FACULTY
OF MATHEMATICS
AND PHYSICS

Charles University

DOCTORAL THESIS

Daniel Cameron Campbell

Properties of mappings of finite
distortion

Department of Mathematical Analysis

Supervisor of the doctoral thesis: doc. RNDr. Stanislav Hencl, Ph.D.
Study programme: Mathematics

Study branch: Mathematical Analysis

Prague 2017



I declare that I carried out this doctoral thesis independently, and only with the
cited sources, literature and other professional sources.

I understand that my work relates to the rights and obligations under the Act
No. 121/2000 Sb., the Copyright Act, as amended, in particular the fact that the
Charles University has the right to conclude a license agreement on the use of
this work as a school work pursuant to Section 60 subsection 1 of the Copyright
Act.

In ... date ............ signature of the author



Title: Properties of mappings of finite distortion
Author: Daniel Cameron Campbell
Department: Department of Mathematical Analysis

Supervisor: doc. RNDr. Stanislav Hencl, Ph.D., Department of Mathematical
Analysis

Abstract: In the following thesis we will be mostly concerned with questions
related to the regularity of solutions to non-linear elasticity models in the calcu-
lus of variations. An important step in this is question is the approximation of
Sobolev homeomorphisms by diffeomorphisms. We refine an approximation result
from [10] which, for a given planar Sobolev (or Sobolev-Orlicz) homeomorphism,
constructs a diffeomorphism arbitrarily close to the original map in uniform con-
vergence and in terms of the Sobolev-Orlicz norm. Further we show, in dimension
4 or higher, that such an approximation result cannot hold in Sobolev spaces W1
where p is too small by constructing a sense-preserving homeomorphism with Ja-
cobian negative on a set of positive measure.

The class of mappings referred to as mappings of finite distortion have been
proposed as possible models for deformations of bodies in non-linear elasticity. In
this context a key property is their continuity. We show, by counter-example, the
surprising sharpness of the modulus of continuity with respect to the integrability
of the distortion function. Also we prove an optimal regularity result for the
inverse of a bi-Lipschitz Sobolev map in W*? and composition of Lipschitz maps
in W*P comparable with the classical inverse mapping theorem. As a consequence
we retrieve a Sobolev equivalent of the implicit function theorem.
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Outline

We start this thesis with an introduction explaining how each of the included
articles fits into the wider context of known results and ongoing work in the field.
The included articles are
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1. Introduction

In the following introduction we will discuss a variational model for elastic bod-
ies in non-linear elasticity and hyper-elastic materials. Our particular point of
interest in this are classes of mappings, in which the solution may lie and their
properties. We start with two domains in R™ which will represent an elastic body,
Q) the body in rest state and A the body under deformation. Our aim is to find
the map which describes the deformation of 2 onto A. We may require that our
map has prescribed boundary values from 0f2 onto A or simply that the image
of 0 is A with the boundary being mapped onto the boundary. We may then
ask in which class of mappings should we search for our solution. Our expecta-
tions of the model are that an elastic deformation does not break the body or
allow the formation of cracks or cavities. Moreover we impose the concept of
the non-interpenetration of matter. This leads us to expect the solution to be a
homeomorphism. There are a number of models whose solutions are known to
be homeomorphisms. Since our model will work with with spacial derivatives, we
will require that a candidate for the deformation belongs to some Sobolev space
making the class of Sobolev homeomorphisms of particular interest.

Our criteria for the deformation u will be to minimise an energy functional of
the type

I(u) = /QF(Vu)dx,

where one considers a homogenous body (thus F' does not depend on z) in free
space (thus alleviating the dependance on the functional values of u). Observation
and intuition suggest that whenever we deform the exterior of a body in a linear
manner that the deformation is also linear inside the body. In terms of the
calculus of variations this property of the functional I is known as quasi-convexity.
On the other hand it is also natural to expect that

F(A) — o0 as |A| — co and F(A) — co as det A — 07

with F'(A) = oo whenever det A < 0. The first property deals with stretching and
the second with squeezing of the body. It is the second of these properties that
prevents F' from having p-growth which would allow us to guarantee the existence
of a minimiser in the weak sequential closure of W? homeomorphisms by the
result of [I]. On the other hand we do not have a complete answer from the result
of [2] either as for this we need polyconvexity and we expect only quasiconvexity,
which is a weaker concept.

In a number of simplified cases however the above results give us the existence
of a solution. Under given conditions it can be deduced from the properties of
the functional that the minimiser is a homeomorphism. This however still leaves
us with the important question of the regularity of these minimisers. Since an
important tool in many regularity proofs is to test the solution against itself
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in the weak formulation of the related equation (or the variational formulation
itself) it is natural to try to apply this technique. Unfortunately the test may not
make sense unless we have enough a priori regularity of the solution. Therefore
we wish to test our solution against smooth maps approaching our solution and
then pass to the limit. Unless we test with a map admissible to our problem (i.e.
a homeomorphism) then the test may fail to have any relevance to our original
task. Thus we arrive at the well-known Ball-Evans problem of approximating a
Sobolev homeomorphism by diffeomorphisms in W1? N L.

The Ball-Evans problem is an important first step towards our final goal.
It satisfies our requirements for the test in the simplest case we may take the
p-harmonic energy

I(u) :/Q|Vu|pdx.

In many cases we will have much more complicated energy functionals and want
the approximation to be close to the original map not only in terms of the WP
norm but also in terms of this energy. However, for other functionals, we will be
interested in different distances, perhaps including also the inverse, for example
if

I(u) = /Q |\VulPdx + /A (Vutdy

then we would naturally approximate u in W and =1 in W14 simultaneously.
There are other, more complicated, energies for which we would be interested
in approximating other values simultaneously. Although the planar Ball-Evan’s
problem has been solved, with the exception of the W' —1¥/11 problem (see [19]),
the question of simultaneous approximation of the inverse, or approximation in
other more general energies, is open.

Approximating homeomorphisms with diffeomorphisms in uniform conver-
gence is a challenging question in itself and was thoroughly studied in the 20"
century. The interested reader can find a review of the over 60-year history of this
interesting problem in the introduction of [10]. In our case we require something
somewhat stronger (also convergence in terms of energy) but have the additional
advantage that our map is in the Sobolev space.

As of yet the question is still rather open. Known positive results are all
planar. The first result was in 2009 due to Mora-Corral [I5] in the case where
the homeomorphism is smooth outside a point. This was followed by the break-
through of Iwaniec, Kovalev and Onninen [12 [13] in 2011 where it was proven
that any planar homeomorphism in W'? 1 < p < oo, can be approximated in
WP N L. The approach relies on so-called p-harmonic replacement on refining
‘grids’. In 2011 Mora-Corral and Pratelli, [16], proved that a similar important
question of approximating by piecewise affine homeomorphisms is in fact equiv-
alent with approximating by diffeomorphisms. Using this result the remaining
open case of approximating 1! homeomorphisms in W! was solved in 2014 by



Hencl and Pratelli in [I0]. Their approach made use of a rather different tech-
nique combining analytical properties of planar homeomorphisms like Lebesgue
points and a.e. differentiability with an extension theorem which uses geodesic
filling. Following this it was proved by Radici [20] that the core extension theorem
extends also to the case WP enabling one to approximate a homeomorphism of
finite distortion also in W1* using the technique developed by Hencl and Pratelli.
The author further extends the technique in the included article in Chapter 4| to
approximate general (for example with J; = 0 a.e.) A, Orlicz-Sobolev homeomor-
phisms in their respective Orlicz-Sobolev space using the standard Luxembourg
norm. In a result by Pratelli [19] it was shown that, using (an adaption of) the
same approach, one can approximate a homeomorphism in W and its inverse
in W1! simultaneously. A further refinement by Pratelli and Radici is the result
in preparation that allows one to approximate also planar BV homeomorphisms
in area strict convergence along with the inverse.

One is naturally led to ask the question, whether the above techniques can
be generalised to higher dimension. It is known that even for boundary data
on a sphere uniformly approaching identity that the harmonic replacement may
fail to be injective in dimension higher than two. As of yet there is no known
generalisation of the Hencl-Pratelli geodesic filling theorem to higher dimension.
Thus the most critical question of dimension three is still widely open and requires
some new tools.

Further Iwaniec and Onninen [I4] prove an approximation result for the class
of WP 1 < p < oo, planar monotone mappings which, for p > 2, are exactly
the weak sequential closure of homeomorphisms in WP, This allows them to
apply the direct method and they further show that their model allows for col-
lapsing of matter, while maintaining a weaker invertibility condition. On the
other hand one would still be interested in a characterisation of the closure of
WP homeomorphisms for p < 2 and also in BV. As of yet this question is open.

A partial answer to the Ball-Evans approximation question is also known in
higher dimension. Assume that we have a homeomorphism « in WP whose
Jacobian changes sign; by which we mean that

L({J, < 0}) >0 and £({J, > 0}) > 0.

We claim that such a homeomorphism cannot be approximated by diffeomor-
phisms. Indeed assume that one has an approximating sequence of diffeomor-
phisms which are (without loss of generality) sense-preserving, as is . Then it is
well known that the Jacobian of these mappings cannot change sign, in fact they
are strictly positive. Now, from the convergence in WW1?, we have the convergence
of the derivatives (at least for a subsequence) point-wise almost everywhere, es-
pecially almost everywhere in {J, < 0}. But the limit of positive functions is
non-negative and J, is negative on this set (of positive measure). Thus we ar-
rive simply at a contradiction. Such a mapping provides a satisfactory answer



to the Ball-Evans problem as stated. On the other hand if F' heavily penalises
small and non-positive values of the determinant one may restrict ones interest
to homeomorphisms of positive Jacobian. We conjecture that there exists a WP
mapping equal to (z1,xs,...,2,) — (—x1,22,...,x,) on the boundary of the
unit cube but with positive Jacobian almost everywhere. Any diffeomorphism
approximating this homeomorphism would have negative Jacobian everywhere
because the topological degree of the image is —1. As of yet no such map has
been constructed and this question remains open.

Moreover the question of the sign of the Jacobian of a homeomorphism, which
we attribute to Hajlasz, is one of interest in itself. The reason for this is that
the Jacobian carries important analytical information about a mapping and is
often used for proving topological results, for example continuity, openness and
discreteness of mappings of finite distortion. Under sufficient regularity the sign
of the Jacobian closely corresponds to the degree of a map, not only in the smooth
case but also in the grand Sobolev space W™ . Further, amongst many other
applications, the Jacobian plays an essential role in change of variable formulas
deriving from the area-coarea formula.

It was previously known (see [9]) that the sign of the Jacobian of a homeo-
morphism u € WP with p > [n/2] (here [n/2] is the lower integer part of the
number n/2) cannot change sign. It has been conjectured by Hajtasz that this
result can be improved to include also the border-line case. This question became
much more interesting recently when, surprisingly, it was proven that p = [n/2]
is in fact the border-line case for the stability of the sign of the Jacobian of a
homeomorphism.

The first construction of a Sobolev homeomorphism in [I1] with Jacobian
changing sign is due to Hencl and Vejnar and belongs to W', By careful refine-
ment and extension of the ideas used there the author together with Hencl and
Tengvall constructed, for any 1 < p < [n/2] a homeomorphism in W'? whose
Jacobian changes sign and the construction can be found in the article reprinted
in Chapter [f] This paper also identified a gap in the argument of Hencl and
Vejnar and fixes it.

The class of mappings of finite distortion have also been proposed as model
deformations of elastic bodies. In fact it is known that any sufficiently regular
bi-Sobolev homeomorphism is a mapping of finite distortion and a W' mapping
of finite distortion with K € LP, p > n — 1 and homeomorphic boundary values
is a homeomorphism (see [§]). We include an example proving that an estimate
of the modulus of continuity dependent on the integrability of the distortion is
sharp. This essentially tells us, under given information on distortion of a map,
how much it possibly stretches the material. This result is included in Chapter [2|

Further we include in Chapter |3| a result, which generalises the classical and
well known inverse mapping theorem and implicit function theorems to the con-
text of bi-Lipschitz mappings in W*?. We prove that the inverse of a bi-Lipschitz



mapping in W*? is also in W*P for all k € N and p > 1. We further prove that
the composition of a Lipschitz W*? Sobolev mapping with a bi-Lipschitz W
mapping is a WP mapping and the product of two Lipschitz W*? mappings are
also W¥*P maps. A Sobolev version of the implicit function theorem is also proved
here.
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Abstract. We construct a mapping with exponentially integrable distortion which attains a
modulus of continuity by Onninen and Zhong, showing that it is sharp.

1. Introduction

Let Q@ € R", n > 2, be a connected and open set. A Sobolev mapping f €
W (€, R™) is said to have finite distortion if the Jacobian J;(z), i.e., the determinant
of the matrix of derivatives Df(x) is locally integrable and there is a measurable

function K (x) > 1 finite almost everywhere such that
|IDf(zx)|" < K(x)Js(z) ae x €.

Here we have used the operator norm of the differential matrix with respect to the
Euclidean distance.

If we, moreover, require that K(x) € L*>(Q2), we arrive at mappings of bounded
distortion also called quasiregular mappings. In [7] Reshetnyak proved among many
other things that quasiregular mappings are Holder continuous with the exponent
1/K, where K is the L* norm of the distortion. It has been shown recently that
mappings of finite distortion with exponentially integrable distortion

exp(\K (7)) € LY(Q)

share many nice properties of mappings of bounded distortion. We would like to point
the reader’s attention to the monographs [1] and [3] for the motivation, applications
and the history of the subject.

Our aim is to study the modulus of continuity of the mappings of finite distortion
with exp(AK) € L'(Q2). Let us first recall the history of such estimates. First, it was
shown by Iwaniec, Koskela and Onninen [2| that mappings in this class are continuous
and satisfy o

) = 0 S oo s
This was later improved by Koskela and Onninen [5] to

C
[f(@) = f(y)] < log™™=(1/]z — y|)

doi:10.5186/aasfm.2011.3633
2010 Mathematics Subject Classification: Primary 30C65, 46E35.
Key words: Mapping of finite distortion, modulus of continuity.
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and finally using very delicate arguments it has been shown by Onninen and Zhong
[6] that

C
og"(1/|z —yl)

Extremal mappings for continuity of mappings of finite distortion are usually
radial maps and therefore the natural candidate for the extremal map is

x 1
folz) = —w————.
] Log™'"(1/])
Standard computations (see (2.2) below) give us
1

n

(1.1) [f(z) = f(y)] =

and hence
1

/ ) exp(AK(JJ))dw:/ L T = oo
B(0,3) B0,}) ]

This elementary computation suggests that there is some room for improvement in the
estimate (1.1) and maybe we can add some supplementary term like loglog1/|x — y|
to some negative power to our estimate. We show that, surprisingly, this is not the
case and the modulus of continuity (1.1) is already sharp.

Theorem 1.1. Given A > 0, there is a mapping of finite distortion f: B(0, %) —
R™ such that

/ exp(AK (x)) dz < o0
B(O’i)
and

c 1

There have also been studies on mappings of subexponentially integrable distor-
tion (see e.g. [4]). One requires that

(1.2) /Bexp(ﬁf’(K(x))) dr < 00

for some Orlicz function & and the above mentioned example corresponds to the
case o/ (t) = Xt. We call an infinitely differentiable and strictly increasing function
o [0,00) — [0,00) with 27(0) = 0 and lim;_,,, &7 (t) = 0o an Orlicz function. As
usual we impose additional condition

(1.3) /loow—oo

S

It is easy to see that the critical functions for this condition are

t
() = M o (t) = \m—m——
() = At 2(t) )\log(eth)’

t
=\
log(e + ) log(e + log(e + t))

(1.4)
s (t)

and so on.
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We will also require that

(1) Jto>0Vt>t, o ‘(nt) <t

(i) &/'(t) is non-increasing,
(15) (iii) b'(t) is non-increasing for b(t) := _t
o (t)
(iv)  b(0) := lim b(¢) is finite and positive.

t—0+
Let us note that the critical functions from (1.4) satisfy these conditions and there-
fore these assumptions are not substantially restrictive. It has been shown in [4]
that a mapping f is continuous under the assumptions (1.2) and (1.3) and that the
assumption (1.3) is sharp.
It was proved in [6] that under the assumptions (1.2) and (1.3) we have
)~ 1) < Cep(~ [ )
— < Cexp(—
lz—y| t&f‘l(n log C/t)

for |x—y/| sufficiently small and B(z,80R) C . Note further that if we put <7 (t) = At

we arrive at the modulus given in (1.1). Our result shows the sharpness of this
estimate.

Theorem 1.2. Suppose that an Orlicz function <f satisfies (1.3) and (1.5). Then
there is a ball B :== B(0,r) and a mapping of finite distortion f: B — R™ such that

/Bexp(%(K(m))) dr < 0o

te/=Y(nlog1/t)

(1.6) |f(x) — £(0)] ZCeXp<—/ ) for all z € B.

|z|
2. Proofs of the theorems

To prove Theorem 1.1 we simply set
z (log1/|x|)®ei/mT
2] log™(1/|x)
where a > 0. The additional term clearly satisfies

lim (log 1/|z|)@1/m = 1

|z|—0

and thus the modulus of continuity of our f is exactly as required in (1.1). On
the other hand, the additional term slightly affects the distortion and the standard
computation (see the general case below for details) will give us
n 1 n’a 1
K(x) ~ —log — — —loglog —
() ~  log o] e oslos
and hence
/ . exp(AK (x)) dz < o0
B(O’i)

for sufficiently large a.
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To prove Theorem 1.2, let us put B := B(0,min{exp(—ty),e °}) and choose
a > b(0)"'n~2 Without loss of generality we can assume that ¢, is big enough such
that

5 1 t?
2.1 t2 < ————— for all t >t
21) 2<a(a+1)logt oral L >t
We define the function f as,
fle) = e (- /; : dt) (log || )57 for @ #0
T) = —ex —_—— og |z o |= or x .
o] P o] /"1 (nlog 1) ¢

Note that

lim (log ||~ 1)los\wl "' = lim exp
|z|—0 |z|—0

((a +2) log log |x|1) _,
log ||~ o
which easily gives that f satisfies the condition given in (1.6).

Let p: (0,00) — (0,00) be a strictly monotone, differentiable function and let us
consider the mapping

f(z) = ,";—|p

It can be verified by an elementary computation (see e.g. |1, Chapter 2.6.]) that

(lz), 2 #0.

Ds@)] = max{ 2L e}, and e

e el Gl
K(e) = max{ S

It follows that for our mapping we obtain

D ()] = L& )|max{1,(£{_1( L +<a+2)loglog2|x|—1_1)}.

] nlog |z[~") log™ ||~

(2.2)

Clearly,
¥
250 (42%1(n log |z|~1)

and therefore the greater element is the first one. From (1.5) (i) and (2.1) we obtain

1 loglog |z|™! — 1)

+ (a+2) Tog? [2] =0,

1 t?
A nt) <t? < ———— forall t >t
(nt) ala+1)logt ora 0

This, however, implies that

o/~ (nt)logt

ala+1) v <1 for all t > to.

Now, by multiplying both sides by % and by substituting ¢ = log |z7!| we

get that

log 1 -1 log1 —1y2
d‘l(nlog ]m]‘l)—Og 0g || ala+1) (M_l(nlog ]x]_l)—Og 0g || >

log? || ! log? ||~
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for all z € B. Using this fact and because loglog |z|~! > 1 for all z € B, we deduce
that

1
loglog |z|—1—1
e =)
o~ (nlog |x|™)
T 14 (a+ 1)/ (nlog x| 1) kel

log* || ~1

K(z) =

log log |z|~!

< szf_l(nlog\asl_l)(l — ad/ Y(nlog |z ™) ) — K(2).

log? ||~
Note that
o (nlog|z| ™)

nlog |z|~t

. 2
(2.3) @ (nlog|z|™) — K(x) = omQ( ) log log || ™.

By (1.5) (iii) we obtain that
b(s) = b(0) = b'(§)s = V'(s)s

and therefore

(2.4) d'(s)(%f - W@?(s) > b(0).

From (1.5) (ii) we know that </’(¢) is a non-increasing function and hence
(2.5) A(a—d)=d(a) — F'(€)d < o (a) — " (a)d

for some ¢ € (a — d,a). We now use (2.5) putting
. 1 . 1 ~
a:= o (nlog—), d:=o (nlog—)—K(w)
|z |z

using (2.3) and then (2.4) (where we put s := & !(nlog|z|™!)) to get that

o (K(z)) < o (K(z))
< o ( (nlog|z|™)) — &' (& (nlog|z|™)) [d‘l(nlog |lz|71) — [N((x)]

o~ H(nlog|z|™")
nlog |z|~!

2
< nloglz|™" — an’o’ (&' (nlog |x|71))( ) log log || ™"
< nlog|z|™" — b(0)an®loglog |z|*.

But this, for a > b(0)"'n"2, yields

1 1
exp (n log m — b(0)an?log log m) dx

1
<
_/B\a:\"logb(o)aﬁldx<oo' O

||

/B exp(et (K (2))) dz < /

B
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Abstract. We prove that if a bilipschitz mapping f is in W,"2”(R",R"™) then the in-
verse f~!is also a I/Vfonc’p class mapping. Further we prove that the class of bilipschitz
mappings belonging to VVlz)"C’p (R™ R™) is closed with respect to composition and mul-
tiplication without any restrictions on m,p > 1. These results can be easily extended
to smooth n-dimensional Riemannian manifolds and further we prove a form of the
implicit function theorem for Sobolev mappings.
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1. Introduction

It is well known that for a mapping of R™ to R"™, which is of class C™ and
has positive Jacobian at some point x we can find neighbourhoods of x and
f(x) such that the restriction of f is a C™ class diffeomorphism of the two
neighbourhoods. Building on [7] and [9], we ask if this result can be extended
to classes of Sobolev mappings.

Since the seminal paper of Arnold [2] a variety of techniques have been
applied to hydrodynamics and other partial differential equations using certain
properties of the spaces of Sobolev diffeomorphisms on smooth Riemannian
manifolds. We refer the reader to [9] for more detailed motivation and applica-
tions.

In [9] the authors considered the regularity of the inverse of a Sobolev
diffeomorphism and the composition of a Sobolev mapping in W*t™2(R" R")
with a mapping pertaining to a certain class of VV{ZCQ Sobolev C! diffeomorphisms,
s € R. Our result is a generalization of the above, in that we remove the
condition s > n/2+1 completely and consider p € [1, co| arbitrary. We also relax
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the condition that f needs to be a diffeomorphism and require only bilipschitz
regularity. Our result is also an extension of that proved in [7, Theorem 1.3],
where it was assumed that m = 2. Our main result is as follows.

Theorem 1.1. Let Q,Q C R"™ be open. Let m € N, p € [1,00] and f : Q —
Y = f(Q) be such that

£ € WP(Q,R"™) N Bilip, (2, R™).

loc

Then
e WP (Y, R™).

loc

Further, if D™f € BVioe(Q,R"™ ) then D™ f~1 € BV oo (Y, R*™ ).

The counterexamples given in [7] (see also Remark 3.5) show that the bilip-
schitz condition is vital to guarantee that the inverse is Sobolev or BV, i.e. the
result may fail if f is not Lipschitz and it may fail if f~! is not Lipschitz. For
the definition of bilipschitz mappings, Bilip,,.(2, R"), see the preliminaries. It
is not difficult to check that the Sobolev imbedding theorem gives that if r € N
is such that r < m — % then f and f~! are C" mappings.

In [9] the authors pose the question whether the composition of two diffeo-
morphisms in W*?(M, M), fog, isa W**(M, M) map, s € N,s > &. We prove
this is true for W »"(R™, R™) mappings if the interior function is bilipschitz and
the exterior Lipschitz. Our result places no constraint on m, p other than m € N
and p € [1,00]. Note that previous results about the regularity of the composi-
tion (see e.g. [3] and [12]) usually assume that all lower order derivatives of f
are bounded which is not necessary if we moreover assume that ¢ is bilipschitz.
The results from [9] are extended also for fractional order Sobolev spaces. We
have not pursued this direction but we don’t see any obstacles in doing so. Our
result is as follows.

Theorem 1.2. Let Q,Q C R"™ be open. Let m € N, p € [1,00] and g : Q@ —
O = f(Q) be such that

g9 € Wie"(Q,R") N Bilip, (2, R"), f € WP(Y,R") n WH(Q,R").

oc loc
Then
foge Wl (QR").

Again this result may fail if g~! is not Lipschitz and it may fail if f is not

Lipschitz even for bilipschitz g - see Remark 3.4. We also prove the following
result about the product of two functions in the class considered above.

Theorem 1.3. Let Q, C R™ be open. Let m € N, p € [1,00] and
f7 g€ WQP(Q) N Liploc(Q)'

Then
fg € WiilP(Q) N Lipyoe(92).
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It is not difficult to check that the Sobolev imbedding theorem gives that if
r € N is such that r < m — % then g o f and fg are C" mappings.

Let us give the brief idea of our proof of the main result Theorem 1.1. By
twice differentiation D?(f o f=') = D?(id) = 0 we obtain the identity

D*fHy) =—=Df y)D*f(f () Df " (y)Df(y),

see Preliminaries for the interpretation of the higher order derivatives. Using the
Leibnitz rule and the chain rule we derive this identity further and we express
D*f~1 as a product of lower order derivatives of f and f~'. We estimate the
integrability of the lower order terms using induction and the famous Gagliardo-
Nirenberg interpolation inequality. Simple use of the Holder’s inequality gives
our final claim. Let us note that the simple use of the Sobolev embedding the-
orem would not be sufficient to prove the claim without some extra assumption
on the lower order derivatives. Fortunately the Gagliardo-Nirenberg interpo-
lation inequality gives us a better integrability of the lower order terms which
gives us exactly the desired result.

It is not difficult to show that similar results hold on smooth n-dimensional
Riemannian manifolds. In Sections 4 we show that it is enough to apply our
Euclidean result for the composition with reference maps. Finally in Section
5 we prove a variant of the Implicit Mapping Theorem for Sobolev mappings
using our Inverse Mapping Theorem 1.1.

2. Preliminaries

2.1. Results on Sobolev Functions. We start by defining locally bilipschitz
mappings.

Definition 2.1. Let  C R" be open and u : Q — R<. The space Bilip,,. (2, R?)
is the class of mappings u : 0 — R? such that for all 2, € € there exists some
0 >0 and Cy,Cy > 0, such that for all x,2" € QN B(zo,d) it holds that

Chlz — 2’| < |u(z) —u(z")] < Colz — 2/
For the following Theorem see [1, Theorem 3.16 and Corollary 3.19]:

Theorem 2.2. Let 9,9 C R" be open. Let u : Q — R Suppose that
F:Q— Q' = F(Q) is Lipschitz and a homeomorphism.

1. If u € BViee(,RY) then uo F~1 € BV, (Y, RY).

2. Ifu e WhH(Q,RY) and F~' is Lipschitz, then uo F~' € WL Q' RY) and

loc loc

Duo F(y) = Du(F*(y))DF*(y) for almost all y € €.
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We will refer to the following lemma as the product rule or the Leibnitz
rule.

Lemma 2.3. Let Q C R™ be open and f,g € W' (Q,RY). Suppose that

loc
fDg,gDf € Li, (2, RY).
Then
D(f(z)g(x)) = g(x)Df(x)+ f(x)Dg(x) for almost all x € €.

Similarly we can prove the formula for differentiation of three or more terms
under the assumption that all summands are integrable.

Proof. By considering the component functions we may assume that d = 1. We
approximate the functions by truncation. Our truncated functions belong to
W Q)N L>(Q) and here we can use the standard convolution approximations
to get our result for the truncated functions. The function C(|gDf|+ |fDygl) is
integrable and dominates the derivative of our truncation approximations. This

however gives us the desired equality almost everywhere. O]

The following theorem [7, Theorem 1.3] will be a start for our induction
process.

Theorem 2.4. Let 2,9 C R™ be open, p > 1 and suppose that f : Q — Q' is
a bilipschitz mapping. If Df € I/Vllo’p(Q, R"Z), then Df~t € VVI})’p(Q’, R"™).

C C

The Sobolev Embedding Theorem is well known.

Theorem 2.5. Let Q) C R™ be open and fnzpave a Lipschitz boundary. Further let
p€[l,n) and f € W'P(Q). Then f € L»—+#(Q) and moreover

171, 22, g < ellF .

Further if f € WEP(Q) and kp < n then for every i € {0,,....,k — 1} we
have f € WPi(Q) where p; = %. If f € WhP(Q) for some p > n then
f € L®(). This also holds for mappings with values in RY.

The following theorem is referred to as the Gagliardo-Nirenberg interpola-
tion inequality and is a result of [13].

Theorem 2.6. Let u : R* — R, ¢,r € [, 0] and k € N. Further let j €
{1,...,k}, pe[l,00) and o € [%,1] be such that

1 1 ky l1-«
ARG
P n T n q

Then w € LI(R™) and |D*u| € L"(R™) implies that |Diu| € LP(R™) and this
embedding is continuous.
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Let us now prove that this result can be extended as follows.

Theorem 2.7. Let u : R* — R and ¢ € [1, 0] and k € N. Further let
je{l,....k—1}, pe[l,00) and a € [£,1] be such that

1 ky | 1-
~ = )+ —=

A:—+a@—f
p n n q

Then u € LY(R™) and D*'u € BV(R") implies that |Diu| € LP(R™).

Sketch of the proof. For f, the convolution approximations of f, it holds that
fr € W™R") and we may apply Theorem 2.6. Since ||fx|l, < ||f]|, and
1D fillr < ||D™f]|1 (where ||D™ f||; signifies the total variation) we have that
D7 f,. is a bounded sequence and by moving if necessary to a subsequence we
find for every (a1,...,a;) € {1,...,n} a w,,,. q € LP(R") such that for any

-----

This however implies that Dy, . 4 f = Wa;, .01 € LPi(R™). O
We will use the so called ACL classification of Sobolev mappings.

Theorem 2.8. Let QO C R"™ be open and let f € W'P(Q) then there exists a
representative f of f such that f s absolutely continuous on almost all lines
parallel to each of the coordinate axes. Further the classical partial derivatives
off equal the weak derivatives of f almost everywhere.

It is not difficult to use the previous theorem recurrently to see that if f €
WkP(Q) then there exists a representative of f such that for all 1 < j <k —1,
the derivative D’ f is absolutely continuous on almost all lines parallel to the
coordinate axis. Further the classical partial derivatives of our representative
equal the weak derivatives of f almost everywhere.

2.2. Representation of Higher Order Derivatives. During the course of
this work we will need to represent and work with higher order derivatives. We
refer the reader to [11] for more information about multi-linear algebra which
could be used to represent our higher-order derivatives.
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To shorten our notation D;, i € {1,2,...,n}, will denote the weak deriva-
tive in the direction of the i-th canonic basis vector. Given a finite sequence
ap,az,...,am € {1,2,...,n} we define the symbol

Der..nar f(@) = Do ( . (Day (Day f(2))) .. )

We will use the following notation for the components of a mapping f :
R" — R™, f(x) = (fY(x), f3(x),..., f*(x)). This notation will be useful as in
the chain rule we will always sum over indices, one of which is a superscript and
the other a subscript. This corresponds to common practice in tensor notation.

Given some f € I/V{O"Cl(Q R™) we can define the symbol D™ f as the map-
ping from {1,2,...,n}™ — LY(Q,R") such that technically speaking for a; €
{1,2,...,n} we have

Dmf(ab"-vam): Qs 7a1f D, ( "Daz(Dalf))"')v

but we will write

Dmf: (Dam ,,,,, alf

It therefore follows that for f € W% (Q,R") we can identify D™ f with an

element of the set L. (Q,R"" ). It is an easy result of the definition of the
weak derivative that the order of partial derivatives is interchangeable, i.e.

Dam 77777 alf Daﬂ'(m) aaaaa a’ﬂ'(l)f

for any m € S, the symmetric group. It suffices to take the definition of the
weak derivatives, where in the integral we can change the order of derivatives
on the test function as it is smooth. Thus our derivatives D’ f are symmetric.

We shall now expound the iterated chain rule, which is a result of repeatedly
using the chain rule and the products rule, for a pair of smooth mappings f
and g. We will later prove that the same holds for Sobolev mappings given g is
bilipschitz.

Let f and g be smooth. Clearly

D(fog)(z) = Df(g(x))Dg(x)

where the multiplication above is standard matrix multiplication. Now apply
D again and use the products rule. We get

) a,....,am€{1,2,....,n}

D;i(f o g)(x) = > Diiflg(x))(Dig(x))" (D T+ Z Dif(x)(Di9(x))".

k=1

This can be symbolically rewritten as

D*(f o g)(z) = D*f(g(x))Dg(x) Dg(x) + D f(x) D*g(x), (1)
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where we expand the concept of matrix multiplication as follows: in the first
term we sum over {1,2,...,n}? all second partials of f and the components
of the two Dg terms and over {1,2,...,n}, the first partials of f and the
components of D?¢ in the second term.

Notice that if we make the following definition of IC,, with m € N

K = {(ko,...,km)6{0,1,...,m}m+1 (ko> 1) &

we may write the above as follows

D*(fog)(x)=>_ D" f(g(x)) HD’“"Q(SU)-

keka

We will now prove the following equality for all m € N by induction

D"(fog)(z)= ) Dk“f(g(l’))HDkig(x)a (2)

keEKXm ,XEXk

where we define X below. Here ky corresponds to the order of derivative of
f and other k; correspond to the derivatives of g. Note that the definition of
K, gives us > | k; = m since in each step we differentiate some term with g
once more and also k; = 0,7 > kg since after deriving f ko times we have at
most ko terms with g. In fact, for given numbers {k;}*, there is a number of
permissible permutations (orderings in which the derivatives may be applied),
which we will denote as X}, for some k € K,,,. This corresponds to the fact that
each term D* f(g(x)) [[52, D¥g(x) is multiplied by some fixed natural number
# X

It is no problem for us to work with the identity (2) and with its inter-
pretation. In our proof we will deduce the integrability of each term in the
product D* f(g(z)) fil D¥ig(x) and then we will apply the Holder inequality.
Therefore we do not need to care which component is multiplied with which
component of the next term. We have finitely many terms and each of them
can be estimated in the same way:.

For our component-wise notation we will need to take a finite sequence in

{1,2,...,n} and apply each corresponding derivative to one of our factors. We
define

Xk:{X:{l,...,m}—>{1,...,ko}; £15:x(G) =i} = ks

min{j§m:x(j)zi+l}>min{jgmzx(j):z’}:1§i§m—1}.
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We carry on to define b; by denoting

b; = ay,
where [ is the j-th index which is mapped to i by x i.e. x(I) =i and #{x(0) =
i:0<l}=j—1. Assume that the following holds for all m < m

ko

Da,,....ai Z Z Z Dy .0 f (9(z ))H(Db}ci ..... bgg(x))b?-

ke xeXi bO b20:1 i=1
(3)

Let us now differentiate the equation above, where m = 7 —1, by applying D, ..
We apply the Leibnitz rule (product rule) repeatedly and when differentiating
v0f(g9(x)) we also use the chain rule and get

-----

k”

Da,,..ar(fog)(z) =

ZZ DS Dy ,bof<<>>H<Dbzi ..... 9 - (Day g(2))i+

j=1 k€K x€Xi 1Y,..., bg =1 i=1

Y 12y
SYY Y goafee) I Dnsee) 0, o).
i=1 k€K x€Xk 19,..., bgozl ie{1,..ko}\ {3} i

(4)
We can express this equation using the same notation as in (3). To prove this
consider two terms in the above sums, firstly where ky = s, secondly where
ko = s+ 1 and add the first line of (4) for ky = s and the second line of (4) for
ko = s+ 1. Putting M = {k € Ky, : ko = s+ 1} we get

ko

0

E E § Db ..... w0 f 9(37)>H(Dbk, g )%,
keM x€Xr 19,..., b20:1 i=1

Summing this over s gives our desired result.
It will be very useful to be able to express the above in some more concise
way, therefore we will introduce the following convention. We will shorten

Do) = 3 5 30 Dy f(9@) [T(Dy _sg(@)™ (5)

keKm x€Xi 1Y,.. ’bgo i=1

by realizing that the order of the derivative of f (i.e. ko) is the same as the
number of Dg factors and we sum over the derivative indices of f and component
indices of Dg-type terms as above, writing only

D"fog(x)= > D"f(y( HDk (6)

kEXm,xEXk



The weak inverse mapping theorem 309

where the previous equalities hold at all points = where f o g is defined. As
previously mentioned we will extend this result for bilipschitz Sobolev mappings
in sections 3 and 4.

3. Regularity of the Inverse

Recall that if we have some mapping h : R® — R!, we denote the components

of h as h(x) = (h*(z), h?*(x),..., hi(x)).
Lemma 3.1. Let Q,Q C R"™ be open. Let [ : Q — Q' = f(Q) be a bilipschitz
mapping such that f € I/Vlicl(Q R"). Then f~' € VV@;(Q’ R™) and
k
<Dj,if71(y)> =

— 33 (0 w) (Punst W) (0 w)" (07 0) "
=1 l1,la=1 (7)

which may also be written as

D*f~Hy) = —=Df (y)D*f(f ' ())Df (w)Df ' (y) (8)
for almost all y € €Y.

Remark 3.2. In the above lemma, the left-most factor on the right hand side
of (8) is the matrix D f~!(y). The reason for this is that it then corresponds to
standard composition (multiplication) of matrices. Notice however that in (7)
the order of the factors is irrelevant given we sum the correct upper and lower
indices.

Proof of Lemma 3.1. First let us note that f~1 € VVI2 1(9’ R™) is a direct result
of Theorem 2.4. Clearly we have almost everywhere that

0= D(I) = D*(id) = D*(fo f7') = D(D(f o f 7))

where [ is the (n x n) identity matrix and id the identity mapping on R™. Now
we can use Theorem 2.2 on fo f~! as f is bilipschitz. Therefore we get

(;Dh )(Dif " (y))' )

foralli,j € {1,2,...,n} and for almost ally € . As Df(f'),Df~' € L>=(Q)
and f, f~! are of Sobolev type I/Vlicl it is easy to see that we will have no trouble
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in applying the product rule, Lemma 2.3. Deriving again, using the product
rule and then Theorem 2.2 on Df(f™!), we get,

0= Z Dy f(F ) (Dif 1)) (D M)+

l,lo=1

+ Z Duf () (D3af )

Notice that thanks to the Lipschitz qualities of f and f~! we have Df~1(y) =

(Df( f‘l(y)))fl almost everywhere in terms of the inverse of matrices. We
apply Df~!(y) (matrix multiplication from the left) to get

-3 % (07 ®) (Daa £ @)) (D)) (D7)

=1 l,lo=1

+ (Dj,ifil(y)) '

for all components k € {1,2,...,n} and for almost all y € 0. O
Lemma 3.3. Let Q2,9 C R"™ be open. Let f: Q — Q' = f(Q) be a bilipschitz
mapping such that f € VV1 P(Q,R"™). Then

(DD F(F)] € Lioe(SY)
and for all k-tuples ay, aq,...ar € {1,2,...,n} we have

Da(Day_yar f(f ZDMM o @) (Do f M)

Proof. Clearly Dy, | o f € WP (Q R"™) and therefore belongs also to the
Sobolev space W (€, R™). Since f~' is bilipschitz, Theorem 2.2 implies that

loc
the weak derivative of D,, | ., f(f7*(+)) exists and since as f~! is a bilipschitz

change of variables we have D,, | _..f(f7'(:)) € VVI1 P(Q,R™). From Theorem
2.2 we get

Do, (Day_y,ar f(f ZDz arrar L) (Do f 1)) (9)

for almost all y € €', Since |Df~!] € L>(Q) we get
[IDDMF(FHON)] € Lie().

By applying (9) to all (a1,...ax_1) € {1,2,...,n}*"1 we get that by our con-
vention, described between (5) and (6), that we may write

DD F(f7Hy)) = D F(F ()P (y)  for almost all y € 2.
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Proof of Theorem 1.1. Consider the case m = 1. Our claim is trivial as f is
bilipschitz. For the case m = 2 Theorem 2.4 gives our result. Our proof will
continue by induction. We continue to prove the case m = 3 explicitly to aid
the comprehension of the reader.

Firstly, we know by Lemma 3.1 that (7) holds. We differentiate (7) ac-
cording to Theorem 2.2, Lemma 3.3 and Lemma 2.3, initially formally, and will
afterward verify the assumptions. Thus,

Daa,az,ln fﬁl(y) =

D, ( S Dt ) Pun )" (Do ()" (Da2f1(y))l2>

lo,l1,l2=1

z Dayiof W) (Diyis F(F 7)) (D )" (D f ()

lo,l1,l2=1

+ > Dl W) Draa S )"

lo,l1,l2,l3=1

 (Dar 7Y W) (D f (%)) (Do S ()"

+ Z Dlo Dlz l1f(f 1(y)))lU(Da3,a1f_1(y))ll (Dazf_1<y))l2

lo,l1, l2 1

- Z Dio /™ W) (Do S S H))) " (D )" (Do f (),

lo,l1,l2=1

which can be summarized, according to our convention, by omitting indices as
follows

D f M y) =D’ (y)D*F(f ())Df " (y)Df " (y)
+Df ) DPF(F ) D y) D y) D (y)
+Df D f(fHy) D (y) DS 1(y)
+Df ) D*f(fH(y))DfHy)D* fH(y).

We want to prove that the norms of the objects on the right hand side are
LY () functions. The second term is trivial as the point-wise norms |D f~*(y)|
are uniformly bounded almost everywhere (remember f~! € W1(Q)', R")) and
by our hypothesis |D?f| € Lt (Q) and the f~!-bilipschitz change of variables
does not effect this.

We know by Theorem 2.4 that if |D?f| € LL_(Q) then |D?f~! € LL ().
The first and the last two terms are essentially the same. We have two bounded

factors of | D f~!| and two factors with the same integrability as |D?f|. We now
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apply Theorem 2.6 by choosing i € {1,2,...,n} and taking u = D;f, r = p,
q = 00, k:—2 j=1, oz—fandget
D] € 12

loc

().

Hereby we get that each of the three terms in question are in L} (€') because
clearly m = p. This both proves that we can use the chain and product
rule (see Lemma 2.3) and thus D?f~! € LP (€), which was our claim.

We now continue to the induction step, where we consider m > 4 and
assume that |D*f| € LL _(Q) implies |[D*f~1| € L (') for 1 <k <m —1 and
any ¢ € [1,00]. We take the equation (7) and differentiate it (m — 2)-times,
again initially formally and verifying the hypothesis later. The differences here
compared to the preliminaries D™ (f o g) derivatives are as follows. Instead of
equation (1) we start with equation (8) and we proceed similarly with the help
of Theorem 2.2. We have an extra D f~! factor, whose derivatives are summed
with the components of the D f factor, and therefore we adjust the set C,, to

the set K], as follows
IC;n = {(ko, ey km+1) S {0, 1, o ,m}m+2 :

(ho>2) & (ki=0&i>k+1) & (Zki:erl)}.

We take the extra D f~* factor to correspond to the index 1. The set of orderings
Y, will also differ slightly from X} as follows,

Yiox:{l,....m} = {1,... k + 1}
min{jﬁm:x(j):2+1}>mm{]<m x(7) =1} for all 2 <@ < kg
#{j:x() =i} =k forall 2 <i<ky+1
#{ i x() =1 =k -1

Deriving according to Lemma 2.3 and Lemma 3.3 analogously as we did in (5)
and (6) we get by Theorem 2.2

lo+1
D" fMy)= > DRMf(f H DF f=1(y) for almost all y € 0.
keK!, x€Yk
(10)
The calculations are almost identical to those leading up to (4) and so we omit
the details.
Clearly k; <m — 1 for all 4 > 1 and thereby our induction hypothesis tells
us that
DFf] € LL(Q) = [DF 7] € L () (11)
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forall 1 <i < ko+ 1 and any g € [1,00]. We take the norms of the derivatives
from (10) and estimate their integrability. We have (ko + 1) factors, which are
in the spaces LV (©),i = 0,1,...,ko. We use (11), boundedness of the first
order derivatives and Theorem 2.6 (with u = D, f for o € {1,2,...,n}, r = p,
j=ki—1,k=m—1and a= K1) to get that the product in (10) is in the
Lebesgue space LIOC(Q’ ) where

1 L1
¢ =
1 k-1 k-11 m-1_ k-1

Di n m—1"p n  p(m—1) (12)

pm—1)  pm-1 p

Hence ¢ = p. This implies that the norm of the expression in (10) is in L ()
and therefore our use of the chain rule and the products rule is correct (see
Lemma 2.3 and Theorem 2.2). More significantly, it also implies that |[D™f~1| €
L (), which was the first part of our claim.

Now let us return to BV-regularity of the inverse and assume further that
D™f € BVioo(Q,R"™). Hence |D™f| € LL(Q) and from the previous result

we know that f € W™ (Q,R") implies |D™f~!| € LL_(Q). Moreover, we have

loc

ko+1
D"f N y)= > Df(f H DFif=1(y)  for almost all y € €
kEK!, XEYr

(13)
and we need to show that the right hand side is a BV function, i.e. its derivative
exists and it is a measure. All the terms with kg < m can be dealt with as in the
previous part of the proof with the help of the Gagliardo-Nirenberg inequality
for BV functions Theorem 2.7 and we obtain that the part of the sum with

ko < m belongs even to W2 (@, R"™""). It remains to consider the term

m—+1

D" f(f Ilzﬁ’ =D"f(f }(y) (Df )" .

Take any Q cC Q and corresponding f(Q) = Q' cC . Let us define

aiy) == D" fi(f 1 (y) (DF ()",

where f; denotes the convolution approximations of f, i.e. D™(f;) — D™(f) in
L'(Q) and hence also D™(f;(f~*(y))) = D™(f(f (y))) in LY, R"™"") as f
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is bilipschitz. Moreover, D™ f; (and hence also D™ f;(f~1)) form a bounded
sequence in L'(Q, R ") and therefore it is not difficult to show using the chain
rule that

Da, is a bounded sequence in L'(€Y,R""").

We select a subsequence still denoted as Da; which converges w* to some Radon
measure p. For all ¢ € D(Q') we get by the definition of the weak derivative

N Day(y)p(y) dy = — /Q a)(y)De(y) dy =

. / DA W) (DF )™ Do(y) dy |

The left-hand side converges to [ ¢ du and hence in the limit we have

/Q () duy) = — / D" F( () (DS )™ Diply) dy

since D"™(fi(f~'(y))) = D™(f(f~'(y))) in L}(,R"™""). Clearly our derivative
1 is defined uniquely on any open set G CC ', as for any two Q4,2 D G and
any ¢ € D(G) we have fG wdpy = fG @dpe. This shows that the remaining term
(13) belongs to BV (2, R*""") and finishes the proof. O

Remark 3.4. To prove the necessity of our assumptions in Theorem 1.2 let us
consider the composition of two mappings f o g, with f,g : R® — R™.To see
that the inverse of the interior must be a Lipschitz mapping consider g to be
the projection of R™ to Re; and some f which is not measurable on Re;.

The next example shows that if f is not Lipschitz the composition may
fail to have the original degree of integrability even for bilipschitz g. Consider
n=9,p=3¢c€(0,3),

g(x) = v + x|z sin(jz|!) and f(z) = 2|z*?

with € > 0. Main part of the functions is of the form ﬁgp(m) and hence we can
compute the derivative in a standard way (see e.g. [8, Lemma 2.1]). We know,

1D ()~ L) < s (14)

7~

giving us that f € W4P(2,R"). Further we may estimate the j-th derivative
by
’ £E’2+€

|Dy,..a9(x)| = C (15)

e
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for some C' independent of x for a set with positive density at the origin (i.e.
on S :={z: |sin(|z|™")| > ; and |cos(|z|™")| > 1}). From (14) and (15) we
get that f,g € W4P(B(0,1)). We may calculate that

DS 0 9)@)| = DS (a(@) - [D'9(@)] ~ g >

on a set with positive density at the origin. Hereby we see that f o g €
W*(B(0,1)) but D*f o g ¢ LP(B(0,1)) as 8p > 9.

Remark 3.5. The optimal assumptions for the first order regularity of the
inverse f~! € W' usually contain some sort of the assumption about the
integrability of the distortion function (see e.g. [4], [8] or [10, Chapter 6]).

One can ask if the bilipschitz assumption can be replaced by some condition
on the distortion. It is evident that only very restricted results could hold. For
example the radial stretching

X

f(x)

|z
||
with non-zero o € R has bounded distortion, as does its inverse. Chose n,m € N
and put & = m + 1. Although f € W™>*(Q,R") it can be calculated that
|D™f=4P% e L _(Q) only for

8 <

o
m—(m+1)"1

In the previous example we did not have f~! Lipschitz. Nevertheless the coun-
terexample in [7] is a homeomorphism with f~! Lipschitz and the distortion
function satisfies K € L*(2) so even given these assumptions we can barely
expect any a priori results without f bilipschitz.

4. The Algebra of Bilipschitz Sobolev Mappings and its
Application to Smooth Riemannian Manifolds

First let us show that Bilipschitz Sobolev mappings form an algebra, i.e they
are closed under composition, multiplication and inverse. We start with the
following lemma.

Lemma 4.1. Let Q,Q C R"™ be open. Let g : & — Q be such that g €
WEP(Q R™) N Bilipy, (Y, R™) and let f € WFP(Q,R™). Then

|D(D*f(9))] € LE,o ()

loc

and
!

Dak (Dakfl ’’’’’ alf(g(x))) - Z Dlﬂkflwwalf(g(x)) (Dakg(x))
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or more simply
D(D*f(g(x))) = D* f(g(x)) Dg(x).

Proof. The proof is similar to that of Lemma 3.3. Instead of the assumption
that f~!is bilipschitz, we use that g is bilipschitz and the rest of the reasoning
is the same. O

Proof of Theorem 1.2. For m = 1 our result follows directly from Theorem 2.2
and the fact that g is bilipschitz. Now let m = 2 and use Lemma 4.1 to get that

D*fog=D*f(9)DgDg+ Df(g)D*g.

But |Df(g)| and |Dg| are both bounded almost everywhere and |D?f(g)| and
|D%g| are both in LP(€Y'), therefore our claim holds.
Assume |D7f o g| € L} (), for j < m — 1. By Lemma 4.1, Theorem 2.2

and Lemma 2.3 repeatedly we get,

D"fogly)= Y. D’“Of(g(y))l_o[D’“g(y)

ke’CmJ(EXk

for almost all y € {, given that the expression on the right is in L{ (). This

can be shown by the calculations corresponding to those in (12) to get that,
D™(fog) e LP(Y). ]

Proof of Theorem 1.3. Let 1 < 7 < m — 1. We calculate using Theorem 2.6

similarly as we did in (12) that |D?f|,|D’g| € L (), where
1_J=1
g pm—1)

Therefore using the Holder inequality we get that the product |D?fD™ g| €
L (Q) where

loc

1 j—-1 m—-j—-1 j—-1 m—-1-(G-1 1

q pm—1) pm—1) " plm—1) pm—1)  p

Consider the two remaining cases ¢D™ f and fD™g. These are both clearly in
LY (). Therefore we can derive fg m-times by the product rule and get that

loc

D™ (fg) € Lige (). 0

loc

It is possible to show that similar result holds also on C* compact n-
dimensional Riemannian manifolds.
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Theorem 4.2. Let M and N be C* compact n-dimensional connected Rieman-
nian manifolds. Let m € N, p € [1, 00] and

fewm™P(M,N)nBilip,.(M,N),

uwe W™P(M,N)NLip(M,N),

© e W™P(M, M) N Bilip,,(M, M) and
g,h € W™(M,R) N Lip(M, R).

Then
f~te Wm™P(N, M),
uop € W™P(M,N) and
gh € W™P(M,R).

It is necessary we clarify the meaning of W*?(M, N) (see e.g. [6]). To begin
with we explain that W>°(M, N) = Lip(M, N) and W (M, R) = Lip(M,R).
Let p be the induced metric of the compact Riemannian manifold M. Firstly,
notice that all u € Lip(M, R) satisfy the following Poincaré type inequality on
every ball B(z,r) C M and for every x € B,

juz) — up] < 7[ ju(z) — u(y)| < Lip, f ple,y) < erLip, .

Notice however that conversely for any mapping u satisfying |u(x) — ug| < er
where the constant ¢ depends on u but not on B(z,r) C M, is in the class
Lip(M,R). Take any z such that z,y € B(z,3p(x,y)) (given p(z,y) < co) and
calculate

u(z) —u(y)| < Ju(z) —up| +[u(y) —up| < cp(z,y).

Further it holds, if we have f : M — N, ¢ a map on N and x a map on M,
that
¢pofox ' e WH(U,R") & f € Lip(M, N),

where U is the open set where x~! is defined. This is because maps are in fact

bilipschitz mappings between the manifold and R".

Since we have no problems with continuity or in the spaces W1?(M, N) we
may use the classical definition below. We will assume without loss of generality
that for our C*° compact n-dimensional Riemannian manifolds we have the
finite reference atlases {x1, x2,---, Xx}, xi : M — R™, and {¢1, 2, ..., dr}, Ps :
N — R". Using a division of unity we can conclude that f € W"?P(M, N) N
Whee (M, N) if and only if

pjo fox;t e WP (U, R™) N WE>(U;, R™)

for all 1 < 4,5 < k, where Uj is the open set where x; ' is defined.
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Proof of Theorem 4.2. Without loss of generality f(M) = N. Taking our ref-
erence atlases {x1,x2,---,xx} on M, and {¢1,ds,...,¢x} on N and by using
Theorem 1.1 we obtain that

loc loc

Xiof Tt odrt € WEP(VL,R™) N WL (Vi R™),

where Vj is the open set where ¢, Uis defined. Since our reference atlases are
finite we easily get that

fHe WhP(N, M) n W2 (N, M).
Following a similar argument as above and calculating

pjouc poyx;'(z)=g¢jouocx; oxiopoyx;(z)

for such x that the expression on the right is defined. Both ¢; ou o Xfl and
X1 0o Xi_l are W*P-maps where defined. Therefore their composition is also
a I/Vlf;’cp—map where defined according to Theorem 1.2. The compactness of M
again means that the integrability of u o ¢ is global. Apply a similar argument
to g and h using Theorem 1.3 to get the last result. O]

5. The Implicit Function Theorem

In this section we prove a theorem analogous to the implicit mapping theorem.
Before stating it, let us define some sets. Let Q@ C R? x R™ be open and
u: Q — R". Then we define
Q={recR*:3yc R":(z,y) € Qu(z,y) =z} and
={yeR": 3z e R*: (z,y) € Q}.

We will consider mappings which are bilipschitz ‘in the second variable’.
We include our definition here.

Definition 5.1. Let Q C R? x R™ and u : Q — R™. The space Bilip},.(Q, R™)
is the class of mappings u : 2 — R™ such that for all (z,yo) € Q, 2o € R%, 9o €
R™, there exists some 6 > 0 and Cy,Cy > 0 such that for all (z,y), (z,y) €
QN B((zo,Y0),0) it holds that

Cily =y < |u(z,y) —u(z,y)| < Caly = o/|.
Theorem 5.2. Let k,n,d € N,p € [1,00], let 2 C R? x R™ be open and

u € WEP(Q,R™) N Lipy,. (2, R™) N BilipZ (2, R™).

C
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Then for all z € u(Q), QF is open in R and for all x € Ry, 2 € R™ such that
u(x,y) = z there exists a neighbourhood U, C QF of v and V,, C Q, of y and
exactly one mapping f. : Uy — V,, such that

w@ y)=ze f.(a") =y foradl (2,y) € Uy, xV,

Eurther given such a triplet x,y,z we have that f, € W1'(U,,R") and for
almost all z € w(U,,V,) we have

f. € WEP(U,,R™).

Remark 5.3. We cannot expect that our hypothesis will guarantee W*? reg-
ularity for every value of z. This can be seen by considering the following
function,
1
_ 2 AV
u(z,y) =y + (27 +y°)*sin (T +y2>

with a € (2,3) and (z,y) € R?\ {(0,0)} extended continuously at the origin.
Since u(z,y) — y is a radial mapping it is easy to calculate that the norm of the

derivative for j > 2 is
2c

(@, )%
for |(z,y)| > 0 and that reverse inequality with different C' holds on a a set with

positive density at the origin. Notice that u fulfills the hypothesis of Theorem
5.2 with £ = 2 and any p < 3% The derivative of u has a singularity only at
the origin, which lies on the graph of the corresponding implicit function f;.
We want to prove that fo |fi/(s)] = oo and thus fo &€ W2L. Set
1
Sm =
JTm

and note that u(s,,,0) = 0 which implies that fo(sm) = 0. We have that

/\ |—c+hm2/| |>hm2|f05m+1) £sm)l.

Sm41

The classical implicit function theorem gives that f|1) € C*(0,1) and allows
us to calculate

Dyu(spm, 0)
! _ ?
$ol5m) = = B u(omy0)
where we used sin(1/(s2,+0?)) = 1 and cos(1/(s2,4+0%)) = (=1)™. Now a < 5/2
implies

lim ZJ: f (s 1) — f2(sm)| = C lim Z ( )“‘3/2+ ((1)“_3/2 = 0
m=1

j—o0 £ m + 1)7T

= (_1)m28727?_4+17

and therefore f ¢ W1((0,1)). In fact we have f ¢ W21((=6,4)) for any 6 > 0.
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We start by proving the following lemma.
Lemma 5.4. Let k,n,d € N,p € [1,00| and
u € WiP(R? x R™, R™) N Lip,,.(RY x R", R")
Further let 1,79, L1 > 0, 19 € R yo € R™ be such that

lu(z,y) —u(z,y')| > Lily —y'| for all y,y" € Brn(yo,72) (16)

and any x € Bga(xg,r1). Let z € u(xo, Brn(yo, LQ}JT;)) then there exists 6 > 0
and a mapping f, : Bga(xo,0) — Bgrn(yo,72) such that

w(z,y) =z< f.(xr) =y for all x € Bga(zo,9).

Further f, € WH°(Bga(xo,d),R™) for all z € u(ﬂco, Bgn (yo, L21LT22)> and

L
f.e Wk,p(BRd(xo,é)’R”) for almost all z € u(zo, Bgn (yo, %))
2

Proof. We have u € Lip,,.(R? x R", R") and therefore there exists some Ly > 0
such that

u(z,y) —u(@’,y)| < La(lz — 2’| + |y — y/]) (17)
for all x,2" € Brn(xg,r1), and all y,y’ € Bgn(yo,72). Put

roLy

)= .
2L,

We define h : R x R* — R% x R™ as follows

h(z,y) = (z, u(z,y)).

Evidently & € W"?(R? x R* R*"). We want to prove that

loc
h € Bilip(Bga(xo,71) X Bgn(y0,72), R4™).

It is evident that h is Lipschitz as its component mappings are Lipschitz. Con-
sider x, 2’ € Bgn(xo,71), and y,y" € Brn(yo, r2), such that

o
y -yl 2Ly
v — 2| = Iy

We have
\h(z,y) = h(2',y)| > |z —2'| > c(lo — 2| + |y — ])
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for some ¢ > 0. Now conversely take

o
ly =yl 2L
e — 2| = Iy

and by (16) and (17) we get

L o
(o)~ @'y > Laly— 3|~ Lofe— ') > P s ooy ),
for some ¢ > 0. Now we may denote €' = h(Bga(xg, 1), Brn(Yo,72)). Clearly
2 is open. By Theorem 1.1 we get the regularity

ht e WEP(QY, RH™) N Bilip(, RH™).

Our goal is to define f,(z) = y. Let us firstly show that if such a y exists then it
is unique. The inequality (16) guarantees that if u(z,y) = u(x,y’) then y = /.
Therefore if h(x,y) = h(z,vy’) then y = 3/, which implies that for any given
x € Bga(xg,7r1) and z € u(x, Brn(yo,72)) there exists at most one y such that
u(z,y) = 2.

It now suffices to prove that for all z € R™ such that z = u(xg, §) for some
U € Bgn (Y0, ’;2521) we have: for all x € Bga(xg,0) there exists a y € Bgn(yo,72)
such that z = u(z,y). Remember that 0Ly = roL;/2 and put zq = u(xo, yo).
Using the fact that u is Le-Lipschitz in the y variable and then the definition
of § we get

L L

U(Io, BRn <y0, E)) C BRn (Zo, 17702) = BRn (Z(), L1T2 — 5[/2)
2L, 2

Now since u is Lo-Lipschitz in the x variable and using (16), we get that for all

x € Bga(x,0) that

BR"(ZO; L17'2 — 5L2) C BRn(($,yo),L1T2) C u(x, BRn(yo,T'Q)).

Hence we can really find y € Bgn(yo,72) such that u(z,y) = u(zo,yo). This
gives us the existence of a mapping f. defined for all © € Bga(zg,0). We show
that f. is Lipschitz (with the constant %) Consider two pairs (z,y) and (2/, )
such that u(z,y) = u(2’,y’) = z. By (16) and (17) we have

lu(z,y) — u(a’,y)| < Lo|z — 2|
lu(z,y) — (@', y)| = [u(@,y) —u(@,y)| > Lily — |-
Thus
Loz — 2|

5.@) = 2.0 = ly =y < 22
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TQLl
2Ly

f: € I/Vllf)f(BRd(:co, ), R™). Here it suffices to use Theorem 2.8 and the ensuing
comment on the mapping h~! and realize that the ACL condition implies that

It is now left to prove that for almost all z € u(xy, Brn (Yo, )) we have

roLy

h7Y(-, z) € WHP(Bga(zo,6), R*™™)  for almost all z € u(zq, Brn (o, ﬁ))
2

Take any such a point z and use the following notation for the coordinate
mappings in the given dimensions d and n, h™' = (h;', hy"), then clearly
hy (-, 2) € WHFP(Bga(xo,6), R"). But clearly for all z € Bga(x,d) it holds that

hgl(xvz) = fz(x)

Thus we have f. € WP (Bga(xo,d),R?) for almost all z € u(zo, Ben (Yo, T;LL;)).

Proof of Theorem 5.2. We have u € Bilip;, (€2, R") and therefore for any fixed
(x,y) € Q we find ry, 5 > 0 for which we may apply Lemma 5.4 (note that our
proof does not require u defined outside of B(xq,r1) X B(yo,72)). This means
that for any fixed z € u(Q) that Q% is open in R It also implies the local
existence of a Lipschitz f, : U, — V, for all z,y, 2 and that for almost all z we
have f, € Wkr(U,,R"). O
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DIFFEOMORPHIC APPROXIMATION OF PLANAR SOBOLEV
HOMEOMORPHISMS IN ORLICZ-SOBOLEV SPACES.

DANIEL CAMPBELL

ABSTRACT. Let © C R? be a domain, let ® be a Ay Young function and let
f € Wh?(Q,R?) be a homeomorphism between  and f(2). Then there ex-
ists a sequence of diffeomorphisms f; converging to f in the Sobolev-Orlicz space
W12 (Q,R?). Further for an injective continuous map ¢ € WH®(9(—1,1)%, R?) we
find a diffeomorphism in W' ®((—1,1)2,R?) that equals ¢ on the boundary.

1. INTRODUCTION

The problem of approximating homeomorphisms f : R" O Q — f(Q) C R™ with
either diffeomorphisms or piecewise-affine homeomorphisms has proven to be both
very challenging and of great interest in a variety of contexts. Although there are
a number of elementary tools available for constructing smooth approximations of
a mapping, for example convolution approximation or Lipschitz extension, it is not
generally true that these processes maintain the injectivity of a mapping, and there
are a number of applications where the injectivity is crucial.

We recommend [12] to the reader for an account of some of the the most fun-
damental results related to this problem. Initially, it was uniform convergence that
was of interest in connection with geometric topology but after the L*°-approximation
problem had been completely solved, the question of approximating homeomorphisms
revived again in the altogether different context of non-linear elasticity initiated by
Ball [3]. The variational model takes an elastic body in a reference configuration,
which we call the domain €2, and given boundary values on 9¢2, which determine the
shape of the deformed body after deformation. The model deformation of the body
() is the homeomorphism f that satisfies the boundary data, while minimising an
energy functional of the form

1() = [ (D) da.
where W : R™™"™ — R is the stored-energy functional satisfying

W(A) - +oo asdetA—0 W(A) =400 ifdetA<0. (1.1)

There are two points of interest here, the characteristics of W and the fact that we
require f to be a homeomorphism. As pointed out by Ball in [4, 5] we must require
that f is a homeomorphism because, as matter is impenetrable, our mapping must
be one-to-one, secondly continuity corresponds to the material not breaking during
the deformation. For one, the conditions in (1.1) prevent excessive compressions of
the elastic body and secondly guarantee that the orientation of the material remains
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unchanged. This means that, if f is an admissible deformation with finite energy,
then one has that

det Df >0 a.e. in Q.

As stated by Ball (for example in [2]) it is often natural to expect the stored energy
function W to be quasiconvex. Unfortunately, there are no known results, which
given (1.1) and quasiconvexity guarantee the existence of a solution. Either one is
forced to drop the condition (1.1) and impose p-growth conditions on W (see [19, 1]),
or assume that W is polyconver and that some coercivity conditions are satisfied
(see [2, 20]). Moreover even where the existence of W'* minimisers is known, very
little is known about their regularity.

In [4, 5] Ball, shows that understanding the regularity of minimisers of a quasicon-
vex W satisfying (1.1) would be greatly aided if one was able to find a minimising se-
quence of piecewise-affine homeomorphisms or diffeomorphisms. To this end it would
be useful to be able to approximate a homeomorphism v € W?(Q; R"), p € [1, +00)
in WP by piecewise-affine or smooth homeomorphisms.

One very significant reason why this would be desirable, is that regularity is typi-
cally often proven by testing the weak equation or the variation formulation by the
solution itself; but unless one has some a priori regularity of the solution, such a test
may not make sense. In order to solve this problem it would be possible to test the
equation with a smooth test mapping which is close to the given homeomorphism
instead. Here we see the necessity for the approximations to be homeomorphisms
whose image is the same as that of the approximated map, otherwise this sequence
would have nothing in common with our original problem. Besides non-linear elas-
ticity, an approximation result of homeomorphisms with diffeomorphisms would be a
very useful tool in and of itself as it would allow a number of proofs to be significantly
simplified and lead to some stronger results.

We will now review some of the techniques used to approximate homeomorphisms
with piecewise-affine homeomorphisms or diffeomorphisms. Let us start by mention-
ing the result of Mora-Corral and Pratelli [18], which shows that (on the plane) it
is not important whether we approximate using piecewise-affine homeomorphisms or
diffeomorphisms in the WP case as they are equivalent. In fact, this result can be
used to approximate in A,-Orlicz-Sobolev spaces also.

The first positive results were achieved by Mora-Corral [17] in 2009 on homeo-
morphisms smooth outside a point and by Bellido and Mora-Corral [6] in 2011 on
approximation in Holder continuous maps. Shortly following this came the famous
and very significant Sobolev approximation result by care of Iwaniec, Kovalev and
Onninen [14], [15]. In their papers, published in 2011 and 2012, they found diffeo-
morphic approximations to any homeomorphism f € WH?(Q2,R?), for any 1 < p < oo
in the W1? norm. This celebrated result was a breakthrough in terms of the approxi-
mation problem and stimulated much interest in the subject. The only open case left
open was for p = 1. This however has been solved very recently by Hencl and Pratelli
n [12]. The problem of approximating homeomorphisms with diffeomorphisms can-
not be considerred entirely closed even in the planar case. We would like to know
how to approximate both a map and its inverse simultaneously in W?. Building on
the techniques pioneered in [12], Pratelli has answered this question for p = 1 in the
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paper [21]. The cases p > 1 (especially p = 2) which are even more important in
terms of their application are still open.

At present there are two known approaches to finding diffeomorphisms close to a
homeomorphism. In [14] the authors equate R? with C and use p-harmonic functions
to extend a mapping with predefined boundary values. On the other hand [12] divides
Q) into squares based on Lebesgue points of the derivative, some of which can be
approximated simply by triangulation, some of which must be approximated using
an extension theorem and some where one uses a sophisticated combination of both
of these techniques. Finally Hencl and Pratelli apply the result from [18] to smooth
their approximations. This leads to an essential question; can the approach used
in [12] be modified to apply in the general case, p € [1,00)? In order to answer this
question we state our main result.

By a Young function we mean a convex @ : [0,00] — [0, 00| such that ®(0) = 0
and limy_,, ®(f) = co. The Luxembourg norm is defined as

Iz =int {3 >0 [ @ o(1211) 1 a(11) < 1)

and is a generalization of the W1? norm in the case ®(t) = t”.

Theorem 1.1. Let Q C R? and let g}, be a decreasing sequence of positive numbers
tending to zero. Let ® be a Young function satisfying:

(Ay) There exists a constant Cy > 0 such that for all t € (0, 00),
O(2t) < Cod(t).

For any homeomorphism f € WH®(Q,R?) there exists a sequence of diffeomorphisms
fr € WH2(Q,R?) such that

If = felloeorey < er and || f — fellwre@rey < &,

where || - |lwreqre) is the Luzembourg norm. Moreover for each k we have fi(2) =
f() and if f can be continuously extended onto the boundary, then fy coincides with
f on 09.

We can replace our approximating diffeomorphisms with piecewise-affine homeo-
morphisms and, in the case that 02 is a polygon and f is piecewise-linear on 051,
then we can construct fp such that fr = f on 02 and the triangulation of fy is finite.

Since [14] uses p-harmonic functions it is not at all clear that their result could be
extended to Orlicz-Sobolev classes as there is no variant of the Rad6-Kneser-Choquet
in that setting. Nevertheless, it would be desirable to be able to approximate in
Orlicz-Sobolev to get sharp results. Since the extensions in [14] use solutions to the
p-Laplacian the approximation generated is fundamentally different for each p. In the
techniques we apply here, which were pioneered in [12] we are able to approximate f
using basically the same technique for any p € [1,00) or in fact a Ay-Young function.
Another point of interest is that some techniques used here may prove to inspire
approximation in higher dimensions as it does not need to identify R? and C. In
these senses our result extends the result in [14].

The higher dimensional case remains a very interesting and challenging question.
It has been proven very recently by Hencl and Vejnar that an approximation theorem
like Theorem 1.1 could not hold for n > 4 for all homeomorphisms in W(Q, R") by
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their example in [13]. It is still possible that a positive result may be found, however,
for homeomorphisms in WP given that p is large enough.

We will now state a secondary result, which we will prove in this paper. Given
a Sobolev and one-to-one mapping on 02 we would like to be able to construct
a homeomorphism which has exactly those boundary values. Further it would be
desirable that we have a bound on the norm, or at least the modular of our extension.
Recall that homeomorphic extension theorems have proven to be key in proving the
claims in both [14] and [12]. We prove the following extension theorem.

Theorem 1.2. Let ) C R? be a Lipschitz domain. Let ® be a As-Young function
and ¢ € WH?(9(—1,1)2,R?) be a homeomorphism onto OSY. Then there exists a
diffeomorphism f € Wh®((—=1,1)2,R?) such that f = ¢ on (—1,1)* and

]f_l L 20D1D < cﬁ(_w (1D, g)). (12)

Here D,y is the derivative of ¢ on the one-dimensional object d(—1,1) as we
consider ¢ to be Sobolev on the boundary of the square. For the definition see the
preliminaries.

Notice that one could also get an extension theorem using a similar approach
as in [14] by using the Radé-Kneser-Choquet theorem. One would apply ¥ a bi-
Lipschitz change of variables so that ¥()') is a square, extend the boundary values and
then return the bi-Lipschitz change of variables. This would give one a bi-Lipschitz
homeomorphism, from which one could construct a diffeomorphism. Nevertheless the
modular of the diffeomorphism could be highly dependent on the geometry of €. If
one imagines a star shaped domain, one could change the bi-Lipschitz constant of our
change of variables enormously by changing the values of ¢ only very slightly. Hence
the constant C' in (1.2) is potentially heavily dependant on the precise shape of €'
Our result however enjoys the property that the C' in (1.2) is an absolute constant
and the average modular of the extension depends truly only on the average modular
of .

)

1.1. Brief description of the proof of Theorem 1.1. In this subsection we outline
the basic plan of our proof of Theorem 1.1. We will follow the approach introduced by
Hencl and Pratelli. We find piecewise-affine approximations in W% and then use [18]
to smooth them into diffeomorphisms. It must be noted that our triangulation of €2
may be infinite, nevertheless, whenever we have a compactly embedded domain in €2,
the triangulation on this subset is finite. In this sense we say that our triangulation is
locally finite in 2. We find a finite triangulation whenever 0f2 is a polygon on which
f is piecewise-linear. If either of these two conditions are not satisfied there is no
finite triangulation of f.

The most substantial part of our proof is in Theorem 4.1. Here we use the fact
that £2(Q) < oo and find an approximation f; such that ®(|Df; — Df]) is arbitrarily
small. To do this we will divide 2 into a locally finite grid of very small squares.
We will call a square “good” given that the derivative satisfies a Lebesgue-point-type
estimate in terms of L' and in terms of L® and given we can approximate f by
the affine mapping (f(zo) + D f(zo)(x — x0)) to a given degree of accuracy. If we
have a good square where the derivative is neither too small nor too big and the
Jacobian is not too small then we can approximate by simple triangulation. By this
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we mean we separate the square diagonally into two triangles and the values of f at
the corners define an affine mapping on each triangle. These affine mappings will be
very close to f(zo)+ D f(xo)(z — z0) and therefore very close to f in W1®. Therefore
our approximation is close to f in W% on such goldilocks squares. Since almost all
points are Lebesgue points for the derivative we will use this simple approximation
technique on the vast majority of 2 where the Jacobian is non-zero.

In the process of the above it may be necessary to slightly move the corners of the
squares and get a somewhat deformed grid so that the following estimates hold

Loipafl <k f pfland f o(Df) <K | e(Df).

where K is a big, but fixed, constant. Although they are now polygons we will still
refer to elements of the grid as squares.

We still want to define an approximation in bad squares, (where the Jacobian is very
small, or the derivative is very large or small) and good squares with zero Jacobian.
To do this we define f;, an approximation of f on the boundaries of our distorted
squares, by piecewise-linear approximation, which is fine enough to guarantee that
this approximation is one-to-one on the grid and close to the original mapping f.
Automatically the triangle inequality and convexity of ® will give us that

[ 1ol < [ 1Dl and [ e(D.A) < [ @A),

On these bad squares we will use the theorem proven in Section 2, which allows us
to extend a mapping with one-to-one piecewise-linear boundary values ¢ to a finite
piecewise-affine homeomorphism /A inside the square, while maintaining the following
control on its size

Latonp<cf a(Dgl).

One can find a rigorous proof of this extension theorem, introduced by Hencl and
Prattelli in [12] for W' and by Radici in [22] in the WP case. Therefore we will
only trace certain details in the process of proving this result for W1,

The construction is done by first choosing a pair of opposing points on the square
where average integrals of the derivative around these points on the boundary is
not too big. We then move these points to opposite corners. Next we choose lines
going diagonally across the square and define h on those lines as the constant-speed
parametrization of the shortest curve joining the images of the chosen points inside
the image of the square. As long as we place our lines close enough together and at
the right points we will easily be able to construct a piecewise-affine mapping in the
strip between these two lines because the shortest curves are themselves piecewise-
linear. We slightly alter our curves in the image to separate them from each other
as there may be places where the shortest curves coincide. This ensures that our
construction gives a homeomorphism. As proven in [12] this works in W! but in
fact the Lipschitz constant of i on each strip can be bounded by the Lipschitz constant
of ¢ the intersection of the strip and the boundary. This means we can prove

fetonp<cf e <cf e(D.f)<Ck f a(Df)
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Our choice of parameters can ensure that the union of all bad squares has tiny measure
and therefore the integral

[ ®f = nh+e(Df - DA < Ce
Us©Q

thanks to the absolute continuity of the integral. Thus we have taken care of the bad
squares.

We deal with good squares with zero Jacobian, of which there may be very many
(possibly full measure, see [10]), in Section 3. In the corresponding step in [12] the
authors used bi-Lipschitz change of variables without an a priori bound on the bi-
Lipschitz constant, therefore we cannot apply their approach in our context. Our
completely new approach avoids the need for changes of variables as we will now
describe.

We have a square @) centred at xy and piecewise-linear boundary values and we
want to define an extension g close to f on the square. We take W a large central part
of the square ) and squash it so that it follows part of the image of the boundary
of @ with constant speed. The image of the square W, ¢g(I¥), is a snake-shaped
object inside the snake g(Q). On W we will calculate that our mapping is close
to f(zo) + Df(xo)(x — x) in Wl Since we maintain a bound on the Lipschitz
constant of our approximation we will be able to use an interpolative inequality to
estimate the modular of Dg — D f(zo) in L®. We divide the very narrow remaining
annulus, @ \ W into squares and treat them as bad squares, using the result from
Section 2. Since the overall square is good, we know that ¢ is close to f in the
centre. On the annulus we know the functional values differ very little from the
affine map f(zo) + Df(xo)(xz — xo), which means that Dg on each small square is
nicely bounded. Therefore, as the annulus has small measure, we get the integrals of
®(|Df|) and ®(|Dg|) over the annulus are small.

In Theorem 4.2 we show how to find a finite triangulation of f if f is piecewise-
linear on 052, which is a polygon. The strategy of the proof is to separate a very thin
tube around the boundary into bi-Lipschitz image of squares. Then we can define
f1 appropriately on the boundary of bi-Lipschitz images of squares which lie around
0f) and use Theorem 2.1 to extend these values, which gives us a homeomorphism
on the tube around the boundary. Then, because we are working entirely in a tube
of tiny measure we will find that the integral of ®(|Df|) and ®(|Df;]) around the
boundary will be very small. As each section around the boundary will be the bi-
Lipschitz image of a square of fixed size we will cover the tube around the boundary
with a finite number of such sets. This makes the total triangulation finite because
the triangulation of a compactly embedded subdomain in €2 is finite. This approach
is different to the approach in [12].

In Theorem 4.3 we consider general 2, which we exhaust with a monotone sequence
of compactly embedded domains in 2. On each domain we apply the above approx-
imation techniques with stricter and stricter bounds on the modular of the error.
This means that fp — f in WH®(Q,R?) and in fact that the error vanishes on the
boundary of Q. By this we mean that we can approximate f — fif by a g, € C°(Q)
whose W1*(Q, R?) norm is less than 27™¢gj, for m € N.
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1.2. Preliminaries. In this subsection we shortly list the basic notation that will be
used throughout the paper. The set Q(c,7) = {(z,y) ER*: |z — 1| <71, ly— o <7}
will denote the square centred at ¢ with side length 2r. The set S,, = {(x,y) € R*:
|z| 4+ |y| < ro} will be the “rotated square”. Similarly, B(c,r) is the ball centred at ¢
with radius r. For the ease of notation, for t > 0 we will denote tQ(c,7) = Q(c, tr),
and tB(c,r) = B(c,tr); more in general, for a generic set Q with a notional centre
ce Qandt>0, wewrite tQ ={zx € R?: (z —c¢)/t € Q}.

The points in the preimage €2 will be always denoted by capital letters, such as A,
B and so on, while points in the image f(€2) will be always denoted by bold capital
letters, such as A, B and similar. To shorten the notation and help the reader,
whenever we use the same letter A for a point in the domain and A (in bold) for a
point in the target, this always means that A is the image of A under the mapping
that we are considering in that moment.

We will use the following notation for segments [AB] (resp., [AB]), which is the
set co{A, B} (resp. co{A, B}). The length of this segment is H'(AB) = |A — B|
and more generally H!(v) is the length of a curve . Given three non-aligned points
A, B, C we denote the triangle [AB] U [BC| U [C'A] as ABC and set inclosed by this
triangle is co{A, B, C'}. If we have three adjacent vertices in a polygon we call the
angle between [AB] and [BC| measured over the interior of the polygon L ABC. We
use ZABC' if we need to refer to an angle itself rather than the value of an angle.
Given two vectors u, v we call Luv the angle in (0, 7) between them.

We will denote the modulus of the horizontal and vertical derivatives of any map-
ping f = (f', f*) : R> = R* as

AR COR o)

Analogously, the derivatives of the components f! and f? are written as

af! af! 12 o>
1 = — 1 = — = — = —
le - or ) DQf 8y ) ox ) 8y .

D, f? Dy f?

We refer to @ : [0, 00] — [0,00] as a Young function if ® is convex, ®(0) = 0 and
limy o D(t) = 0o. We will say that a Young function ® satisfies A, if there exists a
constant Cy such that for all ¢ € (0, 00), we have

D(2t) < CL(2).

Given a function f on €2 we refer to the integral

[ @070
Q
as the modular of f on €.
Let Q be an open set. Given a Ay-Young function we will define WH®(Q R") as
the set of f € WH(Q, R™) such that

| (1)) < .
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We define the so-called Luxembourg norm || f||y1e for all f € Wh®(Q, R") as
D
HfHW1¢QRn)_1nf{)\>O / ' f’)+q>(|f|) } (1.3)

It is well known that thus defined W is a Banach space.

Sometimes we will work on 1-dimensional objects in R?, which can be parametrised
from [0, 1] by a Lipschitz mapping ¢, for example segments, and various polygons but
also the boundary of a Lipschitz domain. We may assume that our ¢ is one-to-one

and |¢'| is constant almost everywhere. For almost all ¢ € (0, 1) there exists a vector
©'(t)
o’ (8)]
7 =7(p(t)). If a mapping f is defined on ([0, 1]) and f o ¢ is absolutely continuous,
then we call

which we call the tangential vector at the point ¢(t) and denote this vector as

o !/
D.f— (f /80) '
|/l
For different choices of parametrization ¢q, ¢y we may get 7 = —7 and so D, f =

—D., f. Nevertheless all of our calculations are independent of a fixed choice of ¢ and
our results hold independently from the choice of parametrization. Specifically notice
that |D,, f| = | D, f|. In this respect let us have a Lipschitz, one-to-one ¢ : [0, 1] — R?
and F' = ¢([0, 1]). We define W1 (F,R") as the mappings f : F' — R™ such that foe
is absolutely continuous and [y |D, f| < oo or equivalently f o € Wh'((0,1),R").
Given a Ay-Young function ® we will have f € WH*(F,R") if f € WY(F,R") and
®(|D, f|) is H' integrable. We can norm this space using the standard Luxembourg
norm.

Denote e; = (1,0) and e; = (0,1). If we have a mapping A defined on some open
set of RQ by the formula A(il]) =A + (BLle + BLQXQ)el + (B271X1 + BQ72X2)€2 for
some choice of constant parameters A, B; ; then we will refer to A as being an affine
mapping. If we have a mapping f defined on a segment and f is the restriction of an
affine map onto the segment then we refer to f as being linear.

We take advantage of standard denotation of average integrals using the symbol .
Since we integrate with respect to different measures, we emphasise the fact that we
divide the integral by the measure of the set we integrated over, where we measure
the set with the same measure used in the integral.

The symbol 7; will be the orthogonal projection of R? onto the z-axis and o will
be the orthogonal projection of R? onto the y-axis. That is to say X = (X, X»)
mi(X) = X, for i = 1,2, where we equate the images with real numbers. In Section 5,
however, we use projections 7 x-, whose images we consider to be in R2.

Let X C R". We call f: X — R"™ an L-bi-Lipschitz mapping for L > 0, if for all
x,y € X we have

25wy - 1)) < el

2. EXTENSION FROM THE BOUNDARY OF THE SQUARE

In this section our aim is to prove the following extension theorem, which will allow
us to construct homeomorphisms from boundary values and gives us a useful control
on their modulars.
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Va

FIGURE 1. The square S,, and the strip S.

Theorem 2.1. Let ® be a As-Young function. Then there exists a constant C' > 0
depending only on ® such that for any ro > 0 and any piecewise-linear and one-to-

one function ¢ : 9S,, — R? we can find a finitely piecewise-affine homeomorphism
h: S, — R? such that

£ e(Dn) dc? < C][ (/Do) dH' (2.1)

70
Proof. Step 1: Choosing good corners.

We may assume that for V) = (0, —rg) and V5 = (0, rp) the derivative of ¢ does not
accumulate too much around these points, i.e. we assume

]K (| D) dH' < 6][ ®(|D,p|) dH for all r € (0,79), i € {1,2}. (2.2)
B(V;,r)NndSs,

The reason we may assume this is as follows. Put

®(Doe > 6 a(Deh}.  (23)

and find a disjoint system of balls B; = B(x;,r;) for which the integral estimate in
(2.3) holds and |J; 38B; D A. Then, as the balls are disjoint, we have,

A= {PE@STO: dr € (0,79) :]é

(P,r)NOSy,

670 J5,n0s (| Dr¢l)
< 6 < g o < 7rq.
Z T] — Z 6 faSTO (‘DT()O) S To

J

Now,
HL(DS,,) = 4V/2rg > 2rg > 2H(A),
which means that there are two points opposite one another neither of which belong

to A. Using a bi-Lipschitz transformation we may relocate these points onto V; and
V4 respectively.
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w(A)

FIGURE 2. Two types of strips.

Step 2: Shortest curves between images of opposing points and ‘vertical’ segments.

We will proceed to take advantage of some observations on paths joining opposing
points on the square. Firstly let © € [—r(,0),y € (—ro,70) and A = (x,y) € 0S,,,
then we say that B € 0S,, opposes A if B = (—z,y) as in Figure 1.

The details of the proof are very similar to those in [12] and [22]. Therefore we will
present our argument briefly, tracing the steps of the proof in [12] and emphasising
the differences between our proof and those mentioned to aid the reader follow our
calculations. The following claim is [12, Theorem 2.1, Step 2, 3].

Lemma 2.2. Let A, B € 0S,, be opposite and let Q2 be the bounded component of
R2\ ¢(0S,,). Then there exists a uniquely determined shortest path 7 : [0,1] — Q,
with 7(0) = ¢(A) and (1) = ¢(B). Further 7 is finitely piecewise-linear on (0,1)
and |¥'| is constant almost everywhere.

In the following, given a point (zg,4) = A € 9S,,,20 < 0 and B its opposing
point, we will define the mapping v as the constant-speed parametrisation from the
segment AB of the shortest path connecting ¢(A) and ¢(B) in €2, that is

Yalw, yo) = ’~Y<x 7o~ |y0|)
’ 2(ro = |wol) /)’

with 4 taken from Lemma 2.2
We will also make use of segments in the image, referred to in [12] as ‘vertical’. We
shall now explain what these are. Given two distinct points A;, A;; € 9S,, such that
¢ is linear on the segments [A;A; 1], [BjBj41] C 0S,,, we will call the strip (depicted
in Figure 2)
S = SAj’A :CO{Aj,Bj7Aj+1,Bj+1}.

Writing 7; = 74, for short, denote the set,
H = o([AjAj1] U [B;Bj]) Ui ([4;B]) Uy ([Aj+a Bjal),

j+1
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FIGURE 3. ‘Vertical’ segments near the centre of Fg.

then R? \ H has at least one and at most two bounded components as depicted in
Figure 2. See [12] for all details and a rigorous argument. We denote the bounded
components as G, Go (where G5 is possibly empty). We will call the image of a strip
S, Fg = H U G1 UG,. It holds that Fg is closed for all strips.

Given a strip S and the corresponding Fg we wish to define when a segment in
Fg is ‘vertical’. Firstly any point (x,y) € v;([4;B;]) N vj+1([Aj41Bj+1]) is a ‘vertical’
segment. Secondly, if R? \ H has two non-empty bounded components G; and Gy
with [4;A4;11] C 0G; and [B;Bj41] C 0G5 then a ‘vertical’ segment in Gy is a segment
parallel with ¢([A4;A4,4+1]) and a ‘vertical’ segment in G5 is a segment parallel with
©([B;jBj+1]) such that the distinct endpoints of the segments lie in H. This is depicted
in Figure 2

Finally let G; # G2 = 0. Either ¢([A;A4;11]) and ¢([B;Bj11]) are not parallel
and we will discuss further or they are parallel and all ‘vertical’ segments are those
segments parallel with ¢([A;A4;41]) having distinct endpoints in JF.

In the case when ¢([4;A4;41]) and ¢([B;jBj41]) are not parallel (as depicted in
Figure 3) then we clearly have that the angle between them is less than 7 because
otherwise G| = (). Therefore there must be some point P* such that segments starting
at P*, parallel to ¢([A;A;11]) and those parallel to ¢([B;B;+1]) meet H at precisely
two points, one of these being P* and the other point being on the opposite side of
Fs. Since there are in fact many such points P* (the preimage of such points in ¢
is a segment) we take the point at the centre of this segment. Any segment starting
at P* lying between the two segments parallel to p([A;A4;11]) and ¢([B;Bj+1]) is
called ‘vertical’ (i.e. segments in the polygon 7" from Figure 3). Now we can consider
the rest of Gy, i.e. Gy \ T, which has two components, the “p([A;A;41]) part” and
the “p([B;Bjt1]) part”. We treat these parts as we treated G; and Go before, i.e.
segments parallel to ¢([A;A;11]) resp. ¢([BjBj11]) are called ‘vertical’.

Now we can select those ‘vertical’ segments, which we will use. Let S be a given
strip. We define points P; € v;([A;B,]) and R; € v,4+1([Aj41B;+1]) such that they are
either a vertex of 7; or can be connected with a vertex of the other set by a ‘vertical’
segment (in the case where Go = ) we use only those segments which connect P*
with another vertex in T'). Now on any strip we have corresponding P; = 7; YP))
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R; R¢+1
N N

Py

FIGURE 4. Triangular mesh induced in S by triangular mesh created in Fjs.

and R; = 7, +11(RZ-) which may not be distinct for every ¢, but there are only finitely
many of them for each j.
The following claim can be found in [12, Theorem 2.1, Step 4,5,6].

Lemma 2.3. Let S = Sa; a,,, be the strip determined by Aj;, Aji1 with opposing
points Bj, Bjy1. Then all ‘vertical’ segments [PR] lie in Fs, the set referred to as
the image of the strip S, and

H'([PR]) < max{# (o([4;4;11])). #' (((B; Bj])) }-

Step 3: Creating a triangular mesh in the image and transferring it to the pre-image.

Now for our given ¢ defined on 0S,, we will define a mesh of horizontal lines in
S,, which we will use to create our extension. The mapping ¢ is piecewise-linear
and therefore its tangential, D¢, exists everywhere except the corners of the squares
and a finite set. Index this set as follows Ay = V4, Ay, Ag, LA = (—710,0), .. A,; =
V5 where for all j the first coordinate of the points AJ is non-positive, the second
coordinate is increasing in j and D,y does not exist either at A; or at its opposing
Bj. We now refine our mesh adding a finite number of points in between Ay and Ak 1
to get a set Ag, Ay ..., Ay, with Ay = AO, Al = Al, Ap_q = Ak , and Ay = A such
that

HU([AjA51]) < H ([Ao4y])
HI([AjAj]) < H([Aj Ar])
max{H' (¢([4;4;11])), H' (p([B;Bj])} < min{H' (v;([4;B,])), H' (31 ([Aj1Bj1])) }

(2.4)
for j = 1,2,...,k — 2, where ~; is the shortest path defined on [A;B;] connecting
©(A;) and ¢(B;) in the sense of Lemma 2.2.

Having selected our horizontal mesh we separate each of the strips S; where S; =
co{A;, Aj+1,Bj,Bjia}, g =1,2,...,k — 2 as follows. On [A,;B,] define P, and corre-
sponding R; on [A]HB]H] such that P; and R; are connected by ‘vertical’ segments
and outside these points the functions «; and v;1; are both derivable.

We define an initial mapping h on S,, which will not be injective but will satisfy
our bound (2.1) and then later we will slightly refine it to make it injective whilst
maintaining (2.1).

Define h = ¢ on 9S,,, h =, on [A;B;] for j = 1,2,...k — 1. Now fix j and
the strip S; and consider the linear mappings, which maps [P,R;] onto [P;R;] and
the linear mappings7 which map the segments [P;R; 1] onto [P;R;,1]. This gives us
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a triangular mesh in S; and linear maps on each side of the triangles. Define h on
the triangular mesh in S; as these linear mappings, then h is continuous and on each
triangle PP, 1 R;11, resp. P11 R;R; 1 and there exists exactly one affine map which
extends h onto the convex hull of the triangle. This is depicted in Figure 4.

We still must define h on the triangles co{ Ao, A1, B1} and co{ A, Ay_1, Bx_1}. The
mapping 7, is either differentiable on [A; B;] or there is exactly one point (this point
is P, € [A1By]) where its derivative does not exist. If no such P, exists then ¢ and
~1 determine a unique affine map by prescribing continuous linear boundary values.
Otherwise we take the segment [AgP; ], which divides our triangle into two triangles.
On each of these triangles ¢ and 7; determine a unique affine map by prescribing
continuous linear boundary values.

Step 4: Estimating the derivatives of h.

We will now need to estimate |D;h| and |Dyhl|. Firstly take the triangle AgA;, B,
(the argument on A, Ay_1 By is the same) and call it 7. We have that

H (p([A1B1])) < H (p([AoAL))) + H (p([A0B1])) and H([A1B1]) = V2H! ([AgAL)).

Since we consider linear mappings whose derivative is constant we have |Dyh(z, y)| =
|D;v1]. In the following estimates we can take any X € [AgA;] \ {Ao, A1} and any
Y € [AgBi] \ {Ao, B1}, we use H'([A1By]) = V2H'([AgA;]) and the fact that 7, is
the shortest curve to get,

 sHY (([ABy))
- V2 H([AoAd])
< \/57-[1(90([ D()[+ Hl]()sﬁ([AoBﬂ))
= V2(ID;o(X)| + [Drp(Y)])
)| dH (t).

<2v2 Dol
[A0A1]U[AoB1]

If we call C = %(Al + Bj) the midpoint of A; and Bj, then we can estimate

= Hl(so([AoAl])) + Hl(@([AoBl])) =
Doh| = v2 D, Dih < V2 D1h|.
[Dzhl f]{AOAl] - oy v2 H'([AoA1]) ¥
This gives altogether, for almost all (z,y) € co T, that
|Dh(z,y)| < C|Dih(z,y)| + C|Dah(w,y)| < C |Drp(t)|dH!(t) , (25)

[AoAl]U[AoBﬂ

where C'is an absolutely fixed geometrical constant. Now we apply ®, take advantage
of the Ay quality of ®, use the Jensen inequality and then (2.2) to get for almost all
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(z,y) € coT that,

o(|Di(r,y)) < @(C { IDrp(t)|aH' (1))

[AoAl]U[A()Bl]

< co( ]{AoAI]U[AoBI] Do (D] dH (1))

<C (| Drp(t)])dH! (t)

- AOA1 U[A()Bl]

(2.6)

< 60][ (| Do ()] )aH (2) |

where C' = Ck . given that C' < 2%, has been derived from the A, condition. So there
exists a constant C' depending only on ® such that the integral over our triangle co T

[, 21Dk ) < CleoT| £ @(1Dro(0))a! 1)

We now move our attention to a strip 5, Wthh for the sake of simplicity is bellow
the z-axis (the argument on the half of the square above the axis is symmetric).
Firstly we will estimate Dih and then Doh later. Almost all points in S; belong
to the interior of a triangle PP 1R;, 1, or P,y1R;R;11. Since h is affine on each
triangle, the derivative is constant inside each triangle. Recall that |D,~;| is constant
on [A;B;]. Since one side of each triangle is horizontal and lies on either [A;B;] or
[Aj41Bj41] then
H' (v([A;B;)))

H'([A;B5])
for any point inside a triangle of type P, P, 1 R;.1 and
H' (v([4j+1B5+1]))

HY([Aj+1B)41])

for any point inside a triangle of type P41 R;R;+1. For almost all points (z,y) € S;
we have

|Dih(z,y)| = |Dyy;| =

|Dih(z,y)| = | Devjia| =

M (1 ([A;B)])) Hl('Yj-i-l([Aj—&-lBj—H]))}.

HY([A;B]) T HY([AjBj])
Notice however that v2H!([A;B;]) > H'([A;A¢)U[AB;]) and since v; is the shortest
curve it is not longer than the image of ¢ on [A;A¢] U [A¢B;]. Use this and (2.2) to
get

[Dih(r,y)| < max { (2.7)

W (u(ABD) _ ~H (4,40 U [A,B,)
W(AE) =YY (A A UAB,)

=2 | Drp(t)|dH' (t) (2.8)
[A]'AO]U[AOBJ']

<c ]g% Do (t)|dH (1) .

Combining (2.8) applied to j and j + 1 with (2.7) gives
Dih(a.y)| < C f Dyp(t)lar 1 (29)
70
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almost everywhere in S;. Now use the Jensen inequality to get

(| Dyh(z, y)|) < @(Cﬁs [Drp(t) dH (1))

0

<co(f 1Dl o) (210)

0

<O @(Del)ar 1

for almost all (z,y) € S;.

We must now estimate |Dyh(x,y)|. Intuitively, since the longest ‘vertical’ segment
in Fg the image of the strip S is at most 6 = max{H"'(¢([A;4;11])), H* (¢([B;jBj+1]))}
(see (2.4)) and the strip S itself has a width of say ¢ and the preimage of ‘verti-
cal’ segments in h are roughly vertical, we should be able to bound |Dsh(z,y)| by
C|Dih(z,y)| + C%. The details can be found in [12][Theorem 2.1, Step9] and the
following Lemma is the penultimate estimate of that step.

Lemma 2.4. Let S; be a strip in S,, and the piecewise-affine h defined by v; from
Lemma 2.2 and ¢ on a mesh satisfying (2.4) and P;, R; as defined above. Then

) H(7([4;B1))) H'(311([Aj41B;41]))
]DQh(x,y)|§C<maX{ HY([A;B]) ° HM[AjBjl) }

H' (p([A4451])) H' (2([B;jBj+1))) }) :

+max{ HYU([AjA1]) 7 HY[B;Bjl)

We have already estimated the first term in the previous to get
. {Hl(%‘([Aij])) H (vj+1([Aj1 Bjs } C][
HY([A;B)]) ’Hl([AmBm
The second term can be estimated as follows

aX{H1<90([AjAj+1])> Hl(@([Bijﬂ]))} -
HU([A;4544]) 7 HUB;Bjal) |~

Together that means that

|Dah(a,y)| < DOl (0 +C f IDp@lar (0. (210

[4;A;+1]U[B; Bjt1]

(O)ldH ().

| Drp(t)|dH ().

]{AJ‘AJ‘H]U[BJ‘BJH]

Now we can apply @, use the fact that ® satisfies Ay and use the Jensen inequality
to get

O(|Doh(r,y)) < (C L Do) dH (1) +2 Do (b dH (1))

dSr [AjAj11]U[B; Bj 1]

<o f IDwlan'v) +Co( f Deelt)lar' (1)

[A;A;41]U[B; Bj41]

<Cf o(IDp(b])an' )+ C @ (|Drp (1) )dH* (1)
0Sry [A;Aj41]U[B; Bjt1]
(2.12)
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for almost all (z,y) € S;. So combining (2.10) and (2.12) using the A, condition, we
get a C' such that

®(|Dh(z, y)|) < c][a& O(|Dyp(t)] )M (t) + C (| Dy (t)])dH (t).

[A;Aj4+1]U[B; Bj41]

Now integrate over S; to get

[ @(1Dh(zy))ac(w.y) < CL(S) £ S(1Dop(n)])aH! (1)

Sj 9Srg
+Cro | D(|Drp()])dH ().
[A;Aj+1]U[B; Bjt1]
Summing over all strips

[ ®(1Dh(w,y)l)ac*(w,y) <Cri £ ®(1D,p()])aH (1)

70 70

+ Crg /BST (| Dyo(t)] ) dH (1),

0

Dividing by 72 gives our required (2.1)-type estimate for our initial mapping h. Tt
now remains to alter i so that it is injective, while maintaining all other properties.

Step 5: Defining h to obtain a homeomorphism.

Here we repeat the argument from [12, Theorem 2.1, Step10]. It still remains to
slightly alter our initial mapping h in order for it to be injective, which it is not
if any of the curves meet the image of the boundary or if they meet each other at
some point. We can use a construction similar to the one we introduce in Lemma 3.1
to move those endpoints of segments of two lines which coincide at these endpoints.
Seeing it suffices to move the endpoints by some arbitrarily small amount, the lengths
of the curves involved are only longer by some insignificantly small factor and so the

estimates above also hold for i with a coefficient at most larger only by a factor of
C. O

We may also observe that the following modular estimates hold for our extension
theorem.

Corollary 2.5. Let rg > 0 and ¢ : 9S,, — R? be a piecewise-linear and one-to-one
function. For all A > 0 the following estimate holds for the finitely piecewise-affine
homeomorphism h : S,, — R? found in Theorem 2.1,

][ ®(A\Dh|) dL? < c][ O\ D, p|) dH! . (2.13)
T0 687«0

Proof. 1t suffices to multiply the estimates (2.5), (2.9) and (2.11) by A on both sides
and then use these new estimates in (2.6), (2.10) and (2.12). O

3. EXTENSION IN THE DEGENERATE CASE |Df(c)| # 0 BUT J¢(c) =0

Our first lemma will be a simple observation that when one creates a polygon
inside another by following the boundary of the first, the perimeter is not increased
significantly (see Figure 5).
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FIGURE 5. A simple observation that following the boundary inside a
polygon does not increase the perimeter much.

Lemma 3.1. Let D = {Dy,D,,...,D,, = Dy} C R? be a set of m distinct points
such that

[D;j-1D;] N [Dy1Dy] C D if j #k,

1.e. no two segments intersect each other, except for adjacent segments which share
endpoints. We will call the polygon UT:1[Dj—1Dj] = P. The mapping ¢ : 0Q — P
will denote the piecewise-linear constant-speed parametrization of P from 0Q), where
Q is a square of side length r € (0,1]. Let € > 0 then there exists a polygon (which we
will denote P,) lying entirely inside P, whose length differs from H'(P) by at most
€.

Proof. We denote the inside of P as S, that is to say S is the bounded component of
R?\ P. Clearly ¢ is one-to-one. Therefore denote D; = o~ (D;) for all D; € D and
D ={Ds,Ds,...,D,}, where we assume that the vertices of @) already belong to D.
For our proof we will require the use of a ‘normal’ vector at (z,y) € 0Q. For all points
(z,y) € 0Q \ D we define a ‘normal’ vector as v(,,), the unit vector perpendicular
to Dy¢(x,y) such that for some small 79 > 0 we have (z,y) + Nz, € S for all
1 € (0,1m0).
Then for D; € D we take the average of the two adjacent vectors, i.e.

. vudH (u
v = lim IB(D,.s)n0q (u)

. (3.1)
s=0% | [5(p, s)noq Vud H! (u)]

We shall choose a small number aq as follows. Using the notation D, ; = Dy we
calculate

1
o = Z mln{dlst <Dz, P\ ([szlDz] U [DiDi+1D7 1= 17 c ,m} (32)
unless this number is larger than 1, in which case oy = 1. Notice that if we choose

any a € (0, ap) for ap the segments [(D; 4+ aw;)(D;41 + aviq1)] are pairwise disjoint
(except for the endpoints of adjacent segments) and they lie entirely in S. Thus we
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F1GURE 6. The set Z where the boundary “doubles up”.

construct and get a polygon

m

Pa = U [(DZ + OZ’UZ')(DZ'_H + OZU,'_H)],
i=1
whose length is close to that of the original, i.e. differs from it by no more than 2am,
by simple use of the triangle inequality. It now suffices to choose a < £(2m)~! and
our claim is proven. O

In the following we will consider some geometrical properties of the following map-
pings and sets. We will have ro > 0 and ) will be the image of a 2-bi-Lipschitz
mapping which is equal to an affine mapping on the triangles co{(0, 0), (0, ro), (ro,0)}
and co{(ro,70), (0,70), (r0,0)}. Further we will have a ¢ € Wh1(9Q, R?), which is
piecewise-linear and one-to-one. Further we will assume that there exists an M > 0
and an € < min{rg, Mry} such that

/E,Q‘Dw(t) - (]\047’00) r‘ dH(t) < e. (3.3)

We will denote S as the closure of the bounded component of R? \ ¢(9Q).
The following lemma proves that the set of vertical lines intersecting ¢(9Q) at more
than two points is very small. Compare with Figure 6.

Lemma 3.2. Let ¢, Q, M, e be as given in (3.3). Use m to denote the projection of
R? onto the x-axis. Call the set where a vertical line meets ©(0Q) in more than two
points
72 ={(Z1,2,) € (8Q); H'(m(Z1) Np(9Q)) > 2}.
3e

HY(2) < o

Calling P = ¢(0Q) and taking P, constructed in Lemma 3.1 we can find an o small
enough that H*(Zp,) < 2¢, where we define Zp, in the same way as Z, only replacing
»(0Q) with P,.

Then we have

Proof. We clearly have that the set {z € R; H°({z}xRNp(0Q)) = 1} has 1 dimension
measure 0, in fact it has at most two points. Indeed the set of lines intersecting ¢ (9Q)
in an odd number of points has 1-dimensional measure 0. Therefore almost all vertical
lines intersecting p(0Q) do so, at 2 points or more. Notice that (3.3) easily gives that

H'(p(0Q)) < 2MH! (m1(Q)) +¢ (3.4)
and
7‘[1<7T1((,D(8Q))) > MH (7 (Q)) —e. (3.5)

Hereby we get that
H' (9(0Q)) — 2H' (m1(¢(0Q))) < 3e. (3.6)
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With respect to the fact that almost all lines intersect the polygon at an even number
of points almost every vertical line intersecting Z must also intersect p(9Q) at a
minimum of 4 points. This allows us to make the estimate
3e
5

From Lemma 3.1 we know that H'(P,) < H'(p(0Q)) + 2ma, which we can combine
with (3.4). It is evident by our construction that that we have

0 < H'(m(9(8Q))) — H' (m(Pa)) < 2a,

HY(Z) < (3.7)

which we can combine with (3.5). Therefore we get the following equation corre-
sponding to (3.6) for P,

H' (Zp,) < % +2(m + 2)ov.
Repeating the estimate in (3.7), with « sufficiently small, we get
HY(Zp,) < 2e.
O

Definition 3.3. Let rqg > 0 and Q) be the image of a 2-bi-Lipschitz mapping which is
equal to an affine mapping on co{(0,0), (0,7¢), (r0,0)} and co{(re,70), (0,70), (r0,0)}.
We will call a curve 5 in 0Q direct if for every parametrization ¥* = (¥5,73) : [0,1] —
R?, 3*([0,1]) = 7, we have that either (i)' > 0 or (3;) <0 everywhere on (0,1).

Direct curves are such that the first coordinate function of their parametrizations
are monotone. The significance of direct curves is that we will be able to easily
estimate the length of the image of a direct curve using (3.3) as follows

H(p(3) = [ Do’

< L) (%{’3) TldH" + (3:8)

< MH (71 (7)) +e.

If we have two points A = (A1, As), B = (B, Bs) € 0Q, (A = (A1, As) = p(A),B =
(B1, Bs) = ¢(B)) we can simply take any curve 4 (we do not need that 7 is direct)
in 0@ having endpoints at A and B and estimate

AI_BIZWI([DTSO> <M(A1—B1)+€,
v

Al—B1:7r1<[

5

and similarly

Dyp) > M(A — B) e,

From this we get

A — B A — B
¥_i<A1_B1<171+

€
i i i u (3.9)



20 DANIEL CAMPBELL

< <
A

FiGure 7. Following the boundary until we find a good point, where
we can “bridge”.

Lemma 3.4. Let o, Q, M, e be as given in (3.3) and S be the closure of the bounded
component of R? \ p(0Q). Then for any two distinct points X = (X1,X,),Y =
(Y1,Y52) € p(0Q) satisfying X1 = Y there exists a a one-to-one piecewise-linear
curve of length no more than 10e, which lies entirely inside S° apart from its end-
points, which are X and Y .

Proof. There are a number of cases which we will consider. The first is that the
segment [XY] lies in §° apart from its endpoints. In this case we can simply use this
curve. We know that the difference in y-coordinate is small thanks to (3.3), that is

HY([XY]) =|X,- Y,y <e. (3.10)

The second case is if there exists a path in ¢(0Q) connecting X and Y, whose
length is no more than 9¢. If this is true then we need only follow a path close to
the boundary and we will get a path of length at most 10e. To be explicit, consider
the path consisting of those points in P, corresponding to the points in our path on
©(0Q). We use the segments generated by X +tvx and Y +tvy~ to connect X and
Y with this path. Since we choose

€
2m+4
we know that our path is not more than e longer than the original path in ¢(9Q) and
therefore less than 10e.

If neither of the above cases hold then our plan is to do the following. We will find
an appropriate pair of points close to X and Y, which we will be able to connect with
a vertical segment. We then connect this segment to our original points. Initially we
will use a curve on ¢(9Q), which we afterwards move slightly inside S so that only
the endpoints of the curve lie in p(9Q). Our strategy is illustrated in Figure 7.

As the second case does not hold, we know that there is no curve on ¢(9@Q) con-
necting our two points X, and Y with length shorter than 9¢. We will use this to

a <
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prove that X, Y are not too close to the left or right extreme of points of p(0Q). The
same will hold for their preimages X,Y. This will allow us to show that the curves
we use are direct and we will be able to use the estimates in (3.8).

To this end denote | = minm(Q), L € JQ is a point such that m(L) = [ and
L = p(L). Take the left end of 0Q) and call it

E={4c0Q: m(4) §l+?\;}.

Using (3.3) we can calculate
H' (0(E)) < 2MH (71 (E)) + € = Te.

It is hereby clear that at least one of the pair X,Y is not in E because otherwise
we could find a curve in p(9Q) with endpoints X and Y with length less than 7e
but we know this is not true. Assume that X is in E. Since X; = Y ; we can use
(3.3) to show that there exists a curve in ¢(9Q) connecting Y with a point in p(F)
of length less than 2¢. But this means that there is a curve connecting X and Y
shorter than 9¢ and we have excluded this possibility. Now consider those points
A= (A1, As) = ¢(A) € p(0Q) such that

‘Al — X1’ < 2e.

We get by (3.9) that
3e
‘Al — X1| < M

Now since |A; — X;| < 32 < |L; — X;| we get that exactly one of the two possibilities
hold

a) All curves ¥ C 0Q with endpoints A and X are direct,

b) All curves 4 C 9Q) with endpoints A and Y are direct.

Obviously the same argument holds at the right-hand end of ). Also for each @ such
that | X1 — x| < 2¢ we can find y,, and y, such that (z,y,), (z,y,) € ¢(0Q) and
A = (x,y,) corresponds to case a) and A = (x,y,) corresponds to case b). See also
Figure 8.

Lemma 3.2 implies that we can find an @ with | — X ;| < 2¢ such that the vertical
line {(=,t); t € R}, intersects ¢(dQ) at only two points which are X = ¢(X) and

Y = p(Y). Further from the above we know that the curves on 0@ connecting X
with X and Y with Y are direct. With respect to (3.9) we get that

— 3e
’Xl —X1| < M

This means we can estimate the length of the image v = ©(%) of the direct curve ¥
having endpoints X and X using (3.8) as

H' () < de.

As in (3.10), the length of the segment [X Y] is less than €. Thus we can connect X
with Y with two curves in ¢(0Q) and a segment having a total length less than 9e.

It now suffices alter the curve slightly so that it does not touch the boundary of
S anywhere else than X and Y. We consider the curve that consists of the segment
[ X, (X +axvx)] then follows P, until it meets (,t), goes vertically along (Z, )
until it meets P, again at the other end, follows P, until it gets to a point Y +ay vy
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FiGuRE 8. Cutting off the ends of the square ensures paths between
A and X, respectively B and Y will be direct.

and then follows the final segment into Y. Note that in general a x, ay < a with
equality if X or Y are vertices of ¢(9Q). In doing this we increase the length of our
curve by no more than e given that « is smaller than e(4m + 4)~!, where m is the
number of vertices of ¢(9Q)). Thus the final curve is shorter than 10e. U

Lemma 3.5. Let ¢, Q, M, e be as given in (3.3) and S be the closure of the bounded
component of R*\ ¢(0Q). Then for any two points in X = ¢(X),Y = oY) € 0(9Q)
we can find a piecewise-linear curve with endpoints X and 'Y, lying inside S° (apart
from its endpoints), whose length is no more than | X, — Y 1| + 15¢.

Proof. The strategy of our proof is to find a point Y = go(f/) such that we can use
Lemma 3.4 to connect Y and Y and there exists a direct curve between X and Y.
The length of the image of this direct curve can be estimated using (3.8). Then we
can use move the curve inside § making it only € longer. Finally we notice that if
at any point the curve crosses itself we can cut out the loop which was formed thus
shortening the curve and making it a one-to-one path.

As we saw in the proof of Lemma 3.4,

H' (p(E)) < e,
where E ={A €90Q; A} <Il+3eM~'}. Soif }/ € FE we can find a point Y € E and
a direct 4 path in Q) with endpoints X and Y. then we can estimate the length of
the image of this direct path as
H' (7)) < M|X; = Yi|+e < |X1 = Y|+ be.
We can connect Y and Y with a curve of length less than 9¢ and so we have connected

these points in ¢(0Q) with a curve of length less than 14e. Moving this curve inside
S as we did in the proof of Lemma 3.4 will increase the length by at most e.
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FI1GURE 9. The preimage of one of two adjoining segments in Q) having
the same size projections cannot be too big.

If neither X nor Y = (Y3,Y3) are close to the edge of Q) then we know that the
set F = {(Y1,t) € ¢(0Q)} has at least two elements. At least one of these, Y can be

connected with X by a direct curve 7. Since
~ €
X1 =Yi| < |X1_Yi|+Ma

we have
HY (0(F)) < M|X, —Yi|+2e < | X, — Y|+ 3e.

So we can apply Lemma 3.4 to connect Y = gp(f/) with Y and the length of our
curve will be less than | X; — Y| + 13e. We move this curve inside S and get a new

curve no longer than |X; — Y| + 14e.
It is possible that this curve crosses itself but we need (the parametrizations of)

our curve to be one-to-one. To this end take a parametrization ¢ of our curve from
[0,1]. If ¢ is not one-to-one we have points t; < t5 such that ¢(t1) = ¢(t2). Take the
curve defined by ¢([0, 1] U [t2, 1]). Clearly this curve is shorter than the original. If
necessary we can repeat this process until ¢ is one-to-one. This does not increase the

O

length of our curve.

The following lemma shows that the 2-bi-Lipschitz piecewise-affine image of a
square cannot have two adjoining sides which are both nearly vertical and so we
can bound the length of one of a pair of segments given we know that its projection
onto the z-axis of the segments is small. See also Figure 9. Recall that by 7 we denote
the tangential vector to a one-dimensional object, as explained in the preliminaries.

Lemma 3.6. Let rg > 0 and @ will be the image of a 2-bi-Lipschitz mapping
which is equal to an affine mapping on the triangles co{(0,0),(0,70), (r0,0)} and
co{(ro,70),(0,70), (r0,0)}. Let Sy,Ss be two sides of QQ, which meet at the corner



24 DANIEL CAMPBELL

X of Q and let Ty and Ty be segments in Sy and S respectively, both containing X,
such that H'(my(Ty)) = H'(m1(Tz)). Then it holds that

min{H"(T1), H (T5)} < 20ro min{|m(7s,)|, |71 (7s,)|}- (3.11)

Proof. Without loss of generality we may assume that S; is nearly vertical because
if min; |my(7s,)| > 75 then the right hand side of (3.11) is greater than or equal to
2rg. The left hand side however is trivially bounded by the same and the claim holds.
Therefore assume that | (7s,)| < 15.

By our assumptions on @), simple direct computation gives that the angle between
S1 and S5 is bounded from below by arctani and therefore, for any two sides with a
common vertex it holds that

1
> —.
|7T1(TS2>‘ — 10

We know that H!(S;) < 2ry and therefore the length of its projection onto the z-axis
is at most 2rg|m (7s,)|. Now the two segments have the same length of projection
onto the z-axis and |mi(7s,)| is bounded from below by 55 therefore

H' (T2) < 20ro|m(7s,)],
thus our claim has been proved. Il

Theorem 3.7. Let M > 0,0 < < ﬁ, ro € (0,1) and Q will be the image of a 2-
bi-Lipschitz mapping which is equal to an affine mapping on co{(0,0), (0, 7o), (ro,0)}
and co{(ro,70), (0,70), (0,0)}. Denote 0 = min{M, M~ &(M), ®(M)~*}. Let ¢ :

0Q — R? be a piecewise-linear and one-to-one mapping with

/f)Q‘DT(p(t) B (]\é,o()) T‘ dH'(t) < dory, (3.12)
h ‘b( Dot~ (0, T) dH'(t) < dorg (3.13)
oQ 0,0

where T is the unit tangential vector to 0Q. Then there is a piecewise-linear homeo-
morphism g : Q — R? such that g = ¢ on 0Q and

/ch(‘pg(x) _ (J\O{,OO)D dx < Cor? . (3.14)

Proof. Firstly let us briefly outline the idea of the proof. We will take some large
central part of @ and call it W. On W we define g almost as a curve in S so that g is
close to Mze; in L' on W. We then use the fact that |Dg| < 2Malmost everywhere
in Wto get (3.14). We split the annulus @ \ W into very small square-like objects
where we use bi-Lipschitz mappings and Theorem 2.1. A combination of Lemma 3.5
and the fact that the annulus has very small measure guarantee that overall the L?®
norm here is tiny.

Step 1: Basic setup.

Let the snake S denote the closure of the bounded component of R? \ ¢(9Q). We
need to denote the corners of () somehow. If all corners have different x-coordinates
we call A; the vertex of () having the least z-coordinate, A, is the vertex having
second least z-coordinate, A3 the third least and Ay is the vertex having the greatest
x-coordinate. If we need to assign the corners A; and A; 1 but we have two vertices
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FI1GURE 10. Decomposition of () into its small annulus and the large
central part W, which we divide into triangles having vertical sides.
The values g, 1, 1o, y1 being the extremities of W.

20070 —_— S 2007T0

F1GURE 11. We define a curve that follows the boundary of S, starting
near its left end and ending near its right.

with the same x-coordinate then A; is the corner with the greatest y-coordinate of
the two and the other is A;,1. See Figure 10.

Call A the central point of ) defined as A = (A; + Ay + A3+ Ay) /4. We will define
our mapping in one way on a large central part of () and then use the annulus to fill
in the remaining part of S. Let us define

We proceed to define g on W = co{ By, By, B3, B,}.
Step 2: Choosing a good path along the boundary of S.
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FIGURE 12. Defining ¢g(X;) and g(Y;) as points close to T'; just inside
S and controlling the distance from T'; using their y-coordinate by the
function ws.

We will use a direct curve ¥ C dQ such that m(¥) = m(0Q). Depending on the
exact shape of @ one of the following will suffice, [A; A4], [A1A2] U [A2A4], [A1Ao] U
[AgAg] U [A3A4], [AlAg] or [A2A4] We call E~ = (El,Eg) and F = (Fl,FQ) the
endpoints of 4, where Ey < Fy and E = ¢(E), F = ¢(F). Also we call v = (7).

We refer to a vertex of p(9@Q)) as the image of any point, at which D, ¢ does not exist.
By K we denote the number of vertices of ¢(0Q) in the curve y. Naming the constant-
speed parametrization of v as y* : [0,1] = R* we find 0 = t; <ty < - <t =1
such that T'; = v*(t;) are the vertices of v and E=T,F="Tk.

Similarly as in (3.8) we can estimate the length of v as

M|F, — Ey| — dorg < HY(y) < M|EF, — Ey| + doro.

Step 8: Definition of g on W.

Now we are ready to define g on W. The image of W is depicted in Figure 11.
We will pick pairs of points on W where the points of each pair have the same
x-coordinate. The segments connecting these points will be perfectly vertical and
Dyg on any triangle having this segment as one of its sides will be the same as the
derivative of g along the vertical segment itself. By ensuring that ¢ has very small
derivative on all of these segments we will know that D,g is tiny everywhere on W.
We depict this strategy in Figure 12. In order to achieve the above we will use the
numbers

o = min{x; (z,y) € W,y € R} and z; = max{z; (z,y) € W,y € R},
yo = min{y; (x,y) € W,z € R} and y; = max{y; (x,y) € W,z € R},

depicted in Figure 10, to define

T —x —
0 WQ(J:?y) = y yo (-T,y) € W
T1 — Zo Y1 — Yo

wl(x7y) =
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Note that any two points X,Y € W such that wy(X) = w;(Y) have the same z-
coordinate. We choose points X; and Y; as depicted in Figure 10, they are those
points on W such that

a) wo(X;) > wa(Yy) for 2<i< K —1
b) wl(Xi):wl(Y;):ti fOI‘lS’LSK

We still need to define X,Y), X and Y. There are two cases, if wi(B;) = wi(Bs)
then

(3.15)

X1 = Bl,le = BQ, otherwise X1 = Yi = Bl.

Similarly Xx = Bs and Yx = By if By and By have the same z-coordinate and if
they do not, we put X = Y = By.

Firstly we define g(X;) and ¢(Y;) and then define g on triangles made from the
points X; and Y; to get a homeomorphism on W. Let us define the number A as

Call P = ¢(0Q) and let o be the minimum of the number defined in (3.2) and .
Choose

a € (0,00rgap N2 K1), (3.16)

The following definition is crucial for our construction. It determines that on W
we follow the boundary of the image with constant speed which guarantees that our
approximation is 2M Lipschitz everywhere in W. Recall the definition of ‘normal’
vectors from Lemma 3.1, (3.1) and for ¢ = 1,2,..., K define

o o

9(X0) = o(T) + 5 .

Now for i = 1,2,..., K — 1 define g on the segments [X;X;.1], [YV;Yii1], [XiYi]
and [X;11Y;] and on [XkYk] as linear. In this way we subdivide W into triangles
formed by the segments [X;X;.1], [X;Y:] and [X;11Y;] and those triangles consisting
of [X;11Yin], [YiYir1] and [X;,1Y:]. We have defined g as linear on each segment
and g is continuous on each triangle X; X, 1Y; and X, 1Y;Y;,1. There is therefore a
uniquely determined piecewise-affine mapping on each triangle and we define g on the
convex hull of each triangle as this mapping. Hereby we have a finite piecewise-affine
mapping defined on W. It is not difficult to notice that each affine map is regular and
in fact ¢ is a homeomorphism on W. This is easy because Lemma 3.1 ensures that
our curves P, are pair-wise disjoint from each other, which means that the triangular
images of our triangles in W do not touch each other (except at the images of their
common points or sides in W).

Step 4: Estimates for Dg on W.

Now we need to estimate Dg = (D1g, D2g). Firstly we estimate Dyg. Every triangle
has a vertical side, which we can denote as [X;Y;] and Dsg(x,y) for any point inside
this triangle is equal to D,g on [X;Y;]. By direct calculation (recall (3.17)) we have

(1+wa(X0))r, and g(¥i) = () + S(1+ wa(V))vr.  (3.17)

_ ~9(Xy) —g(Yi) 9(X;) —g(V3)
D29t 9) = Prscrs9 = "5 2V = (o = wo)(wal(X) — n(%)
_ o (Wa(Xi) —w(Yy))or,  awg
2 (wa(X;) —wa (V) (w1 —w0)  2(y1 —wo)
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Recalling (3.16) we notice that our choice of « ensures that
| Dag(w,y)| < 60 K~ Nap.

Now we estimate D;g. Each triangle G' has a non-vertical side lying on OW,
[X:Xi11] or [Y;Yii1] (without loss of generality assume [X;X;.;]). We calculate the
derivative D,g on this segment and then clearly the triangle having this segment as
its side fulfils

Drg = Dig(z,y)71 + Dag(, y) 7o,

where 7 = (71, 72) is the tangential unit vector to the segment [X;X;,1] C W as
defined in the preliminaries. We are free to assume that 7, > 0 by our choice of
parametrization. We start by showing that roughly speaking |D.g| ~ H(v)m (21 —
x)~'. In Step 2 we chose the points X; so that wy(X;) = t;. It is important to note
that for X € [X;X;1] we have

mX+7)-mX) 7

1 — Xo X — o

DT(.dl (X) =

since [X;X;1] is a segment lying on OW | 7 is constant there, which means that w; is

linear on each side of OW and so D,w; is constant. From this we calculate
Xip1 — Xi|m
W1(Xz'+1) - Wl(Xi) = g

1 — X

Now we notice that since |(v*)'| = H!(y) is constant on all (¢;,%;,1) and use (3.15)
(b) to get

[o(Ti1) — (M) _ v (isa) =" ()] _ [ [(Eisa — 1)
Hi(y) H(y) Hi(y)
Together that is
[o(Ti1) — o(T)| _ M )Wl(Xm) —wi(Xi) _ H'(9)n
| X1 — X | Xiv1 — Xi T — 20
So recalling our definition of ¢ in (3.17), we can calculate D, g on [X;X;.1] as

9(Xiv1) — 9(Xi)

= wi1(Xip1) — w1 (Xy).

D-g =

| Xip1 — Xi
Co(Tip) — (1) o1+ wa(Xipr))on,, — a1 +wa(X5) o,
X — X 2| X1 — X
C H ()1 o(Ti) — () ol 4 wa(Xiw)Jur,, — a1 +wa(X5))or,
(w1 = @0) |p(Tiga) — o(T))] 2| Xiy1 — Xi '

Now 1+ wy(X;) <2, | Xijy1 — Xi| > A and vy, are all unit vectors. Therefore
_ H )1 e(Tia) — o(Th)
(z1 = 0) [p(Ti41) — o(T3)]

It is clear that given a triangle GG, an affine mapping A on G and if we know Dy A
and the value of D, A on a non-vertical edge of G we can calculate D1 A. We have

DT.A = D.AT = D1AT1 + DQ.ATQ.

D.g < 2aX"t < 280rga K L. (3.18)
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Our choice of A\ allows us to effectively estimate D;g using D.g on nearly vertical
lines. Recall that we have already calculated that |Dyg7s| < arg'. Therefore, since
Lemma 3.6 gives A\ < 20r¢7; and applying (3 18), we know that

‘Dlg _ H'() e(Ti) ‘
(z1 — o) [p(Ti41) T)|
'D +g — Dagra 7{1( (Ti1) — (Th) ‘
B e (w1 — o) \w( i+1) — (1))
- 2001000 AK ! + doag 2Kt
T1

< 40507’304()}(71 + 2060 oA K 1

We have H!(y) ~ M(z; — x0) and Dag tiny so we can use this to conclude that g is
Lipschitz on W, thus

|Dg| < 2M and so

Dy — (]‘04 b“)‘ <3, (3.19)

almost everywhere.
It holds that

M, 0 M
fpa= (0a) = [pia=(5) |+ [1pao
< [ Im(Dig) = M|+ [ [ma(D1g)] + |G| Dagl|.

We have already calculated that ||Dagl|oc < dogA*K 1. Notice that for any triangle

G whose non-vertical side is [X; X; 1] or [Y;Yi11] we have |G| < 4ro|m (X1 — X5)| =

4ro| Xiy1 — Xi|m and on G we know that all our derivatives are constant. So we can
D.g

calculate
D,
= (0)1+
T1 0 G 1

JolPro = (Af) <.
22 ()] + 161Dl

Drg (M
- (%) |+ Glegl

— Dhg

<Aro| X1 — X; |7'1

< 47“0/ D.g— ( ’O) T‘d%l +|G|doag K.
[XiXit1] 07 0
Now we sum over all triangles in W to get
M M7 0 1 1
/W 'Dlg _ ( 0 ) ‘ < dry /8W ‘DTg _ < 00 ) T‘d% + dr2soagk ™ (3.20)
Define
oW =X U y, where X = U[XiXiJrl] and y = U[Y;Y;+1] (321)

We can estimate both of the integrals [, [D-g(t) — Mriei|dH'(t) and [y, |D,g(t) —
Mrtiei|dH'(t) in the same way as follows. We have

M0
/ ’DTg— T‘d%l §/ |7r1(DTg)—M7'1|+/ |m2(Dg)l.
X 0,0 X X
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The second integral can be estimated using (3.12) and the triangle inequality as
/X |T9(Drg)|dH* < oy + 2K < 2807y,
Further we can calculate
/X [m1(Drg) — M| = /X (mi(D.g) — M7)" — /X (7(Drg) — Mm) .
Now it is clear that
/X <7T1<DTg) — MT1)+ < ‘Hl(g(z\,’)) — M(xy — xo)‘

< |H'(y) + 2aK — M(zy — x0)|
< 350’7”0.

We also have by using (3.12) and (3.17) that
/X (m1(Drg) — M71)+ + /X (m1(Drg) — M71)” > [ |Dro| — 20079
> M(xy — x9) — 30070.

2

Therefore we get that
/X (m(DTg) — Mﬁ)f > —6d0ry.
Combining the above renders
/X |m1(Drg) — MTi| < 9d07ry.
Obviously the same holds for the integral over ). This and the fact that
/aw |mo(Drg)| < 4dorg
together give us a fixed geometrical constant C' such that
Jue o= (00) 7

Now combining this with the fact that ||[Dag|le < do and |W| < 472 we get with
respect to (3.20) that,

< Coory. (3.22)

M. 0
Dg — ’ < Coor? 3.23
/W' g <070)‘— 0Tg; ( )

where C' is a fixed geometrical constant.

We will now get a (3.14)-type estimate on W by combining (3.23) with (3.19)
and the fact that ® satisfies the Ay condition. Firstly notice by (3.19) that almost
everywhere

Ma 0 2
cb('Dg - < 0.0 ) D < C20(M)
with C5 the A, constant of ®. Now, as ® is convex it is clear that
(M)

O(t) < C4——~
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FIGURE 13. Separating the part of the annulus on the side S = [A;A]
into similar 2-bi-Lipschitz images of a square.

for all ¢ < 4M. Combing this with (3.23) we get

oo (53)) = 5" oo (53)

(3.24)
< (/’Méar2 < Cor?
M 0= 0>
where in the final inequality we have used the definition of ¢ and the fact that %

is a bounded function of M. The constant C' depends only on ®.

Step 5: Division of the annulus Q \ W.

We will now turn our attention to the annulus Q\W. We want to apply Theorem 2.1
on the annulus, therefore we will split it into small areas, each of which are uniformly
bi Lipschitz equivalent with a square as we show in Figure 13. To this end choose

= [07'o7'] € N. Each side S of 9Q corresponds to some S = [4;A;]. Thus we
deﬁne

S
Xi =
m

i=0,1...m, (3.25)

which yields | X5 — X3 ,| = doro.
For any point X in dQ we have a corresponding point X in OW such that
. - -~ X —00A
X =X 4 00(A— X) that is to say X = #.
— 0o

Either way we can easily estimate
|X — X| < 4dory.

We define ¢ = ¢ on 9Q and we want to estimate the distance |g(X°) — g(X7)].
Since we have (3.12) and (3.22) we will be able to apply the same type estimates as
we used in (3.8)-(3.9). At the start of step 2 we defined E as either A; or Ay and F
as either Az or Ay. If E = A; then F = B; and the same for F so that we have

E=E+00(A—E), F=F+6ds(A-F).
Also E = g(FE), F = g(F). First of all we know that
|E — E| < dor,. (3.26)

Now, given a pair of points, X € W, X € dQ we want to estimate |X; — X/ so
that we can apply Lemma 3.5. The length of the image of a vertical segment in 0@
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FIGURE 14. D~ividing Q~\ W into two components bordered by
X, X, [EE] [FF] and Y,Y,[EE], [FF] and similarly in the image by
joining F and E with a segment in S\ g(IW).

or OW must be less than Cdorg by (3.12) and (3.22). This fact and (3.26) mean that
if X and X lie on vertical segments then

| X, — X4| < Céorg.

Points X and X, which do not lie on vertical segments can be connected with E and
FE with a direct curve in 0Q), resp. JW. For such a pair X = (X1, X3) € OW and any
X = (X1, X,) € 0Q with Ay a direct curve in OW with endpoints £ and X and ¢
a direct curve in Q with endpoints E and X we can calculate using (3.12), (3.22)
and (3.26) to get

9(%) —g(X)| = [E~E+ [ Dg— [ Dug
X %
< doro + ‘M(Xl — Ey) - M(X, —E1)+(1+C')(507‘0‘ (3.27)
< (24 C)dory + M|X1 — X1| < Céory,

for an appropriate fixed C.
We proceed by separating the annulus into 2 parts as we depict in Figure 14. Recall
how in (3.21) we separated OW into X and ). Now we make a similar division of

0Q), call
- X —0cA Y —d0cA
=T T VeV

Our choice of a guarantees that [EE] and [FF] lie in 8°\ g(W) apart from their
endpoints. Now there are two bounded components of

R\ (9(0Q) U g(W) U [EE] U [FF)).

. X e x| andj}:{
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FIGURE 15. Our strategy for connecting points in g(X) or ¢g()) with
their corresponding points on the boundary of S; or Ss.

We take the completion of these components, which we will call §; and S; depending
on their boundaries

dS; = g(X) U g(X)U[EE|U[FF] and 8S, = g(Y) Ug(Y) U[EE] U [FF].

Obviously we define g linearly on [EE] and [FF] so that g(E) = E and g(F) = E
and similarly for F and F. We already know by the definition of g that D;g on [EE]
is bounded. Therefore calling U = X UXU[EE]U[FF] and L = YUYU[EE|U[FF],
with respect to (3.12) and (3.22), we get

M,0 M,0
/(]‘DTQ—(O’())T <C(50r0and/L‘DTg—(0’0>T

We want to apply Lemma 3.5 where ¢ = g, 9Q = U respectively L, ¢ = Cdory and
M = M. Although the geometry of U and L does not correspond to the geometry
of Q) this will not cause a problem. The result depends only on the geometry of the
image, not the pre-image and the geometry of S;, the image of U in g corresponds to
that in the lemma. To be specific take for example U. We move the bottom half of
U,ie. XU[EE]U[FF] vertically down onto Y. Now we have a new map defined on
0@ and since we move points in our pre-image vertically only, none of our estimates
have altered at all. We apply the lemma and get a curve in S; which is the image for
our altered map. But the images of U in g and 0(Q) in our altered map are identical.
Therefore we can use the curve we found in the image for our altered map, also when
we work with U.

This being clear, we know by Lemma 3.5 and (3.27), that if the side S of 9Q is a

<5
subset of U then we can find a curve in §; with endpoints X ZS and X, , whose length

is less than C'dry, where the points X7 = ¢g(X7) and Xf = g(X?5) were chosen in
(3.25). Obviously the same is true for sides of Q) in L and curves in Sy as well.
Step 6: Definition of g on the grid in the annulus Q \ W.

< Coorg.  (3.28)
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Now our aim is to slightly refine the curves we constructed in Lemma 3.5 to make
sure that they are pairwise disjoint, without increasing their length significantly. We
demonstrate our construction on &; and then apply it to Sy as all the arguments are
the same. We have depicted our strategy in Figure 15

Take the constant C' in (3.28) and for every X € X such that X, < F} — 3Céor
(recall from Step 2 that F is a point at the right end of 0Q) we find a unique z-
coordinate in the image xx € m(S1) \ Zs, with Zg, from Lemma 3.2. We choose xx
so that it is an increasing function of X;. If [A; As] is vertical segment in X then we
choose x as an increasing function of X, on [A;As]. We write X = (X1, X,) =
g(X). Since H(Zs,) < Cdorg we can choose xx such that |zy — X | < Cdory. Let
o} be the number defined in (3.2) in Lemma 3.1, where P = &;. If m; denotes the
number of vertices in Sy, then for all X € X we choose an

( Cajdorg  Cajdorg )
ax )
4(4my +8) " 2(4my + 8)

such that ay is a decreasing function of X, (respectively an increasing function of
Xy on [ByBs] if this segment is vertical).

If we have a side S of 0Q and S C U, we want to find curves in S; with endpoints
X7 and X7 for i = 1,...m, which we will call 4°. We recall the estimate (3.27),
which we achieved thanks to (3.12) and (3.22), as it is critical for this step. We
use the construction in Lemma 3.5 (with ¢ = Cdory by (3.28)) but choose some
of the parameters specifically. Part of our construction was following the boundary
using a curve in P, (defined in Lemma 3.1) for « sufficiently small. Now we use a
curve in B, ¢ to follow the boundary. Also we choose = xx in our application of

Lemma 3.4. There exists an absolute constant C' such that the length of all 77 is
bounded by Cdory. We define g on [X5X?5] as the constant-speed parametrization
of the curve 5. Remember we have already defined g on [EE] and [FF] which may
correspond to [X5X5] or [X3 XS], Since the length of 47 is bounded by Cdory we
get an absolute constant K such that

|D,g| < K H'-almost everywhere on [X°, X7]. (3.29)

Step 7: Estimates on [y (| Dgl).

It is very easy to notice that R = co{ X5, X5, X2, Xlsﬂ} is 8-bi-Lipschitz equiva-
lent with a square of diameter dory. Upon calculating the L® modular of the derivative
on OR we can use the bi-Lipschitz piecewise-affine change of variables and then apply
Theorem 2.1, take the mapping from the theorem and reverse the bi-Lipschitz change
of variables and we will have defined g.



DIFFEOMORPHIC APPROXIMATION OF PLANAR SOBOLEV HOMEOMORPHISMS 35

We know from (3.29) that the derivative of g is bounded on [X”X;] by a constant
K and bounded by 2M on W, as was shown in (3.19). We estimate,

e 1 1
£ (1Degl)an’ < M(/[XFX5]<I)(\DTg\)dH +/[X§+1X§H]q)(‘DTg’)dH
1 1
+/[X§Xis+1]<b(|DTg|)dH +/[X§Xf+1]¢(|DTg(t)|)dH (t))

Jixs x5, @(1D-gl)dH!

dorg

<COK)+CP2M)+C
Now using Theorem 2.1 we get an extension of g on R such that

/ ®(|Dg|) < CO20220(K) + Co20*r2d(2M) + Cdorg / ](I)<|ng(t)\)d7-[1(t).
R

¢S %S
(X7 X7

We sum this over all quadrilaterals in @ \ W of which there are less than 55 o1,
then we use the Ay quality of @, the definition of o and (3.13) to get

5203 (®(2M) + ®(K))
(|Dgl) < doro [ ®(|Deg(t)])ar’ (¢
[,y ®(1Ddl) <© = +Coary [ B(1D-g(0)])dH (1)
< Corg+ Coory [ B(M) (3.30)
oQ
< 067"8.
This constant C' depends only on &.
The combination of (3.24) and (3.30) together prove our claim. O

4. PROOF OF THEOREM 1.1

4.1. A preliminary approximation result on bounded domains. The following
theorem is the mainstay of the proof of Theorem 1.1.

Theorem 4.1. Let Q C R? be a bounded domain and let 5, be a decreasing sequence
of positive numbers tending to zero. Let ® be a As-Young function. Then for any
homeomorphism [ € Wh®(Q,R?) there exists a sequence of diffeomorphisms fi, €
Wh®(Q, R?) such that
If = frllwre@re) < ek,

where || - ||wreqre) is the Luzembourg norm. Moreover if f can be continuously
extended onto the boundary, then fi coincides with f on Q) and fr converge to f
uniformly.

Proof. Step 0: Smoothing piecewise-affine maps.
We will find (countably) piecewise-affine homeomorphisms fj, such that

HDf - ka”wlﬁb(QRZ) < €g.

The construction of f; gives us a countable (possibly finite) covering of Q with trian-
gles T; = co{X,,Y;, Z;},i € N such that f; is affine on each triangle. We choose an
essentially disjoint covering of €2 with polygons W;. We choose the vertices of each
polygon W; so that the boundary of W; intersects the boundary of our triangles only
at the midpoint of a side. Let L, ; denote the Lipschitz constant of f; on W;. We apply
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[18, Theorem A] on f; choosing Q = W;, p =1, ¢ =1, ¢ = 14L;,;,/2'®(14L; ¢}, ")
and get diffeomorphisms f]k on Wj.

Set fi(x) = fix(x) for x € W;. We claim that we can carry out the above smoothing
in such a way that fk is a diffeomorphism on 2. In the process of applying the above
theorem we take care that if the side [X;Y;] of the triangle 7; intersects two of our
polygons W;, and Wj, then we choose the same parameter for smoothing along that
side of the triangle in both polygons. This ensures that fk is indeed a diffeomorphism
because the boundary of the polygons do not approach the vertices of the triangles,
fk has been set to be a diffeomorphism on sides which intersect the boundary of a
polygon and away from the boundary of the triangles we have f, = fx which is an
affine map in the set in question.

We have |Dfy| < 13L; almost everywhere in W, and therefore |Df), — Dfy| <
14L; s, almost everywhere in ;. Since @ is convex and ¢(0) = 0, we know that

O(14L; pei !
(I)(t) < t(—]’kikl)
14L; rey,
for t < 14Lj,k5,;1. Therefore
/- ¢(|ka —ka|> _ P(4Ljer )
W €k - 14Lj,k

Since we may require that ||f — fx|| < € for any & > 0 we will have no difficulty in
estimating || fx — frllze. Therefore we have

||ka — kaHWLq’(Q,RQ) < ¢ and ||Df — kaHWl»‘P(Q,RQ) < 2¢y.

Step 1: Basic setup.
We will choose some € > 0 and show how to find an approximation f; such that

J @7 = A+ e(Df - DAi) <2

given that £2(2) < co. This will then imply that for any e > 0 we can find f;, such
that || f — fellwre@re) < er. Therefore let us have e > 0 arbitrary.

We will determine and restrict some set, where the behaviour of f is bad. By the
absolute continuity of the Lebesgue integral we can find 0 < n < ¢ such that

/ \Df — Dfy < 279,
W;

/ O(|Df]) < e for any set A such that |A| < 167. (4.1)
A

Without loss of generality we can assume that J; > 0 a.e. (see e.g. [11, Theorem
5.22]). By fixing M large enough and a small enough 6 > 0 (also require 6 < ) we
will get a set ' with [F| < 7, where

F=FRUFRUDFR
Fy = {x €Q: |Df(x)| > M}

F={aeQ: D) < M)

Fy = {x € Q: Jg(z) # 0 but Juy,ve € R? with 1| = |va| = 1,

(4.2)

o1 - vg] < % and |Df(c)vy — Df(c)vg| < 85)}.
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We put ¢ = min{1, M}, (CIJ(M)>_1}.

We will subdivide our domain €2 using a Whitney-type covering. On the majority
of our squares f will behave well and the centre of such squares will lie in a so-called
good set G. To this purpose we recall a well-known result (see [9] or [11, Lemma
A.28]) which says that a planar homeomorphism in the Sobolev space W-! (Q, R?) is
differentiable almost everywhere. It follows that almost every point of € is a point
of differentiability for f and a Lebesgue point of Df and ®(|Df]). Simply by the
convexity of & we get

b—a b
o(b— a) :/ o' (s)ds < / ' (s)ds = B (b) — (a).
0 a
Therefore at all Lebesgue points X of ®(|Df|) we know that
li O(|Df(X)—Df(Y)])dY =0.
tw £ @(Dg00) - DY)

Therefore if we choose a hg which satisfies
3
hy < — 4.3
0< 37 (4.3)

and is small enough, we get the set

G:= {X € Q: for every 0 < h < min{hy, dist(X,00Q)} we have
£ ®(DF(X) = DFY))) dY < bo,
Q(X,4h)

(4.4)
][ IDF(X) — Df(Y)| dY < éo and
Q(X,4h)

F(Y) = £(X) = DF)(Y — X)| < 6h for all y € Q(X,4h) |,

which satisfies |2\ G| < 1.

Step 2: A good covering of €.

It follows from the definition of G and F' that we can find a Whitney-style covering
of © with squares that have pairwise disjoint interior and diam(Q) = 279@hy with
Jo € N. We call the set of squares Cy and 2 = Jgec, @, which also has

> 1Q(e,r)| > |Q] —n, where I ={Q(c¢,7) €Cy: c€ Gandc¢ F}.  (4.5)
Q(e,r)el

We refer to two squares in our grid as neighbours is they have a common vertex. We
require that the squares in our covering satisfy the following condition: If Q); and Q9
are neighbours and (), and )3 are neighbours then the ratio of the radii of any pair
of these three squares is at most 2. That is diam @); < 2diam@); < 4diam @); for
i,j = 1,2,3. This fact means that if

Q € Cp then card{Q" € Cy: 20N Q" # 0} </ (4.6)

and ¢/ is universal for all @ irrespective of our choice of Cy. We will alter our grid in
the next step of our construction. This may mean that we have a different (possibly
larger) value ¢ such that (4.6) is satisfied on our final grid but the value ¢ is also an
absolute constant.
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F1GURE 16. Modifying the initial grid in €2 to achieve nice boundary
values on the squares.

We classify the squares in our covering as good, null and bad as follows
={Q(c,r)€Cy: c€ G\ F},
M ={Q(c,r) €Cy: ce G\ (FLUF), Jic) =0},
By =Co \ (Go UN).

The boundaries of our squares create a grid in 2 and we would like the following
estimates to hold

fo, @UD-A) it <C L a(DS) (47)

and

][ o, ®UD-f = Df(r)) dH' < Coo it e € G, (4.8)
2Q(c,r

(for the relevant definitions see the preliminaries). Nevertheless, the estimates (4.7)
and (4.8) may not hold on squares @) € Cy and therefore we need to slightly shift the
corners of these squares to have better boundary values, which we depict in Figure 16.
In this way we obtain a covering of {2 by quadrangles that are close to squares.

We start by considering adjoining squares which have the same radius r and later
we explain how to proceed in the general case. For each vertex V = [vy,v5] in the
grid (corner point of some square) we define a segment of length v/2r/4 through this
point

Sy ={lz,yl:vevi—gv+g], y—v2e=12—0v}
We claim that for every square co{Vi, V3, V3, Vi} = @ € C, there exists a quadrilateral
= co{ V1, Vs, Vs, Vi } with V; € Sy, such that f is absolutely continuous on each side
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7 Vs s Va

FIGURE 17. Neighbouring corners of the grid.

of 09 and further
foeupsh<cf e(nf).

(4.9)
]ég (|D-f = Df(c)7|) < Cdo ifceq.

We prove this claim as follows. The mapping f is absolutely continuous on almost
all lines parallel to a fixed direction because f € W, It follows that for almost all
(X1, X2) € Sy, x Sy, (with respect to two dimensional measure) that f is absolutely
continuous on the segment [X;X5]. A simple computation shows that

/SV /Sv (/[X1X2]<I>(|D7f(t)|) H (1)) dH(Xy) dHN (X)) < C diam(Q) /2Q (D)),

/SVI /S (/[Xlxﬂ (D, f(t) — Df(e)r]) dHA (1)) dH)(Xa) dH' (X))
< Cdiam(Q) [ #(IDf = Dy (o)),

as H'(Sy,) ~ diam @Q and co(Sy; U Sy,) C 2Q. Similar estimates hold for any two
neighbouring vertices.
In fact, we basically have

£ eups@paem) ac<cf a@os). @0

Let a be a non-negative function on a finite-measure space A and A > 1. It is not
difficult to observe that

f1(A)
u({a > )\][Aa}) < (4.11)
It follows that we can find a constant C} such that: For each vertex V with neigh-

bouring vertices Vi, V5, V3 and V} depicted in Figure 17 we can find a set Sy C Sy
with |Sy| > 2[Sy| and for every X € Sy we know that

{vesu: dma [ e(psh<ci[ oDz 3isul.  (12)
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for each i = 1,2,3,4. In the last equation we know that [y, ®(|D,f|) exists, as f is
absolutely continuous on the segment [XY]. Further, in case of ¢ € G we use (4.4)
and we can require that

’{Y € Sy, : diamQ/[XY] o(|D, f]) < Cy /2Q ®(|Df]) and -

][ ®(|D,f — Df(e)r]) < Cléa}‘ > A8,
(XY] 5}

The second case depicted in Figure 17, where we have a common side of a larger
square with corners V] and V5 and two smaller squares, whose common corner divides
this side in half at Vj is practically identical. Here instead of (4.10) we have

i (£ @D f)) ar' () de? < ¢ a(Dy),
Svy xSy xSy M [X1Xo] 2Q

where, of course, H'(Sy;) is half the size of the other corners.
We will also need our approximation to be good with respect to the L! norm. In
order to achieve this we repeat the above process so that the following estimates hold

fpsi<cf ipi

(4.14)
]ég D, f — Df(c)r| < Céo ifceG.

which can be achieved at the cost of increasing the absolute constant Cf.

For each vertex V' we have found three or four sets Sy corresponding to the three
or four vertices connected to our vertex V. Thanks to (4.12) and (4.13) we have
that the intersection of these sets has positive measure and therefore is non-empty.
We will now replace each vertex with a new one. It suffices to order our vertices
according to some countable index set and sequentially choose the new vertices. If we
have already chosen a neighbouring vertex we must take care when choosing our new
vertex so that a (4.14)-type estimate holds on that segment. As we always choose
our points from the sets Sy, we will know that we can find appropriate points for
neighbouring vertices. Hereby, for every Q(c) in our original grid, we have a Q(c) and
we will have satisfied the estimate (4.9) on the boundary of all Q. Further we set

C={Q:Q¢eC}, G§={Q:Q € G},
B={Q:QeBy}, N={Q:Q €Ny}
As each Q(c) € C is close to Q(c,r) € Cy it is easy to check that

(4) ]ég()<l>(|Df(c) _Df(Y)|) dY < Céo forall Q € GUN
(it) |f(Y) = fle) = Df(e)(Y —c¢)| < orforall Y € 2Q and Q € GUN.

We would like to estimate the area contained in bad squares. Since the diameter of
the distorted square is bounded by 2 times the diameter of the original square, we
can use (4.5) and the fact that Q = Jgee to deduce that

> Q| < 4. (4.16)

QeB

(4.15)

Step 3: Defining a piecewise-linear approximation of f on the grid R.
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We need to find a piecewise-linear mapping ¢ on the grid R := Jgec 0Q which is
one-to-one and for all Q(c,r) € C satisfies

/6Q O(|D,o(t) — D, f(t)]) dH () < Cdor

1f = ¢llz=aq) < Cor.

Recall that f is absolutely continuous on 0@ for all @ € C and hence the integral is
well defined.

First we will do this for good Q € G. We start by denoting the vertices of Q as K,
i=1,2,...,0,04+1 with Ky = K,y1, where o < 8 and [K;, K; 1] C 09. Since Q € G,
we can simply use ¢ that is linear on each side [K;K; 1] and connects points f(K;)
and f(K;+1). Now if we denote A(X) := f(c) + Df(c)(X — ¢) as the affine function
that well approximates f on (). We can use the definition of the good set (4.4) (i.e.
|f(X) — A(X)| < dr) to obtain

(4.17)

D = Df(eyr| = | HEI =R o=
o (4.18)
If(Kz-) A(K)| + [ (Kia) — A( z+1)|
S |Kz Kz+1| SC(S

Together with (4.9) (note that as ® is a young function, we know that there exists
some C such that ®(s) < C's for small s), this implies the first inequality in (4.17) for
@ € G. For the second inequality consider ¢ € [K;K;;1], use (4.4) for t and the fact
that difference of two linear functions is biggest at the end of a segment to obtain

|f(t) = ()] < or + |p(t) — A(t)]
< o -+ max{ [ (K:) — A, £ (Ki1) — A(Kipa)[} < 26
We need to show that this approximation ¢ is one-to-one on 0@ and well-oriented.
We know that Js(c) > 0 (as J; > 0 a.e.) and as @ is close to the square that the

scalar product satisfies ](‘ﬁ:gj (Igi gi)\ < 3. Using (4.2) (recall ¢ ¢ F by the

definition of Gy) we obtain that
JA(KL) — A(K3)| = [Df(c) (K1 — Ks) = Df(e)(K3 — Ka)| > 4or .
Together with (4.4) this implies that
[f(Ky) = f(K3)| = |A(KY) — A(K)| = 20r > or

and it is also easy to see that the orientation of vectors f(K;) — f(K3) and f(K3) —
f(K3) is the same as orientation of vectors A(K;) — A(K>) and A(K3) — A(K>) and
hence the same as orientation of K7 — Ky and K3 — K», i.e. all three couples are
either clockwise or all anticlockwise. This shows that ¢ is one-to-one on 0@ and
well-oriented. We now have everything we need to define our approximation on the
good Q € G but we will do this after we have defined ¢ on the rest of the grid R.
Now we need to construct ¢ on parts of R which are not borders of squares in G
but lie adjacent to them. We need ¢ to be piecewise-linear and one-to-one close to
the vertices of ) € G. Our setup is pictured in Figure 18. Let )1 € C \ G have a
common boundary with @ € G and let [X;X5] be a segment in the boundary of @4
with X; € Q but X, ¢ Q and set X3 = %X1+%X2. As @ € G is good and f is close to
the affine mapping A on 2Q (see (4.15)) it is easy to see that we can define ¢ linearly

(4.19)
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’ Xl/
Xy 4 X3

(of} Q & 4Q

F1GURE 18. Lay of points X, X5 and X3 on Q and Q; inside 4Q).

on the line segment [X;X3] with ¢(X;) = f(X;) and ¢(X3) = f(X3). Analogously as
before we have (4.17) on the segment [X;.X3] and the function ¢ is again one-to-one
on all boundaries of () € G and all half-segments touching ). Now we need to define
© on other parts of our skeleton R. It is clear that the image in f of the part of
the grid R, where we have not yet defined ¢ has positive distance from the image
of 9Q in ¢ (or f) for all @ € G. Therefore it will be easy to approximate f on this
part of the grid using segments (as shown in Figure 19) while guaranteeing that ¢ is
one-to-one on R.

Let us take a vertex V € Q of a square Q € C \ G. Assume that our vertex is inside
Q) and therefore it is the vertex of three or four squares. We may as well assume
that V' is the vertex of four squares Q1, Qy, Q3, Q4 (the reasoning is analogous if V'
is the vertex of three squares). We will assume that Q1, @2, @3, Q4 € C are clockwise
oriented, which corresponds to V; € Q;, i = 1,2,3,4 in Figure 19. For every vertex
VeQof Qe C\G we choose a radius 7y small enough such that

(i) By := B(f(V),ry) are pairwise disjoint,
(Z’L) Ty < 5,

(4.20)
O(|D.f]) <0 O(|D, f]) for all C.
1) [ oo ®UDAT) < 60 [ (D)) for all © €
Then we can find points
P1 S 8BV N f(8Q1 N 8@2), P2 S 8BV N f((?Qg N an), (4 21)

P3 € 8BV N f(an N 8Q4), P4 S 8BV N f(8Q4 N 8@1),

such that P; = f~!(P;) is the most distant point from V lying in 0Q; N 0Q;1; and
P; satisfies (4.21) (here Q5 = @1). It is easy to see that Py, Py, P53 and P, are

also clockwise oriented. We define ¢ on the line segment [V P as the linear map
determined by p(V) = f(V) and ¢(P;) = f(P;) = P;. This means that on [V ;] we

have
Dyp = ][ D, f
[V Pi] [VF]

][ ’DT(ID| = ’ DT()O DTf
[VE] [VE]

s][ D, f]
VP,

’ VFR]
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FIGURE 19. Defining f on sides [V'V;] which do not belong to a square
ing.

and since D,y is constant on the segment [V P], we get

£, v =a(f i) <a(f ps)<f aps),

[3

Given @ € C with corners V1, V2 V3 V4 we have already defined ¢ close to these
vertices and by (4.20) (i) and (i7i) we have

o(|D.f — D. <c/ o(|D. +C/ o(|D.
/fl(m (1D-f=Dghh <0 a(Dfh+0 [, @D

< c/f_l(va o(|D, f|) < Céo /8Q o(|D, f1).

As f is absolutely continuous on 0¢) we can simply take a fine net of points in the
rest of R and define ¢ as piecewise-linear on segments and ¢(X) = f(X) for every
X endpoint of such a segment. As the points P; around each vertex are clockwise
oriented it is not difficult to see that we can achieve both (4.17) and have ¢ one-to-
one simply by making our division fine enough. Also we make our net fine enough to
garantee that the image of the grid lies inside f(€2).

Step 4: Defining a piecewise-affine approzimation of f on €.

Now we are in a position to define our piecewise-affine mapping f;. We define
the approximation f; as the function ¢ on the grid R. We may start with the bad
‘squares’. Note that Theorem 2.1 can be applied not only to a square but also to
polygon Q which is a 2-bi-Lipschitz piecewise-affine image of a square as can be easily
seen by bi-Lipschitz change of variables. If we are given such a Q(r) and a ¢ defined
on 09, then we use the piecewise-affine 2-bi-Lipschitz change of variables to define a
1 on S,.. We then apply Theorem 2.1 to ¢; and reverse the 2-bi-Lipschitz change of
variables gives us a finitely piecewise-affine homeomorphism A on Q satisfying

Lo ay <¢ £ a(D-pwh e
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Vi L W

V4 K. 3 VS

F1GUuRrRE 20. How we divide Q into quadrilaterals, which are each the
2-bi-Lipschitz piecewise-affine images of a pair of triangles.

So given that ¢ satisfies (4.17) on a Q where we also have (4.9) we get
/Qq>(ny(Y) — Dh(Y)|) dY
< c/ o(|Df(Y)]) dY+Cd1amQ/ (1D-o(t)]) dHY () (4.22)

<c/ (IDF(YV)]) dY

and C' depends only on .

On null polygons Q = Q(¢) € N we would like to use Theorem 3.7. Firstly let
us assume that Q is a quadrilateral and we will explain the difference afterwards.
Without loss of generality (up to an isometric rotation in the image or pre-image,

which cannot effect the quality of our estimates) we can assume that D f(c) = (g 8)
for some M~! < d < M. By (4.9) and (4.17) we know that

/a L 2(D-p(t) = D (e)7]) dH (1) < Cdo diam Q. (4.23)

But applying Theorem 3.7 we get g, a finitely piecewise-affine homeomorphism on Q
satisfying

/Q@(\Dg(x) ~Df(e)]) dx < C8|Q). (4.24)

Now assume that @Q is not a quadrangle itself, notice that we can divide it into
quarters, which will be quadrangles, which are 2-bi-Lipschitz affine images of a pair
of triangles as described in the theorem. The situation is depicted in Figure 20.
Firstly applying the necessary rotations so that the situation corresponds to that in
Section 3. Call the vertices of @ which were added near the middle of a side of the
original square @, K, K3, K3, K4 ordered clockwise around 9@ so that K; and K3
oppose each other. We want to define ¢ on [K;Kj3] and [KyKy|. Firstly we need to
define ¢ at the point X where these segments intersect.

The mapping ¢ is close to an affine map A(Y) = A + de;Y;. Find a point X =
(X1, X3) in bounded component of R? \ p(9Q) (the set we called the snake S°) such
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that X7 = m(A(X)). We now define p(X) = X. Now we connect each vertex K
with X using curves described in Lemma 3.5. But making sure that each pair of curves
is disjoint apart from the point X . Define ¢ as the constant-speed parametrization of
the relevant curve. The estimate (4.23) is still satisfied perhaps with a slightly larger
constant.

On the remaining Q = Q(c¢) € G we extend our ¢ as follows. If Q is a quadrangle we
have a linear mapping on each side of Q. So if we divide Q diagonally by connecting
two of its vertices then the values of ¢ determine a unique affine map on each of the
triangles. Note that if Q is not a quadrilateral we can divide it as above into quarters
and it suffices to find a point X € 1O(c) such that (4.9) holds on [K;X]. We define
©(X) = f(X) and ¢ as linear on [K;X] and we can repeat the calculations from
(4.18).

Given a quadrilateral @ we take two adjacent sides S; and Sy and here define a
mapping ko on co(S; U Sy) as the affine mapping that coincides with ¢ on S; U Ss.
There are two such triangles in Q. We get kg : @ — R? such that kg = ¢ on Q.
By (4.18) and Ay we know that

@(|Dhg — Df()]) < CB(6),

where, since Q is nearly a square in the sense that adjacent sides of Q are not nearly
parallel, we can control the size of |Dkg — D f(c)| in Q by C|D.kg — Df(c)T| on 0Q
for some fixed geometrical constant C. It follows that

[ #(1Dke = DFE) < CR)Q]
Combining this with (4.4) we get
[ 2(1D5(¥) = Dko(V))) ¥ < C [ #(1Ds(e) = DY) aY +

+ C/Q B(|Df(c) — Dkg(Y)]) dY < C6]Q).

(4.25)
Step 5: Estimates on the derivative and functional values.
Altogether we obtain a mapping such that

ko(z) forze@, Q€g,
filz) =S hg(x) forze@, Q€ B,
go(x) forze@, QeN.

It is easy to check that f; is a piecewise-affine homeomorphism. On the bad squares
we can estimate our error as follows. We use the finite-overlap quality of our grid
given in (4.6), the estimate (4.1), (4.16) and (4.22) to show that

/U ch(lDfl\) < CLXB:/ZQ<I>(|Df|) < Cle.

Therefore also recalling that Cy is the As-constant of ® we get

/UBQ¢(|Df1 —Df) < /UBQ<I>(|Df1|) 4Oy /UBQ<I>(|Df1\) < Cy(Cu+ 1.
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For other squares we can simply make use of (4.24) and (4.25) to estimate the distance
of our approximation from the original function. We get

[ #(1D5w) - DAl dr < 3 [ @(1D7(w) ~ Dhg(o)]) de

QeB

+ 3 [ @(1Df(@) - Dggle))) do

QeN

+ 3 [ @(1Df(x) ~ Dk(x)]) da

Qeg
< C(1+]Q))e.

Summarising the above we write

/Q<I><|Df(x) ~ Dfi())) dr < C|QYe. (4.26)

Now we will estimate the distance of the functional values. On good squares Q € G,
it immediately follows from (4.4) and (4.19) that

|fi(z) — f(z)] < Cddiam Q.

Considering the proof of Theorem 3.7 we know for @ € N that our approximation
f1 is close (error of less than C'do diam Q) to the affine mapping given by f(z¢) +
D f(xo)(x — xo), which is close to f on Q.

The last case we have to consider is @ € B. We know that at some point Y €
09 we have fi(Y) = f(Y). Both f; and f are monotone and so we can estimate
their oscillation using their oscillation on 0Q. Also f1(Q) C co f(Q) and therefore
diam f1(Q) < diam f(Q). We have

diam f1(Q) < diam f(9Q) = /(;Q IDf| < C diam Q]ég IDf].

It is not immediate, however, that this tends to zero as diam Q tends to zero. There-
fore we will make the following alteration. If we have Q € B then we subdivide it
with a grid of quadrangles which are all close to squares of radius diam Q/2[ for some
[ € N. This will suffice to ensure that the error on Q is as small as we want. The
mapping f is uniformly continuous on Q and the Lipschitz constant of f; on Q is
bounded by the Lipschitz constant of the approximation of f on the grid. So we see
that for all grids (all values of I) that f; and f are equally uniformly continuous.
Therefore by choosing [ large enough we can ensure that the error on Q is as small as
we want. We must however take care when making this subdivision that we maintain
our estimates on the derivative as well.

This is very similar to Step 2 so our argument will be considerably briefer. We
may assume that Q is infact a square as otherwise we may divide it into quarters and
apply bi-Lipschtz piecewise-affine mappings to achieve four squares. We divides the
square Q evenly into [? squares. Then we repeat the shifting argument from Step 2
with the difference that if a vertex lies on a side of Q then we position it somewhere
on a a segment in 9Q not on a segment parallel with (1,1), see Figure 21. Tt is now
clear that on a square Q compactly contained in Q we have

L eUp.ah <o f eqps.
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29

FiGURE 21. Subdividing a bad square so that the integral over the
grid inside the bad square can be bounded using the integral over the
shaded area around the grid.

Now we repeat our approximation-on-the-grid argument from Step 3 and use The-
orem 2.1 to redefine f; in the squares of the subdivision of Q. This process may
require us to redefine f; on 9Q with a finer approximation and smaller ry/, this is not
a problem however. Summing over the squares () compactly contained in Q gives

Z/ (IDf1]) < Z CLdlamQ/ (ID f1]) <C’L/Q<I>(Df).

It remains to consider those squares around the edge of Q. Here the situation is not
much more complicated, we have

> [ #1DA)

QNOQ#£0D

dlam Q diam Q

L Jyegwe

<Cu /2 Q<I><1Df1|> +Cu /Q (D).

O(|D-f1]) + Cu (| D f1])

In conclusion we have increased the modular of the derivative on Q by at most some
constant factor C' and we have achieved |f(X) — f1(X)] < e for X € Q € B for any
given € > 0 and C is geometric, independant of @ and e.

Let us take the sequence ¢, given in the theorem. The constant C5 is the A,
constant of ®. We find p, such that 277* < ¢, then we find approximations f; as
above such that

/Q@(lf — fil) + ©(|Df = Dfi]) < Cy™* and || fr — flle(@) < k-
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By the A, condition we have that
/q)<|f_fk|> —|—(I><|Df_ka|) chkcgpk =1.
Q

2—Dk 2—Dk

Therefore ||f — fillwre@re) < €k

Step 6: Behaviour on the boundary.

Let us assume that f can be continuously extended onto 0f2. Then we have an
extension which we will also call f which is continuous on € and is therefore uniformly
continuous on 2. Since f and f; are both uniformly continuous and in every Q €
C there are points X where fi(X) = f(X), we know that for Y € Q the error
|f(Y) — f(Y)| must be less than 2¢ given that diam Q < ¢ for suitable ¢ and . We
know that the diameters of our squares tend uniformly to zero with respect to their
distance from 0€2. This and the fact that f,(Q) C f(£2) easily imply that we can
extend each fr with the same boundary values as f on 0€2. Further, in this case it is
clear that fi(2) = f(). O

4.2. Finite triangulation if f is piecewise-linear on a polygon. Now we will
use Theorem 4.1 on a compactly embedded subdomain in 2. Then we improve the
boundary behaviour given that 0€ is a polygon and f is piecewise-linear on 0€2. The
strategy of the proof below is to separate a very thin tube around the boundary into
bi-Lipschitz image of squares. In order to have a uniform bound on the bi-Lipschitz
constant we must eliminate any sharp angles in the boundary. Then we can define f;
appropriately on the boundary of bi-Lipschitz images of squares which lie around 02
and use Theorem 2.1 to extend these values which give us a homeomorphism on the
tube around the boundary. Then, because we are working entirely in a tube of tiny
measure, we will find that the integral of ®(|D f|) and ®(|Df;]) around the boundary
will be very small. As each section in the boundary will be the bi-Lipschitz image of a
square of fixed size we will cover the tube around the boundary with a finite number
of such sets. A finite triangulation around 92 means that the total triangulation is
finite, because the triangulation of a compactly embedded subdomain in 2 is finite.

Theorem 4.2. Let ® be a Ay-Young function and let g5, be a decreasing sequence of
positive numbers tending to zero. Let the domain Q C R? be such that 09 is a polygon
in the sense of Lemma 3.1. Let f € WL®(Q,R?) be a homeomorphism from Q into
R? and f is piecewise-linear on 0. Then there exist globally finite piecewise-affine
homeomorphisms fi. such that

1f - kaWl"P(Q,RQ) <er, |f = felleoare) < e

and fr = f everywhere on 0S).

Proof. Step 0: Uniform convergence The mapping f is uniformly continuous. Thanks
to Theorem 4.1 we can aproximate f in L* as acurately as we like in any G € (2.
Also, calling Ax = inf{|X —Y|;Y € 0Q} if sup{Ax, X € G} < 0 then we can easily
arrange that |f — fix| < e. So we will have no problem in ensuring that |f — fi| < e
by choosing in our following construction o small enough.

Step 1: Eliminating sharp angles in OS).

It is necessary we recall the simple Lemma 3.1, where we constructed polygons
close to an original. We construct the polygons P, from Lemma 3.1, where P = 052
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and call Q, the bounded component of R?\ P,. Let n > 0. It is a simple observation
that

L3O\ Q) < CHY00)a.
So we can easily find an o’ > 0 such that

EQ(Q \ Qa/) S n

for any given 7.

We may assume that 02 does not contain any acute angles. By this we mean
that if we have three subsequent vertices of the polygon Dj, D;y1, Diyo then § <
£AD;Di 1D 0 < %’T (for the definition of £D;D; 1D, o see the preliminaries). The
reason we can make this assumption is that if it does not hold we can use a piecewise-
affine bi-Lipschitz change of variables ¥ to change the polygon {2 so that it holds.
Also we may do this in such a way that for any compactly embedded G € €2 we may
assume that W is equal to identity in G and the bi-Lipschitz constant of ¥ depends
on €2 but not G. Thanks to this, the bi-Lipschitz change of variables will not cause
problems because thanks to the A, quality of ® we can calculate that

odim o UDYIIDA) < dim  C [ a(iDf) =0
and therefore we can find G large enough that the above integral is as small as we
like. Also note that we know that f is L-Lipschitz on 02 for some L.
Step 2: Choosing a finite triangulation of f in Q.
Set P = 09 and find o(0€2) from (3.2). We find « such that

a < ap(09), a <a, and L2(Q\ Qa) <

We know that the angles in 0 are between 7 and “7” This means, by the con-

struction in Lemma 3.1, that if we take any point in €, its distance from 9 is in
the interval [%, a]. Now we can use Steps 1-5 of the proof of Theorem 4.1 to get a
locally finite triangulation and approximation of f in 2. In the process we construct
a set of squares Cy and the shifted ‘squares’ C. Call Cj the set of all () € Cy such that
QNQ, # 0 or a corresponding Q € C has QN # 0. The set C* is the set of distorted
squares Q corresponding to @ € Cj (see also Figure 22). We call U = (Jgee+ Q, and
Up = Ugec; @- Notice that U, Uy D €2,. We will use f, given by Theorem 4.1 on U.
Note that as U CC €2, our triangulation is finite.

Now we want to construct a fine grid of squares around the boundary of U. By
construction the side lengths of adjacent squares () € Cj vary by a factor of at most
2, therefore all of these squares are contained in Qa The side length of Q) € Cj is

279 hy for some jQ € N. We choose k such that k£ > jQ for all ) € Cj and the number
r=2"Fhg < & Now we define the maximal set of essentially disjoint squares ) with
side length r in Qa \ Up and call it CJ. This is depicted in Figure 22.

8

By shifting the vertices of the Q € CZ we find the set C? of Q satisfying
foeuph<cf e(nf). (4.27)

We define f; = f on 9Q. Now we define f; on 0Q, for Q € C?, and on 0Q);, for i € I,
as we did in Step 4 of Theorem 4.1 and depicted in Figure 19 making sure that our
divisions of each side of Q are so fine that their images are mutually disjoint.
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/

FIGURE 22. The preliminary squares C; and CJ from which we create
the fine, uniform grid around the edge of €.

FIGURE 23. Choosing pairs of vertices around the edge of Q to enclose
Dy, where we can apply Theorem 2.1.

Now we can simply apply Theorem 2.1 on each Q in C? using our standard change
of variables argument. We get

Z/ (IDf]) <C’7‘Z/ (1D f1]) <oz/ (1Df)) (4.28)
Qeco Qec? Qecd

Step 3: Defining fi on Q\ (Ueo QU U).

We have defined f; on G = (Jco Q U U and we are left with some very small area
around the boundary Q \ G. Let F = 0G and F corresponds to f(F') for the F
depicted in Figure 22 after we have moved the vertices of the squares in C§. We want
to separate the remaining part of {2, where we have not yet defined f; into parts which
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are all K-bi-Lipschitz images of a square with K universally fixed, which is depicted
in Figure 23. We will separate the set using pairs of points X; € F,Y; € 0. In
this regard consider a finite set {X,..., Xy, } € F such that F\ {Xy,..., Xy} is
the disjoint union of the curves 1, ¥2...7x, with the endpoints of 7, being X and
Xii1 (where (X1 = X7). Similarly 0Q = {Y1,Y5, ..., Y, } U Uk ¢r. We will have
[XkYe] \ { Xk, Y} € 2\ G for all k£ and we will refer to the bounded component of
RQ \ ([XkYk] U [Xk+1Yk+1] U Yk U ¢k) as Dk

We want to choose pairs of points X;, € F, and Y, € 99 such that [X;Y;] \
{Xk, Y} € Q\ G and so that we have both the inequalities,

F o @(D.fhan <c f (D))
[Xr Y] Dy,

(4.29)
feUD.fhart <c f a(Dy).
[(Xk+1Yi41] Dy,
Further we will require
a a a a
— < H'(m) <~ — < H'(p) < . 4.
There are clearly many sets {Xi, ..., X}, } and {Y3,..., Y}, } from which we can choose

(e.g. choose Yj as any point in 00 and connect it using a segment whose angle to
the to the ‘normal’ vector at Y}, is less than %77 with a point X}, in F). Therefore we
will not have any problems finding pairs that satisfy (4.29) and (4.30) will not be a
problem.

Now we notice that for some large but fixed K we can pick X and Y} such that
Dy, is the K-bi-Lipschitz image of a square of length ¢. To this end we make the

following geometric considerations. Since %oz < ao((?Q) we know that ¢, contains at

most one vertex of 9. Also we know that the angles in 99 are between %7‘(‘ and

%77. Each Q € C? is the 2-bi-Lipschitz piecewise-affine image of a square of length
£ o which means that we can locally straighten out F with a piecewise-affine bi-

32 4
Lipschitz mapping. The distance from any point in F to ) is approximately the
same everywhere in F, i.e. it lies in the interval [%, ?—‘g), which is approximately the

same as H'(v;), resp. H'(¢r). Thanks to these geometric considerations, we know
that for some large but universally fixed K we can choose X} and Y}, such that all Dy
are the K-bi-Lipschitz image of a square of length <. All we need to do is to choose
our X, on vertices of @ € C? or near the middle of sides of Q. Now on each Dj we
apply the K-bi-Lipschitz change of variables, Theorem 2.1 and reverse the change of
variables to define f; on Dy.

Now take any Dy, and apply Theorem 2.1 to get

[, ®pah <ca [ e(D.f).

Remember that our choices of vertices in C? we get (4.27), which bounds [, |D,f|,
where 7y is the part of F' which is between X}, and Xj,;. Combine this with (4.29)
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and | D, f| = |D.fi] < L to get that
[, @(pnh<Ca | ®(D.ff)<Ca | a(iD.f)
<cf (@ohrew)rc ¥ [ a(ps).

{QeC?:0ND;#0}
For each 29 in our sum it holds that 29 C U.
Now it suffices to choose n small enough so that despite the change of variables ¥
we applied in Step 1 of our proof we will have that [, ®(|DfoV|) < ¢ for any A such
that £2(A) < n and choose « so that o DV||3.H*(02) < n. Then we get

f,@4ps =D = [ @(Df =D+ [ @(Df]) < Cie.

If 277 < g4, and we have Cie < C%, then this estimate implies that we can find a
finitely piecewise-affine f; such that

1f — f1HW1’<I’(Q,R2) < &g
O

4.3. Approximation on general (2, which ensures that the error vanishes on
the boundary.

Theorem 4.3. Let Q C R? be a domain and let 5, be a decreasing sequence of positive
numbers tending to zero and let ® be a Ay-Young function. For any homeomorphism
f € WH(Q,R?) there exists a sequence of diffeomorphisms f, € WH%(Q, R?) such
that

If = fellwre@rey < ek and || f — fillLe@@r2) < €k
Moreover f — fr € Wy (Q,R2) for all k € N.

Proof. Initially we will consider only the Luxembourg semi-norm, i.e. we will estimate
|Dfi — Df|Lore) and later explain how to modify our proof to simultaneously
estimate functional values.

Step 1: Dividing € into subdomains.

We will start by choosing a sequence of bounded, embedded subdomains which
cover €2, i.e. we find

V=UclUielhe - €lU,€---€Qand |J U,=0.
m=1

We can do this in such a way that for each m € N, 90U, is a polygon with sides
parallel to (1,0) or (0,1) (for example U, is a partial Whitney covering of €2). We
denote k,, as the length of the shortest side of 0U,,.

Step 2: Creating an approzimation of f on Uy, \ Upn—1 and joining them near the
boundary of the sets Up,.

It follows from Theorem 4.1 that on every U, \ U,,_1 we can find locally finite
piecewise-affine homeomorphisms fk,m such that

\Df —Df 4
/ <1><2m—f‘ff’“””‘> <273 forall j=0,1,...,m. (4.31)
Um \Unm+1 €k
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In the process of constructing these approximations we use preliminary grids in U, \
Upm—1 which we call CJ* to create an altered grid in U, \ U,,—; which we call C" as
per Step 2 of the proof of Theorem 4.1. We call the radius of a ‘square’ in C™ the
radius of the corresponding square in CJ*. We will use the approximations fkm to
construct a single mapping f; defined on €. In order to do this we need to modify
our approximations near where they meet so that f; is locally finitely piecewise-affine
in €. To do this we will define tiny ‘tubes’ around 9U,,, which we will call G,,. Some
parts of the construction are very similar to the proof of Theorem 4.2 so we will be
slightly briefer about some of the details. For

p< 0 = min {/{m dist (U, UmH)7 dist (U, Uml)}

16’ 8 8
we define

Gmp)= U B(zp),

€U,
G = U B(=.2),
A 8)
G2(p) = B az,B .
() xeggfm ( 8)

It is a simple observation that £*(G,,) < co and tends to 0 as p — 0. It suffices us
to choose any p,, € (0,p2) such that

1D 933
/ @(zm—f| f|>< forall j=0,1,2...m and
UmﬁGm(Pm) €k 04(m)

|D 273
/ @(2m+1—ﬂ| f|)< forall j =0,1,2...m+1,
Umn+1NGm(pm) Ek 04(m)

where Cy(m) is a function dependant only on m, which we will specify in the following.
We do this for all m € N.

Our construction allows us to require that all squares in our preliminary grids Cj*
and Cg"*' which intersect G, (p) have diameter less than £. Put

Fl(p)={z € Uy;z € Q for some Q@ € C™ and Q C G (p)}
F.(p)={x € Upy;z € Q for some Q@ € C™ and Q C G} _,(p)}.

Now we create a finite triangulation of F/(p) and F (p). We define the p-
dependant variable ' as the radius of the smallest ‘square’ @ € C™ which intersects
Gm(p) \ Ff(p). Then we can define

G(p)= U Bla,ahf,).

€U,

We know that 4hf < &= so G} (p) C G7,(p). We can now alter the preliminary grid
in F}(p) so that all squares in it which intersect G2, (p) have radius i, and the new
preliminary grid is still a Whitney type covering satisfying (4.6). The reason we can
achieve this is as follows. We start with the original Whitney-type covering of U,
made of squares such that if a square @ intersects G (p), it has diameter less than
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£ This means that for any square @ intersecting G}, we have

: 2 p_p _Tp
Now consider the sum of the geometric series given by summing the diameters of the
squares we will add to the grid. We add a pair of neighbouring squares of a given
radius and then a pair of squares, both having half the radius of the first pair and so
on. The sum is 4 times the diameter we started with. In this case the initial diameter
is p/64 and because 4p/64 < 7p/64 we will be able to achieve arbitrarily small squares
without intersecting G?. We add squares where the radius of the squares in every
other generation is half that of the squares in the two previous generations until we
have achieved the radius h. By this we alter CJ* and get C*. We add to Cj* all the
squares with radius b, which do not intersect G2,(p).

It is necessary to alter the boundary of the new squares in C* (which correspond
to ‘squares’ in F.f \ G2 (p)) as per Step 2 from Theorem 4.1. We need, however,
to conduct our steps somewhat more carefully. In Theorem 4.1 we controlled the
modular of the derivative but now we will need to control m + 1 functions. We want

/agq’<2m_jw> < C(m) /Q<I><2m‘j|Df|) for j=0,1...m.

Ek 2 Ek

It suffices to consider the equation (4.11) to see that we can find a set St (\) C Sy
with |S77 ()] > (1 — A71)|Sy| and for all X € S} (\) there exists a set in Sy, which
satisfies the following,

{Y € Sy, : diam@ Xy (I)(Qm—j%) <20\ 2Q<I)(2m—j|‘Df|)}

_1
&C 1 2 <1 ,\)|SVi

for all j = 0,1...m. So, if we put C(m) = 10C(m + 1) we get a set Sy C Sy with
|Sy| > % and for all j =0,1,...,m and ¢ = 1,2, 3,4 we have

HY € Sy, : diamQ (I><2m_j@) < C’(m)/ <I>(2m_j|Df’)}’ > M\SVZ. .
[(XY] Ek 2Q Ek om 4+ 5
Now we are in a similar situation as we were in Step 2 of Theorem 4.1. Therefore
we can we can repeat our shifting argument verbatim for all functions simultane-
ously. This gives us a new refined grid Cj* which we construct from C{". We define
a piecewise-linear approximation of f as in Step 3 of Theorem 4.1, making it fine
enough to ensure that it is one-to-one on the union of the boundaries of all our
squares in C% (we do this for squares in F,}(p) because we have already done it for
other squares). We repeat this process in F (p) considering the the newly added
squares (resp. ‘squares’) as squares in C* (resp. C3").
We still have to deal with the remaining portion of U, in G,,(p) and G,,—1(p),

which is
Ef(p) = {z € Un NG\ (thm Q)}
Enle) = {r € Uun G\ (U Q).

The geometry of Ef (p) is a tube of roughly constant width and has no sharp angles
(all angles in OU,, are close to 7). This means it is locally bi-Lipschitz equivalent to
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(0,4hg) x (0,t) for some t > hj and the bi-Lipschitz constant is bounded universally
and is independent of p and m. We call this bound on the bi-Lipschitz constant K;.
It is now easy to separate (0,4hg) x (0,t) into K,-bi-Lipschitz equivalents of squares
with radius hj, where K5 is a purely geometrical constant. Moreover, as we continue
to prove, we can do this in such a way that when we return both the bi-Lipschitz
changes of variables we get sets H’ (which we refer to as quasi-squares) such that

D, . D
][ A CID(ZmJ‘f’) <C’C’(m)][ A ‘ <I><2mj|f|) for j =0,1,...,m,
OH}, Ek B(X},,2diam H},) €k

(4.32)
where the points X' are the ‘centres’ of H! ie. X! = fu; XdX. As long as the
segments we choose to separate (0,4hg) x (0,t) into square-like objects are not too
close or far away from each other (for example in the interval (2R}, 8h},)) and nearly
vertical (angle to the vertical less than 7/8) we can fix a K3 such that they are Ky-
bi-Lipschitz equivalent with squares. Similarly to Step 2 in the proof of Theorem 4.1
and Step 3 of Theorem 4.2, for a suitable value of C' the set of admissible segments
is large enough to find segments that satisfy (4.32).

Now we can find a fine piecewise-linear approximation of f on OH', such that our
approximation is one-to-one on the boundary of squares in the grid. We repeat this
process in E_. The difference between finding a piecewise-linear approximation on
H! and a typical bad square is that it is not possible to require that the piecewise-
linear approximation of f on 0U,, stays entirely inside f(U,,) but we do not need this.
It suffices us that the values of the approximation on dU,, lie in f (E;:(p) UE,, +1(P)>
and that the approximation is so fine that it is one-to-one on the grid as a whole.
We add the above quasi-squares to C5* to get our final grid, which we call C5*. Notice
that H' is a finite family of sets.

Now we can define an approximation ff on Q. We have f£ = fy. ., on Uy, \ (Fit (p)U
F.(p)). We define ff on Q for all Q € CJ* using a K3-bi-Lipschitz change of variables
and Theorem 2.1. For H!, € C§*\ Ci" we use two bi-Lipschitz changes of variables and
then Theorem 2.1 to define ff. For all p the mapping f£ is a locally finite piecewise
affine homeomorphism on 2. We take care when approximating f on the grid inside
F(p) and F,, (p) so that fy is one-to-one on the grid and also

dist(f(OU,), f(OUmi1))
4

[f(X) = fe(X)] < (4.33)

for all X € 0U,,.

Step 3: Modular estimates and choice of pu,.

The ‘squares’ @ C Ff(p) \ E}(p) are Ks-bi-Lipschitz equivalent with squares.
We use the bi-Lipschitz change of variables ¥ and then Theorem 2.1 and return
the change of variables to define f; on Q. We can content ourselves with the most
elementary estimates in our change of varaibles arguments. Find a p € N so that
27 > max{K; Ky, K3}. Using the above we can make the following estimate on the
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modular of f,

D foU
][q><2m 51D f’“‘) <K2][ <1><2m—JK3| L |)
Q Q(0,diam Q/2) €k

o] LEAL

3 Jaq(o,diam 0/2) €k

| D
< C’Kg’ ][ d (22P+m—J ’Tfk|>
09

Ek

<I>(2m IK,y

< CFr(C q><2m—ﬁ| ;f |)
0Q k

< C§p23pCé(m)][ <I><2m_juzf‘> forall j =0,1...m
Q k

2

Similarly putting Cs(m) = C3°2%2C'C(m) we can estimate for any quasi-square H! C
E.,

D D
][_ <I><2m_]|fk|) <C3(m)][ _ _ @(2’"_]| f|> forall j =0,1...m
™ €k B(Xi,,2diam HE,) €k

Up to exchange C'(m~+1) for C'(m) these same estimates hold in Fi,,, 1 (p) and E,_(p).

For simplicity call the set Zu(p) = (Ff(p) U Fps (0)) \ (B () U By (). We
would like to sum the above integrals over all Q C Z,,(p). We can find an t5 which
satisfies the (4.6)-type condition for C§* (generally we may have t5 > ¢ since we include
also quasi-squares into our grid). Then we can estimate

m—j | Df] m—j | DS
R PRI Clae-o KD O I Cla
B(z} iam k QCZm(p) Q k

Hi CELUE m
| D
cof a(zID)
Gm(p) €k

m—+1
And the integral on the right allA tends to 0 as p tends to 0 for qach j=01...m
Put Cy(m) = 15(1 + Co)C523%*CC(m). If we fix m we have that C(m) is a constant.
Therefore for each m we can find p,, such that

(4.34)

04(m)/G (p)cb(sz’ f’><2ﬂ3forallg_o1 (4.35)

recalling also we require p,, < p’,. Combining (4.34) and (4.35) we get that
/+ (I)<2m—1|f|—i_|fk|) < 27373 and
Fr

€k

[ a(z-sIBIEIDRY oiny

Ek

(4.36)

Step 4: Estimates on functional values and uniform convergence.
We have f defined on 0U,,, therefore by Theorem 4.1 we can construct fkm such

that || f — frmllz=@.\0,, 1) are as small as we like. On the tube we can repeat the
refining argument from Step 5 of the proof of Theorem 4.1, which may require us
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to refine the piecewise-linear approximation on the grid but this poses no obstacle.
Therefore we will have therefore no problem in ensuring both || fi, — f||r~ () < €& and

/ \ @(2”1] H‘fk - fHLOO(Um\Um—l)) < 2,]‘,1 (437)
U \Um—1

Ek

forallme Nand j=0,1,...m.

Step 5: Show that f — f, € Wy'*(Q,R?).

We want to show that || f — fk||W01,q>(Q\Um7RQ) < 27"¢y. Choose mp € N and m > my
notice that (4.31) implies that

Df — Dfyml) _2m™
Um\(U7n+1UF$(pm)UF; (Pm,—l)) gk 8
When we combine this with (4.36) we get

Df —Dfim
/ q)(zmo’ f fk, ’) < 2m07m71.
U \Unm+1 Ek

Therefore summing we get

m=mo+1 Um\Um 1 Ek: 2

Df —D — o
(2mo| f fk:‘) (I)(ng ka f“L (Um\Uml)) <1
\Um 1

Ek Ek

and

PRy

m=mo+1 m

which is what we wanted. Therefore if we define gy, = (f — fx) - XQ\Un, then

grm — (f = fe)llwre@rey < 27™c

Now we find some j € N such that the convolution approximation (g,); is within
27m0gy of ggm. Also we may assume that j=! < dist(9U,,, 90) and therefore (gxm); €
Cs° (92, R?). We have

[(grm); — (f = fi)lwremz) < 2™

We repeat the smoothening argument in Step 0 of the proof of Theorem 4.1 for f.
Now it suffices to send mg to oo and then & to oco.

Step 5: Show that fi,(2) = f().

We know from Theorem 4.1 that fy,,,,(Q) = f(Q). We altered our approximation in
the tubes near dU,, and therefore it is not clear that fi(U,,) C f(U,,). Nevertheless
it is obvious that f(U,,) C f(Uny1) because we only alter the values very slightly.
But similarly considering (4.33) we have

fUn) C f(Un) +B(0,d) C fr(Un+1)

where

dist(f(OU,), f(aUm-i-l))'

d:
4

Together this gives that fi.(2) = f(Q).
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AO<3 = A32,3 Al«,3 A2~3 AS,S A,Lg A&g

"\“ Bo1 = Bs,1 Bia Bs ‘/

B B3

A2413 A16,3

FIGURE 24. The square and the points A, ; and B, ;.

Remark 4.4. The above proof can be simplified if ® satisfies the so called A" condition
(for example WP ) in the sense that it suffices to estimate the largest terms, i.e. the
terms where j = 0.

4.4. Proof of Theorem 1.1. Theorem 1.1 is a direct result of Theorem 4.1, Theo-
rem 4.3 and Theorem 4.2. ]

5. PROOF OF THE EXTENSION THEOREM, THEOREM 1.2

We may use the same smoothing argument as in Step 0 of the proof of Theo-
rem 4.1. Therefore it suffices to find a piecewise-affine homeomorphism, with the
given properties.

Step 1: Defining some useful mappings and a special set.

We will use a curve h : [0, 8] — R? to parametrize the square. We do this as follows.

(t—1,1) t€]0,2]
(1,3—1t) te24]
(5-t,—-1) te
(

h = ’
[4
—1,t—=7) tel6
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W C vt

FI1GURE 25. A Lipschitz Domain.

See the details of the setup in Figure 24. We further define h on R as the 8-periodic
extension of h. Let us consider the points

8k ; ,
Ak7]_h<2]+2) k:071,...,2j+2, ]EN

Then we define
A=Ue(Ar)-

k7j
It is obvious but important that A is countable. Using the following mappings,
hy(t) = (1 —277)h(t),
we define By, ; as follows,
8k ; .
Bk’j:hj(W) kZO,].,...,QJJrQ,]GN.

Step 2: Choosing n-vectors in the image.

For a given point on the boundary of the image we will need to use vectors directed
into the image. Let us recall an equivalent definition of a Lipschitz domain as pictured
in Figure 25.

Definition 5.1. The domain G C R"™ is a Lipschitz domain if for every X € 0G
there exists a neighbourhood U of X, a vector vx € R" and wx the projection of

R™ onto 'va with the following properties:
a) Let Wx = mx (U) be the projection of U onto ’UJX then there exists a Lipschitz
function Lx such that the mapping f: Wx — R" defined as

flw)=w+vxLx(w),

is a one-to-one mapping onto O0G NU.
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Cs

FIGURE 26. Reducing the angle between neighbouring n-vectors to less
than a pre-prescribed 6.

b) If L*(w) > L x (w) > L.(w) and w +v x L*(w),w + v x L.(w) € U then
w+vx L' (w) € G and w+vx L.(w) e R"\ G.
Given a point X € 0G we will refer to the unit vector v x as the n-vector of X.

Note that the n-vector of a point may not be uniquely determined and will depend
on our chosen covering. Part of our construction is choosing specific n-vectors for
each point on the boundary of our Lipschitz domain 2. Note that for a given open
set U we can actually use v x = vy for all X, Y € UNJQ'. So in fact we have an
n-vector vy for each sufficiently small open set intersecting the boundary.

We claim that, since €' is a pre-compact Lipschitz domain, if we are given a small
angle 6 we can find a finite cover B of 0€) with rectangles C; satisfying a), b) from
Definition 5.1, with the following properties,

i) If C1,Cy € Band 9Q' NCy N Cy =0 then C; N Cy = 0.

it) If Cy,Cy, C5 € B are distinct rectangles then C; N Cy N Cy = 0.
i11) The set C; \ 9 has precisely 2 components.

iv) If C1,Cy € B and C; N Cy # O then Lvc,ve, < 0.

(5.1)

Also we have a universal bound M on the Lipschitz constants of Lo which is inde-
pendent of 6 for 6 € (0, 6).

Our first step is to take any covering {G;;i € I} satisfying Definition 5.1. We then
cover 0f) with rectangles inside GG; whose sides are either parallel or perpendicular
to the given n-vector vg,. Since 0 is compact we will always be able to do this
with a finite number of rectangles. Properties i), iii) are achieved simply by choosing
rectangles small enough. Similarly we easily get i) since we are in dimension 2. We
show how we achieve property iv) in Figure 26. Let us now expound.
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Assume we have B, a covering of 9€) with rectangles as described above satisfying
i), ii), 1i). For every C' € B we have an n-vector ve and a Lipschitz function Le.
Since we have a finite covering we may define

M = max{Lip L¢ : C € B} U {1}

to get that all Lo are M-Lipschitz. Further notice that thanks to (5.1) i7) we have
that for any Y € 9€Y there are at most two C,Cy € B containing Y. Property i)
guarantees that there exists an interval (a,b) C R such that

go(h((a, b))) =00'NCNCy =: F.

Notice that 8 := Lve,ve, < 7 because Le, and Le, are both Lipschitz functions.

Calculate
n = {q + 1.
0
Now choose the points
D Gt ) S
n+1

We find rectangles C; > ¢(h(t;)) which are contained in Cy N Cy and {Ci;i =
1,2,...,n} satisfy conditions (5.1) ©), i), i) with respect to each other. We now
reduce the size of C; and Cy so that {Cy,Cy, Cy;i = 1,2...,n} satisfy i), 4i), iii) with
respect to each other. We proceed to choose n-vectors v; for our new finite covering
of F, {C,Cy,Cy;i = 1,2...,n}. We choose #; as unitised vectors from the convex
hull of the vectors v, and ve, such that

L0V = - f_ 1 <0

and since F' can be expressed as the image of an M-Lipschitz mapping with respect

to both v¢, and ve, our choice of v; guarantees that our L; are also M-Lipschitz.
So we may assume that we have a finite covering B = {C4,Cs,...,C,,} of 0%

satisfying Definition 5.1 and (5.1) i) - iv), where all mappings considered are M-

Lipschitz and

6 = arcsin ——.

AM
Notice that our choice of 6 guarantees that

1 1
Msing < 7 sin(f) < 7 cos() > Z (5.2)

We may assume that the rectangles are ordered around 02" as shown in Figure 27.
That is, we may assume that

C’,—ﬂC,—H;é@i:l,Q,...,m,

where for simplicity we have called C,,, ;1 = Cy. Choose s1, S2,...,8m € [0,8], (Spi1 =
s1 + 8) such that we have

Y, =po h(sl) € (CZ N Ci-',—l) \A,

recalling that A is countable and so easy to avoid. We define H = {Y1,Y5,..., Y.}
and sometimes refer to points in H as being critical points because the n-vector
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FIGURE 27. An example of a nice boundary covering and the set H.

changes at those points. Now for each X € 0 \ H we can choose a single n-vector
for X and that is

vy =v;for X e po h((si, siﬂ)).
Notice that in fact our covering B also covers the set {x + tv,;x € 00t € (—¢,¢)},
for some small ¢ < 1.

Step 3: Creating v;, paths close to the boundary.

Our main concern now is, given a segment [Bj ;Bj+1,|, how do we define f on
this segment. In order to do this we will need the small numbers ;. The maximum
number of points of H in such a segment of a given j is,

KJ’ = max HO(H N SD([Ak:,jAkJ,-l,j]))'

0<i<2i+2—1

Make the following definitions
€

o = 27K10r<nk27% (e ([Ak1Ak+11]))
and for j > 2
N . )
oy =min {5 min H(o([ Ay Ak )y ) (5.3)

2K 0<k<2+2-1
This gives us a non-increasing sequence ;.
Notice that the intervals (273771 273+1) are pairwise disjoint. They remain pair-
wise disjoint if we multiply by some non-increasing sequence, i.e. the intervals,
Jp = (279 oy, 27 ), (5.4)

are also disjoint. This will be useful because we will want to define f on h;(]0,8])
as a piecewise-linear function and we will require that the image of each h;([0,8]) is
disjoint from the others. If we have that

dist(f o h;(t),0Q") € J; for all t € [0,8] and all j € N,
then we will have
foh;([0,8)) N fohy,([0,8]) =0 if ji # jo
In the j-th iteration of our construction we want to define a curve inside €’ lying

close to the boundary with a similar shape to the boundary and then define f on
h;([0,8]) as an appropriate parametrization of this curve. There are two steps we
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W =ot

F1GURE 28. Approximations of the boundary, whose distance from it
lie in J;.

conduct in order to do so. Firstly we take a section of the boundary lying between
two points in H approximate it using segments and then move it inside Q' as is
depicted in Figure 28. The second step is to connect such curves in a reasonable
way near their ends to make sure that, together, they form a (piecewise-linear) closed
path.

In the first of the two steps described above we have two neighbouring critical
points Y;, Y11 € H and F' = ¢ o h((s;,8i11)), the set of all points on 092" between
Y, and Y, ;. At the end of step 2 we found an € > 0 such that F + ((—5, 5)1;1») is an
open set which satisfies the role of U in Definition 5.1 and W; = m;(F') the projection
of F onto vi-. Then W; is a segment in vj, and let its length be called d. Choose a
number

2dM8
N=Njp= 8%2.

Qj

The number N is the number of points we allocate on W; dividing it into N — 1 equal
parts each of length

d < Q;
N—17"2M&"
Call these points ¢, k = 1,...,N. We know that the points Ty = t + L;(tx)v; lie
on 9 so we define a curve which will approximate the boundary by connecting the
points Ty, with segments. These segments can obviously be expressed using a new
M-Lipschitz function L; so that the approximation can be expressed as

l:

w—i—IZi(w)vi w e W,
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We know that L;(t;) = Li(t;) and that these two mappings are both M-Lipschitz,

making their difference 2M-Lipschitz. This means that
4L = (4 L)l < 20 < %
. . U —_— . . /l] 00 > — ~
2728

-
Now we move this approximation inside €. Define L;(w) = L;(w) + & and put

Yij = {w + Li(w)v; - we W;} = {w + Li(w)v; + %vi cw e Wit

It is easy to note that

Yi; N F =1.
It is well known that the shortest path connecting two points is a segment, so con-
sidering the way we defined L; it is easy to see that

,Hl(%')j) S Hl(F) (55)

In the second step we may assume that we have the curves 7, ; and ;1 ; and we
need to connect them near to Y; € H. Start by defining a cone,

K = {YZ + )\1Ui + )\2’01‘4_1 : )\1, )\2 > 0}

and define 7; ; = 7;; \ k. We claim that there is precisely one point that lies in both
7i; and the boundary of the cone. This is in fact quite simple. It is not possible for
7i,; to have two points on dx because the boundary of the cone is parallel to one of
the n-vectors and v, ; is the graph of a Lipschitz function with respect to both v; and
v;;11 on an open set containing Y;. All endpoints considered are clearly contained in
C; N Ciyq thanks to our choice of ¢.

This gives us two uniquely determined endpoints E;, E;;; of our two curves %, ;
and 7,15, which we simply connect with a segment that lies in &. We have conducted
two operations, the first being \ x which did not make our curve longer and the second
is connecting our two endpoints. It is necessary to estimate how long such a segment
may be. It is definitely shorter than the length of the curve which goes around the
boundary of k. As shown in Figure 29, there are two mutually exclusive possibilities

(1) Yi S Ei + R’Ui
b) Yi S E,L' + R’Uﬂ,l.
In the first case we know that |L; — L;| < 7. This means that
20[j
|EZ — YZ| < 873
and the total length around 0k from E; to E; ; is at most %.

The second case we will get a similar estimate because the angle between our
two n-vectors is very small. In order to show this we have to make some geometric
considerations. Define w;y1 = m;(E;+1) and w; = m;(E;) € W;. We intend to calculate
the distance between w; and w;;; in W.

Consider the triangle T = FE;,Y;, P pictured in Figure 30, where we have denoted
( = Lv;v;1 < 0. Simple direct computation gives

|wi - wi+1|

tanc = ’Ez — P| =7r+ Ll(wl) — L(wlqu) S r—+ M‘wi+1 — w,—|. (56)
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F1GURE 29. Two possibilities at a critical point Y.

o~ N
/ N .
~ Ei, _---7 N
~ * N
~ A -7 AN
~ -7 N
r ¢ N
T AN
AN
Y P Y N
A N
AN
N
~
L; (wi> L; (wi+1)
w; Wit1 Wi

FIGURE 30. Geometry of a b)-type critical point.

Since (5.2) implies that tan ¢ < g7 it follows that

1 2
- M > .
tan ¢ 3tan(
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©(Ak,j)

NS g A
o(Ag;) P(Akt1;)

F1GURE 31. Dividing ~; into sections that correspond to ¢([Ax ;Akt1;])-

Applying the above to (5.6) and using the fact that L is M-Lipschitz we get

1
<tanC —]\4)|7JJz —w,-+1| S T

< r - 3rtan(
! = fant (—M 2
Now using the fact that r € J; we can get

|w

|wi - wi+1| 3r < 4aj
sin( ~ 2cos¢ &
Finally we a similar calculation to estimate the distance |E;;; — Y.

We can conclude the above as follows. Firstly we have curves 7; ; which are pairwise
disjoint with respect to ¢ = 1,2,...n and j € N. The endpoints of 7; ; are such that,

|E; Y| =

80[j

&
Secondly, if we connect these endpoints with segments, then the newly added segments
do not intersect 7, ; anywhere other than E; and E,;; thanks to the operation \x.
All the newly added segments are pairwise disjoint with respect to j because of (5.4).
Using (5.5) and (5.7) we know that the length the total curve (which we now call 7;)
is

H!(05) < (060 + T 53

Now for each given j € N we will split up +; into those parts, which correspond
to the parts of the boundary ¢([Ax;, Ak+1,]). Remember that for all Y, € H we
have s; € [0,8] such that ¢ o h(s;) = Y,;. Also Ay; = h(2'77k). We know that
HN A= ( and therefore for every k = 0,1,...,2/%2 — 1 and for every j € N we make
the definition

vk7] = ,USO(Ak,])‘
As depicted in Figure 31 there exists exactly one Ay ; € 7; such that ¢(Ay ;) +rvy,; =
Ay ; with » € J;. We now find a parametrization g; of the curve 7; such that
g; : 10,8 — R? has

g;(k2'77) = Ajp,
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and |gj| is constant (almost everywhere) on (k2'7, (k + 1)2'7). We now wish to
estimate the length of the parts of v; between A ; and Ay, ;. The only difference
between this and (5.8) is that we replace the number m with the number of critical
points in our interval. Thereby, and recalling our definition of «; in (5.3), we get,

8KjOéj

T

SH! <<,0([Ak,jAk+1,j])>
8 '

H (g5 (1217, (k + 1)277]) ) < HA ([ Ak Apan ) +
(5.9)

< HY p([ArjAri1,4]) +

Step 4: Defining f on Q.
Now we will define f on [By ;jBj+1,;] as the constant-speed parametrization of the
curve gj([k:Ql_j, (k + 1)21_j]) such that f(By ;) = Ay ;. By (5.9) we have,

H%ﬂXHSQﬁ |DyoldH! (5.10)

ki Arkt1,5]
for H'-almost every X € [By,;By11,]. Notice that
Ay j — Ao 1 = A\ vy ; for some appropriate Ay ; > 0.

So Aj; and Ay 11 can be connected with a segment parallel to vy ; = vag 1.
Recalling (5.3) we have

H ([AgjAgij]) < 279 oy < 1 (0([Arj Arry]))- (5.11)

We define f on [By, ;Ba j+1] as the constant speed parametrization of the segment
[A}j Aoy jy1]-

We can now define f in the quadrilateral Q. ; = co{By.;, Bi+1,j, Bok j+1, Bort2,j+1}
All Qy,; are 4-bi-Lipschitz equivalent with a square so we can apply the piecewise-
affine bi-Lipschitz change of variables, use Theorem 2.1 and then reverse the change of
variables to get a piecewise-affine mapping on @) ;. We need to calculate the integral
of ®(|D; f|) over the boundary 0@y ;. Using (5.10) we can see that

/ D.fl<c [
[Bk,j Br+1,5] [A ;A

As | D, f| is constant on [By, ;Biy1 ;] and [By, jBag j+1], the integral over three sides of
0Q),; can be estimated very easily. The first side is estimated as

o(|D,f]) = ® ][ D,
]{Bi,jBiJA,j] (| f|) ( [Bi,sz‘+1,j]| f|)

<cof f D-l)
[Ai,jAit1,5]

<C (| Drl).
[Ai,j Ait,5]

|Dyp| forall j €N, k=0,1,2,...27t2 — 1,
]

k+1,5

We can do the same on the two sides of Qy j, namely [By, ; B, j+1] and [Byt1,; Bok+2,j+1]
thanks to (5.11). The size of D, f is constant on our segments and without loss of
generality assume that |D, f(X)| > |D, f(Y)] for H' almost all X € [Bay j+1Baoki1,+1]
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and almost all Y € [Bagi1 j+1Bok+2,j+1]. We can calculate

o(Df)) < [ @(D. f])

[Bak,j+1B2k+1,5+1]

—of f D.11)
[Bak,j+1Bok+1,j+1]
<co( { Dr¢l)
[A2k,j+1A2641,5+1]

<co(2f Drgl)
[A2k,j+1A2k42,5]

<C (D)) = C f (1D, l).

[A2k,j+1A2k+2,5+1] [Ak,jAk+1,5]

]{BZMH Bokt2,5+1]

Altogether we get

£ oeqpgh<cd o(|D, )
Qx5 [Ak, 5 Akt1,5]

with C a fixed constant depending only on ®. Now using Theorem 2.1 we can extend
f inside Q) ; with the estimate

O(|D <C O(|D,o|).
][Qk.j (‘ f‘)_ [Ak,j Ak+1,5] <’ QOD

Notice that |Qx ;| &~ 27% and that H'([AgjArs1,]) & 277 so we get

| epshy<c2 | 2(|Dro).
Q .

k.j [Ak,j Ak+1,5]

Sum this over k to get

o(Df) <2 [ (D).

/1—2—f—1<:r|oo<1—2—j a(—1,1)2

Summing over j gives us our result. O
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ABSTRACT. Let @ C R™, n > 4, be a domain and 1 < p < [n/2], where [a] stands
for the integer part of a. We construct a homeomorphism f € W1P((—1,1)" R")
such that Jy = det Df > 0 on a set of positive measure and Jy < 0 on a set of
positive measure. It follows that there are no diffeomorphisms (or piecewise affine
homeomorphisms) f;, such that fi — f in WP,

1. INTRODUCTION

The problem of approximating homeomorphisms f : R™ O Q — f(©2) C R" with
either diffeomorphisms or piecewise-affine homeomorphisms has proven to be both
very challenging and of great interest in a variety of contexts. As far as we know,
in the simplest non-trivial setting (i.e. n = 2, approximations in the L*-norm) the
problem was solved by Radé [38]. Due to its fundamental importance in geometric
topology, the problem of finding piecewise affine homeomorphic approximations in
the L*°-norm and dimensions n > 2 was deeply investigated in the '50s and ’60s.
In particular, it was solved by Moise [33] and Bing [8] in the case n = 3 (see also
the survey book [34]), while for contractible spaces of dimension n > 5 the result
follows from theorems of Connell [13], Bing [9], Kirby [29] and Kirby, Siebenmann and
Wall [30] (for a proof see, e.g., Rushing [40, Theorem 4.11.1.] or Luukkainen [31]).
Finally, twenty years later, while studying the class of quasi-conformal manifolds,
Donaldson and Sullivan [16] proved that the result is false in dimension 4.

After the L>-approximation problem had been completely solved, the question of
approximating homeomorphisms revived again in the altogether different context for
variational models in nonlinear elasticity. Let us briefly explain this. Let 2 C R" be a
domain which models a body made out of homogeneous elastic material, and suppose
that a mapping f : @ — R" is modeling the deformation of this body with prescribed
boundary values. If we want to study the properties of the deformation in the setting
of nonlinear elasticity theory of Antman, Ball and Ciarlet, see e.g. [2, 3, 4, 12], we
are led to study the existence and regularity properties of minimizers of the energy
functionals of the form

1(f) = /Q W(DJ)d,
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of Finland Project 277923.
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where W : R"*"™ — R is so-called stored-energy functional, and D f is the differential
matrix of a deformation f. In order for this model to be physically relevant we have
to require this model to satisfy the following conditions:

(W1) W(A) — +oo as det A — 0, which prevents too high compression of the
elastic body.
(W2) W(A) = 400 if det A < 0, which guarantees that the orientation is preserved.

In particular, it follows that if f is an admissible deformation with finite energy, then
we have

Ji(x) :=det Df(x) >0 for a.e. z €.

Using other assumptions one can prove that the mapping with finite energy is con-
tinuous and one-to-one, which corresponds to the non-impenetrability of the matter.
Therefore the natural candidate for a minimizer is in fact a homeomorphism. Hence,
when we study this model it is natural to restrict our attention only on Sobolev
homeomorphisms where the Jacobian does not change sign.

As pointed out by Ball in [5, 6] (who ascribes the question to Evans [18]), an im-
portant issue toward understanding the regularity of the minimizers in this setting
would be to show the existence of minimizing sequences given by piecewise affine
homeomorphisms or by diffeomorphisms. In particular, a first step would be to prove
that any homeomorphism u € WP(Q;R"), p € [1,400), can be approximated in
WP by piecewise affine ones or smooth ones. One very significant reason why this
would be desirable, is that regularity is typically often proven by testing the weak
equation or the variation formulation by the solution itself; but unless one has some
a priori regularity of the solution, such a test may not make sense. In order to solve
this problem it would be possible to test the equation with a smooth test mapping
which is close to the given homeomorphism instead. Here we see the necessity for
the approximations to be homeomorphisms whose image is the same as that of the
approximated map, otherwise this sequence would have nothing in common with our
original problem. Besides non-linear elasticity, an approximation result of homeomor-
phisms with diffeomorphisms would be a very useful tool in and of itself as it would
allow a number of proofs to be significantly simplified and lead to some stronger re-
sults. Let us note that finding diffeomorphisms near a given homeomorphism is not
an easy task, as the usual approximation techniques like mollification or Lipschitz
extension using the maximal operator destroy, in general, injectivity.

Let us describe the results in this direction. The first positive results were achieved
by Mora-Corral [35] on planar homeomorphisms smooth outside a point and by Bel-
lido and Mora-Corral [7] on approximation in Holder continuous maps. Let us also
note that the problem of approximation by smooth or piecewise affine planar home-
omorphisms are in fact equivalent by the result of Mora-Corral and Pratelli [36].
The celebrated breakthrough result in the area which stimulated much interest in
the subject was given by Iwaniec, Kovalev and Onninen in [27], [28], where they
found diffeomorphic approximations to any homeomorphism f € Wh?(Q2,R?), for
any 1 < p < oo in the W norm. The remaining missing case p = 1 in the plane
has been solved by Hencl and Pratelli in [25] by a different method. This method
was extended by Campbell [10] to give a different proof of the WP, p > 1, case and
to prove the result also for Orlicz-Sobolev spaces. The problem of approximating
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homeomorphisms with diffeomorphisms cannot be considered entirely closed even in
the planar case. Another problem mentioned in [27] is to approximate both a map
and its inverse simultaneously in W1?. The first results in this area was given by
Daneri and Pratelli in [15] for all 1 < p < oo under the additional assumption that
the mapping is bi-Lipschitz. Recently Pratelli [37] has answered this question for
p = 1 (without any additional assumptions) using the technique of [25]. The cases
p > 1 (especially p = 2) which are even more important in terms of their application
are still open.

And even more interesting open problem is the approximation of Sobolev homeo-
morphism in dimension n = 3 as there are no results in this direction so far. The
only breakthrough result in higher dimension is the result of Hencl and Vejnar in [26]
that there is a homeomorphism in W'! for n > 4 which cannot be approximated
by diffeomorphisms. The main result of this paper is the following extension, which
shows that the problem is not in the special choice of nonreflexive space W1t

Theorem 1.1. Let n > 4 and 1 < p < [n/2]. Then there exists a homeomorphism
f e Wh((=1,1)",R") such that there are no diffeomorphisms (or piecewise affine
homeomorphisms) fi, - (—1,1)" = R™ such that fi — f in WP((—=1,1)", R™).

loc

Here [n/2] denotes the integer part of n/2,ie. 1 <p<2forn=451<p<3
for n = 6,7 and so on. This result is deeply connected with the sign of the Jacobian
of a homeomorphism. As we mentioned before in models of nonlinear elasticity one
usually assumes that J; > 0 a.e. (or at least J; > 0 a.e.). It is therefore natural to
ask if this condition is automatically satisfied (up to a reflection) in the reasonable
class of mappings. This problem was promoted by Hajlasz, see e.g. Goldstein and
Hajlasz [21]. As each homeomorphism on a domain is either sense-preserving or
sense-reversing (see Preliminaries) we can equivalently ask if the topological (sense-
preserving) and analytical (J; > 0) notion of orientation are the same.

Another reason to study nonnegativity of the Jacobian comes from the well-known
area formula which is one of the most fundamental tools in the area. For a Sobolev
homeomorphism f : & — R" for which the Lusin’s condition (N) (i.e. sets of null
measure are always mapped to sets of null measure) holds we have

(L1) / n(F(@)) 1J5(2)] dz = /f oLy

for every nonnegative Borel function 7 : f(€2) — [0, oo] (see Federer [19]). If we knew
that J; > 0 a.e. we could write the formula (1.1) without absolute values.

It is relatively easy to show that every topologically sense-preserving Sobolev home-
omorphism which is differentiable almost everywhere has nonnegative Jacobian almost
everywhere, see [32, Lemma 2.14]. Therefore every sense-preserving planar homeo-
morphism in I/Vlzcl(Q, R?), and more generally every sense-preserving homeomorphism
in VV&f(Q,R”) with p > n — 1, satisfies J; > 0 a.e. (see [23, Corollary 2.25 and The-
orem 5.22.]). However, when we study homeomorphisms in WL?(Q, R") with n > 3
and 1 < p < n —1 it might happen that the mapping is nowhere differentiable even
under some additional assumptions, see e.g. [14]. Thus the previous argument which
heavily uses differentiability of the mapping cannot be used anymore when f € W»,
pe[l,n—1].
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In [24] Hencl and Maly were able to overcome the difficulties caused by the lack of
differentiability by giving the first nontrivial positive answer to the question about
the nonnegativity of the Jacobian of Sobolev homeomorphisms. More precisely, they
showed that every sense-preserving Sobolev homeomorphism f &€ VVI})’C’)(Q,R") with
p > [n/2] has nonnegative Jacobian at almost every point. The proof was based
on the approximative differentiability of Sobolev mappings and on the topological
invariance of the linking number under homeomorphisms. The restriction p > [n/2]
in their proof comes from the linking number argument where one has to require
the mapping to behave geometrically nicely on both “links”. Here we show that
somewhat surprisingly the strange exponent [n/2] is indeed the borderline exponent
for this question.

Theorem 1.2. Let n > 4 and 1 < p < [n/2|. Then there is a homeomorphism
fewts((=1,1)",R") such that J; > 0 on a set of positive measure and J; < 0 on
a set of positive measure.

This result for p = 1 was shown by Hencl and Vejnar in [26] and as in their paper
Theorem 1.1 now follows easily. Indeed, assume on the contrary that f from the
statement can be approximated by diffeomorphisms (or piecewise affine homeomor-
phisms) {fr}%2,, then the pointwise limit of a subsequence (which we denote the
same) satisfies

Dfy(z) = Df(x) and Jp(x) — Jp(x)

for almost every x € (—1,1)". As f; are locally Lipschitz we know that J; > 0
a.e. in (=1,1)" or Jp, < 0 a.e. in (—1,1)", see e.g. [24] and [23, Theorem 5.22|.
The pointwise limit of nonnegative (or nonpositive) functions Jy, cannot change sign
which gives us contradiction.

Let us also recall that the Jacobian of a WP, 1 < p < n, Sobolev homeomorphism
may behave strangely as it may vanish a.e. (see [22], [11] and [17]). As mentioned
before the Jacobian of a homeomorphism cannot change sign if p > [n/2] by [24]
and therefore the method of sign-changing Jacobian for providing a counterexample
in Theorem 1.1 cannot be improved to p > [n/2]. On the other hand, there might
be a different way of producing a counterexample to the Ball-Evans approximation
problem or there might be even a positive result in R™, n > 4, for WP if p is large
enough (but definitely we must have p > [n/2]). Also the question whether the
Jacobian can have both positive and negative Jacobian in a sets of positive measure
in the borderline case p = [n/2] remains open.

Now we outline the rough idea of our construction. We fix a Cantor type set

Ca C (—1,1) of positive measure and we set
(1 2) ICA I:(CA X CA X CA X [—1,1}) U (CA X CA X [—1,1} X CA)U
' U(CAX[—l,l]XCAXCA)U([—l,l]XCAXCAXCA).

We also fix a Cantor type set Cp C (—1,1) of zero measure (in fact its Hausdorff
dimension § is small) and define the set Kp similarly as above. Our first mapping
Sy + R" — R" squeezes K4 onto Kp homeomorphically in a natural way. Then we
find a bi-Lipschitz sense-preserving homeomorphism F such that

(1.3) F(xy, 29, x3,24) = (21, T2, 23, —4) for every z € Kp.
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Indeed, we can find a direction in R* such that the projection of Kp to the correspond-
ing hyperplane is one-to-one. The rough reason for that is that the set of directions
where the projection is not one-to-one has Hausdorff dimension at most

(1.4) dim Kp + dim K = 2 + 60

(starting+ending point of the direction) and this is smaller than 3-the dimension of all
directions. This projection of Kz can be extended to the homeomorphism ¢ : R* — R*
which is bi-Lipschitz. By the turnover of the 3-dimensional hyperplane with respect
to z; direction (which can be done by a sense-preserving homeomorphism of R*) and
the composition with ¢g~! we obtain our mapping F. In view of the turnover of the
hyperplane we obtain the key property (1.3). At last we find a mapping S; : R — R"
which stretches Cg X Cgp X Cp X Cp back to C4 x C4 x C4 X C4 such that lines in Kp
through the Cantor set are not prolonged too much and that S; is locally Lipschitz
outside of Cg x Cp x Cp X Cp.

We verify that f = S;0 F oS, belongs to W' by using the ACL property. It is thus
crucial for us that lines parallel to coordinate axes that intersect C4 X Cq4 X C4 X Cy4
are mapped to lines by S, then to the same lines (with possibly reverse orientation
in z4-direction) by F (see (1.3)) and to something of reasonable length by S;. To
control the derivative on the lines parallel to coordinate axes that do not intersect
Ca x Cyq x C4 x Cq we use explicit form of mappings S, and S; and it is essential
for us that F'is Lipschitz everywhere and that S; is locally Lipschitz far away from
CBXCBXCBXCB.

Let us compare this result to the methods in [26]. In [26] the authors only showed
that the length of the images of line segments are finite (which is enough for [ |Df| <
00) but here we need to write explicit formulas for the mappings and to differentiate
them, which requires much more details, precision and a delicate case study. More
importantly there are three new main essential ingredients here. First there is a gap
in the argument of [26] in the construction of the last mapping. During our detailed
estimates we have found this gap and we have repaired it by giving a different last
mapping S; such that lines in K through the Cantor set are not prolonged too much.
Secondly in [26] it was enough to find any bi-Lipschitz extension of the projection to
construct a mapping F. Here we need to know that line segments close to Kp but
far away from Cp x Cp X Cp x Cp are mapped to line segments (see Section 3) so that
the partial derivatives corresponding to different directions do not mix (and the big
derivative in one direction is not multiplied by a big derivative in other direction).
This requires a novel construction of the mapping F' in Section 3. The third main
ingredient is the extension to higher dimension as in W' it was enough to extend
simply as f(x) = (f(x1, 22, T3, 24), X5, . . ., ). Here it requires much more work and
it is essential for us to consider not only line segments through C4 x C4 x ... x C4 as
in (1.2) but [n/2] — 1 dimensional planes through the Cantor set (i.e. 2 dimensional
planes for n = 6,7 and so on). Then F reflects not only line segments through
CaxCax...xCx (see (1.3)) but it reflects [n/2] — 1 dimensional planes through the
Cantor set as the analogy of (1.4) is now

dimKp +dimKp =2([n/2] —1) +2(n — [n/2] +1)d <n — 1.

This allows us to control the derivative only on lines that do not belong to this [n/2]—1
dimensional planes and the measure of this set is very small close to the Cantor set.
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2. PRELIMINARIES

2.1. Notation. A point x € R" in coordinates is denoted as (z1,xs,...,x,). We
denote by |z| := /> ", x; the Euclidean norm of a point z € R", and |[jz| :=
sup,|z;| will denote the supremum norm of z. We also define the distance of two sets
A, B C R" as

dist(A, B) ;= inf{|z —y| : x € A and y € B}.
We will denote by
Qa,r) :=(ag —rya; +7r) X -+« X (a, —r,a, +r)

the open cube centered at a € R™ with sidelength 2r > 0. The interior of a set
A C R" is sometimes denoted also by A°.

We will denote by C' := C(pi,...,pr) a positive constant which depends only
on the given parameters pi,...pg. The constant C' might change from line to line.
Furthermore, for given functions f and g we denote f < g if there exists a positive
constant C' > 0 such that f(z) < Cg(x) for all points z. If both conditions f < g
and g < f are satisfied we denote f ~ g.

2.2. Sobolev spaces and the ACL condition. Let 2 C R™ be an open set. We
say that f : © — R™ belongs to the Sobolev space WP(Q,R™), 1 < p < oo, if f
is p-integrable and if the coordinate functions of f have p-integrable distributional
derivatives. We say that f belongs to the space W,2P(Q,R™) if f € Wh»(Q',R™) for
every subdomain Q' CC Q.

Let ¢ € {1,2,...,n} and denote by m; the projection on the given hyperplane
H;, = {x € R™ : x; = 0} perpendicular to the z;-axis. We say that a mapping
f € Ll (9, R™) is absolutely continuous on lines (abbr. f € ACL(Q2,R™)) if the
following ACL conditions holds:

(ACL) For every cube Q(a,r) = (a1 — 7,01+ 1) X -+ X (a, —7,a, + 1) CC  and for
every i € {1,2,...,n} the coordinate functions of the mapping

fz(tw/t) = f('mlv ey Ti—1, X4 +ta LTigly .- 7:En)

are absolutely continuous on (a;—r, a;+r) for L% 1-almost every z € m;(Q(a,r)).

The following characterization of Sobolev spaces is classical and can be found e.g. in
[1, Section 3.11] and [23, Theorem A.15].

Proposition 2.1. Let 1 < p < oo, Q C R™ be an open set and f € LP(Q,R™). Then
fe VVli’f(Q,]R”) if and only if there is a representative of f which is a ACL(£2, R™)
mapping with locally LP-integrable partial derivatives on 2.

2.3. Topological degree. For a given smooth map f from 2 C R™ into R" we can
define the topological degree as

deg(f,Qyo) = > sen(Js(@))
{zeQ:f(z)=yo}

if Jy(x) # 0 for each x € f~'(yp). This definition can be extended to arbitrary
continuous mappings and each point, see e.g. [20].



A continuous mapping f : Q0 — R"™ is called sense-preserving if

deg(fv Ql? yO) >0

for all subdomains €' CC € and for all yo € f()\ f(0). Similarly we call f
sense-reversing if deg(f, Y yo) < 0 for all " and yo € f(Q) \ f(0Q). Let us recall
that each homeomorphism on a domain is either sense-preserving or sense-reversing,
see e.g. [39, 11.2.4., Theorem 3].

2.4. Hausdorff dimension. Let o > 0. We define a-dimensional Hausdor{f measure
of a set E C R™ by

Ho(E) = lim H°(E),

e—0t

where for a given £ > 0 we define

HI(E) = inf{Z(diamAi)a B C UA“ diam A; < 8}.
i=1 i=1
We define the Hausdorff dimension of a set E as
dimy(E) = sup{a > 0: HY(E) = oo} = inf{a > 0: H*(F) = 0}.

We point out that Lipschitz mappings do not raise the Hausdorff dimension of a set
and furthermore if E = (2, E; then

dimy (E) = sup dimy(£;).
2.5. Construction of the Cantor set C'4 and the set K ,4. Denote by V the set
of 2% vertices of the cube [—1,1]*. The sets

VF=Vx.-.-xV, keN,

will serve as the set of indices for our construction of Cantor sets.
We will define next the Cantor set C'4 with positive measure for our construction.
For this fix & > 0. Let us define the sequence {a;}72, by setting

ak:;<1+(k+11)a).

Te = Q*kak.

Set zg = 0 and let us define

It follows that Q(z9,70) = (—1,1)* and further we proceed by induction. For v(k) =
(v1,...,v) € V¥ we denote w(k) = (vy,...,vp_1) and we define

k
1 1
Zo(k) = Zw(k) T 57’/@711% =20+ B ;levj,

J
Qury = Q(2o): 2 Far—1) and Quuy = Q(2w(r), 2 Fa).

Formally we should write w(v(k)) instead of w(k) but for the simplification of the
notation we will avoid this. Sometimes we may even denote v and w instead of v(k)
and w(k).
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L[]
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L)L
L[]

HEh
L

FIGURE 1. Two-dimensional projection of the cubes Q) and Q' )
for k=1,2.

Then for the measure of the k-th frame A,y := le(k) \ Qu(k), k € N, we have

(2.1)  LYAyw) =2 ap_; —af) =27 {(1 + k1a>4 - <1 + (]Hll)aﬂ .

The number of the cubes in {Qqux) : v(k) € VF} is 2%, It is not difficult to find
out that the resulting Cantor set

ﬂ U Qv(k:) = CA[{CL;C}EOZO] = CA X CA X CA X CA

k=1 v(k)eVk

is a product of 4 Cantor sets C4 in R. Moreover, the measure of the set C'y can be
calculated as

(2.2) £4(Ca) = Jim 2%(20,27)" = lim (1 + (k+11)a)4 —1
Furthermore, we may write the 1-dimensional Cantor set C4 as
o 2F
Ca= ﬂ U I
k=1i=1

where ;) are closed intervals of length 27%(1 + m), Lix NIy =0 for i # j, and
Iy 1 Uy C 1 p—1. Throughout this paper we will also denote

ok
Uk = UIi’k’ Mk = UkXUkXUkXUk, Pk = UkXUkXUk,

i=1
and in view (2.2) it is easy to see that
1 C
2. L <2kh(14 —— ) —1< —.
(23) M (U €a) < 2'27 +(k+1)a) =
Further we denote
AkI:(UkXUkXUkXR)U(UkXUkXRXUk)
U (Up X R x Uy, x Uy) U (R x Uy, x Uy, x Uy).



It is easy to see that

Ca=CaxCaxCaxCa=[]Mk.
k=1
Furthermore, we also denote
’CA Z:<CA X CA X CA X [—1,1]) U (CA X CA X [—1, 1] X CA)
U (CA X [—1, 1] X CA X CA) U ([—1,1} X CA X CA X CA),

and then we have

Ka=[-11"N[) A
k=1
It is easy to see that £*(K4) > 0. Analogously to (2.3) we can estimate
(2.4)

1 3 1 3 C
%S(Pk \ Pk+1> S <2k2—k(1 + a)) o (2k+12_(k+1)(1 + 7)) <

(k+ 1) (k+2)/) = ket

2.6. Construction of the Cantor set C'z and the set Kg. Next, we will define
the Cantor set Cg of zero measure for our construction. The definition of the index
set V¥ remains the same as in the subsection 2.5.

To define Cp we fix 0 < § < 1/7. Let us define the sequence {b;}2, by setting

by = 2_k57

where 5 = 17_5. Analogously to the previous section we set Zg = 0 and define

i, =27 by,
Then it follows that Q(2g,7) = (—1,1)* and further we proceed by induction. For
v(k) = (vy,...,v) € V¥ we denote w(k) = (v, ...,v,_1) and we define

k

N . 1, R 1 R

Zu(k) = Zw(k) T 57%71?% =20+ B erjlvja
]:

~

Quiry = Q(Zoir), 27%b 1) and Qo) = Q(Zumy, 27501) -

Index w(k) = (vq,...,v_1) is called as the parent of the index v(k) = (vy,...,vg).
For the measure of the k-th frame By := Q;(k) \ Qu(k), k € N, we have
(2.5) £4(Bv(k)) _ 2_4k+4(bé_1 - bi) _ 2—4k+4—46k(24ﬁ _ 1)_

Analogously to the previous section, it is not difficult to find out that the resulting
Cantor set

ﬂ U Qv(k) =: Cp[{br}p2o] =Cp x Cp x Cp x Cp
k=1 v(k)eVk
is a product of n Cantor sets Cg in R. Moreover, the measure of the set Cg can be

calculated as

(2.6) LYCp) = Jim 94k (90,27F)" = Tim 2448k = 0.
—00

k—o00
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Furthermore, we may write the 1-dimensional Cantor set Cp as

oo 2k

Cs = (U TLix

k=1i=1

where fi,k are closed intervals of length 2b,27%, fi,k N fj,k = () for i # j, and fQi,Lk U
Iy, C I; ;—1. Throughout this paper we denote

2k
(27) Uk‘::Uji,k7 MklzﬁkXUkX0kXUk, szﬁkX0kX0k-

i=1
Furthermore, we also denote
(28) AkZ:(UkXUkXUkXR)U(UkXUkXRXUk)
' U(UkXRXUkX[A]k)U(RXUkXUkXUk),

and

K:B Z:(CB X CB X CB X [—1, 1]) U (CB X CB X [—1,1] X CB)
U(Cp x [-1,1] x Cg x Cp) U ([—1,1] x Cp x Cp X Cp).

It is easy to see that £*(Kpg) = 0. Furthermore, we may find out that dimy, Cp = 0 as
in the k-th step of construction we have 2* intervals of length 2b,27F = 2. 27F=F8 —
2.27%. Therefore, as 0 < 6 < 1/7, we conclude that

dlm?—[’CBS 1+30 < g

2.7. The mapping S,. Suppose that C'y and Cp are the Cantor sets in subsections
2.5 and 2.6. Let ¢ : R — R be the natural piecewise linear homeomorphism which
takes each interval in the set Uy \ Ug11, k € N, onto corresponding interval in Uk\UkH
linearly. Then it is easy to see that ¢ is an odd function, i.e. g(—s) = —q(s) for every
s € R. We define the homeomorphism S, : (—1,1)" — (—1,1)" by setting

Se(x1, .. xn) = (q(z1), ..., q(zy)).

It is easy to see that S, maps K4 onto K. Moreover, we may notice that S, is a
Lipschitz mapping which takes each line segment parallel to x;-axis to a line segment
parallel to x;-axis for every ¢ = 1,2, 3,4. Furthermore, we also have that:

(1) For each z € (—1,1)* such that z; € Uy \ Upy1, i = 1,2, 3,4, we have
by — b
(2.9) |D;S, ()] = =L < opotla=fk,
A — Q41
where the constant C' = C'(«, ) > 0 depends only on parameters a and f.
(2) For each z € (—1,1)* such that z; € Ca, i = 1,2,3,4, we have
|D;S,(x)| = 0.

Here and in what follows D;g denotes the derivative of a mapping g along the x;-
direction for i € {1,2,3,4}.
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FIGURE 2. The transformation of )’ \ Q° onto Q' \ Q° in two dimensions.

2.8. Frames to frames mapping of (n — 1)-dimensional Cantor sets. Suppose
that n > 3. Analogously to the constructions of C4 and Cp we can define the
(n — 1)-dimensional Cantor type sets

CBX---XCB and CAX-”XCA.

n — 1 times n — 1 times

We will need to find a mapping which maps the first set onto the second and the cor-
responding frames around it to corresponding frames around the second set. Instead
of the index set V¥ we use now the set W* where W denotes the vertices of the cube
[—1,1]"7'. Analogously to previous notation we denote w € W* instead of v € V¥
and we work with cubes

Quo(r)> Qs Qo) a0 Quoi)

defined analogously to subsections 2.3 and 2.4 but now in n — 1 dimensions.

We will find a sequence of homeomorphisms H;' ' : (—=1,1)""! — (=1,1)""1. We
set Hy '(z) = = and we proceed by induction. We w1ll give a mapping F; which
stretches each cube Qw, w € W', homogeneously so that H{'~ 1(Qw) equals (. On
the annulus Q/w\Qw7 H?! is defined to be an appropriate radial map with respect to
Zw and z,, in the image in order to make H ?‘1 a homeomorphism. The general step
is the following: If k& > 1, H,?*l is defined as H,’j:f outside the union of all cubes Q;U,
w € Wk, Further, H,Z_l remains equal to H,?__ll at the centers of cubes @w, w € Wk,
Then H,’;‘_l stretches each cube Qw, w € WF, homogeneously so that H,?_l(Qw)
equals Q. On the annulus Q’w \ Qw, H,:}_l is defined to be an appropriate radial
map with respect to Z,, in preimage and z,, in image to make H,?*l a homeomorphism
(see Fig. 2). Notice that the Jacobian determinant JH;Lfl(l') will be strictly positive
almost everywhere in (—1,1)"1.

In the following definition of H;'~! we use the notation ||z|| for the supremum norm
of # € R"™1. The mappings H; ', k € N, are formally defined as
(2.10)

=} () for @ ¢ Uy Gl
H,?_l(x) = Hl?:ll@'w) + ()T — 2ol + Br) Hi z I for x € Qiu \ Qwa w e W

ngll(éw) + %:(.I’ - Zw) for x € Qw, w € Wk
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where the constants oy and [ are given by

(2.11) Ty + B = 1 and Oék L+ 6, =

It is not difficult to find out that each H ,?*1 is a homeomorphism and maps

U Qw onto U Qw-

weWk weWk

The limit H"*(x) = limy_,o, H}' ' () is clearly one-to-one and continuous and there-
fore a homeomorphism. Moreover, it is easy to see that H" ! is differentiable almost
everywhere (as L7 }(Cg™") = 0) and maps Cjx ' onto %'

Fix j € N. We claim that the mapping H"~! is Lipschitz on (U;)* "\ (U;,)"*
where the sets ﬁj are defined analogously to subsection 2.6 (the Lipschitz constant
of course depends on the fixed j). This is in fact easy to see as the mapping is given
by simple formula (2.10) on each Q’w \ Qu for every w € W7, Analogously to 23,
Lemma 2.1 and proof of Theorem 4.10] we can estimate
(2.12)

IDH"(2)| = |DH" ()| ~ max{: 0} < Cmax{2%,27j~(@40} < 027

for every & € Q! \ Quw and w € Wi. This is because

\Dle_l(x)] < 724 < C2% for [ # i and
(2.13) 7
|DH; ™ (2)] < ay < C2%57(FD

if x; is the direction which realizes the supremum norm distance from the center of
the cube Z,,. From (2.10) it is also easy to see that

(2.14) |DH ' (z)] ~ N < 0% for x € Quw and w € W,

"
In our construction we will need to know that for each a € (0,1) and k& € N the

mapping

(2.15) aHg y(x) + (1= a) Hyy ()

is a homeomorphisms. Outside of | J,,cyyse-s Qw both mapping are equal and hence
the mapping is a homeomorphism there. Let us fix Qw for some w € W33, We know
by (2.10) that Hj, ! is a frame to frame mapping on Q. which maps corresponding
squares with sizes T35_o (resp. 73,1 and 773k) to squares with sizes r3x_o (resp. r3p_1
and 73;). We also know by (2.10) that Hj, ', is a linear mapping

T'3k—3

(1 — Za) 0N Qu
T'3k—3

but this can be also viewed as a frame to frame mapping on Q,, which maps corre-

sponding squares with sizes 739 (resp. 7351 and 73;) to squares with sizes f”’“ 37"3k 9

(resp.

—T3k-1 and = Tk 3r3k) Thus it is not difficult to see that the mapplng (2.15)

T3k—3 ~
T
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on (Q is a frame to frame mapping which maps corresponding squares with sizes
T3k_2 (resp. Tgx_1 and 73;) to squares with sizes

T3k_3 . T3k_3 . T3k_3 .
arg,_o+(1—a) Sk 2 Far s ( resp. arg_1+(1—a) 3k 2 Far_1 and argp+(1—a) 3k STgk).

T'3k—3 T3k—3 T'3k—3
Analogously to the fact that each Hj, defined by (2.10) is a homeomorphism we can
conclude that the mapping (2.15) given by formula analogous to (2.10) is also a
homeomorphism.

3. A SENSE-PRESERVING BI-LIPSCHITZ MAPPING F EQUAL TO A REFLECTION IN
THE LAST VARIABLE ON Kp

This section is dedicated to constructing a bi-Lipschitz mapping which equals the
reflection in the last variable on Kp. Especially, this means that the mapping will
map lines in g to lines in Kp. In fact even more than this the mapping will map
certain line segments close to Kp to line segments (recall that K and Uk are defined
in subsection 2.5). Also see Fig. 3.

Theorem 3.1. If > 0 is sufficiently large in the definition of the Cantor set Cg
in subsection 2.6 then there exists a mapping F : (—=1,1)* — (=1,1)*, which is a
sense-preserving bi-Lipschitz extension of the map
(31) F($1,$2,$3,$4) = ($1,$2,x3,—$4) x eICB7
and a constant Np € N such that for each 3,k € N satisfying Np < j < k the image
of the intersection of a line parallel to e; with the set

Aijnp-rking = {r €R 1z € [“L U\ Ujonp1, 31 € Upgnp, 1 # i}
i the map F is a line segment parallel to e; which lies in the set

Ai,j—l,k = {ZE c R4 X € {—1, 1] \ Uj_1,$l S Uk,l 7é Z}

Moreover, the derivative along this segment satisfies

e;  ifi=1,23

for every x € A; j_Np—1k+Np-

The concept of the following type of mapping is key to our proof. We will show
the obvious fact that they are bi-Lipschitz maps.

Definition 3.2. Let n € N, n > 2, and let v € R" be a vector such that v, # 0.
Denote X := R" ! x {0}. Let g : X — R be a Lipschitz function and define a
projection P, of R™ onto X as follows

(3.2) Pyx)=x — .

Un

Then we define the spaghetti strand map F,, as follows
Fyo(x) =+ vg(Py(2)).
Lemma 3.3. Spaghetti strand maps from Definition 3.2 are bi-Lipschitz maps.



14 D. CAMPBELL, S. HENCL, AND V. TENGVALL

L3|§ |§L4

FlL | F (L)

FIGURE 3. A sense preserving bi-Lipschitz map that reflects in e4 and
maps certain lines to lines

Proof. Tt is easy to see that every spaghetti strand map is Lipschitz as a composition
of Lipschitz maps. Moreover P,(av) = 0 for each a € R which implies that

r +vg(Py (7)) — Ug(PU(:L“ + Ug(Pv(x)))) =z +vg(Py(z)) —vg(Py(7)) ==

and hence the inverse of a spaghetti strand map is the spaghetti strand map corre-
sponding to —¢g. This inverse is also Lipschitz and therefore we see that these maps
are bi-Lipschitz. O

Firstly, let us outline our strategy for the rest of the section. We construct F

from the composition of two spaghetti strand maps. Firstly we must choose a vector
v and prove that the projection P, is one-to-one on the set Kp and further there
exists a Lipschitz function g so that F,,(z) = P,(x) for all x € Kp. This step is
contained in Lemma 3.4. If we take u = (—vy, —va, ..., —vp_1,v,) then we can define
F =F,,oF,, and it is not difficult to deduce that (3.1) holds (this is done in (3.37)
below).
Lemma 3.4. Let v = (1—16, %, %, 1), u = (—11—6, —%, —i, 1). Then there is B > 6 and a
corresponding set Kpg given by the subsection 2.6 such that P, is one-to-one on Kpg,
and the function g defined on P,(Kg) as g(P,(z)) = —x4 can be extended onto X as
a Lipschitz function. Furthermore, it is possible to find a Lipschitz extension of the
function g which guarantees that

(3.3) Dyi(Fyuo Fyp)(w) = { Cer ifi—4

whenever k € N, x; € [-1,1] \ U, and x; € Uk+2 for all j # 1.
Proof. Let us start by defining some notation we will use throughout the proof. We

will denote ¥ := (%6, % 1). Furthermore, if Qv(k) = Q(Zok), Tk), v(k) € V¥, are the

cubes used in the definition of the Cantor set C'gz in subsection 2.6, then we define

These sets are called k-bars.
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FIGURE 4. All 1-bars and 2-bars in three dimensions.

By the construction of the Cantor set we have Q(Zy(k—2), Tk—2) NQ(Zo(k—2), Th—2) = 0,
whenever v(k) # v(k). Therefore we have the equality for the so-called “sliced” bar

(3.5)  Shuy = Gy \ ( U Q(ﬁw,fk—2)> = Gl \ ( U Q(%ﬁk-z))

weVy 2 (i) W
where
Vo (1) = {w € VF72 1 () + Rei) N Q(Zuw, Tr—2) # 0.

It is easy to see that there is $; > 0 such that for § > ; (in the definition of Cz) we
can replace the index set Vf)(_,f) (4) by much nicer set V¥~2 in the definition of Sf,(k).

More precisely, a sliced k-bar gi(k) can be considered as a k-bar where we have
removed all the cubes around the Cantor set from the (k — 2)-nd generation of the
construction.

In similar fashion we also define

(3.6) Sy 1= (Q(PuGugo)s i) + PRe))\ (| @ (PlGw) Tien)) € X,

wEVU(k) (%)

where Q3(z,7) denotes the 3 dimensional cube in X := R3 x {0} with radius r > 0
and centered at z € X and ¢ > 3 is a constant we will determine later. We also

4
denote “sliced k-pipes” as follows

Hyy = 5X<Q3(Pv(5v(k))>qfk) +Pv(R€i)> \( U @ (P(Gw), Tik- 1)) C X,

wGVU ®) L)

where Ox A denotes the relative boundary of a set A in X. We will later see that also
in the definition of the sets S (k) and H w(k) the index sets Vk k)( i) can be replaced by
Vi1 when $ > 0 in the definition of C'p is just large enough.

Now let us briefly outline the rest of the proof. We prove that our choice of a vector
v gives that P, is one-to-one on Kp. Then we prove that each Sf;(k) is projected into
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FIGURE 5. In the picture on the left we have all sliced 2-bars by 1-st
generation cubes in three dimensions. In the later we slice k£ genera-
tional bars with k—2 generation cubes. A choice of S guarantees that in
comparison the bars are as thin as required in comparison to the cube.
In the picture on the right we have zoomed in one of the removed cubes
(drawn with dashed line) from the picture on the left.

S’,f)(k) which, for fixed k, are pairwise disjoint. This allows us to define a Lipschitz

function g on R x {0} such that F,, = P, on Kp. A careful extension of g onto
R3 x {0} guarantees (3.3). We divide the proof into several steps.

Step 1: The projection is one-to-one on C'g. Our first step is simple, we want to
show that the projection is one-to-one on the set Cg = Cp x Cg X Cg x Cp. Consider
the first stage of our Cantor construction, i.e. we have the cube QO = @Q(0,1) and
the set of cubes Qv(l) = Q(Zp1),71), v(1) € V. We will show that the images of
these 2% cubes in P, are pairwise disjoint. Then we can use the same calculations to
show that the projections of the next generation of cubes in our construction are also
pairwise disjoint because the construction is self-similar. We can repeat this argument
inductively to get that P, is one-to-one on Cg. Therefore it suffices to show that the
images of Q’v(l) are pairwise disjoint. Although this step is slightly redundant it aids
the understanding of the reader and so we include it here.

We will deal with two separate cases. The first case is where we are considering
the projections of a pair of boxes Qv(l) and Qi;u), whose centers have the same 4-th
coordinate. The second case is where (2,(1))s # (Z5(1))4- For any of the first generation

ctbes Qy(1) We can calculate its image in P, using (3.2) and v = (15,5, 4.1) as
(3.7) Po(Qoqry) = Q*(Py(20n))s 71) + (—=1,71) (350 80 1) € @ (Po(Zony), 11 (1 + 7)),
where

(3.8)

P, (Zo1)) = 2oy — (Go))a(55: 5, 1. 1) = (Go@)1s (Bo))2s (20(1))3:0) F 3(55. 5, 1, 0).



FIGURE 6. An illustration of the image of two generations of cubes
in the projection P, from three dimensions to the plane. For printing
reasons we have now increased significantly 7#; and changed somewhat
v. The shaded regions (one big and eight smaller ones) describe the
images of the cubes in P,. The black dot in the middle describes the
point P,(0) = 0 the center of the large cube. The other four black dots
a,b,c and d describe the centers of the small dashed cubes of radius
i + %fl which always contain the image of a pair of cubes symmetrical
about the hyperplane, see Case 2B. In one case we consider a pair of
cubes symmetrical about the hyperplane and the images of their centers
are separated by o. In the other cases the images of cubes are disjoint

because they lie in different dotted cubes, which are disjoint.

17

Case 1 (Step 1): In the first case we have a distinct pair of centers 2,1y and Zy()
such that (Z,1))a = (2s(1))a. Since the pair is distinct we can find at least one

i € {1,2,3} such that
[(Zoy)i = (Zo)il = 1.
This means that |2,0) — Zp(1)| > 1. But since (Zy(1))a = (Zp(1))a We have
Py(Zo1)) = 2oy = Po(Zo1)) — 20(1)
and therefore
| Po(Z0(1)) — Po(Za1))] = [Zo) — 2o)| = 1.

This together with (3.7) and the fact that 27 (1 + §) < 1 (recall that 7, = 271277

with > 6) implies that
Py(Qu)) N Py(Qary) = 0.

Case 2A (Step 1): Suppose now that (Z41))s # (Zp(1))a. We shall consider first a
pair of boxes, whose centers Z,;) and Z4) are on a line parallel to es. To see that

the images of these boxes are disjoint we observe that

(3.9)  Pu(Zo) — PuCGa) = Po(Zuq) — 2oy) = Po(Fes) = F(&, 1, 1),

Furthermore, as

(3.10) Py(Qu1)) C Q(Pu(Zom)), 271),
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and since 2715 < 1= < || Py(2u(1)) — Pu(Z601))| then the projection of Quw(1) and Q1)
must be disjoint. Here ||z|| := sup,|z;| denotes the supremum norm.

Case 2B (Step 1): We still need to consider the pairs of cubes with centers that
vary from each other in the 4-th variable and in another variable. In other words, let
us suppose that it holds for Z,;) and 231y that

(Zo1))a # (Zoy)a and  (Zy1))i # (Zp(1)): for some @ € {1,2,3},

and let us denote

a = ((Zo))1, (Fo))2, (201))3,0)  and b= ((2a01))1, ((Zo(1))2, ((22(1))3, 0)-

By applying (3.7) and (3.8) we get
Po(Quw) € Qa5+ 371) and Po(Qony) € Q(b 5+ 371),

where i + %f’l < 6% < % Thus, it follows from the fact |a — b] > 1 that

dist(Po(Qun)), Po(Qor))) > dist(Q(a, L + 271),Q(b, 1 + 371))
> la—b] = 2(5 + §71) > 0,

which gives us that the sets PU(Q,,(U) and PU(Qi,(l)) are disjoint. This implies that
the remaining pairs of cubes to consider (i.e. the pairs of cubes with centers that vary
from each other in the 4-th variable and in another variable) are also disjoint.

It follows now from Cases 1, 2A and 2B that images of the first generation cubes
Qv(l) in the projection P, are pairwise disjoint. The self similarity argument men-
tioned above implies that P, is one-to-one on C'z. The reason why the self similarity
argument works here is because the ratio 71 /7 = 2641 is not depending on k. Ge-
ometrically this means that if we rescale a cube Qv(k,l) and the smaller cubes Qv(k)
which lies inside this cube by factor 2¢128( =1 we see that there will be as much
space to project the cubes of the k-th step as there was in the first step (see Fig. 7).

Step 2: The projection is one-to-one on Kp. We will start this step by showing
that if a and b are any two vertices of Q(0,%) and e;,e; € R?* are two (possibly

2
identical) canonical basis vectors of R, then
(3.11) P,(a+ Re;) N Py(b+Re;) = P,((a+ Re;) N (b + Rey)).

This gives us that if ¢ and ¢ are two distinct lines parallel to coordinate axes through
some vertices a and b of Q(0,1) then their projections P,(¢) and P,(¢) meet at most

at one point which is the image P,(z) of the intersection point z of ¢ and (. We use
this to show that images of sliced k-bars are disjoint and finally by this observation
and by Step 1 we will conclude that P, is one-to-one on Kg. It is good to remark that
the argument bellow does not work if the dimension of the space is three or smaller.
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FIGURE 7. An illustration of the idea behind the self similarity argument.

Step 2A: Proving the equation (3.11). To prove (3.11) it suffices to show that
(312) Pv(a + Rel) N Pv(b + Rej) C Pv((a + R@z) N (b + ]Rej))

as the opposite inclusion is obvious. To prove (3.12) we recall the following elementary
dimension formula for the linear map P, : R* — X:

dim(ker PU) + dim(im PU) =4,

where ker P, stands for the kernel of the linear map P,, and im P, equals the image
P,(R%). Tt is easy to see that dim (im Pv) = 3 from the definition of P, and from the
observation that

(o ifl=1,2,3
(313) Pv(el)_{ ey — v ifl = 4.

Thus, when v = ( , 1) we conclude that

ker P, = (v),

P

11
167 82

where (v) stands for the linear span of the vector v. This follows from the fact that
dimker P, =1 and v € ker P,.

Next, we may assume that P,(a+Re;) N P,(b+Re;) # 0 as otherwise the inclusion
in (3.12) is obvious. Then there exists ¢ € R and s € R such that

P,(a+te; —b—sej) =0,
or equivalently, there exists t,s € R and r € R such that
(3.14) (a —0b) +te; — se; = rv.

To prove (3.11) we need to show that the equation (3.14) can have only trivial solu-
tions (i.e. solutions for which » = 0). In other words, we need to show that if the
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intersection ((a — b) + Re; ® Re;) N (v) is nonempty, then
((a —b) + Re; ® Rej) N (v) = {0}.

Because (a + b) + Re; @ Re; is an affine vector space which is parallel to coordinate
axes, and

dim((a + b) + Re; & Re;) < 2,

it is easy to see that for the vector v = ( 6 é, }L, 1) the intersection ((a —b)+ Re; ®

]Rej) N (v) can contain at most one point z. Then there are two possible cases we
need to consider:

Case 1: Suppose first that (a + Re;) N (b4 Rej) # 0. In this case it follows that
z =0 and the claim will follow because all the solutions to (3.14) are then trivial.

Case 2: Let us next assume that (a + Re;) N (b + Re;) = (. Then, because a and
b were assumed to be vertices of Q(0, 3) it follows that there is an index i ¢ {i,;}
such that

(@ —0b);, € {1,—-1}.

Moreover, because dim(e;, e;,e;,) < 4 it will follow that there is also an index iy ¢
{i,j,11} such that

(a—b);, € {1,0,—1}.

However, this is a contradiction with the fact that the equation (3.14) was assumed
to have a solution. Indeed, otherwise it would follow that there is r € R such that

|rv;,| =1 and |ru,| € {1,0}
1).

Step 2B: Proving that the sets Sf}(k) are disjoint. Recall now that

which is not the case when v = (

N»—'

11
167 8?

Si = (@ (Pl ai) + P®e) )\ (U @(Plzw) i),

weVy o ()

where V’;(kl) = {w e Vk 1. (Zoe) + Re;) N Q(Zu, Trm1) # @}. We claim that if we
choose 5 >0 sufﬁmently large in the definition of the Cantor set Cp then:
(1) We may replace the index set V’f)(_kl)( i) in the definition of ¥ Wk Dy the index
set V#=1. This will be only a technical detail which helps us to work with sets
S;(k) more easily.
(2) The sets Sf,(k) are pairwise disjoint for each fixed k € N (recall that 7, =
2-k=hk),
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Proof of (1): We need to show that for every fixed ¢ there exists 5y := f2(q) > 0
such that if we choose § > f in the definition of the Cantor set C'z then for each
fixed v(k) € V¥ we have

(Q?’(Pv(év(k)), gir) + Pv(]Rei)) N QP (Py(fuw), T 1) = 0,

whenever w € V+~! \Vf}(kl)(z) It suffices to prove this for k = 2 because after this
the general case follows from the self similarity of the construction.

First, we may find 33(q) > 0 such that if 3 > 33 in the definition of C'z then we
have

QS(PU(ZU(Q))» q'f'2) + Pv(Rez) ccC QS (Pv(éw)a %fl) + Pv(Rei)v

whenever w € V is the parent of a given index v(2) € V2.

Next, by applying (3.11) and continuity of P, we may find 82 > 0 such that if
> 33 in the definition of the Cantor set Cz then

(Q3 (Pu(Za), I1) + PU(ReZ-)) N (QB(RJ(@@; T5)) + PU(Re]-)> =0,

whenever w, w € V are indices for which the intersection of the lines [, = Z,,+Re; and
lay = Za + Re; is empty, i.e. if the intersection of lines is empty then the intersection
of small neighborhoods is also empty.

Suppose now that 3 > f, := max{f1,55}. Let us fix v(2) € V2 and suppose that
w € V is the parent of v(2). Let us also assume that w € V '\ Vqu@) (¢). Then it
follows that the lines [, = Z,, + Re; and l4 = Z4 + Re; do not intersect each other,
and therefore

(@ (PG az) + Po(Rer) ) N Q¥ (Pu(Za), 1)
c (Q?’(Pv(éw), Li,) + PU(Rei)) N (Q3(Pv(2 ), 17) + P, (Reﬁ) — 0,
and (1) follows and we may write from now on

Af;(k) = <Q3(Pv(5v(k)) qu) + P,(Re;) ) ( U Q3 78?% 1))

weVk—1

Proof of (2): Again, by the self similarity of the construction it is enough to prove
(2) in the case k = 1. Let us first assume that z is one of the vertices of the cube
Q(0, 3). Then, recalling that the center of the cube Qg is Zy = 0, we have that

(3.15) 1Po(2) = Po(20)l = 1 Pu(2) = Po(0)]| = ||z — zav]| < £

This gives us that P,(z) € Q3*(P,(%), §70) for each vertex z of the cube Q( 1).
Suppose next that Z,) and Z4) are two (possibly identical) vertices of Q(0, 1), and
consider two (nonidentical) lines My = 21y + Re; and My = 21y + ]Re] through the
points Z,1) and Zy1y. Then by applying (3.15) to points Z,1) and Zi1), and using
(3.11) we get

(Po(MO\Q® (Pu(20), Fio)) 0 (Po(Ma)\QP (Pu(20), Fio)) = 0,

Therefore, by linearity and Lipschitz continuity of P, and by the fact that the lines
P,(M,) and P,(M,) intersect at most at one point it is easy to see that there exists
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(P (2w), ’T‘k 1)

Q3 (Po(2u()), 37%) + Pu(Re;)

i1 Po(fw)

Q*(Po(2u()), 37) P
2-%fk o ________-..=z A
LT Q% (Py(Zo(k))s 37%) + Pu(Rej)

FIGURE 8. When we choose § > 0 large enough the ratio 7_1 /7y =
218 will be very large. This gives enough space for the lines
P,(Zok) + Re;) and P,(Zp) + Re;) to recede from each other before
they reach the boundary of the big cube. Especially, it follows from
this and the linearity of the mapping P, that the intersection of the

sets Q°(Pu(Zo(r); 37%) + Po(Re;) and Q*(Pu(Zow)), 37%) + Po(Re;) is
empty outside the cubes Q3 (P,(2y), 27k-1), w € VE~ 1.

B3 > 0 such that if we choose 5 > (5 in the definition of the Cantor set C'z then we
get

Sy NSy = ((Q3 ((Po(Zor)): a71) + Po(Ren))N(Q° ((Pu(2o(1)), a1) + Pu(Rej)))
\Qg( (ZO)7 8T0) - @

see also Fig. 8. By working through all the combinations v(1),v(1) € V we may also
assume that f3 > 0 is independent on the pair (v(1),v(1)) € V x V. This gives us
that the sets S o) are pairwise disjoint for k = 1.

To see that S (k) S bk = = () for k > 2 one may apply self similarity of the con-
struction together with the previous argument where k£ = 1. Self similarity argument
applies to this situation as the ratio 741 /7 = 21+8 stays the same for every k € N
(see also Fig. 8).

Step 2C: Proving the inclusion P,(S%,)) C 8. . Let us next recall the definition
of k-bars
éi,(k) = Q'v(k) + Re;.

We also recall (see the paragraph after (3.5)) that there exists 51 > 0 such that if
we choose 8 > (1 in the definition of the Cantor set Cg, then we may define the
corresponding sliced k-bars for k-bars as

g'f)(k) = Gv(k ( U Q (2w, Th 2))

weVk—2
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We want to show that P,(S? ) C S w(ky- For this we first observe that for every
z,y € R* such that ||z — y|| < 7%, where ||.|| denotes the maximum norm, we have by

(3.2)
| Po(r) — Py(y)| = ($1 — 1 — (T4 — Ya)V1, 2 — Yo — (T4 — ya) V2,
—ys3 — (21— ya)v3,0) < S|z — y|| < 374
Thus, it follows that
(3.16) P,(S; viky) C Q°(Po(Zoy), 37k) + Po(Re;),

and hence the requirement that ¢ > 2 in the definition (3.6). Therefore it suffices
now to show that for every € Sf;(k) we have

(3.17) 1P:(x) — Po(za)ll > T,

whenever w € V=1 Actually, by assuming that 3 > 3, we need to verify (3.17) only
for every w € Vk(k)( i). For this, let us assume that = € Sv(k) and w € Vk(k)( i). Then
we have to consider two different cases:

(i) Suppose first that i # 4. If we denote y := Z,, we get |ry — ys| < 71 and
|z; — yi| > 7r—2. Thus, it follows that

1Po(z) = Po)ll = |z = y = (24 — ya)vll > P = 341 > §Fo,

simply because we know that 5 > 2 and (3.17) follows.
(i) Next we assume that i = 4. If we write y := Z,) — * we get that

|y4| > Tp_o and |yz’ < 7p_1 for all 1 = 1,2, 3.
These estimates give us
1Py (Zomy) — Po(@)|l = [IPs(W)l = ly — yavll > [3ya — 3| > 372 — o1 > P,
which implies (3.17) by having 5 > 3.

Therefore, by combining (3.16) and (3.17) together we conclude that Pv(gfj(k)) C S'f]
as we wanted.

(k)

Step 2D: Conclusion of Step 2. In Step 1 we have already showed that P, is
one-to-one on C'g. Thus, it suffices to show that P, is one-to-one also on Kp\ Cp and
then we can easily see, for example by the linearity of P,, that P, is in fact one-to-one
on Kpg. R

To see that P, is one-to-one on Kp \ Cp suppose that ¢ and ¢ are two distinct lines
in Cp. It is easy to see that P, is one-to-one along these lines and thus it suffices to
show that

P,(¢\ Cp) N P,(0\ Cp) = 0.

For this we observe that the intersection of ¢ and /¢ is either an empty set or one
point which lies in the set C'p. Therefore we may find an index N € N, and sequences
{Su iy and {57, 132y of sliced k-bars such that {£NSy,, 172y and {£NS ;)12 v
are two sequences of sets, and it holds that

Lim 008y, =0\ Cp,  lim 10§}, =0\ Cp, and Sy NS5 =0
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for every k > N. Furthermore, by step 2B and step 2C we have PU(S'i(k)) C Si(k)
and Pv(gi(k)) C S‘f)( where S (k) 1 Sv(k) (), and therefore

P,(¢\C) NP, ({\Cp) C lim Py(Siwy) N Py(85) C Lim Sy NSy =10,

which ends this step.

Step 3: Defining the function g on X. We have that the sets S (k) (recall that

their definition is dependent on a positive parameter ¢) are disjoint if distinct. There-
fore also the sets, which one could call (punctured) pipes,

(3.18)
iy o= A, = 0x (Q*(Pulzow).ai) + P®e))\ (U Q(Pulzw). Fiun))
weVy 3 (i)
—8)((@3( o(Zo(k)): 47%) + Po R€z> < U Q*(P, ,ng 1))
weVk-1

are pairwise disjoint sets for distinct bars. Here dx A denotes the relative boundary
of a set Ain X =R3 x {0}.

It is worth noticing that lines in g parallel to e; are contained in the interior
of éi,(k)—type bars and therefore also the projection of the line is contained in the
3-dimensional interior of the projection of the bar. Especially the projection of a line
in g never intersects a punctured pipe. When we say that the projection of a line
in ICp is inside a pipe Hl o WE mean that the line in Kp lies in the bar Gv(k) from
which we derived the pipe. In fact we can claim not only that the projection of lines
in g do not intersect pipes, but further we know that the projection of a line in Kp
lies inside the projection of some (k + 1)-bar and that means that there are no lines
in JCp whose projection intersects the set

(3.19) Loy = S'f;(k) \ ( U S’fz(kJrl))'

v(k+1)eVE+1

With respect to this fact we will extend our Lipschitz function ¢ in the following
way. We will define g on the projection of lines in Kp and on punctured pipes. We
will show that our definition is Lipschitz and then extend it in a Lipschitz way inside
Li,(k). We will take care during the extension to guarantee that (3.3) holds, which
is not difficult. Then there will be some remaining part of X where we can define g
practically arbitrarily as long as we maintain the Lipschitz property.

As mentioned in our outline, we will define

g(Py(z)) = —x, for z € Kp.
We now wish to show that this can be extended in a Lipschitz way onto X. Our
argument will make use of pipes, but for pipes of type HZ Sy with ¢ = 1,2,3 it is

slightly more simple than for i = 4. We will deal with the simpler case first then note
the difference for the case ¢ = 4.
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Step 3A. First we take a pipe ﬁgv( with ¢ = 1,2,3 and k > 2. Then we define

k)’

9(x) = —(Zpr))a forall z € H

ION

Let us note that this definition is well-defined, if Hi - Hi then (Zy))s =

2o (k) 25 (k)
(Zo(k))a- Now it is very easy to notice that if we have two pipes, one inside another

(that is Zy(k+1) + Re; intersects Qv(k)), then

(3.20) dist(H: . H: ) > C7y, for a suitable C' > 0 independent of k.
v (k) v(k+1)
Further considering z € H: and y € H we have
v (k) v(k+1)
19(x) = 9W) = = (Fow)a + Goern)al = 37

Considering two distinct pipes of the same generation, both inside ffgv(k) we see that

dist(H? H: ) > C7y, for a suitable C' > 0 independent of k.

Zokt1)’ T Bu(kt1)

Furthermore, for = € ﬁ; and y € FI; we have
o (k+1) v(k+1)
l9(x) —g)| =]~ (Zi:(k+1))4 + (Z'v(k+1))4| < 7.

This proves that g, thus defined, on the pipes ﬁ;ﬂ( 1 = 1,2,3, is Lipschitz with

k)’
respect to parallel pipes.

Step 3B. Now consider a line [ through the Cantor set Cg parallel to e;, i € {1,2,3},

whose projection lies inside the pipe H;'v(k). For each such line [ we define
(3.21) g(Py(l)) = —x4 where z € [N Cp.

Next, we calculate that

dist (P, (1), ﬁ;v(k)) > C'7y, for a suitable C' independent of k.
On the other hand we may observe that ¢ is constant on each line P,(l) described
above, and thus by taking z € P,(l),y € H;v(k) we observe

l9(2) = g(W)| = | = 24 + Foes1))a] < 27

But this shows that we have defined g Lipschitz on the set of pipes and projection of
lines through the Cantor set for those pipes and lines parallel to e;, i+ = 1,2, 3.
Strictly speaking we should check that our definition of ¢ is Lipschitz, when we
compare T € ﬁ;v(k) and y € ﬁgﬂ(k) for 7,5 € {1,2,3} also for i # j but the consider-
ations and calculations from step 1 and step 2 show that the distance between these
pipes is at least Cry and |g(z) — g(y)| < 27 and so this part of the argument is easy.
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Step 3C. Now we define g on Li;(k)? i = 1,2,3, as follows (recall that Li)(k) are
defined in (3.19)). Choose i € {1,2,3} and fix a 2-dimensional hyperplane Y; CC X
perpendicular to e;, such that Y; intersects all of the pipes H’ k > 2. We may

) o (k)
write

Y; = {yiei + thej :tj € R for every j # i},
i
where y; € R is fixed. We define a projection 7y, from X onto Y; by

(e, (2)); = { J#

Yi J =1t
We use the McShane extension theorem on the hyperplane Y; to extend g on those
parts of the set Y; N (UZO:2 Sév(k)) where we did not define g during the previous steps
(step 3A and 3B) and then we define g at other points = in ' == (J°,S! by
simply projecting x onto Y; and then using ¢. In other words
(3.22) g(z) = g(my,(x)) forall z € S'.

Thus defined the function g is constant on the intersection of lines parallel to e;
with the set S°.

v (k)

Step 3D. Our argument in the projection of bars parallel to e4 is identical to the
previous, up to the fact that we do not define g as constant equal to —(Zy))s on

pipes generated by G’f}(k)—type bars but by using an appropriate affine function. For
this we recall that v = (%, %, i) and we denote
Y, = {w e R*: (w, ) = 0}.
Then we may separate R? into the direct sum Ro @ Y,;. Now, suppose that g € R
and wy € Yy are such that
(323) PU<ZA'v(k)) = wWo + )\017
Then, if = € ]fl;‘;(k) U P,(Zyx) + Rey) we may find A € R and w € Y, such that
Z = w + A0 which leads us to define
(3.24) 9(T) = A= Xo — (Zyk))s for every 7 € ﬁfj(k) U P, (Zuk) + Rey).
We proceed to prove that by defining
9(T) = A= Xo — (Zur))s for every 7 € f[ﬁ(k) U P, (Zuk) + Rey)
9(Py()) = —x4 for every z € Kp

we get a Lipschitz function on H f;(k) U Py (2o +Req) UP,(Kp). A first observation is
that for every x € Z,x) + Rey we find a such that « = Z,) + aey and then by (3.13)
and (3.23) we get

Pv(l‘> = Pv(é'v(k)) + OJPU(€4) = (wo + )\0’[} — Oéf), 0)
Now we will apply (3.24) with = P,(x) = wo + A0 — a® to get
9(Py(x)) = Ao — o = Ao — (Zu))a = —4 for all © € Z,4) + Rey.



27

The rest of the argument will be a case of proving that g has similar values on H 3(@

(up to an error of C7) and the distance between P,(Cp +Rey) and f[ﬁ(k) is C'7,. Let
us continue to expound.

Our choice of # > 1 guarantees that the Cantor set Cg is at a distance of at least
ifk from the boundary of the cubes ng(k). Now we will take any ¢ € Cg N Qv(k) and
(recall the definition of k-bars from (3.4)) we will see that

c+ Rey + Q(O, ifk) CcC éz%

Zy (k)"

Our projection P, is continuous onto X and therefore there is a C' > 0 such that

Py(c+ Rey) + Q3(0,Cy) € Py(GE )

Zv (k)

implying that there is C; > 0 such that
(3.25) dist( iy, Po(c + Rey)) > Criy

v

for all v(k), all ¢ and all k. Exactly the same argument gives that
(3.26) dist(Hpy, Po(Zom) + Req)) > Ciiy.

v

Furthermore we can make the opposite estimates since for some C' > 0

¢+ Rey +Q(0,Cy) D G

2o (k)

and the continuity of our projection gives

(3.27) dist(z, P,(c + Rey)) < Cory,
for any x € H 3(1@ and similarly

(3.28) dist(z, Py(Zu) + Req)) < Cory,

for any x € f[ﬁ(k).

Now we will be able to show that ¢ is a Lipschitz function when restricted to
I—:I'f;(k) U P, (Zy(k) + Rey). For every point x € ﬁﬁ(k) we find a point w € P,(Zyx) + Rea)
such that g(z) = g(w) and |x — w| is bounded by a constant multiple of 7. Finally,
since g is linear on the line P, (Z,x)+Res) we will be able to prove the desired Lipschitz
quality of g by (3.26), when y is close to z and w, and by |w — y| = |[g(w) — g(y)|,
when y is far from = and w.

Now recall that P,(Res) = R0 (see (3.13)) and Y} is the linear space perpendicular
tov. We take x € Hf;(k) and claim that there exists a unique w € P,(Zyx)+Req) N (z+
Yy), which is obvious because P,(Zyx) + Res) and x + Y} are a pair of perpendicular
affine spaces in a 3 dimensional space and the sum of their dimensions is 3. Quite
simply because r — w € Y, and Pv(év(k) + Rey) is perpendicular to Yy we see that w
is the closest point to x in P,(Z,) + Rey). Using (3.26) and (3.28) we may estimate

le’k S |U) — $| S Cz’fk

Also, since (3.24) gives that ¢ is constant on the intersection of any affine plane
parallel to Y, with the set Hf;(k) U P, (Zy(k) + Rey), we have that

g(x) = g(w).
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Now we may take any x € ]flﬁ(k), its corresponding w € (x 4 Yy) N P,(Zyk) + Rey)
and any y € P,(Zyx) + Rey) and calculate
l9(y) = 9(x)| = 19(y) — g(w)| = [{(y — w), )| = 0] |y — wl
ly—a[ 2|y —w| = w—z| = |y — w| — Caty.
When |y — w| > 2C5#; then |y — w| > 2|z — w| and therefore |z — y| > $|w — y| and
we may estimate
l9(x) = 9(y)| _ 2lg(w) —g(y)| _ 2lw —y|
lz—yl 7 Jw—yl T |oflw—y
When |y — w| < 2057, we use (3.26)

l9(@) =gl _ lw—yl _ 2Cs
o=yl T (oG T Chfol

By a very similar argument we will proceed to prove that ¢ is Cs-Lipschitz when
restricted to P,(KCp) U P,(Zy(x) +Rey). Take a point ¢ € Cg and the unique Z, ) such
that ¢ € Qu(r). First we observe that

9(Ps(Zo))) = —(Zor)a and g(Py(c)) = —c4
and
‘64 — (év(k))4‘ < Cf’k
If x € Py(c+ Rey) and y € Py(Zym) + Rey) then

l9(z) = gW)| < ((z —y), 5=) + CF.

Further, distance estimates similar to (3.25)—(3.28) hold also for P,(c + Re4) and
P,(Zy(k) + Rey), and therefore

0
i > _ A ]
lz —y| > C{(z — ), —W) + C#y,
Hence )
- - s TA2 +CA
l9(2) —g)| _ ==y Gr) + O o

This means, that ¢ is C3-Lipschitz when restricted to
PU(ICB) U Pv(é'v(k) + R€4).
Now we can show that the restriction of g to P,(Kp) U Hﬁ(k) U Py(Zo@r) + Rey) is
Lipschitz. Assume that we have z € f[i(k) and y € P,(Kp). If
l9(x) = g(y)| < 2CCs7%
then (3.25) says that g has been defined Lipschitz. Therefore we consider the case
l9(z) = g(y)| > 2C:Cs7.
We have a w € (x +Yy) N P, (Zyx) + Rey) and |z — w| < Cory. Since g is Cs-Lipschitz
when restricted to the set P,(Kg) U U, uyevr Po(Zow) + Res) we have that

lg(w) —g(y)| _ l9(x) — 9(y)|
Cs Cs

lw —y| >
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and therefore

xr)— A
o=yl 2wyl ~ fo -l 2 HOZIO
3

We get
9(@) —gW)l . Glgx) —g)l . Cs
e —yl 7 g(z) —g(y)| — CsCarp — 1 —3
So we prove that g is 2C3C,C; *-Lipschitz when restricted to the set
Py(Kp) U\ J P2y + Ren) U | ] H?

Zo(k)
v(k)eVE

Of course self-similarity means that 2C3C,C; " is independent of k.
It is not hard to estimate that

Zu(k)’ " Zp (k)

Therefore we see that the definition (3.24) is Lipschitz on the collection of all e, pipes.
We use the construction described before (3.22) to get a Lipschitz extension which
guarantees that

(3.29) g(x +1t0) = g(x) + 1

everywhere in S’f;(k), this time by projecting onto Y.

Where not yet defined we may extend ¢ Lipschitz arbitrarily, for example by the
McShane extension theorem.

Step 3E: verifying the condition (3.3). Now it is quite simple to notice that we
have

D,F,,o0F,,(z)=e;, i=1,2,3 and DsF,, 0 F,,(x) = —e4
whenever z; € [-1,1] \ U, and xj € Uk+2 for all j # 4. This can be seen from the
following arguments. Firstly, it follows from (3.13) that P,(x + te;) = P,(x) + te; for
i =1,2,3. On the other hand, one can see from (3.22) that if P,(z) and P,(x) + te;
lies in S then g(P,(x)) = g(Py(z + te;)). Thus, we have

Zu(k)’
Fyo(x +te;) = x + te; + vg(Py(x + te;)) = Fyo(x) + te;
and the similar identity holds for F},. It follows that for each 7 = 1,2, 3 it holds

Fqu tz _Fqu ~.
(3.30) lim —% (Fyo(@ Ftei)) = FyulFyo(2)) =e¢; whenever P,(z) € St

t—0 t Zu (k)

The argument for D, is similar. We know (see (3.29)) that g has the following

g(Pv<$) + tf}) = g(Pv(x)) +1.
Now take a line segment in S*gv(k) parallel to e4. From (3.13) we know that
P,(x +tey) = P,(x) — tv

and therefore
g(Po(x +tes)) = g(Py()) — t.
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Recalling that v = (7, 1) we get
F,o(x +tey) = x + teg + vg(Py(x + tey))
(3.31) =x +teg — tv +vg(P,(x))
= F,.(z) —t0.

At this point we need to finally choose ¢ in the definition of Sf;(k) (see (3.6)). For
every ¢ € {1,2,3} we have defined g in (3.21) on projection of line segments through
Zy(k) 50 that g = —(Zyk))a and hence for every x € (Z,4) + Re;) N Sf](k) we have

(Fyo(@))a = (x4 vg(Puo(2)))a = 24 + va(=(Z0m)a) = 24 = (Zor))a = 0
and hence B
(Fyw((Zo) +Rei) N Sy4)), = 0.
Analogously for i = 4 we defined ¢ in (3.24) so that

(Fg,v((év(k) + Req) N S’i(k)))4 =0

for all Z,). Since for all z € gi(k) we find a y € (Zy;) + Re;) N gf)(k) such that
llx — y|| < 7 we see that
’Fg,v(y) - Fg,v(x)’ < ka
and so by Lipschitz continuity of P,,
|Pu(Fy(y)) — Pu(Fyu(2))] < Cry.

Therefore we find a ¢ > % which will now ensure that (note that there is ¢ in the

definition of Sf;(k) but not in the definition of S'i(k))
(3.32) P,(F,,(x)) € Sf,(k) for every z € S'f,(k).
Now using (3.31), applying F,, and using (3.29) with (3.32) we get
FyuoFy (x4 tey) = Fyp(x) — t0 4+ ug(Py(Fyu(x)) — t0)
=F,,(x) —t0 + ug(P,(F,,(z)) — tu
= Fyo(2) + ug(Pu(Fyo(r)) — tes
= F,,0F,,(x)— teu,

(3.33)

where we used u = (—,1). Now (3.33) easily gives us what we wanted to prove, i.e.
DyFy, 0 Fy, = —ey.
Given this, it suffices to realize that
U Si(k) ={zeR":z; € [~1,1]\ Up_a, z; € Uy, for all j # i}
v(k)eVE
and that Pv(gf,(k)) C Sf,(k) to see that (3.3) is satisfied. This ends the proof of the
lemma. O

Lemma 3.5. Let I be a C-bi-Lipschitz map defined on Q(0,1) that maps Kp onto Kg

and Cp onto Cg. Then there exists a constant C > 0 such that for every x € Q(0, 1)
we have

(3.34) C~dist(z, Kp) < dist(F(z),Kp) < Cdist(x, Kp)
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and
(3.35) C~ldist(x, Cp) < dist(F(z),Cp) < C dist(z, Cp).

Proof. We prove the first inequality in (3.34) by contradiction. Assume that we have
a sequence {z}7,; of points with the following property,

dist(F(zy), Kp) < 1 dist(zx, Kp).

Then applying F~! to the points F'(x;) and using the fact that F~! is Lipschitz map
which maps g onto K we get that

dist(, K) = dist(F~ (F(a)), F (Kg)) < Cdist(F(z1), K) < C% dist (x, Kp)

for all k, which is a contradiction. Therefore we see that there exists some constant
C; > 0 such that

Crtdist(z, Kp) < dist(F(x),Kp) for all .

The second inequality in (3.34) is implied by the first and the fact that F~! is a
bi-Lipschitz mapping, which maps Kp onto Kp. Thus we my find also a constant
Cy > 0 such that

dist(F(z),Kp) < Cydist(x, Kp) for all z.

The progf 0~f the two inequalities in (3.35) goes similarly and thus we may find
constants Cs, Cy > 0 such that

Cy 't dist(x, Cp) < dist(F(z),Cp) < Cydist(z,Cg) for all .
The claim follows now by taking C' = max{C}, Cy, C3, Cy}. O

Proof of Theorem 3.1. First we need to find a suitable Cantor set C'z. For this we
need to assume that 5 > max{6, 51, B2, B3} in the definition of C'z in subsection 2.6
where f1, B2, 83 are described in the proof of Lemma 3.4. Taking this Cantor set
Cp we may apply Lemma 3.4. From Lemma 3.4 we get a vector v, such that P, is
one-to-one on the set Kp and further the function g(P,(z)) = —x4 on P,(Kp) has a
Lipschitz extension on X = R? x {0}, which we have defined in the end of the the
proof of Lemma 3.4. Define the vector u = (—vy, —vq, —v3,v4) and recall that we
have defined F, : R* — R* as

(3.36) F,,(z) = 2 +vg(Py(x)).

Then consider the image of a point € Kp for the map F' := F,, o F,. First we
observe that
x
Fyo(x) =04+ vg(Py(z)) =2 — v = P,(z) for every x € K.
V4
Furthermore, it is easy to see that the projections P, and P, are identities when
restricted to X = P,(R*) = P,(R*), which gives us

P,(Fy(x)) = Py(Py(z)) = Py(z) forall z € Kp.
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Therefore, for each x € Kp we can calculate
Fyuo Fyo(x) = 2+ vg(Py(2)) + ug(Pu(Fyu(x)))

x +vg(Py(2)) + ug(Py(z))
(3.37) B L

- (3717:1727‘%'37 _.T4).

This means that F,, o F,, is exactly the reflection in the last coordinate on Kp as
in (3.1).

If we redefine g so that it is constant on a small ball B in X then we can find
a point € R* which is mapped to the center of B by F,,. The projection P, is
continuous and so V' = P, (3 B) is open. Now we call

U:={yeV;P.y) € %B}

which is also an open neighbourhood of P,(z) = F,,(x). Then W = F_ ,(U) is
an open neighbourhood of x mapped by F, onto U. Then P,(F,,(w)) € B for all
w € W. Let us denote by A the constant value of g on B, then we have

9(Po(w)) = g(Pu(Fyo(w))) = A
Hereby we see using (3.36) that
Fyuo0Fy,(w) =w+vg(P,(w)) +ug(Pu(Fy(w))) =w+ Av+ Au=w+ 2)Xey

for all w € W which is an open set containing . Our mapping f = F,, 0 F,, is a
translation on V' and the translation is obviously sense preserving. Now [, o F} , is
a bi-Lipschitz map that can equal a translation everywhere on a ball and therefore
must be sense-preserving. This ends the first part of the proof.

Next, it follows from Lemma 3.4 that if Ny € N is arbitrary and Ng < j < k then
F maps each line segment I; parallel to e; which lies in

Ai,j—NF—l,k-i-NF = {.CE c R4 X € {—1, 1] \ Uj—NF—ly X € Uk"{‘NF for [ 7é Z}
to a line segments parallel to e; as the derivative along the segment satisfies
e, ifi=1,2,3
DiF(x) —{ ey ifi=4

for every x € A; j_np—1k+n,. Therefore it suffices to show that there exists Np € N
such that the image F'(/;) of such a line segment I; lies always in the set A; ;_1 .

Let us start by recalling from (2.7) that Uy = U, fi,k, where by choosing the center
points of the intervals to be Z;, we can write I, = [2;x — 7, Zix + 7). Thus

U € | J[2in — 2%, 2 + 274

This immediately gives that
(3.38) {y € R : dist(y,Cp) < frs1} C Ux C {y € R : dist(y,Cg) < 274},
and it follows that
Aijx D {z € R* : dist(z;,Cp) > 27y, dist(w;,Cp) < gy for [ # i} =: Ai,j—l,k-
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Therefore, it is enough to show that there is Np € N such that F(x) € Ai,j,l,k for
every © € A; j_np—1k+N, Whenever Np < j < k.

Suppose that Np € N and assume that z € A; j_n,_1 44N, Where Np < j < k.
Then it follows from (3.38) that

(3.39) dist(z,Cp + Re;) < erfpynps1 and  dist(z, Cp) > ¢ "7 np1,

where the constants ¢; > 0 and ¢y > 0 depend only on the dimension n = 4 and on 3.
If we apply the bi-Lipschitz property of F' to (3.39), and the fact that F(Cp+Re;) =
Cp + Re; and F(Cp) = Cp we get

dist(F(x), Cp + Re;) < Cdist(x, Cp + Re;) < CerTpgngta
and with the help of Lemma 3.5
dist(F(z),Cg) > C~'dist(z,Cp) > (Cea) ' npo1,

where C' > 1 stands for the bi-Lipschitz constant of F. Thus, if we choose Np € N
such that 7y, < min{(Cc;)™", 3(Ccz)™'} and use the fact that 7, = 2757% = 7 we
have that

(3.40) dist(F(z),Cp + Re;) < 741 and  dist(F(x),Cp) > 37,_1.
On the other hand, if we apply the triangle inequality to the point y = F(z) we get
3r;_1 < dist(y, Cp) < dist(y;,Cp) + dist(y, Cp + Re;) < dist(y;, Cp) + Fi1,

where y; is the i-th coordinate of y. Thus, it follows that dist(y;,Cg) > 27;_1. Fur-
thermore, as it follows from (3.40) that

dist(y;,Cp) < dist(F(x),Cp + Re;) < 741 for each [ # i,

we get that F(x) € /Ali’j,m and the claim follows. O

4. THE MAPPING S}

The purpose of this section is to define a mapping which stretches C'p back onto
C4 and has the properties listed in Lemma 4.1. We use the notation Ui, M, and A,
introduced in (2.7) and (2.8) and we recall that

CBchchchchzﬂMk.
k=1

Lemma 4.1. There exists a sense-preserving homeomorphisms Sy : (—1,1)* — (=1,1)*
such that:

(i) S; maps Cg onto Cy and S; = S’q_l on Cg.
(i) Mapping S; is locally Lipschitz on (—1,1)*\ Cjp.
(iii) If L; is a line parallel to x;-axis with L; N (Uy)* # 0 then

20%
|D15t(l')‘ < CkaJrl

for every x € Li 0 (U—1)* \ (U)%).
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(iv) If k < j <3k +2 and x € (U; \ Ujy1) ¥ ((Uk)S \ ([7k+1)3) then
|DS,(z)| < C2%.

The same holds for x € ((Uk)3 \ (Uk+1)3) x (U;\ Uj1) and also for two other
permutations of coordinates.

(v) If & € Usppys ¥ ((Uk)3 \ (Uk+1)3) then
| DS, ()| < C2°Bk+3),

The same holds for x € (Uy)* \ (Ups1)?) % (Uskrs)® and also for two other
permutations of coordinates.

Proof. In order to aid our construction, let us first recall and define some notation we
will use. We recall that if Cy =C4 X C4 X Ca xC4q and Cp =Cr X Cp x Cg x Cp are
the Cantor sets defined in subsection 2.5 and 2.6 then we may write

oo 2k oo 2k
(4.1) Ca= ﬂ U Lip, and Cp= ﬂ U Ly,
k=11=1 k=11=1

where the closed intervals I; ; and fi,k have the lengths

(4.2) O = LYI,) = 27" (1 n and 0, = £} (1,) = 274+,

)
(k+1)
Moreover, we have I, N ;= 0 for i # j, Inj—1 U I, C I; g1 and I lies more to
the left than ;1 (similar properties holds also for the intervals I; ).

Then there exists a natural function ¢ : R — R which maps Cp onto C4. In fact ¢
is a uniform limit of functions ¢, : R — R, £k =0,1,2,..., such that

(1) to(z) ==,

(2) ¢ maps each I, onto I;; linearly,

(3) tx maps each of the three parts of /; ;1\ (/2;—1,% U2 ) onto the corresponding

parts of [i,kfl\(]éifl,k U [Qi’k) linearly, and

(4) ty = tx_1 outside Ufil fm,l.

Note that then we have t = ¢~! where ¢ is the function defined in subsection 2.7. It
follows that (t(x1), t(x2), t(x3),t(zs)) = S, ().

The definition of the mapping S; will make use of the standard frame-to-frame
maps Hp, H® and H}!, H* described in Section 2.8. In a rough, intuitive sense we
want a map that behaves very much like H}! on parts of the frame “far away” from
Kg, (ie. in ((Us—1)*\ (Ux)*) \Ax) and on hyperplanes in Ay, perpendicular to lines in
Kp acts like the higher iterations of the frame-to-frame map Hj,. Our strategy is to
define a map which equals (up to some isometric rotation) H3, on each face of each
cube in (Up)* = U, gyevr Quiry- We exten(jl this niapping in‘Eo (Up)* \ (Upy1)* simply
as the frame to frame mapping Hj! on ((Ux)*\ (U+1)*) \ Ay. Inside the “tubes” of

type ((Ux)*\ (Urs1)*) NAy, we use a suitable convex combination of the maps defined
on the faces to extend the map inside the frame.
We refer to the i-th canonical projection m; as the linear map

TQ([E) = (:L'lv s >$i—1707xi+17 cee ,l'4).
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FIGURE 9. The part of the set E,j which lies inside the frame Q;(k) \

Qu(k) in two dimensions.

Take i € {1,2,3,4}. We will also denote &* = (z1,...2;_1,Tit1,...74) € R3. Using
this notation we define the linear isomorphic isometry L; : R x {0} x R1™ — R3
defined as L;(m;(z)) = 7. Furthermore, we define

H{'(x) = L7t o Hi o Li o mi(a),

H*(x) = L;'o H® o L; o m;(x).
For a point = € (Up_1)* \ (Uy)* we will define the functions
min{|z; — (Zy))i| : v(k) € VF} — 7

1~ N
5Tk—1 — Tk

d%k((l?) =

The set fiyk,l\(fgi,l’kufgi,k) of intervals, whose union is Uk,l \ﬁk, can be decomposed
to four closed (maximal) intervals with disjoint interiors so that each function d, , is
linear in z; on each of these four subintervals. Further, if z € (Uk,l)‘1 and z; €
Uy \ U, then we have

(4.3) di () = 493580 Ue)
lr—y — 20y,

which takes values between 0 and 1. Using these functions we can divide the frame
into the parts where we are furthest from its center in the direction e;, which are the
sets (see Fig. 9.)

B = Uer)*\ (Up)*: min |z; — (Gog)il > min |z; — (Zuw);| for all j #
&= {7 € (Ux-1)"\ (Ux) omin fzi = (Zog)il 2 i |25 = (Zoe);| for a j#i}

={z e (Up)*'\ (U)*: dip(z) > d;j(z) for all j #i}.
For technical reasons it is also convenient to define the corresponding sets E; j, in the
target, i.e.,

Eip={y e (U_)*"\ (U)*: min |y; — (zom)i| > mi - — (2o )| for all j £,
= {y € W)\ () min Jy; = (zg0)il 2 min Jy; = (2a);] for all j # i}

We will next use the convex combinations of the maps H;' , and HS;' in the sets Eix
together with some correction mapping to define the mapping S;.
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We cut the set EAM into hyperplane slices with hyperplanes perpendicular to e;,
Ei,k N{x; = ¢}. On these planes we apply L; om;, which shifts it onto a corresponding
hyperplane {z; = 0} and then rotates it onto R®. Then we can apply a convex
combination of the 3-dimensional frame-to-frame maps

Aip(2) = dip () Hy_y(x) + (1 — di(2)) Hy (@)

and then reverse the rotation using L;'. Now we shift the hyperplane into the right
position by adjusting the i-coordinate so that it corresponds to the i-th coordinate of
the frame-to-frame map, i.e. ((H})(x)); = t(z;). In summary, we define

(4.4) Si(x) = di,k(:v)Hg;f%(J:) +(1— dzk(x))kaz(:E) + t(xi)ei forx € Ezk

=A; i (z)+t(z;)e;

We need to show that S; defines a homeomorphism which satisfies all the conditions
(1)-(v) in Lemma 4.1.

Step 1: Proving that S; is a homeomorphism. First we show that (4.4) yields a

homeomorphism. The first observation in this direction is that Sy maps (Up_1)*\ (Uy)*
onto (Ug)* \ (Ugs1)?* for each k € N. To see this we observe that in the expression

Si(z) = Ai () + t(x;)e; for every x € E;y,

the mapping A; , maps each hyperplane in EAlk perpendicular to e; homeomorphically
to a hyperplane in E;;, perpendicular to e;. Moreover, at the end of subsection 2.8
we have shown that for each fixed a € (0,1) the mapping

aHg,_5(7) + (1 — ) H(x)
is a homeomorphism in R?* and thus A; ;(z) on the hyperplane is a homeomorphism.
Furthermore, we have that t(Uy) = Uy, for every k. Thus, it is quite easy to see that

S actually maps each set E; ;, onto E; ; homeomorphically.

Next we will show that S, defines a homeomorphism from (Uy_1)* \ (Uy)* onto
(Ux_1)* \ (Ug)*. For this it suffices to show that in the critical set

ExnEpn= |J {z€Quu\Quw : |z — Zum| = |2 — Gow)il = |2; — Gow)s1}
v(k)eVk

the expressions in (4.4) coincide. This gives us that S; is continuous in (Ug_1)*\ (Ux)*.
For this, let us assume that x € F;, N E; ;. Then one can show that

(H (), = (@) = (o) and (Hy(2)s = (H3(@)): = ta).
Thus, we get that
Hg,;i_g(x) = H;k]_3(a:) + (H??lf—z&(x))jej - (H;k]_:,,(x))lel
= Hy! 4(x) + t(z))e; — tz)es.
and
Hyi(x) = Hy! (x) + (Hyi (2))je5 — (Hyf! (2))ses
= Hy! () + t(z;)e; — t(ai)es.
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Thus, it follows that

as we wanted. R R

We have now shown that S; defines a homeomorphism on each set (Uy_1)*\ (Uy)*.
Next, we will show that S; defines a homeomorphism on (—1,1)*\ Cz. Because S; is
a homeomorphisms on each set (U,_1)* \ (Ux)* and these sets are pairwise disjoint it
suffices to show that in the critical set

Cr = (Uk-)*\ (U)* 0 (U)*\ (Ugir)*

the expressions in (4.4) coincide. For this, it suffices to prove that for every i =
1,2, 3,4 these expressions coincide along the lines

Z:Lv(k) = 2U(k) + i’l + S€;, s e R,

where Z; = (21, ...,2-1,0, 241, ..., x4) With |x;] < 7y for every j # i. However, this
is clear as
=A; k(2o (k) +Eitse;)

lim Sy(Zugs) + Fi-tse;) = lim ((d,-,ng’,j_g + (1= dy ) HE) (o + 21+ s€5) +t(s)ei>
sﬁfk 5~>7ﬁ1€

= H??];Z (év(k) + Zi’z -+ fkez) +t(7§k)€¢
= hfg ((di’k+1H§;€i + (1 — di,k—i—l)Hg]j_,_l)(év(k) + JA/’Z + Sei) + t(S)@i)
S*}T‘k
= lim St(év(k:) + i’l + sei),
s—F)
thus we have shown that S; defines a homeomorphism on (—1,1)*\ Cjp.

Finally, since S; is a homeomorphism on all frames that sends frames to frames, S;
is extended homeomorphically as Sy(z) = S;'(z) = (t(z1),t(x2),t(x3),t(24)) to Cp.
Especially, S; will then take C'z onto C4, and thus (i) follows. It is also easy to see
that for a fixed k the mapping H3, is Lipschitz and hence S; defined by (4.4) is a
locally Lipschitz mappings on on (—1,1)*\ Cp which implies (ii).

Step 2: Calculating the derivatives of S;. We now calculate the derivative of the
mapping S; on U, \ U{t. More precisely, we want to verify the conditions (i74)-(v).
In the following calculations we will rely on (2.13) to calculate the derivative.

Step 2A: Proving the condition (iii). Suppose that L; is a line parallel to x;-axis
with L; N (Uy)* # 0. Then it follows that L; N ((Uy—1)* \ (Ur)*) C Ei.
(1) Let us first assume that z € L; N Ei,k with z; € Uy_, \ U, and 7 € (Uk_l)?’ \
(Us_3)3. In this case A; i, 1s a constant function in z;-direction and therefore
K0

< .
o1 — b — Cka+1

Qp—1 — A

|Di ()] = [t (z:)] <
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(2) Let us next assume that = € L; N Ei,k with z; € Ut \ Uy and 7 € (Usp_s)?.

We recall that the maps Hs;' , and Hs;' are independent on 2; which implies

D;H3' o(x) = 0 and D;H (x) =0
and by the construction of mappings Hs;, we easily obtain
| Hgilg = Hai [ < 2774,

On the other hand by applying (4.3) we may conclude that

4 C
<

4.5 Dldz’ X S = ~ S 7= —.
(4.5) | Didi ()] Y AR T

By combining these facts we get
| DiSi(x)| < [DiAip(@)| + [t ()]
< | Didio ()| | Hyj_y(x) — Hay! ()] + [¢' ()]

3,i 3,i

< CHHng—s - HSI;H ag—1 — Qg

- SPr—1 — T br—1 — by
98k kB kB

S C23k74 + Cka+1 S CkaJrl’

as we wanted. Now (1) and (2) together will give us (7i1).

Step 2B: Proving the condition (iv). Let us next assume that z € (U; \ Uj41) x
(Ux)® \ (Ugs1)?) with k < j < 3k + 2. The case j = k is easy to deal with and

therefore we may assume that j > k. In this case we have that x € EAM for some
i # 1. With the help of (4.5) we easily obtain

|Dd; ()| < Cmax{2°% 277} and |d; x(z)] <1 for every z.
Moreover, we also have max{H3 ,(x), Ha'(x)} < 1 for every z. As x ¢ (U, 1)* we
casily obtain H3; (z) = Hfjl(x) and thus using (2.12) that
|DH; (z)| < C27.

Thus, it follows from (4.4) and (2.12) that for every [ # i
|DuSi(2)] < [Dde ()| (| i ()] + | Hag! (2)]) + |di(@) | (| DeHgi_y(2)| + | DMyl (2)])

< Cmax{2%, 2} + | D HY ,(v)| + |DiH3; ()|

< C'max{2°% 209} + C2%1 < 2P,
On the other hand, it follows from the step 2A that |D;S;(z)| < C %. Thus, because
J > k we may estimate

|DS,(z)| < C2%.

There is no difference in the proof for = € ((ﬁk)3 \ (Uk+1)3) x (U;\ U;11) and also for
two other permutations of coordinates, and thus this ends the proof of (iv).
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Step 2C: Proving the condition (v). Finally, assume that z € Us, 3 X ((Uk)?’\
(ﬁk+1)3). Again, we have that z € E;, for some i # 1. By applying (4.4) and (2.14)
we have

|D,Sy(z)] < Cmax{2°0Gk+3) 98k < 0BGk for every [ 75 i

On the other hand, it follows from the step 2A that |D;S;(7)| < C&5t ka °*., and thus we
conclude

|DS,(z)| < C2°Bk+3),

There is no difference in the proof for the other permutations of coordinates, and thus
this ends the proof of (v).
O

5. PROOF OF THEOREM 1.2 FOR n =4
We will now define the mapping f: (—1,1)* — (=1,1)* by
f = St oFo Sq .

Let us first remark that as a composition of three sense-preserving homeomorphisms
Sy, F' and S; the mapping f is obviously a sense-preserving homeomorphism.

5.1. The sign of the Jacobian: We need to show that J; > 0 on a set of positive
measure and Jy < 0 on a set of positive measure. We know that S, and F' are
Lipschitz maps, and by Lemma 4.1 (i) that S; is locally Lipschitz outside the set
Cp = (F08,)(Cy4) and hence f is locally Lipschitz outside of C4. Therefore f is a
sense-preserving homeomorphism which is locally Lipschitz there and hence Jy > 0
outside of C4 (see e.g. [24]). We may also require that J; is not identically zero on
{z : Jy > 0} because otherwise by [22] f would not satisfy Lusin’s condition (V) on
this set which cannot happen for a locally Lipschitz map, see e.g. [23, Theorem 4.2].
Hence £*({z : J; > 0}) > 0.

Now we show that J;(z) < 0 for almost every x € C4. For this let us fix z € Cjy.
If ¢ and t are the functions in the definitions of homeomorphisms S, and \S; we may
observe that for every x € C'y we have

f(@) = (St o FoSy)(z) = (S0 F)(a(z1), q(x2), a(x3), 4(24))
(5.1) = Si(q(x1), q(x2), q(ws), —q(z4)) = Si(q(x1), q(22), q(3), q(—4))
= (t(q(x1)), t(q(x2)), t(q(xs)), t(q(—x4))) = (21,22, 23, —24) .

Here we have used the following facts in the given order:

(i) S,(z) € Cp for every z € Cla,
(ii) ( ) = (21, 22, 23, —24) for every z € Cp,
(iii) the function ¢ is odd, i.e. g¢(—s) = —¢q(s) for every s € (—1,1),
(IV) if z4 € Cp then also —z4 € CB,
(v) Si(x ) ( (21,t(x2),t(2z3),t(z4)) on Cp by Lemma 4.1 (), and
(vi) t=¢7"
It follows that at the points of density of C'4 we know that the approximative derivate
equals to the reflection in the last coordinate and hence the determinant of this matrix



40 D. CAMPBELL, S. HENCL, AND V. TENGVALL

is —1. Once we show that f is Sobolev mapping we will know that its distributional
derivative equals to approximative derivative a.e. and hence Jy(z) = —1 a.e. on Cjy.

5.2. ACL condition: To verify the ACL-condition for f let us suppose that L is a
line segment parallel to x;-axis and consider the following cases:

Case 1: Suppose first that L N Cy = (). We know that both mappings S, and F
are Lipschitz maps, and by Lemma 4.1 (77) that S; is locally Lipschitz outside the set
Cp = (F'0S5,)(Cy4). Thus, the mapping f = S, o F o S, is locally Lipschitz outside
the set 4. It follows that f is Lipschitz and hence also absolutely continuous on the
segment L.

Case 2: Suppose next that L N Cy # (), which means that L € K4. The line L
decomposes into the part of L in C'4, and segments, which are mapped by f onto
segments. On the parts of lines L intersecting C'4 we use (5.1) to see that f is in fact
1-Lipschitz continuous on L N Cy. Now it remains to consider L \ Cjy.

We fix k € N and use the fact that

LN ((Uk)4 \ (Uk+1)4) = U Ln (Q/v(k) \ Qv(k))'

v(k)eVk

Further, L N (Q;(k) \ Qu(r)) is either empty or made up of two segments L}}(k), Li(k)
(recall that we assume now LNCy # ). Each of these segments has length %rk,l — T,
which is squeezed by S, into a segment parallel to x; of length %'Fk_l — 7. We then
apply the mapping F', which merely reflects the segment in the last variable (see (3.1)).

Finally we apply the mapping S; which maps each of the segments F (Sq(Li(k))) and

F(Sq(Lf)(k))) onto a segment. Since D;f is constant on quj(k) and L2 k)

f maps each segment to a segment at constant speed. Therefore the restriction of f
to each segment is Lipschitz. Then we can estimate the length of the image of the
segment using Lemma 4.1 (4i7) as follows

H(f(Lywy) = H' (f(Loy)) = 1DiS(@)] (571 — 7%)

26%
< C katl

we have that

(27k2iﬁk) < C(%Tk,1 — T‘k).

The length of each segment has increased by no more than a factor of C'. Thus we
see that the restriction of f to L\ C}y is Lipschitz continuous and hence it is Lipschitz
on the whole L and therefore absolutely continuous on L.

5.3. Sobolev regularity of the mapping: We would like to estimate

I

where D;f denotes the derivative with respect to x; coordinate. Without loss of
generality it is enough to estimate

1
(5.2) / D f(2)]P do — / / Dy f(z1, )P day di.
(=L1)* (-1,1)3 J -1

where T = (x2,23,24) (derivatives in the other directions can be estimated analo-
gously). For this, let us recall that the Cantor type sets C4 and Cp were constructed

4
D) ds <C Y / Df ()P d,
1)4 i=1 (—1,1)4

)
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as the intersections of the sets
U Qv(k):UkXUkXUkXUk and U Qv(k):UkXUkXﬁkX[Ajk,

v(k)eVk v(k)eVk
where Uj, = U?il I, and U, = Ufil fi,k. Moreover, recall also that
PkI:UkXUkXUk and ka:UkXﬁkXUk.

Then the sets P, and Pk are formed by 2%¢ cubes.
Let us consider several possibilities. If £ € C4 x C4 x C4 then it is easy to see that
f restricted to the line [—1,1] x {Z} is in fact Lipschitz as it was explained at the
end of subsection 5.2. It thus remains to estimate the integral (5.2) for & in the sets
Py \ Pry1. Because the mapping f is locally Lipschitz on [—1,1]*\ O} it suffices to
analyze the mapping only near the set Cy, i.e. on the set Uy . For this fix now the
exponent p € [1,2) and put
2p
o= ——,
2—p
and 3 large enough for Theorem 3.1. Then we may find an index ky > 4 Np+5, where
Np € N is from Theorem 3.1, large enough so that

(5.3) max{2 PP et [9pf(kELyed 1 for all k > k.
Let us then fix k > ko and suppose that & € Py \ Pyy1. We will define the following
divisions of the segment L(z) = L := [—1,1] x {Z} according to z; € [—1,1] into the

following sets
L;={(z1,%) : 1 € Uj\ Ujs1 } and Lo = {(21,Z) : 71 € Ca}.
The aim of the following calculations is to prove the estimate (5.16) below.
Case 1: Consider first those parts of the line segment L which are far away from the
set C4. More precisely, suppose that k > kg and
xel; withj=1.. . k—2Np—3
First we observe that S, maps the line segment L; which is parallel to g:l—zufis to a
line segment L which is also parallel to x;-axis and lies inside the set (U; \ Uj41) X
(Px \ Pi41). Furthermore, we may estimate the derivative of S, in the z1-direction as
(5-4) D15, (2)] < C2777 97,
(see subsection 2.7).
Next we observe that
L; € (L U\ Uginero-ne1) X (O-neyine)* \ Ug-npinene)’)

C AL (4 Np+2)~Np—1,(k—Np+1)+Np
where Np < 7+ Np+2 < k— Np+1, and thus it follows from Theorem 3.1 that the
bi-Lipschitz map F' maps L} to a line segment L? parallel to x;-axis such that

LJQ- C AL (4 Np+2)—1k—Np-
Moreover, because F' is a bi-Lipschitz map, we have
(5.5) |D1F(Sy(z))] < Lip(F) for a.e. z € Lj,
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where Lip(F') stands for the Lipschitz constant of the mapping F.
Finally, because F(S,(L;)) = L7 is a line segment parallel to z;-axis which is

contained in set [—1,1]*\ (U n,11)* it follows from Lemma 4.1 (i47) that

(5.6) |D1Si(F(Sy(2)))| < C  max 2%t < ¢2fij=(atD)

1<I<j+Np+1

with C independent of j, k.
If we now put together the estimates (5.4), (5.5) and (5.6) the chain rule gives us

(5.7) |Dif(x)] < C forae. ze€Lj,

where C' is an absolute constant.

Case 2: Let us next assume that
xel; withk —-2Np—-3<j<3k—3Np—3.
Again S, maps the line segment L, which is parallel to the x;-axis to a line segment

Lj which is also parallel to z1-axis and lies inside the set (U;\ Ujs1) x (B \ Pepa).
Furthermore, we have

(5.8) |D1S,(x)| < €277 5ot

with C independent of j, k.
Next, we recall again that

(5.9) |D1F(S,(z))] < Lip(F) for a.e. z € L;.
Moreover, it follows from the assumption j > k — 2Np — 2 that
le C {SU S [—1, 1t diSt(.CC,/CB) > min{fj — 7%41,72]4, — karl}}

]
C {z € [-1,1]* : dist(z, Kp) > min{2 PUHD=0UFD) g=Alkh=(k+111
C {z e [-1,1]" : dist(z,Kp) > min{2 AU -G+ 2*’8(3‘+2NF+3)*(H2NF+3)}}
C {z e [-1,1]* : dist(z, Kp) > 27 PUTNr3)-(H2Ne 31

Suppose now that C' > 0 is the constant given by Lemma 3.5.

We may assume that Np € N is so large that C~! > 23+12-8Nr=Nr  \We may
assume this because if Theorem 3.1 holds for a certain Ng, then it immediately holds
for any Np > Ng.

Then it follows from Lemma 3.5 and from the inclusion above that

F(L}) € {z € [-1,1]* : dist(z, Kp) > C'2 PUTNrt8) =G raNe+8) )
C {z e [-1,1]* : dist(z, Kp) > 27PUTNF)=GHNFI

Thus, we have that F’ (LJI) is contained in the following union of four sets

F(Lj) C (([—1, N\ Ujpang)x ([=1, 12\ (Uj+3NF)3))U

U (1P @) (11 D) ).
Without loss of generality suppose that
F(L]l) C (-1, 1)\ Ujran,) % ([=1,1%\ (ﬁj+3Np)3)-
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Then by Lemma 4.1 (iv) it follows that
(5.10) |DS,(F(S,(x)))] < C2%  for every = € L;.
If we now combine the estimates (5.8), (5.9) and (5.10) the chain rule gives us
(5.11) |Dyf(z)| < Cj*tt for ae. z € L;.
Case 3: Let us now assume that
x € L; with j >3k —3Np—3.

Also in this case S; maps the line segment L; to a line segment L} parallel to xq-axis
and inside the set (U; \ U;11) X (P \ Pry1), and we have

(5.12) |D1S,(z)| < €277 jott,
Also the derivative of F' can be estimated again by
(5.13) |D1F(S,(z))] < Lip(F') for a.e. z € L;.

Moreover, as € [—1,1]* \ (Uis1)* we have
L\ (Uk)* € {y € [-1,1]" : dist(y, Cp) > Fryr — Fayn}
c {y e [-1,1]* : dist(y, Cp) > 27 Ph+2-(k+2)1

If we then assume that C > 0 is the constant in Lemma 3.5 we may again assume
that C~1 > 28+127ANr=NF (gee case 2). Then it follows from Lemma 3.5 and from
the inclusion above that

F(S,(x)) € {z € [-1,1)* : dist(z, Cp) > C~ 127 Ak
C{z € [-1,1]* : dist(z, C) > 2 A+ NrF2)=(k+Nr+2)}
C =11\ (Ukynpra)”

Thus, it follows from Lemma 4.1 (iv) and (v) that we may estimate

(5.14) |DS,(F(S,(x)))| < C2°Gk=3Nr=3),
If we now combine (5.12), (5.13) and (5.14) the chain rule gives us
(5.15) |Dy f(2)] < CjoT127P0=30) for ae. x € L.

Estimating the Sobolev norm of f: The above estimates (5.7), (5.11) and (5.15)
can be summarized as follows. Suppose that k > kg and let x € L; := (U;\Uj11) x{z}
with € P, \ Pk—&-l' Then
C if1<j<k—2Np—3
(5.16) |Dif(2)] < Cjott if k—2Np —3<j<3k—3Np—3
Cjot12-PU=3k)  if j > 3k — 3Np — 3,
where the constant C' does not depend on k or j.
Also note that S, maps Ca x R? onto Cp x R? and using |C4| > 0 and |Cg| = 0 we

easily obtain |D1S,] = 0 on C4 x R%. As F is just a reflection on Cp x R?® and S, is
locally Lipschitz on [—1,1]*\ Cp, we easily obtain that

‘le’ =0 on (CA X RS)\CA
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Therefore, for € Py, \ Pyy1 we can calculate

/ Dy f(ar, #)P day = / Dy f (21, )P day
(71,1) ( 11)\CA

= Z/ ‘Df T1,T )‘pdl'l.
U\UJ+1

We use the fact that f is Lipschitz on [—1, 1]*\ (Uy,)* for every fixed ko to see that

/ Dy f (21, )| day <C+Z/ |Dy f (21, )| day
(-1,1) j=ko ¢ Ui\Uj+1
for every 2 € UP \ U2, with k > ko.
Let us next estimate the measure of the set {z; € [~1,1] : 2, € U; \ Uj11}. For
every given j this set contains 27 line segments each having length which can be

approximated above by 277 (1 + ﬁ —1- (ﬁ%)a) Thus the measure of the set can
be approximated as
L 1 1 C
LYU;\ U; <C232*J(1+,7—1— : ><. .
( ]\ J+1) = (]+1)a (]+2)a - ]a+1

Therefore, for the line segment L = [—1,1] x {Z} we have using (5.16)

/ | Dy flPdzy = C' + Z/ |Df (21, )P das
L he L

PRy I jrlat) S pii—3k J7 Y
— - ‘77 . 1
S S D S S )

j=ko j=k—2Np—2 j=4k—3Np—2

The first sum converges even if we sum to infinity, the second sum will be estimated
simply by taking an estimate of the largest summand and multiplying by an estimate
of the total number of summands. We will use (5.3) to estimate the final sum by
a convergent geometric sum (Y2, 27%%/2). Continuing the calculation and using
k > 4Ng + 5 we have

C
/ |DyfIP doy < C + Cdk(4k)P- D) 4 —
I 1 — 2—kpB/2
(5.17)
patp
<C+C :
ko
The estimate (5.17) holds for all lines L = [—1, ] {z} such that Z in Py \ Pyyq with
k > ko. Furthermore, since f is Lipschitz on [—1,1]" \ U}, we may estimate

/‘le’p del S C forall z € Pk+1 \ Pk with &k < ko,
L

which proves the validity of (5.17) for all k € N (not only for k > ky). If & € C3 then
we will again use the fact that

(5.18) |D1f(z)| < C for ae. z € L.
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Now we integrate (5.17) over & € [—1,1]%. By (2.4) we know that

C
LYP\ Post) < 7

and we continue by multiplying this with (5.17) and summing over k plus (5.18)
multiplied by the measure £3(C3) = 1. Since a > 2 we have

Jpotp

/(_171)4|D1f z)|Pdr < ch 1+Czk2a+1
<c+ozk(2p Zf<oo

k=ko

(5.19)

by our choice of @ = ;Tpp at the start of the proof. This ends the proof of Theorem 1.2

when n = 4. Taking our mapping f in 4 dimensions and using it to define a mapping
f*: R — R® as follows

(520) f*(x1,$2,$3,$4,$5) = (f(x1,$2,$3,$4),$5)

proves Theorem 1.2 when n = 5. 0

6. THE HIGHER DIMENSIONAL CASE n > 6

Let M(o,n) be the set of all linear subspaces of R" of dimension o, parallel to the
coordinate axes (i.e. M € M(o,n) if and only if there exists a basis of M of o vectors
chosen from the canonical basis). Where there is no danger of confusion we will omit
n and write simply M (o). Previously we defined K, as ULgM(lA) Ca+ L. From now
on we take n > 6 even, m = n/2 — 1 and define

K= U Ci+L and Kg= U Cp+ L,

LeM(m,n) LeM(m,n)

where Cy = (), Ul and Cg = ), U Of course Cp and K depend on the parameter
B. During our proof we show that if 3 is large enough then our mapping exists and
we show how to construct the mapping for any [ sufficiently large. Let us note that
for n odd we can define our mapping analogously to (5.20) by using identity in the
last coordinate.

We make a further explicitation to the notation used above and that is the sets
P, = U,?_l. It is more or less obvious how to generalize the notion from subsections
2.5 and 2.6 to the higher dimensional case, see e.g. [23, Proof of Theorem 4.9]. In
this section we will show that if we fix 1 < p < [n/2] then by choosing the parameters
a > 0 and 8 > 0 large enough we may construct the mapping f € WP which we
have in mind in Theorem 1.2.

6.1. Mapping F' in higher dimensions: We will introduce some sets that will aid
notation for Theorem 6.1. Let L € M(o,n), 1 <o < m then call

Np={e; eR":¢; € L}
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and let M be the set of all subsets of Ny, with n —m elements. Let k,! € N then call
(6.1)
A= U ({x ER":z; € -1, 1)\ Upe; € L}N{z €R" 2 € Uy € W}).
WeM;,
This is the set where informally speaking we are far away from our Cantor set Cz in o
directions and close in some n —m directions (perpendicular to the given o directions)
and in the remaining n — o — (n — m) directions z; could be arbitrary.

Theorem 6.1. Let m € N and n = 2m + 2. There exists a mapping F' which is a
sense-preserving bi-Lipschitz extension of the map

(6.2) F(x1, 20, ... 2y 1,2,) = (21,29, ..., Tn_1,—2,) x € Kp.

There exists an Ng € N such that for each k € N, k > Np, 1 <o <m, L € M(o,n)
we have

(63) F((IL' + L) N AL,j—Np,k—&-Np-i-l) C (F(!L’) + L) N AL,j,k—H
for any given x € A j_Np j+Np+1-

The inclusion (6.3) basically means that the image of those parts of affine spaces
2+ L which are much closer to Cp in n —m directions from L' than it is in directions
from L in the map F' is part of an affine space F'(z)+ L and the distance of the affine
space from Kp is roughly maintained.

The proof of Theorem 6.1 is similar to that of Theorem 3.1. We find vectors v
and u, a Lipschitz extension g onto X = R"™! x {0} of ¢g(P,(r)) = —x, and then
F =F,,oF,,. The following lemma, corresponds to Lemma 3.4

Lemma 6.2. Let m € N and n = 2m + 2. Let v = (2*”,21*”,...7%,1) and u =
(=27 —2t=n —i, 1). Then there exists 5 > 0 and a corresponding set Kg such
that P, is one-to-one on Kg and the function g defined on P,(Kg) as g(P,(x)) = —x,
can be extended onto X as a Lipschitz function. Furthermore, it is possible to find a
Lipschitz extension of the function g which guarantees that

_Joe dfi=1,2,...,n—1
(6.4) Difus Fyule) ={ 007
whenever x; € [—1,1] \ Uy and we can find a set of n — m indexes {j1,j2, - Jn-m}
such that z;,,z;,, ...,z . € Upyo and j; # i for every l =1,2,...,n —m.

Proof. With some small modifications the proof will mainly follow the proof of Lemma 3.4.

Step 1: The projection P, is one-to-one on Cpg. Step 1 here is the same as
in the previous lemma. The reader can somewhat laboriously but easily check that
P,(a) # P,(b) whenever a,b are distinct vertices of Q(0,1). This gives us a set of
2™ distinct points and so (using Q™! to denote cubes in R"™!) there exists a dy > 0
such that Q" '(P,(a),d) U Q" *(b,d) = 0 whenever a and b are distinct vertices of
Q(0,3) and 0 < d < dy. By the continuity of P, there exists a d; > 0 such that the
sets P,(Q(a,d)) are pairwise disjoint for distinct vertices a of the cube Q(0,1) and
0 < d < d;. Thus we have proved that whenever we construct the cantor set Cp
using 5 = log,(d) — 1 for any 0 < d < d; we have

Pv(Qvu)) N Pv(Qv/(l)) = () whenever v(1) # v'(1).
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The self-similarity argument applied in Lemma 3.4 applies here too and so we see that
the image of the collection of all k-th generational cubes Qv(k) are pairwise disjoint
and this holds for all k. This implies that P, is one-to-one on Cg for 8 > [y. In fact
this is a special case of the next step for o = 0.

Step 2: The projection P, is one-to-one on K. We would like to prove that
P, is one-to-one on Kp. Let v(k) € V¥ and let M € M(o,n), 1 < o < m, then we
will prove that the projection of any distinct pair of k- “bars” Sﬂ/([k) where

65 Sy = Qi) + M)\ (U U QGwina)+ 1),
weVk LeM(o—1)

is disjoint. Similarly to before we achieve this by projecting them into disjoint sets
o= (@ (B an) + D)
(6.6)
< U U Qn 1( v(zw) 72/671) + P’U(L)>

weVk LeM(o—1)

Let us note that in dimension n = 4 our definition was slightly different as we used
w € VE71 (or w € V¥72) in previous definitions. However, this is not a big change as
the union of cubes over all w € VE~1 or w € V* is similar (up to some multiple of
radius) and from technical reasons this is better here.

Step 2A: The projection P, is one-to-one on every M € M(n—1). Recall the
corresponding notation from Lemma 3.4,

o= (27"2"" ).
The definition of P, (3.2) immediately yields that

e if1<i<n-1
(6.7) Ple) =1 " e
-7 ifl =n.

We take M € M(n — 1) and solve P,(u) = 0, w € M. First we will assume that
e, € M*. Then (6.7) says that P,(u) = u for all u € M and the only solution to
P,(u) = 01is u = 0 and thus P, is one-to-one on M. Now we assume that e, € M
and we find j such that span{e;} = M*. Using (6.7) we obtain

n n—1
0=Py(u) =P, (> _Nei) =) Aieg — A,
i7i i7i
Thus the j-th coordinate of the last expression must be zero, which implies A\,0; = 0

and hence A\, = 0. Thus we have reduced to the first case which has been proved
already.
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Step 2B: Finding /3 such that S’f)v([k) are disjoint sets. We defined sets S’%k) in
(6.6) and now we would like to show that if one chooses 3 > f; that these sets are
pairwise disjoint. Exactly the same arguments from Lemma 3.4, Step 2B, Claim (1)
can be applied here to see that the two contesting definitions from Lemma 3.4 of S‘é\{k)
which we could generalize are equivalent.

Let A denote the set of vertices of Q(0, %) We define the “sliced” affine sets for
M e M(o) and a € A

(6.8) Y@+ (U U ewd+r)

beA LeM(o-1)

The sets Wé\fl and Wé\f are equal if and only if M; = Ms and a1 — ay € M.
Let us make the following useful observations on P,. Since ||o]| = } we obtain the
simple observation

(6.9) 1Pu(@)| < &+ Flan] < 3l

recall that || - || denotes the maximum norm. Also we denote the distance with
respect to this norm as dist,,. Further we use the fact that P, is one-to-one whenever
restricted to any M € M(n — 1) and especially P, is one-to-one on each a + M for
M € M(o) and a € A. There are a finite number of such affine spaces and P, is
one-to-one on each of them. This implies that there is a A > 0 such that whenever we
choose M € M(0) and z € M that ||P,(z)| > A7!||z||. The fact that ||P,(z)| < A||z]]
is shown in (6.9) if A > 2. Now we choose any M € M(0), any L € M(o—1),a € A
and any r € WM and conclude that

(6.10) A distog (2, WE) < distoo (Py(2), Py(WE)) < Mdistog (z, WE)

as the distance of x to W} is attained in some direction in M \ L.

Let us recall that the sets WM are defined in (6.8). In the following we will
be interested in pairs of distinct WM. Another fact that is clear is if we have a
pair of distinct W2 and W22 (with M;, My € M(o0)) then either M; = M, and
(a1 + My) N (az + MQ) =0 or d1m(M1 N M) <o —1 and there exists an L € M(0),
0<o0—1, and an a € A such that

(m+M)N(az+M)ca+Lc|) |J Qod+L

beA LeM(o—1)

This means that our pair W%I and Wé\f“’ are disjoint if distinct in both cases. We
can easily calculate that

disteo (WXI,WMZ) ;L
and so (6.10) gives that
(6.11) distos (P, (W), P (W) > 54A
This however immediately implies that {P,(W2) + Q"1(0, &)} is a finite family of

closed pairwise disjoint sets.
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Let 0 > 0. Assuming that a € A, M € M(0), v(1) =2a €V, 7, < g, it is simple
to observe that

Py(a+ M)+ Q(0,0) = Pu(Zo) + 5o (M) + Q(0,6)
D Q" (Pu(Zu), @) + Po(M).
We will again use the fact that P, is one-to-one on all M € M(o) to see that
P,(WM) =P(a+ M)\ P(a+M)n(|J |J Q0.2 +1L)
beA LeM(o—1)

and so for any L € M(o — 1) and for the b € A such that w(l) =2b eV

P,((a+M)N(Q(b,2)+ L)) C P(Q(b,2)+ L)
(6.13) =P,(Q(b, %)) + P, (L)

C Q" (Pu(2w) 1) + Po(L).

The definition of 8, (6.6) in combination with (6.12) and (6.13) show that

(6.12)

Sv(l) C P,(WM)+ Q" 1(0,6), whenever Z,) = a.
Further by applying (6.11) and assuming § < = (and 71 < g) we see that the sets
P,(WM) 4+ Q"1(0,5) are pairwise disjoint and in fact
: M n—1 M: n—1
distoo (P, (We") + Q"71(0,0), Py(Wy,?) + Q"1(0,8)) > &5,
whenever the pair is distinct. This implies that the sets 3{}”{1) satisfy

SM 5 M: C(n)
dlst(Sv(i),Swa)) > =

whenever distinct. Further by self similarity we get the same for all k, i.e.
cp QM1 OM C(n) 4
dlSt<8v(11§)7Sw(2]€)) Z %Tk—l
whenever distinct.

Step 2C: Proving the inclusion Pv(S ) - S o(k)* We will prove the inclusion

U(Sv 2) ) C 85)”2) and for other k it will hold by self-similarity. Again we will employ
(6.9) in the following to calculate that

Py(Q(zo(2),72) + M) C Q"' (Pu(Zu), §72) + Pu(M)
c Qv ( o (Zo(2)), qrg) + P,(M)

whenever ¢ > 2. The remainder of what we need to prove is that for each w(2) € V?
and for each L € M(o—1)

Q" (Pu(Zw(@): 71) + Po(L) C Po(Q(Zw(2), 7o) + L)

which can easily be achieved by selecting 71 small enough (i.e. [ large enough) as
79 = 1. This step is analogous to the proof in dimension n = 4 and therefore we skip
the details.

(6.14)
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Step 2D: Conclusion of Step 2. By definition
Kg = U Cg+ M.
MeM(m)

Let us consider the sets

K= |J ce+m\( | Cs+1L).

MeM(o) LeM(o—-1)

K=UN U U s

ko>1 k>ko MeM (o) v(k)EVE

It is easy to see that

and since Kp = [J,-, K, we obtain

= U UNN U U Sy

0<o<m ko>1 k>ko k>1 MeM (o) v(k)eVk

We have proven that for any fixed k the images of gﬁ/([k) in P, are pairwise disjoint,
whenever the pair of sets in question are distinct. Take any pair of distinct points
z,y € Kp. If there exists k, My, v(k) and My, w(k) such that = € gﬁ}c) # Sf\lﬁ) Sy
then P, maps x and y onto distinct points in X because as we have proven

Py(Sh0) N Pu(S02) = 0.

If for almost every k we have x,y € gé\/([k), then x —y € M and P, is one-to-one on
M and so maps x and y to distinct points.

Step 3: Defining the function g on X. Now we expound how to perform step 3
of the proof, that is how to define g on X. In steps 3A, 3B and 3C we assume always
that e, ¢ M and M € M(o) for some 1 < o < m. The case e, € M is dealt with in
3D. Step 3E then proves that g has the desired properties. We will make use of the
sets

Hly = Ox (Qn*l(Pv(fvw))»qfk) + P(M ))

\< U U Q(éwafk—l)—FPv(L))

weVk—1 LeM(m—1)
LCM

where Q™! is a cube in R"! (specifically in X = R"™! x {0}) and OxU is the relative
boundary of a set U with respect to X.

Step 3A. First we take a “pipe” H 1%@) with e, ¢ M and k > 2 and define
9(x) = —(Zo))n for all z € f]f,\{k).

Again, first we remark that if f[%k) = ﬁ%k) then (Zo))n = (Zsk))n because e, ¢ M
and therefore g is well-defined at these points. It is easy to see that if we have two
pipes, both parallel to M, one inside another (that is Zo(k+1) + M intersects Q)
then

dist(Hf,\fk), Hf,\{kH)) > C7y, for a suitable C' > 0 independent of k.
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O-
O3

dist(4,C) ~ 7

O1=Upermo1) QPu(2),7r) + L,
02 = Py(z+ L)\ Uprcpm(o_1y) @(Pu(2),7%) + L for some L € M(o),
03 = (Pu(@ + L)\ Upreniiot) QPo(2), %) + L) + Q(0, 7is1) for some Ly € M(o).

FIGURE 10. Measuring the distances between sliced projected affine
spaces reduces to the case dealt with in Lemma 3.4 where we measured
the distance between sliced lines. The thickness of the ‘bars’ is 714
which can be made much smaller than the distance between them which
is comparable to 7.

Further considering x € H f(fk) and y € H %k +1) We have

19(2) = 9] = | = Fow)n + Goern)al = 575
CAonsidering two distinct pipes H (k1) and H o(k+1) Of the same generation, both inside
H )y we see that

dist(ﬁ%kﬂ), ﬁ%kﬂ)) > C'7y, for a suitable C' > 0 independent of k.

Furthermore, for =z € ]:—I%kJrl

) and y € f[ﬁ{kﬂ) we have
l9(x) = gW)] = | = (Zor1)n + (Zos1) )| < 7
This proves that g, thus defined, on the pipes H %k) with e, ¢ M is Lipschitz with
respect to parallel pipes, i.e. pipes given by the same subspace M.
Step 3B. Similarly, for M € M(0), 1 <o <m, and ¢, ¢ M we define
9(B(Zo) + M)) = = (Zo(k) Jn-

Also for every x € C'g we define

g(Py(z+ M)) = —x,.
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Note that by step 2 we know that these sets are pairwise disjoint whenever distinct
and P, is one-to-one on Kp and therefore this definition is correct. The estimates
from Lemma 3.4, step 3B easily generalize to this setting showing that our definition
of g is Lipschitz on the collection of all pipes, i.e., all sets of type P,(Zyx) + M) and

P,((CgN Qv(k:)) + M).

Step 3C. Now we will fix k > 2, v(k) € V¥, 1 <0 < m and M € M(o) (we still
assume that e, ¢ M) and define g on

'v(k = 'v(k \ U 81];\/(1k+1)'

w(k+1)eVh+1

Call Yy = M+ N X and denote my,, the orthogonal projection onto this subspace.
In general one can only claim that the projection of a pair of sets does not increase
the distance between them. Here however we consider sets parallel to a given vector
space M and project them onto Yj;, which is perpendicular to M. In this case the
projection does not decrease the distance between the sets either. That is to say (in
the following we use P,(M) = M, see (6.7))

diSt(WYM(ﬁ%k))a7TYM(ﬁ1];\(4k+1 ) = dlSt(H v(k)> a (k+1))
Similarly
di8t<7TYM (Hz];\/([k))7 Ty (2'0(’@) + M)) dlSt(H Z'v (k) + M)

and

v

dist(7y,, (ﬁ]\{k)), Ty, (x+ M)) = dlst(H x4+ M)
for x € P,(Cg N Qv(k)). We defined ¢ as constant on sets Hv(k), therefore we may

define a function § on Yy, as §(my,, (z)) = g(z) for any = € H 1%@) and this definition
is correct. The above estimates on the distances of the sets projected onto Yy, shows
that g is Lipschitz with respect to the projection of those sets. Therefore we may use
the McShane extension theorem to get a Lipschitz g defined on Y},. For x € LUM(k) we
define g(x) = g(my,, (z)) and so get a function g, which is constant on the intersection
of any affine space parallel to M with the set Li‘f(k)

Once we have defined ¢ on all S’f)\fk) for all k,v(k) and M we still need to fill in
certain “gaps”, where we transition from M € M(o) to L € M(o — 1). Considering
Figure 10 we need to define g on sets corresponding to Os. Specifically, for M € M (o)
we need to define g on

Tty =(Q" " (Pulogiy)sais) + Po(M))
U (@ (i) + AUD) U SHy ).

Le/_vl(ofz)
LCcM
These gaps were necessary as they made the sets S *) disjoint (whenever distinct)
and this made the definition of ¢ in step 3A and 3B Correct Note that it was not
possible to define g as constant on entire m-dimensional subspaces (without removing
m — 1 dimensional subspaces) because they intersect other m-dimensional subspaces
where g has a different value. Informally speaking, in each o — 1 dimensional gap we
project onto a corresponding perpendicular n — 1 — (0 — 1) dimensional subspace on



53

which, g is already defined in some points by step 3A and 3B. We keep those values
and extend them as a Lipschitz function on the perpendicular subspace and then, by
projecting along the o — 1 dimensional subspace we define g everywhere in the gap.

If x € T%C) and o > 2 then there exists exactly one coordinate, let us say the i-th
coordinate where e; € M,

‘$i - (Pv(zfv(k)))i| < TFro1
but for all j # i such that e; € M we have

‘l’j — (Pv(zv(k)))]| > 72]6,1.

So, set M € M(o), L € M(o— 1) and e; such that span{L,e;} = M. Recall that
M C X and P, is identity on X to see that a point x € Tf,‘(”k) can be expressed as

r = Py(2ym)) + Z Aje; +te; + Z el
e]-GL e EMLNX
where \; > 741, ;\l < qrg, t < 7p_1. We project TA%C) onto Yz, = L+ N X. Since g is
constant on affine subsets contained in S%g) parallel to L it is also constant on affine
subsets of 072\(4,{) N aSg{k) parallel to L (note that these affine sets on boundaries have
dimension o — 1). Thus the following definition is correct
§(y) = g(2) whenever y = 7y, ()

and z € 371%{) N GS%k). The function g is Lipschitz and can be Lipschitz extended
onto Y7, by the McShane Theorem. For x € Tév([k) we define

9(@) = g(7y, (2)).
In this manner we extend g for all M, L, Z,) and all &k in the case where e,, ¢ M.

A

Step 3D. Next we will define g on pipes Hﬂ{k) with e,, € M and k > 2. For this, let

us next denote v := (2_”, 2l=m i) and define

Y, = {w e R": (w,d) = 0}.

Then we separate R"! into the direct sum Ro & Y,,. Suppose now that Ay € R and
wy € Y, are such that

(615) Pv(év(k)) = wgo + )\017

Then, if € ﬁ%k) U Py(Zok) + M) we may find A € R such that & = w + A0 with
w € Y, which leads us to define

(6.16) 9(&) =X = Xo = (Zor))n  for every & € Hy U P2 + M).
This means that g has been defined as constant on the intersections of the sets in
question with hyperplanes in X parallel to 9.

We claim that the definition in (6.16) and the definition g(P,(z)) = —z,, for x € K
gives us a g Lipschitz on the collection of sets H. QJJV(IW P,(Z() + M) and P,(Kp). The
proof of this is just a repetition of step 3D from Lemma 3.4. Once again we extend
our map by creating a Lipschitz extension on Yy, and by using g(x) = g(my,, ()).
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Where not yet defined we may extend g Lipschitz arbitrarily, for example by the
McShane extension theorem.

Step 3E: verifying the condition (6.4). Now we define the spaghetti strand map
F,, again as

Fyo(z) = 2 +vg(Py()).

Analogously to the proof in dimension n = 4 it is possible to show that

e ifi=1,2,....n—1
Di (Fgau © ngv)($) = { _ei lf Z =N
whenever z; € [—1,1] \ Uy, and we can find a set of n — m indexes {J1,J2: - Jn-m}
such that x;,,xj,,...,2;,_,. € Ury2. There are two possibilities. Either ¢ # n and g is
constant on P,(z+Re;) or i = n and g(P,(x+te,)) = c—t. This is true because all =
such that x; € [~1,1]\ Uy, and z;,, 2, ..., 2;, . € Ur o belong to some SV w(ky Which

is projected into S (k) and we defined g on S (k) 1O have precisely these qualities. The
rest of the calculations are just a repetition of step 3E of Lemma 3.4. O

Proof of Theorem 6.1. It suffices to repeat the proof from Theorem 3.1 to show that
the mapping F' = F,, o F,, with g, v, u from Lemma 6.2 satisfies (6.2). Also we see
that F'is sense preserving for the same reason as before. The proof of the behavior of
F on m-dimensional planes close to Kpg is the same as it was for lines in the previous
too. The choice of N follows from the same arguments as in Theorem 3.1 and
an adaption of Lemma 3.5, where we replace lines with affine spaces and the proof
remains the same. 0

6.2. Mapping f in higher dimensions. We define our mapping in much the same
way as in the 4-dimensional case. We set

f=So0Fos,

where S, = (¢(x1),q(z2),...,q(z,)), F is the mapping from Theorem 6.1 and S; is
defined exactly as before. More precisely, we define S; by

(6.17)  Sy(z) = dig(z)Hi S (@) + (1 — dig (@) HEV () + t(x)e;  for o € Eiy,

i

where the mappings Hy, 13 and Hg, "~ are the obvious higher dimensional general-
izations of the mappings H2;' 355 and H3k in Section 4, and

Bip ={z € Up)" \ (Un)" : din(z) > djilx),j #i}.

By following the arguments in Section 4 the reader may generalize Lemma 4.1 in all
dimensions:

Lemma 6.3. Suppose that S; : (—1,1)" — (—=1,1)" is defined as in (6.17) where
n > 4. Then S; is a sense-preserving homeomorphisms which satisfies the following
conditions:

(i) Sy maps Cp onto Cy and S; = S(;l on Cg.

(ii) Mapping Sy is locally Lipschitz on (—1,1)"\ Cp.
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(ii) If L; is a line parallel to x;-axis with L; N (Uk)” # () then

20k
D) < C oy
for every x € Li 0 (Up—1)™ \ (Up)").
(iv) Ifk <j <3k+2 and z € (U; \ Uj1) x (U)" "\ (Up1)"") then

|DS(z)| < C2%.

The same holds for x € ((Uk)”*l \ (Uk+1)n71) x (U;\U;11) and also forn —2
other permutations of coordAz'nates,
(V) [fl‘ S U3k+3 X ((Uk)nil \ (Uk+1)n71) then

|DS,(z)| < C2°Gk+3),

The same holds for z € ((Uk)"*1 \ (0;%1)"*1) X (Useys) and also for n — 2
other permutations of coordinates.

Sobolev regularity of f. Just as before f, as the composition of homeomorphisms,
is a homeomorphism. Our aim is to prove that if 1 < p < [5] then for an aptly
chosen a > 0 in the definition of C'4 the corresponding mapping f belongs to W17,
Therefore we are interested in calculating the integral

/ / |D1f(21,2)|P dadz.
(171)n71 (71,1)

The integrals over lines in other directions can all be estimated in the same way as
the reader may easily check. Recall that n is even and we start by fixing the exponent
1 <p<[n/2] and
__ %
Tz
and the index kg > 4Np + 5, where N € N is from Lemma 3.5, large enough so that

(6.18) max {2 A2 Dletl) ompB(ktlyer - for all k > k.

The reasoning in the arguments in section 5 for the ACL condition and the use of
the chain rule hold here too. Both S, and F' are Lipschitz maps. By Lemma 6.3 (i7)
we see that Sy is C'(ko)-Lipschitz on [—1,1]™\ U,?O +np- Therefore it follows that f is
Lipschitz on [~1,1]" \ U, and it remains to consider the set Uy .

We use the ACL property of f to make the following estimates on the derivatives
of |Dyf|. For convenience sake we will denote x = (z1,%). Now we will fix £ € N
with k > kg > 4Np + 5 and in the further we assume that 7 € (Up)" ™'\ (Ups1)" L
We define the following divisions of a segment L = [—1,1] x {Z}:

Lj(%) = Lj = {(21,2) : v1 € (Uj \ Uj1)}-

In the following we use the simpler notation L; to aid readability. The aim of the
following calculations is to prove the estimate (6.31) below.
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Case 1: Let us first assume that k > ky and
relL; withj=1,...,k—2Np—3.
Then S, maps the line segment L; to a line segment L} which is parallel to x;-axis
and lies inside the set (U; \ Ujt1) X (P \ Pit1). Furthermore, we have
(6.19) |D1S,(z)| < C2777 jott,

with C independent of j, k.
Recall that the sets Ay ;; are defined in (6.1). Observe that

1
Lj C ARel,(j+NF+2)7NF71,(k7NF+1)+NF )

where Np < 7+ Np+2 < k— Np+1, and thus it follows from Theorem 6.1 that the
bi-Lipschitz map F maps L} to a line segment L? parallel to x;-axis and such that

L? C Apey (j4+-Np42)—1k—Np+1-
Moreover, we have
(6.20) |DF(S,(x))| < Lip(F) for a.e. x € L;.

Finally, because L? is a line segment parallel to the x;-axis which is contained in
[—1,1]" \ (Uj4 nps1)™ it follows from Lemma 6.3 (i47) that

(6.21) IDLSH(F(S, ()| < €257+,

with C independent of j, k.
If we now combine (6.19), (6.20) and (6.21) we get

(6.22) |Dif(z)| < C forae x€Lj,
with C independent of j, k.

Case 2: Let us next assume that
r € L; withk—2Np -3 <j<3k—-3Np—3.
Again S, maps the line segment L, to a line segment L} which is parallel to z;-axis
and lies inside the set (U; \ Uj41) X (P \ Prt1). Furthermore, we have
(6.23) |D1Sy(2)| < C2777 jott,

with C independent of j, k.
Next, we recall that

(6.24) |D1F(S,(z))] < Lip(F') for a.e. z € L;.

Moreover, it follows from the assumption 7 > k — 2Np — 2 that

—17 1}4 : dist(x, ’CB) > min{fj — TA’j+1, fk — fk‘f’l}}

[* ¢ dist(z, Kp) > min{2 PTG+ g=fkth=(k+1)3 3

|4 dist(z, Kg) > mm{g BUFD=G+D) 27ﬁ(j+2NF+3)7(j+2NF+3)}}
) (z,Kp) >

4 dist(x, Kp BG+2NF+3)— (]+2NF+3)}'
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Suppose now that C' > 0 is the constant given by Lemma 3.5. Then we may choose
Nr € N to be so large that C—1 > 23/+3278Nr=Nr_ Then it follows from Lemma 3.5
and from the inclusion above that

F(L}) C {z € [-1,1]* : dist(z, Kp) > C'127 PUTNrH8)=(GHaNr+) )
C {z e [-1,1]* : dist(z, Kp) > 27PUTNF)=GHNPI

Thus, we have that F'(L;) is contained in the following union of n sets

PIL) © (LA o) (LA D) |0

U (17 @) % (L Tany) )
Without loss of generality suppose that

F<L]1) C ([-1, 1)\ Uj+3NF)>< (=121 (Uj+3Np)n_1)~
Then by Lemma 6.3 (iv) it follows that

(6.25) |DS,(F(S,(x)))] < C2% for ae. x € L;.
If we now combine the estimates (6.23), (6.24) and (6.25) the chain rule gives us
(6.26) |D1f(x)| < Cj*TY for ae. x € L,

with C independent of j, k.

Case 3: Let us now assume that
x € L; with j >3k —3Np—3.
Also in this case S; maps the line segment L; to a line segment L; parallel to xy-axis
and inside the set (U; \ Uj41) X (Py \ Pit1), and we have
(6.27) |D1S,(2)| < €277 jott

with C' independent of j, k. Furthermore, also the derivative of F' can be estimated
again by

(6.28) IDLF(S,(x))] < Lip(F) for a.e. x € L.

A~

Moreover, as « € [—1,1]" \ (Ur41)" we have

1,1\ (Urs1)" C {y € [-1,1)" : dist(y, Cp) > i1 — Frpa}
C {y € [~1,1]" : dist(y, Cp) > 27 Ak (k427
If we then assume that C' > 0 is the constant in Lemma 3.5 we may again assume

that C—1 > 20+12-ANF—Nr (see case 2). Then it follows from Lemma 3.5 and from
the inclusion above that

F(S,(2)) € {z € [=1,1]" : dist(z, Cp) > C 12 Akt +k+2))
C {z € [-1,1]" : dist(z, Cp) > 27 A*FNr+2D)=(ktNr+2)y

C [=1,1]"\ (ﬁk+NF+2)n~
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Thus, it follows from Lemma 6.3 (iv) and (v) that we may estimate
(6.29) | DSH(F(S(x)))| < C27CR=3N=3),

with C independent of j, k.
If we now combine (6.27), (6.28) and (6.29) the chain rule gives us

(6.30) |Dy f(2)] < CjoT127PU=30 for ae. x € L,

with C' independent of j, k.

Estimating the Sobolev norm of f: The above estimates (6.22), (6.26) and (6.30)

can be summarized as follows. Suppose that k > kg and let x € L; := (U;\Uj11) x{z}

with 7 € P, \ Py Then
C if1<j<k—2Np—3

(6.31) |Dyf(z)] < Cjott if k—2Np —3<j<3k—3Np—3
Cjot12-BU=3k)  if j > 3k — 3Np — 3,

where the constant C' := C(n, a, f, Np, Lip(F')) does not depend on k or j.

Also note that S, maps C4 x R"™! onto Cp x R"* and using |C4| > 0 and |Cp| =0

we easily obtain |D;S,| = 0 on Ca x R"™!. As F is just a reflection on Cg x R""! and
Sy is locally Lipschitz on [—1,1]" \ Cg, we easily obtain that

|D1f| =0 on (CA X Rnil) \ CA.

Therefore, for € P, \ Pyy1 we can calculate

/ Dy f (0, B)P s = / Dy f (2, 2P da
(-1,1) (—=1,1)\Ca
—Z/ |Df (1, %) [P day.
Uj\Uj+1

We use the fact that f is C-Lipschitz on [—1,1]" \ (Ug,)" (ko fixed in (6.18)) to see
that

/ Dy f (a0, 2P day < C7
(7111)

for every & € [—1,1]" 71\ (Uy,)" "
Therefore we may now restrict to the case that & € Py \ Py for k > k. By the
same reasoning as in Section 5 we have

C
LU\ Ujpa) < -

]a+1 :

Therefore, for the line segment L = [—1, 1] x {Z} we have using (6.31)

[ 1Disden = C+Z/ \Df (v, )P

Jj=ko

k—2Np—3 1 4k—3Np—3 jp(a+1) 00 R ]p( a+1
< C( Z o1 + Z ja+1 + Z 2- ja+1 >
j=ko j=k—2Np—2 j=4k—3Np—2
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The first sum converges even if we sum to infinity, the second sum will be estimated
simply by taking an estimate of the largest summand and multiplying by an estimate
of the total number of summands. We will use (6.18) to estimate the final sum by
a convergent geometric sum (Y2, 27P/%/2). Continuing the calculation and using
k > 4Np + 5 we have

/L |DyfIP day < C + Cak(4k)P-DletD) 4 1_20W

(6.32) o

< .
<C+O—

The estimate (6.32) holds for all lines L = [—1, ] {z} such that Z in Py \ Pyyq with
k > ko. Furthermore, since f is Lipschitz on [—1,1]" \ U}, we may estimate

(633) /|D1f’p dl‘l < C forallz e Pk \ Pk+1 with k£ < ko,
L

which proves the validity of (6.32) for all £ € N (not only for k& > k). We will use
the estimate (6.32) on those lines which are not entirely contained in K4 and on lines
which are entirely contained in X4 we will use again the fact that

(6.34) |Dy f(x)] < C for a.e. x € L.

Now we integrate the above estimates over & € [—1,1]*"'. Calling K4 the set of
those Z such that L(Z) is contained entirely in K4 we claim that

(6.35) LY U\ (U UKA)) < £77H U\ Ka) < O™

where m := 5 — 1. Once we will have established this estimate the rest of the proof
follows quickly from the following calculations. We continue by multiplying (6.32) by
the measure estimate (6.35) and summing over & plus (6.34) multiplied by the measure
LY ([-1,1]"1) > £ YKp N [—1,1]*"). Assuming (6.35) we have (it holds that
am > 1)
- kp(aﬂ)
/(w\plf z)|Pdr < Z Ck™™ + CZ raerD T

(6.36) .
SC_‘_CZik(m—&-l—p)a:C ]{,‘T<OO

k=ko

by our choice a = at the beginning of the proof.

/2

Therefore it remains to prove (6.35). We notice that a line segment L := [—1, 1] x
{Z} parallel to x;-axis is contained in K4 if and only if L C C4 + M for some
M € M(m) containing e;. We write all such subspaces M as Re; + M for some

M € M(m —1,n —1). Hereby we see that
L c K4 if and only if FeKy = U (szl—O—M).
MeM(m—1,n—1)
Next, we estimate
LU N\URUKA)) < £77H U\ Ka)

(6.37) 1 .
= 2K (271 + k)" = LN (UR)" N K ).
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and therefore it suffices to calculate £! ((Uk)"_1 NnK A). We do this by decomposing
the set U N K4 into the disjoint union of m sets EX, E¥,... EF | and each EF is
the disjoint union of ("Z_l) measurable rectangles. For simplicity of the notation call
G). = Ui \ Ca. We denote

EY=cyt

EY = (G x Cy2)U (Ca x G xC YU -~ U (CY 2 x Gy, x Ca) U (CY2 x Gy)

Ef@ L= (Gm 1 % Cm+3) (Cm+3 G;Cn_l).
So each E]’C is a union of (" ;1) sets Fi(j, k), | = 1,2,...,(";1). Each F(j,k) is a
measurable rectangle and Gy appears in its product j times and the set C4 appears
n —1— j times. Each Fj(j, k) is uniquely determined by the sequence of sets in its
product. So if Fy(j,k) # Fy(j', k") then there is a direction such that one of the sets

is projected onto C4 and the other is projected onto G}, and C4 N Gy = 0.
Now simple calculation gives

1

ey =1 md L6 = g

and so by definition

LB = (” J‘. 1)5”1(<Gk>j x (Ca))

- <” 5 1) (iG] [ ] = <n ; 1) (19-1-11)

for each 7 =0,1,...,m — 1. Therefore, we see that
(6.38)
m—1 m—1 n 1 1
L (U N K _z,"l< ) LB = ( B )
(( k) A) ]LJO Z JZO ] k+ 1)aj

When we now combine (6.37) and (6.38) we get
LN U\ (U UKa)

= (”M)n_l‘nf(n;l> e S

Jj=0

which is exactly what we claimed in (6.35). As shown in (6.36) This ends the proof
of Theorem 1.2 for all n > 4. O
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