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Abstract: In this thesis we study two stochastic models related to operation of
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Chapter 1

Introduction

Brownian ratchets are small systems able to extract an effective work from un-
biased thermal fluctuations. Such systems have been widely studied both from
the theoretical and experimental point of view. Their concept originates from
the Marian Smoluchowski thought experiment [1]. This experiment included the
machine placed in a thermal bath, constructed from a paddle wheel and a ratchet
with pawl allowing the ratchet to rotate in one direction only. It may seem at
the first glance that due to the action of thermal fluctuations on the wheel, such
machine is able to extract a directed motion without being provided with an ad-
ditive heat, thus violating the Second Law of Thermodynamics. However, this
expectation is wrong due to the fact that the pawl itself is a subject to random
thermal fluctuations. As a result, the pawl will occasionally let the ratchet go
backwards, and the mean rotational motion of the machine will be zero.

This explanation was provided approximately 60 years later by Richard Feyn-
man [2]. In addition, he proposed a new model, where the thermal equilibrium
between the ratchet and paddle gets broken. This new model is nowadays known
as the Feynman-Smoluchowski ratchet. Development of similar models able to
extract an effective work from thermal fluctuations then continued both in theo-
retical and experimental fields. Different types of ratchets [3, 4] including tilting,
flashing, diffusion were proposed. Notably, most of the studied models deal with
the overdamped motion, for which the inertial term in the motion equation is
neglected (setting the effective particle mass to zero). Such a condition automat-
ically excludes chaotic dynamics [5, 6, 7].

Biological molecular motors are represented by protein machines. They are
able to transform incoming energy from chemical reactions to the effective move-
ment inside living organisms. Classes of such molecular motors include e.g. kinesin
(playing role in axonal transport), myosin and dyenin (both participating in mus-
cle contraction) [8, 9, 10]. Kinetics of the related directed motion can be studied
from thermodynamic perspective, by assuming that a molecule of interest moves
under the action of external force while being coupled to reservoirs of different
temperature or chemical potentials [11, 12].

In this thesis we focus on two aspects of molecular motor functioning. As
motor progresses in motion by skipping pathways between free energy minima,
we can approximate such potential wells by different functions. Here we assume a
power-law potential model. Describing a probability density function for such sys-
tem, we first get an insight into the dynamical properties of motors. Secondly, we
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Figure 1.1: The Feynman-Smoluchowski ratchet and pawl mechanism [2]. Cir-
cular saw with an asymmetric teeth is connected to the pawl intended to block
ratchet from rotating in one direction. Paddles are a subject the thermal fluctu-
ations.

explore the long-time thermodynamic properties of the Feynman-Smoluchowski
ratchet model. To this end, we study stationary currents in the discrete periodic
lattice. Although the mentioned two models may seem principally different, we
apply to both the same idea of conditioned processes borrowed from the large
deviations theory and theoretical biology (population dynamics).

In the first part of the thesis (Chapter 2), we focus on the continuous model
where a particle moves under the action of the so-called highly unstable potential.
A possible way to describe such process is to obtain the statistical averages and
higher moments of the related random variables. However, recently a new frame-
work based on conditioning of such processes on rare events has been suggested
[13, 14]. Such method is focused on deriving conditioning-free processes called
driven processes, such that their statistics replicate the original process condi-
tioned on a rare event. Examples of this framework application include gene
expression analysis [15], protein folding [16] or turbulent flows in the atmosphere
[17].

In our model, we consider a potential so strong that it quickly drags particles
leaving the small metastable region towards minus infinity. For such process
normalization of the related particles probability distribution is not conservative
and decays exponentially. Here we use an approximation of this exponential
convergence, to derive a processes, conditioned to never diverge. Such processes
are in the long-time limit equivalent to driven processes known as Q-processes
[18, 19, 20]. In fact, such driven processes can be obtained from the original
processes by applying the so-called Doob’s h-transform [21, 22], also borrowed
from the large deviations theory. For our model, by exploring the stationary
limit of the Q-process, we also obtain the effective force arising as a result of
conditioning [23], that keeps particles far from the equilibrium state in minus
infinity.

In general, directed transport in small-scale spatially-periodic mesoscopic sys-
tems is possible under two conditions. The first condition is breaking of the
thermal equilibrium (global detailed balance). This is in accordance with the
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Second Law of Thermodynamics stating that no usable work can be extracted
from the equilibrium fluctuations. The second condition is breaking of the spa-
tial inversion symmetry [3, 24]. Both of these conditions are fulfilled, e.g., by
the Feynman-Smoluchowski ratchet model presented in [25]. This is a continuous
model with the asymmetric x-periodical two-dimensional potential, representing
the action between the ratchet and pawl coupled to different temperatures Tx, Ty.
In Chapter 3 we focus on the discrete representation of this model that captures
all essential features of the original Feynman-Smoluchowski ratchet. In general,
models with a discrete energy landscape can be viewed as directed graphs with
vertices representing the mesostates [26] and oriented edges labeled with the ori-
ented trasition rates [27, 28]. Such rates can also be measured experimentally
[29, 30].

Here we represent the model by a periodic lattice coupled to two thermal
reservoirs and being subjected to an external force action. Vertical and horizontal
rates are coupled to different thermal reservoirs so that we break the thermal
equilibrium. Heat currents through this system from one reservoir to another
are related to a positive mean entropy production. Including the action of an
external force enables us to characterize the model as a heat engine.

Using the standard approach based on the rate matrix, we first discover gen-
eral stationary properties of our model, focusing on how the external force action
affects mean values of variables in the steady state such as probability current, ac-
tivity and efficiency [31]. We explore if higher force stimulates or mutes currents
inside the system, if it enables the engine to reach higher efficiency or merely
increases energy dissipation. Then we focus on how the mentioned quantities
depend on the entropy production of the system. To this end, we derive a driven
process from the corresponding conditioned processes. In conclusion, we explore
a fluctuation symmetry of the probability current and particles activity, which
turn out to be the result of the entropy production distribution property known
as the fluctuation theorem [11, 32].
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Chapter 2

Highly unstable dynamics
conditioned on nondivergence

In this chapter, we aim to study what is called a highly unstable potential V (x).
A Brownian particle, moving under the effect of such a potential, can be dragged
arbitrarily far in a finite (even very short) time. Here we describe the related
stochastic dynamics of these divergent trajectories by studying distribution for
the so called Q-processes and the quasi-stationary distribution [33]. At the same
time, this chapter provides an intuitive insight into the Doob h-transform and
conditioned Markov processes. It also serves as a preparation for the next chapter
dealing with the so-called driven processes conditioned on large deviations.

At the very beginning, we introduce two basics equations: Langevin (stochas-
tic) and Fokker-Planck (deterministic) equations. Next, by defining three dif-
ferent potentials, we illustrate what the highly unstable potential means. These
examples finally lead us to the general highly unstable power-law potential. We
then define the forward (Fokker-Planck) operator L̂† for such potential and its
spectrum. Applying on L̂† a similarity transformation, we obtain a Hamiltonian
related to the confining potential and having the same spectrum as the forward
operator. First results of this chapter include an approximation of long-time
behavior of the probability density function (PDF) and its normalization. Di-
vergence of the particles is actually related to the loss of the normalization of
PDF. Next, we study a Q-process, which is a process conditioned to never di-
verge. We also derive a Q-process PDF in the infinite time limit. Finally, we
study a quasi-stationary distribution, which is a distribution of particles not di-
verging up to a finite time. Although these definitions may sound very similar,
they have a principal difference in conditioning. It is interesting, however, that
both these distributions can be rewritten in a form reminiscent of a generalized
Gibbs canonical distribution.

2.1 Model

Langevin equation. Let us begin with stochastic description of the Brownian
motion. We will consider an overdamped motion, i.e., such that the inertial term
in the evolution equation is neglected (formally we can set mass of a particle to be
zero). Position shift dX(t) of such a particle during dt is described by stochastic
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differential equation [34]

dX(t) = −1

γ
V ′(X(t))dt+

√
2D dW(t). (2.1)

The stochastic process X(t) is affected by two forces. First reflects the poten-
tial V (X(t)) acting on the particle with force equal to minus derivative of the
potential, −V ′(X(t)), divided by the friction coefficient γ. The second part is
nondeterministic and describes thermal noise amplified by diffusion coefficient
D. The latter characterizes mobility of the particle in fluid and is given by the
Einstein relation [34]

D =
kBT

γ
, (2.2)

depending both on the friction parameter γ and the temperature T of an ambient
fluid (kB is the Boltzmann constant, we will consider kB = 1 in this work).

A random process W(t) in Eq. (2.1) is the standard Wiener process, which
is a continuous Gaussian Markov process with zero mean and variance dt. The
increment of the Wiener process is conveniently simulated in computer using the
relationship

W(t+ dt)−W(t) =
√
dtN (0, 1), (2.3)

where N (0, 1) is a random number drawn from the Gaussian distribution with
zero mean and a unit variance.

Fokker-Planck equation. From the stochastic description provided by the
Langevin equation (2.1) we can now switch to the probabilistic description intro-
ducing probability density function (PDF) for a particle being at the time t at
the position x:

P (x, t)dx = Prob {X(t) ∈ (x, x+ dx)}. (2.4)

Time evolution of the PDF is given by the Fokker-Planck equation [35]

∂tP (x, t) = D∂2
xxP (x, t) +

1

γ
∂x

[
V ′(x)P (x, t)

]
, (2.5)

which is a deterministic second-order partial differential equation. For confining
potentials V (x), a stationary solution of the Fokker-Planck equation exists and
can be obtained by setting the time-derivative equal to zero, i.e.,

D∂2
xxPst(x) +

1

γ
∂x

[
V ′(x)Pst(x)

]
= 0. (2.6)

In the following Section 2.3, we will move to an operator notation where we
consider a Fokker-Planck equation as an operator acting on the PDF P (x, t).
Therefore the stationary solution is given by the normalized right eigenvector of
the Fokker-Planck operator corresponding to the eigenvalue zero.

2.2 Highly unstable potentials

In the following we describe how different shapes of the unstable potential V (x)
affect trajectories of the overdamped Brownian motion. The trajectories are given
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Figure 2.1: Three different potentials: a) linear V (x) = x, b) inverted parabolic
V (x) = −x2/2, and c) cubic V (x) = x3/3. All three potentials decrease to minus
infinity with x → −∞. For linear potential a), the particle will drift towards
−∞ linearly in time. For inverted parabolic b), the origin is an unstable point;
starting left from origin, the particle will diverge towards −∞ exponentially fast
(on average). For cubic potential c), there is a plateau region around x = 0; once
escaped, particle again diverges towards −∞. The cubic potential c) is the only
one for which the first-passage time to −∞ is finite.

by numerical integration of the Langevin equation (2.1). However, to understand
specific features of different potentials, we will consider first the zero-noise limits.

We study three different potentials V (x): linear, inverted parabolic and cubic,
see Fig. 2.1. For each of these potentials, trajectories will diverge towards minus
infinity with increasing time t. Our questions of interest are when and how does
the particle diverge in such potentials. By when we ask if there is any stable (or
metastable) region which particle has to escape before diverging to minus infinity.
By how we ask how fast the particles that do actually diverge reach the minus
infinity. Potentials for which particles diverge in a finite time, we will refer as
highly unstable. It is also equivalent to say that for such potentials the mean
first-passage time to x = −∞ is finite.

2.2.1 Deterministic trajectories

In the zero-noise limit, particle position becomes a deterministic function of time
X(t), and the stochastic Langevin equation (2.1) reduces to the deterministic first
order ordinary differential equation

dX(t)

dt
= −1

γ
V ′(X(t)). (2.7)

Thus position evolution is now governed solely by the potential V (X(t)), the
friction coefficient γ, and it depends on the initial position X(0).

Linear potential. Considering the linear potential with zero intercept and
positive constant u1 > 0 shown in Fig. 2.1 a),

V (x) = u1x, (2.8)

and inserting this potential into Eq. (2.7), we obtain the solution

X(t) = X(0)− u1 t

γ
, (2.9)
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where X(0) is the initial particle position at t = 0. Note that this solution does
not diverge for any t < ∞, meaning that particle position X(t) remains finite at
all finite times. There are no local minima of the potential (2.8) so the particle
moves freely from any initial position X(0) towards −∞.

Parabolic potential. Let us now consider the inverted parabolic potential
depicted in Fig. 2.1 b),

V (x) = −u2x
2

2
. (2.10)

Putting it into Eq. (2.7) leads to the solution

X(t) = X(0) exp

(
u2 t

γ

)
. (2.11)

Apart form the unstable stationary point X(0) = 0, the particle position diverges
towards plus (minus) infinity exponentially fast.

Although the exponential divergence in Eq. (2.11) is very fast (compared e.g.
to the one for the linear potential) it still is not fast enough (minus) infinity for
any finite t. Hence the first-passage time for hitting (minus) infinity is infinite
for the parabolic potential. For that reason, we still do not refer to the inverted
parabolic potential (2.10) as to a highly unstable one.

Cubic potential. Finally, let us move to the cubic potential [Fig. 2.1 c)]

V (x) =
u3x

3

3
. (2.12)

Inserting this potential into Eq. (2.7) leads to the solution

X(t) =
γ X(0)

u3X(0) t+ γ
. (2.13)

The potential has a plateau around x = 0. A particle starting at X(0) > 0 is
initially strongly attracted by the potential. Once the no-mass particle reaches
x = 0, it does not move further. Inversely, a particle starting at X(0) < 0 quickly
diverges towards minus infinity because the denominator in Eq. (2.13) goes to
zero.

How quickly does the particle hit the minus infinity? To find the answer, we
note that the fraction on the right-hand side of Eq. (2.13) diverges at the finite
time τd = −γ/

[
u3X(0)

]
, which is a finite positive number for X(0) < 0. We will

refer to this time τd as to the time of divergence.
What does it imply for the potential? As soon as the potential V (x) will result

to a finite time of divergence, we shall call such a potential as highly unstable.
This is why, e.g. the cubic potential (2.12) is considered to be a highly unstable
in contrast to the linear and parabolic potentials where the divergence time is
infinite.
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General power-law unstable potential. It turns out that any potential de-
creasing faster than the parabolic one,

V (x) = −un|x|n

n
, n > 2, (2.14)

is highly unstable. The solution of the zero-noise Langevin equation (2.7) for this
potential and for the initial condition X(0) < 0 reads

X(t) = X(0)

[
γ

γ − un(n− 2)|X(0)|n−2 t

] 1
n−2

. (2.15)

The denominator of Eq. (2.15) becomes zero at the finite divergence time

τd =
γ |X(0)|2−n

un(n− 2)
. (2.16)

We can right away see that the shape of potential, reflected in factor (n − 2),
plays a dominating role in the whole dynamics of the particle. Next, we can see
how the kinetic parameter γ affects the time scale of divergence: The bigger is
the friction constant the slower is the particle dragged towards minus infinity.

2.2.2 Stochastic trajectories

Let us now discuss how the cubic potential (2.12) affects the particles motion
in the presence of non-negligible thermal noise. Qualitatively the results will be
similar for any power-law unstable potential.

In the deterministic case, the particle starting from X(0) > 0 stops moving at
the origin x = 0. However, considering a thermal fluctuations with energy kBT ,
particle has a chance to be kicked over this stationary point.

The stochastic Langevin equation (2.1) for the highly unstable cubic potential
Eq. (2.12) is given by

dX(t) = −u3

γ
X2(t)dt+

√
2D dW(t). (2.17)

In Fig. 2.2, we show several trajectories simulated according to Eq. (2.17). All
particles start from the same initial state X(0) > 0 where the effect of the poten-
tial is much stronger compared to the thermal fluctuations. During the initial time
period, particles are dragged to the potential plateau region |V (x)|/(kBT ) < 1,
while the initial condition is being forgotten.

Near the potential plateau, the trajectories exhibit an almost free diffusion.
After a certain time spent on the plateau, some of them leave this region and
start to feel the potential again, which becomes strong compared to random
noise, |V (x)| ≫ kBT . The trajectories leaving the plateau on its left end, usually
quickly diverge towards minus infinity and never return. The time of divergence
here, τd, visibly differs for different trajectories. Some of them even do not diverge
until the very end of the simulation.
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Figure 2.2: Trajectories of particles diffusing under the action of the cubic po-
tential (2.12). Parameters used: X(0) = 10, γ = 1000, kBT = 100. The grey
span highlights potential plateau region |V (x)|/(kBT ) < 1. The vertical dashed
line approximately separates the initial transient regime where the initial condi-
tion has not been forgotten. In this initial regime, particles get dragged to the
potential plateau. On the plateau, as the effect of potential is almost negligible
compared to the thermal fluctuations, particles undergo almost free diffusion.
Once they leave this region (through its left-hand end), they are quickly dragged
towards minus infinity.

2.3 Eigenvectors and Schrödinger equation

The Fokker-Planck equation (2.5) can be re-written using the operator notation:

∂tP (x, t) = L̂†P (x, t), (2.18)

L̂† = D∂2
xx + γ−1 ∂xV

′(x). (2.19)

The Fokker-Planck operator L̂† is commonly called the forward operator [36].
We will assume that this operator acts on space with the scalar product of two
functions p(x), s(x) defined as the integral

∫
p(x)s(x)dx. In such case, operator

L̂† and its adjoint L̂ fulfill∫
s(x)

[
L̂†p(x)

]
dx =

∫
p(x)

[
L̂s(x)

]
dx. (2.20)

By applying sequentially integration by parts one can show that backward oper-
ator L̂ is

L̂ = D∂2
xx − γ−1V ′(x)∂x. (2.21)

The operator L̂ is also called the generator of the Markov process X(t) [37].

Eigensystems of L̂† and L̂

To describe the individual modes, contributing to the total trajectories distribu-
tion, we focus on the spectrum of operators (2.19) and (2.21). Let us denote by
pn(x) right eigenfunctions of L̂† and by (−λn) its discrete eigenvalues, i.e.,

L̂†pn(x) = −λnpn(x). (2.22)
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Left eigenfunctions sn(x) of L̂† satisfy the adjoint eigenvalue problem

L̂ sn(x) = −λnsn(x), (2.23)

with the same eigenvalues (−λn).
Let us now mention two crucial properties of the eigenfunctions defined above

(for more details we refer to [36, 38]). First, the eigenfunctions pn(x), sn(y) form
an orthogonal system ∫

sm(x)pn(x)dx = δm,n. (2.24)

Second, we will conventionally assume normalization to unity for right eigenfunc-
tions: ∫

pn(x)dx = 1. (2.25)

Due to the orthogonality relation (2.24) we can expand any solution P (x, t|y)
of the Fokker-Planck equation (2.5) with the delta function initial condition

P (x, 0) = δ(x− y), (2.26)

into the series [38]

P (x, t|y) =
∞∑
n=0

pn(x)sn(y)e
−λnt. (2.27)

In the following, we will use this expansion to obtain the long-time approximation
of the propagator depending on the eigenvalues λn, related to the Fokker-Planck
operator from Eq. (2.22). To continue with this approximation, we need to de-
scribe spectrum λn.

Schrödinger equation

To characterize the spectrum, we perform a similarity transformation of the non-
Hermitian Fokker-Planck operator, which leads to the Hermitian Hamiltonian,
having the same spectrum [35]:

Ĥ = −eβV/2 L̂† e−βV/2. (2.28)

The adjoint operator to Ĥ can be expressed as

Ĥ† = e−βV/2 L̂ eβV/2. (2.29)

Using standard algebra tools one can show that Ĥ is the self-adjoint operator
analogous to quantum mechanical Hamiltonian:

Ĥ† = Ĥ = −D∂2
xx + U(x), (2.30)

U(x) =
1

4D

[
V ′(x)

γ

]2
− V ′′(x)

2γ
. (2.31)

It can also be shown from definition (2.28) that the spectrum of Ĥ is identical to
the spectrum of L̂† up to the minus sign:

ĤΨn(x) = λnΨn(x). (2.32)
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Figure 2.3: Confining potential U(x) (dashed red line) and the highly unstable
cubic potential V (x) = x3/3 (solid green line) for kBT = 100, γ = 1.

Finally, it turns out that eigenvectors of the Hamiltonian are related to the eigen-
vectors of the Fokker-Planck operator as [39]

Ψn(x) =
√
Z eβV (x)/2 pn(x) =

1√
Z

e−βV (x)/2 sn(x). (2.33)

In the following, we shall refer to the factor Z as the generalized partition function.

Spectrum and the stationary state

Fig. 2.3 illustrates the potential U(x) from Eq. (2.31). In contrast to the original
unstable power-law potential V (x), this one confines the particle in a wide U-
shape region and hence it does not let particles to escape towards minus infinity.
It is known that Hamiltonians with such confining potentials possess discrete
spectra [40]. It can also be proven [35] that all eigenvalues λn of Ĥ are non-
negative.

Stationary state. Substitution of λst = 0, which is the largest eigenvalue in
case of confining potentials, into Eq. (2.22) leads to

D∂2
xxPst(x) +

1

γ
∂x

[
V ′(x)Pst(x)

]
= 0, (2.34)

with the stationary PDF Pst(x) describing the equilibrium state in a confining
potential. Using standard techniques, one can show that this solution is given by
the well known Gibbs canonical distribution

Pst(x) =
1

Z
e−βV (x), Z =

∫
e−βV (x)dx. (2.35)

Hence, the right and the left eigenfunctions of the Fokker-Planck operator for the
confining potential assume the forms

p0(x) =
1

Z
e−βV (x), s0(x) = 1. (2.36)

Negative spectrum in highly unstable potentials. For highly unstable
potentials there exists no stationary solution and all modes decay to zero. Hence
the corresponding spectrum of the eigenvalues from Eq. (2.22) becomes strictly
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negative. Now taking in account discreteness of the spectrum, we can form an
increasing sequence of the decay rates:

0 < λ0 < λ1 < . . . < λn < . . . . (2.37)

The gap between two smallest eigenvalues

∆ = λ1 − λ0, (2.38)

will play a significant role in obtaining the limit distributions of the propagator.
From now on, speaking about spectrum and related eigenfunctions, we will mean
only non-stationary modes with λn satisfying inequalities (2.37).

Ground state and generalized partition function

The ground state eigenfunction Ψ0(x) corresponds to the smallest eigenvalue λ0.
Considering a normalizing factor

√
Z, we can rewrite Eq. (2.33) as

Ψ0(x) =
√
Z eβV/2 p0(x), (2.39)

Ψ0(x) =
1√
Z

e−βV/2 s0(x). (2.40)

Expressing eigenfunction p0(x) from Eq. (2.39) and applying the normalization
condition (2.25) we get ∫

1√
Z

e−βV (x)/2Ψ0(x)dx = 1. (2.41)

Furthermore, by substituting the eigenfunction Ψ0(x) in the form (2.40) into
Eq. (2.41), we get ∫

1

Z
e−βV (x)s0(x)dx = 1. (2.42)

To the other side, orthogonality relation Eq. (2.24) for the ground eigenfunctions
p0(x), s0(x) reduces to the normalization condition for s0(x), i.e.,∫

s0(x)p0(x)dx = 1. (2.43)

By combination of Eqs. (2.39) and (2.40), we can get the following relation:

p0(x) =
1

Z
e−βV (x) s0(x). (2.44)

Putting Eq. (2.44) into Eq. (2.43) leads to:

s0(x)p0(x) =
1

Z
e−βV (x) s20(x), (2.45)∫

1

Z
e−βV (x) s20(x)dx = 1. (2.46)

Comparing Eqs. (2.42) with (2.46) we find out that both integrated functions
enclose identical areas. Comparing these integrals, we can omit the factor 1/Z
as it is a constant. Finally, we can write:∫

e−βV (x)s0(x)dx =

∫
e−βV (x) s20(x)dx. (2.47)

This identity is illustrated in Fig. 2.4.
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Figure 2.4: Distributions p0(x) from Eq. (2.44) and s0(x)p0(x) from Eq. (2.45)
compared to each other with shared axis x. Integrals over x for these distributions
enclose similar areas under the curves. Right tails for both distributions are very
similar and we shall show that they are given by a Boltzmann factor. However,
distributions become visibly different around their maxima and and in the regions
of the left tails. Plotted for V (x) = x3/3 with parameters γ = 1, kBT = 1.

2.4 Dynamic regimes

We recall that the propagator P (x, t|y) can be expanded using eigenfunctions
according to Eq. (2.27) giving:

P (x, t|y) = p0(x)s0(y)e
−λ0t + p1(x)s1(y)e

−λ1t + . . . . (2.48)

In this expansion with the increasing time t → ∞, exponentials e−λnt will converge
towards zero the faster, the bigger is the corresponding eigenvalue λn. Let us now
rewrite this sum using the gap introduced in Eq. (2.38):

P (x, t|y) = p0(x)s0(y)e
−λ0t + p1(x)s1(y)e

−(λ0+∆)t + . . . . (2.49)

The last equation points at the interesting property related to the gap ∆. It is
illustrated in Fig. 2.5 which shows trajectories surviving for a long time. During
the first short-time regime, the initial condition of the particle is being forgotten
while particle diffuses from the initial state y to the regime of free diffusion near
the x = 0. After some time spent in the second regime, where particle exhibits
a stationary dynamics resembling confined Brownian motion, the third regime
takes place. This last regime is related with the particle leaving the stable region
around potential plateau and quickly diverging towards minus infinity. Again,
this third regime is non-stationary and extremely short, similarly to the first one.

What is common for processes in the first and third regimes, is that they
are actually both non-stationary, in opposite to the second regime. In the non-
stationary regimes all modes in Eq. (2.49) are important and contribute to time-
evolution. Whereas for the second regime, due to its stationarity, all the terms
except the first one vanish. Time which particle spends in the non-stationary
regimes can be estimated by 1/∆. To describe the process in the stationary
regime, we rewrite Eq. (2.49) using the O-notation:

P (x, t|y) = p0(x)s0(y)e
−λ0t

[
1 +O

(
e−∆t

)]
. (2.50)
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Figure 2.5: Trajectories non-diverging up to a time τd ≈ 250. Dashed verti-
cal lines approximately separate individual regimes discussed below Eq. (2.49).
Parameters used: y = 10, γ = 100, kBT = 100.

For a long-time limit t → ∞, the term corresponding to the lowest eigenvalue λ0

will contribute the most, while the other term can be neglected, i.e,

P (x, t|y) ∼ p0(x)s0(y)e
−λ0t, t → ∞, (2.51)

and the propagator in the long times can be approximated using these two eigen-
functions and the largest eigenvalue λ0 only.

Survival probability. We can now define a normalization for the propagator
P (x, t|y), which in general would be

S(t|y) =
∫

P (x, t|y)dx. (2.52)

The normalization S(t|y) is not a constant for our process, and it will actually
quickly decrease with time. In fact, quantity S(t|y) is nothing but a so-called
survival probability, commonly used in terms of Brownian motion to describe the
probability that particle does not hit the absorption boundary up to some given
time. In our case, it is equal to the probability that the time of divergence τd is
greater than the considered time t:

S(t|y) = Prob{τd > t|X(0) = y}. (2.53)

In the long-time limit, we can now apply the approximation of the propagator
from Eq. (2.51) and get

S(t|y) ∼ s0(y)e
−λ0t

∫
p0(x)dx, t → ∞. (2.54)

Bringing s0(y)e
−λ0t before the integral and then applying normalization condition

for p0(x) from Eq. (2.25) leads us to

S(t|y) ∼ s0(y)e
−λ0t. (2.55)

Therefore with the increasing time, the survival probability of the particle de-
creases exponentially according to e−λ0t.
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2.5 Q-process

Let us now consider a trajectory that do not diverge until some specified time τ
and at τ its position is z, z > −∞. That is equivalent to saying that we consider
a trajectory for which the time of divergence τd is greater than τ .

What is the distribution of such trajectories at some time t, t < τ? In the
limit τ → ∞ a clear answer can be given. The conditioned PDF is defined as

Pnd(x, t|τ, y)dx = Prob {X(t) ∈ (x, x+ dx) |τd > τ,X(0) = y}, τ > t. (2.56)

Employing the fact that we consider a Markov processes, we can define for t < τ
a propagator for the total interval (0, τ) as a combination of two propagators:

P (z, τ ;x, t|y) = P (z, τ − t|x)P (x, t|y), (2.57)

where P (x, t|y) starts at zero time and runs up to t; the second one, P (z, τ − t|x)
runs from t up to τ , describing evolution in the time interval of length τ − t.
Finally, applying normalization factor defined in Eq. (2.52), we can write

Pnd(x, t|τ, y) =
∫
P (z, τ ;x, t|y)dz

S(τ |y)
. (2.58)

2.5.1 Propagator

Consider the PDF from Eq. (2.58) in the limit of large divergence time:

π(x, t|y) = lim
τ→∞

Pnd(x, t|τ, y) = lim
τ→∞

∫
P (z, τ ;x, t|y)dz

S(τ |y)
. (2.59)

The process described by the PDF π(x, t|y) is called the Q-process [33] and it is
conditioned in such way that it never diverges. Employing the Markov property
from Eq. (2.57), we can rewrite Eq. (2.59) as

π(x, t|y) = lim
τ→∞

∫
P (x, t|y)P (z, τ − t|x)dz

S(τ |y)
. (2.60)

We will now apply long-time approximations, obtained previously for the
propagator P (x, t|y) and normalization S(t|y) with t → ∞ on the P (z, τ − t|x)
and S(τ |y) with τ → ∞. From Eqs. (2.51) and (2.55) we get

P (z, τ − t|x) ∼ p0(z)s0(x)e
−λ0(τ−t), τ → ∞, (2.61)

S(τ |y) ∼ s0(y)e
−λ0τ , τ → ∞. (2.62)

Inserting these two equations into Eq. (2.60) gives

π(x, t|y) = lim
τ→∞

P (x, t|y)
∫
p0(z)s0(x)e

−λ0(τ−t)dz

s0(y)e−λ0τ
. (2.63)

Moreover, the normalization condition for right eigenfunctions (2.25) leads to∫
p0(z)dz = 1. Hence we finally get the propagator for the Q-process

π(x, t|y) = P (x, t|y)s0(x)
s0(y)

eλ0t, τ → ∞. (2.64)
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To show that the Q-process is a conservative Markov process we now prove
its basic properties. First, let us show that Eq. (2.64) fulfills the Chapman-
Kolmogorov equation

π(x, t− t0|y) =
∫

π(x, t− t1|z)π(z, t1 − t0|y)dz. (2.65)

Indeed we have

π(x, t− t0|y) =
∫

P (x, t− t1|z)
s0(x)

s0(z)
eλ0(t−t1)P (z, t1 − t0|y)

s0(z)

s0(y)
eλ0(t1−t0)dz,

(2.66)

π(x, t− t0|y) =
s0(x)

s0(y)
eλ0(t−t0)

∫
P (x, t− t1|z)P (z, t1 − t0|y)dz, (2.67)

where we finally consider fulfillment of the Chapman-Kolmogorov equation for
the propagator P (x, t− t0|y) =

∫
P (x, t− t1|z)P (z, t1 − t0|y)dz.

The next notable property of Q-process is that it is conservative and normal-
ized to unity. Let us prove that below, starting again with Eq. (2.64) to which
we insert the propagator expansion Eq. (2.27):∫

π(x, t|y)dx =

∫ ∞∑
n=0

pn(x)sn(y)e
−λnt

s0(x)

s0(y)
eλ0t dx, (2.68)

∫
π(x, t|y)dx =

∞∑
n=0

sn(y)

s0(y)
e−(λn−λ0)t

∫
pn(x) s0(x) dx. (2.69)

By applying orthogonality of eigenfunctions (2.24), we obtain∫
π(x, t|y)dx =

∞∑
n=0

sn(y)

s0(y)
e−(λn−λ0)t δ0,n, (2.70)

which finally leads to ∫
π(x, t|y)dx = 1. (2.71)

Forward and backward operators

Assume that propagator of the Q-process (2.64) fulfills differential equation with
yet unknown backward operator L̂Q:

∂tπ(x, t|y) = L̂Qπ(x, t|y). (2.72)

By simply taking a time derivative of Eq. (2.64), after some algebra one can show
that

L̂Q = D∂2
yy −

1

γ

[
V ′(y)− 2kBT

s′0(y)

s0(y)

]
∂y. (2.73)

The operator (2.73) can be rewritten in the form showing explicitly that it is
a h-transform [21] of the original generator L̂,

L̂Q = s−1
0 L̂ s0 − s−1

0 (L̂ s0). (2.74)
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The equivalence between Eq. (2.73) and Eq. (2.74) can be verified by routine
algebra operations, applying from Eq. (2.23) that L̂ s0 = −λ0s0.

We can now find related forward operator L̂†
Q adjoint to the generator (2.74):

L̂†
Q =

[
s−1
0 L̂ s0

]†
− s−1

0 (L̂ s0) = s0 L̂† s−1
0 − s−1

0 (L̂ s0), (2.75)

or equivalently we have

L̂†
Q = D∂2

xx +
1

γ
∂x

[
V ′(x)− 2kBT

s′0(x)

s0(x)

]
. (2.76)

The Langevin equation corresponding to this Fokker-Planck operator reads

dX(t) = −1

γ

[
V ′(X(t))− 2kBT

s′0(X(t))

s0(X(t))

]
dt+

√
2D dW(t). (2.77)

Comparing the latter equation to that we assumed for non-conditioned motion
given by Eq. (2.1), we can see that conditioning in the Q-process does not affect
stochastic part of the equation including the diffusion coefficient D. In front of
the deterministic potential we again see the factor 1/γ describing the friction.
What is now changed is an effective force acting on the particle and related
potential. This force keeps particle from the diverging, making them stay close
to the potential plateau area.

2.5.2 Long-time limit

Let us now consider a stationary distribution of the Q-process (2.59)

πst(x) = lim
t→∞

π(x, t|y) = lim
t→∞

lim
τ→∞

Pnd(x, t|τ, y), (2.78)

where we emphasize the importance of the limits order in the last equation. Using
the propagator (2.64), we can write

πst(x) = lim
t→∞

P (x, t|y)s0(x)
s0(y)

eλ0t. (2.79)

Again applying long-time approximation of the propagator P (x, t|y) given by
Eq. (2.51), we get:

πst(x) = p0(x)s0(y)e
−λ0t

s0(x)

s0(y)
eλ0t, (2.80)

πst(x) = s0(x)p0(x). (2.81)

Hence the stationary state of the Q-process is given by the multiplication of
the left and right eigenfunctions corresponding to the eigenvalue λ0. Expressing
the eigenfunctions s0(x)p0(x) through the eigenfunction Ψ0(x) of the Hamiltonian
as given by Eq. (2.33), we get

πst(x) = Ψ2
0(x), (2.82)

which leads us to the similarity with quantum mechanics, where the squared
waved function gives the probability distribution in the quantum ground state.
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Now by simply putting the wave function in form (2.40) into Eq. (2.82), we
get

πst(x) =
1

Z
e−βV (x)s20(x). (2.83)

The stationary distribution (2.83) can be written in the canonical form

πst(x) =
1

Z
e−βVeff(x), (2.84)

where we defined the effective potential Veff(x) such that

Veff(x) = V (x) + Vs(x), (2.85)

and we consider Vs(x) in the form

Vs(x) = − 1

β
log

[
s20(x)

]
. (2.86)

Role of this additional potential has already been hinted when discussing the
Langevin equation (2.77). Assuming non-divergence in the long times, we bring to
the system additional effective force that keeps particles away from the the highly
unstable region. This force can be explicitly calculated, considering Fs = −V ′

s (x)
leading to

Fs(x) = 2kBT
s′0(x)

s0(x)
. (2.87)

However, despite Eq. (2.84) is of standard Gibbs canonical form, there is a princi-
pal difference between the equilibrium Gibbs canonical ensemble and our system.
This difference lies in the quantities on which the distributions depend. In ad-
dition to the external potential V (x), the PDF (2.84) depends also on the time
scale of the problem through the parameter γ, and its dependence on V (x) is
implicit through the solution of the eigenvalue problem.

Asymptotic behavior of πst(x)

In the following paragraphs, we would like to study the asymptotic behavior of the
distribution πst(x) in the limits x → +∞ and x → −∞. Considering that πst(x)
is strongly dependent on the left eigenfunction s0(x), we illustrate its properties
in the right panel of Fig. 2.6.

Right tail. In the limit x → +∞, the eigenfunction s0(x) approaches a con-
stant. In terms of the stationary distribution (2.83) which is proportional to
s20(x), this means that its right tail takes a simple form

πst(x) ∼
c20
Z

e−βV (x), x → +∞. (2.88)

there c20 = limx→+∞ s20(x) is a constant. That means that for large x distribution
behavior of πst(x) becomes effectively dependent only on the external potential
V (x). We can expect that the effective force Fs(x) will vanish according to that,
and, indeed, by putting s′0(x) → 0 to Eq. (2.86) we get that

lim
x→+∞

Fs(x) = 0. (2.89)
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Figure 2.6: Eigenfunctions p0(x) and s0(x) corresponding to the lowest eigenvalue.

Left tail. To describe the limit πst(x) for the large negative x, we need to
obtain the corresponding behavior of s0(x). Considering equation (2.23) with the
generator (2.21), we have

Ds′′0(x)−
1

γ
V ′(x)s′0(x) = −λ0s0(x). (2.90)

Setting 1/γ = Dβ, we can reshape Eq. (2.90) as

−λ0

D
s0(x) = eβV (x)∂x

[
e−βV (x)s′0(x)

]
. (2.91)

Now we multiply both sides of this equation by e−βV (x) and perform the integra-
tion of both sides over the states x:

−λ0

D

∫
s0(x)e

−βV (x)dx =

∫
∂x

[
e−βV (x)s′0(x)

]
dx, (2.92)

where the left side was simplified by substitution of Eq. (2.42). Integration of the
left side leaves us with∫

∂x

[
e−βV (x)s′0(x)

]
dx = lim

x→+∞

[
e−βV (x)s′0(x)

]
− lim

x→−∞

[
e−βV (x)s′0(x)

]
, (2.93)

applying that as we have already mentioned s′0(x) → 0, we can finally write
Eq. (2.92) as

λ0

D
Z = lim

x→−∞
e−βV (x)s′0(x). (2.94)

Solving this equation in s0(x), we can guess the asymptotic behavior

s0(x) ∼
λ0γZ

V ′(x)
eβV (x), x → −∞. (2.95)

Finally, we get the left tail of the stationary distribution putting the last equation
into Eq. (2.83):

πst(x) ∼ Z

(
λ0γ

V ′(x)

)2

eβV (x), x → −∞. (2.96)
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To fully understand the qualitative picture of the left limit, let us also describe
the effective potential Eq. (2.86) by applying s0(x) from Eq. (2.95):

Vs(x) ∼ − 1

β
log

[(
λ0γZ

V ′(x)

)2

e2βV (x)

]
, x → −∞. (2.97)

We can rewrite this as

Vs(x) ∼ − 1

β

[
2βV (x)− 2 log

(
V ′(x)

λ0γZ

)]
, x → −∞, (2.98)

while according to the definition Eq. (2.14):

V ′(x) ∼ µ|x|n−1, log
(
V ′(x)

)
= (n− 1) log

(
µ |x|

)
, x → −∞. (2.99)

The last equation so contributes to Eq. (2.98) by creating a positive potential
increasing with the temperature as 1/β = kB and acting along with the −2V (x),
so that they are compensating the external large negative V (x).

Mean squared force

Last but not least, let us try to understand how the force Eq. (2.87) is dependent
on the parameters of the model. As soon as Eq. (2.87) itself is not much self-
explanatory, we will obtain a mean value of the force

⟨
F 2
s

⟩
here.

To this end, let us start with Eq. (2.91), which we will multiply by s0(x)e
−βV (x)

and then integrate over the state space:

−λ0

D

∫
e−βV (x)s20(x)dx =

∫
s0(x)∂x

[
e−βV (x)s′0(x)

]
dx. (2.100)

Simplifying the left side according to the normalization (2.46) and by integrating
the right side using per partes, we will get

−λ0

D
Z = −λ0

D

∫
e−βV (x)

(
s′0(x)

)2
dx. (2.101)

Finally, remembering that

F 2
s (x) = 4

[
kBT

s′0(x)

s0(x)

]2
, (2.102)

the stationary distribution according to Eqs. (2.81) and (2.45) reads

πst(x) = s0(x)p0(x) =
1

Z
e−βV (x) s20(x), (2.103)

and considering the mean value from definition
⟨
F 2
s

⟩
=

∫
F 2
s (x)πst(x)dx, we get

the final result ⟨
F 2
s

⟩
= 4γkBTλ0. (2.104)

We can see from the last equation that the force keeping the particle from
the unstable region depends on the physical parameters like friction constant and
temperature. At the same time, friction parameter γ introduces kinetics to the
force, as it affects time of relaxation of the processes. Last but not least, the
force is related to the external potential V (x) acting on the particle through the
eigenvalues λ0.
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2.6 Quasi-stationary distribution

In the previous section, the main condition we required when defining the Q-
process was infinite time of divergence, see Eq. (2.60). Let us now go one step
back to the distribution (2.56). If in the latter we will fix the time of observation
as t = τ , still conditioning on τd > τ , we get a distribution of PDF for particles
at time τ :

Q(x, τ |y) = Pnd(x, τ |τ, y) =
P (x, τ |y)
S(τ |y)

. (2.105)

Assuming τ → ∞, we now get what is called a quasi-stationary distribution [33]

Qst(x) = lim
τ→∞

Q(x, τ |y) = lim
τ→∞

P (x, τ |y)
S(τ |y)

. (2.106)

Just by putting into the latter equation the long-time approximations of prop-
agator (2.51) and of the survival probability (2.55), we get

Qst(x) = p0(x). (2.107)

And by using the identity (2.44) we derive

Qst(x) =
1

Z
e−βV (x) s0(x). (2.108)

Recalling the effective potential we defined in Eq. (2.86), Veff(x) = V (x) + Vs(x),
we can rewrite Eq. (2.108) into the form resembling the Gibbs canonical distri-
bution:

Qst(x) =
1

Z
e−βV Q

eff(x), (2.109)

with the new effective potential [note the difference to Eq. (2.85)] in form

V Q
eff(x) = V (x) +

Vs(x)

2
. (2.110)

We can immediately see, that this distribution is very similar to the distribu-
tion of never diverging particles cf. Eqs. (2.81) and (2.83):

Qst(x) =
πst(x)

s0(x)
. (2.111)

Note that despite different power of s0(x) in distribution Qst(x) and πst(x),
their generalized partition functions Z are the same following the identity (2.47).

Asymptotic behavior of Qst(x)

Right tail. As we have previously mentioned, with x → +∞, eigenfunction
s0(x) approaches a constant, which is why Qst(x) and πst(x) possess the same
right tail behavior:

Qst(x) ∼
c0
Z

e−βV (x), x → +∞. (2.112)
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Left tail. As we did previously in Eq. (2.95), by substitution of large negative
limit of left eigenfunction s0(x) into the quasi-stationary distribution (2.108), we
obtain

Qst(x) ∼
λ0γ

V ′(x)
, x → −∞. (2.113)

For the power-law highly unstable potentials this tail reads

Qst(x) ∼
λ0γ

µ|x|n−1
, x → −∞. (2.114)

Now, revoking the asymptotic behavior of the right tail of Vs(x) from Eq. (2.98),
we see that

V Q
eff(x) =

1

β
(n− 1) log

(
−µ |x|

)
, x → −∞. (2.115)

Thus the new effective potential is no longer strong enough to keep the particle
away from the highly unstable region around zero x. This creates the heavy tail
of the quasi-stationary distribution. The tail can be seen in the left panel of
Fig. 2.6. The two distributions Qst(x) and πst(x) are compared in Fig. 2.4.

Trajectories approaching the region of large negative x get to the area, where
the unstable potential becomes so strong that the relative thermal fluctuations be-
come negligible. As a result, V Q

eff(x) does not depend on temperature T . This is in
contrast with the effective potential arising for the left tail of the Q-process (2.98).
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Chapter 3

Thermal ratchet conditioned on
large deviations

In this chapter we will focus on the minimal discrete model, which captures all
qualitative properties of the Feynman-Smoluchowski ratchet. The main advan-
tage of the discrete model is its simplicity and tractability.

We start with introducing the two-dimensional periodic lattice of states be-
tween which a particle performs stochastic thermally stimulated transitions. Our
model fulfills both necessary conditions for the directed transport in the meso-
scopic system. First, thermal equilibrium is broken as the system is connected
to two thermal reservoirs of different temperatures. The second condition, re-
quiring spatial symmetry breaking is fulfilled by the asymmetry in the energy
levels. Finally, to investigate a system as a molecular motor, we introduce an
external force f acting on the particle, which represents an external load. Due to
the non-homogeneity in the upper and low energy levels, the force acts on them
differently. Which is why we also define two variants of the models: the first
where the force affects all energy levels (Model A) and the second where the force
acts only on the upper levels (Model U).

Afterwards, we describe systems current-like variables and define quantities
necessary to describe the system as a motor including power and efficiency. We
also compare how these properties vary for Models A and U, focusing on which
configuration enables for system to perform better, i.e., with a higher efficiency.

Finally, we study processes conditioned on entropy production far from its
stationary value. To this end, we prepared numerical simulations of the driven
processes corresponding to the processes conditioned on the specified value of
entropy production. After a brief review of large deviation theory focusing on
driven processes, we discuss two consequences of the conditioning. We first ex-
plore how does the efficiency varies depending on different deviations of entropy
production. Next, we explore how probability current jx and activity A vary with
entropy production. Here we report a (anti-)symmetry with respect to the con-
ditioned values. We explain this numerical result analytically in the last section,
deriving the symmetry relations from the remarkable property of the probability
distribution for entropy production known as a fluctuation theorem.

We also simulated processes conditioned on different currents, but, to keep
the thesis concise, we have decided not to include these results and focus only on
the conditioning on the entropy production as on the most intriguing one.
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Figure 3.1: Energy levels form a periodic lattice along which a particle jumps.
Black lines highlight states within one period of the lattice. Blue arrows stand for
possible longitudinal transitions coupled to the thermal reservoir Tx. Red arrows
represent transversal transitions coupled to the thermal reservoir Ty. External
positive force f drags the particle to the left (3 → 2 → 1).

3.1 Models

Consider a particle that jumps along two-dimensional periodic lattice illustrated
in Fig. 3.1. Each period of the lattice consists of 6 discrete energy states with
energies εn, n = 1, . . . , 6. Three of them are degenerate and correspond to the
lowest level of energy:

ε1 = ε2 = ε3 ≡ 0. (3.1)

Other three with higher energies are non-degenerate and ordered as

ε4 < ε5 < ε6. (3.2)

Apart from that, we consider an external non-conservative force f acting in the
negative direction: e.g. the particle on the lower levels will be driven in the
direction 3 → 2 → 1 → 3 when f is positive. For all further graphs in this
section we illustrate the system with energies ε4 = 1, ε5 = 2, ε6 = 3. We will
distinguish two models depending on which states the particle is affected by the
force.

Model A. For the first model, we will assume that the external force f acts
on the particle in any state n. Depending on the force sign, it can either
increase or decrease energy gaps between the states with the higher energy
levels (the “upper” saw-tooth like lane of the lattice in Fig. 3.1). Negative
force, f < 0, qualitatively resembles a weight placed on the right side of the
lattice period. This way it drives the particle to the right and makes the
upper energy levels effectively closer to each other. Similarly, the particle
feels the lower energy levels as effectively tilted from left to right. Vice
versa, the positive force f > 0 acts like a weight placed to the left part of
the lattice, which drags the particle leftwards. Let us now denote internal
energy change related to one separate hopping n → m by

∆E(n → m) = εm − εn. (3.3)

Taking into account the force effect on the longitudinal hopping, we will
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assume transition rates between two neighboring states

r(n → m) = a(n,m) exp

[
−∆E(n → m) + f

2Tx

]
, (3.4)

where n denotes the left-hand nearest neighbor state to the state m. Both
these states are either on the lower or on the upper lanes of energy levels
with periodic boundary conditions assumed at the boundaries of the lattice
unit cell, see also caption of Fig. 3.1. The rates of opposite transitions are
given by the formula similar to (3.4), but with the plus sign in the exponent:

r(m → n) = a(m,n) exp

[
+
∆E(n → m) + f

2Tx

]
. (3.5)

The symmetric pre-exponential factor, a(m,n) = a(n,m) is assumed to be
independent of temperature, energy spectrum and f .

For the transversal transitions from the lower to the upper lane and for the
opposite ones, we have the rates

r(n → n+ 3) = a(n, n+ 3) exp

[
−∆E(n → n+ 3)

2Ty

]
, (3.6)

r(n+ 3 → n) = a(n+ 3, n) exp

[
+
∆E(n → n+ 3)

2Ty

]
, (3.7)

respectively, where n = 1, 2, 3.

Note that the longitudinal and transversal transitions are stimulated by
heat reservoirs at different temperatures. All transition rates possess the
form

r(n → m) = a(n,m) e
1
2
∆S(n→m), (3.8)

where the exponent is determined by the entropy increase ∆S(n → m)
in the corresponding reservoir associated with the transition n → m. Such
rates are just one possible but frequent choice that satisfies the local detailed
balance condition [41]

r(n → m)

r(m → n)
= e∆S(n→m). (3.9)

Other example are the Glauber rates [42].

Model U. In the second model, the force does not affect the particle on the lower
energy levels. Otherwise the model is identical to the Model A. Therefore,
both the transversal rates and the longitudinal rates for transitions between
the upper levels are identical as in Model A. The longitudinal transition
rates between states on lower levels are constant:

r(n → m) = a(n,m). (3.10)

Hence longitudinal transitions on the lower lane are unbiased in the Model
U. This has a pronounced effect on both dynamics and energetics as we
illustrate in the following.

Moreover, for the sake of simplicity, in all following illustrations we set
a(n,m) = 1.
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Let p(n, t|n0) denote the probability for particle being in state n at time t, pro-
vided it was in n0 at the initial time t = 0. The time evolution of the probability
distribution is given by the master equation [38]

∂

∂t
p(n, t|n0) =

∑
m

L̂†(n,m)p(m, t|n0). (3.11)

The rate matrix L̂† has off-diagonal elements from the n-th row standing for rates
of hopping to state n:

L̂†(n,m) = r(m → n), (3.12)

while its diagonal elements are equal to (minus) total hopping rate out of n,

L̂†(n, n) = −
∑
m

r(n → m). (3.13)

We denote the rate matrix by the same symbol as the Fokker-Planck operator in
Eq. (2.18) to emphasize the formal similarity of the two equations. This analogy
will be developed in the following discussion of the conditioning.

Transposition of the rate matrix L̂† gives us the generator L̂ of the Markov
process. The generator appears as the evolution operator in the backward master
equation:

∂

∂t
p(n, t|n0) =

∑
m0

L̂(n0,m0)p(n, t|m0). (3.14)

Its continuous analogue is given in Eq. (2.21). Setting left side of the latter
equation to zero, we can obtain a stationary distribution of the system p(n).

3.2 Stationary and fluctuating quantities

Average time spent by the trajectory X(t′), t′ ∈ [0, t], in the state n is given by
the time-average of the Kronecker delta situated at n:

pn(t) =
1

t

∫ t

0

δ
[
X(t′)− n

]
dt′. (3.15)

In the long-time limit, the average time spent by the process in the state n
converges towards the stationary probability p(n), i.e,

pn(t) → p(n), for t → ∞, (3.16)

with probability one.
Another important quantity is the activity, which equals to the total number

of transitions along the stochastic trajectory. For the two neighboring states n
and m the activity reads

Anm(t) =
1

t

∫ t

0

{
δ
[
X(τ−)− n

]
δ
[
X(τ+)−m

]
+ δ

[
X(τ−)−m

]
δ
[
X(τ+)− n

]}
dτ

(3.17)
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Such variable is fluctuating as it is related to the generated trajectories antici-
pated fluctuations. Activity process A(t) is symmetrical with respect to the time
reversal, as its value does not change with the reversed direction of integrating the
process. The steady-state average value of the activity observed in the long-time
limit

Anm(t) → Anm, for t → ∞, (3.18)

is determined by stationary probabilities and hopping rates

Anm = p(n)r(n → m) + p(m)r(m → n), (3.19)

where the first term describes mean number of hoppings from state n to m and
the second defines the same but in opposite direction. The total activity inside
the system is obtained by summation over all distinct pairs of neighboring states

A =
∑
{n,m}

Anm. (3.20)

Now we can define an empirical current, which for the neighboring state tran-
sition n → m counts how many such transitions n → m occurred along the
stochastic trajectory compared to the transitions in the opposite directionm → n:

jn→m(t) =
1

t

∫ t

0

{
δ
[
X(τ−)− n

]
δ
[
X(τ+)−m

]
− δ

[
X(τ−)−m

]
δ
[
X(τ+)− n

]}
dτ.

(3.21)

Such process is called anti-symmetrical over the time inversion, as the change
of path integration direction in (3.21) changes the current value sign. Limiting
steady state value of the fluctuating current becomes again independent of the
stochastic trajectory

jn→m(t) → j(n → m), for t → ∞, (3.22)

instead, it now depends on the probabilities of states occupying and related rates

j(n → m) = p(n)r(n → m)− p(m)r(m → n). (3.23)

Stationary probability currents

A particularly important quantity is the total longitudinal current

jx =
[
j(1 → 2) + j(4 → 5)

]
+
[
j(2 → 3) + j(5 → 6)

]
+
[
j(3 → 1) + j(6 → 4)

]
,

(3.24)
which determines the mean velocity of the particle. The current is positive when
on average the particle moves to the right. The total current in the longitudinal
direction is constant in the steady state, therefore the above definition contains
the sum of three identical terms and can be simplified:

jx = 3
[
j(1 → 2) + j(4 → 5)

]
. (3.25)
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Figure 3.2: Heatmap of the (scaled) mean stationary longitudinal probability
current jx × 103 for f = 0. The line Tx = Ty splits the heatmap into two half-
planes: jx < 0 for Tx < Ty and jx > 0 for Tx > Ty.

Let us now explore properties of the current (3.25) for different models and applied
forces.

First, the heatmap in Fig. 3.2 demonstrates how the current jx varies with Tx

and Ty in case with zero external force f = 0. In thermal equilibrium (Tx = Ty),
mean absorbed heat from any reservoir is zero and there is no net motion of the
particle. We will refer the states of the system with no effective motion as stalled
states.

For Tx > Ty, we increase the longitudinal transition rates for the upper states.
This can stimulate the particle movement in the positive direction 4 → 5 → 6 so
that longitudinal mean current gets larger than zero. As a result, the probability
of occupation of the highest energy state 6 will also increase (not shown).

Shifting away from the thermal equilibrium in the opposite direction with
Tx < Ty, we stimulate average motion in the opposite direction with the mean
current being negative jx < 0 and the probabilities of occupation of the lowest
energy states increasing compared to the thermal equilibrium.

Before moving to the heatmap of the longitudinal currents with the effective
force acting, let us show the difference in such currents between the Model A
(upper panel in Fig. 3.3) and the Model U (the lower panel in Fig. 3.3) when
longitudinal reservoir temperature Tx remains fixed. Both panes include the
reference curve standing for stationary current for the zero-force configuration.

We see that the negative force f = −0.001 (dragging the particle to the
right) increases jx for the both models (shifting the curves up compared to f =
0). Hence the stalled state point becomes shifted to higher transversal bath
temperatures Ty. Vice versa, positive force f = 0.001 reduces jx, shifting the
curve of jx down while putting the stalled state point to the smaller Ty.

Comparing the upper and the lower panels, we observe that the force depen-
dence of jx visibly varies between the models. For the Model A we observe that
the whole current curve is shifting with force almost linearly compared to the no-
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Figure 3.3: Mean stationary longitudinal currents jx in dependence on Ty with
fixed Tx = 0.9 for two models. Both models are tested for three different forces:
zero force f = 0 (green curves), force f = 0.001 acting in the negative direction
(blue curves), and force f = −0.001 acting in the positive direction (red curves).

force green curve. Contrary to this, for the Model U, where lower levels are not
affected by the force action, changes in the current ale less significant and visibly
increase with Ty. One can interpret this as follows. In the Model U, the particle
on the lower levels performs an unbiased random walk and does not “slipper”
under the action of f as it is the case for the Model A.

All these figures suggest existence of parameter regimes, where the parti-
cle moves on average against the non-conservative force. In these regimes, the
Feynman-Smoluchowski ratchet behaves as a stochastic heat engine transforming
a part of the heat flow through the system into a useful work output.

3.3 Power and efficiency

For the non-zero force f , we can introduce the stationary mean power output of
the system as work performed against the non-conservative force per unit time
in the steady state:

wout = fjx. (3.26)

Such power becomes positive in two cases: either when both force and mean cur-
rent are positive, or when both are negative. Temperature regions with positive
output power can be read from scaled heatmaps showing wout/|f |.

We can start exploring heatmaps for the Model A, see Fig. 3.4. First, from
the heatmaps diversity, we can see that the force f significantly affects the over-
all output power. The smaller is the force, the closer the power-reverse curve
wout/|f | = 0 gets to the thermal equilibrium line Tx = Ty.

Second, we observe significant differences when the applied force is positive
(left panels) or negative (right panels). Let us now fix a longitudinal bath temper-
ature Tx and follow how the power changes with transversal bath temperatre Ty
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Figure 3.4: Mean power output scaled by the force wout/|f | × 103 in dependence
on the temperatures Tx, Ty for the Model A. Results for four forces are shown:
f = ±0.001, f = ±0.0001.
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for the left panels with positive force f > 0. For example, let us set Tx = 1. After
passing the extremely low temperatures range Ty → 0 corresponding to negative
power (not shown on figure), we get to the narrow region of positive power, where
the current jx has the opposite direction than the acting force. The larger is the
force magnitude, the smaller is the region of positive power. After reaching its lo-
cal maximum, the power then decays to zero as the system approaches the stalled
state with growing Ty. Afterwards, the power (now negative) keeps decaying with
increasing Ty.

The right panels of Fig. 3.4 show the case when the acting force is negative,
f < 0. As we remember from discussion of Fig. 3.2, the negative force stimulates
the mean current jx in the positive direction. Considering again fixed Tx = 1
and moving with Ty up from zero temperatures, we observe that now power
experiences its minimum before the stalled state. This is a result of mean current
jx < 0 experiencing maximum at this region. After the stalled state, current
jx becomes negative and keeps decaying with Ty, while the corresponding power
becomes positive and keeps increasing.

The analogous heatmaps for Model U are shown in Fig. 3.5 for the same range
of temperatures Tx, Ty and forces f . Qualitative properties of these heatmaps
remain the same as for Model A, but are much less pronounced. In other words,
models dynamics is clearly very close to the zero-force limit shown in Fig. 3.2.

Heat currents and efficiency. Each transition event is related with the ab-
sorption/emission of a heat current quantum from/to the corresponding heat
reservoir, which stimulates the transition. The heat accepted by the system
along a single trajectory from the longitudinal reservoir is given by the sum

qin
x (t) =

∑
{n,m}

jn→m(t)
[
∆E(n → m) + f

]
, (3.27)

over all pairs {n,m} of the neighboring states between which a longitudinal tran-
sition is possible. The fluctuating time-averaged current is defined in Eq. (3.21).
Similarly, the time-averaged amount of heat accepted from the transversal heat
bath at reads

qin
y (t) =

3∑
n=1

jn→n+3(t)∆E(n → n+ 3). (3.28)

The two heat flows assume stationary values in the long-time limit, which we
denote by qinx , and qiny . Together with the output power these heatflows satisfy
the First Law of Thermodynamics in the form

qinx + qiny = wout. (3.29)

The total heat flow into the system can for arbitrary model parameters be
written as the sum

qin = θ(qinx ) q
in
x + θ(qiny ) q

in
y ≥ 0, (3.30)

where Heaviside theta functions control the signs of individual terms so that we
take in accordance only positive heat flows from the separate reservoirs.
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Figure 3.5: Mean power output scaled by the force magnitude wout/|f | × 103 in
dependence on the temperatures Tx, Ty for the Model U. Results for four forces
are shown: f = ±0.001, f = ±0.0001.
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Figure 3.6: Scaled efficiency η × 106 as the function of the temperatures Tx, Ty

for the Model A for four different forces. Dark blue areas indicate modes where
η ≤ 0.

Only part of total heat input is transformed into the useful work. Quality of
such a transformation is characterized by the efficiency

η =
wout

qin
. (3.31)

By definition, the efficiency is proportional to the mean longitudinal current
jx because w

out = jxf , see Eq. (3.26). Away from the stalled state, the stationary
mean absorbed heat (3.30) is always non-negative and efficiency sign is the same
as the sign of system power. Figs. 3.6 and 3.7 illustrate how the efficiency varies
for our models using the heatmaps analogous to those we plotted for the scaled
powers.

Fig. 3.6 shows heatmaps for the Model A. By definition, parameter regions
with positive efficiency correspond to the regions of positive scaled power, see
Fig. 3.4. For the Model U shown in Fig. 3.7, the total area representing thermal
configurations with positive effective efficiency is significantly larger than for the
Model A.

Maximal efficiencies for both models are usually situated in the region with
relatively small temperatures. In these regions, thermal fluctuations drive the
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Figure 3.7: Scaled efficiency η × 106 as the function of the temperatures Tx, Ty

for the Model U for four different forces. Dark blue areas indicate modes where
η ≤ 0.
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particle against the external force with the lowest possible relative dissipation of
energy. For larger |f |, higher maximal efficiencies can be achieved at the expense
of significant shrinking of the parameter regions with positive η.

3.4 Rare fluctuations of entropy production

Using the heat currents from the reservoirs, we can define the entropy production
of a system or the total entropy change in both reservoirs per unit time as:

σ(t) = −qin
x (t)

Tx

−
qin
y (t)

Ty

. (3.32)

Such entropy production is determined by the sum of all entropy increases ∆S(n →
m) occurring during the transitions n → m contributing to the stochastic trajec-
tory X(t′), t′ ∈ [0, t] divided by t. The stationary value of the entropy production
can be expressed using the stationary heat flows as

σst = −qinx
Tx

−
qiny
Ty

. (3.33)

For each long trajectory of the process, the entropy production fluctuates
around the stationary value. We will be interested in average properties along
the trajectory conditioned on the (possibly large) fluctuation of the entropy pro-
duction.

Defined stochastic process at each time t exhibits fluctuations around its sta-
tionary value. We will assume that such fluctuations related to observing the
value σ(t) ∈ (σ, σ+dσ) decrease with time t exponentially according to the large
deviation principle

Prob{σ(t) ∈ (σ, σ + dσ)} ≍ exp
(
−tI(σ)

)
dσ, (3.34)

where I(σ) is called the rate function. The last equation is equivalent to assuming
the existence of the following limit:

I(σ) = − lim
t→∞

1

t
log Prob{σ(t) ∈ (σ, σ + dσ)}. (3.35)

The above function has a minimum at the stationary state so that I ′(σst) = 0
and I(σst) = 0, otherwise monotonically increasing in both sides. One of the
main goals of large deviations theory is to establish a way to find an explicit
form of such rate function. To this end, we will apply a simplified version of
the Gärtner-Ellis theorem, which is one of the fundamental results of the large
deviations theory [21, 43, 44]. Assume that the following limit exists and is a
strictly convex function:

λ(k) = lim
t→∞

1

t

⟨
exp

[
tkσ(t)

]⟩
. (3.36)

The function λ(k) of the conjugated variable k is called a scaled cumulant gen-
erating function (SCGF). If such function exists, we say that the process σ(t)
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satisfies the large deviation principle with the rate function given by the Legen-
dre transform of λ(k) as

I(σ) = sup
k

{
kσ − λ(k)

}
, (3.37)

where conjugated variable as a function of entropy k = k(σ) is the unique solution
of

σ(k) = λ′(k). (3.38)

Tilted rate matrix. Let us now define an exponential tilting [21, 23] of the
original process (3.11), such that:

p(n, t; k|n0) =
⟨
δ
[
X(t)− n

]
etkσ(t)

⟩
. (3.39)

Time evolution of such tilted process is given by the master equation:

∂

∂t
p(n, t; k|n0) =

∑
m

L̂†
k(n,m)p(n, k; t|n0), (3.40)

with the rate matrix L̂†
k(n,m) having the off-diagonal elements in the n-th row

given by rates of hopping to state n:

L̂†
k(n,m) = r(m → n) ek∆S(m→n), (3.41)

and its diagonal elements equal to minus total hopping rate out of n:

L̂†
k(n, n) = −

∑
m

r(n → m). (3.42)

The last remain the same as for the original untilted process with distribution
p(n, t|n0). As the sum of elements in columns of rate matrix L̂†

k is not equal to
zero, the tilted process with p(n, t; k|n0) is not conservative. For such process
normalization of the related particles distribution is not conservative and will be
denoted by

G(t; k|n0) =
∑
n

p(n, t; k|n0). (3.43)

In analogy to (2.22), (2.23), we can now define right p0(n, k) and left g0(n, k)
eigenvectors of operator L̂†

k as:∑
m

L̂†
k(n,m)p0(m, k) = λ(k)p0(n, k), (3.44)∑

m

L̂k(n,m)g0(m, k) = λ(k)g0(n, k). (3.45)

Similarly to normalization and orthogonality relation from (2.25), (2.24), the
eigenvectors fulfill: ∑

n

p0(n, k) = 1, (3.46)∑
n

p0(n, k)g0(n, k) = 1. (3.47)
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In the long times, probability distribution of the tilted process fulfills the
exponential divergence ruled by the largest eigenvalue λ(k) of tilted rate matrix:

p(n, t; k|n0) ∼ p0(n, k)g0(m, k) eλ(k)t, t → ∞, (3.48)

which is analogous to the propagator (2.51) exponential decay. Continuing the
analogy, generating function for the total entropy change in both reservoirs,
G(t; k|n0) (i.e., the normalization), satisfies

G(t; k|n0) ∼ g0(k, n0) e
λ(k)t, t → ∞, (3.49)

By the latter we show that indeed SCGF (3.36) is given by the largest eigenvalue
of the tilted rate matrix with elements (3.41) and (3.42), see [13].

3.5 Conditioning on entropy production

Driven process. Similarly to how we constructed distribution of processes
conditioned on non-divergence in the previous chapter, we define a distribution
of trajectories conditioned on the entropy production σ at time τ :

P (n, t|σ(τ) = σ) = Prob {X(t) = n |σ(τ) = σ}. (3.50)

For the non-divergent trajectories distribution (2.56) by setting the time of con-
ditioning equal to time of observation τ = t we obtained quasi-stationary distri-
bution. By setting time of divergence τ > t and assuming its limit τ → ∞ we
obtained the Q-process, for which we afterwards studied its stationary distribu-
tion t → ∞. In analogy to the long-time limit of the Q-process (2.78), we can
now define

πst(n; k) = lim
t→∞

lim
τ→∞

P (n, t|σ(τ) = σ), (3.51)

so that now instead of non-divergence we condition on the entropy production.
In can be shown that such stationary conditioned processes can be described by
the driven process π(n, t; k)

lim
t→∞

π(n, t; k) = πst(n; k), (3.52)

with k given by the solution of equation (3.38) [45]. Using the conditioned entropy
production to calculate k, we can further estimate stationary distribution of the
driven process using the eigenvectors of tilted rate matrix from above as

πst(n; k) = p0(n, k)g0(m, k). (3.53)

and rates for the driven rate matrix derived from the original process rates r(n →
m) according to

rst(n → m; k) = r(n → m) ek∆S(n→m) g0(m, k)

g0(n, k)
. (3.54)

The Eqs. (3.53) and (3.54) allow us to estimate further driven process quantities
of interest, such as current, activity or efficiency.
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Figure 3.8: Efficiency deviations for the Model A. Parameters used: Tx = 0.9,
f = 0.001. The lower panel shows the regime of small deviations with |δ| < 1,
the upper one shows large deviations of entropy |δ| > 1.

3.5.1 Ratchet performance

Efficiency deviations

Applying the theory above, we prepared a code which estimates driven processes
quantities. First we studied how the efficiency varies depending on the entropy
production σ. To describe the deviation of conditioned entropy, we define a
relative deviation parameter

δ =
σ − σst(Tx, Ty, f)

σst(Tx, Ty, f)
, (3.55)

such that it describes how far is the conditioned σ from the stationary entropy
production of non-conditioned process σst(Tx, Ty, f). We chose a range of devi-
ations δ ∈ (−0.9, 4) so that we explore both the processes with extremely low
entropy production δ → −1 and untypically big entropy production δ → 4.

Results of such conditioning are shown on Fig. 3.8 for the Model A and Fig. 3.9
for the Model U. For both models we fixed f = 0.001 and longitudinal bath
temperature Tx = 0.9, exploring how efficiency deviations ∆η change with the
transversal bath temperature Ty. Graph limits of Ty are chosen so that the
corresponding non-conditioned efficiency ηst(Tx, Ty, f) is positive.
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Figure 3.9: Efficiency deviations for the Model U. Parameters used: Tx = 0.9,
f = 0.001. The lower panel shows the regime of small deviations with |δ| < 1,
the upper one shows large deviations of entropy |δ| > 1.
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For the Model A we observe that for each δ, efficiency deviation is a non-
monotonic function, tending to diverge in two regions of Ty: for transversal bath
temperatures getting close to zero or to the stalled state. In general we observe
that processes conditioned to the lower entropy production are more effective
(have higher efficiency). As we approach zero entropy production limit δ → −1,
the corresponding increase of the efficiency get bigger up to the multiple times
compared to ηst(Tx, Ty, f). In opposite, increase of entropy production with δ → 4
leads to decrease of the related efficiency.

Efficiencies deviations for the Model U start at their absolute value maximum
in Ty = 0. With Ty increasing towards the stalled state the efficiencies approach
their stationary values ηst(Tx, Ty, f). However, how quickly ηst(Tx, Ty, f) is ap-
proached turns out to depend on the entropy deviation: decay of the positive
efficiency deviation is the fastest for δ → −1 and it becomes more plain with the
increasing δ → 4.

Probability current and activity

Apart from the efficiency deviations, we studied how conditioning on entropy
production in a linear range σ ∈ [−0.2, 0.2] affects the probability current jx and
activity A. We studied here zero force model and the Model A with the positive
force f = 0.001 (results for the Model U are qualitatively the same). Results are
shown on Fig. 3.10 for the no-force model and on Fig. 3.11 for the Model A. Red
dots in the subplots show the corresponding non-conditioned stationary values
of current and activity, which are all positive (the only difference is that for the
Model A current values are slightly larger).

We observe that conditioning on entropy significantly affects both activity
and probability current. For example, conditioning on zero entropy production
sets the activity to its global minimum (yet positive), while the related prob-
ability current vanishes. Increase of the entropy production absolute value is
related to the monotonic increase of activity. In contrast to that, probability
current turns out to be anti-symmetric. Depending on σ sign, current branches
pass the local maximum (for σ > 0) or minimum (for σ < 0), monotonically
decreasing/increasing afterwards.

Such powerful impact of entropy conditioning on the resting quantities can be
potentially used to generate a processes with a desired probability and activity
current, varying it implicitly through the entropy current. E.g., according to the
previous discussion, one can generate processes with the zero mean probability
current just by conditioning on zero entropy production.

For both tested models we observe the (anti-)symmetry of variables jx, A over
entropy conditioning. Probability current jx turns out to be an odd function with
jx(σ) = −jx(−σ), while activity is an even function with A(σ) = A(−σ). In the
following section we derive this (anti-)symmetry relations analytically.
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Figure 3.10: Activity A and probability current jx for driven processes with
entropy production σc ∈ [−0.2, 0.2] . Parameters used: Tx = 0.9, f = 0. Red
circles indicate stationary values σst(Tx, Ty, f).
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Figure 3.11: Activity A and probability current jx for driven processes with
entropy production σ ∈ [−0.2, 0.2] for the Model A. Parameters used: Tx = 0.9,
f = 0.001. Red circles indicate stationary values σst(Tx, Ty, f).
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3.6 Fluctuation symmetry in conditioned ensem-

bles

We can write an asymptotic Gallavotti–Cohen fluctuation theorem [46] for the
probability density functions of entropy production σ(t) as

P
(
σ(t) = σ

)
P
(
σ(t) = −σ

) ∼ exp (σt), t → ∞. (3.56)

From this equation can be derived the following shifted rate functions symmetry

I(σ) = I(−σ)− σ. (3.57)

Similar multivariate fluctuation relations [46, 47] can be obtained for the current
jx(t) and activity A(t) process. They will also reflect the fact the A(t) is sym-
metrical and jx(t) is anti-symmetrical with respect to time reversal as mentioned
previously, so that the corresponding joint rate functions fulfill

I(j, σ) = I(−j,−σ)− σ, (3.58)

I(a, σ) = I(a,−σ)− σ. (3.59)

We will now focus on the conditioned current process
(
jx(t) = j|σ(t) = σ

)
with

the stationary symmetry jx(σ) and jx(−σ). Such process conditioned distribution
can be written using the Bayes formula [48]

P
(
jx(t) = j|σ(t) = σ

)
=

P
(
jx(t) = j&σ(t) = σ

)
P
(
σ(t) = σ

) , (3.60)

where & denotes the simultaneous occurring of both events. Using this definition,
one can obtain the conditioned mean stationary current

jx(σ) = lim
t→∞

∫
jP

(
jx(t) = j|σ(t) = σ

)
dj, (3.61)

there the integral runs over all possible current values. At the same time, condi-
tional current PDF satisfies the large deviation principle

P
(
jx(t) = j|σ(t) = σ

)
≍ exp

(
−t

[
I(j, σ)− I(σ)

])
, (3.62)

which with the rate functions symmetry (3.58) implies that the inverted current
conditioned on the opposite value of the entropy production can be written as

P
(
jx(t) = −j|σ(t) = −σ

)
≍ exp

(
−t

[
I(j, σ)− I(σ)

])
, (3.63)

employing the same rate function as (3.62). The latter two equations together
with the mean current definition (3.61) finally lead us to the anti-symmetry re-
lation for the mean current

jx(σ) = −jx(−σ). (3.64)
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In a similar way we obtain the symmetry of the mean value for the conditioned
activity process

A(σ) = A(−σ). (3.65)

The last two identities explain the symmetries and anti-symmetries observed
in Figs. (3.10), (3.11). Similar symmetry relations can be expanded to any ob-
servable conditioned on entropy production. For example, stationary probability
distribution for conditioned process will be symmetrical over the entropy pro-
duction σ, similarly to the activity. At the same time, all current-like variables
(probability and heat currents, power) will have anti-symmetric distribution with
respect to the change of entropy production sign.
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Chapter 4

Conclusion

In this work we studied two models. The first was a continuous model where
we studied probability distributions during the fast processes. Such processes
include molecular motor cycle stroke, one step of a kinesin or one conformational
change of a protein molecule. Long-time average performance of such mesoscopic
molecular machines was studied in the second (discrete) model.

For the first model (Chapter 2), we first introduced the polynomial potential
V (x) ∼ −|x|n and showed that the related mean divergence time of a particle
hitting the minus infinity is finite for n > 2. Then we described eigensystem of the
related forward and backward evolution operators in order to obtain a long-time
approximation of the process propagator. By conditioning the latter on non-
diverging, we obtained a Q-process distribution (2.64), for which we then studied
its long-time limit and the related effective force keeping particles away from the
unstable region (2.104). Next we defined a quasi-stationary distribution (2.106),
for which the time of observation was the same as the time of conditioning.

The main results of the second chapter are the canonical-like forms of the
two stationary distributions, Eqs. (2.84) and (2.109), and the fact that these two
distributions are equivalent up to multiplication by eigenfunction s0(x). For both
the distributions we also discussed their asymptotic behavior, showing how the
difference in their left tails is related to the effective stationary potentials, and
that only for the Q-process the latter are strong enough to keep particles far from
minus ininity. The results were published in Ref. [39].

The second part of the thesis (Chapter 3) deals with a discrete model of a
particle moving along a periodic lattice with broken spatial energy symmetry in
each period illustrated in Fig. 3.1. We assume that this particle moves under
the action of a constant force f , which acts either upon all (Model A) or only
the upper (Model U) energy levels. For both configurations we described the
related transition rates, thus defining the related rate matrix. Afterwards we
introduced the activity, probability and energy currents between the system and
two heat reservoirs. We also discussed how the force action affects the longitudinal
probability current jx, which corresponds to the mean velocity of a rotating wheel
in the Feynman-Smoluchowski ratchet.

To study such discrete system as a motor, we defined its power output and
efficiency. We also visualized how these variables change for Model A and Model
U. We showed that force affected these models differently, not only in terms of
the mean power, but also in terms of efficiency. This included change in the
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regions of thermal configurations where the system acts as a motor. Then, after
a brief review of the large deviation theory, we showed how a driven process
could be obtained from the original non-conditioned processes. With the latter
we could move on to simulations of the driven processes. We first showed how
the efficiency changes when conditioned on different values of entropy production.
We explored the mean longitudinal probability current jx and the activity A with
the same conditioning and revealed the anti-symmetry and symmetry of these
functions depending on fluctuations of the entropy production. This symmetry
was explained theoretically in the last section using the fluctuation relation for
the rate functions.

Finally, let us note that the quasi-stationary distribution for the highly un-
stable potential model was recently observed experimentally [49]. It would also
be interesting to experimentally observe the Q-process. From the theoretical per-
spective, it is intriguing to derive the thermodynamic properties for long-time
non-diverging particles.

The large deviations theory today is rapidly developing and is accepted as
one of the most fundamental theories in equilibrium and non-equilibrium statis-
tical mechanics. One of its recent predictions proposes that the average entropy
production in the steady state controls precision of measurements [50]. Our re-
sults show a new interesting consequence of fluctuations of entropy production
and the obtained symmetries of conditioned quantities can help throw light on
fluctuations of measured characteristics, which can be an opportunity for further
research.
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