
BACHELOR THESIS

Jakub Cehula

Deformations of light activated shape
memory polymers

Mathematical Institute of Charles University

Supervisor of the bachelor thesis: Mgr. Vı́t Pr̊uša, Ph.D.
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Abstract: Light activated shape memory polymers (LASMPs) are smart mate-
rials with the ability of remembering a deformed state (temporary shape) due
to exposure to ultraviolet (UV) light and returning to the permanent (original)
shape by the exposure to UV light with a different wavelength. In this work,
we solve specific boundary values problems, namely inflation of a hollow cylinder
and inflation of a hollow ball made of LASMPs. Both problems are solved for
large deformations. Next, we modify MERLIN 2, software for modeling large
deformations of nonrigid origami-like structures. The original software package
MERLIN 2 works with a reduced representation of origami-like structures and can
be used to model nonlinear dynamics of such systems. We modify the software
in such way that it is applicable to LASMPs origami-like structures in which
the folding hinges react to UV light. To demonstrate the robustness of mod-
ified MERLIN 2 code we will simulate shape memory behavior of complicated
origami-like structures such as Kresling pattern.
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Introduction
Shape memory polymer (SMP) is a smart material with the ability of remem-
bering a deformed state (temporary shape) due to some external stimulus and
returning to its permanent (original) shape by removing or reversing the stimulus.
These stimuli can be of different types, e. g. changes in temperature, electric or
magnetic field, and light stimuli. SMPs in general have a wide range of appli-
cations leading from medical devices (Wache et al. [2003], Lendlein and Langer
[2002], Metcalfe et al. [2003], Baer et al. [2007]) through smart fabrics (Hu et al.
[2002], Mondal and Hu [2006]), self-disassembling mobile phones (Hussein and
Harrison [2004]), rewritable data storage (Vettiger et al. [2002], Wornyo et al.
[2007]) and photonics (Espinha et al. [2014], Espinha et al. [2015], Espinha et al.
[2016]), to self-deployable space structures (Campbell et al. [2005]). In this work,
we will focus on modeling the ultraviolet (UV) light activated shape memory
polymers (LASMPs).

The first main objective for this work is to solve specific boundary values
problems such as inflation of a hollow cylinder and inflation of a hollow ball made
of LASMPs. Both problems are solved for large deformations. This boundary
value problems are similar to the ones solved by Sodhi and Rao [2010], but we
will solve them in a more general setting. First, instead of assuming the intensity
of UV light to be constant in the whole sample during the irradiation, we will
consider the Beer-Lambert’s law. Second, we will model the rate of the formation
of the second (UV light activated) network by using nontrivial photochemical
constitutive relations first introduced by Long et al. [2009] and also discussed by
Hamel et al. [2017].

The second main objective is to modify MERLIN 2, software for modeling
large deformations of nonrigid origami-like structures. The original software pack-
age MERLIN 2 works with a reduced representation of origami-like structures and
can be used to model nonlinear dynamics of such systems. We modify the software
in such way that it is applicable to ”special” LASMPs origami. In this case ”spe-
cial” means that only some parts (folding hinges) of the origami pattern react to
UV light. To demonstrate the robustness of modified MERLIN 2 code we will sim-
ulate shape memory behavior of complicated origami-like structures such as Kres-
ling pattern. We will also introduce a new origami pattern which we call Beelze
pattern. MERLIN 2 (see conference proceeding: Ke Liu [2018]) is an extended
version of the MERLIN software (see conference proceeding: Liu and Paulino
[2016]), which was introduced by Liu and Paulino [2017]. The MERLIN 2 software
is available at the webpage: http://paulino.ce.gatech.edu/software.html.

The mechanism of shape memory effect of LASMPs is significantly different
from the one of well-known thermally induced SMPs. Instead of using phase
change to fix the temporary shape, LASMPs possess photosensitive functional
side groups attached to the main polymer chain, chromophores. These photosen-
sitive functional groups form new covalent bonds when exposed to light with a
proper wavelength. The cleavage of the newly formed crosslinks is possible when
the wavelength is changed. For example, the photo-tunable molecular crosslink
(PMC) material originally developed by Lendlein et al. [2005], has the critical
wavelength of λ̄ = 260 nm. It means, that upon exposure to UV light of wave-
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length λ1 > 260 nm, new covalent bonds will form and upon exposure to UV light
of wavelength λ2 < 260 nm, the reverse reaction will proceed. If we first deform
the PMC material and then irradiate with UV light of wavelength λ1, the newly
formed crosslinks have a different stress-free state than the original crosslinks
and no change in stress is observed. After unloading, the material remains in
a temporary shape between the original shape and the deformed shape due to
light-induced network. After exposure to UV light of wavelength λ2, the newly
formed bonds cleave, which causes the polymer to return to its original shape.
Such a simple shape memory cycle is schematically illustrated in Figure 1.

Deform

Unload

Hold and
irradiate

Irradiate
traction free

Figure 1: Schematic illustration of the shape memory effect and polymer network
in a simple cycle. The filled circles indicate chemical crosslinks in the original
network, the open squares indicate unbonded chromophores, and the filled squares
indicate bonded chromophores. The thick line indicates the temporary shape, and
the dashed line the original reference body for this shape memory cycle. Source:
Hamel et al. [2017].

LASMPs also have different properties compared to thermally induced SMPs,
which provide some advantages. First, LASMPs do not have to be heated or
cooled for the change in shape to take place. Second, because LASMPs are
induced by light, remote activation is easy to implement. Third, on unloading
thermoresponisve SMPs have a truly small retraction. The retraction of LASMPs
on unloading is significant, because these are still elastic solids with two sets of
bonds. Because of the above, LASMPs are set to find broad usage ranging from
aerospace components to biomedical devices.

The shape memory behavior of LASMPs is due to a mixture of the original
and the new network(s) formed by light activated covalent bonds. Therefore their
behavior cannot be described using traditional models for elastic solids based on
a single natural configuration. For this reason we will use the model based on the
theory of multiple natural configurations introduced by Sodhi and Rao [2010]. In
addition to this, we need to model the evolution of the second network.

The thesis is organized as follows: Chapter 1 summarizes the model for
LASMPs used in this work. Specific boundary value problems are solved and
discussed in Chapter 2. Chapter 3 reviews nonlinear analysis or origami-like
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structures using the bar-and-hinge model. It also gives an insight on how MER-
LIN 2 models origami-like structures and explains what kind of code changes
needed to be done in order to make the software applicable to LASMPs. In
Chapter4, new type of origami pattern is introduced and examples of how modi-
fied MERLIN 2 can be used to model different origami made up of LASMPs are
shown.
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1. Model review
The goal of this chapter is to introduce the notation used in this work and to
summarize the model for simulation the behavior of LASMPs. The mechanical
response of LASMPs will be modeled using the framework of multiple natural
configurations, see Sodhi and Rao [2010]. The first natural configuration is given
by the original network, the second by the light activated (second) network,
which has a different stress-free state than the original network. The modeling
will start with just one (original) network and after exposure to UV light with
appropriate wavelength and intensity, the second network will be added. Without
loss of generality, the second network will be formed in a stationary state (that is
material is not undergoing deformation when it is irradiated), which will simplify
the equations. The stationary state is also a state of constant stress due to
formation of new covalent bonds in a stress-free state. During the formation of
the new network, the underlying original network remains intact. We also need
to model the quantity to which the formation of the new crosslinks takes place.
For which we use the constitutive relations first introduced by Long et al. [2009]
and adopted by Hamel et al. [2017]. The model could be easily generalized to
more than two networks, but this is beyond the scope of this work.

1.1 Notation
The notation is standard of modern continuum mechanics. Let BR be the ref-
erence configuration of studied body and X a material point in this configura-
tion BR. Let Bt denote the configuration that the body occupies at a specific
time t and x will denote a spatial point in Bt. We define the motion χ, which
maps every material point X to the spatial one x as follows

x = χ (X, t) . (1.1)

The deformation gradient F and Jacobian J are defined as

F := ∂χ

∂X
, J := det F, (1.2)

the the left and right Cauchy-Green stretch tensor B and C are defined through

B := FF⊤, C := F⊤F. (1.3)

The second network is formed in configuration denoted by B∗, which is its
natural stress-free configuration. The deformation of the second network is then
measured from this second (reference) configuration B∗. Hence, it is natural to
introduce the decomposition

F = F̃F∗ (1.4)
where F∗ is the deformation from the reference configuration BR to the second
configuration B∗, and F̃ is the deformation after the second network has formed.
The deformation gradient measured from this second configuration B∗ is given by

F̃ (X, t) = F (X, t) F∗ (X)−1, (1.5)
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with the Jacobian
J̃ = det F̃. (1.6)

F

F̃
F∗

BR

Bt

B∗
I

Figure 1.1: Scheme of configurations important in the formation of the new poly-
mer network. The reference configuration of the body denoted by BR is shown
with the original polymer network given by the black lines. The body is deformed
to the second configuration B∗ and irradiated with UV light to activate the for-
mation of the second polymer network with the new chains illustrated by filled
squares. Then, the body is further deformed to Bt, which involves stretching both
polymer networks. Source: Hamel et al. [2017].

A schematic of the configurations involved in the above is shown in Figure 1.1.

1.2 Fundamental balance laws
The fundamental conservation (or balance) laws of continuum mechanics relevant
for mechanical processes are the conservation of mass, the balance of linear and
angular momentum. These laws apply to all material continua and result in
equation that must always be satisfied.

We assume the material to be incompressible, therefore the conservation of
mass reduces to

div v = 0, (1.7)
where v denotes the velocity. The balance of the linear momentum is given by

div T + ρf = ρ
dv
dt
, (1.8)

where T is the Cauchy stress tensor, ρ is the mass density, f is the body force
per unit mass and dv

dt
is the so called material time derivative of the velocity.

For the sake of simplicity, we neglect the body forces, f = 0, and assume all
processes to be quasi-static, dv

dt
= 0. These assumptions give us the balance of

linear momentum in the form

div T = 0. (1.9)
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The consequence of the balance of the angular momentum (and also of two previ-
ous conservation laws) is the symmetry of the Cauchy stress tensor, see Martinec
[2003] (Section 4.2.3)

T = T⊤. (1.10)

1.3 Radiative transfer
Radiative transfer is the physical phenomenon of light energy transfer through
a continuous medium which absorbs, emits and scatters radiation. The conser-
vation of radiative energy (see Howell et al. [2010]) which governs the radiation
field in the medium can be symbolically written as

Change in radiative energy = +Gain due to emission − Loss due to absorption
− Loss due to out-scattering + Gain due to in-scattering.

The integro-differential form of the equation of radiative transfer can be mathe-
matically expressed as

1
c

∂Iλ (x,n, t)
∂t

+ ∂Iλ (x,n, t)
∂x

= jλ (x,n, t) − σa,λIλ (x,n, t)

− σs,λIλ (x,n, t) − 1
4π

∫︂
Ωi=4π

σs,λIλ (x,ni, t) Φ (ni,n) dΩi,
(1.11)

where c is the speed of light in the medium, Iλ (x,n, t) is the spectral radiative
intensity at the wavelength λ at the location x propagating in the direction of
unit vector n at time t. The symbol jλ denotes the strength of the emission,
σs,λ is scattering coefficient, σa,λ is the absorption coefficient, Φ is the scattering
phase function and Ωi is the solid angle. Of course, it holds n = (1, θ, φ) = (θ, φ)
in the spherical coordinates where radius r = 1, θ is the zenith and φ is the
azimuth angle, and the differential of the solid angle is given by dΩi = sin θidθidφi.
Further, we introduce the so cold extinction (or attenuation) coefficient for which
holds

σλ = σa,λ + σs,λ. (1.12)
In what follows, we consider monochromatic light of wavelength λ, and we

neglect both scattering and emission, which for LASMPs of our interest were
shown to be negligible (see Beblo and Weiland [2009]). Additionally, we consider a
steady state version of (1.11), because D

cT
<< 1, where D is the characteristic size

of the sample and T is the characteristic duration of the irradiation. Therefore,
the equation of radiative transfer (1.11) combined with (1.12) reduce to the three-
dimensional version of Beer-Lambert’s law

n · grad I (x,n, t) + σ (x, t) I (x,n, t) = 0 (1.13)

where σ (x, t) is called extinction field and depends on the position in the mate-
rial during irradiation and varies with time. It characterizes the attenuation of
the light inside the material. Finally, we do not specifically take refraction into
account and consider the direction of light unaffected by the material. Thus, we
can write the Beer-Lambert’s law in the form

I (x0 + τn,n, t) = I (x0,n, t) exp
[︃
−
∫︂ τ

0
σ (x0 + τin, t) dτi

]︃
, (1.14)
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where τ is the distance which light traveled through the medium. For homoge-
neous extinction field σ (x, t) = σ, the relation (1.14) reduces to

I (x0 + τn,n, t) = I (x0,n, t) e−στ . (1.15)

1.4 Formation of second network
We introduce the parameter α (x, t), 0 ≤ α (x, t) ≤ 1, which is the relative con-
centration of newly formed covalent bonds due to light exposure, i. e. the ratio
of the number of newly formed crosslinks and the number of all possible light
activated crosslinks. It is a local value at a location in the body x which varies
with time t. When α (x, t) = 0, there is no second network present and all stress
lies in the original network. In order to study the behavior of LASMPs we need
a constitutive relation for the evolution of α (x, t). Presently, two main types of
constitutive relations are to be found in the literature. Namely, phenomenological
(see Kim [2008]) and photochemical types (see Long et al. [2009]). Phenomeno-
logically based relations are only used for verification purposes and there is no
light intensity presence in them. Photochemically based relations couple the evo-
lution of α to the bonds formation (photochemical reactions), which depends on a
general inhomogeneous light intensity field. Therefore, we will use photochemical
relations in this work.

1.4.1 Photochemical constitutive relation for bonds for-
mation

Constitutive relation for bonds formation connects the parameter α with the in-
tensity of light I in the material which using the Beer-Lambert’s law (1.13) is
spatial and time dependent. Considering this, we get an inhomogeneous irra-
diated polymer with two underlying networks even if the original polymer was
homogeneous. Following Long et al. [2009], the photochemical reactions in the
PMC material are described by the equation

∂CUB (x, t)
∂t

= −
(︄

ΦUB (ν) ζUB

NAhν

)︄
C2

UB (x, t) I (x, t)

+ 2
(︄

ΦB (ν) ϵB

NAhν

)︄
CB (x, t) I (x, t) ,

(1.16)

where CUB is the concentration of unbonded chromophores and CB the concen-
tration of bonded chromophore pairs. The local conservation constraints on the
chromophore population read

CUB (x, t = 0) = C0, (1.17a)
CUB (x, t) + 2CB (x, t) = C0, for t > 0, (1.17b)

where C0 is the concentration of unbonded chromophores in the nonirradiated
polymer. Two unbonded chromophores result in one bonded chromophore and
vice versa, hence there is the factor of 2 in (1.17b) and the time rate of change
of chromophore concentration CUB is indirectly proportional to C2

UB and directly
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proportional to 2CB in (1.16). In (1.16), ζUB stands for the absorptivity of the
unbonded chromophores, ϵB is the molar absorptivity of bonded chromophores,
NA is Avogadro’s number, h is Planck’s constant and ν is the frequency of the light
which irradiates the sample. The frequency ν is related to the wavelength λ in the
material by ν = c/λ, where c is the speed of light in the material. ΦUB (ν) and
ΦB (ν) are the quantum efficiencies of the bonding and cleavage photochemical
reactions and are the functions of the frequency ν. They both range between 0
and 1. In a simple and physically reasonable case we can suppose (again see Long
et al. [2009]) that

ΦUB (ν) = 1 and ΦB (ν) = 0, for ν < ν̄, (1.18a)
ΦUB (ν) = 0 and ΦB (ν) = 1, for ν > ν̄, (1.18b)

where the first equation stands for bonds formation, the second for bonds dis-
solution and ν̄ is the critical frequency separating this two cases. The critical
frequency ν̄ is connected to the critical wavelength λ̄ by ν̄ = c/λ̄.

Considering relations (1.17) we can write for the relative concentration of
newly formed covalent bonds

α (x, t) = 2CB

C0
= 1 − CUB

C0
, (1.19)

with the initial condition
α (x, t = 0) = 0. (1.20)

According to Long et al. [2009], the extinction field σ (x, t) in (1.13) can be
expressed as

σ (x, t) = ϵUBCUB + ϵBCB + Amatrix, (1.21)

where ϵUB and ϵB are in order the molar absorptivities of unbonded and bonded
chromophores and Amatrix is the contribution of the polymer matrix to the ab-
sorption which is considered to be constant in the whole sample.

Using the constraints (1.17) and the above equation (1.19) we can rewrite the
equation (1.16) into a simpler form

∂α (x, t)
∂t

= AI (1 − α)2 −BIα, (1.22)

where

A (ν) =
(︄

ΦUBζUB

NAhν

)︄
C0, (1.23a)

B (ν) =
(︄

ΦBϵB

NAhν

)︄
. (1.23b)

For the extinction field we can write

σ (x, t) =
[︃
ϵB

2 − ϵUB

]︃
C0α + C0ϵUB + Amatrix. (1.24)
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1.5 Mechanical constitutive relations
Following Sodhi and Rao [2010], the non-irradiated polymer can be modeled as
an elastic solid with a single stress-free configuration. Elastic solids are typically
modeled as incompressible hyperelastic materials. The incompressibility of the
polymer implies that J = 1. The constitutive relation for the Cauchy stress
tensor T for an incompressible hyperelastic material takes the form

T = −pI + 2F
∂W1

∂C
F⊤ = −pI + 2∂W1

∂B
B, (1.25)

where p is the Lagrange multiplier due to the incompressibility constraint and W1
is the Helmholtz potential density in [J/m3] or strain-energy density function of
the original network. For an homogeneous, isotropic, incompressible, hyperelastic
material, the strain-energy density function W1 can be expressed in terms of the
first two invariants (I1, I2) of B (or C), see Mihai and Goriely [2017]. These
invariants are I1 = Tr B and I2 = 1

2

[︂
(Tr B)2 − Tr (B2)

]︂
. The third invariant

I3 is trivial due to insompressibility constraint I3 = det B = J2 = 1. Thus, the
Cauchy stress tensor is equal to

T = −pI + 2∂W1

∂I1
B − 2∂W1

∂I2
B−1. (1.26)

If the polymer is irradiated the second light-induced network occurs. The
newly formed network is also assumed to be that of a hyperelastic material. As
done by Sodhi and Rao [2010], we consider the strain-energy densities of the
original and the second network to be additive. The polymer is not undergoing
deformation while irradiated, i. e. the stress in the sample is constant during
the irradiation. Therefore, the strain-energy density of the irradiated polymer is
simply given by

W = W1 + αW2, (1.27)
where W2 is the strain-energy density associated with the second network. If all
possible chromophores are bonded W2 is the strain-energy density of the second
network. The incompressibility implies J̃ = 1. The Cauchy stress tensor T of the
irradiated polymer is then given by

T = −pI + 2F
∂W1

∂C
F⊤ + 2αF̃

∂W2

∂C̃
F̃⊤ = −pI + T1 + αT2, (1.28)

where T1 is the stress in the original network and αT2 can be interpreted as the
stress due to the second light induced network.

It is possible that the light induced network will be anisotropic in mechanical
response. Sodhi and Rao [2010] discussed the case when the second network is
assumed to be orthotropic with the direction of anisotropy given by the eigen-
vectors of B∗. Due to lack of experimental data on these materials and for the
seek of simplicity we will assume the second network to be that of homogeneous,
isotropic, incompressible, hyperelastic material. Hence, the strain-energy densi-
ties W1 and W2 will be functions of the first two invariants of in order B and B̃.
Finally, he Cauchy stress tensor T of both networks can be expressed as

T = −pI + 2∂W1

∂I1
B − 2∂W1

∂I2
B−1 + α

[︄
2∂W2

∂Ĩ1
B̃ − 2∂W2

∂Ĩ2
B̃−1

]︄
, (1.29)

where Ĩ1 and Ĩ2 are the first two invariants of B̃ (or C̃), respectively.
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2. Specific boundary value
problems
In this chapter, we will take a closer look at two specific boundary value problems,
namely, inflation of a hollow cylinder and inflation of a hollow ball.

2.1 Choice of material model
The modeling of incompressible isotropic hyperelastic LASMPs can be done using
several models which are to be found in the literature, see Mihai and Goriely
[2017]. Because of the lack of experimental data in this particular field and for
the sake of simplicity, we will use the neo-Hookean model, as done by Sodhi and
Rao [2010]. Hence, the strain-energy densities of the original and the second
network take the form

W1 = µ1

2 [I1 − 3] = µ1

2 [Tr B − 3] , (2.1a)

W2 = µ2

2
[︂
Ĩ1 − 3

]︂
= µ2

2
[︂
Tr B̃ − 3

]︂
, (2.1b)

where µ1 is the shear modulus of the original network and µ2 is the shear modulus
of the fully formed light activated network.

2.2 Evolution of second network
Further, if the polymer sample is optically thin, the intensity of light and thus the
parameter α are constant in the whole sample, see Sodhi and Rao [2010]. In this
work, we will apply more general setting and assume only the extinction field
σ (x, t) to be constant throughout the sample, such that we can use the Beer-
Lambert’s law in the form (1.15) and get the exponential attenuation of light in
the polymer. If we look at the equation (1.24) we see, that this is a fairly general
constraint which applies to several cases. Specifically, the assumption is correct
if at least one of the following conditions is satisfied

α (x, t) << 1, (2.2a)
(ϵB + ϵUB)C0 << Amatrix, (2.2b)

ϵB
.= 2ϵUB. (2.2c)

In what follows, we will consider the constraint (2.2c) to be fulfilled, therefore
the extinction field reduces to the extinction coefficient as follows

σ0 := C0ϵUB + Amatrix, (2.3a)
σ (x, t) .= σ0, (2.3b)

where σ0 is the extinction coefficient of the LASMP.
Next, because we are primary interested in the temporary shape of the poly-

mer as the function of the permanent shape, the deformed state upon irradiation
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and other relevant parameters (e. g. the intensity of UV light irradiating the
polymer), we will not further bother with the chromophores dissolution. In the
final part of the shape memory cycle ones just has to change the wavelength
of UV light properly (to be less than the critical wavelength λ̄), irradiate the
sample again and the polymer will return to its original shape. In the ensuing
paragraphs, we will calculate just the formation of the light activated crosslinks,
i. e. the LASMP will be irradiated with UV light of wavelength greater than λ̄.
Hence, the equation (1.22) reduces to

∂α (x, t)
∂t

= AI (1 − α)2 , (2.4)

which for the time independent light intensity I, also considering the initial con-
dition (1.20), has the analytical solution in the form

α (x, t) = AIt

1 + AIt
. (2.5)

2.3 Inflation of a hollow cylinder - solution
Consider large deformation of a hollow cylinder of initial inner radius Ri and
outer radius Ro, see Figure 2.3. Assume that the cylinder is in this configuration
in a stress-free state and that it is infinite in z-dimension. Further, assume that

X

Y

Ro

Ri

R
[R,Φ, Z]

Φ

ER
EΦ

x

y

ro

ri

r

ϕ

Pi

Po

er
eϕ

[r, ϕ, z]

x = χ (X, t)

Figure 2.1: Scheme of the inflation of a hollow cylinder made of PMC material.

the material of which is the cylinder made has the shear modulus µ and the
extend of formed network (relative concentration of covalent bonds) takes the
form α = α (r), where r is the distance from the middle of the cylinder. Then the
constitutive relation for the Cauchy stress for an incompressible, neo-Hookean
material can be written as

T = −pI + µα (r) [B − I] , (2.6)

where p is the pressure and B denotes the left Cauchy-Green tensor with respect
to the initial configuration. Let us now apply a pressure Pi inside the cylinder
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and a pressure Po outside the cylinder. If the inner pressure is higher than the
outer pressure, the cylinder inflates. The task is to find a relation between the
current inner radius of the cylinder ri and the pressure difference Pi − Po. The
fundamental concepts for solving a boundary value problem for an incompressible
neo-Hookean material were introduced by Rivlin [1948]. Inflation of a hollow
cylinder was also solved by Sodhi and Rao [2010], but we will solve it for much
more general setting.

The problem is easy to solve, if we use cylindrical coordinates. The symmetry
of the problem implies that it is reasonable to search for the solution in the form

r = f (R) , (2.7a)
ϕ = Φ, (2.7b)
z = Z. (2.7c)

In other words, the deformation is assumed to go along the straight lines in the
direction of ER. If the polar coordinates are used both in the reference and the
current configuration, then the deformation gradient takes the form

F =

⎛⎜⎝
df
dR

0 0
0 f

R
0

0 0 1

⎞⎟⎠ . (2.8)

The incompressibility of the material implies that we need to restrict ourselves to
isochoric motions, that is we need to enforce det F = 1. Consequently, taking into
account the specific form of the deformation gradient, we see that the unknown
function f must be a solution to the differential equation

df

dR

f

R
= 1. (2.9)

The unknown inner radius ri must be found by solving the governing equation
(1.9) with boundary conditions

Ter|r=ri
= −Pier|r=ri

, (2.10a)
Ter|r=ro = −Poer|r=ro . (2.10b)

Let us now assume that the stress takes, in the polar coordinates, the form

T = −pI +

⎛⎜⎝S
rr 0 0
0 Sϕϕ 0
0 0 0

⎞⎟⎠ , (2.11)

where the components Srr and Sϕϕ are functions of r. If we rewrite the governing
equation (1.9) in polar coordinates, we see that the system reduces to a single
non-trivial equation

dT rr

dr
+ 1
r

(T rr − Tϕϕ) = 0, (2.12)

for the components of the Cauchy stress tensor. Adopting the assumption (2.11)
then yields

−dp

dr
+ dSrr

dr
+ Srr − Sϕϕ

r
= 0,
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which upon integration leads to the formula

p =
∫︂ r

r=ri

(︄
dSrr

dr
+ Srr − Sϕϕ

r

)︄
dr + p|r=ri

. (2.13)

Utilizing this formula in the boundary conditions (2.10) yields

−
∫︂ ro

r=ri

(︄
dSrr

dr
+ Srr − Sϕϕ

r

)︄
dr − p|r=ri

+ Srr|r=ro = −Po, (2.14a)

−p|r=ri
+ Srr|r=ri

= −Pi. (2.14b)

which finally leads to formula relating the pressure difference ∆P := Pi − Po to
the stress inside the hollow cylinder

∆P = −
∫︂ ro

r=ri

Srr − Sϕϕ

r
dr. (2.15)

The Cauchy stress tensor is in our specific case given by the formula (2.6),
hence

T = −pI + µα (r)

⎡⎢⎢⎢⎣
⎛⎜⎜⎜⎝
(︂

df
dR

)︂2
0 0

0
(︂

f
R

)︂2
0

0 0 1

⎞⎟⎟⎟⎠−

⎛⎜⎝1 0 0
0 1 0
0 0 1

⎞⎟⎠
⎤⎥⎥⎥⎦ , (2.16)

therefore Srr = µα (r)
[︃(︂

df
dR

)︂2
− 1

]︃
and Sϕϕ = µα (r)

[︃(︂
f
R

)︂2
− 1

]︃
, which upon

substituting into (2.15) yields

∆P = −µ
∫︂ ro

r=ri

α (r)

(︂
df
dR

)︂2
−
(︂

f
R

)︂2

r
dr. (2.17)

The cylinder is incompressible, therefore its cross section has to be conserved,
which means

R2 − f 2 = R2
o −R2

i = r2
o − r2

i . (2.18)
Further, substituting formula (2.9) for f into (2.17) and using the notation f = r
gives the sought relations between the applied pressure difference and the current
inner radius

∆P (ri) = −µ
∫︂ √

r2
i +R2

o−R2
i

r=ri

α (r) (r2 − r2
i +R2

i )2 − r4

r3 (r2 − r2
i +R2

i ) dr. (2.19)

2.3.1 Effect of the original network
The special case of (2.19) occurs when only the original network is present. The
original network is fully formed, i. e. the relative concentration of bonds forming
this network is 1 and the equation (2.19) is reduced to

∆P1 (ri) = −µ1

∫︂ √
r2

i +R2
o−R2

i

r=ri

(r2 − r2
i +R2

i )2 − r4

r3 (r2 − r2
i +R2

i ) dr, (2.20)

where ∆P1 denotes the pressure difference caused by the original network and µ1
the shear modulus of the original network.
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2.3.2 Activation of the second network
Consider an infinite linear source of light placed in the middle of the cylinder
(r = 0). Let us now apply the pressure Pī inside the cylinder and the pressure Pō

outside the cylinder such that the cylinder inflates to the radii Ri
¯ (inner) and Rō

(outer). Now we illuminate the cylinder with UV light of wavelength λ > λ̄, thus
new covalent bonds will form. At this point, we differentiate from our main source
Sodhi and Rao [2010] because for the intensity of light I inside the cylinder we
consider the Beer-Lambert’s law in the form (1.15) with the extinction coefficient
σ0 given by (2.3a). For the extend of the newly formed network α we consider
the equation (2.5).

Considering the linearity of the light source we get for the light intensity I in
a non-attenuating medium the formula

I (R) = p

2πR, (2.21)

where p is the power of the light source per unit length and R is the distance from
the linear light source. Now we place the light source in the center of the hollow
cylinder. Adopting (1.15) for the light intensity I in the body of the cylinder we
can write

I
(︂
R̄
)︂

= p

2πR̄
e−σ0(R̄−R̄i), (2.22)

where R̄ is the radius in the current configuration, R̄ ∈
[︂
Ri
¯ , Rō

]︂
. Assuming that

the irradiation takes time T , the extent of light activated network α is given by
the equation (2.5) as

α
(︂
R̄, T

)︂
=

AT p
2πR̄

exp
[︂
−σ0

(︂
R̄ − R̄i

)︂]︂
1 + AT p

2πR̄
exp

[︂
−σ0

(︂
R̄ − R̄i

)︂]︂ . (2.23)

If we want to know, how the distribution of the newly formed crosslinks will
change with further deformation, we have to consider that

R̄ (r) =
√︂
r2 − r2

i +Ri
¯ 2
, (2.24)

where ri is the new inner radius. Substituting (2.24) into (2.23) gives us

α (r, T ) =
AT p

2π

exp
[︃

−σ0

(︃√︂
r2−r2

i +Rī
2−R̄i

)︃]︃
√︂

r2−r2
i +Rī

2

1 + AT p
2π

exp
[︃

−σ0

(︃√︂
r2−r2

i +Rī
2−R̄i

)︃]︃
√︂

r2−r2
i +Rī

2

. (2.25)

Further, substituting (2.25) into (2.19) for α (r) = α (r, T ) where T is a con-
stant and considering the right stress free state for the newly formed network (Ri

¯
inner and Rō outer radii in the stress free state for the second network) gives us
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the pressure difference ∆P2 caused by the second network

∆P2 (ri) =

− µ2

∫︂ √︂r2
i +Rō

2−Rī
2

r=ri

AT p
2π

exp
[︃

−σ0

(︃√︂
r2−r2

i +Rī
2−R̄i

)︃]︃
√︂

r2−r2
i +Rī

2

1 + AT p
2π

exp
[︃

−σ0

(︃√︂
r2−r2

i +Rī
2−R̄i

)︃]︃
√︂

r2−r2
i +Rī

2

(︂
r2 − r2

i +Ri
¯ 2)︂2

− r4

r3
(︂
r2 − r2

i +Ri
¯ 2)︂ dr,

(2.26)
where µ2 is the shear modulus of the second network.

2.3.3 Inclusion of the second network
The pressure difference ∆P caused by the irradiated cylinder (the original and
the newly formed network) due to (1.28) simply equals

∆P (ri) = ∆P1 + ∆P2, (2.27)

where ∆P1 is given by (2.20) and ∆P2 by (2.26). Finally, the inner radius ri of
unloaded cylinder (the temporary shape) is given by the equation

∆P (ri) = 0. (2.28)

2.4 Inflation of a hollow cylinder - results
In this section we show the most important graphs generated using the solutions
for inflation of a hollow cylinder in the forms (2.27,2.28). The calculations were
done using Wolfram Mathematica 11.3. The formulae (2.20,2.26) were integrated
using the function NIntegrate, which symbolically analyzes its input to select
optimal integration method.

To our knowledge, there are no mechanical experimental data available in the
literature from which one could calculate the characteristic material parameters
of PMC materials. Therefore we will estimate most material parameters. The
shear modulus of the original material µ1, of the second network µ2, the extinction
coefficient σ0 and the value of the constant A are of the same order as the ones
used by Hamel et al. [2017]. The values are showed in Table 2.1. Further, we

Parameter Value
µ1

[MPa] 1
µ2

[MPa] 5
σ0

[m−1] 5000
A

[m2·W−1·s−1] 2·10−5

Table 2.1: Representative material parameters for a typical PMC material.
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determine the linear density of the power of the light source p, the duration of
the irradiation T , the initial inner radius Ri, the initial outer radius Ro and the
inner radius during the irradiation Ri

¯ . The outer radius during the irradiation
Rō is given by (2.18). These values are are in Table 2.2.

Parameter Value
p

[W·m−1] 1000
T
[s] 600
Ri

[cm] 3
Ro

[cm] 4
Rī

Ri
3

Table 2.2: Parameters defining the inflation of a hollow cylinder.

The values of the parameters in Tables 2.1 and 2.2 are used for all graphs
below unless the parameter is a variable. The pressure difference ∆P is non-
dimensionalized using the shear modulus of the original material µ1 and the radii
are non-dimensionalized using the initial radii Ri, Ri

¯ .
Figure 2.2 shows the dependence of the parameter α given by the equation

(2.23) on the normalized depth d inside the cylinder in the configuration of irra-
diation, i. e. current inner radius of the cylinder is Ri

¯ . The normalized depth d
is defined as follows

d
(︂
R̄
)︂

:= R̄ −Ri
¯

Rō −Ri
¯ , (2.29)

where current outer radius Rō is given by the relation (2.18). On the Figure 2.2
we see that there is almost no presence of the second network beyond 1/3 of the
width of the cylinder due to exponential attenuation of the light intensity.

On next four Figures 2.3-2.6 we always compare the solution obtained using
the assumptions made in the Section 2.2 which give us the relation for parameter α
in the form (2.25) with the solution for a material with fully formed second
network, i. e. α = 1 in the whole sample. The first (general) solution is indicated
by solid lines, the second (simple) solution by dashed lines.

Figure 2.3 shows the ”path” of the cylinder. The original virgin material
stretches in segment a) to b), where the material is irradiated, but there is no
change in the stress. The behavior of the original network is indicated by the
dash-dotted line. At point b) the material unloads an gets to its temporary shape
c) in the case of general solution or d) in the case of simple solution. We see that
there is a significant difference between points c) and d) which substantiates the
importance of the general solution.

Figure 2.4 shows the dependence of the inner radius of the cylinder in the
temporary shape on the inner radius of the cylinder during the irradiation. The
dependencies are close to linear ones but with much different slopes for both
solutions.

Figure 2.5 shows the dependence of the inner radius of the cylinder in the
temporary shape on the duration of the irradiation T . The simple solution does
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Figure 2.2: The dependence of the extent of newly formed network α on the
normalized depth d inside the cylinder in the configuration of irradiation (inner
radius Ri

¯ ).

not depend on the time T . The general solution is concave and increasing. It
increases quickly in the beginning but with longer times the solution is much
shallower close to the constant one. Thus, it will take extremely long time to get
close to the simple solution.

Figure 2.6 shows the dependence of the inner radius of the cylinder in the
temporary shape on the extinction coefficient. The simple solution is constant.
The case σ0 = 0 m−1 is the case of no damping. The general solution is decreasing
with a steep slope in the beginning. Therefore, just small attenuation affects the
resultant temporary shape significantly, hence it is important to take attenuation
into account.

2.5 Inflation of a hollow ball - solution
Consider large deformation of a hollow ball of initial inner radius Ri and outer
radius Ro, and assume that the ball is in this configuration in a stress-free state.
Further, we denote the shear modulus of the material of the ball by µ and assume
the extend of formed network α to be a function of the distance from the middle
of the ball r, i. e. α = α (r).

In analogy to the equation (2.6) the constitutive relation for the Cauchy stress
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Figure 2.3: The dependence of the pressure difference ∆P on the inner radius
of the (irradiated) cylinder ri. The path of the cylinder: a) −→ b) −→ c) for
the general solution (α is spatially inhomogeneous) or a) −→ b) −→ d) for the
simple solution (α is assumed to be spatially homogeneous).

tensor for an incompressible, neo-Hookean material reads

T = −pI + µα (r) [B − I] , (2.30)

where this time r is the spherical coordinate, p is again the pressure and B
denotes the left Cauchy-Green tensor with respect to the initial configuration.
Now we apply pressure Pi inside the ball and pressure Po outside the ball such
that the ball inflates. Let us note that inflation of a hollow ball is not solved in
the literature.

We solve the problem in analogy to the Section 2.3, but this time we use
spherical coordinates. We look for the solution in the form

r = f (R) , (2.31a)
ϑ = Θ, (2.31b)
ϕ = Φ. (2.31c)

The deformation gradient takes the form

F =

⎛⎜⎝
df
dR

0 0
0 f

R
0

0 0 f
R

⎞⎟⎠ . (2.32)
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Figure 2.4: The dependence of the inner radius of the cylinder ri in the final
stress free state on the inner radius of the cylinder Ri

¯ during the irradiation.

Considering det F = 1 the unknown function f must be a solution to the differ-
ential equation

df

dR

f 2

R2 = 1. (2.33)

The unknown inner radius ri must be again found by solving the governing
equation (1.9) with boundary conditions

Ter|r=ri
= −Pier|r=ri

, (2.34a)
Ter|r=ro = −Poer|r=ro . (2.34b)

Now we assume the stress to take, in the spherical coordinates, the form

T = −pI +

⎛⎜⎝S
rr 0 0
0 Sϑϑ 0
0 0 Sϕϕ

⎞⎟⎠ , (2.35)

where Sϑϑ = Sϕϕ and the components Srr and Sϑϑ are functions of r. The
governing equation (1.9), in the spherical coordinates, reduces to a single non-
trivial equation

dT rr

dr
+ 2
r

[︂
T rr − T ϑϑ

]︂
= 0,
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Figure 2.5: The dependence of the inner radius of the cylinder ri in the final
stress free state on the duration of the irradiation T .

for the components of the Cauchy stress tensor. Adopting the assumption (2.35)
then yields

−dp

dr
+ dSrr

dr
+ 2
r

[︂
Srr − Sϑϑ

]︂
= 0, (2.36)

which upon integration leads to the formula

p =
∫︂ r

r=ri

(︄
dSrr

dr
+ 2
r

[︂
Srr − Sϑϑ

]︂)︄
dr + p|r=ri

. (2.37)

Utilizing this formula in the boundary conditions (2.34) yields

−
∫︂ ro

r=ri

(︄
dSrr

dr
+ 2
r

[︂
Srr − Sϑϑ

]︂)︄
dr − p|r=ri

+ Srr|r=ro = −Po, (2.38a)

−p|r=ri
+ Srr|r=ri

= −Pi. (2.38b)

which finally leads to formula relating the pressure difference ∆P = Pi − Po to
the stress inside the hollow ball

∆P = −
∫︂ ro

r=ri

2
r

[︂
Srr − Sϑϑ

]︂
dr. (2.39)

The Cauchy stress tensor is in our specific case given by the formula (2.30),
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Figure 2.6: The dependence of the inner radius of the cylinder ri in the final
stress free state on the extinction coefficient σ0.

hence

T = −pI + µα (r)

⎡⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝
(︂

df
dR

)︂2
0 0

0
(︂

f
R

)︂2
0

0 0
(︂

f
R

)︂2

⎞⎟⎟⎟⎟⎠−

⎛⎜⎝1 0 0
0 1 0
0 0 1

⎞⎟⎠
⎤⎥⎥⎥⎥⎦ , (2.40)

therefore Srr = µα (r)
[︃(︂

df
dR

)︂2
− 1

]︃
and Sϑϑ = Sϕϕ = µα (r)

[︃(︂
f
R

)︂2
− 1

]︃
, which

upon substituting into (2.39) yields

∆P = −µ
∫︂ ro

r=ri

α (r) 2
r

⎡⎣(︄ df
dR

)︄2

−
(︄
f

R

)︄2
⎤⎦ dr. (2.41)

The ball is incompressible, therefore its volume has to be conserved, which
means

R3 − f 3 = R3
o −R3

i = r3
o − r3

i . (2.42)
Further, substituting formula (2.33) for f into (2.41) and using the notation f = r
gives the sought relations between the applied pressure difference and the current
inner radius

∆P (ri) = −2µ
∫︂ 3

√
r3

i +R3
o−R3

i

r=ri

α (r) (r3 − r3
i +R3

i )2 − r6

r5(r3 − r3
i +R3

i )2/3 dr. (2.43)
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2.5.1 Effect of the original network
The special case of (2.43) occurs when only the original network is present. The
original network is fully formed, i. e. the relative concentration of bonds forming
this network is 1 and the equation (2.43) is reduced to

∆P1 (ri) = −2µ1

∫︂ 3
√

r3
i +R3

o−R3
i

r=ri

(r3 − r3
i +R3

i )2 − r6

r5(r3 − r3
i +R3

i )2/3 dr, (2.44)

where ∆P1 denotes the pressure difference caused by the original network and µ1
the shear modulus of the original network.

2.5.2 Activation of the second network
Consider a point source of light placed in the middle of the ball (r = 0). Let us
now apply the pressure Pī inside the ball and the pressure Pō outside the ball such
that the ball inflates to the radii Ri

¯ (inner) and Rō (outer). Now we illuminate the
ball in order to bond the chromophores. For the intensity of light I inside the ball
we again consider the Beer-Lambert’s law (1.15) with the extinction coefficient
σ0 given by (2.3a). For the extend of the newly formed network α we consider
the equation (2.5).

For the light intensity I of a point source in a non-attenuating medium we
can write

I (R) = P
4πR2 , (2.45)

where P is the power of the point source and R is the distance from the source.
Let us now assume that the light source is placed in the middle of the hollow ball.
Adopting (1.15) we can write for the intensity I in the ball

I
(︂
R̄
)︂

= P
4πR̄2 e

−σ0(R̄−R̄i), (2.46)

where R̄ is the radius in the current, deformed configuration, R̄ ∈
[︂
Ri
¯ , Rō

]︂
.

Assuming that the irradiation takes time T , the extend of light activated network
α is given by the equation (2.5) as

α
(︂
R̄, T

)︂
=

AT P
4πR̄

2 exp
[︂
−σ0

(︂
R̄ − R̄i

)︂]︂
1 + AT P

4πR̄
2 exp

[︂
−σ0

(︂
R̄ − R̄i

)︂]︂ . (2.47)

If we want to know, how the distribution of the newly formed crosslinks will
change with further deformation, we have to consider that

R̄ (r) = 3
√︂
r3 − r3

i +Ri
¯ 3
, (2.48)

where ri is the new inner radius. Substituting (2.48) into (2.47) gives us

α (r, T ) =
AT P

4π

exp
[︃

−σ0

(︃
3
√︂

r3−r3
i +Rī

3−R̄i

)︃]︃
(r3−r3

i +Rī
3)2/3

1 + AT P
4π

exp
[︃

−σ0

(︃
3
√︂

r3−r3
i +Rī

3−R̄i

)︃]︃
(r3−r3

i +Rī
3)2/3

. (2.49)
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Further, substituting (2.49) into (2.43) for α (r) = α (r, T ) where T is a con-
stant and considering the right stress free state for the newly formed network (Ri

¯
inner and Rō outer radii in the stress free state for the second network) gives us
the pressure difference ∆P2 caused by the second network

∆P2 (ri) =

− 2µ2

∫︂ 3
√︂

r3
i +Rō

3−Rī
3

r=ri

AT P
4π

exp
[︃

−σ0

(︃
3
√︂

r3−r3
i +Rī

3−R̄i

)︃]︃
(r3−r3

i +Rī
3)2/3

1 + AT P
4π

exp
[︃

−σ0

(︃
3
√︂

r3−r3
i +Rī

3−R̄i

)︃]︃
(r3−r3

i +Rī
3)2/3

(︂
r3 − r3

i +Ri
¯ 3)︂2

− r6

r5
(︂
r3 − r3

i +Ri
¯ 3)︂2/3 dr,

(2.50)
where µ2 is the shear modulus of the second network.

2.5.3 Inclusion of the second network
The pressure difference ∆P caused by the irradiated ball (the original and the
newly formed network) due to (1.25) simply equals

∆P (ri) = ∆P1 + ∆P2, (2.51)

where ∆P1 is given by (2.44) and ∆P2 by (2.50). Finally, the inner radius ri of
unloaded ball is given by the equation

∆P (ri) = 0. (2.52)

2.6 Inflation of a hollow ball - results
In this section we show the most relevant graphs generated using the solutions
for inflation of a hollow ball in the forms (2.51,2.52). The calculations were
again done using Wolfram Mathematica 11.3 and the formulae (2.44,2.50) were
integrated using the function NIntegrate.

The parameters which characterize the material are the same as for the infla-
tion of a hollow cylinder. The values of the representative material parameters
are showed in Table 2.1. Next, we determine the power of the point light source
P , the duration of the irradiation T , the initial inner radius Ri, the initial outer
radius Ro and the inner radius during the irradiation Ri

¯ . The outer radius during
the irradiation Rō is given by (2.42). These values are are in Table 2.3.

The values of the parameters in Tables 2.1 and 2.3 are used for all graphs
in this section unless the parameter is a variable. The pressure difference ∆P is
non-dimensionalized using the shear modulus of the original material µ1 and the
radii are non-dimensionalized using the initial radii Ri, Ri

¯ .
Figure 2.7 shows the dependence of the parameter α given by the equation

(2.47) on the normalized depth d inside the ball in the configuration of irradiation,
i. e. current inner radius of the ball is Ri

¯ . The normalized depth d is again defined
as

d
(︂
R̄
)︂

:= R̄ −Ri
¯

Rō −Ri
¯ , (2.53)
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Parameter Value
P

[W] 20
T
[s] 600
Ri

[cm] 3
Ro

[cm] 4
Rī

Ri
2

Table 2.3: Parameters defining the inflation of a hollow ball.

where current outer radius Rō is given by the relation (2.42). On the Figure 2.7
we see that there is almost no presence of the second network beyond 1/4 of the
width of the ball due to exponential attenuation of the light intensity.

0.0 0.2 0.4 0.6 0.8 1.0
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0.8
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d

α

Figure 2.7: The dependence of the extent of newly formed network α on the
normalized depth d inside the ball in the configuration of irradiation (inner ra-
dius Ri

¯ ).

On next four Figures 2.8-2.11 we compare the solution obtained using the
assumptions made in the Section 2.2 which give us the relation for parameter
α in the form (2.49) with the solution for a material with fully formed second
network, i. e. α = 1 in the whole sample. The first (general) solution is indicated
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by solid lines, the second (simple) solution by dashed lines.
Figure 2.8 shows the ”path” of the ball. The original virgin material stretches

in segment a) to b), where the material is irradiated, but there is no change in
the stress. The behavior of the original network is indicated by the dash-dotted
line. In contrast to the behavior of a hollow cylinder showed in Figure 2.3 we see
that there is a maximum pressure difference ∆P which can be caused by a hollow
ball. At point b) the material unloads an gets to its temporary shape c) in the
case of general solution or d) in the case of simple solution. There is again a big
difference between the points c) and d).

a)

b)

c) d)

1.0 1.2 1.4 1.6 1.8 2.0

0.0

0.1

0.2

0.3

0.4

ri

Ri

Δ
P

μ
1

Figure 2.8: The dependence of the pressure difference ∆P on the inner radius of
the (irradiated) ball ri. The path of the ball: a) −→ b) −→ c) for the general
solution (α is spatially inhomogeneous) or a) −→ b) −→ d) for the simple solution
(α is assumed to be spatially homogeneous).

Figure 2.9 shows the dependence of the inner radius of the ball in the tempo-
rary shape on the inner radius of the ball during the irradiation. The dependence
is close to a linear one for the simple solution. For the general solution the depen-
dence is convex increasing with slope less than the one of the simple solution. The
general solution is far from the linear one, which is not the case of the inflation
of a hollow cylinder, see Figure 2.4.

Figure 2.10 shows the dependence of the inner radius of the ball in the tem-
porary shape on the duration of the irradiation T . The simple solution does not
depend on the time T . The general solution is concave, increasing, very similar
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Figure 2.9: The dependence of the inner radius of the ball ri in the final stress
free state on the inner radius of the ball Ri

¯ during the irradiation.

to inflation of a hollow cylinder showed in Figure 2.5. Thus, also for a hollow
ball, it will take extremely long time to get close to the simple solution.

Figure 2.11 shows the dependence of the inner radius of the ball in the tem-
porary shape on the extinction coefficient. The simple solution is constant. The
case σ0 = 0 m−1 is the case of no damping. The general solution is decreasing
with a steep slope in the beginning, which is close to the inflation of a hollow
cylinder showed in Figure 2.6. Therefore, it is important to take attenuation into
account.
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Figure 2.10: The dependence of the inner radius of the ball ri in the final stress
free state on the duration of the irradiation T .
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Figure 2.11: The dependence of the inner radius of the ball ri in the final stress
free state on the extinction coefficient σ0.
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3. Nonlinear analysis of
origami-like structures using the
Merlin 2 software
Origami (from Japanese ori meaning ”folding”, and kami meaning ”paper”) is
the art of paper folding. The concept of origami have been used in various fields
of science and engineering due to its extraordinary benefits. First, a large struc-
ture can be folded compactly and then deployed. Second, a three dimensional
structure can be assembled from effectively two dimensional sheet. Third, through
reconfiguration of the structure its mechanical properties can change significantly.
Practical applications of origami-like structures include deployable space struc-
tures (Morgan et al. [2016], Lang et al. [2016], Wilson et al. [2013]), morphing
assemblages in architecture (Del Grosso and Basso [2010]), functional metama-
terials (Filipov et al. [2015], Schenk and Guest [2013]) or nanoscale mechanisms
(Marras et al. [2015]).

A typical origami-like structure consists of flat thin sheets (panels) that are
interconnected by folding lines (or hinges). If any panel in the origami cannot be
deformed and deformation may occur only at the fold lines the origami is called
rigid foldable.

Various approached have emerged in order to model the behavior of origami-
like structures. Some are based just on geometric considerations and are ap-
plicable only to rigid origami, see Tachi [2009]. But rigid origami models are
not sufficient to capture the behavior of real origami-like structures. A numer-
ical approach is the modeling of origami by means of shell finite-elements, see
Reddy [2006]. It provides high accuracy, but also requires a time consuming cy-
cle for both modeling and computing. The bar-and-hinge approach, see Schenk
and Guest [2011], Filipov et al. [2017], Liu and Paulino [2017], is a compromise
between overly simplified rigid origami models and detailed, but expensive finite-
element methods. At the same time it predicts the essential mechanical behavior
of various origami-like structures.

The bar-and-hinge model represents a reduced representation of an origami
structure. Following Liu and Paulino [2017], an origami panel is triangulated to
a bar (or truss) framework with constrained rotational hinges. Bars are placed
along straight fold lines, and across panels to model (in-plane) stiffness. The
rotational hinges are along bars connecting panels to model (out-of-plane) fold-
ing of creases, and along bars across panels to model (out-of-plane) bending of
panels, see Figures 3.2, 3.3. For all practical purposes, the bar-and-hinge model
captures the overall mechanical behavior of origami-like structures exceptionally
well. That is because bended thin panels are likely to display concentrated bend-
ing curvatures along diagonals, which is caused by the singular ridge effect, see
Witten [2007].

A general nonlinear formulation for structural analysis of origami-like struc-
tures using bar-and-hinge models was recently developed by Liu and Paulino
[2017]. The formulation is implemented in the software MERLIN and its ex-
tended version MERLIN 2. These are open-source Matlab codes, which simulate
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the entire deformation process of an origami-like structure. In this work, we
present a modification of the MERLIN 2 code, which is applicable to ”special”
LASMPs origami. But first, we describe the nonlinear formulation for bar-and-
hinge models introduced by Liu and Paulino [2017], triangulation schemes for
origami structures, see Schenk and Guest [2013], Filipov et al. [2015], Filipov
et al. [2017], and the solution scheme for nonlinear analysis introduced by Leon
et al. [2014].

3.1 Formulation for bar-and-hinge model
A potential energy approach was adopted by Liu and Paulino [2017] to formulate
the nonlinear bar-and-hinge model. Bar elements and rotational spring elements
were implemented by means of finite-elements. The major asset of their work was
the careful treatment of finite rotations. The standard approach of using trigono-
metric functions to derive internal force vectors is numerically unstable. This
is due to singularities associated with the gradients of trigonometric functions
(meaning the sine function in the denominator), although these gradients have
well-defined limits (as sine approaches 0). Therefore, they proposed enhanced
numerically stable formulae based on distance vectors and functions which have
no singularities associated with their gradients.

3.1.1 Stationary potential energy principle
Following the MERLIN 2 conference proceeding Ke Liu [2018], the total poten-
tial energy (Π) of the elastic system representing the origami structure consists
of internal strain-energy (U) and external work (V ). This can be symbolically
written as

Π (u) = U − V. (3.1)
The strain-energy has contributions from bars (US), bending hinges (UB) and
folding hinges (UF ). Thus, the total potential energy (Π) of the elastic system
can be expressed as

Π (u) = US (u) + UB (u) + UF (u) − f⊤u, (3.2)

where f is the externally applied force (load) and u is the nodal displacement vec-
tor. All strain-energy terms are nonlinear functions of the nodal displacement u.
The equilibrium is reached when the total potential energy Π is stationary, i. e.
the first variation R of potential energy Π becomes zero. Therefore, the equilib-
rium equation can be derived as

R (u) = T (u) − f = TS (u) + TB (u) + TF (u) − f = 0, (3.3)

where T denotes the internal force vector and has contributions from bars (TS),
bending hinges (TB) and folding hinges (TF ) defined as

TS (u) = ∂US (u)
∂u

, TB (u) = ∂UB (u)
∂u

, TF (u) = ∂UF (u)
∂u

. (3.4)

The system equilibrium is fully defined through elastic constitutive relationships
for bars and rotational hinges.
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3.1.2 Bar elements
For bar elements Liu and Paulino [2017] adopted hyperelasticity because it is able
to represent a broad variety of constitutive relations. Following Ke Liu [2018],
for the i-th bar element, the strain-energy U i

S is defined as

U i
S = ALW (Exx) , (3.5)

where A is the member area assumed to be constant along the entire member
length L, and W denotes the strain-energy density which is a function of the one
dimensional Green-Lagrange strain Exx. The energy conjugate one dimensional
second Piola-Kirchhoff stress is defined as

Sxx = ∂W

∂Exx

. (3.6)

Therefore for the i-th bar element, its contribution to the system equilibrium is

Ti
S = ALSxx

∂Exx

∂u
. (3.7)

The Green-Lagrange strain Exx is a given function of the nodal displacements u,
see Wriggers [2008]. Considering a given constitutive relationship for the strain-
energy density W , we are able to calculate the contribution to the system equi-
librium by each bar element.

3.1.3 Constitutive relation for bar elements
The Ogden constitutive model was adopted by Liu and Paulino [2017] for bar ele-
ments. In the Ogden model, see Ogden [1997], the strain-energy density function
W can expressed as

W (λ1, λ2, λ3) =
N∑︂

p=1

µp

αp

(︂
λ

αp

1 + λ
αp

2 + λ
αp

3 − 3
)︂
, (3.8)

where {λi}3
i=1 are the eigenvalues of the right stretch tensor U =

√
F⊤F and also

the left stretch tensor V =
√

FF⊤, called the principal stretches. The symbols
N , µp and αp denote the material constants. The one dimensional bar element
always undergoes uniaxial tension or compression. Therefore, the only non-trivial
principal stretch is λ1. Considering the identity (Wriggers [2008])

λ1 =
√︂

2Exx + 1, (3.9)

the one dimensional second Piola-Kirchhoff stress is given as

Sxx = ∂W

∂λ1

dλ1

dExx

=
N∑︂

p=1
µpλ

αp−2
1 . (3.10)

Considering, that the undeformed configuration (λ1=1) is in a stress-free state
(Sxx = 0), we have the constraint for µp in the form

N∑︂
p=1

µp = Sxx = 0. (3.11)
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3.1.4 Rotational spring elements
The folding of creases and bending of panels is modeled through rotational
springs, see Liu and Paulino [2017]. Folding and bending hinges are kinemat-
ically the same, but may differ in the constitutive behavior. In the bar-and-hinge
model, a rotational spring element consists of 4 nodes and 5 bars, which form
1 dihedral angle between 2 triangles, see Figure 3.1. The degree of rotation is

Figure 3.1: Illustration of a rotational spring element in the bar-and-hinge model.
Source: Liu and Paulino [2017].

fully defined by the displacements and original coordinates of 4 nodes. Following
Ke Liu [2018], the constitutive behavior for each rotational spring is described by
a strain-energy function ψ, which is a function of the dihedral (rotational) angle
θ. Therefore, the strain-energy stored in a bending or folding hinge respectively
can be written as

UB = ψB (θ) , or UF = ψF (θ) . (3.12)
Because folding and bending hinges are kinematically the same, everything in
what follows holds for both folding and bending hinges. Thus, we will not dif-
ferentiate between them and use the general term rotational spring for both. We
can define the resistant modulus M and the tangent rotational modulus k for a
rotational spring as

M = dψ (θ)
dθ

, k = dM

dθ
. (3.13)

We further define the rotational angle θ ∈ ⟨0, 2π) such that θ = π when the panel
is flat. If M (θ0) = 0 we call θ0 the neutral angle of the rotational spring. For the
i-th rotational spring element, either folding or bending hinge, its contribution to
the system equilibrium Ti

spr is

Ti
spr = dψ

dθ

dθ

du
= M

dθ

du
. (3.14)

Considering a given constitutive relationship for the strain-energy function ψ, we
are able to calculate the contribution to the system equilibrium by each rotational
spring element.
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3.1.5 Constitutive relation for rotational springs
Rotational hinges in an origami structure are usually assumed to be linear elastic,
see for example Schenk and Guest [2011]. But a nonlinear constitutive relation is
implemented in MERLIN 2 to prevent local penetration of panels, which cannot
be done by the linear constitutive relation. The nonlinear constitutive relation
introduced by Liu and Paulino [2017] provides richer tunability and better physi-
cal agreement thanks to additional parameters θ1 and θ2. It assumes the resistant
modulus of the rotational spring M to take the form

M =

⎧⎪⎪⎨⎪⎪⎩
L(r)K (θ1 − θ0) +

(︂
2Kθ1

π

)︂
tan

(︂
π(θ−θ1)

2θ1

)︂
, 0 < θ < θ1,

L(r)K (θ − θ0) , θ1 < θ < θ2,

L(r)K (θ2 − θ0) +
(︂

2K(2π−θ2)
π

)︂
tan

(︂
π(θ−θ2)
2(2π−θ2)

)︂
, θ2 < θ < 2π,

(3.15)

where L(r) is the undeformed length of the rotational hinge, K is the rotational
modulus per unit length along the hinge (referring to undeformed configuration)
and the angles θ1, θ2 can be related to the thickness of panels. The rotational
hinge has constant tangent rotational modulus k for θ ∈ ⟨θ1, θ2⟩, but when the
panels are close to contact the rotational modulus k increases significantly to
prevent penetration of panels as follows

k =

⎧⎪⎪⎨⎪⎪⎩
L(r)K sec2

(︂
π(θ−θ1)

2θ1

)︂
, 0 < θ < θ1,

L(r)K, θ1 < θ < θ2,

L(r)K sec2
(︂

π(θ−θ2)
2(2π−θ2)

)︂
, θ2 < θ < 2π.

(3.16)

The above constitutive relation holds for both, folding and bending hinges, but
we can differentiate between them using different values of the rotational modulus
per unit length K.

3.2 Discretization scheme
The behavior of an origami structure depends strongly on its reduced represen-
tation, i. e. on the position and quantity of bars and rotational hinges which
represent the origami. Therefore it is very important to choose a triangulation
scheme which will capture the behavior of the origami structure in the most
realistic manner. Presently, there are two main types of triangulation schemes
available in the literature. Both schemes discretize convex quadrilateral panels
into triangles. They can be further generalized to convex polygonal panels, see
Ke Liu [2018], but this is beyond the scope of this work.

The first scheme places four bars on the perimeter of the panel and one bar
is placed along the shorter diagonal of the panel, see Figure 3.2. Thus each
quadrilateral panel is discretized into two triangles. The scheme has 4 nodes and
5 bars, therefore it is called the N4B5 scheme. It is commonly used for reduced-
order modeling of origami structures, see Schenk and Guest [2013], Filipov et al.
[2015].

The second scheme, which will be used in this work, is called the N5B8 scheme.
It adds an extra interior node within each quadrilateral panel, see Figure 3.3. The
extra point lies at the intersection of two diagonals and is also known as a Steiner
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Figure 3.2: Illustration of a reduced representation of an origami structure in
the bar-and-hinge model using the N4B5 discretization scheme. Source: Ke Liu
[2018].

Figure 3.3: Illustration of a reduced representation of an origami structure in
the bar-and-hinge model using the N5B8 discretization scheme. Source: Ke Liu
[2018].

point in computational geometry, see Bern and Eppstein [1995]. Thus, each panel
is divided into four triangles and has 5 nodes and 8 bars. Unlike the N4B5 scheme,
the N5B8 scheme allows to capture doubly curved (out-of-plane) deformations of
panels and isotropic (in-plane) deformations of panels. Hence, the N5B8 scheme
more general than the N4B5, see Filipov et al. [2017].

3.3 A solution scheme for nonlinear analysis
The solution scheme for nonlinear analysis of the origami structure implemented
in MERLIN 2 was introduced by Liu and Paulino [2017]. They used an equi-
librium path following method. Therefore, the key equation is the equilibrium
equation

R (u, ϵ) = T (u) − ϵf = 0, (3.17)

where ϵ is called the load factor and controls the magnitude of the applied force.
The equation (3.17) is solved following an incremental-iterative procedure with
the prescribed initial load factor ∆ϵ.

For successful nonlinear analysis, the modified generalized displacement con-
trol method (MGDCM) was implemented in MERLIN 2. This method was de-
veloped by Leon et al. [2014]. The MGDCM is more robust than the standard
generalized displacement control method (GCDM) in capturing equilibrium path
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in regions of high curvature. It can also follow equilibrium paths with snap-
through and snap-back behaviors. The MGCDM is less sensitive to the value
of initial load factor ∆ϵ and provides convergent solutions for wider range of ∆ϵ
than the GCDM.

3.4 MERLIN 2
In this section, we shortly describe how the MERLIN 2 software works. For de-
tailed information on the workflow and comments on the supporting functions,
see Ke Liu [2018]. The MERLIN 2 code has around 1200 rows. Its core con-
sists of two parts - discretization of the origami structure and nonlinear analysis.
The function PrepareData distretizes the input origami structure as showed in
the Section 3.2 and calculates data necessary for the structural analysis. The
PathAnalysis function computes the path of the origami structure by solving
the nonlinear equilibrium equation (3.17) as explained in Section 3.3.

3.4.1 The PrepareData function
Considering also the other functions which are implemented in the PrepareData
function, the PrepareData function has approximately 500 rows. The function
is declared by the following description

[truss, angles, AnalyInputOpt] =
PrepareData(Node,Panel,Supp,Load,AnalyInputOpt)

The inputs of the PrepareData function are:
Node - this is an array which contains the coordinates of all the nodes in the
origami structure.
Panel - it is a cell array. In the i-th cell, there are indices of the nodes corre-
sponding to the i-th panel.
Supp - is an array containing information for boundary conditions of the origami
structure. Every node can be free or fixed in arbitrary Cartesian direction.
Load - this is an array consisting of the magnitudes of applied forces or displace-
ments to the nodes of the origami structure. In this work, only the force mode
will be used.
AnalyInputOpt - is an structure array containing information necessary for the
nonlinear analysis. The most important are the discretizations schemes (one can
choose between N4B5 and N5B8), the constitutive relation for bars (the default
is that of Ogden, see Subsection 3.1.3), the constitutive relation for rotational
springs (the commonly used is the one introduced in the Subsection 3.1.5), the
material parameters and the initial load factor ∆ϵ (see the Section 3.3).

The outputs of the PrepareData function are:
truss - which is a structure array containing all the information about the bar
elements needed for the nonlinear structural analysis.
angles - this is a structure array containing all the information about the rota-
tional spring elements necessary for the nonlinear structural analysis.
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3.4.2 The PathAnalysis function
Together with the other implemented functions, the PathAnalysis function has
around 300 rows. The PathAnalysis function is declared by the description

[Uhis,Fhis] = PathAnalysis(truss,angles,AnalyInputOpt)

The inputs of the PathAnalysis function are the outputs of the PrepareData
function. The outputs of the PathAnalysis function are:
Uhis - is an array which contains the displacements of all nodes at the end of each
increment, i. e. it contains information about the path of the origami structure.
Fhis - is an array with the values of the load factor ϵ (see Section 3.3) at the
end of each increment, i. e. it contains information about the normalized force
applied to the origami structure.

3.5 Applying MERLIN 2 to LASMPs
In this section, we explain how the behavior of the origami changes after exposure
to UV light and what kind of code changes were done in MERLIN 2. The modified
MERLIN 2 is applicable to rigid origami structures made of LASMPs or to ”spe-
cial” nonrigid origami structures made of LASMPs. By ”special” we mean that
only the folding hinges of the nonrigid origami react to UV light. The mechanical
behavior of panels, i. e. the bars and bending hinges in the bar-and-hinge model,
remains the same after exposure to UV light.

3.5.1 Constitutive behavior of irradiated origami
For the sake of simplicity, let us assume that the intensity of light I irradiating
the origami structure is constant throughout the whole structure, because the
structure is made of thin panels. Considering this assumption and the equation
(1.22) for the evolution of the relative concentration of the light activated network
α, the concentration α reduces to a constant. Without further loss of generality,
we set the concentration α to 1 and let the strength of the light activated network
lie in its material constants. As mentioned above, only the folding hinges will react
to UV light. Let us now assume, that all folding hinges will be irradiated in their
interval of constant rotational modulus k, i. e. it holds for all the folding hinges
during the irradiation that θ ∈ ⟨θ1, θ2⟩. In this interval, the resistant modulus of
the non-irradiated folding hinge M1 takes the form

M1 = L(r)KF (θ − θ0) , (3.18)

where KF is the rotational modulus per unit length (referring to undeformed
configuration) of the folding hinge. Now we irradiate the folding hinge in the
state with the rotational angle θ∗ ∈ ⟨θ1, θ2⟩. Considering the equations (1.27),
(3.13), together with the facts that we set α = 1 and the linearity of the derivation,
we can write for the resistant modulus M of the irradiated folding hinge

M = M1 +M2, (3.19)
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where M2 is the resistant modulus caused by the second, light activated network
and can be expressed as

M2 = L(r)K∗ (θ − θ∗) , (3.20)

where K∗ is the rotational modulus per unit length (referring to undeformed
configuration) caused by the second network. Substituting (3.18) and (3.20) into
(3.19) for M1 and M2 respectively we get

M = L(r)K̄
(︂
θ − θ̄

)︂
, (3.21)

where

K̄ := KF +K∗, (3.22a)

θ̄ := KF θ0 +K∗θ∗

KF +K∗
. (3.22b)

Thus we see, that the constitutive relation for the irradiated folding hinges
is linear elastic with the rotational modulus per unit length K̄ and the neutral
angle θ̄. Considering the constitutive relation (3.15), the relation (3.21) can easily
be extended to the nonlinear constitutive relation for the resistant modulus M of
the irradiated folding hinge

M =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
L(r)K̄

(︂
θ1 − θ̄

)︂
+
(︂

2K̄θ1
π

)︂
tan

(︂
π(θ−θ1)

2θ1

)︂
, 0 < θ < θ1,

L(r)K̄
(︂
θ − θ̄

)︂
, θ1 < θ < θ2,

L(r)K̄
(︂
θ2 − θ̄

)︂
+
(︂

2K̄(2π−θ2)
π

)︂
tan

(︂
π(θ−θ2)
2(2π−θ2)

)︂
, θ2 < θ < 2π,

(3.23)

with the rotational modulus of the irradiated folding hinge k given by

k =

⎧⎪⎪⎨⎪⎪⎩
L(r)K̄ sec2

(︂
π(θ−θ1)

2θ1

)︂
, 0 < θ < θ1,

L(r)K̄, θ1 < θ < θ2,

L(r)K̄ sec2
(︂

π(θ−θ2)
2(2π−θ2)

)︂
, θ2 < θ < 2π.

(3.24)

These two equations (3.23,3.24) were implemented in MERLIN 2 by replacing KF

and θ0 with K̄ and θ̄, defined by the equations (3.22a) and (3.22b) respectively,
to simulate the behavior of LASMPs origami structures.

3.5.2 The modification of the code
Usually, the MERLIN 2 code is following the equilibrium path for a given num-
ber of increments (changes in the load factor ϵ) MaxIcr or until a prescribed
displacement is reached. We want to simulate with the modified MERLIN 2 the
most important part of the shape memory cycle, where the origami structure is
deformed due to prescribed load (force), then irradiated and unloaded, where-
upon the origami structure remains in the temporary shape. Therefore, we had
to modify the stopping criterion for the equilibrium path following algorithm. We
also had to modify the constitutive relations for folding hinges to simulate the
irradiation.

We simulate the shape memory cycle with the modified MERLIN 2 as follows:
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1. We let the algorithm run while the load factor ϵ goes from 0 to 1, ϵ : 0 → 1,
such that the prescribed force f is applied to the origami, see equation
(3.17).

2. We irradiate the origami structure, i. e. we change the constitutive relations
for folding hinges from (3.15) to (3.23).

3. We unload the origami structure, i. e. we let the algorithm run while
ϵ : 1 → 0.

The third step is so simple, because there is no change in stress in the origami
structure during the irradiation and thus the force holding the origami in this
position remains constant. The change in the constitutive relations for the folding
hinges due to exposure to UV light (the second step above) is the most important
modification of the MERLIN 2 code. It is a change in the PathAnalysis function
and looks like this:

Th0 = zeros(size(angles.fold,1),1);
for i = 1:size(angles.fold,1)

Th0(i) = FoldKe(Node,angles.fold(i,:));
end

NodeDef(:,1) = Node(:,1)+U(1:3:end);
NodeDef(:,2) = Node(:,2)+U(2:3:end);
NodeDef(:,3) = Node(:,3)+U(3:3:end);
ThDef = zeros(size(angles.fold,1),1);
for i = 1:size(angles.fold,1)

ThDef(i) = FoldKe(NodeDef,angles.fold(i,:));
end

Kf = AnalyInputOpt.Kf;
KDef = AnalyInputOpt.KDef;
ThBar = zeros(size(angles.fold,1),1);
ThBar = (Kf*Th0 + KDef*ThDef)/(Kf+KDef);
angles.pf0 = ThBar;

kpf = Kf + KDef;
if (size(angles.fold,1)>1)

kpf = repmat(kpf,size(angles.fold,1),1);
end
angles.Kf = kpf;

Where the variables in the code correspond to the physical values as follows:
Th0 ↔ θ0, U ↔ u, ThDef ↔ θ∗, Kf ↔ KF , KDef ↔ K∗, ThBar ↔ θ̄ and
kpf ↔ K̄.
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4. Simulations of specific origami
structures
In this chapter, we model the shape memory effect of a variety of origami struc-
tures to show the robustness of the modified MERLIN 2 software. We begin with
the simplest pattern with at least one rotational hinge. This origami is composed
of two triangles (wings) connected with one joint line (body), therefore we call it
Bird. The numerical results are compared with the analytical solutions to verify
correctness of the code modification. Further, we introduce a new origami pattern
which we call Beelze. It is composed of 5 nodes and 4 triangular panels connected
through 4 rotational hinges. All 4 panels have one node in common, every other
node is a part of 2 panels. Combining N Beelze origami patterns such that they
have one common node in the center of the whole structure we get the BeelzeN
origami pattern. As the last example, we model the shape memory behavior of a
helical origami pattern, known as the Kresling pattern, see Kresling [2008].

4.1 Specification of material parameters
In order to model the behavior of origami patterns, we need to specify the material
parameters. For bar elements, we use the Ogden constitutive model introduced
in the Subsection 3.1.3. The behavior of the material is given by the material
constants N , µp and αp defined by the equation (3.8). Following Liu and Paulino
[2017] we set N = 2 and α1 = 5, α2 = 1, such that the material behaves close to
a linear elastic one. In general, the conventional shear modulus µ of the Ogden
material is given by (Ogden [1972])

2µ =
N∑︂

p=1
µpαp. (4.1)

Considering the constraint (3.11), the two remaining material constants µ1, µ2
are given by the shear modulus µ as

µ1 = µ

2 µ2 = −µ

2 . (4.2)

To fully close the constitutive behavior of the bar elements we also need to deter-
mine the cross section area A of the bar elements introduced in the Subsection
3.1.2. The area A is assumed to be uniform for all bars in all origami structures,
that is A = 1 mm2 for all bars.

The constitutive relations for rotational springs are introduced in the Subsec-
tion 3.1.5, and for irradiated folding hinges in the Subsection 3.5.1. The tunable
parameters in this case are the rotational moduli per unit length of: (i) the fold-
ing hinges KF caused by the original network, (ii) the folding hinges K∗ caused
by the second light activated network and (iii) the bending hinges KB. Each
of the simulated origami patterns consists just of triangular panels, therefore we
do not need bother with the value of KB further. The next tunable parameters
are the angles θ1, θ2 defining the interval of the constant rotational modulus k.
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Following Liu and Paulino [2017], these are set to θ1 = 15◦, θ2 = 345◦ uniform
for all rotational (folding) hinges.

All the material constants which are not determined in the above paragraphs,
are to be found in the Table 4.1, namely, the shear modulus µ and the rotational
moduli per unit length KF and K∗. The Bird and Beelze patterns are assumed to

Pattern µ
[GPa]

KF

[N]
K∗
[N]

Bird 25 1 2

Beelze 25 1 1

BeelzeN 0.25 1 8

Kresling 0.25 1 8

Table 4.1: Representative material parameters for modeled origami patterns.

be rigid origami, hence large value of the shear modulus µ is chosen for these two
patterns to asymptotically approach rigidity. The parameters in the Table 4.1 are
of the same order as the ones used by Liu and Paulino [2017]. In their work, they
compare the simulations with the experiments using actual paper-made models.
Thus, it is reasonable to adhere to their values.

4.2 Bird origami pattern
The first modeled origami is composed of four nodes, two triangular panels and
one folding hinge, i. e. the components needed for a rotational spring to exist.
The scheme of the Bird pattern is showed in the Figure 4.1. The position of
nodes number 2, 3 and 4 are fixed in all three Cartesian directions. Therefore,
the panel composed of the nodes 1, 2 and 4 (panel 124) rotates about the folding
hinge 24 driven by the force f applied to the free node 1. The force f is always
perpendicular to the panel 124, thus the value of the moment of force M applied
to the rotational hinge 24 simply equals M = Rf , where R is the distance from
the node 1 to the rotational hinge 24 and f is the value of f . The length of the
hinge 24 is L(r). The origami is assumed to be flat in the stress free state, i. e.
the neutral angle equals θ0 = 0◦.

The analytical solution is that introduced in the Subsection 3.5.1 which in
this case takes the form

ϵRf = M1 = L(r)KF (θ − θ0) , ϵRf = M = L(r)K̄
(︂
θ − θ̄

)︂
, (4.3)

for the non-irradiated (original) and irradiated Bird pattern, respectively. The
values K̄ and θ̄ are defined by (3.22a,3.22b) and ϵ is the load factor, ϵ ∈ ⟨0, 1⟩.
If ϵ = 1 then θ = θ∗.

The values of the parameters defining the geometry of the problem are: R =
7cm, L(r) = 5cm. The value of the force f is chosen to be f = 15π

28 N .= 1.683 N,
such that θ∗ = 135◦ and considering K̄ = 3 N yields θ̄ = 90◦, according to the
analytical solution.

The problem is defined in the modified MERLIN 2 software by the code:
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Figure 4.1: The schematic of the Bird origami pattern.

%% Define material constants
mu = 2.5e10; Kf = 1; KDef = 2;

%% Define geometry
Lr = 0.05; R = 0.07; Th0 = 0;

Node = [ R*cos(Th0), 0, R*sin(Th0);
0, Lr/2, 0;

-R, 0, 0;
0, -Lr/2, 0];

Panel = {[1,2,4],[2,3,4]};

%% Set up boundary conditions
Supp = [ 2, 1, 1, 1;

3, 1, 1, 1;
4, 1, 1, 1];

ThDef = 3*pi/4; MDef = Lr*Kf*(ThDef-Th0); FDef = MDef/R;
% The force F will be given by the newly written function:
% F = AdaptiveLoad(Node,U,AnalyInputOpt);

Where the variables in the code correspond to the physical values as follows:
mu ↔ µ, Kf ↔ KF , KDef ↔ K∗, Lr ↔ L(r), R ↔ R, Th0 ↔ θ0, ThDef ↔ θ∗,
FDef ↔ f , F ↔ f , U ↔ u.

The solution of the above defined problem for the Bird origami pattern is
showed on the Figure 4.2. The irradiated shape refers to the shape of the origami
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Figure 4.2: Original, irradiated and temporary shape of the rigid Bird origami
pattern in the shape memory cycle. On the right bottom, the equilibrium path
of the (irradiated) rigid Bird pattern is displayed.

during the irradiation. On the right bottom graph, there is the dependence of
the load factor ϵ (normalized applied force) on the rotational angle θ− θ0, which
refers to the offset from the original stress free state. The analytical solution is
indicated by the cross sign (+) for the original structure and by the circle (◦) for
the irradiated structure. The numerical solution is indicated by the solid line (—)
for the original structure and by the dashed line (- -) for the irradiated structure.
Both solutions (numerical and analytical) are linear for both structures (original
and irradiated) and demonstrate great agreement.

4.3 Beelze origami pattern
In this section, we introduce the origami pattern which looks like a kite, see
Figure 4.3. The pattern comprises of four triangular panels, five nodes, eight
bars and four rotational hinges. One of the nodes is common for all 4 panels.
In a specific configuration, this structure reminds us of a robot character from
a well-known American animated science fiction sitcom. The character is called
Beelzebot, therefore we call the origami pattern Beelze. To our knowledge, the
Beelze pattern has not been studied in the literature yet.

The stress free configuration of the Beelze pattern is assumed to be flat, i. e.
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Figure 4.3: The schematic of the Beelze origami pattern.

the origami lies in the xy-plane in the stress free configuration and all neutral
angles equal θ0 = 0◦, see Figure 4.3. The pattern is also reflection symmetric
with y being the axis of the symmetry. Thus, the geometry of the pattern is fully
given by three arm lengths R1, R2, R3 and one angle α ∈ (0◦, 90◦⟩. In our case,
the values are: R1 = 4 cm, R2 = 5 cm, R3 = 4.5cm and α = 67.5◦.

The positions of nodes number 2, 3 are fixed in all three Cartesian directions,
nodes 1, 4, 5 are free. The applied force f lies in the xz-plane and is assumed
to be always perpendicular to the arm R1. The initial force ∆ϵf points to the
−z-direction. Considering the symmetry of the Beelze pattern, the R1 arm will
always lie in the xz-plane and the force f will generate the moment of force
M = R1f acting on the R1 arm. We set the value of the applied force to f = 25
N.

Let us again note, that the Beelze origami pattern is assumed to be rigid, with
the shear modulus being set to µ = 25 GPa, see Table 4.1. Hence, the numerical
solution using the modified MERLIN 2 software is that of rigid origami made of
LASMPs, see Figure 4.4. On the right bottom graph, there is the dependence
of the load factor ϵ (normalized applied force) on the angle θ − θ0 between the
arms R1 and R2, which refers to the offset from the original stress free state. The
orientation of the angle θ − θ0 is chosen to be greater than 0. The numerical
solution is indicated by the solid line (—) for the original structure and by the
dashed line (- -) for the irradiated structure. We see, that the dependence is
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Figure 4.4: Original, irradiated and temporary shape of the rigid Beelze origami
pattern in the shape memory cycle. On the right bottom, the equilibrium path
of the (irradiated) rigid Beelze pattern is displayed.

convex with very steep slope for θ− θ0 > 100◦, i. e. the structure is much harder
to fold in this interval.

4.4 BeelzeN origami pattern
Combining together many Beelze patterns we can get more complicated struc-
tures. If we combine N Beelze patterns to form a planar structure with the
rotational symmetry of the N-th order, we get an origami which we call BeelzeN
origami pattern, see the left top part of the Figure 4.6. The Beelze pattern now
becomes a recurring cell in the BeelzeN pattern, see Figure 4.5.

The BeelzeN pattern composes of 3N + 1 nodes, 4N panels, 7N panels and
5N folding hinges. The central node is common for all N Beelze patterns. The
stress free configuration of the BeelzeN pattern is assumed to be flat, i. e. all
neutral angles are equal to θ0 = 0◦. There is now more natural way to determine
the geometry of the BeelzeN pattern than just use the same parameters as for the
Beelze pattern and add the number of cells N . In this case, one parameter would
be redundant. We will define the geometry using (not the same) the three arm
lengths R1, R2, R3 and the number of cells N . All of the nodes in the BeelzeN
pattern are located on three concentric circles except the central node, which is
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Figure 4.5: The schematic of the BeelzeN origami pattern cell.

the center of the circles. The number of nodes on each circle is N . The radii of
the circles are R1, R3 and R1 + R2. The values of the parameters are: N = 23,
R1 = 7 cm, R2 = 7 cm and R3 = 9.5 cm. In the Figure 4.5, the central node is 5
and all of the angles in the cell are determined by the number of the cells N .

The positions of the central node and all nodes on the circle with the radius
R1 are fixed in all three Cartesian directions. Force f is applied to each node
which is on the circle with the radius R1 + R2, see Figure 4.5. The force lies in
the plane formed by the arms R1, R2 and is always perpendicular to the arm R2.
The initial force ∆ϵf points in the z-direction. Considering the symmetry of the
BeelzeN pattern, the force f will generate the moment of force M = R2f acting
on the R2 arm. We set the value of the applied force to f = 28.6 N per node.

The problem can be defined in the modified MERLIN 2 software by the code:

%% Define material constants
mu = 2.5e8; Kf = 1; KDef = 8;

%% Define geometry
N = 23; R1 = 0.07; R2 = 0.07; R3 = 0.095;

Node = zeros(3*N+1,3);
for n = 1:N

Node(n,1) = (R1+R2)*cos((n-1)*2*pi/N);
Node(n,2) = (R1+R2)*sin((n-1)*2*pi/N);
Node(N+n,1) = R1*cos((n-1)*2*pi/N);
Node(N+n,2) = R1*sin((n-1)*2*pi/N);
Node(2*N+n,1) = R3*cos((n-1/2)*2*pi/N);
Node(2*N+n,2) = R3*sin((n-1/2)*2*pi/N);
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end

PMat = zeros(4*N,3);
for n = 1:N

PMat(n,1) = n;
PMat(n,2) = 2*N+n;
PMat(n,3) = N+n;
PMat(N+n,1) = N+n;
PMat(N+n,2) = 2*N+n;
PMat(N+n,3) = 3*N+1;
PMat(2*N+n,1) = n+1;
PMat(2*N+n,2) = N+n+1;
PMat(2*N+n,3) = 2*N+n;
PMat(3*N+n,1) = N+n+1;
PMat(3*N+n,2) = 3*N+1;
PMat(3*N+n,3) = 2*N+n;

end
PMat(3*N,1) = 1;
PMat(3*N,2) = N+1;
PMat(3*N,3) = 3*N;
PMat(4*N,1) = N+1;
PMat(4*N,2) = 3*N+1;
PMat(4*N,3) = 3*N;
Panel = mat2cell(PMat,ones(size(PMat,1),1),3);

%% Set up boundary conditions
Supp = ones(N+1,4);
for n = 1:N

Supp(n,1) = N+n;
end
Supp(N+1,1) = 3*N+1;

MDef = 2; FDef = MDef/R2;
% The force F will be given by the newly written function:
% F = AdaptiveLoad(Node,U,AnalyInputOpt);

Where the variables in the code correspond to the physical values as follows:
mu ↔ µ, Kf ↔ KF , KDef ↔ K∗, N ↔ N , R1 ↔ R1, R2 ↔ R2, R3 ↔ R3,
MDef ↔ M , FDef ↔ f , F ↔ f , U ↔ u.

The BeelzeN origami pattern cannot be assumed to be rigid, because consider-
ing the geometry of the pattern, no deformation would occur under the condition
of rigidity. Therefore, the numerical solution of the above problem will be that of
the ”special” nonrigid LASMPs origami with only the folding hinges reacting to
UV light, see Figure 4.6. On the right bottom graph, there is the very interesting
dependence of the load factor ϵ (normalized applied force) on the angle θ − θ0
between the arms R1 and R2 of an arbitrary cell. This angle refers to the offset
from the original stress free state. The orientation of the angle is chosen such
that θ− θ0 > 0. The numerical solution is indicated by the solid line (—) for the
original structure and by the dashed line (- -) for the irradiated structure. The
dependence of the original structure is close to a linear one in the beginning, has
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Figure 4.6: Original, irradiated and temporary shape of the nonrigid BeelzeN
origami pattern in the shape memory cycle. On the right bottom, the equilibrium
path of the (irradiated) non-rigid BeelzeN pattern is displayed.

very shallow slope in the middle and finishes with a steep slope. The dependence
of the irradiated structure is close to a linear one.

4.5 Kresling origami pattern
The last origami modeled is a shell cylindrical origami known as the Kresling
pattern, see Kresling [2008]. The nodes of this structure lie on the intersection of
a set of helices and a set of circles, see left top part of the Figure 4.8. Each layer
of nodes lies on one circle.

An example of a Kresling pattern consisting of just two layers of nodes is
shown in the Figure 4.7. In each layer, there are 12 nodes. The nodes in the
upper layer are directly above the bottom ones. Every node is connected with
a bar to two neighbouring nodes in the same layer and to two nodes next to
the node directly above in the counter clockwise orientation. The diameter of
the circles is D and the distance between the layers is h. The modeled Kresling
pattern has 4 layers (see Figure 4.8) and the parameters D, h equal D = 10 cm,
h = 5 cm. Hence, the total height of the undeformed Kresling pattern is H0 = 15
cm.

The positions of all bottom nodes of the pattern are fixed in all three Cartesian
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Figure 4.7: The schematic of the Kresling origami pattern

directions. The constant force f is applied to all upper nodes in the origami. The
force points to the −z-direction, see Figure 4.7. The value of the force is f = 11
N per node.

The solution of the problem for the nonrigid Kresling origami pattern made of
”special” LASMPs is showed in the Figure 4.8. On the right bottom graph, there
is the dependence of the load factor ϵ (normalized applied force) on the relative
height η of the origami structure. The relative height η is defined as η := H

H0
,

where H is the actual height of the origami structure. The numerical solution
is indicated by the solid line (—) for the original structure and by the dashed
line (- -) for the irradiated structure. The dependence of the original structure is
concave with a steep slope near the undeformed height H0. The dependence of
the irradiated structure is close to a linear one.
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Figure 4.8: Original, irradiated and temporary shape of the nonrigid Kersling
origami pattern in the shape memory cycle. On the right bottom, the equilibrium
path of the (irradiated) nonrigid Kresling pattern is displayed.
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Conclusion
In the beginning of this work, we reviewed a model which captures the mechanical
behavior of LASMPs. The model is based on the theory of multiple natural
configurations. We dedicated our efforts to the general description of light energy
transfer and its impact on the formation of the light activated network.

Using the introduced theory we solved two specific boundary value problems
for large deformations of LASMPs. Namely, inflation of a hollow cylinder and
inflation of a hollow ball. We solved the problems in a general setting that is not
to be found in the literature. In particular, the relative concentration of newly
formed covalent bonds was considered to be spatially inhomogeneous due to light
attenuation in the material. We found significant differences between our solution
and the solution presented previously.

To improve accuracy we could involve in the solutions, that the formation of
the light activated network affects the light propagation through the material.
We could also generalize the solutions to more than two networks in the future.

In the second part of this work, we reviewed the nonlinear analysis of nonrigid
origami-like structures using the bar-and-hinge model. We briefly introduced
MERLIN 2, software for modeling large deformations of nonrigid origami-like
structures using the bar-and-hinge model.

Then we described, how we had modified MERLIN 2 to be applicable to rigid
origami made of LASMPs or to nonrigid origami made of LASMPs with the
folding hinges reacting to light. Using the modified MERLIN 2 we computed
the problems defined for four different origami structures. Namely, Bird, Beelze,
BeelzeN and Kresling patterns. Beelze and BeelzeN are newly introduced origami
patterns and are not to be found in the literature to our knowledge.

The main weakness of the modified MELRIN 2 code was the absence of light
sensitive bars and bending hinges. So far we considered only light sensitive folding
hinges. Further modification of the MERLIN 2 code to the case of light sensitive
bars and bending hinges would require substantial changes in the code, but it is
in principle clear. This might be the subject of the future work.
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