from [20], Propo-
0

sition 3.1.

Lemma 5. Let

t
7, = /eA(t_s)(ID dB., t>0.
0

Then .
7, = / AADB. ds + DB,
0

holds for allt > 0 P-a.s.

Proof. From the previous theorem we see that Z is the solution to (SDE) with
the initial condition zy = 0. Therefore, by the definition of a solution, we have
that

t
Z :A/sts+<I>Bt,
0
t
for all t > 0 P-a.s. Let L(t) = [ Zsds. Then
0

t

d

SL) = 7 = A/ZS ds + ®B, = AL(t) + ®B,, t > 0,
0

L(0) = 0.

But this is an ordinary differential equation with the (only) solution
t
L(t) = / AR, s, >0,
0
Therefore we have
t
Z, = AL(t) + ®B; = / AAIGB, ds + OB,
0

for all ¢ > 0 P-a.s. O

17



2.2 Stationary solution

In this chapter we present a sufficient conditions for the existence of such initial
condition x,, that the solution X%~ is a strictly stationary process. We also
compute the covariance function of the stationary solution.

Theorem 11 ([6], Proposition 3.6). Assume that B has stationary and reflexive
increments. Assume that

/ H oA

0

Then there exists o, € L*(;R™) such that (X[>~,t > 0) is a strictly stationary
process.

2
e At < 00, (2.2)

0
Proof. Let z, = [ e 4*®dB, for all n € N. We show that {x,},cn is Cauchy in
L*(;R™). Take n,k € N, n > k. Using the Lemma 4 we find out that

0 2

0
R e R
—k

—7n

L2(QRm)
—k

_ / 4P dB,

1+2«
<c(ﬂ\m@ww10
]Rm)(m
) 1+2« 00 ) 1+2a
~o [z, du) <o(Jlmaima)
k k

which under our assumption tends to zero as n, k — oo,n > k. Therefore there
exists To, € L?(Q;R™) such that z,, — xo in L?(Q;R™). Take k € N and h € R.
Denote by Lim. (limit in the mean) the limit in L*(€;R™). We then have

2
L2(;

n—o0

t+h
X7 = lim. | ey, 4 / eAtth=s)p dBS)

0 t+h
Lim, eAltth) / e ddB, + / Alth=s)p st)
-n 0

t+h
Lim. / eA<t+h—8>q>st).
n—oo

—n

Denote by B" = B),_,, s € R the process B shifted in time by h. Then

Law( et SN i"j’rh)
t1+h tr+h
= w:;lgom Law / eATh=)p 4B, ..., / eAtth=5)p B,
t1 tr
= w:;loiom Law / eA=pdBh, .., / A=) P A Bh
—n—h —n—h



Since for a fixed A € R it holds that n — co <= n + h — oo we have

t1 tr
= w"-lim Law (/ A=9eaph, .. / A=) ng)

-n

and using a stationarity of increments we get

7%
= w’-lim Law (/ (1= @st,...,/eA(t’“s)CI)st>

—n

= Law (X7, ..., X{~),
which concludes the proof. O]

Before we state some remarks concerning previous theorem we introduce the
concept of exponential stability.

Definition. We say that gjeAt,t > O) is exponentially stable if there exist con-
stants M, a > 0 such that the estimate
< Me™™

Rmxm -

e

holds for any ¢ > 0.
We follow up with two remarks concerning Theorem 11.

Remark. Assume that (eAt,t > O) is exponentially stable. Then

[ et
0

Therefore, exponential stability is a sufficient condition for (2.2) to hold.

o0

2 2 _ _2a
gjm du < ||®|| L7, M= /e 20 qu < +oo.
0

Remark. Assume that B is Gaussian. Denote by Li.m. (limit in the mean) the

limit in L*(Q;R™). By construction from Theorem 11, the stationary solution
X7 can be written as

¢ 0 ¢
X =eMp o + /eA(t_s)CD dBs = lﬁi_.>r<1>10. (eAt / e ®dB, + /eA(t_s)CID st)
0 0

—-n

= Lim. [ A% dB,

n—o0

3‘\&

t
for any ¢ > 0 P-a.s. Since [ eA*~*) dB, is Gaussian for all n € N it follows that
the stationary solution X*> is Gaussian .

The following theorem gives us the formula for covariance of the stationary
solution. The idea for the theorem comes from [16], Lemma 5.1.

19



Theorem 12. Under the assumptions of the previous theorem we have that

[en]

t

Cov (X7, X¥*) = eMCov (To0, Too) + / /eAt WP eV p(u,v) dudv
—oco 0

holds for any t > 0.

Proof. Denote by Lim. (limit in the mean) the limit in L?(2; R™). We have that

0

t
Cov (X7, X%=) = Cov (eAt:voo + / A9 dB,, [ e 0 dBS)
0

—0o0

¢ 0
= Cov (eAtxoo,xoo) + Cov (/ eAl=9)p dB;,, lﬁi—'glo' / e AP dBS)
0

¢ 0
= eMCoV (T, Too) + lim Cov (/ A= dB,, [ e D dBS> )
0

n—oo
—-n

Using Theorem 6 we can continue with

0t
= eMCov (Tog, Too) + lim //eAt WOd*e 4 p(u, v) dudv
“n 0

[en]

t

= M Cov (Lo, Too) + / / A-IPD* e~ 4" p(u, v) du dv,
—o0 0
which completes the proof. O]

2.3 Ergodicity

In this chapter we will deal with the notion of ergodicity. The results of this part
of the Thesis are crucial in deriving strongly consistent parameter estimators
which will be the content of the last chapter. In this chapter we will show that
under certain conditions the strictly stationary solution, constructed in Theorem
11, is ergodic. As a corollary we will obtain obtain similar result for any initial
condition. This strongly follows [19], where the fractional Brownian motion as a
driving process is considered.

Firstly, recall the famous Birkhoft’s theorem and the definition of ergodic process.

Theorem 13 (Birkhoff’s theorem). Let (X;,t > 0) be an R™-valued strictly
stationary stochastic process on (2, F,P). Then for every measurable function
[ R™ — R such that E|f(Xo)| < +oo there exists a measurable function & :
Q2 — R such that

T
lim — / f(Xy)dt =¢&, P-a.s.
T—oo T 5

20



Definition. An R™-valued strictly stationary stochastic process (X, ¢ > 0) is
said to be ergodic, if £ from the previous theorem satisfies

¢E=E[f(Xo)], P-a.s.

To show that a given stochastic process is ergodic is in general not easy, but
for the Gaussian processes we have the following sufficient condition.

Theorem 14. Let Y = (Y;,t > 0) be an R™-valued strictly stationary Gaussian
stochastic process. Let R(t) := Cov(Y, Yp). If [|R(t)||gmxm — 0 ast — 400, then
Y s ergodic.

Proof. See e.g. [23]. O
The following theorem gives us ergodicity for a strictly stationary solution.

Theorem 15. Assume that B is a Gaussian process with stationary and reflexive
increments. Assume that (et > 0) is exponentially stable. Then the strictly
stationary solution (X;>,t > 0) is ergodic.

Proof. Our assumptions imply that Theorem 11 and Theorem 12 hold. Strictly
stationary solution X is therefore well-defined (by Theorem 11) and we have a
formula for its covariance (by Theorem 12). Because B is Gaussian we have that
X" is Gaussian and we can use Theorem 14. It therefore suffices to show that

Jdim_[Cov (X7, X3=)| = 0.

We use the formula for the covariance matrix from Theorem 12. For ¢ > 0 we
have

|Cov (Xi™, X5>)| =

0 ¢
e'Cov (xoo,xoo)—l—//GA(t_“)q)(I)*e_A*”go(u,v) du dv

—o0 0

0t
< HeAtH |Cov (Too, Too) || + / /HeA(t’“)dﬂI)*e’A*“go(u,v)Hdudv
—oo 0
0

t
< Me™ [ Cov (o, z)l| + [ [ plu,0)] 40

—oo0 0

du dw.

1] [ [l

The first term on the right hand side converges to 0 as t — +o00. Recall that for
any m X m matrix B we have ||B*|| = || B|| and also (eB) = eB". Thus

-l

Using again the inequality from Lemma 1 we can estimate the second term fur-

HefA v

e

Heva

=l
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ther. We get

du dv

1] || ||e=™

8\@

t
/ [p(u, 0)] e
0

S Ca ”@HQ / /‘u ‘201 1 A(tf’u) HefA’v
—oc0 0
< co ||| M2 // )2a=Lgma(t=w) g=a(=v) gy y

—o0 0
t

0
= ¢, ||®|]* M2 / /(u — )27 tealu ) Qo do

—o0 0
oo t

= co ||| MQe’“t//(u + v)2e~tealu=v) qoy du.
00

Next we use the Fubini’s theorem and the fact that for u,v > 0 we have
(u+v)?e~t < y?~t We get

oot t oo
efat//(u + ,U)2aflea(ufv) dudo = efat// u 4 'U 2a 1 a u—v) dv du
00 0 0

oo

00 t
—at/ / w - U 2a 1 —av dU dU < e at/eauu2a—1/e—av dU d'LL
0 0 0

6auu2a—1 du.

|
Q| =
rBI
8
o\W

It remains to show that
t
—at au, 2a—1
e /e U du — 0, t — +o0.
0
Clearly
t 1 t
e—at/eauu2a—1 du:e—at/eauu2a—l du+e—at/€auu2a—l du
0 0 1

and the first term on the right hand side converges to 0 as t — +o00. As for the
second term we can use the L’Hopital’s rule to get

¢
au,,2a—1
{6 u du eattQOc—l t20¢—1
lim —— = lim ——— = lim =0
t—+oo eat t—+oo qedt t—+oo @
which completes the proof. O]

Before we proceed to the main theorem of this chapter we will need the fol-
lowing estimate.
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Lemma 6. For almost all w € 2 and all € > 0 there exists a constant K(e,w)
such that
1B(t, w)llgm < et* + K(e,w)

holds for all t > 0.

Proof. The proof of a spacial case of B being the fractional Brownian motion
can be found in [20], Lemma 2.6. The proof of the general case can be done by
mimicking the cited proof. ]

We set oo = Law(zs). We can thus write
E[£(X§)] = Elf(z20)] = [ () dpisc(y).

Under the assumptions of Theorem 15 we have an ergodic stationary solution.
That means that

T—~+o00

T
tim [ FE)dt = [ F) dpely), B as,
0 Rm™

holds for every measurable function f: R™ — R such that E|f(z)| < +00. We
will now show the same type of convergence for any initial condition xy under a
suitable Lipschitz-like condition on f.

Theorem 16. Let the assumptions of Theorem 15 hold. Let f : R™ — R be
masurable and such that E|f(xs)| < +00. Moreover, let [ satisfy the following
condition: there exist constants L > 0 and d € Z,d > 0 such that

@) = F@) < Ll = yllgm (1+ 2lgm + lylen) , 2y € R™
Then
lim —/f (X[°)dt = /f )dpso(y), P—a.s.

T—+4oc0 T
holds for any initial condition x.

Proof. Throughout this proof a norm without a subscript is understood as a norm
in R™, i.e. ||:|| = ||-/[gm- The desired convergence is equivalent to

L[ eyt - [ 1) auet

0

— 0

as T'— +oo P-a.s. Clearly

1
T

Xyt = [ () dase(y)

T T 1
/ FOXE)dt — / FOXE=) dt| +
0 0

/T Fxyat = [ f) dus(y)

HM—‘
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and the second term on the right hand side converges to 0 as T — +oo P-a.s
thanks to Birkhoff’s theorem and Theorem 15. As for the first term we have

1

Tﬁ/f(Xt >dt—TO/f<Xt )di gTO/mxt ) — FOx)] at

T

L z x zo ||d Zoo ||d
STO/”Xt°—Xt°°H (T X7+ 1 |1) ae

L T

At N .

= TO/HG N 0 = ool (1 2520 4 X)) e

L T I T
< T |0 — Tool| Mo/e‘“t dt + 7 |20 — Zoo| Mo/e—at (ngo”d + ||Xg:oo”d) At

and the first term on the right hand side converges to 0 as 7" — 400 P-a.s. It
remains to show that

COEe )+ ) dt =0

as T — 400 P-a.s. We have

zo (|4 ZToo ||d
X0 4 11X

d
(Je + RIGE
( ) <He IoH HeAtxOOHd * H/ Alt=9¢ 4B,

d t
d _ _
< 2 : <k> n{d—ke—a(d—k‘)t (HxOHd k + ”xoo”d k) /eA(t—s)(I) dB,
k=0 0

t
[etIaas,
0

t

/ A9 B,

IN

)d

k

k

Furthermore, using Lemma 5 we have

t
/ Al=9)p 4B,
0

ZXk:@ (O/tHAeA(—

k k

t
_ / AA)DB, ds+dB,
0

)k

t
< ( [ acre-
0

l
dS) |eB )"

l
dS) |12B )" + | @Bl*,

P-a.s. By Holder inequality (with p = [) the right hand side may be estimated

24



1@ B + | @ Bi||*

IN
™=

() / e

t
k 0 _all!
() DA 0 [ [ e
0

T
I

IB,|"ds + [ @B,]*

M=

<

=1

M=

t
k 1, —al(i—s ! k
<3 () 1A 190 B 201 [0 s 4 o

l
0

N
Il
—_

Setting
_ d—k d—k ! k
= M (Jlzol ™™ + 2ol ™) 1Al [ ®llgmem M

we have that
T
1 —a 0 (|4 Too |14
To/e I+ X)) ar

T

d k L
L ( ) ( )O’“’le_“(d‘k”tl‘l B [ et B st
k=01=1

0

1T d_(d
+ T / efat Z <k> Ck7oefa(dfk)t ||BtHk dt

0 k=0
d k T ¢
d\ (k 1 (Y - o
= Z <k> (l)Ck’lT/e (14+d k)ttl 1 ||Bt||k l/6 I(t—s) ”BSHZdS dt
k=01=1 0 ;

d_/q 17 i
Y <k> Cogs [ €+ | By "t
k=0 0

What remains to show is that

T t
1 _
g [ B [t B asdi — 0
0 0
as T — +oo P-a.s. and that

T

1

T/efa(1+dfk)t HBtHk dt — 0
0

as T — 400 P-a.s. We will show only the first convergence as the second one is
analogous and simpler. To show this we are going to work pathwise and utilize
the previous Lemma 6. Using this lemma we take w € €2 such that

IB(t,w)|| <+ K(1,w).
Then

/ S | B(s,w) | ds < [ (5P 4 K (1,w)) ds

/ Z ( ) SPK(1,w) ' ds = Z ({)K(l,w)l_i/e_“l(t_s)sm ds
0 0

=0 =0 !
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and similarly

||B(t,w)\|k : (t2+K (1 w) ( . )tzJK(l W)kt

j=0

Therefore

T t
1 _
- / e Bt w) [ [0 Bls,w))| dsat

0
T t

- k—1 k—l—j 1 —a(l+d—k)t41—-1,25 —al(t—s) _2i
ZZ o )JK(1,w) J*/e t tj/e s*'dsdt.
=0 j= J T

0 0
Lastly, we will use twice the L’Hopital’s rule to calculate the limit:
T ot .
fefa(1+d7k)ttlfl+2j f efal(tfs)sm dsdt

0

lim &
T—+o00 T

T
e—a(l+d=R)TPI=142] | o=al(T—s) 32 g

= lim
T—+o00 1

T )
f ealsSQz ds

= lim

0
T Yoo ea(l+d—k+D)TT1-1-2;

ealTjﬂi

= TEIEOO a(l+d—k+ l)ea(l—i-d—k:-i-l)TTl—l—Qj +(1—1— Qj)T—l—2j60(1+d—k+l)T
21
= lim e *0+d=RT T. ,
T—+00 al+d—k+ )T+ (1 —1—25)T =%
=0,

because 0 < k < d. In the view of Lemma 6 we have shown the desired conver-
gence for almost all trajectories and thus finished the proof. n
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3. SDEs with a mixed noise

Results in this chapter are a straightforward generalization of results from the
previous chapter. The reason we do not omit the previous chapter is for clarity
reasons. Throughout this chapter we will consider the equation

p
dX; = AX,dt+ > _ ®'dB;, t >0,
i=1 (3.1)

Xo = o,

where p € N, A € R™*"™ is a real matrix, zy is an R™-valued random variable
and for each i € {1,...,p} we have that ®* € R™ ™ is a real matrix and B is
a two-sided m-dimensional a;-regular Volterra process. Furthermore, we assume
that B!,..., BP are independent.

3.1 Solution, its properties and the strictly sta-
tionary solution

Firstly we define what we mean by a solution to equation (3.1).

Definition. A continuous R™-valued stochastic process X = (X;, ¢t > 0) satisfy-
ing

! P
Xo=ao+ [ AX,ds+) OB
for all £ > 0 P-almost surely is called a solution to equation (3.1).

We have the following formula for a solution.

Theorem 17. Equation (3.1) admits a unique solution of the form

XZDO = eAtl’() +

p
1=

t
/ A9 B t > 0.
0

1

Proof. This can be shown in the exactly the same way as in the proof of Theorem
10. O

Remark. Assume that for each i € {1,...,p} we have that B’ is Gaussian.
Assume that either o € R™ is deterministic or xg :  — R™ is Gaussian and
independent of all B°. Then the solution X?° is also Gaussian.

The following theorem gives us a strictly stationary solution.

Theorem 18. Assume that for eachi € {1,...,p} we have that B® has stationary
and reflexive increments. Assume that for all i € {1,...,p} we moreover have

that .
[ e
0

Then there exists To, € L*(;R™) such that (X7>=,t > 0) is a strictly stationary
process.

ey < oo (3.2)

Rmxm
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Proof. Following the lines of the proof of Theorem 11 we let

p 0
=) [ e an:
=17,

for all n € N. We show that {z,, }nen is Cauchy in L?(Q; R™). Take n,k € N, n >
k. We again find out that

2

—As(I)z de S

L2(QR™)
14+2a
2
2
1+2a du) ’
Rmxm

which under our assumption tends to zero as n,k — oco,n > k. The rest of the
proof can be carried in the same way as the proof of Theorem 11. O

M=

2
|20 — xk”Lz(Q;Rm =

=1

—k
U e~ A5gi 4B

n

L2(;R™)

< zp: C; (7”@14u(1)i
=1 A

The same remarks as in the previous chapter apply.

Remark. Firstly, note that the exponential stability of (eAt,t > 0) is again suf-

ficient for (3.2) to hold. Secondly, assume that for every i € {1,...,p} we have
that B is Gaussian. By construction from Theorem 18 we have that

p t
Too _ A(t—s) i 1 Ri
Xy =lim. (;_l/e P st) ;

holds for any ¢t > 0 and it follows that X*>~ is Gaussian.
We again have a formula for the covariance of a strictly stationary solution:

Theorem 19. Under the assumptions of the previous theorem we have that
p 0t

Cov (X7, X§>) = eAtCOV (Toos Too +Z / /eA(t_“)Q)i(@i) ey (u, v) dudv.
1=1_"

Proof. Denote by Lim. (limit in the mean) the limit in L?(€; R™). We have that

p t
Cov (X7, X2=) = Cov (eAt:Uoo +3 / A=99! 4 B! Z / e P dBJ)
=10

i=1 Jl,oo

p t
_Cov(eAa:oo,xoo +COV (Z/eAt ) P dB, 11m Z/ AS(IDJdBJ)

i=17{ Jj= 1_n

P t
= eMCOV (Too, Too) + lim Cov (Z/e’w )Pt dB, Z/ eI dBJ)
0

=1 Jj=1-,

p p t 0 . .
= M Cov ($OO7 l’oo) + T}gr& Z Z Cov (/ pAlt=3) g 4B, / e~ Aspd ng) _

i=1j=1 0 i
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Theorem 7 implies that

» ¢ 0
= eMCoV (To0, Too) + lim » " Cov (/ At=9d dB! /e‘ASCI)i dBi) :
i=1 0 -n

Finally, Theorem 6 gives us

— 00

p 0t .
— A Cov (Toos Too) —|—nhm Z//e‘“ u q)z Pt e’A*U%(u,U) dudv
=1-n 0

p . )
= ¢*Cov (Tooy Too) + Z Alt=u) g (@’) e 4 Yoi(u,v) dudo.
i=1

8\0
o\w ‘
Q)

3.2 Ergodicity

We have the following ergodic theorems.

Theorem 20. Assume that for eachi € {1,...,p} we have that B' is a Gaussian
process with stationary and reflevive increments. Assume that (et t > 0) is
exponentially stable. Then the strictly stationary solution (X;7>,t > 0) is ergodic.

Proof. Throughout this proof all norms ||| are understood as norms in R”™*™.
Using Theorem 14 it suffices to show that

lim ||Cov (X{>=,Xi>)|| = 0.

t——+o00
We use the expression for the covariance matrix from Theorem 12. For ¢t > 0 we
have
[|Cov (X{~, Xg=)| =
p 0t

= |le*Cov (Toos Too) + Z / /eA(t_“)CI)i (@’)* e_A*”gpi(u, v)dudv

0 t

H AtH 1CoV (Zos, Too) | +i / /HeAt ol (o ZA)*<9_A*”“g0i(u,v)”dudv.
i=1

—o0 0

The first term converges to 0 as t — 400 due to exponential stability. The fact
that the second term converges to 0 as ¢ — 400 have been shown in the proof of
Theorem 15. L

Theorem 21. Let the assumptions of Theorem 20 hold. Let f : R™ — R be
masurable and such that E|f(xs)| < +00. Moreover, let [ satisfy the following
condition: there exist constants L > 0 and d € Z,d > 0 such that

d d m
1£@) = FOI < Ll = yllgn (1+ l2lgn + lylgn) . 2y € R™

Then
T

lim ;/f(XfO)dtle fy) dpeo(y), P—a.s.

T—+oo
0

for all xqg € R™.

29



Proof. We can mimic the proof of Theorem 16 until the point where it remains
to show that

T
1 —a zo||d ZToo ||d
To/e C(l1ge )+ 117 dt - 0

as T' — 400 P-a.s. Now we have that
zo ||d ZToo |14
X0 + X<l

¢ d

(He - zp:/ A9 g1 4 B ) i (HeAt:BOOH_‘_
=179

(1) (el e ) 5 o000

)d

p t
> [etatan;
' 0

=1

k=0

k
P

d d Ch ald 3 3
3 (1) s ()

i=1 k=0

IN

/ A=) g 4 Bi

0

The rest of the proof can be completed in the same way as the proof of Theorem
16. O
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4. Parameter estimation

In this chapter we consider the stochastic differential equation from the previous
section with added multiplicative parameter in the drift. We use the results from
previous chapters in order to derive two strongly consistent estimators of the
unknown parameter. As the main tool we employ the ergodic results from the
previous section. This mimics the approach from [19] where the authors consid-
ered an infinite-dimensional analogy to our equation and a fractional Brownian
motion as a noise. We will specify the differences between the above article and
this Thesis later in this chapter.

Consider the equation

p . .
dX; = yAX,dt + ) _ ®'dB;, t >0,
i=1 (4.1)

Xo = o,

where v > 0 is the unknown scalar parameter, p € N, A € R™*"™ is a real matrix,
zo is an R™-valued random variable and for each i € {1,...,p} we have that
P’ € R™ ™ is a real matrix. As in the beginning of the previous chapter we start
with the following basic assumption about the noise:

0. Assume that for i € {1,...,p} we have that B’ is a two-sided m-dimensional
aj-regular Volterra process. Furthermore, assume that B!,..., B? are in-
dependent.

These assumptions are the same as those at the begining of the previous chapter.
In order for the results of Theorem 18, Theorem 19, Theorem 20 and Theorem
21 to be valid we, as in the previous chapter, add the following assumptions:

1. For all i € {1,...,p} we have that B’ has stationary and reflexive incre-
ments.

2. We assume the exponential stability, i.e.
HeAtH < Me ™™, t>0,
holds for some a, M > 0.

3. We assume that B’ is a Gaussian process for all 7 € {1,...,p}.

Under all these assumptions we have the following results from the previous
chapter. The solution to (4.1) is

t
p
X0 = Aty 13 / QAP AR ¢ > 0.

=19

For xy € R™ deterministic the solution X*° is a Gaussian process. For the initial

condition .

Y =13 —vAs i )
xl = lﬁgrglo.;/e o' dB:

—-n
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the solution X** is a strictly stationary Gaussian process and most importantly
the X% is ergodic.
In order to estimate v we will utilize the following simple lemma.

Lemma 7. Let Y = (Y1,...,Y,,)* : Q@ — R™ be a random variable with E[Y] =0
and p = Law (Y') its probability law. Let z € R™. Then

[ 19li2n dpaty) = Tr Cov (¥, Y)
RrRm

and

J (2 diay) = (Cov(Y,Y)2, 2}

Rm

Proof. We have that

[ Il dny) = EY | = SEYE = 3 Var(¥s) = Tr Cov(Y,Y)
=1 i=1

Rm™m
and similarly for the second equality. m
Set 2. = Law(z2) and f(z) = ||z||am ,2 € R™. Then we can use Theorem

21 to get

T—+o00

T
1
tim = [ IXE G dt = [yl dide(y) = Tr Covlad.,a2,), P-as.
0 R™

Moreover, we have

np—o0 4

p 0 . . p 0 . .
Cov(x,,21.) = Cov (l.i.m.z [ e Lim Y [ et ng)
1.7 TR,

p

P 0 0

= Tim_lim 3" Cov ( [ erataBy, [ e he ng’)
n1—+00 Ny —+00

i=1j=1 - T

» 0 0
— lim lim Y Cov ( / e A5G AR, / e sl dB;;) .
n1—00 N2 —00 £
i=1 “ns
Since B has stationary and reflexive increments we can use Theorem 5 to get
p ni n2
. K ; YAS Fi 7 vAs Fi i
_ n?i%oéli%o;cov ( / 451 AB, / A5 dBS)
1=

0 0
na ni

= lim lim Z//e%“@i ((I)i)*evA*Uwi(U, v) dudv

_ - ugi ()" A, (L0 dude.
72.20//6 <>e@77 e

0
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Now, suppose we have

et
for some function 1; : (0, +00) — (0, +00). It follows that

o (“ ) $i(7)i(us ) (1.2)

p
Cov(xl,x)) = Z 7)Qi,

where .
= //eA“qu (CD’)* ey (u,v) dudo
00

does not depend on the unknown ~. This gives us

T
1
tim L[5 a =3 Y, s
o
0

T—+o00 :
i=1

Provided the function

P
0t Zw;(;y)TrQi
=

has a continuous inverse, call it 1, we get

T

(1

g (T J I dt) —
0

as T' — +oo P-a.s. and thus we get a strongly consistant estimator of v. Let
us return to equation (4.2). Under our assumptions, it turns out equation (4.2)
implies that B’ is self similar.

Definition. Let X = (X;,t € R) be a stochastic process. We say that X is
self-similar, if there exists a function g such that V¢ € R and Va > 0 we have that

Xat 2 g(a)Xt .

We assumed that . .
B; ~ N(0, Var(By)), t €R.

For simplicity assume now that B’ is one dimensional and ¢ > 0. Assume that
equation (4.2) holds. Recalling the definition of Volterra process we have

t t
Var(B}) = E {B,fBz] R(0,t,0,1) //gpZ u,v) dudv.
00

Then

at at t

t
Var(B //gpluv dudv—aQ//% au, av) du dv
00 0
2

0
2

a t t a .
%(a 0/0/901 u,v dudv—wl<a>Var(B)
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Therefore
Bi, 2 ———B]
¥i(a)

and B is self-similar. If B’ is m-dimensional, it is composed of m indepen-
dent one-dimensional self-similar Volterra processes, all with the same function
v;, and it follows it is self-similar. To summarize, to obtain an estimator of ~
we assume that (4.2) holds. This, combined with the previous assumptions on
BY, implies that each B’ is self-similar. Therefore, we assume that each B’ is
centred continuous Gaussian process starting from zero with stationary (and re-
flexive) increments and that B? is self-similar. Recall the following well-known
characterization of a (two-sided) fractional Brownian motion.

Theorem 22. Let X = (X4, t € R) be a continuous centred self-similar Gaussian
process with stationary increments and with Xo = 0, P-a.s. Then X is a fractional
Brownian motion.

Proof. See e.g. [17], Proposition 3.8. O

In the rest of this chapter we will therefore assume that for each i € {1,...,p}
the B’ is a two-sided Fractional Brownian motion with the Hurst parameter
H, € (%, 1). To emphasize this we will write B¢ in place of B*. For B¥i we have

o (u,v) = Hy(2H; — 1)|u — v|*i2
and thus
1

= mwﬂi(u,v).

The following simple lemma will be used later.

Lemma 8. Let () € R™ ™ be a non-zero, symmetric and positive semidefinite
matriz. Then Tr(Q) > 0.

Proof. Assume that Tr(Q)) = 0. For z € R™ we have

(Qz,2)p ZZQUZPZJ =2 Z Qijzi%j.

i=1j=1 1<i<j<m
Since @ # 0 we have that @ # 0 for some indexes k < [. Now take z :=
er —sgn(Qx e, where e; = (0,...,0,1,0,...,0)* and the 1 is the i-th coordinate.
Then
(QZ, 2)gm = 2QuzZ% = —25gn(Qr)Qr < 0.

Therefore () is not a positive semidefinite matrix. O
Before we state the two main theorems of this Thesis we for clarity repeat our

final set of assumptions. We consider the equation

p .
dX; =vAX,dt + > _ @ dB/", t >0,
i1 (4.3)

Xo = o,

where v > 0 is the unknown scalar parameter, p € N, A € R™*™ is a real matrix,
zo is an R™-valued random variable and for each i € {1,...,p} we have that
o' € R™ ™ is a real matrix.
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(A1) For each i € {1,...,p} the B¥i is a two-sided fractional Brownian motion
with the Hurst parameter H; € (%, 1) and B ... B are independent.

(A2) The (e, t > 0) is exponentially stable.

Let us return to the article [19] which this chapter mimics. In this article the
authors considered the Equation 4.3 with p = 1 and within an infinite-dimensional
setting. In case of p = 1 the following two theorems from this Thesis are a finite-
dimensional versions of Theorem 5.2 and Theorem 5.1 from [19]. In case of p > 2
the following two theorem provide a partial extension of the results from [19].

Theorem 23. Let X be a solution to (4.3). Assume that (A1) and (A2) hold.
Assume that there is i € {1,...,p} such that ®" # 0. Then

T

. ~ (1 -

Ar = (T/HX,:OH%mdt) -
0

as T — +o0o P-a.s., (i.e., the estimator A is strongly consistent,) where @Z is the
inverse function (which exists) to

p TT’QZ
VHZWQHZ_, v >0,

=1

where .
Qi = //eA“(Pi (CDZ)* e o (u,v) dudv.
0 0
Proof. Firstly, note that ®° # 0 implies that Q; # 0. Indeed, we find z € R™
e 12
such that H(CIDZ) xHRm > 0. We have
“+00 400

(Qiz, Tygm = / / <((I>’>* e, ((IDZ)* eA*“a:>Rm on, (u,v) dudo.

0 0

We also have that
i (@) et (@) et ) = (07) s

(0" : ). Thanks to (xx) we can find § > 0 such that
Rm

<(<I>‘)* e, (CD‘)* eA*“:L'>Rm P

2

> 0. (k)

Rm

Take € € (0,

35



holds for all u,v € (0,]. Then

)
<Q’L"Tax>Rm > E//SDHZ (U,U> du dv
00

+
+

_l’_
u,\+ Q\"F O\Oq

OY) A, (D) e (u,v)dudv
(@) et () etva)  om(u,0)

<(<I>’)* e, (@’)* eA*“x>Rm on,(u,v) dudv

o0 00

+ <(q)z>* eA*”q:, (CI)l)* €A*ux>Rm on,(u,v) dudo.

%\‘1' o\% 04\

The last three term on the right hand side are all non-negative thanks to the fact
that any covariance matrix is positive semidefinite. To be more precise we for
instance have that

5
/ Ay, (@’)* eA*”:c>Rm on,(u,v)dudv
0

) “+00
— <(/ / eAu(I)i <(I)z)* eA*UCPHi (u’ U) du d'U) x, x>
0 6 .
o n
= nﬁ_g)lo<<//efmq>i (qﬂ) e oy (u,v) dudv) xq;>
0 ¢

and by Theorem 6

n 0
= lim <COV (/ e ol dBfi,/eASCI)i dBfi) x,x> >0
Rm

m\ér

Rm

5 0
since any covariance matrix is positive semidefinite. Thanks to
)
[ Jvn, (u,v)dudv > 0 we have (Q;z,T)p, > 0 which implies that (); # 0.
00
Using Lemma 8 we get Tr(Q);) > 0. Now, as before we utilize Theorem 21 with

f() = |yll3m and we use Lemma 7 to get
1 T 12 00 00 u v
. L ) o Augi (&i\* A% «“ v
TEI—POO T O/ | X0 | gm dt = o ;:1 Tr (O/O/e o (CD) e o, (7 7) dudv)

P 00 00 . p .
= % > %Tr (//eA“q)i (CID’) o, (u,v) du dv) = Tl;g”.

The function

P ,
HZTYQZ v >0,

2H;
i=1
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is strictly monotone, continuous and non-zero. It therefore has a continuous
inverse. Call this inverse 1. Then

T

. ~ (1 -

Ar = (T/IlXt(’llfwdt) —
0

as T — +oo P-a.s. O

In case of p = 1 the function {/; can be expressed and the estimator has the

form )
~ ( Tr Qy )w
Yr = po .
LI X015 dt

Theorem 24. Let X be a solution to (4.3). Assume that (Al) and (A2) hold.
Let z € R™ be such that for some i € {1,...,p} we have (Q;z, z)gm > 0, where
Qi is as in the previous theorem. Then

- = (1 T 2

N1 = P T/o (X7, 2)pm dt | =
as T — 400 P-a.s., (i.e., the estimator A is strongly consistent,) where QZ is the
inverse (which ezists) to

7»—>Z QZZZ “oy>0.

Proof. The proof is very sumlar to the proof of the previous theorem. We again
use Theorem21 with f(z) = (x,2)2,. and Lemma 7 to get

p
TETOO ; /OT (Xg0 )2, dt = (Cov(z),, 2)z, 2)gm = <<; 721]{1@1> z,z>Rm
LA |
= ; ﬁ (Qiz, 2)gm ,
P-a.s. Since all @)q,...,Q, are positive semidefinite matrices and for some ¢ €

{1,...,p} we have (Q;z, 2)pm > 0, the function
VHZ @ ZR’”, v >0,

is again strictly monotone, continuous and non-zero and thus it again has a
continuous inverse. This finishes the proof. O

In case of p = 1 the function {/; can be expressed and the estimator has the

form )

- <Q12 Z>Rm 2H
”T_< LT, >mdt> |

Remark. The difference between estimators 4 and 77 is as follows. In order
to employ the estimator 4, we usually need to observe the whole m-dimensional
trajectory of X*° for we need to know its norm. On the other hand, if we for
instance only observe the k-th coordinate of a trajectory, k € {1,...,m}, then
(provided that for some i € {1,...,p} we have (Q;ex, €x)pm > 0) we can still use
the estimator .
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Conclusion

We opened the Thesis with the definition and basic properties of a-regular
Volterra processes and presented the construction of Wiener-like integral of deter-
ministic function with respect to an a-regular Volterra process. We also presented
various properties of this integral. In Section 2 we considered a linear stochastic
differential equation driven by an a-regular Volterra process B. We started with
no restrictions on B. In order to obtain the existence of a strictly stationary
solution we assumed B to have stationary and reflexive increments. We assumed
that B is Gaussian and showed the ergodicity of the strictly stationary solution
and we obtained a similar result for any solution. In Section 3 we generalized the
results for equations with a mixed noise. In Section 4 we added a parameter to
the stochastic differential equation considered in Section 3. In order to utilize the
results of the first three chapters we assumed our noise to be self-similar. The as-
sumptions we employed on the noise throughout the Thesis implied that it must
be a fractional Brownian motion. Under the assumption that the noise is a fBm
we derived two strongly consistent estimators. The strong consistency of these
estimators have already been shown in [19] under slightly different assumptions.
However, our setting of a mixed noise at least partially extends these results.

38



Li

st of symbols

N ={1,2,...}, set of natural numbers

R set of real numbers

R™ set of m-dimensional real vectors

NG set of m x n dimensional matrices

A* (conjugate) transpose of the matrix A, see 2. below
Tr(A) trace of square matrix A, see 3. below

1 identity matrix

(-, )gm standard (Euclidean) inner product in R™, see 4. below
[ gm Euclidean norm in R™ see 4. below

||| g Hilbert-Schmidt norm in R™*™, see 5. below

B(X) Borel g-algebra of matrix space X

LP(U;V)  see 6. and 7. below

LY (U; V) see 6. and 7. below
Lim. limit in L?(Q;R™)
AN weak convergence of probability measures

Further notes

1.
2.

We identify R™ with R™*! i.e. vectors are understood as column vectors.

Jj=1,i=1 i=1,j=1

CTr(A) = 30 Ay for A= (Ay)"_ € R,
i=1

3,j=1

For x = (1, ..., 2n)" 9y = (Y1, -, Ym)* € R™ we have

(@ yen = S zy; and  [2llgn = (2, 2)gn = | 322
i=1 =1

| Allgmxn =/ Tr(AA*) = |3 2 A for A = (Aij)?;g:l e R™x™,

i=1j=1

. Let (Q, F,P) be a probability space and 1 < p < +o00. The LP(Q;R™) is the

space of equivalence classes of R"-valued random variables X :  — R™
such that

||X||LP(Q;RW) = (/ ||X||pm d]P)) < +00.
Q

Let —oo < a <b< +ooand 1 <p < +o0o. The space LP(a, b; R™*™) is the
space of equivalence classes of measurable functions f : [a,b] — R™ such
that )

P

e B O [



The space LT .(a, b; R™*™) is the space of equivalence classes of measurable

functions f : [a,b] — R™ such that for any K, K being a compact subset

of [a,b], we have
(« I.f

LP(R; R™™) 1= LP(—00, +00; R™*")

P
%an) < +OO

We set

and
Lp

loc

(R;R™ ™) := L7

loc

(—o00, +o0; R™*™).
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