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A FEW WORDS ABOUT GENERAL
RELATIVITY AND BLACK HOLES

If there should really exist in nature any bodies, whose density is
not less than that of the sun, and whose diameters are more than 500
times the diameter of the sun, since their light could not arrive at us;
or if there should exist any other bodies of a somewhat smaller size,
which are not naturally luminous; of the existence of bodies under ei-
ther of these circumstances, we could have no information from sight;
yet, if any other luminous bodies should happen to revolve about them
we might still perhaps from the motions of these revolving bodies infer
the existence of the central ones with some degree of probability, ...

J. Michell (1784)

It has been more than a year since the First World War began and during
these unfortunate times general theory of relativity is born. On 25th November
1915, after years of struggle, Albert Einstein presents his last of four November
reports to the Royal Prussian Academy of Sciences. Newton’s law of universal
gravitation, a very successful theory for more than 200 years, is replaced by a
brand new perspective on the gravitational phenomena. Instead of using the
concept of forces in a given (Euclidean) space, Einstein regards gravitation as a
consequence of non-trivial geometrical properties of spacetime.

In less than a month, Karl Schwarzschild writes a letter to Einstein from
the Russian front. He succeeded in solving the newly established field equations
for a point mass. This is quite a surprise for Einstein, and not only because of
apparent difficulty of the equations. Being much influenced by Mach, Einstein
regards inertia as arising due to some kind of interaction between all bodies in
the Universe. A non-trivial solution for a single point mass thus does not seem
to have sense. In February 1916, another letter is coming. Schwarzschild adds an
“interior” solution describing a spherically symmetric “star” of dust with constant
density. It soon becomes clear that the Schwarzschild solution suffers a strange
singularity at the radius r = 2GM/c2 (M is the mass contained within that
radius, G is gravitational constant and c is speed of light), and that the star
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cannot be smaller than that1.
Another hint for ultra-compact bodies comes in 1930 from microphysics.

Chandrasekhar concludes that not even a degenerate fermion gas is able, if ac-
cumulated sufficiently (in a ball having about 1.5 solar masses), to provide a
sufficient pressure (gradient) to resist its own gravity. Physicists of this time are,
however, much opposed to the idea that gravity wins completely in such situations
and squeezes the star to “one point”. In 1939, Oppenheimer and Snyder compute
a general relativistic gravitational collapse of a spherically symmetric dust body,
matching the interior taken from the pressureless closed FLRW model with the
Schwarzschild exterior. However, it takes another 30 years till the above “ab-
surd” ideas became more accepted and the name black hole, popularized greatly
by Wheeler, is well-established.

A further rapid theoretical progress in the field of extremely strong gravity
happens in 1960s, mainly thanks to Kerr’s discovery of an exact solution of Ein-
stein’s equations for a rotating black hole (1963), thanks to Penrose’s concept
of trapped surfaces (1964), and thanks to Israel’s proof of the uniqueness of the
Schwarzschild solution (1967). However, it is mainly due to seminal observational
discoveries that the relativistic compact objects like black holes and neutron stars
finally become seriously accepted in astrophysics. In particular, X-ray sources are
discovered in 1962, quasars in 1963, and pulsars in 1967. In 1967, the first gamma-
ray burst is detected. In 1974, the first binary pulsar is found, which provides an
indirect evidence for gravitational-wave emission in the form of its orbital-period
decay.

Today, general relativity is one of the most successful theories. It seems to
be valid in scales ranging from the Planck size (where its quantum version is
expected to be necessary) to cosmological distances (where, however, hard prob-
lems arose in terms of a mysterious “dark” components of the energy density of
the universe). Also the “weird” predictions of general relativity, like gravitational
collapse and black holes, gravitational waves, or dynamical universe, have become
parts of physical reality. It is more than appropriate to also mention the very
recent discoveries in the strong-gravity field: just 100 years after general relativity
had been finished, in 2015, the LIGO-Virgo Collaboration was successful in the
first direct detection of gravitational waves generated by a merger of a black-hole
binary (Abbott et al., 2016). Another events have been observed from that time,
including the collapse of a neutron-star binary, and many more are expected from
the current “third” observational run. In early 2019, a spectacular evidence has
been provided by the Event Horizon Telescope consortium: the first “image” of
a supermassive black hole in the heart of the M87 galaxy was published (Event
Horizon Telescope Collaboration et al., 2019), very probably revealing the pho-
ton sphere around that black hole – one of the distinctive features of extremely
compact bodies in general relativity.

In this thesis, we study black holes surrounded by some additional sources of
gravitation. The motivation for such a study comes from astrophysics. Namely,
before gravitational waves were detected, the only possibility for a black hole to

1Only much later, in the 1950s, the nature of this singularity – and in fact the nature of
the whole Schwarzschild solution – became clear: it is just a coordinate singularity, yet still
representing a prominent general-relativity feature – a one-way causal membrane, from the
1960s called the black-hole horizon.
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be at all noticed was due to its interaction with matter. Such an interaction
usually produces X-rays, and it is mostly being mentioned in connection with
X-ray binaries. In these systems, matter inflows to the black-hole (or a neutron
star) from the companion star, typically forms a disc and slowly inspirals to
the centre, being heated to high temperatures by viscous friction. In theoretical
models, the matter around a black hole is usually treated as a test one, thus
taking the gravitational field as described precisely by the Schwarzschild or Kerr
metric, valid for isolated black holes. It has been our aim to check how the black-
hole spacetime may change under the influence of an additional strong source
of gravitation. We have devoted a particular attention to the interior of such a
perturbed black hole – finding, rather surprisingly, that even “inside” such an
extremely strong source the geometry can be affected significantly, mainly on the
level of curvature (higher derivatives of the metric).

Restricting to static and axially symmetric spacetimes, Semerák & Basovńık
(2016) studied two extremally charged black holes forming the Majumdar-Papa-
petrou binary, namely, considering any of the black holes as the “perturbation” of
the other one. It turned out, however, that in such a system the black holes are not
deformed much. That is apparently connected with the extreme character of the
black hole holes, so, in Basovńık & Semerák (2016), a rather different system was
studied where the black hole was far from the extreme state – a Schwarzschild
black hole surrounded by a concentric Bach-Weyl ring. The presence of the
thin ring affected the geometry much more, both outside and inside the black
hole. They found that when the ring is heavy enough and/or sufficiently close
to the horizon, the gradient of potential can turn timelike in some regions inside
the black hole and so the corresponding scalar (gravitational acceleration) can
become negative. The curvature (second derivatives of the metric) was affected
even more: the Kretschmann scalar was even found negative in certain regions
inside the black hole. Such a circumstance has been interpreted as the dominance
of the “magnetic” part of the Riemann tensor in the literature, but “magnetic”-
type curvature is standardly being tied to rotational dragging, whereas here the
spacetime does not involve any rotation (although the black-hole interior is of
course not a static region).

Staying within the class of static and axially symmetric spacetimes, we inves-
tigate here another strong-field superposition, namely a binary of Schwarzschild
black holes held apart by an Appell ring. This superposition is likely not rele-
vant astrophysically, but it is interesting theoretically, the more so that – as will
be shown – it provides a strut-free possibility of keeping two Schwarzschild black
holes in equilibrium. Such a system also promises significant changes in the black-
hole geometry, yet still occurring in a physically rather acceptable configuration.
Our results have been published this year, see Semerák et al. (2019).

Trying to include rotation (thus to proceed from static to stationary metrics),
we have been studying (in Kotlař́ık et al. 2018) the recent perturbative solution by
Č́ıžek & Semerák (2017), obtained by rotational perturbation of the Schwarzschild
solution. It describes, in the first perturbation order, a rotating finite circular
thin disc around a Schwarzschild black hole.

A short plan of the thesis: the first chapter is dedicated to basic properties of
circular spacetimes. In the second chapter, we describe the system of two black
holes surrounding the Appell ring, we show that it may stay in equilibrium and
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how its exterior spacetime geometry changes with parameters. Consequently, we
extend the analysis below the black-hole horizon and visualize, on several simple
invariants again, how the interior geometry can be affected due to the presence
of the other sources. Another section we devote to the perturbative solution of
Č́ıžek & Semerák (2017), focusing on our results recently published in Kotlař́ık
et al. (2018). Finally, we add a summary and a few comments in the concluding
section.

Notation
We use metric tensor gµν with signature (− + ++). All quantities are given in
geometrized units in which c = G = 1. Greek indices go through 0 − 3, Latin
indices 1 − 3. We employ Einstein summation convention and use the index-
posted comma to denote partial derivative and the semicolon to denote covariant
derivative. Riemann tensor is defined according to Vν;κλ − Vν;λκ = Rµ

νκλVµ,
where Vµ is an arbitrary covector. Ricci tensor is defined by Rνλ = Rκ

νκλ. We
use standard notation for complete elliptic integrals

K(k) =
∫ π

2

0

dφ√
1 − k2 sin2 φ

, E(k) =
∫ π

2

0

√
1 − k2 sin2 φ dφ ,

Π(n, k) =
∫ π

2

0

dφ
(1 − n sin2 φ)

√
1 − k2 sin2 φ

.

where k is the modulus.
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CHAPTER 1

STATIONARY AND AXISYMMETRIC
SPACETIMES

In this introduction, we summarize basic features of the class of circular (i.e., sta-
tionary, axially symmetric and orthogonally transitive) spacetimes. Such space-
times are assumed to describe the gravitational field of axially symmetric sources
in stationary circular motion. We assume that the cosmological constant is zero
and, since the sources are supposed to be finite, that the spacetime is asymptot-
ically flat. In this summary we follow Semerák (2009).

Stationary and axisymmetric spacetimes possess two commuting Killing
vector fields, one of which is asymptotically timelike (ηµ) and the other is asymp-
totically spacelike with closed orbits (ξµ). Choosing the time and azimuthal
coordinates, t and ϕ, as parameters of these symmetries, ηµ = ∂xµ

∂t
and ξµ = ∂xµ

∂ϕ
,

the metric is independent of them, gαβ,t = 0 and gαβ,ϕ = 0. Another assumption
to be mentioned is the existence of an axis of the axial symmetry – a timelike
two-dimensional region on which ξµ = 0 (hence gϕϕ = gµνξ

µξν = 0 there, as well
as the integral-line circumference

∮ √
gϕϕ dϕ = 2π√

gϕϕ). In order that the axis be
regular, its orthogonal surfaces have to be locally flat, so the proper circumference
of the symmetry circles has to go to 2π times proper distance from the axis.

If ηµ is hypersurface-orthogonal, i.e. if it is proportional to a gradient of
some scalar function, the spacetime is called static. In short, staticity means
stationarity plus time-direction invariance, so in the adapted coordinates (t, xi)
(in which ηµ = δµt , thus ηα = gtα) it implies gti = 0.

Stationary and axially symmetric spacetimes are by default supposed to have
one additional feature called orthogonal transitivity. This means that their
meridional planes, everywhere perpendicular to both Killing vector fields, exist
as integral 2D submanifolds. As such, they can be covered by the remaining two
coordinates x2, x3, and since they are Riemannian, this can be done in a diagonal
manner, so the total metric can be written

ds2 = gttdt2 + 2gtϕdtdϕ+ gϕϕdϕ2 + g22dx2
2 + g33dx2

3 ,

with all the components only dependent on x2 and x3. It is known (e.g. Kundt
& Trümper 1966) that orthogonal transitivity can be represented by Frobenius
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conditions
ησRσ[νηκξλ] = 0 = ξσRσ[νξκηλ] . (1.1)

These conditions are trivially satisfied by the metric tensor gσν (because Killing
vector fields commute), so, according to the Einstein equations, the stress-energy
tensor Tµν must satisfy (1.1) too. Orthogonal transitivity basically means that
the metric is symmetric with respect to the transformation (t → −t, ϕ → −ϕ),
which is satisfied if all the elements of the source(s) move purely in direction
of the Killing vectors. Since such a motion is circular in the best sense, the
stationary and axisymmetric spacetimes which are orthogonally transitive are
being called circular. Clearly they represent just a tiny subclass of all stationary
and axisymmetric solutions (a suitable combination of solenoidal or “tilted” orbits
may keep the two Killing symmetries as well), but the non-circular case is much
more difficult.

1.1 The metric
The metric of any circular spacetime can be written in terms of four (in certain
cases only three) undetermined functions. One of the usual forms is tied to
the Weyl coordinates (t, ϕ, ρ, z) in which the meridional plane is covered in an
isotropic way (gρρ = gzz),

ds2 = −e2ν dt2 +B2ρ2e−2ν (dϕ− ω dt)2 + e2λ−2ν(dρ2 + dz2) , (1.2)

where the unknown functions B, ν, ω and λ only depend on ρ and z. If the
spacetime contains a black hole, it is actually more convenient to work in isotropic
coordinates (R,Θ) related to the Weyl ones by simple transformation

ρ = R sin Θ , z = R cos Θ . (1.3)

In isotropic coordinates, the metric appears as

ds2 = −e2ν dt2 +B2R2e−2ν sin2 Θ (dϕ− ω dt)2 + e2λ−2ν(dR2 +R2 dΘ2) . (1.4)

Thanks to the “Killing” character of the coordinates t and ϕ, the metric coeffi-
cients gtt = gµνη

µην , gtϕ = gµνη
µξν and gϕϕ = gµνξ

µξν are invariants, so the same
also applies to the lapse N ≡ eν and to the function ω given by

ω = − gtϕ
gϕϕ

,

which represents the angular velocity of rotational dragging. In the static case,
ω = 0 and (1.2) reduces to

ds2 = −e2ν dt2 +B2ρ2e−2ν dϕ2 + e2λ−2ν(dρ2 + dz2) . (1.5)

In this thesis, we consider a spacetime containing a black hole and study
how it changes due to the presence of some other source of gravitation. Black
hole is a region of a spacetime from where it is not possible to escape along a
timelike or null worldline (e.g. Misner et al. 1973; Wald 1984); more precisely, it
is being defined as the complement of the causal past of future null infinity. The
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boundary of that region is called the event horizon. In circular spacetimes, it
is given (invariantly) by N = 0, i.e.

0 = N2 ≡ −gµν (ηµ + ωξµ) (ην + ωξν) = −gtt−2gtϕω−gϕϕω2 = −gtt−gtϕω = e2ν .
(1.6)

Note that the vanishing of e2ν on the horizon implies that e2λ has to vanish there
as well, for the metric coefficients gρρ = gzz = e2λ−2ν to stay regular.

It is known that the stationary horizon has to be either static or axially
symmetric, and that the function ω assumes a constant value on it, say ωH (which
means that the horizon “rotates with respect to infinity as a rigid body” – this
result is thus known as the strong rigidity theorem). Therefore, the vector field
ηµ +ωξµ which plays an important role in circular spacetimes (being perhaps the
most natural generalization of ηµ from the static situation), becomes a Killing
field on the horizon. Simultaneously, this field becomes light-like at the horizon,
which means that the stationary horizon is a Killing horizon.

Yet another quantity is constant all over the stationary horizon – the so called
surface gravity. It can be introduced in several different (but equivalent) ways,
starting either from acceleration of stationary circular orbits, or directly from
geometry of the horizon null generators. The simplest is the formula which says
that the surface gravity is given by magnitude of the gradient of lapse,

(κH)2 = lim
N→0

(
gµνN,µN,ν

)
. (1.7)

This formula is actually not restricted to the horizon, it can be also used elsewhere
to define a scalar representing gravitational acceleration.

Note that the event horizon is a global concept in the sense that one has to
know all the future of a given spacetime in order to find its location. It is thus not
useful if one wants to study the spacetime “at a given instant of time”. Much more
practical, quasi-local definitions of a black-hole boundary have been suggested,
all built on the famous concept of trapped surfaces by Penrose (1965) (see also
the monograph Hawking & Ellis 1973), but in generic (dynamical) situation there
is still not an agreement on what to call a black-hole region. However, there is no
problem in the stationary case, because all the other horizon definitions (apparent
horizon, trapping horizon, isolated horizon) yield there the same (hyper-)surface
coinciding with the event horizon.

1.2 Einstein equations
Local spacetime curvature, represented by the Einstein tensor Rµν , is linked to
the local energy and momentum, represented by the energy-momentum tensor
Tµν , through ten Einstein field equations

Rµν − 1
2Rgµν = 8πTµν (1.8)

(recall that we set Λ = 0). For the circular metric (Hawking & Ellis, 1973), six
of them are non-trivial:
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∇ · (ρ∇B) = 8πBρ(Tρρ + Tzz) , (1.9)

∇ · (B∇ν) − B3ρ2

2e4ν (∇ω)2 = 4πBe2λ−2ν
(
T ii − 2ωT tϕ − T tt

)
, (1.10)

∇ ·
(
B3ρ2e−4ν∇ω

)
= −16πBe2λ−2νT tϕ , (1.11)

λ,ρρ + λ,zz + (ν,ρ)2 + (ν,z)2 − 3B2ρ2

4e4ν

[
(ω,ρ)2+ (ω,z)2

]
=

= 8πe2λ−2ν
(
T ϕϕ − ωT tϕ

)
,

(1.12)

λ,ρ (Bρ),ρ − λ,z (Bρ),z = Bρ
[
(ν,ρ)2 − (ν,z)2

]
+ 1

2
[
(Bρ),ρρ − (Bρ),zz

]
−

− 1
4B

3ρ3e−4ν
[
(ω,ρ)2 − (ω,z)2

]
+ 4πρB(Tρρ − Tzz) ,

(1.13)

λ,ρ (Bρ),z + λ,z (Bρ),ρ = 2Bρν,ρν,z + (Bρ),ρz − 1
2B

3ρ3e−4νω,ρω,z + 8πρBTρz ,
(1.14)

where ∇ and ∇· stand for gradient and divergence in (auxiliary) flat 3D space
covered by cylindrical coordinates (ρ, ϕ, z), i.e. ∇X = (X,ρ, X,z, 0) and ∇ · Y⃗ =
ρ−1

[
(ρY ρ),ρ + (ρY z),z

]
, with X a scalar quantity and Y⃗ a vector. Thanks to the

Bianchi identities (or conservation laws T µν;ν = 0), one equation, for example
(1.12), can be expressed using others, so only five of the above equations are
independent.

Assuming Tρρ+Tzz = 0 (this holds for a dust, for example), the first equation
(1.9) can be solved easily. There are two standard choices for B: when working in
the Weyl coordinates, usually chosen is the simplest solution B = 1, while when
considering a black-hole spacetime, the isotropic coordinates are more suitable1

and usually tied to the choice B = 1 − k2

4R2 , with k being a constant of the
dimension of length.

In the static case (ω = 0), equations (1.10)–(1.14) simplify to

ν,ρρ + ν,ρ
ρ

+ ν,zz = 4πe2λ−2ν(T ϕϕ − T tt ) , (1.15)

λ,ρ − ρ(ν,ρ)2 + ρ(νz)2 = 4πρ(Tρρ − Tzz) , (1.16)
λ,z − 2ρν,ρν,z = 8πρTρz , (1.17)

λ,ρρ + λ,zz + (ν,ρ)2 + (ν,z)2 = 8πe2λ−2νT ϕϕ , (1.18)

where we have chosen B = 1. Equation (1.10) for the potential thus reduces to the
Poisson equation in three dimensions. The last equation is satisfied automatically
thanks to the other three field equations and Bianchi identities.

Outside of the sources, the first equation (1.15) becomes the Laplace equation
in cylindrical coordinates, which is linear, so the potential superposes there like

1Namely, in the Weyl coordinates, the black-hole horizon degenerates to the axial segment
(ρ = 0, |z| ≤ M), so it is better to work in some spheroidal-type coordinates in which the
horizon is spherical and given by finite radius.
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in the Newtonian theory. The last metric function λ is given by a line integral
computed from some point on the symmetry axis (where λ = 0) to the given
point (ρ, z) (through the vacuum region),

λ =
ρ,z∫

axis

ρ
[(
ν,ρ
)2

−
(
ν,z
)2
]

dρ+ 2ρν,ρν,z dz . (1.19)

The spacetime curvature (given by the second and the first metric derivatives)
can in general be characterised by 14 algebraically independent invariants. Ten
of them are given by the Ricci tensor and are non-zero only in non-vacuum case,
while the remaining four are

Kretschmann scalar K ≡ RµνκλR
µνκλ ,

Chern-Pontryagin scalar ⋆K ≡ ⋆RµνκλR
µνκλ ,

cubic scalar Rµν
κλR

κλ
ρσR

ρσ
µν ,

and its dual ⋆Rµν
κλR

κλ
ρσR

ρσ
µν ,

where Rµ
νκλ is the Riemann tensor and ⋆Rµνκλ ≡ 1

2ϵµναβR
αβ
κλ is its left dual. For

a static spacetime, the scalars formed by duals of the Riemann tensor vanish, so
we are left with the Kretschmann scalar K. For the Weyl metric (1.5), it can be
expressed explicitly as

e4λ−4ν

16 K = e4λ−4ν

16 RµνκλR
µνκλ = (1.20)

=(ν,ρρ)2 + (ν,zz)2 + (ν,ρz)2 + ν,ρρν,zz+

+ 3(1 − ρν,ρ)
[
(ν,ρ)2 + (ν,z)2

]2
+ ρ2

[
(ν,ρ)2 + (ν,z)2

]3
+

+ 3ν,ρρ(ν,ρ)2 + 3ν,zz(ν,z)2 + 6ν,ρzν,ρν,z+
+ ρν,ρ

[
3(ν,z)2 − (ν,ρ)2

]
(ν,ρρ − ν,zz) + 2ρν,ρzν,z

[
(ν,z)2 − 3(ν,ρ)2

]
.

1.3 Boundary conditions
In the axially symmetric and asymptotically flat space-times we can identify three
significant regions – spatial infinity, symmetry axis and horizon – where the metric
should behave in a specific way.

1.3.1 Radial infinity
Asymptotic flatness is not at all an elementary concept (Wald, 1984), but it yields
the following simple conditions for the behaviour of the above type of metrics at
radial infinity (R → ∞):

ν → −M

R
+ O(R−2)

ω → 2J
R3 + O(R−4)

λ → O(R−2) ,
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where R is any coordinate which (at least) asymptotically represents the proper
radial distance (in our case, e.g. the isotropic radius R =

√
ρ2 + z2 has such

a character); the coefficients M and J represent total mass and total angular
momentum contained in the spacetime.

1.3.2 Symmetry axis
At the symmetry axis, the perpendicular surfaces should be flat (without conical
singularity), so the proper circumference

2π∫
0

{t=const, ρ=const, z=const}

√
gϕϕ dϕ = 2πBρe−ν , (1.21)

should go to 2π times their proper radius∫ ρ

0

√
gρρ dρ′ =

∫ ρ

0
eλ−ν dρ′ −−→

ρ→0
eλ−νρ , (1.22)

which yields the condition
eλ −−→

ρ→0
B . (1.23)

1.3.3 Horizon
Since the horizon is given by eν = 0, it is clear from the above formula that its
azimuthal circumference is only finite if Bρ vanishes there. As already mentioned
before, the Weyl coordinates (ρ, z) are tied to the choice B = 1, which makes the
horizon a one-dimensional axial segment (ρ = 0, z = k cos θ), where k > 0 is a
constant parameter of the dimension of length and 0 ≤ θ ≤ π. A better picture
is provided by the isotropic coordinates (R,Θ) and the choice

B = 1 − k2

4(ρ2 + z2) = 1 − k2

4R2 , (1.24)

because then the horizon is located where B = 0, i.e. it is spherical with radius
R = k

2 = const.
There cannot be any matter on a stationary horizon, so the Einstein equations

have to be vacuum there. In order that the horizon be regular, the derivatives
with respect to Θ must vanish on it. Therefore, equation (1.11), after being
transformed from the Weyl to the isotropic coordinates, has to reduce there to

ω,RR + 4
R
ω,R(1 −Rν,R) + 3B,R

B
ω,R = 0 . (1.25)

This implies that ω,R = O(B), in order for ω,R

B
to be regular on horizon. Now it

is possible to drop the term proportional to (∇ω)2 = O(B2) in (1.10), and the
equations describing the horizon read, up to O(B),

Rω,RR + 2
B
ω,R(3 −B) − 4Rω,Rν,R = 0 (1.26)

RB2ν,RR + 2Bν,R = 0 . (1.27)
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The solution of (1.27) for which Be−νH is non-zero and finite reads

νH(R,Θ) = H(Θ) + ln
1 − k

2R
1 + k

2R
+ O(B2) , (1.28)

where H(θ) is a regular function characteristic for a given spacetime which can
be found from the leading term of the expansion of ν(R,Θ) about R = k

2 .
Substituting νH into (1.26) and regarding that all the derivatives of ωH with

respect to Θ must vanish on the horizon leads to the following solution for drag-
ging,

ωH(R,Θ) = ωH(k/2) + kW (Θ)
M2

[
29k3R3

(2R + k)6 − 1
]

+ O(B4) , (1.29)

where M is an another constant with the dimension of length.
Now, equation (1.13) taken up to O(B) gives a condition for λ,R which can be

substituted into (1.14) (together with the known functions B and νH), to reach
a very simple condition

λ,Θ = 2(νH),Θ = 2dH
dΘ . (1.30)

This can for example be solved by

λH(R,Θ) = 2H(Θ) − 2H(Θ = 0) + lnB + O(B2) . (1.31)

Thus, the horizon can be interpreted as a 2D-surface {t = const, R = k
2} with

the metric

ds2
H = (gΘΘ)H dΘ2 + (gϕϕ)H dϕ2 =

= 4k2e−2H(Θ)e4H(Θ)−4H(0) dΘ2 + 4k2e−2H(Θ) sin2 Θ dϕ2 .
(1.32)

Like every 2D surface, the above section of the horizon can be described
intrinsically by its Gaussian curvature K ≡ (2)R

2 where (2)R is the corresponding
2D scalar curvature. For our metric (1.4), one finds

K(R = const) = 1 + ν,ΘΘ + (λ,Θ + ν,Θ) cot Θ − λ,Θν,Θ
R2e2λ−2ν , (1.33)

so on horizon

KH ≡ K(R = k/2) = 1 +H,ΘΘ − 2(H,Θ)2 + 3H,Θ cot Θ
4k2e2H(Θ)−4H(0) . (1.34)

1.4 Weyl solutions: vacuum examples
In this section we briefly mention several specific Weyl solutions (i.e. static and
axisymmetric solutions satisfying Tρρ + Tzz = 0) which will be important later in
this thesis. All of them are vacuum solutions, so the condition for the energy-
momentum tensor is satisfied trivially. Let us remind that the vacuum case is
mainly simple in that the potential ν satisfies Laplace equation (equation (1.15)
with zero right-hand side), so for a multi-component source it superposes linearly.
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1.4.1 Schwarzschild solution
According to Birkhoff’s theorem (Birkhoff & Langer, 1923), every spherically
symmetric spacetime satisfying vacuum Einstein equations without cosmological
constant is described by the Schwarzschild metric (Schwarzschild, 1916). In the
case of a point-like source (i.e. Tµν = 0 everywhere except the very centre), it
represents a static and spherically symmetric black hole. It is given by

νSchw = 1
2 ln d1 + d2 − 2M

d1 + d2 + 2M = ln 2R −M

2R +M
= 1

2 ln
(

1 − 2M
r

)
, (1.35)

λSchw = 1
2 ln (d1 + d2)2 − 4M2

4d1d2
= ln

(
1 − M2

4R2

)
= 1

2 ln r(r − 2M)
r(r − 2M) +M2 sin2 θ

,

(1.36)

with
B(ρ, z) = B(r, θ) = 1, while B(R,Θ) = 1 − M2

4R2 . (1.37)

Here M is the mass parameter and

d1,2 ≡
√
ρ2 + (z ∓M)2 = r −M ∓M cos θ . (1.38)

The first expressions for νSchw and λSchw are in Weyl coordinates (ρ, z), the sec-
ond expressions are in isotropic coordinates (R,Θ) (according to transformation
relations (1.3)) and the last ones are in Schwarzschild coordinates (r, θ); the
transformation from Schwarzschild to Weyl coordinates reads

ρ =
√
r(r − 2M) sin θ , z = (r −M) cos θ . (1.39)

Note again that in the Weyl coordinates (involving the choice B = 1) the
Schwarzschild black hole appears as a massive line segment (ρ = 0, |z| ≤ M),
with its interior not covered at all, whereas in the isotropic or Schwarzschild
coordinates (involving “non-trivial” choice of B) its horizon is spherical, namely
located on R = M/2 and r = 2M , respectively.

The metric functions νSchw and λSchw are non-positive everywhere, with λSchw
vanishing along the symmetry axis (ρ = 0), except for a divergence along the
black-hole segment (in the Weyl coordinates).

1.4.2 Curzon-Chazy solution
Although the vacuum potential ν is in the Weyl case given by the same (Laplace)
equation as in the Newtonian theory, so its Newtonian forms can simply be taken
over, a surprise may come along with the second metric function λ which does
not have Newtonian analogue and which determines – together with ν – the
meridional-plane geometry. Below, two examples of such a circumstance are
given.

One of the simplest solutions of the Laplace equation is the potential due to a
point mass M located at the origin (ρ = 0, z = 0). The corresponding relativistic
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solution was obtained by Curzon (1925) and Chazy (1924),

νCC = − M√
ρ2 + z2 , (1.40)

λCC = − M2ρ2

2(ρ2 + z2)2 (1.41)

(and B = 1 as for any Weyl metric). This solution has a curvature singu-
larity at (ρ = 0, z = 0), not covered by a horizon. Surprisingly, the second
function λ clearly breaks the spherical symmetry (this should have been ex-
pected in fact, since a spherically symmetric vacuum is uniquely described by
the Schwarzschild solution). The curvature singularity has quite a complicated,
directionally-dependent structure (see Stachel 1968; Gautreau & Anderson 1967
or an overview in Griffiths & Podolský 2009). Cooperstock & Junevicus (1974)
found families of geodesics that do not encounter the singularity, and subsequently
Szekeres & Morgan (1973); Scott & Szekeres (1986) showed that the singularity
actually has a character of a ring through which the metric can be smoothly
prolonged to a new sheet of the manifold.

1.4.3 Bach-Weyl ring
One of very aged Weyl-type solutions is the one due to Bach & Weyl (1922),
recently e.g. studied by Semerák et al. (1999) and Semerák (2016). This solution
is a counterpart of an ordinary Newtonian homogeneous circular loop with Weyl
radius ρ = b and mass M. It is described by

νWB = − 2MK(k)
π
√

(ρ+ b)2 + z2
, (1.42)

λWB = − M2

4π2b2ρ

⎧⎪⎪⎨⎪⎪⎩(ρ+ b)
[
E(k) −K(k)

]2 +
(ρ− b)

[
E(k) − k′2K(k)

]2
k′2

⎫⎪⎪⎬⎪⎪⎭ ,

(1.43)

where K(k) and E(k) are complete elliptic integrals of respectively the 1st and
the 2nd kinds,

K(k) ≡
∫ π

2

0

dα√
1 − k2 sin2 α

, (1.44)

E(k) ≡
∫ π

2

0

√
1 − k2 sin2 α dα , (1.45)

with modulus and complementary modulus

k2 ≡ 1 − (ρ− b)2 + z2

(ρ+ b)2 + z2 = 4bρ
(ρ+ b)2 + z2 , (1.46)

k′2 ≡ 1 − k2 = (ρ− b)2 + z2

(ρ+ b)2 + z2 . (1.47)

The Bach-Weyl solution is a good example of how the λ function may deform
the meridional plane and thus deviate the relativistic solution from the Newtonian
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one. Actually, the meridional geometry is strongly directional about the ring
(Semerák, 2016). This property even survives in the b → 0+ limit when both
the elliptic integrals yield π

2 and the Bach-Weyl ring solution goes over to the
Curzon-Chazy solution mentioned in the previous section.

1.4.4 Appell ring
Still more ancient solution of the Laplace equation was found (within electro-
statics) by Appell in the 19th century, as the potential due to a particle with
charge (or mass in our case) M located on imaginary extension of the z axis
(ρ = 0, z = ia), where a > 0 is a real parameter with the dimension of length.
The corresponding (complex) potential reads

− M√
ρ2 + (z − ia)2

. (1.48)

The point is that its real part is also a solution of the Laplace equation, singular
at the ring ρ = a in the z = 0 plane. The solution was introduced to general
relativity and studied mainly in Gleiser & Pullin (1989)2; it is given by

νApp = − M√
2Σ

√
Σ + ρ2 + z2 − a2 = −MR

Σ , (1.49)

λApp = M2

8a2

[
1 − ρ2 + z2 + a2

Σ − 2a2ρ2(Σ2 − 8z2a2)
Σ4

]
=

= −M2 sin2 ϑ

4Σ

[
1 + (R2 + a2)(Σ2 − 8R2a2 cos2 ϑ)

Σ3

]
, (1.50)

where
Σ =

√
(ρ2 − a2 + z2)2 + 4a2z2 = R2 + a2 cos2 ϑ . (1.51)

Above, the second expressions are in adapted oblate (ellipsoidal) coordinates
(R, ϑ) which are related to the Weyl ones by transformation

ρ =
√

R2 + a2 sinϑ , z = R cosϑ . (1.52)

The Appell-ring solution is somewhat similar to the Kerr solution (where,
however, ρ and z must be regarded as the Kerr-Schild coordinates rather than
the Weyl ones), as e.g. mentioned in Semerák et al. (1999) (however, there is
no horizon and no rotational dragging in the Appell case, since the latter is
everywhere static). Namely, the singularity (ρ = a, z = 0), or (R = 0, ϑ = π/2),
of both these spacetimes is spanned by an intrinsically flat disc (ρ ≤ a, z = 0),
or R = 0 on which the metric is regular. Approaching the disc from either side
along ϑ ̸= π/2, the potential νApp decreases to zero whereas its gradient does
not. If restricting the radial coordinate R to non-negative values, the central disc
represents a layer of mass with effective surface density

σ = − Ma

2π(a2 − ρ2) 3
2

= − M
2πa2 cos3 ϑ

(1.53)

2They in fact considered a wider class of ring-like solutions, of which we restrict to those
with (their) parameter α = 0.
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(note that this density is negative everywhere on the disc and even diverging
to −∞ towards its edge, where it finally jumps to +∞ at the very singular
rim, so that the total mass M is positive and finite). The second option is to
let R go to negative values when crossing the disc; in such a case, the metric
continues smoothly through the disc, (except at its edge, of course) into the
second asymptotically flat region of space. This second sheet of the manifold can
physically be understood as the same as the R > 0 sheet, but with negative mass
−M (i.e. the gravitational field is exactly “opposite” to that at R > 0).

Regardless of the interpretation, in the spherical region ρ2 + z2 < a2, or 0 ≤
R < a| cosϑ|, the test particles at rest (with respect to infinity) are accelerated
away from the disc, i.e. the gravitational field is “repulsive” in that region. (This
“naturally” fits the first interpretation involving the negative-density mass layer.)

The potential νApp (1.49) is negative everywhere (at R > 0) and zero on
the central disc (ρ < a, z = 0). The second function λApp is rather negative
as well, but it is positive at some regions (see Fig. 1.2): in particular, when
a2 cos2 ϑ = 3R2, equation (1.50) gives λ = M2 sinϑ

128R4 (a2 − 7R2) which turns positive
for a sufficiently small R. In the ring plane (z = 0), λApp is everywhere negative
– both inside and outside the ring.

In the limit a → 0+, (1.49) and (1.50) again yield the Curzon-Chazy solution
mentioned in section 1.4.2.
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Figure 1.1: Contour plot of the Bach-Weyl ring potential in absolute value, |νWB|
(left plot), and of the corresponding second metric function λWB (right plot),
shown in Weyl coordinates. Potential |νWB| has positive values everywhere, with
brown/dark green indicating large/small values. Among the λWB contours we
emphasized the zero contour by thick red line; green/brown colour indicates neg-
ative/positive values, with dark green/light brown representing lows/heights. The
ring mass is chosen to be M = 0.7b, and both axes are in the units of b.

Figure 1.2: Contour plot of the Appell-ring potential in absolute value, |νApp| (left
plot), and of the corresponding second metric function λApp (right plot), shown
in Weyl coordinates. Potential |νApp| has positive values everywhere with zero on
the inner disc. Colouring is the same as in fig. 1.1, the ring mass is M = 0.7a
and the axes are in the units of a.
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CHAPTER 2

SCHWARZSCHILD BINARY
SUPPORTED BY AN APPELL RING

Within the class of static and axially symmetric spacetimes, we study a particular
superposition of Weyl fields – a binary of Schwarzschild black holes held apart by
an Appell ring. We will verify that such a configuration can remain in a strut-free
static equilibrium. Then, we compute several basic geometrical characteristics
of the equilibrium configurations and calculate and visualize simple invariants
determined by the metric (lapse, or, equivalently, potential) and by its first and
second derivatives (gravitational acceleration and Kretschmann scalar).

2.1 Superposition
Consider a binary of two Schwarzschild black holes with the mass M , placed on
the z axis (ρ = 0) at z = ±h (where h > M) above and below a central (z = 0)
Appell ring with diameter a and mass M – see Fig. 2.1. If the resulting spacetime
remains static, the total potential ν is given by a simple superposition

ν(ρ, z) = νApp(ρ, z) + νSchw(ρ, z − h) + νSchw(ρ, z + h) . (2.1)

It is apparently non-positive everywhere, with divergences only occurring at the
sources themselves. The second metric function λ follows by line integrals (1.19),
i.e.

λ,ρ = ρ(ν,ρ)2 − ρ(ν,z)2 , λ,z = 2ρν,ρν,z . (2.2)

Now, one should check whether such a configuration can remain static, namely,
whether there are no supporting struts which would indicate that the superpo-
sition is just artificial. When considering axially symmetric spacetimes, such a
check naturally starts on the symmetry axis, see e.g. Letelier & Oliveira (1998).
In order that the axis be regular, condition (1.23) must hold which requires λ to
vanish on ρ = 0.
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Figure 2.1: Configuration made of two black holes with equal masses M placed
symmetrically with respect to an Appell ring with mass M and radius a, as
depicted in the Weyl coordinates.

2.2 Equilibrium
For a field generated by finite sources, it is natural to assume the spacetime to
be asymptotically flat. Therefore, λ = 0 on the outer parts of the axis (at ρ = 0,
|z| > h + M). In order to also keep regular the inner part of the axis (ρ = 0,
|z| < h−M), one has to perform an integration from the outer axis to the inner
one, along a path going through a vacuum region. The black holes are linear axis
segments in Weyl coordinates, so it is sufficient to take a path going just around
that segment as showed in Fig. 2.1,∫ ε

0
λ,ρ(z = h+M+ε) dρ+

∫ h−M−ε

h+M+ε
λ,z(ρ = ε) dz+

∫ 0

ε
λ,ρ(z = h−M−ε) dρ . (2.3)

Reminding the integrands (2.2), it is easy to find that λ,ρ ∼ ρ at ρ = 0 except for
the black hole segments. Hence, the corresponding integrals in (2.3) are of the
order

∫ ε
0 λ,ρ dρ = O(ε2) and the only contributing part reads

λ(ρ = 0, 0 < z < h−M) = − lim
ε→0+

∫ h+M+ε

h−M−ε
λ,z(ρ = ε) dz , (2.4)

where

λ,z(ρ = ε, h−M ≤ z ≤ h+M) = 2M(z2 − a2)
(z2 + a2)2 − 2

z − h+M
−

− 8Mhz[
z2 − (h+M)2] [z2 − (h−M)2] + O(ε2) . (2.5)
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Hence the condition for a strut-free equilibrium,

0 = λ(ρ = 0, 0 < z < h−M) = 4MM(a2 − h2 +M2)
(a2 − h2 +M2)2 + 4a2h2 − ln h2

h2 −M2 , (2.6)

reads
4MM(a2 − h2 +M2)

(a2 − h2 +M2)2 + 4a2h2 = ln h2

h2 −M2 . (2.7)

The condition can also be derived using a short cut. On the horizon, λ,z =
2ν,z, so, requiring λ to vanish at the poles (ρ = 0, z = h ± M), one obtains
λ = 2ν − 2ν(z = h±M) there. In order for the axis to stay regular, the function
λ has to assume the same value at both parts of the axis. This will hold if and
only if it has been satisfied at the horizon poles (ρ = 0, z = h±M), thus

ν(ρ = 0, z = h+M) = ν(ρ = 0, z = h−M) . (2.8)

On the horizon of the top black hole, it holds

νApp(ρ = 0, z) H= − Mz

z2 + a2 ,

νSchw(ρ = 0, z + h) H= 1
2 ln z + h−M

z + h+M
,

νSchw(ρ = 0, z − h) H= ln ρ

2
√
M2 − (z − h)2

+ O(ρ2) .

Now, the total potential is just a linear superposition of the own black-hole con-
tribution νSchw(z − h) which naturally satisfies (2.8), and the external part due
to the other black hole and due to the Appell ring. So we are left with

νApp(z = h+M) + νSchw(z = 2h+M) = νApp(z = h−M) + νSchw(z = 2h−M) ,
(2.9)

which agrees with the condition (2.7).
Let us add some comments. For the case of M = 0, the only solution of (2.7)

is M = 0. In general, h > M > 0 must hold, so the logarithm on the right-hand
side is always positive. The equilibria always lie within two limits, both given by
M → +∞ (M ̸= 0) – an upper bound is the hyperbola h → (M2 + a2)+ and
a lower bound is the line h → M+. Illustration of the strut-free equilibrium is
given in Fig. 2.2, with the limits emphasized by red dashed lines. For a given
ring mass M, the figure shows several curves with both positive and negative
signs. For each mass M > 0 there exist certain lines of configurations (h,M)
connecting the test-particle limits (h = a,M = 0) and (h = 0,M = 0). For a
given M > 0, there is thus a range of M for which two equilibrium solutions
h exist. From the test particle limit we infer that for any h between these two
solutions, the black holes would be repelled, whereas outside of them the black
holes would fall toward each other. Larger-h solutions represent the “expected
branch” which has the test-particle limit h = a for M → 0+ and which is stable
in the z direction (following from the fact that black holes would be repelled if
we perturbed h to a smaller value and attracted to each other if we perturbed h
to a higher value).
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Figure 2.2: Lines of equilibrium configurations (M,h) for several ring masses
M/a. Both axes are in the unit of a. It is not possible to achieve equilibrium
bellow the dashed red line h = M , because the black hole would extend to
z = 0 or even beyond. The dashed red hyperbola h2 = M2 + a2 divides the
cases where M > 0 (bellow) and M < 0 (above). For M > 0, there exist two
possible equilibrium configurations, but only the larger-h ones are stable in the
vertical direction. That comes from the fact that black holes situated above this h
(therefore above the whole curve) would be attracted and would fall toward each
other, whereas black holes situated below this h would be repelled.

A basic illustration of the field generated by the system is given in Fig. 2.4.
It shows two examples of vertically stable equilibrium configurations – a lighter
one with M = 0.3a, M = 0.7a and h

.= 0.753a, and a heavier one with M =
0.3a, M = 2.5a and h

.= 0.982a. Especially the heavier case involves quite
a steep gradient between the black hole horizons. That promises a non-trivial
deformation of the field inside the black holes. Both sheets of the Appell-ring
geometry are shown for the same superposition – namely, R > 0 is shown in the
top plots while R < 0 in the bottom plots. The potentials are the same in both
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sheets, only the Appell ring contribution (1.49) has an opposite sign (specifically,
its contribution is negative in the first sheet R > 0 while positive in the second
sheet R < 0). Thus, in the second sheet R < 0, the Appell-ring field is exactly
“opposite” to the first sheet – only the region −a| cosϑ| < R ≤ 0 is “attractive”
there, with the rest being repulsive (see section 1.4.4). Finally, Fig. 2.5 illustrates
the smooth connection between both sheets. (Note that if we instead adopted
the interpretation with negative mass-density layer on the central disc of the ring,
there would be no R < 0 sheet.)

Negative masses can be considered for sources like the Appell ring (or also the
Kerr ring). While the black-hole mass is automatically assumed to be positive,
choosing a positive mass of the Appell-ring solution means that for test particles
at rest the field is attractive in the regions R > a| cosϑ| and 0 > R > −a| cosϑ|
(employing double sheeted topology). The usual choice R > 0 as the main half of
the spacetime is usually connected with such positive masses. With the opposite
choice, considering also negative masses would not be unreasonable.

Now, taking M < 0 (and keeping M > 0), the condition for equilibrium
is h2 > M2 + a2 with the lower limit corresponding to M → −∞. Several
equilibrium lines for the case M < 0 are included in Fig. 2.2. It is worth noticing
that the equilibria happen for larger h and so it is expected that the effect on the
black holes would be weaker. In the following, we restrict ourselves to M > 0.

Several simple measures of the Appell ring can be computed now. First,
its proper circumference taken from the inside (z = 0, ρ → a−)

oApp =
∫ 2π

0

√
gϕϕ(ρ → a−, z = 0) dϕ =

∫ 2π

0
ρe−ν(ρ→a−,z=0) dϕ =

= 2πae−ν(ρ→a−,z=0) = 2πa

√
a2 + (h−M)2 +

√
a2 + (h+M)2 + 2M√

a2 + (h−M)2 +
√
a2 + (h+M)2 − 2M

(2.10)

is finite, whereas it is infinite if computed from the outside (ρ → a+, z = 0).
For the ring’s proper radius

∫ a
0 (eλ−ν)z=0 dρ one has to also find the second

metric function λ. On the central disc (z = 0, 0 < ρ < a), we have

ν,ρ(z = 0) =
2Mρ

(
1√

ρ2+(h−M)2
+ 1√

ρ2+(h+M)2

)
ρ2 + h2 −M2 +

√
ρ2 + (h−M)2

√
ρ2 + (h+M)2

, (2.11)

ν,z(z → 0±) = ∓ Ma

(a2 − ρ2) 3
2

. (2.12)

This can be integrated (within that disc) to

eλ = eλ(ρ=0,z=0)

⎡⎢⎣1
2 + ρ2(h2 +M2) + (h2 −M2)2

2(h2 −M2)
√

(ρ2 + h2 −M2)2 + 4M2ρ2

⎤⎥⎦ e− M2ρ2(2a2−ρ2)
4a2(a2−ρ2)2 .

(2.13)
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Figure 2.3: The proper inner circumference of the Appell ring as a function of its
proper radius; both axes are in the units of a. The curves corresponds to several
ring masses M and are parametrized by the black-hole mass M (both the proper
circumference and the proper radius grow with M). The Euclidean relation 2πr
is drawn as the dashed grey line. Only the vertically stable branches of M > 0
(those with higher h) are considered.

When the equilibrium condition (2.7) is satisfied, λ(ρ = 0, z = 0) = 0 and the
proper radius can be found numerically using expression (2.13) and

PApp =
∫ a

0
(eλ−ν)z=0 dρ with e−ν =

√
a2 + (h−M)2 +

√
a2 + (h+M)2 + 2M√

a2 + (h−M)2 +
√
a2 + (h+M)2 − 2M

.

(2.14)
The integrant is quickly falling to zero when approaching ρ → a−, hence the
proper radius is finite. The behaviour of the proper circumference as a function
of the ring’s proper radius is depicted in Fig. 2.3. The curves are parametrized
by the black-hole mass M and by h fixed by the equilibrium condition (2.7) (only
vertically stable solutions are chosen). The depicted dependence might suggest
negative Gaussian curvature for smaller values of M , whereas positive curvature
for higher masses.

On the other hand, outside of the ring ν,z = 0, hence λ,ρ = ρ(ν,ρ)2, and one
can find that the proper distance to the ring measured from the outside along
the equatorial plane,

∫ ρ>a
a eλ−ν dρ, is also finite. This is contrary to the case of

the Bach-Weyl ring (see section 1.4.3 chapter 1) which is at finite proper distance
when measured from the outside, but infinitely far when measured from the inside.
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Figure 2.4: Contour plots of the total potential |ν| depicted in the Weyl coordi-
nates. Two vertically stable equilibrium configurations were chosen – the lighter
one in the left plots (M, h,M) = (0.7, 0.753, 0.3) and the heavier one in the right
plots (M, h,M) = (2.5, 0.982, 0.3). All parameters and both axes are in the units
of a. Top plots show the potential in the first sheet R > 0 whereas bottom plots
show the potential in the second sheet R < 0. It is non-positive everywhere
(so |ν| is just shifted to positive values); “geographical” colouring was chosen
– brown/dark green indicating large/small values. Red-line segments represents
black-hole horizons and red dots indicate sections of the Appell ring.
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Figure 2.5: Contour plots of the total potential |ν| for the same equilibrium
configurations as those considered in Fig. 2.4. Both sheets of the Appell-ring
geometry are plotted – in each plot, its top half corresponds to the first sheet
R > 0 while the bottom half corresponds to the second sheet R < 0. Both sheets
are smoothly connected across the central disc R = 0; the black horizontal bars
outside the ring represent discontinuity between two different sheets across the
equatorial plane. Colouring is the same as in Fig. 2.4.

2.3 The black-hole horizon
The proper distance between the ring’s center (ρ = 0, z = 0) and the horizons of
the black holes measured along the symmetry axis is
∫ h+M

0

√
gzz(ρ = 0) dz =

∫ h+M

0
e−ν(ρ=0) dz =

=
∫ h+M

0

√z2 − (h+M)2

z2 − (h−M)2 exp Mz

z2 + a2 dz , (2.15)

where we have already assumed the equilibrium configurations satisfying (2.7),
which implies λ = 0 along the symmetry axis.

Let us focus now on the top black hole. Since the total potential is just a linear
superposition of the sources, we can separate the black hole own contribution
νSchw(z−h) from the external part νext (sum of the contributions from the Appell
ring and the other black hole).
Weyl coordinates are not suitable for describing the black hole horizon, so let us
transform to Schwarzschild coordinates according to relations (1.39), namely

ρ =
√
r(r − 2M) sin θ , z − h = (r −M) cos θ .
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Figure 2.6: Proper distance from the Appell-ring center (ρ = 0, z = 0) to the
black-hole horizon in dependence on the black-hole mass M for selected values
of the ring mass M. Again, several vertically stable equilibrium configurations
were chosen.

The metric then reads

ds2 = −
(

1 − 2M
r

)
e2νext dt2 + e2λext−2νext

1 − 2M
r

dr2 + r2e−2νext(e2λext dθ2 + sin2 θ dϕ2) ,

(2.16)
where λext ≡ λ−λSchw with λSchw given by (1.36). Note that λ does not superpose
linearly, therefore λext includes not only the λApp and λSchw due to the other black
hole, but also a nonlinear, interaction term λint. Regardless the external source,
the Schwarzschild horizon always lies on r = 2M (i.e. (ρ = 0, z−h = M cos θ) in
Weyl coordinates) and it can be interpreted as a 2D-surface {t = const, r = 2M}
with the induced metric

ds2
H = 4M2e−2νH

ext(θ)e2λH
ext(θ) dθ2 + 4M2e−2νH

ext(θ) sin2 θ dϕ2 . (2.17)

On a static (in fact even stationary – see Will (1974)) horizon, λ,θ = 2ν,θ, there-
fore1 (remember, λ should be zero on the axis)

λH
ext(θ) = 2νH

ext(θ) − 2νH
ext(0) . (2.18)

Using (ρ = 0, z−h = M cos θ) on the horizon, the external potential reads there

νH
ext(θ) = νH

App + νH
Schw(z + h) = − M(h+M cos θ)

(h+M cos θ)2 + a2 + 1
2 ln 2h+M(cos θ − 1)

2h+M(cos θ + 1) .

(2.19)
1Note an error in Semerák et al. (2019) eq. (30). Apart from the logarithmic divergence

there should also be the external part of 2ν(z = h + M), which is of the order O(1). When one
adds the missing part to λBH+, the metric of the black-hole horizon (32) in the paper is then
the same as the one presented here.
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Finally, the proper azimuthal and latitudinal circumferences of the horizon can
be found to read

oazi
H =

∫ 2π

0
(√gϕϕ)H dϕ = 4πMe−νext(θ) sin θ , (2.20)

olati
H =

∫ 2π

0
(√gθθ)H dθ = 4Me−2νext(0)

∫ π

0
eνext(θ) dθ . (2.21)

Another significant parameters are the surface gravity (see Chapter 1) and the
proper area of the horizon,

(κH)2 = lim
N→0

(
gµνN,µN,ν

)
= e4νH

ext(θ=0)

16M2 , (2.22)

AH =
∮

H

√
gθθgϕϕ dθ dϕ = 16πM2e−2νH

ext(θ=0) . (2.23)

Although the horizon stays spherical in the Schwarzschild coordinates, its “true”
shape (in terms of proper lengths) is affected by the additional sources. To
visualize its distortion, one can embed the horizon into the Euclidean 3-space.
Using the method by Smarr (1973), it is useful to rewrite the metric into the form

ds2 = η2
[
f−1(µ) dµ2 + f(µ) dϕ2

]
, µ = cos θ .

In our case,

η = 2Me−νext(µ=1) , (2.24)
f(µ) = (1 − µ2)e2νext(µ=1)−2νext(µ) (2.25)

and the embedding map into the Cartesian coordinates covering the Euclidean
space (µ, ϕ) → (x, y, z) reads

x = η
√
f cosϕ , y = η

√
f sinϕ , z = η

∫ cos θ

0

√ 1
f

(
1 − 1

4f
2
,µ

)
dµ . (2.26)

A useful quantity describing a geometry of some surface is the Gaussian curvature
K ≡ (2)R

2 , with (2)R denoting the corresponding 2D Ricci scalar. Especially
for (2.16) evaluated at the horizon r = 2M (see Erratum Semerák et al. 1999),
one has

KH =
1 + (νH

ext),θθ − 2(νH
ext,θ)2 + 3νH

ext,θ cot θ
4M2e2νH

ext(θ)−4νH
ext(0) . (2.27)

Figures 2.7–2.10 show all the above properties of the “top” black-hole horizon.
The horizon is clearly deformed (Fig. 2.10). The area and both the azimuthal
and latitudinal circumferences of the horizon grow as the ring mass increases
(Figs. 2.9 and 2.7). However, the azimuthal circumference grows much faster and
the horizon becomes more and more oblate. When the perturbation is massive
enough, the Gaussian curvature turns negative in some regions (usually starting
at the pole closer to the ring). When such regions occur, the horizon is not
globally embeddable into the Euclidean space, so only parts of it can be drawn
like in Fig. 2.10. With increasing masses, these regions get larger. Note also that
the deformation is asymmetric with respect to the black-hole equatorial plane, so
the maximal azimuthal circumference does not appear at θ = π

2 .
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Figure 2.7: Left plot: Dependence of the maximal azimuthal (solid lines) and lat-
itudinal (dashed lines) circumferences on the ring mass M. The plot shows three
different cases – top pair has M = 0.3M, middle pair M = 0.2M and bottom
pair M = 0.1M; the respective values of h are again fixed by condition (2.7).
Right plot: Ratio of the latitudinal and maximal azimuthal circumferences. The
horizon is clearly oblate in the azimuthal direction. From top to bottom, we have
M = 0.05M, 0.1M, . . . 0.3M, with h again fixed by the condition (2.7).

Figure 2.8: Dependence on the ring mass M of the top-horizon Gaussian curva-
ture at its top/bottom pole (left/right plot). Several equilibrium configurations
are considered, namely M = 0.1M, 0.15M, 0.2M, . . . , 0.3M. The more strong
the interaction in the system is, the sooner the Gaussian curvature turns negative.
(The horizon is not globally embeddable into the Euclidean flat space in such a
case.)

Figure 2.9: Dependence on the ring mass M of the surface gravity (left plot) and
surface area (right plot) of the top black hole. Several equilibrium configurations
were chosen, namely M = 0.05M, 0.1M, 0.15M, . . . , 0.3M.
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Figure 2.10: The top black-hole horizon embedded into the Euclidean 3-space.
With M set to 0.1M, 0.2M, 0.3M, a sequence of masses was chosen M/a =
0.5, 0.75, 1.0, . . . , 3.0 (as going outward from the innermost circular shape). The
values of h are fixed by equilibrium condition (2.7). For higher values of M, the
Gaussian curvature turns negative at some regions (see Fig. 2.8) and the horizon
is not globally embeddable – only its parts are shown in the plots then.

30



2.4 The black-hole exterior
The black-hole exterior can be easily analysed in the Weyl coordinates. Most
useful invariant characteristics are simple scalars

• on the level of metric: lapse function

N2 = −gtt = e−2ν

• on the level of gradient of metric: gravitational acceleration

κ2 = gµνN,µN,ν = e4ν−2λ
[
(ν,ρ)2 + (ν,z)2

]
• on the level of curvature (second metric derivatives): Kretschmann scalar

K = RµνκλR
µνκλ .

For an explicit expression for the Kretschmann scalar computed for the Weyl
metric, see Chapter 1, eq. (1.20).

Potential (and thus the lapse function) generated by the system was given in
Figs. 2.4 and 2.5, thus we focus on gravitational acceleration and Kretschmann
scalar here. First, in Fig. 2.11, the behaviour of the second metric function λ is
depicted for six equilibrium configurations (see caption), fixing M = 0.3a for all
the plots. The contours have an expected shape and show an increasing gradient
of λ with growing ring mass M, as well as an extending area of positive values
(drawn in light brown and white colours). A more interesting structure can be
seen in Figs. 2.12 and 2.13. These visualize the gravitational acceleration and the
Kretschmann scalar for the same equilibrium configurations as in Fig. 2.11. Both
scalars are always positive everywhere (this does not have to be true in the black-
hole interior – see the next chapter) and indicate a rather strong deformation
of the geometry, mainly in the vicinity of the sources (especially close to the
ring). As the mass of the ring increases, notice how the local ring-shaped minima
shift. In all Figs. 2.11-2.13 we depicted both sheets of the Appell geometry (as
in Fig. 2.5), using the geographical colouring.

One more remark concerning the black-hole exterior should be added (this
was not stressed in Semerák et al. 2019). While the equilibrium condition is
satisfied in the first sheet of the Appell geometry, it is not exactly so in the
second sheet. In the second sheet, one should consider equilibrium configurations
which correspond to the opposite sign of the Appell-ring contribution. But these
are effectively those with M < 0. Hence, in the second sheet the axis cannot
be regular everywhere. In order to preserve smooth crossing through the central
disc R = 0, we can force λ to be zero at the part of the axis between the black
holes. However, then λ does not vanish at the outer parts of the axis, so one has
to allow for a conical singularity there.
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Figure 2.11: Contour plots of the λ function in Weyl coordinates (both axes are
in the units of a). Six vertically stable equilibrium configurations are included,
namely – from top to bottom and from left to right – (M, h) = (0.7, 0.753),
(0.8, 0.811), (0.9, 0.846), (1.0, 0.871), (1.5, 0.936), (2.5, 0.982) (in the units of a);
in all the cases, we fix M = 0.3a. Red-line segments are horizons, two red dots
are the ring sections. Both sheets are shown, with R > 0/R < 0 above/bellow
the ring plane, just like in Fig. 2.5.
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Figure 2.12: Contour plots of the gravitational acceleration κ2 in Weyl coordi-
nates, computed for the same equilibrium configurations as in Fig. 2.11. Both
sheets are shown, and the values are positive everywhere. Notice the ring-shaped
zero (unstable equilibrium ring) shifting toward the top black hole and the local
minima on the axis in the second sheet of the Appell geometry moving toward
the bottom black hole existing there.
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Figure 2.13: Contour plots of the Kretschmann scalar K in Weyl coordinates for
the same equilibrium configurations as in Fig. 2.11. Both sheets are shown, and
the value is positive everywhere. Notice the ring-shaped minima approaching the
axis, splitting there into one shifting towards the top black hole and the other
shifting through the Appell-ring central disc into the second sheet of the Appell
geometry.
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CHAPTER 3

INSIDE THE BLACK HOLE

In this section, we extend the analysis into the black hole interior. First, we focus
on the black hole singularity and check whether it is shifted from the central po-
sition (with respect to its horizon). Then, we follow Basovńık & Semerák (2016)
in covering the interior of the black hole by suitable coordinates and investigate
the geometry of the interior again using the simplest invariants determined by the
metric functions (especially lapse) and its first and second derivatives (gravita-
tional acceleration and Kretschmann scalar). For visualization of the behaviour
of these quantities, we consider – similarly as in the exterior – the meridional
surfaces {t = const, ϕ = const}. Note that below the horizon the {t = const} sec-
tion represents a timelike (hyper-)surface. It is a natural choice when one wants
to cover all the radial range existing inside the black hole.

In order to describe the black-hole interior, it is suitable to transform the
Weyl coordinates to the Schwarzschild ones, adapting the latter to the top (or
bottom) black hole, i.e. taking (ρ = 0, z = ±h) as their origin (just as we did in
the case of the black-hole horizon). Such a transformation reads

ρ =
√
r(r − 2M) sin θ , z ∓ h = (r −M) cos θ (3.1)

and the metric (2.16) then appears as

ds2 = −
(

1 − 2M
r

)
e2νext dt2 + e2λext−2νext

1 − 2M
r

dr2 + r2e−2νext(e2λext dθ2 + sin2 θ dϕ2) .

3.1 The black-hole singularity
The position of the black-hole singularity can be concluded from the time of a
free fall from the horizon. First, regarding the axial symmetry, the singularity
certainly lies on the axis. To determine how it is placed in the vertical direction,
one may consider the limit case of a test particle (with mass m) which is dropped
from rest from the horizon, and compare the time of a free fall to singularity from
the top and bottom poles of the horizon. Dropping the test particle from rest
corresponds to vanishing energy with respect to infinity,

−pt = −gttmut = 0 . (3.2)
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Figure 3.1: Ratio of free-fall times from the top (∆τ+) and bottom pole (∆τ−)
of the horizon to the singularity, as computed along the symmetry axis. Several
different values of the ring mass M were chosen; dependence on the black-holes
mass is indicated. For a given mass, h is fixed by the equilibrium condition (2.7);
only vertically stable solutions are chosen. It takes slightly longer to fall from the
bottom pole (the one that is closer to the Appell ring), but the difference is not
large, especially for lighter configurations.

This equation implies that ut has to vanish along the whole geodesic. Since the
geodesic follows the symmetry axis (sin θ = 0), the components uθ and uϕ have
to vanish as well, so the normalization of four velocity −1 = gµνu

µuν = grr(ur)2

implies
dr
dτ = − 1√

−grr(sin θ = 0)
. (3.3)

On the symmetry axis, (λext,r)sin θ=0 = 0. When the equilibrium condition (2.7)
is satisfied, the axis is regular outside the black holes, i.e. at (ρ = 0, |z| > h+M)
and (ρ = 0, |z| < h−M). Therefore, it must also be regular inside the black hole,
i.e. λ has to also vanish on the interior axes (in particular, λext = 0 on the axis
because λSchw = 0 there). Hence, we have

−grr(sin θ = 0) = 1
2M
r

− 1
e−2νext(sin θ=0) . (3.4)

Let us again focus on the top black hole. On the axis inside the top black hole,
we have ρ = 0 and z = h± (r −M), where the sign is given by cos θ = ±1 (it is
relevant for the fall from the top/bottom pole of that black hole). The external
potential νext reads there

νext(cos θ = ±1) = νApp(z) + νSchw(z + h) =

= − M
[
h± (r −M)

][
h± (r −M)

]2 + a2
+ 1

2 ln 2h± (r −M) −M

2h± (r −M) +M
(3.5)

and the necessary metric component is

−grr(cos θ = ±1) = r

2M − r

2h± (r −M) +M

2h± (r −M) −M
exp 2M

[
h± (r −M)

][
h± (r −M)

]2 + a2
.

(3.6)
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By integrating (3.3) we obtain for the free-fall time1

∆τ± =
∫ 2M

0

√
−grr(cos θ = ±1) dr , (3.7)

which clearly is slightly different for the top (cos θ = +1) and for the bottom
(cos θ = −1) pole of the horizon. Free-fall–time ratio ∆τ+/∆τ− is plotted in
Fig. 3.1. From the bottom pole (the one closer to the Appell ring) it takes a
bit longer to reach the singularity. However, the difference is quite small, which
indicates that the black-hole interior is not much affected on the level of field
intensity.

3.2 Describing the black-hole interior
The original Weyl coordinates are useful for the description of the black-hole
exterior, but this does not apply to the horizon and absolutely not to its interior.
Basovńık & Semerák (2016) managed to extend the analysis there by integrating
the Einstein equations along null geodesics starting tangentially from the horizon
and reaching the singularity after making an arc of exactly one π in the angular
direction. Let us proceed in a similar manner.

First, the external part of the total potential νext (containing contributions
from the Appell ring and from the other black hole) is analytical on the horizon
and can be extended to a holomorphic function there, with ρ being pure imag-
inary now. With only the latter change, it is still possible to use the standard
transformation to Schwarzschild coordinates (1.39) adopted to the given black
hole (placing r = 0 at its singularity) and allow for values bellow the horizon, i.e.
r < 2M . In particular, one can compute the external potential by the integral

νext(ρ, z) = 1
π

∫ π

0
νext(0, z − iρ cosα) dα , (3.8)

which is holomorphic if νext is real analytic on the ρ = 0 axis. Adding the external
part νext to the known νSchw yields the complete solution for ν in the interior.

Unfortunately, the above procedure cannot be used for the second metric
function λ. Instead, we have to find suitable coordinates covering the interior
of the black hole, write the Einstein equations in terms of them, and solve the
equations. As shown in Basovńık & Semerák (2016), angular coordinates θ+, θ−
(assuming 0 < θ− < θ+ < π) given by the transformation2

r = M

(
1 + cos θ+ − θ−

2

)
, θ = θ+ + θ−

2 , (3.9)

iρ = M

2 (cos θ− − cos θ+) , z ± h = M

2 (cos θ− + cos θ+) (3.10)

are an advantageous possibility. These coordinates are tied to the null geodesics
starting tangentially to the horizon and inspiralling towards the central singularity
– specifically, the angles θ+ and θ− are latitudes of the horizon points from where
the geodesics start (see Fig. 3.2 and Appendix A in Basovńık & Semerák 2016).

1Note an error in Semerák et al. (2019) where we integrated (
√

−grr)−1 instead of
√

−grr.
Thus, Fig. 14 there is not correct, but the interpretation of the results remains the same.

2Note that in Semerák et al. (2019) Sec. IV. B. expression for iρ there should have had an
opposite sign.
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Figure 3.2: Null geodesics starting tangentially from the horizon and spanning
the black hole interior. In the Schwarzschild coordinates, they are given by r =
M
[
1 ± cos(θ − θ0)

]
with θ ∈ [θ0, θ0 + π], where θ0 = const ∈ [0, 2π]. The plot

axes (r sin θ, r cos θ) are in the units of M . Highlighted lines, starting at certain
chosen points θ+ and θ−, cross each other at some (r, θ).

The metric reads in these coordinates

ds2 = −
(

1 − 2M
r

)
e2νext dt2 + r2e−2νext(e2λext dθ+ dθ− + sin2 θ dϕ2) , (3.11)

where r = r(θ+, θ−) and λext = λ−λSchw, with λSchw given by the black hole alone.
Note that the metric is not diagonal. The corresponding Einstein equations have
the form

2(cos θ− − cos θ+) ∂2νext

∂θ−∂θ+
= ∂νext

∂θ+
sin θ− − ∂νext

∂θ−
sin θ+ , (3.12)

∂λext

∂θ−
sin θ− =

[
2 sin θ+ + θ−

2 − (cos θ− − cos θ+)∂νext

∂θ−

]
∂νext

∂θ−
, (3.13)

∂λext

∂θ+
sin θ+ =

[
2 sin θ+ + θ−

2 + (cos θ− − cos θ+)∂νext

∂θ+

]
∂νext

∂θ+
. (3.14)

The first equation is solved by (3.8), using transformation (3.10). For λext, it is
sufficient to solve, instead of (3.13) and (3.14), their integrability condition

∂2λext

∂θ−∂θ+
= M

2
√
r(2M − r)

(νext,θ+ − νext,θ−) − νext,θ+νext,θ− . (3.15)

This is clearly an inhomogeneous wave equation. Taking yet another transforma-
tion ψ ≡ θ+−θ−

2 , where ψ ∈ [0, π], one obtains “standard” form of a wave equation
suitable for numerical integration

∂2λext

∂θ2 − ∂2λext

∂ψ2 = (νext,ψ)2 − (νext,θ)2 + 2
sinψνext,ψ (3.16)
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with boundary conditions

λext(ψ, θ = 0) = 0 , λext(ψ, θ = π) = 0 , (3.17)
λext(ψ = 0, θ) = λH

ext(θ) , (3.18)
∂λext

∂ψ
(ψ = 0, θ) = 0 . (3.19)

where θ is the Schwarzschild latitudinal coordinate (see (3.10)) and values on the
black-hole horizon λH

ext(θ) is given by (2.18).

3.3 The black-hole interior
The language of θ+ and θ− allows us to investigate the geometry inside the black
hole. As in the case of the black hole exterior, we visualize the metric functions,
the gravitational acceleration and the Kretschmann scalar. Now, however, we do
so in Schwarzschild coordinates (r cos θ, r sin θ) in which the horizon is a sphere
on r = 2M . Note that the black-hole interior is a dynamical region, thus the
restriction to the t = const sections (with t being Killing time) is not as “default”
as in the exterior region. However, if one wants to cover the whole radial range
of the interior (all the way down to the singularity), the section has to be at least
partially timelike. Then the t = const (which is timelike there everywhere) seems
to be a natural and most simple choice.

Figs. 3.3–3.6 illustrate the behaviour of the metric functions and of the sim-
plest scalars inside the top black hole (specifically its meridional t = const cut).
As in the other plots, geographical colouring is employed with positive/negative
values separated by a red border; negative-value regions are coloured in blue,
with dark violet/light blue corresponding to heights/depths.

3.3.1 Metric functions
In Fig. 3.3, equipotentials of the external potential νext are shown inside the black
hole. Since the potential is given simply by linear superposition of the sources,
adding the part due to the black hole itself, νSchw(z−h), yields the total potential
and thus the lapse function N = eν .

Fig. 3.4 shows contour plots of the external part of the second metric func-
tion λext. Let us emphasize once again that the metric function λ does not
superpose linearly, so λext does not only contain the parts due to the Appell ring
(λApp) and due to the other black hole (λSchw), but also a non-trivial interaction
part.

3.3.2 Gravitational acceleration
Following the definition of the gravitational acceleration

κ2 = gαβ(eν),α(eν),β , (3.20)
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one obtains, in the coordinates (t, θ+, θ−, ϕ),

κ2 = 2gθ+θ−(eν),θ+(eν),θ− =

= e4νext

r4e2λext

(
M + 2νext,θ+

√
r(2M − r)

)(
M − 2νext,θ−

√
r(2M − r)

)
, (3.21)

where
√
r(2M − r) = M sin θ+−θ−

2 , so

κ2 = M2

r4 e
4νext−2λext

(
1 + 2νext,θ+ sin θ+ − θ−

2

)(
1 − 2νext,θ− sin θ+ − θ−

2

)
.

(3.22)
The acceleration contour plots are shown in Fig. 3.5. The pattern is quite in-
teresting, in particular, regions with negative κ2 (coloured in blue) appear for
stronger-field cases, which means that the gradient of lapse turns timelike there.
Let us make more precise that κ2 determines the acceleration of static observers
(those at rest with respect to infinity), which outside of the black holes is every-
where spacelike.

3.3.3 Kretschmann scalar
The coordinates θ+ and θ− are also useful when speaking about Riemann tensor
and its Kretschmann invariant. In the vacuum case, the Riemann tensor has only
3 independent components which satisfy

R
tθ−

tθ−
= R

tθ+
tθ+ = R

ϕθ−
ϕθ−

= R
ϕθ+

ϕθ+ = −1
2R

tϕ
tϕ = −1

2R
θ−θ+

θ−θ+ ,

R
tθ−

tθ+ = −Rϕθ−
ϕθ+ ,

R
tθ+

tθ−
= −Rϕθ+

ϕθ−

and the Kretschmann scalar then reads

K = 12(Rθ−θ+
θ−θ+)2 + 16Rtθ−

tθ+R
tθ+

tθ−
. (3.23)

Contour plots of the Kretschmann scalar inside the black hole are shown in
Fig. 3.6. In comparison with potential and intensity (acceleration), curvature
is even more distorted. In some cases, regions of negative Kretschmann scalar
even occur (coloured in blue). Trying to interpret such a situation, one splits
the Riemann tensor into the electric and magnetic parts. In the literature, the
occurrence of negative values was related to the dominance of the magnetic part.
However, magnetic effects are associated with rotation, which is, of course, not
present in our static case. Basovńık & Semerák (2016) thus pointed out that the
Kretschmann scalar can even turn negative due to a purely “electric-type” field.
One should also add, however, that we have only met negative values below the
horizon, i.e. in the dynamical region. In the Schwarzschild coordinates (t, r),
explicitly,

K = 8e4ν−4λ

r6

⎡⎣(R̃tr
tr)2 + (R̃tθ

tθ)2 + (R̃tϕ
tϕ)2 − 2r(R̃tr

tθ)2

2M − r

⎤⎦ , (3.24)
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where (with j = r, θ, ϕ and no summation)

R̃tj
tj ≡ r3e2λ−2νRtj

tj , R̃tr
tθ ≡ r2e2λ−2νRtr

tθ .

Clearly K > 0 everywhere outside the black hole (r > 2M), but it can become
negative inside the black hole (r < 2M) due to the Rtr

tθ component. That is the
off-diagonal component of the electric part of the Riemann tensor, vanishing in
a pure Schwarzschild. The simplest way how to understand this component is to
use the geodesic-deviation equation

D2δξµ

dτ 2 = −Rµ
αβγu

αξβuγ , where D2δξµ

dτ 2 ≡ (δξµ;αu
α);βu

β , uµ = dxµ
dτ (3.25)

for the connecting vector δξµ between two neighbouring geodesics parametrized
by an affine parameter τ . Assuming a pair of particles moving in radial direction
(uθ = 0 = uϕ) and separated only in radius t (we are below horizon!), and
considering separation only having radial or latitudinal components, δt or δθ, we
find

D2δt

dτ 2 = −Rt
rtr(ur)2δt , D2δθ

dτ 2 = Rθ
trtu

rutδt , (3.26)

D2δt

dτ 2 = Rt
rtθu

rutδθ , D2δθ

dτ 2 = −
[
Rθ

tθt(ut)2 +Rθ
rθr(ur)2

]
δθ . (3.27)

Hence, the diagonal electric components (those which contribute positively to the
Kretschmann scalar) make the test particles accelerate in the direction in which
they have already been separated – in other words, they are causing longitudinal
expansion. On the other hand, the off-diagonal components (those which con-
tribute negatively) cause a transversal shear – they accelerate the particles in the
transversal direction.
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Figure 3.3: Meridional-plane (ϕ = const) contour plot of the external poten-
tial |νext| in the t = const section through the top black hole, drawn in the
Schwarzschild coordinates. Four vertically stable equilibrium configurations have
been chosen, namely – from left to right and from top to bottom – we put
(M, h,M) = (1.148, 0.884, 0.344), (2.606, 1.086, 0.806), (8.376, 1.25, 0.833),
(9.054, 2.1, 2.07) in the units of a. Geographical colouring is employed; νext is
non-positive everywhere (with |νext| shifted to positive values, of course).
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Figure 3.4: Meridional-plane contour plot of the second metric function λext in
the t = const section through the top black hole, drawn, in the Schwarzschild
coordinates, for the same equilibrium configurations as in Fig. 3.3. Colouring is
geographical again.
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Figure 3.5: Meridional-plane contour plot of the gravitational acceleration κ2 in
the t = const section through the top black hole, drawn, in the Schwarzschild
coordinates, for the same equilibria configurations as in Fig. 3.3. Geographical
colouring again. Negative-value toroidal regions appear in the most extreme
case. Negative regions are bordered by red line and drawn in blue (darker blue
corresponds to lower values).
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Figure 3.6: Meridional-plane contour plot of the Kretschmann scalar K in the
t = const section through the bottom black hole, again drawn in Schwarzschild
coordinates and for the same equilibria configurations as in Fig. 3.3. Geographical
colouring as above. The Kretschmann scalar turns negative in some regions in
more massive cases. As in Fig. 3.5, these are highlighted in blue and separated
by a red border.
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CHAPTER 4

SCHWARZSCHILD BLACK HOLE
ENCIRCLED BY A ROTATING THIN

DISC

Will (1974) presented a solution for the perturbation of a Schwarzschild black hole
due to a slowly rotating and light thin ring (i.e., Green functions of the stationary
and axisymmetric problem) in terms of multipole expansions. Č́ıžek & Semerák
(2017) succeeded in expressing these Green functions in closed form (in terms of
elliptic integrals), which is more practical for numerical evaluations and, mainly,
makes it better possible to generalize the problem to extended sources where
the Green functions have to be integrated over the source. Such a possibility
was illustrated there by explicit computation of the linear perturbation due to a
slowly rotating light thin disc with constant Newtonian density lying between two
finite radii. After finding several basics parameters of the system (like total mass
and angular momentum of the black hole and of the disc), we studied further
properties in Kotlař́ık et al. (2018); some of these results were based on bachelor
thesis (Kotlař́ık, 2017). In this chapter, we briefly summarize the above first-
order solution and the analysis of equatorial circular geodesics which was our
main contribution to the cited paper (and which was not given in such a detail
in the bachelor thesis).

4.1 Solution for the linear perturbation order
Solving Einstein equations (1.9)–(1.14) usually starts from choosing B satisfy-
ing (1.9). As discussed in Chapter 1, in a vacuum case when a black hole is
present, it is convenient to choose

B = 1 − M2

4r2 . (4.1)

With such a choice, the black-hole horizon lies on r = M/2. After fixing B, one
has to find the potential ν. For the solution obtained by Č́ıžek & Semerák (2017)
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as a linear perturbation of the Schwarzschild spacetime due to a slowly rotating
finite thin disc of constant Newtonian surface density S, the potential reads1

ν(x, θ) ≡ ν0 + ν1 = νSchw + V (x′ =xout;x, θ) − V (x′ =xin;x, θ) , (4.2)

where
νSchw = ln 2r −M

2r +M
(4.3)

and the potential of the disc extending between two finite radii xin ≤ x≤ xout is
calculated from Lass & Blitzer (1983)

V (x′;x, θ) =
= 2πMSx| cos θ|H(x′2−cos2 θ−x2 sin2 θ) −

− 2MS
√
a31a42

[
a31a42 E(k) + (x′2− cos2 θ − x2 sin2 θ)K(k) (4.4)

+(a41a32 − x2 cos2 θ)x2 cos2 θ

x′2 − cos2 θ − x2 sin2 θ
Π
(

2a21 sin θ
a31a42 − x2 cos2 θ

, k

)⎤⎦ , (4.5)

where x := r
M

(
1+M2

4r2

)
is a suitable dimensionless radius, H(x) stands for the

Heaviside function, the ars and k are given by

a1 = xx′ +
√

(x2 − 1)(x′2 − 1) , a2 = xx′ −
√

(x2 − 1)(x′2 − 1) ,
a3 = sin θ , a4 = − sin θ , ars = as − ar ,

k2 = 2a21 sin θ
a31a42

=
4
√

(x2 − 1)(x′2 − 1) sin θ

x2x′2 −
[√

(x2−1)(x′2−1) − sin θ
]2 , (4.6)

K(k), E(k) and Π(·, k) are standard complete elliptic integrals (k is their modu-
lus, so the roots in the definitions involve k2).

The dragging angular velocity ω is fully given by the linear perturbation (since
for Schwarzschild ωSchw =0),

ω(x, θ) = (xout − xin)(xout + xin + 2)W
(x+ 1)3(xin + 1)2(xout + 1)2 +

+W
7∑
j=0

[
Qj(xout;x, θ) Ij(xout;x, θ) −Qj(xin;x, θ) Ij(xin;x, θ)

]
, (4.7)

where W is a free constant (like S in the case of density and potential) and

Q0(x′; x, θ) = 1
π (x + 1)3(x′ + 1)2 sin2 θ

, Q1(x′; x, θ) = (1 − x)(x′ − 1)2

4π (x + 1)3(x′ + 1)2 sin2 θ
,

Q2(x′; x, θ) = x′(1 − 2x)
π (x + 1)3(x′ + 1)2 sin2 θ

, Q3(x′; x, θ) = 1
π (x + 1)3(x′ + 1)2 sin2 θ

,

Q4(x′; x, θ) = (x + x′)(x − 1)(x′ − 1)2

4π (x + 1)3(x′ + 1)2 sin2 θ
, Q5(x′; x, θ) = 0 ,

Q6(x′; x, θ) = (1 − x)
4π (x + 1)3 sin2 θ

, Q7(x′; x, θ) = (1 − x)(x′ − x)
4π (x + 1)3 sin2 θ

, (4.8)

1We use the same notation as in the original paper.
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I0(x′;x, θ) = π

2 sin2 θ ,

I1(x′;x, θ) = π (1 − | cos θ|) ,

I2(x′;x, θ) =
√
a31

a42

⎡⎣−a41K(k) − a42E(k) + 2xx′ a41

a31
Π
(
−2 sin θ

a31
, k

)⎤⎦ ,
I3(x′;x, θ) = a41

√
a31

a42

[
a2− 3a1

4 K(k) − 3a42

2a41
xx′E(k)+

+x
2x′2+ cos2 θ − (x−x′)2

a31
Π
(
−2 sin θ

a31
, k

)⎤⎦ ,
I4(x′;x, θ) = 2a41√

a31a42

⎧⎨⎩− a31

a1 + 1 K(k) + Π
(
−2 sin θ

a31
, k

)
−

−1 + sin θ
a1 + 1 Π

[
−2 sin θ (a1 + 1)
a31(1 − sin θ) , k

]⎫⎬⎭ ,
I5(x′;x, θ) =

√
a31a42

2(x2 − 1)(x′2 − 1)
[
(2 − k2)K(k) − 2E(k)

]
,

I6(x′;x, θ) = π (| cos θ| − 1) ,

I7(x′;x, θ) = 2a41√
a31a42

⎧⎨⎩− a31

a1 − 1 K(k) + Π
(
−2 sin θ

a31
, k

)
+

+1 − sin θ
a1 − 1 Π

[
2 sin θ (a1 − 1)
a31(1 + sin θ) , k

]⎫⎬⎭ . (4.9)

Finally, the last metric function λ can only be found numerically. The easiest
way is to write down the relevant Einstein equations in the Weyl coordinates (ρ, z)
and with the choice B=1. In vacuum and in the linear perturbation order (when
the function ω does not enter at all), they are the same as in the static case,

λ,ρ = ρ
[
(ν,ρ)2 − (ν,z)2

]
, λ,z = 2ρ ν,ρν,z . (4.10)

The solution can be found by a line integral from the axis (where λ = 0) to a
given location along any path going through a vacuum region. However, in order
to be consistent with the above results, one then has to adapt the solution to our
choice B = 1 − M2

4r2 . This is done according to the transformation (see Č́ıžek &
Semerák 2017, eq. (80); note that the first expression for ρ̃ there should have had
an opposite sign)

ρ̃ = ρ (4ρ2 + 4z2 −M2)
4(ρ2 + z2) = (4r2 −M2) sin θ

4r = M
√
x2 − 1 sin θ ,

z̃ = z (4ρ2 + 4z2 +M2)
4(ρ2 + z2) = (4r2 +M2) cos θ

4r = Mx cos θ , (4.11)

λ̃ = λ− 1
2 ln (4ρ2+ 4z2+M2)2 − 16M2z2

16(ρ2 + z2)2

= λ− 1
2 ln (4r2+M2)2 − 16r2M2 cos2 θ

16r4 = λ− 1
2 ln 4 (x2− cos2 θ)(

x+
√
x2−1

)2 ,
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where the tilded quantities correspond to B=1 while untilded to B=1 − M2

4r2 .

4.1.1 Validity of the linear-perturbation approximation
The regions of validity of the linear perturbation order are, roughly speaking,
where the perturbation quantities ν1 and ω as well as their derivatives are small
compared to the unperturbed potential ν0. For radii where astrophysical accretion
discs are supposed to lie (around 10M), one can evaluate ν1, ω and compare them
to ν0 for a given set of parameters. Let us provide here at least some idea by
computing explicitly the validity for a disc lying between rout = 8M and rin = 5M
(just above the pure-Schwarzschild radius of the innermost stable circular orbit).
The linear approximation is then valid up to some S ∼= 0.002M−1 and up to
some W ∼= 20M−1. For such values, the disc potential ν1 and the dragging
function ω are at worst 3 times smaller than the black-hole potential ν0 so the
quadratic terms are about 10 times smaller. Note that choosing S = 0.002M−1,
W = 20M−1 for the disc between rout = 8M and rin = 5M means that its mass
is about M1 ∼= 0.25M and its angular momentum is about J1 ∼= 7.45M2.

4.2 Equatorial circular geodesics
Although there is no self-gravity in the linear order, the presence of the disc
modifies the gravitational field and therefore changes the geodesics motion, i.e.,
it changes the worldlines of free particles. These worldlines are followed not
only by the test particles but, in this approximation, also by the elements of the
source itself. We naturally focus on the most significant of them – the photon,
the marginally stable and the marginally bound circular geodesics existing in the
equatorial plane. We check, in particular, whether and how they are shifted, due
to the additional disc source, from their Schwarzschild locations.

4.2.1 Free circular motion
In order that the spacetime be circular, all its sources must follow circular orbits,
namely, they have to move in the direction given by Killing vector fields. In
the adapted coordinates (t, ϕ), it means they must only move in space in the
azimuthal direction, with the uniform angular velocity

Ω = dϕ
dt (4.12)

and the corresponding four-velocity

uµ = ηµ + Ωξµ
|ηµ + Ωξµ|

= ut (1, 0, 0,Ω) , uα = ut
(
−e2ν −Bρvω, 0, 0, Bρv

)
,

(4.13)
where(

ut
)2

= 1
−gtt − 2Ωgtϕ − Ω2gϕϕ

= e−2ν

1 −B2ρ2e−4ν (Ω − ω)2 = e−2ν

1 − v2 (4.14)

and
v ≡ Bρe−2ν (Ω − ω) = √

gϕϕe
−ν (Ω − ω) . (4.15)
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Condition for a free circular motion now arise from demanding that the acceler-
ation corresponding to the above four-velocity vanishes. In the adopted coordi-
nates, the acceleration only has meridional components, of which the latitudinal
component (the “vertical” components) only vanishes in the equatorial plane
(z = 0). The radial component has two solutions in the equatorial plane,

Ω± = − gtϕ,ρ
gϕϕ,ρ

±

√( gtϕ,ρ
gϕϕ,ρ

)2

− gtt,ρ
gϕϕ,ρ

. (4.16)

For our metric functions, we have gtϕ,ρ = −gϕϕ,ρω − gϕϕω,ρ, gtt,ρ = −2ν,ρe2ν +
gϕϕ,ρω

2 + 2B2ρ2e−2νω,ρω, and (4.16) can be expressed in the form

Ω± = ω + gϕϕ
gϕϕ,ρ

ω,ρ ±

√( gϕϕ
gϕϕ,ρ

)2

ω2
,ρ + 2ν,ρe2ν

gϕϕ,ρ
, (4.17)

where

gϕϕ = B2ρ2e−2ν ⇒ gϕϕ,ρ = 2Bρe−2ν(ρB,ρ +B −Bρν,ρ) , (4.18)

with all the latter functions taken at z = 0 (where ρ coincides with the isotropic
radius r). In the linear order, the first term in (4.17) can be omitted since it is
quadratic in ω. The rest can be expressed as

gϕϕ
gϕϕ,ρ

= Br3

M2 + 2Br2(1 − rν0,r)
= r

2
2r +M

2r −M
, (4.19)√( gϕϕ

gϕϕ,ρ

)2

ω2
,ρ + 2ν,ρe2ν

gϕϕ,ρ

.=

√2ν,ρe2ν

gϕϕ,ρ

.= (4.20)

.= 8
√
Mr3e2ν1

(2r +M)3

(
1 + 2r +M

2r −M

4r2 +M2

8M ν1,r

)
,

(4.21)

where .= indicates the restriction to linear order in ν1 or its derivative ν1,r.

4.2.2 Photon orbit
The innermost possible free circular motion (and the only one for massless par-
ticles) is the photon orbit. For a light moving at a constant radius, it must hold

0 = gtt + gϕϕΩ + 2gtϕΩ2 . (4.22)
In terms of the metric functions (1.2),

Ω± = ω ± e2ν

Bρ
. (4.23)

Using (4.17) in the linear order, we obtain the condition

(2r+M)4 ω,r
e2ν1

= ∓8(2r−M)(2r−M − 2
√
Mr) ± 2

√
r

M
(2r+M)(4r2 +M2)ν1,r .

(4.24)
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4.2.3 Marginally stable circular orbit
The necessary condition for a realistic physical orbits is not just the principal re-
alizability, expressed by condition (4.17), because the orbit should also be stable.
In the accretion-disc theory, the stability of their orbits within the equatorial
(disc) plane is usually emphasized. Such a stability requires the vanishing ra-
dial gradient of the angular momentum, i.e. uϕ,ρ(z = 0) = 0. Using (4.13), the
condition can be written

Bρ
v,ρ
v

= (v2 − 1)(ρB,ρ +B −Bρν,ρ) . (4.25)

Even in linear order, this yields quite a cumbersome formula (particularly when
geodesic values Ω± are substituted). So we only illustrate the result numerically
later.

4.2.4 Marginally bound circular orbit
It is also useful to check where the circular orbits are energetically bound, i.e.
having −ut < 1. Using (4.14) and restricting to the linear order, one obtains the
condition for marginally bound circular geodesic,

B2r2e−2ν0ωΩ±
.= ±1

2

√
M

r
(2r +M)ω . (4.26)

4.2.5 Illustrations
When speaking about spacetime properties, one should be cautious about state-
ments expressed in coordinate terms, especially when speaking about orbits. Al-
though the isotropic or Weyl coordinates do represent some of the spacetime
features quite adequately, one should also consider more invariant measures like
proper radius of circumferential radius (proper circumference divided by 2π). In
our case, the proper radial distance from a horizon (located at r = M/2) to a
given point r > M/2 is given by∫ r

M
2

√
grr dr =

∫ r

M
2

eλ−ν dr , (4.27)

which requires to know the second metric function λ. That can be quite a difficult
task, in fact it could be obtained only by numerically solving (4.10); we will not
do it here. On the other hand, the circumferential radius corresponding to a
certain r reads, in the equatorial plane,

rcf ≡
∫ 2π

0
√
gϕϕ dϕ

2π = Bre−ν = (2r +M)2

4reν1
. (4.28)

Numerical behaviour (against that of the isotropic radius) obtained for the sig-
nificant circular orbits is shown in Fig. 4.1. The figure shows locations of the
orbits for the disc lying between rin = 7M and rout = 10M . More specifically,
it shows the dependence of the locations on the disc’s Newtonian density S for
several values of the “dragging density” W . As the mass of the disc increases, the
coordinate radii of the photon and of the marginally stable orbits decrease from
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their Schwarzschild values, but their circumferential radii increase, because the
exponential in (4.28) beats the decrease of r. As seen in the right plot of Fig. 4.1,
there exists a region of stable orbits between the disc and the Schwarzschild ra-
dius of the marginally stable orbit (r .= 4.95M in the isotropic coordinate) which
shrinks as the mass of the disc increases and disappears for a certain value of S.

Note that with increasing mass of the disc the circumferential radii of the disc
inner and outer edges first slightly recede from each other, but than they come
closer and even intersect at some S. That is consistent with (4.28) indicating
strong spatial curvature due to a strong disc potential (bear in mind that the
point of intersection in Fig. 4.1 is at about S ∼= 0.11M−1 which is far beyond the
linear approximation – see Section 4.1.1).

Figure 4.1: Dependence on the dics density S of the location of the photon (left),
marginally bound (middle) and marginally stable (right) circular orbits. The disc
lies between rin = 7M and rout = 10M and the plots are drawn for several values
of the “dragging density” W . The top figures show the circumferential radius
rcf = √

gϕϕ, while the bottom figures show the corresponding isotropic radius r.
In all plots, the middle solid lines agree with the case W = 0, while two side
curves agree with W = 1M−1 and W = 5M−1. The orbits co-rotating with the
disc are represented by dashed lines lying above the solid line W = 0, while the
counter-rotating orbits are given in dot-dashed lines lying under the middle solid
line. In the top plots, the grey colour marks the regions filled with the disc. The
radii are given in the units of M , the density is in the units of M−1.

Fig. 4.2 shows the properties of free circular motion below, within and above
the disc of constant coordinate width rout − rin = 3M but lying at four different
radii. The shaded region indicates where the geodesics are

• possible, timelike, bound and stable (dark grey),

• possible, timelike and bound but not stable (lighter grey),

• possible and timelike but neither bound nor stable (still lighter grey),

• only possible or where even none of the conditions is satisfied (pure white).

The term “possible” means that there exits a value of the angular velocity for
which a circular motion at a given radius is realizable as a timelike geodesic. The
boundary of a region where this is fulfilled is given by the Lagrangian condition
ν,r = 0 and is indicated by dot-dashed line.
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The structure shown in Fig. 4.2 is quite complicated, but it is worth noticing
that due to the linear approximation, relevant part of the plots is only about their
left quarter (those with low values of S – see Section 4.1.1). Besides that, astro-
physically relevant is probably only the top left plot, since the rest of the plots
show the disc too close to the black hole. Anyway, the simplest behaviour show the
orbits lying above the disc (note that for a low-mass disc, the marginally bound
and photon orbits basically coincide with the outer rim of the disc). Between the
disc and the black hole “live” the orbits already existing around the unperturbed
black hole but shifted from their Schwarzschild positions. The marginally bound
and photon orbits very slowly approach the black hole, while the regions where
the orbits are stable are more sensitive to the field. In the top left plot (where
the disc lies above the Schwarzschild radii of all the significant orbits), there exits
a stable region which shrinks and quickly disappears with increasing disc mass,
while in the top right plot (where the disc is placed below the Schwarzschild ra-
dius of the marginally stable orbit) the situation is exactly opposite – there exists
an unstable region which shrinks and disappear.

The dependence of significant orbits on the location of the disc is shown in
Fig. 4.3. In particular, we have plotted there the behaviour of the differences
between the isotropic radii of the respective co-rotating/counter-rotating orbits
and their Schwarzschild values for significant circular orbits existing between the
disc (of a constant radial width) and the black hole. With the increasing disc
radius, the marginally stable and photon orbits approach their Schwarzschild
values, while the marginally bound orbits remain shifted (as one should expect
given that orbital energy with respect to infinity is naturally affected by the disc
for any rin).
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Figure 4.2: Dependence on the disc density S of the isotropic radii of the pho-
ton (rph), marginally bound (rmb) and marginally stable (rms) circular geodesics
drawn together with the boundaries of the regions (dot-dashed lines) where such
geodesics are possible (ν,ρ = 0). In all plots, the disc is non-rotating (W = 0) and
it lies between rin = 7M and rout = 10M (top left plot), rin = 4M and rout = 7M
(top right plot), rin = 2M and rout = 5M (bottom left plot) and rin = 1M and
rout = 4M (bottom right plot), with its inner and outer radii indicated by dashed
lines. The shaded regions indicate where the geodesics are possible, timelike,
bound and stable (dark grey); where they are possible, timelike and bound, but
not stable (lighter grey); where they are possible and timelike, but neither bound
nor stable (still lighter grey); and where they are only possible or where even
none of the conditions is satisfied (pure white). Interpretation of the lines follows
naturally from the shading. For the case S = 0 (no disc), all the graphs reduce to
pure-Schwarzschild values rms

.= 4.95M , rmb
.= 2.91M and rph

.= 1.87M (remem-
ber that r is the isotropic coordinate). With increasing mass density, the circular
orbits lying within the disc cease to be stable/bound/possible/timelike, even for
the disc on the largest radii (top left plot). Therefore, the counter-rotating dust
interpretation of such heavier discs becomes problematic. The radii are in the
units of M , the density is in the units of M−1.
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Figure 4.3: Dependence on the disc inner radius rin of the differences between the
isotropic radii of the respective co-rotating/counter-rotating orbits (solid/dashed
lines) and the corresponding Schwarzschild values. The figures show radii of
all three significant circular orbits – photon orbit (rph), marginally bound orbit
(rmb) and marginally stable orbit (rms). In all plots we consider a light disc with
density S = 10−4M , constant radial width rout−rin = 3M and “dragging density”
W = 1M−1 (left plots) and W = 10M−1 (right plots). With increasing radius rin,
the photon and marginally stable orbits approach their Schwarzschild positions
(zero on the vertical axis), while the marginally bound orbit remains shifted due
to the presence of the disc. All axes are in the units of M .
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CONCLUDING REMARKS

Wherein the reader is transported to the land of black holes, and
encounters colonies of static limits, ergospheres and horizons – behind
whose veils are hidden gaping ferocious singularities.

Gravitation; Ch, W. Misner, K. S. Thorne, J. A. Wheeler

We have studied black-hole spacetimes deformed by some additional sources.
Since we restrict to stationary (actually static) and axially symmetric (Weyl-type)
metrics, we first summarized the basic properties of this important class. Then
we considered a superposition of two Schwarzschild black holes held apart by a
repulsive effect of an Appell ring, and we showed that such a configuration can
remain in a strut-free equilibrium. Various properties of the equilibrium config-
uration were studied, mainly using the simplest invariants given by the metric
and its first and second derivatives (namely the gravitational acceleration and
the Kretschmann scalar). Outside of the black holes, the superposition basically
behaves according to Newtonian intuition, except for curvature of course which
is a purely relativistic concept. Apparently, the derivatives of the metric can
display deep extremes which shift with parameters and need not only occur in a
close vicinity of the sources.

However, the main focus of the thesis goes to the black-hole interior. First,
we showed that although the singularity existing there remains on the axis, it is
no longer at the central position with respect to the horizon, but it is shifted little
bit in the direction away from the Appell ring. As indicated by the test-particle
time of free fall, the effect is however not large, which seem to indicate that the
black hole is not much distorted on the level of field intensity. Subsequently, we
employed the method of Basovńık & Semerák (2016) and integrated the relevant
Einstein equations along the null geodesics connecting the horizon with the sin-
gularity. That allowed to inspect the interior in more detail. As illustrated in
figures, the interior geometry can actually be deformed quite strongly. In particu-
lar, we visualized the sections {t = const, ϕ = const} of both the metric functions,
the gravitational acceleration and the Kretschmann scalar. When the system was
sufficiently “dense” (when the sources are heavy enough and/or sufficiently close
to each other), the acceleration scalar as well as the Kretschmann scalar turn neg-
ative within certain regions. Although such a behaviour has in the literature been
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expected in spacetimes strongly dragged by source rotation, here it appears in a
field with no rotation at all, as discussed in Basovńık & Semerák (2016). Working
in the Schwarzschild-type coordinates, the negative-Kretschmann regions may be
interpreted as those where the off-diagonal (but electric-type) components of the
Riemann tensor dominate. As revealed by the equation of geodesic deviation,
such components represent transversal shear in the (t, θ) direction. Anyway, one
should bear in mind that most of similar statements are coordinate dependent
and proper understanding of the scalar would require a more geometrical method.
A similar caution is also certainly at place when interpreting the visualizations
of the spacetime geometry.

As a possible future development, one natural option immediately arises: to
consider a “mirror” system made of two Appell rings symmetrically placed above
and under a central black hole. We have already made some steps in this direction,
but, due to the presence of more spacetime sheets (than just two as in the above
case with only one Appell ring), it has turned out that it is more difficult to find
a configuration in a strut-free equilibrium.

Still more important would be to extend the analysis to non-static (rotating)
situations. Unfortunately, in that case, the simple superposition no longer works,
and no practically useful exact solutions are available which would correspond
to a rotating black hole surrounded by a physically reasonable source. We thus
plan to further study (and possibly apply to astrophysical situations with accret-
ing black holes) the metric obtained by Č́ıžek & Semerák (2017) by rotational
perturbation of the Schwarzschild solution, which we have briefly summarized
in the second part of the thesis, focusing on our results published in Kotlař́ık
et al. (2018). Theoretically, it would mainly be interesting to proceed to the
second perturbation order (where the “back reaction” of dragging on the gravita-
tional potential appears), but such a task is very probably impossible to perform
analytically.
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