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Abstract: This work aims to describe the method of recursive estimation of time
series with conditional volatility, used mainly in finance. First, there are de-
scribed the basic types of models with conditional heteroskedasticity (GARCH)
and principles of state-space modeling demonstrated by means of linear models
AR and ARMA. Subsequently, there are derived algorithms for recursive estima-
tion of parameters of the GARCH model and its possible modifications includ-
ing the ones for which recursive estimation formulas have not been yet derived
in literature. These algorithms are tested in a simulation study, where their ap-
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Introduction

This work deals with modeling of financial time series, namely their recursive
estimation. For the financial time series modeling, models with conditional het-
eroskedasticity GARCH (Generalized Autoregressive Conditional Heteroskedas-
ticity) are most commonly used. They are currently the strongest tool for financial
time series modeling and have not yet been overcome. A common method of es-
timating parameters in these models is a static estimate. However, this approach
cannot be applied, for example, to high-frequency data such as stock market
prices or index levels. The number of such data is enormous and real-time pa-
rameter estimation would not be possible. For this reason, a recurrent approach
is appropriate, not just in this case.

The thesis is divided into six chapters. The first chapter is devoted to the
GARCH model and its most frequently used modifications, such as GJR-GARCH,
IGARCH or EGARCH models. The second chapter is an introduction to state-
space modeling in the context of recursive time series estimation. We describe the
principle of the Kalman filter and its use for filtration, prediction and smoothing.
The usage of the Kalman filter for recursive estimation is demonstrated on AR
and ARMA processes. The third and fourth chapter presents the main parts of
the thesis. In the third chapter, we derive an algorithm for recursive estima-
tion of GARCH model parameters using a self-weighted method as suggested in
[Hendrych (2015)] and provide an overview of previously proposed recursive meth-
ods. In the fourth chapter, we modify this algorithm for various classes of GARCH
models. The numerical part of the thesis is concentrated into chapters five and
six. The fifth chapter contains a simulation study, based on the Monte Carlo
method, in which we test the behavior of proposed algorithms. Using boxplots,
we examine the accuracy of estimates and the speed of their convergence to ac-
tual parameter values. In the last chapter, we apply the proposed algorithms to
high-frequency data, which are minute changes in IBM stock prices from January
2010 to April 2019. The simulation study and calculations related to a real-data
example were performed using software Mathematica 11.3. A file with the code
can be found on the enclosed CD.



1. Financial time series models

Linear models (such as ARMA) can be used to analyse time series. The usage of
linear models for financial time series is often insufficient. Financial time series
are characterised by some specific features, including:

* (Leptokurtic distribution) Returns of financial assets often have a distribu-
tion with heavier tails than a normal distribution.

* (Volatility clustering) Volatility tends to create clusters of high and low
volatility.

* (Leverage effect) Volatility tends to increase more after the price decrease
than after the growth of the comparable value.

Due to these features, we describe these time series using nonlinear models. Using
general notation, we can write the time series in the form

ye = fler, €1, ), (1.1)

where f is a nonlinear function and e; are mutually uncorrelated and identically
distributed random variables with zero mean value. However, it is preferred
to express time series using the conditional moments of the first two orders -
conditional mean and conditional variance. In this case, time series can be written
as:

Yt = [t + € = [t + O1Ey, (1.2)

where

we = Ely| Q1] 0t2 = Var[y|Q—1] = Var[e:|Q;_1], (1.3)

and ¢; are independent, identically distributed random variables with zero mean
value and unit variance.

In equations ([1.3)), €;_; has the meaning of o-algebra generated by all values
W1, Ye—2, ...} and {e; 1, €4 9,.. .}

The conditional mean value p;, is frequently modelled by ARMA(p,q) or by other
linear models. More information about the linear models can be found, e.g. in
[Tsay (2005), Chapter 2|. For simplicity we shall assume that pu; = 0, i.e. y; = e;.

One cannot assume time-invariant conditional variance for financial time series
and so it is necessary to deal with their modeling. A number of models have been
proposed, for this purpose.

It is not usual that financial time series, such as stock prices or index value,
would be stationary. For this reason, we mostly work with asset returns instead
of their prices or convey the nonstationarity to the conditional mean.



The most common types of returns include

P—P1

* simple returns: R, = ===,

* logarithmic returns: r, = InP;, — InP;,_q,

where P, is the price of an asset at time ¢.

In the following text, we are dealing with recursive estimates of financial time
series that use generalised autoregressive models with conditional heteroskedas-
ticity (GARCH). For this reason, we deliver at first an overview of the most
common variants and modifications of GARCH model.

1.1 ARCH and GARCH models

1.1.1 ARCH model

The basic pillar of models with conditional heteroskedasticity is the ARCH(p)
model, which was originally proposed in [Engle (1982)]. The key assumption is
that the modelled volatility is a quadratic function of past residuals e; (or past
values of y; under our assumption).

Definition 1. Conditional variance of ARCH(p) model has the form

p
o7 =g+ Y ae; (1.4)
i=1

where e, = o6, and {g;} is a sequence of independent, identically distributed
random variables with zero mean and unit variance and parameters of the model

(1.4) fulfil following constraints:
ag > 0, a; > 0 for i > 0. (1.5)

Constraints required in ([1.5)) guarantee the positivity of o2, Standard normal dis-
tribution or standardised ¢-distribution are often assumed for random variables &;.

The following statement provides an additional condition for the ARCH model
to ensure the weak stationarity of the process.

Theorem 1. ARCH model of the pth-order, for which oy > 0,1, , 00, > 0
is valid, is weakly stationary if and only if the associated characteristic equation
1 —a1z — ... — a,2P = 0 has all roots outside the unit circle. In that case, the
unconditional variance Var(e;) is equal to

Qo

Val‘(et) = E(€?) = m (16)

Proof. See [Engle (1982), Chapter 4]. O

ARCH(p) model in the form, as it was presented here, has some drawbacks when
applied for on financial time series. These drawbacks are in particular:



* The ARCH model assumes that both positive and negative shocks have the
same effect on volatility, which in practice does not usually apply.

* The ARCH model often requires a high order p, to satisfactorily describe
the volatility behavior over time.

* ARCH models do not provide any information about what causes volatility.
They only describe conditional variance.

In order to eliminate the above drawbacks, the GARCH model and its modifica-
tions were proposed later.

1.1.2 GARCH model
Classic GARCH model was suggested in [Bollerslev (1986)].

Definition 2. Conditional variance of GARCH(p,q) model has the form
2 ; 2 ! 2
0y = O‘O'f'ZO‘iet—z’ +Zﬁj0t—jv (1.7)
i=1 j=1

where e, = oy, and {g;} is a sequence of independent, identically distributed
random variables with zero mean and unit variance. Parameters of the model
have to fulfil following assumptions:

ag >0, a; > 0 for i > 0, Bj > 0 for 7 > 0. (1.8)

In the GARCH(p,q) model, we assume that inequalities p > 0 and ¢ > 0 hold true
for orders p and ¢. In case of ¢ = 0, GARCH(p,q) reduces to the pure ARCH(p).

As with the ARCH(p) model, we will specify the conditions for ensuring the
stationarity of the process for this case.

Theorem 2. GARCH(p,q) is a weakly stationary process if and only if
>i—1 @i+ X0_; B; < 1. The unconditional variance Var(e;), in that case, equals
to
Qo
Var(e;) = . 1.9

Proof. See [Bollerslev (1986), Chapter 3]. O

We can notice that for great values of {e;_1,...,e;—p} and {07 |, ...,07_ } in equa-
tion ((1.7)) we also get a great value of 2. This corresponds to volatility clustering
in financial time series.

Remark. In practice, the most commonly used model is GARCH(1,1) with
U7t2 = + 0616?71 + ﬁlUthl; (110)
where assumptions for ag, a; and 3; are

ag > 0, a; >0, By >0, ar+ 5 < 1. (111)



This model usually describes the financial time series adequately, although it is
based on three parameters only.

For the GARCH (1,1) model, it can be shown that under the condition
E[(cie? + £1)?] < 1, its kurtosis &, is equal to
_ kel = (1t Br)?)

= (ar + 1) — (e — Dad’
where k. is the kurtosis of €, . See [McNeil, Frey and Embrechts (2005), Chapter
4.3).

Ke (1.12)

If we assume the standard normal distribution of &;,, which satisfies k. = 3,
we can write the previous condition as 3o + 2331 + 57 < 1 and the equation
(1.12]) rewrite in the form

B 6a?

B 11— 6% - 206161 - 30&%
If the original GARCH model condition oy > 0 and also the additional condition
1 — B — 2a18; — 302 > 0 are fulfiled, it holds k. > 3. Thus, the kurtosis of the

GARCH model is greater than or equal to that of the normal distribution and is
therefore suitable for financial time series with leptokurtic distributions.

+ 3. (1.13)

Ke

For the GARCH (1,1) model, the [-step-ahead forecast of the conditional volatility
can be expressed as

_ aoll — (a4 51)"

1—142
o, TlatB)—a(), (1.14)

where
Gt (1) = 0f4y = g + auef + fio} (1.15)
is one-step-ahead forecast. See [Tsay (2005), Chapter 3.4].

Assuming that the process is stationary (i.e. therefore oy + f; < 1 is valid),

we get for [ — oo
Qo

l—og =1
According to ([1.16)) volatility forecast converges to the unconditional variance of
e; with increasing [.

Remark. Parameters in both ARCH and GARCH models are most often esti-
mated using the maximal likelihood estimation maximizing the conditional log-
arithmic likelihood function. The use of the MLE, when estimating parameters
in the GARCH model, can be found e.g. in [McNeil, Frey and Embrechts (2005),
Chapter 4.3].

(1.16)

1.2 Modifications of GARCH model

When the GARCH model was introduced, various modifications were proposed
over the years to remove some of its drawbacks and improve its properties. Here
we state just some of them.



1.2.1 Integrated GARCH model (IGARCH)

Integrated GARCH model with orders p,q, usually denoted as IGARCH(p,q), is
a simple extension of the GARCH(p,q) model. This modification was proposed
in [Engle and Bollerslev (1986)].

Definition 3. Conditional variance in the IGARCH(p,q) satisfy

P q
0? = a0+2aief_i+25jaf_j, (1.17)
i=1

=1

where e, = o, and {g;} is a sequence of independent, identically distributed
random variables with zero mean and unit variance. Parameters in this model
fulfil following conditions:

p q
ag > 0, a; > 0 for ¢ > 0, B; > 0 for j >0, i+ Bi=1
i=1 j=1
(1.18)

We can see that the definition of conditional variance remains the same as in the
general case, we added only one additional condition for the coefficients.

Unlike the stationary GARCH model, where volatility forecasts converge to the
unconditional variance as the prediction horizon increases, see , the uncon-
ditional variance does not exist in IGARCH model. By the condition >¥_; o; +
+ Z;‘{:l B; = 1, the impact of current information persists in conditional volatility
forecasts for all horizons.

Remark. To illustrate, we show the form of the IGARCH(1,1) model. It is
obvious, when applying the condition a; + $; = 1, only one of these parameters
remains in the model. For clarity, we rename this parameter to «.

of =ap+ae;_ + (1 —a)of 4, (1.19)

where ag > 0 and 0 < a < 1.

The special case of IGARCH(1,1) model, when we set explicitly u; = 0 in the
equation y; = uy + €, and ag = 0 in (1.19), is called EWMA (Exponentially
Weighted Moving Average).

The I-step-ahead volatility forecast in IGARCH(1,1) model is expressed as
o7 (1) = 67(1) + (I = Day, (1.20)

where
67(1) =07 = g + e} + (1 — a)oy (1.21)

is the one-step-ahead volatility forecast. See [Tsay (2005), Chapter 3.5].



1.2.2 GJR GARCH model

At the beginning of this chapter, we have shown that the leverage effect can
appear in financial time series. However, the GARCH was not able to model this
effect. Therefore, a modification of the GARCH model, called after the authors,
was proposed in [Glosten, Jagannathan and Runkle (1993)].

Definition 4. Conditional variance in GJR GARCH(p,q) model has the form
2 - 2 : 2
o = a0+ (o + vl )el + Y Bior;, (1.22)
i=1 j=1

where e, = 04, and {e;} is a sequence of independent and identically distributed
random variables with zero mean and unit variance. I; denotes an indicator, for

which it holds
1 ife; <O,
o= Poee (1.23)
0 otherwise.

Sufficient conditions for o2 being positive are
ag >0, a; >0 for i >0, a; +v; >0 for i > 0, B; > 0. (1.24)

If the value of e;_; is non-negative, the impact on the conditional variance o? is
equal to ae? . If e;_; is negative, the impact is equal to (a; +7;)e? ;. For ; > 0,
the leverage effect is captured by the model.

Remark. As with the GARCH model, the most common variant is the GJR-
GARCH(1,1) model. The form of the conditional variance is

op = ag+ (a1 + il )ely + gy, (1.25)
where o > 0,1 > 0,1 +7; > 0 and ; > 0.

A sufficient condition for weak stationarity of GJR-GARCH(1,1) model is guar-
anteed by the additional condition a; + %'yl + f1 < 1. See [Ling and McAleer
(2002), Chapter 2].

The [-step-ahead volatility forecast in GJR-GARCH(1,1) can be expressed by the
relation

-1

R 1 ; 1 L
G1(1) = a0 3 (00 + o + )"+ (an + 5m + B) 167 (D), (1.26)
i=0
where
6,52(1) = afﬂ =ap+ (ag + Wllt_)ef + 6103 (1.27)

is one-step-ahead forecast. For [ — oo the forecast converge to
Qo
1—041—%’71—51'

(1.28)



1.2.3 Exponential GARCH model (EGARCH)

Another model dealing with the leverage effect issue is the EGARCH model
proposed in [Nelson (1991)].

Definition 5. The form of the conditional variance in EGARCH(p,q) is

1+BlB+"'+5qu
l-ayB—--—aq,BP

In(c?) = o + g(ei1), (1.29)

where ag is a constant, B is the back-shift operator such that Bg(e;) = g(e—1),
polynomials 14 37_; ;2" and 1 — 37_; ;27 do not have any common root and
further it holds

gler) = {(9 T e =Bl ife =0, (1.30)

(0 —v)er — vE(|er])  otherwise.

We can see that due to the logarithmic function applied to the volatility in the
equation (|1.29)) we do not have to assume any conditions on the parameters to
achieve positivity of conditional variance.

Remark. If we assume a standard normal distribution of random variables &, it

holds E(|e/|) = /2/.

Remark. To illustrate, we introduce the EGARCH model with order (1,0).

1
In(o?) = ap + mg(&—l), (1.31)
where we get after adjustment
(1 —aB)In(o?) = (1 — ar)ag + g(ei-1), (1.32)

and finally, if we consider a standard normal distribution also

o (07.1)%exp |(1 = a1)ag — /27| exp [(e +7) \/_] if e,21 >0,

(1.33)

2 al _ _ 2 . et—1 .
(07_1)" exp {(1 a1)ag \/Zﬂ exp [(9 ”y)\/a} otherwise.

From the previous equation, it is clear that this model allows us modeling the
conditional variance for the price increase and the price decrease differently. The
leverage effect in this model is exponential (unlike the GJR-GARCH model, where
it was quadratic).

We can get the [-step-ahead forecast of volatility in EGARCH(1,0) model from
the relation

-1
gi(l) = apy_(on + ;vl + 61) + (o0 + ;% + 61) o3 (1), (1.34)
=0
where
5(1) = oty = (07)exp [(1 — ar)ag] exp [g(ey)] (1.35)

is a one-step-ahead forecast.

10



1.2.4 GARCH in mean (GARCH-M)

In practice, we can often meet a situation, in which the asset return depends on
volatility. Therefore, a modification of the ARCH model was proposed in the
article [Engle, Lilien and Robins (1987)], in which the volatility also appears in
the mean equation. This approach also can be used in case of the GARCH model.

Definition 6. GARCH-M(p,q) model has the form
Ye = X+ y07 + ey, er = g(o¢)et, (1.36)

where A and « are constants, ¢ is some appropriate function and conditional vari-
ance o7 is modelled just like in GARCH(p,q) model under the same conditions.

See (1.7).
2

In practice the most common choice of g are g(c2) = \/o?, g(c?) = o? or
g(ot) = In(o}).

Remark. If the v parameter is positive, higher volatility results in a higher
series level. This case corresponds to the situation, in which higher returns are
associated with a higher risk.

11



2. Recursive estimates of time
series

In this chapter, we deal with the estimation of time series with the usage of the
recursive approach. A great advantage of recursive estimation is the possibility
to estimate parameters so-called on-line. With each new incoming measurement,
parameters are estimated with use only the last parameter estimate and the new
measurement. Thus, unlike the off-line estimates, it is not necessary to construct
the estimate using all measurements gathered so far. As a result, these algo-
rithms are not so memory-demanding. This is also why recursive estimates are
so popular in financial practice where a large amount of data is being processed
and the usage of any off-line approach would not be computationally possible.

In the context of recursive estimates, we use the state modeling principle, which
will be now introduced.

Information in this chapter is mainly drawn from the books [Brockwell and Davis
(2002), Chapter 8], [Cipra (2008), Chapter 12] and [Hamilton (1994), Chapter
13].

2.1 State-space modeling

The basic principle used in the state-space modeling is that the state of the model
is determined by the state vector x;, which is not observable, but it is possible to
examine its behavior on the basis of the observation vector y;.

Basic model in relation to state-space modeling is linear state-space model, also
called dynamic linear model. This model is given by the following system of
equations:

Xt+l:FtXt+Vt7 t:1,2,...,

Yt:GtXt+Wt7 t:1727"'7

where (2.1)) is called the observation equation, (2.2) is the state equation and
where

* X; is a v-dimensional state vector at time ¢,
* y; is a w-dimensional observation vector at time ¢,
* F, is a matrix of parameters in the state equation of type v x v at time ¢,

* G, is a matrix of parameters in the observation equation of type w x v at
time ¢,

* v; is a v-dimensional random vector in the state equation at time t,

* w; is a w-dimensional random vector in the observation equation at time ¢,

12



* V, is a covariance matrix of the random vector v; of type v X v at time ¢,

* W, is a covariance matrix of the random vector w; of type w x w at time t¢.
Further, we assume that the following does hold:

« {vi} ~WN(0,V,), t=1,2,...,

« {w;} ~ WN(0, W,), t=1,2,...,

* {vs} a {w;} are uncorrelated, which corresponds to E(vyw] = 0),
s, t=1,2,...,

* initial state x; is uncorrelated with all random vectors v; and wy,

where WN(0, 3,) indicates a multidimensional white noise.

Remark. Random sequence {g;} is called white noise ({&;} ~ WN(0,3,)), if

E(e:) =0, (2.3)

> =t
E(ssetT):{ boe

0, otherwise.

(2.4)

The state equation (2.1 describes how the state at the next moment depends on
the current state and the observation equation (2.2)) describes dependence of the
current output on the current state.

Remark. The above-mentioned linear state-space model can be generalized in
various ways. More general models can be found e.g. in [Brockwell and Davis
(1991), Chapter 12] or [Hamilton (1994), Chapter 13].

For many time series models, their representation in terms of the state-space
model can be found. As examples, we can state here AR(p) and ARMA(p,q)
models in the form of state-space model.

Example. Consider a univariate AR(p) process in the form

Ye = O1Ys1 + OoYi_o + -+ OpYip + &, (2.5)

where {;} is white noise with variance .

Using the state-space model, AR(p) process can be written as follows:

Yt 1 P2 ... Pp-1 Pp Yi—1 &t
Yi—1 1 0 ... 0 0 Yi—2 0
: — 0 1 C 0 0 + (26)
Yt—p+2 e Yt—p+1 0
Yt—p+1 0 0o ... 1 0 Yt—p 0
Yt
Yt—1
yt - (17 Oa 70) . (2 7)
Yt—p+1



This form of the state-space model corresponds to the model given by the equa-

tions (2.1) and (2.2)), where

Yi—1 Y1 P2 .. Pp-1 Pp
Yt—2 1 0 . 0 0
Yt—p+1 : : ‘ '
yt—p 0 0 1 O
°t o2 0 0
0 0 0 0
vi=1|:1, Vi=1|. . )
0 Do
0 0 0 . 0

Example. Consider a univariate ARMA(p, q) process, which unlike the standard
form, will be considered in the following way:

Y = P1—1 + oo+ F Oy e+ V11 + - F Vo180, (2.8)

where r = max(p,q+ 1), p; = 0 for j > p, ¥; > 0 for j > ¢ and {g;} is white
noise with variance o2.

Using the state-space model, ARMA(p) process can be expressed in the form:

Y1 Y2 ... Pr-1 Pr Et41
1 0 ... 0 0 0
Xip1 = o 1 ... 0 0 X; + : (2.9)
S : 0
o 0 ... 1 0 0
Yy = (1,191,192,...,19r_1)xt. (210)

From the above-mentioned form of the state-space model, it is not clear whether
the equations (2.9 and ([2.10]) really describe the process given by the equation
(2.8)). This will be now verified.

Let us denote j-th element of the vector x;, as x;;. It can be seen from the
equation that the second element of the vector x;44 is z;;. Further, it holds
Tip13 = T2 = Ty—1,1. Generally, we get 2441, = Bjilxt_i_l,l’ where B denotes the
back shift operator. Thus, it holds

Ter1,1 = (901 + QOQB + -+ go,nB’”_l)xm + Ett1, (211)
and after an adjustment

(1—@p1B—- - — @B )T411 = €441 (2.12)
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If we multiply the observation equation adjusted to the form

yr=(1+hB+ - +9,1B Ny, (2.13)

by the term (1 — 1B —--- — ¢, B"), we get
Ye— 11— — Otpr = 1+ B+ + 0, 1B ) (1—p1B—-- - — B )y,
(2.14)

and using the equation ([2.12))
Y= P11 — = Py = (1 + B+ -+ 0, 1B ey, (2.15)

As a result, we got the equation in the form

Yt — P1Yt—1 — ** — OplYp—p = E¢ T e+ + 19r715t7r+1> (2-16)
that corresponds to the equation (2.8)) after reordering the elements. A

Remark. For a given time series model, its representation as the state-space
model is not unique. It is possible to find many suitable forms of the state-space
model that represent the given time series model.

For the estimation of the state vector in the linear state-space model, one uses
usually the Kalman filter.

2.2 Kalman filter

Three fundamental problems are associated with the state-space model. The
problem of filtering, smoothing, and prediction. All three of these problems lie
in finding the best estimate, in the sense of the smallest mean square error, of
the state vector x; according to observations yi,ys,... and a random vector yy,
which is orthogonal to vectors v, and w; for all t > 1.

In the 1960s, R. Kalman suggested a solution in the form of a recursive algo-
rithm called the Kalman filter. First areas of application of this algorithm were
technical fields, where the Kalman filter was used, for example, for navigating
missiles, planes, spacecraft or submarines. Later, it was applied in other fields,
especially in the time series analysis used e.g. in signal processing or in econo-
metrics.

Let us denote €; = {yo,¥1,.-.,¥:} the information known up to time ¢ and
suppose that we know the model including all parameters. Then

« filtration - corresponds to the estimation of x; according to €2; or in other
words corresponds to removing the random component from the data,

* prediction - corresponds to the forecast of x;,, respectively y,., for h > 0
according to €2,

* smoothing - corresponds to the estimation of x; according to Q; for T" > t¢.
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Let the following be the notation used in the further text:
Xt‘s = E(Xt|ﬂs), Pt|s = E[(Xt — Xt|3)(Xt — Xt|S)T|Qs]. (217)

In our case, we are particularly interested in the estimation of the state vector x;
at time t and its error covariance matrix

Xep = B(x¢|Q), Py, = E[(x¢ — xq0) (x¢ — xt‘t)T]Qt], (2.18)

and the state vector prediction of x; at time t — 1 and its error covariance matrix
Xilt—1 = E(Xt|ﬂt—1)7 Pt|t71 = E[(Xt - Xt|t71)(xt - Xt|t71)T|Qt—1]- (2-19)
These estimates and predictions are the best ones, in terms of MSE, and assum-

ing normality, they are also linear.

Moreover, for the vector of observations, we get

Yis = E(Yt|95) = Gtxt|sa E[(Yt - Yt\s)(}’t - Yt|s>T|Qs] = GtPt\sG? + W,
(2.20)
where, for example, for selection s =t — 1 we focus on a prediction of the vector
of observations y; at time £ — 1 and for selection s = T" > ¢t we calculate smoothed
value of the vector of observations y; and corresponding error covariance matrices.

2.2.1 Kalman filtration

As mentioned above, Kalman filtration is based on estimation x; based on the
information €2;. The recursive formulas of the Kalman filter have the form

Xt = Xyp—1 + Prio1 Gy (GiPy1 Gl + W) 7 (yi — Guxyn), (2.21)
Py, =Py — Py 1G] (GPy 1G] + W) 'GPy, (2.22)
where
Xepe—1 = FiXyqpe-1, (2.23)
Pt‘t—l - FtPt—1|t—1FZ—‘ + Vt. (224)

Remark. The exponent —1 at (GtPt‘t_thT + W;)~! has the meaning of the
generalized inversion.

Based on these recursive equations we are also able to get one-step prediction of
the vector of observation y;;_; at time £ — 1 and its error covariance matrix:

Yijt-1 = GtXt|t71, E[(Yt - Yt|t71)(}’t - Yt|t71)T|Qt—1} = GtPt\tflG;r + W,.
(2.25)

Remark. Derivation of the Kalman filter can be found e.g. in [Brockwell and
Davis (2002), Chapter 8§].

To illustrate the principle of the Kalman filtration, we apply it to AR(p) and
ARMA (p,q) models. As in the examples in the state-space modeling section, we
will consider AR(p) and ARMA(p,q) processes given by the equations and
([2.8). First example is taken from [Cipra (2008), Chapter 12], in the second
example we use [Cipra (1986), Chapter 16].
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Example. Consider a univariate AR(p) process in the form (2.5)) and its expres-
sion using the state-space model in the form

Pir1 = Pt (2.26)
Yy = (yt—la Yt—2, ... 7yt—p)(pt + Et. (227)

It is the dynamic linear model given by the equations (2.1)) and (2.2)), where
Xt = P, F,=1, vy =0,
Yt = Ui, G, = (yt—lv Ye—2; - - - 7yt—p)7 Wi = &
and suppose &, S N(0, 02).

Let us denote y; = (y4—1,%—2,---,Y—p)" . By inserting these parameters into
equations (2.21))—(2.24]), we get the following recursive formulas for parameter
estimation of AR(p) model

Pt = Ptjt-1 + Pt\t—l)’f (Y:TPt\t—D’: + Utz)il(yt - erﬂot\t—l)a (2-28>
Py, =Pyt — Pt\tflyr(erPt\tflyr + Utz)il}’:TPﬂtfla (2.29)
where
Ptjt-1 = I‘Pt71|t71 = Pt—1|t—1, (2-30)
Py = IPtfl\tflIT +0=Pi_q1. (2.31)

If we substitute ;1 and Py, by ¢;_1),—1 and P;_;;—; in the equations ([2.28))

and ([2.29) according to (2.30) and (2.31) and if we use simplifying notation
Ptlt = Pt — =Py (2.32)

the recursive formulas can be simplified to

P 1y; T
= (o, — vt 2.33
Pt Pi—1 + y;‘TPt_lyZ‘ T 1(% Y ¥t 1)7 ( )
Py’ .
Pt = Pt,1 — -1 ytTPtfl- (234)

yiTP, 1y +1

At the same time, the recursive equation for variance o7 estimation can be con-
structed as follows:
1

Ufzm (t—p—1)of, +

(e — v pi-1)?

. 2.35
viTP, 1y; +1 (2.35)

Since these are recursive equations, it is necessary to define initial estimates ¢,
Py and 7. It is recommended to choose as the appropriate initial estimates
wo = 0, Py = cI, where c is some large constant and for o2 to select a sample
variance from some initial part of the given series. A
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Example. Consider a univariate ARMA(p,q) process in the form (2.8) and its
state-space model expression

0t+1 - Gt, (236)
Yt = (yt—h s 7yt—p76t—17 s 75t—q)9t + Et, (237)

where 6, represents the vector (1, ..., ¢p, V1,...,9,)7.
In this case, we introduce a vector by = (Yi_1,. ., Y1—p;Et—1,---,E1—q)" and by

similar procedure as in AR(p) process example, we come to recurrent formulas

Pt—lht T
6, =0,_ —————(yy — h; 6,_ 2.38
t -1+ hIP, h, + 1(Z/t : 0i1), ( )
Ptflht T
P,=-P,,———+—"+—h P, 2.39
t t—1 h?Pt_lht + 1 t t—1y ( )
1 (r —h{p;_1)?
2  — |(t—p—qg—1)c? ¢ 2.40
Oy t— p—gq ( pP—q )at—l + tht—lht +1 ’ ( )

where it is necessary to actualise vector h; by both value y; and &; = y,—h! 8, after
each step of recursion. Initial conditions would be the same as in the previous
example. A

2.2.2 Kalman prediction

Another possibility in relation to the state-space model is to make one-step-ahead
prediction of the state vector x;, ., eventually h-step ahead prediction x; ), at
time t.

Recurrent formulas of the one-step Kalman prediction for ¢ = 1,2,... have the
following structure:

Xep1)e = FiXypp—1 + 0.A; (y; — Gixyje—1), (2.41)
Pt+1‘t — FtPt|t71Fzﬂ + Vt - @tA;IQf, (242)
where
Ay =GPy G + W, (2.43)
@t — FtPt|t—lG?7 (244)

and where one-step-ahead predictions of x;;_; and their error covariance matrices
Py;_; are uniquely determined by initial conditions

X110 = E(x1]yo) and Pyjg = E[(x1 — x3)0)(x1 — xl‘o)T|y0]. (2.45)

Remark. Derivation of the Kalman prediction can be found e.g. in [Brockwell
and Davis (2002), Chapter §].

Remark. ©,A; ! is called the Kalman gain.
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Now we can use the Kalman prediction to make h-step-ahead prediction of the
vector of observation y;. From the first equation in ([2.20]) we get
Vernlt = GpnXppppe for fixed h =1,2,... For x;44) it holds:

Xtthlt = Ft+h—1xt+h—1\t = =Fn1Fypo - Ft+1Xt+1\t7 h=23,...,
(2.46)
and from the equation (2.41) we have x; 11y = Fyxy—1 + A, (y; — Gixy-1).

In case of error matrix Py, p) that represents E[(Xe1n — Xeqnje) (Xesnh — Xegnpe)” ] it
does hold

P = FronaPon 1Fl 1+ Vi, h=23,..., (2.47)
and if we denote Sy )y = E[(Yi1n — Yetn)) (Yern — Yt+h|t)T] then
St+h|t — Gt+hPt+h|tGg+h + Wt+h7 h/ — 17 2, e (248)

2.2.3 Kalman recursion

If we include filtering in the prediction algorithm, we get the so-called Kalman
recursion of state vector x; estimation.

A key element of this process is the Kalman gain, which acts as a mediator
between prediction and filtration. This Kalman gain will be denoted as K;.

The algorithm consists of the following steps:

1. Initialization

X1 = E(x1yo), (2.49)
P1\0 = E[(Xl - X1|0)(X1 - X1|0)T|Y0]a (2-50)
2. Actualization
Kt == Pt|t,1GZﬂ(G’tPt|t71Gzﬂ “I’ Wt)_l, (251)
Xy = Xej—1 + Ke(ye — Gtxt\t—l)a (2.52)
Py = Py 1 K G Py, (2.53)
3. Prediction
X1t = FiXye, (2.54)
Py =FP,F] +V,. (2.55)

After performing the prediction at time ¢ for time ¢ + 1, we get a new observa-
tion y11, return to the actualization step and make estimate filtration and new
prediction.

The Kalman gain K; determines, based on the error matrix of previous state
vector prediction, what weight is assigned to the new observation included in the
actualization. In case of good predictions, the effect of the new observation is
smaller, unlike the case of poor predictions, in which the new observation have
a greater impact.
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2.2.4 Kalman smoothing

In addition to filtration and prediction, we can also deal with smoothing in the
state-space model. In this case, we estimate the state vector x; based on €7 for
T >t fixed.

Equations for the estimate x;r and its error matrix are in the form:

Xy = Xee + e (Xep1r — Xeg1t), (2.56)
Pyr =Py + Jy(Pryar — Pt+1|tJ?)> (2.57)

where
J, =Py F{P,. (2.58)

It is necessary to do following steps to be able to use the equations (2.56]) and

5.

1. We compute x;, and Py, for ¢ = 1,...,T and x;4y; and P4, for ¢t =
T — 1 with usage of the Kalman filtration given by the equations

0,...,
E21)-E21).
2. Then we compute J; fort =1,..., T — 1.

3. We use the equation , where t is replaced by T'— 1, and so xy_yjr =
Xr_1r7—1 + Jr—1(Xpir — Xpjr—1). All elements on the right-hand side of the
equation are due to step 1 and 2 computed and therefore we can compute
XT-1|T-

Further, we replace t by 7' — 2 and compute
Xp_oir = Xr_gjr—2 + Jr—o(Xp_1j7 — X7_1j7—2). Using backward recursion,
we get to the relevant xy .

4. Using the same principle as in step 3, we perform the calculation of
Pr_17, Pr_or until we get to the relevant Pyr.

Smoothed value of the observation vector y; and its error matrix are then
yir = Gixyr, El(y: — yur)(y: — Yt|T)T|QT] = GtPt\TGtT + W,  (2.59)

Remark. Derivation of Kalman smoothing can be found e.g. in [Hamilton
(1994), Chapter 13].

2.2.5 Maximum likelihood estimate of parameters

In case that the matrices Fy, G4, V;, W; are known in advance and does not in-
clude any unknown parameters, we can use the Kalman filter for the state space
vector x; estimation directly. However, if these matrices depend on some un-
known parameters, these parameters must be estimated first. In this context,
the maximum likelihood estimation method is often used to estimate unknown
parameters.

Let us denote @ a vector composed of parameters by which the model is fully
identified. Our aim is to maximize the likelihood function evaluated for observed
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values Yq,...,Y, with respect to elements of the vector 8. Furthermore, let
Y = (Y4,...,Y,). The likelihood function can be written as

L(6;Y) = ﬁf(Yt|Qt—1)7 (2.60)

and thus the log-likelihood will be

1(0;Y) = log[f (ye|Q-1)]. (2.61)
t=1
Usually, it is assumed that vectors yg,xy,v; and wy, for t = 1,2,... have joint

distribution which is Gaussian. In that case, also the conditional distribution
v¢|€;_1 is Gaussian and the mean and the covariance matrix are as follows:

yt|Qt71 ~ N(Gtxt|t—17 GtPt‘t_lG,tT -+ Wt) (262)
In our case, the likelihood function can be expressed as

exp{—% 2?21(}% - GtXt\t—1)T(GtPt\t—1GtT + Wt)_l(}’t - Gtxt|t—1)}
(2m)r w2 T, (|G Pyt G + W |)1/2 '
(2.63)
where |¥| has the meaning of the determinant of matrix 3. Then we get the
log-likelihood function in the form:

L(6;Y) =

1 n
l(@; Y) = - ) Z <(Yt - GtXt\tfl)T(GtPt\tfle + Wt)_l(Yt - GtXt|t71)
t=1
T nw
+log(|GPy 1 G + Wil) ) = “Plog(2m). (2.64)
If the observations yi,...,y,, the distribution of the random vector y, and the

specific value of vector 6 are available, we can compute the value of 1(0;Y) using
the Kalman recursive equations. The nonlinear optimization is then used to find
the maximum of log-likelihood function.

2.2.6 State-space model with missing observations

In practice, it is often possible that some observations are not available. To solve
this problem, the so-called EM algorithm, which was designed in [Dempster, Laird
and Rubin (1977)], is often used.

Let observations yi,...,y, represent full information, but only r of n obser-
vations be known. Let us denote Y = (y;,,...,¥;.) vector of observations and
X = (y¥js---,¥j,_.) vector of missing data and then denote W = (X7, YT)T.
The output of the EM algorithm is a sequence of estimates 8, 8®), . .. of vector
of parameters @ that we get by repeating two steps, which the EM-algorithm
consists of.

Assume that the estimate @) obtained during the i-th iteration is available.
Then the (i 4 1)-st iteration consists of the following two steps.
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1. E-step: computation of the conditional mean of [(@; W) according to the
conditional distribution of W with given Y and 8 = 8 which we denote
as Q(0161),

2. M-step: maximisation of Q(8|0)) according to @ and choosing the achieved

maximum as @01,

The advantage of the EM-algorithm is that the log-likelihood is increased with
each iteration. At the same time, the EM algorithm always converges, but the
optimum to which the algorithm converges may be only local (see [Wu (1983)]).

Remark. More information about the EM-algorithm can be found e.g. in [Wat-
son and Engle (1983)] or [Shumway and Stoffer (1982)].

22



3. Recursive estimation of time
series models with
heteroskedasticity

In this chapter, we deal with one-step algorithm, proposed in [Hendrych (2015),
Chapter 5], for online estimation of the GARCH(p,q) model parameters. This
algorithm is an improvement of previously proposed methods, see [Kierkegaard,
Nielsen, Jensen and Madsen (2000)] or [Aknouche and Guerbyenne (2006)], which
will be also mentioned later.

3.1 Self-weighted recursive estimation of
GARCH model

The procedure for derivation of recursive formulas for GARCH(p,q) model pa-
rameters, which was used in [Hendrych (2015)], is based on the general recursive
estimation method, which can be found e.g. in [Ljung and Séderstrom (1983)]
or [Ljung (1999)]. The procedures of this type are called recursive pseudo-linear
regression or prediction error method.

Let us consider, similarly as in the equation (1.7)), the conditional variance of
GARCH(p,q) model in the form:

P q
O't2 =y + Z oziyf_i + Z Bjaf_j, (3.1)
i=1

j=1

where the parameters fulfill the conditions as in ((1.8)). For simplicity, we consider
again a time series with a zero-valued conditional mean, i.e. y; = o2¢;. The
right-hand side of (3.1) can be modified into the form, that we will use later:

p q
@, (0)0 = ay+ > ayl; + Y Bp;(0)8, (32)
i=1 j=1
where
0 (05070517"'705177617'"76q>T7

©(0) = (L,y7 1.y, 0l 1(0)8,... .01 (0)0)".
Our goal is to find a recursive formula for estimating 6.

Let us consider the loss function in the similar form as in [Hendrych (2015)]:

Fi(8), teN,0€c®, (3.5)

‘/}(9)2%52 [ ﬁ Al

k=1 |l=k+1
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where 8 € ©, © is a parametric space, {\;} is the sequence of weights that are
positive and {7;} is the sequence whose elements fulfill

1
N 22:1 [H§:k+1 /\l}

Ve (3.6)

and further 3°0°,7; = oo and 9%, 72 < oo. Due to the fact that in the equa-
tion (3.6) we have for k = ¢ an element [];_,,, A, we will accept the convention
H?lfthrl A =1

The remaining function Fj (@) in (3.5) will be considered as follows:

2
Yk T
Fp(0) = + log|y;. (0)6], keN, 3.7
which is motivated by the log-likelihood function for Gaussian GARCH(p,q)
model.

To get an estimate 0 we need to minimize the loss function V,(0). However,
we will not minimize directly the function V;(8), but its Taylor expansion around
0,_1. This approximation of V;(0) will be in the form:

Vi(0) = Vt(ét1)+[;9Vt(5t1)](0—§t1)+;(9—5t1)T[

82

th(étfl)](a_étfl)-

(3.8)
The right-hand side of the approximation (3.8)) achieves its minimum value for 6,
which can be denoted as 6, since it is an estimate made at time ¢, given by the
equation:

S o2 . ro
Ht = gt,1 — lW%<0t1)] [80%<0t1)] . (39)

To get a recursive estimate 8,, we have to calculate quantities %Vt(ét_l) (the

gradient) and %Vt(@,l) (the Hessian matrix). These values can be computed
as follows:
t t—1 t
V@) =7 | II M| Fu(@) =7 | D | TI M| Fi(0) + Fi(6)
k=1 |[I=k+1 k=1 |I=k+1

A
F(6) +20F(0) = 17V (6) + 71 F(6), (310
t—

t—1 [ =1
= %/\tz [ H Al

k=1 |l=k+1

1
Veht ey Mg M A > [Hf;liﬂ )‘l} . [Hfzkﬂ )‘l}

1 = =
! Zz;ll [Hf;;ﬂ Az] ZZ:I [Hfzkﬂ )‘l} Zizl [Hfzkﬂ Al}

St [Mimpn At — 1 1
= ’“;{ — ] =l-— =1-, (3.11)
2 k=1 [Hl:kJrl /\l} 2 k=1 [lekJrl /\l}
from which we get the following relationship:
Vi(0) = (1 = 7)Vi1(0) + 1 F(0). (3.12)
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We continue by differentiation both sides of ([3.12)):

(fev;(e) (1—) [aagvt 1(9)] + 7 l;eﬂ(ﬂ)] , (3.13)
;Ft(e) - (sotT_(zth)? l;‘;(apf(e)e)] + <pz(1¢sm9 [aao(cp?w)@)]

::_yi;éZ£Sgel52(¢?“”0ﬂ’ (3.14)

aj;mwe) = (1 =) agm vt_1<9>] +% [J;WFA@)] : (3.15)

[0/ (0)8 +2(y7 — ¢/ (6)0)] [850@3(9)0)] [89(% (9)9)r

?/t2 — P o8 T
T 0)0) [8080”% (6)9)

| S

Y — ¢

(01 (0)6)

To simplify the notation, we can denote:

7(6)6)

|—|Q

0
[ - (316)

82

songr @O0 (317)

Pi(0) = (0 (0)0),  T(6) =

26

Now, we can express the estimate 6, in the form:
s~ = # -~ 1'[o
0, =06, — [WW(Btl)] [80Vtwt 1)]

. o2 . -1 o .
=0, — [th(@t—l)] <(1 — V) [80%—1(015—1)1 + " [ Fi( 9t 1 1)
(3.18)

In order to modify the previous form of the estimate 6, into a usable recursive
algorithm, we will make three adjustments. Flrst thanks to the requirement that
V;—1(0) is minimized for 0, 1, we can put V} 1(9t 1) = 0. So we get:

L 92 1" 10
et:etl_[wm(eﬂ)l [aept(ot 1)]. (3.19)
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The second adjustment will be the approximation of the Hessian matrix
8039TV}(9) by the matrix R;(0), which fulfills:
92

where 6y represents a vector of true values of parameters. The choice in [Hendrych

(2015)] is the matrix R;(0) fulfilling:

Ry(6) = (1 — 7)Ri-1(0) + 1:F:(0), (3.21)
where
- P(0)Y](0)
F,(0) = —(cpf(G)O)Q ) (3.22)

We can see that the equation (3 1s analogous to the equation (3.15)), where

we now consider F(8) instead of 8000T F,(0).

The choice ([3.22)) of the matrix F,(8) is appropriate because:

B L R -F.0) ‘ n] _ (3.23)

T2 00 GO0y (0)u(6) )

=B ereep v O T orger VO T rm)e) ‘”]
(3.24)

_ o2 — #{(0)6) T ©; (0)80 —y? _

| M oo+ SO o) | 0] 0. )

The last modification consists in neglecting the vector @ in matrix R.(0). We
will assume that this matrix varies slowly for changing 6. So we suppose that it
holds R;(6;) ~ R;(6;_1). For this reason, we can now use a simplified form R;.

Thanks to these three modifications, we can construct following formulas:

5 A 9,
0,=6,1—R; 'y laeFt(et 1)] ; (3.26)
R, = (1 — %Rt + 7 Fe(6i1). (3.27)

The disadvantage of these formulas is that they are not actually in recursive
form. The problem here is both the vector %Ft(ét,l) and the matrix ]?‘t(ét,l).
Calculation of these quantities requires all data known up to time ¢ and is not
recursive. For this reason, the following approximations are made:

<Pt(§t—1) X P, ¢t(ét—1) ~ '951;7 (3.28)
where
Ge=(Lyir Wiy Blabirse o B 00)" (3.29)
@101 = G + zp;ai,t—ly?—i + igj,t—lsaf—jét—ja (3.30)
- =
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@?Ht = @O,t + Z @i,tytz—i + Z ﬂj,tﬁaf—jetfh (3'31)

i—1 j=1
":bt 90t+25gt 1¢t —je (3.32)
7j=1

As the result, we obtain a recursive algorithm for estimating parameters in the
GARCH(p,q) model, which is given by the following recursive formulas:

Z/t r Gt 1
Ht Ot 1 +’}/tR 1'lptA—, (333)
(gotTBt 1)?
R, = (1 —7)Riq +p—t— Yl (3.34)
(Sot Ot 1)
G = (L7, 7yt2+17p7 Pt 0t7 e 7Q0t+1fq0t+1—q)T7 (3.35)
o~ q o~ o~
Vi1 = @1 + Z Bj i1 (3.36)

Jj=1

for t € N.

The main disadvantage of this form of recursion is a need to invert the ma-
trix R; in each step of the algorithm. Calculation of matrix inversion can be
numerically complex and therefore the modification of the algorithm (to avoid
these calculations) is appropriate.

Let us denote P, = vR; . To remove the inversion from the algorithm, we
will use the following lemma, which we take from [Ljung and Soderstrom (1983),
Chapter 2].

Lemma 3. Let A be a matrix of type (k x k), B matrix of type (k x 1), C matrix
of type (I x [) and D matrix of type (I x k). Further, assume that the product
BCD and the sum A +BCD exist and that matrices A, C and (DA™'B+C™1)
are regular. Then, it holds:

(A+BCD)'=A"'"-A'B(DA'B+C )'DAL. (3.37)
Proof.

A7 —A'B(DA'B+ C!)"'DA'|(A+BCD)=A"'A+ A 'BCD
~A'BDA'B+C)"'DAT'A-A'B(DA'B+C ) "'DA'BCD
=I+A 'BDA'B+C )" YDA 'B+C)CD
~A'BDA'B+C)"'D-A'B(DA'B+C ) "'DA'BCD
=I+A'BDA'B+C ) '[(DA'B+C ')CD-D-DA'BCD] =1

This verifies the validity of the equation (|3.37)). m

The equation ([3.33) can be adjusted easily replacing vR;* by P;. In the case of
adjustment of the equation (3.34]), we must first derive the recursion for R;*. To
perform this step, we will use Lemma (3, in which we consider:

A=(1-Rer1, B=4, C=_1 D=1,  (3.3%)

(76:)%
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Thus we get:

R, '= —R;!
t 1 _fyt t—1
~ -1
1 IO I | L~ (ple,)? 1 B
_ _R! T_~ RLlqp 4 Ft7H r R, . (3.39
1_77} tl’lpt ’(Pbtl_fyt t]_’(abt f}/t ¢t1_f}/t t—1 ( )

To replace v,R; ' by P,, we multiply both sides of the equation (3.39) by ~;, we
get there fractions ljt%. We have derived the relationship 1 — v, = % above

and, therefore, it holds ljifw - %i\iftl

We can use this result in the following calculations:

-1

T 2
5 _ Y-l -1 g 0 Vi1 gy —
P, = IR - T Hwt[ JIR g, 4 (PO’ . 1)] S

NN At At
1~ 1~ bapT _ 1
=N e 1 [¢rP g)ﬂpt Py
t 1 { b ;;1 ¢ _}_(Sog“et 1)} Vet
1 [~ P, TP,
—— [PH — 1Py jTi 2] : (3.40)
At Yi PP + M(@f 0:-1)

Finally, we can adjust the equation (3.33) using (3.40):

1 [13 L Af’t—itzt’&g’f’t—a ] Aty? —cétTOAt_l _ 5.
Y Prath + Ai(@] 01-1)? (P71 6;-1)?
L1 [Pt o (PTP by + M(@F 0, 1)?) — ﬁt_lqzﬂ/;;pt_ﬂ;t] W2 — @70,
At YIP 1t + M(@F0;1)? (p76,-1)?

_ b 1 [ MNPy (@10,1) ] i — @10
=01+ | == = =
WIP b+ N(@160,1)%] (P 601-1)?
_ P_i,(y? — @70,
6, 4+ Lol =i 0y) (3.41)

YIP P + N(P]0-1)?
Thus we can modify the algorithm given by (3.33)—(3.36) to the following form:

P, 111575(%2 SBtTOAt 1)

ét = 9t 1+ = (3.42)
¢t Pt 1¢t + Me(@f 9t 1)
N 1 [~ P,_ P,_
Pi=— Py — —— 1l v (3.43)
Ay PP + M(p 01-1)?
~ 2 2 ~Th ~T A T
Pi+1 = (17 yt PRI 7yt+1—p> ‘pt 0157 s 790t+1—q9t+17q) ) (344>
q o~
Yip1 = ey + Z Bjies1—; (3.45)
j=1

for t € N.
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Remark. A possible simplification of the above algorithm is the approximation
v,bt @¢. This case, when we replace v,bt by the vector ¢;, simplifies the calcula-
tions of the algorithm as the equation (3.45)) can be excluded from the algorithm.

Because of the fact, that we work with the recursive algorithm, it is also necessary
to deal with the initial conditions.

* In the case of the initial vector of parameters 50, one can make an intuitive
choice 8, = 0. However, this choice does not appear to be very appropriate
in practice. See, for example, the simulation study in [Hendrych (2015),
Chapter 6]. An initial estimate calculated on the base of first n observations
6, = (3P 21— (p+q)el,e,...,e)", where € is a small positive number

satisfying (p + ¢)e < 1, for a suitable n, can be considered as a more
appropriate choice.

« As an initial estimate Py is usually taken cI, where ¢ is a large constant,
e.g. ¢ = 10°. The constant c is chosen big to minimize the influence of the
initial estimate and to quickly approach the actual vector of parameters.

* An initial estimate ¢, is also needed. For that we need values y*,.,, ..., 3
and further quantities gﬁfq 10 411, ..., @L 6. The usually made choice is
toset y? =0,i = —p+1,...,0or assume directly observed values if they are
known and to set goTO = k t=—q+1,...,0, where k is equal to a small
constant.

* Finally, in the case of initial values @Z_qw, e ,QZI, we take 1/31 = ¢y and
P, =0,i=—q+2,...,0.

In addition to these options, many others can also be considered, improving the
behavior of algorithm.

Another issue important in numerical applications is the correct choice of weights
{A\¢}. In [Ljung and Soéderstrom (1983)] the weights are determined based on the
following equation:

M=Me14+1=X), teN, (3.46)

where possible choices of \ € (0,1) and Ao can be, for example, A = 0.99 and
Ao = 0.95.

In addition to setting initial estimates and weights choice {\;}, we also need
to examine whether obtained estimates of the parameters, that are included in
the estimate 6;, fulfill the required conditions. In the case of GARCH(p,q) model,
we supposed conditions:

p q
ap > 0, a; >0,i=1,...,p, B;i>0,j=1,...,q, S+ B <1l

(3.47)
Let us denote Dg = {0 € RF* 7o > 0, 04,...,0, >0, 51,..., 58, >0,
Yo a; + 3% B < 1} the set of vectors 6, whose components meet the above
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conditions and thus ensure the positivity and stationarity of the conditional vari-
ance 02(0). We can, therefore, implement the following rule during the run of

the algorithm:
~ |6, if6, eDg,
g, =20 DTS (3.48)
Otfl, if Ot ¢ Ds.

If we get outside of the set Dg with the new estimate, we will ignore this estimate.
Instead, we will use the previous estimate.

Remark. In some cases, it may be appropriate to consider robustification of the
algorithm to ensure that if there is an outlier, there will not be a large change in
parameter estimates. The robustification that the article [Cipra and Hendrych
(2018)] deals with, lies in the modification of the algorithm given by the equations
(3.42)—(3.45)) into the form:

Prob A’/‘ob[( rob)Q o (’\rob)Té;‘gbl]

érob _ érzb e t—1 j git Pt t- : (349)
LT @) TR + A (B 0k
f)rob o i f)rob _ P;:rgbl ;Ob( IOb)TPgibl (3 50)
t t—1 7 Drob ,/ir 7 Or ! ’
At (L) TP + N[ (1) 107242

@i = (L (U)o (Ui )% (@) 07 (@) i )T, (3.51)
~ q ~ ~
=@+ Y B, (3.52)
j=1

for t € N, where

RN
sl — (@) 0, u? o\ (@17 01K )2 + (1) TPI /A,
if

(y{ob)Z —

W2 = (@707 > 2 o/ [(@F) O] + (1) TPy by /s,

y? otherwise.
(3.53)

Another area of interest is the description of technical properties of recursive
algorithms that are of the Kalman filter type. However, this matter is extensive
and therefore we refer to [Ljung and Soderstrom (1983), Chapter 4] which deals
with this issue.

3.2 Alternative approaches to recursive estima-
tion of GARCH model

As we mentioned at the beginning of this chapter, the algorithm based on the
self-weighted method follows up the previously proposed algorithms for estimating
the parameters of the GARCH models. Here we present the resulting algorithms
presented in the articles [Kierkegaard, Nielsen, Jensen and Madsen (2000)] and
[Aknouche and Guerbyenne (2006)], which deal with this issue.
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3.2.1 Approaches proposed by Kierkegard et al.

In [Kierkegaard, Nielsen, Jensen and Madsen (2000)], two approaches are used
for the recursive estimation of GARCH model parameters. The first one is the
recursive pseudo-linear regression, the second one is the prediction error method.

In this article, the GARCH model is assumed in the following form:

y? = ! (0)0 + vy, (3.54)

where it holds for residuals v,
ve =i (0)0(cf — 1), (3.55)

and where

0 = (g, a1, ., B1,- -, BT, (3.56)
01(0) = (1,y21v @11 (006, L (0)0)T,  (3.57)
el (0)0 =00+ 3ot + 2 el (00 (3.59)
: - (3.59)

The case of the recursive pseudo-linear regression is based on finding a solution
to the equation

3 @lO)lsE -~ el (8)8] =0, (3.60)
for @ € ©, which is
0= 00l O Yol (3.61)

The algorithm, that was subsequently derived in the paper, is given by the equa-
tions:

0, =61+ R, (0, 1)y — ¢ (61-1)0,1]:(6:-1), (3.62)
Ri(6:1) = Ri-1(611) + @/ (6:1)@1(0; 1), (3.63)

where we can simplify this algorithm (as in the self-weighted method case) to the
form:

0, =0, +R,'@(y; — B[ 0,1), (3.64)
Rt = Rt,1 -+ @?@t (365)
for t € N, where
é\t = (aO,ta a1,t7 s 7ap,t7 Bl,ta s 7Bq,t)Ta (366>
Bi=(Lofy iy @ Bn @ Bry)T (36T)
@01 =001+ Qg 1Y+ 5j,t—1¢f_j0t—j—l- (3.68)
i=1 j=1
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The second algorithm uses the prediction error method and is based on mini-

mization of
arg min 1 i 1[y2 — ] (6)6]*. (3.69)
g0 1 =27 !

Similarly as in the Section [3.1], approximations are made again to simplify calcu-
lations. As the result, we get the following algorithm:

0, =06, 1+ R, (0, 1)[y7 — ¢ (61-1)0,1]h:(6, 1), (3.70)
Ri(0i_1) = Ri_1(0i-1) + 7 (0,-1)9p(0,1), (3.71)

where also in this case we can simplify this algorithm to:

0, =01+ R, " Pu(y] — 3{0,-1), (3.72)
R, =R + 9] ¢ (3.73)

for t € N with forms of 8;, @; and cﬁtTOAt_l given by ((3.66)—(3.68)).

In [Kierkegaard, Nielsen, Jensen and Madsen (2000)] the recursive formula for
) is not given. In [Hendrych (2015)] it is proposed to supplement this algorithm
with a recursive formula:

~ q ~ o~
Y1 = Pry1 + Z Bittr1-j, (3.74)
j=1

as well as in the algorithm for the self-weighted method. Similarly, the initial
conditions are not discussed here. However, there is a possibility of considering
the same approach as presented in the section [3.1]

It can be noted that if we substitute @t, obtained in the algorithm by the pre-
diction error method, by ¢;, we get the same formulas as in the algorithm based
on pseudo-linear regression. This can also be understood as an approximation of
the algorithm using the prediction error method.

The disadvantage of these algorithms against self-weighted algorithm is the fact
that these algorithms are based on the solution of the equation (in the case of
pseudo-linear regression) and the minimization of the function (in the case of the
prediction error method) that neglect the heteroskedastic structure of v; in the
equation . For this reason, in practice, these algorithms often do not achieve
such practical results as the self-weighted algorithm. Similarly, the disadvantage
of these algorithms is the necessity of calculating the inversion of the matrix R,.

3.2.2 Approaches proposed by Aknouche and Guerbyenne

In [Aknouche and Guerbyenne (2006)], that follows up the article [Bose and
Mukherjee (2003)] dealing with the recursive estimation of ARCH model param-
eters, two-stage algorithms have been proposed. First, preliminary estimates of
the vector of parameters are calculated without assumed heteroskedasticity and
in the second stage, these preliminary estimates are used to include heteroskedas-
ticity. As in the previous article, the authors deal with estimates based on the
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pseudo-linear regression and the prediction error method.

Even in this case, we consider the GARCH model in the form:

v2 = ¢1(0)0 + v, (3.75)
where it holds for vy
ve =@, (0)0(e; — 1), (3.76)
but now with different notation of the elements of the vector ¢,
0= (O[(),Oél,.‘.,Oép,ﬁl,...,ﬁq)T, (377)
Sot(e) = (17 yt2—17 SR 7yt2—p’ yt2—1 — U1, 7yt2—q - vt—q)T7 (378>
p q
@1 (0)0 = ao+>_ouy i+ Byl — viy)- (3.79)
i=1 j=1

First algorithm is based on the pseudo-linear regression. Compared to [Kierke-
gaard, Nielsen, Jensen and Madsen (2000)], there is a modification of the algo-
rithm based on Lemma |3| and the algorithm is proposed in two-stage form. In
the first step, we get an estimate 6,, which is then used in the second stage of
the algorithm for the main estimate 6,. The addition of the second stage reflects
an attempt to include heteroskedasticity that was not taken into account in the
first stage of the algorithm. The proposed algorithm has the form:

U=y — P10, (3.80)
- P,y
R R i L 3.81
: T & Py (3:81)
. P, 1501 P,
P, =P, — AL (3.82)
1+ @i Py
Gy = (L,y2, ... ,ytzﬂ_p, Y2 — by, ... ,yf_q — b))t (3.83)

For the first stage, initial estimates 8y = 0 and Py = ¢I, where ¢ is a big constant,
are proposed .

The second stage of the algorithm is then given by the following equations:

O =y — @7 01, (3.84)
s s P,_1 40,
Ot - Ht—l + s = — (385)
(¢$0t—1)2 + SOtTPt—NPt
L P, 15,67P,_
I L L (3.86)
(P 0:-1)* + @i Py
~ 2 2 2~ 2 PN
Pt+1 = (17 Ypyo - 7yt+1—pa Yy — Uty .- ’yt—q - Ut—q) (387)

in both stages for t € N.

Even in this case, there are suggested initial estimates 6y = 0 and Py, = I,
where c is a big constant.
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It can be seen that the component, which in the denominators of ét and f’t
substitutes the units, has the form (cﬁtTét_l)Q, even though the estimate 0, is
already calculated at that time. This choice is explained by the authors by its
role in the derivation of the estimation properties, see [Aknouche and Guerbyenne
(2006), Chapter 4].

The first stage of the second algorithm, based on the prediction error method,
has the form:

U =y; — P O, (3.88)
S P_ (2 — @6,
6, =0, ,+ 1¢t(y;; P 1>, (3.89)
1L+ y Py
L P, ppT P,
P, =P, — “f’ﬂt iy (3.90)
L+ Pty
¢t+1 = (17 yt27 s 7ytz+1fp7 th — Ugye e 7y1527q - ﬁtfq)Ta (391)
~ q ~ ~
Yri1 = Pry1+ ) Biethiiaj (3.92)

J=1

The form of the second stage of the algorithm can be obtained in the same way
as in the previous algorithm:

0=y — @01, (3.93)
SO P, (y? — 376,
0,=0,_,+ ~;}"bt(yf A ) (3.94)
(P 0:-1)? + i Py,
. P, I P,
P =P — ”mbaTi L (3.95)
(Pi01)* + P P11
@t-‘rl = (17 yt27 s 7yz€2+1—p7 th — Uy oo 7yt2—q - 6t—q)T7 (396>
~ q ~ ~
Yip1 = i1 + Z B Wir1-; (3.97)

=1

in both stages for ¢t € N.

The initial conditions éo = 0, P, = I and 50 = 0, 150 = cl, where c is a
big constant, are the same as in the previous case.

In the article [Aknouche and Guerbyenne (2006)], there is not discussed the way,
how to set the initial values of vectors (g, g, @y and IZO. Just as in [Kier-
kegaard, Nielsen, Jensen and Madsen (2000)], it is not suggested there, how to
check whether the estimated parameters meet the required conditions. It should
be noted that the proposed initial values @9 = ¢y = 0 do not fulfill these condi-
tions. Terms &y and @ should be positive but it is not the case of the initial
values. A possible solution to this problem may be the choice of other initial
conditions ¢ and .

As mentioned above, the disadvantage of these two-stage algorithms is their
greater computational complexity. A possible solution to simplify the algorithm
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is to replace the quantity (gthét_l)Q in denominators in the second stage by
(@p1'6;_1)% so the whole first stage would be useless and we would not have to
use it. This would reduce the computational complexity by half.

From this perspective, the self-weighted algorithm proposed in [Hendrych (2015)]
seems to be more appropriate for practical application.
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4. Recursive estimation of
parameters in selected GARCH
models

In this chapter, our goal is to modify the self-weighted algorithm for parame-
ter estimation, that we have derived for the GARCH(p,q) model in the previous
chapter, also for other types of GARCH models. We will gradually introduce here
algorithms for models ARCH(p), EWMA, GJR-GARCH(p,q), IGARCH(p,q),
EGARCH(p,q) and the matrix extension of GARCH(p,q) model. There is a large
number of different modifications of the GARCH model, and therefore we will
only focus on these selected models, which are usual used in practice. On the
other hand, not all of these models are considered in the context of recursive
estimation in [Hendrych (2015)].

Remark. Also in these models, various modifications of the algorithms could be
considered as their robustification, simplification by approximation ¥; ~ @; and
others.

4.1 ARCH model

ARCH(p) is a special case of the GARCH(p,q) model, in which we do not consider
the effect of delayed conditional variance values. For this reason, it is possible
to use the algorithm given by equations — for the estimation of para-
meters in this model. In the case of ARCH(p) model, the vectors of parameters
0 and ¢, are simplified into the following form:

0 = (CK[), Ay, .. ,Ckp)T,
Pt = (17 yt2—1> s ’th_p)T

Instead of ¢;(0) we use here for simplicity only ¢, since this vector of parameters
no longer depends on 6. Another simplification is obtained from the following
equality:

$il6) = 15(010) = o1 (43)

Thus the parameter estimation algorithm in the ARCH(p) model can be formu-
lated as follows:

f)t—lét(y? - ¢?§t71>

ét - é\t—l ‘I— = — o~ ; (44)
PIP 1@+ M(P]6;-1)?
1 [ P, .1¢,pTP,_
Pi= = Py - PP (45)
t PP + MNi(@] 0,-1)
Prr1 = (17 yt27 s 7yt2+1—p>T (46>

for t € N.
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The initial values necessary to start the algorithm are the same as for the general

algorithm for the GARCH(p,q) model.

Controlling, whether parameter estimates meet the corresponding conditions, can
be realized in the same way as in the general GARCH(p,q) model.

4.2 EWMA model

EWMA model is a special case of the IGARCH model. Conditional variance, in
this model, can be written as:

= (1= Nyiy + Aoiy, (4.7)
where A € (0,1).

Even in this case, we can use the GARCH(p,q) model algorithm to create an
algorithm for the EWMA model. Now, we consider @ = (1 — A\, \) and ¢;(6) =

(yz?fh (lel (0)6).

Since we are interested in the estimation of only one parameter A and if we use
o2 = ! (0)80, then by modifying the algorithm into a one-dimensional version,
we get the following equations:

pr1(0 )(yt _‘7?)

NI T2+ T (48)
PO T e P l(67)?

Dt = N Dt—1 — (GO Phrs + MG | (4.9)

Gt = (1 — \)y; + N6 (4.10)

(6741) = —y7 + 67 + M(57) (4.11)

for t € N.
For initial values we can choose: /A\O € (0,1), eg. :\0 = 0.94, a large number
like py = 10° for py, for 52 a positive number, for example, a sample variance of

an initial section of the time series, and finally we consider (62)" equal to zero.

In this case, we only need to check if A, € (0,1).

4.3 GJR-GARCH model

To remind, conditional variance of the GJR-GARCH(p,q) model has the form:
2 < 2 ! 2
oy = oo+ Z(az + vl )y + Z ﬂjgt—ja (4.12)
i=1 j=1
where the conditions placed on parameters are:
ag > 0, a; > 0 for i > 0, a; +v >0 fori>0, B; >0 for j >0,
(4.13)
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where

1 ify,; <O,
I, = e . (4.14)
0 otherwise.

Even in this model, we use the algorithm for the GARCH(p,q) model and make
some modification. Vectrors @ and ¢,(0) will be in this case in the form:

0 = (0, 1y, By By Vs -5 7) (4.15)
©i(0) = (1L,Y7 1, U Pi1(0)0, . ol (0)0, 47 I, 7 1)
(4.16)
According to the fact that just like in the case of GARCH(p,q) model, it holds:

0(0) = 2167 (0)6] = 0u(0) + 3 b, (6). (4.17)

J=1

is the form of the algorithm, except for the equation for ¢;,;, same as for the
GARCH(p,q) model. Consequently:

N N P, (12 — 370,
6,—6,  + Pi1th(y; — @1 6:i-1) (4.18)
YIP 1t + M(@F ;1)
. 1 |~ P, P,
Pi=— P ——— id’“’bf ot (4.19)
At VI Pi1p + M(pf 01-1)2
‘;D\tJrl = (17 tha s 7yi,‘2+1—p7 LlBtTBta R ‘15?+1—q0t+17q> y1521;7 cee 7yt2+1 p[tis-l p) ’
(4.20)
o~ q —~ o~
Vi1 = Pir1 + Z Bjihir1-j (4.21)
j=1
for t € N.

We will construct the initial estimates in the similar way as in the case of the
GARCH(p,q) model. The initial estimate of 6, can be determined based on the
first n observations @, = Ay il = (p+qele,....ee,...,60,...,007,
where ¢ is a small positive number fulfilling (p + q)e < 1 for Suitable n. As
an initial estimate Py we choose the matrix cI, where ¢ is a large constant,
e.g. ¢ = 10°. Vector ¢, can be set equal to (1,0,...,0,k,...,k,0,...,0)T or
(L2 pits -5 ¥gs koo K, 0,...,0)7, if the values y2 . ,,... 45 are known. In
both cases is k equal to a Small positive constant. In the case of initial values
1,b g+2s - - - 7,[)1, we can choose 1/)1 @1 and gbz =0,i=—q+2,...,0forz <0.

Also, in this case, it would be possible to complete the algorithm by checking
whether the parameter estimates meet the required conditions.

4.4 TGARCH model

Conditional variance of IGARCH(p,q) model has been considered in the form:

=y + Z Oz,yt T+ Z 5]% s (4.22)

7j=1
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with following conditions:

p q
oy > 0, a; >0 for i > 0, B; >0 for j >0, i+ Bi=1
i=1 j=1

(4.23)
To meet the condition Y7_; o + X7_, §; = 1, we rewrite the equation (4.22) to:
of =aptayig ot eyt (Lman == = Bi— = By,
+Biopy -+ Beot, (4.24)
= yt27p +ap+aq (yt271 - yt27p) +teet Oépfl(yz?prrl - ythp)

+ Bl (O-tg—l - yt2—p) +eeet Bq(o-l?—q - y?—p)’ (425)

and after denoting
0= (Oé(),Oél,...,Oép_l,ﬁl,...76q)T, (426)

©1(0) = (Ly; 1 — ¥ pr - Vi1 — Vi
SOtT—l(e)O + ytz—l—p - th—p’ tet 790?—(1(9)0 + yt2—q—p - ytz—p)T7 (427>
it does hold
72(0) = 42, + o1 (0)0. (28)

Since we have changed the expression for o7 (0) from ¢/ (0)6 to y7_, + ¢/ (0)8,
we will briefly derive here an algorithm for estimating parameters in this model.
We will not repeat the parts that are the same as in the Section [3.1]

The quantity F;(@) will be now in the form:

2
Yt , + 1 (0)0

() +loglyi, + 1 (0)8]. (4.29)

Its derivatives can be computed as:

9 Y-y, w080
%Ft(e) - (th—p + 7 (0)6)? lae(% (9)0)1 ) (4.30)
and
2 2y —y2 , — (00 [0 . o T
Wﬂ( )= (2, + o1 (0)0) [89(% (0) )] [80(% (9)9)1

AU
(i, + 7 (0)8)? [8080T(¢t 09)9)1- (4.31)

In this case, to replace %E(G) by matrix Fy(0), we can use
- ¥:(0)9/ ()
F.(0) = . 4.32
O =, + el 007 3
Again, this matrix meets the requirement
0? -
E WE&(B) - Ft(e) ‘ Qtl} =0, (4-3?’)

39



since

0? -
E [WE(G) — F(6) ’ Qt—l] = E[

2yf — i, —p/ (0)8

W+ oT@ayp Vv @)

it 00 i o wOl0) | ]
(yip + i (0)0)? (yip + 1 (0)0)” |
2(y — v, — 1 (0)8) T Yip T 1 (0)0 — y?
P (0)1, () + =L v, (0) | Q,_
S e o)+ o v | o
=0. (4.34)
We get the following recursive algorithm:
2 2 ~Tn
A A Y~ Y, — P O
Ot = gt,1 -+ ’)/tR lwt p/\ = s (435)
t (yip + Pl O:1)?
Pup]
Rt = (1 — ’Vt)Rt—l —+ Yt A s (436)
(yip + @1 01-1)?
S 2 2 2 2
Grr1 = (LY — Yips1s-- - Yiva—p — Yiprts
@fet + yt2—p - yt2—p+1> cees ¢?+1—q0t+1—q + yt2+1—q—p - yf—pﬂ)T, (4.37)
o~ q o~ o~
Vi1 = Pry1 + Zﬂj,tlpt—&-l—ja (4.38)
j=1

for t € N.

This algorithm can be similarly as in the case of the GARCH(p,q) model ad-
justed to a more computationally advantageous form:

Py} —yi, — @1 6i-1)

O =011+ =5 A o (4.39)
Ip?Ptflwt + )\t(th—p + (P,tret,1>2
5 _ 15 P, I P,
P,=— P — = il 1¢t¢; t 1ATA | (4.40)
A Y Pooathe + M(yitp + @1 0i-1)
Sat‘f‘l = (1’ yt2 - y?—p-{—l? s 7yt2+2_p - yt2_p+1,
Sa;fet + yt2—p - yt2—p+1> S SBtTH_thﬂ—q + yf+1_q_p — yf_pH)T, (4.41)
~ a
Y1 = P + Y Biathriij (4.42)
j=1
for t € N.

Setting initial estimates is almost identical to the case of GARCH(p,q) model.
That means: 6y = (130,47 (1 — (p— 1+ q)el,e,...,6,6,...,6)7, where ¢
is a small positive number satisfying (p — 1 + ¢)e < 1 for suitable n; P, =
cI, where c is a large constant, e.g. ¢ = 105 ¢@1=(1,0,...,0,k,.... k)T or
p1 = (I,y%pJr2 — yzpﬂ, YR — yzpﬂ, k,..., k)T, if the values yzpﬂ, ..., Y2 are
known, where k is equal to a small positive constant in both cases; 1,21 = ¢ and

~

P; =0,i=—q+2,...,0fori<0.

As in previous cases, we can add a condition check to the algorithm. It would be
a check of fulfillment &y > 0, @; > 0 for 7 > 0 and 3; > 0 for j > 0.
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4.5 EGARCH model

In section we stated the form of the EGARCH(p,q) model, as it was proposed
in [Nelson (1991)]. Based on this definition, we can rewrite the relationship for
conditional variance to:

log(oy) = ag + > _ ailog(ay ;) + g(er-1) + 3 Bigler-1-), (4.43)

i=1 j=1

where
Yt Iyt

Joi Vet

To be able to handle better this model, we provide in the above mentioned re-
lationship for log(c?) some adjustments. Now, we will consider the following
structure:

q
log(0?) = ag+ > adog(o? )+ 3" Y=L+ 3 o (ol B s
i=1 j=0 \/Ut 1—j k=0 VOi-1-k

At the same time we consider the following form of vectors @ and ¢,(0):

g(er) = Ocy +vley| — 1\/2/m =6

— Y/ 2/ (4.44)

0 = (ag,a,...,0p,00,-..,94,70,--- ,'yq)T, (4.46)

(0) = (1,0{ 1(0)0,.... 07 ,(0)8, Yi-1 Yt-1-q
PO = el 008 el Vexp(el1(8)0)  \Jexp(el 1 ,(6))

|ye—1] —\2/m. [Ye—14l —/2/m)7. (4.47)

\/exp(gotT_l(G)H) \/GXP(SO%F—l—q(e)O)

Thus, in this case, it does hold:

I

07 (8) = exp(y; (0)0). (4.48)

As for IGARCH(p,q) model, we present here a brief derivation of algorithm for
recursive estimation of parameters in EGARCH(p,q).

The quantity F;(0) is in the following form:

2
Yi T
F(0) = ——~ + 0)6. 4.49
Derivatives of F;(0) can be computed as:
0 yi —exp(ep; (0)0) [ 0 ¢
—F(0) = — — 0)0 4.
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and

o° —[exp(y; (6)6))*
seoer10) = _[

yi —exp(p/(0)0) [ 0 o
T exp(07(0)0) [aoaeT(“ot (0)0)]

 eplel(0)8) + [y — explel(0)0)] [ o o .
- D (! (0)6) [80(% (9)9)1 [

yi —exp(pi (0)0) [ 07
T exp(e!(0)6) [aeaeT(% (9)0)1

- [m)«ot 0o [eton]

B <e>e>] | (4.51)

In this case, we use matrix F;() in the form:

Fi(0) = 4.(0)3; (6) (4.52)

replacing the matrix %Ft(e).

It is justified by the following computation:

B [321@(0) _F(0) ‘ n] _ E[yfsze)w?(e)

0006" exp (] (6)0)
~47 + (! (6)6) ,
* exp(pf (0)0) ,(0) — :(0); () Q15—1]
_ U el 000) g 1)+ exp(el (0)0) _
B g O )+ o) | a0 <o

(4.53)

Unlike the previous models, this model will differ in the recursive formula for T,Zt.

If using:
= Yt—1 Yt—1—
Pt = (1 Sot 10t 17"'7‘Pt pat —p> /t\T = IR ,\; q/\ )
exp(P;_16:-1) \/eXp(‘Pt—l—qetflfq)
et — —\/2/7,..., 'yt—l—qt —\/2/m)T, (4.54)
Pl 10, 1) exp(@F 1 .60i 1)
exp(@;-16:-1 \/ P{Pi—1-qYt-1—¢
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Yt—1—j

p q
P01 = Qo1 + Z Qi 1P1—i0—i + Z djt—1 — —
=1 3=0 \/eXp(‘Pt—1—j9t—1—j)

+ Eq: %,t—l(\/ |f/t_1_k|A - \/2/7), (4.55)
k=0

eXp(QotTflfkot*l*k)

. p =R q R o
@0, = Gos + Y QPO+ 054 ZA/tT —
=1 i=0 \/eXp(sot_1_j9t—1—j)
q
~ Yt—1-k
+ > al EEELE —\/2/m), (4.56)

= R e

we can find the recursive form of 1;:

q
~ Y1 ~
lbt ¢t+zazt 1?7[% i Z5j,t—1 AtTl I VY1
j=0 2\/6XP(80t—1—j9t—1—j)

B Z Vi -1 |?f;1_k|A "/p\t—l—k
k=0 2\/exp(got 1 x0i-1-1)
N =~ 5 +
:SDt‘FZOéi,tfllptfi—Z L e TS J|¢t 1-j- (4.57)

=0 2\/exp QOt_l_jOt—l—j)

The recursive algorithm for this model is given by the following equations:

~ ~ % — exp(470,_
0, =0, + R, E<T‘PJ 1) (4.58)
exp(@p; 0;-1)
R; = (1 —v)Ri1 + ybtp/ (4.59)

~ ~TH ~T 7)
Prr1= (1,0, 6y, ..., ‘Pt+17p9t+1—p,

exp(gBtT@ eXP(SBtquét—q)
Ll ed e e
>0 ex 0,
exp(@; 61) P(Pl¢0i-q)
R A 3o s +
Y1 = P+ Y QigWrir—i — Z ety + Tyl j|1/’t —j (4.61)

= =0 2y/exp(pi. J0t ;)

for t € N.

Moreover, we can modify again the algorithm to a computationally more ad-
vantageous form. We apply here again Lemma |3 where matrices A, B and D
remain the same as in the case of the GARCH(p,q) model, but this time we take
C = 7. Recursive formula form matrix P, can be, therefore, written in the form:

_ 1 [~ P, TP,
P,=— P — A;i"b”pi =y (4.62)
At Y Ppy + N\
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Consequently, we obtain the recursive formula for ét as:

0, =06, |+ P, b eXIz(SaAtTétil)
exp(@/ 0r—1)
=61ty [Py - PP P o0 )
Av Y P_yap + N exp(@/ ;1)
i 1 F’tﬂzt(tﬁfﬁt@tj )\tz - lstﬂ/;tizflstﬂ/;t] yi — eXp(Q/’i;{HAtfﬁ
A YIP_gh + N\ exp(p70;_1)
S L[ AR it
At [ Poathy + N exp(@f 6;-1)
Py 1t (y7 — exp(@]6:1))
(TEtTf)tfﬂEt + )\t)exp<¢tT0At71)'
Finally, the EGARCH(p,q) model parameter estimation algorithm has the follow-
ing structure:

1 .
=0,

=0, + (4.63)

PO P, (42 — 570,
Ot :Ot_1+ ,\t 111bt(/yt eXp((pt t 1)) (464)

("M‘Flst—ldjt + )\t)eXP@B;‘Fét—l)’

1 [ P, 1 0bTP,.
P, - — lptl ~ A;iq’btwi ! 1] , (4.65)
At vy P + N\
@t-‘rl = (17 @?étv R ¢f+1—p§t+1—p> S — = 9
exp(p7 01) exp(@/_40:—q)
B 1 Y y = |yfq| Ny (4.66)
exp(@; 0:) exp(@/_40:—)
—~ N P o~ 4q g A IR
B = G + S A — 3 otz Tl g (4.67)

i=1 =0 2/exp(@];0,_;)

for t € N.

We set the initial estimates as follows:
0, = (% Sty 1=[p+2(qg+1)]el, e, ..., 6,6,...,6,¢,...,€)T, where ¢ is a small
positive number satisfying [p + 2(¢ 4+ 1)]e < 1 for suitable n; Py = I, where ¢

is a large constant, e.g. ¢ = 105 @1=(1,k,...,k,0,...,0,—/2/7, ..., —/2/7)T
5. — Yo Y—q lyol ly—ql T
or gy = (L, k,... k, Tl Ve ool 2/, o \/2/m)h,

if the values y_,, ..., yo are known, where k equals to a small positive constant);
1 =@ and ¢P; = 0,9 = min{—p+2,—g+1},...,0 for i <0.

The advantage of the EGARCH model is that it is not necessary to control the
parameter estimates to ensure that the conditional variance is positive.

4.6 Matrix extension of GARCH model

If inspired by the multivariate GARCH models in which the interactions of the
components are included, we can apply this principle also in the one-dimensional
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case. We perform a matrix extension of the GARCH(p,q) model. Conditional
variance will be considered in the form:

o2 = ap + y, Ayl +o,Bo!, (4.68)
where
Yyt = (yt—la e 7yt—p)T7 oy = (Ut—la e 7Ut—q)T; (4'69)
a1 Q12 ... Opp Bu Bz ... 51q
P e I L BT
alp Cvgp Ce app ﬁlq ﬁgq e qu

requiring g > 0 and positive semidefiniteness of matrices A and B.

Obviously the standard GARCH(p,q) model is a special case of matrix exten-
sion, where matrices A and B are considered to be diagonal with non-negative
elements on diagonal.

To ensure positive semidefiniteness of matrices A and B, we will introduce these
matrices in the form reminding their Cholesky decomposition:

a1q 0 c 0 aip ... A1p—1 Q1p
aia Qs ... O . : :
A '12 ?2 . ‘ : . : : ’ (4.71)
: . . : 0 cee Qp_1p—1 Ap—1p
Aip Q2p ... Qpp 0 Ce 0 Qpp
by 0 ... 0 b1 ... blp,1 blp
bia by ... O : : :
. . . : 0 oo bpflpfl bpflp
by boy .. byp) \NO .0 by,
where it holds:
Vi = Qi J =1, (4.73)
k=1
Q5 = Qi ] < 1, (474)
k=1
Bij = Bis, J <t (4.76)

Remark. In the case of a 2 x 2 matrix, the relationships between aq1, a1, oo
and a1, a2, agn are as follows:

2
Q1 = agy — ai; = /011, (477)
Q12
19 = A11012 — a1 = " (478)
11
2 2 aty
Qo = A7y 1+ Qo9 — Q22 = |/ Q22 — 047117 (4.79)

and for f11, 812, 22 and by1, bia, bas would be the relevant relationships quite ana-
logical.
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Now we can rewrite the conditional variance as

P ) P p 4
ol =0+ D> Gy 2> 3D ki Ye—iYe—;

i=1 k=1 i=1 j>i k=1
a a4 i
+ Z Z kaO't i —|— 2 Z Z Z bkibkjgt—igt—j~ (480)
i=1 k=1 i=1 j>i k=1
In this model, the vector of parameters @ will be in the form :
0= (Oé[),au,...7a1p7a22,...,a2p7...,a,pp,b11,...,blq,bgg,...,bgq,...,bqq)T.
(4.81)

However, now we will not consider o?(0) as ¢! (68)8 but we will use the quantity

02(0) in the derivation. Again, we will not present the parts of the derivation

that are the same as in the derivation of the algorithm of the GARCH(p,q) model.

Fi(0) = aty(ta) +log[o?(6)], (4.82)
o) =Yl Sae)). (483
g 101 = 2O 2 o) [ o]
_ y)?o;(f) ()f) [60%207,03(0)1 : (4.84)
The matrix 52 F;(8) will be replaced by matrix F,(6) in the form
h0) - 17O [HO] L)

(07(6))?

To be able to construct a recursive algorithm, we must now also find recursive
expression for %03 1 (ét) Unlike previous models, we have to compute derivatives
with respect to individual parameters separately. For clarity, we rewrite the
conditional variance o? H(ét) to the following form:

=N p 1 P P 1
Ut2+1<9t) = Qo + Z Z aii,ty?—i-l—i +2 Z Z Z Ui 1Ak tYi+1—iYi+1—j

i=1 k=1 ilj>ik1

+ZZbk”at+1 (6, +22225k1tbmt0t+1 i(0r—i)oes1-5(0;—;).
=1 k=1 =1 5>t k=1
(4.86)

Now, we have to compute derivations o? +1(§t) with respect to individual param-
eters. We begin with a derivation with respect to aq:

0
Dorg Ut+1 Ht = 1+Zzblm< Ut+1 z(et z))

1=1 k=1
0 o~ .
+QZZZkatbkﬂt[ (5 Orp1-i(0s— )) Orp1-5(0i—5)
1 j>1 k=1
Iy (6,_;) (6,_)) (4.87)
aaoat—l—l—j t—j Ot+1-i\Ut—i) |, .
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where

0 - 0 1 0 ~
~—0r1-i(0r—i) = 5—\/0i11_(01-:) P ( ot i(oti)>
3040 8060 t+1 2 0-t2+1_i(0t_i) (90(0 t+1
1 J ~
_ _ o, (0, ], 4.88
i (et 60 (459
and thus it is possible to rewrite the equation (4.87)) to :
0 N
804 Ut-‘,—l et =1+ Z Z bkzt O-t+1—z(0 )
=1 k=1
n Ot41- J(é ) 9 5 )
+ b e, [ = < Opp1—i(0i—i)
Ez:;kz:l o Ot41— z(et z) dayg o !
Tri1-i(0p-i) ( 0 ~ ) ]
+ = O (045 . 4.89
(6, \9ag 110 e
Further derivatives have the following form:
0
aa 0t+1 <0t)

9 _
2a; tyt+1 ;T2 Z QijtYt—iYt—j + Z Z blmt <Mat2+1i(0ti)>

7> 1=1 k=1

+ZZmebkgtrtH ](et i) (aﬁ ; (@:—‘))

(0 .
CUt+1—1
i j>1 k=1 Ot41— Z(Gt z) a

Ot+1 z(ét 2) ( ~ )] .
+ 0, , i
%H&ﬂwwﬂx» (

1,...,p), (4.90)

d _
D Ut+1(9t> 2050y + 2 [azi,tyt—iyt—j + Z Gik,tyt—jyt—kl
ij kE>j
+ Z Z bkz t < gt—i—l z(et z))
=1 k=1 ZJ

o 0, 0 ~
+Zzzbk%tbkﬂ[ e1-i0y) ((9 Ut2+1z‘(9t—i)>
i >t k=1 Ot41— 1(0t Z) @ij

ij

Ut+1fi(§t7i) ( 0 2 N >‘| ..
+ ~ Ott1— (0 - ) ) ('Laj
15 (0py) \Day; T

1,...,p,j>i),
(4.91)
0 S, 7 N -
o ——071(0;) = 2bii 0071 (0ri) + 2 bija0e1-1(0p-i)oes1-5(0:-))
% 7>
+Zzbkm< Ut+1 z(et z))
1=1 k=1
-~ Ut+1](0t])<a T >
+ Bii i o2 (0,
;;;km{mxﬂowwﬂu>

Ut+17i(§t7i) < 0 5 72) )] .
+ — (0 , 1
Ut+1—j(0t—j) ao40(thLl ]( ' ]) (
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9 I _ ~ _ _
aTng(et) = 2bij40711_;(0r—5) + 2 lbu‘,tam—z’(et—i)0t+1—j(9t—j)

ij

q _ ~~ o~
+ Z bik,t0t+1j(9tj)0t+lk(atk)l

k>j

33 (ot 0

i=1 k=1

- (B, o R
+Zzzbki,tbkj,tlat+l J(At i (8 Uz:2+1—i(9ti)>

i j>i k=1 Ut+17i(9t7i) Qo

—ié—i 0 0 ), ] . -
4 Tl >< z '(9tj>>]’ (,j=1....,q,j>i).

141-j(0,—;) \Dag 77
(4.93)
To simplify the notation, we can denote:
« @ n
U:gﬁ) = y%a?+l(0t)v (4.94)
Qi 9 ) .
t(+1) = 870752+1(9t)> (i=1,...,p), (4.95)
Qi
S _ 9 o ay > 4.96
t+1 _a Ut+1( t)7 (27]_ 7"'7p7]>Z)7 ( . )
aij
bi; d ) .
0-7£+1) - %O’t%rl(et% (Z = 17 s 7Q)7 (497)
at(+{) = —a§+1(0t), (i,j=1,...,q,7 >1), (4.98)
8bij
and further, we will assume 62 = 02(0,_1) and v, = O’t 2(0,_,), where
17/[)\15 = (O-t(a())? O-t(all)7 A 70-t(a1p)7 O-t(a22)7 AR 70§GP71P)7 O-t(app)7 O-t(bll)J A 70-7£b1q)7
J,gb”), . ,aqu’lq), Jt(bqq))T. (4.99)
Due to these modifications we can rewrite the equations (4.89 - to:
« [e% - O-
t(+(i =1+ Z Z bkztO_tJr(i) it Z Z Z blﬂtb’w, =L t+l) i
i=1 k=1 i g>i k=1 1—i
Ot1—i (a0)
+ = o091, (4.100)
Ot+1—j
Ut(ilf) 2a; t?/t+1 i t+2 Z QijtYi—iYi—j + Z Z bkz tUtilf) i
7> =1 k=1
Oty1— ag;
+ Z Z Z bkl tbk]» [ J 7§+1)—i
i g>i k=1 1—i
| I ) (4.101)
Ot+1—j
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Uzgilf) - 20'1] tyt —j + Q[GZZ tYt—ilYt—j + Zazk tYt—iYt—k +Zzbkzt gilf)z
k>j =1 k=1
o ) a;
+Zzzbkztbkw [ = J( - j>‘7t(+f)ﬂ'
i j>1 k=1 Ot+1—i 2)
—q é\—i aii .o . .
+Ut+1(f)o—§;{)_j], (t,7=1,...,p,j > 1), (4.102)
Ot41 j(et j)
o) = 20ty (Brs +22bmt‘7t+1 i(0r-)0es1-5(0;;)
7>
i Ot+1—j (Ot ) bii
DI WICLIES 9 9 SNTMECCC LD
i=1 k=1 i §>i k=1 Ot+1—i 9t z)
~i(025) ‘
+ ‘”“(J)at(f’;;lj], (i=1,...,q), (4.103)
Ut+1—j(9t—j

o) = 2bij407 41 ;(0—5) + 2 [bii,toﬂrli(eti)UtJrlj(etj)

+szkt0t+1 $(0-)001-k(0,—, ] +Zzbmt tﬁ =

k>j i=1 k=1
o 0 b
+ Z Z Z bkz tbk], lwat(-i-l) )
i j>i k=1 t+1_i(9t_i)
—i 9_1' - .. . .
+ Ut“(f)at(i’i)j]a (i, =1, .4, > ). (4.104)
O't+1fj(0tfj>

Thus, the algorithm for parameter estimation will have the following structure:

2
0, =6, +vR; wtyt(q) , (4.105)

Yipy
(67)>

p p i
3t2+1 = Qo + Z Z azi,tyta-l—z‘ +2> 3 kil Yer1—iYis1—j

Ri=(1—=7)Ri1+ Y=y (4.106)

i=1 k=1 i=1 j>i k=1
FEY R 42 Y D G (4107)
i=1 k=1 i=1 j>i k=1
o) _(a11) (a1p) _(a22) (ap—1p) _(app) _(b11) (b1q)
¢t+1 (Ut+1 yOt41 5041 1 O0tg1 5 -+ 0t+1 yOt+1 1 0t41 5+ O0t41 5
(b22) (bg—14) (bgg)\T
Oigt s Ot o) (4.108)

for t € N.
Elements of the vector 1,/)t+1 are given in the equations ({4.100) m Again,

we can use Lemma |3 avoiding the calculation of inversion of the matrix R, in
the algorithm.
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Final form of the algorithm is:

]-Stfl";bt(ytz - &tz)

0, =6, | +———" L (4.109)
YIP 1 + N (07F)?
S [ PP
P,— LB, ¥ Py , (4.110)
At YIP,_yapy + At(at)
3152+1 = Qo + Z Z Al tyt+1 ;T2 Z Z Z i ¢ Okj 4 Yt 1—iYer1—j
i=1 k=1 1= 1j>zk 1
+ Z Z bkz t0t+1 ;T2 Z Z Z bkztbkj t0t41—i0t41—j5 (4.111)
=1 k=1 i=1 7> k=1
a a a ap— a b b
¢t+1 (Ut+1)7 0-75+111)7 tee 0-1$+11p)7 O-1$+212)a cee 70-7E+p1 1p)7 O-t(erlp)a 0-7£+111)7 s 1$+11q)7
ort o o) (4.112)
for t € N.
Initial estimates can be chosen as follows:
0) = (L 1 — (W g UHa) ) o0 e, e)T, where € is a small
positive number satisfying ((Hp y (1+2q) Je < 1 for sultable n; Py = cI, where ¢
is a large constant, e.g. ¢ = 105 02 =kyi=—q+2,...,1fori <1, where k is
equal to a small constant;
P = (61 gl Jolmw) glez) o plae) b)) (ba2) o\t hT
where 05“0) = 1, (a”) = O'%bij) =0fori=1,....,pand j = 1,...,¢ and

¢j:O,j——q+2,...,0f0rj§0.

If we Would hke to go back to the original parametrization, we would use the
equations (4.73 - ) to compute values @1y, ...,y and 511 - 5%
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5. Simulations

In Section we dealt with the self-weighted algorithm for GARCH(p,q) model
parameter estimation, which we then also modified for other models in Chapter
A In this chapter, we will use the Monte Carlo simulation method and we will
investigate how the proposed algorithms are able to estimate the parameters of
each model and how the estimates develop over time. We perform simulations in
software Wolfram Mathematica 11.3. We always try two variants of combinations
of parameters for each model. We try to choose these variants differently so that
the process behavior, given by these parameters, is different.

For all models except EWMA, EGARCH and matrix extensions of the GARCH
model, we always simulate 1,000 time series of length 20,060 and then put these
values into individual algorithms. In the EWMA model, it is enough to simulate
20,000 time series. In the case of the EGARCH model and the matrix extension
of the GARCH model, which are more complicated and have problems with the
convergence of estimates to the actual parameter values, the number of simula-
tions performed varies for each case. We simulate time series of length 20,060
because the first 60 observations are used as a basis for initial estimates and the
remaining 20,000 observations for subsequent on-line estimation.

We show the obtained estimates using boxplots, from which we removed the
outliers for better clarity. The development of estimates over time is represented
by displaying boxplots for estimates in times 7' = 2,500, 7" = 5,000, 7" = 10,000
and T" = 20,000. The box shows the range between the first and third quartile of
obtained estimates, the white bar represents the median and the long line indi-
cates the true value of the parameter.

In addition to boxplots, we also provide the medians of absolute errors of es-
timates from the actual parameter values. This data will help us to assess how
successful is the recurrent self-weighted algorithm in each studied model. For
both the estimates themselves and the absolute errors of estimates, we are inte-
rested in the medians of these values, not the sample means. It is because of the
fact that the values that can be considered as outliers and occur in the estimates,
significantly affect the resulting value of the mean sample.

Since we have constructed all the algorithms for the case when g, ~ N(0,1),
we also use this distribution in time series simulations in all models.

5.1 GARCH(1,1) model

First model, on which we try the on-line parameter estimation by the self-weighted
method, is GARCH(1,1). In this model, we estimate three parameters: «g, ay
and (1. We complete the algorithm —, by a control, if ét € Dg, where
Ds = {0 € R*|ag > 0,01 > 0,3, > 0,01 + 31 < 1} as we suggested at the end of
the Section 3.1l
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We set the initial estimates as follows: 8, = (% S99, 0842 ,,0.1,0.1)T,
Py = 10°I, @1 = (1,42,0.1)7 and 1 = (1,42,0.1)T. To determine the weights
from the equation (3.46)), we set A = 0.99 and A\g = 0.95.

GARCH(1,1) - parameter values: (0.5,0.15,0.8)
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Figure 5.1: Boxplots of the GARCH(1,1) process estimates with (ag, aq, 51) =
(0.5,0.15,0.8)
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T=2,500
T=5,000
T=10,000
T=20,000

0.169
0.080
0.047
0.029

0.021
0.012
0.007
0.005

0.034
0.018
0.009
0.006

Table 5.1: Medians of absolute errors of the GARCH(1,1) process estimates with
(Oéo, aq, 61) = (05, 015, 08)

GARCH(1,1) - parameter values: (0.3,0.1,0.4)
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Figure 5.2: Boxplots of the GARCH(1,1) process estimates with (ag, aq, 51) =
(0.3,0.1,0.4)
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‘ Qo ‘ ai ‘ b
T=2,500 | 0.104 | 0.033 | 0.175
T=5,000 | 0.074 | 0.021 | 0.129
T=10,000 | 0.049 | 0.014 | 0.089
T=20,000 | 0.035 | 0.009 | 0.062

Table 5.2: Medians of absolute errors of the GARCH(1,1) process estimates with
(ap, a1, B1) = (0.3,0.1,0.4)

Comparing Figures [5.1] and [5.2] we can see, that the convergence of estimates
to the true parameter values varies from one parameter combination to another.
However, we can say that the results are in both cases at time T° = 20,000
satisfactory. First, the spread between the first and third quartiles narrowed to
an acceptable level, and secondly, the medians of estimates are very close to true

values as shown in the Tables 5.1l and [5.2]

5.2 GARCH(2,2) model

For most of the models discussed in the previous chapters, we propose here a si-
mulation study for cases with a low number of parameters. In practice, just these
models are very often used. Since the GARCH model is widely used, we will
estimate parameters for this model of a higher order. Then we will be able to
analyze how the algorithm handles a higher number of parameters.

In this case, we have to estimate five parameters: ag, a1, ag, 1 and B5. More-
over, we are checking whether 8, € Dg, where
Ds = {0 c R°|ag > 0,010 > 0,00 > 0,81 > 0,55 > 0,010 + ap + 1 + B2 < 1}.

As with GARCH (1,1), we set initial estimates as follows:

~

9/9 = (6710 21621 O6y%7170170~1701701)T7 PO = 10517 951 = (17y(2]7y3170'170'1)T7
¥ = (1,92,4%,,0.1,0.1)7, A = 0.99 and g = 0.95.

GARCH(2,2) - parameter values: (0.3,0.2,0.1,0.55,0.1)

‘ Qo ‘ 31 ‘ Q2 ‘ b ‘ Ba
T=2,500 | 0.287 | 0.065 | 0.057 | 0.349 | 0.094
T=5,000 | 0.087 | 0.031 | 0.048 | 0.253 | 0.096

T=10,000 | 0.053 | 0.017 | 0.038 | 0.186 | 0.091
T=20,000 | 0.036 | 0.011 | 0.029 | 0.127 | 0.076

Table 5.3: Medians of absolute errors of the GARCH(2,2) process estimates with
(Oéo, aq, 61) = (03, 02, 01, 055, 01)
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Figure 5.3: Boxplots of the GARCH(2,2) process estimates with (g, a1, 51) =
(0.3,0.2,0.1,0.55,0.1)

GARCH(2,2) - parameter values: (0.6,0.2,0.05,0.3,0.1)

a0 al a?
035
15 030 0251
025 020
10 020

T 045+
0.15

010
05 T 0.10

il all-o
0.0 0.00 0.00

T=2500  T=5000  T=10000  T=20000 T=2500  T=5000  T=10000  T=20000 T=2500 T=5000  T=10000  T=20000
i B
04
03
02
! b 01
w¥ll) JTTTH
T=2500 T=5000  T=10000  T=20000 T=2500 T=5000  T=10000  T=20000

Figure 5.4 Boxplots of the GARCH(2,2) process estimates with
(Oé(), a7, Qg, ﬁl, 52) = (06, 02, 005, 03, 01)
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‘ Qo ‘ a1 ‘ Qo ‘ b ‘ 5o
T=2,500 | 0.268 | 0.070 | 0.039 | 0.187 | 0.077
T=5,000 | 0.177 | 0.036 | 0.034 | 0.169 | 0.064
T=10,000 | 0.119 | 0.018 | 0.029 | 0.151 | 0.058
T=20,000 | 0.085 | 0.011 | 0.028 | 0.137 | 0.059

Table 5.4: Medians of absolute errors of the GARCH(2,2) process estimates with
(Oég, a7, Ao, 61, 52) = (06, 02, 005, 003, 01)

It can be seen that by adding parameters the accuracy of the estimates got
worse, especially in the case of parameters ; and f3. The main reason for
the inaccuracy of estimates of these parameters is probably the inability of the
algorithm to distinguish the influence of values ¢ | and 2 , on o?. On the other
hand, difficulties with parameter estimation in higher order models have classic
static estimation approaches too.

5.3 ARCH(1) model

Another examined model is the the ARCH(1). In this model, we estimate only two
parameters: g and «q. Since this is a simplification of the GARCH(1,1) model,
where we have omitted the parameter 31, we expect good results also in this case.

Along with the algorithm, given by the equations (4.4)—(4.6), we also control
whether 8; € Dg, where Dg = {0 € R?|ag > 0,0 < oy < 1}

Setting of the initial estimates: 6y = (55 3%, 0.997_;,0.1)7, P, = 10°I,
G1 = (1,2)7, by = (1,52)7, X = 0.99 and Ay = 0.95.

ARCH(1) - parameter values: (1,0.99)
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Figure 5.5: Boxplots of the ARCH(1) process estimates with (ag, a1) = (1,0.99)
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o | @

T=2,500 | 0.037 | 0.032
T=5,000 | 0.026 | 0.021
T=10,000 | 0.019 | 0.014
T=20,000 | 0.012 | 0.009

Table 5.5: Medians of absolute errors of the ARCH(1) process estimates with
(Oég, O[l) = (1, 099)

Since we have chosen «; equal to 0.99, which is very close to 1, the convergence of
the estimate to the true value of this parameter is slower. If we choose a parameter
value farther from 1, which is the case of the following model, the convergence
will be faster. Nevertheless, we can conclude that even in this more problematic
case the estimates at time 7" = 20, 000 are very close to the true parameter values.

ARCH(1) - parameter values: (0.4,0.6)
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Figure 5.6: Boxplots of the ARCH(1) process estimates with (ag,a1) = (1,0.99)

[ a0 | @

T=2,500 | 0.014 | 0.032
T=5,000 | 0.009 | 0.022
T=10,000 | 0.007 | 0.015
T=20,000 | 0.005 | 0.010

Table 5.6: Medians of absolute errors of the ARCH(1) process estimates with
(a0, 1) = (0.4,0.6)

54 EWMA model

The simplest model, we have dealt with in the previous chapters, has been the
EWMA model. There is only one parameter A that is needed to be estimated.
We control, whether A, € D, where D = {\ € R|0 < A < 1}. Besides, we have
added a condition to the practical implementation of the algorithm 2 < 100,
which helps to prevent the degeneration of estimation algorithm.
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Symbol D will be used in a similar way as Dg which denoted a set of vectors
of parameters meeting the conditions to ensure the positiveness and stationarity
of the conditional variance. Now the symbol D will indicate a set of vectors of
parameters that satisfy the conditions required to ensure the conditional variance
positiveness and, if appropriate, also the conditions, we impose to ensure better
computational stability. However, these conditions need not be the conditions for
stationarity.

We choose the initial estimates as follows: Ag = 0.94, Py = 10°, 52 = 0.1,
(73) =0, A =0.99 and Ay = 0.95. In this case, it is necessary to pay attention
to the similarity of X and \; because \; represents the estimate of parameter A
at time ¢, whereas \; represents the weight used in the algorithm at time t.

EWMA - parameter value: (0.94)
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Figure 5.7: Boxplot of EWMA process estimates with A = 0.94

A
T=2,500 | 0.005
T=5,000 | 0.003

T=10,000 | 0.002
T=20,000 | 0.002

Table 5.7: Medians of absolute errors of EWMA process estimates with A = 0.94

EWMA - parameter value: (0.9)

A
T=2,500 | 0.006
T=5,000 | 0.004

T=10,000 | 0.003
T=20,000 | 0.002

Table 5.8: Medians of absolute errors of the EWMA process estimates with
A=0.9
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Figure 5.8: Boxplot of the EWMA process estimates with A = 0.9

Since this model is driven only by one parameter, we can see in the Figures
and [5.8| that the results of the algorithm are very good in this case.

5.5 GJR-GARCH(1,1) model

In the GJR-GARCH(1,1) model, we have to estimate four parameters: ag, a1, 5
and ;. During running the algorithm, we are checking, whether 6, € Dg, where
Ds = {0 € R*|ag > 0,01 > 0,0 + 71 > 081 > 0,04 + 291 + 51 < 1}

We choose the following initial estimates: 0, = (6—10 900842 ,,0.1,0.1,0)7,
Py = 10°T, @1 = (1,2,0.1,0)7, ¢y = (1,42,0.1,0)", XA = 0.99 and A, = 0.95.

GJR-GARCH(1,1) - parameter values: (0.3,0.2,0.6,0.15)
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Figure 5.9: Boxplots of the GJR-GARCH(1,1) process estimates with
(o, a1, B, 1) = (0.3,0.2,0.6,0.15)
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‘040‘041‘51‘71

T=2,500 | 0.076 | 0.039 | 0.058 | 0.057
T=5,000 | 0.037 | 0.023 | 0.030 | 0.032
T=10,000 | 0.021 | 0.014 | 0.017 | 0.020
T=20,000 | 0.013 | 0.008 | 0.010 | 0.012

Table 5.9: Medians of absolute errors of the GJR-GARCH(1,1) process estimates
with (040, Qanq, 61, ’)/1) = (03, 02, 06, 015)

GJR-GARCH(1,1) - parameter values: (0.5,0.1,0.3,0.05)

a0 al

10114 S LI
JTT T T

00 - 000 1
TE500  TS000  T=10000  T=20000 T2500  TS000  T=0000  T=20000

4l

In L

01
T=2500 T=5000  T=10000  T=20000 T=2500 T=5000  T=10000  T=20000

Figure 5.10: Boxplots of the GJR-GARCH(1,1) process estimates with
(040,041,51,71) = (05,01,03,005)

‘040‘041‘51‘71

T=2,500 | 0.138 | 0.036 | 0.135 | 0.049
T=5,000 | 0.094 | 0.025 | 0.109 | 0.030
T=10,000 | 0.064 | 0.016 | 0.077 | 0.020
T=20,000 | 0.042 | 0.010 | 0.050 | 0.013

Table 5.10: Medians of absolute errors of the GJR-GARCH(1,1) process estimates
with (Oé(), oy, 51, ’}/1) = (05, 01, 03, 005)

For the models that have been considered so far, except to higher order GARCH
models, the simulation study was also done in [Hendrych (2015), Chapter 6] and
thus the obtained results can be compared. Now we provide the simulations for
the remaining models.
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5.6 IGARCH(1,1) model

For IGARCH(1,1), the only two parameters, needed to be estimated, are o and
S1. If we use the equation for the computation of the conditional variance,
the value of parameter «y could be calculated as ay =1 — ;. If using the equa-
tion , it is not necessary to do this step. An added part to the algorithm is
controlling, whether 0, € Dg, where Dg = {0 € R?|ay > 0,< 06y < 1},

Initial estimates setting: 6y = (3290, 0.9y7;,0.1)7, P, = 10°I, @; = (1,0.1)7
and v, = (1,0.1)7. For the weights, we put A = 0.99 and Ay = 0.95.

IGARCH(1,1) - parameter values: (0.3,0.8)

a0 B

06 0.80 — —1 T
i P b
02 J B i o 1 - 070

T=2500 T=5000  T=10000  T=20000 T=2500 T=5000  T=10000  T=20000

Figure 5.11: Boxplots of the IGARCH(1,1) process estimates with (g, 51) =
(0.3,0.8)

‘ Qo ‘ b
T=2,500 | 0.037 | 0.032
T=5,000 | 0.026 | 0.021
T=10,000 | 0.019 | 0.014
T=20,000 | 0.012 | 0.009

Table 5.11: Medians of absolute errors of the IGARCH(1,1) process estimates
with (Oé(),ﬁl) = (03,08)

IGARCH(1,1) - parameter values: (1,0.4)

‘ Qo ‘ b
T=2,500 | 0.118 | 0.029
T=5,000 | 0.060 | 0.015
T=10,000 | 0.040 | 0.010
T=20,000 | 0.026 | 0.006

Table 5.12: Medians of absolute errors of the IGARCH(1,1) process estimates
with (ao,ﬁl) = (1,04)
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Figure 5.12: Boxplots of the IGARCH(1,1) process estimates with (g, 51) =
(1,0.4)

5.7 EGARCH(1,0) model

In the EGARCH model, we will examine the estimation behavior for both the
EGARCH (1,0) and the EGARCH (1,1). Already in the low order EGARCH

(1,0) model, we have to estimate 4 parameters: oy, a1, 09 and 7.

Regarding the initial estimates, we consider the following ones:
6o = (g5 X2, 0.79%_;,0.1,0.1,0.1)", Py = 10°1,

2 2 ~ 2 2
51 =(1,0.1, & il 2T qp = (1,01, 2 bl /2y7
Q~01 ( 5 ’\/exp(0.1)7 \/exp(O.l) \/;) 71:01 ( ) 7\/exp(0.l)’ \/exp(O.l) \/;) )
A=0.99 and \y = 0.95.

Due to the more complicated structure of the model, there is a problem with
convergence in the EGARCH model. It is not necessary to introduce any param-
eter check to ensure the conditional variance is positive. Unfortunately, without
the introduction of additional conditions, the algorithm does not give good re-
sults. Therefore, we check whether 8, € D, where D = {6 € R?*| |o| < 10,
lay| < 10,|6| < 10,]70| < 10}. Further, we verify whether @0, > —5 and
exp(@:0,) < 100. However, after the introduction of these conditions, it is often
the case that only a small number of iterations of the algorithm, that adjust the
parameter estimates, take place. For this reason, in the case of the EGARCH
model, we do not simulate 1,000 time series, but such a number to get 1,000 esti-
mates with at least 1,000 iterations of the algorithm. We also report the number
of time series needed to be simulated for each model variant.

EGARCH(1,0) - parameter values: (0.1,0.4,0.2,0.1)

According to the results, that follows, the algorithm seems to relatively well
estimate parameter values. However, it should be noted that in this case we had
to simulate 2,612 time series. It means that the algorithm was able to estimate
parameters in approximately 40 % of cases.
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Figure 5.13:  Boxplots of the EGARCH(1,0) process estimates
(v, 1,90, 7v) = (0.1,0.4,0.2,0.1)

‘ Qo ‘ Qi ‘ do ‘ Yo
T=2,500 | 0.034 | 0.164 | 0.029 | 0.037
T=5,000 | 0.020 | 0.095 | 0.019 | 0.026
T=10,000 | 0.015 | 0.064 | 0.012 | 0.019
T=20,000 | 0.009 | 0.039 | 0.009 | 0.013

with

Table 5.13: Medians of absolute errors of the EGARCH(1,0) process estimates

with (CY(), aq, (50, ’7/0) = (0]., 04, 02, 01)

EGARCH(1,0) - parameter values: (-0.2,0.2,-0.2,-0.3)

T=2,500 | 0.039 | 0.137 | 0.028 | 0.051
T=5,000 | 0.026 | 0.093 | 0.019 | 0.033
T=10,000 | 0.018 | 0.056 | 0.013 | 0.022
T=20,000 | 0.011 | 0.037 | 0.008 | 0.014

Table 5.14: Medians of absolute errors of the EGARCH(1,0) process estimates

with (CMQ, aq, (50, ’}/0) = (-027 02, —02, —03)
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Figure 5.14:  Boxplots of the EGARCH(1,0) process estimates with
(040, a7, (50, ")/0) = (—0.2, 02, —0.2, —03)

Similar to the previous combination of parameters, 2,404 simulations were now
required.

5.8 EGARCH(1,1) model

Now we can show the results of the EGARCH (1,1) algorithm, where we have
two other parameters §; and +; and compare them to the results in the case of
EGARCH (1,0). Given the more complex structure of this model, we expect now
even more time series to be simulated to obtain 1,000 relevant estimates.

Initial estimates are given as follows: R
0y = (L 3% 0597 ,,0.1,0.1,0.1,0.1,0.1), Py = 10°I,

60
2 2 2 2
5. = (1.0.1 Yo Y1 5] _ /2 ly=,4 | _2\T
#1 ( ’ ’ \/exp2(().1)7 \/exg)(O.l), \/err;(o.l) \/;’ 1/Tx§((|).1) 77) ’
N = (1 01 Yo Y-q yol _ 2 Y1 _ 2\T
’(:bl ( ’ ’ \/exp(O.l)’ \/exp(O.l)’ \/exp(D,l) \/;’ 1/ exp(0.1) \/;) ’
A =0.99 and Ay = 0.95.

We consider a similar control 8; € D, where D = {6 € RY| |ag| < 10, oy | < 10,
60| < 10, 61| < 10, 70| < 10, |71| < 10} and again we require ¢,0; > —5 and
exp(cﬁtet) < 100.
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EGARCH(1,1) - parameter values:
(0.3,0.2,0.3,0.1,0.2,0.1)
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Figure 5.15:  Boxplots of the EGARCH(1,1) process estimates with
(Oé(), Qa, 50, (51, Yo, ’71) = (03, 02, 03, 01, 02, 01)
‘ Qo ‘ Qq ‘ do o1 ‘ Yo ‘ g1
T=2,500 | 0.089 | 0.215 | 0.022 | 0.067 | 0.039 | 0.056
T=5,000 | 0.062 | 0.158 | 0.017 | 0.047 | 0.027 | 0.041
T=10,000 | 0.043 | 0.102 | 0.011 | 0.033 | 0.018 | 0.029
T=20,000 | 0.028 | 0.070 | 0.008 | 0.023 | 0.012 | 0.019
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Table 5.15: Medians of absolute errors of the EGARCH(1,1) process estimates
with (Oé(), aq, 50, ’70) = (03, 02, 03, 01, 02, 01)

With this set of parameters, we already had to simulate 3,915 time series. Thus,
in this model, the algorithm was successful only in approximately 25 % of cases.
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EGARCH(1,1) - parameter values:
(-0.6,0.05,-0.05,-0.1,-0.05,-0.1)
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Figure 5.16:  Boxplots of the EGARCH(1,1) process estimates with
(@0, a1, 00, 70) = (—0.6,0.05, —0.05, —0.1, —0.05, —0.1)

‘060‘041‘50‘51"70‘%

T=2,500 | 0.194 | 0.332 | 0.023 | 0.030 | 0.041 | 0.044
T=5,000 | 0.162 | 0.268 | 0.015 | 0.022 | 0.028 | 0.030
T=10,000 | 0.129 | 0.211 | 0.011 | 0.016 | 0.019 | 0.021
T=20,000 | 0.095 | 0.151 | 0.007 | 0.011 | 0.012 | 0.015

Table 5.16: Medians of absolute errors of the EGARCH(1,1) process estimates
with (Oé(), aq, 50, ’70) = (—06, 005, —005, —01, —005, —01)

For these parameters, we had to perform 3,302 simulations, which is approxi-
mately a 30% success rate. A boundary of 1,000 iterations was chosen because
the estimates would not be credible with a smaller number of iterations. In prac-
tice, it turned out that in cases where iterations exceeded this limit, in the vast
majority of these cases the number of iterations has exceeded the value of 19,000.

5.9 Matrix extension of GARCH model (2,2)

The last model, we dealt with, is the matrix extension of the GARCH model.

This model differs from the GARCH (2,2) model by including the combined
terms 3;_1y;_2 and o;_10;_5 in the volatility equation. In this model, it will be
also necessary to simulate more time series than just 1,000 because there appears
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again the problem with convergence. However, here we consider the boundary of
10,000 iterations.

Initial conditions are given in the following way:
0o = (g5 >0, 0497 ;,0.1,0.1,0.1,0.1,0.1,0.1)T, Py = 10°I, 5y = 5o = 0.1,
¥ = (1,93, yoy_1,9%1,0.1,0.2,0.1)T b, = (0,0,0,0,0,0,0)%, A =0.99, \g = 0.95.

In the case of the matrix extension model, we should control whether oy > 0.
Positive semidefiniteness of matrices A and B is ensured by the modification of
the model made in Section [4.6] Altogether with the other conditions we’ve added
for better algorithm behavior, we control 0, € D, where

D= {0 S R7| Qg > 0, |CL11| <1, |CL12| < 1, |a22| < ]_,lbnl <1, |b12| < 1, |b22| < ]_}
and further 0 < &; < 100. However, the obtained results are presented in the
original parameterization.

Matrix extension (2,2) - parameter values:
(0.3,0.2,-0.1,0.15,0.25,0,0.3)
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Figure 5.17: Boxplots of the matrix extension of the GARCH(2,2) process esti-
mates with (0./0, 11, 19, (29, 511, 512, 522) = (03, 02, —01, 015, 025, O, 03)
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| o | a1 | Q12 | Q22 | B | iz | P22

T=2,500 | 0.096 | 0.051 | 0.066 | 0.079 | 0.236 | 0.183 | 0.214
T=5,000 | 0.068 | 0.032 | 0.039 | 0.065 | 0.266 | 0.155 | 0.199
T=10,000 | 0.049 | 0.021 | 0.025 | 0.049 | 0.248 | 0.138 | 0.198
T=20,000 | 0.037 | 0.014 | 0.018 | 0.039 | 0.220 | 0.126 | 0.192

Table 5.17:  Medians of absolute errors of the matrix extension of
the GARCH(2,2) process estimates with (ag,aq1, @19, o2, f11, P12, f22) =
(0.3,0.2, —0.1,0.15,0.25,0,0.3)

For this model, we had to simulate 1,721 time series.

Matrix extension (2,2) - parameter values:
(0.05,0.1,0.05,0.09,0.6,0.05,0.08)
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Figure 5.18: Boxplots of the matrix extension of the GARCH(2,2) process esti-
mates with (o, a1, s, Qaz, Bi1, Bia, Bas) = (0.05,0.1,0.05,0.09, 0.6, 0.05, 0.08)
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‘ o ‘0411 ‘ Q12 ‘ Q22 ‘ B ‘ iz ‘ P22

T=2,500 | 0.036 | 0.044 | 0.046 | 0.049 | 0.231 | 0.227 | 0.439
T=5,000 | 0.017 | 0.031 | 0.024 | 0.041 | 0.214 | 0.179 | 0.379
T=10,000 | 0.011 | 0.022 | 0.014 | 0.033 | 0.219 | 0.143 | 0.298
T=20,000 | 0.008 | 0.016 | 0.009 | 0.026 | 0.219 | 0.133 | 0.228

Table 5.18: Medians of absolute errors of the matrix extension of

the GARCH(2,2) process estimates with (ag,aq1, @19, o2, f11, P12, f22) =

(0.05,0.1,0.05,0.09, 0.6, 0.05, 0.08)

For this set of parameters, the number of performed simulations was 2,863. Note
that the number of simulations is lower for the matrix extension of the GARCH
model than for the more complex EGARCH model even though we increased the
threshold. However, its disadvantage is the slow convergence of estimates to true
parameter values. Even using 20,000 observations, estimates are still inaccurate,
especially for parameters 311, 812 and Pas. Therefore, to ensure better results, it
would be necessary to consider even longer time series than we worked with.
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6. Application to real data

In the previous chapter, we have verified by simulations the ability of algorithms
to estimate the parameters of GARCH models in their practical implementation.
We considered time series of length 20,060, 20,000 respectively, but the main
benefit of these algorithms is in the applications for high-frequency data. For ex-
ample, for stock traded assets, we encounter one-minute and even tick data. With
such a high frequency, their number is huge even in a short period. In that case,
an approach based on static estimation methods are inappropriate or even unus-
able, and it is, therefore, necessary to use recursive approach or to divide the data
to short segments. A big advantage of recursive estimation is the possibility of its
use in real time and also its efficiency, from the point of view of memory demands.

The real financial data, we will use for the application of the proposed algo-
rithms, will be IBM stock prices (in USD) for January 2010 to April 2019. To
demonstrate the use of these algorithms on high-frequency data, we consider
one-minute data. We obtained this data at the webpage http://www.kibot.
com/free _historical data.aspx, where IBM data was one of the freely avail-
able data. Finding intraday data that are freely available is usually very difficult
because these data are commonly the subject of trade.

Time series studied in this work consists of 912,802 observations. These data

are one-minute prices of IBM stock from January 4th, 2010 to April 30th, 2019.
Stock prices can be seen in Figure [6.1]

160 -
140 -
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100

I I I I
200000 400000 600000 800000

Figure 6.1: IBM stock prices from January 4th, 2010 to April 30th, 2019,
one-minute data

In order to work with this time series, we must first make it stationary. This
will be achieved by differentiating the series. The time series of first differences
is composed of 912,801 observations.The elements of the obtained series are one-
minute gains or losses resulting from the holding of one share. Another possible
choice would be simple or logarithmic returns. However, in our case of one-
minute prices, these returns were very small and their use was not appropriate.
The differentiated time series can be seen in Figure [6.2
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Figure 6.2: Differentiated time series of IBM stock prices from January 4th, 2010

to April 30th, 2019, one-minute data

For completeness, we also present a table with basic descriptive statistics of IBM
time series and its first differences, denoted as IBM-gain.

| IBM  IBM-gain
Max 174.46 10.22
3rd Quantile | 152.76 0.03
Median 140.52 0.00
1st Quantile | 129.76 —0.03
Minimum 90.98 —12.46
Mean 138.55 0.00
St. Deviation | 18.31 0.09

Table 6.1: Basic descriptive statistics of IBM time series and its difference

Using this data, we will demonstrate the derived algorithms for parameter es-
timation of selected models. For each of the models, we present graphs of the
development of parameter estimates and conditional volatility.
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Figure 6.3: Parameter estimates and conditional volatility - EWMA
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Figure 6.4: Parameter estimates and conditional volatility - ARCH(1)
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Figure 6.5: Parameter estimates and conditional volatility - GARCH(1,1)
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Figure 6.6: Parameter estimates and conditional volatility - GJR-GARCH(1,1)

0.00025

0.00020

0.00015

0.00010

0.00005

0 200000 400000

150

100

50

600000 800000

I

—

200000 400000 600000 800000

| \JILJI Ll Ll

200000

400000

600000 800000

Figure 6.7: Parameter estimates and conditional volatility - IGARCH(1,1)
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Figure 6.8: Parameter estimates and conditional volatility - Matrix extension of
GARCH (2,2)

For all models presented so far, we can observe the same shape of the conditional
volatility graph. The graphs differ only in the scale. The ARCH, GARCH, GJR-
GARCH and IGARCH models also show similar parameter development. This
fact is given, in particular, by their similar construction. For all models, we can
notice the chaotic estimation behavior at the initial estimation stage. Estimates
are stabilized first and then relevant estimates are obtained.

The last model we will try on real data will be the EGARCH(1,0) model. How-
ever, with this model, we have faced the problem of conditional variance cal-
culation. Since the exponential function occurs in the equation for calculating
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conditional variance, in some cases, it results in enormous values. To enable
comparing the graph of the conditional volatility of the EGARCH model with
other graphs, we present four graphs of conditional volatility, each with a differ-
ent range of values. In these graphs, increased volatility can be observed at the
same locations as in the previous models.
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Figure 6.9: Parameter estimates and conditional volatility - EGARCH(1,0)

To perform verification of these models for our data, one of the information
criteria can be used. We have chosen the Akaike information criterion. Since
there are more possible forms of the AIC in practice, we will use the one used in
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a relevant software, such as EViews, namely

2 2k
AIC =~ + .

where [ is the log-likelihood computed as

T 1 & 1 &
I =——log(2m) — = log(c?) — = > Y
2 23 23

(6.1)

(6.2)

k is the number of parameters and 7' is the number of observations. The most
suitable model according to this criterion is the one with the lowest AIC.

In our case, we have split the time series into 67 parts of length 13,623 and
at the end of each part we calculated the appropriate AIC value for all models.

The calculated values can be seen in the following graph.
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Figure 6.10: Graph of computed AIC
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The graph shows, there were significant differences between the models at the
beginning. Over time, however, the AIC values of all models approached each
other. From the very beginning, GARCH (1,1) and GJR-GARCH (1,1) are the
best models according to the AIC. They are the lowest in the graph. On the
other side, IGARCH (1,1), ARCH (1) and EWMA models seem to be the least

suitable.
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Conclusion

This work aimed to describe recursive estimation of financial time series. In par-
ticular, we dealt with modeling the conditional variance in GARCH models. In
this context, we have provided an overview of the models used in financial prac-
tice and the conditions necessary to ensure positivity of conditional variance and,
possibly, weak stationarity in the models.

Subsequently, we focused on state-space modeling used in recursive time series
estimation. We introduced the principle of the Kalman filter together with the
equations used for filtering, prediction and smoothing of time series. The use of
the Kalman filter for financial time series was demonstrated explicitly on AR and
ARMA processes.

In Chapter 3, we derived a self-weighted algorithm for recursive estimation of
GARCH model parameters. This approach has been proposed in [Hendrych
(2015)]. However, in contrast to [Hendrych (2015)], we have done a detailed
derivation of the algorithm here. Next, we dealt with the choice of initial esti-
mates and possible modifications of the algorithm, such as its simplification or
robustification. In the second part of this chapter, we have presented previously
proposed approaches in [Kierkegaard, Nielsen, Jensen and Madsen (2000)] and
[Aknouche and Guerbyenne (2006)].

Then we modified the self-weighted algorithm to be applicable for ARCH, EWMA
and GJR-GARCH models. In these cases, there were no fundamental changes.
A new derivation of the algorithm was necessary for [GARCH, EGARCH and the
matrix extension of GARCH model based on the idea of multivariate GARCH
models.

The practical part of the thesis was divided into two chapters. The first part
was a simulation study in which we investigated using the Monte Carlo method
the aptitude of algorithms to estimate unknown parameters. The expected results
were confirmed in the simulation study, namely the fact that with the increas-
ing number of parameters in the model the quality of estimates worsens. The
EGARCH model and the matrix extension of the GARCH model had the worst
results. In the case of the EGARCH model, there was a problematic startup of
the algorithm, in the matrix extension of the GARCH model, there was a slow
convergence of the estimates to the true parameter values.

To demonstrate the proposed algorithms on real data, we chose a time series
of minute changes in IBM stock prices. This time series was composed of over
900,000 observations. With such data, static estimation methods would not be
able to estimate parameters on-line in real time. For selected models, we modelled
the development of parameter estimates over time, along with the development of
conditional volatility. Even if the models are different in their form, we obtained
similar results for conditional volatility in all models. We assessed the suitability
of each model over time for the given data using the AIC criterion.
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