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Abstract: The need to understand the structure of complex networks increases
as both their complexity and the dependency of human society on them grows.
Network centralities help to recognize the key elements of these networks. Be-
tweenness centrality is a network centrality measure based on shortest paths.
More precisely, the contribution of a pair of vertices u, v to a vertex w ̸= u, v is
the fraction of the shortest uv-paths which lead through w. Betweenness central-
ity is then given by the sum of contributions of all pairs of vertices u, v ̸= w to w.
In this work, we have summarized known results regarding both exact values and
bounds on betweenness. Additionally, we have improved an existing bound and
obtained more exact formulation for r-regular graphs. We have made two major
contributions about betweenness uniform graphs, whose vertices have uniform
betweenness value. The first is that all betweenness uniform graphs of order n
with maximal degree n − k have diameter at most k, by which we have solved a
conjecture posed in the literature. The second major result is that betweenness
uniform graphs nonisomorphic to a cycle that are either vertex- or edge-transitive
are 3-connected, by which we have partially solved another conjecture.
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Introduction
Many real-world systems, either created by our society or having natural origins,
have quite a complicated structure, which can be characterized by the interac-
tion of mutually connected subsystems. Such systems consist of smaller units or
subsystems, each one having its own dynamics. Moreover, the dynamics of these
subsystems are interconnected via mutual synchronization, such as when neurons
release neurotransmitters and thus influence other neurons in the brain. For a
particular subsystem, its behavior is given by both its own natural dynamics
and additional inputs received from other subsystems, which are used for syn-
chronization. There are many potential types of synchronization and sometimes
such a complicated structure is very hard to be modeled or at least character-
ized. To characterize some of the properties of such systems, many scientific fields
have adopted the notion of complex networks. [6] [26] [70] [78] In simple terms,
a complex network is a graph representing the potentially complicated internal
structure of these multi-component systems. The results of the above-mentioned
articles show that the analysis of a complex network corresponding to such a
system often supports the solution of diverse tasks over the system.

Examples of the above mentioned systems includes the human brain [87],
Earth’s climate [85], the Internet [1][15][64], social networks like Facebook, Insta-
gram or Twitter [55] [62], transportation systems [41][45], protein interactions in
organisms [46], industry [16] and many others.

As mentioned above, the analysis of dynamical systems can be significantly
supported by information obtained from the analysis of the corresponding com-
plex network. The characterization of such a network includes a description of
information flow in the graph which in turn corresponds to an existing synchro-
nization pattern in the underlying system. Multiple questions are interesting for
complex networks, including these: What are the roles of particular nodes (that
correspond to subsystems)? How can one create groups of nodes which are closely
related in the network and thus highly mutually dependent in the underlying sys-
tem? How to characterize the structure of the network and how vulnerable it is to
small structural changes? How do dynamical processes behave in this particular
network? More questions are dealing with more specific tasks and phenomena.
Many questions relate to evaluating the importance of a node or to the charac-
terization of an information transfer on the domain of the network. Considering
these topics, the following questions arise:

1. Are there any nodes and edges providing a fast connection between distant
parts of the network? [47]

2. Are there any nodes that are frequently used in connections of different
parts? [35]

3. Which parts of the network are located in the geographical or logical center
of the network? [47][80]

Having such knowledge enhances our understanding of the network and conse-
quently of the underlying system. Recognizing the nodes lying in the central part
of a transportation network, with respect to the speed of transfer between nodes,
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can help to improve the routing algorithms. Users having a great influence on
certain groups of people on social networks can be used to efficiently spread the
information throughout the whole network. Routers and servers with the heaviest
traffic passing through them represent vulnerable parts of the whole system when
concerning fluent communication. We can determine these vulnerable points us-
ing the complex network analysis and use that information to either secure or to
boost the reliability of their back-up processes. [80] In the network of the real-
world meetings among people, such data can be used to vaccinate primarily the
people who could spread the disease to many others and thus effectively slowing
down the spread of the disease.[53] Thanks to the network analysis, it is possible
to understand which proteins are the most important for the survival of a biolog-
ical cell [46]. Changes in the structure of brain connections causing prolonging
of communication paths were shown to accompany the Alzheimer’s disease [87].
Overall, a deeper understanding of the structure of a network enables us to learn
about the processes in the underlying system, makes the networks more secure
and reliable, and helps to prevent destructive events. In some cases it is even
possible to transform the network to improve its functionality. [9][17]

A usual way to answer such questions is using network centrality measures.
Such measures can be either local, i.e. defined for a single node and expressing
its importance from a certain viewpoint in comparison with the rest of the nodes,
or global, assigning a value corresponding to a level of centralization of the whole
network, which is usually related to interconnectedness or the average time of
spreading the information through the network, and enables us to compare dif-
ferent networks. An overview of the most common centrality measures will be
given in Chapter 1.

To define these measures formally, let us note that networks are described
using graphs. Throughout this thesis, only undirected networks are considered.
The following common notation of graph theory will be used. Let G = (V, E)
be an undirected connected graph with vertex set of size n and edge set of size
m. Usually, n denotes the order of the graph and m is denotes the size of the
graph. Having u, v ∈ V (G), dG(u, v) stands for the distance of u and v, which
is the length of the shortest path between u and v. Diameter d(G) of a graph
G is the maximal distance between vertices in G. We define transmission tv of
a vertex v ∈ V (G) as the sum of all shortest paths in G having an endpoint
in v. For v ∈ V (G), N(v) denotes the set of all neighbours of v and degree
deg(v) denotes the number of neighbours of v, which is equivalent to |N(v)|.
Using the above stated definitions, we can define the maximal degree ∆(G) =
maxv∈V (G) deg(v) and the minimal degree δ(G) = minv∈V (G) deg(v). We say that
a graph G is r-regular if ∀v ∈ V (G) holds deg(v) = r and we say that a graph
G is regular, if there exists r ∈ N such that G is r-regular. The adjacency matrix
An×n of a graph is a matrix with Ai,j = 1 if vertices i and j are connected,
Ai,j = 0 otherwise. Given two graphs G and H, a function ϕ : V (G) → V (H)
is called an isomorphism of graph G to graph H if and only if it is a bijection
and for all uv ∈ E(G), resp. uv /∈ E(G), it holds that ϕ(u)ϕ(v) ∈ E(H),
resp. ϕ(u)ϕ(v) /∈ E(H). An automorphism is isomorphism of G to itself. A
graph G is vertex-transitive if ∀u, v ∈ V (G) exists automorphism ϕ(G) such that
ϕ(u) = v. A graph G is edge-transitive if ∀uv, xy ∈ E(G) exists automorphism
ϕ(G) such that ϕ(u)ϕ(v) = xy. We can easily observe that vertex-transitive
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graphs are always regular, as there cannot be automorphism projecting vertices
with different degrees onto each other. However, this is not the case for edge-
transitive graphs. For example the complete bipartite graph Km,n for m ̸= n is
edge-transitive, but is not regular at the same time. On the other hand, some
graphs are edge-transitive and regular, but not vertex-transitive. These graphs
are called semi-symmetric and the smallest one is the Folkman graph shown in
Figure 0.1. As a result, edge-transitive graphs are not necessarily vertex-transitive
and vice versa, see Figure 1.8b. [83], [65]

Notation for special types of graphs will be used, such as Cn for a cycle on
n vertices, Kn for complete graph on n vertices and Ka,b for complete bipartite
graph with partitions of sizes a and b. Graph class containing Cn for all n ∈ N is
denoted by C. The remaining basic definitions and notation are taken from the
fourth chapter of the book Invitation to Discrete mathematics [57].

The main focus of this thesis is on betweenness centrality, which measures the
importance of a vertex based on the amount of shortest paths containing the given
vertex compared to all shortest paths.[27] Roughly speaking, the contribution of
a pair of vertices u, v to the betweenness centrality of a vertex v is given by
the fraction of shortest uv-paths between these vertices which contain the given
vertex. For an example see Figure 0.2. The value of betweenness centrality of a
vertex is then obtained by summing contributions of all pairs of vertices in the
graph. Exact definition and further details are given in Section 1.1. Betweenness
centrality is often used to understand the structure of real-life complex networks.
[18] [21] [69] It is, however, not thoroughly studied on theoretical basis. There
is some literature concerning exact betweenness values in certain types of graphs
([2] [3] [4] [13] [19] [28] [31] [50] [49] [56] [77]), bounds on values of betweenness
([5] [12] [14] [32] [22] [25] [31] [33] [38] [44] [48] [56] [59] [71]), and uniformity of
its values ([32] [33] [43] [56] [59]). These publications state many questions and
open problems in three main areas, trying to solve the following tasks:

• giving formulas for the exact betweenness centrality values of vertices for
graphs in the given graph family

• searching bounds for the betweenness centrality, and

• characterize graphs having the same values of betweenness centrality for all
vertices or edges.

This work summarizes known results and deals with some questions in these three
areas – they are addressed in separate chapters.

To emphasize the role of betweenness-centrality, Chapter 1 defines the most
commonly used centrality measures and presents their behavior on simple graphs.
In Chapter 2, we provide an overview of results which give formulas for between-
ness centrality of vertices in certain graph families. Chapter 3 describes between-
ness centrality bounds in general graphs and contains an improvement of one
such bound both for general and k-regular graphs. In Chapter 4, graphs with
uniform betweenness centrality of vertices and edges are examined and a conjec-
ture connecting high degree with small diameter in betweenness uniform graphs
is proven.
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Figure 0.1: Folkman graph

Figure 0.2: Illustration of the contribution of pair of vertices u, v to betweenness
centrality of vertex x. Curves symbolize shortest paths. The number of shortest
paths from u to v thorough x is four, as there are two ways how to get from u to x
and two ways how to get from x to v. The contribution of u and v to betweenness
of x is 4

4+3 = 4
7 , as there are four shortest paths between u and v through x and

seven shortest paths between u and v in total.
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1. Centrality measures
There is an ongoing search for reasonable and useful definitions of centrality of a
vertex or the whole graph.

There exist many different notions of centrality as well as many networks based
on different phenomena and it seems natural that some definitions of centrality
are more fitting for some network types but almost useless for other network
types. Note that these notions are called centrality measures even though they
are often not measures in the matematical sense.

When we consider how suitable is the chosen centrality for a graph in hand,
we usually need to know which phenomenon is represented by the given graph.
It is hard to compare centralities without the context of what the given network
stands for, because in general there is no clear idea which properties make one
centrality better than the other. There were several attempts to set a collection
of generally desirable rules which each measure has to fulfill in order to be called
a centrality.[51] However, there are still some centralities proven to be highly
useful in practice, which do not meet such rules [51]. One desirable property of a
centrality measure is being preserved by graph automorphism. This is a property
of local centrality measures and will be further described below.

In the following sections, we will list both local and global measures and
properties used to assess centrality.

1.1 Local centrality measures
The most commonly used approach is to evaluate the centrality for a vertex or an
edge. For evaluation real numbers are considered. Usually, we restrict ourselves
to positive numbers only. Altogether we can define

1. (vertex) centrality as a function C : V (G) → R+
0 , and

2. edge centrality as a function Ce : E(G) → R+
0 .

In some cases, it is desirable to normalize the value returned by the function to fall
into the interval (0, 1), such that comparing graphs of different orders is possible.
For local centrality measures should be preserved by graph automorphism, as the
returned value should depend only on the structure of the graph.

Centrality represents the importance of the given vertex or edge regarding
both the structure of the network and the process or system on which it is based.
Considering various contexts and various approaches, there are multiple ways
how to define the importance of an element of the network, i.e. vertex or edge,
including the number of neighbors, the accessibility from different parts of the
network, the flow of information through the element and the interconnectedness
with other important elements. In some cases, it might even be useful to combine
more different notions of importance into one centrality measure, as has been done
by Liu, Chen and Lin.[53]

The degree of a vertex is a reasonable first choice to measure centrality. The
degree centrality (DC) measure has been defined by Nieminen in 1974 [61] as the
degree of the given vertex. There were earlier attempts to use degree of a vertex
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to establish its centrality, but only as a part of a more complicated expression.
Sometimes, degree centrality is normalized by the maximal achievable degree [29],

DCs(v) = deg(v)
(n − 1)

or by the maximal degree in the given graph G [36],

DC ′
s(v) = deg(v)

maxw∈V (G) deg(w)

The normalization makes it possible to compare centrality of nodes in different
networks. We will stick to the standardization by maximal achievable degree as
it allows comparing centrality of vertices with the highest degree in the networks.

Evaluating people according to degree centrality is important particularly in
social networks, as people with high degree centrality will likely intermediate
supply and demand of certain resources, e.g. jobs or professional advice, among
their friends.

The first use of a degree of a vertex as a centrality measure has been done
by Nieminen in a psychology journal.[61] However, degree centrality has certain
limitations as it only takes into account direct connections between nodes. From
this point of view, degree centrality is too local for some perspectives on what
centrality means. For example, the vertex with the highest degree in the graph
shown in Figure 1.1 is important for its neighbors, whereas it does not have much
significance for the vertices in the rest of the graph. Especially when consider-
ing traveling across the graph or transferring information, it is also relevant how
interconnected the neighbors of the given vertex are. In Figure 1.3 we can see
two graphs with central vertices having the same degree, which is maximal. In
the star, the vertex plays a key role from all possible views of centrality, but in
the second graph, the vertex is not of much importance, at least from some view-
points. For example, in the latter case, the graph does not become disconnected
when removing the central vertex, meaning it is not as crucial for the function of
the network as the central vertex in the star. The values of different centrality
measures for these two graphs are listed in Table 1.1. Another comparison of
centrality measures mentioned in this chapter is in Table 1.2, the corresponding
graph is shown in Figure 1.4. The values were obtained using the NetworkX
package for Python.[39]

Degree centrality can be generalized by eigenvector centrality (EC). Instead
of just counting the number of neighbors, the centrality of each vertex is given by
the sum of centralities of its neighbors, so a vertex gets high centrality either by
having many neighbors or by having important neighbors. For example in social
networks, this reflects the natural fact that people related to powerful people tend
to be considered powerful as well. Eigenvector centrality can be expressed as

ECk+1(i) =
∑︂

j

Ai,jECk(j)

where EC0(v) = 1 for all v ∈ V (G) and A is the adjacency matrix of G. It is not
hard to observe that EC1(v) = deg(v). In limit for k → ∞, it can be shown that

EC(i) = 1
λ

∑︂
j

Ai,j deg(j)
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Figure 1.1: Vertex with the highest degree (on the left) doesn’t have to be in the
logical center of the graph.

(a) A star K1,5 (b) A wheel

Figure 1.3: In the star, the central vertex z is more important for its neighbours
than is z′ in a wheel created from K1,5 by adding some edges. We can observe
that degree alone cannot be used to judge the importance of vertices.

Overview of different centralities on the star (see Figure 1.2a)
centrality v w x y z
degree 0.25 0.25 0.25 0.25 1.00
eigenvector 0.35 0.35 0.35 0.35 0.71
closeness 0.57 0.57 0.57 0.57 1.00
betweenness 0.00 0.00 0.00 0.00 1.00
Overview of different centralities on the wheel (see Figure 1.2b)

centrality v′ w′ x′ y′ z′

degree 0.75 0.75 0.75 0.75 1.00
eigenvector 0.43 0.43 0.43 0.43 0.53
closeness 0.80 0.80 0.80 0.80 1.00
betweenness 0.06 0.06 0.06 0.06 0.11

Table 1.1: Comparison of different centrality measures for graphs from Figure
1.3.

Overview of different centralities on the path P5 (see Figure 1.4)
centrality v′′ w′′ x′′ y′′ z′′

degree 0.25 0.50 0.50 0.50 0.25
eigenvector 0.29 0.50 0.58 0.50 0.29
closeness 0.40 0.57 0.67 0.57 0.40
betweenness 0.00 0.50 0.67 0.50 0.00

Table 1.2: Comparison of different centrality measures for P5.
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where λ is the largest eigenvalue of A and this is where the name of this centrality
comes from. The computation of eigenvalue centrality is usually done iteratively.
There are several variations of this centrality, for example Katz centrality dealing
with oriented networks and its improvement PageRank, which is a well-known
centrality measure used by Google to rank the importance of websites. [60]

Figure 1.4: A path P5

The centrality of a node may be also assessed according to the speed of infor-
mation spreading from a single node to the whole network. This is the basic idea
of the closeness centrality measure (CC) defined as

CC(v) = 1∑︁
u∈V (G) d(u, v)

The denominator evaluates how far the vertex v is from any other node in the
graph. The reciprocal value is used to have higher closeness centrality for vertices
with a small sum of distances (these vertices are close to many other vertices)
and not vice versa. Vertices with high closeness centrality have a small average
distance to the remaining vertices.

Another perspective to measure the centrality of a vertex is to consider the
number of shortest paths going through the given vertex. For example in a com-
munication network, if we suppose that information is always being transferred
along the shortest paths, then the node with a high fraction of shortest paths
going through has greater access to information or even a higher possibility to
manipulate them. Betweenness centrality is motivated by this perspective and is
defined as

B(u) =
∑︂

x,y ∈V (G)\{u}
x ̸=y

σx,y(u)
σx,y

(1.1)

where σx,y is the total number of shortest x, y-paths and σx,y(u) is the total num-
ber of shortest x, y-paths going through u (not including paths with an endpoint
in u).[28]
Remark. There is an alternative definition which is also commonly used. [14][31]

B′(u) =
∑︂

(x,y)∈V (G)×V (G)
x ̸=y ̸=u

σx,y(u)
σx,y

(1.2)

The main reason for considering oriented pairs of vertices is that the results are
then easily generalized for directed graphs.[37] These two definitions are basically
equivalent, it is easy to observe that B′(u) = 2B(u). Throughout this thesis, we
use unoriented pairs of vertices to count betweenness centrality.

Betweenness can be defined not only for vertices, but also for edges. Edge
betweenness centrality of uv ∈ E(G) is defined analogically as

Be(uv) =
∑︂

x,y∈V (G)

σx,y(uv)
σx,y

10



(a) The contribution of pair u, v to
Be(xy) is 4

9 as there are 4 shortest paths
passing through xy of 9 shortest uv-
paths in total.

(b) The contribution of pair u, v to
Bg(M) is 8

11 , as there are 8 out of 11
shortest uv-paths, which pass through
at least one vertex of M .

(c) The contribution of pair u, v to Ba(x) is 8
7 as there are four edges

xy, xy′, xy′′, xy′′′ incident to x, each with edge betweenness 2
7 because 2 out of

7 shortest uv-paths pass through one of them. Note that 8
7 = 24

7 = 2B(x).
Pair of vertices x, y contributes one to edge betweenness of the edge xy, that
is the reason for the additive part of the expression (1.1).

Figure 1.6: Illustrations of the contribution of a pair of vertices u and v to different
types of betweenness centrality.

edge edge betweenness centrality
(v′′, w′′) 0.40
(w′′, x′′) 0.60
(x′′, y′′) 0.60
(y′′, z′′) 0.40

Table 1.3: Edge betweenness centrality for edges in graph P5 (see Figure 1.4)

set of nodes group betweenness centrality
{v′′, w′′} 0.00
{w′′, x′′} 0.67
{x′′, y′′} 0.67
{y′′, z′′} 0.00
{w′′, y′′} 1.00

{w′′, x′′, y′′} 1.00

Table 1.4: Group betweenness centrality for some sets of nodes from the graph
P5 (see Figure 1.4)
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for σx,y(uv) be the number of shortest x, y-paths containing edge uv [35], see
Figure 1.5a for illustration. Table 1.3 contains values of edge betweenness for the
path P5 from Figure 1.4. Based on edge betweenness of adjacent edges, we can de-
fine the adjusted betweenness centrality of a vertex u as Ba(u) = ∑︁

w∈N(u) Be(uw).
Illustration of behavior of adjusted betweenness in a simple case is shown in Fig-
ure 1.5c. As all shortest paths going through a vertex u have to go through two
edges incident with u (to get to and from u), adjusted betweenness has linear
relation with standard betweenness,

B(u) = Ba(u) − n + 1
2 (1.3)

which has been shown by Caporossi, Paiva, Vukicevic and Segatto.[12].
Betweenness centrality has many applications including effective choice of

people in population to vaccinate in order to minimize the spread of a disease
when the number of vaccinations is limited[53], chemical network analysis [86],
transportation systems [52], [68], social networks [63] and theoretical computer
science [7].

This thesis will focus on betweenness centrality from the graph-theoretical
point of view. One of the main graph classes studied will be the class of between-
ness uniform graphs BU , where all vertices have the same value of betweenness.
Some simple betweenness uniform graphs are for example Kn and Cn. A less
symmetric example is shown in Figure 1.7.

Figure 1.7: Example of betweenness uniform graph, which is clearly not ver-
tex transitive, because it contains vertices with different degrees between which
cannot exist any automorphism.

Observation 1.
Betweenness centrality is preserved by automorphisms.

Proof. In a graph G, each vertex has some betweenness value. We use the fact
that automorphism ϕ : V (G) → V (G) is a bijection, i.e. that no two vertices
from the source are projected to the same vertex of the image and each vertex of
the image has exactly one vertex of the source, which projects to it. Betweenness
centrality of a vertex is the sum of contributions of shortest paths between pairs
of vertices in the graph. Each shortest path in the source projects to a unique
path in the image and so the betweenness of vertex ϕ(v) ∈ ϕ(V (G)) is the same
as the betweenness of vertex v ∈ V (G). We get that (up to relabeling of vertices),
values of betweenness are preserved.

12



Corollary 2.
Let G be a vertex-transitive graph. Then G is also betweenness uniform.

The opposite implication does not hold, the counterexample is the graph
from Figure 1.7, which is betweenness uniform but not vertex-transitive. Edge-
transitivity also does not imply betweenness uniformity by itself. Example is
any complete bipartite graph Km,n with m ̸= n. The automorphism between
uv, xy ∈ E(Km,n) is defined as ϕ(u) = x and ϕ(v) = y and ϕ(w) = w ∀w ∈
V (Km,n) \ {u, v}. The graph Km,n is not betweenness uniform for m ̸= n, see
Theorem 47. However, Proposition 147 proves that if edge-transitive graph is
also required to be regular, then it is betweenness uniform.

Even by itself, edge-transitivity has interesting implications. By argument
very similar to the one of the Observation 1, we obtain this observation for edge
betweenness.

Observation 3.
Edge betweenness centrality is preserved by automorphism.

Corollary 4.
Any edge-transitive graph is edge betweenness uniform.

Borgatti and Everett [23] defined group betweenness centrality for M ⊂ V (G)
as

Bg(M) =
∑︂

x,y ∈V (G)\{M}
x ̸=y

σx,y(M)
σx,y

where σx,y(M) denotes number of shortest paths going through at least one
vertex from M , see Figure 1.5b for illustration and Table 1.4 for values of group
betweenness for some groups of nodes of P5. It might seem natural that if a graph
is betweenness uniform, then the group betweenness of groups of same size would
be also the same. However, this is not the case.

Claim 5.
There exists G ∈ BU and a, b, c, d ∈ V (G) such that Bg({a, b}) ̸= Bg({c, d}).

Proof. We will show that C6 shown in Figure 1.8a is the example of such graph
for a = 1, b = 4, c = 1, d = 5, i. e. a graph where vertices in the pairs are
not neighboring with each other. For any two vertices there exists an automor-
phism equal to a rotation of G, which projects one vertex onto the other and thus
makes G vertex-transitive. From Corollary 2, G is betweenness uniform. Now it
is enough to compute the group betweenness centrality of {1, 4} and {1, 5} and
observe that they are different. The list of all contributing paths and the fraction
which they contribute is included in Table 1.5.

Furthermore, there also exists a graph having two pairs of adjacent vertices,
which have different group betweenness. One such graph is shown in Figure 1.8b
and the summary of all shortest paths contributing to the group betweenness is
included in Table 1.7. Note that both these graphs are vertex transitive, so the
claim also doesn’t hold even when restricted to vertex transitive graphs.
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(a) Example of betweenness
uniform graph having two
nonadjacent pairs of vertices
with distinct group between-
ness. The pairs are for exam-
ple {1, 4} and {1, 5}.

(b) Example of betweenness uniform graph hav-
ing two adjacent pairs of vertices with distinct
group betweenness. The pairs are for example
{1, 5} and {1, 6}.

Figure 1.8: Betweenness uniform graphs containing pairs of vertices with different
group betweenness.

Counting Bg({1, 4})
from to via adds ∑︁

2 6 1 1
3 5 4 1 2
2 5 1, 6 1/2

2 5 3, 4 1/2

3 6 1, 2 1/2

3 6 4, 5 1/2 2
Bg({1, 4}) = 4

Counting Bg({1, 5})
from to via adds ∑︁

2 6 1 1
4 6 5 1 2
3 6 1, 2 1/2

3 6 4, 5 1/2 1
Bg({1, 5}) = 3

Table 1.5: Counting group betweenness of pairs {1, 4} and {1, 5} of C6 shown in
Figure 1.8a.

Counting Bg({1, 5})
from to via adds ∑︁

2 6 1 1/2

4 10 5 1/2 1
2 10 1, 5 1/3

2 10 1, 6 1/3

4 6 1, 5 1/3

4 6 5, 10 1/3

3 6 2, 1 1/3

3 10 4, 5 1/3 2
Bg({1, 5}) = 3

Counting Bg({1, 6})
from to through adds ∑︁

2 5 1 1
7 10 6 1 2
2 10 1, 6 1/3

2 10 1, 5 1/3

2 10 7, 6 1/3 1
5 7 1,6 1/3

5 7 1,2 1/3

5 7 10,6 1/3 1
Bg({1, 6}) = 4

Table 1.7: Counting group betweenness of pairs {1, 5} and {1, 6} of the graph
shown in Figure 1.8b.
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Another approach to define betweenness of a group of nodes M ⊂ V (G) is
total betweenness

Bt(M) =
∑︂

v∈M

B(v)

which just sums betweenness of all vertices in the group. It is easy to observe
that Bg(M) ≤ Bt(M) for any M ⊂ V (G). Equality holds if and only if the set
M ⊂ V (G) is pure, which means that for any u, v ∈ M , all shortest paths between
u and v in G intersect M only at their endpoints u and v.[38]

Betweenness centrality of the whole graph can be expressed as the arithmetic
mean of betweenness centralities of all vertices,

B(G) =
∑︁

v∈V (G) B(v)
n

As will be shown in the next section, it is a standard way to globalize locally
defined centrality measure.

1.2 Global centrality measures
There are situations in which it makes sense to evaluate a centrality measure
of a subnetwork or even the whole network. This applies for example to so-
cial networks, where the extent of centralization of different communities can be
evaluated and compared.[74]

The global characteristic is often obtained by aggregating values of a local
characteristic for all vertices. There are multiple ways to achieve this. Let us get
a graph G with vertex centrality measure C : V (G) → R+

0 and denote the global
characteristic as C(G).

Probably the most common approach is to just count the arithmetic mean of
vertex centralities:

F (G) =
∑︁

v∈V (G) C(v)
n

When considering an edge centrality measure, the divisor changes accordingly:

Fe(G) =
∑︁

e∈V (G) C(e)
m

Freeman [29] developed an alternative way to obtain centralization of the
whole graph from the centralities of its vertices. Let cmax be a vertex with the
maximal value of centrality and put

C∆(G) =
∑︂

v∈V (G)
{CG(cmax) − CG(v)}

Then the Freeman centralization index is

CF (G) = C∆(G)
maxG∈Gn C∆(G)

where Gn denotes the class of all graphs on n vertices.
A lot of information can be obtained by examining the distribution of the

local characteristics. In some cases, it is useful to consider the sequence of the
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given centrality measure C, defined as a non-increasing sequence of values C(v)
for all v ∈ V (G), respectively of values Ce(h) for all h ∈ E(G) when considering
edge centrality, which is of length n (or m for edge centrality measure). Although
degree of a vertex is a rather simple characteristic, once we have the sequence
of degrees of all vertices in the graph, it becomes a powerful tool for studying
networks, which is widely applied and which provides insight into the network
structure.[73] For large networks we consider distribution containing all achieved
values combined with their frequency instead of a sequence for practical reasons.

In large real-world networks, the degree distribution has often a so-called
long tail [75], which means with growing d the number of nodes having degree
d exponentially decreases, but even for very big degrees there is still a small
number of vertices achieving such degrees. We say that a network has the scale-
free property, if the fraction of nodes having degree k is given by function 1/kα for
α > 1. This ensures that the network has a long tail degree distribution. Note
that there are varying definitions of scale-free property, some of them defining 2 <
α < 3. At first, it seemed that many natural networks are scale-free. However,
this turned out not to be the case, at least for the stronger versions of the scale-
free property. For most networks, log-normal distribution, which also has a long
tail, is statistically more plausible.[10]

In many applications, we need to effectively transport either information or
goods through the network. Average shortest path length of a graph G, denoted
by L(G), counts the average length of shortest paths between all pairs of nodes
in a network, which tells us the length of a typical path,

L(G) = 1
n · (n − 1)

∑︂
u,v∈V (G)

d(u, v)

Although there might be many much shorter paths and a few much longer ones,
this measure still gives us a reasonable expected cost of transfer from one point
to another, especially when averaging more transfers.

Clustering coefficient is not considered to be a centrality measure in the clas-
sical sense, because vertices with high values do not have to be in the center of
the graph. However, it is closely related to our understanding of the structure
of the network and of centrality values on subgraphs of the given graph. Intu-
itively, a cluster is a group of nodes that are more connected within each other
than with the rest of the network. Usually, such cluster represents a more or
less self-standing unit whitch provides some subprocess or functionality of the
network. Precisely, the clustering coefficient cu of a vertex u ∈ V (G) is counted
as the density of neighborhood of u,

cu =
∑︁

v,w∈V (G) au,v · av,w · au,w

deg(u)(deg(u) − 1) = 2|E(N(u))|
deg(u)(deg(u) − 1)

where ai,j for i, j ∈ V (G) denotes the corresponding element of adjacency matrix
and |E(N(u))| denotes the number of edges in a graph induced by vertex set
N(x).[82] Note that au,v = au,w = 1 means u, v ∈ N(u), so the numerator counts
two times the number of edges in the neighborhood of u, because each edge is
counted in both directions. The denominator equals to the number of ordered
pairs of vertices in the neighborhood of u, so the maximal value of cu is one and
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is attained when N(u) induces a clique. The clustering coefficient for the whole
graph cG is then defined as the average of clustering coefficients of its vertices.

In 1967, Stanley Milgram popularized the idea of Ithiel de Sola Pool and
Manfred Kochen [58][67] that using only friends, any pair of people in a certain
population can be connected via a very short chain of people who are friends of
each other. This idea was later called six degrees of separation, since it should be
possible to get to any person on the Earth by six hops from a friend to friend on
average.

The above-mentioned idea is related to the small-world property. To un-
derstand this property, we need to know that a regular ring lattice (sometimes
equivalently called a cycle power) is a cycle Cn with edges added between all
vertices whose distance along the cycle is at most k for a parameter n > k ≥ ln n.
In general, regular ring lattices have a rather high clustering coefficient and a
relatively high average shortest path. On the other hand, random graphs tend to
have a small average shortest path length and a low clustering coefficient.[40][82]
The graphs with the small-world property are somewhere in the middle - they
preserve average shortest path length relatively short as in a random graph of
the same size and density while having significantly higher clustering coefficient,
which makes them similar to a regular ring lattice.[42] Small-world networks can
be viewed as graphs created by taking a regular ring lattice and rewiring each
edge along the cycle with the probability 0 < p < 1. In the case of rewiring, the
second vertex of the edge is chosen from all vertices uniformly at random.

To introduce a more formal definition, the relative shortest path length λ is
a ratio of the average shortest path length L(G) and the average shortest path
length Lrand in the Erdös-Rényi random graph with the same number of vertices
and edges,

λ = L(G)
Lrand

Similarly, the relative clustering coefficient γ is defined as a ratio of the clustering
coefficient cG to the clustering coefficient crand of the same size,

γ = cG

crand

Then small world index is a ratio of the relative shortest path length λ and the
relative clustering coefficient γ,

σ = λ

γ

A graph is said to have the small world property if its small world index is substan-
tially larger than one.[40] In other words, a graph has the small world property,
if and only if its clustering coefficient is much higher than the clustering coeffi-
cient of a random graph and at the same time the average shortest path length is
similar to the average shortest path length in a random graph. The small-world
property turned out to be present in many other natural networks including our
brain. Moreover, this property starts to be disrupted in the brains of patients
with Alzheimer’s disease and helps to diagnose the disease at an earlier stage.[87]
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2. Values of betweenness
centrality for some graph classes
There are certain graph families for which the precise values of betweenness of all
vertices are described by a simple formula. In real life, we may encounter network
in a very special form which is equivalent to a graph from one of these families.
For example, networks representing work relations of people in an organization
might be of this form.[13] The knowledge of betweenness values in the studied
network helps to estimate the duration of certain processes. It can also help
to optimize the communication throughout the network. Moreover, we improve
our understanding of how betweenness centrality behaves on differing graphs.
Besides other things, this allows us to obtain better intuition into the bounds on
betweenness discussed in the next chapter.

In the following, we present an overview of graph families with known values
of betweenness. The graph families are grouped into sections according to the
underlying graph family on which the similar graph families are based. Usually,
the graph from the base graph family is contained as a subgraph or a minor. One
more unusual type of derived graph class is a class of total graphs. For a graph
G(V, E), a total graph of G, T (G), is a graph with V (T (G)) = V (G) ∪ E(G). An
edge connects any pair of vertices in V (T (G)), which represent adjacent vertices,
vertex and edge which are incident or a pair of edges sharing a vertex. A line
graph LG of a graph G is a graph with vertex set E(G) and uv ∈ E(LG) if u and
v represent edges sharing a vertex. It is easy to see that T (G) contains both G
and LG as induced subgraphs. Total graphs are also the largest graphs defined
on elements of the original graph using only relations between them.[2]

Another type of graph operation is complementary prism. Taking graph
G, its complementary prism GG is the graph made of union of G and G =
(V (G),

(︂
V (G)

2

)︂
\E(G)), the complement of G, and of edges connecting correspond-

ing vertices of G and G. Hence if G is of order k, then GG is of order 2k and of
size

(︂
k
2

)︂
+ k. Examples of complementary prisms whose betweenness values are

known are shown in Figure 2.1.
In some graphs, values of betweenness can be more universally expressed using

the transmission tv of vertex v, which we recall is the sum of lengths of all shortest
paths in the graph with an endpoint in v. This formulation is mentioned along
with the standard one for all classes for which it is known.

Note that the average betweenness in the graph can be computed from the
knowledge of betweenness value for different types of vertices and their numbers.
We did not include such results for the sake of briefness.
Remark. Results cited from article [56] have been reformulated from adjusted to
standard betweenness centrality using relation (1.1), to make them easily com-
parable with the remaining results in this chapter.
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(a) P5P5 (b) K1,4K1,4 (c) C5C5

(d) W4W4 (e) K5K5 (f) K2,3K2,3

Figure 2.1: Examples of complementary prisms, for which the values of between-
ness are known.

2.1 Paths, path powers and ladders
A path graph Pn is a rather simple graph. In this section, we list betweenness
values for vertices of a path and of various graphs derived from it.

Theorem 6 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
Let v ∈ V (Pn) and n = ℓ + 1 + r, where ℓ, r are orders of the two connected
components of Pn \ {v}. Then B(v) = ℓ · r.

Corollary 7 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
Let v ∈ V (Pn) such that B(v) is maximal in Pn. Then

B(v) =
⎧⎨⎩

n(n−1)
4 , if n is even

(n−1)2

4 , if n is odd
There is a more elegant expression using transmission of the vertex.

Theorem 8 (Majstorovic, Caporossi, 2015 [56]).
For v ∈ V (Pn),

B(v) =
(︄

n

2

)︄
− tv (2.1)
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Figure 2.2: Third power of path P9, P 3
9

A m-th power of path Pn is a graph P m
n consisting of vertices V (Pn) =

{v1, . . . , vn} and edges vivj whenever |i−j| ≤ m. Example of third power of path
P9 is shown in Figure 2.2. Exact values of betweenness centrality for vertices in
P 2

n and P 3
n are given in article [13]. The main idea is examining the number of

ik-shortest paths going through fixed j ∈ {2, . . . , n − 1}, where 1 ≤ i < j and
j < k ≤ n. This number differs for j − i and k − j modulo the power, so the
resulting expression is lengthy, which is the reason we do not include it in here.

Furthermore, betweenness centrality can be also expressed for any path power
with diameter two, which is whenever k ≥ n−1

2 .

Theorem 9 (Carter et. al, 2019 [13]).
Let P k

n be k-th power of a path Pn, with n ≤ 2k + 1. Let j < k, then

B(vj) =
j−1∑︂
i=1

j − i

k − i + 1 for all 2 ≤ j ≤ n − k

and B(vj) = B(vn+1−j). Furthermore, if n < 2k + 1, all values B(vj) are the
same for n − k ≤ j ≤ ⌈n

2 ⌉.

(a) Ladder L5

(b) Extended ladder EL6

(c) Total graph of the path P6, T (P6)

Figure 2.3: Examples of ladder-like graphs, for which the exact betweenness
values are known.
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A ladder Lk is a graph created by taking two copies of Pk with vertex sets
{v1, . . . , vk} and {w1, . . . , wk} and adding edges viwi for all i ∈ {1, . . . k}. Lk has
order 2k and size 2(k − 1) + k = 3k − 2. Figure 2.3a depicts ladder L5.

Theorem 10 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
In Lk we denote {v1, . . . , vk} the vertices of one path and {w1, . . . , wk} the vertices
of the second path. Then

B(vℓ) = B(wℓ) = (ℓ − 1)(k − ℓ) +
ℓ−1∑︂
j=0

k−ℓ∑︂
i=1

ℓ − j

ℓ − j + i
+

ℓ−2∑︂
j=0

k−ℓ∑︂
i=0

i + 1
ℓ − j + i

for all ℓ ∈ {1, . . . , k}.

There is an alternative equivalent formulation given by Ek in his master thesis.

Theorem 11 (Ek, 2015, [19]).
In Lk we denote {v1, . . . , vk} the vertices of one path and {w1, . . . , wk} the vertices
of the second path. Then

B(vℓ) = B(wℓ) = 2ℓ(k − ℓ + 1) − 2(k + 1) +
k∑︂

i=k−ℓ+1

k − ℓ + 1
i

+
k∑︂

i=ℓ

ℓ

i

for all ℓ ∈ {1, . . . , k}.

The ladder Lk can be viewed as a Cartesian product of a path Pk and path
P2. A Cartesian product G□H of graphs G and H is a graph with vertex set
V (G) × V (H) and edge set{︃(︂

(g1, h1), (g2, h2)
)︂
|
(︂
g1 = g2 ∧ (h1, h2) ∈ E(H)

)︂
∨
(︂
h1 = h2 ∧ (g1, g2) ∈ E(G)

)︂}︃
A natural way to generalize ladders is by creating grids Pk□Pm. In general, a grid
is Cartesian product of two paths. Article [49] examines betweenness centrality
B(v) of inner vertices v of a grid Pk□Pm. More specifically, the article describes
the contribution to B(v) made by vertices in distance up to d from v, where
d is minimal distance from v to any border of the grid. According to the best
knowledge of the authors, the exact betweenness value of the inner vertices of
Pk□Pm or betweenness value for the vertices on the borders of Pk□Pm is not yet
known.

What happens if a pendant vertex is added to the ladder? Let Lk be a ladder
and a vertex denoted by v0 is added as a neighbor of v1. We call this graph
extended ladder ELk+1. Extended ladder EL6 is shown in Figure 2.3b.

Theorem 12 (Ek, 2015, [19]).
Let {v0, v1, . . . , vk}, respectively {w1, . . . , wk} be upper, respectively lower path of
an extended ladder ELk+1. Then

B(v0) = 0

B(vℓ) = 2ℓ(k − ℓ) − 1 +
k∑︂

i=k−ℓ+1

k − ℓ + 1
i

+
k∑︂

i=ℓ

1
i

B(wℓ) = 2(ℓ − 1)(k − ℓ) − 3 +
k∑︂

i=k−ℓ+1

k − ℓ + 1
i

+
k∑︂

i=ℓ

ℓ

i
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We can observe that by adding the pendant vertex, betweenness of vertices in
the original ladder increases by a well-defined amount.

Observation 13.
Let {v0, v1, . . . , vk}, respectively {w1, . . . , wk} be upper, respectively lower path of
an extended ladder ELk+1, which was created from Lk by adding a vertex. Then

BELk+1(v0) = 0

BELk+1(vℓ) = BLk
+ (k − ℓ) +

k∑︂
j=ℓ

j − ℓ + 1
j

BELk+1(wℓ) = BLk
+

k∑︂
j=ℓ+1

ℓ

j

Interesting property of extended ladder EL4 is that its vertices have distinct
values of betweenness. Being of order 7, EL4 is the smallest graph with this
property.[54]
Remark. Figure 1 in the article [54] shows EL4 with betweenness values of its
vertices. We noticed that the values are assigned to the vertices in a wrong
order. The correct assignment of betweenness values to vertices is given by a
combination of Figure 7 and Table 1 of the same article.

Let us take a look at total graph of Pk, T (Pk). It can be obtained from
Pk by taking its copy w0, . . . , wk−1, removing w0 and adding edges (vi, wi) and
(vi, wi+1) for all i ∈ {0, . . . , k − 1}. Equivalently, T (Pk) can be obtained from
ELk by adding the diagonal edges. The reader can take a look at the graph T (P6)
in Figure 2.3c and compare it to the extended ladder EL6 shown in Figure 2.3b.

Theorem 14 (Aytac, Ciftci, Kartal, 2019 [2]).
Let T (Pk) be total graph of Pk with vertices {v0, . . . , vk−1} ∪ {w1, . . . , wk−1}, the
former representing vertices of Pk, the latter representing edges of Pk such that
wℓ represents edge (vℓ−1, vℓ). Then

B(vℓ) =

⎧⎪⎨⎪⎩
2(ℓ − 1)(k − ℓ) if ℓ ∈ {1, . . . , k − 2}
0 if ℓ ∈ {1, k − 1}

and
B(wℓ) = 2(ℓ − 2)(k − ℓ) + (k − ℓ + 1)

ℓ−2∑︂
i=1

1
k − i

+ (ℓ − 1)
k−1∑︂
i=ℓ

1
i

for all ℓ ∈ {1, . . . , k − 1}.

Exact betweenness values for complementary prisms of paths longer than six
is known and can be found in article [4] by Aytac and Ciftci. Example of a
complementary prism C5C5 is shown in Figure 2.1a.

2.2 Stars and star-like graphs
The centrality value achieved in vertices of a star K1,n−1 has been counted already
in 1977 by Linton C. Freeman while defining betweenness as a centrality measure.
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The reason is that through all graphs of order n, the value of betweenness is
maximized in the central vertex of a star.

Theorem 15 (Freeman, 1977 [28]).
For v ∈ V (K1,n−1) it holds

B(v) =
⎧⎨⎩
(︂

n−1
2

)︂
, if n is the central vertex

0, otherwise

Again, we can express this in a simpler way using the transmission of a vertex.

Theorem 16 (Majstorovic, Caporossi, 2015 [56]).

B(v) = (n − 1)(2n − 3 − tv)
2

This works because for central vertex, tv = n−1, and for any vertex of degree
one, tv = 2(n − 2) + 1 = 2n − 3.

We call double star DSm,k a graph created by connecting centers of two stars
K1,m−1 and K1,k−1 by an edge.

Theorem 17 (Majstorovic, Caporossi, 2015 [56]).
Let v ∈ V (DSn

2 , n
2
). Then it holds

B(v) =
⎧⎨⎩

n(3n−10)
8 + 1, if deg(n) > 1

0, otherwise

Above mentioned result can be also reformulated in terms of transmission.

Theorem 18 (Majstorovic, Caporossi, 2015 [56]).
For v ∈ V (DSn

2 , n
2
). We get

B(v) = 15n2 − 44n + 32
16 − (3n − 4)tv

8

The above mentioned theorem is easily checked by substituting tv by
(︂

3n
2 −2

)︂
for v being a central vertex, or by

(︂
5n
2 − 4

)︂
for a vertex of degree one, which are

the transmission values for the respective types of vertices.
A tree is a subdivided star, if it contains at most one vertex of degree greater

than two, one such is shown in Figure 2.4.

Figure 2.4: Example of a subdivided star.
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Theorem 19 (Ek, 2015, [19], Carter et. al, 2019 [13]).
Let G be subdivided star created as a subdivision of K1,n−1. We denote s1, . . . , sn−1
the lengths of arms of the original star, v0,0 the central vertex and vℓ,k vertex of
the ℓ-th arm in distance k from v0,0. Then

B(v0,0) =
n−1∑︂
j=2

sj

j−1∑︂
i=1

si

B(vℓ,k) = (sℓ − k)
(︃∑︂

i ̸=ℓ

si + k
)︃

Note that this is a direct corollary of Theorem 23, which gives betweenness
values in trees in general. There is a more elegant way to express betweenness of
vertices of subdivided stars, which uses the transmission of a vertex.

Theorem 20 (Majstorovic, Caporossi, 2015 [56]).
For vertex v with maximal degree in a subdivided star of order n it holds

B(v) =
(︄

n

2

)︄
− tv

The result of Theorem 8 is implied by the result above, because a path is
a subdivision of K1,1 in which vertices of maximal degree are all non-pendant
vertices and the transmission of the endpoints is exactly

(︂
n
2

)︂
, which results in the

endpoints having correct betweenness of zero according to the relation (2.1).

Figure 2.5: Example of a total graph of K1,4 with vertices v1, . . . , v5. Vertices for
edges are denoted by (vi, vj) if they stand for edge connecting vertices vi and vj

in the original graph.

We recall that the total graph contains a copy of a vertex for each vertex and
a copy of a vertex for each edge in the original graph and that two vertices are
connected whenever corresponding vertices or edges are adjacent or incident. In
case of a star K1,n−1, all edges are incident to the central vertex and the vertices
of T (K1,n−1) corresponding to edges form a clique. The total graph of the star
graph K1,4 is shown in Figure 2.5.
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Theorem 21 (Aytac, Ciftci, Kartal, 2019 [2]).
Let T (K1,n−1) be a total graph of a star K1,n−1 with vertices v1, . . . , vn where v1
is the central vertex. Then

B(v) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(n − 1)(n − 2), for v = v1

0, for v = vi, i ∈ {2, . . . , n}
n−2

2 , otherwise

Complementary prism K1,ℓK1,ℓ of a star K1,ℓ is formed by adding a new vertex
adjacent to the central vertex of the star and by connecting each of the pendant
vertices to a unique vertex of a clique of size ℓ−1. The graph K1,4K1,4 is depicted
in Figure 2.1b.

Theorem 22 (Aytac, Ciftci, 2018 [4]).
Let K1,ℓK1,ℓ be complementary prism of star K1,ℓ with center c and denote c′ be
the corresponding vertex of K1,ℓ. Then

B(v) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ℓ(ℓ+3)
2 = (n−2)(n+4)

4 if v = c

0 if v = c′

2 for any v ∈ V (K1,ℓ) \ c

ℓ − 1 = n
2 − 2 for any v ∈ V (K1,ℓ) \ c′

2.3 Trees k-ary and general
For trees in general, there is the following well-known result, which is probably
much older than the referenced articles, that give its full proof.

Theorem 23 (Gago, Hurajová, Madaras, 2012 [31], Raghvan Unnithan, Kannan,
Jathavedan, 2014 [50]).
Let Tn be a tree of order n, w be vertex of degree d > 1, m1, . . . md be the sizes of
subtrees of Tn − w. Then

B(w) =
∑︂

i, j∈{1,..., d}
i < j

mimj =
d∑︂

i=1
mi(n − mi)

for all w ∈ V (Tn).

We say that a rooted tree is k-ary if each internal vertex of the tree has k
children. This means that the root has degree k and all other vertices have
degree (k + 1). There are ki vertices on each level i ∈ {0, . . . , ℓ − 1}.

Theorem 24 (Carter et. al, 2019 [13]).
Let T be a k-ary tree with levels 0, . . . , ℓ − 1 and vj be a vertex on level j. Then

B(vj) =
(︃

kℓ−j−1 − 1
k − 1

)︃(︃
kℓ−j − k

2 + kℓ−j+1(kj − 1)
k − 1

)︃
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Remark. We corrected an inaccuracy in the original formula. In the part of proof
where the contribution of the paths between vertices beneath vertex vj is counted,
the contribution is given as

(︂
kℓ−j−1−1

k−1

)︂2
(k − 1), but the correct contribution is(︂

kℓ−j−1−1
k−1

)︂2(︂k
2

)︂
(for the the definition introduced in the article this should be

multiplied by two) as there are k subtrees of size kℓ−j−1−1
k−1 .

2.4 Cycles, cycle powers and circular ladders
Until now, the underlying graph family was always consisting of some type of
trees. Let us move on to probably the simplest non-tree graph family, which is
the family of cycles.

Theorem 25 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
Let v ∈ V (Cn). Then

B(v) =
⎧⎨⎩

(n−2)2

8 , if n is even
(n−1)(n−3)

8 , if n is odd

A cycle power Cm
n is a graph consisting of vertices {v1, . . . , vn} and edges vivj

whenever |i − j| ≤ m. Example of C2
9 is shown on Figure 2.6.

Figure 2.6: Third power of cycle C9, C3
9

Lemma 26 (Ek, 2015, [19]).
Cycle power Cm

n has diameter
⌈︂

n−1
2m

⌉︂
.

Theorem 27 (Carter et. al, 2019 [13]).
Let v ∈ V (Cm

n ) for Cm
n with diameter d =

⌈︂
n−1
2m

⌉︂
. We assume n > 2m + 1,

otherwise Cm
n forms a complete graph. This implies d ≥ 2. Then

B(v) = (d − 1)
(︃

2
⌈︃

n − 1
2

⌉︃
− d

)︃
−
⌈︃

n − 1
2

⌉︃
+ 1

A circular ladder CLℓ is a graph created from two copies of Cℓ with vertex
sets {v1, . . . , vℓ} and {w1, . . . , wℓ} by adding edges viwi for all i ∈ {1, . . . ℓ}.
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Theorem 28 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
Let CLℓ be circular ladder of order n = 2ℓ. For v ∈ CLℓ we have

B(v) =
⎧⎨⎩

(ℓ−1)2+1
4 = n2−4n+8

16 , if ℓ is even
(ℓ−1)2

4 = n2−4n+4
16 , if ℓ is odd

Circular ladder CLℓ can be viewed as the Cartesian product of P2 and Cℓ,
which is denoted by P2□Cℓ. Actually, we can use any Pm instead of P2 and thus
obtaining m layers of cycles connected together into a cylinder.

Theorem 29 (Kumar, Balakrishnan [49]).
Let G = Pm□Cℓ and Hk = ∑︁k

i=1
1
i

the k-th Harmonic number, with H0 = 1. We
denote

H(i, m) =
i∑︂

h=0
(Hm−i+h − H1+h) + H1+i − H1

Then we have for any (i, j) ∈ V (G),

B((i, j)) =
⎧⎨⎩
(︂

k
2

)︂
+ i(1 + 2k)(m − i − 1) + 2

(︂
k+1

2

)︂
H(i, m) if ℓ = 2k + 1

(k−1)2

2 + 2ik(m − i − 1) + k2H(i, m) if ℓ = 2k

For m = 2, we obtain the result of Theorem 28.
If we take the endpoints of paths Pm of the cylinder Pm□Cℓ and connect them,

we obtain Cm□Cℓ, a Cartesian product of two cycles, see Figure 2.7.

Figure 2.7: Cartesian product of C3 and C4, C3□C4

Theorem 30 (Kumar, Balakrishnan [49]).
Let G = Cm□Cℓ. For any v ∈ V (G),

B(v) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
8(mℓ − 1)(m + ℓ − 4), when m and ℓ are odd
1
8 [mℓ2 − m(m − 4)ℓ + 4], when m and ℓ are even
1
8 [mℓ2 + (m2 − 4m − 1)ℓ + 4], when m is odd and ℓ is even

Furthermore, we can express betweenness centrality of graphs created by
Cartesian product of more than two cycles, under the condition that their parity
is the same.
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Theorem 31 (Kumar, Balakrishnan [49]).
Let G = □ℓ

i=1Cmi
be Cartesian product of ℓ cycles and [ℓ] = {1, . . . , ℓ}. Then for

v ∈ V (G),

B(v) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
8

[︂ ℓ∏︁
i=1

mi

ℓ∑︁
i=1

mi − 4
(︂ ℓ∏︁

i=1
mi − 1

)︂]︂
, if mi is even for all i ∈ [ℓ]

1
8

[︂ ℓ∏︁
i=1

mi

ℓ∑︁
i=1

(︂
mi − 1

mi

)︂
− 4

(︂ ℓ∏︁
i=1

mi − 1
)︂]︂

, if mi is odd for all i ∈ [ℓ]

The total graph of Cℓ can be obtained by taking union Cℓ on vertex set
{v1, . . . , vn} and its duplicate C ′

ℓ with vertex set {v′
1, . . . , v′

n} and connecting each
vertex v′

i of the duplicate with vertices vi−1 and vi+1, all indices modulo n. It can
be viewed as a circular ladder CLℓ after adding edges viwi+1. Figure 2.8 shows
the total graph of cycle C5.

Figure 2.8: Total graph of C5, T (C5)

Theorem 32 (Aytac, Ciftci, Kartal, 2019 [2]).
Let T (Cℓ) be total graph of Cℓ, which has n = 2ℓ vertices and 4ℓ edges. Then

B(v) =
⎧⎨⎩

(ℓ−1)(ℓ−2)
4 = n2−6n+8

16 , if ℓ is odd
2ℓ2−3ℓ+2

8 = n2+3n+4
16 , if ℓ is even

Complementary prism C5C5 is shown in Figure 2.1c. Betweenness values of
all vertices are known for complementary prisms of cycles in general.

Theorem 33 (Aytac, Ciftci, 2018 [4]).
Let CℓCℓ be complementary prism of Cℓ with ℓ > 6. Then

B(v) =
⎧⎨⎩ 4 if v ∈ V (Cℓ)

2ℓ − 8 = n − 8 if v ∈ V (Cℓ)

2.5 Wheels and their modifications
A wheel Wk is a graph of order n = k + 1 created from a cycle Ck by adding
one vertex and attaching it to all vertices of the cycle. For example of wheel
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(a) Wheel W8 (b) Friendship graph F4 (c) Gear graph G8

(d) Helm graph H8 (e) Sunflower graph SF8 (f) Windmill Wd(4, 4)

Figure 2.9: Wheel and various graphs derived from it.

W8 see Figure 2.9a. In this section, we introduce results showing values of be-
tweenness for wheels and some graphs created by their modifications. Various
types of graphs derived from wheels are introduced immediately before theorems
describing betweenness values of their vertices.

Theorem 34 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50], Aytac, 2017
[3]).
For any v ∈ V (Wk) of order n = k + 1 with k ≥ 6 it holds

B(v) =
⎧⎨⎩

k(k−4)
2 = (n−1)(n−5)

2 , if v is the central vertex
1
2 , otherwise

A friendship graph Fk is can be viewed as a wheel graph W2n with every
second edge of the cycle removed. Friendship graph F4 is shown in Figure 2.9b.

Theorem 35 (Aytac, 2017 [3]).
Let Fk be a friendship graph of order n = 2k + 1. Then for v ∈ V (Fk) it holds

B(v) =
⎧⎨⎩ 2k(k − 1) = (n−1)(n−3)

2 , if v is the central vertex
0, otherwise

Remark. In the article [3], the values of betweenness counted in the proofs are
valid for the definition of betweenness, which uses unordered pairs of vertices.
However, at the beginning of that article, betweenness is defined using ordered
pairs of vertices. As a result, the results given there should be multiplied by two
to match the definition which has been introduced.
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The friendship graph Fk can be viewed as taking k copies of K3 and identifying
one vertex of each K3 to a center. Analogically we can take k copies of Km, fix a
vertex vi in i-th copy of Km and identifying {v1, . . . , vk} into a single vertex. Like
this we obtain windmill graph Wd(m, k). Windmill Wd(4, 4) is shown in Figure
2.9f.

Theorem 36 (Raghavan Unnithan, Balakrishnan, 2019 [77]).
Let G = Wd(m, k). Then

B(v) =
{︄

(m − 1)2
(︂

k
2

)︂
, if v is the central vertex

0, otherwise

Above, we have joined multiple copies of Km by identification of a vertex
from each. This operation is called vertex-amalgamation. Raghavan Unnithan
and Balakrishnan [77] also give exact results about vertex-amalgamation of cycles,
based on the following, more general result.

Theorem 37 (Raghavan Unnithan, Balakrishnan, 2019 [77]).
Let G1, . . . , Gk be vertex disjoint graphs of order n1, . . . , nk respectively and let G
be the graph obtained by identifying the vertices vi ∈ V (Gi) ∀i. For v0 the merged
vertex and v ∈ V (Gi), v ̸= vi we have

BG(v0) =
k∑︂

i=1
BGi

(vi) +
∑︂
i < j

(ni − 1)(nj − 1)

and
BG(v) = BGi

(v) + BGi
(v, v0)

∑︂
i ̸=j

(nj − 1)

where BH(v, w) denotes the contribution of paths with an endpoint in w to be-
tweenness centrality of v in graph H.

A subgraph H of a graph G is convex, if it contains for each u, v ∈ V (H) all the
shortest paths σu,v, which are contained in G. Similarly to vertex-amalgamation,
we can join a set of distinct graphs according to a common subgraph. Such op-
eration is called subgraph-amalgamation. Under the condition that the subgraph
used for amalgamation is convex, there exists a relation between betweenness of
vertices in the amalgamated graph and their betweenness in the original graphs.

Theorem 38 (Raghavan Unnithan, Balakrishnan, 2019 [77]).
Let G be a graph obtained by subgraph-amalgamation of graphs G1, . . . , Gk along
k copies of isomorphic induced common convex subgraph H, H ⊂ Gi ∀i and let
Si = V (Gi) \ V (H). We denote BG(v, Si|Sj) the contribution of paths between
Si and Sj to the betweenness of v in graph G. Then for x ∈ V (H) and y ∈
V (Gl) \ V (H)

B(x) =
k∑︂

i=1
BGi

(x) − (k − 1)BH(x) +
∑︂
i < j

BG(x, Si|Sj)

B(y) = BGl
(y) +

∑︂
i ̸=l

BG(y, Si|Sl)
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The article [77] then gives formulas for betweenness centrality of subgraph-
amalgamation of cycles along an edge or a path.

Speaking of joining operations on graphs, there is a way to express between-
ness of vertices in a graph created by taking multiple graphs and a single vertex
and connecting one vertex from each graph to the single vertex.

Theorem 39 (Raghavan Unnithan, Balakrishnan, 2019 [77]).
Let G1, . . . , Gk be vertex disjoint graphs of orders n1, . . . , nk respectively and let
v0 be a single vertex. If G is created by adding edges (vi, v0) for vi ∈ V (Gi) and
v ∈ V (Gi), v ̸= vi, then

BG(v0) =
∑︂
i < j

ninj

BG(vi) = BGi
(vi) + (ni − 1)

(︂∑︂
j ̸=i

nj + 1
)︂

BG(v) = BGi
(v) + BGi

(v, v0)
∑︂
j ̸=i

(nj − 1)

All the following modifications of the wheel graph will be based on adding
vertices and edges. We can start by connecting a new vertex to each vertex of
the main cycle of the wheel graph Wk and thus obtaining the helm graph Hk.
This results in adding k new vertices and k new edges to the wheel graph. Helm
graph H8 is depicted in Figure 2.9d.

Theorem 40 (Aytac, 2017 [3]).
Let Hk be a helm graph for k ≥ 6 on n = 2k+1 vertices, c be the central vertex, vi

for i ∈ {1, . . . , k} be the vertices of the main cycle and wi be the pendant vertices
such that wivi ∈ E(Hk) ∀i ∈ {1, . . . , k}. We have

B(c) = 2k(k − 4) = (n − 1)(n − 9)
2

B(vi) = 2k + 1 = n

B(wi) = 0

for all i ∈ {1, . . . , k − 1}.

Remark. The original theorem gives incorrect values for B(c) and B(vi) and the
size of the graph, given the definition of Hk from the article which makes the size
of the main cycle to be k − 1. Once Hk is defined such that the size of the main
cycle is of length k, only minor edits are needed to correct the statement and its
proof, which were given in [3].

To correct the betweenness value of the central vertex c, it remains to use the
value of betweenness of the central vertex of the wheel graph Wk instead of Wk−1.
More specifically, this takes place in Case 1 and in the final part of the proof,
where contributions to betweenness induced by different parts of the graph are
summed together.

To correct the betweenness value of a vertex vi, contribution to this value in
Case 3.3 of the proof should be (k − 6) instead of k(k − 3). To be more precise,
in the Case 3.3, the contribution to B(vi) of paths between vi and wj such that
|i − j| > 2 is counted. The authors state that the total contribution of these
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paths to each vj is the same as the contribution to c, namely k(k − 5). However,
contribution to each vj is given only by paths ending in wj (and not by any other
wℓ with ℓ ̸= j). Each such path contributes by one and there are (k − 6) such
paths.

Furthermore, we have expressed the formulas also in terms of the order of the
graph n.

A sunflower graph SFk is obtained similarly to the helm graph. We add k
vertices w0, . . . , wk−1 to the vertices v0, . . . , vk−1 of the main cycle of the wheel
graph Wn such that wi is adjacent to vi and vi+1 (modulo k). The graph SFk has
n = (k + 1) + k = 2k + 1 vertices and 2k + 2k = 4k edges. Illustration of SF8 is
in Figure 2.9e.

Theorem 41 (Aytac, 2017 [3]).
Let SFk be a sunflower on n = 2k + 1 vertices with central vertex c. Then

B(c) = 2k2 − 281k

30 = (n − 1)2

2 − 281(n − 1)
60

B(v) = 2k − 49
30 = n − 79

30 if deg(v) = 5

B(v) = 0 if deg(v) = 2

A gear graph Gn is created by subdividing each edge of the outer cycle of the
wheel graph Wn. Example of a gear graph G8 is shown in Figure 2.9c.

Theorem 42 (Aytac, 2017 [3]).
For k ≥ 5, let Gk of order n = 2k + 1 with central vertex denoted by c. It holds

B(c) = 2k2 − 161k

30 = (n − 1)2

2 + 161(n − 1)
60

B(v) = 2k − 3 = n − 4 if deg(v) = 3

B(v) = 41
30 if deg(v) = 2

Complementary prism WℓWℓ is obtained by taking Wℓ with central vertex c,
adding a new vertex c′ adjacent to c and by adding for each vertex vi of the outer
cycle of the wheel Wℓ a new vertex wi adjacent to ℓ − 3 vertices - omitted are c′

and two new vertices which have been added to the neighbours of v. Example of
W4W4 is shown in Figure 2.1d.

Theorem 43 (Aytac, Ciftci, 2018 [4]).
Let WℓWℓ be complementary prism of wheel Wℓ with ℓ > 5 and central vertex c.
Order of WℓWℓ is n = 2ℓ + 2. We denote c′ the vertex corresponding to c in the
complementary part of WℓWℓ. Then

B(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ℓ2

2 = (n−2)2

8 , if v = c

0, if v = c′

9
2 , if v ∈ V (Wℓ) \ {c}
ℓ − 2 = n−6

2 , if v ∈ V (Wℓ) \ {c′}
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2.6 Complete graphs and its modifications
Complete graphs form an interesting graph family, from which other graphs can
be derived. The inherent feature of complete graphs it that betweenness values
of all vertices are zero, which often simplifies the computation of betweenness in
the derived graphs.

Theorem 44 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
Let G be a graph created from Kn by removing edge uw ∈ E(G). Then for any
v ∈ V (G)

B(v) =
⎧⎨⎩ 0, if v = u or v = w

1
(n−2) , otherwise

From Kℓ, we can create a total graph of Kℓ, T (Kℓ). We can observe that
T (Kℓ) is 2(ℓ − 1)-regular. If v ∈ V (T (Kℓ)) represents w ∈ V (Kℓ), it has (ℓ − 1)
neighbours representing N(w) and (ℓ − 1) = deg(w) neighbours representing
incident edges. If v ∈ V (T (Kℓ)) represents (xy) ∈ E(Kℓ), it has 2 neighbours
representing x and y and 2(ℓ − 2) = 2(deg(v) − 1) neighbours representing edges
with which it shares an endpoint. Total graph of K4 is shown in Figure 2.10.

Figure 2.10: Example of a total graph of K4 with vertices v1, . . . , v4. Vertices for
edges are denoted by (vi, vj) if they stand for edge connecting vertices vi and vj.

Betweenness values for all vertices of T (Kℓ) are known.

Theorem 45 (Aytac, Ciftci, Kartal, 2019 [2]).
Let T (Kℓ) be a total graph of Kℓ, which is of order n =

(︂
ℓ+1

2

)︂
. Then for any

v ∈ V (T (Kℓ)) it holds
B(v) = 1

4(ℓ − 1)(ℓ − 2)
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Interestingly, in T (Kℓ), betweenness values for vertices representing edges of
Kℓ are the same as for vertices representing vertices of Kℓ.

The complementary prism KℓKℓ of Kℓ can be obtained by taking Kℓ and
attaching one new vertex to each v ∈ V (Kℓ). Graph K5K5 is shown in Figure
2.1e.

Theorem 46 (Aytac, Ciftci, 2018 [4]).
In the complementary prism KℓKℓ of a complete graph which is of order n = 2ℓ
it holds

B(v) =
⎧⎨⎩ 2ℓ − 2 = n − 2 if v ∈ Kℓ

0 if v ∈ Kℓ

2.7 Complete multipartite graphs
The most simple part of the family of complete multipartite graphs are complete
bipartite graphs.

Theorem 47 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
For v ∈ V (Km,n) we have

B(v) =

⎧⎪⎨⎪⎩
1
m

(︂
n
2

)︂
, if deg(v) = n

1
n

(︂
m
2

)︂
, if deg(v) = m

The result above can be generalized for complete multipartite graphs, which
have more partitions where each partition is an independent set and vertices from
partition P are adjacent to all vertices in V (G) \ V (P ).

Theorem 48 (Carter et. al, 2019 [13]).
Let G = Kn1,n2,...,nt be a complete multipartite graph with t partitions of sizes
n1, . . . , nt. The order of G is n = ∑︁t

i=1 ni. Denote vi any vertex from partition i.
Then

B(vi) =
t∑︂

k=1
k ̸=i

1
(n − nk)

(︄
nk

2

)︄

for all i ∈ {1, . . . , t}.

This follows from the observation that the only shortest paths going through
a vertex in partition P are paths of length two connecting pairs of vertices from
some partition P ′ ̸= P , because all other pairs of vertices are already connected.
For a pair of vertices in the same partition P , there is a path of length two
between them going through each vertex outside partition P .

Total graph of a complete bipartite graph K2,3 is shown on Figure 2.11. Ver-
tices representing edges incident to a vertex of one partition form a clique of size
equal to the size of the second partition. Exact betweenness values are known for
total graph of any Km,n.
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Theorem 49 (Aytac, Ciftci, Kartal, 2019 [2]).
Let T (Km,n) be total graph of graph Km,n and denote A vertices from partition of
size m, B vertices from partition of size n and E vertices representing edges of
Km,n. Then

B(v) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(︂
n
2

)︂(︂
1
m

+ 1
)︂

if v ∈ A(︂
m
2

)︂(︂
1
n

+ 1
)︂

if v ∈ B

1
2(mn − 1) if v ∈ E

Figure 2.11: Total graph of K2,3 with vertices of partition of size two described
as b1, b2, vertices of partition of size three described as a1, a2, a3 and vertices
representing edges denoted by (ai, bj).

Complementary prism Kℓ,mKℓ,m is formed from Kℓ,m by connecting each ver-
tex from the partition of size ℓ, respectively m, to a unique vertex of a clique of
size ℓ, respectively m. Example of K2,3 is depicted in Figure 2.1f.

Theorem 50 (Aytac, Ciftci, 2018 [4]).
Let Kℓ,mKℓ,m be complementary prism of Kℓ,m with ℓ ≤ m, which is of order
n = 2ℓ + 2m. We denote A the partition of size ℓ, B the partition of size m and
A, respectively B, the complement of A, respectively B. Then

B(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

m2−m+4ℓm
2ℓ

if v ∈ V (A)
ℓ2−ℓ+4ℓm

2m
if v ∈ V (B)

ℓ − 1 if v ∈ V (A)
m − 1 if v ∈ V (B)

A cocktail-party graph CP (n) is a graph made from K2n by deleting a perfect
matching. This graph is a dual of the hypercube Qn, which is defined in the next
section.

Theorem 51 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
B(v) = 1

2 for any v ∈ CP (n).

A crown graph is obtained from Kn,n by deleting a perfect matching. Crown
graphs are complements of ladder graphs L2n.
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Theorem 52 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
B(v) = (n+1)

2 for any vertex of a crown graph of order 2n.

2.8 Hypercubes

A hypercube Qℓ is a graph of order 2ℓ where each node i ∈ {0, . . . , 2ℓ − 1} is
connected to node j if binary representations of i and j differ in exactly one
character. The distance between any two nodes corresponds to the Hamming
distance of the respective binary strings, i.e. the number of positions in which
the binary strings differ. Example of the cube Q3 is shown in Figure 2.12.

Figure 2.12: Hypercube Q3

Theorem 53 (Raghvan Unnithan, Kannan, Jathavedan, 2014 [50]).
B(v) = 2ℓ−2(ℓ − 2) + 1

2 for any v ∈ V (Qℓ).

A hypercube Qℓ can also be viewed as Cartesian product of ℓ edges K2,
□ℓ

i=1K2. There is a natural way to generalize this to □ℓ
i=1Kp.

Theorem 54 (Kumar, Balakrishnan [49]).
Let G = Kn1□Kn2□ . . . Knℓ

. Then for v ∈ V (G) it holds

B(v) = 1
2

ℓ∏︂
i=1

ni

[︃
ℓ − 1 −

ℓ∑︂
i=1

1
ni

]︃
+ 1

2

The formula can be simplified for Cartesian product of two and three complete
graphs.

Corollary 55 (Kumar, Balakrishnan [49]).
Let G = Kp□Kq. Then for any v ∈ G,

B(v) = (p − 1)(q − 1)
2

Corollary 56 (Kumar, Balakrishnan [49]).
Let G = Kp□Kq□Kr. Then for any v ∈ G,

B(v) = pqr − (pq + qr + pr)
2 + 1

2
Another way to simplify the result is for Cartesian product of complete graphs

of the same size.
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Corollary 57 (Kumar, Balakrishnan [49]).
Let G = □ℓ

i=1Kp. Then for any v ∈ G,

B(v) = pℓ−1

2
[︂
p(ℓ − 1) − ℓ

]︂
+ 1

2

For p = 2 we get the formula of the Theorem 53.

2.9 Open problems
Throughout this chapter, we have seen many results regarding classes of graphs
derived from paths, stars, cycles, wheels and complete graphs both normal and
multipartite. However, there are some results which we have not seen and which
remain open. These include complementary prisms of trees, hypercubes and
various derivatives of wheel like gear, helm or sunflower. Regarding total graphs,
there are no results about total graphs of wheel or its derivatives and of trees and
hypercubes. These are details, which might not be significant, but more general
questions emerge around such graph operations.

Taking graph G, what do we need to know to give formula of betweenness of
any vertex in its complementary prism GG? Is knowing the betweenness sequence
of both G and G enough? The same question can be asked for total graph T (G) of
a general graph G. There probably will be graphs, in which these questions cannot
be answered in general. However, it is tempting to understand the property which
either allows or disallows such answers or at least to characterize the classes of
graphs in which this general approach works and on the other hand to define
classes of graphs where answering such questions is clearly impossible. We have
seen a general result of this kind for subgraph amalgamation in Theorems 38. This
indicates that convexity of a graph might be a relevant property to consider.

General questions also arise around graph operations which can be iterated,
such as for example Cartesian product. We have seen that betweenness centrality
of a Cartesian product of any finite number of complete graphs of any finite sizes
and of cycles of any finite sizes is known and given by Theorem 54 and Theorem
31. However, we recall that even exact values of all vertices in a product of two
paths is not known. It is natural to ask what do we need to know about a graph
class to give formula for betweenness centrality of Cartesian product of any finite
number of graphs from the given graph class. What properties of the graph class
are necessary to enable such formulation in the first place?

There are more graph operations which can be iterated. Among them are
different graph products, apart from Cartesian product, the most known are
tensor product and lexicographical product. Another example is a complementary
prism. Having graph G, first power of complementary prism is GG, second power
is complementary prism of the complementary prism GG, which is GGGG, and
so on. For these graph operations, we can ask the exactly same questions.

Note that answering such questions might be interesting not only from the-
oretical point of view but also for practical applications. The reason is that
computing betweenness centrality is computationally demanding, especially for
large graphs.
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3. Betweenness centrality bounds
When studying complex networks, we might encounter a network which has a
high or low value of certain graph parameter, such as maximum or minimum
degree, connectivity, average distance, or density. Having bounds on possible
values of betweenness given these parameters can enhance the understanding of
the network. Moreover, such relations of betweenness and other graph parameters
can improve our understanding of betweenness centrality itself.

In this chapter, we focus on extremal values of betweenness centrality in the
general case, and also with respect to some graph parameters such as maximum
or minimum degree, connectivity and diameter in corresponding graphs. For
vertices, we introduce bounds using degrees, the density of neighborhood, or
transmission as parameters.

A good starting point to obtain a bound for a general graph is to first obtain
a bound for trees, and then generalize it for all graphs, based on the fact that in
each connected graph we can find a spanning tree and then consider how can the
additional edges influence betweenness. For these reasons we survey the bounds
for trees and also bounds on how betweenness changes after modifications of the
graph such as addition of an edge or of a vertex. Even though exact betweenness
of a vertex v in a tree T can be computed knowing the sizes of the connected
components of T \ v (see Theorem 23), it might be the case that the sizes of the
connected components are hard to obtain or that only local surrounding of the
vertex is known. It might be useful to get at least a bound on betweenness of the
vertex under the given circumstances.

We improve the currently best bound on betweenness of a vertex based on
neighborhoods of its non-adjacent neighbours and show that it is tight. Then
we elaborate on how it performs on r-regular graphs, as the relation gets much
simpler in this case. There are a few remarks reporting inaccuracies found in the
literature.

3.1 General bounds
It is easily observable that betweenness centrality cannot be negative. At the
same time, there are graphs containing vertices with betweenness equal to zero.
One such graph is Kn, where all vertices have betweenness value zero as all
shortest paths are edges, avoiding all other vertices. Another example is a vertex
of degree one in any graph, because any sequence of vertices containing such a
vertex would have to be a walk and not a path. We can make the following
immediate generalization:

Observation 58 (Everett, Seidman, 1985 [24], Grassi et. al, 2009 [38]).
Let u ∈ V (G) for some graph G. Then N(u) forms a clique in G if and only if
B(u) = 0.

This observation leads to the following theorem, which we did not find explic-
itly mentioned in the literature, but some authors have used it in their proofs in
some special cases or have mentioned the easier implication. [33][43]
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Theorem 59.
A betweenness-uniform graph G of order n has the values of betweenness centrality
equal to zero if and only if G is isomorphic to Kn.

Proof. N(u) is a clique for all u ∈ V (Kn), so from the Observation 58 follows
B(u) = 0 for any u ∈ V (Kn).

For the other implication, let us assume we have betweenness-uniform graph
G with betweenness values everywhere equal to zero and for contradiction that
there are two vertices u, v, which are not connected. If there are more edges
missing, pick u, v such that dG(u, v) is minimized. If d(u, v) ≥ 3, then there are
clearly some u′, v′ on the path between u and v which are not connected and
whose distance is smaller, so d(u, v) has to be equal to two. As a result, there
exists w ∈ V (G) such that u, v ∈ N(w). But (u, v) /∈ E(G), so N(w) does not
form a clique, a contradiction with Observation 58.

On the other hand, a vertex will have the maximal value of betweenness if
all shortest paths lead through this vertex and furthermore there are no shortest
paths that avoid this vertex.

This fulfills the center of any star graph K1,n (K1,4 is shown in Figure 1.2a)
with betweenness equal to the number of shortest paths in the graph. For a star
on n vertices, this gives

(︂
n−1

2

)︂
, as there is exactly one shortest path between any

two vertices and it always goes through the center. This is the only case when this
maximal value is achieved. [27] From the discussion above we get the following
well-known result, listed for example in the book [38].

Theorem 60 (Grassi, Scapellato, Stefani, Torriero, 2009 [38]).
Let G be a connected graph and u ∈ V (G). Then

0 ≤ B(u) ≤
(︄

n − 1
2

)︄

Using relation (1.1) between normal and adjusted betweenness, we get

Theorem 61 (Caporossi, Paiva, Vukicevic, Segatto, 2012 [12]).
Let G be a connected graph and u ∈ V (G) with maximal adjusted betweenness
value. Then

n − 1 ≤ Ba(u) ≤ (n − 1)2

The extremal cases are the same as for standard betweenness, consider any
vertex of a complete graph Kn for lower bound and a central vertex of a star K1,n

for the upper bound. There is also a bound for the minimal value of adjusted
betweenness of a graph. We can observe that in any connected graph G, a vertex
v is connected by shortest paths to the remaining n − 1 vertices and all of these
pass through some edge incident to v. Note that there may be more shortest paths
between v and some V (G) \ {v}, but their contributions on the edges incident to
it always sum to one.

The following theorem gives bounds on the value of minimal betweenness in
a graph.
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Theorem 62 (Caporossi, Paiva, Vukicevic, Segatto, 2012 [12]).
Let G be a connected graph and u ∈ V (G) be a vertex with minimal betweenness
value. Then

n − 1 ≤ Ba(u) ≤

⎧⎨⎩
n2

4 , for n even
n2−1

4 , for n odd
We obtain the lower bound in vertices whose neighborhood forms a clique and we
get the upper bound for any vertex in a cycle.

Again, using the relation (1.1) between normal and adjusted betweenness, we
get

Corollary 63.
Let G be a graph and u ∈ V (G) be the vertex with minimal value of betweenness.
Then

0 ≤ B(u) ≤

⎧⎨⎩
(n−2)2

8 , for n even
(n−1)(n−3)

8 , for n odd

The following bound is based on the structure of the neighborhood a vertex
x. More specifically, it uses the fact that for each pair of nonadjacent vertices
of N(x) there is a shortest path through x. The number of such shortest paths
is bounded by number of common neighbours of the two nonadjacent vertices
inside N(x). Illustrations for the definitions in the following theorem are shown
in Figure 64.

Theorem 64 (Gago, Coroničová Hurajová, Madaras, 2014 [32]).
Let x ∈ V (G), u, v ∈ N(x) such that uv /∈ E(G),

Mu,v = {w ∈ V (G) | uw /∈ E(G) ∨ vw /∈ E(G)} = V (G) \ (N(u) ∩ N(v))
Nu,v(x) = Mu,v ∩ N(x) = N(x) \ (N(u) ∩ N(v))

Then
B(x) ≥

∑︂
u,v∈N(x),
uv /∈E(G)

1
n − |Nu,v(x)| , (3.1)

To the best knowledge of the authors, cited work is the sole reference stating
this bound. Unfortunately, it does not contain corresponding proof.

For this reason, we have decided to provide a proof, but for a tighter bound,
which might have been inspired by Theorem 113.

Theorem 65.
Let x ∈ V (G). Fix u, v ∈ N(x) such that uv /∈ E(G). Then

B(x) ≥
∑︂

u,v∈N(x),
uv /∈E(G)

1
|N(u) ∩ N(v)| , (3.2)

Proof. The distance of u and v is two as both are neighbours of x and uv /∈ E(G).
Thus we know for sure that there is at least one shortest path between u and v
through x. The total number of shortest paths connecting u and v is given by
number of their common neighbours, which is exactly |N(u)∩N(v)|. As a result,
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1
|N(u)∩N(v)| is the contribution of pair {u, v} to the betweenness of x. If we add
contributions of all such {u, v} to x, we get a lower bound on betweenness of x, as
we didn’t consider the contributions of all possible pairs, but only some of them.

(a) Illustration for definition of Mu,v. (b) Illustration for definition of
Nu,v(x).

(c) Illustration of V (G) \ Nu,v(x),
|V (G) \ Nu,v(x)| = n − |Nu,v(x)|.

Figure 3.1: Illustrations for definitions used in Theorem 64
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It is easy to observe that |N(u) ∩ N(v)| = n − |Mu,v| and |Mu,v| ≥ |Nu,v(x)|.
So we get

1
|N(u) ∩ N(v)| = 1

n − |Mu,v|
≥ 1

n − |Nu,v(x)|
which implies that bound 3.2 improves bound 3.1. Note that these bounds are
equal for any x with the property that for any pair u, v of nonadjacent neighbours
of x, all w ∈ V (G) \ N(x) belong to N(u) ∩ N(v). Easy example is x in a graph
G where N(x) ∪ {x} = V (G). Furthermore, in Corollary 86 we will show that
the bound is tight and in which graphs is obtained the equality.

3.2 Bounds on betweenness of trees
Trees are graphs without cycles, which implies there is exactly one path between
each pair of vertices. Clearly, this path is also the shortest one. For these rea-
sons, betweenness centrality of trees has been studied quite a lot, at least when
compared to other graph classes.

Furthermore, results for trees are often used to prove bounds for general graphs
[48], either alone or with connection to some graph parameter such as maximum
degree or diameter [31].

3.2.1 Bounds based on degree in trees
The useful fact about trees is that by removal of a vertex v of degree d the tree
splits into d connected components. As there is a single path connecting any
two vertices, all paths between these components contain vertex v. Given sizes
of the connected components are known, the exact value of betweenness can be
counted. Furthermore, we can use this idea to give an upper bound on average
betweenness of a tree.

Theorem 66 (Gago, Hurajová, Madaras, 2012 [31]).
Let Tn be a tree of order n, ∆ be maximal degree of Tn. Then

B(Tn) ≤ (n − ∆)(∆ − 1)(n − 1)2

2n∆
where the upper bound is reached for the star graph K1,n−1.

The proof follows from maximization of the function

f(x1, . . . , xd) =
d∑︂

i=1
xi(n − xi), xi ∈ [1, n]

which is equal to the betweenness centrality of vertex v of degree d and xi’s being
the sizes of connected components of Tn \ {v} according to Theorem 23.
Remark. Majstorovic and Caporossi [56] gave results on adjusted betweenness
in trees mentioned here as Theorems 67, 68, 72, 73 and 76. Because adjusted
betweenness is not of our main interest and because there is a direct relation
between normal and adjusted betweenness of a vertex given by equation (1.1),
we have decided to reformulate these results in terms of normal betweenness. We
hope that this reformulation will help the reader to compare these results to other
results in this chapter.
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Even if the sizes of newly created components are not known, the degree of a
vertex can still be used to bound it’s betweenness.

Theorem 67 (Majstorovic, Caporossi, 2015 [56]).
Let T be a tree and v ∈ V (T ), then

deg(v)(2n − 1 − deg(v))
2 − n + 1 ≤ B(v) ≤ (n − 1)2(deg(v) − 1)

2 deg(v)

In the first inequality, the equality is obtained if and only if all neighbors of v
except at most one are pendant vertices and in the second inequality, the equality
holds if and only if v is a vertex whose removal splits T into deg(v) trees of equal
order.

Example. Let G be a graph obtained from a star K1,n by subdivision of one edge.
From Theorem 67, for betweenness of the central vertex v of this graph the lower
bound holds with equality because there is only one non-pendant vertex in its
neighborhood. The central vertex v has now deg(v) = n − 2 where n is the order
of G.

deg(v)(2n − 1 − deg(v))
2 − n + 1 ≤ B(v) =

(︄
n − 2

2

)︄
+ (n − 3), (3.3)

(n − 2)(2n − 1 − (n − 2))
2 − n + 1 ≤ B(v) = (n − 2)(n − 3)

2 + (n − 3),

(n − 2)(n + 1)
2 + −2n + 2

2 ≤ B(v) = n2 − 5n + 6
2 + 2n − 6

2 ,

n2 − n − 2 − 2n + 2
2 ≤ B(v) = n2 − 3n

2 ,

n(n − 3)
2 ≤ B(v) = n(n − 3)

2 , (3.4)

In (3.3), left hand side is lower bound according to Theorem 67 and right hand side
represents the computation of betweenness of v in G where

(︂
n−2

2

)︂
is contribution

of the vertices in N(v) and (n − 3) is the contribution of the vertex x in distance
two from v as there are (n − 3) pendant vertices for whose the only shortest path
to x leads through v.

A pendant vertex is a vertex with deg(v) = 1. Such vertex is also called a leaf.
Given a tree T , p denotes the number of pendant vertices of T and for a vertex
v, pv denotes number of pendant vertices in N(v). The number and positions of
pendant vertices influence betweenness of vertices in a tree.

Theorem 68 (Majstorovic, Caporossi, 2015 [56]).
Let T be any tree. Then for any v ∈ T such that deg(v) > 1,

B(v) ≤
(︄

n − 1
2

)︄
− (p − pv)(deg(v) − p)

2(deg(v) − pv)

Equality holds if and only if p−pv = 0 mod (deg(v)−pv) and each component of
T \v is either a single vertex or K1,ℓ for ℓ = p−pv

deg(v)−pv
, with central vertex adjacent

to v in T .
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Even though the upper bounds from above-mentioned theorems use different
parameters to specify betweenness, they can be compared in some situations.

Observation 69.
Let v be a vertex, whose neighborhood contains all vertices, which are not pendant,
implying deg(v) = n−1−p. Then the upper bounds for B(v) provided by Theorem
68 and Theorem 67 are equal.

Proof. From the assumption, pv = 0. In this case, bound from Theorem 68 gives

B(v) ≤ (n − 1)(n − 2) deg(v) − p(deg(v) − p)
2 deg(v)

Now we can observe what must hold if the bounds from Theorems 68 and 67 are
equal:

(n − 1)(n − 2) deg(v) − p deg(v) + p2

2 deg(v) = (n − 1)2(deg(v) − 1)
2 deg(v) , (3.5)

(n2 − 3n + 2) deg(v) − p deg(v) + p2 = (n2 − 2n + 1) deg(v) − (n2 − 2n + 1),
−n deg(v) + deg(v) − p deg(v) + p2 = −n2 + 2n − 1,

deg(v)(−n + 1 − p) = −n2 + 2n − 1 − p2,

deg(v) = (n − 1)2 − p2

n − 1 + p
,

deg(v) = n − 1 − p

If given v is not neighboring any pendant vertices, i.e. pv = 0, we know that
deg(v) ≤ n − 1 − p. This means that for a smaller degree, all equalities change to
inequalities with the smaller value on the left. In such case, due to the operations
made being equivalent, even the left-hand side of (3.5), which is the bound from
Theorem 68, gets smaller than right-hand side of (3.5), which is the bound from
Theorem 67. As a result, for vertices with pv = 0 in a tree, it is always better to
use the upper bound from Theorem 68.

Furthermore, the exact value of betweenness can be determined for vertices
neighboring primarily the pendant vertices of the tree.

Theorem 70 (Grassi, Scapellato, Stefani, Torriero, 2009 [38]).
Let T be a tree and v ∈ V (T ) with all neighbours being pendant vertices except
at most one neighbor being an internal vertex of the tree, i.e. deg(v) = pv or
deg(v) = pv + 1. Then

B(v) =
⎧⎨⎩ (n − deg(v))(deg(v) − 1) +

(︂
deg(v)−1

2

)︂
, for deg(v) > 2

(n − deg(v))(deg(v) − 1), for deg(v) = 2

In the case deg(v) = 2 we get after substitution that B(v) = n − 2, which
matches betweenness of a vertex which is on the path between a pendant vertex
and the rest of the graph. From the theorem above, betweenness of a vertex with
at most one neighbor, which is not pendant, does not depend on the total number
of pendant vertices. This makes the computation of betweenness of such nodes
dependent only on their degree, which is a very local characteristic.
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3.2.2 Bounds for trees using distances in the graph
Another parameter of trees which can be used to bound average betweenness is the
diameter of the tree. One can start with a path of length equal to the diameter
and add vertices and edges such that average betweenness is maximized. The
above mentioned construction gives following result.

Theorem 71 (Gago, Hurajová, Madaras, 2012 [31]).
Let Tn be a tree on n vertices with diameter d. Then

B(Tn) ≤ 1
2 + (n − 4)d

4 − d3 − 6d2 + h(d)
12n

where

h(d) =
⎧⎨⎩ 2d, if n − d is even

6 − d, if n − d is odd

Also, the greatest distance from a fixed vertex can become a useful parameter
to bound betweenness centrality. The eccentricity e(v) of a vertex v in graph G
is the maximal value of d(u, v) through all u ∈ V (G). Results using eccentricity
for bounding betweenness centrality of a vertex will be listed below.

Some additional types of graphs need to be introduced as extremal cases of
the theorems mentioned later in this section. The comet Cn,∆ is a star K1,∆ with
a path on n−∆−1 vertices attached to one of the pendant vertices. An example
of comet C15,11 is shown in Figure 3.2a. A caterpillar is a graph that consists of
a path and vertices attached to it, so there is no vertex in distance more than
one from the vertices of the central path, see Figure 3.2b. We recall that double
star DSn,m is a graph formed by connecting central vertices of two disjoint star
graphs K1,n−1 and K1,m−1, where m and n are not necessarily different numbers.

Similarly to bounding average betweenness of the whole tree in terms of its
diameter, it is possible to bound the betweenness of a vertex using its eccentricity.

Theorem 72 (Majstorovic, Caporossi, 2015 [56]).
Let T be a tree of order n. Then for every v ∈ V (T ) it holds

B(v) ≤
(︄

n − 1
2

)︄
− e(v)2

2 + e(v)
2

Equality holds if and only if v is a vertex of Pn or if v is a vertex of Cn,∆ with
deg(v) = ∆.

(a) The comet C15,11
(b) A caterpillar

Figure 3.2: Images of newly defined types of graphs - a comet and a caterpillar.
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Having a huge graph in hand, we might know its diameter from previous
computations, but determining eccentricity of each vertex could be taking too
much time. In such a case, there is a bound on betweenness of a vertex using the
diameter of the graph. However, such bound is of course not specific for the given
vertex, so it does not help if we want to compare betweenness of two vertices from
the same graph.

Theorem 73 (Majstorovic, Caporossi, 2015 [56]).
Let T be a tree of order n with diameter d and v ∈ V (T ). Then

B(v) ≤
(︄

n − 1
2

)︄
+ d

2 −
⌊︃

d2 + 1
4

⌋︃
Equality holds if and only if T is a caterpillar and v is a middle vertex the central
path of T which is neighboring all pendant vertices of the caterpillar. This means
deg(v) = n − d + 1. In particular, equality is obtained if v is the middle vertex of
Pn.

In the results below, transmission tv of a vertex is used as a parameter in the
bounds. The following theorem gives a lower bound on transmission of a vertex
using its degree.

Proposition 74 (Majstorovic, Caporossi, 2015 [56]).
Let v ∈ V (T ) for a tree T . Then

tv ≥ 2(n − 1) − deg(v)

Equality is obtained if each connected component of T \ {v} is either an isolated
vertex or a star with its central vertex being originally adjacent to v.

Transmission of a vertex appears in the following bound on it’s betweenness.

Proposition 75 (Majstorovic, Caporossi, 2015 [56]).
For any v ∈ V (T ) of a tree T it holds

B(v) ≥ tv(2n − 3 − tv)
2

We obtain equality if v is a leaf of a star or one of the two centers of a double
star.

The bound below uses both transmission of a vertex and the number of pen-
dant vertices in the tree to bound betweenness of a vertex.

Proposition 76 (Majstorovic, Caporossi, 2015 [56]).
Let T be a tree of order n with p vertices of degree one. Then for v having
deg(v) > 1

B(v) ≤
(︄

n

2

)︄
− p2

2 deg(v) + p

2 − tv

There are exactly three cases when the equality is obtained.

a) v is the central vertex of a subdivision of a star (i.e. graph created from a star
by subdividing some edges, even multiple times)
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b) v is any vertex with deg(v) > 1 of a path Pn

c) subgraphs of T \v are either stars K1,k for a fixed k < n connected to v by their
centers or comets consisting of a star K1,k and a path, which are connected to
v by the endpoints of their paths. See Figure 3.3 for an example of such graph.

Figure 3.3: Example of a graph with vertex v of degree greater than one for
which Proposition 76 gives a tight bound, according to case c), with k = 5. After
removing vertex v, the dashed edges disappear and the graph decomposes into a
set of connected components K1,5, C7,5, K1,5, C8,5.

3.3 Change of betweenness after modifications
It is also possible to bound the change in the average betweenness when doing
some modifications. One such modification is adding an edge between two non-
adjacent vertices.

Theorem 77 (Gago, Hurajová, Madaras, 2012 [31]).
Let G be a graph of order n and let G′ be the graph obtained from G by connecting
two vertices u, v ∈ V (G) at distance d = d(u, v) > 1 with a new edge. Then

B(G′) ≤ B(G) − d − 1
n

This result follows from the below mentioned theorems, which are interesting
by itself.

Theorem 78 (Gago, Hurajová, Madaras, 2012 [31]).
Let H be a spanning subgraph of G and r = |E(G) \ E(H)|, then

B(G) ≤ B(H) − r

n

Theorem 79 (Gago, Hurajová, Madaras, 2012 [31]).
Let G be a graph of order n and size m and T a spanning tree of G. Then

B(G) ≤ B(T ) − m − n + 1
n
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We see that the average betweenness is higher in spanning trees or spanning
subgraphs. Moreover, we can show that at least the betweenness of vertices with
degree n − 1 in the spanning subgraph decreases after adding edges.

Theorem 80 (Grassi, Scapellato, Stefani, Torriero, 2009 [38]).
Let G be a graph on n vertices and H its spanning subgraph, i.e. V (G) = V (H)
and E(G) ⊇ E(H). If S = {v ∈ V (H) | deg(v) = n − 1} ≠ ∅ and E(H) ⊂ E(G),
then BH(v) > BG(v) for any v ∈ S.

For addition of a pendant vertex, the exact change in the average betweenness
is known.

Theorem 81 (Gago, Hurajová, Madaras, 2012 [31]).
Let G be a graph of order n, w ∈ V be a vertex of G with eccentricity e(w). Let
the graph G′ be obtained from G by connecting a new pendant vertex u to w. Then

B(G′) = n

n + 1B(G) + 1
n + 1

e(w)∑︂
k=1

k |Nk(w)| − n

n + 1

where Nk(w) is set of vertices at distance k from w.

We can also bound the change in betweenness after adding a new vertex and
connecting it to a pair of vertices, which are not far from each other.

Theorem 82 (Gago, Hurajová, Madaras, 2012 [31]).
Let G be a graph of order n, let G′ be the graph obtained by connecting a new
vertex w to two vertices u, v of G at distance d(u, v) = 1 or d(u, v) = 2. Then

1
n + 1[nB(G) + (n − 2)] ≤ B(G′)

The bound is based on the size of the contribution of w to the betweenness of
u and v. We will make an equivalent formulation of the inequality to make the
idea behind the proof more clear:

nB(G) + (n − 2) ≤ (n + 1)B(G′)

It is easy to observe that nB(G) is the sum of betweenness of all vertices in G
and that (n + 1)B(G′) is the sum of betweenness of all vertices in G′. For the
last element of the inequality, there are (n − 2) shortest paths connecting w and
V (G) \ {u, v}, which contribute (n − 2) to B(u) + B(v).

In the case d(u, v) = 1 there is no shortest path going through w, so the
modification does not influence the contributions of pairs of vertices from the
original graph.

In the case d(u, v) = 2 it is slightly more complicated. The authors do not
mention this, but the contribution of the pair uv to any vertex

x ∈ X = {x ∈ V (G) | d(x, u) = d(x, v) = 1}

decreases, because the total number of (u, v)-paths (as well as the number of
all shortest paths containing vertices u and v) increases. When we sum the
betweenness for vertices in X ∪ {w}, it stays the same. Taking paths passing
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through u and v, each such path originally adds 1
|X| to each vertex in X, summing

to 1. Now it adds 1
|X|+1 to all vertices in X ∪ {w}, |X ∪ {w}| = |X| + 1, which

also summs to 1. So there is no decrease in the sum of contributions of the pair
u, v, which means that nB(G) stays the same. See Figure 3.4 for illustration of
the situation described above.

Figure 3.4: Illustration of the situation in discussion of Theorem 82.

This result cannot be easily generalized for w connecting u, v in distance at
least three, because this creates new shortest paths in the graph, which can
influence betweenness rapidly and independently on the closest surrounding of
the newly connected vertices.

3.4 Bounds related to diameter of the graph
Bounding betweenness is easier if we can relate it to a known graph parameter.
One useful parameter is average shortest path length L(G) defined as sum of
distances between all pairs of vertices in G.

Theorem 83 (Gago, 2006 [30], Comellas, Gago, 2007 [14], Barmpoutis, Murray,
2011 [5]).

B(G) = (n − 1)
2 (L(G) − 1) (3.6)

This result is very interesting because it relates average betweenness centrality,
which is the sum of betweenness of all vertices divided by the order of the graph
and behaves non-locally, to average shortest path length, which is still quite non-
local, but its changes are more predictable for example after modifications of the
graph.

A very special case is when diameter of a graph is two.

Theorem 84 (Gago, Hurajová, Madaras, 2013 [33]).
Let G be a graph with diameter two. Then for every v ∈ V (G),

B(v) =
∑︂

x,y∈N(v)
xy /∈E(G)

1
σ(x, y)
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This result follows from observing that any pair of vertices uw with u /∈ N(v)
does not contribute to betweenness of v, even when w ∈ N(v). Previous claim
can be seen from the following fact: If such pair u, w contributed to betweenness
of v, then there would be a path longer than two in G, because d(v, w) = 1 and
d(v, u) > 1 from u /∈ N(v).

In a graph of diameter two, we can observe that number of shortest paths
between a pair of vertices is given by the size of the intersection of their neigh-
borhoods.

Observation 85.
In a graph G of diameter two with x, y ∈ V (G) such that xy /∈ E(G),

σ(x, y) = |N(x) ∩ N(y)|

Corollary 86.
In Theorem 65, which gives the general lower bound on betweenness centrality of
a vertex, the equality is obtained for all vertices in graphs with diameter at most
two, so the bound is tight.

This shows a rather intuitive fact, that betweenness centrality tends to be
small in dense graphs.

Note that there are two definitions of betweenness centrality of a vertex, one
using unordered pairs of vertices (1.1), which is used in this thesis, and another
using ordered pairs of vertices (1.2), whose values are two times larger than of
betweenness according to definition (1.1). Authors of the following results use
definition (1.2), so results below were carefully reformulated to match definition
(1.1).

Using Theorem 83, we can obtain following bound on average betweenness in
the graph of known diameter.

Theorem 87 (Gago, Hurajová, Madaras, 2012, from proof of Corrollary 3 [31]).
Let G be a graph of order n, m edges and diameter d > 0. Then

B(G) ≤ 1
2 +

⌈︃(n − 4)d
4

⌉︃
− m − n + 1

n
−
⌊︃

d3 − 6d2 − h(d)
12n

⌋︃
where

h(d) =
⎧⎨⎩ 6 − d, if n − d is odd

2d, if n − d is even

Remark. This result is mentioned in the book Quantitative graph theory as The-
orem 7.2.10 [32], but with errors at the right-hand side of the expression.

Another way to bound average betweenness of a graph of known diameter is
to bound it by average betweenness of a graph which maximizes average shortest
path length. For a given n and m, where n − 1 ≤ m ≤

(︂
n−1

2

)︂
, there exists a

unique graph H consisting of a clique of size

C =
⌊︃3 +

√
9 + 8m − 8n

2

⌋︃
and of a path of length P = n − C, whose endpoint is attached the the clique by
α = m − n + C + 1 −

(︂
C
2

)︂
edges. The graph H maximizes the average shortest
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path length with respect to given n and m.[5] Example of a graph maximizing
average shortest path length for given n and m is shown in Figure 3.5.

Figure 3.5: Graph with maximum average shortest path length for n = 12 and
m = 24. This graph is formed by a clique of size C = 6 (filled dots) and a path
of length P = 6 (unfilled dots) and there are α = 4 edges connecting these two
parts. Picture reproduced from [5].

Theorem 88 (Barmpoutis, Murray, 2011 [5]).
Let G be a graph of order n and size m and let C, P and α be parameters specifying
the graph H maximizing average shortest path length, which is defined above.
Then

n − 1
2 − m

n
≤ B(G) ≤

(︂
C
2

)︂
+ C

(︂
P +1

2

)︂
+ P (C − α) +

(︂
P +1

3

)︂
n

− n − 1
2

Sometimes it is more useful to have a bound on maximal value of betweenness
of a vertex in graph of given diameter.

Theorem 89 (Klisara, Hurajová, Madaras, Škrekovski, 2006 [48]).
Let G be a graph of order n and with diameter d ≥ 3. Then for each x ∈ G it
holds

B(x) ≤ (n − 1)(n − 2)
2 − d(d − 2)

4 − h(d)

where

h(d) =
⎧⎨⎩ 0, if d is even

1
4 , if d is odd

Furthermore, the maximal value is obtained for the vertex v with maximal degree
in the graph obtained by identifying the central vertex of path Pd with the central
vertex K1,n−d−1, see Figure 3.6.

Figure 3.6: Example of extremal graph for the bound on maximal betweenness
in a graph with given diameter proposed by Theorem 89. Inspired by figure in
[48].
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3.4.1 Bounds based on the transmission of a vertex
Theorem 83 shows that average distance in the graph has a direct relation to
average betweenness centrality. A natural question is whether we could somehow
use specific distances to bound betweenness of a single vertex. The answer is yes,
there are bounds on betweenness centrality of a vertex v using its transmission
tv, which is, to remind, the sum of all shortest paths with an endpoint in v.

To start with, there is a relation between the sum of betweenness over all
vertices in the graph and the sum of transmission over all vertices in the graph.

Theorem 90 (Sinclair, 2005 [71], from proof of Theorem 3).

∑︂
v∈V (G)

B(v) = 1
2

∑︂
v∈V (G)

tv −
(︄

n

2

)︄

By dividing this relation by n = |V (G)|, we get relation between transmission
and average betweenness.

Corollary 91.

B(G) =
1
2
∑︁

v∈V (G) tv −
(︂

n
2

)︂
n

=
∑︁

v∈V (G) tv − n(n − 1)
2n

The following theorem is giving a lower bound on minimal betweenness of the
graph in terms of minimal transmission. The statement has been reformulated
for normal instead of adjusted betweenness, using relation (1.1).

Theorem 92 (Caporossi, Paiva, Vukicevic, Segatto, 2012 [12]).
Let tmin(G) be minimum transmission in a graph G and Bmin(G) is the minimal
betweenness value in a graph G. Then we have

Bmin(G) ≥ tmin(G) −
⌊︃

n2

4

⌋︃
The bound is tight for paths.

3.5 Bounds based on connectivity of a graph
If the vertex connectivity of the studied graph is small, we would expect the
vertices of the cut to have high betweenness centrality. Indeed, there are results
formalizing, quantifying, and confirming this idea.

The first step is to determine the betweenness of a single cut vertex of a
1-connected graph.

Theorem 93 (Grassi, Scapellato, Stefani, Torriero, 2009 [38]).
Let v be a cut vertex of G, C1, . . . , Ck connected components of G \ {x} and
c1, . . . , ck their sizes. If deg(v) = k, then

B(v) =
∑︂

1≤i<j≤k

cicj
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The above mentioned result is actually a corollary of the theorem below, which
gives lower bound on the sum of betweenness centralities of vertices in a cut set.

Theorem 94 (Grassi, Scapellato, Stefani, Torriero, 2009 [38]).
Let S be a cutest of a graph G and C1, C2, . . . , Ck be connected components of
G \ S of sizes c1, c2, . . . , ck. Then∑︂

v∈S

B(v) ≥
∑︂

1≤i<j≤k

cicj

Equality holds if and only if S is disjoint union of cliques and any two vertices
from the same connected component which belong to the neighborhood of S are
adjacent, i.e. ∀i ∈ {1, . . . , k}, ∀x, y ∈ Ci ∩ N(S) : (x, y) ∈ E(G).

The bound on betweenness of a single cut vertex v can be also expressed using
its degree under the condition that each of its neighbors has a unique connected
component. In this case, the precise value of betweenness of the given vertex can
be already obtained by Theorem 93, if the sizes of the respective components are
known. Otherwise, it is possible to use the following result to obtain at least a
bound on the value of betweenness.

Theorem 95 (Grassi, Scapellato, Stefani, Torriero, 2009 [38]).
Let v be a cut vertex of G with k = deg(v), C1, . . . , Ck connected components of
G \ {v}, i. e. the number of connected components of G \ {v} is the same as
deg(v). Let r be the remainder of the division of n − 1 by k. Then

B(v) ≤
(︄

k − r

2

)︄(︃(n − 1) − r

k

)︃2
+
(︄

r

2

)︄(︃(n − 1) − r

k
+ 1

)︃2

+r (k − r)
(︃(n − 1) − r

k

)︃(︃(n − 1) − r

k
+ 1

)︃

Equality holds if and only if there are (k − r) components of cardinality (n−1)−r
k

and r components of cardinality
(︂

(n−1)−r
k

+ 1
)︂
.

Remark. Originally, this theorem states a bit more general condition on the cut
vertex v, that

B(v) =
∑︂

1≤i<j≤k

cicj (3.7)

This formulation uses Theorem 93 to both simplify and concretize the result, as
the condition (3.7) on betweenness of v might be also fulfilled in other cases.

Five years before this result, Everett, Sinclair and Dunkleman proved similar
bound for bipartite graphs, using the same idea in the proof. We have included
the statement of the theorem in an equivalent form from its proof, to make the
similarity of the results more visible.

Theorem 96 (Everett, Sinclair, Dunkleman, 2004 [25]).
Let G be a bipartite graph with partitions A and B such that |A| > |B|. For any
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u ∈ A holds

B(u) ≤
(︄

|B| − r

2

)︄(︃ |A| − 1 − r

|B|
+ 1

)︃2
+
(︄

r

2

)︄(︃ |A| − 1 − r

|B|
+ 2

)︃2

+ r(|B| − r)
(︃ |A| − 1 − r

|B|
+ 1

)︃(︃ |A| − 1 − r

|B|
+ 2

)︃

where r is the remainder of the division of |A| − 1 by |B|. Maximum is obtained
if the number of components of G \ {u} is |B| and the sizes of components differ
by at most one.

Figure 3.7: Bipartite graph G with a cut vertex u, deg(u) = |B| = 3, on which is
the bound of Theorem 96 tight - G \ {u} has three connected components. We
have |A| = 5, so the remainder r of division |A| − 1 = 4 by |B| = 3 is 1 and the
components are of size |A|−1−r

|B| + 1 = 2 and |A|−1−r
|B| + 2 = 3.

We can observe that the extremal value of Theorem 96 above can be obtained
by using Theorem 95 on the bipartite graph on which is the Theorem 96 tight.
This means applying Theorem 95 on bipartite graph with partitions A and B,
|A| > |B|, which contains vertex u ∈ A such that there is exactly one vertex of B
in each connected component of G \ {u}, see Figure 3.7. That is the only way to
get maximum number of components of G\{u} to be |B|. Furthermore, connected
components of G \ {u} must differ by at most one. This way we get that the
smaller type of connected component contains n−1−r

k
= |A|+|B|−1−r

|B| = |A|−1−r
|B| + 1

vertices, |A|−1−r
|B| of A and one additional vertex from B. The bigger connected

component contains n−1−r
k

+ 1 = |A|+|B|−1−r
|B| + 1 = |A|−1−r

|B| + 2 vertices of A and
one vertex of B. There are more results about Freeman’s centralization index of
bipartite graphs following up this result in the article by Sinclair [71][72].

The following results include upper bounds on vertices in 2- and 3-connected
graphs. For the extremal cases, we need to define two new classes of graphs. A
fan Fk,ℓ is a graph which consists of path Pℓ and k vertices which are connected to
all vertices of the path Pℓ and do not have any other connections. See Figure 3.8a
for example of the fan graph F2,5. We recall that wheel graph Wn−1 is a graph on
n vertices consisting of a central vertex v of degree n − 1, where G[N(v)] forms
a cycle Cn−1. Figure 3.8b shows the wheel graph W7.

Above defined graphs are extremal cases in the following theorems.
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Theorem 97 (Klisara, Coroničová Hurajová, Madaras, Škrekovski, 2016 [48]).
Let G be a 2-connected graph of order n. Then for all v ∈ V (G) :

B(v) ≤ (n − 3)2

2
Equality is obtained only in the central vertex of the graph F1,n−1.

Theorem 98 (Klisara, Coroničová Hurajová, Madaras, Škrekovski, 2016 [48]).
Let G be a 3-connected graph of order n. Then for all v ∈ V (G) :

B(v) ≤ (n − 1)(n − 5)
2

Equality is obtained only in the central vertex of the wheel graph Wn−1.

(a) Fan graph F2,5 (b) Wheel graph W7

Figure 3.8: Examples of fan and wheel graphs.

3.6 Bounds based on degrees
Vertices whose neighborhood forms a clique have zero betweenness centrality.
However, degree of a vertex nor density of its neighborhood cannot fully determine
its betweenness centrality in general.[22] Still, the maximal betweenness value can
be bounded from above by a function of maximal degree and number of vertices.

Theorem 99 (Klisara, Coroničová Hurajová, Madaras, Škrekovski, 2016 [48]).
Let G be a graph with maximum degree ∆ and v ∈ V (G). Then

B(v) ≤ ∆ − 1
2∆ (n − 1)2

Surprisingly, knowing the minimum degree in a graph, which assures some
minimal density of the graph, also gives some upper bounds on the value of
betweenness. To understand the result, we recall that windmill graph Wd(r, s) is
a graph made of s copies of Kr−1 and one central vertex adjacent to all vertices
of the s distinct copies of Kr−1. For example

• Wd(2, s) is isomorphic to K1,s
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• Wd(r, 1) is isomorphic to Kr+1

• Wd(3, s) is isomorphic to the friendship graph Fs, i.e. it is formed by s
triangles sharing a vertex

Theorem 100 (Klisara, Coroničová Hurajová, Madaras, Škrekovski, 2016 [48]).
Let G be a graph with minimum degree δ ≥ 2. Then

B(v) ≤ (n − 1)(n − 3) − 1 + (−1)n+1

2
We can obtain the equality for

• the central vertex of Wd(3, n−1
2 ) in the case of odd n.

• the central vertex of a graph obtained from Wd(3, n−2
2 ) by subdividing any

edge which is not incident with the central vertex in the case of even n.

See Figure 3.9 for the pictures of the graphs in which the maximum is attained.

(a) n odd,
Wd(3, n−1

2 )
(b) n even,
Wd(3, n−2

2 ) with a subdivided edge

Figure 3.9: Graphs containing a vertex with extremal value for bound on be-
tweenness centrality of a vertex in a graph with minimum degree at least two
given by Theorem 100. Reproduced according to figures in [48].

Theorem 101 (Klisara, Coroničová Hurajová, Madaras, Škrekovski, 2016 [48]).
Let G be a graph with minimum degree δ ≥ 3. Then

B(v) ≤ (n − 1)(n − 4)
2 − θ(n)

where

θ(n) =

⎧⎪⎪⎨⎪⎪⎩
5
2 , for n ≡ 0 mod 3
0, for n ≡ 1 mod 3
4
3 , for n ≡ 2 mod 3

The extremal value is obtained in central vertices of graphs which are based on
the windmill graph Wd(4, n−1

3 ). The maximum is obtained for

• n ≡ 0 mod 3 in the central vertex of the graph created from Wd(4, n−1
3 ) by

subdividing one edge not incident to its central vertex x and connecting the
newly created vertex to x.
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• n ≡ 1 mod 3 in the central vertex of the graph Wd (4, n−1
3 ).

• n ≡ 2 mod 3 in the central vertex of the graph created from Wd (4, n−1
3 ) by

replacing one edge not incident to its central vertex x by a path of length
three and by connecting the two new vertices of this path to x.

3.6.1 Bounds for regular graphs
Better bounds can also be made in r-regular graphs, which are graphs where all
vertices have degree r. The reason is that size of the neighborhood of each vertex
is known. Firstly, we show the bound on betweenness of a vertex in r-regular
triangle-free graphs.

Theorem 102.
Let G be r-regular triangle-free graph. Then for any x ∈ V (G)

B(x) ≥ r − 1
2

Equality holds for r-regular graphs with diameter two.

Proof. From the assumptions we get that any N(x) forms independent set of size
r. Using bound (3.2) and the fact that any two vertices have at most r common
neighbours we get that any pair from N(x) contributes at least 1

r
to B(x). As

there are
(︂

r
2

)︂
pairs of neighbours of x that are not connected, we get

B(x) ≥
(︄

r

2

)︄
· 1

r
= r(r − 1)

2 · 1
r

= r − 1
2

The equality holds for r-regular triangle-free graphs with diameter two, as in
graphs of diameter two only vertices in the neighborhood of a vertex contribute
to betweenness centrality, as has been shown in Theorem 65. Such graphs are for
example complete bipartite graphs Kr,r.

In the following, we generalize this result to all r-regular graphs.

Theorem 103.
Let G be r-regular and let |E(V ′)| for V ′ ⊂ V (G) be the number of edges in a
graph induced by the set of vertices V ′. For fixed x ∈ V (G), denote

qx =
(︄

r

2

)︄
− |E(N(x))|

Then

B(x) ≥
∑︂

u,v∈N(x)
uv /∈E(G)

1
r

=

(︂
qx

2

)︂
r

= qx(qx − 1)
2r

Proof. Again, we consider just contribution of neighbours of given x ∈ V (G).
The number of pairs u, v ∈ N(x) such that uv /∈ E(G) is qx and each such pair
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contributes to B(x) by at least 1
r
, as there are at most r paths of length two

between u and v.

The results above again indicate that there is correspondence between density of
a graph and its betweenness.

3.7 Bounds on edge betweenness centrality
The basic general bound on the possible values of edge betweenness centrality is
as follows.

Theorem 104 (Comellas, Gago, 2007 [14]).
For a graph G of order n and any f ∈ E(G) it holds

1 ≤ Be(f) ≤

⎧⎪⎨⎪⎩
⌊︂

n2

4

⌋︂
, for n even⌊︂

(n−1)2

4

⌋︂
, for n odd

Interestingly, there are graphs with all edges having edge betweenness 1 and
also graphs with all edges having edge betweenness

⌊︂
n2

4

⌋︂
.

Theorem 105 (Caporossi, Paiva, Vukicevic, Segatto, 2012 [12]).
Let G be a graph of order n. We define

Bmax
e (G) = max

f∈E(G)
{Be(f)}

and
Bmin

e (G) = max
f∈E(G)

{Be(f)}

Then

1 ≤ Bmin
e (G) ≤

⌊︃
n2

4

⌋︃
(3.8)

1 ≤ Bmax
e (G) ≤

⌊︃
n2

4

⌋︃
(3.9)

The lower bound is in both cases obtained if G is a Kn and the upper bound
is obtained in Cn for both minimum and for maximum in the case of n being
even. For Bmax

e (G) and n odd is the upper bound obtained in any graph with two
subgraphs of sizes

⌊︂
n
2

⌋︂
and

⌈︂
n
2

⌉︂
connected by a single edge.

Remark. There is a slight inaccuracy in article [12], where the authors mention
that upper bound for Bmax

e (G) is obtained if and only if there is a bridge connect-
ing two subgraphs the same sizes (up to one). However, Cn has uniform values of
edge betweenness equal to

⌊︂
n2

4

⌋︂
for even n, which is in the upper bound in (3.9)

so the upper bound for Bmax
e (G) is also obtained in Cn for n even.

It is possible to exactly determine the betweenness centrality of a pendant
vertex in a graph, which is always zero. Similarly, edge betweenness centrality
can be determined for an edge incident with a pendant vertex.
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Theorem 106 (Comellas, Gago, 2007 [14]).
Be(uv) = n − 1 if u or v is a vertex of degree one.

There are several other properties of the endpoints of an edge that can influ-
ence its edge betweenness.

Theorem 107 (Comellas, Gago, 2007 [14]).
For any uv ∈ E(G) it holds

Be(uv) ≤ max
{︃

B(u)
2 + 1,

B(v)
2 + 1

}︃
Corollary 108 (Comellas, Gago, 2007 [14]).
Let Bmax

e (G) be maximal value of edge betweenness in a graph G and let

Bmax(G) = max{B(v) | v ∈ V }

Then
Bmax

e ≤ Bmax(G)
2 + 1

Corollary 109 (Comellas, Gago, 2007 [14]).
For G of order n and size m we have

Be(G) ≤ mB(G) + 1
2n

Similarly to inequality (3.6), average edge betweenness centrality is also di-
rectly related to average distance in the graph.

Theorem 110 (Barmpoutis, Murray, 2011 [5]).
For any graph G of order n and size m with average distance L(G) it holds

Be(G) = 1
m

(︄
n

2

)︄
L(G)

Furthermore, we can give bounds on minimal and maximal edge betweenness
of any edge parameterized by the properties of the graph with maximum average
distance with respect to given n and m as in the Theorem 88.

Theorem 111 (Barmpoutis, Murray, 2011 [5]).
For any edge f of a graph G of order n and size m we have

n(n − 1)
m

− 1 ≤ Be(f) ≤

(︂
C
2

)︂
+ C

(︂
P +1

2

)︂
+ P (C − α) +

(︂
P +1

3

)︂
m

where
C =

⌊︃3 +
√

9 + 8m − 8n

2

⌋︃
is the size of largest clique contained in the graph H which maximizes average
shortest path length for given order n and size m, P = n − C is the path which
forms the rest of the graph H and α = m − n + C + 1 −

(︂
C
2

)︂
is the number of

edges which connect the clique and the path subgraph.

For an example of a graph H see Figure 3.5.
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3.7.1 Edge betweenness of graphs with diameter two
In graphs of small diameter, the length of a shortest path is limited, which makes
the calculation of betweenness substantially easier. Especially, in a graph with
diameter two we have that for any x ∈ V (G), each vertex y is either in the
neighborhood N(x) of a vertex x, or it has to be a neighbor of some vertex in
N(x). We can apply this idea to the edge uw. There is a shortest path between
u and w contributing 1 to the betweenness of this edge. The other contributions
are made either by some vertex v neighboring vertex u, which is not neighboring
vertex w (otherwise the shortest path would be the edge vw and not vuw) or
some vertex v neighboring vertex w, which is not a neighbor of u. See Figure
3.10 for better understanding of the two theorems in this section.

Figure 3.10: Illustration of the situation in Theorems 112 and 113.

Theorem 112 (Gago, 2014 [32]).
For G of order n with diameter two and any uw ∈ E(G) we get

Be(uw) = 1 +
∑︂

v∈N(w)
v /∈N(u) ∪ {u}

1
σuv

+
∑︂

v∈N(u)
v /∈N(w) ∪ {w}

1
σvw

Three years later, Flórez, Narayan, Newman and Miranda realized that num-
ber of such vertices is bounded and can be expressed using neighborhoods of the
vertices at the beginning and at the end of a path of length two. Note that the
following theorem basically summs the value of the bound given in Theorem 65,
which is tight for graphs with diameter two, for both endpoints of the edge and
adds one.

Theorem 113 (Flórez, Narayan, Newman, Miranda, 2017 [59]).
Let G be a graph with diameter two. For any edge uw ∈ E(G) it holds

Be(uw) = 1 +
∑︂

v∈N(w)
v /∈N(u) ∪ {u}

1
|N(u) ∩ N(v)| +

∑︂
v /∈N(w) ∪ {w}

v∈N(u)

1
|N(v) ∩ N(w)|
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3.7.2 Bounds on edge betweenness of edge-cuts
Vertex as well as edge cuts have in general higher value of betweenness because
all shortest paths between different components have to cross at least one vertex
or edge of the cut, as we have already seen for betweenness of vertices in Section
3.5.

The first step is to consider edge betweenness of edge-cut of size one.

Theorem 114 (Comellas, Gago, 2007 [14]).
Let G be a graph of order n containing a bridge f ∈ E(G) and let A and B be
the components of G \ {f} on different sides of f . Then

Be(f) = |A| · |B|

This can be generalized for bigger edge-cuts.

Theorem 115 (Caporossi, Paiva, Vukicevic, Segatto, 2012 [12]).
Let G be a graph and A, B a partition of its vertices, i.e. V (G) = A ∪ B and
A ∩ B = ∅. We denote C = {uv ∈ E(G) | u ∈ A and v ∈ B}. Then it holds∑︂

f∈C

Be(f) ≤ |A| · |B| (3.10)

The inequality is strict if there is at least one pair of vertices in the same partition
whose shortest path goes through the other partition.

Equality holds if and only if for any a1, a2 ∈ A and b1, b2 ∈ B (including
a1 = a2 or b1 = b2) such that a1b1, a2b2 ∈ E(G) it holds that d(a1, a2) and
d(b1, b2) differ by at most one.

3.7.3 Bounds on edge betweenness after graph modifica-
tions

We have seen a bound on the change of average betweenness after adding an edge
to the graph in Theorem 77. Similarly, we can also bound the change in average
edge betweenness after addition of an edge.

Theorem 116 (Gago, 2014 [32]).
Let G be a graph of order n and size m. We denote H the graph created from G
by adding an edge between u, v such that uv /∈ E(G) and d = dG(u, v). Then it
holds

Be(H) ≤ mBe(G) − d + 1
m + 1

We have already seen bounds of average betweenness based on spanning sub-
graphs. A special case of this is a Cn being subgraph in Hamiltonian graph G.

Theorem 117 (Gago, 2014 [32]).
Let G be Hamiltonian graph of order n. Then

Be(G) ≤ nBe(Cn) − m + n

m
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3.8 Other bounds
There are more results regarding betweenness centrality of graphs, which are not
covered in this chapter. For bounds based on eigenvalues of Laplacian matrix,
which is defined as D − A where D is diagonal matrix with degrees of vertices
and A stands for adjacency matrix, see book [32], Section 7.4, and article [14].
The same article contains bounds on maximum edge betweenness parameterized
by isoperimetric number and edge expansion index. There are also some bounds
for differing variants of betweenness centrality.[44]
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4. Betweenness uniform graphs
One research problem around betweenness centrality is to characterize graphs
having a specific betweenness sequence. For example, it is possible to construct
and describe graphs where each vertex has a unique value of betweenness.[54] In
this chapter, we focus on the other extreme - graphs with uniform betweenness
sequence. We remind that graph is betweenness uniform if it has the same value
of betweenness centrality for all vertices. Each vertex in a betweenness uniform
graph is thus equally important in terms of shortest paths passing through it.
Attacking a single vertex (or a small number of vertices) of such graph does not
influence too many shortest paths, which makes betweenness uniform networks
potentially interesting for infrastructural and military use.

We denote the class of betweenness-uniform graphs as BU . From Claim 2,
we already know that any vertex-transitive graph is also betweenness uniform.
The family of all cycles C is an example of a family of vertex-transitive graphs.
In a vertex-transitive graph, there exists an automorphism between any pair of
vertices. In Cn, this automorphism between two vertices, which are in distance
d along the cycle in the clockwise direction, is defined as a clockwise rotation of
the cycle by d vertices. This leads to C ⊂ BU .

However, not all betweenness-uniform graphs are vertex-transitive. Smallest
betweenness uniform graph witch is not vertex-transitive is depicted in Figure 1.7
of Chapter 1.

In this chapter, betweenness uniform graphs are examined, with special em-
phasis on characterization of classes of graphs that are betweenness uniform. We
also focus on connectivity and diameter of betweenness uniform graphs, inspired
by two conjectures given in the article [43]. In section 4.1, we prove the Conjecture
119 for betweenness uniform graphs which are either vertex- or edge-transitive.
Further, we provide some observations and claims heading towards proving the
Conjecture 119 for 3-regular betweenness uniform graphs. In section 4.3, we pro-
vide a proof of Conjecture 142, which claims that betweenness uniform graphs
with a high degree have small diameter. Section 4.4 contains a characterization
of some graph classes containing edge betweenness uniform graphs and also our
observation about a property of regular edge betweenness uniform graphs.

4.1 Connectivity of betweenness uniform graphs
Betweenness centrality is defined only for connected graphs. In a disconnected
graph, there are no shortest paths between two vertices in different connected
components, which would lead to division by zero. It is often reasonable to con-
sider each connected component as a separate graph while studying betweenness
of disconnected graphs.

Unsurprisingly, betweenness uniform graphs are connected, which follows from
the fact that betweenness centrality is defined on them. Can we make any stronger
statement?

Theorem 118 (Gago, Coroničová Hurajová, Madaras, 2013 [33]).
Each betweenness-uniform graph is 2-connected.
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Intuition behind this is that if there was a betweenness-uniform graph G which
has a cut vertex x, then all shortest paths between components of G \ x would
go through x, whereas for a vertex v inside a connected component C of G \ x,
only shortest paths between vertices u1, u2 ∈ C can possibly add something to
the betweenness of v.

What about stronger connectivity? We cannot obtain connectivity greater
than two in general, because all cycles are betweenness-uniform and 2-connected
at the same time. So the best we can get is that BU \ C is 3-connected, as has
been conjectured by Coroničová Hurajová and Madaras.

Conjecture 119 (Coroničová Hurajová, Madaras, 2018 [43]).
If G is betweenness-uniform graph which is not a cycle, then G is 3-connected.

The authors of Conjecture 119 gave the below-mentioned partial result, talk-
ing not about connectivity, but minimal degree.

Theorem 120 (Coroničová Hurajová, Madaras, 2018 [43]).
Let G be a betweenness-uniform graph on n ≥ 4 vertices. Then G ∼= Cn or
δ(G) ≥ 3.

4.1.1 Connectivity of vertex- and edge-transitive graphs
In this section, we will prove Conjecture 119 for betweenness-uniform graphs
which are either vertex- or edge-transitive. Vertex transitive graphs are always
betweenness-uniform, as we have already stated in Claim 2. Let’s denote the
vertex connectivity of G as κ(G). We will use the following theorem to prove
Conjecture 119 for all vertex-transitive graphs.

Theorem 121 (Watkins, 1970 [81]).
For any vertex-transitive graph G,

κ(G)
δ(G) >

2
3

Now we can show that Conjecture 119 holds for vertex-transitive graphs.

Theorem 122.
Let G be vertex-transitive graph which is not isomorphic to Cn. Then G is 3-
connected.

Proof. Suppose there is a 2-connected vertex-transitive graph G different from
Cn. Then from Theorem 120, it has δ(G) ≥ 3 and thus 2

δ(G) ≤ 2
3 , which is a

contradiction to Theorem 121.

The Conjecture 119 now remains open for betweenness uniform graphs, which
are not vertex-transitive. Among such graphs, an interesting class is that of semi-
symmetric graphs, defined as graphs that are edge-transitive, regular and not
vertex-transitive. Semi-symmetric graphs were shown to be betweenness-uniform
in the article [43].
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We say that graph is biregular if it is bipartite and all vertices in the same
partition have the same degree. A graph is strictly biregular if vertices in different
partitions have different degrees. In general, any edge-transitive graph is either
regular of biregular, as has been shown by Watkins.[81] This implies that edge-
transitive graphs consist of regular graphs, which have uniform degree sequence,
and strictly biregular graphs, which are bipartite and there are exactly two values
occurring in their degree sequence. We will show that all graphs from the former
part are betweenness uniform and that all graphs from the latter part have exactly
two values in their betweenness sequence. Figure 4.1 represents relations between
different graph classes studied in this chapter. Some of the graph classes have
been defined above, some of them will be defined later.

Figure 4.1: Overview of relations between distance-transitive, distance-regular,
biregular, regular, semi-symmetric, vertex- and edge-transitive classes of graphs.
Apart from definitions, there are following relations: vertex transitivity implies
betweenness uniformity (Corollary 2), edge transitivity implies edge between-
ness uniformity 4, distance-transitivity implies distance-regularity and also both
vertex- and edge-transitivity (Observation 138), distance-regularity implies both
betweenness uniformity (Corollary 135) and edge betweenness uniformity (Propo-
sition 137), betweenness uniformity and edge betweenness uniformity implies reg-
ularity (Corollary 124).

Theorem 123.
Let G be an edge-transitive graph. Then the number of distinct values of between-
ness in the betweenness sequence of G is equal to the number of distinct values in
the degree sequence of G. Especially, G is betweenness uniform if and only if G
is regular.
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Proof. Let G be edge-transitive. From Corollary 4, edge-transitive graphs are
edge betweenness uniform, which means that edge betweenness is the same for
all edges. Adjusted betweenness Ba(v) is given by the sum of edge betweenness
of edges incident to v. Furthermore, between adjusted and normal betweenness
there is a linear relationship with additive constant same for all vertices, see
equation (1.1). As a result, vertices with the same degree have the same values
of betweenness.

We can observe that betweenness uniform edge-transitive graphs are either vertex-
transitive or semi-symmetric. Furthermore, in the proof we used the fact that
G is edge-transitive only to force G to be edge betweenness uniform, so we can
claim something a bit more general.

Corollary 124.
If a graph G is both betweenness uniform and edge betweenness uniform, then G
is regular.

Proposition 125 (Watkins, 1970 [81]).
Vertex connectivity of edge-transitive graph is equal to its minimal degree.

The following theorem is a special form of Conjecture 119.

Theorem 126.
Semi-symmetric graphs which are connected and not isomorphic to Cn are 3-
connected.

Proof. In order to be connected and not isomorphic to Cn, semi-symmetric (and
thus edge-transitive) G has to be 3- or more regular. From Proposition 125 this
also means being 3- or more connected.

Corollary 127.
Edge-transitive betweenness uniform graphs not isomorphic to Cn are 3-connected.

Proof. An edge-transitive graph betweenness uniform graph is either vertex-
transitive and thus 3-connected according to Theorem 122, or semi-symmetric
and thus 3-connected from Theorem 126.

We have shown that both vertex-transitive and regular edge-transitive graphs
non-isomorphic to Cn are 3-connected. It remains to prove the Conjecture 119
for the remaining betweenness-uniform graphs. Regretfully, this group might
not be negligible, because it has been shown that for n large enough, there are
super-polynomially many betweenness-uniform graphs of order n, which are not
vertex-transitive.[33]. However, from the construction from the above-mentioned
article it is clear that such graphs are highly connected.
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4.1.2 Connectivity of betweenness uniform cubic graphs
Inspired by Theorem 120, which gives δ(G) ≥ 3 for betweenness uniform graphs
non-isomorphic to Cn, we focused on the case of 3-regular graphs, which are also
called cubic. Note that this is the extremal case, in the sense of edge density and
that by adding edges, the connectivity can either stay the same or grow.

We have already proved Conjecture 119 for 3-regular graphs which are vertex-
or edge-transitive. Research of 3-regular graphs done by Coroničová Hurajová and
Madaras suggests that there are not many 3-regular betweenness-uniform graphs
that are not vertex-transitive. [43] This implies that there are not many 3-regular
graphs for which Conjecture 119 is still open. Regretfully, it is a hard task to
prove the conjecture for these graphs due to their asymmetric nature.

Let generalized Petersen graph GP (n, k)[84] be a graph on 2n vertices with
vertex set

V = {v1, . . . , vn} ∪ {u1, . . . , un}

and edge set

E = {vi, vi+1 mod n} ∪ {ui, vi} ∪ {ui, ui+k mod n} for all i ∈ {1, . . . , n}

The generalized Petersen graph GP(7,2) is example of a graph, which is 3-regular,
betweenness-uniform, but not vertex-transitive. According to Coroničová Hura-
jová and Madaras [43], there are only three such graphs on at most twenty vertices,
all three of them are shown in Figure 4.2.

Figure 4.2: The only three 3-regular graphs up to 20 vertices, which are
betweenness-uniform, but not vertex-transitive. The leftmost one is GP(7,2).
Image reproduced according to article [43].

Theorem 120 inspired us to pose the following problem.

Problem 128.
Let G be 2-connected 3-regular graph. Then G is not betweenness-uniform.

The statement above is equivalent to the following special case of the Conjec-
ture 119:

Problem 129.
Any 3-regular betweenness-uniform graph is 3-connected.

While considering 3-regular graphs, it is possible to make use of some of their
special properties.
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Theorem 130 (West, 2000 [84], Theorem 4.1.11).
In 3-regular graphs, edge connectivity is the same as vertex connectivity.

Assume that there exists a 2-connected 3-regular betweenness uniform graph
G. In such case, we can use Theorem 130 and assume there exists an edge cut
of size two. Denote wy, xz the edges of the cut and let G1, G2 be the connected
components of G \ {wy, xz} with w, x ∈ G1 and y, z ∈ G2.

The easy observation below will be used later on.

Lemma 131.
The order of each component G1, G2 is even.

Proof. Assume |V (G1)| ≤ |V (G2)| and let |V (G1)| = 2k + 1 for some k ∈ N,
we can observe that inside G1, w and x are incident with two edges and each of
V (G1) \ {w, x} is incident with three edges. The number of incidences, or end-
points of edges, is 3(2k − 1) + 2, which is an odd number. However, the number
of incidences of vertices and edges in every graph is even, a contradiction.

We did not succeed in proving that there is no 2-connected 3-regular between-
ness uniform graph, but at least we show that there is no small graph with these
properties.

Theorem 132.
Let G be 2-connected 3-regular betweenness uniform graph. Then G is of order
n ≥ 16.

Proof. We prove the statement using existence of edge-cut {wy, xz} ∈ E(G) of
size two, which follows from the Theorem 130. We denote G1, G2 the components
of G \ {wy, xz}, where |V (G2)| ≤ |V (G1)|. From Lemma 131, the orders of G1
and G2 must be even. Let k = |V (G2)| be even. Trivially, k ̸= 2, because both y
and z have one edge inside the cut and two other edges remaining, which must
be inside G2, otherwise the edge cut would not be a cut.

Figure 4.3: Situation from the proof of Theorem 132 for k = 4, H = G1 \ {w, x}.

For k = 4, there is only one possible configuration, which is shown in Fig-
ure 4.3. Let P, Q ∈ V (G) be two subsets of vertices and let u1, u2, . . . , ud ∈
V (G) \ {P, Q} be vertices of a path u1u2 · · · ud of length d. We denote the sum
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of contributions of shortest paths betweenn P and Q to the betweenness of the
vertices of path u1u2 . . . ud as

B(P, Q, u1u2 . . . ud) =
∑︂
p∈P
q∈Q

σp,q(u1u2 . . . ud)
σp,q

Note that P and Q can be of size one. In such case we write p instead of P = {p}.
The property of this notation is that B(P, Q, u1u2 . . . ud) = B(P, Q, udud−1 . . . u1).
We will use this notation to decompose the betweenness of different vertices to
the sum of contributions and to assess their potential equality. One of the main
ideas of the proof is that there are vertices u ̸= v of G2 for which the contribution
of vertices {w, y, a, b, x, z} to B(u) and to B(v) are different. We will see that
regardless of the structure of component G1, i.e. the part of the graph behind
the cut, the contributions of the shortest paths between G1 and G2 and the
contributions between vertices of G1 passing through G2 cannot be combined to
balance this difference. Let H = G \ {w, y, a, b, z, x} = G1 \ {w, x} and let F be
the graph induced by {w, y, a, b, z, x}. Now we express the betweenness centrality
of vertices y, z, a, b. Below presented expressions always start with the exact value
made of local contributions of the shortest paths with both endpoints in F , then
they contain the contributions of the shortest paths running through the whole
subgraph F and at the end we put the contributions of shortest paths starting in
F and going out of it.

B(y) = 4 + B(H, H, wyazx) + B(H, H, wybzx) + B(w, H, yazx)
+ B(w, H, ybzx) + B(x, H, zayw) + B(x, H, zbyw) + B(z, H, ayw)
+ B(z, H, byw) + B(a, H, yw) + B(b, H, yw)

B(z) = 4 + B(H, H, wyazx) + B(H, H, wybzx) + B(w, H, yazx)
+ B(w, H, ybzx) + B(x, H, zayw) + B(x, H, zbyw) + B(y, H, azx)
+ B(y, H, bzx) + B(a, H, zx) + B(b, H, zx)

B(a) = 2 + B(H, H, wyazx) + B(w, H, yazx) + B(x, H, zayw)
+ B(y, H, azx) + B(z, H, ayw)

B(b) = 2 + B(H, H, wybzx) + B(w, H, ybzx) + B(x, H, zbyw)
+ B(y, H, bzx) + B(z, H, byw)

Putting B(y) = B(a) results in

2 + B(H, H, wybzx) + B(w, H, ybzx) + B(x, H, zbyw)
+B(z, H, byw) + B(a, H, yw) + B(b, H, yw) = B(y, H, azx)

Thanks to the non-negativity of betweenness we get

B(z, H, byw) < B(y, H, azx) (4.1)

Similarly, putting B(z) = B(b) results in

2 + B(H, H, wyazx) + B(w, H, yazx) + B(x, H, zayw)
+B(y, H, azx) + B(a, H, zx) + B(b, H, zx) = B(z, H, byw)
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which leads to
B(y, H, azx) < B(z, H, byw) (4.2)

Clearly, inequalities 4.1 and 4.2 lead to a contradiction, so there is no 2-connected
3-regular betweenness uniform graph, whose smaller component of connectivity
would be of form shown in Figure 4.3.

For k = 6, there are four different possible subgraphs, one with d(y, z) = 1,
one with d(y, z) = 2 and two with d(y, z) = 3. All these cases are solved in a very
similar way to the first one, so we decided to move the proof of the remaining
cases into the appendix A.

We have seen that size of any component of connectivity has to be greater
than six. Because of the Theorem 131, first suitable value is k = 8. Because
k = |V (G2)| ≤ |V (G1)|, we have that |V (G1)| + |V (G2)| = |V (G)| ≥ 16.

4.2 Distance-regular graphs
As has been mentioned in Claim 2, vertex-transitive graphs are betweenness uni-
form. Because of this, it might be interesting to explore classes of graphs that
are betweenness uniform and contain graphs that are not vertex-transitive. One
such class of graphs is the class of distance-regular graphs[33], which are defined
by having the property described below.

Let Nk(u) = {v ∈ V (G) | d(u, v) = k} be a k-th neighborhood of u ∈ V (G).
Observe that N0(u) = u and N1(u) = N(u). Now we define for u, v ∈ V (G) with
d(u, v) = i,

• Ai(u, v) = {Ni(u) ∩ N(v)}, ai(u, v) = |Ai(u, v)|

• Bi(u, v) = {Ni+1(u) ∩ N(v)}, bi(u, v) = |Bi(u, v)|

• Ci(u, v) = {Ni−1(u) ∩ N(v)}, ci(u, v) = |Ci(u, v)|

In distance-regular graphs, there exist ai, bi and ci such that for all tuples u, v ∈
V (G) with d(u, v) = i we have ai(u, v) = ai, bi(u, v) = bi and ci(u, v) = ci.[76]
This implies that any distance regular graph with diameter d can be characterized
by its intersection array containing all possible values of bi and ci:

{ b0, b1, b2, . . . , bd−1
c1, c2, c3, . . . , cd }

Values of ai’s are usually not included, because they can be obtained from bi and
ci. To swallow the definition more easily, let us show the meaning of some values
of ai, bi and ci.

• a0(x, y) = |N0(x) ∩ N(x)| = |x ∩ N(x)| = 0 because d(x, y) = 0 means
x = y.

• b0(x, y) = |N1(x) ∩ N(x)| = |N(x)| because N1(x) = N(x). This implies
that each distance-regular graph is also b0-regular.

• c0(x, y) = |N−1(x) ∩ N(y)| is not defined because N−1(x) is undefined.
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• c1(x, y) = |N0(x) ∩ N(y)| = |x ∩ N(y)| = 1 because d(x, y) = 1 means
(x, y) ∈ E(G).

The omission of ai’s from the intersection array is possible thanks to the
following theorem, which has been published without proof. We provide our
version of the proof.

Observation 133 (Dam, Koolen, Tanaka, 2014 (without proof) [79]).
In distance-regular graph, ai = b0 − bi − ci.

Proof. Taking x and y in distance i, we can observe that all vertices in N(y)
are either in distance i − 1, i or i + 1 from x. Value b0 equals to |N(y)| for
any y and by subtracting bi = |Ni+1(x) ∩ N(y)| and ci = |Ni−1(x) ∩ N(y)| from
b0 = |N(y)|, only vertices of N(y) in distance i from x remain, which is exactly
ai = |Ni(x) ∩ N(y)|.

Interestingly, distance-regular graphs are not only betweenness uniform, but
besides being betweenness uniform, distance-regular graphs also possess the fol-
lowing property. In a distance-regular graph, the contribution of any pair of
vertices to the betweenness of a third vertex depends only of their distances.

Theorem 134 (Gago, Coroničová Hurajová, Madaras, 2013 [33], 2014 [32]).
We denote ℓ = d(u, w), σu,v the number of shortest paths between u and v and
σu,v(w) the number of shortest uv-paths passing through w. In distance-regular
graph, δu,v = Πk

i=1ci for u, v with d(u, v) = k, which can be proved by induction
on k. Then for σu,v(w) ̸= 0

δu,v(w)
δu,v

= δu,w · δw,v

δu,v

= Πℓ
i=1ci · Πk−ℓ

i=1 ci

Πk
i=1ci

= Πℓ
i=1ci

Πk
i=k−ℓci

Corollary 135 (Gago, Coroničová Hurajová, Madaras, 2013 [33], 2014 [32]).
Every distance-regular graph is betweenness uniform.

Furthermore, in distance-regular graphs, we can easily express the number of
vertices in distance i from any vertex, ki = |Ni(x)|.

Observation 136 (Dam, Koolen, Tanaka, 2014 [79]).

ki+1 = biki

ci+1
= b0b1 · · · bi

c1c2 · · · ci+1

Distance-regular graphs have also been shown to be edge betweenness uniform.

Proposition 137 (Gago, 2014 [32], Theorem 7.3.7).
Every distance-regular graph is edge betweenness uniform.

A special subclass of distance-regular graphs is the class of distance-transitive
graphs. In the introduction, we have defined automorphism of a graph G as a
bijection ϕ : V (G) → V (G) preserving edges as well as non-edges. We can observe
that composition of two automorphisms is an automorphism. A automorphism
group of a graph G is then a group whose elements are automorphisms of G and
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the group operation is composition of automorphisms. An automorphism group
A is distance-transitive on the graph G with diameter d if for all k ∈ {0, . . . , d}
and all pairs of pairs of vertices (x, y) and (u, v) such that d(u, v) = d(x, y) = k,
there exists an automorphism ϕ ∈ A such that ϕ(x) = u and ϕ(y) = v. A graph
G is distance-transitive, if the automorphism group of G is distance-transitive on
G.[8]

Observation 138.
All distance-transitive graphs are both vertex- and edge-transitive.

Proof. From the existence of an automorphism between pairs of vertices in
distance k = 0 it easily follows, that any distance-transitive graph is also vertex-
transitive. From the same claim for k = 1 follows the edge-transitivity.

From the above mentioned observation is also clear that distance-transitive graphs
are both betweenness uniform and edge betweenness uniform. Furthermore, from
the definition it also follows that any distance-transitive graph is also distance-
regular. However, the converse is not true. For example, out of the complete list
of 13 distance-regular cubic graphs, only Tutte 12-cage shown in Figure 4.4 is not
distance-transitive. [11]

Figure 4.4: Tutte 12-cage, the only distance-regular cubic graph, which is not
vertex-transitive. Image has been created using package networkX for Python
[39] and graph visualization software Graphviz [34][20].

Another subclass of distance-regular graphs is the class of strongly regular
graphs, which contains distance-regular graphs of diameter two. It also holds that
each strongly regular graph G can be described by (n, r, λ, µ), where n denotes
number of vertices, r = deg(v) for any v ∈ V (G), λ is the number of common
neighbours of two adjacent vertices and µ is the number of common neighbors of
two non-adjacent vertices. One of the reasons why strongly regular graphs are
interesting for us is the following theorem.
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Theorem 139 (Phelps, 1979 [66]).
For each finite group A there exists a strongly regular graph with automorphism
group isomorphic to A.

From the above-mentioned theorem and from the fact that strongly regular
graphs are distance-regular (and thus also betweenness uniform) we get that for
each finite group A, there is a betweenness uniform graph with automorphism
group isomorphic to A. [33]

4.3 Betweenness-uniformity and high degree
It seems natural that graphs that have a very high maximum degree have also
a small diameter. For the right quantification of the terms and for betweenness
uniform graphs, we can prove claims of this form.

Theorem 140 (Gago, Coroničová Hurajová, Madaras, 2013 [33]).
Let G be a betweenness-uniform graph of order n with ∆(G) = n − 1. Then G is
isomorphic to Kn.

Note that d(Kn) = 1. This means that for the largest possible maximal degree
we have the smallest possible diameter. But we can go further.

Theorem 141 (Gago, Coroničová Hurajová, Madaras, 2013 [33]).
Let G be a betweenness-uniform graph of order n with ∆(G) = n − 2. Then
d(G) = 2.

The above mentioned theorems and some computational results lead their
authors Coroničová Hurajová and Madaras to the following conjecture.

Conjecture 142 (Coroničová Hurajová, Madaras, 2018 [43]).
If G is betweenness-uniform graph and ∆(G) = n − k, then d(G) ≤ k.

In the same article, there has been progress in direction of this conjecture,
namely there is the following theorem, which is a bit stronger then the claim of
the conjecture for k = 3.

Theorem 143 (Coroničová Hurajová, Madaras, 2018 [43]).
Let G be a betweenness-uniform graph of order n ≥ 4. If ∆(G) = n − 3 then
d(G) = 2.

In order to understand the general case, we will at first consider any graph
with ∆(G) = n − k. Such graph clearly contains K1,n−k as a subgraph and there
are only k − 1 remaining vertices which are not in N(v), denoted by R.

How to connect these vertices to the graph such that the diameter is max-
imized? Imagine we have already added all vertices from R to the star K1,n−k

forming thus the graph G. There are s, t ∈ V (G) whose distance is maximal and
determines the diameter of G. If there are some vertices from R which are not
part of the (s, t)-path, then they were not added in an optimal way, because the
path could be prolonged by adding them. So we get that in optimal solution
all vertices from R are part of the (s, t)-path determining the diameter. Fur-
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thermore, there exists an (s, t)-path going through v and there are at most two
vertices u, w ∈ N(v) that are neighbours of some r ∈ R.

This allows us to define the structure of any graph G, which has ∆(G) =
n−k = ∆ and maximizes the diameter. This will be done by defining two classes
of graphs, such that for any such G there will exist G′ from one class and G′′ of
the second class such that G′ ⊆ G ⊆ G′′.

We define ∆-markerball M∆ as class of graphs consisting of K1,∆ as a subgraph
and of at most two paths made of vertices from V (G)\V (K1,∆) with total length
n − ∆ − 1, where for each path one of its endpoints is identifyied to a pendant
vertex of the star. Moreover, for each path different vertices are chosen. Note
that the graph in which is attained the maximal value of Theorem 89 and which
is shown in Figure 3.6, belongs to Mn−d+1.

Let ∆-superball S∆ be the class of graphs which consist of K∆+1 \ (uw) for
(uw) ∈ E(K∆+1 as a subgraph and at most two paths with total length exactly
n−∆−1, where for each path, one of its endpoints is unifyied with a unique point
from the set {u, w}. If there is only one path of length n−∆−1, whose endpoint
is identifyied with u, then w is the unique vertex nonadjacent to u. Examples of
graphs which belong to M8 and S8 are shown in Figure 4.5.

(a) G ∈ M8 with only one path made of vertices from R
connected to K1,8. The path is of length 4 = n − ∆ − 1.

(b) G ∈ S8 with two paths connected to K9 \ {uw}, one of
length 1, second of length 3, their total length is 4 = n−∆−1.

Figure 4.5: Examples of graphs on n = 13 vertices from newly defined classes M∆
and S∆, ∆ = 8, |R| = n − ∆ − 1 = 4. Both graphs have diameter n − ∆ + 1 = 6.
The dashed line denotes the missing edge uw.

The diameter of any ∆-markerball is (n−∆−1)+2 = n−∆+1, as d(K1,∆) = 2
and each r ∈ R, |R| = n−∆−1, adds one to the length of the longest path in the
graph. For ∆ = n − k we get diameter (k − 1) + 2 = k + 1. Any (n − k)-superball
has also the same diameter, because thanks to the missing edge uw, the longest
path meets Kn−k+1 \ (uw) in two edges uv, vw for some v ∈ V (Kn−k+) \ {u, w}.
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By the discussion above we have actually proven the following theorem.

Theorem 144.
Any G with ∆(G) = n − k has d(G) ≤ k + 1. Equality holds only if there exist
G′ ∈ Mn−k and G′′ ∈ Sn−k such that G′ ⊆ G ⊆ G′′.

In order to prove the Conjecture 142, it remains to show that there is no
betweenness-uniform graph G, which has some G′ ∈ Mn−k as a subgraph and is
a subgraph of some G′′ ∈ Sn−k at the same time. There are some vertices in G
having betweenness centrality equal to zero, especially s and t as endpoints of
the longest path. However, for v ∈ V (G) which corresponds to the central vertex
of K1,n−k of G′, BG(v) > 0 as there is at least the shortest path between u and
w passing through it in G.

Corollary 145.
If G is betweenness-uniform graph and ∆(G) = n − k, then d(G) ≤ k.

4.4 Edge betweeness uniform graphs
In networks, edge betweenness is often used to detect community structure, i.e.
finding groups of nodes which are highly interconnected.[35] Edge betweenness
uniform graphs are of interest for the same reasons as (vertex) betweenness uni-
form graphs. Having communication and flow of goods equally distributed along
all connections between cities, factories or parts of a company leads to a smaller
impact when some of the connections are destroyed.

In this section, we summarize all classes of edge betweenness uniform graphs
that are currently known. Mentioned are also new results on properties of edge
betwenness uniform graphs.

4.4.1 Classes of edge betweenness uniform graphs
We have already seen that edge-transitive graphs are edge betweenness uniform
in Proposition 4. It seems that edge betweenness uniform graphs which are not
edge-transitive are rare. Automated testing mentioned in article [59] has shown
that out of all edge betweenness uniform graphs on up to ten vertices, only four
of them are not edge-transitive. These four graphs are shown in Figure 4.6.
Interesting fact is that neither of these graphs is vertex-transitive.[59]

Figure 4.6: There are only four graphs on at most ten vertices, which are edge
betweenness uniform, but are not edge transitive. Figure reproduced according
to [59].
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Another class of edge betweenness uniform graphs is the class of distance
regular graphs, which follows from Theorem 137.

Are there any edge betweenness uniform graphs, which are not edge-transitive
nor distance-regular? Authors of the article [59] give a positive answer by defining
class of graphs with the above mentioned properties. For a list of values L ⊆
{1, . . . , n}, a circulant graph Cn(L) is a graph on vertices v1, . . . , vn such that
each vi is connected to vi−j and vi+j for all j ∈ L, where addition and subtraction
are modulo n.

Theorem 146 (Newman et. al, 2018 [59]).
Circulant graphs C18k+3(1, 6k) and C18k−3(1, 6k) are edge betweenness uniform
and neither edge-transitive nor distance-regular.

This gives an infinite class of graphs with these properties.

4.4.2 Properties of edge beweenness uniform graphs
Knowning that edge betweenness of all edges is the same, we can derive some
other interesting properties of such graph.

Observation 147.
Let G be edge betweeness uniform and regular. Then G is also betweeness uniform.

Proof. Let G be edge betweennes uniform graph of order n, which is r-regular.
We use the relation (1.1) which allows us to count betweenness of a vertex by
summing values of edge-betweenness of vertices incident to it. From the fact that
G is edge betweenness uniform, values of edge betweenness are the same for all
edges. Let us denote this common values by be. Betweenness of any vertex v is

B(v) =
∑︁

u∈N(v) Be(uv) − n + 1
2 =

∑︁
u∈N(v) be − n + 1

2 = r · be − n + 1
2

which is independent on the choice of v as deg(v) = r ∀v ∈ V (G).

On the other hand, a regular betweenness uniform is not neccessarily edge be-
tweenness uniform. Example of such graph is shown in Figure 4.7.

Figure 4.7: A regular betweenness uniform graph, which is not edge betweeness-
uniform. This graph is also vertex-transitive.
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Conclusion
Betweenness centrality continues to be an important centrality measure, which
has many applications in complex network analysis, see [18] [21] [69] to name just
a few of them. Successful utilization of any graph characteristic in any application
domain of complex networks requires, among other things, detailed understanding
of graph-theoretical properties of the given characteristic. For these reasons,
we have studied betweenness centrality from the theoretical point of view by
summarizing known results as well as providing our own new contributions to
the knowledge base.

One of the central questions in this area is the classification of graphs for
which exact values of betweenness centrality are known. In this area, we have
created a catalog of known results suggesting their categorization. The cited
works utilize various definitions and notations regarding betweenness centrality.
For the purpose of the catalog, we have unified the notation as well as the defini-
tions. The major unification steps lie in using unordered pairs of vertices instead
of ordered pairs in the definition of betweenness centrality, and in the usage of
standard betweenness instead of adjusted betweenness. Additionally, most of
the equations giving exact betweenness for the given graph families have been
checked for correctness on a few simple graphs using the networkX package for
Python[39]. Even such straightforward test revealed some errors and inaccura-
cies, namely remark at the end of Section 2.1 showing inaccuracy in the labeling
of a figure from [54], remark in Section 2.3 discovering inaccuracy in the formu-
lation of the Theorem 24 and both identifying and correcting the wrong step in
the proof of the above-mentioned theorem, the first remark of Section 2.5 placed
near its beginning noticing the mismatch between the definition of betweenness
and the statements of theorems from article [3] and finally, the second remark of
Section 2.5 located by the end of the section pointing out an incorrect statement
of the original version of Theorem 40 due to the wrong usage of the definition
of a wheel graph and an error in the proof, both accompanied with appropriate
correction. We have also recognized that some theorems are generalizations of
other theorems from different authors, for those cases where the corresponding
authors did not notice. At the end of Chapter 2, we have identified the gaps
in the current knowledge in the area of determining exact values of betweenness
centrality for particular graph classes and have posed rather general questions for
further research.

Another field of interest of this thesis is searching for bounds on values of
betweenness in various settings and graph classes. To the best of our knowledge,
we have put together all currently known bounds on betweenness centrality of
vertices and edges. We have ordered them to groups according to the graph
parameter that has been used, such as maximal degree or diameter. Again, we
have unified the notation, namely by reformulating some theorems which have
been originally stated in adjusted betweenness. We have compared the bounds
of Theorem 68 and of Theorem 67 under a certain condition on vertices whose
betweenness have been evaluated. This condition allowed such comparison and
we found out that it is always better to use the bound of Theorem 68 for vertices
satisfying the condition. We noticed an incorrect statement of Theorem 7.2.10 in

77



Chapter 7 of the book [32] and we state the correct formulation from the original
article in Theorem 87. In Theorem 105, the authors declared that the maximum
is attained only in some type of graphs. We have, however, realized that for even
order of the graph, there is another type of graph in which the maximal value is
obtained.

Following the search for limiting behavior, we studied graphs having uniform
values of betweenness centrality on vertices or edges called betweenness uniform
and edge betweenness uniform graphs. We have listed the known results about
classes of graphs which are either vertex or edge betweenness uniform. A special
focus has been given on mutual relations of these classes and also on relations
of these classes to some other relevant graph classes. We have summarized the
relations in Figure 4.1.

We have also contributed to the research of vertex and edge betweenness
uniform graphs by providing new results. At first, we have observed that both
betweenness centrality and edge betweenness centrality are preserved by automor-
phisms in Observations 1 and 3, which has been so far rather assumed implicitly
in the literature. Based on Observation 58, we have proven in Theorem 59 that
a graph is betweenness uniform with betweenness value zero if and only if it is
a complete graph. In Corollary 145, we prove the Conjecture 142, which claims
that betweenness uniform graphs with maximal degree n − k have diameter at
most k. Conjecture 119 states that betweenness uniform graphs nonisomorphic
to Cn are 3-connected. We have proved the above mentioned conjecture for be-
tweenness uniform graphs that are either vertex-transitive – in Theorem 122 – or
edge-transitive – in Corollary 127. We have also researched possible ways to prove
Conjecture 119 for 3-regular betweenness uniform graphs. This effort resulted in
the Theorem 132, which proves the conjecture for 3-regular betweenness uniform
graphs of order smaller than sixteen. In the above-mentioned theorem, we use
the Theorem 130 by Watkins, which states that vertex- and edge-connectivity is
the same in 3-regular graphs. We were forced to leave the rest of the proof for
future work.

Considering the bounds parametrized by various graph properties we provide
additional results. In Theorem 65, we have improved the general bound given in
Theorem 64. Using the result of Theorem 84 and our Observation 85, we have
realized in Corollary 86 that our bound from Theorem 65 is tight for graphs of
diameter two. In Theorem 103, we give lower bound on the betweenness centrality
of a vertex in an r-regular graph and in Theorem 102, we give a lower bound on
betweenness of a vertex in triangle-free r-regular graph, which has a simpler
formulation then the bound for a general r-regular graph.

As we have already mentioned, we are leaving the Conjecture 119 for graphs
that are neither vertex- nor edge-transitive as an open problem. Thanks to our
proof of the Conjecture 142, it is already known that betweenness uniform graphs
of order n with maximal degree n − k have diameter at most k. However, the
Theorem 143 shows that betweenness uniform graph with maximal degree n − 3
has diameter two. This raises the following question: What is the maximal k
such that betweenness uniform graph of maximal degree n − k still has diameter
two? Or more generally, is it possible to strengthen the claim of Conjecture 142?
Many other open questions regarding future work have also already been raised
at the end of Chapter 2 in Section 2.9.
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List of Symbols
deg(v) degree of a vertex v

∆(G) maximal degree of graph G

δ(G) minimal degree

γ relative clustering coefficient

κ(G) connectivity of G

λ relative shortest path length

M∆ ∆-markerball

S∆ ∆-superball

BU class of betweenness uniform graphs

C class of all cyclic graphs

G complement of G

ϕ isomorphism

σ small world index

σx,y(M) number of shortest xy-paths passing through at least one vertex of M

B(u) betweenness centrality of vertex u

Ba(u) adjusted betweenness centrality of vertex u

Be(uv) edge betweenness centrality of edge uv

Bt(M) total betweenness of a set of vertices M

C vertex centrality measure

Ce edge centrality measure

CF (G) Freeman centralization index

Cn cycle on n vertices

Cn(L) circulant graph on n vertices

cu clustering coefficient

Cm
n m-th power of cycle Cn

CC(v) closeness centrality of vertex v

CLℓ circular ladder derived from path of length ℓ
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d(G) diameter of a graph G

dG(u, v) distance between vertices u and v

DSm,k double star created by connecting central vertices of K1,m−1 and K1,k−1

ELk+1 extended ladder

Fk friendship graph with k triangles

Fk,ℓ fan graph

G□H Cartesian product of graphs G and H

GG complementary prism of G

Gg(M) group betweenness centrality of a set of vertices M

Gn gear graph

GP (n, k) generalized Petersen graph

Kn complete graph on n vertices

Km,n complete bipartite graph with partition sizes m and n

L(G) average shortest path length

LG line graph of G

Lk ladder based on path Pk

N(v) neighborhood of a vertex v

P m
n m-th power of path Pn

Qℓ hypercube of dimension ℓ

SFk sunflower graph

T (G) total graph of G

tv transmission of a vertex v

Wk wheel graph of order k + 1

Wd(m, k) windmill graph

A adjacency matrix or one partition of a bipartite graph
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∆-superball, 74
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vertex, 30

automorphism, 4
average shortest path length, 16, 49

betweenness uniform, 12, 63
biregular graph, 65

Cartesian product, 21
centrality

adjusted betweenness, 12
betweenness, 5, 10
closeness, 10
degree, 7
edge, 7
edge betweenness, 10
eigenvector, 8
global measure, 4
group betweenness, 13
Katz, 10
local measure, 4
total betweenness, 15
vertex, 7

circulant graph, 76
circular ladder, 26
cluster, 16
clustering coefficient, 16
cocktail-party graph, 35
community structure, 75
complement of a graph, 18
complementary prism, 18
complete multipartite graph, 34
connectivity, 64
convex graph, 30
crown graph, 35
cubic graph, 67
cycle power, 17, 26

degree of a vertex, 4

diameter, 4
distance, 4
distance-regular, 70
distance-transitive graph, 72
distribution, 16
double star, 23

edge-transitive graph, 4
extended ladder, 21

fan graph, 54
Freeman centralization index, 15
friendship graph, 29

gear graph, 32
generalized Petersen graph, 67
grid, 21

Hamming distance, 36
helm graph, 31
hypercube, 36

intersection array, 70
isomorphism, 4

ladder, 21
Laplacian matrix, 62
line graph, 18
long tail distribution, 16

maximal degree, 4
minimal degree, 4

neighborhood, 4

order, 4

PageRank, 10
path power, 20
pure set, 15

regular graph, 4
regular ring lattice, 17
relative clustering coefficient, 17
relative shortest path length, 17

scale-free network, 16
semi-symmetric graph, 5, 64
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sequence, 15
six degrees of separation, 17
size, 4
small world index, 17
small world property, 17
small-world property, 17
strictly biregular graph, 65
strongly regular graph, 72
subdivided star, 23
sunflower graph, 32

total graph, 18
transmission, 4

vertex-transitive graph, 4

wheel graph, 28
windmill graph, 30, 55
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A. Full proof of Theorem 132
Here we continue in the proof of Theorem 132 by showing that the size of the
smaller component of connectivity G2 of graph G\{wy, zx} created from 3-regular
betweenness uniform graph G cannot be of size k = 6. We can split the proof
into several cases according to the distance of y and z. All cases discussed here
are shown in Figure A.1. In each case, betweenness centrality is expressed using
notation from the beginning of the proof, using the same order of contributions.

(a) The configuration for d(y, z) = 1. (b) The configuration for d(y, z) = 2.

(c) First case for d(y, z) = 3. (d) Second case for d(y, z) = 3.

Figure A.1: Cases being solved in the proof of Theorem 132.

Case 1: d(y, z) = 1
We can notice that the component contains the case k = 4 as a subgraph, see
Figure A.1a In the case k = 4, we have already shown that the vertices of it
cannot be made to be betweenness uniform independently on the structure of the
graph on the other side of the cut.

Case 2: d(y, z) = 2
We denote Bℓ(x) for x ∈ G2 the contribution to betweenness centrality made by
paths between vertices of V (G2) = {x, y, w, z, a, b, c, d}. Now observe that for
G2 in the form shown in Figure A.1b, Bℓ(a) = 6 and Bℓ(b) = 1. Furthermore,
there are no shortest paths between vertices of H going through b and also no
shortest paths with one endpoint in G2 and second in H going through b. So
we get B(b) < B(c) and there is no betweenness uniform 2-connected 3-regular
graph nonisomprohic to Cn having configuration from Figure A.1b on one side of
the edge cut of size two.

Case 3: d(y, z) = 3
There are two subcases. The first case corresponds to Figure A.1c. Again, we
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first express betweenness of some vertices.

B(z) = 6 + B(H, H, wyaczx) + B(H, H, wybdzx) + B(x, H, zcayw)
+ B(x, H, zdbyw) + B(w, H, yaczx) + B(w, H, ybdzx) + B(y, H, aczx)
+ B(y, H, bdzx) + B(a, H, czx) + B(b, H, dzx) + B(c, H, zx) + B(d, H, zx)

B(y) = 6 + B(H, H, wyaczx) + B(H, H, wybdzx) + B(x, H, zcayw)
+ B(x, H, zdbyw) + B(w, H, yaczx) + B(w, H, ybdzx) + B(z, H, cayw)
+ B(z, H, dbyw) + B(c, H, ayw) + B(d, H, byw) + B(a, H, yw)
+ B(b, H, yw)

B(b) = 9
2 + B(H, H, wybdzx) + B(w, H, ybdzx) + B(y, H, bdzx)

+ B(x, H, zdbyw) + B(z, H, dbyw) + B(d, H, byw)

B(c) = 9
2 + B(H, H, wyaczx) + B(x, H, zcayw) + B(z, H, cayw)

+ B(w, H, yaczx) + B(y, H, aczx) + B(a, H, czx)

Now we use betweenness uniformity to put B(z) = B(c) getting

3
2 + B(H, H, wybdzx) + B(x, H, zdbyw) + B(w, H, ybdzx)

+B(y, H, bdzx) + B(b, H, dzx) + B(c, H, zx) + B(d, H, zx) = B(z, H, cayw)

from which it follows

B(y, H, bdzx) < B(z, H, cayw) (A.1)

We can also put equality between B(y) and B(b) obtaining

3
2 + B(H, H, wyaczx) + B(x, H, zcayw) + B(w, H, yaczx)

+B(z, H, cayw) + B(c, H, ayw) + B(a, H, yw) + B(b, H, yw) = B(y, H, bdzx)

which specifically means

B(z, H, cayw) < B(y, H, bdzx) (A.2)

Inequalities A.1 and A.2 lead to a contradiction.
The second case corresponds to Figure A.1d. All the same, at first we express

betweenness values of some vertices.

B(z) = 61
3 + B(H, H, wyaczx) + B(H, H, wybdzx) + B(H, H, wyadzx)

+ B(H, H, wybczx) + B(x, H, zcayw) + B(x, H, zcbyw) + B(x, H, zdbyw)
+ B(x, H, zdayw) + B(w, H, yaczx) + B(w, H, ybczx) + B(w, H, ybdzx)
+ B(w, H, yadzx) + B(y, H, aczx) + B(y, H, adzx) + B(y, H, bdzx)
+ B(y, H, bczx) + B(a, H, czx) + B(a, H, dzx) + B(c, H, zx)
+ B(b, H, dzx) + B(b, H, czx) + B(d, H, zx)
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B(y) = 61
3 + B(H, H, wyaczx) + B(H, H, wybdzx) + B(H, H, wyadzx)

+ B(H, H, wybczx) + B(x, H, zcayw) + B(x, H, zcbyw) + B(x, H, zdbyw)
+ B(x, H, zdayw) + B(w, H, yaczx) + B(w, H, ybczx) + B(w, H, ybdzx)
+ B(w, H, yadzx) + B(z, H, cayw) + B(z, H, dbyw) + B(z, H, dayw)
+ B(z, H, cbyw) + B(c, H, ayw) + B(c, H, byw)
+ B(d, H, byw) + B(d, H, ayw) + B(a, H, yw) + B(b, H, yw)

B(b) = 41
3 + B(H, H, wybdzx) + B(H, H, wybczx) + B(x, H, zcbyw)

+ B(x, H, zdbyw) + B(w, H, ybczx) + B(w, H, ybdzx) + B(z, H, dbyw)
+ B(z, H, cbyw) + B(c, H, byw) + B(d, H, byw)
+ B(y, H, bdzx) + B(y, H, bczx)

B(c) = 41
3 + B(H, H, wyaczx) + B(H, H, wybczx) + B(x, H, zcayw)

+ B(x, H, zcbyw) + B(w, H, yaczx) + B(w, H, ybczx) + B(z, H, cayw)
+ B(z, H, cbyw) + B(a, H, czx) + B(b, H, czx)
+ B(y, H, aczx) + B(y, H, bczx)

Betweenness uniformity implies B(z) = B(c):

2 + B(H, H, wybdzx) + B(H, H, wyadzx) + B(x, H, zdbyw)
+ B(x, H, zdayw) + B(w, H, ybdzx) + B(y, H, adzx)
+ B(y, H, bdzx) + B(a, H, dzx) + B(c, H, zx)
+ B(b, H, dzx) + B(d, H, zx) = B(z, H, cayw) + B(z, H, cbyw)

giving

B(y, H, adzx) + B(y, H, bdzx) < B(z, H, cayw) + B(z, H, cbyw) (A.3)

Also, B(y) = B(b):

2 + B(H, H, wyaczx) + B(H, H, wyadzx) + B(x, H, zcayw) + B(x, H, zdayw)
+ B(w, H, yaczx) + B(w, H, yadzx) + B(z, H, cayw)
+ B(z, H, dayw) + B(c, H, ayw) + B(d, H, ayw)
+ B(a, H, yw) + B(b, H, yw) = B(y, H, bdzx) + B(y, H, bczx)

meaning

B(z, H, cayw) + B(z, H, dayw) < B(y, H, bdzx) + B(y, H, bczx) (A.4)

Now we can observe that from the symmetry of G2, B(y, H, adzx) = B(y, H, bczx)
and B(z, H, cbyw) = B(z, H, dayw), as each of these paths forms one of the four
shortest paths between z and y, so it can be assumed that their contribution is
the same. Combining these two equalities and inequalities A.3 and A.4 leads to
a contradiction.
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