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Report on the Dissertation of

Jakub Vecera:

“Chaotic Random Variables in Applied Probability”

The doctoral thesis of Jakub Vecera deals with an important question in stochastic geometry, the ‘Facet
process’ generated by random cubes. A facet process distributes random (d − 1)-dimensional cubes
(or more general facets) in Rd and asks for a precise description of the union of this sets. This is a
new question in stochastic geometry which has roots in the classical Boolean model with some recent
developments, and uses modern tools which have been developed in the last years. It is a highly
up-to-date line of research.

On the one hand side, the importance of this research is due to statistical applications in material
science. The microscopic structure of many materials looks like a facet process. Understanding pro-
perties of the mathematical model yields insight into properties of the material. Hence it is an important
task to investigate expectations, variances and distributional properties of the mathematical model, to
develop and apply statistical tools to estimate underlying parameters, and then to model materials by
using statistical programs.

On the other hand side, there is a huge theoretical interest in distributional properties of functionals
of the Boolean model, and in particular in the facet process. The questions are quite natural question,
and the results of the investigations reflect certain geometric properties of the underlying space.



The first chapter of the dissertation deals with the background in stochastic and geometry. Point pro-
cesses are defined, and the important cases of a Poisson point processes and a Gibbs process defined
via its Papangelou intensity are presented. The crucial definition is that of the ‘Facet process’ which is
a point process where at each point a random facet is added. This yields in principle a point process
on the set of facets in Rd.

Central properties of a material which is approximated by such a process are described by the inter-
section of the facets. If most of the facets intersect the material tends to be more rigid. Hence the
thesis concentrates on properties of the intersection process of the facets. The author restricts the
attention to facet processes where the intersection process is of a local nature, namely on functions of
admissible Gibbs point processes which have a weak independence structure.

The second Chapter is devoted to theoretical investigations.

First the modern theory of Poisson U-statistic is presented. In particular, in the last years recent de-
velopments led to univariate and multivariate Central Limit Theorems e.g. by Last, Penrose, Schulte
and Thäle using the Malliavin calculus on Poisson point processes. This can be applied to the facet
process and the intersection process, if the underlying point process is a Poisson point process.

In the case of an underlying Gibbs process the situation is more difficult and complicated. Here the
successful Malliavin calculus is not available - at least at the moment - and the author has to use some
other method for deriving limit theorems, namely the methods of moments for proving a Central Limit
Theorem.

Hence the key investigations are the computations of all higher moments, and since one is interested
in multivariate Central Limit Theorems, in particular mixed moments are needed to apply the theory.
Highly interesting is in this case the covariance structure of the distribution and the limit covariance
matrix which reflects the correlation between intersection functionals.

Also an alternative approach to the proof of a Central Limit theorem is presented.

The third part of the thesis deals with statistical investigations, modeling and estimating.

The main tasks in practical applications are first to identify the underlying model for the point process:
if this is either a Gibbs point process or a pure Poisson point process. In both cases the underlying
parameters have to be identified.

In the planar case - which is extremely important for applications - the author proves estimates for the
underlying model parameters. For the point process this is the intensity measure, more precisely in
this context the intensity and the density function in R2. For the case of an underlying Gibbs process
one has to estimate in addition the Papangelou intensity. After that the distribution of the facets has to
be estimated, which is the size distribution and the directional distribution on S1, and in principle also
the form distribution of the facets.

After having estimated the underlying parameters of the facet process, a Monte Carlo algorithm is used
to produce realizations of facet process. This in turn is used for testing the goodness of the parameter
fit. The author starts with a planar segment (facet) process with segments either of fixed length or
uniformly distributed in [0, 1].

A suitable method suggested by the author for estimating the directional distribution is the Takacs-
Fiksel method. It is applied to both models, the one with fixed and random segments. It turns out that
analyzing the results to the parameters used for the simulations yields surprisingly good results.

The last step the author takes is to fit the model to real data representing actin stress fibres in human
cells and to use the machinery described above for estimations and simulations.
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The fourth and last part of the dissertation is again a theoretical investigation. The author presents
and uses results from percolation theory to show the absence of long range dependencies in the facet
process of the Gibbs process. For this the author constructs a random graph where two points of the
point process are connected by an edge if their corresponding facets intersect.

If the intensity of the point process is below the critical intensity for percolation of the graph, there is a
fast decay of correlation. This suffices to compute expectations, variances and to prove a Central Limit
Theorem. More concrete, some dis-correlation arguments show that the dependence produced by the
activity of the potential of the Gibbs point process decreases rapidly with the distance. The limits of
first and second moments can be computed via the use of the difference operator, and the fast decay
of variance yields a Central Limit Theorem.

The described thesis deals with difficult problems of modern stochastic. The proven results are new
and represent serious progress in the field of stochastic geometry. The thesis is well written. Parts of
the thesis have already been published, which led to five articles in strong international journals with
high reputation. This is an excellent dissertation which in my opinion certainly should be accepted.

Univ.Prof. Dr. Matthias REITZNER
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