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Introduction

The thesis consists of the following articles:

e K. Kuncova and J. Maly. Non-absolutely convergent integrals in metric
spaces. J. Math. Anal. Appl., 401(2):578-600, 2013. [19]

e K. Kuncova. BV -packing integral in R™. Submitted. [17]

e K. Kuncova and J. Maly. On a generalization of Henstock-Kurzweil inte-
grals. Math. Bohem., to appear. [I§]

The main topic of the thesis are the nonabsolutely convergent Henstock-
Kurzweil type integrals in various spaces with special attention to the Gauss-
Green-Stokes type theorems and comparison to miscellaneous definitions of inte-
grals. All these integrals are also connected by the idea of packings - pairwise
disjoint finite systems of balls.

The original motivation of the theory of nonabsolutely convergent integrals
is to define integral which integrates all derivatives and contains the Lebesgue
integral at the same time. The first successful definitions on the real line was
done at the beginning of the 20th century by Denjoy [6] and then by Lusin [22]
and Perron [28].

Further progress was brought by Kurzweil [20] and Henstock [9] who improved
the definition of Riemann integral in the fifties. Not long after that, it was
shown that the Henstock-Kurzweil integral is equivalent to the Denjoy-Perron
definition. More details on one-dimensional nonabsolutely convergent integration
can be found in [31] and [27].

A natural question is how to modify the theory of integrals for the case of the
multivariable functions. Both Henstock and Kurzweil provided the multidimen-
sional version of their integrals [10], [I1], [2I]. The Riemann type of integrals,
such as Henstock-Kurzweil integral, are based on interval partitions in R. Hence
the main issue is how to generalize the partitions to the multidimensional case.
The natural choice — the class of n-dimensional intervals — leads to definition
which loses integrability of all derivatives and brings problems in applications.

The problem of integrating all derivatives was solved by Mawhin [26], who
established the notion of regularity of a set. Further development of multidimen-
sional nonabsolutely convergent integrals led to improvements at the definition
and application to the Gauss-Green theorem, see Jarnik, Kurzweil, Schwabik [15]
and Jarnik and Kurzweil [14], [13].

The idea of regularity was then generalized to the setting of BV sets by Pfeffer
[30]. Note that BV sets are the most general ones for which we can consider the
Gauss-Green theorem with the boundary integral with respect to a measure.

However, integral defined as a set function is not suitable for the metric mea-
sure spaces. In [23], Maly established the integral as a functional on test functions.

In the next sections we describe further development of nonabsolutely conver-
gent integrals. We will introduce so called packing integrals in the metric spaces,
R™ and on the real line and we show that these contain all of the previous im-
provements. Moreover we provide the comparison within wide classes of integrals
and finally we state the Gauss-Green theorem in various versions.



Packing integrals

In 2011, Maly and Bendové introduced monotonically controlled integral (MC
integral) in R and R™.

Definition A. Let I = (a,b) C R be an interval and G : (a,b) — R be a function.
We say that F': I — R is an indefinite M C'-Stieltjes integral of f: I — R with
respect to G if there is a strictly increasing “control function” ¢: I — R such
that
lim
yow w(y) —p(z)

for each z € I.

Definition B. Let F, G be additive interval functions (defined on the system of
all bounded subintervals of R") and f : R" — R be a function. We say that F is
an indefinite M C-integral of f with respect to G if there exists a strictly positive
additive function of interval ® (control function) such that for each z € R"™ and for
each sequence (@) of bounded intervals such that x € N, Q) and diam Q; — 0

we have
lim F(Qr) — f(2)G(Qr)
ko0 D(Qr)

Definition [A] should be compared with the descriptive definition of Denjoy
integrals due to Lusin.

=0.

Definition C. Let I = (a,b) be an open interval. A function F': I — R is said
to be AC' (absolutely continuous) on a set E C I if for each € > 0 there exists
§ > 0 such that for each finite sequence ([a;, b;])7; of nonoverlapping intervals
with endpoints in £ we have

i(bj —a;j) <6 = i |F(b;) — F(aj)| <e.

j=1

We say that F'is ACG (generalized absolutely continuous) on I if F' is continuous
on I and there exists a sequence (Ey) of subsets of I such that I = U, £y and
Fis AC on each Ej.

Given a function f : I — R, we say that ' : [ — R is an indefinite Denjoy-
Khintchine integral of f if F'is ACG on I and f is the approximate derivative of
F a.e.

Definition D. Let I = (a,b) be an open interval. A function F': I — R is said
to be AC™ on a set 2 C [ if for each € > 0 there exists o > 0 such that for each
finite sequence ([a;, b;])™, of nonoverlapping intervals with endpoints in E we

J
have
m

> (bj—aj) <d = iose(F, laj,b;]) <e.

Jj=1 J=1
We say that F' is ACG* on [ if F' is continuous on I and there exists a sequence
(E))x of subsets of I such that I =, £y and F is AC* on each Ej.
Given a function f: I — R, we say that F': I — R is an indefinite Denjoy-
Perron integral of f if F'is ACG* on I and f is the approximate derivative of F
a.e.



Notice that the definition of M (' integral requires neither the complicated
definition of absolute continuity nor the deep notion of Lebesgue measure.

The definition of the M C' integral was then developed in various ways: Maly
in [23] brought the definition of an integral with respect to a distribution - the UC
integral. Further, Maly and Kuncova modified the definition and described the
UC integral in metric spaces. Finally, Ball and Preiss [3] enriched the definition
by a scaling factor a and introduced MC,, integral on the real line.

Packing integrals in metric spaces

Let us start with the UC' integral in metric spaces. The interval functions and
interval partitions are not suitable any more. Instead we consider functions on
more general sets — functionals on test functions. Especially, F and G are (metric)
distributions defined on Lipschitz functions and the control function is a Radon
measure. The interval partitions is replaced by partition of unity. The last idea
was inspired by Jarnik and Kurzweil (see PU integral in [I4]) and then by Maly,
who introduced the distributional approach in [23].

To be more precise, let us give some definitions. The UC' integral is defined
on a complete separable metric space X equipped with a doubling measure .

Definition E (Lipschitz spaces and Lipschitz preduals). We start from the Ba-
nach space D(X) of all bounded Lipschitz functions w on X (“test functions”)
endowed with the norm

|ullpix) = max{||ulle, |u|Lip},

where |u|pip is the Lipschitz constant of u. Recall that D(X)* denotes the dual
Banach space to D(X). Each element of the space Cy(X)* is identified with the
continuous linear functional

u»—>/udu, u € Cyp(X),
X

where v is the signed measure representing the given functional. Since D(X)
is trivially continuously embedded into C,(X), by the dual process, Co(X)* is
naturally embedded into D(X)* (and, in what follows, identified with the cor-
responding subspace of D(X)*). The closure of Cy(X)* in D(X)*, denoted by
D'(X), is the space of convergent (metric) distributions on X.

Definition F (Localization). The co-Lipschitz spaces can be localized as follows.
If K C X is compact, let Cx(X) be the subspace of Cy(X) consisting of all Co(X)
function with support in K and Dk (X) be the subspace of D(X) consisting of
all test functions with support in K. Then D) (X) is defined as the closure of
Cx(X)* in D (X)*.We define D.(X) as the union of all D (X) over all compact
K C X and D} .(X) as the intersection of D} (X) over all compact K C X. The
elements of D} .(X) will be called (metric) distributions.

Definition G. If x € X and r > 0, we denote
D(ZE,T) - {90 € D(X)7 spty € B(ZE,T), |<P|Lip < 1/T’ HSD“C < 1}'
If T e€D(X), we write

Tl =sup{IT ()| : ¢ € D) . 1)
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Definition H. A pairwise disjoint finite system of balls in X is called a packing.
Let 6 : X — (0,00) be a function (called a gauge). Then a packing (B;)™,, where
B; = B(x;,1;), is said to be d-fine if r; < 0(x;) for each i =1,...,m.

Definition I. Let F € D} .(X) and .%7: X — Dj .(X) be a distribution-valued
function. We say that F is an indefinite UC' integral of 7 if there exist 7 € (0, 1]
and a finite Radon measure g on X such that

W = A @)

A B

holds for each x € X. In particular, we define the UC' integral of a function
f + X — R with respect to a distribution G € D] (X) as the UC integral of
z— f(z)G.

The scaling factor 7 is used to avoid the specific geometry of balls and to allow
the bilipschitz change of variables. (The scaling factor will be later replaced by
a=1/T.)

The definition of the UC' integral is descriptive — it follows the Newton’s
definitions. If we define the integral in a Riemann style, as a limit of sums, we
obtain the packing integral in metric spaces.

Definition J. We say that a functional F € Dj .(X) is an indefinite packing
integral of a distribution-valued function S : X — Dj . (X) if there exists 7 €

(0, 1] such that for every e > 0 there exists a gauge 6: X — (0, 00) such that for
every o-fine packing (B(z;,7;))", we have

S IF — )

T4, TTy < .

If 2 has the form 7 (x) = f(z)G, where f: X — R is a function and G is a
distribution, (which is mostly the case), we say that F is an indefinite packing
integral of f with respect to G.

Later in Theorems and we prove that both integrals are equivalent,
which is one of the remarkable results in the thesis.

Theorem K. Let F € D} .(X) be a metric distribution and 7€ : X — Dj, (X)
be a distribution valued function. Then F is an indefinite packing integral of I
if and only if F is an indefinite UC' integral of F€ .

Another essential result is the uniqueness of the packing integral (the unique-
ness of the UC' integral follows). The proof of Uniqueness Theorem for such
wide class of functions is based on Vitali covering of a set, construction of a
partition of unity in Lemma [[.I8 and applying the “doubling” Lemma

Theorem L. Let € be a distribution-valued function on X. Then there exists
at most one indefinite packing integral of F .

The thesis provides also the definition of packing integral based on currents.
This is necessary for the formulation and proof of the formula on integration by
parts and the Gauss-Green theorem, which is discussed in its own section.
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The BV packing integral in R”

Pfeffer gave the multidimensional version of the Denjoy-Lusin integral in [30] and
[29]. He used regular sets of bounded variations and additive functions on BV
sets, so called charges. As a result he introduced the R integral. For simplicity,
we give the Riemann-like version of its definition.

Proposition M. An additive function F on BV is a charge if and only if either
of the following conditions is satisfied.

1. For given € > 0 there is a 0 > 0 such that for every BV set B C B(1/¢)
we have
[F(B)] < 8|B| +(|B]| +1).
2. lim F(A;) = 0 for each sequence {A;} with A; — 0 in BY .

Definition N. Let £ C R™ be a bounded BV set and let x € R™. The reqularity
of the set E' is the number

Bl
r(B) = | @m0,
0 if |E| = 0.

The regularity of the pair (E,x) is the number

B if |E] >0
r(E,z) =r(EU{z}) = d(Eu{z})| B )
o) = iAo {o if |[E| = 0.

Let € > 0. We say that the set E and the pair (E, x) are e-regular if r(E) > ¢
and r(F,x) > e, respectively. A system P = {(Ay,21),...,(Am,zm)}, 4; CR"
and z; € R", is called e-regular if r(A;,x;) >efori=1,...,m.

Definition O. A function § : £ — [0, 00), where E C R", is called a gage if the
set N = {z;0(z) = 0} is of o-finite #"~! Hausdorff measure.

We say that a system P = {(A1,21),..., (A, 1)}, 4; C R" and z; € R™, is
d-fine if d(A; Uz;) < d(x;). Let us remark that we do not require z; € A;.

Definition P. Let A be a locally BV set and F, G be charges in A. Let f be
a function defined on cl, A. We say that F is an indefinite R integral of f in A
with respect to G if for given £ > 0 we can find a gage § : cl, A — [0, 00) so that

k

S| F(A) - flz)g(Ay)

1=1

<é€

for each e-regular d-fine BV partition {(Ay, 1), ..., (Ax, %)} with z; € cl, A for
i=1,... k.

The R integral integrates all derivatives and Pfeffer also provided a version of
the Gauss-Green theorem, which will be discussed later. However, the additivity
with respect to the domain of integration is missing and also a convergence the-
orem with respect to the domain cannot be stated. To solve these issues, Pfeffer
introduced the generalized R integral (GR integral), which is modification of the
R integral closed to the convergence of BV sets.

7



Another approach was brought by Maly and Pfeffer in [24], who added the
isoperimetric condition and introduced the R* integral. The R* integral extends
the R and also the GR integral and provides some type of the convergence theo-
rem as well as the Gauss-Green theorem.

Definition Q. Let ¢ > 0 and E C R" be a bounded BV set. We say that E is
e-isoperimetric if for each T' € BY

min{ P(ENT), P(E\T)} < iP(T, in E).

For the definition of the perimeters P(-), P(-,in E)) see Definition [[T.9]

Definition R. Let ¢ > 0. We say that an e-regular BV partition {(Ay, 1), ...,
(Ag,zx)} is strongly e-reqular if A; is e-isoperimetric and x; € cl, A; for i =
1,...,k.

Definition S. Let A C R" be a locally BV set. We say that a charge F in A
is an indefinite R* integral of a function f : cl, A — R in A with respect to a
charge G if for given € > 0 we can find a gage ¢ : cl, A — [0, 00) so that

for each strongly e-regular o-fine BV partition {(Ay, z1), ..., (Ax, xx)}.

Instead of the expression in we can use various seminorms, which idea was
presented by Honzik and Maly in [I2]. If we choose suitable seminorms and the
idea of packing, we obtain the packing R integral and packing R* integral, which
generalize the Pfeffer R integral.

Notation T. Let x € R", r,e > 0 and F be a charge. Then we will use the
SeEMINOTrms

Pe.(F) =sup{|F(E); E CC B(x,r), £ € BV, (E, ) is e-reqular} .

Definition U. Let A C R” be a locally BV set. We say that a charge F in A is
an indefinite packing R integral of a function f :cl, A — R in A with respect to
a charge G if there exists 7 € (0, 1] such that for every € > 0 there exists a gage
§: cl, A — [0,00) such that for every -fine packing (B(z;, 7))k, ; € cl, A, we
have

prlﬂq ‘F f ml) ) €.
Notation V. Let x € R", r,e > 0 and F be a charge. Then we will use the
Seminorms
@y (F) =sup{|F(E); E CC B(x,r), B € BV,x € cl, I,

(E,x) is e-regular and E is e-isoperimetric}.

Definition W. Let A C R” be a locally BV set. We say that a charge F in A is
an indefinite packing R* integral of a function f: cl, A — R in A with respect to
a charge G if there exists 7 € (0, 1] such that for every e > 0 there exists a gage

8



§: cly A — [0,00) such that for every d-fine packing (B(z;, 7))k, z; € cl, A, we
have

quz ‘rn 'F f xl) ) €.

In the case A = R" we say that F is just an indefinite packing R* integral of f
with respect to G.

The uniqueness of this integral is highly nontrivial, see Theorem [[I.40] The
proof works with similar ideas as the proof in [19], but uses the partition of
intervals instead of partition of unity. Since the packing R integral is included in
the packing R* integral, it is unique as well.

Theorem X (Uniqueness of the integral). Let f be a function and G be
a charge. Then there exists at most one indefinite packing R* integral of f with
respect to G.

In Theorems [[I.71] and [[1.80] it is shown that the packing R integral includes
the R integral and the packing R* integral includes the R* integral. Moreover, the
convergence theorem and the Gauss-Green theorem for the packing R* integral
hold. Details and other comparisons are provided in the next sections.

The HK, integral

Motivated by the presence of the scaling parameter 7 in the definition of packing
integrals, Ball and Preiss [3] enriched the original M C' integral by a scaling factor
a. In contrary to the use of 7, the action of « is one-sided.

Definition Y. Let o > 0 be a real number and f, F,G : R — R be functions, let
G be continuous. We say that F'is an indefinite M C,, integral of f with respect
to G if there exists a strictly increasing control function ¢ : R — R such that for
each x € R we have

F(x+h)—F(x) — f(x)(G(x + h) — G(x))

n (@ + ah) — p(a) -0

The families of all M, integrable functions with respect to G and all MC,,
integrable functions with respect to identity function are denoted by MC,(G)
and MC,, respectively.

Especially, if « = 1, we say that F' is an indefinite MC' integral of f with

respect to G. We write MC(G) = MCy(G) and MC = MC;.

The new definition brought a whole new scale of integrals to comparison.
Especially, the M C' integral coincides with the Henstock-Kurzweil integral.

Ball and Preiss was followed by Kuncova and Maly in [18], whose effort led
to a constructive definition of (centered) H K S? integral based on the notion of
p-oscillation.

Definition Z (Oscillations). Let [a,b] C R be a closed interval and p € [1, cc.
We define the p-oscillation of a measurable function F': [a,b] — R as

0sc,(F, [a,b]) = (b — a) " Pinf{||F — ¢||r(as) : ¢ € R} (2)

9



Here and in the sequel 1/p =0 if p = oo.
The ordinary oscillation

osc(F, [a,b]) = oscc(F, [a,b]) := 3 sup |F(y) — F(z)]

z,y€la,b]

differs from osc,, in the aspect that it does not neglect Lebesgue null sets. The
subscript C' refers to the space of continuous function and the somewhat unusual
factor % is an output of the usage of the supremum norm instead of the LP-norm
in . To simplify the presentation, we consider the symbol C' as a possible value
of pand 1/p is 0 for p = C. This convention will be used to include the choices
of oscillation all at once.

The definition of integrals follows. Let us mention that they differs just in the
use of partitions or centered partitions.

Definition AA. Let « > 1, p € [1,00]U{C} and I C R be an open interval. A
finite family ([as, b;], 2;)j%,, where [a;, b;] C I are closed intervals and z; € [a;, b,

is called an a-partition in I if the intervals (a;, b;), where

a; — X; :a(ai—xi), bz—xlza(bz—xz),

are subsets of I and pairwise disjoint. We say that a partition ([a;, b;], z;)I", is
centered if each z; is the center of [a;, b;]. Let 6: I — (0,00) be a gage (this
means just a strictly positive function). We say that the a-partition is J-fine if
la;, bi] C (z; — (i), 3+ 0(xy)), i =1,...,m.

Definition AB (H K S? integrals). Let I C R be an open interval, p € [1, 00| U
{C} and a > 1. Let F, G, f be measurable functions on I. We say that F' is an
indefinite H K SP-integral (HKS refers to Henstock-Kurzweil-Stieltjes) of f with
respect to G if for each € > 0 there exists a gage 6: I — (0, 00) such that for each
d-fine a-partition ([a;, b;], ;)™ in I we have

ioscp(F — f(z:)G, [a;,b]) <e.

We denote HK S, = HKSS. We reduce the symbol to HK? or HK,, respec-
tively, if G is the identity Id(z) = x. We call the integral centered if only centered
a-partitions are taken into account. We say that F' is a free indefinite H K SP-
integral of f with respect to GG if there exists a > 1 such that F' is an indefinite
HKSP-integral of f with respect to G, similarly to centered versions.

These integrals cover the theory on the real line. They include the MC,
integrals, packing integral in metric spaces, packing R* integral and of course the
Henstock-Kurzweil integral. See the next section.

Comparison of integrals

This section brings comparison of classes of integrals. Let us start with the setting
of real line.

10



Ball and Preiss showed the coincidence of the Henstock-Kurzweil (HK) in-
tegral and MC, integral for o € [1,2]. They also showed that there is strict
inclusion for different a: MC, C MCjp for 2 < a < 3.

Pfeffer proved that in R! the GR integral coincides with the R integral. Both
are the proper subset of Henstock-Kurzweil integral. Maly and Pfeffer then proved
equality of R* and Henstock-Kurzweil integral.

Kuncova further showed that that the packing R integral contains the whole
class of MC,, integrals and the inclusion between packing R and packing R*
integral.

The results are summarized in the diagram.

GR = R ¢ HK = MC ¢ MCz ¢ YR c DR

R* MC,

The HK? brought the new wide class of integrals and new relationships be-
tween existing definitions. Let us mention the main results.

The class of integrable functions increases with increasing o and shrinks with
increasing p. Also the noncentered integrals are included in the centered versions.

The HK, integral is equivalent to M C,, HK; to Henstock-Kurzweil integral,
the centered H K, to packing R integral and the centered H K} to packing integral
(denoted a-Lip integral in the following diagram).

The thesis also contains some counterexamples. At first, there is a distinction
between classes of HK? integrable functions for different p and also between
classes of centered and uncentered H K? integrable functions.

Theorem AC. For eacha > 1 and1 < p < q < oo there exists a HK?-integrable
function which is not centered HKI-integrable.

Theorem AD. Letp € [1,00]U{C}. Then for each a > 1 there exists a centered
H K, -integrable function which is not H KP-integrable.

We obtain the diagram:

HK = HK, < HK' <¢ HK!
N N N
MCc, = HK, < HK¢ ¢ HK!
in i in
CHK, < CHK? ¢ CHK]!
I I
PR a- Lip

There is also another type of comparison — with the Denjoy-Khintchine inte-
gral, which was first defined in [7] and [I6]. Ball and Preiss proved that there is
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no inclusion between the Denjoy-Khintchine integral and the MC, integral for
any .

Analogously, in Theorems [[T1.28] and [[I1.19] we showed that there is no inclu-
sion between (centered or uncentered) H K? integral and Denjoy-Khintchine (Let
us note that there is the exception of the case of uncentered H K, for o < 2).

The Gauss-Green divergence theorem

Recall that the Denjoy-Perron integral integrates all derivatives on the real line
and guarantees validity of the Newton-Leibniz formula

/ab F'(z) de = F(b) — F(a).

The generalization to higher dimension leads to the the Gauss-Green diver-
gence theorem

/ divu(z) dz :/ u-v dA"
A 8. A

Here, 0, A is the essential boundary and v, is the measure-theoretic unit exterior
normal.

This theorem holds whenever A C R" is a bounded BV set and u € C'(R", R")
(see [1]). If we want to allow discontinuous derivatives, the approximation argu-
ments give the formula if u € C(R", R") and divu(z) € L'(R"). Another idea is
to consider the divergence in the sense of distributions. Particularly deep results
have been obtained for divergence measure vector fields, see e.g. Chen, Torres
and Ziemer [5], Ziemer [35] or Silhavy [32, 33, 34].

If we go beyond measures, the main task is to find which distributions can
be associated with pointwise functions. This leads to nonabsolutely convergent
integrals.

Recall that the multidimensional Henstock-Kurzweil integral does not inte-
grate all derivatives (partial derivatives of differentiable functions).

First progress was done by Mawhin in [25] with so called GP integral. Un-
fortunately, the resulting integrals was defined only for intervals (or not enough
general sets) and depended on coordinate system. For other definitions and im-
provements we refer for example to work of Jarnik, Kurzweil and Schwabik [15].

An important improvement was then done by Pfeffer in [29]. The R integral
is defined as a functional on BV sets and its definite version on the left is just
the evaluation at the set A, which is the set of finite perimeter.

Pfeffer was followed by Maly in 2011. Theorem below is a simplified
version of the Gauss-Green theorem, which was proved in [23]. The new approach
based on integration with respect to distribution allows to define the boundary
integral for some sets of infinite perimeter. Then both integrals in the formula are
nonabsolutely convergent. However, the assumptions are quite technical, thus we
present a version of the Gauss-Green theorem, where the integral of divergence
is absolutely convergent and the boundary integral is the UC' integral (Definition
)

Theorem AE. Suppose that 0 C R™ is a bounded open set with a countably
(n—1)-rectifiable boundary. Let f € C(Q)NWHY(Q) be a vector field. Then

/Qdivf(:t)d:c:/mfdv.

12



In [19] we succeeded to generalize the Gauss-Green theorem to metric spaces.
The setting of metric spaces requires different formulation of the theorem and
redefinition of the packing integral. The integral is now defined as a current.

Metric currents are linear functionals on differential forms (tuples of Lipschitz
functions). This concept was introduced by De Giorgi [§] and developed by Am-
brosio and Kirchheim in [2]. Metric currents give a sense to integration of k-forms
on metric spaces. Although the classical k-dimensional currents are optimized for
k-dimensional integration on manifolds, this integration can be expressed as in-
tegration of 1-currents, which gives us a chance to generalize the Gauss-Green
theorem to metric spaces.

Definition AF (Metric 1-current). We denote by D(X) the set of all Lipschitz
functions on X. Let D'(X) = D(X) x D(X). The elements of D'(X) are called
test differential 1-forms. The support of a test differential form (¢, v) is defined
as the support of the product 1. The family of all compactly supported test
differential 1-forms is denoted by D}(X).

We say that (¢;,%;) = (p,1) (converge weak*) in D*(X) if the Lipschitz
constants of ¢;, 1; and C-norms of ¢; form bounded sequences and ¢; — ¢,
; — 1 pointwise. The > convergence in D!(X) requires in addition that there
is a compact set containing all supports of (¢;, 1;).

We say that a mapping 7 : D}(X) — R is a 1-current if the following prop-
erties are satisfied:

1) T is bilinear in variables ¢, 1.

)
2) (0,15) = (0,9) in DUX) = T(ej,5) = T(e, ).
3) pp =0 = T(p,¢)=0.

4) T(p,1) = 0.

The collection of all 1-currents on X is denoted by (D!)(X). The family
(DY (X) of all convergent currents on X is defined analogously, with the differ-
ence that they are defined on D'(X) and continuous with respect to the D(X)-
convergence.

The family of all R™-valued 1-currents on X is denoted by (D!)'(X;R™); we
define them coordinate-wise.

We say that a 1-current T has a locally finite mass if there exists a Radon
measure ;4 on X such that

T ) < s [ leldn,  (¢,8) € DUX). 3)

We also say that T is dominated by pu if is satisfied.
The boundary of a 1-current T is defined as

aT((,O) = T<1’ 90)7 pE DC(X>a

it is a metric distribution. We say that 7 is boundary-free if 0T = 0.
We use also the alternative notation T (¢ dv) for T (i, 9).

(C-
(C-
(C-
(C-

In the following, we define the packing integral as a 1-current and we add the
definition of the definite integral.

13



Definition AG (Integral with respect to a l-current). Let f : X — R be a
function and F,G € (D!)(X) be l-currents. We say that F is an indefinite
integral of f with respect to G, if F(-,4) is an indefinite packing integral of f
with respect to G(-, %) for each Lipschitz function ¢ on X. This means

[ £aGeav) = [ Fag(0)(p). ¢ € DX). @)

We denote it by F = [ fdg.
The definite integral [y f dG is defined by

J. £ dg(aw) = [ £ ag(1,v)

if the indefinite integral [ f dG can be continuously extended to D!(X).

In applications we sometimes integrate R™ valued functions and/or with re-
spect to R?-valued currents; this is understood coordinate-wise and the result is
an m-dimensional vector if d = 1 or a d-dimensional vector if m = 1. If both
d > 1, m > 1, the most important situation is d = m. If G € (D})(X,R™) and
f X — R™ is a vector field, we define the inner product integral [ f - dG as a
1-current satisfying

[ £-dG(eav) = [ £-a9(.0)(@), e DX), veDX).

The Gauss-Green divergence theorem in a metric space X then can be stated

/Ada(/f-dT):—/Xf-da(/XAdT)

Here 7T is a boundary-free 1-current and A is a set. The packing integral F of
f with respect to 7 is denoted by F = / f - dT and is also 1-current. Then

OF =0 / f - dT denotes its boundary, which is a metric distribution. Then

/ do ( / I d’T) is the definite integral of 1 with respect to F. The right hand
A

part can be explained analogously.

Let us note the main characteristic of the theorem: the integral of the diver-
gence over a set is replaced by the integral of a characteristic function of a set
with respect to divergence.

In the thesis we present very general forms of the formula on integration by
parts and of the Gauss-Green formula. The assumptions are very complicated
and we refer to Theorems and for the precise statements.

Let us concentrate on R™ again. The Pfeffer’s R integral was followed by the
R* integral by Maly and Pfeffer. The R* integral includes the Pfeffer integral
and the Gauss-Green theorem is also provided.

The next progress was done by Kuncova, who introduced the packing R*
integral [17]. For the proof see Theorem [[1.62]

Definition AH. Let A C R" be a locally BV set and let f : cl, A — R and
u € C(A,R") be functions. Further, let a charge F be the flux of u in A. We
say that f is a generalized divergence of u in A if F is an indefinite packing R*
integral of f in A. The generalized divergence of u will be denoted by Div u.

14



Theorem AI (Gauss-Green divergence theorem). Let A C R™ be a bounded BV

set,

let u € C(A,R"). Let us suppose that there exists a generalized divergence

Divu in A. Then

/Divu(x) dz :/ u-vadA"
A . A

where the integral on the left is the definite packing R* integral.
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I. Non-absolutely convergent
integrals in metric spaces

KRISTYNA KUNCOVA, JAN MALY
In: J. Math. Anal. Appl., 401(2):578-600, 2013.

ABSTRACT. We develop the theory of Henstock-Kurzweil type integral of
functions with respect to metric distributions in the framework of metric spaces.
In the setting of metric currents (as originated by E. De Giorgi, L. Ambrosio and
B. Kirchheim) we apply the new integral to study a generalization of the Stokes
theorem.

I.1 Introduction

The origin of the advanced theory of nonabsolutely convergent integrals is con-
nected with the question to find a concept of integral which would simultaneously
contain the Lebesgue integral and integrate all derivatives. First such a definition
is due to Denjoy [15] in 1912, shortly followed by Luzin [40] and Perron [45]. In
late fifties, a “generalized Riemann integral” has been introduced independently
by Kurzweil [33] and Henstock [26], see also [35], [27], [28]. This definition leads
to the same family of Denjoy-Perron integrable functions. Its advantage is that
it resembles the Riemann definition which is respected as the most transparent
and comprehensible definition of integral. For another elementary definition of
nonabsolutely convergent integral on the real line see recent contribution [9].

The task to develop a similar theory (of nonabsolutely convergent integral)
for functions of several variables brings new significant difficulties. The one-
dimensional integration can be understood as an inverse process to differentia-
tion. In the multidimensional case, an attempt to develop parallel thoughts leads
to differentiation of set functions. If we want to obtain a wide non-absolutely
convergent integral, we need to start from a narrow class of sets. The class of
intervals is the most natural choice. (One could also think about the class of
all balls, but it has inconvenient partitioning properties.) Thus, two kinds of
definitions appear: constructive definitions based on partitions into intervals or
descriptive definitions based on differentiation of interval functions.

The Denjoy-Perron integral has been generalized to higher dimension by Bauer
[8]. Both Kurzweil and Henstock considered also multidimensional or abstract
versions of their integral, [27], [28], [35]. For various other definition of multidi-
mensional integrals, discussion of problems and further bibliography we refer to
[10], [14], [29], [310, [32], [38], [37], [24], [27], [4S).

For the multidimensional Henstock-Kurzweil integral, the Fubini theorem is
available, [34], [35]. However, in contrast with the one-dimensional case, this
integral does not integrate all derivatives. Mawhin [42] restricted the class of
admissible partitions to obtain an integral which integrates all derivatives. His
partitions are reqular, roughly speaking, the proportions of intervals in the parti-
tion are controlled. Such regular integrals integrate all derivatives, however, the
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Fubini theorem is lost. This is not a symptom of cumbersomeness of the defini-
tion but a general feature. The example in [31] shows that the validity of Fubini’s
theorem is not compatible with the property of integrating all derivatives.

A disadvantage of the theory of integral based on interval functions is that
such integral depends on the choice of the coordinate system and we do not
obtain reasonable results on change of variables. In more sophisticated theories,
the indefinite integral is a function defined on a more general family of sets. The
natural choice for such a system of sets is the family of all BV -sets. This direction
has been developed by Pfeffer, see e.g. [40], [48].

The importance of the BV class consist in the feature that it is one of few
natural function spaces which distinguishes between “regular” and “irregular”
sets: it contains some nontrivial characteristic functions of bounded measurable
sets but not all of them.

In our approach, we do not use set functions but functionals. An important
step towards this setting was the PU integral (referring to “partition of unity”)
introduced by Jarnik and Kurzweil [29], [30]. Here a smooth partition of unity
replaces the partition into intervals. [36] The PU integral fits into the generality
of manifolds and has been applied to establish a version of the Stokes theorem.
For some purposes, BV partition of unity fit better, see Kurzweil, Mawhin and
Pfeffer [36].

In [41], integration with respect to distributions has been introduced. The
idea is that the indefinite integral is not a function of a set, but a functional on
test functions. Then, the definite integral is obtained as the value of the indefinite
integral at the test function 1. Thus, our functional approach falls within the well
established theory of distributions. Further, function spaces provides much more
possibilities for the choice of test objects than classes of sets. Indeed, charac-
teristic functions of sets are irregular on principle, whereas we use more regular
(namely, Lipschitz continuous) functions to test with. The way of integration in
[41] was new even for integration with respect to the Lebesgue measure.

Also in our case, the integration is an inverse process to differentiation: we
differentiate distributions with respect to distributions similarly as the Radon-
Nikodym differentiation (in the geometric setting by Lebesgue and Besicovitch)
differentiates measures with respect to measures.

In this paper we develop the theory of nonabsolutely convergent integrals in
metric spaces. In Section [[.2f we give some preparatory results on Lipschitz spaces
and their duals (spaces of metric distributions). In Sections [I.3|and [[.4] we define
new integrals of distribution-valued functions (in particular, the integration of a
function with respect to a distribution). The packing integral of Section is
related to Henstock’s variational integral [26], whereas the UC integral of Section
is the direct generalization of the integral from [41] to metric spaces. The main
results of this section are Theorem [[.20} according to which the packing integral
is unique, and Theorems and [[.29] which state that the packing integral and
the UC integral are equivalent.

One of our main goals is to investigate new versions of the Stokes theorem. In
the setting of metric space, we need to work with currents (following Ambrosio
and Kirchheim [4]). Integration with respect to metric currents is investigated
in Section [[.L5] In Section [[.6] we present a version of the Gauss-Green-Stokes
theorem (Theorem as a particular example of a general result of integration
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by parts (Theorem [1.53)).

I.1.1 Notation and conventions

If X is a metric space, x € X and r > 0, then B(x,r) denotes the open ball with
center at  and radius r and B(x,r) is the corresponding closed ball.

If £(X) is a space of scalar functions on X, we let £(X,R™) denote the
corresponding space of R™-valued functions (defined coordinatewise).

We use the notation Y* for the dual space of a normed space Y .

All measures are nonnegative unless labeled as “signed”.

If f is a function on X, then spt f is the smallest closed set F' such that f =0
on X \ F. If p is a Borel measure on X, then spt p is the smallest closed set F
such that pu(X \ F) = 0.

If i is a measure on X and A C X is a p-measurable set, then we define pu|4
on the same o-algebra as the measure

Ew— pw(ENA).

If i is a measure on X, F is a y-measurable set with 0 < u(E) < oo and f is
a p-integrable function on E,| we write

ﬁfdu:@[Efdu.

We use symbol C' for a generic constant which may change at each step of the
computation.

1.2 Lipschitz spaces

If we want to define integration of distribution functions on metric spaces, we
must keep in mind that Lipschitz smoothness is the ultimate smoothness in the
generic metric space setting. Therefore, “distributions” will be functionals not
on infinitely smooth functions but just on Lipschitz functions.

It is well known that spaces of Lipschitz functions can be represented as dual
spaces. The result goes back to Arens and Eells [6], see [50]. For considerations
similar to the material of this section see Bouchitté, Champion and Jimenez [I1].

Let (X, p) be a metric space. In this section, our space X will be sepa-
rable and boundedly compact. The latter means that all balls are relatively
compact. For these spaces, we can present here another approach to duality.

Definition I.1 (Spaces of continuous functions and measures). Let C,(X) be the
Banach space of all bounded continuous functions on X endowed with the norm

[ulle = sup,cx [u(x)]

and C.(X) be the set of all continuous functions on X with compact support. We
define the space Cy(X) as the closure of the set C.(X) in Cp(X).
Linear functionals F on C.(X) satisfying the condition

u>0 = F(u) >0
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are called Radon integrals. According to the Riesz representation theorem, there
is an one-to-one correspondence between Radon integrals and Radon measures.
These are defined as nonnegative Borel measures on X such that p(K) < oo for
each compact set K C X. The term “Borel measure” does not mean that we
measure only Borel sets, for each fixed measure p we extend the measure from the
Borel o-algebra to the o-algebra of p-measurable sets by the completion process.

If possible, we identify Radon integrals with Radon measures.

The dual to the space Cy(X) is the space Cy(X)* of all signed Radon inte-
grals on X. These are integrals with respect to signed Radon measures. Signed
measures are always real-valued. Hence, there is no inclusion between Radon
measures (allowed to attain infinite values) and signed Radon measures.

Definition 1.2 (Lipschitz and “co-Lipschitz” spaces). We start from the Banach
space D(X) of all bounded Lipschitz functions v on X (“test functions”) endowed
with the norm

[ullpxy = max{|lulle, |ulvip},

where |u|p;p is the Lispchitz constant of u. Recall that D(X)* denotes the dual
Banach space to D(X). Each element of the space Co(X)* is identified with the
continuous linear functional

un—>/udu, u € Cy(X),
X

where v is the signed measure representing the given functional. Since D(X)
is trivially continuously embedded into C,(X), by the dual process, Co(X)* is
naturally embedded into D(X)* (and, in what follows, identified with the cor-
responding subspace of D(X)*). The closure of Cy(X)* in D(X)*, denoted by
D'(X), is the space of convergent (metric) distributions on X. The term “con-
vergent” is motivated by the feature that it is possible to determine the definite

integral if the indefinite integral is a convergent metric distribution.
Let u € D(X). Then the functional

x(u) : ,ul—>/ udp, p € Co(X)"
X
is continuous with respect to the D(X)* norm and thus it can be uniquely ex-
tended as a continuous linear functional on D’(X). The mapping

w: ur x(u): DX)— (D'(X))
is called canonical embedding.

Definition 1.3 (Localization). The co-Lipschitz spaces can be localized as fol-
lows. If K C X is compact, let Cx(X) be the subspace of Cy(X) consisting of
all Co(X) function with support in K and Dk (X) be the subspace of D(X) con-
sisting of all test functions with support in K. Then D) (X) is defined as the
closure of Cx(X)* in D (X)*.We define D.(X) as the union of all Dg(X) over
all compact K C X and D] .(X) as the intersection of D (X) over all compact
K C X. The elements of Dj . (X) will be called (metric) distributions. In what
follows, we study in detail the “global versions” of these spaces.
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Remark 1.4. It is a standard and useful fact that the set D.(X) is dense in Co(X).
This can be observed, for example, considering the Stone-Weierstrass theorem on
the one-point compactification of X. Further, if ;4 is a Radon measure on X, then
D.(X) is dense in L'(u). Indeed, it is standard that C.(X) is dense in L'(u). If
f € C(X) has to be further approximated, then we set Y = {x € X: f(z) # 0}
and using the above argumentation, we find g € D.(X) with spt f C Y such that
g is close to f in the norm of Cy(Y). Since u(Y) < oo, it is clear that g is close
to f also in L'(u).

Theorem 1.5. The dual of D'(X) is (isometrically isomorphic to) D(X). The
dual of D (X) is (isometrically isomorphic to) D (X).

Proof. We prove only the first assertion. Obviously the canonical embedding
» : D(X) — (D'(X))* is an isometric endomorphism, so we need only to show
that it is onto. Let T be a continuous linear functional on D'(X). We set

u(z) = T(d), z € X,
where ¢, is the Dirac measure at x. Then u is a function on X. If x,y € X, then

|u(y) — u(@)| = [T(dy = 02)| < ITl[pr(x)-

by — Ozllpxy < | Tllprx)- p(,y)

and
()] = |T(0)] < [ITllpr(x)-
Hence u € D(X) and HUHD(X) < HTHD’(X)*
We want to show that T = s(u). Choose u € Co(X)*. We claim that there

exist signed measures p; such that p; — p in D(X)* and p; are molecular, this
means, linear combinations of Dirac measures in X. Indeed, since

5xHD(X)* < HTHD’(X)*

im 4] e,k = p in D(X)*

k—o0

and X is boundedly compact, we may assume that p is supported in a compact
set K C X. Then there exists a sequence (y;) of linear combinations of Dirac
masses such that p; — p weak® in C(K)*, see e.g. [39, Corollary 2.28]. The
embedding

I u—ulg:DX)— CK)

is compact, hence by the Schauder theorem [I7, Theorem 7.7] the dual operator
I": C(K)* — D(X)* is compact and the weak™ convergence of p; € C(K)* to p
is enough to conclude that the convergence is strong in D(X)*.

For the molecular signed measures p; we have

/Xud#j = T(;)

and passing to the limit we obtain

[ uwdn=T().

Then it is easy to conclude that T = »(u). ]
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Remark 1.6. We identify D(X) with D’(X)*, so that from now, the weak™ topol-
ogy and convergence on D(X) (and similarly on Dg (X)) are well defined.

Proposition 1.7. Let u, u; € D(X), j =1,2,.... Then the following assertions
are equivalent:

(i) u; = u weak™ in D(X),
(ii) w; is bounded in D(X) and u; — u pointwise,
(iii) wu; is bounded in D(X) and u; — u locally uniformly.

Proof. (i) = (ii). By the Banach-Steinhaus theorem [I7, Theorem 3.12]), each
weak™ convergent sequence is bounded. Since each Dirac measure is in D'(X),
the pointwise convergence follows.

(ii) == (iii): Boundedness in D(X) implies equicontinuity and each equicon-
tinuous pointwise convergent sequence converges locally uniformly (this is related
to the Arzela-Ascoli theorem).

(iii) = (i): If u; — u locally uniformly, then se(u;)(pn) — s¢(u)(p) for each
measure p € Co(X)*. Since Co(X)* is dense D'(X) and the sequence (u;); is
bounded, we conclude that u; — u weak™ in D(X). O

Proposition 1.8. The following properties of a linear functional T : D(X) — R
are equivalent:

(i) T e D'(X),
(i) T is weak™ continuous on D(X),
(iii) T is sequentially weak™ continuous on D(X).

Proof. Let S be a countable dense subset of X. Since the linear combinations of
Dirac masses concentrated at S form a dense subset of D'(X), the space D'(X)
is separable. Now, we can use [I7, Proposition 3.24, Corollary 4.46]. O

Proposition 1.9. D (X) is weak™ dense in D(X).
Proof. Choose o € X. For k=1,2,..., set
) p(xvlb) Sk_lv

1
me(z) = Sk — p(x, o), k—1< p(x,x0) <Kk,
0, p(x, xo) > k.

Since X is boundedly compact, the functions 7, are compactly supported. If
u € D(X), using Proposition |[l.7] we observe that nyu — u weak* in D(X). [

Remark 1.10. If T is a distribution on 2 C R"™, then it can be extended to a
functional from D’(2) (in our notation) if and only if 7 is bounded on C°(€2) in
the D(Q2)-norm and

T(p;) =0

whenever ¢; € C(Q) and p; — 0 weak™ in D(Q).
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We can consider the example

T(e)=¢(0), pelCZR"). (I.1)

Then 7T is bounded on C°(R") in the D(R")-norm and can be extended as a
bounded linear functional on D(R™). However, such an extension is not construc-
tive (as it relies on the Hahn-Banach theorem) and is not weak* continuous on
D(R™). Hence the functional 7 from (L.1)) is not a metric distribution.

1.3 Integration in metric spaces

In this section we introduce our concept of integration of distribution-valued
functions, prove that the new integral makes sense and investigate some its basic
properties.

In the sequel, we assume that X is a complete separable metric
space equipped with a doubling measure \. This means that A is a Radon
measure and there exists a constant ¢p such that

A B(z,2r)) < cpA(B(z,r))

for each x € X and » > 0. Note that such a space X is always boundedly
compact.

Definition 1.11. If z € X and r > 0, we denote
D(ZE,T) - {30 € D(X)7 sptp € B(ZE,T), |90|Lip < 1/T7 ||§0||C < 1}'
If T e€D(X), we write

Tl = sup{IT ()] : € D)}

Definition I.12. A pairwise disjoint finite system of balls in X is called a packing.
Let 0 : X — (0,00) be a function (called a gauge). Then a packing (B;)",, where
B; = B(z;,71;), is said to be d-fine if r; < (x;) for each i =1,... ,m.

Definition I.13. We say that a functional F € Dj (X) is an indefinite packing
integral of a distribution-valued function J : X — Dj (X)) if there exists 7 €
(0, 1] such that for every € > 0 there exists a gauge 6: X — (0, 00) such that for
every o-fine packing (B(z;, 7)), we have

T, TT < 8‘

f:lnf ()

If A has the form 7 (x) = f(z)G, where f: X — R is a function and G is a
distribution, (which is mostly the case), we say that F is an indefinite packing
integral of f with respect to G.

We denote the indefinite packing integral of f with respect to G (which is

unique by Theorem below) by

/fdg.

If p € D.(X) is a test function, then [ fdG(¢) means F(p), where F = [ fdg.
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FEzample 1.14 (Varifold type structure). Let £ C R", 1 < k < n and V be a
mapping which with each x € E associates a k-dimensional affine subspace V' (z)
of R" (we may choose V' (z) to be a tangent space to E in any level of generality).
Let f: E — R be a function. Then we may consider ¢ of type

Hw) = 1@) [ pdh"

where H* is the k-dimensional Hausdorff measure. In this example, which may
be used to define a kind of surface integration, .7 (x) is not of type f(z)G for a
fixed distribution.

Definition 1.15 (Definite integral). We say that f is packing-integrable with
respect to G if [ fdG exists and belongs to D'(X). Then we define the definite
packing integral of f with respect to G as

/deg:/fdg<1).

We also use the phrases “the integral [y fdG converges” in the above situation.
By Proposition the definite integral is determined by the values of [ f dG on
D.(X). If EC X, we define

| 7ag= [ fx,ag

if this makes sense.

Remark 1.16. 1. Tt is obvious that the family of all pairs (J#, F), where S is
a distribution-valued function and F is an indefinite packing integral, is a linear
space.

2. The purpose of the scaling factor 7 is to arrange that the integral is invariant
under bilipschitz transformations (see Subsection [[.4.3). If we allow 7 = 1 only,
then the definition still makes sense, but even the invariance with respect to a
linear change of variables in R"™ or with respect to the choice of norm in R" is
unclear and probably false.

3. A packing integral of a Banach space-valued function with respect to a
distribution can be defined in a similar way.

4. The definition of the definite integral is only one of many possibilities how
to perform the limit process ¢ — 1 from compactly supported test functions to
the constant 1. In Definition [[.15], we have proposed one possibility how to do it,
just to make the theory more complete.

We are convinced that for fine studies of the definite integral, it is better to
modify the definition according to particular structures than to insist on universal
directives based only on the setting of metric spaces.

We demonstrate the problem in Example below.

Lemma 1.17. Let 0 < 7 < 1. Then there exists a constant cr (depending only
on T and on the doubling constant of X\) with the following property: for each
function @ : R - R, x € X and a R > 0 there exists 0 < r < R such that

O(107) + A(B(x,107)) < ep(P(77r) + AM(B(z,77))).

25



Proof. Let c¢p be the doubling constant of A. We find k¥ € N such that 10 < 2¥7.
Then for every z € X and for every r > 0 we have

MNB(x,107)) < AN(B(z, 2877r)) < SN B(z, 7). (1.2)

Now, we set cp 1= 2%, fix R > 0 and assume by contradiction that for each
r € (0, R] we have

O(107) + AN(B(x,10r)) > cr(P(7r) + AM(B(z,717))).
By ([L.2),

O(R) + N(B(x,R))  2c5(®(TR/10) + A(B(z, 7R/10)))
B, R) & NB(x,7R/10)) '

Iterating this process we obtain

®(R) + A(B(z, R)) < on O(7"R/10™) + AN(B(z, 7" R/10™)) S on
AN B(z,R)) A B(z, T R/10™)) -

for each n € N, which is the contradiction. O

Lemma 1.18 (Partition of unity). Let K C X be a compact set and ((B(z;, R;))™,
be a system of balls in X covering K. Then there exists a system (w;)™, of Lip-
schitz functions such that >, w; = 1 on K and the following properties are
satisfied for each i =1,...,m:

w; >0 on X, (L.3)
’CL)Z‘|Lip S Q/RZ <I5>
Proof. We may assume that the balls are ordered so that
Ry >Ry >---> Ry (1.6)
For:=1,...,m we set
1, x € B(ZL’Z,RZ>,
KRi == 1 - R%(p(:v,xl) — RZ), T € B(ZE“ 2R1) \ B(xza Rz)a

Further, write
Wy = Sl = K1,

& = max{Ky,...K;}
and
wi =& —&_1, 1=2,3,... .
Then .
Zwi =1, re K
i=1
and the properties f are obviously satisfied. O
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Lemma 1.19. Let S be a distribution-valued function on X. Assume that for
each x € X there exists 61(x) > 0 such that for each ¢ € D(x,)(X) we have

>0 = H(x)(p) >0.

Let F be an indefinite packing integral of 7 and n € D.(X), n > 0. Then
F(n) = 0.

Proof. STEP 1. Denote K = sptn and fix a bounded open set U D K. Since X
is boundedly compact, we have A\(U) < oo.

STEP 2. We choose € > 0 and construct a covering of the set K. Since F is
a packing integral of J¢, there exist 7 € (0,1] and a gauge §: X — (0,00) such
that for every d-fine packing (B(x;,r;))™, we have

zir < E.

S F - )

=1

We may assume that 106(x) < 0;(x) for each z € X. Let us fix x € K. Let ¢p
be the doubling constant of A. Since the measure €\ is doubling with the same
doubling constant ¢p, applying Lemma E to ®(r) := ||F = (z)||,, we can find
a constant ¢y and a radius r(z) € (0, {5) such that r(x) < 0(x), B(x,r(z)) C U
and

|F = () ||o10r(2) + A(B(x, 107 (x)))
< er(|F = A (@) |e.rre) + eNB(z, 7r()))).

(L7)

Consider the covering V = (B(x,r(x)))zex of K. Then we apply a Vitali type
Theorem (see e.g. [52, Theorem 1.3.1]) and obtain a disjointed subsystem V' of
Y such that

Kc |J B(zbr).

B(z,r)eV’

Now, we set

W :={B(z,5r): B(z,r) € V'}.

This is a system of open balls which covers K. Since K is compact, we can find
a finite subcovering {B(x1, R1),..., B(xm, Ry)} of K such that B(x;, R;) € W
for each ¢ =1,...,m (so that 1R, = r; := r(x;)).

STEP 3. By Lemma|[[.18] there exists a partition of unity (w;)!; such that the
properties f are satisfied. Then 7 can be written as n = >, w;n. We
see that w;n € D.(X) and wn = 0 on X \ B(z;,2R;). Since 2R; = 10r(z;) < 1,
we obtain

2Rlenluip < 2B (Inllclilip + leilelhap)

(L8)
< Clnllox

and
lwinlle < lInllo)- (1.9)

It follows that “4! € D(x;, 2R;). Notice also that w;n > 0 and 2R; < §;(x;). Thus

—Flwin) = = () (win) = (F = A (x:))(wim)
SO‘}‘C”.F-%(IE,)H;E“QRZ, 1= 1,,m
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Summing over ¢, by ([.7)) we have

Zi,ZRi
3 =1

_F(n)=— f:lf(wm) <O |F - ()

< CcTz(|rf— S ()

i=1

< Cere(14+ ANU)).

v+ EN(B(xs, m)))

Letting e — 0 we conclude that —F(n) < 0. O

Theorem 1.20. Let 77 be a distribution-valued function on X. Then there exists
at most one indefinite packing integral of .

Proof. 1f Fy, F, are indefinite packing integrals of J#, then F = F; — F, is
an indefinite packing integral of 0. From Lemma we infer that F(n) = 0
for each nonnegative n € D.(X). The conclusion follows by decomposition of a
general 7 € D.(X) into the positive and negative parts. O

Example 1.21. Let .Z be the integration with respect to the Lebesgue measure
on X = (0,00) and f(z) = 22, Then

z

oo Sin x

f:<p|—>/0 ; o(z) dx, ¢ € D(X)

is the indefinite packing integral of f with respect to .. However, concerning the
definite integral according to Definition [[.15] f is not packing-integrable. Indeed,
F cannot be continuously extended to D(X), as the integral diverges if we choose
¢(x) = sinz. In order to give a reasonable sense to the definite packing integral

/ Y (L.10)
0 X

let us change the distance function on X to the “hyperbolic distance”

N y
— [log Z|.
p(x,y) ng‘

Denote X = ((0,00),p). The space X is obviously equipped with a doubling
measure (for example, the measure with density 1/z). We set

Fio)= [ (o) —agf@) dr, 9 e DX)

T

If ¢ € D(X), then the Lipschitz condition implies that |¢/(z)| < € a.e. and thus

F(p) < Cllllp)-

Assume that p; — 0 weak™ in D(X) and u € C2°((0, 00)). Write ¥;(z) 1= z¢(z).
Then

(o)

|7 uw) vy @) da = [~ auw) ¢l@) do =~ [ (u@) + au'(@) ) pi(a) dz - 0.
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Since (1;); is bounded in L>=((0,00)) and C°((0,00)) is dense in L'((0,00)), it
follows that ¢, — 0 weak™ in L>°((0, 00)). Since the function
1 —cosx

X =
xr2

belongs to L'((0,00)), we deduce that F(gp;) — 0. Hence F € D'(X). It is easy
to verify that F is a weak™® continuous extension of the functional

o sin x -
o [ p@)dr,  peD(X)

to D(X) and thus we may define the definite packing integral ([10) as F(1).

I.4 UC integral

In this section we present another approach to the definition of integral. In the
Euclidean framework, this integral has been introduced in [41]. We will show
that the UC integral is equivalent to the packing integral.

Definition 1.22. Let F € Dj .(X) and 5#: X — Dj,.(X) be a distribution-
valued function. We say that F is an indefinite UC' integral of ¢ if there exist
7 € (0,1] and a finite Radon measure p on X such that

_|F = (@) e

1
=0 p(B(x,r))

~0 (L11)

holds for each € X. In particular, we define the UC' integral of a function
f X — R with respect to a distribution G € Dj (X) as the UC integral of
r— f(x)g.

We define the class of UC' integrable functions and the definite UC' integral
analogously to the case of packing integral.

Remark 1.23. Since the role of i is local and X is boundedly compact, the control
measure p from definition can be always made finite. Indeed, if ji is an
arbitrary control measure, o € X and pu; are defined as fi B(zo,k), then there
exist ay > 0 such that

Z QU (X) < 0.
k=1
Then the measure

B= Z QO [,
k=1

controls ([.11)) as well.
Remark 1.24. Sometimes we rewrite (L.11)) as
o MF =A@ e

|
0y u(B(x, 7))

—0, (1.12)

1

e

For th where o =
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1.4.1 Equivalence

In this section we prove the equivalence of the UC' integral to the packing integral.

Theorem 1.25. Let F be an indefinite UC integral of 7 : X — D|,.(X). Then
F is also an indefinite packing integral of 7€ .

Proof. Let 7 and p be as in Definition By Remark we may assume that
p(X) < oo. Choose € > 0. Given z € X, using (L.11]) we find 6(z) > 0 such that

| F — ()| zrr < ep(B(z,7)), 0<r<di(z). (I.13)
Consider a é-fine packing (B(z;,7;))!,. Then, by (L.13),

Z | F - |$z e < 5ZH (z5,74)) < ep(X),

which we needed. O
For the converse implication, we need first to prove some lemmas.

Lemma 1.26. Let I be a finite set, (B(x;,r;))icr be a system of balls and q € N.
Assume that

ZX %5T)_q on G = UB%,H)

i€l el
Then there exists a partition I = I, U ---U I, of the family of indices such that
each the system (B(xi,7;))ic1, s pairwise disjoint.

Proof. We use induction by ¢. If ¢ = 1, then the balls B(xz;,r;), i € I, are
already pairwise disjoint. Assume that the assertion holds for ¢ — 1. Using the
Vitali covering theorem, we select I, C I such that the balls B(xz;,7;), i € I,, are
pairwise disjoint and

Z Xp Blassrs) = on G.

i€ly i:574)
Let

Gq_1 = U B(ZL‘Z, Ti).
iel\I,
Then
ZX Blwe5m) <g—1 onGy
iel\I, v

and we can use the induction hypothesis to partition the set I \ I,. O

Definition 1.27. Let R be a function of ball. Given an open set G C X and a
gauge 0 : X — (0,00), we set

Vs(R,G) = sup{z R(B(zi,1i)) : {B(xs,1;)} is a o-fine packing of G}.

Lemma 1.28. Let R be a function of ball and §: X — (0,00) be a gauge. Suppose
that
Vs(R,X) < 1.

Then there exists a Radon measure 1 on X such that u(X) <1 and for each ball
B(z,r) we have

r <d6(zr) = R(B(x,7)) < u(B(z,5r)).
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Proof. We follow a method invented by Csornyei [12]. Let us say that (B(z;, r;))™,
is a d-fine system if r; < §(z;), i = 1,...,m (we do not assume the balls to be
disjointed). Set

m

v <f) { : ‘ <B(xlarz)) : (B(Ll’iy'ri));n_—l 1 -nme SyStem, o > (),

Then V* is a superadditive and positively homogeneous functional. Using rational
approximation, we can rewrite V* in a different way. Indeed, we will consider
non-disjoint systems of balls and replace integer coefficients by repeating the use
of considered balls. Now, we see that

V*(f) = sup{ ZR (xi,7r:)) o (B(w, 7)), is a o-fine system, ¢ € N,

1 m
o Xy ST S €GUX)
We claim that
V() < [ flleoxys f € Co(X). (1.14)
Given a d-fine system (B(x;,r;))™; and ¢ € N such that
;XB(% sy S 4
we need to show that
Y R(B(xi i) < qllflleacx)- (1.15)
i—1

Without loss of generality we may assume that || f]|¢,x) < 1. Then

and by Lemma we can divide the index set I = {1,...,m} into ¢ classes [,
j =1,...,¢q, such that the balls B(z;,r;), i € I;, are pairwise disjoint for each
7=1,...,9. Then

> R(B(xi,r)) <Vs(R,X) <1,  j=1....¢

i€l

and summing over j = 1,...,¢ we obtain ([.15]). This verifies ([.14]).

Now, let us define sets
Hy={f€Co(X): f=0, V(f) >1},
Hy = {f € Co(X): [[f"lleocx) < 1}

Then Hy, Hy are convex subset of Co(X) (we use superadditivity and homogeneity
of V*), Hy is a neighborhood of the origin and Hy N Hy = () (this follows from
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(I.14)). By the Hahn-Banach Theorem [17, Corollary 2.13], there exists a bounded
linear functional ® on Cy(X) such that ® > 1 on H; and ® < 1 on Hsy. Let
f€Cy(X), f>0. Then —éf € H, for each a > 0 and thus

O(f) > —a, a> 0.

It follows that ® is a nonnegative linear functional on Cy(X). By the Riesz
Representation Theorem, there exists a Radon measure p on X such that

®(f) = [ Jdu, € Co(X). (1.16)

We have
p(X) =sup{®(f) : f€ Ho} <L
Notice that
Vi(f)<e(f), feC(X), f=0. (L.17)

This is clear if V*(f) = 0 as ® is nonnegative. Otherwise we use that tf € H;
for each t > 1/V*(f). Now, let us choose € > 0 and apply (I.16) and ([.17)) to a

function f with

XB(x,5r) < f < XB(ac,5r+e)'

Then
R(B(x,1) < V*(f) < ©(f) = [ fdu< p(Bla,5r+2))

and letting ¢ — 0 we conclude the proof. O]

Theorem 1.29. Let F be an indefinite packing integral of 7 : X — Dj (X).
Then F is also an indefinite UC' integral of F€ .

Proof. Let 7 be as in Definition [[.13] We define
Ri(B(z,7)) = 4°||F — ()l grr, k=1,2,....
Fix k € N. By Definition [[.13] there exists a gauge 05 : X — (0,00) such that
Vs, (Ri, X) < 1.

Further, by Lemma there exists a Radon measure u; on X such that (X)) <
1 and for each ball B(z,r) we have

r < op(r) = Ri(B(x,7)) < up(B(x,57)).
We define -
o= 2
=1

Then p is a Radon measure on X and p(X) < 1. Choose x € X. We want to
verify ([.11). Given k € N, for each r € (0, 6x(x)) we have

|F — () ||o7r = 4 "Ri(B(z,7)) < 4 *u(B(z,57r)) < 27*u(B(x, 61)).

Since k was arbitrary, we infer that

lim |F = H(@)|arr —0.
r—0  p(B(z,6r))
It follows that ([.11)) holds with 7/6 replacing 7. O
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1.4.2 Integration with respect to a measure

In [41I] it is proven that the indefinite UC integral with respect to Lebesgue
measure on R includes the indefinite Denjoy-Perron integral. Further, it is shown
that the Lebesgue integral of a nonnegative function with respect to a Radon
measure v on R" is the same as its UC' integral with respect to v. (Of course,
if we admit functions changing a sign, the class of the UC integrable functions
is much wider.) In this section we formulate these results in the metric space
setting. We omit the proofs as the arguments used in [41] can be repeated almost
verbatim.
If v is a Radon measure on X, we write G, for the metric distribution

90+—>/Xsodv, p € De(X).

We do not identify v with G, in this subsection; this help us to distinguish the
integrals: integrals ... dv will be Lebesgue integrals, whereas integrals . .. dG, will
be UC' integrals.

Theorem 1.30. Let v be a Radon measure on X and f € Ll (v). Then the
indefinite UC' integral [ fdG, exists and

[ 149, (0) = [ fedv, o eD.X).

If, moreover, f € L'(v), then the UC-integral [y f dG, converges and

[ rdg, = [ fav.

Theorem 1.31. Let v be a Radon measure on X. Let a function f: X — R be
UC integrable with respect to G,. Then

(a) f is v-measurable,
(b) if [ fdG, =0, then f =0 v-a.e.,

(c) if f >0, then
og/ fdv < oo.
X

Corollary 1.32. Let v be a Radon measure on X, f : X — R be a function. Then
f is v-integrable if and only if the UC integral of f with respect to G, “converges
absolutely”, this means, both f and |f| are UC' integrable.

I[.4.3 Change of variables

In this subsection we describe what we mean by the phrase that “the UC' integral
is invariant with respect to a bilipschitz change of variables”. We assume that X, Y
are locally compact separable metric spaces equipped with doubling measures Ay,
Ay, respectively.

Definition 1.33 (Push forward). Let G € D'(X) and ® : X — Y be a bilipschitz
mapping. Then we define the push forward ®;G as

®.G(¢) =G(Wo®), ¢ eD(@X)).
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Theorem 1.34. Let G € D'(X) and ® : X — Y be a bilipschitz mapping. Let f :
®(X) — R be a function. Suppose that the UC-indefinite integral F := [ fo® dG
exists. Then there exists a UC-indefinite integral [ f d®yG and

/ £AD,G = . F.

Proof. The proof is the same as in the Euclidean setting, see [41]. O

1.5 Application to currents

We are motivated by “integration of non-smooth differential forms”. In the setting
of Sobolev and LP-differential forms on Lipschitz manifolds, related questions
have been studied e.g. in [22], [2I]. In geometric measure theory, as in [I8], the
duality between differential forms and currents is used to describe non-smooth
integration. In our approach, the non-smooth objects are on the current part of
the duality.

The idea of currents in metric spaces goes back to De Giorgi [13] and has been
developed in the pioneering paper by Ambrosio and Kirchheim [4]. Tt is natural
to study k-forms on k-dimensional manifold. However, we model a situation of
a metric space on which the question of dimension may be meaningless. We will
show that 1-forms and 1l-currents can be used to describe a general situation
including manifolds of arbitrary dimension.

Definition 1.35 (1-current). We denote by D(X) the set of all Lipschitz functions
on X. Let D'(X) = D(X) x D(X). The elements of D'(X) are called test
differential 1-forms. The support of a test differential form (¢, ) is defined
as the support of the product 1. The family of all compactly supported test
differential 1-forms is denoted by DL(X).

We say that (¢;,%;) — (¢,9) (converge weak*) in D!(X) if the Lipschitz
constants of ¢;, ¥; and C-norms of ¢; form bounded sequences and ¢; — ¢,
¥; — ¢ pointwise. The = convergence in D}(X) requires in addition that there
is a compact set containing all supports of (¢}, ;).

We say that a mapping 7 : D}(X) — R is a 1-current if the following prop-
erties are satisfied:

7T is bilinear in variables ¢, 1.

1)
2) (0,15) = (p,9) in DUX) = T(pj,5) = T(@,0).
3) pp =0 = T(p,¢)=0.

)

T(p,1)=0.

The collection of all 1-currents on X is denoted by (D!)(X). The family
(DY (X) of all convergent currents on X is defined analogously, with the differ-
ence that they are defined on D'(X) and continuous with respect to the D'(X)-
convergence.

The family of all R™-valued 1-currents on X is denoted by (D!)'(X;R™); we
define them coordinate-wise.

C-
C-
C-

(C-
(
(
(C-4

34



We say that a 1-current T has a locally finite mass if there exists a Radon
measure ;4 on X such that

(0. 0)] < [l [ Ields () € DX). (L18)

We also say that T is dominated by p if ([.18]) is satisfied.
The boundary of a 1-current T is defined as

aT(@) = T(la 90)7 pE DC(X)a

it is a metric distribution. We say that T is boundary-free if 9T = 0.
We use also the alternative (and more intuitive) notation 7 (¢ d) for T (¢, ).

Definition 1.36 (Integral with respect to a l-current). Let f : X — R be a
function and F,G € (D!)(X) be 1l-currents. We say that F is an indefinite
integral of f with respect to G, denoted by F = [ fdg, if F(-,9) is an indefinite
packing integral of f with respect to G(-,1) for each Lipschitz function ¢ on X;
this means

[ £agedv) = [ Fdg(.v)(p). ¢ €DUX). (1.19)

(We consider G(-,%) as an functional on D.(X) although strictly formally the
domain of this functional may be wider for some choices of v, similarly with
F(-,7).) The indefinite integral is uniquely determined by G and f: the formula
determines the values on the space D.(X) x D(X) which is sequentially
weak* dense in D!(X). Then we can use the (C-2) property of F. The definite
integral is defined by

J Fdg(aw) = [ rag(1,v)
if [ £dG € (DY) (X).

In applications we sometimes integrate R™ valued functions and/or with re-
spect to R%valued currents; this is understood coordinate-wise and the result is
an m-dimensional vector if d = 1 or a d-dimensional vector if m = 1. If both
d > 1, m > 1, the most important situation is d = m. If G € (D})(X,R™) and
f X — R™ is a vector field, we define the inner product integral [ f - dG as a
1-current satisfying

[ £-aGlpdv) = [ £-aG(.v)(e). e DuX), veDX),

FEzample 1.37. Let f = (f1, f2, f3) be a smooth vector field on a smooth 2-dimen-
sional manifold M C R3. Let Q be relatively compact and relatively open subset
of M and I be the relative boundary of €2 in M. Let ¢ be a smooth test function
on M (this means, ¢ € C>°(M)). For the discussions on the Stokes’ theorem,
the following integrals are relevant:

/FQO(fl dlCl + f2 diIZ’Q + f3 dl’g) (IQO)

and
/Q<P(91 dzy A dxs + go dxs A dxy + g3 doy A dxs), (I.21)
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where g = (g1, 92, 93) = curl f. Consider currents
Tipdv) = [ pdvndn,  i=123,
Tpdv) = [ odo ndwi i=1,2,3,

Then
TR = /XQCH;, i=1,23

For ([.20) we have

3
/FSD(fl dry + fodvy + f3drs) :/ZfidSi(SD)
=1

where

Silg) = [pdni= [ do ndo; = 9T ().
The integral ([.21)) can be viewed as

/ng(gl dxy N\ dxs + go dxs A dxy + g3 dry A dzy) = /XQ dR(p)

where
R((p) = /M @(91 dxy A dxs + g9 dSCg Adzy + g3 dxy N d.’IJQ)

:_/M(fld(p/\dxl+f2d§0/\dl'2—|—f3d(,0/\dl'3)

=—a(/gfid7;)<so>.

Example 1.38. Similarly, if  C R? is an open set with a smooth boundary T,
f:Q — R3is a smooth vector field and ¢ € C>(2), then

/ng(x) divf(z) de = — /XQ df)(/f:lfZ d’ﬁ) (), (1.22)

where now 5
Tie)= [ o otdr, i=123

For the boundary integral we have

/Ftp(fl dxe A dxs + fodrs Adxry + fydzy A dxg) = /zi:fl d@(/xgd'ﬁ)(w).

This example and the preceding one show that we need to investigate (in the
non-smooth case) the criteria for validity of formulas of type

/Xxgda(/ifidﬁ) +/Xi§;fi a0 ( [ x,d7) =0, (1.23)
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Remark 1.39. If we sum scalar versions of ([[.23)), namely

/XXQ(9</fZ~d7Z)+/XfZ-d8(/XQd7;):0, i1 ..m

we obtain

g;/)(xgé?(/fi d7;> +§;/Xfi da</XQ d7;) =0, (1.24)

which is weaker than ([.23). We will demonstrate the difference on situation of
Example [[.38 Indeed, note that

o (] 1) = [ o0

Due to cancellation effects, the distribution div f can be meaningful even if the
summands % do not make sense. Also for the boundary integration, the sum
of 1ntegrals 1s not the same as the integral of a sum. For example, eventual
orthogonality of f to the element of boundary integration can override singularity
of the integrand.

Proposition 1.40. Let T be a 1-current dominated by a Radon measure j. Then
there exists a unique bilinear functional T : L'(u) X D(X) — R such that

T =T onDJ(X) x D(X), (1.25)
and B )
T(w) e L(w)', ¥ eDX). (1.26)
Moreover, given ¢ € D(X), there exists a unique wy € L® (i) such that
T(w) = [ weldu,  f€L'(n). (127)
This wy, satisfies
eyl Loy < [PlLip- (1.28)

The mapping 3
Y wy: DX) = L>(X)

is linear.
Proof. By Remark [L.4] D.(X) is dense in L*(u). Let ¢ € D(X). By ([18), the

functional

T(,): D(X) =R

is linear and uniformly continuous in the L'(x) norm, so that it can be uniquely
extended into a functional T (-,%) € L'(u)*. Then T is bilinear and satisfies ([[.25))

and ([.26). Also, the estimate ||7(-,%)||11(uy < ||Lip follows from (L.18). The
representation theorem yields a unique wy € L™ (p) such that (1.27) is satisfied,
and

lwpllzoeuy = 1T ¢ erguye < [Pip.
Since T is bilinear, the mapping

Y= T(9) s DX) = L (p)*
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is linear, and thus also the mapping
Y — wy 1 D(X) — L)
is linear. O

Proposition 1.41. Let T be a 1-current dominated by a Radon measure i1 and
f e Li.(u). Then the functional F defined on D(X) by

f(w,¢)=/)(f¢w¢du, (1.29)

where wy, s as in Proposition defines a 1-current. If f € L*(u), then (1.29)
defines a convergent 1-current (now F is defined on D*(X)).

Proof. Since the mapping ¢ — wy is linear, F is bilinear. By (C-4) for T,
T(-,1) = 0and thus w; = 0. It follows that (C-4) is satisfied by F. For verification
of (C-2) and (C-3), we distinguish two cases.

CASE A: f € L' (). Fix (p,¢) € D'(X) with ¢y = 0. By Remark [[.4] we
can find f; € D.(X) such that f; — f in L*(u). Since T satisfies (C-3), we have

|, fiws d = T(f0,0) = 0.

The passage to limit yields
Fp,v) =0.

This verifies (C-3). For (C-2), let (p;,1;) = (¢,) in D}(X). We will show that
Fl(pj, ;) = F(p,v). Choose ¢ > 0. By Remark , we find h € D.(X) such
that

/ |f —h|du < e.
X
Using ([.28)), we estimate

| F (g, 05) = Flos V)| < [ F(pj,05) — T (hps, )| + [T (hpg, tb5) — T (hep, ¥)
+ [T (hep, ¥0) — Fl,9)|

= | [ (F = Wy di + 1T oy, 3) = T (hip, )|
| [ = Wodn

< Wilunlleslle [ 1 = Bldu+ T (heg65) = T, )
+ [l [ 1F = bl du

In view of the convergence (¢;,1;) — (¢,9) in DYH(X), we know that (|1;|Lip);
and (||¢jllc); are bounded sequences. The middle term tends to 0 as 7 is a
1-current. Hence, we obtain

limsup | F (5, v5) — Flp,¥)| < Ce,

J—00

which concludes the proof in case that f € L'(u).
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Case B: f € Ll (n). Consider (p,v) € D!(X) such that ¢¢) = 0. Then for
each relatively compact pu-measurable set E C X, fxg € L*(u) and thus by Case
A we have

/ feowy dp = 0.
E

It follows that fow, = 0 p-a.e. and thus F(p, 1) = 0. Hence F satisfies (C-3).
Finally, let (¢;,%;) = (¢,%) in DX(X). Then there exists a compact set K such
that sptp;¢; C K for each j. Find n € D.(X) such that n = 1 on K. Then,
©;1;(1 —n) = 0 and by the preceding part of the proof,

F(j,05) = Floin, ¥;),

similarly
Fle0) = Flen, ).
Now, it remains to observe that fn € L'(u) and thus by Case A we have

w.d %/ d
/anww]% i anwwso 1

which means
Fpm, ;) = Flen, ).
This shows that F satisfies (C-2) and concludes the proof. O

Lemma 1.42. Let T € (D) (X) be a 1-current dominated by a Radon measure
pand W C X be a relatively compact open set. Let 1) +— wy, be as in Proposition

. Ifp € D(X), =0 on X \ W, then wy =0 a.e. on X \ W.

Proof. Fix f € L'(u) with the property that f = 0 on W and define F as in
Proposition by
Fle,v) Z/sto% dp.

Let ¢ € D.(X) be such that sptyy C W. Then there exist f; € D.(X), j =
1,2,..., such that f;o» =0 and f; — f in L'(n). Then

/X fipwy dp =T (f0,9) =0

by (C-3). Passing to the limit we obtain

Flo,v) = /X fowy dp = 0.

This, however, does not work if merely {x : ¢)(z) # 0} C W. Therefore we need
to approximate . We may assume that 1) > 0. Set

Y, =@W-27" j=12,....

Then for each j we have F(1,;) = 0 by the preceding part of the proof. Since
(1,%;) = (1,%) in DY(X) and F is a l-current by Proposition , passing to
the limit we obtain

T(f,4) =F(1,4) =0,
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where T is the extension of 7 as in Proposition [[.40l Now, consider # fixed and
J variable. Recall that wy is defined as the L*-representation of the functional

T (-, %) € L*'(u)*. From the preceding part of the proof we see that
fel'(n), f=0om W = T(f,¢)=0.
Using the properties of the L*>-representation we deduce that
wy =0 a.e.on X \ W.

]

Proposition 1.43. Let T € (D!)(X) be a 1-current dominated by p. Suppose
that f € L (u). Then the functional

F (g, ) H/stowzz;dm (0, 9) € DUX),

where wy, is as in Proposition is the indefinite UC' integral of f with respect
toT.

Proof. In Propositions and we have verified that F is a 1-current and
that

T(p) =Tlpw) = [ pwpdn, e Di(X), veDX).
By Theorem [[.30] F is the indefinite UC' integral of f with respect to 7. O

Proposition 1.44. Let T € (D! (X) be a 1-current dominated by p. Suppose
that f € Li.(u) and (,%) € D(X) X D(X). Then

[ FaT(odn)| < Wl [ 156l dp, (130
where W = {z € X : ¢(z) # 0}.

Proof. By Proposition [[.40} Proposition [[.43| and Lemma [[.42] there exists wy, in
L () such that

Jwpllee < [PlLip,  wyp=0o0n X\ W

and

/de(so dy) = /X fewy dp.
Hence the estimate ([[.30)) easily follows. ]

Remark 1.45. For simplicity, the results of Proposition Proposition have
been formulated in the scalar setting, but it is straightforward that R™-valued
versions of these results hold with the same proofs as well.
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1.6 Integration by parts

1.6.1 Pointwise BV functions

In the metric measure space setting, BV functions can be defined as functions,
for which a Poincaré-type inequality holds. In this approach, we say that u €
LY(X,\) is a BV function if there exists a constant ¢ > 1 and a Radon measure
v such that the inequality

/B(M) lu —u(x,r)|d\ < rv(B(z,or)) (1.31)

holds for each ball B(z,r) C X. Here u(x,r) is the integral average of u over
B(z,r). Recall that X is the underlying doubling measure, see Section [[.3] The
measure v appearing in has the role of an “upper gradient” to u. Self-
improving properties of Sobolev-Poincaré inequalities allow us to improve the

inequality (L.31) to
(B(z,07))

(ﬂ(m lu —u(z, )P d)\)l/p <Cr W (1.32)

with some p > 1 and a constant C. For the BV theory in the metric space setting
see [43], [, [2], [7], [25].

We obtain a much more wider class of functions if we let hold for small
balls only and with the constant C' depending on the point.

Definition 1.46. We say that v € L .(X,)\) is a pointwise BV function (we
abbreviate a PBV function) if there exist a constant ¢ > 1, an exponent p > 1
and a Radon measure v such that the asymptotic behavior

1
(Fstes lu = e 1) 02) A Bz )
lim su
7’—>0+p rv(B(z,or))
holds for each z € X.

The measures serving for ([.33)) are called pointwise upper gradients to u. The
class of all pointwise upper gradients to u is denoted by PUG(u).

< 00 (1.33)

FExample 1.47. A typical example of a PBV function is a Sobolev function on an
Euclidean domain. However, it is easily seen that also each pointwise differen-
tiable function is PBV, with the Lebesgue measure serving as an pointwise upper
gradient. Of course, not all pointwise derivatives are Lebesgue integrable; recall
that this was one of main motivation for the theory of nonabsolutely convergent
integrals.

Example 1.48. Another typical example of a BV (and thus PBV') function in the
Euclidean setting is a characteristic function of a set of finite perimeter. However,
if the (topological) boundary of a set G C R™ is countably (n—1)-rectifiable (this
means, covered by a countable union of Lipschitz images of R"™1), then x¢ is
also a PBV function. In particular, we may consider the case that there exists
an exterior normal vector at each boundary point = to G, see [3, Theorem 2.61]
for the proof of countable rectifiability in such a situation. Note that we do not
require the normal vector to depend continuously on x and thus the perimeter of
GG may happen to be locally infinite.
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Motivated by Examples [[.37 and we are interested in validity of formulas
of type ([.23]). We write this aim in a more symmetric form

o([SX figyaty)

i=1j=1
:/égjda(/ifidﬁj> +/§:1fi d@(/ji:lgidﬁj)

where 7;; are 1-currents and f; and g; are functions. Notice that the metric
distribution on the left vanishes at ¢ = 1, so that the sum of the integrals on the
right vanishes as well if they are considered as definite.

Definition 1.49 (Concepts of the Lebesgue differentiation theory). By the Lebes-
gue decomposition theorem, each Radon measure o on X can be decomposed as
la + ps where p, is the absolutely continuous part and pg is the singular part,
both with respect to A. Since A is doubling, the Lebesgue differentiation theory
is valid (see e.g. [B, Theorem 5.2.6]) and A-a.e. point is a Lebesgue point for the

Radon-Nikodym derivative h = dj;, this means that

lim ) |h — h(z)|d\ = 0.

r—0+ Bz,

Clearly, each Lebesgue point is a weak Lebesgue point, this means that

lim h(z,r) = h(x), where h(z,r)= 7[ hdA.

=0+ B(a.r)

Recall also the mazimal function of the measure pu:

o p(B)
M) = sup X B ar)

By [5, Theorem 5.2.4], the maximal function of a Radon measure p with respect
to the doubling measure A is finite A-a.e.

Lemma 1.50. Let i be a Radon measure on X and N C X be a pu-null set. Then
there exist a Radon measure pu* on X which is absolutely continuous with respect
to p and a lower semicontinuous function w on X such that w > 1, w = o0 on

N and dp* = wdp.

Proof. For each j = 1,2,... we find an open set W; C X such that N C W, and
w(W;) < 479, Then the function

w:1+z2jXWj
J

and p* determined by dup* = w dp obviously have the required properties. O

Lemma 1.51. Let u be a bounded PBV function on X, v € PUG(u) and z € X.
If Mv(x) < oo, then

1
lim - 7[ lu — @z, )2 dA = 0.
B(z,r)

T—>0+ T
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Proof. Consider p > 1 such that

3=

(Foten lu = aa, )P dX) A(Bla.om)
li X.
171[rlﬁl+1p rv(B(x,or)) = % ve

Pick z € X such that Mv(z) < oo. Then

1 >
lim sup — (][ |u — u(x,r)|P d)\> < 00.
B(z,r)

T‘—>0+ T

Appealing to the Holder inequality we may assume that p < 2. Since u is
bounded,

| C
f][ u—a(z, )2 < fHqu;p][ u—a(z,7)P <Ot 50 asr - 0y,
T JB(z,r) r B(z,r)

where the last constant depends on wu. O

Remark 1.52. We do not know whether the conclusion of Lemma [[.51] continues
to hold if we allow p = 1 in Definition [[.46]

Theorem 1.53 (Integration by parts). Let f = (f1,...,fm), 9 = (91,---,9n),
be bounded (vector-valued) PBV functions on X, o € PUG(f), 8 € PUG(g).
Suppose that B and oy are mutually singular, that f has weak Lebesgue points
B-a.e. and g has weak Lebesque points a-a.e. Let Ti; be boundary-free 1-currents
on X dominated by \, i =1,....m, j=1,...,n. Then

o( [ 33 figyars)

i=1 j=1
:/égjda(/iﬁdﬁj) +/i§jlfi d@(/jigﬂ%)

holds if at least one of the (“exterior”) indefinite integrals on the right makes
sense.

Proof. We write F = (F1,...,Fn), G = (G1,...,Gm),

(1.34)

J—_.]:/Zfzd,];j; jzla"'7n7
=1

=1

R = /ZZfigjdﬂj-

i=1j=1

Assume that [ g- dOF makes sense. We want to show that OR — [ g- dOF is an
indefinite UC integral of f with respect to 0G. We fix € X and r > 0. Then

H@R—/g- A0F — f(z) - 0G|
< [|OR —g(x) - OF — f(x) - 0G||u,r
—i—H/g~ dOF — g(z) - OF

z,r
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For the second term it is enough to use the assumption of integrability of g with
respect to OF. We need to estimate the first norm, namely the norm of

OR —g(x) - OF — f(z)-0G
=0 [ Y3 = fil@))lg; — g5(x)) AT,

i=1 j=1

=0 [ 33— Bl ) as — g, ) AT,

i=1j=1

* a/izn:(fl o fi(x”))@j(xﬂ’) — gj(:v)) d7:;

i=1j=1

+0 [ Y (i) - £@))gs - 3y r) AT,

i=1j=1

+0 [ S5 (Filar) = @), 7) - 0,(0) 4T

i=1j=1

=8+ 8+ 83+ 84,

where, forte=1,...,m,j=1,...,n,

fi:c,r:][ fid\, _-x,r:f CdA.
(z,7) - g;(x,r) o ¥

Now, we are going to estimate the expressions §;-8; in terms of the pointwise
upper gradients of f and g. By the singularity assumption, there exist Borel sets
P, @, R such that X = PUQ U R and

a(Q) = B(P) = a,(R) = B,(R) = A\(PUQ) = 0.

Further, there exist an a-null set S, a S-null set T" and a A-null set N C R such
that f has weak Lebesgue points everywhere on X \ 7', g has weak Lebesgue
points everywhere on X \ S, Ma < 0o and M < co on R\ N. By Lemma [[.50}
there exist measures o, 5*, A* and lower semicontinuous functions a, b, w such
that a =ococon QUSUN,b=00on PUTUN, w=o00on N and

do* = ada, dB* =bdB, d\*=wd\.

We will use Proposition to estimate expressions &;-Sy. Choose z € X, r > 0
and ¢ € D(z,r). Then

m n ’

Sie) = [0 [ 3 = Fue, g5 — 3,0 4T ()

= | [ 300 R — 5,00, 0) 4T ()

< Clehsp [, 1F = F(.0)llg — (.| d

S C‘¢|L1p</B(IT) |f_}(],"7“)’2 d)\)2</B(IT) ‘g—g(:lj‘,?”)|2d)\)2

lim 77[ If — Fla,m)?d\ =0
B(z,r)
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on {z € X : Ma(x) < oo}, similarly

1
i~ Jg—gler)Fdr=0
el A lg —g(z,7)|
on {x € X : MfB(x) < oco}. This yields a control

lim HSIHI,T _

r—0+ rA\(B(x,r))
ifx € R\N. If xr € NUQ and p is as in Definition then (with C' depending
on [|gllec)

1 = Fanllg - ge.r)]dx
(@)

< CX(B(z,)) 7{9(”) |f = Fa,r)|dA

<ONB)(f, 1~ Fanpa)
B(x,r
< Cra(B(z,or))
and B
r—0+ o (B(x,0r))
If x € P, then the situation is similar as if x € (), we interchange the role of f
and ¢g and of a and .

For S5 we have the estimate

S0 =0 [ 3230 = )@, ) = 04(0) 4T )

=0.

_ !/ i iﬁfi — filw,)(G;(w, 1) = g;(x)) AT, W)’

< Clyluplg(@,7) — g(2) : |f = flx,r)[dA

B(a,r
< Cleluplg(@,r) — g(@)[ra(B(z, or)).
Then we can use the fact that
a(B(x,or))
a*(B(z,or))
Indeed, either x is a weak Lebesgue point for g or a(z) = oo.

The term Ss behaves similarly to S,. Finally, since 7 is boundary-free, Sy
vanishes.

lg(x,7) — g()] — 0.

]

Corollary 1.54. Let f = (f1,...,fm), 9§ = (91,--.,9n), be bounded (vector-
valued) PBV functions on X, a € PUG(f), f € PUG(g). Suppose that
fig; € LY(X,\), i =1,...,m, j =1,...,n, B and «a, are mutually singular,
that f has weak Lebesgue points ($-a.e. and g has weak Lebesgue points a-
a.e. Let 7;; be boundary-free 1-currents on X dominated by A, i = 1,...,m,
j=1,...,n. Then

/Xégjdaggﬁd%j):—/xgﬁ d3</égid’ﬁj),
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if at least one of these integrals makes sense.

Proof. By Propositions and [[.43] the integral S := [ 37", 37, fig; dTi; de-
fines a convergent 1-current. By (C-4), 0S(1) = S(1,1) = 0. Hence the result
follows from Theorem [[L53] O

1.6.2 Gauss-Green-Stokes formula

A prevalent motivation for investigation of nonabsolutely convergent integrals
is an effort to find a general setting for formulae of integral calculus like the
Gauss-Green (divergence) theorem or Stokes theorem.

Within the framework absolutely convergent integration, the Gauss-Green
formula for BV -sets (or, sets of finite perimeter) is the ultimate version. See e.g.
[3] [16], [52] for exposition of BV-theory and historical comments.

However, only the non-absolutely convergent integrals can integrate all point-
wise derivatives. A version of Stokes formula with nonabsolutely convergent in-
tegration over manifolds with boundaries is in [29].

The Pfeffer integral allows to prove Gauss-Green formula for sets of finite
perimeter, where the “interior” integral of divergence is non-absolutely convergent
[46], [48], [14].

Our aim is to allow also the “boundary integral” be non-absolutely convergent.
Various abstract theories allow us to study the Stokes theorem beyond rectifiable
sets. For different approaches see [51], [18], [23], [24], [49]. The generalized
integrals can be defined by duality or by approximation. Our integrals are not as
general, but look more as genuine integrals.

A version of the Gauss-Green theorem for the UC integral in the Euclidean
setting is proposed in [41].

Theorem I.55 (Stokes theorem). Let G C X be PBV set (this means, x¢ is
a PBV function). Let f: X — R™ be a bounded PBV function, o € PUG(f),
B € PUG(xqg). Suppose that s and o, are mutually singular, that f has weak
Lebesgue points B-a.e. and X, has weak Lebesgue points a-a.e. Let T € Dy(X,R™)

be a boundary-free 1-current on X dominated by X. Assume that [ |f|d\ con-

verges. Then
Lao([£-ar) == [ #-a0([x,aT)

if at least one of these integrals makes sense.
Proof. Tt is enough to set g = x¢ in Corollary [[.54] O

Remark 1.56. As a special, “absolutely convergent” case we obtain the following
situation:

Let f € WHH(R™, R™) be a bounded vector field and G C R™ be a set of finite
perimeter. Then we can take a to be absolutely continuous with respect to the
Lebesgue measure (say, with density |Df|) and  to be the perimeter measure
(which is the total variation of Dx¢). By results of Federer, Fleming and Ziemer,
[18], [20], [19], see also [16], 4.8., 5.6.3], f has Lebesgue points " '-a.e. and
thus (-a.e. On the other hand, by the Lebesgue density theorem, a.e. point of G
is a density point for G and a.e. point of R" \ G is a density point for R" \ G.
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Hence, X, has Lebesgue points a.e. with respect to the Lebesgue measure and

thus a-a.e. This absolutely convergent case is not new, but in view of Examples

and it is clear that our result covers much more situations.
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II. BV-packing integral in R"
KRIisTYNA KUNCOVA

ABSTRACT. We introduce new integrals (called packing R and R* integrals)
which combine advantages of integrals developed by Pfeffer [17], Maly [12], Kun-
cova and Maly [10] and Maly and Pfeffer [13]. We prove Gauss-Green theorem in
generality of the new integrals and provide comparison with the integrals men-
tioned above and some others (like M C,, by Ball and Preiss [2]).

II.1 Introduction

The Gauss-Green divergence theorem
/ divu(z) de = / u-v,d" ! (IL.1)
A 9. A

holds whenever A C R" is a bounded BV set (or, in another terminology, a
bounded set of finite perimeter) and u € C*(R™,R™). Here, 0, A is the essential
boundary and v, is the measure-theoretic unit exterior normal. This setting and
its history can be found e.g. in [I]. If we want to allow discontinuous derivatives,
routine approximation arguments give if u € C(R",R") and divu(z) €
L'(R™). Beyond Lebesgue integrability of divu(z), a natural idea is to consider
the divergence in the sense of distributions. Particularly deep results have been
obtained for divergence measure vector fields, see e.g. Chen, Torres and Ziemer
5], Ziemer [22] or Silhavy [19, 20, 21].

We pursue another direction. If u is differentiable, the divergence formula
still holds even if the divergence is not Lebesgue integrable. This phenomenon
indicates that the L! setting is not the ultimate generality if we want to consider
the divergence as a pointwise function. Such a divergence still plays the role
of divergence in the sense of distributions, but the task is to what extent non-
absolutely integrable pointwise functions can be represented as distributions. The
problem exists already in the one-dimensional case where it has been solved by
the Denjoy-Perron integral. The multidimensional case has been treated by many
authors, among the most important contribution we mention [9, 14, [7]. The most
important progress in this direction has been done by Pfeffer [17], who developed
a theory which can be used for the divergence theorem on BV sets. In his setting,
indefinite integral is a function on BV sets, so that the definite integral on the left
of is the evaluation of the indefinite integral at A. An interesting extension
has been introduced by Pfeffer and Maly in [I3]. Their effort leads to the R*
integral, which is stable under reasonable operations and has a rich family of
integrable functions. In particular, the R* integral includes Pfeffer’s R integral
[17] and the 1-dimensional Henstock-Kurzweil integral.

In a series of papers [10} 12, 8], a new non-absolutely convergent integral with
respect to distributions, called packing integral, has been introduced. Since main
motivation comes from the divergence theorem and related results again, it is nat-
ural to ask on comparison of this integral with Pfeffer’s approach. In its original
setting, the indefinite packing integral is a functional on smooth (or Lipschitz)
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test functions and its evaluation at BV sets does not make sense. Therefore, the
definite integral on the left of is the evaluation of the indefinite integral of
xadivu at a test function which is 1 on a neighborhood of 0A.

The Pfeffer integral (one of the equivalent versions) is based on Riemann-type
sums

i “F(Ez) - f(xZ)E(El)

where F; C R" are disjointed BV sets, x; € R™ are tags, £ is Lebesgue measure
and F is the candidate for the indefinite integral. In our setting, we also use sums

i qa;r; (‘F - f(xz)ﬁ) (H?)

where (¢, )z 1S a system of suitable seminorms.

Let A C R™ be a bounded BV set. Suppose that u € C(R",R") and the
indefinite packing integral of a function f is the flux of u, so that f = Divu in a
general sense. We would be happy to see that

/ Divu(x) dz :/ u-vdA",
A 0. A

where the integral on the left means the integration of fy4. (In other words,
the characteristic function of A acts as a multiplier for the integration of f.)
However, in the setting of [10] it is not clear how to estimate the sums (and
it is probably impossible without additional hypotheses). It helps if we can omit
z; belonging to a small set, say of o-finite "1 Hausdorff measure, namely,
just 0, A. This change of definition requires the indefinite integral to be a charge,
a functional on BV N L% functions continuous with respect to a convergence
specified below. Charges can be represented as functions on BV sets, and by this
series of thoughts we recover most ingredients of Pfeffer’s setting.

In this paper we present modifications of the packing integral which con-
tains Pfeffer’s R integral and Pfeffer’s and Maly’s R* integral. We apply the
new integrals to obtain more general versions of the divergence theorem. In the
end we discuss the relationships between particular integrals including the one-
dimensional Henstock-Kurzweil-Stieltjes integral and MC, integral.

I1.2 Notation and Preliminaries
Notation 11.1. Let E be a subset of R”. Then d(FE) denotes the diameter of E,

i.e.
d(E) = sup{ly — z|;z,y € E}.

Let € R" and r > 0. Then B(z,r) denotes the open ball
Bz, r) ={y e R"; [y —a| <r}
and B(z,r) denotes the closed ball

B(z,r) ={y e R"; |y — x| < r}.

The Lebesgue measure of E is denoted by |E| or L(E).
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Definition II.2. We say, that measurable sets A and B are equivalent (or A and
B belong to the same equivalence class) if |AAB| = 0, where AAB denotes the
symmetric difference of the sets A and B.

Definition I1.3. Let s > 0. The s-dimensional outer Hausdorff measure of a set
E C R" is defined as °(F) = lims_,o4 745°(E), where

H(E) = inf {Z a, <dla“;<c)> ;0 CR™, E C | Gy, diam(C;) < 5}
i=1 =1

3
r(s+1)°

and o, =

Proposition II.4. Let A C R" be a set and let ¢ : A — R"™ be a Lipschitz
mapping. Then "1 (p(A)) < (Lip p)" 1" 1(A).

Proof. For the proof and further details see [6, Section 2.4.1]. n

Definition II.5. Let A C R" be a measurable set and let x € R™. Then we
define the lower density of A at x as

. |ANB(a,r)]
O z) = liminf —p =5

and the upper density of A at x as

— ) |AN B(x,r)|
O(A,z) :=limsup ————.
() = limeawp =)
The essential closure cl, A, essential interior int, A and essential boundary 0, A
are then defined as

c, A={x e R";0(A,x) > 0},
int, A={xr e R";0(A,z) =1}
and

0, A =cl, A\ int, A.

Definition I1.6. We say that a measurable set A C R" is admissible if int, A C
A C cli A.

Remark 11.7. Our definition of admissible set differs from that used by Maly and
Pfeffer in [13], according to which 0A is required to be compact.

Remark I1.8. Let A, A’ be measurable sets such that |[AAA’| = 0. Then cl, A =
cl, A, int, A = int, A" and 0,A = 0, A’.

Hence, for every bounded measurable set A we can find an admissible set A’
such that |[AAA'| = 0.
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I1.3 BV sets and charges

In this section we will present some basic facts about spaces of sets of bounded
variation (BV sets) and about charges which will be essential in further defini-
tions. For details see [17], [16] and [4].

Definition I1.9. Let U C R™ be an open set. For a measurable set £ C R" we
define the perimeter of E in U as

PEU) =sup{ [ diveip e CUU). el < 1.
UNE

If P(E,U) < oo, then the distributional gradient Dy g of xg in U is a vector-
valued Radon measure and P(E,U) is exactly its total variation. By the De
Giorgi-Federer theorem, we can compute P(E,U) as

P(E,U)=#""10.ENU).
The particular choice U = R" gives the perimeter of E
P(E) = |[E|| = #"\(0.B).
If A C R"™ is just measurable, we define also the relative perimeter of E in A as
P(E,in A) = 2" 1 (0,E Nint, A).

There is a distinction between P(E,inU) and P(F,U) if U is open, see Example
[L.10l below.
We say that a measurable set E is a locally BV set, if P(E, A) < oo for each
bounded open set A. A measurable set F is called a BV set, if |E| + || E|| < oc.
The family of all BV sets and all locally BV sets is denoted by BY and BV,
respectively. The family of all bounded BV sets is denoted by BY.

Ezample 11.10. Let E = B(0,1) and A = B(0,2)\{x € R? : |z| = 1} be subsets of
R2. Then P(E, A) = #""1()) = 0, whereas P(E,in A) = #"(2(B(0,1)) ) =
2m.

Remark 11.11. If n = 1, each BV set E is equivalent to a set U¥_,(a;, b;), where
a; < by <---<ag < bg are real numbers. In this case, ||E| = 2k.

Definition I1.12. Let A be a locally BV set. Then we define the critical bound-

ary of A as
P(A,B
0.A = {:1: € R";limsupM > O}.

r—0+ rn—l

The critical interior int. A and critical exterior ext. A are then defined as
int, A =int, A\ 0.4, ext. A = ext, A\ 0.A.

In the following, we will define the regularity of a BV set. This concept has
been first introduced by Kurzweil, Mawhin and Pfeffer in [I1]. In this article, we
use the modification established by Pfeffer in [16].
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Definition I1.13. Let £ C R" be a bounded BV set and let x € R™. The
reqularity of the set E is the number

B
r(g) = J aone EE>0
0 if |E| = 0.

The regularity of the pair (E,x) is the number

B if |E] >0
r(E.z) = r(E U {z}) = { AB0EDIE )
(B, z) =r(EU{z}) {o £ 15| =0

Let € > 0. We say that the set E and the pair (E, x) are e-regular if r(F) > ¢
and r(F,x) > €, respectively. A system P = {(Ay,21),...,(Am,xm)}, A; C R"
and z; € R", is called e-regular if r(A;,x;) >efori=1,...,m.

Let us note that every e-regular BV set is bounded.

Remark 11.14. For every bounded BV set E we have the estimate r(E) < 1/(2n).
Especially, the regularity of a ball is equal to 1/(2n) (see [I7, Chapter 2.3]).

Definition I1.15. A dyadic cube is an interval

"k ki +1
H[sz om ]a

i=1

where m, k1, ..., k, are integers. A dyadic cube " is called the mother of a dyadic
cube C'if (" is the smallest (with respect to inclusion) dyadic cube properly
containing C'.

A finite (possibly empty) union of nondegenerate compact intervals in R™ is
called a figure. A dyadic figure is a figure that is a union of finitely many dyadic
cubes.

Definition I1.16. Let B be a bounded BV set. We say that a sequence {B;} C
BY converges to B in BY if

1. Us2; B; is a bounded set,
2. lim; o0 | B;AB| = 0 and sup, || Bi|| < oo.

Lemma I1.17. Let A be a bounded BV set. Then there exists a sequence {A;}
of dyadic figures which converges to A in BV .

Proof. See [1T, Proposition 1.10.3]. O

Definition I1.18. We say that a function F : BY — R is a charge if F satisfies
the following conditions:

1. F(AUB) = F(A) + F(B) for each disjoint bounded BV sets A and B.

2. Given € > 0 there exists an 7 > 0 such that |F(C)| < ¢ for each BV set
C C B(0,1/¢e) with ||C]| < 1/e and |C| < 7.

Remark 11.19. Let E be a bounded BV set and F be a charge. Since F is additive
and vanishes on bounded negligible sets, F(E) depends only on the equivalence
class of the set F.
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Notation 11.20. Let E be a locally BV set and F be a charge. Then F| g denotes
the charge F|g(A) :=F(ANE), Ac BV.

Definition I1.21. Let E be a locally BV set and let F be a charge. We say that
F is a charge in E if F = F|g.

Proposition 11.22. An additive function F on BY is a charge if and only if
either of the following conditions is satisfied.

1. For given ¢ there is a 0 > 0 such that for every BV set B C B(1/¢) we
have
[F(B)| < 0B + (|| B]| + 1).

2. lim F(A;) = 0 for each sequence {A;} with A; — 0 in BY .
Proof. See [1T, Proposition 2.2.6, Proposition 2.1.2]. ]

Definition II.23. Let A be a locally BV set. We say that an additive function
F :BY — Ris a fluz in A of a vector field u € C(A,R"™), if for each E € BY

we have

F(E) = / U vpoa dsm
0« (ENA)

where vg~4 denotes the unit exterior normal of £ N A.
In the case A = R" we say that F is just a flux of u.

FExamples 11.24. 1. Let n = 1. Since every bounded set £ C R is equivalent to
a finite disjoint union of compact intervals U¥_, [a;, b;], each additive function
F on BY can be written as

F(E) = ; (u(bs) = u(as)) ,

where v : R — R. The additive function F is a charge if and only if w is
continuous (see [I7, Remark 2.1.5]). In other words, F can be represented
as the distributional derivative of a continuous function w.

2. Let F be a flux in A of a continuous vector field u € C(A,R"), where A
is a locally BV set. Then F is a charge (see [I7, Example 2.1.4]). On the

other hand, a charge needs not to be of this form. For an example see [17,
Example 2.1.10].

3. Let f € L] .(R") be a function. Then the function F : BY — R defined as

F(A) = /A fac
is a charge. (See [I7, Example 2.1.3].)

4. Let A be a measurable set with 7"~ 1(A) > 0. Then the function F :
BY — R defined as F(F) = #" (£ N A) is not a charge.

Without loss of generality we may assume A to be bounded. At first let us
suppose that 7" 1(A) < oo. Then there is a constant ¢ such that for every
k € N we can find a sequence of balls { B;} with A C U2, B;, diam B; < 1/k
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and Y2 || Bi]| < ¢. Then for Ey := UU; B; we have Ey C U,ea B(x,1),
|Ex]] < cand |Eg| < 7.

It follows that E, — 0 in BY, whereas F(E;) = #" Y E, N A) =
H"1(A) > 0. By Proposition [I1.22| F cannot be a charge.

It is easy to check that F is not a charge if 7" 1(A) = cc.

I1.4 Packing R integral

In this section we set up concept of the packing R integral, which will be further
developed in the next section.

Definition I1.25. A pairwise disjoint finite system of balls (B(z;,7;))F_; in R"
is called a packing.

A function § : E — [0,00), where E C R", is called a gage if the set N =
{z;6(z) = 0} is of o-finite #"~! Hausdorff measure.

We say that a system P = {(A1,z1),...,(Ag, k) }, A; C R" and z; € R™, is
d-fine if d(A; U x;) < §(x;). Let us remark that we do not require z; € A;.

Especially, a packing (B(z;, 7)), is -fine if and only if 2r; < §(z;) for
i=1,... k.

Notation 11.26. Let x € R™, r,e > 0 and F be a charge. Then we will use the
seminorms

ps.(F) =sup{|F(E)|; E CC B(z,r),E € BV, (E, ) is e-regular} .

Definition I1.27. Let A C R"™ be a locally BV set. We say that a charge F
in A is an indefinite packing R integral of a function f : cl, A — R in A with
respect to a charge ¢ if there exists 7 € (0, 1] such that for every ¢ > 0 there
exists a gage 0: cl, A — [0, 00) such that for every d-fine packing (B(wz;, 7))k,
x; € cly A, we have

k
S (F— flz)¥9) <e.
=1

Remark 11.28. In the previous definition, as well as in forthcoming Definitions
[[1.33] [[T.51] [I1.57] [[T.64] [I1.66] and [[1.78) it is possible to consider a function f
defined only on cl, A\ T, where T is of o-finite 7 =1 Hausdorff measure. The
integral is well defined since we can consider gages § with 6 = 0 on 7. For the
same reason, the indefinite packing R integral with respect to any charge ¢ does
not depend on values of f on a set of o-finite 5#"~! Hausdorff measure.

Remark 11.29. The uniqueness of the indefinite packing integral of f in A will be
discussed later.

Remark 11.30. The indefinite packing R integral is linear with respect to a func-
tion f.

I1.5 Packing R* integral

Let us continue with so called packing R* integral. We will prove its uniqueness,
basic properties and finally we will formulate and prove the Gauss-Green theorem.
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Its definition relies on the concept of an e-isoperimetric set, which was introduced
by Maly and Pfeffer in [I3]. We will be inspired by their work also further in this
section.

Definition I1.31. Let ¢ > 0 and E C R" be a bounded BV set. We say that E
is e-isoperimetric if for each T' € BY

1
min{P(ENT),P(E\T)} < ~P(T,inE).
9
Since P(T,in E) = P(ENT,in E), it is enough to consider only 7' C E. (See
[13, Lemma 2.1].)

Notation 11.32. Let x € R™, r,e > 0 and F be a charge. Then we will use the
seminorms

Gy (F) =sup{|F(E); E CC B(x,r),E € BV,x € cl,

(E,z) is e-regular and FE is e-isoperimetric}.

Definition I1.33. Let A C R™ be a locally BV set. We say that a charge F
in A is an indefinite packing R* integral of a function f: cl, A — R in A with
respect to a charge ¢ if there exists 7 € (0, 1] such that for every ¢ > 0 there
exists a gage d: cl, A — [0,00) such that for every d-fine packing (B(z;,7;))5;,
x; € cl, A, we have

Zq%m (F— f(z)¥9) <e.

In the case A = R" we say that F is just an indefinite packing R* integral of f
with respect to ¥.

The family of all functions packing R* integrable with respect to a charge ¢
is denoted by ZR*(¥).

Lemma II1.34. Let 7 € (0,1] and € > 0. Then there exists a constant cr
(depending only on T and n) with the following property: for each function
¢ :R— (0,00), z € R" and R > 0 there exists 0 < r < R such that

®(10r) + €[ B(x, 10r)| < o (®(rr) + €| B(z, 77)]).
Proof. See [10, Lemma 3.7]. O

Lemma I1.35. Let 0 < e < 1/(2n) and Q = [0,a41] X [0,as] X -+ x [0, a,] be an
e-regular interval. Then

L.
max{ay,...,a,} < gmm{al, ceyp )

Proof. For simplicity, let us suppose that a1 < ay < --- < a,. Since @ is &-
regular, we can estimate

an(az---a,) < d(Q)||Q < !Q\ *a1a2 .
Dividing by as - - - a,, we obtain a,, < %al, which establishes the formula. O
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Lemma 1I1.36. Let ¢ > 0, Q be an e-reqular interval and T € BY, T C Q
satisfying |T'| < |Q|/2. Then there exists a constant v = y(e,n) such that

H"H0Q N O,T) < " Hint Q N 0, 7). (I1.3)

Proof. At first let @@ be a cube. By [I8, Lemma 6.7.2] there exists a constant
n = n(n) such that

A" H0Q N I, T) < ns#™ HintQ N ,T). (I11.4)

Further, let @ be an e-regular interval. We can suppose @ = [0, a1] X [0, as] %
coox[0,a,], a1 <ag < --- < a,. Let L : R" — R" be a linear mapping represented
by the diagonal matrix

an/a 0 < 0
0 anfag -+ 0
0 0 o1

Then L(Q) is a cube and |L(T)| < |L(Q)|/2. Moreover, int L(Q) N 0, L(T) =
L(int QN 0,T). Further, we can estimate the Lipschitz constant of L as Lip(L) =
max;{a;/a,} < %, which follows from Lemma Since L' can be represented
by the matrix

ay/ay, 0 o 0
0 as/an, -+ 0
0 0 1

we have Lip(L™!) = 1.
Applying Lemma [[T.4] inequality and properties of L we obtain
A H0QNO,T) = 2" YL H(LOQNIT))) < #" HIL(Q)NI.L(T))
<" int L(Q) N 0, L(T)) = ns" ' (L(int Q N 0,T))

< " (it QN a.T).
o

Hence ([I.3) holds with (g, n) := L. O

Lemma I1.37. For every n € N there exists an increasing function (3 : (0,00) —
R such that every e-reqular interval Q C R™ is [5(g)-isoperimetric.

Proof. We set f(e) = 1/(1 4+ ~(e,n)), the constant y(e,n) being as in Lemma
[1.36 Now let us fix an e-regular interval () and a set T € BY, T C (). We need
to show that

min{P(QNT),P(Q\T)} < ﬁ(ls)P(T’ in@),

Let us assume |7 < |@Q|/2. Since @ is an interval, we have int ) = int, Q). Then
by Lemma [I1.36| there exists a v = (e, n) such that

P(T) <" Hint QN o,T) + " 1(0QNo,T) < (1+~)2#" (int QN I, T)

< (14+7)P(T.in Q) = —P(T,n Q).

1
%P
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In the case |T| > |Q|/2 we have |@Q \ T| < |Q|/2 and then we obtain
PQ\T) = PQN(Q\T)) < (1+7)P(Q\T.inQ) = 55 P(T.inQ).
[

Lemma I1.38. Let r > 0, x € R™ and Q = [a1,b1] X [ag,ba] X -+ X [ay,b,] be
an interval such that @ C B(x,2r) and 5= < mind{|b; — a;|}. Then (Q,z) is

2v/n
p-reqular, where p = p(n) = —zr-

n393n—2

Proof. Let us denote s := min;{|b; — q;| } and w := max;{|b; — a;|}. Since 2\% < s,
w < 4r and diam(Q U {z}) < 4r, we can estimate the regularity of @ as

o Q)
Q1) = Gam@u () 1q]

s" L

~ 4r  2nwn1

C @)

~ 8rn (4r)"
1

g

]

Lemma I1.39. Let F be a charge and B(z,r) C R", x = (x1,22,...,2,), be a
ball. Further, let QQ = [a1,b1] X [ag,bo] X « -+ X [a,,b,] be an interval such that
Q C B(z,2r) and 77 < min{|b; — a;|}. Then

IF(Q)] < 275 5, (F), (IL.5)

where m = #{l;x; & [a;,b]}, € = min{B(p), p} and B and p are as in Lemma
[[I.37 and Lemma [[L.38.

Proof. The proof proceeds by induction on m. First, for m = 0 we have z € Q.
Since @ C B(z,2r) and 77~ < min{|b — a)[}, Q is p(n)-regular. Furthermore,
by Lemma we obtain @) is also 3(p)-isoperimetric. Then we can estimate

IF(Q)] < @G or (F)

Now let us fix m > 1 and suppose that (I1.5) holds for m — 1. Without loss
of generality we can assume that x; & [a;,b] for [ =1,... m.
Our next purpose is to define an auxiliary interval

Q = [alybl] X X [am—lubm—l] X [dmagm] X [am+17bm+1] X X [a’mbn]a

where [@,,, b,,] is defined as follows:

In the case z,, < a,, let us set a,, = x,, — (b, — x,,) and by = by If 2 > by,
let us set dy, = G, by = Ty + (T — Q).

We see that Q € Q C B(x,2r) and x € Q. For simplicity, let us assume
Ty < Q. Then

Q=0Q\Q,
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where

Ql = [alabl] X oo X [am—hbm—l] X [amyam] X [am+1>bm+1] X oo X [anabn]~

In the following, we need to estimate the regularity of subintervals @ and Q’
Since min{|b, — a;|} > 37 and Q C B(z,2r), by Lemma [[1.38 we obtain Q is
p(n)-regular. Analogously we obtain the regularity of @’ .

By Lemma we have @) and ' are [3(p)-isoperimetric. Using the additivity
of F and the inductive assumption we obtain

IFQ) < |F@I + |F(@)] < 2- 271G 5, (F) = 27 ,(F),

which completes the proof.
]

Theorem I1.40 (Uniqueness of the integral). Let f be a function and ¢ be
a charge. Then there exists at most one indefinite packing R* integral of f with
respect to 9.

Proof. Let Fi, F5 be indefinite packing R* integrals of f with respect to . Then
F1 — JFo is the integral of 0 with respect to . So it is sufficient to show that if
F is an indefinite packing R* integral of f = 0, then F = 0.

By Lemma it is enough to prove that F(K) = 0 for each dyadic cube
K. Let 7 be as in Definition [[I.33] Now, let us fix a dyadic cube K of side ag and
choose € > 0 such that ¢ < min{f(p), p}, where § and p are as in Lemma
and Lemma Finally, denote Ky := Uyex B(z,1).

STEP 1.

Since F is an indefinite packing R* integral of f = 0, there exists a gage
§ : R™ — [0, 00) such that for every §-fine packing (B(x;, ;)" we have

Z Qo v, ( : (11.6)

STEP 2.

In this step we construct the covering of the set K\ N, where N = {z;d(z) =
0}.

By Lemma [[1.34] applied to ®(r) := g5 ,.(F), we can find a constant ¢y such
that for every z there exists r(z) < 6(z), 10r(z) < 1, with the following proper-
ties:

20r(x) < agp (IL.7)

and
@100 () (F) +€]B(2,10r(2))| < (TG 7p(2) (F) + €| Bz, 7r())]). (IL.8)

Now, let us consider the covering C = {B(z,r(z));z € K \ N}. By the Vi-
tali theorem we can construct a pairwise disjoint subsystem C’ C C, such that
Us,r)cer B(z, R) D K \ N, where C" = {B(z,5r); B(z,r) € C'}.

STEP 3.

Now we will cover the set V.
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Since N is of o-finite 2#"~! measure, we can write out N = (J2; N*, where
A" (N®) = ¢y < 0o for every s = 1,2,... Let us fix s € N and ¢, € (0,¢) such
that

es(cre2" Hes+e) +1) <27%, (I1.9)

where ¢; = 2"n83/2 and ¢, = @,2**n™?. By Lemma [[1.22] with &, we can
associate s such that for every BV set E C B(1/¢) we have

|\ F(E)| < 0s|E| +es(|| 2] +1). (I1.10)

Furthermore, there exist {, < 1/2 and a system of balls N* = {B(xf, Rf)}
covering N* such that R} < (s,

4RS < ay, (IL11)

c2Csls(cs +¢€) < 2%y,

and

diam B(z5, B}) "™
Z an_1< lam (51717 z)) < (an_1+1) Z (st)n—l < e+ e

B(xz$,R$)eEN® 2 B(x$,R$)EN®
(I1.12)
Note that
b Y. (R)" <l Y (R <27, (IL.13)

B(a$,R)EN® B(a$,R)EN®

where ¢, = a,c.2".

Let us denote N := |J, N°.

Now, let us consider the covering V := C” UN. Since V covers the compact
set K, we can choose a finite system of balls B(z;, R;)) € V, i =1,...,k, covering
K. Without loss of generality we can assume that B(x1, Ry), ..., B(zy, Ry) € C”
and B(xpy1, Rus1), - -, B(xy, Ry) € N.

STEP 4.

In this step we construct a partition of the cube K in the sense that we look
for a finite system of nonoverlapping cubes whose union is K.

Recall that Q" denotes the mother cube of a cube Q). Let K denote the family
of all dyadic subcubes of K. For fixed ¢ € {1,...,k} set

2, ={Q € K;QN B(x;,R;) # 0, Q C B(xs,2R;) and Q' ¢ B(x;, 2R;)}.

We show that the union 2 = Ule ;@Z is all of K. Choose y € K. Consider
a sequence P, of dyadic cubes such that Py = K, By = P/ for [ = 1,2,...
and {y} = N2y P. There exists i € {1,...,k} such that y € B(x;, R;). Since
diam P, N\, 0, there exists [ such that P, C B(x;,2R;). We find the smallest [
such that P, C B(z;,2R;). By and ([L.11), I > 1. We easily verify that
ye P e

Next we show that the system 2 is finite. Let us fix Q € 2; and denote the
side length of @ by a. The length of the diagonal can be expressed as y/na. Since
Q) intersects both B(x;, R;) and B(x;, 2R;)¢, we obtain

R;/2 < v/na. (I1.14)
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Hence the side length of all cubes in 2; is bounded from below. Therefore, the
systems 2; and hence the system 2 are finite.
Now we can define the system of cubes

2=2\{Q € 2; 3P € 2 such that P D Q}.

Since two dyadic cubes are either in inclusion or nonoverlapping, 2 is a finite
partition of K; we enumerate it as 2 = {Q);,j = 1,...,m}. Finally, let us define
the systems
Qi: {Q Ggﬂgii Q ¢ U;@l}
I<i

Let us fix @); € 2, and denote it side length by a;. Recall that the length of
the diagonal can be expressed as y/na; and since @); is included in B(x;, 2R;), we
have y/na; < 4R;. Hence we can estimate the perimeter of Q;:

4R;
NZD

Let us estimate the number of the cubes @); € £;. Applying (II.14), we obtain

R; "
Z#Q’(m) |

n—1
Q] = Qna;?—l <2n ( ) - an(3—n)/22n—1R;z—1 _ 012n—1R?—1' (IL.15)

U @

Qj€2;

Hence #2; < c.. (Let us remind that ¢, = a,,22"n™/2.)
STEP 5.
In this step we estimate F(K). By the additivity of F we obtain

;(K):f((j U Qj)zf(() U @j)w((] U @j).

i=1Q;€2; i=1Q;€2; i=h+1Q;€2;

Firstly let us suppose that ¢ € {1,...,h}. Then B(z;, R;) € C". Let us fix a

pair (Q;, B(x;, R;)). Since g; > 21%7%, we can apply Lemma [[1.39 and obtain

[F(Qi)] < 2", o, (F) (IL.16)

Using the fact that #Q; < ¢, the system {B(x1,71),..., B(zs, )} is a é-fine

packing and applying (I1.16[), (IL.8]) and (II.6)) we can estimate

h h
|J—" (U U Qj)| =2 2. [F(@))
i=1Q;€2; i=1Q;€2;
h
S ch2ng§:i,2Ri(‘/—-)
i=1
h
<2 Y or( @y, (F) + el Blai, 7ri))

i=1
< 2" (ere + ere|Ko|) = c2"ere(1 + | Ko).
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Secondly, let us fix s € N and set A :={i € {h+1,...,k}; B(z;, R;) € N*}.
Then, applying the fact that #2; < ¢, and inequalities (LL.10]), (II.12]), (LL.9),
(I1.15) and (II.13)) we obtain

|]:<U U Qj) <6, )UJ U Qj+€s( U U @ +1
I€EAS Q;€2; €A Q;€2; i€AS Q;€2;
<es+ 002" > RN+ > > Q)]
icAs i€A® Q;e2;
<es+0c0 Y R +eccc2" ' Y R
i€AS €A’

<eg+627° Fe4c.012" Heg +6) <2-27%.

Since the union U2, Uicas Ug,e2, @; has only finite number of nonempty
elements, we can use the additivity of F and we obtain

|F(K)| < e.2"re(1+ |Ko|) + EZQ*SH = e(ere2™(1 + |Ko|) + 2),

s=1
which completes the proof.
m
Remark 11.41. The indefinite packing R* integral of a function f with respect to
a charge ¢ depends linearly on f.

In the preceding, we were concerned with an indefinite packing R* integral of
a function f : R"™ — R. Now we will concentrate on a packing R* integral in A,
where A is a locally BV set.

Theorem 11.42. Let A C R" be a locally BV set and let a charge F be an
indefinite packing R integral of a function f : cl, A — R in A with respect to a
charge 4. Then F is also an indefinite packing R* integral of f in A with respect
to 9.

Proof. The proof follows from the fact that ¢;, < p5 .. O

Notation 11.43. Let A C R* and f : A — R be a function. Then f, denotes the
zero extension of f:

7= flx) ifze A,
470 ifad Al

The two following lemmas with proofs can be found in [I3, Lemma 2.5 and
3.7].

Lemma 11.44. Let F be a charge. Then for € > 0 there is an absolutely contin-
uous Radon measure p in R™ such that for each BV set E C B(0,1/¢),

[F(E)| < W(E) +eP(E).

Lemma I1.45. Let A € BV and € > 0. For each x© € ext. A, there is 6 > 0
such that every strongly e-reqular set E with x € cl, E and d(E) < 6 satisfies

P(ENA) < P(E\ A).
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The proof of the next theorem follows the lines of the proof in [I3, Lemma

3.8].

Theorem I1.46. Let F be a charge and A be an admissible locally BV set. For
giwven T € (0,1] and € > 0 there is a gage § : R" — [0, 00) such that

;€A ;€A
for each S-fine packing (B(z;, 1))k ;.

Proof. At first let us suppose that A is bounded. Let us fix € > 0 such that
A C B:= B(0,1/¢), where

s’::fifm. (IL.17)

By Lemma [[1.44] there is an absolutely continuous Radon measure p in R™ such
that

[F(E)| < u(E) + ¢ P(E)

for each £ € BV, EC B. Then there exists a compact K such that K C B\ A
and

1
w(B\A)\ K) < € (I1.18)
Applying Lemma [[1.45| to A¢, for each x € B Next. A°= B Nint. A we can find
d; > 0 such that B(z,d,) C B, and
P(E\ A) < P(ENA) (I1.19)

for each strongly e-regular set F with = € cl, F and d(F) < 6.

Making ¢, smaller, we may assume that K N B(z,d,) = ) for x € int, A.
Since A and is an admissible set, it follows that also A¢ is admissible and hence
int, A C A° and A° Next. A° = (). Let us set N := 0.A¢ = 9,A. Then N is
of o-finite Hausdorff measure .2#"~!, which follows from the criterion for finite
perimeter [6, p. 222]. Now we can define a gage 6 on R™ in the following way:

0 ifxeN,
d0(x)=41 ifx€ext.A,
0, if x € int, A.

Let us fix a d-fine packing (B(x;,7;))*_, and sets E;, where E; CC B(x;, 1),
E; € BV, (E;, x;) is e-regular and Fj is e-isoperimetric for each i = 1,..., k. By
the e-regularity of FE;, inequality ([1.19)) and definition of d, we obtain

1. x; € Nfori=1,... k;
2. BE;\AC (BN A%\ K when z; € int. A;

3. P(E;\ A) < (1/e)P(Ac in E;) when z; € int. A.
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Hence, using the inequality ([I.18) and the fact that packing is pairwise dis-
joint, we can estimate

> FENA) = > |[FENA)

;€A r;€inte A

< > wENA)+

x;€inte A

Spu(BNA\K) +

62

2P(A)

P(E;\ A)

Z P(Ac,in Ez) S

z;€inte A

DN ™
DN ™

€
2P(A)
Passing to the supremum we obtain

Z g;,‘rri (‘FLAC) < 87

T, €EA

which we needed.

We now turn to the case A is unbounded. Let us consider a sequence of balls
{B,,} which forms a locally finite covering of R". Choose € > 0. Let us fix m € N
and set A,, = AN B,,. Then A,, is a bounded admissible locally BV set and we
can use the previous step to find ¢, < 27™¢ and a gage J,, : R" — [0, 00) such
that

> Goprr(Flag,) <em

xiGAm

for every §,,-fine packing ((B(x;, ;)5 ;.
Further, let us set

6(z) := min{d,,(x): = € By}

It is easily seen that ¢ is a gage. Let us fix a 0-fine packing ((B(z;,7;))% ;. Then

0o
Y G (Flae) < 30 >0 @ (Flag,)
;€A m=1z;€EAp

00

< Z 27 Me =g,
m=1

which establishes the formula. )
Finally, we proceed similarly to find 6° which yields the second inequality and
set

§ = min{0,0°},
which gives both inequalities at the same time. O]

In the proof of the next theorem we are inspired by [13, Proposition 3.9].

Theorem 11.47. Let 4, F be charges, f € PR (Y) and let F be an indefinite
packing R* integral of f with respect to 9. If A is an admissible locally BV set,
then xaf € PR (Y) and F| 4 is an indefinite packing R* integral of xaf with
respect to 94 .
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Proof. Let us fix 7 € (0,1] as in Definition [II.33] and € > 0. By the definition of
packing R* integral and Theorem [I1.46| there exists a gage ¢ : R" — [0, 00) such
that for every d-fine packing (B(z;,7;))%, we have

quﬂ’l ‘F f CBZ) )<57

Z qzz Trz < € and Z qxz 7—7‘2 < €.
T, €EA T €A

Hence

k

Z o (Fla—f(wi)xa(z:)¥)

=1
Z q;vl,Tm ‘FLA + Z q$1 7'Tz

T, EA €A

< Z qii,‘rn(}—u_ + Z qxl i (F = f(z)9) + Z qxl — (Fla)

z; €A z;€A T €A

Z qxl Tr; ‘FLAC + Z qazz Tn F f xl + Z qmz 7'7‘1

;€A ;€A ;€A
< 3e,

which completes the proof. O]

Theorem 11.48. Let A be an admissible locally BV set. Then the charge F in
A is an indefinite packing R* integral of a function f :cl, A — R with respect to
a charge 9 in A if and only if F is an indefinite packing R* integral of f 4 with
respect to 4 in R™.

Proof. Let us suppose that F in A is the indefinite packing R* integral of f with
respect to & in A. Let us fix € > 0. Now let 7 € (0, 1] and a gage d; on cl, A be
as in Definition and let d, on R™ be as in Theorem Then let us fix a

d-fine packing (B(x;,7;))%_, and set

5— min{d;(z),d(x)} if x € cli A,
] 6a(2) if x € R™\ cl, A.

At first, let us consider the sum over x; € A. Since F in A is the indefinite
packing R* integral of f in A, we have

Z qml T’I’l ]: fA CL’Z Z qml Tm ]: - f(x’t)g) <Eé.

T, EA T, €A

Further, for the case z; ¢ A, we have by Theorem the estimate

Z qazl TT‘Z ]: fA Z qazl "

T, €A T, €A

Therefore we obtain

qul Tn F fA xl Z qxl Tn F_ L?A<xl)g) + Z (?;-,Tri(‘/—-‘_ }A(xl)g)

T, €A ;€A
< 2e.
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Hence F is the indefinite packing R* integral of f, with respect to ¢.

Conversely, let F be the indefinite packing R* integral of f, with respect to
¢. By Theorem it follows that F|4 is the indefinite packing R* integral
of f, with respect to ¢ in R™. In other words, for fixed ¢ > 0 there exists a
gage 0 : R — [0,00) such that 6 = 0 on cl, A\ A and for every d-fine packing
(B(z;,7))%_, we have

Z qxz Tn ]A(xz)g) < €.

By the uniqueness of packing R* integral we have F| = F and hence
Z ql‘z TTZ F f xl Z qxz Tn ‘F_ }.A(xl)g) <g,

z;€cly A T, €EA

which we needed.
]

Corollary 11.49. Let A be an admissible locally BV set and let a charge F be an
indefinite packing R* integral of a function f : cl, A — R in A with respect to a
charge ¢. Then, by Theorem , F is the indefinite packing R* integral of f ,
with respect to ¢, which is unique by Theorem [[1.40L Therefore the indefinite
packing R* integral in A is unique as well.

Further, let A be an admissible locally BV set and let a charge F be an
indefinite packing R integral of a function f : cl, A — R in A with respect to
a charge 4. Then F is also the packing R* integral of in A with respect to ¢
by Theorem [[I.42] Hence the uniqueness holds also for the indefinite packing R
integral in A.

Remark 11.50. Since the function f is defined on cl, A, the requirement that A
be admissible might seem to be unnecessary. This is really the case with 4 = L,
because sets of measure zero (such as AA cl, A) does not play a role in integration
with respect to Lebesgue measure. On the other hand, Lebesgue null sets cannot
be neglected in general. For example, the classical Cantor set cannot be neglected
for integration with respect to the Cantor measure in R, which is a charge by

Example [I1.24)(1).

Definition I1.51. Let A € BY be an admissible set, f : cl, A — R be a function
and F, ¢ be charges. We say that the number F(A) is a definite packing R*
integral of f over A with respect to ¢ if F is an indefinite packing R* integral of
f 4 with respect to ¢.

More generally: if A C R" is a bounded measurable set and F is the indefinite
packing R* integral of f 4 with respect to ¢, then the definite packing R* integral
of f over A with respect to ¢ is the number F(A’), where A’ € BV, A’ D Aisa
bounded admissible set.

The family of all functions packing R* integrable with respect to 4 over A is
denoted by R*(A,9).

Remark 11.52. The integral does not depend on the choice of A’. Indeed, let A’
and A” be bounded admissible BV sets. Since f, - xar = f4 - Xa, by Theorem
m and by the uniqueness of the packing R* integral we obtain F| = F|ar.
Then .F(A’) = .F\_A/ (A/ U AH) = .FLA//<A, U AH) = .F(AH)
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Remark 11.53. Let A € BV be an admissible set, ¥ be a charge and f €
PR*(A,9). Let F be the indefinite packing R* integral of f in A with re-
spect to 4. Then the definite ZZR* integral of f over A with respect to ¢ is just
F(A). This fact follows from Theorem [[T.48|

Remark 11.54. 1f f is a merely an indefinite packing R* integrable function, it
does not make sense to define the definite integral over unbounded sets in general.
If we want to set up the definite integral over an unbounded set, we must suppose
some additional limiting behaviour of the indefinite integral at infinity. There are
several nonequivalent ways how to do it and we do not pursue this direction.

Remark 11.55. Let A C R" be a bounded measurable set and let f: A — R be a
Lebesgue integrable function. Then f , is also a Lebesgue integrable function.
Then there exists an indefinite packing R* integral of f, with respect to

Lebesgue measure. Hence the definite packing R* integral of f over A is well
defined.

In the following theorem, we will focus on the convergence of a sequence of
sets. The importance of this property will be demonstrated in Section [[I.7] The
proof uses ideas from Pfeffer and Maly in [I3, Theorem 3.20].

Theorem I1.56. Let A be a bounded admissible BV set, ¢ and F be charges and
let f:R" — R be a function. Let {A;}32, be a sequence of bounded admissible
BV sets such that A; C A for j = 1,2,... and A; — A in BY. Further, let
fxa;, € PR and F|a, be an indefinite packing R* integral of fxa, with respect
to & with constants 7; as in Definition [IL.33, Let inf; 7; > 0. Then there exists
an indefinite packing R* integral of fxa with respect to G and is equal to F| 4.

Proof. Let us fix 7 = inf; 7; and let us denote N := A\ U;2; A;. Then N is
of o-finite "1 measure (see [I7, Cor. 6.2.7]). Let us choose ¢ > 0. Since
Torr < @y for 7 < 7', we can by the definition of packing R* integral and
by Theorem for j € N find a gage ¢; such that for each d;-fine packing
(B(z4,7;))¥_, we obtain

S G (Fla,—f(2:1)9) <27 (11.20)
CEieAj
and
D Ty (Flag) <277, (IL.21)
Ti€A;

Further, for z € Uj2; A; let us set j, 1= min{j € N;z € A;}. Now we can
define a gage

0 ifx € N.

By Theorem it is enough to show that F| 4 is the indefinite packing R*
integral of f in A with respect to ¢. Let us choose d-fine packing (B(z;,7;))5;,
x; € A, and denote j; := 7,,. Using the additivity of F and estimates and
we can for fixed p € N estimate

(@) = {5].1(1-) ifzeUs, A

Yo G Fla—f@)9) < Y G (Fla,—f(@)9) + G, -0, (Flava,)
Zi:Ji=p Ti:ji=p
< g2 Pt
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Summing over p we obtain

SN G (Fla—f(z)9) <> e =2,
p=1z;:5;=p =1

which completes the proof.

[]

Definition I1.57. Let A C R” be a locally BV set and let f : cl, A — R and
u € C(A,R") be functions. Further, let a charge F be the flux of u in A. We
say that f is a generalized divergence of u in A if F is an indefinite packing R*
integral of f in A. The generalized divergence of u will be denoted by Div u.

The following three definitions was mentioned by Pfeffer in Chapters 2.3 and
2.5 of [17].

Definition I1.58. Let A C R™ be a measurable set and let x € ANint, A. A
map u: A — R" is called differentiable at x relative to A if there is a linear map
L : R™ — R" such that for given € > 0 there exists a 6 > 0 so that

lu(y) —u(z) — Ly — =) < ely — x|

for each y € AN B(x,d). The linear map L is called the differential of u at x
relative to A and is denoted by Dau(z).

Let x € int, A and u : cl, A — R™ be a vector field. Let u be differentiable
at x relative to cl, A. The divergence of u at x relative to cl, A is the number
div,u(z) := tr Dg, au(z), where tr D, g4u(z) denotes the trace of the matrix
representation of the linear transformation Dy, s4u(z) : R™ — R™.

By divu we will denote the pointwise divergence defined on interior points

of A at which u is differentiable. Especially, div, u = divu whenever divu is
defined.

Definition I1.59. Let F be a charge and let x € R™. Then for n > 0 we define

_F(E — , F(E)
D = f d D = inf
D, F(z) supinf == an nF (@) = infsup G

where E' € BV such that d(EU{z}) < 6 and r(E,z) > n.
The lower and upper derivative of F at x are defined as

DF(z):=inf D, F(x) and DF(z):=supD,F(z).

>0 >0
We say that F is derivable at z, if
DF(x) = DF(x) # +cc.
The derivative of F at x is then defined as DF(z) := DF(x) = DF(x).

Definition I1.60. Let E be a locally BV set, u: cl, £ — R" be a bounded Borel
measurable vector field and F be the flux of u. If F is derivable at z € int. F,
we call the number divu(x) := DF(x) the mean divergence of u at .
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Applying the inclusion between R integral and packing R* integral we can
state sufficient conditions for existence of generalized divergence. For further
details see [17, Example 2.3.2, Remark 2.5.9, Theorem 5.1.12, Proposition 2.5.7
and Corollary 5.1.13].

Proposition I1.61. Let A be a locally BV set and u € C(A,R"™).

1. If A =R" and u is differentiable in R"™, then divu is a generalized diver-
gence of u.

2. Ifu is differentiable relatively to cl, A on int. A, then div, u is a generalized
divergence of u.

3. If u is differentiable relatively to cl, A on int. A, then divu is a generalized
divergence of u.

4. If w is Lipschitz on cl, A\ T, where T is of o-finite Hausdorff measure
A" then div,u is a generalized divergence of u.

Theorem II1.62 (Gauss-Green divergence theorem). Let A C R™ be a bounded
BV set, letu € C(A,R"™). Let us suppose that there exists a generalized divergence
Divu in A. Then

/Divu(x)dx:/ u-vadA"
A . A

where the integral on the left is the definite packing R* integral.

Proof. Since |[AA cl, A| = 0, it is enough to show that [, ,Divu(z)dr = [y 4u-
vadA ! (see Remark . Let F denote the indefinite packing R* integral of
Divu in A. Since F is the flux of u in A, we have F(A) = [, yu-vads#" . By
Theorem [[T.48 we obtain [, , Divu(z)dx = F(A), which completes the proof.

[

II.6 R integral

In this section we will introduce Pfeffer’s R integral described in [I7]. For easier
comparison of integrals we use the characterization of R integral [I7, Proposition
5.5.6] rather than original definition.

Definition I1.63. A BV partition is a system of couples {(Ay, x1), ..., (Ag, zx)}
of pairwise disjoint bounded BV sets A; and points xz; € R" fori =1,... k. It
is not required x; € A;.

Definition I1.64. Let A be a locally BV set and F, 4 be charges in A. Let f be
a function defined on cl, A. We say that F is an intrinsic indefinite R integral of
f in A with respect to ¢ if for given € > 0 we can find a gage J : cl, A — [0, 00)
so that

<e€

> |F(A4) = ) (A)

for each e-regular é-fine BV partition {(Ay,21),..., (A, zx)} with U, 4, € A
and x; €cly,Afori=1,... k.
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The family of all R integrable functions in A with respect to ¢ is denoted by
R(A,¥9). The family of all R integrable functions in A with respect to Lebesgue
measure is denoted just by R(A).

Remark 11.65. The intrinsic indefinite R integral is well defined, unique and linear.
For the proof and other properties see [17, p. 211-213].

Definition I1.66. Let A be a locally BV set and F, ¢ be charges in A. Let f
be a function defined on cl, A. We say that F is an indefinite R integral of f in
A with respect to ¢ if for given € > 0 we can find a gage J : cl, A — [0,00) so
that

k
S| F(A) = fa)9(A)| < e
i=1
for each e-regular d-fine BV partition {(Ay, 1), ..., (Ax, %)} with z; € cl, A for
i=1,...,k (We do not require that A; C A.)

The family of all R integrable functions in A with respect to ¢ is denoted by
IR(A,9).

Remark 11.67. Let us remark that our terminology slightly differs from that used
in [I7]. Namely, what we call “intrinsic indefinite R integral in A” is termed
simply “indefinite R integral” in [I7]. Furthermore, in [I7] it is distinguished be-
tween the R integral (with respect to Lebesgue measure) and .# integral (Stieltjes
version; with respect to an arbitrary charge).

Lemma I1.68. Let € > 0 and A C R" be an e-reqular bounded BV set. Then

[diam(A)]" < —c|A|, where ¢ = ¢(n) is a constant depending only on n.
Proof. Since A is e-regular, we have diam(A)P(A) < Z|A|. Further, by the

isoperimetric inequality (see [I7, Theorem 1.8.7]) we have |A|"+ < p(n)P(A),

where p(n) is a constant depending on n. Thus

1 1 n n
diam(4)P(4) < ~|A| < Zp(n) 75 P(A)7.

Hence
1

gn—l
1

8n71p
1

gnflp

1
470L4L
en

diam(A)" "' P(A)"™t < ——p(n)"P(A)",

diam(A4)" ! <

(n)"P(A),

diam(A)" < (n)"P(A)diam(A)

IN

where ¢ = p(n)". O

Theorem 11.69. Let A be a locally BV set, F, 4 be charges in A. Let f be a
function defined on cl, A. If F is an intrinsic indefinite R integral of f in A with
respect to 4, then F is also an indefinite R integral of f in A with respect to 4.

Proof. Let us choose ¢ € (0,1/(cay,)) and set & = (1 — cane)/(1 + ¢), where
¢ =c(n) is as in Lemma [I1.68] Let us find a gage d; : cl, A — [0, 00) so that

/

<€

; “F(Ai) — [(z:)9 (A;)
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for each &’-regular 6;-fine BV partition {(Ay,z1),..., (A, 7))} with U%_, A; C A
and r; €cly,Afori=1,... k.
Further, for each = € int. A let us find R = R(z) > 0 such that for every

r < R we have
P(A, B(x,r)) <"yt (11.22)

Since int. A C int, A, for every « € int, A we can find R’ = R'(z) > 0 such
that

B\ Al < "1B] (I1.23)
for every B = B(z,7), r < R/
Now let us define
5( 0 if z € cl, A\ int. A,
xr) =
min{d;(z), R(x), R'(xz)} if z € int, A.

Since the set cl, A\int. A is of o-finite 7"~ Hausdorff measure (see [17, Theorem
1.8.2] and [I8, Proposition 7.3.1]), 0 defines a gage.

Let us fix an e-regular o-fine BV partition {(Ay,x1),..., (Ax, xx)} such that
x; €int, A for i =1,..., k. We need to show that

<eE.

; |F(A) = 29 (A)

Letusset A; = A;NA,i=1,...,k. Then {(A},x1),..., (A}, xx)} is obviously
a o-fine BV partition. We need to show that the system {(A}, x1),..., (A}, =)}
is €’-regular.

Let us fix ¢ € {1,...,k}. Since (A;, x;) is e-regular, we have

Further, let us find a minimal ball B = B(x;,r) with the property that A; C B.
Then r < §(x).
By Lemma there exists a constant ¢ such that

cou,

Then applying ([1.23)) we can estimate
| Ail < [A; N Al |A; \ A
<|A;,NA|+ |B\ A
<|A;N A+ B|

Hence
(1 — cane)|Ail < |A; N A (IT.24)

73



Applying ([1.22)), (11.24]) and Lemma [I[1.68| then gives

1
< Z|Ai] + diam(A; U ()11

1
< g|Ai\ + " Hdiam(A4; U {x;})]"

1 ¢
< ( + ) | Al

e €

I+c
e(1 — caye)
1

€

Thus the system {(A},x1),..., (A} xx)} is 6-fine &'-regular BV partition.
Since F and ¢ are charges in A, we have F(A;) = F(A)) and 9(A;) = Y(A)
for « = 1,..., k. Further, since F is the intrinsic indefinite R integral of f with
respect to ¢, we can estimate

< |Ai N Al

<é <e,

; ‘f(Ai) - f(xz)g(Az)

= Z F(A) — f(x) 9 (A}

which completes the proof.
O

Corollary 11.70. Let A be a locally BV set, F, ¢ be charges in A. Let f be a
function defined on cl, A. Then F is an intrinsic indefinite R integral of f in
A with respect to ¢ if and only if F is an indefinite R integral of f in A with
respect to ¥.

Theorem I1.71. Let A be an admissible locally BV set, F, 4 be charges in A.
Let [ be a function defined on cl, A. Let F be an (intrinsic) indefinite R integral
of f in A with respect to 9. Then F 1is also an indefinite packing R integral of f
in A with respect to 9.

Proof. Let us set 7 := 1. Now let us choose ¢ > 0 and find a gage 0 as in

Definition [I1.66| Let us fix a d-fine packing (B(z;,7:))%,, z; € cl, A. We need to
show that

k
i=1
where p; .(F) = sup {|F(E)[; E CC B(x,r), E € BV, (E,x) is e-regular} .
Now, let us fix test sets E; such that FE; CC B(z;,1;), E; are BV sets and

(E;, x;) are e-regular for i = 1,..., k. Obviously, the system {(E;, x;)} is e-regular
0-fine BV partition and hence by Definition [[I.66| and Theorem [[I.69] we have

; \F(E;) — f(z)9(E)| <e.

Passing to the supremum we obtain

k
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II.7 GR integral

It can happen that a function which is R integrable in sets A; and A, is not R
integrable in their union. Also, R integrability is not closed with respect to BV
convergence of sets. To correct this deficiency, Pfeffer [17] extended the definition
of the R integral. Fortunately, the construction based on the closure with respect
to BV convergence of sets solves automatically the problem of additivity. The
result of this construction is called GR integral (the generalized Riemann inte-
gral). Using our Theorem we show that also this GR integral is contained
in our packing R* integral.
Notation 11.72. Let f be a function whose domain contains a locally BV set E
and let F be a charge.

Then we denote by R(f, F, F) the family of all bounded BV sets A C F such
that fy4 belongs to R(A) and the charge F| 4 is the indefinite R integral of fx 4.

Further, let us denote R(f,F,E) the minimal system of bounded BV sets
containing R(f, F, F) and closed with respect to convergence in BY.

Definition I1.73. Let f be a function defined on a locally BV set E. We say
that a charge F is an indefinite GR integral of f in E if R(f,F,E) = BV(E),
where BV(E) = {A € BV; A C E} . The family of all GR integrable functions
in £ is denoted by GR(E).

Remark 11.74. The indefinite GR integral is well defined, unique and linear. For
further details see [17, Sec. 6.3].

The next theorem with proof can be found in [17, Proposition 6.3.12].
Theorem I1.75. Let E be a locally BV set. Then

1. If n =1, then R(E) = GR(E).

2. Ifn>2 and int E # 0, then R(E) C GR(E).

Theorem I1.76. Let E be a bounded admissible BV set. Then GR(E) C

Proof. The proof follows from Theorems [[1.42] [[I.71] and [[1.56] O]

I1.8 'R* integral

The R* integral was introduced by Maly and Pfeffer in [13]. It is an alternative
approach to overcome drawbacks of the R integral. Moreover, in R! this integral
coincides with the Henstock-Kurzweil integral.

Definition I1.77. Let ¢ > 0. We say that an e-regular BV partition {(Ay, z1), ...,
(Ag, zx)} is strongly e-reqular if A; is e-isoperimetric and x; € cl, A; for i =
1,...,k.

Definition I1.78. Let A C R" be a locally BV set. We say that a charge F in
A is an indefinite R* integral of a function f : cl, A — R in A with respect to a
charge ¢ if for given € > 0 we can find a gage 0 : cl, A — [0, 00) so that

k

Z ‘f(Ai) - f(xl)g<A’L>

i=1

<€
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for each strongly e-regular d-fine BV partition {(Ay,z1),..., (Ax, xx)}.

The family of all R* integrable functions in A is denoted by R*(A,%¥). The
family of all R* integrable functions in A with respect to Lebesgue measure is
denoted just by R*(A).

Remark 11.79. It is easily seen that for an admissible BV set E' we have R(E) C
R*(E).

Theorem I1.80. Let A C R" be a locally BV set. Let a charge F be an indefinite
R* integral of a function f :cly A — R in A with respect to a charge 9. Then F
1s also an indefinite packing R* integral of f in A with respect to 4.

Proof. Let us set 7 := 1. Then let us choose € > 0 and find a gage § as in

Definition [L78]
Let us fix a d-fine packing (B(x;,7;))r,, 7; € cl, A. We need to show that

k
Z TTz‘F fm’b) )<€7

i=1
where
¢ (F)=sup{|F(E); E CC B(z,r),E € BV, x € cl, E, (E, z) is e-regular
| and e-isoperimetric}.
Now let us fix test sets E;, E; CC B(xy, 1), x; € cly Ey, E; is BV and (E, z)
is e-regular and e-isoperimetric for ¢ =1,... k.

Obviously, the system {(E;, x;)} is strongly e-regular §-fine BV partition and
hence by Definition [[I.78 we obtain

k

Z \F(E;) — f(x:)9(E;)| < e.

i=1

Passing to the supremum we obtain

Z qxl Tn ':E )g) <e.

]

Remark 11.81. Let E be an admissible locally BV set. Then GR(E) C R*(E).
The inclusion follows from [I3, Corollary 3.18] and [I3, Theorem 3.20]. An ex-
ample of function which is R* integrable but not GR integrable can be found in
[15, Example 6.9] and [I5 Proposition 10.8].

II.9 Henstock-Kurzweil-Stieltjes integral

In the next two sections we will investigate packing R and packing R* integral on
the real line. For this purpose let us note that a charge F in R! can be identified
with an “ordinary” function F' through the relation F ((u,v)) = F(v) — F(u).
Since for those integral F is supposed to be a charge, in the view of Example
F is continuous.
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Definition I1.82. Let [a,b] C R! be a compact interval. A finite collection
([as, bi), &)1, of tagged intervals is called a subpartition of [a, ] if intervals [a;, bi]
are nonoverlapping and §; € [a;, b;] for every i =1,... k.

A function ¢ : [a,b] — (0,00) is called a positive gage. We say that a subpar-
tition is J-fine if |bl — (li| < 5(51)

Definition I1.83. Let f, G, F : [a,b] — R be functions. We say that F' is the

strong Henstock-Kurzweil-Stieltjes integral of f with respect to G if for every

e > 0, there exists a positive gage ¢ : [a,b] — (0,00), so that for every J-fine
.\ k

subpartition ([a;, b;],&;),_, we have

k

STIE () — Fla) — f(E)G(b) — Ga))] < e.

=1

In the case G is the identity function we say that F' is just the strong Henstock-
Kurzweil integral of f.

The families of all strongly Henstock-Kurzweil-Stieltjes integrable functions
on [a, b] with respect to G and all strongly Henstock-Kurzweil integrable functions
on [a, b] are denoted by HK S([a,b],G) and H K ([a,b]), respectively.

Definition I1.84. Let f,G, F : R — R be functions. We say that F'is the indef-
inite Henstock-Kurzweil-Stieltjes integral of f with respect to G if F' is the strong
Henstock-Kurzweil-Stieltjes integral of f with respect to G on every compact
interval [a,b] C R.

In the case G is the identity function we say that F' is just the indefinite
Henstock- Kurzweil integral of f.

The families of all Henstock-Kurzweil-Stieltjes integrable functions with re-

spect to G and all Henstock-Kurzweil integrable functions are denoted by
HKS(R,G) and HK (R), respectively.

The proof of the following proposition can be found in [I3, Proposition 3.6].

Proposition I1.85. Let f : R — R be a function. Then f is R* integrable
with respect to Lebesque measure if and only if f is strongly Henstock-Kurzweil
integrable on every compact interval [a,b] C R.

Applying Theorem [[1.75], Remark |[[.81] and Proposition [[[.85] we obtain the
following theorem.

Theorem I1.86. R(R) & HK(R).

I1.10 MC and MC, integrals

In this section we will introduce MC and MC,, integrals. The monotonically
controlled Stieltjes (M C) integral was defined by Bendova and Maly in [3]. The
theory of the MC, integral with respect to Lebesgue measure was further de-

veloped by Ball and Preiss in [2]. Their ideas will be used in the proofs of
Propositions |I1.89 and [[1.90]
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Definition II1.87. Let o > 0 be a real number and f, F, G : R — R be functions,
let G be continuous. We say that F is an indefinite MC,, integral of f with
respect to G if there exists a strictly increasing control function ¢ : R — R such
that for each x € R we have

i Flo 4 h) = F(a) = f()(G(e + h) — G(x))

n (@ + ah) — p(a) =0

The families of all M, integrable functions with respect to G and all MC,
integrable functions with respect to identity function are denoted by MC,(G)
and MC,, respectively.

Especially, if a = 1, we say that F' is an indefinite MC' integral of f with
respect to G. We write MC(G) = MCy(G) and MC = MC,.

Remark 11.88. In Definition the control function ¢ can be chosen to be
bounded. (See [3, Lemma 1].)

Proposition I1.89. Let o > 0 and let f,F,G : R — R be functions, let G be
continuous. If F' is an indefinite M C,, integral of f with respect to G, then F is
continuous.

Proof. Let us fix e > 0 and = € R. We need to find ¢ such that for every |h| < o
we have

|F(z+h) — F(z)| <e.

Since G is continuous at x, we can find ; such that for every |h| < d; we have
|G(z+ h) — G(x)| < e. Further, since F' is the indefinite M C,, integral of f with
respect to G, there exists a strictly increasing control function ¢ : R — R and a
d < 67 such that for every |h| < 0 we have

’Fu+hy<mm—fuMG@+h%*%@><a

p(x + ah) — o(z)
Applying Remark we can assume that there exists a constant M such that

lo(x)| < M for every z € R.
Hence

[F(z +h) — F(z)]
< |F(x +h)— F(x) — f(x)(G(x + h) — G(x))
B ¢z + ah) — o(z)
+[f(2)(G(z + h) — G(z))]
<e(2M + f(x)).

wm+am—wmw

[]

Proposition I1.90. Let 0 < o < 8 be real numbers, f, F,G : R — R be functions
and let G be continuous. If F is an indefinite M C,, integral of f with respect to
G, then F is also an indefinite M Cp integral of f with respect to G.

Proof. The proof follows from the fact that for 0 < oo < 8 we have |¢p(z + ah) —
p(@)| < lp(x + Bh) = p(z)| for h € R. O
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The two following theorems can be found in [2, Theorem 3].

Theorem I1.91. For every o > 2 there exists a function which is not MC,,
integrable but is MCg integrable for every 5 > o.

Theorem I1.92. Let o > 2. Then MC' is a proper subspace of MC,.
For the proof of the next theorem see [2, Theorem 3].
Theorem I1.93. Let a € [1,2]. Then MC = MC,,.

Theorem I1.94. Let G, F, f : R — R be functions. Suppose that G is continuous.
Then F' is an indefinite M C' integral of f with respect to G if and only if F' is an
indefinite Henstock-Kurzweil-Stieltjes integral of f with respect to G.

Proof. For the proof and further details see [3, Theorem 3| and [2, Theorem
17]. O

Theorem I1.95. Let o > 1, G, F, f : R — R be functions. Suppose that G is
continuous. Let F' be an indefinite M C,, integral of f with respect to G. Further,
let F and 9 be charges induced by F and G in the sense of Example[I.2] Then
F is also an indefinite packing R integral of f with respect to 4.

Proof. First, let us note that F' is continuous by Proposition [[[.89, Hence it is
legitimate to use the term charges for the set functions F and ¢ constructed as
in Example [[1.24]

Let us set 7 := 1/a. Further, let us fix ¢ > 0 and write ¢’ := 2. Since f
is MC, integrable, there exists a strictly increasing function ¢ : R — R with
the following property: for each = € R there exists d(z) > 0 such that for every
|h| < 0(x) we have

|F(x+h) — F(x) — f(2)(G(z + h) — G(x))| < &'|e(x + ah) — p(z)|. (I1.25)

Moreover, by Remark we can suppose that there exists M > 0 such that
o] < M.
We need to show that for fixed d-fine packing (B(z;,7;))¥_,, we have

Zp@’rm ‘F f xl) ) 57

where p5. . (F) =sup{|F(E)|; E CC B(wx;,mr;), £ € BV, (E, ;) is e-regular} .

Let us fix i € {1,...,k} and a test set E; € BV such that E; CC B(x;, ;)
and (E;, x;) is e-regular. In other words, E; = Ué-izl(a;, b%) is a finite union of dis-
joint nondegenerate intervals in B(z;, 7r;) (up to a Lebesgue null set). Moreover,
since Ej; is e-regular and J#° is the counting measure, we estimate

1 | E;

> > €
Bl — d(E; U {z:})|| il

and .
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Let us set m to be the greatest natural number such that m < 1/(2¢). Then
l; <m <1/(2).

Further, since for each a} and b}, i = 1,...,k and j = 1,...,l;, we have
|a) — x;] < 0(x;) and b} — x5 < 6(xy), by and the fact that ¢ is increasing
we have the estimates

F (0) = Fla:) = fa) (G — Gla))| < ' (w4 73) — plai — 7))
and
[F(aj) = F(w) = flae) (Gla5) = Gla)| < 'l (s +70) = ol = 7).

Moreover, since the system (B(z;,r;))r_, is pairwise disjoint and ¢ is strictly
increasing and bounded, we have
k

SR — Flal) — f(2)(G() — Ga))

i=1

< L[F0) - Fla) - f@)(GH) - Gla)

+ |Fa}) = Fla:) = f(2:)(G(d)) ~ Gla) (I1.26)
< ;25’ lo (@i +13) — pla; —15)]
< 2 (p(ap + 1) — (a1 —11))
< 4e'M.

Let us denote L := max;l;. For j € {1,...,L} let I; be the set of indices
i€ {l,...,k} for which [; > j. Then applying estimates in (II.26)) we obtain

i=1 ilj 1

’Ll]

‘F (a}) = Flw) = f@)(G(a)) = Gla)
< 3SR () - Fwi) - f@)(GE) - Glan)
+[F(@) = F@) = f(2:)(G(a}) = Gla)|
4e* M

=2Me.

L
<> 4e'M = 4L’ M <
j=1

Finally, passing to the supremum we obtain

prm (F — f(z)¥9) < 2Me,

which we needed.
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II.11 Summary of relations

Let A C R" be an admissible locally BV set. The relation between classes of
integrable functions in A is shown in the following diagram.

IR ¢ YR ¢ R*

Il N

R ¢ PR c IR

The strictness of the inclusion ZR C ¢4R holds for n > 2 and can be found in
Theorem and Corollary the case n = 1 is discussed below. The
fact that ¥R C R* is mentioned in Remark [[I.81] Corollary shows the
equality of ZR and R. The relationship R C R is described in Theorem [[I.71}
Theorems [[1.86], [1.95] and [[T.94] show that this inclusion is strict. The inclusion
PR C PR* is proved in Theorem [[[.42] Theorem [[I.80| proves the inclusion
R* C PR*, the fact, that this inclusions is proper follows from Theorems [[1.95]
and Proposition

In the case A = R, we can compare integrable functions in the following way.

9R - R ¢ HK = MC < MC; ¢ PR c PR

R* MC,

The equality GR = R is described in Theorem and the inclusion
R C HK in Theorem[[1.86] The fact that H K integral coincides with R* integral
can be found in [[I.85 Theorem shows the equality HK = MC'. Theorem
11.93| proves the equality MC = MC,, for a € [1,2]. The inclusion MC C MCy
for 3 > 2 is proved in Proposition [[1.90] the fact, that this inclusion is proper is
shown in Theorem The relationship MCs C ZR (not only) for § > 2 is
proved in Theorem [[1.95] and [T.91] Finally, the inclusion R C PR* is shown
in Theorem [T.42]
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III. On a generalization of
Henstock-Kurzweil integrals

KRISTYNA KUNCOVA, JAN MALY
In: Accepted to Math. Bohem.

ABSTRACT. We study a scale of integrals on the real line motivated by the
MC, integral by Ball and Preiss and some recent multidimensional construc-
tions of integral. These integrals are non-absolutely convergent and contain the
Henstock-Kurzweil integral. Most of results are of comparison nature. Further,
we show that our indefinite integrals are a.e. approximately differentiable. An
example of approximate discontinuity of an indefinite integral is also presented.

III.1 Introduction

The Riemann approach to integration of a function f: I — R is based on limits
of sums .

Z f(@i)(bi — ai),

i=1
where {[a;, b;], 2}, is a complete tagged partition of the interval I. By this we
mean that the intervals [a;, b;] are nonoverlapping, their union is I and z; € [a;, b;].
The improvement by Henstock and Kurzweil consist in the requirement that the
partitions are J-fine for some gage d. This trick makes the class of integrable
functions much wider, in particular, the Henstock-Kurzweil integral extends the
Lebesgue integral and integrates all derivatives.

By the Saks-Henstock lemma, the corresponding indefinite integral F' of f is

characterized by smallness of the sums

m

D UIF(b) — Flag) — f(a:) (b — as)],

i=1

for this {[a;, b;], x;}!™, can be an “incomplete” partition, we omit the requirement
concerning the union of the intervals [a;, b;]. Throughout this paper, the term
partition will always refer to an incomplete partition.

The aim of this paper is to study a scale of non-absolutely convergent integrals
which includes some integrals introduced recently. The common feature of these
new integrals is that we estimate the expression |F(y) — F(z;) — f(z;)(y — ;)|
on the partition intervals [a;, b;] whereas their multiples denoted as (a;, b;) are
assumed to be pairwise disjoint.

A multidimensional modification of this idea is to estimate the expression
|F(y) — F(x;) — f(x;)(y — x;)| on balls B(x;,r;) and to assume that the multiples
B(z;, ar;) are pairwise disjoint. This leads to the so called packing integrals in
[28], [24], [15], [23], investigated in Euclidean or even metric spaces. A natural
question arises what happens with these integrals if we consider them in the
one-dimensional situation.
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On the other hand, we want also to include a scale of one-dimensional mono-
tonically controlled integrals studied by Ball and Preiss in [I]. The monotone
control is a descriptive approach introduced in [2] which gives an alternative to
Riemann-type constructive definitions.

We introduce the scales of H K? integrals and centered H K? integrals. They
are based on partitions {[a;, b;], z;}1,. The parameter « says that the a-multiples
of the partition intervals are assumed to be pairwise disjoint. The parameter p
is the Lebesgue exponent of the LP-norm used to measure the p-oscillation of the
expression |F(y) — F(x;) — f(z;)(y — x;)| in [a4, b;). If the parameter p is skipped
or is equal to the symbol C, it means that the supremum norm is used instead.
Precise definitions are in Section [IL.3

All integrals considered here are investigated as indefinite integrals. Definite
integrals can be introduced as increments of indefinite integrals.

We show that the HK, integral is exactly the MC, integral of Ball and
Preiss [1I] (Theorem [[IL.14). Therefore the results of [1] formulated in terms
of MC, integrals can be applied to the scale of HK,-integrals as well. The
centered HK, integral is the one-dimensional a-packing BV integral from [23]
(Theorem [[I1.42)). The centered H K} integral is the a-packing Lip integral from

[24] (Theorem [II1.35]).

Further, we show that the classes of H KP-integrable functions are distinct
for different p (Theorem and that the classes of centered H KZ-integrable
functions differ from uncentered ones (Theorem [[11.22)).

As shown in [I], the class of HK, integrable functions contains the class
of Henstock-Kurzweil integrable functions, and the inclusion is strict if a > 2.
Thus, also the classes of HK? integrable functions contain the class of Henstock-
Kurzweil integrable functions and the inclusion is strict if & > 2, or p > 1, or the
centered version is considered.

There is a huge variety of non-absolute convergent integrals which also contain
the Henstock-Kurzweil integral strictly. The most famous of them is the Denjoy-
Khintchine integral [7], [21]. Hence it is interesting to compare the Denjoy-
Khintchine integral with integrals of our scale. For the HK, integrals it has
been done in [I], we extend it to the entire scale. The result is that there is no
inclusion between (centered or uncentered) H K?-integrable functions and Denjoy-
Khintchine integrable function (with the exception of the case of uncentered H K,
for a < 2). See Theorem [[I1.19]

The new non-inclusion is that the H K?-integral is not contained in the Denjoy-
Khintchine integral. But much more is true. There is a variety of so called ap-
proximately continuous integrals, with the property that the indefinite integral is
approximately continuous, see e.g. [4], [22], [40], [9], [I0]. Also these integrals do
not contain the packing integral in view of our Theorem[[T[.28 It shows that there
is a function f on R such that its indefinite HK? integral is not approximately
continuous at the origin.

Most of our results concern comparison of various classes of integrable func-
tions. To make the list of main results of the present paper complete, let us men-
tion Theorem which states that each (centered) H KP-integrable function
f is at almost every point the approximate derivative of its indefinite (centered)
H K?-integral.

The motivation to study nonabsolutely convergent integrals originates from
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the task to integrate all derivatives and all Lebesgue integrable functions simulta-
neously. Similarly, the motivation for the multi-dimensional nonabsolutely con-
vergent integrals comes from the task to integrate all divergences or even “gen-
eralized divergences” and pass to an application to the divergence theorem. A
brief account of the history is postponed to the last section.

II1.2 Preliminaries

The open ball in R™ with center at = and radius r is denoted by B(z, ), whereas
B(z,r) stands for the corresponding closed ball. If E is a set, yx denotes the
characteristic function of E. The symbol |E| means the (outer) Lebesgue measure
of a set £ C R™. The identity function x — z on an interval I is denoted by
Id. If © C R™ is an open set, the symbol D(S2) stands for the set of all infinitely
differentiable function with compact support in €2. A collection of intervals is
said to be nonoverlapping if their interiors are pairwise disjoint.

I11.2.1 Regulated functions

We say that F': [a,b] — R is a regulated function if all one-sided limits of F' exist
and are finite. The space of all regulated functions equipped with the supremum
norm is a Banach space. See [32] for details.

I11.2.2 Approximate limit and derivative
We say that x € R is a density point for a set £ C R if

— E
@ ra )\ B

r—0+ or 0.

Let I C R be an open interval. We say that a value A € R is an approximate
limit of a function F': I — R at a point x € [ if for each € > 0 there exists a set
E. C I such that z is a density point of E. and |F'— A| < € on E.. Approximate
derivative is defined as the approximate limit of difference quotients. See e.g. [41]
VIL.3] for details.

I11.2.3 Denjoy-Khintchine integral

For the description of the Denjoy-Khintchine integral we use the equivalent defi-
nition according to [41], which follows the descriptive idea of Luzin [27].

Definition IIL.1. Let I = (a,b) be an open interval. A function F': [ — R is
said to be AC (absolutely continuous) on a set £ C I if for each € > 0 there exists
§ > 0 such that for each finite sequence ([a;, b;])7; of nonoverlapping intervals
with endpoints in £ we have

m

Sy —ay) <6 = 3 |F(b;) — Flay)| <<

j=1 j=1

We say that F'is ACG (generalized absolutely continuous) on I if F' is continuous
on I and there exists a sequence (Ey), of subsets of I such that I = U, Ej and
F'is AC on each Ej,.
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Given a function f: I — R, we say that F': I — R is an indefinite Denjoy-
Khintchine integral of f if F'is ACG on [ and f is the approximate derivative of
Fae.

Remark 111.2. Every ACG function has an approximate derivative almost every-
where and therefore it acts as its indefinite Denjoy-Khintchine integral, see [41],
VII, Theorem 4.3].

I11.2.4 Oscillations

Definition IT1.3 (Oscillations). Let [a,b] C R be a closed interval and p € [1, oo.
We define the p-oscillation of a measurable function F': [a,b] — R as

0sc,(F, [a,b]) = (b — a) " Pinf{||F — ¢||r(as) : ¢ € R} (IT1.1)

Here and in the sequel 1/p =0 if p = oc.
The ordinary oscillation

osc(F, [a,b]) = osco(F, [a,b]) := % sup |F(y) — F(z)|

z,y€la,b]

differs from osc,, in the aspect that it does not neglect Lebesgue null sets. The
subscript C' refers to the space of continuous function and the somewhat unusual
factor % is an output of the usage of the supremum norm instead of the LP-norm
in . To simplify the presentation, we consider the symbol C' as a possible
value of p and 1/p is 0 for p = C. This convention will be used to include the
choices of oscillation all at once.

Remark 111.4. Observe the elementary but useful inequality
la,b] C [A, B] = (b—a)"? osc,(F,[a,b]) < (B — A)YPosc,(F,[A, B]) (II1.2)
which holds for a measurable function F': [A, B] - R and p € [1,00] U {C}.

Definition III.5 (Median). Let F' be a measurable function on an interval [a, b|
and p € R™. We say that p is a median of F in [a, b] if there exists a measurable
set M C [a,b] such that F < pon M, F > pon [a,b]\M and |M| = }(b—a). Each
measurable function on [a, b] has a median. On the other hand, its uniqueness is
not guaranteed; it holds only under some additional assumptions like continuity
of F. Medians give a useful choice of the constant ¢ in ([ILI). As shown in the
following proposition, they yield a good estimate for all p and for p = 1 they are
even minimizers.

Proposition II1.6. Let i be a median of F in [a,b] and p € [1,00]U{C}. Then
oscy(F, [a,b]) < (b— a)"V7||F — pll, < 275 osc,(F, [a, )

In particular,

(b—a) H|F — pll = oscy(F, [a, b]).
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Proof. The first inequality is trivial, let us concentrate on the second one. We may
assume 1 = 0. Consider a measurable set My C [a,b] such that |M,| = 1(b— a)
and F > 0on M, F <0on M_:= [a,b] \ M. Choose ¢ € R, e.g. ¢ > 0. We
have

[F()]P <227 (|F(z) —cfP +¢"),  zeM,
[F@)] <le+ [F@)| P =" <277 (|F(a) —cf’ =), x€ M.

Integrating over [a, b] we obtain

/[a VF@)P dr <2 /[ V@) =l d

as |[My| = |M_|. Taking infimum over ¢ we obtain
IF[15 < 2771 (b — a)(osc, F)?

as required. O

II1.3 The definition of integral

Definition ITI.7. Let « > 1, p € [1,00]U{C} and I C R be an open interval. A
finite family ([as, b;], 7;);%,, where [a;, b;] C I are closed intervals and z; € [a;, b,

is called an a-partition in I if the intervals (a;, b;), where

a; — T; = Oé(ai — l’i), bz — X, = Oé(bl — .fL'i), (III3)

are subsets of I and pairwise disjoint. We say that a partition ([a;, b;], z;)!", is
centered if each z; is the center of [a;, b;]. Let §: I — (0,00) be a gage (this
means just a strictly positive function). We say that the a-partition is J-fine if

Definition ITI.8 (H K SP integrals). Let I C R be an open interval, p € [1, 00] U
{C} and o > 1. Let F, G, f be measurable functions on I. We say that F' is an
indefinite H K SP-integral (HKS refers to Henstock-Kurzweil-Stieltjes) of f with
respect to G if for each € > 0 there exists a gage d: I — (0, c0) such that for each
d-fine a-partition ([a;, b;], ;)™ in I we have

i_n:OSCp(F — f(z;)G, [ai, b)) <e.

We denote HK S, = HKSS. We reduce the symbol to HK? or HK,, respec-
tively, if G is the identity Id(x) = x. We call the integral centered if only centered
a-partitions are taken into account. We say that F' is a free indefinite H K SP-
integral of f with respect to G if there exists a > 1 such that F' is an indefinite
H K SP-integral of f with respect to G, similarly to centered versions.

Remark 111.9. There are obvious inclusions between the classes of integrable func-

tions. The class of HK SP-integrable functions increases with a and the class of

all free H K SP-integrable functions is the union of the preceding ones over a.
The centered version always leads to a wider class of integrable functions.
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Using comparison of LP norms, we also observe that the class of HKS?-
integrable functions decreases with p.

The indefinite integrals to a function f are the same for all choices «, p which
make f integrable (with the exception that for p = C' only continuous represen-
tatives are valid).

Remark 111.10. Even if we do not assume that f is measurable in Definition [[TT.8]
the measurability of f comes out as a consequence of H K SP-integrability, see [28],
Theorem 5.3].

When defining a new notion of indefinite integral, it is desirable to show that
this has the expected uniqueness behavior, namely that the indefinite integrals
to the same functions differ only by an additive constant.

Theorem III.11. Let f, Fy, F5, G be measurable functions on an open interval
I. If Fy and F5 are indefinite (centered) H K SP-integrals of f with respect to G,
then there is a constant C' € R such that Iy — Fy = C a.e.

Proof. By Remark [[TL.9] it is possible to reduce the question to to uniqueness of
centered HKS{. This follows from [24, Theorem 3.10], see Theorem [[I1.35. [

Theorem III.12. Let f, Fy, F5, G be measurable functions on an open interval
I, F\,F5, G be requlated. If F\ and Fy are indefinite (centered) H K S, -integrals
of f with respect to G, then there is a constant C' € R such that Fy — Fy = C'.

Proof. Obviously F, — F} is an indefinite (centered) H K,-integral of 0 and hence
by Theorem [[II.11], Fy, — F; = C a.e. Since Fy — F} is regulated, the equality
turns to hold everywhere. O]

Proposition II1.13. Let I C R be an open interval and F,f,G: I — R be
measurable functions. Then F' is an indefinite H K Sy-integral of f if and only if
F is an indefinite Henstock-Kurzweil-Stieltjes integral of f.

Proof. Suppose that F'is an indefinite Henstock-Kurzweil-Stieltjes integral of f.
By the Saks-Henstock lemma (|32, Lemma 6.5.1]), for each ¢ > 0 there exists a
gage 0: I — (0,00) such that for each d-fine partition {([a;, b;], ;) }7*, we have

ﬁ; |F'(b;) — F(a;) — f(z:)(G(b;) — G(w))| < e.

Consider a d0-fine partition {([A;, B;], x;)}™,. For each j we find z; € [A;, B;] such
that z; # z; and

[F(zi) = F(a:) = f(2:)(G(z:) = G(3))] = ;OSC(F — f(@:)G, [A;, Bil).

Set
[a. b] — {[’Zi7$i]7 Zi < Z;,

[l’i, Zi]7 T < Z;.

Then {([a;, b;], z;)}" is a d-fine partition and thus

It follows that F' an indefinite H KS; integral of f. The converse implication is
obvious. ]
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1I1.4 Monotone control

Let I C R be an interval and p € [1,00] U {C} be fixed. Let f, F, G be
measurable functions on I. We say that an increasing function ¢: I — R is an
a-control function for the triple (f, F, G) if for each = € I we have

lim oscy(F' — f(2)G, [z, 2 +7]) _ lim osc,(F — f(z)G, [z —r,x])
r—0+ o(r + ar) — p(x) r0+ o(z) — oz — ar)

=0.

We say that an increasing function ¢: I — R is a centered a-control function for
the triple (f, F, G) and H K ,-integration if for each x € I we have

i S~ f@G [p—rz+r))
r0+ o(x +ar) —p(z—ar)

Following Ball and Preiss [I], we say that F' is an indefinite MC,, integral of
f if there exists an a-control function for (f, F,Id) and the choice p = C. In
particular, the M C} integral is the M C integral of [2].

Theorem II1.14. Let I C R be an interval and p € [1,00]U{C} be fized. Let f,
F, G be measurable functions on I. Then F' is an indefinite H K S?-integral of
f with respect to G if and only if there exists an a-control function for the triple
(f. F,G).

In particular, F is an indefinite HK-integral of f if and only if F' is an
indefinite M C,-integral of f.

Proof. Suppose that the a-control function ¢ exists We may assume that |p] is
bounded by (otherwise ¢ can be replaced by arctan ¢). Given ¢ > 0, for each
x € I we can ﬁnd d(z) > 0 such that

€ la,b] C (z = 0(x), 2+ 6(x)) = oscp(F — f(2)G, [a,b]) < e(p(b) = p(a)),

where B
a=z+ala—z), b=z+ab—=1).
Then 6 is the desired gage. Indeed, if ([a;, b;], ;)™ is a d-fine a-partition, then
> oscy(F — f(;)G, |a;,b Z (a;)) < eosc(p,I) <e.
i=1 i=1

For the reverse implication we introduce the following variation depending on an
open interval J C I and a gage 9:

V(J,0)=V(J,0,f, F,Q) —sup{Zoscp (F — f(2:)G, |ai, b)):
([as, bi], z;)" is a d-fine a-partition in J}.

For each k =1,2,... we find a gage d;: I — (0,00) such that

V([, 61@) < ok
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and set

or(r) = V(I N(-00,), o),

p(x) =2+ kpr(z).
k=1
Then ¢: I — R is a strictly increasing function. We want to show that ¢ is an
a-control function to the triple (f, F, G). Fix x € [ and choose € > 0. Find k € N
such that 1/k < e. If x € [a,b] C (v — d(x),x + 6(x)), then for each a-partition

a;,b;], x)™, in I N (—o0,a) we observe that ([a;, b;], z;)™ ! is an a-partition in
([ =1 =1

I'N(—o0,b), where we set ([ami1, bmt1), Tmr1) = ([a,b], z). Hence

pr(a) + oscp(F — f(2)G, [a, b]) < ok (b)

and thus
oscp(F — f(2)G, [a,b]) _ ¢i(b) — ¢r(a)
©(b) — »(a) —oo(
as required. O

Theorem III.15. Let I C R be an interval p € (1,00l U{C}. Let f, F, G be
measurable functions on I. Then F is an indefinite centered H K SP-integral of f

with respect to G if and only if there exists a centered a-control function for the
triple f, F,G.

Proof. The proof is almost the same as that of Theorem [[II.14] with obvious
modifications. 0

III.5 Counterexamples

Definition III.16. We denote by {0,1}* the family of all multiindices s =
(81,...,8k), where sy,..., s, € {0,1}. The set {0,1}° contains just one element
denoted by o. We simplify the symbols (0), (1) € {0,1}! to 0, 1. We denote

S = fj {0, 1}*.

If s =(s1,...,8m) €4{0,1}" and t = (ty,...,t,) € {0,1}", we define the concate-
nation of s and t as

Ss~t= (81,...,Sm,t1,...,tn) c {Ojl}m-‘rn‘

In particular, if s € {0, 1}*, then s ~ 0 = (s1,...,8,0) and s ~ 1 = (sy,...,5,0).
The length of s € {0,1}* is |s| := k.

We define the relations s < ¢t and s > t: We write s < t if there exists u € S
such that ¢ = s ~ u; the symbol s > ¢t means t < s.

Example 111.17. Set
1
2+ 4o’

We construct a Cantor type set in [0, 1]. Let P, = [U,, V,] = [0, 1]. Let s € {0, 1}*
and P, = [U,, V4] be an interval of the k-th generation of length p*. We consider

p= (I11.4)
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the concentric interval Q, = (us,vs) of length pF(1 — 2p). Also, consider the

intervals
Pr = [ug, ug + 29",

Qr = (us + p*, ug +2pF1).

The annulus P; \ Qs splits into two intervals of (k + 1)-st generation of length

P namely
Psr\O - [Usf\Oa ‘/SAO] = [U37us]7

Psml = [Usmla ‘/sml} = [vs> Vs]

Let n: R — R be a nonnegative smooth function with support in (0, 1) such that

1
sup n(x) =2 and / n(y)dy = 1.
z€(0,1) 0

Consider sequences (M), (0%)52, of positive real numbers such that 0 < oy, < 1,
k=0,1,.... Foreach k =0,1,... and s € {0, 1}* we set

Fs (us_‘_(l—{_akx)pk—H) = >\k 77(55)7 S R?
Brp = 0scy(Fs, P), p € [1,00]U{C}.

Then Fj is supported in Q% and

Br.c = Mk,
o (IIL5)
Brp = 0" Mg, 1 <p<oo.
We define the sets
Kk = U P37
s€{0,1}*
K = ﬂ K,
k=1

and set

F=YF.,.

SES

We observe that K is a Cantor type set of measure 0. Further, F' is smooth
outside K as the intervals )% are pairwise disjoint and the support of each Fj is
in Q. Finally, we set

_JF'(z), zeR\K,
f@)_{o, reK.

Theorem III.18. Letp € [1,00] U{C}.

(a) If )
Z Bip = 00
j=1
then f does not have an indefinite centered HK? integral.
) 1 )
> 2B, = oo, (I11.6)
j=1

then f does not have an indefinite HK? integral.

92



Proof. We use the Baire category theorem similarly to the usage for counterex-
amples in [I]. Consider a gage §: R — (0, 00) and denote

E,={zxe K:(x)>1/n}.

Then, by the Baire category theorem, there exist n € N and an open set {2 C R
such that Q2 N K is nonempty and Q2 N E,, is dense in 2 N K. We find k£ € N and
a multiindex ¢ € {0, 1}* such that P, € Q and V; — U; = p* < 1/n. We denote

0] =t [t,1]=t~1, [t2] =t~ (1,1),....

Now, we distinguish the cases (a), (b).

(a) Assume that F' is an indefinite centered HKP-integral of f. Let § be
chosen such that for each d-fine centered a-partition {([a;, b;), z; }™, with z; € K
we have

ioscp(ﬁ, [a,0]) < 1. (I11.7)

The existence of such a gage is clear from the definition of the integral as f =0
on K. Foreach j =0,1,2,... we find x; € [Upy, up ;7] VK such that §(z;) > 1/n
and set . .

[aj, 0] = ;= 3pFHHE, a4 3pF I+,

Let @;, b; be as in ([IL3). Since by (TI1.4)

bj = + 3apk+j+1 < Uy + 3Oépk+j+1 < Vieg] — apk+j+l — U[t,j+1] N ap]g+j+1

k+j+2 _ =
< xjp1 — 3ap T = aj+1,

the intervals (a;,b;), j = 1,2..., are pairwise disjoint and contained in F;. Thus,
{(laj, bj], z;}7, is a d-fine a-partition for each m € N. We observe that [a;, b;] D

IStE Since F' is smooth in Q) j, both F' and F are indefinite centered H KP-

integrals of f in Qp ; and thus by uniqueness F=F+ C; on Q. for some
constant Cj. It follows that
osc,(F, P ) = oscy(F P i) = Bitip- (IIL.8)

Since b; — a; = 6p** 1 and the length of Py is 2pF+1 by ([1.2)) we have

) | . 1
osc,(F, [aj, bi]) > 3 osc,(F, P ) = Wﬁ’“”’p' (I11.9)

Since the sum >, 3;, diverges, we obtain a contradiction with (LLL7]).

(b) Assume that F is an indefinite H K, ,-integral of f. Let ¢ be chosen such
that for each d-fine (uncentered) a-partition {([a;, b;), z;}7, with z; € K we have

> osc,(F, [aj, by]) < 1. (II1.10)
i=1

As in ([II.8]) we obtain that
08¢, (F, P¥) = Brsips s € {0, 1},
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Hence . .
Z Z oscp(F7 PY) = Z QJﬁkﬂm = 0.
J=15€{0,1}F+7 st j=1
Find m € N such that .
> osc,(F, PY) > 2, (III.11)

where .
S:=J{s € {0,1}"", s = t}.
j=1
Since the intervals [us, vs] are pairwise disjoint and S is finite, we can find x4 €
[Us,us) N K such that §(zs) > 1/n and the intervals [z, v,] are still pairwise
disjoint when s running through S. Set

as = x5, by =us+ 2011

As in ([II.3]), write

as = rs + alas — x5) = a5, bs = x5+ a(bs — x5) = a5 + a(bs — a).

Since

by = as + a(by, — ay) < us + aug + 2apH — U,) = uy + 3apt™ < v,

we have [ag,bs] C [xs,vs], and thus the intervals (as,bs), s € S, are pairwise
disjoint and contained in P;. It follows that {[as, bs, s }ses is a d-fine a-partition

in P,. Since [as, bs] contains P for each s € S, by (IIL.11)) and (IIL.2]) we obtain
ZOSCP(F, [a;, b;]) > 1,
i=1

which contradicts ([11.10]). O

I11.5.1 Denjoy-Khintchine integrable function which is not
HKl-integrable

In [I], it is shown that for a > 2 there exists a H K,-integrable function which
is not Denjoy-Khintchine integrable. By Remark [[I.9] such a function is also
H KP-integrable. Also discontinuous H K’-integrable functions serve as examples
of H K?-integrable functions which are not Denjoy-Khintchine integrable, see Ex-
ample [[T1.27] We show that the converse inclusion also fails. We prove this for
the widest class of our scale.

Theorem II1.19. For each o« > 1 there exists a Denjoy-Khintchine integrable
function which is not centered HK-integrable.

Proof. Let F, f be as in Example . Set \; = 1/j and 0; = 1, so that by
Bjoo — 0 and 3°; B85, diverges. By Theorem f does not have an
indefinite centered H K} integral.

We show that F'is the indefinite Denjoy-Khintchine integral of f. The function
F is smooth, thus AC and the derivative of F'is f on each Q. Further F = 0 is
AC on K and |K| = 0. It follows that F' is ACG and a.e. differentiable in R and
f = F’" a.e. Hence F is an indefinite Denjoy-Khintchine integral of f on R. [
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II1.5.2 Comparison of H K? integral and HK{ integral

Theorem II1.20. For ecach o > 1 and 1 < p < q¢ < oo there exists a HKY-
integrable function which is not centered H K1-integrable.

Proof. Let F, f be as in Example [[TI.17] Set

N\ =3i%, o;=3 1%,
so that by (L5) we have 3°; 3;, = oo and }°;278;, < co. Then by Theorem
f does not have an indefinite centered H K¢ integral.

We will show that F' is an indefinite H K7-integral of f. Choose € > 0. Since
F'=fin R\ K, for each z € R\ K we can find (x) > 0 such that

ly—z| < d(x) = |F(y)—F(z)— f(z)(y—x)| < | arctan y —arctan z|. (II1.12)

Find k£ € N such that

Z 2jﬁj7p < E.

>k
If x € K, we can find §(x) > 0 such that the interval (z —d(z), z+ (z)) does not
intersect any of the intervals Q% with |s| < k. This defines a gage 0: R — (0, c0).
Let {([a;, bi], xz)} be a J-fine partition. Without loss of generality we may
assume that z1,...,z, € K and x,41,...,%, ¢ K. Set

Si={s€S:[a;,b]NQL#0D}, i=1,...,n,

i=1
Then |s| > k for each s € S. Fix i € {1,...,n}. If [a;,b;] N Q% # 0, then [a;, b;]
contains either [u,,us + pl*™1], or [u, + 2p| si1 , U] D [vs — plFH v,]. (The last

inclusion follows from (I11.4)).) It follows that the length of [a;, b;] is at least pl*I*1.
Observe that 0 is a median of F' in P; for each s. In view of Proposition [[II.6]
we have

/P: FJP < 27 Vosc,(F, PY)? = 227 30, [P = 27pli+1 g7

Isl.p*

Thus

b;
LRy < S 20, < 200 — ) 3 8, < 20— a) (X )

@i SES; SES; SES;
so that

0sc,(F, [ai, b)) <2 Bisip-
s€S;

Since each Q% intersects at most two [a;, b;|, summing over i = 1,...,n we obtain

Zoscp (F — f(z:)1d, [as, b;] Zoscp  ai, bi]) < 4 Z Bis|,p
= €S, Jsl>k (IT1.13)
< 42 2/ 5|S|,p < 4e.

>k
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From ([II.12)) we obtain

m

~,§:1 osc,(F — f(x;)1d, [ai, bi])
< '_il(bi —a;)” (/ab |F(y) — F(z) — f(z)(y — 2)[ dy)l/p (111.14)

m
<e Y (arctanb; — arctana;) < 7e.
i=n+1

From (III.13)) and (III.14) we conclude that F is an indefinite H K7-integral of f.
[l

I11.5.3 Centered H K;-integrable function which is not
H KP-integrable

Lemma II1.21. Let S C S be a finite set. For each s € S denote T = {t €
S:s~0~teStand T} ={te€S: s~1~te S} Assume the property:

Vs e S either TP =0 or T} =10. (II1.15)

Then

Yookl <2,

seS

Proof. Denote by #S the number of elements of S. We prove by induction on
#S. The statement is true if S consists of one multiindex. Assume that the
statement is true when #S < n and consider S with #S = n + 1. Consider
k = min{|s|: s € S} and Sy = {u € S: |u| = k}. For each u € Sy, T? and T
satisfy the property in consideration and #7T < n, i = 0,1. Therefore

Z 2—‘Uf\0/\t| _ Q—k—l Z 2—|t‘ < 2—k‘

teTy? teT?

and similarly
3 omlntntlh < o7k,

teT})

Since at most one of sets T2, T'! is nonempty, we have

S 27kl <oTlul o7k = o7kl u € Sy.

SES: s-u

Finally, as #S5;, < 2, we have

Yookl <2,

sES

O

Theorem II1.22. Let p € [1,00] U{C}. Then for each o > 1 there exists a
centered H Ki-integrable function which is not H KE-integrable.
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Proof. Let F, f be as in Example [[II.17] Set

1 .
Aj:fQ_], O'jzl,
J

so that by (LIL5]) >, 273;,, diverges. Then by Theorem [[I1.18, f does not have
an indefinite 4 K? integral.

We will show that F' is an indefinite centered H K;j-integral of f. Choose
e > 0. Since F' = f in R\ K, for each z € R\ K we can find §(x) > 0 such that

ly—z| < d(x) = |F(y)—F(z)— f(z)(y—x)| < e|arctan y —arctan z|. (II1.16)

Find & € N such that 2/k < e. If x € K, we can find §(z) > 0 such that
the interval (z — d(x),x + d(x)) does not intersect any of the intervals Q* with
|s| > k. This defines a gage §: R — (0,00). Let {([a;, bi], z;)}™, be a dé-fine
partition. Without loss of generality we may assume that z,...,x, € K and
Tpitl, -, Tm & K. Foreachi=1,...,n find s; €S such that

lai, bi] N Q% #0, sup FF= sup F.
lai,bi] [ai,b:]NQ%,
Set
S ={s1,..., 5.}
Assume that s = s5; € S. If o; < g, then [z;, b;] contains [u, us + p*I*1], hence
x; —a; = b; — x; > pl*IT! and

1
a; = v — (2; — a;) S ug — pM = U, =Uso, b > ug = Virg.

Therefore none of the intervals [a], ;, J # i, intersects Ps.. Similarly, if z; > v,
then none of the intervals [a;, b;], j # i, intersects Ps;. It follows that S satisfies
(II1.15). We estimate

1

ZOSC az; z]) < i5|si|,0 Z 7|2 |S|
=1

SES

Since |s| > k for each s € S, using Lemma [[I1.21| we can continue

Zosc (F — f(x;)1d, [a;, b;] Zosc lag, b)) < — 22 ls] < <e. (I1.17)

=1 SGS
From m as in m we obtain
Z osc(F — f(x;)1d, [a;, b; Z (arctan b, — arctan a;) < me. (I11.18)
i=n+1
From (II1.17) and (III.18) we conclude that F' is an indefinite centered H K;-
integral of f. m

Remark 111.23. In all these constructions, the resulting function has the required

non-integrability property with a fixed a. The construction can be easily modified

to obtain the corresponding free non-integrability. It is enough to propose a
1

function f which fails the o = n-integrability property on [ﬁ, “,n=12,...

and multiply the function f on each [ f] by an appropriate constant c, to

nt1
keep control over the behavior at 0.
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II1.6 Differentiability and approximate differen-
tiability

Lemma II1.24. Let I be an open interval. Let « > 1 and p € [1,00] U{C}. Let
F be an indefinite centered HK? integral of f on I. Then

lim osc,(F — f(x)1d, [x — 7,2 +7])

T—>0+ T

—0 (111.19)

fora.e. x € 1.

Proof. From Theorem [[11.15| we infer that there is a centered a-control function
¢ for the triple (f, F',1d) and centered H KP-integration. Since ¢ is monotone, it
is a.e. differentiable. If x is a point where ¢ is differentiable, it is evident that

(LI1.19) holds at z. O]

Lemma I11.25. Let I be an open interval and F': I — R be a measurable func-
tion. Let p € [1,00]. Let ro > 0 be such that (x — ro,x + o) C I and for each
r € (0,19), let u(r) be a median of F in (x —r,x +r). Suppose that

osc,(F, [x —r, x4+ 7])

lim =0. (I11.20)
r—04 r
Then there exists a limit
¢= lim p(r)
and ,
i 20 =6 (I11.21)
T—>O+ T

If, in addition, F(x) = € (in particular, if F' is approximately continuous at x),
then 0 is the approrimate derivative of F' at x.

Proof. 1t is enough to consider the case p = 1. Pick s,r € (0,ry) such that
s <r <2s. We claim that

\pu(r) — p(s)| < 8oscy(F, [x —ryx+1)). (I11.22)

Assume that u(r) > u(s). Find measurable sets F, E,. such that E, C (v —r,z+
r), Es C(x —s,x+s), F <u(s)on Es, F > p(r) on E,, |Es| = s and |E,| =r.
Let ¢ € R. If ¢ < $(pu(s) 4 p(r)), then

IV

[ 7R =y > [ ()~ e) 2 S (0(r) = o).

—r Er

If ¢ > %(u(s) + u(r)), then
T+r
| IF@) —cldy> [ (= u(s) >
as we have assumed r < 2s. In both cases

wu(r) — pu(s) < ;L/;J;r |F(y) — c|dy < 8oscy(F,[x —r,x+r]). (I11.23)
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The case p(r) < p(s) is similar, so that (I11.23)) is verified. Choose ¢ > 0 and find
9 € (0,79) such that

0<r<d = 8osci(F,[x —r,xz+r]) <er.

Find k € N such that 27% < §. Then by (III.23)

o @Y —p@T) < Y] 27e =27, (I11.24)
j=k+1 j=k+1
similarly
2Rl < <27F — |u(r) — p(27F Y| < re. (I11.25)

We see that the sum

p(27) + (27 = p(@7) + (27 = p 7)) +
converges absolutely and thus it converges. Set

¢ = lim p(27").

k—o0

Then ¢ makes a sense. Now, for r € (0,8) we can find k¥ € N such that 27%~1 <

r < 27k By ([I1.24) and ([II1.25)), for j > k we have

() = (27| < [p(r) = p@75 ][+ [0277) = @)
+p2 ) = p27 )+
< re+27% < 3re.

Letting 7 — oo we obtain

lp(r) — €] < 3re for 0 <r <6,

which verifies ([11.21)). Now, suppose that F'(z) = ¢. Using Proposition [[11.6| we

estimate

1 T+r 1 z+r 1
[P = F@ldy < o5 [ 1F() = u(0) dy + ~|u(r) = €| = 0.
It is well known that this property implies that the approximate derivative at x
is 0, see the proof of [8, 6.1, Theorem 4]. O

Theorem II1.26. Let I C R be an open interval. Let o > 1 and p € [1,00]. Let
F be an indefinite centered HK? integral of f on I. Then f is the approrimate
derivative of F a.e. If F' is an indefinite centered HK, integral of f on I, then
even f is the ordinary derivative of F' a.e.

Proof. Let x be a point where F' is approximately continuous and holds.
(By Lemma and the Denjoy-Stepanov theorem [41, IV, Theorem 10.6],
almost every point 2 € R satisfies these properties.) Set F(y) = F(y) — f(x)y
and f(y) = f(y)— f(z). Then F is an indefinite centered HK? integral of f, F' is
approximately continuous at x and holds for the pair (F, }) at x as well.
Thus, by Lemma , 0 is the approximate derivative of F at z, so that f (x)
is the approximate derivative of F' at x. The ordinary differentiability at a point
where holds with p = C' is obvious. n
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II1.7 Discontinuity

Example 111.27. Let h : (0,00) — R be a smooth function such that || < 1.
Interesting choices are e.g. h(t) =t of h(t) = sint. Set

h(loglog &), 0<|z| <1
Fla) = (loglog %), 2| <1,
0, x =0,

Flr) = {§'<x>, 0 <kl <1
Theorem II1.28. Let F, f be as in Example and p € [1,00). Then
(a) F is an indefinite HKY integral of f on (—1,1),
(b) F has an approzimate limit at O if and only if it has the ordinary limit at 0.

Proof. (a) In view of Remark [I11.9| we can restrict our attention to p > 1. Since
F' is continuously differentiable outside the origin, it is enough to verify that

lim osc,(F, [0,7]) = lim osc,(F,[—r,0]) = 0.

7‘%04r 7‘—>0+

Since

I p—1 1
log1 1P-1>:<1 1 1> (1— —1)
(y( oglog ) oglog (p )logiloglogi ,

there exists 0 € (0, 1) such that

! 1 p—1
(sloglog 1) 1) > 3 (loglog ) . e (0.0),

and thus
1

t
1\P~! 1\?
/0 (log log 5) dy < 2t(log log ;)
for each t € (0,d). We can also assume that the function
log log 1)P—1
_, (loglog f)
log ¢

is increasing on (0, d). Pick € (0,0). Since the Lipschitz constant of & does not
exceed 1, we estimate

/ |F(y) — F(r \pdy</ <loglog—10glog > dy
0
r ~1/ (m dt
< [ (loglog 1)" 1( )d
_/0 (loglog 1) , TlogT) ¥

- /0 (/0 (bgtll(z)ggt) dy) dt (I11.26)

r (log ] 1yp-1
2/0 (Oglggf) i@t
&%
(loglog ;)"
2r —{’
log

IN
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Similarly
/o (loglog )P~
Y>ar——— -
Y log
It follows
lim osc,(F,[0,7]) = lim osc,(F,[—r,0]) = 0.

r—0+ r—0+

(b) Assume that F' has an approximate limit at 0. Then there exists the limit

1
lim
r=0+er —r

/T " F(y)dy.

Let y € [r,er]. Then

1 1 log € 1 1
|F(y) — F(r)| <loglog — —loglog — < log Og?{ zlog(1—|— 1) < r — 0.
r Y log = =
It follows that

lim F'(r) = lim
r—0 er —r

/T " F(y)dy.

Remark 111.29. The choice h(t) = t shows that the indefinite HK? integral can
be unbounded. If F' does not have any limit at 0, as if, for example, h(t) = sint,
then the “definite H KP? integral” of f does not make sense over any integral with
endpoint at 0. The nonexistence of the approximate limit shows that even an
attempt to define an “approximate definite integral” fails.

II1.8 Notes and problems

I11.8.1 The Henstock-Kurzweil integral

The first construction of an integral which integrates all derivatives and includes
the Lebesgue integral at the same time was done by Denjoy [6] in 1912, shortly
followed by Luzin [27] and Perron [34].

In fifties of the last century, Henstock [12] and Kurzweil [25] discovered in-
dependently that the Denjoy-Perron integral can be obtained by a minor, but
ingenious, modification of the classical Riemann integral. The advantage of their
approach is that it is more comprehensible than the former constructions and
opens the possibility of multi-dimensional generalization.

I11.8.2 Multi-dimensional analogues and the Pfeffer inte-
gral

Both Kurzweil and Henstock considered also multidimensional or abstract ver-
sions of their integral, [13], [14], [26]. The fundamental issue in n-dimensional
integration is what sets should act as counterpart of intervals in partitions.
The choice of all n-dimensional intervals allows straightforward generalization
of some one-dimensional ideas but is not suitable for applications. An important
step forward has been done by Mawhin [31], who brought the idea of regular-
ity of the partition sets to n-dimensional integration resulting in integrability
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of all divergences. This idea has been further developed and improved e.g. in
[30;, 19, [16], 35], 18, 17, 36} 20] B3], see also [3] for a survey.

The most fruitful solution of the problem was to use partitions consisting of
regular BV sets. This has been invented by Pfeffer [38], see also presentation in
[39], [37] and a generalization in [29]. The Pfeffer integral leads to a very general
setting of the Gauss-Green divergence theorem.

I11.8.3 General packing integrals

The packing integrals were introduced in [28], [24], [15] to define a class of integrals
in R™ which can be applied to non-absolutely convergent integration with respect
to distributions. They can be even generalized to metric measure spaces. One
of main motivations was also to prove very general versions of the Gauss-Green
divergence theorem.

Definition IT1.30 (Packing). Let v > 1. A system {B(z;, )}, of balls in R™ is
called an a-packing if the balls B(z;, ar;) are pairwise disjoint. If 6: R™ — [0, 00)
is a nonnegative function, we say that { B(x;, r;)}i", is d-fine if r; < §(z;) for each
i=1,...,m. If (x) = 0, it has the effect that = cannot be any of z; for the
d-fine a-packing. If A is a system of subsets of R™, we say that §: R™ — [0, c0)
is an N-gage if {z: §(z) =0} € V.

Remark 111.31. Another application of a-packing related to absolute continuity
has been studied by Hencl [11].

Definition II1.32 (Packing integral). Let (X, p) be a structure which associates
with any ball B = B(x,r) a normed linear space (X (B), p(-, B)) of distributions
on B. Let F, G be distributions on R™ which belong to X' (B) for each ball B C R™.
Let f be a function on R"”. We say that F is an indefinite a-packing (X, p)-integral
of f with respect to G if for each € > 0 there exists a gage 6: R" — (0, 00) such
that for each o-fine a-packing { B(z;, )}, we have

m

> p(F = f(2:)G), B(w, 1)) <e.

i=1

Remark 111.33. In [24], [15] we considered 1-packing and the norm has been read
on the balls B(z;, 7r;) with 7 < 1. This is clearly equivalent to the setting above
by the choice &« = 1/7. We have made the change for the purpose of compatibility
with the approach of [IJ.

Remark 111.34. This general notion of packing integral opens possibilities of a fur-
ther research. If we want to apply this general definition to the one-dimensional
situation, it is useful to identify a locally integrable function F' with its distribu-
tional derivative F. We investigated the norms

p(f7 [CL, b]) = OSCP(F7 [a’v b])

defined through the norms of L” of C. There is a variety of further norms which
could be taken into account, like Lorentz norms or Sobolev norms.
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I11.8.4 Lip-packing integral and centered HK! integral

In [24] we have studied the case of
PLip(F, B(w,7)) = sup{(F, ¢): ¢ € Lipy(B(w, 7)), Lipp < 7} (11.27)

where Lip,(B(x,r)) is the class of all Lipschitz continuous functions on R™ sup-
ported in B(z,r) normed by the Lipschitz constant. Let us label the resulting
packing integral as the Lip a-packing integral. This choice is convenient for gen-
eralization to metric spaces and appears to be one of the most natural ones. The
right space X'(B) to be used here is the closure of D(B(z,r)) in the dual space
Lipy(B(x,r))* to Lipy(B(x,r)), see [2§].

If n =1 and F is the distributional derivative of a locally integrable function
I, we observe that

pLip(F, Bz, 7)) = Sup{/x—r

=sw{ [ (P) - ) dy: @ € Liny(Bl,r), ] < 2]
1 pztr
=~ [ 1P @) — cldy.

r —r

" EW) ) dy: g € Ling (B, I < 2]

where ¢ is a median of F in (z —r,x +r). Indeed, the supremum is attained at a
function ¢ with ¢'(y) = 1/r a.e. on ET and ¢'(y) = —1/r a.e. on E~, where F,
and E_ are disjoint, of equal measure, £, UFE_ =[xt —r,z +r| and and F' > ¢
on E, F <con E_. By Proposition [[TL.6]

PLip(F, B(z,7)) = 20sci (F, [x — 1,z + 71]).
Thus, we have verified the following theorem.

Theorem I11.35. Let f, F,G: R — R be measurable functions and o > 1. Then
F is an indefinite a-packing Lip-integral of f with respect to G if and only if F
is the indefinite centered HK S -integral of f with respect to G.

I11.8.5 BV-packing integral and centered HK S, integral

The Lip, packing integral does not include the Pfeffer integral. If we apply the
Lip,, packing integral in [28], [24] to generalize the divergence theorem, we obtain
new results but we miss the useful features of the Pfeffer integral. To share both
advantages of the Pfeffer integral [39] and of the packing approach, in [23] a new
integral is introduced. To explain this integral we need first to introduce the
notion of charge, which is fundamental also for the Pfeffer integral.

Definition II1.36. Recall that the space BV (R") is defined as the space of all L
functions u on R™ such that the distributional derivative Du of u is a R"-valued
Radon measure. Then || Du|| is defined as the total variation of Du. The BV
sets are sets E whose characteristic function xg is a BV function; perimeter of
a BV-set E is ||E|| := ||xg||.- Also, we denote the Lebesgue measure of E by
|E| and the diameter of E' by d(E). Then the regularity of a pair (E,x) is the

number

B
r(E,z) = { WBUENIE] if |E| >0,
0 if |E| = 0.
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Definition IT1.37 (Charge). Let F be a linear functional on D(R"). We say
that F is a charge if for each € > 0 there is # > 0 such that

(Fro) <Ol +e(IVels + llell)
for each ¢ € D(R™) with support in B(0, 1/¢), see [5]. We write
F(E) = Flxe)
it £ is a BV set.

Definition IT1.38 (Norms on charges). Let F be a charge, B(z,7) be a ball in
R™ and € > 0. We define

Py (F,B(z,r)) =sup{F(F): E C B(x,r) is a BV set, r(F,z) >¢}. (I11.28)

Definition II1.39 (Packing BV integral). Let A be the class of all sets of o-
finite (n — 1)-dimensional Hausdorff measure, see [39]. Let F,G be charges and
f:R™ — R be a function. We say that F is an indefinite BV a-packing integral
of f with respect to G if for each € > 0 there is an N-gage ¢ such that for each
d-fine a-packing {B(x;,r;)}™, we have

> Pov(F = f(2:)G, Blai,ri)) <e.

i=1
Remark 111.40. The integral defined in Definition follows the philosophy of
packing integrals, but it does not fall to the category of general packing integrals
of Definition as the seminorm depends of ¢ and the system N of exceptional
sets is considered. However, we did not want to give the general definition more
complicated for the sake of one example.

I11.8.6 BV packing integral in R and centered HK S, inte-
gral

In the one-dimensional setting things simplify a lot.

First, BV sets can be represented by figures. These are defined as finite
unions of bounded closed intervals. The representation means that the BV set
E differs from its representing figure £’ only by a Lebesgue null set, thus yg and
X represent the same element of the BV function space.

Second, charges are represented by continuous functions: a distribution F on
R is a charge if and only if there is a continuous function F': R — R such that
for any closed interval [a, b] we have

F(la,b]) = F(b) — F(a). (IIL.29)

Then F acts on test functions as the distributional derivative of F'.

Third, if B(z,r) = (x —r,z 4+ 1) is a ball in R, £ C B(z,r) is a figure of
the form Ug?:l[uj,vj], where the intervals [u;, v;] are pairwise disjoint, (E,x) is
e-regular and F is a charge given by ([IL.29), then || E|| = 2k, |E| < d(E U {xz}),
and thus 2k < 1/¢ and

F(F) <2kosc(F,B(x,r)) < i osc(F, B(z,1)).
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It follows that .
Py (B(z, 7)) < B osc(F, B(z,)). (I11.30)

On the other hand, the regularity of any interval z € [a,b] C (z — r,x + r) is
r([a,b], z) = 3, so that

1
0<e< 5 = osc(F, B(x,r)) < pay(B(z,r)). (IT1.31)

Fourth, the exceptional sets are just the countable sets. So, we consider N-
gages where N is the family of all countable subsets of R.

We can then reformulate the definition of the BV a-packing integral from [23]
for the one-dimensional case as follows:

Definition III.41. Let f,F,G: R — R be measurable functions and o > 1.
Assume that F, G are continuous. Let N be the family of all countable subsets
of R. Then F is the indefinite a-packing BV -integral of f with respect to G if
for each e > 0 there exists an N-gage §: R — [0,00) such that for each J-fine
centered a-partition {([a;, b;], z;} in R we have

ipEBV(F — f(2;)G, [a;,b;]) < e.

Theorem 111.42. Let f,F,G: R — R be measurable functions. Assume that
F,G are continuous. Then F is an indefinite a-packing BV -integral of f with
respect to G if and only if F' is the indefinite centered HK S, -integral of f with
respect to G.

Proof. Let F be an indefinite centered H K S,-integral of f with respect to G.
Choose € > 0. We can find a gage d > 0 such that for each J-fine centered
a-partition {([a;, b;], x;} in R we have

ilosc(F— f(z)G, [a;, bi]) < 2.

Using ([I1.30) we obtain

<UL

ip%V(F - f(xl) a’u z iOSC F— f .’L’Z) [az,bz]) < €.

™

Thus F'is an indefinite a-packing BV -integral of f with respect to G.
Conversely, if I’ is an indefinite a-packing BV-integral of f with respect to GG
and € € (0, %), then there is an N-gage § > 0 such that for each d-fine centered
a-partition {([a;, b;], x;} in R we have

ip%v(F — f(x:)G, [a;, b)) < e.

Let N = {z € R: 6(z) = 0}. Since N is countable, there exists {: N — (0, 00)

such that
Z E(x)<e

zeN
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Using continuity of F' and G, for each z € N we find 4 () > 0 such that for each
y € R we have

ly — 2| <d(x) = |Fy) = F(x) = f(2)(Gly) = G(x)| < &(x).  (11L32)

We define a gage 6 : R — (0, 00) as

S {90 T RN,
7 V6(), weN.

Now let us fix a d-fine a partition {[a;, b;],2;}7, in R. Without loss of gen-
erality we may assume that z1,...,2x ¢ N and zgyq,...,2, € N for some

ke {0,1,...,m}. Then {[a;,b;],x;}f_, is 6-fine and thus by (TII.31])
k
> osce(F — f(x)G, [a;, bi]) < e.
im1

For i > k we estimate

m m

; osc(F — f(x:)G, [ai, b]) < ; E(z;) <e.

Together
ZOSC(F — f(x)G, [a;, bi]) < 2e.
i=1

Therefore F' is the indefinite centered H K S,-integral of f with respect to G. [

I11.8.7 Open problem: dependence on «

In [1], it is shown that each H Ks-integrable function on an open interval I C R
is H K, integrable, but for each 2 < a < 3 there is a H Kg-integrable function f
which is not a-integrable. The characterization of pairs (a, ) such that HK? =
HKF (here the symbol represents the class of integrable functions) is known
neither for p > 1, nor for the centered version.

I11.8.8 Open problem: approximate nondifferentiability

It would be interesting to know how large can be the set of approximate nondif-
ferentiability of an indefinite (centered) H K? integral.
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