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Introduction
In the last few decades generalizations of ordinary manifolds were considered in
mathematical physics to better describe particles including fermions, for which
was needed to introduce anticommuting coordinates.

There is currently a lot of papers and study texts on the supermanifolds,
which are something like ordinary manifolds together with a vector space in each
point and these coordinates anticommute when we consider polynomial functions
on this vector space. Thus supermanifolds come up with natural Z2-grading.

In recent years Z-graded manifolds were also considered, which are general-
izations of supermanifolds in the sense, that elements of odd degree anticommute
with each other, but elements of even degree commute with everything.

In this bachelor’s thesis, we develop the theory of Z-graded manifolds and
then apply it to describe a unified construction of action functionals of a few
topological field theories. This construction known as AKSZ formalism was first
described in the article Alexandrov et al. [1997]. The thesis is inspired primarily
by Cattaneo and Schätz [2011], where the theory including AKSZ formalism is
developed, but it is written for a physics audience, so a lot of things are not
explained formally. We will try to fill in some of the details, but it will not be
possible to be thorough all the time and especially the last two chapters will not
be so exact.

It seems that the theory of graded manifolds from scratch is not well-developed
yet – for example, there is not yet even a consensus on how to best define graded
manifolds. In Fairon [2017] basics are I think well developed and this thesis is
making use of this article, too, but unfortunately, different definitions are used
there than here and in Cattaneo and Schätz [2011] (at one point formal power
series are allowed instead of just polynomials).

In the first chapter, we establish the needed basics of algebraic geometry
(defining sheaves, locally ringed spaces, etc.) and at the end of this section, we
are ready to write out our definition of a graded manifold.

In the second chapter, we generalize concepts of vector fields, differential
forms, and symplectic geometry to graded manifolds and we find local descrip-
tions for them.

The third chapter is a little bit less formal – we are not making a lot of
assumptions in theorems and just hope that our computations work in sufficiently
nice but still non-trivial cases. Here we describe the AKSZ construction.

Finally, in the last chapter, we use special cases of AKSZ formalism to find a
description of one topological field theory known as the Poisson sigma model. By
that, we mean finding an action on the space of fields in local coordinates, from
which the physics is then derived.
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1. Graded structures
In this chapter, we define Z-graded manifolds. Since we will not use different
grading, anywhere we write, that something is graded, we mean Z-graded. This
chapter is based on the first section of the third chapter of the article Cattaneo
and Schätz [2011].

1.1 Graded algebras and vector spaces
Definition 1. Let K be a field, R a K-algebra and i : K ↪→ Z(R) inclusion of
K into a center of R. We call R together with a decomposition R = ⨁

k∈Z Rk a
graded K-algebra, if i(K) ⊆ R0 and ∀α, β ∈ Z : RαRβ ⊆ Rα+β. Elements of Rα

are then called homogeneous of degree α. Homomorphisms of graded K-algebras
are homomorphisms of K-algebras which preserve the grading.

Definition 2. Graded vector space V is collection (Vi)i∈Z of real vector spaces
indexed by integers. If a vector v is an element of Vi, then i is called the degree
of v and we write |v| = i.

First, we define polynomial algebras of graded vector spaces, such that vectors
with an even degree will commute with everything, but two vectors with an odd
degree will anticommute with each other.

Definition 3. The dual of a graded vector space V = (Vi)i∈Z is V ⋆ = (V ⋆
−i)i∈Z.

The graded symmetric algebra S(V ) of a graded vector space V is the tensor
algebra of ⨁i∈Z Vi factored by an ideal generated by all elements from the set
{v ⊗ w − (−1)|v||w|w ⊗ v | v ∈ V|v|, w ∈ V|w|}. The algebra of polynomial functions
of graded vector space V is S(V ⋆).
Example. Let V be a graded vector space. If Vi is trivial for all odd i, then
the algebra S(V ⋆) can be considered as the algebra of polynomials with real
coefficients in variables corresponding to any given basis of V ⋆. (By basis of a
graded vector space V ⋆, we mean a union of bases of V ⋆

i .)
On the other hand if Vi is trivial for all even i, then S(V ⋆) are polynomials in

anticommuting variables, specially x2 = 0 for any x ∈ S(V ⋆).

Lemma 1. The graded symmetric algebra S(V ) of a graded vector space V is a
graded K-algebra.

Proof. Let us write S(V ) = T (V )/I, where T (V ) is the tensor algebra and I the
ideal from the definition. We set that the p ∈ S(V ) is homogeneous of degree k,
if there exists homogeneous q ∈ T (V ) of degree k, such that p = q + I. If p is
non-zero, this degree is unique since any r ∈ q + I has a non-zero homogeneous
part of degree k, because q /∈ I and I is generated by homogeneous elements.

Multiplication of two homogeneous polynomials of degrees α, β yields a ho-
mogeneous polynomial of degree α + β.

Every element of p ∈ S(V ) can be written as a sum of homogeneous elements.
Let p = q + I and q = ∑

i∈J qi where J is finite set of indices and qi homogeneous.
Then p = ∑

i∈J(qi + I). Therefore S(V ) is graded algebra.
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To make graded vector spaces as objects in a category, we should define mor-
phisms between them. When we already have the grading defined on vector
spaces, we can define these morphisms in such a way, that the grading is pre-
served.
Definition 4. Graded linear map f between graded vector spaces V, W is a col-
lection of linear maps (fi)i∈Z, fi : Vi → Wi.

Identities are graded linear maps and the composition of two graded linear
maps is again a linear map. Therefore we have successfully defined a category of
graded vector spaces, where objects are graded vector spaces and morphisms are
graded linear maps.

We can also define linear maps that shift the degree of vectors by a fixed
integer.
Definition 5. Let V = (Vi)i∈Z be a graded vector space and k an integer. The
shifted graded vector space V [k] is defined as (Vi+k)i∈Z. The graded linear map of
degree k between two graded vector spaces V, W is a graded linear map between V
and W [k].
Remark. Graded linear maps are exactly graded linear maps of degree 0.

1.2 Sheaves and locally ringed spaces
In the definition of graded manifold, we will be using the language of algebraic
geometry since it will be useful in the rest of the text. In this section, we define
the necessary background inspired by the second chapter of the book Vakil [2015].
Definition 6. Sheaf is a topological space X together with set F (U) for every
open set U and maps resV,U : F (V ) → F (U) for every pair of open sets U ⊆ V ,
such that following axioms holds:

• If U ⊆ X is open, then resU,U is the identity map on F (U).

• If U ⊆ V ⊆ W ⊆ X are open in X, then resV,U ◦ resW,V = resW,U .

• If (Ui)i∈I is an open cover of an open set U and f1, f2 ∈ F (U) are such
that ∀i ∈ I : resU,Ui

(f1) = resU,Ui
(f2) then f1 = f2.

• If (Ui)i∈I is an open cover of an open set U and for every i ∈ I there are
elements fi ∈ F (Ui) such that ∀i, j ∈ I : resUi,Ui∩Uj

(fi) = resUj ,Ui∩Uj
(fj),

then there exists f ∈ F (U) such that ∀i ∈ I : resU,Ui
(f) = fi.

Maps resV,U are usually called restriction maps and we can think of elements
of F (U) as some kind of functions defined on U , but they do not have to be
functions in the usual sense. The last condition allows us to ”glue” compatible
functions on smaller sets, which is a concept we need in a definition of ordinary
manifolds.

If the sets F (U) have the ring structure and restriction maps are ring homo-
morphisms we call such sheaves ringed spaces. In this case we use the notation
OX(U) instead of F (U). To capture the behavior of sheaves at points we define
germs of the functions and stalks.
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Definition 7. Let F be a sheaf with underlying topological space X and p ∈ X.
The stalk Fp is defined as the set of equivalence classes of set ⨆U⊆Xopen,p∈U F (U)
– the disjoint union of all open sets containing p – with respect to relation ∼
defined by ∀f1 ∈ F (U1), f2 ∈ F (U2) : f1 ∼ f2 ⇔ ∃U ⊆ U1 ∩ U2, p ∈ U such that
resU1,U(f1)=resU2,U(f2). The equivalence class of f is called germ of f .
Lemma 2. The relation ∼ is an equivalence. Moreover, if F is a ringed space,
then Fp is a ring.

Proof. The relation ∼ is clearly symmetric and reflexive. It is also transitive,
because if f1 ∼ f2 (and they coincide on an open set U containing p) and f2 ∼ f3
(and they coincide on an open set V containing p), then f1, f3 coincide on an
open set U ∩ V , which clearly contains p.

If F is a ringed space, we can define 0 = [0X ]∼, 1 = [1X ]∼, −[f1]∼ = [f1]∼,
[f1]∼ + [f2]∼ = [g1 + g2]∼, [f1]∼[f2]∼ = [g1g2]∼, where g1, g2 are restrictions of f1
and f2 to an open set, where both of them are defined. By the similar arguments
(taking small enough open neighborhood) it is easy to prove, that these operations
are well defined and they give Fp a ring structure.
Definition 8. We call a ringed space OX over a topological space X a locally
ringed space, if for every p ∈ X the stalk OX,p is a local ring (which means by
definition that it has a unique maximal ideal).
Example. An ordinary manifold M is a special case of locally ringed space:
OX(U) := C∞(U) and restriction maps are just restrictions of smooth functions.
Stalks are local rings since every smooth function f , which is nonzero at a point
p admits a neighborhood, where is nonzero, thus the germs of f are invertible.
Germs of functions which are zero at p then form a unique maximal ideal.

From now on we restrict our attention from sheaves to ringed and locally
ringed spaces, which are essential in the following part of the thesis. We are
now ready to define morphisms of ringed and locally ringed spaces and show that
these spaces are objects in a category.
Definition 9. Let (X, OX), (Y, OY ) be ringed spaces. Morphisms of ringed spaces
are continuous functions f : X → Y together with ring homomorphisms f#

V :
OY (V ) → OX(f−1(V )) for every open subset V of Y , such that the diagrams

OY (V ) OX(f−1(V ))

OY (U) OX(f−1(U))

f#
V

resV,U resf−1(V ),f−1(U)

f#
U

commute for every U ⊆ V ⊆ Y .
Remark. Morphism of ringed spaces (X, OX), (Y, OY ) induces ring homomor-
phisms between stalks OY,f(p) and OX,p for every p ∈ X. We just map the germ
of g ∈ OY (V ) to the germ of f#

V (g) ∈ OX(f−1(V ))). The fact, that this map is
well-defined follows easily from definitions. If we wished to prove that two func-
tions g, h with the same germ in OY,f(p) are mapped to functions with the same
germ in OX,p, it suffices to consider small enough neighborhood of f(p) and use
the commutation property of restriction maps with homomorphisms f#. When
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we know that the induced map is well-defined, it immediately follows, that this
map is a ring homomorphism.
Definition 10. Let (X, OX), (Y, OY ) be locally ringed spaces. Morphisms of
locally ringed spaces are morphisms of ringed spaces such that the induced map of
stalks φ : OY,f−1(p) → OX,p maps the unique maximal ideal in OY,f−1(p) into the
unique maximal ideal in OX,p.
Remark. Morphisms of ringed or locally ringed spaces are defined in such a way,
that they form a category. The proof is really easy – it suffices to write down the
definitions. Therefore we can talk about isomorphisms (epimorphisms, monomor-
phisms) of ringed or locally ringed spaces.

1.3 Graded manifolds
Definition 11. Let n be a non-negative integer, U an open subset of Rn and W
a graded vector space. Denote by (U, OU) the ringed space defined by OU(V ) =
C∞(V ) ⊗ S(W ⋆) for every open subset V of U . For every pair of open subsets
V1 ⊆ V2 set resV2,V1(f ⊗ w) = f |V1 ⊗ w. Every OU(V ) is graded algebra with
homogeneous functions f ⊗w (where f is arbitrary and w homogeneous) of degree
|w|.

Graded manifold is a ringed space M = (M, OM) such that for every open U ⊆
M is OM(U) graded algebra; there exists non-negative integer n, open U ⊆ Rn and
a graded vector space W , such that for every p ∈ M there exists open neighborhood
Up; and the restriction of a ringed space M to Up is isomorphic to (U, OU) as
ringed spaces where the corresponding ring isomorphisms are isomorphisms of
algebras. (U, OU) is called a local model of M.
Remark. Unfortunately this definition which is given in Cattaneo and Schätz
[2011] is not quite correct since the local model is not a ringed space. It is
not a sheaf since if we choose infinitely many functions with pairwise empty
intersections of supports and pairwise different degrees, we can not glue them
together. But if we weaken the gluing axiom by not allowing covering by infinitely
many open sets, but only finitely many, and assume that the whole manifold can
be covered by finitely many local models, everything should work. We will make
this assumption from now on.

Another issue to consider is that graded manifolds are generally not locally
ringed spaces since the stalks of local model are not local for non-trivial graded
vector spaces W . However, smooth maps of ordinary manifolds, unfortunately,
correspond to morphisms of locally ringed spaces. Therefore we should consider
some notion of locality when defining morphisms of their generalizations.

The article Fairon [2017] deals with this problem by considering not only
polynomial functions of the graded vector space but also formal power series. In
section 2.3 it is proven that the stalks of the local model defined in such a way
are local rings. In remark 2.6 it is stated, that in our case there exists unique
maximal homogeneous ideal in stalks of the local model which projects to the
unique maximal ideal in the stalk of C∞(U) hence we could define morphisms
of graded manifolds as morphisms of ringed spaces, such that the corresponding
ring homomorphisms are homomorphisms of graded algebras and the induced
homomorphisms of stalks maps these unique maximal ideals into themselves.
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But for simplicity, we define morphisms of graded manifolds M, N as homo-
morphisms of graded algebras ON (N) to OM(M) here as it is done in Cattaneo
and Schätz [2011].

We will not question if the two definitions of morphisms given are equivalent
and we will stick to the second one.

Graded manifolds can be imagined as something like ordinary manifolds with
fibers corresponding to graded vector space W over every point.

The graded vector space coordinates are unfortunately included in a some-
how different manner than the coordinates of the underlying topological space –
for example, the smooth functions using these ”weird” coordinates are only the
polynomials. But unfortunately, it seems there is no known way how to include
anticommuting variables in the concept of manifolds more naturally.

More generally we could define graded manifolds not having the local model
C∞(U)⊗W for U an open subset of Rn, but allowing U to be infinite-dimensional
(for example open subset of some real function space). We will need to consider
these more general graded manifolds when we get to AKSZ formalism in the more
physics-like part, but we will not define and work with them formally and just
assume that most of the concepts we define here and in the next chapter can be
reasonably generalized to them.
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2. Geometry of graded manifolds
In the first chapter, we have defined graded manifolds. In the following chapter,
we generalize lots of useful geometrical structures to them, such as vector fields,
differential forms or symplectic forms.

This section is based on sections 3.2, 3.3, 4.1, and 4.2 of the article Cattaneo
and Schätz [2011].

2.1 Graded vector fields
Definition 12. Graded vector field X of degree k on a graded manifold M is
any graded linear map of degree k from OM(M) to OM(M) (where we consider
these graded algebras as graded vector spaces), such that for all homogeneous
f, g ∈ OM(M) the Leibniz rule

X(fg) = X(f)g + (−1)k|f |fX(g)

holds.
Remark. We can define (non-graded) vector fields as arbitrary finite sums of
graded vector fields. Theorem 3. will work for them too (without the condition
on the homogeneity of X i).

We will show (while being inspired by the proof of proposition 3.2 in the book
Lee [2000]) that every graded vector field can be locally given by linear combina-
tions of partial derivative operators in the chosen coordinates. (Lee proves this
for ordinary manifolds.)

However, to make this notion precise, we have to define partial differentiation
on graded algebra S(V ⋆). If (xi)i∈I are coordinates on a graded vector space V ,
then every element of S(V ⋆) is a polynomial in variables (xi)i∈I . Fix any j ∈ I
and write f ∈ S(V ⋆) as a polynomial in xj: f = a0+xja1+x2

ja2+· · ·+xl
jal, where

a0, . . . , al are elements of S(V ⋆) not dependent on xj. If |xj| is odd, then f =
a0+xja1 and we define ∂f

∂xj
= a1. If |xj| is even, then ∂f

∂xj
= a1+2xja2+· · ·+lxl−1

j al.
More generally if we fix coordinates in some local model of open set U of

graded manifold M. Then every element from OM(U) can be written as sum
of functions of form f ⊗ g, where f ∈ S(W ⋆), g ∈ C∞(U). If xj is a coordinate
of the underlying topological space, we define ∂(f⊗g)

∂xj
= f ⊗ ∂g

∂xj
, where the latter

means just ordinary partial derivative. On the other hand if xj is coordinate on
the graded vector space: ∂(f⊗g)

∂xj
= ∂f

∂xj
⊗ g, where the latter partial derivative is

the derivative on S(W ⋆) defined in the preceding paragraph.
If f ∈ OM(U) is homogeneous of degree k, then by previous definitions is

clearly ∂f
∂xj

homogeneous of degree k − |xj|. Therefore any graded vector field of
degree k, which would have the local representation as linear combinations of par-
tial derivatives, would look like ∑i∈I X i ∂

∂xi
, where Xi ∈ OM(U) are homogeneous

of degree k + |xi|. We are ready to state the promised theorem:
Theorem 3. Every graded vector field X of degree k on a graded manifold M can
be written locally as ∑i∈I X i ∂

∂xi
, where X i are homogeneous functions of degree

k + |xi|.
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Proof. We denote by I0 the subset of I which corresponds to the coordinates in
the underlying topological space, and I1 the set corresponding to coordinates in
the graded vector space.

Let X be any vector field and set X i := X(xi). Since X is graded vector field
of degree k: |X i| = k + |xi| holds and the identity, we are trying to prove, holds
for all linear functions of coordinates xi.

First we will prove the identity for f ∈ S(W ⋆). We will do this by in-
duction on the degree of polynomial f . Since X is linear map and partial
derivatives operators are also linear, it suffices to prove the statement for f =
xi1 · · · xil

x
αl+1
il+1

· · · xαm
im

, where we can assume that i1, . . . , im are pairwise different
and first l coordinates are of odd degree and the rest of even degree.

By Leibniz rule and the induction assumption:

X(f)=X(xi1) f

xi1

+ (−1)k|xi1 |xi1X

(
f

xi1

)
=X i1

f

xi1

+ (−1)k|xi1 |xi1

∑
i∈I1

X i ∂

∂xi

(
f

xi1

)

= X i1

α1

(
∂f

∂xi1

)
+
∑
i∈I1

(−1)k|xi1 |+|xi1 |(k+|xi|)X ixi1

∂

∂xi

(
f

xi1

)

= X i1

α1

(
∂f

∂xi1

)
+ (α1 − 1)X i1

α1

(
∂f

∂xi1

)
+

∑
i∈I1\{i1}

X i ∂f

∂xi

=
∑
i∈I1

X i ∂f

∂xi

.

We used, that xi1
∂

∂xi

(
f

xi1

)
= (−1)(|xi|αi+|xi|(αi−1))(|xi1 |) ∂f

∂xi
= (−1)|xi||xi1 | ∂f

∂xi
for

i ̸= i1 and the same multiplied by αi1 −1
αi1

for i = i1 (we get the sign as the
difference between commuting xαi

i to the beginning and back of the expression
of f and expression of f

xi1
). Then we get plus signs everywhere in computations

above.
For g ∈ C∞(U) we fix a = (ai)i∈I0 ∈ U and consider the Taylor expression of

g to the first order at the point a:

g(x) = g(a) +
∑
i∈I0

(
∂g

∂xi

)
(a)(xi − ai) +

∑
i,j∈I0

gi,j(x)(xi − ai)(xj − aj),

for some gi,j ∈ C∞(U). By Leibniz rule, we get X(gi,j(xi − ai)(xj − aj))(a) =
X(gi,j(xi − ai))(a)(aj − aj) + gi,j(ai − ai)X(xj − aj)(a) = 0. Therefore X(g)(a) =∑

i∈I0 X i ∂g
∂xi

(a), hence X(g) = ∑
i∈I0 X i ∂g

∂xi
as we wanted.

The rest is easy. Consider any F ∈ OM(U). Then F is a finite sum of fj ⊗ gj,
where fj ∈ S(W ⋆), gj ∈ C∞(U). By linearity it suffices to show the identity for
f ⊗ g, where f is homogeneous. Then by Leibniz rule

X(f⊗g)=X(f)g+(−1)k|f |fX(g)=
∑
i∈I1

X i ∂f

∂xi

g+(−1)k|f |f
∑
i∈I0

X i ∂g

∂xi

=
∑
i∈I

X i ∂(f ⊗g)
∂xi

and we are done.
Thus any vector field can be written locally in the coordinates in the way

we would expect. On the other hand the opposite implication locally also holds:
For any X i ∈ OM(U) homogeneous of degree k + |xi| gives ∑i∈I X i ∂

∂xi
a graded

vector field of degree k, as we could prove easily by checking that the Leibniz rule
works. (This holds also for non-graded vector fields without the homogeneous
condition.)
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On the ordinary manifold nontrivial vector fields has to have degree 0, that
will not be so in the graded case. On the contrary special class of vector fields of
degree 1 will play a crucial role in the rest of the text.
Definition 13. Cohomological vector field X on a graded manifold M is any
graded vector field of degree 1, which commutes with itself, by which we mean
that the graded commutator [Y, Z] = Y ◦ Z − (−1)|Y ||Z|Z ◦ Y is equal to 0.
Remark. Vector field X of degree 1 is cohomological, iff X ◦X = 0, since [X, X] =
X ◦ X + X ◦ X = 2X ◦ X. In the next section we are going to find out, that the
cohomological fields are generalizations of ordinary deRham differential in the
graded setting.
Definition 14. Differential graded manifold is a manifold M together with a
cohomological vector field Q. Morphism of differential graded manifolds from
(M, QM) to (N , QN) is a morphism of graded manifolds φ : ON (N) → OM(M),
such that the diagram

ON (N) OM(M)

ON (N) OM(M)

φ

QN QM

φ

commutes.

2.2 Algebra of differential forms
We can also generalize the idea of tangent spaces and tangent bundles to graded
manifolds:

Let M be a graded manifold. (Non-graded) vector fields on open U ⊂ M
form a module over OM(U), where we can define grading by setting that homo-
geneous elements of degree k are precisely graded vector fields of degree k. We
can now take the tensor algebra of vector fields over OM(U) and factor it again
by the ideal which makes even degree elements commute and odd degree elements
anticommute. (The same way how we defined the polynomial algebra of graded
vector space.)

After doing this with every open subset U of M , we end with a ringed space
(again we allow only finite gluing), which we denote by TM and call it the tangent
bundle. (How we define restrictions is obvious and checking that this is a ringed
space should be straightforward.)

Vector fields can be locally written as ∑i∈I X i ∂
∂xi

, where X i ∈ OM(U). If
M is finite-dimensional, this sum is finite. Hence we see, that the local model
of TM is given by adding a new coordinate ∂

∂xi
of degree −|xi| for every i ∈ I

into the graded vector space part. (If M would not be finite-dimensional, vector
fields could be also infinite combinations linear combinations of coordinates ∂

∂xi

and therefore this would not work.)
This definition of the tangent bundle was given following chapter 3 of Fairon

[2017], but from now on we are primarily inspired by the article of Cattaneo and
Schätz [2011].

The same construction as of tangent bundle can be done even if we adjust the
degrees a little bit. Let X be a vector field on M. In this paragraph we will say
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that it is homogeneous of degree k, if for its expression ∑i∈I X i ∂
∂xi

in every local
model X i is homogeneous and |X i| + |xi| + 1 = k. Employing the construction
we get something we will call the shifted cotangent bundle (in Cattaneo and
Schätz [2011] it is called shifted tangent bundle, but I think the shifted cotangent
bundle is more appropriate.) and denote it by T ⋆[1]M. Locally we will denote
new coordinates by dxi instead of ∂

∂xi
.

Example. Let M be ordinary manifold, then T ⋆[1]M corresponds to the algebra
of differential forms on M since we set the degree one to every dxi hence they
anticommute.
Remark. Generally dxi do not anticommute, since if xi has odd degree, then dxi

has even degree. Specially, dx2
i ̸= 0.

Consider now a vector field d on T ⋆[1]M given by ∑
i∈I dxi

∂
∂xi

locally. It
can be checked, that this is well-defined. For existence of such vector field it
suffices to show that the expressions act on functions from OT ⋆[1]M(M) the same
in overlapping local models. This vector field is clearly of degree 1 and commutes
with itself, because in local models we have equality

d ◦ d =
∑

i,j∈I

dxi
∂

∂xi

dxj
∂

∂xj

.

If i = j, then since dxi or ∂
∂xi

has odd degree, the expression is zero. For i ̸= j
the sign changes when we commute the expressions to change the order of i and
j, since if we commute dxj to the beginning and then ∂

∂xj
to the second place,

just one change of elements of odd degrees is made.
Thus d is a cohomological vector field and (T ⋆[1]M, d) is an example of dif-

ferential graded manifold (if M is finite-dimensional). Thus we can think of
cohomological vector fields as of generalizations of deRham differential.

Similarly to the non-graded case, we can define what happens if we plug a
vector field inside a differential form, i. e. define a contraction operator.
Definition 15. Let M be a graded manifold and let X be a graded vector field
of degree k on M. The contraction ιX is a graded vector field of degree k − 1
on T ⋆[1]M which locally satisfies following condition: If X = ∑

i∈I X i ∂
∂xi

then
ιX = ∑

i∈I X i ∂
∂(dxi) .

Again it can be checked, that contraction is well defined. Similar verification
is necessary every time we define something only locally, but we will not address
this issue explicitly from now on.

From the definition follows that the contraction behaves much like in the non-
graded case. It makes sense to talk about n-forms as of differential forms which
are locally homogeneous polynomials of degree n in coordinates dxi (in the non-
graded meaning). Contractions then maps n-forms to (n − 1)-forms and 0-forms
to zero function.

It is useful to realize how the grading works in the context of differential forms.
In the case of ordinary manifolds, we would like to say about all differential forms,
that they have degree zero, since everything reasonable there has degree zero. But
differential forms as elements of OT ⋆[1]M(M) have non-zero degrees even in the
case of ordinary manifolds. However, in that context has n-forms degree exactly
n. Therefore it make sense to define the degree of differential form ωdxi1 · · · dxin
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to be the difference between the degree in OT ⋆[1]M(M) and n – the number of
’d’s.

Another definition will be useful for us.
Definition 16. Let M be a graded manifold and X a graded vector field. We
define the Lie derivative of any ω ∈ OT ⋆[1]M(M) along X to be

LX(ω) = ιXd(ω) + (−1)|X|d(ιXω).

This algebraic definition is in a non-graded case equivalent to the standard
geometric definition (using Cartan’s formula), hence it makes sense to generalize
it in this algebraical way in our setting.

2.3 Graded symplectic geometry
Definition 17. Graded symplectic form ω of degree k on a graded manifold M is
any 2-form, which is homogeneous of degree k, dω = 0 and contraction by variable
graded vector field induces bijective graded linear map of degree k between graded
vector space of graded vector fields and graded vector space of one-forms (where
we take the form degree, if we took the degree in OT ⋆[1]M(M), the map would be
of degree k + 1).

Ordinary symplectic structures are examples of graded symplectic structures
of degree zero.

Another example can be one dimensional vector space of degree 1 with sym-
plectic form ω = (dx)2 of degree 2. If X = c ∂

∂x
is a graded vector field of degree

|c| − 1 then ιX(ω) = c · dx, which is a from of degree |c| + 1 and the mapping is
clearly linear of degree 2 and bijective.

Graded manifold together with a symplectic form is called graded symplectic
manifold.

We end this chapter with generalizing last few definitions from ordinary ge-
ometry:
Definition 18. Graded vector field X on a graded symplectic manifold (M, ω)
is called symplectic, if LX(ω) = 0.
Definition 19. Graded manifold M together with symplectic form ω and sym-
plectic cohomological vector field X is called differential graded symplectic mani-
fold.
Definition 20. Graded vector field X on a graded symplectic manifold (M, ω)
is called Hamiltonian, if there is H ∈ OM(M), such that ιX(ω) = dH.
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3. AKSZ construction
This chapter is based on chapter 5 of Cattaneo and Schätz [2011] and section 3.2
also on chapter 6 of Ikeda [2012].

AKSZ construction endows a space of maps (which is yet to be defined) be-
tween differential graded manifold (M, QM) equipped with specific measure and
differential graded symplectic manifold (N , QN , ω) with naturally defined graded
symplectic form and symplectic cohomological vector field. For this to work the
space of maps has to have a structure of graded manifold in some sense. We
will not address this issue in detail and make a few assumptions without proof.
For sure the space of maps will not be generally graded manifold in sense of our
definition since underlying topological space will have to be infinite-dimensional
most of the time, but under some assumptions, we can find local expressions for
Hamiltonian functions, which is what is needed in physics applications.

The space of maps is defined as in Cattaneo and Schätz [2011] in the following
way. We suppose that there exists an extended category of graded manifolds in
our sense, where products of pairs of manifolds and right adjoint to this product
bifunctor exists.

If we denote the space of morphisms between graded manifolds X , Y by
Mor(X , Y), we define the space of maps between X and Y to be the right adjoint
of product bifunctor or explicitly the space of maps Map(X , Y) is such that there
is an isomorphism (natural in every component):

Mor(Z × X , Y) ∼= Mor(Z, Map(X , Y)).
We can still imagine elements of Map(X , Y) as certain algebra homomor-

phisms of OY(Y ) and OX (X), but the grading does not have to be preserved.
The vector space of Mor(X , Y) can be injected to the zero-degree component of
Map(X , Y), but Map(X , Y) is usually bigger. Why is it so? Informally on the
left hand side of the isomorphism we map a function y ∈ OY(Y ) to a pair of
functions (z, x) ∈ OX (X) × OY(Y ). To this mapping corresponds taking at first
map from OY(Y ) to OX (X) which maps y to x and to this map we map z. If all
the elements are homogeneous, we have |y| = |z| + |x|, but it does not have to
be |y| = |x| and therefore the element of Map(X , Y) does not have to preserve
grading of the functions, although it is still homomorphism of algebras, because
if yi maps to (zi, xi) on the left hand side then y1 + y2 maps to x1 + x2 on the
right hand side and y1y2 to x1x2.

3.1 Lifting cohomological vector fields
We would like to somehow capture the behavior of cohomological fields XM , XN

on the space Map(M, N ). The vector fields act naturally by composition on the
space of maps. Let F ∈ Map(M, N ) and consider it as an algebra homomorphism
ON (N) → OM(M). Then we can compose F from the left side by XM and from
the right side by XN . In the ungraded case, we could take the flow of XM or XN ,
apply this action to get a flow on Map(M, N ) and then differentiate it to get a
vector field on Map(M, N ). We generalize this idea algebraically to the graded
case. We do this explicitly for vector field XM .
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We wish to define a graded linear map between OMap(M,N )(Map(M, N )) and
OMap(M,N )(Map(M, N )) which satisfies the Leibniz rule. To capture the idea
of flow, we introduce a global parameter t of degree −1 and consider instead of
Map(M, N ) manifold Map(M, N ) ⊕ R[−1] (by this notation we mean that we
globally added one coordinate t of degree −1 to the graded manifold).

Let us define map ZL from OMap(M,N )⊕R[−1](Map(M, N )) to itself by setting
that ZL(F)(F + tG) = F(F + tG + tQM ◦ F ) (where F and G are elements of
OMap(M,N )). The degree of t is chosen such that tQM ◦ F has the same degree as
F if F is homogeneous. This expression will depend on t at most linearly since t
is of odd degree. The equality

F(F + tG + tQM ◦ F ) = F(F + tG) + tH(F + tG)

holds for some H ∈ OMap(M,N )⊕R[−1](Map(M, N )) (we can consider this as gener-
alized Taylor expression at point F + tG and the equality holds since there are no
higher nonzero powers of t). Moreover, H can be chosen such that it does not de-
pend on t. Let us define map XL on functions from OMap(M,N )⊕R[−1](Map(M, N))
by XL(F) = H where we choose H independent on t. Similarly, we define XR

using the action of QN .
We will prove that XL + XR is a cohomological vector field on the space of

maps. Linearity and the degree is trivial to check. The Leibniz rule also holds:

(ZL + ZR)(FG) = (F + tXL(F))(G + tXL(G)) + (F + tXR(F))(G + tXR(G))
= 2FG + t(XL + XR)(F)G + Ft(XL + XR)(G);

(XL + XR)(FG) = (XL + XR)(F)G + (−1)|t||F|F(XL + XR)(G).
Now it suffices to show that (XL+XR)◦(XL+XR) = 0, but that is not hard.

For F ∈ OMap(M,N )⊕R[−1](Map(M, N )) function (XL +XR)(F) does not depend
on t. Therefore when we apply (ZL + ZR) to (XL + XR)(F) the result does not
depend on t. Thus we get (XL + XR) ◦ (XL + XR) = 0.

3.2 Constructing the symplectic form
Given symplectic form ω on manifold N , we would like to use it to construct
a symplectic form on manifold Map(M, N ). One of natural operations we can
do with forms is to pull-back them. Unfortunately, there is no good way how
to define canonically morphism from Map(M, N ) to N . However, there is a
canonical morphism from Map(M, N ) × M to N – evaluation morphism ev,
which evaluates map from M to N at points of M. Existence of this morphism
follows easily from the categorical definition of Map(M, N ), since we have natural
isomorphism

Mor(Map(M, N ) × M, N ) ∼= Mor(Map(M, N ), Map(M, N ))

and it makes sense to define evaluation morphism as the one which maps to
identity morphism of Map(M, N ).

Pull-back of differential form can be defined similarly as in the case of ordinary
manifolds. Let us denote ω̂ = ev⋆(ω). Pull-back and differentiation commute

14



hence ω̂ is again a closed form. Morphisms of graded manifolds preserve degrees
of functions. Therefore ω̂ is homogeneous of the same degree as ω.

We are left with the task of finding some way to map the algebra of differential
forms of Map(M, N ) × M to the algebra of differential forms of Map(M, N ).
We should define how to integrate through M. However, M does not have to be
an ordinary manifold (M admits a cohomological vector field, so this is never the
case in interesting examples), thus there is need to introduce an integral, which
can be used also on coordinates with odd degree.

Berezin integral is the one we use. We can imagine it as extension of the
Lebesque integral, where we define for every odd degree coordinate ξ and any
function f independent of ξ: ∫

R[2k+1]
ξdξ = 1;

∫
R[2k+1]

fdξ = 0.

Therefore integral of f over the whole manifold M is just normal integral of
the part of f which is multiplied by all of the odd degree coordinates in f (when
we consider f as the polynomial in odd-degree coordinates). With our definitions,
this makes sense only if M is finite-dimensional.

The Berezin integral can be extended to the algebra of differential forms, such
that it commutes with applying differential d. Let us denote by ω =

∫
M ω̂ two-

form on Map(M, N ). By the commutation property of integral and differential,
we see that ω is closed and when M is finite-dimensional and has no nonzero
even degree coordinates integration reduce the degree by the sum of degrees of
odd degree coordinates of M. Hence ω is homogeneous. According to Cattaneo
and Schätz [2011] and Ikeda [2012] this form is also non-degenerate and therefore
symplectic. There is no proof given in any of those articles and unfortunately, I
can not come up with the proof, but we will suppose it is symplectic.

Of course we have to assume manifolds M, N were chosen such that this
integral converge every time, otherwise, this construction would not make sense.

Let us spell out in more detail how are the differential forms pull-backed and
integrated. We will do computations for the 2-form ω, but it can be trivially
generalized to any differential form. Via contraction operator we can plug vector
fields into the differential forms. Thus to describe ω̂ = ev⋆(ω) it suffices to
compute ω̂(v1, v2) for any vector fields v1, v2 on Map(M, N ) × M. The result
will be a function on Map(M, N ) × M and we denote its value at point (f, x)
by ω̂(f, x)(πf,xv1, πf,xv2). This value depends only on tangent vectors at (f, x)
which are given by composing vector field with evaluation at point (f, x) – we
denote evaluations of this type by π. Now we define

ω̂(f, x)(πf,xv1, πf,xv2) = ω(f(x))(πf,xv1ev⋆, πf,xv2ev⋆).

Similarly we can define integration of forms. Let us denote by i the natural
inclusion of function on Map(X, Y ) into functions on Map(X, Y ) × X. Then we
can define:

ω(f)(πfw1, πfw2) =
∫

M
ω̂(f, x)(πf,xi(w1), πf,xi(w2))

=
∫

M
ω(f(x))(πf,xi(w1)ev⋆, πf,xi(w2)ev⋆).
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3.3 Putting everything together
Now we are in the situation, where we constructed both cohomological vector
field XL + XR and symplectic form ω on Map(M, N ). If for (M, QM) holds∫

M QM(f) = 0 for any function f and all constructions we made are well-defined,
we end up with a differential graded symplectic manifold Map(M, N ). I will not
prove here that the vector field XL + XR is symplectic with respect to ω under
these conditions. Proofs of this can be found in section 2.2 of Cattaneo and Felder
[2001].

But I will at least describe the case when XN is Hamiltonian with respect to
ω and (M, XM) = (T ⋆[1](Σ), d) where Σ is ordinary oriented compact manifold
of dimension n and the cohomological field is the ordinary differential on Σ. But
there will be still some proofs omitted (again the proofs can be found in section
2.2 of Cattaneo and Felder [2001]).

For any function f ∈ OT ⋆[1](Σ)(Σ) equality
∫

T ⋆[1](Σ) df = 0 holds (manifold
Σ is compact hence the integral converges, and it has no boundary hence by
Stokes theorem this integral is equal to 0). This is everything needed for AKSZ
construction to work.

Let us also assume that the symplectic form ω on N is exact, i. e. there exists
one-form θ such that ω = dθ. Moreover assume that there is a Hamiltonian Θ of
the vector field XN with respect to ω which by definition means that ιXN

(ω) = dΘ.
Assuming this, we can construct Hamiltonian function of the vector field XL+XR

with respect to ω on the space of maps. Let us denote by S0 the Hamiltonian
function for XL and by S1 the Hamiltonian function for XR and set:

S0 = ιXL

(∫
T ⋆[1](Σ)

ev⋆(θ)
)

;

S1 =
∫

T ⋆[1](Σ)
ev⋆(Θ).

Both of these are clearly homogeneous functions on Map(X, Y ) of degree
k−n+1 where k is the degree of ω. We will not prove that these are Hamiltonian
functions we were looking for but we will simplify the things we need to prove a
little bit.

Let us denote integrated pull-backed differential forms by bold letters as in
the case of ω. Thus we have S0 = ιXL

(θ), S1 = Θ. We need the following to
hold:

dS0 = ιXL
ω = ιXL

dθ

hence S0 is Hamiltonian function. And this is equivalent to LXL
(θ) = 0.

Similarly it has to hold:

ιXR
ω = dS1 = dΘ =

∫
T ⋆[1](Σ)

ev⋆dΘ =
∫

T ⋆[1](Σ)
ev⋆(ιXN

ω).
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4. Applications of AKSZ
Everything in this chapter can be found in Cattaneo and Schätz [2011] – section
4.1 uses example 4.9 and section 4.2 uses remark 5.3. Articles Cattaneo and
Felder [2001] (section 2.2) and Ikeda [2012] (chapter 8 and section 9.1) were also
used.

4.1 BV formalism
AKSZ construction gives examples of topological field theories which satisfy
classical BV master equation {S, S} = 0 where the bracket acts on pairs of
homogeneous functions from graded symplectic manifold (M, ω) by {f, g} =
(−1)|f |+1Xf (g) where Xf is the unique graded vector field such that ιXf

ω = df .
Thus if S is the Hamiltonian of a graded vector field XL + XR on Map(M, N )
then XL + XR = {S, −}.

Applying cohomological vector field twice to any function gives zero. There-
fore {S, {S, f}} = 0 for any f . The bracket is generalization of Poisson bracket
to graded case and antisymmetry and Jacobi identity can be also proven for it
(maybe with different signs somewhere but that does not matter for the following
argument). Hence {S, {S, f}} = 0 implies {{S, S}, f} = 0. Since ω is nondegen-
erate X{S,S} = 0 and d{S, S} = ιX{S,S}ω = 0. From this follows that {S, S} is
constant and that means it is of degree 0.

Let k be the degree of ω. Then since ιXL+XR
ω = dS, we can choose S of

degree k + 1 and {S, S} = (XL + XR)S is of degree k + 2. Therefore if k ̸= −2
the classical master equation holds since only function of degree 0 and k + 2 at
the same time is the zero function. Let us remark that in this case the degree
of ω is equal to n + k where n is dimension of Σ. Thus S is of degree 0 iff the
degree of ω is smaller than the dimension of Σ by one. This case has the physical
significance.

In the next section we describe a special case for two-dimensional compact
oriented manifold Σ and degree of k = 1 known as Poisson sigma model.

4.2 Poisson sigma model
Let Σ be a two-dimensional oriented compact manifold, (M, QM) = (T ⋆[1]Σ, d)
and (N , QN) = (T ⋆[1]V, dV ), where V is an ordinary vector space of finite degree
l. By dV we mean the differential on algebra of differential forms of V – we use
this notation because we reserve d for the algebra of differential forms of N . Let
us choose some basis of V and denote by qi the coordinates in V and by pi the
fibre coordinates. This notation has motivation in Hamiltonian mechanics with qi

being generalized coordinates and pi generalized momenta. The symplectic form
ω on N is the standard one used in Hamiltonian mechanics: ω = ∑l

i=1 dpidqi

hence the degree 2 + k of ω is equal to 1, which is just what we wanted for
two-dimensional Σ. For any Hamiltonian cohomological vector field XN on this
manifold dΘ = ιXN

ω holds (Θ begin the Hamiltonian function). Therefore Θ
is of degree 2 and we can write it as Θ = ∑l

i=1
∑l

j=1
1
2πij(q)pipj, where πij is
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an antisymmetric matrix function from V . Since pi, pj anticommute and every
function of degree 2 has to be a linear combination of pipj with coefficients being
functions from V .

Let us denote by xi, dxi local coordinates on manifold T ⋆[1]Σ. Every element
F ∈ Map(M, N ) can be described as 2l-tuple of functions X i, ηi from M, such
that qi = X i(x1, x2, dx1, dx2), pi = ηi(x1, x2, dx1, dx2). We can look at X i, ηi as
some sort of coordinates which take values in the set of functions instead of real
numbers as normally.

The pull-back of ω to Map(M, N ) × M can be written as ω̂ = ∑l
i=1 dηidXi

and then we have ω =
∫

T ⋆[1]Σ
∑l

i=1 dηidXi. Similarly we can compute how the
Hamiltonian S1 looks like:

S1 = Θ =
∫

T ⋆[1]Σ

l∑
i=1

l∑
j=1

πij(X)ηiηj

To compute the Hamiltonian S0 we need to find out how θ, for which dθ = ω
holds, looks like, but that can be guessed easily to be θ = ∑l

i=1 pidqi. Then we
get θ =

∫
T ⋆[1]Σ

∑l
i=1 ηidX i. The cohomological vector field XL can be written in

the coordinates as XL = ∑l
i=1 XL(X i) ∂

∂Xi +∑l
i=1 XL(ηi) ∂

∂ηi
and thus we get

S0 = ιXL
θ =

∫
T ⋆[1]Σ

l∑
i=1

ηiXL(X i)

and our computation of Poisson sigma model is finished.
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Conclusion
There is a lot of BV topological field theories that have description using AKSZ
formalism and were not mentioned in this thesis – a few of them are described
in Ikeda [2012]. Generalizations of AKSZ formalism to graded manifolds with
boundary were also considered in Cattaneo and Felder [2001] and Ikeda [2012].

The whole thesis was primarily inspired by Cattaneo and Schätz [2011] where
I made an effort to do the basics (the first two chapters) thoroughly. I took the
relevant algebraic geometry theory from Vakil [2015] and also used Fairon [2017].
For description of AKSZ formalism Cattaneo and Schätz [2011], Ikeda [2012], and
Cattaneo and Felder [2001] were used.

Unfortunately, there are no new results in this thesis, but my contribution was
in breaking down some proofs. For example, I generalized the proof of how local
expressions for graded vector fields look like from the non-graded case (Theorem
3.). Or properly defined vector field on Map(M, N ) in section 3.1 and proved
it is cohomological. There was also emphasis given from my side on having all
assumptions right in the first two chapters.
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