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Abstrakt: Martensitická transformace je u některých slitin zodpovědná za tzv.
efekt tvarové paměti a efekt pseudoelasticity. Tyto vlastnosti jsou hojně využ́ıvány
v nejr̊uzněǰśıch odvětv́ıch pr̊umyslu. Každý z těchto materiál̊u se při zahřát́ı nad
určitou kritickou teplotu vraćı do p̊uvodńıho tvaru (fáze austenit), ve kterém
byl zhotoven, nehledě na tvar, do kterého byl deformován při nižš́ı teplotě (ve
fázi martensitu). Na úrovni mikrostruktury pozorujeme při martenzitické trans-
formaci výraznou změnu krystalické mř́ıžky materiálu v závislosti na teplotě
a deformaci, které je materiál vystaven. Tato práce se zaměřuje na modelováńı
vývoje mikrostruktury při deformaci pro materiály ve fázi martenzitu. V tomto
př́ıpadě je možné pozorovat vznik r̊uzných variant martenzitu, mezi kterými
vznikaj́ı nová rozhrańı, do nichž se ukládá část energie. Toto chováńı může být
zachyceno pomoćı modelu fázového pole, jehož numerická implementace pomoćı
standardńı metody konečných prvk̊u je výpočetně náročná. Ćılem práce je im-
plementace modelu v MATLABu pomoćı spektráńı metody využ́ıvaj́ıćı rychlé
Fourierovy transformace, která je vhodná pro řeseńı problémů na periodické
oblasti. Zaj́ımavé je porovnáńı výpočtu pomoćı spektráńı metody provedeného
na běžném PC s výpočtem podobné úlohy pomoćı metody konečných prvk̊u re-
alizovaným ve FEniCS, která byla vyřešena na clusteru. Výsledná implementace
neńı dostatečně optimalizována, aby dokázala využ́ıt všechny dostupné zdroje
běžného PC, takže neńı možné aplikovat ji na větš́ı nebo zaj́ımavěǰśı úlohy např.
pro polykrystal. Možná vylepšeńı a rozš́ı̌reńı implementace jsou diskutována
v závěru práce.

Kĺıčová slova: martenzitická transformace, model fázového pole, materiály s
tvarovou pamět́ı, rychlá Fourierova transformace, spektrálńı metoda
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Introduction
Martensitic transformation is a phenomenon which is responsible for the shape
memory effect and the pseudoelasticity of some materials. These properties have
a wide range of applications in many branches of industry. The manifestation of
these effects is possible thanks to significant changes in microstructure of certain
alloys such as CuAlNi or NiTi. The appearance of the microstructure depends on
temperature and deformation of the material. The evolution of microstructure
can be described by the phase-field model.

Figure 1: Photo of microstructure of martensite, Knowles & Smith [7].

The phase-field model uses a smooth approximation of a sharp interface, which
is created as a consequence of the deformation of the material, see Fig. 1. During
the deformation, part of the energy is stored in the interface. The evolution of
the interface is described by the Ginzburg-Landau equation.

The microstructure of martensite – how it forms and how it gives rise to the
shape memory effect – is studied for example by K. Bhattacharya in [2]. The
phase-field model and its simulation is studied for example by F. E. Hildebrand
and C. Miehe in [5] or by K. Tůma et al. in [17]. However, all the computations
are performed using the Finite Element method. The disadvantage of using this
method is that one needs a very dense computational grid to be able to capture
the interface in the microstructure and the computation becomes very expensive
for large problems.

The spectral method which uses the Fourier spaces and the Fast Fourier trans-
form is studied by J. Zeman et al. in [19], J. Vondřejc et al. in [18] or T. W. J.
De Geus et al. in [3].

The aim of this thesis is to study the theory of microstructure of martensite
and the possibility to use the spectral Fourier method to perform a simulation of
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the phase-field model which would be less expensive than the one obtained using
the Finite Element method. The idea that using the trigonometric polynomials to
approximate the interface could be better follows from the fact that the smooth
approximation of the interface is done by a function based on sin(x). We would
like to perform experiments similar to the ones done by Hildebrand and Miehe
in [5]. The first experiment should demonstrate the evolution of microstructure
of a single grain of martensite – this behavior is predictable and the experiment
serves to verify that the model corresponds to reality. The second experiment
should look at the possibility of simulating the evolution for a polygrain. Here,
the computation is more challenging and can give interesting results.

In the first chapter, we introduce the basics of continuum mechanics and the
crystallographic theory, we explain how to describe the martensitic phase trans-
formation, we introduce the derivation of the model describing the martensitic
transformation and we discuss the choice of the free energy density. In the sec-
ond chapter, the basic theory for the spectral Fourier method is explained. In the
third chapter, we linearize and discretize our model, we discuss the implementa-
tion in MATLAB. A similar problem is solved using FEniCS and the results are
compared to the ones obtained using the spectral method. In the conclusion, we
recapitulate the processes needed to obtain the solution, we point out the defects
of the implementation and we discuss possible improvements.
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Notation
a a vector, where (aα)dα=1 is component-wise notation
a · b the standard scalar product
a ⊗ b the tensor product, i.e. (a⊗ b)ij = aibj,

and for any v ∈ Rd : (a ⊗ b)v = a(b · v),
X stands for a space R,Rd or Rd×d

X̂ stands for a space C,Cd or Cd×d

(f(x), g(x))X the standard scalar product in the space X, where f , g ∈ X
A a matrix, where (Aij)di,j=1 is component-wise notation
a ⊗ b the tensor product of vectors a, b, i.e. (a ⊗ b)ij = aibj
A−1 the inverse of matrix A
AT the transpose of matrix A
A · B the scalar product of two matrices, i.e. ∑︁i,j AijBji

detA the determinant of matrix A
cof (A) the cofactor of matrix A,

if det(A) ̸= 0, then cof(A) = (det(A))A−T

tr (A) the trace of matrix A,
i.e. the sum of its diagonal elements

ΠN
α=1Iα the cartesian product of N intervals Iα, i.e. I1 × . . .× IN

|Y| the volume of a set
ṗ the time derivative of a scalar function,

same notation for vectors and matrices
∇p the gradient of a scalar function p, i.e. ∇p =

(︂
∂p
∂X1

, ∂p
∂X2

, ∂p
∂X3

)︂
∇u the gradient of a vector valued function, i.e. (∇u)ij =

(︂
∂ui

∂xj

)︂
div u the divergence of a vector, i.e. div u = ∂u1

∂x1
+ ∂u2

∂x2
+ ∂u3

∂x3

DivP the divergence of a matrix, i.e. (DivP)i = ∂Pi1
∂X1

+ ∂Pi2
∂X2

+ ∂Pi3
∂X3

A a matrix of values of a function evaluated on a grid
eα the α-th basis vector of Rd
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1. Martensitic transformation
and the phase field model
Let us first describe what characterizes the shape memory materials. We will dis-
cuss the details in the following subsections. Almost all the information contained
in this chapter come from the book by K. Bhattacharya [2].

Martensitic transformation is a phenomenon which is responsible for the shape-
memory effect and the pseudoelasticity of some materials. These effects are a
particular manifestation of the martensitic phase transformation. During this
transformation the lattice structure changes abruptly at some temperature. There
is no change of neighbors between the atoms and no diffusion.

At the high temperature, the crystallographic lattice of the material is very
regular, this phase is called the austenite phase. When the material cools down
under the critical temperature, the crystallographic lattice immediately changes
to a less regular shape. This phase is called the martensite phase and we may
observe multiple symmetry-related variants of this phase. The transformation
is reversible, this means that if we start heating the material and we reach the
critical temperature, the lattice goes immediately back to the austenite phase,
see Fig. 1.1.

Figure 1.1: Illustration of the austenite phase and two variants of martensite.

Typical shape-memory alloys are for example made of copper, aluminium and
nickel or nickel and titanium. In these alloys a specific change of microstructure
can be observed. There is no reason why the entire crystal should transform from
austenite phase to a single variant of martensite, each part of the crystal may
transform into a different variant of martensite. By making a mixture of phases,
the crystal can transform into different shapes, but it cannot be torn apart, this
means that the mixture must be coherent with rows of unbroken atoms, see Fig.
1.2.

Thanks to this behavior the mixture forms complex patterns, the so-called mi-
crostructure of martensite. This ability to form microstructures and the ability to
change the lattice symmetry with temperature also gives some of the martensitic
materials the shape memory ability and the pseudoelasticity property.

If we look at the shape memory effect in terms of microstructure of martensite,
we can observe the following: when the material is heated, it is in the austenite
phase and the lattice is very symmetric. As we let the material to cool down,
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Figure 1.2: Mixing of the two phases of martensite, the lines of atoms remain
unbroken.

the lattice changes to a less symmetric form and the alloy creates a mixture
of variants of martensite, as described above, with no change in shape of the
specimen, this process is called self-accommodation. Then, if we deform the
material, the crystal lattice is distorted or the mixture of variants is rearranged.
This change in microstructure allows the change of shape without changing the
energy of the crystal, it means that if we release the material after it is deformed,
it does not change its shape back to the original form. Finally if we heat the
material, each variant of martensite transforms back to austenite. As there is
only one variant of austenite, the crystal must return to its original shape, see
Fig. 1.3.

Cool down

Deformation

Heat

Figure 1.3: Transformation of microstructure according to the change of temper-
ature and a deformation.

1.1 Basics of continuum mechanics and theory
of crystalline solids

1.1.1 Continuum mechanics
First, we introduce some definitions we need in the following theory.

Let A,Q matrices, then

• if QQT = QTQ = I and det(Q) = 1, then Q is a rotation matrix,

• if QQT = QTQ = I and det(Q) = −1, then Q is a reflexion matrix,
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• A is a symmetric matrix if A = AT ,

• A is skew-symmetric if A = −AT .

Second, we will also need the following result on the polar decomposition:

Theorem 1 (Polar decomposition). Let A be a matrix with det(A) > 0, then
there exists a unique rotation Q and a unique positive-definite symmetric matrix
U such that

A = QU.

Moreover, U =
√
AAT and Q = AU−1.

This result says that any deformation can be decomposed into a pure stretch
and a rotation.

Third, let us take a body Ω ⊂ R3 in the reference configuration, we will use
this configuration to describe our material. Take X ∈ Ω a point in the body in
the reference configuration. Then any deformation can be described by a function
χ(X) = x, where x represents a point in the current configuration, see Fig 1.4.

Ω

Reference configuration Current configuration

χ(Ω)

X x = χ(X)

Figure 1.4: The deformation χ acting on Ω.

For any deformation χ the deformation gradient denoted as F is a matrix with
the components

(F)ij = ∂χi(X)
∂Xj

, i = 1, 2, 3.

We can regard the deformation gradient also as a sum F = I + ∇u, where
u(x) := x − X is the displacement. Let us further assume that F can be decom-
posed into the elastic part Fe and the transformation part Ft as F = FeFt. The
transformation part Ft contains the information about the phase transformation
– the change in the lattice – described in Fig. 1.3, while the elastic part Fe
holds the information about any elastic changes of the material, e. g. a possible
extension of the material during the deformation.

We need to define also other classical kinematic quantities to describe our
material:

• Ee = 1/2(FeFTe − I) – the Green strain tensor acting in the reference con-
figuration and containing the information about relative change of angles.

• P = (detF)T(x)F−T – the first Piola-Kirchhoff stress tensor, where T (x)
is the Cauchy stress tensor describing the traction acting on the surface of
the material by T (x) n, where n is the normal to the surface. Hence, P
represents the information about the traction in the reference configuration.
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• C = FTF – the right Cauchy-Green tensor used to express the free energy
density.

We use capital letters to indicate that we define operators in the reference
configuration, while we use small letters to define operators in the current con-
figuration, e.g. Div stands for the divergence in the reference configuration and
div is the divergence in the current configuration.

Moreover, under significant magnification, we can locally approximate any
inhomogeneous deformation as a homogeneous deformation. Each homogeneous
deformation can be written as

χ(X) = FX + c,

where F is a constant matrix and c is a constant vector.
The deformation gradient can also provide information about the change of

distances and volume during the deformation. Its cofactor matrix describes the
change of distances, and the determinant characterizes the change of volume. We
want to study only deformations where the body does not penetrate itself, so we
will require that det(F) > 0.

Consider a deformation as in the Fig. 1.5. It can be seen that we need to
ensure that the body does not tear apart during the deformation. The horizontal
line in the picture represents the interface between two variants of martensite –
this interface must remain coherent.

Ω

χ(X) = FX + c

χ(X) = GX + d

Ω1

Ω2

Ω

n̂ m̂

X χ(X)

Figure 1.5: The compatibility condition: we need to satisfy the plane invariance.

Having a continuous deformation, we can easily conclude that the deformation
gradient can not be arbitrary. The deformation gradient must look the same from
each side of the interface.

Let us assume that the deformation we want to describe is piecewise homo-
geneous:

χ(X) =
⎧⎨⎩FX + c, X ∈ Ω1,

GX + d, X ∈ Ω2,

for constant matrices F,G, constant vectors c,d and Ω1,Ω2 two distinct parts of
Ω.

To ensure that χ is continuous, it is necessary to have

(cof F)n̂ = (cof G)n̂. (1.1)
It is possible to show that the relation (1.1) is equivalent to

F − G = a ⊗ n̂ (1.2)
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for some vectors a and n̂. We require that n̂ is a normal to the plane separating
the two regions. This condition is called Hadamard jump condition or kinematic
compatibility condition.

To show that this condition ensures the plane invariance on the interface, one
can write:

Fv − Gv = (a ⊗ n̂)v = a(v · n̂) = 0 ⇒ Fv = Gv,

where v is a vector lying on the interface, i.e. v · n̂ = 0. Hence, the condition
that F and G are equal on the interface is satisfied.

1.1.2 Crystalline solids
We define a Bravaris lattice L(ai,o) as an infinite set of points in space generated
by a set of linearly independent vectors {a1,a2,a3}:

L(ai,o) = {x : x = νiai where νi, i = 1, 2, 3 are integers} ,
where we use the standard summation convention.

If we consider two different Bravaris lattices, we may regard one lattice as
a deformation of the other one. There are some deformations which map one
lattice to the same one, this is thanks to the symmetry in a lattice. The set of
deformations that map a lattice back to itself is given by the symmetry group of
the lattice. In shape-memory alloys the plasticity of the material is very limited.
That is why we look only at a smaller group - the point group of a lattice. Based
on the point groups we distinct several types of Bravaris lattices such as Triclinic,
Monoclinic, Orthorhombic, Tetragonal, Cubic, Trigonal or Hexagonal.

To obtain a connection between the lattice and the continuum theory, we in-
troduce the Cauchy-Born hypothesis. This hypothesis says that the lattice vectors
deform according to the deformation gradient:

ami (x) = F(x)aai , i = 1, 2, 3, (1.3)
where ami stand for the deformed lattice and aai stand for the lattice before the
deformation. We assume a homogeneous reference configuration, i.e. the vectors
aai are independent of x.

The stored energy density of a lattice at given temperature θ is given by

ψ̃(ai, θ).
Let us assume that the energy density depends on the lattice vectors and the

temperature and we require the following properties.

• Frame-indifference: a rotation does not change the energy, i.e.

ψ̃(Qai, θ) = ψ̃(ai, θ) for all rotations Q

• Material symmetry: the free energy density does not depend on the choice
of lattice vectors.
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Using the Cauchy-Born hypothesis, we can obtain a continuum free energy
density depending only on the deformation gradient F:

ψ(F, θ) = ψ̃(Fai, θ)
and this energy inherits all the properties:

• Frame-indifference: for all rotations Q:

ψ(QF, θ) = ψ(F, θ), (1.4)

• Material symmetry: for all rotations H from the symmetry group G of the
lattice:

ψ(HTFH, θ) = ψ(F, θ). (1.5)
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1.2 Description of Martensitic phase transfor-
mation

The total energy of a specimen subjected to a deformation described by a dis-
placement gradient ∇u is given by∫︂

Ω
ψ (∇u) dX,

where ψ is the stored energy density or the Helmholtz free energy density. This
energy may depend also on temperature as we mentioned in the previous section,
but in this work we will only observe the evolution of microstructure in the
martensite phase. The temperature is assumed constant, lower than the critical
temperature of the specimen. The basic modeling postulate is that the specimen
will occupy the state that minimizes this total energy. Then the behavior of the
specimen is completely determined by this free energy density ψ. Some of the
properties of this energy can be determined experimentally.

Furthermore, this energy is minimized by the austenite lattice vectors at high
temperatures and by the martensite lattice vectors at low temperatures, here our
interest will lay only on the case for low temperatures – the change of microstruc-
ture due to the deformation.

1.2.1 Description of the changes in the crystallographic
lattice

Any crystallographic lattice is described by a set of three lattice vectors
{aa1,a

a
2,a

a
3} for the austenite phase and {am1 ,a

m
2 ,a

m
3 } for the martensite phase,

see Fig. 1.6.

aa1aa2

aa3

am1

am2 am3

Figure 1.6: The martensitic transformation of materials undergoing cubic to or-
thorhombic transformation.

Using these vectors, we can describe the transformation from the austenite
lattice to the martensite lattice as a deformation, i.e. we can find a matrix U1
such that

ami = U1a
a
i , i = 1, 2, 3. (1.6)

This matrix is called the Bain matrix or the transformation matrix. The
number of Bain matrices for each crystal group is determined by the number of
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rotations in its point group – it is the number of variants one can obtain for each
symmetry type.

For a cubic to tetragonal transformation we have 3 different variants
of martensite. The matrix U1 has the form

U1 =

⎛⎜⎝β 0 0
0 α 0
0 0 α

⎞⎟⎠ ,
where the constants α and β are experimentally measured based on the ratio
between the lattice vectors in austenite and martensite.

For a cubic to orthorhombic transformation we have 6 different variants and
the matrix U1 has the form

U1 =

⎛⎜⎜⎜⎜⎝
α + γ

2 0 α− γ

2
0 β 0

α− γ

2 0 α + γ

2

⎞⎟⎟⎟⎟⎠ ,

where α = 1.0619, β = 0.9178, γ = 1.0230 for CuAlNi. These constans are
provided in [2]; cited from the results of Duggin and Rachinger [4]; Otsuka and
Shimizu [11].

In this case, we are specifying the coefficients exactly as we will study CuAlNi
alloy which takes the cubic to orthorhombic transformation. Similarly, we can
specify transformation matrices for other types of transformations; for further
details see [2].

For other variants of martensite for materials undergoing cubic to orthorhom-
bic transformation we have these transformation matrices:

U2 =

⎛⎜⎜⎜⎜⎝
α + γ

2 0 γ − α

2
0 β 0

γ − α

2 0 α + γ

2

⎞⎟⎟⎟⎟⎠ ,

U3 =

⎛⎜⎜⎜⎜⎝
α + γ

2
α− γ

2 0
α− γ

2
α + γ

2 0
0 0 β

⎞⎟⎟⎟⎟⎠ ,

U4 =

⎛⎜⎜⎜⎜⎝
α + γ

2
γ − α

2 0
γ − α

2
α + γ

2 0
0 0 β

⎞⎟⎟⎟⎟⎠ ,

U5 =

⎛⎜⎜⎜⎜⎝
β 0 0
0 α + γ

2
α− γ

2
0 α− γ

2
α + γ

2

⎞⎟⎟⎟⎟⎠ ,
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U6 =

⎛⎜⎜⎜⎜⎝
β 0 0
0 α + γ

2
γ − α

2
0 γ − α

2
α + γ

2

⎞⎟⎟⎟⎟⎠ .

The matrices Ui are related by rotations, therefore they all have the same
energy.

It can be shown as in [2, p. 66] that a deformation involving a single variant
of martensite is just a homogeneous deformation with a constant deformation
gradient, i.e. F = QU. For a deformation with two wells corresponding to two
variants of martensite I and J , we seek the following deformation:

F =
⎧⎨⎩Q1UI in ΩI ,

Q2UJ in ΩJ ,

for two constant rotations Q1 and Q2.
Obviously, the deformation gradient is discontinuous at the interface between

the two variants of martensite. The material must not tear apart - we have to
satisfy the kinematic compatibility condition defined by (1.2), i.e.

Q1UI − Q2UJ = b ⊗ n̂

for some vectors b and n̂, where n̂ is the normal to the interface between the
two variants. Multiplying this equation by QT

2 from the left, set Q = QT
2 Q1 and

a = QT
2 b, we get

QUI − UJ = a ⊗ n̂ (1.7)
and we seek a, n̂ and Q. This equation is called the twinning equation.

A twin is a planar interface in a crystal which can be obtained by a simple
shear or by a rotation of the lattice.

Two compatible variants of martensite are related by a rotation R in the point
group of the austenite such that:

UI = RUJRT .

The solution of the twinning equation (1.7) can be found thanks to the fol-
lowing result of Ball and James [1].

Theorem 2. Let F and G be matrices with positive determinants, then the fol-
lowing procedure determines whether there exists a rotation Q and vectors a ̸= 0
and n̂ such that

QF − G = a ⊗ n̂. (1.8)
Define C := G−TFTFG−1, then

• if C = I is the identity matrix then there is no solution to
the equation (1.8),

• if C ̸= I then the eigenvalues λ1, λ2, λ3 of the matrix C are automatically
λi > 0, let us order the eigenvalues such that λ1 ≤ λ2 ≤ λ3.

13



• The equation (1.8) has a solution if and only if the eigenvalues satisfy

λ1 ≤ 1, λ2 = 1, λ3 ≥ 1. (1.9)

• If the condition (1.9) holds, there are exactly two solutions:

a = ρ

⎛⎝√︄λ3(1 − λ1)
λ3 − λ1

e1̂ + κ

√︄
λ1(λ3 − 1)
λ3 − λ1

e3̂

⎞⎠ ,
n̂ =

√
λ3 −

√
λ1

ρ
√
λ3 − λ1

(︃
−
√︂

1 − λ1GTe1̂ + κ
√︂
λ3 − 1GTe3̂

)︃
,

where κ = ±1, ρ ̸= 0 such that |n̂| = 1 and eî are the eigenvectors of C
corresponding to the eigenvalues λi. Taking κ = 1 gives us one solution
and κ = −1 gives us the second solution. We obtain both solutions Q by
substituting a and n̂ into the equation (1.8).

Using this result, we can easily find out whether the two variants I and J can
form a twin by substituting F = UI and G = UJ . Testing all the pairs of different
variants, we can find out all possible twinning modes in a material. Each two
variants either cannot form a twin, or they can form two different kinds of twins.

The different kinds of twins are further classified based on the comparison of
the twinning plane and the plane of symmetry in the austenite. If the plane of
twinning is the same as the plane of symmetry in the austenite, then we have
Type I twin, if the shearing direction is the same as the direction of symmetry in
the austenite, we call this Type II twin, finally if the twin has both properties,
we call this the Compound twin.

Finally, let us provide the solutions of the twinning equation for CuAlNi, see
Table 1.1.

U1/U3 type I twin⎛⎜⎝ 0.999696 −0.0185057 0.0162986
0.0162986 0.991838 0.126456

−0.0185057 −0.126152 0.991838

⎞⎟⎠
U1/U3 type II twin⎛⎜⎝ 0.999608 0.0185041 −0.0210172

−0.0210172 0.991751 −0.126445
0.0185041 0.126837 0.991751

⎞⎟⎠
U1/U2 compound twin⎛⎜⎝0.999304 0 −0.037303

0 1 0
0.037303 0 0.999304

⎞⎟⎠
Table 1.1: Resulting values of Q from the twinning equation for CuAlNi.

The symmetric stiffness fourth grade tensors describing the different variants
of martensite can be written as matrices using the Voigt notation. Let us have
the stiffness matrix

14



L =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 2c66 0 0
0 0 0 0 2c55 0
0 0 0 0 0 2c44

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where c11 = 189.0 GPa, c12 = 124.0 GPa, c22 = 141.0 GPa, c13 = 45.5 GPa,
c33 = 205.0 GPa, c23 = 115.0 GPa, c44 = 54.9 GPa, c55 = 19.7 GPa, c66 = 62.6
GPa, constants provided in [17].

The matrix L needs to by rotated to get L1 = RLLRT
L. The rotation matrix

RL is needed to transform the parameters to the martensite setting. The values
of cij are experimentally measured in the coordinate system of austenite which is
rotated by 45 degrees about the axis x2 with respect to the coordinate system of
martensite. We need to find the matrix of the rotation RL ∈ R6×6 to be able to
transform L to the right coordinate system.

The usual rotation in 3D about the axis x2 is

R(α) =

⎛⎜⎝cosα 0 − sinα
0 1 0

sinα 0 cosα

⎞⎟⎠
and we plug in α = π/4. Now take any symmetric matrix in R3×3, let us represent
it by

σ =

⎛⎜⎝σ11 σ12 σ13
σ12 σ22 σ23
σ13 σ23 σ33

⎞⎟⎠
in Voigt notation σV oigt =

(︂
σ11, σ22, σ33,

√
2σ23,

√
2σ13,

√
2σ12

)︂
.

Now, proceed with the rotation of σ by R(π/4), one gets

R(π/4)σR(π/4)T =

⎛⎜⎜⎜⎜⎝
1
2σ11 − σ13 + 1

2σ33
√

2
2 σ12 −

√
2

2 σ23
1
2σ11 − 1

2σ33
√

2
2 σ12 −

√
2

2 σ23 σ22
√

2
2 σ12 +

√
2

2 σ23

1
2σ11 − 1

2σ33
√

2
2 σ12 −

√
2

2 σ23
1
2σ11 + σ13 + 1

2σ33

⎞⎟⎟⎟⎟⎠
and in Voigt notation

σV oigt
R =

⎛⎝1
2σ11 − σ13 + 1

2σ33, σ22,

1
2σ11 + σ13 + 1

2σ33, σ12 + σ23,

√
2

2 σ11 −
√

2
2 σ33, σ12 − σ23

⎞⎠.
It remains to do a little bit of a reverse engineering to deduce the final form

of the rotation matrix RL, i.e. we look at RLσV oigt = σV oigt
R and we get
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Figure 1.7: A photo of microstructure of martensite. Image by Q.P. Sun, HKUST.

RL =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2 0 1

2 0 − 1√
2 0

0 1 0 0 0 0
1
2 0 1

2 0 1√
2 0

0 0 0 1√
2 0 1

2
− 1√

2 0 1√
2 0 0 0

0 0 0 − 1√
2 0 1√

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

To obtain the stiffness matrix corresponding to the second variant of marten-
site, we need to rotate the matrix L1 using a rotation from the point group of
austenite, here the cubic symmetry group. We obtain the rotation matrices in
R6×6 by the same procedure as the matrix RL.

The rotation needed to get L2 corresponding to the second variant of marten-
site is the same as the rotation between U1 and U2, i.e. R(π) about the axis x1.
The rotation for L3 is the same as between U1 and U3, i.e. R(π) about the axis√

2(0, 1, 1).

1.2.2 Description of evolution of microstructure during
twinning

The phenomenon that we want to observe in martensitic materials is the twinning
– the creation of laminates of two phases of martensite appearing at the lower
temperature while we try to deform the material, see Fig. 1.7. To describe the
behavior we will use the following phase-field model used e.g. in [5].

Let us look at the interface between the two phases, this interface is sharp
in reality. We will approximate this interface by a diffuse interface – a smooth
continuous differentiable function p : Ω → [0, 1]. This function is often called the
order parameter. The function p = 0 in the area of phase I and p = 1 in the area
of phase J . At the interface the function smoothly changes its value from zero to
one, see Fig. 1.8. We introduce the parameter ℓ which determines the thickness
of the interface.

Next, we introduce the following mixing rule for two variants of martensite I
and J
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ℓ

Figure 1.8: The interface between two different phases of martensite – illustration
of the situation on the left, function approximating the interface on the right.

L(p) = pLI + (1 − p)LJ , (1.10)
Ft(p) = pUI + (1 − p)UJ . (1.11)

It is evident that the tensors correspond to the variant of martensite in each phase
and on the interface we are mixing the two variants together.

This mixing rule is the simplest possible. Its disadvantage is, that it violates
the requirement on the volume preservation during twinning, see the demonstra-
tion below. We could use the logarithmic mixing rule proposed in [17], i.e.

Ft = exp(p log UI + (1 − p) log UJ). (1.12)
On the other hand, this mixing rule is harder to implement, so we will use the
simple form (1.11).

Computation of detFt defined by (1.11)

Lemma 3 (Determinant of a sum of matrices). For two invertible matrices
A, B ∈ R3×3 it holds

det (A + B) = detA + tr
(︂
AT cof B

)︂
+ tr

(︂
BT cof A

)︂
+ detB.

Using the lemma above, the definition of cofactor and the properties of the
trace, one has

detFt = p3 detUI + tr
(︂
UT
I cof UJ

)︂
+ tr

(︂
UT
J cof UI

)︂
+ (1 − p)3 detUJ

= p3 detUI + (1 − p)3 detUJ tr
(︂
UT
I U−T

J

)︂
+ p3 detUI tr

(︂
UT
JU−T

I

)︂
+ (1 − p)3 detUJ

and as the volume is preserved during twinning, i.e. detUI = detUJ , it follows

detFt = detUI

(︃
p3 + (1 − p)3 tr

(︂
UT
I U−T

J

)︂
⏞ ⏟⏟ ⏞

=const

+p3 tr
(︂
UT
JU−T

I

)︂
⏞ ⏟⏟ ⏞

=const

+(1 − p)3
)︃
.
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It is evident that the expression in the parentheses in the equation above is
not constant, hence the determinant is not constant and the mixing rule does not
preserve volume, see Fig. 1.9.

To make our presentation complete, let us compute the determinant also for
the alternative mixing rule (1.12).

Computation of detFt defined by (1.12)

Lemma 4 (Corollary of Jacobi’s formula). For any invertible matrix A ∈ R3×3

and any t ∈ R it holds

det(exp(tA)) = exp(tr (tA)),
tr (logA) = log(det A).

Now computing the determinant of Ft defined by (1.12) and using Lemma 4
one gets

det Ft(p) = det(exp(p logUI + (1 − p) logUJ))
= exp(p tr(logUI) + (1 − p) tr(logUJ))
= exp(p log(detUI) + (1 − p) log(detUJ)) = (detUI)p(detUJ)1−p.

Using again the assumption detUI = detUJ , one can easily see that the deter-
minant remains constant for any p.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p

1

1.5

2

2.5

3

3.5

4

d
e
t 
F

t(p
)

The change of determinant for the simplest mixing rule

Figure 1.9: Change of detFt for the simple mixing rule (1.11).

18



1.3 Model derivation
In this section, let us first derive the phase field model for martensitic transfor-
mation using the standard thermodynamic approach. Second, let us show that
we can also solve the equations as a minimization problem. All the equations we
will introduce in the rest of the thesis are set in the reference configuration as it
is more convenient for the description of solids.

The problem we are about to describe is derived in the quasi-static setting,
where only the energy dissipation depends on time.

Based on the theory we already introduced in the previous sections, we can
assume that the free energy density of our system can be divided into a bulk
part, containing the information about the deformation, and an interfacial part,
describing how the energy in the body dissipates and how the interfaces are
created, i.e.

ψ (∇u, p,∇p) = ψbulk (∇u, p) + ψint (p,∇p) .

1.3.1 Thermodynamic approach
We recall the form of balance equations in the reference configuration:

ρ detF = ρR, balance of mass,

ρR
∂2χ

∂t2
= DivP + ρRb, balance of linear momentum,

PF⊤ = F⊤P, balance of angular momentum,

ρR
∂e

∂t
= P : Ḟ − Div q, balance of energy,

where ρ is the density in the current configuration, ρR = const is the density in the
reference configuration, χ is the deformation, P is the first Piola-Kirchhoff tensor
and F is the deformation gradient as described in Section 1.1.1. Furthermore, q
is the referential energy flux, b represents the external forces and e stands for the
internal energy. We will use certain simplifications in order to keep things clear.

First, let us assume that the change of microstructure does not depend on
the density of the material or the density changes only a little, hence from the
balance of mass we get detF > 0, which corresponds to the requirement we
already mentioned in Section 1.1.1. To simplify a little more, we can take ρ = ρR.

Second, we are interested only in the quasi-static situation so the second
time derivative in the balance of momentum disappears. We also neglect all
external forces, hence b = 0 and the balance of linear momentum becomes (1.13)
mentioned below.

Third, in the reference configuration we can write ∂e
∂t

= ė. The balance of
internal energy then transforms into (1.14).

These simplifications allow us to look closely only at these two equations:

DivP = 0, (1.13)
ρRė = P : Ḟ − Div q. (1.14)
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Now, we need to derive the closure equations for this system. Let us assume
that we know the form of Helmholtz free energy ψ of the system which describes
the reversible processes and the rate of entropy production ξ̃ that tells us how
the energy in the body dissipates.

We assume the Helmholtz free energy in the form

ψ = ψ̃ (θ,F, p,∇p) , (1.15)
where p denotes the order parameter describing the two different phases
of martensite as described in Section 1.2.2.

The relation between ψ̃, internal energy e, specific entropy η and temperature
θ is the following

ψ̃ (θ,F, p,∇p) = e (η (θ,F, p,∇p) ,F, p,∇p) − θη (θ,F, p,∇p) . (1.16)

In this case, we further assume that the temperature is constant, i.e.

θ = θ0 = const.

In fact, the temperature is not constant – it has to change due to the dissipation.
However, we can assume that the temperature changes negligibly because the
body is huge or the body conducts the heat extremely fast and the energy is
removed into a large thermal reservoir around the body.

Now, we take the time derivative of (1.16) and (1.15) and we get

∂ψ̃

∂F
Ḟ + ∂ψ̃

∂p
ṗ+ ∂ψ̃

∂∇p
· ∇ṗ = ė− θ0η̇. (1.17)

Substituting (1.17) into the balance of energy (1.14) and reorganizing the
terms one gets

ρRθ0η̇ + Div q =
(︄
P − ∂ψ̃

∂F

)︄
: Ḟ − ∂ψ̃

∂p
ṗ− ∂ψ̃

∂∇p
· ∇ṗ . (1.18)

Further, one would like to rewrite the above equation into the form

ρRη̇ + Div jη = 1
θ0

∑︂
JαAα⏞ ⏟⏟ ⏞
= ξ

,

where JαAα represent different physical mechanisms and jη is the specific entropy
flux. At the end we would like to compare the sum with a given ξ̃ = ∑︁

JαAα with
ξ̃ ≥ 0 which is a standard procedure in linear non-equilibrium thermodynamics.

In order to do so, we need to divide equation (1.18) by θ0 and using

Div
(︃

q

θ0

)︃
= 1
θ0

Div q

one gets

ρRη̇ + Div
(︃

q

θ0

)︃
= 1
θ0

[︄(︄
P − ρR

∂ψ̃

∂F

)︄
: Ḟ − ρR

∂ψ̃

∂p
ṗ− ρR

∂ψ̃

∂∇p
∇ṗ

]︄
.
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Now, we aim to rewrite the last term on the right side in the divergence form
so we can put it onto the left. We write

Div
(︄
ρRṗ

θ0

∂ψ̃

∂∇p

)︄
= ρR
θ0
ṗDiv

(︄
∂ψ̃

∂∇p

)︄
+ ρR
θ0

∂ψ̃

∂∇p
· ∇ṗ .

Hence, we finish with

ρRη̇ + Div
(︄

q

θ0
+ ρR
θ0
ṗ
∂ψ̃

∂∇p

)︄
=

= 1
θ0

[︄(︄
P − ρR

∂ψ̃

∂F

)︄
: Ḟ − ρR

(︄
∂ψ̃

∂p
− Div

(︄
∂ψ̃

∂∇p

)︄)︄
ṗ

]︄
,

where we have the entropy flux jη and the rate of entropy production ξ defined
in the following way

jη = 1
θ0

(︄
q + ρRṗ

∂ψ̃

∂∇p

)︄
,

ξ =
(︄
P − ρR

∂ψ̃

∂F

)︄
: Ḟ − ρR

(︄
∂ψ̃

∂p
− Div

(︄
∂ψ̃

∂∇p

)︄)︄
ṗ,

which is exactly the form we need, i.e.

ρRη̇ + Div jη = ξ

θ0
.

Eventually, we can proceed with the above mentioned procedure and pick the
following constitutive relation

0 ≤ ξ̃ = (ṗ)2

L
,

where L is a positive mobility parameter. In order to satisfy the second law of
thermodynamics, we require this relation to be non-negative. This choice of ξ̃
implies that the only source of entropy production is the phase transformation,
the remaining processes are assumed non-dissipative as described in [12].

Now, we can compare ξ and ξ̃ and we obtain the required constitutive rela-
tions:

P = ρR
∂ψ̃

∂F
,

ṗ

L
= −ρR

∂ψ̃

∂p
+ ρR Div

(︄
∂ψ̃

∂∇p

)︄
.

Moreover, we divide ψ̃ by ρR to simplify the equations, i.e. ψ = 1
ρR
ψ̃, and we

get

P = ∂ψ

∂F
, (1.19)

ṗ

L
= −∂ψ

∂p
+ Div

(︄
∂ψ

∂∇p

)︄
. (1.20)
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Here, the equation (1.20) is a well known Ginzburg-Landau equation, which
can also be written using the functional derivative

δΨ
δp

= ∂ψ

∂p
− Div ∂ψ

∂∇p
, where Ψ =

∫︂
Ω
ψ (F, p,∇p) dX,

in the following way
ṗ = −LδΨ

δp
.

The desired model is then

DivP = 0, where P = ∂ψ

∂F
, (1.21)

ṗ = −LδΨ
δp
. (1.22)

The choice of the right Helmholtz free energy is a delicate problem. We will
further investigate the options in the last section of this chapter.

1.3.2 Equivalent problem – minimization of a functional
Now, let us show that we can look at the solution of (1.21) and (1.22) equivalently
as a minimum of a functional.

We define a dissipation potential

D (ṗ) := 1
2L (ṗ)2 , where D :=

∫︂
Ω
D dX.

Then the equation (1.22) is equivalent to

δD
δṗ

+ δΨ
δp

= 0. (1.23)

Moreover, it is easy to compute that the above relation is also equivalent to

δD
δṗ

+ δΨ̇
δṗ

= 0, (1.24)

because
δΨ̇
δṗ

= ∂ψ̇

∂ṗ
− Div

(︄
∂ψ̇

∂∇ṗ

)︄
= ∂ψ

∂p
− Div

(︄
∂ψ

∂∇p

)︄
,

where
ψ̇ = ∂ψ

∂F
· Ḟ + ∂ψ

∂p
ṗ+ ∂ψ

∂∇p
· ∇ṗ . (1.25)

The second equation (1.21) can be expressed in a similar way as

δΨ
δu

= 0,

where u represents the deformation and F = I + ∇u. This equality follows from

δΨ
δu

= ∂ψ

∂u⏞⏟⏟⏞
=0

− Div
(︄
∂ψ

∂∇u

)︄
⏞ ⏟⏟ ⏞

=P

.
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As well as for the equation (1.23) we can also rewrite it once again into the
form

δD
δu̇

+ δΨ̇
δu̇

= 0. (1.26)

This form is obtained thanks to the following results. Clearly
δD
δu̇

= 0

as D does not depend on u or u̇, furthermore
δΨ̇
δu̇

= ∂ψ̇

∂u̇⏞⏟⏟⏞
=0

− Div
(︄
∂ψ̇

∂∇u̇

)︄
= − Div

(︄
∂ψ

∂∇u

)︄

using again the equality (1.25) and Ḟ = ∇u̇ .
Solving these two equations (1.26) and (1.24) is a necessary condition for

obtaining the solution of the global minimization problem:

∀t > t0 find minu̇,ṗ Π [u̇, ṗ] satisfying 0 ≤ p ≤ 1, (1.27)
where Π [u̇, ṗ] = D [ṗ] + Ψ̇ [u̇, ṗ] , the restriction on p follows from Section 1.2.2,
where we defined p as a function describing two different phases. This means
that if we find the minimizer, it is also the solution of the equations (1.22) and
(1.21).

1.4 The choice of Helmholtz free energy
Based on the previous theory, it is evident, that it is good to assume that the
Helmholtz free energy density consists of two parts – the interfacial energy and
the bulk energy, i.e.

ψ (∇u, p,∇p) = ψbulk (∇u, p) + ψint (p,∇p) .
The energy density must satisfy the requirements we specified in Section 1.1.2.

Moreover it needs to have a minimizer so that the minimization problem (1.27)
has a solution.

In order to define the right energy, we will again refer to K. Bhattacharya [2].
As we already mentioned the austenite is stable at high temperatures and the
martensite is stable at low temperatures, but again we will study only the case
when the temperature θ is lower than the critical temperature θ0.

Using the Cauchy-Born hypothesis (1.3) and the transformation matrices de-
fined by (1.6) we have

ami = Uia
a
i ,

where i = I, J and if U = I we are in the austenite phase. Then the energy can
be represented schematically, see Fig. 1.10.

The martensite lattice vectors minimize the energy, i.e.

ψ (ami ) ≤ ψ (ai) , if θ < θ0,

for any lattice vector ai.
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Figure 1.10: The free energy density for θ < θ0.

1.4.1 Interfacial energy
Let us assume the interfacial energy in the form

ψint (p,∇p) = γ

(︄
4ℓ
π

|∇p|2 + 4
πℓ
p(1 − p)

)︄
,

where γ is the twin interface energy density and ℓ determines the thickness of the
interface.

The choice of this energy is motivated by the following process. The demon-
stration will be introduced in one dimension to simplify the computation. Recall
that we want to approximate the sharp interface between two phases of marten-
site by a smooth function with the requirement p ∈ [0, 1], see Fig. 1.8. This
function must satisfy

p′(−∞) = 0, p(0) = 1
2 and p′(∞) = 0. (1.28)

Moreover, if we send the parameter ℓ to zero, we want to get the sharp interface
as a limit. Hence, minimizing the functional in one dimension

minp: p ∈ [0,1]

∫︂ ∞

−∞
ψint(p(x), p′(x))dx (1.29)

and solving the Euler-Lagrange equation

−8ℓ
π
p′′(x) + 4

πℓ
(1 − 2p) = 0,

where we require that p(0) = 0.5, one gets

p(x) = 1
2

(︃
1 + 2C sin

(︃
x

ℓ

)︃)︃
, (1.30)

the yet unknown constant C is determined using the requirement on the deriva-
tives (1.28). The maximum and minimum of p (1.30) closest to zero is in πℓ/2
and −πℓ/2. Plugging in, one needs

p

(︄
πℓ

2

)︄
= 1 and p

(︄
−πℓ

2

)︄
= 0,

hence the constant C = 1/2. The resulting function is then

p(x) = 1
2

(︃
1 + sin

(︃
x

ℓ

)︃)︃
, x ∈

[︄
−πℓ

2 ,
πℓ

2

]︄
, (1.31)
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its plot corresponds to the initial requirement on the approximation of p. In other
words, the interfacial energy is constructed exactly to give this result. Fig. 1.11
shows the approximation of the interface for different values of ℓ.

In addition, the solutions p = 0 and p = 1 are also minimizing the func-
tional (1.29). These solutions reflect the case, where we have only one variant of
martensite present in the specimen.

Similar reasoning, but for a different type of interfacial energy, is introduced
in [5].
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Figure 1.11: The plot of p (1.31) for different values of ℓ – the thickness of the
interface.

1.4.2 Bulk energy
The choice of the bulk energy which has a minimizer is more complicated than
the choice of the interfacial energy. Clearly, we need to describe an anisotropic
material, see Fig. 1.7. Moreover, to satisfy the requirement of the existence of a
minimizer, one needs to find an energy density which is polyconvex.

In this section, we will introduce the theory for the existence of a minimizer,
then we will look at one of the simplest anisotropic energies – the transversal
anisotropy – and finally we will show another example of a polyconvex anisotropic
energy, energy describing materials with cubic symmetry, which could be used
for our model.

This section is not meant to explain all the theory of construction of the
polyconvex energies for crystalline solids, it just introduces the basic principles
and ideas.
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Requirements on the existence of a minimizer

The exact requirements for existence of the minimizer are contained in the fol-
lowing theory introduced for example in [8].

Definition 1 (Polyconvex function). The function ψ̃(F) is polyconvex if and only
if there exists a function P (x, ·) : R3×3 × R3×3 × R → R such that

ψ̃(F) = P (F, cof F, detF)

and P is convex with respect to F, cof F and detF.

Theorem 5 (Existence of a minimizer). Let Y ⊂ R3 be a bounded Lipschitz
domain and let ψ̃ : Y × R3×3 → R be a stored energy function with the following
properties:

• ψ̃ is polyconvex for a.a. x ∈ Y;

• for a.a. x ∈ Y : ψ̃(F) → +∞ if detF → 0+;

• there exist constants α, p, q, r such that α > 0, p ≥ 2, q ≥ p

p− 1 , r > 1 such

that for a.a. x ∈ Y and ∀ F ∈ R3×3

ψ̃(F) ≥ α(|F|p + |cof F|q + (detF)r).

Let Γ = Γ0 ∪ Γ1 be a measurable partition of the boundary of Y, where
|Γ0| > 0 and let y0 ∈ W 1,p(Ω,R3) be given. Let

Θ :=
{︂
y ∈ W 1,p(Ω,R3); cof ∇y ∈ Lr(Ω) on Γ0, det ∇y > 0 a. e.

}︂
be nonempty. If there exists y ∈ Θ such that Π(y) < +∞ then there exists
a minimum of

Π(y) =
∫︂
Y
ψ̃(F(y))

on Θ.

The proof of this theorem can be found in [8]. The most important condition
we need to satify is the polyconvexity of ψ̃. The following sections describe some
of the simplest polyconvex energies.

Transversal anisotropy

The simplest anisotropic material is the transversally isotropic material. These
materials have locally some specific direction d along which the material has
different properties than in the planes perpendicular to d in which the material
behaves as isotropic. This behavior may be observed for example in materials
composed of aligned fibers, the direction of the fibers is d.

Although our material is not tranversally isotropic, we present the construc-
tion of this energy as a demonstration of the complexity of the anisotropic energies
compared to the isotropic ones.

Let us generalize the problem, we seek ψ̃(F) such that
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Π [. . .] =
∫︂

Y
ψ̃(F) dX,

has a minimizer. The usual way of expressing the Free energy density of a material
is in terms of the right Cauchy-Green tensor C = FTF, i.e. ψ̃(F) = ψ(C). This
choice also automatically preserves the requirement of frame indifference.

Taking the functional derivative δΠ, the following appears:

P = ∂ψ(C)
∂F

= ∂ψ(C)
∂C

∂C
∂F

= FS,

where S is the Second Piola-Kirchhoff stress tensor

S = 2∂ψ
∂C

.

Recall that the free energy must also satisfy the requirement of material symmetry
(1.5). For this definition of ψ, one has

ψ(C) = ψ(HCHT ), H ∈ G.

The main idea is to add one more tensorial argument for ψ. This argument is
the so-called structural tensor G which has to be symmetric and positive definite.
This structural tensor characterizes the symmetry group G, hence we require

C · G = HCHT · G = C · HGHT ∀ H ∈ G (1.32)
G = HGHT ∀ H ∈ G . . .G-invariance. (1.33)

The transversally anisotropic material has different response in one direction
d and different response in the directions perpendicular to the first one. Based
on [15], let us take the principal direction to be e3. Then the symmetry group
Gti must be set of all rotations around this axis and reflections with respect to
planes perpendicular to this axis, i.e.

H(α, e3) = cos(α)I + sin(α)(ϵij3)3
i,j=1e3 + (1 − cos(α))e3 ⊗ e3 ∈ Gti.

The tensor Gti satisfying the requirement on Gti-invariance (1.33) for any of
these H ∈ Gti is

Gti = diag(a, a, b), with cof Gti = diag(ab, ab, a2),
where a = ∥a1∥ = ∥a2∥, b = ∥a3∥ are the lattice vectors and α the angle between
these vectors, here 90 degrees. We will describe the procedure of getting the right
tensor later.

As in [15], except for the three principal invariants I1, I2 and I3, we define
two more invariants containing the metric tensor Gti:

I1 = tr C, I2 = tr(cof C) = 1
2
(︂
tr
(︂
C2
)︂

− (trC)2
)︂
, I3 = detC,

I4 = tr
(︂
CGti

)︂
, I5 = tr

(︂
cof(C)Gti

)︂
.
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Then the transversally anisotropic free energy function is assumed to be of the
type

ψti = ψti(I1, I2, I3, I4, I5),
and the second Piola-Kirchhoff stress tensor is computed by

S = 2∂ψ
ti

∂C
= 2

[︄(︄
∂ψti

∂I1
+ ∂ψti

∂I2
I1

)︄
I − ∂ψti

∂I2
C

+
(︄
∂ψti

∂I3
I3 + ∂ψti

∂I5
I5

)︄
C−1 + ∂ψti

∂I4
Gti − ∂ψti

∂I5
I3C−1GtiC

]︄
.

Now, we consider an additive decomposition of ψti into isotropic part and
anisotropic part

ψti = ψiso(I1, I2, I3) + ψaniso(I4, I5), (1.34)
where the isotropic part is taken to be the compressible Mooney-Rivlin model

ψiso = α1I1 + α2I2 + δ1I3 − δ2 ln
√︂
I3 ∀ α1, α2, δ1, δ2 ≥ 0. (1.35)

and the anisotropic part is taken as a function of the anisotropic invariants I4
and I5

ψaniso = 1
α4(trGti)α4

η1(Iα4
4 + Iα4

5 ) ∀ η1 ≥ 0, α4 ≥ 1. (1.36)

Finally, evaluating the second Piola-Kirchhoff tensor in the stress-free config-
uration (C = I), we get the following restriction for δ2 :

δ2 = 2α1 + 4α2 + 2δ1 + 2η1,

the other parameters are determined by establishing relations between material
properties determined experimentally. The whole process is described in [15].

It remains to prove that the function ψti is polyconvex. To do this, we will
use the procedure introduced in [6].

Polyconvexity for the transversal anisotropy

Lemma 6. The sum of polyconvex functions is polyconvex, i.e. if

ψ̃ = ψ̃1(I1) + ψ̃2(I2) + ψ̃3(I3),

where ψ̃i are polyconvex, then ψ̃ is polyconvex.

Note that in order to satisfy the material frame indifference, we use C as
the argument in ψti, but the polyconvexity cannot be expressed in terms of C,
hence we need to prove the following lemma about the polyconvexity of the two
additional invariants I4 and I5 as explained in [15].
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Lemma 7 (Convex anisotropic functions). Generic anisotropic functions of the
type

(tr
[︂
FTFG

]︂
)k = (FTF · G)k, (1.37)

(tr
[︂
cof (FT )cof (F)G

]︂
)k, (1.38)

where k ≥ 1 and symmetric positive definite tensor G, are convex with respect to
F and cof F.

Proof. In this proof, we will use the fact that any symmetric positive definite
tensor, can be written as G = HHT , i.e. we have Choleski decomposition of G.
Then (︂

tr
[︂
FTFG

]︂)︂k
= ∥FH∥2k =

(︂
FH · FH

)︂k
.

Now taking the Gâteaux derivative, for any matrix B ∈ Rd×d,

DF(FH · FH)k [B] = d
ds

(︂
(F + sB)H · (F + sB)H

)︂k ⃓⃓⃓⃓
s=0

= 2k(FH · FH)k−1
(︂
FH · (F + B)H

)︂
,

D2
F(FH · FH)k[B,B] = d

ds2k
(︂
(F + sB)H · (F + sB)H

)︂k−1
(F + sB)H · (F + B)H

= 2k
(︂
FH · FH

)︂k−1(︂
(F + B)H · (F + B)H

)︂
+ 4k(k − 1)

(︂
FH · FH

)︂k−2(︂
FH · (F + B)H

)︂2

= 2k∥FH∥2k−2∥(F + B)H∥2 + 4k(k − 1)∥FH∥2k−4
(︂
FH · (F + B)H

)︂2
.

Clearly D2
F(FH · FH)k ≥ 0 which implies the convexity of the function (1.37).

The convexity of (1.38) can be proved in an analogous way, replacing F by cof F.

Now, looking at the decomposition (1.34) and its parts (1.35) and (1.36),
using the Lemma 6 and the Lemma 7, one can easily conclude that the energy is
polyconvex, hence, the minimization problem we need to solve has a minimizer.

This energy is one of the simplest options, some materials may be described by
multiple metric tensors to better describe more complex behavior. One example
of more complicated energy is the one for materials with cubic symmetry group.
This energy could be used for our model, because the austenite phase of CuAlNi
has cubic symmetry group.

Cubic symmetry vs. transversal anisotropy

A typical transversally anisotropic material is wood which is not very similar to
an alloy. This is why we introduce also the energy for cubic symmetry group,
which is a subgroup of the orthorhombic symmetry group. This energy is a bit
more complicated and uses a different representation of the metric tensor.
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N. Kambouchev et al. [6] use the following model for cubic anisotropy:

ψcubic = α1 (− log(I3))⏞ ⏟⏟ ⏞
ψ1

+α2 I3⏞⏟⏟⏞
ψ2

+α3 J4⏞⏟⏟⏞
ψ3

+α I1⏞⏟⏟⏞
ψ1

, (1.39)

where J4 is an additional polyconvex invariant:

J4 = tr
(︂
FTFGFTF

)︂
. (1.40)

Then again, one can obtain the constants αi by evaluating the second Piola-
Kirchhoff tensor in the stress free configuration an plugging in the constants
obtained experimentally.

But here, the structural tensor G is not defined as in [15], as a matrix in R3×3,
but as a fourth-order tensor G.

Definition 2 (Metric tensor). The metric tensor G is defined by

G =
3∑︂
i=1

ami ⊗ ami ⊗ ami ⊗ ami ,

where ami are the lattice vectors (1.6).

A set of questions comes into mind, what is the relation between G and G,
what determines the choice of the invariants and how do the equations for these
parameters look like? Here is an overview of the procedure.

We already mentioned that a crystal can be described by its Bravaris lattice.
Each bravaris lattice is determined by three vectors {a1,a2,a3}, where

∥a1∥ = a, ∥a2∥ = b, ∥a3∥ = c

and the angles between these axes are α, β, γ.
As explained for example in [2], seven crystal systems are distinguished based

on their symmetry point groups. To describe these symmetries we want to con-
struct the structural tensor G satisfying (1.32) and (1.33). This tensor can be
written as G = HHT , where

ai = Hei,

ei is the cartesian basis of R3 and ai are the lattice vectors. The matrix H can be
written in terms of the lengths of the lattice vectors a, b, c and the angles α, β, γ.
From the representation of H one can also get the representation for G, all the
tensors are introduced in [15]. This is exactly the procedure used to get the right
tensor Gti for transversal anisotropy.

The disadvantage of defining the tensor G in R3×3 is that for some crystal
systems, we are not able to get a complete description of the material, hence the
fourth-order tensors come into play.

One can of course use the definition of the metric tensor from the Definition 2
also to describe the transversal anisotropy, but the manipulation with it may be
more challenging and also the additional invariants are different as it is visible
from the definitions (1.34) and (1.39).

To show the complexity of the manipulation with the fourth order tensors, let
us present the proof of the polyconvexity for the invariant J4 (1.40) as it is done
in [6].
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Lemma 8 (Convexity of J4). The function

(tr
(︂
FTFGFTF

)︂
)k

where k ≥ 1, is convex with respect to F.

Proof. From the definition of the trace, the following identity holds:

(tr (FTFGFTF))k = ((FTF) : G : (FTF))k.

Now, take the first and second Gâteaux derivative of the expression above in
the direction B ∈ Rd×d:

DF((FTF : G : FTF)k)[B]

= d
ds
[︂
(F + sB)T (F + sB) : G : (F + sB)T (F + sB)

]︂k ⃓⃓⃓⃓⃓
s=0

= 2k
[︂
FTF : G : FTF

]︂(
k − 1)

(︂
BTF : G : FTF + FTB : G : FTF

)︂
D2

F((FTF : G : FTF)k)[B,B]

= 4k(k − 1)
[︂
FTF : G : FTF

]︂k−2 (︂
BTF : G : FTF + FTB : G : FTF

)︂2

+ 2k
[︂
FTF : G : FTF

]︂k−1
(︃

2BTB : G : FTF + BTF : G : BTF

+ BTF : G : FTB + FTB : G : BTF + FTB : G : FTB
)︃

= 16k(k − 1)
[︂
FTF : G : FTF

]︂k−2 (︂
FTB : G : FTF

)︂2

+ 4k
[︂
FTF : G : FTF

]︂k−1
(︃
BTB : G : FTF + 2BTF : G : BTF

)︃
,

where in the last equality, we use the symmetry of G. It remains to analyze each
term of the second derivative and show that it is non-negative:

FTF : G : FTF =
3∑︂
i=1

FTF : ami ⊗ ami ⊗ ami ⊗ ami : FTF

=
3∑︂
i=1

[︂
FTF : ami ⊗ ami

]︂2
≥ 0,

BTB : G : FTF =
3∑︂
i=1

(BTB : ami ⊗ ami )(ami ⊗ ami : FTF)

=
3∑︂
i=1

(Bami )2(Fami )2 ≥ 0,

BTF : G : BTF =
3∑︂
i=1

(BTF : ami ⊗ ami )2 ≥ 0.

The non-negativity of the components implies the convexity of the invariant I4.
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1.5 Quantities and constants used in the model
To keep our presentation clear, we now present all the constants, variables and
their units at one place, see Tables 1.2, 1.3.

u displacement
p the order parameter describing the martensitic phase

transformation, see Section 1.2.2
F = I + ∇u deformation gradient
C = FTF the right Cauchy-Green tensor
F = FeFt multiplicative decomposition into the elastic

deformation Fe and the tranformation Ft
Ee = 1

2(FTe Fe − I) elastic part of the Green strain tensor
P = (detF)T(x)F−T the First Piola-Kirchhoff stress tensor
S = F−1P the Second Piola-Kirchhoff stress tensor

Table 1.2: Variables and quantities used in the model.

L = 100 (Pa s)−1 mobility parameter
γ = 0.02 J/m2 the equilibrium twin-interface energy density per unit area
ℓ = 0.5 nm the length scale across the interface
L the elastic stiffness tensor – values in GPa,

see Section 1.2.1

Table 1.3: Overview of constants and their values.
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2. Fourier-Galerkin method
The method we use to solve the problem introduced in Chapter 1 is based on the
Galerkin approximation of our solution using trigonometric polynomials. The
method profits from certain properties of the Fourier transform and also from the
periodicity which is naturally conserved in the space of trigonometric polynomials.
That is why it is sometimes called Fourier-Galerkin method.

In simple words the method is very similar to the Finite Elements method,
but uses trigonometric polynomials with global support instead of simple locally
supported polynomials. Moreover, the domain is discretized by a regular rect-
angular grid while we can use different types of grids in Finite Elements. This
choice of discretization spaces allows us to compute the derivatives very easily
and fast.

Let us introduce some basic notation and preliminaries on which the method
is based.

For the sake of simplicity, let us write X for any space R,Rd or Rd×d and X̂
for C,Cd or Cd×d.

2.1 Basic properties
The following theory comes from [13, p. 88-91] but we introduce it in the setting
we use later for our model.

Consider a rectangular domain Y = Πα[−Yα, Yα], α = 1, . . . , d, where Yα is
a positive number representing a half of the length of the edge α. In case of the
model mentioned above, the dimension is always d = 3.

Let us start with some basic definitions of functions and function spaces.

Definition 3 (Periodic function). A function f : Rd → X is Y-periodic if

f(x +
∑︂
α

2Yαkαeα) = f(x), k ∈ Zd,

where eα is the α-th basis vector of Rd.

Definition 4 (Lp spaces of periodic functions). For p ∈ [1,∞] define

Lp#(Y ,X) = {f ∈ Lploc(Rd;X) : f is Y-periodic}

equipped with the norm

∥f∥pLp
#(Y,X) = 1

|Y|

∫︂
Y

∥f(x)∥pX dx for p ∈ [1,∞),

where |Y| is the volume of Y, and

∥f∥L∞
# (Y,X) = ess supx∈ Y ∥f(x)∥X for p = ∞.

Theorem 9. For p = 2, Lp#(Y ,X) is a Hilbert space with the scalar product

(u,v)L2
#(Y,X) = 1

|Y|

∫︂
Y

(u(x),v(x))X dx.

33



Definition 5 (Fourier transform). The Fourier transform of f ∈ L2
#(Y ,X) is

defined by

f̂(k) = f̂(−k) = 1
|Y|

∫︂
Y

f(x)φ−k(x) dx for k ∈ Zd,

where
φk(x) = exp (iπ(ξ(k),x)Rd) x ∈ Y ,k ∈ Zd, (2.1)

and ξ(k) = (kα/Yα)α.
Theorem 10. The functions (2.1) defined above form a complete orthonormal
basis {φk}k∈Zd of L2

#(Y ,X) and

(φk, φm)L2
#(Y,X) = δkm. (2.2)

Therefore any function f ∈ L2
#(Y ,X) can be expressed as

f(x) =
∑︂

k∈Zd

f̂(k)φk(x) for x ∈ Y ,

and for any g ∈ L2
#(Y ,X)

(f , g)L2
#(Y,X) =

∑︂
k∈Zd

(︂
f̂(k), ĝ(k)

)︂
X̂
, (Parseval theorem).

Remark. The space H1
#(Y ;X) can be defined in an analogous way with the norm

∥f∥H1
#(Y;X) =

⃦⃦⃦⃦ ∑︂
k∈Zd

∥ξ(k)∥Rdf̂(k)φk

⃦⃦⃦⃦2

L2
#(Y,X)

=
∑︂

k∈Zd

∥ξ(k)∥2
Rd∥f̂(k)∥2

X̂,

where

ξ(k) =
⎧⎨⎩ξ(k) for k ∈ Zd \ {0},

1 for k = 0.
This remark follows from [14], page 141.

2.2 Spaces of trigonometric polynomials
Definition 6 (Trigonometric polynomial). Let N = (N1, . . . , Nd) ∈ Nd, ck ∈ Cd

and φk(x) as in (2.1) then a trigonometric polynomial is a function

p(x) =
∑︂

k∈Zd
N

ckφk(x),

where

ZdN =
{︄

k = (k1, . . . , kd) ∈ Zd : −N1

2 ≤ k1 <
N1

2 , . . . ,−Nd

2 ≤ kd <
Nd

2

}︄
.

Definition 7 (Space of trigonometric polynomials). Let N , ck, φk as in Def-
inition 6. Then the space of real valued trigonometric polynomials of degree
N = |N | = Πα[−Nα, Nα] is defined in the following way

T d
N =

{︃ ∑︂
k∈Zd

N

ckφk(x) : ck = c−k

}︃
,

where the condition ck = c−k restricts the coefficients to be only real valued.
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2.3 Approximation of the functions and their
gradient and divergence

Starting from the results of the two previous sections, any function f(x) ∈
H1

#(Y ;X) can be approximated by a trigonometric polynomial in the following
way.

Consider the periodic domain Y discretized on a regular grid with N1×. . .×Nd

points and denote |N | the total number of grid points. These points are equaly
distributed in the grid:

xk
N = [k1h1, . . . , kdhd] for k ∈ ZdN ,

where hα = 2Yα/Nα is the grid spacing. For simplicity, let us require that Nα is
odd for α = 1, . . . , d. This condition means that the grid will be symmetric with
respect to the origin. It is also possible to have even number of nodes, but this
approach is more complicated, for more details see [3], Appendix C.

Take the form of the function as in Theorem 10 and restrict the sum on ZdN .
Hence,

f(x) ≈
∑︂

k∈Zd
N

f̂(k)φk(x) =: PN [f ] (x) for x ∈ Y , (2.3)

where PN : L2
#(Y ,Rd) → T d

N is an orthogonal projection with respect to the
scalar product on L2

# and also on H1
#; for more details see [18, Section 4].

The main trick of Fourier-Galerkin method is that we can also use another
basis of the space composed by the so-called fundamental trigonometric polyno-
mials, see Fig. 2.1.

Definition 8 (Fundamental trigonometric polynomial). Let φk(x) be as above
and let ωmk := φm(xk), then the fundamental trigonometric polynomial φN,k is
defined as follows:

φN,k(x) = 1
|N |

∑︂
k∈Zd

N

ω−mkφk(x).

Definition 9 (Discrete Fourier transform). The discrete Fourier transform has
the form

f̂(k) = 1
|N |

∑︂
m∈Zd

N

f(xm)φ−k(xm)⏞ ⏟⏟ ⏞
=ω−km

. (2.4)

This definition follows from the Definition 5 as we know only the values at
the grid points, we just sum the values we know to approximate the integral.

Now taking the approximation fN(x) = PN [f ] (x) of f in TN , using the
discrete Fourier transform (2.4) and swapping the sums, one gets:
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fN(x) =
∑︂

k∈Zd
N

f̂(k)φk(x) =
∑︂

k∈Zd
N

⎛⎜⎝ ∑︂
m∈Zd

N

f(xm) 1
|N |

ω−km

⎞⎟⎠φk(x)

=
∑︂

m∈Zd
N

⎛⎜⎝ ∑︂
k∈Zd

N

1
|N |

ω−mkφk(x)

⎞⎟⎠
⏞ ⏟⏟ ⏞

=φN,m(x)

f(xm) =
∑︂

m∈Zd
N

φN,m(x)f(xm)

⏞ ⏟⏟ ⏞
=:QN [f ](x)

.

This allows us to approximate the functions without computing the coefficients
f̂(k) with respect to the basis of fundamental trigonometric polynomials. The
interpolation operator QN : C0

#(Y ,Rd) → T d
N marked in the equation above is

also a projection, but not an orthogonal one.

Definition 10 (Fourier transform matrix). Let ωmk = φm(xk), then the Fourier
transform matrix is defined as

FN = [ωmk]m,k∈Zd
N

and the inverse matrix is defined by

F−1
N =

[︄
1

|N |
ω−mk

]︄
m,k∈Zd

N

= 1
|N |

F∗
N .

Theorem 11 (Two equivalent representations of trigonometric polynomials).
The nodal values f(xk) and the Fourier coefficients f̂(k) are related by the Dis-
crete Fourier transform, i.e.[︂

f(xk)
]︂

= FN

[︂
f̂(m)

]︂
m∈Zd

N

, k ∈ ZdN ,

and [︂
f̂(k)

]︂
= F−1

N [f(xm)]m∈Zd
N
, k ∈ ZdN .

Now let us look at the form of gradient operator of the approximation (2.3)
in the Fourier Basis:

∇fN(x) =
∑︂

k∈Zd
N

f̂(k)∇φk(x) =
∑︂

k∈Zd
N

2πikf̂(k)φk(x). (2.5)

This corresponds to the usage of the operator GN : CN → Cd×N on the Fourier
coefficients as (GN f̂)(k)α = 2πikαf̂(k), i.e. the operator is applied component-
wise.

Then the divergence G∗
N : Cd×N → CN is also applied component-wise in the

following way:

div(fN(x)) = (G∗
N f̂)(k) =

d∑︂
α=1

−2πikαf̂(k)α. (2.6)
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Putting everything in this section together, one gets the following representa-
tion of gradient and divergence:

∇fN(x) =
∑︂

k∈Zd
N

(︂
F−1
N GNFNf

)︂
(xk)φN,k(x) (2.7)

div(fN(x)) =
∑︂

k∈Zd
N

(︂
F−1
N G∗

NFNf
)︂

(xk)φN,k(x), (2.8)

where FN is applied at each component of the vector (FNf)α = FNfα.

ZdN

(0, 0)

k = (−3, −3)

Y
N1 = 7

N2 = 7 (0, 0)(− 1
2 , 0) ( 1

2 , 0)

(0, − 1
2 )

(0, 1
2 )

xk

FN

F−1
N

Figure 2.1: Illustration of the transition between the two basis, one using Fourier
coefficients and the other one using the nodal values.

From the numerical point of view, one can observe that the multiplication
by the matrix FN is very fast, that is why this transformation is called the Fast
Fourier transform (FFT). Furthermore the operator GN represents in fact just
a multiplication of the Fourier coefficients by a number, hence the computation
of gradient and divergence in Fourier basis is also very cheap, furthermore it is
constant in the whole computation - it is generated only once.

Another interesting property of the basis of fundamental trigonometric poly-
nomials is that the scalar product on L2 can be expressed as a sum of standard
scalar products of the nodal values, i.e. for any two functions f , g ∈ H1

#(Y ,Rd)
and their projections fN = QN [f ] and gN = QN [g], it holds:

(fN , gN)L2
#

= 1
|N |

∑︂
k∈Zd

N

(︂
f(xk), g(xk)

)︂
Rd
. (2.9)

This immediately implies that the trapezoidal integration rule is exact for
these approximations, see [3, Section 2.5].

For more details on the application of these properties and principles to dif-
ferent problems, refer to the articles [3], [18] and [19].
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3. Solving the equations
As it naturally follows from the previous chapter, where we defined everything
on a cubic periodic cell, all the computations will be done on a periodic cube Y .
There is no assumption on a boundary around the material – we just take a cell
in an infinite sample of martensite, specifically CuAlNi.

This configuration is stress free. We enforce the deformation of the material
by prescribing the mean applied gradient instead of a boundary condition, the
boundary condition for the parameter p is simply the requirement of periodicity,
which is naturally preserved by the trigonometric polynomials.

3.1 Linearization of the variational problem
Recall that we are minimizing the potential Π (1.27):

minu̇,ṗ

∫︂
Y
D(ṗ) + ψ̇(F, p,∇p)dX.

To ensure that the condition 0 ≤ p ≤ 1 is satisfied, we introduce the following
penalization:

C(p) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
2cp

2 p < 0,
0 p ∈ [0, 1] ,
1
2c(1 − p)2 p > 1,

(3.1)

where c is a big constant, e.g. c = 1000. This function penalizes p if its value
p(xk) /∈ [0, 1] , see Fig. 3.1. This function is added to the free energy density,
i.e. ψ = ψ + C(p).

In this section, we introduce all the discretization steps, one by one, in the
same way as it is used in the implementation.

3.1.1 Discretization in time
First, the time derivative of p is discretized using the Euler scheme, i.e.

ṗ = pt − pt−1

∆t , (3.2)

where pt is the value of p in the t-th time step and ∆t = tt− tt−1, in the following
text the notation ut is used for the value of u in the t-th time step.

Using the Euler scheme, one gets the approximation D̃ of the dissipation D:

D(ṗ) ≈ D̃(p) = (p− pt−1)2

2L(∆t)2 . (3.3)

Second, we need to approximate ψ̇(u̇, ṗ). Recall from Section 1.3.2
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Figure 3.1: The plot of the constraint function C(p) penalizing the values p < 0
or p > 1.

δΨ
δu

= − Div
(︄
∂ψ

∂∇u

)︄
and δΨ̇

δu̇
= − Div

(︄
∂ψ

∂∇u

)︄
,

δΨ
δp

= ∂ψ

∂p
− Div ∂ψ

∂∇p
and δΨ̇

δṗ
= ∂ψ

∂p
− Div

(︄
∂ψ

∂∇p

)︄
.

As we are in the quasi-static setting and the only thing depending on time is the
dissipation, we can take

ψ̇(u̇, ṗ) ≈ ψ(ut, pt)
∆t .

Eventually, one gets the following problem, which includes no time derivatives:

minut,pt

∫︂
Y
ψ(ut, pt) + C(pt) + (pt − pt−1)2

2L(∆t) dX. (3.4)

3.1.2 Getting the ”weak form”
For simplicity, let us now look only on the first term of the integral (3.4). We
will put everything back together in Section 3.1.4.

Minimizing the functional means that we seek u and p such that for any test
function ζ ∈ H1

#(Y ,R3) and η ∈ H1
#(Y ,R), the following holds:
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δΠ[u, p](ζ, η) = d
ds

∫︂
Y
ψ(∇u + s∇ζ, p+ sη,∇p+ s∇p) dX

⃓⃓⃓⃓
s=0

=
∫︂

Y

∂ψ

∂∇u
(∇u, p) · ∇ζ + ∂ψ

∂p
(∇u, p) η

+ ∂ψ

∂∇p
(∇u, p) · ∇η dX = 0.

This relation will be further linearized using the Newton method. In each step
n of the Newton method let un+1

t = un
t +δu, where un

t → ut, and pn+1
t = pnt +δp,

where pnt → pt. Then for the relation above it holds:

δΠ[un+1
t , pn+1

t ](ζ, η) = 0.
Then one gets

∫︂
Y

∂ψ

∂∇u
(∇un

t + ∇δu, pnt + δp,∇pnt + ∇δp) ∇ζ

+ ∂ψ

∂p
(∇un

t + ∇δu, pnt + δp,∇pnt + ∇δp) η

+ ∂ψ

∂∇p
(∇un

t + ∇δu, pnt + δp,∇pnt + ∇δp) ∇η dX = 0.

Next, let us make Taylor expansion around un
t and pnt :

∫︂
Y

∂ψ

∂∇u
(un

t , p
n
t ) ∇ζ + ∂2ψ

∂(∇u)2 (un
t , p

n
t ) ∇(δu)∇ζ + ∂2ψ

∂p∂∇u
(un

t , p
n
t ) δp∇ζ

+ ∂2ψ

∂∇p∂∇u
(un

t , p
n
t ) ∇(δp)∇ζ + ∂ψ

∂p
(un

t , p
n
t ) η + ∂2ψ

∂∇u∂p
(un

t , p
n
t ) ∇(δu)η

+ ∂2ψ

∂p2 (un
t , p

n
t ) (δp)η + ∂2ψ

∂∇p∂p
(un

t , p
n
t ) ∇(δp)η + ∂ψ

∂∇p
(un

t , p
n
t ) ∇η

+ ∂2ψ

∂∇u∂∇p
(un

t , p
n
t ) ∇(δu)∇η + ∂2ψ

∂p∂∇p
(un

t , p
n
t ) (δp)∇η

+ ∂2ψ

∂∇p2 (un
t , p

n
t ) ∇(δp)∇η + O(|∇u|2) + O(p2) + O(|∇p|2)dX = 0.

(3.5)

Finally, neglecting the terms O(|δ∇u|2),O(|δp|2) and O(|δ∇p|2) one gets
something which could be called a linearized weak formulation of the problem
which needs to be solved. Note that the process of making the Taylor expansion
is equivalent to taking the second functional derivative of the potential Π.

3.1.3 Approximating the derivatives of the free energy
Differentiating and implementing the energy of the type (1.39) would be compli-
cated. Mainly because the matrix L of the material parameters changes in each
Newton iteration. For the purpose of the computation, another free energy is
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used. Although this energy does not have a minimizer, the computation gives
reasonable results, see [17].

The Helmholtz free energy used for the computation has the form

ψ (F, p,∇p) = 1
2Ee · LEe⏞ ⏟⏟ ⏞
bulk energy

+ γ

(︄
4ℓ
π

|∇p|2 + 4
πℓ
p (1 − p)

)︄
⏞ ⏟⏟ ⏞

interfacial energy

. (3.6)

Taking the first derivatives of the energy ψ is doable, but taking the second
derivatives is becoming more challenging both to compute and also implement in
the code. That is why we are going to introduce an approximation of the second
partial derivatives of ψ. This is possible thanks to the properties of the Newton
method. It may converge also for an approximation of the derivatives, but its
rate of convergence becomes linear. If we had exact derivatives, we know that
the local convergence of Newton’s method would be quadratic.

Computing the first derivatives, one gets

∂ψ

∂F
= 1

4 (Ee · L + LEe)
(︂
Fe + FTe

)︂
F−1
t ,

∂ψ

∂p
= 1

4 (Ee · L + LEe)
(︂
Fe + FTe

)︂
FF−2

t (U1 − U2)

+ 1
2Ee · (L1 − L2)Ee + 4

πℓ
(1 − 2p),

∂ψ

∂(∇p) = γ
8ℓ
π

∇p.

For the second derivatives of ψ let us replace the strain tensor F by the small
strain tensor ϵ. Then the Helmholtz free energy density is

ψ̃ (ϵ, p,∇p) = 1
2ϵe · Lϵe⏞ ⏟⏟ ⏞
bulk energy

+ γ

(︄
4ℓ
π

|∇p|2 + 4
πℓ
p (1 − p)

)︄
⏞ ⏟⏟ ⏞

interfacial energy

,

where

ϵ = ϵe + ϵt,

ϵt = pU1 + (1 − p)U2.

Then the approximations of the second derivatives are:
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∂2ψ̃

∂∇u2 = L,

∂2ψ̃

∂p2 = 1
2 (ϵe · L + Lϵe) (U2 − U1) + 1

2ϵe · (L1 − L2) ϵe + 4
πℓ

(1 − 2p),

∂2ψ̃

∂(∇p)2 = γ
8ℓ
π
,

∂2ψ̃

∂p∂(∇u) = 1
2

(︃
(U2 − U1)L + ϵe(L1 − L2) + (L1 − L2)ϵe + L(U2 − U1)

)︃
,

∂2ψ̃

∂(∇p)∂(∇u) = 0, (3.7)

∂2ψ̃

∂(∇p)∂p = 0. (3.8)

3.1.4 Final form of the linearized problem
Taking the equation (3.5), erasing the terms with zero derivatives (3.7) and (3.8),
using integration by parts on the terms containing gradient of a test function and
reordering the terms, one gets:

∫︂
Y

− div
(︄

∂2ψ

∂(∇u)2 (un
t , p

n
t ) ∇(δu)

)︄
ζ − div

(︄
∂2ψ

∂p∂(∇u) (un
t , p

n
t ) δp

)︄
ζ

+ ∂2ψ

∂(∇u)∂p (un
t , p

n
t ) ∇(δu) η + ∂2ψ

∂p2 (un
t , p

n
t ) (δp) η

− div
(︄

∂2ψ

∂(∇p)2 (un
t , p

n
t ) ∇(δp)

)︄
η dX

=
∫︂

Y
div

(︄
∂ψ

∂∇u
(un

t , p
n
t )
)︄

ζ − ∂ψ

∂p
(un

t , p
n
t ) η + div

(︄
∂ψ

∂∇p
(un

t , p
n
t )
)︄
η dX.

(3.9)
Furthermore, we need to add the terms coming from the dissipation and penal-

ization, that we excluded to simplify the linearization process. Only the following
derivatives of D̃(p) and C(p) are non-zero:

∂D̃

∂p
= p− pt−1

L(∆t)2 ,

∂2D̃

∂p2 = 1
L(∆t)2 ,

∂C
∂p

=

⎧⎪⎪⎨⎪⎪⎩
cp p < 0,
0 0 ≤ p ≤ 1,
c(1 − p) p > 1,

∂2C
∂p2 =

⎧⎪⎪⎨⎪⎪⎩
c p < 0,
0 0 ≤ p ≤ 1,
−c p > 1.
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Let us plug these in the equation (3.9):

∫︂
Y

− div
(︄

∂2ψ

∂(∇u)2 (un
t , p

n
t ) ∇(δu)

)︄
ζ − div

(︄
∂2ψ

∂p∂(∇u) (un
t , p

n
t ) δp

)︄
ζ

+ ∂2ψ

∂(∇u)∂p (un
t , p

n
t ) ∇(δu) η + ∂2ψ

∂p2 (un
t , p

n
t ) (δp) η + ∂2D̃

∂p2 (pnt ) (δp) η

+ ∂2C
∂p2 (pnt ) (δp) η − div

(︄
∂2ψ

∂(∇p)2 (un
t , p

n
t ) ∇(δp)

)︄
η dX

=
∫︂

Y
div

(︄
∂ψ

∂∇u
(un

t , p
n
t )
)︄

ζ − ∂ψ

∂p
(un

t , p
n
t ) η − ∂D̃

∂p
(pnt ) η

− ∂C
∂p

(pnt ) η + div
(︄
∂ψ

∂∇p
(un

t , p
n
t )
)︄
η dX.

(3.10)

For the equation (3.10) one can use the same notation as for the Abstract
variational problem in finite elements using multilinear forms a for the left hand
side and b for the right hand side. Hence,

a (δu, δp, ζ, η) = b(ζ, η), (3.11)
where δu and δp are the unknowns we seek in each iteration of Newton algorithm.

3.1.5 Boundary conditions
The boundary condition for the displacement u is enforced by prescribing the
mean applied gradient. This means that we define F – the mean deformation
gradient – and we seek ũ – the difference from the mean deformation – such that

u = (F − I)X + ũ. (3.12)
Concerning the order parameter p, the only requirement is that it must be

periodic. This is immediately satisfied thanks to the approximation by Y-periodic
trigonometric polynomials.
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3.2 Solving the system using Fourier-Galerkin
method

3.2.1 Discretization
Recall the discretization of the domain Y from the section 2.3 and the approxi-
mations of the functions in TN using the projections PN and QN .

First, let us introduce the following notation to keep things simple:

UN := QN [δu] (x) =
∑︂

k∈Zd
N

δu(xk)φN,k (x) , (3.13)

PN := QN [δp] (x) =
∑︂

k∈Zd
N

δp(xk)φN,k (x) , (3.14)

K11 :=
[︄

∂2ψ

∂(∇u)2

(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.15)

K12 = K21 :=
[︄

∂2ψ

∂p∂∇u

(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.16)

K22 :=
[︄
∂2ψ

∂p2

(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.17)

K33 :=
[︄
∂2ψ

∂∇p2

(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.18)

S1 :=
[︄

∂ψ

∂(∇u)
(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.19)

S2 :=
[︄
∂ψ

∂p

(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.20)

S3 :=
[︄

∂ψ

∂(∇p)
(︂
un
t (xk), pnt (xk)

)︂]︄
k∈Zd

N

, (3.21)

D1 :=
[︄
∂D̃

∂p

(︂
pnt (xk)

)︂]︄
k∈Zd

N

, (3.22)

D2 :=
[︄
∂2D̃

∂p2

(︂
pnt (xk)

)︂]︄
k∈Zd

N

, (3.23)

C1 :=
[︄
∂C
∂p

(︂
pnt (xk)

)︂]︄
k∈Zd

N

, (3.24)

C2 :=
[︄
∂2C
∂p2

(︂
pnt (xk)

)︂]︄
k∈Zd

N

. (3.25)

Using this notation, we are multiplying the elements on the grid as follows:
let A be a representation of a matrix on the grid and let y be a representation of
a vector, then for example the multiplication is done at each point of the grid:

Ay =
[︂
A(xk)

]︂
k∈Zd

N

[︂
y(xk)

]︂
k∈Zd

N

=
[︂
A(xk)y(xk)

]︂
k∈Zd

N

. (3.26)
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We proceed similarly for all the operations.
Let us now take the abstract variational problem (3.11) and plug in the ap-

proximation of u and p using the notation introduced above, denote ζN := QN [ζ]
and ηN := QN [η]:

a (UN , PN , ζN , ηN) =
∫︂

Y
− div

(︄
∂2ψ

∂(∇u)2 (un
t , p

n
t ) ∇UN

)︄
ζN

− div
(︄

∂2ψ

∂p∂(∇u) (un
t , p

n
t )PN

)︄
ζN + ∂2ψ

∂(∇u)∂p (un
t , p

n
t ) ∇UN ηN

+ ∂2ψ

∂p2 (un
t , p

n
t )PN ηN + ∂2D̃

∂p2 (pnt )PN ηN + ∂2C
∂p2 (pnt )PN ηN

− div
(︄

∂2ψ

∂(∇p)2 (un
t , p

n
t ) ∇PN

)︄
ηN dX.

Next, use the property (2.9) and proceed with numerical integration:

a (UN , PN , ζN , ηN) =

= 1
|N |

∑︂
k∈Zd

N

{︄(︄
− div

(︄
∂2ψ

∂(∇u)2

(︂
un
t (xk), pnt (xk)

)︂
∇UN(xk)

)︄
, ζN(xk)

)︄
Rd

−
(︄

div
(︄

∂2ψ

∂p∂(∇u)
(︂
un
t (xk), pnt (xk)

)︂
PN(xk)

)︄
, ζN(xk)

)︄
Rd

+ ∂2ψ

∂(∇u)∂p
(︂
un
t (xk), pnt (xk)

)︂
: ∇UN(xk) ηN(xk)

+ ∂2ψ

∂p2

(︂
un
t (xk), pnt (xk)

)︂
PN(xk) ηN(xk)

+ ∂2D̃

∂p2

(︂
pnt (xk)

)︂
PN(xk) ηN(xk) + ∂2C

∂p2

(︂
pnt (xk)

)︂
PN(xk) ηN(xk)

− div
(︄

∂2ψ

∂(∇p)2

(︂
un
t (xk), pnt (xk)

)︂
∇PN(xk)

)︄
ηN(xk)

}︄
.

Further, using the orthonormality (2.2), the representation of the gradient
(2.7) and divergence (2.8) and the notation introduced at the beginning of this
section:
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a (UN , PN , ζN , ηN) =

= 1
|N |

(︃
−
[︂
F−1
N G∗

NFN

]︂
k∈Zd

N

K11
[︂
F−1
N GNFNUN(xk)

]︂
k∈Zd

N

,
[︂
ζN(xk)

]︂
k∈Zd

N

)︃
Rd

−
(︃[︂

F−1
N G∗

NFN

]︂
k∈Zd

N

K12
[︂
PN(xk)

]︂
k∈Zd

N

,
[︂
ζN(xk)

]︂
k∈Zd

N

)︃
Rd

+ K12 :
(︃[︂

F−1
N GNFNUN(xk)

]︂
k∈Zd

N

)︃ [︂
ηN(xk)

]︂
k∈Zd

N

+ K22
[︂
PN(xk)

]︂
k∈Zd

N

[︂
ηN(xk)

]︂
k∈Zd

N

+ D2
[︂
PN(xk)

]︂
k∈Zd

N

[︂
ηN(xk)

]︂
k∈Zd

N

+ C2
[︂
PN(xk)

]︂
k∈Zd

N

[︂
ηN(xk)

]︂
k∈Zd

N

−
[︂
F−1
N G∗

NFN

]︂
k∈Zd

N

K33
[︂
F−1
N GNFNPN(xk)

]︂
k∈Zd

N

[︂
ηN(xk)

]︂
k∈Zd

N

.

Similarly for the right hand side b of (3.11):

b (ζN , ηN) = 1
|N |

(︃[︂
F−1
N G∗

NFN

]︂
k∈Zd

N

S1,
[︂
ζN(xk)

]︂
k∈Zd

N

)︃
Rd

− S2
[︂
ηN(xk)

]︂
k∈Zd

N

− D1
[︂
ηN(xk)

]︂
k∈Zd

N

− C1
[︂
ηN(xk)

]︂
k∈Zd

N

+
[︂
F−1
N G∗

NFN

]︂
k∈Zd

N

S3
[︂
ηN(xk)

]︂
k∈Zd

N

.

To simplify the notation, let us write:

F−1
N G∗

NFN :=
[︂
F−1
N G∗

NFN

]︂
k∈Zd

N

,

F−1
N GNFN :=

[︂
F−1
N GNFN

]︂
k∈Zd

N

,

UN :=
[︂
UN(xk)

]︂
k∈Zd

N

,

PN :=
[︂
PN(xk)

]︂
k∈Zd

N

.

Finally as the solution does not depend on the choice of the test functions ζ
and η the system to be solved has the following form:

(︃
F−1

N G∗
N FN K11F−1

N GN FN F−1
N G∗

N FN K12
K12 : F−1

N G∗
N FN K22 + D2 + C2 − F−1

N G∗
N FN K33F−1

N GN FN

)︃(︂
UN

PN

)︂
=

=
(︃

−F−1
N G∗

N FN S1
−S2 − D1 − C1 + F−1

N G∗
N FN S3

)︃ (3.27)

3.2.2 Implementation
Looking back at the linearization process, one can see that there is a time loop to
be used, then a loop for Newtons method and finally the system (3.27) is going to
be solved using the Conjugate gradient method (CG) in each Newton’s iteration.
Prescribing the mean applied gradient requires some more work along the way.

The pseudoalgorithm is to be seen below.
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Initiate the grid.

Generate the matrix G_N.

Set the initial condition and define the mean applied gradient F_mean.

while t<t_end: Time loop

u_n = u_t;

for n=1:newton_end Newton iterations

if n==1
Evaluate K_11, K_12, K_22, K_33, S_1, S_2, S_3, D_1, D_2 at u = (F_mean-I)x + u_n

else
Evaluate K_11, K_12, K_22, K_33, S_1, S_2, S_3, D_1, D_2 at u_n

end

[delta_u, delta_p] = CGsolve(K_11, K_12, K_22, K_22, S_1,
S_2, S_3, D_1, D_2, C_1, C_2, u_n, p_n)
... use CG to get the Newton update

Force d_u to be zero in the center of the cube - fix the domain at one place

Evaluate stopping criteria for Newton

u_(n+1) = u_n + delta_u;
p_(n+1) = p_n + delta_p;

end

Evaluate the stopping criteria, modify the time step if needed.

u_(t+1) = u_t + u_(n+1);
t = t + delta_t;

end

To get the deformation at the end: u_end = (F_mean-I)x + u_t

The actual MATLAB code consists of 28 files on 824 lines. MATLAB devel-
opers consider the best and the fastest option to write each function in a separate
file. This allows the main part of the code to be simple and easy to read. We
provide the main file as Attachment A.1 and the complete code as an electronic
attachment.

The time loop

The computation is very sensitive to the choice of the time step. This is why an
adaptive time step needs to be used.

The time step ∆t is modified in the following way. If the Newton method
converges, the next ∆t is computed based on the number of iterations I the
Newton algorithm converged in. Hence

(∆t)next =(∆t) min
{︃

2, 14
I + 0.01

}︃
if I ≤ 14,

(∆t)next =(∆t) if I > 14.

If the Newton method diverges, we perform a step back:
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(∆t)next = (∆t)/2 and t = t− (∆t)next.

The Newton iterations

As already mentioned in Section 3.1.3, the second derivatives are approximated
using the small strain setting. This is why the convergence of Newton is slower
and needs also some preconditioning.

The preconditioning is done using the so-called Chord method. This method is
based on fixing the values of the second derivatives through multiple iterations,
consequently the LHS of the linear problem is updated only once per several
iterations. In this case

LHS(un−1
t , pn−1

t )δ(u, p) = RHS(un
t , p

n
t ),

(un+1
t , pn+1

t ) = (un
t , p

n
t ) + δ(u, p)

and in the next iteration

LHS(un
t , p

n
t )δ(u, p) = RHS(un

t , p
n
t ),

(un+1
t , pn+1

t ) = (un
t , p

n
t ) + δ(u, p).

These doubled iterations improve the convergence rate mainly at the begin-
ning of the computation. Later on the impact is not as big. Hence, this pre-
conditioning is used only for several timesteps at the beginning. A numerical
experiment has been performed to illustrate this behavior, see Fig. 3.2.

To further improve and stabilize the convergence of Newton, we also use an-
other useful tool. This method is called the Damped Newton method. The trick
is to multiply the iterative update by 1/λn, where λn < 1, i.e. in the algorithm

(un+1
t , pn+1

t ) = (un
t , p

n
t ) + 1

λn
δ(u, p).

The impact of damping is immediately seen during the computation, see Fig. 3.3.
We performed the computation for fixed λn = 0.5.

Although the approach with damping the Newton’s method looks promising,
in some cases, we encountered convergence errors during the computation. Some-
times it even caused that the Newton’s iterations diverged completely. Hence, it
had to be turned off while computing the main results.

The Conjugate gradient method for the linear system

In the computation, basic Conjugate gradient method is used in the basic form
as described in [10] with a very simple, but necessary, preconditioner.

Now look at the CG in detail. In each step, one needs to solve the system
(3.27). This is where the whole machinery with Fourier transform and computing
the gradient an divergence happens. To do this in an effective way, the matrices
are not actually created – in fact, we are multiplying many small matrices instead.
This is why we use the representation explained in (3.26). We have the derivatives
evaluated at the grid points and we can multiply these matrices at each point of
the grid at once. This also provides the option of parallelizing this multiplication.
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Figure 3.2: Comparison of the residual of 20 iterations of the Newton method
with and without preconditioning with the timestep (∆t) = 10−4 (as mentioned
in the section about the timeloop, the convergence is also very sensitive to the
choice of the time step).

Hence, no big matrix needs to be assembled and treated. We have almost a matrix
free algorithm.

To make the computation easy to implement and understand, we use mul-
tidimensional arrays in MATLAB, e.g. the object K11 represents the derivative
evaluated at xk for each point of the grid. This leads to an intuitive representation
using a 5D array. The first three indices represent the coordinates in the three
dimensional cube while the other two indices contain the values of the matrix
in R6×6. (We already mentioned in Chapter 1, that the fourth grade symmetric
tensor is stored as a matrix using Voigt notation.) Similarly, UN is stored as a
4D array of size (N ×N ×N × 3).

To improve the convergence of the Conjugate gradient method, a suitable
preconditioner needs to be applied, otherwise the algorithm almost does not con-
verge at all. This is caused by big differences in the values of the material pa-
rameters in the matrix L. In this case, it was sufficient to use a very simple
preconditioner in the form of a constant matrix P = (pij, where pij = 0.01,
i = 1, . . . , 3, j = 1, . . . , 2. Thanks to this preconditioner CG converges in 7 to
10 iterations, which is good enough for our computation. The impact of pre-
conditioning when using the spectral Fourier method was studied for example in
[9].
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Figure 3.3: Computation of the first time step using the damped Newton and
normal Newton.

3.3 Results
The implementation I managed to write is not well optimized and almost not
parallelized, but yet it can provide interesting results. Most importantly, all the
simulations were performed on a casual PC with very low CPU usage (up to 20 %)
where the average time of the computation was about 1 day. The computation
could, of course, use the whole CPU, but the parallelization is insufficient.

In order to test the implementation, several computations have been per-
formed. First, we tried to solve simplified problem only for elasticity with fixed
p in the whole computation. Second, we proceeded with the computation of evo-
lution of the order parameter p from random initial condition and with constant
mean applied gradient. Third, we computed the evolution of p with the mean
applied gradient changing in time. Fourth, we tried to run a simulation for a very
simple polycrystal, but the implementation revealed its limits.

In the following Figures red color always stands for p = 1 and blue color
indicates p = 0.

Elasticity with prescribed p

As a first test, we take only the first block of the linearized equation (3.27), i.e.(︃
F−1
N G∗

NFNK11F−1
N GNFN

)︃
UN = −F−1

N G∗
NFNS1.

We fix p to describe an interface in our periodic domain Y and we compute the
displacement UN – there is no time step and no mean applied gradient needed.
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The expected result is that the material should ”bend” on the interface as in
Fig. 1. The obtained result is to be seen in Fig. 3.4. In this case it took a lot
of Newton’s iterations (447) to get the residual with tolerance 10−4. We explain
more about the capability of trigonometric polynomials of approximating the
functions at the end of this section. The total time of this computation is a little
over 30 s.

Figure 3.4: Resulting deformation, if we prescribe p as colored in the figure.

Evolution of microstructure with constant mean applied gradient

In the second place, we take the the full system (3.27) and we prescribe the mean
applied gradient as

F = pRUI + (1 − p)UJ , (3.28)
where p = 0.5 and R is the matrix from Table 1.1 corresponding to the two
variants I and J we choose in each experiment.

The first experiment in this section starts from a random initial condition,
which is adjusted to be periodic and we prescribe the mean applied gradient
(3.28). The experiment is performed for the two compatible variants correspond-
ing to Bain tensors U1 and U3.

For a periodic sample Y of edge length 20 nm, we obtained the solution
as expected, reflecting the microstructure, see Fig. 3.5. We can observe that
the solution is periodic, the two phases are distributed equally divided by four
interfaces. One may think that it would be energetically more efficient to have
only one interface dividing the two phases but in that case the solution would
not be periodic. Futhermore, the interface is inclined by 45 degrees reflecting the
fact that the variants 1 and 3 are related by a 180 degrees rotation about the axis√

2(0, 1, 1) and form a type I twin – the solution of the twinning equation gives
n̂ = (0, 1, 1)/

√
2 , see [2, p. 75].

The second experiment starts from a specific initial condition, we prescribe
one slice of the variant corresponding to U2 into a periodic cell composed of
the variant corresponding to U1. We expect to see an equilibrium of these two
variants formed in the domain and again, we may observe the deformation, see
Fig. 3.6.

In this case, one may observe, that the phases are not equally distributed –
this solution has not fully converged. The convergence may be improved by a
different choice of the length scale ℓ. Here, one can observe only two interfaces
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(a) t = 0 ns (b) t = 900 ns (c) t = 1600 ns

Figure 3.5: Evolution of microstructure (parameter p) of the two variants of
martensite corresponding to Bain tensors U1/U3 twin type I on a cube with edge
length 20 nm, 213 grid points. Computed using the spectral Fourier method. The
computation takes approximately half of the day to finish.

(a) t = 0 ns (b) t = 100 ns (c) t = 250 ns

Figure 3.6: Evolution of microstructure and deformation with a specific initial
condition for p. Here for the variants of martensite corresponding to Bain tensors
U1/U2, cube edge length 20 nm, 213 grid points.

which are not inclined, this is related to the fact that the variants 1 and 2 are
related by a 180 degrees rotation about the (1, 0, 0) axis and form a Compound
twin – the solution of the twinning equation gives n̂ = (1, 0, 0), for further details
see [2, p. 75].

Evolution of microstructure with mean applied gradient depending on
time

Because of the limitations of the computation, I was not able to compute the
full evolution in time. However, I managed to run the computation for different
values of p in (3.28). The Fig. 3.7 displays the results of these simulations.
One may observe that the thickness and the order of the laminates are changing.
Although it may not be visible from the pictures, we measured the thickness of
the laminates using the ruler in ParaView and the thickness of the phases differs
by 0.6 nm in the simulation where p ̸= 0.5.
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(a) p = 0.25 (b) p = 0.5 (c) p = 0.75

Figure 3.7: Evolution of microstructure for different values of p in the mean
applied gradient (3.28).

Evolution of microstructure for a polycrystal

Although the simple results mentioned above are predictable, the ability to com-
pute it using the FFT based method is important. Once we can optimize the
computation to run fully in parallel, there is hope to obtain results for evolution
of microstructure for a polycrystal where the behavior is not predictable. Similar
experiments have been done by F. E. Hildebrand and C. Miehe in [5] using Finite
Element method, their result is shown in Fig. 3.8. In case of the spectral method
we expect the cost of the computation to be significantly lower.

However, our implementation is not sufficiently efficient to compute a solution
for a polycrystal. The reason is, that to see the evolution in a polycrystal, one
needs larger domain and more discretization points. In the implementation as it
is the computation would run for weeks.

Approximation of gradient

In the results, we mentioned that the smallest residual we were able to get is of
order 10−4. The following discussion could give an idea, why this happens and
how to improve the computation to get smaller residual.

Looking at the figures 3.9 and 3.10, it is easy to see that for a denser grid, we
may obtain better results. The function we study in this experiment is basically
the function we have chosen to approximate the interface between two variants of
martensite (1.31). The function itself is well approximated by the trigonometric
polynomials. We would need to improve the implementation to be able to test
this theory for the main computation.
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Figure 3.8: Simulation of evolution of microstructure for variants corresponding
to Bain tensors U1 and U3 done by F. E. Hildebrand and C. Miehe in [5].

3.4 Solving similar problem using FEniCS
Solving the minimization problem from Section 1.3.2 using FEniCS is way eas-
ier to implement than using the FFT method. The code is quite simple and
short (255 lines), uses predefined optimized functions including automatic differ-
entiation of the potential Π, the computation can be easily parallelized and can
efficiently use all the resources one can provide.

In this case, we are not computing on a periodic cell of an infinite periodic
domain. We have a cube of a specified edge length with a prescribed Dirichlet
boundary condition similar to the one we prescribe for the mean applied gradient
in the spectral setting. This change influences the results significantly. One
may observe different number of laminates appearing on the cube. Part of the
energy is stored in the boundary, hence it is energetically more efficient to create
more laminates. It is also possible to compute analytically the thickness of these
laminates based on the edge length, see e.g. [17, Appendix B].

Recall the potential Π (1.27). Approximate the time derivative ṗ using the
Euler method in the same way as in (3.2) and introduce the penalization defined
in (3.1). Then approximate the rate type potential at time t+ 1 in the following
way:

Πt+1(ut+1, pt+1) = (pt+1 − pt)2

2L(∆t) + ψ (ut+1, pt+1) + C (pt+1) .

In order to find the minimum of Πt+1 w. r. t. u and p we use twice the FEniCS
function derivative to obtain the matrices for the NonlinearVariationalProblem
and we solve it using the solver setup shown below.
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Figure 3.9: Approximation of the gradient of sin(x/ℓ), ℓ = 0.5, in 1D, the size of
the grid is N = 21; ”dx F(x)” stands for the exact derivative at the grid-points
and ”Fourier grad” represents the gradient computed using the operator GN .
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Figure 3.10: Approximation of the gradient of sin(x/ℓ), ℓ = 0.5, in 1D, the size
of the grid is N = 41; ”dx F(x)” stands for the exact derivative at the grid points
and ”Fourier grad” represents the gradient computed using the operator GN .
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# Solver setup in FEniCS
solver.parameters[’newton_solver’][’error_on_nonconvergence’] = False #continue if diverged
solver.parameters[’newton_solver’][’linear_solver’] = ’gmres’
solver.parameters[’newton_solver’][’preconditioner’]=’petsc_amg’
solver.parameters[’newton_solver’]["krylov_solver"]["absolute_tolerance"] = 1.0e-20
solver.parameters[’newton_solver’]["krylov_solver"]["relative_tolerance"] = 5.0e-3
solver.parameters[’newton_solver’]["krylov_solver"]["maximum_iterations"] = 200
solver.parameters[’newton_solver’]["krylov_solver"]["monitor_convergence"] = True
solver.parameters[’newton_solver’]["krylov_solver"][’error_on_nonconvergence’] = False
solver.parameters[’newton_solver’][’maximum_iterations’] = 12

Note that there is no need to compute the derivatives manually and to derive
the form of the linearized system as for FFT method.

To avoid convergence errors while solving the problem, we introduced an adap-
tive time step slightly different from the one we use for the FFT computation.

First, we need to disable the error on non-convergence in solver parameters
so that the computation is not cancelled when the solver diverges, then, if the
solver diverges, we perform a step back as follows:

∆tt+1 = ∆tt
2 , then tt+1 = tt − ∆tt+1.

If the solver does not diverge, the time step increment is modified according
to the number of Newton’s iterations performed I. In case I ≤ 8 then

∆tt+1 = ∆ttmin
{︃

2, 8
I + 0.01

}︃
else if I > 8

∆tt+1 = ∆tt
7
I

and put tt+1 = tt + ∆tt+1.
We performed the computation with random initial condition for p. We exe-

cuted the calculations for different combinations of variants and different sizes of
the test cube. All the results are however presented on the test cube with edge
length 20nm as the calculation provided enough information and did not take as
much time (here about 20 minutes) as for bigger cubes.

(a) t = 0 ns (b) t = 0.015 ns (c) t = 559 ns

Figure 3.11: Evolution of microstructure (parameter p) of the two variants of
martensite compound corresponding to Bain tensors U1/U2 on a cube with edge
length 20 nm. Computed using FEM.
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(a) t = 0 ns (b) t = 0.016 ns (c) t = 560 ns

Figure 3.12: Evolution of microstructure (parameter p) of the two variants of
martensite corresponding to Bain tensors U1/U3 twin type I on a cube with edge
length 20 nm. Computed using FEM.

(a) t = 0 ns (b) t = 0.016 ns (c) t = 764 ns

Figure 3.13: Evolution of microstructure (parameter p) of the two variants of
martensite corresponding to Bain tensors U1/U3 twin type II on a cube with
edge length 20 nm. Computed using FEM.
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Conclusion
In the first chapter of the thesis, we introduced the theoretical background for
modeling martensitic materials. In the second chapter, the theory of Fourier-
Galerkin method is explained. Finally, in the last chapter, we apply all the
theory to find the solution of several problems. This is where I have spent most
of the time writing the implementation and where I encountered several problems
and limits of the approach.

In the introduction, we stated that we want to compare the implementation
using FEM and the implementation using the FFT based method. In fact, the
two implementations are so different that it is almost impossible. Let us sum up
the properties of both methods.

FEM implemented in Python - FEniCS

The FEniCS package along with the PETSc package for manipulating with data
are well known for their quality and are widely used in many applications. The
implementation is fine tuned into the smallest details and the usage is almost
intuitive. There is no need to compute the derivatives manually or to implement
the CG or the Newton’s method. Everything is done using black box functions
and on a quite small specimen, we seem to be able to get the results in reasonable
amount of time. On the other hand for large problems, the computational costs
are growing fast – for a cube of edge length 20 nm, we get the results in about 20
minutes, for a cube of edge length 40 nm, the computation may take a few days,
comparing the computation on the same amount of nodes on a cluster.

FFT based method implemented manually in MATLAB

MATLAB is well known for its abilities in computational speed and capability
of automatic parallelization if enough resources are provided. The problem with
our implementation is that for the sake of simplicity in understanding the com-
putation, the implementation is a lot behind the possibilities MATLAB offers.

Using the Fourier-Galerkin method, we needed to create the matrix for differ-
entiation GN (the implementation of its usage is still quite effective in MATLAB),
we had to implement the CG and the Newton’s method to be able to work with
the specific array representation (still no big problems with effectivity). The prob-
lem appears when it comes to putting the system (3.27) together. Using the FFT
method, we need to compute the derivatives by hand and then write down these
relations in the code so that we get correct results. This task is quite challenging.
Recall the form of the derivatives from Section 3.1.3. The computation of all the
”matrices” Ki,j, i, j = 1, 2, 3, and ”vectors” Si, i = 1, 2, 3, is not parallelizable
in this version of the code. The matrices are built using multiple for cycles. I
did not have enough time to study all the options of vectorization and usage of
default MATLAB functions for the multidimensional arrays.

Possible improvements

First of all, the implementation needs to be parallelized to increase the speed
of the computation. Now, to get the results if we doubled the number of grid
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points would take forever. One option is to find a way to multiply the arrays in
MATLAB, second option would be to rewrite the whole code into Python as it
offers different possibilities and may seem as a better tool for the specific data
representation. Or maybe change the complicated representation in 4D and 5D
arrays to a more usual representation for which fast algorithms are already imple-
mented. Writing the implementation in MATLAB allowed us to debug the code
easily, understand the mechanics of the method and plot different comparisons
fast. Now that we know how to deal with the equations, there are many ways of
improving the code.

Second, when one has a better implementation the same experiments need to
be performed with doubled numbers of grid points to see whether the results can
be more exact as discussed using Fig. 3.9 and Fig. 3.10.

Finally, when the code is able to use all the computational resources provided,
one can make a comparison with FEniCS. The additional work with manual
differentiation must be taken into account when measuring the time. On the
other hand, once one has the derivatives computed, many problems can be solved
using the same code. Moreover, the possibility to run the computation on a casual
PC instead of a cluster can already make the difference.

⋆ ⋆ ⋆

Despite of the fact that the implementation is not fully optimized, we suc-
ceeded in putting together all the necessary theory, we have been able to write
down linearized equations for a quite complicated nonlinear problem and we ob-
tained at least some simple results. If we overlooked the time of the computation
for a moment, the 20 % CPU usage is quite small. This fact may demonstrate
that one does not always need a supercomputer to get interesting results in these
days.
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A. Attachments

A.1 The main file of the implementation
%% Simulation of the evolution of microstructure of martensite during twinning for CuAlNi
% This implementation uses a method based on the fast Fourier transform.
% The results are exported to .vtk file for a ParaView visualization.

clc;
clear;

dim=3;
N=21; % size of the grid
c=11; % center point of the cube
L=10; % half of the size of the cube in nm
Np=Nˆdim; % number of nodes
h=(2*L)/(N+1); % distance between nodes

% Enable logging the output
diary ’u1u3.log’
diary on

lambda = 0.5; % constant for Damped Newton

%% Coordinates
x=zeros(N,N,N,dim);
[x(:,:,:,1),x(:,:,:,2),x(:,:,:,3)]=meshgrid(-L+h:h:L-h,-L+h:h:L-h,-L+h:h:L-h);

%% Derivative matrix G - includes generating frequencies
G=make_G(N,L);

%% Initiate the variables
u_0 = zeros(N,N,N,3);
p_0 = rand(N,N,N);

%% Make p_0 periodic
for i=1:N

for j=1:N
p_0(1,i,j) = p_0(N,i,j);
p_0(i,1,j) = p_0(i,N,j);
p_0(i,j,1) = p_0(i,j,N);

end
end

%% Model parameters
gam = 0.02; % Twin interface energy density
el = 0.4; % Length scale across the interface
mu = 0.01; % Viscosity - mobility is computed as 1/mu
C = 1000; % Constraint constant

% Orthorombic symmetry CuAlNi
c11=189.0;
c22=141.0;
c33=205.0;
c44=54.9;
c55=19.7;
c66=62.6;
c12=124.0;
c13=45.5;
c23=115.0;

Q12 = [0 0 1.0 0 0 0;...
0 1.0 0 0 0 0;...
1.0 0 0 0 0 0;...
0 0 0 0 0 1.0;...
0 0 0 0 -0.1 0;...
0 0 0 -1.0 0 0];

Q13 = [0 0 1.0 0 0 0;...
1 0 0 0 0 0;...
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0 1 0 0 0 0 ;...
0 0 0 0 1 0;...
0 0 0 0 0 1;...
0 0 0 1 0 0];

L1 = [c11 c12 c13 0 0 0;...
c12 c22 c23 0 0 0;...
c13 c23 c33 0 0 0;...
0 0 0 2.0*c66 0 0;...
0 0 0 0 2.0*c55 0;...
0 0 0 0 0 2.0*c44];

Rot = [0.5 0 0.5 0 1/sqrt(2) 0;...
0 1 0 0 0 0;...
0.5 0 0.5 0 -1/sqrt(2) 0;...
0 0 0 1/sqrt(2) 0 1/sqrt(2);...
-1/sqrt(2) 0 1/sqrt(2) 0 0 0;...
0 0 0 -1/sqrt(2) 0 1/sqrt(2)];

L_1 = Rot*L1*Rot’;
L_2 = Q13*L_1*Q13’;

%% Define Bain tensors as in Bhattacharya (2003)
alpha=1.0619;
beta=0.9178;
gamma=1.0230;
U_1=[(alpha+gamma)/2 0 (alpha-gamma)/2;...

0 beta 0;...
(alpha-gamma)/2 0 (alpha+gamma)/2];

% U_2=[(alpha+gamma)/2 0 (gamma-alpha)/2;...
% 0 beta 0;...
% (gamma-alpha)/2 0 (alpha+gamma)/2];
% R_1=[0.999304, 0, 0.037303;...
% 0, 1, 0;...
% -0.037303, 0, 0.999304];
U_2=[(alpha+gamma)/2 (alpha-gamma)/2 0;...

(alpha-gamma)/2 (alpha+gamma)/2 0;...
0 0 beta]; %%U_3

R_1=[0.999696 -0.0185057 0.0162986;...
0.0162986 0.991838 0.126456;...
-0.0185057 -0.126152 0.991838]; %%U_1/U_3 type I

I=make_I(N); % create 5D identity matrix
K_33=gam*8*el/pi; % constant

t = 0;
delta_t = 0.1;

%% Mean deformation gradient
F_mean = zeros(N,N,N,3,3);
u_mean = zeros(N,N,N,3);
for i=1:N

for j=1:N
for k=1:N

F = 0.5.*R_1*U_1 + (1-0.5).*U_2;
F_mean(i,j,k,:,:) = F;
y = [x(i,j,k,1) x(i,j,k,2) x(i,j,k,3)];
u_mean(i,j,k,:) = (F - eye(3))*y’;

end
end

end
mean_norm = sqrt(abs(scalar_product(u_mean,u_mean,3,N)));

%% Initiate u_t
u_t = u_0;
p_t = p_0;
p_1 = p_0;
u_1 = u_0;
p_k = p_t;
u_k = zeros(N,N,N,3);
iter = 1;

% Start measuring the computation time
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tic

%% Time loop
while t<5000

%% Add dissipation and constraint
disip_d = (p_t-p_1)*mu/delta_t;
disip_dd = mu/delta_t;

%% Initiate Newton
% LHS of the equation
L=make_L(p_k,N,L_1,L_2); %6x6 matrix on 3D grid: L=p*L_1+(1-p)*L_2
F_t=make_F_t(p_k,N,U_1,U_2); %3x3 matrix on 3D grid: F_t=p*U_1+(1-p)*U_2
grad_u=make_grad_u(u_k,G); % computes F’*G*F*u
grad_p=make_grad_p(p_k,G);
F=I+grad_u;
F_e=make_F_e(F,F_t,N); % computes F_e=F*F_t?(-1)
E_e=make_E_e(F_e,N); % computes E_e=1/2(F_e*F_e’-I)
K_11=make_K_11(p_k, L_1, L_2, N); % 4th grade tensor
K_12=make_K_12(E_e, L, U_1, U_2, L_1, L_2, N);
K_22=make_K_22(E_e, L, p_k, U_1, U_2, L_1, L_2, el, N, C);

% RHS of the equation
F = F_mean;
F_e=make_F_e(F,F_t,N); % computes F_e=F*F_t?(-1)
E_e=make_E_e(F_e,N); % computes E_e=1/2(F_e*F_e’-I)
S_1=make_S_1(E_e, L, F_e, F_t, N);
S_2=make_S_2(E_e, L, F_e, F, F_t, p_k, U_1, U_2, L_1, L_2, gam, el, N, C);
S_3=make_S_3(gam,el,N,grad_p);
b = connect(-div(G,S_1,2), -S_2+div(G,S_3,1)-disip_d,N);
init_res = sum(sum(sum(sum(sum(b.*b)))))/Np;

lambda = 0.5;

%% Newton loop
for new=1:20

C_d = 2*C; % constraint

d_u = zeros(N,N,N,dim);
d_p = zeros(N,N,N);

[d_u,d_p] = CGsolve(K_11,K_12,K_22,K_33,disip_dd,b,C,G,N);
d_u(c,c,c,1) = 0;
d_u(c,c,c,2) = 0;
d_u(c,c,c,3) = 0;
u_k = u_k + (1/lambda).*d_u;
p_k = p_k + (1/lambda).*d_p;

L=make_L(p_k,N,L_1,L_2); %6x6 matrix on 3D grid: L=p*L_1+(1-p)*L_2
F_t=make_F_t(p_k,N,U_1,U_2); %3x3 matrix on 3D grid: F_t=p*U_1+(1-p)*U_2
grad_u=make_grad_u(u_k,G); % computes F’*G*F*u
grad_p=make_grad_p(p_k,G);
F=I+grad_u;
F_e=make_F_e(F,F_t,N); % computes F_e=F*F_t?(-1)
E_e=make_E_e(F_e,N); % computes E_e=1/2(F_e*F_e’-I)

% Compute new LHS
disip_d = (p_k-p_t)*mu/delta_t;
S_1=make_S_1(E_e, L, F_e, F_t, N);
S_2=make_S_2(E_e, L, F_e, F, F_t, p_k, U_1, U_2, L_1, L_2, gam, el, N, C);
S_3=make_S_3(gam,el,N,grad_p);
b = connect(-div(G,S_1,2), -S_2+div(G,S_3,1)-disip_d,N);
res = sum(sum(sum(sum(sum(b.*b)))))/Np;

% Get the "preconditioning" update
[d_u,d_p] = CGsolve(K_11,K_12,K_22,K_33,disip_dd,b,C,G,N);
d_u(c,c,c,1) = 0;
d_u(c,c,c,2) = 0;
d_u(c,c,c,3) = 0;
u_k = u_k + (1/lambda).*d_u;
p_k = p_k + (1/lambda).*d_p;

% Compute new RHS
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disip_d = (p_k-p_t)*mu/delta_t;
L=make_L(p_k,N,L_1,L_2); %6x6 matrix on 3D grid: L=p*L_1+(1-p)*L_2
F_t=make_F_t(p_k,N,U_1,U_2); %3x3 matrix on 3D grid: F_t=p*U_1+(1-p)*U_2
grad_u=make_grad_u(u_k,G); % computes F’*G*F*u
grad_p=make_grad_p(p_k,G);
F=I+grad_u;
F_e=make_F_e(F,F_t,N); % computes F_e=F*F_t?(-1)
E_e=make_E_e(F_e,N); % computes E_e=1/2(F_e*F_e’-I)
K_11=make_K_11(p_k, L_1, L_2, N); % 4th grade tensor
K_12=make_K_12(E_e, L, U_1, U_2, L_1, L_2, N);
K_22=make_K_22(E_e, L, p_k, U_1, U_2, L_1, L_2, el, N, C);
S_1=make_S_1(E_e, L, F_e, F_t, N);
S_2=make_S_2(E_e, L, F_e, F, F_t, p_k, U_1, U_2, L_1, L_2, gam, el, N, C);
S_3=make_S_3(gam,el,N,grad_p);

% Compute the residual
b = connect(-div(G,S_1,2), -S_2+div(G,S_3,1)-disip_d,N);
res = sum(sum(sum(sum(sum(b.*b)))))/Np;

% Norm of the iterative update
update = (1/lambda).*connect(d_u,d_p,N);
norm = sum(sum(sum(sum(sum(update.*update)))))/Np;

% Disable Damped Newton for further steps
if new == 11

lambda = 1;
end

% Evaluate the stopping criteria
if res < 1e-4 && new > 1

sprintf(’newton converges in %d iteration, residual %d’, new, res)
break;

end

end

% Reset the timestep if it is already too small
if delta_t<1e-8

delta_t = 0.001;
end

% Evaluate the criteria for the adaptive timestep
if res/init_res>1 && res>0.5

delta_t = delta_t/3;
t = t - 2*delta_t;
u_k = u_t;
p_k = p_t;
disp(’step back’)

else
if new<9

m = 9/(new+0.01);
if 2<m

delta_t = 2;
else

delta_t = m;
end

else
delta_t = delta_t;

end
sprintf(’t=%d, residual=%d, step=%d’, t, res, iter)
t = t+delta_t;
rel_res = res/init_res;

iter = iter + 1

% Proceed with iterative update of the time loop.
u_2 = u_1;
p_2 = p_1;
u_1 = u_t;
u_t = u_k;
p_1 = p_t;
p_t = p_k;

68



u_iter = u_mean + u_k;

% Save residual
res_hist(iter) = res;

% Export the data for a simulation
vtkwrite(sprintf(’%d_u1u3twinI.vtk’, iter),’structured_grid’,
x(:,:,:,1),x(:,:,:,2),x(:,:,:,3),’vectors’,’displacement’,
u_iter(:,:,:,1),u_iter(:,:,:,2),u_iter(:,:,:,3), ’scalars’, ’p’, p_t)
save(’computation1.mat’) % Save the variables in the current timestep

(mainly for debugging)
end

end
% Get the elapsed time
toc
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