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Introduction
Projective geometry has its stable place in the list of mathematical subjects. Not
only is it a theory on its own, but also a basic concept to grasp many other
subjects in mathematics, physics or computer science. Well written introductory textbooks from the synthetic point of view are easily accessible on internet
archives and many analytic/algebraic texts are used in the present time, and so,
the purpose of this work is not to create a complete textbook on projective geometry. Instead, in the selected topics we focus on the synthetic approach, which,
as it seems, disappeared from (not only) projective geometry in the second half
of the 20th century, and has become again suitable with computer graphics. This
opens the fundamental questions: What do we mean by “Synthetic Geometry”?
What are its methods? Answers to both of these questions have been changing in
time depending on authors and the current state of mathematical knowledge. The
whole discourse about the analytic and synthetic method accompanies mathematics and philosophy of mathematics from antiquity. Kvasz in his Patterns of change
[Kvasz, 2008, pp. 8–9], where he writes about relativization of the language, determines the relevance to synthetic geometry by its fundamental elements. “The
second kind of linguistic change leaves the ways of generation of descriptions untouched but it changes the relation between the linguistic expressions and the
objects that they stand for. On this level the linguistic innovations unite into
a developmental line Euclid’s Elements, projective geometry, Lobachevski’s nonEuclidean geometry, Klein’s Erlangen Program, and algebraic topology. Along
this line the rules for the construction of linguistic descriptions did not change.
All these theories use the same ingredients – points, straight lines, and circles
– in constructing their objects, and so they all belong to synthetic geometry (in
contrast to analytic or fractal geometry, where the ways of construction of objects
(or rather of their linguistic descriptions) are radically different).”
With the synthetic language, one builds geometry in consecutive steps by
induction. While, for example, von Staudt constructed projective geometry synthetically without the use of figures, other educators often incorporate methods
of pictorial demonstrations into synthetic geometry. An exemplary presentation
with a deeper commentary may be seen in Byrne’s reedition of his famous book
with its full title The first six books of the elements of Euclid in which coloured
diagrams and symbols are used instead of letters for the greater ease of learners,
[Byrne and , ed.]. Byrne starts with the following lines: “This Work has a greater
aim than mere illustration; we do not introduce colours for the purpose of entertainment, or to amuse by certain combinations of tint and form, but to assist
the mind in its researches after truth, to increase the facilities of instruction,
and to diffuse permanent knowledge.” In his recent book, Akopyan [2017] gives
a geometric statement and its proof in one figure. This method is usually called
proof without words (see also [Bogomolny]). Throughout the thesis we strongly
accent the visual element in projective geometry. However, this should not be
taken as a dogma, and instead of pushing the scales to one side, we try to show
interrelations between different approaches.
Another aspect of synthetic geometry is that it is coordinate-free. Oppositely,
analytic geometry uses some a priori given reference space, which determines its
3

language. Another light into the distinction of the synthetic and analytic method
in projective geometry is shed by [Hlavatý, 1944, p. 8]: “The synthetic method
of projective geometry is very suitable for studying special problems, because
it does not use mathematical formulae, but it requires better skill in the direct
judgement. The process in this method proceeds from special to general. On the
contrary, the analytic method is a suitable tool for the study of general problems,
because it uses mathematical formulae, which may contain not only special, but
also general cases, at once. In the development of projective geometry, the analytic method ruled the thought content, the synthetic method have allowed the
study of such detailed relations, which are less easily examined by the analytic
method. Nowadays, a good expert must master both methods equally well.” But,
reaching the symbiosis of the analytic and synthetic method takes a long journey.
It seems that the analytic method is more direct, especially if the projective geometry is applied as a practical tool to reach another discipline. After description of
Cayley’s impact on analytic projective geometry in [Kolmogorov and Yushkevich,
1996, pp. 43–44], Laptev and Rozenfel’d review: “The subsequent development
of mathematics showed the superiority of analytic methods in geometry. Despite
the beauty of the proofs of certain theorems by synthetic methods; despite the
intuitiveness and great pleasure that this approach offers in the contemplation
of geometric figures; finally, despite the great assistance of spatial intuition in
the solution of particular problems, on the whole these methods are cumbersome
and inaccessible and frequently preclude the formulation and solution of more
general problems.” As an example, the contributors add Klein’s Erlangen Program. Yet, was it not Klein in the just mentioned work [Klein, 1893], who also
accented the equality of methods in the note entitled On the Antithesis between
the Synthetic and the Analytic Method in Modern Geometry? “The distinction
between modern synthesis and modern analytic geometry must no longer be regarded as essential, inasmuch as both subject-matter and methods of reasoning
have gradually taken a similar form in both. We choose therefore in the text
as common designation of them both the term projective geometry. Although
the synthetic method has more to do with space-perception and thereby imparts
a rare charm to its first simple developments, the realm of space-perception is
nevertheless not closed to the analytic method, and the formulae of analytic geometry can be looked upon as a precise and perspicuous statement of geometrical
relations. On the other hand, the advantage to original research of a well formulated analysis should not be underestimated, - an advantage due to its moving,
so to speak, in advance of the thought. But it should always be insisted that
a mathematical subject is not to be considered exhausted until it has become
intuitively evident, and the progress made by the aid of analysis is only a first,
though a very important, step.”
At last, we should stop by another important term mentioned above —
intuition. When geometry itself is the object of examination, it is synthetic reasoning that leads to intuitive conclusions – properties, objects, differentiations,
etc. Of course, they may or may not be true. That is the time when the analytic
method is used to prove or verify them. And that is the spirit of this thesis,
which could be not better expressed than with the words of Poincaré in his
Science and Method [Poincaré, 2003, pp. 129–130]: “For the pure geometrician
himself this faculty is necessary: it is by logic that we prove, but by intuition
4

that we discover. To know how to criticize is good, but to know how to create
is better. You know how to recognize whether a combination is correct, but
much use this will be if you do not possess the art of selecting among all the
possible combinations. Logic teaches us that on such and such a road we are
sure of not meeting an obstacle; it does not tell us which is the road that
leads to the desired end. For this it is necessary to see the end from afar, and
the faculty which teaches us to see is intuition. Without it, the geometrician
would be like a writer well up in grammar but destitute of ideas. Now how
is this faculty to develop, if, as soon as it shows itself, it is hounded out and
proscribed, if we learn to distrust it before we know what good can be got from it.”
The majority of the thesis consists of published articles: Section 1.2 is the
edited conference paper [Zamboj, 2016b]. The text of the papers [Zamboj, 2017,
2018d] is distributed in Chapter 2. Chapter 3, with an edited introduction,
conclusion and added Section 3.7, consists of two consecutive articles [Zamboj,
2018a,b]. In the last chapter, Section 4.2 is, with small introductory changes, the
publication [Zamboj, 2016a], and Section 4.3 is the paper [Zamboj, 2018c].
In Chapter 1 we approach projective geometry from its historical development
to see its “childhood illnesses”, drops and descents. We start with a brief chronological summary of foundations. The historical facts are taken from the books by
[Kolmogorov and Yushkevich, 1996, Scriba and Schreiber, 2015, Ostermann and
Wanner, 2012, Cajori, 1919], where the detailed history and interrelations are to
be found, and also from the primary and other secondary sources referenced in
the text. To understand the underlaying processes of projective geometry and
its differences with other geometries, we discuss main problems, which occurred
before its proper definition. Our commentary is aimed particularly to Chasles’s
theorem for non-developable ruled surfaces and its proof, which is chosen due to
its importance and complexity, and furthermore, the original proof involves many
formal missteps. Further on, we proceed to commentary on von Staudt’s formal
synthetic construction, which grounded main pillars of projective geometry. The
last sections are dedicated to review the interrelations and to give demonstrative
definitions of the projective space: synthetic-axiomatic, constructive as the projective extension of the affine space, and existential as a vector space. Utmost
care is taken to use as simple symbolic language as possible.
Synthetic and analytic definitions of projective transformations and projective generation of a conic are parts of the necessary theoretical part in Chapter 2. Later on, synthetic methods — the method of projection and the method
of selection of an improper hyperplane — are described and demonstrated on
many examples, including their applications in Euclidean and affine geometry. In
some cases it is convenient to mix synthetic and analytic methods. As examples,
Menelaus’s and Ceva’s theorems are generalized and proven. At last, synthetic
reasoning with analytic representations in computer graphics is shown on von
Staudt’s construction of the real field.
A visualization method of the four-dimensional space is explained in terms
of descriptive geometry in Chapter 3. The method is an analogue of Monge’s
projection, in which we project the four-dimensional space onto two orthogonal
three-dimensional spaces. The chapter is introduced with the history and description of the current state of art in four-dimensional visualizations. Then, we
5

methodically describe projections of points, lines, planes, 3-spaces, and their incidence and metric properties. Afterwards, models of polytopes and projections
of sections and shadows are visualized. A construction of the pole of a plane
with respect to a tetrahedron is given with the use of four-dimensional methods.
For better understanding, the whole part is strongly supported by step-by-step
constructions in interactive 3D graphics and also by analogies in two and threedimensional spaces.
The last Chapter 4 includes selected synthetically obtained results in projective geometry. It begins with a constructive proof of Chasles’s theorem for nondevelopable ruled quadrics. In Section 4.2 we give a generalization and purely projective proof of the Chasles’s theorem along non-torsal lines of algebraic surfaces.
Quadrics as sections of four-dimensional cones with three-dimensional spaces are
constructed with the use of the four-dimensional visualizing method. This connection and application of four-dimensional descriptive geometry and synthetic
projective geometry concludes the thesis.
The first two chapters of the thesis are convenient as supplementary explanatory and motivational material for undergraduate students who participated in projective geometry courses, or courses which involved projective geometry. Chapter 3 about the four-dimensional visualization is not dependent
on the previous text and is accessible for students and teachers of descriptive
geometry. It contains a novel extension of the theory. Basic knowledge of projective, algebraic, and descriptive geometry is assumed to read the last chapter
with selected results of research. Throughout the text we use a large amount
of figures of constructions, which are also supported with corresponding interactive models in supplementary files attached to USB flash drive and also online
book https://www.geogebra.org/m/k7hpk2zn (see Attachment A.1). The figures and models are exported from the 3D modeling software GeoGebra 5 [ggb],
and the parts, which involve computer programming are created in Wolfram
Mathematica 11 [wol].

6

1. Development and structure of
projective geometry
1.1

Foundation of projective geometry

Throughout the time, the name of projective geometry varied due to the authors’
points of view — geometry of position, incidence geometry, elementary geometry,
pure geometry, geometry of the cross-ratio, and so on. Each of these names emphasize some elementary feature. To clearly understand the blood circulation of
projective geometry we examine the main problems, which accompanied it from
the beginning until the proper definitions. From our distant perspective, we can
track down isolated problems of projective geometry back to the ancient synthetic
geometry of Apollonius of Pergé (3rd–2nd century BC), Menelaus of Alexandria
(1st–2nd century AD), and Pappus of Alexandria (4th century AD). A demand
for realistic visualizations in Renaissance implied the foundation of linear perspective in painting and sculpture in the 14th–15th century. The mathematical
theory of linear perspective, and so the visualization of improper points, were described by Jean Pélerin (Viator) [Pélerin, 1505], more precisely by Dürer [1525]
and their followers in the 16th century. It seems that the first ground-breaking
text on projective geometry was the unfortunate Brouillon Project d’une atteinte
aux événemens des recontres du Cône avec un plan by Desargues [1639]. He used
the improper points to examine properties of conic sections, and moreover involutions to find the intersecting points of lines and conic sections — Desargues’s
involution. The treatise was rejected by mathematicians and disappeared, until
the transcript by La Hire was found two hundred years later by Chasles. The one
who saw and understood Desargues’s text was Pascal, who wrote his famous generalization of Pappus’s theorem — Pascal’s theorem in Essay pour les coniques
[Pascal, 1640]. An important contribution to conic sections and their polar properties and harmonic ratio was also made by La Hire himself at the end of the 17th
and beginning of the 18th century (see [Šı́r, 2002]). With Brouillon project. . .
lost, projective geometry stayed still until the beginning of the 19th century and
the school of Monge. To reflect the time, it is important to remind Gauss’s
work on the theory of geometric constructions and Monge’s Géometrie Descriptive [Monge, 1799]. Carnot published the following works De la corrélation des
figures en géometrie [Carnot, 1801], Géométrie de position [Carnot, 1803], and Essai sur les transversales [Carnot, 1806], in which he used the polarity, cross-ratio,
and principle of continuity. His approach is built on continuous transformations
between figures, which is also the main difference to the point of view of Poncelet — another Monge’s student. Before Poncelet’s pioneer work, we should also
mention Brianchon, who described the so-called Brianchon’s theorem dual to Pascal’s theorem in [Brianchon, 1806], duality in [Brianchon, 1817], and attempted
to build projective geometry systematically in [Brianchon, 1818]. The principle
of polar correspondence was in focus of Servois and Gergonne, who named the
pole and its polar with respect to a conic, respectively, in 1810. A complex and
commonly accepted foundation of projective geometry was given in Traité des
propriétés projectives des figures by Poncelet in 1813/14, published in 1822, with
7

the extended reedition [Poncelet, 1865]. The construction of projective geometry
is based on compositions of central projections. Poncelet described elementary
constructions and methods of projective geometry, such as the principle of duality, principle of continuity, dual construction of conics, polar correspondence and
went even further to describe the construction of the foci of a conic with the use of
the isotropic points, and to briefly examine spatial properties. An important role
in the projective geometry of French authors during 1810–1832 played the journal
Annales de mathématiques pures et appliquées, also abbreviated to Annales de
Gergonne, in which Gergonne published his augmented version of the principle of
duality [Gergonne, 1826, 1827]. The barycentric coordinates and the property of
four points named cross-ratio by W. K. Clifford in 1878, were defined by Möbius
[1827] in his famous Der barycentrische Calcul. Furthermore, Möbius systematically categorized geometric transformations to collineations, affinities, similarities
and congruencies. In [Möbius, 1837], he continued to properly describe the principle of signs and to show that the cross-ratio is invariant with respect to projective
transformations. An analytic framework in the language of homogenous coordinates was given by Plücker, another German author, in Analytisch-geometrische
Entwicklungen [Plücker, 1828] and System der analytischen Geometrie [Plücker,
1835]. Later on, Plücker added important base ideas to the point of view of algebraic projective geometry in [Plücker, 1839, 1846], and finally [Plücker, 1868],
where he introduced Plücker’s coordinates of a line, linear complexes, and congruencies. Chasles in 1830 finished and in 1837 published his historical work about
methods in modern geometry [Chasles, 1837], in which he studied the method
of reciprocal polars related to the principle of duality and also defined the crossratio and shown its invariance. In [Chasles, 1880] and [Chasles, 1865], he built
extensive background for the projective geometry of linear figures, conics and
quadric surfaces based on projective transformations and cross-ratio. In contrast
to Plücker’s analytic approach, Steiner, a synthetic geometer and strong adherent
of the progressive education, in [Steiner and Oettingen , ed.] (with first version
in 1832) created the system of projective geometry on synthetic constructions,
analogically to the French school. He switched the order and defined the projectivity as the transformation which preserves the cross-ratio. Steiner is also
the one, who started to type dual formulations of theorems into two columns
(Figure 1.1). Until now projective geometry had become an independent theory
full of advanced theorems and applications, but it still stumbled on some basic
assumptions. In the following section, we discuss their nature on the example of
Chasles’s theorem — one of the summits of this era. If we accept Hilbert’s partition of a mathematical theory into a naive, formal and critical stage, Freudenthal
in his essay The Impact of von Staudt’s Foundations of Geometry in [Plaumann
and Strambach, 1980] considers von Staudt with his Geometrie der Lage [von
Staudt, 1847] and Beiträge zur Geometrie der Lage [von Staudt, 1856] the one,
who started the formal era of projective geometry. A detailed description of von
Staudt’s contribution to the formalization of projective geometry is in Section 1.3.
After the results of French school, Plücker’s algebraic support, and von Staudt’s
pure non-metric definitions, projective geometry became a complete theory. The
homogenous coordinates highly influenced development of algebraic (e.g. by Cayley, Salmon, Sylvester, Hesse, Clifford), non-Euclidean (e.g. by Laguerre, Klein,
Minkowski, Poincaré), and differential geometry (e.g. by Fubini, Čech, Hlavatý).
8

In von Staudt’s texts, even before Hilbert’s axiomatization, we can see a transparent axiomatic character mastered for projective geometry by Veblen and Young
[1910] and Coxeter [2003]. The axiomatic construction will be shortly discussed
in Section 1.4.1. In the 20th century, the axiomatic and analytic approaches to
projective geometry have became integral parts of many mathematical theories
such as geometric structures, linear algebra, computational geometry, algebraic
geometry, non-Euclidean geometry . . . , while the synthetic method somehow dissolved (with some bright exceptions) into books on descriptive geometry and
computer graphics in the last decades. On the other hand, it seems that computer geometry and graphics brought visualizations in projective geometry back
to life, and a great recent example of an interpretation of projective geometry in
both — synthetic and analytic way, with relation to non-Euclidean geometries is
in [Richter-Gebert, 2011].

Figure 1.1: The first use of the two-column typeset of dual theorems from [Steiner
and Oettingen , ed., p. 18]. The theorem describes the invariance of the crossratio with the use of metrics.

1.2

Non-projective problems of Chasles’s theorem.

Chasles’s theorem is an effective tool in descriptive geometry for constructing
tangent planes and tangent surfaces to a non-developable ruled surface. The theorem was formulated by Michel Floréal Chasles as a corollary of previous thoughts
about the cross-ratio in the first section of the article Sur les surfaces engendrées
par une ligne droite; particulièrement sur l’hyperboloı̈de, le paraboloı̈de et le cône
du second degré [Chasles, 1839] (see also the excerpt in Attachment A.2). The
theorem says (Figure 1.2):
Theorem 1.2.1 (Chasles’s theorem). Four tangent planes of a non-developable
ruled surface through a ruling have the same cross-ratio as their contact points.
9

Figure 1.2: Tangent planes of a one-sheet hyperboloid.
Interactive model: https://www.geogebra.org/m/zvwbfjqa
The theorem belongs to present projective geometry axiomatically built on
the incidence property. However, the axiomatization of geometry is an invention
of the late 19th century. We inspect main problems, which Chasles and other
geometers were, or better said were not, dealing with. An application of Chasles’s
theorem in descriptive geometry is in Figure 1.3 from [Kadeřávek et al., 1932].

Figure 1.3: A construction of a tangent plane in a point on a ruling of a ruled
surface showing that one can use a strip of paper to construct projective pencils
of lines.
10

1.2.1

Chasles’s original proof

The cross-ratio
In 1837, Chasles published his historical work about methods in modern geometry
[Chasles, 1837]. He especially studied the method of reciprocal polars related to
the principle of duality, which had recently been discovered by Poncelet and
enriched by Gergonne. He drew attention to Proposition 129, from Pappus’
Book 7 of Synagógé, which is the first known reference of the invarious property
of four points on a line. Pappus proved this proposition with the use of the
Euclidean parallelism. Chasles in [Chasles, 1837, Note IX, p. 304], utilizes and
defines this property as the rapport anharmonique, presently known as the crossratio.1 . In [Chasles, 1839, pp. 51–52], he denoted: “I had made great use of ratio
ca
: da
in my Traité historique des méthodes géométriques, and especially in the
cb
db
article which follows, and I considered this ratio for the unique type of all length
relationships transformable by the principles of duality and homography. For
this reason, I had to give it a special name, and I called it the anharmonic ratio,
because in the case of equality to one, which is often present in geometric research,
the four points a, b, c, d form the harmonic proportion.” Note that, according to
Chasles, four points make the harmonic ratio if the value of the cross ratio is 1,
not −1. This problem is treated later in [Chasles, 1880, Chapters 1 and 2], in
which the principle of signs is explained, and the harmonic ratio has the definitive
value −1. Chasles generalized the cross-ratio from a range of points to a pencil
of lines2 or planes in [Chasles, 1837, p. 302]. In fact, he naturally used the
cartesian coordinate system with Euclidean distances and angles to measure the
coefficients of the cross-ratio. For example, in Poncelet’s Traité des propriétés
projectives des figures [Poncelet, 1865, pp. 6–7], the method of interchanging
lengths of segments and sizes of angles in different formulas using elementary
(Euclidean) trigonometry can be found. We show a construction of the crossratio led in that spirit (Figure 1.4).
Theorem 1.2.2. Let us have four points A, B, C, D on a line and a point O not
incident with the line. Join O and the points A, B, C, D with the lines a, b, c, d.
Then
sin(a, c) sin(a, d)
|AC| |AD|
:
=
:
.
|BC| |BD|
sin(b, c) sin(b, d)
Where |AC| is the oriented length of the segment AC, and sin(a, c) is the sinus of
the oriented angle ∢(a, c). The orientation of the angle is given by the orientation
of the segment such that sgn(sin(ac)) = sgn(|AC|).
Proof. Let p be the altitude to AC and m the altitude to OA in △ACO. The
area of △ACO is
1
|AC|
2

· p = 12 |OA| · m = 12 |OA| · |OC| · sin(a, c).

Therefore
1

Möbius in 1827 in Der barycentrische Calcul Möbius [1827, p. 220] used the name Doppelschnittsverhältnisse.
2
Also in [Möbius, 1827, p. 388].
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Figure 1.4: Theorem 2.2.1.
sin(a, c) =

|AC| · p
|OA| · |OC|

and similarly for ∢(b, c), ∢(a, d), ∢(b, d). As a result, we have
sin(a, c) sin(a, d)
:
=
sin(b, c) sin b, d

|AC|·p
|OA|·|OC|
|BC|·p
|OB|·|OC|

:

|AD|·p
|OA|·|OD|
|BD|·p
|OB|·|OD|

=

|AC| |AD|
:
.
|BC| |BD|

The use of Euclidean measures leads to a conflict with (more general) projective geometry or geometry of position, built only on the relation of incidence.
Coolidge in The Rise and Fall of Projective Geometry [Coolidge, 1934, pp. 222–
223] identifies one of the weak spots in synthetic geometry of this early period
of projective geometry: “The basis of projective geometry was the cross ratio.
This is projectively invariant but, as previously given, was based on distances
and angles which are not in themselves unalterable.” The incorrect use of the
cross-ratio is a removable metrical problem. The (projectively) correct way of
defining the cross-ratio was made by von Staudt in [von Staudt, 1847] with his
idea of the Wurf. The concept is based on unifying objects — points of range,
lines or planes of a pencil — which are elements of some system and making
projective transformations in-between these systems (Figure 1.5). More details
are described in Section 1.3.2.
Infinite closeness
After clarifying the use of the cross-ratio, Chasles proceeded to the following
lemma:
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Figure 1.5: Projective transformations between heterogenous objects — a range
of points, pencil of lines and pencil of planes.
Lemma 1.2.1. Let us have three fixed lines located in any positions in space and
another four lines, which intersect the three given ones. Then the cross-ratios of
four points of intersection on each of the fixed lines are equal.
Proof. Let l, l′ and l′′ be fixed lines, A, B, C, D; A′ , B ′ , C ′ , D′ and A′′ , B ′′ , C ′′ , D′′
be the points of intersection of the lines l, l′ and l′′ with the considered four lines
AA′ A′′ , BB ′ B ′′ , CC ′ C ′′ , and DD′ D′′ , respectively (Figure 1.6). We prove that
the following holds
C ′ A′ D′ A′
C ′′ A′′ D′′ A′′
CA DA
:
= ′ ′ : ′ ′ = ′′ ′′ : ′′ ′′ .
CB DB
CB DB
C B
D B

Figure 1.6: A projectivity between skew lines.
The four lines AA′ , BB ′ , CC ′ , DD′ generate four planes passing through l.
The four points A′ , B ′ , C ′ , D′ are intersections of the planes with the line l′ , so
the cross-ratio of these points is equal to the cross-ratio of the pencil of planes with
the axis l. The same holds for the cross-ratio of the points A′′ , B ′′ , C ′′ , D′′ . Hence
13

the cross-ratios of the points A′ , B ′ , C ′ , D′ and A′′ , B ′′ , C ′′ , D′′ are equal. We
prove that the points A, B, C, D have the same cross-ratio, if we consider the four
planes of the pencil with the axis l′′ through the four lines AA′′ , BB ′′ , CC ′′ , DD′′ ,
respectively.
Obviously the theorem above does not work for all positions of lines in space;
lines must be skew to each other. However, Chasles did not state this explicitly.
Chasles’s theorem is a corollary with an elegant proof:
Corollary 1.2.1 (Chasles’s theorem). Four tangent planes of a non-developable
ruled surface through a ruling have the same cross-ratio as their contact points.
Proof. Assume that three lines l, l′ , l′′ are three consecutive rulings of the nondevelopable ruled surface infinitely close to each other. Let l be the axis of a
pencil of planes. Let four planes α, β, γ, δ of this pencil intersecting l′ in points
A′ , B ′ , C ′ , D′ , respectively, be the tangent planes of the surface at A, B, C, D. The
cross-ratios of the tangent planes and the points A′ , B ′ , C ′ , D′ are equal, because
l′ intersects the pencil of planes in these points. The same assumption can be
made for l′′ . As a consequence of the previous lemma, the cross-ratio of the planes
is equal to the cross-ratio of their tangent points A, B, C, D.
The proof is straightforward, with one disadvantage — it is not projective.
The crucial problem is the definition of the non-developability. From the point of
view of differential geometry, a ruled surface is defined as the surface developed by
moving a ruling (generatrix). If two infinitely close (“neighboring”) positions of
each ruling do not intersect (except for a finite number of such lines), the surface
is called a non-developable ruled surface. Chasles intuitively used this differential
definition of the non-developability. The main drawback is the infinite closeness
of two positions. With only the relation of incidence, we cannot declare how close
the two lines are. Chasles did not explicitly define a non-developable surface in his
works. However, he clearly used the definition of a non-developable surface based
on the infinitesimal calculus of that era. Such definitions can be found for example
in Dupin’s Développements de Géométrie [Dupin, 1813, p. 241], and Cauchy’s Du
Calcul Infinitésimal [Cauchy, 1826, p. 210]. We give proper projective definitions
and proof of the theorem in Section 4.2. The infinite closeness is essential in the
proof, so we cannot simply exchange the definitions. We have to find a new way
to prove the theorem. Therefore the problem is unremovable. In [Chasles, 1837],
Chasles was very close to an algebraic proof based on polar properties of surfaces
of the 2nd degree.

1.2.2

Polar properties of quadrics

At the beginning of the section Mémoire de géometrie sur duex principes généraux
de la science: la dualité et l’homographie in [Chasles, 1837] (see also Attachment A.3), Chasles formulated a definition of a pole in the space. He never
stated what induces the polarity but from the theorems and examples we can
conclude that the polarity is induced by a quadric. He shown that if poles lie
on a line, their polar planes also have a common line. The final property of
projectivity is expressed in the following theorem:
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Theorem 1.2.3. If a pole takes four positions A, B, C, D on a line, the polar
plane takes four corresponding positions α, β, γ, δ. These four planes pass through
one line, and they have the same cross-ratio as the points A, B, C, D.
The main idea of the proof is to show that the intersection points of the planes
α, β, γ, δ and the given points A, B, C, D have the same cross-ratio. If Chasles had
used this theorem on non-developable ruled quadrics — a hyperbolic paraboloid
and one-sheet hyperboloid, he would have obtained Chasles’s theorem for surfaces
of the 2nd degree with a “correct” proof. We discuss the synthetic projective proof
of Chasles’s theorem for non-developable ruled quadrics and a generalization of
the theorem along non-torsal lines of algebraic surfaces in Chapter 4.

1.2.3

Conclusion

Chasles’s theorem is by its nature a great result in projective geometry. However,
proofs of the theorem have always slipped into the use of more powerful methods
of projective differential and differential geometry. We have identified two basic
problems of non-projective character in Chasles’s original proof of the theorem for
non-developable ruled surfaces. The first one is the metric definition of the crossratio and the second one is the use of infinite closeness. While the definition
of the cross-ratio was resolved by von Staudt, the infinite closeness cannot be
removed so simply, and we must avoid it by using different algebraic methods.
It is also important to say that Chasles developed his results a long time before
the axiomatization of geometry, and it is not of our interest to blame the use of
non-projective methods on him.

1.3

The formalization of synthetic projective geometry

Karl Georg Christian von Staudt (1798–1867) was a German, or rather Bavarian, geometer, a student of Gauss and solver of Feuerbach’s problem. As a
professor at the University of Erlangen he published Geometrie der Lage [von
Staudt, 1847] and during 1856–60 three issues of Beiträge zur Geometrie der
Lage [von Staudt, 1856]. Von Staudt was certainly familiar3 with findings of
Steiner, Plücker, Möbius, Chasles, Gergonne, Poncelet, and their predecessors,
but he was the first, who successfully liberated projective geometry from the fetters of the metric. Historical facts and description of von Staudt’s influence are
well noted in [Cajori, 1919, p. 294], [Coolidge, 1934, Žitný and Zolotarev, 1996].
To highlight Von Staudt’s work, he is glorified in Halsted’s epic preface in [Halsted, 1906]: “. . . Yet man is no mole. Infinite feelers radiate from the windows
of his soul, whose wings touch the fixed stars. The angel of light in him created
for the guidance of eye-life an independent system, a radiant geometry, a visual
space, codified in 1847 by a new Euclid, by the Erlangen professor, Georg von
Staudt, in his immortal Geometrie der Lage published in the quaint and ancient
Nürnberg of Albrecht Dürer. . . . ” However, there is no doubt about the modern
point of view on geometry, the form of von Staudt’s interpretation through the
3

Even though he did not refer to other authors or publications.
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language of synthetic geometry is cumbersome and sometimes hard to understand. Furthermore, any reader of von Staudt would be disappointed, if he or she
expects pictures of objects or constructions. The interpretation by Reye [1899]
has become more popular and better understandable. On the other hand, the
synthetic language is used in an intuitive way — we can see how constructions
of general objects progress, while imagining specific ones in our mind. Hence we
can track back any construction from words instead of trying to reconstruct the
picture. At start, this seems to be a disadvantage inherited from Greek geometry,
but, on the contrary, von Staudt set himself free from the coordinate system of
the affine space (though he used parallelism) and, even more, from objects of the
real space.

1.3.1

Geometrie der Lage

In Geometrie der Lage von Staudt clearly states, that the aim of the book is a
description of geometry without measuring — the geometry of position, projective geometry based on the relation of incidence. Firstly, the author accompanies
us into the variety of static geometrical objects, well-known from the real affine
space, created from points, lines, planes, and their planar or spatial bundles. Afterwards, he systematically builds incidence properties, perspective and projective
mapping, and involution. Freudenthal describes (see [Plaumann and Strambach,
1980, p. 411–412]): “What we would call axioms is in von Staudt’s approach
copied from “real” space though it is not yet concentrated in a few “Grundsätze”,
as it would be in Pasch’s work. It is circumstantially formulated in the first paragraph, where it can easily be identified by the characteristic fact that it is neither
proved nor introduced as a definition. Anyhow though not as axioms, incidence
axioms are explicitly formulated and — a rather important fact — duality is
already axiomatically rooted. Even the order axioms are somehow satisfactory.”
Since the duality implies equivalent properties of reciprocal objects, it was probably the most important factor, which led von Staudt to unify heterogenous objects
to be the elements of some system — “Gründgebilde”. This major step in the
language of synthetic geometry opened gates to mapping between heterogenous
systems with somehow similar inner structure, such as a range of points, pencil
of lines, planes, conics, etc. and influenced the development of structural algebra.
Von Staudt naturally accepted the invarious property of the harmonic ratio with
respect to projectivities, or more precisely — harmonicity, since the harmonicity
is a purely synthetically defined property of elements, not as a ratio of lengths of
segments.
Construction 1 (Harmonic conjugate, Figure 1.7). The construction of the harmonic conjugate D of a point C ∈ AB with respect to A, B goes as follows:
1. Choose an arbitrary distinct point E not on the line AB and an arbitrary
line c through C not incident with E and A, B.
2. Find the intersections G of the lines AE and c, and H of the lines BE
and c.
3. Join the intersection I of the lines AH and BG with E.
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Figure 1.7: The pairs of points A, B and C, D are harmonically separated, or the
point D is the harmonic conjugate of C with respect to A, B.
Step-by-Step construction: https://www.geogebra.org/m/aa8z4dvb
4. The point D is the intersection of the lines AB and EI.
A perspectivity ⩞ is in a wider sense a central projection of ranges of points
with von Staudt’s generalization into heterogenous objects (Figure 1.5).4 A projectivity ⊼ is then defined as the product of a finite number of perspectivities
(Figure 1.8). We return to proper definitions of projective transformations in
Section 2.1.

1.3.2

Beiträge

Von Staudt developed pure methods of projective geometry in Geometrie der
Lage. In Beiträge zur Geometrie der Lage, he tried to integrate them with the
algebraic interpretation of complex numbers.
Wurf
Möbius and Chasles defined the cross-ratio as a ratio of lengths of four segments.
For von Staudt the invarious property is a position of objects in a system instead
of preserving lengths of segments. Usage of the term Wurf (throw), implies that
what is really preserved by a projectivity is a visual property differentiable only
by the order of elements. Even after describing algebraic operations with throws,
von Staudt was very precise when he talked about a throw or its value — the
cross ratio. Hlavatý discussed the new term in [Hlavatý, 1944, p. 6]: “Existence
of projective geometry is not a priori dependent on the term of metric geometry,
oppositely, it is contained in projective geometry as its special case. Von Staudt’s
4

We follow the notation of Veblen and Young [1910] with distinction between homogenous
and heterogenous forms. Coxeter [2003] uses the term elementary correspondence for heterogenous transformation, and leaves perspectivity for the homogenous product of two elementary
correspondances.
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Figure 1.8: The ranges of points A1 , B1 , C1 , D1 , . . . with the axis o1 and
A2 , B2 , C2 , D2 , . . . with the axis o2 are in the perspectivity with the center O:
A1 B1 C1 D1 · · · ⩞ A2 B2 C2 D2 . . . .
It also holds that A2 B2 C2 D2 · · · ⩞ A3 B3 C3 D3 . . . . Therefore the ranges of points
A1 , B1 , C1 , D1 , . . . with the axis o1 and A3 , B3 , C3 , D3 , . . . with the axis o3 are in
the projectivity A1 , B1 C1 D1 · · · ⊼ A3 B3 C3 D3 . . . .
The pencils of lines a, b, c, d, . . . with the center O and a′ , b′ , c′ , d′ , . . . with the
center O′ are in the perspectivity with the axis o2 , abcd · · · ⩞ a′ b′ c′ d′ . . . .
The range of points A1 , B1 , C1 , D1 , . . . with the axis o1 and the pencil of lines
a, b, c, d, . . . with the center O are also in the (heterogenous) perspectivity
A1 B1 C1 D1 · · · ⩞ abcd . . . .
Interactive model: https://www.geogebra.org/m/mbuercm2
invention went even further: it was shown, that also a line or plane can be
determined by numerical values without any measuring, only with the use of
linear constructions (and irrational cuts). Some numerical values could therefore
in geometry of position mean a point, line, or plane, and in their analytical
representation was no difference.”
Imaginary elements
One can watch attempts of geometers of the 19th century to visualize and display
complex numbers. Since Cardano, mathematicians had to (and they sometimes
obviously did not) accept that there are numbers, which are not real, but useful
for solving algebraic equations. They existed, but there was no idea of how
to construct them in the real plane. They also existed in Gauss’s geometric
model of complex numbers. Differently, Poncelet in his fundamental work Traité
des propriétés projectives des figures [Poncelet, 1865] described their properties
constructively by the so-called “principle of continuity”. The principle can be
understood as a geometric rhapsody to the fundamental theorem of algebra. Let
us have a circle and a line in a position, in which the line intersects the circle in
two points. Moving the line to the tangent position, and even further, changes the
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number of real intersections. The questions are: Where have those intersecting
points disappeared? How can points disappear just by continuous motion? So
the answer is: there are some other “imaginary” intersecting points, which cannot
be seen. Von Staudt found the way to describe them by a synthetic construction.
The key was the involution — a special case of a projectivity used preferentially
by Desargues, and defined by von Staudt in [von Staudt, 1847, pp. 118–120] as
a projectivity, which interchanges pairs of points.
Let us step a little further and use a conic section κ with a system of two
pairs of conjugated points A, A′ and B, B ′ (the explanation why a conic is an
object of projective geometry is in Section 2.1.1). The pairs lie on lines through
a point S, which is therefore the intersection of AA′ and BB ′ . If the point S
lies outside the conic κ, it is easy to observe (see Figure 1.9), that we have two
points which are self-conjugated with respect to κ: X = X ′ and Y = Y ′ . These
self-conjugated points are the tangent points of the tangents to κ through S and
also the intersections of the polar s of the pole S with respect to κ. In Figure 1.9
the construction fits with the picture and is called a hyperbolic involution, but if
we change the configuration of points A, A′ , B, B ′ such that the point S lies inside
the conic κ, we obtain an elliptic involution (Figure 1.10), and the polar s will not
intersect the conic section κ in real points. Instead, we call the points imaginary.
The same process can be applied on a range of points with pairs of corresponding
points A1 , A′1 and B1 , B1′ and on a pencil of lines with pairs of corresponding lines
a, a′ and b, b′ as shown in the figures. If the point S lies on the conic κ, it becomes
conjugated with all points of the conic κ. Hence the involution degenerates, and
we do not call it parabolic. This way von Staudt constructed imaginary elements
(complex conjugates) synthetically only with incidence properties and without
motion. When imaginary elements had become objects of the synthetic language,
von Staudt could have used them in his constructions in the same way as any

Figure 1.9: Hyperbolic involutions of a pencil of lines, range of points on a line
and range of points on a conic.
Step-by-Step construction: https://www.geogebra.org/m/bzahsgbt
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Figure 1.10: Elliptic involutions of a pencil of lines, range of points on a line and
range of points on a conic.
Step-by-Step construction: https://www.geogebra.org/m/khwddnhk
real elements. At this point, we can see that the synthetic language has become
more powerful than its graphical representation. Von Staudt gave examples of
objects such as a triangle with two imaginary points and two real sides. Just to
mention, he did not describe only intersecting imaginary lines in the real plane,
but also skew lines on a given ruled surface. The further development of synthetic
geometry with imaginary elements can be found in [Hatton, 1920].
The algebra of throws
After introducing the throw and imaginary elements, von Staudt solved another
important problem. The calculus of complex numbers was already known from
their algebraic representation, again, existentially. Using the elliptic involution,
von Staudt built algebraic operations with real and complex numbers5 constructively, using the synthetic language. The original text with constructions of
operations with real elements is in Attachment A.4. These constructions of a
projective scale are often depicted on a range of points on a line [Richter-Gebert,
2011, pp. 89–91] or pencil of lines [Hlavatý, 1944, pp. 20–27]. Even though, they
become apparent from affine geometry (we return to them in Section 2.2), it is
not how they were originally presented. It is evident that von Staudt created his
system on a range of points on a conic (he explicitly used a curve of the 2nd order
on few places). We interpret these constructions and moreover project them onto
a range of points and pencil of lines in our figures. Thus, we obtain three kinds
of a projective scale at once.
5

The question of continuity was not resolved in the time of von Staudt’s publication. The
continuity is a priori involved, otherwise, the constructions define rational and Gaussian rational
fields. Hlavatý [1944] carefully supplemented the construction with Dedekind’s cuts.
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Addition We assign the coordinates 0, 1, ∞ to three elements of some system
— the range of points on a conic.6 The join of the intersection point of the
line AB and the tangent of the conic through ∞ with 0 intersects the conic in
the second point A + B which is the wanted sum ([von Staudt, 1856, p. 167],
Figure 1.11). After the description of the sum of two elements, the commutativity

Figure 1.11: The sum A + B on a conic κ. The construction is projected from
the point P on κ onto the pencil of lines 01 , 11 ∞1 . . . with the center P , and then
projected onto the range of points 02 , 12 , ∞2 . . . .
Step-by-Step construction: https://www.geogebra.org/m/enyragrv
and additive identity is presented. Then the sum of a finite number of elements,
associativity of addition, and additive inverse are shown.
Multiplication A product of two elements is constructed in Figure 1.12 [von
Staudt, 1856, pp. 173–174]. If the intersection point S of 0∞ and AB is joined
with 1, the second intersection point of this line with the conic κ is the wanted
product A · B. The commutativity of multiplication, finite series, and multiplicative identity, and then multiplicative inverse or division, and distributivity
over addition are consecutively described. Altogether von Staudt finished the
algebraic construction of the field structure.7
Complex numbers Afterwards he discussed the exponentiation and incorporated the imaginary elements, to which he returned after the introduction of the
value of a throw [von Staudt, 1856, pp. 256–261]. To construct the imaginary
unit i (and −i), we construct elements I (and J), such that I · I = −1. The
value −1 is nothing else then the harmonic conjugate of 1 in the system 0, 1, ∞.
As a practical example, we construct these imaginary units (Figure 1.13). Let
6

Later on we show that the three elements: 0, 1, ∞ of a given throw create a projective basis
and determine any other element of the system uniquely.
7
Only the associativity of multiplication seems to be missing.
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Figure 1.12: The product A · B. Again, the construction on conic κ is projected
onto a pencil of lines and on a range of points on a line.
Step-by-Step construction: https://www.geogebra.org/m/q8mpxxwe

Figure 1.13: The construction of the imaginary numbers ı, −ı. The corresponding
imaginary points are the tangent points of the tangent lines to κ through the
point S × .
us have elements 0, 1, ∞ on a conic κ. Firstly, we find the harmonic conjugate
−1 of 1. Such construction was demonstrated in Figure 1.7 on a range of points
on a line. We could use this construction and project it on the conic, but, this
time, for illustrative reasons, we express 0 = 1 + (−1). Reverting the construction of addition (Figure 1.11), we construct the tangents to ∞ and 0(= 0 + 0),
which intersect in the point S + . The intersection of the join of S and 1 with the
conic section κ is the harmonic conjugate −1. Now, reverting the construction of
multiplication, we join the elements −1 and 1 and the elements 0 and ∞. The
intersection of the joins is the point S × inside the conic κ (this holds generally
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due to properties of the order, not only for the ellipse in the figures). Thus,
we have the case of elliptic involution, in which there are no real tangents from
S × to κ. These imaginary tangents touch the ellipse κ in the imaginary points
I and J. Further on we can use the imaginary points for other constructions.
Numerous synthetic constructions with imaginary elements is in [Hlavatý, 1944],
pp. 179–207. Worth mentioning is that von Staudt derived even trigonometric
representation of the complex numbers (with the use of a circle).
The fundamental theorem of projective geometry
Until now, we have been describing von Staudt’s changes in the synthetic language, ordering of the starting points of projective geometry and formalization
of unseizable results of algebra. The whole process has led to a purely projective
proof of an important result, which is called the fundamental theorem of projective geometry. To be precise, von Staudt was working in the real projective space
in [von Staudt, 1847], few decades before Klein and the research of topological
properties. Von Staudt, as noted before, intuitively used the continuity in his
proof. He proved that a projectivity, in the sense of mapping which preserves the
harmonicity, of a line onto itself with three fixed points is an identity. Furthermore, he derived that a projectivity is determined by three pairs of conjugated
elements, and also that a projectivity of a line onto another line with a fixed point
is a perspectivity. The equivalence of these statements forms the fundamental
theorem of projective geometry in the real plane. A further insight is given in
Section 2.1. But when von Staudt let himself into the complex plane with the
use of the elliptic involution, complications appeared. Freudenthal in [Plaumann
and Strambach, 1980, pp. 416–417] explains the mistake: “But on the ground of
these definitions one had also to prove anew all elementary incidence properties.
Collineations and correlations must be investigated and conics had to be redefined. And even this was not yet enough. In the second issue of “Beiträge” von
Staudt had to suffer for the wrong he had done in “Geometrie der Lage”: the
definition of projectivities by the invariance of the harmonic separation. This definition is obviously wrong in the complex domain if the fundamental theorem of
projective geometry is to be saved.” However, von Staudt enlarged the language
to keep his own way and defined chains on the oriented complex line.

1.3.3

Conclusion

Let us slightly consult von Staudt’s work in projective geometry in the sense of
Kvasz’s book Patterns of Change [Kvasz, 2008] and [Kvasz, 2013]. The historical
placement of von Staudt’s geometry is after the foundation of the fundamental theorem of algebra, non-Euclidean geometry (we should not forget that von
Staudt was a student of Gauss), and projective geometry in its naive interpretation. On the other side, the axiomatic method and topology were almost knocking
at the gates. First of all, von Staudt reshuffled the importance of geometric properties with incidence being the main relation and postulating the invariance of a
harmonic quadruple. The logical power of synthetic language has obtained the
ability of proving the fundamental theorem of projective geometry. By removing
a picture, von Staudt increased the expressive power of the synthetic language
to be able to construct imaginary elements and the algebraic field structure. At
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that point, if the language of algebra was the language of what existed, the language of synthetic geometry became the language of how to construct it. Kvasz
says [Kvasz, 2008, p. 44]: “Thus the casus irreducibilis is not a failure of algebra
or of the algebraist — on the contrary. Since algebraic expressions determine
analytical curves, the formulas giving the solutions of algebraic equations must
fail, in some cases, to give curves the freedom not to intersect.” The projective
form of the language of synthetic geometry seized the infinity. And if Euclid gave
lines freedom to be parallel and not to intersect, Desargues forbid such behavior.
An analogue holds for the imaginary — Poncelet with the principle of continuity forbid curves not to intersect, and von Staudt formalized the process and
constructed the intersecting points. Assigning the coordinates 0, 1, ∞ to some
elements of a system, von Staudt also showed how to explicitly interpret a model
of such system (even though without figures). Von Staudt’s systematic approach
was precise and modern, and we can observe similar methods in the future works
by Pasch, Hilbert and other axiomatists. He had swept floor for topologists such
as Klein and modern algebraists such as Grassmann. All of this he did with the
use of only the synthetic language.

1.4

Constructions of the projective space

After the century of revolutionary ideas in geometry finished with Hilbert’s axiomatization, it was the time for the big clean up. While the jewels of projective
geometry started their own lives in other theories, the elements were being reformulated. The call for the abstraction and generality was answered, and most
authors built projective geometry over an arbitrary field. In the book by Veblen
and Young [1910], projective geometry is formulated axiomatically, and it still
incorporates extensive passages of the analytical (coordinate) method. On the
other hand, Coxeter’s pure axiomatic treatise [Coxeter, 2003] separates (up to
the short last chapter) incidence projective geometry with no use of the crossratio. A good example of a modern analytic textbook on projective geometry
is [Casas-Alvero, 2014]. A standard synthetic construction is well presented by
Hlavatý [1944]. The point of this enumeration is that if a reader is introduced
into projective geometry by any of Coxeter’s, Casas-Alvero’s or Hlavatý’s textbooks, he or she will most probably not understand the same theorem in the
other. We sum up the main features, advantages, and disadvantages of the axiomatic and analytic approaches. The inspiration for this section were mostly
the books [Richter-Gebert, 2011] and [Glaeser et al., 2016, Chapters 5 and 6],
in which connections between different approaches are extensively described and
include stunning visual presentations.

1.4.1

The axiomatic construction of the projective plane

An axiomatic construction of some theory is based on undefined primitive concepts — elementary objects and relations. From the primitive concepts we state
some simple unproved primitive propositions — axioms, which are consistent and
independent. Then, we build further objects and theorems from the previous.
The elementary objects of planar projective geometry are points and lines — as
a finite or infinite range or set of points, and the elementary relation is incidence.
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Instead of the statements “a point P lies on a line l” and “a line l passes through
a point P ” we use this unifying term of incidence to say “a point P and a line l
are incident”. This rhetorical exercise not only simplifies the language, but also
shows the natural symmetry of the incidence relation. Hence, symmetrically, even
points may be considered as pencils of lines (finite or infinite). This is the idea
of the principle of duality, emphasized in the following set of axioms:
The axioms of the projective plane ([Coxeter, 2003, pp. 15, 24], [RichterGebert, 2011, p. 41])
(i) Any two distinct points are incident with just one line.
(ii) Any two distinct lines are incident with just one point.
(iii) There are four distinct points such that no line is incident with more than
two of them.
For any consequence of these three axioms it holds that if we exchange words
“point” ←→ “line” and their related terms such as “range of points” ←→ “pencil
of lines”, “two lines meet in a point” ←→ “two points join in a line”, etc., we
obtain a true dual statement. Axioms (i) and (ii) are evidently dual, and we
assign the equivalent symbol8 × to meets and joins in the following way:
l = P × Q means “a line l is the join of points P and Q”,
L = p × q means “a point L is the meet of lines p and q”.
While the first axiom also holds in Euclid’s system in his Elements, with
the second axiom we trespass the border of Euclidean geometry. As simple as
possible — in the projective plane there are no parallels. For future reference (see
Section 2.2.2), this also means that we can state and prove general theorems of
projective geometry without examination of special affine cases.
Without axiom (iii) (and even if we assume the existence of two distinct
points and two distinct lines!) a simple triangle with three distinct points and
sides would be a model of such a system. The minimal system of axioms (i)–(iii)
is called the Fano plane (Figure 1.14). Since the dual statement to axiom (iii) is
an easy consequence of the axioms, we do not consider it as an axiom.
A projective plane is a set of points and lines which satisfies axioms (i)–(iii).
One can proceed to deduce new theorems and define new objects. For example, a
consequence of the axioms is that every line is incident with at least three distinct
points. If we include other non-contradicting undefined propositions, we obtain
different projective geometries. In finite geometries, if q is the minimal number of
points on every line, then q −1 is called the order of the projective geometry. The
second characteristic number is the dimension n of the defined space. Therefore
the Fano plane is denoted as PG(n, q − 1) = PG(2, 2).
The great feature of the axiomatic approach is that we do not have to fix
our system only to objects from the geometric world. We give formulations of
the following problems, which can be reformulated into the language of the finite
geometries PG(2, 2) and PG(3, 2).
8

The interpretation of the symbol × for the vector product will become apparent in the
analytic approach.
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Figure 1.14: Axioms (i)–(iii) are satisfied in the Fano plane. See the abstraction
of the straight line g. It is a mere triple of points P QR and we must leave or
deform our empirical intuition.
Example. [Havlı́ček, 1976, pp. 194–201]
Let us organize a toothpaste tasting. There are 7 brands of toothpastes and
7 degustators. The tasting is objective and so none of the degustators knows
which brand he is currently tasting. Each degustator should taste the same
number of brands of toothpastes and also each brand must be tasted by the same
number of degustators. Furthermore each pair of toothpastes is also tasted by
the same number of degustators, and, again, each pair of degustators tastes the
same number of brands.
A possible scheme of the tasting is as follows:
Degustator
A
D
C
P
B
R
Q

Red
a
d
c
e
f
b
g

Color
Green
d
c
e
f
b
g
a

Blue
e
f
b
g
a
d
c

If we swap the words degustator ≡ point, brand ≡ line, the configuration in the
table is the same as the Fano plane in Figure 1.14, where three lines pass through
each point. One can also notice, that only three colors are necessary to separate
the toothpastes.
While the first example became obvious in the reformulation, just a step into
the three-dimensional space (generalized Fano space) is far beyond the space of
this thesis. At least, we state and geometrize the problem. A visual geometric
solution is for example in [Falcone and Pavone, 2011].
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Example (Kirkman’s schoolgirl problem). [Woolhouse, 1850, Query VI, p. 48]
Fifteen young ladies in a school walk out three abreast for seven days in
succession: it is required to arrange them daily so that no two shall walk twice
abreast.
Day
Monday
Tuesday
Wednesday
Thursday
Friday
Saturday
Sunday

1
Alice
Barbara
Catherine
Alice
Daphne
Helen
Alice
Elizabeth
Mary
Alice
Felicity
Irene
Alice
Gabriela
Linda
Alice
Julia
Nicole
Alice
Kimberley
Olivia

2
Daphne
Elizabeth
Felicity
Barbara
Elizabeth
Kimberley
Barbara
Helen
Nicole
Barbara
Linda
Olivia
Barbara
Daphne
Julia
Barbara
Irene
Mary
Barbara
Felicity
Gabriela

Rows
3
Gabriela
Helen
Irene
Catherine
Irene
Olivia
Catherine
Gabriela
Kimberley
Catherine
Helen
Julia
Catherine
Felicity
Mary
Catherine
Elizabeth
Linda
Catherine
Daphne
Nicole

4
Julia
Kimberley
Linda
Felicity
Linda
Nicole
Daphne
Irene
Linda
Daphne
Kimberley
Mary
Elizabeth
Helen
Olivia
Daphne
Gabriela
Olivia
Elizabeth
Irene
Julia

5
Mary
Nicole
Olivia
Gabriela
Julia
Mary
Felicity
Julia
Olivia
Elizabeth
Gabriela
Nicole
Irene
Kimberley
Nicole
Felicity
Helen
Kimberley
Helen
Linda
Mary

Each of the young ladies is one of the 15 points in the projective space PG(3, 2),
there are 3 points “abreast” on a line. The system consists of 15 planes containing
7 points and 7 lines each. In total there are 35 lines. The question is to find 5
mutually skew lines of three points in 7 classes.
We have seen that finite projective geometry, or finite geometry in general, can
be used to solve problems from other disciplines such as combinatorics above. The
infiniteness of the projective plane is implied by the construction of a harmonic
conjugate (Construction 1). Comparing the construction with the configuration
of the Fano plane, we see that some other axiom is necessary, explicitly (see
[Coxeter, 2003, p. 15]):
(iv) The three diagonal points of a complete quadrangle are never collinear.
By the complete quadrangle in (iv) we mean 4 points — vertices joined by
6 distinct lines — sides. The common point of the opposite sides (without a
common vertex) is a diagonal point. The dual is called complete quadrilateral
and the join of the opposite vertices (without a common side) is a diagonal line
(Figure 1.15).
Repeatedly performing the construction of a harmonic conjugate in our system, it can be easily seen that we obtain infinitely many points on a rational line
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Figure 1.15: The complete quadrangle that satisfies (iv). Vertices A, B, C, D
are joined by sides a, b, c, d, e, f , the diagonal points are E, F, G. Dually, the
complete quadrilateral with the sides a, b, c, d has vertices A, B, C, D, E, F and
diagonal lines e, f, g.

Figure 1.16: Consecutive constructions of the harmonic conjugates D1 to C, with
respect to AB; then D2 to C with respect to AD1 , ad infinitum.
Step-by-Step construction https://www.geogebra.org/m/y5eje8py
(Figure 1.16). Including an axiom on continuity (e.g. Dedekind’s cuts, invariance with respect to a projectivity, etc.) we obtain a continuous real line. In
the following chapters we use the three-dimensional space to describe a projective plane, and hence we should add one more remark in advance [Casse, 2006,
p. 41]: A projective plane of an order greater than 2, immersed in a projective
space of a dimension n ≥ 3, is Desarguesian. Desargues’s theorem 2.1.3 and its
three-dimensional nature is discussed in Section 2.1.
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For the rest of the thesis we continue to work with the infinite n-dimensional
real space RPn or, when explicitly stated, in the complex projective space CPn
(both of which are Desarguesian).

1.4.2

Extending the real plane

Central projection
Chronologically the notion of the real projective plane became apparent from
perspective paintings. The famous perspective woodcut of a man drawing a
lute in a central projection by Dürer (Figure 1.17) is self-explanatory. A central
projection in the space is the key to visualize the infinite (improper) elements of
the real (affine or Euclidean) plane.

Figure 1.17: The lute lies on the horizontal plane and the man depicts it pointby-point into the vertical plane with the use of a rope — projecting line, leading
through a fixed point on the wall — the centre of the projection. Source:
https://upload.wikimedia.org/wikipedia/commons/6/69/358durer.jpg
A central projection between two planes π and ρ with a center C is shown in
Figure 1.18. Using elementary stereometric constructions we describe the connection between the real projective plane and the Euclidean plane.9
Let us have a plane π, three arbitrary noncollinear points E0 , E1 , E2 and
an arbitrary point U inside the triangle E0 E1 E2 in the plane π. We find the
central projection, which projects the lines E0 E1 and E0 E2 onto perpendicular
axes intersecting in the image E0′ of the point E0 . Moreover, the image U ′ of the
point U becomes the opposite vertex to E0′ of the square with its two sides on the
perpendicular axes. This slightly edited formulation is called Poncelet’s principal
lemma in [Ostermann and Wanner, 2012, p. 324].
Let ρ′ be the plane perpendicular to π through the line l∞ = E1 E2 and let a
plane ρ be parallel to ρ′ . The join of the points E0 and U intersects the line l∞ in
9

At this point, the reader may get confused, since in the figure, the planes are in some sense
equivalent as the objects of the three-dimensional affine space in which we work. The difference
is in the inner structure of the chosen reference system.
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Figure 1.18: The relationship between the Euclidean plane ρ and the projective
plane π in the central projection from the center C.
Step-by-Step construction: https://www.geogebra.org/m/nmthuq87
the point U∞ . We find the center C of the projection in the plane ρ′ such that the
angle ∠E1 CE2 is right, and the size of the angle ∠E1 CU∞ is 45o . Now we only
need to project all points of the plane π from the center C into ρ. We obtain the
images E0′ and U ′ of the points E0 and U , respectively. The points E1 , E2 , U∞ , and
the whole line l∞ vanish and become directions in the plane ρ. One explanation
→
−
′
lies
is evident from the line E0 U on which U∞ lies. Therefore the point u′ = U∞
→
−
→
−
′
′
′ ′
on the image E0 U . The images e1 and e2 of E1 and E2 are the directions of
the mutually perpendicular lines CE1 and CE2 in the plane ρ′ . See that in the
plane ρ we constructed a square net, and so, we created a Euclidean orthogonal
reference system with orthogonal axes e′1 , e′2 and origin E0′ , in which U ′ is the unit
point with the coordinates [1, 1]. The points U1′ and U2′ are the unit points of
the reference axes. In the original plane π this also holds with the von Staudt’s
constructions on the projective lines E0 E1 and E0 E2 with the reference systems
E0 , U1 , E1 and E0 , U2 , E2 , respectively, and we can think of the (affine) plane π
as the model of the real projective plane in the one-to-one correspondence to the
Euclidean plane ρ unified with its directions (i.e. classes of parallel lines), which
are images of the points on the horizon l∞ . An important remark is that, at start,
we needed at least (and only) four points E0 , E1 , E2 , U (compare with Axiom (iii)).
According to the formulation of the problem, we thought of a three-dimensional
situation, but one should notice the whole construction is projected in a parallel
projection onto our two dimensional projecting plane (a paper, computer screen).
And so, there also exists a planar central collineation in a plane with the center
C and axis a, which maps the projective coordinate system E0 , E1 , E2 , U onto the
→
− →
−
affine coordinate system E0′ , e′1 , e′2 , U ′ . One disadvantage of the visualization of
a projective plane onto an affine plane is that we do not see all projective points.
′
The original points of the line k∞
in the plane ρ vanish from our picture.
30

Models of the projective plane

Figure 1.19: Models of the projective extension of the real plane. The point P1′
in the plane z = 0 is orthogonally projected onto the point P1 in the plane z = 1.
The line p1 = P1 O represents the point P1′ in the bundle of lines through O. The
−
unit vector →
p1 is the directing vector of the line p1 and represents the point P1′
in the vector model, as would any of its nonzero scalar multiply. The point P1s is
the intersection of the line p1 and the unit sphere in the origin with the positive z
coordinate, and it represents the point P1′ in the half-sphere model. The line a′ is
represented by the plane α in the bundle model (only a section is highlighted) and
s
in the half-sphere model.
by the half of the great circle as with one endpoint P∞
s
The point P∞ is the image of the improper point of the line a′ . The coordinate
system E0 , E1 , E2 and the unit square E0 U1 U U2 in the models correspond also to
Figure 1.18.
Interactive model: https://www.geogebra.org/m/jstrkjyw
Observe that in the last construction we used a three-dimensional space to
describe a two-dimensional projective plane. But this is not the first time we used
such a trick, the same happened with all the constructions on a line or conic in
the previous sections. In synthetic constructions we always stepped out from the
line or conic to its plane, performed some joins and meets, and returned back.
The idea of the three-dimensional surrounding Euclidean space is also used for
other models of the projective extension of the real plane. We describe some of
them to make a bridge into the analytic approach.
Let us have a three-dimensional Euclidean space with the system of orthogonal
axes x, y, z (Figure 1.19). Let the plane z = 0 be a domain with a point P ′ . We
translate all its points into the plane z = 1 in the direction of the z-axis and join
the image P of the point P ′ with the origin O. If the point P ′ and so P is moved
further from the origin, the line P O approaches to the parallel position with the
plane z = 0, but it will never lie there. Apart from the lines in the plane z = 0,
all the lines through O have their corresponding points in z = 1. By adding
the pencil of lines with the center O in the plane z = 0, we extend the plane
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z = 1 (represented by the three-dimensional bundle of lines) with the directions
of the plane z = 0. Using the motion imagery, the directions correspond to the
points at infinity. Furthermore, each line of the bundle may be represented by its
directing vector, and, oppositely, since we covered all the lines through O, each
three-dimensional nonzero vector describes a point of the extended plane. Any
nonzero multiply of a directing vector represents the same line. Hence, finally,
points of the projective plane are also represented by the set of the equivalence
classes of the three-dimensional vector space without the zero vector. If we use
the unit vectors placed in the originas the representatives, we obtain a half sphere
with a half meridian circle with one ending point with the center in the origin.
Similarly we could find the intersections of the bundle of lines and the unit sphere
and identify the antipodal points.

1.4.3

The analytic construction of the projective plane

The following section is inspired by [Richter-Gebert, 2011, Casas-Alvero, 2014,
Lávička, 2006]. The models of the projective extension of the real plane are direct
motivation for the use of homogenous coordinates in the algebraic calculations.
In the vector space model of the real plane, points are treated as vectors. The
existential analytic definition of the projective space is:
Definition 1.4.1 (Projective space). Let Vn+1 be an (n + 1)-dimensional, n ≥ 0,
vector space over a field T.
−
Let ∼ be an equivalence relation on Vn+1 \ {→
o } defined as follows
−
−
−
−
−
−
for →
u ,→
v ∈ Pn , →
u ∼→
v ⇔→
u = λ→
v , 0 ̸= λ ∈ T.
An n-dimensional projective space Pn is the set of the equivalence classes
−
(Vn+1 \ {→
o })/ ∼.
If T = R or T = C, we denote the real or complex projective space RPn or CPn ,
respectively.
Hence in the real projective plane, a point P ∈ RP2 is represented by a
vector (p1 , p2 , p0 ) ∈ R3 \ {(0, 0, 0)} and its equivalent non-zero scalar multiplies
(λp1 , λp2 , λp0 ), λ ∈ R\{0}. Later on, we denote this relation P (p1 , p2 , p0 ), and for
the simplicity of the text we unify the terms point and its vector representative.
If p0 = 0, the point P is an infinite point — direction, in the embedded affine
space, and we call it an improper point. Otherwise, for p0 ̸= 0, the point is called
proper. Observe that this classification is only a property of our affine point of
view. In the projective space, points are indistinguishable in this sense.
Now when we treat points as vectors, we can conveniently use the properties of
the underlying vector space. For example, points P (p1 , p2 , p0 ) and Q(q1 , q2 , q0 ) are
linearly (in)dependent when their vector representatives (p1 , p2 , p0 ) and (q1 , q2 , q0 )
are linearly (in)dependent. Let a point X(x1 , x2 , x0 ) be a linear combination of
distinct points P (p1 , p2 , p0 ) and Q(q1 , q2 , q0 ), we denote:
X = αQ + βP, (α, β) ∈ R2 \ {(0, 0)}.
For different choices of the parameters α and β, we obtain points on the line
through P and Q (or corresponding 2-dimensional linear subspace spanned by
their vectors in the vector space). The choice of (α, β) = (0, 1) corresponds to
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the point X = P , for (α, β) = (1, 0) we have X = Q. To be precise, the defined
relation of equivalence ∼ holds for any multiply (λα, λβ), λ ∈ R \ {0} of (α, β).
The pair (α, β), up to the multiplication, is called the projective (homogenous)
coordinates of the point X in the range of points P Q. Actually, if we look back,
we have just defined the real projective line RP1 as a vector subspace.
The projective plane that satisfies Axioms (i)–(iii) contains at least three
points on each line. We discussed the importance of the elements 0, 1, ∞ for the
construction of the real field in Section 1.3. Analytically, a triple of elements
0(0, 1), 1(1, 1), and ∞(1, 0) in a range of points on a line is called its projective
coordinate system. According to Axiom (iii), and also in Poncelet’s principal
lemma (Figure 1.18), the real projective plane contains four points E0 , E1 , E2 , U .
In the embedding into the Euclidean space, the natural choice of the corresponding vectors for the fundamental triangle is E0 (0, 0, 1), E1 (1, 0, 0), E2 (0, 1, 0), and
the unit point U (1, 1, 1) = E1 + E2 + E0 . Generally we can state the following
formal definition:
Definition 1.4.2 (Projective coordinate system and homogenous coordinates).
A projective coordinate system (projective reference or coordinate frame) of the
projective space Pn is an ordered set of (n + 2) points (E1 , . . . , En , E0 ; U ) from Pn ,
such that any (n + 1) of them are linearly independent.
−
−
−
An ordered set of (n + 1) vectors (→
e1 , . . . , →
en , →
e0 ) is called a basis adapted to
−
the projective coordinate system (E1 , . . . En , E0 ; U ) if and only if the vectors →
ei
∑n →
−
represent the points Ei , and the unit point U is represented by their sum i=0 ei .
The (n + 1)-tuple (x1 , . . . , xn , x0 ) ∈ Vn+1 assigned to each point X ∈ Pn
is called the projective coordinates of the point X relative to (E1 , . . . En , E0 ; U )
−
−
−
if and only if there is a basis (→
e1 , . . . , →
en , →
e0 ) adapted to (E1 , . . . En , E0 ; U ), for
−
−
−
which X = x1 →
e 1 + · · · + xn →
en + x0 →
e0 .
−
In the thesis we choose the unit vectors →
ei = (0, . . . , 0, 1, 0, . . . , 0) for




×(i−1)









×(n−i+1)

i = 1, . . . , n and e0 = (0, . . . , 0, 1), and we choose them also as the representatives of the points Ei . Therefore we can still use the simplification and unify
points with their vector representatives.
In the axiomatic construction, the duality of points and lines in RP2 has been
apparent from the beginning. Yet analytically, we have seen a line a through
points P, Q as the set of points X hidden in the parametric form
a : X = αQ + βP, (α, β) ∈ R2 \ {(0, 0)}.
In the algebraic sense, we can obtain the implicit equation of the line a, when we
think of it again as a 2-dimensional subspace α ∈ R3 . The subspace orthogonal, or
in this context better said incident, to α is a 1-dimensional subspace α⊥ of the dual
space of R3 . The linear forms F in α⊥ vanish on all the points X(x1 , x2 , x0 ) ∈ α.
Hence we have the implicit equation of the line
a : F(X) = a1 x1 + a2 x2 + a0 x0 = 0, (a1 , a2 , a0 ) ∈ α⊥ .
If we assign coordinates to a line a(a1 , a2 , a0 ), we can rewrite the equation with
the use of the dot product a·X = 0 = X ·a. The commutativity of the dot product
enlightens the duality of lines and points. For a simple demonstration, let us find
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the join a(a1 , a2 , a0 ) of two distinct points P (p1 , p2 , p0 ) and Q(q1 , q2 , q0 ). It holds
that both P and Q lie on the line a, and hence a · P = 0 and also a · Q = 0. In
other words, the vectors (p1 , p2 , p0 ) and (q1 , q2 , q0 ) are both perpendicular to the
vector (a1 , a2 , a0 ). Points P and Q are distinct and so linearly independent as
well as their vectors. Therefore the line a is the cross product a = P × Q (due to
the equivalence relation, it does not matter if we change the order of P and Q).
Oppositely, the intersection point A(a1 , a2 , a0 ) of two distinct lines p(p1 , p2 , p0 )
and q(q1 , q2 , q0 ) is incident with both of them, and we can write A = p × q. As a
consequence, three points P, Q, and R are collinear if and only if the determinant
(P × Q) · R = [P QR] = 0. Dually, lines p, q, and r are concurrent if and only if it
holds that [pqr] = 0. This way computations in the real projective plane become
the algebra of dot and cross products and determinants.
The implicit equation of a line a(a1 , a2 , a0 ) holds for its proper points
X(x1 , x2 , x0 ), x0 ̸= 0. After the substitution x = xx01 and y = xx20 , we obtain
the affine equation a : a1 x + a2 y + a0 = 0. The improper point of a line is the
one with the last coordinate x0 = 0, and hence the first two coordinates of the
point X(x1 , x2 , x0 ) satisfy a1 x1 + a2 x2 = 0. Since (x1 , x2 ) ̸= (0, 0) it is the directing vector (−a2 , a1 ), or its multiplies, of the line a. All improper points of the
projective plane lie on the improper line l∞ (0, 0, a0 ).
The cross-ratio
With the analytic framework, we can finally properly define the cross ratio of
four points on a real projective line without Euclidean measurement.
Definition 1.4.3 (Cross-ratio). Let us have a line l through distinct points P and
Q, with projective coordinates P (p1 , p0 ), Q(q1 , q0 ), and two other distinct points
A(a1 , a0 ) and B(b1 , b0 ) on l. The points A and B are linear combinations of P
and Q:
A = α 1 P + β1 Q
a1 = α1 p1 + β1 q1
a0 = α1 p0 + β1 q0
for (α1 , β1 ) ∈ R2 \ {(0, 0)}
B = α2 P + β2 Q
b1 = α2 p1 + β2 q1
b0 = α2 p0 + β2 q0
for (α2 , β2 ) ∈ R2 \ {(0, 0)}.
β1 α 2
is called the cross-ratio of the ordered quadruα 1 β2
ple A, B, P, Q for A =
̸ Q and B ̸= P . In case A = Q or B = P we assign
(A, B; P, Q) = ∞.
The number (A, B; P, Q) =

Using Cramer’s rule, it is easy to show the formulation in the form of determinants
(A, B; P, Q) =

⏐
⏐a
⏐ 1
⏐
⏐ a0
⏐
⏐b
⏐ 1
⏐
⏐ b0

⏐⏐

⏐

p1 ⏐⏐ ⏐⏐b1 q1 ⏐⏐
⏐⏐
⏐
p0 ⏐ ⏐b0 q0 ⏐
⏐⏐
p1 ⏐⏐ ⏐⏐a1
⏐⏐
p0 ⏐ ⏐a0
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⏐
q1 ⏐⏐
⏐
q0 ⏐

=

[AP ][BQ]
.
[BP ][AQ]

Observe how we naturally generalized Chasles’s distances used in Section 1.2.1
with determinants. Let us briefly describe what is the relation between the affine
ratio with oriented lengths and the cross-ratio (see also [Ostermann and Wanner,
2012, pp. 201–204]).
On a projective line with the projective coordinate system 0(0, 1), 1(1, 1),
∞(1, 0), and a proper point A(a, 1) (the only improper point of the line is
∞(1, 0)), the cross ratio (A, 1; 0, ∞) gives the coordinate of the point A:
(A, 1; 0, ∞) =

⏐
⏐a
⏐
⏐
⏐1
⏐
⏐1
⏐
⏐
⏐1

0⏐⏐ ⏐⏐1 1⏐⏐
⏐
⏐⏐
1 ⏐ ⏐1 0 ⏐
⏐⏐

⏐

⏐⏐
0⏐⏐ ⏐⏐a
⏐⏐
1⏐ ⏐ 1

⏐
1⏐⏐
⏐
0⏐

=

a · (−1)
= a.
1 · (−1)

Now, when we work with proper points A(a, 1) and B(b, 1) on the given projective line, they are uniquely defined by their coordinates a and b. Thus, the
determinant
⏐
⏐a
⏐
⏐
⏐1

⏐

b ⏐⏐
⏐=a−b
1⏐

well characterizes the oriented length of the segment AB (see that this fails if we
choose one improper point, and the value of the determinant will be arbitrary).
Let us have four proper distinct points A(a, 1), B(b, 1), C(c, 1), and X(x, 1)
on a projective line. If we send the point X to infinity, the cross-ratio changes
into the so-called affine ratio
lim (A, B; C, X) = lim

x→∞

x→∞

[AC](b − x)
[AC]
[AC][BX]
= lim
=
= (A, B; C).
x→∞
[BC][AX]
[BC](a − x)
[BC]

Oppositely, the cross-ratio is often defined as the ratio of affine ratios in the
affine setting. Certainly, for four proper distinct points A(a, 1), B(b, 1), C(c, 1),
and D(d, 1) we have
[AC]
(A, B; C)
[AC][BD]
[BC]
=
=
= (A, B; C, D).
[AD]
(A, B; D)
[BC][AD]
[BD]
We already mentioned the special place of the harmonic quadruple and defined
it by the synthetic construction in Figure 1.7. With the use of the cross-ratio, four
collinear points C, D, A, and B form a harmonic quadruple if (C, D; A, B) = −1.
Let us explain the connection with the above-mentioned construction of the harmonic conjugate.
Let C be a point on a line through two given distinct points A and B, then
C = c1 A + c2 B for (c1 , c2 ) ∈ R2 \ {(0, 0)}.
We choose a point E non-collinear with A, B, C and join it with A and B, and
then we construct a line through C, which intersects the lines AE and BE in
points G and H, respectively. We have
E = a1 A + a2 G for (a1 , a2 ) ∈ R2 \ {(0, 0)}
E = b1 B + b2 H for (b1 , b2 ) ∈ R2 \ {(0, 0)}.
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(1.1)

Hence we derive
a1 A + a2 G = b 1 B + b 2 H
a1 A − b1 B = −a2 G + b2 H.

(1.2)

The last expression holds for the intersection point C of the lines AB and GH
and so c1 = a1 , c2 = −b1 . The intersection of the lines AH and BG is the point I.
From 1.3, we obtain
I = a1 A − b2 H = −a2 G + b1 B.

(1.3)

Now we find the intersection D of the lines EI and AB. After the substitution
b2 H = a1 A − I from Equation 1.3 into Equation 1.1, we have
E = b 1 B + a1 A − I
a1 A + b1 B = E + I = D.
In result we express the points C and D on the line AB as
C = a1 A − b 1 B
D = a1 A + b1 B.
The cross-ratio of the quadruple C, D, A, B is
(C, D; A, B) =

−b1 · a1
= −1.
a1 · b 1
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2. Methods of synthetic
projective geometry
2.1

Projective correspondences

In Section 1.4 we built a rigid puppet — RPn . In this section, we move its
strings and blow some life into it by introducing mappings performed on fundamental elements of the projective real plane. Let us define these correspondences
(transformations) in a synthetic-axiomatic and afterwards analytic formulation
(see [Veblen and Young, 1910, pp. 55–78], [Coxeter, 2003, pp. 8–13, 49–50, 57],
[Hlavatý, 1944, pp. 31, 40–41, 55], [Glaeser et al., 2016, pp. 188–189], [RichterGebert, 2011, p. 86], [Casas-Alvero, 2014, p. 16]). The following definitions could
be generalized for other objects which have the same properties as ranges of points
(one-dimensional forms). For the sake of brevity and demonstration, we do not
define them in general but only on ranges of points on a line and pencils of lines in
the real projective plane. On the other hand, for example, in Section 1.3 we constructed a projective coordinate system on a conic section (one-dimensional form
of the second degree) and projected it on a range of points and pencil of lines.
Even the elements of a system can be generalized and projected — constructions
on a set of points of a virtual model of a cow are shown in Section 2.3. Whole
books on projective geometry are devoted to the classification and properties of
projective transformations and their connections with other geometries. Mostly
synthetic and exhaustive classification of projective transformations is given in
major parts of [Hlavatý, 1944, 1945].
Perspectivity
(Figure 1.8) A perspectivity between ranges of points with distinct axes o1 and
o2 with a center of perspectivity O, such that O is not incindent with o1 and o2 ,
maps X1 on o1 to X2 on o2 whenever X1 , X2 , O are collinear. The perspectivity
between the ranges of points is denoted
(O)

(O)

o1 ⩞ o2 or A1 B1 C1 . . . ⩞ A2 B2 C2 . . . .
A perspectivity between pencils of lines with distinct centers O and O′ with an
axis of perspectivity o, such that o is not incindent with O and O′ , maps x through
O to x′ through O′ whenever x, x′ , o are concurrent. The perspectivity between
the pencils of lines is denoted
(o)

(o)

O ⩞ O′ or a1 b1 c1 . . . ⩞ a2 b2 c2 . . . .
A range of points A, B, C, . . . with an axis o and a pencil of lines a, b, c, . . .
with a center O, such that O is not incident with o, are in a perspectivity if for
each point X on o the corresponding line x passes through O. The perspectivity
between the range of points and the pencil of lines is denoted
o ⩞ O or ABC · · · ⩞ abc . . . .
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Projectivity
A composition (or product) of finitely many perspectivities between ranges of
points and pencils of lines is called a projectivity, projective transformation, projective correspondence, homography (between two one-dimensional forms). If a
projectivity is between inhomogeneous systems (e.g. pencils and ranges), it is
sometimes called a correlation. Two ranges of points with a common axis or two
pencils of lines with a common center may also be in a projectivity. An involutive
projectivity is called an involution, i.e. a projectivity of period 2.
We denote two systems in a projectivity with the symbol ⊼, e.g.:
a projectivity between ranges of points
o1 ⊼ o2 or A1 B1 C1 · · · ⊼ A2 B2 C2 . . . ,
a correlation between a range of points and pencil of lines
o1 ⊼ O2 or A1 B1 C1 · · · ⊼ a1 b1 c1 . . . ,
an involution on a range of points (see Figures 1.9 and 1.10)
A1 A′1 ⊼ A′1 A1 .
A projectivity with two real fixed points is called hyperbolic, with one real
fixed point parabolic, and without any real fixed points elliptic. An involution
with two real fixed points is called hyperbolic, without any fixed points elliptic.
Synthetically we can define projectivities on more-dimensional forms (e.g.
points in a plane, planes through a point) by keeping the projectivity of onedimensional forms: A projectivity between the elements of two n-dimensional
forms is any one-to-one reciprocal correspondence between the elements of the
two forms, such that to every one-dimensional form of one there corresponds a
projective one-dimensional form of the other.
A collineation is any one-to-one correspondence in the real projective space
that maps collinear points to collinear points. If the correspondence is projective,
we call it projective collineation.10
The modern abstract analytic version of the definition of a projectivity (on
points) deals with the underlying vector space model.
Let RPn (Vn+1 ) and RP′m (V′m+1 ) be real projective spaces. Assume φ is an
isomorphism between Vn+1 and V′m+1 . A point P ∈ RPn is represented by the
−
−
vector →
v ∈ Vn+1 , denoted P = ⟨→
v ⟩. Then the map f : RPn → RP′m defined
−
−
by the rule ⟨→
v ⟩ → ⟨φ(→
v )⟩ is called a projectivity f induced by φ. Because
of the associated isomorphism, the images of projective points are points, the
dimensions of the projective spaces are equal, so n = m, and the projectivity
is also a collineation. If we assumed φ to only be a homomorphism, we could
obtain a projection of collinear points into one point between spaces of different
dimensions.
A projectivity f is described by a square matrix of the linear transformation (isomorphism) φ on its representatives. In homogenous coordinates we map
P (p1 , . . . , pn , p0 ) ∈ RPn onto P ′ (p′1 , . . . , p′n , p′0 ) ∈ RP′n :
Collineations are always projective transformations in RP2 and CP2 . However, the distinction is necessary in other projective spaces.
10
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⎛ ′⎞
p1
⎜ . ⎟
⎜ .. ⎟
⎜ ⎟
⎜ ′⎟
⎝pn ⎠

P ′ = f (P ) = TP ⎞ ⎛ ⎞
p1
a11 . . . a1n a10
⎟⎜ . ⎟
⎜ .
.
⎜ . ⎟
⎜ ..
.. ⎟
⎟⎜ . ⎟
⎜
⎛

=⎜

⎝an1

p′0

a01

⎟.

. . . ann an0 ⎠ ⎝pn ⎠
p0
. . . a0n a00
⎟⎜

In this simplified form, we incorporate the equivalence relation in the analytic
definition of a projective space. The matrix T is also unique only up to a nonzero real factor.
With the following theorem we can create an important link between von
Staudt’s “Wurf” as a visual property and the cross-ratio as a numerical value of
four points on a line (see also [Lávička, 2006, p. 45]).
Theorem 2.1.1. Projectivities in RP2 preserve the cross-ratio.
Proof. Let us have four distinct collinear points A, B, P, Q ∈ RPn such that
A = α1 P + β1 Q, for (α1 , β1 ) ∈ R2 \ {(0, 0)}
B = α2 P + β2 Q, for (α2 , β2 ) ∈ R2 \ {(0, 0)}.
Let f be a projectivity f : RPn → RP′n induced by an isomorphism φ : Vn+1 → V′n+1 . The isomorphism φ on the vector representatives
→
− − →
−
⟨→
a ⟩, ⟨ b ⟩, ⟨→
p ⟩, ⟨−
q ⟩ of points A, B, P, Q implies:
−
−
−
−
−
f (A) = φ(⟨→
a ⟩) = φ(α1 ⟨→
p ⟩+β1 ⟨→
q ⟩) = α1 ⟨φ(→
p )⟩+β1 ⟨φ(→
q )⟩ = α1 f (P )+β1 f (Q)
and similarly
f (B) = α2 f (P ) + β2 f (Q)
β1 α2
= (A, B; P, Q).
α1 β2
In case A = Q or B = P also f (A) = f (Q) or f (B) = f (P ) and the cross-ratio
equals ∞.
and the cross ratio (f (A), f (B); f (P ), f (Q)) =

A straightforward consequence is that projectivities in RP2 preserve harmonicity.
The fundamental theorem
Let us sum up how to determine projectivities in the so-called fundamental theorem of projective geometry, nowadays formulated as a list of equivalent statements. Since it is the object of a majority of textbooks on projective geometry in
any (synthetic, axiomatic, analytic) exposition, we do not aim to prove these theorems in this work. We include them to show important properties of projective
correspondences and fulfill our commitment from Section 1.3.
From the modern axiomatic point of view, Pickert gives (for details, history
and proofs see [Plaumann and Strambach, 1980, pp. 1–12]) the following formulation in a projective plane based on Axioms (i)–(iii):
Theorem 2.1.2 (The fundamental theorem of projective geometry, axiomatically). For a projective plane the following conditions are equivalent:
1. A projectivity of a range of points with three fixed points is an identity.
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2. A projectivity is already determined by the images of 3 points.
3. A projectivity is a product of at most 3 perspectivities.
4. A projectivity of a range of points to itself with a fixed point is a product of
two perspectivities.
5. A projectivity of a range of points onto another range of points with a fixed
point is a perspectivity.
6. (Pappus’s theorem, Figure 2.2) If the three points A, B, C are on a line and
the three points A′ , B ′ , C ′ are on another line but not on the first, then the
intersecting points of the lines AB ′ , CA′ , BC ′ with BA′ , AC ′ , CB ′ , respectively, are collinear.
Historically, von Staudt proved the first statement. If we look at it from
the analytic derivation in RP2 , and we fix the points 0(0, 1), 1(1, 1), ∞(1, 0) of
the projective coordinate system on a projective line, then each point P (p, 1) is
uniquely determined by its cross ratio (P, 1; 0, ∞) = p.

Figure 2.1: A demonstration of the second, third and fifth condition of Theorem 2.1.2.
Step-by-Step construction: https://www.geogebra.org/m/ntrnzagf
The meaning of the second, third and fifth statement is depicted in Figure 2.1.
The third condition on two distinct ranges in RP2 can be even more simplified,
and any projectivity can be reduced into the product of two perspectivities (see
[Glaeser et al., 2016, p. 190], [Hlavatý, 1944, pp. 44–46]). For example, let us
have ranges of points A1 , B1 , C1 , D1 , . . . and A2 , B2 , C2 , D2 , . . . in a projectivity.
A pencil of lines a1 , b1 , c1 , d1 , . . . with the center A2 is in a perspectivity with
the range A1 , B1 , C1 , D1 , . . . , and similarly a pencil of lines a2 , b2 , c2 , d2 , . . . with
the center A1 is in a perspectivity with the range A2 , B2 , C2 , D2 , . . . . The pencils
a1 , b1 , c1 , d1 and a2 , b2 , c2 , d2 have a fixed line a1 = a2 and with respect to the fifth
condition they are also in a perspectivity. The common points B, C, D, . . . of
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the pencils lie on the line o, called the axis of projectivity. See that the second
statement holds, since the point D1 is not necessary to find the projective axis,
and its image D2 can be constructed afterwards with the use of the point D.

Figure 2.2: A configuration in Pappus’s theorem.
Step-by-Step construction: https://www.geogebra.org/m/pehvjqpf
Pappus’s theorem in general projective planes is often stated as an axiom, and
the projective plane which satisfies it, is called Pappian. In the real projective
plane the “axiom” is implied by the commutativity of the inner field. We examine
the proof in Section 2.3.
One more axiom in general and theorem in RP2 should not be omitted. Desargues’s theorem gives a better look into perspectivities of planar figures [Glaeser
et al., 2016, pp. 184–185], [Coxeter, 2003, p. 19], [Plaumann and Strambach,
1980, pp. 6–7]:
Theorem 2.1.3 (Desargues’s theorem, Figure 2.3). If two triangles are perspective to a point, then their sides are perspective to a line.

Figure 2.3: A suggestive visualization of the configuration in Desargues’s theorem.
The triangles ABC and A′ B ′ C ′ are perspective to the perspector — point O and
to the perspectrix — line o. The pyramid ABCO is highlighted.
Step-by-Step construction: https://www.geogebra.org/m/hdgeuw4c
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The theorem is due to Hessenberg’s theorem a consequence of Pappus’s axiom.
The projective planes in which Desargues’s theorem holds are called Desarguesian.
Instead of the formulation of a proper axiomatic proof, this theorem is the ideal
representative of intuitive thinking. Rather then having two triangles in one
plane, one can use the third dimension to obtain a triangular pyramid and its
sections, the perspector is the apex of the pyramid, the perspectrix is the common
line of the intersecting planes.
Richter-Gebert [2011, p. 62] refers to the name fundamental theorem with
the following analytic version in RP2
Theorem 2.1.4 (The fundamental theorem of projective geometry, analytically).
If f : RP → RP is any bijective map that preserves the collinearity of points, then
f can be expressed as multiplication by a 3 × 3 matrix.
To find such a matrix we need four points in RP2 , from which no three are
collinear or analogically n + 2 points in RPn . The generalization of the fundamental theorem over another fields is given further in [Richter-Gebert, 2011, p.
88]

2.1.1

Projective generation of a conic

Until now, we have worked only with straight lines, but projective geometry is a
very convenient theory to examine conics. Standard definitions of a conic again
differ in the synthetic and analytic approach. Synthetically a (point) conic can
be constructed by joining conjugated elements of two projective pencils of lines
(the dual formulation defines a conic as the envelope of its tangents).
Definition 2.1.1. Let us have two pencils of lines a, b, c, . . . with a center O and
a′ , b′ , c′ , . . . with a center O′ ̸= O in a projectivity. The set of all intersecting
points of conjugated elements in the projectivity is called a conic.
If the projectivity is not a perspectivity, the conic is called regular. Otherwise,
the conic is singular.

Figure 2.4: Projective generation of a conic.
Step-by-Step construction: https://www.geogebra.org/m/ahvpvx6s
Algebraically speaking, a conic κ in RP2 is the zero set of a quadratic form
over R
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F2 (X) = 0
with the associated matrix A
⎛

⎞

a b d
⎟
A=⎜
⎝ b c e ⎠ , (a, b, c, d, e, f ) ∈ R6 \ {(0, 0, 0, 0, 0, 0)}.
d e f
Hence a conic κ is given in the form of a homogeneous equation:
X T AX = ax21 + 2bx1 x2 + cx22 + 2dx1 x0 + 2ex2 x0 + f x20 = 0.

(2.1)

If det A ̸= 0 the conic is regular, otherwise, it is singular. From Equation 2.1,
one can observe that if we fix a point X(x1 , x2 , x0 ), we obtain a linear equation on
the six parameters a, b, c, d, e, f ; from which one can be reduced by factorization.
Therefore five distinct points give five such linear equations, which determine the
conic. See that the same property is hidden in the synthetic definiton. Two of
the five given points are centers of the pencils of lines and three other points are
the intersections of the conjugated lines in the projectivity. By Theorem 2.1.2,
for any other line in one pencil, we obtain its image in the second pencil and also
their intersection. Let us see the equivalence of both definitions (the algebraic
construction is given in [Richter-Gebert, 2011, pp. 167–172]).
Theorem 2.1.5 (Figure 2.4). Let A, B, C, P, Q be 5 points on a conic. Let P, Q
be the centers of pencils of lines through A, B, C such that P A, P B, P C are conjugated with QA, QB, QC, respectively. Points on the conic are intersecting points
of conjugated pairs of these pencils.
Proof. Let us have 4 points A, B, C, D, each 3 of them are non-collinear. A
choice of the 5th point P determines one of the conics of the pencil of conics
through A, B, C, D. Two intersecting lines make a singular case of a conic, and
there are 3 such pairs on points A, B, C, D : (AB, CD); (AC, BD); (AD, BC)
(Figure 2.5). Let κ be the singular conic given by pair the (AB, CD). If we

Figure 2.5: A pencil of conics through four points A, B, C, and D.
choose the point P (p1 , p2 , p0 ) to be the intersecting point of m(m1 , m2 , m0 ) = AB
and n(n1 , n2 , n0 ) = CD, then
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p1 m1 + p2 m2 + p0 m0 = 0
p1 n1 + p2 n2 + p0 n0 = 0,
and also
(p1 m1 + p2 m2 + p0 m0 )(p1 n1 + p2 n2 + p0 n0 ) = P T mnT P = P T GP = 0
(G + GT )
P = 0.
(P T GP = 0 ⇔ P T GT P = 0) ⇒ P T
2
The matrix

G+GT
2

is the matrix associated with κ. The coordinates of m, n are
(m1 , m2 , m0 ) = (a1 , a2 , a0 ) × (b1 , b2 , b0 )
(n1 , n2 , n0 ) = (c1 , c2 , c0 ) × (d1 , d2 , d0 ),

where (a1 , a2 , a0 ) are the coordinates of the point A, and so on. Then
P T mnT P = [P, A, B][P, C, D] = 0.
If we assume P to be a variable point, then the last equation is quadratic. A
similar equation holds for a different pair of intersecting lines, for example AC
and BD. These two singular conics give us the equation of the pencil of conics
k1 [P, A, C][P, B, D] + k2 [P, A, B][P, C, D] = 0, for (k1 , k2 ) ∈ R2 \ {(0, 0)}. (2.2)
Let Q be another fixed point of the conic, then we use the Plücker’s trick (described in [Richter-Gebert, 2011, p. 96–98]). We choose
k1 = [Q, A, B][Q, C, D], k2 = −[Q, A, C][Q, B, D].
Equation 2.2 changes to
[Q, A, B][Q, C, D][P, A, C][P, B, D] − [Q, A, C][Q, B, D][P, A, B][P, C, D] = 0,
which is the quadratic equation for a variable point P . Performing the last
modification, we have
[P, A, B][P, C, D]
[Q, A, B][Q, C, D]
=
.
[Q, A, C][Q, B, D]
[P, A, C][P, B, D]

(2.3)

Without loss of generality, we choose the respective projective coordinate systems
of pencils of lines through A, B, C, and D with the centers P and Q:
P B = (0, 1)P ; P C = (1, 0)P ; P A = (1, 1)P ; P D = (α1 , α2 )P
QB = (0, 1)Q ; QC = (1, 0)Q ; QA = (1, 1)Q ; QD = (β1 , β2 )Q
(α1 , α2 ) and (β1 , β2 ) ∈ R2 \ {(0, 0)}.
The cross ratios are
α2
, α1 ̸= 0
α1
β2
(QB, QC; QA, QD) = , β1 ̸= 0.
β1
(P B, P C; P A, P D) =

The homogenous coordinates of the lines P A, P D are
(P × A) = P A = P C + P B = (P × C) + (P × B)
(P × D) = P D = α1 P C + α2 P B = α1 (P × C) + α2 (P × B).
Therefore
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[P, A, B][P, C, D]
B(P × A)(−C(P × D))
=
=
[P, A, C][P, B, D]
C(P × A)(−B(P × D))
B((P × C) + (P × B))(C(α1 (P × C) + α2 (P × B)))
=
C((P × C) + (P × B))(B(α1 (P × C) + α2 (P × B)))
[P, C, B]α2 [P, B, C]
α2
= .
[P, B, C]α1 [P, C, B]
α1
In like manner for the pencil of lines through Q. From Equation 2.3 we have
β2
α2
= ,
β1
α1
and the cross-ratios of the corresponding pencils are equal.
Polarity
The next essence we should add into the theoretical background is the underlying
harmonicity of conics. This time we start analytically and give the synthetic
construction as a consequence.
Let us have a conic κ in RP2 given by its quadratic form F2 with the matrix A,
and let F be its associated symmetric bilinear (polar) form with the same matrix.
Then two points P (p1 , p2 , p0 ), Q(q1 , q2 , q0 ) are called the polar conjugates with
respect to the conic κ if
⎛

⎞⎛ ⎞

a b d
q1
⎜
⎟⎜ ⎟
F (P, Q) = (p1 , p2 , p0 ) ⎝ b c e ⎠ ⎝q2 ⎠ = P T AQ = 0.
d e f
q0
A point P is called a singular point of the conic κ if it is the polar conjugate of
every point in RP2 . A point of the conic κ which is not singular is called a regular
point of the conic κ. Straightforward from the definition of a conic, a point on a
conic is its own polar conjugate. If a point P is not a singular point of a conic
κ, its polar conjugates form the polar line (or simply polar) p′ of the pole P with
respect to κ.
p′ : P T AX = (ap1 + cp2 + dp0 )x1 + (cp1 + bp2 + ep0 )x2 + (dp1 + ep2 + f p0 )x0 = 0.
From the linear equation, it is obvious that the polar is a line. See that the
homogenous coordinates of the line p′ are extracted from (p′1 , p′2 , p′0 ) = P T A.
The polar of a point on the conic is a tangent of the conic with the pole being
its contact point. The duality of a pole and its polar is also apparent from
p′ T A−1 = P T , for a regular matrix A. The described map from points to lines
and vice-versa with respect to a conic is called a polarity.
Let us proceed to the following property in CP2 . The join of the pole P and
an arbitrary point Q on its polar intersects the conic in points U, V , which are
separated harmonically by P, Q.
Let κ be a conic, with an associated matrix A, a point P (p1 , p2 , p0 ) be a nonsingular point of a conic, and a line p′ be the polar of the pole P with respect
to κ.
Let Q(q1 , q2 , q0 ) ̸= P be a point on the line p′ such that
F (P, Q) = 0.
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(2.4)

The projective homogenous coordinates of a point W (w1 , w2 , w0 ) on the line
P Q in the projective coordinate system of RP2 are W = k1 Q + k2 P , for (k1 , k2 ) ∈
C2 \ {(0, 0)}, and the projective homogenous coordinates of W in the coordinate
system of the projective line P Q are (k1 , k2 ) . By the choice (k1 , k2 ) = (0, 1),
we obtain the projective coordinates of P , and (k1 , k2 ) = (1, 0) are the projective
coordinates of Q. If W lies on κ, then
F2 (k1 Q + k2 P ) = (k1 Q + k2 P )T A(k1 Q + k2 P ) = 0.
After the expansion
k12 F2 (Q) + 2k1 k2 F (P, Q) + k22 F2 (P ) =
k12 QT AQ + 2k1 k2 P T AQ + k22 P T AP = 0.

(2.5)

From 2.4, F (P, Q) = P T AQ = 0. We substitute l = kk21 , k2 ̸= 0 into 2.5. If
k2 = 0, we obtain the projective coordinates of Q. Otherwise, we have a quadratic
equation for l
F2 (P ) + l2 F2 (Q) = 0.
Using Vieta’s formulas for the roots l and l′ , we have l + l′ = 0, and so l = −l′ .
Without loss of generality, we choose k2 = k2′ = 1, then k1 = l, k1′ = l′ and
assign these coordinates to the points U (l, 1), V (l′ , 1) on the conic κ. Hence the
cross-ratio
(P, Q; U, V ) =

⏐
⏐0
⏐
⏐
⏐l
⏐
⏐1
⏐
⏐
⏐l

1⏐⏐ ⏐⏐1 0⏐⏐
⏐⏐
⏐
1⏐ ⏐l′ 1⏐
⏐⏐

⏐

⏐⏐
0⏐⏐ ⏐⏐0
⏐⏐
1⏐ ⏐l′

⏐
1⏐⏐
⏐
1⏐

=

−l
= −1.
−l′

In result, the points P, Q, U , and V form a harmonic quadruple. On the contrary,
we could have stated the above property as the synthetic definition of a pole and
its polar.
As a result, we have the following synthetic construction.

Figure 2.6: Synthetic construction of a polar. The right figure also emphasize the
relation between a polar and tangents.
Step-by-Step construction: https://www.geogebra.org/m/zd3xhkmw
Construction 2 (Figure 2.6). Let κ be a conic and P its non-singular point,
find the polar line p of the pole P with respect to κ.
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1. We choose two lines through P , which intersect κ in points U1 , V1 ; U2 , V2 .
2. Using Construction 1 of a harmonic conjugate, we find the points R1 , R2
such that (P, R1 ; U1 , V1 ) = (P, R2 ; U2 , V2 ) = −1 (in Figure 2.6 we conveniently used the complete quadrangle with the vertices U1 , V1 , U2 , V2 ).
3. The line p through the points R1 and R2 is the desired polar.
The construction also gives another point of view on imaginary elements. If
the pole P is an outer point of the conic κ, we have two real tangents, if the pole
P is an inner point of the conic κ, the tangents are imaginary (compare with
Figures 1.9 and 1.10).
Projectivity of conics
The definition of a conic with pencils of lines implies an important property
of projectivities (for more details see [Veblen and Young, 1910]). Let us have
in a real projective plane π two projective pencils of lines: a1 , b1 , c1 , . . . with a
center O1 and a2 , b2 , c2 . . . with a center O2 and let f be the projectivity between
them, which generates a conic κ. Now, let us have a projectivity g between
the projective plane π and another plane ρ. In the projectivity g, the pencils
a1 , b1 , c1 , . . . and a2 , b2 , c2 , . . . are projected onto pencils a′1 , b′1 , c′1 , . . . with a center
O1′ and a′2 , b′2 , c′2 , . . . with a center O2′ in the plane ρ, respectively.
Now, the inverse projectivity g −1 maps the pencils in ρ onto pencils in π, the
projectivity f projects the pencil a1 , b1 , c1 , . . . onto the pencil a2 , b2 , c2 , . . . and
the projectivity g maps π back onto ρ. Thus, the composition of projectivities
g ◦ f ◦ g −1 is a projectivity between the pencils of lines a′1 , b′1 , c′1 , . . . with a center
O1′ and a′2 , b′2 , c′2 , . . . with a center O2′ , which generates a conic κ′ in the plane ρ.
In terms of matrices, let the projectivity g have an associated matrix T and
let the conic κ have an associated matrix A. The projectivity g maps for any
point X ∈ π the quadratic form
X T AX → (T−1 X)T A(TX) = X T (T−1 AT)X
T

and the associated matrix of the image κ′ of the conic κ is T−1 AT.
T

2.2

Synthetic methods

One can choose different paths to reach the same goal in projective geometry.
Naturally, some methods appear faster in one problem and cumbersome in the
second. We have already used some of them throughout the text without notion.
In this section, we describe two fundamental synthetic methods and combine
them with the analytic method. One could also count the principle of duality as
a method, which was already defined in Section 1.4.1.

2.2.1

The method of projection

The classical synthetic and axiomatic constructions of projective geometry rely on
the projections. Projecting ranges of points and pencils of lines by compositions
of perspectivities is what we mean by the method of projection, and will become
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our basic machinery. For demonstration, see the proof of the following theorem
[Coxeter, 2003], [Glaeser et al., 2016, p. 191].
Theorem 2.2.1. Let us have four collinear points A, B, C and D. The crossratios (A, B; C, D) and (B, A; D, C) are equal.
Proof. (Figure 2.7) We need to find the sequence of perspectivities, which maps
the points A, B, C, and D to B, A, D, and C, respectively. Let O be an arbitrary
point not on the line AB and draw a distinct line through the point D.

Figure 2.7: Theorem 2.2.1.
Step-by-Step construction: https://www.geogebra.org/m/djxbrfef
Assume the following composition of perspectivities:
(O)

ABCD ⩞ A′ B ′ C ′ D
(A)

A′ B ′ C ′ D ⩞ OXC ′ C
′

(B ′ )

OXC C ⩞ BADC
therefore ABCD ⊼ BADC
and (A, B; C, D) = (B, A; D, C).

We have already mentioned Pappus’s theorem as a part of the fundamental
theorem 2.1.2. Let us prove it with the method of projection.
Theorem 2.2.2 (Pappus’s theorem, Figure 2.8). If the three points A, B, C are
on a line and the three points A′ , B ′ , C ′ are on another line but not on the first,
then the intersecting points of the lines AB ′ , CA′ , BC ′ with BA′ , AC ′ , CB ′ , respectively, are collinear.
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Figure 2.8: Pappus’s theorem.
Step-by-Step construction: https://www.geogebra.org/m/pehvjqpf
Proof. Let X be the point of intersection of the lines AB ′ and BA′ and Z be the
point of intersection of BC ′ and CB ′ . Moreover let Y1 be the intersection of AC ′
and XZ; Y2 the intersection of CA′ and XZ; P the intersection of AB and A′ B ′ ;
Q the intersection of AB and XZ and Q′ the intersection of A′ B ′ and XZ. Now
we have the following perspectivities (to demonstrate the method we omit the
case when Q = Q′ = P ):
(X)

ABP Q ⩞ B ′ A′ P Q′
(C ′ )

ABP Q ⩞ Y1 ZQ′ Q
′

′

′

(C ′ )

B A P Q ⩞ ZY2 QQ′ ,
but from Theorem 2.2.1
Y1 ZQ′ Q ⊼ ZY1 QQ′ .
Therefore
ZY1 QQ′ ⊼ ZY2 QQ′ .
Assuming that three elements uniquely determine the fourth element of a range,
we have Y1 = Y2 , and so the lines AC ′ and CA′ meet on XZ.
Other examples, where the method of projection was used, are also
Lemma 1.2.1, in which ranges of points were projected between skew lines and,
with the use of conics, von Staudt’s constructions in Section 1.3, where we projected a range of points of a conic with its coordinate system onto a range of
points on a line and a pencil of lines.

2.2.2

The method of selection of an improper hyperplane

The second method consists of selecting the improper line and is closely related
to the model of the real projective plane in perspective drawings (Figure 1.18). If
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Figure 2.9: (Left) The improper line is mapped onto a finite line. (Right) The
improper line is the set of intersections of parallels.
we draw a picture, which holds the “straightness” of lines, on a paper or computer
screen, we consider it embedded into an affine plane (there simply exist points
at infinity). To think projectively, we have these two choices: We can accept
directions of parallel lines to be the infinite points and work in our affine plane
of the paper (the horizontal plane in Figure 1.18). The parallelism is preserved
and we only formally substitute it by an intersection at infinity. On the other
hand, we perform a projective transformation, which maps the improper line
onto a finite line (the vertical plane in Figure 1.18). Although the parallelism is
distorted, we have the freedom of choice of the improper line. Hence in many
cases, the crucial step to solve a problem is to choose the right line as improper.
This way we transfer projective theorems to affine ones and vice-versa. The
attention must be paid to avoid any non-projective metric notions such as angles,
distances or affine ratio during the constructions (but they will obviously induce
analogies). We will show, that this method leads to direct intuition mostly based
on our experience in elementary geometry, and (yet algorithmic in axiomatization)
previous constructions will be clarified. Figure 2.9 demonstrates the idea on two
images of the same parabola.
Let us revise the addition and multiplication on a projective scale. The common interpretation (see [Richter-Gebert, 2011, pp. 89–91], [Hlavatý, 1944, pp. 20–
24, 88–91]) is given on constructions on a projective line. In Figures 2.10 and 2.11
the projective constructions are on the left side, the right side is the affine analogy
after the choice of the improper line.
Construction 3. The construction of the sum of elements A and B on a projective line with the coordinate system 0, 1, ∞ is performed as follows:
1. Choose an arbitrary point ∞′ not on the line AB and join it with 0 and A
(blue lines).
2. Choose an arbitrary distinct line (orange) through ∞ and not incident with
∞′ or 0, its intersection with the line 0∞′ is 0′ , the intersection with the
line A∞′ is A′ .
3. The intersection of the join 0′ and B (green line) with ∞∞′ = l∞ (red
dashed line) is the point ∞′′ .
4. The intersection of the join ∞′′ and A′ (green line) with the line 0∞ is the
sum A + B.
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Figure 2.10: (Left) Addition on a projective scale.
Step-by-Step construction: https://www.geogebra.org/m/t382jehb
(Right) Addition on an affine scale.
If we consider the line ∞′ ∞ to be the infinite line, it is analogous to the affine
situation, and the construction becomes much easier to understand. Translation
of the oriented segment 0A to an arbitrary parallel line in the “direction” of ∞′
and another translation of the segment to the point B in the direction ∞′′ may
be one of the interpretations. The addition is not dependent on the choice of the
multiplicative unit element 1, which was not used.

Figure 2.11: (Left) Multiplication on a projective scale.
Step-by-Step construction: https://www.geogebra.org/m/pcucykzt
(Right) Multiplication on an affine scale.
Construction 4. The construction of the product of elements A and B on a
projective line with the coordinate system 0, 1, ∞ is performed as follows:
1. Choose an arbitrary point ∞′ not on the line AB and join it with 1 and A
(blue lines).
2. Choose an arbitrary distinct line (orange) through 0 and not incident with
∞′ or ∞, its intersection with the line 1∞′ is 1′ , the intersection with the
line A∞′ is A′ .
3. The intersection of the join 1′ and B (green line) with ∞∞′ = l∞ (red
dashed line) is the point ∞′′ .
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4. The intersection of the join ∞′′ and A′ (green line) with the line 0∞ is the
product A · B.
The Euclidean analogy is apparent from the similar triangles 0B1′ and
0(A · B)A′ , in the affine setting the affine ratios (0, B; (A · B)) and (0, 1′ ; A′ )
are equal.
The importance of the construction of the harmonic conjugate D of the given
point C with respect to a pair A, B (Figure 1.7) was already discussed in Sections 1.3 and 1.4.1. With the well selected improper line (Figure 2.12) the construction becomes evident in the affine and Euclidean plane.

Figure 2.12: Selection of the improper line in harmonic quadruple construction.

Figure 2.13: Transformations of the harmonic conjugate construction in (Left)
the affine setting and (Right) the orthogonal Euclidean setting.
The whole process is an analogy to the parallelogram rule (Figure 2.13) in
the affine setting or a simple property of a rectangle in the Euclidean plane.
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The harmonic conjugate D of the infinite point C∞ becomes the center of the
segment AB.
The following construction is a planar generalization of the harmonic conjugate construction on a line (Construction 1). More precisely, we find the pole of
a line with respect to a triangle. Poles and polars with respect to a triangle are
described for example in [Lachlan, 1893, pp. 61–62].
Construction 5 (Pole of line with respect to a triangle). Let us have a triangle ABC and a line l∞ in its plane, the construction with the use of the threedimensional space goes as follows (Figure 2.14):
1. Choose an arbitrary point V not in the plane ABC and join it with the
vertices of the triangle.
2. Choose an arbitrary distinct plane ρ through the line l∞ and find its intersection points A′ , B ′ and C ′ with the lines AV , BV and CV , respectively.
3. Find the intersection point O of the planes ABC ′ , BCA′ and ACB ′ .
4. The point T (pole of the line l∞ ) is the intersection of the line V O and the
plane ABC.

Figure 2.14: A pole and polar with respect to a triangle.
Step-by-Step construction: https://www.geogebra.org/m/ez3tzaeq
Again, if we transform our problem into the affine setting with l∞ being the
line at infinity, the point T is nothing else then the centroid of the triangle ABC.
Figure 2.14 shows the net of the pyramid ABCV , in which we can notice three
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Figure 2.15: The net of the pyramid in Figure 2.14 with constructions of harmonic
conjugates.
Step-by-Step construction: https://www.geogebra.org/m/ez3tzaeq
hidden constructions of harmonic conjugates on the sides of the triangle ABC.
The points P, Q, and R are the intersections of the sides AB, BC, and CA of the
triangle with the line l∞ . At last, the whole construction may be simplified to find
the harmonic conjugates P ′ , Q′ , and R′ of the points P, Q, and R on the improper
line (the centers of sides), joining them with the opposite vertices (medians), and
find the intersection point (centroid) (Figure 2.16).
We have already shown that a projectivity transforms a conic onto another
conic. Now we use the perspective projection to treat conics as circles (Figure 2.17). A center of an Euclidean circle is the intersection of its diameters.
A diameter can be found as the join of the tangent points of two parallel tangents, i.e. the polar of an improper pole with respect to the circle (or any regular
conic). We use this thought in the following statement: for any conic and a line in
the same plane there exists a central projection that maps the conic onto a circle
and the line to infinity. This is Poncelet’s second principal lemma in [Ostermann
and Wanner, 2012, p. 325]. To show this, we use the mechanism of the central
projection shown in Figure 1.18. Let a conic κ lie in the plane π, we choose
an arbitrary point E1 on the line l∞ , but not on κ. Let E0 be the pole of the
polar l∞ . The point E0 is a polar conjugate of the point E1 and so it lies on its
polar p. Let E2 be the intersection of l∞ and p. The points E0 , E1 , E2 form a polar triangle of the conic κ with one inner and two outer vertices (in the figure E0
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Figure 2.16: The pole T and its polar l∞ with respect to the triangle ABC. The
harmonic conjugate P ′ of P with respect to AB is constructed with the choice of
the line l∞ and the point C, which are arbitrary in Figure 1.7. Similarly for the
points Q′ and R′ .
Step-by-Step construction: https://www.geogebra.org/m/shbtu5s3

Figure 2.17: A central projection which maps conics onto circles.
Interactive model: https://www.geogebra.org/m/zt8h5a9u
is inner and E1 , E2 are outer). Let U be the intersection of the tangents through
the outer vertices to κ such that U lies inside the triangle E0 E1 E2 . According to
the construction in Figure 1.18, we can find the images of E0 E1 E2 and U which
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form the orthogonal coordinate system and construct the unit circle with the
center O′ . Regular conics with two, one or zero intersections with the improper
line are affinely classified into hyperbolas, parabolas or ellipses, respectively. In
Figure 2.17, the distinction is clear from the position of the circles η ′ , φ′ and κ′
′
(image of the infinite line of the plane π) in the image plane ρ.
and the line k∞
A frequent example of the use of a circle is Pascal’s theorem and its dual
Brianchon’s theorem [Ostermann and Wanner, 2012, pp. 327–328], both of them
are often used for constructions of conics in synthetic projective geometry.
Theorem 2.2.3 (Pascal’s theorem (Figure 2.18)). Let 1, 2, 3, 4, 5, 6 be the vertices
of a hexagon inscribed in a conic. Then the intersection points 12 × 45, 23 × 56,
and 34 × 61 of pairs of opposite sides are collinear.

Figure 2.18: (Left) A configuration in Pascal’s theorem.
Step-by-Step construction: https://www.geogebra.org/m/qffpvf5n
(Right) A transfer to a circle.
Proof. Let us have two intersections of sides, e.g. 12 × 45 and 23 × 56, their
joining line is l∞ . We want to prove that the last intersection 34 × 61 lies also
on l∞ . We choose l∞ to be the improper line and perform a transformation of
the conic onto a circle. The formulation of this special case of the theorem is
restated in Euclidean geometry for the circle with the parallelism to prove that
if 12∥45 and 23∥56, then also 34∥61. The four vertices 1245 become the vertices
of an inscribed parallelogram and the angles ∠234 and ∠561 are inscribed to the
chords 24 and 51 of the same length. Therefore ∠234 = ∠561, and the sides 34
and 16 are also parallel. One could argue that the inner proof uses Euclidean
measures, but the final property stays projective (including the transfer of the
improper line).
Theorem 2.2.4 (Brianchon’s theorem (Figure 2.19)). Let 1, 2, 3, 4, 5, 6 be the
sides of a hexagon circumscribing a conic. Then the joins of 12 × 34, 23 × 56 and
34 × 61 of pairs of opposite vertices are concurrent.
Proof. Since it is the dual statement of Pascal’s theorem, it holds. To demonstrate the method, after the same transformation and argument as in the proof of
Pascal’s theorem (using the tangent points), we obtain circumscribed parallelograms with the sides 1245, 2356, and 3461. Their diagonals meet in the center C
of the circle.
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Figure 2.19: (Up) A configuration in Brianchon’s theorem.
Step-by-Step construction: https://www.geogebra.org/m/b8qeqy56
(Down) A transfer to a circle.
A noteworthy remark is that we can look at Pappus’s theorem as a degenerate
case of Pascal’s theorem. Choosing the line through X, Y, Z to be improper, we
obtain a simple theorem in Euclidean geometry (Figure 2.20). On the other hand,
this also shows how easily theorems in Euclidean geometry can be obtained as
special cases of projective theorems. A comprehensive discussion about projective
and Euclidean proofs of Pappus’s theorem and also an alternative purely projective proof of Pascal’s theorem are in [Richter-Gebert, 2011, pp. 3–31, 183–185].
Applications in affine and Euclidean geometry
Not only can we use the intuition of affine and Euclidean geometry to solve
projective problems, but conversely we can use general projective thinking to
solve the problems of the other geometries.
The construction of the harmonic conjugate can be effectively used for solving the following property of a trapezoid, which is usually proven in elementary
geometry with the use of areas of triangles or homothetic triangles.
Theorem 2.2.5 (Figure 2.21). Let ABHG be a trapezoid, where AB∥HG and E
be the intersection point of AG and BF . The intersection point I of the diagonals
AH and BG lies on the median of the triangle ABE through E.
Proof. Instead of the standard argumentation, we conveniently transfer the theorem into the projective extension of the real space. The trapezoid changes into
the quadrangle ABHG.
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Figure 2.20: A configuration of Pappus’s theorem for P not on the line through
X, Y and Z deforms into a statement for parallel lines, which can be easily proven
with the use of affine ratios or similar triangles.
Step-by-Step construction: https://www.geogebra.org/m/gqvdrbmz

Figure 2.21: A property of a trapezoid. To keep the parallelism, the improper
line is depicted as a curved line.
Let C be the intersection of the parallel sides AB and HG. By naming CE the
infinite line, we obtain the construction of a harmonic conjugate, where A, B, C,
and D form a harmonic quadruple (see Figure 2.12). Hence the point I lies on
the join of E and the midpoint of AB.
In the next theorem, we use projective reasoning in the following Euclidean
property of a parabola. Its similarity with the power of a point with respect to
a circle is discussed (in terms of the analytic method) to show the relationship
between Euclidean and Galilean circles, which appear as parabolas, in [RichterGebert, 2011, pp. 463–464]. The analytic formulation and proof is in Section 2.3,
Theorem 2.3.1.
Theorem 2.2.6. Let us have a parabola given by its focus F and directrix d.
Let P be an arbitrary point and a be a secant of the parabola through P , which
intersects it in points A and B. The parallels with the axis o through the points
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A, B, and P intersect the directrix d in points A′ , B ′ , and P ′ , respectively. The
product |P ′ A′ ||P ′ B ′ | is constant for any position of the secant a.

Figure 2.22: The property of a parabola.
Interactive model: https://www.geogebra.org/m/pfq8egep
Proof. At start, we need the following polar property of conics: the tangents tA
and tB to the conic through points A and B intersect in the point SAB , which lies
on the polar p of the point P with respect to the conic. The point SAB is the pole
of the secant a, and the point P lies on the secant a, and hence P and SAB are
polar conjugates, and the polar p of the point P with respect to the conic passes
through SAB (a complex non-projective argument could be performed with the
use of a collineation of the parabola onto a circle, inscribed quadrilaterals, circle
inversion and Pythagoras’s theorem).
From the focal properties of a parabola, the tangent tA is the axis of the
segment A′ F and also tB is the axis of B ′ F . Thus, the points A′ , B ′ , and F lie on
the circle k with the center SAB . If P is an outer point of the parabola, we can
use the real tangents through P for the rest of the proof. In a general case, let s
be the secant of parabola through P parallel to the axis. The secant s intersects
the parabola in one proper point C and one improper point D. The images of the
points C and D in the parallel projection in the direction of the axis o onto the
directrix d merge into the point P ′ . The tangents of the points C and D intersect
in the improper point of the polar p, and therefore the circle through the double
point P ′ and the focus F with the improper center appears as the line l = P ′ F
perpendicular to the polar p.
The line l and the circle k have the common point F and the second intersection is labeled E. The point E is also the image of the point F in the reflection
about the polar p. Thus, the points E, F , and P ′ are collinear, and from the power
of the point P with respect to the circle k, we have |P ′ A′ ||P ′ B ′ | = |P ′ F ||P ′ E|,
while the right side is independent of the choice of the points A and B.
The following problem formulated for circles in a plane is called Monge’s theorem. Primarily, the task was to construct a tangent plane of three spheres [Monge,
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1799, pp. 53–54], and Monge’s solution used tangent cones. This stunning proof
with the use of an improper line, or horizon, in perspective is assigned to Martin
Rebas in [Bogomolny, Monge’s Theorem of three circles and common tangents]
(where also alternative proofs are to be found).
Theorem 2.2.7 (Monge’s theorem). Let c1 , c2 and c3 be three circles of different
radii and non-collinear centers lying completely outside each other. Then six
external tangents to two of the three circles, taken pairwise, intersect at three
collinear points.
Proof. The planar formulation, including inner tangents, is depicted in Figure 2.23.

Figure 2.23: Monge’s theorem. The points E12 , E13 , E23 are respective intersections of the external tangents. The inner tangents intersect in the points
I12 , I23 , I13 , from which two are always collinear with one external intersection.
Step-by-Step construction: https://www.geogebra.org/m/uw8qjssc
Figure 2.24 may be explained as a perspective view on three spheres with a
common radius. The apparent contour of a sphere in the linear perspective is a
circle (tangent circle of the projecting cone). Now, each two of the three spheres
have a common tangent cylinder, which shrinks into a point on a horizon. Hence
the horizon is the common line we were looking for.

Figure 2.24: A 3D approach to Monge’s theorem.
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2.3
2.3.1

Mixing analytic and synthetic methods
Analytic methods

Computations with joins and meets, determinants, cross-ratio, linear and
quadratic forms . . . in homogenous coordinates is what we mean by the analytic
method of projective geometry.
For example, Pappus’s theroem 2.2.2 could be analytically rewritten as the
following exercise in linear algebra:
Example. If [ABC] = 0 and [A′ B ′ C ′ ] = 0 and A′ × B ′ ̸= k(A × B) for k ∈ R \ {0},
show that
[(A × B ′ ) × (A′ × B), (B × C ′ ) × (B ′ × C), (A × C ′ ) × (A′ × C)] = [XY Z] = 0.
The next revision of Theorem 2.2.6 shows an example of the convenient use
of the analytic method.
Theorem 2.3.1. Let us have a parabola in RP2 with the equation x21 − x2 x0 = 0.
A secant of the parabola through a proper point P (px , py , 1) intersects the parabola
in two distinct proper points A(a, a2 , 1) a B(b, b2 , 1) for a, b ∈ R. The product
(px − a)(px − b) is constant for any choice of the secant.
Proof. In other words we want to prove that the given product is independent of
the position of the points A and B.
The points A, B, and P are collinear. Therefore
⎛

⎞

a b px
⎜ 2
[ABP ] = det ⎝a b2 py ⎟
⎠ = (b − a)(−px (a + b) + py + ab) = 0.
1 1 1
The points A and B are distinct hence (a − b) ̸= 0, and
−px (a + b) + py + ab = 0.
Subtracting the right side from the wanted product we obtain
(px − a)(px − b) − 0 = p2x − px (a + b) + ab − (−px (a + b) + py + ab) = p2x − py .
We have shown that the product (px −a)(px −b) is independent of the coordinates
a a b and also the points A and B.
To return to the synthetic formulation, it is easy to show that all parabolas
are similar (they only depend on the distance between the focus and directrix),
and by an isometry we can place the vertex of our parabola into the origin and
the axis of parabola onto the y-axis. Hence we can, without loss of generality,
use the assumption of the specific equation of a parabola.
As a corollary, if we choose the coordinate px = 0, the point P lies on the
y-axis in the Euclidean setting, and the product ab = −py . Thus, the joins of
points A and B with coordinates A(−a, a2 , 1) and B(b, b2 , 1) for 1 < a, b ∈ Z
intersect the y-axis in all positive composite numbers. This construction of the
prime sieve was found by Matijasevich [1971] and the idea of visualization by
Boris Stechkin (Figure 2.25).
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Figure 2.25: Matijasevich-Stechkin’s parabola. Points A are on the left side,
points B on the right side. The purple points correspond to prime numbers.

2.3.2

Mixed methods

The following two theorems use the affine ratio (or the ratio of oriented lengths),
which is invariant in affine geometry. Let us see their projective generalizations
when we choose an improper line and their proofs with the use of the synthetic
method of projection and the analytic expression of the cross-ratio with determinants. A different approach to generalization via oriented areas of triangles is in
[Richter-Gebert, 2011, pp. 277–282].
Theorem 2.3.2 (Menelaus’s theorem, affine). If in a triangle ABC with points
K ∈ BC, L ∈ CA, and M ∈ AB, the points K, L, M are collinear, then we have
(A, B; M ) · (B, C; K) · (C, A; L) = 1.
In Section 1.4.3 the relation of the cross-ratio and the affine ratio if we work
with proper points were explained. Hence if we choose an arbitrary line l∞ , which
does not pass through the given points A, B, C, K, L, M , we can generalize the
theorem with respect to this line.
Theorem 2.3.3 (Menelaus’s theorem, projective, Figure 2.26). Let us have a
triangle ABC with points K ∈ BC, L ∈ CA, and M ∈ AB and a line l∞ such
that A, B, C, K, L, M ∈
/ l∞ . The points X ′ , Y ′ , and Z ′ are the intersecting points
of the sides AB, BC, and CA with l∞ , respectively. If the points K, L, M are
collinear, then we have
(A, B; M, X) · (B, C; K, Y ) · (C, A; L, Z) = 1.
Proof. Let W be the point of intersection of KL and l∞ , and D be the point of
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Figure 2.26: Menelaus’s theorem.
intersection of AW and BC. We have the following perspectivities
(W )

ABM X ⩞ DBKY
(W )

CALZ ⩞ CDKY,
hence
(A, B; M, X) · (B, C; K, Y ) · (C, A; L, Z) =
(D, B; K, Y ) · (B, C; K, Y ) · (C, D; K, Y ) =
[DK][BY ] [BK][CY ] [CK][DY ]
= 1.
[BK][DY ] [CK][BY ] [DK][CY ]

The dual of Menelaus’s theorem is Ceva’s theorem.
Theorem 2.3.4 (Ceva’s theorem, affine). If in a triangle ABC with points K ∈
BC, L ∈ CA, and M ∈ AB, the lines AK, BL, CM are concurrent, then we have
(A, B; M ) · (B, C; K) · (C, A; L) = −1.
The projective interpretation with respect to a line is:
Theorem 2.3.5 (Ceva’s theorem, projective, Figure 2.27). Let us have a triangle
ABC with points K ∈ BC, L ∈ CA, and M ∈ AB and a line l∞ such that
A, B, C, K, L, M ∈
/ l∞ . The points X ′ , Y ′ , and Z ′ are the intersecting points of
the sides AB, BC, and CA with l∞ , respectively. If the lines AK, BL, CM are
concurrent, then we have
(A, B; M, X) · (B, C; K, Y ) · (C, A; L, Z) = −1.
Proof. Let S be the common point of AK, BL, CM . The intersection of AC and
SX is the point P , and the intersection of AC and SY is the point Q. The point
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Figure 2.27: Ceva’s theorem.
S lies at most on two of the sides AB, BC, AC. Without loss of generality, let it
not lie on AC. We have the following perspectivities
(S)

ABM X ⩞ ALCP
(S)

BCKY ⩞ LCAQ.
Hence
(A, B; M, X) · (B, C; K, Y ) · (C, A; L, Z) =
(A, L; C, P ) · (L, C; A.Q) · (C, A; L, Z).
After the expansion, we multiply it by one
[AC][LP ] [LA][CQ] [CL][AZ] [LZ]
=
[LC][AP ] [CA][LQ] [AL][CZ] [LZ]
(L, A; P, Z)
[LP ][AZ] [CQ][LZ]
=−
,
−
[AP ][LZ] [LQ][CZ]
(L, C; Q, Z)
(

)

and since
(X)

LAP Z ⩞ LBSW
(Y )

LCQZ ⩞ LBSW,
we have
−

(L, A; P, Z)
(L, B; S, W )
=−
= −1.
(L, C; Q, Z)
(L, B; S, W )

The synthetic constructions enriched with the analytic method or vice-versa
can be well used for demonstrations in computer graphics. Let us show how
general a projective coordinate system and its element can be in von Staudt’s
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constructions from Figures 2.10 and 2.11 when, instead of one point, we use a set
of points.
The following models are created in Wolfram Mathematica 11 (the full code
is in Attachment A.5). A predefined point model of a 3D cow in the Euclidean
coordinates is in Figure 2.28. The set of its proper points is represented by a
matrix C0 , to which we append the last coordinate 1 (Figure 2.29), and we label
the cow as 0-cow.

Figure 2.28: A 3D model of a 0-cow.

Figure 2.29: The matrix of points of the 0-cow in the homogenous coordinates.
Now we perform a projective collineation with the associated matrix P
⎛

P=⎜
⎜
⎜
⎝

2
0
0
1

0
2
0
0

0
0
2
0

5
5
0
1

⎞
⎟
⎟
⎟.
⎠

We call the image of the 0-cow the ∞-cow with the matrix C∞ = PC0 (Figure 2.30). Now we create a 1-cow as a linear combination of the 0-cow and ∞-

Figure 2.30: The matrix of points of the ∞-cow in the homogenous coordinates.
cow. The 1-cow is represented by a matrix C1
C1 = k1 C∞ + k0 C0 , (k1 , k0 ) ∈ R \ {(0, 0)}.
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Figure 2.31: A projective coordinate system 0,1,∞ and the element with the
coordinate k = 0.5.
We only visualize finite points, and hence we may assume k0 ̸= 0. Therefore we
substitute k = kk10 , and each real number k represents one cow of the system with
the projective coordinates (k, 1). For k = 1, we obtain the 1-cow.11 The projective
coordinate system with the elements 0-cow, 1-cow and ∞-cow is visualized in
Figure 2.31.

Figure 2.32: The sum of cows corresponding to the numbers 0.5 and 1.5.
Algebraic operations can be synthetically reconstructed (instead of points, we
construct cows) according to Constructions 3 (Figure 2.32) and 4 (Figure 2.33).
Step-by-step animated constructions of the subtraction and division are to be
found in the attachment.

In the code, for the sake of visualization, we choose the unit element with coordinates ( 31 , 1)
and rescale it with another coefficient.
11
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Figure 2.33: The product of cows corresponding to the numbers 0.5 and 1.5.
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3. A method of visualization of
the four-dimensional space
3.1

Introduction

On the following lines we introduce a visual method of examination of the fourdimensional space. Our goal is to develop instructive synthetic techniques with
the use of descriptive geometry and interactive graphics to improve our spatial
perception of four-dimensional objects. Afterwards, the given method of visualization is used for the synthetic classification of regular quadrics as sections of
four-dimensional cones in Section 4.3.
Understanding of the idea of space and its dimensions has lain in the interest of
philosophers, scientists, and artists through the ages. Four-dimensional and multidimensional geometry has evolved from being completely absent for the ancient
world to acceptance in synthetic and analytic geometry in the golden era of geometry in the 19th century. General understanding of higher dimensions, based on
analogies of the one, two, and three-dimensional space, was enhanced by Hinton’s
essay What is the fourth dimension? in [Hinton and Rucker , ed.], his later popularizing textbook [Hinton, 1904], and provoked by Abbott’s masterpiece novel
— Flatland [Abbott and Jann , ed.]. Especially Abbott’s book was the author’s
greatest inspiration for the following text. A brief history of multidimensional geometry and, more importantly, synthetically built four-dimensional geometry can
be found in [Manning, 1956]. Though this chapter presents a synthetic method of
visualization, the analytical point of view of linear geometry is essential for verifications. The analytical approach and differential geometry of four-dimensional
space is described in [Forsyth, 1930]. A comprehensive and valuable piece on visualization of points, lines and planes of the four-dimensional space onto planes is
in [Lindgren and Slaby, 1968]. Short notions of four-dimensional descriptive geometry are also in [Kruppa, 1936], [Hohenberg and Tschupik, 1960, pp. 314–317].
Stachel [1990] proves the analogy of right angle theorem in the orthogonal projection of the four-dimensional space onto a plane. The principle of projections
onto planes may be easily generalized for higher dimensions. For example, Weiss
[1997] also visualizes n-dimensional Euclidean space onto a plane. On the other
hand, the more dimensions we want to project, the more projecting planes we
need to distinguish the visualized object uniquely. Consequently more copies of
the same point in different projections are obtained. It seems to be unbearable to
carry three or more such images of complex objects such as polychora12 in mind
and perform operations with them. To mentally reconstruct an original image, we
would like to have the least number of its projections with as much information
as possible. Thus, our analogical idea is to project the four-dimensional space
onto two three-dimensional spaces.13
To recognize the position and visual properties of an object in the fourdimensional space, methods similar to those in three dimensions can be used.
12

A polychoron is a four-dimensional polytope, generalization of a polyhedra.
In this sense, for a visualization of a space of n-th dimension we need two (n−1)-dimensional
spaces, which seems to be a dead end . . . , at least for now.
13
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To comprehend spatial properties of a three-dimensional solid drawn on a twodimensional paper, different strategies may be chosen. Various projections give
us some basic information about the solid. However, if we also draw projections
of intersections with planes or the shadow cast by the solid, we have much better
understanding of its spatiality. In four dimensions we proceed analogically and
construct visualizations of solids, their sections, and shadows, up to one small
difference — we cannot really imagine them as a whole.
Four-dimensional solids, such as notoriously known tesseract, are often depicted in central or orthogonal projections onto a plane and have become a part
of common mathematical knowledge. On evolution of models of four-dimensional
objects see [Volkert, 2017]. Orthogonal projections are used in [Miyazaki, 1988],
where a rolling four-dimensional die is visualized. In contrast to parallel projections, in [Séquin, 2002] physical three-dimensional images of a regular polychora
in a perspective projection are constructed. The properties of polychora are
derived as natural analogies to the three-dimensional polyhedra. A famous treatise on regular polytopes as inductive dimensional analogies is in [Coxeter, 1973,
Chapter VII]. Nowadays, various models of polychora, in both parallel and central projections, may also be found all over the Internet. A very good example
with an extensive encyclopedia is [eus]. Interesting method of a distorted visualization of four-dimensional objects on an example of a tesseract is proposed in
[Casas, 1984]. Casas developed a polar perspective — method of visualization
of the four-dimensional space created by continuous compositions of perspective
projections onto spheres, which are later flattened. Worth mentioning is also the
investigation of polychora after decomposition into their three-dimensional net.
A popular depiction of such a net is Dalı́’s Crucifixion (Corpus Hypercubus) (see
[Kemp, 1998]). Methods of visualization of four-dimensional surfaces with computer graphics are in [Zachariáš and Velichová, 2000] and incorporating the use
of offset curves in [Hoffmann and Zhou, 1991, Zhou, 1991].
Abbott in his Flatland [Abbott and Jann , ed.] describes the process when a
three-dimensional sphere appears as its circle sections in the flat two-dimensional
world. Several approaches of visualizing cuts of four-dimensional objects by threedimensional spaces have been developed in computer graphics. A regular pentachoron is also the subject of investigation in [Kageyama, 2016]. The pentachoron
is given by analytic coordinates of its vertices, while multiple slices with parallel
hyperplanes are computed and visualized in perspective projection, and then they
are placed on a parabolic curve. A similar process is applied to rotated positions
of the polychoron for even better performance. Kageyama also gives extensive
literature on methods of investigation of four-dimensional objects in computer
vision. A visualization of series of three-dimensional slices of time-varying data,
considered to be a four-dimensional data field is shown in [Woodring et al., 2003].
All these computer graphics methods use analytic representations and computations. In this thesis, we proceed synthetically. Since we can properly visualize
an object and its cutting hyperplane in the double orthogonal projection, we
construct images of both — the object and its section.
There is no better motivation to investigate shadows of “the upper world” then
Plato’s Allegory of the Cave: “He will require to get accustomed to the sight of
the upper world. And first he will see the shadows best, next the reflection of
men and other objects in the water, and then the objects themselves; next he
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will gaze upon the light of the moon and the stars; and he will see the sky and
the stars by night, better then the sun, or the light of the sun, by day?” [Plato
et al., 1897, p. 320]. Numerical descriptions and projections of shadows of fourdimensional regular polytopes in special positions are described in [Chilton, 1971,
1980]. An exquisite interpretation of models of three-dimensional shadows and
projections of a four-dimensional hypercube is in [Segerman, 2016, Chapter 3].
[Hanson and Heng, 1991] conclude their work on the four-dimensional lighting
with a provocative question: “Can humans acquire facility with four dimensions
with enough practice?” Although we cannot answer the question (we simply
hope so), we add another training method. We derive visualizing techniques
of constructions of shadows in parallel and central lightings as the analogy to
classical methods of three-dimensional descriptive geometry.
With such an amount of information about the fourth dimension, and two
hundred years after Gaspard Monge, we use his method — Monge’s projection,
described in [Monge, 1799]. Not only do we depict four-dimensional objects, but
also, with the possibilities of interactive 3D software (e.g. GeoGebra 5), we can
manipulate them and study them empirically without any analytic representation.
Later on, we use the notation 3-space or 4-space for three or four-dimensional real
space.
Monge’s projection consists of a double orthogonal projection of the 3-space
(with the system of orthogonal axes x, y, z) onto two orthogonal planes —
π(x, y), ν(x, z). One of the planes is chosen to be the drawing plane (a paper,
computer screen), and the second plane is rotated around their intersecting line
— the x-axis, called the reference line, onto the drawing plane such that positive
values of the y-axis and z-axis have opposite orientation (usually y downwards,
z upwards). Thus each object has two conjugated images (horizontal and vertical projection), and the conjugated points lie on the line of recall or ordinal line,
which is perpendicular to the reference line in the drawing plane. The conjugated
images in planes are affine projections of the original object in the 3-space. Basic
constructions in Monge’s projection can be found in any textbook on descriptive
geometry or technical drawing.
Lately, an analogy of Monge’s projection has been well described in [Şerbănoiu
and Şerbănoiu, 2017] for projecting four-dimensional objects onto planes or six
three-dimensional spaces. We use the same methods of descriptive geometry in
analogy of Monge’s projection of a four-dimensional space given by the system
of orthogonal axes x, y, z, w, but instead of making visualizations in many projections, we use (in general cases) only projections onto two orthogonal 3-spaces
Ξ(x, y, z), Ω(x, y, w). Again, one of the 3-spaces is chosen to be the modeling
3-space, and the second is rotated around their intersecting plane14 — π(x, y),
called the reference plane, onto the modeling 3-space such that positive values of
the z-axis and w-axis have the opposite orientation (we use z downwards, w upwards). Analogically each object has two conjugated images, and the conjugated
points lie on the line of recall, which is perpendicular to the reference plane. The
conjugated images in the 3-spaces Ξ(x, y, z), Ω(x, y, w) are affine projections of
the original object in the 4-space. Since we represent our geometric 3-space onto
14

This step has no real visualization for us. Imagine a two dimensional creature trying to
rotate something around a line. It is impossible for the creature to do the rotation, but it is
still possible to draw the rotated result in its two dimensional plane.

70

a two-dimensional paper, we must certainly be aware of consequences of such a
projection. For simplicity’s sake, we assume that we have three-dimensional tools
for measuring angles and distances, and we can make three-dimensional transformations in the modeling 3-space.15 Clearly, we can project our modeling 3-space
with any type of parallel (as in this text) or even central projection, both of which
give us a realistic picture of three-dimensional projections of the original object,
and we can also perform planar constructions to describe its spatial properties.
The structure of the chapter is as follows. We start with incidence properties
of points, lines, planes, and 3-spaces, and their special cases of perpendicularity.
Metric properties are discussed afterwards. Then, we use the described constructions to build a tesseract and pentachoron, and show constructions of section and
shadow of a cubic pyramid. In the end, with the model of a pentachoron, we
construct the pole of an arbitrary polar plane with respect to a three-dimensional
tetrahedron with the use of four-dimensional methods. Although we tried to keep
the structure methodical, we would like to put a different approach forward. For
example, it is easier for us to imagine a cube in the 3-space than infinite planes
in special positions. Therefore we suggest that the kind reader investigates the
tesseract from Section 3.4.2 and the attached GeoGebra model at first. It may
also be essential to follow consecutive properties of lines, planes, and 3-spaces on
the tesseract model.

3.2

Projecting points, lines, planes, 3-spaces

A point A[xA , yA , zA , wA ] in 4-space is represented by two orthogonal projections
(Figure 3.1). The point A3 [xA , yA , zA , 0], the Ξ-image, is the orthogonal projection
of A onto Ξ(x, y, z). The line AA3 , which projects A onto A3 , is called the
Ξ-projecting line of the point A. The point A4 [xA , yA , 0, wA ], the Ω-image, is the
orthogonal projection of A onto Ω(x, y, w) by Ω-projecting line. Furthermore, we
15

The supplementary interactive models in GeoGebra 5 give such a possibility.

Figure 3.1: The Ξ, Ω, and π-images of points A, B, C and D. The point A is
in a general position with positive zA and wA coordinates. The point B has a
negative wB coordinate. The point C has the coordinate zC = 0. The point D
lies in π(x, y) and has the coordinates zD = wD = 0.
Interactive model: https://www.geogebra.org/m/cbezmk9x
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denote A1 [xA , yA , 0, 0] the π-image of A, which is the orthogonal projection of A3
and A4 onto the reference plane π(x, y), and hence A1 is the point of intersection
of the line of recall A3 A4 and the plane π(x, y) in the modeling 3-space.

Figure 3.2: A projection of a line a = AB in a general position. The Ξ, Ω, and
π-images lie in the plane of recall of the line a. The point Z is the Ξ-trace and
the point W is the Ω-trace of the line a.
Interactive model: https://www.geogebra.org/m/nf3cnwtb
A line a = AB is represented by its orthogonal projections a3 = A3 B3 onto
Ξ(x, y, z) and a4 = A4 B4 onto Ω(x, y, w) (Figure 3.2), which are either lines, or
they may become a point and line in special positions. The line a3 is the line of
intersection of the 3-space Ξ(x, y, z) and the Ξ-projecting plane of the line a. The
same holds for the line a4 as the intersection line of the 3-space Ω(x, y, w) and the
Ω-projecting plane of the line a. The orthogonal projections of the lines a3 and
a4 onto the reference plane π(x, y) overlap in the line a1 = A1 B1 or a point if the
original line a is perpendicular to π(x, y). The line a1 is the line of intersection
of its plane of recall — the plane of lines of recall of points on the given line a
(such lines are A3 A4 and B3 B4 ) and the reference plane π(x, y). In the modeling
3-space, the plane of recall is perpendicular to the reference plane π(x, y). The
point Z a is the point of intersection of the line a and the 3-space Ξ(x, y, z), and
it is called the Ξ-trace of the line a. The point W a is the point of intersection of
the line a and the 3-space Ω(x, y, w), and it is called the Ω-trace of the line a. If
Z a ≡ W a , the line a intersects the reference plane π(x, y), otherwise a and π(x, y)
are parallel or skew.
Let us describe some special positions of lines with respect to the 3-spaces
Ξ(x, y, z) and Ω(x, y, w) (Figure 3.3). By a special position, we mean the position
of a line parallel, perpendicular, or lying in any of the 3-spaces Ξ(x, y, z) and
Ω(x, y, w).16 Spatial relations in the 4-space are well described in [Lindgren and
Slaby, 1968].
A line completely perpendicular to the 3-space Ω(x, y, w) is also perpendicular to the reference plane π(x, y). Therefore its Ξ-image in the 3-space
Ξ(x, y, z) is a line perpendicular to π(x, y), while the Ω-image in Ω(x, y, w)
is a point. Its plane of recall is represented by a line in the modeling 3-space.
16

Since there are obviously many special positions, we will visualize only those, which are
essential for this thesis. On the other hand, we would like to encourage the reader to make
constructions of her or his own as a valuable exercise.
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Figure 3.3: Projections of lines a, b, c, and d. The line a is perpendicular to the
3-space Ω(x, y, w). The Ξ-image a3 is perpendicular to the reference plane π(x, y)
and the Ω-image a4 becomes a point. The line b is parallel to the reference plane
π(x, y), and its Ξ and Ω-images are lines parallel to π(x, y). The line c lies in
the 3-space Ξ(x, y, z), and hence its Ω-image c4 lies in the reference plane π(x, y).
The line d is perpendicular to the plane π(x, y) but not completely perpendicular
to any of the 3-spaces Ξ(x, y, z) and Ω(x, y, w), and therefore its Ξ and Ω-images
overlap in a line perpendicular to the reference plane π(x, y).
Interactive model: https://www.geogebra.org/m/vq8uceur

Figure 3.4: Projections of lines a, b, and c. The lines a and b intersect in a point R.
Thus the points R3 and R4 are intersecting points of a3 , b3 and a4 , b4 , respectively.
The lines a and c are skew. The Ω-images of points Q and Q′ overlap in the point
Q4 ≡ Q′4 — the intersection of a4 and c4 , but the points Q3 on a3 and Q′3 on c3
are distinct.
Interactive model: https://www.geogebra.org/m/yxekpdzk
A line perpendicular to the reference plane π(x, y) but not completely perpendicular to any of the 3-spaces Ξ(x, y, z) and Ω(x, y, w) is represented by
both images overlapping in one line perpendicular to the reference plane
π(x, y) in the modeling 3-space.
A line parallel to the reference plane π(x, y) is represented in both 3-spaces
Ξ(x, y, z) and Ω(x, y, w) by lines parallel to π(x, y) in the modeling 3-space.
The Ω-image of a line lying in the 3-space Ξ(x, y, z) lies in π(x, y), while
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the Ξ-image overlaps the original line.

Figure 3.5: Projections of lines a, b, c, and d. The lines a and b are perpendicular,
where a is also perpendicular to Ω(x, y, w). The Ξ-images a3 and b3 are perpendicular to each other in the modeling 3-space. The lines c and d are parallel, and
hence their Ξ and Ω images are also parallel.
Interactive model: https://www.geogebra.org/m/hy2z8ffd
Two distinct lines are intersecting, skew (Figure 3.4), or parallel (Figure 3.5).
The Ξ-images of two perpendicular lines a and b, from which one is parallel to
the 3-space Ξ(x, y, z) are perpendicular lines, or one of them is a point. The same
holds for the 3-space Ω(x, y, w). This property of orthogonal projections is called
the right-angle theorem, for details in projections onto a plane see [Stachel, 1990].
Orthogonal projections preserve parallelism, and so the images of the parallel lines
are parallel, or they become one line, or two distinct points.

Figure 3.6: Projections of planes α and β. The line z α is the Ξ-trace and the
line wα is the Ω-trace of the plane α. The traces are not parallel in the modeling
space, and hence the plane α intersects the reference plane π(x, y) in one point.
The plane β is parallel to the reference plane π(x, y) in one direction. Its traces
wβ and z β are parallel lines.
Interactive Model: https://www.geogebra.org/m/vaduhxuz
A plane α is represented by its conjugated images (Figure 3.6), which are the
orthogonal projections α3 onto Ξ(x, y, z) and α4 onto Ω(x, y, w). The images are
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either planes, or they are a line and plane, or two lines in special positions. The
plane α3 is the intersection of its Ξ-projecting 3-space and the 3-space Ξ(x, y, z).
Similarly, the plane α4 is orthogonally projected by its Ω-projecting 3-space into
the 3-space Ω(x, y, w). The orthogonal projections of the planes α3 and α4 onto
the reference plane π(x, y) overlap into the whole reference plane α1 ≡ π(x, y),
or they overlap in a line, or point if the original plane α is perpendicular to the
reference plane π(x, y). In general position, the 3-space of recall of the plane α
generated by the lines of recall of its points is the whole modeling space. The
trace z α , the Ξ-trace, is the line of intersection of the 3-space Ξ(x, y, z) and the
plane α. The trace wα , the Ω-trace, is the line of intersection of the 3-space
Ω(x, y, w) and the plane α. If w3α ≡ z4α , the plane α and the reference plane
π(x, y) intersect in a common line. Otherwise they intersect in one point, or they
are parallel.

Figure 3.7: Projections of planes α, β, and γ perpendicular to the reference plane
π(x, y). The plane α is perpendicular to the 3-space Ω(x, y, w) and parallel to
the 3-space Ξ(x, y, z). Its Ω-image α4 appears as a line parallel to the reference
plane π(x, y). The plane β is perpendicular to the reference plane π(x, y) with
a common intersection line. The plane γ is perpendicular to the reference plane
π(x, y) and intersects it in one point. The whole plane appears as the overlapping
lines γ3 ≡ γ4 in the modeling space.
Interactive Model: https://www.geogebra.org/m/v5a9q8wy
Let us discuss some special positions of planes with respect to the modeling
space (Figures 3.7 and 3.8):
A plane perpendicular to the 3-space Ω(x, y, w) is also perpendicular to the
reference plane π(x, y). Therefore its Ξ-image in the 3-space Ξ(x, y, z) is
a plane perpendicular to π(x, y), while the Ω-image in Ω(x, y, w) is a line
parallel to the reference plane π(x, y). Its 3-space of recall is represented
by a plane in the modeling 3-space.
A plane completely perpendicular to the reference plane π(x, y) is represented by both images overlapping in one line perpendicular to the reference plane π(x, y) in the modeling 3-space. An example of such plane is the
plane spanned by the z and w axis through the origin.
The Ω-image of a plane parallel to the 3-space Ξ(x, y, z) is a plane or line (if
it is also perpendicular to Ω(x, y, w)) parallel to the reference plane π(x, y).
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Figure 3.8: Projections of planes α and β parallel to the 3-space Ξ(x, y, z). The
plane α is parallel to the both 3-spaces Ξ(x, y, z) and Ω(x, y, w). Both images
α3 and α4 are parallel to the reference plane π(x, y). The plane β is parallel to
the 3-space Ξ(x, y, z) but intersects the 3-space Ω(x, y, w), and hence only the
Ω-image β4 is parallel to the reference plane π(x, y).
Interactive Model: https://www.geogebra.org/m/xhzwvkfu
A plane parallel to the reference plane π(x, y) in two distinct directions is
represented in both 3-spaces Ξ(x, y, z) and Ω(x, y, w) by planes parallel to
π(x, y) in the modeling 3-space.
The Ω-image of a plane lying in the 3-space Ξ(x, y, z) lies in the reference
plane π(x, y), while the Ξ-image overlaps the original plane.

Figure 3.9: Projections of planes α and β intersecting in a point R. The intersecting point R lies on a line r in the plane β and also on a line r′ in the plane α.
The Ω-images of the lines r and r′ are chosen as the lines overlapping in the line
of intersection of α4 and β4 , but their Ξ-images r3 and r3′ are intersecting lines
with the common point R3 . The Ω-image R4 lies on the line r4 ≡ r4′ and on the
reference line of the point R through R3 .
Interactive Model: https://www.geogebra.org/m/ef8z57tv
Two distinct planes in 4-space intersect in a point (Figure 3.9), in a line
(Figure 3.10), or they are parallel (Figures 3.11 and 3.12). To determine the
position of two planes α and β, we find the intersections of their Ξ-images and
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Figure 3.10: Projections of planes α and β intersecting in a line r. The images r3
and r4 of the line of intersection of the planes α and β are the lines of intersection
of the images α3 , β3 and α4 , β4 of the planes α and β.
Interactive Model: https://www.geogebra.org/m/vuchdkpe

Figure 3.11: Projections of planes α and β parallel in one direction. The Ω-images
α4 and β4 intersect in the overlapping Ω-images r4 ≡ r4′ of the lines r and r′ . The
Ξ-images r3 in α3 and r3′ in β3 are parallel lines.
Interactive Model: https://www.geogebra.org/m/xnpggwg5
Ω-images. Let r4 be the intersection line of α4 and β4 . The intersections of
the plane of recall of the line r4 with the Ξ-images α3 and β3 are two distinct
intersecting or parallel lines r3 and r3′ (hence r4 ≡ r4′ is overlapping Ω-image of
lines r and r′ ) or coincident lines. If r3 and r3′ are intersecting lines, the planes
α and β intersect in one point R, where R3 is the point of intersection of r3 and
r3′ , and R4 lies on the line r4 ≡ r4′ and its line of recall through R3 . If r3 and r3′
are parallel, the planes α and β are parallel (they have no intersection and one
common direction). If r3 ≡ r3′ , the planes α and β intersect in the line r. Finally,
if α4 and β4 and also α3 and β3 do not intersect, the planes α and β are parallel.
The following property of an orthogonal projection is useful for constructions
with special planes and lines of 3-spaces (Figures 3.13, 3.14, 3.15). The Ξ-images
of a line k perpendicular to a plane α, from which one is parallel to the 3-space
Ξ(x, y, z), are also perpendicular, or the image k3 of the line is a point, or the
image α3 of the plane is a line perpendicular to the image k3 . The same holds for
the Ω-images and the space Ω(x, y, w).
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Figure 3.12: Projections of planes α and β parallel in two directions. The Ξimages α3 , β3 and also the Ω-images α4 , β4 of the planes are parallel.
Interactive model: https://www.geogebra.org/m/zhzyfhgv

Figure 3.13: Projections of all the different positions of lines k, k ′ , k ′′ , and k ′′′
perpendicular to a plane α. The plane α is parallel to the 3-spaces Ξ(x, y, z) and
Ω(x, y, w). The line k ′′ is parallel to Ω(x, y, w).
Interactive model: https://www.geogebra.org/m/dw28hjqm
The orthogonal projection of a 3-space onto a non-orthogonal 3-space is the
whole 3-space. The orthogonal projection of a 3-space onto an orthogonal 3-space
is a plane. We represent a 3-space Σ by its intersections with Ξ(x, y, z) and
Ω(x, y, w) (Figure 3.16). The trace ξ Σ , the Ξ-trace, is the plane of intersection of
the 3-space Ξ(x, y, z) and the 3-space Σ. The trace ω Σ , the Ω-trace, is the plane
of intersection of the 3-space Ω(x, y, w) and the 3-space Σ. If the 3-space Σ is
not parallel to Ξ(x, y, z) or Ω(x, y, w), then it intersects π(x, y) in a line, which is
common for both traces of Σ. Planes of the 3-space Σ which are parallel to the
Ξ(x, y, z) or Ω(x, y, w) are called Ξ-planes or Ω-planes of Σ, respectively. Lines
of the 3-space Σ, perpendicular to its Ξ-plane or Ω-plane, are called the Ξ-slope
line or Ω-slope line, respectively.
Let us have one image, for instance A4 , of a point A, lying in a 3-space Σ given
by its traces. We can conveniently use the Ξ or Ω-planes through the point A to
determine the second conjugated image. Let η4Σ be the Ξ-plane of Σ through the
point A. The intersection of η4Σ and the Ω-trace ω4Σ is the Ω-image of the Ω-trace
of η Σ . The Ξ-image of the Ω-trace of η Σ is the intersection of its plane of recall
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Figure 3.14: Projections of all the different positions of lines k, k ′ , k ′′ , and k ′′′
perpendicular to a plane α. The plane α is parallel to the 3-space Ξ(x, y, z) and
intersects the 3-space Ω(x, y, w) in a line. The line k ′′′ is parallel to Ω(x, y, w).
Interactive model: https://www.geogebra.org/m/cuwyutca

Figure 3.15: Projections of all the different positions of lines k, k ′ , k ′′ , and k ′′′
perpendicular to a plane α. The plane α is parallel to the 3-space Ξ(x, y, z) and
perpendicular to the 3-space Ω(x, y, w). All the lines k, k ′ , k ′′ , and k ′′′ are parallel
to Ω(x, y, w).
Interactive model: https://www.geogebra.org/m/ckwb9kvs
and the reference plane π(x, y). The Ξ-image η3Σ of the plane η Σ passes through
the Ξ-image of its Ω-trace and is parallel to the Ξ-trace of the 3-space Σ.
Two distinct 3-spaces are parallel, if their Ξ-traces and Ω-traces are parallel.
Otherwise, at least one pair of traces are intersecting planes, and the 3-spaces
intersect in a plane (Figure 3.17). Let us find the plane of intersection ρ of two
3-spaces Σ and Γ given by their traces. At first, we find the intersecting line of
one pair of the traces, for example ω4Σ and ω4Γ . This line is the Ω-image of the
Ω-trace of the plane ρ, and its Ξ-image is in the reference plane π(x, y). If the
Ξ-traces ξ3Σ and ξ3Γ are parallel, then the Ξ-image ρ3 is the parallel plane through
the Ξ-image of the Ω-trace of the plane ρ. In case of ξ3Σ and ξ3Γ are intersecting
planes, the join of the line of their intersection, the Ξ-image of the Ξ-trace of
the plane ρ, with the Ξ-image of the Ω-trace of the plane ρ, is the Ξ-image ρ3 .
The existence of the plane ρ3 can be concluded from the following fact: Since
the Ω and Ξ-traces of the plane ρ lie in the Ξ and Ω-traces of both 3-spaces Σ
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Figure 3.16: Projections of a 3-space Σ represented by its traces ξ Σ and ω Σ . The
plane η is the Ξ-plane and the plane φ is the Ω-plane of the 3-space Σ. The point
A lies in the 3-space Σ and also in the planes η and φ. The lines Ξ sA and Ω sA are
the Ξ and Ω-slope lines of the 3-space Σ through the point A. The line p through
the point A is perpendicular to the 3-space Σ.
Interactive model: https://www.geogebra.org/m/sy6egnna
and Γ, they all intersect in one point on the reference plane π(x, y), or the Ω and
Ξ-traces of the plane ρ are parallel. Therefore the Ξ-image of the Ω-trace and
the Ξ-image of the Ξ-trace of the plane ρ generate the plane ρ3 .

Figure 3.17: Projections of 3-spaces Σ and Γ intersecting in a plane ρ. The
intersecting lines of the 3-spaces Σ and Γ with the reference plane π(x, y) and
also the Ξ and Ω-traces of ρ meet in one point of the modeling space.
Interactive model: https://www.geogebra.org/m/rcjb6wrv
The Ξ and Ω-images of a line p perpendicular to a 3-space Σ are also perpendicular to its traces ξ Σ and ω Σ . From the discussion on perpendicularity of lines
and planes in special positions, we conclude that p3 is perpendicular to ξ3Σ and
p4 is perpendicular to ω4Σ .

3.3

Measuring lengths and angles

Elementary constructions for measuring lengths and angles in four dimensions
are described in this section. If an object lies in the 3-space Ξ(x, y, z), Ω(x, y, w),
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or in the parallel 3-space to either one of them, then its true shape appears in
the modeling 3-space. Otherwise, we need to rotate projecting planes of lines,
projecting 3-spaces of planes, or to rotate the whole 3-space around its trace plane,
onto the modeling 3-space. After such a rotation we obtain any three-dimensional
object of any 3-space in its true size in the modeling 3-space.17

Figure 3.18: The construction of the true length |AB| of a segment AB and the
true angle α between a line a and the 3-space Ξ(x, y, z). As an arbitrary plane
for the rotation, the projecting plane of the line a is chosen.
Step-by-Step construction: https://www.geogebra.org/m/svuxv8ne
Let us have a segment AB given by its two conjugated images A3 B3 and
A4 B4 (Figure 3.18). To measure the length of the segment we rotate the Ξprojecting plane of the line a = AB (or the right-angle trapezoid A3 B3 BA) onto
the modeling 3-space. We choose an arbitrary plane containing the Ξ-image a3
and draw the perpendicular lines a′ and b′ in this plane to a3 through A3 and
B3 , respectively. The length of the segment A3 A is the w-coordinate of the point
A, or simply the distance between A4 and π(x, y). The last step is to construct
the right-angle trapezoid A3 B3 (A)(B), where the points (A), (B) lie on a′ , b′
and |A3 (A)| = wA , |B3 (B)| = wB . Another remark of this construction is the
visualization of the true angle between the line a and the 3-space Ξ(x, y, z) since it
is also the angle ∢(a, a′ ) = ∢(a′ , (a)), where (a) = (A)(B). We can conveniently
use the Ξ-trace of the line a with zero w-coordinate.
The true size of a planar object appears after a rotation of the projecting space
of its plane. Let us have a plane α given by its conjugated images and a point A
in α (Figure 3.19). We rotate the Ω-image α4 onto (α). The point (A) lies on the
perpendicular line to the Ω-image α4 through the point A4 . The length of the
segment A4 (A) is equal to zA . The Ω-trace wα of the plane α is the fixed line of
the rotation. The plane (α) is generated by the point (A) and the line w4 . There
is an axial affinity between two planes α4 → (α) in the modeling 3-space. The
axis of the affinity is w4 and the direction of the affinity is perpendicular to α4 .
The affinity can be easily used for the rotated images of other points, if needed.18
17

Even if we cannot visualize the process of rotation of a 3-space around a plane in the
4-space, we can create the resulting model in the modeling 3-space.
18
In our two-dimensional figures, there is also a planar affinity that maps the plane α to the
plane (α). The axis is the same as in the spatial affinity between two planes, and the direction
is the projected spatial direction onto our drawing plane.
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Figure 3.19: A rotation of the Ω-projecting 3-space of a plane α.
Step-by-Step construction: https://www.geogebra.org/m/zyzdcs4e
Let us have a 3-space Σ in a general position with respect to Ξ(x, y, z) and
Ω(x, y, w) and a point A in Σ (Figure 3.20). A three-dimensional object in Σ
is orthogonally projected onto the modeling 3-space. To visualize the object in
its true shape, we rotate the 3-space Σ around its Ω-trace ω Σ onto the modeling
3-space. The plane ω Σ is the plane of fixed points of the rotation. Let W s be the
point of intersection of the ω Σ and the Ω-slope line s through A. The triangle
AA4 W s with the right angle in A4 can be constructed in the true size by rotating
the Ω-projecting plane of s, as above. Afterwards, the segment W4s (A) is rotated
to W4s A0 , where A0 lies on the line s4 = W4s A4 . The image of any other point
of Σ can be constructed using the affinity between Σ4 and Σ0 in the modeling
3-space, with the axial plane ω4Σ and the direction of the Ω-slope line s4 . The
same process can be applied for the rotation around the Ξ-trace of Σ.

Figure 3.20: A rotation of a 3-space Σ onto Ω(x, y, w).
Step-by-Step construction: https://www.geogebra.org/m/yvmfvsnq
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3.4

Projecting solids

We show double orthogonal projections of a tesseract and pentachoron into the
3-spaces Ξ(x, y, z) and Ω(x, y, w) in the following constructions. With the use of
interactive software, properties of the projections (with respect to the modeling
3-space) can be analyzed.

3.4.1

A regular pentachoron

Figure 3.21: A construction of a regular pentachoron.
Step-by-Step construction: https://www.geogebra.org/m/g895vgwq
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A regular pentachoron is the four-dimensional generalization of a regular tetrahedron. It is a simplex with five vertices, which consists of five regular tetrahedral
cells. In three dimensions, a regular tetrahedron is easily created, when we join
the vertices of an equilateral triangle with the fourth vertex, which is the endpoint of the altitude perpendicular to the triangle in its center. Imagine, for illustration, that we want to introduce the tetrahedron to a geometrically educated
two-dimensional creature. It will not be able to visualize the tetrahedron in mind,
but still, we can draw its parallel projections onto a plane. If we draw the top
and front views and merge them into one picture, we obtain Monge’s projection.
Rather than trying to persuade the creature to imagine the missing dimension,
we show projections of the tetrahedron, which describe it uniquely. After all, together with the creature, we can use basic descriptive geometry techniques (such
as a rotation around a line) to investigate incidence and metric properties in the
3-space on the two-dimensional drawing paper. The construction of the tetrahedron would start with the base equilateral triangle. Both horizontal and vertical
images of the triangle would appear distorted in an affinity implied by the parallel projection. To see the triangle in its true shape, we would rotate it into the
vertical projecting plane around the line of its intersection with the plane of the
triangle. For the creature, this would seem like the axial affinity in the drawing
plane, while the rotation around a line is impossible. Apparently, the planar
creature would understand the concept of planar triangle and also the relation
of perpendicularity between two lines. In Monge’s projection, to construct a line
perpendicular to a plane, we only need perpendicularity of lines in the drawing
plane. For measurements we also use a rotation, and hence we can continue to
construct the altitude and the fourth vertex. After connecting all the vertices
of the triangle with the fourth vertex, both projections would seem like four
connected triangles (faces) for the creature not understanding the ”insideness”.
However, it can measure and further investigate the polyhedron. Analogically
we project the two-dimensional creature into ourselves, while we generalize the
construction for the regular pentachoron. In the double orthogonal projection,
the four-dimensional pentachoron is projected onto two mutually perpendicular
3-spaces. Instead of the drawing plane, we merge these spaces into a modeling
3-space. At first, we select a 3-space of the tetrahedral base. The orthogonal
projections of this tetrahedron are affinely distorted, and therefore, we find the
tetrahedron in its true shape after a rotation of its 3-space around the plane of
intersection with one of the spaces of projection onto the modeling space. This
rotation around the plane in the 4-space appears as an affinity in the modeling
3-space. After the construction of the rotated regular tetrahedral base in its true
shape, we find its original image with the use of the spatial axial affinity. Then
we construct the altitude of the pentachoron between the fifth vertex and the
constructed base tetrahedron. The length of the altitude may be computed analytically or by inductive analogy from the regular tetrahedron. For construction
of a line perpendicular to a 3-space in the double orthogonal projection, we only
need a perpendicularity of lines and planes. The length of the altitude appears
distorted, but, again, we can measure the true length of the rotated image. After
the construction of the fifth vertex, we connect all the vertices of the pentachoron,
and the resulting images appear as compositions of five distorted tetrahedra.
Let us have a regular pentachoron ABCDE with the cell ABCD in the 384

space Σ. In our example, the 3-space Σ is given by its traces ξ Σ and ω Σ . The
Ω-image A4 of the point A is given. The face ABC is parallel to the Ω-trace with
the edge AB parallel to the reference plane π(x, y).
We start with the construction of the tetrahedron ABCD. For the construction of the Ξ-images of the points A and B we use the Ω-plane of the 3-space Σ
(not shown in the figure). The tetrahedron appears in its true shape A0 B0 C0 D0
in the image Σ0 of the space Σ after its rotation around the Ω-trace ω Σ onto the
modeling space (Figure 3.20). With the edge A0 B0 we can finish the construction of the regular tetrahedron A0 B0 C0 D0 . In the affinity between Σ4 and Σ0 we
construct the Ω-images C4 and D4 . On the lines of recall and the Ω-planes of the
3-space Σ we find the Ξ-images C3 and D3 .
Further on, we need to find the projections of the point E. Parallel projections preserve centers of segments, and therefore also the centroid of a triangle
or tetrahedron. Since the pentachoron ABCDE is regular, the vertex E lies on
the perpendicular line to the 3-space Σ through the centroid T of the tetrahedron ABCD, and √
the true length of the segment T E can be easily computed
|AB|
5
. Therefore the points E3 and E4 lie on the lines through
as d = |T E| = 2
2
Σ
T3 perpendicular to ξ3 and through T4 perpendicular to ω4Σ , respectively.19 The
segment T E appears in its true shape Ts Es , with the length |Ts Es | = d, after
some rotation of the Ω-projecting plane of T E around the Ω-image T4 E4 onto the
modeling space (Figure 3.18). Hence the point E4 is found as the original point
of the point Es . The Ξ-image E3 lies on the line of recall of the point E.
Connecting the tetrahedra ABCD, ABCE, ABDE, ACDE, and BCDE in
their Ξ and Ω-images, the pentachoron ABCDE is constructed.

3.4.2

A construction of a tesseract

Let us construct a tesseract ABCDEF GHIJKLM N OP with the cube
ABCDIJKL in a 3-space Σ given by its Ξ and Ω-traces. Moreover, let the
face ABCD lie in the Ω-trace ω Σ , and let the side AB lie on a line parallel to
π(x, y) (Figure 3.22).
Since the face ABCD lies in ω Σ , it lies also in the 3-space Ω(x, y, z), and its
Ω-image A4 B4 C4 D4 is a square with the side a = |AB| = |A4 B4 | in its true shape
in the modeling 3-space. For the same reason, the Ξ-projection A3 B3 C3 D3 ≡
A1 B1 C1 D1 lies in the reference plane π(x, y).
To construct the cell ABCDEF GH, we construct the point E, which lies
on the perpendicular line p to the 3-space Σ through A. The Ξ-image p3 is
perpendicular to ξ3Σ and Ω-image p4 is perpendicular to ω4Σ in the modeling space.
The length of the edge AE in its true size is |AE| = a. Following the construction
in Figure 3.18, we rotate the Ω-projecting plane of the line p onto the 3-space
Ω(x, y, w) and find (p). The Ω-trace of the line p is the point A, and hence
A4 ≡ (A). To find the second point of (p), we construct the Ξ-trace Z p and its
image (Z p ) in the rotation (not depicted in Figure 3.22). The point (E) lies on
(p) and |A4 (E)| = a. The orthogonal projection of (E) onto p4 is the point E4 .
The face EF GH is parallel to the face ABCD. The Ω-image E4 F4 G4 H4 is a
19
The centroids T3 of the tetrahedron A3 B3 C3 D3 and T4 of the tetrahedron A4 B4 C4 D4 are
constructed in the GeoGebra model automatically, even though their synthetic construction is
simple.
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Figure 3.22: A construction of a tesseract.
Step-by-Step construction: https://www.geogebra.org/m/kpgvsbhf
square parallel to A4 B4 C4 D4 . The Ξ-image E3 of the vertex E is the intersection
of the line of recall through the point E4 with p3 . The Ξ-image E3 F3 G3 H3 is a
parallelogram parallel to A3 B3 C3 D3 .
The next step is to construct the cell ABCDIJKL in the 3-space Σ. To do
so, we rotate the 3-space Σ around its trace ξ Σ onto the 3-space Ξ(x, y, z). In
the rotated 3-space Σ0 , we construct the cube ABCDIJKL, which appears in its
true shape as A0 B0 C0 D0 I0 J0 K0 L0 . Following the construction in Figure 3.20, the
s
point A0 lies on the Ξ-image of the slope line sA
3 with the Ξ-trace Z . The distance
|Z3s A0 | equals the distance |Z s A|, which is constructed as the true length |Z3s (A)|
in the right-angle triangle A3 (A)Z3s by a rotation of the Ξ-projecting plane of the
line sA onto Ξ(x, y, z). To complete the Ξ-image of the cube ABCDIJKL, it is
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enough to find the point I0 and its original point I3 . For a better demonstration,
the rotated image of the whole cube is constructed. The points B0 , C0 , and D0
lie on their Ξ-slope lines through B3 , C3 , and D3 , respectively. In the figure, the
edge AB is parallel to ξ Σ . Thus, also A0 B0 is parallel to A3 B3 . The point D0 is
constructed in the affinity between the Ξ-image of Σ3 and the rotated image Σ0 .
The fixed point of the line A3 D3 is its intersection with ξ3Σ . The join of the fixed
point with A0 is the rotated image of the line A3 D3 and its intersection with
the Ξ-slope line through D3 is the point D0 . Using the parallelism, distances, or
affinity, we can complete the face A0 B0 C0 D0 and also the face I0 J0 K0 L0 . In the
affinity, we find the point I3 in the direction of the slope lines and on the original
line of the line A0 I0 . The Ξ-image of the face I3 J3 K3 L3 is parallel to the face
A3 B3 C3 D3 . Since the edge AI is perpendicular to the face ABCD and lies in the
3-space Σ, the Ω-image I4 lies on the line p4 and on the line of recall through I3 .
The remaining points J4 , K4 , and L4 form the square parallel to A4 B4 C4 D4 ,
In the last step, we construct the cube IJKLM N OP parallel to the cube
ABCDEF GH. The vertex M lies on the edge IM parallel to AE, and
|I3 M3 | = |A3 E3 | and |I4 M4 | = |A4 E4 |. The face M N OP is parallel to the face
IJKL, and so are their Ξ and Ω-images.

3.5
3.5.1

Constructing sections
A construction of a section cut of a cubic pyramid

In the following section, we cut a four-dimensional regular pyramid with a cubical base with a 3-space. The chosen polychoron may be considered as a simple
analogy to a right square pyramid. In Monge’s projection onto a two dimensional drawing plane, if the square pyramid stands with its base on the horizontal
ground, the top view of the base square appears in its true shape and the image
of the vertex is in its center. The front view of the square appears as a segment,
and the distance between the segment and the vertex is the true length of the
altitude. This placement is convenient for cutting the square pyramid with a
plane perpendicular to the vertical plane of projection. The section in the front
view is only a segment, and its image in the horizontal plane is a quadrilateral,
which is a collinear image of the base square. In the 4-space, we place the regular
cubic pyramid analogically with respect to the pair of perpendicular 3-spaces.
The pyramid stands with the base cube in one of the spaces, and its altitude is
perpendicular to the cube. Therefore in the first view, the base cube appears in
its true shape, and the image of the vertex is its center. In the second perpendicular view, the image of the cube merges into a square, and the image of the
whole cubic pyramid seems as a three-dimensional square pyramid. The cubic
pyramid is in a good position to be cut with a 3-space. We choose the cutting
space similarly as in Monge’s projection above. Hence one image of the section is
a quadrilateral (instead of the segment), and the second is a hexahedron (instead
of the quadrilateral). The hexahedral image of the section is again a collinear
image of the base cube.
In the interactive model, we can rotate the cutting 3-space around its intersecting line with the reference plane by manipulating the Ω-trace of the cutting
3-space.
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Figure 3.23: A construction of a section cut of a cubic pyramid with a 3-space.
Step-by-Step construction: https://www.geogebra.org/m/txc6h8rz
Let us construct a cubic pyramid ABCDEF GHV with the base cube
ABCDEF GH in the 3-space Ξ(x, y, z) and with the face ABCD in the reference
plane π(x, y) (Figure 3.23). Let the vertex V lie on the perpendicular line to the
cube through its center S (SV is the altitude). We will describe the construction
of the section cut, hexahedron A′ B ′ C ′ D′ E ′ F ′ G′ H ′ , of the cubic pyramid by a
3-space Σ perpendicular to Ω(x, y, w) given by its traces ξ Σ , ω Σ .
The given altitude SV is perpendicular to the 3-space Ξ(x, y, z), and
hence the Ξ-images S3 , V3 merge into one point in Ξ(x, y, z). The Ξ-image
A3 B3 C3 D3 E3 F3 G3 H3 of the base cube appears in its true shape. The Ξ-image
of the cubic pyramid appears as the union of six pyramids A3 B3 C3 D3 V3 ,
A3 B3 F3 E3 V3 , B3 C3 G3 F3 V3 , C3 D3 H3 G3 V3 , D3 A3 E3 H3 V3 , E3 F3 G3 H3 V3 . On the
other hand, the Ω-image of the cube ABCDEF GH appears as the square
A4 B4 C4 D4 ≡ E4 F4 G4 H4 in Ω(x, y, w). Thus, the Ω-image of the cubic pyra88

Figure 3.24: Development of section cuts of a cubic pyramid with a rotating
3-space.
mid is the pyramid A4 B4 C4 D4 V4 .
The Ω-image of the section is the quadrilateral A′4 B4′ C4′ D4′ ≡ E4′ F4′ G′4 H4′ lying
in the Ω-trace ω4Σ of Σ, where the points A′4 , B4′ , C4′ , D4′ , E4′ , F4′ , G′4 , H4′ are the
intersections of the plane ω4Σ and the edges A4 V4 , B4 V4 , C4 V4 , D4 V4 , E4 V4 , F4 V4 ,
G4 V4 , H4 V4 , respectively. To construct the Ξ-image of the section, we can conveniently use lines of recall or the perspective collineation between two 3-spaces:
Σ - the cutting 3-space and Ξ(x, y, z) - the 3-space of the base cube. The center
of the collineation is the point V , and the axial plane of the collineation is the
Ξ-trace ξ Σ of the cutting 3-space Σ. The construction of the image B3′ of the
point B3 in the collineation, with the use of the fixed point of the line A3 B3 , is
visualized in the figure. The same process is applied to find the remaining vertices
of the hexahedron A′ B ′ C ′ D′ E ′ F ′ G′ H ′ .
Section cuts, which are obtained by rotating the cutting 3-space around its
line of intersection with the reference plane, are shown in Figure 3.24.

3.6

Constructing shadows

To examine objects in the 4-space, we can construct their three-dimensional shadows. When we return to the idea of the two dimensional creature, we can think
about its perception of a shadow. It would probably understand that a twodimensional object, illuminated from either finite or infinite point source, casts a
shadow on a line. The shadow is a mere projection of the object onto the line,
and we construct it as the set of intersection points of the light rays with this
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line. Similarly, our concept of a shadow is a two-dimensional projection, planar
image, of a three-dimensional object. Hence for example, the shadow that the
square pyramid casts on the plane of the creature is in its visual possibilities
(recall Plato). In Monge’s projection, we merge the vertical and the horizontal
plane into one drawing plane and construct shadows cast on both of them. If
the shadow of the object breaks in their edge — their line of intersection, it appears broken in the drawing plane, too. The geometric constructions are realized
in the drawing plane, and therefore, the two-dimensional creature is able to apply them. At last, the four-dimensional story is similar. At this point, we can
visualize a four-dimensional polychoron, light rays, and also their intersections
with the given perpendicular 3-spaces, which form its three-dimensional shadows. Instead of the edge line, the shadow may break in the edge plane, which
is the plane of intersection of these spaces. Certainly, the following methods are
another analogy of visualizing the 3-space in a plane and constructing shadows
of three-dimensional objects. For methods of constructing shades and shadows
in the three-dimensional descriptive geometry on various examples see classical
textbooks on descriptive geometry such as [Warren, 1890]. We introduce central
and parallel lighting techniques on illumination of a segment, and afterwards, we
construct the shadow of the cubic pyramid described in the previous section.

3.6.1

Parallel and central lighting

The shadow of a segment in both central and parallel lighting is constructed below
as the set of points of intersection of light rays with the given pair of perpendicular
3-spaces of projection. The shadows cast on both 3-spaces are again segments,
which intersect in the edge plane in our examples. To construct the segments,
we only need to find the shadows of their end points. The final shadow of the
segment appears as a broken line in the modeling space.

Figure 3.25: The shadow of a segment AB in a central lighting.
Step-by-Step construction: https://www.geogebra.org/m/qecek82p
Let us have a segment AB and a point source of light S in the 4-space (Figure 3.25). The segment AB casts shadows A∗ B ∗ and A+ B + on the 3-spaces
Ξ(x, y, z) and Ω(x, y, w), respectively.
The shadow A∗ B ∗ is the intersection of light rays from the source S through
the points of the segment AB with the 3-space Ξ(x, y, z). Therefore the Ω-image
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A∗4 B4∗ lies in the reference plane π(x, y). To find the Ξ and Ω-images of the point
A∗ , we construct the ray S4 A4 , which intersects the reference plane π(x, y) in A∗4 .
The point A∗3 lies on the ray S3 A3 and on the line of recall through the point A∗4 .
The Ξ and Ω-images of the point B ∗ are constructed in the same fashion.
The Ξ-image of the shadow A+ B + of the segment AB cast on the 3-space
Ω(x, y, w) lies in the reference plane π(x, y). Thus, the point A+
3 is the intersection
of the ray S3 A3 and the reference plane π(x, y). Its Ω-image A+
4 lies on the line
of recall and on the ray S4 A4 . With a similar construction, we finish the images
of the point B + and the shadow A+ B + .
The shadow may break in the edge plane — the reference plane π(x, y). If this
is the case, we only show the parts of the shadow in the visible half-3-spaces20
of Ξ(x, y, z) and Ω(x, y, w). Our shadows A∗ B ∗ and A+ B + intersect in the point
C π , in which the shadow of the segment AB is broken.
−
If the source of light is given by a direction →
s (Figure 3.26), the lighting is
parallel. Instead of the rays through the point S, we need rays parallel to the
−
direction →
s . Otherwise, the construction is similar to the central lighting.

Figure 3.26: The shadow of a segment AB in a parallel lighting.
Step-by-Step construction: https://www.geogebra.org/m/nxgzgbtx

3.6.2

A construction of a shadow of a cubic pyramid

Previously, we placed the right cubic pyramid to a convenient position for the
construction of its sections. We use the same setting for the construction of its
shadow. Now, we again skip back to the lower dimension and imagine that the
two-dimensional creature is in the same plane as the square base of a right square
pyramid. Hence the whole pyramid appears simply as the square. Furthermore,
let there be a point light source, which is not in the creature’s plane. When the
square pyramid is illuminated from the light source, it casts a shadow on the
base plane. The shadow of the base square is obviously the base square itself.
To construct the rest of the shadow, the creature needs only to find the shadow
of the vertex of the pyramid. After connecting the shadow of the vertex and
the base square, the construction is finished. This is the main idea of the first
step of our four-dimensional construction. The base cube of the cubic pyramid
20

The half-3-spaces of Ξ(x, y, z) with a nonnegative z coordinate and Ω(x, y, w) with a nonnegative w coordinate are visible.
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Figure 3.27: A construction of the shadow of a cubic pyramid on the 3-spaces
Ξ(x, y, z) and Ω(x, y, w). The full construction of the points V and B is shown.
Step-by-Step construction: https://www.geogebra.org/m/kukcfp2q
lies in one of the 3-spaces of projection, and it overlaps its shadow cast on this
3-space. We only find the shadow of the vertex and join it with the base cube.
In our example in the double orthogonal projection, the shadow breaks in the
reference plane, thus we construct the shadow of the vertex also in the second
perpendicular 3-space, and connect it with the break points of the sides of the
cubic pyramid. Finally, the shadow cast on the two 3-spaces looks like a broken
polyhedron.
In this last construction (Figure 3.27), we use the same model of the cubic
pyramid ABCDEF GHV as in Section 3.5.1. Let us have a point S, the point
light source, given by its Ξ and Ω-images. The cubic pyramid, illuminated from
the source S, casts shadows on the 3-spaces Ξ(x, y, z) and Ω(x, y, w). Firstly, we
identify the shade of the cubic pyramid. The surface of shadow is the shadow
of its surface of shade.21 From the Ξ-image, we see that the squares ABCD,
21

This is a generalization of the famous descriptive geometry theorem: The curve of shadow
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ABF E, DAEH are illuminated. From the Ω-image, we see the illuminated faces
ABV , AEV , BF V , EF V , DAV , EHV , HDV . The rest of the cubic pyramid,
the union of cells BCGF V , CDHGV , EF GHV , is the shade. The boundary of
the shade — faces BCGF , CDHG, EF GH, BCV , CDV , DHV , HEV , EF V ,
F BV , forms the surface of shade. For the clarity of visualization, only those parts
of the shadow, which do not intersect the projections of the body, are constructed.
The shadows of the squares BCGF , CDHG, EF GH on the 3-space Ξ(x, y, z)
remain their Ξ-projections B3 C3 G3 F3 ≡ B3∗ C3∗ G∗3 F3∗ , C3 D3 H3 G3 ≡ C3∗ D3∗ H3∗ G∗3 ,
E3 F3 G3 H3 ≡ E3∗ F3∗ G∗3 H3∗ , since they lie in the 3-space Ξ(x, y, z). To construct
the shadow of the vertex V , we find the point of intersection V ∗ of the light ray
SV with the 3-space Ξ(x, y, z) according to Figure 3.25. Further on, we construct
the shadow of the edge BV by joining B3∗ and V3∗ . In our setting, the shadow of
the edge B3 V3 intersects the reference plane π in the point B3π , where the shadow
breaks and continues in the 3-space Ω(x, y, w). The rest of the shadow in the
3-space Ξ(x, y, z) can be constructed analogically.
The shadow cast on the 3-space Ω(x, y, w) can be constructed in the same
manner, but we can also conveniently use the breaking points of the shadow
in the reference plane π(x, y). Therefore the last missing point is the shadow
V + of the vertex V , which is the intersection of the 3-space Ω(x, y, w) and the
light ray SV . Finally, we only need to join all the points of the shadow in the
reference plane π(x, y) such as B3π with V4+ . The images of the final shadow are
three-dimensional solids in the modeling space.

3.7

A pole of a plane with respect to a tetrahedron

The following construction is generalization of Constructions 1 and 5, in which
we used a higher dimensional space to construct a harmonic conjugate or the pole
of a line with respect to a triangle.
Construction 6 (Pole of a plane with respect to a tetrahedron, Figure 3.28).
Let us have a tetrahedron ABCD and an arbitrary plane σ.
1. Choose an arbitrary point E not in the 3-space ABCD and join it with the
vertices of the tetrahedron.
2. Choose an arbitrary distinct 3-space Σ through the plane σ and find its
intersection points A′ , B ′ , C ′ , and D′ with the lines AE, BE, CE, and DE,
respectively.
3. Find the intersection point P ′ of the 3-spaces generated by tetrahedra
ABCD′ , ABC ′ D, AB ′ CD, and A′ BCD.
4. The pole P of the plane σ is the intersection of the line EP ′ and the 3-space
of the tetrahedron ABCD.
Generalizations into higher dimensions naturally follow. Spatial constructions are often used to solve problems in planimetry. This example only shows
is the shadow of its curve of shade.
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Figure 3.28: The pole P of the polar σ with respect to a tetrahedron ABCD.
The 3-space Σ is given by its plane σ and a point S. The intersection point P ′
of the four 3-spaces generated by the tetrahedra ABCD′ , ABC ′ D, AB ′ CD, and
A′ BCD is found by consecutive intersections – a plane ρ is the intersection of the
3-spaces ABCD′ and ABC ′ D, a line r is the intersection of the plane ρ and the
3-space AB ′ CD, and finally the point P ′ is the intersection of the line r and the
3-space A′ BCD.
Interactive model: https://www.geogebra.org/m/cxe4aszz
an analogical use of the fourth dimension to solve a three-dimensional problem.
Alternatively without the four-dimensional space, one can construct the intersection lines of the faces of the tetrahedron with the plane σ and find their poles
with respect to the triangular faces. The intersection of the joining lines of the
poles with the opposite vertices is the pole of the given plane with respect to
the tetrahedron. At last, if we consider the plane σ to be the improper plane in
RP3 , its pole is the centroid of the tetrahedron (this idea could be used in the
construction of the centroid of the tetrahedron in Section 3.4.1, too).

3.8

Conclusion

Monge’s orthographic projection in three-dimensional geometry is not only a tool
for constructions in technical drawing, it is also a method of visualizing the threedimensional space in the drawing plane and studying its properties. We have
used the same concept of two orthogonal projections to study and visualize the
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four-dimensional space in a three-dimensional modeling 3-space. It is true that
we, three-dimensional people, will probably never naturally see four-dimensional
objects as a whole. But none of us has seen a point, a line, a plane, or a 3-space
either. The more important question araises: Can we visualize it in our mind,
can we imagine it? There were many successful attempts to visualize the objects
and their dynamic transformations, mostly by computer graphics. There are also
methods of constructing four-dimensional objects in projections into planes. We
tried to add a brick into this wall, not only by showing the objects in projections
onto two 3-spaces, but also building them constructively and independently of
their analytic representations using simple descriptive geometry tools. With the
power of interactive graphics, we are able to move the objects and discover their
properties intuitively, enhancing our spatial ability in four and multi-dimensional
spaces.
Even though, we emphasize the synthetic point of view on the fourdimensional geometric space, we are not opposed to analytic methods of visualization and examination. While analytic representations are valuable for verifications, the synthetic approach leads to intuition and further creations. There is
one more question, which often arises in discussions about visualizations of the
four-dimensional space. What is their usefulness? Firstly, didactical essence of
meditations about the fourth dimension is in abstraction of the ideal geometric
space. We mostly use analogies of methods empirically known from the plane
and 3-space. But, neither our spatial ability nor geometric space ends where n
equals 3. Furthermore, if we can describe the four-dimensional space, we should
use all the possible methods to examine it. When the door to the room of the
fourth dimension is opened, why should we not walk inside and find all its mysteries. Last, but not least, is the aspect of applications. Last one hundred and
fifty years human science has tested many hypothesis based on multidimensionality. Four-dimensional visualizations are now used in physics, computer science
and other mathematically related sciences. Knowledge and experience with the
four-dimensional space is essential for searching for answers and asking further
questions about the world we live in, and where is the limit of the architecture
of four-dimensional environments of such applications?
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4. Selected results
4.1

A projective proof of Chasles’s theorem for
non-developable ruled quadrics

We reconstructed the historical proof of Chasles’s theorem 1.2.1 with its nonprojective missteps in Section 1.2. Now we combine synthetic and analytic methods to prove it projectively in the framework of definitions derived in Sections 1.4
and 2.1. Firstly, we generalize the concept of a conic into a quadric using homogenous coordinates in RP3 . For sake of simplicity, the set of solutions in synthetic
constructions contains also imaginary elements. After definitions, we show a projectivity between a range of points and their polar planes induced by a quadric.
The property for tangent planes of a non-developable ruled surface in Chasles’s
theorem will become a simple corollary.
A quadric Q is given by the zero set of a real quadratic form
Q : F2 (X) =

∑3

i,j=0

ai,j xi xj = 0, for any X(x1 , x2 , x3 , x0 ) ∈ RP3 \ {(0, 0, 0, 0)}

with an associated matrix A:
a1,1
⎜a
⎜
A = ⎜ 2,1
⎝a3,1
a0,1
⎛

a1,2
a2,2
a3,2
a0,2

a1,3
a2,3
a3,3
a0,3

a1,0
a2,0 ⎟
⎟
⎟.
a3,0 ⎠
a0,0
⎞

If det A ̸= 0, the quadric is regular, otherwise it is called singular. Two
points P (p1 , p2 , p3 , p0 ) and Q(q1 , q2 , q3 , q0 ) are polar conjugates with respect to
the quadric Q, when
a1,1
⎜a
⎜
F (P, Q) = (p1 , p2 , p3 , p0 ) ⎜ 2,1
⎝a3,1
a0,1
⎛

a1,2
a2,2
a3,2
a0,2

a1,3
a2,3
a3,3
a0,3

a1,0
q1
⎟
⎜
a2,0 ⎟ ⎜q2 ⎟
⎟
⎟ ⎜ ⎟ = P T AX = 0.
a3,0 ⎠ ⎝q3 ⎠
a0,0
q0
⎞⎛ ⎞

A point on a quadric, which is the polar conjugate of all points in RP3 with
respect to the quadric, is its singular point. Otherwise, it is a regular point of
the quadric. Instead of a polar line of a conic, the set of polar conjugates of
a non-singular point P of a quadric Q forms a polar plane. The homogenous
coordinates (π1 , π2 , π3 , π0 ) of the polar plane π of a pole P with respect to the
quadric Q are obtained as the product π T = P T A. A tangent plane is the polar
plane of a regular point of a quadric, and the pole is its tangent point.
Although we work with the polarity and tangency on more general surfaces
in Section 4.2, to avoid repetitions, we formulate the following definitions now,
since they also hold for quadrics. If the tangent planes to a surface are the same
for all points on a line of the surface, then this line is said to be a torsal line. A
line that is not torsal is called non-torsal. A ruled surface is defined algebraically
in [Bydžovský, 1948, p. 510] as a surface with the property that through each
of its points passes a line of the surface. A ruled surface is developable if each
of its lines is torsal. Otherwise, the surface is non-developable. At last, we state
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the well-known fact that the non-developable ruled quadrics are regular ruled
quadrics — a one sheet hyperboloid and hyperbolic paraboloid, which contain no
torsal lines.
Synthetically, a (point) quadric is projectively generated, similarly to a conic,
by the common points of corresponding elements of a bundle of lines and a bundle
of planes with distinct centers (for details see [Baker, 1923, pp. 11–13], [Hestenes
and Ziegler, 1991, pp. 29–30]). To construct the polar plane π of some pole P ,
we can find three non-collinear harmonic conjugates on three non-coplanar lines
of the bundle (the harmonic conjugates form the polar plane) or use the following
construction with conics.

Figure 4.1: A construction of a polar plane.
Construction 7 (Figure 4.1). Let Q be a regular quadric and P a non-singular
point of Q, then:
1) Choose 2 arbitrary distinct planes through P , which cut Q in conics κ1 , κ2 .
2) Find polars p1 , p2 of the pole P with respect to κ1 and κ2 (Construction 2).
3) The plane π through the lines p1 , p2 is the polar plane of P with respect
to Q.
Theorem 4.1.1. Let P (p1 , p2 , p3 , p0 ) and R(r1 , r2 , r3 , r0 ) be two distinct points
and Q a regular quadric. There is a projectivity between the range of points on
P R and the pencil of polar planes of these points with respect to Q.
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Figure 4.2: The proof of Lemma 4.1.1.
Proof. Let P and R be two points on a line p, and α and β be two planes
through p, which cut the given quadric Q in regular conics c1 , c2 . The line p has
a pole A with respect to the conic c1 in α. The polar of an arbitrary point W
on p with respect to c1 passes through A. Because of the duality of the polar line
and its pole, for a range of points on p there exists a pencil of lines through A
in α. The same assumption can be made in the plane β for the conic c2 , and
we denote B the pole of the line p. The quadric Q induces the polarity of W
and its polar plane ρ. Thus, the polars of W in planes α and β and also AB are
coplanar. Therefore for each pole W on p, the polar plane will pass through the
axis AB. The pencil of polar planes is clearly in a projectivity with the pencils
of polar lines in conics. To finish the proof, we use the following lemma:
Lemma 4.1.1. A range of points is in a projectivity with the pencil of their polars
with respect to a regular conic in the same plane.
Proof. The proof is divided into two separate cases.
(Figure 4.2, left) At first, let A be a point of a conic c1 . The polar line p of
the pole A is the tangent to c1 through A. Let K be a fixed point on c1 and
W ̸= A is an arbitrary point on p. The point K ′ is the intersection point of the
line W K and c1 . The range of all points W on p and the respective pencil of lines
KK ′ through the center K are in a projectivity. According to Theorem 2.1.5,
the pencil of lines AK ′ with the center A is in a projectivity with the pencil
of lines KK ′ with the center K (assuming different positions of W ). Let R′ be
a point such that (W, R′ ; K ′ , K) = −1, then AR′ is the polar line of W . By
Theorem 2.2.1, it holds that (W, R′ ; K ′ , K) = (R′ , W ; K, K ′ ), and hence there
exists a projectivity between the ranges of points W, R′ , K ′ , K and R′ , W, K, K ′ ,
in which W is conjugated with R′ . The pencil of lines AR′ , AW , AK, AK ′ with
the center A is in a perspectivity with the range of points R′ , W, K, K ′ on W K,
and therefore the polar line AR′ is conjugated with the pole W on p.
(Figure 4.2, right) Let A be a point not on c1 , and K and L be two distinct
fixed points on c1 such that A lies on KL. Let W be an arbitrary point on p,
which is the polar line of the pole A with respect to c1 . The lines W K and W L
intersect c1 in K ′ and L′ . For various positions of W on p, we obtain the pencil of
lines KK ′ with the center K and the pencil of lines LK ′ with the center L. As
a consequence of Theorem 2.1.5 these 2 pencils are in a projectivity. The pencil
of lines KK ′ and the range of points W on p are in a perspectivity, because the
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line p intersects the pencil in points W . Let R be the point of intersection of K ′ L
and p. The pencil of lines LK ′ is in a perspectivity with the range of points R
on p. Therefore there exists a projectivity between the range of points R and the
range of points W .
Further on, let A′ , R′ be the points of intersection of p with LK and RA with
KK ′ , respectively. The point A′ lies on the polar of the pole A, so the pair K, L
separates the pair A, A′ harmonically, and (A, A′ ; K, L) = −1. Projecting from
the center R to the line W K
(R)

AA′ KL ⩞ R′ W KK ′ ,
and we have (R′ , W, K, K ′ ) = −1, which implies that R′ lies on the polar of the
point W . The point A lies on the same polar, and therefore so does the point R.
Since the pencil of lines AR with the center A is in a projectivity with the range
of points R on the axis p, then there is also a projectivity between the range of
points W on the axis p and the pencil of its polar lines AR′ with the center A.
Using Lemma 4.1.1, a range of points is in a projectivity with the pencil
of their polar planes induced by the quadric Q, which proves Theorem 4.1.1
synthetically.
To compare, see a brief but non-visual, analytic proof of the previous theorem.
Proof. Let W be a point of the range W = k1 R + k2 P for (k1 , k2 ) ∈ R2 \ {(0, 0)}.
The polar plane of a variable point W with respect to a quadric Q is
F (W, X) = 0.
After substitution we have
F (W, X) = F (k1 R + k2 P, X) = k1 F (R, X) + k2 F (P, X) = 0.
However F (P, X) and F (R, X) are the polar forms of the points P and R, and
k1 F (R, X) + k2 F (P, X) describes the pencil of polar planes of W . The pole W
and its polar plane have the same projective coordinates in their one-dimensional
forms. Therefore there is a projectivity between them.
Corollary 4.1.1 (Chasles’s theorem for quadrics, Figure 4.3). A pencil of tangent
planes through a ruling of a non-developable ruled quadric is in a projectivity with
the range of their contact points.
Proof. Let Q be a non-developable ruled quadric and points P and Q be distinct
points on a ruling of Q with non-identical tangent planes. Each point W of a
range with the axis P Q on Q is also a point on Q. By virtue of Theorem 4.1.1,
the polar plane of a point on a regular quadric is its tangent plane and the line
P Q is the axis of both — the range of points and the pencil of planes in a
projectivity.
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Figure 4.3: A pencil of tangent planes on a ruling of a one-sheet hyperboloid.
Interactive model: https://www.geogebra.org/m/zvwbfjqa

4.2

A projective proof and generalization of
Chasles’s theorem along non-torsal lines

We generalize Chasles’s theorem in Corollary 4.1.1 to algebraic surfaces and prove
it strictly projectively in this section. A proof of the original Chasles’s theorem
based on the differential approach can be found in the article by Önder and Uğurlu
[2013, pp. 509–510] and with more insight in projective differential geometry by
Hlavatý [1941, p. 48] and in [Pottmann and Wallner, 2009, pp. 228–229].
The algebraic language also enables a straightforward generalization to higher
dimensions. We use the standard axiomatic system of the projective extension of
the real space with elements at infinity mentioned in Section 1.4.1. An extension
to higher-dimensional spaces is described in [Veblen and Young, 1910, pp. 2, 3,
29–33].

4.2.1

Chasles’s theorem along non-torsal lines

We give an algebraic proof in RPm for m ≥ 3. Consecutive steps of the proof
are visualized on the Clebsch surface in RP3 , which is an algebraic surface of 3rd
degree (Figure 4.4). We first define necessary terms and show that all polars of a
pole on a surface with respect to this surface are tangent surfaces at this point.
Then we prove existence of a projectivity between the pencil of first polars and
the range of its poles on a non-torsal line to a surface. At the end, we also give
a projective proof of Chasles’s theorem for non-developable ruled surfaces.
Let S be a surface of degree n described by the algebraic form Fn (X) of
degree n induced by the multilinear form F (X, X, . . . , X ). A point P lies on S


if F (P ) = 0. This point is said to be singular if
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×n



∂Fn (P )
= 0 for all i = 0, . . . , m.
∂pi
Otherwise, we call P a regular point of the surface S. The polar hypersurface
of a regular point P (p1 , p2 , . . . , pm , p0 )
π1 (S, P ) : F (P, X, . . . , X ) =




×(n−1)



∑
i1 =0,...,m

pi1

∂Fn (X)
=0
∂xi1

is said to be its first polar. In the formula, we use only the formal derivation of
a polynomial.
Applying the same process on π1 will give us the 2nd polar of P with respect
to S
∑

π2 (S, P ) : F (P, P, X, . . . , X ) =




×(n−2)



∑

pi 2

i1

pi1 ∂F∂xn (X)
i

i2

1

∂xi2

= 0 for all i1 , i2 = 0, . . . , m.

The r–th polar of P with respect to S can be, after some arithmetic modifications,
written as

Figure 4.4: Clebsch surface and its non-torsal line.
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πr (S, P ) : F (P, . . . , P X, . . . , X ) =

∑





×r



×(n−r)
r



∂ Fn (X)
r!
pr11 . . . prmm pr00 r1
= 0,
r1 !r2 ! . . . rm !r0 !
∂x1 . . . ∂xrmm ∂xr00

where we sum over all (m + 1)-tuples (r1 , . . . , rm , r0 ) such that rj ≥ 0 and

m
∑

rj =

j=0

r. For our purposes the last polar (r = n − 1) will be of major interest. As we
are operating on symmetric multilinear forms, we can dually formulate22 the last
polar hereby as
πn−1 (S, P ) : F (P, . . . , P , X) =




×(n−1)



∑
i=0,...,m

xi

∂Fn (P )
= 0.
∂pi

The last polar is a linear form; so it is a polar hyperplane.
Example 4.2.1. For visualizations (see Figures 4.4,4.5,4.6) the following equations of the Clebsch surface SCL are used:
in E3 : (x3 + y 3 + z 3 + 1) − (x + y + z + 1)3 = 0,
in RP3 : (x31 + x32 + x33 + x30 ) − (x1 + x2 + x3 + x0 )3 = 0.
The points P = (1, −1, 0, 1), Q = (4, −4, 0, 1), W = (3, −3, 0, 1), R = (7, −7, 0, 1)
on the line p have the first polars:
π1 (SCL , P ) : F (P, X, X) = −6x0 x1 − 6x0 x2 − 6x1 x2 − 6x22 − 6x0 x3 − 6x1 x3 −
6x2 x3 − 3x23 = 0
π1 (SCL , Q) : F (Q, X, X) = −6x0 x1 +9x21 −6x0 x2 −6x1 x2 −15x22 −6x0 x3 −6x1 x3 −
6x2 x3 − 3x23 = 0
π1 (SCL , W ) : F (W, X, X) = −6x0 x1 + 6x21 − 6x0 x2 − 6x1 x2 − 12x22 − 6x0 x3 −
6x1 x3 − 6x2 x3 − 3x23 = 0
π1 (SCL , R) : F (R, X, X) = −6x0 x1 + 18x21 − 6x0 x2 − 6x1 x2 − 24x22 − 6x0 x3 −
6x1 x3 − 6x2 x3 − 3x23 = 0.
Let t be a line through points P and Q. Each point on t has homogenous
coordinates k1 Q + k2 P for (k1 , k2 ) ∈ R2 \ {(0, 0)}. The intersection points of t
and S are the roots of the polynomial after the Taylor expansion
Fn (k1 Q + k2 P ) = k2n Fn (P ) +

k2n−1 k1
F (P, . . . , P , Q) + . . .
  
1!
×(n−1)

k2 k1n−1

kn
+
F (P, Q, . . . , Q) + 1 Fn (Q) = 0.
  
(n − 1)!
n!

(4.1)

×(n−1)

If the projective coordinates (k1′ , k2′ ) of a point T on t are a double root of the
polynomial (4.1), we call T a double point of intersection of t and S. A line, for
which a regular point of a surface is at least a double point of intersection, is
called a tangent line, and the point is its tangent point. If each line of a plane
through the same point is a tangent line of a surface, the plane is said to be a
tangent plane at this point.
22

A combinatorial proof can be found in [Bydžovský, 1948], Section 31, p. 70-74.
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Lemma 4.2.1. The last polar of a regular point with respect to a surface is the
tangent plane of the surface at this point.
Proof. Let T be a regular point on the surface S : Fn (T ) = 0, and Q be a point
not on S, but on πn−1 (S, T ), i.e.,
F (T, . . . , T , Q) = 0.




×(n−1)



Then the substitution of the line T Q into (4.1) implies k2 = 0 as a root with a
multiplicity of at least 2. Hence the point T is at least a double point of this
intersection.
Lemma 4.2.2. Each polar of a regular point P on a surface with respect to this
surface contains P , and P is the tangent point of the common tangent plane of
all polars.
Proof. The equation of a surface S can be rearranged with respect to the last
coordinate
Fn (X) = xn0 u0 + xn−1
u1 + · · · + x0 un−1 + un = 0,
0
where the ui are forms of degree i in x1 , . . . , xm . Assume O0 = (0, . . . , 0, 1) to be
a regular point of S.23 Substituting O0 into X will vanish all forms u1 , . . . , un . It
holds that
Fn (O0 ) = u0 = 0.
Therefore the equation of S (through O0 ) simplifies to
r
Fn (X) = xn−1
u1 + · · · + xr+1
0
0 un−r−1 + x0 un−r + · · · + x0 un−1 + un = 0,

and
πr (S, O0 ) : (n − 1) . . . (n − r)xn−1−r
u1 + (n − 2) . . . (n − r − 1)x0n−r−2 u2 +
0
· · · + (r + 1) . . . 2x0 un−r−1 + r(r − 1) . . . 1un−r = 0.
The point O0 certainly satisfies the equation of this polar. The last polar of O0
on S is the polar hyperplane
πn−1 (S, O0 ) : (n − 1)!u1 = 0,
and it is obviously the last polar for each of the previous polars.
Theorem 4.2.1. The pencil of first polars through a non-torsal line of an algebraic surface in RPm for m ≥ 3 is in projectivity with the range of their contact
points.
Proof. Let S be an algebraic surface of degree n ≥ 2 and p be a non-torsal line of
this surface. Let P and Q be distinct regular points on p with different tangent
planes. The tangent plane to S at P contains all tangent lines through P , and
therefore it also contains the line p and the point Q. Applying Lemmas 4.2.1 and
4.2.2, each polar of the points P and Q with respect to S must also contain p
(Figure 4.5). Furthermore, the line p is the axis of the pencil of r-th polars of the
points in the range k1 Q + k2 P .
23

There is always a projective transformation, which maps the considered point to O0 .
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Figure 4.5: First and last polar at the point P .
The last step is to show that there is a projectivity between the range of points
on p and their first polars. Let W be a point in the range k1 Q + k2 P with the
projective coordinates (k1 , k2 ). The first polar of W with respect to S is
π1 (S, W ) : F (W, X, . . . , X ) = F (k1 Q + k2 P, X, . . . , X ) =




×(n−1)







×(n−1)



= k1 F (Q, X, . . . , X ) + k2 F (P, X, . . . , X ) = 0.




×(n−1)







×(n−1)

(4.2)



It is a surface of degree (n − 1) in the one-dimensional form (pencil of surfaces)
with the same projective coordinates (k1 , k2 ) as the point W in its range. Therefore there is a projectivity between the range of points on a non-torsal line and
the pencil of first polars of these points with respect to S (Figure 4.6).
Let us verify the validity of the previous theorem on Example 4.2.1:
The point W = (3, −3, 0, 1) in the range k1 P + k2 Q for P = (1, −1, 0, 1) and
Q = (4, −4, 0, 1) has the projective coordinates (k1 , k2 ) = ( 31 , 23 ). The same holds
for the first polars:
k1 F (P, X, X)+k2 F (Q, X, X) = 31 (−6x0 x1 −6x0 x2 −6x1 x2 −6x22 −6x0 x3 −6x1 x3 −
6x2 x3 −3x23 )+ 23 (−6x0 x1 +9x21 −6x0 x2 −6x1 x2 −15x22 −6x0 x3 −6x1 x3 −6x2 x3 −3x23 ) =
−6x0 x1 +6x21 −6x0 x2 −6x1 x2 −12x22 −6x0 x3 −6x1 x3 −6x2 x3 −3x23 = F (W, X, X).
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Figure 4.6: First polars of four distinct points on a non-torsal line.
The point R = l1 P + l2 Q and its first polar have projective coordinates
(l1 , l2 ) = (−1, 2) in their one-dimensional forms.

Figure 4.7: A pencil of tangent planes at a range of points on a ruling.
Example 4.2.2. For the visualization (Figure 4.7) the following equations of
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the Plücker conoid SP L are used:
in E3 : z(x2 + y 2 ) − 4(x2 − y 2 ) = 0,
in RP3 : x21 x3 − 4x21 x0 + x22 x3 + 4x22 x0 = 0.
In the upcoming Chasles’s theorem, we need the following property: through
each regular point of a non-developable ruled surface of degree n > 2 passes
exactly one ruling24 .
Theorem 4.2.2 (Chasles’s theorem). The pencil of tangent planes at the points
of a non-torsal line of a ruled surface in RPm for m ≥ 3 is in projectivity with
the range of their contact points.
Proof. For surfaces of 2nd degree the theorem is a straightforward consequence of
Theorem 4.2.1. Let S be a surface of degree n > 2 and P and Q be regular points
which lie on a ruling p. At each regular point on p there is only one tangent plane
of S — its last polar. Dually, each tangent plane through p touches S in one
contact point. Let τP and τQ be tangent planes of S at P and Q, respectively.
Furthermore let τW be a plane in the pencil k1 τP + k2 τQ with the projective
coordinates (k1 , k2 ) and axis p. We prove that W = k1 P + k2 Q.
Let p′ be another ruling of S such that p′ intersects pencil of planes
τW = k1 τP + k2 τQ in regular points W ′ = k1 P ′ + k2 Q′ . The planes τP , τQ , and τW
cut S in p and in plane curves cP , cQ , and cW of degree n − 1, respectively. P ′ , Q′ ,
and W ′ are the intersections of cP , cQ , and cW with p′ . Since n > 2, no other
ruling passes through the points P ′ , Q′ , and W ′ . This holds for any choice of
points. If we
p′ ̸= p. Each algebraic curve of degree n is determined by n(n+3)
2
n(n+3)
construct 2 rulings, then for each point on cW we obtain cW = k1 cP + k2 cQ .
The points P, Q and W are intersections of cP , cQ , and cW with p, and therefore
so W = k1 P + k2 Q.

4.2.2

Conclusion

Chasles’s theorem is, by its nature, a great result in projective geometry. However,
proofs of the theorem have always slipped into the use of more powerful methods
of infinite closeness in the 19th century, or projective differential and differential
geometry nowadays. In this section the theorem was proven purely projectively
and generalized to non-torsal lines of algebraic surfaces in the projective extension
of the real space. The use of the language of algebraic projective geometry has
brought Chasles’s theorem back to its place in projective geometry. This also
leads to a question: “Is there a general method to avoid the use of non-projective
methods for theorems of projective geometry originally proven with the use of
infinite closeness?”. The importance of purification is given not only in algebraic
but especially in synthetic geometry, as the computer 3D graphics has opened
the gate to visualizing and manipulating objects, which are almost impossible to
draw by hand. Projective geometry is therefore a convenient tool for computers,
since one obtains precise results, not based on numerical methods.
24

The statement can be found in general literature on geometry of ruled surfaces and we will
not prove it here (see [Bydžovský, 1948, Pottmann and Wallner, 2009]).
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4.3
4.3.1

The synthetic
quadrics

classification

of

regular

Introduction

Quadrics are often considered to be a generalization of conics. However, when we
define conics, probably the first intuitive picture is a conic section of a circular
cone. We use a similar method to derive the regular (or proper, non-degenerate)
real quadrics as quadric sections. Our focus lies on the synthetic constructions
given in Section 4.3.3, where models of quadrics are depicted. We visualize a
four-dimensional cone, its cutting 3-space, and the section simultaneously in the
double orthogonal projection onto two perpendicular three-dimensional spaces.
The method of projection and constructions of sections of four-dimensional polytopes are discussed in Chapter 3. For understanding visualizations, the reader
should have knowledge of Monge’s projection introduced in [Monge, 1799] and
following textbooks on descriptive geometry. Since synthetic properties of conic
sections are often used, we suggest [Glaeser et al., 2016] for further details. To
follow the examination of quadrics in homogenous coordinates in Section 4.3.2 see
textbooks [Semple and Kneebone, 1952, Part II, Chapter XI] and [Casse, 2006,
Chapter 8]. For even more general and detailed approach see the recent book
[Casas-Alvero, 2014, Chapters 6 and 7].
Apart from the maybe difficult to digest synthetic-visual four-dimensional
part of the section, we support our reasoning with analytic derivation in Section 4.3.2.25 The synthetic part is realised in the four-dimensional Euclidean space
with coordinates x, y, z, and w. The analytic approach is held in the framework of
projective extension of the real (Euclidean) space RP4 , where we use homogenous
coordinates x1 , x2 , x3 , x4 , and x0 (we assume an infinite point to have the last coordinate x0 = 0). To describe orthogonal projections, we need in many cases only
the three-dimensional subspaces Ξ(x, y, z) and Ω(x, y, w) in their Euclidean and
also extended versions Ξ(x1 , x2 , x3 , x0 ) and Ω(x1 , x2 , x4 , x0 ).
Throughout this section a quadratic cone is frequently abbreviated to cone,
conical surfaces and hypersurfaces are also simplified as cones with respect to the
current context.

4.3.2

The analytic approach

In the four-dimensional projective extension of the real space RP4 with homogenous coordinates x1 , x2 , x3 , x4 , and x0 , the reduced homogenous equation of a
quadric Γ with a unique singular point - four-dimensional ordinary quadratic
cone, has one of these forms:
x21 + x22 + x23 + x24 = 0,

(4.3)

x21 + x22 + x23 − x24 = 0,

(4.4)

25

It is not absolutely necessary for a reader well-experienced in the double orthogonal projection to follow the analytic part. However, the analytic part is recommended for verifications
of intuitive false conclusions.
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x21 + x22 − x23 − x24 = 0.

(4.5)

If the quadric is represented by Equation 4.3, it is a point (or an imaginary
cone), and it will not play any role in this thesis. Equations 4.4 and 4.5 represent
an ellipsoidal cone and one-sheet hyperboloidal cone, respectively. The vertex –
singular point of the cones has homogenous coordinates (0,0,0,0,1). For simplicity
of further manipulations, we translate the vertex into the point V = (0, 0, 1, 1, 1).
Quadric sections of an ellipsoidal cone
The ellipsoidal cone Γ with the vertex V has the homogenous equation:
x21 + x22 + (x3 − x0 )2 − (x4 − x0 )2 = 0.

(4.6)

Sections of this ellipsoidal cone with 3-spaces x4 = αx1 , for α ∈ R, which are
perpendicular to the 3-space Ω(x1 , x2 , x4 , x0 ), are represented by the equation
dependent on the parameter α:
x21 + x22 + (x3 − x0 )2 − (αx1 − x0 )2 = 0
x21 (1 − α2 ) + 2αx1 x0 + x22 + x23 − 2x3 x0 = 0.

(4.7)

We can interpret the last equation as the equation of a quadric in the 3-space
Ξ(x1 , x2 , x3 , x0 ). The determinant of the matrix of this quadric equals -1 and
is independent on α. In the affine classification, the quadric is an ellipsoid ε,
elliptic paraboloid ϕ, or two-sheet hyperboloid η. To identify the affine type, we
consider the set of all its improper points with the homogenous element x0 = 0.
Equation 4.7 reduces to
x21 (1 − α2 ) + x22 + x23 = 0.

(4.8)

For α ∈ (−1, 1), there is only the trivial solution (0, 0, 0, 0), which is not a
point, and the quadric is an ellipsoid ε. For α = ±1, the set of solutions is
the point (1, 0, 0, 0) and the quadric is an elliptic paraboloid ψ. In the other cases
α ∈ (−∞, −1) ∪ (1, ∞), the set of improper points is an ellipse, and the type of
the quadratic is a two-sheet hyperboloid η.
In Section 4.3.3, we visualize the ellipsoidal cone Γ in the double orthogonal
projection onto the perpendicular 3-spaces Ξ(x1 , x2 , x3 , x0 ) and Ω(x1 , x2 , x4 , x0 ).
In the orthogonal projections, apparent contours Γ3 and Γ4 of the ellipsoidal cone
Γ with Equation 4.6 in the 3-spaces Ξ(x1 , x2 , x3 , x0 ) and Ω(x1 , x2 , x4 , x0 ) can be
in the projective extension determined from its contour generators, which are the
intersections of the ellipsoidal cone and polar space of the direction of the projection – improper pole, with respect to the ellipsoidal cone Γ. The homogenous
coordinates of the polar space of the point Z∞ = (0, 0, 1, 0, 0) with respect to the
ellipsoidal cone Γ, represented by the matrix A, is derived as follows:
1
⎜
⎜0
⎜
T
Z∞
A = (0, 0, 1, 0, 0) ⎜
⎜0
⎜
⎝0
0
⎛

0 0
0
0
⎟
1 0
0
0⎟
⎟
0 1
0 −1⎟
⎟ = (0, 0, 1, 0, −1).
0 0 −1 1 ⎟
⎠
0 −1 1
0
⎞
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(4.9)

The polar 3-space of Z∞ with respect to the ellipsoidal cone Γ has the homogenous
equation x3 − x0 = 0. The intersection of this polar 3-space with the ellipsoidal
cone reduces after the substitution x3 = x0 into the equation of the contour
generator:
x21 + x22 − (x4 − x0 )2 = 0.
(4.10)
Independently of the x3 coordinate, Equation 4.10 of a real quadratic cone in the
3-space Ω(x1 , x2 , x4 , x0 ) is also the apparent contour Γ3 of the ellipsoidal cone in
the 3-space Ω(x1 , x2 , x4 , x0 ) (its Ω-image).
The apparent contour Γ4 in the 3-space Ξ(x1 , x2 , x3 , x0 ) is the whole 3-space,
and therefore we visualize only the images of intersections of the ellipsoidal cone
with the 3-spaces given by equations x4 = 0 and x4 = 2x0 . After substitutions into
Equation 4.4, we obtain two overlapping ellipsoids in the 3-space Ξ(x1 , x2 , x3 , x0 )
with the equation
(4.11)
x21 + x22 + (x3 − x0 )2 − x20 = 0.
The last remark also explains the name ellipsoidal cone.
Quadric sections of a one-sheet hyperboloidal cone
Equation 4.5 of the one-sheet hyperboloidal cone Γ after the translation of the
vertex V becomes:
x21 + x22 − (x3 − x0 )2 − (x4 − x0 )2 = 0.

(4.12)

Sections of this cone with the 3-spaces given by the parametric equation x4 = αx1 ,
for α ∈ R, reduce Equation 4.12 into:
x21 + x22 − (x3 − x0 )2 − (αx1 − x0 )2 = 0
x21 (1 − α2 ) + 2αx1 x0 + x22 − x23 + 2x3 x0 − 2x20 = 0.

(4.13)

In the 3-space Ξ(x1 , x2 , x3 , x0 ), Equation 4.13 represents a quadric with the determinant of its matrix equal to 1. The quadric is therefore in the affine classification
a one-sheet hyperboloid η or hyperbolic paraboloid ψ. Examination of the set of
improper points of this quadric leads to the following parametric equation:
x21 (1 − α2 ) + x22 − x23 = 0.

(4.14)

For α ̸= ±1 the set of improper points is an ellipse and the quadric is a one-sheet
hyperboloid η. Otherwise, for α = ±1, we obtain two intersecting lines of some
hyperbolic paraboloid ψ.
If we take a better look at Equation 4.5, the symmetry in the x3 and x4
coordinates implies the following procedure to find the apparent contours of Γ.
The apparent contour Γ4 in the 3-space Ω(x1 , x2 , x4 , x0 ) is derived from the polar
plane of Z∞ , with the homogenous coordinates
1
⎜
⎜0
⎜
T
Z∞ A = (0, 0, 1, 0, 0) ⎜
⎜0
⎜
⎝0
0
⎛

0 0
0 0
⎟
1 0
0 0⎟
⎟
0 −1 0 1⎟
⎟ = (0, 0, −1, 0, 1).
0 0 −1 1⎟
⎠
0 1
1 0
⎞
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(4.15)

Substituting x3 = x0 into Equation 4.12, we obtain the following equation
x21 + x22 − (x4 − x0 )2 = 0

(4.16)

of a cone δ ′ in the 3-space Ω(x1 , x2 , x4 , x0 ). Opposed to the ellipsoidal cone in
Section 4.3.2, we also restrict the visualization in the 3-space Ω(x1 , x2 , x4 , x0 )
between the 3-spaces parallel to Ξ(x1 , x2 , x3 , x0 ) with the equations x3 = 0 and
x3 = 2x0 . Both substitutions reduce Equation 4.12 into
x21 + x22 − (x4 − x0 )2 − x20 = 0

(4.17)

of overlapping one-sheet hyperboloids δ in the 3-space Ω(x1 , x2 , x4 , x0 ). The
points of the apparent contour Γ4 of the one-sheet hyperboloidal cone Γ lie between the cone δ ′ with Equation 4.16 and one-sheet hyperboloid δ with Equation 4.17. The substitution x0 = 0 into Equations 4.16 and 4.17 leads to a conic,
which is the set of improper points of the cone δ ′ and the one-sheet hyperboloid δ.
Therefore δ ′ is the asymptotic cone of the one-sheet hyperboloid δ.
The apparent contour Γ3 in the 3-space Ξ(x1 , x2 , x3 , x0 ) is infinite and we
restrict our visualization between the parallel 3-spaces, x4 = 0 and x4 = 2x0 , as
in the ellipsoidal case in Section 4.3.2. After substitutions of the last formulas
into Equation 4.12, we obtain two overlapping one-sheet hyperboloids β3 with
the equation:
x21 + x22 − (x3 − x0 )2 − x20 = 0.
(4.18)
In this case, the 3-space with the equation x4 = x0 also plays a role. Its intersection with the one-sheet hyperboloidal cone Γ is the elliptic cone β3′ in the
3-space Ξ(x1 , x2 , x3 , x0 ) (in case of an ellipsoidal cone, we would obtain only the
vertex V ) with its equation:
x21 + x22 − (x3 − x0 )2 = 0.

(4.19)

One more useful remark is seen if we describe the sets of infinite points of the
hyperboloid β3 and cone β3′ with Equations 4.18 and 4.19. Since both sets of
improper points are equal, we deduce that the cone β3′ is the asymptotic cone of
the one-sheet hyperboloid β3 . The Ξ-image Γ3 of the one-sheet hyperboloidal cone
Γ is therefore a set of points between the elliptic cone β3′ given by Equation 4.19
and the one-sheet hyperboloid β3 with Equation 4.18.

4.3.3

Synthetic approach

We derive the above results with the use of descriptive geometry tools described
in Chapter 3. In the upcoming GeoGebra models, the user has a possibility to
move some input elements, and therefore, the analytic section with the equations
reduced to simple formulas should be assumed as illustrative. The constructions
are divided into two cases. First, we construct a spherical cone as a special
case of the ellipsoidal cone and its quadric sections — an ellipsoid, two-sheet
hyperboloid and their limiting elliptic paraboloid. Then, a one-sheet hyperboloid
and hyperbolic paraboloid are derived from sections of a one-sheet hyperboloidal
cone. The clarity of necessity of two kinds of cones is also more obvious, if we
think about a quadric as a collinear image of another quadric. Sections of fourdimensional cone with a 3-space, not passing through the vertex, are collinear
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images of its directrix. Collineation preserves collinearity, thus, if the directrix is
a sphere, its possible collinear images are unruled regular quadrics – an ellipsoid,
two-sheet hyperboloid and elliptic paraboloid. If the directrix is a one-sheet
hyperboloid, the quadric sections are ruled quadrics – a one-sheet hyperboloid or
hyperbolic paraboloid.
A spherical cone
A spherical cone may be created as a set of joining lines of all the points of a
spherical directrix with a vertex point noncospatial with the points of the sphere.
Let us visualize a right spherical cone Γ and its quadric section in the special
position. Let the directing sphere be placed in the 3-space Ξ(x, y, z). The vertex V lies on the axis o perpendicular to the 3-space Ξ(x, y, z) of the directing
sphere through its center S. Further on, the spherical cone is restricted between
the 3-space Ω(x, y, w) and its parallel 3-space at the same distance from the vertex V . The apparent contour of the spherical cone in the 3-space Ω(x, y, w), its
Ω-image, is the double-cone Γ4 of revolution with the axis o4 perpendicular to
the reference plane π(x, y). The angle κ between a generatrix and the axis o of
the spherical cone appears in its true size in the Ω-image in the modeling space.
The Ξ-image is the sphere Γ3 with the Ξ-image o3 of the whole axis located in
the center S of the sphere. The apparent contours were described analytically
with the expressions 4.10 and 4.11.
The cutting 3-space Σ not incident with the vertex V is given by its Ξ and
Ω-traces, ξ3Σ and ω4Σ , respectively. We choose the 3-space Σ perpendicular to
the 3-space Ω. Therefore the Ξ-trace ξ3Σ is perpendicular to the reference plane
π(x, y), and the angle λ between the Ω-trace ω4Σ and the axis o4 of the cone is the
true size of the angle between the axis o and the 3-space Σ. The relation between
the angles κ and λ is equivalent to the choice of the parameter α in Equation 4.8
in the analytic approach.
An ellipsoid In case of λ > κ (α ∈ (−1, 1)) the quadric section of the spherical
cone Γ with the 3-space Σ is an ellipsoid of revolution ε (Figure 4.8). Synthetically
we construct its center, vertices, foci, and symmetry axes. Since the 3-space Σ is
perpendicular to the 3-space Ω(x, y, w), the Ω-image of each point in the 3-space Σ
lies in the Ω-trace ω4Σ . Hence the Ω-image ε4 of the section is the ellipse e4 of
intersection of Γ4 and ω4Σ with the inner points of the ellipse.
The vertices A4 and B4 of the ellipse e4 lie on the Ξ-slope line sΣ of the
3-space Σ, which intersects the Ω-image o4 of the axis of Γ in the point O4 . The
line sΣ
4 is the major axis of the ellipse e4 . The center of the segment A4 B4 is
the Ω-image Z4 of the center Z of the ellipsoid ε. The Ξ-image e3 lies on the
lines of recall through e4 and in the Ω-plane φΣ of Σ through the point O on the
axis o. The Ξ-image φΣ
3 of the Ω-plane is parallel to the reference plane π(x, y)
and includes the center S3 of the sphere Γ3 . The Ξ-image sΣ
3 of the Ξ-slope
line is the intersection line of its plane of recall and the plane φΣ
3 . The parallel
Σ
projection implies that the line s3 is the principal axis of the Ξ-image ε3 of the
quadric section ε. Moreover the Ξ-images of the vertices A, B, and the center Z
are constructed as the intersections of their lines of recall and the Ξ-image φΣ
3
of the Ω-plane. The minor axis of the ellipse e4 lies in the Ω-trace ω4Σ , passes
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Figure 4.8: A projection of an elipsoid ε as a quadric section of a spherical cone Γ
with a 3-space Σ.
Interactive model: https://www.geogebra.org/m/dfgqzv3b
through the center Z4 of the ellipse and is perpendicular to the major axis sΣ
4.
The co-vertices C4 and D4 are the intersections of the cone Γ4 and the minor axis
of the ellipse e4 . Their Ξ-images C3 and D3 are the intersecting points of their
lines of recall and the Ω plane φΣ
3 . In this point, we have all the vertices, center
and axes of the ellipse e3 , and its construction is elementary.
Let us consider a chord of the ellipse e4 parallel to its minor axis C4 D4 . In the
Ω-image, the chord lies in the plane parallel to the reference plane π(x, y). The
section of this parallel plane and the spherical cone is a sphere in the 4-space,
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which appears in its true size in the 3-space Ξ(x, y, z). From these thoughts, we
conclude that the Ξ-image of the chord is a circle. Because of the symmetry of the
ellipse e4 in the 3-space Ω(x, y, w), the Ξ-image ε3 is the ellipsoid of revolution
with the principal axis sΣ
3 . The third principal axis K3 L3 of the ellipsoid is
perpendicular to the lines A3 B3 and C3 D3 through the center Z3 with the semidiameter equal to C3 D3 .
The construction of the foci E3 and F3 of the ellipsoid of revolution ε is with
the images of the vertices simple. However, one more remark can be added. The
focus E3 merges into the Ξ-image of the vertex V . In Monge’s projection, the
three-dimensional analogy — one focus of a conic section lies in the horizontal
projection of the vertex, is a consequence of Dandelin’s theorem. In our spherical
cone, if we rotate the ellipse e around its major axis AB, the resulting Ξ-image is
the ellipse e3 rotated around s3 , while the Ω-image shrinks between the ellipse e4
and the segment A4 B4 . The plane of rotated ellipse intersects the base sphere in
a circle. Assuming this circle to be the base of a three-dimensional right circular
cone with the vertex V , we can use Dandelin’s theorem for all the positions in
the rotation and the focus E3 is fixed.
We have constructed the projections ε3 and ε4 of the whole ellipsoid ε. Apparently, only the parts of the ellipsoid with positive w coordinate are visible. In the
Ξ-image the visible points on ε3 are those inside the sphere Γ3 , in the Ω-image,
the points “above” the reference plane π(x, y) are visible.
A two-sheet hyperboloid The construction of a two-sheet hyperboloid of
revolution η (Figure 4.9) as a quadric section of a right spherical cone Γ and a
3-space Σ with an angle λ < κ (α ∈ (−∞, −1) ∪ (1, ∞), see Equation 4.8 in
Section 4.3.2) is carried out in the same fashion, and we leave the derivation to
the kind reader. We add only a short note on a construction of the asymptotic
cone of the Ξ-image η3 , the two-sheet hyperboloid of revolution in the 3-space
Ξ(x, y, z). To find the asymptotic cone, we construct the quadric section of the
spherical cone Γ with the 3-space parallel to Σ through the vertex V , or differently
we find the asymptotes of the hyperbola h3 in the Ξ-image of the Ω-plane φΣ
3 and
rotate them around s3 .
An elliptic paraboloid In case of cutting the spherical cone with a 3-space Σ
for λ = κ (α = ±1 in Equation 4.8), the quadric section is a paraboloid of
revolution (Figure 4.10). Let the spherical cone Γ be in the same position as
in the construction of the ellipsoidal quadric section. The 3-space Σ is again
perpendicular to the 3-space Ω(x, y, w). Therefore its Ξ-trace ξ3Σ is perpendicular
to the reference plane π(x, y), and we may choose it arbitrarily. The condition
of the equality of the angles κ and λ is satisfied if the Ξ-slope line s is parallel
to a generator of the spherical cone. We choose the generator s′ such that its
Ω-image s′4 is the line through the point V4 and perpendicular to the line of
intersection of the Ξ-trace ξ3Σ and the reference plane π(x, y). The Ω-trace ω4Σ is
parallel to the Ω-image s′4 of the generator. The Ω-image s4 of the Ξ-slope line s,
which intersects the axis o in the point O, is the line in the plane ω4Σ parallel to
the line s′4 .
The intersection of the Ω-trace ω4Σ with the Ω-image Γ4 of the spherical cone is
a parabola p4 . The Ω-image of each point of the 3-space Σ lies in ω4Σ , and therefore
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Figure 4.9: A projection of a two-sheet hyperboloid η as a quadric section of a
spherical cone Γ with a 3-space Σ.
Interactive model: https://www.geogebra.org/m/m6fyz3dq
the parabola p4 with its inner points forms the Ω-image ϕ4 of the paraboloid ϕ.
The axis of the parabola p4 is the line s4 and its vertex W4 is the intersection
of s4 and the cone Γ4 , and hence the axis of the paraboloid ϕ is the original line s,
and its vertex is the point W .
From the Ω-images we construct the Ξ-images s3 and W3 of the axis and vertex
of the paraboloid ϕ, which lie in the Ω-plane φΣ
3 constructed analogically to the
ellipsoidal case. As same as the previous cases, the focus F3 of the paraboloid is
the Ξ-projection V3 of the vertex of the spherical cone Γ.
114

Figure 4.10: A projection of a paraboloid of revolution ψ as a quadric section of
a spherical cone Γ with a 3-space Σ.
Interactive model: https://www.geogebra.org/m/suyfamv6
A one-sheet hyperboloidal cone
All the lines connecting a point and a one-sheet hyperboloid, which lies in another
3-space, create a one-sheet hyperboloidal cone in the 4-space. Let a one-sheet
hyperboloid of revolution β lie in the 3-space Ξ(x, y, z) with the axis of revolution
perpendicular to the reference plane π(x, y) (Figure 4.11). Let a point S be the
center of the hyperboloid β. The vertex V lies in the 3-space Ω(x, y, w) on the line
perpendicular to the 3-space Ξ(x, y, z) through the center S of the hyperboloid β.
115

The hyperboloid β is the directrix of a one-sheet hyperboloidal cone Γ with the
vertex V . Unlike the spherical cone above, where the directing sphere is finite, we
restrict not only the Ω-image Γ3 , but also the Ξ-image Γ4 between two 3-spaces
parallel to Ξ(x, y, z) in equal distances (the z coordinate of S) from the center S.
The inner boundary of the apparent contour of Γ in the 3-space Ξ(x, y, z) is
the asymptotic cone β3′ of the one-sheet hyperboloid of revolution β3 (see Section 4.3.2). The Ω-image Γ4 of the hyperboloidal cone is derived from the Ξ-image.
The section of the hyperboloidal cone Γ with a 3-space through the center S of
the hyperboloid β perpendicular to its axis appears as a circle b3 ≡ b′3 in the
3-space Ξ(x, y, z). The Ω-image b4 lies in the reference plane π(x, y) and is the
base circle of the double-cone of revolution δ4′ with the vertex V4 . The circle b′4 is
the top base of the cone δ4′ — the inner boundary of the apparent contour in the
3-space Ω(x, y, w). Let us denote κ the angle between a generatrix of the cone δ4′
and its axis o4 . The outer boundary is the (overlapping) one-sheet hyperboloid of
revolution δ4 in the 3-space Ω(x, y, w) created by cutting the hyperboloidal cone Γ
with the restricting 3-spaces. The circle section c3 of the hyperboloid β3 with the
reference plane π(x, y) is also the circular boundary c4 and c′4 (bottom and top
base) of the hyperboloid δ4 . The neck circle d4 ≡ d′4 of the one-sheet hyperboloid
of revolution δ4 lies in the plane parallel to the reference plane π(x, y) through the
point V4 and is the Ω-image of the circle section d3 of the asymptotic cone β3′ and
the reference plane π(x, y), and also the Ω image of the bottom circular base d′3 of
the asymptotic cone β3′ . To construct a generating hyperbola of the hyperboloid
of revolution δ4 , we can choose its axial plane through o4 and find the vertices on
the circle d4 and four other intersecting points on the base circles c′4 and c′′4 .
The cutting 3-space Σ is perpendicular to the 3-space Ω(x, y, w), and hence its
Ξ-trace ξ3Σ is perpendicular to the reference plane π(x, y). The angle λ between
the Ω-trace ω4Σ and the axis o4 of δ4′ appears in its true size.
A one-sheet hyperboloid In case of λ ̸= κ (analytically α ̸= ±1 in Equation
4.14), the quadric section is a one-sheet elliptic hyperboloid η.
The Ω-image η4 of the hyperboloid is the planar area in the Ω-trace ω4Σ of
the 3-space Σ between its elliptic or hyperbolic26 cuts e4 and f4 ≡ f4′ with the
cone δ4′ and the one-sheet hyperboloid δ4 , respectively. The construction of the
Ξ-image e3 of the ellipse e in the Ω plane φΣ is clear from the previous cases.
Its vertices are denoted A, B, C, and D, center Z, and foci E and F . Further
on, the one-sheet hyperboloid δ4 is the Ω-image of two overlapping one-sheet
hyperboloids in the 4-space. Therefore the Ξ-image f3 of the ellipse f lies in the
reference plane, and the Ξ-image f3′ of the ellipse f ′ is in the second boundary
plane of the Ξ-image Γ3 . The vertices of the ellipses f and f ′ are K, L, M, N
and K ′ , L′ , M ′ , N ′ , respectively. The points A3 , B3 are vertices of the principal
hyperbola through the points K3 , K3′ , L3 , L′3 of the one-sheet hyperboloid η3 . The
second principal hyperbola has the vertices C3 , D3 and points M3 , M3′ , N3 , N3′ .
The principal ellipse e3 mentioned above is in the last plane of symmetry. To
construct the asymptotic cone of the hyperboloid η3 , we can conveniently use the
Ξ-image of the cone, which is the quadric section of the one-sheet hyperboloidal
cone Γ with the 3-space parallel to Σ through the vertex V , and translate the
26

We visualize and continue the construction for the elliptic section with λ > κ.
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Figure 4.11: A projection of a one-sheet elliptic hyperboloid η as a quadric section
of a one-sheet hyperboloidal cone Γ with a 3-space Σ.
Interactive model: https://www.geogebra.org/m/guykkre3
vertex of this cone to the center Z3 (for clarity of visualization only the asymptotes
of the generating hyperbolas are depicted).
A hyperbolic paraboloid The last quadric section — hyperbolic paraboloid ψ
lies in a 3-space Σ parallel to a generatrix of the one-sheet hyperboloidal cone Γ,
and so λ = κ (or α ̸= ±1 in Equation 4.14) (Figure 4.12).
In the 3-space Ω(x, y, w), the condition is satisfied if Ω-trace ω4Σ is parallel to a
generatrix of the cone δ4′ . The cone δ4′ is the asymptotic cone of the hyperboloid δ,
and their cuts with the Ω-trace ω4Σ are parabolas p4 and p′4 ≡ p′′4 . The axis of the
parabola p4 is the Ξ-slope line s4 of the 3-space Σ, and the vertex W4 is the point
of intersection of s4 and δ4′ . The Ξ-image W3 of the vertex W is in the Ω-plane φΣ
3
and on its line of recall. The Ξ-image p3 is the parabola with the vertex W3 and
focus F3 ≡ V3 . The axis of the parabola p′4 ≡ p′′4 is also s4 , and its vertex W4′ ≡ W4′′
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Figure 4.12: A projection of a hyperbolic paraboloid ψ as a quadric section of a
one-sheet hyperboloidal cone Γ with a 3-space Σ.
Interactive model: https://www.geogebra.org/m/jt6ktfq2
is the point of intersection of s4 and δ. The Ξ-images p′3 and p′′3 are parabolas in
the base (restricting) planes of the Ξ-image Γ3 of the hyperboloidal cone Γ, with
the vertices W3′ and W3′′ . For construction of p′3 and p′′3 , we can either translate
the principal parabola p3 into the vertices W3′ and W3′′ or construct them with the
use of their subtangents. Few more elements are constructed in the figure. The
ray q4 = W4 W4′ is the Ω-image of a parabola q which appears as the parabola q3
with the vertex W3 and two points W3′ and W3′′ in the 3-space Ξ(x, y, z). The
parabola q3 is the principal parabola of the hyperbolic paraboloid ψ3 , and it can be
easily constructed with the use of subtangents. The last piece is the construction
of the vertex generating lines u and v. First, we construct the singular quadric
section ψ ′ — two intersecting planes (only their intersecting line s′ is visualized
in the figure), of the one-sheet hyperboloidal cone Γ with the 3-space Σ′ through
the vertex V parallel to the 3-space Σ. The Ξ-slope line s′4 is parallel to s4 . The
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construction of the asymptotic lines u′3 and v3′ in the Ξ-trace of the 3-space Σ′ is
indicated. The vertex generators u and v are parallel to u′ and v ′ , respectively,
and so are their Ξ and Ω-images.

4.3.4

Conclusion

We have described regular quadric sections as cuts of four-dimensional cones
with 3-spaces both — analytically and synthetically. The visual aspect of synthetic constructions was of our major interest, while the analytic approach has
enlightened our reasoning. Admittedly, the method of cutting four-dimensional
cones has significant drawbacks — we need more kinds of cones, but after all,
we would not even be able to obtain all the real singular cases of quadrics. Algebraically speaking, from a four-dimensional cone with the rank of its matrix 4
in RP4 , we can derive at best only those three-dimensional quadrics of the rank 2
in RP3 . However, the graphic element, constructive creation and ability to grasp
the four-dimensional spatiality have overcome these issues. Of course, nowadays,
we mostly use computers to deal with graphics, and we can easily make projections of four-dimensional objects from their analytic representations. Nonetheless,
it seems that classical techniques of descriptive geometry may be invaluable for
visualization of the four-dimensional space.
Further issues There are many further directions to be taken from the presented method. First, we have touched singular quadric sections only slightly
throughout our constructions. In the constructions of ruled quadrics, we have
not really used their ”ruledness” and there may be significant simplifications for
their constructions. Also, other interesting properties may arise from such examination. The models of quadrics may be used for more detailed synthetic
derivation of their focal properties and a synthetic proof of generalized Dandelin’s theorem. Apart from four-dimensional cones, graphic models of other
four-dimensional quadrics are ready to be explored.
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Conclusion
Projective geometry was created by synthetic reasoning and synthetic methods
are still an essential part of the theory. We have shown how such reasoning with
the support of visualizations or interactive models can penetrate into different
areas. Particular topics were already concluded with related further thoughts,
and so, we only give a short survey.
To understand some theory, it is always useful to explore its roots. The
pioneers of projective geometry were dealing with measurements, infiniteness,
continuity, imaginarity, etc. We commented the original proof of Chasles’s theorem for non-developable ruled surfaces and highlighted the problematic parts,
which are or are not possible to correct within the (currently assumed pure) theory. Especially the infinite closeness bothered synthetic projective geometry for
a long time. Thus, we reproved the theorem in pure projective nature at first
for quadrics, and then, we generalized it for algebraic surfaces. The underlaying
problems of the naive era of projective geometry were in a great extent resolved
by von Staudt’s contribution, to which we gave a detailed description of the main
ideas.
The subject of projective geometry is nowadays usually approached either
axiomatically or analytically (algebraically). In contrast, we tried to refer to
interrelations of the classical synthetic, axiomatic and analytic constructions of
projective space, its objects and transformations, in the spirit of Richter-Gebert
[2011], Glaeser et al. [2016]. A brief theoretical introduction into projective geometry was given with accent to demonstrations and visualizations.
Synthetic methods of solving problems in projective geometry have been occasionally noted, and if, then mostly in texts on history of geometry. With further
details and examples, we explained the method of projection and the method of
selection of the improper hyperplane. Particularly the latter is connected with
our experience and intuitiveness in affine geometry, from which fundamental constructions of projective geometry were derived. Apart from other examples, we
gave an alternative proof of Pappus’s theorem and projective generalizations and
proofs of the Menelaus’s and Ceva’s theorem, and a construction of the pole of
a triangle. Applications of the methods were demonstrated on problems of elementary geometry — for example, on a novel synthetic proof of the characteristic
property of a point with respect to a parabola. The generality of von Staudt’s
system of elements was pointed out on the synthetic construction of the real
field with the use of an analytic representation of a model of a cow in computer
graphics.
A descriptive geometry method of four-dimensional visualization was introduced in details. A whole chapter was devoted to methodically develop elementary constructions. With 3D modeling software, we were able to synthetically
construct images of complex four-dimensional objects and examine their sections
and shadows. Connections with synthetic projective geometry were described in
a construction of the pole of plane with respect to a tetrahedron with respect to a
plane, in which we used the fourth dimension to derive the three-dimensional result. The same idea was applied to the classification of three-dimensional quadrics
as sections of four-dimensional cones and their respective constructions in the
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double orthogonal projection of the four-dimensional space onto two mutually
perpendicular three-dimensional spaces.
Throughout the thesis, we touched few kinds of geometric subjects, on most
of which whole books were or may be written. There are still many further
issues. At first, continuous work with the purification and revision of the golden
era of geometry in the 19th century. Further on, recent advances in computer
visualization allow us to widely incorporate synthetic reasoning, and so, classical
synthetic methods, translated into modern language, can be well incorporated.
On the top of that, we are able to automatize and involve laborious synthetic
methods and generalize them. With such a generalization, we have created a
synthetic framework — playground, in which we can build and examine objects
of the four-dimensional space without their analytic representation. Applications
of the method are possible not only in geometry, but in any field of science that
works with the four-dimensional imaging.
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du Cône avec un plan. 1639.
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Karel Havlı́ček. Cesty modernı́ matematiky. Horizont, Praha, 2nd edition, 1976.
David Hestenes and Renatus Ziegler. Projective geometry with clifford algebra.
Acta Applicandae Mathematica, 23(1):25–63, 1991. doi: 10.1007/BF00046919.
Charles Howard Hinton. The fourth dimension. S. Sonnenschein & Company,
Ltd. London, John Lane, New York, 1904.
Charles Howard Hinton and Rudolf von Bitter Rucker (ed.). Speculations on the
Fourth Dimension; Selected Writings of Charles H. Hinton. Dover Publications,
Inc, New York, 1980. ISBN 978-0486239163.
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A. Attachments
A.1

Interactive constructions

Supplementary GeoGebra constructions with the labels of corresponding figures are on the attached USB flash drive in the folder
/attachments/geogebraconstructions/
and
in
the
online
book
https://www.geogebra.org/m/k7hpk2zn. Instructions how to install GeoGebra
and run the files from the folder are on the official website [ggb]. The online
interactive book is accessible in common internet browsers, and no further
installation is needed. All the figures with GeoGebra constructions are referred
to the online book in captions.
The files are divided into two groups
Interactive model - the user can move the camera or free elements (usually
points, lines, sliders) of objects or mark check boxes and observe changes
of dependent elements.
Step-by-Step construction - the user is supposed to open View → Construction Protocol and play the construction of Breakpoints in the menu. The
final construction may be used as an interactive model, too.
Visibility of elements in constructions is for demonstration purposes (mostly in
3D constructions) adjusted to input settings. Thus, after manipulations, some
elements may disappear, and the user is asked to modify the visibility of elements
in the menu View → Algebra.
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A.2

The original proof of Chasles’s theorem

An excerpt from [Chasles, 1839].
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A.3

Chasles’s text on polarity

An excerpt from [Chasles, 1837].
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A.4

Von Staudt’s algebra of throws

An excerpt from [von Staudt, 1856].
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A.5

The real field with 3D models as its elements
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