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called exotic solutions which potentially describe yet unknown boundary states.
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Introduction

Open string field theory (OSFT) was introduced by Edward Witten [1] as a
non-pertubative formulation of string theory. The theory can be written both
for bosonic string and for superstring [2], but we will consider only the original
bosonic theory, which is much simpler. It has a very simple cubic action:

S[Ψ] = − 1

g2o

∫ (
1

2
Ψ ∗QΨ+

1

3
Ψ ∗Ψ ∗Ψ

)
. (0.0.1)

This action is formally very similar to the Chern-Simmons theory, the one-form
is analogous to the string field Ψ, the wedge product to the star product ∗ and
the exterior derivative to the BRST charge Q.

String field theory provides a second quantization framework for string the-
ory, which is first quantized in nature. Their relation is similar to the relation
between quantum mechanics and quantum field theory. However, unlike quan-
tum mechanics, string theory can describe scattering amplitudes of strings using
path integral over string worldsheets, so string field theory does not offer any
particular advantages when it comes to this subject. But OSFT has also other
applications, most notably it can describe D-brane dynamics.

The most famous process described by OSFT is the tachyon condensation,
which leads to D-brane decay. Tachyons live either on an arbitrary D-brane in
bosonic string theory or on an unstable D-brane system in superstring theory. In
[3], Ashoke Sen published three conjectures regarding this process. The first con-
jecture states that the tachyon potential has a locally stable minimum, which is
known as the tachyon vacuum, and that the energy density at this minimum can-
cels the energy density of the original D-brane. The third conjecture states that
the tachyon vacuum solution describes the closed string vacuum, which means
that the original D-brane is absent and there are no open string excitations around
this solution. These conjectures have been proven thanks to the Schnabl’s analytic
solution [4][5]. Sen’s second conjecture concerns a somewhat different process, it
says that lower dimensional D-branes are described by solitonic solutions on a
D25-brane.

These conjectures can be extended to what is known as background inde-
pendence of string field theory1. Given a string field theory formulated on an
arbitrary D-brane system, there should be classical solutions describing all other
possible D-branes systems in the given string theory. If we write the string field
as Ψ = Ψ0 + Φ, where Ψ0 is a classical solution of the equations of motion, then

1See for example [6][7][8], although these references do not discuss this topic using the modern
D-brane point of view.
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the OSFT action reads

S[Ψ0 + Φ] = S[Ψ0]−
1

g2o

∫ (
1

2
Φ ∗QΨΦ +

1

3
Φ ∗ Φ ∗ Φ

)
. (0.0.2)

The action for Φ is very similar to (0.0.1), which allows us to identify it with the
OSFT action around the new D-brane system. The action S[Ψ0] is conjectured
to be equal to the difference between energies of the two D-brane systems. The
modified BRST operator QΨ is by definition nilpotent, which means that it is
possible to compute its cohomology, which can be used to identify the new D-
brane system. Another possibility how to characterize a D-brane system is using
its boundary state. Ian Ellwood conjectured [9] that the boundary state of the
new D-brane system is described by a set of linear gauge invariant observables of
the form

⟨I|V(i,−i)|Ψ⟩, (0.0.3)

where V is an on-shell bulk operator.
Evidence for these conjectures are provided by many solutions, both numeric

and analytic, and a partial proof is given by the Erler-Maccaferri solution [10][11].
This solution, which is based on boundary condition changing operators, connects
arbitrary two D-branes systems. However this solution relies on perfect under-
standing of the underlying conformal field theory and it has some technical issues,
so for some purposes it is necessary to use other approaches.

In this thesis we focus on the traditional level truncation approach to string
field theory. It is a numerical approach, which means we can get only results with
finite precision, but it still gives us strong evidence about the aforementioned
conjectures. Compared to the analytic methods, it has the advantage that it is
relatively easy to use even on many nontrivial backgrounds. Our main goal is to
compute energies of OSFT solutions and the corresponding boundary states and
to compare them with the expected results. Unfortunately, it is not known how
to compute spectra of excitations around high level numerical solutions, so we
cannot verify this part of the conjectures.

We also introduce a new application for string field theory. It can serve as
a tool to analyze boundary states in irrational conformal field theories2. OSFT
allows us to find so-called exotic solutions, which correspond to non-conventional
D-branes. So far, this can be done only numerically because equivalent analytic
solutions would require full understanding of the irrational theory. Numerical
calculations will not give us an exact boundary state, but the results we get can
be compared with boundary conformal field theory perturbation techniques or
used as hints for finding analytic expressions for these boundary states.

This thesis is organized as follows. In chapter 1 we provide a brief review of
conformal field theory, which serves as a tool for string field theory. We describe
general properties of bulk and boundary CFTs and then we take a closer look at
several models that will appear in this thesis. In chapter 2 we focus on descrip-
tion of string field theory. First, we provide a short review, then we introduce the
backgrounds we are interested in and we define observables on these backgrounds.

2In this context we mean theories which are irrational with respect to the full energy-
momentum tensor. Formulation of OSFT requires understanding of at least one boundary
theory, for which we usually need some stronger symmetry.
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Finally, we derive conservation laws for the cubic vertex and for Ellwood invari-
ants, which play a crucial role in our calculations. In chapter 3 we describe our
numerical algorithms for computing OSFT solutions and their observables. In
chapters 4 to 8 we summarize our results in the individual settings. In chapter
4 we discuss universal solutions. We focus on the tachyon vacuum solution in
Siegel gauge and in Schnabl gauge, but we also mention other solution in these
gauges and universal solutions without any gauge fixing condition. In chapter 5
we discuss free boson solutions on a circle. We focus on single and double lump
solutions, but we also add few Wilson line solutions. In chapter 6 we present
marginal solutions in three different approaches (marginal, tachyon and pertur-
bative), as the background we choose the free boson theory on the self-dual circle.
In chapter 7 we discuss solutions in the free boson theory on a 2D torus. We show
few regular solutions and introduce the concept of exotic solutions, which describe
non-conventional boundary states. In chapter 8 we analyze solutions in theories
including the Virasoro minimal models. We consider the following settings: Ising
model, Lee-Yang model, double Ising model and Ising⊗tricritial Ising model. In
chapter 9 we summarize generic properties of numerical solutions and offer some
future directions for numerical OSFT. In appendix A we show some properties
of F-matrices in minimal models. In appendix B we provide characters for the
models that appear in this thesis. In appendix C we discuss time and memory
requirements of numerical calculations in OSFT.
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Chapter 1

Conformal field theory in 2d

In this chapter we provide a brief review of two dimensional conformal field theory
(CFT). Writing a self-contained text is beyond the scope of this thesis, so we focus
on topics which are useful in the context of string field theory. We also describe
in more detail some particular CFTs that will play a role in our calculations.

Most of the information provided in this chapter is well known and it can be
found is many books and articles. In section 1.1, which describes bulk CFT, we
mostly follow [12][13] and in section 1.2, which describes boundary CFT, we follow
[14]. The books by Polchinski [15][16] also discuss many aspects of conformal field
theory and we use his conventions for the free boson theory, the ghost theory and
for bosonic string theory.

1.1 Bulk conformal field theory

A conformal field theory is a quantum field theory which is invariant with respect
to so-called conformal transformations. A conformal transformation is defined as
an invertible coordinate transformation xµ → x′µ which leaves the metric tensor
gµν invariant up to a scale factor:

g′µν(x
′) = Λ(x)gµν(x). (1.1.1)

In more than two dimensions, conformal transformations around the standard
Euclidean metric gµν = diag(1, 1, . . . , 1)1 are given by

x′µ = xµ + aµ (translation), (1.1.2)

x′µ = M µ
ν xν (rotation), (1.1.3)

x′µ = λxµ (dilation), (1.1.4)

x′µ =
xµ − bµx2

1− 2bµxµ + b2x2
(special conformal transformation). (1.1.5)

Therefore the conformal group for d > 2 has a finite number of generators and it
is isomorphic to the group SO(d+1, 1). However two dimensions are exceptional
and the conformal group there is much bigger.

We usually formulate a two dimensional conformal field theory on a com-
plex plane (or more precisely on the Riemann sphere), where we define complex

1In the Minkowski space, we can obtain the Euclidean metric by the Wick rotation t → iτ.
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coordinates as

z = x1 + ix2, z̄ = x1 − ix2. (1.1.6)

The derivatives with respect to z and z̄ are given by

∂ ≡ ∂z =
1

2
(∂0 − i∂1), ∂̄ ≡ ∂z̄ =

1

2
(∂0 + i∂1) (1.1.7)

and the metric tensor in these coordinates is

gµν =

(
0 1

2
1
2

0

)
. (1.1.8)

Using the complex coordinates, we can easily see that all conformal transfor-
mations are given by holomorphic maps

z′ = f(z) (1.1.9)

and that the metric transforms as

dz′dz̄′ = ∂f(z)∂̄f̄(z̄)dzdz̄. (1.1.10)

These transformations are however defined only locally. Global conformal trans-
formations must be well defined and invertible in the whole complex plane. All
functions with such properties can by written as

f(z) =
az + b

cz + d
, (1.1.11)

where (a, b, c, d) are complex numbers that satisfy ad − bc = 1. They are also
invariant under (a, b, c, d) → (−a,−b,−c,−d), therefore global transformations
form the Möbius group SL(2,C)/Z2. Other conformal transformations map the
complex plane on a different surface.

There is no clear distinction between time and space in the Euclidean space-
time and therefore the usual definition of the time direction is inspired by string
theory. A closed string is described by its worldsheet, which forms a cylinder
parameterized by Euclidean coordinates τ and σ. Using these two coordinates,
we define a new complex coordinate

w = τ + iσ, (1.1.12)

which has the identification w ∼ w + 2πi. The cylinder can be mapped to the
complex plane using the coordinate transformation

z = ew = eτ+iσ. (1.1.13)

This map changes meaning of the cylindrical coordinates as follows: τ becomes
a radial coordinate, with past infinity mapped to z = 0 and future infinity to
z = ∞, and σ becomes an angular coordinate running counterclockwise, see
figure 1.1.
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Figure 1.1: Conformal transformation from the cylinder to the complex plane.

1.1.1 Conformal fields

Local fields in a conformal field theory can by classified according to their behavior
under conformal transformations. First we consider a field which transforms
under the scaling z → λz as

ϕ̃(z, z̄) = λhλ̄h̄ϕ(λz, λ̄z̄). (1.1.14)

Such field is said to have conformal dimension (or weight) (h, h̄). The sum of these
numbers is called total dimension of the field, ∆ = h + h̄, and their difference
spin of the field, s = |h− h̄|.

A field that transforms under a general conformal map z → f(z) as

ϕ̃(z, z̄) =

(
df

dz

)h(
df̄

dz̄

)h̄

ϕ(f(z), f̄(z̄)) (1.1.15)

is called primary. Fields that are not primary are called secondary or descendant
fields. We can also define quasi-primary fields, for which (1.1.15) holds only for
global conformal transformations.

A field with a definite conformal dimension (h, h̄) can be expanded as

ϕ(z, z̄) =
∞∑

m,n=−∞

ϕm,nz
−m−hz̄−n−h̄. (1.1.16)

However many conformal fields depend only on one of the two coordinates. A
field that depends only on z is called chiral (or holomorphic) and a field that
depends only on z̄ is called anti-chiral (antiholomorphic). A chiral field can be
expanded as

ϕ(z) =
∞∑

m=−∞

ϕmz
−m−h (1.1.17)

and its modes ϕm can be extracted using contour integrals

ϕm =

∮
dz

2πi
zm+h−1ϕ(z). (1.1.18)
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Sometimes it is useful to expand a field around a point different from the origin,
in that case we define

ϕm(w) =

∮
dz

2πi
(z − w)m+h−1ϕ(z). (1.1.19)

Conformal field theories have one special property which is not present in
other quantum field theories. There is an isomorphism between the state space
and local operators at a given point,

ϕ(z, z̄) ↔ |ϕ⟩. (1.1.20)

This correspondence can be motivated by the transformation from the cylinder
to the complex plane. An asymptotic state at τ = −∞ on the cylinder is mapped
to z = 0 on the complex plane. Therefore we can write

|ϕ⟩ = lim
z,z̄→0

ϕ(z, z̄)|0⟩, (1.1.21)

where |0⟩ is the vacuum state in conformal field theory. The local operator
associated to a state is called vertex operator. Using the expansion (1.1.16), we
find

ϕm,n|0⟩ = 0, m > −h or n > −h̄ (1.1.22)

and
|ϕ⟩ = ϕ−h,−h̄|0⟩. (1.1.23)

1.1.2 Operator product expansion

Another special property of conformal field theories is that a product of two local
fields can be replaced by a new local field, which can be expressed as a Laurent
series in the distance of the two operators:

ϕi(z1, z̄1)ϕj(z2, z̄2) =
∑
k

C k
ij ϕk(z2, z̄2)z

hijk

12 z̄
h̄ijk

12 , (1.1.24)

where z12 = z1 − z2, hijk = hk − hi − hj and similarly for the antiholomorphic
quantities. The numbers C k

ij are called structure constants. This type of ex-
pression is called operator product expansion (OPE). The sum on the right hand
side goes in principle over all local fields in the theory, but there are usually some
selection rules that restrict which operators may appear there. They are called
fusion rules, see (1.1.70).

The OPE is closely connected to commutators between modes of local fields.
Consider two chiral fields, ϕ and χ. A commutator of two modes of these fields
[ϕm, χn] can be derived using contour manipulations as

[ϕm, χn] =

∮
dz

2πi

∮
dw

2πi
zm+hϕ−1wm+hχ−1[ϕ(z), χ(w)]

=

∮
dw

2πi
res
z→w

zm+hϕ−1wm+hχ−1ϕ(z)χ(w). (1.1.25)

The residuum picks only the singular part of the OPE and therefore fields with
regular OPE have trivial commutators.
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When two fields approach each other, they often have singularities. Therefore,
in order to define a product of two operators at a single point, we have to use a
prescription called normal ordering, which is denoted by : :. The normal ordering
is defined in terms of the OPE as

ϕ(z)χ(w) = sing.+
∞∑
n=0

(z − w)n

n!
:∂nϕχ: (w). (1.1.26)

Therefore we can express the normal ordering in terms of a contour integral as

:ϕχ: (w) =

∮
dz

2πi

ϕ(z)χ(w)

z − w
. (1.1.27)

This type of normal ordering is usually called conformal normal ordering. When
working with states instead of operators, it is more convenient to introduce so-
called creation-annihilation normal ordering, denoted by ◦

◦
◦
◦, which places all

annihilation operators to the right of creation operators. For the n-th mode of a
product of two operators, we get

◦
◦ϕχ ◦

◦n ≡
∑

m>−hϕ

χn−mϕm +
∑

m≤−hϕ

ϕmχm−k. (1.1.28)

There are other possible prescriptions for normal orderings and the definitions
are sometimes not equivalent. Fortunately, these ambiguities will not play a big
role in this thesis. All definitions are equivalent in the free boson theory, so the
only issue we encounter lies in the ghost theory, where we can choose different
ground states. We will fix this ambiguity in section 1.5.

1.1.3 The energy-momentum tensor

The energy-momentum tensor of a two-dimensional CFT has some special prop-
erties, which are not present in other theories. The conformal symmetry makes
it traceless, which in the complex coordinates translates to

Tzz̄ = Tz̄z = 0. (1.1.29)

The conservation of the energy-momentum tensor, ∂µT
µν = 0, implies that the

remaining two components depend only on one of the two coordinates,

∂̄Tzz = 0, ∂Tz̄z̄ = 0. (1.1.30)

The usual notation for the nonzero components is

T (z) ≡ Tzz(z), (1.1.31)

T̄ (z̄) ≡ Tz̄z̄(z̄). (1.1.32)

The OPE of the energy-momentum tensor with itself is fixed by the conformal
symmetry to

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
(1.1.33)
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and similarly for T̄ . The constant c that appears in this OPE is called the central
charge and it represents a trace anomaly of the energy-momentum tensor in a
curved background.

The energy-momentum tensor is not a primary field and under a conformal
transformation, it transforms as

T̃ (z) =

(
∂f(z)

∂z

)2

T (f(z)) +
c

12
S(f(z), z), (1.1.34)

where the function S(f(z), z) is called the Schwarzian derivative,

S(w, z) =
(∂zw)(∂

3
zw)− 3

2
(∂2zw)

2

(∂zw)2
. (1.1.35)

The Schwarzian derivative vanishes for global conformal transformations, which
makes T (z) a quasi-primary operator.

The modes of the energy-momentum tensor

Ln =

∮
dz

2πi
zn+1T (z) (1.1.36)

are called Virasoro generators. Their commutators can be computed using (1.1.25)
and they satisfy the well known Virasoro algebra:

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm,−n. (1.1.37)

The operators Ln and L̄n generate local conformal transformations. Global con-
formal transformations are generated by L−1, L0 and L1 (plus their antiholomor-
phic counterparts), which form a closed subalgebra of the Virasoro algebra.

The conformal symmetry also fixes the OPE between the energy-momentum
tensor and primary fields. For a primary field ϕ(w) of weight h, we find

T (z)ϕ(w) ∼ hϕ(w)

(z − w)2
+
∂ϕ(w)

z − w
. (1.1.38)

This OPE also gives us commutators between modes of the primary field and Lm:

[Lm, ϕn] = ((h− 1)m− n)ϕm+n. (1.1.39)

1.1.4 State space

The states space of a unitary conformal field theory can be decomposed into
irreducible representations of the Virasoro algebra Hi. Since the two copies of the
Virasoro algebra commute, the total Hilbert space consists of a sum of products
of holomorphic and antiholomorphic representations:

H =
⨁
i,̄i

Mīi Hi ⊗ H̄ī, (1.1.40)

where Mīi are multiplicities of the representations.
Representations of the Virasoro algebra are highest weight representations

called Verma modules. No pair of generators commutes in the Virasoro algebra,
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so it is possible to diagonalize only one generator, conventionally L0. Therefore
highest weight states are distinguished only by their conformal weights. The
highest weight state in a given representation satisfies

L0|h⟩ = h|h⟩, (1.1.41)

Ln|h⟩ = 0, n > 0. (1.1.42)

All other states in this representation, which are called descendant states, can be
written as

L−k1L−k2 . . . L−kn|h⟩, k1 ≥ . . . ≥ kn ≥ 1. (1.1.43)

The L0 eigenvalue of such state is h+k1+ · · ·+kn. The sum k1+ · · ·+kn is called
level of the state2. For some purposes, it is useful to introduce the notation

L−K ≡ L−k1 . . . L−kn , (1.1.44)

where K = {k1, . . . , kn} is called multiindex. We also define |K| = k1 + · · ·+ kn.
In the operator-state correspondence, a highest weight state |h⟩ corresponds

to a primary fields ϕ(0). We also find that

(L−1)
n|h⟩ ↔ ∂nϕ(0). (1.1.45)

Descendant states which contain higher Virasoro modes correspond to normal
ordered products of ϕ and derivatives of the energy-momentum tensor. There is
no simple formula for these fields, so it is usually more convenient to represent
the Virasoro generators using contour integrals.

Some Verma modules are not irreducible. They may contain submodules,
which are also representations of the Virasoro algebra. However it can be shown
that these submodules are orthogonal the whole Verma module,

⟨ψ|χ⟩ = 0, (1.1.46)

where ⟨ψ| is an arbitrary state and |χ⟩ is a state from a submodule. These states
are therefore called null states. Null states do not contribute to any observable
quantity. To construct an irreducible representation of the Virasoro algebra, we
take a quotient of the full Verma module by its submodules.

The structure of an irreducible representation is well captured in the character
of the representation:

χH(τ) = TrH q
L0−c/24 (1.1.47)

= qh−c/24

∞∑
n=0

P (n)qn,

where q = e2πiτ and P (n) is the number of independent states at level n.
Many conformal field theories have a larger symmetry algebra than just the

Virasoro algebra. We can decompose the state space of such theoris into irre-
ducible representations of the extended symmetry algebra. Let us denote the

2This is the conformal field theory definition of level, we will also define level in string field
theory later using a different prescription.
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generators of this symmetry as W a and W̄ a. Then we can essentially repeat the
construction above. The holomorphic part of the state space is spanned by

W a1
−k1

. . .W an
−kn

|ϕi⟩, (1.1.48)

where |ϕi⟩ is a highest weight state with respect to the extended symmetry. These
highest weight states are always primary with respect to the Virasoro algebra,
but the opposite is not true. We will encounter these representations in the free
boson theory, which has the U(1) symmetry, and in some decompositions of the
state space of the ghost theory.

A conformal field theory is called rational if it has finite number of primaries
and irrational otherwise.

1.1.5 BPZ product and Hermitian product

In a conformal field theory, we can define two different products between states:
the BPZ product and the Hermitian product. Let us begin with the BPZ product,
which is more natural in CFT and which plays a role in string field theory. The
BPZ product of two states |ϕ1⟩ and |ϕ2⟩ is defined in terms of a two-point function
as

⟨ϕ1|ϕ2⟩BPZ = ⟨I ◦ ϕ1(0)ϕ2(0)⟩, (1.1.49)

where I ≡ −1
z
is the inversion transformation, which maps 0 to ∞. The BPZ

product is symmetric and linear in both arguments. For two primary states with
the same conformal weights, we find

⟨ϕ1|ϕ2⟩BPZ = C12, (1.1.50)

where C12 is the two-point structure constant defined in (1.1.62).
Evaluation of BPZ products of descendant states is this way would be more

complicated. Therefore we introduce the so-called BPZ conjugation, which maps
ket states to bra states. In order to match (1.1.49), we define

bpz(W−n1 . . .W−n1|ϕ⟩) = ⟨ϕ|bpz(W−n1) . . . bpz(W−n1), (1.1.51)

where Wn stands either for Virasoro or other symmetry generators. The BPZ
conjugation of these modes is

bpz(Wn) ≡
∮

dz

2πi
zn+hW−1I ◦W (z) = (−1)n+hWW−n (1.1.52)

and

⟨ϕ| = lim
z→0

z−2h⟨0|ϕ(−1/z). (1.1.53)

If some of the operators are fermionic, the formula (1.1.51) receives an additional
sign (−1)g(g−1)/2, where g is the number of anticommuting operators. Now we
can easily compute a BPZ product of two descendant states in the following way:
We remove theWn operators one by one using their commutators until we reduce
the BPZ product to (1.1.50).
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The definition of the Hermitian product in a conformal field theory is a bit
tricky because there is no unique concept of time in the Euclidean space. There-
fore it is useful to return to the Lorentzian theory on the cylinder, where the
mode expansion of a chiral primary field is

W (t, σ) =
∞∑

n=−∞

Wn e
−in(t+σ). (1.1.54)

A Hermitian field satisfies the condition W (t, σ)† = W (t, σ), which gives us Her-
mitian conjugation of its modes, W †

n = W−n. If we consider a more generic field
given by a complex function of Hermitian fields (for example J± = J1 ± iJ2 or
eikX), we have to take into account complex conjugation of this function as well
and we get

W †
n = W ∗

−n. (1.1.55)

Once we know how to conjugate Wn, we can compute the Hermitian product
similarly to the BPZ product.

The main difference between the two conjugations is that the BPZ conjugation
is a linear operation, while the Hermitian conjugation is antilinear. This leads to
differences in some products of primary states, for example ⟨eik1X |eik2X⟩BPZ =
δk1,−k2 , while ⟨eik1X |eik2X⟩HC = δk1,k2 . Otherwise, the two conjugations usually
differ only by a sign, which comes from (1.1.52).

The BPZ product appears much more often in this thesis and therefore we
will drop its subscript and keep the subscript only for the Hermitian product.

1.1.6 The Kac determinant

A representation of the Virasoro algebra is called unitary if it contains no negative-
norm states. Unitarity of Virasoro representations can be analyzed using the
so-called Kac determinant. The Kac determinant can be also used to detect
presence of null states, which is, for our purposes, more important than unitarity
of representations.

First we define the so-called Gram matrix with respect to the Hermitian prod-
uct3 as

Gij = ⟨i|j⟩HC , (1.1.56)

where |i⟩ are states in the Verma module (1.1.43). For simplicity, we assume that
the product of the two highest weight states is normalized as ⟨h|h⟩HC = 1.

The Gram matrix is obviously Hermitian, therefore it can be diagonalized and
it has real eigenvalues. Its matrix elements can be nonzero only if both states
have the same level and therefore the matrix is block diagonal. We denote a block
at level L as M (L).

The determinant of the Gram matrix, which was found by Kac, is given by

detM (L) = αL

∏
r,s≥1
sr≤L

(h− hr,s(c))
P (L−rs), (1.1.57)

3The Gram matrix of BPZ products can be used for identification of null states as well.
This matrix is actually more convenient because it has other uses in string field theory. If we
consider a Virasoro Verma module, both matrices differ only by an overall sign in blocks at odd
levels, so we can easily relate them.
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where P (k) is the number of partitions of the integer k and αL is a positive integer
given by

αL =
∏
r,s≥1
sr≤L

((2r)ss!)P (L−rs)−P (L−r(s+1)) . (1.1.58)

We are usually interested only in the functions hr,s(c), which determine zeros of
the Kac determinant. If the conformal weight h matches hr,s(c) for some r and s,
then we know that this Verma module is reducible and that there are null states
at levels L ≥ rs. The number of null states at a given level may be more difficult
to determine because there can be more overlapping submodules.

The functions hr,s(c) can be expressed in several different forms. In terms of
the central charge, they are given by

hr,s(c) =
1

24
(c− 1) +

1

4
(rα+ + sα−)

2, (1.1.59)

α± =

√
1− c±

√
25− c√

24
.

A different parametrization is

hr,s(m) =
((m+ 1)r −ms)2 − 1

4m(m+ 1)
, (1.1.60)

c = 1− 6

m(m+ 1)
.

This parametrization is useful for description of the unitary Virasoro minimal
models, where m in an integer greater than 2.

Yet another expressions for the roots of the Kac determinant is

hr,s(p, q) =
(qr − ps)2 − (p− q)2

4pq
, (1.1.61)

c = 1− 6(p− q)2

pq
.

This parametrization is convenient for the nonunitary Virasoro minimal models,
where (p, q) are coprime integers. We can choose p < q without loss of generality.
When |q − p| = 1, this parametrization reduces to (1.1.60).

1.1.7 Correlators

Correlation functions in a conformal field theory are strongly restricted by the
conformal symmetry. They must be invariant under the global conformal maps
(1.1.11). This fully fixes two-point functions of (quasi-)primary operators to

⟨ϕ1(z1, z̄1)ϕ2(z2, z̄2)⟩ = δh1h2δh̄1h̄2

C12

z2h1
12 z̄

2h̄1
12

, (1.1.62)

where C12 are two-point structure constants and we use the usual notation zij =
zi − zj.
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Three-point functions of primary operators are also fully fixed to

⟨ϕ1(z1, z̄1)ϕ2(z2, z̄2)ϕ3(z3, z̄3)⟩ = C123

3∏
i,j=1
i<j

z
h−2hi−2hj

ij z̄
h̄−2h̄i−2h̄j

ij , (1.1.63)

where C123 are three-point structure constants and h = h1 + h2 + h3. If one of
the three operators equals to the identity, we get Cij1 = Cij.

A four-point correlator of primary fields is the first one which not fully fixed by
the conformal symmetry. Using the 4 points, it is possible construct an invariant
cross-ratio η = (z1−z2)(z3−z4)

(z1−z3)(z2−z4)
and the correlator includes an arbitrary function of

this variable,

⟨ϕ1(z1, z̄1)ϕ2(z2, z̄2)ϕ3(z3, z̄3)ϕ4(z4, z̄4)⟩ = f(η, η̄)
4∏

i,j=1
i<j

z
h/3−hi−hj

ij z̄
h̄/3−h̄i−h̄j

ij ,

(1.1.64)
where h =

∑4
i=1 hi. A similar pattern holds for correlators with more insertions.

An n-point correlator is a function of n− 3 independent cross-ratios.
The formulas above give us correlation functions only for primary and quasi-

primary operators, but we often need correlators of descendant fields. These are
usually computed using contour deformations. Consider the following correlator:

⟨(L−kχ)(z, z̄) ϕ1(z1, z̄1) . . . ϕn(zn, z̄n)⟩. (1.1.65)

We can express L−k as
∮
z

dw
2πi
vk(w)T (w), where vk(w) = (w− z)−k+1, and deform

the contour around z to contours around the other insertions (and possibly around
infinity, which however does not contribute in this case)

⟨(L−kχ)(z, z̄) ϕ1(z1, z̄1) . . . ϕn(zn, z̄n)⟩

=

∮
z

dw

2πi
vk(w)⟨T (w) χ(z, z̄) ϕ1(z1, z̄1) . . . ϕn(zn, z̄n)⟩ (1.1.66)

= −
n∑

i=1

∮
zi

dw

2πi
vk(w)⟨T (w) χ(z, z̄) ϕ1(z1, z̄1) . . . ϕn(zn, z̄n)⟩.

If the operators ϕi are primary, we can use the OPE between T (w) and ϕi(zi, z̄i)
to derive

⟨(L−kχ)(z, z̄) ϕ1(z1, z̄1) . . . ϕn(zn, z̄n)⟩ (1.1.67)

=
n∑

i=1

(
(k − 1)hi
(zi − z)k

− 1

(zi − z)k−1
∂zi

)
⟨χ(z, z̄) ϕ1(z1, z̄1) . . . ϕn(zn, z̄n)⟩.

For χ = 1 and k = 2, this expression reproduces the famous conformal Ward
identity.

Similar expressions can be derived for other chiral operators, particularly for
the symmetry generators W a.

Correlation functions of primary fields are closely related to the OPE. We can
write the OPE (1.1.24) for two primary operators as

ϕi(z1, z̄1)ϕj(z2, z̄2) =
∑
k

C k
ij ϕk(z2, z̄2)z

hijk

12 z̄
h̄ijk

12 + descendants, (1.1.68)
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where k now runs only over primary operators. The structure constants for
primary operators C k

ij fully determine the OPE. Including the descendant fields,
the full OPE can be written as

ϕi(z1, z̄1)ϕj(z2, z̄2) =
∑

k,N,M

C k
ij β

k,N
ij β̄k,M

ij (L−N L̄−Mϕk)(z2, z̄2)

× z
hk+|N |−hi−hj

12 z̄
h̄k+|M |−h̄i−h̄j

12 , (1.1.69)

where βk,N
ij and β̄k,M

ij are constants that depend only on the cental charge and the
three conformal weights. They can be computed independently on the structure
constants or other details of the particular CFT.

The conditions that determine which conformal families appear in (1.1.68) are
called fusion rules. They can be schematically written as

ϕi × ϕj =
∑
k

N k
ij ϕk, (1.1.70)

where N k
ij are multiplicities of the representations labeled by k.

By comparing (1.1.68) and the three-point function (1.1.63), we find a relation
between the structure constants:

Cijk =
∑
l

C l
ij Clk. (1.1.71)

We can often choose an orthonormal basis of primary fields with Cij = δij, for
which we find Cijk = C k

ij .
Next we take a closer look at four-point functions. Using the global conformal

transformations, we can always fix the positions of three insertions to 0, 1 and ∞.
Then we define

G23
14(η, η̄) = lim

z1,z̄1→∞
z2h1
1 z̄2h̄1

1 ⟨ϕ1(z1, z̄1)ϕ2(1, 1)ϕ3(η, η̄)ϕ4(0, 0)⟩. (1.1.72)

This correlator can be computed by replacing ϕ1 and ϕ2 by their OPE. Then we
can write the function G23

14 as4

G23
14(η, η̄) =

∑
p

C p
12 C

p
34 Cpp F23

14(p|η)F̄
23
14(p|η̄), (1.1.73)

where F and F̄ are called conformal blocks. They can be expressed as

F23
14(p|η) = ηhp−h3−h4

∑
K,M

βp,K
34 βp,M

12 η|K|GKM , (1.1.74)

where GKM is the Gram matrix of BPZ products. A similar expression holds for
F̄ . Like the β coefficients, the conformal blocks depend only on the conformal
weights and the central charge.

A four-point function of bosonic operators does not depend on their ordering.
Therefore we can permute the operators and then return their arguments to

4We assume for simplicity that the constants Cij are diagonal.
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the canonical form using conformal transformations. In this way, we can derive
several conditions for G23

14, for example

G23
14(η, η̄) = ηh1+h2−h3−h4 η̄h̄1+h̄2−h̄3−h̄4G12

43(1− η, 1− η̄), (1.1.75)

G23
14(η, η̄) = ηh1−h2−h3−h4 η̄h̄1−h̄2−h̄3−h̄4G32

14(1/η, 1/η̄). (1.1.76)

When expanded in terms of conformal blocks, the left hand side and the right
hand side of (1.1.75) describe the same correlator computed using different order
of the OPEs. The conformal blocks for η and 1 − η are related by so-called
F-matrices:

F jk
il (p|η) =

∑
q

ηhi+hj−hk−hlFpq

[
j k
i l

]
F ij

lk(q|1− η). (1.1.77)

By combining (1.1.75), (1.1.73) and (1.1.77), we obtain a consistency relation
for bulk structure constants

C p
ij C

p
kl CppFpq

[
j k
i l

]
= C q

jk C
q

il CqqFqp

[
l k
i j

]
. (1.1.78)

This condition imposes nontrivial constraints on the structure constants and in
some cases (for example for the Virasoro minimal models), it is strong enough to
find a solution for the structure constants in terms of the F-matrices.

Similarly to the F-matrices, we can also define braiding matrices by

F jk
il (p|η) =

∑
q

ηhi−hj−hk−hlBpq

[
j k
i l

]
Fkj

il

(
q

⏐⏐⏐⏐1η
)

(1.1.79)

These are useful for deriving similar conditions in a boundary conformal field
theory.

1.1.8 Modular invariance

In subsection 1.1.4, we mentioned that the Hilbert space of a CFT can be decom-
posed into irreducible representations of the Virasoro algebra,

H =
⨁
i,̄i

Mīi Hi ⊗ H̄ī, (1.1.80)

but we have not set any rules for the multiplicities Mīi. To do so, we have to
define CFT on a torus instead of the complex plane.

A torus is specified by two independent vectors, which can be described by
two complex numbers ω1 and ω2. The overall scale or orientation of the torus
does not matter in conformal field theory, so the only relevant parameter, which
is called the modular parameter, is τ = ω2/ω1. The same torus can be described
by many different parameters. It turns out that equivalent tori are related by the
SL(2,Z)/Z2 transformations

τ → aτ + b

cτ + d
, (1.1.81)
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where a, b, c, d ∈ Z and ad− bc = 1. The group is generated by two transforma-
tions, which are usually denoted as T and S:

T : τ → τ + 1, (1.1.82)

S : τ → −1

τ
. (1.1.83)

The basic quantity to study on a torus is called partition function and it is
defined as

Z(τ) = TrH

(
qL0−c/24q̄L̄0−c/24

)
, (1.1.84)

where

q = e2πiτ , q̄ = e−2πiτ̄ . (1.1.85)

The partition function can be expressed in terms of irreducible characters of
Virasoro representations (1.1.47),

Z(τ) =
∑
i,̄i

Mīi χi(τ)χ̄ī(τ̄). (1.1.86)

The partition function must be invariants with respect to the modular trans-
formations (1.1.81). If we write the action of the basic modular transformations
on characters as

χi(τ + 1) =
∑
j

T j
i χj(τ) (1.1.87)

and

χi(−1/τ) =
∑
j

S j
i χj(τ), (1.1.88)

the modular invariance is equivalent to

Mīi =
∑
j,j̄

T j
i T̄

j̄
ī
Mjj̄, (1.1.89)

Mīi =
∑
j,j̄

S j
i S̄

j̄
ī
Mjj̄. (1.1.90)

The matrix T is always diagonal for Virasoro characters,

T j
i = δ j

i e
2πi(hi−c/24), (1.1.91)

so the first condition is easy to solve. It determines that all primary operators
must have integer spin, i.e. h− h̄ ∈ Z. The second equation gives us more compli-
cated restrictions on the spectrum. In rational CFTs, which have finite number of
primaries, these two conditions allow us to classify all modular invariant spectra.

The modular invariance also allows us to derive the Verlinde formula, which
connects the S-matrix and the fusion numbers N k

ij :

∑
k

S p
k N

k
ij =

S p
i S

p
j

S p
0

. (1.1.92)
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1.2 Boundary CFT

In the previous section we have discussed the bulk conformal field theory, which
describes closed strings in the context of string theory. However this thesis is
about open string field theory and open strings are described by the boundary
conformal field theory (BCFT), which we review in this section.

1.2.1 CFT on the upper half-plane

A boundary conformal field theory is a CFT defined on a surface with a boundary.
For simplicity, we consider theories on the upper half-plane, which has the real
axis as its boundary. A boundary conformal field theory is usually constructed
by restriction of a parent bulk CFT.

The introduction of a boundary clearly breaks some symmetries of the the-
ory, most notably translations perpendicular to the boundary. Out of the full
conformal group, only transformations that respect the boundary survive. These
transformations must satisfy

f(x) ∈ R for x ∈ R. (1.2.93)

Globally defined transformations with this property form the group SL(2,R)/Z2.
The condition (1.2.93) also implies that there is no energy flow across the

boundary. In terms of the energy-momentum tensor, we get

T (z) = T̄ (z̄)|z=z̄. (1.2.94)

This relation is known as the gluing condition for the energy-momentum tensor. It
means that the holomorphic and anti-holomorphic parts of the energy-momentum
tensor are no longer independent and therefore we can define only one set of
Virasoro generators:

Ln =

∫
CU

dz

2πi
zn+1T (z)−

∫
CL

dz̄

2πi
z̄n+1T̄ (z̄), (1.2.95)

where CU and CL are half-circles in the upper and lower half-plane respectively.
This expression is cumbersome to work with, so we use a so-called doubling

trick and extend the holomorphic part of the energy-momentum tensor to the
whole complex plane using the prescription

T (z) = T̄ (z̄′), Im(z) ≤ 0, z′ = z̄. (1.2.96)

This trick allows us to trade a theory of a chiral and anti-chiral field on the half-
plane for a theory of a chiral field on the full complex plane. There we can define
Virasoro generators using the usual formula

Ln =

∫
dz

2πi
zn+1T (z). (1.2.97)

The OPE between the energy-momentum tensor and a bulk primary operator
ϕ(w, w̄) is given by

T (z)ϕ(w, w̄) ∼ h

(z − w)2
ϕ(w, w̄) +

1

z − w
∂ϕ(w, w̄)

+
h̄

(z − w̄)2
ϕ(w, w̄) +

1

z − w̄
∂̄ϕ(w, w̄). (1.2.98)
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That means that the bulk primary ϕ(w, w̄) essentially splits into a product of two
chiral operators ϕL(w)ϕR(w̄) with weights h and h̄.

If the theory contains other chiral symmetry generators W a(z) and W̄ a(z̄),
we may impose gluing conditions for them as well,

W a(z) = Ω(W̄ b(z̄))|z=z̄. (1.2.99)

These gluing conditions admit a local automorphism Ω, which leaves the energy-
momentum tensor invariant, Ω(T ) = T . Following (1.2.96), we can extend the
fields W a(z) to the whole complex plane using the doubling trick as

W a(z) = Ω(W̄ b(z̄′)), Im(z) ≤ 0, z′ = z̄. (1.2.100)

The gluing automorphism Ω has to be taken into account also when we use the
doubling trick on bulk operators, so we have ϕ(w, w̄) → ϕL(w)Ω(ϕR(w̄)).

We emphasize that while imposing gluing condition (1.2.94) is necessary in
any BCFT, imposing (1.2.99) is not. Conformal boundary conditions that (at
least partially) break the extended symmetry are difficult to find because the
corresponding BCFT is usually irrational with respect to the remaining symmetry.
However we will encounter string field theory solutions that correspond to such
boundary conditions.

1.2.2 Boundary operators

Boundary conformal field theory contains new type of fields, which are called
boundary fields. They are localized on the boundary and, in general, they can-
not be moved into the interior of the upper half-pane. Since the boundary is
parameterized only by one coordinate x, we denote them as ψ(x).

We distinguish two types of boundary fields. Ordinary boundary fields appear
when a bulk operator approaches the boundary (see the OPE (1.2.102)). Such
operators have the same boundary conditions on both sides and they correspond
to open strings living on a single D-brane in the context of string theory.

The second type of boundary fields corresponds to strings stretched between
two different D-branes. When we map a strip with two different boundary con-
ditions α and β to the UHP, we find a discontinuity: The boundary condition
α applies for x < 0 and the boundary condition β for x > 0. The disconti-
nuity is caused by a so-called boundary condition changing operator, which we
denote ψ(αβ)(x). Of course, when the boundary conditions are identical, α = β,
a boundary condition changing operator reduces to a normal boundary operator.

The state space of a boundary conformal field theory decomposes into irre-
ducible representations Hi of the remaining symmetry, which is either a single
copy of the Virasoro algebra or some extended algebra. In general, for two dif-
ferent boundary conditions α, β, the state space Hαβ is given by

Hαβ =
⨁
i

n i
αβHi, (1.2.101)

where n i
αβ are multiplicities of the irreducible representations.
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1.2.3 OPE and correlators

Boundary conformal field theories include three types of OPE. The OPE of bulk
operators is the same as (1.1.24). Next we have bulk-boundary OPE, which
indicates singularities between the chiral and anti-chiral part of a bulk operator
and it produces boundary operators:

ϕi(z, z̄) ∼
∑
k

B
(α) k

i ψ
(αα)
k (x) (2y)hk−hi−h̄i , (1.2.102)

where we write the complex coordinate as z = x+ iy and the numbers B
(α) k

i are
called bulk-boundary structure constants.

Finally, there can be OPE between two boundary operators,

ψ
(αβ)
i (x1)ψ

(βγ)
j (x2) ∼

∑
k

C
(αβγ)k
ij ψ

(αγ)
k (x2) (x1 − x2)

hk−hi−hj , (1.2.103)

where C
(αβγ)k
ij are boundary structure constants. This OPE makes sense only

if the right boundary condition of the first operator matches the left boundary
condition of the second operator. The boundary OPE has similar properties as
the bulk OPE, including the fusion rules and expansion to conformal families.
However boundary operators are often not mutually local, that is

ψ1(x1)ψ2(x2) ̸= ψ2(x2)ψ1(x1). (1.2.104)

We can see that from the (x1 − x2) term in (1.2.103), which has generally non-
integer power and therefore it produces a complex phase when we exchange the
arguments. We do not encounter such problems in the bulk OPE because the
phases from z12 and z̄12 usually cancel each other.

Correlators in a boundary conformal field theory can include both bulk and
boundary operators:

⟨ψ1(x1) . . . ψn(xn)ϕ1(z1, z̄1) . . . ϕm(zm, z̄m)⟩(α). (1.2.105)

The conformal symmetry restricts the possible coordinate dependence of correla-
tors with (quasi-)primary operators similarly to (1.1.63) and (1.1.64). Correlators
with descendant fields can be simplified using contour manipulations as well.

We will be mostly interested in two types of correlators, in three-point func-
tions of boundary primary fields,

⟨ψ(αβ)
i (x1)ψ

(βγ)
j (x2)ψ

(γα)
k (x3)⟩(α) =

C
(αβγ)
ijk

x
hi+hj−hk

12 x
hj+hk−hi

23 x
hi+hk−hj

13

, (1.2.106)

and in two-point functions of one spinless bulk primary and one boundary pri-
mary,

⟨ϕi(z, z̄)ψ
(αα)
j (x)⟩(α) =

B
(α)

ij

|z − z̄|hi+h̄i−hj(z − x)hj+hi−h̄i(z̄ − x)hj+h̄i−hi
. (1.2.107)

The relations between structure constants in the OPEs and in the correlation
functions are given by

C
(αβγ)
ijk = C

(αβγ)k
ij C

(αγα)1
kk ⟨1⟩(α) (1.2.108)
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and by
B

(α)
ij = B

(α) j
i C

(ααα)1
jj ⟨1⟩(α), (1.2.109)

where ⟨1⟩(α) is the normalization of the empty correlator, which coincides in
unitary theories with the g-function of the corresponding boundary state.

1.2.4 Boundary states

The information about boundary conditions in a given BCFT can be captured in
a so-called boundary state. A boundary state, denoted as ||α⟩⟩, is an element of
the state space of the bulk CFT. Boundary states are usually defined in terms of
1-point functions of spinless bulk primaries on the UHP:

|z − z̄|2hi⟨ϕi(z, z̄)⟩(α) = ⟨ϕi||α⟩⟩. (1.2.110)

Boundary states must incorporate gluing conditions on the boundary. For the
gluing condition T (z) = T̄ (z̄)|z=z̄, we consider the following correlator on the
UHP:

⟨T (z)− T̄ (z̄)⟩(α). (1.2.111)

Using the conformal transformation ξ = 1+iz
1−iz

, we can map the UHP to the unit
disk. The new correlator can be interpreted as a closed string amplitude

⟨0|

[(
dξ

dz

)2

T (ξ)−
(
dξ̄

dz̄

)2

T̄ (ξ̄)

]
||α⟩⟩. (1.2.112)

We find that ξ = ξ̄−1 on the unit circle and, by expanding T and T̄ in powers of
ξ, we get

(Ln − L̄−n)||α⟩⟩ = 0. (1.2.113)

Similar relations can be derived also for the more general gluing conditions
(1.2.99):

(W a
n − (−1)hWΩ(W̄ b

−n))||α⟩⟩ = 0. (1.2.114)

These equations are called Ishibashi conditions.
Solutions of the Ishibashi conditions, denoted as |i⟩⟩, are called Ishibashi states

and they are labeled by spinless bulk primary operators. Ishibashi states form a
basis for boundary states, therefore we can write

||α⟩⟩ =
∑
i

Bi
α|i⟩⟩. (1.2.115)

Assuming that bulk primaries are normalized as ⟨ϕi|ϕj⟩ = δij, we get

|z − z̄|2hi⟨ϕi(z, z̄)⟩(α) = Bi
α. (1.2.116)

By comparing this equation with (1.2.107), we find

Bi
α = B

(α)
i1 . (1.2.117)

The Ishibashi conditions (1.2.113) are easy to solve and the Ishibashi states
can written as

|i⟩⟩ =
∑
I,J

GIJ(−1)|I|L−IL̄−J |ϕi⟩ (1.2.118)
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where GIJ is the inverse Gram matrix in the Verma module with the given central
charge and conformal weight. A similar solution can be found for the conditions
(1.2.99), but it is more complicated because it includes the gluing automorphism
Ω.

1.2.5 Nonlinear constraints

Boundary conformal field theories are subject to several consistency conditions,
which, in some rational BCFTs, make it possible to find explicit solutions for
boundary states and structure constants.

We start with the so-called Cardy condition, which involves only boundary
states. Consider a cylinder of length L and circumference T with boundary
conditions α and β. We define a partition function on the cylinder as

Zαβ(q) = TrHαβ
qL0−c/24 =

∑
i

n i
αβ χi(q), (1.2.119)

where q = e2πiτ and τ = iT
2L
. In string theory, this formula can be interpreted as

a loop diagram of an open string. But the same partition function can be also
interpreted as a closed string amplitude with the Hamiltonian H = L0 + L̄0 − c

12
:

Zαβ(q̃) = ⟨⟨α||q̃
1
2(L0+L̄0− c

12)||β⟩⟩ =
∑
i

Bi
αB

i
βχi(q̃), (1.2.120)

where q̃ = e−
2πi
τ .

The two partition functions can be compared using the modular transforma-
tion (1.1.88). Assuming linear independence of the characters, we get∑

j

n j
αβ S

i
j = Bi

αB
i
β. (1.2.121)

This equation is called the Cardy condition. In theories with diagonal spectrum,
Mīi = δīi, this condition admits a simple solution. We consider a set of boundary
states labeled by the Virasoro representations, for which n i

αβ equal to the fusion
numbers N i

αβ . Then the Verlinde formula (1.1.92) leads to

S i
α S

i
β

S i
1

= Bi
αB

i
β. (1.2.122)

This equation is easily solved by so-called Cardy boundary states:

B i
α =

S i
α√
S i
1

. (1.2.123)

Other constraints, which involve various combinations of structure constants,
arise from correlators on the half-plane. These conditions are called sewing con-
straints and they were originally derived by Lewellen [17] (see also [18][19][20][21]
for more detailed discussion and generalizations). These sewing constraints can
be derived similarly to (1.1.78). We take a given correlator of bulk and boundary
fields and express it in terms of conformal blocks. By taking the OPE in two
different orders, we find two different expressions for the correlator, which can

27



be related using the F-matrices or the braiding matrices. Their comparison then
leads to the desired sewing relations.

A correlator of four boundary fields ⟨ψ(αβ)
i (x1) ψ

(βγ)
j (x2) ψ

(γδ)
k (x3) ψ

(δα)
l (x4)⟩

allows us to derive a sewing constraint for boundary structure constants:

C
(βγδ)q
jk C

(αβδ)l
iq C

(αδα)1
ll =

∑
p

C
(αβγ)p
ij C

(γδα)p
kl C(αγα)1

pp Fpq

[
j k
i l

]
. (1.2.124)

A correlator of one bulk field and two boundary fields ⟨ϕi(z) ψ
(αβ)
p (x1) ψ

(βα)
q (x2)⟩

leads to a constraint for boundary and bulk-boundary structure constants:

B
(β) l

i C
(αββ)q
pl C(αβα)1

qq =
∑
k,m

B
(α) k

i C(αβα)k
pq C

(ααα)1
kk (1.2.125)

× eiπ(2hm+ 1
2
hk−hp−hq−2hi+

1
2
hl) Fkm

[
q i
p i

]
Fml

[
i i
p q

]
.

Similarly, from a correlator involving two bulk fields and one boundary field
⟨ϕi(z1) ϕj(z2) ψ

(αα)
k (x)⟩, we find

B
(α) q

i B
(α) t

j C
(ααα)k
qt = ei

π
2
(ht−hk−hq−2hj)

∑
p,r

C p
ij B(α) k

p eiπhr

×Fpr

[
k j
p i

]
Fpq

[
j r
i i

]
Frt

[
j j
q k

]
. (1.2.126)

By choosing k = 1, this equation simplifies and we find

B
(α) q

i B
(α) q

j C(ααα)1
qq =

∑
p

C p
ij B(α) 1

p Fpq

[
i i
j j

]
. (1.2.127)

1.3 Free boson theory

In this and the following sections, we move from general description of conformal
field theory to description of particular theories that appear in this thesis. We
start with the free boson theory. Our notation in this theory follows the book by
Polchinski [15] with α′ = 1.

1.3.1 Bulk theory

We start with description a single free boson X, which has the action

S =
1

2π

∫
d2z ∂X∂̄X. (1.3.128)

The corresponding equation of motion is

∂∂̄X(z, z̄) = 0. (1.3.129)

This equation is easily solved by writing X(z, z̄) as a sum of holomorphic and
antiholomorphic part

X(z, z̄) = XL(z) +XR(z̄). (1.3.130)
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The OPE of the X field with itself is given by

X(z, z̄)X(w, w̄) = −1

2
ln |z − w|2. (1.3.131)

This indicates that X(z, z̄) is not a proper scalar field of zero weight. However
the derivative ∂X(z) is a weight one current with the OPE

∂X(z)∂X(w) = −1

2

1

(z − w)2
(1.3.132)

and similarly for the antiholomorphic derivative ∂̄X(z̄).
In order to write down a Laurent expansion of the X field, we first have

to specify its boundary conditions. In the bulk theory, we usually consider the
periodicity conditions

X(τ, σ + 2π) = X(τ, σ) + 2πRw, w ∈ Z, (1.3.133)

where the integer w is called winding number. This condition means that the free
boson lives on a compact space, namely on a circle of radius R. This periodicity
condition fixes the mode expansions of ∂X(z) and ∂̄X(z̄) to

∂X(z) = − i√
2

∞∑
m=−∞

αm

zm+1
, (1.3.134)

∂̄X(z̄) = − i√
2

∞∑
m=−∞

ᾱm

z̄m+1
. (1.3.135)

The mode expansion of the whole field can be obtained by integrating these
equations:

X(z, z̄) = x0 −
i√
2
(α0 ln z + ᾱ0 ln z̄) +

i√
2

∞∑
m=−∞
m̸=0

1

m

(αm

zm
+
ᾱm

z̄m

)
. (1.3.136)

The oscillators αm, ᾱm satisfy the following canonical commutation relations:

[αm, αn] = [ᾱm, ᾱn] = mδm,−n, (1.3.137)

[αm, ᾱn] = 0, (1.3.138)

[x0, α0] = [x0, ᾱ0] = i
√
2. (1.3.139)

The spacetime momentum of the free boson is proportional to the sum of the
zero modes,

p =
1

2π

∮
(dz ∂X − dz̄ ∂̄X) =

1√
2
(α0 + ᾱ0). (1.3.140)

The momentum eigenvalues must be quantized because we want the theory to
be invariant under the action of the translational operator ei2πRp. Therefore the
only allowed momenta are

k =
n

R
, n ∈ Z. (1.3.141)

The other combination of zero modes is proportional to the winding number as

wR =
1

2π

∮
(dz ∂X + dz̄ ∂̄X) =

1√
2
(α0 − ᾱ0). (1.3.142)
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Instead of the momentum and the winding number, it is sometimes more
convenient to work with so-called left and right momenta

pL =
√
2α0, pR =

√
2ᾱ0, (1.3.143)

which have eigenvalues

kL =
n

R
+ wR, (1.3.144)

kR =
n

R
− wR.

The energy-momentum tensor of the free boson theory is given by

T (z) = −∂X∂X, (1.3.145)

T̄ (z̄) = −∂̄X∂̄X. (1.3.146)

The TT OPE implies that the theory has central charges c = c̄ = 1. The Virasoro
generators can be written in terms of the α oscillators as

Ln =
1

2

∞∑
k=−∞

◦
◦αn−kαk

◦
◦ . (1.3.147)

Concretely, for the L0 operator we find

L0 =
p2

4
+

∞∑
k=1

α−kαk. (1.3.148)

The state space of the free boson theory is spanned by states of the form

α−i1α−i2 . . . α−imᾱ−j1ᾱ−j2 . . . ᾱ−jn|kL, kR⟩, (1.3.149)

where |kL, kR⟩ are primary states with respect to the U(1)×U(1) algebra. They
are eigenstates of pL, pR (with the eigenvalues given by (1.3.144)) and they are
annihilated by αm, ᾱm with m > 0. The basis states (1.3.149) have conformal

weights
(

p2L
4
+
∑m

k=1 ik,
p2R
4
+
∑n

k=1 jk

)
.

Unlike in a generic CFT, vertex operators corresponding to these states are ac-
tually very simple to write down. The momentum primary operators correspond
to

|kL, kR⟩ ↔ eikLXL(0)+ikRXR(0) (1.3.150)

and the α oscillators can be replaced by

α−n ↔
√
2i

(n− 1)!
∂nX(0) (1.3.151)

and similarly for ᾱ. These replacements work independently for each oscillator
because the theory is free. The precise definition of these vertex operators requires
additional factors, which are called cocycles (see for example [15]). These factors
however affect only certain bulk correlators, which do not appear in this thesis,
so we will not discuss them.
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Sometimes it is useful to know how the U(1) representations decompose under
the Virasoro algebra. Roots of the Kac determinant (1.1.59) for c = 1 have a
very simple form,

hr,s =
1

4
(r − s)2. (1.3.152)

Therefore Verma modules of weights j2, where j is a half-integer, are reducible
and they decompose into infinite sums of irreducible Virasoro representations

HU(1)
j =

∞⨁
k=0

HV ir
(j+k)2 . (1.3.153)

The Virasoro primary states that appear in this decomposition can be classified
by irreducible representations of the SU(2) algebra (j,m), which have conformal
weight j2 and momentum 2m. We will encounter mostly zero momentum pri-
maries, which have weights given by squares of integers. We label these primaries
as Pj2 . The first three primary states with unit norm are

|P1⟩ = α−1|0⟩,

|P4⟩ =

√
2

27

(
α−3α−1 −

3

4
(α−2)

2 − 1

2
(α−1)

4

)
|0⟩, (1.3.154)

|P9⟩ =

√
2

1125

(
α−5α−3α−1 −

3

4
α−5(α−2)

2 − 15

16
(α−4)

2α−1 +
5

4
α−4α−3α−2

− 5

9
(α−3)

3 − 1

2
α−5(α−1)

4 +
5

4
α−4α−2(α−1)

3 − 5

4
α−3(α−2)

2(α−1)
2

+
15

32
(α−2)

4α−1 +
1

6
α−3(α−1)

6 − 1

8
(α−2)

2(α−1)
5 − 1

72
(α−1)

9

)
|0⟩.

1.3.2 Boundary theory

The free boson theory admits two basic boundary conditions

∂X(z) = ∂̄X(z̄)|z=z̄, (1.3.155)

∂X(z) = −∂̄X(z̄)|z=z̄. (1.3.156)

The first boundary condition is called Neumann boundary condition and it can be
also written as ∂σX|σ=0,π = 0. The second condition is called Dirichlet boundary
condition and it is equivalent to ∂τX|σ=0,π = 0 or X|σ=0,π = x0. In string theory,
these boundary conditions are interpreted as follows: The ends of a string with
Neumann boundary condition are free to move along the circle, while the ends of
a string with Dirichlet boundary condition are firmly attached to the position x0.
The two boundary conditions are very similar (in string theory, they are related
by the T-duality), so we will focus on description of the Neumann boundary
condition.

The mode expansion of X(z, z̄) with Neumann boundary condition is given
by

X(z, z̄) = − i√
2
α0 ln zz̄ +

i√
2

∞∑
m=−∞
m ̸=0

αm

m

(
1

zm
+

1

z̄m

)
. (1.3.157)
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The zero mode has a slightly different meaning than in the bulk, now it is related
to the momentum as p =

√
2α0. That means that the definition of the L0

generator changes to

L0 = p2 +
∞∑
k=1

α−kαk. (1.3.158)

The boundary spectrum is obtained by limits of bulk operators approaching
the boundary. There are usually singularities between holomorphic and antiholo-
morphic parts of the operators, so we define so-called boundary normal ordering,
denoted as ⋆

⋆
⋆
⋆, which cancels these singularities:

⋆
⋆ϕ(x) ⋆

⋆= lim
z→z̄

(ϕ(z, z̄)− sing.). (1.3.159)

If we consider a generic exponential operator ei(kLXL(z)+kRXR(z̄)), we find that the
winding part of the operator disappears in this limit. Therefore we define a
boundary momentum operator in terms of the free field as

⋆
⋆ei

n
R
X(x) ⋆

⋆= lim
z→z̄

ei
n
R
X(z, z̄) (z − z̄)−

n2

2R2 . (1.3.160)

This operator has conformal weight n2

R2 , which is four times as much as the parent
bulk operator.

Boundary states corresponding to the Neumann and Dirichlet boundary con-
ditions can be written in terms of U(1) Ishibashi states as

|k,−k⟩⟩N = exp

(
−

∞∑
n=−1

1

n
α−nᾱ−n

)
|k,−k⟩, (1.3.161)

|k, k⟩⟩D = exp

(
∞∑

n=−1

1

n
α−nᾱ−n

)
|k, k⟩. (1.3.162)

The precise form of these boundary states can be derived analogously to the
Cardy condition [22]. Including the normalization, the Neumann boundary state
reads

||N(x̃0)⟩⟩ =
√
R

21/4

∑
n∈Z

einRx̃0|nR,−nR⟩⟩N . (1.3.163)

The constant x̃0 can be interpreted in string theory in terms of the Wilson line
on the T-dual circle. We will encounter it only in few rare occasions because we
usually use the Neumann boundary state as the initial configuration in string field
theory, where we set it to zero for simplicity. This constant affects only phases
of some bulk-boundary correlators.

The Dirichlet boundary state equals to

||D(x0)⟩⟩ =
1

21/4
√
R

∑
n∈Z

ei
n
R
x0| n
R
,
n

R
⟩⟩D, (1.3.164)

where x0 is interpreted in string theory as the position of the D-brane the strings
are attached to.
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1.3.3 Correlators

The free boson theory is fully solvable and it is possible to explicitly compute all
correlators using the Green’s function [15].

Bulk correlators of generic momentum operators are equal to5⟨
n∏

i=1

ei(kLiXL(zi)+kRiXR(z̄i))

⟩
= Nbulkδ∑i kLi

δ∑
i kRi

n∏
i,j=1
i<j

z
kLikLj/2
ij z̄

kRikRj/2
ij .

(1.3.165)
The normalization is usually chosen to be Nbulk = 1 to make BPZ products of
momentum states orthonormal.

More general correlators include derivatives of the X field⟨
n∏

i=1

ei(kLiXL(zi)+kRiXR(z̄i))

p∏
j=1

∂mjX(zj)

q∏
k=1

∂̄nkX(z̄k)

⟩
. (1.3.166)

This type of correlator can be computed by removing the ∂mX operators one by
one using contractions. We pick one ∂mX operator and contract it with all eikX

and ∂nX operators at other points, where the contractions work as replacements

⟨. . . ∂miX(zi) . . . ∂
mjX(zj) . . . ⟩ → (−1)mi

(mi +mj − 1)!

2(zi − zj)mi+mj
⟨. . .⟩, (1.3.167)

⟨
. . . ∂miX(zi) . . . e

ikLjXL(zj) . . .
⟩

→ (−1)mi
ikLj(mi)!

2(zi − zj)mi+1
⟨. . . eikLjXL(zj) . . .⟩.

We repeat this process until we remove all ∂mX and ∂̄nX operators. In this way,
we can reduce (1.3.166) to (1.3.165).

Boundary correlators with Neumann boundary conditions work in the same
way. A correlator with just momentum primaries is very similar to (1.3.165):⟨

n∏
i=1

⋆
⋆ eikiX(xi) ⋆

⋆

⟩(N)

= Nboundδ∑i ki

n∏
i,j=1
i<j

x
2kikj
ij . (1.3.168)

where the normalization is fixed by the boundary state (1.3.163) to Nbound =
√
R

21/4
.

If we want to compute a correlator with additional ∂mX operators,⟨
n∏

i=1

⋆
⋆ eikiX(xi) ⋆

⋆

p∏
j=1

∂mjX(xj)

⟩(N)

, (1.3.169)

we can use the contractions (1.3.167), but we have to double the momenta in
contractions of ∂mX with eikX to account for the boundary ordering.

Finally, we can consider a completely generic correlator of bulk and boundary
operators⟨

m∏
i=1

ei(kLiXL(zi)+kRiXR(z̄i))
n∏

j=1

⋆
⋆ eikjX(xj) ⋆

⋆

p∏
k1=1

∂mk1X(zk1
)

q∏
k2=1

∂̄mk2X(z̄k2
)

r∏
l=1

∂mlX(xl)

⟩(N)

.

(1.3.170)

5If the operators include both nonzero momentum and winding number, then this formula
additionally needs cocycles to ensure mutual locality of the operators.
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This type correlator is more complicated, so, instead of considering all possible
types of contractions, it is more convenient to compute it using the doubling trick.
We can replace all bulk and boundary operators by chiral operators as

∂̄mX(z̄) → ∂mX(z̄),

ei(kLXL(z)+kRXR(z̄)) → eikLX(z)eikRX(z̄), (1.3.171)
⋆
⋆ eikX(x) ⋆

⋆ → ei2kX(x).

Then we can treat all operators equally and compute the correlator using the
same contractions as for the holomorphic part of (1.3.166).

1.3.4 Free boson on a torus

At the end of this section let us discuss free boson theory compactified on a
torus. A D-dimensional torus is characterized by linearly independent vectors
vµi , i = 1, . . . , D, which determine the lengths of its sides and the angles between
them. If we consider the bulk theory on such torus, the periodicity conditions
(1.3.133) generalize to

Xµ(τ, σ + 2π) = Xµ(τ, σ) +
∑
i

wiv
µ
i , wi ∈ Z. (1.3.172)

This affects the quantization of momentum and winding eigenvalues. The winding
now belongs to the lattice spanned by the vectors vµi , while the momentum belongs
to the dual lattice.

We will focus on a two dimensional torus. It can be characterized by two radii
R1, R2 and by an angle θ, see figure 1.2 for illustration. The identification of the
two free fields, which we call X and Y , is

(X, Y ) ∼ (X + 2πR1, Y ), (1.3.173)

(X, Y ) ∼ (X + 2πR2 cos θ, Y + 2πR2 sin θ). (1.3.174)

The quantization of momentum and winding eigenvalues gets more complicated
than in a single dimension:

kµ =

(
n1

R1

,
n2

R2 sin θ
− n1 cos θ

R1 sin θ

)
, (1.3.175)

k̃µ = (w1R1 + w2R2 cos θ, w2R2 sin θ) . (1.3.176)

Notice that the quantization in the two directions is not independent.
The bulk theory on a torus is not much different from the theory on a circle,

however the boundary theory offers much richer spectrum of boundary conditions.
Classification of all possible boundary conditions remains unknown, so we will
describe just boundary conditions that respect the U(1)×U(1) symmetry. The
gluing conditions for the ∂Xµ currents have the form

∂Xµ = Ωµ
ν ∂̄X

ν |z=z̄, (1.3.177)

where Ω must be an O(2) matrix in order to preserve the gluing conditions for
the energy-momentum tensor. A generic SO(2) matrix describes free bosons
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Figure 1.2: A two dimensional torus parameterized by two radii R1 and R2 and
by an angle θ.

in a background of constant magnetic field Bµν , the special values Ω = 1 and
Ω = −1 describe the Neumann and Dirichlet boundary conditions respectively in
both directions. The disconnected component of the O(2) group describes mixed
Neumann-Dirichlet boundary conditions, which correspond in string theory to a
D1-brane wrapped around the torus.

In this thesis we restrict our attention to the simplest background, the Neu-
mann boundary conditions in both directions, which describes a D2-brane. The
boundary theory in this case factorizes into the X and Y direction with the
exception of quantization of the momentum modes, which is given by (1.3.175).

1.4 Minimal models

In this section we describe the Virasoro minimal models. These models are ra-
tional conformal field theories characterized by two integers (p, q) and by their
modular invariant partition function, which follows the A-D-E classification. We
will describe only the simplest case, the A-series, which has a diagonal partition
function.

1.4.1 Chiral theory

It can be shown that for a generic value of the central charge, the OPE of two
primary operators generates infinite number of new primaries. Conformal field
theories which are rational with respect to the Virasoro algebra can be therefore
constructed only for special values of the central charge

c = 1− 6(p− q)2

pq
, (1.4.178)

where p and q are coprime integers. We can choose p < q without loss of gener-
ality. Conformal dimensions of primary operators in these theories are

hr,s(p, q) =
(qr − ps)2 − (p− q)2

4pq
, 1 ≤ r < p, 1 ≤ s < q. (1.4.179)

These weights exactly match the roots of the Kac determinant (1.1.61), so the
associated Verma modules in are reducible. Notice that the weights satisfy hr,s =
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hp−r,q−s, which means that we can identify the corresponding primary operators

ϕ(r,s) = ϕ(p−r,q−s). That leaves us with
(p−1)(q−1)

2
independent primaries.

In principle, we can label a given primary both by (r, s) and (p− r, q− s), but
in order to be consistent with the formulas for F-matrices [21], which we show
in appendix A, we choose the following convention: If p is odd, then we have to
pick the expression which makes r odd as well, otherwise the second parameter
s must be made odd.

Primary operators in this theory satisfy the fusion rules

ϕ(r,s) × ϕ(m,n) =
kmax∑

k=1+|r−m|
k+r+m odd

lmax∑
l=1+|s−n|
l+s+n odd

ϕ(k,l), (1.4.180)

where kmax = min(r+m−1, 2p−r−m−1) and lmax = min(s+n−1, 2q−s−n−1).
A generic minimal model contains operators with negative conformal weights

and therefore it is nonunitary. Only models with |p − q| = 1 are unitary, in
that case we can write (p, q) as (m,m+ 1) and the central charge and conformal
weights reduce to (1.1.60).

1.4.2 Bulk and boundary theory

The full theory is specified by its partition function. In this thesis we consider
only the A-series of minimal models, which have diagonal spectrum,

H =
⨁
r,s

H(r,s) ⊗ H̄(r,s). (1.4.181)

Bulk operators therefore carry exactly the same labels (r, s) as chiral operators.
The allowed boundary conditions carry the labels (r, s) as well. The spectrum

of primary operators for a given boundary condition (r, s) is given by fusion of
the corresponding operator with itself, ϕ ∈ ϕ(r,s) × ϕ(r,s).

Boundary states of the unitary minimal models are given the Cardy solution
(1.2.123)

Bi
α =

S i
α√
S i
1

, (1.4.182)

where the S matrix equals to

S
(m,n)

(r,s) = 2

√
2

pq
(−1)1+rn+sm sin(π

q

p
rm) sin(π

p

q
sn). (1.4.183)

The formulas for nonunitary minimal models are a bit more complicated.
Some primary operators have negative two-point functions, which cannot be made
real by normalization (assuming we want to avoid complex structure constants).
In that case, there may be differences between coefficients of boundary states and
one-point functions,

⟨ϕi⟩(α) = Bi
α⟨i|i⟩, (1.4.184)

where ⟨ϕi⟩(α) = |z − z̄|2hi⟨ϕi(z, z̄)⟩(α) and ⟨i|i⟩ is the product of bulk operators.
The Cardy condition for the nonunitary models is discussed in detail in [23]. The
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theory allows a change of normalization

⟨0|0⟩ → µ2⟨0|0⟩, (1.4.185)

⟨1⟩(α) → µ⟨1⟩(α), (1.4.186)

ϕi → αiϕi. (1.4.187)

By setting µ = 1√
|S 1
1 |

and αi =

√⏐⏐⏐S 1
1

S i
1

⏐⏐⏐ in the formulas from [23], we get

C 1
ii = sgn

S i
1

S 1
1

(1.4.188)

and

⟨ϕi⟩(α) =
S i
α√
|S i

1 |
, (1.4.189)

Bi
α =

S i
α√
|S i

1 |
sgnS i

1 . (1.4.190)

Curiously, it is possible that even the product of two bulk vacuum states is
negative in this normalization,

⟨0|0⟩ = sgnS 1
1 . (1.4.191)

Finally, we will write down the explicit solution for structure constants, which
was found in [23] by solving the sewing relations (1.2.124)-(1.2.127). Bulk struc-
ture constants are given by

C k
ij =

(
Fk1

[
i i
j j

])−1

, (1.4.192)

boundary structure constants by

C
(αβγ)k
ij = Fβk

[
α γ
i j

]
(1.4.193)

and finally bulk-boundary structure constants by

B
(α) j

i =
S i
1

S 1
1

∑
m

eiπ(2hm−2hα−2hi+
1
2
hj)F1m

[
α i
α i

]
Fmj

[
i i
α α

]
. (1.4.194)

Explicit formulas for the F-matrices and some of their basic properties can be
found in appendix A. It can be shown that all structure constants (even (1.4.194),
which include complex phases) are real.

The structure constants are unique up to normalization of primary operators.
If we scale the operators as ϕi → αiϕi and ψ

(αβ)
i → λ

(αβ)
i ψ

(αβ)
i , the structure

constants change as

C k
ij → αiαj

αk

C k
ij , (1.4.195)

C
(αβγ)k
ij →

λ
(αβ)
i λ

(βγ)
j

λ
(γα)
k

C
(αβγ)k
ij , (1.4.196)

B
(α) j

i → αi

λ
(αα)
j

B
(α) j

i . (1.4.197)

We use this normalization to set bulk and boundary two-point structure constants
to ±1.
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1.5 The ghost system

The last theory that we are going to describe is the system of b and c ghosts.
The ghosts appear in string theory as a result of gauge fixing of the worldsheet
metric [15] and they play an important role in string field theory.

1.5.1 Chiral theory

The b and c ghosts are anticommuting primary fields with conformal weights
hb = 2 and hc = −1. The action of the ghost theory reads

S =
1

2π

∫
d2z b∂̄c (1.5.198)

and the corresponding equations of motion imply that both fields are holomorphic,

∂̄b(z) = ∂̄c(z) = 0. (1.5.199)

The OPE between the b and c fields is very simple

b(z1)c(z2) ∼
1

z1 − z2
. (1.5.200)

The OPEs of b and c with themselves are nonsingular because of anticommuta-
tivity of the ghosts. Using the usual mode expansions

b(z) =
∞∑

n=−∞

bn
zn+2

, c(z) =
∞∑

n=−∞

cn
zn−1

, (1.5.201)

we find that the modes bm, cm satisfy anticommutators

{bm, cn} = δm,−n, (1.5.202)

{bm, bn} = {cm, cn} = 0.

The energy-momentum tensor of the ghost theory is given by

T (z) = (∂b)c− 2∂(bc) (1.5.203)

and the corresponding Virasoro generators are equal to6

Lgh
m =

∞∑
n=−∞

(2m− n) ◦
◦ bncm−n

◦
◦ −δm0. (1.5.204)

The TT OPE implies that the ghost central charge is cgh = −26.
The theory has an additional ghost number symmetry δb = −iϵb, δc = iϵc,

which is generated by the ghost current

jgh(z) = −bc(z). (1.5.205)

6We have decided to split the creation and annihilation operators with respect to the ghost
number one vacuum c1|0⟩, i.e. bn with n ≤ −1 and cn with n ≤ 0 are considered creation
operators. This normal ordering is not equivalent to the conformal normal ordering, see for
example [15]. However it is useful for practical purposes because the state c1|0⟩ is the ground
state in string field theory.
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The modes of the ghost current are given by

jghm = −
∞∑

n=−∞

◦
◦ bncm−n

◦
◦ +δm0. (1.5.206)

The ghost current allows us to define ghost number of a state or operator as the
eigenvalue of the jgh0 operator. The ghost number of a given state equals to the
number of c ghosts minus the number of b ghosts.

The ghost current is not a proper weight 1 primary field because its OPE with
the energy-momentum tensor is

T (z)jgh(0) ∼ − 3

z3
+

1

z2
jgh(0) +

1

z
∂jgh(0). (1.5.207)

This implies that the ghost current transforms as

j̃gh(w) =
dz

dw
jgh(z)− 3

2

d2z

dw2

(
dz

dw

)−1

. (1.5.208)

This anomalous transformation law leads to an unusual property of ghost corre-
lators. Imagine that we insert jgh0 into a correlator in form of a contour integral
that encircles all insertions. By deforming the contour around infinity, we find
that the correlator is nonzero only if the total ghost number of all insertions is
equal to 3. Therefore the simplest nonzero correlator in this theory is

⟨c(z1)c(z2)c(z3)⟩ = (z1 − z2)(z1 − z3)(z2 − z3). (1.5.209)

More complicated correlators with b insertions can be reduced to (1.5.209) by
removing all b operators by contour manipulations. The basic BPZ product,
which is equivalent to (1.5.209), is given by

⟨0|c−1c0c1|0⟩ = 1. (1.5.210)

The the state space of the ghost theory is spanned by states

b−k1 . . . b−kmc−l1 . . . c−ln|0⟩, ki ≥ 2, li ≥ −1. (1.5.211)

We will discuss the structure of the ghost state space in more detail in section
2.2.1.

1.5.2 Bulk and boundary theory

Once we understand the chiral theory, the construction of bulk and boundary
theories is easy. The bulk theory is given by a product of holomorphic and
antiholomorphic copy of the chiral theory. The action reads

S =
1

2π

∫
d2z(b∂̄c+ b̄∂c̄), (1.5.212)

the Hilbert space is given by H ⊗ H̄ and correlators factorize into holomorphic
and antiholomorphic parts (up to possible signs from anticommutators).

39



When it comes to the boundary theory, there is only one consistent set of
gluing conditions

c(z) = c̄(z̄)|z=z̄, (1.5.213)

b(z) = b̄(z̄)|z=z̄. (1.5.214)

We can use these gluing conditions for the doubling trick and the resulting bound-
ary theory exactly matches the chiral theory.

The boundary state in the ghost theory has ghost number 3, so we have to
slightly modify the definition (1.2.110) to

|z − z̄|2hi⟨c−0 ϕi(z, z̄)⟩ = ⟨ϕi|c−0 ||B⟩⟩, (1.5.215)

where c−0 = c0 − c̄0 and we assume that the bulk state ⟨ϕi| has ghost number 2.
The boundary state must obey (1.2.113) and also

(bn − b̄−n)||B⟩⟩ = 0, (1.5.216)

(cn + c̄−n)||B⟩⟩ = 0, (1.5.217)

(jghn + j̄gh−n − 3δn0)||B⟩⟩ = 0. (1.5.218)

These conditions are satisfied by

||Bgh⟩⟩ = (c0 + c̄0) exp

(
−

∞∑
n=1

(b̄−nc−n + b−nc̄−n)

)
c1c̄1|0⟩. (1.5.219)

1.5.3 Commutators

For later convenience, we list all commutators between various operators that
appear in the ghost theory. In addition to the ghost Virasoros and modes of the
ghost current, we introduce ’twisted’ ghost Virasoros

L′gh
n = Lgh

n + njghn + δn0 =
∞∑

m=−∞

(n−m) ◦
◦ bmcn−m

◦
◦, (1.5.220)

which will play a role later in string field theory in Siegel gauge.
Commutators of the ghost Virasoros are[

Lgh
m , L

gh
n

]
= (m− n)Lgh

m+n −
13

6
(m3 −m)δm,−n, (1.5.221)[

Lgh
m , bn

]
= (m− n)bm+n, (1.5.222)[

Lgh
m , cn

]
= −(2m+ n)cm+n. (1.5.223)

Next, commutators involving modes of the ghost current are[
jghm , j

gh
n

]
= mδm,−n, (1.5.224)[

Lgh
m , j

gh
n

]
= −njghm+n −

3

2
(m2 +m)δm,−n, (1.5.225)[

jghm , bn
]

= −bm+n, (1.5.226)[
jghm , cn

]
= cm+n. (1.5.227)
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Finally, we list commutators of the ’twisted’ ghost Virasoros:[
L′gh
m , L′gh

n

]
= (m− n)L′gh

m+n −
1

6
(m3 −m)δm,−n, (1.5.228)[

L′gh
m , Lgh

n

]
= (m− n)L′gh

m+n + n2jghm+n −
1

6
(4m3 + 9m2 −m)δm,−n, (1.5.229)[

L′gh
m , jghn

]
= −njghm+n −

1

2
(m2 + 3m)δm,−n, (1.5.230)[

L′gh
m , bn

]
= −nbm+n, (1.5.231)[

L′gh
m , cn

]
= −(m+ n)cm+n. (1.5.232)

1.6 Bosonic string theory

At the end of this chapter we briefly review of some aspects of bosonic string
theory following [15]. We focus on topics which are relevant for string field theory,
that is the relation between string theory and conformal field theory and the
BRST quantization.

1.6.1 The Polyakov action

A string in D dimension is described by D scalar fields, which represent its posi-
tion in the spacetime. The Polyakov action for the bosonic string in Minkowski
spacetime is78

S[X, g] = − 1

4π

∫
d2σ

√
g gabηµν∂aXµ∂bXν , (1.6.233)

where gab is the worldsheet metric (with Euclidean signature), g = det gab and
ηµν is the spacetime Minkowski metric. The action is invariant under worldsheet
diffeomorphisms, σa → σ′a, and under two-dimensional Weyl transformations,
gab → ω(σ)gab.

The Euclidean path integral in this theory,∫
[dX dg] e−S[X,g], (1.6.234)

includes an enormous overcounting given by the diffeomorphisms and by the Weyl
symmetry. If we want to have a well-defined part integral, we have to remove
the overcounting. This is usually done by the Faddeev-Popov method. This
procedure allows us to fix the metric to some specific functional form ĝab(σ).
For simplicity, we choose the flat metric ĝab(σ) = δab, although such choice is in
general possible only locally. After the gauge fixing, the path integral changes to∫

[dX db dc] e−S[X,b,c], (1.6.235)

where the new action reads

S[X, b, c] =
1

2π

∫
d2z ∂Xµ∂̄X

µ +
1

2π

∫
d2z (b∂̄c+ b̄∂c̄). (1.6.236)

7We set the constant α′ to 1 for simplicity.
8The full action also includes some topological terms, which are however not important for

our purposes.
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We can see that the bosonic string is now described by a two-dimensional con-
formal field theory, which includes D free bosons and the bc ghost system, which
are described in sections 1.3 and 1.5 respectively.

This action can be used for both open and closed strings. Closed strings are
described by a bulk CFT, while open strings are described by a boundary CFT
with some boundary conditions (usually Neumann or Dirichlet) at the ends of
strings.

1.6.2 BRST quantization

The state space of bosonic string theory is given by a product of the free boson
state space and the ghost state space. It is not unitary because the Hermitian
product in this space is not positive definite. Negative-norm states come from the
X0 boson, which has a wrong sign kinetic term, and from the ghosts. There are
three common methods to obtain the physical spectrum: the light-cone quantiza-
tion, the old covariant quantization and the BRST quantization. We will describe
the BRST quantization, which is relevant for string field theory. For simplicity,
we describe only the open string spectrum.

The BRST quantization allows us to fix a gauge in a covariant way. Following a
procedure similar to the Faddeev-Popov method, we arrive to the action (1.6.236)
plus a gauge-fixing term. This action is invariant under the BRST symmetry and
the corresponding Noether’s theorem gives us a conserved current:

jB(z) = cTm(z) +
1

2
:cT gh : (z) +

3

2
∂2c(z). (1.6.237)

The zero mode of this current, which plays a crucial role in string field theory, is
called the BRST charge and denoted as QB,

QB =

∮
dz

2πi
jB(z) =

∞∑
n=−∞

c−nL
m
n +

1

2

∞∑
n=−∞

◦
◦ c−nL

gh
n

◦
◦ −

1

2
c0. (1.6.238)

For consistency, the BRST charge must be nilpotent,

Q2
B = 0. (1.6.239)

This condition is satisfied only when the matter central charge is cm = 26. This
condition therefore fixes the dimension of bosonic string theory to D = 26.

Physical spectrum of the bosonic string is determined by the cohomology of
the BRST charge, which means that on-shell states must be annihilated by the
BRST charge,

QB|ψ⟩ = 0, (1.6.240)

and there is an equivalence relation

|ψ⟩ ∼= |ψ⟩+QB|χ⟩, (1.6.241)

where |χ⟩ is an arbitrary state. Physical states must also satisfy one additional
condition:

b0|ψ⟩ = 0. (1.6.242)
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Using the anticommutator {QB, b0} = Ltot
0 , we find the usual on-shell condition

Ltot
0 |ϕ⟩ = (p2 +m2)|ϕ⟩ = 0. (1.6.243)

The Ltot
0 eigenvalue consists of momentum squared and mass squared, which

equals to level of all creation operators in |ϕ⟩. If some of the spacetime dimensions
are compact, the momentum in these dimensions is conventionally also added to
the mass squared.

As an example, let’s see what these conditions imply for states at the lowest
levels. The only on-shell state at level 0 is

c1|kµ⟩, (1.6.244)

where the momentum satisfies k2−1 = 0, which means that this state is tachyonic.
There is no equivalence relation at this level.

The most general state at level 1 is

(eνα
ν
−1 + βb−1 + γc−1)c1|kµ⟩. (1.6.245)

The on-shell conditions are k2 = 0, which implies that these states are massless,
and kµeµ = β = 0. The equivalence relation leads to identifications eµ ∼= eµ+a1kµ
and γ ∼= γ + a2 for any constants a1,2. Therefore we can set β = γ = 0 and we
are left with D− 2 polarizations of eµ, which is the expected result for a massless
vector particle.

The analysis can be carried on to higher levels and it is possible to show
that the cohomology contains no negative-norm states. Physical states can be
represented only by free boson excitations in D − 2 dimensions.

1.6.3 D-branes and T-duality

Boundary conditions in string theory have a somewhat different interpretation
than in a generic conformal field theory. Consider an open string theory with Neu-
mann boundary conditions in p+1 directions and Dirichlet boundary conditions
in the remaining 25 − p directions. These conditions determine a p-dimensional
hyperplane. Ends of open strings with these boundary conditions are attached to
this hyperplane and they can move along it. This hyperplane is called a Dp-brane
and it turn out to be a non-perturbative object in string theory9. It has its own
mass, charges and its own dynamics. An open string attached to a D-brane can
be understood precisely as a small perturbation of this D-brane. Large deforma-
tions of D-branes can be described by string field theory, which is the subject of
this thesis. D-branes have many uses in string theory, they help us for example
to understand various dualities or they give us an insight into black hole physics.

String theory contains a duality which relates different compactifications,
which is called T-duality. In the context of open strings, it exchanges Neumann
and Dirichlet boundary conditions and therefore it changes D-brane dimensions.
Consider a simple example, free boson on a circle. We can easily match the spec-
tra of closed strings at radii R and 1

R
, the identification just exchanges momentum

and winding modes. If we want to match the boundary theory, we find that it is

9See for example [24][25].
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necessary to exchange Neumann and Dirichlet boundary conditions. Therefore a
D1-brane10 at radius R is T-dual to a D0-brane at radius 1

R
. The T-duality can be

extended to more general toroidal compactifications. There it can be performed
in different directions and these transformations form the O(D,D,Z) group. It
can also involve more generic types of D-branes, for example D-branes with flux.

1.6.4 Introduction of other CFTs

When we construct a string theory, we can replace some of the 26 free bosons
by another conformal field theory of interest. This construction is analogous to
Gepner models in superstring theory [26][27]. The new theory can be pretty
much arbitrary (for some purposes even nonunitary), we just require that the
total matter central charge remains 26. We assume that the full theory takes
form CFT’⊗CFTX⊗CFTgh, where CFTX is the theory of interest, CFT’ is the
rest of the matter theory and CFTgh is the ghost theory. The central charge of
CFTX does not have to be an integer, so CFT’ may have to include CFTs different
from the free boson theory, but the exact content of CFT’ is not important for
our purposes because we will consider only Virasoro descendants in this theory.

Physically, we can understand these theories as follows. We can imagine
that the new CFT comes from compactification of several free bosons on some
nontrivial manifold. Such theories are generally unsolvable, but there are special
manifolds which can be described by products of rational CFT, one of which
becomes the theory of interest. A simple example is described in section 8.3,
there is a duality between the double Ising model and the free boson theory on
the Z2 orbifold of circle with R =

√
2, which allows us to introduce the Ising

model to string theory.
To use the same terminology as in the free boson theory, we will call boundary

states in these models also D-branes (for example the Ising model contains 1, ε, σ-
brane), although they usually do not have a simple geometric interpretation.

In this thesis we consider string theories which include only the Virasoro
minimal models, another good option would be to explore the WZW models. We
need to understand a boundary theory for at least one boundary condition to
construct a string field theory, so we are in general restricted to some product of
rational or free CFTs.

10When referring to D-branes, we usually consider only their dimensionality with respect to
the compact space of interest. Therefore we can imagine that they have Dirichlet boundary
condition in all other spatial directions.
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Chapter 2

String field theory

In this chapter we focus on the main subject of this thesis, the bosonic open
string field theory. As in the previous chapter, the whole theory it too broad to
be fully reviewed here. Therefore we focus on topics which are relevant for our
numerical approach. In this regard we attempt to be self-contained, so the reader
should be able to find all formulas necessary for reproducing our results. In some
cases we also discuss possible extensions of our calculations to more complicated
string backgrounds. On the other hand, we only briefly touch the KBc algebra
and modern analytic methods.

In section 2.1 we provide a brief review of the bosonic open string field theory.
We introduce basic elements of OSFT, show its action and discuss its symmetries.
Then we define the level truncation scheme and sketch our methods to solve
the equations of motion. In section 2.2 we introduce several backgrounds we
are interested in and we discuss structure of state spaces in the corresponding
BCFTs. In section 2.3 we define various gauge invariant observables in OSFT,
which are used to identify solutions, and we discuss their specifics in the chosen
backgrounds. Finally, in sections 2.4 and 2.5 we derive conservation laws for the
cubic vertex and for Ellwood invariants, which are needed for construction of
recursive numerical algorithms in the next chapter.

2.1 Introduction to open string field theory

Open string field theory was first introduced by Edward Witten in [1]. This origi-
nal formulation of string field theory, which includes path integrals over length of
the string, is not well suited for practical calculations, so in this review we mainly
follow classical references [28][29][30], where the string field theory is formulated
using a more convenient CFT formalism.

The central object of string field theory is a so-called string field Ψ. The
string field belongs to the Hilbert space of a first-quantized open string theory
formulated on some D-brane background, for now we consider a single space-
filling D25-brane for simplicity. However the string field is an off-shell element of
the Hilbert space, which means that it is generally not annihilated by the BRST
charge,

QB|Ψ⟩ ≠ 0. (2.1.1)

The string field may have any ghost number, but the physical string field, which
enters the OSFT action, inherits ghost number 1 from on-shell string states. We
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can write such string field as an expansion

|Ψ⟩ =
∫
d26k

(
T (k) + Aµ(k)α

µ
−1 + β(k)c0b−1 +Bµν(k)α

µ
−1α

ν
−1 + . . .

)
eik.X(0)c1|0⟩,

(2.1.2)
where the integral over k is not restricted by the mass-shell condition. In this ex-
pansion we recognize various spacetime fields like the tachyon T (k), the massless
vector field Aµ(k), etc.

There are several operations we can perform with string fields. First, we can
multiply two string fields. The multiplication is called star product and denoted
by the symbol ∗. It maps two string fields back to a string field. It is associative,

(Ψ1 ∗Ψ2) ∗Ψ3 = Ψ1 ∗ (Ψ2 ∗Ψ3), (2.1.3)

but, in general, it is neither commutative nor anticommutative,

Ψ1 ∗Ψ2 ̸= ±Ψ2 ∗Ψ1. (2.1.4)

Next, there is an odd derivative Q. It is defined using the string theory
BRST charge (1.6.238), which acts on a string field in the usual operator sense.
Therefore the derivative is nilpotent, Q2 = 0, and it satisfies a ”Leibnitz rule”
when acting on a star product of two string fields:

Q(Ψ ∗ Φ) = Q(Ψ) ∗ Φ + (−1)ΨΨ ∗Q(Φ), (2.1.5)

where (−1)Ψ is a Z2 degree of the string field. Unless there are some fermionic
matter fields, the degree in the bosonic theory is given by minus one to the ghost
number. The degree of the derivative Q is therefore equal to −1.

Finally, we introduce an integration operation, which maps a string field to a
complex number,

∫
Ψ ∈ C. The integration is linear,

∫
(Ψ+Φ) =

∫
Ψ+

∫
Φ, and

it satisfies the cyclic property∫
Ψ ∗ Φ = (−1)ΨΦ

∫
Φ ∗Ψ. (2.1.6)

The integration can be nonzero only if the total ghost number of the argument
is equal to 3 (see for example the definition (2.1.20)) and therefore the factor
(−1)ΨΦ is always equal to +1 in the bosonic theory. Another important property
of the integration is that an integral of a derivative always equals to zero,∫

QΨ = 0. (2.1.7)

Using the star product and the integration operation, we define an n-vertex,
which maps n string fields to a complex number,∫

Ψ1 ∗Ψ2 ∗ · · · ∗Ψn ∈ C. (2.1.8)

It follows from (2.1.6) that the n-vertex has the cyclic symmetry∫
Ψ1 ∗Ψ2 ∗ · · · ∗Ψn =

∫
Ψ2 ∗ · · · ∗Ψn ∗Ψ1. (2.1.9)
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Using these elements, we can write a cubic action for the bosonic open string
field theory as

S = − 1

g2o

∫ (
1

2
Ψ ∗QΨ+

1

3
Ψ ∗Ψ ∗Ψ

)
, (2.1.10)

where go is the open string coupling constant. The equations of motion derived
from this action are

QΨ+Ψ ∗Ψ = 0. (2.1.11)

If we neglect the nonlinear term, this equation reproduces the physical state
condition (1.6.240).

The action (2.1.10) has a large amount of gauge symmetry, which is given by
an infinitesimal transforation of the string field of the form

δΨ = QΛ + (Ψ ∗ Λ− Λ ∗Ψ), (2.1.12)

where Λ is an arbitrary string field with ghost number 0. If we neglect the
nonlinear terms, we can once again see a relation to the BRST quantization of
string theory; this equation reproduces the equivalence relation (1.6.241).

In this thesis we consider mostly OSFT formulated only on a single D-brane
background, but for some purposes it is also useful to understand how the theory
looks on multiple D-branes. In that case the string field gains a Chan-Patton like
matrix structure,

Ψ =

⎛⎜⎝ Ψ11 Ψ12 . . .
Ψ21 Ψ22

...
. . .

⎞⎟⎠ , (2.1.13)

where Ψij belongs to the Hilbert space characterized by mixed boundary condi-
tions i and j. Therefore the off-diagonal part of the string field includes nontriv-
ial boundary condition changing operators. The corresponding action acquires a
trace over the matrix indices,

S = − 1

g2
Tr

∫ (
1

2
Ψ ∗QΨ+

1

3
Ψ ∗Ψ ∗Ψ

)
. (2.1.14)

After expanding the trace, we find that the action consists of a sum of terms of
the form

∫
Ψij ∗QΨj i and

∫
Ψij ∗Ψjk ∗Ψki.

2.1.1 Evaluation of the action

So far, we have defined the star product and the integration only using their alge-
braic properties, but for practical calculations we need an explicit realization of
these operations. First we look at a geometric interpretation of the star product.

We can imagine that a string field represents a worldsheet of a string prop-
agating from time τ = −∞ to τ = 0, when it interacts with other strings. The
star product, which represents the interaction, is interpreted as gluing two strings
together. We take the right part (π/2 ≤ σ ≤ π) of the first string and glue it
together with the left part (0 ≤ σ ≤ π/2) of the second string. Such operation
can be done repeatedly and it is clearly associative. Similarly, the integration
is represented by gluing the left and the right part of the string together. Fi-
nally, the n-vertex is constructed by repeated multiplication followed by gluing
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Figure 2.1: On the left: Schematic depiction of a star product of two string fields
Ψ ∗ Φ. On the right: Schematic depiction of the integration operation

∫
Ψ.

of the two remaining half-strings together. See figure 2.1 for illustration of these
operations.

We use tools from conformal field theory to formalize these ideas. First,
we are going formulate string field theory using conformal maps and correlation
functions and later we will discuss an alternative operator formulation.

A string field will be represented by a unit half-disk with a vertex operator
inserted at the origin. In order to define the n-vertex, we need to map all the
half-disks to the UHP in a way which respects the cyclic symmetry of the vertex.
The first step is to map the half-disks on a full disk. First, we consider the
transformation

h(z) =
1 + iz

1− iz
, (2.1.15)

which maps a half-disk back on a half-disk and which exchanges the straight and
the curved boundary (see figure 2.2). It also maps the common interaction point
z = i to the origin of the new coordinates. Next, we have to shrink the half-disks
so that they can fit into the full disk. This can be done by the transformation

η(z) = z2/n. (2.1.16)

Finally, we have to rotate the surfaces to avoid overlap. By composition of all
three transformations, we obtain maps

gk(zk) = e
(k−1)πi

n

(
1 + izk
1− izk

)2/n

. (2.1.17)

Now we can write the n-vertex as a correlator on the unit disk:∫
Ψ1 ∗Ψ2 ∗ · · · ∗Ψn = ⟨g1 ◦Ψ1(0)g2 ◦Ψ2(0) . . . gn ◦Ψn(0)⟩disk. (2.1.18)

This representation makes the cyclic symmetry of the vertex manifest, but, for
practical computations, it is more convenient to work with correlators on the
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Figure 2.2: Map of three half-disks on a full disk. We denote the left and the
right edge of the string worldsheet by blue and red colors respectively.

UHP. The disk can be mapped back on the UHP using the inverse of the h
transformation (see figure 2.3),

h−1(z) = −iz − 1

z + 1
. (2.1.19)

Then we find∫
Ψ1 ∗Ψ2 ∗ · · · ∗Ψn = ⟨f1 ◦Ψ1(0)f2 ◦Ψ2(0) . . . fn ◦Ψn(0)⟩UHP , (2.1.20)

where fk(zk) = h−1(gk(zk)). There is an explicit formula for the functions fk,
which reads

fk(zk) = tan

(
2

n
arctan z +

(k − 1)π

n

)
. (2.1.21)

It can be derived by mapping the vertex on a cylinder instead of the disk in the
intermediate step.

In the cubic theory, we usually encounter only vertices with one to three
entries. The 1-vertex is essentially just an alternative definition of the integration
operation. It is given by the conformal map

f1(z) ≡ fI(z) =
2z

1− z2
(2.1.22)

and using this function, the integration is defined as∫
Ψ = ⟨fI ◦Ψ(0)⟩. (2.1.23)

The function fI(z) defines the so-called identity string field, which we are going
to introduce subsection 2.1.5. Using this string field, we can alternatively write
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Figure 2.3: Map of a unit disk with three insertions on the upper half-plane.

the integration as ∫
Ψ = ⟨I|Ψ⟩, (2.1.24)

where we use the BPZ product instead of a correlation function. We never need
to use the 1-vertex explicitly in this thesis, but it will play a role in construction
of Ellwood invariants in section 2.3.2.

The 2-vertex mainly appears in the kinetic term of the OSFT action. The
conformal maps for n = 2 are

f1(z1) = z1,

f2(z2) = − 1

z2
. (2.1.25)

Therefore we observe that the 2-vertex reduces just to the usual BPZ product
and we do not have to introduce any new formalism to compute it,∫

Ψ1 ∗Ψ2 = ⟨Ψ1|Ψ2⟩. (2.1.26)

Finally we get to the cubic vertex, which defines the interaction term of the
OSFT action. The three maps that define the vertex are given by1

f1(z1) = tan

(
2

3
arctan z1 +

π

3

)
,

f2(z2) = tan

(
2

3
arctan z2

)
, (2.1.27)

f3(z3) = tan

(
2

3
arctan z3 −

π

3

)
.

Assuming that all three string fields are just primary operators, which transform
as fk ◦Ψk(0) = (f ′

k(0))
hkΨk(fk(0)), we can compute the cubic vertex directly∫

Ψ1 ∗Ψ2 ∗Ψ3 = ⟨f1 ◦Ψ1(0)f2 ◦Ψ2(0)f3 ◦Ψ3(0)⟩

=

(
8

3

)h1
(
2

3

)h2
(
8

3

)h3

⟨Ψ1(−
√
3)Ψ2(0)Ψ3(

√
3)⟩

= C123K
−h1−h2−h3 , (2.1.28)

1We use a cyclic rotation of the functions (2.1.21) to match the conventions from [29].
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where C123 is the boundary 3-point structure constant from (1.2.106) with sup-
pressed boundary indices and K is a constant defined as

K ≡ 3
√
3

4
. (2.1.29)

Unfortunately, this method of evaluation of the cubic vertex is not very practical
for secondary fields, which usually have complicated transformation laws.

Another option how to compute string field theory vertices is the operator
approach. The interaction of n string fields in this approach is expressed as∫

Ψ1 ∗ · · · ∗Ψn = ⟨Vn|Ψ1⟩ . . . |Ψn⟩, (2.1.30)

where the representative of the n-vertex ⟨Vn| belongs to the n-fold tensor product
of the dual Hilbert space, ⟨Vn| ∈ H∗ ⊗ · · · ⊗ H∗  

n

.

The 1-vertex in this formalism is equal to the aforementioned identity string
field, ⟨V1| ≡ ⟨I| and the 2-vertex is just an alternative representation the BPZ
product. Therefore we will use this formalism mainly for the cubic vertex. This
representation of the cubic vertex has the advantage that it allows us to write an
explicit formula for the star product:

Ψ1 ∗Ψ2 = bpz(⟨V3|Ψ1⟩|Ψ2⟩). (2.1.31)

In the standard theory on a space filling D-brane, the cubic vertex can be
explicitly written in terms of oscillators. The zero momentum part of the vertex
is given by

⟨V3|ki=0 = N (⟨0|c−1c0)
(1) ⊗ (⟨0|c−1c0)

(2) ⊗ (⟨0|c−1c0)
(3) (2.1.32)

× exp

⎛⎜⎝1

2

3∑
r,s=1

∞∑
m,n=0

αµ(r)
m N rs

mnα
ν(s)
n ηµν +

3∑
r,s=1

∞∑
m=0,
n=1

b(r)m Xrs
nmc

(s)
n

⎞⎟⎠ ,

where the constants N rs
mn and Xrs

mn are called Neumann coefficients. They can be
explicitly computed using the conformal maps (2.1.21), see for example [28].

However this representation of the cubic vertex is not well suited for practical
computations either. The main reason is that the cubic vertex cannot be easily
transformed to other bases which we have to use in various BCFTs, most notably
to the Virasoro basis. Therefore we will borrow the notation from this approach,
because it is more practical to treat the string field as a state than as a field,
but for the actual computations we will use the conservation laws for the cubic
vertex, which we are going to introduce in section 2.4.

2.1.2 Level truncation

The string field has infinite number of degrees of freedom, so if we want to solve
the equations of motion (2.1.11), we have to reduce the number of degrees of
freedom to a manageable amount. There are two very different approaches to this
problem. The first is a so-called level truncation approach, in which we truncate
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the string field (2.1.2) to a finite number of terms and solve the corresponding
equations numerically. The other possibility is to solve the equations of motion
analytically using a set of coherent states that form a closed algebra under the
star product. In this thesis we focus on the level truncation approach, the analytic
methods will be mentioned only briefly in subsection 2.1.5.

In the level truncation approach, we expand the string field in eigenstates of
the total Virasoro operator Ltot

0 . Following [31], we define the level L of a state
|ϕ⟩ as the Ltot

0 eigenvalue plus one:

L|ϕ⟩ = (Ltot
0 + 1)|ϕ⟩. (2.1.33)

The shift by one is introduced to compensate for the Ltot
0 eigenvalue of the ghost

number one ground state c1|0⟩, which we want to have level 0. In a similar way,
we also define level in the constituent BCFTs; the level in matter theories is given
just by the Lm

0 eigenvalue, the shift by one appears only in the ghost BCFT. The
level is additive under tensor product of the individual BCFTs.

The definition of level in string field theory differs from the CFT definition
of level, which we mentioned in section 1.1.4. In the context of string theory,
the CFT level is usually called number operator and denoted as N . The two
quantities differ by the weight of the primary operator contained in a given state,
L = N + h. The number operator also plays a role in string field theory, for
example in the twist symmetry.

We can also define level of a n-vertex contracted with string fields of definite
level as a sum of levels of the string fields. This applies mainly to the cubic vertex
because the 2-vertex is nontrivial only if both states have the same level.

Truncation of a string field to level L means that we reduce the infinite sum
over fields only to terms which have level lower or equal to L. Truncation of the
OSFT action is characterized by two numbers (L,M), where L is the maximal
allowed level for the string field and M is the maximal allowed level for the
vertices. It is reasonable to choose M only from the interval 2L ≤ M ≤ 3L. We
would be missing part of the kinetic term for M < 2L and there no terms with
level higher than 3L in the cubic action.

In the literature we usually encounter either (L, 2L) or (L, 3L) approxima-
tions. The (L, 2L) approximation scheme was mostly used in earlier works, for
example [32][31][33], because it is computationally less demanding. However the
(L, 3L) scheme offers a better precision of results [34][35], so in this thesis we show
results exclusively in this scheme. Considering the structure of our algorithms,
the (L, 2L) scheme would not lead to a dramatic acceleration of our calculations
anyway and it would make our algorithms more complicated.

2.1.3 Twist symmetry

In addition to the gauge symmetry, the string field theory has a second symmetry
of different nature. It is a Z2 symmetry called twist symmetry and denoted by
Ω. It corresponds to reversal of orientation of all strings, which is generated by
the worldsheet transformation σ → π − σ. Therefore it relates a star product of
two string fields to the star product in the opposite order

Ω(Ψ1 ∗Ψ2) ∼ (ΩΨ2) ∗ (ΩΨ1). (2.1.34)
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The action of the twist symmetry depends on properties of the particular string
field theory, so we will describe only the most common form of the symmetry,
which covers all backgrounds we encounter in this thesis. First, we restrict the
background only to a single D-brane to avoid boundary condition changing op-
erators. Then we assume that modes of all operator are labeled by integers and
that the boundary structure constants satisfy2

C123 = (−1)ϕ1(−1)ϕ2(−1)ϕ3C321, (2.1.35)

where (−1)ϕi = ±1 is twist parity of primary operators. Then we find

Ω(Ψ1 ∗Ψ2) = (−1)Ψ1Ψ2+1(ΩΨ2) ∗ (ΩΨ1), (2.1.36)

where the action of the twist operator on a string field is given by

ΩΨ = (−1)N+ϕΨ, (2.1.37)

where N is the number operator.
In the matter theories that we consider in this thesis, which are the free boson

theory with Neumann boundary conditions and the Virasoro minimal models, the
factor (−1)ϕ equals to +1 for all fundamental primary states, so it will not affect
our calculations. The ground state in the ghost theory, c1|0⟩, must be twist even,
which makes the ghost SL(2,R) vacuum state twist odd.

As a consequence of the twist symmetry, we find that the 2-vertex and the
3-vertex have the following properties:

⟨Ψ1,Ψ2⟩ = ⟨ΩΨ2,ΩΨ1⟩, (2.1.38)

⟨Ψ1,Ψ2,Ψ3⟩ = (−1)Ψ1Ψ2+1⟨ΩΨ3,ΩΨ2,ΩΨ1⟩. (2.1.39)

By substitution of (2.1.37) into the second equation, we find

⟨Ψ1,Ψ2,Ψ3⟩ = (−1)N1+N2+N3+ϕ1+ϕ2+ϕ3+Ψ1Ψ2+1⟨Ψ3,Ψ2,Ψ1⟩. (2.1.40)

We will prove this formula in section 2.4 using properties of the cubic vertex
conservation laws.

The twist symmetry naturally introduces decomposition of the string field
into twist even part and twist odd part,

Ψ = Ψe +Ψo, (2.1.41)

which satisfy
ΩΨe = Ψe, ΩΨo = −Ψo. (2.1.42)

By combining the twist and the cyclic symmetry of the vertices, we find that twist
odd states must always appear in the action in pairs, otherwise their contribution
disappears. Concretely, the cubic vertex satisfies

⟨Ψe,Ψe,Ψo⟩ = ⟨Ψo,Ψo,Ψo⟩ = 0. (2.1.43)

2This property is not satisfied in theories with cocycles, where we find

C123 = (−1)ω(ϕ1,ϕ2)C321,

where (−1)ω(ϕ1,ϕ2) is a non-factorizable complex phase. An example of such theory is the free
boson theory on a D-brane with magnetic flux. In theories of this type, we cannot split the
string field into twist even and twist odd part in the usual sense.
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This property implies that we can consistently set the twist odd part of the string
field to zero. We can show this using a more general argument.

Let’s assume that the string field can be split as Ψ = Ψ1 + Ψ2, where Ψ2

always appears in the action at least quadratically. The variation of the action
with respect to Ψ2 gives us an equation of the form

QΨ2 + {Ψ2,Ψ1}∗ +Ψ2 ∗Ψ2 = 0. (2.1.44)

This equation is proportional to Ψ2 and therefore it is identically satisfied if we
set Ψ2 = 0.

Most of known numerical solutions are twist even, so we usually work in the
twist even ansatz, which simplifies the calculations. However some theories con-
tain important states that do not survive the twist even projection, for example
the state α−1c1|0⟩ which is needed for ∂X marginal deformations. In such cases
we can try to combine the twist symmetry with some other Z2 symmetry of the
theory S, in this particular example with the spacetime parity (see section 2.2.3).
The new deformed twist symmetry is given by Ω′ = SΩ. The action of the
new symmetry is different from (2.1.37), but it still satisfies the basic property
(2.1.36). Therefore we can look for solutions which are even with respect to the
new symmetry.

2.1.4 Reality conditions

The string field contains an infinite tower of fields, which have in general complex
coefficients. However physical solutions of the OSFT equations of motion must
have a real action. In order to identify such solutions, we introduce a complex
conjugation. We define it as the combination of the Hermitian and the BPZ
conjugation:

Ψ∗ = bpz ◦ hc(Ψ). (2.1.45)

The reality condition then reads Ψ∗ = Ψ and we can use it to find reality condi-
tions for individual components of the string field.

In many simple cases, which essentially cover all setting that we are going to
introduce in section 2.2, the complex conjugation acts as

Ψ∗ = (−1)NΨ. (2.1.46)

Assuming that (−1)ϕ = 1 for all primary fields, this equation is very similar
to (2.1.37). That means that the complex conjugation act is the same way as
twist conjugation, Ψ∗ = ΩΨ. Therefore a real string field has real coefficients
in the twist even part and purely imaginary coefficients in the twist odd part.
Moreover, since we usually work with twist even string fields, the reality condition
often reduces just to reality all string field coefficients.

However, while it is guaranteed that a real string field has real action, the
opposite is not true. We are going to see several solutions that have real action
although they do not satisfy the reality condition. Such string fields usually
satisfy a reality condition modified by some Z2 symmetry, Ψ∗ = SΨ. We denote
such string fields as pseudo-real. As an example we can consider a twist non-even
string field with real coefficients. The twist odd part of this string field is purely
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imaginary with respect to the usual reality condition, but it is easy to check that
it has a real contribution to the action because it appears only quadratically.

The difference between real and pseudo-real solutions often shows in Ellwood
invariants, which are defined in section 2.3.2. These observables are linear func-
tions of the string field and therefore they are more sensitive to its imaginary
part. Determining reality of the string field from observables is also a preferable
option when the direct check of the reality condition is nontrivial, for example
when we work with complex symmetry generators like J± in the SU(2) WZW
model or when the string field is real only up to a null state.

2.1.5 Wedge states and the KBc algebra

In this subsection we briefly describe some analytical aspects of string field theory.
We introduce the so-called wedge states and the KBc algebra, which is used to
construct most of analytic solutions. For more information about this subject,
see for example [36][4][37][38][39][40][41][42].

Recall that a conformal transformation f(z) acts on a primary field ϕ as

f ◦ ϕ(z) =
(
df

dz

)h

ϕ(f(z)). (2.1.47)

We can rewrite this equation as

f ◦ ϕ(z) = Ufϕ(z)U
−1
f , (2.1.48)

where the operator Uf is given by an exponential of Virasoro generators,

Uf = exp

(∑
n≥0

vnLn

)
. (2.1.49)

The coefficients vn can be uniquely determined from the map f .
To every conformal map f , we can associate a state ⟨f |, which is defined by

⟨f |ϕ⟩ = ⟨f ◦ ϕ(0)⟩. (2.1.50)

Such states are known as surface states and they are related to the previously
defined operators Uf as

⟨f | = ⟨0|Uf . (2.1.51)

A subset of surface states related to transformations3

fr(z) = tan

(
2

r + 1
arctan(z)

)
(2.1.52)

is called wedge states. These functions coincide with (2.1.21) for integer r, but we
can take r to be an arbitrary nonnegative number. We denote the wedge states
as

⟨r|W ≡ ⟨fr| = ⟨0|Ufr , r ≥ 0. (2.1.53)

3Notice a shift of r by 1 compared to (2.1.21) and [36]. Using this notation, r matches the
geometrical width of a wedge state.
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The ket form of wedge states is

|r⟩W = U∗
fr |0⟩, (2.1.54)

where U∗
fr

denotes the BPZ conjugation of Ufr . The notation of these operators
is usually simplified as Ur ≡ Ufr .

The star product of wedge states can be explicitly computed and it has a very
simple form

|r⟩W ∗ |s⟩W = |r + s⟩W . (2.1.55)

From this equations, it follows that

|0⟩W ∗ |r⟩W = |r⟩W . (2.1.56)

Therefore the state |0⟩W acts as the identity element in the wedge state algebra.
In fact, it acts as the identity element in the whole star product algebra. Therefore
it is called the identity string field and denoted as

|I⟩ ≡ |0⟩W . (2.1.57)

The conformal transformation associated with the identity string field is given by
(2.1.22).

The wedge state |1⟩W equals to the vacuum state |0⟩. Therefore we can write
wedge states with integer r as r-th power of the vacuum state,

|r⟩W = |0⟩ ∗ · · · ∗ |0⟩  
r

. (2.1.58)

An important property of wedge states is that they are annihilated by the
BRST operator,

Q|r⟩W = 0. (2.1.59)

This follows from the fact that wedge states are made only using the total Virasoro
operators, which commute with Q.

Wedge states can be generalized by insertion of primary operators,

U∗
r ϕ(x)|0⟩. (2.1.60)

The wedge states with insertions also have a relatively simple star product

U∗
r ϕ1(x)|0⟩ ∗ U∗

sϕ2(y)|0⟩ = U∗
r+s g1 ◦ ϕ1(x) g2 ◦ ϕ2(y)|0⟩, (2.1.61)

where

g1(x) = cot

(
r

r + s− 1

(
− arctanx+

π

2

))
,

g2(y) = cot

(
s

r + s− 1

(
− arctan y − π

2

))
. (2.1.62)

The wedge state algebra can be nicely visualized in the so-called sliver frame,
which is given by the conformal map

fS(z) =
2

π
arctan z. (2.1.63)
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Figure 2.4: Star product of wedge states with insertions U∗
r ϕ1(x)|0⟩ ∗ U∗

sϕ2(y)|0⟩
in the sliver frame.

Wedge states are in this frame represented by strips of width r and the star
product by gluing of these strips (see figure 2.4). The integration operation is
implemented by gluing the edges of the strip together to form a cylinder, which
can be then scaled to a canonical circumference and mapped to the UHP.

Wedge states can be expressed using a string field K as

|r⟩W = exp(−rK), (2.1.64)

where the exponential is defined using the star product. The string field K is
defined as a line integral in the sliver frame:

K =

∫ i∞

−i∞

dz̃

2πi
T̃ (z̃)|I⟩, (2.1.65)

where z̃ is the sliver frame coordinate and T̃ (z̃) is the full energy-momentum
tensor in this frame. By mapping this expression back to the UHP, we get

K =
π

2

∫
CL

dz

2πi
(1 + z2)T (z)|I⟩, (2.1.66)

where CL is the left half of the unit circle.
Similarly to K, we define a string field B

B =

∫ i∞

−i∞

dz̃

2πi
b̃(z̃)|I⟩ (2.1.67)

and also a string field c

c = c̃

(
1

2

)
|I⟩, (2.1.68)

where the tildes denote tensor fields in the sliver frame.
These three string fields have the following (anti)commutators under the star

multiplication:

[K,B] = 0,

{B, c} = 1, (2.1.69)

B2 = c2 = 0
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and they also satisfy

QK = 0,

QB = K, (2.1.70)

Qc = cKc.

These algebraic relations are known as theKBc algebra, which is the fundamental
tool for construction of analytic solutions.

2.1.6 Solving the equations of motion

As we mentioned before, there are two vastly different approaches to string field
theory, which use different techniques to solve the equations of motion. In the
analytic approach, solutions are usually expressed in terms of the K, B and c
fields, which we introduced in the previous section, and they can be found just
by algebraic manipulations with these fields. However in this thesis we focus on
the numerical approach. We use the level truncation scheme, which reduces the
exact equations of motion (2.1.11) to a finite system of quadratic equations. These
equations can be then solved by various numerical techniques. The solutions of
the truncated equations obviously do not solve the full equations, but it is believed
that stable numerical solutions approach exact solutions in the infinite level limit.
In this section we briefly describe our general strategy for solving the equations
of motion, detailed numerical algorithms can be found in sections 3.5 and 3.6.

The first issue we have to deal with is the gauge fixing. As we mentioned
earlier, the string field theory action has the gauge symmetry

δΨ = QΛ + (Ψ ∗ Λ− Λ ∗Ψ). (2.1.71)

These gauge transformations do not commute with Ltot
0 . As a result, the level

truncated action loses the exact gauge symmetry. Naively it looks like an advan-
tage, because the truncated equations have only a discreet set of solutions, but
the opposite is true. There are still approximate remnants of the gauge symme-
try, which causes instabilities in the level truncation scheme and prevents us from
finding solutions at higher levels (see section 4.3 for illustration). Therefore it is
necessary to impose some gauge fixing conditions, we consider linear conditions
of the form

GΨ = 0. (2.1.72)

The gauge fixing reduces the number of degrees of freedom of the string field.
Together with the broken gauge symmetry, it means that we end up with an
overdetermined system of equations, which is in general unsolvable. The usual
approach to this problem is to solve only a subset of the full equations of motion.
The remaining equations are left unsolved, but, for consistent solutions, they must
asymptotically approach zero in the infinite level limit. An alternative approach,
which has not been attempted so far, would be to find a string field that minimizes
violation of the full equations of motion.

The most convenient gauge for numerical calculations is called the Siegel gauge
and its gauge condition reads

b0|Ψ⟩ = 0. (2.1.73)

58



This gauge is particularly useful because the gauge condition commutes with Ltot
0

and therefore it can be implemented independently level by level. The implemen-
tation is very simple, it can be realized just by removing states including c0 from
the spectrum or by using only SU(1,1) singlets in the ghost sector (see section
2.2.1).

It can be shown that the Siegel gauge fully fixes the linearized gauge transfor-
mations δΨ = QΨ. However there is no guarantee that every string field can be
brought to Siegel gauge by the full nonlinear transformation (see [43]). Therefore
it is possible that some D-brane configurations do not have a corresponding solu-
tion in Siegel gauge. There is also a possibility that some D-brane configurations
have multiple representatives in Siegel gauge4.

Analytic solutions use different types of gauges, for example the Schnabl gauge
[4]

B0Ψ =

(
b0 +

∞∑
k=1

2(−1)k+1

4k2 − 1

)
Ψ = 0. (2.1.74)

Some analytic solutions can be even constructed without an explicit specification
of gauge conditions.

After we deal with implementation of the gauge fixing, we need to find so-
lutions that are relevant for the given physical problem. The string field theory
equations form a system of coupled quadratic equations, which have generically
2N solutions for N equations. Therefore finding and analyzing all solutions of
thousands of equations is simply out of question5. Instead, we focus only on one
or few interesting solutions and ignore the rest. A very efficient tool for that is
the well known Newton’s method. It is an iterative algorithm, which allows us to
find a solution of nonlinear equations given a seed which is close to the solution.

This leads to a problem how to find correct seeds for the Newton’s method.
It is believed that physically relevant solutions in string field theory look similar
when truncated to different levels and therefore a solution from a lower level is
usually a good seed for a solution at higher level. However every solution has
obviously a minimal level below which it does not exists, so we still need a tool
to find seeds at the minimal level.

In some simple cases, for example for the tachyon vacuum solution, the seed
can be guessed, but in more complicated theories, where we expect many solutions
corresponding to various boundary states, finding all interesting solutions by a
guess is not possible. Therefore we use a different numerical method, which is
called the homotopy continuation method, to find all solutions at some low initial
level. Then we analyze these solutions and we pick the interesting ones as seeds
for the Newton’s method. The initial level cannot be very high. In the simplest
possible case, which is the twist even universal string field in Siegel gauge, we have
managed to solve the equations of motion up to level 6, but in more complicated
theories we usually work with the initial level between 1 and 3.

4We have encountered such solutions in OSFT formulated on a D2-brane with flux [44].
5For illustration, let us estimate how many equations could be solved using all the world’s

computer resources. We can make a simple order estimate using the memory required to store
the solutions. Let’s say that the Earth’s population is 8 billion and that there is 1 TB of
memory for every person. That gives us approximately 8 × 1021 B of memory. Storing one
complex solution requires 16N B of memory and therefore all solutions require 16N2N B. By
comparison, we get that it would be possible to solve approximately 63 equations.
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To summarize, our setup to find and identify a solution is

1. We choose a low initial level and find all solutions at this level using the
homotopy continuation method.

2. We select interesting solutions based on criteria relevant for the given phys-
ical problem (gauge invariant observables, symmetries, etc.).

3. We improve the chosen solutions to higher levels using the Newton’s method.

4. We make final identification of the solutions using various observables, we
usually extrapolate observables to the infinite level for improved precision.

2.2 String field in various backgrounds

In the previous section we have reviewed the basic properties of open string field
theory, but we have been vague about the actual content of the string field. In
this section we discuss structure of the string field in more detail and we introduce
several backgrounds that will appear in our calculations. See also appendix B,
where we write down characters for the individual theories.

2.2.1 Structure of the ghost theory

First we take a better look at the structure of the ghost states space, which is
common to all string field theories. We follow the reference [45]. As we already
mentioned in section 1.5, a generic element of the ghost state space is spanned
by modes of the b and c ghosts:

b−k1 . . . b−kmc−l1 . . . c−ln|0⟩, ki ≥ 2, li ≥ −1. (2.2.75)

We denote this basis as the bc basis. This basis is quite convenient for some
purposes. The modes bk and ck have simple (anti)commutators between them-
selves and with other ghost operators, which simplifies many calculations. We can
also easily implement the Siegel gauge condition just by removing the c0 mode
from the spectrum, which allows us to avoid use of the projector we introduce in
subsection 3.5.2.

However it also has one disadvantage. Manipulations with the modes bk and
ck (for example when using the cubic vertex conservation laws) change ghost
numbers of states. The physical string field has ghost number 1, so when we
work with this basis, we have to introduce various auxiliary objects. Therefore
in some cases it is more convenient to use other bases.

The character (B.1.9) suggests that the ghost state space at a fixed ghost
number g can be reinterpreted as a Virasoro Verma module over a primary of
weight g2−3g

2
. These primaries are given by

|g⟩ =

⎧⎪⎨⎪⎩
c−g+2 . . . c1|0⟩ for g > 0,

|0⟩ for g = 0,

bg−1 . . . b−2|0⟩ for g < 0.

(2.2.76)
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However, by analyzing the Kac determinant (1.1.57) for the central charge cgh =
−26, we find that these Verma module are not irreducible at ghost numbers
g = 0 mod 3. For ghost numbers g = 0,−3,−6, . . . , the null states disappear
when expressed it terms of the b and c ghosts. The states that appear instead
of the null states are neither primaries nor descendants with respect to the ghost
Virasoro algebra. An example of such state is b−2c1|0⟩, which appears instead of
Lgh
−1|0⟩. This state is clearly not a descendant and, since it is not annihilated by

Lgh
1 , it is not a primary either. The ’null states’ at ghost numbers g = 3, 6, 9, . . .

have unusual properties. They vanish when contracted with Virasoro primaries
or descendants, but they are nonzero when expressed it terms of the b and c
modes. Such strange structure is possible because the ghost CFT is not unitary.

These properties make the Virasoro basis impractical except for ghost number
1. Fortunately there is a similar basis which does suffer from these problems. It
is spanned by modes of the ghost current:

jgh−k1
jgh−k2

. . . |g⟩, ki ≥ 1, (2.2.77)

where the primary states |g⟩ are the same as for the Virasoro basis. This state
space has the correct character and one can easily check that there are no null
states because the corresponding Gram matrix is diagonal.

In summary, there are three possible bases in the ghost sector: the bc basis,
the Virasoro basis and the ghost current basis. The bc basis allows a simple
implementation of the Siegel gauge (and somewhat simpler implementation of the
Schnabl gauge), but calculations in this basis it require various auxiliary objects.
The Virasoro basis and the ghost current basis allow a simpler computation of
vertices, but they are not compatible with the Siegel gauge. Out of these two, the
ghost current basis is more universal because it works well at any ghost number.

Now, let us focus on the Siegel gauge, which is used in most of OSFT calcula-
tions. The bc basis works without any problems in this gauge, however the ghost
theory possesses an additional structure, which we can use to our advantage.
It was found [46] that the string field in Siegel gauge has a continuous SU(1,1)
symmetry generated by

J3 =
1

2

∞∑
n=1

(c−nbn − b−ncn) , J+ =
∞∑
n=1

nc−ncn, J− =
∞∑
n=1

1

n
b−nbn. (2.2.78)

These three generators commute both with b0 and L0 and therefore all Siegel
gauge states can be decomposed into irreducible representations of the SU(1,1)
group. The representations are labeled by a half-integer spin j and by the J3
eigenvalue m, which belongs to the interval −j ≤ m ≤ j. The J3 generator is
closely related to the zero mode of the ghost current as

jgh0 = 2J3 + c0b0 + 1. (2.2.79)

Therefore we find that the ghost number in Siegel gauge is given by g = 2m +
1. Notice that odd ghost numbers correspond to integer spins and even ghost
numbers to half-integer spins.

There is a very convenient basis in the ghost theory which respects this sym-
metry. States in this basis are generated by ’twisted’ Virasoro generators [47] and
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the corresponding primaries. The ’twisted’ Virasoro generators are given by

L′gh
n = Lgh

n + njghn + δn0 =
∞∑

m=−∞

(n−m) ◦
◦ bmcn−m

◦
◦ . (2.2.80)

The operators L′gh
n satisfy the Virasoro algebra with the central charge c′gh = −2.

They commute both with b0 and with the generators of the SU(1,1) group and
therefore their action does not change the irreducible representations.

Primary operators with respect to the ’twisted’ Virasoros are also labeled by
the SU(1,1) representations (j,m). They can be constructed from the SU(1,1)
highest weight states

|j, j⟩ ≡ c−2j . . . c−1c1|0⟩ (2.2.81)

by repeated action of J−:

|j,m⟩ ≡ Nj,m(J−)
j−m|j, j⟩, (2.2.82)

where Nj,m =
∏j

k=m+1 (j(j + 1)− k(k − 1))−
1
2 . These states obey the standard

SU(2) recursion relations

J±|j,m⟩ =
√
(j ∓m)(j ±m+ 1)|j,m± 1⟩, (2.2.83)

but they have a somewhat unusual normalization with respect to the BPZ pro-
duct,

⟨j,m|c0|j,−m⟩ = (−1)j−m. (2.2.84)

The primaries obey b0|j,m⟩ = 0, which means that the Siegel gauge state space
is spanned by states

L′gh
−k1

L′gh
−k2

. . . |j,m⟩, ki ≥ 1. (2.2.85)

Using characters, we show the equivalence of this basis with the usual bc basis in
appendix B.1.

It was noticed in [46] that the generators J±,3 obey

⟨V3|
(
J
(1)
±,3 + J

(2)
±,3 + J

(3)
±,3

)
|Ψ1⟩|Ψ2⟩|Ψ3⟩ = 0 (2.2.86)

assuming that all Ψi are in Siegel gauge. Therefore we can derive the Wigner-
Eckart theorem for the cubic vertex following the usual procedure from quantum
mechanics,

⟨V3|L′gh
−I1

|j1,m1⟩L′gh
−I2

|j2,m2⟩L′gh
−I3

|j3,m3⟩ =
(
j1 j2 j3
m1 m2 m3

)
C(j1, j2, j3, I1, I2, I3),

(2.2.87)

where

(
j1 j2 j3
m1 m2 m3

)
is the usual SU(2) 3-j symbol and C(j1, j2, j3, I1, I2, I3) is

a reduced vertex, which does not depend on mi. Using the symmetry of the 3-j
symbols, (

j1 j2 j3
−m1 −m2 −m3

)
= (−1)j1+j2+j3

(
j1 j2 j3
m1 m2 m3

)
(2.2.88)
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we find that the cubic vertex contracted with ghost number 1 (mi = 0) states
can be nonzero only if the sum of the three spins j1 + j2 + j3 is an even integer.
This implies a Z2 symmetry of the cubic vertex

(−1)J : L′gh
−I |j,m⟩ → (−1)jL′gh

−I |j,m⟩, (2.2.89)

which plays a role in the structure of some universal solutions [45].
The full SU(1,1) basis is not very convenient for OSFT calculations. The

reason is that the cubic vertex conservation laws for L′gh
n (see sections 2.4 and

3.4.3) are not compatible with the SU(1,1) symmetry. They produce additional
operators (in our conventions jghn ) which do not annihilate the primaries |j,m⟩.

However it is possible to truncate the Siegel gauge state space only to the
SU(1,1) singlets. The equation (2.2.87) implies that the cubic vertex is nonzero
only if the insertions obey the SU(1,1) fusion rules |j1 − j2| ≤ j3 ≤ j1 + j2, which
means that the cubic vertex contracted with two singlet states and one non-singlet
state vanishes. Therefore we can use the argument from subsection 2.1.3 to show
consistency of the truncation to SU(1,1) singlets. There is an efficient algorithm
to evaluate the cubic vertex contracted with SU(1,1) singlets [45] and it seems
that SU(1,1) singlet solutions describe most of the expected boundary states,
so we will impose this condition in all of our Siegel gauge calculations with the
exception of some parts of chapter 46.

2.2.2 Universality of the string field

Next we focus on general structure of the full state space of string field theory. The
underlying BCFT is given by a product of the matter and ghost part, BCFTtot =
BCFTm⊗BCFTgh. The matter part usually consists of 26 free bosons that live
in some spacetime. Even if we ignore the issue of continuous momentum in
noncompact dimensions, the full Hilbert space of this theory is far too large to
be dealt with. Therefore we need to impose some restrictions on the string field.

We assume that the matter BCFT can be split as BCFTm = BCFT′⊗BCFTX ,
where BCFTX is some relatively simple theory of interest and BCFT′ is an ar-
bitrary theory with the correct central charge. In BCFT′, we allow only states
with the maximal possible symmetry, which are the Virasoro descendants of the
vacuum state. Therefore any specific properties of BCFT′ do not matter and the
theory can be characterized only by its central charge. This restriction vastly
reduces the number of components the string field and it makes the numerical
calculations possible.

We can show the consistency of this truncation following [3]. We assume
that BCFT′ consists of several free bosons with Neumann or Dirichlet boundary
conditions plus possibly some other unitary BCFT. First, we consider states with
nonzero momentum kµ. Any boundary correlator with only one such state always
disappears thanks to the momentum conservation. Therefore we can consistently
set these states to zero using the argument from subsection 2.1.3 and focus on

6In fact, it is quite difficult to find solutions which are not SU(1,1) singlets. The Newton’s
method preserves the symmetry, so we need non-singlet seeds. First twist even non-singlet
states appear at level 4 and first twist non-even non-singlet states at level 3. We are not able
to use the homotopy continuation method at such levels in most settings because there are too
many states.
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the zero momentum part of the spectrum. The remaining states can be always
decomposed into primary states and their descendants7. One-point function of a
nontrivial primary operator is always zero,

⟨ϕ(z)⟩ = 0, ϕ ̸= 1, (2.2.90)

so nontrivial primary operators never appear linearly in the action and we can
remove them as well. The same goes for their descendants. Therefore we are left
only with descendants of the identity operator.

This universal structure of OSFT leads us the first setting, where we allow
only the universal states in the matter theory, BCFTm=BCFT′. This universal
theory is the simplest possible string field theory and it contains the least amount
of states. This allows us to perform calculations to very high levels and makes it
an ideal setting for various experiments with gauge choice and other conditions
imposed on the string field. We consider three different gauge choices in this the-
sis: the Siegel gauge (2.1.73), the Schnabl gauge (2.1.74) and no gauge imposed.
In each gauge, we can choose whether we apply the twist even condition or not,
and in Siegel gauge we can additionally apply the SU(1,1) singlet condition in
the ghost sector.

The precise form of the string field depends on these choices and on the choice
of basis in the ghost theory. The most general form is

|Ψ⟩ =
∑
I,J,K

tIJKL
′
−Ib−Jc−Kc1|0⟩, (2.2.91)

where the multiindex I does not contain −1 (because L′
−1|0⟩ = 0) and K may or

may not include 0 depending on the gauge. The SU(1,1) singlet string field takes
the form

|Ψ⟩ =
∑
I,J

tIJL
′
−IL

′gh
−Jc1|0⟩. (2.2.92)

Both multiindices I, J exclude −1 and therefore this string field has the same
structure in the matter and the ghost sector. If one decides to use the Virasoro
or the ghost current basis, the string field is similar to (2.2.92), but L′gh

−J is replaced
by the appropriate operators and the multiindex J may include −1.

The complex conjugation acts on the universal string field as in (2.1.46),
|Ψ⟩∗ = (−1)N |Ψ⟩. This is easiest to see using the Virasoro basis in the ghost
sector. One has to be more careful about signs in the other bases, but the results
are the same. Therefore a real string field has real coefficients in the twist even
part and purely imaginary coefficients in the twist odd part.

The solutions of this theory also appear in any other string field theory in the
same gauge because all theories contain the universal subsector. The solutions
may differ by an overall scaling of gauge invariant observables and they may
be written in different bases, but we can easily recognize them for example by
the value of the tachyon coefficient. Unfortunately, the only known nontrivial
universal solution free of any problems it the tachyon vacuum solution.

7This decomposition cannot be done to the whole spectrum because the theory includes
the nonunitary timelike boson X0. Among the states that include momentum in the timelike
direction, there are some which are neither primaries nor descendants.
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2.2.3 Free boson theory

Now we can turn our attention towards more interesting backgrounds. First
we consider the free boson theory, where we choose toroidal compactification
for simplicity. This is the most natural setting for string theory. It allows us
to observe transitions between D-branes of various dimensions and we can also
discover non-conventional boundary states on a torus.

In one dimension, a torus reduces to a circle, which is characterized by its ra-
dius R. Although the free boson CFT is not rational, it is well understood. There
are two possible boundary conditions at a generic radius, Neumann and Dirichlet.
These two are connected by the T-duality, so we can choose the Neumann bound-
ary conditions, which correspond to a D1-brane8, as our initial setting without
loss of generality.

In two dimensions, there are far more possible initial configurations. The
torus has three independent parameters and boundary conditions preserving the
U(1)⊗U(1) symmetry correspond to several different types of D-branes. Some of
them (D2-branes with magnetic flux, tilted D1-branes) have more complicated
BCFT, so we stick with the simplest choice: a D2-brane with no magnetic flux.

We have not done any calculations in more than two dimensions. The OSFT
construction can be easily generalized to higher dimensions, but each additional
dimension significantly increases volume of the state space, which reduces the
maximal accessible level.

The free boson theory is almost factorizable, so we can treat each dimension
separately in most calculation. The Hilbert space of a single free boson with
Neumann boundary conditions is spanned by states

α−i1α−i2 . . . α−in|k⟩. (2.2.93)

The momentum in a single dimension is quantized simply as k = n/R, but the
quantization in more dimensions depends on all parameters of the torus, see
(1.3.175). However we cannot use the full state space for numerical calculations.
The reason is that the string field has a continuous translation symmetry

|Ψ⟩ → ei∆xα0 |Ψ⟩ (2.2.94)

because the zero more α0 is a derivation of the star product. This symmetry
makes the Jacobian matrix in the Newton’s method non-invertible (see section
3.5) and therefore it prevents us from finding discrete numerical solutions. To
solve this problem, we introduce a spacetime parity operator P , which acts on
the free scalars as

P (Xµ) = −Xµ. (2.2.95)

The parity generates a Z2 symmetry of the free boson CFT. The string field splits
into even and odd part with respect to this symmetry and, following subsection
2.1.3, we can consistently truncate the string field to the parity even part. As
we defined it, the parity acts in all dimensions at once. In principle, we could

8As we mentioned earlier, we label D-branes by their dimension with respect to the compact
space we are interested in. We do not care about their properties in the remaining part of
the matter theory, so we can assume that all free bosons in BCFT’ have Dirichlet boundary
conditions.
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impose the parity even condition independently in each dimension, but then we
would loose some important solutions.

Momentum states are not invariant under the action of the parity operator,
P |k⟩ = |−k⟩, so it is more convenient to use their (anti)symmetric combinations

|k⟩± =
1

2
(|k⟩ ± |−k⟩), (2.2.96)

which are eigenstates of the parity operator

P |k⟩± = ±|k⟩±. (2.2.97)

Notice that odd states are in a certain sense imaginary, |k⟩− = i sin(kX)(0)|0⟩.
This definition is somewhat unusual, but it leads to nicer reality properties of the
string field. Since |k⟩± = ±|−k⟩±, we restrict the momentum to k ≥ 0 to avoid
doubling of the Hilbert space.

The parity acts on the α oscillators as P (αk) = −αk, so parity even states
take form

α−i1α−i2 . . . α−in|k⟩ϵ, (2.2.98)

where ϵ is given by the number of α oscillators, ϵ = (−)#α. At zero momentum,
the parity even condition selects states with even number of α oscillators. For
other momenta, one only one of the two states (2.2.96) is allowed and therefore
this part of the spectrum is halved.

Notice that the states (2.2.96) are not in a factorized form in two (or more)
dimensions,

|k1, k2⟩± ̸= |k1⟩± ⊗ |k2⟩±, (2.2.99)

so we cannot apply the parity projection in each dimension separately. Therefore
we work with states of definite momentum in the individual dimensions and we
introduce effects of the parity projection only when we consider the full string
field. We will discuss this issue in more detail in chapter 3.

We consider only the Siegel gauge in the free boson theory and we always
apply the SU(1,1) singlet condition. Therefore the full parity even string field
takes form

|Ψ⟩ =
∑
k≥0

∑
I,J,K

tIJK,k L
′
−IL

′gh
−jα−Kc1|k⟩ϵ. (2.2.100)

If we consider more than one dimension, the α oscillators and the momentum
gain vector indices.

The complex conjugation acts on this string field in the same way as in the
universal case, |Ψ⟩∗ = (−1)N |Ψ⟩, but the derivation of this formula is a bit
more complicated. The BPZ conjugation of α oscillators generates the factor
(−1)N+#α, but part of it is canceled by the sign (−1)#α, which comes from the
Hermitian conjugation of (2.2.96). Therefore we get the standard result, but only
for parity even string field.

We always consider parity even string field and we usually independently
impose the twist even condition (with the exception of one solution described in
subsection 5.3.4). However there is an alternative condition which can be imposed
on the string field. Instead of the parity and twist, we can define a ’twisted parity’
PΩ and keep only states which are even with respect to this symmetry. This
condition does not project out the state α−1c1|0⟩, which is needed for example
for ∂X marginal deformations.

66



2.2.4 Minimal models

Minimal models are another simple possibility for string field theory background,
we consider the A-series of Virasoro minimal models. The central charge of these
models is not an integer, so BCFT’ must be a more complicated theory than just
the usual free boson theory, but its details are not reflected in OSFT calculations.
As the initial setting, we choose one of the Cardy boundary states (1.2.123) and
we expect to see solutions describing their linear combinations.

We can work even with the nonunitary minimal models. In this case, there
can be problems with physical interpretation of some of observables (for example
some solutions have negative energy), but the string field theory works without
any technical problems.

The string field in this theory is given by

|Ψ⟩ =
∑
(r,s)

∑
I,J,K

tIJK,(r,s) L
′
−IL

′gh
−JL−Kc1|ϕ(r,s)⟩, (2.2.101)

where the spectrum of primary operators ϕ(r,s) is determined by the initial bound-
ary conditions. There are no complications like in the free boson case, but we
have to remove null states to avoid problems in the Newton’s method, see section
3.3.4. The string field has the usual reality condition because the minimal model
primaries are invariant under the complex conjugation.

A more interesting setting is a product of two minimal models. Such theories
are irrational with respect to the c(1) + c(2) Virasoro algebra. Their boundary
states are generally not classified, but we can easily construct string field theory
on a factorized product of two Cardy boundary states. Then we have a chance
to find some non-conventional boundary states among the solutions.

2.2.5 Marginal deformations

String field theory can also describe marginal deformations. They are not specific
to one concrete BCFT, but they are allowed in any theory which has at least one
weight 1 current with the OPE

j(z)j(w) ∼ k

(z − w)2
. (2.2.102)

If nonzero, the constant k can be always set to a desired value by rescaling the
current.

The deformed BCFT is described by deformation of the boundary action by
the current,

S(λB) = S0 + λB

∫
∂M

j(x)dx, (2.2.103)

where λB parameterizes the deformation in BCFT. These theories have been
studied in [48] and they are exactly solvable in many cases. In particular, when
the current belongs to the chiral symmetry algebra of the theory, the deformation
changes the gluing conditions (1.2.99) to

W a(z) = Ω ◦ γj̄(W̄ b(z̄))|z=z̄, (2.2.104)
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where γj is an automorphism defined by

γj(W
a) = e−iλBj0W aeiλBj0 . (2.2.105)

The boundary state of the deformed theory is given by

||α⟩⟩λB
= eiλBj0||α⟩⟩. (2.2.106)

Marginal deformations should be possible to describe by OSFT, which means
that we expect a one-parametric family of solutions Ψ(λS), which corresponds to
the deformed boundary states. These solutions are usually parameterized by the
coefficient λS in front of the marginal field,

|Ψ(λS)⟩ = λSj−1c1|0⟩+ . . . . (2.2.107)

However it turns out that the two parameterizations are not the same, λB ̸= λS,
and the two parameters are related by some nonlinear function λB = λB(λS).
Furthermore, this function depends of the OSFT gauge condition. The study of
this relation is one of our main goals in chapter 6.

A solution for marginal deformations can be constructed perturbatively [49].
We expand the string field as a power series in λS

Ψ(λS) =
∞∑
n=1

λnSΨn, (2.2.108)

where Ψ1 = j−1c1|0⟩. Using this ansatz, the equations of motion can we solved
order by order and we find

Ψn = −Q−1

n−1∑
k=1

Ψk ∗Ψn−k. (2.2.109)

This form of the marginal solution shows us that λB is an odd function of λS,
λB(−λS) = −λB(λS).

However evaluation of the perturbative solution is quite difficult both numeri-
cally and analytically. There are problems with inversion of the BRST charge and
the solution gets more and more complex with increasing order. It can be also
shown that it has only a finite radius of convergence. Therefore the perturbative
solution gives us precise results only for small λB and solutions describing large
λB must be obtained using different methods.

In this thesis we consider j = cosX marginal deformations in the free boson
theory on the self-dual radius R = 1, which is dual to the SU(2)1 WZW model.
We have chosen this setting because it allows us to use the code developed for the
free boson theory and because we can make connection with the lump solutions
from chapter 5.

2.3 Observables and consistency checks

In this section we define several observables in string field theory, which help us to
identify solutions, and also some pseudo-observables, which are not gauge invari-
ant, but which serve as consistency checks. There are three types of observables
in OSFT:
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The first is the energy, which, according to the Sen’s conjectures [3], should
be proportional to the mass of the D-brane described by a solution (or to the
boundary entropy from the BCFT point of view). The energy can be easily
computed from the action, but in many cases, it is not enough to fully identify a
solution.

The second set of observables is given by so-called Ellwood invariants. It is
conjectured [9] that the Ellwood invariants reproduce the boundary state corre-
sponding to a given solution. For some analytic solutions, it is possible to compute
all invariants and verify the conjecture. When it comes to numerical solutions,
only some invariants are convergent in the level truncation approximation, but
they are still the best tool to identify solutions.

Finally, we can analyze the spectrum of excitations around a solution. Con-
sider a string field of the form Ψ + Φ, where Ψ is a solution of the equations of
motion. The action of this string field reads

S[Ψ + Φ] = S[Ψ]− 1

g2o

∫ (
1

2
Φ ∗QΨΦ +

1

3
Φ ∗ Φ ∗ Φ

)
, (2.3.110)

where

QΨ ≡ Q+ [Ψ, · ]∗ (2.3.111)

is a modified BRST operator and [ · , · ]∗ is graded star commutator. This operator
is by definition nilpotent, Q2

Ψ = 0. The cohomology of QΨ is conjectured [6] to
give us the spectrum of on-shell excitations around the background described by
the solution. This cohomology can be computed for some analytic solutions, but
unfortunately it is not known how to compute it reliably for numerical solutions,
so we will not attempt to do so in this thesis.

2.3.1 Energy

In order to define the energy of a solution, we interpret the OSFT action as an
integral over a Lagrangian density, which is a function of the spacetime coordi-
nates Xµ. We can interpret the Lagrangian as a difference of kinetic and potential
energy, where the kinetic energy includes declaratives with respect to the time
coordinate X0 and the potential the rest. For a time independent solution, the
kinetic energy disappears and the energy of the solution is therefore given essen-
tially just by minus the action. Including the mass of the initial D-brane system
M , we get

M − S(Ψ) =M +
1

g2o

(
1

2

∫
Ψ ∗QΨ+

1

3

∫
Ψ ∗Ψ ∗Ψ

)
. (2.3.112)

To make the definition precise, we first need to specify the coupling constant g0
and normalization of the vertices.

The references [3][28][30] compute the coupling constant by identification of
part of the action with kinetic energy of a moving D-brane. For a Dp-brane, they
find

Tp =
1

2π2g2o
, (2.3.113)
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where Tp is the tension of the Dp-brane. However this result is problematic.
Consider OSFT formulated on a system of two distinct D-branes. Once we expand
the trace in (2.1.14), we find

S(Ψ) = − 1

g2o

(
1

2

∫
Ψ11 ∗QΨ11 +

1

2

∫
Ψ22 ∗QΨ22 +

∫
Ψ12 ∗QΨ21 + . . .

)
.

(2.3.114)
It is not clear whether go should be related to the tension of the first or the second
D-brane. Introducing more gos for different parts of the action is not an option
because it would break the gauge symmetry. To solve this issue, we realize that
the OSFT action is invariant under the transformation g2o → N g2o ,

∫
→ N

∫
.

Therefore we can move the dependence on the D-brane dimension from go to the
normalization of the integration while preserving the expression for energy from
the aforementioned references.

We choose our coupling constant to be related to the D0-brane tension:

1

g2o
= 2π2T0. (2.3.115)

OSFT vertices are given by correlators in the underlying BCFT. Consider the
free boson theory in D dimensions on a Dp-brane, the boundary state formalism,
see (1.3.163) and (1.3.164), leads to a rather unpleasant expression

⟨1⟩ = Vp

(2π)p−D/22D/4V
1/2
D

, (2.3.116)

where Vp is the volume of the Dp-brane and VD is the volume of the compact
space. This expression does not match the mass of the Dp-brane, which should

be directly proportional to its volume. Therefore we absorb the factor (2π)D/2

2D/4V
1/2
D

into definition of the integration operation9,∫
Ψ1 ∗ · · · =

2D/4V
1/2
D

(2π)D/2
⟨f1 ◦Ψ1(0) . . .⟩ = ⟨f1 ◦Ψ1(0) . . .⟩eff , (2.3.117)

where we define an effective correlator as

⟨1⟩eff =
Vp

(2π)p
. (2.3.118)

In most cases, we consider just a single Dp-brane background. Then we can
factorize the normalization factor and write the energy in terms of a dimensionless
potential V(Ψ):

M − S(Ψ) = TpVp + 2π2T0
Vp

(2π)p
V(Ψ). (2.3.119)

9From the BCFT point of view, we can understand this change of normalization in the
following way: Normalization of boundary states comes from the Cardy condition (1.2.121).
The usual form of boundary states is derived assuming ⟨i|i⟩=1, which ensures that coefficients
of boundary states are equal to one-point functions of bulk operators. However the Cardy
condition is invariant under a change of normalization [23] given by ⟨0|0⟩ → µ2⟨0|0⟩ and Bi

α →
µ−1Bi

α, which leads to ⟨1⟩(α) → µ⟨1⟩(α). By choosing µ =
2D/4V

1/2
D

(2π)D/2 , we can set boundary

correlators to the desired values.
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The dimensionless potential is computed using an effective matter correlator
⟨1⟩eff = 1. The universal part of the dimensionless potential is common to all
OSFTs.

Finally, we divide the energy by the D0-brane tension T0 to avoid its repetition
in all results. Therefore we define the energy of a solution on the Dp-brane
background as

E(Ψ) =
1

T0

(TpVp − S(Ψ)) =
Vp

(2π)p
(1 + 2π2V(Ψ)), (2.3.120)

where we used the relation between D-brane tensions (2π)pTp = T0 to remove Tp.
Specifically, in the free boson theory with Neumann boundary conditions on a
circle and a on two dimensional torus, we find

Ecircle(Ψ) = R(1 + 2π2V(Ψ)), (2.3.121)

Etorus(Ψ) = R1R2 sin θ(1 + 2π2V(Ψ)). (2.3.122)

These conventions allow a simple identification of most solutions. A D0-brane
has energy 1 in any background, a D1-brane of length 2πR has energy R and a
generic Dp-brane of volume Vp has energy Vp

(2π)p
.

The volume factor is not well defined in minimal models or other CFTs with-
out geometric interpretation. We normalize the energy in such theories using the
one-point function ⟨1⟩α, which is equal to B1

α in unitary models. Therefore we
define the energy in the Virasoro minimal models as

E(Ψ) = ⟨1⟩α(1 + 2π2V(Ψ)). (2.3.123)

2.3.2 Ellwood invariants

In many cases, just the knowledge of energy in not enough to identify a solution.
Therefore we consider a different set of gauge invariant observables introduced in
[50][47], which we call Ellwood invariants. They are given by

⟨I|V(i,−i)|Ψ⟩ = ⟨E[V ]|Ψ⟩, (2.3.124)

where the state ⟨E[V ]| ≡ ⟨I|V(i,−i) is called Ellwood state and ⟨I| is the identity
string field (2.1.57). The vertex operator V must be an on-shell closed string
primary operator of weight (0, 0). It has the form V = cc̄V m, where V m is a
weight (1, 1) matter primary operator.

Gauge invariance of these observables can be shown following [9]. We need to
show that

⟨I|V(i,−i) (Q|Λ⟩+ | [Ψ,Λ]⟩) = 0 (2.3.125)

for any Ψ and Λ. Since only the second term depends on Ψ, both must vanish
separately. For the first term, we find

⟨I|V(i,−i)Q = 0 (2.3.126)

independently on Λ. The vertex operator V is on-shell and therefore it satisfies
[Q,V ] = 0, ⟨I|Q = 0 follows from (2.1.59).
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The second term can be mapped on the upper half plane using the conformal
transformations

f1(z) =
1 + z

1− z
, f2(z) = −1− z

1 + z
. (2.3.127)

The two parts of the commutator are given by

⟨I|V(i,−i)|Ψ ∗ Λ⟩ = ⟨V(i)f1 ◦Ψ(0)f2 ◦ Λ(0)⟩, (2.3.128)

⟨I|V(i,−i)|Λ ∗Ψ⟩ = ⟨V(i)f1 ◦ Λ(0)f2 ◦Ψ(0)⟩. (2.3.129)

The two maps f1 and f2 are related by the inverse transformation −1/z, which is
part of the SL(2,Z) group. Therefore both terms are equal and they cancel each
other. Alternatively, we can map the correlators to a disk, where both terms are
related just by a rotation.

The Ellwood’s conjecture [9] states that Ellwood invariants of a given solution
Ψ are related to the boundary state10 described by the solution as

−4πi⟨E[V ]|Ψ⟩ = ⟨V|c−0 ||BΨ⟩⟩ − ⟨V|c−0 ||B0⟩⟩, (2.3.130)

where ||B0⟩⟩ is the initial boundary state and ||BΨ⟩⟩ corresponds to the solution.
Alternatively, we can make use of the fact that OSFT always admits the same
tachyon vacuum solution ΨTV, which has vanishing boundary state,

⟨V|c−0 ||BΨTV
⟩⟩ = 0. (2.3.131)

This implies
−4πi⟨I|V(i)|ΨTV⟩ = −⟨V|c−0 ||B0⟩⟩ (2.3.132)

and we can restate the Ellwood hypothesis as

⟨V|c−0 ||BΨ⟩⟩ = −4πi⟨I|V(i)|Ψ−ΨTV⟩. (2.3.133)

We do not know the tachyon vacuum solution exactly in the level truncation
approximation, so this expression is only formal11.

The weakness of this construction is that it works only for weight (1, 1) mat-
ter operators and therefore it allows us to compute only a part of the boundary
state. This problem was resolved in [35] by definition of generalized Ellwood
invariants. All known OSFT solutions include the universal subsector BCFT′,
which is characterized only by its central charge. The field content of this theory
is unspecified and therefore we can assume that for every weight (h, h) mat-
ter primary operator V (h,h), there in an auxiliary primary operator V aux from
BCFT′ with the following properties: It has weight (1−h, 1−h), it is orthogonal
to V (h,h) and it satisfies ⟨V aux||B′⟩⟩ = 1. Then the composite matter operator
V m = V (h,h)V aux has the correct weight (1, 1) and it can be used to construct an
Ellwood invariant. Assuming that the BCFT′ boundary state remains unchanged,
⟨V aux||B′

0⟩⟩ = ⟨V aux||B′
Ψ⟩⟩ = 1, the boundary state coefficient can be computed

using (2.3.130) with the generalized matter operator. For later purposes, let us

10A different prescription for the boundary state was introduced in [51], but this construction
is too complicated to be used for numerical solutions.

11However this expression can be used to compute Ellwood invariants if we use a simple trick
[35]. We can replace the tachyon vacuum solution by the string field 2

π c1|0⟩, which has the
same Ellwood invariants as the tachyon vacuum solution.
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define weight of an Ellwood invariant as the weight h of the non-universal part
of the matter vertex operator.

As an example, let’s consider BCFT′ which includes a free scalar Y with
Dirichlet boundary conditions. Auxiliary vertex operators there are given by
bulk operators e2i

√
1−hY , which satisfy the required properties. Notice that the

auxiliary operators have negative conformal weights for h > 1. That means that
BCFT′ must be a nonunitary theory. It does not lead to any direct technical
problems with our algorithms, but it may be related to bad convergence of some
Ellwood invariants, see section 5.2.3.

In string field theories which have no universal subsector BCFT′, the con-
struction of generalized Ellwood invariants requires tensoring the original BCFT
with an auxiliary c = 0 theory BCFTaux and lifting solutions to this new theory.
See [35] for more detailed discussion.

The full boundary state in string theory always factorizes into the matter and
ghost part [35],

||B⟩⟩ = ||Bm⟩⟩ ⊗ ||Bgh⟩⟩. (2.3.134)

There is only one unique ghost boundary state, which is common to both ||BΨ⟩⟩
and ||B0⟩⟩, and therefore we usually extract just the matter part of the boundary
state. The ghost boundary state satisfies

⟨0|c−1c̄−1c
−
0 ||Bgh⟩⟩ = −2, (2.3.135)

which leads to the definition

E[V ](Ψ) = 2πi⟨E[V ]|Ψ−ΨTV ⟩ = 2πi⟨E[V ]|Ψ⟩+ ⟨V m||B0⟩⟩. (2.3.136)

These invariants should reproduce the matter boundary state described by the
solution.

The definition above still has a freedom in normalization of the matter op-
erator V m. Boundary states are usually written in terms of operators with unit
normalization,

⟨V (z, z̄)V ∗(w, w̄)⟩ = 1

|z − w|4h
, (2.3.137)

where V ∗ is the operator conjugate to V . Therefore if we start with a generic
operator, we usually first normalize it in this way. This fixes the normalization
up to a sign, which can be further fixed if we know a nonzero one-point function
⟨V (z, z̄)⟩ for some reference boundary condition. Ellwood invariants with this
normalization should reproduce the canonical boundary state.

However in some cases it is more convenient to choose a different normal-
ization, which allows us easier identification of solutions or to get rid of some
unpleasant boundary state coefficients. We will do so in the free boson theory, so
we will discuss normalization of individual invariants in more detail later.

In the free boson theory (or in other theories where boundary states are writ-
ten in terms of Ishibashi states with respect to some extended symmetry alge-
bra), we find working directly with boundary states inconvenient. In order to
get boundary state coefficients for non-fundamental primary operators, we would
have to expand the generalized Ishibashi states and identify coefficients in front
of Virasoro primaries. That would be laborious, so instead we use the fact that
boundary state coefficients are defined by correlators

⟨V ||Bα⟩⟩ = 4h⟨V (i,−i)⟩UHP
α . (2.3.138)
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This correlator can be computed using the doubling trick and standard CFT
techniques. We use it to compute the BCFT0 contributions to Ellwood invariants
and to find their expected values.

At the end of this subsection, let us introduce the first Ellwood invariant,
which is common to all OSFTs. It can be defined using any weight (1, 1) oper-
ator in the universal matter theory BCFT′. The definition usually uses the zero
momentum graviton vertex operator:

E0 = −4πi⟨E[cc̄∂X0∂̄X0]|Ψ−ΨTV ⟩. (2.3.139)

This invariant provides an alternative way to compute the energy (see [52] for a
proof for certain class of solutions) and, with the proper normalization, it should
be equal to (2.3.120). We choose its notation to match labeling of invariants in
the given theory. The notation E0 matches the series of En invariants in the free
boson theory on a circle, for minimal models we change the notation to E1, etc.

2.3.3 Ellwood invariants in the free boson theory

In this subsection we will introduce Ellwood invariants in the free boson theory.
As we discussed before in section 2.3.1, the free boson boundary state on a D-
dimensional torus has an unpleasant normalization factor, which reduces to

⟨1⟩ = V
1/2
D

(2π)D/22D/4
(2.3.140)

for Neumann boundary conditions. Since the E0 invariant should match the
energy, we define all invariants with an additional normalization

E[V ](Ψ) =
V

1/2
D 2D/4

(2π)D/2
2πi⟨E[V ]|Ψ−ΨTV ⟩ = 2πi⟨E[V ]|Ψ−ΨTV ⟩eff , (2.3.141)

where the effective correlator is normalized as

⟨1⟩eff =
VD

(2π)D
. (2.3.142)

Free boson on a circle

First we consider a single free boson compactified on a circle with radius R. The
effective normalization of correlators in this theory is given by

⟨1⟩effD1 = R. (2.3.143)

Following [35], we define a series of momentum invariants En as

En = −4πi⟨E[cc̄∂X0∂̄X0 cos
n

R
X V aux]|Ψ−ΨTV ⟩eff , (2.3.144)

where the auxiliary vertex operator has weight − n2

R2 . This definition reflects
Fourier modes of the T00 component of the spacetime energy-momentum tensor
and the definition of E0 coincides with (2.3.139). Alternatively, we can define the
invariants in a simpler way as

En = 2πi⟨E[cc̄ cos n
R
X V aux]|Ψ−ΨTV ⟩eff . (2.3.145)
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The auxiliary vertex operator in this definition has weight 1− n2

R2 .
If we consider a parity even string field, there are no other nontrivial mo-

mentum invariants and we can replace cos n
R
X by e±i n

R
X without changing the

results. If we relax the parity even condition, there are twice as many momentum
invariants because the invariants defined using sin n

R
X can be nonzero.

The initial values of the En invariants on a D1-brane are

E(D1)
n = Rδn0 (2.3.146)

and the expected values for a D0-brane solution are given by

E(D0)
n = 4

n2

4R2 ⟨cos n
R
X(i,−i)⟩D = cos

n

R
x0. (2.3.147)

A single D0-brane that respects the reflection symmetry can be located only at
x0 = 0 or x0 = πR, so the expected values are En = ±1. Nontrivial values appear
only for two or more D0-brane solutions. We can find positions of the D0-branes
by inverting the cosines, but we have to be careful about choosing the correct
branches of arccosines for n > 1.

Similarly to En, we define invariants Wn which contain winding operators:

Wn = 2πi⟨E[cc̄ cosnRX̃ V aux]|Ψ−ΨTV ⟩. (2.3.148)

These invariants have not appeared in [35], we mentioned them only in [53] with-
out a closer description. The W0 invariant coincides with E0, so we can ignore it.
The expected values for these invariants can be guessed using the T-duality. For
a D1-brane, we have

W (D1)
n = R cosnRx̃0, (2.3.149)

however since we use a D1-brane as the initial boundary state, we will not en-
counter the T-dual position x̃0 very often. The expected values for a D0-brane
are

W (D0)
n = δn0. (2.3.150)

Apart from the momentum and winding primaries, the free boson theory con-
tains the exceptional primaries mentioned in section 1.3.1. Most of them appear
only at specific rational radii, so we focus on the zero momentum primaries, which
are radius independent. According to the SU(2) classification, these primaries are
labeled by spin (j, 0, 0), j ∈ Z, and they are given by products of left and right
chiral primaries.

We will compute Ellwood invariants only for the first three primaries (1.3.154).
Their full vertex operators are given by

Vh = Nhcc̄PhP̄hV
aux. (2.3.151)

We choose the normalizationNh so that all these invariants match E0 for universal
solutions. Using the one-point function

1 = 4hNh⟨Ph(i)Ph(−i)⟩ =
4h

(2i)2h
Nh⟨Ph|Ph⟩, (2.3.152)

we find the normalizations in terms of the BPZ product of the corresponding
states:

Nh =
(−1)h

⟨Ph|Ph⟩
. (2.3.153)
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Now we can define a set of invariants Dh as

Dh = 2πi
(−1)h

⟨Ph|Ph⟩
⟨E[cc̄PhPhV

aux]|Ψ−ΨTV ⟩. (2.3.154)

If we choose h = 1, this definition reproduces the D invariant from [35].
The expected values of these invariants for a D1-brane are

D
(D1)
h = R (2.3.155)

and for a D0-brane we find

D
(D0)
1 = −1,

D
(D0)
4 = 1, (2.3.156)

D
(D0)
9 = −1.

Finally, we introduce one more exceptional invariant, which appears only at
the self-dual radius R = 1. It is given by the first nontrivial primary with nonzero
momentum, which has weight 1 and spin (1, 1, 0). We define it following [53] as

H = −4π⟨E[cc̄∂X sin X̄]|Ψ−ΨTV ⟩. (2.3.157)

For a twist even string field, it does not matter whether ∂X appears in the
left or the right part of the vertex operator. We have chosen its normalization
to reproduce the expected result for the marginal solution (2.2.108) in the first
order.

Free boson on a 2D torus

The spectrum of primary operators in the theory compactified on a 2D torus
is much richer. There are far more momentum and winding primaries and, by
decomposition of a U(1)⊗U(1) Verma module into irreducible representations of
the total Virasoro algebra, we find that there are partition N primaries at level
N . Computing all possible Ellwood invariants would be too complicated, so we
introduce only few invariants that generalize the one-dimensional case.

We define momentum and winding invariants in a similar way as before

En1,n2 = 2πi⟨E[cc̄ cos k(n1, n2).X V aux]|Ψ−ΨTV ⟩, (2.3.158)

Wn1,n2 = 2πi⟨E[cc̄ cos k̃(n1, n2).X̃ V aux]|Ψ−ΨTV ⟩, (2.3.159)

where k(n1, n2) and k̃(n1, n2) are the momentum and the T-dual momentum with
quantum numbers n1 and n2, which are given by (1.3.175) and (1.3.176) respec-
tively. We have chosen not to compute any invariants with mixed momentum
and winding.

The expected values of these invariants are as follows. In analogue with one
dimension, for a D2-brane we find

E(D2)
n1,n2

= R1R2 sin θ δn10δn20, (2.3.160)

W (D2)
n1,n2

= R1R2 sin θ cos k̃(n1, n2).x̃0. (2.3.161)
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The behavior for a D0-brane is exchanged through the T-duality

E(D0)
n1,n2

= cos k(n1, n2).x0, (2.3.162)

W (D0)
n1,n2

= δn10δn20. (2.3.163)

The expected values for a D1-brane are more complicated. A D1-brane on a torus
is characterized by its winding numbers m1 and m2, which determine its length
L(m1,m2), the tangent vector t(m1,m2) and the normal vector n(m1,m2). We
find that the En1,n2 invariants are nonzero only if the momentum is orthogonal to
the D1-brane and theWn1,n2 invariants are nonzero only if the T-dual momentum
is parallel to the D1-brane,

E(D1)
n1,n2

=

{
L(m1,m2) cos k(n1, n2).x0 if k(n1, n2)∥n(m1,m2),

0 otherwise,
(2.3.164)

W (D1)
n1,n2

=

{
L(m1,m2) cos k̃(n1, n2).x̃0 if k̃(n1, n2)∥t(m1,m2),

0 otherwise.
(2.3.165)

Next we define generalizations of the D1 invariant:

D1µν = 4πi⟨E[cc̄∂Xµ∂̄Xν ]|Ψ−ΨTV ⟩, (2.3.166)

where µ, ν = X, Y . There are in general 4 polarizations, but we getD1XY = D1Y X

for twist even string field. We have also experimented with invariants defined
using weight 2 primaries, but they are usually not well convergent and therefore
we do show these results.

The expected values of the D1µν invariants for a D2-brane are

D
(D2)
1XX = D

(D2)
1Y Y = R1R2 sin θ, (2.3.167)

D
(D2)
1XY = D

(D2)
1Y X = 0. (2.3.168)

For a D1-brane, we find

D
(D1)
1XX = −D(D1)

1Y Y = L(m1,m2) cos 2φ(m1,m2), (2.3.169)

D
(D1)
1XY = D

(D1)
1Y X = L(m1,m2) sin 2φ(m1,m2), (2.3.170)

where φ(m1,m2) is the angle between the D1-brane and the X axis. Finally, for
a D0-brane, we find

D
(D0)
1XX = D

(D0)
1Y Y = −1, (2.3.171)

D
(D0)
1XY = D

(D1)
1Y X = 0. (2.3.172)

2.3.4 Ellwood invariants in minimal models

If we consider a single (p, q) minimal model, we can define only a finite set of
Ellwood invariants. There are (p − 1)(q − 1)/2 bulk primaries, which are la-
beled by the Kac labels (r, s). We define the invariants without any additional
normalization as

E(r,s) = 2πi⟨E[cc̄ϕ(r,s)V
aux]|Ψ−ΨTV ⟩. (2.3.173)
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The invariant with the label (1, 1) ≡ 1 coincides with the previous definition of
E0. These invariants should reproduce the Cardy boundary states (1.4.182) in
unitary minimal models.

If the model is nonunitary, there is a slight confusion thanks to negative signs
of some two-point functions. We normalize the invariants following the one-point
functions

⟨1⟩α =
S1α√
|S11 |

. (2.3.174)

That means that the expected values are also given by one-point functions instead
of boundary state coefficients,

E
(α)
(r,s) = ⟨ϕ(r,s)⟩(α) =

S
(r,s)
α√
|S(r,s)

1 |
. (2.3.175)

String field theory with two minimal models is quite similar to the free boson
theory on a torus. The state space spanned by the L

(1,2)
−n generators decomposes

into many irreducible representations of the c(1) + c(2) Virasoro algebra, but we
introduce Ellwood invariants only for the fundamental primaries,

E(r,s)(t,u) = 2πi⟨E[cc̄ϕ(1)
(r,s)ϕ

(2)
(t,u)V

aux]|Ψ−ΨTV ⟩. (2.3.176)

In principle, we could compute invariants for primaries that include some L
(1,2)
−n

descendants as well, but it would be quite technically quite challenging and most
of these invariants would not converge well anyway. We would need to derive
conservation laws for descendant states and write an algorithm similar to the one
for the cubic vertex conservation laws (see the discussion at the end of section
2.5.1). Therefore we leave this problem to future works.

2.3.5 Out-of-Siegel equations

When working in a given gauge, we solve only the projected equations of motion
(3.5.103), while the remaining equations (3.5.104) are not satisfied at finite level.
However they should be satisfied at least asymptotically, so we can use them as
consistency checks.

The unsolved equations in Siegel gauge are given by

b0c0(QΨ+Ψ ∗Ψ) = 0. (2.3.177)

Systematic study of these equations is not easy because it requires knowledge of
vertices outside Siegel gauge, while we try to avoid evaluation of these vertices
to save time and memory. Therefore we have decided to compute only the first
nontrivial equation at level 2. Following [45], we define

∆S ≡ −⟨0|c−1c0b2 |QΨ+Ψ ∗Ψ⟩ . (2.3.178)

The minus sign is just a convention added to make this quantity positive for the
tachyon vacuum solution. We can also use this definition in Schnabl gauge, where
(2.3.178) is nonzero as well.
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In this thesis we mostly work with the SU(1,1) singlet basis. There we take
advantage of the auxiliary vertices in the ghost sector, which contain some states
outside Siegel gauge (see the algorithm in section 3.4.3). Therefore we are able
to compute contraction of the full equations with the state ⟨0|c−1j

gh
2 and we can

write ∆S as

∆S = −⟨0|c−1j
gh
2 |QΨ+Ψ ∗Ψ⟩ . (2.3.179)

This expression equals to (2.3.178) for solutions of the Siegel gauge equations
because ⟨0|c−1j

gh
2 = ⟨0|c−1c0b2 − ⟨0|c1 and the equation corresponding to ⟨0|c1 =

⟨0|c−1L
′gh
2 is one of the unprojected equations.

2.4 Conservation laws for the cubic vertex

One of the main technical challenges of OSFT is the evaluation of cubic ver-
tices1213. We have defined them using the CFT correlator (2.1.20), but this
formula is not well suited for practical calculations. Therefore we use a more
efficient method for computing cubic vertices, which is based on conservation
laws following Rastelli and Zwiebach [29]14. In this section we develop a general
procedure for derivation of these conservation laws and we show examples for the
most important fields that we encounter in OSFT. A technical implementation
of the conservation laws will be described in the next chapter.

The conservation laws are based on the usual CFT contour deformations tech-
niques (see section 1.1.7). We take one creation operator from one of the string

fields contracted with the cubic vertex, say L
(2)
−m, and express it as a contour

integral similarly to (1.1.66). However contour manipulations in this case do not
lead to simple expressions like (1.1.67), partially because of the geometry of the
cubic vertex and partially because the string field is usually not a primary field.
Therefore we do not attempt to compute the OPE between the energy-momentum
tensor and the insertions and, instead, we convert contour integrals into sums of
annihilation operators acting on all three insertions. These expressions are much
easier to evaluate using the Virasoro algebra. Since the conservation laws always
remove at least one creation operator, we can reduce any vertex to (2.1.28) by
using them repeatedly.

2.4.1 General form of the conservation laws

First we show how to derive conservation laws for a holomorphic field ϕ(z) of
integer conformal weight h. For now, we assume that the field ϕ(z) is primary.
We want to derive a conservation law in the form

⟨V3|ϕ(2)
−m = ⟨V3|

(∑
n

C(ϕ−m)
(1)
n ϕ(1)

n +
∑
n

C(ϕ−m)
(2)
n ϕ

(2)
n≥n0

+
∑
n

C(ϕ−m)
(3)
n ϕ(3)

n

)
,

(2.4.180)

12To simplify the terminology, we will use the term cubic vertices for matrix elements of the
cubic vertex.

13Interestingly, conservation laws can be also derived in the sliver frame [54]
14A slightly different derivation of conservation laws is described in [55][56].
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where C(ϕ−m)
(i)
n are constants which fully describe the conservation law. We use

this type of notation to indicate which operator is the conservation law associated
with because introducing a new symbol for every field would be too complicated.
The sum over n runs over mode numbers greater of equal to some n0, where n0

is usually the mode number of the first annihilation operator or the zero mode.
We usually choose n0 = 0, but sometimes it is more convenient (or necessary) to
choose a different creation/annihilation operator splitting15. Some conservation
laws also contain a constant term. For that purpose we formally introduce the
operator ϕ1 ≡ 1 and we let the sum over n run over 1 as well.

As we mentioned before, the conservation laws are based on the idea of contour
deformations in the geometry of the cubic vertex. For a given mode number m,
we introduce the integral expression∮

dz

2πi
vm(z)ϕ(z), (2.4.181)

where vm(z) is a function which will be determined later. In order to allow smooth
contour deformations, the function must be holomorphic in the whole complex
plane except the three insertions at −

√
3, 0 and

√
3. The regularity of the contour

integral at infinity requires that vm(z) = O((1/z)−2h+2) as z → ∞. We can see
this using the coordinate transformation w = −1

z
, under which we find

∮
∞

dz

2πi
vm(z)ϕ(z) =

∮
0

dw

2πi
w−2vm(−1/w)ϕ(−1/w)

=

∮
0

dw

2πi
w−2+2hvm(−1/w)ϕ̃(w). (2.4.182)

This integral vanishes if w−2+2hvm(−1/w) = O(1), which leads to the aforemen-
tioned condition.

Now consider a contour C that encircles all three punctures. Then the expres-
sion ∮

C

dz

2πi
vm(z) ⟨ϕ(z) f1 ◦Ψ1(0) f2 ◦Ψ2(0) f3 ◦Ψ3(0)⟩ (2.4.183)

must be identically zero for arbitrary insertions Ψi because the contour integral
vanishes at infinity thanks to the properties of vm(z). Therefore we can write

⟨V3|
∮
C

dz

2πi
vm(z)ϕ(z) = 0. (2.4.184)

By deforming the contour C into a sum of three contours Ci around the three

15In principle, the splitting can be even different for each entry of the vertex. For example,
in the ghost theory we can work with three ground states of different ghost numbers, which are
annihilated by different modes bn and cn. Another issue is that it is not possible to remove all
creation operators for fields of weight higher than 2 because the function (2.4.190) violates the
required asymptotic condition for small m. In such cases one can decide to derive asymmetric
conservation laws, which move the remaining creation operators to a single entry of the vertex.

80



punctures, we find

0 = ⟨V3|
3∑

i=1

∮
Ci

dz

2πi
vm(z)ϕ(z)

= ⟨V3|
3∑

i=1

∮
Ci

dzi
2πi

f ′
i(zi)vm(fi(zi))ϕ(fi(zi))

= ⟨V3|
3∑

i=1

∮
Ci

dzi
2πi

v(i)m (zi)ϕ̃(zi), (2.4.185)

where we use the local coordinates around the punctures given by z = fi(zi) and
where we define

v(i)m (zi) = (f ′
i(zi))

1−h
vm(fi(zi)). (2.4.186)

Now we can expand the functions v
(i)
m (zi) in the local coordinates as

∑
n v

(i)
m,nzni

and then we convert (2.4.185) to a sum of operators,

0 = ⟨V3|
3∑

i=1

∮
Ci

dzi
2πi

∑
n

v(i)m,nz
n
i ϕ̃(zi) = ⟨V3|

3∑
i=1

∑
n

v(i)m,nϕn−h+1. (2.4.187)

This expression has the same form as (2.4.180), so we move ϕ−m to the left hand
side and we find

C(ϕ−m)
(i)
n = −v(i)m,n+h−1, n ≥ n0. (2.4.188)

All that is left it to choose the correct function vm(z). From its holomorphic
properties, we can guess that it can be written as a sum of terms of the form

(z −
√
3)η1zη2(z +

√
3)η3 . (2.4.189)

The contour integral around the second puncture must reproduce the mode ϕ−m,
so using f2(z) =

2
3
z +O(z3), we find that the leading term has η2 = −m+ h− 1.

The other two constants η1 and η3 are usually chosen to be equal to each other
and using (f1(z) −

√
3) = 8

3
z + O(z2) and (f3(z) +

√
3) = 8

3
z + O(z2), we find

η1 = η3 = n0 + h− 1.16 Therefore we can write vm(z) as

vm(z) = Cmz
−m+h−1(z2 − 3)n0+h−1 +O(z−m+h). (2.4.190)

We choose the constant Cm so that v
(2)
m (z2) = z−m+h−1

2 + O(z−m+h
2 ). Using this

function, the conservation law correctly reproduces ϕ−m, but it sometimes still
contains lower creation operators,

0 = ⟨V3|

(
ϕ
(2)
−m +

m−1∑
l=1−n0

C l
mϕ

(2)
−l + . . .

)
. (2.4.191)

16Strictly speaking, we can choose any η1 ≥ n0 + h− 1 and η3 ≥ n0 + h− 1 as long as vm(z)
satisfies the regularity condition at infinity represented by η1 + η2 + η3 ≤ 2h − 2. Therefore
it seems like we can derive several different forms of one conservation law for large enough m,
but, after we add the lower order terms, we find that they differ maximally by the zero mode
conservation law.
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We remove these modes by subtracting a sum of vl(z) with l < m from vm(z),

vm(z) = Cmz
−m+h−1(z2 − 3)n0+h−1 −

m−1∑
l=1−n0

C l
mvl(z), (2.4.192)

so that vm(z) has the expansion v
(2)
m (z2) = z−m+h−1

2 + O(zn0+h+1
2 ) in the local

coordinate. Then it leads to the correct form of conservation law.
So far, we have assumed that the field ϕ is primary. However some important

fields (for example the energy-momentum tensor) are not. Therefore we consider
a more general field, which has the following anomalous transformation law:

ϕ̃(w) =

(
dz

dw

)h

ϕ(z) +A(z, w). (2.4.193)

This affects the calculations in two ways. First, the contraction of the contour C
around infinity produces an anomaly and (2.4.184) changes to

⟨V3|
(∮

C

dz

2πi
vm(z)ϕ(z)−

∮
0

dw

2πi
w2h−2vm(−

1

w
)A(− 1

w
,w)

)
= 0, (2.4.194)

where w = −1/z. Similar anomalies appears during the transformations to the
local coordinates and the full conservation law reads

0 = ⟨V3|

(
3∑

i=1

∮
Ci

dz

2πi
v(i)m (zi)

(
ϕ̃(zi)−A(fi(zi), zi)

)
−

∮
0

dw

2πi
w2h−2vm(−

1

w
)A(− 1

w
,w)

)
. (2.4.195)

The anomalous terms are proportional to the identity operator and they are
not tied to any entry of the vertex. Therefore we conventionally add them to
C(ϕ−m)

(2)
1 .

2.4.2 Virasoro conservation laws

As the first example we compute some conservation laws for the energy-momentum
tensor T (z). It transforms following (1.1.34) and, because the transformation law
is anomalous, we have to use the equation (2.4.195) to derive the conservation
laws. However one of anomalous terms disappears because S(−1/w,w) = 0. Fur-
thermore, we find that all three functions fi have the same Schwarzian derivative

S(fi, zi) = −10

9

1

(1 + z2i )
2
= −10

9
+

20

9
z2i −

10

3
z4i −

40

9
z6i + . . . . (2.4.196)

This expression is regular at zi = 0 and therefore the anomaly is nonzero only
when v

(i)
m (zi) have poles, which is only around the puncture number 2.

The right hand side of conservation laws should not contain any creation
operators. Therefore we choose n0 = 0 and the leading term of the function
vm(z) is

vm(z) ∼
z2 − 3

zm−1
. (2.4.197)
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Now we can compute the first few conservation laws. According to the
previous equation, the conservation law for L−1 is generated by the function

v1(z) ∼ z2 − 3. Around the puncture number 2, we find v
(2)
1 (z2) = −9/2+O(z22).

Therefore we multiply v1 by −2/9:

v1(z) = −2

9
(z2 − 3). (2.4.198)

In the local coordinates, we find

v
(1)
1 (z1) = − 4

3
√
3
z1 +

8

27
z21 −

40

81
√
3
z31 +

40

729
z41 +

104

729
√
3
z51 +O(z61),

v
(2)
1 (z2) = 1 +

11

27
z22 −

104

729
z42 +O(z62), (2.4.199)

v
(3)
1 (z3) =

4

3
√
3
z3 +

8

27
z23 +

40

81
√
3
z33 +

40

729
z43 −

104

729
√
3
z53 +O(z63).

The contour integrals effectively work as replacements zni → L
(i)
−n+1 and therefore

we get

⟨V3|L(2)
−1 = ⟨V3|

(
4

3
√
3
L0 −

8

27
L1 +

40

81
√
3
L2 −

40

729
L3 −

104

729
√
3
L4 + . . .

)(1)

+ ⟨V3|
(
−11

27
L1 +

80

729
L3 + . . .

)(2)

(2.4.200)

+ ⟨V3|
(
− 4

3
√
3
L0 −

8

27
L1 −

40

81
√
3
L2 −

40

729
L3 +

104

729
√
3
L4 + . . .

)(3)

.

There is no central term because v1 is regular around the origin.
The conservation law for L−2 requires the function

v2(z) = − 4

27

z2 − 3

z
(2.4.201)

and we obtain

⟨V3|L(2)
−2 = ⟨V3|

(
8

27
L0 −

80

81
√
3
L1 +

112

243
L2 −

304

729
√
3
L3 +

400

19683
L4 + . . .

)(1)

+ ⟨V3|
(
− 5

54
c− 16

27
L0 +

19

243
L2 −

800

19683
L4 + . . .

)(2)

(2.4.202)

+ ⟨V3|
(

8

27
L0 +

80

81
√
3
L1 +

112

243
L2 +

304

729
√
3
L3 +

400

19683
L4 + . . .

)(3)

.

To derive the third conservation law, we start with the function v3 = − 8
81

z2−3
z2

.

However we find v
(2)
3 (z2) =

1
z22
+ 7

9
+O(z22) in the local coordinates, so we have to

add a multiple of v1(z) to remove the constant term:

v3 = − 8

81

z2 − 3

z2
− 7

9
v1(z). (2.4.203)
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Then the conservation law reads

⟨V3|L(2)
−3 = ⟨V3|

(
− 68

81
√
3
L0 −

40

243
L1 +

152

243
√
3
L2 −

8792

19683
L3 +

3320

6561
√
3
L4 + . . .

)(1)

+ ⟨V3|
(

80

243
L1 −

2099

19683
L3 + . . .

)(2)

(2.4.204)

+ ⟨V3|
(

68

81
√
3
L0 −

40

243
L1 −

152

243
√
3
L2 −

8792

19683
L3 −

3320

6561
√
3
L4 + . . .

)(3)

.

We notice that there is no central term because both v
(2)
3 (z2) and S(f2, z2) are

even functions and their product does not have a single pole. This property holds
for higher odd m as well and therefore only the even conservation laws have a
central term.

2.4.3 Current conservation laws

Next, we derive conservation laws for a weight one current. We allow a non-
primary current with an anomalous transformation law of the form

j̃(w) =
dz

dw
j(z) + q

d2z

dw2

(
dz

dw

)−1

(2.4.205)

because we want to cover the ghost current jgh.
We use (2.4.195) to compute the conservation laws. This time, both anoma-

lous terms are potentially nonzero. The anomaly at infinity is equal to

2q

∮
0

dw

2πi

vm(−1/w)

w
. (2.4.206)

This contour integral is nonzero only if the expansion of vm(−1/w) contains a
constant term and it follows from (2.4.190) that it contributes only to the j0
conservation law. The other anomaly, which comes from the transformation to
the local coordinates, includes the following derivatives of the maps fi:

d2f1
dz21

(
df1
dz1

)−1

=
4√
3
+

14

9
z1 +

28

9
√
3
z21 +

614

243
z31 +O(z41),

d2f2
dz22

(
df1
dz2

)−1

= −10

9
z2 +

230

243
z32 +O(z52), (2.4.207)

d2f3
dz23

(
df3
dz3

)−1

= − 4√
3
+

14

9
z3 −

28

9
√
3
z23 +

614

243
z33 +O(z41).

We integrate these functions multiplied by vm(fi(zi)) and, since all three are
regular, the contour integrals are nonzero only if vm(fi(zi)) have poles, which
happens only around the puncture number 2.

The first conservation law for j0 can be obtained using the constant function
v0(z) = 1. It reads

0 = ⟨V3|(j(1)0 + j
(2)
0 + j

(3)
0 + 2q). (2.4.208)
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For the free boson current ∂X, which has q = 0, this conservation law represents
momentum conservation and for the ghost current jgh, which has q = −3/2, it
represents the ghost number anomaly.

For higher modes, we follow the same procedure as for the energy-momentum
tensor. Using functions

v1(z) =
2

3

1

z
,

v2(z) =
4

9

1

z2
,

v3(z) =
8

27

1

z3
− 5

9
v1(z), (2.4.209)

we derive the conservation laws

⟨V3|j(2)−1 = ⟨V3|
(
− 2

3
√
3
j0 +

16

27
j1 −

32

81
√
3
j2 −

16

729
j3 +

64

729
√
3
j4 + . . .

)(1)

+ ⟨V3|
(
− 5

27
j1 +

32

729
j3 + . . .

)(2)

(2.4.210)

+ ⟨V3|
(

2

3
√
3
j0 +

16

27
j1 +

32

81
√
3
j2 −

16

729
j3 −

64

729
√
3
j4 + . . .

)(3)

,

⟨V3|j(2)−2 = ⟨V3|
(
− 4

27
j0 +

64

81
√
3
j1 −

128

243
j2 +

320

729
√
3
j3 +

256

19683
j4 + . . .

)(1)

+ ⟨V3|
(
−10

9
q − 10

27
j0 +

19

243
j2 −

800

19683
j4 + . . .

)(2)

(2.4.211)

+ ⟨V3|
(
− 4

27
j0 −

64

81
√
3
j1 −

128

243
j2 −

320

729
√
3
j3 +

256

19683
j4 + . . .

)(3)

,

⟨V3|j(2)−3 = ⟨V3|
(

22

81
√
3
j0 −

16

243
j1 −

160

243
√
3
j2 +

10288

19683
j3 −

3136

6561
√
3
j4 + . . .

)(1)

+ ⟨V3|
(

32

243
j1 −

893

19683
j3 + . . .

)(2)

(2.4.212)

+ ⟨V3|
(
− 22

81
√
3
j0 −

16

243
j1 +

160

243
√
3
j2 +

10288

19683
j3 +

3136

6561
√
3
j4 + . . .

)(3)

,

Notice that these conservation laws are slightly different from [29]. However the
differences are proportional only to the zero mode conservation law (2.4.208).

2.4.4 Ghost conservation laws

Finally, we will discuss ghost conservation laws. The b ghost is a weight 2 ten-
sor field and therefore its conservation laws can be obtained from the energy-
momentum tensor conservation laws by a simple replacement Ln → bn and by
setting the central charge to zero. Therefore we have to compute only the c ghost
conservation laws.
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In the ghost theory, we usually work with the ghost number 1 ground state
c1|0⟩. With respect to this vacuum, modes ck with k ≥ 1 are annihilation opera-
tors and modes with k ≤ 0 are creation operators.

The first conservation law for c0 uses the function

v0(z) = −3
1

z2(z2 − 3)
(2.4.213)

and we obtain

⟨V3|c(2)0 = ⟨V3|
(

4

3
√
3
c1 −

8

27
c2 −

68

81
√
3
c3 +

176

729
c4 +

508

729
√
3
c5 + . . .

)(1)

+ ⟨V3|
(
16

27
c2 −

352

729
c4 + . . .

)(2)

(2.4.214)

+ ⟨V3|
(
− 4

3
√
3
c1 −

8

27
c2 +

68

81
√
3
c3 +

176

729
c4 −

508

729
√
3
c5 + . . .

)(3)

.

By summing three cyclic permutations of this conservation law, we find

0 = ⟨V3|(c(1)0 + c
(2)
0 + c

(3)
0 ), (2.4.215)

which means that c0 is a derivative of the star product. This conservation law
can be also derived directly using the function

vsym0 (z) = −3
9(z2 + 1)

z2(z2 − 3)2
, (2.4.216)

which reduces to v
sym(i)
0 (zi) =

1
z2i

in the local coordinates.

To compute higher conservation laws, we use functions

v1(z) = −2
1

z3(z2 − 3)
,

v2(z) = −4

3

1

z4(z2 − 3)
+

2

9
v1(z), (2.4.217)

v3(z) = − 8

27

1

z5(z2 − 3)
+

1

27
v2(z)

and we find

⟨V3|c(2)−1 = ⟨V3|
(

8

27
c1 −

80

81
√
3
c2 +

40

243
c3 +

416

729
√
3
c4 −

2840

19683
c5 + . . .

)(1)

+ ⟨V3|
(
11

27
c1 −

80

243
c3 +

5680

19683
c5 + . . .

)(2)

(2.4.218)

+ ⟨V3|
(

8

27
c1 +

80

81
√
3
c2 +

40

243
c3 −

416

729
√
3
c4 −

2840

19683
c5 + . . .

)(3)

,

⟨V3|c(2)−3 = ⟨V3|
(

40

81
√
3
c1 −

112

243
c2 +

152

243
√
3
j2 −

800

19683
j3 −

1720

6561
√
3
j4 + . . .

)(1)

+ ⟨V3|
(
− 19

243
c2 +

1600

19683
c4 + . . .

)(2)

(2.4.219)

+ ⟨V3|
(
− 40

81
√
3
c1 −

112

243
c2 −

152

243
√
3
j2 −

800

19683
j3 +

1720

6561
√
3
j4 + . . .

)(3)

,

86



⟨V3|c(2)−3 = ⟨V3|
(

40

729
c1 −

304

729
√
3
c2 +

8792

19683
c3 −

13280

19683
√
3
c4 +

8920

177147
c5 + . . .

)(1)

+ ⟨V3|
(
− 80

729
c1 +

2099

19683
c3 −

17840

177147
c5 + . . .

)(2)

(2.4.220)

+ ⟨V3|
(

40

729
c1 +

304

729
√
3
c2 +

8792

19683
c3 +

13280

19683
√
3
c4 +

8920

177147
c5 + . . .

)(3)

.

2.4.5 Conservation laws and the twist symmetry

Conservation laws can be uses to prove the formula (2.1.40) given the assumptions
from section 2.1.3.

Our proof is based on induction. The base case is the cubic vertex contracted
with three primary operators, which must have the proper symmetry. In the
inductive step we have to show that a given vertex satisfies (2.1.40) if all vertices
at lower levels have the same symmetry. However we can use the conservation laws
(2.4.180) to compute vertices recursively, which means that it is enough to show
that the conservation laws are compatible with the twist symmetry. Therefore the
conservation laws have to be invariant under the replacement ϕk → (−1)kϕk and
under the exchange of vertex entries (1) ↔ (3). Alternatively, we can formulate

this condition in terms of the C(ϕ−m)
(i)
n constants as

C(ϕ−m)
(i)
n = (−1)m+nC(ϕ−m)

(4−i)
n , i = 1, 2, 3. (2.4.221)

One can easily verify that the examples from subsections 2.4.2, 2.4.3 and 2.4.4
satisfy this property. To prove this equation in full generality, we use the fact
that the coefficients are given by the contour integrals (2.4.185). The condition
(2.4.221) is equivalent to the following symmetry of the local functions:

v(i)m (−z) = (−1)m+1−hv(4−i)
m (z). (2.4.222)

We can verify this equation directly. By substituting (2.4.190) and (2.4.186), we
get the condition(
fi(−z)
f4−i(z)

)−m+h−1(
(fi(−z))2 − 3

(f4−i(z))2 − 3

)n0+h−1(
f ′
i(−z)
f ′
4−i(z)

)1−h

= (−1)m+1−h.(2.4.223)

The maps fi, which are given by (2.1.27), satisfy fi(−z) = −f4−i(z) and f
′
i(−z) =

f ′
4−i(z), therefore we find that the sign comes from the first term and that the
remaining two terms are equal to 1, which concludes the proof.

2.4.6 Further generalizations

At the end of this section we will briefly discuss the possibility of generalizing
conservation laws to theories on orbifolds or on multiple D-branes backgrounds.
The string field in such cases has matrix structure and, after expanding the trace
in (2.1.14), we observe that the action includes terms of the form∫

ΨijΨjkΨki. (2.4.224)
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The off-diagonal part of the string field contains boundary condition changing
operators. As an example we can consider the free boson theory with mixed
Neumann-Dirichlet boundary conditions. The oscillators in this theory have half-
integer labels, αn+ 1

2
, where n ∈ Z. They can be expressed in terms of contour

integrals as

αn+ 1
2
↔
∮

dz

2πi
zn+

1
2∂X(z), (2.4.225)

but they do not have a simple vertex operator representation in terms of the free
field. For consistency, the field ∂X(z) must have a branch cut going between
positions of the boundary condition changing operators.

Conservation laws in such theories can be computed using the formula (2.4.195),
but we have to be very careful. The field ϕ now has branch cuts connecting the
three insertions. Therefore when we construct the function vm, which now con-
tains non-integer powers, we have to choose its branch cuts so that the phases
coming from ϕ and vm cancel each other everywhere. Then we can use the usual
contour manipulations and derive the desired conservation laws.

Another issue in this setting is a lesser symmetry of the cubic vertex. We can
use the cyclic symmetry only to bring the three string fields Ψij, Ψjk, Ψki to some
canonical order, but the symmetry between the three entries of the vertex is lost.
Therefore we have to compute three independent sets of conservation laws for
every combination of boundary condition changing operators.

2.5 Conservation laws for Ellwood invariants

In this section we discuss our method of evaluation of Ellwood invariants using
conservation laws, which were originally introduced in [35]. These conservation
laws are somewhat similar to the cubic vertex conservation laws from the previous
section.

We begin with a closer look at the Ellwood state ⟨E[V ]| ≡ ⟨I|V(i,−i). We
can write the identity string field as ⟨I| = ⟨0|UfI , where

fI(z) =
2z

1− z2
. (2.5.226)

The vertex operator V(i,−i) commutes with UfI because fI(z) ◦ V(i,−i) =
V(i,−i). To see that, we observe that fI(±i) = ±i and that the derivative
f ′
I(±i) = 0 does not contribute because V(i,−i) has conformal weight zero.
Therefore we can write the Ellwood state as

⟨E[V ]| = ⟨0|V(i,−i)UfI . (2.5.227)

This form allows us to extend the definition of the Ellwood state even to vertex
operators which are not primaries of weight (0, 0). Such states cannot be inter-
preted as vertex operators at midpoint acting on the identity string field because
of the zero derivative f ′

I(±i) = 0, but they are well defined and they appear in
intermediate steps of our calculations.

By contracting the generalized Ellwood state (2.5.227) with a string field Ψ,
we get the correlation function

⟨E[V ]|Ψ⟩ = ⟨V(i,−i)fI ◦Ψ(0)⟩. (2.5.228)
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If Ψ is a primary field of weight h, this expression simplifies to

⟨E[V ]|Ψ⟩ = (f ′
I(0))

h⟨V(i,−i)Ψ(0)⟩. (2.5.229)

This correlator can be computed using the standard CFT techniques and we will
briefly discuss their implementation later. However most components of the string
field are not primary and direct evaluation of (2.5.228) would not be practical.
Therefore we choose a similar approach as for the cubic vertices in the previous
section. We derive a set of conservation laws, which allow as to trade creation
operators from the string field for annihilation operators. This leads to a very
efficient recursive procedure, which decreases level of the string field in each step
and eventually reduces all possible terms to (2.5.229). However these conservation
laws sometimes affect the Ellwood state itself.

We start with a general procedure to derive the conservation laws and then
we show examples of conservation laws for the most common fields. We gener-
alize the results from [35], but we choose a slightly different method to derive
the conservation laws. Similarly to section 2.4, we primarily work in the global
coordinates on the UHP, which makes the contour manipulations more clear than
in [35].

2.5.1 General form of the conservation laws

As in section 2.4.1, we derive conservation laws for a conformal field ϕ of weight
h with the (possibly anomalous) transformation law (2.4.193). We define the
combination of modes

Φm = ϕm + (−1)m+h−1ϕ−m, (2.5.230)

which is motivated by the conservation laws for the identity string field from [36].
In the local coordinates associated with the string field, we can write Φm as a
contour integral,

Φm =

∮
0

dz

2πi
gm(z)ϕ(z), (2.5.231)

where
gm(z) = zm+h−1 + (−1)m+h−1z−m+h−1. (2.5.232)

Now consider the following expression:∮
C

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)fI ◦Ψ(0)⟩, (2.5.233)

where z is the global coordinate on the UHP, vm(z) is a function which we will
determine later and the integration contour C encircles both 0 and ±i. The
regularity at infinity requires that the function vm(z) behaves as O

(
(1/z)−2h+2

)
for z → ∞. The contour can be contracted around ∞ and, assuming that ϕ is
primary, we find that the integral vanishes. Otherwise we find the same type of
anomaly as in (2.4.194):

0 =

∮
C

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)fI ◦Ψ(0)⟩ (2.5.234)

−
∮
0

dz̃

2πi
z̃2h−2vm(−

1

z̃
)A(−1

z̃
, z̃)⟨V(i,−i)I ◦ fI ◦Ψ(0)⟩,
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where z̃ = −1
z
. The second contour integral can be evaluated directly because

the correlation function does not depend on z̃ and it is proportional to (2.5.228).

The contour C from the first term from (2.5.234) can be split to contours
around ±i and around 0. First, we look at the integral around zero. We evaluate
this integral in the local coordinate w given by z = fI(w),

∮
0

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)fI ◦Ψ(0)⟩

=

∮
0

dw

2πi
vm(fI(w))f

′
I(w)⟨V(i,−i)ϕ(fI(w))Ψ(0)⟩ (2.5.235)

=

∮
0

dw

2πi
vm(fI(w))(f

′
I(w))

1−h⟨V(i,−i)
(
ϕ̃(w)−A(fI(w), w)

)
Ψ(0)⟩.

The regular part of this integral must reproduce the combination of modes Φm,
which leads to the condition

vm(f(w))(f
′
I(w))

1−h = gm(w). (2.5.236)

By solving this equation, we find

vm(z) = (−z)−m+h−1(1 + z2)
h−1
2

((
1 +

√
1 + z2

)m
− (−1)h

(
1−

√
1 + z2

)m)
= 2(−z)−m+h−1

m∑
k=0

k+h=1 mod 2

(
m

k

)
(1 + z2)

k+h−1
2 . (2.5.237)

The second line implies that the function vm(z) does not have any branch cuts
and that it has the desired asymptotic behavior O

(
(1/z)−2h+2

)
. The integral

around zero therefore reads∮
0

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)fI ◦Ψ(0)⟩

= ⟨E[V ]|Φm|Ψ⟩ − res
w→0

gm(w)A(fI(w), w)⟨E[V ]|Ψ⟩. (2.5.238)

Next, we compute the integrals around ±i, which get contributions from the
OPE between ϕ and V . We parameterize the OPE as

ϕ(z)V(i,−i) ∼
∑
k

CkVk(i,−i)
(z − i)h+hV−hk

,

ϕ(z)V(i,−i) ∼
∑
k

C̃kVk(i,−i)
(z + i)h+h̄V−h̄k

, (2.5.239)

where the index k labels a basis of bulk vertex operators. Using this OPE, we
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find ∮
±i

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)fI ◦Ψ(0)⟩

=
∑
k

∮
i

dz

2πi

Ckvm(z)

(z − i)h+hV−hk
⟨Vk(i,−i)fI ◦Ψ(0)⟩

+
∑
k

∮
−i

dz

2πi

C̃kvm(z)

(z + i)h+h̄V−h̄k
⟨Vk(i,−i)fI ◦Ψ(0)⟩ (2.5.240)

=
∑
k

Ck res
z→i

vm(z)

(z − i)h+hV−hk
⟨E[Vk]|Ψ⟩

+
∑
k

C̃k res
z→−i

vm(z)

(z + i)h+h̄V−h̄k
⟨E[Vk]|Ψ⟩. (2.5.241)

We emphasize that this part of the conservation law may change the Ellwood
state. This happens when the OPE (2.5.239) contains vertex operators different
from V itself and the corresponding residua are nonzero. Since the conservation
laws are part of a recursive algorithm, we need to compute conservation laws
for all Vk as well, although these operators are usually not primary. This is
why we defined the generalized Ellwood state (2.5.227) and why we derive the
conservation laws in a way which does not rely on exact properties of V .

When we combine (2.5.234), (2.5.238) and (2.5.241) together, we get the full
conservation law:

⟨E[V ]|Φm = res
w→0

w2h−2vm(−
1

w
)A(− 1

w
,w)⟨E[V ]|

+ res
w→0

gm(w)A(fI(w), w)⟨E[V ]|

−
∑
k

Ck res
z→i

vm(z)

(z − i)h+hV−hk
⟨E[Vk]|

−
∑
k

C̃k res
z→−i

vm(z)

(z + i)h+h̄V−h̄k
⟨E[Vk]|. (2.5.242)

This formula may look complicated, but the results are quite simple in many
cases of interest, see the examples in subsection 2.5.2.

Simple conservation laws usually appear when the vertex operator V is pri-
mary with respect to the full symmetry algebra of the theory. However the con-
struction of Ellwood invariants requires that it must be primary only with respect
to the full energy-momentum tensor and not with respect to the extended symme-
try. As an example, consider the operator ∂X in the free boson theory, which is
not primary with respect to the U(1) current ∂X, or the operator c(2)T (1)−c(1)T (2)

in a theory given by a product of two CFTs, which is not primary with respect
to the constituent energy-momentum tensors T (1,2).

In the rest of this section we will sketch how to deal with conservation laws for
these Ellwood invariants. We have never implemented this algorithm, because we
can still manage to evaluate (2.5.242) in the free boson theory, but it would be
necessary for non-fundamental primaries in any more complicated theory. The
main issue here is the evaluation of the OPE (2.5.239). To avoid it, we make the
conservation laws even more similar to those for the cubic vertex.
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We take the problematic contour integrals around ±i and, instead using the
OPE, we can expand the function vm(z) around ±i as

vm(z) = −
∑
n

E±
n (ϕm) (z ∓ i)n+h−1 (2.5.243)

and convert the contour integrals to operator modes acting on V ,∮
±i

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)fI ◦Ψ(0)⟩ = −

∑
n

E±
n (ϕm)⟨(ϕ±

nV)(i,−i)fI ◦Ψ(0)⟩,

(2.5.244)

where we define ϕ±
n ≡ ϕn(±i) and the constants E±

n (ϕm) are analogous to C(i)
n (ϕm).

Similarly to (2.4.180), we can now write the full conservation law as

⟨E[V ]|Φm =
∑
n

E+
n (ϕm)⟨E[ϕ+

nV ]|+
∑
n

E−
n (ϕm)⟨E[ϕ−

nV ]|, (2.5.245)

where the anomalies from the first two lines of (2.5.242) are added to E±
1 (ϕm). In

order to develop the full recursive algorithm, one can follow the steps from section
3.4, namely to define matrix representations of ϕ±

n acting on V and combine them

with E±
n (ϕm) to form an analogue of K(i)

n (ϕm).

Finally, let us make a brief comment about evaluation of the correlator (2.5.229).
If the vertex operator V is primary, then this correlator is given by (1.2.107), but
otherwise we have to compute a relatively generic 3-point function. This can be
done using the standard CFT techniques because the transformation to the local
coordinate is no longer involved. In the free boson theory, we can use the explicit
formulas from section 1.3.3. However, for efficient evaluation of more complicated
correlators, it is once again useful to develop a recursive algorithm with the same
structure as for the cubic vertices. We consider the contour integral∮

C

dz

2πi
vm(z)⟨V(i,−i)ϕ(z)Ψ(0)⟩, (2.5.246)

where Ψ(0) is now just an ordinary primary field, and we convert it to operator
expression similarly to (2.5.244). Then we can use matrix representations of ϕn

acting on V and Ψ to complete the recursive algorithm similarly to section 3.4.
The field ϕ is most likely going to be either a current or the energy-momentum

tensor because the ghost part of V is just cc̄. The first case is simple, we can
choose the usual function

vm(z) = (z ∓ i)−m. (2.5.247)

When it comes to the energy-momentum tensor, it would be possible to use
the function vm(z) = (z ∓ i)−m+1, but it follows from (1.1.67) that this contour
manipulation would produce L−1 operators. Fortunately, this can be fixed by a
simple change of the function vm(z). We observe that the function

(z − z1)
−m+1 +

(z − z1)(z − z2)

(z2 − z3)(z3 − z1)m
+

(z − z1)(z − z3)

(z3 − z2)(z2 − z1)m
(2.5.248)

behaves as (w − z1)
−m+1 + O(z − z1) around the point z1 and as O(z − z2,3)

around the points z2,3, which means that the corresponding conservation law
removes L−m without producing any L−1 operators. Therefore the functions that
allow us to remove L−m from the points ±i are

vm(z) = (z ∓ i)−m+1 + (±i)m+1
(
1 + z2 − 2−mz(z ∓ i)

)
. (2.5.249)
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2.5.2 Examples of conservation laws

After deriving the generic form of conservation laws, we will show some explicit
examples, which we use to evaluate the Ellwood invariants defined in section 2.3.
We assume that the vertex operator V has a factorized form, V = cc̄V (1) . . . V (N),
where V (k) belongs to the corresponding matter BCFT. To simplify the notation,
we will show only the part of V which interacts with the field ϕ.

In order to show application of the formula (2.5.242), we begin by re-deriving
the conservation laws for Virasoro operators from [35]. The energy-momentum
tensor has weight 2, so the conservation laws include the combinations of modes

Kn ≡ Lm − (−1)mL−m. (2.5.250)

The relevant part of the vertex operator can be labeled only by its weights (h, h̄)
and its OPE with T is

T (z)V (h,h̄)(i,−i) ∼ hV (h,h̄)(i,−i)
(z − i)2

+
∂V (h,h̄)(i,−i)

z − i
(2.5.251)

and similarly around −i. The functions gm(z) and vm(z) are given by

gm(z) = zn+1 − (−1)nz−n+1, (2.5.252)

vm(z) = 2(−z)−m+1

m∑
k=0

k=1 mod 2

(
m

k

)
(1 + z2)

k+1
2 . (2.5.253)

Now we can plug this input into (2.5.242). The first anomalous term dis-
appears because the energy-momentum tensor is a quasi-primary field. The
Schwarzian derivative of fI(z) is S(fI(z), z) =

6
(1+z2)2

, so the second anomalous
term gives us

res
z→0

gm(z)
c

2(1 + z2)2
⟨E[V (h,h̄)]| = mc

8
(im + (−i)m) ⟨E[V (h,h̄)]|. (2.5.254)

The regular part of the conservation law comes from the OPE between T and
V (h,h̄). We observe that the functions vm(z) behave as O(z ∓ i) around ±i, so
only the second pole from the OPE contributes to the conservation laws and we
get

−4m
(
h im + h̄(−i)m

)
⟨E[V (h,h̄)]|. (2.5.255)

By summing the two contributions, we obtain the final result

⟨E[V (h,h̄)]Km = m
(
im
( c
8
− 4h

)
+ (−i)m

( c
8
− 4h̄

))
⟨E[V (h,h̄)]|. (2.5.256)

Notice that these conservation laws reproduce the original vertex operator V (h,h̄).
Similarly, we can derive conservation laws for the b and c ghosts, which are

rather trivial:

⟨E[V ]|(bm − (−1)mb−m) = 0, (2.5.257)

⟨E[V ]|(cm + (−1)mc−m) = 0. (2.5.258)
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The conservation laws for the ghost current jgh were derived in [45]. The
derivation includes both anomalous terms, but the result is quite simple:

⟨E[V ]|(jghm + (−1)mjgh−m) =

(
−1

2
(im + (−i)m) + 3δm0

)
⟨E[V ]|. (2.5.259)

Using this expression and (2.5.256) for c = −26 and h = h̄ = −1, we get conser-
vation laws for the ’twisted’ ghost Virasoros L′gh:

⟨E[V ]|K ′gh
m =

1

4
(im + (−i)m) ⟨E[V ]|. (2.5.260)

Finally, we show conservation laws for α oscillators in the case of a generic
momentum and winding Ellwood state, which generalize the results from [35]:

⟨E[eikLXL+ikRXR ]|(αm + (−1)mα−m) = −
√
2 (imkL + (−i)mkR) ⟨E[eikLXL+ikRXR ]|.

(2.5.261)

2.5.3 Free boson conservation laws

The free boson theory contains various operators which are primary with respect
the full energy-momentum tensor, but not with respect to the U(1) currents. In
case of a single free boson, these operators are labeled by the SU(2) representa-
tions (see section 1.3.1), for two or more free bosons, they appear essentially at
every level. We encounter these operators in the D-series of invariants and in the
H invariant.

Nontrivial primary operators can be always written as sums of factorized
operators, so it is enough to describe how the conservation laws work for a single
boson. Any vertex operator consists of terms of the form

∂j1X . . . ∂jlX ∂̄k1X . . . ∂̄krXeikLXL+ikRXR(i,−i). (2.5.262)

The OPE between these operators and the ∂X current can explicitly written as

∂X(w) ∂j1X . . . ∂jlX ∂̄k1X . . . ∂̄krXeikLXL+ikRXR(i,−i) ∼ (2.5.263)

− i

2

(
kL
w − i

+
kR
w + i

)
∂j1X . . . ∂jlX ∂̄k1X . . . ∂̄krXeikLXL+ikRXR(i,−i)

−
l∑

m=1

(jm − 1)!

2(w − i)jm+1
∂j1X . . .���

∂jmX . . . ∂jlX ∂̄k1X . . . ∂̄krXeikLXL+ikRXR(i,−i)

−
r∑

m=1

(km − 1)!

2(w + i)km+1
∂j1X . . . ∂jlX ∂̄k1X . . .���

∂̄kmX . . . ∂̄krXeikLXL+ikRXR(i,−i).

Therefore we can compute the conservation laws directly using (2.5.242). There
does not seem to be a simple formula for the residues, but we can easily compute
them one by one. The first term in the OPE leaves the vertex operator intact
and it can be used to derive to (2.5.261). On the other hand, the remaining two
terms reduce the weight of the vertex operator and lead to new Ellwood states.
Therefore, in order to compute an Ellwood invariant of weight h, we usually need
to find conservation laws for all vertex operators with lower weights.
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Chapter 3

Numerical algorithms

In this chapter we describe the computer algorithms which we have used to obtain
the results in this thesis and in some of our previous works [57][35][58][53][45][59].
Some parts of these algorithms have already been described in [45][59] and some
were inspired by [34]. Readers who are not interested in details of numerical
algorithms can skip most of this chapter, they should just check our extrapolation
techniques in subsection 3.7.4.

String field theory calculations can be divided into several different parts. The
first (and technically the most complicated) is the evaluation of matrix elements
of the BRST charge and of the cubic vertex, which are needed for the action. This
part includes finding convenient representations for the string field and for the
operator algebra and then implementation of the BPZ product and the conserva-
tion laws for the cubic vertex. Next, we need to solve the equations of motion, for
which we use either the Newton’s method or the homotopy continuation method.
Finally, we need to compute observables which help us to identify solutions, most
notably the energy and Ellwood invariants, and possibly extrapolate them to
infinite level for better precision.

We use a combination of Mathematica and C++ codes to execute our calcu-
lations. We have chosen this combination of programming languages to balance
their respective strengths and weaknesses. Mathematica offers an environment
for symbolic manipulations and tools for analysis and visualization of results, but
it is not very efficient in manipulations with large quantities of real numbers. On
the other hand, the C++ programming language is very fast when executing el-
ementary operations and the OpenMP library [60] offers tools for parallelization
of calculations. However manipulations with abstract objects are often difficult
to encode in C++. The two programs communicate with each other using text
files.

3.1 Description of the string field

We start with a description of the string field. The string field in the level
truncation approximation is expanded into a basis of L0 eigenstates as

|Ψ⟩ =
∑
i

ti|i⟩, (3.1.1)
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where ti are real or complex coefficients and |i⟩ are basis elements in the full
BCFT. The coefficients mainly appear as variables in the equations of motion.
We can encode them in a simple vector and they are easy to deal with, therefore
we focus on description of the basis and later on matrix representations of various
objects with respect to the basis.

The key feature of our numerical approach is factorization of calculations into
the individual BCFTs whenever possible. Assuming that the full BCFT is given
by BCFT(1) ⊗ . . .⊗BCFT(N), we can factorize a properly chosen basis as

|i⟩ = |i1⟩(1) ⊗ . . .⊗ |iN⟩(N). (3.1.2)

Therefore, before we deal with the full string field, we are first going to have a
look at bases in the individual BCFTs.

The states and operators we work with should have an index which labels
to which theory they belong, for example L

(k)
−n belongs to BCFT(k). However we

deal with just one of the constituent BCFTs at a time in most of this chapter.
Therefore we will drop these upper indices to simplify the notation and restore
them only when there is a risk of confusion.

3.1.1 Universal matter sector

The universal matter BCFT is the simplest theory we encounter, so we will often
use it to demonstrate our approach and to show examples.

The Hilbert space of this theory includes only a single vacuum Virasoro rep-
resentation, so all states are of the form

L−i1 . . . L−ik |0⟩, (3.1.3)

where im ≥ 2. If the central charge is greater than 1, there are no null states.
For illustration, we show the basis up to level 6 in the following table:

state level i
|0⟩ 0 1

L−2|0⟩ 2 2
L−3|0⟩ 3 3
L−4|0⟩ 4 4

L−2L−2|0⟩ 4 5
L−5|0⟩ 5 6

L−3L−2|0⟩ 5 7
L−6|0⟩ 6 8

L−4L−2|0⟩ 6 9
L−3L−3|0⟩ 6 10

L−2L−2L−2|0⟩ 6 11

(3.1.4)

We canonically order the basis states first by their level and then by mode num-
bers of the Virasoro operators. The ordering of states at the same level is essen-
tially irrelevant, but the ordering by level is crucial for some of our algorithms.

In a computer program, it is convenient to represent this basis as a vector
made out of a structure that encodes all important information about the states.
The operator content of a state can be described by a vector that contains the
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mode numbers. However we have defined a more sophisticated environment in
Mathematica, which we call OP, which allows us to compute commutators be-
tween operators, see later. A state of the form L−i1 . . . L−ik |0⟩ is represented as
OP[L[−i1], . . . , L[−ik], vac]. Apart from the explicit form of basis states, it is use-
ful to store various ”quantum numbers” (level, twist, etc.) which are connected
to them. These numbers follow from the operator content, but computing them
repeatedly would be unnecessarily complicated and time consuming.

There are two ways how to generate this basis. The first possibility is to use
a function that generates partitions (IntegerPartitions in Mathematica) to get
all mode numbers that sum to a given level, remove all partitions that include 1
and then transform the lists of integers to the actual states as {i1, i2, . . . , ik} →
L−i1L−i2 . . . L−ik |0⟩.

The second possibility is to use a recursive procedure. We start with the
ground state and then we repeat the following steps: Assuming we already have
a basis up to level L, we act on all of its elements with a single creation operator
so that we get states at level L + 1. Then we canonically order the operators in
the new states and remove all states that are equal to zero, duplicate or otherwise
undesirable. Then we add the remaining states to the basis and repeat until we
reach the desired level.

The first method is simpler, but the second method is more universal and it
allows generalization to more complicated BCFTs where the first method does
not work. This happens for example when the mode numbers cannot be mapped
to partitions.

3.1.2 Ghost theory

We can choose several different bases in the ghost theory depending on the gauge
or other conditions imposed on the string field. We represent them in a similar
way as the basis of the universal matter theory, but some algorithms need aux-
iliary states for evaluation of vertices, so we will discuss the individual cases in
more detail.

Let’s begin with our most common setting, the SU(1,1) singlet string field in
Siegel gauge. The basis of the SU(1,1) singlet part of the ghost state space has
the same structure as in the universal matter theory, so we can get this basis
using replacements L′ → L′gh and |0⟩ → |Ω⟩1.

However we also need auxiliary states of the form

jgh−mL
′gh
−i1

. . . L′gh
−ik

|Ω⟩ (3.1.5)

for evaluation of the cubic vertex, see section 3.4.3. The basis of this auxiliary
space can be constructed simply by multiplying elements of the singlet basis by
one jgh−m operator. The auxiliary states are required only up to one level less that
the singlet states because the part of conservation laws which generates these
states always reduces level at least by one.

1We always work with the ghost number 1 vacuum |Ω⟩ ≡ c1|0⟩. This way we avoid the
necessity of having an explicit representation for c1 and, in case of the bc basis at ghost number
1, we have the same number of b and c operators.
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Next we take a look at the usual bc basis. We order the operators in basis
elements as

b−i1 . . . b−ikc−j1 . . . c−jk |Ω⟩. (3.1.6)

In this ordering, where b ghosts are always in from of c ghosts, the evaluation of
cubic vertices is simpler because we can use just the b conservation laws.

In addition to physical states at ghost number 1, we also need auxiliary states
with ghost numbers 0 and 2 for some intermediate calculations. Their bases have
the same form, but they contain one additional b or c mode.

The Siegel gauge condition removes states with c0 from the basis. We just
keep the states b−2c0|Ω⟩ and c0|Ω⟩, which are needed for the first out-of-Siegel
equation, see subsection 3.7.3. Again, it is enough to consider auxiliary states
only up to level L− 1, similarly to the SU(1,1) singlet basis.

To generate this type of basis, it is convenient to start with independent
construction of states with b or c operators only, which can have arbitrary ghost
numbers. Then we select states with the desired ghost number out of the tensor
product of these two auxiliary bases.

Finally, the basis in the ghost theory can be written using the ghost Virasoro
or ghost current operators. These two bases require no auxiliary objects and they
can be treated similarly as in the universal matter sector.

3.1.3 Free boson theory and minimal models

Basis elements in the universal matter or the ghost theory are descendants of a
single ground state. That changes when we consider a more typical BCFT, like
the free boson theory or the Virasoro minimal models, which has multiple primary
operators. The structure given by the fusion rules in such theory motivates us to
treat the string field differently than in the universal sector.

Consider a theory which includes several different Verma modules. In princi-
ple, we could contain all states in a single vector, but it is more convenient keep
the Verma modules in separate vectors. Therefore we split the index labeling
basis elements into two,

i→ (p, ip). (3.1.7)

The first index now labels primary operators and the second index their descen-
dants. The representation of such basis in a computer code changes from a vector
to a two-dimensional object. As we are going to see later, this structure allows
as a direct implementation of the fusion rules.

The free boson theory and the Virasoro minimal models can be treated simi-
larly in most aspects because the differences between α oscillators and Virasoro
generators and different labeling of primary operators do not play a significant
role in our code. However there are some differences that have to be handled
separately.

In the free boson theory, we impose the parity even condition, which is satisfied
by the states (2.2.98). However these states are not eigenstates of the α0 operator.
Therefore, when working with just with the free boson theory, we consider states
of definite momentum (both positive and negative) and we impose the parity even
condition only on the full basis. The transition between these two types of bases
is implemented by addition of multiplicative factors to the full vertices, see later.
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In the Virasoro minimal models, we encounter a different issue, null states.
These must be removed and we select a new irreducible basis |iIR⟩, which includes
only representatives of nontrivial states. This basis is then used for construction
of the full string field. We will discuss the process of elimination of null states
later in subsection 3.3.4.

3.1.4 Full string field

As we mentioned before, the basis of the full string field factorizes as

|i⟩ = |i1⟩(1) ⊗ . . .⊗ |iN⟩(N), (3.1.8)

so we construct it simply by tensor product of the bases of the constituent theories.
Then we select states that pass through the level cut-off and satisfy other desired
properties (most often the twist even condition).

As an example, we show the first few basis states of the SU(1,1) singlet uni-
versal string field:

state level i i1 i2
|Ω⟩ 0 1 1 1

Lm
−2|Ω⟩ 2 2 2 1

L′gh
−2 |Ω⟩ 2 3 1 2
Lm
−3|Ω⟩ 3 4 3 1

L′gh
−3 |Ω⟩ 3 5 1 3
Lm
−4|Ω⟩ 4 6 4 1

Lm
−2L

m
−2|Ω⟩ 4 7 5 1

Lm
−2L

′gh
−2 |Ω⟩ 4 8 2 2

L′gh
−4 |Ω⟩ 4 9 1 4

L′gh
−2L

′gh
−2 |Ω⟩ 4 10 1 5

(3.1.9)

The numbers i1 and i2 represent projections of the basis states to (3.1.4) and the
ghost counterpart respectively. We order the states first by their level and then
by their operator contents. The ordering by level allows up to truncate the string
field to a lower level just by restricting the range of i.

Interestingly, all we need to remember about the basis is the multiindex
(i1, . . . , iN). The explicit form of states is not necessary because all objects that
we encounter in string field theory can constructed from simpler objects in the
constituent theories (see (3.3.29) for a nontrivial example). However it useful to
store some additional information about the basis states (level, twist, etc.) to
avoid repeated evaluation of these numbers.

In theories where we label some of the constituent bases by the doubled index,
this structure is inherited by the full basis as well. Elements of the full basis are
then labeled by (p, i), where p labels products of primary operators and i their
descendants. The multiindex which represents projections to the constituent
bases changes to

(i1 . . . , iM , (pM+1, iM+1), . . . , (pN , iN)), (3.1.10)

where we have M theories with simple bases and N −M theories with composite
bases. Coefficients of the string field should have the double index structure as
well, but for simplification of some matrix operations, it is easier to have the
coefficients in a single vector. Therefore we keep two copies of the coefficients, ti
and t(p,i), and use the one which is more convenient in the given context.
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3.2 Matrix representations of operators

For evaluation of vertices and some other OSFT calculations, it is essential to
know how various (usually annihilation) operators act on the string field, respec-
tive on its basis. For that purpose it is useful to compute matrix representations
of operators. In this section we show how to compute matrix representations in
the constituent theories. These can be then used to construct representations of
more complicated operators (the total Virasoros, the BRST charge Q, etc.).

We are going to illustrate our approach on the universal matter theory. There
we need to compute expressions of the form

LmL−n1 . . . L−nk
|0⟩. (3.2.11)

Such expression can be easily evaluated using the Virasoro algebra (1.1.37), but
the implementation of such algebra in a computer code can be a bit tricky. For-
tunately, Mathematica offers a simple solution. We use the previously mentioned
environments OP, which represents a chain of Virasoro operators Ln1Ln2 . . . Lnk

as
OP[L[n1], L[n2], . . . , L[nk]]. The patter matching in Mathematica easily allows us
to encodes basic properties of a product of operators (associativity, distributivity,
etc.) and we implement the Virasoro algebra as

OP[A ,L[m ], L[n ], B ] :=

OP[A,L[n], L[m], B] + OP[A, (m− n)L[m+ n] (3.2.12)

+c/12(m3 −m)KroneckerDelta[m+ n, 0], B]/;m > n.

This implementation of the Virasoro algebra is quite simple, however the
actual calculations can be quite time consuming, especially for expressions like
Ln(L−2)

k|0⟩. Therefore we want to avoid repeated evaluation of these expressions
and we store their results in form of a matrix representation for later use. We
denote matrix representations by the symbol M with the relevant operator in
brackets. The action of a Virasoro operator on a basis state in this notation
reads

Ln|i⟩ =
∑
j

M(Ln)ij|j⟩. (3.2.13)

This representation is however still quite inefficient. To see why, let’s have a
look at the representation of the L−2 operator on the basis (3.1.4):

M(L2) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0
c/2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 6 0 0 0 0 0 0 0 0 0
0 8 + c 0 0 0 0 0 0 0 0 0
0 0 7 0 0 0 0 0 0 0 0
0 0 5 + c/2 0 0 0 0 0 0 0 0
0 0 0 8 0 0 0 0 0 0 0
0 0 0 c/2 6 0 0 0 0 0 0
0 0 0 10 0 0 0 0 0 0 0
0 0 0 0 24 + 3c/2 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
The matrix is sparse and therefore we would spend most of the time during a
matrix multiplication by summing over zero elements. To remove the zeros, we
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store only the values and positions of nonzero elements. In Mathematica, we can
represent each line of the matrix as a List with a pair of a real number and an
integer in each element, in C++ we define an equivalent structure. Using the
Mathematica notation, the matrix above reduces to

M(L2) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

{}
{{c/2, 1}}
{}
{{6, 2}}
{{8 + c, 2}}
{{7, 3}}
{{5 + c/2, 3}}
{{8, 4}}
{{c/2, 4}, {6, 5}}
{{10, 4}}
{{24 + 3c/2, 5}}

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.2.14)

Now we do not have to sum over the whole range of the index j in (3.2.13), but
only over the nonzero elements. For clarity of notation, we will continue to use
the expression (3.2.13), but from now on this type of sum is to be understood as

∑
j

M(Ln)ij|j⟩ ≡
li∑

j=1

M(Ln)ij,1|M(Ln)ij,2⟩, (3.2.15)

where li is the number of nonzero elements in the i-th row of the matrix. It is also
convenient to introduce a formal operator L1 ≡ 1 and its matrix representation.

Matrix representations in more complicated theories may receive another label
that indicates which part of Hilbert space they act on. For example, the operator
bn changes ghost number of a state from g to g−1. Therefore we label the matrix
representations as

bm|i(g)⟩ =
∑
j

M(bm)
(g)
ij |j(g−1)⟩ (3.2.16)

and similarly for cn.
The Hilbert space in the free boson theory and in the Virasoro minimal models

consists of several Verma modules, so we define matrix representations for each
Verma module separately,

αm|(p, i)⟩ =
∑
j

M(αm)
p
ij|(p, j)⟩, (3.2.17)

Lm|(p, i)⟩ =
∑
j

M(Lm)
p
ij|(p, j)⟩. (3.2.18)

Finally, there is a specific case of the jghm operators acting on SU(1,1) singlet
states, which can produce both states from the physical and the auxiliary basis.
Therefore we define two separate matrices for jghm :

jghm |i⟩phys =
∑
j

M(jghm )physij |j⟩phys +
∑
j

M(jghm )auxij |j⟩aux. (3.2.19)
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3.2.1 Recursive algorithm for matrix representations

The direct method of computing matrix representations can be sometimes quite
slow (although it is still much faster than evaluation of cubic vertices at high
levels ). Therefore we have developed a faster alternative, which is unfortunately
limited only to some theories.

In the first step of this algorithm we compute matrix representations of cre-
ation operators, say M(L−n). The evaluation of these matrices is much faster
because expressions like L−nL−i1 . . . L−ik |0⟩ require less operations to get the op-
erators to the canonical ordering. The number of nontrivial matrix elements is
also smaller because we do not need those that go over the maximal level.

Next we introduce a notation that represents separation of the first operator
from a given basis element,

|i⟩ = L−m |̂i⟩. (3.2.20)

It is convenient to store the two numbers m and î together with other basis
information because we use them frequently in this and in other algorithms. Of
course, this operation is not defined if |i⟩ equals to the vacuum (or more generally
to a primary state), so these cases must be handled separately.

Now we can write

Ln|i⟩ = LnL−m |̂i⟩ = L−mLn|̂i⟩+ (n+m)Ln−m |̂i⟩+
c

12
(m3 −m)δnm |̂i⟩. (3.2.21)

By replacing the Virasoro operators by their matrix representations, we get the
recursive formula

M(Ln)ij =
∑
k

M(Ln)îkM(L−m)kj + (n+m)M(Ln−m)îj +
c

12
(m3 −m)δnmδîj.

(3.2.22)
To be sure that the r.h.s. of this expression contains no unknown terms for all
values of the indices, we compute the matrix representations in ascending order
in n and for each n we start with M(Ln)1 and then we go in ascending order in
i. Since î < i and n −m < m, it is guaranteed that the terms on the r.h.s. are
always known by the time they are needed.

This algorithm can be easily generalized to other theories, but it is guaranteed
to work well only if the basis contains only a single type of operator. When
there are more, complications may arise. As an example, let’s consider matrix
representations of bn on the ghost number 1 basis. In the expression analogous to
(3.2.21), we encounter terms like b−mbn |̂i⟩, where the state |̂i⟩ has ghost number 2.
In order to compute representations at ghost number 2, we need representations
at ghost number 3 and so on. We also find that we need matrix representations of
cn. In the end, the algorithm gets so complicated that the simpler direct approach
is more efficient.

A somewhat similar problem arises for matrix representations of jgh on the
singlet basis. This algorithm mixes representations of jgh and L′gh. However the
number of auxiliary objects in this case is manageable and the algorithm works
well.

102



3.3 Kinetic term and Gram matrices

Once we have matrix representations of all necessary operators, we can shift our
attention towards the OSFT action. We start with the kinetic term, which is
given by the 2-vertex with the insertion of the BRST operator. The 2-vertex can
be expressed in terms of the ordinary BPZ product, so the kinetic term is fully
determined by matrix elements of the BRST operator2

Qij = ⟨i|Q|j⟩. (3.3.23)

If we restrict our attention to the Siegel gauge, this expression simplifies to

Qij = ⟨i|c0Ltot
0 |j⟩. (3.3.24)

Therefore the matrix representation of Q can be written in terms of products of
Gram matrices from the constituent BCFTs as

Qij = hi⟨igh|c0|jgh⟩gh
∏
s

⟨is|js⟩(s), (3.3.25)

where hi are eigenvalues of the L
tot
0 operator and s labels the matter sectors. The

Gram matrices will be denoted as G
(s)
ij ≡ ⟨i|j⟩(s) in the matter theories and as

Ggh
ij ≡ ⟨i|c0|j⟩gh in the ghost theory.
The kinetic term in other gauges gets more complicated. The BRST charge

can be expressed in several different forms, for example

Q =
∞∑

n=−∞

c−nL
m
n +

1

2

∞∑
n=−∞

◦
◦ c−nL

gh
n

◦
◦ −

1

2
c0, (3.3.26)

=
∞∑

n=−∞

c−nL
m
n +

1

2

∞∑
m,n=−∞

(m− n) ◦
◦ cmcnb−m−n

◦
◦ −c0, (3.3.27)

=
∞∑

n=−∞

c−nL
m
n −

∞∑
n=−∞

n ◦
◦ c−nj

gh
n

◦
◦ −c0. (3.3.28)

The first form is usually the most useful one. By contracting it with the basis
states (3.1.8), we find quite a complicated expression,

Qij =
∞∑

n=−∞

⟨igh|c−n|jgh⟩gh
∑
s

(
⟨is|L(s)

n |js⟩(s)
∏
r ̸=s

G
(r)
irjr

)
(3.3.29)

+
1

2

(
∞∑

n=−∞

⟨igh| ◦
◦ L

gh
−ncn

◦
◦ |jgh⟩ −Ggh

ighjgh

)∏
s

G
(s)
isjs
.

We need several different objects to construct this matrix. In the matter theories
we need the Gram matrices and ⟨is|L(s)

n |js⟩(s), in the ghost theory ⟨igh|cn|jgh⟩gh
and ⟨igh|Lgh

−ncn|jgh⟩gh. The range of the summation over n can be restricted to

2In this section we normalize the BPZ product so that it reproduces the kinetic term of
the dimensionless potential (2.3.120), that is ⟨0|c−1c0c1|0⟩ = 1. We return to the overall
normalization of BCFT correlators only when evaluating observables.
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|n| ≤ L thanks to the level truncation and the symmetry of the BPZ product re-
lates expressions with n and −n, so we can restrict the range further to n ≥ 0 (if
we introduce an appropriate multiplicity factor). In the ghost current basis, a sim-
ilar formula can be derived using (3.3.28), but it needs matrices ⟨igh|jgh−ncn|jgh⟩gh
instead of ⟨igh|Lgh

−ncn|jgh⟩gh.
All the new matrices are closely related to Gram matrices and they can be

computed in a similar way. Therefore in rest of this section we will focus on
evaluation of the Gram matrices in the constituent theories.

3.3.1 Universal matter sector

As usual, we illustrate how our algorithm works in the universal matter theory
and discuss its modifications to other theories later.

Elements of the Gram matrix are defined as

Gij = ⟨i|j⟩ = bpz(L−m1 . . .L−mk
|0⟩)L−n1 . . .L−nl |0⟩

= (−1)
∑

i mi⟨0|Lmk
. . . Lm1L−n1 . . . L−nl

|0⟩. (3.3.30)

They can be computed by commuting all creation operators to the left and all
annihilation operators to the right. However direct evaluation of all commutators
would be too time consuming. Therefore we introduce a recursive algorithm
which uses the matrix representations of Virasoro operators from the previous
section.

This algorithm also needs the information encoded in (3.2.20), that is the
mode number of the first Virasoro operator m and the number of state î that re-
mains after separation of the first operator. In fact, once we have this information
(and the matrix representations M(Ln)), the explicit form of the basis elements
(3.1.4) is no longer needed and all we have to know about the basis elements is
the following table of numbers:

i 1 2 3 4 5 6 7 8 9 10 11

î 0 1 1 1 2 1 2 1 2 3 5
m 0 2 3 4 2 5 3 6 4 3 2
Level 0 2 3 4 4 5 5 6 6 6 6

(3.3.31)

Using the matrix representations, we can compute an element of the Gram
matrix as

Gij = ⟨i|j⟩ = ⟨L−mî|j⟩ = (−1)m⟨̂i|Lm|j⟩ (3.3.32)

= (−1)m
∑
k

M(Lm)jk ⟨̂i|j⟩ = (−1)m
∑
k

M(Lm)jkGîk,

where the sum over k is defined using (3.2.15) and it runs only over nonzero
elements of M(Lm). This formula expresses Gij as a sum of elements at lower
levels. To compute the whole matrix, we start by setting G11 = 1 and then
we compute higher elements recursively in ascending order. Thanks to that the
algorithm never needs to access a yet unknown element. The algorithm can be
sped up using the fact that the Gram matrix is block diagonal, so we need to
compute only elements with matching levels. The algorithm usually runs so fast
that there is no need to parallelize it.
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In order to compute (3.3.29), we also need the matrices ⟨i|Lm|j⟩. These
matrices can be easily computed from the Gram matrix as

⟨i|Lm|j⟩ =
∑
k

M(Lm)jkGik. (3.3.33)

3.3.2 Ghost theory

The definition of Gram matrix in the ghost theory must be generalized by inser-
tion of one c ghost to saturate the ghost number. In Siegel gauge, it is enough
to compute just the matrix ⟨i|c0|j⟩, but in other gauges we need a larger set of
matrices ⟨i|cn|j⟩. The algorithms to compute these matrices differ depending on
the choice of basis.

SU(1,1) singlet basis

In our most common basis, the SU(1,1) singlet basis in Siegel gauge, the evalua-
tion of the Gram matrix is actually very simple. We can follow the approach from
the universal matter sector and use the equation (3.3.32), where we just replace
the matter objects by their ghost counterparts. The reader may wonder what
happens to commutators between L′gh

m and c0, which appear when we manipulate
with the Virasoro operators. It can be shown that they do not contribute to the
Gram matrix.

The commutator in question is given by[
L′gh
m , cn

]
= −(m+ n)cm+n (3.3.34)

and it produces positively model c operators, which are not present in (3.3.32).
However the recursive algorithm must eventually reduce all matrix elements to
⟨Ω|c0|Ω⟩ and the last commutator, which changes some cn back to c0, produces a
zero coefficient. Therefore we can effectively set the commutator to zero and use
(3.3.32) to compute the Gram matrix.

bc basis

The algorithm in the bc basis is more complicated. We have to manipulate with
modes of b and c ghosts, which change ghost numbers of states. Therefore we
need some auxiliary objects to compute the required matrices.

We begin with the algorithm for the full basis, which includes c0. In that
case we need to know the set of matrices G

(n)
ij ≡ ⟨i|cn|j⟩. The simplest way to

compute these matrices is to act with the cn operators on one of the states. In
terms of the matrix representations, we get

G
(n)
ij = ⟨i(1)|cn|j(1)⟩ =

∑
k

M(cn)
(1)
jk ⟨i

(1)|k(2)⟩ =
∑
k

M(cn)
(1)
jk G

aux
ik , (3.3.35)

where we indicate ghost numbers of states by upper indices and we define an
auxiliary matrix Gaux

ij ≡ ⟨i(1)|j(2)⟩. Therefore this algorithm requires an auxiliary
basis of states of ghost number 2. The auxiliary matrix does not have any explicit
insertions, so we compute it using simple manipulations with b operators,

Gaux
ij = (−1)m⟨̂i(2)|bm|j(2)⟩ = (−1)m

∑
k

M(bm)
(2)
jk G

aux
kî
. (3.3.36)
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We changed the order of the BPZ product in the second step to match the defini-
tion of the auxiliary matrix. While doing so, we have to be careful about potential
signs coming from anticommutators of ghost operators, but it turns out that the
overall sign remains the same.

The additional matrices ⟨i|L−ncn|j⟩ are easiest to compute using matrix rep-
resentations of Virasoro operators on the ghost basis,

⟨i|L−ncn|j⟩ = (−1)n
∑
k

M(Ln)ikG
(n)
kj . (3.3.37)

bc basis in Siegel gauge

In Siegel gauge, we need just the Gram matrix Gij = ⟨i(1)|c0|j(1)⟩. We could
compute it using the algorithm above and remove matrix elements corresponding
to states outside Siegel gauge, but we choose a different approach which requires
just the Siegel gauge states and which serves as a toy example for the cubic vertex
algorithm.

This algorithm needs auxiliary bases at ghost numbers 0 and 2 and an auxil-
iary matrix Gaux

ij = ⟨i(0)|c0|j(2)⟩, which represents BPZ products of the auxiliary
states. The elements of the Gram matrix can be computed as

Gij = ⟨b−mî
(2)|c0|j(1)⟩ = (−1)m+1⟨̂i(2)|c0bm|j(1)⟩

= (−1)m
∑
k

M(bm)
(1)
jk G

aux
kî
. (3.3.38)

There is an additional sign in the first line for commuting bm through c0 and
another sign in the second line for reversal of the order of the BPZ product
to match the definition of Gaux. The elements of the auxiliary matrix can be
expressed in a similar way:

Gaux
ij = ⟨b−mî

(1)|c0|j(2)⟩ = (−1)m⟨̂i(1)|c0bm|j(2)⟩

= (−1)m
∑
k

M(bm)
(2)
jk Gîk. (3.3.39)

The crucial property of this algorithm is that it regularly switches between
the two matrices. In this aspect, it differs from the previous algorithm, where we
compute the auxiliary matrix first. Therefore we have to evaluate both matrices
simultaneously. One possible way how to do it would be to divide the loops over i
and j by levels. This recursive algorithm always reduces level of matrix elements,
so computing all elements of both matrices at a given level before moving to the
next one would be a safe solution. However this approach would be cumbersome
and it would not demonstrate the method we use for the cubic vertex later.

Instead we actively compute only elements of the Gram matrix. However every
time the algorithm tries to access some matrix element, it first checks whether
the given element has already been evaluated. If not, the algorithm calls itself
recursively to compute the missing element and then it continues with the current
element.

There are two ways how to indicate status of matrix elements. The first possi-
bility is to use directly the values of the elements, known elements are represented
by real numbers and unknown elements by some non-numerical constant. The
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second possibility is to use auxiliary matrices of boolean numbers of the same
shape as G and Gaux. The first option is simpler, but the second is safer in case
of parallelization. In this case, we can use both options, but we use the second
one for the cubic vertex.

Virasoro and ghost current basis

Finally we move to the Virasoro and the ghost current basis. These bases describe
the full state space, so we need the matrices G

(n)
ij , which have one cn insertion.

We can evaluate them following the approach from the universal matter sector,
we just have to take into consideration commutators of cn and Lgh

m or jghm . In the
Virasoro case, we find

G
(n)
ij = ⟨Lgh

−mî|cn|j⟩
= (−1)m⟨̂i|cnLgh

m |j⟩ − (2n+m)(−1)m⟨̂i|cm+n|j⟩ (3.3.40)

= (−1)m
∑
k

M(Lgh
m )jkG

(n)

îk
− (2n+m)(−1)mG

(m+n)

îj
.

The algorithm mixes matrices with different cn insertions, so we have to compute
the elements in a correct order to avoid problems. First we compute G

(n)
1j in

ascending order in n and then the remaining elements in descending order in n.
Modification to the ghost current basis is simple, we replace the commutator

[Lgh
m , cn] by [jghm , cn] and we get

G
(n)
ij = (−1)m+1

∑
k

M(jghm )jkG
(n)

îk
+ (−1)m+1G

(m+n)

îj
. (3.3.41)

We also need the matrices ⟨i|Lgh
−ncn|j⟩ or ⟨i|j

gh
−ncn|j⟩ for Q. These are related

to G
(n)
ij as

⟨i|Lgh
−ncn|j⟩ = (−1)n

∑
k

M(Lgh
n )ikG

(n)
kj , (3.3.42)

⟨i|jgh−ncn|j⟩ = (−1)n+1
∑
k

M(jghn )ikG
(n)
kj . (3.3.43)

3.3.3 Free Boson theory

Basis states in the free boson theory are labeled by the doubled index (k, i), so
we divide the Gram matrix into blocks based on momentum. We define matrices

G
(k)
ij ≡ ⟨(−k, i)|(k, j)⟩ = ⟨(k, i)|(−k, j)⟩. (3.3.44)

We can compute these matrices using similar formula as in the universal matter
sector:

G
(k)
ij = (−1)m+1

∑
l

M(αm)
k
jlG

(k)

îl
. (3.3.45)

However the algebra of α oscillators is so simple that the matrices are diagonal
and they can be computed directly. An element that corresponds to the state
(α−m1)

n1 . . . (α−ml
)nl |k⟩ is given by

(−1)
∑

i(mi+1)ni

∏
i

(mi)
ni(ni!). (3.3.46)
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This Gram matrix is defined using pure momentum states. However we work
with parity even states in the full basis, so we have to transform the matrices.
Consider the following BPZ product of two primary states |k⟩±:

⟨k±|k⟩± = ±1

2
(1 + δk0). (3.3.47)

If there is just one free boson, there is no problem and we can just multiply all
matrix elements by this factor. However if there are more bosons, we realize
that the BPZ product cannot be fully factorized because |k1, k2⟩± ̸= |k1⟩±|k2⟩±.
Therefore we multiply matrix elements only by the sign, which equals to (−1)#α

and which is factorizable, and we add the other factor, which equals either to 1
or to 1

2
, only to the full matrix Qij.

3.3.4 Minimal models and treatment of null states

At the end of this section, we are going to discuss Gram matrices in minimal
models and how to use them to remove null states. The approach presented here
is quite general and it should also work in any other CFT with null states.

Similarly to the free boson theory, the Gram matrix splits into blocks based on
primary operators, so we define G

(p)
ij ≡ ⟨(p, i)|(p, j)⟩. Evaluation of these matrices

is quite simple, each can be computed using (3.3.32), the only difference is that

the first element G
(p)
11 now equals to the two-point structure constant for the given

primary.
However these Gram matrices are not invertible because of the null states.

That would cause problems later in the Newton’s method, so we need to eliminate
the null states. The first step is to identify them. That is quite easy because the
standard linear algebra tells us that null states can be read off from solutions
of homogenous linear equations given by the Gram matrix. We find convenient
to execute this part of the algorithm in Mathematica because it has build-in
function to identify null states and because it can give us exact results in terms
of rational numbers, which means that we avoid various problems with finite
numerical precision.

Once we have the null states in a given Verma module, we arrange their
coefficients into a matrix and we use more linear algebra to transform the matrix
(respectively each independent block) to a triangular form as⎛⎜⎜⎜⎝

a11 . . . a1k 0 . . . 0 1
a21 . . . a2k 0 . . . 1 0
...

...
... . .

. ...
...

an1 . . . ank 1 . . . 0 0

⎞⎟⎟⎟⎠ (3.3.48)

Now we can split the full basis into basis of the irreducible part of the Verma
module and into the complementary basis, which represents the null states. The
irreducible basis corresponds to the first columns in (3.3.48) with elements aij
and the representatives of the null states to the remaining columns, which have a
single unit element3. For simplicity, we assume that the null states are grouped

3The splitting of the basis can be done in many different ways, this particular option has
the advantage that it eliminates the most complicated states with high powers of L−1 and L−2.
Different ways of splitting the basis may change OSFT solutions by addition of null states, but
gauge invariant observables are not affected.
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together, but the columns of (3.3.48) may be permuted in some cases.
We can eliminate null states simply by removing all states from the comple-

mentary basis. Consider a state that includes some representatives of null states.
We can always add such combination of null states so that the coefficients in front
of these states become zero. Therefore we can effectively forget about the states
from the complementary basis and work just with the irreducible basis.

Next we have to transform the matrix representations M(Lm)
k
ij to be com-

patible with the irreducible basis. First, we select only the rows of the matrices
that correspond to these basis elements. However these rows may still contain
representatives of null states, so when we encounter such element, say {x, j}, we
replace it using (3.3.48) as

{. . . , {x, j}, . . . } → {. . . , {−xaj1, 1}, {−xaj2, 2}, . . . , {−xajk, k}, . . . }. (3.3.49)

Finally, we have to re-label indices with respect to the new irreducible basis.
We also have to keep in mind that separating the first Virasoro operator from

a state from the irreducible basis, |i⟩IR → L−m |̂i⟩IR, can produce a representative
of a null state, which has to be removed by addition of null states. That means
that î changes from a simple number to a vector, î→ {{̂i1,1, î1,2}, . . . , {̂ik,1, îk,2}}.
If î belongs to the irreducible basis, we set î→ {{1, î}} for consistency.

To show how to work with the irreducible representations, we provide an
algorithm to compute the Gram matrix directly in the irreducible basis (although
it can be of course obtained just by restriction of the full matrix),

G
(p)IR
ij = (−1)m

∑
k,l

M(Lm)
p IR
jk îl,1G

(p)IR

îl,2k
. (3.3.50)

The change of î to a vector introduces one additional sum compared to (3.3.32).
This notation is quite complicated, so we will keep the sum over elements of î
implicit. From now on, we are going to also assume that all objects are already
compatible with the irreducible basis, so we will drop the label IR.

3.4 Evaluation of the cubic vertex

In this section we provide an algorithm to compute matrix representation of the
cubic vertex, which determines the interaction term in the action. We define
matrix elements of the full vertex as4

Vijk = ⟨V3|i⟩|j⟩|k⟩. (3.4.51)

As usual, the elements factorize into the constituent theories:

Vijk =
∏
s

V
(s)
iijsks

. (3.4.52)

We compute vertices in each sector independently and combine them together
only when necessary. The reason is that we cannot store the full set of vertices at
high levels because it would require far too much memory (if we consider a basis
with tens of thousands of states, the memory would of order of petabytes).

4As for the kinetic term, we normalize the vertex to match the dimensionless potential.
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We have already described the general strategy to compute the vertices in
section 2.4. In one step of the algorithm, we take a creation operator from one of
the entries of the vertex and trade it for a sum of annihilation operators, which
acts on the remaining states. This operation reduces the overall level of the
vertex, so only three primary states remain after a finite number of steps and the
corresponding vertex can be computed directly. Next we are going to describe
the implementation of this algorithm using our matrix representations.

3.4.1 Universal matter theory

The conservation laws for Virasoro operators derived in section 2.4 take form

⟨V3|L(2)
−m = ⟨V3|

∑
n

3∑
a=1

C(L−m)
(a)
n L(a)

n . (3.4.53)

We remind the reader that the summation index n runs over nonnegative integers
and over the identity (L1 ≡ 1). To convert this expression to a matrix form, we
contract it with basis states and replace Ln by their matrix representations,

⟨V3|
∑
n

3∑
a=1

C(L−m)
(a)
n L(a)

n |i⟩|j⟩|k⟩

= ⟨V3|

(∑
n,l

C(L−m)
(1)
n M(Ln)il|l⟩|j⟩|k⟩+

∑
n,l

C(L−m)
(2)
n M(Ln)jl|i⟩|l⟩|k⟩

+
∑
n,l

C(L−m)
(3)
n M(Ln)kl|i⟩|j⟩|l⟩

)

= ⟨V3|

(∑
l

K(L−m)
(1)
il |l⟩|j⟩|k⟩+

∑
l

K(L−m)
(2)
jl |i⟩|l⟩|k⟩

+
∑
l

K(L−m)
(3)
kl |i⟩|j⟩|l⟩

)
. (3.4.54)

In the last expression we have introduced a new set of matrices called K, which
are given by

K(L−m)
(a)
ij =

∑
n

C(L−m)
(a)
n M(Ln)ij. (3.4.55)

These matrices are the most efficient representation of conservation laws. Sim-
ilarly to M, we remember only their nonzero elements. Now we can write a
recursive formula for cubic vertices as

Vijk = ⟨V3|i⟩|j⟩|k⟩ = ⟨V3|L(2)
−m|i⟩|ĵ⟩|k⟩ (3.4.56)

=
∑
l

K(L−m)
(1)
il Vlĵk +

∑
l

K(L−m)
(2)

ĵl
Vilk +

∑
l

K(L−m)
(3)
kl Viĵl.

If the state |j⟩ equals to the vacuum, which obviously contains no L−m, we use the
cyclic symmetry of the vertex and apply the conservation law on a different entry.
After a repeated use of this formula, we eventually get to V111 = ⟨V3|0⟩|0⟩|0⟩ = 1.
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To improve efficiency of this algorithm, we take advantage of the cyclic and
the twist symmetry of the cubic vertex. That allows us to compute and store only
vertices which have indices ordered as i ≤ j ≤ k. Vertices with other ordering of
indices are given by

Vijk =

{
V(ijk) for even permutation,

(−1)Ωi+Ωj+ΩkV(ijk) for odd permutation,
(3.4.57)

where (i, j, k) is the ordered permutation of the three indices and (−1)Ωi are twist
eigenvalues. If we use this symmetry, we have to compute only about one sixth
of the total amount of vertices. Of course, this comes with a price. Every time
the algorithm (3.4.56) needs to access an element Vijk, it is necessary to reorder
the indices and to add a sign following (3.4.57). This takes some time, but it is
faster than computing six times more vertices. Parallelization of this algorithm
adds few more complications, which we discuss later in subsection 3.4.6.

With just few minor modifications, this algorithm can be also used to compute
vertices in the ghost theory with the ghost Virasoro or the ghost current basis.
The conservation laws and matrix representations of matter Virasoro operators
must be replaced by their ghost counterparts and the cubic vertex contracted
with three ground states now equals to V111 = ⟨V3|Ω⟩|Ω⟩|Ω⟩ = K3.

The ordering of vertices using the cyclic and twist symmetry is useful during
the initial evaluation of vertices, but it would significantly slow down the Newton’s
method later. Therefore, after we compute vertices in all sectors and deallocate
all auxiliary objects, we find convenient to restore the full set of vertices using
(3.4.57). This usually takes less time than the initial evaluation of vertices, which
is complicated due to the conservation laws. The full set of vertices requires more
memory, but this is usually not a big problem, see appendix C.

3.4.2 Ghost vertices in the bc basis

Evaluation of ghost vertices in the bc basis is more complicated. As we already
discussed in section 3.3.2, the problem is that manipulations with b and c opera-
tors change ghost numbers of the involved states. An algorithm which efficiently
deals with this issue have been introduced in [34]. It uses the b ghost conservation
laws, but it could be easily reformulated using the c ghost conservation laws as
well. The b ghost conservation laws are more convenient because they are very
similar to the Virasoro conservation laws. Unlike the algorithms in section 3.3.2,
this algorithm does not depend on whether we impose the Siegel gauge or not.

We start with an overview of the algorithm. Our aim it to compute vertices
with ghost numbers equal to (1, 1, 1). We begin by separating one b creation
operator from the middle entry and we exchange it for a sum of annihilation
operators. This operation changes ghost numbers of the three states to (1, 2, 1).
When we act with the annihilation operators on one of the states, the resulting
ghost numbers are equal either to (1, 1, 1) or to (0, 1, 2) (after rearrangement).
Vertices with ghost numbers (0, 1, 2) are auxiliary objects similar to Gaux from
section 3.3.2. These vertices can be also computed using the same b ghost conser-
vation laws. This time we have to apply the conservation law on the ghost number
0 state because the other two options would produce states with undesired ghost
numbers. The removal of one b ghost changes the ghost numbers to (1, 1, 2) and
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action of the conservation law again produces states with ghost numbers (1, 1, 1)
or (0, 1, 2). This shows that the algorithm closes on these two types of vertices
and no other auxiliary objects are needed.

To formalize the algorithm, we define matrices of physical and auxiliary ver-
tices as

V phys
ijk = ⟨V3|i(1)⟩|j(1)⟩|k(1)⟩, (3.4.58)

V aux
ijk = ⟨V3|i(0)⟩|j(1)⟩|k(2)⟩. (3.4.59)

The matrix representations (3.4.55) for b−m need be modified to take into account
the ghost number structure. For the physical vertices, we define

K(b−m)
(1)phys
ij =

∑
n

C(b−m)
(1)
n M(bn)

(1)
ij ,

K(b−m)
(2)phys
ij =

∑
n

C(b−m)
(2)
n M(bn)

(2)
ij , (3.4.60)

K(b−m)
(3)phys
ij =

∑
n

C(b−m)
(3)
n M(bn)

(1)
ij

and for the auxiliary vertices

K(b−m)
(1)aux
ij =

∑
n

C(b−m)
(2)
n M(bn)

(1)
ij ,

K(b−m)
(2)aux
ij =

∑
n

C(b−m)
(3)
n M(bn)

(1)
ij , (3.4.61)

K(b−m)
(3)aux
ij =

∑
n

C(b−m)
(1)
n M(bn)

(2)
ij .

To clarify the somewhat confusing notation, we remind the reader that the upper
index of M(bn) denotes ghost number of the matrix representation (see (3.2.16))
and the upper index of K(b−m) or C(b−m) is related to entry of the cubic vertex.
Notice that we rotated the indices of C(b−m) in the definition ofK(b−m)

aux because
we apply the conservation law on the first entry of the vertex.

Furthermore, we have to be careful about anticommutators between ghost
operators. Application of a b conservation law includes movement of the b−m

operator towards the 3-vertex, replacement of operators and movement of the
new operators back to their proper place. Fortunately the signs that appear
during this process can be determined just from the ghost numbers. We find for
example

⟨V3|i(1)⟩b(2)−m|j(2)⟩|k(1)⟩ = −⟨V3|b(2)−m|i(1)⟩|j(2)⟩|k(1)⟩ (3.4.62)

because a ghost number 1 state has odd number of anticommuting operators.

With this in mind, we can write recursive relations for the cubic vertices as

V phys
ijk = −

∑
l

(−1)Ωĵ+Ωl+ΩkK(b−m)
(1)phys
il V aux

lkĵ
(3.4.63)

+
∑
l

K(b−m)
(2)phys

ĵl
V phys
ilk +

∑
l

K(b−m)
(3)phys
kl V aux

liĵ
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and

V aux
ijk = −

∑
l

(−1)Ωî+Ωl+ΩkK(b−m)
(2)aux
jl V aux

l̂ik
(3.4.64)

+
∑
l

K(b−m)
(1)aux

îl
V aux
ljk +

∑
l

K(b−m)
(3)aux
kl V phys

îjl

We have explicitly ordered indices of auxiliary vertices according to their ghost
number, but we have to additionally use (3.4.57) for physical vertices .

3.4.3 SU(1,1) singlet ghost vertices

Next we are going to describe the algorithm for the cubic vertex contracted with
SU(1,1) singlet ghost states, which was developed in [45]. We use this algorithm
in most of our calculations. It it somewhat similar to the algorithm using the bc
basis, but this algorithm involves auxiliary vertices outside Siegel gauge instead
of vertices with different ghost numbers.

In this basis, there are difficulties with the L′gh conservation laws. The con-
servation laws for Lgh and jgh derived in section 2.4 have the usual structure

⟨V3|Lgh(2)
−m = ⟨V3|

∑
n

3∑
a=1

C(Lgh
−m)

(a)
n Lgh(a)

n , (3.4.65)

⟨V3|jgh(2)−m = ⟨V3|
∑
n

3∑
a=1

C(jgh−m)
(a)
n jgh(a)n . (3.4.66)

However when we combine them together to match the structure of L′gh
n = Lgh

n +
njghn + δn0, we find that coefficients in front of jghn do not cancel,

⟨V3|L′gh(2)
−m = ⟨V3|

∑
n

3∑
a=1

C(Lgh
−m)

(a)
n L′gh(s)

n − ⟨V3|
3∑

a=1

C(Lgh
−m)

(a)
0 1

− ⟨V3|
∑
n

3∑
a=1

(
n C(Lgh

−m)
(a)
n +m C(jgh−m)

(a)
n

)
jgh(a)n (3.4.67)

= ⟨V3|
∑
n

3∑
a=1

(
C(L′gh

−m)
(a)L
n L′gh(a)

n + C(L′gh
−m)

(a)J
n jgh(a)n

)
,

where we have introduced new symbols C(L′gh
−m)

L and C(L′gh
−m)

J . The term with the
identity operator can be merged with either of them, but it is more convenient to
add it to C(L′gh

−m)
J , so that C(L′gh

−m)
L = C(Lgh

−m). The other symbols are therefore
equal to

C(L′gh
−m)

(a)J
n = n C(Lgh

−m)
(a)
n +m C(jgh−m)

(a)
n − δn1 C(Lgh

−m)
(a)
0 . (3.4.68)

We observe that the L′gh conservation laws do not close back on L′gh because
they contain modes of the ghost current. When we act with jghn on a singlet
state, the commutator (1.5.230) can produce jgh−k with k > 0. Therefore we get
in general a sum of singlet states and auxiliary states of the form

jgh−kL
′gh
−n1

. . . L′gh
−nl
c1|0⟩. (3.4.69)
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We emphasize that these auxiliary states contain only one jgh−k operator. They

are not in Siegel gauge because jgh−k contains the c0 operator.

Fortunately, the cubic vertex conservation laws act only on one entry of the
vertex at a time, so the vertex is never contracted with more than one auxiliary
state. Therefore we define a matrix of auxiliary vertices as

V aux
ijk = ⟨V3|i⟩aux|j⟩|k⟩. (3.4.70)

We always move the auxiliary state to the first position using the cyclic symmetry.
Thanks to the twist symmetry, we also need just vertices with k ≥ j.

We cannot use the L′gh conservation laws to compute these auxiliary vertices
because they would produce more jgh operators and lead to more complicated
auxiliary vertices. Instead, we use the jgh conservation laws, which remove the
only jgh creation operator and replace it with annihilation operators. This oper-
ation again produces a sum of both physical and auxiliary vertices, but it never
increases the number of jgh operators. After a finite number of steps, the ghost
current always disappears and the algorithms returns to physical vertices.

Matrix representations of L′gh and jgh conservation laws are more complicated
than in other cases. First we define

K(L′gh
−m)

(a)phys
ij =

∑
n

(
C(L′gh

−m)
(a)L
n M(L′gh

n )ij + C(L′gh
−m)

(a)J
n M(jghn )physij

)
, (3.4.71)

and

K(L′gh
−m)

(a)aux
ij =

∑
n

C(L′gh
−m)

(a)J
n M(jghn )auxij . (3.4.72)

These two objects represent L′gh conservation laws which lead to physical and
auxiliary vertices respectively. The definition uses the matrix representations of
jgh introduced in (3.2.19). Similarly, we define matrix representations of the jgh

conservation laws as

K(jgh−m)
(a)phys
ij =

∑
n

C(jgh−m)
(a)
n M(jghn )physij (3.4.73)

and

K(jgh−m)
(a)aux
ij =

∑
n

C(jgh−m)
(a)
n M(jghn )auxij . (3.4.74)

Using these objects, we can finally write explicit recursive formulas for the
SU(1,1) singlet vertices:

V phys
ijk =

∑
l

K(L′gh
−m)

(1)phys
il V phys

lĵk
+
∑
l

K(L′gh
−m)

(1)aux
il V aux

lĵk

+
∑
l

K(L′gh
−m)

(2)phys

ĵl
V phys
ilk +

∑
l

K(L′gh
−m)

(2)aux

ĵl
V aux
lki (3.4.75)

+
∑
l

K(L′gh
−m)

(3)phys
kl V phys

iĵl
+
∑
l

K(L′gh
−m)

(3)aux
kl V aux

liĵ
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and

V aux
ijk =

∑
l

K(jgh−m)
(2)phys

îl
V phys
ljk +

∑
l

K(jgh−m)
(2)aux

îl
V aux
ljk

+
∑
l

K(jgh−m)
(3)phys
jl V phys

îlk
+
∑
l

K(jgh−m)
(3)aux
jl V aux

lkî
(3.4.76)

+
∑
l

K(jgh−m)
(1)phys
kl V phys

îjl
+
∑
l

K(jgh−m)
(1)aux
kl V aux

l̂ij
.

We rotated the upper indices in the second formula because we apply the jgh

conservation law on the first entry of the vertex. To finish the algorithm, we
have to order the indices of both types of vertices. We order all three indices of
physical vertices using (3.4.57) and the last two indices of auxiliary vertices.

Unfortunately, we have not found any way to extend this algorithm to non-
singlet states. Modes of the ghost current generally do not annihilate the SU(1,1)
primary states (2.2.82),

jghn |j,m⟩ ≠ 0. (3.4.77)

Therefore we cannot very well use L′gh conservation laws because the algorithm
would not conserve SU(1,1) representations. That would lead to many complica-
tions with unclear solution. Therefore it seems that using the bc basis is a better
choice when working with non-singlet states in Siegel gauge.

3.4.4 Free boson and minimal models

Finally, we are going to describe an algorithm to compute cubic vertices in theories
with multiple primary operators. In our case, these are the free boson theory and
the Virasoro minimal models, but this algorithm should work also in other CFTs
with a similar structure of the Hilbert space.

A three-point function in a CFT can be nonzero only if the three involved
primary operators obey the fusion rules (1.1.70) and this pattern also translates
to the cubic vertex. Therefore we immediately know that many vertices are
identically equal to zero. We do not wish to waste time and memory by computing
these vertices, so we came up with an approach that eliminates the trivial vertices
automatically.

We define a structure that records all triplets of primary operators that satisfy
the fusion rules. We denote its elements as f ≡ (p, q, r). Furthermore, in order
to avoid repetitions, we order the operators so that they obey some canonical
ordering p ≤ q ≤ r. Then we define

V
(f)
ijk = ⟨V3|(p, i)⟩|(q, j)⟩|(r, k)⟩, (3.4.78)

where we label the basis elements by doubled indices. These matrices store only
vertices that are potentially nonzero.

Matrix representations of conservation laws acting on these vertices gain one
extra index. In the free boson theory, we define

K(α−m)
(a)k
ij =

∑
n

C(α−m)
(a)
n M(αn)

k
ij (3.4.79)
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and similarly in the minimal models we define K(L−m)
(a)k
ij using the replacement

αn → Ln. A recursive algorithm for cubic vertices then reads

V
(f)
ijk =

∑
l

K(α−m)
(1)p
il V

(f)

lĵk
(3.4.80)

+
∑
l

K(α−m)
(2)q

ĵl
V

(f)
ilk +

∑
l

K(α−m)
(3)r
kl V

(f)

iĵk
.

This equation assumes that j > 1, i.e. |(q, j)⟩ is not a primary state. Otherwise we
make a cyclic shift of indices and we apply the algorithm on i or k. An analogous
formula applies to the minimal models, but we have to keep in mind that ĵ
possibly represents a sum over several states. Therefore the whole algorithm
gains one additional summation similarly to (3.3.50).

As usual, the algorithm eventually arrives to the cubic vertex contracted with
three primaries, which is given by (2.1.28),

V
(f)
111 = K−hp−hq−hrCprq. (3.4.81)

This algorithm does not exploit the cyclic or the twist symmetry. Generically,
when all three primaries are different, the fixed order of primaries forbids it any-
way. In case that two or all three primaries coincide, we could use the symmetry
to reduce the number of vertices, but the gain of efficiency is usually not worth
complicating the algorithm even more.

The approach above is written for a single BCFT. If we have a product of two
or more theories with nontrivial primaries, we have to make small modifications.
The full fusion rules in such theory have the following structure:

f = ((p(1), p(2), . . . ), (q(1), q(2), . . . ), (r(1), r(2), . . . )). (3.4.82)

We choose some canonical ordering only for primaries in these full fusion rules.
When we make projections to the individual sectors, f → f (s) = (p(s), q(s), r(s)),
we take an union of the projected fusion rules, but we leave the primaries un-
ordered.

Next we will discuss the transition from momentum eigenstates to parity
even states in the free boson theory. Consider parity even states with momenta
0 < p1 ≤ p2 < p3, for which we find

⟨V3|α(1)
−M1

|p1⟩ε1α
(2)
−M2

|p2⟩ε2α
(3)
−M3

|p3⟩ε3 (3.4.83)

=
1

8
⟨V3|α(1)

−M1
α
(2)
−M2

α
(3)
−M3

(ε3|p1⟩|p2⟩| − p3⟩+ ε1ε2| − p1⟩| − p2⟩|p3⟩) ,

where εi = (−1)♯α
(i)
. The two terms in this equation are equal, which can be

easily seen using the parity symmetry. If we take into account the possibility of
zero momenta, we get

⟨V3|α(1)
−M1

|p1⟩ε1α
(2)
−M2

|p2⟩ε2α
(3)
−M3

|p3⟩ε3 (3.4.84)

= ε1ε2
1

4
(1 + δp10 + δp20 + δp30)⟨V3|α

(1)
−M1

| − p1⟩α(2)
−M2

| − p2⟩α(3)
−M3

|p3⟩.

Similarly to what we found in section 3.3.3, structure constants in two or more
dimensions are not factorizable. Therefore, to get to the parity even basis, we
multiply the vertices only by ε1ε2 and we add the remaining part of structure
constants (which equals to 1, 1

2
or 1

4
) only to the full vertex Vijk, see (3.5.99).
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3.4.5 Star product

In order to solve the equations of motion, we need to know just the cubic ver-
tices, but for some purposes, for example for the perturbative marginal solution
(2.2.109), it is useful to have an explicit expression for the star product. To com-
pute a star product of arbitrary string fields, we need to know star products of
all basis elements, which we parameterize as

|i⟩ ∗ |j⟩ = Ṽ k
ij |k⟩. (3.4.85)

To express Ṽ k
ij , we contract this expression with a basis state ⟨l| and we find

Vlij = Ṽ k
ij Glk. (3.4.86)

We can see that the star product and the cubic vertex are related by the Gram
matrix. Therefore we get

Ṽ k
ij = GklVlij, (3.4.87)

where Gkl is the inversion of the Gram matrix. The evaluation of the inverse
matrix requires in principle O(N3) operations, but it can be done much faster in
practice because the Gram matrix is factorizable and block diagonal.

The evaluation of a star product of given string fields can be sped up using
similar tricks as in section 3.5.1.

3.4.6 Parallelization

At the end of this section, we will discuss parallelization of cubic vertex algo-
rithms. We use the OpenMP library [60] in C++ to parallelize the calculations,
but our approach does rely on this specific library.

As we already discussed in section 3.3.2, our recursive algorithms have an issue
with the order of calculation of vertices. Generally, these algorithms express a
vertex at higher level as a sum of vertices at lower levels, so we have to assure
that the lower level vertices are already known by the time they are needed. If
we use just a single thread, we can start with V111 and then compute all vertices
in ascending order. However when we use more threads to compute multiple
vertices simultaneously, it may happen that one thread needs a vertex that is
still being computed by other thread. To avoid this problem, we could parallelize
only calculations of groups of vertices at the same level, but it turns out that the
parallelized loops in this approach are too short and the algorithm does not work
very efficiently.

The situation is even more complicated in the ghost theory because our algo-
rithm switches between physical and auxiliary vertices. If we tried to use some
kind of level by level approach, it would lead to another setback. We would have
to compute all auxiliary vertices, while only about half of them is actually needed
for evaluation of physical vertices, the rest is not needed due to the structure of
the ghost conservation laws.

Therefore our algorithm works in a different way to avoid these problems. It a
priori assumes that no vertices have been evaluated yet and it always asks about
their status. If some vertex is missing, then the algorithm calls itself recursively to
compute it (even if another thread is already working on it). This parallelization
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scheme potentially leads to conflicts between threads, so we have to be careful. In
section 3.3.2, we have suggested two possibilities of indicating status of vertices:
directly by their values or by auxiliary boolean numbers. The first option does not
work well in combination with parallelization. In some cases, for example when
we use long double number format in C++, the code produces unpredictable and
incorrect numbers, which are probably results of two threads trying to read and
rewrite the same number. Therefore we use the second option and we define an
auxiliary boolean field, which has the same shape as the vertices. There are no
problems with simultaneous access to boolean numbers, so we just have to make
sure that they are always updated after the corresponding vertices.

The parallelization is most efficient when the parallelized loops are as long as
possible, so we use the collapse clause from the OpenMP library to merge the three
loops over the indices i, j and k into one. The evaluation of individual vertices
often requires significantly different time, so we choose the dynamic schedule of
parallelization, where vertices are assigned to threads one by one depending on
which threads are free.

3.5 Solving the equations of motion - Newton’s

method

In the previous sections we have introduced various auxiliary objects which are
needed for evaluation of the OSFT action and now we are ready to start solving
the equations of motion. For now, we assume that there are no gauge conditions
imposed. We will discuss the implementation of gauge conditions later, but it
turn out that this approach works in Siegel gauge as well.

Using the previously defined expansion of the string field |Ψ⟩ =
∑

i ti|i⟩ and
the matrices

Qij = ⟨i|QB|k⟩, (3.5.88)

Vijk = ⟨V3|i⟩|j⟩|k⟩, (3.5.89)

we can write the level-truncated action as5

S(t) = − 1

g2o

(
1

2

∑
i,j

Qijtitj +
1

3

∑
i,j,k

Vijktitjtk

)
. (3.5.90)

The equations of motion are given by variation of this action with respect to the
ti variables,

fi(t) =
∑
j

Qijtj +
∑
j,k

Vijktjtk = 0. (3.5.91)

In this section we show how to find a single solution of these equations. The
algorithm to find all solutions will be described in the next section.

We solve the equations of motion using the well known Newton’s method,
which is an iterative algorithm that starts with an approximate solution t(0) and

5In the (L, 3L) truncation scheme, which we use in the whole thesis, all sums run from 1
to the number of states N . If one decides to use some other scheme, the range of the last
summation in the interaction term depends on the other two indices. That means k goes only
up to some N(i, j), which is determined by levels of the states |i⟩ and |j⟩.
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gradually improves precision of the solution. The algorithm works as follows:
Suppose that we already have an approximate solution t(n) after the nth step of
the algorithm. We write the next approximation as t(n+1) = t(n) + ∆t, insert it
into the equations of motion and neglect terms with ∆t2. Then we find∑

j

Mij(t
(n))∆tj = −fi(t(n)), (3.5.92)

where Mij is the Jacobian matrix

Mij(t) =
∂fi(t)

∂tj
= −g2o

∂2S(t)

∂ti∂tj
= Qij +

∑
k

(Vijk + Vjik)tk. (3.5.93)

One step of the Newton’s method is therefore given by

t
(n+1)
i = t

(n)
i +∆ti = t

(n)
i −

∑
j

M−1
ij (t(n))fj(t

(n)). (3.5.94)

However, in practice, it is better to find ∆t by solving (3.5.92) because it is faster
than computing the full inverse matrix.

The algorithm needs some criteria to stop the iterations once the solution is
good enough. We define precision of the solution after the nth step as

p(n) =
∥t(n) − t(n−1)∥

∥t(n−1)∥
(3.5.95)

and we stop the iterations when p(n) < 10−12. We use the Euclidean norm to
define the precision, but, for consistency, we have checked that other p-norms
lead to very similar results. Another alternative would be to define the precision

using the action as p(n) = |S(t(n))−S(t(n−1))|
|S(t(n−1))| . We have checked that this option

usually also leads to similar precision as (3.5.95).
The target precision 10−12 is chosen somewhat arbitrary. It is high enough

to get observables with good precision, but there is some reserve for cases when
it is impossible reach the machine precision due to numerical errors. In some
rare cases, for example in the Ising model, the Newton’s method has problems
to reach this even precision. Therefore it is useful to set another criteria on

the rate of improvement of the precision (for example p(n)

p(n−1) > 0.1) after the

precision reaches some reasonable value (say p(n) < 10−6). Finally, we have to
set a maximal number of iterations (we use 20) to stop the Newton’s method in
cases when it does not converge.

The Newton’s method has generically quadratic rate of convergence. For
stable solutions, we usually reach the target precision within 4 or 5 iterations
assuming that the starting point is close enough to the solution (the solution
from the previous level is usually good enough). If we start from a less precise
initial point, the number of iterations can be around 10. Sometimes we encounter
unstable solutions, for which the number of iterations strongly varies with level,
but these are usually nonphysical anyway.

We solve the linear equations (3.5.92) by a variant of the LU decomposition,
which requires O(N3) operations6. This algorithm can be easily parallelized in

6In principle, we could try to implement some algorithm with lesser complexity, but these
algorithms are much more complicated and it would not reduce the overall complexity anyway
because the evaluation of the Jacobian also requires O(N3) operations.

119



C++. Sometimes, for example when a solution does not excite descendants of
some primary, the Jacobian has a block diagonal structure. In such cases we can
solve the equations (3.5.92) independently for each individual block, which speeds
up the calculations. The analysis and rearrangement of the Jacobian matrix has
negligible complexity O(N2).

The right hand side of the equations (3.5.92) is quite easy to evaluate once
we realize that it can be expressed in terms of Mij as

fi(t) =
1

2

∑
j

Mij(t)tj +
1

2

∑
j

Qijtj. (3.5.96)

This expression has complexity O(N2) and therefore its evaluation requires only
a negligible amount of time.

3.5.1 Jacobian

The most difficult part of the Newton’s method is the evaluation of the Jacobian
matrix (3.5.93). It has same complexity O(N3) as solving the linear equations
(3.5.92), but it is significantly more complicated because of factorization of the
cubic vertex (3.4.52).

To compute the Jacobian efficiently, we first realize that cubic vertices con-
tribute to the action only when the total twist of all three states is +1. To make
use of that, we split the vector ti into the twist even part t+i and the twist odd
part t−i . Then we can write∑

k

(Vijk + Vjik)tk = 2
∑
k

Vijkt
ε
k, (3.5.97)

where ε = ΩiΩj. This process can be also used for a different increase of efficiency:
Some components of ti are quite often equal to zero. When we split ti into t

±
i , we

can take advantage of that and discard all zero elements. In this way we avoid a
pointless summation over the zero elements.

If the state space is build on a single primary (or we decide not to use the
structure given by the fusion rules), we can write the Jacobian as

Mij = hi
∏
s

G
(s)
isjs

+ 2
∑
k

(∏
s

V
(s)
isjsks

)
tεk, (3.5.98)

where we factorized the vertices. This formula assumes the Siegel gauge, other-
wise we replace the constant term by (3.3.29). The evaluation of this expression
in C++ can be significantly sped up if we temporarily remember pointers that
are used repeatedly. Thanks to the symmetry of the Jacobian, we can also com-
pute just the upper triangular part of the matrix and determine the other half
by reflection.

In theories with more primary operators, where we label states by the doubled
index, the Jacobian gets far more messy because we want to take advantage of
the fusion rules. Previously, in section 3.4.4, we introduced triplets of integers
f ≡ (p, q, r), which encode the fusion rules. Now we define additional objects
denoted as Fij

pq, where i and j are two different indices between 1 and 3 and
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the indices p, q label the primary operators in the given theory. F12
pq is defined

as a list of fusion rules f that have p at the first position and q at the second
position or the other way. F13

pq and F23
pq are defined in the same way, but, to avoid

overcounting, every fusion rule can appear only in one of these three objects for
given p and q. Now we can write the Jacobian as

M(p,i)(q,j) = Cpqh(p,i)
∏
s

G
(s,p(s))
isjs

+ 2
∑
f∈F12

pq

Cf

∑
k

(∏
s

V
(s,f (s))
isjsks

)
tε(f3,k)

+ 2
∑
f∈F13

pq

Cf

∑
k

(∏
s

V
(s,f (s))
isksjs

)
tε(f2,k) (3.5.99)

+ 2
∑
f∈F23

pq

Cf

∑
k

(∏
s

V
(s,f (s))
ksisjs

)
tε(f1,k).

The notation in this formula is quite complicated, so let us clarify it. p(s) is
a projection of a total primary to the given sector and G(s,p(s)) is the Gram
matrix build over it. Similarly, f (s) is a projected fusion rule and V (s,f (s)) are
the corresponding vertices. The second upper index is trivial in the universal
sectors. The index k runs over descendants of the primary that complements the
primaries p and q in the fusion rule f . Finally, Cpq and Cf are non-factorizable
parts of structure constants. In the free boson theory, these constants are

Cpq = δpq(1 + δp0)/2,

Cf ≡ C(p,q,r) = (1 + δp0 + δq0 + δr0)/4. (3.5.100)

We set these constants to 1 in the Virasoro minimal models because we absorb
the structure constants into Q and V .

3.5.2 Implementation of gauge fixing conditions

Next we will discuss how to adapt the Newton’s method to incorporate nontrivial
gauge fixing conditions. This algorithm is based on [59].

We consider gauge conditions given by a generic linear operator G

GΨ = 0. (3.5.101)

By expanding the string field into a basis, this equation transforms into a matrix
equation ∑

j

Gijtj = 0. (3.5.102)

To find OSFT solutions in this gauge, we have to solve both these equations
and (3.5.91). However, since the gauge symmetry is broken by the level trunca-
tion approximation, the whole system of equations is overdetermined. The usual
method to deal with this problem is to solve only a subset of the full equations
of motion, which we write as

P (QΨ+Ψ ∗Ψ) = 0, (3.5.103)
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where P is some projector of the appropriate rank. The remaining equations,

(1− P )(QΨ+Ψ ∗Ψ) = 0, (3.5.104)

are left unsolved. However they must be satisfied for physical solutions in the
L→ ∞ limit.

We begin by solving the gauge conditions (3.5.102). Using standard linear
algebra, we can transform the matrix G to the form7

G =

t
(D)
i   t

(I)
i  ⎛⎜⎜⎜⎝

1 0 . . . 0 a11 a12 . . . a1nI

0 1 . . . 0 a21 a22 . . . a2nI

...
...
. . .

...
...

...
. . .

...
0 0 . . . 1 anD1 anD2 . . . anDnI

⎞⎟⎟⎟⎠ . (3.5.105)

This form of the matrix allows us to split the variables ti into NI independent
variables t

(I)
i and ND dependent variables t

(D)
i . It also immediately gives us a

solution for the dependent variables:

t
(D)
i = −

NI∑
j=1

aijt
(I)
i . (3.5.106)

Next we substitute the dependent variables into the equations of motion, which
become equations of the independent variables only. Before we solve them, we
have to first choose the projector P . In principle, many choices are possible
as long as the projector has the correct rank NI . For example Kishimoto and
Takahashi used the Siegel gauge projector in their calculations in a-gauge [61][62].
However there is a canonical choice for the projector.

The most natural way to obtain the projected equations is to substitute the de-
pendent variables into the action, S(t) → S(t(I), t(D)(t(I))), and then take deriva-
tives of this action with respect to the independent variables,

∂S(t(I), t(D)(t(I)))

∂t
(I)
i

= 0. (3.5.107)

These equations lead to the canonical projector

PC =

⎛⎜⎜⎜⎝
1 0 . . . 0 −a11 −a21 . . . −anD1

0 1 . . . 0 −a12 −a22 . . . −anD2

...
...
. . .

...
...

...
. . .

...
0 0 . . . 1 −a1nI

−a2nI
. . . −anInD

⎞⎟⎟⎟⎠ , (3.5.108)

which is related to the transposition of the matrix G.
Now we can formulate the Newton’s method for the independent variables.

The change of these variables in every step of the Newton’s method is∑
j

M
(P )
ij (t(n))∆t

(I)
j = −f (P )

i (t(n)), (3.5.109)

7The matrix here is simplified for illustrative purposes. In the actual algorithm we order
states by their levels, therefore the dependent and independent variables are mixed together
and we have to work with a matrix with permuted columns.
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where we defined projections of the full Jacobian and of the equations of motion:

M
(P )
ij =

∑
k,l

PikPCjlMkl, (3.5.110)

f
(P )
i =

∑
j

Pijfj. (3.5.111)

We find the independent variables by solving these equations and the remaining
variables can be computed using (3.5.106). Notice that if we use a non-canonical
projector, the Jacobian is multiplied by a different projector from each side.

This algorithm works in all linear gauges, but we can avoid explicit use of the
projector in Siegel gauge (with the canonical projector). As we mentioned before

in section 2.2.1, the Siegel gauge condition reduces to t
(D)
i = 0 in a proper basis.

Therefore we can effectively forget about the dependent variables. We formulate
the action directly in terms of the independent variables and derive the equations
of motion by variation of this action.

3.6 Solving the equations of motion - Homotopy

continuation method

In order to find all solutions of the equations of motion, we cannot rely on the
Newton’s method, which always searches only for one solution at a time. There-
fore we use a different numerical algorithm called the homotopy continuation
method (see for example [63][64]). It is a very efficient algorithm for finding all
solutions of polynomial equations. This algorithm is implemented in the NSolve
function in Mathematica and in several numerical packages (for example [65]),
but we have programmed our own version, which is adapted specifically to the
OSFT equations.

We consider a system of N polynomial equations in N variables,

fi(t) = 0, (3.6.112)

which is called the target system. In OSFT, this system is given by the quadratic
equations (3.5.91) (or the projected equations (3.5.103)).

When we use this method, it is convenient to compute the full matrices Q and
V (instead of using various factorized objects) and use them as the input of the
algorithm. The homotopy continuation method can solve only few equations, so
there are no memory problems with storing the vertices. In this way, we can use
just one algorithm for all OSFTs independently on their background.

In order to solve the target equations, we introduce a second system of equa-
tion gi(t) = 0, which is called the start system. This system must have at least
as many solutions as the target system and all of its solutions must be explicitly
known. In our case of quadratic equations, we can choose the start system to be

gi(t) = ti(Aiti +Bi) = 0, (3.6.113)

where Ai and Bi are some nonzero numbers8.

8It is convenient to choose Ai and Bi of the same order as coefficients in the target equa-
tions, which improves numerical stability of the algorithm, for example Ai = max

j,k
|Vijk|,

Bi = max
j

|Qij |
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Next, we define a homotopy

Hi(tj, α) = (1− α)gi(tj)γ + αfi(tj) = 0, (3.6.114)

where 0 ≤ α ≤ 1 and γ is some complex constant. The homotopy is equal to the
start system for α = 0 and to the target system for α = 1. Therefore, by varying
α, we can continuously deform the equations from the start system to the target
system and track the solutions of Hi(tj, α) = 0 along the way. The constant γ
has been introduced so that it is possible to reach complex solutions of the target
system even from real solutions of the start system. Conventionally we choose
γ = eiθ, where 0 < θ < 2π. There are no bifurcations or singularities along the
paths for almost all values of θ.

The path tracking of solutions from α = 0 to α = 1 has to be done in finite
steps. We use the predictor-corrector method with adaptable step size in α. Each
step of the algorithm proceeds as follows:

1. After the n-th step of the algorithm, we start with a parameter α(n) and a
solution t

(n)
i .

2. We increase the homotopy parameter by a given step size ∆α so that
α(n+1) = min(α(n) +∆α, 1).

3. We estimate the solution of the homotopy equations at α(n+1). The simplest
possibility is t

(n+1)
i = t

(n)
i , however the method works better if we estimate

the solution by extrapolation of the previous path. We use a second order
extrapolation in our code.

4. Then we correct the predicted solution by the Newton’s method so that it
satisfies Hi(t

(n+1)
j , α(n+1)) = 0. However the Newton’s method is allowed

only a given maximal number of iterations M to prevent jumps between
paths.

5. If the Newton’s method converges within M iterations and the solution
satisfies ∥t(n+1)

i − t
(n)
i ∥ < ϵ∥t(n)i ∥, where ϵ is a small parameter, we accept

the solution and move to the next step (if the solution satisfies the previous
condition with ϵ/2, we additionally double the step size ∆α). Otherwise
the solution is not accepted, we reduce the step size ∆α by a factor of 2
and return to point 1.

We repeat these steps until we reach α = 1, which indicates that we have found
a regular solution of the target system, or until ∆α < ∆αmin (which is typically
accompanied by divergence of the solution), which means that this path does not
lead to a solution of the target system. We usually choose ∆αmin = 10−15.

It there are multiple paths leading to a solution, it means that it has higher
multiplicity. However OSFT solutions usually have multiplicity one (the only
known exception is the trivial solution Ψ = 0 in OSFT without gauge fixing),
so solutions with higher multiplicity usually appear thanks to jumps between
different paths. To prevent these jumps, we have introduced the restrictions on
the maximal number of iterations of the Newton’s method M and the relative
change of the solution ϵ. We typically choose M = 5 and ϵ ≈ 0.1. If we find
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solutions with higher multiplicity, we recompute them with smaller ϵ to verify
their status.

The complexity of this algorithm is given primarily by the number of solutions,
which means that it is roughly 2N for quadratic equations. Since the solutions are
treated independently, this algorithm can be parallelized in a very straightforward
way in C++. We have been able to fully solve at most 26 equations with the
available computer resources. Considering that the number of states in OSFT
theories grows exponentially with the level and each additional equation doubles
the computer requirements, we can use this method only at very low levels. In the
best case scenario, which is the universal twist even string field in Siegel gauge,
we have been able to go up to level 6. In a more typical case, for example the
free boson theory, we use this method at levels 1 to 3, depending on the number
of states it the given theory.

3.7 Observables

In this section we describe how we compute string field theory observables and
how we extrapolate them to the infinite level.

3.7.1 Energy

The evaluation of energy is quite simple because we have already prepared all the
necessary elements before. We usually write the energy in terms of the effective
potential as

E(Ψ) = N (1 + 2π2V(Ψ)), (3.7.115)

where N is its normalization in the given background. It terms of coefficients of
the string field, the effective potential reads

V(t) = 1

2

∑
i,j

Qijtitj +
1

3

∑
i,j,k

Vijktitjtk. (3.7.116)

Assuming that the string field solves the equations of motion (3.5.91), we can
substitute them into the cubic term and we find

V(t) = 1

6

∑
i,j

Qijtitj. (3.7.117)

This expression is proportional to the kinetic term in the action. This formula
has complexity only O(N2), so the energy can evaluated very quickly.

If we impose some gauge conditions, the situation gets more complicated
because we do not solve all equations of motion. However if we choose the canonic
projector, we can still use the formula (3.7.117). The reason is that we can
always change the basis so that the dependent variables are identically equal zero,
t
(D)
i = 0. Then the projected-out equations appear in the action schematically as∑

i t
(D)
i

∂S

∂t
(D)
i

and therefore they do not contribute to the energy.

In case we decide to use a non-canonical projector P ̸= PC or we want compute
the action for a string field which is not a solution, we have to use the original
formula (3.7.116). The evaluation of the cubic term has complexity O(N3), which
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is the same as the Newton’s method, so we have to parallelize it and make it as
efficient as possible. We can take advantage of the symmetry of the cubic vertex
and sum only over k ≥ j ≥ i:∑

i

∑
j≥i

∑
k≥j

M(i, j, k)Vijktitjtk, (3.7.118)

where

M(i, j, k) =

⎧⎪⎨⎪⎩
1 if i = j = k,

3 if i = j or j = k or i = k,

6 if i ̸= j ̸= k.

(3.7.119)

If the string field is twist non-even, we have to sum only over terms with even
number of twist odd fields as in the Jacobian.

In theories with nontrivial primary fields, we get a sum over the fusion rules:∑
f

∑
i,j,k

M(f, i, j, k)V
(f)
ijk tp,itq,jtr,k. (3.7.120)

The range of i, j, k depends on symmetry of the fusion rule f and the multiplica-
tive factor as well.

A curious case arises when only one of the equations of motion is violated
(which happens for example for marginal deformations or when computing the
tachyon potential). Let’s say it is the equation number m. Then we do not have
to compute the whole cubic term and we can just make a correction to (3.7.117):

V(t) = 1

6

∑
i,j

Qijtitj +
1

3
tm

(∑
j

Qmjtj +
∑
j,k

Vmjktjtk

)
. (3.7.121)

3.7.2 Ellwood invariants

When we expand the string field into a basis, its contraction with the Ellwood
state becomes

⟨E[V ]|Ψ⟩ =
∑
i

ti⟨E[V ]|i⟩. (3.7.122)

Now consider a basis of bulk fields ⟨i, j| ≡ ⟨0|Φi(i)Φ̄j(i), where Φi(z) form a basis
of chiral vertex operators. The Ellwood state can be written in terms of this basis
as

⟨E[V ]| = ⟨0|V(i,−i)UfI =
∑
i,j

Wij[V ]⟨i, j|UfI , (3.7.123)

where Wij[V ] are coefficients which depend on the vertex operator V . They are
usually quite simple. In most cases they factorize into a product of holomor-
phic and antiholomorphic part and there is just a single nonzero coefficient for
fundamental primaries.

It is natural to define matrix elements for the basis of Ellwood states as

Eijk = ⟨i, j|UfI |k⟩. (3.7.124)

Using these elements, we can rewrite the formula for Ellwood invariants (2.3.136)
as

E[V ](t) = ⟨V m|B0⟩+ 2πi
∑
i,j,k

Wij[V ]Eijktk. (3.7.125)
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The evaluation of this formula is not technically difficult because there are usually
only few nonzero Wij[V ] coefficients. Therefore the main challenge is to compute
the matrix elements Eijk. As usual, they factorize into the constituent theories
as

Eijk =
∏
s

E
(s)
ijk =

∏
s

⟨i, j|(s)UfI |k(s)⟩. (3.7.126)

We compute E
(s)
ijk using recursive algorithms based the conservation laws which

we derived in section 2.5. We consider only fundamental primaries in most of
theories, so the evaluation of E

(s)
ijk is relatively easy. The only exception is the

free boson theory, where we compute some more complicated invariants. Next
we will show how to compute these matrix elements in the individual theories.

Universal matter theory

In the universal matter sector, Virasoro operators feel only conformal weight of
the auxiliary primary operator Vaux. This primary has the same holomorphic and
antiholomorphic weight h = h̄, which is given by 1 minus the weight of nontrivial
matter part of V . Therefore we can label the bulk states just by one index and we

define Ejk = ⟨j, j|UfI |k⟩, where ⟨j, j| = ⟨0|V (hj ,hj)
aux (i,−i) and the index j labels

all required conformal weights.

Using the conservation law (2.5.256), we find recursive relations

Ejk = ⟨j, j|UfIL−m|k̂⟩

= (−1)m⟨j, j|UfILm|k̂⟩ −m
(
i−m + (−i)−m

) ( c
8
− 4hj

)
⟨j, j|UfI |k̂⟩

= (−1)m
∑
l

M(Lm)k̂lEjl −m
(
i−m + (−i)−m

) ( c
8
− 4hj

)
Ejk̂. (3.7.127)

This recursive algorithm is much simpler that the ones we derived in the previous
sections because the index j plays just a passive role. The first element for every
j is given by

Ej1 = ⟨j, j|UfI |0⟩ = 2−2hj . (3.7.128)

Ghost theory

The ghost part of every operator V is always c(i)c(−i). Therefore the corre-
sponding matrix E has only one nontrivial index, Ek = ⟨0|c(i)c(−i)UfI |k⟩. Its
first element is given by

E1 = ⟨0|c(i)c(−i)UfIc1|0⟩ =
1

2
⟨c(i)c(−i)c(0)⟩ = i. (3.7.129)
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The recursive relations for higher elements depend on the choice of basis, but all
of them are very simple. Using (2.5.256), (2.5.259), (2.5.260) or (2.5.257), we find

Ek = (−1)m
∑
l

M(Lgh
m )k̂lEl −m

3

4

(
i−m + (−i)−m

)
Ek̂, (3.7.130)

Ek = (−1)m+1
∑
l

M(jghm )k̂lEl −
1

2

(
i−m + (−i)−m

)
Ek̂, (3.7.131)

Ek = (−1)m
∑
l

M(L′gh
m )k̂lEl −m

1

4

(
i−m + (−i)−m

)
Ek̂, (3.7.132)

Ek = (−1)m
∑
l

M(bm)
(2)

k̂l
El. (3.7.133)

Minimal models

In the Virasoro minimal models, we compute only invariants given by fundamental
primaries, so we can proceed similarly as in the universal matter sector. We
denote the basis of primary operators as ⟨j, j| = ⟨0|ϕj(i)ϕ̄j, where j goes over
Kac labels in the given model. We label basis states in minimal models by the
doubled index, so we define Ej(p,k) = ⟨j, j|UfI |(p, k)⟩. The recursive formula for
these matrix elements is derived using (2.5.256),

Ej(p,k) = (−1)m
∑
l

M(Lm)
p

k̂l
Ej(p,l) −m

(
i−m + (−i)−m

) ( c
8
− 4hj

)
Ej(p,k̂).

(3.7.134)
As usual in the minimal models, the index k̂ hides another sum similarly to
(3.3.50). The first matrix element for each primary operator is given by the
corresponding bulk-boundary correlation function,

Ej(p,1) = ⟨j, j|UfI |p⟩ = 2−2hj+2hp B
(β) p

j , (3.7.135)

where we consider boundary conditions β. The factor 2−2hj mostly cancels with
(3.7.128).

Free boson theory

The free boson theory allows us to define a large number of Ellwood invariants,
especially in more than one dimension. Many of them are not primary with
respect to the U(1) symmetry, so the evaluation of Ellwood invariants is more
complicated than in the cases above.

The basis of bulk operators is given by (2.5.262). We represent these states
by two copies of the usual Hilbert space (2.2.93) and label the basis elements by
two double indices, so the matrix E has in principle 6 indices,

E(p,i)(q,j)(r,k) = ⟨(p, i), (q, j)|UfI |(r, k)⟩. (3.7.136)

However the index r is redundant because it is uniquely determined by the mo-
mentum conservation. Alternatively, we can represent the momentum indices in
terms of fusion rules as for the cubic vertices, but in this case it does give us any
significant advantage.
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The recursive algorithm is based on the conservation law (2.5.242) without
the anomalous terms. First, we compute all required residues,

RL
nk = res

z→i

vn(z)

(z − i)k
, (3.7.137)

RR
nk = res

z→−i

vn(z)

(z + i)k
. (3.7.138)

Unfortunately, we have not found any closed formula for them. Next, we have to
deal with the OPE (2.5.263). In order to do that, we define a generalization of
the operation (3.2.20). This time we need to remove an arbitrary oscillator from
a state. Given a state |(p, i)⟩ = α−n1 . . . α−nl

|p⟩, we define

|(p, îk)⟩ = α−n1 . . .���α−nk
. . . α−nl

|p⟩, (3.7.139)

so that
|(p, i)⟩ = α−nk

|(p, îk)⟩. (3.7.140)

Using this notation, the recursive algorithm reads

E(p,i)(q,j)(r,k) = (−1)m+1M(αm)
r
k̂l
E(p,i)(q,j)(r,l)

−
√
2
(
i−mp+ (−i)−mq

)
E(p,i)(q,j)(r,k̂) (3.7.141)

−
∑
l

RL
mnl

E(p,̂il)(q,j)(r,k̂)
−
∑
l

RR
mnl

E(p,i)(q,ĵl)(r,k̂)
.

The first line represents αm acting on the string field, the second line contractions
of the ∂X current with the momentum operators in the Ellwood state and the
third line its contractions with ∂nX operators in the Ellwood state.

After we remove all α oscillators from |(r, k)⟩, we have to compute E(p,i)(q,j)(r,1).
These matrix elements can be computed by the usual free boson contractions, so
in this case we do not need any special conservation laws. For example, using the
first operator from ⟨(p, i)|, we find a recursive relation

E(p,i)(q,j)(r,1) =

(
q√
2

(−1)m1−1

(2i)m1
− p+ q√

2

(−1)m1−1

im1

)
E(p,̂i1)(q,j)(r,1)

+
∑
l

(m1 + nl − 1)!

(m1 − 1)!(nl − 1)!

(−1)m1−1

(2i)m1+nl
E(p,̂i1)(q,ĵl)(r,1)

. (3.7.142)

The first line comes from contractions of ∂m1X with the momentum operators
and the second line from contractions with other ∂nX operators at the point −i.
By repeating this step, we can reduce all matrix elements to the basic correlation
function

E(p,1)(q,1)(r,1) = ⟨eipX(i) eiqX(−i) fI ◦ eirX(0)⟩ = 2r
2+pq/2δp+q,2r. (3.7.143)

3.7.3 Out-of-Siegel equations

The evaluation of out-of-Siegel equations is in principle not difficult, we can simply
use the formula (3.5.91). The problem is that, in order to use the Siegel gauge
effectively, we have to avoid computation of vertices involving states outside Siegel
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gauge. Because of that we compute only the first out-of-Siegel equation, which
is given by (2.3.178).

This equation involves only few nonzero matrix elements of Q, so it easier to
evaluate them by hand rather than to write some complicated algorithm. When
it comes to the quadratic term, the method for its computation depends on
the basis. In the SU(1,1) singlet basis, we express ∆S as (2.3.179). The ghost
vertices involving jgh−2c1|0⟩ are computed as a byproduct of evaluation of the singlet
vertices, so we keep this specific set when we deallocate the auxiliary vertices and
use it for computation of ∆S. In the bc basis, the auxiliary vertices do not involve
states outside Siegel gauge, so we add the state b−2c0c1|0⟩ to our basis by hand
and compute the corresponding vertices. The cubic vertex algorithm does not
have any problems with this exceptional state.

The evaluation of the projected-out equations in other gauges is much easier.
We have to compute all ghost vertices anyway, so we can easily evaluate (3.5.91)
for any state. We also notice that we evaluate the full equations of motion in
every iteration of the Newton’s method, so we can simply save the values of the
desired equations from the last iteration.

3.7.4 Extrapolations to infinite level

Finally, in this subsection we will not focus on evaluation of observables, but on
their analysis. Numerical calculations in the level truncation scheme give us only
finite level data, which often change quite a lot with level, and therefore we cannot
expect that they would have very good precision. However it has been established
that one can significantly improve the precision of results by extrapolating them
to the infinite level (see for example [66][34][53][45][59]).

In order to estimate the asymptotic value of some quantity, we fit the known
data points with some function of level f(L) and then we take the limit L→ ∞.
However this procedure can be done in many different ways (see the aforemen-
tioned references for some examples) and none of them is going to work perfectly
for all possible quantities and all solutions. It is not guaranteed that all solu-
tions have the same type of asymptotic behavior in the first place. On the other
hand, we would like to avoid case by case analysis because it would be too com-
plicated and we would tend to choose a method that agrees with the expected
results. Therefore, after many experiments, we came with a method that gives
good results for a large number of solutions with clear interpretation.

Our method is essentially a generalization of the procedure from [34]. We fit
the known data points with a polynomial in 1/L9,

f (M)(L) =
M∑
k=0

ak
Lk
, (3.7.144)

where M is the order of the polynomial, which must be lower than the number
of used data points. We use the function NonlinearModelFit from Mathematica
to do the fits.

9We have experimented with various others functions (for example with functions including
non-integers powers of L), but none of them seems to work for a larger set of quantities or
solutions. The only exception are rational functions, see [67][59], which however have the same
asymptotic behavior as polynomials in 1/L.
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By many experiments, we have found that we get the best results when we use
the highest order possible, which means that the function f (M)(L) is actually an
interpolation of the data points. Therefore we take M to be equal to the number
of data points minus one.

However it turns out that data coming from OSFT usually do not follow a
smooth curve, but they rather oscillate around it. The energy, ∆S and string field
coefficients have a period of oscillations of two levels (because of that, this prob-
lem was not observed for the tachyon vacuum solution), Ellwood invariants have a
period of 4 levels. If we wanted to extrapolate all data points using a single func-
tion, we would have to use a low order fit (linear or quadratic) to smoothen the
irregularities. However the results of such procedure are usually not very precise.
Instead, we divide the data points into groups based on the period of oscilla-
tions, which means that we have either two groups with levels (2, 4, 6, 8, . . . ) and
(3, 5, 7, 9, . . . ) or four groups with levels (2, 6, 10, . . . ), (3, 7, 11, . . . ), (4, 8, 12, . . . )
and (5, 9, 13, . . . ). Then we extrapolate each group independently and we take
the average of the level infinity estimates as the final result. This approach leads
to good results even for some highly oscillating invariants.

Since every extrapolation technique produces a different result, we would like
to have an error estimate to see how trustworthy the results are. Unfortunately,
making a good error estimate is very difficult.

Errors can be estimated by making variations of the extrapolation procedure.
Since we independently extrapolate two or four groups of data, it is natural to
take the standard deviation of these results as the error estimate.

However, when take a solution with a clear identification and compare the er-
ror estimates with the actual differences between the level infinity extrapolations
with the expected results, we find discrepancies. Errors of well convergent quan-
tities are usually underestimated (up to one order), errors of mildly oscillating
invariants are more or less fine and errors of highly oscillating (but convergent)
invariants are overestimated (up to one order). This problem arises because the
extrapolations are not distributed randomly around the expected values.

Unfortunately, we have not found any better alternative. We have experi-
mented with variations of the input data by dropping the lowest/highest level
data points and with variations of the order of the fit. These methods give us
similar errors for the energy as the method above. When it comes to Ellwood
invariants, these errors are difficult to use because there are typically only 3-5
points in each group and therefore we cannot vary the extrapolation procedure
much. So this approach is also not very reliable.

We conclude that the presented errors cannot be taken too strictly, they should
be viewed only as order estimates of the actual errors and the reader should
take into account the behavior of the extrapolated quantity. We illustrate the
properties of extrapolations and their errors on the example of the MSZ lump
solution in section 5.1.2.

Finally, let us make a comment about extrapolations of complex solutions.
The extrapolation procedure described above works consistently for real solutions,
but that may chance for complex solutions. We encounter two types of complex
solutions. First, there are solutions that start as complex, but become real at
some finite level, a typical example is the Ising model solution in section 8.1.1.
The behavior of such solutions changes dramatically when the imaginary part
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disappears. That means that we can extrapolate only data from levels where these
solutions are real and we often have only very few data points, which makes the
extrapolations inaccurate. There is essentially no point in extrapolating solutions
which are suspected to become real at high levels beyond our reach.

Then there are solutions which are inherently complex even in the infinite
level limit. We cannot make any general statement about them because they are
quite diverse and their meaning is often unclear. The reliability of extrapolations
for such solutions must be judged case by case.
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Chapter 4

Results - Universal solutions

Now we will move from theory and description of numerical methods to analysis of
OSFT solutions. In this chapter we discuss universal solutions, i.e. solutions that
do not depend on the D-brane background. Among these solutions, there is the
most famous OSFT solution, the tachyon vacuum, which describes decay of the
original D-brane system through tachyon condensation. This solution have been
studied extensively both numerically [68][32][69][3][43][34][70] [61][62][45][67][59]
and analytically [4][37][5] [71][72][73][74][75][76][77]. We do not have any new
results concerning this solution and therefore we will just review its properties
following [45] and [59].

Apart from the tachyon vacuum, we cannot expect many other physically rel-
evant solutions. Essentially all we can possibly describe in this setting are multi-
branes, which describe several copies of the original D-brane system, and possibly
a ghost brane, which has minus the energy of the original D-brane system. These
solutions have been studied analytically in [78][79][80][81][82][83][84][85]. They
have the correct quantization of energy, but they usually satisfy the equations
of motion only formally because there are anomalies when the equations are
contracted with certain states. Recently, we have tried to find such solutions
numerically in [45], but the numerical solutions also have various pathologies, see
later. Multi-brane solutions can be also constructed using the Erler-Maccaferri
solution [10], but this solution is not universal.

The main focus of this thesis are solutions in Siegel gauge, but in this chapter
we also touch other options. We discuss the tachyon vacuum solution in Schnabl
gauge and solutions without any gauge fixing. However it seems that the Siegel
gauge is the best choice for a generic OSFT solution. Without any gauge fixing,
the Newton’s method, which we use to improve solutions to higher levels, does
not work well and therefore this approach is pretty much useless. We can find
a relatively well behaved tachyon vacuum solution in Schnabl gauge, but the
solution offers lesser precision than in Siegel gauge while requiring more computer
resources. We have done only brief experiments with non-universal solutions
outside Siegel gauge, but the results suggest these solutions behave similarly.
Therefore using other gauges makes sense only if one wants to compare numerical
and analytic results or in case of complex or otherwise problematic solutions,
where one can hope to find a gauge where these solutions behave better than in
Siegel gauge.
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4.1 Siegel gauge solutions

There are two independent conditions we can impose on the string field in Siegel
gauge: the twist even condition and the SU(1,1) singlet condition. By imposing
these conditions, we significantly reduce the number of states at a given level (see
appendix B.3 in [45]), but we also risk loosing solutions which do not satisfy these
conditions. Therefore we explore all possibilities to see which ansatz allows us to
find some interesting solutions.

We start with the most restrictive case, which means imposing both condi-
tions. First, we use the homotopy continuation method described in section 3.6
to find seeds for the Newton’s method. We have managed to solve the equations
of motion at level 2, where we have 3 equations with 7 solutions, at level 4 with 8
equations and 250 solutions and finally at level 6 with 21 equations and approx-
imately 2096000 solutions. Interestingly, the number of solutions is smaller than
the generic amount 2N , but only a small percentage of solutions is missing.

Although we have found a huge number of solutions, only few of them have
energy of the same order as the initial D-brane. See figure 4.1, where we plot
energies of solutions close to the perturbative vacuum in the complex plane. In
the next step, where we improve solutions to higher levels using the Newton’s
method, even most of them must be discarded. In [45], we analyzed all solutions
with |E| < 50 and we have found only 17 solutions (up to complex conjugation)
for which the Newton’s method converges within 20 iterations. Out of these, the
tachyon vacuum is the only one which is well behaved (not counting the triv-
ial perturbative vacuum), plus there three more somewhat reasonable solutions,
whose properties are summarized in table 4.1.

Next, we relax the twist even condition. The increased number states allows
us to go only up to level 5, where we have found 65106 solutions of equations in
16 variables. However only one of the new solutions appears in figure 4.1 and
none of them is stable under the Newton’s method.

In the twist even non-singlet case, we can go once again up to level 6. This
time we have solved 26 equations with approximately 66 million solutions. Several
of them appear in figure 4.1, but we have found no well behaved solution when
we improved the potentially interesting seeds using the Newton’s method.

Finally, we consider the twist non-even non-singlet case. We have solved 21
equations at level 5 with approximately 2 millions of solutions. Among these, we
have found two stable solutions with energy of order 1, we show their properties
in table 4.1. Interestingly, both solutions are even with respect to the combined
symmetry (−1)JΩ (see section 2.2.1).

Out of the stable solutions summarized in table 4.1, we are going to discuss
in detail only the tachyon vacuum solution. The other solutions will mentioned
only briefly, more about them can be found in [45]. We cannot accept any of
them as physical with the available data because of problems like violation of the
out-of-Siegel equation ∆S, discrepancy between the energy and the E0 invariant,
nonzero imaginary part, etc. On the other hand, we cannot discard them entirely
because their behavior may improve at high enough level or in some other gauge.

The ”double brane” is a complex solution whose real part of energy is close
to 2 at lower levels, which is something we would expect from the double brane.
However the energy seems to be asymptotically going toward approximately 1.4
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Figure 4.1: Universal solutions in Siegel gauge at level 2 (red), level 4 (green),
level 5 (orange) and level 6 (blue). Twist even solutions are denoted by circles,
non-even solutions by diamonds. SU(1,1) singlet solutions have bigger marks that
non-singlet solutions.

Twist even SU(1,1) singlets

Solution Level Energy(∞) E
(∞)
0 ∆

(∞)
S real

perturbative vacuum − 1 1 0 yes
tachyon vacuum 30 −9× 10−6 0.00015 −7× 10−6 yes
”double brane” 28 1.40 + 0.02i 1.21− 0.04i 0.23− 0.12i no
”ghost brane” 28 −1.13 + 0.03i −1.02 + 0.09i 0.08− 0.04i no

copy of tachyon vacuum 28 −0.06− 0.27i −0.15− 0.04i −0.16− 0.03i no

Non-even non-singlets

Solution Level Energy(∞) E
(∞)
0 ∆

(∞)
S real

”half ghost brane” 26 −0.51 −0.66 0.17 pseudo
”half brane” 24 0.67 + 0.002i 0.51 + 0.09i 0.21 + 0.09i no

Table 4.1: Properties of selected solutions in Siegel gauge in the (L, 3L) trun-
cation scheme. We show the maximal level we have reached, extrapolations of
observables to the infinite level and reality of the solutions. Some of the numbers
are slightly different from [45] because we use a different type of extrapolations.
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and E0 goes even farther away from 2, so its actual interpretation is probably
different. What could save the solution is that the extrapolations suggest that
it may become real at some high level (probably somewhere between levels 50
and 100) and therefore, after the transition, we can expect a change of behavior
similar to the Ising model solution from section 8.1.1.

The ”ghost brane” solution behaves in a different way. It does not look very
nice at finite levels, but both the energy and E0 approach −1 asymptotically with
relatively small errors. In comparison with the other non-standard solutions from
table 4.1, it has the smallest value of ∆S. The solution is inherently complex,
but the imaginary parts of observables seem to go to zero asymptotically.

The energy and the E0 invariant of the next solution suggest that it may be
a Gribov copy of the tachyon vacuum, but it has a large imaginary part and its
overall precision is not very good.

Out of the two twist non-even solutions, the ”half ghost brane” is the more
interesting one. It starts as complex, but its energy becomes real at level 22. We
call it pseudo-real because the twist odd part of the solution is purely imaginary
with respect to the complex conjugation (2.1.45). Its energy is close to −1

2
, but

we have unfortunately access only to few real data points, which means that we
cannot extrapolate the solution very reliably (see the discussion in section 8.1.1)
and its asymptotic behavior remains uncertain.

The final solution, the ”half brane”, has energy close to one half of the original
D-brane energy. This solution is inherently complex and its precision is quite low,
so it is the least likely one to be physical.

It is unlikely that it will be possible to significantly improve level of these
solutions in near future, so exploring them outside Siegel gauge seems to be the
best possibility to learn more about them. So far, we have only checked whether
similar solutions can be found in Schnabl gauge [59], see the results in table
4.3. Properties of solutions in both gauges are mostly quite different. The best
matching solutions are the possible copies of the tachyon vacuum, although one of
them is complex and the other is real, so it is not clear whether they are related.
The differences suggest that it is more likely that the additional solutions are just
artifacts of the level truncation approach.

4.1.1 Tachyon vacuum in Siegel gauge

The tachyon vacuum solution describes decay of the original D-brane system
caused by tachyon condensation. The result of this process should be the closed
string vacuum, which means that there should be no open string excitations
around the solution and all its gauge invariants should be equal to zero. In this
thesis we focus only on the gauge invariant observables. Showing that the coho-
mology of the BRST operator around the solution (2.3.111) is trivial can be done
for the analytic solution [5], but it is quite difficult task for the level truncated
solution. The references [86][87] attempt to compute the cohomology, but the
results are somewhat controversial because there seems to be a nontrivial coho-
mology at negative ghost numbers. These calculations clearly need to be repeated
at higher levels and the method itself should be verified on other solutions.

We have managed to evaluate the tachyon vacuum solution up to an impressive
level 30 [45]. We show its gauge invariant observables and the first out-of-Siegel
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Level Energy E0 ∆S

2 0.040623400 0.1101382 0.03332993
4 0.012178243 0.0680476 0.01450131
6 0.004822879 0.0489211 0.00841347
8 0.002069817 0.0388252 0.00564143
10 0.000817542 0.0318852 0.00412431
12 0.000177737 0.0274405 0.00319231
14 −0.000173730 0.0238285 0.00257255
16 −0.000375452 0.0213232 0.00213597
18 −0.000493711 0.0190955 0.00181467
20 −0.000562955 0.0174832 0.00156995
22 −0.000602262 0.0159666 0.00137834
24 −0.000622749 0.0148397 0.00122487
26 −0.000631156 0.0137381 0.00109960
28 −0.000631707 0.0129049 0.00099569
30 −0.000627118 0.0120671 0.00090829

∞ −9× 10−6 0.00015 −7× 10−6

σ 2× 10−6 0.00002 1× 10−6

Table 4.2: Energy, Ellwood invariant and out-of-Siegel equation ∆S for the
tachyon vacuum solution in Siegel gauge up to level 30. In the last two lines
we show extrapolations of these quantities to level infinity and estimated errors
of the extrapolations.

equation in table 4.2 and we plot level dependence of these quantities in figures
4.2, 4.3 and 4.4.

The energy of the tachyon vacuum solution has a rather unusual feature. As
a function of level, it first approaches zero, but then, at level 14, it overshoots the
correct value and starts to move away from it. It was predicted [66][34] that the
energy has minimum at level 28. Using the level 30 data, it is finally possible to
confirm this hypothesis directly, the data from table 4.2 tell us that the energy at
level 30 is higher than at level 28. The extrapolation shown in figure 4.2 predicts
that the energy at higher levels will go directly towards zero without any further
oscillations. Interestingly, the energy of the Schnabl gauge solution (see figure
4.5) has a minimum too, so this type of behavior is clearly common to a larger
set of gauges. The E0 invariant, which also measures the energy, does not suffer
from such issues and it approaches zero monotonically, see figure 4.3.

We show only one consistency check in this thesis, the first out-of-Siegel equa-
tion ∆S. Figure 4.4 shows that it is satisfied with a very nice precision. Other
out-of-Siegel equations were computed in [29] and they are also satisfied quite
well. In [45], we have also checked that the solution obeys the quadratic identi-
ties from [88].

The data from table 4.2 are extrapolated using the methods described in sub-
section 3.7.4. We observe that the asymptotical values are better than the data
from level 30 approximately by two orders, for example the energy improves from
−6× 10−4 to −9× 10−6. This clearly demonstrates that infinite level extrapola-
tions are very useful tools for analyzing solutions and they can give us significantly
more precise results than raw data from finite levels.
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Figure 4.2: Plot of the tachyon vacuum energy in Siegel gauge as a function of
level. The solid line represents its infinite level extrapolation using a polynomial
in 1/L.

Figure 4.3: Plot of the E0 invariant of the tachyon vacuum solution in Siegel
gauge. We show two independent extrapolations, which use levels of the form 4k
and 4k + 2, k ∈ N.

Notice that we get a better result for E0 than in [45], even though we use
the same data as input. That is because our extrapolation method in this thesis
is designed to deal with oscillations of Ellwood invariants and therefore it uses
higher order polynomials. When extrapolating the energy and ∆S, we cannot use
the error estimate described in subsection 3.7.4 because we have only data from
even levels. So we have instead taken the standard deviation of extrapolations
with the maximal level varying from 22 to 30. All three error estimates are
several times smaller than the actual errors of the extrapolations, which, as we
are going to see on many other examples later, is unfortunately a typical property
of extrapolations of these quantities.
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Figure 4.4: The first out-of-Siegel equation ∆S of the tachyon vacuum solution
and its infinite level extrapolation.

4.2 Tachyon vacuum in Schnabl gauge

When we search for solutions in Schnabl gauge, we can use the same techniques
as in Siegel gauge. Using the homotopy method, we have been able to find all
seeds at the same levels as in Siegel gauge, but the number of stable solutions
seems to be smaller. Not counting the tachyon vacuum, we have found only two
twist even solutions with reasonable properties [59], see table 4.3, and no stable
twist non-even solutions.

The ”half brane” solution is actually somewhat similar to the ”double brane”
solution in Siegel gauge at low levels, but asymptotically it behaves differently.
It has large imaginary part, so it is not likely that it is a physical solution. The
second solution is slightly better. It is real and the asymptotic values of its energy
and E0 are close to zero, so there is a chance that it is gauge equivalent to the
tachyon vacuum. However its precision is low and the first out-of-gauge equation
is nonzero, so it is possible that this solution is nonphysical as well.

Therefore we focus only on the tachyon vacuum solution following [59]. This
solution is interesting for two reasons: It is a nontrivial test that the level trun-
cation framework works outside Siegel gauge and it can be directly compared to
the analytic tachyon vacuum solution [4].

In table 4.4, we show the gauge invariants of this solution and the first out-of-
gauge equation ∆S. We have been able to compute the solution only up to level
24, which is 6 levels lower than in Siegel gauge, because we had to evaluate the
full set of ghost vertices, which consume significantly more memory (see appendix
C). When we compare this solution with the one in Siegel gauge, we find that

Solution Level Energy(∞) E
(∞)
0 ∆

(∞)
S real

perturbative vacuum − 1 1 0 yes
tachyon vacuum 24 0.0005 −0.0015 −0.0003 yes
”half brane” 24 0.63− 0.32i 0.46− 0.45i −0.07− 0.05i no

copy of tachyon vacuum 24 −0.19 −0.05 −0.15 yes

Table 4.3: Properties of stable twist even solutions in Schnabl gauge. We have
not found any stable twist non-even solutions.
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both behave similarly. In particular, the energy also overshoots zero, it has a
minimum (this time at level 12) and then it turn back towards the correct value.
We plot the comparison of both energies in figure 4.5. The extrapolation of energy
in Schnabl gauge slightly overshoots 0 for the second time around level 500, we
speculate [59] that it could be a sign of multiple oscillations around the correct
value, but it could be also just a systematic error of the extrapolation technique.

What is surprising about this solution is that it is difficult to extrapolate
it reliably. We observe that the extrapolations improve precision of the solution
compared to the level 24 data, but only by approximately one order, while we saw
improvement by two orders in Siegel gauge. However this issue mainly concerns
coefficients of the solution.

The Schnabl’s analytic solution can be expanded into L0 eigenstates (at least
up to some finite level), so we can compare the numerical and the analytic so-
lution coefficient by coefficient and ideally we should observe convergence of the
numerical coefficients towards the analytic ones. However it is not entirely clear
whether it really happens. We illustrate this problem on the tachyon coefficient
t, which should be equal to tanalytic = 0.553466. The values of the tachyon coef-
ficient up to level 24 are given in table 4.5 and we observe that the extrapolated
value t(∞) = 0.5454 is quite far from analytic value, which is nicely illustrated in
figure 4.6. So the first conclusion seems to be that the two solutions are different,
but we find that there is a strong level dependence of the extrapolations, which
may resolve the problem.

For comparison, have a look at the tachyon coefficient in Siegel gauge, which
is also shown in table 4.5. By extrapolating all data points up to level 30, we
get t(∞,30) = 0.540493. What happens if we use less data points to do the ex-
trapolation? We find that even few data points give us quite accurate results,
for example we get t(∞,12) = 0.540520 using only the data up to level 12. On the
other hand, the asymptotic values in Schnabl gauge change quickly as we add
more levels. The level 12 extrapolation gives us t(∞,12) = 0.5428, which differs
from the maximal level extrapolation t(∞,24) = 0.5454 already at the third digit.
The general trend is that if we use more data points, we get closer to the analytic
results. Other coefficients exhibit a similar type of behavior. In [59], we have
tried to deal with this problem by further extrapolation of the extrapolations.
This method gives us a better agreement with the analytic solution, but the re-
sults depend a lot on details of the extrapolation technique, so they are also not
very reliable. In the end, we are inclined to believe that the numerical solution
converges towards the analytic one, but more data will be needed to prove it
without a doubt.

We suspect that the source of these problems is that the gauge condition
couples coefficients at different levels. We have made some experiments with
other linear b gauges and they suggest that if the coupling becomes too strong, the
tachyon vacuum solution gains a stronger level dependence and becomes difficult
to extrapolate. However more research will be needed to confirm this conjecture.
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Level Energy E0 ∆S

2 0.0406234 0.110138 0.0333299
4 0.0053481 0.0683413 0.016485
6 −0.00398377 0.0478479 0.0102673
8 −0.00711028 0.0341758 0.00719823
10 −0.00818976 0.0272661 0.00541301
12 −0.00846627 0.0209872 0.00425955
14 −0.00839679 0.0178483 0.00345867
16 −0.00817301 0.0143618 0.00287305
18 −0.00788275 0.0126889 0.00242792
20 −0.0075686 0.0105109 0.00207934
22 −0.00725184 0.0095251 0.00179983
24 −0.00694318 0.0080520 0.00157136
∞ 0.0005 −0.0015 −0.0003
σ 0.0002 0.0003 0.0001

Table 4.4: Energy, Ellwood invariant and ∆S of the tachyon vacuum solution in
Schnabl gauge up to level 24. The last two lines show the infinite level extrapo-
lations of there quantities and their errors. The errors of the energy and ∆S are
estimated as in Siegel gauge, that is by variation of the maximal level of data
used for the extrapolations.

Level tSchnabl tSiegel
2 0.5442042 0.544204
4 0.5489385 0.548399
6 0.5483151 0.547932
8 0.5473219 0.547052
10 0.5465084 0.546261
12 0.5458944 0.545608
14 0.5454352 0.545075
16 0.5450892 0.544637
18 0.5448260 0.544272
20 0.5446241 0.543964
22 0.5444683 0.543702
24 0.5443477 0.543476
26 0.543280
28 0.543107
30 0.542955
∞ 0.5454 0.540493
Analytic 0.553466

Table 4.5: Tachyon coefficient of the tachyon vacuum solution in Schnabl gauge
and in Siegel gauge.

141



Figure 4.5: Plot of the tachyon vacuum energy in Schnabl gauge (blue) and in
Siegel gauge (red). The solid lines represent infinite level extrapolations.

Figure 4.6: Plot of the tachyon coefficient of the tachyon vacuum solution in
Schnabl gauge. The blue line represents its extrapolation using all data points,
the red line extrapolation using data only up to level 12. The horizontal axis is
set to the analytic value tanalytic = 0.553466.
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4.3 Solutions without gauge fixing

In the final section of this chapter we discuss the possibility of solving the OSFT
equations without any gauge fixing condition following [45]. This is potentially
an interesting approach, because we do not need to worry about the out-of-gauge
equations (3.5.104), but we will show that it is not very practical.

As we already mentioned in section 2.1.6, the gauge symmetry (2.1.12) is
broken by the level truncation approximation. Therefore the truncated equations
of motion have only a discreet set of solutions, which can be found numerically.
Since there are no gauge fixing conditions, the state space is larger than in Siegel
gauge. Therefore, using the homotopy continuation method, we have managed
to solve the full equations of motion only up to level 4, both with and without
imposing the twist even condition1. We plot the energy of solutions at level 4 in
complex plane in figures 4.8 and 4.9. We observe that the number of solutions
is much higher than in figure 4.1, even though we are at lower level and the
figures cover much smaller area. Since we have no better criteria, we distinguish
”quality” of solutions using the absolute value of the difference between the two
gauge invariant observables, the energy and the E0 invariant. The best solutions
are denoted by red color, the worst by blue.

There are far more twist non-even solutions that twist even solution (figure
4.8 contains approximately 750 points, while figure 4.9 contains approximately
17000 points), but the conclusion from both cases is the same. We observe a
reddish cluster of solutions around E = 0, which represents the tachyon vacuum,
and another cluster around E = 1, which represents the perturbative vacuum.
The existence of these clusters is most likely caused by remnants of the gauge
symmetry. Even though the gauge symmetry is broken, the OSFT action still
contains approximately flat directions, along which we find many solutions with
similar properties.

Interestingly, the exact perturbative vacuum solution Ψ = 0 has a nontrivial
multiplicity. In the twist even case at level 2, we have confirmed analytically that
it has multiplicity 3. We estimate that the multiplicity at level 4 is over 200, but
we are not sure about the exact number due to problems with numerical stability
of the homotopy continuation method around the perturbative vacuum. As far
as we know, this is the only case of an OSFT solution having a multiplicity higher
than 1.

Unfortunately, these results do not allow us to make any decisive claims about
existence of other solutions, like multi-branes or ghost branes. We do not observe
any clusters that would correspond to such solutions, but it is likely that these
solutions are not very precise at low levels (see for example the solutions from
[45] or the positive energy lumps from section 5.2.2) and we may not be able to
recognize them among many nonphysical solutions, which appear pretty much
everywhere in the complex plane.

By now, the reader may wonder why we have not shown any solutions beyond
level 4. The reason is that the Newton’s method does not work well in this setting.
When we try to improve a solution from level L to the next level, we find that

1Finding all solutions at level 6 is impossible with the computer resources we have access to.
Even in the twist even case, there are approximately 243 ∼= 8.8×1012 solutions and we estimate
the required CPU time to be around 500000 years.
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Figure 4.7: Colors corresponding to the absolute value of the difference between
the energy and the Ellwood invariant for solutions in figures 4.8 and 4.9.

Figure 4.8: Energy of twist even universal solutions without gauge fixing at level
4. The color of points depends on the difference between the energy and the
Ellwood invariant, see figure 4.7. The best solutions are red, the worst are blue.

the Newton’s method does not converge within a reasonable number of iterations
in most cases and when it does, the solution we find is usually very different from
the initial one. We suspect that these problems are caused by the almost flat
directions in the potential, but we have not been able to pinpoint their exact
source in the numerical algorithm. In [45], we have made some attempts to go
around this problem using modifications of the homotopy continuation method,
but we have never found a consistent way to improve solutions to higher levels.

The conclusion is that we can look for solutions without any gauge fixing con-
dition only using the homotopy continuation method. That restricts the available
level and it makes this approach much less effective that when we make a gauge
choice.
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Figure 4.9: Energy of twist non-even universal solutions without gauge fixing at
level 4.
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Chapter 5

Results - Free boson on a circle

In this chapter we study string field theory describing free boson compactified on
a circle. We choose the Neumann boundary conditions as the initial boundary
conditions, which means that the open string background is a D1-brane wrapped
around the circle. Thanks to the T-duality, we can make this choice without loss
of generality. Most of known solutions in this theory describe D0-branes and they
are known as lump solutions.

We have two main goals in this chapter. First, we use lump solutions to
illustrate generic properties of OSFT solutions. Universal solutions, which were
discussed in the previous chapter, are not convenient for this purpose because
they have only a very limited set of gauge invariant observables and the tachyon
vacuum is the only well behaved solution among them. Our second goal is to
make a systematic scan of solutions at different radii, to identify basic types of
solutions and to discuss their properties and radius dependence.

First single lump solutions were found in [89][90] by solving differential equa-
tions for the tachyon field. First solutions in the usual level truncation scheme
appeared in [31] at level (3,6). In [56], the level of calculations was improved to
(8,16) by using the U(1) basis in the free boson theory instead of the Virasoro
basis. This article also provides the first infinite level extrapolations. The refer-
ence [35] made another improvement of level to 12. It also introduced new gauge
invariants, which can be used for better identification of solutions, and discussed
some double lump solutions. We should also mention [91], where the validity
of Siegel gauge is tested for the MSZ lump solution from [31], and [92], which
provides lump solutions in several different gauges and attempts to find spectrum
of fluctuations around these solutions.

Attempts to find analytic lumps solution were made in [93][94][95][96], but it
seem that these solutions violate the equations of motion [97]. Therefore the first
analytic lump solution free of any problems is the Erler-Maccaferri solution [10],
which is constructed using boundary condition changing operators.

Free boson solutions have been discussed in many papers, but most of the
references concentrate only on single lump solutions for R > 1 and a systematic
analysis is missing. We would like to fix that, so in this thesis we study solutions
at much larger range of radii using seeds found by the homotopy continuation
method. This allows us to make a classification of basis types of solutions in
the free boson theory. The results can be summarized as follows: The simplest
non-universal solutions are single lump solutions, which describe a D0-brane po-
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sitioned somewhere on the circle. Since we impose the parity even condition on
the string field, the position of the D0-brane is restricted to 0 or πR. So far,
these solutions have been studied only for radii greater than 1, where they are
real and well behaved. We additionally investigate radii R < 1 and we show that
there are single lumps as well, but they are harder to find and they suffer from
various problems, most notably they have nonzero imaginary part. Above R = 2,
we can find well behaved double lump solutions, which describe two D0-branes
positioned symmetrically around the origin. This configuration of two D0-branes
has one free parameter, the distance between the D0-branes, so we inspect how is
this modulus reproduced by OSFT solutions. If we consider even larger radii, we
can find triple lumps, quadruple lumps, etc., but these solutions do not seem to
have any new interesting properties, so we will not discuss them. In addition to
lump solutions, we have found some exceptional solutions which can be identified
as D1-branes with Wilson lines or as some specific marginal deformations. These
solutions usually have some pathological properties and therefore we cannot say
with certainty whether they represent consistent boundary states or not.

A completely different class of solutions in the free boson theory describes
marginal deformations, but we postpone the discussion of this topic to chapter 6.

5.1 MSZ lump solution at R =
√
3

We begin the presentation of results with a detailed analysis of one single lump
solution. We choose the lump solution at radius R =

√
3, which was originally

found by Moeller, Sen and Zwiebach [31]. Their motivation for choosing an irra-
tional radius was to avoid null states in Virasoro Verma modules over momentum
primaries, but the rationality of the radius does not matter in our basis. The orig-
inal solution was constructed up to level (3, 6), later it was improved to level 12
using a Mathematica code [35] and now we have managed to reach level 18 using
a parallel C++ code. Compared to the older references, we add more gauge in-
variants, which describe (with limitations) the boundary state corresponding to
the solution. We also compute the first out-of-Siegel equation as a consistency
check.

5.1.1 Observables

First, we should compare observables of the MSZ lump solution to the boundary
state of a D0-brane. Table 5.1 shows its observables up to level 18, their infinite
level extrapolations and the predicted values. In this subsection we focus only
on results of the extrapolations, we will analyze how they work in more detail in
the next subsection.

The energy of a D0-brane equals to 1 in our conventions. The energy of
the solution at level 18 differs from the expected value approximately by 0.6%.
That is not a bad result, but the infinite level extrapolation is far more accurate.
It reproduces the expected value with an error lesser than 0.002%. As for the
tachyon vacuum solution, the estimated error of the extrapolation is several times
smaller than the actual difference. This seems to be a general feature of this type
of error estimate, so we do not need to be concerned. An alternative way to
measure the energy of the solution is the E0 invariant. The asymptotic value
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Level Energy ∆S D1 D4 D9 W1 W2

2 1.09428 0.0294775 −1.01353 −7.32693 −17.8493 −0.487415 −5.22247
3 1.06053 0.0115445 −1.11078 −7.62362 −18.4784 −0.568038 −5.45267
4 1.03572 0.0067701 −0.752479 9.29952 80.5738 0.370281 14.9784
5 1.02936 0.0052315 −0.779229 9.55604 82.5396 0.371251 15.4396
6 1.02090 0.0036624 −0.945165 −29.0514 −471.005 −0.182729 −33.1531
7 1.01868 0.0031079 −0.959492 −30.2237 −488.474 −0.194398 −34.3871
8 1.01454 0.0024055 −0.909528 68.8275 2774.33 0.136742 57.2392
9 1.01351 0.0021156 −0.913363 71.0525 2859.65 0.139243 59.1281
10 1.01108 0.0017399 −0.963774 −141.185 −12871.4 −0.085347 −89.1121
11 1.01052 0.0015617 −0.966875 −144.871 −13210.2 −0.087330 −91.6589
12 1.00893 0.0013368 −0.945928 265.863 54043.9 0.069163 130.438
13 1.00858 0.0012164 −0.947155 271.742 55272.4 0.070245 133.646
14 1.00746 0.0010709 −0.972895 −461.998 −206883 −0.048005 −180.059
15 1.00723 0.0009842 −0.973982 −470.859 −210984 −0.048488 −183.914
16 1.00640 0.0008846 −0.961803 764.747 725405 0.041376 236.018
17 1.00624 0.0008193 −0.962333 777.639 738123 0.041950 240.492
18 1.00560 0.0007481 −0.978161 −1205.82 −2354459 −0.030433 −296.741
∞ 0.999984 −0.000010 −1.0006 −0.0007
σ 0.000003 0.000003 0.0028 0.0045
Exp. 1 0 −1 1 −1 0 0

Level E0 E1 E2 E3 E4 E5 E6 E7

2 1.09094 0.830804 1.03277 0 0 0 0 0
3 1.06017 0.905713 1.08758 1.36793 0 0 0 0
4 1.04623 0.918393 0.931471 1.41220 0 0 0 0
5 1.03948 0.940750 0.933722 0.67817 0 0 0 0
6 1.02921 0.946315 0.995166 0.67660 2.06251 0 0 0
7 1.02668 0.956761 0.996584 1.11184 2.11211 0 0 0
8 1.02301 0.959784 0.977037 1.12839 −0.32773 0 0 0
9 1.02171 0.965702 0.976881 0.85903 −0.35068 3.66745 0 0
10 1.01787 0.967666 0.993958 0.86096 1.98806 3.81063 0 0
11 1.01708 0.971569 0.993933 1.04829 2.01551 −4.09339 0 0
12 1.01549 0.972933 0.986990 1.05428 −0.03537 −4.26896 8.53484 0
13 1.01496 0.975609 0.986782 0.92037 −0.04933 7.35754 8.69427 0
14 1.01297 0.976629 0.994649 0.92195 1.76507 7.58467 −20.8014 0
15 1.01259 0.978671 0.994516 1.02444 1.78043 −6.94654 −21.1687 0
16 1.01172 0.979458 0.991005 1.02741 0.20548 −7.17135 42.4557 0
17 1.01143 0.980980 0.990842 0.94802 0.19717 9.67676 43.1319 27.0904
18 1.01021 0.981611 0.995361 0.94919 1.59225 9.91326 −67.1618 27.5373
∞ 1.00020 0.9992 0.9995 0.998 0.99 1.9
σ 0.00007 0.0002 0.0002 0.008 0.44 19
Exp. 1 1 1 1 1 1 1 1

Table 5.1: Gauge invariant observables and the first out-of-Siegel equation ∆S of
the MSZ lump solution at radius R =

√
3. The last three lines show extrapola-

tions of observables to the infinite level (when possible), estimated errors of the
extrapolations and the expected results.
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of this invariant differs from 1 approximately by 0.02%, the precision is slightly
worse than in case of the energy measured by the action, but it is still very good.

Next we look at the D1 invariant, which distinguishes whether the solution
corresponds to Neumann or Dirichlet boundary conditions. For a D0-brane, which
has Dirichlet boundary conditions, this invariant should be equal to minus the
energy. The numerical values of the D1 invariant approach −1, but, unlike for the
E0 invariant, the sequence is not monotonous and the precision at finite levels
is only few percent. However the infinite level extrapolation agrees with the
expected value to three digits.

We have also computed two more invariants build using the exceptional pri-
maries, D4 and D9, but these invariants oscillate with an increasing amplitude,
which makes them essentially useless. We will discuss their behavior in more
detail later in section 5.2.3 and we will try to improve them using the Padé
approximant.

Another invariants that can distinguish the Dirichlet boundary conditions are
the Wn invariants. Unfortunately, only the W1 invariant is convergent, the W2

invariant oscillates wildly similarly to D4 and all higher invariants as well. These
invariants should be equal to zero and the extrapolated value ofW1 indeed agrees
with the expected value to three decimal places.

Finally we get to the En invariants, which determine position of the D0-brane.
They should be equal to (2.3.147). From the data in table 5.1, we can see that
their precision decreases with growing n, but all convergent invariants are close
to 1. That means that the lump is located at position x0 = 0. Our ansatz
admits one more lump solution, which differs from this one by the sign of odd
En invariants and which corresponds to a D0-brane located at x0 = πR. If we
want to describe a D0-brane at some other position, we can easily move the lump
using the translation operator eip∆x.

We conclude that convergent observables agree very well with the expected
boundary state. The out-of-Siegel equation ∆S approaches zero, so the solution
passes this consistency check as well and we have no doubts that it really describes
a D0-brane.

Before me move on, we would like to point out two more properties of Ellwood
invariants, which apply to essentially all OSFT solutions. First, we observe that
values of invariants at any odd level are close to values on the previous even level1

(or on the next even level if the given invariant first appears at an odd level).
This behavior is easy to understand. When we improve a solution by one level, its
invariants are affected in two ways. First, new coefficients pass the level cut-off,
and second, the presence of these coefficients changes coefficients at lower levels.
The change of lower level coefficients is usually quite small and does not affect the
invariants very much, so contributions from the new coefficients are dominant,
see table 5.6 for illustration. Since we usually consider twist even solutions, new
descendants of a given primary appear every two levels. This explains the jumps
of invariants every two levels. Furthermore, we find that the new contributions
usually have alternating signs, which leads to oscillations with a period of 4 levels.

1To a lesser extend, we observe a similar behavior also for other quantities, like the energy
or coefficients of the string field. Larger changes of these quantities every two levels must have
a different origin; we think that they are caused by appearance of new descendants of the zero
momentum tachyon field.
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The second observation is that the behavior of Ellwood invariants, which varies
from monotonous convergence to wild oscillations with exponentially increasing
amplitude, is not random, but it is connected to properties of the corresponding
Ellwood states and to some properties of solutions. We can deduce from table
5.1 that the amplitude of oscillations grows with the weights of invariants. We
remind the reader that we define the weight of an invariant as weight of the
corresponding vertex operator in the non-universal part of the matter theory. By
studying lump solutions on a torus, we can make this conjecture more precise,
the amplitude of oscillations of a given invariant depends on its weight in sectors
where the solution is non-universal. We will discuss this behavior more in section
5.2.3.

5.1.2 Extrapolations to the infinite level

In this subsection we use the MSZ lump to demonstrate how the extrapolation
techniques described in section 3.7.4 work and to justify their choice.

As usual, we start with the energy. It goes monotonically towards the correct
value, so in figure 5.1 on the left we naively attempt to extrapolate all data
points using polynomials in 1/L of different orders. It is immediately clear that
this is not a viable option. The results are reasonable for low orders (but not
very precise), but as we increase the order, the extrapolating functions begin to
oscillate and they do not capture the actual trend at all. This problem does
not appear for the tachyon vacuum solution, which changes only at even levels.
Therefore we must extrapolate even and odd levels independently. See figure 5.1
on the right, where we show that extrapolating functions in this scheme (from
order 2) go very close to the correct value.

Once it is clear that we have to work with even and odd levels independently,
we can investigate what are the best orders of extrapolating functions. Table 5.2
shows how the extrapolated values of the energy depend on the order. There are
some irregularities, but the general trend is obvious: The higher the order, the
better results we get. This is why we use maximal order extrapolations, which
directly interpolate all data points. The reader may notice that the polynomials
in this case have different orders for even and odd levels, but this does not seem to
cause any problems. The reader may check that the same extrapolation technique
works well also for ∆S and for the coefficients in table 5.3.

Figure 5.1: Extrapolations of the energy of the MSZ lump solution using poly-
nomials of different orders. On the left we extrapolate all levels together, on the
right we extrapolate even and odd levels separately.
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order even levels odd levels
1 0.991590 0.992768
2 0.999429 0.999610
3 1.000051 1.000008
4 0.999972 0.999969
5 0.999960 0.999967
6 0.999974 0.999975
7 0.999982 0.999982
8 0.999987 -

Table 5.2: Extrapolations of the energy of the MSZ lump solution using polyno-
mials of different orders.

Figure 5.2: Extrapolations of the E0 invariant of the MSZ lump solution using
polynomials of different orders. On the left we show extrapolations using levels
modulo 2, which behave very chaotically. On the right we show extrapolations
using levels modulo 4, all of which go close to a single point.

Next we focus on extrapolations of Ellwood invariants, starting with E0.
Based on the experience with the energy, we do not even attempt to use all
data points at once, but the left part of figure 5.2 shows that even separate ex-
trapolation of even and odd levels fails. In order to get consistent results, we
have to increase the interval between levels to 4, see figure 5.2 on the right. The
reason is that Ellwood invariants oscillate with a period of 4 levels. The E0 in-
variant is monotonously decreasing, which means that its oscillations are almost
invisible, but from figure 5.3, where we show extrapolations of the D1 invariant,
it is obvious that the data points follow 4 different curves. When it comes to
the order of extrapolating functions, we once again find that the highest possible
order usually gives us the best results.

Properties of error estimates of extrapolations highly depend on amplitudes
of the oscillations. Errors tend to be too small for mildly oscillating invariants
because all independent extrapolations go above/below the correct value. On the
contrary, errors are usually overestimated for highly oscillating invariants. See
figure 5.4, where we extrapolate the E4 invariant. The four independent extrap-
olations give us values which are positioned symmetrically around the expected
result. Therefore the average of these values is quite precise, but the error given
by the standard deviation is too big. Therefore the errors presented in this thesis
cannot be taken too seriously and they should be understood only as order esti-
mates. One could try to introduce some correction factor by hand, which would
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Figure 5.3: Extrapolations of the D1 invariant of the MSZ lump solution. The
four blue lines are extrapolations of maximal order using levels modulo 4. The red
line is the average of these four curves, which is probably the best approximation
of the function around which the data points oscillate.

depend on weight of the invariant, but so far, we have not found a prescription
that would work well enough.

Another generic problem of this extrapolation technique of Ellwood invariants
is that the order of extrapolations is quite low, which limits the possible precision
of results. Even for this solution, which we have computed to a very nice level
18, the maximal order is 4. In case of the free boson theory on a torus (or other
theory with multiple symmetry generators), we cannot reach such high level and
we often have to work with just linear or quadratic extrapolations, which leads
to large errors. However out of all extrapolation methods we have tested, this
one gives us by far the best results, so we use it despite these issues.
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Figure 5.4: Extrapolations of the E4 invariant of the MSZ lump solution. The
four blue lines represent extrapolations modulo 4 levels (we use only the nontrivial
data points from level 6 above) and the red line is their average. Notice that
the four level infinity values are positioned roughly symmetrically around the
expected value. This leads to an unrealistically high error estimate.

5.1.3 Visualization of the lump

Although it is possible to analyze lump solutions just by looking at their invari-
ants, sometimes it is more instructive to plot how they depend on the coordinate
x along the circle. There are two quantities we can easily visualize.

The first one is the tachyon profile, which was already used in the earliest
references [89][90]. Before introduction of the En invariants, it was the only
option to determine the position of the D0-brane. To define it, we expand the
string field as

|Ψ⟩ = t0c1|0⟩+
∑
n

tnc1 cos
nX(0)

R
|0⟩+ descendants, (5.1.1)

where we singled out the Fourier modes of the tachyon field. Then we define the
tachyon profile as

t(x) =
∑
n

tn cos
nx

R
. (5.1.2)

The coefficients tn of course depend on level. For illustration, we show the first few
coefficients of the MSZ lump solution in table 5.3. We observe that all coefficients
are very stable and that the higher coefficients are strongly suppressed. Therefore
the whole profile does not change much with increasing level. We compare the
level 3 profile t(3)(x) with the extrapolated profile t(∞)(x) in figure 5.5 and we
observe that the original picture from [31] was almost correct.

Interestingly, profiles of lump solutions can be very well approximated by

gaussian curves of the form a + be
−(x−x0)

2

2σ2 or even better by a periodic sums of

gaussians a + b
∑

n∈Z e
−(x−x0−2πnR)2

2σ2 , where the parameters (a, b, σ) have only a
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Level t0 t1 t2 t3 t4 t5
2 0.266124 −0.384735 −0.119565 0 0 0
3 0.270292 −0.396013 −0.125911 −0.0157120 0 0
4 0.278498 −0.397604 −0.129218 −0.0162205 0 0
5 0.279641 −0.398460 −0.130106 −0.0165435 0 0
6 0.282447 −0.398276 −0.131421 −0.0169807 −0.00093274 0
7 0.282785 −0.398375 −0.131657 −0.0170814 −0.00095517 0
8 0.284171 −0.398036 −0.132328 −0.0173232 −0.00097584 0
9 0.284285 −0.398020 −0.132420 −0.0173674 −0.00098820 −0.0000259147
10 0.285109 −0.397713 −0.132823 −0.0175187 −0.00100186 −0.0000269265
11 0.285146 −0.397677 −0.132867 −0.0175421 −0.00100957 −0.0000271398
12 0.285692 −0.397422 −0.133136 −0.0176457 −0.00101919 −0.0000277935
13 0.285699 −0.397385 −0.133159 −0.0176596 −0.00102442 −0.0000279542
14 0.286088 −0.397175 −0.133351 −0.0177352 −0.00103156 −0.0000284167
15 0.286083 −0.397143 −0.133365 −0.0177441 −0.00103533 −0.0000285401
16 0.286374 −0.396968 −0.133509 −0.0178017 −0.00104085 −0.0000288867
17 0.286364 −0.396940 −0.133518 −0.0178077 −0.00104369 −0.0000289838
18 0.286590 −0.396794 −0.133630 −0.0178532 −0.00104809 −0.0000292541
∞ 0.288142 −0.394928 −0.134551 −0.0182668 −0.00110720 −0.0000322792

Table 5.3: First few tachyon coefficients of the MSZ lump solution with extrap-
olations. All estimated errors of the extrapolations are of order 10−7.

small radius dependence. Concretely, for the MSZ lump we get

a = 0.572091,

b = −0.835713, (5.1.3)

σ = 1.47538.

Notice that the parameter a is close to value of the tachyon coefficient of the
tachyon vacuum solution.

There is one problem with the tachyon profile. It is not a gauge invariant
quantity and therefore it does not have an actual physical meaning. There may
be gauges in which it is completely different. However the profile of the Erler-
Maccaferri analytic solution [10] has a quite similar shape, so it is likely that the
profile preserves its basic properties in most gauges.

The second quantity we can plot is the energy density profile introduced in
[35]. It is made out of the En invariants and therefore it is gauge invariant. We
define it as the Fourier series

E(M)(x) =
1

2πR

(
E0 +

M∑
n=1

2En cos
nx

R

)
. (5.1.4)

We have seen that high En invariants are not convergent, so we restrict the sum to
n ≤M , where it is typically reasonable to take M to be roughly M ∼ 2.5R. The
profile is of course level dependent, but we will show only extrapolated profiles
for simplicity.

For a D0-brane located at x0 = 0, the exact profile should be equal to a delta
function:

E(D0)(x) = δ(x) =
1

2πR

(
1 +

∞∑
n=1

2 cos
nx

R

)
. (5.1.5)
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Figure 5.5: Tachyon profile of the MSZ lump. The red curve denotes the profile
at level 3, the blue curve the profile extrapolated to level infinity. The black line
indicates the extrapolated value of the tachyon field of tachyon vacuum solution,
tTV = 0.54049.

In order to compare it to a profile of a solution, we have to truncate the sum over
n to the same number of harmonics as in (5.1.4). Therefore profiles of numerical
solutions do not converge to δ functions, but to truncated Fourier series of δ
functions. In practice, we observe finite size peaks at positions of D0-branes and
oscillations around zero at places where the profile should vanish.

Several profiles of the MSZ lump solution of different orders are shown in figure
5.6. The profiles almost coincide with the predicted curves forM = 3, 4, forM =
5 we can already see a difference because the extrapolation of E5 is inaccurate
and the profile for M = 6 is completely dominated by the last nonconvergent
invariant.

There is an interesting contrast between the tachyon profile and the energy
density profile. The tachyon profile is not gauge invariant, but it is stable with
respect to the level and to addition of high momentum states. On the contrary,
the energy density profile is gauge invariant, but, like the En invariants, it oscil-
lates with level and it gets ruined if we try to add high momentum invariants.
Despite that, the energy density profile is a better tool to analyze solutions. Its
definition does not depend on the initial boundary conditions and, as long as we
include only convergent invariants, it gives us a good idea about the distribution
of energy. On the other hand, the tachyon profile is defined only for the Neumann
boundary conditions and it makes no sense if we consider some more complicated
initial configuration (tilted D1-branes on a torus, D2-branes with flux [44]).

156



Figure 5.6: Energy density profiles E(M)(x) of the MSZ lump solution for M =
3, 4, 5, 6. The blue lines denote the actual profiles extrapolated to level infinity
and the red lines denote Fourier series of delta functions truncated to the same
number of modes.

5.2 Single lump solutions at different radii

In the previous section we analyzed one concrete lump solution, but now we will
investigate how properties of single lump solutions depend on the compactifi-
cation radius. We find that there are two types of single lump solutions with
fundamentally different properties. The two types of solutions are separated by
the self-dual radius R = 1; solutions above this radius are well behaved and
they have properties similar to the MSZ lump, solutions below R = 1 are mostly
complex and they have much worse properties.

5.2.1 Lump solutions for R > 1

First we focus on the case of R > 1. Seeds for single lump solutions at these radii
are easy to find, we just need to solve the equations of motion for relevant fields,
which are few unless one picks a very high radius, and seeds at small radii can
be even guessed.

We have been able to compute quite an extensive sample of solutions from
R = 1 to R = 3 up to level 18. The amount of corresponding data it far too vast
to be shown here, so instead we plot radius dependence of selected quantities in
figures 5.8 to 5.18. We distinguish level of data in these figures by color, which
follows the rainbow spectrum from red at level 2 to purple at level 18, see figure
5.7. We also plot infinite level extrapolations of data by black lines. The vertical
axis is always set on the self-dual radius R = 1 and the horizontal axis on the
expected value of the given quantity.
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Figure 5.7: Colors corresponding to different levels in figures in this section.

The energy of single lump solutions is plotted in figure 5.8. It is monotonously
convergent in the whole region. At low levels, it changes significantly with the
radius, but it is almost radius independent at high levels. The only exception is
the area close to R = 1, where it goes exactly to 1 at every level as the radius
approaches 1. Unfortunately, this is not a sign of improved convergence, but, as
we are going show, the solution itself approaches zero.

We also observe that the energy at a given level is not a continuous function of
the radius. The discontinuities appear because there are radii where new states
pass through the level cut-off, which causes sudden changes of the string field
and consequently of the energy and all other quantities. For example at level 2
there are discontinuities at radii R = n/

√
2, n ∈ N. These discontinuities have no

physical meaning and, with the exception of some En invariants, they get smaller
with increasing level. At high levels, they are usually undistinguishable by naked
eye.

After the energy, we look at the E0 invariant, which is plotted in figure 5.9.
This invariant shows a stronger radius dependence than the energy. It behaves
approximately like a linear function, but it still converges nicely in the whole area
and the infinite level extrapolations are close to the expected value. Curiously, it
approaches 1 from below at low radii (roughly R ≲ 1.2) rather than from above.
This is likely connected to the fact that the E0 invariant of the marginal solution
(see chapter 6) is also lower than 1 at finite levels.

Next is the D1 invariant, which is shown in figure 5.10. The oscillations,
which we observed for the MSZ lump, are a generic feature, although they get
slightly smaller with increasing radius. However the infinite level extrapolations
once again nicely reproduce the expected value. The behavior of the invariant
near R = 1 is more interesting. The curves at all levels abandon their current
trend below approximately R ≲ 1.1 and they quickly grow from approximately
−1 to +1. This is a strong indication that the solution at R = 1 becomes
the perturbative vacuum. We observe the same kind of behavior for all other
invariants as well.
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Figure 5.8: Plot of the energy of single lump solutions between radii 1 ≤ R ≤ 3.
Levels are denoted by colors following figure 5.7. The infinite level extrapolation
is denoted by the black line, but it almost coincides with the horizontal axis. We
use the same style for the remaining figures in this section.

Figure 5.9: Radius dependence of the E0 invariant for single lump solutions.
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Figure 5.10: Radius dependence of the D1 invariant for single lump solutions.

Figure 5.11: Radius dependence of the E1 invariant for single lump solutions.

160



The invariants D4 and D9 show the same kind of pathological behavior as for
the MSZ lump at all radii, so we skip them and move to the En invariants.

We plot the first three En invariants in figures 5.11, 5.12 and 5.13. The first
invariant approaches 1 in a very consistent way, but the higher invariants show a
strong radius dependence. They converge well at large radii, but we observe large
oscillations at low radii. The E3 invariant does not even seem to be convergent
below approximately R ≲ 1.2. This supports our hypothesis that oscillations
of Ellwood invariants depend on their conformal weights, which are n2

4R2 for the
En invariants. We also observe that the oscillations enhance discontinuities of
these invariants. This is because the En invariants at low radii receive largest
contributions from the highest available level, so the addition of new states greatly
changes these invariants.

Finally, we get to the Wn invariants. Their conformal weights grow with the
radius as n2R2

4
, so only the first two invariants are convergent at least somewhere.

We plot the W1 invariant in figure 5.14. It converges quite well it low radii,
but its oscillations grow uncontrollably with increasing radius. It is interesting
that the extrapolated curve stays close to zero up to approximately R ≈ 2.7,
where the oscillations are already much bigger than 1 and the estimated errors of
extrapolations are huge (for example at R = 2.7 we get W

(∞)
1 = 0.015± 3). The

second invariant W2, which is shown in figure 5.15, converges only inside a very
limited interval of radii because its conformal weight starts at 1. Unlike the En

invariants, theWn invariants do not exhibit large discontinuities and therefore we
will use them to investigate the dependence of oscillations on conformal weights
later.

The out-of-Siegel equation ∆S, which is plotted in figure 5.16, is satisfied very
well in the whole range of radii. We notice that in the region close to R = 1 it
switches sign and gets slightly worse, but elsewhere it behaves similarly as for the
MSZ lump.

Next we are going to discuss properties of single lump solutions around R = 1.
All observables suggest that the solution approaches the perturbative vacuum and
we can easily confirm this conjecture directly by looking at its coefficients, all of
which go to zero. Therefore we have

lim
L→∞

lim
R→1

Ψ = 0. (5.2.6)

On the other hand, infinite level extrapolations behave very consistently even
at quite small radii, which suggests that the solution at a fixed radius always
describes a D0-brane, we just need to go to high enough level to observe it at
low radii. Therefore it is likely that when we exchange the limits, we find the
marginal solution describing the Dirichlet boundary conditions,

lim
R→1

lim
L→∞

Ψ = Ψmar
λB=π/2. (5.2.7)

Therefore we can use this approach to estimate some properties of the Dirichlet
marginal solution. We are interested in the zero momentum tachyon coefficient
t0 and in the first momentum mode t1, which becomes marginal at R = 1. The
radius dependence of these coefficients is plotted in figures 5.17 and 5.18 respec-
tively. As we said before, both coefficients go to zero as R → 1, but infinite level
extrapolations compensate this effect quite well until R ≈ 1.05. Therefore we can

161



Figure 5.12: Radius dependence of the E2 invariant for single lump solutions.

Figure 5.13: Radius dependence of the E3 invariant for single lump solutions.
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Figure 5.14: Radius dependence of the W1 invariant for single lump solutions.
The first figure shows the full range of data, in the second figure we zoom to data
range −1 ≤ W1 ≤ 1 to show its behavior at smaller radii.
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Figure 5.15: Radius dependence of the W2 invariant for single lump solutions.
We show only data for R ≤ 1.5 because it takes too high values at larger radii.

Figure 5.16: Radius dependence of ∆S for single lump solutions
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Figure 5.17: Radius dependence of the zero momentum tachyon coefficient t0
for single lump solutions. The black line denotes its infinite level extrapolation
and the dotted black line, which almost coincides with the full black line, is a
polynomial fit of the extrapolation, which we use to estimate the value of this
coefficient at R = 1.

drop the first few data points near R = 1 and fit the rest of the extrapolated data
with a polynomial, which can be then evaluated at R = 12. Using this method,
we get

t
(R=1)
0 = 0.1473, (5.2.8)

t
(R=1)
1 = 0.3751. (5.2.9)

The results do not depend much on orders of the extrapolating polynomials, we
estimate that the errors are of order 10−4. These results nicely agree with the
estimates from marginal deformations from chapter 6 and from the pseudo-real
double lump solution from section 5.3.3.

2A similar method was used in [56] to estimate t1. The result from this reference, t
(R=1)
1 =

0.351, is somewhat lower than our estimate, probably due to lower level of calculations in this
reference.
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Figure 5.18: Radius dependence of the first momentum coefficient t1 for single
lump solutions, which becomes a marginal field at R = 1. The black line denotes
the infinite level extrapolation and the dotted black line, which is difficult to see,
a polynomial fit of the extrapolation.

5.2.2 Lump solutions for R < 1

Single lump solutions below the critical radius are quite different from the ones
described in the previous subsection. A D0-brane at radius R < 1 has higher
energy than a D1-brane and therefore lump solutions go against the RG frow
from the BCFT point of view. There are no relevant operators apart from the
usual zero momentum tachyon, so we must consider some irrelevant fields to see
any nontrivial solutions. To find a seed for a lump solution, we have to choose a
level which includes at least the first momentum state and the first descendants
of the tachyon field, that means at least level 2. We find no real lump solutions
at levels available for the homotopy continuation method, but there are some
promising complex seeds. Next we are going to discuss one solution of this type
as an example.

We have chosen a special radius R = 1√
2
and we show some properties of the

lump solution at this radius in table 5.4. The energy of this solution is a familiar
number and we find that it exactly matches the energy of the σ-brane solution in
the Ising model (see [58] or section 8.1.1). We can also match ∆S, some Ellwood
invariants and some of its coefficients, which means that this solution is dual to
the Ising model solution, it is just written in a different basis. This duality can
be explained as follows: In section 8.3 we describe a duality between the double
Ising model and the free boson theory on the orbifold S1/Z2 with radius

√
2 (or

with the T-dual radius 1√
2
). A similar duality can be written for the free boson

theory on a normal circle, this theory is dual to the double Ising model with a
non-diagonal bulk spectrum. The precise form of the duality is not important for
us because this particular Ising model solution needs only the Verma module of
identity and the correct energy-momentum tensor. In the free boson theory at
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Level Energy ∆S D1

2 1.59267− 0.726878i −0.155169 + 0.118196i −9.73471 + 5.23904i
4 1.41414− 0.201521i −0.0881209 + 0.0512621i −0.66854− 1.99191i
6 1.28579− 0.0766818i −0.0659859 + 0.029532i −3.86207 + 0.373757i
8 1.2116− 0.0305389i −0.0544551 + 0.0187957i −0.575138− 0.822662i
10 1.16345− 0.0100715i −0.0472822 + 0.0117019i −2.48552− 0.002611i
12 1.12943− 0.0012257i −0.0423218 + 0.0053484i −0.569512− 0.245609i
14 1.10568 −0.0330019 −1.93951
16 1.09045 −0.0275429 −0.950873
18 1.07936 −0.0239721 −1.69824
20 1.07084 −0.0213384 −1.04849
∞ 0.993 0.017 −1.2
Exp. 1 0 −1

Level E0 E1 W1

2 1.06048 + 0.184547i 5.3976− 2.52724i −0.288914 + 0.816358i
4 0.962899 + 0.142672i 0.81572 + 1.06729i −0.310926 + 0.474456i
6 0.922618 + 0.113783i 2.39235− 0.129987i −0.327389 + 0.331617i
8 0.904803 + 0.0868545i 0.739971 + 0.454758i −0.312953 + 0.237079i
10 0.892563 + 0.0617353i 1.68904 + 0.032173i −0.316423 + 0.161724i
12 0.885097 + 0.0310941i 0.727304 + 0.138352i −0.310218 + 0.079033i
14 0.914693 1.4271 −0.223734
16 0.930444 0.940658 −0.173499
18 0.939178 1.31871 −0.147128
20 0.945384 0.996936 −0.126159
∞ 1.02 1.1 0.09
Exp. 1 1 0

Table 5.4: Selected observables of the positive energy single lump solution at
radius R = 1√

2
. The extrapolations use only the real data points from levels 14

to 20. We cannot very well estimate their errors.

R = 1√
2
, we find that the operators

1

2
(T (z)± cos(X/

√
2)(z)) (5.2.10)

have the desired properties of energy-momentum tensors with c = 1
2
and therefore

they guarantee existence of the dual solution.
We have been able to evaluate this solution up to level 20. This is two levels

higher than the MSZ lump solution, but 4 levels lower than the corresponding
Ising model solution. Therefore we leave a more detailed discussion of its prop-
erties to section 8.1.1 and we review only its key features here.

The solution starts as complex, but its imaginary part steadily decreased and
it finally becomes real at level 14. That allows us to accept the solution as
physical, but the transition means that the real part of the solution dramatically
changes its behavior when the imaginary part disappears (see figure 8.1 for plots
of some of the invariants). For example, the real part of the E0 invariant moves
away from 1 below level 14, but it approaches the correct value above level 14.
Other invariants behave similarly, although the trend is partially obscured by
oscillations of some invariants.

This means that it is very difficult to extrapolate the solution. We have not
found any consistent way to include the data from levels below 14, so there are
only 4 real points for every observable (there are no new data at odd levels). In

167



Figure 5.19: Ratio between the imaginary part and the real part of single lump
solutions at radii 0.5 ≤ R ≤ 0.99 up to level 20. Levels are denoted by colors fol-
lowing the rainbow spectrum similarly to figure 4.7, but the scale is now stretched
to 20 levels. There are only 10 points at most radii because even and odd level
data often coincide.

the end, we obtain only a rough approximation of the Dirichlet boundary state
(Ellwood invariants have errors around 10-20%, the energy slightly less than 1%),
but the identification of the solution is essentially clear because there is no other
boundary state with similar properties. Compared to the MSZ lump solution, the
precision has dropped by 2 to 3 orders. The corresponding Ising model solution
offers a slightly better precision, but we would probably need data from levels
above 30 to get the same precision as for the usual lumps solutions.

Next we will discuss radius dependence of positive energy lump solutions. We
have computed these solutions at radii from 0.5 to 0.99 up to level 20. Since
these solutions give us less information than those above the self-dual radius, we
choose a less dense sampling.

We begin by investigating reality properties of these solutions. For that pur-
pose we define a ratio of the imaginary part and the real part of the string field as∑

i Im[ti]/
∑

i Re[ti] and we plot it in figure 5.19. This quantity is not invariant
(it depends even on the choice of basis), but it is usually quite informative about
how complex a solution is. We observe that solutions up to level 20 become real
only in a limited interval of radii (approximately 0.6 ≲ R ≲ 0.85). Predictably,
solutions get more complex further away from the self-dual radius because they
need to go more against the RG flow. However the imaginary part grows even
more close to R = 1. It is even possible that the imaginary part diverges in the
R → 1 limit.

With the available data, we cannot say with certainty whether all lump solu-
tions at all radii become real at sufficiently high level. Some extrapolations sug-
gest that they might, but extrapolations of imaginary parts of different quantities
often give us contradictory results, so it hard to make any definitive conclusion.
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Figure 5.20 shows the real and imaginary part of the energy. Surprisingly,
it does not reflect the growth of imaginary coefficients near R = 1. The real
part of the energy actually behaves well close to the self-dual radius and even
the imaginary part stays quite small. Unfortunately we are not able to make any
trustworthy extrapolations at these radii, so we have to make do with finite level
data.

Ellwood invariants agree with the expected boundary state only very roughly,
the errors at level 20 are of order of tens of percents. Figures 5.21 and 5.22
show the real part of E0 and W1 respectively as examples. If we look at these
invariants at high levels, we observe how the change of reality properties affects
the invariants. The lines are not analytic functions of the radius and if we check
the level dependence at fixed radius, we find that these two invariants approach
the expected values only once they become real.

It is not clear what happens to these lump solutions in the R → 1 limit.
Obviously, they do not approach the perturbative vacuum like those above R = 1,
and they do not seem to approach the marginal solution either. Some quantities
change quickly as the radius approaches 1 and some may even diverge, so it is
quite possible that there is no good R → 1 limit at finite level. Assuming that
all solutions become real at high enough level, it may possible to first extrapolate
them to level infinity and then take the limit like above R = 1, but we cannot do
so with the available data.
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Figure 5.20: Real and imaginary part of the energy of single lump solutions below
the self-dual radius. We show no extrapolations because they are not reliable.
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Figure 5.21: Real part of the E0 invariant of positive energy single lump solutions.

Figure 5.22: Real part of theW1 invariant of positive energy single lump solutions.
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5.2.3 Convergence of Ellwood invariants and Padé ap-
proximants

We have seen that some Ellwood invariants of single lump solutions do not seem
to be convergent. Moreover, it is clear that their oscillations are closely related
to their conformal weights. This behavior does not apply only to lump solutions,
but, as far as we can tell, to all non-universal OSFT solutions in any background.
In this section we investigate the oscillations and show our attempts to improve
the convergence of Ellwood invariants using Padé approximants.

First, we would like to understand the origin of oscillations of Ellwood in-
variants. These oscillations are connected to the conservation laws derived in
section 2.5. Take for example the Virasoro conservation law (2.5.256) in the limit
|h|, |h̄| ≫ c:

⟨E[V(h,h̄)]|L−n = 4n
(
i−nh+ (−i)−nh̄)

)
⟨E[V(h,h̄)]|, (5.2.11)

where we neglected the central charge and the Ln operator. Concretely, for n = 2
and h = h̄ we find

⟨E[V(h,h)]|L−2 = −16h⟨E[V(h,h̄)]|. (5.2.12)

Therefore the state (L−2)
L/2|0⟩ contributes to a given invariant at level L as

(−16h)L/2 plus subleading terms. Similarly, the state (α−1)
L|0⟩ in the free bo-

son theory contributes to the Wn invariants as (−1)L/2(2
√
2nR)L. These contri-

butions grow exponentially with level. However these high numbers can be in
principle suppressed by string field coefficients, which decrease with level, or by
mutual cancelation of terms. By investigating individual contributions to D4, D9

and Wn for several lump solutions, we have found that both effects play a role
and they actually significantly reduce the oscillations compared to these simple
estimates, but not enough to fully suppress them. Invariants with high confor-
mal weights behave well only for universal solutions or for solutions which have
universal dependence on some direction (for example, in the theory on a torus
we find lump solutions oriented in the X direction, which have well convergent
invariants constructed using the Y field).

Unfortunately, we do not know whether this problem is just a ’low’ level
behavior and the invariants converge in the L→ ∞ limit, or whether level trun-
cated solutions lead to divergent series and some boundary state coefficients can
be obtained only through some resummation process. To decide that, we would
need an analytic solution with known L0 expansion up to all levels, which have
not been found so far. However we at least try make some estimates about the
convergence.

For that purpose we make a simplified definition. We say that a given invariant
is convergent if there is a level L at which the value of the invariant is closer to
the expected value than at level L − 4. Now take the invariants W1 and W2,
which have a relatively smooth radius dependence (see figures 5.14 and 5.15).
Using these invariants, we can try to determine critical radii at every level below
which the invariants converge. First, we fit the invariants with polynomials in R
to approximate them by smooth functions and to remove discontinuities. Then
we compute where these polynomials cross each other to determine the critical
radii and the associated conformal weighs. The results of this procedure are
summarized in table 5.5. Although these results probably have large errors and
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W1 W2

Level R h R h
6 2.25 1.26 1.25 1.55
7 2.32 1.35 1.26 1.59
8 2.49 1.55 1.25 1.57
9 2.51 1.57 1.26 1.58
10 2.57 1.65 1.26 1.58
11 2.59 1.68 1.27 1.60
12 2.65 1.76 1.27 1.63
13 2.67 1.78 1.28 1.64
14 2.70 1.83 1.29 1.67
15 2.71 1.84 1.30 1.70
16 2.75 1.89 1.30 1.68
17 2.76 1.91 1.31 1.73
18 2.79 1.95 1.29 1.68

Table 5.5: Critical radii computed from the invariants W1 and W2 at different
levels and the associated conformal weights.

there are some irregularities, the general trend is that the critical radius grows
with level. This makes us slightly optimistic that Ellwood invariants might be
convergent after all.

However even if all invariants are convergent and if we could reach high enough
level, some invariants would not be usable anyway due to loss of numerical pre-
cision. Consider the tachyon vacuum solution in the free boson framework. All
of its nonzero invariants should be the same in our normalization conventions.
However they differ due to numerical errors caused by cancelation of large num-
bers. For example, we find that the D4 invariant at level 18 has an absolute error
of order 10−7 (in the usual double number format) and the D9 invariant has an
error of order 10−3. Therefore invariants with even higher conformal weights or
at higher levels would have errors larger than the characteristic scale and there
is no point in computing such invariants.

Although raw data are pretty much useless for some invariants, there is still a
possibility of improving their convergence using some resummation process. For
that purpose we modify the definition (2.3.136) by insertion of the operator zL0+1:

E[V ](z) = ⟨E[V ]|zL0+1|Ψ−ΨTV ⟩. (5.2.13)

This definitions turns Ellwood invariants into power series in z and it allows us to
distinguish contributions from different levels. The original values can be restored
simply by setting z = 1. For illustration, we show three modified invariants of
the MSZ lump solution in table 5.6. These data support our previous claim that
invariants change with increasing level mainly due to new states appearing at
the highest level and that contributions from lower levels undergo only minor
changes.

A common method to deal with a divergent series is the Padé approximation.
Given a series f(z) =

∑
n anz

n, the Padé approximant is a rational function f q
p (z)

of degree (p, q), whose power series matches f(z) up to order p + q. To improve
convergence of an invariant, we replace it by its Padé approximant and then we
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Level E0(z)

2 1.00801 + 0.0829262z2

3 0.996668 + 0.0635063z2

4 0.974341 + 0.0596181z2 + 0.0122671z4

5 0.971233 + 0.057768z2 + 0.0104819z4

6 0.963599 + 0.0557043z2 + 0.00994823z4 − 0.000036609z6

7 0.962678 + 0.0546188z2 + 0.00979042z4 − 0.000406542z6

8 0.958906 + 0.053447z2 + 0.00947149z4 − 0.000565497z6 + 0.00174932z8

9 0.958596 + 0.0527582z2 + 0.00931698z4 − 0.000564807z6 + 0.00160117z8

10 0.956355 + 0.0520185z2 + 0.00911806z4 − 0.000669409z6 + 0.00152158z8 − 0.00047325z10

Level D1(z)

2 1.00801− 2.02154z2

3 0.996668− 2.10744z2

4 0.974341− 2.22358z2 + 0.496764z4

5 0.971233− 2.25946z2 + 0.509003z4

6 0.963599− 2.30147z2 + 0.543436z4 − 0.150734z6

7 0.962678− 2.31311z2 + 0.549798z4 − 0.158862z6

8 0.958906− 2.33471z2 + 0.56762z4 − 0.167302z6 + 0.0659523z8

9 0.958596− 2.33992z2 + 0.57129z4 − 0.171262z6 + 0.06793z8

10 0.956355− 2.35313z2 + 0.582412z4 − 0.176714z6 + 0.0712083z8 − 0.0439085z10

Level D4(z)

2 1.00801− 8.33494z2

3 0.996668− 8.62029z2

4 0.974341− 9.07319z2 + 17.3984z4

5 0.971233− 9.21116z2 + 17.796z4

6 0.963599− 9.37298z2 + 18.7402z4 − 39.3822z6

7 0.962678− 9.41628z2 + 18.9744z4 − 40.7445z6

8 0.958906− 9.49916z2 + 19.4825z4 − 42.3452z6 + 100.23z8

9 0.958596− 9.51794z2 + 19.608z4 − 43.0705z6 + 103.074z8

10 0.956355− 9.56856z2 + 19.9291z4 − 44.1197z6 + 106.475z8 − 214.857z10

Table 5.6: Modified invariants E0, D1 and D4 of the MSZ lump solution as
polynomials in z up to level 10.

set z = 1 to remove the artificial z dependence. We usually take approximants
of degree (p, p) (if the polynomial has even degree) or (p, p + 1) (if it has odd
degree).

Padé approximations of Ellwood invariants sometimes do not work well (prob-
ably due to poles of f q

p (z) near z = 1), so we introduce a second method called the
Padé-Borel approximation. In this case we first apply the Borel transformation
to the function f(z), Bf(z) =

∑
n

akz
k

k!
, then we replace this function by its Padé

approximant and finally we apply the inverse Borel transformation∫ ∞

0

e−tBf q
p (tz)dt. (5.2.14)

These approximations have been successfully used to improve the convergence of
energy of some analytic solutions [4][74][75] and they have been also applied to
some numerical solutions [57][58][53].

When we use these methods on Ellwood invariants, we encounter few issues.
First, there is usually a common prefactor zh, where h is the weight of the funda-
mental primary that contributes to the given invariant. This term does not have
any effect, so we drop it for simplicity. This is equivalent to inserting zN instead
of zL0+1 into (5.2.13). Second, modified invariants of twist even solutions include
only even powers of z. The reader can easily check that there is no order (1,1)
Padé approximant for a function of the form a0+ a2z

2, so one has to use unusual
orders of approximations (in this case (0, 2)) when working with such functions.
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Level D1 DP
1 DPB1

1 DPB2
1

2 −1.01353 0.33539 0.464621 0.626043
4 −0.752479 −0.843193 −0.870075 −0.905075
6 −0.945165 −0.913092 −0.908299 −0.91999
8 −0.909528 −0.930971 −0.930396 −0.930085
10 −0.963774 −0.944656 −0.943675 −0.94368
12 −0.945928 −0.943369 −0.955824 −0.951481
14 −0.972895 −0.975618 −0.960695 −0.95812
16 −0.961803 −0.966478 −0.964733 −0.957612
18 −0.978161 −0.974784 −0.970367 −0.96604
∞ −1.0006 −1.009 −0.995 −0.97

Table 5.7: Padé and Padé-Borel approximations of the D1 invariant of the MSZ
lump solution with extrapolations.

Level EP
5 W P

2 DP
4 DP

9

2 0 0.140372 0.10875 0.05115
4 0 −0.697061 −2.13552 −2.50729
6 0 −0.220903 −2.39626 −2.85202
8 0 −0.097232 −2.21191 −2.56816
10 3.81063 −0.181509 −2.95633 −3.13168
12 1.27485 −0.32443 −2.04616 −2.44598
14 0.52410 −0.255078 −1.09307 −0.42430
16 0.81695 0.060441 0.71694 25.0938
18 0.85959 −0.076353 0.79231 4.06549
Exp. 1 0 1 −1

Table 5.8: Padé approximations of selected invariants with h > 1 for the MSZ
lump solution.

Therefore it is easier to make the replacement z2 → z̃. Then we take Padé ap-
proximant of the polynomial in z̃. The Padé approximation does not depend on
whether we work with z or z̃, but the Padé-Borel approximation does. We will
denote the Padé-Borel approximation using z̃ as PB1 and using z as PB2. The
references [57][58][53] use the PB1 scheme.

The approximations usually reduce oscillations of invariants, but unfortu-
nately it turn out that their use is often counterproductive. See table 5.7, where
we apply the resummation techniques to theD1 invariant of the MSZ lump. Start-
ing with level 4, the approximations suppress the oscillations and give us almost
monotonic convergence of the invariant. However they also destroy the original
pattern of level dependence and therefore we cannot use the usual extrapolation
techniques. We are forced to fit the approximations just by linear or quadratic
functions and the results are actually less precise than the extrapolation of the
original data. This applies to other convergent invariants as well. The use of
Padé-Borel approximations in [53] prevented us from making a good estimate of
the λB(λS) dependence, while we manage to do so in section 6.2 using the same
data without Padé-Borel approximations.

Therefore it makes sense to use these approximations only for nonconvergent
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invariants. We show some examples in table 5.8. The Padé approximations of
the E5 invariant with weight 25

12
and of the W2 invariant with weight 3 give us

roughly the expected results, but if we take invariants with even higher conformal
weights, this method becomes unreliable as well. Take a look at Padé approxima-
tions of the D4 invariant, which should be equal to 1. The huge oscillations have
disappeared, but the results below level 16 are far from correct. The approxi-
mation jumps to positive numbers at level 16, but we would need several more
levels to confirm whether this is just a coincidence or not. The results for the D9

invariant are even worse. Interestingly, Padé approximations of both invariants
change significantly at level 16, which could be caused by appearance of the P16

Virasoro primary.

5.3 Double lump solutions

In this section we analyze double lump solutions, which describe two D0-branes
on a circle. These solutions have usually very similar properties to single lump
solutions. Actually, some double lump solutions, concretely those describing D0-
branes at opposite points of the circle, are double copies of single lump solutions
from radii R/2. These solutions have the same string field and their observables
are multiplied by two (with the exception of some necessary changes in En and
Wn invariants). Similarly to single lumps solutions, double lump solutions are
real and well behaved above R = 2 and complex below R = 2.

The main focus of this section will not be agreement between observables
and predicted boundary states, but distances between lumps. Generically, two
D0-branes on a circle have two parametric modulus, but, because we impose the
parity even condition, we can find only lumps positioned symmetrically around
the origin, which can be described just by one parameter. However the level
truncation approximation breaks the exact symmetry and we find just a finite
set of solutions, which describe lumps at discreet distances. We expect that the
modulus should be restored in the infinite level limit, so the set of solutions should
be getting more dense with increasing level.

Before we get to the actual results, we introduce a parametrization of position
of the two lumps. The positions of two symmetrically placed D0-branes can be
written as x1 = πRs and x2 = −πRs (or equivalently x2 = πR(2 − s)), which
gives them distance 2πRs, where s is a dimensionless parameter between 0 and
13. Furthermore, we can restrict the parameter to s ≤ 1

2
because the values s and

1− s are related just by a translation by half of the circle length.

Given a double lump solution, we can determine the distance between lumps
from the En invariants. The formula (2.3.147) tells us that the expected values
of these invariants are

En = 2 cos(nπs). (5.3.15)

The best choice is to express the distance using the E1 invariant as

s =
1

π
arccos

(
E1

2

)
(5.3.16)

3The relation between s and the parametrization in [35] is s = 1− a.

176



because this is invariant is usually the most precise one and if we try to determine
s from a higher invariant, we have to deal with the choice of a correct branch of
the arccosine, see [35] for more details.

5.3.1 Double lump solution at R = 3

We begin with a closer look at one example of a double lump solution. The
reference [35] shows a double lump solution at R = 2

√
3, but, since this solution

is complex at some levels, we have chosen a different solution at radius R = 3
here.

Solutions of level 2 equations of motion include two independent double lump
solutions. One of them is just a double copy of the single lump solution from
R = 3

2
. It describes D0-branes positioned directly opposite to each other, so we

investigate the other solution, where the lumps have a more generic distance.
We show some observables of this solution in table 5.9. As for the MSZ lump

solution, the energy, E0, D1 and ∆S are in good agreement with the expected
values, so we focus on the En invariants. The extrapolation of the E1 invariant
can be used to compute the relative distance between the two lumps, which is

s(1) = 0.3415± 0.0008. (5.3.17)

We use this distance to predict values of the other En invariants in table 5.9 and
we can see that they agree with the predictions within the statistical errors. The
actual distance between the two lumps in multiples of 2π is sR = 1.024± 0.003.
Since this number is higher than 1, there are no stretched tachyonic strings in
the spectrum of excitations around this solution. We will discuss the importance
of this issue in the next subsection.

Alternatively, we can try to determine the lump distance from positions of
minima of the tachyon profile, which is shown in figure 5.23. We obtain

s(tach) = 0.3430, (5.3.18)

which is quite close to (5.3.17) despite the fact that the tachyon profile is not
gauge invariant. The maxima of the energy density profile, which is also shown
in figure 5.23, do not allow us to determine the distance with a good precision.
By analyzing distances between maxima of truncated Fourier series of two delta
functions, we have found that they reproduce the correct distance only in the
n→ ∞ limit, which is not available for numerical solutions.
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Level Energy ∆S D1 E0 E1

2 2.17133 0.0275172 −1.83664 2.13635 0.623568
4 2.06160 0.0042647 −1.41075 2.05420 0.679687
6 2.03669 0.0018829 −2.12253 2.03041 0.740993
8 2.02610 0.0010114 −1.73777 2.02286 0.788949
10 2.02029 0.0005845 −2.08833 2.01655 0.818299
12 2.01663 0.0003446 −1.83192 2.01401 0.839221
14 2.01412 0.0001980 −2.06422 2.01108 0.854017
16 2.01228 0.0001031 −1.87875 2.00986 0.865900
18 2.01087 0.0000391 −2.0482 2.00817 0.875055
∞ 2.00013 −0.000045 −2.000 1.9986 0.955
σ 0.00001 0.000006 0.030 0.0002 0.004
Exp. 2 0 −2 2 0.955

Level E2 E3 E4 E5 E6

2 −1.1276 −1.8708 −0.260634 0 0
4 −1.30866 −1.73432 0.018296 2.54195 2.24519
6 −1.29741 −1.85655 −0.163463 1.31848 0.58457
8 −1.25599 −1.87273 −0.275079 1.82313 2.24962
10 −1.23106 −1.91558 −0.399237 1.45064 1.14686
12 −1.21002 −1.91998 −0.441497 1.59977 2.15322
14 −1.19602 −1.93939 −0.508464 1.43725 1.42902
16 −1.18330 −1.94115 −0.530770 1.49886 2.08692
18 −1.17404 −1.95228 −0.573408 1.40911 1.58523
∞ −1.083 −1.994 −0.83 1.21 2.01
σ 0.006 0.004 0.02 0.04 0.19
Exp. −1.087 −1.994 −0.82 1.21 1.98

Table 5.9: Selected observables of a double lump solution at R = 3 up to level
18. We show only well convergent Ellwood invariants at even levels to reduce the
amount of data. The expectation values of En invariants are based on the lump
distance computed from E1.

Figure 5.23: Visualization of a double lump solution at R = 3. On the left: Plot
of the extrapolated tachyon profile t(x). On the right: Plot of the energy density
profile E(6)(x) using 6 momentum harmonics.
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5.3.2 Superposition of lumps

When we want to find as many double lump solutions as possible, the traditional
use of the level truncation approach is not the best choice. The homotopy con-
tinuation method, which can be used approximately up to level 3 for R > 2,
produces only a limited number of seeds. And as we improve them to higher
levels, some of them often merge together, so the number of distinct solutions
actually decreases with level. Therefore we introduce a new way to generate
seeds for the Newton’s method, which is based on superposition of single lump
solutions.

We take inspiration from tachyon profiles of lump solutions. Tachyon profiles
of all known lump solutions on large enough radius follow a very simple pattern.
Far enough from the lump positions, the profile is almost flat and the tachyon
field here has approximately the same value as for the tachyon vacuum solution.
The lumps themselves are represented by gaussians subtracted from the constant
part (see figures 5.5 and 5.23).

Therefore we can decompose the single lump solution located at the origin
|ΨSL(0)⟩ into the tachyon vacuum solution and a lump ’perturbation’ |Ψlump(0)⟩,

|ΨSL(0)⟩ = |ΨTV ⟩+ |Ψlump(0)⟩. (5.3.19)

The tachyon vacuum is translation invariant, while the ’perturbation’ can be

moved to an arbitrary position. Using the parameter s, we define

|Ψlump(s)⟩ = eiπRsp|Ψlump(0)⟩. (5.3.20)

Now we can construct approximate double lump solutions |ΨDL(s)⟩ using super-
position of single lumps as

|ΨDL(s)⟩ = |ΨTV ⟩+ |Ψlump(s)⟩+ |Ψlump(−s)⟩
= |ΨSL(s)⟩+ |ΨSL(−s)⟩ − |ΨTV ⟩. (5.3.21)

When we translate this formula to coefficients of this string field, we find

tDL
i (s) = 2 cos(πRski)t

SL
i − tTV

i , (5.3.22)

where ki is the momentum of the ith basis state. These approximate double
lumps can be used as seeds for the Newton’s method.

In order to find how many double lump solutions exist for a given level and
radius, we scan over a set of initial distances sinit and then we make union of the
double lump solutions we find. We have chosen to test the superposition method
on three different radii R = 3, 4, 5. We have been able to go up to level 12 using
1000 equally spaced initial points for each radii. The results not exactly as we
expected.

First we are going to present few examples of results of this method. Figure
5.24 shows 1000 relative distances we have found at radius R = 3 and level
12. Double lump solutions are represented by blue dots, green dots represent
other solutions (usually single lumps) and red dots represent seeds that have not
converged within 20 iterations of the Newton’s method. This figure illustrates
a typical results of the superposition method at low radius. We find only few
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Figure 5.24: Plot of final distances sfin against initial distances sinit of dou-
ble lump solutions obtained by the superposition method at level 12 and radius
R = 3. The sample contains 1000 equally spaced initial distances. Blue points
represent double lumps solutions, green points other solutions and red points in-
dicate seeds that have not converged within 20 iterations. The ”distances” for
other solutions than double lumps do not have any physical meaning. The blue
line indicated the ideal relation sfin = sinit.

independent distances, which do not follow the ideal relation sfin = sinit at all.
We observe that there are several larger areas where all seeds converge to the same
solution and solutions between these areas alternate between several different
distances. That is not surprising because domains of convergence of the Newton’s
method often have fractal shapes.

Another example in figure 5.25 shows the results from level 4 at radius R = 4.
This figure is atypical because there are many nonconvergent seeds and the ”dis-
tances” computed from the approximate solutions concentrate around a certain
point. This indicates existence of a complex double lump solution, which cannot
be found from real seeds. In order to see it, we could add a small imaginary part
to (5.3.22). Finally, in figure 5.26 we show the results from level 11 at radius
R = 5. The number of independent solutions has grown compared to the lower
radii and there is finally a stronger correlation between initial and final values of
the parameter s.

In the end, it is more important to know the number of independent double
lump solutions than which seeds they come from. We summarize the relative
distances we have found at different levels at the three radii in question in figure
5.27. As we expected, the number of solutions grows with the radius, usually
by one or two depending on the level. But their number does not significantly
increase with the level. With the exception of some irregularities, there is only
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Figure 5.25: Plot of final distances sfin against initial distances sinit of double
lump solutions obtained by the superposition method at level 4 and radius R = 4.

Figure 5.26: Plot of final distances sfin against initial distances sinit of double
lump solutions obtained by the superposition method at level 11 and radius R =
5.
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one new solution at level 3 at all three radii, another one at level 7, and that is
all. That means either that it is necessary to go to very high levels to see a dense
set of solutions or that our conjecture, which states that the modulus should be
restored in the L → ∞ limit, is wrong. Of course, there is no guarantee that we
have found all independent solutions, but we do not think that this is a likely
possibility. At low levels, where we can find all solutions explicitly using the
homotopy continuation method, the superposition methods gives us all double
lump solutions. If we have missed some solutions, they must be quite different
from traditional double lumps.

Next, we observe that the distribution of distances is not even. There are no
solutions with low distances, see later, and there are several large gaps between
the solutions. There are also sometimes big differences between distances at
adjacent levels, which tells us that the way we truncate the string field has a
large impact on which discreet distances we find.

The differences between adjacent levels mean that there is no unique way to
match solutions at different levels. For example, there is one solution at radius
R = 4 that appears only at odd levels. To explore this issue, we have tried to
find relations between all solutions at all levels using the Newton’s method. This
also allows us to check (at least partially) whether there are any solutions missed
by the superposition technique. Figure 5.28 shows the most interesting part of
the results, we compare improvement of solutions by one and two levels at radius
R = 5. We can see that some seeds can lead to different solutions depending on
which pattern we choose for the Newton’s method. We also observe that solutions
two levels apart are generally easier to match than solutions from adjacent levels.
Sometimes we cannot be sure whether distances from even and odd levels converge
to the same number and therefore we should be careful when extrapolating these
solutions.

We notice that there is a relatively large minimal distance at all radii, below
which we find no double lump solutions. This relative distance is approximately
s ≈ 1/R, which correspond to the absolute distance ∆x≈ 2π. The distance 2π
has a well known meaning. There are marginal modes in the spectrum of strings
stretched between two D0-branes separated by this distance and if the separation
decreases, the lightest modes become tachyonic. Therefore it seems that it is
difficult to find double lump solutions with this type of tachyonic excitations. As
we are going to see later in sections 7.2 and 8.4.1, a similar rule applies to other
models as well.

We have found one solution with ∆x < 2π, it is the solution with the smallest
distance at R = 3. The seed for this solution from level 7 can be improved to
level 18 without any problems. Its invariants oscillate more than in case of other
lump solutions, but otherwise it seems to be consistent. By extrapolating the E1

invariant of this solution, we obtain

s(∞) = 0.3248± 0.0005, (5.3.23)

∆x(∞) = 2π(0.974± 0.002). (5.3.24)

This confirms that the separation of the two D0-branes is lower than 2π and
therefore there are slightly tachyonic stretched strings in their spectrum.

When we try to extend the solution below level 7, we find a problem. The
Newton’s method either does not converge or converges to a clearly different
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Figure 5.27: Summary of relative distances of double lump solutions found by
superpositions of single lumps at levels from 2 to 12. The top figure depicts
R = 3, the middle figure R = 4 and the bottom figure R = 5. The vertical lines
correspond to ∆x = 2π.
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Figure 5.28: Relations between double lump solutions at different levels at radius
R = 5. The arrows in the left figure represent improvement of solutions by one
level using the Newton’s method, in the right figure improvement by two levels.

solution. However we can add a small imaginary part to the level 7 seed and then
we find a complex double lump solution at levels 3 to 6. Therefore it seems that
this solution is difficult to find because it is complex at low levels, similarly to the
positive energy single lumps from section 5.2.2. This conclusion is in agreement
with our findings in section 8.4.1.

5.3.3 Double lump solution at R = 2

At the end of this section we are going to describe two exceptional double lump
solutions, which have some unusual properties.

We start with a double lump solution at radius R = 2, which describes two
D0-branes directly opposite to each other. Why do we find this solution, when
we have not found any regular lump solutions at R = 1? The reason lies in the
structure of momentum fields. The marginal field at this radius is the second
momentum field, the first momentum state is a relevant field and therefore it is
actually possible to solve the equation for the marginal field by giving a purely
imaginary value to the relevant field.

Observables of this solution are shown in table 5.10. This solution does not
satisfy the usual reality condition, but has real energy, so we call is pseudo-real.
The structure of the string field is as follows: Coefficients of even momentum
states are real and coefficients of odd momentum states are purely imaginary,
which can be deduced from the En invariants. This structure is possible because
odd momentum states contribute to the action only in pairs. Therefore the imagi-
nary units cancel each other and the solution can have real energy. Curiously, the
solution does not have the same symmetry as the boundary state it describes.
The two D0-branes (and the real part of the string field) are invariant under
translation by half of the circle length, but the imaginary part of the string field
is not.

We are almost sure that this solution describes two D0-branes and not a
generic cosX marginal deformation. The reason is that it can be smoothly de-
formed to nearby radii, where this type of marginal deformation is not allowed.
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Figure 5.29: Extrapolation of the imaginary part of the E1 invariant of the
pseudo-real double lump solution at R = 2.

The real invariants reproduce the expected boundary state with similar precision
as other double lump solutions and ∆S is close to zero, so the complex invariants
E1 and E3 are the only issues. They should ideally disappear in the infinite level
limit. They indeed decrease with level, but their extrapolations suggest that they
not go to zero and the same goes for imaginary coefficients of the string field. We
show the extrapolation of the E1 invariant in figure 5.29 as an example. However,
given the nice properties of the solution, we believe that its imaginary part will
eventually disappear. We do not have much experience with solutions of this type
and it is quite possible that its imaginary part has unusual asymptotic behavior,
which cannot be captured by our extrapolations. It could decrease for example
as 1√

L
.

This solution is useful because it allows us to extract some information about
the marginal solution on the self-dual radius which corresponds to a D0-brane.
We are interested in the zero momentum tachyon t0 and in the marginal field,
which is denoted as t2 in this context. These values can be compared with the
results from single lump solutions and from marginal deformations. The values
of these two coefficients extrapolated to level infinity are

t0 = 0.148207± 0.000008, (5.3.25)

t2 = 0.37534± 0.00002. (5.3.26)
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Level Energy ∆S D1 W1

2 2.05128 −0.0130696 −2.67169 −2.67169
4 2.05729 −0.0078289 −2.03525 2.82656
6 2.04269 −0.0064489 −3.23838 −2.17629
8 2.03348 −0.0053473 −2.13530 1.29709
10 2.02749 −0.0045600 −2.79584 −1.18644
12 2.02332 −0.0039786 −2.14875 0.73298
14 2.02025 −0.0035324 −2.57164 −0.76245
16 2.01791 −0.0031791 −2.14580 0.47297
18 2.01606 −0.0028920 −2.44087 −0.53911
∞ 2.00006 −0.0000340 −2.01 0.00
σ 0.00001 0.000007 0.07 0.12
Exp. 2 0 −2 0

Level E0 E1 E2 E3

2 1.92947 0.350852i −2.29210 0
4 1.94841 0.330100i −2.14142 −1.545560i
6 1.95570 0.291433i −2.22384 −0.842663i
8 1.96266 0.261147i −2.11874 −0.934474i
10 1.96659 0.239346i −2.13678 −0.735506i
12 1.97047 0.221958i −2.09152 −0.741258i
14 1.97295 0.208190i −2.09884 −0.644309i
16 1.97545 0.196622i −2.07378 −0.636889i
18 1.97716 0.186943i −2.07759 −0.578248i
∞ 1.9963 0.088i −2.003 −0.26i
σ 0.0009 0.007i 0.001 0.02i
Exp. 2 0 −2 0

Table 5.10: Selected observables of the pseudo-real double lump solution atR = 2.

5.3.4 Twist non-even double lump solution at R =
√
3

Finally, we present one twist non-even double lump solution. So far, this is only
interesting twist non-even solution we have found in the free boson theory. We
have found it at the MSZ radius R =

√
3, but it can be smoothly deformed to

nearby radii as well. The solution appears in two copies, which differ by sign of
the twist odd part. Interestingly, the twist odd part does not contribute to any
Ellwood invariant, so both solutions describe the same boundary state and they
should be gauge equivalent. The twist odd part of the solution does not satisfy
the usual reality condition, so this solution is pseudo-real similarly to the double
lump in the previous subsection.

Some interesting observables of this solution are summarized in table 5.11.
This solution describes the same boundary state as the twist even complex double
lump which can be obtained by doubling the single lump solution from radius
R =

√
3
2
. Therefore both solutions should be asymptotically the same or at least

gauge equivalent. The twist odd part of the solution decreases with level, but we
cannot say for sure whether it disappears in the L→ ∞ limit.

The solution behaves really badly at low levels, but it slowly improves. Asymp-
totic values of observables have a slightly better agreement with the expected
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Level Energy ∆S D1 E0 E1 W1

2 4.01352 −0.753496 −65.8593 1.895 19.9072 −48.9207
4 2.50133 −0.463919 −21.7271 1.69355 4.93716 3.70801
6 2.20056 −0.120485 −11.0718 1.8894 3.92636 −7.21894
8 2.12761 −0.0700342 −4.40184 1.92197 2.83124 0.646291
10 2.09388 −0.0499521 −5.97748 1.93809 2.86987 −3.02191
12 2.07437 −0.0392294 −3.54831 1.9483 2.55657 0.126269
14 2.06163 −0.0325738 −4.5841 1.95531 2.58583 −1.86027
16 2.05264 −0.0280426 −3.23501 1.96074 2.43516 −0.062409
18 2.04596 −0.0247583 −3.93794 1.96486 2.45429 −1.32872
∞ 1.9986 −0.00033 −1.2 2.012 1.995 −0.06
σ 0.9 0.009 0.044 0.48
Expected 2 0 −2 2 2 0

Table 5.11: Selected observables of a twist non-even pseudo-real double lump
solution at radius R =

√
3. We are not able to get a reasonable error estimate

for the energy and ∆S.

boundary state than the solution in table 5.4, but only because the observables
are real and we have more data points for extrapolations.

5.4 Wilson line solutions

In the final section of this chapter we show few free boson solutions which are
not lumps, but which describe D1-branes with nontrivial Wilson lines. These
solutions suffer from various problems, so we are not sure whether they are really
physical, but we think that they are worth further investigation.

5.4.1 Radius independent Wilson line solutions

First we describe two U(1) universal solutions, by which we mean that the do not
excite any of momentum states and therefore they do not depend on the radius.
These solutions appear at level 2 and we have evaluated them up to level 20 at
radius R = 0.1. We have chosen such small radius in order to reduce the number
of momentum states and because there is a large number of Wn invariants with
low conformal weights.

Table 5.12 shows some properties of the two solutions. The real part of energy
of both solutions is approximately equal to twice the energy of the original D1-
brane. In this sense, these solutions are similar to the conjectured double brane,
however they do not describe two exact copies of the initial D1-brane, but rather
two D1-branes separated by a Wilson line in the T-dual space.

Both solutions are complex and they have similar properties, the first one is
slightly better because it has lower imaginary part and ∆S. The extrapolations
in table 5.12 give us reasonably good results considering that the solutions are
complex, but we should keep in mind that there may be large systematic errors.
Extrapolations of imaginary parts of some observables are close to zero, but
extrapolations of string field coefficients suggest that both solutions stay complex
even asymptotically.

What is really interesting is the behavior of Wn invariants. Positions of two
D1-branes in the T-dual space can be parameterized in a similar way as for the
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First solution
Level Energy ∆S E0 D1

2 0.213763− 0.259039i −0.180560 + 0.290735i 0.210728− 0.003071i −2.261770 + 1.86169i
4 0.261880− 0.147938i −0.119821 + 0.187750i 0.206060− 0.000874i 0.821550− 3.05230i
6 0.258631− 0.099257i −0.099764 + 0.136372i 0.200969 + 0.004076i −0.630079 + 1.25736i
8 0.252080− 0.075209i −0.085587 + 0.109749i 0.199168 + 0.005189i 0.912405− 2.11730i
10 0.246542− 0.061033i −0.075606 + 0.093581i 0.197581 + 0.006066i −0.324981 + 1.10484i
12 0.242123− 0.051668i −0.068251 + 0.082608i 0.196858 + 0.006354i 0.799558− 1.68726i
14 0.238569− 0.044997i −0.062585 + 0.074587i 0.196179 + 0.006611i −0.188202 + 0.97960i
16 0.235657− 0.039987i −0.058064 + 0.068416i 0.195836 + 0.006681i 0.709252− 1.42756i
18 0.233227− 0.036075i −0.054353 + 0.063486i 0.195492 + 0.006754i −0.107857 + 0.87927i
20 0.231166− 0.032928i −0.051238 + 0.059434i 0.195315 + 0.006745i 0.641497− 1.24802i
∞ 0.2040− 0.0016i −0.01 + 0.01i 0.1943 + 0.0056i 0.226 + 0.008i
Exp. 0.2 0 0.2 0.2

Second solution
Level Energy ∆S E0 D1

2 −0.191060− 0.351735i 1.55905− 2.323930i 0.237136− 0.062213i −0.705651 + 1.399i
4 0.100912− 0.279609i 1.26697− 0.799223i 0.226314− 0.031223i −0.534327− 0.904116i
6 0.188610− 0.225048i 1.05852− 0.339393i 0.224497− 0.017720i −0.438447 + 0.463401i
8 0.223805− 0.18352i 0.90560− 0.135597i 0.223062− 0.010557i −0.188985− 0.96266i
10 0.239433− 0.153592i 0.79246− 0.029478i 0.221289− 0.005634i −0.212675 + 0.356629i
12 0.246770− 0.131723i 0.70731 + 0.031507i 0.219964− 0.002479i −0.062573− 0.858315i
14 0.250218− 0.115252i 0.64151 + 0.069038i 0.218655− 0.000107i −0.111486 + 0.314412i
16 0.251700− 0.102468i 0.58932 + 0.093298i 0.217664 + 0.001582i −0.004990− 0.767418i
18 0.252132− 0.092278i 0.54697 + 0.109542i 0.216718 + 0.002929i −0.055916 + 0.286049i
20 0.251983− 0.083972i 0.51192 + 0.120692i 0.215976 + 0.003951i 0.026323− 0.696062i
∞ 0.2206− 0.0002i 0.1216 + 0.0988i 0.2063 + 0.0123i 0.1186− 0.0579i
Exp. 0.2 0 0.2 0.2

Table 5.12: Properties of two similar complex solutions, both of which probably
describe two D1-branes separated by a Wilson line.

usual double lumps. Due to the symmetry around origin, they must be located
at x̃0 and −x̃0, where x̃0 ∈ (0, π

R
). The expected values of the winding invariants

are then
Wn = 2R cos(nRx̃0) = 2R cos(k̃nx̃0), (5.4.27)

where k̃n = nR is the T-dual momentum. If we scale the invariants by 1
R
, we

find that they depend only on k̃ and not on n and R separately4. In the limit
R → 0, the ratio Wn/R becomes a smooth function of k̃. Therefore it is better to
characterize the D1-branes by the actual position x̃0, which is radius independent,
than by the relative distance like in case of double lumps.

The real parts of scaled Wn invariants of both solution are shown in figure
5.30. Although the solutions are complex and the invariants oscillate, infinite
level extrapolations are surprisingly well behaved. In the region k̃ ≲ 2, they
follow a cosine-like curve and stay more are less within the allowed range. We
can estimate x̃0 by fitting the extrapolated invariants by the function 2R cos k̃x̃0.
Using the first 10 invariants, we find

x̃0 = 0.97π (5.4.28)

for the first solution and
x̃0 = 0.81π. (5.4.29)

for the second solution. Since these numbers come from complex solutions, there
may relatively high errors. The first position could be equal to π, the second
one seems to be quite generic. We are not sure why we have found these two

4We can see that from the conservation law (2.5.261).
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Figure 5.30: Real part of scaled invariants Wn/R as a function of the T-dual
momentum k̃ = nR for the first (top figure) and second (bottom figure) Wilson
line solution. The actual data from R = 0.1 are represented by dots, the lines
connecting them are interpolations representing smooth functions that will appear
in the R → 0 limit. The solid black lines represent infinite level extrapolations
and the dashed black lines fits of the extrapolations by the function 2 cos k̃x̃0.

particular positions out of all possible configurations. An interesting experiment
would be to relax the twist condition and try to shift the D1-brane positions by
giving a nonzero expectation value to the ∂X field.

Finally, let us mention that these solutions (assuming that they are physical)
can be interpreted as double branes if the radius equals to nπ

x̃0
, n ∈ N. Then

both D-branes are at the same position due to the identification of the T-dual
coordinate and the Wn invariants should be equal to ±2R.

5.4.2 Wilson line marginal deformation at R =
√
3

In this subsection we show a curious solution that we have found when we were
investigation the MSZ radius R =

√
3. The seed for this solution appears at level

3. The solution starts as complex, but it quickly becomes real at level 8 (see
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Level Energy ∆S D1

4 2.31128− 0.336101i −0.0503426 + 0.060925i −0.52878− 17.4489i
6 2.18428− 0.039012i −0.0410234 + 0.014769i −11.4734 + 4.63362i
8 2.04963 −0.0307142 13.0762
10 1.98344 −0.0234379 −11.3642
12 1.94301 −0.0198373 13.0737
14 1.91497 −0.0174573 −10.4391
16 1.89416 −0.0157148 12.7869
18 1.878 −0.014363 −9.60736
∞ 1.739 −0.0006 1.9
σ 0.009 0.0048 9.6
Expected 1.73205 0 1.73205

Level E0 E1 W1

4 1.93968 + 0.357752i −0.295764 + 0.694023i 2.46710− 2.34369i
6 1.70480 + 0.169881i −0.415451 + 0.274095i −4.57337 + 0.99667i
8 1.66896 −0.341661 0.62677
10 1.69052 −0.217901 −3.16189
12 1.69357 −0.176250 −0.53983
14 1.69351 −0.141643 −2.71935
16 1.69396 −0.124725 −0.93343
18 1.69386 −0.106591 −2.49373
∞ 1.68 −0.03 −1.6
σ 0.02 0.06 0.2
Expected 1.73205 0 −1.73205

Table 5.13: Selected observables of a solution which probably describes a Wilson
line deformation of a D1-brane at R =

√
3. The extrapolations are taken from

level 8, where the imaginary part disappears.

table 5.13, where we show some of its observables). Although it becomes real at
a lower level than the positive energy lump from section 5.2.2, its extrapolations
still have low precision because its invariants oscillate more than usually.

The extrapolated energy and E0 are close to
√
3, which suggests that the

solution still represents a D1-brane. Positive D1 invariant and E1 close to zero
also support this identification. Finally, the W1 invariant, which is negative, tells
us that the solution describes a D1-brane with nonzero Wilson line. The T-dual
position of the D1-brane is close to x̃0 = π

R
, which is opposite to the initial D1-

brane on the T-dual circle, but low precision of the extrapolation of W1 does not
allow us to determine the position with good accuracy.

D1-branes with Wilson lines are usually described by ∂X marginal deforma-
tions. The perturbative form of marginal solutions (2.2.109) tells us that the
solution should not excite any momentum states and that its coefficients should
be radius independent. So how it is possible that we have found this solution? It
does not even include the ∂X operator, which is forbidden by our ansatz, and, on
the contrary, it excites momentum states, which it shouldn’t. Our best guess is
that this solution describes a large marginal deformation with λS = 0 and λB ̸= 0,
which lies far away from the marginal branch of solutions. The role of momen-
tum states is not clear. The asymptotic values of the En invariants are consistent
with zero, but some momentum coefficients are clearly nonzero. Therefore it is
possible that the momentum part of the string field is a pure gauge and that it
can be removed by a gauge transformation.
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Chapter 6

Results - Marginal deformations

In this chapter we present our results concerning marginal deformations in Siegel
gauge. Following [57] and [53], we choose the free boson theory with Neumann
boundary conditions on the self-dual radius R = 1 as our initial setting. This
allows us to make some comparisons with the results from chapter 5 and we can
use essentially the same computer code. This theory has three marginal operators
(∂X, cosX and sinX), but only cosX survives the conditions we impose on the
string field.

The cosX marginal deformations interpolate between Neumann and Dirichlet
boundary conditions. However most of the results presented here should be valid
in any model which has a current with the same OPE as cosX. The solutions
themselves and some of their observables (energy, E0) are model independent.
The full set of Ellwood invariants of course depends on the underlying theory
because it is given by the bulk spectrum, but the relation λB(λS) seems to be
the same (within statistical errors) no matter which invariant we derive it from1.
To check that, we have computed several marginal solutions in the double Ising
model, which is described in section 8.3, and we have found that they give us
almost the same λB as the analogous free boson solutions.

We start with a brief review of the current understanding of marginal solu-
tions in string field theory. Numerical studies of marginal deformations in Siegel
gauge were initiated in [98] and continued in [57][53][99]. The conventional nu-
merical approach is to consider a fixed value of the marginal parameter λS and
try to find marginal solutions using the usual level truncation scheme. How-
ever the corresponding system of equations is overdetermined because λS is not
a dynamical variable. The truncation to finite level breaks the symmetry of the
exact equations and therefore this system has solutions only for few values of λS
(which are usually not real). We deal with this problem by leaving one equation
unsolved, which equalizes the number of equations and variables. As a conse-
quence, we find that the energy of marginal solutions evaluated from the kinetic
term (3.7.117), which we denote as Ekin, is not equal to the energy evaluated
using the full action (3.7.116), which we denote as Etot. The difference between
them is proportional to violation of the unsolved equation, see (3.7.121). There-
fore there is an additional consistency check that the two energies must converge
to the same number.

1The function λB(λS) depends on normalization of the OPE (2.2.102). Our results are valid
for k = 1

2 .
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In the original approach [98], which we denote as the marginal approach,
solutions are parameterized by λS and the corresponding equation is left unsolved.
In this approach we find a branch of solutions connected to the perturbative
vacuum, which describes marginal deformations approximately up to λB ≈ 1

2

(Dirichlet boundary conditions). The branch ends at a critical point λcS ≈ 0.46,
where it meets a different branch of solutions connected to the tachyon vacuum,
but the second branch is clearly not physical. Surprisingly, the data suggest that
there is a different critical point λ∗S ≈ 0.39, where the marginal solutions go off-
shell. The remaining part of the branch between λ∗S ≤ λS ≤ λcS probably does
not satisfy the full equations of motion.

In a second approach, which was introduced in [53] and which we denote as
the tachyon approach, we parameterize solutions by the tachyon field t and we
omit the corresponding equation. Solutions in this approach cover the moduli
space up to roughly λB ≈ 1, which is approximately twice as much as in the
marginal approach. However some observables suggest that part of this branch
may be off-shell as well.

The perturbative solution, which is given by (2.2.108) and (2.2.109), has not
been analyzed in the level truncation approach yet, so our results concerning this
solution will be completely new.

There are also several papers describing analytic solutions for marginal de-
formations [49][100][101][102][103][104][105][106]. The solution from [104] is the
most relevant for our purposes because it allows a direct evaluation of the relation
between λS and λB [105]. The function can be computed only numerically and
it depends on parameters of the solution, but its overall properties remain the
same. It has a similar behavior as the function λS = λB

1+λ2
B
:

• The function is linear for small λB.

• It is odd.

• It has a maximum for a finite value of λB.

• It goes to zero as λB → ∞.

We will see that the Siegel gauge results are consistent with this behavior.

In order to determine the function λB(λS), we use various Ellwood invariants.
The invariant given by the vertex operator jj̄ should be equal to a constant
independently on λB, which can be easily checked for example for j = ∂X, so all
interesting invariants always depend on the chosen background. In our setting,
there are six well convergent invariants with nontrivial λB dependence: E1, E2,
W1, W2, D1 and H. Their expected behavior can be derived using the results
from [48][107][108],

E1(λB) = − sin πλB,

E2(λB) = sin2 πλB,

W1(λB) = cosπλB,

W2(λB) = cos2 πλB, (6.0.1)

D1(λB) = cos 2πλB,

H(λB) = − 1√
2
sin 2πλB.

192



E1 and W1 usually have the best precision because they have weight only 1
4
, the

other invariants have weight 1 and therefore larger errors. These functions are
easy to invert and we can compute λB from extrapolated values of these invariants,
but for larger λB we have to be careful about which branch of arcsine or arccosine
we use.

Since we able to find numerical solutions only for a limited range of λS (and
therefore λB), we will focus on computing λB(λS) in the form of an expansion2:

λB(λS) =
M∑
i=1

aiλ
2i−1
S . (6.0.2)

In order to determine the coefficients ai, we expand both Ellwood invariants and
their expected values as

E[V ](λS) =
∞∑
i=1

E[V ](i)λiS, (6.0.3)

fV(λB) =
∞∑
i=1

f
(i)
V λiB. (6.0.4)

In the second equation, we replace λB by (6.0.2) and then we can compare both
expressions order by order and solve for ais.

As an example, consider the E1 invariant. Up to order 5, it is given by

E1(λS) = E
(1)
1 λS + E

(3)
1 λ3S + E

(5)
1 λ5S + . . . (6.0.5)

and its expected behavior based on (6.0.1) is

fE1(λS) = −πλB(λS) +
π3

6
(λB(λS))

3 − π5

120
(λB(λS))

5 + . . . (6.0.6)

= −πa1λS +
(
π3

6
a31 − πa2

)
λ3S +

(
− π5

120
a51 +

π3

2
a2a

2
1 − πa3

)
λ5S + . . . .

By comparing these two equations, we find

a1 = −E
(1)
1

π
,

a2 =
−
(
E

(1)
1

)3
− 6E

(3)
1

6π
, (6.0.7)

a3 =
−3
(
E

(1)
1

)5
− 20E

(3)
1

(
E

(1)
1

)2
− 40E

(5)
1

40π
.

2It is also possible to invert the relation and write λS(λB) =
∑M

i=1 ãiλ
2i−1
B . This form is

better for global description of the relation between the two parameters because the function
λB(λS) has only a finite radius of convergence. However when we look at the actual results
from the marginal or perturbative approach, we find that the coefficients ãi have much larger
relative errors.
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6.1 Tachyon approach

We start by discussion of the tachyon approach following [53]. We use the same
data for our analysis, but we abandon the Padé-Borel approximations and instead
we extrapolate the data using the techniques described in section 3.7.4, which
allows us to get more reliable results.

Solutions in this approach are parameterized by the tachyon coefficient t and
we omit the corresponding equation, the marginal parameter λS must be read off
from the string field and it depends on level. Therefore this approach is not so
good for determining the relation between λS and λB, but it covers a larger part
of the moduli space than the marginal approach, so we can obtain some data not
available in the marginal approach.

Starting from level 2, we find that there is a pair of branches of marginal
solutions connected to the perturbative vacuum, which differ by the sign of λS.
We pick the branch with positive λS for our analysis. The branch has finite length,
which tends to decrease with level. The endpoint at level 18 is approximately
tc ≈ 0.632 and we estimate that tc ≈ 0.613 asymptotically. See [53] for more
details. At the endpoint, this branch meets with another branch of solutions,
which however do not satisfy the full equations of motion. If we choose t > tc, we
find only complex solutions. The structure of branches is schematically similar
to the left part of figure 6.5 (if we replace λS by t).

We present our results in form of figures similarly to section 5.2.1. We use the
same colors to distinguish levels (see figure 5.7) and black lines denote infinite level
extrapolations. Dashed black lines (when present) denote the expected behavior
of Ellwood invariants based on a fit of the E1 invariant, see later. The data are
shown only up to t = 0.625 because there are problems with extrapolations close
to the endpoint of the branch.

The relation between the tachyon coefficient t and the marginal parameter λS
is plotted in figure 6.1. We observe that λS behaves as λS ∼

√
t for small t. At

low levels, λS(t) is a monotonically increasing function, but it has a maximum
from level 5, after which it starts decreasing. This behavior is in agreement with
[105]. By extrapolating λS and fitting the results by a polynomial, we find an
approximate position of the maximum in the infinite level limit:

λ∗S ≈ 0.3920, (6.1.8)

t∗ ≈ 0.2138. (6.1.9)

λ∗S is surprisingly smaller than the length of the marginal branch in the marginal
approach λcS (see the next section), which suggests that part of the marginal
branch is off-shell.

Next, figure 6.2 shows the energy of marginal solutions measured in three
different ways. The energy is close to 1 for small t, but it deviates quite a lot for
large t in all three figures. Near the end of the branch, the observables Ekin and
E0 even move away from the correct value with increasing level. This suggests
that part of the branch in the tachyon approach may be nonphysical as in the
marginal approach. However the solution does not exhibit any sudden changes,
so it is difficult to pinpoint where exactly it goes off-shell.

Finally, we move to invariants which allow us to determine the relation be-
tween t and λB. We show the six well behaved invariants in figure 6.3. The
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Figure 6.1: Marginal parameter λS as a function of the tachyon coefficient t in
the tachyon approach.

Figure 6.2: Energy of marginal solutions in the tachyon approach measured by
the full action Etot, by the kinetic term Ekin and by the Ellwood invariant E0.
The last figure shows the out-of-Siegel equation ∆S. The extrapolations denoted
by black lines are closer to the expected values than in [53], but they are still
quite far away.
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figures are somewhat different from [53] because now we show raw data instead
of Padé-Borel approximations. The invariants oscillate with significantly higher
amplitudes, which are in some cases several times higher than the characteristic
scale, but the infinite level extrapolations are much smoother than in [53]. We
can use them to fit the relation λB(t) by a function of the form

λ
(M)
B (t) =

√
t

M∑
i=0

ait
i. (6.1.10)

The expected values of Ellwood invariants in figure 6.3 are based on λB obtained
by M = 6 fit of the E1 invariant. The coefficients ai unfortunately exhibit a
strong dependence onM and on the number of data points used for the fit, so we
will not discuss their exact values. The functions λ

(M)
B (t) are nevertheless always

very similar in the region of interest.
Overall, the agreement between asymptotic behavior of invariants and the

expected values based on the λB fit is better than in [53]. The only exception is
the W1 invariant, which goes outside the allowed range for large t. This could
mean that the end of the branch is off-shell or it could be related to the unsolved
equation for t because this invariant has a strong t dependence.

We observe that the branch of marginal solutions in this approach covers more
than two fundamental domains of the moduli space, which means that λB goes
above 1. This allows us estimate which t and λS describe Dirichlet or Neumann
boundary conditions. TheE1 invariant implies that Dirichlet boundary conditions
are described by

tD ≈ 0.1482, (6.1.11)

λDS ≈ 0.3752. (6.1.12)

The other invariants give us similar results with differences of order 10−4. Recall
that in section 5.2.1 we have found

tD ≈ 0.1473, λDS ≈ 0.3751 (6.1.13)

by extrapolating single lump solutions to R = 1 and that the pseudo-real double
lump from section 5.3.3 gives us

tD ≈ 0.1482, λDS ≈ 0.3753. (6.1.14)

All three results are quite close to each other, which supports validity of these
results and it tells us that the tachyon approach is reliable at least up to this
point. Notice that λDS < λ∗S, which means that the marginal approach should
cover the Dirichlet boundary conditions.

Using E1, we find that Neumann boundary conditions correspond to

tN ≈ 0.48, (6.1.15)

λNS ≈ 0.21. (6.1.16)

The precision of these results is much smaller than in the Dirichlet case, the
results from different invariants have dispersion of order 10−2. It is also not clear
whether the branch is still on-shell at this point.
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Figure 6.3: Six convergent Ellwood invariants in the tachyon approach. The
solid black lines denote infinite level extrapolations, the dashed black lines the
expected behavior based on a λB fit of the E1 invariant.

Finally, we can use the results for λS and λB to reconstruct the function
λS(λB), which is captured in figure 6.4 by the blue line. The function has similar
properties to those observed in [105], most notably λS has a maximum at a finite
value of λB. Therefore it seems that the key properties of the λS(λB) relation are
gauge independent, although the precise form of the function changes. The figure
also compares the results from the tachyon and the marginal approach (see the
next section). We observe that both approaches lead to almost identical relation,
which is a nice consistency check.
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Figure 6.4: Comparison of λS as a function of λB in the tachyon (blue) and the
marginal (red) approach. The plot is based on extrapolations of λS and on the
E1 invariant.

6.2 Marginal approach

The so-called marginal approach is the original method to find non-perturbative
marginal solutions in the level truncation approximation. We keep the value
of the marginal parameter λS fixed in this approach and we remove the related
equation. We can restrict our analysis to λS ≥ 0 because observables of marginal
solutions are (anti)symmetric with respect to change of the sign of λS.

There are two branches of real solutions: the marginal branch connected to the
perturbative vacuum and the so-called vacuum branch connected to the tachyon
vacuum. The two branches appear already at level 1 and they keep their proper-
ties to higher levels (see [57]). As the parameter λS increases, the two branches
approach each other and they meet at a critical point denoted as λcS, see the left
part of figure 6.5 which schematically depicts the branch structure. For λS > λcS,
we find only some complex solutions, which seem to by nonphysical. The vacuum
branch turns out to by off-shell as well because it violates the omitted equation
of motion. The marginal branch behaves much better and it seems that it solves
the full equations of motion at least within certain range of λS.

As we are going to show, the marginal branch covers only a part of the moduli
space (approximately up to λB ≈ 0.5). Therefore we expect that OSFT solutions
cover the full moduli space in a similar way as in the toy model from [53]. There
should be another branch (or possibly several branches) that describes rest of the
moduli space (see figure 6.5 on the right for the toy model example). However
finding the other branch turns out to be quite difficult. There are no other
real solutions with reasonable properties (at least up to level 4). There is a
complex branch with energy not far from 1, which may describe part of the
missing moduli space (possibly 0.5 ≲ λB ≲ 1 to match the tachyon approach),
but it stays complex at least up to level 18. That means that we know its Ellwood
invariants only with a very limited precision and we cannot determine whether it
consistently describes marginal deformations or not.

We are therefore going to focus only on the marginal branch. The length of
this branch varies with level as in the tachyon approach, see [57]. It grows at
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Figure 6.5: On the left: Schematic branch structure of OSFT solutions in the
marginal approach. The solid line represents the total energy of the marginal
branch, the dashed line energy of the vacuum branch. On the right: Schematic
branch structure of the toy model branches from [53]. The solid blue and red lines
represent two marginal branches, the dashed lines two non-physical branches.
Each of the marginal branches covers about half of the moduli space and the end
on the blue branch is off-shell.

first, it reaches its maximum at level 5 and then it slowly decreases. We estimate
that its asymptotic length is around λcS ≈ 0.465 and therefore we show our data
only up to this value. We work with essentially the same level 18 data as in [53].
We have just added more data points for increased precision of some calculations
and we redo infinite level extrapolations as in the tachyon approach.

The most important observables are shown in figures 6.6 and 6.7. We use the
color scale from figure 5.7 to distinguish levels and infinite level extrapolations
are denoted by black lines as usual. Furthermore, we add two dashed vertical
lines at λS = 0.3752 and λS = 0.3920, which mark the estimates for the Dirichlet
point λDS and the critical point λ∗S from the tachyon approach.

The first figure shows the energy measured in three different ways and the
out-of-Siegel equation ∆S. The energy converges close to 1 for most of the length
of the marginal branch (we are not even able to distinguish the extrapolated curve
from the axis), but it clearly deviates from the expected value near the end. This
is the first sign that part of the branch is off-shell similarly to the toy model
from [53]. It detaches from the axis roughly at λ∗S from the tachyon approach,
but determining the exact point is difficult because the extrapolations get worse
gradually and there is no sharp change. The out-of-Siegel equation also deviates
from 0 around the critical point λ∗S.

Well convergent invariants with a nontrivial λB dependence are shown in figure
6.7. Compared to [53], there are more oscillations, but infinite level extrapola-
tions are quite similar. By inverting the functions (6.0.1) and applying them to
the invariants, we obtain the relation between λS and λB in the marginal ap-
proach. See figure 6.4, which depicts the results from the E1 invariant by the
red curve. By fitting this relation with the function (2.2.108), we can predict the
behavior of invariants, which is denoted by dashed black lines in figure 6.7. The
extrapolations agree quite well with these predictions up to λS ≈ 0.37, which
shows that these solutions really describe marginal boundary states.

In the tachyon approach, we have found that Diriment boundary conditions
should by described by λDS ≈ 0.3752. The marginal approach is consistent with
this result because the extrapolations of all invariants cross axes at similar val-
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Figure 6.6: Energy of the marginal branch in the marginal approach measured
by Etot, Ekin and E0 and the first out-of-Siegel equation.

ues of λS. However some invariants should only touch the axis in a local mini-
mum/maximum as indicated by the dashed lines. Instead, they go outside the
allowed range, which suggests that solutions beyond λDS are off-shell. This result
is in conflict with the tachyon approach, which indicates that the branch should
be on-shell up to the second vertical line, which denotes the estimated critical
point λ∗S. The tachyon approach tells us with very high probability that λ∗S > λDS ,
so we think that the problem lies in the marginal approach. Invariants should
change quite a lot between λDS and λ∗S and, based on properties of the function
λS(λB), they should in fact end with infinite derivative. This behavior is difficult
to describe by finite level solutions. Therefore we think that Ellwood invariants
near λ∗S converge slower than elsewhere and we would need access to higher levels
to see the desired behavior.

Next, we are going to have a closer look at the relation λB(λS). In [53],
we failed in determining the coefficients of the perturbative expansion (6.0.2)
because Padé-Borel approximations are difficult to extrapolate. However our new
extrapolations of Ellwood invariants can be consistently fitted with polynomials
in λS and we can compute ai without any problems. The coefficients have quite
small dependence on the number of used data points or on the order of the fit,
so infinite level extrapolations are the main source of errors. The results for the
first four coefficients are summarized in table 6.1.

The a1 coefficient must be exactly 1 because E1 and H get linear contributions
only from the marginal field. The other invariants also give us 1 within the
statistical error. Then we get approximately a2 ≈ 1.073, a3 ≈ 3.136 and a4 ≈
12.15. The most precise results come from the W1 invariant, closely followed
by the E1 invariant. The coefficients from all invariants agree within the errors,
which is a nice consistency check for the marginal solution. We observe that both
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Figure 6.7: Six convergent Ellwood invariants in the marginal approach. The
dashed lines denote the expected behavior based on a λB fit of the E1 invariant.
The fit is unstable in the region between the two vertical lines, so the expected
behavior in this region should be viewed only as schematic.

invariant a1 a2 a3 a4
D1 1.0000± 0.0001 1.077± 0.008 3.16± 0.04 12.2± 1.1
E1 1 1.073± 0.002 3.14± 0.01 12.20± 0.07
E2 1.01± 0.03 1.15± 0.15 3.5± 1.1 14± 7
W1 1.0001± 0.0002 1.073± 0.001 3.136± 0.005 12.15± 0.06
W2 1.00± 0.04 1.07± 0.05 3.2± 0.8 12± 7
H 1 1.074± 0.007 3.2± 0.2 14± 3

Table 6.1: Extrapolations of the first four ai coefficients in the marginal approach.
We use only data up to λS = 0.2 to do the fits to avoid the region where the H
invariant goes slightly out of the allowed range.
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the coefficients and their relative errors grow with increasing order, so we cannot
compute much more than these four coefficients. Later, we will independently
confirm these results in the perturbative approach.

6.2.1 Marginal deformations in complex plane

A new interesting possibility is to study marginal deformations for complex λS.
This corresponds to extension of the underlying SU(2)1 WZW model on the
self-dual radius to SL(2,C) theory. The boundary states described by these de-
formations are not physical (they describe for example D0-branes with complex
x0), but they can tell us more about analytic structure of marginal solutions.

First, we should check whether there are meaningful solutions for complex
λS. Table 6.2 shows few observables of a sample solution for λS = 0.2 + 0.2i.
Although the solution is necessarily complex, it behaves very well. It is even
slightly more precise than the real solution for the same absolute value of λS. Both
the energy and E0 go towards to 1 and their imaginary parts almost disappear.
The first out-of-Siegel equation also approaches 0. The invariants with nontrivial
λB dependence are complex and by inverting them, we find approximately λB =
0.180 + 0.212i.

By analyzing more complex marginal solutions, we have arrived to a conjecture
that the real part of energy converges towards a real number in most of the
complex plane with the exception of the area near the real axis for |Re[λS]| > λcS.
The exact shape of the area is difficult to guess because the imaginary part grows
gradually as λS approaches the real axis. Marginal solutions elsewhere behave
well even for |λS| > λcS.

This leads us to believe that the exact solution in complex plane has a branch
cut along the real axis starting at λcS. We have decided to test what happens to
marginal solutions when they pass through the possible branch cut. Consider a
circular path that crosses the real axis at λS < λ∗S and at λS > λcS. When we start
with a real marginal solution for λS < λ∗S and deform it in small steps along this
path until it returns to the initial point, we can get two different results depending
on the level and on the path. We obtain either a solution from the vacuum branch
or a solution from the complex branch we briefly mentioned before. When we
deform this solution along the path again, the vacuum branch solution returns
to the marginal solution, while the complex solution goes to the vacuum branch
solution. Therefore we need to go along the path two or four times to return to

Level Etot E0 D1 ∆S

2 0.994016− 0.0023239i 1.01175− 0.0189320i 0.971164− 1.58228i 0.0021535− 0.0001001i
4 0.997251− 0.0012269i 1.00682− 0.0084237i 0.805656− 1.51345i 0.0016287 + 0.0004286i
6 0.998263− 0.0007942i 1.00484− 0.0052388i 0.895782− 1.55811i 0.0010360 + 0.0003833i
8 0.998733− 0.0005823i 1.00366− 0.0036275i 0.851098− 1.56613i 0.0007439 + 0.0003139i
10 0.999003− 0.0004592i 1.00298− 0.0028502i 0.877603− 1.57204i 0.0005783 + 0.0002611i
12 0.999178− 0.0003791i 1.00249− 0.0022601i 0.860188− 1.57834i 0.0004728 + 0.0002224i
14 0.999300− 0.0003229i 1.00216− 0.0019345i 0.871621− 1.57994i 0.0003999 + 0.0001933i
16 0.999391− 0.0002814i 1.00190− 0.0016328i 0.862740− 1.58394i 0.0003466 + 0.0001708i
18 0.999460− 0.0002493i 1.00170− 0.0014577i 0.868886− 1.58460i 0.0003060 + 0.0001529i

∞ 1.000000− 4× 10−7i 1.00005− 0.00003i 0.862− 1.601i 6× 10−7 + 5× 10−7i

σ 8× 10−8 + 3× 10−9i 7× 10−6 − 0.00004i 0.003 + 0.001i 2× 10−7 + 1× 10−9i

Exp. 1 1 cos(2πλB) 0

Table 6.2: Selected observables of a complex marginal solution for λS = 0.2+0.2i.
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Figure 6.8: Full energy of complex marginal solutions for imaginary λS.

the original solution. This behavior is consistent with existence of a branch cut.
A special case of complex marginal deformations is a purely imaginary λS.

These solutions have real action, which means that they are pseudo-real, and
their Ellwood invariants are described by hyperbolic functions of Im[λS]. We have
tracked these marginal solutions up to Im[λS] = 2 and we have not found any
critical point like in the usual marginal approach. The branch clearly continues
much further, possibly to infinity, but it gets more and more difficult to recognize
marginal solutions from many other complex solutions. There are also large
differences between even and odd levels, so the Newton’s method becomes unable
to go between them after a certain point. In order to to track marginal solutions
further, it would be necessary to modify the Newton’s method to use solutions
with lower λS as starting points, instead of solutions from lower levels.

Figure 6.8 shows the total energy of this branch of solutions to illustrate
their behavior. We observe that the data at even and odd levels follow different
patterns, but infinite level extrapolations work better than in the marginal or
the tachyon approach. The data from this branch can be also used to find the
perturbative relation (6.0.2). The results are almost identical to table 6.1.

6.3 Perturbative approach

In the final section of this chapter we discuss marginal solutions in the perturba-
tive approach. We expand the string field as a power series in λS,

Ψ(λS) =
∞∑
k=1

λnSΨn, (6.3.17)

where the Siegel gauge solution for Ψn is given by

Ψn = − b0
Ltot
0

n−1∑
k=1

Ψk ∗Ψn−k. (6.3.18)

The solution must be computed recursively, starting with Ψ1 = c1 cosX(0)|0⟩.
The star product can be evaluated numerically using the usual cubic vertices
(see section 3.4.5), the only problem is that Ψn ∗Ψk−n sometimes has a nonzero
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Invariant Extrapolated value

Ekin
1− 0.0000017λ4S − 0.000465λ6S − 0.006484λ8S

− 0.121063λ10S − 15.1874λ12S − 10.5166λ14S − 271.659λ16S

E0 1− 0.0000439λ2S − 0.006225λ4S − 0.046959λ6S − 0.35143λ8S

D1 1− 19.7391λ2S + 22.4594λ4S + 46.5328λ6S + 164.963λ8S

E1 − 3.14159λS + 1.79186λ3S + 4.23178λ5S + 15.2851λ7S

E2 + 9.79267λ2S − 10.8546λ4S − 22.5833λ6S − 80.3573λ8S

W1 1− 4.93482λ2S − 6.54817λ4S − 20.6077λ6S − 82.3808λ8S

W2 1− 9.9173λ2S + 11.3225λ4S + 23.6827λ6S + 89.6873λ8S

H − 4.44288λS + 24.4506λ3S + 22.6339λ5S + 67.7032λ7S

Table 6.3: Extrapolations of gauge invariants of the marginal solution in the per-
turbative approach. We have computed only the quadratic energy Ekin because
the total energy Etot is a cubic function of the string field and its evaluation would
require too much time.

Invariant a1 a2 a3 a4
D1 0.999997± 0.000009 1.076± 0.001 3.16± 0.03 12.2± 0.2
E1 1 1.0746± 0.0004 3.144± 0.004 12.19± 0.03
E2 1.00± 0.01 1.06± 0.04 2.9± 0.3 13± 8
W1 1.000001± 0.000007 1.0747± 0.0003 3.143± 0.002 12.14± 0.02
W2 1.00± 0.01 1.07± 0.04 2.7± 0.4 5± 6
H 1 1.076± 0.001 3.16± 0.05 13± 2

Table 6.4: Extrapolations of the first four ai coefficients in the perturbative ap-
proach. The first three coefficients are derived using level 22 data, the last coef-
ficient using level 21 data.

coefficient in front of the marginal field and therefore Ltot
0 is not invertible. In

that case we set this coefficient to zero by hand.
When using in this framework, we are able to reach higher level than in the

other approaches because we need to evaluate the solution just once and we can
use some of its symmetries to simplify the calculations. Most notably, we utilize
the fact that the even momentum part of the solution contains only even powers of
λS and the odd momentum part only odd powers of λS. We have computed order
6 solution up to level 22 and order 8 solution up to level 21. We have decided not
show the full set of gauge invariant observables at every level, because it would
require far too much space, so table 6.3 contains only extrapolations of the most
important observables.

This solution is useful mainly for computing the ai coefficients in the per-
turbative expansion (6.0.2). Order 8 solution allows us to determine the first 4
coefficients. The results are summarized are in table 6.3 and we observe that they
are in agreement with the results from the marginal approach (table 6.1). The
results from the perturbative approach are more precise because we have access
to higher level data and there are no additional errors from polynomial fits in λS.
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Next, we can ask a question whether the perturbative solution reproduces
exactly the marginal branch from the marginal approach. In particular, we would
like to know whether its radius of convergence is equal to λcS or to λ∗S. To decide
that, we do not need to know the solution to high levels, but rather to high orders.
The following discussion is based on level 6 solution with order 400.

First, figure 6.9 shows comparison of the D1 invariant from the marginal
approach with its successive approximations in the perturbative approach. We
observe that the perturbative solution approximates the data from the marginal
approach quite well almost to the end of the marginal branch and then it starts
to behave chaotically. This suggests that the radius of convergence is λcS and
therefore the perturbative solution covers the whole marginal branch.

To determine the radius of convergence more rigorously, recall that given a

function f(x) =
∑

n fnx
n, we can compute its radius of convergence as lim

n→∞

⏐⏐⏐ fn
fn+1

⏐⏐⏐.
Components of the perturbative solution are either even or odd functions of λS,

so we have to modify this formula to lim
n→∞

√⏐⏐⏐ fn
fn+2

⏐⏐⏐ for the marginal solution.

We show estimates of the radius of convergence based on the D1 invariant in
figure 6.10. The estimates at levels 3, 4 and 5 are quite close to λcS. For example,
a simple two parametric fit at level 3 gives us asymptotic value λcS(∞) = 0.46785,
while we the actual result from the marginal approach is λcS = 0.46790, which
is a good agreement. However we also observe that the data oscillate more and
more with increasing level and we need to go to higher orders to get close to λcS.
Finally, at level 6 we find just chaotic oscillations, which are only roughly centered
around the expected value. Higher level data behave in a similar way. We have
also checked that estimates of the radius of convergence from other invariants
and from coefficients of the string field offer qualitatively the same results.

These properties of the solution lead us to an interesting question what hap-
pens in the limit

lim
n→∞
L→∞

Ψ(λS). (6.3.19)

The data from the other approaches suggest that the two critical parameters (λ∗S
and λcS) are different. Therefore the exact solution should satisfy out-of-Siegel
equations only for λS below λ∗S, but not above λ

∗
S.

There are several possible resolutions of this issue. λcS could decrease to λ∗S at
high levels, but this does not seem to be very likely given the known data. There
is a possibility that the solution is a nonanalytic function of λS with some kind
of discontinuity λ∗S. Different quantities evaluated on the solution can also have
different radii of convergence, in particular the radius of convergence of out-of-
Siegel equations could by just λ∗S, while gauge invariants would converge up to
λcS. Finally, there can be problems with the double limit itself. The estimates of
the radius of convergence suggest that at high levels we need high orders to see
regular behavior, so we could get different results depending on the order of the
two limits.

205



Figure 6.9: Comparison of the D1 invariant at level 6 in the perturbative and in
the marginal approach. Solid lines represent the perturbative solution at orders
5, 10, 15, . . . , 400 with color following the rainbow spectrum, black dots represent
the numerical data from the marginal approach. We denote the critical radius at
level 6 λcS ≈ 0.4691 by a dashed vertical line.

Figure 6.10: Estimated radius of convergence of the perturbative solution at
orders up to 400. We estimate the radius using the D1 invariant at levels 3 (red),
4 (green), 5 (blue) and 6 (yellow). The horizontal axis is set to the critical point
at level 5, λcS = 0.469761.

206



Chapter 7

Results - Free boson on a 2D
torus

In this chapter we investigate OSFT solutions of two dimensional free boson
theory with toroidal compactification. So far, this model has been neglected in
the literature, there are only some very low level calculations in [89][109][110],
which just show the existence of single lump solutions.

In the case of free boson theory on a circle, we have made a relatively ex-
haustive study of solutions at low radii, but we will not attempt to do the same
here. It would be pretty much impossible anyway because a two dimensional
torus has three parameters, which means that we would need many samples to
cover its moduli space, and the number of solutions is typically much larger than
in one dimension. There are dozens of potentially interesting solutions already
for R1,2 ≳ 2 and this number grows to hundreds and thousands with increasing
radii. Our goals in this thesis are to provide framework for future studies and to
introduce so-called exotic solutions, which describe non-conventional boundary
states.

7.1 Solutions on torus with R1 = 2.4, R2 = 2.2,

θ = 0.4π

We are going to illustrate properties of solutions in this theory on a sample torus.
We have picked a torus with radii R1 = 2.4, R2 = 2.2 and with angle θ = 0.4π.
This is a relatively generic torus with high enough radii to see some interesting
solutions. The energy of the initial D2-brane is 5.47809, so we should see real
solutions with energy up to this number. The number of states in this theory is
significantly higher than in one dimension, so we can to reach only level 12 with
similar computer resources.

We have used the homotopy continuation method to find seeds for the New-
ton’s method at level 1.9. After we sort out these seeds and remove those which
differ only by translations, we are left with about 30 real and well behaved solu-
tions. We could probably find more if we considered seeds from other levels, but
these are more than enough for illustrative purposes.

This model admits many Ellwood invariants, see section 2.3.3, but the simplest
way to identify solutions on a torus is to look at their tachyon and energy density
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profiles. Following (5.1.2) and (5.1.4), we define

t(x, y) =
∑
n1,n2

tn1,n2 cos k(n1, n2).(x, y) (7.1.1)

and

E(x, y) =
1

4π2R1R2 sin θ

(
E0,0 +

∑
n1,n2

2En1,n2 cos k(n1, n2).(x, y)

)
, (7.1.2)

where k(n1, n2) is the momentum vector given by (1.3.175). We restrict the sum

in the energy density profile using weights of invariants as |k(n1,n2)|2
4

< h, where h
is chosen based on properties of En1,n2 invariants. Usually we get the best profiles
when h is around 1.

The solutions we have found describe many different boundary states. First,
there are D0-brane solutions, which describe from one to four D0-branes in various
geometrical configurations. Solutions describing five or more D0-branes would be
more difficult to find because the D0-branes would be too close to each other,
so the corresponding solutions are most likely complex. We show some typical
examples of D0-brane solutions in figure 7.1. We observe that D0-branes are con-
sistently represented by holes in tachyon profiles, which can be well approximated
by 2D gaussians, and by narrow peaks in energy density profiles. Unsurprisingly,
properties of these solutions are very similar to properties of lump solutions on a
circle.

Next, there are D1-brane solutions. Given the size of the torus, we find solu-
tions describing one or two D1-branes, which can have various winding numbers.
Figure 7.2 shows several examples of these solutions. They are essentially just
lump solutions from a circle which have been stretched in one direction and there-
fore they are simpler than D0-brane solutions.

Solutions can also describe both types of D-branes at once, figure 7.3 shows so-
lutions corresponding to one D1-brane and one or two D0-branes. These tachyon
profiles nicely combine both types of gaussians. The energy density profiles are
slightly different, we observe that D0-brane peaks are more distinct than D1-
brane ridges, because their energy is concentrated into a smaller area, but both
object are easy to recognize.

We have not seen any solutions describing D2-branes with magnetic flux1,
probably because they have too high energy.

Finally, there are some solutions that cannot be identified as conventional D-
branes. We will discuss them in subsection 7.1.2, but before that, we are going to
analyze one example of a regular solution to show that there is also a quantitative
agreement between gauge observables and expected boundary states.

1An analytic solution for D-branes with magnetic flux (based on the Erler-Maccaferri solu-
tion) can be found in [111][112].
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Figure 7.1: Examples of D0-brane solutions on the torus with parameters R1 =
2.4, R2 = 2.2 and θ = 0.4π. We show tachyon profiles of these solutions on the
left and energy density profiles using the first 32 momentum states (all relevant
fields) on the right. All figures are based on extrapolations of level 12 data. From
the top, the solutions represent one, two, three and four D0-branes.
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Figure 7.2: Examples of of D1-brane solutions on the torus with parameters
R1 = 2.4, R2 = 2.2 and θ = 0.4π. From the top, the solutions represent a D1-
brane with winding numbers (1,0), a D1-brane with winding numbers (1,1), two
D1-branes with winding numbers (0,1) and a D1-brane with winding numbers
(2,-1).
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Figure 7.3: Examples of solutions on the torus with parameters R1 = 2.4, R2 =
2.2 and θ = 0.4π. From the top, the solutions represent a D1-brane with winding
numbers (0,1) and a D0-brane, a D1-brane with winding numbers (1,0) and two
D0-branes and a D1-brane with winding numbers (0,1) and two D0-branes.
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7.1.1 Solution for a D1-brane and two D0-branes

In this subsection we analyze one solution as an example. We have picked the
last solution from figure 7.3. The two profiles suggest that the solution describes
one D1-brane with winding numbers (0,1) and two symmetrically positioned D0-
branes. We can confirm this identification by looking at its observables, which
are shown in table 7.1. The energy of this D-brane configuration should be equal
to 1 + 1 + 2.2 = 4.2 and the solution comes very close. On the other hand, the
E0,0 invariant overshoots the expected value and the extrapolation does not really
help. We observe that the same problem repeats also for some other solutions
on this torus, typically for those which describe D0-branes or D1-branes close to
each other. This behavior is similar to the case of single lump solutions on a circle
with radius close to 1 (see figure 5.9), therefore we think that the E0,0 invariant
will return to the correct value, we just do not know the solution to high enough
level to see that.

Next we consider the invariants D1µν . For two D0-branes, they should be
equal simply to

D
(2D0)
1µν =

(
−2 0
0 −2

)
. (7.1.3)

The invariants of an inclined D1-brane are a bit more complicated. Using (2.3.169)
for θ = 0.4π, we get

D
(D1)
1µν =

(
−1.77984 1.29313
1.29313 1.77984

)
. (7.1.4)

Table 7.1 shows that the extrapolated invariants are relatively close to sums of
these numbers.

The invariants En1,n2 for two D0-branes depend on how the cosines of their
positions from (2.3.162) combine together. The expected values are either 0 or
±2. For a D1-brane, these invariants should be equal to 2.2 if the momentum
is perpendicular to the D1-brane and to 0 otherwise. When combined, we find
that about half of these invariants is identically equal to zero, but the rest can
be compared with the solution. Table 7.1 shows the first few invariants and we
can see that they have approximately the same precision as E0,0. The invariants
Wn1,n2 are not very helpful because their weights start at 1.21, which means that
they exhibit large oscillations. Therefore we do not even show them.

Overall, the solution reproduces the expected boundary state with worse pre-
cision than other lump solutions from chapter 5. However this could be expected
because we are able to evaluate this solution only up to significantly lower level
than in the theory on a circle. Another problem is that we can use only second
order extrapolation for Ellwood invariants, which inevitably leads to larger er-
rors. Nevertheless, we have many nontrivial Ellwood invariants which allow us
to identify the solution without any doubts.
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Level Energy ∆S D1XX D1Y Y D1XY

2 4.54498 0.0044617 −3.87181 1.91503 2.07439
3 4.48154 −0.0029300 −4.62278 0.65529 1.89673
4 4.39872 −0.0040695 −2.19747 1.12165 1.19696
5 4.37527 −0.0042840 −2.19104 0.95298 1.13572
6 4.34246 −0.0043615 −3.96225 0.23927 1.52174
7 4.3306 −0.0042054 −4.05581 0.09969 1.50679
8 4.31265 −0.0041583 −3.08741 0.41405 1.26954
9 4.30544 −0.0039817 −3.08274 0.37828 1.25542
10 4.29395 −0.0039039 −3.86062 0.03092 1.41193
11 4.28904 −0.0037461 −3.88428 −0.01336 1.40513
12 4.28098 −0.0036626 −3.36758 0.18634 1.28986
13 4.27739 −0.0035263 −3.36516 0.17124 1.28382
∞ 4.2049 −0.0009 −3.74 −0.22 1.28
σ 0.0007 0.0001 0.17 0.04 0.05
Exp. 4.2 0 −3.77984 −0.22016 1.29313

Level E0,0 E1,0 E2,0 E1,2 E0,2

2 4.34810 −0.131971 3.90216 −1.04209 −1.47463
3 4.25774 −0.163610 3.76379 −1.64092 −1.60676
4 4.23520 −0.195510 3.87857 −1.65805 −1.71237
5 4.20944 −0.196295 3.97879 −1.78280 −1.76689
6 4.19803 −0.210487 4.01773 −1.79098 −1.80872
7 4.18718 −0.208601 4.00975 −1.83068 −1.81582
8 4.18875 −0.216513 4.02668 −1.83395 −1.83627
9 4.18304 −0.214648 4.05873 −1.86690 −1.85689
10 4.18100 −0.219685 4.06968 −1.86930 −1.86998
11 4.17757 −0.217749 4.06774 −1.88244 −1.87208
12 4.17955 −0.221219 4.07474 −1.88386 −1.88072
13 4.17732 −0.219525 4.09061 −1.89981 −1.89186
∞ 4.169 −0.228 4.165 −1.96 −1.96843
σ 0.004 0.002 0.004 0.02 0.007
Exp. 4.2 −0.2 4.2 −2 −2

Table 7.1: Selected observables of a solution describing one D1-brane and two
D0-branes on a torus. About half of the En1,n2 invariants is identically zero (for
example E0,1, E1,1, E1,−1, E2,1,. . . ), so we show only the nontrivial invariants.

7.1.2 Exotic solutions

In the free boson theory on a circle, we have been able to uniquely identify all well
behaved solutions, but that is no longer true on a torus. There are so-called exotic
solutions that clearly do not represent any combination of D0-branes, D1-branes
or D2-branes. These solutions do not have any pathologies, they are real, stable
in the level truncation scheme, stable with respect to deformations of the torus
and they satisfy the out-of-Siegel equations quite well. Therefore it is not likely
that they are artifacts of the level truncation approximation of the full theory.
We interpret these solutions as non-conventional boundary states, which do not
satisfy any current gluing conditions of the form

(αµ
n + Ωµ

νᾱ
ν
−n)∥B⟩⟩ = 0. (7.1.5)

These boundary states have not been classified yet because this theory is irra-
tional with respect to the c = 2 Virasoro algebra and it is not known how to
solve the Cardy conditions. Therefore OSFT solutions, which give us numerical
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approximations of the corresponding boundary states, can serve as hints for solv-
ing this problem analytically. In a project with Jakub Vošmera [44], we analyze
these solutions on a torus with Z6 symmetry. We have managed to find analytic
expressions for some exotic boundary states at one special radius, where the free
boson theory is dual to a product of minimal models. A similar construction can
be used in superstring theory [113]. In general, it seems that exotic solutions can
be found on every torus where the initial D2-brane has high enough energy.

In case of the torus we have chosen in this section, we have found four types
of exotic solutions. Their profiles are shown in figure 7.4. Take for example the
first solution. Its profiles remind us of a D1-brane with winding numbers (1,1)
(compare it with the second solution in figure 7.2), but it has been deformed
from a straight line to a wave-like shape and it does not have constant energy
density along the line. We considered a possibility that this solution is a gauge
transformation of a D1-brane solution, but we have ruled it out by comparing
the its invariants with a D1-brane boundary state, see table 7.2. The numbers
are somewhat similar, but there is a clear difference. For example its energy is
3.84, while the D1-brane has energy 3.72. We can also easily rule out all other
possible D-brane configurations, which means that this solution represents a new
boundary state.

The next two solutions in figure 7.4 also look a bit like deformed D1-branes.
The last solution reminds us a D1-brane net with hexagonal pattern, which some-
what similar to the honeycomb solution discussed in [44]. A similar hexagonal
pattern is relatively common among exotic solutions, but these solutions never
have enough energy to describe a net of D1-branes.

Notice that all solutions in figure 7.4 have the same type of correspondence
between the tachyon and the energy density profile as regular solutions, valleys
in one profile correspond to ridges in the other profile and the other way around.
But it seems that energy density of exotic solutions is spread unevenly across
a larger area, while energy density of regular D-branes it is always localized to
points and lines.

Unfortunately all we can learn about these non-conventional D-branes right
now is part of their boundary state. Therefore it would be very useful if we could
compute spectra of excitations around these solutions, which would tell us more
about the corresponding BCFTs.
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Figure 7.4: Examples of exotic solutions on the torus with parameters R1 = 2.4,
R2 = 2.2 and θ = 0.4π, which correspond to non-conventional boundary states.
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Level Energy E0,0 D1XX D1Y Y D1XY ∆S

2 4.07435 4.01834 1.61830 −0.592648 2.63862 0.0229351
3 3.96899 3.89948 1.37557 −1.064910 2.93799 0.0051528
4 3.92584 3.90130 1.81978 −0.029252 2.20095 0.0035096
5 3.90694 3.88053 1.77841 −0.098403 2.23391 0.0022101
6 3.89131 3.87178 1.49440 −0.659290 2.56811 0.0016847
7 3.88446 3.86438 1.46926 −0.702204 2.58998 0.0012443
8 3.87649 3.86429 1.55750 −0.477520 2.41466 0.0010255
9 3.87314 3.86061 1.54940 −0.489404 2.41926 0.0008036
10 3.86832 3.85711 1.44725 −0.685991 2.53359 0.0006965
11 3.86638 3.85494 1.44071 −0.696202 2.53814 0.0005633
12 3.86315 3.85499 1.47941 −0.597697 2.46093 0.0005055
∞ 3.84030 3.840 1.32 −0.82 2.53 −0.00006
σ 3× 10−7 0.004 0.04 0.10 0.08 0.00001

Exp. (D1) 3.72333 3.72333 1.37178 −1.37178 3.46142 0

Table 7.2: Selected observables of the first exotic solution from figure 7.4. The
last line represents boundary state of a D1-brane with winding numbers (1,1),
which we show for comparison.

7.2 Search for intersecting D1-branes

In the previous section we have shown examples of solutions describing various
combinations of D0-branes and D1-branes, but one type of solution is missing:
intersecting D1-branes. There is always a possibility that such solution does not
appear at a given initial level or that it gets lost at some step of the Newton’s
method, so we have tried to find intersecting D1-branes at several different tori.
The ideal configuration for this task is most likely a square torus, which elim-
inates potential issues connected to asymmetry of the torus. However we have
never found any solution describing intersecting D1-branes. We have even tried
a superposition method similar to the one described in section 5.3.2, but without
success.

In the theory on a torus, there is one class of solutions with the correct Z4

symmetry and energy concentrated along two intersecting lines. Figure 7.5 and
table 7.3 show some properties of one such solution at radius R = 1.8. However
its energy is clearly not equal to 3.6, which is the energy of D1-branes intersecting
at the right angle, and the energy density decreases at the intersection, while we
would expect its increase. Therefore the solution does not represent intersecting
D1-branes, but it is an exotic solution describing some non-conventional boundary
conditions.

The absence of solutions for intersecting D1-branes supports our hypothesis
from section 5.3.2 (see also section 8.4.1) that it is difficult to find solutions
describing multiple D-branes with stretched tachyonic strings in the spectrum.
In this particular case of intersecting D1-branes, stretched strings have mixed
Neumann and Dirichlet boundary conditions and the ground states in this sector,
which are described by boundary condition changing operators, have weights
θ
π
(1 − θ

π
)/2, which equals to 1

8
for orthogonal branes. These modes are strongly

tachyonic and the first descendants created using α− 1
2
are also tachyonic. We can

speculate that the aforementioned exotic solution describes a recombination of
the intersecting D1-branes caused condensation of these stretched tachyons, but
more data would be needed to confirm this claim.
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Level Energy E0,0 E0,1 D1XX ∆S

2 2.83077 2.80245 0.664629 0.801166 0.0197752
3 2.77168 2.72540 0.712624 0.665611 0.0033006
4 2.75182 2.73322 0.734841 0.883228 0.0029023
5 2.74015 2.71925 0.746719 0.835579 0.0014871
6 2.73331 2.71829 0.754972 0.675610 0.0013920
7 2.72884 2.71306 0.763239 0.652171 0.0008809
8 2.72540 2.71512 0.767574 0.679369 0.0008568
9 2.72312 2.71244 0.770689 0.669485 0.0005938
10 2.72105 2.71192 0.773397 0.618965 0.0005918
11 2.71969 2.71030 0.776438 0.612229 0.0004323
12 2.71831 2.71125 0.778291 0.623014 0.0004381
13 2.71741 2.71016 0.779653 0.619087 0.0003314
∞ 2.70623 2.707 0.800 0.52 −0.00003
σ 7× 10−6 0.001 0.001 0.01 0.00002

Table 7.3: Selected observables of an exotic solution on a square torus with R1 =
R2 = 1.8. The solution has a Z4 symmetry and therefore we find D1Y Y = D1XX ,
D1XY = 0 and E1,0 = E0,1.

Finding solutions describing intersecting D1-branes is probably going to be
very difficult. We expect that it will be necessary to solve at least level 2 equations
on large enough torus (R > 2), but the number of states in this theory grows
quickly with level and solving the equations will require large amount of computer
resources. The Z4 symmetry on a square torus could help a bit because it could
be used to reduce the number of independent variables for symmetric solutions.
Furthermore, since the tachyons on intersecting D1-branes are very light, we
expect that seeds for these solutions are going to be complex and it will be
difficult to identify them among many other complex solutions.
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Figure 7.5: Tachyon profile (top figure) and energy density profile (bottom figure)
of an exotic solution on a square torus with R1 = R2 = 1.8. The solution possibly
describes recombination of intersecting D1-branes.
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Chapter 8

Results - Minimal models

In this chapter we discuss solutions in OSFT theories which include the Virasoro
minimal models or their products. We start with the well known Ising model,
which is the simplest unitary minimal model. This model has already been in-
vestigated in [58], so we mostly review the results from this reference. Then
we investigate the Lee-Young model, which is the simplest nonunitary minimal
model, to see whether it behaves differently from unitary theories. Next we dis-
cuss the product of two Ising models. This model has also been considered in
[58], but we improve the results from this reference and add some new solutions.
This model is special, because it is dual to the free boson theory on the orbifold
S1/Z2 with R =

√
2, so in the end we consider the product of the Ising model

and the tricritical Ising model to have an example of a more generic product of
two minimal models.

8.1 Ising model

The Ising model is the simplest unitary minimal model with labels (p, q) = (3, 4)
and with the central charge c = 1

2
. It has three primary operators, which are

listed in table 8.1. Nontrivial fusion rules of these operators are

ε× ε = 1, σ × σ = 1+ ε, σ × ε = σ. (8.1.1)

The Ising model has three boundary states, which are shown in table 8.2.
Since none of the primaries has σ in the OPE with itself, the boundary spectra
include only the operators 1 and ε .

For our purposes, the 1-brane and the ε-brane have essentially the same prop-
erties. Both have only the identity operator in their spectra, there are no non-
trivial boundary structure constants and the equations of motion, which depend
only on the central charge, are identical. The only difference lies in sign of one of

operator Kac label h

1 (1,1) 0

σ (1,2) 1
16

ε (1,3) 1
2

Table 8.1: Primary operators in the Ising model.
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Boundary condition Boundary state Boundary spectrum

1 1√
2
|1⟩⟩+ 1√

2
|ε⟩⟩+ 1

4√2
|σ⟩⟩ 1

ε 1√
2
|1⟩⟩+ 1√

2
|ε⟩⟩ − 1

4√2
|σ⟩⟩ 1

σ |1⟩⟩ − |ε⟩⟩ 1, ε

Table 8.2: Boundary states in the Ising model and their spectra.

the bulk-boundary structure constants, which changes sign of the Eσ invariant.
Therefore it is enough to investigate OSFT formulated on the 1-brane and on the
σ-brane.

From the technical point of view, the Ising model has one surprising (and
unpleasant) property: solutions in this model exhibit a numerical instability. The
Newton’s method usually allows us to find solutions with precision comparable
to precision of the number format we use, but the maximal accessible precision
in the Ising model decreases with level. We can partially reduce this problem by
changing the C++ number format from double to long double, which increases
the working precision from 15 to 18 digits, but we are still unable to reach the
usual precision 10−12 at the highest available levels .

The source of the problem most likely lies in the Gram matrix in the Ising sec-
tor of the theory. After we choose an irreducible basis and remove all null states,
we find that there are some very small eigenvalues of the restricted Gram matrix,
for example the smallest eigenvalue at level 24 is of order 10−9. These small eigen-
values propagate to the matrix representation of the kinetic term Qij and to the
Jacobian in the Newton’s method. The Jacobian is therefore a badly conditioned
matrix and its inversion generates large numerical errors. It is not clear whether
this problem can be dealt with by some special choice of the irreducible basis.
Curiously, this problem does not repeat in other minimal models.

8.1.1 Solutions on the 1-brane

There are no boundary states with energy lower than the 1-brane energy, so we
have look for solutions with the same or higher energy. The spectrum, which
includes only descendants of the ground state, offers only one relevant operator,
c1|0⟩. This makes the search for solutions more difficult and, in order to find some
nontrivial solutions, we have to consider equations including some irrelevant fields,
first of which are the Virasoro descendants at level 2.

We can easily solve the equations of motion at this level using the homotopy
continuation method, but we find no interesting real solutions. However there
is a complex solution (plus its complex conjugate) with reasonable properties.
This solution is stable in the level truncation scheme and its imaginary part
quickly decreases as we improve it to higher levels. The imaginary part completely
disappears at level 14 and, as we are going to show, we can identify it as the σ-
brane. It is historically the first positive energy solution (see [58]) and it is the one
known to the highest level, so we will use it as a representative of positive energy
solutions and discuss it more detail. Solutions of this type appear in OSFT quite
often, another examples are the positive energy lumps from section 5.2.2 or some
double Ising model solutions from section 8.3.3.
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We have been able to evaluate the solution up to a very nice level 24. The
properties of the solution are summarized in table 8.3 and we plot level depen-
dance of real parts of various quantities in figure 8.1. The energy of the solution
and the E1 invariant are close to 1, so we can unambiguously identify the solu-
tion as the σ-brane because there are no other candidates with similar energy.
However convergence of the gauge invariants towards the expected values is not
very good, especially when compared with lump solutions or with the solution
in the next subsection. The problem is that the solution undergoes a dramatic
change at level 14. That is most apparent on the real part of the E1 invariant,
see top right part of figure 8.1. It moves away from 1 at low levels, but the trend
reverses at level 14 and then it starts climb back towards the correct value. Other
quantities behave similarly, although the change at level 14 is less apparent in
some cases.

This behavior cannot be described well by a polynomial function, which un-
fortunately means that we cannot use the data below level 14 for infinite level
extrapolations1. Therefore we use the usual type of extrapolations only on data
from level 14 above. The results are not much better than in [58], although we
have more sophisticated extrapolation techniques now. We get the energy with
a decent precision 0.5%, but E1 and Eσ show quite big differences between ex-
trapolations of even and odd levels and both results are below the correct values.
Surprisingly, the extrapolation of the Eε invariant, which has the highest con-
formal weigh, gives us the best result. The source of these problems does not
seem to be just the low amount of data. For example regular level 12 lump solu-
tions, which offer the same number of data points, give us a significantly better
agreement with the expected boundary state. The σ-brane solution has most
likely some unusual level dependence even after becoming real, but we would
need access to more levels to understand it.

In addition to the data from [58], we have also computed the out-of-Siegel
equation ∆S to check consistency of the solution. It is predictably worse than
for the tachyon vacuum or for lump solutions, but better than for the complex
solutions in table 4.1. The infinite level extrapolation do not work very well for
this quantity, but we are optimistic that it will eventually disappear.

We have also tried to search for other solutions, for example for the ε-brane
or for some multi-brane solutions. For this purpose we have found all seeds at
level 4 and we have improved them to higher levels, but none of the solutions
is good enough to be considered physical. Some of these solutions can be found
in appendix A of the reference [58], but all of them have high imaginary parts
and their invariants cannot be matched with any combination of the Ising model
boundary states.

1We have experimented with other types of extrapolating functions that could possibly
describe disappearance of the imaginary part, for example with square roots of polynomials,
but we have found none that would lead to consistent results for multiple quantities.
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Level Energy ∆S Im/Re
2 1.59267 + 0.72688i −0.155169 + 0.118196i 0.78840
4 1.41414 + 0.20152i −0.088121 + 0.051262i 0.43838
6 1.28579 + 0.07668i −0.065986 + 0.029532i 0.30746
8 1.21160 + 0.03054i −0.054455 + 0.018796i 0.22100
10 1.16345 + 0.01007i −0.047282 + 0.011702i 0.15222
12 1.12943 + 0.00123i −0.042322 + 0.005348i 0.07487
14 1.10568 −0.033002 0
16 1.09045 −0.027543 0
18 1.07936 −0.023972 0
20 1.07084 −0.021338 0
22 1.06405 −0.019285 0
24 1.05850 −0.017627 0
∞ 0.995 0.017
Exp. 1 0

Level E1 Eσ Eε

2 1.06048− 0.18455i −0.34358− 0.97082i −9.73471− 5.23904i
4 0.96290− 0.14267i −0.36976− 0.56423i −0.66854 + 1.99191i
6 0.92262− 0.11378i −0.38933− 0.39436i −3.86207− 0.37376i
8 0.90480− 0.08685i −0.37217− 0.28194i −0.57514 + 0.82266i
10 0.89256− 0.06174i −0.37629− 0.19232i −2.48552 + 0.00261i
12 0.88510− 0.03109i −0.36891− 0.09399i −0.56951 + 0.24561i
14 0.91469 −0.26607 −1.93951
16 0.93044 −0.20633 −0.95087
18 0.93918 −0.17497 −1.69824
20 0.94538 −0.15003 −1.04849
22 0.94994 −0.13398 −1.55407
24 0.95367 −0.11918 −1.08669
∞ 0.96 −0.08 −0.98
σ 0.02 0.05 0.03
Exp. 1 0 −1

Table 8.3: Properties of the σ-brane solution in the Ising model on the 1-brane
background. The extrapolations use data only from levels 14 to 24, where the
solution is real. Using our extrapolating techniques, we have not been able to
make reliable error estimate for the energy and ∆S. In the last column of the
first part of the table we show the ratio between the real and the imaginary part
of the solution (see section 5.2.2). It is not an invariant quantity, but it gives us
a good idea how quickly the imaginary part decreases.
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Figure 8.1: Real parts of observables of the σ-brane solution in the Ising model
on the 1-brane background. We show level dependence of the energy, the three
Ellwood invariants and the out-of-Siegel equation ∆S. Solid lines represent ex-
trapolations of these quantities using levels from 14 to 24. The horizontal axes
in all figures are set to the expected values of these observable.
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8.1.2 Solutions on the σ-brane

The theory on the σ-brane is more complicated than on the 1-brane, but finding
solutions in this theory is actually easier because the boundary spectrum contains
the ε operator. Therefore the first two nontrivial solutions appear at level 1/2.
They differ only by the sign of the Eσ invariant and they describe the 1-brane
and the ε-brane. We have been able to improve these solutions two levels higher
than in [58], that is to level 22. The results are presented in table 8.4. The overall
behavior of these solutions is quite similar as behavior of the MSZ lump solution
from section 5.1.

Extrapolations of the energy and Ellwood invariants give us a really good
agreement with the expected boundary state (the errors are of order 10−6 to
10−4). Their precision is even better than for the MSZ lump. Notice that the
precision has been improved quite significantly compared to [58] thanks to better
extrapolation techniques. We have also computed the first out-of-Siegel equation
∆S, which is satisfied with precision comparable to the tachyon vacuum solution.

These two solutions seem to be the only new interesting solutions that can
be found on the σ-brane. We have investigated many other seeds up to level 4,
but we have found none worth a closer attention. However the theory on the
σ-brane contains all solutions from the 1-brane. These solutions have exactly the
same string field, but there are changes in some observables due to different bulk-
boundary correlators. The existence of these solutions can be proved using the
argument from section 2.1.3. The part of the string field which contains ε enters
the action only quadratically and therefore it can be consistently set to zero. The
equations for the remaining variables exactly match those on the 1-brane and
therefore both theories share the same solutions.

When we take the solution from the previous subsection and evaluate its

Level Energy E1 Eσ Eε ∆S

2 0.749172 0.733703 ±0.739416 0.893387 0.0210426
4 0.726558 0.722133 ±0.778236 0.487621 0.0040501
6 0.719329 0.715848 ±0.801822 0.721123 0.0019628
8 0.715961 0.714011 ±0.810113 0.629844 0.0011938
10 0.714036 0.712159 ±0.816787 0.704802 0.0008065
12 0.712795 0.711535 ±0.820182 0.664923 0.0005809
14 0.711929 0.710651 ±0.823308 0.701302 0.0004371
16 0.711292 0.710350 ±0.825168 0.679188 0.0003397
18 0.710803 0.709832 ±0.826989 0.700599 0.0002706
20 0.710416 0.709658 ±0.828170 0.686603 0.0002198
22 0.710102 0.709318 ±0.829366 0.700679 0.0001813
∞ 0.707104 0.70709 ±0.84059 0.7069 −0.0000043
σ 0.000003 0.00001 0.00007 0.0004 0.0000003
Exp. 0.707107 0.707107 ±0.840896 0.707107 0

Table 8.4: Energy, Ellwood invariants and the first out-of-Siegel equation for the
1-brane and the ε-brane solution in the Ising model on the σ-brane background.
The two solutions differ only by the sign of Eσ, the 1-brane has positive sign and
the ε-brane negative sign. For simplicity, we show only data from even levels.
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observables on this D-brane, we find that the energy and E1 get multiplied by√
2, Eσ becomes exactly 0 and Eε gets multiplied by

√
2. Therefore the solution

describes the ||1⟩⟩ ⊕ ||ε⟩⟩ boundary state. A better understanding of the process
of transferring solutions between various D-branes can be made using topological
defects, see [114].

8.2 Lee-Yang model

The Lee-Yang model is the first nonunitary Virasoro minimal model. It has labels
(p, q) = (2, 5) and its central charge is negative, c = −22

5
. This model contains

only one nontrivial primary called Φ. This primary has negative conformal weight,
hΦ = −1

5
, and its fusion rule is

Φ× Φ = 1+ Φ. (8.2.2)

The Lee-Yang model has negative normalization of correlators in the bulk (see
the discussion in section 1.4.2), which means that there is a difference between
boundary states and bulk-boundary one-point functions. We have decided to
normalize Ellwood invariants to match one-point functions, which are

⟨1⟩(1) = −0.922307, ⟨Φ⟩(1) = 0.725073, (8.2.3)

⟨1⟩(Φ) = 0.570017, ⟨Φ⟩(Φ) = 1.17319. (8.2.4)

Notice that ⟨1⟩(1) is negative, which means that there are problems with inter-
pretation of the one-point function of the identity operator as boundary entropy,
but it does not affect OSFT calculations.

The Ising model theory has a nice solution describing change of the σ-brane
into the 1-brane, but the solution describing the opposite process is complex at
low levels and much less precise. We do not encounter such problems in the
Lee-Yang model. We have easily found both a solution describing change of the
1-brane into the Φ-brane (see table 8.5) and a solution describing the opposite
process (see table 8.6). Both solutions are real and their invariants match the
predicted values very well. Apparently solutions that change the sign of energy
behave similarly as solutions which just decrease it, so these solutions have nice
properties even if the absolute value of the energy goes up.

The solution on the 1-brane, which has only descendants of the identity in
the spectrum, can be also found on the Φ-brane and there it describes sum of
the 1-brane and the Φ-brane. We have not found any other solutions with clear
interpretation, but there are several solutions that are most likely nonphysical,
even though they are real and stable in the level truncation scheme. We show
properties of one such solution on the Φ-brane background in table 8.7. The in-
dividual observables are well convergent, but there is a clear discrepancy between
the energy and E1 and ∆S probably does not go to zero. The other solutions suf-
fer from similar problems. The existence of these solutions shows the importance
of out-of-Siegel equations and other consistency checks.

The most likely interpretation of these nonphysical solutions is that they are
artifacts of the implementation of the Siegel gauge condition, they satisfy only
the projected equations (3.5.103), but not the full equations of motion. For some
reason, the Lee-Yang model contains more nicely looking nonphysical solutions
than the unitary models or free boson theories.
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Level Energy E1 EΦ ∆S

2 0.949550 0.406086 1.34985 0.335531
4 0.673948 0.313684 1.23071 0.046525
6 0.635840 0.448849 1.21301 0.017921
8 0.621146 0.456154 1.19984 0.010891
10 0.612533 0.496203 1.19619 0.008129
12 0.606563 0.499312 1.19097 0.006669
14 0.602092 0.517315 1.18943 0.005739
16 0.598595 0.518922 1.18658 0.005074
18 0.595779 0.528969 1.18575 0.004564
20 0.593461 0.529963 1.18395 0.004155
22 0.591519 0.536334 1.18343 0.003818
24 0.589870 0.537024 1.18218 0.003532
∞ 0.56996 0.5692 1.17320 −0.00003
σ 0.00005 0.0002 0.00002 0.00004
Exp. 0.570017 0.570017 1.17319 0

Table 8.5: Properties of a Lee-Yang model solution describing the Φ-brane on the
1-brane background.

Level Energy E1 EΦ ∆S

2 −0.704011 −0.742719 0.660445 0.138435
4 −0.793257 −0.775846 0.693859 0.069899
6 −0.82945 −0.829777 0.701306 0.049445
8 −0.849716 −0.840367 0.708663 0.038162
10 −0.862757 −0.859573 0.710889 0.030953
12 −0.871854 −0.865122 0.713890 0.025977
14 −0.878557 −0.874918 0.714912 0.022350
16 −0.883698 −0.878272 0.716539 0.019596
18 −0.887764 −0.884212 0.717128 0.017436
20 −0.891060 −0.886450 0.718152 0.015699
22 −0.893784 −0.890440 0.718537 0.014272
∞ −0.92230 −0.9218 0.72501 0.00002
σ 0.00003 0.0001 0.00006 0.00005
Exp. −0.922307 −0.922307 0.725073 0

Table 8.6: Properties of a Lee-Yang model solution describing the 1-brane on the
Φ-brane background.
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Level Energy E1 EΦ ∆S

2 −0.626305 −0.174675 2.32972 0.027745
4 −0.448673 −0.155463 2.08181 −0.188828
6 −0.391326 −0.240781 2.01388 −0.153561
8 −0.35219 −0.246105 1.9787 −0.124487
10 −0.324215 −0.274888 1.96092 −0.106074
12 −0.303447 −0.277211 1.9486 −0.0940963
14 −0.287478 −0.291869 1.94119 −0.0859222
16 −0.274831 −0.293345 1.93532 −0.0800974
18 −0.264567 −0.302388 1.93149 −0.0757953
20 −0.256067 −0.303504 1.92821 −0.0725233
∞ −0.163 −0.350 1.908 −0.055
σ 0.002 0.002 0.001 0.002

Table 8.7: An example of a nonphysical solution in the Lee-Yang model. Notice
a big difference between the energy and E1 and nonzero ∆S.

8.3 Double Ising model

In this section we consider tensor product of two Ising models, which is the
simplest example of a product of two minimal models. We follow the reference
[58], but we update the analysis of the solution from this reference and we add
few more interesting solutions.

We start with a brief description of this model. It has central charge c = 1,
which suggests that there may be some relation to the free boson theory. It was
found that the double Ising model with diagonal bulk partition function2, which
is the theory we are interested in, is dual to the free boson theory on the orbifold
S1/Z2 with radius R =

√
2 [115]. Boundary states in this model can be also

interpreted in terms of defects in the simple Ising model through a folding trick.
The special properties of this theory make it fully solvable. There is infinite

number of bulk primary operators with respect to the c = 1 Virasoro algebra,
but they have a simple classification. They belong to four infinite towers found
in [116]. We show conformal weights of these primaries, their multiplicities and
some examples in table 8.8.

Boundary states in this model were classifies by Affleck and Oshikawa [115].
Among them, we find 9 factorized boundary states, which are given simply by
products of the ordinary Ising model boundary states, and the remaining bound-
ary states belong to two one-parametric families of boundary states denoted as
DO(ϕ) and NO(ϕ̃).

The interpretation of the double Ising model boundary states in terms of
the free boson theory is as follows: Eight of the nine factorized boundary states
are fractional D0-branes or fractional D1-branes. The last factorized boundary
state, σ ⊗ σ, is part of the continuous DO family and it corresponds to a D0-
brane at the central position ϕ = πR

2
. The DO boundary states describe D0-

branes at arbitrary positions. Finally, the NO boundary states correspond to
D1-branes with a generic value of the Wilson line. A summary of properties of

2It is also possible to choose a non-diagonal bulk partition function, this double Ising model
is dual to the free boson theory on the ordinary circle.
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h = h̄ Multiplicity (Ising)2 Examples Orbifold Examples

n2 = 0, 1, 4, . . . 1
1⊗ 1 1

ε⊗ ε −2∂X∂̄X

(n+1)2

2
= 1

2
, 2, 9

2
, . . . 2

1√
2
(1⊗ ε+ ε⊗ 1)

√
2 cos(

√
2X)

1√
2
(1⊗ ε− ε⊗ 1) ±

√
2 cos(

√
2X̃)

(2n+1)2

8
= 1

8
, 9
8
, 25

8
, . . . 1 σ ⊗ σ ±

√
2 cos( X√

2
)

(2n+1)2

16
= 1

16
, 9
16
, 25
16
, . . . 2

1⊗ σ, σ ⊗ 1 twist fields
ε⊗ σ, σ ⊗ ε excited twist fields

Table 8.8: Properties of spinless bulk primary fields in the double Ising model
and some low level examples with their free boson duals.

(Ising)2 Free boson Energy Position T-dual position Twist charge

1⊗ ε fractional D0 1
2

πR - +1

ε⊗ 1 fractional D0 1
2

πR - −1

1⊗ 1 fractional D0 1
2

0 - +1

ε⊗ ε fractional D0 1
2

0 - −1

1⊗ σ fractional D1 1√
2

- π
R

+1

σ ⊗ 1 fractional D1 1√
2

- 0 +1

ε⊗ σ fractional D1 1√
2

- π
R

−1

σ ⊗ ε fractional D1 1√
2

- 0 −1

σ ⊗ σ centered bulk D0 1 πR
2

- 0

DO(ϕ) generic bulk D0 1 ϕR - 0

NO(ϕ̃) generic bulk
√
2 - ϕ̃

R
0

Table 8.9: Properties of D-branes in the double Ising model and their free boson
duals.

these boundary states can be found in table 8.9.
Boundary states from the two continuous families are given by

||DO(ϕ)⟩⟩ =
∞∑
k=0

|k2⟩+
√
2

∞∑
k=1

cos

(
kϕ

R

)
|k

2

8
, S⟩⟩, (8.3.5)

||NO(ϕ̃)⟩⟩ =
√
2

∞∑
k=0

|k2⟩⟩+ 2
∞∑
k=1

cos
(
Rkϕ̃

)
|k

2

2
, A⟩⟩, (8.3.6)

where we defined symmetric and antisymmetric combinations of Ishibashi states
as

|n
2

8
, S⟩⟩ =

{
1√
2

(
| (2k)

2

8
, 1⟩⟩+ | (2k)

2

8
, 2⟩⟩
)

if n = 2k

| (2k+1)2

8
⟩⟩ if n = 2k + 1

,

|n
2

2
, A⟩⟩ =

1√
2

(
|n

2

2
, 1⟩⟩ − |n

2

2
, 2⟩⟩
)
. (8.3.7)
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The parameters ϕ ∈ (0, πR) and ϕ̃ ∈ (0, π/R) can be interpreted as positions of
D-branes on the orbifold and its T-dual respectively. In the Ising picture, they
can be interpreted as defect strength [115].

We consider only the σ ⊗ σ initial boundary conditions. Using the same
argument as for the ordinary Ising model, it is easy to show that this back-
ground admits all solutions from fractional D0-branes and fractional D1-branes
and therefore there is no need to consider these initial configurations. Starting
from a generic bulk D-brane could be interesting, but our computer code cannot
handle that and we would have to develop a new one.

8.3.1 Solution for the 1⊗ 1-brane

The spectrum on the σ⊗ σ-brane includes three relevant operators, 1⊗ 1, 1⊗ ε
and ε⊗1, and one marginal operator ε⊗ ε. Therefore it is reasonable to start by
investigating solutions at level 1. There we find two copies of the solutions from
section 8.1.2, which describe the four fractional D1-branes, and four new solutions,
which describe the four fractional D0-branes. The new solutions differ only by
signs of some invariants, so we pick the 1⊗ 1-brane solution as a representative.

This solution was originally found in [58], where it was computed up to level
16. In this thesis we have managed to improve it up to level 183 and, as in
the simple Ising model, we redo all infinite level extrapolations to improve their
precision.

Properties of the solution are shown in table 8.10. Thanks to some additional
data and better extrapolation techniques, we find that the observables have a
better agreement with the ||1 ⊗ 1⟩⟩ boundary state than in [58], the precision is
improved approximately by one order. However the precision of this solution is
somewhat lower than precision of the 1-brane solution from the ordinary Ising
model, probably because we cannot reach as high level in this model. Finally, we
check the out-of-Siegel equation ∆S, which is also satisfied quite well.

3We have found that level 16 data in [58] contain some errors, which manifest as irregularities
in level dependence of the solution. The new data in table 8.10 correct these errors.

Level Energy E11 E1σ Eσσ E1ε Eεσ Eεε ∆S

2 0.603170 0.580240 0.487853 0.615929 0.288578 −0.487853 −1.15740 −0.016883
4 0.544466 0.533444 0.536014 0.632425 0.262306 0.818510 1.54237 0.000318
6 0.528701 0.518794 0.551676 0.661580 0.417921 0.299819 −0.75631 0.002027
8 0.521383 0.513329 0.559485 0.662792 0.378672 0.627675 1.25240 0.002505
10 0.517135 0.509311 0.564906 0.672906 0.438685 0.442614 −0.38662 0.002632
12 0.514345 0.507405 0.568323 0.673837 0.416738 0.591368 1.05267 0.002625
14 0.512365 0.505590 0.571196 0.679168 0.449660 0.493583 −0.16680 0.002564
16 0.510883 0.504683 0.573202 0.679905 0.435826 0.580394 0.92258 0.002480
18 0.509729 0.503677 0.575029 0.683272 0.456921 0.519003 −0.02450 0.002389
∞ 0.50009 0.4979 0.5906 0.702 0.492 0.585 0.50 0.00021
σ 0.00002 0.0003 0.0007 0.001 0.002 0.008 0.13 0.00004
Exp. 0.5 0.5 0.59460 0.70711 0.5 0.59460 0.5 0

Table 8.10: Observables of the 1 ⊗ 1-brane solution found on the σ ⊗ σ-brane
background in the double Ising model. Ellwood invariants of this solution are
symmetric with respect to exchange of their indices, Eij = Eji
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8.3.2 Marginal solutions

The double Ising model includes a marginal operator, which corresponds to ∂X
in the free boson picture, and therefore we can construct the same marginal
solutions as in chapter 6. Marginal deformations of the σ ⊗ σ-brane correspond
to change of position of the D0-brane on the orbifold in the free boson picture
and the parameter ϕ is proportional to λB.

Marginal solutions in the double Ising model have the same energy as marginal
solutions on the self-dual radius, but Ellwood invariants are not identical because
of different bulk theory. There are two convergent invariants that tell us position
of the D0-brane on the orbifold, Eσσ and E1ε = Eε1. From (8.3.5) we find

ϕ(σσ) =
√
2 arccos

Eσσ√
2
, (8.3.8)

ϕ(1ε) =
1√
2
arccosE1ε.

We have checked on several examples that the relation between λS and λB is
almost the same is in chapter 6 (with proper normalization), so there is no need
to repeat the whole analysis here. There is however one curious solution which
does not require leaving the equation for the marginal field unsolved, so we are
going to investigate it next.

The seed for this solution appears at level 2 and its properties are shown
in table 8.11. Energy close to 1 and unusual values of Eσσ and E1ε clearly
identify this solution as a member of the DO family of boundary states. We
notice that the solution is pseudo-real because its energy is real, but some of its
invariants are not. A closer inspection of the string field reveals that coefficients
of descendants of 1⊗1 and ε⊗ε are real, while coefficients of descendants of 1⊗ε
and ε⊗ 1 are purely imaginary. The imaginary coefficients allow this solution to
satisfy the equation for the marginal field, which is violated by other marginal
solutions. However the solution can be considered physical only if its imaginary
part disappears in the L→ ∞ limit. Unfortunately, we cannot say with certainty
whether it happens or not with the available data. Imaginary parts of Ellwood
invariants and of the string field decrease with the level, but the extrapolated
values are not zero within the estimated errors. The out-of-Siegel equation ∆S is
satisfied quite well, so we are more inclined to believe that the solution is physical.

Level Energy E11 E1σ Eσσ E1ε Eεσ Eεε ∆S

2 1.00386 0.984280 0.102573i 0.745762 −0.486664 0.102573i −0.01095 −0.0022373
4 1.00311 0.989546 0.087641i 0.815353 −0.397745 0.317584i 1.97254 −0.0012044
6 1.00223 0.992165 0.074145i 0.836305 −0.322005 0.210310i 0.41588 −0.0008805
8 1.00171 0.993927 0.065231i 0.839813 −0.324584 0.204409i 1.38328 −0.0006851
10 1.00139 0.994903 0.058819i 0.844855 −0.300697 0.175139i 0.75156 −0.0005598
12 1.00117 0.995709 0.054028i 0.845967 −0.303078 0.165485i 1.18225 −0.0004733
14 1.00100 0.996209 0.050219i 0.848216 −0.291521 0.150744i 0.86989 −0.0004103
16 1.00088 0.996671 0.047143i 0.848774 −0.293053 0.143335i 1.10418 −0.0003622
18 1.00079 0.996975 0.044558i 0.850048 −0.286272 0.134027i 0.92113 −0.0003244
∞ 1.0000009 0.99987 0.019i 0.85643 −0.2663 0.058i 1.00 −0.0000015
σ 1× 10−7 0.00003 0.001i 0.00003 0.0003 0.005i 0.05 0.0000002

Exp. 1 1 0
√
2 cos(ϕ) cos(2ϕ) 0 1 0

Table 8.11: Nontrivial observables of an exceptional DO(ϕ) solution in the double
Ising model.
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The parameter ϕ can be determined from the equations (8.3.8). From the
extrapolated values of Eσσ and E1ε, we get

ϕ(σσ) = 1.30149± 0.00005, (8.3.9)

ϕ(1ε) = 1.3013± 0.0003. (8.3.10)

Both values nicely agree within the estimated errors. In terms of the orbifold
radius, we find ϕ

.
= 0.2929πR. This value seems to be quite generic and not

a nice multiple of πR, so the solution does not seem to describe any special
boundary state.

Properties of this solution are quite similar to properties of the pseudo-real
double lump solution from section 5.3.3. This suggests that this type of solution
may appear regularly in theories with a marginal field and at least one nontrivial
relevant field.

8.3.3 Other solutions

Finally, we investigate other solutions that can be found from seeds at levels 2
and 2.5. First, we find two copies of the positive energy solution from section
8.1.1, these solutions change one of the σ boundary conditions to 1⊕ ε.

Next, there are four solutions that describe the 1 ⊗ 1-brane plus the 1 ⊗ ε-
brane and three other combinations of fractional D0-branes which share one of
the two boundary conditions. Properties of the first solution are shown in table
8.12. We observe that the solution is complex even at level 18, but its imaginary
part quickly decreases and we expect that it will disappear at a slightly higher
level. Therefore we cannot very well extrapolate the solution, but, given the
available boundary states, its identification is essentially unambiguous.

These solutions are unusual because they have the same energy as the initial
D-brane, but they cannot be reached by marginal deformations. They actually
resemble fusion of the two fundamental solutions from the ordinary Ising model:
one of the σ boundary conditions changes to 1 or ε boundary condition and the
other to 1 ⊕ ε boundary conditions. Two other combinations of fractional D0-
branes, 1⊗ 1-brane plus ε⊗ ε-brane and 1⊗ ε-brane plus ε⊗ 1-brane, are given
by DO(ϕ) for ϕ = 0, πR, so they can be reached using marginal deformations.
We have not found any solutions describing two copies of the same fractional
D0-brane.

Next, there is a group of 8 solutions that come from seeds at level 2.5. Prop-
erties of one of them are shown in table 8.13. Their energy probably converges
to 1+

√
2

2
, which means that they describe various combinations of one fractional

D0-brane and one fractional D1-brane. Similarly to the previous group, these
solutions are complex with quickly decreasing imaginary parts, so there in no
point in trying to do any extrapolations.

Finally, we have found one more complex solution, which probably describes
a combination of all four fractional D0-branes. We do not show its invariants
because it has large imaginary part and its agreement with the expected boundary
state is not very good. We can identify this solution essentially only because of
its symmetries, many of its invariants are exactly equal to zero and the sum of
all four fractional D0-branes is the only boundary state with the same properties
and somewhat similar energy.
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Level Energy E11 Eσ1 E1ε

4 1.87748− 0.504781i 1.13136 + 0.099003i 0.975334 + 0.461219i 2.48481 + 2.87412i
6 1.54264− 0.197854i 1.01525 + 0.124044i 0.986160 + 0.235880i 4.13545− 0.398509i
8 1.39417− 0.095249i 0.96636 + 0.110729i 0.994346 + 0.176603i 1.19361 + 1.08909i
10 1.30747− 0.048978i 0.93781 + 0.094606i 0.995807 + 0.138475i 2.46987 + 0.12748i
12 1.24985− 0.024704i 0.92090 + 0.078164i 0.996415 + 0.110137i 0.95986 + 0.60817i
14 1.20835− 0.011083i 0.90845 + 0.061419i 0.996103 + 0.084122i 1.83447 + 0.15992i
16 1.17681− 0.003504i 0.89990 + 0.042622i 0.995992 + 0.057438i 0.84641 + 0.29448i
18 1.15187− 0.000090i 0.89291 + 0.012763i 0.995623 + 0.016960i 1.49710 + 0.04071i
Exp. 1. 1. 1.18921 1.

Level Eε1 Eσε Eεε ∆S

4 −0.094956 + 0.940152i 11.8564− 1.81555i 16.6023 + 0.64451i −0.108626 + 0.045886i
6 0.225972 + 0.401185i −0.74198 + 2.71204i −14.8666 + 6.26311i −0.070187 + 0.026544i
8 0.408722 + 0.252949i 5.24390− 0.59979i 17.8804− 5.03978i −0.055272 + 0.017220i
10 0.487133 + 0.193678i −0.16765 + 1.44484i −16.1252 + 6.13839i −0.046814 + 0.012128i
12 0.539822 + 0.141016i 3.55884− 0.13435i 18.4175− 4.60803i −0.041242 + 0.008783i
14 0.577196 + 0.107553i 0.05565 + 0.78273i −16.7324 + 4.61361i −0.037234 + 0.006246i
16 0.601692 + 0.069458i 2.76066 + 0.00123i 18.6088− 2.90147i −0.034180 + 0.004007i
18 0.624495 + 0.020569i 0.16691 + 0.14470i −17.0586 + 1.05563i −0.031754 + 0.001125i
Exp. 1. 1.18921 1. 0

Table 8.12: Observables of a solution describing the 1⊗ 1-brane plus the 1⊗ ε-
brane in the double Ising model. The invariants which are not shown (E1σ, Eσσ

and Eεσ) are identically zero. We omit level 2 because the seed at this level
has different symmetries than the solution. We do not show any extrapolations
because the imaginary part is quickly decreasing and we expect that the solution
will go through a similar change like the σ-brane solution from section 8.1.1 once
it becomes real.

Level Energy E11 E1σ Eσ1

4 1.88451− 0.437943i 1.22978 + 0.163223i −0.700425− 0.255489i 0.184130 + 0.089962i
6 1.63788− 0.174782i 1.16719 + 0.132841i −0.601278− 0.187997i 0.244663 + 0.017782i
8 1.52349− 0.087907i 1.14372 + 0.109771i −0.556596− 0.157770i 0.260859 + 0.003974i
10 1.45607− 0.047858i 1.12892 + 0.092239i −0.530230− 0.131967i 0.275136− 0.002140i
12 1.41100− 0.026247i 1.12070 + 0.076684i −0.511852− 0.110828i 0.280143− 0.003754i
14 1.37842− 0.013627i 1.11419 + 0.062470i −0.498444− 0.090534i 0.286102− 0.004834i
16 1.35357− 0.006065i 1.11000 + 0.048108i −0.487887− 0.070242i 0.288479− 0.004390i
18 1.33387− 0.001728i 1.10630 + 0.031917i −0.479480− 0.046758i 0.291736− 0.003497i
Exp. 1.20711 1.20711 −0.594604 0.246293

Level Eσσ E1ε Eε1 ∆S

4 0.439257 + 0.198605i −0.538939 + 0.348600i 2.06158 + 2.89148i −0.097059 + 0.056257i
6 0.543503 + 0.048769i −0.380064 + 0.108448i 4.48623− 0.56085i −0.060653 + 0.029968i
8 0.566331 + 0.024062i −0.439752 + 0.095523i 1.29902 + 1.14156i −0.046574 + 0.019318i
10 0.593035 + 0.016159i −0.314548 + 0.026343i 2.81778 + 0.02888i −0.038685 + 0.013497i
12 0.596983 + 0.012999i −0.39584 + 0.054834i 1.15126 + 0.65277i −0.033513 + 0.009746i
14 0.608076 + 0.010608i −0.300341 + 0.013750i 2.16614 + 0.12127i −0.029802 + 0.007046i
16 0.608943 + 0.008589i −0.374984 + 0.032383i 1.06877 + 0.36820i −0.026979 + 0.004907i
18 0.614963 + 0.005953i −0.296819 + 0.007352i 1.81532 + 0.08914i −0.024745 + 0.002976i
Exp. 0.707107 −0.207107 1.20711 0

Table 8.13: Selected observables of a solution describing the 1⊗σ-brane plus the
ε ⊗ ε-brane in the double Ising model. We show no extrapolations because the
solution is expected to become real in few more levels.
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8.4 Ising⊗tricritical Ising model

At the end of this chapter we will explore a more complicated theory, the product
of the Ising model and the tricritical Ising model. This theory has more relevant
operators and there is no symmetry between the two minimal models like in the
double Ising model, so we will be able to investigate different phenomena.

We have already made a brief review of the Ising model in section 8.1, so now
we will provide similar information about the tricritical Ising model. It is labeled
by integers (p, q) = (4, 5) and the central charge is c = 7

10
. The model has 6

primary fields, which are listed in table 8.14. Their fusion rules can be derived
using (1.4.180) and they can be found for example in [12]. This model has 6
boundary states, which are associated with the six primaries, their coefficients
are in table 8.15 in numerical form.

operator Kac label h

1 (1,1) 0

σ (2,3) 3
80

ε (3,3) 1
10

σ′ (2,1) 7
16

ε′ (1,3) 3
5

ε′′ (3,1) 3
2

Table 8.14: Primary operators in the tricritical Ising model.

The product of the two minimal models is an irrational CFT with respect to
the full energy-momentum tensor and therefore the classification of all boundary
states is unknown. We understand only the 18 factorized boundary states, which
can be used as open string backgrounds. Coefficients of the factorized boundary
states can be obtained by multiplying the coefficients from tables 8.2 and 8.15.
The whole table is too big to be shown here, so we just list the energies of these
boundary states: 0.362537, 0.512704, 0.586597, 0.725073, 0.829573 and 1.17319.
Most of the energies have multiplicity 4 and the boundary states in the multiplets
differ only by signs of some components. Boundary spectra of these boundary
states are given by products of usual boundary spectra of the two models.

We choose the boundary state with the highest energy as the OSFT back-
ground, which gives us the highest chance to see interesting results. It is the
||σ ⊗ σ⟩⟩ boundary state, which has energy 1.17319 and the boundary spectrum

|1⟩⟩ |σ⟩⟩ |ε⟩⟩ |σ′⟩⟩ |ε′⟩⟩ |ε′′⟩⟩
||1⟩⟩ 0.512704 0.775565 0.65217 0.609711 0.65217 0.512704
||σ⟩⟩ 1.17319 0. 0.570017 0. −0.570017 −1.17319
||ε⟩⟩ 0.829573 0.479325 −0.403063 −0.986534 −0.403063 0.829573
||σ′⟩⟩ 0.725073 0. −0.922307 0. 0.922307 −0.725073
||ε′⟩⟩ 0.829573 −0.479325 −0.403063 0.986534 −0.403063 0.829573
||ε′′⟩⟩ 0.512704 −0.775565 0.65217 −0.609711 0.65217 0.512704

Table 8.15: List of boundary state coefficients in the tricritical Ising model.
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includes operators 1 and ε in the Ising model and operators 1, ε, ε′ and ε′′ in the
tricritical Ising model.

8.4.1 Regular solutions

The number of solutions in this model is too high to show all of them in detail
and they mostly do not have any new interesting properties anyway, so we will
explore only some selected aspects of the solutions. We have used the homotopy
continuation method on the level 2 equations to find seeds for the Newton’s
method and we have improved some interesting solutions up to level 14. First
we focus on real solutions. There are 17 solutions that can be uniquely identified
as single factorized D-branes. This is what we hoped for because they describe
exactly the 17 fundamental boundary states with energy lower that the initial
one. Then there are 13 solutions describing two factorized D-branes and 6 exotic
solutions. We will postpone analysis of the exotic solutions to the next subsection
and we will start with discussion of solutions corresponding to two D-branes.

The first part of table 8.16 summarizes some basis properties of the solutions
we have found. There are 72 configurations of two D-branes with energy lower
than 1.17319, while we have found only 13, which means that we have found
only a fraction of the expected solutions. Why do we observe these solutions and
not others? The results from section 5.3.2 suggest that we should look at the
spectrum of string stretched between the D-branes. The analysis of all possible
D-brane configurations shows that there are 13 configurations with no tachyonic
modes among the stretched strings and these are exactly the 13 configurations we
have found. This result is in agreement with what we have found for the double
lumps in section 5.3.2, there are real solutions only for boundary states which do
not support such tachyonic excitations.

Is it possible to find any other two D-brane solutions? Yes, but in order to
do so, we have to start from complex seeds. There are hundreds of potentially
interesting complex seeds at level 2 and there will be undoubtedly even more at
higher initial levels, so we have not been able to analyze all possible solutions,
but we have found several relatively good ones. There are two groups of solu-
tions that behave similarly to the σ-brane solution in the Ising model, they have
complex seeds and they become real at available levels (concretely at levels 8
and 9). These solutions are listed in the second part of table 8.16. Interestingly,
energies of these solutions at low levels are higher than the energy of the initial
D-brane, but they quickly drop down as we increase the level. We are not able to
extrapolate observables of these solutions with a very good precision, but we are
essentially sure about their identification because we have access to large num-
ber of Ellwood invariants. There are more complex solutions which are similar
to other configurations of two D-branes, but we are not sure about their status
because they have large imaginary parts.

8.4.2 Exotic solutions

Apart from regular solutions describing factorized boundary states, this model
also has some exotic solutions, similarly to the free boson theory on a torus.
We have not discussed such solutions in the double Ising model because non-
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Boundary state Energy hmin real seed

(1⊗ 1)⊕ (1⊗ ε′′) 0.725073 3
2

yes

(ε⊗ 1)⊕ (ε⊗ ε′′) 0.725073 3
2

yes

(1⊗ ε′′)⊕ (ε⊗ 1) 0.725073 2 yes

(1⊗ 1)⊕ (ε⊗ ε′′) 0.725073 2 yes

(1⊗ ε′′)⊕ (σ ⊗ 1) 0.875241 25
16

yes

(ε⊗ ε′′)⊕ (σ ⊗ 1) 0.875241 25
16

yes

(1⊗ 1)⊕ (σ ⊗ ε′′) 0.875241 25
16

yes

(ε⊗ 1)⊕ (σ ⊗ ε′′) 0.875241 25
16

yes

(1⊗ ε′)⊕ (ε⊗ 1) 0.949133 11
10

yes

(1⊗ ε′′)⊕ (ε⊗ ε) 0.949133 11
10

yes

(1⊗ 1)⊕ (ε⊗ ε′) 0.949133 11
10

yes

(1⊗ ε)⊕ (ε⊗ ε′′) 0.949133 11
10

yes

(σ ⊗ 1)⊕ (σ ⊗ ε′′) 1.025408 3
2

yes

(1⊗ 1)⊕ (1⊗ ε′) 0.949133 3
5

no

(1⊗ ε)⊕ (1⊗ ε′′) 0.949133 3
5

no

(ε⊗ 1)⊕ (ε⊗ ε′) 0.949133 3
5

no

(ε⊗ ε)⊕ (ε⊗ ε′′) 0.949133 3
5

no

(1⊗ ε)⊕ (σ ⊗ ε′′) 1.099300 53
80

no

(1⊗ ε′)⊕ (σ ⊗ 1) 1.099300 53
80

no

(ε⊗ ε′′)⊕ (σ ⊗ 1) 1.099300 53
80

no

(ε⊗ ε′′)⊕ (σ ⊗ ε′′) 1.099300 53
80

no

Table 8.16: List of solutions in the Ising⊗tricritical Ising model which describe
two D-branes with energy lower than the initial D-brane energy Einit = 1.17319.
In the first column we show identifications of solutions, in the second column exact
energies of these D-brane configurations, in the third column minimal conformal
weights of operators with the two mixed boundary conditions and in the last
column whether the solutions have real seeds at level 2.
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conventional boundary states in that model (the two continuous families) can be
understood due to the duality to the free boson theory. Such description is not
available in this model and therefore we have been able to discover yet unknown
boundary states.

There are six real exotic solutions, which belong to two groups. The solu-
tions in each group have the same energy and they differ only by signs of some
invariants. Properties of a representative of the first group are shown in table
8.17. There are three solutions which share exactly the same energy. All of them
have exactly E1σ = Eσ1 = 0, but we can distinguish them by the invariants
E1ε and Eσσ. However only two of them are exotic, the third one describes two
factorized D-branes. The extrapolated energy of the regular solution is 1.025403,
which is very close to 2 × 0.512704 = 1.02541, and, using more invariants, we
have identified this solution as the σ ⊗ 1-brane plus the σ ⊗ ε′′-brane, therefore
it is one of the solutions that is mentioned in the previous subsection. However
there is no combination of factorized boundary states that can describe the other
two solutions, which means that we have found a yet unknown type of boundary
state. The solution in table 8.17 satisfies the out-of-Siegel equation ∆S quite well,
so it does not seem to be an artifact of the level truncation approach.

Because this solution has the same energy as one of the regular solutions, we
are almost sure that its energy is exactly 1.02541 = (2(1−5−1/2))1/4. We can also
make a guess about some other components of the corresponding boundary state
by comparing the Ellwood invariants with numbers that appear in the factor-
ized boundary states. The E1ε invariant most likely converges to zero and some
other invariants are zero trivially. The extrapolated value of Eσσ is very close to
−0.922307 = −((1+5−1/2)/2)1/4 and Eσσ′ is close to 0.725073 = ((1−5−1/2)/2)1/4.
Therefore there is a good chance that one may be able find an analytic formula
for this boundary state by some manipulations with the known boundary states,
although we have not managed to do so.

Properties of a representative of the second group of exotic solutions, which in-
cludes 4 members, are shown in table 8.18. It has energy approximately 1.015021,
this number is not very far from the energy of the previous solution, but it is
clearly different considering high precision of the extrapolation. Nonzero Ell-
wood invariants of the solution seem to have quite generic values, only Eσ1 is
close to −0.5. Finding an analytic formula for the corresponding boundary state
is therefore going to be more difficult than for the previous solution.
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Level Energy ∆S E11 E1ε Eσσ Eσσ′

2 1.05144 0.0136231 1.0365 0.0507342 −0.813591 0.756836
4 1.03701 0.00247042 1.02949 0.0339477 −0.867658 0.630909
6 1.03271 0.00128945 1.02694 0.0224416 −0.886902 0.704793
8 1.03072 0.00085443 1.02679 0.017574 −0.896038 0.687469
10 1.02958 0.00062781 1.02616 0.013861 −0.901242 0.709211
12 1.02884 0.00049011 1.02621 0.0118458 −0.904841 0.702521
14 1.02832 0.00039848 1.02591 0.0100506 −0.907224 0.712589
16 1.02794 0.00033361 1.02596 0.0089576 −0.909153 0.709097
∞ 1.0254052 −0.0000052 1.02537 0.00028 −0.9218 0.7249
σ 0.0000005 0.0000001 0.00008 0.00005 0.0001 0.0014
Exp. 1.0254083 0 1.02541 0 ? −0.922307 ? 0.725073 ?

Table 8.17: Properties of a representative of the first group of exotic solutions in
the Ising⊗tricritical Ising model. We show only the first few nontrivial Ellwood
invariants. Missing invariants with low conformal weights are identically zero,
E1σ = Eσ1 = Eσε = E1σ′ = 0. The other solution differs by signs of Eσσ and
Eσσ′ .

Level Energy ∆S E11 E1σ Eσ1 E1ε

2 1.05350 0.0174586 1.04422 0.230456 −0.431675 0.516233
4 1.02882 0.00234787 1.02259 0.240321 −0.457615 0.490381
6 1.02324 0.00109729 1.01827 0.244379 −0.472315 0.487585
8 1.02086 0.000663258 1.01742 0.248063 −0.478752 0.487383
10 1.01954 0.000451343 1.01651 0.249565 −0.483137 0.486865
12 1.01871 0.000329694 1.01635 0.251068 −0.485770 0.486933
14 1.01813 0.000252658 1.01596 0.251787 −0.487845 0.486705
16 1.01771 0.000200483 1.01592 0.252593 −0.489277 0.486771
∞ 1.0150227 −0.0000071 1.01491 0.25716 −0.4997 0.48641
σ 3× 10−7 0.0000002 0.00006 0.00008 0.0002 0.00009

Table 8.18: Selected observables of a representative of the second group of exotic
solutions in the Ising⊗tricritical Ising model. The other solutions differs by signs
of E1σ and Eσ1.
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Chapter 9

Summary and discussion

In this thesis, we have explored a large number of Siegel gauge solutions of bosonic
open string field theory, which allows us to formulate some empirical rules govern-
ing these solutions. We have found that properties of OSFT solutions are closely
related to boundary states they describe and they can be divided into several
groups. We also notice that we do not see all solutions that are expected to exist
and that there are some ”selection rules”, which tell us which solutions can be
found, respectively how difficult is to find them.

The first type of solutions describes a single D-brane with energy lower than
the energy of the initial D-brane, which we denote as Einit. These solutions
are easy to find, usually it is enough to solve level 1 equations to find solu-
tions describing all fundamental boundary states (which may also include some
non-conventional D-branes). These solutions are real, well behaved and we can
significantly improve their precision by employing infinite level extrapolations.
Their energy can determined with precision to several decimal places. The preci-
sion of their Ellwood invariants, which describe the corresponding boundary state
coefficients, depends on weights of the invariants. Invariants with low conformal
weights reproduce the expected values quite well, but as the conformal weight
increases, they begin to oscillate and the precision goes down. Oscillations of
invariants with weights higher than approximately 1.5 are so big that we are
not able to extract any useful information from these invariants. Therefore the
Ellwood’s conjecture can be verified only for a part of the boundary state.

The next type of single D-brane solutions has energy higher than Einit. These
solutions go against the RG flow and therefore they are more difficult to find. To
see these solutions, we need to solve equations that involve at least some irrelevant
fields. That usually means we have to start at least with level 2, where we find
the first descendants of the ground state. Seeds for these solutions are complex
in the vast majority of cases. There are some solutions whose imaginary part
disappears at high enough level and we can be reasonably sure that these solutions
are physical. However there are also solutions with complex observables even in
the infinite level limit. Its unlikely that these solutions solve the full equations
of motion. We think that they may be either approximations of solutions that
cannot be brought to Siegel gauge or nonphysical artifacts of the level truncation
approximation.

Another problem with this type of solutions is that it is difficult to extrap-
olate them. We observe that the behavior of the real part a solution (and its
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observables) changes significantly when the imaginary part disappears. There-
fore we can extrapolate only the real data points, which leads to significantly
lower precision of results than in the case of E < Einit, we often get only a quan-
titative agreement with the expected boundary state. In general, it seems that
the imaginary part of complex solutions grows with the ratio E

Einit
. That means

that solutions with higher energy are usually harder to find than solutions with
lower energy. However this rule is not absolute, for example the imaginary part
of single lump solutions from section 5.2.2 grows not only for small R, but also
close to R = 1.

Finally, the energy of the final D-brane can be also equal to the energy of the
initial D-brane. These D-branes often belong to continuous families, which are
connected by marginal deformations. There are several approaches to marginal
deformations in OSFT, but all describe only a part of the moduli space. Marginal
solutions in the traditional marginal approach behave similarly as solutions with
E < Einit and they reliably describe approximately one fundamental domain
(|λB| ≲ 1

2
) of the moduli space. However there are also theories with multiple

D-branes with the same energy, but without a marginal operator. The simplest
example is the Ising model, where both the 1-brane and the ε-brane have energy
2−1/2. So far, we have not found any solution connecting such D-branes.

Another class of solutions describes two D-branes. Let us focus only on so-
lutions with E < Einit, because solutions with E ≥ Einit suffer from the same
problems as above. However, unlike for single D-brane solutions, we are often
unable to find solutions corresponding to all D-brane configurations allowed by
the energy. The evidence presented in sections 5.3.2 and 8.4.1 strongly suggests
that the key feature which decides properties of these solutions is the spectrum of
strings stretched between the two D-branes. If there are no stretched tachyonic
modes, these solutions are real and well behaved, otherwise they behave similarly
as solutions with E > Einit or they are missing entirely. Solutions supporting
tachyonic excitations are complex (at least at low levels) and they give us only
a rough approximation of the expected boundary state. It seems that proper-
ties of these solutions generally get worse as the weight of the lightest mode in
the spectrum of stretched strings decreases. In particular, we note that we have
never seen any solution describing two exact copies of the same D-brane. This
tells us that finding a well behaved double brane solution in the universal sector
is going to be very difficult because it has both E = 2Einit and the lightest pos-
sible tachyons in the spectrum of excitations. Finding a solution for intersecting
D1-branes could be slightly easier, but, to have a chance to see such solution,
one would have to solve at least level 2 equations in a theory with many primary
operators and analyze large number of complex seeds.

A possible explanation of these properties of two D-brane solutions is as fol-
lows: The spectrum of excitations with mixed boundary conditions is probably
encoded in high level coefficients of the string field and tachyonic modes among
these excitations lead to high expectation values of these high level fields. There-
fore when we truncate string field theory to a low level, where we are able to solve
the equations of motion, solutions with tachyonic excitations disappear or attain
an imaginary part.

As far as we can tell, solutions describing three or more D-branes behave sim-
ilarly as two D-brane solutions, but we have not yet studied them systematically,
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so we cannot confirm their properties with certainty.
To conclude, the numerical approach to OSFT provides good evidence for the

Sen’s conjectures, the Ellwood conjecture and the background independence of
OSFT in general. There are of course some limitations, but that can be expected
when we truncate the full theory to a finite number of degrees of freedom.

Next, we would like to propose some possible future directions of the numerical
approach to OSFT.

First of all, the level truncation approach contains two unsolved technical
problems. The first one is convergence of Ellwood invariant with high conformal
weights. These invariants behave badly at low levels, but that does not necessarily
imply that they are divergent. So it would be useful to show how they behave
asymptotically (perhaps by level expansion of some analytic solution) and to
find a way how to reliably extract these boundary state coefficients, either by
some resummation technique or by finding an alternative prescription for Ellwood
invariants.

The second problem is a missing numerical algorithm that would systemat-
ically allow us to compute spectra of excitations around solutions. It will be
necessary to check whether the techniques from [86][87][92] can be extended to
higher levels, whether they reproduce correct spectra and, if necessary, to in-
vent new algorithms. Knowing the spectra would be especially useful for exotic
solutions, which do not have an interpretation in terms of conventional D-branes.

Next, one could try to find applications for gauges different from the Siegel
gauge. Most of numerical calculations so far have been done in this gauge, but
that may not always be the best choice. Our experiments suggest that other
gauges are not beneficial for solutions that behave well in Siegel gauge, but they
could help us with analysis of complex solutions, which can have better properties
in some gauges, or to find solutions that are missing in Siegel gauge.

Finally, we should exploit the newly discovered possibility of investigating non-
conventional D-branes in irrational CFTs. The Erler-Maccaferri solution cannot
be used for finding these solutions, because we do not know the corresponding
boundary condition changing operators, so the level truncation approach is the
only possibility right now. We can find huge number of such solutions in the
free boson theory on a torus, which could help us with classification of boundary
states in this theory. We can also try to investigate more complicated theories,
for example we can look for solutions which break a part of the current symmetry
in WZW models.
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Appendix A

F-matrices in minimal models

In this appendix we show explicit form of F-matrices in the Virasoro minimal
models and some of their identities following [21].

A.1 Explicit formula for F-matrices

We consider a minimal model with labels (p, q), for which we define t = p
q
. For

Kac labels of primary operators, which we denote as I = (rI , sI), we define
dI = rI − tsI and d̃I = sI − trI . One usually has the freedom to replace (r, s)
by (p− r, s− q), but the formulas from [21] work only if we choose the following
convention: If p is odd, then we must choose Kac labels with odd r, otherwise
we choose Kac labels with odd s.

Using these conventions, the F-matrices are given by

FPQ

[
J K
I L

]
= (A.1.1)

j ((rL − rI − 1 + rQ)/2, (sL − sI − 1 + sQ)/2,−dI , dL)
j ((rJ − rI − 1 + rP )/2, (sJ − sI − 1 + sP )/2,−dI , dJ)

× j ((rJ + rK − 1− rQ)/2, (sJ + sK − 1− sQ)/2, dJ , dK)

j ((rK + rL − 1− rP )/2, (sK + sL − 1− sP )/2, dK , dL)

×α
(
−rI+rJ+rK+rL

2
,
rK+rL+1−rP

2
,
rJ+rK+1−rQ

2
, d̃I , d̃J , d̃K , d̃L,

1

t

)
×α
(
−sI+sJ+sK+sL

2
,
sK+sL+1−sP

2
,
sJ+sK+1−sQ

2
, dI , dJ , dK , dL, t

)
,

where we define the following expressions

Sρ(a, b) = sinπ(a+ bρ),

mxy(a, b) = t2xy
x∏

g=1

y∏
h=1

[(ht−g)(a+ht−g)(b+ht−g)(a+b+(y+h)t−x−g)]−1 ,

j(x, y, a, b) = mxy(a, b)βxy

(
−a
t
,−b

t
,
1

t

)
βxy(a, b, t). (A.1.2)

βxy(a, b, ρ) =

y∏
g=1

Γ(gρ)Γ(a+ gρ)Γ(b+ gρ)

Γ(ρ)Γ(a+ b− 2x+ (y + g)ρ)
,
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α(s, x, y, a, b, c, d, ρ) =

min(s,x+y−1)∑
h=max(x,y)

s−h∏
g=1

Sρ(d, x− 1 + g)
h−y∏
g=1

Sρ(−a, s− x+ g)

s−y∏
g=1

Sρ(−a+ d, s− y + g)

×

y−1−h+x∏
g=1

Sρ(b, s− x+ g)
h−x∏
g=1

Sρ(c, x− 1 + g)

y−1∏
g=1

Sρ(b+ c, y − 1 + g)

(A.1.3)

×
h−x∏
g=1

Sρ(0, x+ y − h− 1 + g)

Sρ(0, g)

s−h∏
g=1

Sρ(0, h− y + g)

Sρ(0, g)
,

A.2 Some F-matrix identities

Next we mention few F-matrix identities, which are useful for manipulations with
sewing relations and structure constants:

Fpq

[
j k
i l

]
= Fpq

[
i l
j k

]
= Fpq

[
l i
k j

]
, (A.2.4)

∑
r

Fpr

[
j k
i l

]
Frq

[
l k
i j

]
= δpq, (A.2.5)

F11

[
i i
i i

]
=
S 1
1

S i
1

, (A.2.6)

Fk1

[
i i
j j

]
=
S k
1

S j
1

Fj1

[
k k
i i

]
, (A.2.7)

F1k

[
i j
i j

]
Fk1

[
i i
j j

]
=
S 1
1 S

k
1

S i
1 S

j
1

, (A.2.8)

Fpi

[
j k
n l

]
Fn1

[
i i
l l

]
= Fnk

[
i j
l p

]
Fp1

[
k k
l l

]
, (A.2.9)

∑
s

Fqs

[
j k
p b

]
Fpl

[
i s
a b

]
Fsr

[
i j
l k

]
= Fpr

[
i j
a q

]
Fql

[
r k
a b

]
, (A.2.10)

Bpq

[
j k
i l

]
= eiπ(hi+hl−hp−hq)Fpq

[
j l
i k

]
. (A.2.11)
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Appendix B

Characters

In this appendix we show characters describing the main Hilbert spaces that
appear in this thesis. We use them for two main purposes: to show equivalence
between some Hilbert spaces and for state counting, which allows us to make
estimates of computer requirements of our calculations, see appendix C.

The character of a Hilbert space H is usually defined as

χ(q) = TrHq
L0−c/24, (B.0.1)

although the central charge is essentially irrelevant for our purposes. It disappears
in the full theory anyway because it must have ctot = 0. In the ghost theory we
often want to keep track of ghost numbers of states, so for that purpose we
introduce a generalized character

χ(q, y) = TrHq
L0−c/24yj

gh
0 , (B.0.2)

where the variable y counts the ghost number. The decomposition of this char-
acter with respect to the ghost number g is

χ(q, y) =
∞∑

g=−∞

χ(g)(q)yg. (B.0.3)

Next we introduce a notation for the character of a generic non-degenerate
Virasoro Verma module, which appears repeatedly in this appendix,

χV ir(q) ≡
∞∏

m=1

1

1− qm
=
q1/24

η(τ)
, (B.0.4)

where η(τ) is the Dedekind eta function and q = e2πiτ . In addition to this
character, we define the character of the vacuum Verma module, which does not
contain any L−1 operators,

χ′(q) ≡
∞∏

m=2

1

1− qm
= (1− q)χV ir(q). (B.0.5)

This character describes the Hilbert space of the universal matter theory BCFT’.
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In the following text, we will show characters which describe twist non-even
string fields. To obtain characters of twist even spaces, we need to project out
twist odd states. The projection to twist even subspaces can be done as

χeven(q) =
1

2
(χ(q) + Ω(χ(q))) , (B.0.6)

where the character Ω(χ(q)) has switched signs in front of terms that correspond
to twist odd states. We define such character as

Ω(χ(q)) = TrHq
L0−c/24Ω. (B.0.7)

For character of a single Verma module of weight h, we find

Ω(χ(q)) = (−1)−h+ϕ+c/24χ(−q), (B.0.8)

where the phase compensates the factor (−q)h−c/24. The Hilbert space of the
full theory usually includes several primary operators, so we apply the projection
independently on each part of space.

B.1 Ghost theory

The generalized character of the ghost theory is [29]

χgh(q, y) = q−1− cgh

24 y(1 + y)
∞∏

m=1

(1 + qmy)

(
1 +

qm

y

)
(B.1.9)

= q−
cgh

24

∞∏
m=1

1

1− qm

∞∑
g=−∞

ygq
g2−3g

2 = q−
cgh

24 χV ir(q)
∞∑

g=−∞

ygq
g2−3g

2 .

The first line reflects the bc basis of the state space and the second line the
Virasoro or the ghost current basis at fixed ghost numbers.

The Siegel gauge character can be obtained from (B.1.9) by removing the
contribution from the c0 mode:

χgh
Sieg(q, y) =

1

1 + y
χgh(q, y) (B.1.10)

= q−1− cgh

24 χV ir(q)
∞∑

g=−∞

∞∑
s=|g−1|

(−1)s+g−1ygq
s2+s

2 .

This character does not reflect decomposition of the state space with respect to
the SU(1,1) symmetry. To se that, we need to construct characters of irreducible
SU(1,1) representations. The weights of the primaries (2.2.82) with respect to
L′gh
0 are h′j = j(2j+1). By investigating the Kac determinant (1.1.57) for central

charge −2, we find that all corresponding Verma modules are reducible. The first
null state of a spin j representation appears at level h′j+1/2. By removing all null
states, we obtain characters of irreducible representations:

χgh
j (q) = q−1−cgh/24χV ir(q)

(
qh

′
j − qh

′
j+1/2

)
. (B.1.11)
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Notice that the character does not depend on m. By summing over all represen-
tations, we get the character

χgh
Sieg(q, y) =

∞∑
j=0 mod 1/2

j∑
m=−j

y2m+1χgh
j (q)

=
∞∑

g=−∞

∞∑
j=

|g−1|
2

mod 1

ygχgh
j (q). (B.1.12)

After substitution s = 2j and some simple manipulations, we find that this
character agrees with the second line of (B.1.10), which shows equivalence of the
bc basis and the SU(1,1) basis of the Siegel gauge state space.

The character of the SU(1,1) singlet subspace, which we use for most of our
calculations, reads

χgh
singlet = χgh

j=0 = q−1−cgh/24χV ir(q)(1− q) = q−1−cgh/24χ′(q). (B.1.13)

This character is very similar to the character of universal matter theory, it differs
only by the prefactor.

Finally we show character of the auxiliary space defined in section 3.4.3, where
we describe an algorithm to compute SU(1,1) singlet cubic vertices. The auxiliary
states have one additional mode of the ghost current compared to SU(1,1) singlets,
jgh−kL

′gh
−Mc1|0⟩, and therefore the corresponding character is given by

χgh
aux(q) = (q + q2 + q3 + . . . ) χgh

singlet(q)

=
q

1− q
χgh
singlet(q) = q−cgh/24χV ir(q). (B.1.14)

B.2 Universal sector

The character of the universal string field theory is given simply by the product
of the matter and the ghost part,

χuniv(q) = χ′(q)χgh(q), (B.2.15)

where χgh(q) depends on conditions imposed on the ghost sector. In the most
common case, which means imposing the Siegel gauge and the SU(1,1) singlet
condition, the character reads

χuniv(q) = q−1 (χ′(q))
2
. (B.2.16)

Without any gauge conditions or in a generic gauge before implementation of the
gauge fixing conditions, we find

χuniv(q) = q−1χ′(q)χV ir(q). (B.2.17)

These characters count both twist even and twist odd states. To get the
character of the twist even subspace, we need to apply the projection (B.0.6).
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B.3 Free boson theory

First we consider the character of a U(1) Verma module of momentum k,

χ(k)(q) = qk
2−1/24

∞∏
m=1

1

1− qm
= qk

2−1/24χV ir(q), (B.3.18)

which is the same result as for the character of a non-degenerate Virasoro repre-
sentation. However in this thesis we work with the parity even subspace, so we
need to remove contributions from parity odd states. The characters of subspaces
with positive and negative momentum are the same for k ̸= 0, χ(k)(q) = χ(−k)(q),
so the projection to parity even states gives us simply

χ(k)
even(q) =

1

2
(χ(k)(q) + χ(−k)(q)) = χ(k)(q). (B.3.19)

The projection for k = 0 is a bit more complicated and we find

χ(0)
even(q) = q−1/241

2

(
∞∏

m=1

1

1− qm
+

∞∏
m=1

1

1 + qm

)

= q−1/241

2

(
χV ir(q) +

∞∏
m=1

1

1 + qm

)
. (B.3.20)

To get the character of the full theory, we need to sum over all momenta and add
the universal matter and ghost characters:

χ(D1)
even(q) = q−1 (χ′(q))

2

(
χV ir(q)

(
1

2
+
∑
k>0

qk
2

)
+

1

2

∞∏
m=1

1

1 + qm

)
. (B.3.21)

Characters in two dimensions are very similar, the only significant difference
is the projection to parity even states at zero momentum, which gives us

χ(0,0)
evev (q) = q−2/241

2

(
(χV ir(q))2 +

∞∏
m=1

1

(1 + qm)2

)
. (B.3.22)

Therefore the character of the full theory is

χ(D2)
even(q) = q−1 (χ′(q))

2

(
(χV ir(q))2

(
1

2
+
∑
k>0

qk
2

)
+

1

2

∞∏
m=1

1

(1 + qm)2

)
.

(B.3.23)
The momentum in two dimensions is a two component vector, k = (k1, k2), so we
have some freedom in splitting the momenta into positive and negative, which
however does not affect the character.

B.4 Minimal models

All Verma modules in the Virasoro minimal models are reducible, so characters
of irreducible representations are more complicated then in the free boson theory.
Following [12], we define functions

K
(p,q)
(r,s) = q−1/24χV ir(q)

∑
n∈Z

q
(2pqn+ps−qr)2

4pq , (B.4.24)
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where (p, q) are labels of the given minimal model. Using these functions, we
can write the character of an irreducible representation over a primary labeled
by (r, s) as

χ
(p,q)
(r,s) = qc/24

(
K

(p,q)
(r,s) −K

(p,q)
(r,−s)

)
. (B.4.25)

The character of the full theory therefore reads

χ(p,q) = q−1 (χ′(q))
2
∑
(r,s)

χ
(p,q)
(r,s) , (B.4.26)

where (r, s) runs over spectrum of primaries for the given boundary condition.
A generalization of this character to a theory given by a product of two min-

imal models is straightforward

χ(p1,q1)(p2,q2) = q−1 (χ′(q))
2
∑
(r1,s1)

∑
(r2,s2)

χ
(p1,q1)
(r1,s1)

χ
(p2,q2)
(r2,s2)

, (B.4.27)

where we assume that the boundary theory has factorized boundary conditions.
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Appendix C

State counting and computer
requirements

In this appendix we discuss how to estimate time and memory requirements of
OSFT calculations in the level truncation scheme. First we make some general
asymptotic estimates and them we show examples at finite levels that are related
to some of our calculations.

The results in this thesis were obtained using computer clusters at Meta-
Centrum VO, which is an organization that operates and manages computing
infrastructure which belong to CESNET, CERIT-SC and co-operative academic
centers within the Czech Republic. The best machine we have access to has
approximately 6 TB of operational memory and more than 300 CPUs, but we
typically use much less computer resources. Most of the calculations in this thesis
required tens or few hundreds of gigabytes of computer memory and they were
executed using 20-60 CPUs. Using these computer resources, it is possible to find
one solution of OSFT equations involving tens of thousands of variables within
few days, the time varies depending on the OSFT background, properties of the
solution and computer specifications. The most complicated system of equations
we have solved has slightly over 100000 equations.

Among the algorithms presented in chapter 3, there are three that potentially
consume large amount of time or memory: The evaluation of cubic vertices,
the Newton’s method and the homotopy continuation method. The estimate of
computer requirements for the homotopy continuation method is very straight-
forward, so we will focus on the other two. Observables can be usually computed
very quickly, the only exception is the case if one has to compute the full energy
(3.7.116), which has the same complexity as the Newton’s method.

To find the number of states in a given state space at a given level, we expand
its character as

χ(q) = q−c/24−δgh
∑
k∈{h}

ak q
k, (C.0.1)

where δgh equals 1 if the space includes the ghosts and zero otherwise. The
prefactor cancels the difference between the leading power in the character and
the definition of level in OSFT. The number of states up to level L is therefore
given simply by

N(L) =
∑
k≤L

ak. (C.0.2)
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We put a tilde overN in the constituent theories to distinguish it from the number
of states in the full theory.

First, we are going to make some estimates for cubic vertices. The number
of cubic vertices is N3, but we never compute the full non-factorized vertices (at
least not at high levels) and we evaluate only vertices in the constituent theories.
Generally, the memory required for cubic vertices in one constituent theory is 8Ñ3

B1. In principle, we need just approximately one sixth of this number because
some vertices are related by the twist and cyclic symmetry. However using the
reduced set of vertices would cause problems later, so we restore the full set of
vertices before we start with the Newton’s method. As we are going to show, it
does not usually lead to significant increase of memory requirements anyway.

Memory requirements for cubic vertices are higher in the ghost theory because
of the auxiliary vertices. For the singlet vertices, we need additional memory
8Ñsingl(Ñsingl + 1)Ñaux/2 B, the one half comes from the remaining symmetry
between the two singlet states. The number of auxiliary vertices in the bc basis
is Ñ0Ñ1Ñ2, where the lower index denotes ghost number.

On the other hand, the number of nontrivial vertices is usually reduced in
non-universal theories. If the theory contains multiple primaries with nontrivial
fusion rules, we split the state space as described in section 3.1.3 and the number
of nonzero vertices is ∑

f=(p,q,r)

ÑpÑqÑr, (C.0.3)

where Ñp denotes the number of states in the space over a primary p. This
reduction is especially effective in the free boson theory, where the fusion rules
are sparse.

The time needed to compute cubic vertices primarily scales with the number
of vertices, that is as Ñ3. However time required to compute one vertex is not
constant. The average time is proportional to the average number of terms in the
K(ϕ−n) representation of conservation laws. Theoretically, it can be as high as Ñ ,
but it is typically much smaller. We can estimate it as the level times the average
number of terms in M(ϕk). This number has only a small level dependence, but
it depends a lot on the operator algebra. For example M(bk) in the bc basis has
at most one term, while M(Lk) can have large number of terms because all com-
mutators between Virasoro operators are nonzero. In practice, the time needed
to evaluate cubic vertices is also strongly affected by the dynamic parallelization.
Repeated calculations of the same set of vertices often take significantly different
time and the fluctuations overshadow the subleading corrections, so Ñ3 is usually
good enough estimate of the time scaling.

When it comes to the Newton’s method, we need memory mostly for storing
the Jacobian matrix. The required memory is 16N2 B because we generically work
with complex numbers. The time needed for the Newton’s method is proportional
to N3. Both evaluation of the Jacobian matrix and solving the subsequent linear
equations have the same complexity, but the Jacobian generally takes longer
because we need to multiply factorized parts of vertices. However the evaluation
of the Jacobian can be sometimes sped up by omitting zero coefficients of the

1We consider 8 B for one real number in the usual double number format in C++. If we
decide to use the long double type, which usually requires 16 B, the memory requirements
double.
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string field and by utilizing the twist symmetry and the fusion rules, see section
3.5.1. The time needed to solve the linear equations is less affected by the OSFT
background or by properties of solutions. Only in case that the Jacobian is a
block diagonal matrix, the time scaling reduces to

∑
iN

3
i , where Ni are sizes of

the individual blocks.

C.1 Asymptotic behavior

Consider a generic Virasoro Verma module. The number of states at level L is
given by the number of integer partitions of the level P (L), which has a well-
known asymptotic behavior for large L:

P (L) ∼ 1

4L
√
3
eπ
√

2L/3. (C.1.4)

All characters in appendix B are based on the generic Virasoro character, so
we will assume that, in the roughest approximation, the number of states in all
theories behaves as

N(L) ∼ eα
√
L, (C.1.5)

where the constant α depends on the particular theory.
In this approximation we do not have to distinguish between number of states

at level L and up to level L because the majority of states appears at the few
highest levels. The number of states up to level L is approximately

N(L) ∼
∫ L

0

eα
√
xdx ∼ 2

α

√
L eα

√
L, (C.1.6)

which is roughly
√
L
α

times higher than the number of states at level L.
Now consider a tensor product of two theories characterized by α1 and α2.

The number of states in this theory at level L can estimated using the saddle
point approximation,

N(L) ∼
∫ L

0

eα1
√
x+α2

√
L−xdx ∼

√
8πα1α2

(α2
1 + α2

2)
5/4
L3/4e

√
α2
1+α2

2

√
L. (C.1.7)

We observe that the full theory has the same type of asymptotic behavior as the
constituent theories, the parameter α just changes to

√
α2
1 + α2

2. Similarly, for
a product of M theories with α1, . . . , αM , the parameters combine together as
αtot =

√
α2
1 + · · ·+ α2

M .
These formulas allows us to estimate which part of the computational process

requires most of the time or memory. We assume that the full theory is given by
a product of M ≥ 2 constituent theories with roughly the same number of states,

Ñ1(L) ∼= . . . ∼= ÑM(L) ∼ eα
√
L. (C.1.8)

The number of states in the full theory is therefore approximately

N(L) ∼ e
√
Mα

√
L ∼ Ñ

√
M . (C.1.9)

First, we consider the time requirements. The time needed to evaluate cubic
vertices scales as Ñ3 and the time for the Newton’s method as Ñ3

√
M . Obviously
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Ñ3
√
M ≫ Ñ3 for all M , so the time needed for the Newton’s method will be

always dominant at high enough level.

When it comes to the memory, it scales as Ñ3 for cubic vertices and as Ñ2
√
M

for the Newton’s method. For M = 2, we find Ñ3 > Ñ2
√
2, which means that

the memory needed for cubic vertices is dominant, while for M = 3 we have
Ñ3 < Ñ2

√
3, so the memory required for the Jacobian matrix is higher. The

Jacobian matrix dominates even more for M > 3.

These estimates tell us that the main restriction for M ≥ 3 comes from the
Newton’s method. It requires both more time and more memory than cubic
vertices. The time needed to execute the calculations is usually the bigger issue
because it scales as N3, while the memory only as N2.

In practice, constituent theories usually do not have exactly the same amount
of states and there are various subleading contributions that we neglected. De-
spite that, the estimates above are mostly correct. We have seen just 2 exceptions.
For M = 2, which means the universal theory, the time requirements for cubic
vertices and for the Newton’s method are comparable. The reason is the large
number of auxiliary ghost vertices and large number of operations needed to
computer one vertex. For M = 3, we sometimes find that we need more memory
for the cubic vertices, which is caused by asymmetric number of states in the
constituent theories. See the examples later.

C.2 Universal sector

First we discuss time and memory requirements for cubic vertices in the universal
part of string field theory following [45].

Table C.1 shows numbers of states up to level L in the universal matter theory
and in various subspaces of the ghost theory. We also add numbers of states in
the auxiliary ghost spaces which are needed for evaluation of cubic vertices.

Using this data, we can compute the number of cubic vertices in the universal
sector and the corresponding memory requirements, see table C.2. We denote
memory required for a set of cubic vertices as V. When counting the physical
vertices, we consider only those with ordered indices, this reduces the memory
requirements approximately by a factor of 6. Once we have evaluated all required
vertices and deallocated all auxiliary objects, we restore the full set of physical
vertices. This slightly increases the memory requirements, but not much when
compared with the memory needed for the auxiliary ghost vertices. The number
of vertices in the universal matter theory is much smaller than in the ghost
theory (including the auxiliary vertices), which means that calculations in the
ghost theory take most of the time.

We observe that imposing the Siegel gauge condition and the SU(1,1) singlet
condition leads to a huge reduction of memory requirements for cubic vertices.
However the SU(1,1) singlet condition does not save us much time. Computing
all vertices in Siegel gauge using the bc basis takes about the same amount of
time as computing the SU(1,1) singlet vertices. The reason is that the algebra of
Virasoro and ghost current operators is much more complicated than the algebra
of b and c ghosts. Therefore evaluation of one vertex in the bc basis is much faster
than in other bases.
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Level Ñsingl Ñaux Ñ
(1)
Sieg Ñ

(0,2)
Sieg Ñ

(1)
gen Ñ

(0,2)
gen

2 2 1 2 1 4 2
4 5 4 7 3 12 7
6 11 12 17 8 30 19
8 22 30 37 20 67 45
10 42 67 76 44 139 97
12 77 139 148 89 272 195
14 135 272 275 171 508 373
16 231 508 493 315 915 684
18 385 915 857 561 1597 1212
20 627 1597 1451 970 2714 2087
22 1002 2714 2403 1635 4508 3506
24 1575 4508 3902 2696 7338 5763
26 2436 7338 6224 4360 11732 9296
28 3718 11732 9774 6930 18460 14742
30 5604 18460 15131 10847 28629 23025
32 8349 28629 23119 16742 43820 35471
34 12310 43820 34907 25511 66273 53963

Table C.1: Number of states in various parts of the universal sector. Starting
from the left, we show the number of states in the SU(1,1) singlet subspace, which
also equals to the number of states in the universal matter theory, Ñ ′ = Ñsingl,

and in the associated auxiliary space with a single jgh−k operator. Then we count
all states in Siegel gauge at ghost number one, and at ghost numbers 0 and 2.
Finally we consider the ghost theory without any gauge conditions imposed. The
number of states at ghost number one Ñ

(1)
gen also equals to the number of states in

a generic Virasoro Verma module. In the auxiliary spaces, we count only states
that enter the cubic vertex algorithm, which means only states up to one level
less than in the physical space.
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Next we focus on the full universal theory. We show the number of twist even
states and the memory requirements in table C.3. We consider two cases, first we
impose the SU(1,1) singlet condition in Siegel gauge, then we keep the full state
space without any gauge fixing. At available levels, the memory requirements
are a bigger issue than the time requirements, so we discuss them in more detail.
However we find that every two levels increase the memory requirements 3-4 times
around level 30 (the number grows smaller with increasing level), while the time
needed to find one solution increases 5-6 times. Therefore the time requirements
for the Newton’s method will become the main restriction at sufficiently high
level.

In the SU(1,1) singlet case, the number of matter and ghost states is the same,
so the memory required for cubic vertices equals approximately to 12Vsingl. The
memory required for the Jacobian matrix, which is denoted by the letter J, is
significantly lower, which agrees with the estimate from section C.1. At level 30,
which is the highest level we have been able to reach, we need approximately
2.7 TB of memory. For the ghost vertices we need 9/8(Vsingl + Vsingl

aux )
.
= 2.6

TB of memory, which shows that using the unordered set of cubic vertices does
not have a significant impact on the memory requirements. If we consider other
gauge conditions, we find that we can go only up to level 24 with the same amount
of computer resources as in the singlet case. We need approximately 2.9 TB of
memory, which is mostly consumed by the ghost vertices.

Time needed for evaluation of cubic vertices and time needed to find one so-
lution using the Newton’s method are comparable in the universal theory. Which
takes longer depends of the level, properties of the solution and conditions im-
posed on the string field. When it comes to the Newton’s method, we find that
evaluation of the Jacobian takes 3-4 times more time than solving the linear equa-
tions because we need to construct the full vertices out of the factorized ones,
which requires several elemental operations.
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Level Vsingl Vaux
singl Vbc Vaux

bc Vgen Vaux
gen

2 32 B 24 B 32 B 16 B 160 B 128 B
4 280 B 480 B 672 B 504 B 2.844 kB 4.594 kB
6 2.234 kB 6.188 kB 7.570 kB 8.500 kB 38.75 kB 84.61 kB
8 15.81 kB 59.30 kB 71.40 kB 115.6 kB 409.3 kB 1.035 MB
10 103.5 kB 472.7 kB 594.3 kB 1.123 MB 25.87 MB 9.978 MB
12 617.8 kB 3.185 MB 4.206 MB 8.944 MB 29.11 MB 78.91 MB
14 3.198 MB 19.05 MB 26.73 MB 61.35 MB 167.7 MB 539.2 MB
16 15.88 MB 103.9 MB 153.3 MB 373.2 MB 977.3 MB 3.19 GB
18 73.13 MB 518.7 MB 803.2 MB 2.010 GB 5.067 GB 17.48 GB
20 314.9 MB 2.343 GB 3.801 GB 10.17 GB 24.85 GB 88.07 GB
22 1.253 GB 10.16 GB 17.25 GB 47.86 GB 113.8 GB 412.9 GB
24 4.861 GB 41.69 GB 73.83 GB 211.3 GB 490.9 GB 1.773 TB
26 17.97 GB 162.3 GB 299.5 GB 881.5 GB 1.959 TB 7.377 TB
28 63.87 GB 604.3 GB 1.133 TB 3.415 TB 7.630 TB 29.19 TB
30 218.7 GB 2.109 TB 4.202 TB 12.95 TB 28.46 TB 110.4 TB
32 722.9 GB 7.261 TB 14.99 TB 47.15 TB 102.0 TB 401.2 TB
34 2.263 TB 24.16 TB 51.58 TB 165.3 TB 353.0 TB 1404. TB

Table C.2: Minimum memory requirements for storing various sets of ghost ver-
tices. From the left: Memory requirements for SU(1,1) singlet vertices (this num-
ber also applies for the matter vertices), for vertices in Siegel gauge in the bc basis
and finally for vertices not restricted by any gauge condition. The memory re-
quirements for physical vertices are always accompanied by memory requirements
for the corresponding auxiliary vertices. We consider only physical vertices which
are maximally reduced by the cyclic and twist symmetry, the memory needed for
all vertices is approximately six times higher. We assume 8 B of memory for one
number in C++ double format, but we also temporarily need additional 1 B for
auxiliary boolean field during evaluation of vertices.
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Level N singl
Univ Vsingl

Univ Jsingl
Univ N gen

Univ Vgen
Univ Jgen

Univ

2 3 128 B 144 B 4 576 B 256 B
4 8 1.953 kB 1.000 kB 14 14.48 kB 3.062 kB
6 21 20.80 kB 6.891 kB 43 221.3 kB 28.89 kB
8 51 166.4 kB 40.64 kB 118 2.376 MB 217.6 kB
10 117 1.130 MB 213.9 kB 299 21.05 MB 1.364 MB
12 259 6.966 MB 1.024 MB 712 157.0 MB 7.735 MB
14 549 37.54 MB 4.599 MB 1607 1019. MB 39.41 MB
16 1124 188.1 MB 19.28 MB 3473 5.799 GB 184.0 MB
18 2236 870.8 MB 76.29 MB 7233 30.77 GB 798.3 MB
20 4328 3.673 GB 285.8 MB 14585 150.8 GB 3.170 GB
22 8176 14.99 GB 1020. MB 28593 690.1 GB 12.18 GB
24 15121 58.22 GB 3.407 GB 54678 2.903 TB 44.55 GB
26 27419 215.4 GB 11.20 GB 102253 11.85 TB 155.8 GB
28 48841 765.9 GB 35.55 GB 187428 46.14 TB 523.5 GB
30 85604 2.561 TB 109.2 GB 337366 172.0 TB 1.656 TB
32 147809 8.469 TB 325.6 GB 597257 616.5 TB 5.191 TB
34 251719 27.15 TB 944.2 GB 1041392 2131. TB 15.78 TB

Table C.3: Number of twist even states and memory requirements in the univer-
sal string field theory. V denotes memory requirements for cubic vertices and J
memory requirements for the Jacobian matrix. The left part of the table corre-
sponds to Siegel gauge with the SU(1,1) singlet condition imposed, the right part
to the theory without any gauge condition.

C.3 Free boson theory

Properties of a free boson theory depend on its compactification, so we are going
to show only few examples to illustrate scaling of the computer requirements. We
always impose the Siegel gauge and the SU(1,1) singlet condition.

First, we consider the theory on a circle. We have picked two radii R =
1 and R = 3 as examples and the corresponding data are presented in table
C.4. We can see that the Hilbert space is much larger than in the universal
theory. Level 30 in the universal theory, where we find approximately 85000
states, roughly corresponds to level 20 at R = 1 and to level 18 at R = 3.
However the memory requirements for the same amount of states are significantly
reduced, approximately by one order. We find that cubic vertices require more
memory than the Jacobian at available levels, which contradicts the asymptotic
estimate for a theory composed of three BCFTs. The reason is the dominance
of the free boson sector. There are Ñsingl states in the matter and ghost sector,
while the number of states in the free boson sector is proportional to Ñgen. The
memory needed for the Jacobian matrix becomes dominant at high enough level,
in accordance with the asymptotic estimate, but such levels are above our reach,
it is for example level 36 at R = 1.

The maximal level we can reach in this theory is decided by the time needed
for the Newton’s method. It scales worse than in the universal case, increase of
level by 2 means 10-20 times more time. At low radii, we are able to reach levels
18-20 in reasonable time. The number of states grows more or less linearly with
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Level NR=1
D1 VR=1

D1 JR=1
D1 NR=3

D1 VR=3
D1 JR=3

D1

2 5 768 B 400 B 8 1.219 kB 1.000 kB
4 20 20.52 kB 6.250 kB 36 41.54 kB 20.25 kB
6 72 331.4 kB 81.00 kB 141 767.8 kB 310.6 kB
8 238 3.751 MB 885.1 kB 496 9.586 MB 3.754 MB
10 727 34.75 MB 8.065 MB 1580 95.01 MB 38.09 MB
12 2074 269.0 MB 65.64 MB 4649 774.2 MB 329.8 MB
14 5577 1.766 GB 474.6 MB 12808 5.310 GB 2.444 GB
16 14252 10.61 GB 3.027 GB 33357 33.03 GB 16.58 GB
18 34842 57.87 GB 18.09 GB 82823 185.6 GB 102.2 GB
20 81945 291.0 GB 100.1 GB 197343 957.9 GB 580.3 GB
22 186256 1.331 TB 516.9 GB 453541 4.484 TB 2.993 TB
24 410687 5.863 TB 2.454 TB 1009673 20.15 TB 14.83 TB

Table C.4: Number of twist even states in the free boson theory on a circle and
the corresponding memory requirements.

the radius (the growth in table C.4 is somewhat smaller due to the common zero
momentum states), so the time requirements scale approximately as R3 with the
radius and we can accordingly reach only lower levels at large radii. Given the
same number of variables, the Newton’s method runs somewhat faster than in
the universal case because evaluation of the Jacobian can be sped up using the
sparse fusion rules.

Next we get to two dimensions, where we have picked two square tori with
R = 1 and R = 2 as examples, see in table C.5. This theory involves 4 constituent
BCFTs, so the number of states grows very quickly with level and the maximal
available level drops to 12-14. We find that the number of states is roughly
proportional to the area of the torus, which means that scaling of the torus has
larger effect than scaling of the circle in one dimension, the time requirements
on a torus grow roughly as R6. Finding solutions on the same background can
often take significantly different amount of time. Many solutions do not excite
states with certain momenta, which simplifies evaluation of the Jacobian matrix
and makes it block diagonal. Therefore these solutions can be computed much
faster than the estimate based on N3.

Memory requirements in this theory are dominated by the Jacobian in accor-
dance with the asymptotic estimate. Overall, they are quite low and they are
usually not a significant restriction.
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Level NR=1
D2 VR=1

D2 JR=1
D2 NR=2

D2 VR=2
D2 JR=2

D2

2 10 2.000 kB 1.562 kB 18 3.312 kB 5.062 kB
4 63 64.45 kB 62.02 kB 137 129.4 kB 293.3 kB
6 332 1.113 MB 1.682 MB 794 2.440 MB 9.620 MB
8 1492 13.81 MB 33.97 MB 3800 32.34 MB 220.3 MB
10 5906 134.3 MB 532.2 MB 15696 328.7 MB 3.671 GB
12 21129 1.052 GB 6.652 GB 57943 2.662 GB 50.03 GB
14 69628 7.302 GB 72.24 GB 195676 18.98 GB 570.6 GB
16 214307 45.01 GB 684.4 GB 614317 119.6 GB 5.492 TB

Table C.5: Number of twist even states in the free boson theory on a square torus
and the corresponding memory requirements.

C.4 Minimal models

Computer requirements in the Virasoro minimal models follow a similar pattern
as in the case of the free boson theory. In general, we are able to go to slightly
higher levels because the first minimal models have low number of primaries and
the number of independent variables is reduced thanks to null states. However
the fusion rules in minimal models are relatively dense, so they do not simplify
the calculations by much.

As an example, we show some data concerning the Ising model theory in table
C.6. The memory requirements follow the prediction from section C.1 because the
Jacobian consumes more memory than the vertices. We notice that the memory
for vertices V is similar for both backgrounds, which means that most of the
memory is needed for the universal sector and the Ising model contribution is
small.

Table C.7 shows the number of twist even states and memory requirements in
the double Ising model and in the Ising⊗tricritical Ising model, we consider the
σ ⊗ σ background from chapter 8 in both cases. Since these theories consist of
4 BCFTs, the number of states is significantly increased compared to the simple
Ising model and we can reach only much lower level.

Memory requirements in minimal models are usually not very high, which
means that we are again restricted mainly by the time requirements for the New-
ton’s method.
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Level N1
Ising V1

Ising J1Ising Nσ
Ising Vσ

Ising Jσ
Ising

2 4 192 B 256 B 5 256 B 400 B
4 13 2.930 kB 2.641 kB 17 3.555 kB 4.516 kB
6 40 28.61 kB 25.00 kB 55 33.61 kB 47.27 kB
8 114 211.9 kB 203.1 kB 162 243.6 kB 410.1 kB
10 302 1.336 MB 1.392 MB 440 1.491 MB 2.954 MB
12 759 7.864 MB 8.790 MB 1128 8.555 MB 19.42 MB
14 1815 41.03 MB 50.27 MB 2742 43.82 MB 114.7 MB
16 4157 200.6 MB 263.7 MB 6364 210.7 MB 618.0 MB
18 9178 913.1 MB 1.255 GB 14211 947.6 MB 3.009 GB
20 19611 3.804 GB 5.731 GB 30663 3.912 GB 14.01 GB
22 40699 15.38 GB 24.68 GB 64182 15.71 GB 61.38 GB
24 82309 59.35 GB 101.0 GB 130789 60.30 GB 254.9 GB
26 162621 218.5 GB 394.1 GB 260170 221.2 GB 1009. GB

Table C.6: Number of twist even states and memory requirements in the Ising
model theory with 1 and σ boundary conditions.

Level Nσ⊗σ
DI Vσ⊗σ

DI Jσ⊗σ
DI Nσ⊗σ

I⊗TI Vσ⊗σ
I⊗TI Jσ⊗σ

I⊗TI

2 8 448 B 1.000 kB 12 912 B 2.250 kB
4 35 5.781 kB 19.14 kB 61 15.67 kB 58.14 kB
6 139 51.42 kB 301.9 kB 267 190.5 kB 1.088 MB
8 487 352.4 kB 3.619 MB 1010 1.610 MB 15.57 MB
10 1543 2.007 MB 36.33 MB 3410 11.31 MB 177.4 MB
12 4521 10.84 MB 311.9 MB 10540 67.84 MB 1.655 GB
14 12404 52.90 MB 2.293 GB 30312 358.5 MB 13.69 GB
16 32181 243.5 MB 15.43 GB 82066 1.663 GB 100.4 GB
18 79647 1.034 GB 94.53 GB 211204 7.276 GB 664.7 GB
20 189231 4.259 GB 533.6 GB 520373 29.57 GB 3.940 TB

Table C.7: Number of twist even states and memory requirements in the double
Ising model and the Ising⊗tricritical Ising model. We consider the σ ⊗ σ-brane
background in both cases.
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C.5 Homotopy continuation method

Computer requirements for this algorithm scale mainly with the number of so-
lutions, which is 2N . The solutions need 16N2N B of memory and the time
requirements are proportional to the average number of steps needed to find one
solution times N32N , where N3 comes from the Newton’s method. The depen-

dence on level is asymptotically double exponential, 2e
α
√
L
, so we can use the

homotopy continuation method only at very low levels. The highest level where
we have successfully used this algorithm is so far 6. The asymptotic estimates at
low levels are not very precise and every state counts, so we have to read off the
number of equations N from a character in each case individually.

The main restriction for this algorithm is the overall CPU time. If one does
not have enough operational memory, it is always possible to save solutions on a
hard drive or to discard solutions which are too far away from the perturbative
vacuum. We have managed to solve at most 26 equations, which took us about
4 days using 100 threads. Therefore, unless one has access to computer systems
with significantly better performance, it is not possible to solve more than around
30 equations.
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