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Introduction

Background
The reader is assumed to have at least a basic knowledge of continuum mechanics,
especially the concepts of reverence and actual1 configuration and Lagrangian and
Eulerian description.2 Those, who do not, are recommended to study about the
topic in literature. A nice book is written by Gurtin et al. [2010]. Here, we only
present an extremely brief summary:

We model a continuous body, which occupies at time t a domain Ω(t). This
is called the actual configuration. We also assume to have a reference configu-
ration Ω0 such that position of each particle at each time is given by a function
x = x(X, t),X ∈ Ω0, that is, x(Ω0, t) = Ω(t). Everything (Ω(t), Ω0 and the
mapping between them) is assumed to be “nice” – domains have smooth bound-
aries, mappings are smooth, bijective and so on. Thus, we also have the inverse
mapping X(x, t). We often omit t for brevity and set Ω0 = Ω(0).

Since a real material is modelled, the body is equipped with some fields de-
scribing it – for instance the mass density ρ. Anything written in terms of the
reference configuration is called Lagrangian, while anything written in terms of
the actual configuration is called Eulerian. Thus, ρ(x, t) is an Eulerian function
and ρ(X, t) (= ρ(x(X, t), t)) is a Lagrangian function.

In the usual framework, balance equations are usually formulated in an inte-
gral form3, which give after some computations the Eulerian balance equations:

∂ρ

∂t
+ div(ρv) = 0,

∂m
∂t

+ div(m ⊗ v) = div(T) + ρf .

Here, v is the (Eulerian) velocity field and m = ρv is the momentum density. The
Cauchy stress tensor T describes the inner forces within the body (e.g. resulting
from the deformation of the body), while f is the density of outer forces, such as
gravity. Balance of energy is also stated as

∂ε

∂t
+ div(εv) = div(Tv) + ρf · v + ρq − div(je),

where q are the heat sources and je the heat fluxes. We neglect them in the
following chapters.

Finally, the Cauchy stress tensor (i.e. the material of the body) must be
specified to close the system. This is called the constitutive relation. The so called
compressible elastic neo-Hookean model sets for example T = ρµ (B − I), B =
FF⊤, F = ∂x

∂X . For the derivation of this relation, see section 1.5. However, many
more constitutive relations are often derived from variety of physical ansatzes,
principles of frame and material frame indifference or thermodynamic approaches.

1Also known as current configuration.
2Other topics that may be necessary to fully understand this text are the basics of thermo-

dynamics and Hamiltonian mechanics.
3For example, the balance of mass stating that the mass of the body does not change reads

d
dt

∫
Ω(t) ρ(x, t)dx = 0.
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Objectives and Motivations
Usually, mechanics of continuum is modelled in the way described in the previous
section, often expressing the Cauchy stress tensor in terms of the left Cauchy-
Green tensor B or the symmetric velocity gradient D. Examples of such mod-
els include the already mentioned neo-Hookean solid, as well as Maxwell and
Oldroyd-B solids, that are commented for instance by Málek et al. [2015]. Fluids
are often described by Navier-Stokes model or its generalizations. Polymeric flu-
ids are well described by Bird et al. [1987]. This concept is successful from many
points of view, however, it is, in a way, isolated from the mechanics of isolated
particles, which is surprisingly elegantly described by Hamiltonian mechanics. A
derivation of the governing equations that would generalize the isolated-particles-
case would be a very interesting alternative from a physical point of view.

Indeed, there is such framework, which we shall study in this text. To be
more specific, we follow the GENERIC4 framework, i.e., divide the evolution into
reversible and irreversible part. The reversible part is derived from Hamiltonian
mechanics and Poisson brackets, see chapter 1, while the irreversible is generated
by a functional called the dissipation potential in chapter 2. As for the reversible
part, we derive three sets of governing equations, involving F, B and the distortion
matrix A = F−1,5 respectively. All of them are in the Eulerian frame as the neo-
Hookean model. We briefly work with the equations involving B to demonstrate
that they can describe an elastic neo-Hookean solid.

We then focus on the equations with distortion A, add the irreversible part
and thus formulate the so-called SHTC6 model – and examine it. This model is
well described by Dumbser et al. [2016] and Dumbser et al. [2017]. An interesting
physical motivation of the model is presented by Peshkov et al. [2017]. An advan-
tage of this framework is that in the case of reversible evolution, the distortion
matrix represents the connection between reference and actual configurations and
tracking of the particles is thus not necessary. As we will demonstrate, this prop-
erty is, however, lost once the dissipation is added. A potential interpretation
of A in a system with dissipation is discussed in section 3.6. Another possible
advantage of the distortion matrix A is the fact, that it has nine degrees of free-
dom. Thus, this description is rich and and capable of dealing with anisotropy
of material without adding new variables. We, however, do not study anisotropy.
This problem is addressed for instance by Peshkov et al. [2019] or Sedov [1965].

The SHTC model describes both solids and fluids, which we demonstrate.
Both analytic and numerical solutions of a few model examples are presented.
Purely one-dimensional motion is studied and compared to neo-Hookean solids.
Numerical solutions are then compared to one-dimensional wave equation. Next,
the relation of shear rate and shear stress is computed in a simple shear in both
elastic and elastoplastic solid. A planar motion in an elastoplastic solid is then
briefly studied to demonstrate that curl(A) does not have to be equal to zero if
the dissipation is added. Finally, Couette flow is numerically simulated to show
the ability of the SHTC model to describe fluids.

4Stands for “General Equation for Non-Equilibrium Reversible-Irreversible Coupling”. It
was first introduced by Grmela and Öttinger [1997] and Öttinger and Grmela [1997].

5This definition is used to derive the equations without dissipation. It is violated by the
dissipation and A becomes just a matrix variable in the equations. See section 2.1.

6Stands for “Symmetric Hyperbolic Thermodynamically Compatible”.
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Nomenclature
Important Symbols
Symbol Equivalent Name
x (x, y, z)⊤ Current position vector
X (X, Y, Z)⊤ Reference position vector
t ... Time
ρ ... Mass density
ρ0 ... Reference density
v ... Velocity
m ρv Linear momentum density per volume
F ∂x

∂X Deformation gradient
A F−1 Distortion matrix
B FF⊤ Left Cauchy-Green tensor
G A⊤A ...
L ∇v Velocity gradient
D 0.5(L + L⊤) Symmetric velocity gradient
ε ... Total energy density per volume
e ε

ρ
Total energy density per mass

ekin ... Kinetic energy per mass
emeso ... Mesoscale, or elastic, energy per mass
emicro ... Microscale energy; equation of state per mass
e1 emicro + emeso Internal energy per mass
E

∫
εdx Total energy

s ... Entropy density per volume
ς s

ρ
Entropy density per mass

p ρ2
(

∂emicro
∂ρ

)
ς

Pressure
p0 ... Reference pressure
σ −A⊤EA ...
T −pI + σ Cauchy stress tensor
T ∂e1

∂ς
Temperature

cp ... Specific heat capacity at constant pressure
cv ... Specific heat capacity at constant volume
cs ... Characteristic velocity of transverse perturbations
c0 ... Adiabatic speed of sound
γ cp

cv
Ratio of specific heat capacities

δ ... Kronecker delta
δF
δf

... Functional derivative of F with respect to f ; see
appendix A.1

T ref ... Reference temperature in the Mie-Gruneisen energy
Γ0 ... A constant in the Shock Mie-Gruneisen energy
u ... A constant in the Shock Mie-Gruneisen energy
τ0 ... A constant in dissipation term for solids
σ0 ... A constant in dissipation term for solids
n ... A constant in dissipation term for solids
µ ... Dynamic viscosity
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Abbreviations
GENERIC General Equation for Non-Equilibrium Reversible-Irreversible

Coupling
SHTC Symmetric Hyperbolic Thermodynamically Compatible
ADER Advection-Diffusion-Reaction
WENO Weighted Essentially Non-Oscillatory
EOS Equation of State
BC Boundary Conditions
IC Initial Conditions
WLOG Without Loss of Generality

Collisions of Notation
The author is aware of one collision in notation: µ has the meaning of both
dynamic viscosity and a parameter in a the neo-Hookean model. The reason for
that is that this agrees with standard notation. Moreover, the two are never
mixed together. The neo-Hookean solid is only mentioned in the elastic models
in chapter 1, section 3.1 and appendix A.3. On the other hand, viscosity is
connected only with dissipation for fluids and is mentioned in chapter 2, section
3.8 and appendix A.5.

Other Conventions
Tensorial and differential operators such as transpose or inverse matrix, matrix
product, divergence, gradient etc. follow their standard definitions. Divergence
of a matrix is assumed row-wise, that is div(M) = (div(M1), div(M2), div(M3))⊤

for any matrix M with rows M1, M2 and M3. The determinant is denoted by
det or sometimes by |•| for brevity. The symbol ∥•∥F stands for Frobenius norm.

Unless stated otherwise, Einstein summation convention is applied, that is,
repeated indexes are to be summed over.
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1. Hamiltonian Mechanics

1.1 Hamiltonian Mechanics of a Single Particle
In this section, we will briefly summarize one of the many methods to describe
the mechanics of a single particle. Note that in the following section we use a
very similar method to describe the mechanics of continuum.

Having a particle in space, let us denote q its generalized position and p its
generalized momentum.1 Let us further denoteH(q,p) the so called Hamiltonian,
i.e., the mechanical energy of the particle expressed in the terms of generalized po-
sitions and momenta. Then the time evolution of q and p is given by Hamilton's
equations

˙(q
p

)
=
(

0 I
−I 0

)
·
(
Hq
Hp

)
,

where subscripts stand for partial derivatives. These equations are equivalent to
Newton's second law of motion.

As an example, we describe the motion of a particle falling in the homogeneous
gravitational field. That is, q is the point's altitude, p its vertical momentum and
the energy is expressed as H(q, p) = gmq + 1

2m
p2, where m denotes the point's

mass. The time evolution for q and p then read as

q̇ = 1
m
p,

ṗ = −gm.

Now let us consider an arbitrary functional A(q,p) describing some property
of the particle, for example its kinetic energy. Then its time evolution may be
expressed by the chain rule as

Ȧ = (Aq, Ap) ·
˙(q
p

)
= (Aq, Ap) ·

(
0 I

−I 0

)(
Hq
Hp

)
= {A,H}(C) ,

where {A,H}(C) is the canonical Poisson bracket defined for any two functionals
A(q,p) and B(q,p) as

{A,B}(C) def= ∂A

∂q
· ∂B
∂p

− ∂A

∂p
· ∂B
∂q

.

To summarize, Hamilton's equations (or Newton's second law) imply that the
time evolution of any functional A is described by the canonical Poisson bracket
of A and the Hamiltonian H.

However, this implication may be reversed. We postulate that the canonical
Poisson bracket defines the time evolution of an arbitrary functional A(q,p) and
proceed as follows:

1Generalized positions and momenta are N -dimensional vector spaces uniquely describing
the position and momentum of the particle respectively in any coordinate systems.
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Calculating the time derivative of A by both the Poisson bracket and the chain
rule, we get

Ȧ = {A,H}(C) = ∂A

∂q
· ∂H
∂p

+ ∂A

∂p
· ∂H
∂q

,

Ȧ = ∂A

∂q
· q̇ − ∂A

∂p
· ṗ.

Comparing these two and using the fact, that A may be arbitrary (namely
A(q,p) = qi and A(q,p) = pi for i = 1, 2, . . . , N), we get

q̇ = ∂H

∂p
,

ṗ = −∂H

∂q
,

which are the Hamilton's equations.
This widely known result may be summarized this way: If we prescribe the

canonical Poisson bracket of two functionals depending on generalized positions
and momenta and postulate that the Poisson bracket describes the time evolution
in the sense specified above, we get the equations describing the time evolutions
of the generalized positions and momenta.2 In the next section of this work, we
will try to mimic this procedure for continuum instead of a single particle.

1.2 Hamiltonian Mechanics of Continuum
To follow the idea of the previous section, in order to obtain the evolution equa-
tions for continuum, we need to know what Poisson bracket describes the time
evolution. To find it, we may first focus on finitely many particles.

Let us have n particles with (generalized) positions and momenta qα and pα

for α = 1, 2, . . . , n. Then the canonical Poisson bracket can be generalized to

{A,B}(C) def=
n∑

α=1

∂A

∂qα

· ∂B
∂pα

− ∂A

∂pα

· ∂B
∂qα

.

The concept of continuum may be viewed as describing a body by a system
of infinitely many particles which have their position, speed and mass density in-
stead of mass. If we do so, the index of an isolated particle is naturally replaced
by Lagrangian position of the material point X, the position of the particles has
analogy in the Eulerian position of the material point x(X, t) and the momen-
tum of a particle transform to the momentum density per Lagrangian volume
M(X, t).3 Furthermore, the sum over α becomes an integral over Lagrangian
volume, and partial derivatives become functional derivatives4. We may then
introduce a Poisson bracket in the Lagrangian frame, depending on functionals
A(x,M) and B(x,M), as

2These equations are written in terms of the Hamiltonian H, so one also need to know its
form to close the system.

3From now on, we will for brevity omit the explicit time-dependency of any function from
our notation.

4See appendix A.1 for its definition.
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{A,B}(L) def=
∫ δA

δx
· δB
δM

− δA

δM
· δB
δx

dX.

This derivation of the Poisson bracket is definitely not rigorous and should
be viewed as a motivation only. A more proper geometric justification is briefly
presented by Pavelka et al. [2019].

1.3 From Lagrange to Euler
Having a Poisson bracket, one could get the time evolution for x(X) and M(X),
i.e., the evolution equations in Lagrangian frame. We would, however, like to get
the equations in the Eulerian frame. To do so, we must first specify what state
variables will we work with. We choose the fields

ρ(x) = ρ0(X(x)) ·
⏐⏐⏐⏐⏐∂X
∂x

⏐⏐⏐⏐⏐ ,
m(x) = M(X(x)) ·

⏐⏐⏐⏐⏐∂X
∂x

⏐⏐⏐⏐⏐ ,
s(x) = s0(X(x)) ·

⏐⏐⏐⏐⏐∂X
∂x

⏐⏐⏐⏐⏐ ,
FiI(x) = ∂xi

∂XI

⏐⏐⏐⏐⏐
X(x)

of Eulerian mass density, momentum density and entropy density per Eulerian
volume and the deformation tensor. Here, ρ0 and s0 stand for volume densities
of mass and entropy in the reference configuration and | • | for the determinant.

By letting the functionals A and B depend on ρ, m, s and F, one may project5

the Lagrangian Poisson bracket to an Eulerian one defined6 as

{A,B}(E) def= {A,B}(FM) +
∫
FjI(AFiI

∂jBmi
−BFiI

∂jAmi
)dx

−
∫
∂kFiI(AFiI

Bmk
−BFiI

Amk
)dx,

where the superscript (FM) stands for fluid mechanics defined as

{A,B}(FM) def=
∫
ρ(∂iAρBmi

− ∂iBρAmi
)dx +

∫
mi(∂jAmi

Bmj
− ∂jBmi

Amj
)dx

+
∫
s(∂iAsBmi

− ∂iBsAmi
)dx.

Here, the symbol ∂i stands for partial derivative with respect to xi, while the
subscripts of A and B stand for functional derivatives.

Having the Poisson bracket, we can continue the derivation of governing equa-
tions by postulating that the Poisson bracket describes the time evolution. That
is, we assume that the total energy E of the continuous body depends on the

5For details, see Pavelka et al. [2019].
6Note that if we write ∂AB, we mean ∂(A)B.

8



state variables and write Ȧ = {A,E}(E). Furthermore, regrouping the terms and
integrating by parts (dropping the surface terms) yields

Ȧ =
∫
Aρ[−∂i(ρEmi

)] + As[−∂i(sEmi
)] + AFiI

[−Emk
∂kFiI + ∂jEmi

FjI ]

+ Ami
[−∂j(miEmj

) − ρ∂iEρ −mj∂iEmj
− s∂iEs − FjJ∂iEFjJ

+ ∂j(FjIEFiI
− FiIEFiI

)]dx.

Comparing this to directly computed

Ȧ =
∫
Aρ
∂ρ

∂t
+ Ami

∂mi

∂t
+ As

∂s

∂t
+ AFiI

∂FiI

∂t
dx

and using the fact A is arbitrary, one can derive7

∂ρ

∂t
= −∂i(ρEmi

), (1.1)
∂mi

∂t
= −∂j(miEmj

) − ρ∂iEρ −mj∂iEmj
− s∂iEs − FjJ∂iEFjJ

(1.2)

+ ∂j(FjIEFiI
− FiIEFiI

),
∂s

∂t
= −∂i(sEmi

), (1.3)
∂FiI

∂t
= −Emk

∂kFiI + ∂jEmi
FjI , (1.4)

which are the desired governing equations.
However, these are not the only equations one may get. We may change the

state variables by replacing the deformation gradient with either the left Cauchy-
Green tensor B = FF⊤, or the distortion matrix A = F−1. We will study these
options in the following sections.

1.4 Equations Involving the Left Cauchy-Green
Tensor

The key step in the process of getting the governing equations involving B is to
project the Eulerian Poisson bracket from F to B. The rest of the derivation is
very similar. Note that in this and the following section, we will use arbitrary
functionals C and D instead of A and B to clearly distinguish them from the
tensors A and B.

Before carrying out the actual projection, let us first compute a few important
derivatives. Since Bkl = FkKFlK , one may write

∂Bkl

∂FiI

= δikδIKFlK + δliδIKFkK = δikFlI + δilFkI .

Let us now take arbitrary functional C(ρ,m, s,B), which can be taken as a
functional C1 of F, i.e., C(ρ,m, s,B) = C1(ρ,m, s,F). Then δC1

δρ
= δC

δρ
, δC1

δm = δC
δm ,

7For details, see appendix A.2.
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δC1

δs
= δC

δs
and

δC1

δFiI

= δC

δBkl

∂Bkl

∂FiI

= δC

δBkl

(δikFlI + δilFkI)

= δC

δBil

FlI + δC

δBki

FkI

= δC

δBil

FlI + δC

δBli

FlI .

Omitting the upper index 1 for brevity, we now finally project the Poisson
bracket:

{C,D}(E) = {C,D}(FM) +
∫
FjI(CFiI

∂jDmi
−DFiI

∂jCmi
)dx

−
∫
∂kFiI(CFiI

Dmk
−DFiI

Cmk
)dx

= {C,D}(FM) +
∫
FjI [(CBil

FlI + CBli
FlI)∂jDmi

− (DBil
FlI +DBli

FlI)∂jCmi
]dx

−
∫
∂kFiI [(CBil

FlI + CBli
FlI)Dmk

− (DBil
FlI +DBli

FlI)Cmk
]dx

= {C,D}(FM) +
∫
CBil

(Bjl∂jDmi
+Bji∂jDml

)

−DBil
(Bjl∂jCmi

+Bji∂jCml
)dx

−
∫

(CBil
∂kFiIFlI + CBli

∂kFiIFlI)Dmk

− (DBil
∂kFiIFlI +DBli

∂kFiIFlI)Cmk
dx,

which yields

{C,D}(E) = {C,D}(FM) +
∫
CBil

(Bjl∂jDmi
+Bji∂jDml

)

−DBil
(Bjl∂jCmi

+Bji∂jCml
)dx

−
∫

(CBil
∂kFiIFlI + CBil

∂kFlIFiI)Dmk

− (DBil
∂kFiIFlI +DBil

∂kFlIFiI)Cmk
dx

= {C,D}(FM) +
∫
CBil

(Bjl∂jDmi
+Bji∂jDml

)

−DBil
(Bjl∂jCmi

+Bji∂jCml
)dx

−
∫
∂kBil(CBil

Dmk
−DBil

Cmk
)dx.

This defines the projected Poisson bracket:

{C,D}(LCG) ={C,D}(FM) +
∫
CBil

(Bjl∂jDmi
+Bji∂jDml

)

−DBil
(Bjl∂jCmi

+Bji∂jCml
)dx

−
∫
∂kBil(CBil

Dmk
−DBil

Cmk
)dx.
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Taking once again {C,E}(LCG), integrating some terms by parts and comparing
this to Ċ computed from the chain rule, one obtains

∂ρ

∂t
= −∂i(ρEmi

), (1.5)
∂mi

∂t
= −∂j(miEmj

) − ρ∂iEρ −mj∂iEmj
− s∂iEs + ∂iBjkEBjk

(1.6)

+ ∂j(Bjk(EBik
+ EBki

)),
∂s

∂t
= −∂i(sEmi

), (1.7)
∂Bik

∂t
= −Emj

∂jBik +Bjk∂jEmi
+Bji∂jEmk

. (1.8)

Let us assume the energy to be in the form

E(ρ,m, s,B) =
∫ 1

2ρm2 + ε1(ρ, s,B)dx,

for instance the neo-Hookean energy E(ρ,m, s,B) =
∫ 1

2ρ
m2 + ρµ

2 (tr(B) − 3 −
ln(det(B)))dx, where µ is a constant. Then Emj

= mj

ρ
= vj and equation (1.8)

gets the form
∇
B = 0,

where
∇
B is the upper convected derivative of B. This result corresponds to that

of the standard approach.
Also note that equation (1.5) is the equation of continuity. Let us define the

generalized pressure p1 by p1 = −ε + ρερ + sεs + mεm, where ε is the volume
density of the total energy E. Then equation (1.6) gets the form

∂mi

∂t
+ ∂j(miEmj

) = −∂ip+ ∂j(Bjk(EBik
+ EBki

)).

Further defining τij
def= Bjk(EBik

+ EBki
) we may finally rewrite equation (1.6)

into the form

∂tm + div(m ⊗ v) = div(−p1I + τ),

that is, in the so called divergence form. This guarantees the momentum to be
conserved.

In other words, the resulting equations are the same as in the classical ap-
proach, if we neglect the outer (volume) forces.8 An important feature of this set
of equations is that the stress tensor is uniquely determined once the energy is
prescribed. That is, we do not need additional constitutive relations to describe
it. Similar observations could, of course, be done about system (1.1) – (1.4), as
is shown by Pavelka et al. [2019].

In chapter 3, we will analytically solve a few problems described by these
equations. However, as stated in the introduction, we will be mostly interested
in the equations involving the distortion matrix A. Before that, however, we
compare our results with the standard neo-Hookean solids.

8Outer forces are briefly addressed in section 2.4.
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1.5 Comparison to neo-Hookean Solids
In the previous section, we have mentioned the neo-Hookean energy. A compari-
son of the model resulting from it and the neo-Hookean model derived from the
balance equations and standard thermodynamic approach is of particular inter-
est. To briefly recapitulate the standard approach, let us denote e1 = ε1

ρ
and

ς = s
ρ
. Then we assume e1 = emicro(ρ, ς) + µ

2 (tr(B) − 3 − ln(det(B))) and compute

ρė1 = ρ
∂e1

∂ς
ς̇ + ρ

∂e1

∂B
Ḃ + ρ

∂e1

∂ρ
ρ̇.

Now we define the temperature a T = ∂e1
∂ς

and D = 1
2(L+L⊤) = 1

2(∇v + (∇v)⊤).
We then recall Ḃ = LB + BL⊤, ρė1 = T : D − div(je), where je is the heat flux.
Finally, we assume ρ2 ∂e1

∂ρ
= p1.9 Now we can proceed as follows:

ρT ς̇ = T : D − div(je) − ρ
∂e1

∂B
(LB + BL⊤) + ρ2∂e1

∂ρ
div(v)

=
(
T − 2ρ∂e1

∂B
B + p1I

)
: D − div(je),

ρς̇ + div
(je

T

)
= 1
T

[(
T − 2ρ∂e1

∂B
B + p1I

)
: D − je · ∇T

T

]
.

From this, assuming there is no dissipation, we get the constitutive relation

T = −p1I + 2ρ∂e1

∂B
B. (1.9)

Next, we compute
∂e1

∂B
= µ

2
∂(tr(B) − 3 − ln(det(B)))

∂B

= µ

2

(
I − 1

det(B)
∂ det(B)
∂B

)

= µ

2
(
I − B−⊤

)
.

Plugging this into (1.9), we get
T = −p1I + ρµ (B − I) , (1.10)

which is the desired stress tensor.
Let us now focus on the stress tensor introduced in the previous section,

using the already computed ∂e1
∂B to our advantage. We start with the same energy

e1 = emicro(ρ, ς) + µ
2 (tr(B) − 3 − ln(det(B))). It is defined as

−p1I +
(
EB + E⊤

B

)
B = −p1I + ρµ

2

((
I − B−⊤

)
+
(
I − B−⊤

)⊤
)
B

= −p1I + ρµ (B − I) ,
which is the same stress tensor as (1.10). We thus conclude that a neo-Hookean
model can be described by Hamiltonian mechanics. Furthermore, neglecting the
microscale energy, we get the constitutive relation

T = ρµ (B − I) ,
which we will use in the next chapter, and call it the neo-Hookean solid.

9This is actually true and can be proved in a similar way to that presented in section 1.7.
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1.6 Equations Involving the Distortion Matrix
Following the procedure from the previous section, we need to change variables in
the Eulerian Poisson bracket. Before actually doing so, let us once again compute
a few derivatives. Since A = F−1, we may write AKkFjK = δkj. Differentiating
this equation with respect to FiI and multiplying the result by AJj, we get(

∂AKk

∂FiI

FjK + AkK
∂FjK

∂FiI

)
AJj = 0,

∂AKk

∂FiI

δKJ = −AKkAJjδijδIK ,

∂AKk

∂FiI

δKJ = −AIkAJi,

∂AKk

∂FiI

= −AIkAKi.

Thus
δC

δFiI

= − δC

δAKk

AIkAKi.

Moreover 0 = ∂kδji = ∂k (AIjFiI) = ∂kAIjFiI + AIj∂kFiI . Therefore ∂kAIjFiI =
−AIj∂kFiI and

{C,D}(E) = {C,D}(FM) +
∫
FjI(CFiI

∂jDmi
−DFiI

∂jCmi
)dx

−
∫
∂kFiI(CFiI

Dmk
−DFiI

Cmk
)dx

= {C,D}(FM) +
∫
FjI(−CAKk

AIkAKi∂jDmi
+DAKk

AIkAKi∂jCmi
)dx

−
∫
∂kFiI(−CAJj

AIjAJiDmk
+DAJj

AIjAJiCmk
)dx

= {C,D}(FM) −
∫
AKiδjk(CAKk

∂jDmi
−DAKk

∂jCmi
)dx

−
∫
∂kAIjFiIAJi(CAJj

Dmk
−DAJj

Cmk
)dx

= {C,D}(FM) −
∫
AKi(CAKk

∂kDmi
−DAKk

∂kCmi
)dx

−
∫
∂kAJj(CAJj

Dmk
−DAJj

Cmk
)dx.

This defines the Poisson bracket:

{C,D}(A) ={C,D}(FM) −
∫
AKi(CAKk

∂kDmi
−DAKk

∂kCmi
)dx

−
∫
∂kAJj(CAJj

Dmk
−DAJj

Cmk
)dx,
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which in turn generates the governing equations

∂ρ

∂t
= −∂i(ρEmi

), (1.11)
∂mi

∂t
= −∂j(miEmj

) − ρ∂iEρ −mj∂iEmj
− s∂iEs (1.12)

+ ∂iALlEALl
− ∂l(ALiEALl

),
∂s

∂t
= −∂i(sEmi

), (1.13)
∂ALl

∂t
= −∂l(ALiEmi

) + (∂lALi − ∂iALl)Emi
. (1.14)

This system was first introduced by Godunov [1961]. From now on, we will
always equip these equations with the total energy in the following form:

E =
∫
ε(ρ,m, s,A)dx =

∫
εkin(ρ,m) + ε1(ρ, s,A)dx,

where εkin = 1
2ρ

m2. Then Emi
= vi. Furthermore, we assume ε1 to be in the form

ε1(ρ, s,A) = εmicro(ρ, s) + εmeso(ρ,A), where εmeso(ρ,A) = ρ c2
s

4 ∥dev(G)∥F . Here,
G = ATA, dev(G) = G − 1

3tr(G) and cs is a material parameter for simplicity
assumed to be constant. Thus, we have the energy in the form

E =
∫
εmicro(ρ, s) + 1

2ρm2 + ρ
c2

s

4 ∥dev(G)∥F dx.

The usage of this energy is justified by Dumbser et al. [2016]. The energy εmicro
should capture the energy at the scale of particles, while εmeso stores the energy
of the deformation.

We further show that (1.14) gives the same results as time evolution for A from
classical approach. In the classical approach, we assume F1 and A1 to be F and
A expressed in Lagrangian coordinates respectively, i.e., F1(X, t) = F(x(X, t), t)
and A1(X, t) = A(x(X, t), t), then ∂F1

∂t
= dF

dt
and ∂A1

∂t
= dA

dt
. Thus, differentiating

F1A1 = I over time, we obtain

F1∂A1

∂t
= −∂F1

∂t
A1

F1∂A1

∂t
= −LF1A1

∂A1

∂t
= −A1L

dA
dt

= AL,

where L = ∂v
∂x is the velocity gradient. This is indeed only a rewritten form of

(1.14).
Moreover, we focus on equation (1.12). Defining the pressure p = −ε+ ρερ +

mjεmj
+ sεs and

σil = −(ALiEALl
), (1.15)
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it gets the divergence form

∂tm + div(m ⊗ v) = div(−pI + σ).

We have already shown that the stress tensor for the model with left Cauchy-
Green tensor can describe the neo-Hookean solid. An interesting exercise on
tensor calculus is to show the same holds for the model with distortion matrix as
well; see appendix A.3.

Finally, we observe that total entropy, i.e., the volume integral of s and the
total energy E are preserved. Entropy does not change since s is modelled by the
same equation as ρ describing no change in mass. This demonstrates the facts
that equations (1.11) – (1.14) model the reversible part of continuum mechanics.
The energy is preserved from antisymmetry of the Poisson bracket. Namely:

Ė = {E,E}(A) = −{E,E}(A),

which implies Ė = 0. This is, however, true only in the interior of the body. The
absolute energy can grow as a consequence of forces on the boundary, as we will
show in section 3.1.

We thus conclude that even the set of equations (1.11) – (1.14) is compatible
with the classical approach.

1.7 Properties of the Pressure
We have defined the pressure in the previous section. However, from the defini-
tion provided, it is vastly unclear, what physical meaning the quantity has. We
therefore try to express the pressure in a different way. Let us first substitute ε
with εkin + ε1 in the definition, producing10

p = −ε1 + ρε1
ρ +mjε

1
mj

+ sε1
s − εkin + ρεkin

ρ +mjε
kin
mj

+ sεkin
s

= −ε1 + ρε1
ρ +mjε

1
mj

+ sε1
s − 1

2ρm2 + ρ
−1
ρ2 m2 + m

1
ρ

m

= −ε1 + ρε1
ρ +mjε

1
mj

+ sε1
s

= −ε1 + ρε1
ρ + sε1

s.

We recall T =
(

∂e1
∂ς

)
ρ

and compute

(
∂ε1

∂s

)
ρ,A

=
(
∂(ρe1)
∂s

)
ρ,A

= ρ

(
∂e1

∂ς

)
ρ,A

∂ς

∂s
= ρT

1
ρ

= T.

Moreover, we define η = ε1
ρ. Then:

p = −ε1 + sT + ρη,
p

ρ
= −e1 + ςT + η. (1.16)

10Where needed, the lower index 1 is shifted up to avoid collisions with other indices.
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Now, we stress that

e1(ρ, ς,A) = ε1(ρ, ρς,A)
ρ

,

which, altogether with (1.16), yields:

(
∂e1

∂ρ

)
ς,A

=
ρ
(

∂ε1
∂ρ

+ ∂ε1
∂s
ς
)

− ε1

ρ2

=
∂ε1
∂ρ

+ ∂ε1
∂s
ς − e1

ρ

= −e1 + Tς + η

ρ

= p

ρ2 .

Thus

p = ρ2
(
∂e1

∂ρ

)
ς,A
. (1.17)

Further recalling that emeso = εmeso
ρ

does not depend on ρ, we obtain that (1.17)
gets the form

p = ρ2
(
∂emicro

∂ρ

)
ς

. (1.18)

This definition of the pressure is compatible with standard thermodynamics and
is often used in the formulation of model (1.11) – (1.14).
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2. Thermodynamics

2.1 Addition of Dissipation
The systems introduced in the previous chapter model reversible evolution only.
To include the dissipation into system (1.11) – (1.14), we add algebraic source
terms into the right hand sides of the equations, in the form summarized by
Jackson [2018]. Let us first define Ψ = ∂e

∂A . Then, simplifying the notion, we get
the SHTC model with dissipation in the form

∂ρ

∂t
+ ∂(ρvi)

∂xi

= 0, (2.1)

∂mi

∂t
+ ∂(mivj + ρpδij − σij)

∂xj

= 0, (2.2)

∂s

∂t
+ ∂(svi)

∂xi

= ρ

T

ΨklΨkl

θ
, (2.3)

∂ALl

∂t
+ ∂(ALivi)

∂xi

+ vi

(
∂ALi

∂xl

− ∂ALl

∂xi

)
= −ΨLl

θ
. (2.4)

The following forms are used:

θ = τ1c
2
s

3|A|5/3

τ1 =

⎧⎨⎩
6µ

ρ0c2
s

viscous fluids
τ0
(

σ0
∥dev(σ)∥F

)n
elastoplasticsolids

where the quantities µ, τ0, σ0 and n are material parameters defining the dissipa-
tion.

The choice of such dissipation is justified by Dumbser et al. [2016]. In the
following sections, we will show that this dissipation is, in fact, generated by a
quadratic dissipation potential. Before doing so, let us comment on system (2.1)
– (2.4).

Firstly, since we choose material parameters in such a way, that θ > 0 and
since ρ, T > 0, the dissipative term for entropy density is non-negative, thus
producing entropy. This is a desired quality of dissipation.

Secondly, the distortion matrix A has been introduced as the inverse of the
deformation gradient. Under the assumption that the motion is smooth, the
second partial derivatives with respect to space are interchangeable. This should
also be true for the inverse mapping from the actual configuration to the reference
one. Thus,

curl (A) =

⎛⎜⎝curl(A1)
curl(A2)
curl(A3)

⎞⎟⎠ = 0,
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where A1, A2 and A3 are the rows of A.
However, after the dissipation is added, this property do not have to be valid,

as we will show in chapter 3. If curl(A) ̸= 0, the second derivatives are not
interchangeable and thus integration of A depends on the integration path. Thus,
the actual configuration cannot be reconstructed from the reference configuration
by integrating A−1. Moreover curl(A), also called the Burgers tensor, describes
the dislocations. Its evolution describes the dynamics of dislocations. A reader
interested in the topic of dislocations is recommended to see Landau and Lifshitz
[1970].

In the case curl(A) = 0, the integration of A over its domain is possible and
gives unique results. However, it does not have to constitute the actual global link
between the two configurations, as we will demonstrate in chapter 3. Thus, after
addition of dissipation, the distortion matrix must not be viewed as the inverse
of the deformation gradient, but only as a matrix present in the equations.

2.2 Fundamental Relation
Let us denote ξ = (ρ,m,A). Then, throughout all of this text, we assume

ε = ε(ξ, s).

Moreover, we assume that the dependency on s is algebraic, i.e., ε(x) depends on
s(x) only. Since

∂ε

∂s
= T > 0,

we have also that
s = s(ξ, ε),

actually. If we work with s = s(ξ, ε), we talk about entropic representation. If, on
the other hand, we work with ε = ε(ξ, s), we call it the energetic representation.
We denote the vector of all state variables by q. This means q = (ξ, s) or
q = (ξ, ε), depending on the representation we work with.

Furthermore, denoting S =
∫
sdx and E =

∫
εdx, it holds

∂ε

∂s
=
(
∂s

∂ε

)−1

,
δE

δs
=
(
δS

δε

)−1

, (2.5)

δE

δξi

= −
∂s
∂ξi

∂s
∂ε

= − ∂s

∂ξi

∂ε

∂s
,

δS

δξi

= − ∂ε

∂ξi

∂s

∂ε
. (2.6)

These relations enable us to switch from one representation to the other.

2.3 Dissipation Potential
Let us now work within the entropic representation for a while. The derivatives
of entropy with respect to state variables are called the conjugate variables and
we denote them by asterisk, that is

q∗ = δS

δq
.
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Then, according to Pavelka et al. [2018], the irreversible evolution of state vari-
ables is given by

(q̇)irr = δΞ
δq∗ |q∗=Sq , (2.7)

where the dissipation potential Ξ(q∗) is a suitable functional of the conjugate vari-
ables. An example of such functional, perhaps most often used, is the quadratic
one,

Ξ =
∫ 1

2q∗
iMijq∗

j dx, (2.8)

where the matrix M is called the dissipative matrix and is required to be symmet-
ric and positive semi-definite, see Pavelka et al. [2018]. The irreversible evolution
(2.7) of state variables then becomes

(q̇i)irr = Mijq
∗
j |q∗=Sq .

From now on, let us assume that Ξ does not depend on ε∗. Moreover, we
switch to the energetic representation, where the conjugate variables are denoted
by a dagger, i.e.,

q† = δE

δq
.

This notation enables us to rewrite (2.5), (2.6) to

s† = (ε∗)−1, ξ†
j = −

ξ∗
j

ε∗ . (2.9)

Differentiation of these relations yields(
∂ξ†

i

∂ξ∗
j

)
ε∗

= −δij

ε∗ = −δijs
†,

(
∂s†

∂ξ†
i

)
ε∗

= 0,

which lead us to(
δΞ
δξ∗

i

)
ε∗

=
⎛⎝ δΞ
δξ†

j

⎞⎠
s†

⎛⎝∂ξ†
j

∂ξ∗
i

⎞⎠
ε∗

+
(
δΞ
δξ†

)
s†

(
∂s†

∂ξ∗
i

)
ε∗

= −s†
(
δΞ
δξ†

i

)
s†

.

(2.10)

Moreover the assumption that Ξ does not depend on ε∗ implies that

(ε̇)irr =
(
δΞ
δε∗

)
ξ∗

= 0, (2.11)

which means that the energy stays conserved. Now, using (2.7), (2.10) and (2.11),
we compute

(ξ̇i)irr = δΞ
δξ∗

i

|ξ∗=Sξ
= −s†

(
δΞ
δξ†

i

)
s†

(2.12)
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and

(ṡ)irr =
(
∂s

∂ξi

)
ε

(ξ̇i)irr +
(
∂s

∂ε

)
ξ

(ε̇)irr

= ξ∗
i

(
δΞ
δξ∗

i

)
ε∗

+ 0 = ξ∗
i (−s)

(
δΞ
δξ†

i

)
s†

= ξ†
i

(
δΞ
δξ†

i

)
s†

.

(2.13)

Next, we plug in the quadratic potential (2.8) into (2.12), (2.13). To do that,
using (2.9), we compute

Ξ =
∫ 1

2q∗
iMijq∗

j dx =
∫ 1

2
ξ†

i

s†Mij

ξ†
j

s† dx,

for which we have:

δΞ
δξ†

i

= Mij

ξ†
j

(s†)2 .

This leads to

(ξ̇i)irr = −Mij

ξ†
j

s† = −Mij

εξj

εs

, (2.14)

(ṡ)irr = ξ†
iMij

ξ†
j

s† = 1
(εs)2 εξi

Mijεξj
. (2.15)

From this and the positive semi-definiteness of M we easily see that the irreversible
evolution for dissipation is non-negative. In the case of a more general dissipation
potential, this follows from the required convexity of Ξ. This fact is commented
by Pavelka et al. [2018].

Finally, the specific form of the dissipation potential

Ξ =
∫ 1

2ρθSε

A∗ : A∗dx

produces the very same dissipation as the one specified in section 2.1. To do that,
we have chosen

M = 1
ρθSε

Ĩ,

where Ĩ is a diagonal matrix with ones at indexes corresponding to A∗ and zeroes
elsewhere.

2.4 Final Form of the Governing Equations
In this section, we will finalize the form of the equations we use. First of all, let
us realize that system (2.1) – (2.4) is also equipped with the balance equation for
energy. To derive it, we employ the chain rule and the governing equations:
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∂ε

∂t
= ∂ε

∂ρ

∂ρ

∂t
+ ∂ε

∂mi

∂mi

∂t
+ ∂ε

∂s

∂s

∂t
+ ∂ε

∂ALl

∂ALl

∂t

= −∂ε

∂ρ

∂(ρvk)
∂xk

− ∂ε

∂mi

∂(mivk + pδik − σik)
∂xk

− ∂ε

∂s

∂(svk)
∂xk

− ∂ε

∂ALl

(
∂(ALkvk)
∂xl

+ vk

(
∂ALl

∂xk

− ∂ALk

∂xl

))

= −∂ε

∂ρ

∂ρ

∂xk

vk − ρερ
∂vk

∂xk

− ∂ε

∂mi

∂mi

∂xk

vk −miεmi

∂vk

∂xk

− ∂ε

∂mi

∂(pδik − σik)
∂xk

− ∂ε

∂s

∂s

∂xk

vk − sεs
∂vk

∂xk

− ∂ε

∂ALl

∂ALl

∂xl

vk − ∂ε

∂ALl

(
∂(ALkvk)
∂xl

− vk
∂ALk

∂xl

)

= − ∂ε

∂xk

vk − (p+ ε)∂vk

∂xk

− ∂ε

∂ALl

∂vk

∂xl

ALk − vi
∂ (p+ δik − σik)

∂xk

= − ∂ε

∂xk

vk − ε
∂vk

∂xk

− ∂vi

∂xk

(pδik − σik) − vi
∂ (pδik − σik)

∂xk

= −∂(εvk + (pδik − σik)vi)
∂xk

.

Thus

∂ε

∂t
+ ∂(εvk + (pδik − σik)vi)

∂xk

= 0. (2.16)

Equation (2.16) can be rewritten as

∂ε

∂t
+ div(εv) = div ((−pI + σ)v) ,

which is the energy balance without volume forces, heat fluxes and heat sources.
Note that we have used the elastic equations without dissipative terms. How-

ever, these terms cancel out. This is either obvious from their construction from
dissipation potential or by directly computing

∂ε

∂ALl

ΨLl

θ
− ∂ε

∂s

ρ

T

ΨklΨkl

θ
= ρΨLlΨLl

θ
− T

ρ

T

ΨklΨkl

θ
= 0.

We will use system (2.1) - (2.4) in analytic computations, while in numerical
simulations, equation (2.3) will be replaced by (2.16).

Let us now assume we want to add a volume force, the density per mass
of which is given by vector f . Further let us assume ϕ(x) is its potential, i.e.,
f = −∇ϕ. We define new energy ε̃ = ε + ρϕ. The only term changed in system
(2.1) - (2.4) is ρε̃ρ, which produces an additional term −ρ(∇ϕ)i = ρfi to the right
hand side of (2.2). Furthermore, this additional term adds ρvf to the right hand
side of the balance of energy. These results correspond to the standard approach
to volume forces. However, we do not work with volume forces in this text.

The last thing needed to close the system is the specification of emicro. In this
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text, we assume it is in the Mie-Gruneisen form1, i.e., it can be expressed as

emicro(ρ, p) = eref(ρ) + p− pref(ρ)
ρΓ(ρ) ,

T = T refexp
(∫ ρ

ρ0

Γ(ρ̃)
ρ̃

dρ̃
)

+ e− eref

cv

where

pref(ρ) = 0,
eref(ρ) = 0,

Γ(ρ) = γ − 1,

for an ideal gas or

pref(ρ) =
c2

0

(
1
ρ0

− 1
ρ

)
(

1
ρ0

− u
(

1
ρ0

− 1
ρ

))2 ,

eref(ρ) = pref(ρ)
2

(
1
ρ0

− 1
ρ

)
,

Γ(ρ) = Γ0
ρ0

ρ
,

for the Shock Mie-Gruneisen equation of state. Here, γ, c0, u,Γ0 and cv are some
material parameters. The specification of common parameters used for numerical
simulations is provided by tables A.1, A.2 and A.3 in appendix A.5. Note that the
elastic parameters used for a solid describe copper, as stated by Jackson [2018].

1Mie-Gruneisen equation of state is described by Menikoff [2016].
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3. Examples

3.1 Neo-Hookean Solid in One Dimension
Let us first assume we have a one-dimensional motion of a neo-Hookean solid.
System (1.5) – (1.8) reduces to

∂ρ

∂t
= −∂x(ρv),

∂s

∂t
= −∂x(sv),

∂A

∂t
= −∂x(Av),

∂m

∂t
= −∂x(mv) − ρ∂x(Eρ) −m∂x(Em) − s∂x(Es) − A∂x(EA)

and the energy to E =
∫ m2

2ρ
+ ρµ

2 (B − 1 − ln(B)). Here, A and B are the
tensors, that we treat as numbers. Thus, tr(B) = det(B) = B. Next, we assume
the motion is described by a function x = x(X, t). We compute

Em = v,

Eρ = −1
2v

2 + µ

2 (B − 1 − ln(B)),

Es = 0,
EA = −ρµ

(
x3

X − xX

)
.

We now assume ρ(X, 0) = ρ0 = const. and recall ρ = ρ0
detF = ρ0

xX
. As A and

s are governed by the same equation, assuming A0, s0 are constant, we get the
solutions A = A0

xX
, s = s0

xX
, respectively. Let us now plug the above values into

the balance of momentum and subtract the balance of mass, to get

ρtv + ρvt = mt = −∂x(mv) + 1
2ρ∂x(v2) − ρ

µ

2∂x(B − 1 − ln(B)) −m∂xv − s · 0

+ A∂x(ρµ(x3
X + x)),

ρvt = −mvx − ρ
µ

2∂x(x2
X − ln(x2

X)) + x−1
X ∂x(ρµ(x3

X + x))

= −mvx − ρ
µ

2∂x(x2
X − ln(x2

X)) + x−1
X ρ0µ∂x

( 1
xX

(x3
X + x)

)
= −mvx − ρ

µ

2∂x(x2
X − ln(x2

X)) + x−1
X ρ0µ∂x

(
x2

X

)
= −mvx + ρ

µ

2∂x(x2
X) + ρ

µ

2
1
x2

X

∂x(x2
X)

= −mvx + ρ
µ

2

(
1 + 1

x2
X

)
2xX∂x(xX)

= −mvx + ρµ

(
1 + 1

x2
X

)
xXxXX

∂X

∂x
,

which implies

vt = −vvx + µ

(
1 + 1

x2
X

)
xXxXX

∂X

∂x
. (3.1)
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If we assume that xXX = 0, i.e.,

x(X, t) = C1(t)X + C2(t), (3.2)

equation (3.1) reduces to vt = −vvx. Assuming linear velocity profile at t = 0,
that is, v0 = Cx, the method of characteristics gives

v(x, t) = C(x− v(x, t)t)
(1 + Ct)v(x, t) = Cx

v(x, t) = Cx

1 + Ct
. (3.3)

From (3.2), we have

v(x, t) = C ′
1(t)X(x, t) + C ′

2(t)

= C ′
1(t)

C1(t)
(x− C2(t)) + C ′

2(t).

Comparing this, to (3.3), one has C′
1(t)

C1(t) = C
1+ct

and −C′
1(t)

C1(t)C2(t) + C2(t) = 0, from
which we get C1(t) = K1(1 +Ct) and C2(t) = K2(1 +Ct). Choosing K1 = 1 and
K2 = 0, we have found an analytical solution

x = (1 + Ct)X (3.4)

to the Cauchy problem.
If we, however, restrict ourselves to X ∈ [−1, 1] and prescribe the boundary

conditions as x(±1, t) = ±(1+Ct), solution (3.4) becomes a solution to a Dirichlet
problem. This can be viewed as linear stretching (or shrinking) of a spring due
to some forces on the edges of the spring. We now compute the energy of the
spring as

E(t) =
∫ 1+Ct

−(1+Ct)

m2

2ρ + ρ
µ

2 (B − 1 − ln(B))dx

=
∫ 1+Ct

−(1+Ct)

ρ0/2
1 + Ct

C2x2

(1 + Ct)2 + ρ0

1 + Ct

µ

2
(
(1 + Ct)2 − 1 − ln

(
(1 + Ct)2

))
dx

=
[

ρ0C
2

6 · (1 + Ct)3x
3
]1+Ct

−(1+Ct)
+

[
ρ0

1 + Ct

µ

2
(
(1 + Ct)2 − 1 − ln

(
(1 + Ct)2

))
x
]1+Ct

−(1+Ct)

= ρ0C
2

3 + ρ0µ
(
(1 + Ct)2 − 1 − ln

(
(1 + Ct)2

))
.

Thus, the kinetic energy does not change with time and because f(x) =
x−ln(x) is decreasing on (0, 1) and increasing on (1,∞), the total energy increases
with time regardless of the sign of C.1 This is an example of the fact that the
energy can grow because of the forces on the boundary.

1Note however, that the solution has sense only for time t < 1
−C if C < 0.
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3.2 Vertical Vibrations under the neo-Hookean
Model

Let us now assume a two dimensional infinite body under a deformation in the
form (

x
y

)
=
(

X
Y + ψ(X, t)

)
,

where ψ is smooth. We describe the motion by system (1.5) – (1.8) with the
neo-Hookean energy, i.e., its two-dimensional reduction E =

∫ 1
2ρ

m2 +ρµ
2 (tr(B)−

2 − ln(det(B)))dx. Further, we assume ρ0 and s0 to be constant.
One may easily compute

F =
(

1 0
ψX 1

)
,

B =
(

1 ψX

ψX 1 + ψ2
X

)
,

v =
(

0
ψt

)
,

Em = v,

Eρ = −1
2v2 + µ

2 (tr(B) − 2 − ln(det(B))),

Es = 0 ,

EB11 = ρ
µ

2 (1 −B22) = −ρµ2ψ
2
X ,

EB22 = ρ
µ

2 (1 −B22) = 0,

EB12 = ρ
µ

2B21 = ρ
µ

2ψX ,

EB21 = ρ
µ

2B12 = ρ
µ

2ψX .

Furthermore, we find that ρ, s = const. fulfil the equations. Then, plugging the
above calculated values into equation (1.8) and performing a few simplifications,
we get (

0 ∂tψX

∂tψX 2ψX∂tψX

)
=
(

0 ∂xψt

∂xψt 2ψX∂xψt

)
,

which holds since x = X. Finally, performing analogical computations for m1
and m2 gives:

0 = ∂tm1 = ρ∂x

(
µ

2 (tr(B − 2 − ln(det(B))))
)

− ∂xBjkEBjk
+ ∂x(B1k(EB1k

+ EBk1))
= ρµψX∂xψX − ρµψX∂xψX + ∂x(−ρµψ2

X) + ∂x(ψX(ρµψX))
= 0

25



and

ρψtt = ∂tm2 = ∂x(B1k(EB2k
+ EBk2))

= ∂x(ρµψX) + ∂x(ψXρµ(1 − 1))
= ρµ∂xψX ,

which yields after division by ρ

ψtt = µψxx.

Thus the problem is reformulated to the one-dimensional wave equation, that can
be solved by the Fourier method or d‘Alembert formula.

3.3 Vertical Vibrations under the SHTC Model
Let us now assume the very same problem in the same geometry, only under the
elastic SHTC model without the reduction to two dimensions. That is, we take⎛⎜⎝xy

z

⎞⎟⎠ =

⎛⎜⎝ X
Y + ψ(X, t)

Z

⎞⎟⎠ ,
use equations (1.11) – (1.14) and the energy

∫ 1
2ρm2 + ρ

c2
s

4 ∥dev(G)∥F + εmicro(ρ, s)dx.

We also assume ρ0, s0 = const. Then, similarly as above, ρ, s = const. and
because terms containing εmicro are present only under some space derivatives, we
may drop εmicro from our computations.

Similarily as above, we get

F =

⎛⎜⎝ 1 0 0
ψX 1 0
0 0 1

⎞⎟⎠ ,

A =

⎛⎜⎝ 1 0 0
−ψX 1 0

0 0 1

⎞⎟⎠ ,

v =

⎛⎜⎝ 0
ψt

0

⎞⎟⎠ ,
Em = v

Eρ = −1
2v2 + c2

s

4 ∥dev(G)∥F ,

Es = 0 .

26



Next, we compute EA as

δE

δAij

= δE

δGab

∂Gab

∂Aij

= ρ
c2

s

4

(
−2

3tr(G)δab + 2Gab

)
(Aibδaj + Aiaδbj)

= ρc2
s

(
−1

3tr(G)Aij +GjaAia

)
,

(3.5)

thus, using

dev(G) =

⎛⎜⎝
2
3ψ

2
X −ψX 0

−ψX −1
3ψ

2
X 0

0 0 −1
3ψ

2
X

⎞⎟⎠ ,
we obtain

EA11 = ρc2
s

2
3ψ

2
X

EA21 = ρc2
s(−ψX − 2

3ψ
3
X)

EA31 = 0.

Now, by once again plugging the results above into equation (1.14), we get⎛⎜⎝ 0 0 0
−∂tψX 0 0

0 0 0

⎞⎟⎠ =

⎛⎜⎝ 0 0 0
−∂xψt 0 0

0 0 0

⎞⎟⎠ ,
which holds.

Finally, we focus on the equations for momenta:

0 = ∂tm1 = −ρ∂x

(
c2

s

4 ∥dev(G)∥F

)
− Aj1∂xEAj1

= −ρ
(
c2

sψX∂xψX + c2
s

2
3ψ

3
X∂xψX − 4

3c
2
sψX∂xψX

)
− ρ

(
+2c2

sψ
3
X∂xψX + c2

sψX∂xψX

)
= ρc2

s

4
3ψxx

(
ψ3

x − ψx

)
,

ρψtt = ∂tm2 = −Aj2∂xEAj1

= ρc2
sψxx

(
ψ2

x + 1
)
,

0 = ∂tm3 = −Aj3∂xEAj1 = 0.

The last equation holds identically. However, if the first one holds, it means
0 = ψxx (ψ3

x − ψx), which holds only if ψxx = 0, ψx = 0, or ψx = ±1. This implies
ψxx = 0. To show that, let x1 be such that ψxx(x1) ̸= 0. Then ψx(x1) ∈ {−1, 0, 1}.
However, then at some x2 close to x1 it holds ψxx(x1) ̸= 0 (from continuity of
ψxx) and ψx(x1) /∈ {−1, 0, 1} (since ψxx(x1) ̸= 0).

However, the equation for m2 then implies that ψtt = 0. Thus the only
possible solution of this problem is linear in both x and t. This surely is an
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analytic solution, but cannot capture wave-like behaviour of an elastic solid that
we expect. We thus infer that it is necessary to permit the particles to move in
the direction of the x-axis for a more complex motion to exist.

We may further linearise the problem, which makes all terms zero, with the
exception of

ρψtt = ρc2
sψxx.

Thus, dividing by ρ, we get the wave equation

ψtt = c2
sψxx

once again.

3.4 Numerical Solution to the Vibrations under
SHTC Model

In this section, we numerically solve the elastic SHTC model for a solid2 under
suitable boundary conditions and initial conditions and compare it to the exact
solution of the linearised problem. Let us take the initial conditions as

ψ(x, 0) = ψ0(x),
v2(x, 0) = ψt(x, 0) = 0

where ψ0(x) is a periodic function with period of unit length. Then the exact
solution is given according to d‘Alembert by

ψ(x, t) = 1
2 (ψ0(x+ cst) + ψ0(x− cst))

and thus

ψt(x, t) = cs

2 (ψ′
0(x+ cst) − ψ′

0(x− cst)) .

Moreover, from periodicity of the problem, we get ψ(x, t) = ψ(x, t+P ) for every
t and P = 1

cs
= 1

2141 . Furthermore, periodicity enables us to model this problem
on x ∈ (0, 1) with space discretization over the x-axis and periodic boundary
conditions.

Let us take

(y =)ψ0(x) =

⎧⎪⎪⎨⎪⎪⎩
1
50x x < 0.25
−1
50 x+ 1

100 0.25 ≤ x ≤ 0.75
1
50x− 1

50 x > 0.75
.

Figure 3.1 shows the initial configuration.
In the numerical, which is described in appendix A.4, we prescribe the initial

conditions by taking ρ(x, 0) = ρ0, v(x, 0) = 0 and

A(x, 0) =

⎛⎜⎝ 1 0 0
−1/50 1 0

0 0 1

⎞⎟⎠
2See tables A.1, A.2, and A.3 in appendix A.5 for material parameters chosen.
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for x ∈ ⟨0.25, 0.75⟩ and

A(x, 0) =

⎛⎜⎝ 1 0 0
1/50 1 0

0 0 1

⎞⎟⎠
else.

Having this, we directly compute ρ,m,A, ε. From these v may be obtained
as m

ρ
, while (y =)ψ by integrating A−1 = F over X. Figures 3.2 and 3.3 show

very similar behaviour of both the y-velocities and positions of the numerical
and exact solution at time t = 0.00005. Figure 3.4 shows the x-velocities at
t = 0.00005, which are clearly non-zero, though considerably smaller than y-
velocities. This result has been expected in the previous section. Finally figures
3.5 and 3.6 compare y−velocities and positions of the numerical solutions at
times t = 0.00005, t = 0.00005 +P and t = 0.00005 + 2P . One may see that they
slightly mollify over the time (because of numerical error). They, however, have
equal amplitude occurring at the same point.

The same problem can be also solved with more smooth initial conditions, for
example

(y =)ψ0(x) = 1
100π sin(2πx) (3.6)

Figures 3.7 and 3.8 show very good results for this scheme, both in accuracy
at t = 0.00005 and periodicity.

Altogether, we conclude that the numerical solution gives slightly different
results3 – mostly because of the numerical error – but is very similar to the
analytic solution to the linearised problem. One may see, however, a fundamental
difference between the two models in the fact that the numerical solutions exhibits
non-zero velocities in the x-direction.

3.5 Elastoplastic Vibrations
We may further numerically model the very same problem, however, adding the
dissipation. This models the vibrations in an elastoplastic solid (instead of an
elastic one). The figures 3.9 and 3.10 compare y−velocities of the dissipating
solutions at times t = 0.00005, t = 0.00005+P and t = 0.00005+2P for the non-
smooth and smooth data, respectively. It is clearly visible that the motion is very
similar to that of an elastic material, but the speeds are decreasing. This slowing-
down behaviour is exactly what would one expect from model with dissipation.
Furthermore, the energy lost due to dissipation is transformed to heat, as is
obvious from temperature increase in figure 3.11. Note that the scheme neglects
heat fluxes, causing high temperature differences along the body.

3The difference is unsurprisingly greater for the non-smooth data. However, the approxima-
tion is still very good.
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Figure 3.1: Vertical vibrations in elastic solid: One initial y-deformation of the
problem.
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Figure 3.2: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model (blue)
and exact solution to the linearised problem – wave equation – (red); y-velocities
at time t = 0.00005 with mesh of 500 cells; piece-wise linear IC, periodic BC. The
two solutions nearly match.
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Figure 3.3: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model (blue)
and exact solution to the linearised problem – wave equation – (red); y-positions
at time t = 0.00005 with mesh of 500 cells; piece-wise linear IC, periodic BC. The
two solutions nearly match.
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Figure 3.4: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model; non-
zero x-velocities at time t = 0.00005 with mesh of 500 cells. A result not observed
in the linearised problem or under the neo-Hookean model; piece-wise linear IC,
periodic BC.
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Figure 3.5: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model at
time t = 0.00005 (green), t = 0.00005 + P (red) and t = 0.00005 + 2P (blue),
where P = 1

2141 is the period of the linearised elastic problem; y-velocities with
mesh of 500 cells; piece-wise linear IC, periodic BC. We can see a nearly periodic
behaviour of the numerical solution.
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Figure 3.6: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model at
time t = 0.00005 (green), t = 0.00005 + P (red) and t = 0.00005 + 2P (blue),
where P = 1

2141 is the period of the linearised elastic problem; y-positions with
mesh of 500 cells; piece-wise linear IC, periodic BC. We can see a nearly periodic
behaviour of the numerical solution.
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Figure 3.7: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model (blue)
and exact solution to the linearised problem – wave equation – (red); y-positions
at time t = 0.00005 with mesh of 500 cells; sinusoid IC, periodic BC. The two
solutions nearly match.
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Figure 3.8: Vertical vibrations in elastic solid: Numerical solution to the full
problem with initial deformation in one dimension under the SHTC model at
time t = 0.00005 (red solid line) and t = 0.00005 + 1

2141 (blue dotted line); y-
positions with mesh of 500 cells; sinusoid IC, periodic BC. We can see a nearly
periodic behaviour of the numerical solution.
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Figure 3.9: Vertical vibrations in elastoplastic solid: Numerical solution to
the problem with initial deformation in one dimension under the SHTC model
with dissipation at the time t = 0.00005 (green), t = 0.00005 + P (red) and
t = 0.00005 + 2P (blue), where P = 1

2141 is the period of the linearised elastic
problem; y-velocities with mesh of 500 cells; piece-wise linear IC, periodic BC.
The dissipation causes decrease in velocities.
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Figure 3.10: Vertical vibrations in elastoplastic solid: Numerical solution to
the problem with initial deformation in one dimension under the SHTC model
with dissipation at the time t = 0.00005 (green), t = 0.00005 + P (red) and
t = 0.00005 + 2P (blue), where P = 1

2141 is the period of the linearised elastic
problem; y-velocities with mesh of 500 cells; sinusoid IC, periodic BC. The dissi-
pation causes decrease in velocities. The energy lost in speed is compensated by
temperature growth.
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Figure 3.11: Vertical vibrations in elastoplastic solid: Numerical solution to the
problem with initial deformation in one dimension under the SHTC model with
dissipation at the time t = 0.00005 (green), t = 0.00005 + P (red) and t =
0.00005+2P (blue), where P = 1

2141 is the period of the linearised elastic problem;
temperature with mesh of 500 cells; sinusoid IC, periodic BC.

3.6 Simple Shear
Let us now assume a special case of the motion presented in section 3.3. That is,
we take the analytic linear solution

ψ(x, t) = 100xt,

that is, a specific simple shear. We further restrict the domain to x ∈ [0, 1]
and specify the BC as v2(0, t) = 0, v2(1, t) = 100 and the initial conditions as
A(x, 0) = I, ρ(x, 0) = ρ0 and v(x, 0) = 100x.4 Then ψ is the analytic solution to
this Dirichlet problem. Here, ψx measures the shear rate.5 Let us find out the
shear stress Tyx = σyx. Recalling (3.5) and (1.15), one has

σil = −ρc2
sALi

(
−1

3tr(G)ALl +GlaALa

)
= −ρc2

s

(
GlaGia − 1

3tr(G)Gli

)
,

which implies

σ = −ρc2
sGdev(G).

Note that this relation holds universally for the SHTC model. In the assumed
4In other words, the BC and IC are ψ(0, t) = 0, ψ(1, t) = 100t, ψ(x, 0) = 0 and ψt(x, 0) =

100x
5Which we define as Fyx, where F is the deformation gradient.
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geometry, straightforward computations lead to the relation:6

σ = −ρc2
s

⎛⎜⎝
5
3ψ

2
x + 2

3ψ
4
x −ψx − 2

3ψ
3
x 0

−ψx − 2
3ψ

3
x

2
3ψ

2
x 0

0 0 −1
3ψ

2
x

⎞⎟⎠ .
Finally,

Tyx(ψx) = ρc2
s

(
ψx + 2

3ψ
3
x

)
is the stress strain relation. We now compute it numerically for an elastic solid in
a simulation with 100 cells, the BC and IC of which are specified above. First, we
verify if the numerical solution is the expected simple shear. We plot velocities
in x and y direction at five different times between t = 0 and t = 0.01. As
we see in figures 3.12 and 3.13, the y-velocities match expectations perfectly.
The x-velocities are non-zero – perhaps because of minor inaccuracy at boundary
conditions – although so small that we neglect them. The stress-strain relation
is then measured at each time step. Fyx is reconstructed as A−1

yx and Tyx is
calculated numerically from the solution in the cell 50. Figure 3.14 shows the
resulting shear rate – shear stress relation approximately matching the expected
super linear growth.

The same can be numerically performed with dissipation. Figures 3.15 and
3.16 verify that the motion is also nearly simple shear. Thus, the x-velocities are
neglected and shear rate is calculated as 100t. Note, that we do not use the solved
A, since it is degenerated (see the following paragraph). The resulting shear rate –
shear stress relationship is, however, sub-linear, even perhaps bounded, as shown
in figure 3.17.

Moreover, we compute the Frobenius norm of curl(A). The derivatives in
the curl are estimated by central difference7. Figure 3.18 shows this is equal to
0. Thus we integrate A−1. In the elastic case, this procedure creates the actual
configuration. The line segment y = 0 from the reference configuration is mapped
approximately to the line y = x in the actual configuration at time t = 0.01. The
comparison of this true result and the integral of A−1 is presented in figure 3.19.
It is obvious that A has no longer the meaning of the inverse of the deformation
gradient, even though its curl is zero.8 This result is not surprising: The evolution
equation for distortion matrix is different in elastic and elastoplastic case; and
since A is the inverse of deformation gradient in the elastic solid, it can hardly
be the same in the elastoplastic solid.

The author of this thesis humbly suggest a possible interpretation of A in the
case of non-zero dissipation and zero curl(A): A is still unambiguously integrable,
but its integral does not represent a connection between actual and reference
configurations. This is caused by the dissipation. Therefore, one may think that
A stores the information only about the elastic part of the motion, thus forming
the connection between the actual and natural configuration. However, this is
only a personal opinion without any ambitions to be precise.

6This result holds for any ψ solving the problem from section 3.3.
7Forward and backward difference are applied upon the boundary.
8The integral is computed by rectangle rule, which is a very basic tool. However, such a big

difference cannot be explained by that.
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Figure 3.12: Simple shear in elastic solid: y-velocities are plotted at five different
times. Their linearity in all cases verifies that the simulated motion is close to a
simple shear.
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Figure 3.13: Simple shear in elastic solid: x-velocities are plotted at five different
times. Even thought they are not exactly zero, they are very low. This verifies
that the simulated motion is close to a simple shear.
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Figure 3.14: Simple shear in elastic solid: Comparison of the measured relation
between shear rate (measured as A−1

yx ) and computed shear stress and the analytic
one found in section 3.6.
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Figure 3.15: Simple shear in elastoplastic solid: y-velocities are plotted at five
different times. Their linearity in all cases verifies that the simulated motion is
close to a simple shear.
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Figure 3.16: Simple shear in elastoplastic solid: x-velocities are plotted at five
different times. Even thought they are not exactly zero, they are very low. This
verifies that the simulated motion is close to a simple shear.
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Figure 3.17: Simple shear in elastoplastic solid: The relation between shear rate
(measured as 100t) and computed shear stress. Note, that it is growing sub
linearly and seems to be bounded, unlike the one in elastic solid.
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Figure 3.18: Simple shear in elastoplastic solid: The Frobenius of the Burgers
tensor, which was calculated from the values of A by central differences. Since it
is zero, integration of A does not depend on the integration path.
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Figure 3.19: Simple shear in elastoplastic solid: Comparison of the real – or
expected – deformation and the deformation reconstructed by integrating A−1

over the reference configuration. Even though the curl(A) = 0. This clearly
demonstrates that the connection between reference and actual configuration is
lost, considering a motion with dissipation.

40



Figure 3.20: The reference (left) and initial configuration. The blue and red lines
are mapped to themselves by moving each particle only in the vertical direction;
not to scale.

3.7 Elastoplastic Solid in Two Dimensions
In the last example for a solid, we model a two-dimensional elastoplastic body on
a unit square with the initial configuration given by figure 3.20, i.e., by moving
each particle only in the vertical (or y-) direction, we reduce the hight of the shown
triangles from 0.21 to 0.20. This compression and extension is linear in y on each
of the triangles and the space between them. Periodic boundary conditions are
applied. We study the distribution of density and the Frobenius norm of the
Burgers tensor, that is, curl(A). Figure 3.21 shows the initial mass density over
a 1000 × 1000 mesh. Figures 3.22 and 3.23 show the mass density and the norm
of the Burgers tensor at time t = 0.00001 over the mesh 200 × 200. The Burgers
tensor has highest norm around the jump in density. Note, however, that the
values are very low and may be caused by a numerical error only.

3.8 Couette Flow
In this section, we demonstrate that the SHTC equations can describe fluids as
well.9 Our aim is to model the planar Couette flow, i.e., a laminar flow between
two parallel planes with no-slip boundary conditions. One of them is motionless,
the other moving at a constant rate. The well-known stationary solution is a
linear velocity profile.

In this case, we set the BC as v2 |x=0= 0 and v2 |x=0.25= 0.25. Thus, the
solution is v2(x) = x. Moreover, with zero velocity as initial condition, White
[2006]10 has derived that the velocity profile at time t is given by:

v

V
=
(

1 − x

h

)
− 2
π

∞∑
n=1

1
n

ext
(

−n2π2 νt

h2

)
sin

(
nπx

h

)
,

where ν is the kinematic viscosity, h the distance between the two planes and
V the speed of the moving plane. We thus model this situation with a known
result. We take µ = 10−2, v0 = 0, A0 = I and p0 = 1

γ
. The resulting convergence

9See tables A.1, A.2, and A.3 in appendix A.5 for material parameters used.
10See section 3-5.2.
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Figure 3.21: Elastoplastic solid in two dimensions; density at time t = 0 with
1000 × 1000 cells. The axes do not describe the actual position, but the cell
coordinates.
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Figure 3.22: Elastoplastic solid in two dimensions; density at time t = 0.00001
with 200 × 200 cells. One can see the expected propagation of the density from
the compressed to the extended part of the body. The axes do not describe the
actual position, but the cell coordinates.
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Figure 3.23: Elastoplastic solid in two dimensions; Frobenius norm of the Burgers
tensor at time t = 0.00001 with 200×200 cells. One can see it is non-zero around
the jump in density. The axes do not describe the actual position, but the cell
coordinates.

to the linear velocity profile is shown in figure 3.24. It matches the exact solution
presented by White [2006] very well.

If we start with initial velocity closer to the stationary solution, we expect
faster convergence. This is demonstrated by figure 3.25, which shows very fast
convergence with v0 = 0.125 + 0.125 cos (π + 4πx). If we decrease the viscosity µ
by one order to µ = 10−3, the speed of convergence is dramatically slowed-down,
see figure 3.26.
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Figure 3.24: Couette flow between two planes at x = 0 and x = 0.25. The
velocity at t = 0 is zero. Five velocity profiles approximately uniformly dividing
the time interval t ∈ [0, 2] (coloured lines) are compared to the steady state linear
profile (dotted line). The convergence matches the results of White [2006]. The
viscosity is µ = 10−2.
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Figure 3.25: Couette flow between two planes at x = 0 and x = 0.25. The velocity
at t = 0 is sinusoid (blue line). Five velocity profiles approximately uniformly
dividing the time interval t ∈ [0, 0.5] (coloured lines) are compared to the steady
state linear profile (dotted line). The viscosity is set to µ = 10−2. The speed of
convergence is significantly higher than in the case µ = 10−3.
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Figure 3.26: Couette flow between two planes at x = 0 and x = 0.25. The velocity
at t = 0 is sinusoid (blue line). Five velocity profiles approximately uniformly
dividing the time interval t ∈ [0, 2] (coloured lines) are compared to the steady
state linear profile (dotted line). The viscosity is set to µ = 10−3. The speed of
convergence is significantly lower than in the case µ = 10−2.
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Conclusion
In the first part of this text, we have described an elegant, but not very well
known, way to obtain governing equations for a continuous body. It was shown
that the compressible elastic neo-Hookean solid can be described by this formal-
ism. Next, two models (SHTC and the “classical” neo-Hookean) were presented
and compared on an example of vertical vibrations in an elastic solid. The neo-
Hookean model can be viewed – in this specific example – as a linearisation of the
SHTC model. The non-linearised SHTC model exhibits an interesting property
that it does not allow particles to move strictly up and down without moving in
the x-direction, as long as trivial solutions are ignored.

Numerical solution of the full problem was then compared to the exact solution
of the problem linearised to a wave equation. The two solutions are very similar,
including their periodicity, but the numerical solutions undergoes a movement in
the horizontal direction.

Next, the simple shear was studied. The numerical scheme can model it –
up to a small mistake in the x-velocities. Moreover, the numerically measured
relation of shear rate and shear stress for an elastic solid approximately matches
the analytic one. On the other hand, the relation differs greatly from that of an
elastoplastic solid. We have also illustrated the interesting fact that the distortion
matrix ceases to be the inverse of the deformation gradient under elastoplastic
deformations.

The properties of the deformation gradient was next further studied in a more
complex, two-dimensional motion to show that the curl(A) can become non-zero
in the elastoplastic solid.

Finally Couette flow of a fluid was numerically tested. The solutions converge
to the analytic stationary solution and – in case of zero initial velocity – the form
of convergence agrees with the analytic results.

Thus, we have summarized the derivation of the governing equations by the
GENERIC framework a compared it to the standard results. We have also studied
some interesting properties of the equations – both analytically and numerically.
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A. Attachments

A.1 Functional Derivative
Let us have Ω ∈ Rn open and a function f : Ω → Rm and a functional F :
(Rm)Ω → R. Let the limit

lim
ϵ→0

F (f + ϵδf) − F (f)
ϵ

exist for every δf ∈ C∞
0 (Ω) and let it further be linear in δf .1 Then we may

view it as an element of the (algebraic) dual space to C∞
0 (Ω). Let us denote this

element by DFf . Then we may write

⟨DFf , δf⟩ = lim
ϵ→0

F (f + ϵδf) − F (f)
ϵ

.

Moreover, if there exists a function y ∈ L1
Loc(Ω) and if we define Ty : Ty(δf) =∫

yδfdx for every δf ∈ C∞
0 , then Ty converges and is linear in δf and therefore

belongs to (C∞
0 (Ω))∗. This motivates the following definition:

Definition 1. Let f , F and δf be as above and g ∈ L1
Loc(Ω). Then we say that

g is the functional derivative of F with respect to f if∫
Ω
gδfdx = lim

ϵ→0

F (f + ϵδf) − F (f)
ϵ

.

We denote the derivative by δF
δf

.23

Furthermore, we do not need such a general approach and focus on a more
specific setting, for which interesting properties hold:

Let us assume f be smooth, F =
∫
g(f(x), x)dx, where g is smooth and∫

g(f + ϵδf, x) converge for any δf ∈ C∞
0 and ϵ sufficiently small. Then

lim
ϵ→0

F (f + ϵδf) − F (f)
ϵ

= lim
ϵ→0

∫
g(f + ϵδf, x)dx −

∫
g(f, x)dx

ϵ

= lim
ϵ→0

∫ g(f + ϵδf, x) − g(f, x)
ϵ

dx

=
∫

lim
ϵ→0

g(f + ϵδf, x) − g(f, x)
ϵ

dx

=
∫ ∂g

∂f
δfdx.

Since g is smooth, its derivative is locally integrable and thus the functional
derivative has the desired form. Moreover,

δF

δf
= ∂g

∂f
.

1This is guaranteed if we assume F to be Frechet differentiable. Namely, if we restrict to
normed vector spaces, such as L2(Ω).

2In the following text, we omit the range of integration for brevity.
3This notion is a bit confusing and it would be better from a certain point of view to denote

the derivative by DFf . We, however, use the notion common in literature.
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Analogically, we may define differentiation with respect to fi, i = 1, . . . , n
(replacing every vector f by a scalar fi) to get

δF

δfi

= ∂g

∂fi

.

In the computations above, we interchanged the limit and the integral, which
needs to be commented. Our aim is to use the dominated convergence theorem,
i.e., we seek an integrable function dominating all integrated functions

g(f + ϵδf, x) − g(f, x)
ϵ

.

First, let us denote hϵ(f, x) = g(f + ϵδf, x). Since δf has compact support and
that hϵ(f, x) = g(f, x) outside that support, we realize we are in fact integrating
only over the support, which is compact. Thus, the dominating function may be
a constant bounding 1

ϵ
(hϵ(f, x) − g(f, x)).

Since δf is a C∞
0 function, it is bounded by some constant C. From smooth-

ness of g follows its Lipschitz continuous with some constant L. Thus hϵ(f, x) −
g(f, x) is bounded by LCϵ and 1

ϵ
(hϵ(f, x) − g(f, x)) by LC. Finally we take the

dominating function

M(x) =

⎧⎨⎩LC, on spt(δf),
0, elsewhere.

We have thus proved the following lemma.
Lemma 1. Under the assumptions above,

δF

δf
= ∂g

∂f
.

A.2 Derivation of the Governing Equations
The aim of these paragraphs is to briefly add a few details to the derivation of the
governing equations in the Eulerian frame. For brevity, let us assume we want
to get equation (1.1) at some (x1, t1). Moreover, we assume that the equations
describing the time evolution are local, i.e. they depend on a neighbourhood of
x1 only. We assume the integrals in the Poisson bracket and the chain rule over
the whole space RN . The fields ρ,m, s,F are assumed to be C∞ functions over
continuous body and the energy E to take the form

∫
ε(ρ,m, s,F)dx, where ε is

smooth. We redefine the energy into the form
∫
ε(ρ,m, s,F)g1(x)dx, where g1 is

a C∞
0 function with range [0, 1] equal to 1 on some open ball B(x1). We redefine

the fields ρ,m, s,F in RN \B(x1) so that they are C∞(RN). Thus we change the
properties of the body, but we preserve them on a neighbourhood of x1. Further
A is assumed to be in the form

∫
ρg2(x)dx, where g2 is a C∞

0 function. Then,
subtracting the two time evolutions of A, one gets

0 =
∫
g2

[
∂ρ

∂t
+ ∂i(ρEmi

)
]

dx.

Now let us assume ∂ρ
∂t

+∂i(ρEmi
) ̸= 0 at x1. Then from continuity, it is WLOG

positive on some open neighbourhood U(x1) of x1. Finally, taking g2 in such a
way that its support lies within U(x1), then we get the integral non-zero. Thus
∂ρ
∂t

+ ∂i(ρEmi
) = 0 at x1, which is what we want.
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A.3 Model with Distortion Describes the neo-
Hookean Solids

We would like to find the form of the stress tensor for system (1.11) – (1.14),
equipped with the neo-Hookean energy. That is, we are searching the form of

σ = −A⊤εA

for the energy

ε = ρ
µ

2 (tr(B) − 3 − ln(det(B))) = ρ
µ

2
(
tr(A−1A−⊤) − 3 − ln(det(A−1A−⊤))

)
.

To do that, we use the chain rule. Let us now write M′ = ∂M
∂Amn

for any matrix
M depending on A. Then we have I′ = (FA)′ = 0, which implies

F′A = −FA′

F′ = −FA′F.

Therefore

∂Fkl

∂Amn

= −Fka
∂Aab

∂Amn

Fbl = −FkmFnl. (A.1)

Next, realizing Bij = FimFjm, we compute

∂Bij

∂Fkl

= ∂Fim

∂Fkl

Fjm + Fim
∂Fjm

∂Fkl

= δkiδlmFjm + δjkδlmFim = δkiFjl + δjkFil. (A.2)

Finally, we recall ∂tr(B)
∂Bij

= δij, which altogether with (A.1) and (A.2) gives

∂tr(B)
∂Amn

= ∂tr(B)
∂Bij

Bij

∂Fkl

Fkl

∂Amn

= −δij (δkiFjl + δjkFil)FkmFnl

= −δikFilFkmFnl − δikFilFkmFnl = −2FimFilFnl.

Written in the tensor form, this is

∂tr(B)
∂A

= −2F⊤B. (A.3)

Differentiation of ln(det(B)) can be performed in a very similar way as an
exercise. However, we compute it directly as

∂ ln(det(A−1A−⊤))
∂A

= ∂ ln(det(A)−2)
∂A

= −2∂ ln(det(A))
∂A

= −2A−⊤. (A.4)

Combining (A.3) and (A.4), we obtain

σ = ρµ (B − I) ,

which is the desired result.
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A.4 Numerical Scheme
We now describe the numerical method used to solve the equations. The ADER-
WENO4 numerical scheme is taken from Jackson [2017] and is described in Jack-
son [2017] and Jackson [2018].5 To briefly summarize the most important features,
it is a scheme used for solving any system of partial differential equations in the
form

∂Q
∂t

+ F(Q)
∂x

+ B(Q) · ∂Q
∂x

= S(Q), (A.5)

where Q ∈ RN is the vector of state variables6, F = (F1,F2,F3) is a vector of
the conservative non-linear fluxes (Fi : RN → RN), B = (B1,B2,B3) (Bi : RN →
RN×N) corresponds to the non-conservative terms and S ∈ RN is the vector of
source terms. Note that (A.5) can be reformulated to

∂Q
∂t

+ M(Q) · ∂Q
∂x

= S(Q),

where M = (M1,M2,M3), Mi = ∂Fi
∂Q + Bi.

The method first uses the WENO method to approximate the given cell-
wise constant Q by a polynomial of any given order. Then a spatio-temporal
polynomial of the same order is reconstructed by the discontinuous Galerkin
method and finally, finite volumes with Rusanov fluxes are implemented. In the
next paragraphs we briefly summarize the key ideas of the numerical scheme.
For more details, the reader may see Jackson [2018] or other sources mentioned
above. We also restrict ourselves to the one-dimensional case.

WENO Method
Let us consider the domain [0, L] and natural numbers K,N . N describes the
degree of polynomials used, causing the method to be of order N + 1, while K is
the number of cells in which we divide the domain. The grid points are denoted
by xi = iL

K
and their difference by ∆x = L

K
. Let us denote the cell [xi, xi+1] by

Ci. We assume we have cell-wise constant u on [0, L] and approximate the data
on Ci by a polynomial of an order N . Let us define

χi(x) = 1
∆(x− xi)

and denote the Gauss-Legendre abscissae on [0, 1] by {χ0, . . . , χN}. Now let us
define the Lagrange interpolating polynomials ψi of order N as fulfilling

ψi(χj) = δij.

The data on Ci is then reconstructed by

wi(x) =
∑

p

ψp (χi(x))wi
p,

where the weights wi
p are described by Jackson [2018].

4Stands for “Advection-Diffusion-Reaction” and “Weighted Essentially Non-Oscillatory”.
5For further reading about closely related numerical methods, the reader is kindly advised

to see Tiarev and Toro [2001], Boscheri et al. [2016], or Dumbser et al. [2018].
6in our case ρ, ε ,m and A.
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Discontinuos Galerkin Method
Let us now assume we have performed the WENO reconstruction at time tn.
We want to approximate the solution Q on Ci × [tn, tn+1]. Let us denote ∆tn =
tn+1 − tn and re-scale the time variable to

τn(t) = 1
∆tn

(t− tn).

Then (A.5) becomes:

∂Q
∂τn

+ F∗(Q)
∂χi

+ B∗(Q) · ∂Q
∂χi

= S∗(Q), (A.6)

where

F∗ = ∆tn
∆x F, B∗ = ∆tn

∆x B, S∗ = ∆tnS.

Now we define the basis functions in space and time as

{θk(χ, τ)} = {ψp(χ), ψs(τ), 0 ≤ p, s ≤ N}

and approximate

Q ≈ θkQk,

F∗(Q) ≈ θkFk,

B∗(Q) · ∂Q
∂χ

≈ θkBk,

S∗(Q) ≈ θkSk.

Thus, one has

Fk = F∗(Qk),

Bk = B∗(Qk) ·
(
∂θm(χk, τk)

∂χ
Qm

)
,

Sk = S∗(Qk),

where (χk, τk) is the node corresponding to θk.
Multiplying (A.6) by θl, using the approximations, integrating over space-time

cell in scaled variables and employing the integration by parts in time, one gets(∫
θl(χ, 1)θk(χ, 1)dχ−

∫ ∂θl

∂τ

(χ, τ)θk(χ, τ)dχdτ
)

Qk =

=
∫
θl(χ, 0)wi(χ)dχ−

∫ ∂θk

∂τ

(χ, τ)θl(χ, τ)dχdτFk

+
∫
θl(χ, τ)θk(χ, τ)dχdτ(Sk − Bk),

where wi is the approximation by the WENO method. This is a non-linear
system in Qk and it is solved by a Newton method. The resulting approximation
is denoted by Qapprox.
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Finite Volumes
Integration of (A.5) over Ci × [tn, tn+1] yields

Qn+1
i = Qn

i + (Sn
i − Pn

i ) −
(
Dn

i+1 − Dn
i

)
,

where

Qn
i =

∫ xi+1

xi

Q(x, tn)dx,

Sn
i =

∫ tn+1

tn

∫ xi+1

xi

S(Q)dxdt,

Pn
i =

∫ tn+1

tn

∫ xi+1

xi

B(Q) · ∂Q
∂x

dxdt,

Dn
i =

∫ tn+1

tn

D
(
Q−(xi, t),Q+(xi, t)

)
dt.

Here, Q−(xi, t) and Q+(xi, t) are the left and right limits of Q to xi. Sn
i , Pn

i and
Dn

i computed by an N+1-point Gauss-Legendre quadrature, where Q is replaced
by Qapprox.

The last thing needed is to specify the numerical flux D. First, let us recall
M = ∂F

∂Q + B and Λ its eigenvalues. The flux is then defined as

D
(
Q−,Q+

)
= 1

2
(
F(Q−) + F(Q+) + B̂ ·

(
Q+ − Q−

)
− M̂ ·

(
Q+ − Q−

))
,

where

B̂ =
∫ 1

0
B
(
Q− + z

(
Q+ − Q−

))
dz

and M̂ represents the Rusanov flux

M̂ = max
(
max|Λ(Q−)|,max|Λ(Q+)|

)
.

Boundary Conditions
The boundary conditions are implemented by ghost cells. Let us call C in

l and
C in

r the left and right edge cells and Cout
l and Cout

r the respective ghost cells. For
periodic boundary conditions, the state variables in Cout

l are set equal to C in
r and

similarly on the other side. For no-slip, the state variables in Cout
l are copied

from C in
l with the exceptions that the speed is altered to vout

l = −vin
l +2vl, where

vl is the prescribed speed of the left boundary. The energy is then recalculated
to capture the change of kinetic energy. Analogous procedure is implemented on
the right hand side.
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A.5 Material Properties
Material parameters used in numerical simulations throughout this text are pre-
sented in the tables below. All values are given in SI units.

Material Modelled EOSa used γ Γ0 u c0 Tref

Fluid Ideal Gas 1.4 — — — 0
Solid Shock Mie-Gruneisen — 2 1.5 3939 300
Note: a Equation of state.

Table A.1: Parameters for Ideal Gas and Shock Mie-Gruneisen equations of state
used in simulations.

Material Modelled ρ0 p0 cv cs

Fluid 1 1/1.4 1 1
Solid 8930 0 390 2141

Table A.2: Material parameters used in simulations.

Material Modelled µa τ0 σ0 n

Fluid 10−2/10−3 — — —
Solid — 1 9 × 107 50
Note: a Dynamic viscosity.

Table A.3: Dissipation parameters for materials occurring in simulations.
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