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Abstract: Detection of structural changes in time series is a topic with increasing
popularity among econometricians over the last decades. The main aim of this
thesis was to review and compare the classical and modern econometric methods
of structural change detection and unit root testing. A recent method for testing
a one-time break in at most linear trend function of a series without prior knowl-
edge about the stationary or unit root nature of the error component proposed by
Perron and Yabu (2009b)) was studied. Subsequently, it was combined with the
unit root test that allows for a break in trend proposed by Kim and Perron| (2009))
to examine the nature of the error component. All the methods for change detec-
tion and unit root testing were compared in a Monte Carlo simulation study that
indicated significant improvement in power of the Perron-Yabu and Kim-Perron
tests against most alternatives compared to the classical methods. However, all
tests demonstrated poor performance in case of a quadratic trend function. Fi-
nally, the tests were employed in a practical example to examine the properties
of the quarterly GDP time series of the Czech Republic.

Keywords: structural change detection unit root testing linear trend Monte Carlo
simulation

i



I would like to express my deepest gratitude to my supervisor doc. RNDr.
Zuzana Préaskova, CSc. for all the time, support and thoughtful guidance she
provided me with during the writing of this thesis. I am especially thankful for
all her recommendations that enabled me to create a more precise and detailed
work.

My thanks also belong to my partner, Michal, who offered me an unwavering
support and understanding during the long and challenging months of writing
this thesis.

Last but not least, I would like to thank my parents for all the years of
financial and emotional support that enabled me to follow this academic path. I
will remain forever grateful for the opportunities they provided me with.

1ii



Contents

G FAD] ions 3
Introductionl 4
1__Preliminaries| 6
(L1 Basic definitionsl . . . . . . . . . ... oo 6
(.2 Timesertesmodels . . . . ... . ... ... .. 6
(1.3 Cointegration| . . . . . . . . . ... ... 9

2 Single structural change in a time series| 11
1 Chowtestl . . ... ... ... 11
2.2 CUSUM and CUSUMSQ type tests| . . . . . . . ... ... .. .. 12

- In- JUSUM test] .00 0 000000 12

[2.2.2  Kramer-Ploberger OLS CUSUM test| . . . . . . ... ... 16

[2.2.3  Problem of non-monotonic power functions|. . . . . . . . . 17

[2.2.4  Other CUSUM type tests| . . . . . ... ... ... .... 18

[2.2.5  Brown, Durbin, Fvans CUSUMSQ test| . . . . . . . . . .. 18

[2.3  Problems with structural change tests|. . . . . . . .. ... .. .. 19

[3 Unit root testing and structural change) 20
[3.1  Functional limit theory for dependent heterogeneously distributed |
C dafal . . ... 20
[3.2  Dickey-Fuller test| . . . . . ... ... ... ... .00 30
[3.3  Augmented Dickey-Fuller test| . . . . . ... ... ... ... ... 32
[3.4  Phillips-Perron test| . . . . . .. ... ... ... 34
B.o KPSStest] . . .. .o 36
[3.6  Problems in case of structural change presencel . . . . . . . . . .. 38

[4  Structural change testing with integrated or stationary noise |

[ component] 40
4.1 Perron - Yabu break in trend test| . . . . .. ... ... ... ... 41
[4.2  Kim - Perron unit root test with a single break in trend|. . . . . . 49
[4.3  Extension to the multiple breaks frameworkl . . . . . ... . ... 52

[4.3.1 Kejriwal - Perron test for multiple breaks in trend | . . . . 52
[4.3.2  Carrion-i-Silvestre et al. test for unit root with multiple |

[ breaks in trendl . . . . ... ... 53

[ Simulation study| 55

[6 Structural change detection in the Czech GDP series| 60

Conclusionl 64

[Bibliography| 67

[List of Figures| 73




[List of Tables| 74

Appendices 75
[A1 Critical region for the Brown-Durbin-Evans CUSUM test| . . . . . . 75
[A2 Wiener process and related theory|. . . . . . . . ... .. ... ... 7
[A3 Feasible generalized least squares estimation| . . . . . . . . . . ... 81




List of Abbreviations

ADF test
CMT
CUSUM
CUSUMSQ
DF test
FCLT
FGLS
GDP
GLS
i.i.d.
OLS

PP test
SLLN
SSR
VAR

Augmented Dickey-Fuller test
Continuous mapping theorem
Cumulative sum (of residuals)
Cumulative sum of squares (of residuals)
Dickey-Fuller test

Functional central limit theorem
Feasible generalized least squares

Gross domestic product

Generalized least squares

Independent and identically distributed (random variables)
Ordinary least squares

Phillips-Perron test

Strong law of large numbers

Sum of squared residuals

Vector autoregression



Introduction

Detection of structural changes in time series is a topic with increasing popularity
among econometricians, mathematicians and economists. Presence of structural
change can significantly distort the precision of any predictions made based on
econometric models. Hence the improvement of power and broadening the pos-
sible alternatives of tests deserve the gained attention as well as the extensive
literature on the topic during the last half a century.

The importance of structural change tests other than in the statistical and
econometric theory may not be obvious at first glance. However, it is of high im-
portance in modelling various macroeconomic variables. Even the authors of the
first structural break tests in late 1950s motivated the introduction of their tests
by practical application on economic problems. (Chow| (1960) was among the first
ones who published a relatively simple test for a change in parameters of normal
linear regression model at a known break date. Motivated by widely used appli-
cation of the normal linear regression model to measure economic relationships,
Chow suggested that the proposed test can be used to study an impact of globally
significant events, such as the World War II, on dependence of consumption on
income or dependence of consumer demand on price and income. Quandt| (1958])
in an attempt to detect one time parameter change in linear regression modelling
of economic variables at unknown break date proposed a likelihood ratio test.

An unexpected application of structural break tests emerges in a field of foren-
sic economics and law. Kelly and Sienko| (2018)) discuss the wide application pos-
sibilities of statistical tests for breakpoints as a method for determining the eco-
nomic damages supporting causation claims in business interruption cases. Use
of sophisticated statistical methods during this so called before-and-after analysis
has been allowed by courts in the American jurisdiction for over 30 years, which
encouraged the authors to present an application of various structural breakpoint
tests on data from juridical practice.

Application of the structural break testing to detection and attribution of
climate change seems to be more conventional and straightforward. Since the
late 1970s the study of climate change based on available observational data of
global and hemispheric temperatures has played a prominent role in climatol-
ogy research. Estrada and Perron| (2014) reviewed previous work in the field
extensively. Consequently, they applied a wide range of tools to detect struc-
tural breaks in global temperature time series, including various tests and coin-
tegration techniques. Their results were in agreement with the vast majority
of recent publications and showed compelling arguments in favor of existence of
certain warming trend in global temperatures. Despite significant differences in
methodological approaches of the researchers, they tend to agree that human in-
tervention is dominant in the climate system. These examples demonstrate that
modern jurisdiction and climatology are among many other non-economic fields
where statistical and econometric advances in structural break testing are of great
importance.

To bring a comprehensive overview of the methods used in the area of struc-
tural changes, unit root and cointegration testing, we will present both classical
and more modern tools. To familiarize the reader with the problem, and to



respect the natural evolution in the field, we first focus on the most popular
methods, usually covered by standard econometric courses and built in the sta-
tistical software, and present them in detail. Tests such as Chow known break
point test, CUSUM unknown break point test or (augmented) Dickey-Fuller unit
root tests are notoriously famous and thus deserve our attention. However, most
of these classical tests are outperformed by their modified or more complicated
counterparts, which was repeatedly shown either asymptotically or via simulation
studies. These modern tests will therefore be the main focus of this work. Since
the published literature in this very active area of research is extremely exten-
sive, we are by no means attempting to exhaustively cover all the possible tests
and methods proposed over the years. We will rather describe in detail methods
which have shown power and efficiency in the previously conducted simulation
studies or were deemed noteworthy in the great survey works published by other
authors (e.g., Perron (2006, Maddala and Kim| (1998))).

The work is structured in the following manner. Chapter 1 introduces basic
theoretical concepts used throughout the work. Chapter 2 provides an overview of
structural change tests that are used the most or that gained significant attention
in the econometric literature over the last decades. These tests work with certain
assumptions imposed on the noise component of the model which affects the
limit distribution of the tests. Chapter 3 covers a range of unit root tests which
are either popular in the econometric practice or provide major improvement to
the popular methods. Chapter 4 covers the most recent and modern techniques
of structural change detection and unit root testing. These methods do not
impose restrictive assumptions about stationarity or unit root presence on the
noise component to assure test’s limit distribution validity. Methods introduced
in this chapter are the main focus of this thesis and they are compared to the
more classical methods in the practical part of the work. Chapter 5 and 6 contain
practical application and comparison of all the proposed methods. Chapter 5
presents results of a simulation study that compares the power of the tests in
various situations. Finally, Chapter 6 presents an application of the methods on
a real dataset, particularly the gross domestic product (GDP) series of the Czech
Republic.



1. Preliminaries

1.1 Basic definitions

In this section, we will introduce important terms that will be used according to
the following definitions throughout the thesis.

Definition 1 (Brockwell and Davis| (1996)). Let {y:}icz be a sequence of random
variables fulfilling E y? < oo for all t € Z. The mean function of {y; }icz is

Moy (t) = Ey,.

The covariance function of {y; ez is

Yy (1,8) = Cov (Yr,ys) = E [(yr — py (1)) (ys — 1y (5))],
forNr st € Z.

Definition 2 (Brockwell and Davis (1996)). A random sequence {y; }ez is called
strictly stationary if

d
(Y1, - - - 7yn)/ = (Y14h;, - - - ,yn+h)'

for all integers h and n > 1. (Symbol 2 indicates that the two random vectors
have the same joint distribution function.)

Definition 3 (Brockwell and Davis (1996)). A random sequence {y; }1ez is called
(weakly) stationary if

o /i, (t) is independent of t, and
o v, (t+h,t) =:v,(h) is independent of t for each h € Z.

1.2 Time series models

In this section we will discuss the commonly used tools for time series modelling.
Since the main aim of this thesis is to focus on econometric application of struc-
tural break testing, we will pay particular attention to time series models suitable
to use for various macroeconomic data. Since most economic variables that con-
tain strong trends, e.g., GDP, consumption, etc., tend to be non-stationary, we
will not confine ourselves to stationary time series models, only.

Granger and Newbold| (1974)) argued that researchers had not paid sufficient
attention to the high autocorrelation present in the residuals from the conven-
tional regression models. They further concluded that macroeconomic data, as
a rule, were integrated and that in regressions involving the levels of such data,
the standard significance tests were usually misleading. According to their con-
clusions, the conventional ¢t and F' tests would tend to reject the hypothesis of
no relationship when, in fact, there might be none. As |Greene (2000) further
discusses, the general implication of findings by |Granger and Newbold| (1974) is
that the conventional linear regression, ignoring serial correlation, of one random
walk on another is virtually certain to suggest a significant relationship, even if
the two are independent.

First, let us define operators, which will be used throughout the work.
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Definition 4. Let {y;}1ez be a random sequence. Then we define the lag oper-
ator (backward-shift operator) L by

Lyt = Yt—1,
Loyt — yt)
LFy, = LF"Y(Ly,) = yon, k € Z.

Subsequently, the first difference operator A is defined by
Ayr = (1= L)y = yr — Yr1-
For d € N the d-th difference operator A% is defined by
Aly, = (1- L)d?/t-
Now, we can introduce the most common time series models.

Definition 5 (Praskova (2018))). A sequence {e;}icz of uncorrelated random vari-
ables with zero mean and variance 0 < o? < oo is called a white noise and

denoted W N (0,02).

Definition 6 (Praskovd (2018)). A random sequence {y;}iez is called an au-
toregressive sequence of order n, denoted AR(n), if it satisfies the equation

Y=oy 1+t taynte, tELZ,
where ay, . .., a, are real-valued constants, o, # 0 and {e;}icz is WN (0,02).
Equivalently, y; can be defined by

Yot @yior o G = ) A = €,
i=0

where ag =1 and aq, ..., a, are real-valued constants.

Definition 7 (Praskova (2018))). A random sequence {y; }1cz defined by
ye = boey +breg_1 4+ +bpeyy, tEZL,

where {e;}iez is WN (0,02) and bo, by, ..., b, are real-valued constants, by #
0, b, # 0 is called a moving average sequence of order n and denoted MA (n).

Definition 8 (Praskova (2018)). A random sequence {y;}icz satisfies an au-
toregressive moving average model of orders m, n, denoted ARMA(m,n),

if
Yot a1+ QnYiem = € e+ bperpn, tEZ,
where a;, i =1,...,m, b;,i =1,...,n are real constants, a,, # 0, b, # 0 and the
sequence {e; ez, is WN (0,0?).
Equivalently, we can write

Y =01+ nYi—m e+ 0161+ -+ Opey.



Definition 9 (Maddala and Kim| (1998)). A non-stationary random sequence
{Yt hez is said to be integrated of order d and denoted I (d), if its d-th differ-
ence A%, is stationary.

An integrated process is sometimes also called a difference-stationary pro-
cess (DSP), due to its properties.

Definition 10 (Maddala and Kim| (1998))). A random sequence {y; }1ez is called
an autoregressive integrated moving average sequence of orders m, d, n

and denoted ARIMA (m, d,n), if Ay, is a stationary series that can be represented
by an ARMA (m,n) model.

Definition 11 (Maddala and Kim| (1998)). A random sequence {y; }1ez is called
a trend-stationary process (TSP), if

Yt = T + U,
where T, is a deterministic trend function and {u;}iez is a stationary sequence.

Now, we will take a closer look at the difference between trend-stationary
and difference-stationary processes. The following subsection is mainly based on
Maddala and Kim| (1998), Chapter 2.

Unit roots

An ARMA(m,n) sequence {y;}iez defined by Definition (8 can be rewritten in
terms of an autoregressive polynomial of order m in the lag operator L, A(L) =

1+ aL+--+a,L™, and a moving average polynomial of order n in the lag
operator L, B(L) =1+ b L +---, L™, as

A(L)y: = B(L)e;, teZ.

One can encounter a situation when either of the polynomials A(L) and B(L)
contains a unit root. However, we are mainly concerned with the problem of
autoregressive unit root, i.e. when the autoregressive polynomial A(L) can be
decomposed as

A(L) = (1 = L)A(L),

where all the roots of the polynomial As(L) are outside of the unit circle.

The issue of the autoregressive unit root presence is of high importance, be-
cause it changes the behavior of the series drastically. A trend-stationary series
contains a deterministic trend component together with a stationary noise com-
ponent. Its behavior can be described as 'mean-reverting’, since it randomly
fluctuates around the deterministic trend. Individual random innovations only
have a short-term effect on the series, which is dominated by the deterministic
trend. It is possible to transform a trend-stationary series into a stationary one
by detrending, i.e. by eliminating the deterministic trend by regression. Note
that if the deterministic trend is known, it is completely predictable.

On the other hand, a series that has an autoregressive unit root contains
the so-called stochastic trend component. Stochastic trend is hardly predictable
and a series that contains it demonstrates a systemic variation. In such a case



each random innovation has a permanent impact on the series and the stochastic
trend component cumulates these innovations. The behavior of a series with
autoregressive unit root is no longer 'mean-reverting’, since each shock has a long
term effect on the series. An approach that transforms a unit root series into
a stationary one involves first-differencing, hence the term difference-stationary
series.

Since the two approaches transforming a trend-stationary and a difference-
stationary series into a stationarity one are substantially different, effective differ-
entiation between the two cases is crucial. Detrending a difference-stationary se-
ries leads to underdifferentiation. Conversely, first-differencing a trend-stationary
series causes overdifferencing.

1.3 Cointegration

The problem of cointegration of time series has been of high interest in the recent
years, which is demonstrated by the vast amount of literature published on this
topic.

Cointegration was first introduced and defined by |Granger| (1981). The author
accompanied the definition with a note that ‘although cointegration may appear
to be very special, it also seems to be potentially very important’. Author’s sug-
gestion turned out to be true considering the current popularity of cointegration.
Engle and Granger| (1987) gave cointegration a firm theoretical basis and showed
that the class of error-correcting models allowed long-run components of vari-
ables to obey equilibrium constraints while short-run components have a flexible
dynamic specification.

Definition 12 (Engle and Granger| (1987)). The components of the vector xy are
said to be cointegrated of orders d,b, denoted by C1 (d,b) , if

e all components of x¢ are I(d), and
e there exists a scalar vector a such that zy = a'xy is I(d —b), b > 0.
The vector a is called the cointegrating vector.

As mentioned in the previous section, the macroeconomic variables we usu-
ally encounter, such as income, GDP, consumption or money demand, are almost
always nonstationary and trending. If we were to use the standard approach,
such series should be differenced or otherwise transformed to achieve stationar-
ity and then analysed as VARs or using Box-Jenkins methodology. This section
demonstrates a different approach to the problem. A classical regression model,
Y = yw; +e, t =1,...,T, assumes the residual terms {¢;}1_; to be a stationary,
white noise series. This assumption is most likely violated in case when {y;}-,
and {z,}] | are integrated series. In general, linear combinations of two inte-
grated time series will be integrated to the higher of the two orders. Therefore
in case of {y;}1_, and {z;}_, being trending series, i.e. I (1), the error terms
are expected to be I (1) as well, not I (0) as assumed by the linear regression
model. However, if {y;}_, and {z;}L_, are I (1), there might exist a v such that
€& =y —yxy, t =1,...,T,is I (0). In such a case we say the series are cointe-
grated with cointegration vector (1, —+) . In such a situation we distinguish two

9



types of dynamics - a long-term common trend of the series, and the short-term
dynamics between deviations of {y;}L, and {z;}, from the long-term trend
(Greene (2000)).
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2. Single structural change in a
time series

As we already mentioned earlier, the literature discussing tests for either single
or multiple structural changes is extensive and thus impossible to contain in a
concise review. Thus it is imperative that we have to confine ourselves to a
narrower scope of study. We will focus only on linear models and review the off-
line methods for retrospective structural break detection in a given set of data.

The first important distinction between the tests is whether the date of a
hypothesised structural change is known or not. Based on this distinction the
econometric practice uses two most popular break point tests, namely the Chow
test for a known break date and the CUSUM test for an unknown break date.
The former labelled in reference to |Chow| (1960) is despite its origin in 1960s still
a routine procedure for practitioners when suspecting a structural break.

In this chapter we will review tests for a single structural change in a linear
model with a known and unknown break date.

2.1 Chow test

We consider two segments of observations. The first segment of observations
before the known break date T} and the second segment of T, observations after
the break together create the full sample of T' = T} + T} observations. We thus
consider the following normal linear models

yi =X ¥ +uy,
y2 = XoWy + uy,

where, for © = 1,2, y; are T; x 1 vectors of observations, X; are T; x k non-
singular matrices of regressors and W¥; are k x 1 vectors of coefficients, which are
not necessarily equal. The T; x 1 error vectors u; are assumed to be mutually
independent and normally distributed with u; ~ N(0,0%Iz,). We wish to test the
following hypothesis of stability of coefficients

Hy: W, =W,
H1 . \Ill ?é \:[12.

Thanks to equality of error variances and their normality, the standard F-test for
coefficients is applicable. Thus the Chow test uses the following test statistic

SSR, — SSRy,)/k

_(
b= SSR,/(T —2k) ’

where SSR, denotes the unrestricted sum of squared residuals (SSR), i.e. SSR
obtained from the application of OLS on the unrestricted model

oy (X 0|y u|
= [l =0 % [+ ] e

11



In this case the OLS estimate of the (unrestricted) coefficient vector is
¥, = (X, X)Xy,
and the resultant SSR is equal to
SSR, = (y = Xu¥,) (y = XuPy).

On the other hand, SSR, represents the restricted sum of squared residuals
obtained from the application of the OLS on the restricted model under H

Y1 X4 u;
2w M =X,
ve o) = [ e e

where W = ¥, = W, represents the coefficient vector under Hy. In this case the
OLS estimate of the common coefficient vector W is

U= (X/X,) Xy,
and the final form of the SSR is
SSR, = (y — X, ¥)(y — X, ¥).

Under these assumptions the test statistic /' has the F-distribution with k& and
T — 2k degrees of freedom, i.e. F' ~ Fj,p_o;. The null hypothesis is rejected for
large values of the test statistic F'.

2.2 CUSUM and CUSUMSQ type tests

2.2.1 Brown-Durbin-Evans CUSUM test

Generally, under the term CUSUM test we usually understand the original test
based on the cumulative sums of residuals proposed by Brown, Durbin and Evans
in 1975. Despite lots of its modifications and generalizations, which will be dis-
cussed later in the thesis, this test is still being used in the daily econometric
practice. Thus we introduce this test as it was originally proposed by Brown
et al| (1975)) in more detail in this section.

Let us suppose a normal linear regression model

=X, +u, t=1,....,7T, u ~iidN (O, 02> ,

where y; is the observation of dependent variable, x; is a column vector of ob-
servations on k regressors, including the absolute term z;; = 1. In the originally
proposed form of the test, the regressors are supposed to be non-stochastic, thus
the possibility of AR models is eliminated. The time subscript of the coefficient
vector W, indicates a possible variation of the coefficient values over time. We
want to test the hypothesis of constancy of the regression coefficients

H()Z \1’1:\1’2:"':\1’7“:‘1’,
against the alternative of one-time change at an unknown time 73

Hli E|T1E{1,2,...,T—1}Z‘I’1:“‘I€[IT1#\IITI+1:"'I\IIT,

12



Authors suggest that the natural procedure to study departures from the
model would be to look at the residuals. However, the plot of the OLS residuals
or their squares against time is not a good visual indicator of any changes in
the W’s. Page| (1955, [1957) suggested to study the cumulative sums of the OLS
residuals instead. Brown et al.| (1975)) proposed to modify the residuals used in
the testing procedure.

Let us assume that Hy holds and denote the OLS estimate of ¥ based on the
first r, r > k, observations as

¥, = (X'X,)' XY,

where X, = (x1,...,%,.), Y, = (y1,...,%) and X'X, is supposed to be non-
singular. The following definition introduces the residuals used by [Brown et al.
(1975).

Definition 13 (Brown et al.| (1975)). Forr =k+1,...,T the recursive resid-
uals are defined as
Yr — X;\IIrfl

\/1 + X;" (X;flxr—l)_l XT.

Wy

Under the null hypothesis the recursive residuals are independent and nor-
mally distributed with zero mean and variance 2. For the proof and additional
properties of the recursive residuals see Brown et al|(1975)). It should be noted
that the recursive residuals are the standardized prediction errors of y, when pre-
dicted from g, ..., y,_1. If the regression coefficients ¥, change from a constant
value at time Tj, then the w,’s will have zero mean until the change time T}

and non-zero mean afterwards. The recommended test statistic is the following
CUSUM quantity

1 T
CUSUMPPP = — >~ w;,
T j=kt1
where ¢ is a consistent estimate of the standard deviation of u;. Brown et al.
(1975)) originally proposed to use the SSR from the regression on the full sample,
i.e.
1 NN .
A2 o _ _
OppE = 7% (YT XT‘I’T) (YT XT‘I’T) :

However, the suggestion of Harvey| (1975) from the discussion of the original
paper to use a sum of squared demeaned recursive residuals seems to be more
popular. He suggested to use

1 T
A2 _=\2
On T_k:_ljzk;—l(wj U)) )

where w = ﬁ ZJT:kH w;.

Brown et al. (1975) originally derived the critical region for the test quite
intuitively and the test was proposed as a visual tool rather than a strict test.
The step-by-step derivation of the critical region as originally proposed by |Brown
et al.| (1975)) can be found in Appendix A1 of this thesis.
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The final critical region for a slightly reparametrized CUSUM quantity

1 k+z(T—k)
CUSUMPPP = — > w;, 0<z<1,
7 j=k+1
is of the form
CUSUMfDE > a(a)
su a(a),
ogz% VI —k(1+4+22)|

where the critical value a(«) is a function of the prescribed significance level of
the test. Recommended values for the most common significance levels can be
found in Appendix Al. The heuristical derivation of the critical region in the
original paper was supported by the derivation of asymptotic limit distribution
of the test statistic by [Sen| (1982)). Sen| (1982)) derived an invariance principle in
the space D|0, 1] for the recursive residuals, which gives us that under the null
hypothesis as T" — oo

{CUSUMPPE 2 € [0,1]} 2 {W(2), z € [0,1]}, (2.3)

where {WW(z), z € [0,1]} is the standard Wiener process. |Sen| (1982) proved the
convergence only under the assumption of u; being i.i.d., not necessarily normal.
Kramer et al.| (1988) proved the validity of the limiting distribution under even
more relaxed conditions of dynamic regression. They proved the convergence to
hold even in case of a lagged endogenous variable among regressors, i.e. in case
of the model

Y=oy +x¥, +u, t=1...T,

where u; are 1.i.d.(0,0?), u; is independent from y,_;, j > 1 and |¢| < 1. Due to

(2.3), the test statistic

CUSUMPPE
su
ogzgl VI —k(1+2z)

has a limit distribution under the null hypothesis that can be expressed as a
supremum of a weighted standard Wiener process {W(z), z € [0,1], i.e. for
T — oo

CUSUMPBPE W(z)
sup sup |————|. (2.4)
0<z<1 |VT — k(1 + 22) o<z<1|(1 4 22)

Literature usually lists the critical values for the most common significance
levels of the test (= 0.01, 0.05 and 0.10) obtained as shown above. However, it
is computationally challenging to calculate the asymptotic p-values based on the
limiting distribution which has been derived. It is therefore of interest to find an
explicit formula for the p-values, especially for the practical software implemen-
tation of the test. Zeileis (2000) derived explicit formulas to approximate these
p-values for the standard CUSUM test as well as the OLS-based CUSUM test. In
the following the derivation of the explicit formulas to approximate asymptotic p-
values for the standard CUSUM test proposed by |Zeileis (2000) will be shown, as
well as the recommended method for practical implementation. As Zeileis (2000)
states, the applicability of such approximations is supported by the simulation
study performed in the same work.
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Let us denote the test statistic for the standard CUSUM test as

CUSUMBPE
VT — k(1 + 22)

To calculate the p-value one looks at

CUSUMEDPE

]PHO(SZS):]P)HO<| T—]{;

> s+ 2st, forsome()ﬁtﬁl),

where s is the observed value of the test statistic S. Kramer et al.| (1988]) showed
that this probability converges to the corresponding crossing probability of a
Brownian motion as T" — co. Thus the asymptotic p-value is

p(s) =Py, (|W (t)] > s+ 2st, for some 0 <t <1).

Author derived an upper and a lower bound for p(s) using results on crossing
probabilities of the Brownian motion for linear boundaries of Durbin| (1971)).
Lemma 3 from [Durbin| (1971) gives a result for crossing probability of a straight
line as

P(W (t) > at+b, forsome 0 <t<1)=1—P(a+b)+exp(—2ab) P (a —b)
(2.5)
Firstly, we neglect the probability that the Brownian motion crosses both the
lines. We obtain the upper bound for p(s) as minimum of 1 and twice the
expression ([2.5)) (evaluated at ¢ = 1), because the latter attains values up to 2,
ie.

pu (s) = min {1, 2 (1 — & (3s) +exp (—452) o (s)) }

After subtracting the probability of Brownian motion crossing both the lines from
pu (s), we would obtain the exact formula for the p-value. The upper bound for
this probability, neglecting 3 or more crossings, is

IP(W (t1) >s 4 2sty A W (ty) < —s — 2stq, for some 0 < t1,ty < 1)

2.6
<2 [exp (—482> (1 —®(5s)) +exp (—1632) (1-@ (5))} ; 20

see Durbin| (1971) Lemma 7.
Finally, subtracting ([2.6]) from twice (2.5)) gives the lower bound for p (s) as

pr(s) = 2[1 = ®(35) + exp (—4s>) (B (s) + @ (55) — 1)
—exp (—1657) (1 — @ (s)) |.

A disadvantage of the lower approximation is that for s = 0 it gives p(0) = 0,
when clearly the value should be 1. Both upper and lower approximations are
good approximations for s > 0.3 with the lower being slightly superior to the
upper. For s < 0.3 author suggests a linear interpolation, thus the approximation
of the asymptotic p-value that should be practically implemented is

. pr (s) s>0.3
p(s) =
1 —0.1465s s < 0.3
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2.2.2 Kramer-Ploberger OLS CUSUM test

Several authors discussed modifying the CUSUM test using the OLS residuals,

but the most commonly used one was suggested by Ploberger and Kramer (1992).

In this section we will present the test in the form suggested by the authors. The

assumed model and hypothesis remains the same as in the standard CUSUM test.
Let us denote the standard OLS residuals as

A~ ==
Uy =1y — %P,

where ¥ = (X, X 7)™ X5 Y1 is the OLS estimate of coefficient vector ¥ using the
whole sample of T" observations. Properties of the OLS residuals differ from those
of the recursive residuals. They usually change after adding an observation to
the sample, unlike the recursive residuals, which only use the first r observations
for the calculation of the r-th recursive residual. Moreover, they are correlated
and heteroscedastic even under the null hypothesis, thus the derivation of the
null distribution is more complicated. Their advantage is a better approximation
of the true disturbances under Hy. Therefore the deviations from the assumed
model that affect the error terms should be easier to detect from the OLS residuals
compared to the recursive ones.

However, the basic idea for construction of the CUSUM test cannot be adopted
using the OLS residuals, because they have zero sum in case of the presence of
the absolute term in the model. Therefore, their cumulated sum is unlikely to
drift off after a structural change, which is the case of the recursive residuals.
Thus the authors suggest to replace the straight lines with negative and positive
slope in the standard CUSUM test with straight lines parallel to the x-axis. The
test then rejects the null hypothesis whenever the CUSUM test statistic crosses
either of the parallel lines. The authors define the CUSUM of the OLS residuals

as
1 [T'z]

U 0<z<1
6\/T ; ts = = 4
where 62 = ﬁ S°I  @2. The test statistic implied by the rejection rule described
above is

CUSUMEY =

sup |CUSUMKY].

0<2<1
The limit distribution of the CUSUM of OLS residuals has also been derived by
the authors and is similar to the limit distribution of the standard CUSUMPBPE.
Ploberger and Kramer| (1992)) also derived the asymptotic behaviour under the
null hypothesis and the same assumptions as Kramer et al. (1988) for the standard
CUSUM. Thus it allows for the presence of the lagged dependent variable in the
regressors, i.e. the dynamic regression. They showed that under the Hy as T" — oo
the following holds

{CUSUME? 2 € [0,1]} 2 {B(2), = € [0,1]},

where {B(z), z € [0,1]} is the standard Brownian bridge. Thus the limiting
distribution of the test statistic supg<,<; ‘CU SUMEP ‘ is the well-known Kol-
mogorov distribution with a distribution function

Fla)=1- Qi (=1 exp (—2j2a2) .
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For the practical use the authors list some useful critical values for the commonly
used significance levels « as

a(0.01) = 1.63,
a(0.05) = 1.36,
a(0.10) = 1.22.

Similarly as in the case of the Brown-Durbin-Evans CUSUM test, |Zeileis
(2000) derived an explicit formula for the approximate p-values of this version of
CUSUM test for the practical implementation. Zeileis (2000) derived the approx-
imation of the asymptotic p-value for the OLS based CUSUM test analogously to
the standard CUSUM test, using the Brownian bridge instead of the Brownian
motion

Ot (5) = Py, (’C’USUMtKP‘ > s, for some 0 <t < 1) (2.7)
L Py, (|B(t)] > s, for some 0 <t <1). (2.8)

This probability is again approximated by twice the probability of Brownian
bridge crossing the line parallel to the x-axis, see Durbin| (1971)) Lemma 4. The
upper bound for p®%¥ (s) is again obtained by cutting this function at 1, i.e.

o= (s) = min {1, 2exp (—252) }
To obtain the lower bound, we subtract the upper bound of the probability that
the Brownian bridge crosses both the lines, see |Durbin| (1971) Lemma 6, i.e.

IP’(B (t1) > s N B(tg) < —s, for some 0 < ty,ty < 1) < 2exp (—852) )

Thus the lower bound for p©L% (s) is

pPts (s) =2 (exp (—232) — exp (—852)) .
The approximating properties of the bounds are similar to the standard CUSUM

case. Therefore, the authors again recommend to use a combination of a linear
interpolation and the lower bound for an implementation in the form

ﬁOLS (s) = ngS (s) s > 0.48
1—-0.1147s s < 0.48

2.2.3 Problem of non-monotonic power functions

A problem of CUSUM type tests that is often mentioned and discussed in the
literature is the non-monotonicity of their power functions. Most comprehensively
analyzed by [Vogelsang| (1999) for various tests, the problem arises when the tests
fails in case of alternative far away from the null hypothesis. Both CUSUM tests
discussed above demonstrated a significant loss of power when a magnitude of
a basic shift in a mean increased. The decreased power can come into an effect
even for small shifts when a lagged dependent variable is present in the model as
a regressor as a way of capturing serial correlation in the errors.

Perron| (2006) mentions the need to estimate the variance of the errors as
the main reason for this phenomenon. Since no break is modelled directly, the
estimate of the scale needed for construction of the test statistic is constructed
using the OLS or recursive residuals. However, these are ’contaminated’ under
the alternative, which leads to a loss of power.
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2.2.4 Other CUSUM type tests

The CUSUM test proposed by Brown et al.| (1975) and the OLS CUSUM test
by [Ploberger and Kramer| (1992) represent only a small fraction of the stream
of research focused on the structural break testing using the cummulative sum
processes. Due to an absence of the distribution of the break dates estimates
until 1990s, most structural change tests proposed were the procedures that did
not model break dates explicitly and mostly used sums of residuals. This led
to a lot of modifications or alternatives of the CUSUM tests. For an overview
of the historical advances the reader is referred to |(Csorgé and Horvath (1997).
Aue and Horvath| (2013)) provide a review of the recent work on structural breaks
tests based on the CUSUM statistics. They specifically focus on modifications of
tests based on CUSUM processes suitable for serially dependent data. Huskova
et al. (2007, [2008) focus on structural change detection in the autoregressive time
series. They develop procedures based on various functionals of partial sums of
weighted residuals, with focus on maximum type test statistics.

From the most recent advances in this field of research, one could mention
a class of change point tests proposed by |[Horvath et al. (2019). Their proce-
dure based on weighting and trimming scheme for the CUSUM process aims to
detect change points in parameters occurring near the beginning or the end of
the observed series. As Horvath et al.| (2019) note, such breaks are usually dif-
ficult to detect by traditional methods based on the fluctuations of a CUSUM
process. Such traditional CUSUM procedures rely heavily on a balanced number
of observations before and after the break.

From the other approaches to structural break testing in this area of research,
we could mention the MOSUM test by |Chu et al.| (1995) based on the maximum of
moving sums of recursive and OLS residuals or the fluctuations test by |Ploberger
et al. (1989). Due to enormous breadth of this stream of research, it is not possible
to exhaustively cover all the CUSUM type tests in detail within this thesis.

2.2.5 Brown, Durbin, Evans CUSUMSQ) test

In the original paper Brown et al.| (1975]) proposed another test statistic that uses
a sum of squared recursive residuals instead of the recursive residuals themselves.
The proposed test statistic is of the form

_ m_r—k
CUSUMSQ_HI&&ngT Sy Tl
where . )
S(Tr) _ Zg=k+1 W _
ZtT:kH w]2‘

The expected value of S’:(FT ) is equal to (r—k) /(T — k). This expected value
is equal to 1 at » = T and goes to zero for r = k. Thus authors suggested to
asses the significance of departures of S¥ ) from the expected value line by a pair
of lines parallel to the expected value line. Thus the critical lines for Sg ) are of

the form
r—=k

:ta T 1.0
c +T—k
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where the critical value ¢, depends on both the sample size T'— k and the signif-
icance level a. Equivalently we can express the critical region as

CUSUMSQ > c.

The critical values ¢, can be obtained from a table given by Durbin| (1969) (Table
1, p. 4). To obtain ¢, authors suggest entering the value from the table with
n=31(T—-k)—1and ja.

2.3 Problems with structural change tests

All of the above described tests meant an improvement in the methods available
to econometricians for structural change detection. Despite the notorious use of
the CUSUM or Chow tests in practice, these methods are relatively outdated and
suffer from serious lack of power in cases when the error component contains unit
root. A number of simulation studies were conducted to explore the behaviour
of structural change tests in case of unit root presence. Major problem of most
structural change tests is that they tend to reject the null hypothesis of no struc-
tural change in cases when the error component contains unit root but the series
is not subject to any break. The behaviour of a series with unit root component
and constant model parameters mimics the behaviour of a trend stationary series
subject to structural break. This similarity is extremely hard to overcome for
the common structural change/unit root tests. Therefore, a different framework
should be used to test for structural changes in a series without any prior as-
sumptions about stationarity /non-stationarity of errors. Major recent advances
have been made in this area, which will be introduced later in Chapter 4.
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3. Unit root testing and
structural change

This chapter provides an overview of the well-known unit root tests that are usu-
ally used in the econometric daily practice. Despite their undeniable popularity,
the tests which will be introduced in the following sections often face serious is-
sues in case of structural break presence in the tested time series. We will outline
some of these issues to provide a concise picture of application limitations of the
popular tests. The aim of including the following unit root tests is to provide a
benchmark for the more recent unit root tests during the simulation study per-
formed in Chapter 5. First we introduce the classical Dickey-Fuller test which
tests the unit root hypothesis (or the random walk hypothesis) against the sta-
tionarity alternative of AR(1) process with a deterministic (at most) linear trend.
The Dickey-Fuller test itself is rarely used but forms a base for its more popu-
lar modifications, such as the Augmented Dickey-Fuller test and Phillips-Perron
test. Both tests solve the possibility of the autocorrelated residuals, which is
not accounted for in the original Dickey-Fuller test. The last test presented in
this chapter is the KPSS test which, unlike the previously mentioned tests, is
constructed to test the null hypothesis of stationarity against the unit root al-
ternative. Even though the test is designed as a test of stationarity, it is often
advised to use it in conjuction with the Phillips-Perron or ADF test to assess the
stationarity /non-stationarity of a time series in practice. This chapter is organ-
ised in the following way. First, we introduce basics of functional limit theory,
which is a backbone of the tests introduced in Chapters 3 and 4. Afterwards, stan-
dard unit root tests are presented as well as their behaviour in case of structural
break presence.

3.1 Functional limit theory for dependent het-
erogeneously distributed data

The aim of this section is to introduce and derive an asymptotic theory for the
OLS estimator of the autoregressive coefficient o and the associated t-statistic
under the hypothesis of unit root, i.e. a = 1. Unlike the standard central limit
theory on Euclidean space used in case of |a| < 1, theory used in this section
belongs to the functional limit theory on metric spaces. These crucial results
introduced by Phillips (1987)) are the stepping stone to the structural break tests
robust against stationary or integrated errors. The following section is based on
the aforementioned paper by Phillips with an inclusion of the omitted steps in
proofs or more detailed explanations.

Let us consider the following data generating process for the stochastic process

{u}i2,

Uy =us_1+e, t=1,2,..., (3.1)
a=1. (3.2)

Thanks to the unit root nature of the process {u;};2,, we obtain the following
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representation of u; using the partial sum of the error terms in (3.1) and the
initial condition ug, namely,

t
U =w1+e=wos+e 1+e=> e+u =S+ u, (3.3)
=1

where we define Sy := 0. There are several possible choices of the initial condition,
including the commonly used ones such as uy = 0 or ug = ¢, with ¢ being a fixed
constant. However, Phillips considers a random initial condition to allow the
most flexibility, i.e.

uo has a certain specified distribution. (3.4)

The commonly used initial conditions described above are the special case of the
initial condition (3.4]) with uy equal to a constant (e.g. 0) with a probability one.

We will focus on the limiting distribution of the standardised partial sums,
which are defined as

i i G-y g
X = — = —5_ f < = 5=1,....T .
r(r) = gy S = gy S for S Sr< g i= T (39)
1
Xr(1) = Sr, (3.6)

where r € [0, 1], T' is the sample size and o is the constant defined in Assumption
below. To obtain a general idea of this construction, one can imagine partitioning
the interval [0,1] into 7" intervals of an equal length of 1/7T". One then assigns to
each r € [0, 1), belonging to the j-th sub-interval of the partition, the partial sum
S;_ standardized by 1/v/To.

The sample paths of {Xp(r),r € [0,1]} lie in the space of all real valued
functions on [0,1], which are right continuous on [0,1] and have finite left lim-
its, i.e. Xr(r) € DI[0,1]. In other words, discontinuities of the first kind (the
jump discontinuities) are allowed in the space D|0, 1]. For more details on the
space D|0, 1] and functional central limit theorem, which holds in this space, see
Appendix A2.

The constructed {Xr(r),r € [0,1]} is a random element in the function space
D[0,1]. Asdescribed in Appendix A2, {Xr(r),r € [0, 1]} converges weakly (under
the Skorohod topology) to the Wiener process {W(r),r € [0,1]} under certain
conditions. This result is known as the functional central limit theorem
(FCLT), Donsker’s theorem or the invariance principle. It is worth noting that
unlike the sample paths of {X7(r), r € [0,1]}, the sample paths of the standard
Wiener process lie in the space C]0, 1] of all real valued continuous functions on
[0,1]. Although, there exist several modifications of the FCLT (see e.g. Billings-
ley| (1968)) Chapter 4, McLeish| (1975a)) or [Herrndorf| (1984))) for a wide class of
non-stationary innovation sequences, we will use the result of Herrndorf| (1984)
formulated in Appendix A2, Theorem [7} In order to apply this version of FCLT,
the definition of a strongly mixing sequence has to be introduced. The strong
mixing condition was formalized by [Rosenblatt| (1956, however we will use the
notation used by McLeish (1975b) to define the term.

Definition 14 (Rosenblatt| (1956)), McLeish| (1975b))). Let {y;}iez be a sequence
of random variables defined on (0, F,P) and F" = o{y;,n <t < m} be a sigma
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algebra generated by {y,}i™,. Let us define the following measure of dependence
between sigma algebras Fi, Fo C F

a(F,F) = sup [P(FNG)—-P(F)P(G).

FeF1,GeEFs

Then we say that the sequence {y;}iez fulfills the strong mizxing (a-mizing)
condition, if

(yy, = SUP (]-"foo,}"oo

n+m) — 0 asm — oo.
nel

The coefficients {am, }men are called the mixing coefficients.

Note that if we deal with a one-sided sequence, we simply define y; = 0 for
the negative indices t. To derive the main result of |Phillips (1987), we need to
formulate the strong law of large numbers (SLLN) for strongly mixing sequences
by McLeish| (1975b).

Theorem 1 (McLeish (1975b)) Theorem 2.10 with the condition (2.12)). Let
{y: hien be a strongly mixing sequence with mizing coefficients {am, }men fulfilling
the following conditions

e E(y) =0 fort=1,2,...,

1—2
o 3¢ > 2 such that YX5°_, am ¢ < 00,

e For anyn > 0 and ¢ as above it holds that

<
sup E |y,|27" < o0 (3.7)
teN
Then 322, % converges a.s. and
1 T
—Zytﬂ)O as T — oo.
Ti=

Proof. See McLeish! (1975b) p.836 O

In order to ensure the applicability of the FCLT by Herrndorf as well as
the SLLN by McLeish, we impose the following conditions on the sequence of
the error terms {e;}7°,. The following formulation of the conditions on the error
terms allows for both the temporal dependence and heteroscedasticity.

Assumption 1 (Phillips and Perron (1988))). Let the sequence of random vari-
ables {e;}52, satisfy the following conditions:

o E(e;)=0 forallt=1,2,...,

e sup E |e,|"" < oo for some v > 2 and any n > 0,
teN

o 0l = Jim E(T~'S2) ewists and 0 > 0, where St = Y1, ey,
00
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o {e}2, is strong mixing with the mizing coefficients a,, that satisfy

o0
> al=?" < 0.

m=1

Then we say that the sequence {e;}2, fulfills the (strong mizing) regularity
conditions of Phillips and Perron.

Let us denote the standard OLS estimator of « in the regression (3.1]) by
Z;‘Fﬂ UtlUs—1
Y Ui

The data generating process considered in this section assumes that the true value
of the autoregressive parameter « is 1. Thus after an appropriate centring and
standardization we obtain the following statistic

_ T T 1T

1! (ZH Upthy—1 — Dy U§_1> TN e (g — ugq)

T2 T 2 - o1 2 :
T 21 Ui T=2% 1 ui

We will consider the limiting behaviour of the statistic (& — 1) as T" — oo as
well as the behaviour of the corresponding t-statistic

T 1/2 A
—1
toz — (Zu?1> - ) (39)
t=1

o =

T(&—1) (3.8)

S
where
2 1 4 A2 1 d A 2
5 = T;et = ?Z(ut — Aug_)”.

t=1
It is worth noting that the usual i.i.d.(0,0%) innovation sequence {e;}]_, is a special
case of the innovation sequence considered by Phillips. The theory presented here
is more general than what one needs for the i.i.d.(0,0?) errors. Next, we derive
the main result of |Phillips (1987), which will be used throughout this and the
next chapter.

Theorem 2 (Phillips| (1987) , Theorem 3.1). If {e:};2, satisfies Assumption[1]
then as T'— oo

T b 1
(a) 772 Z u?_l — 02/0 WQ(r)dr,
T 0.2 0.2
(b) 71 Z W (g — up_y) =2 5 <W2(1> — UQ)
- ;(Wzm - j)
(C) T(Oé - 1) — fol W2(T’)d7" )
(d) a 51,
o Wg(l) 0%)
(© 1 2 2 < s
[fol W2(7ﬁ)d7a}



where

= lim T~ 1E:E er)?,

T—>oo —

= lim E(T'S3)

T— 00
and {W(r), r € [0,1]} is the standard Wiener process on C|0,1].

Proof. To prove parts (a) and (b) we write each statistic as a functional of the
random element Xr(r) on D[0, 1].

(a) We rewrite the sum in terms of the partial sums S; using the alternative
representation of wuy as

T T /t-1 2
Ty up =T Z (Z ej + uO> (3.10)
t=1 j

T
= Z (S? | 4+ 2upS;_1 + ud) (3.11)
T_ L w2
= o1dr + 2u / — S|y dr + —
2/; St VT f i+ 7
(3.12)
1 1 u?
= 02/ X2 (r)dr + 2U00'T_1/2/ Xr(r)dr + ?O. (3.13)
0 0

The integrals should be interpreted as the Riemann integrals. The constant
o’ = Jim E (T—152) is as defined in Assumption (I, The desired result follows
—00

from application of the FCLT and the CMT (Theorems [7|and [§|in Appendix A2.

By the FCLT we have Xp L, W, T — oo, since the conditions of the FCLT are
fulfilled thanks to Assumption [Il After application of the CMT we obtain the
desired limiting distributions for 7" — oo

/ X (r)dr 2 / r)dr, and
/X%(r)dr—>/ W2(r)dr.
0 0

Finally, the last term of (3.13)), u2/T, converges to 0 in probability as T — oo,
because for any € > 0 it holds that

2 2
limPl?;? > € :1—limP[1;9 <e| =0.

T—o00 T—o0

Similarly, since the integral f; X7 (r)dr converges in distribution to

1 -
/ Xr(r)dr —>/ W (r)dr
0 0

1
which is a random variable with distribution N (0, 5)’ we conclude that

/01 Xr(r)dr = O,(1).
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Therefore, it holds that
1 /1
S T/o Xo(r)dr = 0,(1),

ie. ﬁ J3 Xop(r)dr 24 0. Overall, according to the Cramér-Slutsky theorem, we
obtain

T 1
T2y uy, EN 02/ W2(r)dr as T — oo.
- 0

(b) Similarly as in part (a) we rewrite the sum in terms of the partial sums S;
in order to apply the FCLT. In the following we utilize that ¢, = u; — u;_ and
u; = S; + ug and obtain

T T
1
T E W (U — w—r) = E (Si—1 +uo)ey = E S 1€t+U0* E e, (3.14)
o T

t=1

In the second term of the last equation in (3.14]), we denote %Zthl e; = e. To
obtain a useful form of the first term, we rearrange the terms of the sum as

Si_rer = Se—1(up — w—1) = Si—1 (S + wo — Si—1 — up)
= St 1St St 1= (St 1 + 6,5)815 St2—1 = StQ — St2—1 — etSt
= St2 - Sthl — et — St,let.

Since the last equality contains the same term that we started with, we obtain
the following

1
St,let = 5(53 — St271 — 6?) (315)
Now we substitute (3.15]) into (3.14) and further rearrange the original sum as
T 1 T
T_l Zut,l(ut — ut,l) = ﬁ Z(SE — Stz_l — 6152) + Uoé
t=1 t=1
T 2 2
g St St 2
52 (- m) g 3+ e
o ( Sz SE
ﬂ(m‘m Zet*“ﬂe

Finally, due to Sy = 0 and the definition of X7(1), see (3.6, we obtain the final
form as

T T

o 1 _

T wa(ue —wer) = = X7(1) — == > _ €} + uge. (3.16)
t=1 2 2T =

Thanks to Assumption , particularly the condition sup E ]et|7+" < oo forp > 0,
teN

where v > 2, the generalization of the SLLN by |[McLeish| (1975b) introduced in
Theorem [l is applicable. First, after direct application of Theorem [1| we have as
T — o0

1 T
=Y e 5 0. (3.17)
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The condition holds, if we set ¢ := 2~.

In the second application of Theorem [I} we would like to obtain a version for
e? instead of e;. Since a measurable function of a strongly mixing sequence is also
strongly mixing with the same mixing coefficients (see Davidson| (1994), Theorem
14.1), we can consider application of the generalized SLLN to e? as well. The
terms of the sequence {€?}2°, do not have zero mean, thus we have to transform
the sequence by subtracting the mean E e? from each of the terms. Therefore, we
will apply Theorem [1| to the sequence {e? — E ¢?}2°,. Now, when we obtained a
zero mean sequence, we have to verify that the condition [3.7]is fulfilled. Starting
from the assumption sup E |e,|"™" < oo for n > 0, 7 > 2, we can write

teN

1.n
2+2

00 > supE |e,|”™" = supE ‘e?
teN teN

Let us now set 7/ := n/2 and ¢ := 7. Since E ¢? > 0,¢ € N, it holds that
supE |e?| > supE |e? — E ¢?| and thus it holds that
teN teN

¢ ¢
3+ s+

77/
>supk ‘e? —Ee?
teN

oo >supk ‘e?
teN

Therefore, we have shown that the condition is fulfilled for the sequence
{e? —E €7}:°, and application of Theorem [1| gives for T — oo

;Z (7 —Ee?) =>0. (3.18)

t=1

Thanks to the assumption ¢? = Jim T-'ST  E(e;)? together with (3.18) we
—00
obtain for T" — oo the following result

1 T
TZef L5 52, (3.19)
t=1

By FCLT we have X7(1) -2 W (1) as T — oo. It follows from the CMT and
(3.16)), (3.17) and (3.19)) that as T'— oo

0'2 g

T 2
Ty e 2 — (W(1)2 - 2) (3.20)
t=1 2 g

which proves part(b) of the theorem.
(c) To prove part (c) of the theorem one combines parts (a), (b) and applies

the CMT to get for T"— oo
1 o?
—(W(1)? - =<
s (war- %)

o2

fol W?2(r)dr

T(a—1) 2

(d) This part follows directly from part (c), since T(& — 1) is bounded in

probability, i.e. . .
TT(d —-1)= fOp(l) = 0,(1).

26



(e) Prior to deriving the limit distribution of the t-statistic, we look at the
limit behaviour of the estimator s* of o2

T T
=T (u —Gu)* =T [ — (6 = DupaJ?
t=1 t=1
LS -2 g Y e+ G- P Y
= € w16t + (& —
T t=1 Tt 1 t=1

The first term converges almost surely to o2 by (3.19). Due to parts (a),(b) and
(d) the second and third term converge to 0 in probability, therefore

s2 L5 02, (3.21)

Finally, we combine the above derived results (a),(c) and the result (3.21)) to
prove that as T" — oo

[fol WQ(T)dT} V2

]

Remark. If the innovation sequence {e;}{2; is i.i.d.(0,6%), then 02 = 02 and the
limit distribution in part (c) of Theorem [2| simplifies to

@z -1)

T(a—1) 2 2 T = . 3.22
(@-1) ey T (322)

The limit distribution in (4.1)) is often listed in the literature in an alternative
form. We will prove that the two forms of the limit distribution are equivalent in
the next lemma using the 1t6’s lemma.

Lemma 3. For the standard Wiener process it holds that

(WP 1) = /01 W (r)dW (),

where the integral on the right hand side is a stochastic integral with respect to
the standard Wiener process.

Proof. The result of the lemma is a direct consequence of the application of the
[t6’s lemma, see Appendix A2 Theorem |§|7 to the function f(x) = z?, i.e.

(W) - fwe) = [ Fwe)ave) + 5 [ (e
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Since W(0) = 0 for the standard Wiener process, the second term on the left
hand side is zero. Now, we substitute the first and second partial derivatives of
the function f(z) = z? and obtain

W2(t) = Q/OtW('r)dW(r) + ;2/(: dr
;(WQ(t) )= W) ().

The result of the lemma follows after substituting for ¢ = 1. O]

Until now we concentrated only on the limit behavior of a purely autoregres-
sive sequence without considering any deterministic trend component. Assuming
the data generating process and focusing on testing the unity of the autore-
gressive coefficient « is the simplest case. As we will see in the following Sections
3.2 - 3.5 and Chapter 4, including a deterministic component - drift and /or trend
- is desirable for practical application on various trending time series. The limit
behaviour of the OLS estimator & and the corresponding t-ratio for testing its
unity changes after inclusion of a deterministic component. Generally, the
shape of the limit distribution remains similar, however, the standard Wiener
process {W(r), r € [0,1]} is replaced by its 'demeaned’ or 'detrended’ version
{W=*(r), r € 0,1]} or {W**(r), r € [0, 1]}, respectively.

The following limit results will be applied in Chapter 4 and require stricter
(i.i.d.) assumptions on the error terms. Therefore, the following two sets of
assumptions are introduced.

Assumption 2. [Data generating process with drift] Let us consider the following
data generating process for the random sequence {u;}ien

w=p+oau_t+e, t=12 ..., (3.23)
a=1, (3.24)

where the error terms {e; }ien are assumed to be i.i.d.(0,0%) and ug is assumed to
be a finite constant.

Assumption 3. [Data generating process with drift and linear trend] Let us con-
sider the following data generating process for the random sequence {u;}ien

u=p+pPt+auq+e, t=12 ..., (3.25)
a=1, (3.26)

where the error terms {e; }ten are assumed to be i.i.d.(0,0%) and ug is assumed to
be a finite constant.

Now, we will take a look at the change in the limit distribution of the OLS
estimate of «, if the regression (3.23) or (3.25)) are considered instead of (3.1).
Note that the following theorem presents a special simplified case of the framework
considered by |Park and Phillips (1988, when the time series under consideration
are one-dimensional (instead of n-dimensional as in the paper) with a simple i.i.d.
error structure.
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Theorem 4 (Special case of Theorem 3.2 (a) and Theorem 3.3 (a) by [Park and
Phillips| (1988)) ). Let {u;}ien be a sequence of random variables.

(a) Let {u;}ien satisfy Assumption@ and denote the OLS estimate of « based on
the regression by &*. Then as T — oo it holds

P — 1) 2 BW O
Ji () dr

where {W*(r), r € [0,1]} is the 'demeaned’ Wiener process given by
1
W*(r) = W(r) — / W (s)ds.
0

(b) Let {w; }ten satisfy Assumption[d and denote the OLS estimate of a based on
the regression (3.25)) by &**. Then as T — oo it holds

T(&** . 1) £> follw**(T)dV;/<T)’
Jo W=(r)]"dr

where {W**(r), r € [0,1]} is the 'detrended’ Wiener process given by

1 1

W*(r) = W(r) — (6r — 4)/0 W (s)ds + (—12r + 6)/0 W (s)ds.
Proof. Part (a) of the theorem follows directly from Theorem 3.2 (a) by Park
and Phillips (1988). In our special case both the time series and the series of
regressors are one-dimensional series , i.e. n = m = 1 in the framework of [Park
and Phillips| (1988). Moreover, thanks to the i.i.d. assumption imposed on the
error terms, the additive term Ay present in the general formulation of the limit
distribution by Park and Phillips| (1988)), is equal to zero.

Analogously, part (b) of the theorem follows directly from Theorem 3.3 (b)
by [Park and Phillips (1988)) with the same setup as discussed for part (a) of the
theorem. For more details, the reader is referred to |[Park and Phillips (1988)
p.AT4. 0

As |Park and Phillips (1988) explain, the ’"demeaned’ and 'detrended’ versions
of the Wiener process {W*(r), r € [0, 1]} and {W**(r), r € [0, 1]} are the residual
processes from the continuous-time regressions

W(r) = pw + W*(r), r e [0,1],
W (r) = pw + Bwr + W*(r), r € [0,1],

where the estimates fiyy and (fiw, Sy )" are the minimizers of the continuous-time
least squares criteria

1
| W) =l ar
1
[ 1w ) = o = e dr,

respectively.
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3.2 Dickey-Fuller test

The tests proposed by |[Fuller| (1976) and Dickey and Fuller| (1979) had a major
impact on the unit root testing methodology and led to a stream of research that
created several test modifications built on their ideas. Dickey and Fuller proposed
the form of the tests and provided tabulated critical values of the test statistics
under the null hypothesis of the unit root presence. A simple characterisation
of the limit distribution of the Dickey-Fuller tests (DF tests) in terms of
functionals of the standard Wiener process was derived later by Phillips| (1987)
and Phillips and Perron| (1988)). Their results based on the weak convergence of
probability measures under the Skorohod topology play central role in the tests
presented in Chapter 4.

Dickey and Fuller| (1979) propose three different tests, which have the same
null hypothesis but different alternatives. Based on the type of the test the limit
distribution of the test statistic varies. Let us distinguish the following three
models for the time series {y;}:2,

e No deterministic trend:

Y = QY1 + €, (3.27)
e Drift:
Yt = P+ Qyi1 + €, (3.28)
e Drift and linear trend:
Yo = p+ Bt + oy + e, (3.29)

where |Dickey and Fuller| (1979) assumed that yo = 0 and the error terms e;, t €
N, are assumed to be independent random variables with normal distribution
e; ~ N(0,0?). Phillips and Perron| (1988) derived the limit distributions of the
test statistics related to the DF tests under the (strong mixing) regularity
conditions of Phillips and Perron defined in Assumption [I}

The null hypothesis remains the same for all three models. Under the null
hypothesis of the unit root we assume that the true data generating process is

Y =ay1t+e, t=12...,

a=1.
Even though the assumed data generating process under the null hypothesis is
the same for all three models, the exact formulation of Hy differs due to presence

of the nuisance parameters in the second and the third model. The formulation
of the null hypothesis is the following in each of the cases

e No deterministic trend:

e Drift:

e Drift and linear trend:




The suggested test statistic is the standard t-ratio for testing the unity of
the parameter « in the corresponding OLS regression ({3.27)), (3.28)) or (3.28)),
respectively, i.e.

e No deterministic trend: Let us denote & and SE(&) the OLS estimate and
its standard error based on the regression (3.27)), then the DF test statistic
is

a—1

PE= 55w

e Drift: Let us denote &, and SE(&,) the OLS estimate and its standard
error based on the regression (3.28)), then the DF test statistic is

&, — 1
DF, = £ .
* = SEG,)

e Drift and linear trend: Let us denote &, and SE(&,) the OLS estimate and

its standard error based on the regression (3.29)), then the DF test statistic
is

ar—1

~ SE(a,)’

DF;

As Phillips and Perron| (1988) note, in case of the third model with an intercept
and a linear trend, the estimate of the parameter o and the related t-ratio are
invariant to the value of the intercept parameter p. Thus, replacing the null
hypothesis Hy , with the hypothesis

Hy.: a=18=0

leaves the test statistic as well as the limit distribution unchanged.

The limit distribution of the test statistic DF under the null hypothesis H
follows from Phillips (1987) Theorem 3.1, which is included in this thesis as
Theorem [2 The limit distributions of the test statistic DF, under the null
hypothesis Hy, and the test statistic DF, under Hy, follow from [Phillips and
Perron| (1988) Theorem 1. It is necessary to stress that if only the (strong mixing)
regularity conditions of Phillips and Perron are assumed, the limit distributions
depend on the nuisance parameters o® and ¢2. In order to obtain the limit
distributions free from the nuisance parameters, we further assume that o? = o2.
This condition is fulfilled under the assumptions of i.i.d. errors as Dickey and
Fuller| (1979) assumed, however independent and identically distributed errors
are not necessary for 02 = 2 to hold. As Phillips and Perronl (1988) note, this
additional condition also holds for errors that are martingale differences under
mild additional moment conditions. For more details on the additional condition
see Phillips (1987)) or Phillips and Perron| (1988). Given that 0 = o2, the limit
distributions are

e No deterministic trend: under the null hypothesis Hy as T' — oo

pr 2, BV
[fol W(T>2d7’]

(3.30)

where {W(r),r € [0,1]} is the standard Wiener process,
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e Drift: under the null hypothesis Hy,, as T'— oo

D fol W (r)dW(r)

DF, — L (3.31)
o We(r)2dr]

where {W*(r),r € [0, 1]} is the so-called "demeaned’” Wiener process given
by W*(r) = W(r) — Jy W(2)dz,

e Drift and linear trend: under the null hypothesis Hy , as T" — oo

@ i}fOlW(r)dW(r)—I—A

DF, S , (3.32)

where
D :/01 W (r)2dr — 12 [/01 rW(r)drr 412 /01 W (r)dr /01 W (r)dr
—4 {/01 I/V(r)dr}2 , and
reelfovto o e

~wa) [ W(rdr.

3.3 Augmented Dickey-Fuller test

The so-called augmented Dickey-Fuller test (ADF test) was proposed by
Said and Dickey| (1984) as an extension of the methods previously proposed by
Dickey and Fuller. They allowed for a general ARMA(p,q) structure with un-
known orders instead of a simple AR(1) structure in errors as in the case of the
DF tests. The ADF test tests the null hypothesis of an autoregressive unit root
versus the alternative that the time series is (trend) stationary given that the
dynamic structure in the series follows and ARMA model.

The approach taken by Said and Dickey modified the model (and thus the
estimated regression) for each of the cases introduced in the previous section for
the series {y;}:2; in the following manner.

e No deterministic trend:

P
Yt = QY1 + Z ©jAY—j + €1, (3.33)
=1
o Drift:
p
Y= p+ a1 + D 0 Ay_j + ey, (3.34)
j=1
e Drift and linear trend:
p
Y = p+ Bt + oy, + Z ©iAY—j + €. (3.35)
=1

32



The assumed ARMA structure of the innovations is approximated by p lagged
difference terms, Ay;_;. The errors, e;, t € N, are assumed to be homoscedastic
with the variance o2. Since the lag order p is unknown, it has to be chosen prior
to estimating one of the regressions (13.33)), (3.34]) or (3.35]), respectively. The null
hypotheses of the unit root presence remain the same as in the case of the DF
tests, i.e.

e No deterministic trend:

Hy: a=1,

e Drift:
Hy,:a=1u=0,

e Drift and linear trend:

Hy.:a=1p=p=0.

Similarly, the test statistics are again the t-statistics for testing the unity of
the parameter « in the corresponding regression. We denote the test statistics of
the ADF tests as follows

e No deterministic trend: Let us denote & and SE(&) the OLS estimate and
its standard error based on the regression (3.33)), then the ADF test statistic
is

a—1

ADF = SE@)

e Drift: Let us denote &, and SE(&,) the OLS estimate and its standard
error based on the regression (3.34)), then the ADF test statistic is

e Drift and linear trend: Let us denote &, and SE(&,) the OLS estimate and
its standard error based on the regression (3.35)), then the ADF test statistic

1S

There are two popular approaches for selecting the lag length parameter p.
The first one is a rule of thumb proposed by Schwert, (1989)), which fixes p as a
function of the sample size T" in the following fashion

p = [12¢/T/100].

However, as Maddala and Kim| (1998]) note, such a rule is not necessarily optimal
for all p and ¢ in the specification of ARMA(p,q).

The second approach is based on the use of the information criteria. The
most commonly used information criterion is the Schwarz information criterion,
which is also known as the Bayes information criterion (BIC). Another possibility
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would be to use the Akaike information criterion (AIC). The rule based on BIC
selects p that minimizes the following objective function

log(T
log(52,) + '),
where 6371, is the estimate of the error variance from the regression using the
current value of p. We often encounter a combination of these two approaches in
the literature. The combined approach suggest to minimize the objective function
over the interval [0,12/7/100], and hence take the rule by Schwert as an upper
bound of the permissible lag length.

Said and Dickey]| (1984) showed that the asymptotic distributions of the test
statistics ADF, ADF,, and ADF; are the same as the limit distributions of the

corresponding DF tests listed in (3.30), (3.31) and (3.32), respectively.

3.4 Phillips-Perron test

Compared to the ADF test described in the previous section, |[Phillips| (1987) and
later |Phillips and Perron (1988)) took a slightly different approach to treating
possible heteroscedasticity and serial correlation in the errors. Their approach,
commonly referred to as the Phillips-Perron test (PP test), enjoys equal
popularity as the ADF test among practitioners and remains a recommended
method for testing the unit root hypothesis. Unlike [Said and Dickey| (1984]), this
approach uses a nonparametric approach using consistent estimates of variances.
The first case without any deterministic trend component has been proposed by
Phillips| (1987), the extension of the proposed test to cases of time series with a
drift and linear trend has been suggested by Phillips and Perron| (1988)).

Exactly as in the DF unit root tests, the following three cases for the time
series {y;}7°, are considered,

e No deterministic trend:

Yy = QU1 + €y, (3.36)
e Drift:
Ve =B+ aye 1+ e, (3.37)
e Drift and linear trend:
Yy =+ Bt + ay_1 + ey, (3.38)

where the error terms e;, t € N, fulfill the (strong mixing) regularity condi-
tions of Phillips and Perron defined in Assumption

The t-statistics for testing the unity of the parameter « in each of the re-
gressions are modified using consistent estimates of the variances. A consistent

estimate of the error variance o2 is

1 T
2 A2
s, = — Z é;,
T=
where &, t = 1,...,T, denote the OLS residuals from the considered regression

(3.36]), (3.37) or (3.38)), respectively. The estimation of the 'long-run variance’
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o2 is a little bit more complicated. [Phillips (1987) as well as [Phillips and Perron
(1988)) suggest to use the following weighted estimate

T

l T
SO =T G+2T > w(s,l) Y e,

t=1 s=1 t=s+1

where the used weighting function corresponds to the Bartlett window w(s,1) =
1—s/(l+1),1<1<T. As Maddala and Kim| (1998) remark, the choice of the
parameter [ is an empirical matter. There are a few options to choose from. The
first one is to analyze the sample autocorrelations of the first-differenced series.
The second option according to Maddala and Kim! (1998) is to check the results
sensitivity to different values of [.

The suggested forms of test statistics for each of the three cases are

e No deterministic trend: Let us denote t4 the t-statistic for testing the unity
of the parameter « in the regression (3.36]), then the PP test statistic is

s, 1 (PW-sH)
SO 250y (122, 2) "

e Drift: Let us denote t4 the t-statistic for testing the unity of the parameter
a in the regression (3.37)), then the PP test statistic is

(s*() — s2)

Se 1
PP 5 g 7
s() (T2 — 9)?)

“ ()

ta —

e Drift and linear trend: Let us denote t4 the t-statistic for testing the unity
of the parameter « in the regression (3.38]), then the PP test statistic is

s, 10— )

T T o

where

M = (1—=T"*)my, —12m7, + 12(1 + T ")ymyym, — (4+ 617" + 2T *)m?,

T T T
Myy = T Z yf, my = T2 Z Yt, My = T Z ty;.
t=1 t=1 t=1

Note that each test statistic of the PP tests contain an additive correction term,
which effectively eliminates the nuisance parameters from the limit distribution
asymptotically. The size of the correction depends on the difference between the
two variance estimates involved, i.e. on s%(l) — s2.

From the results of Theorem 5.1 of |Phillips (1987) and Theorem 2 of Phillips
and Perron (1988), it follows that the limit distributions of the test statistics

PP, PP, and PP, are the same as the limit distributions of the test statistics

DF,DF, and DF;, given by (3.30)), (3.31)) and (3.32)), respectively.
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3.5 KPSS test

Kwiatkowski et al.| (1992) were motivated by the previously established empir-
ical fact that the standard unit root tests, like DF, ADF and PP tests, fail to
reject the null hypothesis of a unit root for many economic time series. They
decided to challenge the standard conclusion drawn from the empirical evidence
that most aggregate macroeconomic time series contain a unit root. Kwiatkowski
et al.| (1992) argue that instead of strong evidence in favour of the unit root pres-
ence, the conclusion is a consequence of the standard hypothesis testing set-up.
Hypothesis testing principle only rejects the null hypothesis if there is strong ev-
idence against it. Thus they provide an alternative explanation of the empirical
results. They suggest that the failure to reject the unit root null hypothesis is
simply due to lack of information about the unit root presence in the macroe-
conomic series or lack of power of the standard unit root tests against certain
alternatives. Based on these arguments, they proposed to switch the null and
alternative hypotheses and test the stationarity of a time series against the unit
root alternative. In the following section we present the KPSS test in the form
introduced by Kwiatkowski et al.| (1992)). The commonly used name of the test is
the abbreviation of the authors’ names, i.e. Kwiatkowski, Phillips, Schmidt and
Shin.

Let {y;}L_, be the observed time series, which can be decomposed into a sum
of deterministic (at most linear) trend, a random walk and a stationary error
component. We wish to test the stationarity (around the deterministic trend)
hypothesis for the series {y;}._,. Formally we can write y; as

yt:6t+rt+€t, t:17,T (339)

In the representation ([3.39), the error terms e; are assumed to be stationary and
the terms r; form a random walk

Tt = Tt—1 + Uy, t= 1, NN ,T, (340)

where the error terms u; are assumed to be i.i.d.(0,02). The initial value of the
random walk 7y is assumed to be fixed and plays the role of an intercept of the
deterministic trend function in (3.39). Based on this decomposition of the time
series, the hypotheses of interest are

H()I 0320,
Hy: o2>0.

Under the null hypothesis the time series is assumed to be stationary around a
deterministic trend. The null hypothesis also implies that r; is constant. A special
case with 3 = 0 represents the situation when the time series {y; }._, is stationary
around the constant rg. The form of the KPSS test as well as the asymptotic
distribution of the statistic under H, differ slightly for the two situations (the
level-stationary case with 5 = 0 and the trend-stationary case with § # 0) but
are similar in their nature.

To test the stationarity null hypothesis [Kwiatkowski et al.| (1992) suggest to
use the one-sided Lagrange multiplier (LM) test statistic. Note that the suggested
test is one-sided due to the fact that the tested parameter value o2 = 0 is on the
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boundary of the parameter space o2 € [0,00). Let &, t = 1,...,T, be the OLS
residuals from the regression of the observed time series y; on the deterministic
trend component (i.e. either the intercept only in the level-stationary case or
both the intercept and linear trend in the trend-stationary case). Let us further
denote the partial sum of the OLS residuals as

t
St:Zéj, tzl,,T
J=1

Kwiatkowski et al.| (1992) further define the ’long-run variance’ as

0% = lim T71E (52).

T—o00

To consistently estimate the 'long-run variance’ %, Kwiatkowski et al. (1992)
suggest the approach taken by |Phillips| (1987) or Phillips and Perron| (1988)). The
estimator s%(1) is constructed from the OLS residuals é; as

T I T
SO =T +2T7'> w(s,l) > &b,
t=1 s=1

t=s+1

where the used weighting function corresponds to the Bartlett window w(s, ) =
1—s/(l4+1),1 <I<T.The KPSS test statistic has the same form in the level-
stationary and the trend-stationary cases, but the OLS residuals differ in the two
cases as described above. Thus the test statistic for the level-stationary case is
given by

KPSS, = <T2 tzT; 53) /s2(1).

Kwiatkowski et al.| (1992)) showed that the limit distribution of the test statistic
KPSS, as T" — oo under the null hypothesis is a functional of the Brownian
bridge

1
KPSS, 2 / B(r)dr,
0

where {B(r),r € [0, 1]} is the standard Brownian bridge as defined by Definition
in Appendix A2. In case of the trend-stationary null hypothesis, the KPSS
test statistic is given by

KPSS, = <T2 tz: 53) /s%(1).

Even though the shape of the test statistic is the same as in the level-stationary
case, [Kwiatkowski et al.| (1992) showed that the test statistic K PSS, converges
to a functional of the so-called second-level Brownian bridge as T' — oo

1
KPSs, 2 / By(r)2dr.
0
Here {By(r),r € [0, 1]} denotes the second-level Brownian bridge given by
1
Balr) = W(r) + (2 = 3r)W(1) + (=6 +6r%) [ W(s)ds,
0

37



where {W (r),r € [0,1]} is the standard Wiener process.

KPSS test is commonly recommended to use in the so-called confirmatory
analysis in combination with one of the standard unit root test, usually ADF
or PP test. Due to the fact that the tests have the opposite null hypotheses of
stationarity vs. unit root presence, the combination of their results can lead to a
clearer picture about the underlying behaviour of the time time series. As |Cipral
(2013) notes, it is advised to only take into consideration the following results:

e rejection of the unit root null hypothesis by one of the unit root tests and
non-rejection of the stationarity null hypothesis by the KPSS test - based
on this combined result one can conclude that the time series is stationary,

e non-rejection of the unit root null hypothesis by one of the unit root tests
and rejection of the stationarity null hypothesis by the KPSS test - based
on this combined result one can conclude that the time series contains unit
root.

The other combined results of the unit root and KPSS tests are regarded as
inconclusive.

3.6 Problems in case of structural change pres-
ence

There is no generally valid guideline on whether the ADF or the PP tests are
preferable in all cases. A few simulation studies focused on the comparison of
these two unit root tests have been published over the years. The first one to
publish a Monte Carlo simulation study aimed to compare the performance of the
commonly used unit root tests was [Schwert| (1989). His main conclusions were
related to size distortions of the commonly used unit root tests. He concluded
that the true distribution of the unit root tests are far away from the Dickey-
Fuller distribution in cases when a moving-average component is present in the
series. The PP test specifically suffer from size distortion in cases when the MA
parameter is large in magnitude. Schwert| (1989)) reported the least amount of
issues with size distortions for the ADF test. On the other hand, other authors,
such asDeJong et al.| (1992)), focused on the power of the commonly used unit root
tests against various alternatives. Their main results suggest that the PP tests
have very low power against plausible trend-stationary alternatives and conclude
that the ADF tests perform better, exercise higher power and should be more
useful in practice.

Let us now focus more on the issues related to the confirmatory analysis
introduced in the previous section. As [Maddala and Kim (1998)) state, even
though it is generally argued that the joint use of a stationarity test , like KPSS,
and a unit root test, like ADF or PP test, is better than a separate use of either
of the tests alone, the confirmatory analysis is not a flawless tool. The first
obvious complication is the possibility of obtaining an inconclusive result from
the confirmatory analysis. The frequency of the confirmation, the correctness of
the confirmations that occured and an impact of a significance level change from
5% to 10% were examined by Burke| (1994)) via a Monte Carlo simulation study.
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Burke| (1994) concluded that the 10% significance level leads to better results.
The results further suggested that obtaining two rejections in the analysis is
fairly infrequent. However, the occurrence of two non-rejections is fairly common.
Furthermore, the correctness of the obtained confirmations is surprisingly less
frequent than expected. As Maddala and Kim| (1998) summarize, considering a
stationary model the confirmatory analysis led to a confirmation only in around
50% of cases and quite surprisingly, only half of the confirmations were actually
correct. The situation for a unit root model was a little better with around 60%
of cases leading to a confirmation out of which around 80% were correct. Based
on these results, Maddala and Kim| (1998) draw a conclusion that it is of higher
importance to use and develop more powerful stationarity and unit root tests
than to perform a confirmatory analysis with these classical tests.

Finally, the last issues of unit root tests we will take a look at are problems in
case of a structural break presence. It is well-known that the standard unit root
tests fail, if there is a break in the deterministic trend function. It is generally
very hard to distinguish the behavior of a unit root series and a trend stationary
series with a break in the trend function. These results are well documented
in the literature through several review papers, Monte Carlo simulation studies
as well as practical applications to data. Therefore, we will pinpoint only the
major conclusions to draw a general picture of the problem. The work of [Per-
ron| (1989)) showed that the standard unit root tests fail to reject the unit root
null hypothesis in cases when an exogenous shock leads to a structural break in
the trend. He also argued that once we allow for the possibility of a structural
break most macroeconomic series behaved as trend-stationary. Perron’s results
were contrary to the popular belief at the time that most macroeconomic series
contained unit roots. A Monte Carlo study showing that structural breaks in
a stationary autoregressive time series can mimic the behaviour of time series
with an autoregressive unit root has been published by Hendry and Neale (1991)).
From practical applications of the Perron’s results, we will only mention a few
that arrived at the same conclusions as Perron reversing the previous unit root
conclusions in favour of the trend stationarity. (Corbae and Ouliaris (1991) ob-
tained such results for the purchasing power parity of the Australian dollar and
Perron and Vogelsang (1992) regarding the real exchange rates. From the more
recent results employing also the methods presented in Chapter 4 of this thesis,
Estrada and Perron| (2014) demonstrate this phenomenon on the time series of
the global temperatures. For a more detailed treatment of the empirical evidence
supporting the ideas presented above see Maddala and Kim| (1998)), Section 13.7.
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4. Structural change testing with
integrated or stationary noise
component

All the change detection methods we have presented so far imposed certain as-
sumptions on the noise component of the model. Usually the errors are supposed
to be either stationary (I(0)) or integrated (having unit root, I(1)). The limit
distribution usually depends on this characteristic of the errors and tests are not
robust against the violation of this assumption. Tests tend to be useless in cases
when the errors are assumed to be I(0) but are in fact I(1) or vice versa.

As|Perron and Yabu| (2009a) discuss, we would ideally have a prior knowledge
about the correct structure of errors. In practice, we usually do not know whether
the errors can be assumed to be I(0) or I(1). One could argue that using a unit
root test on the errors before testing for structural change would be the way
to solve this issue. However, the common unit root tests, which were presented
above, require prior knowledge of the presence of a structural change for them
to maintain good power, especially in case of unknown break date. |Perron and
Yabu (2009a) conclude that this leads us to a circular problem since to test for
unit root in errors we need information about structural break presence and vice
versa. To escape this loop using the methods presented previously is not possible.

Therefore researchers focused on the obvious solution - to derive tests for
structural changes in a level and/or slope that are valid whether the noise is
I(0) or I(1). Such tests with reasonable power were not available until recently.
The first such method was proposed by [Vogelsang (2001)), but simulation study
showed that his test lacks power in case of I(1) noise. Therefore he proposed a
joint use of two tests to account for this lack of power. Most notably, Perron and
Yabu| (2009b) proposed a test for a single change in trend with an integrated or
stationary component, building on their procedure of estimating the deterministic
trend, see Perron and Yabu| (2009a). Recently, they extended their procedure to
test for one time change in non-linear trend, see Perron et al.| (2017)).

Having a procedure for testing a break in trend regardless of stationarity of
errors and subsequently estimating the deterministic trend before and after the
break, allows us to further study the properties of the noise. |Kim and Perron
(2009) proposed a unit root test allowing for a break in trend under the null hy-
pothesis as well as under the alternative. Thus we are able to test for unit root in
noise after detecting the structural break with a suitable method and accounting
for it. It should be noted that using the two methods is in a sense ground break-
ing because it completely avoids the circular problem described above. Hence
it seems that this combination of tests should lead to a huge improvement in
the efficiency of structural change testing and modelling. This notion will be
challenged and tested in the practical part of this thesis.

This stream of research also focused on multiple break tests in this framework.
Kejriwal and Perron (2010) derived a sequential multiple break test which does
not assume any prior knowledge about I(0) or I(1) noise. |Carrion-i Silvestre
et al.| (2009) proposed a unit root test that accounts for multiple breaks in the
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trend function. |[Kejriwal and Perron| (2010) test can be used in conjunction with
the unit root test by Carrion-i Silvestre et al,| (2009) to obtain a multiple break
analogy of the method for the single change in trend described above.

In this chapter we will formally present the aforementioned tests and describe
them in detail.

4.1 Perron - Yabu break in trend test

Perron and Yabu (2009a) first derived a method for estimating a deterministic
linear trend in time series without prior knowledge about the 1(0)/I(1) character
of the errors. There had been attempts to derive such a methodology prior to the
work of Perron and Yabu, however none of their predecessors managed to derive
test which would be generally more powerful against all the alternatives. Building
on this work, Perron and Yabu| (2009b) developed an innovative testing procedure
for detecting a structural break in the linear trend. Due to the similarity of the
procedures, we present the break in trend test directly. For more details on
estimating a deterministic trend without prior knowledge about the nature of the
errors see Perron and Yabu (2009a).

Authors present more variants of tests for a break in the trend function.
They introduce the methodology for the case of a single change in trend and the
AR (1) noise with the autoregressive parameter « being || < 1, thus allowing
the stationary as well as the unit root case. The test is further extended for the
case of the AR (p) noise component and the choice of the autoregressive order
p is based on the Bayesian information criterion (BIC). Furthermore, they also
modified the test for the case of multiple breaks. However, they concluded that
the method is only feasible and computationally manageable for the case of two
breaks.

Single break in trend with the AR(1) noise

Perron and Yabul (2009b)) assume the following data generating process
Yt = X;‘I’ + Uy, (41)
Uy =uy_1+e, t=1,...,T, (4.2)
where e; ~ i.i.d. (0,02), x; is a k x 1 vector of the deterministic components, ¥ is
a k x 1 vector of the model specific unknown parameters and |«| < 1 so that both
I(0) and I(1) errors are allowed. We further assume that the initial condition wu
is a finite constant (or bounded in probability). Since our main aim is to test for

a structural change in the trend, we formulate the null hypothesis in terms of the
restrictions on the parameters, i.e.

H()l R\I’:’Y,

where R is a full rank ¢ x k& matrix of restrictions, v is a ¢ x 1 vector and q is
a number of restrictions. The break date is denoted by T} = [MT'], Ay € (0,1).
Three structural change models are assumed, namely

e Model I - change in the intercept:
Xy = (LDUtat)/’ v = (/L(J?/LMBU),? HO M1 =0
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e Model II - change in the slope:
x, = (1,t,DT,)", W = (o, B0, ) . Ho: 1 =0,
e Model III - simultaneous change in the intercept and the slope:
x; = (1, DU, t, DTy)', W = (po, 11, Bo, B1)',  Ho = pn =0, 81 =0,

where DU, = 1{t > Ty}, DT, = 1{t > T1}.(t —T1). The model I assumes a
single shift in the mean of the process at time T} without any change in the
slope of the deterministic trend. This assumption is represented by testing the
hypothesis about the zero value of the unknown parameter p;. The model IT on
the other hand assumes only a single break in trend occurring at time 77 without
any change in the mean. This is thus represented by testing the hypothesis
about the parameter ;. Finally, the model III combines the two previous models
and assumes a simultaneous shift in the mean and break in the trend function.
The simultaneousness of the two changes is a crucial assumption for meeting the
criteria of a single structural change. Should the two shifts happen at two distinct
times, even very adjacent ones, we would be dealing with the case of multiple
structural breaks requiring different apparatus than the one presented in this
section. Models I-III are explicitly stated not only for the illustration purposes
but also for an important distinction between the cases later. The validity of
the limit distribution of the procedure depends on the assumed model as we will
see later. The proposed test uses Feasible Generalized Least Squares (FGLS)
combined with the ’super-efficient’ estimate of the autoregressive parameter «,
which will be explained in the following section. For a detailed description of the
GLS and FGLS methods the reader is referred to Appendix A3.

In case of a known break date T} and a known autoregressive parameter «
Perron and Yabul (2009b)) suggest that one can estimate the regression parame-
ters and thus test the null hypothesis using the GLS procedure. As derived in
Appendix A3, application of the GLS procedure in models I-1II can be performed
by applying the OLS on the regression

l1—al)yy,=1—-al)x;®+ (1 —al)u. t=2,...,T,

together with y; = x|W¥ + wuy,. Thus, authors present their results on the
Cochrane-Orcutt version of the GLS with the added condition on the first obser-
vation as explained in Appendix A3. However, they conclude that all their results
remain valid also with the Prais-Winsten version of the GLS method. The stan-
dard Wald statistic for testing the null hypothesis of R¥ = -, is asymptotically
x? distributed for any value of a.

However, the autoregressive parameter « is rarely known. In case of known
T1 and unknown «, we can use the FGLS estimate of ¥ using the least squares
estimate of «, i.e.
g el

Sizo OF

Note that {@;}7_; denote the standard OLS residuals from the regression of
y, on x;. In this case the limit distribution of /T (& — ) is no longer independent
of the true value of a. |Perron and Yabu (2009b)) distinguish the two standard
cases:

o=
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e |a| < 1: It holds that
VT (64— a) &N(O,l—oﬁ)

and the Wald statistic for testing H, obtained from the FGLS procedure is
X2 (q) distributed.

e o = 1: It holds that

T a2 B 1DV
HIEGIRG

K,

where {W** (), r € [0,1]} denotes the ’detrended” Wiener process as dis-
cussed in Section 3.1 Theorem[d Subsequently, the Wald statistic for testing
Hy obtained from the FGLS procedure is (generally) not x? (q) distributed.

As|Perron and Yabu| (2009a)) note, if x equalled zero, the Wald test statistic would
have the same limit distribution whether the value of |a| is less or equal to 1.
This motivated the introduction of the ’super-efficient’ estimator of « as

) & if |&—1| > dT?,
ag =
1 if |&—1| <dT9,

for some § € (0,1) and d > 0. Their simulations and theoretical derivations
suggested that the most suitable values are 6 = 0.5 and d = 1. The estimate
g of a keeps the original value of the estimate if it is far enough from 1 and
replaces it with 1 in a 7% neighbourhood of 1. The main reason for the use of the
‘super-efficient’ estimate is its suitable limit behaviour when used in the FGLS
procedure and the corresponding Wald test. |Perron and Yabu| (2009a) showed
that

e when |a| < 1 then VT (4s — a) > N (0,1 — a?),
e when o = 1 then T (dg — 1) 5 0.

This is the desired property of the estimate &g which is needed to prove that
the Wald test statistic obtained from the FGLS procedure using the truncated
estimate &g has x? (¢) limit distribution whether the errors are I(0) or I(1), see
Perron and Yabu| (2009b) Theorem 1. The x? (¢) limit distribution holds for the
model IT without any other assumptions. If the errors are normally distributed,
the same limit distribution holds for the models I and IIT as well. The normality
assumption is unavoidable in case of testing the change in the intercept, since with
the GLS-type procedure with @ = 1, a change in the intercept becomes a single
outlier(for a more elaborate discussion see Perron and Yabu| (2009b) Remark 5).

To construct the Wald test statistic, one first obtains the FGLS estimate ¥
of ¥ as an OLS estimate from the regression of ys = (1 —dasL)y, on X35 =
(1 —dasL)xy, t =2,...,T, where Y2 = y; and x° = x;. Then the Wald test
statistic is constructed as

1

Wrs(A) = [R (& - ®)] [*RXX)'R] [R(F-®)], (43)
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where X' = (xf‘s, . ,Xg‘ﬁ) and s* = 1Y/, é7. Here {é;}{_, are the residuals
from the regression of 4y on x*5. One should notice that Weg (A1) is a function
of the known break date T3 = |[\T]. It has been used for the construction of
the FGLS estimate W as a part of the deterministic regressors DU, = 1{t > T} }
and/or DT, = 1{t > T }.(t — T1), depending on the assumed model I-III.

Next, we move to the case of an unknown autoregressive parameter a and an
unknown break date 77. The method is extended by introducing a new test statis-
tic following the tests proposed by |Andrews| (1993)) and |Andrews and Ploberger
(1994). Perron and Yabu (2009b)) introduced three types of test statistics as
functionals of the Wald test statistic proposed for the known break case - Mean-
Wrs, Exp-Wgs and Sup-Wgg. They derived the limit distribution of all three
test statistics, but a simulation study performed by the authors revealed that
unlike the other two the Exp-Wprg test statistic has a very little difference be-
tween the critical values for I(0) and I(1) cases. Because the test rejects the null
hypothesis for large values of Exp-Wrg, choosing the larger critical value leads
to a powerful and robust test for both integrated and stationary errors, which is
also conservative. The Exp-Wrg statistic is of the form

Exp-Wgs = log

§,2:em{§W%sua}], (4.4)
N EA

where A = {\] : € <\ < 1—¢} is aset of all permissible break points. Tabulated
critical values for the test can be found in [Perron and Yabu (2009b). It should
be noted that the limit distribution of the Exp-Wprg statistic is still sensitive to
the normality assumption in case of models I and III.

Finally, authors modify the procedure to improve its finite-sample properties
by replacing the OLS estimate & of the autoregressive parameter by the bias-
corrected version suggested by Roy and Fuller| (2001). The OLS estimate & is
biased downwards, therefore it is replaced by the following modification before
truncating to the ’super-efficient’ estimator. The bias-corrected estimate &y,
is a function of the t-ratio for testing the unity of the parameter «, i.e. 7 =
(& —1) /64, where G, is the standard deviation of the OLS estimate &. The
estimate proposed by Roy and Fuller (2001) is

Gy =a+C(7)0q, (4.5)
where
_F if 7> Tpcts
o) LT % —(14+k)[f4+eF+a]’  if —a<? <1,
7’ pr—
LT 1% — (14 k)71 if —a<?<-q
where

e ¢; = (14 k)T, where k is the number of parameters estimated in the trend
function (i.e. the length of W),

= [(140)T = 7y (0, + D] e 0+ 1) + T where a5 pre-
specified constant,
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e 7, is a percentile of the limit distribution of 7 when av =1,

o I, = 2HL where p is the order of the assumed AR (p) process for the noise

component (in our simple case p = 1).

The parameters which have to be selected are a and 7,,. Based on the results
of their simulation study authors recommend the choice a = 10. The percentiles
of the limit distribution are those from the known break date case tabulated by
Perron| (1989). Authors checked the correctness of the tabulated percentiles by
performing a simulation study for a number of percentage points. They concluded
that interpolation of the tabulated values by Perron (1989) is as good as the use
of the simulated percentiles. They suggest to use 7p95 in the case of a known
break date and 7999 in the case of an unknown break date. It was also shown
that the large-sample properties and the limit distribution of the test statistics
Wrs and Exp-Wrg are not distorted by the replacement of the OLS estimate &
by the bias corrected version &j,. Using all the principles described above, the
proposed testing procedure is:

1. For any given break date, detrend the data by OLS to obtain the OLS
residuals 4.

2. Estimate an AR (1) for 4; yielding the estimate & and the t-ratio 7.
3. Use & and 7 to get the |Roy and Fuller| (2001)) bias-corrected estimate & ;.
4. Apply the truncation

. Gy if |Gy — 1 > T2,
(8% ==
M5 if |aa — 1] < T2

5. Apply the GLS procedure with &)s¢ to obtain the estimates of the coef-
ficients of the trend and the estimate of the variance of the residuals and
construct the standard Wald statistic Wgyg.

6. When dealing with the case of an unknown break date, repeat the steps 1-5
for all the permissible break dates and construct the Exp-Wpg,s statistic.

Single break in trend with a more general noise component

The procedure for the AR(1) case can be generalized to cover the case of a more
general noise. This method is based on the quasi-FGLS procedure and involves
a more complicated estimation method. The assumed data generating process is

p=xW+u, t=1,...,T (4.6)
U = Uy + Vg, .
Vy = d(L) €, (48)

where d(L) = Y2, d; L', Y2,i|d;| < oo, d(1) # 0 and e; ~ i.i.d.(0,0%). We
again assume ug to be a finite constant. Furthermore, since we only change the
assumption about the noise component the same deterministic trend specifica-
tions, i.e. models I-I1I, are considered as in the case of the AR(1) noise. Under
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these conditions, the noise component of the model has an AR representation
A(L)us =e;, A(L) =1—3%, a;L". However, using the data generating process
as described in , and , the parameter @ now represents the sum
of the AR coefficients, thus the estimate & as in the AR(1) case is no longer
applicable. |Perron and Yabu| (2009b)) proposed an estimation method of a based
on a truncated autoregression of an estimated order r. The recommended selec-
tion procedure for the autoreggresive order r is based on the BIC with an upper
bound given by the rule of [Schwert| (1989) as described in Section 3.2. As in the
case of the AR(1) noise, we start with detrending the data, i.e. running an OLS
regression of y; on the deterministic components x;, to obtain the OLS residuals
{@;}L_,. The proposed estimate & of the parameter o is obtained as the OLS
estimate from the regression

Uy = aliy_q + Z ©iAUy_j e, t=r+1,...,T, (4.9)
j=1
where obviously the error terms {e;,}{_, ., are dependent upon the choice of the
lag length r.

In order to improve the finite-sample properties of the test, the same bias
correction by [Roy and Fuller| (2001) is applied as in the case of the AR(1) errors
with & replaced by &. The obtained bias-corrected estimate is denoted by da;.
Subsequently, the truncation to the bias-corrected estimate of the parameter «
is applied to obtain the ’super-efficient’ estimate &)ss analogously to the AR(1)
case.

At this point, the method for the general case deviates from the AR(1) one.
In the general case, the form of the test statistic depends on whether the errors
are 1(0) or I(1) in order to obtain the same limiting distribution in both cases.
However, we have no prior knowledge about the I(0)/I(1) character of errors.
Therefore, the decision about the used form of the test statistic is based on
whether the truncated estimate a,sg¢ is equal to 1 or not. As |Perron and Yabu
(2009b) note, such a choice ensures asymptotically correct classification of the
cases as well as a consistent testing procedure. Modification of the form of the
test statistic ensures that the same tabulated critical values as in the AR(1) case
can be used for the test statistics presented in the following section.

In both I(0) and I(1) cases, the test statistic is based on the quasi-FGLS
estimate W of the parameter W. This estimate is based on assuming AR(1) errors
and using the estimate épg of the parameter . Thus W is obtained as the OLS
estimate of ¥ in the transformed regression

(1 — dMSL)yt = (1 — O?MSL)XQ\II + (1 - dMsL)ut, t= 2, “o ,T, (410)

y1 = x1W + uy.
Let us now take a look at the I(0) and I(1) cases separately. The idea in
both cases is to replace s* in the Wald test statistic by an estimate of (27-times)

the spectral density of v, = (1 — aL)u, at frequency zero to obtain the robust
quasi-FGLS (RQF) test statistic.

I(0) case

In the I(0) case, we only perform the replacement of s* in the test statistic
by the estimate h, of (27-times) the spectral density of v, = (1 — aL)u; at
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frequency zero. Let us denote the regression matrix X' = (xf‘MS, . ,xgiMs ) ,
where xS = (1 — aysL)x;, t = 2,...,T and x$¥$ = x;. Then the suggested

robust quasi-FGLS Wald test Wgrgr(A1) for the I(0) case has the form
Wior(h) = R (& - 0)] [B,RXX)'R] T [R(T-9)],  @11)

where the test statistic again depends on the known break fraction \;. If we
face the situation of an unknown break date, the Exp-Wgop test statistic is
constructed as in the AR(1) case by considering all the permissible break fractions
A} from the set A={\|:e <\ <1—¢€}.

The crucial issue is the construction of the estimate h,. For the I(0) case,
Perron and Yabul (2009b)) suggest using one of the following options:

1. Weighted sum of autocovariances: Let us denote the OLS residuals from the
regression (4.10)) by {7,}1_,, then the estimate is defined by

T T—1 T
hy =T 07 +T-1> w(j,m) > by, (4.12)

t=1 j=1 t=j+1
where the recommended weight function w(j, m) is the quadratic spectral
window with a bandwidth m. [Perron and Yabu| (2009b)) recommend using
the "plug-in method’ for the selection of m as suggested by Andrews| (1991)).

2. AR spectral density estimate: A consistent estimate of the spectral density
at frequency zero of v, is obtained as an estimate of the error variance from
the OLS regression

Yr — Aprsy1 = X, U* 4 > piAyi; + ey (4.13)
j=1
If we denote the OLS residuals from the regression (4.13) as {é;,}7_, ..
then the suggested estimate hy, is

T
hy=(T—r)"" Y &, (4.14)

t=r+1
I(1) case

Situation is more complicated for the I(1) case, since the form of the test statistic
also depends on the model I-ITI. The simplest case is for the model I1, which does
not involve any shift in the intercept. In that case the procedure is similar to the
1(0) case. However, for the models I and III involving a shift in the intercept, the
form of the test statistic has to be modified as well.

For the model II, the form of the test statistic is also given by . The
only thing that needs to be adjusted is the estimate of the (27- times) the spectral
density at frequency zero h,. In the case of a = 1 for large enough samples
(1 — apsL)u, is approximately equivalent to vy = Awu,. This equivalence can be
used to obtain h, from the following regression

ﬁt = Z (pjﬁt—j —|— et,’l’a (415)

Jj=1
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where {2;}{, still denote the OLS residuals from the regression (4.10). Let us
now denote the residuals from the regression by {é:,}l,, the estimate of
the error variance as 62, = (' —r)~' Y, 1 €7, and the lag operator polynomial
constructed from the parameter estimates as (L) =1— @ L — - —$,.L". Then
the only suggested estimate h,, for the model II in the I(1) case is

h, = —2. (4.16)

For the models I and III we need to correct the test statistic by replacing
fi1 with its scaled version /it in the estimate W = (fig, fi1, 3)’ for the model I
and in W = (fio, fi1, fo, 51) for the model III. This correction is necessary to
ensure applicability of the tabulated critical values for the AR(1) case also in the
general AR(p) case. Let us denote the sequence of the intercept shift estimates
fu; for different break dates Ty as fi,(71) for Ty = |€T|,..., | (1 —€)T']. Using this
notation let us further define

QL) (Th) = i (Th) — ¢ (Th = 1) — -+ = Gria (Ty — 7). (4.17)

Finally, we define the scaled version of ji; as

. hYPe(L)n(Ty)
My =

~ )
Oe,r

where h, and 6., are defined as in ([#.16) and @¢(L)fiy(T1) is defined as in (&.17).
Now, the modified Wald test statistic for the I(1) case for models I and III can
be constructed as

~ ! ra _ -1 ~
Wior(\) = [R (& - @) [A,R(X'X)"'R] [R(¥"-0)], (418)
where X is defined as in (4.11)) and the scaled parameter estimate is defined as

b (fio, 5, Bo)’ for model 1,
| (i, i, Bo, B1)’ for model II1.

It is worth noting, that in the case of model I we have R = [0,1,0]. Thus the
modified test statistic Wrqp simplifies to

and the problem of obtaining the estimate h,, is eliminated completely.
Based on the methods described above, the proposed testing procedure in
this case is the following:

1. Detrend the data by OLS to obtain the residuals ;.
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2. Consider the autoregression

U = ally—1 + Z i Al _j + e,
j=1
with the order r selected using the BIC, with r allowed to be in the range
[0, 1247/ 100}. The corresponding estimate is denoted by &. If the order

is selected as r = 0, we apply the procedure from the previous section,
otherwise we apply the next steps.

3. Construct the bias-corrected version é;, of & according to (4.5)). Then apply
the truncation

3 ay  iflay — 1) > T2
Of =
M5 if |dy — 1) < T2,

4. Apply the quasi-GLS procedure with éyrg to obtain the estimate ¥ of W.
Construct the Wald statistic Wrgr or Wi according to the following:

(a) if aps < 1, construct the test statisticAWRQF()\l) defined by (4.11))
using one of the two suggested estimates h,, defined by (4.12)) or (4.14)),

(b) if aprg = 1 depending on the model, construct one the following:

e for model II construct the test statistic Wror(A;1) defined by (4.11)
using the suggested estimate h, defined by (4.16])

e for model I or III construct the test statistic Wxop(A1) given by
(2.18) using the suggested estimate h, defined by (4.16])

5. With an unknown break date, evaluate the Wald test statistic for all the
break candidates and construct the Exp Wald statistic as defined in (4.4]).

4.2 Kim - Perron unit root test with a single
break in trend

Kim and Perron (2009)) considered the so-called additive outlier as well as the
innovation outlier models. We restrict ourselves to the additive outlier models
which correspond to the models I-IIT presented in Section 4.1 about Perron-Yabu
structural break tests.

Kim and Perron (2009)) built their work on using the Perron-Yabu test as a
pre-test for a unit root test. The reasoning behind the use of such a test sequence
is to first look for and evidence of a structural break in the series to subsequently
adjust the unit root testing procedure accordingly. This step leads to a clear
improvement in the power of unit root tests while maintaining a correct size
as shown by the accompanying simulation study performed by Kim and Perron
(2009). Authors recommend using a standard ADF test as presented in Section
3.3 if the Perron-Yabu pre-test does not reject the null hypothesis of no break
in trend. For cases when the Perron-Yabu pre-test rejects the null hypothesis of
a constant deterministic trend they propose a modified testing procedure. The
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recommended procedure is not uniform for all the models I-IIT due tu peculiarities
related to a fixed level shift with no change in slope. As analyzed by Perron and
Zhu! (2005), we are unable to consistently estimate the true break fraction under
the unit root null hypothesis. In such a case a shift in intercept is dominated by
the I(1) innovation process making such a break asymptotically negligible. |Kim
and Perron (2009) managed to propose testing procedures based on the estimated
break date, which have the same limit distribution as the unit root test proposed
by [Perron| (1989) for a known break.

Model 1

Kim and Perron| (2009) proposed two testing procedures for the model I and
compared their performance in a simulation study. The two approaches only
differ in the regression (static vs. dynamic) used to obtain an estimate of the
break date. Test based on the break date constructed from a dynamic regression
containing a lagged dependent variable demonstrated a superior performance in
the simulation study. This version of the testing procedure is recommended by
the authors and is presented in the following paragraphs.

An estimate \ of the true break fraction )\; is obtained by minimizing the
SSR of the following regression over all the permissible break dates T, = |[\T'] €

{|leT],..., (1 —¢e)T]}
=y +y{t =Ty + 1} + po + Bot + i 1{t > T, } + wy. (4.19)

Next, we are able to use the break fraction estimate A\ to detrend the original series
{y:}_, using an estimate of the deterministic trend components. Thus we run a
regression of y; on the vector of regressors defined by x,(A) = (1,¢,1{t > [AT|})
and denote the detrended series by {g;}.,. Finally, we perform a unit root test
using the detrended series {f;}._,. The hypothesis of @ = 1 is tested using the
standard t-test in the following regression

?Jt = ag]t,l—i—z ")/J]_{t—j = LS\TJ—Fl}—'—Z gijgt,j—i—ut, t= 7'+1, Ce ,T, (420)
7=0 j=1

where 7 is obtained using the BIC. Therefore, the proposed testing procedure
for model I has the following steps:

1. Perform the Perron-Yabu pre-test as described in Section 4.1. If the null
hypothesis cannot be rejected, perform the ADF, unit root test described
in Section 3.3. If the null hypothesis of no structural break in trend is
rejected, perform the following steps.

2. Minimize the SSR of the regression (4.19) to obtain the break fraction
estimate A.

3. Detrend the original data {y;}._,. using the estimated deterministic trend
components (1,¢,1{¢t > |\T'|})" and denote the detrended series by {g;} L.

4. Perform the unit root test as the t-test for testing o = 1 in the regression
(4.20). The corresponding critical values can be found in [Perron (1989)
Table IV.B
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Models IT and III

The testing procedure for models II and III involves trimming of the data around
the estimated break date. This modification is necessary to ensure that the limit
distribution of the unit root test with an estimated break date is the same as the
limit distribution for a known break date case. Simple application of the model 1
testing procedure does not have a rate of convergence fast enough to ensure this
property.

For models IT and III the authors recommend using the estimate of the break
date A based on minimizing the SSR over all the permissible break dates T}, =
AT | € {|eT'],...,[(1 —€)T|} for the following static regression for Model II

Yt :M0+60t+611{t > Tb}.(t—Tb)—FUt. (421)
and the following static regression for Model III
Yy = po + Bot + ,ull{t > Tb} + 511{15 > Tb}. (Zf — Tb> -+ Uyg. (422)

After obtaining the estimated break date T} = |AT| the data trimming is per-
formed by excluding the observations in a window of the length 2w around ;.
As |[Kim and Perron| (2009) showed, the testing procedure is not sensitive to the
window length choice and recommend using a trimming window of 6 observa-
tions. Thus the lower bound of the window is given by T, = Ty — w and the
upper bound is given by Ty = Ti + w. To use the recommended window of 6

observations we set w = 3. A new data set {y;};;** is constructed by excluding
the observations yr, 41, . .., yrn, and shifting the observations after the window by
S(T) =yr, —yr,, i.e.
Yo = ) (4.23)
Yt Ty —Tr, — S(T) if t > 1y,
The estimated break date in the new data set is equal to 77, which corresponds
to the break fraction \, = T TL_TL) = TTL2 It is worth noting that the new

trimmed data set fulfills assumptions of the model II whether the original data
fulfilled the model II or model III. The intercept shift is eliminated by shifting
the observations after the window by the constant S(7"), which justifies the use
of a common testing procedure for models IT and III.

The new data set {7}/ can be detrended using the estimated deterministic
trend components of the model IT(1,¢,1{t > T} (t—T}))" to obtain the detrended
series {7}/, Finally, the unit root test is performed as the standard t-test for
testing the hypothesis a = 1 in the following OLS regression

U= agi + > oAy, t=2,...,T —2uw. (4.24)
j=1
The lag number r in the regression (4.24]) is again recommended to choose by the
BIC. Hence, the proposed testing procedure for models IT and III consists
of the following steps:

1. Perform the Perron-Yabu pre-test as described in Section 4.1. If the null
hypothesis cannot be rejected, perform the ADF, unit root test described
in Section 3.3. If the null hypothesis of no structural break in trend is
rejected, perform the following steps.
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2. Minimize the SSR of the regression to obtain the break fraction
estimate \. Next construct a window of the length 2w around the estimated
break date with a lower and upper bound 77, and Ty respectively. According
to Kim and Perron| (2009) the test is not sensitive to the choice of the
window length and a window of six observations is recommended.

3. Create a new dataset {y};_** as described in (4.23)).

4. Perform the unit root test using the break date T7. This is the t-test for
testing that & = 1 in the OLS regression (4.24). The corresponding critical
values can be found in |[Perron and Vogelsang (1993)) Table 1.

4.3 Extension to the multiple breaks framework

The methods proposed by |Perron and Yabu| (2009b)) and Kim and Perron (2009)
have been extended to deal with situations when multiple structural breaks in
trend occur. Methods developed to account for a single structural change lack
power in such cases, as showed by a simulation study published by Bai and
Perron, (2006]). Just as the structural change test by Perron and Yabu (2009b)
and the unit root test by Kim and Perron (2009) are used in conjunction, a
pair of a structural change test and a unit root test for the multiple breaks case
has been proposed by |[Kejriwal and Perron| (2010) and |Carrion-i Silvestre et al.
(2009) respectively. We will only present a basic description of these two tests
as they will not be in the scope of the simulation study performed in Chapter 5.
However, they represent a rapidly developing line of research that is worth noting.
A practical application of this pair of tests on the energy prices data (specifically,
weekly spot prices of crude oil and petroleum products) can be found in |Sun and
Shi| (2015). Besides the results obtained from the Kejriwal and Perron| (2010)
and (Carrion-i Silvestre et al.| (2009) tests, the work by Sun and Shi also contains
a practical comparison of the obtained results by the single structural break pair
of tests by Perron and Yabu| (2009b)) and Kim and Perron| (2009).

4.3.1 Kejriwal - Perron test for multiple breaks in trend

Building directly on the results of [Perron and Yabu (2009alb), Kejriwal and
Perron| (2010) propose a sequential procedure that is able to detect and test the
number of structural breaks in trend without prior knowledge about the I(0) or
I(1) nature of the error terms.

The proposed testing procedure, partially based on the description by [Sunl
and Shi| (2015)), consists of the following steps:

1. Perform the Perron-Yabu structural change test as described in Section
4.1. Given that the test rejects the null hypothesis of no structural break,
proceed to the step 2.

2. Perform the Perron-Yabu test separately on the two segments determined
by the break date. Significance of the maximum of the two tests implies that
two structural breaks exist instead of one and leads to rejection of the null
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hypothesis that no other breaks exist. More formally, the null hypothesis
is rejected for large values of the test statistic

Exp-W(2[1) = max {Exp-Wi},
where W; is the value of the Perron-Yabu test statistic in the segment .

3. Extend the procedure in the step 2 for the case of m breaks. The null
hypothesis of m breaks against the alternative of (m + 1) breaks is rejected
for large values of the test statistic

Exp-W(m + 1jm) = ISI%%(H{EXp-WZ-},

where again W; is the value of the Perron-Yabu test statistic in the i-th
segment.

Kejriwal and Perron| (2010) employ an approach similar to that of |Perron and
Yabu| (2009b)) to derive a sequential test. That means they start with a simpler
AR(1) structure of errors and derive the limit distribution of the test statistic
under these simpler assumptions. Subsequently, the procedure is expanded to the
general case of AR(p) error structure. For more details on the limit distribution
and suitability of the test to estimate the number of structural breaks refer to
Kejriwal and Perron| (2010) Theorem 1 and Theorem 2. An extensive simulation
study is included in the work as well.

4.3.2 Carrion-i-Silvestre et al. test for unit root with mul-
tiple breaks in trend

The multiple-break analogy of the Kim-Perron unit root test presented in Section
4.2 proposed by Carrion-i Silvestre et al.|(2009)) builds on several preceding works,
e.g. works of [Elliot et al.| (1996) and |[Harvey et al.| (2001]) on the quasi-generalized
least squares detrending methods and work of |[Perron and Rodriguez| (2003) on the
feasible point optimal statistics. Due to complexity of the employed apparatus,
we will only present a concise overview of the testing procedure and refer the
reader to the original paper of |Carrion-i Silvestre et al.| (2009) for a detailed and
exhaustive explanation of the method.

In this test a presence of m break dates is assumed, with individual break
dates denoted by T = |TA?], where A} € (0,1) is the corresponding break
fraction of the j-th break date. The vector of all break fractions is denoted by
A = (N2, ... A2 Y. The testing procedure as proposed by |Carrion-i Silvestre
et al. (2009)) and partially described by Sun and Shi| (2015) consists of the following
steps:

1. Estimate the break fractions vector A" by global minimization of the sum
of squared residuals of the GLS-detrended model, i.e.
A = argminS(a, \),
AeA(e)
where A(e) is a set of all possible break fractions with the minimal length
of a segment at least e. The commonly recommended value of the trimming

parameter € is 0.15. For a precise formula for S(a, A), see|Carrion-i Silvestre
et al. (2009), p.1759.
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2. Calculate the feasible point optimal statistic based on the results of
and Rodriguez (2003) given by

A

S(a, A) —a@S(1, )

PIGLS(S‘) = 82(5\)

Y

where 32(5\) is an autoregressive estimate of the spectral density of the noise
component at frequency zero (for detailed formula see (Carrion-i Silvestre
(2009), p.1759). The limit distribution of the test statistic under
the unit root null hypothesis is shown in Theorem 1 of |Carrion-i Silvestre|
(2009). Eventually, one could use one of the proposed test statis-
tics MPSES(X), MZELS(X), MSBYLS(X) and M ZEES(X) belonging to the
so-called M-class of tests. The limit distributions of the test statistics un-
der the unit root null hypothesis can be found in Theorem 2 of
Silvestre et al.| (2009).

Carrion-i Silvestre et al.| (2009) concluded that the performance of the tests of
the M-class is qualitatively similar to the performance of the statistic PS5,
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5. Simulation study

The main purpose of this chapter is to compare the structural change and unit
root tests introduced in the previous chapters in a simulation study. The power
of the tests as well as their size are studied using a Monte Carlo simulation ex-
periment implemented in the R software (R Core Team (2019)). We focus on the
expected improvement in the power of tests introduced in Chapter 4 compared
to the more traditional tests introduced in Chapters 2 and 3. The primary moti-
vation for construction of tests in Chapter 4 was to achieve a satisfactory power
of the test without prior knowledge about the I(0)/I(1) nature of the error com-
ponent. Therefore, the simulation study consists of separate sets of simulations
with a unit root error component as well as AR(1) error component with value of
autoregressive parameter o equal to 0.3, 0.6 and 0.9. Such a choice of the autore-
gressive parameter values represents a wide spectrum of the error components.
Particular attention is paid to the comparison of behaviors of time series with
the choice a = 1 versus a = 0.9, since these represent the boundary between the
1(0) and I(1) case.

In order to simulate the power of the tests against various alternatives, we
use a total of 15 different trend scenarios for each of the four choices of the
autoregressive parameter (o = 1, 0.9, 0.6 and 0.3). We perform 1000 iterations
of simulating a time series with the specified trend and error component of the
length 7" = 1000. Subsequently we calculate the power of each test against the
specific alternative as a proportion of rejections of the null hypothesis from the
1000 iterations. All tests are performed on 5% significance level. The error
component is simulated from a random sample of standard normal errors using
the pre-specified value of the autoregressive parameter a = 1, 0.9, 0.6 and 0.3.
The same set of 1000 samples of standard normal errors are used for all four sets
of simulations (i.e. for each value of «) to produce comparable results. The 15
different trend function settings are listed in the Table The general formula
for the trend component used in the simulation study is fort =1,...,T

7 = o + Bot + Yot
+ [Lll{t > Tl} + 511{t > Tl} (t — Tl) -+ ’Yll{t > Tl} (t — T1)2 ,

where T) represents the break date, which is always set to 77} = 500 in our
simulation study. The choice of the trend function scenarios allows us to study
the performance of tests under no structural change as well as one-time break
in trend. This simulation study adds results on performance of the tests in case
of underspecified order of the trend polynomial by considering a quadratic trend
function with and without the break.

The simulation study was implemented in the R software (R Core Team
(2019)) and the replicable source code is provided in the electronic attachment
to this thesis. Since all the test introduced in Chapters 2 and 3 are well-known
and routinely used, their implementation in the publicly available R packages has
been used. The two tests introduced in Chapter 4 are quite recent and to the best
of our knowledge have not yet been implemented in any R package. Note that
the software implementations of the Perron-Yabu structural change test and the
Kim-Perron unit root test are available for MATLAB and/or GAUSS software
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Table 5.1: Trend function specification
Model Model Change

group specification specification No. | #o Bo o Hl & m
Constant Intercept 1] 1.0000 | 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000
parameter Linear trend 2| 1.0000 | 0.0200 | 0.0000 0.0000 | 0.0000 | 0.0000
models Quadratic trend 3| 1.0000 | 0.0200 | 0.0001 0.0000 | 0.0000 | 0.0000
small 4| 1.0000 | 0.0200 | 0.0000 2.0000 | 0.0000 | 0.0000
Shift in intercept medium 5 | 1.0000 | 0.0200 | 0.0000 5.0000 | 0.0000 | 0.0000
large 6 | 1.0000 | 0.0200 | 0.0000 | 10.0000 | 0.0000 | 0.0000
small convex 71 1.0000 | 0.0200 | 0.0000 0.0000 | 0.0200 | 0.0000
Models with | Shift in slope small concave 8 | 1.0000 | 0.0200 | 0.0000 0.0000 | -0.0300 | 0.0000
parameter large convex 9 | 1.0000 | 0.0200 | 0.0000 0.0000 | 0.0800 | 0.0000
shift large concave | 10 | 1.0000 | 0.0200 | 0.0000 0.0000 | -0.0600 | 0.0000
small convex 11 | 1.0000 | 0.0200 | 0.0000 2.0000 | 0.0200 | 0.0000
Shift in intercept small concave | 12 | 1.0000 | 0.0200 | 0.0000 | -2.0000 | -0.0300 | 0.0000
and slope large convex 13 | 1.0000 | 0.0200 | 0.0000 | 10.0000 | 0.0800 | 0.0000
large concave 14 | 1.0000 | 0.0200 | 0.0000 | -10.0000 | -0.0600 | 0.0000
Shift in quad. trend | large in v 15 | 1.0000 | 0.0200 | 0.0001 0.0000 | 0.0000 | 0.0008

on the homepage of P. PerronE]. Therefore, these two tests have been individually
implemented in the R software as functions and are provided in the attached
source code. The Perron-Yabu structural break test is implemented for the I(0)
case using the second option of the (27-times) spectral density estimate, as de-
scribed in (4.14). The R package aT'SA (Qiu (2015)) has been used for standard
unit root/stationarity tests DF, ADF, PP and KPSS, since it also allows for the
trend specification. The R package strucchange (Zeileis et al.| (2002))) has been
used for the Chow test and BDE and KP CUSUM tests. Explicit formulas for
approximation of the p-values as described in Sections 2.2.1 and 2.2.2 have been
used for the BDE and KP CUSUM tests.

The results of the simulation study for each of the choices of the autoregres-
sive parameter «, 1, 0.9, 0.6 and 0.3, are listed in Tables b.3] and [5.5]
respectively. For each of the tests we considered all three possible modifications
for Model I, Model IT and Model III.

For the use of the Chow test, we imputed the correct value of the break date
(Ty = 500) to the test. The overall performance of the Chow structural break test
is very poor, as expected. The test does not maintain the prescribed level in any
of the settings and thus confirms its role as an old-fashioned method with very
little practical applicability nowadays. Similarly, the classical CUSUM structural
tests have issues with correct level of the test, which however improves with the
lowering value of the parameter a. As suggested during the discussion of the
classical structural tests, they provide unreliable results in case of a unit root
error component and no structural breaks (see Table [5.2| - simulations 1-2). All
the classical structural break tests (Chow, BDE CUSUM and KP CUSUM) reject
the null hypothesis of no structural break in case of underspecified order of the
trend component without any break regardless of the value of the autoregressive
parameter « (see Tables - simulation 3).

Classical unit root tests seem to maintain the level of the test much better,
which in most cases is between 0.02 and 0.06 (see Table [5.2). As discussed
previously, these tests fail to reject the null hypothesis of unit root presence in
case of stationary errors and structural break in trend (see Table -p.5). The
tests demonstrate very low power in these situations, with the slight exception

IP. Perron homepage URL: http://people.bu.edu/perron/code.html

o6



of all tests used with the correct Model III. The only stationarity test KPSS
demonstrates analogous problem, when it fails to reject the null hypothesis of
stationarity in case of unit root errors and structural break in trend. On the other
hand, with structural break in trend and stationary errors it does not maintain
the level and rejects the null hypothesis very often even when it holds and error
component is stationary.

Compared to the previously described results, the results demonstrated by the
Perron-Yabu structural change test and the Kim-Perron unit root test show very
clear improvement in both the level maintenance and power of the tests. The only
case when both tests lack power is in the case of structural break in trend with
underspecified order of the trend component (simulation 15). The Kim-Perron
unit root test fails to reject the null hypothesis of a unit root error component in
all the three stationary cases (see Tables[5.3]- and the Perron-Yabu structural
change test rejects the null hypothesis of no break in all cases with the exception
of the variant for the Model I. The Kim-Perron unit root test also fails to reject
the null hypothesis of unit root in case of quadratic trend component without any
break and with autoregressive parameter value less than 1 (see Tables - -
simulation 3). In cases of structural breaks in at most linear trend the modern
Perron-Yabu structural break test is very powerful against all the considered
alternatives with stationary error component (see Table - . However, the
power is much lower in case of unit root errors and structural break in trend.
Overall, the results are more indicative than in case of the classical structural
break tests.
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6. Structural change detection in
the Czech GDP series

The main aim of this chapter is to demonstrate the application of the tests de-
scribed in Chapters 2-4 on a real dataset and compare how the interpretation
of results differs between the classical and modern methods. A replicable source
code in the R software is provided in the electronic attachment to this thesis. The
tests are applied to the time series of the Czech Gross Domestic Product (GDP).
The EUROSTAT databaseﬂwhich is a publicly available database of relevant
statistics for the European countries provided by the European Commission, is
used as a source for the original GDP time series?]

The available quarterly GDP time series for the Czech Republic spans from Q1
1995 to Q1 2019, i.e. containing 97 observations. The length of the real time series
is much shorter than the series length of 1000 considered in the simulation study
in Chapter 5. This will allow us to look at the indication of test performance in
smaller samples. From the available versions of data, we used the seasonally and
calendar adjusted time series of GDP at market prices measured in current prices
(mil. EUR). Such a choice eliminates any originally present seasonal component
of the time series. The behavior of the GDP of the Czech Republic between 1995
and 2019 can be found in the Figure[6.1] We observe a strongly upward trending
series, with two possible breaks. The first one occurs in 2008, when the level of
GDP dropped rapidly due to the global financial crisis. The second one can be
observed in 2014, when the economy started to grow at a seemingly higher rate
after a period of a relatively stagnant GDP. These two breaks can be observed
from the graph of the time series over the given period and we would like to
verify these observations by application of the structural break tests presented in
Chapters 2-4.

We are also interested in the 1(0)/I(1) nature of the error component, which
is unknown prior to the analysis of the series. A reliable knowledge about the
stationary vs. unit root nature of the error component could have important
implications for monetary policy or government intervention into the economy.
Due to the trend-reverting character of a trend-stationary series, any new policy
would, eventually, only have a short-term effect on the economy. On the other
hand, in case of a unit root character of the error component, any shock would
have a long-term effect on the series and thus any new government policy could
have a serious and long-term impact on the GDP level. These considerations are
of a theoretical nature, due to the vast amount of factors affecting the performance
and growth of an economy.

All the tests described in the following paragraph were applied with 5% signif-
icance level. First, we applied the classical structural change and unit root tests,
to draw conclusions based on the well-known methods. We see a change in both
level and trend function thus, we consider the Model III versions of the classical

'EUROSTAT data URL: https://ec.europa.eu/eurostat/data/database (accessed June 20,
2019)

2The GDP data can be found under Economy and finance — National accounts (ESA 2010)
(na10) — Quarterly national accounts (namq_10) — Main GDP aggregates (namq_10_ma)
— GDP and main components (output, expenditure and income) (namq_10_gdp)
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Figure 6.1: Quarterly time series of the Czech GDP at market prices in mil. EUR
from Q1 1995 to Q1 2019.

tests and the obtained p-values can be found in Table[6.1] Both structural change
tests (BDE CUSUM and KP CUSUM) reject the null hypothesis of no structural
break. The unit root tests cannot reject the null hypothesis of a unit root pres-
ence in the series. However, based on the practical recommendations we combine
their results with testing the stationarity hypothesis by the KPSS test. As we can
observe, the KPSS test cannot reject the stationarity null hypothesis, leading to
an inconclusive result based on the classical methods. Therefore, we are unable
to conclude anything about the 1(0)/I(1) nature of the error component using the
traditional methods. This result is in line with the simulation evidence described
in Section 3.6 regarding the poor performance of the confirmatory analysis that
combines a classical unit root tests with the KPSS stationarity test.

Table 6.1: Results of classical methods applied to the GDP time series of the
Czech Republic (results significant at 5% level shown in bold)
H, Test Model p-value
No structural BDE CUSUM III 0.005
break KP CUSUM  III 0.011

Unit DF I11 0.815
oot ADF I11 0.616

PP I11 0.636

Stationarity =~ KPSS 11 0.100

Finally, we applied the Perron-Yabu structural change test for the level shift
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(Model I) and a shift in both level and slope (Model I1T). Subsequently, we applied
the Kim-Perron unit root test to test for a unit root presence in the error com-
ponent. The results of the testing can be found in Table [6.2 The Perron-Yabu
test rejects the null hypothesis of no structural break for both models. Similarly,
based on the Kim-Perron unit root test we cannot reject the unit root null hy-
pothesis in both cases. Interestingly, the test for a level shift estimates the break
date precisely at Q3 2008, which corresponds to the drop in GDP level due to the
global financial crisis. The test for a shift in both level and linear trend, estimates
a different break date at Q4 2012, corresponding to the quicker growth in GDP
from around 2014. The estimate is most likely distorted by the level shift that
took place in 2008, which caused the second break date estimate to be sooner
than what we observe in Figure [6.1 Unlike in the case of the classical methods,
we obtained a clear indication of the unit root presence in the series. Finally, the
original GDP series together with the trend estimates from the Kim-Perron test
can be found in the Figure[6.2] We observe similar estimates before the estimated
break dates, but the estimate for the Model III clearly dominates the one for the
Model T after the first estimated break date.

Table 6.2: Results of Perron-Yabu and Kim-Perron tests applied to the GDP
time series of the Czech Republic

H, Test Model Result Break estimate
No structural I Hy rejected -
break Perron-Yabu III Hy rejected -
Unit . I Hj not rejected Q3 2008
root Kim-Perron I1I Hj not rejected Q4 2012
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Figure 6.2: Quarterly time series of the Czech GDP with estimated trend func-
tions from the Kim-Perron test (Model I, Model IIT).
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Conclusion

The main aim of this thesis was to review and compare the classical as well as
the modern econometric methods of structural change detection and unit root
testing. The classical structural break tests like the Chow test or the CUSUM
type tests impose certain assumptions on the noise component. It is usually
assumed to be either stationary or integrated and the limit distribution of the
classical tests depends on the nature of the noise component. Even though a
prior knowledge about the correct error structure is desirable, this is usually
not the case. Applying any of the usual unit root tests, such as the Dickey-
Fuller test, Augmented Dickey-Fuller test, Phillips-Perron test or the KPSS test
for stationarity, does not usually help. These methods require prior knowledge
about the structural break presence to maintain good power. This leads us to a
circular problem since to test for a unit root in errors we need information about
the structural break presence and vice versa.

The modern methods for structural break and unit root testing addressed
the lack of a priori knowledge about the noise component. The structural break
test by [Perron and Yabu (2009b) aims to test for a structural break in a time
series with at most a linear trend without assuming the I(0) or I(1) structure of
the errors. Subsequently, [Kim and Perron| (2009)) proposed a unit root test that
allows for a break in trend under both the null and the alternative hypothesis.
The Kim-Perron unit root test uses the Perron-Yabu structural break test as
a pre-test to provide a powerful pair of tests that avoids the circular problem
described above.

This thesis contains a comprehensive overview of the classical structural break
tests in Chapter 2 and the classical methods for unit root testing in Chapter 3.
It further focuses on presenting the tests by Perron and Yabu| (2009b) and Kim
and Perron| (2009) in Chapter 4. Besides providing a detailed literature review
of a wide range of sources using a unified notation, it also contains an extended
background section on the functional limit theory for dependent heterogeneously
data. Particularly, the results by |Phillips| (1987)) and Phillips and Perron| (1988])
are presented in Section 3.1 with all the necessary background theory. Further-
more, a detailed proof of Theorem [2| with an addition of all the originally omitted
steps is contained within Section 3.1. This theoretical foundation is then re-
ferred in both the classical unit root tests in Chapter 3 and the modern methods
presented in Chapter 4.

A Monte-Carlo simulation study has been performed to assess the power of
the considered tests presented with the results presented in Chapter 5. Another
contribution of this thesis is the software implementation of the Perron-Yabu and
Kim-Perron tests in the R software, which is not yet available in any R pack-
age to the best of our knowledge. The usually considered simulation scenarios
of intercept and/or linear trend have been supplemented by a scenario with a
quadratic trend. The simulation study confirmed the results of several simula-
tion studies conducted before. The classical structural break tests showed issues
with the correct level of test and thus provided unreliable results. The classical
unit root tests maintained the prescribed significance level much better. How-
ever, they failed to reject the null hypothesis in case of stationary errors and
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structural break in trend. This result confirmed the importance of addressing the
circular problem between the unit root and structural break testing. The KPSS
stationarity test demonstrated analogous problems, when it failed to reject the
null hypothesis of stationarity in case of unit root errors and structural break
in trend and showed issues with the correct level. Overall, the results demon-
strated by the Perron-Yabu structural break test and the Kim-Perron unit root
test showed clear improvement in both the level maintenance and power of the
tests. However, both tests lacked power in case of shift in a quadratic trend.
The Kim-Perron unit root test also performed poorly in case of a quadratic trend
without any break with stationary errors. In cases of structural breaks in at most
linear trend the Perron-Yabu structural break test is very powerful against all the
considered alternatives with stationary error component. However, the power in
case of unit root errors is much lower compared to all the considered stationary
cases.

Finally, the described methods have been applied to a quarterly GDP time
series of the Czech Republic. The Perron-Yabu test as well as the CUSUM
structural break tests detected a structural break in the Czech GDP between
1995 and 2019. Both classical unit root tests and the KPSS test did not reject
the corresponding null hypotheses thus leading to an inconclusive result of the
confirmatory analysis. The Kim-Perron test did not reject the null hypothesis of a
unit root presence in the Czech GDP time series. We considered both an isolated
level shift in a series and a shift in both the level and slope of the linear trend.
The level shift was estimated at Q3 2008 and corresponded with the impact of the
global financial crisis on the Czech economy. When considering also the change
in slope, the break was estimated at Q4 2012 and roughly corresponded to a
perceived higher rate of growth in GDP from 2014. This result emphasises the
relevancy of multiple break tests.

Based on the results of the simulation study, the classical methods proved
to lack power and not to maintain the prescribed significance level in most of
the scenarios considered. The Kim-Perron unit root test proved to be helpful in
the practical application to the GDP data, since the confirmatory analysis led
to an inconclusive result. Therefore, based on the obtained results it could be
recommended to replace the well-known structural break and unit root tests in
the practical applications by the methods of Perron-Yabu and Kim-Perron. It is,
however, very important to choose the correct modification of the modern tests
based on the perceived break in an intercept and/or linear trend as demonstrated
in the practical application.

The simulation study performed in Chapter 5 has been designed so that the
structural break always occurred in the middle of a relatively long time series.
The performance of the Perron-Yabu and Kim-Perron test has been satisfactory
in the given framework and showed clear improvement compared to the classical
methods. However, these results do not provide any evidence for the performance
in situations when the break occurs early in the series or close to the end of the
series. Future simulation study could be conducted to compare the classical and
modern methods in this alternative framework.

The recently developed methods by [Perron and Yabu| (2009b) and Kim and
Perron (2009) showed significant improvement in the power of tests against most
alternatives while maintaining the prescribed significance level quite well. How-
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ever, both of the tests lacked power against the alternative with quadratic trend.
Therefore, the future research work could focus on constructing tests applicable
with a general non-linear trend. The most recent advances in the field by Per-
ron et al.| (2017) have already proposed such a structural break test. Possible
extension of this thesis could compare the performance of the Perron-Yabu test
with the test by [Perron et al.| (2017). Furthermore, tests suitable for the multiple
break cases could be considered, which was not in the scope of this thesis.
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Appendices

A1 Critical region for the Brown-Durbin-Evans
CUSUM test

The step-by-step derivation of the critical region as originally proposed by |Brown
et al.| (1975)) for the CUSUM test is presented in this appendix.
Properties of the recursive residuals imply that

E (w.)=0, Var(w,)=r—k, Cov (w,ws)=minl(rs)—k.

Thus the test statistic CUSUMPPE is approximated by a continuous Gaussian
process {Z;, k < t < T} with these mean and covariance functions, which is a
Brownian motion starting from zero at time ¢ = k. To asses the significance of
departure of the sample of the test statistics from the zero mean line, we want to
construct a symmetrical set of straight lines around the line E (C’U SU MPDE) :
so that the crossing probability of each or both lines between time t = k and
t =T is the prescribed significance level «. If the critical region was supposed to
be bounded by curves, it would be a set of curves A/t — k for some constant
A, since the standard deviation of Z; is v/t — k. The authors decided to choose a
set of straight lines to maintain simplicity of a test, thus the adopted procedure
chooses a set of straight lines tangent to the curves £Av/t — k at the points
halfway between ¢ = k£ and ¢ = T. We obtain a set of pairs of straight lines
passing through the points

[kz, +av'T — k:] and {T, +3avT — k:] ,

where a is a parameter to be chosen depending on the significance level a. It
remains to choose the correct value of the parameter a, so that the probability
that the sample path of Z; crosses the set of lines is /2. We assume that the
probability that CUSUMPBPE crosses both lines is negligible, which is reasonable
for the commonly used values of a up to 0.1. The result of Lemma 3 by |Durbin
(1971)) gives for the probability of Z; crossing the line y = d + ¢ (t — k) for some
t € (k,T) the formula

Q(d—i—c(T—k)

S ) +exp(—2dc)Q<d_C(T_k>>’

T—k

where Q (z) = \/% [2° exp (—“72) du. To obtain the crossing probability for the

line y = avT —k + 2a(t — k) /T — k, we substitute for d = ay/T — k and
¢ = 2a\/T — k. Hence the following equation should be solved for a
o
Q (30) + exp (~4a%) (1 - Q(a) = 5.
Brown et al. (1975)) recommend the following choices of a(«) for the commonly
used significance level values «,
a(0.01) = 1.143,
a(0.05) = 0.948,

a(0.10) = 0.850.
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The CUSUM test is usually presented in a reparametrized form equivalent to
the original one proposed by [Brown et al.| (1975). The idea of a line crossing by
the test statistic can be expressed by

CUSUMPPE| > a(a)/T —F + 2a(a)——"—.
’ JT -k

or, equivalently, by

CUSUMPPP
VT = k(1 +2528)

The proposed test would reject the null hypothesis if

> a(a).

CUsuMEPE |
sup > ala).
kt1<r<T | /T — k(l T 2;;:’;)

This statistic can be reparametrized using r = k + z (1" — k), to shift the index
from the interval [k + 1,7 to the interval [0, 1], i.e.

CUSUMPPE > a(a)
su ,
ogz% VI —k(1+22)]

where CUSUMPPP = Lyt 200y 0 < 2 < 1.
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A2 Wiener process and related theory

An important topic used throughout the main part of the thesis is that of a
weak convergence of probability measures in the space C[0,1] or D[0,1] and the
functional central limit theory in these spaces. The main aim of this section is to
provide a coherent overview of the applied theory. The theory is presented in a
depth sufficient for understanding the derivations in the main part of the thesis.
However, the overview is by no means exhaustive and the reader is referred to
Billingsley| (1968) Chapters 2 and 3 for a detailed explanation of the used terms
and concepts.

First, let us define the Wiener process, which plays a crucial role in the study
of weak convergence and represents the limit process in the functional central
limit theory.

Definition 15. A (standard) Brownian motion or (standard) Wiener pro-
cess is a stochastic process W = {W(r), r € [0,1]} with the following properties

e The process starts at 0 a.s., i.e.

e The process has independent increments, i.e. if 0 <rg<ry <---<rp <1
then
W(ry) — W(ro), W(ry) — W(ry),...,W(ry) — W(rg_1)

are independent random variables.

o For0<s<r<1theincrement W(r) —W(s) is normally distributed with
zero mean and variance r — s, i.e.

:1/“ ¢
\/2m(r — ) /o0

e The process has continuous sample paths.

PW(r) — W(s) < a] —20=9) g,

The Wiener process as defined above is a Gaussian process on [0, 1] with
independent increments, which are stationary, meaning that the distribution of
the increment W (r) — W (s) depends only on the difference in the time indices
r — s. Existence of such a process has to be proved. For more details on different
approaches to construction of the Wiener process see Billingsley| (1979)) Section
37 or Billingsley| (1968) Section 8.

We first focus on the space C[0,1] of all real-valued continuous functions on
the closed unit interval [0,1]. We endow it with the uniform metric p, which
assigns a distance between two functions z, y € C10, 1] as

p(z,y) = sup |z(r) —y(r)|.
0<r<1
Another important notion that will be introduced in line with Billingsley| (1968])
is that of a random function. Let (€2, F, P) be a probability space and let X
map (2 to C[0,1]. Then for w € 2, X (w) is an element of C0, 1] attaining values
X(r,w) for r € [0, 1].
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Let us consider a sequence of i.i.d. random variables {&;}32, on a probability
space (€, F, P) with zero mean and finite variance o > 0. Let us further denote
the partial sums of & as Sr = Y1, &, T € N and define Sy = 0. Then we can
define the following two sequences of random processes X< = {X&(r),r € [0,1]}
and XE = {XP(r),r € [0,1]} as

1 1

X5 (r) = =S\ + (Tr — LTTJ)W&MH

N (A2.1)

and
1
VTo

There is a fundamental difference between the two sequences of random pro-
cesses. The first sequence defines a sequence of random elements of C[0, 1].
Each X§ has continuous sample paths thanks to the linear interpolation of the
values between the points i/7T. In contrast, the sample paths of the second se-
quence are discontinuous with jumps in each of the points i/T. Therefore,
it is not a sequence of random elements of C[0, 1], which assumes continuity of
the sample paths.

The functional central limit theorem (FCLT) in the space C[0, 1] derived
by Donsker] (1951)) is focused on the limit behaviour of X& and is also called the
invariance principle or Donsker’s theorem. We will later see that an analogous
result holds also for XX, but in the space D|0,1], which allows for the jump
discontinuities. On the one hand this result provides us with the limit distribution
of the standardized partial sums of i.i.d. random variables, on the other hand it
also proves the existence of the Wiener process as defined by Definition [I5]

XP(r) = S\ (A2.2)

Theorem 5 (FCLT in C, Billingsley (1968]) Theorem 8.2). If &1, s, ... are i.i.d.

with zero mean and finite variance o > 0, and XS are the random functions

defined by , then as T — oo
X$ =W
in C[0,1].
Proof. See Billingsley| (1968) p. 91. O

The result of Theorem [5] is often not sufficient for the applications we seek.
It is often necessary to use the limit distribution of X7, which similarly as X
converges weakly to the standard Wiener process. However, we need to define
the space D[0, 1] and the Skorohod topology to obtain that result.

Definition 16 (Billingsley| (1968) p.121). The space D[0,1] is defined as the
space of all real-valued functions x on [0,1] that are right-continuous and have
left-hand limits, i.e.

e Forr e [0,1), x(r+) =lim x(s) ewists and xz(r+) = x(r).

s\

o Forre (0,1], z(r—) = li}n x(s) exists.
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Functions belonging to the space D[0, 1] are also called the cadlag functions.
As mentioned earlier, the space D|0, 1] is constructed in such a way that it allows
the jump discontinuities (or the discontinuities of the first kind). Naturally, all
real-valued continuous functions on [0,1] fulfill the conditions of Definition [16]
therefore C10, 1] is a subset of D[0, 1].

As Billingsley| (1968)) notes, two functions x and y are near one another in the
uniform topology used for the space C|0, 1], if the graph of z(r) can be carried onto
the graph of y(r) by a uniformly small shift in the vertical coordinates without
any changes to the (time) coordinates r. In other words, we keep the horizontal
time scale intact and only shift the values of the function z. As Billingsley| (1968)
further adds, in D[0, 1] this no longer holds as we also allow a uniformly small
deformation of the time scale, i.e. of the horizontal axis. Skorohod derived
a topology on the space D[0,1] that expresses exactly this idea. For a step-
by-step derivation of the Skorohod topology and its properties see Billingsley
(1968)) Section 12. We will only introduce the basic concept and definition of the
Skorohod topology.

In order to define the Skorohod topology, let us denote the class of strictly
increasing bijections from [0,1] to [0,1] by A. It holds for A € A that

A0)=0 and A(1)=1.

Definition 17 (Billingsley (1968) p. 124). For x and y in D|0,1] let us define
the following metric

o) = ot { sup IN) =71V sup [o(0) = 9D}
€A |o<r<1 0<r<1
The topology on DI0, 1] induced by the metric d is called the Skorohod topology.

Having the space D]0, 1] endowed with the Skorohod topology, the validity of
the FCLT in this space can be showed.

Theorem 6 (FCLT in D, Billingsley (1968) Theorem 14.1). If &1, &, ... are i.i.d.
with zero mean and finite variance o > 0, and XS are the random functions

defined by (A2.2), then as T — oo
X§ = w
in DI0,1].
Proof. See Billingsley| (1968) p. 147. O

There exist several generalizations of the FCLT in the space DI0,1]. The
following one used in Section 3.1 was derived by Herrndorf (1984)). The conditions
imposed on the sequence of random variables are fulfilled, if the conditions of
Assumption[I]are fulfilled. In the following theorem, the strongly mixing sequence
is defined by Definition [I4]

Theorem 7 (Herrndorf (1984) Corrolary 1). Let 5 € (2,00] and v = 2/f3. If the
sequence {& }ien satisfies the following conditions

e E&,=0,EE2 <oo forieNN.
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° Tlim ET 5% =02 >0 for some o > 0.
—00

o {&}ien is a strongly mizing sequence with mizing coefficients {am, tmen ful-

filling
> a7’ < oo.
meN
o sup £ |&|” < 0.
ieN
Then as T' — oo
x¢ 2w
Proof. See Herrndorf| (1984) p.148. O

Another result which is used extensively in the derivations in Section 3.1 is
the continuous mapping theorem (CMT).

Theorem 8 (CMT, [Phillips| (1987) Lemma 2.3). If X¢ 25 W as T — oo and
h is a continuous functional on D[0, 1], i.e. continuous except for at most a set
of points Dy, C D[0,1] for which P[W € D] =0, then as T — oo

h(XE) 25 h(W).
Proof. See e.g. Billingsley (1968)) p.31. O

The following result is the well-known formula by It6, which is used in the
derivations in Section 3.1 of the thesis. For more details about the construction
of the stochastic integral and the It6’s formula, see Klenke (2006]) Section 25.

Theorem 9 (It6’s lemma, Klenke| (2006) Theorem 25.27). Let f be a twice con-
tinuously differentiable function, f € C2. Then we have the Ito’s formula for the
Wiener process

FOVE) = V) = [ FOVE)aW(s) +5 [ V(s e o.1)

Proof. See Klenke, (2006) p. 556. O

Finally, we will define a random process, which is based on the Wiener process
and plays a crucial role in the limit distributions of the test statistics presented
in Chapters 2-4. It is the so-called Brownian bridge, which represents another
important process on the space C[0, 1].

Definition 18 (Klenke| (2006) p. 455). Let W = {W(r),r € [0,1]} be the
(standard) Wiener process. Then the centred Gaussian stochastic process B =
{B(r),r € [0,1]} with continuous paths defined by

B(r) :=W(r) —rW (1), re€]0,1],
is called the Brownian bridge.

The Brownian bridge is sometimes also called the 'tied-down’ Wiener process
due to its property that B(0) = B(1) = 0.
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A3 Feasible generalized least squares estimation

This attachment explains the feasible generalized least squares (FGLS) method
in more detail. This attachment is mainly based on [Fomby et al.| (1984) Chapters
2,8 and 10 and its main aim is to provide the reader with the most important
principles of the FGLS method used throughout Chapter 4 of the thesis.

This method deals with situations when the assumption of uncorrelated errors
is not tenable. As the following results show, there are a lot of benefits to gain
from considering alternatives to the independent error assumption of the linear
regression model. We will focus on the case of the AR(1) correlation structure of
errors, which is used by several tests in Chapter 4.

To represent this type of error structure, let us first define the generalized
linear model.

Definition 19 (Fomby et al. (1984)) Definition 2.5.1). The generalized linear
model is defined by
y = XU + u, (A3.1)

where'y is a T x 1 vector of observations on the dependent variable, ¥ is a k x 1
vector of unknown coefficients and

e X is al' X k non-stochastic matrix of observations on the explanatory vari-
ables,

e u is al x 1 vector of random unobservable errors with the properties
E(u) = 0 and E(ud) = o%Q, where Q is a known symmetric, positive
definite matrix,

o lim (X'Q7'X/T) = Qq is finite and non-singular.

T—o00

In our case of the AR(1) correlation structure of errors, we assume that
Uy =uy_1+e, t=1,...,T. (A3.2)

We further assume that || < 1, the errors {e;}____ are i.i.d. with zero mean
and variance o2 and the stationary stochastic process generating u; began in the
infinite past. Using the autoregressive character of u; described in (A3.2)), we
obtain the following representation

ut:Zaiet_i, t=1,...,T. (A3.3)
i=0

Let us take a closer look at the exact shape of the matrix Q. In case of AR(1)
error terms {u;}._; the covariance matrix has the following form

1 o a1
2
o a 1
Euu' =02Q=—°_
¢ 1—a2
: . «Q
o1 .« 1

For details on derivation of the covariance matrix, see e.e. [Praskova/ (2018).
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As Fomby et al.| (1984) note, in cases when the covariance matrix of u is not
a multiple of the identity matrix, the OLS estimate is inefficient relative to the
GLS estimate, which is defined in the following theorem which is the well-known
Aitken’s theorem.

Theorem 10 (Fomby et al.| (1984) Theorem 2.5.1). In the generalized linear
model the estimator A
U= X'Q'X)"'X'Q 1y

is efficient among the class of linear, unbiased estimators of V.

In our case, the inverse of the matrix €2 is of the form

1 —« O

—a (1+a?) -«

O —c;z (1+a?) —a

o 1

When (2 is known, the generalized linear model can be transformed to

Py = PXW + Pu, (A3.4)
where _
V1—a? O
e 1
I —a 1
is the Prais and Winsten (1954)) transformation matrix and it holds that P'P =
Q=1 Thus the transformed system can be expressed for t = 2,...,T as

Y — oy =V (z1 —oxpq1) + -+ Vo, — azp_1g) + up — o,

= (1 —al)xp® + (1 — aL)u,
while for the first observation it gives

V1—aly; =v1—-ao?Uz; + -+ V1 —a?Vxp + V1 — oy,

The error terms of the transformed model are iid, therefore one can apply
OLS directly to to obtain the GLS estimate of ¥ as defined by the Aitken’s
theorem
UV — (X'P'PX)"'X'P'Py = (X'Q'X)'X'Qly.
For € to be known, « has to be known. However, we usually encounter the
situation when « is unknown. In that case, « is replaced by a consistent estimate
&. Replacing a with & in the GLS formula leads to a FGLS estimator of ¥, which
we denote by
UhW = (X'P'PX)'X'P'Py.
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The second commonly used correction for the AR(1) serial correlation of error
terms was proposed by |Cochrane and Orcutt (1949). They proposed to use the
following transformation matrix

—a 1 (T—-1)XT

which omits the first observation. The transformed model can be expressed as
Cy = CXW¥ + Cu,

where y, X, u are of dimensions 7" x 1,7 x k and T x 1 respectively. Thus one
obtains the Cochrane-Orcutt transformed system for t =2,...,T as

Y — oy = V(v —axigq) + -+ Vi(ope — axpoy ) + up — o,
=(1—-al)x;® + (1 — aL)u,.

The GLS estimator is obtained as the OLS estimate from the transformed system
v, = (X'C'CX)IX'C'Cy

After replacing o by a consistent estimate & in the GLS estimate \ilggs one
obtains the FGLS estimate of ¥ denoted by

U9, . = (X'C'CX)IX'C'Cy.

As |Canjels and Watson| (1997)) claim, the original Cochran-Orcutt FGLS estima-
tor is often paired with an additional condition of the first observation, especially
in the unit root literature. This case is usually referred to as the ’conditional case’
and it is used in the tests introduced in Chapter 4. The additional condition is

yi =V 4+ Yz +w

and the related FGLS estimate is denoted by @ggw. The conditional case and
the Cochrane-Orcutt method is sometimes used interchangeably in the literature,
even though Cochrane and Orcutt originally proposed it without the condition
on the first observation. Thus, one has to pay attention to whether the additional
condition is directly mentioned.

Both the Prais-Winsten and the Cochrane-Orcutt FGLS methods require a
replacement of « by a consistent estimator &. There exist multiple consistent es-
timates of a. However, only the following one suggested by |Cochrane and Orcutt
(1949) is used in the FGLS estimates throughout Chapter 4. They suggested
using a least squares estimator of a constructed in the following way. The error
terms u; in the assumed equation

U = aqus_q +e, t=1,...,T (A2.2)
are replaced by the OLS residuals 4, from the regression (A3.1) and the OLS are

applied on the resultant autoregression. Then the least squares estimate is
>y iyl

Q=
T ~2
Dot Up_q.
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This least squares estimator is consistent as proved by [Press (1972) p. 273-276.
Fomby et al.| (1984) remark that since the AR(1) model with an unknown
parameter « is a FGL model, the usual tests of hypotheses are asymptotically
valid even if the normality assumption is violated. However, if the normality
assumption does not hold, asymptotic efficiency can no longer be claimed.
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