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The doctoral thesis of Mr. Axmann is composed of three main parts entitled
1. Time periodic solutions to the Navier-Stokes-Fourier system. 2. Steady solu-
tions to the Navier-Stokes-Allen-Cahn system. 3. Steady strong solutions to the
Navier-Stokes equations with density dependent viscosity. Each of these parts
corresponds to a published paper co-authored by the candidate. The main parts
are preceded by a comprehensive physical introduction including the derivation
of equations and quite exhausting bibliography, and appended with a section
describing the major mathematical tools needed to treat the questions raised in
the thesis.

In the first part of the thesis the author constructs time periodic weak solu-
tions to the complete Navier-Stokes Fourier system (see equations (1.1-1.12))
with constitutive relations including radiation effects given by formulas (1.16-
1.20) (cotaining a parameter γ > 1) on a bounded domain of two or three
dimensional Euclidean space endowed with the homogenous Dirichlet bound-
ary condition (1.8) for velocity and prescribed heat flux (1.9) for temperature,
governed by a time periodic force. The non zero heat flux at the boundary is
crucial for existence of periodic solutions. The weak variational solutions to the
periodic problem are defined in Section 1.1 through relations (1.33–1.44). The
main existence result for two different boundary fluxes (first one with radia-
tion at the boundary, and second one without radiation at the boundary - see
(1.10, (1.11)) are formulated in Theorems 1.2 and 1.3. The proof (whose main
ingredients include a sort of compactness of the effective viscous flux through
the effective viscous flux identity, the boundedness of the oscillations defect
measure and the renormalized solutions to the continuity equation) follows the
Lions-Feireisl approach for the construction of weak solutions to the compress-
ible Navier-Stokes equations. The paper generalizes the results of Feireisl at al.
[44] in two directions: 1) general coefficients γ ([44] deals with the monoatomic
gas, where γ = 5/3), 2) possible radiation at the boundary. In this sense this is
an original result.

In the second part of the thesis the candidate considers the steady compressible
Navier-Stokes equations in a bounded domain in barotropic regime (see (2.1-
2.2)) coupled with Allen-Cahn system (2.3-2.4) describing concentration c of
one phase of the gas in the flow field. The free energy of mixing is given by
a specific function of density and velocity which yields the pressure p with the
leading term ργ , where ρ is the density, for large values of densities. (Notice
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that the form of the free energy is crucial for the result.) The author considers
the Navier conditions with friction for the velocity at the boundary and proves
existence of weak solutions for adiabatic coefficients γ > 3 and existence of weak
solutions with bounded density provided γ > 6. These results are formulated in
Theorems 2.2 and 2.3.

The proof follows the lines of well known proof for the steady compress-
ible Navier-Stokes system (the crucial point is the compactness of the effective
viscous flux, which, in the steady setting, benefits of elliptic regularity). The
added value and the most original part of this chapter is contained in Section
2.2 dealing with a priory estimates. They are collected in Section 2.2. In par-
ticular, Lemma 2.8 guarantees c ∈ [0, 1]. Sections 2.3 - 2.5 are devoted to the
approximations: The authors use the approach introduced in Mucha, Pokorny
[22] allowing to construct solutions with bounded density provided γ is large
enough. Since the sequence of approximate concentrations is compact and con-
verges a.e. in Ω, the limit process from approximations to weak solutions can
be conducted exactly in the same way as for the compressible Navier-Stokes
equations.

Some comments and questions are in order. It is to be noted, that the value
γ > 3 is still too large to be physically reasonable for gases. The main reason
for this restriction are the pressure estimates due to the Bogovskii operator. Do
you see any strategy how to avoid this threshold? It would be also interesting
to provide some comments clarifying to what extent the logarithmic free energy
potential is physically reasonable. Another natural question: Could Theorem
2.2 be reformulated as a regularity result? Namely, is it true that any weak
solution constructed in Theorem 2.3 belongs to the regularity class of Theorem
2.2 provided γ > 6?

In the third part of the thesis the candidate investigates strong solutions for
the steady compressible Navier-Stokes equations with density dependent viscos-
ity (see system (3.1-3.6))). In Theorem 3.1 he formulates existence of a couple
(density,velocity) belonging to Sobolev spaces W 1,p×W 2,p, p ∈ (3, 6), provided
the prescribed mass is sufficiently large. Surprisingly, this problem appears to
be a problem for slightly compressible fluids, as is observed in the estimate of
divergence at page 82. It is therefore not so surprising that it may be solved by
using a fixed point argument to a convenient linearization of the original nonlin-
ear problem. In the present case it is done through a cascade of two linearized
problems (3.27-3.29) and (3.30-32) via Leray-Schauder and Banach fixed point
theorems. When closing the fixed point estimates in these type of problems,
there is a loss of regularity due to the presence of the steady transport equation
of type (3.30). One way to solve this problem is to use effective viscous flux in
combination with the Helmholtz decomposition of the velocity field as suggested
in [113]. This is the way the author proceeds in this paper.

Some comments and questions imposes: 1) Does the fact that the viscosity
is density dependent (see (3.4)) play any role? Does the same result hold with
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constant viscosities? Main Theorem is formulated in a slightly ambiguous way:
it would be appropriate to write what exactly ”m large” means. In fact, condi-
tion (3.25) does not contain m.

The thesis treats actual, interesting and difficult problems. It is understandable
and well written. The mathematical treatment of the problems investigated in
the thesis requires a large scale of tools ranging from classical functional analysis
and the theory of partial differential equations (as the Faedo-Galerkin method,
the theory and estimates for parabolic and elliptic systems, the properties of
the Bogovskii solutions to the equation divv = f , classical compactness results
. . .) to the recent modern tools in the analysis of PDEs (as various compensated
compactness results, non-trivial applications of the div-curl lemma, renormal-
ized continuity equation used for the analysis of oscillations, defect measures,
various properties of weak convergence related to the convex and/or monotone
functions, effective viscous flux and its properties derived by using the modern
tools of harmonic analysis . . .).

At the point of conclusion: The thesis of Šimon Axmann clearly shows that the
candidate masters efficiently these tools and is able to apply them to various
non trivial mathematical problems. To my opinion, the presented dissertation
meets the high standards of the Charles University of Prague for the deliverance
of the PhD Diploma.

Toulon, France, 28.08.2016

Antonin Novotny
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