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Introduction
In the past 25 years since the second superstring revolution, we have seen several
exciting developments in exploring non-perturbative phenomena in string theory.
One of the key observations in this direction was made by J. Polchinski, who
realized the connection between consistent superconformal boundary conditions,
which need to be imposed at the boundary of open string worldsheet, and cer-
tain solitonic p-branes (whose tension scales with g−1

s ), which arise as classical
solutions of the closed-string low-energy effective action and generally carry var-
ious conserved closed-string charges, such as the Ramond-Ramond (p + 1)-form
charges in the case of type II superstring in flat space. Given a compactifica-
tion, the classification problem for these so-called D-branes therefore reduces to
classifying all possible superconformal boundary conditions for the bulk supercon-
formal field theory describing the compactification. Particularly simple examples
are the Dp-branes in flat space, which can be represented by (p+ 1)-dimensional
hyperplanes to which the ends of an open string are attached (thus imposing a
combination of Dirichlet and Neumann boundary conditions). However, since
general closed string backgrounds are described in terms of SCFT with infinite
number of irreducible representations of the corresponding super-Virasoro alge-
bra, classifying all consistent boundary conditions in such theories is generally
a very hard (and to this date unsolved) problem. General boundary conditions
may take various forms, not necessarily following the clear geometric example set
by the Dp-branes. One of the goals of this thesis is to make a small step in this
direction by studying new consistent boundary conditions in various SCFTs of
potential interest in superstring theory.

Numerous tools have been used in the past to explore the realm of superconfor-
mal boundary conditions in various closed superstring backgrounds. In this thesis
we will dominantly deal with string field theory, whose classical solutions are gen-
erally believed to correspond to classical non-perturbative superstring vacua. In
particular, it has been conjectured by A. Sen at the end of the 90s that classical
solutions of an interacting open superstring field theory for excitations living on
a D-brane are in one-to-one correspondence with other D-branes which are con-
sistent with the given (fixed) closed string background. This conjecture has since
been subject to numerous verifications, thus having been turned into a powerful
method for investigating the spectrum of consistent boundary conditions in var-
ious SCFTs. On the other hand, if one wants to pursue an honest classification
programme of all possible consistent superconformal boundary conditions for a
given SCFT, one usually (there are a few notable exceptions) has to resort to
dealing with rational conformal field theories (which only contain a finite num-
ber of irreps of super-Virasoro algebra). As we will see in this thesis, there are
certain geometric closed string backgrounds where the chiral symmetry algebra
of an irrational theory can be enhanced by adding more generators, so that with
respect to the new chiral algebra, the theory becomes rational. Provided that one
does not insist on capturing all possible superconformal boundary conditions for
such a bulk theory, one may still, in this way, achieve construction of new and
non-trivial boundary conditions, whose existence may not have been apparent
based on geometrical considerations.
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The main body of this thesis is divided into two parts. In Part I we give a
general overview of string field theory and related concepts, focusing purely on
tree-level results. While we will spend most of our time in this part on reviewing
already known material, here and there we will also include several unpublished
calculations and insights of our own.

In more detail, in chapter 1 we will start by introducing several mathemati-
cal constructs which make frequent appearance in tree-level string field theories.
These will include both the homotopy-algebraic structures (A∞ and L∞), as well
as the basics of homological perturbation theory. The style of our presentation
in chapter 1 will reflect our eventual goal of using these as tools for practical
calculations in string field theories. Indeed, in later chapters we shall appreciate
that these notions are very useful assets not only on the conceptual level, but
also in terms of providing a handy framework for organizing various perturbative
expansions.

In chapter 2 we will proceed by introducing a number of tree-level string
field theories, mainly focusing on constructing their actions and discussing some
basic properties. Special emphasis will be put on reviewing open SFTs, among
which the Witten’s cubic OSFT occupies a special place: both as a toy model
due to the relative simplicity of both its Hilbert space and its interactions, as
well as due to serving as a basic building block for the more complicated open
superstring field theories. We shall discuss two of these, namely the Munich A∞
formulation (which works in the small Hilbert space) and the Berkovits’ WZW-
like formulation (which uses the large Hilbert space). We will also comment on
how these two theories are related to each other. Furthermore, we will also give
a brief overview of two formulations of heterotic SFT, one in the small Hilbert
space (the Munich L∞ formulation) and the large Hilbert space Berkovits-Okawa-
Zwiebach WZW-like formulation.

In chapter 3 we will offer a short discussion of gauge-invariant quantities in
various open SFTs, which are based on midpoint insertions of on-shell closed
string states. These will be presented both as a way of providing physical infor-
mation about various open string backgrounds, but also as tools for providing
interesting deformations at the level of both full, as well as the effective tree-level
open SFTs. In particular, we will review the construction of Ellwood invariants in
both the Witten’s cubic OSFT, as well as in the Berkovits’ WZW-like open SFT.
We will subsequently present a new quantity in the Munich A∞ formulation of
open superstring field theory, which we will show to be gauge invariant on-shell.
We will also show that it is related by a field redefinition to the Ellwood invariant
of the Berkovits’ WZW-like theory.

Finally, in chapter 4 we will present a detailed overview of the construction
of tree-level effective actions in string field theories. In order to ease keeping
track of various terms in the resulting Feynman diagram expansions, we will
focus on SFTs which can be endowed with a cyclic A∞ structure. After an initial
down-to-earth approach, where we describe how to explicitly integrate out some
portion of degrees of freedom while paying particular attention to the issue of
gauge fixing, we will eventually recognize that the resulting Feynman diagram
expansion of the tree-level effective interactions can be neatly dealt with by using
the language of tensor coalgebras and homological perturbation theory. This
will enable us to give all-order proofs of certain algebraic properties of effective
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interactions. Quite importantly, we will show that once a solution to the effective
equation of motion has been found, one can apply a cohomomorphism to obtain a
solution to the full SFT equation of motion (modulo possible convergence issues).
In this way, we can consistently look for certain classical solutions, which we
expect to mainly excite a smaller (possibly finite) set of degrees of freedom, by
only keeping the pertinent modes and integrating out the rest. We will put this
approach to direct use when constructing classical solutions corresponding both
to marginal deformations (where the effective equations of motion for massless
fields will be seen to determine the moduli space of the given perturbative open
string background), as well as to barely relevant deformations: these can be
studied, for instance, by adding a suitable bulk perturbation to a D-brane system
supporting marginal fields, thus rendering some of the originally massless modes
slightly tachyonic. Using this approach, we will give a leading-order perturbative
construction of classical solutions corresponding to certain interesting conformal
boundary conditions: the so-called honeycomb brane for the bosonic string and
the D(−1)/D3 bound states in a B-field for superstring. Neither one of these
backgrounds can generally be described in terms of the conventional Dp-brane
boundary states – this aspect will be further developed in chapter 7. Finally, as
a side note, we will see that in certain situations where we are integrating out
different degrees of freedom sequentially using two separate propagators, there is
a way to perform this procedure in one go by using a composite propagator. As
a particular example, we will give a prescription for integrating out unphysical
(Nakanishi-Lautrup) fields from kerL0 at zero momentum in the bosonic OSFT
by modifying the Siegel-gauge propagator. This will provide us with a fully
explicit construction of the minimal model for the zero-momentum cubic OSFT.

Part II then consists of three chapters in which we include reprints of the
published papers [1] (chapter 5) and [2] (chapter 6), as well as the preprint [3]
(chapter 7), which will be submitted to JHEP soon.

In chapter 5 we present a detailed analysis of obstructions to exact marginality
of deformations constructed in the NS sector of open superstring field theory (us-
ing both the Munich A∞ formulation and the Berkovits’ WZW-like formulation).
In accordance with our discussion in chapter 4, solutions to these obstructions
map out the moduli space of the given open string background. In particular, we
will focus on explicitly evaluating the obstructions arising at second and third or-
der in the cases where the given background supports a particular class of global
worldsheet N = 2 superconformal symmetry. In such situations we will show that
the second order obstruction always vanishes and that the third order obstruction
localizes on the boundary of worldsheet moduli space (where the propagator be-
comes infinitely long), thus providing an easily computable algebraic constraint
on the moduli. Borrowing our terminology from the D(−1)/D3 system (which
will indeed be considered later in the chapter), the constraints on moduli yielded
by the obstructions may therefore be termed generalized ADHM equations. Con-
sidering instead the Munich construction built upon bosonic products with stubs,
we will show that such a deformation of SFT vertices does not change the out-
come of our computation. Namely, the third order obstruction again localizes,
which enables us to circumvent the need to explicitly compute the fundamental
bosonic quartic vertex because it drops out from the final algebraic expression for
the corresponding 4-point amplitude. Based on this investigation, we can expect
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a similar property for the heterotic string (see chapter 6). We will then evalu-
ate the generalized ADHM equations for various Dp-brane systems, in all cases
recovering the known constraints on their moduli. Moreover, in the case of the
D(−1)/D3 system in flat space, we will show that the ADHM equations can be
alternatively obtained without localizing the obstruction by directly computing
the corresponding 4-point amplitude using the Berkovits-Schnabl method.

In chapter 6 we will consider tree-level effective actions for massless fields
in the NS sector of the WZW-like heterotic SFT at zero momentum. We will
first give a detailed order-by-order description of how to consistently integrate
out massive degrees of freedom in Siegel gauge, putting particular emphasis on
discussing the role played by the out-of-Siegel equations. Having arrived at the
quartic effective action for the massless fields, we will then discuss the field con-
tent of kerL0 and show that unphysical massless fields do not propagate in 4-point
amplitudes of physical fields. Finally ending up with an effective action for phys-
ical fields only (which include the so-called ghost dilaton), we will focus on the
couplings involving physical fields with non-trivial matter part. In the spirit of
the computation for open superstring field theory with stubs reported in chap-
ter 5, we will show that given that our background possesses a suitable global
worldsheet N = 2 superconformal symmetry, the quartic effective action for such
physical fields localizes on the boundary of the worldsheet moduli space. This
will yield an easily computable form of the quartic effective potential without
having to know the explicit form of the fundamental bosonic quartic vertex. As
an example, we will verify that our approach is able to reproduce the algebraic
(commutator-squared) quartic potential for the heterotic super Yang-Mills in 10-
dimensional flat space.

Finally, in chapter 7, we will take up the challenge (as presented at the end of
chapter 4) of constructing exact expressions for superconformal boundary states
corresponding to both marginally and truly bound (1/4-BPS) systems of D(−1)
and D3 branes in type II superstring theory. As we have already discussed, such
bound states cannot be easily described in terms of the conventional Dp-brane
boundary states. It is clear that the relevant bulk-theory setting for such an en-
deavor is the c = 6 free-field SCFT along the (euclidean) worldvolume of the D3
branes. This is, however, an irrational theory (thus containing an infinite number
of irreducible representations of the c = 6, N = 1 superconformal algebra), so
that it would be very hard to achieve a complete classification of all consistent
boundary states satisfying gluing conditions on the c = 6 worldsheet Virasoro
current and the corresponding N = 1 supercurrent. Instead, we will focus on
looking at particular toroidal compactifications of the c = 6 free-field SCFT, for
which the chiral symmetry algebra enhances, thus reducing the number of the
irreducible representations, preferably down to a finite number. Such a mecha-
nism can indeed be provided by the well-known Gepner construction. We will
therefore focus on two particular examples of 4-tori (one with a B-field, the other
without a B-field) where the chiral symmetry algebra enhances to that of a direct
sum of certain N = 2 unitary minimal models, so that at the end we will deal
with a rational SCFT. We will proceed with classification of all boundary states
satisfying all possible gluing conditions (permutation, as well as A- or B-type)
with respect to such an enhanced chiral symmetry algebra (now there is a finite
number of these boundary states). By computing their respective open-string
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spectra, we will be able to identify which of these boundary states are stable.
Furthermore, looking at the massless RR couplings of such boundary states, we
will determine their RR charges. Together with the information about the tension
of the corresponding D-branes (coming from the g-function), as well as the infor-
mation about the conserved spacetime supercharges (obtained by recalling their
worldsheet representation), we will conclude that the stable boundary states we
have found describe: first, certain 1/2-BPS Dp-branes wrapping the 4-tori, sec-
ond, a number of 1/4-BPS bound states of Dp-branes (which are truly bound for
the 4-torus with B-field and marginally bound for the 4-torus without B-field)
and, third, new tachyon-free D-branes which do not couple to massless RR forms.
Bose-Fermi asymmetry in the open-string spectrum of these new D-branes sig-
nifies that they do not preserve any spacetime supersymmetries. Furthermore,
the large number of marginal modes in their open-string spectra suggests an
interesting moduli space structure and possible higher-order instabilities.

Our conclusions and future directions, as well as the list of publications on
which this thesis is based, will be presented at the very end.
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General overview
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1. Mathematical preliminaries
In this chapter we will review a number of mathematical constructs which nat-
urally arise in classical (tree-level) string field theories (these will be introduced
in chapter 2). This will therefore take us on a short adventure into the fields of
homotopy algebras and homological perturbation theory. We will adopt a prag-
matic approach and instead of giving a comprehensive mathematically minded
introduction into these topics, our pedestrian style of presentation will be clearly
biased towards the physical applications in classical SFTs. In section 1.1 we will
introduce the concept of A∞ and L∞ algebras which will later turn out to be use-
ful for encoding the gauge symmetry of open and closed SFTs, respectively. For
more details about A∞ and L∞ algebras, the reader should refer to the original
papers [4, 5, 6, 7, 8] as well as to [9, 10, 11, 12, 13, 14, 15] where the applications
of A∞ and L∞ algebras to string field theory were recognized. See also the papers
[16, 17, 18, 19, 97] which review A∞ and L∞ structures for SFT applications in
the language of tensor coalgebras using a notation which we will largely follow. In
section 1.2 we will then proceed to review the statement and proof the homolog-
ical perturbation lemma which will be later seen to arise in our discussion of the
tree-level effective SFT actions. See [20, 21, 22, 23, 24, 25, 26] for useful reviews
of this subject, as well as for some recent applications in SFT. Also note that we
will refrain from discussing the extended homotopy algebras which appear in the
formulation of general quantum open-closed SFTs – see [27, 28, 29, 30, 31, 32] as
well as the references therein for details on this line of development.

1.1 Homotopy-algebraic structures
The aim of this section will be to give a concise introduction into the A∞ and L∞
algebras, both of which make frequent appearance in the formulation of various
classical SFTs. Emphasis will be put on reviewing A∞ structures, as most of the
bulk of this thesis will be devoted to dealing with open SFTs. We will first follow
an arguably more intuitive approach in terms of products on graded vector spaces.
However, we will gradually shift our perspective towards a more elegant and
handier formulation in terms of coderivations and cohomomorphisms on tensor
coalgebras. For more details, the reader should consult the references given in
the introduction to this chapter, among which the covered material is mostly
scattered.

1.1.1 A∞ algebras
Let us start by outlining some basic notions which are needed for the discussion
of A∞ algebras in the context of tree-level string field theory.

Basic definitions

Let H denote a Z-graded vector space. Each element of H is therefore assigned
a degree d : H −→ Z. For most of what will be discussed below, we will only
need to retain the parity of d, so that we will often choose to specify d modulo 2.
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Let us then consider a family of multilinear products ck : H⊗k −→ H assigning
an element of H to each k-tuple of elements in H for k ≥ 0. Given two such
products ck and dl, let us define a new product

ckdl : H⊗k+l−1 −→ H , (1.1.1)

by requiring

ckdl(A1, . . . , Ak+l−1) =
= ck(dl(A1, . . . , Al), Al+1, . . . , Ak+l−1) + . . .

. . .+ (−1)d(dl)(d(A1)+...+d(Ak−1))ck(A1, . . . , dl(Ak, . . . , Ak+l−1)) , (1.1.2)

where d(dl) denotes the degree of the product dl (defined as the difference between
the degree of the output and the sum of the degrees of the inputs). This can be
also expressed in a packaged form

ckdl = ck
k−1∑︂
n=0

(1H)⊗k−1−n ⊗ dl ⊗ (1H)⊗n , (1.1.3)

where (1H)⊗k is the identity operator on H⊗k and where we kept implicit the
minus signs picked up when moving dl past the insertions of ck. Also, we simply
have c0dl = 0 for all l ≥ 0. It is then natural to define the graded commutator

[ck, dl] : H⊗k+l−1 −→ H (1.1.4)

of ck and dl by

[ck, dl] = ckdl − (−1)d(ck)d(dl)dlck . (1.1.5)

Assuming then that we have a graded vector space H equipped with a family of
degree-odd multilinear products mk for k ≥ 1 (that is d(mk) = 1 mod 2), we will
say that (H, {mk}k≥1) is an A∞ algebra provided that for each k ≥ 1, we have

k∑︂
l=1

mlmk+1−l = 1
2

k∑︂
l=1

[ml,mk+1−l] = 0 . (1.1.6)

If we choose to include also m0, we will say that the corresponding A∞ structure
is weak, or curved (m0 being the curvature). Also, if the sequence {mk}k≥1 of
products truncates at some k = N < ∞ (that is mk = 0 for all k > N), we will
call the corresponding algebra AN . Focusing on the m0 = 0 case for now, the A∞
relations (1.1.6) for k = 1, 2, 3, . . . can be explicitly written out as

0 = m1(m1(A1)) , (1.1.7a)
0 = m1(m2(A1, A2)) +m2(m1(A1), A2)+

+ (−1)d(A1)m2(A1,m1(A2)) , (1.1.7b)
0 = m1(m3(A1, A2, A3)) +m2(m2(A1, A2), A3)+

+ (−1)d(A1)m2(A1,m2(A2, A3))+
+m3(m1(A1), A2, A3) + (−1)d(A1)m3(A1,m1(A2), A3)+

+ (−1)d(A1)+d(A2)m3(A1, A2,m1(A3)) , (1.1.7c)
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...

for A1, A2, A3, . . . ∈ H. Put in other words, the property (1.1.7a) says that the
operation m1 is nilpotent, the Leibniz-like property (1.1.7b) tells us that m1 is a
derivation of the 2-product m2, while the property (1.1.7c) says that the failure of
m1 to be a derivation of m3 is exactly balanced by the failure of the associativity
of m2 (that is, m2 is associative up to a homotopy). Let us also define the bilinear
form ω : H⊗2 −→ C, which is graded-antisymmetric

ω(A,B) = −(−1)d(A)d(B)ω(B,A) . (1.1.8)

We will call such ω a symplectic form on H. Whenever the A∞ products mk

satisfy

ω(A1,mk(A2, . . . , Ak+1)) = −(−1)d(A1)ω(mk(A1, . . . , Ak), Ak+1) , (1.1.9)

with respect to a symplectic form ω, we will call the triple (H, {mk}k≥1, ω) a
cyclic A∞ algebra.

Action functional and Maurer-Cartan equation

Looking slightly ahead of schedule, in later chapters we will associate the dynam-
ical string field with a degree-even element Ψ ∈ H. The action of an A∞ SFT
will then take the form

S(Ψ) =
∞∑︂
k=1

1
k + 1ω(Ψ,mk(Ψ⊗k)) . (1.1.10)

We will often find it useful to employ the following simple trick to get rid of
the fractional coefficients 1/(k + 1) in the action (1.1.10): let us introduce an
arbitrary smooth interpolation Ψ(t) for 0 ≤ t ≤ 1 such that Ψ(0) = 0, Ψ(1) = Ψ.
We can then trivially rewrite (1.1.10) as

S(Ψ) =
∫︂ 1

0
dt

d

dt

∞∑︂
k=1

1
k + 1ω(Ψ(t),mk(Ψ(t)⊗k)) , (1.1.11)

so that differentiating the sum term by term and using cyclicity of mk with respect
to ω, the action may be brought into the form

S(Ψ) =
∫︂ 1

0
dt

∞∑︂
k=1

ω(Ψ̇(t),mk(Ψ(t)⊗k)) . (1.1.12)

We emphasize that although the action is now written in terms of an interpolation
Ψ(t), by construction it only depends on the endpoint Ψ(1) = Ψ. Varying the
action with respect to Ψ and using cyclicity, we obtain the equation of motion

EOM(Ψ) =
∞∑︂
k=1

mk(Ψ⊗k) . (1.1.13)

In the mathematical context, this is usually called the Maurer-Cartan equation
and any Ψ∗ which satisfies EOM(Ψ∗) = 0 is called a Maurer-Cartan element. It
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is also a simple exercise to show that the action (1.1.10) is invariant under the
linearized gauge transformation

δΛΨ =
∞∑︂
k=1

k−1∑︂
l=0

mk(Ψ⊗l,Λ,Ψ⊗k−l−1) , (1.1.14)

where Λ ∈ H is a degree-odd gauge parameter. Indeed, using cyclicity of mk and
graded anti-symmetry of ω a number of times, we have

δΛS =
∞∑︂
n=1

ω(δΛΨ,mn(Ψ⊗n)) (1.1.15a)

=
∞∑︂
n=1

∞∑︂
k=1

ω(Λ,mkmn(Ψ⊗k+n−1)) (1.1.15b)

= 0 , (1.1.15c)

where the last line holds by the A∞ relations (1.1.6).

Tensor coalgebras

It is not hard to appreciate that despite the elegance of the A∞ structures, the
technology introduced so far may quickly become rather unwieldy once we start
performing all-order computations. As a remedy, we will now discuss a handy
way of packaging various expressions using the language of tensor coalgebras. Let
us denote by TH the tensor product space

TH = H⊗0 ⊕ H⊗1 ⊕ H⊗2 ⊕ . . . (1.1.16)

Here H⊗0 consists of scalars times the identity element 1TH of the tensor algebra,
which satisfies

1TH ⊗ A = A⊗ 1TH = A (1.1.17)

for each A ∈ TH. For each k ≥ 0, we will also denote by πk : TH −→ H⊗k the
projection on the k-string component H⊗k ⊂ TH. The space TH can be given a
coalgebra structure by endowing it with a coassociative coproduct. By that we
will mean a linear operator ∆ : TH −→ TH ⊗′ TH satisfying the coassociativity
relation

(∆ ⊗′ 1TH)∆ = (1TH ⊗′ ∆)∆ , (1.1.18)

where 1TH is the identity operator on TH. Note that for the sake of clarity
we will make an effort of distinguishing by a prime all tensor product symbols
arising as a result of an action of a coproduct. We will then call the pair (TH,∆)
a tensor coalgebra over H. In particular, it is straightforward to check that the
coassociativity condition is satisfied if we define ∆ separately on each component
H⊗k of TH (by virtue of linearity) by the deconcatenation

∆(A1 ⊗ . . .⊗ Ak) =
k∑︂
l=0

(A1 ⊗ . . .⊗ Al) ⊗′ (Al+1 ⊗ . . .⊗ Ak) . (1.1.19)
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In the cases where the summation index l in (1.1.19) attains the values l = 0 or l =
k, the summand should be understood as being equal to 1TH⊗′(A1⊗. . .⊗Ak) and
(A1 ⊗ . . .⊗Ak) ⊗′ 1TH, respectively. We will also denote by ∇ the corresponding
concatenation product on tensor algebras ∇ : TH ⊗′ TH −→ TH, which simply
acts by replacing ⊗′ with ⊗. The product ∇ is associative so that we have

∇(∇ ⊗′ 1TH) = ∇(1TH ⊗′ ∇) (1.1.20)
and together with the coproduct, they satisfy a very useful property (see e.g. [18]
for a more detailed discussion)

πk+l = ∇(πk ⊗′ πl)∆ . (1.1.21)
Defining recursively

∇k+1 = ∇k(∇ ⊗′ (1TH)⊗′k) , (1.1.22a)
∆k+1 = (∆ ⊗′ (1TH)⊗′k)∆k , (1.1.22b)

the property (1.1.21) then generalizes to
πk1+...+kn = ∇n−1(πk1 ⊗′ . . .⊗′ πkn)∆n−1 . (1.1.23)

Coderivations

We will say that a linear operator d : TH −→ TH is a coderivation if it satisfies
the co-Leibniz rule

∆d = (d ⊗′ 1TH)∆ + (1TH ⊗′ d)∆ . (1.1.24)
More generally, we have

∆kd =
(︂
d ⊗′ (1TH)⊗′k + . . .+ (1TH)⊗′k ⊗′ d

)︂
∆k . (1.1.25)

Because a coderivation maps TH on itself, we may define the product d1d2 of
two coderivations by simply considering their composition. Given this, it is then
natural to define the (graded) commutator of d1 and d2

[d1,d2] = d1d2 − (−1)d(d1)d(d2)d2d1 , (1.1.26)
where the degree d(d) of a coderivation d is again determined by the difference
between the degrees of the output and the input of d. It is then a simple exercise
to show (using the co-Leibniz rule) that the commutator of two coderivations
is again a coderivation (as opposed to their product which is in general not a
coderivation). That is, we can write

∆[d1,d2] =
(︂
[d1,d2] ⊗′ 1TH + 1TH ⊗′ [d1,d2]

)︂
∆ . (1.1.27)

To any multilinear k-product ck : H⊗k −→ H, we then may associate a coderiva-
tion ck : TH −→ TH by requiring that on H⊗N , the coderivation acts as1

ck =
N−k∑︂
n=0

(1H)⊗N−k−n ⊗ ck ⊗ (1H)⊗n (1.1.29)

1For instance, for k = 1 we have

c1(A1 ⊗ . . .⊗AN ) = c1(A1) ⊗A2 ⊗ . . .⊗AN +
+ (−1)d(c1)d(A1)A1 ⊗ c1(A2) ⊗A3 ⊗ . . .⊗AN + . . .

. . .+ (−1)d(c1)(d(A1)+...+d(AN−1))A1 ⊗ . . .⊗ c1(AN ) . (1.1.28)
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forN ≥ k and that it vanishes on H⊗N forN < k. Here 1H is the identity operator
on H. It is straightforward to verify that given this definition, the map ck indeed
satisfies the co-Leibniz property (1.1.24). Conversely, given a coderivation d, we
may introduce a family of corresponding multi-linear k-products dk by writing
dk ≡ π1dπk, so that it is possible to write d = ∑︁

k dk, where the coderivations
dk are defined using the k-products dk via (1.1.29). It is also easy to see that for
any two multi-linear products ck, dl, introducing the corresponding coderivations
ck, dl using (1.1.29), we can write

[ck,dl] =
N−k−l+1∑︂

n=0
(1H)⊗N−k−l+1−n ⊗ [ck, dl] ⊗ (1H)⊗n (1.1.30)

on H⊗N for N ≥ k + l − 1, while [ck,dl] = 0 on H⊗N for N < k + l − 1.

Cohomomorphisms

We will further say that a degree-even linear map F : TH −→ TH′ between two
coalgebras (TH,∆), (TH′,∆′) is a cohomomorphism if it satisfies the property

∆′F = (F ⊗′ F)∆ . (1.1.31)
More generally, we have

(∆′)kF = F⊗′(k+1)∆k . (1.1.32)
Given a degree-even coderivation d on TH, we may define a cohomomorphism
on TH by exponentiating d, namely

F = ed =
∞∑︂
k=0

1
k!d

k . (1.1.33)

One only needs to apply the co-Leibniz rule multiple times to show that the r.h.s.
of (1.1.33) indeed defines a cohomomorphism, that is

∆ed = (ed ⊗′ ed)∆ . (1.1.34)
Similarly, one can show (see e.g. [18] for more details) that given a one-parametric
family d(t) of even coderivations, their path-ordered exponential

F(t) = P exp
(︄∫︂ t

dτ d(τ)
)︄

(1.1.35a)

= 1TH +
∫︂ t

dτ d(τ) +
∫︂ t

dτ
∫︂ τ

dτ ′ d(τ) d(τ ′) + . . . (1.1.35b)

also defines a cohomomorphism. Alternatively, we might consider a collection of
degree-zero multilinear maps Fk : H⊗k −→ H′. Then we can define a cohomo-
morphism F by writing, for each j, k ≥ 0,

πjF(A1 ⊗ . . .⊗ Ak) =
∑︂

l1+...+lj=k
Fl1(A1, . . . , Al1) ⊗ . . .

. . .⊗ Flj (Ak−lj+1, . . . , Ak) . (1.1.36)
Note that here we have π1Fπk = Fk. Considering two cohomomorphisms F1 and
F2, it is easy to verify that their product F1F2 is again a cohomomorphism. Also,
assuming that a cohomomorphism F : TH −→ TH is invertible, one can show
that F−1 is also a cohomomorphism. We further note that if d is a coderivation
and F an invertible cohomomorphism, then d′ = FdF−1 is also a coderivation.
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Group-like elements

We will often find it convenient to introduce a group-like element V ∈ TH which
is defined by requiring

∆V = V ⊗′ V , (1.1.37)

or, in general, ∆kV = V ⊗′(k+1). Using the property (1.1.37), it can be established
that for every such V , there exists a degree even element A ∈ H such that

V = 1
1 − A

≡ 1TH + A+ A⊗ A+ A⊗ A⊗ A+ . . . . (1.1.38)

Indeed, denoting A ≡ π1V , we can use the property (1.1.37) together with (1.1.21)
to write

π2V = ∇(π1 ⊗′ π1)∆V (1.1.39a)
= ∇(π1V ⊗′ π1V ) (1.1.39b)
= A⊗ A , (1.1.39c)

and so on. Cohomomorphisms map group-like elements to group-like elements:
indeed, for a cohomomorphism F and a group-like element V ∈ TH, we have
(using the properties (1.1.31) and (1.1.37))

∆F(V ) = (F ⊗′ F)∆(V ) (1.1.40a)
= F(V ) ⊗′ F(V ) , (1.1.40b)

so that F(V ) ∈ TH is again a group-like element. For instance, for a cohomo-
morphism F with component multi-linear maps Fk = π1Fπk, the action of F on
a group-like element satisfies

π1F
1

1 − A
= F0 + F1(A) + F2(A,A) + F3(A,A,A) + . . . (1.1.41)

For any coderivation d and any cohomomorphism F, we then have identities

d
1

1 − A
= 1

1 − A
⊗
(︄
π1d

1
1 − A

)︄
⊗ 1

1 − A
, (1.1.42a)

F
1

1 − A
= 1

1 − π1F 1
1−A

, (1.1.42b)

where the second line manifests the fact that cohomomorphisms map group-like
elements to group-like elements. It is useful to note that the property (1.1.42a)
can be obtained from the property (1.1.42b) by substituting an infinitesimal coho-
momorphism F = 1TH + εd + O(ε2) and keeping only O(ε) terms. Various other
identities may be established by taking (1.1.42a) and (1.1.42b) and differentiating
both sides with respect to A.

Symplectic form and cyclicity

We will often use the following notation for the symplectic form ⟨ω| : H⊗2 −→ C
where, in relation to the previous notation ω, we simply have ⟨ω|A⊗B ≡ ω(A,B).
The graded anti-symmetry of the symplectic form can be expressed as

⟨ω|A1 ⊗ A2 = −(−1)d(A1)d(A2)⟨ω|A2 ⊗ A1 . (1.1.43)
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Cyclicity of a k-product mk can then be neatly expressed in terms of the corre-
sponding coderivation mk by writing

⟨ω|π2mk = 0 . (1.1.44)

Indeed, using the definition (1.1.29), we may write

⟨ω|π2mk(A1 ⊗ . . .⊗ Ak+1) =
= ⟨ω|mk(A1, . . . , Ak) ⊗ Ak+1+

+ (−1)d(mk)d(A1)⟨ω|A1 ⊗mk(A2, . . . , Ak+1) (1.1.45)

so that (1.1.44) is indeed equivalent to

ω(A1,mk(A2, . . . , Ak+1)) = −(−1)d(mk)d(A1)ω(mk(A1, . . . , Ak), Ak+1) , (1.1.46)

which agrees with our previous definition (1.1.9) of what we mean by cyclicity.
We will also say that a cohomomorphism F : TH −→ TH′ is cyclic with respect
to some symplectic forms ω : H⊗2 −→ C, ω′ : (H′)⊗2 −→ C if it satisfies the
relation

⟨ω′|π2F = ⟨ω|π2 . (1.1.47)

It is then immediate to see that provided that F is invertible, then its inverse
F−1 is also cyclic. It is also clear that exponentiating a cyclic coderivation yields
a cyclic cohomomorphism. Similarly we can show that given a cyclic coderiva-
tion d and a cyclic invertible cohomomorphism F, then FdF−1 is again a cyclic
coderivation, as well as that given two cyclic coderivations d1, d2, their commu-
tator [d1,d2] is again a cyclic coderivation. One can also establish that for any
two coderivations d1, d2 and a cyclic cohomomorphism F : TH −→ TH′, we can
write (see [17, 19] for a proof)

⟨ω′|π1Fd1
1

1 − A
⊗ π1Fd2

1
1 − A

= ⟨ω|π1d1
1

1 − A
⊗ π1d2

1
1 − A

. (1.1.48)

Analogous property for coderivations then reads

⟨ω|π1sd1
1

1 − A
⊗ π1d2

1
1 − A

=

= −(−1)d(s)d(d1)⟨ω|π1d1
1

1 − A
⊗ π1sd2

1
1 − A

, (1.1.49)

which is satisfied by any cyclic coderivation s.

A∞ structures in terms of tensor coalgebra

Given an A∞ algebra (H, {mk}k≥1), let us consider the degree-odd coderivations
mk corresponding to mk for each k via (1.1.29). Using the definition (1.1.29), one
can then establish that the A∞ relations (1.1.6) can be equivalently expressed as

k∑︂
l=1

[ml,mk+1−l] = 0 . (1.1.50)
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Defining further the total coderivation

m =
∞∑︂
k=1

mk , (1.1.51)

the A∞ relations can be succinctly expressed as

m2 = 1
2[m,m] = 0 , (1.1.52)

that is, by saying that the coderivation m is nilpotent. Given two tensor coalge-
bras TH and TH′, each endowed with an A∞-structure m and m′, we will say
that a cohomomorphism F : TH −→ TH′ is an A∞-morphism provided that we
have

Fm = m′F . (1.1.53)

The action (1.1.10), which was built upon a cyclic A∞ structure (H, {mk}k≥1, ω)
may now be compactly expressed in terms of the coderivation m = ∑︁

k≥1 mk and
the group-like element corresponding to the interpolation Ψ(t) as

S(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂t

1
1 − Ψ(t) ⊗ π1m

1
1 − Ψ(t) , (1.1.54)

where by ∂t we have denoted the even (but not cyclic) coderivation corresponding
to the 1-product d/dt acting on H.

Infinitesimal variations of S(Ψ)

In order to give a concrete example of the utility of the formalism we have just
introduced, let us consider an arbitrary variation δΨ of Ψ. Since we have

δ

(︄
1

1 − Ψ

)︄
= 1

1 − Ψ ⊗ δΨ ⊗ 1
1 − Ψ (1.1.55)

and we recognize that we may view δ as an even 1-product, we can implement
its action by means of an even coderivation δ. That is, we have

δΨ = π1δ
1

1 − Ψ , (1.1.56)

so that using the property (1.1.42a) this is indeed consistent with (1.1.55). This
notation can be clearly lifted to an arbitrary variation δΨ(t) of the interpolating
element Ψ(t) by writing

δΨ(t) = π1δ(t) 1
1 − Ψ(t) . (1.1.57)

The coderivations ∂t and δ(t) then satisfy [∂t, δ(t)] = δ̇(t). We can therefore
compute the corresponding variation of the action (1.1.54) as

δS(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂tδ(t) 1

1 − Ψ(t) ⊗ π1m
1

1 − Ψ(t)+
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+
∫︂ 1

0
dt ⟨ω|π1∂t

1
1 − Ψ(t) ⊗ π1mδ(t) 1

1 − Ψ(t) . (1.1.58)

We can then use cyclicity of m to apply the property (1.1.49) and therefore write

δS(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂tδ(t) 1

1 − Ψ(t) ⊗ π1m
1

1 − Ψ(t)+

+
∫︂ 1

0
dt ⟨ω|π1δ(t) 1

1 − Ψ(t) ⊗ π1∂tm
1

1 − Ψ(t) , (1.1.59)

where we have also used graded anti-symmetry of the symplectic form and the
fact that [m,∂t] = 0. We have therefore obtained that the only contribution to
the variation δS comes from the surface terms

δS(Ψ) = ⟨ω|δΨ ⊗ π1m
1

1 − Ψ − ⟨ω|δΨ(0) ⊗ π1m1TH , (1.1.60)

where the second term in (1.1.60) clearly vanishes unless we have m0 ̸= 0. Picking
first a variation such that δΨ(0) = δΨ(1) = 0, we obviously have δS(Ψ) = 0, so
that we recover that the action S(Ψ) is independent of the choice of interpolation.
On the other hand, setting δΨ(0) = 0 and keeping δΨ arbitrary, the requirement
that δS(Ψ) = 0 gives us the equation of motion (Maurer-Cartan equation)2

EOM(Ψ) ≡ π1m
1

1 − Ψ = 0 . (1.1.62)

Let us now discuss the gauge transformation (1.1.14) in terms of the coalgebra
formalism. Defining Λ0 to be the odd coderivation obtained from an odd zero-
string product Λ0 = π1Λ0π0 corresponding to inserting a degree-odd element
Λ ∈ H, we can write the gauge variation as3

δΛΨ = π1[m,Λ0]
1

1 − Ψ (1.1.64)

and therefore

δΛ
1

1 − Ψ = 1
1 − Ψ ⊗ δΛΨ ⊗ 1

1 − Ψ (1.1.65a)

= [m,Λ0]
1

1 − Ψ , (1.1.65b)

where we have substituted (1.1.64) and subsequently used the property (1.1.42a).
Substituting into the master formula (1.1.60) (where we also set δΨ(0) = 0, e.g.

2Notice that the property (1.1.42a) implies that the equation of motion (1.1.62) is satisfied
if and only if

m 1
1 − Ψ = 0 . (1.1.61)

3Note that since we are projecting onto a 1-string component by π1, we actually have also

δΛΨ = π1mΛ0
1

1 − Ψ (1.1.63)

as a consequence of Λ0 being a coderivation corresponding to a 0-string product.
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by choosing δ(t) = [m,Λ0(t)] with Λ0(0) = 0 and Λ0(1) = Λ0), we therefore
have

δΛS = ⟨ω|π1[m,Λ0]
1

1 − Ψ ⊗ π1m
1

1 − Ψ (1.1.66a)

= ⟨ω|π1mΛ0
1

1 − Ψ ⊗ π1m
1

1 − Ψ (1.1.66b)

= ⟨ω|π1Λ0
1

1 − Ψ ⊗ π1m2 1
1 − Ψ (1.1.66c)

= 0 , (1.1.66d)

where in the second equality we have used the fact that the coderivation Λ0
corresponds to a 0-product while in the third equality we have used cyclicity of
m. This shows how the gauge invariance of an A∞ action comes about in the
coalgebra formalism. Notice that in the above computation, we need not have
relied on the gauge parameter having been a 0-product. Indeed, had we replaced
Λ0 with a general odd cyclic coderivation Λ (consisting of general multilinear
products on H), the computation would go largely unchanged except for the fact
that now we would generally have

π1Λm
1

1 − Ψ ̸= 0 . (1.1.67)

Nevertheless, using cyclicity of Λ, we still have

⟨ω|π1Λm
1

1 − Ψ ⊗ π1m
1

1 − Ψ =

= +⟨ω|π1m
1

1 − Ψ ⊗ π1Λm
1

1 − Ψ (1.1.68a)

= −⟨ω|π1Λm
1

1 − Ψ ⊗ π1m
1

1 − Ψ , (1.1.68b)

where the last step follows by graded antisymmetry of the symplectic form ω.
This therefore implies that

⟨ω|π1Λm
1

1 − Ψ ⊗ π1m
1

1 − Ψ = 0 , (1.1.69)

so that the computation (1.1.66) above goes through even though we now gen-
erally have (1.1.67). Finally, let us consider the case when we set δΨ(0) = 0
and

δΨ = π1s
1

1 − Ψ , (1.1.70)

for some general cyclic even coderivation s. Then we can write

δS(Ψ) =
∞∑︂

k,l=0
⟨ω|π1sπk

1
1 − Ψ ⊗ π1mπl

1
1 − Ψ (1.1.71a)

=
∞∑︂

k,l=0

1
k + l

⟨ω|π1skkπk
1

1 − Ψ ⊗ π1ml
1

1 − Ψ+
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+
∞∑︂

k,l=0

1
k + l

⟨ω|π1sk
1

1 − Ψ ⊗ π1mllπl
1

1 − Ψ , (1.1.71b)

where in the first line we have used the fact that ∑︁∞
k=0 πk = 1TH and in the second

line we have used that π1sπk = π1sk. Introducing now the even coderivation

1 =
∞∑︂
k=0

kπk , (1.1.72)

which corresponds via (1.1.29) to the identity 1H on H viewed as a 1-product, we
can therefore write (using the fact that π1skπl = 0 unless k = l)

δS(Ψ) =
∞∑︂

k,l=0

1
k + l

⟨ω|π1sk1
1

1 − Ψ ⊗ π1ml
1

1 − Ψ+

+
∞∑︂

k,l=0

1
k + l

⟨ω|π1sk
1

1 − Ψ ⊗ π1ml1
1

1 − Ψ (1.1.73a)

=
∞∑︂
r=0

r∑︂
s=0

1
r

⟨ω|π11
1

1 − Ψ ⊗ π1[ms, sr−s]
1

1 − Ψ , (1.1.73b)

where in the second equality we have used cyclicity of both ml and sk, as well as
the graded antisymmetry of ω. As a result, we therefore obtain that δS(Ψ) = 0
whenever [m, s] = 0. We will therefore say that a cyclic even coderivation s
generates a symmetry of the action whenever we have [m, s] = 0. See in particular
[23] for a discussion of symmetries in the coalgebra formalism.

Finite transformations

We will now aim to generalize the discussion of symmetries to the case of finite
transformations. In this direction, let us now assume that we have another cyclic
A∞ structure (H′, {mk}k≥1, ω

′) and that there exists a cohomomorphism F :
TH −→ TH′ which satisfies

Fm = m′F (1.1.74)

(so that it is in fact an A∞-morphism). In the case that H′ = H and m′ = m,
we will call the transformation effected by F a symmetry. Obviously, in the
cases when F : TH −→ TH is an infinitesimal symmetry F = 1TH + εs + O(ε2)
generated by some coderivation s, we recover the symmetry condition [m, s] =
0 from the previous discussion. Given then any solution Ψ∗ of EOM(Ψ) and
denoting

(Ψ∗)′ = π1F
1

1 − Ψ∗ , (1.1.75)

we have (using the property (1.1.42b))

π1m′ 1
1 − (Ψ∗)′ = π1m′F

1
1 − Ψ∗ (1.1.76a)

= π1Fm
1

1 − Ψ∗ (1.1.76b)
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= 0 , (1.1.76c)

so that we observe that the action of an A∞-morphism F preserves Maurer-Cartan
elements. Furthermore, assuming that F is invertible, it then follows that F−1 is
also an A∞-morphism, so that in such cases, MC elements are preserved in both
directions. Let us now discuss the correspondence between the two theories at
the level of actions, assuming that the cohomomorphism F is cyclic with respect
to ω and ω′. Using the fact that cohomomorphisms map group-like elements to
group-like elements and given an interpolation Ψ(t) ∈ H with Ψ(0) = 0, we may
now define a new interpolation Ψ′(t) ∈ H′ by writing (Ψ′(t) is not to be confused
with a derivative of Ψ(t))

1
1 − Ψ′(t) = F

1
1 − Ψ(t) , (1.1.77)

where now we may not have Ψ′(0) = π1F(1TH) = 0 anymore. Denoting

Ψ′ = π1F
1

1 − Ψ , (1.1.78)

this allows us to write the action built upon the structure (H′, {m′
k}k≥1, ω

′) as

S ′(Ψ′) = S ′(Ψ′(0)) +
∫︂ 1

0
dt ⟨ω′|π1∂t

1
1 − Ψ′(t) ⊗ π1m′ 1

1 − Ψ′(t) . (1.1.79)

As a result of applying the same F at all points of the interpolation (allowing
for Ψ′(0) ̸= 0), we therefore pick up a constant shift of the action which will,
however, not influence the dynamics. Substituting now for the interpolation Ψ′(t)
from (1.1.77) and using that ∂tF = F∂t, as well as (1.1.74), and the property
(1.1.48) (which is applicable because the cohomomorphism F is cyclic), we can
finally write

S(Ψ) = S ′(Ψ′) − S ′(π1F(1TH)) . (1.1.80)

Note that in the case where the cyclic cohomomorphism F is invertible, we could
have instead chosen to work with an interpolation Ψ(t) ∈ H, which satisfies

1
1 − Ψ(t) = F−1 1

1 − Ψ′(t) (1.1.81)

for some given interpolation Ψ′(t) ∈ H′, such that Ψ′(0) = 0 and Ψ′(1) = Ψ′.
Then we would have obtained

S ′(Ψ′) = S(Ψ) − S(π1F−1(1TH′)) , (1.1.82)

so that in particular, comparing (1.1.82) with (1.1.80), we learn that we have

S(π1F−1(1TH′)) = −S ′(π1F(1TH)) . (1.1.83)
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Shifted structures

We will now consider a class of invertible cyclic A∞-morphisms, which are present
for a generic cyclic A∞ structure (H, {mk}k≥1, ω). To set the scene, notice that
it is possible to represent any element Ψ ∈ H by means of a cyclic 0-product
cΨ

0 , such that cΨ
0 simply outputs Ψ when acting on no inputs. We clearly have

linearity relations

cΨ1+Ψ2
0 = cΨ1

0 + cΨ2
0 , (1.1.84a)

cλΨ
0 = λcΨ

0 (1.1.84b)

for any Ψ,Ψ1,Ψ2 ∈ H and λ ∈ C (in particular, setting λ = 0 we learn that
c0

0 = 0). Analogous properties are clearly satisfied by the corresponding cyclic
coderivations cΨ

0 . We also have

[cΨ1
0 , cΨ2

0 ] = 0 (1.1.85)

for any Ψ1,Ψ2 ∈ H. Consider now shifting a degree-even element Ψ ∈ H by
some other degree-even element δΨ ∈ H, that is, introducing a new element
Ψ′ = Ψ + δΨ ∈ H. Let us discuss a way of implementing this shift at the level of
group-like elements. It is easy to see that in terms of the corresponding degree
even coderivation cδΨ0 , we may write

(Ψ′)⊗k = (Ψ + δΨ)⊗k =
k∑︂
l=0

1
l! (c

δΨ
0 )lΨ⊗(k−l) , (1.1.86)

so that summing over k, we obtain

1
1 − Ψ′ = 1

1 − Ψ − δΨ (1.1.87a)

=
∞∑︂
k=0

k∑︂
l=0

1
l! (c

δΨ
0 )lΨ⊗(k−l) (1.1.87b)

=
∞∑︂
l=0

∞∑︂
k=l

1
l! (c

δΨ
0 )lΨ⊗(k−l) (1.1.87c)

=
∞∑︂
l=0

∞∑︂
k=0

1
l! (c

δΨ
0 )lΨ⊗k (1.1.87d)

≡ FδΨ 1
1 − Ψ , (1.1.87e)

where in the third equality we have interchanged the order of the two sums, in the
fourth equality we have shifted the summation variable k by l units and, finally,
we have introduced the cyclic cohomomorphism

FδΨ ≡ exp(cδΨ0 ) . (1.1.88)

Summarizing the last few lines, we have constructed a cyclic cohomomorphism
FδΨ such that

1
1 − Ψ − δΨ = FδΨ 1

1 − Ψ (1.1.89)
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holds for any degree-even Ψ, δΨ ∈ H. By virtue of the linearity properties
(1.1.84), as well as the property (1.1.85), it is straightforward to show that FΨ is
invertible and that it satisfies the properties

FΨ1+Ψ2 = FΨ1FΨ2 = FΨ2FΨ1 , (1.1.90a)
(FΨ)−1 = F−Ψ , (1.1.90b)

F0 = 1TH . (1.1.90c)

Considering the action (1.1.54) built upon a cyclic A∞ structure (H, {mk}k≥1, ω),
we may expand the dynamical string field Ψ about some element Ψ0 ∈ H by
writing Ψ = Ψ0 + Ψ′, so that we have

1
1 − Ψ′ = F−Ψ0

1
1 − Ψ . (1.1.91)

Denoting then

m′ ≡ F−Ψ0mFΨ0 (1.1.92)

and realizing that π1FΨ0(1TH) = Ψ0, we can use the result (1.1.82) to show that
action the S(Ψ) can be expanded around Ψ0 as

S(Ψ0 + Ψ′) = S ′(Ψ′) + S(Ψ0) , (1.1.93)

where the action S ′ is built using the products m′
k = π1m′πk. Note however that

while it is automatically true that (m′)2 = 0 given that m2 = 0 (as it is clear from
the form (1.1.92) and the properties (1.1.90)), it may be the case that m′ gives
rise only to a weak A∞ structure, namely we may have that m′

0 ≡ π1m′π0 ̸= 0.
We should therefore investigate under which circumstances we have m′

0 = 0. To
this end, expanding the cohomomorphism FΨ0 as well as the coderivation m, the
expression (1.1.92) can be recast as

m′ =
∞∑︂
k=1

∞∑︂
l=0

1
l! (−1)l(adcΨ0

0
)lmk . (1.1.94)

Realizing that acting l times with the commutator of the 0-product coderivation
cΨ0

0 on the k-product coderivation mk gives rise to a (k−l)-product coderivation4,
we therefore obtain that

m′
k =

∞∑︂
l=k

1
(l − k)!(−1)l−k(adcΨ0

0
)l−kml . (1.1.96)

But at the same time, it is easy to see that for any Ψ ∈ H, we can write

mk(Ψ⊗k) = 1
k! (−1)k(adcΨ

0
)kmk , (1.1.97)

4It also follows that

(adcΨ0
0

)lmk = 0 (1.1.95)

for l > k.
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so that the Maurer-Cartan equation (a.k.a. the equation of motion) can be equiv-
alently recast as

EOM(Ψ) =
∞∑︂
k=1

1
k! (−1)k(adcΨ

0
)kmk . (1.1.98)

Comparing (1.1.98) for Ψ = Ψ0 with the expression (1.1.96) for k = 0, we learn
that m′

0 is precisely the coderivation corresponding via (1.1.29) to the 0-string
product, which outputs EOM(Ψ) when it acts on no inputs. This allows us to
conclude that the shifted products

m′
k =

∞∑︂
l=k

1
(l − k)!(−1)l−k(ad

c
Ψ0
0

)l−kml (1.1.99)

give rise to a proper A∞ structure (that is, with m′
0 = 0) if and only if Ψ0 is a

Maurer-Cartan element.

1.1.2 L∞ algebras
Having reviewed the A∞ structures and the associated tensor coalgebra machinery
at some length in the previous subsection, we now very briefly turn to discuss
similar structures, which can be naturally formulated on symmetrized tensor
coalgebras.

Basic definitions

Given elements A1, . . . Ak ∈ H, we will denote their symmetrized tensor product
by

A1 ∧ . . . ∧ Ak =
∑︂
σ∈Sk

(−1)ϵ(σ)Aσ(1) ⊗ . . .⊗ Aσ(k) , (1.1.100)

where (−1)ϵ(σ) are the signs picked up by moving the entries past each other
in the manner prescribed by the permutation σ (here Sk denotes the symmetric
group on k elements). These states form the bases of the symmetrized spaces
H∧k, which can be combined into the symmetrized tensor product space

SH = H∧0 ⊕ H∧1 ⊕ H∧2 ⊕ . . . (1.1.101)

Let us now consider the graded-symmetric multi-linear products lk : H∧k −→ H.
Note that we will often simply write lk(A1 ∧ . . . ∧ Ak) = lk(A1, . . . , Ak). Given
now two such products ck : H∧k −→ H, dl : H∧l −→ H, let us define a new
product

ckdl : H∧k+l−1 −→ H (1.1.102)

by requiring

ckdl(A1, . . . , Ak+l−1) =
∑︂

σ∈Sk+l−1

(−1)ϵ(σ)

l!(k − 1)!×

× ck(dl(Aσ(1), . . . , Aσ(l)), Aσ(l+1), . . . , Aσ(k+l−1)) . (1.1.103)
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As in the non-symmetrized case, this can be rewritten more succinctly. First,
given any two multi-linear maps α : H∧k −→ H∧l, β : H∧m −→ H∧n, we can
define their wedge product

α ∧ β : H∧k+m −→ H∧l+n (1.1.104)
by writing

α ∧ β(A1, . . . , Ak+m) =
∑︂

σ∈Sk+m

(−1)ϵ(σ)

k!m! α(Aσ(1), . . . , Aσ(k))∧

∧ β(Aσ(k+1), . . . , Aσ(k+m)) . (1.1.105)
The definition (1.1.103) is then equivalent to writing

ckdl = ck(dl ∧ 1H∧k−1) , (1.1.106)
where

1H∧k = 1
k! (1H)∧k = (1H)⊗k (1.1.107)

is the identity operator on H∧k. We can also define the graded commutator of ck
and dl by writing

[ck, dl] = ckdl − (−1)d(ck)d(dl)dlck . (1.1.108)
Considering a vector space H equipped with a collection of graded-symmetric
degree-odd products lk, we will say that the pair (H, {lk}k≥1) forms an L∞ algebra
provided that we have

k∑︂
l=1

lllk+1−l = 1
2

k∑︂
l=1

[ll, lk+1−l] = 0 , (1.1.109)

for each k ≥ 1. In an analogy to the A∞ case, if the sequence {lk}k≥1 of products
truncates at some k = N < ∞, we will call the algebra LN . For instance, for
k = 1, 2, 3, . . ., these relations can be explicitly listed as

0 = l1(l1(A1)) , (1.1.110a)
0 = l1(l2(A1, A2)) + l2(l1(A1), A2) + (−1)d(A1)d(A2)l2(l1(A2), A1) , (1.1.110b)
0 = l1(l3(A1, A2, A3)) + l2(l2(A1, A2), A3)+

+ (−1)d(A1)(d(A2)+d(A3))l2(l2(A2, A3), A1)+
+ (−1)d(A3)(d(A1)+d(A2))l2(l2(A3, A1), A2)+

+ l3(l1(A1), A2, A3) + (−1)d(A1)l3(A1, l1(A2), A3)+
+ (−1)d(A1)+d(A2)l3(A1, A2, l1(A3)) , (1.1.110c)

...
for all A1, A2, A3, . . . ∈ H. Put in other words, the relation (1.1.110a) tells us
that the map l1 is nilpotent, the relation (1.1.110b) says that l1 is a derivation of
l2 while the relation (1.1.110c) says that the failure of l1 to be a derivation of l3 is
exactly compensated by the failure of l2 to satisfy the super-Jacobi identity. We
will further say that the products are cyclic with respect to a symplectic form ω
provided that we have

ω(A1, lk(A2, . . . , Ak+1)) = −(−1)d(A1)ω(lk(A1, . . . , Ak), Ak+1) . (1.1.111)
If this is satisfied, the triple (H, {lk}k≥1, ω) will then be called a cyclic L∞ algebra.
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Action functional and Maurer-Cartan equation

Similarly to the A∞ case, requiring the degree of the dynamical string field to be
even, the action of an L∞ SFT then takes the form

S(Ψ) =
∞∑︂
k=1

1
(k + 1)!ω(Ψ, lk(Ψ∧k)) . (1.1.112)

Alternatively, introducing an arbitrary smooth interpolation Ψ(t) for 0 ≤ t ≤ 1
with Ψ(0) = 0 and Ψ(1) = Ψ, the cyclic property of the products lk with respect
to ω allows us to rewrite (1.1.112) as

S(Ψ) =
∫︂ 1

0
dt

∞∑︂
k=1

1
k!ω(Ψ̇(t), lk(Ψ(t)∧k)) . (1.1.113)

Varying this action with respect to Ψ and using cyclicity of the products lk with
respect to ω, we obtain the equation of motion (Maurer-Cartan equation)

EOM(Ψ) ≡
∞∑︂
k=1

1
k! lk(Ψ

∧k) = 0 . (1.1.114)

Also note that the action (1.1.112) is invariant under the linearized gauge trans-
formation

δΛΨ =
∞∑︂
k=1

1
(k − 1)! lk(Λ ∧ Ψ∧k−1) , (1.1.115)

where Λ ∈ H is a degree-odd gauge parameter (the corresponding calculation is
very similar to what we did in (1.1.15)).

Symmetrized tensor coalgebras

As in the non-symmetric case considered in the previous subsection, we will now
explore the possibility of using tensor constructions to package various struc-
tures. We can introduce a coproduct on SH (recall (1.1.100) and (1.1.101) for
the definition of SH) as a linear map ∆ : SH −→ SH ⊗′ SH satisfying (see e.g.
[24, 97])

∆(A1 ∧ . . . ∧ Ak) =
∑︂
l1,l2

l1+l2=k

∑︂
σ∈Sl1+l2

(−1)ϵ(σ)

l1!l2!
(Aσ(1) ∧ . . . ∧ Aσ(l1))⊗′

⊗′ (Aσ(l1+1) ∧ . . . ∧ Aσ(l1+l2)) . (1.1.116)

Clearly one can replace the sum over σ ∈ Sl1+l2 in (1.1.116) with the sum over
all (l1, l2)-unshuffles so that there would be no need for the (l1!l2!)−1 prefactor
which is currently compensating for overcounting. It is easy to see that the
definition (1.1.116) can be induced from our previous definition (1.1.19) of the
coassociative coproduct on TH by using the correspondence (1.1.100). This, in
particular, means that the properties (1.1.21) and (1.1.23) continue to hold. For
any multi-linear symmetric k-string product ck : H∧k −→ H, let us define the
coderivations ck : SH −→ SH derived from ck by requiring that for N ≥ k, these
act on H∧N as

ck = ck ∧ 1H∧N−k (1.1.117)
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and that they vanish on H∧N for N < k. These may be straightforwardly shown
to satisfy the co-Leibniz rule with respect to the coproduct (1.1.116). In an
obvious way, we can also define the graded commutator [ck,dl] and we may show
it to agree with the coderivation derived (using the relation (1.1.117)) from the
commutator [ck, dl]. Defining a cohomomorphism F as a degree-even linear map
F : SH −→ SH′ satisfying the property ∆′F = (F ⊗′ F)∆ with respect to the
coproduct (1.1.116), we may alternatively express F as a collection of degree-even
multilinear maps (for each k ≥ 0) Fk : H∧k −→ H′ by writing, for each j, k ≥ 0

πjFπk =
∑︂

l1+...+lj=k

1
j!Fl1 ∧ . . . ∧ Flj . (1.1.118)

We will often find it convenient to work with (for a degree-even A ∈ H) a group-
like element

e∧A = 1TH + A+ 1
2!A ∧ A+ 1

3!A ∧ A ∧ A+ . . . (1.1.119)

Acting with the coproduct (1.1.116) and using the identity

1
k!∆(A∧k) =

∑︂
l1,l2

l1+l2=k

1
l1!l2!

A∧l1 ⊗′ A∧l2 , (1.1.120)

it is then easy to see that we indeed have the property

∆(e∧A) = e∧A ⊗′ e∧A . (1.1.121)

It therefore follows that cohomomorphisms map group-like elements to group-like
elements. In particular, we can write

F(e∧A) = e∧π1F(e∧A) . (1.1.122)

For any coderivation d, we also have

d(e∧A) = e∧A ∧ π1d(e∧A) . (1.1.123)

We also have direct analogues of the cyclicity properties (1.1.48) and (1.1.49).5

5A coderivation d : SH −→ SH is cyclic if the products dk = π1dπk satisfy

ω(A1, dk(A1, . . . , Ak+1)) = −(−1)d(dk)d(A1)ω(dk(A1, . . . , Ak), Ak+1) . (1.1.124)

A cohomomorphism F : SH −→ SH′ is cyclic if the degree-even products Fk = π1dπk satisfy

ω′(F1(A1), F1(A1)) = ω(A1, A2) (1.1.125)

and, for n > 2, ∑︂
k,l≥1

k+l=n

ω′(Fk(A1, . . . , Ak), Fl(Ak+1, . . . , Ak+l)) = 0 . (1.1.126)
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L∞ action revisited

We will now consider an L∞ structure (H, {lk}k≥1) and use (1.1.117) to define the
corresponding degree-odd coderivations lk, together with the total coderivation

l =
∞∑︂
k=1

lk . (1.1.127)

The L∞ relations can then be succinctly packaged as

l2 = 1
2[l, l] = 0 . (1.1.128)

Using the above-collected properties, it follows that the action (1.1.112) may be
rewritten in a more compact way as

S(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂t e

∧Ψ(t) ⊗ π1l e
∧Ψ(t) . (1.1.129)

Again, we should keep in mind that the construction of S(Ψ) ensures that it only
depends on the endpoint Ψ(1) = Ψ of the interpolation Ψ(t). We also note that
various considerations regarding L∞-morphisms and, in particular, expansions of
the action about shifted elements of H apply in a way which is precisely parallel
to the A∞ case (which was discussed towards the end of the previous subsection).
As a result, we find that L∞-morphisms preserve MC elements (solutions of the
equation of motion), that they relate the actions up to a constant shift and that
expanding an action about a shifted point Ψ0 ∈ H gives rise to a proper L∞
structure (without l0) if and only if Ψ0 solves the corresponding L∞ equation of
motion.

From A∞ to L∞

Finally, let us consider an A∞ algebra (H, {mk}k≥1) and define the graded-
symmetrized products

lk(A1, . . . , Ak) =
∑︂
σ∈Sk

(−1)ϵ(σ)mk(Aσ(1), . . . , Aσ(k)) , (1.1.130)

where (−1)ε(σ) is the obvious sign obtained by moving A1, . . . , Ak past each other.
In particular, we have

l1(A1) = m1(A1) , (1.1.131a)
l2(A1, A2) = m2(A1, A2) + (−1)d(A1)d(A2)m2(A2, A1) , (1.1.131b)

...

It is then straightforward to show that the products lk satisfy the relations of an
L∞ algebra. We therefore observe that given any A∞ algebra, one may always
construct an L∞ algebra by symmetrizing. In this sense, the notion of an A∞
algebra appears to be somewhat stronger than that of an L∞ algebra. Moreover,
given a symplectic form ω on H, such that the products mk are cyclic with respect
to ω, one can also show that the corresponding products lk are also cyclic with
respect to ω. Noting that we have

lk(A∧k) = k!mk(A⊗k) , (1.1.132)

these facts allow us to rewrite any A∞ SFT action in an L∞ form.
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1.2 Homological perturbation lemma
The goal of this section will be to attempt to review the homological perturbation
lemma in as simple terms as possible. In other words, we will only aim for a bare
minimum, which will enable us to understand how to make use of this powerful
concept in writing down compact expressions for tree-level effective SFT actions.
As we shall see in chapter 4, the main virtue of the lemma lies in its ability to
automatically provide the corresponding Feynman diagram expansions for the
effective action vertices: here the unwanted modes, which are singled out by a
projector 1 − P , are integrated out using a propagator which is identified with a
contracting homotopy h between P and 1H, so that h, P and the BRST operator
Q satisfy the Hodge-Kodaira decomposition hQ+Qh = P − 1H (as well as some
supplementary algebraic properties, the so-called annihilation conditions). For a
more mathematically minded exposition, the reader should consult [20, 24], as
well as [21, 33] where the applications in the BV formalism are detailed. See also
[22, 23, 25, 26] for recent applications of the lemma in string field theory. We will
begin by reviewing the nuts and bolts of the lemma in subsection 1.2.1. We will
then proceed in subsections 1.2.2 and 1.2.3 to discuss two useful extensions of the
basic paradigm, which will later turn out to arise when we describe integrating
out the Nakanishi-Lautrup field from kerL0 (subsection 4.2.1) and conjecture a
possible way of implementing closed-string marginal deformations at the level of
open string field theory action (subsection 4.2.2).

1.2.1 Basic setup
Here we will introduce the basic notions entering the statement of the lemma.
We will specialize on perturbing a particular type of homotopy equivalence data
(the strong deformation retract), which we will later recognize as naturally fitting
into the context of tree-level effective SFT actions.

Strong deformation retract

Consider two Z-graded vector spaces V and W together with maps π : V −→ W ,
ι : W −→ V . We will assume that the ι-image of W inside V is a retract of V ,
namely that

πι = 1W . (1.2.1)

Let us pause here for a while and think about some implications of this definition:
defining further the map p : V −→ V by p = ιπ, we learn that p2 = ιπιπ =
ι1Wπ = p, as well as pιW = ιπιW = ιW , so that p is a projector onto ιW ⊂ V
(that is ιW = pV ). Also, we can use the properties recorded so far to write
πV = πιπV = πpV = πιW = W , so that the map π is necessarily onto. For the
sake of completeness, we also record the relations pι = ιπι = ι1W = ι, as well as
πp = πιπ = 1Wπ = π.

We will further assume that the vector spaces V,W are equipped with degree-
odd nilpotent differentials dV : V −→ V , dW : W −→ W (that is (dV )2 = 0 and
(dW )2 = 0) such that we have the chain-map properties

dWπ = πdV , (1.2.2a)
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ιdW = dV ι , (1.2.2b)

together with π and ι being quasi-isomorphisms (meaning that they induce iso-
morphisms on the respective cohomologies). Note that given the retract property
(1.2.1), it is then possible to show that dW is the “pull-back” of dV on W , that is

πdV ι = dWπι = dW . (1.2.3)

We will also assume that we have a degree-odd map η : V −→ V (called the con-
tracting homotopy) which, together with dV , ι and π, satisfy the Hodge-Kodaira
decomposition

ιπ − 1V = dV η + ηdV . (1.2.4)

The map η is therefore a chain homotopy between 1V and ιπ = p. We will also
assume the annihilation conditions

η2 = ηι = πη = 0 (1.2.5)

(so that we also have pη = ηp = 0). Since the composition of maps on V forms a
(graded) associative algebra, the super-Jacobi identity can be used to show that
[p, dV ] = 0. This finally gives us the chain-map properties

Altogether, the structure just presented is usually schematized as

η (V, dV ) π

ι (W,dW ) (1.2.6)

and is called a strong deformation retract (SDR) or a contraction (sometimes
also called special deformation retract). This is the structure we will find most
relevant for our applications in computing tree-level effective actions in string
field theory. Note, however, that the homological perturbation lemma (which we
are about to state) can be similarly formulated for ordinary deformation retracts
(that is, without assuming the annihilation conditions η2 = ηι = πη = 0) or
the so-called standard situations (with general homotopy equivalence data, i.e.
only assuming the chain-map properties dWπ = πdV and ιdW = dV ι, as well as
the decomposition (1.2.4) and not assuming that πι = 1W ). In the simple DR
case, however, the property πι = 1W does not turn out to be preserved by the
perturbation: see [20] and below for more details. Finally, note that [20] gives a
method of dressing η, which can be used to turn any deformation retract into a
strong deformation retract.

Homological perturbation lemma: statement

Consider now a strong deformation retract of the form (1.2.6) and a perturbation
δV : V −→ V of the differential dV such that the perturbed map d̃V = dV + δV
satisfies (dV + δV )2 = 0. The homological perturbation lemma then states that
for every such perturbation (V, d̃V ) = (V, dV + δV ) of (V, dV ), we can define the
perturbed data

δW = πδV
1

1V − ηδV
ι , (1.2.7a)
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ι̃ = ι+ ηδV
1

1V − ηδV
ι , (1.2.7b)

π̃ = π + πδV
1

1V − ηδV
η , (1.2.7c)

η̃ = η + ηδV
1

1V − ηδV
η , (1.2.7d)

so that upon setting d̃W = dW + δW , we obtain a new SDR

η̃ (V, d̃V ) π̃

ι̃
(W, d̃W ) . (1.2.8)

Note that one can also show that the perturbed maps ι̃, π̃ are quasi-isomorphisms
(see [20] for a proof, which will not be presented here).

In subsequent chapters, we will see the details of how this lemma works in a
number of concrete physical examples. Altogether we can schematize the state-
ment of the lemma as

η (V, dV ) π

ι (W,dW )

δ V δ W

η̃ (V, d̃V ) π̃

ι̃
(W, d̃W )

(1.2.9)

with δW , ι̃, π̃, η̃ as in (1.2.7).

Homological perturbation lemma: proof

In order to prove the lemma, we will find it convenient to define

a = δV
1

1V − ηδV
, (1.2.10)

which allows us to write simply

δW = πaι , (1.2.11a)
ι̃ = ι+ ηaι , (1.2.11b)
π̃ = π + πaη , (1.2.11c)
η̃ = η + ηaη . (1.2.11d)

It is then easy to see that we have expressions

1V + ηa = 1
1V − ηδV

, (1.2.12a)

1V + aη = 1
1V − δV η

. (1.2.12b)

Let us first establish the identity

aιπa+ adV + dV a = 0 . (1.2.13)
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Indeed, substituting first the Hodge-Kodaira decomposition (1.2.4) for ιπ and
then using (1.2.12b), (1.2.12b), we obtain

aιπa+ adV + dV a = (1.2.14a)

= a(1V + ηdV + dV η)a+ adV + dV a (1.2.14b)

= aa+ adV (1V + ηa) + (1V + aη)dV a (1.2.14c)

= aa+ adV
1

1V − ηδV
+ 1

1V − δV η
dV a . (1.2.14d)

Introducing further manipulations, using the definition (1.2.10) and finally using
the fact that (dV )2 = 0, we find

aιπa+ adV + dV a = (1.2.15a)

= 1
1V − δV η

{︄
(1V − δV η)aa(1V − ηδV )+

+ (1V − δV η)adV + dV a(1V − ηδV )
}︄

1
1V − ηδV

(1.2.15b)

= 1
1V − δV η

{︄
(δV )2 + δV dV + dV δV

}︄
1

1V − ηδV
(1.2.15c)

= 1
1V − δV η

{︄
(δV )2 + δV dV + dV δV + (dV )2

}︄
1

1V − ηδV
(1.2.15d)

= 1
1V − δV η

(dV + δV )2 1
1V − ηδV

(1.2.15e)

= 0 , (1.2.15f)

where the last equality holds as per our assumption that (d̃V )2 = (dV + δV )2 = 0.
We can then use this result to show that

(dW + δW )2 = (dW + πaι)2 (1.2.16a)
= (dW )2 + dWπaι+ πaιdW + πaιπaι (1.2.16b)
= πdV aι+ πadV ι+ πaιπaι (1.2.16c)
= π(dV a+ adV + aιπa)ι (1.2.16d)
= 0 , (1.2.16e)

where in the third equality we have used the chain-map properties (1.2.2a) and
(1.2.2b). This shows that given the definitions (1.2.7), the perturbed differential
d̃W = dW + δW is indeed nilpotent. Substituting for the perturbed data from
(1.2.11) and using the chain-map property (1.2.2a), as well as the Hodge-Kodaira
decomposition (1.2.4), we also have

d̃W π̃ − π̃d̃V = (dW + πaι)(π + πaη) − (π + πaη)(dV + δV ) (1.2.17a)
= π(aιπa+ dV a+ adV )η+

− πδV + πa(1V − ηδV ) , (1.2.17b)
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so that substituting the definition (1.2.10) of a, as well as the identity (1.2.13),
gives the perturbed chain-map relation d̃W π̃ = π̃d̃V . Similarly, we have

ι̃d̃W − d̃V ι̃ = (ι+ ηaι)(dW + πaι) − (dV + δV )(ι+ ηaι) (1.2.18a)
= ιdW + ηaιdW + ιπaι+ ηaιπaι+

− dV ι− δV ι− dV ηaι− δV ηaι (1.2.18b)
= dV ι+ ηadV ι+ ιπaι+ ηaιπaι+

− dV ι− δV ι− (−ηdV + ιπ − 1V )aι− δV ηaι (1.2.18c)
= η(aιπa+ adV + dV a)ι+

+ aι− δV (1 + ηa)ι (1.2.18d)
= aι− aι (1.2.18e)
= 0 , (1.2.18f)

where in the third equality we have used the Hodge-Kodaira decomposition to-
gether with the chain-map property (1.2.2b), while in the fourth equality we have
made use of the identity (1.2.13), as well as of the definition (1.2.10). In order to
show that the perturbed Hodge-Kodaira decomposition holds, we first write

η̃d̃V + d̃V η̃ = (η + ηaη)(dV + δV ) + (dV + δV )(η + ηaη) (1.2.19a)
= ηdV + ηaηdV + ηδV + ηaηδV +

+ dV η + δV η + dV ηaη + δV ηaη (1.2.19b)
= (ηdV + dV η) + ηa(−dV η + ιπ − 1V ) + ηδV + ηaηδV +

+ δV η + (−ηdV + ιπ − 1V )aη + δV ηaη (1.2.19c)
= ιπ − 1V + η(−adV − dV a)η + ιπaη + ηaiπ+

+ δV η − aη + δV ηaη − ηa+ ηδV + ηaηδV (1.2.19d)

where we have used the unperturbed Hodge-Kodaira decomposition in the third
equality. Substituting now the identity (1.2.13) and using the definition (1.2.10)
we have

η̃d̃V + d̃V η̃ = ιπ − 1V + ηaιπaη + ιπaη + ηaιπ+
+ δV η − (1V − δV η)aη − ηa(1V − ηδV ) + ηδV (1.2.20a)

= (ι+ ηaι)(π + πaη) − 1V +
+ δV η − δV η − ηδV + ηδV (1.2.20b)

= ι̃π̃ − 1V , (1.2.20c)

where in the last line we have made use of the definition (1.2.11) of the perturbed
maps ι̃ and π̃. Notice that up to this point, we have only been using the homotopy-
equivalence properties of the unperturbed data in our proofs (that is, the chain-
map properties (1.2.2a), (1.2.2b), as well as the decomposition (1.2.4)). We can
therefore conclude that the perturbed data are again homotopy equivalence data,
even without assuming DR, or even full SDR properties of the unperturbed data.
On the other hand, note that we have

π̃ι̃ = π
1

1V − δV η

1
1V − ηδV

ι (1.2.21a)
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= πι (1.2.21b)

= 1W , (1.2.21c)

where the second line follows from the unperturbed annihilation conditions η2 =
πη = ηι = 0. Therefore, in order to show that the perturbed data are a de-
formation retract, we need to assume that the unperturbed data we start with
are a strong deformation retract. Finally, in order to establish the perturbed
annihilation conditions, we may write

η̃2 = (η + ηaη)2 (1.2.22a)
= (1V + ηa)ηη(1V + aη) (1.2.22b)
= 0 , (1.2.22c)

because η2 = 0, as well as

η̃ι̃ = (η + ηaη)(ι+ ηaι) (1.2.23a)
= (1V + ηa)η(ι+ ηaι) (1.2.23b)
= (1V + ηa)(ηι+ ηηaι) (1.2.23c)
= 0 , (1.2.23d)

because η2 = ηι = 0, together with

π̃η̃ = (π + πaη)(η + ηaη) (1.2.24a)
= (π + πaη)η(1V + aη) (1.2.24b)
= (πη + πaηη)(1V + aη) (1.2.24c)
= 0 , (1.2.24d)

because η2 = πη = 0. We also introduce the perturbed projector

p̃ = 1
1V − ηδV

p
1

1V − δV η
, (1.2.25)

so that the Hodge-Kodaira decomposition and the super-Jacobi identity together
imply [p̃, d̃V ] = 0. We therefore also have the property

π̃d̃V ι̃ = d̃W π̃ι̃ (1.2.26a)
= d̃W , (1.2.26b)

namely that d̃W may be thought of as the “pull-back” of d̃V by the perturbed
maps π̃, ι̃. That is, we may also write

d̃W = π
1

1V − δV η
(dV + δV ) 1

1V − ηδV
ι . (1.2.27)

Having verified all the properties which enter the definition of a strong deforma-
tion retract, we have therefore successfully verified the homological perturbation
lemma.

1.2.2 Horizontal composition
In this subsection we will show that applying homological perturbation lemma
commutes with what we call the “horizontal composition” of SDRs.
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Composing concatenated SDRs

In this respect, let us therefore consider the following “horizontal concatenation”
of SDRs

η1 (V, dV ) π1
ι1

η2 (W,dW ) π2
ι2

(U, dU) . (1.2.28)

We will also introduce the composite projection π12 : V −→ U and inclusion
ι12 : U −→ V such that

π12 = π2π1 , (1.2.29a)
ι12 = ι1ι2 . (1.2.29b)

Defining as usual the projectors p1 : V −→ V , p2 : W −→ W , as well as the map
p12 : V −→ V , such that we have

p1 = ι1π1 , (1.2.30a)
p2 = ι2π2 , (1.2.30b)
p12 = ι12π12 = ι1ι2π2π1 , (1.2.30c)

it is straightforward to show (using the fact that π1ι1 = 1W ) that we have p1p12 =
p12, as well as p12p1 = p12. It is also easy to recover the composite versions of
the chain-map relations π12dV = dUπ12, as well as dV ι12 = ι12dU , as well as the
retract relation π12ι12 = 1V . Moreover, using the chain-map and retract relations,
we can easily establish that while we clearly have dU = π2dW ι2 (so that dU is a
“pull-back” of dW via π2 and ι2), dU may be thought of also as a “pull-back” of
dV via the composite maps π12 and ι12, namely

π12dV ι12 = π2π1dV ι1ι2 (1.2.31a)
= π2dW ι2 (1.2.31b)
= dU . (1.2.31c)

Furthermore, let us check that if we define a map η12 : V −→ V such that

η12 ≡ η1 + ι1η2π1 , (1.2.32)

it satisfies the composite Hodge-Kodaira decomposition

dV η12 + η12dV = ι1ι2π2π1 − 1V . (1.2.33)

Indeed, we may write

dV η12 + η12dV = dV
(︂
η1 + ι1η2π1

)︂
+
(︂
η1 + ι1η2π1

)︂
dV (1.2.34a)

= dV η1 + η1dV + dV ι1η2π1 + ι1η2π1dV (1.2.34b)
= ι1π1 − 1V + ι1dWη2π1 + ι1η2dWπ1 (1.2.34c)
= ι1π1 − 1V + ι1(dWη2 + η2dW )π1 (1.2.34d)
= ι1π1 − 1V + ι1(ι2π2 − 1W )π1 (1.2.34e)
= ι1ι2π2π1 − 1V , (1.2.34f)
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where in the second equality we have used the Hodge-Kodaira decomposition
for η1 as well as the chain-map relations dV ι1 = ι1dW and π1dV = dWπ1, while
in the fourth equality we have used the Hodge-Kodaira decomposition for η2.
Substituting the corresponding definitions of the respective composite maps, we
may also write this as

dV η12 + η12dV = ι12π12 − 1V = p12 − 1V , (1.2.35)

so that in particular, it follows from the super-Jacobi identity that we have
[p12, dV ] = 0. Using the elementary annihilation conditions (η1)2 = (η2)2 =
π1η1 = η1ι1=0 together with π1ι1 = 1W , we may also write

(η12)2 = (η1 + ι1η2π1)2 (1.2.36a)
= (η1)2 + ι1η2π1η1 + η1ι1η2π1 + ι1η2π1ι1η2π1 (1.2.36b)
= ι1(η2)2π1 (1.2.36c)
= 0 , (1.2.36d)

together with

π12η12 = π2π1(η1 + ι1η2π1) (1.2.37a)
= π2π1η1 + π2π1ι1η2π1 (1.2.37b)
= π21Wη2π1 (1.2.37c)
= 0 , (1.2.37d)

where in the last line we have used that π2η2 = 0. Analogously, we also obtain
η12ι12 = 0. This establishes the composite annihilation conditions. Assembling
all the above results, we have therefore established the “horizontally composed”
SDR

η12 (V, dV ) π12
ι12

(U, dU) , (1.2.38)

which implements the proverbial “cutting out the middleman” (which takes on
the form of (W, dW )) by introducing the composite contracting homotopy η12.
Introducing the suggestive notation

η12 = η1 + ι1η2π1 ≡ η1◦η2 , (1.2.39)

we can therefore summarize our discussion by the following statement: provided
that we are indifferent to what happens with (W,dW ), then the horizontal con-
catenation of SDRs (1.2.28) can be replaced by a new SDR (their horizontal
composition)

(η1◦η2) (V, dV ) π2π1
ι1ι2

(U, dU) (1.2.40)

where η1 ◦ η2 was defined in (1.2.39).
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Perturbing concatenated SDRs

Let us now consider perturbing dV → d̃V = dV + δV in such a way that we have
(dV + δV )2 = 0. Applying the results of the homological perturbation lemma on
the first link of the concatenation (1.2.28), we can first establish the SDR

η̃1 (V, dV + δV ) π̃1

ι̃1
(W,dW + δW ) , (1.2.41)

where the perturbed data satisfy the relations

δW = π1δV
1

1V − η1δV
ι1 , (1.2.42a)

η̃1 = 1
1V − η1δV

η1 , (1.2.42b)

ι̃1 = 1
1V − η1δV

ι1 , (1.2.42c)

π̃1 = π1
1

1V − δV η1
. (1.2.42d)

We may now take the perturbation dW → d̃W = dW + δW as an input for an-
other instance of the homological perturbation lemma, this time establishing the
perturbed SDR

η̃2 (W,dW + δW ) π̃2

ι̃2
(U, dU + δU) , (1.2.43)

where we explicitly have

δU = π2δW
1

1W − η2δW
ι2 , (1.2.44a)

η̃2 = 1
1W − η2δW

η2 , (1.2.44b)

ι̃2 = 1
1W − η2δW

ι2 , (1.2.44c)

π̃2 = π2
1

1W − δWη2
. (1.2.44d)

Summarizing the last two steps, we have used the homological perturbation
lemma twice to establish the horizontal concatenation of perturbed SDRs

η̃1 (V, dV + δV ) π̃1

ι̃1
η̃2 (W,dW + δW ) π̃2

ι̃2
(U, dU + δU) . (1.2.45)

Using the outcome of our discussion from the beginning of this subsection, we
find that (1.2.45) can be replaced by the composite SDR

(η̃1 ◦̃ η̃2) (V, dV + δV ) π̃2π̃1

ι̃1 ι̃2
(U, dU + δU) , (1.2.46)
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where we write

η̃1 ◦̃ η̃2 = η̃1 + ι̃1η̃2π̃1 . (1.2.47)

At this point, however, we note that we may have instead first horizontally com-
posed the he unperturbed horizontal concatenation (1.2.28) and then applied ho-
mological perturbation lemma on the horizontally composed SDR (1.2.40). This
would give us the SDR

η̃12 (V, dV + δV ) π̃12

ι̃12
(U, dU + δ′

U) , (1.2.48)

where

δ′
U = π12δV

1
1V − η12δV

ι12 , (1.2.49a)

η̃12 = 1
1V − η12δV

η12 , (1.2.49b)

ι̃12 = 1
1V − η12δV

ι12 , (1.2.49c)

π̃12 = π12
1

1V − δV η12
. (1.2.49d)

We will now show that

δ′
U = δU , (1.2.50a)

η̃12 = η̃1 ◦̃ η̃2 , (1.2.50b)
ι̃12 = ι̃1ι̃2 , (1.2.50c)
π̃12 = π̃2π̃1 , (1.2.50d)

namely that the SDRs (1.2.46) and (1.2.48) are equivalent. Put in other words,
it does not matter if we first perturb and then horizontally compose or do it
vice versa: we always end up with the same SDR. We can therefore say that the
structure

η1 (V, dV ) π1
ι1

η2 (W,dW ) π2
ι2

(U, dU)

δ V δ W δ U

η̃1 (V, d̃V ) π̃1

ι̃1
η̃2 (W, d̃W ) π̃2

ι̃2
(U, d̃U)

(1.2.51)

can be replaced (provided that we are not interested in W ) by

(η1◦η2) (V, dV ) π2π1
ι1ι2

(U, dU)

δ V δ U

(η̃1 ◦̃η̃2) (V, d̃V ) π̃2π̃1

ι̃1 ι̃2
(U, d̃U)

(1.2.52)
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without actually having to specify the order in which we have performed the hor-
izontal composition and homological perturbation. Indeed, taking the expression
(1.2.44) for δU and substituting from (1.2.42) for δW , we obtain

δU = π2δW
1

1W − η2δW
ι2 (1.2.53a)

= π2π1δV
1

1V − η1δV
ι1

1
1W − η2π1δV

1
1V −η1δV

ι1
ι2 (1.2.53b)

= π2π1δV
1

1V − η1δV
ι1

1
1W − π1ι1η2π1δV

1
1V −η1δV

ι1
ι2 (1.2.53c)

= π2π1δV
1

1V − η1δV
ι1π1

1
1V − ι1η2π1δV

1
1V −η1δV

ι1ι2 (1.2.53d)

= π2π1δV
1

1V − η1δV
p1

1
1V − ι1η2π1δV

1
1V −η1δV

ι1ι2 , (1.2.53e)

where in the third inequality, we have conveniently inserted 1W = π1ι1, while in
the fourth inequality, we have used a power series expansion. Hence, noting that
p1ι1 = ι1π1ι1 = ι11V = ι1, we can again use the power series expansion to write

δU = π2π1δV
1

1V − η1δV

1
1V − ι1η2π1δV

1
1V −η1δV

ι1ι2 (1.2.54a)

= π2π1δV
1(︂

1V − ι1η2π1δV
1

1V −η1δV

)︂(︂
1V − η1δV

)︂ι1ι2 (1.2.54b)

= π2π1δV
1

1V − η1δV − ι1η2π1δV
ι1ι2 (1.2.54c)

= π12δV
1

1V − η12δV
ι12 (1.2.54d)

= δ′
U , (1.2.54e)

where in the second equality, an identity of the type (AB)−1 = B−1A−1 was used,
while in the third equality we have recovered the definition of η12. Furthermore,
taking the expressions (1.2.42) for η̃1, ι̃1, π̃1, as well as the expression (1.2.44) for
η̃2 (where, inside η̃2, we also substitute for δW using (1.2.42)), we can write

η̃1 + ι̃1η̃2π̃1 = 1
1V − η1δV

η1+

+ 1
1V − η1δV

ι1
1

1W − η2π1δV
1

1V −η1δV
ι1
η2π1

1
1V − δV η1

. (1.2.55)

Using analogous manipulations as in the case of δU previously, this can be brought
into the form

η̃1 + ι̃1η̃2π̃1 = 1
1V − η1δV

η1+

+ 1
1V − η1δV − ι1η2π1δV

ι1η2π1

(︄
1V + 1

1V − δV η1
δV η1

)︄
. (1.2.56)
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A number of additional purely algebraic manipulations are then required to
rewrite this as

η̃1 + ι̃1η̃2π̃1 =
(︄

1V + 1
1V − η12δV

ι1η2π1δV

)︄
1

1V − η1δV
η1+

+ 1
1V − η12δV

ι1η2π1 . (1.2.57)

Substituting then ι1η2π1 = η12 − η1, we eventually obtain

η̃1 + ι̃1η̃2π̃1 =
(︄

1
1V − η12δV

− 1
1V − η12δV

η1δV

)︄
1

1V − η1δV
η1+

+ 1
1V − η12δV

ι1η2π1 (1.2.58a)

= 1
1V − η12δV

(︂
1V − η1δV

)︂ 1
1V − η1δV

η1 + 1
1V − η12δV

ι1η2π1

(1.2.58b)

= 1
1V − η12δV

η1 + 1
1V − η12δV

ι1η2π1 (1.2.58c)

= 1
1V − η12δV

η12 (1.2.58d)

= η̃12 . (1.2.58e)

Finally, the relations (1.2.50c) and (1.2.50d) follow by performing steps, which
are completely analogous to those which we have employed above to show that
δU = δ′

U . This therefore concludes the proof of the equivalence (1.2.50).

1.2.3 Vertical composition
In this subsection we will consider composing two consecutive applications of the
homological perturbation lemma in the “vertical” direction. That is to say that
we will consider two consecutive perturbations of the differential.6 In particu-
lar, we will show that applying consecutively two instances of the homological
perturbation lemma, with some specified perturbations (δV )1 and (δV )2 of the
differential dV , yields the same result as applying the lemma only once with the
composite perturbation (δV )1 + (δV )2.

Consecutive perturbations

Let us consider two consecutive perturbations of dV ≡ (dV )0 by (δV )1 and (δV )2,
where

(dV )0 −→ (dV )1 = (dV )0 + (δV )1 , (1.2.59a)
(dV )1 −→ (dV )2 = (dV )1 + (δV )2 , (1.2.59b)

which are performed in such a way that we have

0 = ((dV )0 + (δV )1)2 , (1.2.60a)
6We thank Lada Peksová for a discussion on this topic.
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0 = ((dV )1 + (δV )2)2 . (1.2.60b)

We then start with an SDR

η0 (V, (dV )0)
π0
ι0

(W, (dW )0) (1.2.61)

and perturb first (dV )0 by (δV )1 to obtain an SDR

η1 (V, (dV )0 + (δV )1)
π1
ι1

(W, (dW )0 + (δW )1) , (1.2.62)

where the homological perturbation lemma gives us the following prescription for
the perturbed data

(δW )1 = π0(δV )1
1

1V − η0(δV )1
ι0 , (1.2.63a)

η1 = 1
1V − η0(δV )1

η0 , (1.2.63b)

ι1 = 1
1V − η0(δV )1

ι0 , (1.2.63c)

π1 = π0
1

1V − (δV )1η0
. (1.2.63d)

Subsequently we perturb the differential (dV )1 = (dV )0 + (δV )1 by (δV )2 in order
to obtain a yet another SDR

η2 (V, (dV )1 + (δV )2)
π2
ι2

(W, (dW )1 + (δW )2) , (1.2.64)

where, as a consequence of the homological perturbation lemma, we have

(δW )2 = π1(δV )2
1

1V − η1(δV )2
ι1 , (1.2.65a)

η2 = 1
1V − η1(δV )2

η1 , (1.2.65b)

ι2 = 1
1V − η1(δV )2

ι1 , (1.2.65c)

π2 = π1
1

1V − (δV )2η1
. (1.2.65d)

Composing the perturbations

Our aim in this subsection will be to show that the just outlined procedure of
applying the homological perturbation lemma twice produces the same resulting
SDR as if we perturbed the differential (dV )0 in the original SDR (1.2.61) directly
by (δV )1 + (δV )2 so as to obtain

η′
2 (V, (dV )0 + (δV )1 + (δV )2)

π′
2

ι′2
(W, (dW )0 + (δW )12) , (1.2.66)
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where

(δW )12 = π0
(︂
(δV )1 + (δV )2

)︂ 1
1V − η0

(︂
(δV )1 + (δV )2

)︂ι0 , (1.2.67a)

η′
2 = 1

1V − η0
(︂
(δV )1 + (δV )2

)︂η0 , (1.2.67b)

ι′2 = 1
1V − η0

(︂
(δV )1 + (δV )2

)︂ι0 , (1.2.67c)

π′
2 = π0

1
1V −

(︂
(δV )1 + (δV )2

)︂
η0
. (1.2.67d)

Rephrasing what we just wrote, we are going to show that

(δW )12 = (δW )1 + (δW )2 , (1.2.68a)
η′

2 = η2 , (1.2.68b)
ι′2 = ι2 , (1.2.68c)
π′

2 = π2 . (1.2.68d)

Put in yet another words, we will show that, provided that we are not interested
in the intermediate step (dV )0 −→ (dV )0 + (δV )1, then the structure

η0 (V, (dV )0)
π0
ι0

(W, (dW )0)

(δ
V

) 1

(δ
W

) 1

η1 (V, (d̃V )1)
π1
ι1

(W, (d̃W )1)

(δ
V

) 2

(δ
W

) 2

η2 (V, (d̃V )2)
π2
ι2

(W, (d̃W )2)

(1.2.69)

can be replaced by the structure

η0 (V, (dV )0)
π0
ι0

(W, (dW )0)

(δ
V

) 1
+

(δ
V

) 2

(δ
W

) 1
+

(δ
W

) 2

η2 (V, (d̃V )2)
π2
ι2

(W, (d̃W )2)

(1.2.70)

Indeed, remembering that (AB)−1 = B−1A−1, we can start with the expression
(1.2.67d) for π′

2 and write

π′
2 = π0

1
1V − (δV )1η0 − (δV )2η0

(1.2.71a)
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= π0
1(︂

1V − (δV )2η0
1

1V −(δV )1η0

)︂
(1V − (δV )1η0)

(1.2.71b)

= π0
1

1V − (δV )1η0

1
1V − (δV )2

1
1V −η0(δV )1

η0
(1.2.71c)

= π1
1

1V − (δV )2η1
(1.2.71d)

= π2 , (1.2.71e)

where in the third equality we have recognized the expressions (1.2.63b) and
(1.2.63d) for η1 and π1, while in the fourth equality, we have finally recognized
the expression (1.2.65d) for π2. The results (1.2.68b) and (1.2.68c) then follow
by performing completely analogous steps. Finally, starting with the expression
(1.2.67a), we can first perform some straightforward manipulations to obtain

(δW )12 = π0
(︂
(δV )1 + (δV )2

)︂ 1
1V − 1

1V −η0(δV )1
η0(δV )2

1
1V − η0(δV )1

ι0 . (1.2.72)

Next, isolating the term starting with π0(δV )1 and substituting for π0 in terms of
π1 into the remaining term, we eventually obtain

(δW )12 = π1(δV )2
1

1V − η1(δV )2
ι1+

− π0
1

1V − (δV )1η0
(δV )1η0(δV )2×

× 1
1V − 1

1V −η0(δV )1
η0(δV )2

1
1V − η0(δV )1

ι0+

+ π0(δV )1
1

1V − 1
1V −η0(δV )1

η0(δV )2

1
1V − η0(δV )1

ι0 . (1.2.73)

Noting that since the prefactor-part of the second term now may be rewritten as

−π0
1

1V − (δV )1η0
(δV )1η0(δV )2 = −π0(δV )1

1
1V − η0(δV )1

η0(δV )2 (1.2.74)

it can be straightforwardly combined with the last term to yield

(δW )12 = π1(δV )2
1

1V − η1(δV )2
ι1+

+ π0(δV )1

(︄
1V − 1

1V − η0(δV )1
η0(δV )2

)︄
×

× 1
1V − 1

1V −η0(δV )1
η0(δV )2

1
1V − η0(δV )1

ι0 (1.2.75a)

= π1(δV )2
1

1V − η1(δV )2
ι1 + π0(δV )1

1
1V − η0(δV )1

ι0 (1.2.75b)

= (δW )1 + (δW )2 . (1.2.75c)

This concludes the proof of the claim that consecutive application of the homo-
logical perturbation lemma for some perturbations (δV )1 and (δV )2 gives the same
SDR as applying the lemma for the combined perturbation (δV )1 + (δV )2.

Finally, we note in passing that horizontal and vertical compositions commute.
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2. String field theory
It will be the subject of this chapter to present an overview of the basics of var-
ious tree-level string field theories. These are classical field theories providing
off-shell formulation for the corresponding string theories such that on-shell they
reproduce the correct perturbative tree-level string S-matrix via their (tree-level)
Feynman diagram expansion. Besides providing a complete and consistent frame-
work for string perturbation theory (this point has recently been emphasized in
the work of Ashoke Sen and collaborators [34, 35, 36, 37, 38, 39]), string field
theory allows for investigating the landscape of non-perturbative string theory
vacua via looking for the solutions of its classical equation of motion. In the case
of open string field theories [15, 40, 41, 42], the formulation of which requires us to
specify both a compactification and a D-brane, the classical solutions have been
conjectured by Ashoke Sen [43, 44] to generally describe other D-branes consistent
with the given compactification (including the state with no D-branes, containing
pure closed string vacuum). This has since been verified in numerous works using
both analytic and numerical methods [45, 46, 47, 48, 49, 50, 51, 52]. Realizing
that, as long as the central charge adds up to the critical value as appropriate
for given open string theory (26 for the bosonic string and 15 for superstring),
we can choose to include virtually any CFT factor into our compactification, it
is, in this way, possible to use string field theory to study the spectrum of con-
formally consistent boundary conditions in any CFT of interest [53, 54]. On the
other hand, due to various technical difficulties, similar investigations of classical
solutions in both heterotic [16, 55, 56] and closed [9, 16] string field theory have
been (comparably) very scarce [57, 58, 59, 60, 61].

The style and depth of our presentation in this chapter will be motivated
predominantly by our desire to mainly introduce the concepts which are necessary
(and hopefully sufficient) for understanding the following chapters of this thesis.
In section 2.1 we will review the construction of several open string field theories
(for both bosonic string and superstring), while in section 2.2 we will outline
two formulations of the heterotic string field theory. Having in mind both the
results we want to present later in this thesis, as well as space limitations, we will
generally restrict ourselves to describing superstring field theories purely in the
Neveu-Schwarz sector. See [62, 63, 64, 65] for the inclusion of Ramond sector in
both open and heterotic SFTs. Unless we indicate otherwise by giving explicit
references, the information which we outline in this chapter can be found in the
standard books and reviews of the subject which include [66, 67, 68, 69, 70, 71,
72, 73], as well as the upcoming book [74].

2.1 Open string field theory
In this section we will focus on the construction of tree-level open string field
theories. We will begin in subsection 2.1.1 by reviewing the basics of Witten’s
cubic open bosonic string field theory [40], whose formalism provides the basis
for all remaining string field theories which we will encounter in this thesis. In
subsection 2.1.2 we will first give some general information about the Hilbert
spaces of open superstrings, after which we will review in quite some detail the
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construction of the (small Hilbert space) Munich A∞ open superstring field the-
ory [15]. This was originally devised to provide a resolution of the singularity
appearing in the cubic vertex of Witten’s open superstring field theory [41] due
to the midpoint insertion of picture changing operator. Finally, in subsection
2.1.3 we will outline the (large Hilbert space) WZW-like open superstring field
theory of Berkovits [42] and review its relation to the Munich open SFT.

2.1.1 Open bosonic string field theory
Let us simply start by writing down the action of the Witten’s cubic open bosonic
string field theory [40, 75, 76, 77, 78]

S(Ψ) = − 1
g2

o

[︄
1
2⟨Ψ, QΨ⟩ + 1

3⟨Ψ,Ψ ∗ Ψ⟩
]︄
, (2.1.1)

where for the sake of simplicity, the open string coupling go will be from now on
set to 1. We shall spend the rest of this subsection by describing the meaning
and properties of the individual objects entering S(Ψ).

String field

We will begin with Ψ ∈ H, which denotes the dynamical string field. Here H ≡
HBCFT is the Hilbert space of states of some boundary conformal field theory1,
which takes the form of a direct product of some matter boundary conformal
field theory BCFTm (for some fixed bulk CFTm and some consistent conformal
boundary condition) with central charge cm = +26 with the (b, c)-ghost boundary
conformal field theory BCFTbc with central charge cbc = −26. In other words,
we have

BCFT = BCFTm ⊗ BCFTbc , (2.1.2)

so that the total central charge c = cm + cbc vanishes. Fixing the bulk matter
CFT amounts to choosing a closed string background (compactification) while the
choice of a consistent boundary condition reflects the nature of the open string
background we are considering (that is, we pick some D-brane system which is
compatible with the given compactification). Note that by virtue of the state-
operator correspondence of CFTs, we will be using the descriptors ‘field’ and
‘state’ interchangeably, mostly referring to |Ψ⟩ = Ψ(0)|0⟩ as a state (where Ψ(0)
is a field inserted at the origin of the upper half plane). Denoting by |0⟩ the
SL(2,R) vacuum, the states of the ghost BCFT can be created by acting with
the fermionic oscillators bm, cn with m ≤ −2 and n ≤ 1 (corresponding to the
fact that b has conformal dimension +2 while c has conformal dimension −1),
which satisfy the graded algebra

[bm, cn] = δm+n , (2.1.3a)
[bm, bn] = 0 , (2.1.3b)
[cm, cn] = 0 . (2.1.3c)

1See [79] for an exhaustive introduction into boundary conformal field theories and the
boundary state approach to D-branes, as well as [80, 81, 82] for very useful reviews.
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We will also take #gh(·), or simply |·|, to denote the ghost number, where b ghosts
contribute #gh(b) = −1 while the c ghosts contribute #gh(c) = +1. Importantly,
the dynamical string field then belongs to the subspace of H which has ghost
number +1. Throughout the whole thesis, all operator commutators will be
graded with respect to the ghost number, namely

[x, y] = xy − (−1)|x||y|yx . (2.1.4)

Also note that in the cases where the boundary conditions are not elementary
(that is, if the corresponding boundary state ∥B⟩⟩ is a sum of N elementary
boundary states ∥Bm⟩⟩ where m = 1, . . . , N), the string field Ψmn carries Chan-
Paton indices m,n = 1, . . . , N . The diagonal elements Ψmm then span the
boundary fields corresponding to the boundary condition Bm (thus describing
excitations of open strings which begin and and on the same D-brane) while the
off-diagonal components Ψmn for m ̸= n span the boundary condition changing
operators (BCCOs) interpolating between the boundary conditions Bm and Bn

(which give excitations of the strings which stretch between the two different
D-branes).

BRST charge

Denoting by T = Tm + T gh the total stress-energy tensor (where Ln will denote
its Laurent modes), the BRST charge Q is a ghost-number +1 operator defined
as

Q =
∮︂ dz

2πi
(︂
cTm + bc∂c

)︂
(z) . (2.1.5)

Since the total central charge vanishes, we have Q2 = 0. The anti-commutator
of Q with bn gives the modes of the total stress-energy tensor [Q, bn] = Ln, so
that applying the Jacobi identity gives [Q,Ln] = 0. The BRST charge satisfies a
useful decomposition

Q = c0L0 + b0M
+ + ˆ︁Q , (2.1.6)

where we have introduced zero-mode-free operator

ˆ︁Q =
∑︂
n̸=0

c−nL
m
n − 1

2
∑︂

m,n ̸=0
m+n̸=0

(m− n) : c−mc−nbm+n : , (2.1.7)

as well as M+, where the generators

M+ = −
∑︂
n>0

2nc−ncn , (2.1.8a)

M− = −
∑︂
n>0

1
2nb−nbn , (2.1.8b)

Mz = 1
2
∑︂
m>0

(c−mbm − b−mcm) , (2.1.8c)

satisfy the SU(1, 1) algebra

[M+,M−] = 2Mz , (2.1.9a)
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[Mz,M
+] = +M+ , (2.1.9b)

[Mz,M
−] = −M− . (2.1.9c)

We note that Mz = (1/2)N̂gh, where the operator N̂gh measures the ghost number
which is due to non-zero oscillator modes. The operator

Ngh = N̂gh + c0b0 (2.1.10)

then measures the total ghost number of any state in H. The corresponding
current clearly reads jgh = − :bc :.

Star product and BPZ product

In order to finish the construction of the OSFT action, we need two more ingre-
dients: the BPZ inner product ⟨·, ·⟩ : H⊗2 −→ C, as well as the Witten’s star
product ∗ : H⊗2 −→ H. Starting with the BPZ product, this is simply given by
the UHP correlator

⟨Ψ1,Ψ2⟩ = ⟨I ◦ Ψ1(0)Ψ2(0)⟩UHP , (2.1.11)

for any Ψ1,Ψ2 ∈ H, where the map I(z) is the BPZ inversion I(z) = −1/z.
Witten’s star product is then defined by requiring that for any three states
Ψ1,Ψ2,Ψ3 ∈ H we have

⟨Ψ1,Ψ2 ∗ Ψ3⟩ = ⟨f1 ◦ Ψ1(0)f2 ◦ Ψ2(0)f3 ◦ Ψ3(0)⟩UHP , (2.1.12)

where we have introduced the maps fk(z) = h−1 ◦ gk(z) for k = 1, 2, 3 with

gk(z) = e
2πi

3 (k−1)
(︃1 + iz

1 − iz

)︃ 2
3
, (2.1.13)

as well as h(z) = (1 + iz)/(1 − iz). The total ghost number in any correlator
needs to be saturated to +3, as it is made manifest by the three-point function

⟨c(z1)c(z2)c(z3)⟩ = z12z13z23 (2.1.14)

(where zij is a shortcut for zi − zj). We therefore learn that ⟨Ψ1,Ψ2⟩ = 0 unless
we have |Ψ1| + |Ψ2| = 3. In particular, this means that, in general, the OSFT
action indeed does not identically vanish because we have |Ψ| = |Q| = +1 for
Ψ being the dynamical string field. Also, in the cases where the string field
carries Chan-Paton indices, the star product needs to be accompanied by matrix
multiplication while the BPZ inner product needs to be followed by matrix trace.
Finally, we point out that the BPZ product is often conveniently expressed as

⟨Ψ1,Ψ2⟩ = Tr[Ψ1 ∗ Ψ2] , (2.1.15)

where the operation Tr[·] (called the Witten trace) satisfies the usual algebraic
properties of a matrix trace when the star product is thought of as a matrix
product.
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Algebraic properties

Using these definitions, it is possible to establish the following properties

⟨Ψ1,Ψ2⟩ = (−1)|Ψ1||Ψ2|⟨Ψ2,Ψ1⟩ , (2.1.16a)
⟨Ψ1, QΨ2⟩ = −(−1)|Ψ1|⟨QΨ1,Ψ2⟩ , (2.1.16b)

⟨Ψ1,Ψ2 ∗ Ψ3⟩ = ⟨Ψ1 ∗ Ψ2,Ψ3⟩ , (2.1.16c)

as well as

0 = Q2 , (2.1.17a)
0 = Q(Ψ1 ∗ Ψ2) − (QΨ1) ∗ Ψ2 − (−1)|Ψ1|Ψ1 ∗ (QΨ2) , (2.1.17b)
0 = Ψ1 ∗ (Ψ2 ∗ Ψ3) − (Ψ1 ∗ Ψ2) ∗ Ψ3 . (2.1.17c)

Note that (2.1.16b) says that Q is a BPZ-odd operator, while the properties
(2.1.16a) together with (2.1.16c) yield the cyclic property

⟨Ψ1,Ψ2 ∗ Ψ3⟩ = (−1)|Ψ3|(|Ψ1|+|Ψ2|)⟨Ψ3,Ψ1 ∗ Ψ2⟩ (2.1.18a)
= (−1)|Ψ1|(|Ψ2|+|Ψ3|)⟨Ψ2,Ψ3 ∗ Ψ1⟩ . (2.1.18b)

Also, the properties (2.1.17a), (2.1.17b) tell us that Q is a nilpotent star-algebra
derivation, while the property (2.1.17c) says that the star product is associative.
Also, for any Ψ1,Ψ2 ∈ H, we will denote by [Ψ1,Ψ2] the star algebra commutator

[Ψ1,Ψ2] ≡ Ψ1 ∗ Ψ2 − (−1)|Ψ1||Ψ2|Ψ2 ∗ Ψ1 , (2.1.19)

which then satisfies the following algebraic properties

0 = [Ψ1,Ψ2] + (−1)|Ψ1||Ψ2|[Ψ2,Ψ1] , (2.1.20a)
0 = Q[Ψ1,Ψ2] − [QΨ1,Ψ2] − (−1)|Ψ1|[Ψ1, QΨ2] , (2.1.20b)
0 = (−1)|Ψ1||Ψ3|[Ψ1, [Ψ2,Ψ3]] + (−1)|Ψ1||Ψ2|[Ψ2, [Ψ3,Ψ1]]+

+ (−1)|Ψ2||Ψ3|[Ψ3, [Ψ1,Ψ2]] , (2.1.20c)

where the super-Jacobi identity (2.1.20c) is simply the consequence of associa-
tivity of the star product. Altogether we can conclude that (H, {Q, ∗}) has the
structure of a differential graded algebra.

Computing the star product

Note that it is possible to write down an explicit formula for the star product in
terms of an OPE, namely

|Ψ1⟩ ∗ |Ψ2⟩ = U∗
3 G1◦Ψ1(0)G2◦Ψ2(0)|0⟩ , (2.1.21)

where we have defined maps

G1(x) = cot
(︃2

3

(︃
+π2 − arctan x

)︃)︃
, (2.1.22a)

G2(z) = cot
(︃2

3

(︃
−π

2 − arctan x
)︃)︃

. (2.1.22b)
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The operators Ur implement the finite conformal transformations

Fr(z) = tan
(︃2
r

arctan z
)︃

(2.1.23)

on the fields (here the asterisk ∗ in the superscript of Ur denotes the BPZ con-
jugation). The operators U∗

r therefore create wedge states |r⟩ with angle 2π/r
(that is U∗

r |0⟩ ≡ |r⟩) which satisfy the algebra

|r⟩ ∗ |s⟩ = |r + s− 1⟩ . (2.1.24)

The state |1⟩ can be identified with the identity of the star algebra, while the
state |∞⟩ (called the sliver) is clearly a star-algebra projector. The operators Ur
and U∗

r are composed of purely non-negative and non-positive modes Ln of the
total stress energy tensor T , respectively, and satisfy the useful relations

UrUs = U rs
2
, (2.1.25a)

U2 = 1 , (2.1.25b)
UrU

∗
s = U∗

2+ 2
r

(s−2)U2+ 2
s

(r−2) . (2.1.25c)

Provided that the states Ψ1 and Ψ2 are primary with conformal weights h1 and
h2, the expression (2.1.21) can be rewritten as

|Ψ1⟩ ∗ |Ψ2⟩ =
(︃8

9

)︃h1+h2

U∗
3 Ψ1(+ 1√

3)Ψ2(− 1√
3)|0⟩ . (2.1.26)

See [83] for a useful review containing more details.

Equation of motion and classical solutions

Varying the action (2.1.1) and using the properties (2.1.16), (2.1.17), it is easy to
find the equation of motion

EOM(Ψ) = QΨ + Ψ ∗ Ψ . (2.1.27)

One can also verify that the action is invariant under the gauge transformation

δΛΨ = QΛ − Λ ∗ Ψ + Ψ ∗ Λ , (2.1.28)

where Λ ∈ H has ghost number 0. Note that turning off the interactions (i.e.
considering a free theory), the solutions to the (linearized) equation of motion
satisfyQΨ = 0 modulo the gauge transformation Ψ → Ψ+QΛ. Classical solutions
of the free theory are therefore precisely the elements of BRST cohomology at
ghost number +1, that is, the physical (on-shell) states of the theory for the given
background.

In the fully-interacting (non-linear) case, the solutions Ψ∗ of EOM(Ψ) turn
out to be in one-to-one correspondence with other consistent open string back-
grounds for the given (fixed) closed string background [43, 44]. In other words,
classical solutions of open string field theory determine conformally consistent
boundary states (D-branes). Identifying these boundary states is then enabled
by computing suitable gauge invariant quantities in OSFT, discussion of which
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will be the subject of chapter 3. One such quantity is in fact already known
to us, namely the action: it turns out that S(Ψ∗) measures the difference be-
tween the g-function2 of the boundary condition corresponding to the perturba-
tive OSFT vacuum, and the g-function of the boundary condition corresponding
to a classical solution Ψ∗. Strategies for constructing classical solutions can be
generally divided into numerical approaches (represented predominantly by the
level truncation technique [45, 86, 87]; see [88] for a review) and analytical ap-
proaches (whose popularity surged in mid 2000s after the breakthrough of [49];
see [71, 73] for reviews). Depending on the open string background which we
use to formulate our OSFT, there may be classical solutions corresponding to
marginal deformations [50, 89] (which are continuously connected to the pertur-
bative vacuum and have the same energy as the initial D-brane system), relevant
deformations [47, 90] (so called lump solutions, which have energies lower than
that of the original D-brane), as well as solutions which have larger energies than
the original D-brane system (see [53, 91], as well as [92] for a recent numerical
evidence for the double-brane solution). In general, it was found [51, 52, 93] that
any conformally consistent boundary condition (D-brane) may be realized as a
classical solution of OSFT formulated on any other D-brane for the given bulk
CFT, thus providing a simple and elegant proof of background independence of
OSFT. In addition, there is always a special class of solutions ΨTV, which describe
a background with no D-branes, called the tachyon vacuum ([45, 49]): these are
universal solutions which can be found in any OSFT irrespective of the choice of
BCFTm. See [69, 71, 73, 88] for reviews of classical solutions in OSFT discussing
both analytic and numerical methods.

Note that OSFT around the new background given by a classical solution Ψ∗

can be obtained by expanding the string field as Ψ = Ψ∗ + Ψ′ and substituting
into the action (2.1.1). After a couple of algebraic steps (using the fact that
EOM(Ψ∗) = 0 in the process), we obtain

S(Ψ∗ + Ψ′) = S(Ψ∗) + S ′(Ψ′) , (2.1.29)

where the shifted action

S ′(Ψ′) = −1
2⟨Ψ′, Q′Ψ′⟩ − 1

3⟨Ψ′,Ψ′ ∗ Ψ′⟩ (2.1.30)

is given in terms of the shifted BRST operator which acts as

Q′Ψ′ = QΨ′ + [Ψ∗,Ψ′] (2.1.31)

on any Ψ′ ∈ H (that is Q′ = Q + adΨ∗). It is a simple exercise to show that the
operator Q′ is indeed nilpotent provided that Ψ∗ solves the equation of motion
(2.1.27). The cohomology ofQ′ at ghost number +1 then determines the spectrum
of physical states around the new background. The special feature of ΨTV is that
the cohomology of Q′ is empty, which is indeed a hallmark of a state with no
D-branes present.

Homotopy-algebraic structure

Let us now make contact with the mathematical formalism developed in chapter
1. For each Ψ ∈ H we will define its degree d : H −→ Z simply as d(Ψ) = |Ψ| + 1.

2Also known as the boundary entropy [84], or equivalently, D-brane tension [85]
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We will also define products mk : H⊗k −→ H for k = 1, 2 as well as the bilinear
form ω : H⊗2 −→ C by putting

m1(Ψ1) = QΨ1 , (2.1.32a)
m2(Ψ1,Ψ2) = (−1)d(Ψ1)Ψ1 ∗ Ψ2 , (2.1.32b)

as well as

ω(Ψ1,Ψ2) = −(−1)d(Ψ1)⟨Ψ1,Ψ2⟩ . (2.1.33)

Using the definitions (2.1.32), (2.1.33) together with the properties (2.1.16),
(2.1.17), it is straightforward to show that we have properties

ω(Ψ1,Ψ2) = −(−1)d(Ψ1)d(Ψ2)ω(Ψ2,Ψ1) , (2.1.34a)
ω(Ψ1,m1(Ψ2)) = −(−1)d(Ψ1)ω(m1(Ψ1),Ψ2) , (2.1.34b)

ω(Ψ1,m2(Ψ2,Ψ3)) = −(−1)d(Ψ1)ω(m2(Ψ1,Ψ2),Ψ3) , (2.1.34c)

as well as

0 = m1m1(Ψ1) , (2.1.35a)
0 = m1m2(Ψ1,Ψ2) +m2(m1(Ψ1),Ψ1) + (−1)d(Ψ1)m2(Ψ1,m1(Ψ2)) , (2.1.35b)
0 = m2(m2(Ψ1,Ψ2),Ψ2) + (−1)Ψ1m2(Ψ1,m2(Ψ1,Ψ2)) , (2.1.35c)

for all Ψk ∈ H. We can therefore conclude that (H, {m1,m2}, ω) defines a cyclic
A2 algebra. Using the definitions (2.1.33), (2.1.32) we can rewrite the OSFT
action (2.1.1) in an A∞ form as

S(Ψ) =
2∑︂

k=1

1
k + 1ω(Ψ,mk(Ψ⊗k)) . (2.1.36)

Specializing the expressions (1.1.13) and (1.1.14) from the previous chapter to
the A2 case, the equation of motion and the gauge variation can be expressed as

EOM(Ψ) = m1(Ψ) +m2(Ψ,Ψ) (2.1.37)

and

δΛΨ = m1(Λ) +m2(Λ,Ψ) +m2(Ψ,Λ). (2.1.38)

We also realize that the relations (2.1.30) and (2.1.31), as well as the nilpotency
of the BRST charge appearing in the action expanded around a classical solution,
can now be obtained by directly applying the results (1.1.82) and (1.1.99) from
the chapter 1. These yield the shifted A2 products

m′
1(Ψ′) = m1(Ψ′) +m2(Ψ∗,Ψ′) +m2(Ψ′,Ψ∗) , (2.1.39a)

m′
2(Ψ′,Ψ′) = m2(Ψ′,Ψ′) . (2.1.39b)

Also, using the fact that EOM(Ψ∗) = 0, note that we obtain the following ex-
pression for the constant shift of the action (the first term in (2.1.29))

S(Ψ∗) = +1
6ω(Ψ∗,m1(Ψ∗)) = −S ′(−Ψ∗) , (2.1.40)

which is in agreement with the relation (1.1.83).
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2.1.2 Munich A∞ open superstring field theory
In this subsection we will review the construction of an action [15] for the NS
sector of open superstring field theory. Before delving into a detailed explanation
of the algebraic structure satisfied by interactions in this particular formulation
of open SFT, let us briefly review a couple of general facts about the open su-
perstring Hilbert space HBCFT on which the theory is formulated (see [94] for
details). The open SFT whose construction we review in the later part of this
subsection is then formulated in the so-called small Hilbert space HS ⊂ HBCFT
(the descriptor “small” will be explained momentarily). Note, that the infor-
mation about HBCFT outlined in this subsection is of course transferable also to
the case of the WZW-like formulation of open SFT [42] (to be discussed in the
following subsection), which operates in the large Hilbert space HL ⊂ HBCFT, as
well as to the case of heterotic SFTs which will be described in section 2.2.

Hilbert space of open superstring

The space HBCFT of states of the NS sector of an open superstring field theory
can be characterized as the Hilbert space of states of the direct product of some
consistent N = 1 matter boundary superconformal field theory BCFTm (with
central charge cm = 15) with the (b, c)-ghost system BCFTbc (central charge
cbc = −26), as well as with the (β, γ)-superghost system BCFTβγ (with central
charge cβγ = 11). We will therefore consider

BCFT = BCFTm ⊗ BCFTbc ⊗ BCFTβγ (2.1.41)

so that the total central charge c = cm +cbc+cβγ again vanishes. We will bosonize
the superghosts by introducing fermionic fields ξ, η and a bosonic field φ such
that

β(z) = e−φ(z)∂ξ(z) , (2.1.42a)
γ(z) = eφ(z)η(z) , (2.1.42b)

where φ is a free boson with background charge −2. Note that φ has non-singular
OPE with the (ξ, η)-system, which itself satisfies the OPE

η(z)ξ(0) ∼ 1
z
. (2.1.43)

The zero modes ξ0 and η0 therefore satisfy the graded algebra

[ξ0, η0] = 1 , (2.1.44a)
(ξ0)2 = 0 , (2.1.44b)
(η0)2 = 0 . (2.1.44c)

Conversely, we will find it useful to express

ξ(z) = Θ(β)(z) , (2.1.45a)
η(z) = z∂γδ(γ)(z) , (2.1.45b)

e−φ(z) = δ(γ)(z) , (2.1.45c)
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eφ(z) = δ(β)(z) , (2.1.45d)

where δ and Θ denote the Dirac delta and Heaviside theta distributions, respec-
tively. We can therefore write

BCFTβγ = BCFTξη ⊗ BCFTφ , (2.1.46)

where BCFTξη and BCFTφ, respectively, have stress-energy tensors

T ξη = −η∂ξ , (2.1.47a)

T φ = −1
2∂φ∂φ− ∂2φ . (2.1.47b)

We therefore obtain central charges cξη = −2 and cφ = 13, so that we indeed
recover cξη + cφ = 11 = cβγ. We also point out that ξ and η have conformal
dimensions 0 and +1, respectively, while elφ has conformal dimension −1

2 l
2 − l.

Let us further introduce currents jgh = − : bc : − :βγ :, jpic = − :ηξ : −∂φ, where
jgh generalizes the ghost number current of the bosonic worldsheet and jpic is
called the picture number current. The corresponding charges #gh and #pic (the
ghost number and the picture number) are therefore assigned as follows:

#gh(c) = −#gh(b) = #gh(η) = −#gh(ξ) = +1 , (2.1.48)

as well as #pic(ξ) = −#pic(η) = +1 and #pic(elφ) = l, #pic(b) = #pic(c) =
#gh(elφ) = 0, together with #gh(Vm) = #pic(Vm) = 0 for any Vm ∈ HBCFTm .

Small Hilbert space

At this point, we note that we will find it convenient to distinguish states which
do not contain the zero mode ξ0 of the ξ(z) ghost. These will be defined to span
the so-called small Hilbert space

HS = {Ψ ∈ HBCFT : η0Ψ = 0} , (2.1.49)

whereas the large Hilbert space HL is allowed to contain states with ξ0. This
distinction is useful because noting that the β ghost depends on ∂ξ, there is in
fact no need for ξ0 in the Hilbert space of the (β, γ)-system. Realizing the fact
that all correlators on HBCFT need to saturate the background charge of φ, we
learn that the correlators on HS (usually denoted by ⟨·⟩S) vanish unless the picture
number of all insertions sums to −2. On the other hand, when taking correlators
on HL, we in addition need to soak up the zero-mode of ξ which carries picture
number +1 (in particular, were we to take a large Hilbert space correlator with
all insertions being in the small Hilbert space, it would vanish identically). This
means that the picture number of all insertions in a large Hilbert space correlator
(usually denoted by ⟨·⟩L) needs to add up to −1. Since it was shown in [94] that all
perturbative computations in the first-quantized perturbative superstring theory
can be done in HS, and, because HS is closed under the Witten’s star product
(defined identically as in the bosonic case), we should expect to be able to come
up with a consistent formulation of open superstring field theory in HS. This is
the ultimate goal of this subsection.
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BRST charge and picture changing

The BRST charge of the N = 1 chiral worldsheet can then be expressed as

Q =
∮︂ dz

2πi

[︃
c(Tm + T ξη + T φ) + bc∂c+ ηeφGm − η∂ηe2φb

]︃
, (2.1.50)

where Tm is the stress energy tensor of BCFTm and Gm is the corresponding N =
1 spin +3/2 matter supercurrent. We further have the (graded) commutators

[Q, b(z)] = T (z) , (2.1.51a)
[Q, β(z)] = G(z) , (2.1.51b)

where G(z) denotes the total (matter plus ghost) supercurrent. We also define
operators

X(z) = [Q, ξ(z)] = G(z)δ(β)(z) − ∂bδ′(β)(z) , (2.1.52a)
Y (z) = c∂ξe−2φ(z) = cδ′(γ)(z) , (2.1.52b)

which are called the picture changing operator and its inverse: this is because
they both have zero ghost number and conformal weight and, crucially, #pic(X) =
−#pic(Y ) = +1. They formally satisfy

lim
z→0

X(z)Y (0) = 1 . (2.1.53)

We also have [Q, η0] = 0. The BRST charge again admits a decomposition

Q = c0L0 + b0M
+ + ˆ︁Q , (2.1.54)

where now we have zero-mode-free operators

ˆ︁Q =
∑︂
n̸=0

c−nL
m
n − 1

2
∑︂

m,n ̸=0
m+n ̸=0

(m− n) :c−mc−nbm+n : −
∑︂

q+ 1
2 ∈Z

γ−qGq+

−
∑︂

p+q∈Z ̸=0

γ−pγ−qbp+q + 1
2

∑︂
m∈Z̸=0
q+ 1

2 ∈Z

(m− 2q)c−mγ−qβm+q (2.1.55)

together with M+, and also operators M− and Mz, such that

M+ = −
∑︂
n>0

2nc−ncn −
∑︂
q≥ 1

2

γ−qγq , (2.1.56a)

M− = −
∞∑︂
m=1

1
2mb−mbm +

∑︂
q+ 1

2 ∈Z>0

1
2β−qβq , (2.1.56b)

Mz = 1
2

∑︂
m∈Z>0

(c−mbm − b−mcm) − 1
2

∑︂
q+ 1

2 ∈Z>0

(γ−qβq + β−qγq) , (2.1.56c)

where we recall that the β, γ modes in the NS sector have half-integer mod-
ing. The operators M±,Mz, as defined by (2.1.56), can be shown to satisfy the
SU(1, 1) algebra (2.1.9).
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Algebraic properties

Taking the definition of the star product m2 from the previous subsection and
also denoting again m1 = Q with Q as in (2.1.50), one can show that they again
satisfy the cyclic A2 algebra

0 = m1m1(Ψ1) , (2.1.57a)
0 = m1m2(Ψ1,Ψ2) +m2(m1(Ψ1),Ψ1) + (−1)d(Ψ1)m2(Ψ1,m1(Ψ2)) , (2.1.57b)
0 = m2(m2(Ψ1,Ψ2),Ψ2) + (−1)Ψ1m2(Ψ1,m2(Ψ1,Ψ2)) . (2.1.57c)

We will refer to the A2 products mk as the bosonic (or bare) products. Introducing
the corresponding coderivations mk for k = 1, 2 and m = m1 + m2, we therefore
have

m2 = 0 . (2.1.58)

The small Hilbert space HS is closed under the star product, as well as under
the action of Q. Introducing the degree-odd coderivation η corresponding via
(1.1.29) to the 1-product defined by the action of η0, this is a consequence of the
properties

[η,m1] = 0 , (2.1.59a)
[η,m2] = 0 , (2.1.59b)

which express the fact that [η0, Q] = 0 and that η0 is a degree-odd derivation of
the star algebra. Recalling that (η0)2 = 0, we also have

[η,η] = 0 . (2.1.60)

The BPZ product (and therefore the symplectic form) can then be defined in
two incarnations: either using a small-Hilbert space UHP correlator as a BPZ
product ⟨ , ⟩S : (HS)⊗2 −→ C on the small Hilbert space

⟨Ψ1,Ψ2⟩S = ⟨I ◦ Ψ1(0) Ψ2(0)⟩S (2.1.61)

for Ψ1,Ψ2 ∈ HS, or using the large Hilbert space correlator as a BPZ product
⟨ , ⟩L : (HL)⊗2 −→ C on the large Hilbert space

⟨Φ1,Φ2⟩L = ⟨I ◦ Φ1(0) Φ2(0)⟩L (2.1.62)

for Φ1,Φ2 ∈ HL. Reinstating the ξ-ghost zero mode into the BPZ product ⟨ , ⟩L,
these two definitions can be related as

⟨Ψ1,Ψ2⟩S = ⟨ξ0Ψ1,Ψ2⟩L . (2.1.63)

for Ψ1,Ψ2 ∈ HS. Introducing the corresponding symplectic forms

ωS(Ψ1,Ψ2) = −(−1)d(Ψ1)⟨Ψ1,Ψ2⟩S , (2.1.64a)
ωL(Φ1,Φ2) = −(−1)d(Φ1)⟨Φ1,Φ2⟩L , (2.1.64b)

for Ψ1,Ψ2 ∈ HS and Φ1,Φ2 ∈ HL, we therefore have

ωS(Ψ1,Ψ2) = −ωL(ξ0Ψ1,Ψ2) . (2.1.65)
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We also recall from our previous discussion the properties that ωS(Ψ1,Ψ2) and
ωL(Φ1,Φ2) vanish identically, unless the total picture number of their insertions is
−2 and −1, respectively. From the bosonic case, we also inherit the ghost number
saturation, namely that the total ghost number of the insertions in the small- and
the large-Hilbert space symplectic form needs to be 3 and 2, respectively (recalling
that #gh(ξ) = −1). We also recall that ωL(Ψ1,Ψ2) = 0 when both Ψ1,Ψ2 ∈ HS.
It can then be straightforwardly verified that we have

ωS(Ψ1,Ψ2) = −(−1)d(Ψ1)d(Ψ2)ωS(Ψ2,Ψ1) , (2.1.66a)
ωS(Ψ1,m1(Ψ2)) = −(−1)d(Ψ1)ωS(m1(Ψ1),Ψ2) , (2.1.66b)

ωS(Ψ1,m2(Ψ2,Ψ3)) = −(−1)d(Ψ1)ωS(m2(Ψ1,Ψ2),Ψ3) , (2.1.66c)

for Ψ1,Ψ2 ∈ HS, as well as

ωL(Φ1,Φ2) = −(−1)d(Φ1)d(Φ2)ωL(Φ2,Φ1) , (2.1.67a)
ωL(Φ1,m1(Φ2)) = −(−1)d(Φ1)ωL(m1(Φ1),Φ2) , (2.1.67b)

ωL(Φ1,m2(Φ2,Φ3)) = −(−1)d(Φ1)ωL(m2(Φ1,Φ2),Φ3) , (2.1.67c)

for Φ1,Φ2 ∈ HL. As a consequence, the A2 algebra of the products mk is cyclic
with respect to both ωS and ωL. In addition, we have the property

ωL(Φ1, η0Φ2) = −(−1)d(Φ1)ωL(η0Φ1,Φ2) , (2.1.68)

for Φ1,Φ2 ∈ HL, so that the odd coderivation η is cyclic with respect to ωL.
Finally, introducing the PCO charge

X0 =
∮︂

|z|=1

dz

2πi
1
z
X(z) , (2.1.69)

so that X0 = [Q, ξ0] as well as [Q,X0] = [η0, X0] = [ξ0, X0] = 0 we have the
properties

ωS(Ψ1, X0Ψ2) = ωS(X0Ψ1,Ψ2) , (2.1.70a)
ωL(Φ1, X0Φ2) = ωL(X0Φ1,Φ2) , (2.1.70b)

for Ψ1,Ψ2 ∈ HS and Φ1,Φ2 ∈ HL as well as

ωL(Φ1, ξ0Φ2) = +(−1)d(Φ1)ωL(ξ0Φ1,Φ2) . (2.1.71a)

A∞ open superstring field theory action

Let us now construct an action for the small Hilbert space dynamical string field
Ψ ∈ HS, where we take Ψ to carry ghost number +1 and picture number −1.
This choice is indeed consistent with the canonical kinetic term

S2(Ψ) = 1
2ωS(Ψ,M1(Ψ)) (2.1.72)

being generally non-vanishing for M1 ≡ m1 ≡ Q, as both the ghost number and
the picture number of the insertions correctly add up to +3 and −2, respectively.
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Also, we are again setting the open string coupling go to 1. Motivated by the
requirement of gauge invariance, we would now like to construct interaction terms

Sint(Ψ) =
∞∑︂
k=2

1
k + 1ωS(Ψ,Mk(Ψ⊗k)) , (2.1.73)

such that the structure (HS, {Mk}k≥1, ωS) forms a cyclic A∞ algebra over HS. A
basic requirement on the products Mk is that they leave HS invariant, which can
be expressed by requiring that

[η,Mk] = 0 (2.1.74)

for the corresponding coderivations Mk. Non-triviality of Sint also requires that
Mk carry ghost number 2 − k and picture number k − 1. A regular construction
satisfying all these properties was first accomplished by Erler, Konopka and Sachs
in [15] (all based at LMU at the time, so that it is often called the Munich
construction) and we shall spend the rest of this subsection describing it. We will
aim to do this in quite some detail as a preparation for our construction of an
observable for this theory in chapter 3.

Constructing M2

The construction starts by defining the 2-product M2 which carries picture num-
ber +1. We can first express it directly using the star product m2 and the PCO
zero mode X0 as

M2(Ψ,Ψ) = 1
3

(︃
X0m2(Ψ,Ψ) +m2(X0Ψ,Ψ),+m2(Ψ, X0Ψ)

)︃
. (2.1.75)

Recalling the BPZ property (2.1.70) of X0, it is manifest that M2 is cyclic with
respect to both ωS and ωL. By virtue of the properties [Q,X0] = [η0, X0] = 0, we
can also easily establish the properties

[Q,M2] = 0 , (2.1.76a)
[η,M2] = 0 , (2.1.76b)

so that M2 is indeed a small Hilbert space product such that Q ≡ M1 is its
derivation (as required by the A∞ relations). It is however not hard to convince
oneself that M2 is not associative. In order to restore gauge invariance of the
action, one therefore needs to supply higher cyclic small Hilbert space products
Mk for k ≥ 3 with picture number k − 1 and ghost number 2 − k. As we shall
see momentarily, this can be performed systematically by going through certain
intermediate steps in the large Hilbert space (called the gauge products). In
this respect, it is beneficial to revisit the definition of M2: note that it can be
alternatively computed by writing

M2 = [Q,µ2] , (2.1.77)

where we introduced a new degree-even gauge 2-product3 (which carries ghost
number 0 and picture number +1)

µ2(Ψ,Ψ) = 1
3

(︃
ξ0m2(Ψ,Ψ) −m2(ξ0Ψ,Ψ) − (−1)d(Ψ)m2(Ψ, ξ0Ψ)

)︃
, (2.1.78)

3Note that the gauge products are sometimes denoted by M̄ instead of µ. This includes
the original paper [15], as well as our paper [1] which is reprinted in chapter 5 of this thesis.

58



which takes us into the large Hilbert space because

[η,µ2] = m2 ̸= 0 . (2.1.79)

Definition (2.1.78) also makes it manifest (recalling the property (2.1.71a)) that
µ2 is cyclic with respect to ωL. Using the super-Jacobi identity, we can then
recover the properties (2.1.76): indeed we have

[Q,M2] = [Q, [Q,µ2]] (2.1.80a)

= −1
2[µ2, [Q,Q]] (2.1.80b)

= 0 , (2.1.80c)

as well as

[η,M2] = [η, [Q,µ2]] (2.1.81a)
= [Q, [µ2,η]] − [µ2, [η,Q]] (2.1.81b)
= −[Q,m2] (2.1.81c)
= 0 , (2.1.81d)

where in the second equality we have used the property (2.1.79).

Cyclicity

Since (2.1.77) states that M2 is given by the commutator of two coderivations
which are known to by cyclic with respect to ωL, it follows from our discussion in
chapter 1 that also M2 must be cyclic with respect to ωL. In order to show that
it is cyclic also with respect to ωS, let us actually show that given any multilinear
k-product Ck which is cyclic with respect to ωL, it is also cyclic with respect to
ωS provided that we have [η,Ck] = 0 (see also appendix C of [199]). Indeed, we
can first write (for Ψ1, . . . ,Ψk+1 ∈ HS)

ωS(Ψ1, Ck(Ψ2, . . . ,Ψk+1)) = −ωL(ξ0Ψ1, Ck(Ψ2, . . . ,Ψk+1)) . (2.1.82)

Using cyclicity of Ck with respect to ωL, we then have

ωS(Ψ1, Ck(Ψ2, . . . ,Ψk+1)) =
= +(−1)d(Ck)(d(Ψ1)+1)ωL(Ck(ξ0Ψ1, . . . ,Ψk),Ψk+1) . (2.1.83)

However, noting that by virtue of [η,Ck] = 0, we have

η0

[︃
Ck(ξ0Ψ1, . . . ,Ψk) − (−1)d(Ck)ξ0Ck(Ψ1, . . . ,Ψk)

]︃
= 0 , (2.1.84)

we can replace the first insertion Ck(ξ0Ψ1, . . . ,Ψk) on the r.h.s. of (2.1.83) by
(−1)d(Ck)ξ0Ck(Ψ1, . . . ,Ψk) because their difference is in the small Hilbert space.
We therefore conclude that

ωS(Ψ1, Ck(Ψ2, . . . ,Ψk+1)) =
= +(−1)d(Ck)(d(Ψ1)+1)ωL((−1)d(Ck)ξ0Ck(Ψ1, . . . ,Ψk),Ψk+1) (2.1.85a)
= −(−1)d(Ck)d(Ψ1)ωS(Ck(Ψ1, . . . ,Ψk),Ψk+1) , (2.1.85b)

so that Ck is cyclic also with respect to ωS. In particular, we conclude that since
[η,M2] = 0 and M2 was shown to be cyclic with respect to ωL, it needs to be
cyclic also with respect to ωS.
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Constructing M3

In summary, the 2-string product, which defines the cubic vertex of the action,
can be constructed from the picture-zero product4 M(0)

2 = m2 as

µ
(1)
2 = 1

3

(︃
ξ0M

(0)
2 −M

(0)
2 (ξ0 ⊗ 1 + 1 ⊗ ξ0)

)︃
, (2.1.86a)

M(1)
2 = [Q,µ(1)

2 ] . (2.1.86b)

where the degree-even coderivation µ
(1)
2 corresponding to the gauge product µ(1)

2
satisfies

[η,µ(1)
2 ] = M(0)

2 . (2.1.87)

Similarly, the 3-string product M(2)
3 can be constructed step-by-step as

µ
(1)
3 = 0 , (2.1.88a)

M(1)
3 = [M(0)

2 ,µ
(1)
2 ] , (2.1.88b)

µ
(2)
3 = 1

4

(︃
ξ0M

(1)
3 −M

(1)
3 (ξ0 ⊗ 1 ⊗ 1 + 1 ⊗ ξ0 ⊗ 1 + 1 ⊗ 1 ⊗ ξ0)

)︃
, (2.1.88c)

M(2)
3 = 1

2

(︃
[Q,µ(2)

3 ] + [M(1)
2 ,µ

(1)
2 ]
)︃
, (2.1.88d)

where we clearly have

[η,µ(2)
3 ] = M(1)

3 . (2.1.89)

Using the super-Jacobi identity, we can compute that

[Q,M(2)
3 ] = 1

2

(︃
[Q, [Q,µ(2)

3 ]] + [Q, [M(1)
2 ,µ

(1)
2 ]]

)︃
(2.1.90a)

= +1
2[M(1)

2 , [µ(1)
2 ,Q]] − 1

2[µ(1)
2 , [Q,M(1)

2 ]] (2.1.90b)

= −1
2[M(1)

2 ,M(1)
2 ] , (2.1.90c)

where in the second equality we have used that Q is a derivation of M (1)
2 , as well

as relation (2.1.87). We have therefore established that M(2)
2 indeed satisfies the

A∞ relation

[Q,M(2)
3 ] + [M(1)

2 ,M(1)
2 ] + [M(2)

3 ,Q] = 0 . (2.1.91)

We can also compute that

[η,M(1)
3 ] = [η, [M(0)

2 ,µ
(1)
2 ]] (2.1.92a)

= +[M(0)
2 , [µ(1)

2 ,η]] − [µ(1)
2 , [η,M(0)

2 ]] (2.1.92b)
= −[M(0)

2 ,M(0)
2 ] (2.1.92c)

4From now on, we will give the picture number of each product as the number inside
parentheses in the superscript.
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= 0 , (2.1.92d)

where in the second equality we have used that M (0)
2 ≡ m2 preserves the small

Hilbert space, as well as relation (2.1.87), while in the third equality, we have
used the associativity of m2. The product M (1)

3 is therefore in the small Hilbert
space. We also have

[η,M(2)
3 ] = 1

2

(︃
[η, [Q,µ(2)

3 ]] + [η, [M(1)
2 ,µ

(1)
2 ]]

)︃
(2.1.93a)

= 1
2

(︃
[Q, [µ(2)

3 ,η]] − [µ(2)
3 , [η,Q]]+

+ [M(1)
2 , [µ(1)

2 ,η]] − [µ(1)
2 , [η,M(1)

2 ]]
)︃

(2.1.93b)

= −1
2

(︃
[Q,M(1)

3 ] + [M(1)
2 ,M(0)

2 ]
)︃

(2.1.93c)

= −1
2

(︃
[M(0)

2 , [µ(1)
2 ,Q]] − [µ(1)

2 , [Q,M(0)
2 ]] + [M(1)

2 ,M(0)
2 ]
)︃

(2.1.93d)

= −1
2

(︃
− [M(0)

2 ,M(1)
2 ] + [M(1)

2 ,M(0)
2 ]
)︃

(2.1.93e)

= 0 , (2.1.93f)

where in the second equality we have used that the product M (1)
2 was shown to

be in the small Hilbert space, as well as the expressions (2.1.87) and (2.1.89), in
the third equality we have substituted for M(1)

3 and, finally, in the fourth equality
we have used that Q is a derivation of m2, as well as (2.1.77). The 3-string
product M (2)

3 is therefore in the small Hilbert space. Finally, note that since
M(1)

3 = [M(0)
2 ,µ

(1)
2 ], where the coderivations M(0)

2 and µ
(1)
2 are cyclic with respect

to ωL, it follows that also M (1)
3 is cyclic with respect to ωL (and therefore also with

respect to ωS, because M (1)
3 is in the small Hilbert space, as per our discussion

above). The definition (2.1.88c) then obviously ensures that µ(2)
3 is also cyclic

with respect to ωL and therefore (2.1.88d) makes it clear that so is M (2)
3 . Hence,

since [η,M(2)
3 ] = 0, it follows that M (2)

3 is cyclic with respect to ωS.

Higher superstring products

In general we can determine all products necessary for the construction of the
theory by using the recurrent scheme

M(n−1)
n+1 = 1

n− 1

(︄
[M(0)

2 ,µ(n−1)
n ]+

+ [M(1)
3 ,µ

(n−2)
n−1 ] + . . .+ [M(n−2)

n ,µ
(1)
2 ]
)︄
, (2.1.94a)

µ
(n)
n+1 = 1

n+ 2

(︄
ξ0M

(n−1)
n+1 −M

(n−1)
n+1

n∑︂
k=0

1⊗k ⊗ ξ0 ⊗ 1⊗n−k
)︄
, (2.1.94b)

M(n)
n+1 = 1

n

(︄
[M(0)

1 ,µ
(n)
n+1] + [M(1)

2 ,µ(n−1)
n ] + . . .+ [M(n−1)

n ,µ
(1)
2 ]
)︄
, (2.1.94c)
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with the initial conditions

M(0)
1 = Q , (2.1.95a)

M(0)
2 = m2 , (2.1.95b)

M(0)
k = 0 for k > 2 . (2.1.95c)

Note that by (2.1.94b), we also clearly have the relation

[η,µ(m+1)
m+2 ] = M(m)

m+2 . (2.1.96)

Also note that, as it was shown in [16] and as we are going to discuss in detail
below when we describe the L∞ heterotic SFT, the recursive construction can be
generalized for a more general set of initial conditions: indeed, any choice of an
A∞ algebra of the bosonic small Hilbert space bare products M(0)

k can be shown
to lead to an A∞ algebra of small Hilbert space superstring products M(k−1)

k

which are cyclic with respect to both ωS and ωL.

Proof of algebraic properties via generating functions

Let us show that the recurrent construction (2.1.94) (with the A2 initial conditions
(2.1.95)) indeed yields an A∞ algebra of small Hilbert space products M (k−1)

k

which are cyclic with respect to both ωS and ωL. For this purpose, let us introduce
the two-parametric generating functions

M(s, t) = M[0](t) + sM[1](t) , (2.1.97a)
µ(s, t) = µ[0](t) , (2.1.97b)

where we have denoted

M[m](t) =
∞∑︂
n=0

tnM(n)
m+n+1 for m = 0, 1 , (2.1.98a)

µ[0](t) =
∞∑︂
n=0

tnµ
(n+1)
n+2 . (2.1.98b)

Using the relations (2.1.94), the generating function M(s, t) can then be shown
to satisfy the differential equations

∂

∂t
M(s, t) = [M(s, t),µ(s, t)] , (2.1.99a)

∂

∂s
M(s, t) = [η,µ(s, t)] , (2.1.99b)

with initial conditions

M(s, 0) = M(0)
1 + sM(0)

2 , (2.1.100a)

M(0, t) =
∞∑︂
n=0

tnM(n)
n+1 , (2.1.100b)

so that M(s, 0) encodes the bosonic bare products while M(0, t) gives the prod-
ucts entering the vertices of the open superstring field theory action. Obviously,
we also have

∂

∂s
µ(s, t) = 0 . (2.1.101)
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Let us now verify both (2.1.99a) and (2.1.99b). Starting with (2.1.99a), we can
compute that

∂

∂t
M(s, t) − [M(s, t),µ(s, t)] =

=
∑︂
m=0,1

∞∑︂
n=1

nsmtn−1M(n)
m+n+1+

−
∑︂
m=0,1

∞∑︂
n,l=0

smtn+l[M(n)
m+n+1,µ

(l+1)
l+2 ] (2.1.102a)

=
∑︂
m=0,1

∞∑︂
n=0

(n+ 1)smtn
(︄

M(n+1)
m+n+2+

− 1
n+ 1

n∑︂
k=0

[M(k)
m+k+1,µ

(n−k+1)
n−k+2 ]

)︄
, (2.1.102b)

which indeed vanishes by the recursion relations (2.1.94). We also have

∂

∂s
M(s, t) − [η,µ(s, t)] =

=
∞∑︂
n=0

tnM(n)
n+2 −

∞∑︂
l=0

tl[η,µ(l+1)
l+2 ] (2.1.103a)

= 0 , (2.1.103b)

where in the second equality we have substituted the property (2.1.96). Given
now the differential equations (2.1.99a) and (2.1.99b), it is straightforward to
compute that

∂

∂t
[M(s, t),M(s, t)] = 2[M(s, t), Ṁ(s, t)] (2.1.104a)

= 2[M(s, t), [M(s, t),µ(s, t)]] (2.1.104b)
= [[M(s, t),M(s, t)],µ(s, t)] , (2.1.104c)

where in the last step we have used the super-Jacobi identity. The commutator
[M(s, t),M(s, t)] therefore satisfies differential equation

∂

∂t
[M(s, t),M(s, t)] = [[M(s, t),M(s, t)],µ(s, t)] (2.1.105)

with initial condition

[M(s, 0),M(s, 0)] =
∞∑︂
k=1

k∑︂
m=1

sk−1[M(0)
m ,M(0)

k+1−m] (2.1.106a)

= 0 , (2.1.106b)

which follows by the A2 relations satisfied by the bare products M (0)
l . However,

the unique solution of (2.1.105) subject to such initial condition is

[M(s, t),M(s, t)] = 0 (2.1.107)
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for all t ≥ 0. Substituting s = 0, t = 1 and denoting M = ∑︁∞
k=1 M(k−1)

k , we
therefore obtain

[M,M] = 0 , (2.1.108)

so that the superstring productsM (k−1)
k indeed satisfy A∞ relations. Furthermore,

we can also compute

∂

∂t
[η,M(s, t)] = [η, Ṁ(s, t)] (2.1.109a)

= [η, [M(s, t),µ(s, t)]] (2.1.109b)

= [M(s, t), [µ(s, t),η]] − [µ(s, t), [η,M(s, t)]] (2.1.109c)

= [[η,M(s, t)],µ(s, t)] − 1
2
∂

∂s
[M(s, t),M(s, t)] (2.1.109d)

= [[η,M(s, t)],µ(s, t)] , (2.1.109e)

where in the second equality we have used the super-Jacobi identity, in the first
term in the third equality we have recognized the r.h.s. of the differential equation
(2.1.99b) and, finally, we have used (2.1.107). We therefore obtain that the
commutator [η,M(s, t)] satisfies the differential equation

∂

∂t
[η,M(s, t)] = [[η,M(s, t)],µ(s, t)] (2.1.110)

subject to the initial condition

[η,M(s, 0)] = [η,M(0)
1 ] + s[η,M(0)

2 ] (2.1.111a)

= 0 , (2.1.111b)

which holds by virtue of the bosonic bare products all being in the small Hilbert
space. The unique solution to the problem then reads

[η,M(s, t)] = 0 (2.1.112)

for all t ≥ 0 and all s. This therefore gives us

[η,M(l)
k ] = 0 (2.1.113)

for all k ≥ 1 and k−2 ≤ l ≤ k−1. In particular, setting s = 0, t = 1 in (2.1.112),
we obtain

[η,M] = 0 , (2.1.114)

which ensures that the superstring products M (k−1)
k are all in the small Hilbert

space. Finally, cyclicity properties can be easily shown by induction (using the
cyclic A∞ algebra of the bosonic bare products as a base). Indeed, assuming that
for all k ≤ n we have that M (l)

k (for k − 2 ≤ l ≤ k − 1) are cyclic with respect to
ωS and ωL, and that µ(k−1)

k is cyclic with respect to ωL, then, since the relation
(2.1.94a) gives M(n−1)

n+1 as a sum of commutators of coderivations which are all
known to be cyclic with respect to ωL, it follows that so needs to be Mn−1

n+1. But
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since we have also shown that [η,M(n−1)
n+1 ] = 0, it follows that M(n−1)

n+1 is cyclic
with respect to ωS. The recursive relation (2.1.94b) then ensures that µ(n)

n+1 is
cyclic with respect to ωL. Finally, since the relation (2.1.94c) then gives M(n)

n+1
as a sum of commutators of coderivations which are all known to be cyclic with
respect to ωL, it follows that so needs to be M(n)

n+1. But since we have also shown
that [η,M(n)

n+1] = 0, it follows that M(n)
n+1 is cyclic with respect to ωS.

Mapping to free theory

Note that at any fixed s, the equation (2.1.99a) can be solved by writing

M(s, t) = G(s; t)−1M(s, 0)G(s; t) , (2.1.115)

where G(s; t) satisfies the equation

∂

∂t
G(s; t) = G(s; t)µ(s, t) (2.1.116)

with the initial condition G(s; 0) = 1TH. The solution for G(s; t) can then be
given as a Dyson series

G(s; t) = 1TH +
∫︂ t

0
dτ µ(s, τ) +

∫︂ t

0
dτ

∫︂ τ

0
dτ ′ µ(s, τ ′)µ(s, τ) + . . . , (2.1.117)

which can be written as a path-ordered exponential

G(s; t) = Pt exp
(︄∫︂ t

0
dτ µ(s, τ)

)︄
(2.1.118)

with the ordering prescription

Pt

[︂
µ(s, τ1)µ(s, τ2)

]︂
=
{︄

µ(s, τ1)µ(s, τ2) if τ1 < τ2
µ(s, τ2)µ(s, τ1) if τ1 > τ2

. (2.1.119)

Note that since G(s; t) is a path-ordered exponential of a cyclic coderivation, it
follows that it is a cyclic cohomomorphism. More generally, we will often write

G(s; t1, t2) = Pt exp
(︄∫︂ t2

t1
dtµ(s, t)

)︄
. (2.1.120)

We also obviously have

∂

∂s
G(s; t) = 0 . (2.1.121)

Setting s = 0, t = 1 and denoting G = G(0; 1), we in particular obtain

M = G−1QG , (2.1.122)

so that the interacting superstring A∞ structure M is related by an A∞-morphism
to the the free theory. However, this does not mean that the constructed inter-
actions are trivial because G is not in the small Hilbert space. Indeed, recalling
that

∂

∂s
M(s, 0) = M[1](t) , (2.1.123)
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and also that we have the initial condition M[1](0) = M(0)
2 = m2, it is straight-

forward to establish that we have

[η,G(s; t)] = tm2G(s; t) . (2.1.124)

which demonstrates that G is not in the small Hilbert space. Setting s = 0, t = 1
we obtain the useful relation

GηG−1 = η − m2 . (2.1.125)

At the same time, differentiating (2.1.99a) with respect to s, we also find that

∂

∂t

∂

∂s
M(s, τ) =

[︄
∂

∂s
M(s, τ),µ(s, t)

]︄
(2.1.126)

and we therefore conclude that

M[1](t) = G(s; t)−1m2G(s; t) . (2.1.127)

Hence, the coderivation m2 is related by the action of cohomomorphism G to the
coderivation M[1](1) = ∑︁∞

k=1 M(k−1)
k+1 .

Dual connection and flatness relations

To sum up, in this subsection we have thus far given a detailed overview of the
construction of the superstring products M (k−1)

k , which can be used to write down
an A∞ action for the open superstring field theory in the small Hilbert space in
the form

S(Ψ) =
∫︂ 1

0
dt ⟨ωS|π1∂t

1
1 − Ψ(t) ⊗ π1M

1
1 − Ψ(t) , (2.1.128)

where Ψ(t) for 0 ≤ t ≤ 1 is an arbitrary interpolation such that Ψ(0) = 0,
Ψ(1) = Ψ and we have denoted M = ∑︁∞

k=1 M(k−1)
k . General transformation

properties of A∞ actions were extensively discussed in the previous chapter. In the
following subsection we will outline an alternative formulation of open superstring
field theory for a large Hilbert space string field Φ ∈ HL exhibiting a WZW-like
structure. We shall see that upon partially gauge fixing so that we can write
Φ = ξ0Ψ̃ for Ψ̃ ∈ HS, it is possible [17, 18, 19] to construct a field redefinition,
which relates the WZW-like theory to the A∞ SFT which we have overviewed in
this subsection. In order to make some preparations for this, we can substitute
the result (2.1.122) into the action (2.1.128) to obtain that

S(Ψ) = −
∫︂ 1

0
dt ⟨ωL|π1ξt

1
1 − Ψ(t) ⊗ π1G−1QG

1
1 − Ψ(t) , (2.1.129)

where Φ(1) = 1 and ξt stands for the coderivation corresponding to the operator
∂tξ0 understood as a 1-product. Note that we then have

[ξt,η] = ∂t . (2.1.130)
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Using the property (1.1.48) (which can be applied because G is a cyclic cohomo-
morphism), we shall finally (for the moment) rewrite the action as

S(Ψ) = −
∫︂ 1

0
dt ωL(Ãt, QÃη) , (2.1.131)

where we have introduced the quantities

Ãη = π1G
1

1 − Ψ(t) , (2.1.132a)

Ãt = π1Gξt
1

1 − Ψ(t) . (2.1.132b)

The meaning of Ãη and Ãt will become clear momentarily. We can verify the
following two important relations

0 = η0Ãη −m2(Ãη, Ãη) , (2.1.133a)
0 = η0Ãt − ∂tÃη −m2(Ãt, Ãη) −m2(Ãη, Ãt) , (2.1.133b)

so that Ãt and Ãη can be interpreted as components of a flat connection. Indeed,
we have

η0Ãη = π1ηG
1

1 − Ψ(t) (2.1.134a)

= (π1Gη + π1m2π2G) 1
1 − Ψ(t) (2.1.134b)

= π1m2∇(π1 ⊗′ π1)∆G
1

1 − Ψ(t) (2.1.134c)

= π1m2∇
(︄
π1G

1
1 − Ψ(t) ⊗′ π1G

1
1 − Ψ(t)

)︄
(2.1.134d)

= m2(Ãη, Ãη) , (2.1.134e)

where in the first equality, we have used the relation (2.1.125), in the second
equality we have used that Ψ ∈ HS as well as the fact that π1mkπl = 0 unless k = l
and the rest of the computation follows by the properties of cohomomorphisms
and group-like elements with respect to the coproduct. Similarly, we have

η0Ãt = π1ηGξt
1

1 − Ψ(t) (2.1.135a)

= (π1Gη + π1m2π2G)ξt
1

1 − Ψ(t) (2.1.135b)

= π1∂tG
1

1 − Ψ(t) + π1m2∇(π1 ⊗′ π1)∆Gξt
1

1 − Ψ(t) (2.1.135c)

= ∂tÃη + π1m2∇
(︄
π1Gξt

1
1 − Ψ(t) ⊗′ π1G

1
1 − Ψ(t)+

+ π1G
1

1 − Ψ(t) ⊗′ π1Gξt
1

1 − Ψ(t)

)︄
(2.1.135d)

= ∂tÃη +m2(Ãt, Ãη) +m2(Ãη, Ãt) . (2.1.135e)
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Note that since Ãη needs to solve the OSFT-like equation (2.1.133a), where the
“kinetic” operator η0 has trivial cohomology (since ξ0 acts as the corresponding
contracting homotopy), we must be able to write it in a pure gauge form

Ãη = (η0e
ξ0Ψ̃(t))e−ξ0Ψ̃(t) (2.1.136)

for some Ψ̃(t) ∈ HS. This will form the basis for the field redefinition of [17, 18,
19], mapping the A∞ SFT to the (partially gauge-fixed) WZW-like formulation
to be discussed in the following subsection.

2.1.3 WZW-like open superstring field theory
We shall now proceed with introducing another formulation of the NS sector
of open superstring field theory (originally due to N. Berkovits [42]), this time
based in the large Hilbert space. We will again use the BRST charge (2.1.50)
to define the kinetic term for the theory, as well as the star product5 Φ1 ∗ Φ2 =
(−1)d(Φ1)m2(Φ1,Φ2) as a core ingredient for its interactions. The construction
also uses the large Hilbert space BPZ product ⟨Φ1,Φ2⟩L = −(−1)d(Φ1)ωL(Φ1,Φ2),
where, throughout this subsection, we shall omit the subscript ‘L’ because we
will always stay in the large Hilbert space. Before we delve into the details of
constructing the action, let us briefly summarize a couple of useful algebraic
results.

Connection and field strength

Let g be a grassmann-even string field (called the Lie-group element) and Di a
set of derivations of the star algebra such that

[Di, Dj] ≡ DiDj − (−1)|Di||Dj |DjDi = 0 . (2.1.137)

Let us define the components of a connection by Ai ≡ g−1(Dig). Such a con-
nection is manifestly flat, as it is given by a left-invariant form. That is, the
associated field strength Fij clearly satisfies

Fij ≡ DiAj − (−1)|Di||Dj |DjAi + [Ai, Aj] = 0 . (2.1.138)

For instance, if Φ is a grassmann-even string field (called the Lie algebra element),
then g(Φ) = eΦ is a grassmann-even Lie group element and

Ai(Φ) = g(Φ)−1(Dig(Φ)) = e−Φ(Die
Φ) , (2.1.139)

defines a flat connection. It turns out that the Berkovits theory can be con-
structed using three derivations: grassmann-even derivation Dt ≡ ∂t and also
odd derivations DQ ≡ Q, Dη ≡ η0. Apart from these, we will also introduce the
derivation Dδ ≡ δ implementing an arbitrary variation δΦ of the string field. In
particular, note that the flatness relation (2.1.138) implies that the connection
AQ satisfies the cubic OSFT equation of motion

QAQ + AQAQ = 0 . (2.1.140)
5We will often omit the ∗ operator and simply write Φ1 ∗ Φ2 ≡ Φ1Φ2.
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The connection component AQ can therefore be alternatively interpreted as a
pure gauge solution to the bosonic OSFT equation of motion. Using this fact, it
follows that we can define a shifted nilpotent BRST operator QAQ

, which acts on
an arbitrary element V ∈ HL as

QAQ
V = QV + [AQ, V ] . (2.1.141)

We can therefore rewrite the flatness relations FQi = 0 as

QAQ
Ai = (−1)|Di|DiAQ . (2.1.142)

We will also work with the dual flat connection Ãi, which is given as a right-
invariant form Ãi ≡ (Dig)g−1. These components satisfy flatness relations

F̃ ij ≡ DiÃj − (−1)|Di||Dj |DjÃi − [Ãi, Ãj] = 0 , (2.1.143)

where we point out the sign in front of the commutator term, which is opposite
to that of the commutator term in (2.1.138). In particular, we have the flatness
relation

η0Ãη − ÃηÃη = 0 , (2.1.144)

so that we can define a nilpotent derivation by writing

ηÃη
V = η0V − [Ãη, V ] (2.1.145)

for any V ∈ HL. This can then be used to write the flatness relations F̃ ηi = 0 as

ηÃη
Ãi = (−1)|Di|DiÃη . (2.1.146)

We clearly have Ãi(Φ) = −Ai(−Φ). One can also establish the following expan-
sions

Ai(Φ) =
∞∑︂
k=0

(−1)k
(k + 1)!adkΦ(DiΦ) = 1 − e−adΦ

adΦ
(DiΦ) , (2.1.147a)

Ãi(Φ) =
∞∑︂
k=0

1
(k + 1)!adkΦ(DiΦ) = e+adΦ − 1

adΦ
(DiΦ) , (2.1.147b)

valid for any grassmann-even element Φ ∈ HL.

WZW-like action

In order to write down the action of the WZW-like open superstring field theory,
let g(t) ∈ HL for 0 ≤ t ≤ 1 denote the grassmann-even Lie group element
interpolating between g(0) = I (the star-algebra identity) and g(1) = eΦ, where
Φ is the dynamical string field in the large Hilbert space at ghost number 0 and
picture number 0. This is usually implemented by setting

g(t) = eΦ(t) , (2.1.148)
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where Φ(0) = 0 and Φ(1) = Φ. In terms of the connection with components
Ai(Φ(t)) where i = η,Q, t, the action of the WZW-like OSFT can then be written
as

S(Φ) = −1
2

∫︂ 1

0
dtTr[∂t(AηAQ) + At[Aη, AQ]] , (2.1.149)

where we have again set the open string coupling go to unity. As we shall see
momentarily, the dependence on t is purely topological, so that S is indeed a
functional of Φ(1) = Φ only. Identifying the coordinates (z, z̄) in a complex plane
with η,Q as z = η, z̄ = Q, as well as identifying the Witten trace with the d2z
integral combined with a matrix trace tr, we can indeed match this to the usual
2 + 1 dimensional bosonic WZW action

SWZW = −1
2

∫︂ 1

0
dt
∫︂
d2z tr[∂t(AzAz̄) + At[Az, Az̄]] . (2.1.150)

As was noticed by Berkovits, Okawa and Zwiebach [56], we can use the flatness
relations Ftη = 0 and FtQ = 0 to get rid of the t-derivatives and therefore to
rewrite the action as

S(Φ) = −
∫︂ 1

0
dtTr[η0AtAQ + AηQAt + AηAQAt + AtAQAη] . (2.1.151)

Using the BPZ properties of Q and η0, the flatness relation FηQ = 0, and, cyclicity
of the Witten trace, we can eventually recast the action (2.1.149) as

S(Φ) = +
∫︂ 1

0
dt
⟨︂
At, η0AQ

⟩︂
. (2.1.152)

At the same time, using cyclicity of the trace, the WZW-like action (2.1.149) can
be clearly rewritten in terms of the connection Ãi as

S(Φ) = −1
2

∫︂ 1

0
dtTr[∂t(ÃηÃQ) + Ãt[Ãη, ÃQ]] , (2.1.153)

so that using the flatness conditions F̃ tη = 0, F̃ tQ = 0, F̃ ηQ = 0, as well as the
BPZ properties of η0 and Q, we obtain a yet another equivalent form of the action
(the so-called dual WZW-like form)

S(Φ) = −
∫︂ 1

0
dt
⟨︂
Ãt, QÃη

⟩︂
, (2.1.154)

where we note that with respect to the form (2.1.152), the roles of η0 and Q are
interchanged. Finally, note that using (2.1.147), we can expand the action order
by order in Φ: we obtain

S(Φ) = −1
2
⟨︂
η0Φ, QΦ

⟩︂
+ 1

6
⟨︂
η0Φ, [Φ, QΦ]

⟩︂
+

− 1
24
⟨︂
η0Φ, [Φ, [Φ, QΦ]]

⟩︂
+ . . . (2.1.155)

up to quartic order in Φ.
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Equation of motion

Let us now consider an arbitrary variation δΦ(t) of the interpolating string field
Φ(t). Since δ is an even derivation of star algebra which commutes with Q, η0
and ∂t, we can use the flatness relations Fδt = 0 and FδQ to write

δS(Φ) = +
∫︂ 1

0
dt ∂t

⟨︂
Aδ, η0AQ

⟩︂
. (2.1.156)

Picking now a variation δΦ(t) such that δΦ(0) = δΦ(1) = 0, we clearly have
that Aδ(Φ(0)) = Aδ(Φ(1)) = 0 and therefore δS(Φ) = 0. This shows that the
action is indeed independent of a particular way the function Φ(t) interpolates
between 0 and Φ. On the other hand, picking δΦ(0) = 0 and δΦ(1) = δΦ, we can
straightforwardly show that that (2.1.156) gives

δS(Φ) =
⟨︄
δΦ, e

+adΦ − 1
adΦ

η0
1 − e−adΦ

adΦ
(QΦ)

⟩︄
, (2.1.157)

so that we can read off the equation of motion as

EOM(Φ) = e+adΦ − 1
adΦ

η0
1 − e−adΦ

adΦ
(QΦ) . (2.1.158)

Expanding order by order in Φ, we would obtain

EOM(Φ) = Qη0Φ + 1
2[η0Φ, QΦ]+

+ 1
12
(︂
[η0Φ, [QΦ,Φ]] + [Φ, [Φ, Qη0Φ]] + [QΦ, [Φ, η0Φ]]

)︂
+ . . .

(2.1.159)

Gauge transformation

We will now consider gauge variation of Φ. Let us therefore fix δΦ(t) such that

Aδ = QAQ
Λ(t) + η0Ω(t) , (2.1.160)

where we have introduced grassmann-odd gauge parameters such that Λ(0) =
Ω(0) = 0 and Λ(1) = Λ, Ω(1) = Ω. It then follows from (2.1.156) that we have

δS(Φ) =
⟨︂
QΛ + [AQ,Λ] + η0Ω, η0AQ

⟩︂
(2.1.161a)

= −
⟨︂
Λ, η0(QAQ + AQAQ)

⟩︂
(2.1.161b)

= 0 , (2.1.161c)

where we have used the flatness relation FQQ = 0. It is easy to see that the
infinitesimal gauge variation (2.1.160) corresponds to

δg(t) = QΛ̂(t)g(t) + g(t)η0Ω(t) , (2.1.162)

where we have denoted Λ̂(t) = gΛ(t)g−1. This then can be exponentiated into a
finite gauge transformation as

g(t) −→ g′(t) = U(t)g(t)V (t) , (2.1.163)
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where U(t) and V (t) are any grassmann-even elements which are Q- and η0-
closed, respectively. We also have U(0) = V (0) = 1 and U(1) = U , V (1) = V .
Correspondingly, using cyclicity of the Witten trace and the fact that the large
Hilbert space correlators with small Hilbert space entries vanish, we obtain

S(Φ) −→ S(Φ′) =
∫︂ 1

0
dt
⟨︂
At(g′(t)), η0AQ(g′(t))

⟩︂
(2.1.164a)

= S(Φ) +
∫︂ 1

0
dt
⟨︂
g(t)−1At(U(t))g(t), η0AQ(g(t))

⟩︂
, (2.1.164b)

where the second term can be shown to vanish by first eliminating η0AQ for QAη
using the flatness relation FηQ = 0, and then acting with Q on the first entry
of the BPZ product, using the fact that QU(t) = 0. Finally, note that had we
worked with the dual form (2.1.154) of the action, we would have had infinitesimal
gauge transformation

Ãδ = QΛ(t) + ηÃη
Ω(t) , (2.1.165)

which is now non-linear in the η-part (as opposed to the conventional form, which
was non-linear in the BRST part). Equivalently, we have

δg = QΛ(t)g(t) + g(t)η0Ω̂(t) , (2.1.166)

where we have denoted Ω̂(t) = −g−1(t)Ω(t)g(t). This is of the same form as
(2.1.162), thus leading to the same exponentiated finite gauge transformation.

Partial gauge-fixing

Note that the gauge symmetry associated with the parameter Ω can be used to
bring the dynamical string field Φ ∈ HL into the form Φ = ξ0Ψ for some Ψ ∈ HS
(thus implying that ξ0Φ = 0). This is usually called partial gauge-fixing. At the
linearized level (that is, in the free theory) this is very easily seen: in general, we
can write Φ = ξ0Ψ + Ξ for some Ψ,Ξ ∈ HS and note that the linearized gauge
transformation reads simply

Φ −→ Φ′ = Φ +QΛ + η0Ω (2.1.167)

for some gauge parameters Λ, Ω. Therefore, using the fact that the cohomology
of η0 is trivial (because ξ0 is the corresponding contracting homotopy), we can
always set Λ = 0, as well as

Ω = −ξ0Ξ = −ξ0Φ , (2.1.168)

which ensures that Φ′ = (1−η0ξ0)Φ = ξ0η0Φ = ξ0Ψ. The story becomes somewhat
more complicated after turning on interactions. Setting Λ = 0, the finite η0-gauge
transformation can be expanded using the BCH formula as

Φ −→ Φ′ = Φ + η0Ω + 1
2[Φ, η0Ω]+

+ 1
12

(︃
[Φ, [Φ, η0Ω]] + [η0Ω, [η0Ω,Φ]]

)︃
+ . . . (2.1.169)
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Therefore, in order for us to have Φ′ = ξ0Ψ′ for some Ψ′ ∈ HS, we need to apply an
η0-gauge transformation with the parameter Ω satisfying (inserting 1 = η0ξ0+ξ0η0
on the r.h.s. of (2.1.169))

Ω = −ξ0Φ − 1
2ξ0[Φ, η0Ω]+

− 1
12ξ0

(︃
[Φ, [Φ, η0Ω]] + [η0Ω, [η0Ω,Φ]]

)︃
+ . . . , (2.1.170)

which then has to be solved for Ω order by order in Φ to yield

Ω = −ξ0Φ + 1
2ξ0[Φ, η0ξ0Φ] + O(Φ3) . (2.1.171)

We will assume that this is a valid expansion, so that partial gauge fixing is
always possible also at the interacting level.

Upon partial gauge-fixing ξ0Φ = 0 and inserting 1 = η0ξ0+ξ0η0 into the action
(2.1.152), it is then possible [95] to write the action as

S(ξ0Ψ) = +
∫︂ 1

0
dt
⟨︂
η0At, η0AQ

⟩︂
S

⃓⃓⃓
Φ=ξ0Ψ

, (2.1.172)

where we note that we cannot e.g. lift the η0 off At and move it to the other entry
of the BPZ product, because we are computing correlator in the small Hilbert
space while At, AQ ∈ HL. For instance, using the parametrization g(t) = etΦ, we
obtain At = Φ and therefore

S(ξ0Ψ) = +
∫︂ 1

0
dt
⟨︂
Ψ, η0AQ

⟩︂
S

⃓⃓⃓
Φ=ξ0Ψ

. (2.1.173)

These results demonstrate that upon partial gauge fixing, it is possible to write
the WZW-like Berkovits’ action manifestly in the small Hilbert space.

Expanding around classical solutions

Let us now expand the action (2.1.152) around some shifted value Φ0 of the
dynamical string field. We will essentially follow the strategy of [96]. First,
we will reparametrize the t-dependence of the action (2.1.152) by substituting
t = t̂/2, so that we can write

S(Φ) =
∫︂ 2

0
dt̂
⟨︂
At̂( t̂2), η0AQ( t̂2)

⟩︂
. (2.1.174)

Let us also write eΦ = eΦ0eΦ′ and choose the Lie group element path such that

g( t̂2) = ĝ(t̂) , for 0 ≤ t̂ ≤ 1 , (2.1.175a)
g( t̂2) = eΦ0g′(t̂− 1) for 1 ≤ t̂ ≤ 2 , (2.1.175b)

where the Lie group element ĝ satisfies ĝ(0) = 1 and ĝ(1) = eΦ0 , while the Lie
group element g′ satisfies g′(0) = 1 and g′(1) = eΦ′ . Also, let us introduce a new
parameter t′ = t̂− 1. Then we can write

S(Φ) =
∫︂ 1

0
dt̂
⟨︂
ĝ(t̂)−1∂t̂ĝ(t̂), η0(ĝ(t̂)−1(Qĝ(t̂)))

⟩︂
+
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+
∫︂ 1

0
dt′
⟨︂
g′(t′)−1∂t′g

′(t′), η0(g′(t′)−1e−Φ0(QeΦ0g′(t′)))
⟩︂
, (2.1.176)

where the first term can be easily recognized as S(Φ0), while in the second term
we can act with Q to obtain

S(Φ) = S(Φ0) + S(Φ′)

+
∫︂ 1

0
dt′
⟨︂
g′(t′)−1∂t′g

′(t′), η0(g′(t′)−1e−Φ0(QeΦ0)g′(t′))
⟩︂
. (2.1.177)

Finally, introducing a new derivation of the star algebra ∆0 = adAQ(Φ0) we can
write

S(Φ) = S(Φ0) + S(Φ′) +
∫︂ 1

0
dt′
⟨︂
At′(g′), η0A∆0(g′)

⟩︂
+

+
∫︂ 1

0
dt′
⟨︂
g′(t′)−1∂t′g

′(t′), η0AQ(Φ0)
⟩︂
. (2.1.178)

Taking Φ0 = Φ∗ to be a classical solution so that η0AQ(Φ∗) = 0 (the connection
component AQ(Φ∗) is therefore in the small Hilbert space), the result (2.1.178)
reduces to

S(Φ) = S(Φ∗) + S ′(Φ′) , (2.1.179)

where we have denoted the shifted action

S ′(Φ′) =
∫︂ 1

0
dt
⟨︂
At(g′(t)), η0AQ′(g′(t))

⟩︂
, (2.1.180)

which is constructed using the shifted BRST operator

Q′ = Q+ adAQ(Φ∗) . (2.1.181)

Note that we can indeed verify that

(Q′)2V = Q2V +Q[AQ(Φ∗), V ]+
+ [AQ(Φ∗), QV ] + [AQ(Φ∗), [AQ(Φ∗), V ]] (2.1.182a)

= [QAQ(Φ∗), V ] + [AQ(Φ∗)AQ(Φ∗), V ] (2.1.182b)
= 0 , (2.1.182c)

for any V ∈ HL, where in the last step we have used the flatness relation (2.1.140).
Also, since AQ(Φ∗) lies in the small Hilbert space, we have [Q′, η0] = 0.

Relating the WZW-like and A∞ open SFTs

Finally, having all necessary ingredients in place, let us establish the field redef-
inition mapping between the A∞- and the partially gauge-fixed WZW-like open
superstring field theories [17, 18, 19]. We have seen in the previous subsection that
the action of the A∞ SFT may be equivalently rewritten in the form (2.1.131).
Substituting using the relation (2.1.64) between the symplectic form and the BPZ
product, we can therefore write

SA∞(Ψ) = −
∫︂ 1

0
dt
⟨︂
Ãt(Ψ(t)), QÃη(Ψ(t))

⟩︂
, (2.1.183)
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where Ãt(Ψ(t)), Ãη(Ψ(t)) are given in terms of the A∞ SFT string field Ψ using
the formulae (2.1.132). The form (2.1.183) of the A∞ SFT action closely resembles
the dual form (2.1.154) of the WZW-like action and indeed, in the previous
subsection we have shown that the definitions (2.1.132) imply the appropriate
flatness relations for Ãt(Ψ), Ãη(Ψ). It is therefore natural to introduce the field
redefinition relating the string field Ψ of the A∞ SFT to the string field Ψ̃ of the
partially-gauged WZW-like open SFT as follows

π1G
1

1 − Ψ(t) = (η0e
ξ0Ψ̃(t))e−ξ0Ψ̃(t) . (2.1.184)

It then only remains to be seen whether the expression (2.1.132) for Ãt in terms
of Ψ is consistent with putting

Ãt = (∂teξ0Ψ̃(t))e−ξ0Ψ̃(t) (2.1.185)

given the relation (2.1.184) between Ψ and Ψ̃. In this respect, let us denote by
∆Ãt the difference [17]

∆Ãt = (∂teξ0Ψ̃(t))e−ξ0Ψ̃(t) − π1Gξt
1

1 − Ψ(t) . (2.1.186)

It is then not hard to see that since both terms of the difference ∆Ãt satisfy
the flatness relation F̃ ηt = 0, where the connection component Ãη is fixed by
the requirement (2.1.184) to be the same in both A∞ and WZW-like theories, it
follows that ∆Ãt must satisfy

ηÃη
∆Ãt = 0 . (2.1.187)

As a consequence, we obtain that any difference ∆Ãt cannot potentially con-
tribute into the action: indeed, we have∫︂ 1

0
dt
⟨︂
∆Ãt, QÃη

⟩︂
= +

∫︂ 1

0
dt
⟨︂
ηÃη

∆Ãt, ÃQ
⟩︂

(2.1.188a)

= 0 , (2.1.188b)

where in the first line we have used the flatness relation F̃ ηQ = 0. This finally
establishes the consistency of the field redefinition (2.1.184).

It is straightforward to expand the cohomomorphism G to show that explic-
itly, we have

π1G
1

1 − Ψ = Ψ + µ
(1)
2 (Ψ,Ψ) + 1

2
(︂
µ

(2)
3 (Ψ,Ψ,Ψ)+

+ µ
(1)
2 (µ(1)

2 (Ψ,Ψ),Ψ) + µ
(1)
2 (Ψ, µ(1)

2 (Ψ,Ψ))
)︂

+ O(Ψ4) . (2.1.189)

At the same time, we can use (2.1.147) to expand

(η0e
ξ0Ψ̃)e−ξ0Ψ̃ = Ψ̃ + 1

2![ξ0Ψ̃, Ψ̃] + 1
3! [ξ0Ψ̃, [ξ0Ψ̃, Ψ̃]] + O(Ψ̃4). (2.1.190)

Expanding then Ψ̃ perturbatively in Ψ by writing

Ψ̃(Ψ) =
∞∑︂
k=1

f̃k(Ψ⊗k) , (2.1.191)
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we can use (2.1.184) to solve for f̃k order by order in Ψ. Starting with f̃ 1(Ψ) = Ψ,
we find that f̃ 2 needs to satisfy

f̃ 2(Ψ,Ψ) = µ2(Ψ,Ψ) − 1
2! [ξ0Ψ,Ψ] (2.1.192a)

= 1
3ξ0m2(Ψ,Ψ) + 1

6m2(ξ0Ψ,Ψ) + 1
6m2(Ψ, ξ0Ψ) . (2.1.192b)

Similarly, we can find that

f̃ 3(Ψ,Ψ,Ψ) = 1
2
(︂
µ

(2)
3 (Ψ,Ψ,Ψ)+

+ µ
(1)
2 (µ(1)

2 (Ψ,Ψ),Ψ) + µ
(1)
2 (Ψ, µ(1)

2 (Ψ,Ψ))
)︂
+

− 1
2! [ξ0f̃ 2(Ψ,Ψ),Ψ] − 1

2! [ξ0Ψ, f̃ 2(Ψ,Ψ)]+

− 1
3! [ξ0Ψ, [ξ0Ψ,Ψ]] (2.1.193a)

= 5
36
[︂
ξ0m2(ξ0m2(Ψ,Ψ),Ψ) + ξ0m2(Ψ, ξ0m2(Ψ,Ψ))

]︂
+

− 1
18
[︂
ξ0m2(m2(ξ0Ψ,Ψ),Ψ) + ξ0m2(m2(Ψ, ξ0Ψ),Ψ)+

+ ξ0m2(Ψ,m2(ξ0Ψ,Ψ)) + ξ0m2(Ψ,m2(Ψ, ξ0Ψ))
]︂
+

+ 1
36
[︂
2m2(ξ0m2(ξ0Ψ,Ψ),Ψ) + 2m2(ξ0m2(Ψ, ξ0Ψ),Ψ)+

+ 2m2(Ψ, ξ0m2(ξ0Ψ,Ψ)) + 2m2(Ψ, ξ0m2(Ψ, ξ0Ψ))+

+m2(ξ0Ψ, ξ0m2(Ψ,Ψ)) +m2(ξ0m2(Ψ,Ψ), ξ0Ψ)+

−m2(ξ0Ψ,m2(ξ0Ψ,Ψ)) −m2(ξ0Ψ,m2(Ψ, ξ0Ψ))+

−m2(m2(ξ0Ψ,Ψ), ξ0Ψ) −m2(m2(Ψ, ξ0Ψ), ξ0Ψ)
]︂
. (2.1.193b)

It is not hard to show that assuming η0Ψ = 0, we have

η0f̃ 1(Ψ) = 0 , (2.1.194a)
η0f̃ 2(Ψ,Ψ) = 0 , (2.1.194b)

η0f̃ 3(Ψ,Ψ,Ψ) = 0 , (2.1.194c)

so that η0Ψ̃(Ψ) = 0 up to cubic order in Ψ. In order to see this to all orders in
Ψ, note that it is possible to use the expansion (2.1.147) construct (see [18] for
more details) a cohomomorphism F such that

π1F
1

1 − Ψ̃
= (η0e

ξ0Ψ̃)e−ξ0Ψ̃ (2.1.195)

where the constituent products Fk = π1Fπk can be defined recursively as

Fk+2 = − 1
k + 2m2(ξ0 ⊗ Fk+1 + Fk+1 ⊗ ξ0) . (2.1.196)

The cohomomorphism F can then be shown to satisfy

FηF−1 = η − m2 , (2.1.197)
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which is analogous to (2.1.125). It is then clear that defining the cohomomorphism
f̃ ≡ F−1G, the explicit field redefinition (2.1.191) can be concisely expressed as

Ψ̃ = π1f̃
1

1 − Ψ . (2.1.198)

Finally, using the results (2.1.125) and (2.1.197), we can compute

[η, f̃ ] = [η,F−1]G + F−1[η,G] (2.1.199a)
= −F−1m2G + F−1m2G (2.1.199b)
= 0 , (2.1.199c)

thus confirming that the cohomomorphism f̃ is indeed in the small Hilbert space.

2.2 Heterotic string field theory
The aim of this section will be to summarize the construction of two formulations
of the heterotic string field theory in the NS sector. In subsection 2.2.1 we will
start by discussing a formulation [16] which is based on a generalization of the
Munich construction to non-associative bosonic 2-product (here the string field
will reside in the small Hilbert space). The other formulation [55, 56], which will
be outlined in subsection 2.2.2, is then built using a corresponding extension of
the WZW-like construction (with the dynamical string field in the large Hilbert
space). We will use the conventions where the holomorphic part of the Hilbert
space is spanned by the states of a SCFTm ⊗ SCFTbc ⊗ SCFTβγ with cm = 15,
while the anti-holomorphic part is spanned by the states of a CFTm ⊗CFTbc with
c̄m = 26. The corresponding BRST charge can then be written as Q = QB + Q̄B

with

QB =
∮︂ dz

2πi

[︃
c(Tm + Tξη + Tφ) + c∂cb+ ηeφG− η∂ηe2φb

]︃
, (2.2.1a)

Q̄B =
∮︂ dz̄

2πi

[︃
c̄T̄m + c̄∂̄c̄b̄

]︃
. (2.2.1b)

Closed bosonic SFT

Both formulations exploit the symmetric cyclic L∞ products of the closed bosonic
string field theory [9], which we shall denote by (for k ≥ 1) lk : H∧k −→ H. Here
we have l1 ≡ Q and H is now the closed string Hilbert space of states satisfying
additional matching constraints

L−
0 |Ψ⟩ = 0 , (2.2.2a)
b−

0 |Ψ⟩ = 0 . (2.2.2b)

for Ψ ∈ H (here we have denoted L−
0 = L0 − L̄0 and b−

0 = b0 − b̄0). The Hilbert
space is also equipped with a symplectic form ω which is constructed from the
BPZ product

⟨Ψ1,Ψ2⟩ = ⟨Ψ1|c−
0 |Ψ2⟩ , (2.2.3)
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where we have denoted c−
0 = 1

2(c0 − c̄0). With this definition, we have properties

⟨Ψ1,Ψ2⟩ = (−1)(|Ψ1|+1)(|Ψ2|+1)⟨Ψ2,Ψ1⟩ , (2.2.4a)
⟨QΨ1,Ψ2⟩ = (−1)|Ψ1|⟨Ψ1, QΨ2⟩ , (2.2.4b)

so that defining the degree d(Ψ) = |Ψ| to coincide with the ghost number and
putting

ω(Ψ1,Ψ2) = (−1)d(Ψ1)⟨Ψ1,Ψ2⟩ , (2.2.5)

we obtain properties

ω(Ψ1,Ψ2) = −(−1)d(Ψ1)d(Ψ2)ω(Ψ2,Ψ1) , (2.2.6a)
ω(Ψ1, l1(Ψ2)) = −(−1)d(Ψ1)ω(l1(Ψ1),Ψ2) . (2.2.6b)

The 2-string product l2 may be defined using the Witten vertex or, for instance,
using the SL(2,C) vertex. See [72] for more details on the construction of lk
for k ≥ 2. We shall, however, only need their algebraic properties. First, the
products lk are graded-symmetric

lk(Ψ1, . . . ,Ψk) = (−1)ϵ(σ)lk(Ψσ(1), . . . ,Ψσ(k)) (2.2.7)

for all σ ∈ Sk (where Sk is the symmetric group on k elements and (−1)ϵ(σ) is the
obvious sign obtained by moving the insertions past each other). The products
are also cyclic with respect to ω, namely

ω(Ψ1, lk(Ψ2, . . . ,Ψk+1)) = −(−1)d(l1)ω(lk(Ψ1, . . . ,Ψk),Ψk+1) . (2.2.8)

Finally, the products lk satisfy the L∞ relations

0 = l1(l1(A1)) , (2.2.9a)
0 = l1(l2(A1, A2)) + l2(l1(A1), A2) + (−1)d(A1)d(A2)l2(l1(A2), A1) , (2.2.9b)
0 = l1(l3(A1, A2, A3)) + l2(l2(A1, A2), A3)+

+ (−1)d(A1)(d(A2)+d(A3))l2(l2(A2, A3), A1)+
+ (−1)d(A3)(d(A1)+d(A2))l2(l2(A3, A1), A2)+

+ l3(l1(A1), A2, A3) + (−1)d(A1)l3(A1, l1(A2), A3)+
+ (−1)d(A1)+d(A2)l3(A1, A2, l1(A3)) , (2.2.9c)

...

Note that alternatively (especially in conjunction with the BPZ product ⟨·, ·⟩),
one may use the bracket notation

[Ψ1, . . . ,Ψk] = lk(Ψ1, . . . ,Ψk) (2.2.10)

for the products lk. The cyclicity property of the bosonic products then may be
equivalently expressed as

⟨Ψ1, [Ψ2, . . . ,Ψk+1]⟩ = (−1)|Ψ1|+...+|Ψk|⟨[Ψ1, . . . ,Ψk],Ψk+1⟩ . (2.2.11)
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The action for the closed bosonic string field theory can finally be written as

S(Ψ) =
∞∑︂
k=1

1
(k + 1)!ω(Ψ, lk(Ψ∧k)) . (2.2.12)

As we have learned in chapter 1, the cyclicity property of the products lk can be
concisely expressed as

⟨ω|π2lk = 0 , (2.2.13)

where lk are the coderivations corresponding via (1.1.29) to the k-string products
lk. The L∞ relations are then expressed as l2 = 0, where l = ∑︁

k≥1 lk. In terms
of the coalgebra notation, the action takes the form

S(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂t e

∧Ψ(t) ⊗ π1l e
∧Ψ(t) , (2.2.14)

where Ψ(t) for 0 ≤ t ≤ 1 interpolates between Ψ(0) = 0 and Ψ(1) = Ψ.

2.2.1 L∞ heterotic string field theory
Let us now proceed with reviewing how the Munich construction of [15] can be
generalized in the situation, where the bosonic products form a full A∞ or L∞
algebra (see the original paper [16] for more details).

Non-associative Munich construction

We can clearly expect to be able to write the corresponding action as6

S(Ψ) =
∫︂ 1

0
dt ⟨ωS|π1∂t e

∧Ψ(t) ⊗ π1L e∧Ψ(t) , (2.2.15)

where the dynamical string field Ψ is in the small Hilbert space and has ghost
number +2 and picture number −1. The coderivation L is then defined as

L =
∞∑︂
n=1

L(n−1)
n , (2.2.16)

where the coderivations L(n−1)
n corresponding to the small Hilbert space picture-

number n − 1, ghost-number 3 − 2n products L(n−1)
n can be defined recursively

by means of the relations

L(n+1)
m+n+2 = 1

n+ 1

n∑︂
k=0

m∑︂
l=0

[L(k)
k+l+1,λ

(n−k+1)
m+n−k−l+2] , (2.2.17a)

λ
(m+1)
m+n+2 = n+ 1

m+ n+ 3

(︄
ξ0L

(m)
m+n+2+

− L
(m)
m+n+2(ξ0 ∧ 1H∧m+n+1)

)︄
, (2.2.17b)

6Recall that the symplectic forms ωS and ωL over the small and the large Hilbert space,
respectively, are related as ωS(Ψ1,Ψ2) = −ωL(ξ0Ψ1,Ψ2) for Ψ1,Ψ2 ∈ HS.
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for m,n ≥ 0 subject to the initial condition L(0)
m = lm for all m ≥ 1. Note that

we also clearly have the relation

[η,λ(m+1)
m+n+2] = (n+ 1)L(m)

m+n+2 . (2.2.18)

In particular, notice that for a fixed m, the products L(n)
m now go all the way

down from n = m − 1 to n = 0. This time we therefore introduce generating
functions

L(s, t) =
∞∑︂
m=0

smL[m](t) , (2.2.19a)

λ(s, t) =
∞∑︂
m=0

smλ[m](t) (2.2.19b)

where we have

L[m](t) =
∞∑︂
n=0

tnL(n)
m+n+1 , (2.2.20a)

λ[m](t) =
∞∑︂
n=0

tnλ
(n+1)
m+n+2 . (2.2.20b)

Setting t = 0, we observe that L(s, 0) is precisely the generating function for the
bosonic products L(0)

m = lm, while setting s = 0 gives us that L(0, t) is nothing
but the generating function for the heterotic products L(m−1)

m . Given the recursive
scheme (2.2.17), the generating function L(s, t) can be easily shown to satisfy the
differential equations

∂

∂t
L(s, t) = [L(s, t),λ(s, t)] , (2.2.21a)

∂

∂s
L(s, t) = [η,λ(s, t)] , (2.2.21b)

which can then be seen to imply that [L(s, t),L(s, t)] = 0 and [η,L(s, t)] = 0 for
all s, t. This means that the products L(n)

m are all in the small Hilbert space and
that the heterotic products L(m−1)

m satisfy L∞ relations. In a way analogous to
the open superstring story, we may also prove that L(n)

m are cyclic with respect
to both ωS, ωL and that λ(n)

m are cyclic with respect to ωL. This completes the
construction of the Munich formulation of heterotic SFT. Note that analogous
procedure can be invoked to construct a superstring field theory based on any A∞
or L∞ algebra of bosonic products with the dynamical string field in the small
Hilbert space of a chiral βγ superghost system. As an example [16], one might
consider starting with the bosonic OSFT with stubs, where the (non-associative)
2-product is defined as

m
(w)
2 (Ψ1,Ψ2) = (−1)d(Ψ1)e−wL0((e−wL0Ψ1) ∗ (e−wL0Ψ2)) , (2.2.22)

with w denoting the length of the stubs.

Mapping to free theory and the dual products

Note that analogously to the open superstring case, at any fixed s the equation
(2.2.21a) can be solved as

L(s, t) = G(s; t)−1L(s, 0)G(s; t) , (2.2.23)
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where G(s; t) is defined by

G(s; t) = Pt exp
(︄∫︂ t

0
dτ λ(s, τ)

)︄
, (2.2.24)

with the ordering prescription as before in subsection 2.1.2. Setting s = 0, t = 1
and denoting G = G(0; 1), we in particular obtain

L = G−1QG . (2.2.25)

We will also find it useful to introduce yet another set of cyclic graded-symmetric
L∞ products lηk = π1l

ηπk by writing [97, 98]

lη = GηG−1 . (2.2.26)

This therefore generalizes the relation (2.1.125) to the non-associative cases and
the products lηk can be viewed as an L∞-generalization of the associative structure
{η0,−m2}. For reasons which will become apparent below, lηk will be called the
dual L∞ products. We will also often use the bracket notation

lηk(Ψ1, . . . ,Ψk) = [Ψ1, . . . ,Ψk]η . (2.2.27)

Note that lηk carry picture number k − 2 and ghost number 3 − 2k. It is also
straightforward to see that Q behaves as a derivation with respect to the dual
products lηk (that is [Q, lη] = 0): indeed we have

Qlη = GLηG−1 (2.2.28a)
= −GηLG−1 (2.2.28b)
= −lηQ , (2.2.28c)

where we have used that L is in the small Hilbert space. On the other hand,
noting that lη1 = η, then, since the products lηk satisfy L∞ relations, we conclude
that η0 behaves as a derivation only with respect to lη2 = −l2. Higher dual
products may be obtained by expanding the cohomomorphism G.

Large-Hilbert space action and the dual connection

Finally, note that the action (2.2.15) can be rewritten in the large Hilbert space
as

S(Ψ) = −
∫︂ 1

0
dt ⟨ωL|π1ξte

∧Ψ(t) ⊗ π1G−1QGe∧Ψ(t) . (2.2.29)

Hence, defining

G̃(Ψ(t)) = π1Ge∧Ψ(t) , (2.2.30a)
Ãt(Ψ(t)) = π1Gξte

∧Ψ(t) , (2.2.30b)

we can rewrite the action as

S(Ψ) =
∫︂ 1

0
dt
⟨︂
Ãt(Ψ(t)), QG̃(Ψ(t))

⟩︂
. (2.2.31)
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The generalized connection components (2.2.30) then satisfy

π1l
ηe∧G̃(Ψ(t)) = π1l

ηGe∧Ψ(t) (2.2.32a)
= π1Gηe∧Ψ(t) (2.2.32b)
= 0 , (2.2.32c)

where in the second equality we have used the definition (2.2.26) of lη and finally
the fact that Ψ is in the small Hilbert space. This can be equivalently rewritten
as

η0G̃ = −
∞∑︂
k=2

1
k! l

η
k(G̃

∧k) , (2.2.33)

which tells us that G̃ is a solution of the dual Maurer-Cartan equation [97, 98].
Moreover, since the cohomology of η0 is trivial, G̃ must be pure η0-gauge [99]

G̃(Λ) = η0Λ + 1
2![Λ, η0Λ]η + 1

3![Λ, η0Λ, η0Λ]η+

+ 1
3![Λ, [Λ, η0Λ]η]η + O(Λ4) , (2.2.34)

for some grassmann-odd gauge parameter Λ (here we have used the bracket nota-
tion for lηk). See the paragraph preceding (2.2.44) for the details of constructing
a pure Q-gauge solution which takes an analogous form. We can also show that

∂tG̃ = π1G∂te
∧Ψ(t) (2.2.35a)

= π1Gηξte
∧Ψ(t) (2.2.35b)

= π1l
ηGξte

∧Ψ(t) (2.2.35c)

=
∞∑︂
k=1

π1l
η
kπkGξte

∧Ψ(t) , (2.2.35d)

where we have used the definition (2.2.26) as well as substituted 1TH = ∑︁∞
k=0 πk.

Using then the property (1.1.23), we have

∂tG̃ =
∞∑︂
k=1

π1l
η
k∇k−1(π1)⊗′k∆k−1Gξte

∧Ψ(t) (2.2.36a)

=
∞∑︂
k=1

lηk
[︂
∇k−1

(︂
π1Gξte

∧Ψ(t) ⊗′ (π1Ge∧Ψ(t))⊗′(k−1) + . . .

. . .+ (π1Ge∧Ψ(t))⊗′(k−1) ⊗′ π1Gξte
∧Ψ(t)

)︂]︂
(2.2.36b)

=
∞∑︂
k=1

1
(k − 1)! l

η
k

[︂
π1Gξte

∧Ψ(t) ∧ (π1Ge∧Ψ(t))∧(k−1)
]︂
, (2.2.36c)

which can be finally rewritten as [97, 98]

∂tG̃ = (η0)G̃Ãt . (2.2.37)

Here, by (η0)G̃ we have denoted the dual 1-product expanded around the string
field G̃. In general, for a grassmann-even string field Ψ∗, we have

(lηk)Ψ∗(Ψ1, . . . ,Ψk) =
∞∑︂
m=0

1
m! l

η
m+k((Ψ∗)∧m,Ψ1, . . . ,Ψk) , (2.2.38)
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where the products (lηk)Ψ∗ satisfy L∞ relations whenever Ψ∗ solves the dual MC
equation (2.2.33). In particular, we have that (η0)G̃ is nilpotent, because G̃ solves
the dual MC equation (2.2.33). As we will see in the following subsection, the
above-outlined considerations regarding the dual products lηk will form a basis for
the field redefinition, which maps the L∞ heterotic SFT to the partially gauge-
fixed dual WZW-like heterotic SFT [97, 98].

2.2.2 WZW-like heterotic string field theory
The construction of the large Hilbert space heterotic string field theory in the
NS sector follows the method of Berkovits, Okawa and Zwiebach [55, 56], which
extends the WZW-like construction of open superstring field theory to the case
of non-associative bosonic 2-product. In particular, note that similarly to the
case of the Munich formulation, the below-outlined construction works also in
the cases, where the bosonic products form an A∞ algebra (e.g. taking bosonic
OSFT with stubs as an input [97]).

Basic properties and shifted structures

We will first construct an action which is structurally identical to the form
(2.1.152) of the open superstring field theory action, where AQ will be replaced
by a pure gauge solution of the bosonic closed string field theory equation of
motion and At will be defined so as to satisfy a generalized flatness relation. The
dynamical string field Φ will be taken to be a state in the large Hilbert space of
the heterotic string with ghost number +1 and picture number 0. We also note
that η0 acts as a derivation on all bosonic products

η0[Ψ1, . . . ,Ψk] = −[η0Ψ1, . . . ,Ψk] + . . .

. . .− (−1)d(Ψ1)+...+d(Ψk−1)[Ψ1, . . . , η0Ψk] (2.2.39)

and that in the BPZ product, we have

⟨Ψ1, η0Ψ2⟩ = (−1)|Ψ1|⟨η0Ψ1,Ψ2⟩ . (2.2.40)

Similarly, ∂t and δ act as derivations of lk. The corresponding coderivations
therefore satisfy [η0, l] = [∂t, l] = [δ, l] = 0. We will also find it convenient to
introduce the shifted products (see the end of subsection 1.1.1 for the definition
of the coderivation cΨ

0 )

lΨ∗ = e−cΨ∗
0 l ecΨ∗

0 , (2.2.41)

where the grassmann-even string field Ψ∗ is a classical solution of the closed
bosonic SFT equation of motion, so that the products lΨ∗ again satisfythe L∞
relations with lΨ∗

0 = 0. In terms of the bracket notation, we will write

[Ψ1, . . . ,Ψk]Ψ∗ =
∑︂
l≥0

1
l! [(Ψ

∗)∧l,Ψ1, . . . ,Ψk] (2.2.42)

for all k ≥ 1.
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Pure-gauge solution

Let us start by constructing a pure-gauge solution G(Λ) of the closed SFT equa-
tions of motion parametrized by a ghost-number 1 gauge parameter Λ. For more
details see [99]. Considering any fixed interpolation Λ(τ) for 0 ≤ τ ≤ 1 such
that Λ(0) = 0 and Λ(1) = Λ, it is easy to realize that G(Λ(τ + ε)) and G(Λ(τ))
must differ exactly by an infinitesimal gauge transformation with gauge parame-
ter ε∂τΛ(τ) (this holds up to O(ε2) corrections). We therefore obtain differential
equation

∂

∂τ
G(Λ(τ)) =

∞∑︂
k=1

1
(k − 1)! [∂τΛ(τ), G(Λ(τ))∧k−1] , (2.2.43)

with the initial condition G(0) = 0. The solution can then be found order by
order in Λ. As we are only interested in the solution at τ = 1, a particularly
convenient choice Λ(τ) = τΛ is usually adopted. Up to cubic order in Λ, the
solution for G(Λ) can then be found to read

G(Λ) = QΛ + 1
2![Λ, QΛ] + 1

3![Λ, QΛ, QΛ] + 1
3![Λ, [Λ, QΛ]] + O(Λ4) . (2.2.44)

Also, noting that the expression on the r.h.s. of (2.2.43) is exactly the BRST
operator QG(Λ(τ)) expanded around G(Λ(τ)) acting on ∂τΛ(τ), it is possible to
rewrite (2.2.43) in the form

QG(Λ(τ))∂τΛ(τ) = ∂τG(Λ(τ)) (2.2.45)

which can be viewed as a generalization of the flatness relation (2.1.142). It is
then straightforward to verify that the pure-gauge string field (2.2.44) satisfies
the closed bosonic SFT equation of motion EOM(Ψ) = π1le

∧Ψ. Indeed, rewriting
(2.2.43) in the coalgebra language as(︂

∂τ − [l, c∂τ Λ(τ)
0 ]

)︂
e∧G(Λ(τ)) = 0 , (2.2.46)

we obtain

∂τ le∧G(Λ(τ)) = l∂τe
∧G(Λ(τ)) (2.2.47a)

= [l, c∂τ Λ(τ)
0 ]le∧G(Λ(τ)) , (2.2.47b)

where we have used that [l,∂τ ] = 0, as well as (2.2.46) and also the L∞ relations
l2 = 0. Noting therefore that le∧G(Λ(τ)) satisfies a linear differential equation with
the initial condition le∧G(Λ(0)) = 0, we conclude that le∧G(Λ(τ)) = 0 for all τ and
therefore EOM(G(Λ(τ))) = 0. In other words, setting τ = 1 we have

QG(Λ) = −
∞∑︂
k=2

1
k! [G(Λ)∧k] , (2.2.48)

which should be understood as a generalization of the flatness relation (2.1.140).
As a consequence, the shifted BRST operator QG(Λ) is nilpotent.
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Connection and field strength

Substituting now Λ = Φ(t), where Φ(t) interpolates between Φ(0) = 0 and the
dynamical string field Φ(1) = Φ, it is easy to see that we have

DiEOM(G(Φ(t))) = (−1)|Di|QG(Φ(t))DiG(Φ(t)) , (2.2.49)
where Di = η0, ∂t, δ is a derivation of lk. Since EOM(G(Φ(t))) = 0 (so that
DiG(Φ(t)) is BRST closed) and because the BRST cohomology in the large
Hilbert space is empty, we therefore must be able to write the generalized flatness
relation

DiG(Φ(t)) = (−1)|Di|QG(Φ(t))Ai(Φ(t)) (2.2.50)
for some connection Ai(Φ(t)). Rescaling now Φ(t) → τΦ(t) and differentiating
with respect to τ , we eventually find out that Ai(τΦ(t)) satisfies the differential
equation

∂

∂τ
Ai(τΦ(t)) = DiΦ(t) + [Φ(t), Ai(τΦ(t))]G(τΦ(t)) . (2.2.51)

with initial condition Ai(0) = 0 at τ = 0. Solving (2.2.51) order by order in Φ(t)
and setting τ = 1, we obtain

Ai(Φ(t)) = DiΦ(t) + 1
2! [Φ(t), DiΦ(t)] + 1

3! [Φ(t), [Φ(t), DiΦ(t)]]+

+ 1
3![QΦ(t),Φ(t), DiΦ(t)] + O(Φ(t)4) . (2.2.52)

In particular, we observe that for Di = ∂t and Φ(t) = tΦ, only the first term
∂tΦ(t) = Φ survives: indeed, we can easily derive the differential equation

∂

∂t
At(tΦ) = [Φ, At(tΦ)]G(tΦ) , (2.2.53)

which is clearly satisfied by putting At(tΦ) = Φ. Finally, acting with Dj on
(2.2.51) and defining
Fij(τΦ(t)) ≡ DiAj(τΦ(t)) − (−1)|Di||Dj |DjAi(τΦ(t))+

− (−1)|Di|[Ai(τΦ(t)), Aj(τΦ(t))]G(τΦ(t)) , (2.2.54)

we obtain (using that DiDj − (−1)|Di||Dj |DjDi = 0 for Di = ∂t, η0, δ as well as
the L∞ relations for the shifted products)
∂τFij(τΦ(t)) = [Φ(t), Fij(τΦ(t))]G(τΦ(t))+

+ (−1)|Di|QG(τΦ(t))[Φ(t), Ai(τΦ(t)), Aj(τΦ(t))]G(τΦ(t)) . (2.2.55)
Hence, acting with QG(τΦ(t)) and using its nilpotency (as well as (2.2.45)), we
obtain that QG(τΦ(t))Fij(τΦ(t)) satisfies differential equation

∂

∂τ
QG(τΦ(t))Fij(τΦ(t)) = [Φ(t), QG(τΦ(t))Fij(τΦ(t))]G(τΦ(t)) (2.2.56)

with the initial condition QG(τΦ(t))Fij(τΦ(t)) = 0 at τ = 0. This finally implies
that we have

QG(Φ(t))Fij(Φ(t)) = 0 , (2.2.57)
so that we recover the flatness relation Fij = 0 up to QG(Φ(t))-exact terms (recall
that the BRST cohomology in the large Hilbert space is trivial).
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Berkovits-Okawa-Zwiebach action

Everything is now in place to write down the BOZ action for the heterotic string
field theory [55, 56]

S(Φ) = −
∫︂ 1

0
dt
⟨︂
At(Φ(t)), η0G(Φ(t))

⟩︂
. (2.2.58)

Expanding the action up to quartic order in Φ (using the bracket notation for
the bosonic products), we obtain

S(Φ) = 1
2
⟨︂
η0Φ, QΦ

⟩︂
+ 1

3!
⟨︂
η0Φ, [Φ, QΦ]

⟩︂
+

+ 1
4!

(︄⟨︂
η0Φ, [Φ, QΦ, QΦ]

⟩︂
+
⟨︂
η0Φ, [Φ, [Φ, QΦ]]

⟩︂)︄
+ O(Φ5) (2.2.59a)

= 1
2
⟨︂
η0Φ, QΦ

⟩︂
+ I(Φ) , (2.2.59b)

where we have separated the interacting part

I(Φ) = 1
3!
⟨︂
η0Φ, [Φ, QΦ]

⟩︂
+

+ 1
4!

(︄⟨︂
η0Φ, [Φ, QΦ, QΦ]

⟩︂
+
⟨︂
η0Φ, [Φ, [Φ, QΦ]]

⟩︂)︄
+ O(Φ5) . (2.2.60)

Varying the integrand of (2.2.58), it is then straightforward to verify (using
(2.2.57)) that

δ
⟨︂
At(Φ(t)), η0G(Φ(t))

⟩︂
= ∂t

⟨︂
Aδ(Φ(t)), η0G(Φ(t))

⟩︂
. (2.2.61)

Therefore, varying Φ(t) while keeping Φ(0) and Φ(1) fixed, this shows that the
t-dependence of S(Φ) is purely topological. Also, substituting the gauge variation

Aδ = QG(Φ(t))Λ(t) + η0Ω(t) , (2.2.62)
one can verify that the action (2.2.58) is left invariant (noting that (2.2.50) im-
plies that η0G(Φ(t)) = −QG(Φ(t))Aη(Φ(t))). Finally, varying the expanded action
(2.2.59), we obtain the classical equations of motion

EOM(Φ) = −η0QΦ + 1
2![η0Φ, QΦ] + 1

3!

(︄
[η0Φ, QΦ, QΦ]+

+ [η0Φ, [Φ, QΦ]] − 1
2[Φ, [Φ, η0QΦ]]+

− 1
2[Φ, [QΦ, η0Φ]]

)︄
+ O(Φ4) (2.2.63a)

= −η0QΦ + J (Φ) , (2.2.63b)
where we have defined the interaction term

J (Φ) = + 1
2![η0Φ, QΦ] + 1

3!

(︄
[η0Φ, QΦ, QΦ]+

+ [η0Φ, [Φ, QΦ]] − 1
2[Φ, [Φ, η0QΦ]]+

− 1
2[Φ, [QΦ, η0Φ]]

)︄
+ O(Φ4) . (2.2.64)

These are the expressions we will start with in chapter 6, where we will discuss
constructing the effective action for WZW-like heterotic SFT.
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Dual formulation

Instead of using the bosonic products lk to run the BOZ construction, we might
have started [97, 98] with the dual products lηk as defined by (2.2.26). Such
action would be based on a pure-gauge solution (2.2.34) to the dual Maurer-
Cartan equation (2.2.33). For Di = Q, ∂t, δ, acting with Di on the dual MC
equation, we would then recover the property

DiG̃(Φ(t)) = (−1)|Di|(η0)G̃(Φ(t))Ãi(Φ(t)) , (2.2.65)

where the connection component Ãi(Φ(t)) satisfies the differential equation

∂

∂τ
Ãi(τΦ(t)) = DiΦ(t) + [Φ(t), Ãi(τΦ(t))]η

G̃(τΦ(t)) , (2.2.66)

with the initial condition Ãi(τΦ(t)) = 0 at τ = 0 (recall also the definition (2.2.38)
of the shifted dual products). Solving this equation and setting τ = 1, we would
obtain

Ãi(Φ(t)) = DiΦ(t) + 1
2! [Φ(t), DiΦ(t)]η + 1

3![Φ(t), [Φ(t), DiΦ(t)]η]η+

+ 1
3![η0Φ(t),Φ(t), DiΦ(t)]η + O(Φ(t)4) . (2.2.67)

In a complete analogy to what we did above, we could proceed to define the
dual field-strength components F̃ ij(Φ(t)) which would satisfy the corresponding
dualized relations (η0)G̃(Φ(t))F̃ ij(Φ(t)) = 0. The dual BOZ action can then be
written as

Sη(Φ) = +
∫︂ 1

0
dt
⟨︂
Ãt(Φ(t)), QG̃(Φ(t))

⟩︂
. (2.2.68)

Varying the integrand with respect to Φ(t), we would obtain

δ
⟨︂
Ãt(Φ(t)), QG̃(Φ(t))

⟩︂
= ∂t

⟨︂
Ãδ(Φ(t)), QG̃(Φ(t))

⟩︂
. (2.2.69)

It is then easy to see that the dependence on t is again purely topological and
that the action is left invariant under the dual gauge transformation

Ãδ = QΛ(t) + (η0)G̃(Φ(t))Ω(t) . (2.2.70)

It is still an open problem to construct a field redefinition mapping the BOZ
heterotic SFT to its dual.

Mapping to the L∞ heterotic SFT

By now it should be clear that in complete analogy with what happened in the
case of open superstring, we can construct a field redefinition mapping the Munich
L∞ formulation of heterotic SFT to the partially gauge-fixed dual WZW-like SFT
by setting [97, 98]

π1Ge∧Ψ(t) = G̃(ξ0Ψ̃(t)) , (2.2.71)
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where Ψ(t) denotes the Munich L∞ string field and Φ(t) = ξ0Ψ̃(t) is the string
field of the partially gauge-fixed dual WZW-like theory. Expanded up to cubic
order in Ψ̃, the field redefinition can therefore be written as

π1Ge∧Ψ(t) = Ψ̃(t) + 1
2! [ξ0Ψ̃(t), Ψ̃(t)]η + 1

3![ξ0Ψ̃(t), Ψ̃(t), Ψ̃(t)]η+

+ 1
3![ξ0Ψ̃(t), [ξ0Ψ̃(t), Ψ̃(t)]η]η + O(Ψ̃(t)4) . (2.2.72)

Also note that an identical argument to the one used in the open superstring case
can be employed to show that this field redefinition is consistent with identifying

π1Gξte
∧Ψ(t) = Ãt(ξ0Ψ̃(t)) , (2.2.73)

where Ãt(ξ0Ψ̃(t)) can be expanded order by order in Ψ̃(t) using (2.2.67). It
should be of interest to investigate whether one can construct a field redefinition
relating the dual WZW-like heterotic SFT to the usual BOZ WZW-like theory
(2.2.58). This would then establish the equivalence of the L∞ action and the
BOZ WZW-like action for the heterotic SFT.
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3. Observables and invariants
The purpose of this short chapter will be to discuss selected ways of constructing
gauge invariant quantities in various string field theories. Having such quantities
at our disposal is of course instrumental whenever we want to draw physical
conclusions from any SFT calculation by computing some observables. Moreover,
we shall see that certain gauge invariant quantities can also be used to study
interesting deformations of the underlying SFT action.

While we will start off in subsection 3.1.1 by discussing gauge invariant quan-
tities for A∞ SFTs in a somewhat broad manner, we will subsequently specialize
on gauge invariants which are based on an on-shell midpoint insertion of a weight
(0, 0) closed string primary. The archetypal example of such an invariant (for
Witten’s cubic OSFT) is provided by the construction of Hashimoto and Itzhaki
[100] and Gaiotto, Rastelli, Sen and Zwiebach [101]. When evaluated at a clas-
sical solution, this observable was then conjectured by Ellwood [102] to measure
the difference between the boundary state coefficients of the initial and the final
D-brane configurations. After reviewing in section 3.1 the construction of these
so-called Ellwood invariants in the bosonic cubic OSFT, as well as in the WZW-
like Berkovits’ open SFT, we shall present a proposal in section 3.2 for a new
observable in the Munich A∞ open SFT, which will be shown to be related to the
Ellwood invariant of the Berkovits’ theory by the field redefinition (2.1.184) of
[17, 18]. We will come back to discussing gauge invariant quantities and observ-
ables in chapter 4 where we will both investigate their fate after integrating out
some degrees of freedom, as well as speculate on the way how some observables
can be used to implement deformations of the closed string background on the
level of both full and effective SFTs.

3.1 Introductory remarks
In this section we will collect some general facts about observables for open (su-
per)string field theories. We will call a quantity ‘an observable’ if it is invariant
under gauge transformations when evaluated at a classical solution (MC element)
Ψ∗. Such quantities may potentially yield physical information about the non-
perturbative open string vacua (D-branes) corresponding to the classical solutions
Ψ∗. In subsection 3.1.1 we will consider a possible particular form of observables
for general A∞ theories (which may be viewed as a generalization of the Ellwood
invariant in the bosonic OSFT), while in the subsection 3.1.2, we will review the
construction of Ellwood invariants in the Berkovits’ WZW-like open superstring
field theory.

3.1.1 Observables in A∞ theories
Here we will outline a possible framework for observables in general A∞ SFTs.
This will rely on having at our disposal a cyclic degree-odd coderivation e with
certain algebraic properties. It will become apparent that concrete construction
of e is clearly theory-specific so that it cannot be discussed in full generality. We
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shall however encounter numerous examples of such e throughout the rest of this
thesis, starting with the discussion of the Ellwood invariant in cubic OSFT below.

General framework

Let (H, {mk}k≥1, ω) be a cyclic A∞ algebra defining an A∞ SFT given by the
action (1.1.10) for a degree-even string field Ψ. Let us start by considering a
quantity

E(Ψ) =
∞∑︂
k=0

1
k + 1ω(Ψ, ek(Ψ⊗k)) , (3.1.1)

where ek are cyclic degree-odd products. It is easy to see that this may be
rewritten in the tensor coalgebra notation (see chapter 1 for an introduction) as

E(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂t

1
1 − Ψ(t) ⊗ π1e

1
1 − Ψ(t) , (3.1.2)

where e = ∑︁
k ek and ek are the cyclic coderivations corresponding via (1.1.29)

to the cyclic products ek. As usual, Ψ(t) for 0 ≤ t ≤ 1 interpolates between
Ψ(0) = 0 and Ψ(1) = Ψ. We would now like to isolate conditions on e such that
E(Ψ) is gauge invariant

1. for all Ψ (off-shell),

2. for all MC elements Ψ∗ (on-shell).

To this end (similarly to our discussion of infinitesimal variations in subsection
1.1.1), let us introduce a variation

δΨ(t) = π1δ(t) 1
1 − Ψ(t) (3.1.3)

for some even coderivation δ(t). In a completely parallel way to our discussion of
varying the action in subsection 1.1.1, it is then possible to use cyclicity of e to
show that δE(Ψ) receives contributions only from the boundary terms, namely

δE(Ψ) = ⟨ω|δΨ(1) ⊗ π1e
1

1 − Ψ(1) − ⟨ω|δΨ(0) ⊗ π1e
1

1 − Ψ(0) . (3.1.4)

Setting δ(t) = [m,Λ0(t)] where Λ0(t) ≡ cΛ(t)
0 is a degree-odd coderivation con-

structed from a 0-string product corresponding to a degree-odd gauge parameter
Λ(t) ∈ H (where we choose Λ(0) = 0 and Λ(1) = Λ; see subsection 1.1.1 for a
discussion of cΛ(t)

0 and its properties) we therefore obtain

δE(Ψ) = ⟨ω|π1Λ0
1

1 − Ψ ⊗ π1me
1

1 − Ψ , (3.1.5)

where we have used cyclicity of m and the property (1.1.49). Hence, the condition
on E(Ψ) to be gauge invariant off-shell reads

π1me
1

1 − Ψ = 0 (3.1.6)
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for all Ψ ∈ H. As it is apparent from (3.1.6), a simple example of an off-
shell gauge invariant quantity is of course the action S(Ψ) itself, for which we
put e = m. When evaluated at a classical solution Ψ∗, the action S(Ψ∗) then
famously measures [43, 44] the difference between the tension of the initial D-
brane configuration (perturbative SFT vacuum) and the tension of the D-brane
configuration corresponding to Ψ∗. On the other hand, if we only insist on having
on-shell gauge invariance, the respective condition reads (recalling (1.1.42a))

[m, e] 1
1 − Ψ∗ = 0 (3.1.7)

for any MC element Ψ∗ (note that here we were able to omit the π1 projector
because [m, e] is a coderivation, so that we have the property (1.1.42a)). In order
for (3.1.7) to be satisfied, it is therefore sufficient to require that [m, e] = 0.
Furthermore, on-shell invariance is guaranteed upon requiring (3.1.7) even if we
consider δ(t) = [m,Λ(t)] for a general odd coderivation Λ(t) = Λ0(t)+Λ1(t)+. . .
Also note that any observable for which we can write e = [m, s] for some arbitrary
even cyclic coderivation s, is automatically trivial: while it is true that we then
have [m, e] = 0 by super-Jacobi identity (so that e yields an on-shell gauge
invariant), we can use cyclicity of both s and m (as well as the fact that [∂t,m] =
[∂t, s] = 0) to show that

E(Ψ) =
∫︂ 1

0
dt ⟨ω|π1∂t

1
1 − Ψ(t) ⊗ π1ms

1
1 − Ψ(t)+

+
∫︂ 1

0
dt ⟨ω|π1∂ts

1
1 − Ψ(t) ⊗ π1m

1
1 − Ψ(t) (3.1.8a)

=
∫︂ 1

0
dt ⟨ω|π1s

1
1 − Ψ(t) ⊗ π1∂tm

1
1 − Ψ(t)+

+
∫︂ 1

0
dt ⟨ω|π1∂ts

1
1 − Ψ(t) ⊗ π1m

1
1 − Ψ(t) (3.1.8b)

= ⟨ω|δΨ ⊗ π1m
1

1 − Ψ − ⟨ω|δΨ(0) ⊗ π1m1TH (3.1.8c)

= δS(Ψ) , (3.1.8d)

where we first used cyclicity of s in the second term, then used cyclicity of m
and graded anti-symmetry in the first term to rewrite E(Ψ) as a boundary term,
which manifestly vanishes on-shell, thus giving no useful physical information (we
have also denoted by δΨ(t) the variation of Ψ(t) generated by s via (1.1.57)). To
summarize our discussion up to this point, we have introduced a particular class
of observables for A∞ SFTs associated with cyclic odd coderivations e satisfying
(3.1.7). In most of the examples of such observables which we will encounter in
this thesis, we will, at the same time, have [m, e] = 0.

Ellwood invariant in cubic OSFT

Probably the simplest example of an observable, which falls within the above-
outlined framework, is the Ellwood invariant in Witten’s cubic OSFT [100, 101,
102]: this satisfies ek = 0 for k ≥ 1 and the 0-string product given by the
state e0 ∈ H is obtained by inserting, on the open string midpoint, a weight
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(0, 0) local primary closed string state V satisfying QV = 0. That is, we may
write e0 = V(i)I where I is the identity string field. Utilizing the wedge-state
definition |I⟩ = |1⟩ = U∗

1 |0⟩, the BPZ product of e0 against any Ψ ∈ H can
therefore be expressed as⟨︂

V(i)I,Ψ
⟩︂

=
⟨︂
V(i)w ◦ Ψ(0)

⟩︂
UHP

, (3.1.9)

where we have introduced the map

w(z) = tan[2 arctan(z)] = 2z
1 − z2 . (3.1.10)

It is then possible to show that (see [100, 102] for details)

Qe0 = 0 , (3.1.11a)
[e0,Ψ] = 0 , (3.1.11b)

for all Ψ ∈ H. In the tensor coalgebra notation, these relations clearly translate
to the properties

[m1, e0] = 0 , (3.1.12a)
[m2, e0] = 0 . (3.1.12b)

This means that the quantity

E(Ψ,V) = ω(Ψ, e0) (3.1.13)

is certainly an on-shell gauge invariant. Moreover, since the coderivation e0 cor-
responds to a 0-string product, we necessarily have

π1e0m
1

1 − Ψ = 0 (3.1.14)

for all Ψ ∈ H, so that [m, e0] = 0 implies

π1me0
1

1 − Ψ = 0 . (3.1.15)

By (3.1.6) we can therefore conclude that E(Ψ,V) is actually an off-shell gauge
invariant. It is also clear that we have (e0)2 = 0 so that the coderivation m ≡
m + e0 is again nilpotent. The products mk = π1mπk for k ≥ 0 then determine
a (weak) A∞ action

S(Ψ; V) = S(Ψ) + E(Ψ,V) (3.1.16)

Such an action was indeed shown [103, 104] to cover the moduli space of scattering
amplitudes with off-shell open and on-shell closed string insertions and can be
understood as a special limit of the full open-closed string field theory. See also
[105] for a general discussion of deformations of the cubic OSFT and how the
closed string cohomology arises through the cyclic cohomology of the differential
graded algebra (H, {m1,m2}, ω). However, beware that a vacuum shift is needed
in order to recast the action S(Ψ; V) given by the products mk (which include
the tadpole term given by e0) into a canonical cubic form (2.1.1) (without a
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0-string product) – see subsection 4.2.2 for more details. In chapter 4, we will
conjecture that the action S(Ψ; V) describes open strings propagating on a closed
string background which is marginally deformed by turning on a vev for the on-
shell closed-string operator V . We expect that possible obstructions to exact
marginality of such a closed-string deformation could manifest themselves through
the obstructions to the above-mentioned open-string vacuum shift, which one
needs to perform in order to find the true vacuum of the open SFT: one way
of checking this proposition would be to study possible failures of deforming the
tachyon vacuum solution after turning on a small deformation by E(Ψ,V). We
will also see that another source of possible obstructions to the vacuum shift is
provided by D-branes which are unable to adapt themselves to the given bulk
deformation (see [106]). We would like to stress the (at the moment) speculative
nature of our claim that marignally-deforming closed-string background can be
effected at the level of OSFT action by adding the Ellwood invariant to the cubic
action: in the case that it turns out that it is not possible to implement the full
closed-string marginal deformation by adding E(Ψ,V) to the OSFT action, one
will have to consider vertices of the full open-closed string field theory [104]. In
any case, adding E(Ψ,V) should, however, still yield correct results to the leading
order in the closed-string marginal parameter.

Finally, note that when evaluated at a classical solution Ψ∗, the invariant
E(Ψ∗,V) measures [102] the difference in the boundary state coefficient corre-
sponding to V between the original D-brane (perturbative OSFT vacuum) and
the D-brane corresponding to Ψ∗. Namely, we have

−4πi E(Ψ∗,V) = ⟨V|c−
0 ∥BΨ∗⟩⟩ − ⟨V|c−

0 ∥B0⟩⟩ , (3.1.17)

where ∥BΨ∗⟩⟩ is the boundary state corresponding to Ψ∗ while ∥B0⟩⟩ is the bound-
ary state which was used to define the perturbative OSFT vacuum. This is a
useful tool for identifying the boundary state ∥BΨ∗⟩⟩ corresponding to Ψ∗. Con-
crete implementations of this idea include the non-linear geometric construction
of [107], as well as the construction of Kudrna, Maccaferri and Schnabl [108],
which is perfectly suited for numerical computations in level truncation: by as-
suming that the matter BCFT factorizes as BCFTm = BCFT0 ⊗BCFTaux, where
BCFT0 can be any BCFT of interest (with central charge c0) and BCFTaux is a
suitable auxiliary sector with central charge caux = 26 − c0, we can in this way
render any (h, h) spinless matter operator Vm ∈ CFTm suitable for being used in
the Ellwood invariant by combining it with some Vaux ∈ CFTaux with conformal
weights (1−h, 1−h). This therefore enables studying the landscape of boundary
states via numerical OSFT methods for virtually any bulk CFT which might be
of interest [53, 54, 92, 109, 110, 111, 112] (see also [88] for a comprehensive re-
view). We also observe that now there are two ways of computing the difference
in tensions of the initial and final D-brane configuration: one from the action and
the other from Ellwood invariant (where we choose V suitably so that E(Ψ∗,V)
measures the g-function of the boundary state). It was shown in [113] that these
two calculations give the same result. See also [114] for a recent discussion of Ell-
wood invariants in relation to the giant graviton D-branes and 3-point functions
in planar N = 4 SYM.

Below we will encounter more complicated examples of observables for various
A∞ SFTs (and their corresponding effective theories), for which we will generally
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have neither ek = 0 for k ≥ 1, nor e2 = 0.

3.1.2 Observables in Berkovits’ WZW-like open SFT
Let us now review the construction of the three guises of Ellwood invariant in the
Berkovits’ WZW-like open SFT for NSNS insertions at the open string midpoint
[96, 102]. As we shall see, all of these turn out to compute the same off-shell
gauge-invariant quantity (see also the discussion in [96])

E(Φ,M) =
⟨︂
M,Φ

⟩︂
, (3.1.18)

where we define

M = −εij
(︂
(η0U i)(Q̄Ū j) + (QU i)(η̄0Ū

j)
)︂
I . (3.1.19)

for some polarization εij, as well as

U i = ξ0cUi
1
2
e−φ , (3.1.20a)

Ū j = ξ̄0c̄Ū
j
1
2
e−φ̄ , (3.1.20b)

with Ui
1/2 and Ūj

1/2 some matter primary states with h = 1/2. Note that we can
equivalently rewrite M as

M = −εij(X0 + X̄0)U iŪ
j
I , (3.1.21)

where we have introduced

U i = cUi
1
2
e−φ , (3.1.22a)

Ū
j = c̄Ūj

1
2
e−φ̄ . (3.1.22b)

Similarly to the case of the Ellwood invariant for the cubic OSFT, we shall later
discuss (see subsection 4.2.2) if adding the Berkovits’ Ellwood invariant to the
WZW-like action can implement the marginal deformation of the closed string
background corresponding to turning on the vev of εijU iŪ j.

Q-Ellwood invariant

Let us first consider the Q-invariant of [102]. We take an ansatz

EQ(Φ,VQ) =
⟨︂
VQI, AQ(g(t))

⟩︂⃓⃓⃓
t=1

, (3.1.23)

where the form of the local closed superstring operator VQ (picture −1, ghost
number +1) will be fixed so that the gauge invariance of the above quantity
follows as a consequence of the linearized equations of motion of type II closed
superstring field theory in the NSNS sector. Also, let us denote Q± = Q ± Q̄,
η±

0 = η0 ± η̄0. We require (3.1.23) to be invariant under the gauge transformation

g(t) → eQΛ(t)g(t)eη0Ω(t) , (3.1.24)
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where Λ(t), Ω(t) are the corresponding gauge parameters. Substituting (3.1.23)
into (3.1.24), we eventually obtain⟨︂

VQI, AQ(g(t))
⟩︂⃓⃓⃓
t=1

→
⟨︂
VQI, AQ(g(t))

⟩︂⃓⃓⃓
t=1

+
⟨︂
Q+η+

0 VQI,Ω(t)
⟩︂⃓⃓⃓
t=1

. (3.1.25)

The linearized equations of motion of the WZW-like type II closed superstring
field theory in the NSNS sector read (see e.g. [115])

Q+η+
0 η

−
0 W = −2(Q+ Q̄)η0η̄0W = 0 , (3.1.26)

where W is a string field at ghost number 0 and picture (0, 0). That is, if we
want ⟨Q+η+

0 VQI,Ω(t)⟩|t=1 to generally vanish as a consequence of the linearized
equations of motion (3.1.26), we should set

VQ = η−
0 W . (3.1.27)

Indeed, given the solution of (3.1.26)

W = εijξ0cUi
1
2
e−φξ̄0c̄Ū

j
1
2
e−φ̄ = εijU iŪ j

, (3.1.28)

(where we recall the definition (3.1.20) of U i, Ū i with Ui
1/2 and Ūj

1/2 some matter
states with h = 1/2) we obtain

VQ = η−
0 W = εij

(︂
(η0U i)Ū j − U i(η̄0Ū

j)
)︂
, (3.1.29)

which is precisely the form of VQ considered by [102]1. Finally, noting that
only the leading term of the expansion (2.1.147) contributes into EQ due to the
midpoint property (3.1.11b), we can rewrite the Q-Ellwood invariant as

EQ(Φ,VQ) = εij

⟨︃(︂
(η0U i)Ū j − U i(η̄0Ū

j)
)︂
I,QΦ

⟩︃
(3.1.31a)

=
⟨︂
M,Φ

⟩︂
, (3.1.31b)

where we recall the definition (3.1.19) of M . As another consequence of the fact
that only the leading term of the expansion (2.1.147) contributes, we note that
the Q-Ellwood invariant may be equivalently expressed by replacing AQ with ÃQ
in (3.1.23).

t-Ellwood invariant

We will now review the construction of the t-invariant. Let us consider an ansatz

Et(Φ,Vt) =
∫︂ 1

0
dt
⟨︂
VtI, At(g(t))

⟩︂
, (3.1.32)

where Vt is a local midpoint insertion at total picture number −1 and ghost
number +2. First, it is easy to see that the dependence on t is topological:

1There the expression is rewritten as

VQ = −εij(ξ0 + ξ̄0)U iŪ
j
. (3.1.30)
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indeed, using the flatness relation Fδt = 0 for the connection components Aδ and
At, we can write

δEt(Φ,Vt) =
∫︂ 1

0
dt ∂t

⟨︂
VtI, Aδ(g(t))

⟩︂
−
∫︂ 1

0
dt
⟨︂
VtI, [At, Aδ](g(t))

⟩︂
(3.1.33a)

=
⟨︂
VtI, Aδ(g(1))

⟩︂
−
⟨︂
VtI, Aδ(g(0))

⟩︂
, (3.1.33b)

where we have used the midpoint property (3.1.11b) to go to the second line.
Therefore, keeping δΦ(1) = δΦ(0) = 0, we see that Et(Φ,Vt) is independent of
the choice of interpolation g(t). In particular, note that picking Φ(t) = tΦ gives

Et(Φ,Vt) =
⟨︂
VtI,Φ

⟩︂
. (3.1.34)

This also makes it clear that we could instead have used Ãt in (3.1.32)). Further-
more, picking Aδ(g(t)) = QAQ

Λ(t) + η0Ω(t) with Λ(0) = Ω(0) = 0 and Λ(1) = Λ,
Ω(1) = Ω, we eventually obtain the gauge variation

δEt(Φ,Vt) = −
⟨︂
(Q+Vt)I,Λ

⟩︂
−
⟨︂
(η+

0 Vt)I,Ω
⟩︂
. (3.1.35)

Hence, the quantity Et(Φ,Vt) can be made gauge invariant upon setting

Vt = Q+VQ , (3.1.36)

which can be rewritten as

Vt = −εij
(︂
(QU i)(η̄0Ū

j) + (η0U i)(Q̄Ū j)
)︂

= M . (3.1.37)

Finally, substituting the identification (3.1.36) into (3.1.34), it is clear that the t-
and Q-Ellwood invariant compute the same quantity, that is

Et(Φ, Q+VQ) = EQ(Φ,VQ) . (3.1.38)

η-Ellwood invariant

Finally, let us consider the η-Ellwood invariant by making an ansatz

Eη(Φ,Vη) =
⟨︂
VηI, Aη(g(t))

⟩︂⃓⃓⃓
t=1

, (3.1.39)

where Vη is a local closed string operator with ghost number +1 and picture
number 0. Under the WZW-like gauge transformation, we eventually obtain⟨︂

VηI, Aη(g(t))
⟩︂⃓⃓⃓
t=1

→
⟨︂
VηI, Aη(g(t))

⟩︂⃓⃓⃓
t=1

+
⟨︂
η+

0 Q
+VηI,Λ(t)

⟩︂⃓⃓⃓
t=1

, (3.1.40)

so that in order for Eη(Φ,Vη) to be gauge-invariant, we need to set

Vη = εij
(︂
(QU i)Ū j − U i(Q̄Ū j)

)︂
. (3.1.41)

Noting that due to the midpoint property (3.1.11b), only the leading term from
the expansion (2.1.147) of Aη survives, we can write⟨︂

VηI, Aη(g(t))
⟩︂⃓⃓⃓
t=1

=
⟨︂
η+

0 VηI,Φ
⟩︂
, (3.1.42)

so that identifying η+
0 Vη = Vt, we conclude that

Et(Φ, η+
0 Vη) = Eη(Φ,Vη) . (3.1.43)

Finally, as in the case of the Q- and t-Ellwood invariant, (3.1.42) makes it clear
that we may replace Aη with Ãη in (3.1.39) with no effect on Eη.
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3.2 An observable for the Munich open SFT
The aim of this section will be to present a construction2 of an observable for
the Munich A∞ open SFT ([15], see subsection 2.1.2 for an introduction) corre-
sponding to an odd cyclic coderivation E satisfying [E,M] = 0. Here M encodes
the picture k− 1 superstring products Mk = π1Mπk. The observable is based on
a midpoint insertion of an on-shell weight (0, 0) picture −1 closed string NSNS
primary e0 = E0. However, as opposed to the case of cubic OSFT, we will find
that the (on-shell) gauge invariance necessitates the addition of higher products
Ek for k ≥ 1, which will be defined in terms of E0 and the gauge products µ(k−1)

k

(all Ek will, however, turn out to be linear in e0). We will show that our ob-
servable is related by the field redefinition (2.1.184) of [17, 18] to the t-Ellwood
invariant (3.1.32) of the partially gauge-fixed Berkovits’ WZW-like open SFT.
The coderivation E will be further shown to be nilpotent, which makes it natural
to speculate that, in an analogy with the cubic OSFT, the products M ≡ M+E
could implement a marginal deformation of the closed string background in the
open SFT. This will be put to a leading-order test in subsection 4.2.2 where we
will use E to compute leading-order bulk-induced corrections to the open-string
mass term in the zero-momentum effective action for the modes in kerL0.

3.2.1 Recurrent construction
Here we will outline the construction of the products Ek for k > 0, starting with
E1 and E2. This will help us to recognize a recurrent pattern which we will then
establish using the generation function method of [15, 16].

Zero- and one-string products

Let us start by assuming that we are given a ghost number 2, picture number −1
state e0 ∈ HS such that Qe0 = 0. We will also assume that

m2(Ψ, e0) + (−1)d(Ψ)m2(e0,Ψ) = 0 . (3.2.1)

Such a state e0 can of course be realized [100, 101, 102] by taking any on-shell
weight (0, 0) NSNS closed string primary state in the asymmetric picture (−1, 0)
or (0,−1) and inserting it at the open string midpoint on the identity string field.
In other words, we will start with

[m1, e0] = 0 , (3.2.2a)
[m2, e0] = 0 , (3.2.2b)

where by e0 we have denoted the odd coderivation corresponding to the 0-string
product e0. The fact that e0 ∈ HS gives us that [η, e0] = 0. Setting E0 = e0, we
would now like to see whether we can find a cyclic ghost-number one, picture-
number zero, 1-string product E1 in the small Hilbert space such that

M
(1)
2 (E0,Ψ) +M

(1)
2 (Ψ, E0) + E1(QΨ) +QE1(Ψ) = 0 (3.2.3)

2We would like to thank Ted Erler for very useful discussions on this topic.
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for all Ψ. This is of course one of the (sufficient) conditions (which follows from
(3.1.7)) for the on-shell gauge invariance of the quantity

E(Ψ) =
∫︂ 1

0
dt ⟨ωS|π1∂t

1
1 − Ψ(t) ⊗ π1E

1
1 − Ψ(t) , (3.2.4)

since (3.2.3) can be clearly rephrased as

[E0,M(1)
2 ] + [E1,Q] = 0 . (3.2.5)

Note, however, that it does not seem to be possible to solve (3.2.3) for a cyclic
E1 purely in terms of the small Hilbert space quantities e0, M (0)

1 , M (1)
2 , . . . The

naive attempt of setting E1 = 0 fails, as we generally have

M
(1)
2 (E0,Ψ) +M

(1)
2 (Ψ, E0) =

= 1
3

(︃
m2(X0e0,Ψ) +m2(Ψ, X0e0)

)︃
(3.2.6a)

̸= 0 (3.2.6b)

because X0e0 can no longer be regarded as a local midpoint insertion of a closed
string operator. Also note that dropping the third term from the l.h.s. of (3.2.3),
we would obtain one of the conditions for off-shell gauge invariance. However,
neither in this case it appears to be possible to solve (3.2.3) for a cyclic E1 in the
small Hilbert space.

We may therefore anticipate that we will have to define a cyclic solution E1
of (3.2.3) via going through the large Hilbert space. Indeed, let us check that we
can satisfy (3.2.5) by setting

E1 ≡ [E0,µ
(1)
2 ] . (3.2.7)

First, note that E1 is really in the small Hilbert space: this is not manifest because
[η,µ(1)

2 ] ̸= 0. However, using the fact that [η,E0] = 0, as well as the super-Jacobi
identity, we have

[η,E1] = [E0, [µ(1)
2 ,η]] − [µ(1)

2 , [η,E0]] (3.2.8a)
= −[E0,m2] (3.2.8b)
= 0 , (3.2.8c)

where the last line holds due to the midpoint property (3.2.2b). The above
definition also gives an E1 which is cyclic with respect to both ωS and ωL because
both E0 and µ

(1)
2 are cyclic with respect to ωL and E1 is in the small Hilbert space,

so that is follows that E1 is cyclic also with respect to ωS (see our discussion of
cyclicity with respect to ωL and ωS in subsection 2.1.2). Finally, using the super-
Jacobi identity and the fact that [M(0)

1 ,µ
(1)
2 ] = M(1)

2 we then have

[E0,M(1)
2 ] + [E1,M(0)

1 ] =
= [E0,M(1)

2 ] + [E0, [µ(1)
2 ,M(0)

1 ]] − [µ(1)
2 , [M(0)

1 ,E0]] (3.2.9a)
= [E0,M(1)

2 ] − [E0,M(1)
2 ] − [µ(1)

2 , [m1, e0]] (3.2.9b)
= 0 (3.2.9c)

where in the last line we have used the on-shell property (3.2.2a) of the midpoint
insertion e0 which gives [Q,E0] = 0.
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Two-string product

We now want to proceed to define an odd cyclic coderivation E2 in the small
Hilbert space which would satisfy

[E0,M(2)
3 ] + [E1,M(1)

2 ] + [E2,M(0)
1 ] = 0 . (3.2.10)

We will consider an ansatz

E2 = a1[E1,µ
(1)
2 ] + a2[E0,µ

(2)
3 ] (3.2.11)

for some numbers a1 and a2 which we will attempt to fix by requiring that (3.2.10)
holds and that [η,E2] = 0. Checking that E2 is in the small Hilbert space first,
using the super-Jacobi identity twice we can establish that

[η,E2] = a1

(︃
[E1, [µ(1)

2 ,η]] − [µ(1)
2 , [η,E1]]

)︃
+

+ a2

(︃
[E0, [µ(2)

3 ,η]] − [µ(2)
3 , [η,E0]]

)︃
. (3.2.12)

Remembering that [η,E1] = [η,E0] = 0, because both E0 and E1 are in the
small Hilbert space, and also that [µ(1)

2 ,η] = −M(0)
2 together with [µ(2)

3 ,η] =
−[M(0)

2 ,µ
(1)
2 ], we then obtain

[η,E2] = a1[E1,M(0)
2 ] + a2[E0, [M(0)

2 ,µ
(1)
2 ]] (3.2.13a)

= a1[M(0)
2 , [E0,µ

(1)
2 ]] − a2[E0, [µ(1)

2 ,M(0)
2 ]] . (3.2.13b)

Hence, provided that we set a1 = a2 ≡ a, we can use another instance of the
super-Jacobi identity to write

[η,E2] = −a[µ(1)
2 , [M(0)

2 ,E0]] (3.2.14a)
= 0 , (3.2.14b)

where the last equality holds due to the midpoint property (3.2.2b) of e0. Setting
a1 = a2 = a therefore ensures that E2 is in the small Hilbert space. Second, in
an attempt to verify (3.2.10), we start by computing

[E2,M(0)
1 ] = a[M(0)

1 , [E1,µ
(1)
2 ]] + a[M(0)

1 , [E0,µ
(2)
3 ]] (3.2.15)

so that using the super-Jacobi identity twice and also noting that [M(0)
1 ,E0] = 0

and [M(0)
1 ,E1] = −[E0,M(1)

2 ], together with

[µ(1)
2 ,M(0)

1 ] = −M(1)
2 , (3.2.16a)

[µ(2)
3 ,M(0)

1 ] = −2M(2)
3 + [M(1)

2 ,µ
(1)
2 ] , (3.2.16b)

we can establish that

[E2,M(0)
1 ] = a

(︃
[E1, [µ(1)

2 ,M(0)
1 ]] − [µ(1)

2 , [M(0)
1 ,E1]]

)︃
+

+ a
(︃

[E0, [µ(2)
3 ,M(0)

1 ]] − [µ(2)
3 , [M(0)

1 ,E0]]
)︃

(3.2.17a)
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= a
(︃

− [E1,M(1)
2 ] + [µ(1)

2 , [E0,M(1)
2 ]]

)︃
− 2a[E0,M(2)

3 ]+

+ a[E0, [M(1)
2 ,µ

(1)
2 ]] (3.2.17b)

= a
(︃

− [E1,M(1)
2 ] + [M(1)

2 , [µ(1)
2 ,E0]]

)︃
− 2a[E0,M(2)

3 ] (3.2.17c)

= a
(︃

− [E1,M(1)
2 ] − [M(1)

2 ,E1]
)︃

− 2a[E0,M(2)
3 ] (3.2.17d)

= −2a
(︃

[E1,M(1)
2 ] + [E0,M(2)

3 ]
)︃
. (3.2.17e)

Hence, we observe that upon setting a = 1/2, our ansatz (3.2.11) for E2 satisfies
the desired property

[E2,M(0)
1 ] + [E1,M(1)

2 ] + [E0,M(2)
3 ] = 0 . (3.2.18)

We can therefore conclude that we need to set

E2 = 1
2

(︃
[E1,µ

(1)
2 ] + [E0,µ

(2)
3 ]
)︃
. (3.2.19)

Finally, since E2 is clearly defined in terms of commutators of coderivations which
are cyclic with respect to ωL, it follows that also E2 is cyclic with respect to ωL.
Since E2 is in addition in the small Hilbert space, it follows that it is cyclic with
respect to ωS.

All-order construction

In general, we conjecture that for k > 0, the required k-string product part Ek

of E satisfies the recursive relation

Ek = 1
k

(︄
[E0,µ

(k)
k+1] + [E1,µ

(k−1)
k ] + . . .+ [Ek−1,µ

(1)
2 ]
)︄
. (3.2.20)

Note that the coderivation Ek carries picture number k − 1. We will now prove
that the definition (3.2.20) indeed gives E such that [E,M] = [η,E] = 0. To this
end, let us introduce the generating function

E(s, t) ≡ E[0](t) ≡
∞∑︂
k=0

tkEk . (3.2.21)

We also recall the definitions (2.1.97) and (2.1.98) of the generating functions
M(s, t), µ(s, t) and M[0](t), M[1](t), µ[0](t). We can then straightforwardly com-
pute

∂

∂t
E(s, t) − [E(s, t),µ(s, t)] =

=
∞∑︂
k=1

ktk−1Ek −
∞∑︂
m=0

∞∑︂
n=0

tmtn[Em,µ
(n+1)
n+2 ] (3.2.22a)

=
∞∑︂
k=1

ktk−1
{︄

Ek − 1
k

k−1∑︂
l=0

[El,µ
(k−l)
k−l+1]

}︄
(3.2.22b)

= 0 , (3.2.22c)
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where the last step follows directly from (3.2.20). We therefore obtain that the
generating function E(s, t) satisfies the differential equations

∂

∂t
E(s, t) = [E(s, t),µ(s, t)] , (3.2.23a)

∂

∂s
E(s, t) = 0 , (3.2.23b)

with initial condition E(s, 0) = e0. Furthermore, it is straightforward to express

∂

∂t
[E(s, t),M(s, t)] = [E(s, t), [M(s, t),µ(s, t)]]+

− [M(s, t), [µ(s, t),E(s, t)]] (3.2.24)

so that using super-Jacobi, we find that the coderivation [E(s, t),M(s, t)] satisfies
the differential equation

∂

∂t
[E(s, t),M(s, t)] = [[E(s, t),M(s, t)],µ(s, t)] (3.2.25)

with the initial condition

[E(s, 0),M(s, 0)] = [e0,Q + sm2] (3.2.26a)
= 0 . (3.2.26b)

It therefore follows that

[E(s, t),M(s, t)] = 0 (3.2.27)

for all t ≥ 0 so that in particular, we indeed recover the property [E,M] = 0. It
then remains to establish that E is in the small Hilbert space. To this end, let us
compute ∂t[η,E(s, t)]. After substituting for ∂tE(s, t) from (3.2.23a), we can use
the super-Jacobi identity to write

∂

∂t
[η,E(s, t)] = [[η,E(s, t)],µ(s, t)] − ∂

∂s
[E(s, t),M(s, t)] , (3.2.28)

where we have used (2.1.99b), (3.2.23b). Hence, finally using (3.2.27), we obtain
that [η,E(s, t)] satisfies the differential equation

∂

∂t
[η,E(s, t)] = [[η,E(s, t)],µ(s, t)] , (3.2.29)

with the initial condition

[η,E(s, 0)] = [η, e0] (3.2.30a)
= 0 . (3.2.30b)

As a result, we obtain that [η,E(s, t)] = 0 for all t ≥ 0, meaning that in particular,
we have [η,E] = 0. Hence, the coderivation E (as defined by the recursive relation
(3.2.20)) is indeed in the small Hilbert space. We have therefore established that
the corresponding quantity (3.2.4) is an on-shell gauge invariant.
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Based on the fact that E(s, t) satisfies the differential equation (3.2.23a), we
can clearly write

E(s, t) = G(s; t)−1E(s, 0)G(s; t) , (3.2.31)

where the cyclic cohomomorphism G(s; t) was introduced in (2.1.118). Setting
t = 1, we therefore have

E = G−1e0G , (3.2.32)

where G ≡ G(0; 1). Since both G and e0 are cyclic with respect to ωL, it follows
that also E is cyclic with respect to ωL. The fact that [η,E] = 0 then also
guarantees that E is cyclic with respect to ωS. Finally, let us explicitly expand
the coderivation E for a couple of lowest orders. We clearly have

E0 = e0 , (3.2.33a)

E1 = [e0,µ
(1)
2 ] , (3.2.33b)

E2 = 1
2

(︃
[[e0,µ

(1)
2 ],µ(1)

2 ] + [e0,µ
(2)
3 ]
)︃
, (3.2.33c)

...

so that

E0 = e0 , (3.2.34a)

E1(Ψ) = −µ(1)
2 (e0,Ψ) − µ

(1)
2 (Ψ, e0) , (3.2.34b)

E2(Ψ,Ψ) = −1
2

(︃
µ

(2)
3 (e0,Ψ,Ψ) + µ

(2)
3 (Ψ, e0,Ψ) + µ

(2)
3 (Ψ,Ψ, e0)

)︃
+

+ 1
2

(︃
µ

(1)
2 (µ(1)

2 (e0,Ψ),Ψ) − µ
(1)
2 (e0, µ

(1)
2 (Ψ,Ψ))+

+ µ
(1)
2 (µ(1)

2 (Ψ, e0),Ψ) + µ
(1)
2 (Ψ, µ(1)

2 (e0,Ψ))+

− µ
(1)
2 (µ(1)

2 (Ψ,Ψ), e0) + µ
(1)
2 (Ψ, µ(1)

2 (Ψ, e0))
)︃
. (3.2.34c)

...

In particular, note that (3.2.32) makes it clear that E is linear in e0.

Nilpotency

Let us now compute [E,E]. Over the course of the computation we shall use
the fact that [e0, e0] = 0 which holds because a commutator of two coderivations
corresponding to zero-string products always vanishes. First, it is easy to use the
super-Jacobi identity to establish that

∂

∂t
[E(s, t),E(s, t)] = 2[E(s, t), [E(s, t),µ(s, t)]] (3.2.35a)

= [[E(s, t),E(s, t)],µ(s, t)] . (3.2.35b)

102



The commutator [E(s, t),E(s, t)] therefore satisfies the differential equation
∂

∂t
[E(s, t),E(s, t)] = [[E(s, t),E(s, t)],µ(s, t)] , (3.2.36)

with the initial condition

[E(s, 0),E(s, 0)] = [e0, e0] (3.2.37a)
= 0 . (3.2.37b)

This means that we have

[E(s, t),E(s, t)] = 0 (3.2.38)

for all t ≥ 0, so that setting t = 1, we indeed recover that [E,E] = 0. As a
consequence of this and also of the fact that we have [E,M] = 0, one may define
new (weak) A∞ products Mk = π1Mπk by writing

M = M + E , (3.2.39)

because then we have

M2 = M2 + E2 + [M,E] = 0 . (3.2.40)

As in the cubic OSFT case, it is again natural to conjecture that the new prod-
ucts M could describe open SFT with an exactly marginal NSNS closed string
background (determined by the on-shell closed string state e0) being turned on.
Note that the new theory contains a tadpole term (given by the 0-string prod-
uct e0) which has to be removed by shifting the vacuum in order to restore the
canonical A∞ form of the action (without a 0-string product). As we shall dis-
cuss below in subsection 4.2.2, the fact that this shift can be obstructed may
be a manifestation of both the brane system being unable to adapt itself to the
bulk marginal deformation, as well as the bulk marginal deformation itself being
obstructed. Again, we would like to emphasize that as of this moment, it remains
unclear whether adding E to the products M is indeed capable of implementing
the closed-superstring marginal deformation beyond leading order in the marginal
parameter, or, if one has to consider the full open-closed superstring field the-
ory. In subsection 4.2.2, we will also construct the effective action (for modes in
kerL0) for the theory defined by the products M at zero momentum. We will use
the explicit form of E0 and E1 to discuss vanishing of the corresponding tadpole
term in the effective action, as well as to compute the correction to quadratic
open-string coupling induced by non-zero vev of an on-shell closed string state.
We will also show that provided that our background possesses a certain global
N = 2 worldsheet superconformal symmetry, this correction can be localized (in
the sense of [116]). In the special case of the D(−1)/D3 system in a B-field, we
reproduce the correct structure of the FI terms in the ADHM constraints for the
moduli.

3.2.2 Relation to observables in WZW-like open SFT
Here we will make use of the field redefinition (2.1.184) of [17, 18] to investi-
gate how the observable of the Munich A∞ SFT, constructed in the previous
subsection, relates to the Ellwood invariant in the Berkovits WZW-like theory.
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Low-order computation

Let us first note that using cyclicity of µ(k−1)
k , it is possible to employ (3.2.34) to

express the observable (3.2.4) in the large Hilbert space as (up to cubic order in
the small Hilbert space string field Ψ)

E(Ψ) = −ωL
(︂
e0, ξ0Ψ

)︂
+

− 1
2ωL

(︂
e0, µ

(1)
2 (ξ0Ψ,Ψ) + µ

(1)
2 (Ψ, ξ0Ψ)

)︂
+

− 1
6ωL

(︂
e0, µ

(2)
3 (ξ0Ψ,Ψ,Ψ) + µ

(2)
3 (Ψ, ξ0Ψ,Ψ)+

+ µ
(2)
3 (Ψ,Ψ, ξ0Ψ)

)︂
+

− 1
6ωL

(︂
e0, µ

(1)
2 (µ(1)

2 (ξ0Ψ,Ψ) + µ
(1)
2 (Ψ, ξ0Ψ),Ψ)+

+ µ
(1)
2 (Ψ, µ(1)

2 (ξ0Ψ,Ψ) + µ
(1)
2 (Ψ, ξ0Ψ))+

+ µ
(1)
2 (µ(1)

2 (Ψ,Ψ), ξ0Ψ) + µ
(1)
2 (ξ0Ψ, µ(1)

2 (Ψ,Ψ))
)︂
+

+ O(Ψ4) . (3.2.41)

Expressing µ
(1)
2 , µ(2)

3 in terms of m2, it is then straightforward to manipulate
individual terms in (3.2.41). In particular, we can show that

µ
(1)
2 (ξ0Ψ,Ψ) + µ

(1)
2 (Ψ, ξ0Ψ) = 1

3ξ0m2(ξ0Ψ,Ψ) + 1
3ξ0m2(Ψ, ξ0Ψ) (3.2.42)

and

µ
(2)
3 (ξ0Ψ,Ψ,Ψ) + µ

(2)
3 (Ψ, ξ0Ψ,Ψ) + µ

(2)
3 (Ψ,Ψ, ξ0Ψ) =

= 1
6ξ0

(︂
m2(ξ0m2(ξ0Ψ,Ψ),Ψ)+

+m2(ξ0Ψ, ξ0m2(Ψ,Ψ))+
+m2(ξ0m2(Ψ, ξ0Ψ),Ψ)+
+m2(Ψ, ξ0m2(ξ0Ψ,Ψ))+
+m2(ξ0m2(Ψ,Ψ), ξ0Ψ)+
+m2(Ψ, ξ0m2(Ψ, ξ0Ψ))

)︂
(3.2.43)

together with

µ
(1)
2 (µ(1)

2 (ξ0Ψ,Ψ) + µ
(1)
2 (Ψ, ξ0Ψ),Ψ) =

= +1
9ξ0m2(ξ0m2(Ψ, ξ0Ψ),Ψ) + 1

9m2(ξ0m2(Ψ, ξ0Ψ), ξ0Ψ)+

+ 1
9ξ0m2(ξ0m2(ξ0Ψ,Ψ),Ψ) + 1

9m2(ξ0m2(ξ0Ψ,Ψ), ξ0Ψ) (3.2.44)

and

µ
(1)
2 (Ψ, µ(1)

2 (ξ0Ψ,Ψ) + µ
(1)
2 (Ψ, ξ0Ψ)) =

= +1
9ξ0m2(Ψ, ξ0m2(ξ0Ψ,Ψ)) − 1

9m2(ξ0Ψ, ξ0m2(ξ0Ψ,Ψ))+
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+ 1
9ξ0m2(Ψ, ξ0m2(Ψ, ξ0Ψ)) − 1

9m2(ξ0Ψ, ξ0m2(Ψ, ξ0Ψ)) , (3.2.45)

as well as
µ

(1)
2 (µ(1)

2 (Ψ,Ψ), ξ0Ψ) + µ
(1)
2 (ξ0Ψ, µ(1)

2 (Ψ,Ψ)) =

= +1
9ξ0m2(ξ0m2(Ψ,Ψ), ξ0Ψ) − 1

9ξ0m2(m2(ξ0Ψ,Ψ), ξ0Ψ)+

+ 1
9m2(ξ0m2(ξ0Ψ,Ψ), ξ0Ψ) − 1

9ξ0m2(m2(Ψ, ξ0Ψ), ξ0Ψ)+

+ 1
9m2(ξ0m2(Ψ, ξ0Ψ), ξ0Ψ) + 1

9ξ0m2(ξ0Ψ, ξ0m2(Ψ,Ψ))+

− 1
9ξ0m2(ξ0Ψ,m2(ξ0Ψ,Ψ)) − 1

9m2(ξ0Ψ, ξ0m2(ξ0Ψ,Ψ))+

− 1
9ξ0m2(ξ0Ψ,m2(Ψ, ξ0Ψ)) − 1

9m2(ξ0Ψ, ξ0m2(Ψ, ξ0Ψ)) . (3.2.46)

Hence, noting that all contributions which do not contain an overall ξ0 prefactor
cancel each other by virtue of (3.2.2b), we altogether obtain

E(Ψ) = −ωL(e0, ξ0H(Ψ)) (3.2.47)
for some H(Ψ), where, using the explicit form (2.1.191) of the field redefinition
Ψ̃(Ψ) mapping the Munich A∞ SFT string field to the Berkovits’ WZW-like SFT
string field, it is easy to establish that H(Ψ) satisfies

ξ0Ψ̃(Ψ) − ξ0H(Ψ) = ξ0∆(Ψ) , (3.2.48)
where we have denoted

∆(Ψ) = 1
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(︂
m2(ξ0m2(Ψ, ξ0Ψ),Ψ) +m2(ξ0m2(ξ0Ψ,Ψ),Ψ)+

+m2(Ψ, ξ0m2(ξ0Ψ,Ψ)) +m2(Ψ, ξ0m2(Ψ, ξ0Ψ))+
− 2m2(ξ0m2(Ψ,Ψ), ξ0Ψ) − 2m2(ξ0Ψ, ξ0m2(Ψ,Ψ))+
−m2(ξ0Ψ,m2(Ψ, ξ0Ψ)) −m2(ξ0Ψ,m2(ξ0Ψ,Ψ))+
−m2(m2(Ψ, ξ0Ψ), ξ0Ψ) −m2(m2(ξ0Ψ,Ψ), ξ0Ψ)

)︂
+ O(Ψ4) . (3.2.49)

Finally, noting that η0∆(Ψ) = 0 (up to cubic order in Ψ) and denoting e0 = V(i)I
(for some local weight (0, 0) on-shell closed string primary V), it is possible to
write

ωL
(︂
VI, ξ0∆(Ψ)

)︂
= −ωL

(︂
((ξ0 + ξ̄0)V)I,∆(Ψ)

)︂
(3.2.50a)

= 0 , (3.2.50b)
where the first equality follows simply because both ∆(Ψ) and the difference
ξ0(VI) − ((ξ0 + ξ̄0)V)I lie in the small Hilbert space. The second equality then
follows because ∆(Ψ) is a linear combination of commutators (as it is apparent
from (3.2.49)). We have therefore shown that up to cubic order in Ψ, it is possible
to replace ξ0H(Ψ) inside (3.2.47) with ξ0Ψ̃(Ψ), namely that it is possible to write

E(Ψ) = −ωL(e0, ξ0Ψ̃(Ψ)) . (3.2.51)
This means that, at least up to cubic order in Ψ, the field redefinition (2.1.184)
maps the proposed observable for the Munich A∞ open SFT to the Ellwood
invariant in the (partially gauge-fixed) Berkovits’ WZW-like open SFT. For M
as defined by (3.1.19), we can clearly identify e0 = −M .
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All-order proof

Let us now establish the property (3.2.51) to all orders in Ψ. Rewriting first the
observable (3.2.4) in the large Hilbert space and substituting for E from (3.2.32),
we obtain

E(Ψ) = −
∫︂ 1

0
dt ⟨ωL|π1ξt

1
1 − Ψ(t) ⊗ π1G−1e0G

1
1 − Ψ(t) . (3.2.52)

Using then cyclicity of G and substituting the identification (2.1.132b), as well
as using the fact that

π1e0G
1

1 − Ψ(t) = π1e0 = e0 , (3.2.53)

this can be immediately recast as

E(Ψ) = −
∫︂ 1

0
dt ⟨ωL|Ãt(ξ0Ψ̃(t)) ⊗ e0 , (3.2.54)

which in turn (upon substituting the expansion (2.1.147) and using the property
(3.2.2b)) gives (3.2.51). In particular, we note that the proposed observable for
the Munich open SFT naturally maps to the t-Ellwood invariant of the partially
gauge-fixed Berkovits’ open SFT under the field redefinition (2.1.184) of [17, 18].
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4. Effective actions for A∞ SFTs
The goal of this chapter will be to review the framework for computing tree-level
effective actions for general cyclic A∞ SFTs1. Working with an effective action in-
stead of a full SFT action is usually motivated by a desire to simplify the classical
spacetime actions derived from SFT (which can be expressed as an α′ expansion
generally involving an infinite tower of massive fields) in the situations where we
are interested in the dynamics of only a handful of (usually massless) modes. At
tree-level, this procedure may also be useful for streamlining perturbative con-
struction of certain classical solutions which are known to dominantly excite some
particular modes of the string field. Working with an effective potential for such
modes then typically provides a much clearer insight into the nature of such solu-
tions (and their moduli) than working with the full string field theory action. In
order to accomplish the goal of constructing the tree-level effective actions, one
should roughly follow the general strategy of solving the classical equations of
motion for the modes one wishes to ignore and substituting the result back into
the action in order to obtain an effective action for the remaining modes. For
more details about effective actions, the reader should refer to the original papers
on the subject which include mainly [12, 13, 14, 22] (for dealing specifically with
A∞ SFTs at tree-level), as well as [37, 117, 118, 119] (for SFT effective actions
in general). Some recent progress and applications were reported in [23, 25, 26].
Another question is then to devise efficient methods for evaluating the vertices of
such effective actions in terms of spacetime fields for various backgrounds. See
[120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130] for some classical results
on computing both off-shell and on-shell amplitudes in string field theory, as
well as [2, 95, 116, 131] for some recent progress. Note that the all-order frame-
work which we shall outline in this chapter does not seem to straightforwardly
include the important family of large Hilbert space WZW-like superstring field
theories. While we will present an extensive discussion of the effective actions
for WZW-like heterotic SFT up to quartic order in chapter 6 of this thesis (see
[116] for analogous considerations in the case of WZW-like open SFT) a more
conceptually-minded (and preferably all-order) discussion of WZW-like effective
actions would be in order. Also note that due to a lack of space, we will have to
remain ignorant of the BV path-integral approach to (quantum) effective actions:
see in particular [21, 24, 26, 33, 132, 133, 134, 135] and the references therein for
learning about developments on this front.

Both the construction of the effective action, as well as evaluation of its ver-
tices, will be touched upon to various degrees of completeness in this chapter. In
subsection 4.1.1, we will start pedagogically by explaining how to integrate out
unwanted degrees of freedom by explicitly solving their corresponding equation
of motion in Siegel gauge, consistently taking care of the associated out-of-gauge
constraints. However, we will gradually start to appreciate that the construction
which is appearing in front of our eyes is much more general and can be applied
whenever we are able to define a propagator and a projector satisfying certain
algebraic properties [12, 13, 14] which, incidentally, we have already met in sub-

1Note that completely parallel considerations can be applied also in the case of cyclic L∞
SFTs which, however, will not be discussed explicitly.
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section 1.2.1. This effort will then culminate in subsection 4.1.2 in recognizing
the homological perturbation lemma as the central mathematical construct be-
hind the formulae governing tree-level effective SFT dynamics [20, 21, 22, 24].
As a consequence, we shall see that the multi-string products which determine
the effective equation of motion (these are related to the original products by
a quasi-isomorphism whose explicit form is provided by the homological pertur-
bation lemma) again satisfy A∞ relations. A special case of this construction is
the SFT minimal model theorem [13, 14], which specifically refers to tree-level
effective actions where only the elements of the BRST cohomology are kept (thus
providing a framework for the computation of on-shell tree-level S-matrix ele-
ments [22]). Assuming in addition suitable BPZ properties of the propagator, we
will show that the effective multi-string products are cyclic and therefore that
the effective dynamics is governed by an A∞ action. Quite importantly, we will
also show that given any solution to the effective equation of motion, we can au-
tomatically generate a classical solution of the full SFT by acting with a certain
cohomomorphism (up to some possible convergence issues). In the case of zero-
momentum effective actions for modes in kerL0, we will use this result to establish
that those minima of the effective potential, which are continuously connected
to the perturbative vacuum, are in one-to-one correspondence with marginal de-
formations of the full SFT. We will then shortly discuss how the symmetries (in
particular the gauge symmetry) and observables (in the sense of our discussion
in subsection 3.1.1) behave when we make transitions between the parent (UV)
and the effective (IR) theories.

Finally, in section 4.2, two examples of practical interest will be discussed.
First, in subsection 4.2.1, we will apply the algebraic methods we have reviewed
in section 4.1 to describe a means of integrating out auxiliary (unphysical) fields
from kerL0 in the case of bosonic OSFT. At zero momentum, this will therefore
yield a computationally explicit realization of the minimal model. Subsequently,
in subsection 4.2.2 we will speculate that the Ellwood invariant for the bosonic
OSFT and the WZW-like open SFT (as reviewed in section 3.1), as well as the
observable for the Munich A∞ SFT presented in section 3.2, could be used to
implement exactly marginal bulk deformations at the level of both the parent
(UV) open SFT, as well as at the level of the effective (IR) theory for open string
modes in kerL0. We will observe that such deformations generate a tadpole
term in the open SFT action which needs to be removed by suitably shifting the
vacuum. In the cases where this shift is obstructed, we expect that this could be
both a signal of the perturbative open-string vacuum being unable to adapt itself
to the given bulk deformation, as well as a signal of the closed string marginal
deformation itself being obstructed. Furthermore, since we will see that the bulk
deformation generally induces corrections to the quadratic open string coupling,
some of the fields in kerL0 may, in this way, be rendered tachyonic. The effective
action for kerL0 modes would then provide a consistent perturbative framework
for studying the condensation of such modes. We will present an analysis (at
leading order in the closed-string marginal parameter) of two concrete examples
of this paradigm: first the so-called honeycomb D-brane [88] (more details to be
presented in [111]), which wraps a certain bosonic 2-torus in the stringy regime,
and second, the tachyon condensation in a D(−1)/D3 system with B-field in type
II superstring. We will note that the leading-order mass-shift (given as a certain

108



on-shell open-closed amplitude) for the strings stretching between the D(−1) and
the D3 branes, induced by the non-zero B-field, can be efficiently computed using
the N = 2 localization technique of [116].

Note that the material presented in this chapter is partially based on the
upcoming papers [136], [137] and [111]. In chapter 6, which is based on the
published paper [2], we will discuss a conceptually very similar story of tree-level
effective actions for the WZW-like heterotic string field theory up to quartic order
in perturbation theory.

4.1 General construction
The objective of this section is to outline the construction of the effective ac-
tion vertices for general A∞ SFTs and to study their basic properties, as well
as to elucidate their underlying algebraic structure. At the beginning, we will
largely follow the ideas of [13, 14], paying particular attention to the gauge-fixing
procedure for the degrees of freedom which we are integrating out.

4.1.1 Product notation
Before deriving the formalism of effective actions in the abstract terms of tensor
coalgebras, we will lay out some basic principles using the more intuitive language
of ordinary products on the string Hilbert space H. For this purpose we will
consider a cyclic A∞ SFT action and corresponding equation of motion written
in the form

S(Ψ) = 1
2ω(Ψ, QΨ) + I(Ψ) , (4.1.1a)

EOM(Ψ) = QΨ + J (Ψ) , (4.1.1b)

where we have isolated the interaction terms

I(Ψ) =
∞∑︂
k=2

1
k + 1ω(Ψ,mk(Ψ⊗k)) , (4.1.2a)

J (Ψ) =
∞∑︂
k=2

mk(Ψ⊗k) . (4.1.2b)

Especially for the illustrative purposes of fixing the Siegel for the massive fields at
the beginning of our presentation, we should keep in mind the concrete examples
of the bosonic cubic OSFT and the Munich A∞ OSFT. At some point we will,
however, realize that there is an abstract way of fixing the gauge purely in terms
of the propagator for the massive modes, which does not require referring to
concrete operators such as b0, c0 (which might, in principle, be theory-specific).

Splitting the string field

Let us consider a projector P acting on H (and denote P̄ = 1 − P ) which is
BPZ-even

ω(PA,B) = ω(A,PB) . (4.1.3)
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For the purposes of our initial exposition in Siegel gauge, we will also require that
kerL0 ⊂ imP . Introducing then the Siegel-gauge propagator −(b0/L0)P̄ ≡ h for
the fields which we are integrating out, we can then write a Hodge-Kodaira-type
decomposition

hQ+Qh = P − 1 . (4.1.4)

Here we note that h is always well-defined because since we assume that kerL0 ⊂
imP , we have (denoting by P0 the projector onto kerL0) P̄ = P̄ 0P̄ and (b0/L0)P̄ 0
is well-defined. As a consequence of (4.1.4) and the super-Jacobi identity, we
clearly have [P,Q] = [P, h] = 0. Note that since we have (b0)2 = 0 = PP̄ = P̄P ,
we recover the annihilation conditions h2 = Ph = hP = 0. We then decompose
the string field as Ψ = ψ + R, where ψ = PΨ and R = P̄Ψ. Using the BPZ
property (4.1.3) of the projector P and varying the action separately with respect
to ψ and R, the equations of motion for ψ and R can be shown to read

EOMψ(ψ,R) = P EOM(ψ + R) = Qψ + PJ (ψ + R) , (4.1.5a)
EOMR(ψ,R) = P̄ EOM(ψ + R) = QR + P̄J (ψ + R) . (4.1.5b)

Fixing Siegel gauge

We now want to use the equation of motion (4.1.5b) to integrate R out and extract
the effective dynamics of ψ. In order to do this, we will need to fix a gauge for
R. For pedagogical reasons we shall first do so by explicitly applying the Siegel
gauge condition b0R = 0. Below we will recognize that this can be taken care of
more abstractly purely in terms of the contracting homotopy operator h [13, 14].
For now, let us however assume that as in the case of the open (super)string
worldsheet (see (2.1.6), (2.1.54)), we can decompose

Q = c0L0 + b0M
+ + ˆ︁Q , (4.1.6)

where M and ˆ︁Q do not contain any zero modes. Defining the Siegel-gauge projec-
tor Ps ≡ b0c0 together with P̄ s = 1 − Ps = c0b0 and assuming [P, Ps] = 0 (which
is clearly the case for instance for P = P0), we then decompose R = R+ R̃ where
R = PsR and R̃ = P̄ sR. Gauge-fixing of the R component of the string field
can then be effected by requiring R̃ = 0. The equation of motion EOMR(ψ,R)
therefore decomposes into two components

EOMR(ψ,R) = P̄ sQR + P̄ sP̄J (ψ +R) , (4.1.7a)
EOMR̃(ψ,R) = PsQR + PsP̄J (ψ +R) . (4.1.7b)

The first gives the equation of motion for R which is to be solved for R(ψ). The
second gives the gauge constraint (out-of-Siegel equation) which generally needs
to be kept alongside the in-Siegel equation of motion.

Solving for R(ψ)

Note that using (4.1.6), we can rewrite

EOMR(ψ,R) = c0L0R + c0b0P̄J (ψ +R) . (4.1.8)
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That is, since b0R = 0, the solution R(ψ) needs to satisfy

R(ψ) = hJ (Ψ)
⃓⃓⃓
Ψ=ψ+R(ψ)

. (4.1.9)

Denoting G(A) = hJ (A), and assuming initial condition R(0) = 0, we therefore
obtain solution

R(ψ) = G(ψ + G(ψ + G(ψ + . . .))) , (4.1.10)

Up to cubic order in ψ, the solution for R(ψ) can then be expanded as

R(ψ) = hm2(ψ, ψ) + hm3(ψ, ψ, ψ)+
+ hm2(hm2(ψ, ψ), ψ) + hm2(ψ, hm2(ψ, ψ)) + . . . (4.1.11)

so that substituting back into to the splitting of the string field, we obtain

Ψ(ψ) ≡ ψ +R(ψ) (4.1.12a)
= ψ + hm2(ψ, ψ) + hm3(ψ, ψ, ψ)+

+ hm2(hm2(ψ, ψ), ψ) + hm2(ψ, hm2(ψ, ψ)) + . . . (4.1.12b)

Note that the terms inside Ψ(ψ) containing k powers of ψ can be given a Feynman-
diagramatic interpretation as consisting of all possible rooted trees with k leaves
and at least 3-valent nodes. This means that the number of terms arising at order
ψ⊗k is given by the kth super-Catalan number.

Checking the out-of-Siegel constraint

Let us now show that the out-of-Siegel constraint (4.1.7b) is, in fact, automatically
satisfied whenever ψ solves the equation of motion (4.1.5a). We can first use the
Hodge-Kodaira decomposition (4.1.4) to show that

QR(ψ) = −P̄J (Ψ(ψ)) − hQJ (Ψ(ψ)) , (4.1.13)

Substituting this into (4.1.7b), we obtain

EOMR̃(ψ,R(ψ)) = −hQJ (Ψ(ψ)) . (4.1.14)

Using the A∞ relations we may now show that

QJ (Ψ) = −
∞∑︂
k=2

k−1∑︂
l=0

mk(Ψ⊗l, QΨ,Ψ⊗(k−1−l))+

−
∞∑︂
k=3

k−1∑︂
m=2

mmmk+1−m(Ψ⊗k) , (4.1.15)

where QΨ may be obviously expressed as

QΨ(ψ) = EOM(Ψ) − J (Ψ) . (4.1.16)

Substituting (4.1.16) into the r.h.s. of (4.1.15) and straightforwardly manipulating
the products, we eventually obtain

QJ (Ψ) = −
∞∑︂
k=2

k−1∑︂
l=0

mk(Ψ⊗l,EOM(Ψ(ψ)),Ψ⊗(k−1−l)) . (4.1.17)
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Substituting this back into (4.1.14), as well as assuming that the equation of
motion for ψ is solved (that is, taking ψ = ψ∗ such that EOMψ(ψ∗, R(ψ∗)) = 0)
and noting that EOMR(ψ,R(ψ)) = 0, we obtain

EOMR̃(ψ∗, R(ψ∗)) = F [EOMR̃(ψ∗, R(ψ∗))] , (4.1.18)

where we have defined the linear operator

F [X] =
∞∑︂
k=2

k−1∑︂
l=0

hmk(Ψ(ψ∗)⊗l, X,Ψ(ψ∗)⊗k−1−l) . (4.1.19)

Therefore, assuming that the operator 1 − F is invertible2, it follows that

EOMR̃(ψ∗, R(ψ∗)) = 0 . (4.1.20)

Abstract gauge-fixing

As we have already hinted at above, there is a more abstract (but nevertheless
equivalent) way of fixing the gauge for R and solving (4.1.5b), namely by requiring
that hR = 0 (see [13, 14]). Assuming this condition, it is then possible to derive
the key recursion relation (4.1.9) by simply hitting (4.1.5b) with h and using the
Hodge-Kodaira decomposition (4.1.4). Consistency of (4.1.9) then also requires
that we have h2 = Ph = 0 (as can be seen by acting on (4.1.9) with h and P and
requiring the gauge condition hR = 0, as well as that PR = 0). Finally, h2 = 0
in conjunction with the Hodge-Kodaira decomposition implies [h, P ] = 0 which
in turn gives the remaining annihilation condition hP = 0.

The associated out-of-gauge constraints can then be indirectly seen to hold by
noting that the total SFT equation of motion is automatically satisfied whenever
the equation of motion for ψ is solved (namely that EOM(Ψ(ψ∗)) = 0 whenever
we consider ψ = ψ∗ such that EOMψ(ψ∗, R(ψ∗)) = 0). Indeed, using the identity
(4.1.13) (which is purely a consequence of acting with Q on (4.1.9) and applying
the Hodge-Kodaira decomposition (4.1.4)), we may show that

EOM(Ψ(ψ)) = EOMψ(ψ,R(ψ)) − hQJ (Ψ(ψ)) . (4.1.21)

Using the result (4.1.17) (which is clearly derived independently of the above
discussion of explicit Siegel gauge fixing) and substituting ψ = ψ∗, we therefore
obtain

EOM(Ψ(ψ∗)) = F [EOM(Ψ(ψ∗))] . (4.1.22)

Assuming again invertibility of 1 − F , it follows that EOM(Ψ(ψ∗)) = 0. This is
how the gauge constraints are trivialized for the abstract gauge fixing hR = 0.

We can conclude that the annihilation conditions hP = Ph = h2 = 0, as well
as the Hodge-Kodaira decomposition (4.1.4) seem to be the key ingredients for
the whole construction of tree-level effective action to work ([14] arrives at the
same conclusion). Noting that we can split P = IΠ, where Π : H −→ PH is
the canonical projection and I : PH −→ H is the canonical inclusion (so that we

2This should be the case at least for small ψ∗ because, since R(0) = 0, then also F should
be small for small ψ∗
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also have Πh = hI = 0), it clearly follows that the algebraic properties we have
encountered so far can be summarized by the SDR

h (H, Q) Π
I

(PH,ΠQI) . (4.1.23)

Effective action and minimal model theorem

Substituting the solution (4.1.12b) into (4.1.5a), we obtain that the equation of
motion for ψ can be rewritten as

eom(ψ) = m̃1(ψ) + m̃2(ψ, ψ) + m̃3(ψ, ψ, ψ) + . . . (4.1.24)

where we have introduced new multi-linear products m̃k : H⊗k −→ H

m̃1(A1) = Pm1(A1) , (4.1.25a)
m̃2(A1, A2) = Pm2(A1, A2) , (4.1.25b)

m̃3(A1, A2, A3) = Pm3(A1, A2, A3)+
+ Pm2(hm2(A1, A2), A3) + Pm2(A1, hm2(A2, A3)) , (4.1.25c)

...

for A1, A2, A3 ∈ PH. Below we will prove, using the coalgebra notation, that the
products m̃k satisfy A∞ relations. Also, assuming that the contracting homo-
topy operator h is BPZ self-conjugate (which is clearly true for the Siegel-gauge
propagator h = −(b0/L0)P̄ )

ω(A1, hA2) = (−1)d(A1)ω(hA1, A2) , (4.1.26)

we will show that the products m̃k are cyclic with respect to ω̃ ≡ ω|PH (in
accordance with [13, 14]). Nevertheless, it is a rewarding exercise (which we
leave to the reader) to verify cyclicity and A∞ relations explicitly at least for
m̃1, m̃2 and m̃3. These results, together with the above result that the out-
of-gauge constraints are automatically solved when ψ satisfies EOMψ(ψ,R(ψ)),
imply that the dynamics of ψ is completely captured by the effective action
S̃(ψ) = S(ψ +R(ψ)) where

S̃(ψ) =
∞∑︂
k=1

1
k + 1 ω̃(ψ, m̃k(ψ⊗k)) . (4.1.27)

Furthermore, the action (4.1.27) manifests the gauge invariance

δ̃λψ = m̃1(λ) + m̃2(λ, ψ) + m̃2(ψ, λ)+
+ m̃3(λ, ψ, ψ) + m̃3(ψ, λ, ψ) + m̃3(ψ, ψ, λ) + . . . , (4.1.28)

associated with the effective products m̃k (where λ ∈ PH is a gauge parameter).
We shall see below how this is related to the gauge transformation of the full
SFT.

Note that all these results appear in some form in [13, 14], where the author
mostly specializes on integrating out all fields outside of the BRST cohomology.
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As a result, he obtains effective products with m̃1 = 0. The effective A∞ structure
(PH, {m̃k}∞

k=2) therefore provides the minimal model3 for the original UV A∞
structure (H, {mk}∞

k=1). Existence of such minimal model is guaranteed by the
minimal model theorem [138]. Also, see [14, 139] for a discussion of the more
general decomposition theorem, which guarantees existence of an A∞-isomorphism
between any A∞ algebra and a direct sum of a minimal A∞ algebra and a linear
contractible A∞ algebra4.

Notice, however, that it is a priori not always clear how the products m̃k of
the minimal model can be explicitly constructed in practice for any given SFT:
while it is straightforward how to expand the effective products m̃k in terms of the
propagator h and the UV products mk, it is not immediately obvious what is the
explicit expression for h which would implement integrating out all modes outside
of the cohomology of Q. For instance, considering the cubic OSFT, the Siegel-
gauge propagator −(b0/L0)P̄ 0 only integrates out the modes outside of kerL0
while there are known examples of states in kerL0 (such as ∂c) which are clearly
not BRST closed:5 this is the almost minimal model of [22]. Below in subsection
4.2.1 we will present a method of integrating such modes out (at zero momentum)
by modifying the Siegel-gauge propagator, thus providing an explicit example of
an effective SFT action given by a minimal A∞ algebra, which is related to the
original UV SFT A∞ algebra by means of an explicit A∞ quasi-isomorphism.

4.1.2 Tensor coalgebra notation
We will now unleash the full power of tensor coalgebras and homological pertur-
bation theory to derive the A∞ effective action in a closed and compact form.
See chapter 1 for an introduction into the necessary concepts. As the story will
develop, we will recognize that the mechanism behind constructing the effective
action is clearly governed by the homological perturbation lemma for strong de-
formation retracts, as introduced in section 1.2. See also [22, 23], as well as the
recent work [26].

Basic definitions

Let us first define the projector P : TH −→ TH acting on the tensor co-algebra
TH, by requiring

Pπk = P ⊗ . . .⊗ P⏞ ⏟⏟ ⏞
k times

. (4.1.29)

Note that the map P therefore clearly acts as a cohomomorphism. Given this
definition, we can clearly write P(TH) = (PH)⊗1 ⊕ (PH)⊗2 ⊕ . . . ≡ TPH.
Defining also Q to be the coderivation corresponding to the 1-string product Q,

3An A∞ algebra (H, {mk}∞
k=1) is called minimal if m1 = 0.

4An A∞ algebra (H, {mk}∞
k=1) is called linear contractible if we have mk = 0 for all k ≥ 2

and m1 has trivial cohomology.
5At this point it is important to remember that we have only established that it is consistent

to fix Siegel gauge for the massive modes which are projected away by P0 (and which were
already integrated out). It does not seem to be possible to fix Siegel gauge also for the modes
ψ ∈ kerL0 in such a way so that the corresponding out-of-Siegel equations would be trivialized
by the in-Siegel equations of motion, as it was the case above for the massive modes.
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we have [Q,P] = 0 (because [P,Q] = 0 as a consequence of the decomposition
(4.1.4)). We also define the map h : TH −→ TH by requiring

hπk =
k−1∑︂
l=0

(1H)⊗l ⊗ h⊗ P⊗(k−1−l) (4.1.30)

This definition can be motivated by the fact that h then satisfies the tensor
coalgebra version of the Hodge-Kodaira decomposition

Qh + hQ = P − 1TH ≡ −P̄ , (4.1.31)

as it is easy to check explicitly. However, note that such h does not quite behave
as a coderivation: instead we turn out to have

∆h = (h ⊗′ P + 1TH ⊗′ h)∆ . (4.1.32)

The annihilation conditions h2 = Ph = hP = 0 clearly imply that h2 = Ph =
hP = 0. Also note that we can formally separate P = IΠ, where

Π : TH −→ TPH , (4.1.33a)
I : TPH −→ TH , (4.1.33b)

are the canonical projection and inclusion, respectively, mapping between TH
and TPH. On the other hand, we clearly have ΠI = 1TPH. Both Π and I are
cohomomorphisms, that is, denoting the coproduct on TPH as ∆′, we have the
properties

∆′Π = (Π ⊗′ Π)∆ , (4.1.34a)
∆I = (I ⊗′ I)∆′ . (4.1.34b)

Since we clearly have the annihilation conditions Πh = hI = 0 = h2, as well
as the Hodge-Kodaira decomposition (4.1.31), we have therefore established the
following tensor coalgebra version of the SDR (4.1.23)

h (TH,Q) Π

I
(TPH,ΠQI) . (4.1.35)

Apart from defining the co-derivation m = ∑︁∞
k=1 mk, we also define δm =∑︁∞

k=2 mk so that we can view the full interacting set of products m as a per-
turbation of the free-theory product Q, namely m = Q + δm.

Interacting inclusion Ĩ

Let us start with the full SFT action

S(Ψ) =
∫︂ 1

0
dt ⟨ω̃|π1∂t

1
1 − Ψ(t) ⊗ π1m

1
1 − Ψ(t) , (4.1.36)

where we have introduced an interpolation Ψ(t) ∈ H for 0 ≤ t ≤ 1 such that
Ψ(0) = 0 and Ψ(1) = Ψ. Splitting the string field using a BPZ-even projector
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P as in the previous subsection, the equations of motion for ψ and R may be
expressed as

EOMψ(Ψ) = π1Pm
1

1 − Ψ , (4.1.37a)

EOMR(Ψ) = π1P̄m
1

1 − Ψ . (4.1.37b)

Isolating the interacting part of the full equation of motion

J (Ψ) = π1δm
1

1 − Ψ , (4.1.38)

we observe that having fixed the gauge hR = 0 for R, the recursive relation (4.1.9)
for R(ψ) can be recast as

R(ψ) = π1hδm
1

1 − Ψ(ψ) . (4.1.39)

This therefore allows us to write the following equation for Ψ(ψ)

Ψ(ψ) = ψ + π1hδm
1

1 − Ψ(ψ) . (4.1.40)

Expressing Ψ(ψ) in terms of π1 acting on the corresponding group-like element,
moving the second term on the r.h.s. of (4.1.40) to the l.h.s., and finally, assuming
that the map 1TH − hδm is invertible, we can further rewrite (4.1.40) as

π1(1TH − hδm)
(︄

1
1 − Ψ(ψ) − 1

1TH − hδm
I

1
1 − ψ

)︄
= 0 . (4.1.41)

At this point, it is useful to note that the map Ĩ : TPH −→ TH defined by

Ĩ = 1
1TH − hδm

I . (4.1.42)

is in fact a cohomomorphism. To show this (see also appendix A of [22]), we first
expand

∆Ĩ =
∞∑︂
k=0

∆(hδm)kI , (4.1.43)

where we can establish that

∆(hδm)k = (hδm ⊗′ P − δm ⊗′ h + h ⊗′ Pδm + 1TH ⊗′ hδm)k∆ . (4.1.44)

Running induction on k, it is then not hard to use the above-recorded properties
of h, δm, Π and I (especially the annihilation conditions hI = Πh = h2 = 0), to
establish the identity

(hδm ⊗′ P − δm ⊗′ h + h ⊗′ Pδm + 1TH ⊗′ hδm)k(I ⊗′ I) =

=
k∑︂
l=0

(hδm)lI ⊗′ (hδm)k−lI . (4.1.45)
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Hence, we can finally write

∆Ĩ =
∞∑︂
k=0

k∑︂
l=0

(︂
(hδm)lI ⊗′ (hδm)k−lI

)︂
∆′ (4.1.46a)

=
(︄

1
1TH − hδm

I ⊗′ 1
1TH − hδm

I
)︄

∆′ (4.1.46b)

= (Ĩ ⊗′ Ĩ)∆′ , (4.1.46c)

so that the map Ĩ is indeed a cohomomorphism. We stress that this only seems
to work provided that the annihilation conditions hI = Πh = h2 = 0 are in
place, that is, provided that we work with a strong deformation retract (this was
noted already by [22]). Using the fact that cohomomorphisms map a group-like
elements to group-like elements, we can write the unique solution to (4.1.41)
satisfying Ψ(0) = 0 as

Ψ(ψ) = π1Ĩ
1

1 − ψ
. (4.1.47)

As we will see below, the image of Ĩ does not span the whole of TH so that
the cohomomorphism Ĩ is only invertible on its image. Unpackaging the tensor
coalgebra notation in terms of ordinary products on H, we can write

π1hm2I = hm2(I ⊗ I)π2 , (4.1.48a)
π1hm3I = hm3(I ⊗ I ⊗ I)π3 , (4.1.48b)

π1hm2hm2I = hm2(hm2 ⊗ 1 + 1 ⊗ hm2)(I ⊗ I ⊗ I)π3 (4.1.48c)
...

Expanding the cohomomorphism Ĩ and substituting the results (4.1.48) into
(4.1.47), we therefore obtain

Ψ(ψ) = π1Ĩ
1

1 − ψ
(4.1.49a)

= ψ + hm2I(ψ ⊗ ψ) + (hm3 + hm2hm2)I(ψ ⊗ ψ ⊗ ψ) + . . . (4.1.49b)
= ψ + hm2(ψ, ψ) + hm3(ψ, ψ, ψ)+

+ hm2(hm2(ψ, ψ), ψ) + hm2(ψ, hm2(ψ, ψ)) + . . . (4.1.49c)

which agrees with our previous result (4.1.12b).

Interacting projection Π̃

Let us proceed with defining the cohomomorphism

Π̃ = Π
1

1TH − δmh
. (4.1.50)

To check that Π̃ is indeed a cohomomorphism, we proceed in a parallel manner to
the proof for Ĩ (again, this does not seem to work for general homotopy equivalence
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data, only if we work with an SDR where we have the annihilation conditions
hI = Ph = h2 = 0). We then clearly have

Π̃Ĩ = Π
1

1TH − δmh
1

1TH − hδm
I (4.1.51a)

= ΠI (4.1.51b)

= 1TPH , (4.1.51c)

where we have used that h2 = 0. We also define the cohomomorphism

P̃ = ĨΠ̃ (4.1.52a)

= 1
1TH − hδm

IΠ
1

1TH − δmh
. (4.1.52b)

Note that adding the interactions δm creates a new embedding of TPH inside
TH given by the image of P̃ (which is the same as the image of Ĩ): given an
element ψ ∈ PH, it may be uniquely associated to an element Ψ ∈ im P̃ ⊂ TH
(but not in the whole of TH). Put in another way, the cohomomorphisms Π̃
and Ĩ are invertible only if we restrict the domain of Π̃ and the target of Ĩ on
im P̃ ⊂ TH.

Effective products

We can now substitute the solution for Ψ(ψ) into the equation of motion for ψ
which yields

eom(ψ) = π1Πm
1

1 − Ψ(ψ) (4.1.53a)

= π1ΠmĨ
1

1 − ψ
(4.1.53b)

≡ π1m̃
1

1 − ψ
. (4.1.53c)

Here we have introduced a new map

m̃ ≡ ΠmĨ (4.1.54a)

= ΠQI + Πδm
1

1TH − hδm
I . (4.1.54b)

where in the last equality, we have used the fact that Ph = 0. Let us show that
m̃ is a coderivation on TPH: we first have

∆′m̃ =
(︂
ΠmĨ ⊗′ ΠĨ + ΠĨ ⊗′ ΠmĨ

)︂
∆′ , (4.1.55)

where we note that Πh = 0 implies ΠĨ = 1TPH. This in turn makes it possible
to write (4.1.55) as

∆′m̃ =
(︂
ΠmĨ ⊗′ 1TPH + 1TPH ⊗′ ΠmĨ

)︂
∆′ , (4.1.56)

so that the map m̃ = ΠmĨ is indeed a coderivation on TPH. It is also straight-
forward to unpackage the coalgebra notation and see that the definition (4.1.54)
of m̃ gives k-products π1m̃πk which precisely agree with the effective products
(4.1.25) computed in the previous subsection.
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Effective theory as a homotopy transfer

By now it should be easy to observe that comparing the definitions (4.1.42),
(4.1.50), (4.1.54) with the output (1.2.7) of the homological perturbation lemma
applied on the SDR (4.1.35) (where we perturb Q → m = Q + δm) we have
established the perturbed SDR

h̃ (TH,m) Π̃

Ĩ
(TPH, m̃) , (4.1.57)

provided that we also introduce the perturbed interacting contracting homotopy6

h̃ = 1
1TH − hδm

h , (4.1.59)

Using this result, it immediately follows that m̃2 = 0, so that the products
m̃k = π1m̃πk encoded by the coderivation m̃ indeed satisfy A∞ relations, as we
claimed in the previous subsection. Another consequence of the perturbed SDR
(4.1.57) is that the corresponding chain-map relation

mĨ = Ĩm̃ (4.1.60)

implies that the cohomomorphism Ĩ is in fact an A∞-morphism. In particular, if
π1m̃π1 = 0, this construction therefore provides the minimal model for (TH,m).
Similarly we have the chain-map relation Π̃m = m̃Π̃. Also note that we can in
fact write

m̃ = Π̃mĨ , (4.1.61)

because (4.1.60) implies Π̃mĨ = Π̃Ĩm̃ = m̃. Finally, we note in passing that the
perturbed Hodge-Kodaira decomposition

h̃m + mh̃ = 1TH − P̃ (4.1.62)

together with the super-Jacobi identity imply that [P̃,m] = 0.

Out-of-gauge constraints and classical solutions

In order to check the out-of-gauge equations, we note that using (4.1.60), we can
use (4.1.60), (1.1.42a) and finally (4.1.53c) to write

EOM(Ψ(ψ)) = π1mĨ
1

1 − ψ
(4.1.63a)

= π1Ĩm̃
1

1 − ψ
(4.1.63b)

= π1Ĩ
{︄

1
1 − ψ

⊗
(︄
π1m̃

1
1 − ψ

)︄
⊗ 1

1 − ψ

}︄
(4.1.63c)

6This can be shown to satisfy the expected property

∆h̃ = (1T H ⊗′ h̃ + h̃ ⊗′ P̃)∆′ . (4.1.58)
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= π1Ĩ
{︄

1
1 − ψ

⊗ eom(ψ) ⊗ 1
1 − ψ

}︄
. (4.1.63d)

We therefore obtain that eom(ψ) = 0 implies EOM(Ψ(ψ)) = 0. This means that
once the effective equation of motion eom is satisfied, there are no additional
constraints on the dynamics of ψ. In other words, the out-of-gauge constraints
EOMR̃ are automatically satisfied on any solution of eom. Any classical solution
ψ∗ ∈ TPH of the effective theory therefore automatically provides a classical
solution Ψ∗ ∈ im P̃ ⊂ TH of the full theory which is given by

Ψ∗ = π1Ĩ
1

1 − ψ∗ . (4.1.64)

Hence, the above-described effective framework enables us to look for certain
solutions of the full SFT equation of motion EOM(Ψ) by only working with a
smaller (possibly finite) number of degrees of freedom ψ which we can anticipate
to be dominantly excited by such solutions. Then, after solving the effective
equation of motion eom(ψ) for ψ∗, we can always construct7 a solution Ψ∗ to the
full SFT equation of motion by using (4.1.64).

We can summarize our discussion up to this point by saying that the homo-
logical perturbation lemma automatically takes care of integrating out degrees of
freedom from an interacting A∞ SFT whenever the modes ψ we wish keep are
given by a BPZ-even projector P , and, the remaining modes R can be integrated
out by a propagator h, where h and P are such that we may write an SDR of
the form (4.1.23). In other words, the lemma provides a way of packaging the
Feynman diagram expansion of tree-level effective interactions in any A∞ SFT.
The propagator (a.k.a. the contracting homotopy operator) also implicitly im-
poses the gauge-fixing condition hR = 0 in such a way that the out-of-gauge
constraints are automatically satisfied upon using the equation of motion for the
remaining modes ψ.

Marginal deformations

We shall now give a more tangible example of how the solutions of the tree-level
effective equation of motion eom(ψ) provide classical solutions in the full SFT. In
particular, note that if we set P = P0 (where P0 projects onto kerL0) and look
for continuously parametrized families of classical solutions of eom(ψ)

ψ(λ) =
∞∑︂
k=1

λkψk ∈ P0H , (4.1.65)

then expanding the equation of motion (4.1.53c) order by order in λ using the
explicit expressions (4.1.25), we obtain equations of motion

eom1 = P0m1(ψ1) , (4.1.66a)
eom2 = P0m1(ψ2) + P0m2(ψ1, ψ1) , (4.1.66b)
eom3 = P0m1(ψ3) + P0m2(ψ1, ψ2) + P0m2(ψ2, ψ1)+

+ P0m3(ψ1, ψ1, ψ1) + P0m2(h0m2(ψ1, ψ1), ψ1)+
7Modulo possible issues with convergence of Ψ∗ after applying the cohomomorphism Ĩ on

ψ∗.
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+ P0m2(ψ1, h0m2(ψ1, ψ1)) , (4.1.66c)
...

where we have denoted h0 = −(b0/L0)P̄ 0. The corresponding classical solution

Ψ(ψ(λ)) = π1Ĩ
1

1 − ψ(λ) (4.1.67)

of the full SFT equation of motion can then be expanded order by order in λ as

Ψ(ψ(λ)) =
∞∑︂
k=1

λkΨk , (4.1.68)

where we have

Ψ1 = ψ1 , (4.1.69a)
Ψ2 = ψ2 + h0m2(ψ1, ψ1) , (4.1.69b)
Ψ3 = ψ3 + h0m2(ψ1, ψ2) + h0m2(ψ2, ψ1)+

+ h0m3(ψ1, ψ1, ψ1) + h0m2(h0m2(ψ1, ψ1), ψ1)+
+ h0m2(ψ1, h0m2(ψ1, ψ1)) . (4.1.69c)

...

Comparing (4.1.66) with (5.2.29) and (5.2.36), as well as comparing (4.1.69) with
(5.2.27) and (5.2.34) (see also [1, 140]), it is clear that eomk should be interpreted
precisely as the obstructions to exactness of the marginal deformation8 Ψ(ψ(λ))
arising at order λk. The individual terms of Ψ(ψ(λ)) (as given by (4.1.69)) then
exactly agree with order-by-order expansion of classical solution of the full SFT
equation of motion which corresponds to a marginal deformation (in Siegel gauge)
of the original perturbative vacuum. We can therefore conclude that exactly
marginal deformations of the given background are in one-to-one correspondence
(via the cohomomorphism Ĩ) with those classical solutions ψ(λ) to the P0-effective
equation of motion, which are continuously connected to the effective perturbative
vacuum ψv = 0. Put in other words, the string fields ψ(λ) traversing local minima
of the P0-effective potential such that ψ(0) = 0, are in one-to-one correspondence
with exactly marginal deformations of the full SFT for the background at hand.
This is how the moduli spaces of consistent open string backgrounds make their
appearance in SFT calculations.

In chapter 5 (see also [1, 140]) we will explore marginal deformations in the
context of both A∞ and WZW-like Berkovits’ open superstring field theory for
backgrounds which possess the localizing global worldsheet N = 2 supercon-
formal symmetry of [116]. We will derive simple algebraic expressions for the
obstructions up to third order in λ. It is then possible to conclude that, in this

8For more details about the construction of solutions corresponding to marginal deforma-
tions in open (super)string field theory (both analytic and numerical), see the classical works
[50, 89, 141, 142, 143, 144, 145], as well as more recent results [1, 140, 146, 147, 148, 149, 150]
and the reviews [71, 73, 151].
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special case of enhanced worldsheet supersymmetry, the minima of the quartic P0-
effective potential of [116] are all connected to the perturbative vacuum9 so that
they are in precise correspondence with loci where the third-order obstruction
vanishes. Moreover, given the positive-definite nature of this quartic effective po-
tential, we can also conclude that flat directions of the potential emanating from
the perturbative vacuum exactly agree with the minima of the potential. How-
ever, we would like to stress that our analysis above between equations (4.1.65)
and (4.1.69) shows that in complete generality (independently of the nature of a
particular background in question), the minima of the effective potential which
are continuously connected to the effective perturbative vacuum ψv = 0 are in
one-to-one correspondence with exactly marginal deformations of the full SFT
for the given background.

Cyclicity

Let us now proceed to show that the effective products m̃k = π1m̃πk are cyclic
with respect to the following symplectic form ⟨ω̃| : PH⊗2 −→ C on PH

⟨ω̃|π2 ≡ ⟨ω|π2I , (4.1.70)

whenever m is cyclic with respect to ⟨ω|. Crucially, for this to work, we will need
to assume that P and h are BPZ-selfconjugate, that is

ω(Ψ1, hΨ2) = (−1)d(Ψ1)ω(hΨ1,Ψ2) , (4.1.71a)
ω(Ψ1, PΨ2) = ω(PΨ1,Ψ2) , (4.1.71b)

for any Ψ1,Ψ2 ∈ H. The definition (4.1.70) is clearly motivated by the expres-
sion (4.1.27) for the effective action we derived above (note that same definition
is used in [14]). In other words, the symplectic form ω̃ is defined so that the
cohomomorphism I is cyclic. On the other hand, neither the cohomomorphism
Π, nor the cohomomorphism P are cyclic because we clearly have

ω(PΨ1, PΨ2) ̸= ω(Ψ1,Ψ2) (4.1.72)

for general Ψ1,Ψ2 ∈ H. Note that the definition of ω̃ clearly makes it graded
anti-symmetric.

Given these assumptions, we will now show that also the interacting inclusion
map Ĩ is cyclic, namely

⟨ω̃|π2 = ⟨ω|π2Ĩ . (4.1.73)

To show this, we use the relation (1.1.21) as well as the fact that Ĩ is a cohomo-
morphism to write

⟨ω|π2Ĩ = ⟨ω|∇(π1Ĩ ⊗′ π1Ĩ)∆′ . (4.1.74)
9This can be seen to hold by noting that the auxiliary fields H±

1 , H0 of [95, 116] and chapter
5 are homogeneous quadratic polynomials in the marginal matter state V1/2 so that if (V1/2) is
a solution to the conditions H±

1 = 0 = H0 (which determine the minima of the quartic effective
potential), then so is λ(V1/2) for any λ.
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Expanding the cohomomorphism Ĩ and noting that we have π1I = Iπ1, π1h = hπ1,
as well as

ω(Iψ1, hΨ2) = 0 , (4.1.75a)
ω(hΨ1, hΨ2) = 0 , (4.1.75b)

for any ψ1 ∈ PH, Ψ1,Ψ2 ∈ H (where 4.1.75 hold as a consequence of the BPZ
properties (4.1.71) and the annihilation conditions hP = Ph = h2 = 0), we learn
that

⟨ω|∇(π1Ĩ ⊗′ π1Ĩ)∆′ = ⟨ω|∇(π1I ⊗′ π1I)∆′ (4.1.76a)
= ⟨ω|π2I (4.1.76b)
= ⟨ω̃|π2 , (4.1.76c)

which concludes the proof.
Let us now consider a general coderivation d : TH −→ TH which is cyclic

w.r.t. ω, that is ⟨ω|π2d = 0. We will show that then the coderivation d̃ =
Π̃dĨ is cyclic w.r.t. ω̃, namely ⟨ω̃|π2d̃ = 0. Following some straightforward
manipulations, we first write

⟨ω̃|π2d̃ = ⟨ω|π2P̃dĨ (4.1.77a)
= ⟨ω|π2

(︂
1TH + mh̃ + h̃m

)︂
dĨ (4.1.77b)

= ⟨ω|π2h̃mdĨ , (4.1.77c)

where we have first used cyclicity of Ĩ, then we have substituted the Hodge-
Kodaira decomposition of 1TH and subsequently made use of cyclicity of both m
and d. Using now the property (1.1.21) in the form π2 = ∇(π1 ⊗′ π1)∆, as well
as the properties h̃Ĩ = 0 and mĨ = Ĩm̃, we eventually find

⟨ω|π2h̃mdĨ = ⟨ω|∇(π1h̃mdĨ ⊗′ π1P̃Ĩ + (−1)d(d)π1h̃dĨ ⊗′ π1P̃mĨ+
− π1P̃Ĩm̃ ⊗′ π1h̃dĨ + π1P̃Ĩ ⊗′ π1h̃mdĨ)∆′ . (4.1.78)

Finally, we note that when h̃ acts on anything, the π1 projection of the result will
always have an overall factor of h in front. Similarly, when P̃ acts on anything,
the π1 projection of the result will be always have an overall factor of either P
or h in front. But at the same time, we have the BPZ properties (4.1.75) so that
this leads us to conclude that we indeed have

⟨ω̃|π2d̃ = 0 . (4.1.79)

In particular, setting d = m, we learn that the effective multi-string products m̃
are cyclic. However, note that in this case, since we in addition have [m, P̃] =
0, the proof of cyclicity is much more straightforward, because we have (using
cyclicity of Ĩ in the first step)

⟨ω̃|π2m̃ = ⟨ω|π2P̃mĨ (4.1.80a)
= ⟨ω|π2mP̃Ĩ (4.1.80b)
= 0 , (4.1.80c)

because m and P̃ satisfy [P̃,m] = 0 (as a consequence of super-Jacobi identity
applied to the Hodge-Kodaira decomposition associated with the perturbed SDR
(4.1.57)).
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Effective action

Realizing that the coderivation m̃ encoding the effective multi-string products is
cyclic w.r.t. ω̃, we can conclude that the equation of motion (4.1.53c) is repro-
duced by the action

S̃(ψ) =
∫︂ 1

0
dt ⟨ω̃|π1∂t

1
1 − ψ(t) ⊗ π1m̃

1
1 − ψ(t) , (4.1.81)

where we have introduced an interpolation ψ(t) ∈ ΠH for 0 ≤ t ≤ 1 with
ψ(0) = 0 and ψ(1) = ψ. Since we have shown that the equation of motion eom(ψ)
automatically implies the full equation of motion EOM(Ψ(ψ)), the action (4.1.81)
fully captures the dynamics of ψ and can be therefore called the effective action
for ψ. Let us now show that (4.1.81) can be also derived by directly substituting
the group-like element

1
1 − Ψ(ψ) = Ĩ

1
1 − ψ

(4.1.82)

into the full SFT action (4.1.36). To this end, let us choose a particular interpo-
lation Ψ(t) ∈ H, namely such that

1
1 − Ψ(t) = Ĩ

1
1 − ψ(t) . (4.1.83)

Note that this is a valid choice, because Ĩ maps group-like elements on TPH
to group-like elements on imP̃ ⊂ TH and we also have Ψ(0) = π1Ĩ1TPH = 0.
Substituting (4.1.83) into the action (4.1.36), we therefore obtain

S(Ψ(ψ)) =
∫︂ 1

0
dt ⟨ω|π1∂tĨ

1
1 − ψ(t) ⊗ π1mĨ

1
1 − ψ(t) (4.1.84a)

=
∫︂ 1

0
dt ⟨ω|π1Ĩ∂t

1
1 − ψ(t) ⊗ π1Ĩm̃

1
1 − ψ(t) (4.1.84b)

=
∫︂ 1

0
dt ⟨ω̃|π1∂t

1
1 − ψ(t) ⊗ π1m̃

1
1 − ψ(t) (4.1.84c)

= S̃(ψ) , (4.1.84d)

where we have first used the chain-map relation (4.1.60) as well as the fact that
[Ĩ,∂t] = 0 and subsequently we have applied the identity (1.1.48) which is a
consequence of cyclicity of Ĩ. We have therefore managed to reproduce the same
result for the effective action by directly substituting Ψ = Ψ(ψ) into the full SFT
action.

Symmetries: from IR to UV

Let us first consider an even coderivation S̃, which we will take to generate an
infinitesimal field transformation of the effective theory (see our discussion of
infinitesimal variations in subsection 1.1.1 for an introduction into our notation
and conventions; see also [23] for a discussion of symmetries in the coalgebra
formalism in relation to A∞ algebra minimal models). We will now investigate
what field transformation this induces in the full SFT (strictly speaking on the
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image of P̃ within TH). Denoting the generator of the induced transformation
by S, we obtain

S
1

1 − Ψ(ψ) = ĨS̃
1

1 − ψ
(4.1.85a)

= ĨS̃Π̃
1

1 − Ψ(ψ) , (4.1.85b)

where in the last line we have used that Π̃Ĩ = 1TPH. The induced infinitesimal
field transformation on the image of P̃ within the full SFT tensor coalgebra TH
is therefore given by S = ĨS̃Π̃. It is straightforward to show that

∆S = (S ⊗′ P̃ + P̃ ⊗′ S)∆ , (4.1.86)

so that S = ĨS̃Π̃ is a coderivation only on im P̃. It is therefore a good transfor-
mation generator only on im P̃. Let us further assume that S̃ is a symmetry of
the effective theory, that is [S̃, m̃] = 0. Then, using the above-collected properties
of Ĩ, Π̃ and m, it is possible to show that

[S,m] = Ĩ[S̃, m̃]Π̃ (4.1.87a)
= 0 , (4.1.87b)

so that S is a symmetry of the full SFT restricted on im P̃. Finally, assuming
that the coderivation S̃ is cyclic w.r.t. ω̃, that is

⟨ω̃|π2S̃ = 0 , (4.1.88)

then for S = ĨS̃Π̃ we have

⟨ω|π2S = ⟨ω|π2ĨS̃Π̃ (4.1.89a)
= ⟨ω̃|π2S̃Π̃ (4.1.89b)
= 0 , (4.1.89c)

where we have used cyclicity of both Ĩ and S̃. Hence, when restricted onto im P̃,
the coderivation S is cyclic.

We can repeat the whole story in the case of finite field transformations:
assuming that a cohomomorphism F̃ effects a finite field transformation of the
effective theory TPH, then the corresponding field transformation induced on
im P̃ ⊂ TH is provided by

F = ĨF̃Π̃ , (4.1.90)

which can be shown to behave as a cohomomorphism. However, as per our
discussion above, provided that the original cohomomorphism F̃ was obtained by
exponentiating a coderivation S̃ on TPH, the induced cohomomorphism F can
generally only be obtained by exponentiating a coderivation when restricted to
im P̃ ⊂ TH. Indeed, in such cases we can write F = eSP̃ = P̃eS where S = ĨS̃Π̃.
Also, observing that im F ⊂ im P̃, we conclude that F can only be one-to-one
when restricted on im P̃. As a consequence, F cannot be invertible on the whole
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of TH. Assuming that F̃ is invertible on TPH, we can then show that F is
invertible on im P̃ with

F−1 = ĨF̃−1Π̃ . (4.1.91)

Assuming further that an invertible cohomomorphism F̃ is a symmetry of the
effective theory, that is F̃−1m̃F̃ = m̃, then, restricting ourselves on im P̃, we can
show that (recalling that [P̃,m] = 0)

F−1P̃mP̃F = P̃mP̃ , (4.1.92)

so that F is a symmetry of the full theory restricted on im P̃. Finally, assuming
that the original cohomomorphism F̃ was cyclic, that is ⟨ω̃|π2F̃ = ⟨ω̃|π2, one can
use cyclicity of Ĩ to show that

⟨ω|π2F = ⟨ω|π2P̃ , (4.1.93)

so that the induced cohomomorphism F is cyclic only when restricted on im P̃.

Symmetries: from UV to IR

Second, let us conversely start by assuming that an even coderivation S on TH
generates a field transformation on the full SFT tensor coalgebra. The corre-
sponding transformation on the projected coalgebra TPH is determined by the
action of S on im P̃. Proceeding analogously to what we did above in the opposite
direction, we find that the transformation induced on TPH is generated by

S̃ = Π̃SĨ , (4.1.94)
which may indeed be shown to behave as a coderivation. Also note that we may
have instead proceeded by looking at the deformation δm = −[S,m] of the multi-
string products. In such case, the vertical composition discussed in section 1.2
tells us that (assuming the deformation is infinitesimal)

δm̃ = Π̃δmĨ + O((δm)2) , (4.1.95)

so that recalling that [P̃,m] = 0, we eventually obtain δm̃ = −Π̃[S,m]Ĩ =
−[Π̃SĨ, m̃], in agreement with (4.1.94). Assuming further that S is a symmetry
of the UV theory, that is [S,m] = 0, we have [S̃, m̃] = Π̃[S,m]Ĩ = 0, so that S̃ is
a symmetry of the effective theory (where we have again used that [P̃,m] = 0).
Also, recalling the result (4.1.79), then, assuming that the coderivation S was
cyclic, we clearly obtain that S̃ is also cyclic.

For the finite field transformations, assuming that F is a cohomomorphism
effecting a finite field transformation on TH, we can show that the corresponding
finite field transformation on TPH is effected by

F̃ = Π̃FĨ . (4.1.96)
While this is always a cohomomorphism, it may not be the case that it is invertible
even if F is invertible. It can be shown that a sufficient (but perhaps not neces-
sary) condition for invertibility of F̃ is that [F, P̃] = 0. The cohomomorphism F̃
is then invertible by setting

F̃−1 = Π̃F−1Ĩ . (4.1.97)

It also turns out that [F, P̃] = 0 is a sufficient condition for cyclicity of F̃ provided
that the cohomomorphism F is cyclic.
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Gauge transformation

Consider now the gauge transformation of the effective SFT

δ̃
1

1 − ψ
= [m̃,λ] 1

1 − ψ
, (4.1.98)

where the odd coderivation λ plays the role of a gauge parameter. From the
previous discussion we learn that the corresponding transformation induced on
im P̃ reads

δ
1

1 − Ψ(ψ) = Ĩ[m̃,λ]Π̃ 1
1 − Ψ(ψ) . (4.1.99)

Recalling that Ĩm̃Π̃ = P̃m = mP̃, we note that Ĩ[m̃,λ]Π̃ = [m,Λ] where we
have denoted

Λ = ĨλΠ̃ (4.1.100)

and noted that P̃Λ = ΛP̃ = Λ. By (4.1.86), the parameter Λ is a coderiva-
tion only when restricted onto im P̃. Also, given that λ is cyclic, the calculation
(4.1.89) gives us that Λ must also be cyclic. Altogether we learn that the effec-
tive gauge transformation with parameter λ induces a gauge transformation on
im P̃ ⊂ TH with parameter Λ = ĨλΠ̃. However, observe that even if we choose
λ to correspond only to a 0-string product (that is λ = λ0 and π1λπk = 0 for
k > 0) then we generally have π1Λπk ̸= 0 for k > 0. For instance, unpackaging
the coalgebra notation, we obtain

π1Λπ1 = π1
1

1TH − hδm
Iλ0Π

1
1TH − δmh

π1 (4.1.101a)

= π1
1

1TH − hδm
(Iλ0 ⊗ P + P ⊗ Iλ0) (4.1.101b)

= hm2(Iλ0 ⊗ P ) + hm2(P ⊗ Iλ0) , (4.1.101c)

that is, the induced coderivation Λ contains a 1-string product Λ1 with

Λ1(Ψ) = hm2(λ0, PΨ) + hm2(PΨ, λ0) (4.1.102)

(as well as the 0-string product π1Λπ0 = λ0 and higher products π1Λπk for k > 1).
As a result, the gauge transformation induced on the full SFT will contain trivial
pieces which vanish on-shell.

Going in the other direction, let us consider a gauge transformation of the full
theory

δ
1

1 − Ψ = [m,Λ] 1
1 − Ψ , (4.1.103)

where Λ is a cyclic coderivation. From the above discussion we know that this
generates the transformation

δ̃
1

1 − ψ
= Π̃[m,Λ]Ĩ 1

1 − ψ
, (4.1.104)
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on TPH. It was also shown that Π̃[m,Λ]Ĩ is always a coderivation on TPH.
Note that using the fact [m, P̃] = 0, we also have Π̃[m,Λ]Ĩ = [m̃,λ] where we
have denoted

λ = Π̃ΛĨ . (4.1.105)

Given that Λ is a cyclic coderivation, it follows from (4.1.79) that λ is also a
cyclic coderivation. We therefore conclude that an infinitesimal gauge symmetry
Λ of the full theory on TH always induces a gauge symmetry on TPH (generated
by λ = Π̃ΛĨ).

Observables

Here we will recall our general discussion of observables in A∞ SFTs from subsec-
tion 3.1.1. Let us assume that an odd cyclic coderivation e provides via (3.1.2)
an observable for the full theory on TH (so that (3.1.7) holds for any classical
solution Ψ∗ of the full SFT). Introducing now a new odd coderivation ẽ = Π̃eĨ
on TPH (which is cyclic by virtue of the discussion preceding (4.1.79)), it is
straightforward to show (for any classical solution ψ∗ of the effective theory)

[m̃, ẽ] 1
1 − ψ∗ = (Π̃mP̃eĨ + Π̃eP̃mĨ) 1

1 − ψ∗ (4.1.106a)

= Π̃[m, e]Ĩ 1
1 − ψ∗ , (4.1.106b)

where we have used that [m, P̃] = 0 as well as that P̃Ĩ = Ĩ and Π̃P̃ = Π̃.
Recalling then (4.1.64), we note that since Ψ(ψ∗) = Ĩ 1

1−ψ∗ is a classical solution
of the full SFT, then (4.1.106b) needs to vanish by virtue of (3.1.7). This shows
that ẽ satisfies the condition (3.1.7) as well, so that the quantity

Ẽ(ψ) =
∫︂ 1

0
dt ⟨ω̃|π1∂t

1
1 − ψ(t) ⊗ π1ẽ

1
1 − ψ(t) (4.1.107)

is an on-shell gauge invariant of the effective theory. At the same time, since we
clearly have

π1m̃ẽ
1

1 − ψ
= π1Π̃meĨ

1
1 − ψ

, (4.1.108)

we are forced to conclude (recalling (3.1.6)) that off-shell gauge invariance of E(Ψ)
(defined in terms of e) does not generally guarantee off-shell gauge invariance of
Ẽ(ψ). Note that explicitly we may expand

ẽ0 = Pe0 , (4.1.109a)
ẽ1(ψ) = Pe1(ψ) + m̃2(he0, ψ) + m̃2(ψ, he0) , (4.1.109b)

ẽ2(ψ, ψ) = Pe2(ψ, ψ) + Pe1(hm2(ψ, ψ))+
+ m̃2(he1(ψ), ψ) + m̃2(ψ, he1(ψ))+
+ m̃3(he0, ψ, ψ) + m̃3(ψ, he0, ψ) + m̃3(ψ, ψ, he0) (4.1.109c)

... (4.1.109d)
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which in turn gives the expansion of Ẽ(ψ). Note that when we have ek = 0 for
k > 0 (which is for instance the case for the Ellwood invariant in cubic OSFT),
the formulae (4.1.109) reduce to

ẽk(ψ⊗k) =
k−1∑︂
l=0

m̃k(ψ⊗l, he0, ψ
⊗k−1−l) , (4.1.110)

which is valid for k > 0.
In general we can in fact show that it is possible to write

Ẽ(ψ) = E(Ψ(ψ)) . (4.1.111)

Indeed, using cyclicity of Ĩ, we can first compute

Ẽ(ψ) =
∫︂ 1

0
dt ⟨ω|π1Ĩ∂t

1
1 − ψ(t) ⊗ π1Ĩẽ

1
1 − ψ(t) (4.1.112a)

=
∫︂ 1

0
dt ⟨ω|π1Ĩ∂t

1
1 − ψ(t) ⊗ π1P̃eĨ

1
1 − ψ(t) (4.1.112b)

where we have used that Ĩẽ = P̃eĨ in the second step. We now substitute the
interacting Hodge-Kodaira decomposition P̃ = 1TH + h̃m + mh̃ (which comes
from the SDR (4.1.57)). Note that the h̃m part actually does not contribute
because π1h̃ acting on anything always has h as a prefactor and therefore (using
the BPZ property (4.1.71) and the fact that we have the annihilation conditions
hP = Ph = h2 = 0) necessarily gives zero because π1Ĩ acting on anything always
contains either h or P as a prefactor. Using that [∂t, Ĩ] = 0, we therefore obtain

Ẽ(ψ) = E(Ψ(ψ)) +
∫︂ 1

0
dt ⟨ω|π1∂tĨ

1
1 − ψ(t) ⊗ π1mh̃eĨ

1
1 − ψ(t) . (4.1.113)

We then notice that since h̃Ĩ = 0, we can replace h̃e in (4.1.113) with [h̃, e]. This
then acts as a coderivation on the group-like element 1

1−Ψ(ψ(t)) = Ĩ 1
1−ψ(t) because

we have

∆[h̃, e]Ĩ 1
1 − ψ(t) =

=
(︂
[h̃, e] ⊗′ P̃ + 1TH ⊗′ [h̃, e]+

+ h̃ ⊗′ [P̃, e]
)︂
(Ĩ ⊗′ Ĩ)∆′ 1

1 − ψ(t) (4.1.114a)

=
(︂
1TH ⊗′ [h̃, e] + [e, h̃] ⊗′ 1TH

)︂
∆Ĩ

1
1 − ψ(t) , (4.1.114b)

where in the last step we have used P̃Ĩ = Ĩ, as well as that h̃Ĩ = 0. Given
this preparation, one may then invoke cyclicity of m (by applying (1.1.49)) and
subsequently the chain-map property (4.1.60) as well as [∂t,m] = [∂t, m̃] =
[∂t, Ĩ] = 0 to eventually obtain

Ẽ(ψ) = E(Ψ(ψ)) −
∫︂ 1

0
dt ⟨ω|π1Ĩm̃∂t

1
1 − ψ(t) ⊗ π1h̃eĨ

1
1 − ψ(t) , (4.1.115)
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where now the second term in (4.1.115) clearly vanishes by applying (4.1.71)
because π1h̃ acting on anything always gives h as a prefactor while π1Ĩ gives
either h or P . This finally proves the equality (4.1.111).

On the other hand, assuming that we, in addition to (3.1.7), have e2 = 0,
then

ẽ2 = Π̃eĨΠ̃eĨ (4.1.116a)
= Π̃eP̃eĨ , (4.1.116b)

which is in general (unless, for instance, we have [P̃, e] = 0) non-zero. This
tells us that if we use e to perturb the multi-string products of the parent UV
action to m = m + e in the case that e2 = 0 (as we have already commented
on in chapter 3, we conjecture that this may be understood as turning on an
exactly marginal closed string deformation; see also subsection 4.2.2 below), then
the corresponding perturbation of the effective action cannot be effected simply
by adding ẽ to m̃. Indeed, as we will see in (4.2.68b), we will need to consider
effective couplings containing arbitrary powers of e in order to implement the
corresponding deformation on the level of open SFT effective action in such a
way so that gauge invariance is retained.

4.2 Examples
We will now present two examples which will serve to illustrate the utility of
the algebraic machinery for tree-level A∞ SFT effective actions outlined in the
previous section.

4.2.1 Integrating out auxiliary massless modes
The purpose of this subsection will be to present an application of the horizontal
composition of SDRs discussed in subsection 1.2.2 in the simple setting of the
bosonic Witten’s OSFT. In particular, considering an effective SFT action with
P = ˆ︁P0 (where ˆ︁P0 effectively projects on ker ˆ︁L0, where ˆ︁L0 only measures con-
formal weight in the zero-momentum sector – see below for more details), one is
typically left with more than just physical fields: indeed, in the case of Witten’s
OSFT we obtain, apart from the usual physical vertex cV1e

ik·X (for V1 a matter
field with h = 1), also the auxiliary (Nakanishi-Lautrup) vertex ∂c eik·X . We
shall demonstrate that horizontal composition of SDRs gives us a clear method
of integrating out this unphysical vertex (introducing a new propagator for the
unphysical modes along the way) so as to obtain an effective action written purely
in terms of physical fields. The definitions and conventions for Witten’s OSFT
have been summarized in subsection 2.1.1.

Basic setup

We will consider a generic class of open string backgrounds (BCFTs) which can be
decomposed as a direct product of a (D+ 1)-dimensional non-compact worldvol-
ume with momentum k (described by a standard chiral external free-field BCFText

with c = D + 1 and spacetime indices µ, ν, . . . = 0, . . . , D) times an internal chi-
ral unitary BCFTint with c = 25 − D. Under such conditions, the zero-mode of
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the total stress-energy tensor (including the ghost sector) may be decomposed as
(setting α′ = 1 from now on)

L0 = k2 + ˆ︁L0 (4.2.1)

where [k2, ˆ︁L0] = 0. We will then specialize on setting P ≡ ˆ︁P0 where ˆ︁P0 projects
on ker ˆ︁L0 ∪ kerL0. That is, ˆ︁P0 projects on all massless states which may be
away from the mass-shell and also on all, generally massive, states on the mass-
shell. Such projector clearly commutes with Q and also satisfies (manifestly) that
kerL0 ⊂ im ˆ︁P0, so that the propagator

h0 = − b0

L0
(1 − ˆ︁P0) (4.2.2)

is well-defined. In practice10, we will assume the presence of a gap in the spectrum
of ˆ︁L0. That is, we will assume that there exists a value hmin ̸= 0 such that

|ˆ︁L0| < hmin =⇒ ˆ︁L0 = 0 . (4.2.3)

We will then be interested into determining the effective action for the off-shell
fields in ker ˆ︁L0 at momenta k well below the cut-off hmin, that is for |k2| ≪ hmin.
Under such circumstances we can safely ignore the presence of the massive fields in
im ˆ︁P0, thus obtaining great simplification of our computations ( ˆ︁P0 may therefore
be effectively thought of as projecting on ker ˆ︁L0).

Effective action for ψ ∈ ker ˆ︁L0

The propagator (4.2.2) and the projector ˆ︁P0 clearly satisfy the annihilation con-
ditions h2

0 = h0
ˆ︁P0 = ˆ︁P0h0 = 0 as well as the Hodge-Kodaira decomposition

h0Q+Qh0 = ˆ︁P0 − 1 , (4.2.4)

so that defining the canonical projection Π0 : H −→ ˆ︁P0H and inclusion I0 :ˆ︁P0H −→ H such that I0Π0 = ˆ︁P0 and Π0I0 = 1ˆ︁P0H, we have the SDR

h0 (H, Q) Π0

I0
( ˆ︁P0H,Π0QI0) . (4.2.5)

Promoting all these maps on the vector spaces H and ˆ︁P0H to the corresponding
maps on the tensor coalgebras TH and T ˆ︁P0H in the way specified in subsection
4.1.2, we obtain the tensor coalgebra version of the SDR (4.2.5)

h0 (TH,Q) Π0

I0
(T ˆ︁P0H,Π0QI0) . (4.2.6)

Perturbing then m1 ≡ Q → m = Q + m2 by adding the cubic interaction and
applying the homological perturbation lemma, we obtain a new (perturbed) SDR

h̃0 (TH,m) Π̃0

Ĩ0
(T ˆ︁P0H, m̃) , (4.2.7)

10We would like to thank Ted Erler for a useful discussion on this point.
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where the expressions for m̃, h̃0, Π̃0 and Ĩ0 were all given in subsection 4.1.2
in terms of the unperturbed contracting homotopy h0, projection Π0, inclusion
I0 and the perturbation δm = m2. In particular, the products m̃k appearing
in the effective equation of motion for ψ ∈ ker ˆ︁L0 can be extracted from m̃ =
Π̃0mĨ0. Since h0 clearly satisfies the BPZ property (4.1.71a), it follows that
the coderivation m̃ and the cohomomorphism Ĩ0 are cyclic with respect to the
symplectic form ⟨ω̃|π2 ≡ ⟨ω|π2I0. The (off-shell) effective action for ψ ∈ ker ˆ︁L0
therefore reads

S̃(ψ) =
∫︂ 1

0
dt ⟨ω̃|π1∂t

1
1 − ψ(t) ⊗ π1m̃

1
1 − ψ(t) , (4.2.8)

for some interpolation ψ(t) such that ψ(0) = 0 and ψ(1) = ψ. The products
m̃k = π1m̃πk can be explicitly expressed as

m̃1(ψ) = ˆ︁P0m1(ψ) , (4.2.9a)
m̃2(ψ, ψ) = ˆ︁P0m2(ψ, ψ) , (4.2.9b)

m̃3(ψ, ψ, ψ) = ˆ︁P0m2(h0m2(ψ, ψ), ψ) + ˆ︁P0m2(ψ, h0m2(ψ, ψ)) . (4.2.9c)
...

Structure of ker ˆ︁L0

Denoting by V1 a generic h = 1 primary matter field and jµ = i
√

2∂Xµ, we can
clearly decompose

V1(k) = φi(k)Vi
1 + Aµ(k)jµ (4.2.10)

with φi(k)Vi
1 ∈ BCFTint an internal matter primary and Aµ(k)jµ ∈ BCFText.

We can generally allow for both φi(k) and Aµ(k) to carry Chan-Paton factors.
The only states residing in ker ˆ︁L0 at ghost number 1 are then11

ψ1(k) = cV1(k)eik·X , (4.2.11a)
ψ̂1(k) = B(k)∂ceik·X , (4.2.11b)

while at ghost number 2 we have

ψ2(k) = c∂cṼ1(k)eik·X , (4.2.12a)
ψ̂2(k) = B̃(k)c∂2ceik·X . (4.2.12b)

Finally, at ghost number 0 we have ψ0(k) = D(k)eik·X while at ghost number
3 we have ψ3(k) = D̃(k)c∂c∂2ceik·X with ψ̂0 = ψ̂3 = 0. There are no states at
other ghost numbers. Also note that ψ1,2(k) are primaries for V1(k) = φi(k)Vi

1
but generally non-primary for V1(k) = Aµ(k)jµ. Finally, note that the dynamical
string field in ker ˆ︁L0 may be expressed as

ψ =
∫︂

|k2|≪hmin

dD+1k

(2π)D+1 e
ik·X

(︂
cV1(k) +B(k)∂c

)︂
. (4.2.13)

We will usually write ψ(k) for the integrand of (4.2.13).
11The products of fields are understood to be normal-ordered.
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Algebraic propagator

At this point we notice, however, that the effective products (4.2.9) yield an effec-
tive action in terms of both the physical modes φi(k), Aµ(k) and the unphysical
modes B(k). To improve on this drawback, let us now discuss a method of in-
tegrating B(k) out, which will yield a gauge invariant action for φi and Aµ only.
To this end, let us consider the operator

g = −c0M
− ˆ︁P0 , (4.2.14)

where M− is one of the generators (2.1.8) which satisfy the SU(1, 1) algebra
(2.1.9). However, it is not difficult to see that since the M− inside g only acts on
the states in ker ˆ︁L0, it can always be replaced simply by −(1/2)b−1b1 so that in
effect, we can always write

g = 1
2c0b−1b1

ˆ︁P0 . (4.2.15)

For the reasons which shall become clear below, we will call g the algebraic prop-
agator. Note that we clearly have [c0, ˆ︁P0] = [M−, ˆ︁P0] = [Q, ˆ︁P0] = 0 as well as
g2 = 0 = [g, ˆ︁P0]. Recalling that the BRST charge Q may be decomposed accord-
ing to (2.1.6), it is not hard to show that the zero-mode free part ˆ︁Q (2.1.7) of Q
satisfies

W ≡ [M−, ˆ︁Q] = −
∑︂
m̸=0

1
2mb−mL

m
m +

∑︂
m,n ̸=0
m+n̸=0

(m− n) 1
2nc−mb−nbm+n , (4.2.16)

so that we clearly have [W, ˆ︁P0] = [W, c0] = 0. Defining then the operator

p =
{︄

(b0 +W )c0
ˆ︁P0 at ghost number 0, 1

c0(b0 −W ) ˆ︁P0 at ghost number 2, 3 (4.2.17)

we can show that the relation

m̃1g + gm̃1 = p− 1 , (4.2.18)

is valid, simply by testing (4.2.18) on all states in ker ˆ︁L0 at ghost numbers 0,1,2,3,
as listed above. Combining (4.2.18) with the super-Jacobi identity then yields
[g, p] = [m̃1, p] = 0. Furthermore, we can show (again by testing on all states in
ker ˆ︁L0) that gp = 0 and therefore also pg = 0. This finally enables us to show
that

(1 − p)2 = (p− 1)(m̃1g + gm̃1) (4.2.19a)
= −m̃1g − gm̃1 (4.2.19b)
= 1 − p , (4.2.19c)

so that p is a projector and (4.2.18) is therefore a Hodge-Kodaira decomposition
with the algebraic propagator g playing the role of a contracting homotopy for
m̃1. Denoting p̄ = 1 − p, we can then decompose the ˆ︁P0-projected Hilbert space
as

ˆ︁P0H = p ˆ︁P0H ⊕ p̄ ˆ︁P0H . (4.2.20)
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Thinking about p as a map p : ˆ︁P0H −→ ˆ︁P0H, let us define the associated canon-
ical projection and inclusion

π : ˆ︁P0H −→ p ˆ︁P0H , (4.2.21a)
ι : p ˆ︁P0H −→ ˆ︁P0H , (4.2.21b)

so that we have ιπ = p and πι = 1
pˆ︁P0H as well as the annihilation conditions

gι = πg = 0 = g2. This finally establishes the SDR

g ( ˆ︁P0H, m̃1)
π

ι (p ˆ︁P0H, πm̃1ι) . (4.2.22)

The projector p can also be shown to be BPZ self-conjugate: for instance, this can
be easily seen by considering the Hodge-Kodaira decomposition (4.2.18) and the
known BPZ properties of m̃1 and g. Alternatively, we may verify this property
directly by considering two string fields ψ, ψ′ ∈ ker ˆ︁L0 such that |ψ|+ |ψ′| = 3 (so
that if |ψ| = 0 or 1, then necessarily |ψ′| = 2 or 3 and vice versa) and noting that
since bpz(b0c0) = c0b0, bpz(c0W ) = c0W , then, as a consequence of the definition
(4.2.17), we clearly need to have

ω(ψ, pψ′) = ω(pψ, ψ′) , (4.2.23)

so that the projector p is indeed BPZ self-conjugate.

Algebraic reduction of ker ˆ︁L0

We can therefore directly apply the formalism developed in subsections 4.1.1 and
4.1.2 to integrate out the modes projected out by p̄ = 1 − p. Acting with p on
the states in ker ˆ︁L0, we can explicitly compute

ϕ(k) ≡ pψ(k) =
[︄
cφi(k)Vi

1 + A(k) ·
(︄
cj + 1√

2
k∂c

)︄]︄
eikX , (4.2.24a)

r(k) ≡ p̄ψ(k) =
(︄
B(k) − 1√

2
k · A(k)

)︄
∂ceikX . (4.2.24b)

Integrating out r(k) will therefore yield an effective action for the physical po-
larizations φi(k), Aµ(k) only, which was our goal from the start. We note in
passing that the abstract gauge-fixing condition gr = 0 is in this case satisfied
automatically without assuming that the equations of motion for ϕ are satisfied,
simply because both g and r are proportional to c0. We can also explicitly verify
that L1(pψ(k)) = 0 so that ϕ(k) = pψ(k) is a primary – this fact will greatly
simplify explicit computations of the effective vertices involving ϕ(k). Another
explicit computation yields the useful result

Q(pψ(k)) = c∂c
[︃

− k2φi(k)Vi
1 +

(︂
kµkν − k2gµν

)︂
Aν(k)jµ

]︃
eikX , (4.2.25)

which already heavily hints at the expected gauge-invariant scalar and Yang-Mills
structure of the kinetic term. Promoting g as before to a map g : T ˆ︁P0H −→
T ˆ︁P0H on the tensor coalgebra T ˆ︁P0H such that it acts as

gπk =
k−1∑︂
l=0

(1ˆ︁P0H)⊗l ⊗ g ⊗ p⊗(k−1−l) (4.2.26)
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and satisfies g2 = 0, we have a tensor coalgebra version of the Hodge-Kodaira
decomposition (4.2.18)

gm̃1 + m̃1g = p − 1
T ˆ︁P0H , (4.2.27)

where we have defined the cohomomorphism p corresponding to p acting as pπk =
p⊗k. Analogously we define the coalgebra extensions π and ι of the projection π
and inclusion ι satisfying the annihilation conditions gι = πg = 0 = g2. This
establishes the tensor coalgebra version of the SDR (4.2.22)

g (T ˆ︁P0H, m̃1)
π

ι (Tp ˆ︁P0H,πm̃1ι) . (4.2.28)

Adding interactions by perturbing m̃1 → m̃ = m̃1 + δm̃ (where we recall that
m̃ is expressed in terms of the original microscopic products as m̃ = Π̃0mĨ0) we
can apply the homological perturbation lemma to obtain a new SDR

g̃ (T ˆ︁P0H, m̃) π̃

ι̃
(Tp ˆ︁P0H,M) . (4.2.29)

In particular, this gives us the effective products

M = πm̃
1

1
T ˆ︁P0H − gδm̃

ι , (4.2.30)

which, since it is clear that the algebraic propagator (4.2.15) satisfies the BPZ
property (4.1.71a) (as can be readily seen from the BPZ properties of the modes
of b and c ghosts), are cyclic with respect to the symplectic form

⟨Ω|π2 ≡ ⟨ω̃|π2ι = ⟨ω|π2I0ι , (4.2.31)

as is the cohomomorphism ι̃. The products Mk = π1Mπk then determine the
vertices of the effective action

S̃p(ϕ) =
∫︂ 1

0
dt ⟨Ω|π1∂t

1
1 − ϕ(t) ⊗ π1M

1
1 − ϕ(t) , (4.2.32)

which now contains only the physical modes φi(k), Aµ(k).

Horizontal composition

To recapitulate, in order to obtain the (off-shell) effective action (4.2.32) for the
physical massless modes ϕ(k), we first used the propagator h0 = −(b0/L0)(1− ˆ︁P0)
to integrate out fields which were outside of ker ˆ︁L0 and subsequently employed
the algebraic propagator g = −c0M

− ˆ︁P0 to integrate out the unphysical fields
inside ker ˆ︁L0. It is then natural to ask if these two procedures can be combined
by introducing a new propagator which would take care of both steps in one go
– this would clearly streamline explicit evaluation of the vertices of the effective
action (4.2.32). We shall now see that the answer to this question turns out to
be positive: it is not difficult to note that the two SDRs (4.2.6) and (4.2.28) can
be horizontally concatenated as

h0 (TH,Q) Π0

I0
g (T ˆ︁P0H,Π0QI0)

π

ι (Tp ˆ︁P0H,πΠ0QI0ι) ,

(4.2.33)
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so that using our discussion in subsection 1.2.2, we can establish the corresponding
horizontally composed SDR

(h0 ◦ g) (TH,Q) πΠ0

I0ι
(Tp ˆ︁P0H,πΠ0QI0ι) . (4.2.34)

where the composed contracting homotopy h0 ◦ g is defined as

h0 ◦ g = h0 + I0gΠ0 . (4.2.35)

The results of subsection 1.2.2 then show that the products M can be equivalently
computed by instead perturbing the horizontally composed SDR (4.2.34) by Q →
Q + δm. Applying the homological perturbation lemma, we therefore obtain

M = πΠ0m
1

1TH − (h0 + I0gΠ0)δm
I0ι . (4.2.36)

Note that the composite propagator (4.2.35) no longer satisfies the analogues
of the coalgebraic properties (4.1.30) and (4.1.32), so that extra care is needed
when unpackaging the products Mk from (4.2.36). Nevertheless, explicit com-
putation reveals that order by order in ϕ, the effective products Mk = π1Mπk
can be written down using the composed projector p ˆ︁P0, as well as the composed
propagator

h0 ◦ g = h0 + ˆ︁P0g , (4.2.37)

as if the propagator (4.2.35) satisfied (4.1.30) and (4.1.32). Explicitly we obtain

M1(ϕ) = p ˆ︁P0Qϕ , (4.2.38a)
M2(ϕ, ϕ) = p ˆ︁P0m2(ϕ, ϕ) , (4.2.38b)

M3(ϕ, ϕ, ϕ) = p ˆ︁P0m2((h0 + ˆ︁P0g)m2(ϕ, ϕ), ϕ)+
+ p ˆ︁P0m2(ϕ, (h0 + ˆ︁P0g)m2(ϕ, ϕ)) . (4.2.38c)

...

Note that at zero momentum, we have ˆ︁P0 = P0 and p = b0c0 at ghost numbers 0, 1,
while p = c0b0 at ghost numbers 2, 3, so that p is simply the in-Siegel projector for
modes in kerL0. It then follows that we have M1(ϕ) ≡ pP0Qϕ = 0, so that our
method gives an explicit construction of the minimal model (pP0H, {Mk}∞

k=2)
for the zero-momentum cubic OSFT. M is of course related to m by the A∞
quasi-isomorphism Ĩ0ι̃ as Ĩ0ι̃M = mĨ0ι̃.

At general momentum, the results derived in this subsection will be used
in [136] where we will present an explicit computation of vertices of the ker ˆ︁L0
effective action (4.2.32) up to quartic order and investigate its gauge symmetry
(which is induced from the A∞ gauge symmetry of the products Mk). For now,
let us just note that exploiting the primariness of ϕ, it is easy to compute (using
the explicit expression (2.1.21) for the Witten’s star product) that ˆ︁P0m2(ϕ, ϕ) is
proportional purely to c∂c (with no admixture of c∂2c). This therefore establishes
that ˆ︁P0gm2(ϕ, ϕ) = 0 so that up to quartic order, the algebraic propagator does
not contribute into the effective action for ϕ ∈ p ˆ︁P0H. Note however, that this
would cease to be true had we used a twist non-invariant cubic vertex (see [152]
for a related recent discussion).
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4.2.2 Open SFT with Ellwood invariant
In this subsection we will consider an A∞ SFT given by products mk, which
are cyclic with respect to a symplectic form ω. As usual, these products can
be packaged into an odd coderivation m such that π1mπk = mk. We will also
assume that there is an odd coderivation e which satisfies [m, e] = 0 as well as
e2 = 0. As per our discussion in subsection 3.1.1, such coderivation defines (via
(3.1.2)) a quantity which is gauge invariant on-shell.

Two concrete examples of SFTs with these properties, which we will mainly
have in mind, are 1. the cubic OSFT with Ellwood invariant (where m = m1+m2
and e = e0 is the coderivation corresponding to the 0-string product given by an
on-shell weight (0, 0) midpoint insertion of a closed string primary) and 2. the
NS sector of the Munich A∞ open SFT with the observable introduced in section
3.2 (where m ≡ M gives the superstring products and e ≡ E is the coderivation
constructed in subsection 3.2.1 based on a midpoint insertion of an on-shell weight
(0, 0) closed string primary in picture −1).

We will proceed to consider an action specified by the perturbed products
m(µ) = m + µe for some continuous parameter µ. In the two examples of SFTs
which we have mentioned above, we conjecture that such perturbation could be
interpreted in terms of turning on an exactly marginal closed-string background
as specified by the corresponding on-shell closed-string state which defines e. In
order to restore the canonical A∞ form of the action, we will show that one
needs to remove the tadpole given by e0 by suitably shifting the vacuum (see
[34, 117, 153] for recent treatment of the vacuum shift in SFT induced by higher
gs corrections). We will see that this shift may in general be obstructed, which
may be a manifestation of both the fact that some open string backgrounds may
not be able to adapt to a given bulk marginal deformation [106], as well as of the
fact that some closed string marginal deformations may themselves be obstructed.
We repeat that the status of this picture is conjectural at the moment and it could
be the case that one needs to consider a full open-closed string field theory in
order to observe the effects of exactly marginal closed-string deformations at the
level of open string field theory. Nevertheless, one can still regard m(µ) = m+µe
as an interesting deformation of the theory which should give correct results for
the deformation of open string field theory induced by an exactly marginal bulk
deformation at least to the leading order in the bulk marginal parameter.

We will then be interested into deriving effective actions for modes in kerL0
at zero-momentum in the presence of such µ-deformation (again, having in mind
the two particular examples of SFTs outlined above). We will see that this can be
most easily done by applying the vertical composition procedure discussed in sub-
section 1.2.3. In particular, we will observe that the tadpole part of the effective
action can always be removed provided that the obstruction to the vacuum shift
of the parent UV action vanishes. In general, the vertices of the effective action
will be seen to contain arbitrary powers of the on-shell closed string insertions.
Since some of the modes, which were originally contained in kerL0, may become
slightly tachyonic after turning on non-zero µ, we will conclude that our effective
action provides a consistent framework for describing tachyon condensation of
such barely-relevant modes.

As a concrete example, we will focus on evaluating certain couplings in the
effective action for the Munich open SFT augmented by the observable (3.2.4),
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provided that the background at hand possesses the global N = 2 superconformal
symmetry of [116]. We will show that in the spirit of the recent developments,
these couplings localize on the boundary of the worldsheet moduli space. We
will also show that identical results may be obtained by instead starting with the
WZW-like open SFT with Ellwood invariant. When we choose our open-string
background to be a system of superimposed D(−1)/D3 branes and start turning
on the vev of a B-field along the (euclidean) D3 brane worldvolume, we will show
(to the leading order in the B-field) that the effective potential yielded by our
construction (which now includes the correction to the quadratic coupling arising
due to the non-zero on-shell closed-string vev) provides perturbative description
for the condensation of the barely tachyonic stretched string modes. In the process
we recover the ADHM constraints for non-commutative instanton moduli.

Note that effective actions in the presence of a 0-string product were also
commented on already in [26].

Basic setup

As advertised above, let us start with the action

S(Ψ;µ) =
∫︂ 1

0
dt ⟨ω|π1∂t

1
1 − Ψ(t) ⊗ π1m(µ) 1

1 − Ψ(t) , (4.2.39)

where m(µ) = m + µe, µ ∈ C is such that (TH,m, ω) is an A∞ structure
(with m0 = π1mπ0 = 0) and [e,m] = 0 = e2. As a consequence, we have
(m(µ))2 = 0 so that (TH,m, ω) is in general a weak A∞ structure. Having in
mind the aforementioned two concrete examples, namely the cubic OSFT with
Ellwood invariant and the Munich open SFT with the invariant (3.2.4) of section
3.2, the rescaling of e by µ can clearly be physically motivated by rescaling the
on-shell closed string insertion on which e is based.12 In other words, the power
of µ in any amplitude counts the number of closed string insertions. Conjecturing
that such µ-deformation could describe the effect of closed-string exactly marginal
deformation on the open string background, note, however, that in general we
should expect a non-trivial transformation between the SFT moduli encoded in
µe and the CFT (compactification) moduli which determine the closed string
background vevs: see, for instance, the discussion of the closed string mass shift
in [39] (and also [89, 148, 149, 150] for a similar issue arising in the case of
open string marginal deformations). As we shall see below, the relationship be-
tween the SFT and CFT modulus could be fixed for instance by performing SFT
computation of the corresponding mass-shift of open-string states arising due to
the µ-deformation and comparing the result with what we expect based on the
knowledge of the open-string spectrum for the shifted closed string background.

In the case of cubic OSFT, the corresponding closed string midpoint insertion
can clearly be expressed as e0 = W (i)I, where I is identity string field and

W = εijcc̄Ui
1Ū

j

1 , (4.2.40)

for some polarization εij and matter states Ui
1, Ū

j

1 with (h, h̄) = (1, 0) and (h, h̄) =
(0, 1), respectively. In the superstring case, we have already commented in section

12Note that (3.2.4), as well as E (as given by (3.2.32)) are indeed linear in the closed string
insertion e0.
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3.2 that we have e0 = −M with

M = −εij(X0 + X̄0)U iŪ
j
I , (4.2.41)

where we have introduced

U i = cUi
1
2
e−φ , (4.2.42a)

Ū
j = c̄Ūj

1
2
e−φ̄ , (4.2.42b)

for some NS matter states Ui
1/2, Ū

j

1/2 with (h, h̄) = (1/2, 0) and (h, h̄) = (0, 1/2).
Here we also note that

X0U
i = cU1 − eφη0U 1

2
, (4.2.43a)

X̄0Ū
i = c̄Ū1 − eφ̄η̄0Ū 1

2
, (4.2.43b)

where U1 = G−1/2U1/2 for G the matter supercurrent (and similarly for the anti-
holomorphic part).

Finally, since we consider theories at zero momentum, we will generally spe-
cialize on working with the Siegel gauge propagator h0 = −(b0/L0)P̄ 0 where P0
projects on kerL0 and P̄ 0 = 1−P0. Introducing the corresponding canonical pro-
jection Π0 and inclusion I0, as well as uplifting all maps to their tensor coalgebra
versions as usual, we can therefore write the SDR

h0 (TH,Q) Π0

I0
(TP0H,Π0QI0) . (4.2.44)

Removing the tadpole

The action (4.2.39) will generally contain a tadpole which is due to µe0. In
order to remove the tadpole, we need to shift the vacuum of this theory by a
classical solution Ψv(µ) of the associated equation of motion EOM(Ψ;µ) (which
is obtained by varying the action S(Ψ;µ) given by (4.2.39)), where Ψv(µ) needs
to exist for all µ and needs to be such that Ψv(0) = 0. Expanding therefore
perturbatively13

Ψv(µ) =
∞∑︂
α=1

µαΨα , (4.2.45)

we obtain, order by order in µ, the following equations for Ψα

0 = m1(Ψ1) + e0 , (4.2.46a)
0 = m1(Ψ2) +m2(Ψ1,Ψ1) + e1(Ψ1) , (4.2.46b)
0 = m1(Ψ3) +m2(Ψ1,Ψ2) +m2(Ψ2,Ψ1) +m3(Ψ1,Ψ1,Ψ1)+

+ e1(Ψ2) + e2(Ψ1,Ψ1) . (4.2.46c)
13We will see below that (4.2.45) is not the most general ansatz for Ψv(µ) as there may

be a non-trivial redefinition between µ and the expansion parameter of Ψv; to keep our initial
presentation simple, we will stick to the expansion (4.2.45) for now and comment on the most
general case later.
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...

It is not hard to find that the corresponding solution can be expressed as (denoting
h0 = −(b0/L0)P̄ 0)

Ψ1 = h0e0 + ψ1 , (4.2.47a)
Ψ2 = h0m2(h0e0 + ψ1, h0e0 + ψ1) + h0e1(h0e0 + ψ1) + ψ2 , (4.2.47b)

...

provided, that we ensure that the following obstructions

O1 = P0e0 + P0m1(ψ1) , (4.2.48a)
O2 = P0m2(h0e0 + ψ1, h0e0 + ψ1) + P0e1(h0e0 + ψ1) + P0m1(ψ2) , (4.2.48b)

...

all vanish. Note that in (4.2.47), as well as in (4.2.48), we have explicitly included
possible corrections ψα ∈ kerL0 arising at each order. One may try to adjust these
so as to make Oα vanish. However, in all concrete examples which we are going
to encounter below, these corrections can be set to zero (at least at low orders in
µ). Below we will also comment on situations where it is not possible to choose
ψα so that Oα = 0.

Expanding the string field around Ψv(µ) as Ψ = Ψv(µ) + Ψ′, we can use
the results of our discussion at the end of subsection 1.1.1 to express the shifted
products m′(µ) as14

m′(µ) = exp(−cΨv(µ)
0 )m(µ) exp(cΨv(µ)

0 ) (4.2.49)

and conclude that these give a proper A∞ structure (without a 0-string prod-
uct) by virtue of Ψv(µ) being a solution to EOM(Ψ;µ). In particular, Q′(µ) =
π1m

′(µ)π1 gives the shifted BRST operator which determines the masses of per-
turbative excitations around the true vacuum. In more detail, we have

Q′(µ)Ψ′ = QΨ′ +m2(Ψv(µ),Ψ′) +m2(Ψ′,Ψv(µ)) (4.2.50a)
= QΨ′ + µm2(h0e0 + ψ1,Ψ′) + µm2(Ψ′, h0e0 + ψ1) + O(µ2) , (4.2.50b)

where the second term in (4.2.50b) is clearly responsible for the leading-order
mass-shift of the states in H. As we have already advertised above, provided that
we could interpret the µ-deformation in terms of an exactly marginal closed-string
deformation, then, in the cases where we are able to determine this mass-shift
independently (e.g. by having independent knowledge of the open-string spectrum
after turning on µ-deformation), expression (4.2.50a) provides us with a way of
fixing the relationship between the SFT moduli parametrizing the state µe0 and
the actual changes in the compactification moduli induced by such µ-deformation.

In order to express the solution (4.2.47), as well as the corresponding ob-
structions (4.2.48) in terms of coalgebra notation, we first consider the perturbed
SDR

h̃0(µ) (TH,m(µ)) P̃0(µ)

Ĩ0(µ)
(TP0H, m̃(µ)) , (4.2.51)

14See subsection 1.1.1 for our definition of the coderivation cΨ
0 for Ψ ∈ H.
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which is obtained by applying the homological perturbation lemma to the SDR
(4.2.44) with

Q → m(µ) = Q + δm(µ) (4.2.52)

(where δm(µ) = µe +∑︁
k>1 mk). In particular, noting that the interacting inclu-

sion Ĩ0(µ) and projection P̃0(µ) can be expressed in a standard way as

Ĩ0(µ) = 1
1TH − h0δm(µ)I0 , (4.2.53a)

P̃0(µ) = Π0
1

1TH − δm(µ)h0
, (4.2.53b)

it is easy to see that we can express the solution (4.2.47) as

Ψv(µ) = π1Ĩ0(µ) 1
1 − ψv(µ) , (4.2.54)

where we have denoted ψv(µ) = ∑︁∞
α=1 µ

αψα. In order to verify that Ψv(µ) indeed
solves the equation of motion derived from the action (4.2.39), we compute

π1m(µ) 1
1 − Ψv(µ) = π1mĨ0(µ) 1

1 − ψv(µ) (4.2.55a)

= π1Ĩ0(µ)m̃(µ) 1
1 − ψv(µ) , (4.2.55b)

where we have used that Ĩ0(µ) is an A∞-morphism intertwining between the
(weak) A∞ structures m(µ) and m̃(µ) = P̃0(µ)m(µ)Ĩ0(µ), that is

m(µ)Ĩ0(µ) = Ĩ0(µ)m̃(µ) . (4.2.56)

Finally, it is clear that order by order in µ, we obtain

π1m̃(µ) 1
1 − ψv(µ) = µ

(︂
P0e0 + P0m1(ψ1)

)︂
+

+ µ2
(︂
P0m2(h0e0 + ψ1, h0e0 + ψ1)+

+ P0e1(h0e0 + ψ1) + P0m1(ψ2)
)︂

+ O(µ3) (4.2.57a)

=
∞∑︂
k=1

µαOα . (4.2.57b)

Therefore, assuming that all obstructions Oα vanish, the computation (4.2.55)
clearly gives us that (recalling the property (1.1.42a); see also (4.1.63))

EOM(Ψv(µ);µ) = 0 . (4.2.58)

At the same time, we can look slightly ahead and notice that the coderiva-
tion m̃(µ) encodes the products of the effective action S̃(ψ;µ) for the modes
ψ ∈ kerL0. Hence, we can recognize that (4.2.57a) is the effective equation of
motion for the vacuum shift ψv(µ) of the effective action S̃(ψ;µ) which, upon ex-
panding ψ = ψv(µ) + ψ′, implements removing the tadpole term ω̃(ψ, π1m̃(µ)π0)
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from S̃(ψ;µ). In other words, the equations of motion for the effective SFT vac-
uum shift ψv(µ) precisely coincide (order by order in µ) with the obstructions to
constructing the vacuum shift Ψv(µ), which removes the tadpole ω(Ψ, π1m(µ)π0)
from the full SFT action S(Ψ;µ).

As we have already hinted at above, the expansion (4.2.45) is not the most gen-
eral form of Ψv(µ): instead, Ψv(µ) may be expanded as Ψv(µ) = ∑︁∞

α=1 f(µ)αΨα

where the reparametrization f(µ) is such that f(0) = 0. However, it is clear
that in order for the vacuum shift Ψv(µ) to respond to the µ-deformation of the
action, there needs to be a positive integer p such that f(µ)p = µ. The solution
components Φα would then look like a marginal deformation up until the order
α = p where the µ-deformation of the action would kick in. This therefore gives
us more possibilities how to avoid possible obstructions to the full SFT vacuum
shift. An equivalent way of saying all this is to realize that the effective vacuum
shift ψv(µ) may be expanded in terms of f(µ) for some general reparametrization
f such that f(0) = 0. The full SFT vacuum shift Ψv(µ) can then be recovered
simply by substituting ψv(µ) into (4.2.54).

Also note that in all explicit examples which we will consider below, we will
be able to trivialize the obstructions to the full SFT vacuum shift with ψα = 0. It
then follows that the corresponding effective actions are automatically tadpole-
free, without having to shift the (effective) vacuum. In addition, note that in
shifting the vacuum of the full SFT action, we generate a constant shift of the
action, which is simply given by S(Ψv(µ);µ).

Computing S(Ψv(µ);µ)

Let us now evaluate the action S at the classical solution Ψv(µ). Noting that
Ψv(0) = 0, we can express S(Ψv(µ);µ) as

S(Ψv(µ);µ) =
∫︂ 1

0
dt ⟨ω|π1∂t

1
1 − Ψv(tµ) ⊗ π1m(µ) 1

1 − Ψv(tµ) (4.2.59a)

=
∫︂ 1

0
dt ⟨ω|π1∂tĨ0(tµ) 1

1 − ψv(tµ)⊗

⊗ π1m(µ)Ĩ0(tµ) 1
1 − ψv(tµ) (4.2.59b)

=
∫︂ 1

0
dt ⟨ω|π1∂tĨ0(tµ) 1

1 − ψv(tµ)⊗

⊗ π1m(tµ)Ĩ0(tµ) 1
1 − ψv(tµ)+

+ µ
∫︂ 1

0
dt (1 − t)⟨ω|π1∂t

1
1 − Ψv(tµ) ⊗π1e

1
1 − Ψv(tµ) , (4.2.59c)

where in the last step we have replaced m(µ) = m(tµ) + (1 − t)µe. Applying
now the chain-map property (4.2.56) on the first term, we immediately see that
it vanishes because m̃(tµ)(1 − ψv(tµ))−1 = 0 is guaranteed by the vanishing of
the obstructions Oα. The remaining term can then be further rewritten (using
cyclicity of e) as

S(Ψv(µ);µ) = µ
∞∑︂
k=0

1
k + 1

∫︂ 1

0
dt (1 − t) d

dt
ω(Ψv(tµ), ek(Ψv(tµ)⊗k)) (4.2.60a)
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= µ
∞∑︂
k=0

1
k + 1

∫︂ 1

0
dt ω(Ψv(tµ), ek(Ψv(tµ)⊗k)) . (4.2.60b)

where in the second step we have integrated by parts and noted that the bound-
ary term vanishes because Ψv(0) = 0. Using this expression, the constant shift
S(Ψv(µ);µ) can be straightforwardly evaluated order by order in µ upon substi-
tuting the solution (4.2.47). In the case of the cubic OSFT with Ellwood invariant
(where we have ek = 0 for k > 0), this can be further simplified as

S(Ψv(µ);µ) =
∞∑︂
α=1

µα+1

α + 1ω(Ψα, e0) (4.2.61a)

= 1
2µ

2ω(h0e0 + ψ1, e0)+

+ 1
3µ

3ω(h0m2(h0e0 + ψ1, h0e0 + ψ1) + ψ2, e0) + . . . (4.2.61b)

One can indeed verify that order by order in µ, we thus obtain the same result
as if we directly substituted the solution (4.2.47) for Ψv(µ) into the cubic OSFT
action with Ellwood invariant. It is however needless to say that the formula
(4.2.61a) presents a useful computational shortcut.

Bulk-induced boundary flows

On the other hand, if the obstructions Oα turn out to be non-vanishing for any
ψα, it means that the µ-parametric vacuum shift cannot be performed and the
action cannot be restored into a canonical A∞ form (without a 0-string prod-
uct) by expending around a µ-parametric solution (one could still find solutions
which, however, may not be close to Ψ = 0 for small µ). One of the ways to
interpret such situation is in terms of the D-brane at hand being unable to adapt
to the µ-deformation. At leading order in µ (let us first work with the simple
parametrization f(µ) = µ of the vacuum shift), since O1 = P0e0 +Qψ1 is a ghost
number +2 state at zero momentum (and picture −1 in the superstring case), it
follows from the discussion of [1] that in order for O1 to vanish, it is necessary
and sufficient to require

⟨t, P0e0⟩ = 0 (4.2.62)

for all test states t = cṼ1 in the case of bosonic string (where Ṽ1 is any h = 1
matter state), and, for all test states t = cṼ1/2e

−φ in the case of superstring
(where Ṽ1/2 is any h = 1/2 NS matter state). This can be rephrased by saying
that in order for O1 to vanish, the bulk-boundary OPE of the matter part of
e0 must not generate h = 1 states Ṽ1 in the case of bosonic string and h = 1/2
states Ṽ1/2 in the case of superstring. Also note that given the explicit expressions
(4.2.41), (4.2.42), (4.2.43) for e0 and following the general discussion of the N = 2
(anti)chiral-ring OPE in Appendix C of [2], it is possible to conclude that O1
vanishes whenever our background possesses a global N = 2 worldsheet matter
superconformal algebra such that all matter primaries with h = 1/2 carry U(1)
R-charge q = ±1.

Provided that ⟨t′, P0e0⟩ does not vanish for some test state t′, it may still be
possible (depending on the nature of t′) to save the day by choosing a different
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parametrization f(µ) for the vacuum shift. For instance, if t′ is not exactly
marginal and has a cubic potential, one could choose f(µ)2 = µ so that P0e0 could
be balanced by the second order obstruction P0m2(t′, t′). However, if ⟨t′, P0e0⟩ ≠ 0
for a test state t′ which is exactly marginal, then we obtain a true obstruction to
th vacuum shift, thus reproducing the results of [106] on bulk-induced boundary
flows. Also note that one may encounter situations where there are obstructions
to µ-deforming even the tachyon vacuum. There the natural interpretation would
be that the closed string vacuum itself ceases to be conformal after turning on
the µ-deformation, namely that the µ-deformation may correspond to an inexact
closed-string marginal deformation.

Effective action

We will now turn to writing down the effective action S̃(ψ;µ) for the modes
ψ ∈ kerL0 which follows from the parent UV action S(Ψ;µ) (given by (4.2.39)).
As we have noted above, since the deformation implemented by µe induces (in
particular) a shift in the BRST operator of the open string theory, it may not
be true that states which were in the cohomology of Q remain in the cohomol-
ogy of the shifted BRST operator Q′(µ). That is, the zero-momentum effective
action S̃(ψ;µ) for modes ψ ∈ kerL0 will not be, strictly speaking, an effective
action for massless modes but may as well involve a number of tachyonic modes,
or modes with real mass. A clear example to have in mind here are, for in-
stance, the stretched string modes in the system of superimposed D(−1) and D3
branes, which cease to be massless as we turn on a B-field along the D3-brane
worldvolume.

In order to derive the effective action by substituting

Ψ(t;µ) ≡ Ψ(ψ(t);µ) ≡ π1Ĩ0(µ) 1
1 − ψ(t) , (4.2.63)

into the parent UV action S(Ψ;µ), we can proceed in a manner parallel to the
computation (4.1.84). Choosing the interpolation ψ(t) such that ψ(0) = ψv(µ),
we therefore obtain

S(Ψ(ψ;µ);µ) = S̃(ψ;µ) + S(Ψv(µ);µ) − S̃(ψv(µ);µ) , (4.2.64)

where the effective action S̃(ψ;µ) for ψ ∈ kerL0 satisfies

S̃(ψ;µ) − S̃(ψv(µ);µ) =
∫︂ 1

0
dt ⟨ω̃|π1∂t

1
1 − ψ(t) ⊗ π1m̃(µ) 1

1 − ψ(t) , (4.2.65)

where we have denoted ⟨ω̃|π2 = ⟨ω|π2I0. We reiterate that S̃(ψ;µ) is guaranteed
to be tadpole-free provided that the obstructions Oα to the vacuum shift of the
parent UV theory vanish with ψα = 0. If, on the other hand, it is necessary to
make corrections to the UV SFT vacuum shift at each order by adding ψα ̸= 0 to
Ψα in (4.2.47) so as to ensure that Oα = 0, then, as we have discussed above, while
it is no longer true that π1m̃(µ)π0 = 0, we can always remove this effective tadpole
by expanding ψ = ψv(µ) + ψ′ (where ψv(µ) = ∑︁∞

α=1 µ
αψα). The corrections ψα

therefore determine the true effective SFT vacuum, in the same way as the states
Ψα (given by (4.2.47)) determine the true vacuum of the full SFT. On the other
hand, non-vanishing obstruction of the UV SFT vacuum shift is clearly equivalent
to non-existence of the true effective SFT vacuum ψv(µ).
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Effective products

Let us now express the products m̃k(µ) entering the effective action S̃(ψ;µ) for
modes ψ ∈ kerL0. It is of course straightforward to directly write down the
expression

m̃(µ) = Π0m(µ) 1
1TH − h0(µe +∑︁

k>1 mk)
I0 . (4.2.66)

However, we will find it more convenient to invoke the results of subsection 1.2.3
according to which we may equivalently decompose perturbing the SDR (4.2.44)
into two steps: first we perturb Q → m = Q + δm (with δm = ∑︁

k>1 mk) to
obtain an intermediate SDR

h̃0 (TH,m) Π̃0

Ĩ0
(TP0H, m̃) . (4.2.67)

(which gives us the usual effective action for undeformed bulk with products m̃)
and only subsequently perturb m → m(µ) = m +µe to obtain the SDR (4.2.51).
This means that we can equivalently express the products m̃(µ) explicitly as a
µ-perturbation of the effective products m̃

m̃(µ) = m̃ + µΠ̃0e
1

1TH − µh̃0e
Ĩ0 (4.2.68a)

= m̃ + µẽ +
∞∑︂
α=1

µα+1Π̃0e(h̃0e)αĨ0 , (4.2.68b)

where we of course have

Ĩ0 = 1
1TH − h0δm

I0 , (4.2.69a)

Π̃0 = Π0
1

1TH − δmh0
, (4.2.69b)

h̃0 = 1
1TH − h0δm

h0 . (4.2.69c)

Note that in (4.2.68b) we have recognized the effective coderivation ẽ = Π̃0eĨ0
which yields the on-shell observable (4.1.107) for the unperturbed effective the-
ory given by the products m̃ (as we have discussed at the end of subsection
4.1.2). However, it is apparent from (4.2.68b) that in order to implement the
µ-deformation at the level of effective action, it is insufficient to simply consider
m̃ + µẽ: while we do have that [m̃, ẽ] = 0, we no longer have ẽ2 = 0. In order
to restore gauge invariance, the deformation therefore needs to be corrected at
higher order in µ (that is, by adding more on-shell closed string insertions) in a
way which is explicitly given by (4.2.68b).

Also note that the algebraic properties of m̃(µ) (namely that it is a cyclic
coderivation) need to by satisfied order by order in µ. Hence, it follows from
(4.2.68b) that Π̃0e(h̃0e)αĨ0 are cyclic coderivations for all α ≥ 0. In general we
can write (4.2.68b) as a double expansion

m̃(µ) =
∞∑︂
k=0

∞∑︂
α=0

µαnkα , (4.2.70)
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where we have introduced cyclic coderivations nkα with k counting the open string
inputs and α counting the closed string insertions. We can therefore write the
effective products as

m̃k(µ) =
∞∑︂
α=0

µαnkα , (4.2.71)

where we can express

nkα = 1
α!

dα

dµα
π1m̃(µ)πk

⃓⃓⃓
µ=0

. (4.2.72)

In more detail, we can clearly write (note that by our initial assumption m0 = 0,
we have n00 = m̃0 = 0)

nk0 = m̃k , (4.2.73a)
nk1 = ẽk , (4.2.73b)

as well as, for α ≥ 1

nkα = π1Π̃0e(h̃0e)α−1Ĩ0πk . (4.2.74)

As we have already noted above, the 0-string products n0α can be removed from
the action by expanding around the true effective SFT vacuum ψv(µ) provided
that the obstructions Oα to the vacuum shift of the parent UV SFT action vanish.
Explicit expressions for nkα can be obtained by unpackaging the tensor coalgebra
maps in (4.2.74). The individual products nkα then give rise to vertices µαS̃kα

of the effective action which couple k + 1 open string insertions with α on-shell
closed string insertions. Explicitly, we have

µαS̃kα = 1
k + 1µ

αω̃(ψ, nkα(ψ⊗k)) . (4.2.75)

For our immediate use in the remainder of this subsection, we record the explicit
expressions (where n01 ≡ ẽ0 and n11(ψ) ≡ ẽ1(ψ))

n01 = P0e0 , (4.2.76a)
n11(ψ) = P0e1(ψ) + m̃2(h0e0, ψ) + m̃2(ψ, h0e0) . (4.2.76b)

...

Note that in the case of cubic OSFT with Ellwood invariant (where we have
ek = 0 for k > 0), the products nkα can be expressed explicitly as (away from the
case k = 0, α = 1)

nkα(ψ⊗k) =
∑︂

l1,...,lα≥0∑︁α+1
i=1 li=k

m̃k+α(ψ⊗l1 , h0e0, ψ
⊗l2 , h0e0, . . . , ψ

⊗lα , h0e0, ψ
⊗lα+1) , (4.2.77)

which should be seen as a generalization of the expression (4.1.110) for ẽk(ψ⊗k).
This expression for the effective products was reported already in [131]. While
the structure of (4.2.77) is very suggestive, it does not seem to be entirely possible
to view the products m̃k(µ) = ∑︁∞

α=0 µ
αnkα as a shift of the effective A∞ structure

(P0H, {m̃k}∞
k=1) because h0e0 /∈ P0H. This “illusion” quickly disappears when we

consider generic e (with ek ̸= 0 for k > 0).
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Barely relevant deformations

By now it should be clear that all vertices of the effective action S̃(ψ;µ) can be
expressed purely in terms of on-shell open-closed amplitudes. Indeed, any off-shell
states in kerL0 at zero momentum can be eventually integrated out by simply
augmenting the Siegel-gauge propagator by the algebraic part, as described sub-
section 4.2.1 (for the bosonic open string, this amounts to adding c0M

−P0 to the
Siegel gauge propagator; an extension of this procedure to open superstring in
the small Hilbert space seems to be straightforward). Provided then that some
of the on-shell modes ψ ∈ kerL0 become tachyonic after turning on non-zero µ,
then the action S̃(ψ;µ) clearly provides an effective description for tachyon con-
densation of such modes. As we have already seen above, computing a minimum
ψ∗(µ) of the effective (tachyon) potential V(ψ;µ) = −S̃(ψ;µ) then automatically
provides a consistent solution Ψ∗ = Ψ(ψ∗(µ);µ) = π1Ĩ0(µ)(1 − ψ∗(µ))−1 to the
full SFT equation of motion, where the cohomomorphism Ĩ0(µ) was defined in
(4.2.53a). This shows that certain classical SFT solutions corresponding to barely
relevant deformations (lumps) can be in principle constructed by working with
only on-shell (open-closed) amplitudes. Once the minimum ψ∗(µ) of the effective
potential V(ψ;µ) has been found (by solving the ‘massless’ equations of motion
which follow by varying the effective action S̃(ψ;µ)), the construction of the full
SFT solution Ψ∗ therefore proceeds in a way which is not unlike the construction
of marginal deformations (in which case, solving the ‘massless’ equations of mo-
tion ensures that the deformation is unobstructed – see our discussion below eq.
(4.1.69)). Recall that provided the obstructions Oα all vanish, it is clear that the
effective potential V(ψ;µ) has an extremum at ψv(µ) – this is the true vacuum
of the effective SFT action, around which we should expand. Applying the co-
homomorphism Ĩ0(µ), the effective SFT perturbative vacuum ψv(µ) then clearly
translates into the true perturbative vacuum Ψv(µ) = π1Ĩ0(µ)(1 − ψv(µ))−1 of
the full SFT (see above our discussion of removing the full-SFT tadpole for more
details).

Honeycomb solution on a Z6-symmetric 2-torus

Let us now consider an example of a specific background for the bosonic cubic
OSFT, by which we shall illustrate the above-outlined perturbative construc-
tion of classical lump solutions corresponding to barely-relevant deformations.
Namely, we will assume that the bulk CFT contains a c = 2 factor given by two
free bosons compactified on an A2 root lattice. We denote the radii of the two
compactification cycles by R and assume zero Kalb-Ramond B-field. That is, de-
noting the two free bosons by X1, X2, we identify X1 → X1 +2π, X2 → X2 +2π
where we have chosen the coordinates in which the 2-torus metric reads

gµν = R2
(︄

1 cos θ
cos θ 1

)︄
(4.2.78)

with θ = 2π/3 being the angle between the two torus cycles (so that cos θ =
−1/2). Let us now consider a spacefilling D2 brane wrapping the 2-torus. Its
boundary matter spectrum in particular contains the momentum plane waves
Vm,n = eik·X , where kµ = (m,n) with m,n ∈ Z. These have conformal dimensions
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(setting α′ = 1)

hm,n = gµνkµkν = 1
R2 sin2 θ

(m2 + n2 +mn) . (4.2.79)

Fixing R = R0 ≡ 2/
√

3, we learn that the h = 1 matter primaries in the spectrum
of such a D2 brane are precisely the currents15 jµ = i∂Xµ/

√
2, as well as the six

states V0,±1, V±1,0, V±1,∓1. These states (as well as the state ∂c) yield kerL0 at
ghost number +1 at the given radius R = R0. In particular, let us denote by
V1(v) the following fully Z6-symmetric combination

V1(v) ≡ v√
6

(V0,1 + V0,−1 + V1,0 + V−1,0 + V1,−1 + V−1,1) (4.2.81)

for some “polarization” v. We can then establish the OPE

V1(v; z)V1(v; −z) ∼ (2z)−2v2 + (2z)−1v

√︄
2
3V1(v; 0) , (4.2.82)

which, in particular, gives that

P0
(︂
cV1(v) ∗ cV1(v)

)︂
= −v

√︄
2
3c∂cV1(v) . (4.2.83)

Furthermore, we will consider adding a deformation ω(Ψ, µe0) to the OSFT cubic
action for such background. Here we denote

µe0 = µεµν(cc̄JµJ̄
ν)I , (4.2.84)

where Jµ ≡ Uµ
1 = i

√
2∂Xµ, J̄µ ≡ Ūµ

1 = i
√

2∂̄Xµ. Provided that we can interpret
adding the deformation (4.2.84) as implementing a bulk deformation, the polar-
ization tensor εµν is clearly a function of to the corresponding deformation of the
compactification (closed string) moduli – this should certainly be true at least to
the leading order in µ. We will be interested solely in changing the radius R of
the 2-torus cycles, so that we can put

µεµν = 2Rf(δR)
(︄

1 cos θ
cos θ 1

)︄
, (4.2.85)

(as well as δBµν = 0) which gives µ as a function of δR. At leading order in the
deformation, we can expect simply f(δR) = CδR + O((δR)2) for some propor-
tionality factor C, whose precise value will be determined below by comparing
the leading order mass-shift computed from SFT with the known dependence
(4.2.79) of the conformal weight hm,n of the plane waves Vm,n on R.

We will now be interested in determining the effective couplings S̃20, S̃01 and
S̃11 for cV1(v) (the 0-closed quadratic coupling S̃10 clearly vanishes because we
have Q(cV1(v)) = 0). First, we clearly have

S̃20 = −1
3
⟨︂
cV1(v), P0

(︂
cV1(v) ∗ cV1(v)

)︂⟩︂
(4.2.86a)

15Note that on the Neumann boundary we have OPE

∂Xµ(x)∂Xν(0) ∼ −2gµνx−2 (4.2.80)

which differs by a factor of 4 relative to the corresponding bulk OPE.
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= −1
3

√︄
2
3v

3⟨1⟩D2 , (4.2.86b)

where ⟨1⟩D2 denotes the boundary identity 1-point function (g-function) of the
D2 brane. We also have S̃01 = 0 because the bulk-boundary OPE of ∂Xµ∂̄Xν

does not contain V1(v), so that to the leading order in δR, the effective action
is tadpole-free and the D2 brane survives the bulk deformation, as it should
(this clearly happens without having to add a correction ψ1 to the leading order
vacuum shift of the full SFT action). In order to compute S̃11 we will need to
evaluate the on-shell amplitude

µS̃11 = µεµν

⟨︃
cV1(v) ∗ cV1(v), b0

L0
P̄ 0cJ

µ(i)c̄J̄ν(−i)I
⟩︃
. (4.2.87)

This can be done using an adaptation of the method of Berkovits and Schnabl
[128]. After a straightforward computation, we obtain

µεµν

⟨︃[︂
ceik·X , ce−ik·X

]︂
,
b0

L0
P̄ 0cJ

µ(i)c̄J̄ν(−i)I
⟩︃

=

= −4iπµεµνgµρgνσkρkσ⟨1⟩D2 , (4.2.88)

which in turn yields

µS̃11 = −4iπCR0δR

V 2
0

v2⟨1⟩D2 , (4.2.89)

where we have denoted V0 = (
√

3/2)R2
0 the volume of the 2-torus. Using then

the formula (4.2.79) to show that the conformal dimension of V1(v) changes by
δh = −2R0δR/V

2
0 when we increase the radius from R = R0 = 2/

√
3 by δR (so

that V1(v) becomes tachyonic), it is clear that we need to set C = 1/(4πi). We
therefore obtain effective action for the polarization v (up to the given order in v
and δR)

S̃(v; δR) =
(︃√

3
2 v2δR − 1

3

√︄
2
3v

3
)︃

⟨1⟩D2 ≡ −V(v; δR) , (4.2.90)

which gives the (tachyon) potential V(v; δR) = −S̃(v; δR) for v. At this point
we still have a results which could have been easily obtained directly by working
in the full OSFT at radius R = R0 + δR, so no added value has been obtained so
far.

At the same time, however, it is now clear that the explicit expressions (4.2.74)
and (4.2.75) for effective products and vertices give us a well-defined and con-
sistent scheme for computing higher-order corrections (in both v and δR) to the
effective potential V(v; δR) solely16 in terms of on-shell open-closed amplitudes

16Here we can use Z6 symmetry to argue that omitting all other combinations of the six
plane-wave modes which were marginal at R0 = 2/

√
3 is a consistent truncation of the effective

action. Apparently, we can also ignore the currents jµ by fixing the translation symmetry of the
effective potential along the 2-torus. This can be alternatively seen by noting that the (cyclic)
effective products nkα((cV1(v))⊗k) cannot be proportional to c∂cjµ because this would violate
the Z6 symmetry. There are therefore no couplings of the form ω̃(Aµcj

µ, nkα((cV1(v)))⊗k) in
the effective action, so that putting Aµ = 0 gives a consistent truncation. Finally, in the case
of the Nakanishi-Lautrup vertex ∂c, we can easily keep track of possible contributions after
we integrate it out, simply by adding the algebraic propagator c0M

−P0 to the Siegel gauge
propagator.
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of ψ(v) = cV1(v) and cJµc̄J̄
ν . This is of course subject to verifying our conjec-

ture about closed-string exactly marginal deformations being implemented (to all
orders in the closed-string marginal parameter) by adding the Ellwood invariant
to the open SFT action. The above-introduced (generally non-linear) relation-
ship f(δR) between the SFT modulus µe0 and the change of radius δR (which
then enters corrections at all orders in v through general (m-open,n-closed) am-
plitudes) could be in principle extracted order by order in δR by comparing the
mass-shift generated by (2-open,n-closed) amplitudes with the known conformal
weight of V1(v) at R = R0 + δR.

Already from the low-order expression (4.2.90), it is apparent that there will
exist a non-trivial minimum v∗(δR) of the effective potential

v∗(δR) = 3√
2
δR + O((δR)2) . (4.2.91)

This clearly gives us a solution ψ∗(δR) ≡ ψ(v∗(δR)) of the (effective) equations
of motion which follow by varying S̃(ψ;µ). Following our preceding discussion,
this in turn provides a consistent solution

Ψ∗(δR) ≡ π1Ĩ0(µ(δR)) 1
1 − ψ∗(δR) (4.2.92)

of the full SFT equation of motion. Evaluating the effective potential at v∗(δR),
we obtain that, in the units of the D0 brane tension T0 = 1/(2π2) (setting go = 1),
the energy difference δE∗, between the perturbative vacuum (D2 brane) and the
solution, reads

δE∗(δR) = 1
T0

V(v∗(δR), δR) (4.2.93a)

= −4π2
(︄
δR

R0

)︄3

⟨1⟩D2 (4.2.93b)

= −3π2(δR)3 , (4.2.93c)

where we have used the expression

⟨1⟩Dp = Vp
(2π)p (4.2.94)

for the g-function of a Dp-brane with Vp denoting its volume (see [88] for a
detailed discussion of the normalization of boundary identity one-point functions
in OSFT).

This classical solution has indeed been previously discovered17 (along with
a number of similar “exotic” solutions) by Matěj Kudrna numerically in level
truncation [88] (more details to be reported in [111]). The numerical results for
energy at radii R ∼ R0 ≡ 2/

√
3 match (4.2.93c) to a high degree of precision.18

17Note that the existence of the conformally-consistent boundary condition corresponding
to this solution was known to the condensed matter theorists already more than 20 years ago
– see in particular [154] and [155].

18Note that we can also use our above-constructed perturbative solution to evaluate the Ell-
wood invariant (using the method of [108]) for various bulk spinless primaries and compare the
results with the corresponding numerical values. Alternatively, we can use boundary conformal
perturbation theory ([156]; see [79] for a review) to follow the RG flow from the D2 brane to
the exotic brane for R ∼ R0 to directly obtain the corresponding boundary state coefficients.
More details will be presented in [111].
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It turns out that the solution exists for a continuous range of radii (2/
√

3) ≤
R ≤

√
3. For R0 = 2/

√
3, as it is apparent from the fact that v∗(δR = 0) = 0,

the solution coincides with the spacefilling D2 brane, while for R = R1 ≡
√

3
the numerical solution seems to coincide with two D0 branes which are placed
at two of the three fixed points of the Z6 symmetry. In figure 4.1 we display the

Figure 4.1: Energy density of the honeycomb solution at R =
√

2 from Ellwood
invariants computed numerically in level truncation at level 14 extrapolated to
level ∞ [88] (more details to appear in [111]).

energy density profile of this solution computed at R =
√

2 numerically (using
the method of [108]) in level truncation (at level 14 extrapolated to level ∞) from
Ellwood invariants corresponding to spinless bulk momentum plane waves. In the
left panel, the profile is shown as confined within the fundamental domain of the
2-torus, while in the right panel we see the profile in the unfolded plane (which
is still subject to the toroidal identification). The shape of the profile clearly
motivates calling such solution the honeycomb D-brane.

As it is apparent from the form of both the numerical and the perturbative so-
lution for the honeycomb D-brane, it cannot be described as a linear combination
of conventional Dp-branes, which satisfy Dirichlet or (mixed) Neumann boundary
conditions on the worldsheet currents Jµ = i

√
2∂Xµ along the 2-torus. In other

words, the corresponding conformal boundary states ∥Bex⟩⟩ will in general only
satisfy the gluing condition

(Lm − L̄−m)∥Bex⟩⟩ = 0 (4.2.95)

on the modes of the matter stress-energy tensor, without satisfying any possible
gluing condition of the form

(αµm + Ωµ
νᾱ

ν
−m)∥Bex⟩⟩ = 0 , (4.2.96)

where the αµm are the modes of Jµ along the 2-torus and the gluing automorphism
Ωµ

ν satisfies Ω−1gΩ = g. These unconventional boundary states are generally
very hard to study, especially in theories with more than one free boson19, which

19For the c = 1 theory of one free boson (which still contains an infinite number of irre-
ducible Virasoro representations), all possible boundary states satisfying the gluing condition
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contain an infinite number of irreducible representations of Virasoro algebra (they
are then said to be irrational).

One way of studying the boundary state ∥Bex⟩⟩, which we have already hinted
at above, is to use boundary conformal perturbation theory to compute the
boundary state coefficients of ∥Bex⟩⟩ in the regimes of R where ∥Bex⟩⟩ is per-
turbatively close to some known Dp-brane configuration (that is R ∼ 2/

√
3 and

R ∼
√

3) by following an RG flow which is triggered by a relevant deformation
on the given Dp-brane system in the UV and ends on the honeycomb bound-
ary state in the IR. This approach is, however, computationally feasible only to
a low order in perturbation theory and only for a first couple of spinless bulk
primaries with relatively low conformal weight. Another approach is to look for
enhanced symmetry algebras Wi of the bulk CFT which would reduce the num-
ber of irreducible representations (preferably to a finite number) and which, at
the same time, would be respected by ∥Bex⟩⟩ (meaning that ∥Bex⟩⟩ would satisfy
certain gluing conditions for the generators of Wi). Such scenario indeed takes
place at R =

√
2 where the chiral Virasoro algebra Virc=2 of the two free bosons

decomposes as [160] (more details will be announced in [111])

Virc=2 = Virc=
1
2 ⊕ Virc=

7
10 ⊕ Virc=

4
5 (4.2.97a)

= Wc= 6
5

3 ⊕ Wc= 4
5

3 , (4.2.97b)

where in (4.2.97a) we have written Virc=2 as a direct sum of three Virasoro
minimal models, while in (4.2.97b) we have expressed Virc=2 as a direct sum
of two W3 minimal models. It turns out that the theory of two free bosons
equipped with such chiral algebras contains only a finite number of irreducible
representations (primaries). In particular, it is possible (details to be presented
in [111]) to recast the bulk partition function of the CFT of the two free bosons
at R =

√
2 as a finite linear combination of products of Virasoro characters in

the respective minimal models. On the same note, it is possible to express all
(quasi)primaries of the enhanced chiral algebra which appear in this bulk partition
function (including the chiral Virasoro / W3 minimal model symmetry algebra
currents themselves) in terms of usual free boson variables. We may then apply
standard classification methods [161] for elementary boundary states in rational
CFTs to find all boundary states respecting all possible gluing conditions with
respect to the enhanced chiral currents of both (4.2.97a) and (4.2.97b). Re-
expressing these boundary states in terms of free boson variables and comparing
various boundary state coefficients with the values obtained numerically from
OSFT in level truncation, we were able to ascertain that the boundary state
∥Bex⟩⟩ for the honeycomb brane, as well as the boundary states for some other
exotic solutions of the c = 2 theory found at R =

√
2 on various other Dp-branes

wrapping the 2-torus, agree with the elementary boundary states constructed
using the chiral symmetry enhancements (4.2.97a), (4.2.97b). For instance, level-
truncation yields numerical energy E∗

n(R =
√

2) ≈ 1.618034 of the honeycomb
brane at R =

√
2 (at level 14 extrapolated to level ∞), while from the analytic

boundary state we obtain E∗
a(R =

√
2) = (1 +

√
5)/2 = 1.6180339 . . . We were

(4.2.95) were classified [157, 158]. A prime example of boundary states satisfying only (4.2.95)
arises when we compactify to the self-dual circle R = 1 and marginally-deform the conven-
tional Dirichlet or Neumann BCs by a cosine potential [157, 158, 159]. These boundary states,
however, never appear for a continuous range of radii [106], unlike the honeycomb brane.
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Figure 4.2: Energy density of the honeycomb solution computed analytically
at R =

√
2 from a boundary state respecting the enhanced symmetry algebras

(4.2.97a), (4.2.97b) (details to be presented in [111]).

then able to use these analytic boundary states to compute the energy density
profile of the honeycomb brane (and also that of the other exotic solutions) at R =√

2 to a much higher precision than the numerical OSFT was capable of: see figure
4.2 for the corresponding outcome for the honeycomb brane (plotted using first
10 Fourier harmonics). We emphasize that the analytic boundary states, which
we constructed, enable exact studies of the honeycomb brane deep in the non-
perturbative regime, since the radius R =

√
2 is far from both the D2-brane radius

R0 = 2/
√

3 and the 2D0-radius R1 =
√

3. The spectrum Hex of boundary (open
string) excitations on the honeycomb brane can also be easily computed from the
analytical expressions for the boundary state ∥Bex⟩⟩ by computing closed-string
channel overlaps and using the Cardy’s equation

⟨⟨Bex∥q̃
1
2 (L0+L̄0)− c

24 ∥Bex⟩⟩ = TrHexq
L0− c

24 (4.2.98)

(where q = e2πiτ and q̃ = e−2πi/τ for τ being the cylinder modular parameter)
to transform these into open-string channel partition functions. We have found
that the honeycomb brane supports in total 4 marginal modes (twice as many
compared to the conventional Dp-branes wrapping a 2-torus) which is in nice
correspondence with the fact that the honeycomb brane’s profile seems to extend
non-trivially in both winding and momentum coordinates, thus providing two
more translational degrees of freedom compared to the conventional Dp-branes.
Nonetheless, it remains an open problem to find an analytic expression for the
honeycomb boundary state away from the symmetry-enhancement radius R =√

2. Also note that similar idea applied in the case of type II superstring (namely
expressing the superconformal RNS worldsheet sigma model at special points in
the compactification moduli space in terms of N = 2 unitary minimal models)
goes by the name of Gepner construction [162, 163] and was used in [3] (see also
chapter 7 of this thesis, as well as our discussion of the D(−1)/D3 system below
in this chapter) to construct new boundary states for various 1/4-BPS bound
states of Dp-branes, as well as for some previously unknown stable uncharged
branes, both wrapping certain self-dual 4-tori in type II superstring.
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More details about the honeycomb D-brane and other exotic boundary states
for the c = 2 CFT of two compact free bosons will be presented in [111].

Mass-shift for superstring: Munich A∞ open SFT

Let us now focus on manipulating the (2-open,1-closed) effective coupling S̃11
(which is given in terms of n11) for physical modes ψ = cV1/2e

−φ (that is Qψ = 0)
in the case of the Munich open SFT at zero momentum. As in the bosonic
case, such coupling clearly gives a correction to the mass term of the effective
superstring action, which arises due to a non-zero closed superstring vev. Note
that we will also assume that the tadpole (1-open,1-closed) effective coupling
S̃01 vanishes (which, as we have discussed above, is always the case when our
background possess the localizing N = 2 worldsheet superconformal symmetry).
That is, we will put P0e0 = 0.

We will now proceed with rewriting S̃11 in terms of the bosonic products
and the PCO zero mode X0. We will notice that our calculation is analogous
to (but somewhat simpler than) the calculation of the (4-open,0-closed) coupling
presented in [140] and [1]. The assumption P0e0 = 0 will then turn out to play a
role similar to that of the projector condition P0M2(ψ, ψ) = 0 of [1, 95, 116, 140]
(see also subsection 5.2.1.1) which guarantees the vanishing of the (3-open,0-
closed) effective coupling. Using the explicit expressions (4.2.76b), (3.2.34b) and
going to the large Hilbert space (for the sake of computational convenience), we
can then write20

S̃11 = 1
2ωS(ψ,E1(ψ)) + ωS(M2(ψ, ψ), b0

L0
P̄ 0e0) (4.2.99a)

= +1
2ωL(ξ0ψ, µ2(ψ, e0)) + 1

2ωL(ξ0ψ, µ2(e0, ψ))+

− ωL(ξ0M2(ψ, ψ), b0

L0
P̄ 0e0) . (4.2.99b)

Substituting now M2 = [Q, µ2] (see (2.1.77)) into the third term, we obtain

S̃11 = +1
2ωL(ξ0ψ, µ2(ψ, e0)) + 1

2ωL(ξ0ψ, µ2(e0, ψ))+

− ωL(ξ0Qµ2(ψ, ψ), b0

L0
P̄ 0e0) (4.2.100a)

= −1
2ωL(e0, µ2(ξ0ψ, ψ)) − 1

2ωL(e0, µ2(ψ, ξ0ψ))+

− ωL(X0µ2(ψ, ψ), b0

L0
P̄ 0e0) + ωL(P̄ 0e0, ξ0µ2(ψ, ψ)) . (4.2.100b)

Using now the identity
ξ0µ2(ψ, ψ) + µ2(ξ0ψ, ψ) + µ2(ψ, ξ0ψ) = 0 , (4.2.101)

(which can be easily derived using the explicit form (2.1.86a) of µ2 in terms of
the bosonic 2-product m2) as well as using our assumption P0e0 = 0, we obtain

S̃11 = −ωL(X0µ2(ψ, ψ), b0

L0
P̄ 0e0) + 3

2ωL(e0, ξ0µ2(ψ, ψ)) . (4.2.102)

20It can be shown that the algebraic correction to the Siegel gauge propagator (b0/L0)P̄ 0
coming from integrating out the Nakanishi-Lautrup field does not contribute at this order in
perturbation theory – see the end of subsection 4.2.1 for an analogous result in bosonic string.
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We now notice that it is possible to rewrite the first term in (4.2.102) as

ωL(X0µ2(ψ, ψ), b0

L0
P̄ 0e0) = −1

2ωL(X0m2(ξ0ψ, ψ), b0

L0
P̄ 0e0)+

− 1
2ωL(X0m2(ψ, ξ0ψ), b0

L0
P̄ 0e0) , (4.2.103)

because the string field

µ2(ψ, ψ) + 1
2m2(ξ0ψ, ψ) + 1

2m2(ψ, ξ0ψ) (4.2.104)

is clearly in the small Hilbert space. Substituting then X0 = Qξ0 + ξ0Q in both
terms on the r.h.s. of (4.2.103) and moving the BRST operator Q around (using
again that P0e0 = 0), we eventually obtain

ωL(X0µ2(ψ, ψ), b0

L0
P̄ 0e0) = 1

2ωL(ξ0m2(X0ψ, ψ), b0

L0
P̄ 0e0)+

+ 1
2ωL(ξ0m2(ψ,X0ψ), b0

L0
P̄ 0e0)+

− 1
2ωL(ξ0m2(ξ0ψ, ψ), e0)+

− 1
2ωL(ξ0m2(ψ, ξ0ψ), e0) , (4.2.105)

where we notice that the last two terms on the r.h.s. of (4.2.105) exactly cancel
the second term on the r.h.s. of (4.2.102). We can therefore finally write

S̃11 = 1
2ωL(m2(X0ψ, ψ), ξ0

b0

L0
P̄ 0e0) + 1

2ωL(m2(ψ,X0ψ), ξ0
b0

L0
P̄ 0e0) . (4.2.106)

This is analogous to the Berkovits-like form of the quartic effective action of
[95] and the Berkovits-like form of the obstruction at third order of [1] (see also
(5.2.51)).

Mass-shift for superstring: Berkovits WZW-like open SFT

It is reassuring to check that the result (4.2.106) can be obtained by instead
considering the Berkovits WZW-like open SFT with Ellwood invariant. We start
with the parent UV action (see subsection 2.1.3 for an introduction and our
notation)

SWZW(Φ;µ) =
∫︂ 1

0
dt
⟨︂
At, η0AQ

⟩︂
+ µ

⟨︂
M,Φ

⟩︂
, (4.2.107)

where M ≡ −e0 was given in (4.2.41). Up to quartic order, the action (4.2.107)
can be expanded as

SWZW(Φ;µ) = µ
⟨︂
Φ,M

⟩︂
− 1

2
⟨︂
η0Φ, QΦ

⟩︂
+ 1

6
⟨︂
η0Φ, [Φ, QΦ]

⟩︂
+

− 1
24
⟨︂
η0Φ, [Φ, [Φ, QΦ]]

⟩︂
+ . . . (4.2.108)
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Varying the action (4.2.107), we obtain the corresponding equation of motion

EOMWZW(Φ;µ) = µM + e+adΦ − 1
adΦ

η0
1 − e−adΦ

adΦ
(QΦ) . (4.2.109)

which can be expanded as

EOMWZW(Φ;µ) = µM + η0QΦ − 1
2[η0Φ, QΦ] + 1

12[Φ, [Φ, η0QΦ]]+

− 1
12[QΦ, [Φ, η0Φ]] − 1

12[η0Φ, [QΦ,Φ]] + . . . . (4.2.110)

In order to remove the tadpole term from the action (4.2.107), one again needs to
shift the vacuum (in the way described in the paragraph below eq. (2.1.174)) by a
classical solution Φv(µ) which is such that Φv(0) = 0. Constructing this solution
order by order in µ, one would again find that at leading order in µ, a sufficient
condition for such a solution to exist is P0M = −P0e0 = 0 up to a Q-exact
term. The shifted action then again has the standard WZW-like form (2.1.152)
with the shifted BRST operator (2.1.181). In order to derive the effective action
for ϕ ∈ kerL0 (see [2], as well as chapter 6 of this thesis, for some details on
deriving effective actions for large Hilbert space WZW-like theories), we split the
string field as Φ = ϕ + R (with ϕ = P0Φ, R = P̄ 0Φ) and gauge-fix by requiring
ξ0R = b0R = 0 (so that in particular we have Φ = ξ0Ψ for some Ψ in the small
Hilbert space). Using the decomposition (2.1.54), the equation of motion for R
can be found to read

EOMWZW,R(ϕ,R) = −η0c0L0R+

− η0c0b0ξ0P̄ 0
(︂
µM − 1

2[η0Φ, QΦ] + . . .
)︂⃓⃓⃓

Φ=ϕ+R
. (4.2.111)

Solving for R(ϕ;µ) order by order in ϕ, we obtain

R(ϕ;µ) = ξ0
b0

L0
P̄ 0
(︂
µM − 1

2[η0ϕ,Qϕ] + . . .
)︂
. (4.2.112)

It is also possible to show that the missing equations of motion (gauge-constraints)
associated with the out-of-gauge components of R, are automatically satisfied for
Φ(ϕ∗;µ) = ϕ∗ + R(ϕ∗;µ) where ϕ∗ satisfies the massless equation of motion

EOMWZW,ϕ(ϕ,R(ϕ;µ)) = −η0Qϕ+

− P0
(︂
µM − 1

2[η0Φ, QΦ] + . . .
)︂⃓⃓⃓

Φ=ϕ+R(ϕ;µ)
(4.2.113)

(see [2] and chapter 6 for such a result in the context of WZW-like heterotic
SFT). Substituting the solution (4.2.112) back into the action (4.2.107), we in
particular obtain the (2-open,1-closed) effective coupling

µS̃WZW,11 = −1
2µ
⟨︂
[η0ϕ,Qϕ], ξ0

b0

L0
P̄ 0M

⟩︂
, (4.2.114)

so that for on-shell partially gauge-fixed modes ϕ = ξ0ψ = ξ0cV1/2e
−φ, we obtain

precise agreement with (4.2.106). That is, we have S̃WZW,11 = S̃11.
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Localization of the mass-term correction

Here we will show that in the cases where the open string background is described
by a worldsheet SCFT which admits a global N = 2 superconformal symmetry
such that all matter states with h = 1/2 carry U(1) R-charge q = ±1, the coupling
S̃11 simplifies considerably. See [1, 95, 116, 140] for analogous results in the case
of (4-open,0-closed) couplings. Substituting for M from (3.1.19) we can finally
rewrite S̃11 in the large Hilbert space as

S̃11 = 1
2εij

⟨︄
[η0ϕ,Qϕ], ξ0

b0

L0
P̄ 0[(η0U i)(Q̄Ū j)]I

⟩︄
+

+ 1
2εij

⟨︄
[η0ϕ,Qϕ], ξ0

b0

L0
P̄ 0[(QU i)(η̄0Ū

j)]I
⟩︄
. (4.2.115)

Let us assume that we can pick a global N = 2 superconformal algebra {T,G±, J}
with the above-described features in relation to its spectrum of irreducible repre-
sentations. We can then decompose

V 1
2

= V+
1
2

+ V−
1
2
, (4.2.116)

and correspondingly

ϕ = ϕ+ + ϕ− , (4.2.117)

where the states with superscript ± carry U(1) R-charge ±1. We will further
assume that both left- and right-moving components of the on-shell closed string
insertion can be decomposed as

Ui
1
2

= (Ui
1
2
)+ + (Ui

1
2
)− , (4.2.118a)

Ūj
1
2

= (Ūj
1
2
)+ + (Ūj

1
2
)− , (4.2.118b)

and correspondingly

U i = (U i)+ + (U i)− , (4.2.119a)

Ū j = (Ū j)+ + (Ū j)− . (4.2.119b)

We then have

J0V±
1
2

= ±V±
1
2
, (4.2.120)

together with

G±(z)V∓
1
2
(0) = 1

z
V∓

1 (0) + reg. , (4.2.121a)

G±(z)V±
1
2
(0) = reg. , (4.2.121b)

where J0V±
1 = 0. Also note that similarly to (4.2.43), we have

Qϕ± = cV±
1 − γV±

1
2
, (4.2.122)
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where γ = eφη. Similarly for U1/2 and Ū1/2. R-charge and ghost number conser-
vation allow us to decompose

S̃11 = S̃
±±
11 + S̃

∓∓
11 , (4.2.123)

where21

S̃
±±
11 = +1

2εij
⟨︄

[η0ϕ
+, Qϕ+], ξ0

b0

L0
P̄ 0[η0(U i)−Q̄(Ū j)−]I

⟩︄
+

+ 1
2εij

⟨︄
[η0ϕ

+, Qϕ+], ξ0
b0

L0
P̄ 0[Q(U i)−η̄0(Ū

j)−]I
⟩︄

+

+ 1
2εij

⟨︄
[η0ϕ

−, Qϕ−], ξ0
b0

L0
P̄ 0[η0(U i)+Q̄(Ū j)+]I

⟩︄
+

+ 1
2εij

⟨︄
[η0ϕ

−, Qϕ−], ξ0
b0

L0
P̄ 0[Q(U i)+η̄0(Ū

j)+]I
⟩︄
, (4.2.124a)

S̃
±∓
11 = +1

2εij
⟨︄

[η0ϕ
+, Qϕ−], ξ0

b0

L0
P̄ 0[η0(U i)−Q̄(Ū j)+]I

⟩︄
+

+ 1
2εij

⟨︄
[η0ϕ

+, Qϕ−], ξ0
b0

L0
P̄ 0[Q(U i)+η̄0(Ū

j)−]I
⟩︄

+

+ 1
2εij

⟨︄
[η0ϕ

−, Qϕ+], ξ0
b0

L0
P̄ 0[η0(U i)+Q̄(Ū j)−]I

⟩︄
+

+ 1
2εij

⟨︄
[η0ϕ

−, Qϕ+], ξ0
b0

L0
P̄ 0[Q(U i)−η̄0(Ū

j)+]I
⟩︄
. (4.2.124b)

First, note that we can rewrite

εij

⟨︄
[η0ϕ

±, Qϕ±], ξ0
b0

L0
P̄ 0[η0(U i)∓Q̄(Ū j)∓]I

⟩︄
=

= −εij
⟨︄

[ϕ±, Qϕ±], b0

L0
P̄ 0Q[η0(U i)∓(Ū j)∓]I

⟩︄
(4.2.125a)

= εij
⟨︂
[ϕ±, Qϕ±], P0[η0(U i)∓(Ū j)∓]I

⟩︂
− εij

⟨︂
[ϕ±, Qϕ±], [η0(U i)∓(Ū j)∓]I

⟩︂
+ εij

⟨︄
[Qϕ±, Qϕ±], b0

L0
P̄ 0[η0(U i)∓(Ū j)∓]I

⟩︄
(4.2.125b)

= +εij
⟨︂
[ϕ±, Qϕ±], P0[η0(U i)∓(Ū j)∓]I

⟩︂
, (4.2.125c)

where we have first moved η0 to cancel ξ0, then moved one of the Qs through the
propagator (using the Hodge-Kodaira decomposition in the process) and finally,
in the last equality we have used R-charge conservation (together with the ghost
number saturation) as well as the fact that the closed string state η0(U i)∓(Ū j)∓ is
inserted at midpoint (which ensures vanishing of the contact term in (4.2.125b)).
Similarly, we obtain

εij

⟨︄
[η0ϕ

±, Qϕ±], ξ0
b0

L0
P̄ 0[Q(U i)∓η̄0(Ū

j)∓]I
⟩︄

=

21Here we assume that the gluing automorphism does not flip the sign of the antiholomorphic
R-charge.
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= −εij
⟨︂
[ϕ±, Qϕ±], P0[(U i)∓η̄0(Ū

j)∓]I
⟩︂
. (4.2.126)

Completely analogous manipulations can also be applied to rewrite S̃
±∓
11 . Even-

tually, we obtain

εij

⟨︄
[η0ϕ

±, Qϕ∓], ξ0
b0

L0
P̄ 0[η0(U i)∓Q̄(Ū j)±]I

⟩︄
=

= +εij
⟨︂
[η0ϕ

±, Qϕ∓], P0[(U i)∓(Ū j)±]I
⟩︂

(4.2.127)

as well as

εij

⟨︄
[η0ϕ

±, Qϕ∓], ξ0
b0

L0
P̄ 0[Q(U i)±η̄0(Ū

j)∓]I
⟩︄

=

= −εij
⟨︂
[η0ϕ

±, Qϕ∓], P0[(U i)±(Ū j)∓]I
⟩︂
. (4.2.128)

Altogether we have therefore established that S̃11 can be rewritten in a purely
localized form

S̃11 =

= −1
2εij

⟨︂(︂
[η0ϕ

+, Qϕ−]−[η0ϕ
−, Qϕ+]

)︂
,P0
[︂
(U i)+(Ū j)−−(U i)−(Ū j)+

]︂
I
⟩︂

− 1
2εij

⟨︂
[ϕ+, Qϕ+], P0

[︂
(U i)−η̄0(Ū

j)− − η0(U i)−(Ū j)−
]︂
I
⟩︂

− 1
2εij

⟨︂
[ϕ−, Qϕ−], P0

[︂
(U i)+η̄0(Ū

j)+ − η0(U i)+(Ū j)+
]︂
I
⟩︂

(4.2.129)

Let us now define the closed-string auxiliary fields G±
1 , G0 through the bulk-

boundary OPE (which of course depends on the superconformal boundary con-
dition we are imposing)

G±
1 = εij lim

z→z̄

[︂
(Ui

1
2
)±(z)(Ūj

1
2
)±(z̄)

]︂
, (4.2.130a)

G0 = εij lim
z→z̄

[︂
2z
(︂
(Ui

1
2
)−(z)(Ūj

1
2
)+(z̄) − (Ui

1
2
)+(z)(Ūj

1
2
)−(z̄)

)︂]︂
. (4.2.130b)

We also recall the definitions of the open-string auxiliary fields from [116]

H±
1 = lim

z→0

[︃
V±

1
2
(z)V±

1
2
(−z)

]︃
, (4.2.131a)

H0 = lim
z→0

[︃
2z
(︃
V−

1
2
(z)V+

1
2
(−z) − V+

1
2
(z)V−

1
2
(−z)

)︃]︃
, (4.2.131b)

It is then straightforward to show (using the explicit formula (2.1.21) for the star
product, as well as using the characterization of the star-algebra identity I as
|I⟩ = U∗

1 |0⟩ and, using the properties (2.1.25)) that

P0
(︂
[η0ϕ

+, Qϕ−]−[η0ϕ
−, Qϕ+]

)︂
= +2ηcH0 + . . . , (4.2.132a)

P0[ϕ±, Qϕ±] = −2cH±
1 + . . . , (4.2.132b)

P0
[︂
(U i)±η̄0(Ū

j)± − η0(U i)±(Ū j)±
]︂
I = +2ξc∂ce−2φG±

1 + . . . , (4.2.132c)

P0
[︂
(U i)+(Ū j)−−(U i)−(Ū j)+

]︂
I = −ξ∂ξc∂ce−2φG0 + . . . (4.2.132d)
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and therefore

S̃11 = 2⟨G−
1 |H+

1 ⟩ + 2⟨G+
1 |H−

1 ⟩ + ⟨G0|H0⟩ , (4.2.133)

where we have noted that

⟨c∂cξe−2φ(z)c(w)⟩L = −(z − w)2 , (4.2.134a)
⟨c∂cξ∂ξe−2φ(z)cη(w)⟩L = −1 . (4.2.134b)

Recalling the expression for the (4-open,0-closed) coupling S̃30

S̃30 = ⟨H+
1 |H−

1 ⟩ + 1
4⟨H0|H0⟩ (4.2.135)

reported in [116], it is evident that the (4-open,0-closed) and (2-open,1-closed)
terms contribute into the effective action S̃ at zero momentum as (completing
squares)

S̃ ⊃ S̃30 + µS̃11 , (4.2.136a)

= ⟨H+
1 + 2µG+

1 |H−
1 + 2µG−

1 ⟩ + 1
4⟨H0 + 2µG0|H0 + 2µG0⟩+

− 4µ2
(︃

⟨G+
1 |G−

1 ⟩ + 1
4⟨G0|G0⟩

)︃
. (4.2.136b)

Carefully inspecting the definitions (4.2.130) and (4.2.131), the first and the sec-
ond term in the expression (4.2.136b) (as well as the third term with an overall
minus sign) can be seen to be negative definite (see also the D(−1)/D3 exam-
ple below). This shows that provided that the µ-deformed generalized ADHM
constraints

H±
1 = −2µG±

1 , (4.2.137a)
H0 = −2µG0 , (4.2.137b)

are solvable, the corresponding matter fields (V±
1/2)∗ (and the respective string

field ϕ∗) determine, up to the given order in perturbation theory, a global mini-
mum of the effective potential

V = −S̃ . (4.2.138)

This clearly occurs in the case when the positive-definite undeformed quartic
potential −S̃30 in (4.2.136b) is non-zero and the mass-term correction µS̃11 ren-
ders some of the modes tachyonic. The effective potential (4.2.138) then has a
generalized Mexican-hat shape and gives the tachyon potential (to given order
in perturbation theory) for such modes. Since the string field ϕ∗ then solves
the massless equation of motion (4.2.113) and we have argued that there are no
additional constraints coming from out-of-gauge equations for R, it follows that
Φ∗ ≡ Φ(ϕ∗;µ) = ϕ∗ +R(ϕ∗;µ) solves the full SFT equation of motion. Provided
that they are solvable, the equations (4.2.137) therefore determine a classical so-
lution of the full SFT corresponding to a barely relevant deformation. Also note
that since the perturbative vacuum22 H±

1 = H0 = 0 clearly gives S̃ = 0, the
22The choice ϕ = 0 indeed corresponds to the true perturbative vacuum of the effective SFT

(to the given order in µ) because we have P0e0 = 0, so that the tadpole term vanishes at leading
order in µ.
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effective potential difference ∆V = −∆S̃ between the perturbative vacuum and
the classical solution given by (4.2.137) is clearly equal to (up to given order in
perturbation theory)

∆Ṽ = 4
(︄⟨︂

G+
1

⃓⃓⃓
G−

1

⟩︂
+ 1

4
⟨︂
G0

⃓⃓⃓
G0
⟩︂)︄

= Vmin . (4.2.139)

This computes the difference between the energies of the initial brane configura-
tion and the classical solution (tachyon condensate).

Non-commutative instantons

Let us now apply these results on a general NSNS deformation of the D(−1)/D3
system in flat space (where by k we will denote the number of D(−1) branes
and by N the number of D3 branes, whose worldvolume we consider compacti-
fied on a 4-torus with unit volume). Again we will assume that our conjecture
about describing closed-string exactly marginal deformations by adding Ellwood
invariant to the open SFT action is true. Note that this system was already
analyzed using the numerical SFT methods (level truncation) in [164]. Recall-
ing the computation of [1, 116, 140] and denoting r, s = 1, 2 and µ, ν = 1, . . . , 4
(where the bosonic X1, . . . , X4 and fermionic ψ1, . . . , ψ4 target coordinates span
the euclidean D3 worldvolume), as well as

ψr± = (ψ2r−1 ± iψ2r)/
√

2 , (4.2.140a)

ψ̄
r± = (ψ̄2r−1 ± iψ̄

2r)/
√

2 , (4.2.140b)

we obtain localizing R-current J = J1 + J2 where Jr = :ψr−ψr+ :. We therefore
write the matter part of µe0 as

µεµν(Uµ
1
2
)±(z)(Ūν

1
2
)±(z̄) = µεr±s±ψ

r± (z)ψ̄s±(z̄) , (4.2.141a)

µεµν(Uµ
1
2
)±(z)(Ūν

1
2
)∓(z̄) = µεr±s∓ψ

r± (z)ψ̄s∓(z̄) , (4.2.141b)

where Uµ
1/2 = ψµ, Ūµ

1/2 = ψ̄
µ. Here the polarization tensor µεµν is determined by

the corresponding NSNS field deformation. Hence, for (Uµ
1/2)± we can write

(U2r−1
1
2

)± = + 1√
2
ψr± , (4.2.142a)

(U2r
1
2

)± = ∓ i√
2
ψr± , (4.2.142b)

and similarly for (Ūν

1/2)±. At leading order in the deformation, we expect to be
able to identify (note that we set α′ = 1)

µεµν = C
(︂
δgµν + 2πδBµν

)︂
(4.2.143)

where the precise value of the factor C will be determined momentarily. Perform-
ing the corresponding bulk-boundary OPE, we when obtain

G±
1 =

(︄
1
N

(ε1±2± − ε2±1±) 0
0 − 1

k
(ε1±2± − ε2±1±)

)︄
ψ1±ψ2± , (4.2.144a)
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G0 =
∑︂
r=1,2

(︄
1
N

(εr−r+ − εr+r−) 0
0 − 1

k
(εr−r+ − εr+r−)

)︄
, (4.2.144b)

where the upper-left Chan-Paton sector is localized on the D3-brane stack and the
lower-right corner is localized on the D(−1)-brane stack (so that the polarizations
are multiplied by N×N and k×k identity matrices, respectively). Note that the
normalization of the bulk-boundary OPE in the respective Chan-Paton sectors
(which is fixed so that we obtain correctly normalized boundary correlators) will
prove instrumental for recovering the correct form of the Fayet-Iliopoulos terms
in the corresponding 4d N = 2 gauge theory action (see for instance eq. (4.11)
of [165]). It is also immediately clear that the metric deformation does not enter
the auxiliary fields G±

1 and G0 at all: that is, we have G±
1 = G0 = 0 when only

metric deformations are turned on. Since from (4.2.141) and (4.2.142) it follows
that

ε1±2± − ε2±1± = i(ε13 ∓ iε14 ∓ iε23 − ε24) , (4.2.145a)∑︂
r=1,2

(εr−r+ − εr+r−) = 2i(ε12 + ε34) . (4.2.145b)

It is then possible to rewrite (4.2.144) as

2µG±
1 = ζC

(︄
1
N

0
0 − 1

k

)︄
ψ1±ψ2± , (4.2.146a)

2µG0 = 2ζR
(︄

1
N

0
0 − 1

k

)︄
. (4.2.146b)

where we have denoted

ζC = 4πiC(δB13 ∓ iδB14 ∓ iδB23 − δB24) , (4.2.147a)
ζR = 4πiC(δB12 + δB34) . (4.2.147b)

Recalling then the expressions for H±
1 , H0 from [1, 116], which can be computed

from the matter field

V 1
2

≡
(︄
Aµψ

µ wα∆Sα
w̄α∆̄Sα aµψ

µ

)︄
, (4.2.148)

(where Aµ is the gauge field of the D3 branes, aµ are the transverse scalars of the
D(−1) branes in the D3 directions and wα, w̄α are the stretched string moduli
with ∆ and Sα the bosonic and fermionic twist fields – see [1] for our conventions),
we can finally establish by substituting into the general formula (4.2.136b) that
to the given order in perturbation theory, the effective potential can be written
as (also noting the reality conditions (Aµ)† = Aµ, (aµ)† = aµ, (w̄α)† = wα which
follow from the reality of the string field; see [1] for a discussion)

V − Vmin = +tr
⃓⃓⃓
[A1+, A2+] − w+w̄+ + ζC

N

⃓⃓⃓2
+

+ tr
⃓⃓⃓
[ a1+ , a2+] + w̄+w+ − ζC

N

⃓⃓⃓2
+

+ 1
4tr

(︂ ∑︂
r=1,2

[(Ar+)†, Ar+]−w+(w+)†+(w̄+)†w̄+ + 2ζR
N

)︂2
+
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+ 1
4tr

(︂ ∑︂
r=1,2

[ (ar+)† , ar+]−w̄+(w̄+)†+(w+)†w+ − 2ζR
k

)︂2
. (4.2.149)

We have therefore recovered the correct F- and D-term structure of the corre-
sponding 4d N = 2 gauge theory action (see [165]) with FI terms ζC and ζR. At
this point we note that by a suitable rotation of the coordinate axes along the D3-
brane worldvolume, we can always arrange that δB13 = δB14 = δB23 = δB24 = 0
which gives ζC = 0. Namely, we can always set Bµν to be proportional to a combi-
nation of the selfdual and anti-selfdual t’Hooft symbols η3

µν , η̄3
µν . Requiring that

the effective potential attains a minimum, we then obtain the non-commutative
ADHM constraints

µC = 0 , (4.2.150a)
µ̃C = 0 , (4.2.150b)
µR = +2ζR/k , (4.2.150c)
µ̃R = −2ζR/N , (4.2.150d)

where we have introduced the real and complex hyper-Kähler moment maps

µC ≡ [ a1+ , a2+] + w̄+w+ , (4.2.151a)

µ̃C ≡ [A1+, A2+] − w+w̄+ , (4.2.151b)

as well as

µR ≡ [ (ar+)† , ar+] + (w+)†w+ − w̄+(w̄+)† , (4.2.152a)

µ̃R ≡ [(Ar+)†, Ar+] − w+(w+)† + (w̄+)†w̄+ . (4.2.152b)

These results are clearly in agreement with standard literature on the subject
[165, 166, 167] (where we can recover the more usual sign conventions for µR, µ̃R

by rescaling Ar+ → iAr+). The constraints (4.2.150) then determine the moduli
space Mk,N(ζR) of non-commutative instantons whose dimension turns out to
be dimMk,N(ζR) = 4kN . It is also apparent from (4.2.149) that upon setting
ζC = 0, only the D-terms contribute to the mass-squared (m+)2 and (m̄+)2 of the
stretched string modes w+ and w̄+, namely

(m+)2 = −ζR
(︂1
k

+ 1
N

)︂
, (4.2.153a)

(m̄+)2 = +ζR
(︂1
k

+ 1
N

)︂
. (4.2.153b)

It is therefore clear from (4.2.153) that for ζR > 0, we obtain that w+ becomes
tachyonic and w̄+ acquires real mass, while for ζR < 0 we have that w̄+ becomes
tachyonic and w+ acquires real mass. By analyzing the stretched string spectrum
in the presence of a B-field (see e.g. [164, 168]) and denoting 2πδB12 ≡ δb,
2πδB34 ≡ δb′, it is not hard to find that

(m+)2 = − 1
2π (δb+ δb′) + O((δB)2) , (4.2.154a)

(m̄+)2 = + 1
2π (δb+ δb′) + O((δB)2) , (4.2.154b)
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so that comparing (4.2.153) with (4.2.154) (and recalling the definition (4.2.147)),
it finally follows that we need to identify

C = 1
4πi

kN

k +N
. (4.2.155)

Assuming that the non-commutative ADHM equations (4.2.150) are solved, we
can therefore use (4.2.139) to compute the mass defect

Vmin = −(ζR)2
(︃1
k

+ 1
N

)︃
(4.2.156a)

= −
(︃
δb+ δb′

2π

)︃2 kN

k +N
+ O((δB)3) . (4.2.156b)

The corresponding full SFT solution should therefore be interpreted as a true
D(−1)/D3 bound state. Observe that the result (4.2.156b) can be independently
obtained from space-time supersymmetry considerations: starting with the ex-
pressions23

MD(−1) = 1
2π2 , (4.2.157)

MD3 = 1
2π2

√︂
(1 + b2)(1 + (b′)2) , (4.2.158)

for the masses of a single D(−1) and D3 brane in a B-field, and also noting the
expression [164, 169]

M(k,N) = 1
2π2

√︂
[k + (1 − bb′)N ]2 + (b+ b′)2N2 (4.2.159)

for the mass of the bound state of k D(−1) and N D3 branes in a B-field (which
follows from requiring that the bound state saturates the BPS bound with 8
supercharges [169]), it is not hard to show that we indeed obtain a mass defect

kMD(−1) +NMD3 −M(k,N) = +
(︃
δb+ δb′

2π

)︃2 kN

k +N
+ O((δB)3) , (4.2.160)

which agrees with (4.2.156b). This independently verifies our worldsheet calcu-
lations.

A couple of comments are in order. First, note that provided that we choose
the B-field to be anti-selfdual (that is b = −b′), we obtain

G0 = G±
1 = ζR = ζC = m+ = m̄+ = Vmin = 0 , (4.2.161)

so that the strings stretching between the D(−1) and D3 branes are massless and
the system can be bound only marginally, as it is well known (see e.g. [168]).
Also note that as opposed to the case without a B-field, it is a known result
[167, 168] that the non-commutative ADHM equations (4.2.150) have a non-
trivial solution even in the case k = N = 1 (where the corresponding moduli
space turns out to be the cotangent bundle T ∗CP1). For generic values of the B-
field (where the D(−1)/D3 system forms a bound state), it is also clear that the

23Our normalization conventions in (4.2.144) and below are consistent with taking the D3
branes to be compact with volume set to 1. Also note that we are setting go = 1.
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constituent Dp-branes cannot be separated by a marginal deformation. Generic
non-zero B-field therefore resolves the small-instanton singularity in the moduli
space which normally appears at zero B-field. Finally, had we considered D(−1)
branes instead of D(−1) branes, the localizing current would instead read J =
J1 − J2 and we would therefore obtain ζR = 4πiC(δB12 − δB34). The system
would then become marginally bound for selfdual values of the B-field.

When the D(−1)/D3 system forms a true bound state, it clearly cannot be
described using a boundary state with the conventional Dirichlet or Neumann con-
ditions. This would therefore again be an example of an unconventional boundary
state which (similarly to the honeycomb brane discussed above), while being oth-
erwise consistent, generally satisfies gluing conditions only on the modes of the
total matter stress-energy tensor and worldsheet supercurrent, namely

(Lm − L̄−m)∥D(−1)/D3, η⟩⟩ = 0 , (4.2.162a)
(Gr + iηḠ−r)∥D(−1)/D3, η⟩⟩ = 0 , (4.2.162b)

(here η = ±1 denotes worldsheet spin structure) and does not satisfy linear
gluing conditions on the modes αµn, ψµr (with some gluing automorphism Ωµ

ν) as
would have been the case for conventional Dp-branes. Apart from studying such
boundary states perturbatively around the region in the B-field moduli space,
where the stretched D(−1)/D3 strings become massless, it turns out that similarly
to the case of the honeycomb brane, it is possible to write down exact analytic
expressions for such boundary states deep in the non-perturbative regime. This
is done by noting that for special values of the B-field (as well as for special
compactification of the euclidean D3 directions on some particular 4-tori) we
can recast the corresponding closed string worldsheet sigma model (given by
an irrational bulk SCFT) in terms of N = 2 minimal models (thus rendering
the worldsheet SCFT rational) – this is the essence of the well-known Gepner
construction [162, 163]. For instance, if we compactify the euclidean D3 directions
on T 4 = T 2 × T 2, where each of the T 2 has radii R1 = R2 = 1, its cycles X1, X2

intersect at an angle θ = π/3 and where we have a B-field B12 = 1/2 along this
T 2 (this is called the SU(3) 2-torus), then the chiral algebra of the (free-field)
worldsheet SCFT with c = 6 along this T 4 can be decomposed (in an analogy
with the decompositions (4.2.97a) and (4.2.97b)) in terms of six copies of the
N = 2 unitary minimal model MM(k) at level k = 1, namely as (see appendix
7.B for an overview of N = 2 minimal models) [170, 171]

SVirc=6 =
6⨁︂
i=1

MM(1) . (4.2.163)

Similarly, when the parameters of each of the T 2 are R1 = R2 = 1, θ = π/2 and
B12 = 0 (this is called the SU(2)2 2-torus), we can decompose [170, 171]

SVirc=6 =
4⨁︂
i=1

MM(2) . (4.2.164)

We can then hope that the unconventional boundary state describing a D(−1)/D3
bound state, which we are looking for, respects this enhanced N = 2 minimal
model chiral algebra. For distinct values of k and N and certain points in the
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corresponding ADHM moduli space, this was indeed shown to be the case in [3]
(see also chapter 7 of this thesis). For the SU(3)2 4-torus we have, in this way,
obtained exact analytic expressions for elementary boundary states describing
certain true D(−1)/D3 bound states: we have both matched the g-function of
these boundary states with the 1/4-BPS masses of the corresponding D(−1)/D3
bound states (computed by requiring that the bound state saturates the BPS
bound with 8 supercharges), as well as verified the Dp-brane charges of the exact
boundary states (by looking at their massless RR couplings). By going into
the open string channel (that is, by applying the Cardy’s equation), we have
also analyzed the open string spectra and concluded that the number of marginal
modes is in precise agreement with the dimensionality of the ADHM moduli space.
Furthermore, we have verified that these boundary states indeed preserve the
correct spacetime supercharges. Similarly, for the SU(2)4 4-torus (where we have
B = 0), we have obtained in [3] exact expressions for elementary boundary states
which describe marginally bound D(−1)/D3 systems at some non-trivial point in
the ADHM moduli space. See [1, 140], as well as chapter 5 of this thesis for a
closely related work on marginal deformations in the D(−1)/D3 system at zero B-
field where the ADHM constraints were derived from open superstring field theory
by analyzing obstructions to exact marginality (see also the discussion below
(4.1.69) in subsection 4.1.2). Finally, for both the SU(3)2 4-torus and SU(2)4

4-torus, we have identified a number of boundary states which are stable (there
are no tachyons in their open string spectra), do not carry any RR charges (there
are no massless Ishibashi states in the RR-part of these boundary states) and do
not conserve any spacetime supersymmetries. These apparently correspond to
previously unknown D-branes in type II superstring theory. See [3], as well as
chapter 7 of this thesis for more details.
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5. Marginal deformations in open
superstring field theory
In this chapter we present a reprint of the paper:

J. Vošmera, Generalized ADHM equations from marginal deformations in open
superstring field theory, JHEP 12 (2019) 118, arXiv:1910.00538

Abstract: Working within the framework of both the A∞ and the Berkovits open
superstring field theory, we derive a necessary and sufficient condition for a Neveu-
Schwarz marginal deformation to be exact up to third order in the deformation
parameter. For a specific class of backgrounds, we find that this condition lo-
calizes on the boundary of the worldsheet moduli space, thus providing a very
simple computational prescription for recovering algebraic constraints (general-
ized ADHM equations) which need to be satisfied by the moduli. Applying our
results to the D(−1)/D3 system, we confirm up to third order that blowing up the
size of the D-instanton inside the D3 brane worldvolume is an exact modulus of
the full string theory. We also discuss examples of more complicated backgrounds,
such as instantons on unresolved ALE spaces, as well as the spiked instantons.

5.1 Introduction and summary
It is a widely accepted conjecture that classical solutions of open superstring field
theory1 (OSFT) formulated on a given consistent open superstring background
(boundary SCFT), should correspond to new consistent open superstring back-
grounds. Depending on the background, there are a variety of types of classical
solutions to consider. This paper offers a detailed look at a special class of clas-
sical solutions, called marginal deformations which exist for continuous ranges
of parameters and generally appear whenever the GSO-projected boundary spec-
trum of the background at hand contains operators with conformal dimension
1/2 in the matter sector. Restrictions, imposed on the marginal couplings by the
requirement that the deformation corresponds to a consistent solution of the clas-
sical equations of motion of the OSFT, will prove to offer a direct probe into the
structure of the moduli space of the given open superstring background. Deriving
manageable expressions for such constraints on marginal couplings, while keeping
the setup as general as possible, is the main goal of this paper. As a concrete
example of such a background, let us consider the system of superimposed stacks
of D(−1) and D3 branes in type IIB superstring. Here one can identify matter
marginal operators associated both with the modes of open strings localized on
the D(−1) and the D3 brane stacks, as well as the modes of open strings stretched

1Over the past three decades, several constructions of open superstring field theory in
both NS and R sector appeared in the literature (see [15, 40, 41, 42, 172, 173], as well as
[63, 64, 65, 174, 175, 176, 177] for some recent developments). In this paper we will focus on
the NS sector of the A∞ open superstring field theory [15] and the Berkovits (WZW-like) open
superstring field theory [42]. These were recently shown to be related by a field redefinition
[17, 18, 19].
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between the two stacks. We will see that imposing consistency of a classical solu-
tion of the OSFT equations of motion, which excites the vevs of these operators,
yields the ADHM constraints on the moduli of N = 4 SYM instantons [178].
The consistent open superstring backgrounds provided by exactly marginal de-
formations in this system should therefore be generally identified with finite-size
instantons living on the D3 worldvolume [179, 180]. The discussion in this paper
will, however, demonstrate that our results are applicable to a much wider variety
of backgrounds.

While it is well-known that there is an algorithmic way of writing down the
classical equations of motion order by order in the deformation parameter, non-
trivial conditions for the existence of a solution arise at each order. Namely, we
have to require that the obstruction to inverting the BRST operator at each order
in the deformation parameter vanishes. These obstructions can be identified as
obstructions to exact marginality of the deformation at each order. We will first
present conditions which the deformation needs to satisfy at first order in order
for the obstruction appearing at second order to be absent. We will argue that
these conditions are automatically satisfied whenever the background which we
start with has at least N = (2, 0) supersymmetry in two non-compact target
dimensions. On the other hand, a non-trivial constraint will be obtained by
requiring that the obstruction at the third order vanishes (as first observed by
[140]). While this obstruction can be in general evaluated using the techniques of
[128], we will see that substantial simplifications will arise in situations where all
marginal operators V1/2 in the NS sector decompose as V+

1/2+V−
1/2 into states with

charge ±1 under the U(1) R-current of a global N = 2 worldsheet superconformal
algebra [34, 116]. Again, this will be argued to always be the case whenever our
background has at least N = (2, 0) supersymmetry in two non-compact target
dimensions. We will show that in such cases, the third-order obstruction localizes
on the boundary of the worldsheet moduli space and that it vanishes if and only
if the auxiliary fields (as introduced in [95, 116])

H±
1 = lim

z→0

[︃
V±

1
2
(z)V±

1
2
(−z)

]︃
, (5.1.1a)

H0 = lim
z→0

[︃
2z
(︃
V−

1
2
(z)V+

1
2
(−z) − V+

1
2
(z)V−

1
2
(−z)

)︃]︃
, (5.1.1b)

are set to zero. Noting that (5.1.1) give rise to algebraic (quadratic) constraints
on the marginal couplings, we observe that this procedure provides a general,
yet very simple prescription for extracting the geometry of the moduli space for
any background where the worldsheet SCFT description is known and where
our assumptions are valid. Borrowing the terminology of [95], we shall call the
constraints H±

1 = H0 = 0 the generalized ADHM equations. Also note that these
conditions were identified by [95, 116] as the flatness conditions for the quartic
effective potential as derived in the context of both Berkovits and A∞ OSFT.
We can therefore conclude that (at least in the cases with the above-described
enhanced N = 2 worldsheet superconformal symmetry) the notion of exactness
of a marginal deformation up to third order coincides with the notion of flatness
of the quartic potential of classical effective action.

We will first derive (5.1.1) starting with the classical equations of motion of the
A∞ open superstring field theory. We will also show that the localization property
of the third-order obstruction persists if we deform the theory by adding stubs:
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we will see that the additional terms arising due to non-associativity of the star
product with stubs exactly compensate the addition of fundamental bosonic 4-
string vertex, thus avoiding the need to integrate over the corresponding bosonic
moduli. This provides a strong indication that obstructions arising at third or-
der for marginal deformations of closed string backgrounds with an enhanced
worldsheet superconformal symmetry will be amenable to a similar localization
procedure (in the context an NS heterotic string field theory or an NSNS type
II closed superstring theory; see also the Conclusions section of [95] for a dis-
cussion). We also show that the third-order obstruction derived in the Berkovits
open superstring field theory is identical to the one derived in the A∞ theory
provided that one assumes that the obstruction at second order vanishes.

We will then go on to demonstrate the utility of the generalized ADHM equa-
tions H±

1 = H0 = 0 for deriving constraints on moduli in several cases of relevant
backgrounds. Starting with the superposition of a stack of D(−1) branes with a
stack of (euclidean) D3 branes, we show that the usual ADHM equations [178, 181]
(see [182] for a review) are reproduced upon substituting the boundary marginal
vertex operators appearing in the system into (5.1.1). In particular, we will see
that the vanishing of H±

1 implies vanishing of the complex hyper-Kähler moment
map µC [183] (that is, the D-term of the corresponding 4d N = 2 low-energy
effective action of the brane configuration) while the vanishing of H0 implies van-
ishing of the real hyper-Kähler moment map µR (the F-term). This shows that at
least up to the third order in the marginal deformation parameter, it is possible
to construct solutions to the classical equations of motion of open superstring
field theory which correspond to non-trivial objects such as finite-size instantons.
Put in different words, we show (up to third order in the deformation parameter)
that finite-size instantons give rise to consistent open superstring backgrounds.
Using the example of the D(−1)/D3 system, we also check that evaluating the
third-order obstruction directly (by introducing Schwinger parametrization for
the propagator in the spirit of [128]) yields the same constraints on the marginal
couplings as setting the localized auxiliary fields (5.1.1) to zero. We will then con-
sider examples of more complicated backgrounds. Starting with the D(−1)/D3
system sitting at an unresolved C2/Zn singularity, we recover the complex and
real hyper-Kähler moment maps which first appeared in [184] and were further
discussed in the string theory context by [166]. Finally, by considering general
systems of D(−1), D3 and D7 branes containing stretched string sectors with
four Neumann-Dirichlet directions, we manage to reproduce some of the results
of [185, 186] for the equations governing the moduli spaces of crossed and folded
instantons at zero B-field. Note that our discussion will involve moduli for all
marginal boundary fields which are present in the theory for the given background
(including e.g. strings stretched between two D3 brane stacks spanning different
complex 2-planes).

The paper is organized as follows. In section 5.2 we begin with a general
discussion of marginal deformations in the A∞ formulation of open superstring
field theory: we will first focus on deriving conditions which need to be satis-
fied in order for the second-order obstruction to vanish (subsection 5.2.1), then
discuss the structure of the obstruction arising at the third order (subsection
5.2.2) and finally briefly describe the changes which need to be put in place when
we render the bosonic 2-product non-associative by adding stubs to the Witten
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star product (subsection 5.2.3). We will briefly repeat this discussion in section
5.3 in the context of the Berkovits (WZW-like) formulation of open superstring
theory, showing that give the deformation is chosen to make the second-order
obstruction vanishing, then the third-order obstructions arising in the two the-
ories are equivalent. In section 5.4 we will exhibit three methods for obtaining
explicit expressions for the third-order obstruction written directly in terms of
the marginal NS boundary fields V1/2. The first two methods (subsections 5.4.1
and 5.4.2) will assume presence of a global N = 2 superconformal symmetry of
the worldsheet theory and will yield a simple algebraic expression for the third-
order obstruction. The third method (subsection 5.4.3), while being available for
more general backgrounds, will only yield expressions containing integral over a
Schwinger parameter. In section 5.5 we consider three examples of open super-
string backgrounds (D(−1)/D3 system in flat space in subsection 5.5.1, D(−1)/D3
system at C2/Zn orbifold singularity in subsection 5.5.2 and spiked instantons at
zero B-field in subsection 5.5.3) where we apply our results to compute algebraic
constraints on moduli. Finally, in section 5.6 we point out the main contributions
of this paper, put them into the context of recent developments and offer a brief
discussion of possible future directions. We provide three appendices where we
collect our conventions for spinors in 4d (appendix 5.A), our conventions for the
A∞ formulation of open superstring field theory (appendix 5.B) and also some
OPE and correlation functions to be used in the paper (appendix 5.C).

5.2 Analysis of the third-order obstruction in
A∞ OSFT

In this section we will analyse in detail the structure of the obstruction to marginal
deformations in the A∞ OSFT [15] (both with and without stubs) which arises
at third order in the deformation parameter. We collect our conventions for
A∞ OSFT in Appendix 5.B. As the discussion which is to follow is somewhat
technical, let us now briefly summarize the main points. Considering a marignal
deformation Ψ(λ) whose leading order Ψ1 is given by a h = 1/2 zero-momentum
NS Grassmann-odd state V1/2 as Ψ1 = cV1/2e

−φ, we will first show that the
deformation is unobstructed at second order if and only if the projector condition

P0M2(Ψ1,Ψ1) = 0 (5.2.1)

holds. Here P0 projects on the kernel of the zero-mode of the total world-
sheet stress-energy tensor (see subsection 5.2.1 for details) and M2 is the 2-
product of the A∞ OSFT. The projector condition (5.2.1) holds both in the
case with and without stubs. In the case without stubs, we will denote by
m2 the bare 2-string product, which can be defined in terms of the usual Wit-
ten’s star product as m2(A,B) = (−1)d(A)A ∗ B (where d(A) denotes the degree
of A). Adding stubs of length w, the bare 2-string product gets deformed to
M0

2 (A,B) = (−1)d(A)e−wL0 [(e−wL0A) ∗ (e−wL0B)]. Evaluating the obstruction at
third order against arbitrary test state e, we will then obtain expressions

O = −ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ1,Ψ1),Ψ1

]︄]︄
+
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− ωS

[︄
X2e,m2

[︄
Ψ1,

b0

L0
P 0m2(Ψ1,Ψ1)

]︄]︄
+ O3 (5.2.2a)

= 1
2ωS

[︄
b2(Ψ1, Xe),

b0

L0
P 0b2(Ψ1, XΨ1)

]︄
+

+ 1
6ωL[b2(Xe, ξΨ1), b2(ξΨ1,Ψ1)] , (5.2.2b)

in the case without stubs (see subsection 5.2.2), and analogous expressions

O = −ωS
[︄
X2e,M

(0)
2

[︄
b0

L0
P 0M

(0)
2 (Ψ1,Ψ1),Ψ1

]︄]︄
+

− ωS

[︄
X2e,M

(0)
2

[︄
Ψ1,

b0

L0
P 0M

(0)
2 (Ψ1,Ψ1)

]︄]︄
+

+ ωS
[︂
X2e,M

(0)
3 (Ψ1,Ψ1,Ψ1)

]︂
+ O3 (5.2.3a)

= 1
2ωS

[︄
B

(0)
2 (Ψ1, Xe),

b0

L0
P 0B

(0)
2 (Ψ1, XΨ1)

]︄
+

+ 1
6
{︂
ωL
[︂
B

(0)
2 (Xe, ξΨ1), B(0)

2 (ξΨ1,Ψ1)
]︂

+

+ ωS
[︂
Xe,B

(0)
3 (XΨ1,Ψ1,Ψ1)

]︂ }︂
, (5.2.3b)

in the case with stubs (see subsection 5.2.3). Here O3 cancels the anomalous terms
arising in the evaluation of star products due to the non-primary nature of the
state X2e (where X is the PCO) and b2 denotes the degree-graded commutator
based on m2 (analogously for the products B(0)

2 and M
(0)
2 deformed by adding

stubs). Finally, M (0)
3 is the bosonic 3-product arising in the presence of stubs and

B
(0)
3 is its degree-graded symmetrization. We will refer to (5.2.2a) and (5.2.3a)

as the X2-form of the obstruction (due to the appearance of X2e) and to (5.2.2b)
and (5.2.3b) as the Berkovits-like form (due to its similarity to the quartic vertex
of classical effective action derived in Berkovits OSFT – see [95, 116]). Evaluating
these expressions for O (that is, deriving explicit expressions for O in terms of
V1/2 and the test state, with the ghost structure stripped away) using various
methods will be the subject of section 5.4.

5.2.1 Marginal deformations in the A∞ OSFT
The purpose of this subsection will be to set the scene for the detailed analysis of
the obstruction to exact marginality which arises at third order in the deformation
parameter. In subsection 5.2.1.1 we will discuss the range of validity of the
projector condition (5.2.1). In particular, we will use the results of [187, 188] to
argue that it holds for all h = 1/2 NS states whenever the initial open superstring
background conserves at least two spacetime supercharges with the same chirality
in two non-compact dimensions. We will then show in subsection 5.2.1.2 that the
projector condition (5.2.1) guarantees vanishing of the obstruction at second order
and we will derive an expression for the third-order obstruction, which will be
used as a starting point for the manipulations in subsection 5.2.2.
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5.2.1.1 Projector condition

Let us denote by P0 the projector on kerL0. Defining P 0 ≡ 1 − P0 we have
P0P0 = P0, P 0P 0 = P 0, P0P 0 = P 0P0 = 0 together with

Q
b0

L0
P 0 + b0

L0
P 0Q = P 0 . (5.2.4)

Let us now consider any two NS states2 V = cV1/2e
−φ, W = cW1/2e

−φ, where
V 1

2
, W 1

2
are h = 1/2 Grassmann-odd matter primaries. Note that this always

needs to be the case if V is to be identified with the leading order term Ψ1 in
the open superstring field theory marginal deformation, because the string field
Ψ needs to be Grassmann-odd. This is automatic in the case of the GSO(+) pro-
jection (which we will focus on in the following), while in the case of the GSO(−)
projection this would necessitate inclusion of internal Chan-Paton factors. Let
us also define V1 = G− 1

2
V 1

2
, W1 = G− 1

2
W 1

2
and denote by {V 1

2
W 1

2
}n coefficient

of (2z)−n in the OPE of V 1
2
(+z) and W 1

2
(−z) (that is, {V 1

2
W 1

2
}1 is proportional

to the identity). Here Gr are the Laurent modes of the N = 1 worldsheet matter
supercurrent G(z). Let us now consider the following two assumptions:

1. {V 1
2
W 1

2
}0 has pole of order at most 1 in the OPE with G(z), that is

G+ 1
2
{V 1

2
W 1

2
}0 = 0 , (5.2.5)

2. the OPE of V1 with W 1
2
, and, V 1

2
with W1 do not have poles of integral

order, that is

{V1W 1
2
}1 = {V 1

2
W1}1 = 0 . (5.2.6)

First, we note that using the formula (6.206) of [189] (the generalized Wick theo-
rem) we have G+1/2{V1/2W1/2}0 = {V1W1/2}1, so that it follows that Assumption
2 implies Assumption 1. Also, if Assumption 1 holds for any two h = 1/2 NS
states, then Assumption 2 is implied.3 Given the two assumptions, we will now
show that we have properties

P0m2(XV,W ) + P0m2(V,XW ) = 0 , (5.2.8a)
P0Xm2(V,W ) = 0 , (5.2.8b)

2We will assume that the matter part of the NS sector only contains states with non-
negative conformal weight and that matter vacuum is the unique state with h = 0. This is true
for superstring compactifications at zero momentum. The matter part will be allowed to carry
Chan-Paton factors.

3If Assumption 2 was to fail, there would need to be a h = 1/2 NS state Y1/2 ≡
{V1W1/2}1 ̸= 0. That is ⟨(G−1/2V1/2)(z1)W1/2(z2)(Y1/2)†(z3)⟩ ̸= 0, where (Y1/2)† is
the conjugate of Y1/2. But this correlator is non-zero if only if the two-point function
⟨(G−1/2V1/2)(z1){W1/2(Y1/2)†}0(z2)⟩ is non-zero. However, this vanishes if Assumption 1 holds
for any two h = 1/2 states in the NS sector because then we have⟨︁

G− 1
2
V 1

2

⃓⃓
{W 1

2
(Y 1

2
)†}0

⟩︁
=
⟨︁
V 1

2

⃓⃓
G+ 1

2
{W 1

2
(Y 1

2
)†}0

⟩︁
= 0 . (5.2.7)

It therefore follows that if we adopt Assumption 1 for any two states in the theory, then
Assumption 2 follows, as claimed.
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which together imply the projector condition

P0M2(V,W ) = 1
3[P0Xm2(V,W ) + P0m2(XV,W ) + P0m2(V,XW )] = 0 .

(5.2.9)

To see this, note that using formula (3.9) of [83], we obtain

P0m2(XV,W ) = +ηc{V 1
2
W 1

2
}1 − c∂c{V1W 1

2
}1e

−φ , (5.2.10a)
P0m2(V,XW ) = −ηc{V 1

2
W 1

2
}1 − c∂c{V 1

2
W1}1e

−φ , (5.2.10b)

where used that XV = cV1 − eφηV1/2 (and similarly for XW ). This establishes
(5.2.8a) provided that Assumption 2 holds. We also have

P0Xm2(V,W ) = P0Qξm2(V,W ) = Qξc∂c{V 1
2
W 1

2
}0e

−2φ , (5.2.11)

where the only contribution comes from the supercurrent term, that is

P0Xm2(V,W ) =
∮︂ dz

2πiηe
φG(z)ξc∂c{V 1

2
W 1

2
}0e

−2φ

= −c∂cG+ 1
2
{V 1

2
W 1

2
}0e

−φ , (5.2.12)

which, however, vanishes, as long as Assumption 1 holds (i.e. that the OPE of
G with {V 1

2
W 1

2
}0 does not contain higher-than-simple poles). This establishes

(5.2.8b) and therefore (5.2.9). Alternatively, it is possible to prove (5.2.8) by
showing that the expressions on the l.h.s. evaluate to zero against an arbitrary
test state e: since we are working at zero momentum, we can conclude that
the states P0m2(XV,W ), P0m2(V,XW ), P0Xm2(V,W ) (which all have ghost
number +2, picture number −1 and conformal weight 0) can each be expanded
as B̃cη + c∂cṼ1/2e

−φ, where B̃ is some number and Ṽ1/2 is some h = 1/2 zero-
momentum matter operator (as manifested by the above-derived expressions).
That is, the expressions on the l.h.s. of (5.2.8) vanish if and only if they vanish
when evaluated in the BPZ product against the dual basis of test states eg =
cṼ1/2e

−φ (gluon-like vertex) or eNL = c∂c∂ξe−2φ (Nakanishi-Lautrup vertex) at
ghost number +1, picture number −1 and h = 0. We would therefore need to
show that

ωS
[︂
e, P0m2(XV,W ) + P0m2(V,XW )

]︂
= 0 , (5.2.13a)

ωS
[︂
e, P0Xm2(V,W )

]︂
= 0 , (5.2.13b)

for both e = eg and e = eNS. Furthermore, noting that P0M2(V,W ) is actually
proportional to c∂cṼ1/2e

−φ only (see (5.2.10) and (5.2.12)), we can conclude that

P0M2(V,W ) = 0 ⇐⇒ ωS(eg, P0M2(V,W )) = 0 (5.2.14)

for any two states V = cV1/2e
−φ, W = cW1/2e

−φ which are present in the theory.
Finally, let us briefly discuss additional constraints imposed on the boundary

(i.e. chiral) worldsheet theory in the cases when our background conserves some
number of spacetime supercharges. For compactifications4 down to four space-
time dimensions, it was argued long ago [187] that requiring N = 1 spacetime

4Here, the notion of “compactification” is taken to include also the brane configuration.
That is, we consider spacetime supersymmetries of the theory living on the component of the
worldvolume common to all branes constituting our configuration.
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supersymmetry necessitates that the local RNS N = 1 worldsheet superconformal
symmetry enhances to a global N = 2 superconformal symmetry. For compacti-
fications to dimensions higher than four, it automatically follows that spacetime
supersymmetry implies extended worldsheet superconformal symmetry, as one
can always dimensionally reduce back to four dimensions. Results for compactifi-
cations to dimensions lower than four, which appeared only recently [188] (for the
heterotic worldsheet), seem to suggest that the boundary worldsheet theory has
a global N = 2 superconformal symmetry as long as the background conserves
at least two spacetime supercharges with the same chirality in two non-compact
dimensions (i.e. N = (2, 0) supersymmetry in 2d – we are going to discuss a con-
crete example of this minimal setting in subsection 5.5.3). Furthermore, recalling
the unitarity bound h ≥ |q|/2 for two-dimensional N = 2 superconformal theories
(where q denotes the charge under the U(1) R-current J) and noting that the
GSO projection is by the construction of [187, 188] implemented by projecting
onto states with q ∈ 2Z + 1, we conclude that the matter primaries V1/2 with
h = 1/2 can be all chosen to carry charges either q = +1 or q = −1 under J .
Matter primaries V±

1/2 with (h, q) = (1/2,±1) belong to the (anti-)chiral ring of
the theory and they satisfy

G±(z)V∓
1
2
(0) = 1

z
V∓

1 (0) + reg. , (5.2.15a)

G±(z)V±
1
2
(0) = reg. , (5.2.15b)

where V±
1 are (h, q) = (1, 0) matter fields. We also have

G±(z)V±
1 (0) = 1

z2V
±
1
2
(0) + 1

z
∂V±

1
2
(0) + reg. , (5.2.16a)

G±(z)V∓
1 (0) = reg. (5.2.16b)

Using these properties, we will now show that Assumptions 1 and 2 hold for any
two h = 1/2 fields in the matter sector. We first note that for any states V±

1/2
and W±

1/2 in the (anti-)chiral ring, we have (using the generalized Wick theorem)

G+
+ 1

2
{V+

1
2
W±

1
2
}0 = 0 , (5.2.17a)

G−
+ 1

2
{V−

1
2
W±

1
2
}0 = 0 . (5.2.17b)

Using similar ideas to those which we have employed above when discussing the
relation between Assumptions 1 and 2, we can show that it follows from (5.2.17)
that5

{V∓
1 W±

1
2
}1 = 0 (5.2.18)

But then, (5.2.18) and the generalized Wick theorem give that

G+
+ 1

2
{V−

1
2
W+

1
2
}0 = 0 , (5.2.19a)

5For instance, if Y+
1/2 ≡ {V−

1 W+
1/2}1 ̸= 0, then ⟨(G+

−1/2V
−
1/2)(z1)W+

1/2(z2)(Y+
1/2)†(z3)⟩ ̸= 0

which would mean that G+
+1/2{W+

1/2(Y1/2)†}0 ̸= 0, contradicting (5.2.17).
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G−
+ 1

2
{V+

1
2
W−

1
2
}0 = 0 . (5.2.19b)

Finally, (5.2.19) then implies

{V±
1 W±

1
2
}1 = 0. (5.2.20)

which in turn gives that

G+
+ 1

2
{V−

1
2
W−

1
2
}0 = 0 , (5.2.21a)

G−
+ 1

2
{V+

1
2
W+

1
2
}0 = 0 . (5.2.21b)

We have therefore shown that Assumptions 1 and 2 (and therefore the projector
conditions (5.2.8) and (5.2.9)) hold for all states in a theory with N = 2 global
worldsheet superconformal symmetry where all h = 1/2 states can be chosen to
carry R-charge q = ±1. As per the discussion above, this should always be the
case when the background preserves at least N = (2, 0) supersymmetry in two
non-compact dimensions.

5.2.1.2 Marginal deformations in A∞ OSFT at second and third order

Writing down the A∞ OSFT action up to quartic order, we obtain

SA∞ [Ψ] = 1
2ωS(Ψ, QΨ) + 1

3ωS(Ψ,M2(Ψ,Ψ))+

+ 1
4ωS(Ψ,M3(Ψ,Ψ,Ψ)) + . . . , (5.2.22)

so that varying this action with respect to Ψ, we get the equations of motion

QΨ +M2(Ψ,Ψ) +M3(Ψ,Ψ,Ψ) + . . . = 0 . (5.2.23)

Note that Ψ carries picture number −1 and ghost number +1. We want to
construct a continuous family of classical solutions Ψ(λ), such that Ψ(0) = 0 and
such that the leading term in λ is given by a Q-closed state Ψ1 = cV 1

2
e−φ where

V 1
2

is a zero-momentum Grassmann-odd h = 1/2 matter primary. Writing the
classical solution Ψ(λ) as a perturbative expansion

Ψ(λ) =
∞∑︂
k=1

λkΨk = λΨ1 + λ2Ψ2 + λ3Ψ3 + . . . , (5.2.24)

and substituting (5.2.24) into (5.2.23), we obtain, order by order in λ,

0 = QΨ1 , (5.2.25a)
0 = QΨ2 +M2(Ψ1,Ψ1) , (5.2.25b)
0 = QΨ3 +M2(Ψ1,Ψ2) +M2(Ψ2,Ψ1) +M3(Ψ1,Ψ1,Ψ1) . (5.2.25c)

...

At second order, we have to satisfy the equation (5.2.25b). This is clearly inte-
grable because

QM2(Ψ1,Ψ1) = −M2(QΨ1,Ψ1) −M2(Ψ1, QΨ1) = 0 . (5.2.26)
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A putative solution in Siegel gauge reads

Ψ2 = − b0

L0
P 0M2(Ψ1,Ψ1) + ψ2 , (5.2.27)

where ψ2 is a ghost number +1, picture number −1 string field with η0ψ2 = 0.
However, in order for (5.2.27) to actually solve (5.2.25b), we need

QΨ2 =
(︄
b0

L0
Q− P 0

)︄
P 0M2(Ψ1,Ψ1) +Qψ2 = −P 0M2(Ψ1,Ψ1) +Qψ2 (5.2.28)

to be equal to −M2(Ψ1,Ψ1). That is, we need the second order obstruction

O2 = P0M2(Ψ1,Ψ1) +Qψ2 , (5.2.29)

to vanish. Put in different words, in order for the solution (5.2.27) to be consistent,
we need P0M2(Ψ1,Ψ1) to vanish up to Q-exact terms. But since P0M2(Ψ1,Ψ1) is
a zero-momentum state in kerL0 at ghost number +2 and picture number −1, it
has to be equal to a linear combination of c∂cṼ1/2e

−φ and ηc = Q(1
2c∂c∂ξe

−2φ),
where Ṽ1/2 is an arbitrary NS state with h = 1/2. Consistency therefore requires
that P0M2(Ψ1,Ψ1) does not contain the state c∂cṼ1/2e

−φ, so that it is necessary
and sufficient to check that6

ωS(eg, P0M2(Ψ1,Ψ1)) = 0 , (5.2.30)

where eg is a zero-momentum test state in kerL0 at ghost number +1 and picture
number −1 of the form eg = cṼ1/2e

−φ. Thus, recalling (5.2.14), we can conclude
that the necessary and sufficient condition for the vanishing of O2 is actually
P0M2(Ψ1,Ψ1) = 0 (which is a special case of the projector condition (5.2.9) with
V = W = Ψ1).

Assuming from now on that P0M2(Ψ1,Ψ1) = 0 and proceeding to the third
order, we need to solve the equation (5.2.25c) for Ψ3. We have integrability
condition

QM2(Ψ1,Ψ2) +QM2(Ψ2,Ψ1) +QM3(Ψ1,Ψ1,Ψ1) = 0 , (5.2.31)

which is satisfied provided that Ψ2 solves the equation of motion at second order.
Indeed, we have

QM2(Ψ1,Ψ2) +QM2(Ψ2,Ψ1) +QM3(Ψ1,Ψ1,Ψ1) (5.2.32a)
= −M2(QΨ1,Ψ2) −M2(Ψ1, QΨ2) −M2(QΨ2,Ψ1)+

−M2(Ψ2, QΨ1) +QM3(Ψ1,Ψ1,Ψ1) (5.2.32b)
= M2(Ψ1,M2(Ψ1,Ψ1)) +M2(M2(Ψ1,Ψ1),Ψ1)+

+QM3(Ψ1,Ψ1,Ψ1) (5.2.32c)
= 0 , (5.2.32d)

6Note that we can actually always set ψ2 = cV̂ 1
2
e−φ where V̂1/2 is some h = 1/2 state in

the NS sector (so that Qψ2 = 0) because as per our discussion in subsection 5.2.1.1, the state
P0M2(Ψ1,Ψ1) can never contain ηc.
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where in the second equality we have assumed that Ψ1 is a consistent solution of
(5.2.25b) and the third equality follows by one of the A∞ relations

[Q,M3] + 1
2[M2,M2] = 0 . (5.2.33)

A putative solution of (5.2.25c) can be written as

Ψ3 = − b0

L0
P 0[M2(Ψ2,Ψ1) +M2(Ψ1,Ψ2) +M3(Ψ1,Ψ1,Ψ1)] + ψ3 , (5.2.34)

where ψ3 is a ghost number +1, picture number −1 string field with η0ψ3 = 0.
Again, this only solves the equation (5.2.25c) provided that

QΨ3 =
(︄
b0

L0
Q− P 0

)︄
P 0[M2(Ψ2,Ψ1) +M2(Ψ1,Ψ2)+

+M3(Ψ1,Ψ1,Ψ1)] +Qψ3 (5.2.35)

is equal to −M2(Ψ2,Ψ1) − M2(Ψ1,Ψ2) − M3(Ψ1,Ψ1,Ψ1), that is, provided that
the third-order obstruction

O3 = P0

{︄
M2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄
+

+M2

[︄
Ψ1,

b0

L0
P 0M2(Ψ1,Ψ1)

]︄
−M3(Ψ1,Ψ1,Ψ1)

}︄
−Qψ3 (5.2.36)

vanishes.7 Again, we therefore need to ensure that the projector part Oproj
3 =

P0{. . .} of O3 vanishes up to Q-exact terms. Since Oproj
3 ∈ kerL0 at ghost number

+2 and picture number −1, the only states which it can be proportional to (and
which are not Q-exact) are of the form c∂cṼ1/2e

−φ. The necessary and sufficient
condition for the obstruction to vanish is therefore

O ≡ −ωS(eg, O
proj
3 ) = ωL(eg, ξO

proj
3 ) = 0 . (5.2.37)

From now on, let us drop the lower index on eg, as for the rest of the paper we
will work only with the test state e ≡ cṼ1/2e

−φ. Also note that upon identifying
e = Ψ1, the expression ωL(e, ξOproj

3 ) becomes proportional to the quartic part of
the classical effective action of [95, 116]. More precisely, we obtain

O = −4S(4)
eff . (5.2.38)

The necessity of existence of such a relation was already proven in [95] where
it is also noted that this relation implies that all marginal deformations which
are unobstructed at third order automatically give rise to flat directions of the
quartic effective action. In fact, we shall see in section 5.4 that under certain
assumptions, the converse appears to be true as well.

7Note that in general ψ2 also enters O3 and, in some cases, it may be possible that it can be
fine-tuned so as to make O3 vanish. However, in most cases of interest, the projector condition
(5.2.9) will give P0M2(ψ2,Ψ1) = P0M2(Ψ1, ψ2) = 0 so that ψ2 does not contribute to O3.
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5.2.2 Simplifying the third-order obstruction
We will now expose algebraic manipulations whose aim will be to simplify O into
a computable form. Although we have checked that it is in principle possible
to proceed by generalizing the calculations of [95] and keep all intermediate ex-
pressions manifestly in the small Hilbert space, we found it much more economic
to perform the computations in the large Hilbert space. Bearing in mind that
our main goal is to provide a practical expression for the obstruction, we will
therefore adopt a pragmatic approach and expose here a relatively short path the
main results which leads through the large Hilbert space. In subsection 5.2.2.1,
we will derive the X2-form (5.2.2a) for O, while in subsection 5.2.2.2, we will
derive the Berkovits-like form (5.2.2b).

5.2.2.1 X2 form

Proceeding along the lines of [140], we will first show that O can be rewritten as

O = −ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ1,Ψ1),Ψ1

]︄]︄
+

− ωS

[︄
X2e,m2

[︄
Ψ1,

b0

L0
P 0m2(Ψ1,Ψ1)

]︄]︄
+ O3 , (5.2.39)

where O3 (to be defined below) consists only of terms which are localized on the
boundary of the worldsheet moduli space and which are zero up to contributions
which cancel the anomalous terms which appear due to the non-primary nature
of the state X2e.

Quartic vertex

Focusing on the quartic vertex term O(4) ≡ −ωL[e, ξM3(Ψ1,Ψ1,Ψ1)] first, we
obtain

O(4) = −1
2

{︄
ωL
[︂
e, ξM2(M2(Ψ1,Ψ1),Ψ1

]︂
− ξM2 [M2(Ψ1,Ψ1),Ψ1)] +

+ ωL
[︂
e, ξM2[Ψ1,M2(Ψ1,Ψ1)

]︂
− ξM2 [Ψ1,M2(Ψ1,Ψ1)]] +

+ ωL
[︂
e,XM3(Ψ1,Ψ1,Ψ1)

]︂ }︄
, (5.2.40)

where we have used that Qe = 0.

Cubic vertex

The cubic vertex terms

O(3)
1 ≡ ωL

[︄
e, ξM2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
, (5.2.41a)

O(3)
2 ≡ ωL

[︄
e, ξM2

[︄
Ψ1,

b0

L0
P 0M2(Ψ1,Ψ1)

]︄]︄
, (5.2.41b)
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yield

O(3)
1 = 1

2

⎧⎨⎩ωL
[︄
e,XM2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
+

− ωL
[︂
e, ξM2 (M2(Ψ1,Ψ1),Ψ1)

]︂
+

+ ωL

[︄
e,XM2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
+

+ ωL
[︂
e, ξM2

(︂
M2(Ψ1,Ψ1),Ψ1

)︂]︂
+

− ωL
[︂
e, ξM2

(︂
P0M2(Ψ1,Ψ1),Ψ1

)︂]︂⎫⎬⎭ , (5.2.42a)

O(3)
2 = 1

2

⎧⎨⎩ωL
[︄
e,XM2

[︄
Ψ1,

b0

L0
P 0M2(Ψ1,Ψ1)

]︄]︄
+

− ωL
[︂
e, ξM2 (Ψ1,M2(Ψ1,Ψ1))

]︂
+

+ ωL

[︄
e,XM2

[︄
Ψ1,

b0

L0
P 0M2(Ψ1,Ψ1)

]︄]︄
+

+ ωL
[︂
e, ξM2

(︂
Ψ1,M2(Ψ1,Ψ1)

)︂]︂
+

− ωL
[︂
e, ξM2

(︂
Ψ1, P0M2(Ψ1,Ψ1)

)︂]︂⎫⎬⎭ . (5.2.42b)

Here we note that the second and fourth terms in (5.2.42a) and (5.2.42b) cancel
with the first four terms in (5.2.40). Also, note that we have

ωL

[︄
e,XM2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
=

= ωL

[︄
e,Xξm2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
, (5.2.43)

because the difference of the second insertions on the l.h.s. and the r.h.s. would
lie in the small Hilbert space. We then have

ωL

[︄
e,XM2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
=

= ωL

[︄
e,X2ξm2

[︄
b0

L0
P 0m2(Ψ1,Ψ1),Ψ1

]︄]︄
+

+ ωL
[︂
e,Xξm2

(︂
M2(Ψ1,Ψ1),Ψ1

)︂]︂
+

− ωL
[︂
e,Xξm2

(︂
P0M2(Ψ1,Ψ1),Ψ1

)︂]︂
, (5.2.44)

together with

ωL

[︄
e,XM2

[︄
b0

L0
P 0M2(Ψ1,Ψ1),Ψ1

]︄]︄
=

= ωL

[︄
e,X2ξm2

[︄
b0

L0
P 0m2(Ψ1,Ψ1),Ψ1

]︄]︄
+
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− ωL
[︂
e,XξM2 (m2(Ψ1,Ψ1),Ψ1)

]︂
+

+ ωL
[︂
e,XξM2 (P0m2(Ψ1,Ψ1),Ψ1)

]︂
. (5.2.45)

Altogether we obtain

O = O(3)
1 + O(3)

2 + O(4) = O1 + O2 + O3 , (5.2.46)

where we define

O1 = 1
2

{︄
− ωL

[︂
e,XM3(Ψ1,Ψ1,Ψ1)

]︂
+

+ ωL
[︂
e,Xξm2[M2(Ψ1,Ψ1),Ψ1]

]︂
+

− ωL
[︂
e,XξM2[m2(Ψ1,Ψ1),Ψ1]

]︂
+ ωL

[︂
e,Xξm2[Ψ1,M2(Ψ1,Ψ1)]

]︂
+

− ωL
[︂
e,XξM2[Ψ1,m2(Ψ1,Ψ1)]

]︂ }︄
, (5.2.47a)

O2 = ωL

[︄
e,X2ξm2

[︄
b0

L0
P 0m2(Ψ1,Ψ1),Ψ1

]︄]︄
+

+ ωL

[︄
e,X2ξm2

[︄
Ψ1,

b0

L0
P 0m2(Ψ1,Ψ1)

]︄]︄
, (5.2.47b)

O3 = 1
2

{︄
− ωL

[︂
e,Xξm2[P0M2(Ψ1,Ψ1),Ψ1]

]︂
+

+ ωL
[︂
e,XξM2[P0m2(Ψ1,Ψ1),Ψ1]

]︂
+

− ωL
[︂
e, ξM2[P0M2(Ψ1,Ψ1),Ψ1]

]︂
− ωL

[︂
e,Xξm2[Ψ1, P0M2(Ψ1,Ψ1)]

]︂
+

+ ωL
[︂
e,XξM2[Ψ1, P0m2(Ψ1,Ψ1)]

]︂
+

− ωL
[︂
e, ξM2[Ψ1, P0M2(Ψ1,Ψ1)]

]︂ }︄
. (5.2.47c)

First, O1 clearly vanishes: to see this, we note that m3 = [η,M3], so that

ωL
[︂
e,XM3(Ψ1,Ψ1,Ψ1)

]︂
= ωL [e,Xξm3(Ψ1,Ψ1,Ψ1)] (5.2.48)

and then we use m3 = [m2,M2]. Second, O2 consists of terms containing single
propagator. Finally, O3 contains only terms with P0 and it is therefore com-
pletely localised on the boundary of the worldsheet moduli space. Using the
cyclic property (5.B.18) of m2 and (5.B.20), it can be rewritten as

O3 = 1
6

{︄
4ωL

[︂
P0M2(Ψ1,Ψ1),m2(Ψ1, Xξe) +m2(Xξe,Ψ1)

]︂
+

+ ωL
[︂
P0M2(Ψ1,Ψ1),m2(XΨ1, ξe) +m2(ξe,XΨ1)

]︂
+

+ ωL [ξP0m2(Ψ1,Ψ1),m2(Ψ1, Xξe) +m2(Xξe,Ψ1)] +
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+ ωL [P0m2(Ψ1,Ψ1),m2(ξΨ1, Xξe) −m2(Xξe, ξΨ1)] +

+ ωL [ξP0Xm2(Ψ1,Ψ1),m2(Ψ1, ξe) +m2(ξe,Ψ1)]
}︄
. (5.2.49)

First, note that the last line in (5.2.49) can be dropped even without assuming
the condition (5.2.8b) because the matter part of P0Xm2(Ψ1,Ψ1) can only be
proportional to G+ 1

2
{V 1

2
V 1

2
}0, which is a h = 1/2 state, so that it gives zero

when inserted in the symplectic form against

P0ξm2(Ψ1, ξe) + P0ξm2(ξe,Ψ1) (5.2.50)

which, by (5.C.4), is proportional to identity in the matter sector. The rest of the
expression (5.2.49) can be evaluated as well and turns out to give zero up to terms
which arise due to anomalous transformation properties of the non-primary state
ξXe (see [140] for details). Below these will be shown to cancel with anomalous
contributions to O2.

5.2.2.2 Berkovits-like form

We will now show that the X2-form (5.2.39) can be recast in the Berkovits-like
form

O = 1
2ωS

[︄
b2(Ψ1, Xe),

b0

L0
P 0b2(Ψ1, XΨ1)

]︄
+

+ 1
6ωL[b2(Xe, ξΨ1), b2(ξΨ1,Ψ1)] , (5.2.51)

where we have defined b2(A,B) ≡ m2(A,B) + (−1)d(A)d(B)m2(B,A). Note that
only primary insertions appear in (5.2.51). We will show in section 5.3 that ex-
actly the same expression is obtained by analyzing the third-order obstruction
which arises in the Berkovits open superstring field theory provided that we as-
sume that the deformation is unobstructed at second order.

O3 terms

Let us start with analyzing O3. To this end, note that it is possible show that

−ωL [P0b2(Ψ1,Ψ1), ξb2(XΨ1, ξe)] = −ωL [P0b2(Ψ1,Ψ1), ξb2(ξΨ1, Xe)] . (5.2.52)

Indeed, we have

− ωL [P0b2(Ψ1,Ψ1), ξb2(XΨ1, ξe)] =
= −ωL [P0ξb2(Ψ1,Ψ1), Qb2(ξΨ1, ξe)] +

+ ωL [P0ξb2(Ψ1,Ψ1), b2(ξΨ1, Xe)] (5.2.53a)
= +ωL [P0Xb2(Ψ1,Ψ1), b2(ξΨ1, ξe)] +

− ωL [P0b2(Ψ1,Ψ1), ξb2(ξΨ1, Xe)] (5.2.53b)
= −ωL [P0b2(Ψ1,Ψ1), ξb2(ξΨ1, Xe)] , (5.2.53c)

where in order to write down the last equality, we have used (5.C.6) to note that

b2(ξΨ1, ξe) = m2(ξΨ1, ξe) −m2(ξe, ξΨ1) (5.2.54)
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is proportional to identity in the matter sector so that it gives zero in the sym-
plectic form against P0Xb2(Ψ1,Ψ1) which is proportional to a h = 1/2 state in
the matter sector.8 We therefore end up with

O3 = − 1
12

{︄
5ωL [P0b2(Ψ1,Ψ1), ξb2(Ψ1, Xξe)] +

+ ωL [P0b2(Ψ1,Ψ1), ξb2(ξΨ1, Xe)] +

− ωL [P0b2(Ψ1,Ψ1), b2(ξΨ1, Xξe)]
}︄
. (5.2.55)

Although it is straightforward to explicitly evaluate (5.2.55), we do not need to
do so at this point, as we will soon show that it is exactly cancelled by a P0 term
which we pick up when we move one of the PCOs in O2.

O2 terms

Next, let us analyze O2. Reabsorbing ξ, we obtain

O2 = 1
2ωS

[︄
b2(Ψ1, X

2e), b0

L0
P 0b2(Ψ1,Ψ1)

]︄
. (5.2.56)

In order to avoid the appearance of non-primary fields during the explicit evalu-
ation of (5.2.56) (these would arise due to the X2e insertion), let us move one of
the two PCOs sitting on e inside the P 0b2(Ψ1,Ψ1) part of (5.2.56). We end up
with

O2 = 1
2ωS

[︄
b2(Ψ1, Xe),

b0

L0
P 0b2(Ψ1, XΨ1)

]︄
+

+ 1
2ωL

[︂
b2(Ψ1, ξXe), P 0b2(Ψ1, ξΨ1)

]︂
, (5.2.57)

with the P0 part of the second term in (5.2.57) satisfying

− 1
2ωL [b2(Ψ1, ξXe), P0b2(Ψ1, ξΨ1)] =

= +1
2ωL [P0b2(Ψ1,Ψ1), ξb2(Ψ1, ξXe)] , (5.2.58)

where we have used (5.C.4). Note, however, that this (localised) contribution will
precisely cancel with O3: introducing the string field

Ξ ≡ ξb2(Ψ1, Xξe) − ξb2(ξΨ1, Xe) + b2(ξΨ1, Xξe) , (5.2.59)

and using (5.2.55), it can be shown that

ωL
[︂
P0b2(Ψ1,Ψ1),Ξ

]︂
= −12

(︃
O3 + 1

2ωL [P0b2(Ψ1,Ψ1), ξb2(Ψ1, ξXe)]
)︃
. (5.2.60)

However, it can be also shown that ηΞ = 0, which in turn gives that

ωL[P0b2(Ψ1,Ψ1),Ξ] = 0
8P0Xb2(Ψ1,Ψ1) itself vanishes if we assume the projector condition (5.2.8b).
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and therefore

O3 + 1
2ωL [P0b2(Ψ1,Ψ1), ξb2(Ψ1, ξXe)] = 0 , (5.2.61)

that is, O3 is completely canceled by the P0 part of the second term in (5.2.57).
Finally, in order to rid ourselves of the non-primary insertion ξXe in the identity
part of the second term in (5.2.57), we can use the super-Jacobi identity and the
fact that the string field

b2 [Ψ1, b2(ξXe, ξΨ1)] − b2 [ξΨ1, b2(ξXe,Ψ1)] + b2 [ξΨ1, b2(Xe, ξΨ1)] , (5.2.62)

lies in the small Hilbert space to show that

1
2ωL [b2(Ψ1, ξXe), b2(Ψ1, ξΨ1)]] = + 1

6ωL [b2(Xe, ξΨ1), b2(ξΨ1,Ψ1)] . (5.2.63)

Putting our results together, we therefore recover the Berkovits-like expression
(5.2.51) for the obstruction. For the sake of the discussion which is to follow in
Section 5.4, we introduce the notation

Oprop = 1
2ωS

[︄
b2(Ψ1, Xe),

b0

L0
P 0b2(Ψ1, XΨ1)

]︄
, (5.2.64a)

O′ = 1
6ωL [b2(Xe, ξΨ1), b2(ξΨ1,Ψ1)] , (5.2.64b)

so that O = Oprop + O′. We can also check the validity of the intermediate
manipulations we have performed so far by comparing (5.2.51) with the Berkovits-
like form of the quartic part of the classical effective action of [95, 116]. Indeed,
we again recover the relation (5.2.38).

5.2.3 A∞ OSFT with stubs
Let us now consider A∞ OSFT with stubs.9 We will show that apart from de-
forming the star product m2 into a non-associative product M (0)

2 , adding stubs
introduces additional term into both the X2-form (subsection 5.2.3.2) and the
Berkovits-like form (subsection 5.2.3.3) as a consequence of the appearance of
the bosonic 3-product M (0)

3 . See subsection 5.2.3.1 for our conventions for A∞
OSFT with stubs.

5.2.3.1 Preliminaries

Here we largely follow the notation of [16]. Denoting the picture by a superscript
in the round brackets, we define the bosonic products M (0)

1 = Q,

M
(0)
2 (A,B) = (−1)d(A)e−wL0 [(e−wL0A) ∗ (e−wL0B)] (5.2.65)

and higher products M (0)
3 , . . . so as to cover the missing regions of the bosonic

moduli space. The superstring products are then defined similarly to the case
9I thank Ashoke Sen for this suggestion.
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without stubs by suitably distributing PCO charges among the insertions. For
instance, the superstring 2-product then reads

M
(1)
2 (A,B) = 1

3
[︂
XM

(0)
2 (A,B) +M

(0)
2 (XA,B) +M

(0)
2 (A,XB)

]︂
. (5.2.66)

In the spirit of the case without stubs, we introduce the gauge 2-product µ(1)
2 ,

so that when acting on the states in the small Hilbert space, the superstring
2-product can be computed as

M
(1)
2 = [Q, µ(1)

2 ] , (5.2.67a)

µ
(1)
2 (A,B) = 1

3
[︂
ξM

(0)
2 (A,B) −M

(0)
2 (ξA,B) − (−1)d(A)M

(0)
2 (A, ξB)

]︂
. (5.2.67b)

We also have the property that M (0)
2 = [η, µ(1)

2 ]. The superstring 3-product can
be defined in terms of the following tower of products

M
(2)
3 = 1

2([Q, µ(2)
3 ] + [M (1)

2 , µ
(1)
2 ]) , (5.2.68a)

µ
(2)
3 (A,B,C) = 1

4
[︂
ξM

(1)
3 (A,B,C) −M

(1)
3 (ξA,B,C)

−(−1)d(A)M
(1)
3 (A, ξB,C) − (−1)d(A)+d(B)M

(1)
3 (A,B, ξC)

]︂
, (5.2.68b)

M
(1)
3 = [Q, µ(1)

3 ] + [M (0)
2 , µ

(1)
2 ] , (5.2.68c)

µ
(1)
3 (A,B,C) = 1

2
[︂
ξM

(0)
3 (A,B,C) −M

(0)
3 (ξA,B,C)

−(−1)d(A)M
(0)
3 (A, ξB,C) − (−1)d(A)+d(B)M

(0)
3 (A,B, ξC)]

]︂
, (5.2.68d)

with the properties M (1)
3 = [η, µ(2)

3 ] and 2M (0)
3 = [η, µ(1)

3 ]. The equation of motion
is written in terms of the multi-superstring products M (n−1)

n , which satisfy a cyclic
A∞ algebra, as

∞∑︂
n=1

M (n−1)
n (Ψn) = QΨ +M

(1)
2 (Ψ,Ψ) +M

(2)
3 (Ψ,Ψ,Ψ) + . . . = 0 . (5.2.69)

It is straightforward to check that the relations (5.2.9), (5.2.8) and (5.C.5) con-
tinue to be satisfied under the same assumptions as before if we replace m2 by
M

(0)
2 (this is due to the presence of the projector P0 and the fact that the inser-

tions have L0 = 0). It is also easy to see that we again have that the second-order
obstruction to exact marginality vanishes if and only if the projector condition
P0M

(1)
2 (Ψ1,Ψ1) = 0 holds, which we shall from now on assume.

5.2.3.2 Third-order obstruction with stubs: X2 form

It is straightforward to check that the computation goes through mostly along
the lines of the case without stubs with only a couple of minor changes wherever
we encounter M3 or make use the associativity of m2. The integrability of the
equation of motion at third order in λ follows again straightforwardly by using
the fact that [Q,M (1)

2 ] = 0, the fact that Ψ2 solves the equation of motion at
second order and also the A∞ relation

[Q,M (2)
3 ] + 1

2[M (1)
2 ,M

(1)
2 ] = 0 . (5.2.70)
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In order for a consistent solution to exist, we need the obstruction

Oproj
3 = P0

{︄
M

(1)
2

[︄
b0

L0
M

(1)
2 (Ψ1,Ψ1),Ψ1

]︄
+

+M
(1)
2

[︄
Ψ1,

b0

L0
M

(1)
2 (Ψ1,Ψ1)

]︄
−M

(2)
3 (Ψ1,Ψ1,Ψ1)

}︄
. (5.2.71)

to be vanishing up to Q-exact terms. Going through identical steps as in the case
without stubs, we can show that it is necessary and sufficient to require vanishing
of O ≡ −ωS(e, Oproj

3 ) = O1 + O2 + O3, where e = cṼ1/2e
−φ and O1, O2, O3 will

now be described. First, we have

O1 = 1
2

{︄
− ωL

[︂
e,Xµ

(2)
3 (Ψ1,Ψ1,Ψ1)

]︂
+

+ ωL
[︂
e,XξM

(0)
2 [µ(1)

2 (Ψ1,Ψ1),Ψ1]
]︂

+

− ωL
[︂
e,Xξµ

(1)
2 [M (0)

2 (Ψ1,Ψ1),Ψ1]
]︂

+ ωL
[︂
e,XξM

(0)
2 [Ψ1, µ

(1)
2 (Ψ1,Ψ1)]

]︂
+

− ωL
[︂
e,Xξµ

(1)
2 [Ψ1,M

(0)
2 (Ψ1,Ψ1)]

]︂ }︄
, (5.2.72)

where we note that the string field Xµ
(2)
3 (Ψ1,Ψ1,Ψ1) − XξM

(1)
3 (Ψ1,Ψ1,Ψ1) lies

in the small Hilbert space and therefore

−ωL[e,Xµ(2)
3 (Ψ1,Ψ1,Ψ1)] = −ωL[e,XξM (1)

3 (Ψ1,Ψ1,Ψ1)]

so that we can use the relation M
(1)
3 = [Q, µ(1)

3 ] + [M (0)
2 , µ

(1)
2 ] (see [16]) to write

O1 = −1
2ωL

[︂
e,XξQµ

(1)
3 (Ψ1,Ψ1,Ψ1)

]︂
. (5.2.73)

Finally, using the relation [η, µ(1)
3 ] = 2M (0)

3 , we conclude that

O1 = ωS
[︂
X2e,M

(0)
3 (Ψ1,Ψ1,Ψ1)

]︂
. (5.2.74)

Note that this is different compared to the case without stubs where we had O1
vanishing. As for the remaining two contributions to O, we again obtain

O2 = ωL

[︄
e,X2ξM

(0)
2

[︄
b0

L0
P 0M

(0)
2 (Ψ1,Ψ1),Ψ1

]︄]︄
+

+ ωL

[︄
e,X2ξM

(0)
2

[︄
Ψ1,

b0

L0
P 0M

(0)
2 (Ψ1,Ψ1)

]︄]︄
, (5.2.75)

together with

O3 =1
6

{︄
+ 4ωL

[︂
P0µ

(1)
2 (Ψ1,Ψ1),M (0)

2 (Ψ1, Xξe) +M
(0)
2 (Xξe,Ψ1)

]︂
+

+ ωL
[︂
P0µ

(1)
2 (Ψ1,Ψ1),M (0)

2 (XΨ1, ξe) +M
(0)
2 (ξe,XΨ1)

]︂
+

+ ωL
[︂
ξP0M

(0)
2 (Ψ1,Ψ1),M (0)

2 (Ψ1, Xξe) +M
(0)
2 (Xξe,Ψ1)

]︂
+
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+ ωL
[︂
P0M

(0)
2 (Ψ1,Ψ1),M (0)

2 (ξΨ1, Xξe) −M
(0)
2 (Xξe, ξΨ1)

]︂ }︄
. (5.2.76)

Altogether, the X2 form of the obstruction in the case with stubs therefore reads

O = −ωS
[︄
X2e,M

(0)
2 [ b0

L0
P 0M

(0)
2 (Ψ1,Ψ1),Ψ1]

]︄
+

− ωS

[︄
X2e,M

(0)
2 [Ψ1,

b0

L0
P 0M

(0)
2 (Ψ1,Ψ1)]

]︄
+

+ ωS
[︂
X2e,M

(0)
3 (Ψ1,Ψ1,Ψ1)

]︂
+ O3 . (5.2.77)

5.2.3.3 Third-order obstruction with stubs: Berkovits-like form

We will now show that the obstruction can be rewritten in terms of the product
B

(0)
2 (see (5.2.79) for definition) as

O = 1
2ωS

[︄
B

(0)
2 (Ψ1, Xe),

b0

L0
P 0B

(0)
2 (Ψ1, XΨ1)

]︄
+

+ 1
6
{︂
ωL
[︂
B

(0)
2 (Xe, ξΨ1), B(0)

2 (ξΨ1,Ψ1)
]︂

+

+ ωS
[︂
Xe,B

(0)
3 (XΨ1,Ψ1,Ψ1)

]︂ }︂
, (5.2.78)

so that all insertions are primary.

Non-associative commutator algebra

Let us define the degree-graded commutator based on the Witten star product
with stubs as

B
(0)
2 (A,B) ≡ M

(0)
2 (A,B) + (−1)d(A)d(B)M

(0)
2 (B,A) . (5.2.79)

Denoting

[A,B]st ≡ e−wL0 [(e−wL0A) ∗ (e−wL0B)]+
− (−1)|A||B|e−wL0 [(e−wL0B) ∗ (e−wL0A)] , (5.2.80)

we therefore have B(0)
2 (A,B) = (−1)d(A)[A,B]st. Clearly we have

B
(0)
2 (A,B) = (−1)d(A)d(B)B

(0)
2 (B,A) (5.2.81)

and it can be shown that cyclicity of the symplectic form w.r.t. M (0)
2 implies

ω(B(0)
2 (A,B), C) = (−1)d(A)+1ω(A,B(0)

2 (B,C)) . (5.2.82)

We also have the generalized super-Jacobi identity

(−1)d(A)(d(C)+1)B
(0)
2

[︂
A,B

(0)
2 (B,C)

]︂
+ (−1)d(B)(d(A)+1)B

(0)
2

[︂
B,B

(0)
2 (C,A)

]︂
+ (−1)d(C)(d(B)+1)B

(0)
2

[︂
C,B

(0)
2 (A,B)

]︂
= −(−1)d(A)d(C)[Q,B(0)

3 ](A,B,C) (5.2.83)
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where we have defined

B
(0)
3 (A,B,C) ≡M

(0)
3 (A,B,C) + (−1)d(A)(d(B)+d(C))M

(0)
3 (B,C,A)+

+ (−1)d(C)(d(A)+d(B))M
(0)
3 (C,A,B)+

+ (−1)d(A)d(B)M
(0)
3 (B,A,C) + (−1)d(B)d(C)M

(0)
3 (A,C,B)

+ (−1)d(A)(d(B)+d(C))+d(B)d(C)M
(0)
3 (C,B,A) . (5.2.84)

In particular, we obtain

B
(0)
2

[︂
ξΨ1, B

(0)
2 (Ψ1,Ψ1)

]︂
− 2B(0)

2

[︂
Ψ1, B

(0)
2 (Ψ1, ξΨ1)

]︂
=

= [Q,B(0)
3 ](Ψ1, ξΨ1,Ψ1) , (5.2.85)

where
1
2[Q,B(0)

3 ](Ψ1, ξΨ1,Ψ1) = QM
(0)
3 (Ψ1, ξΨ1,Ψ1) +QM

(0)
3 (ξΨ1,Ψ1,Ψ1)+

+QM
(0)
3 (Ψ1,Ψ1, ξΨ1) + 1

2B
(0)
3 (XΨ1,Ψ1,Ψ1) . (5.2.86)

O3 terms

It is straightforward to see that we obtain

O3 = − 1
12

{︄
5ωL

[︂
P0B

(0)
2 (Ψ1,Ψ1), ξB(0)

2 (Ψ1, Xξe)
]︂

+

+ ωL
[︂
P0B

(0)
2 (Ψ1,Ψ1), ξB(0)

2 (ξΨ1, Xe)
]︂

+

− ωL
[︂
P0B

(0)
2 (Ψ1,Ψ1), B(0)

2 (ξΨ1, Xξe)
]︂ }︄

. (5.2.87)

O2 terms

First, using cyclicity of the simplectic form and the definition of B(0)
2 , we obtain

O2 = 1
2ωS

[︄
B

(0)
2 (Ψ1, X

2e), b0

L0
P 0B

(0)
2 (Ψ1,Ψ1)

]︄
, (5.2.88)

which we again rewrite as

O2 = 1
2ωS

[︄
B

(0)
2 (Ψ1, Xe),

b0

L0
P 0B

(0)
2 (Ψ1, XΨ1)

]︄
+

+ 1
2ωL

[︂
B

(0)
2 (Ψ1, ξXe), P 0B

(0)
2 (Ψ1, ξΨ1)

]︂
. (5.2.89)

It is easily checked that the P0 part of the second term in (5.2.89) again cancels
O3. As for the identity part, defining the string field

Υ ≡ B
(0)
2

[︂
Ψ1, B

(0)
2 (ξXe, ξΨ1)

]︂
−B

(0)
2

[︂
ξΨ1, B

(0)
2 (ξXe,Ψ1)

]︂
+

+B
(0)
2

[︂
ξΨ1, B

(0)
2 (Xe, ξΨ1)

]︂
, (5.2.90)
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which satisfies ηΥ = 0, so that ωL(Ψ1,Υ) = 0, we can use the generalized super-
Jacobi identity (5.2.85) and cyclicity of the symplectic form to show that

1
2ωL

[︂
B

(0)
2 (Ψ1, ξXe), B(0)

2 (Ψ1, ξΨ1)]
]︂

= − ωS
[︂
X2e,M

(0)
3 (Ψ1,Ψ1,Ψ1)

]︂
+

+ 1
6
{︂
ωL
[︂
B

(0)
2 (Xe, ξΨ1), B(0)

2 (ξΨ1,Ψ1)
]︂

+ ωS
[︂
Xe,B

(0)
3 (XΨ1,Ψ1,Ψ1)

]︂}︂
. (5.2.91)

Substituting back into (5.2.89), we recover the Berkovits-like form (5.2.78).

5.3 Equivalence of the A∞ and Berkovits ob-
structions at third order

Here we show that the third-order obstruction arising from the reduced Berkovits
open superstring field theory (i.e. ξ0Φ = 0) is identical to the one derived in the
A∞ OSFT without stubs. After setting up the stage by reviewing the machinery of
marginal deformations in the Berkovits theory in subsection 5.3.1, we will evaluate
the third-order obstruction against arbitrary test states in 5.3.2, recovering the
Berkovits-like form (5.2.2b) for the obstruction which we derived in the context
of A∞ OSFT in the previous section.

5.3.1 Marginal deformations in Berkovits open
superstring field theory

Expanding the Berkovits action up to quartic order, we obtain

SBer[Φ] = −1
2TrL[ηΦQΦ] + 1

6TrL[ηΦ[Φ, QΦ]]+

− 1
24TrL[ηΦ[Φ, [Φ, QΦ]]] + . . . (5.3.1)

The equation of motion which we obtain by varying this action reads

QηΦ + 1
2[ηΦ, QΦ] + 1

12
(︂
[ηΦ, [QΦ,Φ]] + [Φ, [Φ, QηΦ]]+

+ [QΦ, [Φ, ηΦ]]
)︂

+ . . . = 0 . (5.3.2)

We partially fix gauge as ξ0Φ = 0, meaning that we can write Φ = ξ0Ψ where
Ψ is in picture −1 with η0Ψ = 0. Again, we want to find a continuous family
Ψ(λ) = ∑︁∞

k=1 λ
kΨk of classical solutions with Ψ1 = cV1/2e

−φ. Order by order in
λ, we obtain conditions

0 = QΨ1 , (5.3.3a)

0 = QΨ2 + 1
2[Ψ1, XΨ1] , (5.3.3b)

0 = QΨ3 + 1
2[Ψ1, QξΨ2] + 1

2[Ψ2, XΨ1]+

+ 1
12([Ψ1, [XΨ1, ξΨ1]] + [XΨ1, [ξΨ1,Ψ1]]) . (5.3.3c)

...
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The equation arising at second order in λ is clearly integrable because

Q[Ψ1, XΨ1] = 0 .

A putative solution for Ψ2 then reads

Ψ2 = −1
2
b0

L0
P 0[Ψ1, XΨ1] + ψ2 . (5.3.4)

In order for (5.3.4) to actually solve the equation of motion at O(λ2), we need

QΨ2 = 1
2

(︄
b0

L0
Q− P 0

)︄
P 0[Ψ1, XΨ1] +Qψ2 (5.3.5)

to be equal to −1
2 [Ψ1, XΨ1], that is, we need the second order obstruction

OBer
2 = 1

2P0[Ψ1, XΨ1] +Qψ2 (5.3.6)

to vanish. Analogously to the A∞ case, one can show that the necessary and
sufficient condition for OBer

2 to vanish is P0[Ψ1, XΨ1] = 0 with Qψ2 = 0 (so that
again, we need to take ψ2 to be of the form cV̂1/2e

−φ). Proceeding to the third
order, integrability requires that

1
2Q[Ψ1, QξΨ2] + 1

2Q[Ψ2, XΨ1]+

+ 1
12(Q[Ψ1, [XΨ1, ξΨ1]] +Q[XΨ1, [ξΨ1,Ψ1]]) = 0 . (5.3.7)

Assuming that Ψ2 solves the second order equation of motion, (5.3.7) can be
straightforwardly shown to hold as a consequence of the super-Jacobi identity

2[XΨ1, [Ψ1, XΨ1]] + [Ψ1, [XΨ1, XΨ1]] = 0 . (5.3.8)

A putative solution for Ψ3 then reads

Ψ3 = − b0

L0
P 0

{︃1
2 [Ψ1, QξΨ2] + 1

2 [Ψ2, XΨ1] +

+ 1
12([Ψ1, [XΨ1, ξΨ1]] + [XΨ1, [ξΨ1,Ψ1]])

}︃
+ ψ3 (5.3.9)

and the corresponding obstruction can be readily seen to be equal to10

OBer
3 = P0

{︄
1
4

[︄
Ψ1, Qξ

b0

L0
P 0[Ψ1, XΨ1]

]︄
+ 1

4

[︄
b0

L0
P 0[Ψ1, XΨ1], XΨ1

]︄
+

− 1
12([Ψ1, [XΨ1, ξΨ1]] + [XΨ1, [ξΨ1,Ψ1]])

}︄
−Qψ3 . (5.3.10)

Recalling our discussion of the A∞ case, it is clear that necessary and sufficient
condition for the vanishing of OBer

3 is that

OBer ≡ −TrS[egO
Ber,proj
3 ] = 0 , (5.3.11)

where OBer,proj
3 = P0{. . .} is the projector part of (5.3.10) and eg = cṼ1/2e

−φ.
10Similarly to the A∞ case, we ignore any potential contributions of ψ2 to OBer

3 because in
most cases of interest we will have P0[Ψ1, Xψ2] + P0[ψ2, XΨ1] = 0 by the projector condition
(5.2.8).
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5.3.2 Simplifying the third-order obstruction
Evaluating OBer,proj

3 against all possible test states of the form e = cṼ1/2e
−φ

(again, we drop the lower index ’g’ from e), we have

OBer = −1
4TrS

[︄
[e,XΨ1]

b0

L0
P 0[Ψ1, XΨ1]

]︄
+

− 1
4TrS

[︄
[Ψ1, Xe]

b0

L0
P 0[Ψ1, XΨ1]

]︄
+

+ 1
12TrL [ξe[Ψ1, [XΨ1, ξΨ1]]] +

+ 1
12TrL [ξe[XΨ1, [ξΨ1,Ψ1]]] . (5.3.12)

Finally, to make contact with the A∞ obstruction derived in Section 5.2.2, we can
first use the vanishing of the second-order obstruction (i.e. that P0[Ψ1, XΨ1] = 0)
to establish that

1
4TrS

[︄
[e,XΨ1]

b0

L0
P 0[Ψ1, XΨ1]

]︄
= −1

4TrL [[ξe, ξΨ1][Ψ1, XΨ1]] +

+ 1
4TrS

[︄
[Ψ1, Xe]

b0

L0
P 0[Ψ1, XΨ1]

]︄
(5.3.13)

so that the expression (5.3.12) for OBer can be rewritten as

OBer = −1
2TrS

[︄
[Ψ1, Xe]

b0

L0
P 0[Ψ1, XΨ1]

]︄
+ 1

4TrL [[ξe, ξΨ1][Ψ1, XΨ1]]

+ 1
12TrL[ξe[Ψ1, [XΨ1, ξΨ1]]] + 1

12TrL[ξe[XΨ1, [ξΨ1,Ψ1]]] (5.3.14a)

= −1
2TrS

[︄
[Ψ1, Xe]

b0

L0
P 0[Ψ1, XΨ1]

]︄
+

− 1
6TrL[[Xe, ξΨ1][ξΨ1,Ψ1]] , (5.3.14b)

where, in the second step, we used a super-Jacobi identity. That is

OBer = 1
2ωS

[︄
b2(Ψ1, Xe),

b0

L0
P 0b2(Ψ1, XΨ1)

]︄
+

+ 1
6ωL[b2(Xe, ξΨ1), b2(ξΨ1,Ψ1)] . (5.3.15)

Since (5.3.15) is identical with (5.2.51), we have shown that the third-order ob-
structions arising in the A∞ and Berkovits open superstring field theories are
equal when evaluated against a test state cṼ1/2e

−φ. Note that strictly speaking
this is only true provided that the obstruction at second order in both theories
was already arranged to vanish.

5.4 Evaluation of the obstruction
Here we will present three ways of evaluating the obstruction at third order. Here,
by “evaluating” the obstruction, we will mean deriving an explicit expression for
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O in terms of V1/2 and Ṽ1/2 which would be suitable for practical applications.
The first two methods will rely on the presence of a global N = 2 worldsheet su-
perconformal symmetry for the given background with only ±1 R-charge marginal
fields appearing in the boundary spectrum: in subsection 5.4.1 we will use the
Berkovits-like form (5.2.2b) as our starting point, while in subsection 5.4.2 we
will start from the X2-form (5.2.2a). Both methods will lead to the same result

O = −⟨H̃+
1 |H−

1 ⟩ − ⟨H̃−
1 |H+

1 ⟩ − 1
2⟨H̃0|H0⟩ , (5.4.1)

where the auxilliary fields H±
1 , H0 and H̃±

1 , H̃0 will be defined in terms of V±
1/2 and

Ṽ±
1/2 in (5.4.22) and (5.4.23). Note that no integration over worldsheet moduli

appears in (5.4.1) – the result localised on the boundary of the worldsheet moduli
space. Upon identifying e = Ψ1, the expression (5.4.1) for the obstruction be-
comes proportional to the localized quartic part of the classical effective action, in
accordance with the prediction of [95]. Also, for both methods, we will show that
the final result is unaffected by adding stubs: that is, adding the bosonic 4-string
vertex M

(0)
3 , which inherently comes with integration over a bosonic modulus,

does not seem to spoil the localization property of the third-order obstruction.
Finally, in subsection 5.4.3, we will present a method for evaluating O directly
along the lines of [128] – this will work also for more general setups.

As we have hinted at above, the core of the first two methods will be the recipe
of [34, 95, 116], that is, we will assume that we can decompose the string fields Ψ1
and e into eigenstates of the R-current J of an N = 2 worldsheet superconformal
algebra {T, J,G±} with R-charge ±1. In particular, we will assume that the
theory contains only such NS marginal operators V , which satisfy V = V + +V −,
where V ± carry charge ± under the R-current. Writing V ± = cV±

1/2e
−φ, we have

XV ± = cV±
1 − eφηV±

1/2 , (5.4.2)

where we assume

G±(z)V∓
1
2
(0) = 1

z
V∓

1 (0) + reg. , (5.4.3a)

G±(z)V±
1
2
(0) = reg. (5.4.3b)

While the h = 1
2 matter fields are charged under J , their h = 1 counterparts are

neutral

J0V±
1
2

= ±V±
1
2
, (5.4.4a)

J0V±
1 = 0 . (5.4.4b)

Note that as per our discussion at the end of subsection 5.2.1.1, these assump-
tions hold automatically if we assume that the background at hand conserves
at least two spacetime supercharges with the same chirality in two non-compact
dimensions.

Finally, we note that first two methods for evaluating O will allow also for
slightly more general setups then we described above.11 Namely, we will be

11We would like to thank Luca Mattiello and Ivo Sachs for a useful discussion on this point.
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allowed to assume that the worldsheet theory may contain also NS marginal
fields in the matter sector with charge zero under the localising R-current: while
we will always deform our theory by a subsector of marginal operators which can
be decomposed as V + + V −, the obstruction has to be always computed against
all possible test states. And these we will allow to include also marginal operators
with zero R-charge. That is, we will allow for test states e = e+ + e− + e0, where
e± = cṼ±

1/2e
−φ together with e0 = cṼ0

1/2e
−φ. We then have

G±(z)Ṽ∓
1
2
(0) = 1

z
Ṽ∓

1 (0) + reg. , (5.4.5a)

G(z)Ṽ0
1
2
(0) = 1

z
Ṽ0

1(0) + reg. , (5.4.5b)

G±(z)Ṽ±
1
2
(0) = reg. , (5.4.5c)

where we note that

Ṽ0
1 = G+

− 1
2
Ṽ0

1
2

+G−
− 1

2
Ṽ0

1
2

≡ (Ṽ0
1)+ + (Ṽ0

1)− , (5.4.6)

where (Ṽ0
1)± carry charge ±1 under J . We also have Xe0 = cṼ0

1 − eφηṼ0
1/2.

5.4.1 Localization: Berkovits-like form
We will now show that starting with the Berkovits-like form (5.2.51) of the ob-
struction O = Oprop + O′ and exploiting the virtues of the N = 2 R-charge
decomposition of Ψ1, one can write down an expression for O which does not
contain integration over the worldsheet moduli. We will first show (subsection
5.4.1.1) that the propagator term of the Berkovits-like form decomposes into a
localized part Oloc and a contact part, which will be then shown (subsection
5.4.1.2) to exactly cancel with O′. Finally, in subsection 5.4.1.3 we will evaluate
the OPE in Oloc to derive the result (5.4.1) which is suitable for applications. In
subsection 5.4.1.4, we will shortly discuss that adding stubs, while introducing an
additional term into the Berkovits-like form (see (5.2.78)), it leaves the final re-
sult (5.4.1) unchanged as the appearance of the bosonic 3-product M (0)

3 is exactly
compensated by the associator of M (0)

2 .

5.4.1.1 Propagator term

Focusing on the propagator term of (5.2.51) first, we use the R-charge conserva-
tion and c-ghost saturation to write

Oprop = O±± + O±∓ , (5.4.7)

where we have defined

O±± = 1
2ωS

[︄
b2(Ψ−

1 , XΨ−
1 ), b0

L0
P 0b2(Ψ+

1 , Xe)
]︄

+

+ 1
2ωS

[︄
b2(Ψ+

1 , XΨ+
1 ), b0

L0
P 0b2(Ψ−

1 , Xe)
]︄
, (5.4.8a)
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O±∓ = 1
2ωS

[︄
b2(Ψ−

1 , XΨ+
1 ), b0

L0
P 0b2(Ψ+

1 , Xe)
]︄

+

+ 1
2ωS

[︄
b2(Ψ+

1 , XΨ−
1 ), b0

L0
P 0b2(Ψ−

1 , Xe)
]︄
. (5.4.8b)

Here we have used the fact that Xe± and XΨ±
1 are R-neutral in the above cor-

relators, because the Siegel gauge propagator provides a b-ghost, so that we need
to take the c-ghost parts for all insertions. For the same reason, we have that

ωS

[︄
b2(Ψ±

1 , XΨ1),
b0

L0
P 0b2(Ψ±

1 , Xe)
]︄

= 0 . (5.4.9)

Also, note that any potential R-neutral part e0 of e can never contribute to the
propagator term, because c-ghost saturation tells us that Xe0 carries charge ±1.
We will now remove the propagators by moving the PCO which does not sit on
the test state e onto a Ψ±

1 insertion with R-charge different from the remaining
two. This can be done by first going to the large Hilbert space by placing ξ on
the insertion where we want the PCO to be moved, then writing XΨ±

1 = QξΨ±
1

and finally moving Q onto the insertion with ξ. In particular, starting with O±±,
we get

O±± = + 1
2ωL

[︂
b2(Ψ−

1 , ξΨ−
1 ), P 0b2(ξΨ+

1 , Xe)
]︂

+

+ 1
2ωL

[︂
b2(Ψ+

1 , ξΨ+
1 ), P 0b2(ξΨ−

1 , Xe)
]︂

+

+ 1
2ωS

[︄
b2(Ψ−

1 ,Ψ−
1 ), b0

L0
P 0b2(XΨ+

1 , Xe)
]︄

+

+ 1
2ωS

[︄
b2(Ψ+

1 ,Ψ+
1 ), b0

L0
P 0b2(XΨ−

1 , Xe)
]︄
, (5.4.10)

where the last two terms vanish by the R-charge conservation. We therefore end
up with

O±± = + 1
2ωL

[︂
b2(Ψ−

1 , ξΨ−
1 ), P 0b2(ξΨ+

1 , Xe)
]︂

+

+ 1
2ωL

[︂
b2(Ψ+

1 , ξΨ+
1 ), P 0b2(ξΨ−

1 , Xe)
]︂
. (5.4.11)

Similarly for O±∓
2 , where we get

O±∓ = + 1
2ωS

[︄
b2(XΨ−

1 ,Ψ+
1 ), b0

L0
P 0b2(Ψ+

1 , Xe)
]︄

+

+ 1
2ωS

[︄
b2(XΨ+

1 ,Ψ−
1 ), b0

L0
P 0b2(Ψ−

1 , Xe)
]︄

+ 1
2ωL

[︂
b2(ξΨ−

1 , ξΨ+
1 ), P 0b2(Ψ+

1 , Xe)
]︂

+

+ 1
2ωL

[︂
b2(ξΨ+

1 , ξΨ−
1 ), P 0b2(Ψ−

1 , Xe)
]︂
. (5.4.12)

with the first two terms vanishing by R-charge conservation, that is

O±∓ = + 1
2ωL

[︂
b2(ξΨ−

1 , ξΨ+
1 ), P 0b2(Ψ+

1 , Xe)
]︂

+
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+ 1
2ωL

[︂
b2(ξΨ+

1 , ξΨ−
1 ), P 0b2(Ψ−

1 , Xe)
]︂
. (5.4.13)

Finally, we note that the O′ contribution to (5.2.51) decomposes into the R-charge
eigenstates as

O′ = 1
6

{︄
ωL
[︂
b2(Xe, ξΨ+

1 ), b2(ξΨ−
1 ,Ψ−

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ−

1 ), b2(ξΨ+
1 ,Ψ+

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ−

1 ), b2(ξΨ+
1 ,Ψ−

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ+

1 ), b2(ξΨ−
1 ,Ψ+

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ−

1 ), b2(ξΨ−
1 ,Ψ+

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ+

1 ), b2(ξΨ+
1 ,Ψ−

1 )
]︂ }︄

. (5.4.14)

Again, we note that c-ghost saturation requires that we take the eφη part of Xe.
For e±, the corresponding correlators are generally non-zero because the eφη part
of Xe± carries R-charge ±1. On the other hand the eφη part of Xe0 is always
R-neutral so that it always give zero and can be ignored. Summarizing our results
up to this point, we have shown that O can be written as a sum of localized and
contact terms

O = Oloc + Ocon , (5.4.15)

where

Oloc = − 1
2

{︄
ωL
[︂
b2(Ψ−

1 , ξΨ−
1 ), P0b2(ξΨ+

1 , Xe
+)
]︂

+

+ ωL
[︂
b2(Ψ+

1 , ξΨ+
1 ), P0b2(ξΨ−

1 , Xe
−)
]︂

+ ωL
[︂
b2(ξΨ−

1 , ξΨ+
1 ), P0b2(Ψ+

1 , Xe
−)
]︂

+

+ ωL
[︂
b2(ξΨ+

1 , ξΨ−
1 ), P0b2(Ψ−

1 , Xe
+)
]︂ }︄

, (5.4.16a)

Ocon = 1
6

{︄
ωL
[︂
b2(Xe, ξΨ+

1 ), b2(ξΨ−
1 ,Ψ−

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ−

1 ), b2(ξΨ+
1 ,Ψ+

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ−

1 ), b2(ξΨ+
1 ,Ψ−

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ+

1 ), b2(ξΨ−
1 ,Ψ+

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ−

1 ), b2(ξΨ−
1 ,Ψ+

1 )
]︂

+

+ ωL
[︂
b2(Xe, ξΨ+

1 ), b2(ξΨ+
1 ,Ψ−

1 )
]︂

+

+ 3ωL
[︂
b2(Ψ−

1 , ξΨ−
1 ), b2(ξΨ+

1 , Xe)
]︂

+

+ 3ωL
[︂
b2(Ψ+

1 , ξΨ+
1 ), b2(ξΨ−

1 , Xe)
]︂
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+ 3ωL
[︂
b2(ξΨ−

1 , ξΨ+
1 ), b2(Ψ+

1 , Xe)
]︂

+

+ 3ωL
[︂
b2(ξΨ+

1 , ξΨ−
1 ), b2(Ψ−

1 , Xe)
]︂ }︄

. (5.4.16b)

We will now show that Ocon = 0 while Oloc is generally non-zero. Requiring
that Oloc (and therefore the whole obstruction) vanishes will yield a non-trivial
constraint on V 1

2
.

5.4.1.2 Cancellation of contact terms

Let us first use cyclicity to absorb all terms shown in (5.4.16b) inside one sim-
plectic form taken against Xe. We obtain

Ocon = ωL(Xe, Y + + Y −) , (5.4.17)

where we define

Y ± = −1
6

{︄
b2
[︂
ξΨ∓

1 , b2(ξΨ±
1 ,Ψ±

1 )
]︂

+ b2
[︂
ξΨ±

1 , b2(ξΨ∓
1 ,Ψ±

1 )
]︂

+

+ b2
[︂
ξΨ±

1 , b2(ξΨ±
1 ,Ψ∓

1 )
]︂

− 3b2
[︂
ξΨ∓

1 , b2(Ψ±
1 , ξΨ±

1 )
]︂

+

+ 3b2
[︂
Ψ±

1 , b2(ξΨ∓
1 , ξΨ±

1 )
]︂ }︄

. (5.4.18)

Let us now show that ηY ± = 0. We have

ηY ± = 1
6

{︄
b2
[︂
Ψ∓

1 , b2(ξΨ±
1 ,Ψ±

1 )
]︂

+ b2
[︂
Ψ±

1 , b2(ξΨ∓
1 ,Ψ±

1 )
]︂

+

+ b2
[︂
Ψ±

1 , b2(ξΨ±
1 ,Ψ∓

1 )
]︂

− 3b2
[︂
Ψ∓

1 , b2(Ψ±
1 , ξΨ±

1 )
]︂

+

− 3b2
[︂
Ψ±

1 , b2(Ψ∓
1 , ξΨ±

1 )
]︂

+ b2
[︂
ξΨ∓

1 , b2(Ψ±
1 ,Ψ±

1 )
]︂

+ b2
[︂
ξΨ±

1 , b2(Ψ∓
1 ,Ψ±

1 )
]︂

+

+ b2
[︂
ξΨ±

1 , b2(Ψ±
1 ,Ψ∓

1 )
]︂

− 3b2
[︂
ξΨ∓

1 , b2(Ψ±
1 ,Ψ±

1 )
]︂

+

+ 3b2
[︂
Ψ±

1 , b2(ξΨ∓
1 ,Ψ±

1 )
]︂ }︄

= − 1
3

{︄
b2
[︂
Ψ∓

1 , b2(Ψ±
1 , ξΨ±

1 )
]︂

+ b2
[︂
Ψ±

1 , b2(ξΨ±
1 ,Ψ∓

1 )
]︂

+

− b2
[︂
ξΨ±

1 , b2(Ψ∓
1 ,Ψ±

1 )
]︂

+ b2
[︂
ξΨ∓

1 , b2(Ψ±
1 ,Ψ±

1 )
]︂

+

− 2b2
[︂
Ψ±

1 , b2(ξΨ∓
1 ,Ψ±

1 )
]︂ }︄

,

where the last equality is easily seen to vanish due to the super-Jacobi identity.
It follows that ωL(Xe, Y ±) = 0 and therefore Ocon = 0.
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5.4.1.3 Evaluation of localized terms

Let us finally evaluate the localized terms. For our convenience, we will do so in
the large Hilbert space. We have

Oloc = − 1
2

{︄
ωL
[︂
b2(Ψ+

1 , Xe
−) − b2(Ψ−

1 , Xe
+), P0b2(ξΨ−

1 , ξΨ+
1 )
]︂

+ ωL
[︂
b2(ξΨ−

1 ,Ψ−
1 ), P0b2(ξΨ+

1 , Xe
+)
]︂

+

+ ωL
[︂
b2(ξΨ+

1 ,Ψ+
1 ), P0b2(ξΨ−

1 , Xe
−)
]︂ }︄

. (5.4.20)

It is then straightforward to compute that

P0b2(ξΨ−
1 , ξΨ+

1 ) = −ξ∂ξc∂cH0e
−2φ , (5.4.21a)

P0[b2(Ψ+
1 , Xe

−) − b2(Ψ−
1 , Xe

+)] = ηc H̃0 + . . . , (5.4.21b)
P0b2(ξΨ±

1 ,Ψ±
1 ) = −2ξc∂cH±

1 e
−2φ , (5.4.21c)

P0b2(ξΨ±
1 , Xe

±) = c H̃±
1 + . . . , (5.4.21d)

where we have denoted

lim
z→0

[︃
V±

1
2
(z)V±

1
2
(−z)

]︃
= H±

1 , (5.4.22a)

lim
z→0

[︃
2z
(︃
V−

1
2
(z)V+

1
2
(−z) − V+

1
2
(z)V−

1
2
(−z)

)︃]︃
= H0 , (5.4.22b)

and

lim
z→0

[︃
V±

1
2
(z)Ṽ±

1
2
(−z) + Ṽ±

1
2
(z)V±

1
2
(−z)

]︃
= H̃±

1 , (5.4.23a)

lim
z→0

[︃
2z
(︃
V−

1
2
(z)Ṽ+

1
2
(−z)−Ṽ+

1
2
(z)V−

1
2
(−z)+

−V+
1
2
(z)Ṽ−

1
2
(−z)+Ṽ−

1
2
(z)V+

1
2
(−z)

)︃]︃
= H̃0 . (5.4.23b)

Using (5.C.10) we finally obtain

O = Oloc = −⟨H̃+
1 |H−

1 ⟩ − ⟨H̃−
1 |H+

1 ⟩ − 1
2⟨H̃0|H0⟩ . (5.4.24)

Note that the overlaps in (5.4.24) may potentially include a Chan-Paton trace.
As the test state e can be chosen arbitrarily, (5.4.24) makes it clear that the
necessary and sufficient conditions for the third-order obstruction to vanish are

H±
1 = 0 , (5.4.25a)

H0 = 0 . (5.4.25b)

These are what [95] call the generalized ADHM equations. At the same time,
they should be viewed as only necessary conditions in order for the deformation
to be exactly marginal to all orders as one cannot exclude possible corrections
potentially arising at higher orders in the deformation parameter. Also note that
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setting e = Ψ1, we have H̃±
1 = 2H±

1 and H̃0 = 2H0 so that the obstruction
becomes proportional to the localized quartic effective action of [95, 116]

O
⃓⃓⃓
e=Ψ1

= −4
(︃

⟨H+
1 |H−

1 ⟩ + 1
4⟨H0|H0⟩

)︃
= −4S(4)

eff . (5.4.26)

This serves as a check of consistency of our manipulations, as we have shown that
the relation (5.2.38), which we have noted at the beginning (and which is origi-
nally due to [95]), continued to hold throughout our analysis. Ref. [116] also notes
that the generalized ADHM equations H±

1 = H0 = 0 are the flatness conditions
for the quartic effective potential (as it is clear from the form of (5.4.26)). While
it is clear from (5.4.26) that any marginal deformation which has vanishing third-
order obstruction has to give rise to a flat direction of S(4)

eff (this was noted already
by [95]), we observe that our analysis therefore also shows that provided that the
third-order obstruction is given by the expression (5.4.24) (that is, provided that
the worldsheet theory admits an extended global N = 2 superconformal algebra
with all marginal operators carrying R-charge ±1), then any flat direction of the
quartic effective action gives rise to a marginal deformation which is exact up to
third order in λ. This is a non-trivial result because vanishing of the obstructions
to exact marginality against all possible test states could in principle be more
restrictive than flatness of the effective potential.

5.4.1.4 Adding stubs

In the case with stubs, the computation goes along similar lines as in the case
without stubs (replacing b2 by B0

2), except for the fact that there is the additional
fundamental 4-vertex term

Ofund = 1
6ωS

[︂
Xe,B

(0)
3 (XΨ1,Ψ1,Ψ1)

]︂
. (5.4.27)

We also have to use the generalized super-Jacobi identity (5.2.83) when manip-
ulating the identity part of the P 0 terms picked when moving one of the PCOs
during the localization procedure. We will now show that these two modifications
exactly compensate each other. Let us therefore write

O = Oloc + Ocon + Ofund . (5.4.28)

For Oloc we again obtain

Oloc = − 1
2

{︄
ωL
[︂
B

(0)
2 (Ψ+

1 , Xe
−) −B

(0)
2 (Ψ−

1 , Xe
+), P0B

(0)
2 (ξΨ−

1 , ξΨ+
1 )
]︂

+ ωL
[︂
B

(0)
2 (ξΨ−

1 ,Ψ−
1 ), P0B

(0)
2 (ξΨ+

1 , Xe
+)
]︂

+

+ ωL
[︂
B

(0)
2 (ξΨ+

1 ,Ψ+
1 ), P0B

(0)
2 (ξΨ−

1 , Xe
−)
]︂ }︄

, (5.4.29)

which evaluates to the same expression (5.4.24) as we have found in the case
without stubs. For Ocon, we obtain

Ocon = ωL(Xe, Y + + Y −) , (5.4.30)
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where

Y ± = −1
6

{︄
B

(0)
2

[︂
ξΨ∓

1 , B
(0)
2 (ξΨ±

1 ,Ψ±
1 )
]︂

+B
(0)
2

[︂
ξΨ±

1 , B
(0)
2 (ξΨ∓

1 ,Ψ±
1 )
]︂

+

+B
(0)
2

[︂
ξΨ±

1 , B
(0)
2 (ξΨ±

1 ,Ψ∓
1 )
]︂

+

− 3B(0)
2

[︂
ξΨ∓

1 , B
(0)
2 (Ψ±

1 , ξΨ±
1 )
]︂

+ 3B(0)
2

[︂
Ψ±

1 , B
(0)
2 (ξΨ∓

1 , ξΨ±
1 )
]︂ }︄

. (5.4.31)

This time, however, we obtain a non-zero answer when acting with η on Y + +Y −,
because B(0)

2 does not associate. In fact, we have

ηY ± = − 1
3

{︄
ηQξB

(0)
3 (Ψ∓

1 ,Ψ±
1 , ξΨ±

1 ) − ηQξB
(0)
3 (ξΨ∓

1 ,Ψ±
1 ,Ψ±

1 )

− ηξB
(0)
3 (Ψ∓

1 ,Ψ±
1 , XΨ±

1 ) + ηξB
(0)
3 (XΨ∓

1 ,Ψ±
1 ,Ψ±

1 )
}︄
, (5.4.32a)

≡ ηD± (5.4.32b)

where we have used the generalized super-Jacobi identity (5.2.83) and also in-
serted 1 = ηξ0 + ξ0η to write the result as manifestly η-exact with

D± = −1
3

{︄
QξB

(0)
3 (Ψ∓

1 ,Ψ±
1 , ξΨ±

1 ) −QξB
(0)
3 (ξΨ∓

1 ,Ψ±
1 ,Ψ±

1 )

− ξB
(0)
3 (Ψ∓

1 ,Ψ±
1 , XΨ±

1 ) + ξB
(0)
3 (XΨ∓

1 ,Ψ±
1 ,Ψ±

1 )
}︄
. (5.4.33)

That is, the difference between Y ± and D± will necessarily lie in the small Hilbert
space so that we can replace Y ± with D± inside (5.4.30). This means that we
can write

Ocon = − 1
3

{︄
ωS
[︂
Xe,B

(0)
3 (Ψ+

1 ,Ψ−
1 , XΨ−

1 )
]︂

+

− ωS
[︂
Xe,B

(0)
3 (XΨ+

1 ,Ψ−
1 ,Ψ−

1 )
]︂

+

+ ωS
[︂
Xe,B

(0)
3 (Ψ−

1 ,Ψ+
1 , XΨ+

1 )
]︂

+

− ωS
[︂
Xe,B

(0)
3 (XΨ−

1 ,Ψ+
1 ,Ψ+

1 )
]︂ }︄

. (5.4.34)

Here we note that B(0)
3 provides a b-ghost, so that the c-ghost part of Xe and

XΨ±
1 is selected. However, recalling that the c-ghost part of Xe and XΨ1 is

R-neutral, we conclude that the second and the fourth term in (5.4.34) are zero
by R-charge conservation. Using the symmetry of the B(0)

3 product, we therefore
end up with

Ocon = −1
3ωS

[︂
Xe,B

(0)
3 (XΨ−

1 ,Ψ+
1 ,Ψ−

1 )
]︂

+

− 1
3ωS

[︂
Xe,B

(0)
3 (XΨ+

1 ,Ψ−
1 ,Ψ+

1 )
]︂
. (5.4.35)

199



However, decomposing the fundamental bosonic 4-vertex term Ofund into R-
charge eigenstates, we obtain

Ofund = + 1
6ωS

[︂
Xe,B

(0)
3 (XΨ+

1 ,Ψ+
1 ,Ψ−

1 )
]︂

+

+ 1
6ωS

[︂
Xe,B

(0)
3 (XΨ+

1 ,Ψ−
1 ,Ψ+

1 )
]︂

+

+ 1
6ωS

[︂
Xe,B

(0)
3 (XΨ−

1 ,Ψ+
1 ,Ψ−

1 )
]︂

+

+ 1
6ωS

[︂
Xe,B

(0)
3 (XΨ−

1 ,Ψ−
1 ,Ψ+

1 )
]︂

= + 1
3ωS

[︂
Xe,B

(0)
3 (XΨ+

1 ,Ψ−
1 ,Ψ+

1 )
]︂

+

+ 1
3ωS

[︂
Xe,B

(0)
3 (XΨ−

1 ,Ψ+
1 ,Ψ−

1 )
]︂
, (5.4.36)

where in the last step we have again made us of the symmetry of B(0)
3 . We there-

fore obtain that Ocon + Ofund = 0. Altogether, we conclude that the obstruction
is again given by (5.4.24).

5.4.2 Localization: X2 form
Here we will localize the obstruction starting from the X2 form (5.2.39) (see
also [140]). Below (subsection 5.4.2.1) we also show what changes need to be
made when working with stubs. It is clear that the only terms in X2e which will
contribute into the obstruction are those containing a single c ghost insertion. It
is straightforward to show that these are precisely

X2e = 1
2c∂

2(eφṼ 1
2
) − 1

2(∂2c)eφṼ 1
2

+ c : ∂ξη : eφṼ 1
2
+

+ ceφ : GṼ1 : −1
2ce

φ∂2Ṽ 1
2

+ . . . (5.4.37)

It is therefore clear that we can write X2e = (X2e)+ + (X2e)−, where the two
states

(X2e)± = 1
2c∂

2(eφṼ±
1
2
) − 1

2(∂2c)eφṼ±
1
2

+ c : ∂ξη : eφṼ±
1
2
+

+ ceφ : G±Ṽ1 : −1
2ce

φ∂2Ṽ±
1
2

(5.4.38)

carry charge ±1 under the localising R-current. This means that the X2 propa-
gator term in (5.2.39) can be rewritten as

−ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ+

1 ,Ψ+
1 ),Ψ−

1

]︄]︄
−ωS

[︄
X2e,m2

[︄
Ψ+

1 ,
b0

L0
P 0m2(Ψ+

1 ,Ψ−
1 )
]︄]︄

−ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ+

1 ,Ψ−
1 ),Ψ+

1

]︄]︄
−ωS

[︄
X2e,m2

[︄
Ψ+

1 ,
b0

L0
P 0m2(Ψ−

1 ,Ψ+
1 )
]︄]︄

−ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ−

1 ,Ψ+
1 ),Ψ+

1

]︄]︄
−ωS

[︄
X2e,m2

[︄
Ψ−

1 ,
b0

L0
P 0m2(Ψ+

1 ,Ψ+
1 )
]︄]︄

−ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ−

1 ,Ψ−
1 ),Ψ+

1

]︄]︄
−ωS

[︄
X2e,m2

[︄
Ψ−

1 ,
b0

L0
P 0m2(Ψ−

1 ,Ψ+
1 )
]︄]︄
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−ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ−

1 ,Ψ+
1 ),Ψ−

1

]︄]︄
−ωS

[︄
X2e,m2

[︄
Ψ−

1 ,
b0

L0
P 0m2(Ψ+

1 ,Ψ−
1 )
]︄]︄

−ωS
[︄
X2e,m2

[︄
b0

L0
P 0m2(Ψ+

1 ,Ψ−
1 ),Ψ−

1

]︄]︄
−ωS

[︄
X2e,m2

[︄
Ψ+

1 ,
b0

L0
P 0m2(Ψ−

1 ,Ψ−
1 )
]︄]︄

In each of the above terms, we will now move one of the PCOs from the test state
on the insertion with opposite R-charge than the remaining two. That is, we will
first go to the large Hilbert space by placing ξ on the insertion where we want to
move the PCO, then write X2e = QξXe and finally move Q onto the insertion
with ξ. We obtain

+ωL
[︂
ξXe,m2

[︂
P 0m2(Ψ+

1 ,Ψ
+
1 ), ξΨ−

1

]︂]︂
+ωL

[︂
ξXe,m2

[︂
Ψ+

1 , P 0m2(Ψ+
1 , ξΨ

−
1 )
]︂]︂

+ωL
[︂
ξXe,m2

[︂
P 0m2(Ψ+

1 , ξΨ
−
1 ),Ψ+

1

]︂]︂
+ωL

[︂
ξXe,m2

[︂
Ψ+

1 , P 0m2(ξΨ−
1 ,Ψ

+
1 )
]︂]︂

+ωL
[︂
ξXe,m2

[︂
P 0m2(ξΨ−

1 ,Ψ
+
1 ),Ψ+

1

]︂]︂
−ωL

[︂
ξXe,m2

[︂
ξΨ−

1 , P 0m2(Ψ+
1 ,Ψ

+
1 )
]︂]︂

+ωL
[︂
ξXe,m2

[︂
P 0m2(Ψ−

1 ,Ψ
−
1 ), ξΨ+

1

]︂]︂
+ωL

[︂
ξXe,m2

[︂
Ψ−

1 , P 0m2(Ψ−
1 , ξΨ

+
1 )
]︂]︂

+ωL
[︂
ξXe,m2

[︂
P 0m2(Ψ−

1 , ξΨ
+
1 ),Ψ−

1

]︂]︂
+ωL

[︂
ξXe,m2

[︂
Ψ−

1 , P 0m2(ξΨ+
1 ,Ψ

−
1 )
]︂]︂

+ωL
[︂
ξXe,m2

[︂
P 0m2(ξΨ+

1 ,Ψ
−
1 ),Ψ−

1

]︂]︂
−ωL

[︂
ξXe,m2

[︂
ξΨ+

1 , P 0m2(Ψ−
1 ,Ψ

−
1 )
]︂]︂

+ωL
[︃
ξXe,m2

[︃
b0
L0
P 0m2(Ψ+

1 ,Ψ
+
1 ), XΨ−

1

]︃]︃
+ωL

[︃
ξXe,m2

[︃
Ψ+

1 ,
b0
L0
P 0m2(Ψ+

1 , XΨ−
1 )
]︃]︃

+ωL
[︃
ξXe,m2

[︃
b0
L0
P 0m2(Ψ+

1 , XΨ−
1 ),Ψ+

1

]︃]︃
+ωL

[︃
ξXe,m2

[︃
Ψ+

1 ,
b0
L0
P 0m2(XΨ−

1 ,Ψ
+
1 )
]︃]︃

+ωL
[︃
ξXe,m2

[︃
b0
L0
P 0m2(XΨ−

1 ,Ψ
+
1 ),Ψ+

1

]︃]︃
+ωL

[︃
ξXe,m2

[︃
XΨ−

1 ,
b0
L0
P 0m2(Ψ+

1 ,Ψ
+
1 )
]︃]︃

+ωL
[︃
ξXe,m2

[︃
b0
L0
P 0m2(Ψ−

1 ,Ψ
−
1 ), XΨ+

1

]︃]︃
+ωL

[︃
ξXe,m2

[︃
Ψ−

1 ,
b0
L0
P 0m2(Ψ−

1 , XΨ+
1 )
]︃]︃

+ωL
[︃
ξXe,m2

[︃
b0
L0
P 0m2(Ψ−

1 , XΨ+
1 ),Ψ−

1

]︃]︃
+ωL

[︃
ξXe,m2

[︃
Ψ−

1 ,
b0
L0
P 0m2(XΨ+

1 ,Ψ
−
1 )
]︃]︃

+ωL
[︃
ξXe,m2

[︃
b0
L0
P 0m2(XΨ+

1 ,Ψ
−
1 ),Ψ−

1

]︃]︃
+ωL

[︃
ξXe,m2

[︃
XΨ+

1 ,
b0
L0
P 0m2(Ψ−

1 ,Ψ
−
1 )
]︃]︃

(5.4.39)

We note that all propagator terms now vanish due to R-charge conservation (we
are forced to take the c-ghost part in both Xe and XΨ±

1 , which is R-neutral) and
the identity parts of the P 0 = 1 −P0 terms cancel by associativity of m2. We are
therefore left with

− ωL
[︂
P0m2(Ψ+

1 ,Ψ+
1 ),m2(ξΨ−

1 , ξXe
−)
]︂

+ ωL
[︂
P0m2(Ψ+

1 , ξΨ−
1 ),m2(ξXe−,Ψ+

1 )
]︂

+ ωL
[︂
P0m2(Ψ+

1 , ξΨ−
1 ),m2(Ψ+

1 , ξXe
−)
]︂

+ ωL
[︂
P0m2(ξΨ−

1 ,Ψ+
1 ),m2(ξXe−,Ψ+

1 )
]︂

+ ωL
[︂
P0m2(ξΨ−

1 ,Ψ+
1 ),m2(Ψ+

1 , ξXe
−)
]︂

+ ωL
[︂
P0m2(Ψ+

1 ,Ψ+
1 ),m2(ξXe−, ξΨ−

1 )
]︂

− ωL
[︂
P0m2(Ψ−

1 ,Ψ−
1 ),m2(ξΨ+

1 , ξXe
+)
]︂

+ ωL
[︂
P0m2(Ψ−

1 , ξΨ+
1 ),m2(ξXe+,Ψ−

1 )
]︂

+ ωL
[︂
P0m2(Ψ−

1 , ξΨ+
1 ),m2(Ψ−

1 , ξXe
+)
]︂

+ ωL
[︂
P0m2(ξΨ+

1 ,Ψ−
1 ),m2(ξXe+,Ψ−

1 )
]︂

+ ωL
[︂
P0m2(ξΨ+

1 ,Ψ−
1 ),m2(Ψ−

1 , ξXe
+)
]︂

+ ωL
[︂
P0m2(Ψ−

1 ,Ψ−
1 ),m2(ξXe+, ξΨ+

1 )
]︂
,

which can be rewritten in terms of the b2 product as

− 1
2ωL

[︂
b2(ξΨ−

1 , ξXe
−), P0b2(Ψ+

1 ,Ψ+
1 )
]︂

− ωL
[︂
b2(Ψ+

1 , ξXe
−), P0b2(Ψ+

1 , ξΨ−
1 )
]︂
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− 1
2ωL

[︂
b2(ξΨ+

1 , ξXe
+), P0b2(Ψ−

1 ,Ψ−
1 )
]︂

− ωL
[︂
b2(Ψ−

1 , ξXe
+), P0b2(Ψ−

1 , ξΨ+
1 )
]︂
.

(5.4.40)

We are now ready to evaluate the obstruction. We will treat all insertions as if
they were primary, because contributions coming from the anomalous transfor-
mation properties can be shown to exactly cancel with O3 (see [140] for details).
It can then be shown that

P0b2(Ψ±
1 ,Ψ±

1 ) = +2c∂cH±
1 e

−2φ , (5.4.41a)
P0b2(Ψ±

1 , ξΨ∓
1 ) = −ξc∂cH1e

−2φ ∓ (1/2)∂ξc∂cH0e
−2φ (5.4.41b)

where the auxiliary fields H±
1 , H0 are as in (5.4.22) and we define

lim
z→0

[V−
1
2
(z)V+

1
2
(−z) + V+

1
2
(z)V−

1
2
(−z)] = H1 . (5.4.42a)

Keeping only the contributions containing exactly one c-ghost and neglecting
anomalous terms in the OPEs, we further have

−P0b2(Ψ+
1 , ξXe

−) + P0b2(Ψ−
1 , ξXe

+) = c :ξη : H̃0 , (5.4.43a)
P0b2(ξΨ±

1 , ξXe
±) = ξcH̃±

1 , (5.4.43b)

where the test-state auxiliary fields H̃±
1 , H̃0 are as in (5.4.23). Using these results,

it is then straightforward to establish that we recover expression (5.4.24), that is

O = −⟨H̃+
1 |H−

1 ⟩ − ⟨H̃−
1 |H+

1 ⟩ − 1
2⟨H̃0|H0⟩ . (5.4.44)

5.4.2.1 Adding stubs

Two modifications of the above procedure are needed when working with stubs.
First, as opposed to the case without stubs, the following terms in (5.4.39)

+ ωL
[︂
ξXe−,M

(0)
2

[︂
M

(0)
2 (Ψ+

1 ,Ψ+
1 ), ξΨ−

1

]︂]︂
+ωL

[︂
ξXe−,M

(0)
2

[︂
Ψ+

1 ,M
(0)
2 (Ψ+

1 , ξΨ−
1 )
]︂]︂

+ ωL
[︂
ξXe−,M

(0)
2

[︂
M

(0)
2 (Ψ+

1 , ξΨ−
1 ),Ψ+

1

]︂]︂
+ωL

[︂
ξXe−,M

(0)
2

[︂
Ψ+

1 ,M
(0)
2 (ξΨ−

1 ,Ψ+
1 )
]︂]︂

+ ωL
[︂
ξXe−,M

(0)
2

[︂
M

(0)
2 (ξΨ−

1 ,Ψ+
1 ),Ψ+

1

]︂]︂
−ωL

[︂
ξXe−,M

(0)
2

[︂
ξΨ−

1 ,M
(0)
2 (Ψ+

1 ,Ψ+
1 )
]︂]︂

+ ωL
[︂
ξXe+,M

(0)
2

[︂
M

(0)
2 (Ψ−

1 ,Ψ−
1 ), ξΨ+

1

]︂]︂
+ωL

[︂
ξXe+,M

(0)
2

[︂
Ψ−

1 ,M
(0)
2 (Ψ−

1 , ξΨ+
1 )
]︂]︂

+ ωL
[︂
ξXe+,M

(0)
2

[︂
M

(0)
2 (Ψ−

1 , ξΨ+
1 ), V −

]︂]︂
+ωL

[︂
ξXe+,M

(0)
2

[︂
Ψ−

1 ,M
(0)
2 (ξΨ+

1 ,Ψ−
1 )
]︂]︂

+ ωL
[︂
ξXe+,M

(0)
2

[︂
M

(0)
2 (ξΨ+

1 ,Ψ−
1 ),Ψ−

1

]︂]︂
−ωL

[︂
ξXe+,M

(0)
2

[︂
ξΨ+

1 ,M
(0)
2 (Ψ−

1 ,Ψ−
1 )
]︂]︂

which arise when moving one of the PCOs in the propagator term, do not vanish,
because the product M (0)

2 does not associate. Instead, using the A∞ relation
[Q,M (0)

3 ] + 1
2 [M (0)

2 ,M
(0)
2 ] = 0, these yield

− ωS
[︂
X2e−,M

(0)
3 (Ψ+

1 ,Ψ+
1 ,Ψ−

1 )
]︂

+ ωS
[︂
Xe−,M

(0)
3 (Ψ+

1 ,Ψ+
1 , XΨ−

1 )
]︂

− ωS
[︂
X2e−,M

(0)
3 (Ψ+

1 ,Ψ−
1 ,Ψ+

1 )
]︂

+ ωS
[︂
Xe−,M

(0)
3 (Ψ+

1 , XΨ−
1 ,Ψ+

1 )
]︂

− ωS
[︂
X2e−,M

(0)
3 (Ψ−

1 ,Ψ+
1 ,Ψ+

1 )
]︂

+ ωS
[︂
Xe−,M

(0)
3 (XΨ−

1 ,Ψ+
1 ,Ψ+

1 )
]︂
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− ωS
[︂
X2e+,M

(0)
3 (Ψ−

1 ,Ψ−
1 ,Ψ+

1 )
]︂

+ ωS
[︂
Xe+,M

(0)
3 (Ψ−

1 ,Ψ−
1 , XΨ+

1 )
]︂

− ωS
[︂
X2e+,M

(0)
3 (Ψ−

1 ,Ψ+
1 ,Ψ−

1 )
]︂

+ ωS
[︂
Xe+,M

(0)
3 (Ψ−

1 , XΨ+
1 ,Ψ−

1 )
]︂

− ωS
[︂
X2e+,M

(0)
3 (Ψ+

1 ,Ψ−
1 ,Ψ−

1 )
]︂

+ ωS
[︂
Xe+,M

(0)
3 (XΨ+

1 ,Ψ−
1 ,Ψ−

1 )
]︂
. (5.4.45)

Note that M (0)
3 provides a b-ghost so that we are forced to take c-ghost terms

in X2e±, Xe± and also XΨ±
1 . Since the c-ghost terms in Xe± and XΨ±

1 are
R-neutral, the corresponding terms (second column of (5.4.45)) will vanish by
R-charge conservation. Also, recall that the c-ghost terms in X2e± carry R-
charge ±1 so that these will not in general vanish. This is, however, where the
second modification comes into play: remember that the X2 form of O with stubs
contains, compared to the case without stubs, the term

ω2
[︂
X2e,M

(0)
3 (Ψ1,Ψ1,Ψ1)

]︂
, (5.4.46)

which, after the R-charge decomposition, precisely cancels with the X2 terms in
(5.4.45). As the rest of the computation goes unchanged, we recover the result
(5.4.44).

5.4.3 Direct evaluation
Here we will use the strategy of [128] to evaluate the Berkovits-like form (5.2.51) of
the obstruction. While this will not put as strict requirements on the background
as in the case of the previous two methods which were based on the N = 2 R-
charge decomposition technique, we will not be able to express the obstruction as
explicitly as we were able to in subsections 5.4.1 and 5.4.2. We will first deal with
the propagator term Oprop in subsection Let us define a ≡

√
2 − 1. We will not

consider stubs in this section. Proceeding along the lines of [128], we can show
that by introducing Schwinger parametrization for the Siegel-gauge propagator,
it is possible to express Oprop as

Oprop = −1
2

∫︂ ∞

0
dt
⟨︂
(cV 1

2
e−φ(−a−1)cṼ1(+a−1) + cṼ1(−a−1)cV 1

2
e−φ(+a−1))×

× b0e
−tL0(cV 1

2
e−φ(+a)cV1(−a) + cV1(+a)cV 1

2
e−φ(−a))

⟩︂
S

(5.4.47a)

= −1
2

∫︂ ∞

0
dt
⟨︂
c(−a−1)c(+a−1)b0c(e−ta)c(−e−ta)

⟩︂
S
×

×
⟨︂
(V 1

2
e−φ(−a−1)Ṽ1(+a−1) + Ṽ1(−a−1)V 1

2
e−φ(+a−1))×

× (V 1
2
e−φ(+e−ta)V1(−e−ta) + V1(+e−ta)V 1

2
e−φ(−e−ta))

⟩︂
S
.

(5.4.47b)

Using the result⟨︂
c(−a−1)c(+a−1)b0c(e−ta)c(−e−ta)

⟩︂
= −4e−t(a2e−2t − a−2) , (5.4.48)

we eventually obtain

Oprop = 2
∫︂ ∞

0
dt e−t(a2e−2t − a−2)×
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×
[︂

+ (a−1 + ae−t)−1
⟨︂
V 1

2
(−a−1)Ṽ1(+a−1)V 1

2
(+e−ta)V1(−e−ta)

⟩︂
+

− (a−1 − ae−t)−1
⟨︂
Ṽ1(−a−1)V 1

2
(+a−1)V 1

2
(+e−ta)V1(−e−ta)

⟩︂
+

+ (a−1 − ae−t)−1
⟨︂
V 1

2
(−a−1)Ṽ1(+a−1)V1(+e−ta)V 1

2
(−e−ta)

⟩︂
+

− (a−1 + ae−t)−1
⟨︂
Ṽ1(−a−1)V 1

2
(+a−1)V1(+e−ta)V 1

2
(−e−ta)

⟩︂]︂
. (5.4.49)

For the contact term, we obtain

O′ = −1
6
⟨︂
(ηeφṼ 1

2
(−a−1)ξcV 1

2
e−φ(+a−1) − ξcV 1

2
e−φ(−a−1)ηeφṼ 1

2
(+a−1))×

× (ξcV 1
2
e−φ(+a)cV 1

2
e−φ(−a) − cV 1

2
e−φ(a)ξcV 1

2
e−φ(−a))

⟩︂
L

(5.4.50a)

= +2
⟨︂
Ṽ 1

2
(−a−1)V 1

2
(+a−1)V 1

2
(+a)V 1

2
(−a)

⟩︂
+

+ 2
⟨︂
V 1

2
(−a−1)Ṽ 1

2
(+a−1)V 1

2
(+a)V 1

2
(−a)

⟩︂
. (5.4.50b)

5.5 Examples
In this section we present a number of examples demonstrating the utility of the
generalized ADHM equations H±

1 = H0 = 0 in deriving algebraic constraints on
moduli of various brane configurations. These will include the D(−1)/D3 brane
system both in flat space (subsection 5.5.1) and sitting at an orbifold singularity
(subsection 5.5.2), as well as a couple of more complicated brane configurations,
some of which were discussed previously by [185, 186, 190] (subsection 5.5.3). In
the case of the simple D(−1)/D3 brane system, we will explicitly verify validity of
the localization technique by obtaining identical results using the direct evaluation
method as outlined in subsection 5.4.3.

5.5.1 N = 4 SYM instantons
We will now apply our results on the system of superposed k D(−1) branes and
N euclidean D3 branes which was in this context discussed by [179, 180, 191, 192]
and others and, most recently, by [95, 116, 140]. We will complexify our target

Table 5.1: N = 4 SYM instantons.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X0

D(−1) • • • • • • • • • •

D3 × × × × • • • • • •

coordinates as Xr± = (X2r−1 ± iX2r)/
√

2, where r = 1, . . . , 5. The stack of D3
branes will be taken to span the complex coordinates X1±, X2± (see Table 5.1).
These we may take to be toroidally compactified without changing the content
of the discussion below. Such brane configuration preserves in total 8 spacetime
supercharges, which give rise to N = (1, 0) supersymmetry in the six dimensions
X5, X6, X7, X8, X9, X0 (that is N = 2 in 4d and N = (4, 4) in 2d). Based on
our discussion at the end of subsection 5.2.1.1, we therefore expect to be able to
extend the N = 1 worldsheet superconformal algebra to an N = 2 SCA with
R-current J with respect to which will all boundary marginal fields carry charges
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±1. Focusing on the marginal operators along the Dirichlet-Neumann directions
X1, X2, X3, X4, we will take

V 1
2

≡
(︄
Aµψ

µ wα∆Sα
w̄α∆̄Sα aµψ

µ

)︄
, Ṽ 1

2
≡
(︄
Bµψ

µ vα∆Sα
v̄α∆̄Sα bµψ

µ

)︄
. (5.5.1)

The Chan-Paton sectors explicitly displayed in (5.5.1) therefore describe the
strings localized on the D3 branes (upper-left corner), strings localized on the
D(−1) branes (lower-right corner) and the strings stretched between the two
brane stacks. Moreover, each of the four entries in (5.5.1) is itself a matrix as we
assume that the stacks of the two kinds of branes may consist of multiple branes.
The µ = 1, . . . , 4 indices therefore run over the four (euclidean) D3 directions, ψµ
are the h = 1/2 worldsheet fermions and, A are N ×N matrix-valued SO(4) vec-
tors, aµ are k×k matrix-valued SO(4) vectors, wα are N×k matrix-valued SO(4)
spinors (where α ∈ {+,−} is the chiral Weyl spinor index) and w̄α are k × N
matrix-valued SO(4) spinors. Also, ∆, ∆̄ are the h = 1/4 bosonic twist fields,
Sα are the h = 1/4 fermionic spin fields, implementing the change of boundary
conditions on ∂Xµ and ψµ, respectively.

Note that if we were to consider D(−1) branes instead of D(−1) branes,
the stretched string modes would give rise to states wα̇∆Sα̇, w̄α̇∆̄Sα̇ instead
of wα∆Sα, w̄α∆̄Sα, where α̇ ∈ {+̇, −̇} is the anti-chiral Weyl spinor index. See
Appendix 5.A for our conventions on 4d euclidean spinors and Appendix 5.C
for some OPE and correlators of spin and twist fields. Also, imposing reality
condition on the string field, we obtain reality conditions

(Aµ)† = Aµ , (aµ)† = aµ , (w̄α)† = wα , (5.5.2)

on the polarizations of V1/2, where the last condition is equivalent to the reality
condition (3.4) of [166].12 We take the localising R-current to be

J = J1 + J2 =
2∑︂
r=1

:ψr−ψr+ : = −i
2∑︂
r=1

∂hr , (5.5.3)

of the free field N = 2 worldsheet superconformal algebra with c = 6 along
the four Dirichlet-Neumann directions (together with the stress-energy tensor
T = T1 + T2 and charged supercurrents G± = G±

1 + G±
2 )13, where we have

bosonized the two complex worldsheet fermions along the D3 worldvolume as

ψr± = e±ihr , (5.5.4)

where

ψr± = 1√
2

(ψ2r−1 ± iψ2r) . (5.5.5)

12For the anti-chiral stretched worldsheet fermions, the corresponding reality condition can
be easily checked to read (w̄α̇)† = wα̇.

13Note that had we started with D(−1) branes instead of D(−1) branes, we would have to
take J1 − J2 as our localizing R-current (and correspondingly G±

1 + G∓
2 as the two charged

supercurrents).

205



We then have Ψ1 = Ψ+
1 + Ψ−

1 , e = e+ + e− where

Ψ±
1 = cV±

1
2
e−φ = c

(︄
Ar±ψ

r± w±∆S(± 1
2 ,±

1
2 )

w̄±∆̄S(± 1
2 ,±

1
2 ) ar±ψ

r±

)︄
e−φ , (5.5.6a)

e± = cṼ±
1
2
e−φ = c

(︄
Br±ψ

r± v±∆S(± 1
2 ,±

1
2 )

v̄±∆̄S(± 1
2 ,±

1
2 ) br±ψ

r±

)︄
e−φ , (5.5.6b)

where we have explicitely indicated the (J1, J2) charges of the stretched spin-fields
and we have denoted

Ar± = 1√
2

(A2r−1 ∓ iA2r) , (5.5.7a)

Br± = 1√
2

(B2r−1 ∓ iB2r) (5.5.7b)

together with

ar± = 1√
2

(a2r−1 ∓ ia2r) , (5.5.8a)

br± = 1√
2

(b2r−1 ∓ ib2r) . (5.5.8b)

The reality conditions (5.5.2) then give (Ar±)† = Ar∓, (ar±)† = ar∓ together with
(w̄+)† = w− and (w̄−)† = −w+, so that we can work only with Ar+, ar+, w+ and
w̄+.

5.5.1.1 Substituting into the localized obstruction

Let us first evaluate the obstruction using the form (5.4.24) which was a conse-
quence of the N = 2 decomposition technique. Substituting into (5.4.22) and
using the OPE from Appendix 5.C, we obtain (displaying only those Chan-Paton
sectors of the auxiliary fields, which are non-zero)

(H+
1 )D3,D3 =

(︂
[A1+, A2+] − w+w̄+

)︂
:ψ1+ψ2+ : , (5.5.9a)

(H−
1 )D3,D3 =

(︂
[A1−, A2−] − w−w̄−

)︂
:ψ1−ψ2− : , (5.5.9b)

(H0)D3,D3 = [Ar−, Ar+] + w+w̄− + w−w̄+ , (5.5.9c)

and

(H+
1 )D(−1),D(−1) =

(︂
[a1+, a2+] + w̄+w+

)︂
:ψ1+ψ2+ : , (5.5.10a)

(H−
1 )D(−1),D(−1) =

(︂
[a1−, a2−] + w̄−w−

)︂
:ψ1−ψ2− : , (5.5.10b)

(H0)D(−1),D(−1) = [ar−, ar+] − w̄+w− − w̄−w+ . (5.5.10c)

Note that the reality conditions (5.5.2) on Ar±, wα, w̄α imply that (H±
1 )† = H∓

1
and (H0)† = H0. Analogously, for the test state auxiliary fields, we obtain

(H̃+
1 )D3,D3 =

(︂
[A1+, B2+] − w+v̄+ + [B1+, A2+] − v+w̄+

)︂
:ψ1+ψ2+ : , (5.5.11a)

(H̃−
1 )D3,D3 =

(︂
[A1−, B2−] − w−v̄− + [B1−, A2−] − v−w̄−

)︂
:ψ1−ψ2− : , (5.5.11b)
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(H̃0)D3,D3 = [Ar−, Br+] + w+v̄− + w−v̄++
+ [Br−, Ar+] + v+w̄− + v−w̄+ , (5.5.11c)

and

(H̃+
1 )D(−1),D(−1) =

(︂
[a1+, b2+] + w̄+v+ + [b1+, a2+] + v̄+w+

)︂
:ψ1+ψ2+ : , (5.5.12a)

(H̃−
1 )D(−1),D(−1) =

(︂
[a1−, b2−] + w̄−v− + [b1−, a2−] + v̄−w−

)︂
:ψ1−ψ2− : , (5.5.12b)

(H̃0)D(−1),D(−1) = [ar−, br+]−w̄+v−−w̄−v++[br−, ar+]−v̄+w−−v̄−w+ . (5.5.12c)

Note that the charged the auxilliary fields H±
1 precisely encode the complex hyper-

Kähler moment maps for the instanton moduli space, while the coefficient inside
the neutral auxilliary field H0 encodes the real hyper-Kähler moment maps. Or,
put in different words, we see that the ⟨H+

1 |H−
1 ⟩ term in the quartic part of the

classical effective action (see (5.4.26)) can be identified with the F-term of the
corresponding 4d N = 2 low-energy effective action, while the ⟨H0|H0⟩ gives the
D-term. That is, the necessary conditions H±

1 = H0 = 0 for the exact marginality
of the deformation in fact read (cf. equations (8.2) and (8.3) of [166])

µC ≡ [a1+, a2+] + w̄+w+ = 0 , (5.5.13a)

µ̃C ≡ [A1+, A2+] − w+w̄+ = 0 , (5.5.13b)

and

µR ≡ [(ar+)†, ar+] + (w+)†w+ − w̄+(w̄+)† = 0 , (5.5.14a)

µ̃R ≡ [(Ar+)†, Ar+] − w+(w+)† + (w̄+)†w̄+ = 0 . (5.5.14b)

Note that the relative sign in front of the second term of (5.5.13a) and (5.5.13b)
can be eliminated by relabeling Ar+ → iAr+ (remember that Ar+ can be any
complex matrix) without changing the signs inside (5.5.14). The moduli space of
the brane configuration is then obtained by solving (5.5.13) and (5.5.14) modulo
the zero-momentum gauge transformations. It was also noticed in [116, 180] that
the auxiliary fields can be re-expressed as

H±
1 = ∓ i

4η
µν
∓ Tµν :ψ1±ψ2± : , (5.5.15a)

H0 = − i

2η
µν
3 Tµν , (5.5.15b)

and

H̃±
1 = ∓ i

2η
µν
∓ T̃ µν : ψ1±ψ2± : , (5.5.16a)

H̃0 = −iηµν3 T̃ µν , (5.5.16b)

where the ladder t’Hooft symbols are defined as ηµν± ≡ ηµν1 ± iηµν2 and we denote

Tµν =
(︄

[Aµ, Aν ] − 1
2wα(σµν)αβw̄β 0
0 [aµ, aν ] + 1

2w̄α(σµν)αβwβ

)︄
, (5.5.17)
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T̃ µν =
(︄

[Aµ, Bν ]− 1
4wα(σµν)αβ v̄β− 1

4vα(σµν)αβw̄β 0
0 [aµ, bν ]+ 1

4w̄α(σµν)αβvβ+ 1
4 v̄α(σµν)αβwβ

)︄
. (5.5.18)

We therefore obtain

O = +1
4tr[T̃ µνηµνa ηρσaTρσ] = +1

2tr[T̃ µνT µν ] + 1
4ε

µνρσtr[T̃ µνTρσ] . (5.5.19)

Eq. (5.4.24) says that the obstruction vanishes if and only if H±
1 = H0 = 0, i.e.

if ηµνa Tµν = 0, that is if and only if

ηµνa

(︄
[Aµ, Aν ] − 1

2wα(σµν)αβw̄β
)︄

= 0 , (5.5.20a)

ηµνa

(︄
[aµ, aν ] + 1

2w̄α(σµν)αβwβ
)︄

= 0 . (5.5.20b)

These are precisely the flatness conditions (6.16) and (6.17) of [95] for the quartic
effective potential. A particular solution

wαi = ρ

(︄
1 0
0 1

)︄
, (5.5.21a)

w̄ i
α = ρ

(︄
1 0
0 1

)︄
, (5.5.21b)

Aµ = ρ√
2
σµ , (5.5.21c)

of (5.5.20) for the SU(2) gauge group with k = 1 was found in [95], which corre-
sponds to a blown-up instanton with size ρ. Upon substituting the polarizations
(5.5.21) into Ψ1, we therefore obtain that Ψ(λ) = λΨ1 + λ2Ψ2 + λ3Ψ3 + O(λ4)
(where Ψ2 and Ψ3 are determined in terms of Ψ1 by (5.2.27) and (5.2.34), respec-
tively) is a solution of the classical equations of motion of the A∞ OSFT which
is consistent up to third order in λ. Thus, we can conclude that our findings
represent evidence that finite-size instantons provide consistent open superstring
backgrounds.

5.5.1.2 Direct evaluation

We will now show that identical results for O are obtained by using the formulae
(5.4.50b) and (5.4.49). As we shall see, the way the intermediate results recombine
into (5.5.19) turns out to be somewhat non-trivial. This should therefore serve
as a convincing check of the validity of the N = 2 localization method. See
Appendix 5.C for the various twist and spin field correlators and OPEs which we
are going to use. Let us first focus on terms coming from the (33)(33)(33)(33)
correlators (that is, the Chan-Paton sectors localized on the D3 brane stack).
Note taht this is a calculation which has already been done by [128]. We have

Oprop ⊃ − 2
∫︂ ∞

0
dt e−t(a2e−2t − a−2)(a−1 + e−ta)−4tr[AµBνA

µAν ]+

− 2
∫︂ ∞

0
dt e−t(a2e−2t − a−2)(a−1 − e−ta)−4tr[BµAνA

νAµ]+

208



− 2
∫︂ ∞

0
dt e−t(a2e−2t − a−2)(a−1 − e−ta)−4tr[AµBνA

νAµ]+

− 2
∫︂ ∞

0
dt e−t(a2e−2t − a−2)(a−1 + e−ta)−4tr[BµAνA

µAν ] (5.5.22a)

= + 1
4tr[AµBνA

µAν ] + 1
2tr[BµAνA

νAµ]+

+ 1
2tr[AµBνA

νAµ] + 1
4tr[BµAνA

µAν ] , (5.5.22b)

where we have used the integrals∫︂ ∞

0
dt e−t(a2e−2t − a−2)(a−1 − ae−t)−4 = −1

4 , (5.5.23a)∫︂ ∞

0
dt e−t(a2e−2t − a−2)(a−1 + ae−t)−4 = −1

8 . (5.5.23b)

We can also show that

O′ ⊃ −tr[AµBνA
νAµ] − tr[BµAνA

νAµ]

+ 1
4tr[BµAνA

µAν ] + 1
4tr[AµBνA

µAν ] . (5.5.24)

Finally, putting (5.5.22b) and (5.5.24) together, we find that

Oprop + O′ ⊃ + 1
2tr[[Aµ, Bν ][Aµ, Aν ]] , (5.5.25)

which is precisely the (33)(33)(33)(33) contribution to (5.5.19). By an identical
computation, we obtain the (11)(11)(11)(11) contribution (that is, contribution
from the Chan-Paton sectors localized on the D(−1) brane stack) to Oprop + O′

Oprop + O′ ⊃ +1
2tr[[aµ, bν ][aµ, aν ]] , (5.5.26)

which reproduces the corresponding term in (5.5.19). Next, let us consider the
contributions of the type (33)(31)(11)(13). Using that (εσµσ̄ν)αβ + (εσν σ̄µ)βα =
2δµνεαβ and various integrals of the type (5.5.23), we obtain the correspond-
ing contributions to both Oprop and O′ vanish. As for the (33)(33)(31)(13)
and (11)(11)(13)(31) terms, let us only focus on contributions proportional to
tr[AµBνwαw̄β] – the remaining 7 contributions will follow using very similar cal-
culation. Evaluating the corresponding correlators using formulae from appendix
5.C, we first obtain

O′ ⊃ +
√

2
[︄
δµνεαβ − 1

4(εσµσ̄ν)αβ
]︄
tr[AµBνwαw̄β] . (5.5.27)

Computing the corresponding contribution to Oprop again involves various inte-
grals of the type (5.5.23). One eventually obtains

Oprop ⊃ − tr[AµBνwαw̄β]

⎧⎨⎩
(︄

2 −
√

2
8

)︄
(εσµσ̄ν)αβ+

+
(︄√

2 − 1
4

)︄
(εσν σ̄µ)αβ +

√
2

8 (εσµσ̄ν)αβ +
√

2
2 εαβδµν

⎫⎬⎭ , (5.5.28)
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where the four terms inside of the curly brackets precisely correspond to the
four terms constituting (5.4.49). It is then straigtforward to show that (5.5.28)
combines with (5.5.27) to give

Oprop + O′ ⊃ − 1
2(εσµν)αβtr[AµBνwαw̄β] , (5.5.29)

which is indeed the correct contribution to (5.5.19). Finally, we consider the
(31)(13)(31)(13) and (13)(31)(13)(31) contributions to Oprop + O′. We obtain

Oprop + O′ ⊃ − 1
2tr[vαw̄βwγw̄δ + wαv̄βwγw̄δ](εαβεγδ − εαδεβγ)

− 1
2tr[v̄αwβw̄γwδ + w̄αvβw̄γwδ](εαβεγδ − εαδεβγ)

− 1
2tr[v̄αwβw̄γwδ + w̄αvβw̄γwδ]εαδεβγ

− 1
2tr[vαw̄βwγw̄δ + wαv̄βwγw̄δ]εαδεβγ . (5.5.30)

where the first two terms in (5.5.30) were supplied by O′ while the rest of the
expression comes from Oprop. Using the cyclic properties of the trace, we have

1
2tr[vαw̄βwγw̄δ + wαv̄βwγw̄δ]εαδεβγ =

− 1
2tr[w̄αvβw̄γwδ + v̄αwβw̄γwδ]εαβεγδ , (5.5.31a)

1
2tr[vαw̄βwγw̄δ + wαv̄βwγw̄δ]εαβεγδ =

− 1
2tr[w̄αvβw̄γwδ + v̄αwβw̄γwδ]εαδεβγ , (5.5.31b)

so that (5.5.30) can be rewritten as

Oprop + O′ ⊃ − 1
2tr[v̄αwβw̄γwδ + w̄αvβw̄γwδ](εαβεγδ − εαδεβγ) . (5.5.32)

But at the same time, we note that the (31)(13)(31)(13) and (13)(31)(13)(31)
contributions to (5.5.19) can be written as

+ 1
16tr[wαv̄βwγw̄δ + vαw̄βwγw̄δ]

[︄
(σµν)αβ(σµν)γδ + 1

2ε
µνρσ(σµν)αβ(σρσ)γδ

]︄
+

+ 1
16tr[w̄αvβw̄γwδ + v̄αwβw̄γwδ]

[︄
(σµν)αβ(σµν)γδ + 1

2ε
µνρσ(σµν)αβ(σρσ)γδ

]︄
.

(5.5.33)
We can also show that

(σµν)αβ(σµν)γδ = 4(εαγεβδ + εαδεβγ) , (5.5.34a)
εµνρσ(σµν)αβ(σρσ)γδ = 8(εαγεβδ + εαδεβγ) , (5.5.34b)

so that, using cyclicity of the trace, one can show that (5.5.33) is indeed equal to
(5.5.32).

+1
2tr[w̄αvβw̄γwδ + v̄αwβw̄γwδ](εαδεβγ − εαβεγδ) , (5.5.35)

We have therefore shown that in the case of the D(−1)/D3 system, one obtains
identical results for the obstruction whether one uses the localization method or
evaluates (5.2.51) directly.
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5.5.2 Instantons on unresolved ALE spaces
Here we will consider blowing up D-instantons inside D3 branes which are placed
inside ALE spaces in their orbifold limit [166, 184, 193, 194]. For the sake of
concreteness, we will focus on the A-series of the ADE classification of the orbifold
singularities, but our results are straightforwardly extendable to D-type and E-
type ALE spaces as well (see [193]). In their singular limit, the An−1-type ALE
spaces coincide with the C2/Zn supersymmetric orbifold where n = 1, 2, . . . We
will consider the C2 to extend along the directions X1, X2, X3, X4. Defining the
complexified coordinates Xr± = (X2r−1 ± iX2r)/

√
2, the Zn acts as

gX1±g−1 = ξ±X1± , (5.5.36a)
gX2±g−1 = ξ∓X2± , (5.5.36b)

where ξ = e2πi/n is the nth root of unity. We will consider placing k D(−1) branes
at the fixed point of the Zn action together with N euclidean D3 branes extending
along the C2 directions: see Table 5.2. Such background has the same spacetime

Table 5.2: Instantons on ALE spaces.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X0

D(−1) • • • • • • • • • •

D3 × × × × • • • • • •

C2/Zn × × × × • • • • • •

supersymmetry as the D(−1)/D3 system on the flat space, so we should again
expect to be able to decompose Ψ1 = Ψ+

1 + Ψ−
1 . We will denote by kI and NI for

I = 1, . . . , n the number of D(−1) branes and D3 branes carrying the n distinct
twisted RR-charges (that is k1 + k2 + . . .+ kn = k and N1 +N2 + . . .+Nn = N).
The matter part of the most general marginal deformation in the C2 directions
is then written as

V±
1
2

=
(︄

AIAI ,JBJ
r± ψr± wIAI ,JbJ

± ∆S(± 1
2 ,±

1
2 )

w̄IaI ,JBJ
± ∆̄S(± 1

2 ,±
1
2 ) aIaI ,JbJ

r± ψr± ,

)︄
(5.5.37)

where I, J = 1, . . . , n and AI = 1, . . . , NI , aI = 1, . . . , kI are the fundamental
U(NI) and U(kI) indices. Invariance under the Zn action

γ(g)AIAI ,JBJ
1± γ(g)−1 = ξI−J±1AIAI ,JBJ

1± , (5.5.38a)
γ(g)AIAI ,JBJ

2± γ(g)−1 = ξI−J∓1AIAI ,JBJ
2± , (5.5.38b)

γ(g)aIaJ ,JbJ
1± γ(g)−1 = ξI−J±1aIaI ,JbJ

1± , (5.5.38c)
γ(g)aIaJ ,JbJ

2± γ(g)−1 = ξI−J∓1aIaI ,JbJ
2± , (5.5.38d)

γ(g)wIAI ,JbJ
α γ(g)−1 = ξI−JwIAI ,JbJ

α , (5.5.38e)
γ(g)w̄IaI ,JBJ

α γ(g)−1 = ξI−Jw̄IaI ,JBJ
α , (5.5.38f)

however, implies various selection rules on I, J . Keeping only the non-zero entries
of V±

1/2 we actually have (suppressing the U(NI) and U(kI) indices)

V±
1
2

=
(︄
AI,I±1

1± ψ1± + AI,I∓1
2± ψ2± wI,I± ∆S(± 1

2 ,±
1
2 )

w̄I,I± ∆̄S(± 1
2 ,±

1
2 ) aI,I±1

1± ψ1± + aI,I∓1
2± ψ2±

)︄
, (5.5.39)

211



that is, the (33) and (11) Chan-Paton sectors are block upper and lower diagonal
for V+

1/2 and V−
1/2 along X1, X2, respectively, and vice versa along X3, X4. The

(31) and (13) Chan-Paton sectors are block diagonal. Imposing reality condition
on the string field (that is (V±

1/2)† = V∓
1/2) imposes reality conditions

(AI,I±1
r± )† = AI±1,I

r∓ , (aI,I±1
r± )† = aI±1,I

r∓ , (w̄I,Iα )† = (wα)I,I . (5.5.40)

It is then straightforward to evaluate the auxiliary fields using formulae (5.4.22),
which yields (again, displaying the non-zero Chan-Paton sectors only)

(H+
1 )D3I ,D3J

= δIJ
(︂
A1+
I,I+1A

2+
I+1,I − A2+

I,I−1A
1+
I−1,I − wI,I+ w̄I,I+

)︂
:ψ1+ψ2+ : ,

(5.5.41a)
(H−

1 )D3I ,D3J
= δIJ

(︂
A1−
I,I−1A

2−
I−1,I − A2−

I,I+1A
1−
I+1,I − wI,I− w̄I,I−

)︂
:ψ1−ψ2− : ,

(5.5.41b)
(H0)D3I ,D3J

= δIJ
(︂
A1−
I,I−1A

1+
I−1,I − A1+

I,I+1A
1−
I+1,I+

+A2−
I,I+1A

2+
I+1,I − A2+

I,I−1A
2−
I−1,I + wI,I− w̄I,I+ + wI,I+ w̄I,I−

)︂
, (5.5.41c)

and

(H+
1 )D(−1)I ,D(−1)J

= δIJ
(︂
a1+
I,I+1a

2+
I+1,I − a2+

I,I−1a
1+
I−1,I + w̄I,I+ wI,I+

)︂
:ψ1+ψ2+ : ,

(5.5.42a)
(H−

1 )D(−1)I ,D(−1)J
= δIJ

(︂
a1−
I,I−1a

2−
I−1,I − a2−

I,I+1a
1−
I+1,I + w̄I,I− wI,I−

)︂
:ψ1−ψ2− : ,

(5.5.42b)
(H0)D(−1)I ,D(−1)J

= δIJ
(︂
a1−
I,I−1a

1+
I−1,I − a1+

I,I+1a
1−
I+1,I+

+a2−
I,I+1a

2+
I+1,I − a2+

I,I−1a
2−
I−1,I − w̄I,I− wI,I+ − w̄I,I+ wI,I−

)︂
.

(5.5.42c)

One can also check that the reality conditions (5.5.40) imply (H±
1 )† = H∓

1 and
(H0)† = H0. Note that analgously to the N = 4 SYM instanton case, the charged
and neutral auxiliary fields H± and H0 encode the well-known forms for the com-
plex and real hyper-Kähler moment maps for the unresolved ALE background at
hand, which were first written down by Kronheimer and Nakajima. Equivalently,
H±

1 and H0 yield the D-term and the F-term, respectively, of the corresponding
4d N = 2 low-energy effective action upon being inserted into the localized clas-
sical effective action of [95, 116] (see also (5.4.26)). It is again easy to read off
the corresponding algebraic constraints on the moduli (cf. Introduction section
of [184], as well as eq. (8.6) of [166])

µC
I ≡ a1+

I,I+1a
2+
I+1,I − a2+

I,I−1a
1+
I−1,I + w̄I,I+ wI,I+ = 0 , (5.5.43a)

µ̃C
I ≡ A1+

I,I+1A
2+
I+1,I − A2+

I,I−1A
1+
I−1,I − wI,I+ w̄I,I+ = 0 , (5.5.43b)

and

µR
I ≡ (a1+

I−1,I)†a1+
I−1,I − a1+

I,I+1(a1+
I,I+1)†+

+ (a2+
I+1,I)†a2+

I+1,I − a2+
I,I−1(a2+

I,I−1)† − w̄I,I+ (w̄I,I+ )† + (wI,I+ )†wI,I+ = 0 ,
(5.5.44a)
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µ̃R
I ≡ (A1+

I−1,I)†A1+
I−1,I − A1+

I,I+1(A1+
I,I+1)†+

+ (A2+
I+1,I)†A2+

I+1,I − A2+
I,I−1(A2+

I,I−1)† + (w̄I,I+ )†w̄I,I+ − wI,I+ (wI,I+ )† = 0 .
(5.5.44b)

We can again relabel Ar+ → iAr+ so as to make the signs agree with [166]. We
have therefore again reproduced previously known flatness conditions for the open
string background at hand.

5.5.3 Spiked instantons at zero B-field
Here14 we will consider a configuration of several stacks of (euclidean) D(−1),
D3 and D7 branes (see Table 5.3) which wrap a direct product of four complex
planes with coordinates Xr± = (X2r−1±iX2r)/

√
2 for r ∈ 4 ≡ {1, 2, 3, 4}. We will

denote by D3a, where a ∈ 6 ≡ {(12), (13), (14), (23), (24), (34)} a D3 brane stack
spanning the complex 2-plane C2 indexed by a. Also denote by ā the conjugate
of a in 6, that is e.g. (12) = (34). Such a brane configuration (minus the D7
branes) will give rise to moduli spaces of spiked instantons [185, 186, 190]. As we
are only equipped to deal with the dynamics of massless modes, we will require
the NSNS B-field to be turned off everywhere. In order to preserve some amount

Table 5.3: Brane configuration corresponding to general spiked instantons.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X0

D(−1) • • • • • • • • • •

D3(12) × × × × • • • • • •

D3(13) × × • • × × • • • •

D3(14) × × • • • • × × • •

D3(23) • • × × × × • • • •

D3(24) • • × × • • × × • •

D3(34) • • • • × × × × • •

D7 × × × × × × × × • •

of spacetime supersymmetry, we will have to take some of the brane stacks to
consist of antibranes. One can show that there are only two inequivalent15 choices
of distributing the RR charges, both of which have N = (2, 0) supersymmetry in
the two non-compact dimensions X9, X0:

C1 : D(−1) , D3(12) , D3(13) , D3(14) , D3(23) , D3(24) , D3(34) , D7 , (5.5.45a)
C2 : D(−1) , D3(12) , D3(13) , D3(14) , D3(23) , D3(24) , D3(34) , D7 . (5.5.45b)

Therefore, recalling our discussion from subsection 5.2.1.1, we expect to be able to
decompose all marginal NS boundary fields into eigenstates carrying charges ±1
under a localising U(1) R-current of a global N = 2 worldsheet superconformal
algebra. Indeed, noting that the fermionic NS twist fields surviving the GSO
projection for strings stretched between the D(−1) and D3(rs) branes, as well as
between D7 and D3(rs) branes and also between D3(rs) and D3(rt) branes (for s ̸=

14I thank Ondra Huĺık for this suggestion.
15In the sense that they cannot be mapped to each other by T-dualities.
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t) are always chiral (that is, they can be bosonized with U(1) charges ±(1/2, 1/2)
under the U(1) currents (Jr, Js) = (:ψr−ψr+ : , :ψs−ψs+ :) where ψr± and ψs± span
the four Neumann-Dirichlet directions at hand), it is easy to see that for C1, all
marginal NS boundary fields carry charges ±1 under the localizing R-current

J1 + J2 + J3 + J4 , (5.5.46)

of the free field N = 2 worldsheet superconformal algebra with c = 12 along the
directions X1, . . . , X8 (remember that Jr = −i∂hr = :ψr−ψr+ :, where hr is such
that ψr± = e±ihr). Analogously, for C2, all NS boundary fields carry charges ±1
with respect to the R-current

J1 − J2 − J3 − J4 . (5.5.47)

While it is straightforward to evaluate the generalized ADHM equations H±
1 = H0

for both C1 and C2, below we will only do so explicitly for simpler configurations
which are termed by [185, 186] as crossed and folded instantons. These two config-
urations will each conserve four spacetime supercharges giving rise to N = (4, 0)
and N = (2, 2) supersymmetry, respectively, in the two non-compact dimensions
X9, X0.

5.5.3.1 Crossed instanton scenario

Here we will keep only the D(−1), D3(12) and D3(34) brane stacks. There are
three T-duality inequivalent possibilities of distributing the RR charges:

CC1 : D(−1) , D3(12) , D3(34) , (5.5.48a)
CC2 : D(−1) , D3(12) , D3(34) , (5.5.48b)
CC3 : D(−1) , D3(12) , D3(34) . (5.5.48c)

All three configurations preserve N = (4, 0) supersymmetry in the two dimen-
sions spanned by X9, X0. First, note that there are no massless NS modes
for the strings stretched between the D3(12) and D3(34) branes. In the case of
CC1, all massless NS stretched fermions are chiral. For CC2, the massless NS
fermions stretched between the D(−1) and D3(12) branes are anti-chiral while
those stretched between the D(−1) and D3(34) branes are chiral. Finally, for CC3
all massless NS stretched fermions are anti-chiral. In the three respective cases,
all boundary fields therefore carry charges ±1 with respect to the U(1) currents

JC,1 = +J1 + J2 + J3 + J4 , (5.5.49a)
JC,2 = −J1 + J2 + J3 + J4 , (5.5.49b)
JC,3 = −J1 + J2 − J3 + J4 . (5.5.49c)

However, analyzing the generalized ADHM equations H±
1 = H0 = 0 for each of

the three crossed-instanton configurations, one eventually finds that all of them
give rise to the same constraints on the moduli space. We will now therefore
work these out for CC1, only making brief comments along the way on how one
should proceed had we started with CC2 or CC3. Let us introduce the following
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notation for the matter part of the marginal boundary fields which we will work
with:

(V±
1
2
)D3(rs),D3(rs) =

∑︂
u∈4

A
(rs)
u± ψu± , (5.5.50a)

(V±
1
2
)D(−1),D(−1) =

∑︂
r∈4

ar±ψ
r± , (5.5.50b)

together with

(V±
1
2
)D3(rs),D(−1) = w

(rs)
± ψ(rs)± , (5.5.51a)

(V±
1
2
)D(−1),D3(rs)

= w̄
(rs)
± ψ(r̃s̃)± , (5.5.51b)

where, as usual, the notation V±
1/2 is taken to mean that the respective states

carry charge ±1 under JC,1. We have also introduced the following notation for
the boundary condition changing operators

ψ(rs)α = ΣrΣsS(rs)α , (5.5.52a)
ψ(r̃s̃)α = Σ̄rΣ̄s

S(rs)α , (5.5.52b)

with bosonic twist fields Σr = σ2r−1σ2r, Σr = σ2r−1σ2r and S(rs)α the chiral
components of the 4d euclidean spin fields in the complex 2-plane (rs). Observe
that in the case of CC2, we would have a±ψ

1∓, A(12)
± ψ1∓, A(34)

± ψ1∓ (where we have
arbitrarily relabelled a± → a∓ etc.) and w(12)

±̇ ψ(12)±̇, w̄(12)
±̇ ψ(1̃2̃)±̇ contributing into

V±
1/2 instead. Similar changes would have to be in place for CC3. We have the

reality conditions

(A(12)
r± )† = A

(12)
r∓ , (A(34)

r± )† = A
(34)
r∓ , (ar±)† = ar∓ , (5.5.53)

together with

(w̄(12)
α )† = w(12)α , (w̄(34)

α )† = w(34)α . (5.5.54)

For CC2 and CC3, we would have also (w̄(12)
α̇ )† = w(12)α̇ and (w̄(34)

α̇ )† = w(34)α̇,
respectively. The charged auxiliary fields then give constraints

[a1+, a2+] + w̄
(12)
+ w

(12)
+ = 0 , (5.5.55a)

[a1+, a3+] = 0 , (5.5.55b)
[a1+, a4+] = 0 , (5.5.55c)
[a2+, a3+] = 0 , (5.5.55d)
[a2+, a4+] = 0 , (5.5.55e)

[a3+, a4+] + w̄
(34)
+ w

(34)
+ = 0 , (5.5.55f)

together with

[A(12)
1+ , A

(12)
2+ ] − w

(12)
+ w̄

(12)
+ = 0 , (5.5.56a)

[A(12)
3+ , A

(12)
4+ ] = 0 , (5.5.56b)

[A(34)
3+ , A

(34)
4+ ] − w

(34)
+ w̄

(34)
+ = 0 , (5.5.56c)

215



[A(34)
1+ , A

(34)
2+ ] = 0 , (5.5.56d)

and

[A(12)
1+ , A

(12)
3+ ] = 0 , (5.5.57a)

[A(12)
1+ , A

(12)
4+ ] = 0 , (5.5.57b)

[A(12)
2+ , A

(12)
3+ ] = 0 , (5.5.57c)

[A(12)
2+ , A

(12)
4+ ] = 0 , (5.5.57d)

[A(34)
1+ , A

(34)
3+ ] = 0 , (5.5.57e)

[A(34)
2+ , A

(34)
3+ ] = 0 , (5.5.57f)

[A(34)
1+ , A

(34)
4+ ] = 0 , (5.5.57g)

[A(34)
2+ , A

(34)
4+ ] = 0 . (5.5.57h)

The diagonal part of the neutral auxiliary field then gives∑︂
r∈4

[(ar+)†, ar+] − w̄
(12)
+ (w̄(12)

+ )† + (w(12)
+ )†w

(12)
+ +

−w̄(34)
+ (w̄(34)

+ )† + (w(34)
+ )†w

(34)
+ = 0 , (5.5.58a)

∑︂
r∈4

[(A(12)
r+ )†, A

(12)
r+ ] + (w̄(12)

+ )†w̄
(12)
+ − w

(12)
+ (w(12)

+ )† = 0 , (5.5.58b)
∑︂
r∈4

[(A(34)
r+ )†, A

(34)
r+ ] + (w̄(34)

+ )†w̄
(34)
+ − w

(34)
+ (w(34)

+ )† = 0 . (5.5.58c)

Finally, from the off-diagonal part of the charged auxiliary fields, we get

w
(12)
+ w̄

(34)
+ = w

(34)
+ w̄

(12)
+ = 0 , (5.5.59)

together with

a3+w̄
(12)
+ − w̄

(12)
+ A

(12)
3+ = 0 , (5.5.60a)

a4+w̄
(12)
+ − w̄

(12)
+ A

(12)
4+ = 0 , (5.5.60b)

a1+w̄
(34)
+ − w̄

(34)
+ A

(34)
1+ = 0 , (5.5.60c)

a2+w̄
(34)
+ − w̄

(34)
+ A

(34)
2+ = 0 , (5.5.60d)

and

A
(12)
3+ w

(12)
+ − w

(12)
+ a3+ = 0 , (5.5.61a)

A
(12)
4+ w

(12)
+ − w

(12)
+ a4+ = 0 , (5.5.61b)

A
(34)
1+ w

(34)
+ − w

(34)
+ a1+ = 0 , (5.5.61c)

A
(34)
2+ w

(34)
+ − w

(34)
+ a2+ = 0 . (5.5.61d)

Identical equations would be obtained for CC2 except for the replacements

w
(12)
+ → w

(12)
+̇ and w̄

(12)
+ → w̄

(12)
+̇ . (5.5.62)
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Similarly for CC3. Note that as observed by [185], it is impossible to find a single-
instanton solution of these constraints which would have non-zero vevs in both
stretched sectors ((12) and (34)) simultaneously: equation (5.5.59) implies that
any such solution would have to have either w(12)

+ = w
(34)
+ = 0 or w̄(12)

+ = w̄
(34)
+ = 0.

But then, equation (5.5.58a) fixes the rest of the stretched moduli to be zero as
well. In other words, it is only possible to dissolve a single D-instanton into only
one D3-brane stack at a time. Analysis of the above constraints for a general
number of D-instantons, as interesting as it may be, lies beyond the scope of this
paper.

5.5.3.2 Folded instanton scenario

Here we will keep only the D(−1), D3(12) and D3(13) brane stacks. There are two
T-duality inequivalent possibilities of distributing the RR charges:

FC1 : D(−1) , D3(12) , D3(13) , (5.5.63a)
FC2 : D(−1) , D3(12) , D3(13) , (5.5.63b)

both of which preserve N = 1 supersymmetry in the four dimensions spanned
by X7, X8, X9, X0, which gives rise to N = (2, 2) supersymmetry in the two
dimensions spanned by X9, X0. In the case of FC1, all massless NS stretched
fermions are chiral. For FC2, the massless NS fermions stretched between the
D(−1) and D3(12), D(−1) and D3(13) branes are anti-chiral, while the massless
the NS fermions stretched between the D3(12) and D3(13) branes are chiral. That
is, in the two respective cases, all boundary fields carry charges ±1 with respect
to the U(1) currents

JF,1 = +J1 + J2 + J3 , (5.5.64a)
JF,2 = −J1 + J2 + J3 . (5.5.64b)

However, similarly to the crossed-instanton scenario, upon evaluating the auxil-
liary fields H±

1 , H0, we obtain structurally identical constraints for both FC1 and
FC2. Let us therefore focus on FC1 only. On top of the moduli introduced in the
crossed instanton case, we denote

(V±
1
2
)D3(12),D3(13) = W

(23)1
± ψ(23̃)± , (5.5.65a)

(V±
1
2
)D3(13),D3(12) = W̄

(23)1
± ψ(2̃3)± , (5.5.65b)

where we introduce BCCOs

ψ(23̃)α = Σ2Σ̄3
S(23)α , (5.5.66)

ψ(2̃3)α = Σ̄2Σ3S(23)α . (5.5.67)

We have reality conditions

(A(12)
r± )† = A

(12)
r∓ , (A(13)

r± )† = A
(13)
r∓ , (ar±)† = ar∓ , (5.5.68)

together with

(w̄(12)
α )† = w(12)α , (w̄(13)

α )† = w(13)α , (W̄ (23)1
α )† = W (23)1α . (5.5.69)
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The constraints on moduli coming from the diagonal part of the charged auxilliary
fields then read

[a1+, a2+] + w̄
(12)
+ w

(12)
+ = 0 , (5.5.70a)

[a1+, a3+] + w̄
(13)
+ w

(13)
+ = 0 , (5.5.70b)

[a1+, a4+] = 0 , (5.5.70c)
[a2+, a3+] = 0 , (5.5.70d)
[a2+, a4+] = 0 , (5.5.70e)
[a3+, a4+] = 0 , (5.5.70f)

together with

[A(12)
1+ , A

(12)
2+ ] − w

(12)
+ w̄

(12)
+ = 0 , (5.5.71a)

[A(12)
3+ , A

(12)
4+ ] = 0 , (5.5.71b)

[A(13)
1+ , A

(13)
3+ ] − w

(13)
+ w̄

(13)
+ = 0 , (5.5.71c)

[A(13)
2+ , A

(13)
4+ ] = 0 , (5.5.71d)

and

[A(12)
1+ , A

(12)
3+ ] = 0 , (5.5.72a)

[A(12)
1+ , A

(12)
4+ ] = 0 , (5.5.72b)

[A(12)
2+ , A

(12)
3+ ] −W

(23)1
+ W̄

(23)1
+ = 0 , (5.5.72c)

[A(12)
2+ , A

(12)
4+ ] = 0 , (5.5.72d)

[A(13)
1+ , A

(13)
2+ ] = 0 , (5.5.72e)

[A(13)
1+ , A

(13)
4+ ] = 0 , (5.5.72f)

[A(13)
2+ , A

(13)
3+ ] + W̄

(23)1
+ W

(23)1
+ = 0 , (5.5.72g)

[A(13)
3+ , A

(13)
4+ ] = 0 . (5.5.72h)

The diagonal part of the neutral auxiliary field then gives∑︂
r∈4

[(ar+)†, ar+] − w̄
(12)
+ (w̄(12)

+ )† + (w(12)
+ )†w

(12)
+ +

−w̄(13)
+ (w̄(13)

+ )† + (w(13)
+ )†w

(13)
+ = 0 , (5.5.73a)∑︂

r∈4
[(A(12)

r+ )†, A
(12)
r+ ] + (w̄(12)

+ )†w̄
(12)
+ − w

(12)
+ (w(12)

+ )†+

+(W̄ (23)1
+ )†W̄

(23)1
+ −W

(23)1
+ (W (23)1

+ )† = 0 , (5.5.73b)∑︂
r∈4

[(A(13)
r+ )†, A

(13)
r+ ] + (w̄(13)

+ )†w̄
(13)
+ − w

(13)
+ (w(13)

+ )†+

+(W (23)1
+ )†W

(23)1
+ − W̄

(23)1
+ (W̄ (23)1

+ )† = 0 . (5.5.73c)

Before we write down the constraints coming from the non-diagonal part of the
charged auxilliary fields, we note that one first needs to fix possible phases (co-
cycles) c±

r , c̃±
r for r = 1, 2, 3 arising in the OPE

ψ(23̃)±(z)ψ(13)±(0) ∼ c±
3 ψ

(12)±ψ3±(0) , (5.5.74a)
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ψ(1̃3̃)±(z)ψ(2̃3)±(0) ∼ c̃±
3 ψ

(1̃2̃)±ψ3±(0) , (5.5.74b)
ψ(12)±(z)ψ(1̃3̃)±(0) ∼ c±

1 ψ
(23̃)±ψ1±(0) , (5.5.74c)

ψ(13)±(z)ψ(1̃2̃)±(0) ∼ c̃±
1 ψ

(2̃3)±ψ1±(0) , (5.5.74d)
ψ(1̃2̃)±(z)ψ(23̃)±(0) ∼ c±

2 ψ
(1̃3̃)±ψ2±(0) , (5.5.74e)

ψ(2̃3)±(z)ψ(12)±(0) ∼ c̃±
2 ψ

(13)±ψ2±(0) . (5.5.74f)

Associativity of the OPE requires that

c̃±
2 c

±
3 = c±

1 c
±
3 = c̃±

1 c̃
±
2 = −c̃±

1 c̃
±
3 = −c±

2 c̃
±
3 = −c±

1 c
±
2 = +1 . (5.5.75)

We will now see that the relations (5.5.75) can be used to eliminate all potential
phase ambiguities from the algebraic constraints on the moduli. Using the OPE
(5.5.74), from the non-diagonal part of the charged auxiliary fields one obtains
constraints

a3+w̄
(12)
+ − w̄

(12)
+ A

(12)
3+ + c̃+

3 w̄
(13)
+ W̄

(23)1
+ = 0 , (5.5.76a)

a4+w̄
(12)
+ − w̄

(12)
+ A

(12)
4+ = 0 , (5.5.76b)

a2+w̄
(13)
+ − w̄

(13)
+ A

(13)
2+ + c+

2 w̄
(12)
+ W

(23)1
+ = 0 , (5.5.76c)

a4+w̄
(13)
+ − w̄

(13)
+ A

(13)
4+ = 0 , (5.5.76d)

A
(12)
3+ w

(12)
+ − w

(12)
+ a3+ + c+

3 W
(23)1
+ w

(13)
+ = 0 , (5.5.76e)

A
(12)
4+ w

(12)
+ − w

(12)
+ a4+ = 0 , (5.5.76f)

A
(13)
2+ w

(13)
+ − w

(13)
+ a2+ + c̃+

2 W̄
(23)1
+ w

(12)
+ = 0 , (5.5.76g)

A
(13)
4+ w

(13)
+ − w

(13)
+ a4+ = 0 , (5.5.76h)

together with

A
(12)
1+ W

(23)1
+ −W

(23)1
+ A

(13)
1+ + c+

1 w
(12)
+ w̄

(13)
+ = 0 , (5.5.77a)

A
(12)
4+ W

(23)1
+ −W

(23)1
+ A

(13)
4+ = 0 , (5.5.77b)

A
(13)
1+ W̄

(23)1
+ − W̄

(23)1
+ A

(12)
1+ + c̃+

1 w
(13)
+ w̄

(12)
+ = 0 , (5.5.77c)

A
(13)
4+ W̄

(23)1
+ − W̄

(23)1
+ A

(12)
4+ = 0 . (5.5.77d)

Using the consistency relations (5.5.75) and replacing

(c̃+
3 )−1W

(23)1
+ → W

(23)1
+ , (5.5.78a)

c̃+
3 W̄

(23)1
+ → W̄

(23)1
+ , (5.5.78b)

(note that this rescaling does not have any effect on the previously derived con-
straints (5.5.70), (5.5.71), (5.5.72) and (5.5.73)) we can rewrite these constraints
as

a3+w̄
(12)
+ − w̄

(12)
+ A

(12)
3+ + w̄

(13)
+ W̄

(23)1
+ = 0 , (5.5.79a)

a4+w̄
(12)
+ − w̄

(12)
+ A

(12)
4+ = 0 , (5.5.79b)

a2+w̄
(13)
+ − w̄

(13)
+ A

(13)
2+ − w̄

(12)
+ W

(23)1
+ = 0 , (5.5.79c)
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a4+w̄
(13)
+ − w̄

(13)
+ A

(13)
4+ = 0 , (5.5.79d)

A
(12)
3+ w

(12)
+ − w

(12)
+ a3+ −W

(23)1
+ w

(13)
+ = 0 , (5.5.79e)

A
(12)
4+ w

(12)
+ − w

(12)
+ a4+ = 0 , (5.5.79f)

A
(13)
2+ w

(13)
+ − w

(13)
+ a2+ − W̄

(23)1
+ w

(12)
+ = 0 , (5.5.79g)

A
(13)
4+ w

(13)
+ − w

(13)
+ a4+ = 0 , (5.5.79h)

together with

A
(12)
1+ W

(23)1
+ −W

(23)1
+ A

(13)
1+ + w

(12)
+ w̄

(13)
+ = 0 , (5.5.80a)

A
(12)
4+ W

(23)1
+ −W

(23)1
+ A

(13)
4+ = 0 , (5.5.80b)

A
(13)
1+ W̄

(23)1
+ − W̄

(23)1
+ A

(12)
1+ − w

(13)
+ w̄

(12)
+ = 0 , (5.5.80c)

A
(13)
4+ W̄

(23)1
+ − W̄

(23)1
+ A

(12)
4+ = 0 , (5.5.80d)

which are free of the cocycle factors. Note that setting W (23)1
+ = W̄

(23)1
+ = 0 and

keeping only a single D-instaton, we can use analogous arguments as we did for
the crossed scenario to show that it is impossible to find a solution with both
w

(12)
+ ̸= 0 and w(13)

+ ̸= 0 simultaneously. This reproduces the result of [185]. That
is, we can again only dissolve a single D-instanton into one of the two D3 brane
stacks at a time. However, it would be very interesting to investigate whether a
non-trivial solution can be found if we allow for non-zero W (23)1

+ , W̄ (23)1
+ , that is,

if it is possible to dissolve all three brane stacks into each other.

5.6 Discussion and outlook
The aim of this paper was to take up the line of development initiated by [116].
In the context of the Berkovits formulation of open superstring field theory, the
authors of [116] (motivated by [34]) introduce the N = 2 R-charge decomposition
technique and derive the simple expression (5.4.26) for algebraic couplings of the
quartic classical effective action, noting that it localizes on the boundary of the
worldsheet moduli space. In particular, they apply these results in the case of the
D(−1)/D3 system and show that their result reproduces the ADHM equations
as flatness conditions for the quartic effective potential. Ref. [140] then goes on
to investigate (within the framework of the A∞ formulation of open superstring
field theory) obstructions to exact marginality of deformations of the D(−1)/D3
system by massless open string modes. They also compute open string gauge
field profiles for the finite-size SU(2) instanton and compare their result with the
findings of [180]. Finally, ref. [95] shows that it is possible to repeat the analysis
of [116] using A∞ OSFT so that one manifestly stays in the small Hilbert space
throughout the derivation. They also derive relation (5.2.38) between the third-
order obstruction and the quartic part of the classical effective action and note
that it implies that all marginal deformations which are unobstructed at third
order must correspond to flat directions of the quartic effective action. The main
contributions of the present paper can then be listed as follows:

1. We have shown that assuming that thebackground at hand supports a global
N =2 worldsheet superconformal symmetry such that all NS marginal fields
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have R-charge ±1 (this we argued to include backgrounds preserving at
least N = (2, 0) in two non-compact dimensions), then the flatness con-
ditions H±

1 = H0 = 0 of [95, 116] (generalized ADHM equations) are in
fact equivalent to the conditions which are neccessary and sufficient for the
vanishing of the obstruction to exact marginality at third order in the de-
formation parameter λ. In particular, applying these results in the case
of the D(−1)/D3 system, we have confirmed that the solution of classical
equations of motion of open superstring field theory describing a finite-size
instanton is consistent up to third order in λ.

2. Apart from discussing the situation in the context of both the usual A∞ and
Berkovits formulation of open superstring field theory, we have investigated
the changes which arise in the context of A∞ OSFT deformed by adding
stubs to the Witten star product. Our findings show that even though
this necessitates an addition of higher fundamental products into the the-
ory which involve integration over bosonic moduli, the final result remains
unchanged and localized on the boundary of the moduli space. As per the
discussion of [95], this should open the way to generalizing these results to
a closed superstring setting.

3. We have discussed computation of the third-order obstruction (and there-
fore the quartic part of the effective action) in more general cases where
the above-mentioned global N = 2 worldsheet superconformal symmetry
is not present. This was based on the method of [128] using a Schwinger
parametrization of the Siegel gauge propagator.

4. We have further used the generalized ADHM equations H±
1 = H0 = 0

to compute algebraic constraints on the moduli in the case of two more
complicated backgrounds: the D(−1)/D3 system on the background of the
C2/Zn orbifold and also the D-brane confgurations giving rise to the crossed
and folded instantons at zero B-field. Doing so we have demonstrated that
the generalized ADHM equations can be used for a quick derivation of
algebraic constraints on the moduli in a wide variety of backgrounds. We
have also noted that in two of our three examples, where the background
had N = 2 supersymmetry in 4d, the auxiliary fields H±

1 were related to
the F-term of the low-energy effective action while the auxiliary field H0
was related to the D-term.

Finally, let us conclude by briefly discussing possible future directions. It
would be of great interest to investigate if there are additional contraints on
the marginal couplings appearing at higher orders in the deformation parameter.
In particular, it is a priori not clear whether consistency at higher orders pro-
duces corrections to the generalized ADHM equations or whether, under certain
assumptions, the vanishing of the third-order obstruction already implies exact
marginality at all orders (for the D−1/D3 system, this was already argue to be
the case in [168] from a different point of view). One might also try to obtain
analogous constraints on the fermionic moduli (or, equivalently, fermionic sec-
tor of the quartic effective action) using a formulation of open superstring field
theory in the Ramond sector [63, 65] (see also [195] which generalizes the com-
putation of [128] to the Ramond sector). Together with the bosonic constraints
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discussed in this paper, these findings would provide information about the whole
supermoduli space. These considerations would also allow for a discussion of how
spacetime supersymmetry manifests itself at the level of complete effective actions
[23]. It would be also interesting to see whether our results generalize to the case
of NS marginal deformations in heterotic string and NSNS and RR marginal de-
formations in closed type II superstring (see [39] for a related recent discussion of
marginal deformations in closed (super)string field theory). Ultimately one should
be interested in looking at moduli spaces of D-brane systems on marginally de-
formed classical closed string backgrounds. This can be done by including the
effects of non-dynamical background on-shell closed string field (satisfying closed
SFT equations of motion) into a classical open superstring field theory action
through open-closed disk vertices (see [196] for some related recent progress). We
hope to report on our progress in this direction soon [137]. Unobstructed open
string marginal deformations yield new consistent open string backgrounds. As
such, these need to be described by superconformal boundary states. It would
be interesting to recover these boundary states by computing suitable gauge in-
variant observables in open superstring field theory [100, 102, 108]. In the case of
finite-size instantons, one should expect that the corresponding boundary states
will be highly non-trivial as they cannot satisfy the usual linear gluing conditions
on the free-field oscillators αµn, ψµr (all such cases are already exhausted by the
conventional Dp-branes). OSFT methods may therefore yield valuable insights
into the structure of these boundary states complementary to other techniques
(see e.g. [3]). We hope to report on our progress soon [137].
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5.A Spinors in 4d
We will consider the euclidean Clifford algebra in 4d {γµ, γν} = 2δµν . In terms
of the Pauli matrices

τ 1 =
(︄

0 1
1 0

)︄
, τ 2 =

(︄
0 −i
i 0

)︄
, τ 3 =

(︄
1 0
0 −1

)︄
, (5.A.1)

we define

(σµ)αβ̇ = (+iτa,1)αβ̇ ,
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(σ̄µ)α̇β = (−iτa,1)α̇β ,

so that σµσ̄ν + σν σ̄µ = 2δµν and

γµ =
(︄

0 σµ

σ̄µ 0

)︄
. (5.A.2)

Here α, β, . . . are the chiral 2d Weyl spinor indices with α, β, . . . ∈ {+,−}, while
α̇, β̇, . . . are the anti-chiral spinor indices with α̇, β̇, . . . ∈ {+̇, −̇}. Defining the
charge-conjugation matrix so that ε+− = ε−̇+̇ = ε+− = ε−̇+̇ = +1, we have

ψα = εαβψβ , ψα = ψβεβα , ψα̇ = εα̇β̇ψ
β̇ , ψα̇ = ψβ̇ε

β̇α̇ , (5.A.3)

together with

εαβεβγ = −δαγ , εα̇β̇εβ̇γ̇ = −δα̇γ̇ . (5.A.4)

We further define

(σµν) β
α = 1

2(σµσ̄ν − σν σ̄µ) ,

(σ̄µν)α̇β̇ = 1
2(σ̄µσν − σ̄νσµ) , (5.A.5)

which satisfy the (anti-)selfduality relations

1
2εµνρσσ

ρσ = +σµν , (5.A.6)
1
2εµνρσσ̄

ρσ = −σ̄µν . (5.A.7)

Finally, defining the (anti-)selfdual t’Hooft symbols

ηaµν = εaµν4 + δaµδν4 − δaνδµ4 , (5.A.8)
η̄aµν = εaµν4 − δaµδν4 + δaνδµ4 , (5.A.9)

we have

σµν = iτcηcµν , σ̄µν = iτcη̄cµν , (5.A.10)

together with

ηcµνηcρσ = δµρδνσ − δνρδµσ + εµνρσ , (5.A.11)
η̄cµν η̄cρσ = δµρδνσ − δνρδµσ − εµνρσ . (5.A.12)

5.B Conventions for the A∞ OSFT
We denote by ξ and X the ξ-ghost and PCO charges

ξ =
∮︂

|z|=1

dz

2πi
1
z
ξ(z) , X =

∮︂
|z|=1

dz

2πi
1
z
X(z) . (5.B.1)

223



Note that X = [Q, ξ]. We will work in the suspended Hilbert space. Let d(A) =
|A| + 1 denote the degree of state A. We define

m2(A,B) ≡ (−1)d(A)A ∗B (5.B.2)

and denote

⟨A,B⟩ ≡ Tr(A ∗B) ≡ Tr(AB) (5.B.3)

the BPZ inner product. Also,

[A,B] ≡ AB − (−1)|A||B|BA (5.B.4)

will be used to denote the graded ∗-commutator of string fields A,B. The sym-
plectic form is then defined as

ω(A,B) ≡ (−1)d(A)⟨A,B⟩ . (5.B.5)

Then we have

0 = Q2A , (5.B.6a)
0 = Qm2(A,B) +m2(QA,B) + (−1)d(A)m2(A,QB) , (5.B.6b)

together with

0 = Q2A , (5.B.7a)
0 = QM2(A,B) +M2(QA,B) + (−1)d(A)M2(A,QB) , (5.B.7b)
0 = M2(M2(A,B), C) + (−1)d(A)M2(A,M2(B,C))+

+QM3(A,B,C)+
+M3(QA,B,C) + (−1)d(A)M3(A,QB,C)+

+ (−1)d(A)+d(B)M3(A,B,QC) , (5.B.7c)

where

M2(A,B) = 1
3(Xm2(A,B) +m2(XA,B) +m2(A,XB)) . (5.B.8)

In the large Hilbert space, M2 is exact, i.e.

M2(A,B) = QM2(A,B) −M2(QA,B) − (−1)d(A)M2(A,QB) , (5.B.9)

(here A,B need to be in the small Hilbert space) where we define

M2(A,B) ≡ 1
3(ξm2(A,B) −m2(ξA,B) − (−1)d(A)m2(A, ξB)) . (5.B.10)

The BPZ product on the small Hilbert space can be expressed in terms of the
BPZ product on the large Hilbert space as

⟨A,B⟩S = ⟨ξA,B⟩L = (−1)|A|⟨A, ξB⟩L . (5.B.11)
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The corresponding relation for the symplectic form reads

ωS(A,B) = −ωL(ξA,B) = −(−1)d(A)ωL(A, ξB) . (5.B.12)

Further, we have

⟨A,B⟩ = (−1)|A||B|⟨B,A⟩
⟨A,B ∗ C⟩ = ⟨A ∗B,C⟩ (5.B.13a)

so that the cubic vertex m2 enjoys the following cyclic property

⟨A,m2(B,C)⟩ = (−1)d(A)(d(B)+d(C))⟨B,m2(C,A)⟩ (5.B.14a)
= (−1)d(C)(d(A)+d(B))⟨C,m2(A,B)⟩ . (5.B.14b)

We also note that we have

⟨A,QB⟩ = −(−1)|A|⟨QA,B⟩ , (5.B.15)

together with

⟨A, ξB⟩L = (−1)|A|⟨ξA,B⟩L , (5.B.16a)
⟨A,XB⟩L = ⟨XA,B⟩L . (5.B.16b)

The corresponding relations for the symplectic form read

ω(A,B) = (−1)d(A)d(B)+1ω(B,A) (5.B.17a)
ω(A,B ∗ C) = (−1)d(B)+1ω(A ∗B,C) (5.B.17b)

ω(A,m2(B,C)) = (−1)d(A)+1ω(m2(A,B), C) (5.B.17c)

together with

ω(A,m2(B,C)) = (−1)d(A)+d(B)(−1)d(A)(d(B)+d(C))ω(B,m2(C,A)) (5.B.18a)
= (−1)d(A)+d(C)(−1)d(C)(d(A)+d(B))ω(C,m2(A,B)) (5.B.18b)

and

ω(A,QB) = −(−1)d(A)ω(QA,B) , (5.B.19)

together with

ωL(A, ξB) = (−1)d(A)ωL(ξA,B) , (5.B.20a)
ωL(A,XB) = ωL(XA,B) . (5.B.20b)

5.C Some useful OPE and correlators
We will work with the symmetric conventions where

c(z)c(−z) = −2z c∂c(0) + O(z3) , (5.C.1a)
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ξ(z)ξ(−z) = −2z ξ∂ξ(0) + O(z3) , (5.C.1b)
e−φ(z)e−φ(−z) = (2z)−1e−2φ(0) + O(z) , (5.C.1c)
e+φ(z)e−φ(−z) = 2z + (2z)2∂φ+ O(z3) . (5.C.1d)

Define V = cV 1
2
e−φ, W = cW 1

2
e−φ, where the h = 1/2 matter fields V 1

2
, W 1

2
satisfy

V 1
2
(+z)W 1

2
(−z) = (2z)−1{V 1

2
W 1

2
}1(0) + {V 1

2
W 1

2
}0(0) + . . . , (5.C.2)

where {V 1
2
W 1

2
}n denotes the coefficient of the pole of order n in the OPE of (that

is, {V 1
2
W 1

2
}1 is proportional to the identity). We also denote V1 = G−1/2V1/2,

W1 = G−1/2W1/2. Using the formula (3.9) of [83] and the OPE (5.C.1), one can
first show that

P0m2(V,W ) = c∂c{V 1
2
W 1

2
}0e

−2φ , (5.C.3)

where, in particular, we note the absence of {V 1
2
W 1

2
}1 on the r.h.s. of (5.C.3).

Further, we have

P0ξm2(V,W ) = +ξc∂c {V 1
2
W 1

2
}0e

−2φ , (5.C.4a)
P0m2(ξV,W ) = −ξc∂c {V 1

2
W 1

2
}0e

−2φ − (1/2)∂ξc∂c {V 1
2
W 1

2
}1e

−2φ , (5.C.4b)
P0m2(V, ξW ) = −ξc∂c {V 1

2
W 1

2
}0e

−2φ + (1/2)∂ξc∂c {V 1
2
W 1

2
}1e

−2φ , (5.C.4c)

which give

P0M2(V,W ) ≡ 1
3[P0ξm2(V,W ) − P0m2(ξV,W ) − P0m2(V, ξW )]

= P0ξm2(V,W ) , (5.C.5)

where we have noted that d(V ) = −d(ξ) = +1. Finally, we also have

P0m2(ξV, ξW ) = −c∂cξ∂ξ{V 1
2
W 1

2
}1e

−2φ . (5.C.6)

so that P0M2(V,W ) = ξP0m2(V,W ). Let us further denote

G(z)V 1
2
(−z) = (2z)−1V1(0) + . . . , (5.C.7)

so that using

Q =
∮︂ dz

2πi
[︂
c(Tm + Tξη + Tφ) + bc∂c+ ηeφG− η∂ηe2φb

]︂
, (5.C.8)

we have

Q(cV 1
2
e−φ) = 0 , (5.C.9a)

Q(c∂c∂ξe−2φ) = −2cη , (5.C.9b)

X(cV 1
2
e−φ) = cV1 − eφηV 1

2
, (5.C.9c)

X(c∂c∂ξe−2φ) = 2c∂φ− ∂c . (5.C.9d)
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It will be also useful to note that⟨︂
c∂cξe−2φ(z)c(w)

⟩︂
L

= −(z − w)2 , (5.C.10a)⟨︂
c∂cξ∂ξe−2φ(z)cη(w)

⟩︂
L

= −1 , (5.C.10b)⟨︂
η(z1)ξ(z2)ξ(z3)

⟩︂
L

= z23(z12z13)−1 . (5.C.10c)

Setting α′ = 2, we also have

i∂Xµ(z)i∂Xν(w) = +δµν(z − w)−2 + . . . , (5.C.11a)
ψµ(z)ψν(w) = +δµν(z − w)−1 + . . . , (5.C.11b)

together with

Sα(z)Sβ(w) = +εαβ(z − w)− 1
2 +

+ (1/4)(z − w)+ 1
2 (εσµν)αβ : ψµψν : (w) + . . . (5.C.12a)

Sα̇(z)Sβ̇(w) = −εα̇β̇(z − w)− 1
2 +

− (1/4)(z − w)+ 1
2 (σ̄µνε)α̇β̇ : ψµψν : (w) + . . . (5.C.12b)

Sα(z)Sβ̇(w) = +(1/
√

2)σµ
αβ̇
ψµ(w) + . . . , (5.C.12c)

ψµ(z)Sα(w) = +(1/
√

2)(z − w)− 1
2 (σµ)αβ̇Sβ̇(w) + . . . , (5.C.12d)

and

∆̄(z)∆(w) = −∆(z)∆̄(w) = +(z − w)− 1
2 + . . . , (5.C.13a)

i∂Xµ(z)∆(w) = τµ(w)(z − w)− 1
2 + . . . , (5.C.13b)

i∂Xµ(z)τν(w) = (1/2)δµν∆(w)(z − w)− 3
2 + . . . , (5.C.13c)

τ̄µ(z)τ ν(w) = (1/2)(z − w)− 3
2 (5.C.13d)

It will also come in useful to note the following RNS and spin field correlators
(see [197] and [198])⟨︂

ψµ(z1)ψν(z2)ψρ(z3)ψσ(z4)
⟩︂

= δµνδρσ

z12z34
− δµρδνσ

z13z24
+ δµσδνρ

z14z23
, (5.C.14a)

⟨︂
ψµ(z1)ψν(z2)i∂Xρ(z3)i∂Xσ(z4)

⟩︂
= δµνδρσ

z12z2
34
, (5.C.14b)

together with⟨︂
ψµ(z1)ψν(z2)Sα(z3)Sβ(z4)

⟩︂
=

+ z34

(z13z14z23z24z34)1/2

[︄
δµνεαβ

z13z24

z12z34
− 1

2(εσµσ̄ν)αβ
]︄
, (5.C.15a)⟨︂

ψµ(z1)ψν(z2)Sα̇(z3)Sβ̇(z4)
⟩︂

=

− z34

(z13z14z23z24z34)1/2

[︄
δµνεα̇β̇

z13z24

z12z34
− 1

2(σ̄µσνε)α̇β̇
]︄
, (5.C.15b)

and
⟨︂
Sα(z1)Sβ(z2)Sγ(z3)Sδ(z4)

⟩︂
=
(︄
z12z13z23z24

z13z24

)︄ 1
2
(︄
εαβεγδ
z12z34

− εαδεβγ
z14z23

)︄
, (5.C.15c)
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⟨︂
Sα(z1)Sβ(z2)S γ̇(z3)S δ̇(z4)

⟩︂
= −εαβεγ̇δ̇(z12z34)− 1

2 , (5.C.15d)

and
⟨︂
∆̄(z1)i∂Xµ(z2)i∂Xν(z3)∆(z4)

⟩︂
=−1

2
δµν

z
1
2
14z

2
23

(︄√︄
z13z24

z12z34
+
√︄
z12z34

z13z24

)︄
, (5.C.16)

and ⟨︂
ψµ(z1)Sα(z2)Sβ̇(z3)

⟩︂
= +(1/

√
2)(σµ)αβ̇z− 1

2
12 z

− 1
2

13 , (5.C.17a)⟨︂
i∂Xµ(z1)∆̄(z2)τν(z3)

⟩︂
= +(1/2)δµν z

− 1
2

12 z
− 3

2
13 . (5.C.17b)

Finally, we have

⟨︂
∆̄Sα(z1)∆Sβ(z2)∆̄Sγ(z3)∆Sδ(z4)

⟩︂
= εαβεγδ

z12z34
− εαδεβγ

z14z23
, (5.C.18a)

⟨︂
τ̄µS

α̇(z1)τνSβ̇(z2)∆̄Sγ(z3)∆Sδ(z4)
⟩︂

= −δµν
2
εα̇β̇εγδ

z12z2
34
, (5.C.18b)

⟨︂
∆̄Sα(z1)τµSβ̇(z2)∆̄Sγ(z3)τνS δ̇(z4)

⟩︂
= 0 . (5.C.18c)
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6. Effective actions for WZW-like
heterotic SFT
In this chapter we present a reprint of the paper:

H. Erbin, C. Maccaferri, J.Vošmera, Localization of effective actions in
Heterotic String Field Theory, JHEP 02 (2020) 059, arXiv:1912.05463

Abstract: We consider the algebraic couplings in the tree level effective action of
the heterotic string. We show how these couplings can be computed from closed
string field theory. When the light fields we are interested in are charged under
an underlying N = 2 R-charge in the left-moving sector, their quartic effective
potential localizes at the boundary of the worldsheet moduli space, in complete
analogy to the previously studied open string case. In particular we are able to
compute the quartic closed string field theory potential without resorting to any
explicit expression for the 3- and the 4-strings vertices but only using the L∞
relations between them. As a non trivial example we show how the heterotic
Yang-Mills quartic potential arises in this way.

6.1 Introduction and Summary
String field theory (SFT) is an approach to non-perturbative string theory, which
has the perturbative world-sheet description in its basic definition. Many pro-
gresses on different fronts have been achieved in the past years. Complete con-
structions of covariant superstring actions have become available [63, 65, 177, 196,
199, 200, 201]. On an independent flow, evidence for background independence
has emerged, thanks to the plethora of discovered classical solutions (mainly in
the case of open strings) and related aspects [1, 49, 51, 52, 53, 54, 90, 91, 92,
93, 95, 96, 108, 116, 140, 147, 148, 149, 202, 203, 204, 205, 206]. In parallel we
have also realized, mainly thanks to the work of Ashoke Sen, that a consistent
approach to superstring perturbation theory necessarily needs a SFT formulation
[34, 35, 36, 37, 38, 39, 117, 118, 119, 130, 207]. See [73] and [208] for recent
reviews on the above-mentioned achievements.

A quantum consistent theory necessarily includes closed strings as dynami-
cal degrees of freedom and in fact, from this perspective, the simplest model to
consider is a theory with only closed strings since, at least perturbatively (i.e. in
absence of D-branes), open strings cannot be created by closed strings interact-
ing between themselves. However closed string field theory (see [72] for a recent
review) is not as explicit as open string field theory because the fundamental
vertices defining its interactions necessarily include integrations over implicitly-
defined internal regions of the moduli space of punctured Riemann surfaces, to-
gether with local coordinates around punctures, for which we generally do not
have closed form expressions. But since these data are necessary for constructing
off-shell amplitudes, it seems that a direct approach towards analytic computa-
tions in closed string field theory is still not really available, although progress
in this direction is happening [209, 210, 211, 212, 213, 214]. However, on second
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thought, we would expect that when we are concerned with physical quantities,
the final result should be independent on the various un-physical data that are
needed for the definition of the fundamental vertices. Then it should be possible
to compute observables by-passing the explicit knowledge of the off-shell data,
only using the fundamental properties that ensure consistency of the action, such
as gauge invariance.

In this paper we make a step in this direction and we consider the tree level
effective action of the Heterotic string [215, 216, 217]. To do so we start from the
WZW-like formulation of heterotic string field theory [55, 56] in the NS sector and
we classically integrate out the massive fields by solving their equation of motion
in terms of the massless fields, in analogy to what has been done in the early days
by Berkovits and Schnabl [128] for the open superstring. More precisely, we will
be interested in the algebraic couplings of the effective action, which define the
field-potential. Then, following [95, 116], we observe that when the massless fields
we are interested in are charged under the R-charge of an underlying N = 2 SCFT
in the left-moving sector, the full quartic potential localizes at the boundary of
moduli space of the 4-punctured sphere. Although we are here talking about
closed string amplitudes, the mechanism is completely parallel to the open string
case analyzed in [116] and [1, 95].

Summarizing with a bit more of details, our results gives formulae which
are tantalizingly almost identical to [116]. In the space of dynamical heterotic
NS string fields in the large Hilbert space, collectively indicated as Φ, we split
the string field in the kernel of L+

0 = L0 + L0 and its complement using the
corresponding projectors P0 and 1 − P0

Φ = P0Φ + (1 − P0)Φ ≡ ϕ+ R. (6.1.1)

These projectors are useful to correctly account for how the Siegel-gauge prop-
agator defines a contracting homotopy operator for the BRST charge[︄

Q,
b+

0
L+

0

]︄
= 1 − P0 ≡ P 0. (6.1.2)

Then, the effective action for the massless field ϕ is explicitly given, up to quartic
order, as

Seff(ϕ) = 1
2 ⟨η0ϕ,Qϕ⟩ + 1

3! ⟨η0ϕ, [ϕ,Qϕ]⟩ + S
(4)
eff (ϕ) +O(ϕ5), (6.1.3)

where the quartic coupling is given by

S
(4)
eff (ϕ) = 1

4!
⟨︂
η0ϕ,

[︂
ϕ, [ϕ,Qϕ]

]︂⟩︂
+ 1

4! ⟨η0ϕ, [ϕ,Qϕ,Qϕ]⟩

−1
8

⟨︄
[η0ϕ,Qϕ], ξ0

b+
0
L+

0
P 0 [η0ϕ,Qϕ]

⟩︄
(6.1.4)

and it contains, in the propagator term, the contribution from the massive fields
which have been (classically) integrated out. As anticipated, computing this
quantity for a generic field in the kernel of L+

0 requires off-shell data which are
in general not known in a concrete enough form for us to obtain a final analytic
result in terms of spacetime fields. However if we are interested in purely algebraic
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couplings we can go further. At zero momentum there are two kinds of physical
fields: the standard physical fields (which we will denote ϕA) and the ghost
dilaton, ϕD. The latter is given by

ϕD(z, z) = D cξ∂ξe−2φQ(∂c− ∂c)(z, z) = D cγ−2Q(∂c− ∂c)(z, z), D ∈ R

and it does not depend on the matter conformal field theory. Then all of the
other physical fields are of the form

ϕA(z, z) = εik cξe
−φVi

1
2
(z) cWk

1(z) ≡ cγ−1(z)V 1
2 ,1

(z, z) c(z), (6.1.5)

where Wk

1’s are anti-holomorphic conformal primaries of weight 1 living in the
bosonic right-moving part and Vi

1
2
(z) are N = 1 superconformal primaries of

weight 1/2 in the supersymmetric left-moving sector. The generic polarization
εik spans the remaining degrees of freedom at zero momentum.

As it turns out only ϕA can contribute to the elementary cubic couplings in
(6.1.3) and the ghost dilaton decouples. On the other hand, for quartic couplings,
we don’t have an analytic way to approach the ghost dilaton, but we can still say
quite a lot on the quartic couplings of ϕA alone, which are the main target of this
work.

Concentrating thus on the ϕA fields only, we further restrict our attention to
N = 1 superconformal primaries which can be written as sum of short N = 2
primaries of R-charge ±1 [1, 34, 95, 116]

Vj
1
2
(z) = (Vj

1
2
)+(z) + (Vj

1
2
)−(z) (6.1.6)

and accordingly from (6.1.5)

V 1
2 ,1

(z, z) = V+
1
2 ,1

(z, z) + V−
1
2 ,1

(z, z), (6.1.7)

ϕA = ϕ+ + ϕ−. (6.1.8)

As we will see, the first consequence of this decomposition is that cubic couplings
will be identically vanishing

S
(3)
eff

(︂
ϕ+ + ϕ−

)︂
= 0. (6.1.9)

Secondly and most importantly, the conservation of R-charge, together with the
L∞ relations (6.2.6c), and the fundamental fact (6.1.2) allow to re-write the quar-
tic potential as

S
(4)
eff (ϕ+ + ϕ−) = − 1

8
⟨︂
[ϕ−, η0ϕ

−], P0[ϕ+, Qϕ+]
⟩︂

− 1
8
⟨︂
[ϕ−, ϕ+], P0[η0ϕ

−, Qϕ+]
⟩︂

+ (+ ↔ −).
(6.1.10)

Thanks to the presence of the projector P0 ∼ limt→∞ e−tL+
0 , the full quartic

potential is thus captured by a SFT diagram where 2 three-vertices are connected
by an infinitely long cylinder (corresponding to the proper-time t → ∞ limit of
the closed string propagator 1/L+

0 =
∫︁∞

0 dte−tL+
0 ). This is a contribution at the

boundary of moduli space of the 4-punctured sphere, where punctures collide two
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by two. In particular the 2-string products of primary fields in the kernel of L+
0

are reduced, thanks to the P0 in front, to simple Fock states which are obtained
by leading-order OPE

P0[Φ1,Φ2] = b−
0 δ(L−

0 ){Φ1 Φ2}0,0(0, 0)|0⟩SL(2,C), (6.1.11)

where by {AB}k,k we denote the field which is found in the symmetric OPE
at the order of singularity z−kz−k. Thanks to this enormous simplification the
ϕA-effective action can be evaluated via elementary two-point functions to give a
universal expression in the matter sector

Seff(ϕ+ + ϕ−) = 1
4

(︃
⟨H+

1,1|H−
1,1⟩ + ⟨H0,1|H0,1⟩

)︃
+ O(ϕ5

A), (6.1.12)

where we have defined the charged heterotic auxiliary fields as

H±
1,1(z, z) ≡ lim

ϵ→0
(2ϵ) V±

1
2 ,1

(z + ϵ, z + ϵ) V±
1
2 ,1

(z − ϵ, z − ϵ), (6.1.13)

with R-charge ±2 and the neutral one

H0,1(z, z) ≡ lim
ϵ→0

|2ϵ|2 V+
1
2 ,1

(z + ϵ, z + ϵ) V−
1
2 ,1

(z − ϵ, z − ϵ), (6.1.14)

with vanishing R-charge. It is important to realize that while in the open string
case localization was just a shortcut to a more complicated computation involving
(still exactly computable) 4-point OSFT diagrams [1, 128], here this is a truly
major advantage as it gives us the possibility to access to the full quartic potential
without an explicit representation of the fundamental vertices of the microscopic
closed string field theory; all complications of closed string field theory have been
by-passed. This is the central result of this paper, which is organized as follows.

In section 6.2 we review the construction of NS Heterotic string field theory in
the large Hilbert space as originally defined in [55, 56]. We then split the string
field into massless and massive components and we perturbatively integrate out
the latter. Here, improving from [95, 116], we carefully analyze the gauge fixing
procedure for the massive fields, in particular we show that, once the gauge-fixed
equation of motion for the massive fields are solved in terms of the massless fields,
then the out-of-gauge equations of motion for the massive fields are satisfied if
the massless equation of motion are also satisfied. This allows us to state that
whenever we are interested in the dynamics of the massless fields, the full string
field theory equation of motion is controlled by the massless equations of motion
only. Our analysis is performed up to cubic order in the massless fields for the
equation of motion and up to quartic order for the action. A complete result
to all orders will be presented in [136] in the case of generic SFT actions whose
interactions are organized into a cyclic L∞ structure, as it typically happens in
small Hilbert space theories. The effective action for the massless fields is then
simply obtained by substituting the gauge fixed solution for the massive fields into
the original classical action. Then in section 6.3, after having shown how to reduce
the kernel of L+

0 to the physical fields only, we concentrate on the quartic effective
potential of fields in the form (6.1.5), which admit an N = 2 decomposition. We
show by manipulations in the large Hilbert space analogous to [116] that the full
quartic potential reduces to (6.1.10). In section 6.4 we show the consequence of
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this localization mechanism in flat D = 10 space-time where we correctly obtain
the Yang-Mills potential of the heterotic gauge field. Moreover we confirm the
absence of algebraic couplings for the metric and the Kalb-Ramond field since
the correspoding auxiliary fields are indentically vanishing. We end up in section
6.5 with conclusions and future perspectives. Appendix 6.A contains the detailed
derivation of how the gauge constraints for the massive fields are controlled by the
massless equation of motion, up to quartic order. Appendix 6.B shows that we
can consistently ignore all of the fields in the kernel of L+

0 which are not physical,
either by simply setting them to zero (for states annihilated by η0) or integrating
them out (for states proportional to c+

0 ), without producing new couplings up to
quartic order. Finally appendix 6.C contains the proof that there are no cubic
couplings for physical fields with N = 2 R-charge equal to ±1.

6.2 Heterotic effective action
In this section we first review the construction of heterotic string field theory in
the large Hilbert space and then we will integrate out the massive fields to get
the tree level effective action for the massless fields, up to quartic order.

6.2.1 Heterotic String Field Theory
The action for heterotic SFT in the large Hilbert space [55, 56] expanded up to
quartic order in the NS sector is

S(Φ) = 1
2
⟨︂
η0Φ, QΦ

⟩︂
+ κ

3!
⟨︂
η0Φ, [Φ, QΦ]

⟩︂
+

+ κ2

4!

(︄⟨︂
η0Φ, [Φ, QΦ, QΦ]

⟩︂
+
⟨︂
η0Φ, [Φ, [Φ, QΦ]]

⟩︂)︄
+ O(κ3) (6.2.1a)

= 1
2
⟨︂
η0Φ, QΦ

⟩︂
+ I(Φ), (6.2.1b)

with Q = QB +QB where

QB =
∮︂ dz

2πi

{︄
c(Tm + Tξη + Tφ) + c∂cb+ ηeφG− η∂ηe2φb

}︄
, (6.2.2a)

QB =
∮︂ dz

2πi

{︄
cTm + c∂cb

}︄
, (6.2.2b)

where by G we have denoted the matter supercurrent. We have also defined the
interacting part

I(Φ) = κ

3!
⟨︂
η0Φ, [Φ, QΦ]

⟩︂
+

+ κ2

4!

(︄⟨︂
η0Φ, [Φ, QΦ, QΦ]

⟩︂
+
⟨︂
η0Φ, [Φ, [Φ, QΦ]]

⟩︂)︄
+ O(κ3) . (6.2.3)

The string field Φ is a combination of states consisting in the left moving sector
of an N = 1 matter SCFT with central charge c = 15 together with the (b, c)
and (β, γ) systems while, in the right-moving sector, of a c = 26 matter CFT
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together with the (b, c) system. The string field Φ carries ghost number +1 and
picture number 0 and satisfies the level matching conditions

b−
0 Φ = L−

0 Φ = 0 , (6.2.4)

where b−
0 = b0 − b0, L−

0 = L0 − L0. Following Zwiebach’s standard notation [9],
the inner product is defined as ⟨A,B⟩ = ⟨A|c−

0 |B⟩ where c−
0 = 1

2(c0 − c0). The
multi string products [Φ1, . . . ,Φn] are all graded-commutative wrt grassmanality,
for instance, [A,B] = (−1)AB[B,A] and similarly for the higher products. In
addition we have ⟨︂

A,B
⟩︂

= (−1)(A+1)(B+1)
⟨︂
B,A

⟩︂
, (6.2.5a)⟨︂

QA,B
⟩︂

= (−1)A
⟨︂
A,QB

⟩︂
, (6.2.5b)⟨︂

η0A,B
⟩︂

= (−1)A
⟨︂
A, η0B

⟩︂
, (6.2.5c)⟨︂

[A,B], C
⟩︂

= (−1)A+B
⟨︂
A, [B,C]

⟩︂
. (6.2.5d)

In order to guarantee that the action is invariant under an appropriate non-linear
gauge transformation [55, 56], the multi-string products satisfy the relations of
an L∞ algebra which, up to cubic order are explicitly

0 = Q2 , (6.2.6a)
0 = Q[Φ1,Φ2] + [QΦ1,Φ2] + (−1)Φ1 [Φ1, QΦ2] , (6.2.6b)
0 = Q[Φ1,Φ2,Φ3] + [QΦ1,Φ2,Φ3]+

+ (−1)Φ1 [Φ1, QΦ2,Φ3] + (−1)Φ1+Φ2 [Φ1,Φ2, QΦ3]+
+ (−1)Φ1 [Φ1, [Φ2,Φ3]] + (−1)Φ2(Φ1+1)+Φ1Φ3 [Φ2, [Φ3,Φ1]]+

+ (−1)Φ3(Φ1+Φ2+1)[Φ3, [Φ1,Φ2]] . (6.2.6c)
...

From now one we will set the gravitational coupling κ equal to unity,

κ = 1. (6.2.7)

6.2.2 Effective action
Let us now focus on deriving the effective action for the massless modes of the het-
erotic SFT. Varying the action (6.2.1) with respect to Φ, we obtain the equation
of motion

EOM(Φ) = −η0QΦ + J (Φ) , (6.2.8)

where we have separated the interacting part as

J (Φ) = + 1
2![η0Φ, QΦ] + 1

3!

(︄
[η0Φ, QΦ, QΦ]+

+ [η0Φ, [Φ, QΦ]] − 1
2[Φ, [Φ, η0QΦ]] − 1

2[Φ, [QΦ, η0Φ]]
)︄

+ O(Φ4) . (6.2.9)
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To isolate the massless modes (in view of our latest interest in the zero momentum
sector) we consider the projector into the kernel of L+

0 , P0 (together with P 0 ≡
1 − P0) and we split the string field as

Φ = P0Φ + P 0Φ ≡ ϕ+ R , (6.2.10)

where we have denoted the massless component by ϕ = P0Φ and the massive
component by R = P 0Φ. Splitting also the variation as δΦ = δϕ+ δR, we obtain
the equations of motion EOMϕ and EOMR for ϕ and R

EOMϕ(ϕ,R) = P0EOM(ϕ+ R) = −η0Qϕ+ P0J (ϕ+ R) , (6.2.11a)
EOMR(ϕ,R) = P 0EOM(ϕ+ R) = −η0QR + P 0J (ϕ+ R) . (6.2.11b)

6.2.2.1 Integrating out the massive fields

We want to integrate out the massive part R of the string field Φ by solving the
associated equation of motion EOMR for R in terms of ϕ and then substituting
R(ϕ) back into the full SFT action (6.2.1). In order to do so, we will need to
fix the Q- and η-gauge symmetries for the massive part of the string field. To
this end, let us introduce the projectors ΠQ = b+

0 c
+
0 and Πη = ξ0η0, together with

ΠQ = 1 − ΠQ = c+
0 b

+
0 and Πη = 1 − Πη = η0ξ0.

Let us first fix the η-gauge symmetry of R. We will do so by splitting

R = R + R̃ , (6.2.12)

where we define R = ΠηR and R̃ = ΠηR. We will then fix the ξ0R = 0 gauge
by setting R̃ = 0. Doing so, the equation of motion EOMR gets split into two
components (here we use that bpz(Πη) = Πη and we substitute the gauge-fixed
string field R = R)

EOMR(ϕ,R) = ΠηEOMR(ϕ,R) = −η0QR + ΠηP 0J (ϕ+ R), (6.2.13a)
EOMR̃(ϕ,R) = ΠηEOMR(ϕ,R) = ΠηP 0J (ϕ+ R) . (6.2.13b)

These are the equations of motion corresponding to the massive fields R , when
these fields are partially gauge fixed by ξ0R = 0. If we now substitute Φ = ϕ+R
back into the action (6.2.1) we obtain a partially gauge-fixed action

Sη(ϕ,R) = 1
2
⟨︂
η0ϕ,Qϕ

⟩︂
+ 1

2
⟨︂
η0R, QR

⟩︂
+ I(ϕ+ R) , (6.2.14)

so that varying (6.2.14) with respect to ϕ and R will yield (6.2.11a) (with R = R)
and (6.2.13a), respectively. Notice however that in this way we miss the equation
of motion (6.2.13b), which should then be interpreted as a gauge constraint (out-
of-ξ0 gauge equation).

Let us now proceed to fix the Q-gauge symmetry for the remaining component
R of P 0Φ. To this end, we can decompose [218]

Q = c+
0 L

+
0 + b+

0 M+ + ˆ︁Q , (6.2.15)

where we define M+ = M+ +M
+ and ˆ︁Q = ˆ︁QB + ˆ︁QB with

M+ = −2
∑︂
n>0

nc−ncn − 2
∑︂
q≥ 1

2

γ−qγq , (6.2.16a)
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M
+ = −2

∑︂
n>0

mc−ncn (6.2.16b)

and, using conventions where γ = eφη, β = e−φ∂ξ,

ˆ︁QB =
∑︂
n̸=0

c−nL
m
n − 1

2
∑︂

m,n ̸=0
m+n̸=0

(m− n) :c−mc−nbm+n : −
∑︂

q+ 1
2 ∈Z

γ−qG
m
q +

−
∑︂

p+q∈Z̸=0

γ−pγ−qbp+q + 1
2

∑︂
m∈Z̸=0
q+ 1

2 ∈Z

(m− 2q)c−mγ−qβm+q , (6.2.17a)

ˆ︁QB =
∑︂
n̸=0

c−nL
m
n − 1

2
∑︂

m,n ̸=0
m+n̸=0

(m− n) :c−mc−nbm+n : . (6.2.17b)

Note that M+ and ˆ︁Q do not contain b0, c0, b0, c0. We then decompose

R = R + R̃ , (6.2.18)

where we denote R = ΠQR and R̃ = ΠQR. The remaining portion of gauge
symmetry, associated with Q, can then be fixed by setting R̃ = 0, that is imposing
Siegel gauge b+

0 R = 0. The equation of motion EOMR then splits into two
components

EOMR(ϕ,R) = ΠQEOMR(ϕ,R) = −η0c
+
0 L

+
0 R + ΠQΠηP 0J (ϕ+R), (6.2.19a)

EOMR̃(ϕ,R) = ΠQEOMR(ϕ,R) = −b0c0η0
ˆ︁QR + ΠQΠηP 0J (ϕ+R) . (6.2.19b)

Substituting R = R into Sη(ϕ,R) (6.2.14), we obtain the action

Sgf(ϕ,R) = 1
2
⟨︂
η0ϕ,Qϕ

⟩︂
+ 1

2
⟨︂
η0R, c

+
0 L

+
0 R

⟩︂
+ I(ϕ+R), (6.2.20)

where all of the gauge symmetry of P 0Φ has been fixed. Varying Sgf(ϕ,R) with
respect to ϕ and R, we obtain the massless equation of motion (6.2.11a) (where
we substitute R = R) together with the gauge-fixed massive equation of motion
(6.2.19a). Furthermore, we need to remember that on top of this, we still have
to satisfy the two gauge constraints (6.2.13b) (with R = R) and (6.2.19b). All of
these represent a set of equations for ϕ and R. The massive gauge-fixed equation
of motion (6.2.19a) can be consistently solved to yield R as a function of ϕ.
Substituting R(ϕ) into the massive gauge constraints (6.2.13b) and (6.2.19b), we
will then show that these are automatically solved once we also assume that the
massless equation of motion EOMϕ holds. This will allow us to write down the
effective action for ϕ by simply substituting R(ϕ) into Sgf(ϕ,R), to finally get

Seff(ϕ) = Sgf(ϕ,R(ϕ)). (6.2.21)

Let us first discuss solving the gauge-fixed massive equation of motion

η0c
+
0 L

+
0 R = c+

0 b
+
0 η0ξ0P 0J (ϕ+R) . (6.2.22)

236



Noting that b+
0 R = ξ0R = 0, we can first cancel both c+

0 and η0, then we can
safely invert L+

0 thanks to the projection outside its kernel P 0. Altogether, we
conclude we can equivalently write the massive EOM as

R(ϕ) = b+
0
L+

0
P 0ξ0J (ϕ+R(ϕ)) . (6.2.23)

In order to lighten a bit the notation, let us introduce the products

pk(A1, . . . , Ak) ≡ b+
0
L+

0
P 0ξ0[A1, . . . , Ak] , (6.2.24)

together with the operator

G(Φ) = b+
0
L+

0
P 0ξ0J (Φ) . (6.2.25)

The operator G can be expanded in terms of pk as

G(Φ) = 1
2!p2(η0Φ, QΦ) + 1

3!

(︄
p3(η0Φ, QΦ, QΦ) + p2(η0Φ, [Φ, QΦ])+

− 1
2p2(Φ, [Φ, η0QΦ]) − 1

2p2(Φ, [η0Φ, QΦ])
)︄

+ O(Φ4) . (6.2.26)

Then (6.2.23) can be rewritten as

R(ϕ) = G(ϕ+R(ϕ)) . (6.2.27)

To solve this equation for R we will assume that R(ϕ) fluctuates only in response
to the fluctuations of ϕ. That is, we will put R(0) = 0. Note that by doing this we
will miss a number of classical solutions of the full SFT equation of motion where
the massive sector is allowed to condense independently of the massless sector.
Nevertheless, it completely covers the case at hand, namely the perturbative
dynamics of the massless modes. We can then write the solution for R(ϕ) in the
form

R(ϕ) = G(ϕ+ G(ϕ+ G(ϕ+ . . .))). (6.2.28)

It is easy to find that up to cubic order in ϕ we have

R(ϕ) = 1
2!p2(η0ϕ,Qϕ) + 1

3!

(︄
p3(η0ϕ,Qϕ,Qϕ)+

+ p2(η0ϕ, [ϕ,Qϕ]) − 1
2p2(ϕ, [ϕ, η0Qϕ]) − 1

2p2(ϕ, [η0ϕ,Qϕ])
)︄

+

+ 1
(2!)2p2(η0p2(η0ϕ,Qϕ), Qϕ) + 1

(2!)2p2(η0ϕ,Qp2(η0ϕ,Qϕ)) + O(ϕ4) . (6.2.29)

The effective action for the massless excitations ϕ is then

Seff(ϕ) = Sgf(ϕ,R(ϕ)) = 1
2!
⟨︂
η0ϕ,Qϕ

⟩︂
+
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+ 1
2
⟨︂
η0R(ϕ), c+

0 L
+
0 R(ϕ)

⟩︂
+ I(ϕ+R(ϕ)) , (6.2.30)

and expanding this up to quartic order, we finally obtain

Seff(ϕ) = 1
2!
⟨︂
η0ϕ,Qϕ

⟩︂
+ 1

3!
⟨︂
η0ϕ, [ϕ,Qϕ]

⟩︂
+ 1

4!

(︄⟨︂
η0ϕ, [ϕ,Qϕ,Qϕ]

⟩︂
+
⟨︂
η0ϕ, [ϕ, [ϕ,Qϕ]]

⟩︂)︄
+

− 1
8

⟨︄
[η0ϕ,Qϕ], ξ0

b+
0
L+

0
[η0ϕ,Qϕ]

⟩︄
+O(ϕ5). (6.2.31)

But now it is important to understand what happens to the gauge constraints
(6.2.13b) and (6.2.19b) that we have to supplement in addition to the EOM
derived from the effective action (6.2.31). This analysis is carried out in appendix
6.A and the outcome is that the gauge constraints are satisfied (to the order we are
interested in) thanks to the massless equations (assuming the gauge-fixed massive
equations have been already solved). So the gauge constraints (6.2.13b) and
(6.2.19b) do not contain new physical information that is not already contained
in (6.2.31). This is all we need. Interestingly this result can be generalized to
all-orders in the case the interactions arrange themselves into cyclic A∞ or L∞
structures as it is the case for small Hilbert space theories, as it will be reported
in [136].

It is not difficult to check that varying the action (6.2.31) (and using δϕ =
P0δϕ) we get back the equation of motion for the massless fields (6.2.11a)

η0Qϕ = P0J (ϕ+R(ϕ)), (6.2.32)

where R(ϕ) is given in (6.2.29). If we find a solution to this equation we auto-
matically have a solution to the full SFT since the massive equations have been
already solved and (importantly) the η and Q gauge constraints are solved if the
massless EOMs are solved, as shown in appendix 6.A. Therefore, in the present
perturbative setting, the massless EOM (6.2.32) is the only real requirement for
the existence of a full SFT solution.1

6.3 Evaluation of the effective action
In this section we will analyze the various components of the effective action
and we will compute the relevant physical couplings up to quartic order in the
massless fields. But before entering the details of the computation, we have to
give a concrete look at the massless fields, i.e. the states ϕ that we find in the
kernel of L+

0 .

6.3.1 The kernel of L+
0

In order to enumerate the field content of kerL+
0 we will assume that the back-

ground which we are considering is associated with a unitary matter SCFT. That
1In the analogous open string setting of [1, 140] the massless equation was obtained in a

conceptually different approach: it was the obstruction to invert the kinetic operator in the full
OSFT equation of motion and thus the obstruction to the existence of a solution representing
a true marginal boundary deformation.
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is, all matter states Vh have h ≥ 0 and, in the matter CFT, the identity is the
unique state with h = 0. This assumption can be motivated for instance by
working at zero-momentum in a compactification with unitary internal SCFT.
Our computation will then produce algebraic couplings of the full effective ac-
tion. We want to write down the most general state ϕ which is level-matched

(b0 − b0)ϕ = 0 , (6.3.1a)
(L0 − L0)ϕ = 0, (6.3.1b)

at total ghost number +1 and picture number 0 such that (L0 +L0)ϕ = 0, in the
large Hilbert space. The result can be written as

ϕ = ϕ1 + ϕ2 + ϕ3 , (6.3.2)
where

ϕ1 = ϕA + ϕD + ϕB (6.3.3a)

ϕ2 =
(︂
∂c+ ∂c

)︂(︃
ξcV 1

2
e−φ + cξ∂ξe−2φcV1

)︃
, (6.3.3b)

ϕ3 = cW1 + cW1 + ηeφU 1
2

+ C1c∂φ+ C2
(︂
∂c+ ∂c

)︂
. (6.3.3c)

To start with ϕ1 obeys the physical state condition η0Qϕ1 = 0. Its first component
is (6.1.5)

ϕA = ξ ccV 1
2 ,1
e−φ , (6.3.4)

and it captures all of the physical massless fields at zero momentum except
ϕD = D ξ Y Q(∂c− ∂c), D ∈ R (6.3.5)

which is the zero-momentum ghost dilaton in the large Hilbert space. This state
is universal and it is build using the inverse-picture changing operator

Y (z) = c∂ξe−2φ(z) = cδ′(γ)(z), (6.3.6)
which is a weight zero primary field in the cohomology of Q with vanishing ghost
number and picture p = −1. The ghost dilaton ϕD is formally gauge-trivial but
in fact it is not, because (∂c− ∂c) is not an allowed closed-string state, see [219]
for a discussion in the bosonic string. The remaining state in ϕ1 is given by

ϕB = B ξY Q(∂c+ ∂c), B ∈ R. (6.3.7)
However differently from the ghost dilaton this state is gauge trivial in the semi-
relative cohomology b−

0 = 0.

ϕB = B
(︃

−Q( ξY (∂c+ ∂c)) + η0( ξ0X0(Y (∂c+ ∂c)))
)︃
. (6.3.8)

The states ϕ2 are Nakanishi-Lautrup-like (NL) fields and are spanned by V 1
2
,

V1 which are generic holomorphic and anti-holomorphic matter conformal fields
of weigth (1/2, 0) and (0, 1) respectively. These states are set to zero by the Siegel
gauge condition b+

0 = 0.
The remainig fields ϕ3 (spanned by the conformal fields W1, W1, U 1

2
and

the numbers C1, C2) are in the small Hilbert space η0 = 0 and are therefore
η0-gauge-trivial

ϕ3 = η0(ξϕ3). (6.3.9)
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6.3.2 Effective action for the physical fields
Obviously we would like to focus on just the physical fields, however the possible
elimination from the game of all the fields in the kernel of L+

0 except the physical
ones ϕA and ϕD needs a careful analysis. We have addressed this problem in
appendix 6.B and here we just briefly summarize the outcome.

First we partially gauge-fix the effective action (6.2.31) by requiring ξ0ϕ = 0,
that setting ϕ3 = 0 in (6.3.2). In doing so we loose some of the massless equation
of motion which become gauge constraints. But like in the massive case, these
constraints are satisfied when the remaining massless fields solve the equation of
motion.

Then we integrate out ϕ2 as a function of ϕ1. Here we importantly check that
the possible generated new couplings from integrating out ϕ2 do not contribute
to the effective action up to quartic order.

Finally we show that the pure gauge state ϕB in ϕ1 completely decouples. The
final outcome from appendix 6.B is that, up to quartic order, the correct effective
action for the physical fields ϕA and ϕD is obtained from the full effective action
(6.2.31) by simply setting ϕ = ϕA + ϕD

Seff,p(ϕA, ϕD) = Seff(ϕ)
⃓⃓⃓⃓
ϕ=ϕA+ϕD

(up to quartic order). (6.3.10)

Therefore the effective action only depends on the physical fields ϕA and ϕD.
From the decoupling of the pure gauge mode ϕB shown in appendix 6.B, one
may be tempted to conclude that also the similarly-looking ghost-dilaton ϕD
decouples, observing that we can formally write

ϕD = ξ0QχD (6.3.11)

with
χD = 2DY c−

0 |0⟩.

However b−
0 χD ̸= 0. As a consequence, we may not use the computations in

appendix 6.B to show that also ϕD drops out from the quartic part of the action.
It is however true that the computation (6.B.32) – (6.B.36) shows that ϕD in fact
drops from the cubic part of the action. Therefore, we can write the effective
action for physical fields only as

Seff,p(ϕA, ϕD) = 1
3!
⟨︂
η0ϕA, [ϕA, QϕA]

⟩︂
+

+
{︄

1
4!

(︄⟨︂
η0ϕp, [ϕp, Qϕp, Qϕp]

⟩︂
+
⟨︂
η0ϕp, [ϕp, [ϕp, Qϕp]]

⟩︂)︄
+

+ 1
8

⟨︄
[η0ϕp, Qϕp], b

+
0
L+

0
ξ0P 0[η0ϕp, Qϕp]

⟩︄
+ O(ϕ5

p)
}︄⃓⃓⃓⃓
⃓
ϕp=ϕA+ϕD

, (6.3.12)

or, in the small Hilbert space (ψ = η0ϕ)

Seff,p,S(ψA, ψD) = 1
3!
⟨︂
ψA, [ψA, X0ψA]

⟩︂
S
+

+
{︄

1
4!

(︄⟨︂
ψp, [ψp, X0ψp, X0ψp]

⟩︂
S
+
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+
⟨︂
ψp, [ξ0ψp, [ψp, X0ψp] + [ψp, [ξ0ψp, X0ψp]]

⟩︂
S

)︄
+

− 1
8

⟨︄
[ψp, X0ψp], b

+
0
L+

0
P 0[ψp, X0ψp]

⟩︄
S

+ O(ψ5
p)
}︄⃓⃓⃓⃓
⃓
ψp=ψA+ψD

. (6.3.13)

An important question at this point is what to do with the ghost dilaton ϕD in
the quartic part of the effective action. This field is independent of the matter
sector and therefore it is insensitive to the localization mechanism we discuss
next. In the following we focus on the cubic and quartic couplings of ϕA alone
and we will simply set the ghost dilaton to zero ϕD = 0. The computation of
the ghost dilaton couplings is however a quite important question that should be
addressed, using appropriate tools which are however beyond the scope of this
paper. See [220] and [219] for related results in the context of bosonic closed
string field theory.

6.3.3 N = 2 decomposition
If we ignore the ghost dilaton, we remain with the physical field ϕA, which has
the general form

ϕA(z, z) = ξ(z) ccV 1
2 ,1

(z, z) e−φ(z), V 1
2 ,1

(z, z) = εik Vi
1
2
(z)Wk

1(z) (6.3.14)

and satisfies the free equation of motion

η0QϕA = 0. (6.3.15)

We now assume that the holomorphic side of the worldsheet has a global
N = 2 supersymmetry in the matter sector and that the superconformal primary
V1/2 can be written as the sum of two fields of opposite R charge

V 1
2

= V+
1
2

+ V−
1
2
. (6.3.16)

Denoting V1 = G−1/2V1/2, we then have

V1 = V+
1 + V−

1 , (6.3.17)

where V+
1 = G−

−1/2V
+
1/2, V

−
1 = G+

−1/2V
−
1/2, together with

G+
−1/2V

+
1/2 = 0 , G−

−1/2V
−
1/2 = 0 .

The fields V±
1
2

are charged under the U(1) R-symmetry generated by J0 while the
fields V±

1 are neutral:

J0V±
1
2

= ±V±
1
2
, J0V±

1 = 0. (6.3.18)

Correlation functions are non-zero only if the total R-charge is zero. In the same
manner, we also decompose the total massless field as

ϕA = ϕ+ + ϕ−, ϕ± = ξccV±
1/2,1e

−φ. (6.3.19)
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Acting with Q gives a combination of the charged and neutral fields, while acting
with η does not change the charge:

Qϕ± = ccV±
1,1 − ηeφcV±

1/2,1, η0ϕ
± = ccV±

1/2,1e
−φ. (6.3.20)

We see that there will be a tension between conservations of ghost number and
R-charge for terms involving Qϕ: the first term has N bc

gh = 1 and J0 = 0, while
the second has N bc

gh = 0 and J0 = 1. In total, only the terms such that N bc
gh = 6

and J0 = 0 can contribute.

6.3.4 Cubic couplings
Given the explicit representation (6.3.14) we can directly compute the cubic cou-
pling of the action. Using ϕA = P0ϕA and (6.B.36) we have that2

1
3!
⟨︂
η0ϕA, [ϕA, QϕA]

⟩︂
= 1

3!εilεjmεkn
⟨︂
0
⃓⃓⃓
ξ0c−1c0c1c−1c0c1e

−2φ
⃓⃓⃓
0
⟩︂
×

×
⟨︂
Vi

1
2

⃓⃓⃓
{Vj

1
2
Vk

1}1
⟩︂⟨︂

Wl

1

⃓⃓⃓
{Wm

1 W
n

1 }1
⟩︂

(6.3.22a)

= − 1
3!εilεjmεkn

⟨︂
Vi

1
2

⃓⃓⃓
{Vj

1
2
(G− 1

2
Vk

1
2
)}1
⟩︂⟨︂

Wl

1

⃓⃓⃓
{Wm

1 W
n

1 }1
⟩︂
.

(6.3.22b)

This is the universal form of the cubic coupling, which is given in terms of the
three-point functions in the matter sector. However, whenever the N = 2 de-
composition is possible, that is whenever we can write Vi

1
2

= (Vi
1
2
)+ + (Vi

1
2
)−, we

in fact have ⟨︂
Vi

1
2

⃓⃓⃓{︂
Vj

1
2
(G− 1

2
Vk

1
2
)
}︂

1

⟩︂
= 0 (6.3.23)

for all i, j, k. The proof of this claim, which proceeds along the lines of [1], is
presented in appendix 6.C. Therefore, given (6.3.19), the cubic potential vanishes

1
3!
⟨︂
η0ϕA, [ϕA, QϕA]

⟩︂⃓⃓⃓⃓
ϕA=ϕ++ϕ−

= 0. (6.3.24)

Note that (6.3.23) actually implies a somewhat stronger result, namely that

P0[η0ϕA, QϕA] = 0, (6.3.25)

whenever ϕA = ϕ+ + ϕ−. Expanding the equation of motion following from the
effective action Seff(ϕA) order by order in ϕA, one finds that (6.3.25) is precisely
the equation of motion arising at second order. Hence, we can conclude that to
second order, we automatically satisfy the condition for existence of a marginal
deformation by ϕA whenever we have an N = 2 decomposition of ϕA.

2We normalize the ghost correlators so that⟨︁
0
⃓⃓
ξ0c−1c−1c0c0c1c1e

−2φ
⃓⃓
0
⟩︁

= 1 . (6.3.21)
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6.3.5 Localization of the quartic effective potential
Now we finally focus on the quartic interaction from (6.2.31), which can be de-
composed into a vertex interaction and an interaction with a propagator

Seff,4 = Sprop
eff,4 + S×

4 , (6.3.26a)

Sprop
eff,4 = −1

8

⟨︄
P 0[η0ϕA, QϕA], ξ0

b+
0
L+

0
[η0ϕA, QϕA]

⟩︄
, (6.3.26b)

S×
4 = 1

4!
⟨︂
η0ϕ,

[︂
ϕA, [ϕA, QϕA]

]︂ ⟩︂
+ 1

4!
⟨︂
η0ϕA, [ϕA, (QϕA)2]

⟩︂
. (6.3.26c)

We now proceed with the explicit evaluation of the above quantities, assuming
the N = 2 decomposition of ϕA (6.3.19).3

Propagator terms (6.3.26b). The total ghost number of the propagator term

Sprop
eff,4 = −1

8

⟨︄
P 0[η0ϕ,Qϕ], ξ0

b+
0
L+

0
[η0ϕ,Qϕ]

⟩︄
(6.3.27)

reads
N bc

gh = 2 + 2N bc
gh(Qϕ) (6.3.28)

which requires N bc
gh(Qϕ) = 2: this selects the neutral component. This means

that the fields on which η0 acts must have opposite charges to achieve J0 = 0.
The non-vanishing terms are equal by pairs since b+

0 /L
+
0 is BPZ even and we find:

Sprop
eff,4 = − 1

4

⟨︄
P 0[η0ϕ

+, Qϕ+], ξ0
b+

0
L+

0
[η0ϕ

−, Qϕ+]
⟩︄

− 1
4

⟨︄
P 0[η0ϕ

+, Qϕ−], ξ0
b+

0
L+

0
[η0ϕ

−, Qϕ−]
⟩︄

− 1
4

⟨︄
P 0[η0ϕ

+, Qϕ+], ξ0
b+

0
L+

0
[η0ϕ

−, Qϕ−]
⟩︄

− 1
4

⟨︄
P 0[η0ϕ

+, Qϕ−], ξ0
b+

0
L+

0
[η0ϕ

−, Qϕ+]
⟩︄
.

(6.3.29)

Note that the first two terms are exchanged under ϕ± ↔ ϕ∓, while the last two
terms are invariant.

The next step is to show that, in fact, the first two terms vanish. This can
be seen by moving around the operators and showing that the result violates the
charge or ghost number conservation. For the first term, the idea is to move the
Q from the first bracket to act on ϕ− in the second bracket, in order to violate
the charge conservation:⟨︄

P 0[η0ϕ
+, Qϕ+], ξ0

b+
0
L+

0
[η0ϕ

−, Qϕ+]
⟩︄

=
⟨︄
P 0[η0ϕ

+, ϕ+], b
+
0
L+

0
[Qϕ−, Qϕ+]

⟩︄
= 0.

(6.3.30)
3Given the formal similarity of heterotic string field theory with open superstring field

theory with stubs, it is not difficult to adapt the original computation of [1] to here (and this
is in fact how we first arrived to the result). Here, however, we will follow analogous steps as
in the original paper [116].
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This vanishes because ghost number conservation picks the neutral terms in Qϕ±,
but then J0 ̸= 0. The second term vanishes exactly in the same way.

We can now analyze the two other terms to bring them in a simpler form.
The idea is to remove all propagators such that only terms with projectors and
contact interactions remain. This is achieved by moving again Q such that it can
hit the propagator. For the 3rd term, we extract Q and η0 from both sides in a
symmetric way. Simplifying and using R-charge and ghost number conservations
lead to:

2
⟨︄
P 0[η0ϕ

+, Qϕ+], ξ0
b+

0
L+

0
[η0ϕ

−, Qϕ−]
⟩︄

= −
⟨︂
P 0[η0ϕ

−, ϕ−], [ϕ+, Qϕ+]
⟩︂

−
⟨︂
P 0[η0ϕ

+, ϕ+], [ϕ−, Qϕ−]
⟩︂
.

(6.3.31)
In the 4th term, we use the relation

[η0ϕ
+, Qϕ−] = −η0Q[ϕ+, ϕ−] − [Qϕ+, η0ϕ

−], (6.3.32)

in both sides symmetrically. Again, simplifying and conservation laws leads to

2
⟨︄
P 0[η0ϕ

+, Qϕ−], ξ0
b+

0
L+

0
[η0ϕ

−, Qϕ+]
⟩︄

= −
⟨︂
P 0[ϕ−, ϕ+], [η0ϕ

−, Qϕ+]
⟩︂

+
⟨︂
P 0[ϕ−, ϕ+], [η0ϕ

+, Qϕ−]
⟩︂
.

(6.3.33)
Putting the pieces back together, the action (6.3.26b) becomes:

Sprop
eff,4 = 1

8
⟨︂
P 0[η0ϕ

−, ϕ−], [ϕ+, Qϕ+]
⟩︂

+ 1
8
⟨︂
P 0[η0ϕ

+, ϕ+], [ϕ−, Qϕ−]
⟩︂

+ 1
8
⟨︂
P 0[ϕ−, ϕ+], [η0ϕ

−, Qϕ+]
⟩︂

− 1
8
⟨︂
P 0[ϕ−, ϕ+], [η0ϕ

+, Qϕ−]
⟩︂
.

(6.3.34)
This matches (A.7) in [116]. Notice that this part of the action does not contain
anymore propagators. Writing P 0 = 1 − P0, it splits in localized and contact
contributions:

Sprop
eff,4 = Sloc

eff,4 + Scon
eff,4, (6.3.35)

where:

Sloc
eff,4 = −1

8
⟨︂
P0[η0ϕ

−, ϕ−], [ϕ+, Qϕ+]
⟩︂

− 1
8
⟨︂
P0[η0ϕ

+, ϕ+], [ϕ−, Qϕ−]
⟩︂
(6.3.36a)

− 1
8
⟨︂
P0[ϕ−, ϕ+], [η0ϕ

−, Qϕ+]
⟩︂

+ 1
8
⟨︂
P0[ϕ−, ϕ+], [η0ϕ

+, Qϕ−]
⟩︂
,

Scon
eff,4 = 1

8
⟨︂

[η0ϕ
−, ϕ−], [ϕ+, Qϕ+]

⟩︂
+ 1

8
⟨︂

[η0ϕ
+, ϕ+], [ϕ−, Qϕ−]

⟩︂
(6.3.36b)

+ 1
8
⟨︂

[ϕ−, ϕ+], [η0ϕ
−, Qϕ+]

⟩︂
− 1

8
⟨︂

[ϕ−, ϕ+], [η0ϕ
+, Qϕ−]

⟩︂
.

We will now see, exactly as in [116], the contact contribution will cancel with
the elementary quartic vertex

244



Elementary quartic vertex (6.3.26c). The elementary quartic vertex is made
of two terms:

S×
4 = 1

4!
⟨︂
η0ϕ,

[︂
ϕ, [ϕ,Qϕ]

]︂ ⟩︂
+ 1

4!
⟨︂
η0ϕ, [ϕ, (Qϕ)2]

⟩︂
. (6.3.37)

The ghost number of the first term (double 2-product) is

N bc
gh = 5 +N bc

gh(Qϕ). (6.3.38)

This means that Qϕ± picks the charged term, and there must be an equal number
of ϕ± in the expression. The ghost number of the second term (3-product) reads:

N bc
gh = 2 + 2N bc

gh(Qϕ). (6.3.39)
It does not vanish only if N bc

gh(Qϕ) = 2, such that Qϕ± picks the neutral term,
and thus ηϕ± and ϕ± must have opposite signs.

Before proceeding, we display a set of relations for the term with the 3-product
which can be used to simplify further the expressions. First, terms with opposite
signs are in fact equal⟨︂

η0ϕ
−, [ϕ+, (Qϕ)2]

⟩︂
=
⟨︂
η0ϕ

+, [ϕ−, (Qϕ)2]
⟩︂
, (6.3.40)

as can be shown by using cyclicity, that η0 is a derivative of the 3-product and of
the inner-product, and the equation of motion (6.3.15). Moreover, using the L∞
relation

0 = Q[ϕ−, ϕ+, Qϕ+] + [Qϕ−, ϕ+, Qϕ+] − [ϕ−, Qϕ+, Qϕ+]
−
[︂
ϕ−, [ϕ+, Qϕ+]

]︂
+
[︂
ϕ+, [ϕ−, Qϕ+]

]︂
+
[︂
Qϕ+, [ϕ−, ϕ+]

]︂
together with conservation laws show that the terms with (Qϕ±)2 vanish:⟨︂

η0ϕ
+, [ϕ−, Qϕ+, Qϕ+]

⟩︂
=
⟨︂
η0ϕ

+, [ϕ−, Qϕ+, Qϕ+]
⟩︂

= 0.

Using these relations, the action reads:

S×
4 = − 1

4!
⟨︂

[η0ϕ
+, ϕ+], [ϕ−, Qϕ−]

⟩︂
− 1

4!
⟨︂

[η0ϕ
+, ϕ−], [ϕ+, Qϕ−]

⟩︂
− 1

4!
⟨︂

[η0ϕ
+, ϕ−], [ϕ−, Qϕ+]

⟩︂
− 1

4!
⟨︂

[η0ϕ
−, ϕ+], [ϕ+, Qϕ−]

⟩︂
− 1

4!
⟨︂

[η0ϕ
−, ϕ+], [ϕ−, Qϕ+]

⟩︂
− 1

4!
⟨︂

[η0ϕ
−, ϕ−], [ϕ+, Qϕ+]

⟩︂
+ 1

6
⟨︂
η0ϕ

+, [ϕ−, Qϕ+, Qϕ−]
⟩︂
.

(6.3.41)

Rewriting the action The next step is to move η0 and Q, to use the L∞ re-
lation and to invoke conservation laws to write (6.3.36b) and (6.3.41) in terms of
independent quantities. Ultimately, we find that only 4 structures are indepen-
dent:

C1 =
⟨︂

[ϕ−, ϕ+], [η0ϕ
+, Qϕ−]

⟩︂
, C2 =

⟨︂
[ϕ−, ϕ+], [η0ϕ

−, Qϕ+]
⟩︂

C3 = −
⟨︂

[η0ϕ
+, ϕ−], [ϕ+, Qϕ−]

⟩︂
, D+− =

⟨︂
η0ϕ

+, [ϕ−, Qϕ+, Qϕ−]
⟩︂
.

(6.3.42)
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The L∞ relation

0 = Q[ϕi, ϕj, Qϕk] + [Qϕi, ϕj, Qϕk] − [ϕi, Qϕj, Qϕk]
−
[︂
ϕi, [ϕj, Qϕk]

]︂
+
[︂
ϕj, [ϕi, Qϕk]

]︂
+
[︂
Qϕk, [ϕi, ϕj]

]︂
,

(6.3.43)

where i, j, k = ±, can be used to rearrange terms where two fields with the same
sign are contained in one bracket. Note that the first term will never contribute
because it contains Qη0ϕ

± = 0 after integrating by part.
After straightforward computations, we find that the different terms of the

propagator part (6.3.36b) can be expressed as:⟨︂
[η0ϕ

−, ϕ−], [ϕ+, Qϕ+]
⟩︂

= −D+− − 2C2 − C1 − C3,⟨︂
[η0ϕ

+, ϕ+], [ϕ−, Qϕ−]
⟩︂

= −D+− − C3 + C1,⟨︂
[ϕ−, ϕ+], [η0ϕ

−, Qϕ+]
⟩︂

= C2,⟨︂
[ϕ−, ϕ+], [η0ϕ

+, Qϕ−]
⟩︂

= C1.

(6.3.44)

Summing all contributions, we find that (6.3.36b) reads:

Scon
eff,4 = − 1

4!(3C1 + 3C2 + 6C3 + 6D+−). (6.3.45)

Similarly, the different terms of the contact interaction part (6.3.41) can be writ-
ten as: ⟨︂

[η0ϕ
+, ϕ+], [ϕ−, Qϕ−]

⟩︂
= −D+− − C3 + C1,⟨︂

[η0ϕ
+, ϕ−], [ϕ+, Qϕ−]

⟩︂
= −C3,⟨︂

[η0ϕ
+, ϕ−], [ϕ−, Qϕ+]

⟩︂
= −C1 − C3,⟨︂

[η0ϕ
−, ϕ+], [ϕ+, Qϕ−]

⟩︂
= −C1 − C3,⟨︂

[η0ϕ
−, ϕ+], [ϕ−, Qϕ+]

⟩︂
= −C2 − C1 − C3,⟨︂

[η0ϕ
−, ϕ−], [ϕ+, Qϕ+]

⟩︂
= −D+− − 2C2 − C1 − C3.

(6.3.46)

Adding together all terms, we get:

S×
4 = 1

4!(3C1 + 3C2 + 6C3 + 6D+−). (6.3.47)

As a result, the contribution from the contact interaction (6.3.45) of the propa-
gator term exactly cancels the vertex interaction (6.3.47):

Scon
eff,4 + S×

4 = 0. (6.3.48)

This implies that the quartic potential is given solely by the localized action
(6.3.36a)

Seff,4 = Sloc
eff,4 = −1

8
⟨︂

[η0ϕ
−, ϕ−], P0[ϕ+, Qϕ+]

⟩︂
− 1

8
⟨︂

[η0ϕ
+, ϕ+], P0[ϕ−, Qϕ−]

⟩︂
− 1

8
⟨︂

[ϕ−, ϕ+], P0[η0ϕ
−, Qϕ+]

⟩︂
− 1

8
⟨︂

[ϕ+, ϕ−], P0[η0ϕ
+, Qϕ−]

⟩︂
.

(6.3.49)
As described in the introduction, the effective action receives contribution only
from the boundary of the moduli space.
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6.3.6 Auxiliary fields
Now we would like to concretely analyze the states entering in the localized
potential. In order to do so we have to extract the Fock space components of
states of the form P0[Φ1,Φ2] where

Φi = Φi(0, 0)|0⟩SL(2,C)

are primary states of weight (0, 0). The 2-product [·, ·] is not uniquely defined
as there are infinite choices that will be consistent with the L∞-relations (see for
example [72]) however, from the symmetry of the three-vertex, the product of
two conformal primaries of weight (0, 0) can be written in a form which naturally
generalizes the open string star product as described in [83]

[Φ1,Φ2] = b−
0 δ(L−

0 ) e
∑︁

n≥1 vnL−2n+vnL−2n Φ1(x, x)Φ2(−x,−x)|0⟩SL(2,C), (6.3.50)

where the vn’s and the location (x, x) depends on the chosen three-strings vertex.
From this general expression it is obvious that, provided that the OPE of Φ1 and
Φ2 does not contain states with conformal dimension less than −1 in either left-
or right-moving sector (this will always turn out to be true in our computations
where we assume that the matter SCFT is unitary), the presence of P0 will only
select the identity component from the exponential and the OPE contribution of
weight (0, 0) (if present). In such cases we therefore get the level (0, 0) Fock state

P0[Φ1,Φ2] = b−
0 {Φ1 Φ2}0,0(0, 0)|0⟩SL(2,C), (6.3.51)

where {Φ1,Φ2}0,0(z, z) is the weight (0, 0) field which is found in the symmetric
OPE of the weight zero fields Φ1 and Φ2

Φ1(z, z)Φ2(−z,−z) =
∑︂
k,k̄

(2z)−k(2z)−k̄{Φ1 Φ2}k,k̄(0, 0). (6.3.52)

With this understanding we can easily compute the localized fields entering the
effective quartic potential by standard OPE

P0[ϕ±, Qϕ±] = ccH±
1,1(0, 0) |0⟩ (6.3.53)

P0[ϕ±, η0ϕ
±] = −cc(∂c+ ∂c) ξe−2φH±

1,1(0, 0) |0⟩ (6.3.54)
P0[η0ϕ

±, Qϕ∓] = ∓cc ηH0,1(0, 0) |0⟩ (6.3.55)
P0[ϕ±, ϕ∓] = ±cc(∂c+ ∂c) ξ∂ξe−2φH0,1(0, 0)|0⟩. (6.3.56)

The heterotic auxiliary fields H appearing above are matter primaries which can
be found in the OPEs of the physical matter fields

V±
1
2 ,1

(z, z)V±
1
2 ,1

(−z,−z) = (2z)−1H±
1,1(0, 0) + · · · (6.3.57)

V±
1
2 ,1

(z, z)V∓
1
2 ,1

(−z,−z) = ±|2z|−2H0,1(0, 0) + · · · . (6.3.58)

In deriving the above expression we have also assumed that the OPE {V 1
2 ,1

V1,1}
is regular in the holomorphic side. This is generically true when the N = 2
decomposition is available (as we are assuming here), see [1] or appendix 6.C for a
proof. Notice in particular that if no field is found at those particular singularities
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in the OPE, then the quartic effective potential is identically vanishing. In the
next section we will encounter explicit examples of vanishing and non-vanishing
auxiliary fields.

Given the above form of the localized fields, we can finally write the effective
quartic potential (which coincides with the full effective potential up to quartic
order) with simple matter 2-point functions of the auxiliary fields

Seff(ϕA) = 1
4

(︃
⟨H+

1,1|H−
1,1⟩ + ⟨H0,1|H0,1⟩

)︃
+ O(ϕ5

A). (6.3.59)

This expression is universal, only based on the assumption that ϕA = ϕ+ + ϕ−

and otherwise is independent on the (N = 2) closed string background under
consideration.

Notice also that (6.3.59) is manifestly positive definite. Therefore flat direc-
tions of the potential are automatically minima of the full effective action up to
quartic order4.

Then, just as in the open string analysis of [1, 95, 116], flat directions are
controlled by the vanishing of the three ADHM-like constraints

H±
1,1 = 0, (6.3.60)

H0,1 = 0. (6.3.61)

But, by our construction in section 6.2.2.1, minima of the effective potential
uplift to full SFT solutions and therefore the above constraints (6.3.60, 6.3.61)
appear to be necessary and sufficient to guarantee exact marginality of the de-
formation triggered by ϕA = ϕ+ + ϕ−, up to quartic order.

6.4 Example: Yang-Mills in flat space
Let us now see what (6.3.59) reduces to in the simplest setting of the heterotic
string in flat ten-dimensional space-time.

The massless zero momentum fields (except the universal ghost dilaton) can
all be assembled in

ϕA = (gµν +Bµν)ξcψµe−φc i∂X
ν + Aµiξcψ

µe−φcJ
i
, (6.4.1)

where µ = 1, . . . , 10 runs over the spacetime dimensions and the adjoint gauge in-
dex i = 1, . . . , dim g runs over the currents J i of an affine Kac-Moody algebra ˆ︁gk=1
which is specified by the given heterotic gauge group. The (hermitian) generators
of the corresponding Lie algebra will be denoted by Ti (where a representation
has to be specified). They satisfy [Ti, Tj] = ifijkTk and tr[TiTj] = 2Cδij, where
fijk are the structure constants and C is the Dynkin index of the representation
at hand. We then have

J
i(z)J j(w) = δij

(z − w)2 + ifijk
J
k(w)
z − w

+ · · · (6.4.2)

4Assuming that setting to zero the ghost dilaton ϕD (which we have discarded) is a consis-
tent truncation. This should follow from the fact that, by the dilaton theorem, 4-point couplings
of n ϕD’s and (4 − n) ϕA’s should be related to self-couplings of (4 − n) ϕA’s, which however
vanish when N = 2 is present and ϕA = ϕ+ + ϕ−.
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Let us introduce the complexified free fields

ψa± = 1√
2

(ψ2a−1 ± iψ2a) , (6.4.3a)

where a = 1, . . . , 5, so that

gµνψ
µ = g(a+)νψ

a+ + g(a−)νψ
a− , (6.4.4a)

Bµνψ
µ = B(a+)νψ

a+ +B(a−)νψ
a− , (6.4.4b)

Aµiψ
µ = A(a+)iψ

a+ + A(a−)iψ
a− (6.4.4c)

with

g(a±)ν = 1√
2

(g(2a−1)ν ∓ ig(2a)ν) , (6.4.5a)

B(a±)ν = 1√
2

(B(2a−1)ν ∓ iB(2a)ν) , (6.4.5b)

A(a±)i = 1√
2

(A(2a−1)i ∓ iA(2a)i) . (6.4.5c)

We clearly have the N = 2 decomposition

ϕA = ϕ+
A + ϕ−

A (6.4.6)

with respect to the free-field N = 2 superconformal algebra with R-charge

j =
5∑︂

a=1
:ψa−ψa+ : . (6.4.7)

Explicitly we have

ϕ±
A = (g(a±)ν +B(a±)ν)ξcψa±e−φi∂X

ν + A(a±)iξcψ
a±e−φcJ

i
. (6.4.8)

From (6.3.57),(6.3.58) we can compute the auxiliary fields

H±
1,1 = if ijkA(a±)iA(b±)j :ψa±ψb± : Jk , (6.4.9a)

H0,1 = if ijkA(a+)iA(b−)jδ
abJ

k
. (6.4.9b)

Notice that gµν and Bµν drop out from the auxiliary fields because ∂Xµ does not
have a first-order pole in the OPE neither with itself nor with J

i. A non-trivial
auxiliary field is only obtained when the anti-holomorphic currents entering in ϕA
are non-abelian! From here we can already anticipate how the story will end, but
it is nonetheless instructive to see how the expected tr[Aµ, Aν ][Aµ, Aν ] potential
is reconstructed, to appreciate the differences wrt the analogous open string case
in [116], where the non-abelianity came from the Chan-Paton factors, rather than
a non-abelian current algebra.

We substitute the expression (6.4.9) for the auxiliary fields into the general
formula (6.3.59). In order to ease the algebraic manipulations which are to follow,
let us define the space-time matrix

U = diag[u, u, u, u, u] , (6.4.10)
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where

u = 1√
2

(︄
1 −i
1 +i

)︄
, (6.4.11)

together with the vectors

Aj = (A1j, A2j, . . . , A10j) , (6.4.12)
Ãj = (A(1+)j, A(1−)j, . . . , A(5+)j, A(5−)j) , (6.4.13)

where j is an adjoint index in the heterotic gauge algebra. We can then write

Ãj = UAj . (6.4.14)

Also note that the reality conditions on A give that

(Aj)† = (Aj)T . (6.4.15)

Let us also define

V = diag[v, v, v, v, v] , (6.4.16)

where

v =
(︄

1 0
0 0

)︄
, (6.4.17)

together with

W = diag[w,w,w,w,w] , (6.4.18)

where

w =
(︄

0 −1
1 0

)︄
. (6.4.19)

Using that fijk = −fjik, we therefore obtain

S
(4)
eff = 1

4f
ij
m f

klm

{︄
2A(a+)iA(b+)jA(a−)kA(b−)l+

− A(a+)iA(a−)jA(b+)kA(b−)l

}︄
, (6.4.20a)

= 1
4f

ij
m f

klm

{︄
2
[︂
(Ãk)†V Ãi

]︂[︂
(Ãl)†V Ãj

]︂
+

−
[︂
(Ãj)†V Ãi

]︂[︂
(Ãl)†V Ãk

]︂}︄
, (6.4.20b)

= 1
4f

ij
m f

klm

{︄
2
[︂
(Ak)†U †V UAi

]︂[︂
(Al)†U †V UAj

]︂
+

−
[︂
(Aj)†U †V UAi

]︂[︂
(Al)†U †V UAk

]︂}︄
, (6.4.20c)
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= +1
8f

ij
m f

klm
[︂
(Ak)†(I + iW )Ai

]︂[︂
(Al)†(I + iW )Aj

]︂
+

− 1
16f

ij
m f

klm
[︂
(Aj)†(I + iW )Ai

]︂[︂
(Al)†(I + iW )Ak

]︂
. (6.4.20d)

We can now use that fact that (Aj)†Ai is symmetric in i, j while (Aj)†WAi is
antisymmetric in i, j to rewrite

S
(4)
eff = +1

8f
ij
m f

klm
[︂
(Ak)†Ai

]︂[︂
(Al)†Aj

]︂
+

+ 1
4(f ijm fklm + f ikm f

jlm + f ilm f
jkm)

[︂
(Ak)†WAi

]︂[︂
(Al)†WAj]

]︂
, (6.4.21)

where we note that

f ijm f
klm + f ikm f

jlm + f ilm f
jkm = 0 (6.4.22)

by the Jacobi identity. We therefore end up with

S
(4)
eff = +1

8f
ij
mAµiAνj f

m
kl AµkAνl . (6.4.23)

This can be further rewritten as

S
(4)
eff = − 1

16C tr
[︂
[Aµ, Aν ][Aµ, Aν ]

]︂
, (6.4.24)

where in the last line we have denoted Aµ = AµiT
i. We have thus recovered

the quartic potential of the heterotic gauge fields. Notice that our (tree-level)
construction did not depend on the details of the heterotic gauge group – these
are determined by modular invariance at one loop.

6.5 Conclusions
In this paper we have developed new computational tools to extract algebraic
couplings in the tree-level effective action of the heterotic string from closed string
field theory. We have found that the same localization mechanism present in
the open superstring [1, 95, 116] is also at work here. This may appear rather
surprising because we would in general expect closed string physics to be rather
different from open string one. However it is certainly less surprising from the
point of view of string field theory. In particular, especially in the small Hilbert
space, it turns out that open, closed and open-closed string field theories have
all essentially the same algebraic structure encoded into a cyclic L∞ algebra
(which is realized differently depending on the model under study). Therefore
also the derived effective actions should clearly have common universal features.
We will elaborate more on this in [136]. In the particular case of the heterotic
SFT, we expect that the localized form of the zero-momentum quartic effective
action obtained in this paper using the WZW-like large Hilbert space formulation
should agree with the corresponding result one would obtain within the L∞-based
small Hilbert space formulation [16] (in the same way as it worked for the open
superstring in [95]). Indeed, one expects both actions to be completely equivalent
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at the classical level, as it has already been shown for the open superstring [18,
19, 177] (see in particular the partially gauge fixed WZW-like action (6.B.4)).

A quite important conceptual point emerging from our work is that the mass-
less equation of motion derived from the effective action are sufficient for establish-
ing the existence of a full string field theory solution. This is a quite convenient
reduced set of equations that can provide a useful alternative approach to ex-
act marginality and perhaps RG-flows triggered by marginally relevant operators
(for both bulk and boundary degrees of freedom) where the standard worldsheet
approaches (for example [221]) are not of much help.

In the future it would be interesting to extend the localization method to
Type-II theories and finally to the full open-closed theories, where both open and
closed string moduli can genuinely fluctuate. A first step into the interplay of
open and closed strings consists in adding Ellwood Invariants [102] to the open
string action and derive effective open-closed couplings by integrating out the
massive open strings, slightly generalizing [116]. We plan to report on this soon
[137]. Another issue we have not touched until now is whether the localization
mechanism can be useful for couplings involving space-time fermions. Needless to
say, it would be also interesting to explore the localization of couplings beyond the
quartic order and at finite momentum which is relevant for derivative couplings.
The localization at the boundary of worldsheet moduli space and the needed N =
2 structure is naturally calling for a relation with topological strings [222, 223, 224]
which would be quite interesting to explore.

On a more general direction, it would be also interesting to explore the possible
existence of new type of localization mechanisms, not necessarily related to a
worldsheet N = 2. Some of them may involve non-trivially various currents in
the (super) ghost sector and this may be useful to address the exact computation
of the ghost-dilaton couplings which we left essentially untouched in this paper.

We hope our progress will be useful in developing ways to efficiently extract
non trivial physical information from SFT, when the standard world-sheet meth-
ods fall short.
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6.A Analysis of the massive out-of-gauge con-
straints

Here we show that the two gauge constraints (6.2.13b) and (6.2.19b) are auto-
matically satisfied provided that we substitute the solution R(ϕ) of EOMR and
we also assume that the massless equation of motion EOMϕ is solved. So in the
following we will assume that

EOMϕ(ϕ,R(ϕ)) = EOMR(ϕ,R(ϕ)) = 0 . (6.A.1)

We will also find it convenient to denote the sum of the two gauge constraints by

GC(ϕ,R) = EOMR̃(ϕ,R) + EOMR̃(ϕ,R) . (6.A.2)

Starting with EOMR̃, we first note that we can bring the η0 from the projector
Πη inside the interaction part to obtain

EOMR̃(ϕ,R) = −P 0ξ0

{︄
1
2! [η0Φ, η0QΦ]+

+ 1
3!

(︄
2[η0Φ, η0QΦ, QΦ] − 3

2[η0Φ, [η0Φ, QΦ]]+

+ 1
2[η0Φ, [Φ, η0QΦ]] − [Φ, [η0Φ, η0QΦ]]

)︄
+ O(Φ4)

}︄⃓⃓⃓⃓
⃓
Φ=ϕ+R

. (6.A.3)

Now, using the definition of EOM(Φ), we can rewrite

η0QΦ
⃓⃓⃓
Φ=ϕ+R(ϕ)

= J (Φ)
⃓⃓⃓
Φ=ϕ+R(ϕ)

− EOM(Φ)
⃓⃓⃓
Φ=ϕ+R(ϕ)

(6.A.4a)

= J (Φ)
⃓⃓⃓
Φ=ϕ+R(ϕ)

− GC(ϕ,R(ϕ)) , (6.A.4b)

where to go to the second line, we have used that

EOMR(ϕ,R(ϕ)) = EOMϕ(ϕ,R(ϕ)) = 0 ,

as per our assumptions. Substituting (6.A.4b) into (6.A.3) and keeping only
terms up to cubic order in Φ, we obtain

EOMR̃(ϕ,R(ϕ)) = P 0ξ0

{︄
1
2! [η0Φ,GC(ϕ,R(ϕ))]+

+ 1
3!

(︄
2[η0Φ,GC(ϕ,R(ϕ)), QΦ]+

+ 1
2[η0Φ, [Φ,GC(ϕ,R(ϕ))]]+

− [Φ, [η0Φ,GC(ϕ,R(ϕ))]]
)︄}︄⃓⃓⃓⃓

⃓
Φ=ϕ+R(ϕ)

+

− P 0ξ0
1
2! [η0Φ,J (Φ)]

⃓⃓⃓
Φ=ϕ+R(ϕ)

+

+ 1
3!

3
2P 0ξ0[η0Φ, [η0Φ, QΦ]]

⃓⃓⃓
Φ=ϕ+R(ϕ)

+ O(Φ4) , (6.A.5)
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where we note that the quadratic part of J (Φ) contributes to cancel the last
term, namely

−P 0ξ0
1
2[η0Φ,J (Φ)] + 1

4P 0ξ0[η0Φ, [η0Φ, QΦ]] = O(Φ4) . (6.A.6)

That is, defining the linear operator

F1[A] = P 0ξ0

{︄
1
2! [η0Φ, A] + 1

3!

(︄
2[η0Φ, A,QΦ] + 1

2[η0Φ, [Φ, A]]+

− [Φ, [η0Φ, A]]
)︄

+ O(Φ4)
}︄⃓⃓⃓⃓
⃓
Φ=ϕ+R(ϕ)

, (6.A.7)

we obtain the equation

EOMR̃(ϕ,R(ϕ)) = F1
[︂
EOMR̃(ϕ,R(ϕ)) + EOMR̃(ϕ,R(ϕ))

]︂
. (6.A.8)

Note that using linearity of F1 we may rewrite this as

(1 − F1)
[︂
EOMR̃(ϕ,R(ϕ))

]︂
− F1

[︂
EOMR̃(ϕ,R(ϕ))

]︂]︂
= 0 . (6.A.9)

Second, let us focus on the second gauge constraint, namely the out-of-Siegel
equation

EOMR̃(ϕ,R(ϕ)) = −b+
0 c

+
0 η0ξ0η0QR(ϕ) + P 0b

+
0 c

+
0 η0ξ0J (Φ)

⃓⃓⃓
Φ=ϕ+R(ϕ)

. (6.A.10)

First, note that we have

η0QR(ϕ) = P 0J (Φ)Φ=ϕ+R(ϕ) − b+
0
L+

0
P 0QJ (Φ)Φ=ϕ+R(ϕ)+

−Q
b+

0
L+

0
P 0ξ0η0J (Φ)Φ=ϕ+R(ϕ) (6.A.11)

so that after substituting (6.A.11) into (6.A.10), the gauge constraint may be
rewritten as

EOMR̃(ϕ,R(ϕ)) = −η0ξ0
b+

0
L+

0
P 0QJ (Φ)Φ=ϕ+R(ϕ)+

− b+
0 c

+
0 η0ξ0Q

b+
0
L+

0
P 0ξ0η0J (Φ)Φ=ϕ+R(ϕ) . (6.A.12)

Note that the second term has essentially already been dealt with above where,
assuming that EOMϕ(ϕ,R(ϕ)) = 0, we have shown that

Pξ0η0J (Φ)
⃓⃓⃓
Φ=ϕ+R(ϕ)

= F1
[︂
EOMR̃(ϕ,R(ϕ))

]︂
+ F1

[︂
EOMR̃(ϕ,R(ϕ))

]︂
. (6.A.13)

As for the first term in (6.A.12), we first note that

QJ (Φ) = + 1
2!Q[η0Φ, QΦ] + 1

3!

(︄
Q[η0Φ, QΦ, QΦ]+

+Q[η0Φ, [Φ, QΦ]] − 1
2Q[Φ, [Φ, η0QΦ]]+
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− 1
2Q[Φ, [QΦ, η0Φ]]

)︄
+ O(Φ4) (6.A.14a)

= + 1
2![η0QΦ, QΦ] + 1

3!

(︄
[η0QΦ, QΦ, QΦ]+

− [η0Φ, [QΦ, QΦ] − 2[QΦ, [QΦ, η0Φ]]+

+ [η0QΦ, [Φ, QΦ]] + [η0Φ, [QΦ, QΦ]]+

+ 1
2[QΦ, [Φ, η0QΦ]] + 1

2[Φ, [QΦ, η0QΦ]]+

+ 1
2[QΦ, [QΦ, η0Φ]] − 1

2[Φ, [QΦ, η0QΦ]]
)︄

+ O(Φ4) (6.A.14b)

= + 1
2![η0QΦ, QΦ] + 1

3!

(︄
[η0QΦ, QΦ, QΦ] + [η0QΦ, [Φ, QΦ]]+

− 1
2[Φ, [QΦ, η0QΦ]] + 1

2[QΦ, [Φ, η0QΦ]]+

+ 1
2[Φ, [QΦ, η0QΦ]] − 3

2[QΦ, [QΦ, η0Φ]]
)︄

+ O(Φ4) . (6.A.14c)

At this point, we can evaluate everything at Φ = ϕ + R(ϕ) and use the result
(6.A.4b) to find that (keeping only terms up to cubic order in Φ)

QJ (Φ)
⃓⃓⃓
Φ=ϕ+R(ϕ)

= −
{︄

1
2! [GC(ϕ,R(ϕ)), QΦ]+

+ 1
3!

(︄
[GC(ϕ,R(ϕ)), QΦ, QΦ] + [GC(ϕ,R(ϕ)), [Φ, QΦ]]+

− 1
2[Φ, [QΦ,GC(ϕ,R(ϕ))]] + 1

2[QΦ, [Φ,GC(ϕ,R(ϕ))]]+

+ 1
2[Φ, [QΦ,GC(ϕ,R(ϕ))]]

)︄}︄⃓⃓⃓⃓
⃓
Φ=ϕ+R(ϕ)

+

+
{︄

1
2! [J (Φ), QΦ] − 1

3!
3
2[QΦ, [QΦ, η0Φ]]

}︄⃓⃓⃓⃓
⃓
Φ=ϕ+R(ϕ)

+ O(Φ4) . (6.A.15)

where we note that the quadratic part of J (Φ) will cancel the last term, that is

1
2[J (Φ), QΦ] − 1

4[QΦ, [QΦ, η0Φ]] = O(Φ4) . (6.A.16)

Putting everything together, we observe that if we define the linear functional

F2[A] =

⎧⎨⎩η0ξ0
b+

0
L+

0
P 0

[︄
1
2! [A,QΦ] + 1

3!

(︄
[A,QΦ, QΦ] + [A, [Φ, QΦ]]+

− 1
2[Φ, [QΦ, A]] + 1

2[QΦ, [Φ, A]] + 1
2[Φ, [QΦ, A]]

)︄]︄
+

− b+
0 c

+
0 η0ξ0Q

b+
0
L+

0
F1[A] + O(Φ4)

⎫⎬⎭
⃓⃓⃓⃓
⃓⃓
Φ=ϕ+R(ϕ)

(6.A.17)
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then we can substitute into (6.A.12) and write

EOMR̃(ϕ,R(ϕ)) = F2
[︂
EOMR̃(ϕ,R(ϕ)) + EOMR̃(ϕ,R(ϕ))

]︂
. (6.A.18)

Combining this with our previous result (6.A.9), we therefore obtain the matrix
equation (︄

1 − F1 −F1
−F2 1 − F2

)︄(︄
EOMR̃(ϕ,R(ϕ))
EOMR̃(ϕ,R(ϕ))

)︄
= 0 . (6.A.19)

Assuming that ϕ is small, it is straightforward to expand the operator

F =
(︄

1 − F1 −F1
−F2 1 − F2

)︄
(6.A.20)

in powers of ϕ and thereby show that F is in fact perturbatively invertible.
Hence, given that we are only interested in the perturbative expansion of the
effective action in powers of ϕ, we can conclude that EOMϕ(ϕ,R(ϕ)) = 0 and
EOMR(ϕ,R(ϕ)) = 0 imply that EOMR̃(ϕ,R(ϕ)) = 0 and EOMR̃(ϕ,R(ϕ)) = 0.

6.B Reducing the kernel of L+
0

In this appendix we discuss how to reduce the field content of kerL+
0 given by

(6.3.2), to the truly physical fields. This will be a three-step process: first we
will partially gauge fix the effective action (6.2.31) by setting ϕ3 (the massless
fields in the small Hilbert space) to zero. Consequently we will show that the
missing equation of motion will be contained in the remaining part of the action.
Then we will get rid of the Nakanishi-Lautrup field ϕ2 by integrating it out and
showing that this operation will not correct the physical couplings of the effective
action up to quartic order. Finally, we will show that the pure gauge field ϕB
decouples from both the cubic and the quartic couplings.

6.B.1 Partially gauge-fixing the effective action
Here we will show that in the effective action for kerL0 fields we can partially
gauge-fix ξ0ϕ = 0 to obtain a new effective action for fields which satisfy ϕ = ξ0ψ
for some ψ such that η0ψ = 0. But before we do this, let us discuss partial gauge
fixing already at the level of the full heterotic SFT action. Indeed, if we write

Φ = Φ̂ + Φ3 , (6.B.1)

where Φ̂ = ΠηΦ and Φ3 = ΠηΦ and we partially gauge-fix by setting Φ3, then the
respective equations of motion read

EOMΦ̂(Φ̂) = −η0QΦ̂ + η0ξ0J (Φ̂) , (6.B.2a)
EOMΦ3(Φ̂) = +ξ0η0J (Φ̂) . (6.B.2b)

However, it is easy to see that up to order O(Φ4) the gauge constraint (6.B.11b) is
already implied by the equation of motion EOMΦ̂(Φ̂). Indeed, we can first bring
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η0 inside J and then assuming that EOMΦ̂(Φ̂) = 0 we can substitute for η0QΦ̂
in terms of J (Φ̂). Realizing that J (Φ̂) = O(Φ̂

2
) and ignoring O(Φ̂

4
) terms, we

finally obtain

EOMΦ3(Φ̂) = −ξ0

{︄
1

(2!)2 [η0Φ̂, η0ξ0[η0Φ̂, QΦ̂]]+

− 1
3!

3
2[η0Φ̂, [η0Φ̂, QΦ̂]]

}︄
+ O(Φ̂

4
) (6.B.3a)

= O(Φ̂
4
) , (6.B.3b)

where to deal with the first term, we have substituted η0ξ0 = 1 − ξ0η0, brought
η0 inside the 2-string product and substituted for η0QΦ̂. Hence, we obtain that
EOMΦ̂(Φ̂) = 0 implies EOMΦ3(Φ̂) = 0 (at least up to quartic order). Therefore,
at least up to quartic order, by partial gauge fixing of the full heterotic SFT, we
do not incur any non-trivial gauge constraints. Writing Φ = ξ0Ψ (dropping the
hat over the partially gauge-fixed fields), the partially gauge-fixed action can be
rewritten as

SS(Ψ) = 1
2!
⟨︂
Ψ, QΨ

⟩︂
S

+ 1
3!
⟨︂
Ψ, [ξ0Ψ, Qξ0Ψ]

⟩︂
+

+ 1
4!

(︄⟨︂
Ψ, [ξ0Ψ, Qξ0Ψ, Qξ0Ψ]

⟩︂
+
⟨︂
Ψ, [ξ0Ψ, [ξ0Ψ, Qξ0Ψ]]

⟩︂)︄

+ 1
8

⟨︄
[Ψ, Qξ0Ψ], b

+
0
L+

0
ξ0P 0[Ψ, Qξ0Ψ]

⟩︄
+O(Ψ5) (6.B.4)

Adopting the idea of [95], this action can be completely rewritten (at least to the
quartic order) using the small Hilbert space BPZ product

⟨︂
. . .
⟩︂
S

and the picture
raising operator X0. Indeed we have⟨︂

Ψ, [ξ0Ψ, Qξ0Ψ]
⟩︂

=
⟨︂
Ψ, (ξ0η0 + η0ξ0)[ξ0Ψ, Qξ0Ψ]

⟩︂
(6.B.5a)

= −
⟨︂
Ψ, η0[ξ0Ψ, Qξ0Ψ]

⟩︂
S

(6.B.5b)

=
⟨︂
Ψ, [Ψ, X0Ψ]

⟩︂
S

+
⟨︂
Ψ, [ξ0Ψ, QΨ] − [Ψ, ξ0QΨ]

⟩︂
S

(6.B.5c)

together with⟨︂
Ψ, [ξ0Ψ, Qξ0Ψ, Qξ0Ψ]

⟩︂
=
⟨︂
Ψ, (ξ0η0 + η0ξ0)[ξ0Ψ, Qξ0Ψ, Qξ0Ψ]

⟩︂
(6.B.6a)

= −
⟨︂
Ψ, η0[ξ0Ψ, Qξ0Ψ, Qξ0Ψ]

⟩︂
S

(6.B.6b)

=
⟨︂
Ψ, [Ψ, X0Ψ, X0Ψ]

⟩︂
S
+

+
⟨︂
Ψ, 2[ξ0Ψ, QΨ, X0Ψ] − 2[Ψ, ξ0QΨ, X0Ψ]

⟩︂
S
+

+
⟨︂
Ψ, [Ψ, ξ0QΨ, ξ0QΨ] − 2[ξ0Ψ, QΨ, ξ0QΨ]

⟩︂
S

(6.B.6c)

and⟨︂
Ψ, [ξ0Ψ, [ξ0Ψ, Qξ0Ψ]]

⟩︂
=
⟨︂
Ψ, (ξ0η0 + η0ξ0)[ξ0Ψ, [ξ0Ψ, Qξ0Ψ]]

⟩︂
(6.B.7a)
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= −
⟨︂
Ψ, η0[ξ0Ψ, [ξ0Ψ, Qξ0Ψ]]

⟩︂
S

(6.B.7b)

=
⟨︂
Ψ, [Ψ, [ξ0Ψ, Qξ0Ψ]] + [ξ0Ψ, [Ψ, Qξ0Ψ]]+

+ [ξ0Ψ, [ξ0Ψ, QΨ]]
⟩︂
S

(6.B.7c)

=
⟨︂
Ψ, [Ψ, [ξ0Ψ, X0Ψ]] + [ξ0Ψ, [Ψ, X0Ψ]]

⟩︂
S
+

+
⟨︂
Ψ, [ξ0Ψ, [ξ0Ψ, QΨ]] − [Ψ, [ξ0Ψ, ξ0QΨ]]+

− [ξ0Ψ, [Ψ, ξ0QΨ]]
⟩︂
S

(6.B.7d)

That is, we can rewrite the action as

SS(Ψ) = S
(2)
S (Ψ) + S

(3)
S (Ψ) + S

(4)
S (Ψ) + O(Ψ5) , (6.B.8)

where

S
(2)
S (Ψ) = 1

2!
⟨︂
Ψ, QΨ

⟩︂
S
, (6.B.9a)

S
(3)
S (Ψ) = 1

3!

(︃⟨︂
Ψ, [Ψ, X0Ψ]

⟩︂
S

+
⟨︂
Ψ, [ξ0Ψ, QΨ] − [Ψ, ξ0QΨ]

⟩︂
S

)︃
, (6.B.9b)

S
(4)
S (Ψ) = 1

4!

(︃⟨︂
Ψ, [Ψ, X0Ψ, X0Ψ]

⟩︂
S
+

+
⟨︂
Ψ, 2[ξ0Ψ, QΨ, X0Ψ] − 2[Ψ, ξ0QΨ, X0Ψ]

⟩︂
S
+

+
⟨︂
Ψ, [Ψ, ξ0QΨ, ξ0QΨ] − 2[ξ0Ψ, QΨ, ξ0QΨ]

⟩︂
S
+

+
⟨︂
Ψ, [Ψ, [ξ0Ψ, X0Ψ]] + [ξ0Ψ, [Ψ, X0Ψ]]

⟩︂
S
+

+
⟨︂
Ψ, [ξ0Ψ, [ξ0Ψ, QΨ]] − [Ψ, [ξ0Ψ, ξ0QΨ]]+

− [ξ0Ψ, [Ψ, ξ0QΨ]]
⟩︂
S

)︃
. (6.B.9c)

It would be interesting to compare this action with the L∞-based theory [16]
and construct the field redefinition mapping the two theories on one another (see
[18, 19] for similar results relating the Berkovits’ WZW-like open superstring field
theory and the A∞-based theory).

Let us now repeat this partial gauge-fixing procedure in the case of the effective
action for kerL0 fields ϕ. To this end, we decompose

ϕ = ϕ̂+ ϕ3 , (6.B.10)

where we have ϕ̂ = Πηϕ and ϕ3 = Πηϕ. Fixing the ξ0-gauge by setting ϕ3 = 0,
we obtain equations of motion

eomϕ̂(ϕ̂) = Πηeom(ϕ̂) = −η0Qϕ̂+ η0ξ0P0J (ϕ̂+R(ϕ̂)) , (6.B.11a)
eomϕ3(ϕ̂) = Πηeom(ϕ̂) = +ξ0η0P0J (ϕ̂+R(ϕ̂)) . (6.B.11b)

Bringing η0 inside J and assuming that eomϕ̂(ϕ̂) = 0, one can show that

eomϕ3(ϕ̂) = ξ0

{︄
− 1

(2!)2P0[η0ϕ̂, η0ξ0P0[η0ϕ̂, Qϕ̂]]+
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+ 1
3!

3
2P0[η0ϕ̂, [η0ϕ̂, Qϕ̂]] − 1

4P0[η0ϕ̂, P 0[η0ϕ̂, Qϕ̂]]
}︄

+ O(ϕ̂4)

(6.B.12a)
= O(ϕ̂4) , (6.B.12b)

where we again have to substitute η0ξ0 = 1 − ξ0η0 and bring η0 inside the 2-
string product to deal with the first term. Therefore, at least up to quartic order,
fixing the partial gauge for the effective action does not produce additional gauge
constraints. Eventually, writing ϕ̂ = ξ0ψ̂, we find that the partially gauge-fixed
effective action can be rewritten manifestly in the small Hilbert space as

Seff,S(ψ̂) = S
(2)
eff,S(ψ̂) + S

(3)
eff,S(ψ̂) + S

(4)
eff,S(ψ̂) + O(ψ̂5) , (6.B.13)

where

S
(2)
eff,S(ψ̂) = 1

2!
⟨︂
ψ̂, Qψ̂

⟩︂
S
, (6.B.14a)

S
(3)
eff,S(ψ̂) = 1

3!

(︃⟨︂
ψ̂, [ψ̂, X0ψ̂]

⟩︂
S

+
⟨︂
ψ̂, [ξ0ψ̂, Qψ̂] − [ψ̂, ξ0Qψ̂]

⟩︂
S

)︃
, (6.B.14b)

S
(4)
eff,S(ψ̂) = 1

4!

(︃⟨︂
ψ̂, [ψ̂, X0ψ̂, X0ψ̂]

⟩︂
S
+

+
⟨︂
ψ̂, 2[ξ0ψ̂, Qψ̂,X0ψ̂] − 2[ψ̂, ξ0Qψ̂,X0ψ̂]

⟩︂
S
+

+
⟨︂
ψ̂, [ψ̂, ξ0Qψ̂, ξ0Qψ̂] − 2[ξ0ψ̂, Qψ̂, ξ0Qψ̂]

⟩︂
S
+

+
⟨︂
ψ̂, [ψ̂, [ξ0ψ̂, X0ψ̂]] + [ξ0ψ̂, [ψ̂, X0ψ̂]]

⟩︂
S
+

+
⟨︂
ψ̂, [ξ0ψ̂, [ξ0ψ̂, Qψ̂]] − [ψ̂, [ξ0ψ̂, ξ0Qψ̂]]+

− [ξ0ψ̂, [ψ̂, ξ0Qψ̂]]
⟩︂
S

)︃
+

− 1
8

⎛⎝⟨︄[ψ̂, X0ψ̂], b
+
0
L+

0
P 0[ψ̂, X0ψ̂]

⟩︄
S

− 2
⟨︄

[ψ̂, X0ψ̂], b
+
0
L+

0
P 0

(︃
[ψ̂, ξ0Qψ̂] + ξ0[ψ̂, Qψ̂]

)︃⟩︄
S

+
⟨︄
ψ̂,

[︄
ξ0Qψ̂,

b+
0
L+

0
P 0[ψ̂, ξ0Qψ̂]

]︄⟩︄
S

+
⟨︄
ψ̂,

[︄
ξ0Qψ̂,

b+
0
L+

0
ξ0P 0[ψ̂, Qψ̂]

]︄⟩︄
S

−
⟨︄
ψ̂,

[︄
Qψ̂,

b+
0
L+

0
ξ0P 0[ψ̂, ξ0Qψ̂]

]︄⟩︄
S

⎞⎠ (6.B.14c)

Again, it would be interesting to discuss the relation of the WZW effective action
written in the small Hilbert space and the effective action derived from the L∞-
based theory. In particular, one should be able to check whether this relation is
consistent with the P0 projection of the field redefinition relating the two theories.

6.B.2 Integrating out the Nakanishi-Lautrup field
Next, we would like to get rid of the Nakanishi-Lautrup field ϕ2. Noting that it
can be written as ϕ2 = c+

0 χ for some χ, we may simply fix Siegel gauge b+
0 ϕ = 0,
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thereby setting ϕ2 = 0. However, if we do this, then we end up with equations
of motion

eomϕ1(ϕ1) = −c+
0 b

+
0 η0Qϕ1 + c+

0 b
+
0 η0ξ0P0J (ϕ1 +R(ϕ1))

= c+
0 b

+
0 η0ξ0P0J (ϕ1 +R(ϕ1)) (6.B.15a)

eomϕ2(ϕ1) = −b+
0 c

+
0 η0Qϕ1 + b+

0 c
+
0 η0ξ0P0J (ϕ1 +R(ϕ1))

= b+
0 c

+
0 η0ξ0P0J (ϕ1 +R(ϕ1)) (6.B.15b)

where we have used the fact that η0Qϕ1 = 0. Notice that the gauge constraint
(out-of-Siegel equation) (6.B.15b) is given by a projection orthogonal to the one
determining the in-Siegel equations of motion (6.B.15a). Therefore it does not
seem that we can show that the out-of-Siegel equation is automatically solved
assuming the in-Siegel equations. In this case the gauge-fixed action alone would
not give complete information about the dynamics and it would be neccessary
to supplement it by a non-trivial constraint. To overcome this difficulty we will
therefore adopt a different approach: instead of setting ϕ2 to zero, we will inte-
grate it out. That is, we first solve the equation of motion

eomϕ2(ϕ1, ϕ2) = −b+
0 c

+
0 η0b

+
0 M+ϕ2+

+ b+
0 c

+
0 η0ξ0P0J (ϕ1 + ϕ2 +R(ϕ1 + ϕ2)) (6.B.16a)

= b+
0 η0M+ϕ2+

− b+
0 η0c

+
0 ξ0P0J (ϕ1 + ϕ2 +R(ϕ1 + ϕ2)), (6.B.16b)

for ϕ2 as a function of ϕ1. In particular, we have

M+ϕ2(ϕ1) = c+
0 ξ0P0J

(︂
ϕ1 + ϕ2(ϕ1) +R(ϕ1 + ϕ2(ϕ1))

)︂
. (6.B.17)

At this point, we note that M+ together with operators M− = M− + M
− and

Mz = Mz +M z, given by (see e.g. [218])

M− = −
∞∑︂
m=1

1
2mb−mbm +

∑︂
q+ 1

2 ∈Z>0

1
2β−qβq (6.B.18a)

M
− = −

∞∑︂
m=1

1
2mb−mbm (6.B.18b)

and

Mz = 1
2

∑︂
m∈Z>0

(c−mbm − b−mcm) − 1
2

∑︂
q+ 1

2 ∈Z>0

(γ−qβq + β−qγq) , (6.B.19a)

Mz = 1
2

∑︂
m∈Z>0

(c−mbm − b−mcm) (6.B.19b)

form an SU(1, 1) algebra

[M+,M−] = 2Mz , (6.B.20a)
[Mz,M+] = +M+ , (6.B.20b)
[Mz,M−] = −M− . (6.B.20c)
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Let us now show that we have

M−ϕ2 = 0.

To do this it is convenient to write

ξ∂ξe−2φ = γ−2 , (6.B.21)
ξe−φ = γ−1 (6.B.22)

and then notice that

γ−1(0)
⃓⃓⃓
0
⟩︂

=
(︃
γ 1

2
+
∑︂
r ̸= 1

2

γrz
−r+ 1

2

)︃−1 ⃓⃓⃓⃓
z=0

⃓⃓⃓
0
⟩︂

(6.B.23a)

= (γ 1
2
)−1

(︃
1 + (γ 1

2
)−1 ∑︂

r ̸= 1
2

γrz
−r+ 1

2

)︃−1 ⃓⃓⃓⃓
z=0

⃓⃓⃓
0
⟩︂

(6.B.23b)

= (γ 1
2
)−1

⃓⃓⃓
0
⟩︂
+

+ (γ 1
2
)−1

∞∑︂
k=1

(−1)k
(︃

(γ 1
2
)−1 ∑︂

r ̸= 1
2

γrz
−r+ 1

2

)︃k ⃓⃓⃓⃓
z=0

⃓⃓⃓
0
⟩︂
, (6.B.23c)

= (γ 1
2
)−1

⃓⃓⃓
0
⟩︂
, (6.B.23d)

where to perform the last step we have noted that the oscillators in the sum∑︁
r ̸=1/2 either kill |0⟩ or they are multiplied by a positive power of z so they

vanish as z → 0. Analogously we can show that

γ−2(0)|0⟩ = (γ 1
2
)−2

⃓⃓⃓
0
⟩︂
. (6.B.24)

Therefore ϕ2 is given by

|ϕ2⟩ = 2c+
0

(︃
c1(γ 1

2
)−1

⃓⃓⃓
V 1

2

⟩︂
+ c1c1(γ 1

2
)−2

⃓⃓⃓
V1
⟩︂)︃

, (6.B.25)

from where it is easy to see that we have M−|ϕ2⟩ = 0. We can therefore write

M−M+ϕ2 = [M−,M+]ϕ2 = −2Mzϕ2 = ϕ2 , (6.B.26)

where we have used that Mz = 1
2N̂ g where N̂ g measures the ghost number due

to non-zero oscillator modes.5 We therefore obtain

ϕ2(ϕ1) = M−c+
0 ξ0P0J

(︂
ϕ1 + ϕ2(ϕ1) +R(ϕ1 + ϕ2(ϕ1))

)︂
. (6.B.28)

This is a recurrence relation for the function ϕ2(ϕ1) and can be solved in the
usual manner

ϕ2(ϕ1) = 1
2!M

−c+
0 ξ0P0[ηϕ1, Qϕ1] + O(ϕ3

1) . (6.B.29)

5That is, the total ghost number Ng can be written as

Ng = N̂g + c0b0 + c0b0 + 1 . (6.B.27)
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However, we note that we can write

ϕ1 = εikξcVi
1
2
e−φcWk

1 + 2(D +B)ξcη + (D −B)cξ∂ξe−2φc∂
2
c , (6.B.30)

so that

η0ϕ1 = εikcVi
1
2
e−φcWk

1 + 2(D +B)cη − (D −B)c∂ξe−2φc∂
2
c , (6.B.31a)

Qϕ1 = εik(cVi
1 − eφηVi

1
2
)cWk

1+

− (D +B)(c∂2c− 3η∂2ηe2φ + 2Gcηeφ+
− 8η∂η∂φe2φ − 4bcη∂ηe2φ)

− (D −B)(c∂2c) (6.B.31b)

It is then straightforward to compute that due to the presence of P0, it is actually
only ϕA that contributes into the computation P0[η0ϕ1, Qϕ1]. Let us actually
elaborate a bit on this point. While we note that the above expressions for ηϕ1
and Qϕ1 generally contain non-primary contributions, we will see that the ghost
and picture conservation pose strong enough constraints so that we will be able
to say that everything except for P0[η0ϕA, QϕA] has to vanish, without actually
having to go through explicit computations of the 2-string product. For instance,
setting η0ϕ1 = η0ϕA and Qϕ1 = −(D +B)c∂2c, we first have

P0[η0ϕA, c∂
2c] ∝ b−

0 δ(L−
0 )P0

(︂
εikc∂c∂

2cce−φ(V 1
2
)i(W1)k + . . .

)︂
(6.B.32)

where on the r.h.s. we have written down explicitly only the term with lowest
possible conformal weight which is in principle allowed to appear in the 2-string
product. But this state has (h, h) = (1, 0) so that it is actually killed by both
P0 and δ(L−

0 ). We may proceed analogously for the rest of Qϕ1 while keeping
η0ϕ1 = η0ϕA: we obtain

P0[η0ϕA, η∂
2ηe2φ] ∝ b−

0 δ(L−
0 )P0

(︂
εikccη∂ηe

φ(V 1
2
)i(W1)k + . . .

)︂
, (6.B.33a)

P0[η0ϕA, Gcηe
φ] ∝ b−

0 δ(L−
0 )P0

(︂
εikc∂ccη(V1)i(W1)k + . . .

)︂
, (6.B.33b)

P0[η0ϕA, η∂η∂φe
2φ] ∝ b−

0 δ(L−
0 )P0

(︂
εikccη∂ηe

φ(V 1
2
)i(W1)k + . . .

)︂
, (6.B.33c)

P0[η0ϕA, bcη∂ηe
2φ] ∝ b−

0 δ(L−
0 )P0

(︂
εikccη∂ηe

φ(V 1
2
)i(W1)k + . . .

)︂
, (6.B.33d)

P0[η0ϕA, c∂
2
c] ∝ b−

0 δ(L−
0 )P0

(︂
εikcc∂c∂

2
ce−φ(V 1

2
)i(W1)k + . . .

)︂
, (6.B.33e)

where none of the expressions inside the parentheses on the r.h.s. has conformal
weights (h, h) = (0, 0). Hence, all of them are killed by δ(L−

0 )P0. We may repeat
this also for the rest of the terms in η0ϕ1. Namely, we have

P0[cη, c∂2c] ∝ b−
0 δ(L−

0 )P0
(︂
c∂c∂2cη + . . .

)︂
, (6.B.34a)

P0[cη, η∂2ηe2φ] ∝ b−
0 δ(L−

0 )P0
(︂
cη∂η∂2ηe2φ + . . .

)︂
, (6.B.34b)

P0[cη,Gcηeφ] ∝ b−
0 δ(L−

0 )P0
(︂
c∂cη∂ηeφG+ . . .

)︂
, (6.B.34c)

P0[cη, η∂η∂φe2φ] ∝ b−
0 δ(L−

0 )P0
(︂
cη∂η∂2ηe2φ + . . .

)︂
, (6.B.34d)

P0[cη, bcη∂ηe2φ] ∝ b−
0 δ(L−

0 )P0
(︂
cη∂η∂2ηe2φ + . . .

)︂
, (6.B.34e)
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P0[cη, c∂
2
c] ∝ b−

0 δ(L−
0 )P0

(︂
cη(c∂c+ αc∂

2
c) + . . .

)︂
, (6.B.34f)

where all terms in the parentheses on the r.h.s. except for the last line are killed
by δ(L−

0 )P0 and, while the second term of the last line survives δ(L−
0 )P0 (here α

is some number), it is killed by b−
0 . Finally, we have

P0[c∂ξe−2φc∂
2
c, c∂2c] ∝ b−

0 δ(L−
0 )P0

(︂
c∂c∂2c∂ξe−2φ(c∂c+ αc∂

2
c) + . . .

)︂
,

(6.B.35a)
P0[c∂ξe−2φc∂

2
c, η∂2ηe2φ] ∝ b−

0 δ(L−
0 )P0

(︂
cη(c∂c+ αc∂

2
c) + . . .

)︂
, (6.B.35b)

P0[c∂ξe−2φc∂
2
c,Gcηeφ] ∝ b−

0 δ(L−
0 )P0

(︂
c∂cGe−φ(c∂c+ αc∂

2
c) + . . .

)︂
,

(6.B.35c)
P0[c∂ξe−2φc∂

2
c, η∂η∂φe2φ] ∝ b−

0 δ(L−
0 )P0

(︂
cη(c∂c+ αc∂

2
c) + . . .

)︂
, (6.B.35d)

P0[c∂ξe−2φc∂
2
c, bcη∂ηe2φ] ∝ b−

0 δ(L−
0 )P0

(︂
cη(c∂c+ αc∂

2
c) + . . .

)︂
, (6.B.35e)

P0[c∂ξe−2φc∂
2
c, c∂

2
c] ∝ b−

0 δ(L−
0 )P0

(︂
c∂ξe−2φc∂c∂

2
c∂

3
c+ . . .

)︂
, (6.B.35f)

where, again, all terms on the r.h.s. are killed by b−
0 δ(L−

0 )P0. We can therefore
write

P0[η0ϕ1, Qϕ1] = P0[η0ϕA, QϕA] (6.B.36a)

= εikεjlb
−
0 (−c∂c){Vi

1
2
Vj

1}1e
−φc∂c{Vk

1V
l

1}1 (6.B.36b)

= −εikεjl2b−
0 ∂c

+∂c−c{Vi
1
2
Vj

1}1e
−φc{Vk

1V
l

1}1 (6.B.36c)

= +2εikεjlc+
0 c{Vi

1
2
Vj

1}1e
−φc{Vk

1V
l

1}1 (6.B.36d)

and therefore

c+
0 P0[η0ϕ1, Qϕ1] = 0 . (6.B.37)

This shows that we actually have

ϕ2(ϕ1) = O(ϕ3
1) . (6.B.38)

Because the cross term
⟨︂
η0ϕ1, Qϕ2

⟩︂
in the quadratic part of the effective action

vanishes, this means that integrating out ϕ2 may only yield corrections to O(ϕ5
1)

couplings. We may therefore write the effective action for ϕ1 as

Seff,1(ϕ1) = 1
3!
⟨︂
η0ϕ1, [ϕ1, Qϕ1]

⟩︂
+

+ 1
4!

(︄⟨︂
η0ϕ1, [ϕ1, Qϕ1, Qϕ1]

⟩︂
+
⟨︂
η0ϕ1, [ϕ1, [ϕ1, Qϕ1]]

⟩︂)︄
+

+ 1
8

⟨︄
[η0ϕ1, Qϕ1],

b+
0
L+

0
ξ0P 0[η0ϕ1, Qϕ1]

⟩︄
+ O(ϕ5

1) . (6.B.39)

This may be succinctly rewritten in the small Hilbert space: substituting ϕ1 =
ξ0ψ1 where η0ψ1 = 0, we have η0ϕ1 = ψ1 together with Qϕ1 = X0ψ1 so that

Seff,S,1(ψ1) = 1
3!
⟨︂
ψ1, [ψ1, X0ψ1]

⟩︂
S
+
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+ 1
4!

(︄⟨︂
ψ1, [ψ1, X0ψ1, X0ψ1]

⟩︂
S
+

+
⟨︂
ψ1, [ξ0ψ1, [ψ1, X0ψ1] + [ψ1, [ξ0ψ1, X0ψ1]]

⟩︂
S

)︄
+

− 1
8

⟨︄
[ψ1, X0ψ1],

b+
0
L+

0
P 0[ψ1, X0ψ1]

⟩︄
S

+ O(ψ5
1) . (6.B.40)

6.B.3 Decoupling of pure gauge physical state
Finally, at this point we also note that we can remove the trivial element ϕB of
the semi-relative cohomology. Indeed, we note that we may write

ϕB = ξ0QχB , (6.B.41)

or, equivalently ϕB = ξ0ψB where ψB = QχB with b−
0 χB = L−

0 χB = η0χB = 0.
We can then decompose

ϕ1 = ϕp + ϕB (6.B.42)

where we have denoted ϕp = ϕA + ϕD the physical excitations (equivalently, we
have ψ1 = ψp + ψB where η0ψp = η0ψB = 0 with ϕp = ξ0ψp and ϕB = ξ0ψB so
that ψB = QχB). Let us also write

Seff,S,1(ψ1) =
∞∑︂
k=3

S
(k)
eff,S,1(ψ1) (6.B.43)

where S
(k)
eff,S,1 contains k powers of ψ1. Using that Qψ1 = Qψp = 0, we have

(decomposing the three insertions as ψ1 = ψp +QχB one by one)

S
(3)
eff,1,S(ψ1) = 1

3!
⟨︂
ψp +QχB, [ψ1, X0ψ1]

⟩︂
(6.B.44a)

= 1
3!
⟨︂
ψp, [ψ1, X0ψ1]

⟩︂
+

− 1
3!
⟨︂
χB, Q[ψ1, X0ψ1]

⟩︂
(6.B.44b)

= 1
3!
⟨︂
ψp, [ψ1, X0ψ1] (6.B.44c)

and similarly for the remaining two insertions. At the end we find that

S
(3)
eff,1,S(ψ1) = S

(3)
eff,1,S(ψp) . (6.B.45)

For the quartic coupling, we have (again, focusing on decomposing the first in-
sertion)

S
(4)
eff,1,S(ψ1) = 1

4!

(︄⟨︂
ψp + ψB, [ψ1, X0ψ1, X0ψ1]

⟩︂
S
+

+
⟨︂
ψp + ψB, [ξ0ψ1, [ψ1, X0ψ1] + [ψp + ψB, [ξ0ψ1, X0ψ1]]

⟩︂
S

)︄
+

− 1
8

⟨︄
[ψp + ψB, X0ψ1],

b+
0
L+

0
P 0[ψ1, X0ψ1]

⟩︄
S

(6.B.46a)
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= 1
4!

(︄⟨︂
ψp, [ψ1, X0ψ1, X0ψ1]

⟩︂
S
+

+
⟨︂
ψp, [ξ0ψ1, [ψ1, X0ψ1] + [ψp, [ξ0ψ1, X0ψ1]]

⟩︂
S

)︄
+

− 1
8

⟨︄
[ψp, X0ψ1],

b+
0
L+

0
P 0[ψ1, X0ψ1]

⟩︄
S

(6.B.46b)

+ 1
4!

(︄
2
⟨︂
χB, [[ψ1, X0ψ1], X0ψ1]

⟩︂
S

+
⟨︂
χB, [[X0ψ1, X0ψ1], ψ1]

⟩︂
S
+

+
⟨︂
χB, [X0ψ1, [ψ1, X0ψ1]

⟩︂
S

−
⟨︂
χB, [ψ1, [X0ψ1, X0ψ1]]

⟩︂
S

)︄
+

− 1
8
⟨︂
χB, X0[ψ1, P 0[ψ1, X0ψ1]]

⟩︂
S

(6.B.46c)

= 1
4!

(︄⟨︂
ψp, [ψ1, X0ψ1, X0ψ1]

⟩︂
S
+

+
⟨︂
ψp, [ξ0ψ1, [ψ1, X0ψ1] + [ψp, [ξ0ψ1, X0ψ1]]

⟩︂
S

)︄
+

− 1
8

⟨︄
[ψp, X0ψ1],

b+
0
L+

0
P 0[ψ1, X0ψ1]

⟩︄
S

(6.B.46d)

+ 1
4!

(︄
3
⟨︂
χB, [[ψ1, X0ψ1], X0ψ1]

⟩︂
S
+

− 3
⟨︂
χB, X0[ψ1, [ψ1, X0ψ1]]

⟩︂
S

)︄
+

+ 1
8
⟨︂
χB, X0[ψ1, P0[ψ1, X0ψ1]]

⟩︂
S

(6.B.46e)

= 1
4!

(︄⟨︂
ψp, [ψ1, X0ψ1, X0ψ1]

⟩︂
S
+

+
⟨︂
ψp, [ξ0ψ1, [ψ1, X0ψ1] + [ψp, [ξ0ψ1, X0ψ1]]

⟩︂
S

)︄
+

− 1
8

⟨︄
[ψp, X0ψ1],

b+
0
L+

0
P 0[ψ1, X0ψ1]

⟩︄
S

, (6.B.46f)

where in the second step we have used one of the L∞ relations to move Q inside
the 3-string product and in the last step, we have recalled that

P0[χB, X0ψ1] = P0[ηϕB, Qϕ1] = 0 (6.B.47)
which we have noticed when evaluating (6.B.36). It is straightforward to continue
in the same fashion to show that we actually have

S
(4)
eff,1,S(ψ1) = S

(4)
eff,1,S(ψp) . (6.B.48)

6.C Vanishing of the cubic potential for
marginal (anti)chiral-ring states

In this appendix we give a proof of (6.3.23), when the involved marginal matter
field can be decomposed in q = ±1 charged N = 2 states. In other words, we are
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going to assume that the marginal matter field consists purely of states from the
chiral and anti-chiral ring of the N = 2 SCFT. First, let us recall the generalized
Wick theorem

A(z)(BC)(w) = 1
2πi

∮︂
w

dx

x− w

{︄
A(z)B(x)C(w) +B(x)A(z)C(w)

}︄
(6.C.1)

where A(z)B(w) denotes the contraction of local fields A(z) and B(w), and (AB)
their normal-ordered product. That is

A(z)B(w) = A(z)B(w) + (AB)(w) + O[(z − w)1] . (6.C.2)

We can apply this result to first show that

G±(z)
(︂
(Vi

1
2
)±(Vj

1
2
)∓
)︂
(w) = 1

2πi

∮︂
w

dx

x− w

{︄
G±(z)(Vi

1
2
)±(x)(Vj

1
2
)∓(w)+

+ (Vi
1
2
)±(x)G±(z)(Vj

1
2
)∓(w)

}︄
(6.C.3a)

= 1
2πi

∮︂
w

dx

x− w
(Vi

1
2
)±(x)G±(z)(Vj

1
2
)∓(w) (6.C.3b)

= 1
2πi

∮︂
w

dx

(x− w)(z − w)(Vi
1
2
)±(x)(Vj

1)∓(w) (6.C.3c)

= (z − w)−1
{︂
(Vi

1
2
)±(Vj

1)∓
}︂

0
(w) . (6.C.3d)

The upshot is that we have

G±
1
2

{︂
(Vi

1
2
)±(Vj

1
2
)∓
}︂

0
= 0 . (6.C.4a)

This means that for any (Vi
1
2
)±,(Vj

1
2
)±, (Vk

1
2
)±, we have

⟨︂
G±

− 1
2
(Vi

1
2
)∓
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1
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0
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= 0 . (6.C.5)

We also have

G±(z)
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(Vi

1
2
)∓(Vj

1
2
)±
)︂
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2πi

∮︂
w
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x− w

{︄
G±(z)(Vi

1
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)∓(x)(Vj

1
2
)±(w)+
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1
2
)∓(x)G±(z)(Vj

1
2
)±(w)

}︄
(6.C.6a)

= 1
2πi

∮︂
w

dx

x− w
G±(z)(Vi

1
2
)∓(x)(Vj

1
2
)±(w) (6.C.6b)

= 1
2πi

∮︂
w

dx

(x− w)(z − x)(Vi
1)∓(x)(Vj

1
2
)±(w) (6.C.6c)

= (z − w)−1
{︂
(Vi

1)∓(Vj
1
2
)±
}︂

0
, (6.C.6d)

where in the last step, we have used (6.C.5). Again, the upshot is that we have

G±
1
2

{︂
(Vi

1
2
)∓(Vj

1
2
)±
}︂

0
= 0 . (6.C.7a)
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This means that for any (Vi
1
2
)±,(Vj

1
2
)±, (Vk

1
2
)±, we have

⟨︂
G±

− 1
2
(Vi

1
2
)∓
⃓⃓⃓{︂

(Vj
1
2
)∓(Vk

1
2
)±
}︂

0

⟩︂
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⟨︂
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1
2
)∓
⃓⃓⃓
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1
2

{︂
(Vj

1
2
)∓(Vk

1
2
)±
}︂

0

⟩︂
= 0 . (6.C.8)

Altogether, we therefore obtain⟨︂
Vi
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(Vi
1
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1
2
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(Vk
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(Vi
1
2
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1
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(6.C.9b)

= 0 . (6.C.9c)

This shows that the cubic coupling in the effective action vanishes whenever we
have the N = 2 decomposition. Note that since there are no Chan-Paton factors
in the heterotic string theory, we could have noted that{︂

(Vi
1
2
)+(Vj

1
2
)−
}︂

0
= −

{︂
(Vj

1
2
)−(Vi

1
2
)+
}︂

0
(6.C.10)

and therefore did not have to go through explicitly computing the second con-
traction (6.C.6). However, doing so we have exhibited that our derivation would
have worked even in the open superstring case, as it was claimed in [1]. Also note
that we have in fact shown a somewhat stronger result because (6.3.23), being
valid for all Vi

1
2

implies that
{︂
Vj

1
2
(G− 1

2
Vk

1
2
)
}︂

1
= 0, (6.C.11)

whenever we have N = 2 decomposition.
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7. Unconventional D-branes
In this chapter we present the preprint of the paper (to be submitted to JHEP):

M. Schnabl, J.Vošmera, Gepner-like boundary states on T 4, arXiv:1903.00487

Abstract: We present exact expressions for elementary boundary states which de-
scribe D-branes preserving 16 or fewer supercharges in type II superstring com-
pactified on certain self-dual 4-tori. While being manifestly superconformal, our
boundary states are not a priori required to satisfy the usual free-field gluing con-
ditions along the internal directions of the 4-tori. Our calculations proceed along
the lines of Gepner’s construction by recasting the N = (2, 2) worldsheet sigma
model on the 4-tori in terms of N = 2 minimal models. Imposing general permu-
tation gluing conditions on the N = (2, 2) generators is shown to yield various
stable and unstable D-branes, where the stable ones include the known 1/2-BPS
and 1/4-BPS bound states of Dp-branes, as well as new non-BPS D-branes, which
do not carry RR charges.

7.1 Introduction and summary
It is well known [225, 226] that D-branes in type II superstring are described
(at weak string coupling) by superconformal boundary states. These satisfy the
gluing conditions

(Ln − L−n)∥b, η⟩⟩ = 0 , (7.1.1a)
(Gr + iη G−r)∥b, η⟩⟩ = 0 , (7.1.1b)

on the N = (1, 1) superconformal algebra in both matter and ghost sector of
the bulk worldsheet theory (see [79] for a review of the worldsheet approach to
D-branes). A question, which has been looming in the community for quite some
time, is whether there exist stable elementary superconformal boundary states1

in type II superstring on flat backgrounds (uncompactified or toroidal), which
do not simultaneously satisfy linear gluing conditions on the free fields ∂Xµ, ψµ.
While it is true that the gluing conditions (7.1.1) are implied by

(αµn + Ωµ
να

ν
−n)∥b, η⟩⟩ = 0 , (7.1.2a)

(ψµr − iηΩµ
νψ

ν

−r)∥b, η⟩⟩ = 0 , (7.1.2b)

where the gluing automorphism Ω has to satisfy ΩTgΩ = g with respect to the
spacetime metric g, the converse does not hold. This means that even in flat
backgrounds, one should not automatically expect that all elementary boundary
states can be written as standard coherent states of the oscillators αµn, ψµr , as it
is the case for boundary states describing the conventional 1/2-BPS Dp-branes.
Superconformal boundary states which are elementary, but do not satisfy linear
gluing conditions (7.1.2), will be henceforth termed non-conventional.

1Boundary state is elementary if the (GSO-projected) NS vacuum irrep appears as non-
degenerate in its open string spectrum. It is stable if its open string spectrum is free of tachyons.
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One can show (see e.g. [227]) that boundary states for all elementary 1/2-
BPS D-branes have to satisfy linear gluing conditions (7.1.2) with some gluing
automorphism Ω. It therefore seems natural that in a search for stable non-
conventional boundary states, one should start by thinking about 1/4-BPS ob-
jects, whose tension scales as g−1

s , and, which support open string excitations.
Indeed, there are known examples of stable bound states of ordinary Dp-branes
in type II superstring theories on flat backgrounds, which saturate the BPS bound
while preserving only 8 (or fewer) spacetime supercharges. Description of such
objects in terms of boundary states is still missing to date. The problem of
finding general sewing-consistent boundary states which satisfy the gluing con-
ditions (7.1.1) in flat backgrounds has been previously addressed by a number
of authors [157, 158, 228, 229] (see [230, 231, 232, 233] for related work on orb-
ifolds and orientifolds). However, no stable non-conventional boundary states
were reported.

The main subject of this paper is to analyze boundary states which wrap
certain self-dual 4-tori and which do not necessarily satisfy the linear gluing
conditions (7.1.2). This will be achieved by employing a Gepner-like2 construc-
tion [162, 163]. That is, we will recast the SCFT describing the N = (2, 2)
worldsheet superconfomal sigma model on the 4-tori in terms N = 2 supercon-
formal minimal models. This will enable us to use rational CFT methods (mainly
following the ideas of [170, 234]) to write down consistent elementary boundary
states which respect the minimal model superconformal algebras with most gen-
eral gluing conditions. Note that this procedure does not impose an a priori
requirement on the boundary states to satisfy linear gluing conditions (7.1.2) on
the worldsheet bosonic and femionic oscillators αmn , ψmr along internal directions
of the 4-tori. While it is shown that the simplest gluing conditions yield bound-
ary states for ordinary 1/2-BPS Dp-branes, more complicated permutation gluing
conditions will be demonstrated to give stable non-conventional boundary states
describing some of the known 1/4-BPS bound states of Dp-branes, as well as new
stable D-branes, which break all spacetime supersymmetries and do not carry
any RR charges. A large number of unstable boundary states is also found: these
include both the non-BPS Dp-brane boundary states with p odd/even for type
IIA/IIB superstring as well as unstable non-conventional boundary states. None
of the unstable boundary states is found to carry RR charges.

The boundary states describing 1/4-BPS D-branes will be shown to repro-
duce the masses and conserved spacetime supercharges calculated by saturating
the BPS bound for the RR charges they carry. Our construction also directly
exhibits the exact open string spectra of the boundary states, which turn out to
be free of tachyons. We also make it manifest that the boundary states cannot
possibly satisfy any linear gluing condition of the type (7.1.2) on the world-
sheet bosonic and fermionic oscillators in the internal directions of the 4-torus.
Therefore, being elementary, these boundary states are examples of stable non-
conventional boundary states. Motivated by the fact that any configuration of
Dp-brane charges which gives rise to 1/4-BPS bound states on a 4-torus can be T-
dualized into a D0/D4 system, we show that the number of massless open string
excitations of our 1/4-BPS boundary states (minus the center-of-mass moduli)

2Gepner’s original construction cannot be applied literally: instead of a toroidal compacti-
fication, it would yield a supersymmetric orbifold thereof.
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agrees with the dimensionality of the corresponding instanton moduli space. We
also extract the leading asymptotic behavior of massless NSNS and RR fields
which couple the boundary state describing a D1/D5 bound state in a B-field
and find precise agreement with the corresponding supergravity solution.

Apart from the boundary states for 1/4-BPS bound sates of Dp-branes, we
also find a number of boundary states which are stable, elementary, do not couple
to massless RR states in the bulk and have open string spectra without bose-fermi
degeneracy (therefore being necessarily non-supersymmetric). We conclude that
these boundary states describe previously unknown D-branes which are stable in
the weak coupling limit. We calculate their exact masses and open string spectra.
We also compute (at one loop in open string channel) their mutual interaction
potential as a function of their distance r in the non-compact external directions.
Since these D-branes do not carry any conserved charges, it is not clear if their
stability property survives at strong coupling. Also, the fact that they violate the
no-force condition means that they are not likely to be associated with a regular
supergravity solution.

Note that similar ideas were recently employed in [111] to construct non-
conventional boundary states in free boson CFT on a 2-torus, where the internal
c = 2 CFT was resolved in terms of Virasoro and W3 minimal models. These
boundary states were identified with certain “intermediate” boundary RG fixed
points frequently mentioned in condensed matter literature [154, 155, 160, 235].
They were also successfully matched with exotic solutions of Witten’s cubic open
string field theory obtained numerically in level truncation.

Our paper is structured as follows. In Section 7.2 we review the implications
of saturating the BPS bound for RR charge configurations wrapping a 4-torus. In
Section 7.3, specializing on two particular self-dual 4-tori which admit a descrip-
tion in terms of N = 2 minimal models, we classify all boundary states which
respect the corresponding enhanced chiral algebra with most general gluing con-
ditions. We construct permutation boundary states corresponding to some of the
1/4-BPS bound states described in Section 7.2. We also find boundary states for
previously unknown stable non-supersymmetric D-branes which do not carry any
RR charges. In each case we will expose our calculations in detail for a representa-
tive example of (permutation) gluing conditions and only make a brief summary
of our results for general gluing conditions. We relegate a complete classification
of RR-charged boundary states to an appendix. Finally, in Section 7.4 we discuss
a number of directions into which our work can be extended. We also provide
two additional appendices where we elucidate our conventions.

We will set α′ = 1 in the entire paper.

7.2 Bound states of Dp-branes on T 4

In this section we will review relevant topics concerning the bound states of Dp-
branes which wrap general 4-tori (see also [169, 236]). The basic requirement
which we will impose is that the system settles (flows) down to a state with
maximum spacetime supersymmetry allowed by the given configuration of RR
charges (i.e. saturating the BPS bound). These are the 1/2k-BPS bound states
with k ≥ 0 (where k = 0 corresponds to the closed string vacuum). Fixing the
RR charges, the conditions for the state to preserve a given amount of supersym-
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metry together with the corresponding mass-formulae and also the expressions
for conserved supercharges for such states are derived in Appendix 7.A.

Let us consider type IIA superstring compactified on a T 4 (analogous results
follow for type IIB). The worldsheet-embedding fields Xµ, ψµ for µ = 0, . . . , 9 can
be grouped into five complex free bosons and fermions as X0± = (X1 ±X0)/

√
2,

ψ0± = (ψ1±ψ0)/
√

2 and Xr± = (X2r±iX2r+1)/
√

2, ψr± = (ψ2r ± iψ2r+1)/
√

2 for
r = 1, 2, 3, 4. We will assume that the 4-torus wraps the directions µ = 6, 7, 8, 9.
We will denote the internal spacetime indices by m,n, . . . ∈ {6, 7, 8, 9}. We will
mostly work in the coordinates Xm adapted to the cycles of the torus in which the
closed string metric g has elements gmn = em · en where em are the fundamental
lattice vectors of the toroidal identification. Rm = |em| is the length of cycle m of
the 4-torus while, for m ̸= n, θmn = em · en/(|em||en|) is the angle between cycles
m and n. Volume of the face spanned by cycles em and en will be denoted by
Vmn. The components of the NSNS 2-form potential in the adapted coordinates
will be denoted by Bmn. For all D-branes which we consider, we will impose D
conditions on all external (non-compact) spacelike directions. This will allow us
to encode the corresponding RR charges in terms of the D = 10 super-Poincaré
central charges Z, Zmn, Zmnrs which are integer-valued and give the number
of D0-branes, D2-branes wrapping the cycles m,n and D4-branes wrapping the
cycles m,n, r, s.

7.2.1 1/2-BPS Dp-branes
Let us first analyze the 1/2-BPS bound states of Dp-branes on 4-torus. The
condition for a Dp-brane configuration to flow into a 1/2-BPS bound state reads
ZmnrsZ − 3Z [mnZrs] = 0 (see Appendix 7.A). This clearly holds for ordinary Dp-
branes. More generally, the condition is satisfied if and only if the boundary
state describing the D-brane satisfies linear gluing conditions (7.1.2) on ∂Xm and
ψm.3 First, note that any Dp-brane configuration on T 4 can be T-dualized to a
different Dp-brane configuration (on a different T 4) for which Zmnrs ̸= 0. Bound
D2-branes can then be realized by switching on a constant distribution of U(1)
gauge field-strength on the D4 world-volume. The embedding of the spacelike
component Σ4 of the D4-brane world-volume in the 4-torus can be expressed as
Xm = Nm

ασ
α, where σα are the worldvolume coordinates on the D4-brane and

Nm
α are its wrapping numbers, so that Zmnrs = ϵαβγδNm

αN
n
βN

r
γN

s
δ . The con-

stant U(1) gauge field-strength Fαβ on the world-volume of the D4-branes induces
D2 charge Zmn = (1/2)ϵαβγδNm

αN
n
βFγδ. Setting Fmn = (1/2)ϵmnrsZrs/Z6789, we

can easily verify that the induced D0 charge Z = (1/8)ϵαβγδFαβFγδ is indeed equal
to 3Z [67Z89]/Z6789, as required by the 1/2-BPS condition. Since any constant
U(1) gauge-field strength configuration can be realized by linear gluing condi-
tions (7.1.2) with Ωmn = [(g − F)/(g + F)]mn, where F = B + F , this argument
shows that all 1/2-BPS bound states can be realized by boundary states satisfying
linear gluing conditions on ∂Xm, ψm. Defining the B-deformed central charges
Z̃ = Z + 1

2Z
mnBmn + 1

8Z
mnrsBmnBrs, Z̃

mn = Zmn + 1
2Z

mnrsBrs, Z̃
mnrs = Zmnrs,

the mass of 1/2-BPS bound states which follows from saturating the BPS bound
3The equality holds trivially also for the Dp-branes with p odd/even for type IIA/IIB which

are non-BPS.
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satisfies (see Appendix 7.A for a derivation)

M2
1/2 = ˜︁Z2 + 1

2
˜︁Zmn ˜︁Zmn + 1

4!
˜︁Zmnrs ˜︁Zmnrs , (7.2.1)

where the indices on the central charges are lowered using gmn and we normalize
all masses so that MD0 = 1. For configurations with Zmnrs ̸= 0, this can be
shown to agree with the DBI-mass M2

DBI = det(g + F)αβ. Formula (7.2.1) can
be used to show that the mass of a 1/2-BPS bound state of Dp-branes is always
strictly less than the sum of masses of the constituent Dp-branes. This mass defect
indicates that a simple superposition of such D-branes breaks all supersymmetries
and flows into a truly bound state.

7.2.2 1/4-BPS bound states
When ZZmnrs−3Z [mnZrs] ̸= 0, the bound state is necessarily 1/4-BPS: one would
need to allow for the constituent Dp-branes to wrap more then four directions
in order to produce 1/8- or lower BPS bound states (see Appendix 7.A and also
[169]). Saturating the BPS condition yields the mass formula

M2
1/4 = M2

1/2 + 1
12ϵmnrs

⃓⃓⃓
ZZmnrs − 3Z [mnZrs]

⃓⃓⃓ √︂
det g . (7.2.2)

The conserved combinations of spacetime supercharges can be determined as
zero-eigenvalue eigenvectors of the matrix Γ − M1/4, which is defined by (7.A.2).
Formula (7.2.2) always gives mass which is less than or equal to the sum of masses
of the constituent Dp-branes. 1/4-BPS bound states of Dp-branes therefore fall
into two categories: truly bound (those with non-zero mass defect) and marginally
bound (those with zero mass defect).

In the case of the truly bound states, the superposition of the constituent
Dp-branes is generally not supersymmetric and contains tachyonic modes in the
spectrum of stretched open strings. Turning on the corresponding relevant bound-
ary deformation then drives the system into a lower-mass supersymmetric bound
state with same RR charges. From the worldsheet point of view, this final state
should be thought of as a new elementary superconformal boundary state. Ar-
guably the simplest example is the D0/D4 system in a generic constant NSNS
background B-field extending along the D4-brane [164, 167, 168].

Marginally bound states come from those 1/4-BPS configurations where the
strings stretched between the constituent Dp-branes are massless. In such cases,
the superposition of the constituent Dp-branes is supersymmetric and marginally
stable. However, even then one can often form non-trivial bound states by turning
on the expectation values of the massless stretched string modes ([179, 180, 192];
see [116, 140, 198] for some recent developments). One should then obtain a new
D-brane described by an elementary superconformal boundary state (this time
with both mass and RR charges being the same as those of the original superpo-
sition of Dp-branes). As a concrete example, one can take system containing a
number of superposed D0- and D4-branes in vanishing B-field.

One can easily think of infinitely many configurations of RR charges Z, Zmn,
Zmnrs on a 4-torus which violate 1/2-BPS conditions and therefore yield 1/4-
BPS bound states. Note, however, that an O(4, 4;Z) duality transformation can
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always be constructed which takes such a general configuration into a system of
k D0-branes and N D4-branes with k,N ∈ Z such that

kN = 1
4!ϵmnrs(ZZ

mnrs − 3Z [mnZrs]) . (7.2.3)

For a D0/D4 system, the formula (7.2.2) yields mass

M2
D0/D4 = k2M2

D0 +N2M2
D4 + 2kN PfB + 2|kN |

√︂
det g . (7.2.4)

where MD0 = 1 and M2
D4 = det g + (PfB)2 + (1/8)ϵmnabϵrscdgmrgnsBabBcd. Such

D0/D4 system is marginally bound whenever B = 0. More generally, B can be
fine-tuned (subject to a constraint) so that one obtains marginally bound states
even forB ̸= 0. For instance, in the case of factorized T 4 = T 2×T 2 with factorized
B-field (B68 = B69 = B78 = B79 = 0), this constraint is that of (anti-)selfduality
of the B-field, namely

B67

V67
= (sgn kN)B89

V89
. (7.2.5)

The same result was obtained in [168] arguing directly from the stretched string
spectrum.

From the low-energy effective point of view, the dynamics of the marginally
stable 1/4-BPS superpositions of Dp-branes on 4-tori is described by quiver gauge
theories with 8 supercharges [166]. Entering the Higgs branch of these theories
then exactly corresponds to the formation of marginally bound states [191, 237].
Couplings to the closed string sector may introduce additional FI parameters into
the D-term (e.g. due to a non-selfdual NSNS B-field [167, 168, 238]), whose effect
is to resolve the singularities inside the Higgs branch which correspond to the
emission of one or more of the constituent Dp-branes from the bound state.

Also note that the 1/4-BPS bound states admit effective description as gauge
instantons on T 4. Moduli spaces of marginal deformations of these bound states
can then be related to the moduli spaces of the corresponding instantons. For
example, in the case of coincident k D0- and N D4-branes on a T 4 with B = 0,
turning on the expectation values of the massless strings stretched between the
D0- and D4-branes corresponds to passing to a general (finite-size) point in the
moduli space of k U(N) instantons [140, 179, 180, 192, 198]. Upon turning on
a generic B-field along the 4-torus, the system becomes truly bound and is de-
scribed by a finite-size non-commutative instanton [167, 168]. It is a well-known
consequence of the ADHM construction that the instanton moduli space MkN is
generally given by a smooth resolution of the symmetric orbifold ( ˜︁T 4)kN/S(kN),
where the ˜︁T 4 may be different from the compactification torus T 4. This gives
that dim MkN = 4kN . It follows that the (physical) moduli space of a general
1/4-BPS bound state of Dp-branes should be identified with R4 × T 4 × MkN

where kN is determined by (7.2.3) and the additional factor of R4 × T 4 is to ac-
count for the centre-of-mass moduli. The physical open string spectra of 1/4-BPS
bound states must therefore contain 8 + 4kN exactly marginal modes.4

No description of 1/4-BPS D-branes in terms of the standard coherent states
of the bosonic and fermionic oscillators αmn , ψmr is generally possible. An ex-
ception to this are the marginally bound states, for which there exist points in

4This reduces to the expected answer for the number of massless physical fields living on
1/2-BPS D-branes because the 1/2-BPS condition together with (7.2.3) gives kN = 0.
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their moduli spaces which correspond to stable superpositions of the constituent
Dp-branes. Boundary states for the truly bound states and marginally bound
states at generic points in their moduli space, however, seem to admit no sim-
ple description in terms of worldsheet bosonic and fermionic oscillators αmn , ψmr
along the 4-torus. A systematic worldsheet description of 1/4-BPS bound states
of Dp-branes lies outside of the scope of this paper. In the following section we
will instead construct examples of elementary boundary states for a number of
1/4-BPS bound states in a very specific setting of two particular 4-tori, which
admit a resolution in terms of N = 2 minimal models. Both of them can be
factorized as T 2 × T 2: first the SU(3)2 torus with Rm = 1, θ67 = θ89 = π/3,
B67 = B89 = 1/2 and second the SU(2)4 torus with Rm = 1, θ67 = θ89 = π/2,
B = 0. Note that both of these 4-tori are self-dual with respect to T -dulities
along all of their cycles.

SU(3)2 4-torus

Substituting the SU(3)2 4-torus parameters into (7.2.2), we find that 1/4-BPS
bound states wrapping the SU(3)2 4-torus have masses

M2
1/4 = Z2 + (Z67)2 + (Z89)2 + (Z6789)2+

+ 1
2(ZZ6789 + Z67Z89) + (Z67 + Z89)(Z + Z6789)

+ (Z68)2 + (Z69)2 + (Z78)2 + (Z79)2+

+ 1
2(Z68Z79 + Z69Z78) + (Z68 + Z79)(Z69 + Z78)

+ 3
2 |ZZ6789 − 3Z [67Z89]| . (7.2.6)

The lightest 1/4-BPS bound states have mass
√

3 and are truly bound. These
include, for instance,

D0/D4, D0/D267/D289, D267/D289/D4, D267/D289, D0/D289/D4, D0/D267/D4 ,

where D2mn denotes a D2-brane wrapping the cycles m,n.

SU(2)4 4-torus

Substituting the SU(2)4 4-torus parameters into (7.2.2), we find that the 1/4-BPS
bound states wrapping the SU(2)4 4-torus have masses

M2
1/4 = Z2 + (Z67)2 + (Z89)2 + (Z6789)2+

+ (Z68)2 + (Z69)2 + (Z78)2 + (Z79)2+
+ 2|ZZ6789 − 3Z [67Z89]| . (7.2.7)

As an example, let us consider the 1/4-BPS bound states of Dp-branes with mass
2
√

2, such as D0/D267/D289/D4 and D0/D267/D289/D4. These can be regarded
as marginally bound states of the 1/2-BPS bound states D0/D267 with D289/D4
and D0/D267 with D289/D4, respectively.
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7.3 Worldsheet analysis
The focus of this section will be on constructing light-cone gauge boundary states
([227]; see [79, 239] for a review) for type IIA superstring5 compactifications on
certain stringy 4-tori, namely the SU(3)2 4-torus and the SU(2)4 4-torus. We
will first describe the way the bulk spectrum of the two respective N = (2, 2)
worldsheet sigma models can be organized into irreducible representations of a
number of copies of certain N = 2 minimal models. For some basic information
about the representations of the N = 2 superconformal algebra in two dimensions
and the conventions we follow, see Appendix 7.B. Unless we specify otherwise, we
will assume the D-branes to satisfy Dirichlet conditions in all spacelike directions
external to the compactification 4-tori. For the light-cone gauge boundary states,
this corresponds to taking A-type gluing conditions in the X2 ±iX3 free field the-
ory and B-type conditions in the X4 ± iX5 free field theory. Also note that we
will generally drop the omnipresent factors coming from external non-compact
worldsheet bosons as they will only play spectator role and can be easily reat-
tached when needed. For a fixed gluing condition on the rational chiral currents,
the boundary states will then be computed by either directly applying the results
of [170] and [234] (for simpler gluing conditions) or by requiring the open string
spectra to contain only integer multiplicities (for more complicated cases). We
expose explicit calculations for a number of representative cases of gluing condi-
tions and summarize our results for all admissible gluing conditions at the end.
In a number of cases, we also check that the spectra of strings stretched between
boundary states satisfying different gluing conditions automatically contain only
integer multiplicities. In light of the papers [161, 240, 241, 242], this is not an
unexpected result.

7.3.1 SU(3)2 4-torus
Let us deal with the SU(3)2 case first. Before analyzing the boundary states, we
will establish description of the bulk spectrum in terms of irreducible represen-
tations of six copies of the k = 1 minimal model of the N = 2 superconformal
algebra.

Bulk theory

We can write the SU(3)2 4-torus as a product of two SU(3) 2-tori T 4 = T 2 × T 2

which extend in the 67 and 89 planes, respectively. It has been known for some
time [170, 171, 243] that the bulk spectrum of the N = (2, 2) worldsheet sigma
model on the SU(3) 2-torus can be given in terms of the irreps of three N = 2
minimal models with ka = 1 for a = 1, 2, 3. The fusion algebra of these min-
imal models has Z3 × Z2 symmetry generated by gaΦla

ma,sa
= e

2πi
3 maΦla

ma,sa
and

haΦla
ma,sa

= e−iπsaΦla
ma,sa

. This, in particular, extends to a diagonal Z3 symmetry
G of the (k = 1)3 tensor product fusion algebra, where G is generated by g1g2g3.
The N = (2, 2) worldsheet sigma model on the SU(3) 2-torus can then be ob-
tained as the G-orbifold of the direct product of three copies of k = 1 minimal

5Analogous results follow for type IIB as well.
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models with U(1) charge-conjugate modular invariant.6 Also note that projecting
onto G-invariant states ∑︁ama ∈ 3Z can be equally well characterized as project-
ing onto states having integer U(1) charge in the NS sector and half-integer U(1)
charge in the R sector. Given this information, it is now straightforward to write
down the GSO-unprojected spectrum of the N = (2, 2) worldsheet sigma model
on the SU(3) 2-torus in the NSNS and RR sector

ZSU(3)(q, q) =
∑︂

la,ma,sa

∑︂
t∈Z3

∑︂
sa

3∏︂
a=1

χlama,sa
(q)χla−ma+2t,sa

(q) , (7.3.1)

where the la,ma, sa sum on the RHS again runs over distinct G-invariant states
in the NS and R sector, respectively, such that s1 −sa ∈ 2Z and la+ma+sa ∈ 2Z
together with sa ∈ Z4 such that sa − sa ∈ 2Z for all a = 1, 2, 3. Here χlama,sa

are
the N = 2 maximal bosonic subalgebra characters (see Appendix 7.B for their
q-expansions). The sum over t gives twisted sectors of the G-orbifold. It can be
indeed shown (e.g. order by order in the (q, q)-expansion) that

ZSU(3)(q, q) =
⃓⃓⃓⃓
⃓ θi(q)η(q)3

⃓⃓⃓⃓
⃓
2 ∑︂
M,N,R,S∈Z

qh
L
M,N,R,Sqh

R
M,N,R,S , (7.3.2)

where we take i = 3 and i = 2 in the NSNS and RR sector, respectively (θi being
the standard Jacobi theta functions), and

hL
M,N,R,S = 1

4k
L
mg

mnkL
n = 1

4[(M +R)2 + 1
3(M + 2N −R + 2S)2] , (7.3.3a)

hR
M,N,R,S = 1

4k
R
mg

mnkR
n = 1

4[(M −R + S)2 + 1
3(M + 2N −R − S)2] . (7.3.3b)

Here we have introduced kL
m = pm + Emnw

n, kR
m = pm − ET

mnw
n and Emn =

gmn + Bmn. In the adapted coordinates Xm, m = 6, 7, these have components
pm = (M,N), wm = (R, S), M,N,R, S ∈ Z and g66 = g77 = 1, g67 = B67 = 1/2.

We will now use the results for the SU(3) 2-torus to describe the light-
cone gauge spectrum of type II superstring compactified on the SU(3)2 4-torus.
Let us introduce the 6-component vectors l = (l1, . . . , l6), m = (m1, . . . ,m6),
s = (s1, . . . , s6), which encode the internal N = 2 minimal model data. For
later convenience, we also define the (2+6)-component vectors λ = (0, 0; l),
µ = (0, 0; m) together with σ = (σ1, σ2; s) which also include information about
the external transverse fermionic representations. We will refer to their compo-
nents by la,ma, sa for a = 1, . . . , 6 and λp, µp, σp for p = 1, . . . , 8. Note that
a = 1, 2, 3 belong to one of the two constituent SU(3) 2-tori while a = 4, 5, 6
pertain to the other. We then define

χλ
µ,σ(q) =

2∏︂
r=1

χσr(q)
6∏︂

a=1
χlama,sa

(q) . (7.3.4)

Here χσr , r = 1, 2 are the ˆ︂so(2)1 characters for the two transverse external com-
plex fermions, where σr = 0, 2 gives the o and v irreps and σr = ±1 gives the

6The choice of the charge-conjugate modular invariant (rather than the diagonal modular
invariant) will turn out to be more convenient for our purposes.
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s and c irreps. Denoting β1 = (1, 0; 0) and β2 = (0, 1; 0) we therefore have
Φ0

0,2βr
= ψr± = (ψ2r ± iψ2r+1)/

√
2 for r = 1, 2. Introducing also the vectors

β3 = (0, 0; 1, 1, 1, 0, 0, 0) and β4 = (0, 0; 0, 0, 0, 1, 1, 1), the fields λ = ±µ = βr,
σ = 0 then correspond to the internal complex fermions ψr± for r = 3, 4. In the
R sector, the fields with λ = 0, µ = 2∑︁4

r=3 τrβr and σ = 2∑︁4
r=1 τrβr give the

spin fields with SO(8) spins τr = ±1/2 for r = 1, 2, 3, 4. The GSO-unprojected
spectrum of the N = (2, 2) worldsheet sigma model involving the SU(3)2 4-torus
and four non-compact external directions then reads (NSNS and RR parts)

Z(q, q) =
∑︂

λ,µ,σ

∑︂
tr∈Z3

∑︂
σ

χλ
µ,σ(q)χλ

−µ+2t3β3+2t4β4,σ(q) , (7.3.5)

where the λ,µ,σ sum on the RHS runs over distinct G × G-invariant states in
the NS and R sector such that σ1 − σp ∈ 2Z and la +ma + sa ∈ 2Z together with
σp ∈ Z4 such that σp − σp ∈ 2Z for all a = 1, . . . , 6 and p = 1, . . . , 8. Note that
G×G invariant states are precisely those with βr · µ ∈ 3Z for r = 3, 4. We also
recall that the U(1) charge of a primary field with labels λ,µ,σ can be expressed
as q(µ,σ) = (µ

3 − σ
2 ) ·∑︁4

r=1 βr. It follows that all states appearing in (7.3.5) have
integer left-and right-moving total U(1) charges q, q. Further projecting onto
states with q, q ∈ 2Z + 1 in both NSNS and RR sectors gives us the spacetime-
bosonic fields of type IIB superstring while taking instead q ∈ 2Z in the RR
sector gives us the spacetime-bosonic fields of type IIA superstring.

Dp-brane boundary states

Let us start by considering ordinary B-type gluing conditions for all internal
SCFTs. We will denote7 these by ω0 ≡ (1B)(2B)(3B)(4B)(5B)(6B). Such boundary
states are guaranteed to describe 1/2-BPS D-branes: ω0 gluing conditions imply
conservation of the free field N = (2, 2) worldsheet SCFT currents for the two
constituent 2-tori which in turn was shown [229] to imply linear gluing conditions
(7.1.2) on the oscillators αmn , ψmr . The charge conjugation property of the partition
function (7.3.5) gives that the allowed Ishibashi states are labelled as |λ,µ,σ⟩⟩ω0 ,
where λ,µ,σ run over the G×G-invariant states in the NS and R sector such
that σ1 −σp ∈ 2Z, la+ma+sa ∈ 2Z for all a = 1, . . . , 6, p = 1, . . . , 8, and we only
allow states with q(µ,σ) ∈ 2Z + 1. In order to simplify algebraic manipulations
involving the boundary states, we introduce the following projector onto allowed
Ishibashi states

δω0
λ,µ,σ = 2−6 1

12
∑︂
ζ∈Z12

(−1)ζeiπq(µ,σ)ζ
4∏︂
r=3

1
3
∑︂
tr∈Z3

e
2iπ

3 trβr·µ×

×
8∏︂
p=1

1
2
∑︂
νp∈Z2

eiπνp(σ1−σp)
6∏︂

a=1

1
2
∑︂
ξa∈Z2

eiπξa(la+ma+sa) , (7.3.6)

Following [170], we then write

∥α⟩⟩ω0 ≡ ∥Λ,M ,Σ⟩⟩ω0 = 1
καω0

∑︂
λ,µ,σ

δω0
λ,µ,σB

α,ω0
λ,µ,σ|λ,µ,σ⟩⟩ω0 , (7.3.7)

7See Appendix 7.B for an explanation of our notation.

277



where we define

Bα,ω0
λ,µ,σ = (−1)

σ2
1

2 e− iπ
2 σ·Σe

iπ
3 µ·M

6∏︂
a=1

sin[π3 (la + 1)(La + 1)]
sin 1

2 [π3 (la + 1)]
. (7.3.8)

Here καω0 is a normalisation to be fixed below. The boundary state labels Λ,M ,Σ
must satisfy the minimal model constraints La = 0, 1, La+Ma+Sa ∈ 2Z, Ma ∈ Z6,
Σp ∈ Z4 modulo the field identification (La,Ma, Sa) ∼ (1 − La,Ma + 3, Sa + 2).
Alignment of spin structures further requires Sa ∈ 2Z for all a (see [244] for
details). To ensure that the labeling by Λ,M ,Σ gives distinct boundary states,
we should take the labels modulo the action of G × G. In order to fix the
normalization καω0 let us calculate the overlap

˜︁Zω0
α˜︁α(q̃) = ω0⟨⟨Θ˜︁α∥q̃

1
2 (L0+L0− c

12 )∥α⟩⟩ω0

= 1
καω0κ

α̃
ω0

∑︂
λ,µ,σ

δω0
λ,µ,σB

˜︁α,ω0
λ,−µ,−σB

α,ω0
λ,µ,σχ

λ
µ,σ(q̃) . (7.3.9)

Let us denote by δ(p) the Dirac delta function on Zp. By applying the modular
S-transformation, we can express the open string partition function as

Zω0
α˜︁α(q) = 332−8

καω0κ
˜︁α
ω0

∑︂
λ′,µ′,σ′

ev ∑︂
ζ∈Z12

∑︂
νp∈Z2

∑︂
tr∈Z3

(−1)σ′
1+Σ1−˜︁Σ1×

× δ
(4)
σ′

1+Σ1−˜︁Σ1+ζ−2
∑︁8

p=2 νp+2

6∏︂
a=1

δ
(2)
l′a+La−˜︁La

8∏︂
p=2

δ
(4)
σ′

p+Σp−˜︁Σp+2νp+ζ
×

×
3∏︂

a=1
δ

(6)
m′

a+Ma− ˜︁Ma+ζ+2t3

6∏︂
a=4

δ
(6)
m′

a+Ma− ˜︁Ma+ζ+2t4
χλ′

µ′,σ′(q) , (7.3.10)

where the sum ∑︁ev
λ′,µ′,σ′ on the RHS runs over l′a = 0, 1, m′

a ∈ Z6, σ′
p ∈ Z4

with l′a + m′
a + s′

a ∈ 2Z. For instance, in the case α = α̃, one can expand the
summations in (7.3.10) to obtain

Zω0
αα(q) = 342−6

(καω0)2

(︄
χ0

0,2β1 + χ0
0,2β2 + χ0

0,(0,0;2,0,0,0,0,0) + . . .

−
∑︂

τ1τ2τ3τ4<0
χ0

2
∑︁4

r=3 τrβr,2
∑︁4

r=1 τrβr
− . . .

)︄
, (7.3.11)

where all characters in the sum have the same coefficient (up to a minus sign).
Indeed, the minimal normalization which yields integer multiplicities of states of
a string stretched between general ω0 D-branes α, α̃ is καω0 = 322−3 for all α. As
it is apparent from (7.3.11), this normalization also makes all ω0 boundary states
elementary.8 (7.3.10) implies the selection rule q′ + Q − ˜︁Q ∈ 2Z + 1, where we
define q′ = q(µ′,σ′), Q = q(M ,Σ) and ˜︁Q = q(˜︃M , ˜︁Σ). Since h ≥ |q|/2 for all
unitary representations of N = 2 SCAs, it is clear that the lowest states with
q′ ∈ 2Z + 1 have mass squared greater than or equal to zero, meaning that all
spectra with Q− ˜︁Q ∈ 2Z are tachyon-free. In particular, this holds for α = ˜︁α, so
that our boundary states describe stable D-branes.

8Boundary state is elementary if and only if the (GSO-projected) open-string NS vacuum
irrep is non-degenerate.
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Let us write |λ,µ,σ⟩ω0 for the leading term of the Ishibashi state |λ,µ,σ⟩⟩ω0 ,
so that ω0⟨λ,µ,σ|λ′,µ′,σ′⟩⟩ω0 = δλλ′δµµ′δσσ′ . Probing the boundary states with
the closed string state |λ,µ,σ⟩ω0 will therefore yield its NSNS and RR couplings.
Setting Σ1 = 0, Σ2 = 0 corresponds to taking N conditions for ψ3 and D condi-
tions for ψ2, ψ4, ψ5 (a valid choice for light-cone gauge boundary states describing
D-branes with Dirichlet boundary conditions on all external spacelike directions).
We also set Sa = 0 for all a = 1, . . . , 6, thus fixing a particular parity for the D-
branes. The massless NSNS Ishibashi states which provide couplings to the closed
string states ψ±r

−1/2ψ̄
∓r
−1/2 along the internal 4-torus are precisely |βr,±βr,0⟩⟩ω0 for

r = 3, 4. In particular, if a boundary state ∥α⟩⟩ is to satisfy linear gluing condi-
tions on the worldsheet oscillators αmn , ψmr with gluing automorphism Ω, we need
to have

∥α⟩⟩ ⊃ igα Ωmnψ
m
− 1

2
ψ̄n− 1

2
|0⟩NSNS , (7.3.12)

where gα is an overall normalization proportional to the mass of the correspond-
ing D-brane. Couplings to the massless RR sector give the RR charges carried by
the boundary state. The massless RR Ishibashi states can be parametrized by the
corresponding SO(8) spins τr = ±1/2 for r = 1, 2, 3, 4 as λ = 0, µ = 2∑︁4

r=3 τrβr

and σ = 2∑︁4
r=1 τrβr, subject to τ1τ2τ3τ4 < 0. To save some space, we will denote

them by |τ1τ2τ3τ4⟩⟩ω0 . The formula (7.3.8) yields 9 distinct forms for massless RR
and NSNS boundary state coefficients meaning that ω0 boundary states describe 9
distinct types of Dp-branes. Note that gω0

α = 1/
√

3 for all α, so that all ω0 bound-
ary states describe D-branes with identical masses. Boundary state ∥0,0,0⟩⟩ω0

clearly describes a D0-brane. We will further adopt a convention that ∥0,0,0⟩⟩ω0

represents the positive parity D0-brane and call the boundary state ∥D0⟩⟩.9 The
Dp-brane interpretation and parity of the rest of the ω0 boundary states fol-
lows from (7.3.12) and also by considering various relations between massless RR
boundary state coefficients. We obtain the following 9 representatives:

∥0,0,0⟩⟩ω0 = ∥D0⟩⟩ (7.3.13a)
∥L1 =+M1 =1⟩⟩ω0 = ∥D0/D267⟩⟩ (7.3.13b)
∥L1 =−M1 =1⟩⟩ω0 = ∥D267⟩⟩ (7.3.13c)
∥L4 =+M4 =1⟩⟩ω0 = ∥D0/D289⟩⟩ (7.3.13d)
∥L4 =−M4 =1⟩⟩ω0 = ∥D289⟩⟩ (7.3.13e)

∥L1,4 =+M1,4 =1⟩⟩ω0 = ∥D0/D267/D289/D4⟩⟩ (7.3.13f)
∥L1,4 =−M1,4 =1⟩⟩ω0 = ∥D4⟩⟩ (7.3.13g)

∥L1,4 =+M1 =−M4 =1⟩⟩ω0 = ∥D289/D4⟩⟩ (7.3.13h)
∥L1,4 =−M1 =+M4 =1⟩⟩ω0 = ∥D267/D4⟩⟩ . (7.3.13i)

The rest of ω0 boundary states do not contribute new RR charges and describe
the above 9 D-branes at different points in their moduli space. Note that the
masses of 1/2-BPS D-branes with these RR charges (computed from (7.2.1)) are

9Here and in the following, the notation ∥Dp1/Dp2/ . . .⟩⟩ refers to boundary states describing
BPS D-branes with the respective RR charges at a concrete, but unspecified, point in their
moduli space.
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indeed all identical and equal to the mass of the D0-brane. Furthermore, using
the explicit q-series (7.B.8) for the N = 2 characters, it can be shown that10

η(q)−4Zω0
αα(q)NS = 8 + 224q + 2976q2 + O(q3) = Zf,NS(q)Zb(q) , (7.3.14a)

η(q)−4 Zω0
αα(q)R = 8 + 224q + 2976q2 + O(q3) = Zf,R(q)Zb(q) , (7.3.14b)

where we have denoted

Zf,NS(q) = (1/2)η(q)−4[θ3(q)4 − θ4(q)4] ,
Zf,R(q) = (1/2)η(q)−4θ2(q)4 ,

and

Zb(q) = η(q)−8
(︂ ∑︂
m,n∈Z

qm
2+n2+mn

)︂2
.

This is consistent with the statement that ω0 boundary states describe D0-, D2-
and D4-branes wrapping the SU(3)2 4-torus. We also recover the expected 8
massless physical modes in both the NS and R sector of the open string spec-
trum. It is clear from (7.3.14) that the spectra are exactly bose-fermi degenerate:
Zω0
αα(q) = Zω0

αα(q)NS − Zω0
αα(q)R = 0, as required by spacetime supersymmetry. In-

deed, it can be explicitely shown that the ω0 boundary states preserve the correct
combinations of spacetime supercharges, which are specified by their RR charges
and the requirement that they saturate the BPS bound. Starting from the matrix
Γ − M defined in (7.A.2), it is straightforward to show that if the ω0 boundary
states are to be (1/2-)BPS, they should satisfy

(QL
τ1,τ2,τ3,τ4 + e− 2iπ

3 M ·
∑︁4

r=1 τrβrQR
−τ1,τ2,τ3,τ4)∥Λ,M ,0⟩⟩ω0 = 0 , (7.3.15)

where QL,R
τ1,τ2,τ3,τ4 are the spacetime supercharges, τr = ±1/2, r = 1, 2 being the

SO(8) spins and L,R being the SO(1, 9) chirality. It can be shown that (7.3.15)
indeed holds by using the fact [171] that the supercharges act on the Ishibashi
states by spectral flow with parameters ηr = −τr for r = 1, 2, 3, 4.

To summarize, we observe that ω0 boundary states describe D0, D267, D289
and D4-branes together with some of their 1/2-BPS bound states. In order to ob-
tain the rest of type IIA fundamental stable Dp-brane boundary states (namely
D268, D269, D278, D279), one should start, for instance, with gluing conditions
(1A2A)(3A)(4A5A)(6A). Some of the higher-mass 1/2-BPS bound states of Dp-
branes can be obtained by considering more complicated gluing conditions: see
Appendix 7.C, Table 7.1 for a complete classification. Considering gluing condi-
tions with A-type for one of the constituent 2-tori and B-type for the other (such
as (1A2A)(3A)(4B)(5B)(6B)) yields the unstable non-BPS Dp-branes of type IIA
(with p odd).

1/4-BPS D-brane boundary states

Let us now consider the gluing automorphism ω1 ≡ (1B)(2B)(3B4B)(5B)(6B). The
resulting boundary states clearly cannot be factorized into boundary states sep-
arately wrapping the two SU(3) 2-tori. The allowed Ishibashi states carry the

10Here we explicitely include the thus far suppressed contribution η(q)−4 from the external
bosonic oscillators.

280



same labels as in the ω0 case where, in addition, we also require that l3 = l4 and
m3 = m4. This already fixes half of the overcounting for the a = 3, 4 minimal
models so the projector now reads

δω1
λ,µ,σ = 2−5 1

12
∑︂
ζ∈Z12

(−1)ζeiπq(µ,σ)ζ
4∏︂
r=3

1
3
∑︂
tr∈Z3

e
2iπ

3 trβr·µ
8∏︂
p=1

1
2
∑︂
νp∈Z2

eiπνp(σ1−σp)

× 1
2
∑︂
ρ∈Z2

eiπρ(l3−l4) 1
6
∑︂
ρ′∈Z6

e
iπ
3 ρ

′(m3−m4)
6∏︂

a=1

1
2
∑︂
ξa∈Z2

eiπξa(la+ma+sa) .

(7.3.16)

The construction of boundary states for the ω1 gluing conditions follows by the
prescription given in [234]. We write

∥α⟩⟩ω1 ≡ ∥Λ,M ,Σ⟩⟩ω1 = 1
καω1

∑︂
λ,µ,σ

δω1
λ,µ,σB

α,ω1
λ,µ,σ|λ,µ,σ⟩⟩ω1 , (7.3.17)

where

Bα,ω1
λ,µ,σ = (−1)

σ2
1

2 e− iπ
2 σ·Σ ∏︂

a=1,2,5,6

sin[π3 (la + 1)(La + 1)]
sin 1

2 [π3 (la + 1)]
e

iπ
3 maMa×

×
sin[π3 (l3 + 1)(L3 + 1)]

sin[π3 (l3 + 1)] e
iπ
3 m3M3 . (7.3.18)

The range of the boundary state labels Λ,M ,Σ is the same as for the ω0 bound-
ary states except that now there is only one L and M label associated with the
cycle (34). The open string partition function can be evaluated as

Zω1
α˜︁α(q) = 312−7

καω1κ
˜︁α
ω1

∑︂
λ′,µ′,σ′

ev ∑︂
ζ∈Z12

∑︂
νp∈Z2

∑︂
tr∈Z3

(−1)σ′
1+Σ1−˜︁Σ1δ

(4)
σ′

1+Σ1−˜︁Σ1+ζ−2
∑︁8

p=2 νp+2

×
6∏︂

a=1
a̸=3,4

δ
(2)
l′a+La−˜︁La

8∏︂
p=2

δ
(4)
σ′

p+Σp−˜︁Σp+ζ+2νp

2∏︂
a=1

δ
(6)
m′

a+Ma− ˜︁Ma+ζ+2t3

6∏︂
a=5

δ
(6)
m′

a+Ma− ˜︁Ma+ζ+2t4

× δ
(2)
l′3+l′4+L3−˜︁L3

δ
(6)
m′

3+m′
4+M3− ˜︁M3+2t3+2t4+2ζ

χλ′

µ′,σ′(q) .
(7.3.19)

Expanding the sums in (7.3.19) using computer algebra software, it is easy to
establish that the minimal normalization which yields integer multiplicities is
καω1 = 312−2. It also makes all ω1 D-branes elementary. As we will see below,
this normalization also ensures that the RR charges of ω1 D-branes belong to
the lattice generated by the RR charges of ω0 D-branes. (7.3.19) also gives the
selection rule q′ +Q− ˜︁Q− (M3 − ˜︂M3)/3 ∈ 2Z + 1. In particular, for α = α̃ we
have q′ ∈ 2Z + 1 so that all ω1 D-branes are stable. When calculating spectra
of strings stretched between ω0 and ω1 branes, the corresponding closed string
channel overlap contains characters of N = 2 tensor product representations
twisted by the symmetric group element (34) (as detailed in [234] for general
permutations). Considering also the additional phase appearing on the RHS of
eq. (5.7) in ref. [245], we obtain

˜︁Zω1ω0
αα̃ (q̃) = ω0⟨⟨Θ˜︁α∥q̃

1
2 (L0+L0− c

12 )∥α⟩⟩ω1
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= 1
κ˜︁αω0κ

α
ω1

∑︂
λ,µ,σ

δω1
λ,µ,σδs3,s4e

iπ(m3
3 − s3

2 )B˜︁α,ω0
λ,−µ,−σB

α,ω1
λ,µ,σ×

× χl1m1,s1(q̃)χl2m2,s2(q̃)χl3m3,s3(q̃2)χl5m5,s5(q̃)χl6m6,s6(q̃)
2∏︂
r=1

χσr(q̃) . (7.3.20)

S-transforming into the open string channel and substituting for κ˜︁αω0 , κ
α
ω1 , we have

Zω1,ω0
α˜︁α (q) = 1

48
∑︂

λ′,µ′,σ′

ev,4̄ ∑︂
ζ∈Z12

∑︂
tr∈Z3

∑︂
νp∈Z2

∑︂
ξ4∈Z2

(−1)σ′
1+Σ1−˜︁Σ1δ

(4)
σ′

1+Σ1−˜︁Σ1+ζ−2
∑︁8

p=2 νp+2

× δ
(6)
m′

3+M3− ˜︁M3− ˜︁M4+1+2ζ+2t3+2t4+3ξ4

2∏︂
a=1

δ
(6)
m′

a+Ma− ˜︁Ma+ζ+2t3

6∏︂
a=5

δ
(6)
m′

a+Ma− ˜︁Ma+ζ+2t4

× δ
(4)
s′

3+S3+S4−˜︁S3−˜︁S4+2ζ+2ν5+2ν6+1+2ξ4

8∏︂
p=2
p ̸=5,6

δ
(4)
σ′

p+Σp−˜︁Σp+ζ+2νp

× δ
(2)
l′3+L3−˜︁L3−˜︁L4+ξ4

6∏︂
a=1
a̸=3,4

δ
(2)
l′a+La−˜︁La

× χ
l′1
m′

1,s
′
1
(q)χl

′
2
m′

2,s
′
2
(q)χl

′
3
m′

3,s
′
3
(q 1

2 )χl
′
5
m′

5,s
′
5
(q)χl

′
6
m′

6,s
′
6
(q)

2∏︂
r=1

χσr(q) ,

(7.3.21)

where the λ′,µ′,σ′ sum does not run over l′4,m′
4, s

′
4. Expanding the sums in

(7.3.21) using computer algebra software, it is easy to verify that the coefficients
in front of the characters are integers. We have therefore automatically obtained
consistent spectra for open strings stretched between ω0 and ω1 boundary states.

Let us now compute the couplings of the ω1 boundary states to massless closed
string states. In order to be able to compare these with the couplings computed
for the ω0 boundary states, we will probe the ω1 boundary states with the same
massless closed string states as we probed the ω0 boundary states in the previous
subsection, namely with |λ,µ,σ⟩ω0 . Keeping the relative phase of [245] in mind,
we obtain

ω0⟨λ,µ,σ∥α⟩⟩ω1 = 1
καω1

δω1
λ,µ,σ δs3,s4 e

iπ(m3
3 − s3

2 )Bα,ω1
λ,µ,σ . (7.3.22)

Noting that the Ishibashi states which provide couplings to the massless NSNS
closed string states along the internal 4-torus are not allowed by the ω1 gluing
conditions, we conclude that (7.3.12) must be violated. Since the ω1 boundary
states are elementary, it follows that they are examples of stable non-conventional
boundary states. Also note that gω1

α = 1 =
√

3 gω0
α meaning that the mass of all ω1

D-branes is
√

3 times the mass of ω0 D-branes. The allowed massless RR Ishibashi
states can be parametrized as λ = 0, µ = 2∑︁4

r=3 τrβr and σ = 2∑︁4
r=1 τrβr with

τ1τ2τ3τ4 < 0 and τ3 = τ4. Starting from (7.3.18), we therefore obtain

ω0⟨τ1τ2τ3τ4∥Λ,M ,0⟩⟩ω1 = i δτ3,τ4 e
2iπ

3 τ3(− 1
2 +
∑︁

a ̸=4 Ma) . (7.3.23)

We find that ω1 boundary states can carry 3 distinct sets of RR charges. The
corresponding representatives can be chosen as ∥0,0,0⟩⟩ω1 , ∥L1 = M1 = 1⟩⟩ω1 ,
∥L1 =−M1 =1⟩⟩ω1 . Their RR couplings satisfy the relations

ω0⟨τ1τ2τ3τ4∥0,0,0⟩⟩ω1 = ω0⟨τ1τ2τ3τ4∥D267⟩⟩ + ω0⟨τ1τ2τ3τ4∥D289⟩⟩+
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+ ω0⟨τ1τ2τ3τ4∥D4⟩⟩ (7.3.24a)

ω0⟨τ1τ2τ3τ4∥L1 =+M1 =1⟩⟩ω1 = ω0⟨τ1τ2τ3τ4∥D0⟩⟩ + ω0⟨τ1τ2τ3τ4∥D4⟩⟩ (7.3.24b)

ω0⟨τ1τ2τ3τ4∥L1 =−M1 =1⟩⟩ω1 = ω0⟨τ1τ2τ3τ4∥D267⟩⟩ + ω0⟨τ1τ2τ3τ4∥D289⟩⟩+
+ ω0⟨τ1τ2τ3τ4∥D0⟩⟩ (7.3.24c)

This means that ∥0,0,0⟩⟩ω1 , ∥L1 =+M1 =1⟩⟩ω1 and ∥L1 =−M1 =1⟩⟩ω1 carry the
same RR charges as do the 1/4-BPS bound states D267/D289/D4, D0/D4 and
D0/D267/D289, respectively. Also note that the mass

√
3 obtained from the

boundary states agrees with the mass obtained from saturating the BPS bound
for the corresponding RR charges (formula (7.2.6)). It also follows from (7.3.19)
(upon substituting the q-expansions (7.B.8)) that

η(q)−4Zω1
αα(q)NS = 12 + 16q 1

3 + 48q 2
3 + 368q + 368q 4

3 + 864q 5
3 + O(q2) ,

(7.3.25a)
η(q)−4Zω1

αα(q)R = 12 + 16q 1
3 + 48q 2

3 + 368q + 368q 4
3 + 864q 5

3 + O(q2) ,
(7.3.25b)

for all α. Also, we have shown to O(q1000) that Zω1
αα(q) = Zω1

αα(q)NS − Zω1
αα(q)R =

0, i.e. that the open string spectrum is bose-fermi degenerate, which suggests
that the ω1 boundary states preserve some amount of spacetime supersymmetry.
Saturating the BPS bound for the above-computed RR charges, we find that if
the ω1 boundary states are to be (1/4-)BPS, we need

(QL
τ1,τ2,τ3,τ4 + e− 2iπ

3 τ3(− 1
2 +
∑︁

a̸=4 Ma)QR
−τ1,τ2,τ3,τ4)∥Λ,M ,0⟩⟩ω1 = 0 , τ3 = τ4 .

(7.3.26)

The action of QL,R
τ1,τ2,τ3,τ4 on the ω1 boundary states adheres to similar rules as

for the ω0 boundary states, where, in addition, the phase appearing in (7.3.22)
produces an extra factor of e− iπ

3 τ3 upon acting with right-moving supercharges.
It follows that (7.3.26) holds true. Note that the q-expansion (7.3.25) shows
that there are 12 massless modes in both NS and R sector. This seems to be
in agreement with the instanton description of the bound states, as the identi-
fication (7.2.3) for the respective RR charges together with the ADHM formula
8 + 4kN indeed requires 12 exactly marginal operators. We leave the proof of
exact marginality of the 12 massless NS boundary operators living on the ω1
boundary states for future work. Note that the spectra of all ω1 boundary states
are identical, which is in agreement with the fact that the corresponding bound
states are T-dual to one another.

Finally, let us exhibit the correspondence between the ∥L1 = M1 = 1⟩⟩ω1

boundary state and the D1/D5 supergravity solution obtained by [246]. Since
the boundary state satisfies the no-force condition11, it should yield the same
asymptotic behavior of massless NSNS and RR fields as a regular solution of
supergravity. Here we will T-dualize the boundary state in the X5 direction, so
that it looks like a type IIB D-string from the viewpoint of the six-dimensional
non-compact space. In the NSNS sector, the boundary state only couples to

11At one loop in the open string channel, this is expressed as Zω1
αα(q) = 0. Spacetime

supersymmetry ensures that this 1-loop result can be extended to arbitrary loop level.
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massless closed string states in the six non-compact dimensions. Denoting Ξµν =
diag [1, 1, 1, 1, 1,−1, 0, 0, 0, 0]µν (in the cartesian coordinates xµ, µ = 0, . . . , 9) and
using the results of [247], one obtains12

δgµν(r) = Kr−2Ξµν , δBµν(r) = 0 , δφ(r) = 0 , (7.3.27)

for the asymptotic deviations of NSNS fields from their background values. We
have also denoted13

K = κ10
√

3NT1

4π2 = 8
√

3π4gsN . (7.3.28)

where T1 =
√
π(2π)2 is the D-string tension and N is the number of superposed

∥L1 =M1 =1⟩⟩ω1 boundary states. Let us now describe the supergravity solution
found in [246]. Let us assume that only B67 and B89 are non-zero and that
T 4 = T 2 × T 2. We will parametrize the solution by µ1, µ5, ϕ, ψ, so that the
asymptotic values B∞

µν of the B-field components are given by

B∞
67 = µ5 sinϕ cosψ − µ1 cosϕ sinψ

µ5 cosϕ cosψ + µ1 sinϕ sinψ (7.3.29a)

B∞
89 = µ5 cosϕ sinψ − µ1 sinϕ cosψ

µ5 cosϕ cosψ + µ1 sinϕ sinψ (7.3.29b)

while the charges of the source D1- and D5-branes are given by

Q5 = β(µ5 cosϕ cosψ + µ1 sinϕ sinψ) , (7.3.30a)
Q1 = V67V89[β(µ1 cosϕ cosψ + µ5 sinϕ sinψ) −B∞

67B
∞
89Q5] , (7.3.30b)

where β = π/(8G10). Let us denote

µϕ = |µ1| sin2 ϕ+ |µ5| cos2 ϕ , (7.3.31a)
µψ = |µ1| sin2 ψ + |µ5| cos2 ψ , (7.3.31b)

together with

f1,5(r) = 1 + |µ1,5|
2r2 , Zϕ,ψ(r) = 1 + |µϕ,ψ|

2r2 , (7.3.32)

and also

K(3) = −µ5f
−2
5 r−3dr ∧ dt ∧ dx5 + µ1ϵ3 (7.3.33a)˜︂K(3) = −µ1f
−2
1 r−3dr ∧ dt ∧ dx5 + µ5ϵ3 , (7.3.33b)

where ϵ3 is the volume-form on the 3-sphere surrounding the D-brane. The solu-
tion then reads

ds2 = (f1f5)−1/2[−(dx0)2 + (dx5)2] + (f1f5)1/2(dr2 + r2dΩ2
3)+

+ (f1f5)1/2{Z−1
ϕ [(dx6)2 + (dx7)2] + Z−1

ψ [(dx8)2 + (dx9)2]} , (7.3.34a)
12Now we also double-wick rotate back to the usual picture so that we impose N conditions

on X0, X5 and D conditions on X1, X2, X3, X4
13Here κ2

10 = 8πG10 with G10 = 8π6g2
s being the ten-dimensional Newton’s constant.
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e2φ = f1f5/(ZϕZψ) , (7.3.34b)
B = [B∞

67 + Z−1
ϕ (f1 − f5) sinϕ cosϕ]dx6 ∧ dx7+

+ [B∞
89 + Z−1

ψ (f1 − f5) sinψ cosψ]dx8 ∧ dx9 , (7.3.34c)
F (3) = ˜︂K(3) cosϕ cosψ +K(3) sinϕ sinψ , (7.3.34d)
F (5) = Z−1

ϕ (−f5K
(3) cosϕ sinψ + f1

˜︂K(3) cosψ sinϕ) ∧ dx6 ∧ dx7

+ Z−1
ψ (−f5K

(3) cosψ sinϕ+ f1
˜︂K(3) cosϕ sinψ) ∧ dx8 ∧ dx9 . (7.3.34e)

Setting µ1 = −µ5 ≡ µ, V67 = V89 =
√

3/2, tan(ϕ + ψ) = 1/
√

3, we get
f1 = f5 = Zϕ = Zψ ≡ f , K(3) = −˜︂K(3) and B∞

67 = tan(ϕ + ψ) = B∞
89 = 1/

√
3

(which yields fluxes b67 = b89 = +1/2, as appropriate for the SU(3)2 4-torus).
We also have Q5 = −(

√
3/2)βµ = −Q1, which is always satisfied by superposi-

tions of the boundary state ∥L1 =M1 = 1⟩⟩ω1 . Using the ADM mass formula to
identify N/(2πgs) = |Q1|/(V67V89), the solution (7.3.34) then turns into

ds2 = f(r)−1[−(dx0)2 + (dx5)2] + f(r)(dr2 + r2dΩ2
3)+

+ (dx6)2 + (dx7)2 + (dx8)2 + (dx9)2 , (7.3.35a)
e2φ = 1 , (7.3.35b)

B = + 1√
3

(dx6 ∧ dx7 + dx8 ∧ dx9) , (7.3.35c)

F (3) = −
√

3
2 µ[f(r)−2r−3dr ∧ dt ∧ dx5 + ϵ3] , (7.3.35d)

F (5) = −1
2µ[f(r)−2r−3dr ∧ dt ∧ dx5 + ϵ3] ∧ (dx6 ∧ dx7 + dx8 ∧ dx9) . (7.3.35e)

with

f(r) = 1 + |Q1|/(
√

3β)
r2 = 1 + 8

√
3π4gsN

r2 . (7.3.36)

It is then easy to see that eqs. (7.3.35a), (7.3.35b) together with (7.3.36) are
in a precise agreement with (7.3.27) and (7.3.28) as r → ∞. In addition, given
that the RR couplings (7.3.24) are expressed as sums of the RR couplings for the
constituent Dp-branes, the asymptotic supergravity profiles of the massless RR
fields computed from the boundary state are necessarily given by superpositions
of the corresponding profiles for elementary Dp-brane solutions. This is indeed a
property of (7.3.35d) and (7.3.35e).

The evidence presented in this subsection leads us to conclude that the ω1
boundary states describe stable elementary D-branes with masses, RR charges
and other properties matching those of the truly bound 1/4-BPS states of Dp-
branes (at a certain point in their moduli space). We therefore identify

∥0,0,0⟩⟩ω1 = ∥D267/D289/D4⟩⟩ (7.3.37a)
∥L1 =+M1 =1⟩⟩ω1 = ∥D0/D4⟩⟩ (7.3.37b)
∥L1 =−M1 =1⟩⟩ω1 = ∥D0/D267/D289⟩⟩ (7.3.37c)

It can be shown (by repeating the above steps with some minor modifications)
that rational boundary states can be used to describe more 1/4-BPS bound states
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with mass
√

3. For instance, setting the gluing automorphism to

(1B)(2B)(3A4A)(5B)(6B) ,

one obtains the 1/4-BPS bound states D0/D289/D4, D267/D289, D0/D267/D4.
Boundary states for some of the higher-mass 1/4-BPS bound states can be con-
structed by considering more complicated gluing automorphisms. See Appendix
7.C, Table 7.1 for a complete list of results.

Stable non-BPS boundary states

Here we consider the gluing automorphism ω2 ≡ (1B4B)(2A5A)(3B)(6B). Again,
the resulting boundary states clearly cannot be factorized into boundary states
wrapping the two SU(3) 2-tori. The structure of the closed string spectrum
dictates that the allowed Ishibashi state labels must obey l1 = l4, m1 = m4 and
l2 = l5, m2 = −m5. The corresponding projector reads

δω2
λ,µ,σ = 2−4 1

12
∑︂
ζ∈Z12

(−1)ζeiπq(µ,σ)ζ
4∏︂
r=3

1
3
∑︂
tr∈Z3

e
2iπ

3 trβr·µ
8∏︂
p=1

1
2
∑︂
νp∈Z2

eiπνp(σ1−σp)

× 1
2
∑︂
ρ1∈Z2

eiπρ(l1−l4) 1
6
∑︂
ρ′

1∈Z6

e
iπ
3 ρ

′(m1−m4) 1
2
∑︂
ρ2∈Z2

eiπρ(l2−l5) 1
6
∑︂
ρ′

2∈Z6

e
iπ
3 ρ

′(m2+m5)

×
6∏︂

a=1

1
2
∑︂
ξa∈Z2

eiπξa(la+ma+sa) .

(7.3.38)

The ω2 boundary states then satisfy

∥α⟩⟩ω2 ≡ ∥Λ,M ,Σ⟩⟩ω2 = 1
καω2

∑︂
λ,µ,σ

δω2
λ,µ,σB

α,ω2
λ,µ,σ|λ,µ,σ⟩⟩ω2 , (7.3.39)

where

Bα,ω2
λ,µ,σ = (−1)

σ2
1

2 e− iπ
2 σ·Σ ∏︂

a=3,6

sin[π3 (la + 1)(La + 1)]
sin 1

2 [π3 (la + 1)]
e

iπ
3 maMa×

×
∏︂
a=1,2

sin[π3 (la + 1)(La + 1)]
sin[π3 (la + 1)] e

iπ
3 maMa . (7.3.40)

with a single L and M label for the cycles (14) and (25). The open string partition
function can be evaluated as

Zω2
α˜︁α(q) = 2−63−1

καω2κ
˜︁α
ω2

∑︂
λ′,µ′,σ′

ev ∑︂
ζ∈Z12

∑︂
νp∈Z2

∑︂
tr∈Z3

δ
(2)
l′1+l′4+L1−˜︁L1

δ
(2)
l′2+l′5+L2−˜︁L2

δ
(2)
l′3+L3−˜︁L3

δ
(2)
l′6+L6−˜︁L6

× (−1)σ′
1+Σ1−˜︁Σ1δ

(4)
σ′

1+Σ1−˜︁Σ1+ζ−2
∑︁8

p=2 νp+2

8∏︂
p=2

δ
(4)
σ′

p+Σp−˜︁Σp+ζ+2νp

× δ
(6)
m′

1+m′
4+M1− ˜︁M1+2t3+2t4+2ζ

δ
(6)
m′

2−m′
5+M2− ˜︁M2+2t3−2t4

× δ
(6)
m′

3+M3− ˜︁M3+ζ+2t3
δ

(6)
m′

6+M6− ˜︁M6+ζ+2t4
χλ′

µ′,σ′(q) .
(7.3.41)
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Expanding the sums in (7.3.41) using Mathematica, we find that the minimal
normalization which yields consistent open string spectra (integer multiplicities)
is καω2 = 2−1. It also makes all ω2 boundary states elementary. Let us also check
the consistency of stretched string spectra between ω0 D-branes (which include
some of the fundamental 1/2-BPS Dp-branes) and the ω2 D-branes. Here we
encounter characters of N = 2 tensor product representations twisted by the two
transpositions (14), (25).14 Including the relative phases of [245], we obtain

Zω2,ω0
α˜︁α (q) = 1

192
∑︂

λ′,µ′,σ′

ev,4̄5̄ ∑︂
ζ∈Z12

∑︂
tr∈Z3

∑︂
νp∈Z2

∑︂
ξ4∈Z2

∑︂
ξ5∈Z2

(−1)σ′
1+Σ1−˜︁Σ1×

× δ
(4)
σ′

1+Σ1−˜︁Σ1+ζ−2
∑︁8

p=2 νp+2
δ

(2)
l′3+L3−˜︁L3

δ
(2)
l′6+L6−˜︁L6

δ
(6)
m′

3+M3− ˜︁M3+ζ+2t3

× δ
(6)
m′

6+M6− ˜︁M6+ζ+2t4

8∏︂
p=2

p ̸=3,4,6,7

δ
(4)
σ′

p+Σp−˜︁Σp+ζ+2νp
δ

(2)
l′1+L1−˜︁L1−˜︁L4+ξ4

δ
(2)
l′2+L2−˜︁L2−˜︁L5+ξ5

× δ
(6)
m′

1+M1− ˜︁M1− ˜︁M4+1+2ζ+2t3+2t4+3ξ4
δ

(6)
m′

2+M2− ˜︁M2+ ˜︁M5+1+2t3−2t4−3ξ5

× δ
(4)
s′

1+S1+S4−˜︁S1−˜︁S4+2ζ+2ν3+2ν6+1+2ξ4
δ

(4)
s′

2+S2−S5−˜︁S2+˜︁S5+2ν4−2ν7+1−2ξ5

× χ
l′1
m′

1,s
′
1
(q 1

2 )χl
′
2
m′

2,s
′
2
(q 1

2 )χl
′
3
m′

3,s
′
3
(q)χl

′
6
m′

6,s
′
6
(q)

2∏︂
r=1

χσr(q) ,

(7.3.42)

where the λ′,µ′,σ′ sum does not run over l′4,m′
4, s

′
4 and l′5,m′

5, s
′
5. Expanding the

summations in (7.3.21) using Mathematica, it is easy to verify that the coefficients
in front of the characters are indeed integers.

It follows from (7.3.40) that the mass of each ω2 D-brane is 3 times the mass
of the D0-brane. Using the q-series (7.B.8) for the k = 1 characters, we have
computed that15

η(q)−4Zω2
αα(q)NS = 28 + 44q 1

3 + 192q 2
3 + 884q + 1288q 4

3 + 3456q 5
3 + O(q2) ,

(7.3.43a)

η(q)−4Zω2
αα(q)R = 16 + 80q 1

3 + 192q 2
3 + 704q + 1648q 4

3 + 3456q 5
3 + O(q2) ,

(7.3.43b)

for all α. This shows that in the case of ω2 boundary states, the bose-fermi
degeneracy is absent and the corresponding D-branes are non-supersymmetric.
At the same time, there are no NS tachyons in (7.3.43a), so the ω2 boundary
states are stable. The gluing automorphism ω2 does not permit couplings to any

14Note that in spite of imposing A-type gluing conditions on both minimal models in the
(25) cycle, the mirror-twisted (σ : J → −J) representations do not appear as only the states
containing an even number of J (2) and J (5) oscillators in both left- and right-moving sector
survive twisting by the transposition (25). However, if we were to calculate overlaps of (2B)(5B)
boundary states with (2A5B) or (2B5A) boundary states, mirror-twisted characters would show
up.

15It is a curious fact (which we have checked up to O(q1000)), that Zω2
αα(q) ≡ Zω2

αα(q)NS −
Zω2

αα(q)R = Zω2
αα(˜︁q), namely that the integer coefficients in the q-expansion of the open string

partition function are the same as the integer coefficients in the q̃-expansion of the closed string
channel overlap.
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massless RR fields and massless NSNS fields along the 4-torus, so the ω2 boundary
states are non-conventional and do not carry any RR charges. We therefore
conclude that the ω2 boundary states describe new non-BPS and uncharged D-
branes in type IIA superstring which are stable at weak coupling. They should
not be confused with the standard stable non-BPS Dp-branes of [248, 249, 250,
251, 252] which are constructed on type II orbifolds and orientifolds and carry
conserved (twisted) RR charges. As it is apparent from (7.3.43), the low-energy
effective theory on ω2 D-branes contains 28 spacetime bosons and 16 spacetime
fermions. In order to conclusively determine the dimension of the D-brane moduli
space, as well as the vertices of the low-energy effective action on the D-brane,
boundary and bulk-boundary structure constants would have to be found first.

Since we have Zω2
αα(q) ≡ Zω2

αα(q)NS − Zω2
αα(q)R ̸= 0, the no-force condition is in

general violated. Indeed, we were unable to find a regular solution of supergravity
involving only the massless fields which couple to the boundary state and whose
asymptotic behavior would match the prediction from the boundary state (see
[253] for a similar analysis). With the help of the results of [247] and [254], we
obtain

ds2 = B(r)2ηαβdx
αdxβ + F (r)2δijdx

idxj+
+ (dx6)2 + (dx7)2 + (dx8)2 + (dx9)2 , (7.3.44a)

eφ = B(r)2
√

2 p−1
3−p , (7.3.44b)

where α, β = 0, . . . , p, i, j = p+ 1, . . . , 5 with 0 ≤ p < 3 the number of Neumann
conditions imposed on the external non-compact coordinates (T-dualizing the ω2
D-branes if necessary). We have also denoted

B(r)2 =
[︄
f−(r)
f+(r)

]︄ 1
2

√
(3−p)(4−p)

, (7.3.45a)

F (r)2 = f+(r)
2

3−p
+ p+1

2

√︂
4−p
3−pf−(r)

2
3−p

− p+1
2

√︂
4−p
3−p , (7.3.45b)

where f±(r) = 1±K/r3−p with K = 3×24−pπ(9−p)/2gs/
√︂

(3 − p)(4 − p). Comput-
ing the Kretschmann scalar, it can be verified that the solution suffers a curvature
singularity at rp = K1/(3−p).

Violation of the no-force condition also means that even at rest, two identical
ω2 D-branes separated by a distance r in the non-compact coordinates exert a
non-zero force on each other due to closed string exchange. The corresponding
static interaction potential can be computed as

Vp(r) = −
∫︂ ∞

0

dt

t
e− r2t

2π (8π2t)− p+1
2 η(q)−4Zω2

αα(q) , (7.3.46)

where q = e−2πt. While the potential (7.3.46) is exact in α′, it is merely leading
order in gs (namely O(g0

s ) = O(1)). It can be computed numerically for each r
by truncating the expansion (7.3.43) up to a finite order, replacing it with the
corresponding Padé approximant [M,N ] and integrating (7.3.46) numerically.
See Figure 7.1 for our results, where we have expanded up to O(q1000) and set
M = N = 500. Identical results were obtained by instead performing the whole
computation in the closed string channel. Note that we recover the expected
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Figure 7.1: Interbrane potential Vp(r) for two identical ω2 D-branes (normalized
so that Vp(0) = −1).

behavior Vp(r) ∝ rp−3 as r → ∞. Fitting the potential around r = 0, we also find
that V2(r) ∝ r2, V1(r) ∝ r2 and V0(r) ∝ r as r → 0. However, only in the case
p = 1, we can be sure that the computed potential is trustworthy for all r: the
boundary state does not (classically) source the dilaton for p = 1, so that one can
consistently keep gs to be small for all r. For p = 2, (7.3.44b) gives decreasing
eφ as r becomes small, so it is likely that the p = 2 potential can also be trusted
for all r. For p = 0, on the other hand, eφ blows up at small r, so the linear
dependence of V0(r) as r → 0 is likely to receive substantial corrections.

General permutation gluing conditions

Since the rational bulk partition function (7.3.5) is not diagonal, we were unable
to write down closed formulae for boundary states satisfying general permutation
gluing conditions. Instead we have developed a computer algorithm which, for
each gluing condition, selects Ishibashi states allowed by the bulk partition func-
tion and the gluing automorphism, and assigns boundary state coefficients so that
after S-transforming, one obtains consistent (integer) open string spectra. It was
also checked (for a large number of cases) that integer multiplicities are automati-
cally obtained for stretched string spectra between boundary states with different
gluing conditions.16 It is a special feature of the rational boundary states on the
SU(3)2 4-torus that for a fixed gluing condition, all boundary states turn out to
have identical masses and spectra of open string excitations. It is easy to see that
in total there are Ng = 6! × 26 = 46 080 ways how to choose gluing conditions on
the chiral generators of the six N = 2 superconformal algebras with c = 1. Out
of these, 3384 gluing conditions give stable D-branes, while the rest of the gluing
conditions give unstable D-branes. It is also true that all of the unstable D-branes
do not carry any RR charges. Out of the 3384 gluing conditions which give sta-

16For a general pair of gluing conditions, the mirror-twisted (σ : J → −J) characters enter
the calculation of relative overlaps. See [255] for their modular properties and q-expansions.
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ble D-branes, 2736 give boundary states which carry non-zero RR charges. The
rest yields stable, non-conventional, uncharged and non-supersymmetric bound-
ary states, all of which have the same mass and open string spectrum as the
ω2 D-branes. Also, none of the permutation gluing conditions which give the
stable non-BPS boundary states is “purely A-type” or “purely B-type”. All of
the 2736 RR-charged gluing conditions give elementary supersymmetric D-branes
which are either 1/2-BPS or 1/4-BPS, where the 1/4-BPS ones are described by
stable non-conventional boundary states. We also found that none of the sta-
ble non-conventional boundary states (RR-charged or not) can be factorized into
boundary states, which would separately wrap the two SU(3) 2-tori. Existence of
such boundary states therefore seems to be a distinctive feature of 4-tori. In the
case of 1/4-BPS bound states, this is a simple consequence of saturating the BPS
bound for given RR charges, while for the stable non-BPS D-branes the reason
for this is not clear. The gluing conditions which produce RR-charged boundary
states are summarized in Appendix 7.C, Table 7.1. Note that all masses agree
with the corresponding 1/2-BPS or 1/4-BPS masses for given RR charges. Also
note that for all RR-charged D-branes, the number of massless open string modes
in either the NS or the R sector computed from the boundary state agrees with
the ADHM formula 4kN + 8 where kN is given in terms of the RR charges by
(7.2.3).

7.3.2 SU(2)4 4-torus
We will now give a summary of our results for the SU(2)4 4-torus. Here the
bulk spectrum of the corresponding N = (2, 2) worldsheet sigma model can be
rewritten in terms of four copies of the k = 2 minimal model. Unlike in the
SU(3)2 case, non-trivial multiplicities appear in the bulk partition function, so
that additional care is needed to resolve the associated fixed points.

Bulk theory

We can write the SU(2)4 4-torus as a product of two SU(2)2 2-tori T 4 = T 2 ×T 2

which extend in the 67 and 89 planes. The bulk spectrum of the N = (2, 2)
worldsheet sigma model on the SU(2)2 2-torus can be given [171, 243] in terms
of the irreps of two copies of N = 2 minimal models with ka = 2 for a = 1, 2.
The fusion algebra of these minimal models has Z4 × Z2 symmetry generated by
ga, ha where gaΦla

ma,sa
= e

πi
2 maΦla

ma,sa
and haΦla

ma,sa
= e−iπsaΦla

ma,sa
. This extends

to a diagonal Z4 symmetry G of the (k = 2)2 tensor product fusion algebra,
where G is generated by ±g1g2 where we take the plus sign in the NS sector and
minus sign in the R sector. It is easy to see that the G invariant states in the
NS sector (m1 + m2 ∈ 4Z) are precisely those which have integer U(1) charge,
while the G-invariant states in the R sector (m1 + m2 ∈ 4Z + 2) are precisely
those which have half-integer U(1) charge. The simple currents associated to G
are J± = Φ2

±2,0Φ2
±2,0 (order 4) and J0 = Φ2

0,0Φ2
0,0 (order 2). Note that the fixed

points of G are precisely the fields with l1 = l2 = 1 with stabilizer {1, J0} ∼= Z2.
J± have no fixed points. The N = (2, 2) worldsheet sigma model on the SU(2)2

2-torus can then be obtained as the G-orbifold of the direct product of two copies
of k = 2 minimal models with diagonal modular invariant. The unprojected
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spectrum reads

ZSU(2)2(q, q) =
∑︂

la,ma,sa

∑︂
t∈Z4

∑︂
sa

2∏︂
a=1

χlama,sa
(q)χla−ma+2t,sa

(q) , (7.3.47)

where the la,ma, sa sum on the RHS runs over distinct G-invariant states in the
NS and R sectors, respectively, such that s1 − sa ∈ 2Z, la + ma + sa ∈ 2Z and
sa ∈ Z4 are such that sa−sa ∈ 2Z for all a = 1, 2. We note that since the G action
has non-trivial fixed points, non-trivial multiplicities will appear in (7.3.47) as a
consequence of summing over t ∈ Z4. We also have

ZSU(2)2(q, q) =
⃓⃓⃓⃓
⃓ θi(q)η(q)3

⃓⃓⃓⃓
⃓
2 ∑︂
M,N,R,S∈Z

q
1
4 [(M+R)2+(N+S)2]q

1
4 [(M−R)2+(N−S)2] , (7.3.48)

where we take i = 3 and i = 2 for the NSNS and RR sector, respectively. Fol-
lowing the logic of the notation introduced in the case of the SU(3)2 4-torus, the
GSO-unprojected spectrum of the N = (2, 2) worldsheet sigma model involving
the SU(2)4 4-torus and 4 non-compact directions can be written as

Z(q, q) =
∑︂

λ,µ,σ

∑︂
tr∈Z4

∑︂
σ

χλ
µ,σ(q)χλ

−µ+2t3β3+2t4β4,σ(q) , (7.3.49)

where the λ,µ sum on the RHS runs over distinct G×G-invariant states (i.e.
those with βr · µ ∈ 4Z in NS sector and βr · µ ∈ 4Z + 2 in R sector for r = 3, 4)
such that σ1 −σp ∈ 2Z and la+ma+sa ∈ 2Z and σp ∈ Z4 such that σp−σp ∈ 2Z,
for all a = 1, . . . , 4 and p = 1, . . . , 6. It follows that only states with integer
total left- and right-moving U(1) charge q(µ,σ) = (µ

4 − σ
2 ) · ∑︁4

r=1 βr appear
in (7.3.49). The fields with λ = ±µ = 2βr, σ = 0, r = 3, 4 are identified with
the internal complex fermions ψr± = (ψ2r ± iψ2r+1)/

√
2, while the spin fields are

again represented by λ = 0, µ = 2∑︁4
r=3 τrβr, σ = 2∑︁4

r=1 τrβr.

Dp-brane boundary states

Let us first consider the gluing conditions ω0 = (1B)(2B)(3B)(4B). Let us denote
by Sλ

µ,σ the G×G stabilizer of the state with labels λ,µ,σ. Clearly, Sλ
µ,σ can

be either trivial, or Z2 (generated by (J0,1) or (1, J0)), or Z2 × Z2 (generated
by (J0,1) and (1, J0)). The Ishibashi states are now labelled as |λ,µ,σ, J⟩⟩ω0 ,
where the allowed labels can again be encoded by means of a projector. The
additional label J ∈ Sλ

µ,σ is to distinguish Ishibashi states which correspond to
bulk fields with non-trivial multiplicities. The boundary states are labeled by
Λ,M ,Σ and by the characters ψ of the stabilizer SΛ

M ,Σ. It turns out that we can
restrict ourselves on boundary states with trivial SΛ

M ,Σ without missing any new
types of massless NSNS and RR couplings. Such boundary states satisfy17

∥Λ,M ,Σ, id⟩⟩ω0 = 1
καω0

∑︂
λ,µ,σ

δω0
λ,µ,σB

α,ω0
λ,µ,σ,1|λ,µ,σ,1⟩⟩ω0 , (7.3.50)

where

Bα,ω0
λ,µ,σ,1 = (−1)

σ2
1

2 e− iπ
2 σ·Σe

iπ
4 µ·M

4∏︂
a=1

sin[π4 (la + 1)(La + 1)]
sin 1

2 [π4 (la + 1)]
. (7.3.51)

17id denotes the identity character.
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All calculations then proceed in the same manner as in the SU(3)2 case. We
find that the the ω0 boundary states describe stable supersymmetric 1/2-BPS
D-branes with the following 16 representatives

∥0,0,0⟩⟩ω0 = ∥D0⟩⟩ (7.3.52a)
∥L1 =M1 =2⟩⟩ω0 = ∥D267⟩⟩ (7.3.52b)

∥L1 =+M1 =1⟩⟩ω0 = ∥D0/D267⟩⟩ (7.3.52c)
∥L1 =−M1 =1⟩⟩ω0 = ∥D0/D267⟩⟩ (7.3.52d)

∥L3 =M3 =2⟩⟩ω0 = ∥D289⟩⟩ (7.3.52e)
∥L3 =+M3 =1⟩⟩ω0 = ∥D0/D289⟩⟩ (7.3.52f)
∥L3 =−M3 =1⟩⟩ω0 = ∥D0/D289⟩⟩ (7.3.52g)

∥L1,3 =M1,3 =2⟩⟩ω0 = ∥D4⟩⟩ (7.3.52h)
∥L1,3 =+M1,3 =1⟩⟩ω0 = ∥D0/D267/D289/D4⟩⟩ (7.3.52i)
∥L1,3 =−M1,3 =1⟩⟩ω0 = ∥D0/D267/D289/D4⟩⟩ (7.3.52j)

∥L1,3 =+M1 =−M3 =1⟩⟩ω0 = ∥D0/D267/D289/D4⟩⟩ (7.3.52k)
∥L1,3 =−M1 =+M3 =1⟩⟩ω0 = ∥D0/D267/D289/D4⟩⟩ (7.3.52l)

∥L1 =M1 =2, L3 =+M3 =1⟩⟩ω0 = ∥D267/D4⟩⟩ (7.3.52m)
∥L1 =+M1 =1, L3 =M3 =2⟩⟩ω0 = ∥D289/D4⟩⟩ (7.3.52n)
∥L1 =M1 =2, L3 =−M3 =1⟩⟩ω0 = ∥D267/D4⟩⟩ (7.3.52o)
∥L1 =−M1 =1, L3 =M3 =2⟩⟩ω0 = ∥D289/D4⟩⟩ (7.3.52p)

Note that the boundary coefficient formula (7.3.51) also yields the correct masses
the boundary states: we obtain M = 1 for the D0, D267, D289 and D4-branes,
M =

√
2 for the 1/2-BPS bound states D0/D267, D0/D267, D0/D289, D0/D289,

D267/D4, D289/D4, D267/D4, D289/D4 and M = 2 for the 1/2-BPS bound states
D0/D267/D289/D4, D0/D267/D289/D4, D0/D267/D289/D4, D0/D267/D289/D4.
The rest of the fundamental Dp-branes (i.e. the D268, D269, D278, D279 branes)
together with some of the higher-mass 1/2-BPS bound states can be obtained by
considering more complicated gluing conditions. See Appendix 7.C, Table 7.2 for
a summary.

1/4-BPS boundary states

We will now consider the permutation gluing conditions ω1 = (1B)(2B3B)(4B).
Restricting again on the boundary states with trivial SΛ

M ,Σ, we obtain stable
elementary supersymmetric boundary states describing 1/4-BPS bound states
with the following four representatives

∥0,0,0⟩⟩ω1 = ∥D0/D267/D289/D4⟩⟩ (7.3.53a)
∥L1 =M1 =2⟩⟩ω1 = ∥D0/D267/D289/D4⟩⟩ (7.3.53b)

∥L1 =+M1 =1⟩⟩ω1 = ∥2D0/2D4⟩⟩ (7.3.53c)
∥L1 =−M1 =1⟩⟩ω1 = ∥2D267/2D289⟩⟩ . (7.3.53d)

Couplings to the massless NSNS Ishibashi states along internal directions of the
4-torus are not allowed by the ω1 gluing conditions, so the ω1 boundary states
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are non-conventional. It is also easy to check that the boundary state coefficients
give mass M = 2

√
2 for the boundary states ∥0,0,0⟩⟩ω1 and ∥L1 = M1 = 2⟩⟩ω1

and M = 4 for the boundary states ∥L1 = +M1 = 1⟩⟩ω1 and ∥L1 = −M1 = 1⟩⟩ω1 ,
which is in agreement with (7.2.7). Since the boundary states (7.3.53) are ele-
mentary, the D-branes described by the ω1 boundary states can be thought of
as marginal 1/4-BPS bound states of 1/2-BPS Dp-branes at some non-trivial
points in their moduli space (where the massless strings stretched between the
constituent 1/2-BPS Dp-branes acquire non-zero vevs). Furthermore, we com-
puted that (denoting by α1 and α2 the boundary states with mass 2

√
2 and 4,

respectively)

η(q)−4Zω1
α1α1(q)NS = 16 + 16q 1

4 + 64q 1
2 + 64q 3

4 + 640q + 352q 5
4 + O(q 3

2 ) ,
(7.3.54a)

η(q)−4Zω1
α2α2(q)NS = 24 + 32q 1

4 + 192q 1
2 + 128q 3

4 + 960q + 704q 5
4 + O(q 3

2 ) ,
(7.3.54b)

The same expansions were found in the R sector: indeed, using Mathematica, we
have shown to O(q1000) that the open string spectrum is bose-fermi degenerate for
both α1 and α2 boundary states (as it should be, given the fact that ω1 boundary
states preserve 8 spacetime supercharges). For the boundary states ∥2D0/2D4⟩⟩
and ∥2D267/2D289⟩⟩, we obtain 24 massless modes in both the NS and R sector.
For the boundary states ∥D0/D267/D289/D4⟩⟩ and ∥D0/D267/D289/D4⟩⟩ we have
16 massless modes in both the NS and R sector. It is straightforward to check
that these results agree with the ADHM formula 8 + 4kN , where kN can be
calculated (for the given RR charges) using (7.2.3). Again, this observation is only
meaningful subject to the assumption that all massless NS boundary operators are
exactly marginal. We also obtain a complete agreement between the asymptotic
profiles of the massless NSNS and RR fields extracted from the superposition of
N boundary states ∥L1 =+M1 =1⟩⟩ω1 (T-dualized along X5) and the supergravity
solution (7.3.34) with µ1 = −µ5, ϕ = ψ = 0 and V67 = V89 = 1. More 1/4-BPS
bound states of Dp-branes wrapping the SU(2)4 4-torus can be constructed by
considering other permutation gluing conditions. See Appendix 7.C, Table 7.2
for the complete list of results.

Stable non-BPS boundary states

Now we consider the gluing automorphism ω2 = (1B3B)(2A4A). Here we were
unable to write down a projector on the allowed Ishibashi states in a simple
closed form. Instead, a computer algorithm was developed to seek out Ishibashi
states compatible with ω2 among the states permitted by the partition function
(7.3.49) and the type IIA GSO projection. We found that ω2 gluing conditions
generate two types of boundary states: unstable ones with mass 4

√
2 and stable

ones with mass 4 and open string spectrum

η(q)−4Zω2
αα(q) = 24 − 64q 1

4 + 64q 1
2 − 256q 3

4 + 960q − 1408q 5
4 + O(q 3

2 ) . (7.3.55)

Note that the bose-fermi degeneracy is lost so that these boundary states neces-
sarily break all spacetime supersymmetries. The gluing automorphism ω2 does
not permit Ishibashi states in neither the massless NSNS sector internal to the
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SU(2)4 4-torus nor the massless RR sector. We therefore conclude that the ω2
gluing conditions yield stable non-conventional boundary states which are asso-
ciated with new non-BPS D-branes. These carry no RR charges and yet seem to
be stable at weak coupling. The low-energy effective theory on these D-branes
contains 40 spacetime bosons and 16 spacetime fermions. Our results regarding
the corresponding supergravity solution and interbrane potential are completely
analogous to those of the ω2 boundary states on the SU(3)2 4-torus.

General permutation gluing conditions

In total there are Ng = 4! × 24 = 384 ways of choosing gluing conditions on the
four copies of the N = 2 superconformal chiral generators with c = 3/2. Out
of these, 96 were found to yield at least one stable boundary state. All unstable
boundary states were found to carry no RR charge. On the other hand, not all sta-
ble boundary states were found to couple to massless RR sector: 16 out of the 96
gluing conditions which yield stable boundary states do not permit massless RR
Ishibashi states. The spectrum of boundary states for each of these 16 gluing con-
ditions is structurally identical to the ω2 boundary states. Moreover, all of these
stable RR-neutral boundary states are non-conventional, non-supersymmetric,
their mass is equal to 4 and their open string spectrum is identical to that of
the stable ω2 boundary states. The remaining 80 gluing conditions, which allow
for massless RR Ishibashi states, all yield stable RR-charged boundary states,
which are exclusively either 1/2-BPS or 1/4-BPS. See Appendix 7.C, Table 7.2
for a classification of gluing conditions which yield RR-charged boundary states.
All such boundary states are found to produce masses which agree with the BPS
formula (7.2.2) for the corresponding RR charges. Also, their open string spectra
always contain 4kN + 8 massless modes, where kN is calculated using (7.2.3).

7.4 Discussion and outlook
In this paper we have performed a rational brane-scan of certain 4-tori which
admit Gepner-like description. Having successfully recovered boundary states
for 1/2-BPS Dp-branes, we have exemplified stable non-conventional boundary
states describing certain 1/4-BPS bound states of Dp-branes, as well as new non-
BPS D-branes which are neutral under the massless RR forms. While a more
systematic approach for calculating non-conventional boundary states would be
highly desirable (enabling worldsheet description of the corresponding D-branes
at general points in both bulk and boundary moduli space, as well as a description
of arbitrarily charged 1/4-BPS bound states of Dp-branes), our findings repre-
sent concrete evidence that there are stable consistent superconformal boundary
states which do not satisfy gluing conditions (7.1.2) and that the family of type
II superstring D-branes which are stable at weak string coupling is richer than
previously thought.

It would be of great interest to completely characterize the boundary con-
formal field theory of the D-branes described in this paper. This would require
solving the Cardy-Lewellen sewing relations (along the lines of [256, 257]) for
boundary and bulk-boundary structure constants in the rational superconformal
theories which we used to describe the two toroidal compactifications. Armed
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with these results, one should be able to compute correlators involving insertions
of vertex operators corresponding to the massless open string modes on the D-
branes as well as the massless closed string modes which couple to the D-branes.
This would facilitate direct investigation of the low-energy effective physics of
the D-branes, their moduli space geometry and also their behavior under bulk
deformations. In the case of the 1/4-BPS bound states of Dp-branes, one should
recover the results already established by other means over the years. On the
other hand, in the case of the new stable non-BPS D-branes, one could use this
framework to find the non-supersymmetric action which lives on their worldvol-
umes, to study their moduli spaces and to learn whether they remain stable as
we change the parameters of the compactification 4-torus.

In the case of the 1/4-BPS bound states of Dp-branes, which are often asso-
ciated with either “purely A-type” or “purely B-type” permutation gluing con-
ditions, it could be beneficial to first address some of the above questions in a
simplified setting by studying their analogues in topologically twisted theories. In
particular, for the more complicated cases of Calabi-Yau manifolds, it has proven
very fruitful to study matrix factorizations of the superpotential in suitable B-
twisted Landau-Ginzburg orbifolds [258, 259, 260]. For those LG superpotentials
which induce RG flows to the N = (2, 2) worldsheet sigma models on the SU(3)2

and SU(2)4 4-tori, one could try and identify matrix factorizations which corre-
spond to the topological analogues of the 1/4-BPS bound states of Dp-branes. A
similar analysis comparing matrix factorizations with tensor product and permu-
tation boundary states was performed in [261] for D-branes on the SU(2) 2-torus
and in [262] for D-branes on a continuous family of T 4/Z4 orbifolds. It might also
be instructive to write the theory on each of the two SU(3) 2-tori in terms of one
k = 1 and one k = 4 minimal model and check if the generalized permutation
boundary states of [263, 264] yield new branes for the SU(3)2 4-torus.

The property that a boundary state does not satisfy linear gluing conditions
(7.1.2) implies that on the doubled 4-torus18, it is not possible to choose a hyper-
plane of co-dimension four along which the worldvolume of the D-brane would
be translationally invariant (in contrast to the usual Dp-branes). The energy
density and RR charge profiles induced by the non-conventional boundary states
constructed in this paper could be straightforwardly (but tediously) computed by
first rewriting the rational N = (2, 2) chiral algebra generators and corresponding
superprimaries in terms of the free boson and free fermion fields and then calcu-
lating the couplings of the boundary state to the closed string vertex operators
level by level up to some (finite) momentum fourier mode. Similar calculation
was performed in [111] on a 2-torus for the bosonic non-conventional boundary
states, whose energy density profiles were found to have finite width and height.
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7.A Derivation of BPS formulae
Here we analyze the BPS bound for D-branes wrapping a 4-torus. For more
details see e.g. [169] whose conventions we largely follow. Let us start with the
Grassman-odd sector of the D = 10 N = (1, 1) (i.e. type IIA) super-Poincaré
algebra

{Qα, Qβ} = (CΓµ)αβPµ + (CΓ11)αβZ+

+ 1
2(CΓµν)αβZµν + (CΓµΓ11)αβZµ+

+ 1
4!(CΓµνρσΓ11)αβZµνρσ + 1

5!(CΓµνρσλ)αβZµνρσλ . (7.A.1)

Z,Zµ, Zµν , Zµνρσ, Zµνρσλ denote totally antisymmetric central charges while Pi
denotes momentum. We will only consider D0-, D2- and D4-branes at rest wrap-
ping a 4-torus which extends along the axes m,n, . . . ∈ {6, 7, 8, 9} with closed
string metric gmn and B-field Bmn which we, for now, will assume to vanish. The
only non-vanishing central charges will therefore be Z,Zmn, Zmnrs. Note that
normalizations are chosen such that in the coordinates adapted to the cycles of
the 4-torus, the central charges are integer valued and express the wrapping num-
bers of given D-brane. Fixing a set of such charges and working in chiral basis,
we can derive that for any multiplet |λ⟩ we must have19

⟨λ|{Q†, Q}|λ⟩ = M − ZΓ0Γ11 − 1
2Z

mnΓ0Γmn − 1
4!Z

mnrsΓ0ΓmnrsΓ11

≡ M − Γ ≥ 0 , (7.A.2)

which gives a bound on M. Here M ≡ −P0 is the mass (normalised so that the
mass of D0-brane is equal to 1). When this bound is saturated, we have det(Γ −
M) = 0 and (Γ − M)αβQβ|λ⟩ = 0. The multiplet therefore preserves a fraction
of vacuum supersymetries, which is given by the number of zero eigenvalues of
Γ − M. The conserved combinations of supercharges are then given by zero-
eigenvalue eigenvectors of Γ − M. Squaring the eigenvalue equation Γϵ = Mϵ,
we obtain (remembering that the indices run over a 4-torus)

Γ2ϵ =
(︃
Z2 + 1

2Z
mnZmn + 1

4!Z
mnrsZmnrs + 1

12(ZZmnrs − 3Z [mnZrs])Γmnrs
)︃
ϵ .

(7.A.3)
Hence, if

kmnrs ≡ ZZmnrs − 3Z [mnZrs] = 0 , (7.A.4)

we find that Γ squares to a multiple of identity, so it has eigenvalues ±M1/2,
where we denoted

M2
1/2 = Z2 + 1

2Z
mnZmn + 1

4!Z
mnrsZmnrs . (7.A.5)

Moreover, since Γ is traceless, we see that half of the eigenvalues is positive and
half negative. This means that for M = M1/2, the matrix Γ − M has 16 zero

19In going from (7.A.1) to (7.A.2) we have to use the Majorana condition Q† = BQ and also
the fact that BC = Γ0 in the chiral basis.
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eigenvalues, so exactly half of the vacuum supersymmetries are preserved. We call
such multiplets 1/2-BPS. On the other hand, if kmnrs ̸= 0, less supersymmetry is
preserved. If we denote Γ′ ≡ 1

12k
mnrsΓmnrs, we have

(M2 − M2
1/2)2ϵ = Γ′2ϵ = 1

6k
mnrskmnrsϵ . (7.A.6)

That is, on a 4-torus, the matrix Γ′ always squares to a multiple of identity and,
being traceless, its eigenvalues are ±∆M2 ≡ ±2

√︂
(1/4!)kmnrskmnrs with half of

them positive and half of them negative. This in turn gives that Γ2 = M2
1/2 + Γ′

has eigenvalues equal to M2
1/2 ± ∆M2, each of them with 16-fold degeneracy.

Since Γ must be traceless, its eigenvalues must be precisely ±(M2
1/2 ± ∆M2)1/2,

each with eight-fold degeneracy. Hence, setting M = M1/4, where we define

M2
1/4 ≡ M2

1/2 + ∆M2 = Z2 + 1
2Z

mnZmn + 1
4!Z

mnrsZmnrs + 2
√︄

1
4!k

mnrskmnrs ,

(7.A.7)
we obtain that the matrix Γ−M has 8 zero eigenvalues, so a quarter of spacetime
supersymmetries are preserved. We call such multiplets 1/4-BPS. We also observe
that all supersymmetric multiplets on a 4-torus are at least 1/4-BPS, since Γ′

always squares to a multiple of identity on a 4-torus: we would have to consider
non-trivial charges wrapping along more than four spacetime directions to obtain
states preserving a smaller fraction of spacetime supersymmetry. Finally, note
that when Bmn ̸= 0, the above equations must be modified by substituting the
B-deformed central charges Z̃ = Z + 1

2Z
mnBmn + 1

8Z
mnrsBmnBrs, Z̃

mn = Zmn +
1
2Z

mnrsBrs, Z̃
mnrs = Zmnrs.

7.B Representations of N = 2 superconformal
algebras in two dimensions

Here we collect some basic information on the N = 2 superconformal theories in
two dimensions. More details can be found e.g. in [163].

Introduction
The N = 2 super-Virasoro algebra reads

[Ln, Lm] = (n−m)Ln+m + c

12(n3 − n)δn+m,0 , (7.B.1a)

[Ln, Jm] = −mJn+m , (7.B.1b)

[Ln, G±
r±a] = (n2 − (r ± a))G±

n+r±a , (7.B.1c)

[Jn, Jm] = c

3nδn+m,0 , (7.B.1d)

[Jn, G±
r±a] = ±G±

n+r±a , (7.B.1e)

{G+
r+a, G

−
s−a} = 2Lr+s + (r − s+ 2a)Jr+s + c

3((r + a)2 − 1
4)δr+s,0 . (7.B.1f)
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Here, a = 0 gives the Ramond sector, while a = 1
2 gives the Neveu-Schwarz

sector. We can interpolate between the two by means of the spectral flow operator
Uη = exp(iη

√︂
c
3H), where we bosonized the U(1) current as J = i

√︂
c
3∂H. We will

assign even worldsheet fermion number to Lm, Jm and odd worldsheet fermion
number to G±

r . The irreducible representations are labeled by highest weights
with respect to the maximal commuting bosonic subalgebra, which is generated
by L0, J0. The corresponding weights are therefore the conformal dimension h and
the U(1) charge q. From now on, we will only consider unitary representations.
Spectral flow acts on the modules by deforming their highest weights as

hη = h+ ηq + η2 c

6 , (7.B.2a)

qη = q + η
c

3 . (7.B.2b)

We can prove that in the NS sector h ≥ |q|
2 . Those states which saturate the

inequality and have q > 0 are called chiral, while those with q < 0 are called
anti-chiral. Chiral states |ψc⟩ satisfy G+

−1/2|ψc⟩ = 0, while the anti-chiral ones
|ψa⟩ give G−

−1/2|ψa⟩ = 0. Under the spectral flow with η = −1/2, the chiral states
map to the Ramond ground states, which are states with h = c

24 . Indeed, for a
general Ramond primary, we can prove that h ≥ c

24 .

Examples: free fields and minimal models
Consider the theory of one complex free boson X± = (X1 ± iX2)/

√
2 and one

complex free fermion ψ± = (ψ1 ± iψ2)/
√

2. Then the currents

T = −∂X+∂X− − ψ+∂ψ− − ψ−∂ψ+ , (7.B.3a)
J = −ψ−ψ+ , (7.B.3b)

G± = iψ±∂X∓ (7.B.3c)

satisfy the N = 2 super-Virasoro algebra with c = 3. It can be shown that
this theory admits an infinite number of irreducible representations, i.e. it is non-
rational. On the other hand, for

ck = 3k
k + 2 < 3 , k = 1, 2, 3, . . . (7.B.4)

we only obtain a finite number of N = 2 modules. These are the minimal
models. It is convenient to work with the irreps with respect to the maximal
bosonic subalgebra of the N = 2 super-Virasoro algebra, which is generated by
all combinations of N = 2 generators with even fermion number. The irreps can
be labeled by the triples (l,m, s) where 0 ≤ l ≤ k, m ∈ Z2(k+2), s ∈ Z4 with
l+m+ s = 0 mod 2 and modulo the field identification (l,m, s) ∼ (k− l,m+k+
2, s+ 2). We will call this set Ib. The corresponding highest weights read

hlm,s = l(l + 2) −m2

4(k + 2) + s2

8 mod 1 , (7.B.5a)

qlm,s = m

k + 2 − s

2 mod 2 . (7.B.5b)
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The states with s = 0, 2 belong to the NS sector, while those with s = ±1 bolong
to the R sector. Using the formulae (7.B.2a) and (7.B.2b), it can be readily
derived that spectral flow by η = +1/2 maps (l,m, s) to (l,m − 1, s − 1). The
bosonic irreps can be grouped into pairs [l,m] = ((l,m, s), (l,m, s + 2)) which
form modules with respect to the full N = 2 super-Virasoro algebra. Let us
define the Virasoro specialized characters χlm,s(τ) = TrHl

m,s
qL0− c

24 where q = e2πiτ

and Hl
m,s is the corresponding highest-weight module with respect to the bosonic

subalgebra. Then

χlm,s(− 1
τ
) =

∑︂
(l′,m′,s′)∈Ib

Sll
′

mm′,ss′χl
′

m′,s′(τ) , (7.B.6)

where
Sll

′

mm′,ss′ = 1
k + 2 sin

[︄
π

(l + 1)(l′ + 1)
k + 2

]︄
eiπ

mm′
k+2 e−iπ ss′

2 . (7.B.7)

The characters χlm,s(q) have the following q-expansion [255]

χlm,s(q) =
k−1∑︂
j=0

clm+4j−s(q) θ2m+(4j−s)(k+2),2k(k+2)(q) , (7.B.8a)

θM,K =
∑︂
n∈Z

qK(n+ M
2k

)2
, (7.B.8b)

where clm are the ˆ︂su(2)k string functions, which satisfy clm = cl−m = ck−l
k±m = clm+2k

with clm = 0 for l + m ̸= 2Z. For k = 1 we have clm(q) = η(q)−1 while for k = 2
we have

c0
0(q) = χ0(q)η(q)−1 , (7.B.9)
c2

0(q) = χ1/2(q)η(q)−1 , (7.B.10)
2c1

1(q) = χ1/16(q)η(q)−1 , (7.B.11)

where χ0, χ1/2, χ1/16 are the critical Ising characters.

Gluing conditions
There are two types of gluing conditions one may impose on the left- and right-
moving modes of a N = 2 superconformal algebra: the A-type gluing conditions

(Lm − L−m)∥b, η⟩⟩ = 0 , (7.B.12a)
(Jm − J−m)∥b, η⟩⟩ = 0 , (7.B.12b)

(G±
r + iηG

∓
−r)∥b, η⟩⟩ = 0 , (7.B.12c)

and B-type gluing conditions

(Lm − L−m)∥b, η⟩⟩ = 0 , (7.B.13a)
(Jm + J−m)∥b, η⟩⟩ = 0 , (7.B.13b)

(G±
r + iηG

±
−r)∥b, η⟩⟩ = 0 . (7.B.13c)
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For theories whose chiral algebra can be written as a direct sum of several N = 2
SCAs, one can consider putting A- or B-type gluing conditions independently
on each constituent chiral algebra. In addition, when the central charges of two
or more of the constituent N = 2 SCAs agree, one can consider imposing the
permutation gluing conditions [234]. Gluing conditions are then labeled by strings
of As and Bs together with elements of the permutation group on the subset of
SCAs whose central charges coincide. For instance, in a theory whose chiral
algebra is the direct sum of six copies of a N = 2 SCA, a typical gluing condition
will be encoded as (1A2A4B)(3A5B)(6B), which translates into the following gluing
conditions on the U(1) currents:

(J (1)
n − J

(2)
n )∥b, η⟩⟩ = 0 , (7.B.14a)

(J (2)
n − J

(4)
n )∥b, η⟩⟩ = 0 , (7.B.14b)

(J (4)
n + J

(1)
n )∥b, η⟩⟩ = 0 , (7.B.14c)

(J (3)
n − J

(5)
n )∥b, η⟩⟩ = 0 , (7.B.14d)

(J (5)
n + J

(3)
n )∥b, η⟩⟩ = 0 , (7.B.14e)

(J (6)
n + J

(6)
n )∥b, η⟩⟩ = 0 . (7.B.14f)

7.C RR-charged boundary states for general ra-
tional gluing conditions

Here we summarize our results for general permutation gluing conditions which
allow for boundary states carrying non-zero RR charges. All such boundary states
are found to be stable and supersymmetric with N conserved supercharges. Their
mass M is found to saturate the BPS bound for given RR charges Z, Zmn, Zmnrs.
Also, the number n of massless open string states (determined by computing self-
overlaps of the boundary states and S-transforming into the open string channel)
in either the NS or R sector is found to agree with the ADHM formula 4kN + 8
with kN given by (7.2.3). Results for the SU(3)2 4-torus are shown in Table 7.1,
while the results for the SU(2)4 4-torus are shown in Table 7.2.

Table 7.1: Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of super-
charges and massless boundary fields for stable Gepner-like boundary states on
the SU(3)2 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1B)(2B)(3B)(4B)(5B)(6B)
and 8 others

1 1 0 0 0 0 0 0 0 16 8
1 0 1 0 0 0 0 0 0 16 8
1 0 0 1 0 0 0 0 0 16 8
1 0 0 0 1 0 0 0 0 16 8
1 1 −1 0 0 0 0 0 0 16 8
1 1 0 −1 0 0 0 0 0 16 8
1 0 −1 0 1 0 0 0 0 16 8
1 0 0 −1 1 0 0 0 0 16 8
1 1 −1 −1 1 0 0 0 0 16 8
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Table 7.1: (cont’d) Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of
supercharges and massless boundary fields for stable Gepner-like boundary states
on the SU(3)2 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1A2A)(3A)(4A5A)(6A)
and 8 others

1 0 0 0 0 1 0 0 0 16 8
1 0 0 0 0 0 1 0 0 16 8
1 0 0 0 0 0 0 1 0 16 8
1 0 0 0 0 0 0 0 1 16 8
1 0 0 0 0 1 −1 0 0 16 8
1 0 0 0 0 1 0 −1 0 16 8
1 0 0 0 0 0 −1 0 1 16 8
1 0 0 0 0 0 0 −1 1 16 8
1 0 0 0 0 1 −1 −1 1 16 8

(1B2B)(3B)(4B)(5B)(6B)
and 8 others

√
3 1 1 0 0 0 0 0 0 16 8√
3 2 −1 0 0 0 0 0 0 16 8√
3 −1 2 0 0 0 0 0 0 16 8√
3 0 0 1 1 0 0 0 0 16 8√
3 0 0 2 −1 0 0 0 0 16 8√
3 0 0 −1 2 0 0 0 0 16 8√
3 1 1 −1 −1 0 0 0 0 16 8√
3 2 −1 −2 1 0 0 0 0 16 8√
3 1 −2 −1 2 0 0 0 0 16 8

(1B)(2B)(3B)(4B5B)(6B)
and 8 others

√
3 0 1 0 1 0 0 0 0 16 8√
3 0 2 0 −1 0 0 0 0 16 8√
3 0 −1 0 2 0 0 0 0 16 8√
3 1 0 1 0 0 0 0 0 16 8√
3 2 0 −1 0 0 0 0 0 16 8√
3 −1 0 2 0 0 0 0 0 16 8√
3 1 −1 1 −1 0 0 0 0 16 8√
3 2 −2 −1 1 0 0 0 0 16 8√
3 1 −1 −2 2 0 0 0 0 16 8

(1A)(2A)(3A)(4A5A)(6A)
and 8 others

√
3 0 0 0 0 1 1 0 0 16 8√
3 0 0 0 0 2 −1 0 0 16 8√
3 0 0 0 0 −1 2 0 0 16 8√
3 0 0 0 0 0 0 1 1 16 8√
3 0 0 0 0 0 0 2 −1 16 8√
3 0 0 0 0 0 0 −1 2 16 8√
3 0 0 0 0 1 1 −1 −1 16 8√
3 0 0 0 0 2 −1 −2 1 16 8√
3 0 0 0 0 1 −2 −1 2 16 8

(1A2A)(3A)(4A)(5A)(6A)
and 8 others

√
3 0 0 0 0 0 1 0 1 16 8√
3 0 0 0 0 0 2 0 −1 16 8√
3 0 0 0 0 0 −1 0 2 16 8√
3 0 0 0 0 1 0 1 0 16 8√
3 0 0 0 0 2 0 −1 0 16 8√
3 0 0 0 0 −1 0 2 0 16 8√
3 0 0 0 0 1 −1 1 −1 16 8√
3 0 0 0 0 2 −2 −1 1 16 8√
3 0 0 0 0 1 −1 −2 2 16 8
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Table 7.1: (cont’d) Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of
supercharges and massless boundary fields for stable Gepner-like boundary states
on the SU(3)2 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1B2B)(3B)(4B5B)(6B)
and 8 others

3 1 1 1 1 0 0 0 0 16 8
3 2 2 −1 −1 0 0 0 0 16 8
3 1 1 −2 −2 0 0 0 0 16 8
3 2 −1 2 −1 0 0 0 0 16 8
3 1 −2 1 −2 0 0 0 0 16 8
3 4 −2 −2 1 0 0 0 0 16 8
3 2 −1 −4 2 0 0 0 0 16 8
3 2 −4 −1 2 0 0 0 0 16 8
3 1 −2 −2 4 0 0 0 0 16 8

(1A)(2A)(3A)(4A)(5A)(6A)
and 8 others

3 0 0 0 0 1 1 1 1 16 8
3 0 0 0 0 2 2 −1 −1 16 8
3 0 0 0 0 1 1 −2 −2 16 8
3 0 0 0 0 2 −1 2 −1 16 8
3 0 0 0 0 1 −2 1 −2 16 8
3 0 0 0 0 4 −2 −2 1 16 8
3 0 0 0 0 2 −1 −4 2 16 8
3 0 0 0 0 2 −4 −1 2 16 8
3 0 0 0 0 1 −2 −2 4 16 8

(1B4B)(2B5B)(3B6B)
and 17 others

√
3 −1 0 0 1 −1 1 0 −1 16 8√
3 −1 1 1 0 −1 0 1 −1 16 8√
3 0 −1 −1 1 0 1 −1 0 16 8√
3 −1 1 1 0 0 1 −1 0 16 8√
3 0 1 1 −1 −1 1 0 −1 16 8√
3 −1 0 0 1 1 0 −1 1 16 8√
3 0 −1 −1 1 −1 0 1 −1 16 8√
3 −1 0 0 1 0 −1 1 0 16 8√
3 1 −1 −1 0 −1 1 0 −1 16 8

(1A4A)(2A5A)(3A6A)
and 17 others

√
3 −1 1 0 −1 −1 1 1 0 16 8√
3 −1 0 1 −1 0 1 1 −1 16 8√
3 0 1 −1 0 −1 0 0 1 16 8√
3 0 1 −1 0 0 1 1 −1 16 8√
3 −1 1 0 −1 1 0 0 −1 16 8√
3 1 0 −1 1 −1 1 1 0 16 8√
3 −1 0 1 −1 −1 0 0 1 16 8√
3 0 −1 1 0 −1 1 1 0 16 8√
3 −1 1 0 −1 0 −1 −1 1 16 8

(1B4B2B5B)(3B6B)
and 17 others

3 −2 1 1 1 −1 2 −1 −1 16 8
3 −1 2 2 −1 −2 1 1 −2 16 8
3 −1 −1 −1 2 1 1 −2 1 16 8
3 −1 2 2 −1 1 1 −2 1 16 8
3 1 1 1 −2 −1 2 −1 −1 16 8
3 −2 1 1 1 2 −1 −1 2 16 8
3 −1 −1 −1 2 −2 1 1 −2 16 8
3 −2 1 1 1 −1 −1 2 −1 16 8
3 1 −2 −2 1 −1 2 −1 −1 16 8
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Table 7.1: (cont’d) Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of
supercharges and massless boundary fields for stable Gepner-like boundary states
on the SU(3)2 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1A4A2A5A)(3A6A)
and 17 others

3 −1 2 −1 −1 −1 2 2 −1 16 8
3 −2 1 1 −2 1 1 1 −2 16 8
3 1 1 −2 1 −2 1 1 1 16 8
3 1 1 −2 1 1 1 1 −2 16 8
3 −1 2 −1 −1 2 −1 −1 −1 16 8
3 2 −1 −1 2 −1 2 2 −1 16 8
3 −2 1 1 −2 −2 1 1 1 16 8
3 −1 −1 2 −1 −1 2 2 −1 16 8
3 −1 2 −1 −1 −1 −1 −1 2 16 8

(1B)(2B)(3B4B)(5B)(6B)
and 80 others

√
3 1 0 0 −1 0 0 0 0 8 12√
3 1 −1 −1 0 0 0 0 0 8 12√
3 0 −1 −1 1 0 0 0 0 8 12

(1B)(2B)(3A4A)(5B)(6B)
and 80 others

√
3 −1 1 0 −1 0 0 0 0 8 12√
3 −1 0 1 −1 0 0 0 0 8 12√
3 0 1 −1 0 0 0 0 0 8 12

(1A2A)(3A4A)(5A6A)
and 80 others

√
3 0 0 0 0 1 0 0 −1 8 12√
3 0 0 0 0 1 −1 −1 0 8 12√
3 0 0 0 0 0 −1 −1 1 8 12

(1A2A)(3B4B)(5A6A)
and 80 others

√
3 0 0 0 0 −1 1 0 −1 8 12√
3 0 0 0 0 −1 0 1 −1 8 12√
3 0 0 0 0 0 1 −1 0 8 12

(1B2B)(3B4B)(5B)(6B)
and 323 others

3 2 −1 −1 −1 0 0 0 0 8 20
3 −1 2 2 −1 0 0 0 0 8 20
3 −1 −1 −1 2 0 0 0 0 8 20

(1B2B)(3A4A)(5B)(6B)
and 323 others

3 −1 2 −1 −1 0 0 0 0 8 20
3 2 −1 −1 2 0 0 0 0 8 20
3 −1 −1 2 −1 0 0 0 0 8 20

(1A2A)(3A4A)(5A)(6A)
and 323 others

3 0 0 0 0 2 −1 −1 −1 8 20
3 0 0 0 0 −1 2 2 −1 8 20
3 0 0 0 0 −1 −1 −1 2 8 20

(1A2A)(3B4B)(5A)(6A)
and 323 others

3 0 0 0 0 −1 2 −1 −1 8 20
3 0 0 0 0 2 −1 −1 2 8 20
3 0 0 0 0 −1 −1 2 −1 8 20

(1B2B)(3B4B)(5B6B)
and 242 others

3
√

3 3 0 0 −3 0 0 0 0 8 44
3
√

3 3 −3 −3 0 0 0 0 0 8 44
3
√

3 0 −3 −3 3 0 0 0 0 8 44

(1B2B)(3A4A)(5B6B)
and 242 others

3
√

3 −3 3 0 −3 0 0 0 0 8 44
3
√

3 −3 0 3 −3 0 0 0 0 8 44
3
√

3 0 3 −3 0 0 0 0 0 8 44
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Table 7.1: (cont’d) Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of
supercharges and massless boundary fields for stable Gepner-like boundary states
on the SU(3)2 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1A)(2A)(3A4A)(5A)(6A)
and 242 others

3
√

3 0 0 0 0 3 0 0 −3 8 44
3
√

3 0 0 0 0 3 −3 −3 0 8 44
3
√

3 0 0 0 0 0 −3 −3 3 8 44

(1A)(2A)(3B4B)(5A)(6A)
and 242 others

3
√

3 0 0 0 0 −3 3 0 −3 8 44
3
√

3 0 0 0 0 −3 0 3 −3 8 44
3
√

3 0 0 0 0 0 3 −3 0 8 44

Table 7.2: Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of super-
charges and massless boundary fields for stable Gepner-like boundary states on
the SU(2)4 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1B)(2B)(3B)(4B)
and 4 others

1 1 0 0 0 0 0 0 0 16 8
1 0 1 0 0 0 0 0 0 16 8
1 0 0 1 0 0 0 0 0 16 8
1 0 0 0 1 0 0 0 0 16 8√
2 1 1 0 0 0 0 0 0 16 8√
2 1 −1 0 0 0 0 0 0 16 8√
2 1 0 1 0 0 0 0 0 16 8√
2 1 0 −1 0 0 0 0 0 16 8√
2 0 1 0 1 0 0 0 0 16 8√
2 0 −1 0 1 0 0 0 0 16 8√
2 0 0 1 1 0 0 0 0 16 8√
2 0 0 −1 1 0 0 0 0 16 8

2 1 1 1 1 0 0 0 0 16 8
2 1 −1 −1 1 0 0 0 0 16 8
2 1 1 −1 −1 0 0 0 0 16 8
2 1 −1 1 −1 0 0 0 0 16 8

(1A)(2A)(3A)(4A)
and 4 others

1 0 0 0 0 1 0 0 0 16 8
1 0 0 0 0 0 1 0 0 16 8
1 0 0 0 0 0 0 1 0 16 8
1 0 0 0 0 0 0 0 1 16 8√
2 0 0 0 0 1 1 0 0 16 8√
2 0 0 0 0 1 −1 0 0 16 8√
2 0 0 0 0 1 0 1 0 16 8√
2 0 0 0 0 1 0 −1 0 16 8√
2 0 0 0 0 0 1 0 1 16 8√
2 0 0 0 0 0 −1 0 1 16 8√
2 0 0 0 0 0 0 1 1 16 8√
2 0 0 0 0 0 0 −1 1 16 8

2 0 0 0 0 1 1 1 1 16 8
2 0 0 0 0 1 −1 −1 1 16 8
2 0 0 0 0 1 1 −1 −1 16 8
2 0 0 0 0 1 −1 1 −1 16 8
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Table 7.2: (cont’d) Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of
supercharges and massless boundary fields for stable Gepner-like boundary states
on the SU(2)4 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1B4B)(2B3B)
and 4 others

2 0 1 1 0 0 1 −1 0 16 8
2 1 0 0 −1 −1 0 0 −1 16 8
2 1 0 0 −1 1 0 0 1 16 8
2 0 −1 −1 0 0 1 −1 0 16 8
2 1 0 0 −1 0 1 −1 0 16 8
2 0 1 1 0 1 0 0 1 16 8
2 0 1 1 0 −1 0 0 −1 16 8
2 −1 0 0 1 0 1 −1 0 16 8

2
√

2 1 1 1 −1 −1 1 −1 −1 16 8
2
√

2 −1 1 1 1 1 1 −1 1 16 8
2
√

2 1 −1 −1 −1 1 1 −1 1 16 8
2
√

2 1 1 1 −1 1 −1 1 1 16 8
2
√

2 1 1 1 −1 1 1 −1 1 16 8
2
√

2 1 −1 −1 −1 −1 1 −1 −1 16 8
2
√

2 −1 1 1 1 −1 1 −1 −1 16 8
2
√

2 1 1 1 −1 −1 −1 1 −1 16 8

(1A4A)(2A3A)
and 4 others

2 0 1 −1 0 0 1 1 0 16 8
2 −1 0 0 −1 1 0 0 −1 16 8
2 1 0 0 1 1 0 0 −1 16 8
2 0 1 −1 0 0 −1 −1 0 16 8
2 0 1 −1 0 1 0 0 −1 16 8
2 1 0 0 1 0 1 1 0 16 8
2 −1 0 0 −1 0 1 1 0 16 8
2 0 1 −1 0 −1 0 0 1 16 8

2
√

2 −1 1 −1 −1 1 1 1 −1 16 8
2
√

2 1 1 −1 1 −1 1 1 1 16 8
2
√

2 1 1 −1 1 1 −1 −1 −1 16 8
2
√

2 1 −1 1 1 1 1 1 −1 16 8
2
√

2 1 1 −1 1 1 1 1 −1 16 8
2
√

2 −1 1 −1 −1 1 −1 −1 −1 16 8
2
√

2 −1 1 −1 −1 −1 1 1 1 16 8
2
√

2 −1 −1 1 −1 1 1 1 −1 16 8

(1B)(2B3B)(4B)
and 16 others

2
√

2 1 1 1 −1 0 0 0 0 8 16
2
√

2 1 −1 −1 −1 0 0 0 0 8 16
4 2 0 0 −2 0 0 0 0 8 24
4 0 2 2 0 0 0 0 0 8 24

(1B)(2A3A)(4B)
and 16 others

2
√

2 1 1 −1 1 0 0 0 0 8 16
2
√

2 1 −1 1 1 0 0 0 0 8 16
4 2 0 0 2 0 0 0 0 8 24
4 0 2 −2 0 0 0 0 0 8 24
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Table 7.2: (cont’d) Mass M, RR-charges Z,Zmn, Zmnrs and number N and n of
supercharges and massless boundary fields for stable Gepner-like boundary states
on the SU(2)4 4-torus.

gluing automorphism M Z Z67 Z89 Z6789 Z68 Z69 Z78 Z79 N n

(1A)(2A3A)(4A)
and 16 others

2
√

2 0 0 0 0 1 1 1 −1 8 16
2
√

2 0 0 0 0 1 −1 −1 −1 8 16
4 0 0 0 0 2 0 0 −2 8 24
4 0 0 0 0 0 2 2 0 8 24

(1A)(2B3B)(4A)
and 16 others

2
√

2 0 0 0 0 1 1 −1 1 8 16
2
√

2 0 0 0 0 1 −1 1 1 8 16
4 0 0 0 0 2 0 0 2 8 24
4 0 0 0 0 0 2 −2 0 8 24
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Conclusion
In this thesis we have discussed multiple facets of the worldsheet approach to
studying both perturbative and non-perturbative phenomena in string theory,
putting particular emphasis on employing string field theory techniques. While
we have attempted to address a number of problems, ranging from observables
in A∞ SFTs, to effective SFT actions as well as unconventional boundary states,
many other important questions and puzzles remain unanswered. Let us therefore
briefly outline several future directions which one may find interesting to pursue.

As we have stressed several times, gauge-invariant quantities provide observ-
ables which may be used to extract physical information from string field theory
calculations. In particular, we have seen that the Ellwood invariant (in both
the bosonic OSFT and the Berkovits’ WZW-like open SFT) provides a way of
computing the boundary state coefficients corresponding to on-shell spinless bulk
primary fields with conformal weight (h, h̄) = (0, 0). However, ideally one would
like to be able to compute boundary state coefficients for arbitrary spinless bulk
primaries. This problem has of course been successfully addressed in [108] for the
bosonic OSFT, thus producing a computational method which has since proven
quite utilizable in providing interesting data about new boundary states (see for
example the honeycomb solution discussed at the end of chapter 4). It should
therefore prove highly beneficial to extend the method of [108] to computing
boundary state coefficients (for both NSNS and RR spinless primaries) corre-
sponding to classical solutions in open superstring field theories: either starting
with the observable for the Munich A∞ SFT presented in chapter 3 of this thesis
or, more likely, with the Ellwood invariant in the Berkovits’ WZW-like theory
(where the structure of interactions in much simpler, so that it provides a more
suitable setting for studying classical solutions). Such a computational tool, used
in conjunction either with the perturbative approach described in this thesis, or,
with numerical level-truncation methods, could provide extremely valuable infor-
mation about some interesting and non-trivial superconformal boundary condi-
tions, such as the D(−1)/D3 bound state.

In general, the class of 1/4-BPS bound states of Dp-branes appears to be a
suitable starting point for attempting to develop a general characterization of un-
conventional boundary states in superstring theory: while we have made it clear
that these boundary states are necessarily non-trivial (in the sense that they are
not given as superpositions of the boundary states describing their constituent
Dp-branes), one may hope that substantial simplification will be provided by
the fact that they still preserve a relatively large number of supercharges. The
superconformal boundary conditions for such bound states which we have explic-
itly studied in this thesis (at specially fine-tuned values of bulk parameters) will
hopefully serve as signposts for a wider exploration of the corresponding boundary
states throughout the whole of both bulk and boundary moduli space. The next
natural step would be to reduce the number of conserved supercharges. It is con-
ceivable that in special circumstances, the boundary states for such bound states
may be accessible for example by the Gepner method applied to certain 6-tori.
Ultimately, one should embark on a more detailed investigation of the uncharged
D-branes reported in this thesis, which appear to have tachyon free open-string
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spectra at the Gepner point. It should prove interesting to apply the perturbative
SFT techniques described in this thesis to study tree-level effective potential of
the large number of marginal modes which we have found in the spectra of these
D-branes. This should provide information about the structure of moduli spaces
of these D-branes and to address the question of their stability both at the Gep-
ner point (by looking at higher-than-quadratic terms in the effective potential),
as well as away from the Gepner point (by including bulk perturbations). Finally,
an extension of the Gepner analysis to certain supersymmetric orbifolds (where
the spectrum of possible conserved charges is augmented by the massless twisted
RR forms) would be in order. So as to further facilitate all of this endeavor, it
would be strongly desirable to obtain an alternative viable means of studying
these unconventional boundary states, such as level truncation in the Berkovits’
WZW-like theory starting from a suitable non-BPS configuration of Dp-branes
(see the low-level computation of [164] for a possible first step in this direction).

On the front of the (perturbative) effective SFT methods, discussion of which
spans a large part of this thesis, it would be interesting to study efficient methods
for evaluating the couplings appearing in effective actions. In the zero-momentum
superstring case, it would be natural to start by exploring possible extensions of
the localization technique [116] both to higher order in α′, as well as to the Ra-
mond sector. This should enable the construction of complete effective actions
(or, at least, of their algebraic part) for various superstring backgrounds. These
could then allow for computing stringy corrections to the corresponding moduli
spaces. In particular, it should be rewarding to apply the effective SFT approach
to study some interesting Dp-brane configurations in type II superstring which
have been paid only a limited amount of attention up to now (such as the D0/D8
system in a B-field [265]). Furthermore, as we have already pointed out in chap-
ter 4, a study of the fate of the WZW-like structure after integrating out some
portion of degrees of freedom (to all orders) would also be interesting.

So as to conclude on an optimistic note, it is the author’s opinion that applying
SFT methods in exploring new conformal boundary conditions (which, via the
doubling trick, also include conformal defects) in various CFTs of interest, as well
as generally using worldsheet methods to study superstring backgrounds, should
continue to be an exciting and fruitful programme for many years to come.

308



Bibliography
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