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Abstract:
Finding a topologically accurate approximation of a real planar algebraic curve is
a classic problem in Computer Aided Geometric Design. Algorithms describing
the topology search primarily the singular points and are usually based on algebraic techniques applied directly to the curve equation. In this thesis we propose
a more geometric approach, taking into account the subsequent high-precision
approximation.
Our algorithm is primarily based on the identification and approximation of
smooth monotonous curve segments, which can in certain cases cross the singularities of the curve. To find the characteristic points we use not only the primary
algebraic equation of the curve but also, and more importantly, its implicit support function representation. Using the rational Puiseux series, we describe local
properties of curve branches at the points of interest and exploit them to find
their connectivity.
The support function representation is also used for an approximation of the segments. In this way, we obtain an approximate graph of the entire curve with
several nice properties. It approximates the curve within a given Hausdorff distance. The actual error can be measured efficiently. The approximate curve and
its offsets are piecewise rational. And the question of topological equivalence of
the approximate and precise graphs of the curve is addressed and resolved using
tangent triangles and axis projections. Special attention was devoted to the study
of the behavior of the support function in the neighborhood of a curve inflection.
Based on these results, we are able to change the subdivision scheme near the
inflections to obtain the optimal approximation order.
The theoretical description of the entire procedure is accompanied by examples
which demonstrate the efficiency of our method.
Keywords: planar algebraic curve, rational parametrization, support function,
curve topology, singular point, dual Hermite interpolation, rational Puiseux series, inflection approximation
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Notation
K
K
P2 (K)
P∗2 (K)
N, Z, Q, R, C
K[x1 , x2 , . . . , xn ]
K[[x]]
K(x1 , x2 , . . . , xn )
K((x))
K⟨⟨x⟩⟩
f (x1 , x2 , . . . , xn )
f xi
f xi xj
f (i) (x)
C, Cf
B
˜ C˜
C,
f
F (x1 , x2 , . . . , xn )
C, C F
c(t)
ċ(s)
c′ (t)
[x, y], [x(t), y(y)]
n
t, t
κ
D(h, n) = 0
H(F )
P
gcd(a, b)
sign(x)
maxi=1,...,k (xi )
coef (xn , f (x))
dist(u, v)
|| · ||
⟨·⟩

arbitrary field of characteristic zero
algebraic closure of K
projective plane over K
dual projective plane over K
set of natural, integer, rational, real and complex numbers
polynomials in variables x1 , x2 , . . . , xn with coefficients in K
formal power series in variable x with coefficients in K
rational functions in variables x1 , x2 , . . . , xn with coefficients
in K
formal Laurent series in variable x with coefficients in K
Puiseux series in variable x with coefficients in K
polynomial or rational function in variables x1 , x2 , . . . , xn
partial derivative of f with respect to xi
second partial derivative of f with respect to xi and xj
ith derivative of function of one variable
curve defined as zero set of polynomial f
box, usually [x, x] × [y, y] ⊂ R2
boxed curve C ∩ B resp. Cf ∩ B
homogeneous polynomial in variables x1 , x2 , . . . , xn
projective curve defined as zero set of homogeneous polynomial F
curve given by its parametrization
derivative with respect to arc length parameter of c
derivative with respect to general parameter of c
parametrization
normal vector
tangent vector, tangent line
curvature
implicit support function
determinant of Hessian matrix of F
G1 -point, line element, i.e. point with its associated normal
vector and sign of curvature
greatest common divisor of a and b
signum of x
maximal value between x1 , . . . , xk
coefficient of xn in f (x)
distance of lines u and v
vector norm
linear span
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1. Introduction
For Computer Aided Geometric Design (CAGD), a rational parametrization of
the given curves is very important. Unfortunately, many common operations
(e.g. offsetting or intersection with another curve) do not preserve the rationality
and produce an algebraic curve. Therefore, the crucial task is to restore the
rational format. While doing so, we can ask two main questions: whether the
topology of the curve and of its approximation is the same, and whether the
approximation error is sufficiently low.
The correct topology of the approximation is important for visualization of
the curve with any required precision, for finding the number of its components,
or for testing to which component a given point belongs. The topology of the
curve is usually represented by a planar graph topologically equivalent to the
curve. The graph vertices are points of the curve and edges correspond to the
regular arcs of the curve.
The existing algorithms studying the topology of an algebraic curve are of two
main types. The first type uses the same principle as the Cylindrical Algebraic
Decomposition (CAD), e.g. [15, 19, 25, 27, 36]. The other approach is based on a
subdivision of the given region. The only certified algorithm (i.e., the one giving
the correct output for every input) of this type is [3].
The goal of this thesis is to provide a more geometric approach to this problem
and combine it with related results. Our novel approach is based on decomposing the curve into suitable monotonous smooth segments. These segments can
intersect, but they are monotonous in both x and y coordinates as well as with
respect to the slope of the tangent lines. A segment is identified by its boundary
line elements (endpoints and endtangents). In order to determine the endpoints
and their connectivity, we use both the primary curve equation and its support
function representation, which is a kind of dual equation.
The support function representation describes a curve as the envelope of its
tangent lines, where the distance between the line and the origin is specified by a
function of the line unit normal vector. This approach is one of the classic tools in
convex geometry (see e.g. [23]). In this representation, offsetting and convolution
of curves correspond to simple algebraic operations of the corresponding support
functions. In addition, it provides a computationally simple way to extract curvature information [20]. Applications of the support function representation to
problems from Computer Aided Design were foreseen in the classic paper [35] and
developed in several recent publications, see e.g. [1, 2, 4, 21, 22, 31, 39, 40].
The collection of monotonous segments does not necessarily possess the right
topology. We provide an iterative test which in many cases proves that the right
topology is obtained. In the remaining cases it identifies (very small) regions
where the topology may differ. If the correct topology has to be obtained, these
regions are then tested (or subdivided) using projections to contain only one
critical point. The certified topology inside such boxes is obtained using the
theory of the topological degree (developed in e.g. in [28]).
We also consider the subsequent high-precision rational approximation of the
curve. The identified segments cannot be parametrized rationally except for
the zero-genus case. For this reason we interpolate the boundary G1 data with
5

suitable (piecewise) rational segments. For this interpolation we again exploit
the support function representation and obtain segments with certified Hausdorff
distance from the original curve. We are also able to evaluate efficiently the actual
error.
So far the inflections has been excluded from the description using the support
function. The main reason is that the normal turns back at inflections and
the support function must be considered as multivalued in its neighborhood.
We analyze the behavior of the support function in the neighborhood of curve
inflections and use it to modify the subdivision scheme to preserve the same
quality of approximation as at other points.
This thesis is organized as follows. In the preliminary Chapter 2, we recall the
basic notions and results related to CAGD. We also present some definitions and
results about planar curves. Naturally, we include a section about the support
function representation.
Chapter 3 is devoted to the local properties of algebraic curves at a given point.
The rational Puiseux series, introduced by Duval in [14], is a suitable tool for this
purpose because there is a bijection between rational Puiseux series and branches
of a given algebraic curve. In the first part of this chapter, we recall the algorithm
computing rational Puiseux series. To present it we define a new notion of a
Puiseux tree which describes it more clearly than the standard recursive approach.
The algorithm is implemented in Mathematica software and its documentation
is appended to this chapter. In the second part, published as [11], we use the
Puiseux tree to deduce how the Puiseux tree is related to the local properties
of curve branches without computing the rational Puiseux series of the curve.
More precisely, for each branch, we give a formula to compute its tangent resp.
outer normal vector, curvature and its position in quadrants. We also formulate
how to decide whether a given branch is real, singular or inflection. Comparing
the Puiseux tree branches we determine the mutual position of branches at a
singular point. As a by-product, in the last section published as [7], the solution
of the inverse problem is given. We describe the construction of a curve having a
singularity of given properties from the Puiseux tree. This allows us to generate
curves with prescribed singularities.
Chapters 4 and 5 are based on our papers [9, 10]. In Chapter 4 we exploit
the local properties to detect the right structure of the approximated curve. The
curve branches are considered in the global context of the whole curve and their
mutual position is described. First, we present an overview of the existing approaches to this problem. Our new algorithm is not similar to any of the existing
ones. It is based on an identification of geometric features – characteristic points,
including inflections, cusps, extremal and boundary points, which delimit on the
curve monotonous smooth segments. We show how the collection of suitable G1
data can be effectively identified using simultaneously the curve equation and its
implicit support function representation. To decide about their connectivity, we
suggest strong rules of a geometric nature. We also prove that the correct topology is always obtained in finite time. This approach allows us to omit ordinary
singularities while searching for the right connectivity. Therefore, the segments
can intersect but do not need to preserve the correct topology. In the last section,
we use tangent triangles of smooth monotonous segments to prove the right topology or reduce the area where the topology is uncertified to arbitrarily small. If
6

the right topology is needed, it can be enforced using the theory of the topological
degree.
Chapter 5 focuses on the interpolation of the boundary data with segments
represented via their support functions. In contrast to the previous chapter, the
branches are handled separately without context of the other branches centered in
the same point. The dual approach allows us to reduce Hermite interpolation to
solving the system of linear equations. Unlike the other techniques, our method
focuses primarily on a high-quality approximation of the segments. It controls
the Hausdorff distance (and not only its estimates such as the algebraic distance)
due to the support function representation.
In the G1 interpolation we use for each boundary data a biarc curve, which
is very efficiently represented via its support function. We show that this procedure exhibits the approximation order 3. In addition, the G2 interpolation using
hypocycloids and epicycloids (having for their support functions trigonometric
polynomials) is studied. The approximation space of dimension 7 allows us to
use one degree of freedom to optimize the obtained curve. The advantage of this
approach is the preservation of the cusps.
In the last section, based on paper [8], we deal with the curve inflection points.
We analyze the behavior of the support function in the neighborhood of a curve
inflection. This analysis leads us in particular to design an interpolation scheme
with the same approximation order 4, at both inflection and noninflection points.
We also prove this asymptotic behavior of the error. Using this scheme we are
able to convert any curve into a curve with rational offsets with high precision.
Such approximation could be particularly useful for CNC manufacturing, where
the manufacturing tool has to travel a rational curve.

7
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2. Preliminaries
In this section we recall some definitions and results related to planar curves.
These results are usually well known, so we cite relevant literature only at the
beginning of each subsection. In Section 2.1 we present what is the main objective of Computer aided geometric design (CAGD). The crucial for this branch
of geometry is a suitable representation of shapes. The most common format of
curves parametrization is NURBS. Section 2.2 is devoted to the general properties of parametrized curves. Unfortunately, many common operations in CAGD
disturb the NURBS format and produce an algebraic variety. Section 2.3 is concerned to the algebraic curves. Very important task of CAGD is to restore the
NURBS format. Some possibilities to do it are described in Section 2.4.

2.1

Objects of CAGD

Computer aided geometric design (CAGD) is a modern branch of geometry, which
gives mathematical tools (objects and theirs representations, algorithms, etc.)
for dealing with geometric objects in applications. From the applications we can
mention
• CAD systems - modelling surfaces necessary to construction of cars, airplanes, ships, etc.,
• CAM programs for computer controlled manufacturing,
• control units of industrial robots,
• artificial vision,
• image processing,
• computer graphics,
• cartography,
• architecture
and many others. The fast expansion of this field was started by availability of
powerful computers. To this boom many theoretical geometric results and their
implementation as effective algorithms were needed. CAGD is very close to algebraic and differential geometry but also related to algebraic topology, symbolic
computing, approximation theory, computational geometry, theoretical informatics, etc. General references of this section are [16, 23, 26].
For designing and editing shapes a suitable representation is essential. Most
of software is based on the parametric representations with some additional restrictions (e.g. CAD and CAM systems are based on rational parametrizations).
The subsequent section describes NURBS format, which is at present the most
general and in CAGD the most commonly used way to represent the curves.
Applying some operations (such as offseting or intersection) we lose the essential properties (rationality) and we typically get semialgebraic variety (described
by a set of equations and inequalities). We have to analyze and represent this
variety in a suitable form. We may require some qualities of the output - same
topology, minimal error of the approximation, low degree of the approximation,
rationality of the velocity, etc. The finding of an appropriate approximate parametrization, satisfying given requirements, is the main objective of this thesis.
9

2.1.1

Beziér and B-spline curves

The designers and users of CAGD software usually do not want to care about
the underlying mathematics. Beziér and B-splines curves fulfils these requirements. They bring sophisticated mathematical concepts into geometric and intuitive form.
The simplest variant are Beziér curves. They use Bernstein polynomials as
basis functions. We denote
( )

Brn (t)

n
(1 − t)n−r tr
r

=

for r = 0, 1, . . . , n and t ∈ [0, 1]. Then the Beziér curve is given by
c(t) =

n
∑

Pi Bin (t).

i=0

The points Pi play the role of the control polygon. Beziér curves has many suitable
properties such as
• Endpoints interpolation: The curve pass through the control polygon endpoints.
• Affine invariance: The transformed curve is generated by the transformed
control polygon.
• Convex hull: The whole curve lies inside the convex hull of the control
polygon.
• Numerical stability
and many others. Moreover there exists an algorithm (de Casteljau) which
allows us to generate the curve points. In applications, cubic Beziér splines are
most common. Two examples of cubic Beziér curves and theirs control polygons
are in Fig. 2.1.
P2

P2
P3

P4
P1

P1

P4

P3

Figure 2.1: Example of two cubic Beziér curves and theirs control polygons.
Although Beziér spline curves model variety of curves, they cannot represent
the conic sections. This fact was the impulse to introduce the rational Beziér
curves. The idea is to consider Beziér curve in the projective space (see 2.3.1)
and to project it to the affine space. The rational Beziér curve is given by
∑n

ωi Pi Bin (t)
,
n
i=0 ωi Bi (t)

c(t) = ∑i=0
n

10

where ωi ̸= 0 are called weights of control points Pi and they have natural geometric meaning. Increasing ωi causes that the whole curve moves toward Pi .
This global behavior is the reason to another generalization.
The basis splines (shortly B-splines) curves, are defined locally, the change in
one point influences only small neighborhood of the control point. In addition, it
is possible to introduce new control points without increasing the curve degree.
A B-spline of order k is a piecewise polynomial of degree k−1. It is continuous
and have continuous up to k − 1 derivative. The polynomials are joined at the
set of nondecreasing parameter values called knot vector T = (t0 , t1 , . . . , tm ). The
knot vector determines the basis functions: for k = 1, i = 0, 1, . . . , m − 1, we have
Ni1 = 1 for ti ≤ t < ti+1 and Ni1 = 0 otherwise. For k > 1 and i = 0, 1, . . . m − k
the basis functions are defined by the recursive formula
Nik (t) =

(ti+k − t)
(t − ti )
Ni,k−1 (t) +
Ni+1,k−1 (t).
(ti+k−1 − ti )
(ti+k − ti+1 )

The B-spline curve is a linear combination of B-spline basis functions with
the control points Pi , i = 0, 1, . . . n:
c(t) =

n
∑

Pi Nik (t) for n ≥ k − 1, t ∈ [tk−1 , tn+1 ].

i=0

The length of the knot vector m + 1 have to be the sum of number of control
points n + 1 and the order k, i.e. m = n + k.
Using the same idea as for Beziér curves, we can define rational B-splines
curves, usually referred as NURBS (nonuniform rational basis splines). General
NURBS curve has form
∑n
ωi Pi Nik (t)
.
c(t) = ∑i=0
n
i=0 ωi Nik (t)
As the NURBS format offers great flexibility and precision, it is widely used
in graphical software or industrial standards.

2.2

Parametrized curves

NURBS curves are special case of parametric curves, which are the objects of
interest of differential geometry. In this section we recall the most important
characteristics of parametrized curves. More details of differential geometric approach to curves can be found for example in [34].
Parametrized (planar) curve is the image of an interval I ⊂ R (open, halfclosed or closed, finite or infinite) by a smooth vector function c : I → R2 . The
function c is called the parametrization.

2.2.1

Tangent and normal vector

The derivative vector c′ (t0 ) defines the tangent vector to the parametrized curve
c(t) in a given point c(t0 ). The unit tangent vector is given by t = c′ (t)/||c′ (t)||.
The parametrized curve is called regular at t0 ∈ I, if c′ (t0 ) ̸= 0 and regular if it
is regular in every point of I.
11

y
n

n

t

1

x
1

t

Figure 2.2: Tschirnhausen cubic and its frame at two points.
The vectors of first two derivatives always forms a base of the plane. Particularly, the derivative of the unit tangent vector t′ is perpendicular to the tangent vector and it is called normal vector. The unit normal vector is given by
n = t′ /||t′ ||.
Example 1. Consider the Tschirnhausen cubic given by its parametrization
c(t) = [3(3 − t2 ), t(3 − t2 )], t ∈ R. Its unit tangent vector in a general point
is t = (−2t/(1 + t2 ), (1 − t2 )/(1 + t2 )) and therefore the curve is regular everywhere except t = 0, i.e. the point [9, 0]. The curve’s unit normal vector is
n = ((t2 − 1)/(1 + t2 ), −2t/(1 + t2 )). The Tschirnhausen cubic and tangent and
normal vectors at two points are in Fig. 2.2.

2.2.2

Arc length parametrization

A diffeomorphism ϕ : I → I defines parametrized curve c(t) = c(ϕ(t)) which is
equivalent to c. The classes of this equivalence are called curves.
∫
Let t0 ∈ I, the length of the curve on (t0 , t) is s(t) = tt0 ||c′ (u)|| du. Denote
t(s) its inverse function. The new parametrization c(s) = c(t(s)) is called arc
length parametrization and it holds ||c(s)|| = 1 for every s ∈ I.
The characteristics (e.g. curvature) of the curve must not depend on the parametrization. To fulfil this requirement, in the definitions, we usually use the arc
length parametrization of the curve. Let adopt the convention that s is arc length
parameter and the derivative with respect to s is denoted by the dot ċ. A general
parameter is denoted t and the derivative with respect to t by the apostrophe c′ .
Example 1 (continued). The length of Tschirnhausen cubic from t0 = 0 to t is
s(t) =

∫ t√
0

36u2 + 9(1 − u2 )2 du =

∫ t
0

3(1 + u2 )du = 3t + t3 .

The arc length parametrization is then:
)
(√
)4/3
(√
)2/3
√
√
3
3
2
2
s +4+s
+ 10 s + 4 + s
− 32
⎢3 − 2
c(s) = ⎢
,
(
)
√
⎣
2/3
2 s2 + 4 + s
)2/3
√
√ (√
√ ⎤
−s( s2 + 4 + s)1/3 + 3 3 4 s2 + 4 + s
− 6 3 2⎥
√
⎦
( s2 + 4 + s)1/3
⎡ (
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2.2.3

Curvature and convexity

The deviation of the curve from straight line can be measured by the curvature,
defined in the arc length parametrization as κ = |c̈(s)|. In the non-arc-length
parametrization c(t) it can be computed as
|c′ (t) × c′′ (t)|
.
|c′ (t)|3
Sometimes it is more appropriate to consider the signed curvature κ which takes
into account whether the curve normal rotates (counter-)clockwise. In the standard (right-handed) basis we have κ = κ(n · t⊥ ), where t⊥ is t rotated by π/2
counterclockwise.
Example 1 (continued). The curvature of Tschirnhausen cubic at a general point
is
18(1 + t2 )
2
−6t · 6t − 3(1 − t2 ) · (−6)
=
=
.
κ=
2
3
2
3
(3(1 + t ))
27(1 + t )
3(1 + t2 )2
We say that the curve is convex, if, at every point, it entirely lies on one side
of its tangent line (the line given by the point of contact and the corresponding
tangent vector). The curve is convex if and only if it is a boundary of a convex
region. A curve without self-intersections is convex if its signed curvature do not
change the sign.
κ=

2.3

Algebraic curves

As we have mentioned in the first section, NURBS format is suitable in CAGD.
But applying common operations, we can very easily lose the essential properties
and we get an algebraic curve. An important question is how to come back
to the NURBS format. Considering this issue, it is reasonable to restrict our
investigations to planar real affine (or more precisely Euclidean) boxed curves.
From the following text, it is clear that while speaking about a real affine curve
we always have to bear in mind its complex projective variant. This is the reason
why the parts of this thesis concerning algebraic curves are formulated for an
arbitrary field K of characteristic zero. Typically K is one of the most common
fields - Q rational numbers, R real numbers, C complex numbers.
We recall the most important definitions and properties of algebraic curves,
they are well known and the details can be found in e.g. [6, 17, 24, 41]. Let
K[x1 , x2 , . . . , xn ] denote the ring of polynomials in x1 , x2 , . . . , xn with coefficients
in K and K(x1 , x2 , . . . , xn ) its quotient field, i.e. the rational functions in x1 , x2 ,
. . . , xn . For f ∈ K(x1 , x2 , . . . , xn ), the subscript fxi denotes the partial derivative
∂f /∂xi . We say that K is algebraically closed if every root x0 of any polynomial f ∈ K[x] is an element of K. The smallest field extension of K, which is
algebraically closed is called algebraic closure K. For example Q are algebraic
numbers, R = C and C = C, i.e. C is algebraically closed.

2.3.1

Affine and projective algebraic curves

The affine curves are defined as zero sets of polynomials f (x, y) ∈ K [x, y]:
Cf = {[x, y] ∈ K2 | f (x, y) = 0}.
13

It is clear that Cα·f = Cf for α ∈ K and therefore we can always assume that
f is monic (i.e. the coefficient of its leading term is 1).
It is also obvious that the polynomials f and f k define the same curve. More
∏
generally, when the defining polynomial admits factorization f = ni=1 fiki the resulting curve splits to components C1 , . . . , Cn defined by f1 , . . . , fn . It is therefore
reasonable to consider only irreducible polynomials.
More polynomials in K[x, y] can define the same curve in K2 , but different ones
2
in K . For example both f1 = x2 +2xy +2y 2 +x3 and f2 = x2 +2xy +2y 2 +y 3 have
only one real point [0, 0] but they forms different curves in the complex plane.
This is the reason, why the standard approach to study of the curves in K2 is to
2
consider the curves in K and then occasionally return to K2 . This is the reason
why we consider only absolutely irreducible defining polynomials (irreducible in
K[x, y]).
When studying the real curves, it is sometimes useful to restrict our investigation to the box. Let f ∈ Q [x, y] and B be a finite two dimensional box, most
commonly rectangular [x, x] × [y, y] ⊂ R2 . The boxed curve is defined as the set
C˜f = Cf ∩ B = {[x, y] ∈ B | f (x, y) = 0}. The points of Cf which are on the
boundary ∂B are called boundary points.
Sometimes it is suitable to consider the projective closure of C. Let briefly
recall the basic ideas of the projective space. The projective plane P2 (K) consists
of all lines trough the origin in K3 . Let x = [x0 , x1 , x2 ] be an arbitrary nonzero
point of K3 , then all nonzero multiples of x also lies on the same line trough the
origin. Therefore we assign to this line (which is a point in P2 (K)) homogeneous
coordinates (x0 : x1 : x2 ). The standard affine space K2 is included into P2 (K)
via the mapping ι : [x1 , x2 ] ↪→ (1 : x1 : x2 ). Projective points (0 : x1 : x2 )
have no affine preimages in this mapping and they are called points at infinity.
For the other points the inverse mapping is the projection π : (x0 : x1 : x2 ) →
[x1 /x0 , x2 /x0 ].
Projective curves are defined similarly as in the affine plane, but the defining polynomial F have to be homogeneous, C F = {(x0 : x1 : x2 ) ∈ P2 (K) |
F (x0 , x1 , x2 ) = 0}. Assume that f ∈ K[x1 , x2 ] of degree n defines an affine curve.
We can define the homogenization of f (x1 , x2 ) as
F (x0 , x1 , x2 ) = xn0 f (x1 /x0 , x2 /x0 ).
The projective curve C F is called projective closure of Cf . Note that the most
of the definitions in affine space can be similarly transferred into the projective
space. As above, the affine curve to a given projective curve C F is given as the
zero set of the polynomial f (x1 , x2 ) = F (1, x1 /x0 , x2 /x0 ).

2.3.2

Singular points and tangent lines

The points [x0 , y0 ] of Cf having nonzero gradient ∇f (x0 , y0 ) ̸= 0 (i.e. having at
least one partial derivative nonzero) we call regular. Other points of Cf are said
singular. Note, that there is always only a finite number of singular points.
Let consider the graded bivariate Taylor expansion of f at [x0 , y0 ]. The first
nonvanishing term fk is a homogeneous polynomial in the variables (x − x0 ),
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(y − y0 ). Degree k is called the order of Cf at [x0 , y0 ]. We also say that [x0 , y0 ] is
a point of multiplicity k of Cf . The special case k = 1 corresponds to the regular
points.
The polynomial fk can be factored into linear terms over K. Each of these
factors defines a straight line which is called tangent line to Cf at [x0 , y0 ]. Multiplicity of the tangent is defined as the multiplicity of the corresponding linear
factor in the polynomial fk . A singularity is said to be ordinary if it has only
tangents of multiplicity one.
Example 2. The trifolium is given by the polynomial
f (x, y) = x4 + 2x2 y 2 + y 4 − x3 + 3xy 2 .
Its order at the origin
√ is 3 and√the corresponding term of Taylor expansion is
2
3
3y + x)( 3y −√x). So it has three simple tangents at the
f3 = 3xy − x = x( √
origin x = 0, x = − 3y and x = 3y, see Fig. 2.3, left. The origin of the
trifolium is an ordinary triple point.
y
x=0
1/2

√
( 3y − x) = 0
1

x

1

y
1

√
( 3y + x) = 0

x

Figure 2.3: (left) Trifolium and its tangent lines at the origin. (right) Casini oval
with marked inflection points.
Clearly the number of tangents (counted with the multiplicity) at a given
point is equal to the multiplicity of that point. At a regular point on Cf we
obtain precisely one tangent line [x0 , y0 ] + α(∇f )⊥ , α ∈ R which coincides with
the tangent line defined for parametric curves in Section 2.2.1.
Sometimes it is more suitable to work with normal vectors instead of tangents.
Note, that once having a tangent line ax + by + c = 0, the normal vector is (a, b)
or (−a, −b). In cases when the orientation is not important this information is
sufficient.

2.3.3

Inflection points and Hessian

We say that a regular point [x0 , y0 ] ∈ C is an inflection if the tangent line and the
curve have intersection of multiplicity at least 3 at this point. More precisely, if
the tangent at [x0 , y0 ] to C has equation y = t(x), the given point is an inflection if
15

f (x, t(x)) has order at least 3. Equivalently the linear term of the graded Taylor
expansion of f at [x0 , y0 ] divides the quadratic term.
To give global results, we need to pass to the projective space. To find all
the inflection points of a given curve is usually used the Hessian matrix and its
determinant. The projective version is well known: Let F be a homogeneous polynomial of degree at least 2, the matrix of second derivatives HF = (Fxi xj )0≤i,j≤2
is called the Hessian matrix. Its determinant (said Hessian) is nullified by all
singular points of C F . Moreover a regular point of C F nullify |HF | if and only if
it is an inflection point of C F .
Using Euler identity for projective curves (xFx + yFy + zFz = dF , where
F is homogeneous curve in variables x, y, z of degree d) and projection f (y, z) =
F (1, y, z), we get the affine equivalent of Hessian matrix of the curve f of degree d:
hf =

⎛ d
f
⎜ d−1
⎝ fy

fz

⎞

f y fz
⎟
fyy fyz ⎠ .
fzy fzz

For more details, see e.g. [18, Section 13.1].
Example 3. Consider Casini oval defined by
f (x, y) = ((x − 1)2 + y 2 )((x + 1)2 + y 2 ) − 1.054 .
It is in Fig. 2.3, right. Its Hessain matrix is
4(3x2 + y 2 − 1)
8xy
4x(x2 + y 2 − 1)
⎜
2
2
8xy
4(x + 3y + 1) 4y(x2 + y 2 + 1)⎟
hf = ⎝
⎠.
2
2
2
2
4x(x + y − 1) 4y(x + y + 1)
4/3f (x, y)
⎛

⎞

Its Hessian is |hf | = −64/3(−0.215506+1.43101x2 +2.64652x4 +x6 −1.43101y 2 +
13.293x2 y 2 + x4 y 2 + 2.64652y 4 − x2 y 4 − y 6 ). By simultaneous solving |hf | = 0
and f = 0 (e.g. using theirs resultant or Gröbner basis), we get 4 approximate
solutions: [±0.3132, ±0.41222]. They correspond to inflection points of Cf and
are marked on Fig. 2.3, right.

2.3.4

Dual curve

It comes out that many problems can be simplified by passing in the dual space.
Special case of dual curve, which takes into consideration Euclidean metric, is
support function introduced later (in 2.4.3).
The dual projective space over K is denoted by P∗2 (K) and consists of all lines
in P2 (K). Let F define a projective curve. At every point P of C F there is at
least one tangent line to C F - the point P ′ of the dual plane. There exists a
homogeneous irreducible polynomial D which describes all such tangents: The
line coordinates satisfy D = 0 if and only if the line is tangent to C F in at least
one point. The curve C D is called dual curve to C F .
The implicit equation of the dual curve D(x0 , x1 , x2 ) = 0 can be computed by
eliminating x and y from the following system of equations:
f (x, y) = 0,

(x1 , x2 )⊥ · ∇f (x, y) = 0,

(x1 , x2 ) · [x, y] = x0 .

(1)

From the geometric point of view, it is clear that (x1 , x2 ) plays the role of normal
vector at the given point and |x0 | is the distance of the tangent from the origin.
This is the reason, why we usually use the notation D(h, n).
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Example 4. Consider the Tschirnhausen cubic f (x, y) = x3 − 9x2 + 27y 2 (it is
the same as in Example 1). Dual curve can be computed by eliminating x and y
from the system f (x, y) = 0, 18n2 x − 3n2 x2 + 54n1 y = 0 and n1 x + n2 y − h = 0.
We get
D(h, n) = h2 (4hn31 − 36n41 + h2 n22 − 12hn1 n22 + 24n21 n22 − 4n42 ).

2.3.5

Resultant and Discriminant

In the later text, we will sometimes need to find common or multiple roots of some
polynomials. The resultant (resp. discriminant) represents one of the standard
way how to do it. More details on this topic and the proofs can be found in [6,
Chapter 4.2] or [17, Appendix 1].
Consider two polynomials P, Q ∈ K[x] of degrees p, q respectively:
P (x) = ap xp + ap−1 xp−1 + · · · + a1 x + a0 and
Q(x) = bq xq + bq−1 xq−1 + · · · + b1 x + b0 .
Their Sylvester matrix is square matrix of dimension p + q

S(P, Q) =

⎛

ap ap−1

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
..
.

ap
..
.

0
bq

···
bq−1

0
..
.
..
.
0

bq
...
···

···

···

···

···

a0

0

0
.. ⎟
. ⎟
⎟

ap−1
..
..
.
.
0
ap ap−1
··· ··· ···

···
b0

bq−1
... ...
..
..
.
.
··· 0

bq−1 · · · · · · · · · b0

..

a0

···
...

.

bq

..

⎞

⎟
⎟

. 0 ⎟
⎟
· · · · · · · · · a0 ⎟
⎟
⎟
0 ··· ··· 0 ⎟
.. ⎟
⎟
...
b0
. ⎟
⎟
. . . . . . .. ⎟
. ⎟
⎟
⎟
..
. 0 ⎟
⎠

Its determinant is called resultant with respect to x, Resx (P, Q) = |S(P, Q)|.
The importance of this notion in algebraic geometry follows from the fact that
Resx (P, Q) = 0 if and only if P and Q have common factor in K[x]. Sometimes,
∏
we can profit from another form of the resultant. If we express P = ap pi=1 (x−αi )
∏
and Q = bq qj=1 (x − βj ), then
Resx (P, Q) = aqp bpq

p ∏
q
∏

(αi − βj ).

i=1 j=1

The special case is the resultant of a polynomial and its derivative, called
discriminant D(P ) = Resx (P, P ′ ). As a special case of the above mentioned we
get that D(P ) = 0 if and only if P has multiple factors in K[x].
In applications to algebraic geometry, these notions can be used to find the
intersection of two curves or to find selfintersections of a given curve. Also it can
be useful to find an implicit equation from the parametrization:
Example 5. If a curve has parametrization c(t) = [cx (t), cy (t)] ∈ K[t]2 , the resultant Rest (x − cx (t), y − cy (t)) represents the implicit equation of the parametric
curve.
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2.4

Approximate parametrizations

Some operations like offseting or intersection with another curve disturb the rationality of NURBS curves and we obtain algebraic curves described in the previous
section. But to work effectively with them, we need to restore the NURBS format. The exact rational parametrization can be found only for the curves having
genus 0. In this section we describe several possibilities to find the approximate
parametrization which interpolate the given curve.

2.4.1

Curve interpolation

One possibility to get an approximate parametrization of a given algebraic curve
is to interpolate some important points of the curve. Quality of the resultant parametrization depends on the choice of interpolated points and the approximation
space.
The input of the interpolation problem is n + 1 distinct points Pi ∈ R2 and
associated parameter values ti ∈ I. To provide an interpolation, we have to fix
the approximation space. The approximation space is a real linear space of finite
dimension defined by its basis {aj }nj=0 . The parametrization is then searched in
∑
the form p(t) = nj=0 Aj aj (t) for Aj ∈ R2 and t ∈ I ⊂ R. This leads to solving
the system of 2n + 2 linear equations:
p(ti ) =

n
∑

Aj aj (ti ) = Pi .

j=0

Commonly used approximation spaces are polynomials (with different bases monomials, Lagrange, Newton polynomials, . . . ), piecewise polynomials, trigonometric, exponential or rational functions.
Hermite interpolation
Sometimes we have available also (higher) derivatives at the given points.
Simultaneous interpolation of the points and its derivative vectors is known as
Hermite interpolation.
At the input we have n + 1 distinct parameter values ti and for each ti we
(m )
have prescribed mi + 1 vectors of derivatives Pi , Pi′ , . . . , Pi i . Again we have
to specify the approximation basis {aj }N
j=0 . We look for the interpolating curve
∑N
(k)
in the form p(t) = j=0 Aj aj (t) but moreover, we require that p(k) (ti ) = Pi ,
k = 0, 1, . . . , mi . It is obvious that the lowest dimension of the approximation
∑
space is N = ni=0 (mi + 1) − 1. Then using a suitable approximation space we
obtain a system of linear equations, which has a unique solution.
Spline curves
The interpolation of the whole algebraic curve by one approximate parametric curve brings several disadvantages. The biggest problem is that usually the
interpolated curves appear "smooth" (the curvature do not vary a lot), but most
of interpolating function (particularly polynomials of high degrees) have tendency to oscillate. One way which can improve the situation is to divide the curve
to several segments and interpolate them separately. The obtained piecewise
parametrization we call spline curve of order n, if it is C n−1 continuous.
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The simplest example are cubic splines (i.e. defined as piecewise polynomials
of degree 3). They approximately minimize the bending energy of the interpolant.
If we want also to match the curvature, it is convenient to use quintic splines.
But for every application is suitable another approximation basis. Its good choice
influences the quality of the approximation of the resulting spline.
Estimating the error
The natural way how to measure the accuracy of the approximate parametrization is to measure the Hausdorff distance between the original curve and the
interpolant. Its sampling is usually very time consuming. Let briefly recall some
possibilities to estimate the distance.
Assume that the precise parametrization of the curve is c(t), t ∈ I. We could
express c(t) = pk (t) + rk (t), where the pk (t) is a spline interpolating points
{c(ti ), i = 0, . . . k} and the rk (t) the remainder term. If c(t) is (k + 1)-times
continuously differentiable on I, the remainder can be expressed as
rk (t) =

k
∏

(k+1)

(t − ti ) ·

(c1

i=0

(k+1)

(ξ1 (t)), c2
(ξ2 (t)))
,
(k + 1)!
(k+1)

(2)
(k+1)

where the functions ξ1 , ξ2 : I → I are unknown. When c1
and c2
are
(k+1)
bounded on I, then rk (t) is as well. Using (2) and exact bounds for c1
and
(k+1)
c2
, we can compute an estimate for rk (t) on I.
Another way to measure the quality of approximation is the order. We denote
dk the biggest distance among {|ti − ti−1 |, i = 1, . . . k}. We say that the order of
the approximation is n if
||rk || = ||c − pk ||H = O(dk · 2−n ).

2.4.2

Formal power series

Many times it is sufficient to parametrize the curve in some neighborhood of a
given point. For K ⊂ C, the parametrization near a regular point is obtained
from the implicit function theorem.
Theorem 6 (Implicit function theorem). Let f ∈ K[x, y] such that f (x0 , y0 ) = 0
and fy (x0 , y0 ) ̸= 0 (i.e. [x0 , y0 ] is regular point of Cf ). Then there exists exactly
one function φ(x) analytic in some neighbourhood of x0 such that φ(x0 ) = y0 and
f (x0 , φ(x0 )) = 0. Moreover there exists a neighborhood U of [x0 , y0 ] such that for
every point [x1 , y1 ] ∈ Cf ∩ U we have y1 = φ(x1 ).
The obtained analytic function y = φ(x) can be developed into a power series
in (x − x0 ) using Taylor expansion.
For K = C an analogous result says that in a neighbourhood of any point of
the curve (regular or singular) the curve splits into finitely many local branches
having analytic parametrizations.
Theorem 7. Let f ∈ C[x, y] such that f (x0 , y0 ) = 0. There exists finitely many
pairs of functions [x(t), y(t)] analytic in some neighbourhood of t = 0 such that
x(0) = x0 and y(0) = y0 and f (x(t), y(t)) = 0. Moreover there exists a neighborhood U of [x0 , y0 ] such that for every point [x1 , y1 ] ∈ Cf ∩ U we have exactly
one pair of functions (x(t), y(t)) and parameter value t0 such that x1 = x(t0 ) and
y1 = y(t0 ).
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The second part of this theorem allows us to consider every branch as a
function y(x) - we take advantage of this fact in later chapters. Particularly we
say that a branch is convex if its representation in the form y(x) is a convex
function. Note that if the function y(x) is convex or concave, the curve is convex
in the sense of Section 2.2.3.
Local branches can be developed into formal Laurent series. To work with
these series, we need to recall some definitions and results. We apply them in
different number fields, so assume that K is a general filed of characteristic zero.
Formal Laurent series
We denote K[[t]] the ring of formal power series with coefficients in K, i.e. the
∑
i
is denoted by K((t)) and called formal
sums ∞
i=0 ai t , ai ∈ K. Its fraction field
∑
Laurent series. It consists of elements i≥i0 ai ti , where i, i0 ∈ Z, ai ∈ K.
Note that formal Laurent series (in contrast to the standard Laurent series)
have only finitely many negative terms. It is due to the form of the inverse
∑
element. Let α = i∈Z ai ti ∈ K((t)) and assume that there exists i0 - the smallest
index such that ai0 ̸= 0. The inverse element has also finitely many negative
terms:
α−1 =

∑

bi ti , where b−i0 = a−1
i0 ,

i≥−i0

bk+1 = a−1
i0 ·

∑

ap b q .

p+q=k+i0 +1
q≤k

The smallest index i0 for which ti0 has nonzero coefficient is called the order of
α ∈ K((t)) and it is denoted O(α) = i0 . For zero, we define O(0) = ∞.
Parametrization
Using Formal Laurent series we can define parametrization of a curve Cf . A
pair [x(t), y(t)] ∈ (K((t))\K)2 is called a parametrization of Cf if f (x(t), y(t)) = 0.
Note that considering the pair [x(t), y(t)] as a vector valued function, we get the
consistency with definition in Section 2.2. The center of the parametrization is
the point [x0 , y0 ], where x0 , y0 are the coefficients of terms of the lowest degree
of x(t) and y(t), i.e. the constant terms of t−O(x(t)) x(t), t−O(y(t)) y(t), respectively. The parametrization is called irreducible if there does not exist n > 1 such
that [x(t), y(t)] ∈ K((tn )). The parametrizations [x1 (t), y1 (t)] and [x2 (t), y2 (t)]
are equivalent if there exists z ∈ K[[t]] linear in t such that x1 (z(t)) = x2 (t) and
y1 (z(t)) = y2 (t).
Any parametrization posses the canonical form - or equivalently, in a suitable
coordinate system, every parametrization is equivalent to [tn , a1 tn1 + a2 tn2 + . . . ],
where n > 0 and 0 < n1 < n2 < . . . Note that the positiveness of n, ni is caused
by finiteness of the position of the center of the parametrization. For example the
parametrization [t, t−1 + t + t2 + . . . ] corresponds to a branch having second coordinate of the center infinite. From now on, assume that all the parametrizations
are in the canonical form.
Local branches
The equivalence classes of irreducible parametrizations of C are called branches. The common center of these parametrizations is called center of the branch.
The result of essential importance says that every point of C is the center of
at least one branch of C. A direct construction of the rational Puiseux tree in
Section 3.1.2 prove it.
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The order O(B) of the branch is defined as the minimum r between O(x(t))
and O(y(t)). The order OB (g) of the polynomial g(x, y) at branch B = [x(t), y(t)]
is defined as the order of g(x(t), y(t)). There is [a unique line having
] order at B
∑
i ∑
i
greater than r and it is called tangent. If B =
its equation
i≥0 ai t ,
i≥0 bi t
is T : −br x + ar y = 0. Its multiplicity is called class s of B and it satisfies
s = OB (T ) − r. Note, that the tangents to branches of F centred at P coincide
with the tangents to F at P . If the point P is of multiplicity m of C F and
∑
B1 , B2 , . . . , Bk are branches of F centred at P , then ki=1 O(Bi ) = m. A branch
is called regular, if its order is 1 and singular if its order is greater than one. If
there is only one singular branch at P , its center is called cusp. If the branch
at P have class at least 2, it is called inflection branch and its center is called
inflection point, if it is regular.
In section 2.3.4 we have described concept of the dual curve. Here, we can
investigate the duality at the level of the branches. Consider the branch of C F
centred at P , defined by coordinates x = (x˜0 , x˜0 , x˜0 ). The branch u = (u˜0 , u˜1 , u˜2 )
of dual curve C D centred at P ′ is called dual branch if the coordinates of the
center of u are line coordinates of the tangent to C F at P and the coordinates of
center of x are line coordinates of the tangent to C D at P ′ . It can be computed
by eliminating the parameter from the following system of equations:
x · u = 0 and x′ · u = 0.
It can be proved that the class of P is the order of P ′ and vice versa.
So far, we have assumed that K is any field of characteristic zero. When we
work over reals, it is important to distinguish [between real and complex
branches.
]
∑
i ∑
i
We say that the branch B = [x(t), y(t)] =
a
t
,
b
t
is
real
if all its
i≥0 i
i≥0 i
points are real, i.e. ∀t ∈ I : x(t), y(t) ∈ R. Equivalently the branch is real if all
coefficients ai and bi are real.
Every (real) branch can be naturally divided into two halfbranches:
Definition 8. Let B(t) = [x(t), y(t)], t ∈ R be a branch. We define positive
halfbranch B + = {B(t), t > 0} and negative halfbranch B − = {B(t), t < 0}.
We say that the real halfbranch is regular/singular/inflection if the corresponding branch is.

2.4.3

Support function representation of algebraic curves

The support function representation is a kind of dual equation, which takes into
account Euclidean metric. It is one of the classical tools in the field of convex
geometry (see e.g. [23]). The original curve can be recovered from the support
function as the envelope of the system of tangent lines and therefore this representation yields a local parametrization of the given curve.
Moreover, in this representation offsetting and convolution of curves correspond to simple algebraic operations of the corresponding support functions. In
addition, it provides a computationally simple way to extract curvature information, [20]. Applications of this representation to problems from CAGD were
foreseen in the classical paper [35] and developed in several publications, see e.g.,
[1, 2, 4, 21, 22, 31, 39, 40].
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For a planar curve C we define the support function h as a (possibly multivalued) function defined on a subset of the unit circle
h : S1 ⊃ U → R
by which is any unit normal n = (n1 , n2 ) associated with the distance(s) from
the origin to the corresponding tangent line(s) of the curve.
We can recover the curve C from h as the envelope of the system of tangent
lines {n · [x, y] − h(n) = 0 | n ∈ U }. This envelope is locally parametrized via
the formula
ch (n) = h(n)n + ∇S1 h(ϕ) = h(n)n(ϕ) + ḣ(ϕ)ṅ(ϕ),

(3)

where ∇S1 denotes the intrinsic gradient with respect to the unit circle, which is
alternatively expressed using the following arc length parametrization of S1
n(ϕ) = [cos(ϕ), sin(ϕ)],

ṅ(ϕ) = (− sin(ϕ), cos(ϕ)).

(4)

It is also possible to parametrize birationally the unit circle
1 − s2 2s
,
n(s) =
1 + ss 1 + s2
[

]

(5)

and obtain a kind of the affine version of the support function. We get also
the rational parametrization of the support function h(s) and the primary curve
ch (s). Note, that the inversion formula for changing the variable is
s=

n2
= arctan (ϕ/2).
1 + n1

Example 9. As the support function is defined on the circle, the trigonometric
polynomials appear as the simplest support functions in the variable ϕ. The
curves corresponding to the support h(ϕ) = cos(kϕ), where k is integer, were
studied in [40]. Later this description was extended in [39] to the case where k
is rational and the support function is considered to be multivalued due to the
longer period of cos(kϕ). Let show two examples k = 2 and k = 1/3 in Figure 2.4.
y

h
1

1
x

φ

π

1

2π
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h
1

1
x

φ

π

2π

1

Figure 2.4: (left) Support function cos(kϕ) and (right) the corresponding primary
curve for k = 2 (top) and k = 1/3 (bottom).
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Example 4 (continued). Consider the Tschirnhausen cubic f (x, y) = x3 − 9x2 +
27y 2 . By simultaneous solving f (x, y) = 0, ∇f · (n2 , −n1 ) = 0 and n1 x + n2 y = h
we get its support function
2 − 2n1 + 8n1 n22
h(n1 , n2 ) =
.
n22
The geometric meaning of the support function is clear from Figure 2.5, left. The
point having normal (0, 1) and the value h(0, 1) = 2 is marked there.
h

y
n
1
P

h

x

1
10

π

φ
2π

Figure 2.5: Support function of Tschirnhausen cubic: (left) Geometric meaning
at given point P and (right) its graph on interval (0, 2π).
Using the arc length parametrization (4) of the unit circle, we get
2 − 2 cos(ϕ) + 8 cos(ϕ) sin2 (ϕ)
h(ϕ) =
.
sin2 (ϕ)
Using the birational parametrization (5) of the unit circle, we get
2

(3 − s2 )
h(s) = 2
.
s +1
As often the support function is multivalued, i.e. to one normal vector there
are associated many tangent lines, it is not always possible to obtain an explicit
expression of h but rather an implicit one, which is closely related to the notion
of the dual curve.
The dual equation D(h, n) = 0 together with the algebraic constraint n21 +n22 =
1 is called the implicit definition of the support function h or simply the implicit
support function. Using the parametrization (5) we get the affine implicit support
function D(h, s) = 0.
If the partial derivative Dh does not vanish at (h0 , n0 ) then D(h, n) implicitly
defines the support function in a certain neighborhood of (h0 , n0 ) ∈ R3 .
Example 4 (continued). The dual equation of Tschirnhausen cubic is
D(h, n) = 2 − 2n1 + 8n1 n22 − hn22 .
This equation with the constraint n21 + n22 = 1 defines the support function implicitly. Using the parametrization (5) we get the affine implicit support function
D(h, s) = (3 − s2 )2 − hs2 − h = 0.
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The (implicit) support function is obviously a kind of dual representation
which takes into account the Euclidean metric. It has many nice properties. In
particular if the support function h(s) is rational, not only the resulting parametrization ch (s) will be rational, but it will also provide rational offsets. Also
the curvature at the corresponding point can be expressed easily via the support
function as
1
(6)
κ=−
h + ḧ
and the points where h + ḧ = 0 correspond to cusps. Let recall how the support function h(n) or implicit support function D(h, n) is affected by selected
geometric operations.
operation
translation by v ∈ R2
rotation by A ∈ SO2
scaling by a factor λ ∈ R
offseting with a distance δ ∈ R

support function of transformed curve
explicit
implicit
h̃(n)
D̃(h̃(n), n)
h(n) + v · n
D(h(n) + v · n, n) = 0
h(An)
D(h(An), n) = 0
λh(n)
D(λh(n), n) = 0
h(n) + δ
D(h(n) + δ, n) = 0

The curve consisting of sums of pairs of points of C1 , C2 having same tangent
lines is called convolution. More precisely
C3 = C1 ⋆ C2 = closure({u + v | u ∈ C1 , v ∈ C2 , tu || tv }).
Note, that offseting is a special case – the convolution with a circle. Also for
convolutions is very suitable the support function representation. This operation
corresponds to the sum of the associated support functions h3 = h1 + h2 and its
implicit support function can be obtained by eliminating h1 , h2 from the system
of equations
D1 (h1 , n) = 0,

D2 (h2 , n) = 0 and h3 = h1 + h2 .

Example 10. Consider the ellipse f1 (x, y) = x2 + 4y 2 − 4 and the circle f2 (x, y) =
x2 + y 2 − (9/10)2 . Theirs implicit support functions are D(h1 , n) = h21 − 4n21 −
n22 = 0 and D(h2 , n) = h2 − 9/10 = 0. The convolution of Cf1 ⋆ Cf2 has the
support function D(h3 , n) = (h3 − 9/10)2 − 4n21 − n22 . Naturally, the convolution
corresponds to the offset to the ellipse at distance 9/10, see Figure 2.6.

=

⋆

Figure 2.6: Convolution of ellipse and circle.
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3. Local branches of algebraic
curves
The aim of this chapter is to study the branches of an algebraic curve through a
given point. Particularly we focus on the branches going trough a singular point
of a curve and their local properties.
For this purpose we exploit rational Puiseux series introduced by Duval in [14].
Rational Puiseux series are generalization of standard Puiseux series (studied
in [41, Chapter IV]). The remarkable property of the rational Puiseux series
is that they are in bijection with branches trough the origin of a given algebraic
curve. We have also implemented Duval’s algorithm to find (rational) Puiseux series as a package in Mathematica. Its documentation is attached in Appendix 3.A.
Our results in Sections 3.1 and 3.2, see [11], focuses on the local properties
of the branches. In Section 3.1, we define the new notion of Puiseux tree. This
object is very intuitive as the tree branches corresponds to the branches of the
curve at a given point. It can be constructed by the tree traversal and it codes
the same information as the Puiseux series. Moreover, the local curve structure
at the singularity is fully described by its finite subtree, which we call singular
Puiseux tree.
Puiseux tree
curve at a given point
branch
branch
−
−
−
−
−
−
−
−
→
singular subtree ←−−−−−−−− structure and
geometric properties
(parametrizations,
realness,
tangent
lines,
curvature,
singular branches, inflection
branches, position in quadrants, mutual position of
branches, etc.)

Section 3.2 focuses on the geometric properties which can be deduced from the
singular Puiseux tree, particularly the local parametrization of branches, number
of real branches, theirs tangent lines, curvature, whether the branches are singular or inflection and the position and order of the halfbranches in quadrants.
Section 3.2.2 improves the ideas given in [13] and it was published in [11].
In publications about (rational) Puiseux series, e.g. [6, 14, 17, 41], it is always
very neatly described how to compute the local parametrizations of the branches
of the given algebraic curve at the given point. The Section 3.3, published as [7],
is devoted to the other direction, which was never considered before. In order to
construct an algebraic curve having a singularity of given properties, we introduce
qualitative Puiseux tree, which is a kind of singular Puiseux tree, having at nodes
attached slightly different values. First we describe how to exploit the previous
section to construct qualitative Puiseux tree having prescribed properties. Then
we construct an algebraic curve having the given qualitative Puiseux tree as the
following diagram shows:
branches at
singular/
Section 3.3.3
given point Section 3.3.1 qualitative
algebraic
−−
⇀
−
↽
−−
−−
−−
−−
−−
−
−
↽−
−−
−−
−−
−−
−−
−−
−−
−−
−−
−⇀
−
& its
Section 3.2.1
Sections 3.1.2−3.1.4
curve
Puiseux
properties
tree
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This procedure can be used as a source of examples of algebraic curves having
interesting singularities.

3.1

Construction of Puiseux tree

In this section we introduce the Puiseux tree which represents (rational) Puiseux
series, defined by [14]. Section 3.1.1 recalls definitions and properties of (rational) Puiseux series. In Sections 3.1.2 - 3.1.4 we define the Puiseux tree and its
construction algorithm, which we find more clear than the standard recursive one
for the Puiseux series. Section 3.1.5 explains the background of the suggested algorithm and justify it. Last section (3.1.6) introduces the singular Puiseux tree,
which is a finite subtree of the Puiseux tree. It is sufficient to distinguish the
curve branches at a given point and describe theirs structure.

3.1.1

Rational Puiseux series

In this section we recall the definition of Puiseux series (for details see [41]), we
describe its disadvantages and introduce rational Puiseux series (see [14]). As we
have mentioned in Section 2.3, while studying real algebraic curves, we have to
bear in mind their complex variant, so, most of results, we formulate for K a field
of characteristic zero.
Definition 11. The field of Puiseux series is
∞
⋃

K⟨⟨t⟩⟩ =

K((t1/k )),

k=1

where K((t1/k )) denotes formal Laurent series in t1/k .
When we consider two elements α ∈ K((t1/n )) and β ∈ K((t1/m )), they both lie
in the field K((t1/mn )). Using this fact it is easy to prove that K⟨⟨t⟩⟩ is a field.
In [41, Section IV.3], it is shown that K⟨⟨x⟩⟩ is algebraically closed. Therefore,
by definition, the roots of f ∈ K[x][y] are Puiseux series in x. We call these roots
Puiseux series of f .
Example 12. Let f = 2y 5 − xy 3 + 3x2 y 3 + 2x2 y 2 − x5 y 2 − x3 y + 2x5 . The curve
Cf is shown in Fig. 3.1, left. Consider f as a polynomial in y. Its 5 roots are the
following Puiseux series:
7x3/2
x1/2
2
3
4
√
y1 = 2x + 8x + 56x + . . .
y4 = −
− x + √ + ...
2
2 2
y2 = x −
y3 = x +

√

7x3/2 + 6x2 + . . .

y5 =

√ 3/2
7x + 6x2 + . . .

Definition 13. To each Puiseux series

∑

7x3/2
x1/2
√ − x − √ + ...
2
2 2

(7)

ai ti/n corresponds the parametrization

i∈Z

[x̃, ỹ] defined as follows:
x̃(t) = tn

ỹ(t) =

∑
i∈Z
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ai ti .

(8)

y
y

B1
B2

x

x
B3

Figure 3.1: (left) The curve f = 2y 5 − xy 3 + 3x2 y 3 + 2x2 y 2 − x5 y 2 − x3 y + 2x5
and (right) its rational Puiseux series.
Let yk be a Puiseux series of f . The corresponding parametrization [x̃k , ỹk ] is
a parametrization of Cf . Indeed, substituting x̃k (t1/n ) = t and ỹk (t1/n ) = yk and
therefore f (x̃k (t1/n ), ỹk (t1/n )) = f (t, yk ) = 0 in K⟨⟨t⟩⟩ (see Section 2.4.2).
For applications, the disadvantage is that more Puiseux series can describe
the same branch of the curve, i.e. that more parametrizations corresponding to
different Puiseux series of f can be equivalent. In Example 12, Puiseux series
y2 , y3 corresponds to one branch and y4 , y5 also describe the same branch. Duval in
[14] introduced the system of rational Puiseux series, where each parametrization
corresponds to precisely one branch.
Definition 14. Let y1 , y2 , . . . , ys be Puiseux series of f and {[x̃j , ỹj ]}sj=1 be the
corresponding parametrizations. Let r denote the maximal number of nonequivalent parametrizations (branches) between {[x̃j , ỹj ]}sj=1 . The system of rational
Puiseux series of f over K is the set
{[x̃′j , ỹj′ ]}rj=1
of pairwise nonequivalent irreducible parametrizations of Cf , which is invariant
under the action of the Galois group1 G(K/K) and for every j, x̃′j = λj tnj , where
nj > 0 and λj ̸= 0.
The existence of such a system for every f can be proved constructively, see
Section 3.1.2. Note that the definition ensures that every element of the system
of rational Puiseux series corresponds to exactly one branch of the curve.
Example 12 (continued). The system of rational Puiseux series of f consists of
B1 : [t, 2t2 + 8t3 + 56t4 + . . . ] which corresponds to y1 ,
B2 :

[

t2 t2
,
7 7

+

t3
7

+

6t4
49

+ ...

]

B3 : [2t2 , t − 2t2 − 7t3 + . . . ]

which corresponds to y2 and y3 ,

(9)

which corresponds to y4 and y5 .

They are displayed in Fig. 3.1, right. First branch is solid, second is dashed and
third is dotted.
1

for the definition of Galois group see e.g. [30, Section VI.1]
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In the following text we use Puiseux series also to refer the corresponding
parametrization. It is always clear whether we are working with a parametrization
or not. Similarly, rational Puiseux series refer to a parametrization from the
system of rational Puiseux series.
As a consequence of certain deep algebraic results about residual fields and
fields of coefficients (see [14, Section 3]) can be obtained the following theorem,
which shows how to identify real branches.
Theorem 15. Let f (x, y) ∈ Q[x, y] and [x̃, ỹ] be a rational Puiseux series of f
over R. Then the corresponding branch is real if and only if the coefficient of x̃
and all coefficients of ỹ are real numbers.

3.1.2

Structure of Puiseux tree

In this section we define the data structure of the Puiseux tree. It is very suitable to represent the (rational) Puiseux series of an algebraic curve at a given
point. We outline the building algorithm of the Puiseux tree form a polynomial. This algorithm has two main parts which are in details described in Sections 3.1.3 and 3.1.4.
The Puiseux tree of a given polynomial f is generally infinite and has nodes
of three types
• the root of the tree – a given polynomial,
• nodes of type N (shortly N -nodes) – "Newton polygon edge" are marked
by circles and
• nodes of type C (shortly C-nodes) – "coefficients of Puiseux series" are
marked by rectangles.
The N -nodes and the C-nodes periodically alternate. An example of the Puiseux
tree is in Fig. 3.2.
The information contained in the Puiseux tree of f is sufficient to deduce the
local parametrizations of all branches above the origin, i.e. centred at a point
[0, y], y ∈ R. The explicit formulas are in Section 3.2.1. Moreover, for a given
polynomial, every Puiseux tree branch corresponds to one (rational) Puiseux
series, i.e. in the rational case, to one curve branch. If we are interested in
the branches above another point, we can translate the coordinate system. The
structure above the point [a, b] is obtained by examinating f˜(x, y) = f (x+a, y+b)
at the origin.
The Puiseux tree building algorithm is based on the tree traversal and analogous to the algorithm finding the standard Puiseux series (see [41, Section IV.3])
and the rational Puiseux series (see [14]). In the following text, we describe how
to compute the Puiseux tree representing the rational Puiseux series of a given polynomial f . The non-rational case is very similar and the differences are
described in Remark 18.
At the root and at C-nodes we compute the Newton polygon of f . It consists of
several edges (children of type N ). Every edge is fully described by its equation
pi + qj = l and certain characteristic polynomial h(z). So, we attach to the
corresponding N -node the quadruple (q, p, l, h).
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At N -nodes we search for the coefficients of Puiseux series (γ and δ). They
depends on p, q and the root ϱ of h(z), so for every ϱ, we have one child of type C.
We also compute new polynomial f˜ and to the C-node we attach the quadruple
(ϱ, γ, δ, f˜).
C0 ≡ f
N1

N1

N1

C1

C1

C1

C1

C1

C1

N2

N2

N2

N2

N2

N2

N2

C2

C2

C2

C2

C2

C2

C2

N3

N3

N3

N3

N3

N3

N3

C3

C3

C3

C3

C3

C3

C3

..
.

..
.

..
.

..
.

..
.

..
.

..
.

Figure 3.2: Example of Puiseux tree corresponding to some polynomial f .

3.1.3

Determination of N -nodes

Suppose that to the C-node Ck−1 is attached the quadruple (ϱk−1 , γk−1 , δk−1 , fk−1 ).
The children of Ck−1 correspond to the edges of the Newton polygon of fk−1 and
here we describe how to compute them. We start with the definition of the
Newton polygon.
j i
Definition 16. Let f = ni=0 m
j=0 ai,j x y . Define a Newton graph of f as the
set of points Gf = {[i, j] ∈ N2 | ai,j ̸= 0}. The lower convex hull of Gf is called
the Newton polygon of f .

∑

∑

Every edge L of the Newton polygon of fk−1 corresponds to one child Nk of
Ck−1 . The line containing the edge L has the unique equation
pk i + qk j = lk

(10)

for pk ∈ Z, qk ∈ N coprime. The characteristic polynomial of L is defined as
hk (z) =

∑

ai,j z (i−i0 )/qk ,

(11)

[i,j]∈L

where i0 is the minimal number for which exists j0 , so that [i0 , j0 ] ∈ L. Due to
Lemma 17 in Section 3.1.5, (i − i0 )/qk ∈ N and thus hk (z) is an element of K[z]
and not only of K(z 1/qk ).
The edge is fully described by the quadruple (qk , pk , lk , hk ). This quadruple is
attached to the node Nk .
Example 12 (continued). Recall that f = 2y 5 − xy 3 + 3x2 y 3 + 2x2 y 2 − x5 y 2 − x3 y +
2x5 . The Newton graph Gf consists of 7 points:
Gf = {[0, 5], [1, 3], [2, 3], [2, 2], [5, 2], [3, 1], [5, 0]}
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j
5
L1

4

j

3

3

2

2

L2

1

1

L3
1

2

3

4

L1
5

i

1

2

3

4

5

i

Figure 3.3: Newton graph and polygon of (left) f (x, y) = 2y 5 − xy 3 + 3x2 y 3 +
2x2 y 2 − x5 y 2 − x3 y + 2x5 and (right) f1,2 (x, y).

and it is drawn in Figure 3.3, left. There is also marked its lower convex hull,
the Newton polygon. It has three edges
L1 :
L2 :
L3 :

2i + j = 5,
i + j = 4,
i + 2j = 5,

i0 = 0,
i0 = 1,
i0 = 3,

h(z) = −z + 2
h(z) = −z 2 + 2z − 1
h(z) = 2z − 1

(12)

which are represented by the quadruples
{

}

(1, 2, 5, −z + 2), (1, 1, 4, −(z − 1)2 ), (2, 1, 5, 2z − 1) .

Let denote the corresponding branches B1 , B2 , B3 , respectively. The first level
of the Puiseux tree is in Figure 3.4.
B1
(1, 2, 5, −z + 2)

f
B2
(1, 1, 4, −(z − 1)2 )

B3
(2, 1, 5, 2z − 1)

Figure 3.4: First level of the Puiseux tree of f .
We have implemented the Mathematica package Puiseux, which can be used
to determine the Newton polygon of f (EdgesNewton[f]) and to plot its graph
(PlotNewton[f]). Using command PolygonNewton[f,z], we obtain children
N -nodes of f . For more details, see Appendix 3.A.

3.1.4

Determination of C-nodes

The node Ck is computed from two previous nodes Nk and Ck−1 . Suppose that the
values attached to the node Nk are (qk , pk , lk , hk ) and values attached to Ck−1 are
(ϱk−1 , γk−1 , δk−1 , fk−1 ). Each node Ck (the child of Nk ) corresponds to one root
ϱ of the characteristic polynomial hk (z) and the attached values are computed
as follows.
First we choose u, v ∈ Z such that uqk + vpk = 1. In contrast to the existing
algorithms, we define (u, v) uniquely as the result of the extended Euclid algorithm (described in Algorithm 1) applied to (qk , pk ). The proof of uniqueness and
correctness can be found for example in [29].
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Algorithm 1 Extended Euclid Algorithm, ExtendedGCD
Input: u, v ∈ Z
Output: g = gcd(u, v)
s, t ∈ Z such that us + vt = g
1: r0 = u, r1 = v
2: s0 = 1, s1 = 0
3: t0 = 0, t1 = 1
4: i = 1
5: while ri ̸= 0 do
6:
q = Quotient(ri−1 , ri )
7:
ri+1 = ri−1 − qri
8:
si+1 = si−1 − qsi
9:
ti+1 = ti−1 − qti
10:
i=i+1
11: end while
12: g = ri−1 , s = si−1 , t = ti−1
Then, for each root ϱ of the characteristic polynomial hk (z), we define a pair
of coefficients (later used in parametrization of fk−1 ):
γk = ϱ−v
δk = ϱu .
The new polynomial fk is then computed as
fk (x, y) := x−lk fk−1 (γk xqk , xpk (δk + y)).

(13)

To the node Ck we attach the quadruple (ϱ, γk , δk , fk ).
Note that different choices of u and v lead to different, but equivalent, parametrization of curve branches. This is the reason why the canonical choice of u, v
is important.
Example 12 (continued). Consider the branch B2 . The node N1 has attached the
characteristic polynomial h1 (z) = −(z − 1)2 . It has one root of multiplicity two,
ϱ1 = 1. We get u1 = 0, v1 = 1 and therefore γ1 = 1−1 = 1, δ1 = 10 = 1 and
f1,2 (x, y) = x−4 f (x, x(1 + y)) = 2xy 5 + 10xy 4 + (−1 + 23x)y 3
+ (−1 + 29x − x3 )y 2 + (19x − 2x3 )y + 7x − x3 .
To the child C1 we attach the quadruple (1, 1, 1, f1,2 ). Figure 3.5 shows the
computed part of the already Puiseux tree.
B1
(1, 2, 5, −z + 2)

f
B2
(1, 1, 4, −(z − 1)2 )

B3
(2, 1, 5, 2z − 1)

(1, 1, 1, f1,2 )

Figure 3.5: Already computed subtree of the Puiseux tree of f .
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3.1.5

Puiseux series and Puiseux tree

In this section we show that the constructed Puiseux tree represents Puiseux
series of the curve branches at a given point. We also recall some properties
of the Newton polygon which allow us to define the singular Puiseux tree in the
following section. This section is based on Duval’s paper [14] and standard results
about Puiseux series, e.g. [41, Chapter IV].
Assume that [x, y] is a parametrization of f , i.e. f (x, y) = 0. We introduce
new variables x̃, ỹ and we search for [x, y] in the form
x = γ x̃q
y = x̃p (δ + ỹ),

(14)

for γ, δ ∈ K. To find suitable p, q, γ and δ, we substitute (14) to f and we get
f (x, y) = f (γ x̃q , x̃p (δ + ỹ)) = 0.

(15)

To satisfy (15), the terms of lowest order have to cancel. Assume that the poly∑
∑
j i
nomial has the form f = ni=0 m
j=0 ai,j x y . Then the terms of lowest order
satisfy pi + qj = const., equivalently, there have to exist l and h for which the
quadruple (q, p, l, h) represents a Newton polygon edge. We denote it L. The
terms of lowest order of f (x, y) corresponding to the edge L cancel if and only if
∑
h̃(z) = [i,j]∈L ai,j z i = 0. This polynomial has always the form described by the
following lemma (proved e.g. in [6]):
j i
Lemma 17. Let L be an edge of the Newton polygon of f = ni=0 m
j=0 ai,j x y .
∑
The polynomial h̃(z) = [i,j]∈L ai,j z i has the form h̃(z) = z i0 ϕ(z q ), where i0 , q are
as in definition of the Newton polygon (Def. 16) and ϕ is a polynomial.

∑

∑

Note that the previous lemma also shows the correctness of the definition of
the characteristic polynomial in Def. 16.
Another observation gives that if L satisfies pi+qj = l, the polynomial f (x, y)
is divisible by x̃l . So the following function is again polynomial
f˜(x̃, ỹ) := x̃−l f (γ x̃q , x̃p (δ + ỹ)).

(16)

Moreover, straightforward computation gives that taking ϱ ∈ K a root of h(z),
u, v ∈ Z such that qu + pv = 1 and γ = ϱ−v , δ = ϱu , not only the lowest order
terms but also f˜(x̃, ỹ) cancel and [x̃, ỹ] is a parametrization of f˜. Iterating this
process we get [x, y] in the form x = λtn and y ∈ K((t)).
As Newton polygon edges (p, q, l, h) are attached in N -nodes and suitable
(ϱ, γ, δ, f˜) in C-nodes, every Puiseux tree branch describes the rational Puiseux
series of one curve branch.
Remark 18. The classical version of Puiseux series in contrast to the rational one
searches recursively [x, y] instead of (14) in the following form
x = x̃q
y = x̃p (δ + ỹ).
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(17)

So, if the Newton polygon edge has the equation pi+qj = l and the characteristic
polynomial h(z), we append to the N -node values (1, p/q, l/q, h(z)). The values
attached to the C-node are (ϱ, 1, δ, f˜), where ϱ is the root of h(z), δ is a solution
of z q − ϱ = 0 and f˜ is computed in the same way as in the rational version of the
algorithm.
Remark 19. We are interested only in branches centred at finite points, so we want
that the y orders of the resulting series is positive (see Section 2.4.2). Therefore
we are looking only for pk positive, equivalently the Newton polygon edges with
negative slopes.
To introduce the singular Puiseux tree (which is sufficient to describe the
local structure at a given point), we need to inspect the properties of the Newton
polygon in more details. The proof of the following lemma is analogous to the
proof of the lemma in [41, page 101].
Lemma 20. Let (q, p, l, h) and (ϱ, γ, δ, f ) be values attached to two consecutive
N and C nodes of the Puiseux tree. Assume that ϱ is a root of h of multiplicity
r. The polynomial f can be written in the following form
f (x, y) = b0 + b1 y + b2 y 2 + . . . ,
where bi ∈ K[[x]]. Then O(bi ) ≥ 0 for every i ∈ N0 . Moreover O(bi ) > 0 for
0 ≤ i ≤ r − 1 and O(br ) = 0.
A straightforward corollary is that the horizontal lengths of the Newton polygon edges does not increase between floors of the Puiseux tree.
Corollary 21. Let f, ϱ and r be as in the Lemma 20. Denote L Newton polygon
of f . Then the sum of horizontal lengths of edges of L having negative slope is r.
Particularly, when h has simple root, the Newton polygon of f consists of only
one edge of horizontal length one.

3.1.6

Singular and regular part of Puiseux tree

The Puiseux series of a given polynomial are generally infinite, therefore the
corresponding Puiseux tree T is also infinite. However, we are always interested
only in a finite number of terms of the Puiseux series and therefore only in a finite
subtree of T . We may be interested in first k terms of the Puiseux series and
then we compute first 2k levels of T (an example is in Fig. 3.6, left). Another
possibility is to compute the singular subtree which is introduced in this section
(one example is in Fig. 3.6, right). It fully describes the structure of T (the rest
of each branch is linear) and therefore it suffices to resolve the local topology of
f at a given point.
Definition 22 (with proposition). Consider the tree branch B given by its nodes
(f, N1 , C1 , N2 , C2 , . . . ). There exists k0 such that for every k > k0 it holds
γk = qk = 1

and

δk ∈ K(γ1 , δ1 , γ2 , δ2 , . . . , γk0 , δk0 ).

The part of the tree branch (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ) is called singular.
The rest of the branch (Nk0 +1 , Ck0 +1 , Nk0 +2 , Ck0 +2 , . . . ) is called regular part. The
subtree consisting of singular parts of all branches is called singular Puiseux tree
of f .
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Figure 3.6: (left) Example of tree representing first three terms of Puiseux series
and (right) example of singular Puiseux tree.
The singular Puiseux tree is important due to the following proposition proved
for Puiseux series in [14].
Proposition 23. The local topology at the origin is influenced only by the singular
Puiseux tree of f .
Proof of proposition in Def. 22. First show that every Puiseux tree branch is either finite or there exists k0 ∈ N such that hk (z) is linear for every k ≥ k0 .
The Puiseux tree building algorithm can fail when in some step, there is no
Newton polygon edge with negative slope. This can arise only when hk (0) = 0.
But this imply that the branch of the Puiseux tree is finite.
In other cases, the multiplicities of ϱk are nonincreasing (because horizontal
lengths of Newton polygon edges are, Prop. 20). Therefore, eventually they have
to be constant, say r. Equivalently hk (z) = c(z − ϱk )r . So hk (z) contains nonzero
term −crϱr−1
k . This implies that qk+1 = 1 and hk+1 (z) has a simple root. So
r = 1 and f is from some k linear.
Choose k0 as the minimal number k for which hk has a simple root. Cor. 21
implies that fk for k > k0 has the Newton polygon consisting of one edge L of
horizontal length one as in Figure 3.7. Therefore
j
pk
L

1

i

Figure 3.7: The Newton polygon of fk for k ≥ k0 .
pk = lk = min {w ∈ Z | coef (fk , xw ) ̸= 0}
qk = 1 and hk (z) = coef (fk , y) z + coef (fk , xpk ) .
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(18)

So uk = 0, vk = 1 and the root
ϱk = −coef (fk , xpk ) /coef (fk , y) .
Thus γk = ϱ0k = 1 and δk = ϱ1k . Apparently δk ∈ K(γ1 , δ1 , γ2 , δ2 , . . . , γk0 , δk0 ).
Consequently every N -node of regular part of Puiseux tree has the form
(1, p, p, h) and every C-node has the form (ϱ, 1, ϱ, f ).
A variant of the Puiseux tree building algorithm searching only for singular
Puiseux tree have to stop after computing the first C-node having ϱ of multiplicity
one.
The field extension K(γ1 , δ1 , γ2 , δ2 , . . . , γk0 , δk0 ) for branch of f trough the origin can be determined using our Mathematica package Puiseux. The command
PuiseuxExtension[f] returns all the adjoined elements for every branch. When
we are interested only in the fact whether the elements lie in the rational, algebraic or complex numbers we use the command PuiseuxExtensionField[f].
For more details see Appendix 3.A.
Remark 24. As every finite field extension is algebraic, all the elements of the field
extension (and therefore also all the coefficients) of the rational Puiseux series
can be expressed using only roots of suitable polynomials. We can compute them
exactly (symbolically) or at any precision (numerically), according to what is
better for the application.
Example 12 (continued). Consider the Puiseux tree branch B2 . The Newton
polygon of f1,2 consists of only one edge with negative slope represented by
(2, 1, 2, 7 − z), see Fig. 3.3, right. This quadruple will be attached to the node
N2 . Then we get u2 = 0, v2 = 1. The characteristic polynomial h2 has simple
root ϱ2 = 7 and the new polynomial is f2,2 (x, y) = x−2 f1 (x2 /7, x(1 + y)). To the
node C2 we attach the quadruple (7, 1/7, 1, f2,2 ). As ϱ2 was simple, the following
nodes belong to the regular part of this branch.
Let study the branch B1 . We want to compute the values attached to C1 .
The only root of the characteristic polynomial ϱ1 = 2, u1 = 1, v1 = 0 and the
polynomial f1,1 (x, y) = x−5 f (x, x2 (2 + y)). The quadruple characterizing C1 is
(2, 1, 2, f1,1 ). Again, ϱ1 was simple and therefore C1 is the last C-node in the
singular part of the Puiseux tree branch.
Similarly we inspect the last Puiseux tree branch B3 and we get the singular
Puiseux tree of f as shown in Figure 3.8.
To determine the first three terms of each rational Puiseux series, we need
to compute first 6 nodes of each branch. We have computed values attached to
nodes N1 and C1 of the branch B1 . To C1 is attached quadruple (2, 1, 2, f1,1 ),
where f1,1 (x, y) = 8x − y + . . . (terms of degree at least two) . Using equations
(18) we easily compute p2 = l2 = 1, q2 = 1 and h2 (z) = −z + 8. So the values at
N2 are (1, 1, 1, −z + 8). Following the proof of Def. 22 we have ϱ2 = 8, γ2 = 1,
δ2 = 8 and f2,1 (x, y) = 56x − y + . . . (terms of degree at least two), i.e. the values
at C2 are (8, 1, 8, f2,1 ). Similarly the values at node N3 are (1, 1, 1, −z + 56) and
at C3 are (56, 1, 56, f3,1 ), for f3,1 some polynomial linear in y.
Analogous computations lead to the Puiseux tree in Figure 3.9.
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B1

f
B2

B3

(1, 2, 5, −z + 2)

(1, 1, 4, −(z − 1)2 )

(2, 1, 5, 2z − 2)

(2, 1, 2, f1,1 )

(1, 1, 1, f1,2 )

(1/2, 2, 1, f1,3 )

(2, 1, 2, 7 − z)
(7, 1/7, 1, f2,2 )

Figure 3.8: Singular Puiseux tree of f (x, y) = 2y 5 − xy 3 + 3x2 y 3 + 2x2 y 2 − x5 y 2 −
x3 y + 2x5 .
B1

f
B2

B3

(1, 2, 5, −z + 2)

(1, 1, 4, −(z − 1)2 )

(2, 1, 5, 2z − 2)

(2, 1, 2, f1,1 )

(1, 1, 1, f1,2 )

(1/2, 2, 1, f1,3 )

(1, 1, 1, −z + 8)

(2, 1, 2, −z + 7)

(1, 1, 1, 4z + 8)

(8, 1, 8, f2,1 )

(7, 1/7, 1, f2,2 )

(−2, 1, −2, f2,3 )

(1, 1, 1, −z + 56)

(1, 1, 1, −2z + 12/7)

(1, 1, 1, 4z + 28)

(56, 1, 56, f3,1 )

(6/7, 1, 6/7, f3,2 )

(−7, 1, −7, f3,3 )

Figure 3.9: Puiseux tree representing first three terms of Puiseux series of
f (x, y) = 2y 5 − xy 3 + 3x2 y 3 + 2x2 y 2 − x5 y 2 − x3 y + 2x5 .
Proposition 25. The singular Puiseux tree building algorithm terminates and
finds first terms (corresponding to the singular parts) of all elements of the system
of rational Puiseux series of f .
Proof. The finiteness of the algorithm follows from the finiteness of the singular
Puiseux tree (Def. 22). The proof of correctness can be led by mimicking the proof
of the correctness in [14, Theorem 4] in the terminology of Puiseux trees.

3.2

Properties of curve branches deduced from
Puiseux tree

This section is devoted to the determination of geometric properties and the local
structure of a curve at a given point. Due to the Proposition 23, the local topology
can be deduced using only the singular Puiseux tree.
Section 3.2.1 focuses on geometric characteristics. We describe how to find
the local parametrization, tangent line and curvature of a given branch at a
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given point. We also gives criteria to test whether the branch is real, singular or
inflection.
Following sections study the position of the (half)branches at a given point
– absolute in Section 3.2.2 and relative in Section 3.2.3. In more details, in
Section 3.2.2, using only first two floors of Puiseux tree, we can very effectively
choose two quadrants, where the given branch can lie. Among them we choose the
exact quadrant for each halfbranch. It depends on the first term of the Puiseux
series and therefore on the singular part of the tree branch.
In the last section (3.2.3) we use the Puiseux tree to find the mutual position
of the halfbranches, i.e. their clockwise order.

3.2.1

Geometric characteristics

In this section we describe how to read from the Puiseux tree some local geometric
characteristic of the given curve at the given point. From the first few nodes of
the Puiseux tree we are able to compute the local parametrization, tangent lines,
curvature. We can also decide whether a branch is real, singular or inflection.
Everything is illustrated on the Puiseux tree constructed in the previous section
(Example 12).
Parametrization
Sometimes we need to get the parametrizations of the local branches at the
given point. We tried to give as explicit formula as possible (in contrast with
[14], where the formulas cover page and half).
Proposition 26. Let B = (f, N1 , C1 , N2 , C2 , . . . , Nw , Cw ) be a part of a Puiseux
tree branch of f and its singular part have length 2k0 and w > k0 . The rational
Puiseux series of the curve branch is
⎡

B(t) = [x(t), y(t)] = ⎣λtn ,

k0
∑

ξj tcj +

j=1

where

k0
∏

λ=

∏k−1

γk

i=1

qi

ξj = δj

χj = δj

⎛

k0
∏

⎝
l=1

k0
∏

⎝
l=1

k0
∏

⎛

n=

,

k=l+1

⎞pl

q
i=l+1 i

⎠

,

γk

k0
∏

qk ,

cj =

j
∑

⎛
⎝pi

i=1

k=l+1

∏k−1

(19)

k=1

∏k−1

γk

χj tdj + · · · ⎦

j=k0 +1

k=1
j
∏

⎤

w
∑

⎞pl

q
i=l+1 i

⎠

δj ξk0
,
=
δk0

dj = ck0 +

k0
∏

⎞

qk ⎠ ,

k=i+1
j
∑

pi .

(20)

i=k0 +1

Proof. The proof is technical and it consists of iterative substituting in (14). For
more details see [14].
Example 27. Consider the Puiseux tree of f = 2y 5 − xy 3 + 3x2 y 3 + 2x2 y 2 − x5 y 2 −
x3 y + 2x5 , its singular subtree is in Fig. 3.8 and its first six floors in Fig. 3.9. The
curve itself an the graphs of its branches are in Figure 3.1.
Using Proposition 26 we get Puiseux series
its three branches.
For B1 we
[ 2 of
]
2
3
4
get [t, 2t2 + 8t3 + 56t4 + . . . ], for B2 we get t7 , t7 + t7 + 6t49 + . . . and for B3 we
get [2t2 , t − 2t2 − 7t3 + . . . ].
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The first terms of the Puiseux series of the branches of f through the point
[x0 , y0 ] can be obtained using our Mathematica package Puiseux by the command
PuiseuxExpansion[f, {x0 , y0 }]. For more details see the documentation in Appendix 3.A.
Real branches
When drawing the curve or determining its topology, we are interested only
in its real branches. They can be efficiently identified by scanning the singular
Puiseux tree.
Proposition 28. Let B = (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ) be the singular part of
a Puiseux tree branch. The corresponding curve branch of f is real if every root
ϱi attached to node Ci , i = 1, 2, . . . , k0 is real.
Proof. The branch is real if every coefficient of its rational Puiseux series is real
(due to Theorem 15). These coefficients are contained in the field extension
K(γ1 , δ1 , γ2 , δ2 , . . . , γk0 , δk0 ) due to the Definition 22. As the generators of the
extension has the form γi = ϱ−v
and δi = ϱui , the extension is real if and only if
i
every ϱi , i = 1, 2, . . . , k0 is real.
Example 27 (continued). Using previous proposition we can deduce that Cf has
three real branches going through the origin. More precisely for B1 we have
ϱ1 = 2 ∈ R, for B2 we have {ϱ1 , ϱ2 } = {7, 1} ⊂ R and for B3 is ϱ1 = 1/2 ∈ R.
Tangent and normal vectors
When we are studying the curve locally, the first order characteristic (and
most visible for a nondevoted observer) are tangent lines. They can be determined
using only first two floors of the Puiseux tree. The tangent line may be defined
by one its point and its (nonoriented) normal vector n. So, it the later text,
we focus on the normal vectors of the curve. The normal vector occurs more
naturally in the support function representation of curves, widely used in the rest
of the thesis.
Let B = [x(t), y(t)] be a parametrization of a curve branch through the origin. Its tangent vector is t = (xt (t), yt (t)). The nonoriented normal vector is
perpendicular to t, so n = (−yt (t), xt (t)). Its slope at the branch center can be
computed as
xt (t)
.
tan α = lim −
t→0
yt (t)
If the orientation of n is not important, we can choose α ∈ (−π/2, π/2] . Then
the unit nonoriented normal vector is n = (cos α, sin α).
Proposition 29. Let f, N1 , C1 be first three nodes of the Puiseux tree branch.
Denote s the slope of the Newton polygon edge represented by N1 . The conditions
in every row are equivalent.

q1 < p1
q1 > p1
q1 = p1

slope of Newton
polygon edge
s = −p/q ∈ . . .
(−∞, −1)
(−1, ∞) − {0, 1}
{−1, 1}

slope of normal
vector n
tan α
±∞
0
−γ1 /δ1 =
= −1/ϱ1
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nonoriented unit
normal vector
n
(0, 1)
(1, 0)
(cos α, sin α)
α ̸= kπ, k ∈ Z

Proof. First we prove that the conditions in first two columns are equivalent.
Recall that q1 > 0. The slope s = −p1 /q1 < −1 if and only if q1 < p1 . s ∈ (−1, 0)
if and only if p1 is positive (q1 is always positive) and q1 > p1 . Finally s > 0 if
and only if p1 is negative, therefore p1 < q1 . Last case p1 = q1 arises if and only
if the slope of the Newton polygon edge is s = ±1.
The equivalence of the conditions in the first and the third column follows from
direct computations below. Note that, we use the parametrization computed by
Proposition 26, including the definition of symbols λ, n, ξ, c, χ, d.
−λ ntn−1

tan α = lim

k0
t→0 ∑
j=1

−⎝
t→0

χj dj tdj −1

j=k0 +1

⎛

= lim

w
∑

ξj cj tcj −1 +

−λntn−1
=
t→0 ξ1 c1 tc1 −1 + O(tc1 )

= lim

k0
∏

∏k−1

γk

i=1

⎞⎛
qi

⎠⎝

k=1

⎛

δ1 ⎝

k0
∏

p1
γk

∏k−1
i=2

k=2

⎛

k0
∏

⎞ (
)
∏k0
−1
q
k
qk ⎠ t k=1

k=1

⎞⎛
qi

k0
∏

⎠ ⎝ p1

⎞ (
)
∏k0
qk −1
p1 k=2
qk ⎠ t

=
+ O(t )
c1

k=2

⎞

k0
∏k0
γ1 ∏
q1
= − ⎝ γkq1 −p1 ⎠
lim t(q1 −p1 ) k=2 qk
δ1 k=2
p1 t→0

While determining N2 , we have found u1 , v1 ∈ Z such that u1 q1 + v1 p1 = 1.
In the case p1 = q1 , we have q1 (u1 + v1 ) = 1. As q1 is natural, it have to equal
one and u1 + v1 = 1. The slope of n is therefore
tan α =

1
−γ1
−ϱ−v
1
1 −u1
=
= −ϱ−v
= −ϱ−1
1
1
δ1
ϱu1 1

(21)

The equivalence of the conditions in the third and the fourth column follows
immediately from the definition of the slope.
The following corollaries are straightforward consequences of this proposition.
Corollary 30. If two branches have identical first two inner nodes of the Puiseux
tree (same Newton polygon edges, same root of the characteristic polynomials),
they have same tangents.
Corollary 31. Assume that a curve at a given point has two branches with coinciding tangents, which are not horizontal nor vertical. These two branches
correspond to the same N1 node (1, 1).
Example 27 (continued). First branch has q1 = 1, p1 = 2. As q1 < p1 we have
the nonoriented normal n = (0, 1). Second branch has q√
p1 = 1, its slope is
1 =√
therefore tan α = −1 and the nonoriented normal n = (− 2, 2)/2. Last branch
B3 has 2 = q1 > p1 = 1 and the nonoriented normal n = (1, 0).
Note that this section is coherent with Section 2.3.2. If the lowest order term
of f is an xn , n > 0, then the edge of the Newton polygon has slope greater than
−1 and the tangent line has equation x = 0. If the lowest order term of f is
an y n , n > 0, then the slope of the Newton polygon edge is lower than −1 and
the tangent line is y = 0. If there are more terms of the lowest order, they form
a homogeneous polynomial and the tangent vector has an arbitrary direction.
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Outer normal vector
Indeed, the singular Puiseux tree can be exploited to define an orientation of
the normal vector. In the following paragraphs we define outer normal vector,
which always points in the halfspace defined by the tangent line not containing
th curve.
It is clear that some branches lie in both halfspaces defined by the tangent
line (particularly singular and inflection branches). This problem can be fixed by
dividing each branch into two halfbranches (see Def. 8). Then every halfbranch
lies in one halfspace defined by the tangent line, see Fig. 3.10
Definition 32. Let B be a halfbranch of the curve Cf at its point P . We say
that the normal vector n is outer normal to B at P if and only if there exists
some neighborhood U of P , such that ∀ Q ∈ U ∩ Cf : Q · n > P · n.
n
P

Figure 3.10: The outer normal to a curve halfbranch.
In the language of the Puiseux series the definition can be reformulated as:
Proposition 33. Assume that B(t) = [x(t), y(t)] is a curve branch and its tangent line trough its center has equation n1 x + n2 y + h = 0. We say that (n1 , n2 )
is outer normal to halfbranch B ± at its center if and only if
lim sign(n1 x(t) + n2 y(t) + h) = −1.

t→0±

The outer normal can be found using the singular Puiseux tree. The following
proposition shows how. Without loss of generality we assume that the halfbranch
is positive, to find the outer normal to the negative halfbranch, we have to use
the substitution t → (−t).
Proposition 34. Let B = (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ) be the singular part of
a Puiseux tree branch and B(t) its parametrization as in (19). The outer normal
to the halfbranch B(t)+ is n = w·(−yt , xt )/||(xt , yt )||, where w = sign(ξ1 λ(p1 −q1 ))
if p1 ̸= q1 and w = sign(ξ2 λp2 )) when p1 = q1 .
Proof. From the previous paragraphs we know that the nonoriented unit normal
is n = (−yt , xt )/||(xt , yt )||. To find the right orientation we have to find the sign
of A = −yt x + xt y + h. As we have assumed that the branch is centred at the
origin, we have h = 0.
⎛

A = −yt x + xt y = − ⎝

k0
∑

⎞

ξj cj tcj −1 ⎠ · λtn + λntn−1 ⎝

j=1

=

k0
∑

⎛

k0
∑

⎞

ξj tcj ⎠

j=1

ξj λ(n − cj )tn+cj −1

j=1
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(22)

The sign of A is influenced only by the term of the lowest degree. We distinguish two cases according to n − c1 vanishes or not. Because
k0
∏

n − c1 =

qk − p1

k0
∏

qk = (q1 − p1 )

qk ,

k=2

k=2

k=1

k0
∏

we have n − c1 if and only if q1 − p1 = 0.
∏ 0
qj > 0. We have also supposed
Assume that q1 ̸= p1 . As qi > 0 we have kj=2
n+c1 −1
that t > 0, so t
is positive. Therefore sign(A) coincides with the sign of the
term of lowest order and we have
sign(A) = sign(ξ1 λ(n − c1 )tn+c1 −1 ) = sign(ξ1 λ(q1 − p1 )) = −w.
If it is w = 1, we have chosen the right orientation of the normal (−yt , xt ),
otherwise, we have to reverse it.
In the case q1 = p1 , we have the lowest order term ξ2 λ(n − c2 )tn+c2 −1 . We can
rewrite it using
n − c2 =

k0
∏

⎛

qk − ⎝p1

k=1

k0
∏

qk + p2

k=2

= ((q1 − p1 )q2 − p2 )

k0
∏

⎞

qk ⎠ = (q1 q2 − p1 q2 − p2 )

k=3
k0
∏

k0
∏

qk

k=3

(23)

qk .

k=3

As q1 − p1 = 0 and

∏k0

j=3 qj

> 0, we have

sign(A) = sign(ξ2 λ(n − c2 )tn+c2 −1 ) = −sign(ξ2 λp2 ) = −w.
In the same way as in the first case, we obtain the statement of the proposition.

Curvature
The second order characteristic is the curvature. The curvature of a curve
branch can be determined using first two derivatives, i.e. using the singular part
of the Puiseux tree branch.
Proposition 35. Let B = (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ) be the singular part
of a Puiseux tree branch. We define symbols λ, n, ξi , ci as in (20). The signed
curvature κ at the origin is computed in the cases of n, c1 as follows.
• n = c1 = 1 and c2 = 2, then κ =

2|λξ1 |
(λ2 +ξ12 )3/2

• n = c1 = 1 and c2 > 2, then κ = 0
• n = c1 > 1, then κ = ∞
• n > 2c1 , then κ = 0

• c1 > 2n, then κ = 0

• n = 2c1 , then κ =

• c1 = 2n, then κ =

2|λ|
ξ12

• c1 < n < 2c1 , then κ = ∞

2|ξ1 |
λ2

• n < c1 < 2n, then κ = ∞.
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Proof. The curvature of a parametric curve is given by formula (see Section 2.2.3)
κ=

|xt ytt − yt xtt |
.
(x2t + yt2 )3/2

We get xt = λntn−1 , xtt = λn(n − 1)tn−2 if n ≥ 2 and xtt = 0 if n = 1. And
∑ 0
∑ 0
yt = kj=1
ξj cj tcj −1 , ytt = kj=1
ξj cj (cj − 1)tcj −2 . Substituting into the curvature
formula we get:
κ= (

⏐
(∑
⏐
k0
⏐λn
j=1 cj (cj

(λntn−1 )2

+

)⏐
⏐

− n)ξj tn+cj −3 ⏐
)2 )3/2
k0
c
−1
j
j=1 cj ξj t

(∑

We are looking for the curvature at the origin, so we have to study the limit
value κ0 = limt→0 κ. Then the numerator and the denominator behave as the
smallest power of t.
In the case n = c1 = 1, the numerator behaves as λc2 ξ2 (c2 − 1)tc2 −2 and the
denominator as the constant (λ2 + ξ12 )3/2 . So the first two cases follows.
If c1 > 1 xor n > 1 the numerator behaves as λnc1 ξ1 (c1 − n)tn+c1 −3 and the
denominator as λ3 n3 t3n−3 when n < c1 and as c31 ξ13 t3c1 −3 when c1 < n.
Assume that c1 < n (the case n < c1 is analogous). The curvature κ0 = 0
when n + c1 + 3 > 3c1 − 3, i.e. n > 2c1 . Similarly κ0 = ∞ when n < 2c1 . It
remains to compute κ0 when n = 2c1 :
κ0 =

|λ · 2c1 · c1 · ξ1 · (−c1 )t3c1 −3 |
2|λ|
= 2 .
3 3 3c1 −3
|c1 ξ1 t
|
ξ1

The last case is n = c1 > 1. Here the smallest degree of the numerator
(2n − 3) is smaller than the smallest degree of the denominator (3n − 3), therefore
κ0 = ∞.
Corollary 36. Suppose that a Puiseux tree branch has singular part of length 2.
In the case (q1 , p1 ) = (1, 2) the curvature of the corresponding curve branch at the
origin is κ = 2|ϱ1 |. In the case (q1 , p1 ) = (2, 1) is κ = 2|ϱ1 |−1 .
Proof. When the singular part of a Puiseux tree branch has length 2, we have
n = q1 , c1 = p1 , ξ1 = δ1 , λ = γ1 . In the first case we have u = 1, v = 0 and
therefore ξ1 = ϱ1 , λ = 1 and κ = 2|ξ1 |/λ2 = 2|ϱ1 |. In the second case u = 0, v = 1,
2
−1
ξ1 = 1, λ = ϱ−1
1 and κ = 2|λ|/ξ1 = 2|ϱ1 | .
Example 27 (continued). For the first branch B1 we have n = 1, c1 = 2, so
c1 = 2n and κ = 2|ξ1 |/λ2 = 2δ1 /γ1 = 4. The branch B2 has n = c1 = 2
and its curvature is infinite. Last branch B3 has 2 = n = 2 · c1 = 2 · 1 and
κ = 2|λ|/ξ12 = 2|γ1 |/δ12 = 2 · 2 = 4.
Singular branches
Using the singular Puiseux tree we can find also singular branches. The centre
of the singular branch is a cusp point. If there is no other branch at the given
point, it is also cusp of the curve (for definitions see Section 2.4.2).
Proposition 37. Let B = (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ) be the singular part
of a Puiseux tree branch. The corresponding curve branch is singular of order
m > 1 if and only if it arises one of the following cases:
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0
• p1 ≥ q1 and m = kk=1
qk or,
∏k0
• q1 ≥ p1 and m = p1 k=2 qk .

∏

Proof. From the definition (in Section 2.4.2) follows that the rational Puiseux
∑
i
series of a singular branch of order m may have the form either [λtm , ∞
i=m bi t ]
∑
∞
i
n
or [λt , i=m bi t ] for n > m and bm ̸= 0.
∏ 0
As ∀ i ∈ N : pi , qi ̸= 0, the first case arises when n = kk=1
qk = m and
∏k0
c1 = p1 k=2 qk ≥ m, which is equivalent to the claim of the proposition. Second
case is analogous.
Example 27 (continued). The branch B2 has q1 · q2 = 2 > 1 and p1 = q1 = 1, so
it is singular of order 2.
Inflection branches
In the determination of the global analytical structure of the curve (in Chapter 4), the inflections occurs as natural breaking points. Here we describe how to
identify the inflection branches using the singular Puiseux tree.
Proposition 38. Let B = (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ) be the singular part of
a Puiseux tree branch. The corresponding curve branch is an inflection branch if
and only if
0
qk ≥ 2 or
• p1 ̸= q1 and s = |p1 − q1 | kk=2
∏k0
• p1 = q1 and s = p2 k=3 qk ≥ 2.

∏

Proof. The local parametrization of the singular part of the branch B using
Proposition 26 is [λtn , ξ1 tc1 + ξ2 tc2 + · · · + ξk0 tck0 ]. If p1 ̸= q1 , then n ̸= c1 and the
∏ 0
class of B equals to s = |n − c1 | = |p1 − q1 | kk=2
qk . If p1 = q1 , the branch order
is n = c1 . The order of the tangent line at B is then c2 and the class of B equals
∏ 0
to s = c2 − c1 = p2 kk=3
qk . Now, the statement of the proposition follows from
the definition of the inflection branch as a branch having class at least 2.
Example 27 (continued). For B1 we have 2 = p1 ̸= q1 = 1 and s = 1 < 2. Similar
situation is for B3 . For B2 we have p1 = q1 and s = p2 = 1 < 2. Therefore the
curve has no inflection branch at the origin.

3.2.2

Position of branches in quadrants

In this subsection we describe in which quadrants a given branch can lie. We
obtain this information very quickly from the first two inner Puiseux tree nodes.
The disadvantage is that the found quadrants are only possible ones, i.e. the
branch can lie in only one or in both of them.
In which of possible quadrants the branch really lies can be decided from the
first term of the Puiseux series. We extract this information directly from the
singular part of the Puiseux tree branch without computing the Puiseux series
explicitly.
Assume that the quadrants are numbered as usual (x, y > 0 has number one
and then couterclockwise), see Fig. 3.11.
The topology at a regular point is trivial. We are interested in the local
topology in singular points, where should pass more branches.
Possible quadrants of curve branch
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2

1

3

4

Figure 3.11: Standard numbering of quadrants

Two quadrants where the branch may lie are the quadrants of the tangent line
trough its center and can be found using the following proposition:
Proposition 39. Let B be a Puiseux tree branch (f, N1 , C1 , N2 , C2 , . . . ) of a real
curve branch. Nodes N1 (more precisely p, q) and C1 (more precisely the sign
of ϱ) determine the position of B as stated in Table 3.1.
Table 3.1: Local position of a given curve branch using first two inner nodes of
the Puiseux tree branch.
q

sign(ϱ) possible quadrants

p

odd odd
odd odd
even odd
even odd
odd even
odd even

+
−
+
−
+
−

1&3
2&4
1&4
2&3
1&2
3&4

Proof. The local parametrization of B using the first N and C-node is
[γ1 tq1 , δ1 tp1 ].

(24)

The parametrization using the whole singular part of the tree branch has the
form
[γ1 xq11 , δ1 xp11 + xp11 y1 ],
(25)
where
x1 = λ1 t

n1

and y1 =

k0
∑

ξ1j t , and λ1 =
c1j

j=2

ξ1j = δj

j
∏

⎛

k0
∏

⎝
l=2

∏k−1

γk

i=2

qi

, n1 =

k=2

∏k−1

γk

k0
∏

⎞pl

q
i=l+1 i

⎠

,

c1j =

qk ,

k=2
j
∑
i=2

k=l+1

k0
∏

⎛
⎝ pi

k0
∏

⎞

qk ⎠ .

(26)

k=i+1

Note that the regular part of the tree branch has no effect on the topology (see
Prop. 23). The position in quadrants is given by the sign of the x-coordinate
(γ1 xq11 ) and the sign of the y-coordinate, which is near zero influenced only by
the first term δ1 xp11 .
From (24) and (25) it is clear that the local parametrization corresponding to
the first two nodes really approximate the position of the branch near the origin.
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When the signs of x1 for t positive and negative are different the branch lies in
both quadrants. When the signs are equal, the branch lies in only one of the
given quadrants.
In order to simplify the formulations, we denote [Bx , By ] = [γtq , δtp ]. Recall
that γ = ϱ−v and δ = ϱu . We distinguish 3 cases according to parities of q and
p. In every case we consider only ϱ < 0, the case ϱ > 0 is analogous. Denote
s = sign(ϱ) = −1.
Case p and q odd
We need to find the signs of γ and δ.
sign(γ) = sign(ϱ−v ) = sign(ϱ−vp )
sign(δ) = sign(ϱu ) = sign(ϱuq )
Using the fact that uq + vp = 1 we have
sign(γ) sign(δ) = sign(ϱ−vp ) sign(ϱuq ) = sign(ϱ−vp ) sign(ϱ1−vp ) = −1
The last equation follows from the fact that the difference between −vp and
1 − vp is 1 and therefore one term is odd and one even. We have to distinguish
two cases:
sign(ϱ−v )

sign(ϱu )

−1
1

1
−1

Bx
−
+

t>0
By quadrant
+
2
−
4

Bx
+
−

t<0
By quadrant
−
4
+
2

In both cases the branch has position 2&4.
Case q even and p odd
As in the previous case sign(γ) = sign(ϱ−v ) = sign(ϱ−vp ) and because q is
even, we have sign(ϱuq ) = 1. Then
sign(γ) = sign(ϱ−vp ) sign(ϱuq ) = sign(ϱ−vp ) sign(ϱ1−vp ) = −1
So, we have two possibilities:

u

sign(ϱu )

even
odd

1
−1

Bx
−
−

t>0
By quadrant
+
2
−
3

Bx
−
−

t<0
By quadrant
−
3
+
2

In both cases the branch has position 2&3.
Case q odd and p even is analogous to the previous one.
Case q and p even can not arise, because it is in the contradiction with the
irreducibility of the Puiseux series.
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Example 27. Recall that the curve Cf has three real branches through the origin.
The branches are in Fig. 3.12. The first branch is solid, the second is dashed and
the third is dotted.
First branch has first two nodes N1 = (1, 2, 5, −z +2), C1 = (2, 1, 2, f1,1 ), more
explicitly q = 1 is odd, p = 2 is even, ϱ = 2 is positive and therefore the branch
may lie in quadrants 1 and 2.
Similarly branch B2 has first two inner nodes (1, 1, 4, −(z − 1)2 ), (1, 1, 1, f1,2 ),
i.e. q = 1 is odd, p = 1 is odd, ϱ = 1 is positive and the branch has position 1 & 3.
Third branch has nodes N1 = (2, 1, 5, 2z − 2), C1 = (1/2, 2, 1, f1,3 ), i.e. q = 2
is even, p = 1 is odd, ϱ = 1/2 is positive and the branch has position 1 & 4.
Every branch can lie in both possible quadrants but does not have to. To
decide it we exploit the entire singular part of the Puiseux tree branch. From the
proof of Proposition 39 follows that the situation is clear when the singular part
of the Puiseux tree branch has length 3:
Corollary 40. Let B be a real curve branch having the singular part of the
Puiseux tree branch of height 3. Then the branch B lies in both quadrants given
by Prop. 39.
Example 27 (continued). The singular part of the first and the third tree branch
has height 3. Due to Corollary 40 the first branch pass through both quadrants
1 and 2 and the third branch pass through quadrants 1 and 4.
Exact quadrant of curve halfbranch
If the singular part of the tree branch has more than three nodes, it is possible
that the curve branch lies only in one of the quadrants given by Prop. 39. In
the propose to study the exact quadrants, it is useful to divide each branch into
two halfbranches (see Definition 8). For a parametrized branch B, we have two
natural halfbranches B + and B − corresponding to the signs of the parameter.
Proposition 41. Let B be a real curve branch having singular part of the Puiseux tree branch (f, N1 , C1 , N2 , C2 , . . . , Nk0 , Ck0 ). The halfbranch B + lies in the
quadrant given by the signs of λ and ξ1 (defined in (20)), see Table 3.2.
Table 3.2: Exact position of curve halfbranches depending on signs of λ and ξ1 .
λ

ξ1

quadrant

+
+
-

+
+
-

1
2
4
3

The signs of λ and ξ1 depends only on the signs of γi , δi and parities of pi , qi ,
for i = 1, 2, . . . , k0 .
Remark 42. Note that the proposition assume positive parameter values. If we
are studying B − , we can substitute t̃ = −t and work with the modified lo∑ 0
cal parametrization. More precisely if B = [λtn , kk=1
ξk tck ] is the local branch
parametrization, the halfbranch corresponding t < 0 has the parametrization
∑ 0 ˜ c
B − = [λ̃t̃n , kk=1
ξk t̃ k ] with t̃ > 0 and λ̃ = (−1)n λ and ξ˜k = (−1)ck ξk .
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π2

π1

y

π3

π4

x
π5
π6
Figure 3.12: Numbering of halfbranches.
Example 27 (continued). The singular part of the branch B2 is (f, N1 = (1, 1, 4,
−(z − 1)2 ), C1 = (1, 1, 1, f1,2 ), N2 = (2, 1, 2, −z + 7), C2 = (7, 1/7, 1, f2,2 )). For
B + , we have γ1 , γ2 , δ1 > 0 . So λ, ξ1 > 0 and B2+ lies in the first quadrant.
As q2 = 2 is even, we have n, c1 even and B2− lies also in the first quadrant.

3.2.3

Clockwise order of halfbranches

Using the singular Puiseux tree it is also possible to resolve the relative position
of the halfbranches of a curve at a given singular point. We find their clockwise
order on the right side (quadrants 1, 4) and left side (quadrants 2, 3) of the point
separately. In this section (without loss of generality) we restrict ourselves to the
case of the quadrants 1 and 4. The case of quadrants 2, 3 is analogous.
To deduce the order of the halfbranches we need to number them. One natural
numbering follows from previous section - let the branch Bi (numbered in the
Puiseux tree from the left) consists of the halfbranches Bi+ = π2i−1 and Bi− = π2i .
It is useful to define for every halfbranch πj the associated function Qj which
returns the number of the quadrant of the branch πj .
Definition 43. Let πi , πi′ be halfbranches centred at [x0 , y0 ]. Consider them as
the analytic functions y = φi (x) and y = φi′ (x) on some neighbourhood U of x0
(see Theorem 6, Section 2.4.2). We say that πi < πi′ if there exists a neighborhood
V ⊂ U of x0 such that ∀ x ∈ V : φi (x) < φi′ (x).
Suppose that Qi = 4 and Qi′ = 1. It is clear that πi < πi′ . Otherwise both
compared curve branches are in the same quadrant and their position is deduced
due to the following scheme.
Proposition 44. Assume that the parametrizations of the halfbranches using
theirs singular parts of the tree branches are:
πi = [Bi,x , Bi,y ] =

[λi tni i ,

ki,0
∑
k=1
kj,0

n

πj = [Bj,x , Bj,y ] = [λj tj j ,

∑
k=1
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c

ξi,k ti i,k ] ti > 0
c

ξj,k tjj,k ] tj > 0.

Let πi and πj lie in the same quadrant. Denote c̃j,k = (ni /nj )cj,k for every
k = 1, 2, . . . , kj,0 and w = (λi /λj )1/nj . The position of πi and πj is given by the
following scheme
• If ci,1 < c̃j,1 and (a) ξi,1 > 0 then πi > πj .
(b) ξi,1 < 0 then πi < πj .
• If ci,1 > c̃j,1 and (a) ξj,1 wcj,1 > 0 then πi < πj .
(b) ξj,1 wcj,1 < 0 then πi > πj .
• If ci,1 = c̃j,1 and (a) ξi,1 < wcj,1 ξj,1 then πi < πj .
(b) ξi,1 > wcj,1 ξj,1 then πi > πj .
(c) ξi,1 = wcj,1 ξj,1 , repeat this decision procedure with
ci,2 , cj,2 (resp. ci,k+1 , cj,k+1 ).
Proof. We consider same (infinitesimal) values of Bi,x (ti ) and Bj,x (tj ) and we ask
whether Bi,y (ti ) is greater than Bj,y (tj ) or vice versa. From Bi,x (ti ) = Bj,x (tj ),
n /n
n /n
we can deduce that tj = (λi /λj )1/nj ti i j = wti i j . The inequality πi > πj holds
n /n
if and only if limti →0+ sign(Bi,y (ti ) − Bj,y (wti i j )) = 1. We have
⎛
n /nj

lim+ sign(Bi,y (ti ) − Bj,y (wti i

ti →0

)) = lim+ sign ⎝
ti →0

⎛

ki,0

= lim+ sign ⎝

∑

ti →0

⎛

= y→∞
lim sign ⎝

k=1

⎛

c

k=1

c

ξi,k ti i,k −

∑

⎞

kj,0
∑

ξi,k ti i,k −

c

ξj,k tjj,k ⎠ =

k=1

⎞

kj,0

k=1

ki,0
∑

ki,0
∑

c

ξj,k wcj,k ti j,k

·ni /nj

⎠

=

k=1

ξi,k

1
y ci,k

−

kj,0
∑

ξj,k wcj,k

k=1

1

⎞

y cj,k ·ni /nj

⎠

=

⎞

′

1
= lim sign ⎝
(χi,k − χj,k )⎠ ,
k
y→∞
y
k=m
m
∑

k=1,...,k

k=1,...,k

i,0
i,0
(ci,k , cj,l · ni /nj )
(ci,k , cj,l · ni /nj ), m′ = maxl=1,...,kj,0
where m = minl=1,...,kj,0

n /nj

and χi,k , χj,k are the coefficients of tki in Bi,y (ti ) resp. Bj,y (wti i
Let o be the smallest number for which χi,o ̸= χj,o . Then
lim sign(Bi,y (ti ) −

ti →0+

n /n
Bj,y (wti i j ))

).

1
= lim sign o (χo − χ′o ) .
y→∞
y
(

)

The careful analysis of the last formula gives the statement of the proposition.
Naturally, to handle the halfbranch corresponding to the negative values of
the parameter, we can apply the same substitution as in Remark 42.
Example 27 (continued). We denote π1 , π2 the halfbranches of the first branch.
The associated functions are Q1 = 1, Q2 = 2. Let B2+ = π3 , B2− = π4 . The
corresponding values are Q3 = 1, Q4 = 1. The halfbranches of the third branch
are π5 , π6 , they have Q5 = 1, Q6 = 4. The notation is marked in Figure 3.12.
On the left side of the origin is only one branch π2 . On the right side, we
have five halfbranches. Only one branch π6 is in the quadrant 4. The rest of the
halfbranches is in the first quadrant.
Their position is the following:
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• π5 > π3 because n5 = n3 = 2 and c5,1 = 1 < 2 = c̃3,1 and ξ5,1 = 1 > 0.
• π3 > π4 because n3 = n4 = 2, c3,1 = c̃4,1 = 2, w = 1 and ξ3,1 = ξ4,1 , but
c3,2 = c̃4,2 = 3 and ξ3,2 = 1/7 > −1/7 = (−1)3 1/7 = ξ4,2 .
• π4 > π1 because c4,1 = 2 < 4 = c̃1,1 and ξ1,1 = 1/7 > 0.

3.3

Curves given by Puiseux tree

The main goal of this section is to construct a curve having at the origin any
prescribed singularity. One prescribed singularity can be presented on many algebraic curves. Singular Puiseux trees of theirs polynomials coincide in many
values. We define qualitative Puiseux tree, which is identical for such polynomials. Once given properties of curve branches at the singularity, we first build
(one of many) qualitative Puiseux tree satisfying them. Then we compute (one
of many) polynomial representing an algebraic curve having the prescribed qualitative Puiseux tree. This procedure allows us to generate various "interesting"
algebraic curves.
The relation between the singular Puiseux tree and geometric characteristics
was described in Section 3.2.1. It is exploited in Section 3.3.1 to construct a qualitative Puiseux tree of a curve having singularity with given properties. Section
3.3.2 is devoted to the properties of the Puiseux tree which allow us to formulate
the necessary and sufficient condition for a tree to be a qualitative Puiseux tree
of a polynomial. Last section (3.3.3) is focused on an algorithm which constructs
a curve having the prescribed qualitative Puiseux tree. Naturally everything is
illustrated on an example.

3.3.1

Puiseux tree with given properties

In this section we define qualitative Puiseux tree. On an example we demonstrate
how to use the theoretical background is given in Section 3.2.1 to construct a
qualitative Puiseux tree of a singularity with given properties.
Definition 45. The qualitative Puiseux tree of a polynomial f is the singular
Puiseux tree having at each N -node attached
• (q, p) describing the slope of the Newton polygon edge and
• m – the horizontal length of the Newton polygon edge.
At each C-node the following values are attached
• ϱ - the root of the characteristic polynomial
• r - the multiplicity of ϱ.
Remark 46. Note, that we consider only the singular Puiseux tree. Due to Def. 22,
once having a leaf of the singular Puiseux tree Ck , the rest of the Puiseux tree
branch is uniquely determined.
Example 47. Suppose that we want to construct a qualitative Puiseux tree of a
curve having at the origin 5 real branches with the given properties
B1 : vertical normal vector, curvature 1/2
B2 : normal vector slope −1/2, curvature greater than 1
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B3 : normal vector slope −1/2, zero curvature
B4 : horizontal normal, singular, inflection
B5 : horizontal normal, singular, inflection
We start the construction of the qualitative Puiseux tree by normal vectors.
We have three different normal vectors. We use Proposition 29 to determine the
conditions for the first two nodes of each tree branch. The branch having vertical
normal vector can be represented e.g. by N1 node with values (q, p) = (1, 2),
the branches with normal vector slope −1/2 have to be represented by N1 node
having (q, p) = (1, 1) and C1 node having ϱ = 2. The branches with horizontal
normal can have e.g. values at N1 node (3, 2). Such tree is in Fig. 3.13, left.
f

f
(1, 2)

(1, 1)
%=2

(3, 2)

(1, 2)

(1, 1)

% = 1/4, r = 1

%=2

(3, 2)

(1, 1)

(1, 3)

% = 6, r = 1

r=1

Figure 3.13: Qualitative Puiseux trees having prescribed (left) normal vectors
and (right) normal vectors and curvatures.
To have the curvature of B1 equal to 1/2, we can use Corollary 36 and set
the length of the singular part of this tree branch to two. Prescribing the values
(q1 , p1 ) = (n, c1 ) = (1, 2), we have 2ϱ1 = 1/2 and ϱ1 = 1/4.
As B2 and B3 have same nodes N1 and C1 but different curvatures, they have
to differ at the level N2 . To set up the values attached to N2 and C2 we use
Proposition 35. If the singular parts of B2 and B3 have lengths 4, they have
n = c1 = q2 . The branches having n = c1 can have different curvatures only if
n = c1 = 1. Therefore q2 = 1.
• In order that κ > 1, we need 2 = c2 . As c2 = p1 q2 + p2 = 1 + p2 , we have
p2 = 1. Then κ = ϱ · (4/5)3/2 have to be greater than 1. We can set ϱ = 6.
• In order that κ = 0, we need 2 < c2 . Again c2 = 1 + p2 , so we can set
e.g. p2 = 3.
Such qualitative Puiseux tree is in Figure 3.13, right.
∏ 0
∏ 0
The last two branches have ki=1
qi = 2 ki=2
qi ≥ 2 and q1 = 3 ≥ 2 = p1 ,
so they are singular regardless the length of the singular part of the Puiseux
tree branches.
To ensure that they are inflection as well, we use Proposition 38. Because
∏ 0
|q1 − p1 | = 1, we need that ki=2
qi ≥ 2, we can set the length of the singular parts
to 4. N2 may be in common to both branches and it may have attached values
(q, p) = (1, 3). Then the branches have to fork at the level C2 .
The resultant qualitative Puiseux tree having the prescribed singularity at the
origin is in Figure 3.14. There are missing several values. If they are chosen arbitrarily, probably the tree will not be a qualitative Puiseux tree of a polynomial.
How to choose them to obtain a qualitative Puiseux tree of a polynomial we will
show in the following section.
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f
(1, 2)

(1, 1)

% = 1/4, r = 1

%=2

(3, 2)

(1, 1)

(1, 3)

% = 6, r = 1

r=1

(1, 3)
r=1

r=1

Figure 3.14: Quantitative Puiseux tree with given properties of branches at origin.

3.3.2

Properties of qualitative Puiseux tree

In Section 3.1.2, we have mentioned several properties of Newton polygon which
have been exploited to prove the finiteness of the singular Puiseux tree. Here, we
add some more properties which prove the necessity of the condition for a tree to
be a qualitative Puiseux tree of a polynomial. This condition is also sufficient.
Proposition 48. Let the nodes of a tree T have attached values as in Definition 45. The nodes satisfy the following conditions
(a) If C is a leaf of T than r = 1.
(b) If C has children N1 , N2 , . . . , Ns , then

∑s

(c) If C1 , C2 , . . . , Cs are children of N , then

i=1

∑s

mi = r.

i=1 ri

= m/q.

if and only if there exists a polynomial f having T as its qualitative Puiseux tree.
Proof. As by-product of the proof of proposition in Definition 22 we obtain that
every leaf of the singular Puiseux tree has one root of the characteristic polynomial
of multiplicity one, so the necessity of condition (a). Corollary 21 claims the
necessity of (b). It rests to prove the necessity of (c): let N be a node of a
Puiseux tree and C1 , C2 , . . . , Cs be its children. The characteristic polynomial h
has degree m/q, so due to the Fundamental Theorem of Algebra we have that
∑s
i=1 ri = m/q, which is the necessity of condition (c).
The proof of the sufficiency is constructive and it is given by Section 3.3.3.
We mention two interesting properties of the qualitative Puiseux tree of a
polynomial, both of them easily follows from the Proposition 48.
Lemma 49. Let Nk be a N -node of a qualitative Puiseux tree, then
• qk | mk .
• The node Nk corresponds up to mk /qk real branches.
Example 47 (continued). Using the conditions of Prop. 48 we can complete the
rest of values m and r in the tree. The missing ϱ we fill randomly. The result is
in Figure 3.15.
Remark 50. Let stress that the constructed tree is not the only one which represents an algebraic curve having the branches of specified properties. Particularly
because we have done many random choices such as
• the slope of Newton polygon edges of representing B1 , B4 , B5 and the slope
of the second level Newton polygon edges,
• lengths of singular parts of branches (and therefore the multiplicities of ϱ),
• values of ϱ in many nodes, etc.
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f
(1, 2), m = 1

(1, 1), m = 2

(3, 2), m = 6

% = 1/4, r = 1

% = 2, r = 2

% = −1, r = 2

(1, 1), m = 1

(1, 3), m = 1

% = 6, r = 1

% = 3, r = 1

(1, 3), m = 2
% = 1/3, r = 1

% = 1, r = 1

Figure 3.15: Qualitative Puiseux tree having branches of prescribed properties,
see Example 47.

3.3.3

Construction of curve given by its qualitative Puiseux tree

In the previous sections, we have shown how to construct an example (one of
many) of the qualitative Puiseux tree representing a given singularity. In this
section we show how to find an example (again one of many) of a polynomial
having a given qualitative Puiseux tree. We proceed in the three main steps.
(1) Using only the qualitative Puiseux tree T̃ , we compute the parametrization
P̃i of each branch of T̃ .
(2) We use the resultant to compute for each branch from the parametrization
P̃i : x = Bi,x (t), y = Bi,y (t) its local equation fi (x, y) = 0.
(3) The product of polynomials fi of all branches represents a reducible curve
having the prescribed qualitative Puiseux tree. Adding one term, we obtain
an irreducible polynomial having the same qualitative Puiseux tree.
Now, we describe all steps in details. To compute P̃i , we use Proposition 26.
We need values pi , qi , γi , δi , ki,0 . Values pi , qi , ki,0 are given by the qualitative Puiseux tree, the values γi , δi can be uniquely computed. As the given qualitative
Puiseux tree T̃ is finite, the obtained parametrizations are finite, too. Remind
that these parametrizations represent the branches locally, but they are sufficient
to describe all topological qualities of the curve singularity, see Proposition 23.
Every such parametrization has the form Pi (t) = [Bi,x (t), Bi,y (t)]. To find the
explicit equation, we compute the resultant of Bi,x − x and Bi,y − y with respect
to t. The zero set of the obtained polynomial fi (x, y) is the implicit equation of
the given branch (see Section 2.3.5).
In the last step, we assume that the branches are locally represented by ex∏
plicit equations fi (x, y) for i = 1, . . . k̃. Their product f˜ = k̃i=1 fi (x, y) has the
prescribed qualitative Puiseux tree by construction. But we are looking for an
irreducible curve. We show that by adding one term to f˜ we can obtain an
irreducible polynomial having the same qualitative Puiseux tree.
First observe, which terms we can add to the polynomial without changing
the qualitative Puiseux tree. To do so, we need at each N -node the value l,
which delimits the position of the Newton polygon in the coordinate system. The
easiest variant is to assume that every Newton polygon has exactly one vertex
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on each axis. Assume that N -nodes are ordered by the descending slope of the
Newton polygon edges. If the Newton polygon consists of edges N1 , N2 , . . . Nk ,
we compute li , i = 1, 2, . . . , k as follows:
⎛

li = ⎝

⎞

⎞

⎛

pj mj ⎠
qi .
i≤j≤k qj

mj ⎠ pi + ⎝

∑

1≤j<i

∑

Then the terms not disturbing the qualitative Puiseux tree are characterized
by the following proposition:
Proposition 51. Let f˜ ∈ K[x, y] and f = f˜ + cxM y S for c ∈ K and M, S ∈ N0 .
We denote T̃ and T theirs qualitative Puiseux trees, respectively. For a branch
B = (N1 , C1 , . . . , Nk0 , Ck0 ), we denote R1 = q1 S + p1 M − l1 and Ri+1 = qi+1 Ri −
li+1 . Trees T and T̃ are identical if for each branch of T̃ is satisfied
Rk0 > 0.

(27)

To prove this proposition, it will be useful the following lemma:
Lemma 52. Assume the notation as in Proposition 51. For i ≥ 2, the term
cxM y S influences only vertices of Newton graph Ni+1 lying in the triangle ∆i+1
defined by its vertices:
⎛

⎡

[0, Ri ], ⎣0, Ri + S ⎝

i
∑

pk

k=2

⎞⎤

i
∏

⎛

⎡

qj ⎠⎦ , ⎣S, Ri + S ⎝

j=k+1

i
∑

i
∏

pk

k=2

⎞⎤

qj ⎠⎦ .

j=k+1

Proof. In the Newton graph N1 , the term cxM y S influences only the point [S, M ].
In the iteration step, we substitute fi (x, y) := x−li fi−1 (γi xqi , xpi (δi + y)). Therefore, in the Newton polygon N2 , the term cxM y S influences vertices [α, q1 S +
p1 M − l1 ] = [α, R1 ] for α = 0, 1, . . . , S. Similarly, every vertex [α, R1 ] in N2 , influences in N3 vertices [β, q2 R1 − l2 + αp2 ] = [β, R2 + αp2 ] for β = 0, 1, . . . , α. For
α = 0, 1, . . . , S, all such vertices lie in the triangle given by [0, R2 ], [0, R2 + Sp2 ]
and [S, R2 + Sp2 ]. This proves the statement of the lemma for i = 2.
Now, let prove the inductive step. Assume that the vertices influenced by
cxM y S in Ni+1 lie the triangle ∆i+1 . A point of ∆i+1 has the form
⎡
⎣α, Ri

⎛

+⎝

i
∑

βk pk

k=2

i
∏

⎞⎤

qj ⎠⎦ ,

j=k+1

where ∀ k ≤ i : α ≤ βk ≤ S. This point influences vertices
⎡

⎛

i
∑

i+1
∏

⎞

⎤

⎥
⎢
βk pk
qj ⎠ + αpi+1 ⎦
⎣α1 , qi+1 Ri − li+1 + ⎝



k=2
j=k+1
Ri+1

of Ni+2 for α1 = 0, 1, . . . , α. These points lie in the triangle ∆i+2 , which proves
the inductive step as well as the lemma.
Proof of Proposition 51. First observe that if [0, Ri ] does not influence Newton
polygon Ni+1 , then no other vertex in triangle ∆i+1 does not influence it. It is
clear from the definition of the Newton polygon as the lower convex hull.
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Specially, the point [0, Ri ] does not influence the Newton polygon, if it is above
every edge of the Newton polygon, i.e qi+1 Ri > li+1 , equivalently Ri+1 > 0. By
the assumption of the proposition we have Rk0 > 0. It rest to prove Ri > 0 for
0 < i < k0 . If Ri = qi Ri−1 − li > 0, then also Ri−1 > li /qi > 0. Applying this
several times, we have
Ri > 0 for all i = 1, . . . , k0 .
Thus the Newton polygon at any level of the singular Puiseux tree is not influenced by cxM y S as the proposition claims.
Due to Proposition 51, it suffices to choose S and M sufficiently large to do
not influence the qualitative Puiseux tree. Now, let focus on the irreducibility of
the resulting polynomial. To prove it, we use the following proposition, proved
in [37].
Proposition 53. Let f ∈ Q[x, y] have the form f (x, y) = g0 y d + g1 (x)y d−1 +
· · · + gd (x), where g0 is a nonzero constant and gi (x) ∈ Q[x] for i = 1, 2, . . . , d.
Denote
deg gi
.
νy (f ) = max
i=1,2,...,d
i
If νy (f ) = m/d and gcd(m, d) = 1, then f is absolutely irreducible.
Clearly f˜ satisfies assumptions of this proposition as the leading coefficient in
y is the product of leading coefficients in y of all fi . By explicit computation, we
c
get that the leading coefficient of fi (y) is λi ik0 , which does not depend on x.
We want to add xM to f˜ to obtain an irreducible polynomial f . We seek M
in the form M = νy (f˜) · d + N such that
gcd(νy (f˜) · d + N, d) = 1.

(28)

There exist infinitely many such N , because between any d succeeding numbers, there is at least one which has after division by d the remainder one.
Denote N0 the smallest N satisfying (28) and for which xνy (f˜)·d+N does not
influences the qualitative Puiseux tree (Proposition 51). Then f is absolutely
irreducible, because of νy (f ) = (νy (f˜) · d + N0 )/d and Proposition 53, .
Naturally, we can consider the polynomial f˜ as graded in x and similarly, we
find suitable S, for which f = f˜ + y S is irreducible, too.
Example 47 (continued). We demonstrate the algorithm on the tree constructed
in the previous sections. First, we need to complete the remaining parameters
attached to all nodes. Let denote the nodes as in Figure 3.16.
f
N1,1 : (1, 2), m = 1

N1,2 : (1, 1), m = 2

N1,3 : (3, 2), m = 6

C1,1 : % = 1/4, r = 1

C1,2 : % = 2, r = 2

C1,2 : % = −1, r = 2

N2,1 : (1, 1), m = 1

N2,2 : (1, 3), m = 1

C2,1 : % = 6, r = 1

C2,2 : % = 3, r = 1

N2,3 : (1, 3), m = 2
C2,3 : % = 1/3, r = 1

C2,4 : % = 1, r = 1

Figure 3.16: Labeling of nodes of the qualitative Puiseux Tree of Example 47.
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• For N1,1 we have q = 1, p = 2, so u = 1, v = 0. l = (2/1·1+1/1·2+2/3·6)·1 =
8. For C1,1 we have ϱ = 1/4, so γ = 1, δ = 1/4.
• For N1,2 we have q = 1, p = 1, so u = 0, v = 1. l = 1·1+(1/1·2+2/3·6)·1 =
7. For C1,2 we have ϱ = 2, so γ = 1/2, δ = 1.
• For N1,3 we have q = 3, p = 2, so u = 1, v = −1. l = (1+2)·2+(2/3·6)·3 =
18. For C1,3 we have ϱ = −1, so γ = −1, δ = −1.
• For N2,1 we have q = 1, p = 1, so u = 0, v = 1. l = 1 · 1 + 1 · 1 = 2. For C2,1
we have ϱ = 6, so γ = 1/6, δ = 1.
• For N2,2 we have q = 1, p = 3, so u = 1, v = 0. l = 1 · 1 + 1 · 3 = 4. For C2,2
we have ϱ = 3, so γ = 1, δ = 3.
• For N2,3 we have q = 1, p = 3, so u = 1, v = 0. l = 3/1 · 2 · 1 = 6. For C2,3
we have ϱ = 1/3, so γ = 1, δ = 1/3. For C2,4 we have ϱ = 1, so γ = 1, δ = 1.
Then we use Proposition 26 to compute finite local parametrizations of branches:
[

]

t2
P1 (t) = t,
,
4
[
]
t t t2
P2 (t) =
, +
,
12 6
6
[
]
t
P3 (t) = , t + 3t4 ,
2
[
]
t5
3
2
P4 (t) = −t , −t +
,
3
[

]

P5 (t) = −t3 , −t2 + t5 .
Using the resultant, we get theirs explicit equations:
f1 (x, y) = 4y − x2 = 0,
f2 (x, y) = −24x2 − 2x + y = 0,
f3 (x, y) = −48x4 − 2x + y = 0,
f4 (x, y) = x5 + 9x4 + 27x3 + 27x2 + 27y 3 = 0,
f5 (x, y) = x5 + 3x4 + 3x3 + x2 + y 3 = 0.
Theirs product is
f˜ =108y 9 + (−5184x4 − 2619x2 − 432x)y 8 + (125712x6 + 10368x5 + 648x4 + 5292x3 +
+ 432x2 )y 7 + (−31104x8 − 2592x7 − 1184x5 + 252x4 + 432x3 + 216x2 )y 6 +
+ (−5376x9 − 17280x8 − 23452x7 − 19546x6 − 11916x5 − 6966x4 − 864x3 )y 5 +
+ (130368x11 + 429792x10 + 538080x9 + 300544x8 + 41416x7 + 23904x6 +
+ 12312x5 + 864x4 )y 4 + (−32256x13 − 106368x12 − 133056x11 − 73916x10 −
− 9568x9 − 5316x8 − 2480x7 + 468x6 + 432x5 + 108x4 )y 3 + (−192x14 − 2304x13 −
− 11041x12 − 27292x11 − 38553x10 − 34840x9 − 23947x8 − 13212x7 − 4347x6 −
− 432x5 )y 2 + (4656x16 + 56256x15 + 270024x14 + 655588x13 + 852136x12 +
+ 583140x11 + 198856x10 + 48652x9 + 24552x8 + 7020x7 + 432x6 )y − 1152x18 −
− 13920x17 − 66816x16 − 162192x15 − 210628x14 − 143616x13 − 48228x12 −
− 11344x11 − 5868x10 − 1728x9 − 108x8 .
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We compute νy (f˜) as defined in Proposition 53:
νy (f˜) = max (4, 3, 8/3, 9/4, 11/5, 13/6, 2, 2, 2) = 4.
So the first irreducible candidate to have the prescribed qualitative Puiseux tree is
f = f˜+x37 . It is irreducible, because for branches of the qualitative Puiseux tree,
we have B1 : R1 = 1 · 37 − 7 > 0, B2 : R2 = 1 · 30 − 2 > 0, B3 : R2 = 1 · 30 − 4 > 0,
B4,5 : R2 = 1 · 93 − 6 > 0.
Assuming f as graded in x, we have
νx

(f˜)

2
1 1 3 1 4 1 5 2 3 7 7 8 9 8 1 9
= .
= max 0, , , , , , , , , , , , , , , ,
2 3 5 2 7 2 9 3 5 11 12 13 14 15 2 17
3
)

(

The second irreducible candidate to have the given tree is f = f˜ + y 13 . This
polynomial has the required qualitative Puiseux tree as B1 : R1 = 2 · 13 − 7 > 0,
B2 : R2 = 1 · 6 − 2 > 0, B3 : R2 = 1 · 6 − 4 > 0, B4,5 : R2 = 1 · 8 − 6 > 0.
The polynomial f = f˜ + y 13 has smaller degree, so we prefer it. Its Newton
polygon is in Fig. 3.17, left and its branches at the origin are in Fig. 3.17, right.
Indeed, it has the prescribed qualitative Puiseux tree and its branches has the
following Puiseux series:
]

[

B1 :
B2 :
B3 :
B4 :
B5 :

t20
t2
+ ... ,
t, −
4
28991029248
[
]
t
2t6 53t7
4
, t + 3t +
−
+ ... ,
2
81
216
[
]
t t t2
t6
331t7
, + −
−
+ ... ,
12 6
6
1889568 60466176
[
]
t5
t7
t8
3
2
−t , −t + +
+
+ ... ,
3
648 162
[
]
t7
t8
3
2
5
−t , −t + t −
−
+ ... .
648 162

Remark 54. Note, that the constructed polynomial is only one of many polynomials having the prescribed qualitative Puiseux tree or even the prescribed properties, because we can add to it arbitrary many terms, which does not influence
the qualitative Puiseux tree (Prop. 51), neither the properties of the singularity.
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Figure 3.17: (left) Newton polygon of constructed polynomial f and (right) its
branches at origin.
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3.A

Documentation of our package Puiseux

We have not found any implementation of rational Puiseux series as a package to
any common software (Maple, Mathematica, Matlab), so we have implemented
it in Mathematica. The package computes (rational) Puiseux series of a given
polynomial. As the auxiliary procedures, it can also compute and plot the Newton
polygon of the polynomial and the field of coefficients of the Puiseux series. The
package is attached to this thesis and it is also downloadable from www.karlin.
mff.cuni.cz/~eblazkova/Puiseux. The documentation follows.
Puiseux series
The command PuiseuxExpansion generates Puiseux series of a given polynomial
at a given point.
PuiseuxExpansion[f]
[

PuiseuxExpansion f,{x,y}

]

generates list of Puiseux series of branches of f at the origin.
generates list of Puiseux series of branches of f at the point [x, y].

The option Length influences the number of terms of Puiseux series. The
default setting is 6.
In[1]:=
Out[1]=

5
PuiseuxExpansion[2x
- x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 ]
{

{x, 2x2 + 8x3 + 56x4 + 504x5 + 5052x6 + 54080x7 },

x2 x3 6x4 155x5 123x6 93519x7
, + +
+
+
+
,
7 7 7 49
686
343
134456
}}
{
5
6
2
2
3
4 313x
- 1016x
2x , x - 2x - 7x - 28x 2
{ 2
x

In[2]:=

}

PuiseuxExpansion[2x5 - x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 ,
Length -> 3]
{

Out[2]=

In[3]:=

{x, 2x2 + 8x3 + 56x4 },

{ 2
x

x2 x3 6x4
+ +
, {2x2 , x - 2x2 - 7x3 }
7 7 7 49
}

}

,

PuiseuxExpansion[ - 1 - 12x - 10x2 - 4x3 - x4 + 8xy + 4x2 y - 2xy2 - x2 y2 ,
{-1, 2}, Length -> 3]
4
x4 3x6
3x6
2 x
- 1 + x, 2 + x + +
, - 1 + x, 2 - x - 2
8
2
8

{{
Out[3]=

2

} {

}}

Puiseux extension field
The field of coefficients of the Puiseux series is field extension of Q. The adjoined
elements are searched by PuiseuxExtension command. If we are interested only
whether the field of coefficients is subfield of Q, R or C, we may use command
PuiseuxExtensionField.
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PuiseuxExtension[f]
PuiseuxExtensionField[f]

In[4]:=

Out[4]=

In[5]:=

Out[5]=

In[6]:=

Out[6]=

In[7]:=

Out[7]=

generates elements of the field of coefficients
of Puiseux series of f .
returns the smallest field (from Rationals,
Reals and Complex) which contains the field
of coefficients of Puiseux series of f as subfield.

PuiseuxExtension[x2 + y2 + x3 ]
{{i},{- i}}
PuiseuxExtensionField[x2 + y2 + x3 ]
{Complex, Complex}
PuiseuxExtension[2x5 - x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 ]
{{}, {}, {}}
PuiseuxExtensionField[2x5 - x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 ]
{Rationals, Rationals, Rationals}

The possible options for both commands are Series, Length. For the command PuiseuxExtensionField is also possible to set Extension.
Option name Default value
Series
False
set whether the function returns also the Puiseux series of a given branch
Length
3
set the number of terms of the Puiseux series
Extension
False
set whether the function returns also the list
of nonrational coefficients of Puiseux series
In[8]:=

PuiseuxExtension[x2 + y2 + x3 , Series -> True, Length -> 6]
x3 ix4 5x5 7ix6
{i}, ix, x +
+ +
,
2
8 16 128 256
{
{
}}}
ix2 x3 ix4
5x5 7ix6
{i}, - ix, x + +
2
8 16 128 256

{{
Out[8]=

In[9]:=

{

ix2

}}

PuiseuxExtensionField[x2 + y2 + x3 , Extension -> True]

Out[9]=

{{Complex, {i}}}, {Complex, {- i}}}

In[10]:=

PuiseuxExtensionField[x2 + y2 + x3 , Extension -> True,
Polynomial -> True, Length -> 3]
x3
Complex, {i}, ix, x +
+
,
2
8
{
{
}}}
ix2 x3
Complex, {- i}, - ix, x +
2
8
{{

Out[10]=

{

ix2

}}
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Newton Polygon
The package Puiseux can generate the Newton polygon of a given two variables
polynomial (PolygonNewton), its edges (EdgesNewton) and plot it (PlotNewton).
generates the list of edges of Newton polygon of
f . {e1 , e2 , e3 , e4 } represents an edge with the
normal vector (e1 , e2 , −e3 ) and the characteristic
polynomial e4 in the given variable z.
generates the list of edges of the Newton polygon
of f given by the points,
plots the Newton graph and polygon of f

PolygonNewton[f, z]

EdgesNewton[f]
PlotNewton[f]

In[11]:=
Out[11]=

In[12]:=
Out[12]=

In[13]:=
Out[13]=

In[14]:=

PolygonNewton[2x5 - x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 , z]
{{1, 2, 5, 2 - z}, {1, 1, 4, - 1 + 2z - z2 }, {2, 1, 5, - 1 + 2z}}
Factor[%]
{{1, 2, 5, 2 - z}, {1, 1, 4, - ( - 1 + z)2 }, {2, 1, 5, - 1 - 2z}}

EdgesNewton[2x5 - x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 ]
{{{0, 5}, {1, 3}}, {{1, 3}, {3, 1}}, {{3, 1}, {5, 0}}}

PlotNewton[2x5 - x3 y + 2x2 y2 - xy3 + 2y5 - x5 y2 + 3x2 y3 ]
x
5

4

3
Out[14]=

2

1

y
1

2

3

4

5

The following options for the Newton polygon methods are accepted:
Option name
Default Commands
PositiveSlope True
PolygonNewton, EdgesNewton, PlotNewton
All
True
EdgesNewton, PlotNewton
PositiveSlope
When this option is True the Newton polygon will contain all edges including
the edges with the positive slope. The value False will disable the edges of the
Newton polygon with positive slope. The default value is False.
In[15]:=

PlotNewton[y2 - 2x3 + xy3 ]
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x
3

2
Out[15]=

1

y
1

In[16]:=
Out[16]=

In[17]:=

2

3

PolygonNewton[y2 - 2x3 + xy3 , z]
{{2, 3, 6, - 2 + z}}
PlotNewton[y2 - 2x3 + xy3 , PositiveSlope -> True]
x
3

2
Out[17]=

1

y
1

In[18]:=
Out[18]=

2

3

PolygonNewton[y2 - 2x3 + xy3 , z PositiveSlope -> True]
{{2, 3, 6, -2 + z}, {1, -1, -2, 1 + z}}

All
When this option is set to True the edges of the Newton polygon will contain
all points. Otherwise, when the option value is False, every edge will contain
only its endpoints. The default value is False.
In[19]:=
Out[19]=

In[20]:=
Out[20]=

EdgesNewton[- x3 y + 2x2 y2 - xy3 + y4 + x4 + x5 ]
{{{0, 4}, {4, 0}}}
EdgesNewton[- x3 y + 2x2 y2 - xy3 + y4 + x4 + x5 , All - > True]
{{{0, 4}, {1, 3}, {2, 2}, {3, 1}, {4, 0}}}
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4. Structure of algebraic curves
In this chapter we present our original algorithm to find the global topology of a
real planar curve. Most of this chapter was published in papers [9, 10].
Section 4.1 provides a survey of existing methods to handle this problem and
their basic ideas. In Section 4.2 we prove that every boxed curve can be decomposed into smooth segments, which can intersect, but which are monotonous
with respect to the position and the slope of the tangent vector. These segments
are determined using theirs endpoints and endtangents found out in Section 4.3.
Then, in Section 4.4, we formulate an algorithm connecting the endpoints appropriately. This algorithm is based on certain rules of geometric nature. It works for
every input, but it is most effective for curves with simple Gauss map. This is for
example the case of offsets of simple shapes which are used in CNC manufacturing, where the machining tool have to pass the offset curve (or more generally the
convolution) to the product. The found smooth segments can intersect but they
may not provide the correct topology. It is certified or enforced in Section 4.5.

4.1

Methods to find curve topology

We are given a real planar algebraic curve C. We consider the problem of the
determination of the topology of C. The topology of C is usually described by a
planar graph which can have vertices at the infinity and which is topologically
equivalent to the original curve.
Definition 55. Let C be a curve and G be a subset of R2 (typically a collection
of parametrized segments and points). We say, that the curve C and the set G
are topologically equivalent if and only if they are isotopic as curves of Euclidean
space, i.e., there exists a continuous map H : R2 × [0, 1] → R2 , such that H(x, t)
is a homomorphism for all t ∈ [0, 1], H(C, 0) = C and H(C, 1) = G.
We restrict ourselves to the boxed curves C˜ = C ∩ B. Typically B is rectangle
[x, x] × [y, y]. Moreover, for the seek of simplicity, suppose that the boundary
∂B does not contain any particular points of C, i.e. it does not pass through
singularities nor inflections of C and it is not tangent to the curve. It would not
be very difficult to relax these requirements by scanning for all particular points
on the boundary.
There exist two main types of algorithms to find the topology of an algebraic
curve. The first type uses the same principle as the Cylindrical Algebraic Decomposition (CAD) algorithm, cf. [6, page 159]. The other approach is based
on a subdivision of the given region. Our approach do not fall within any of
previous categories and it is based on the decomposition of the curve into smooth
monotonous segments.

4.1.1

Algebraic decomposition based algorithms

Consider a vertical segment s = {y ∈ [y, y]} moving from the left side (x = x) of
the box to the right side (x = x). At any position x = x0 there is a finite number
˜ The number of intersections changes at position x
of intersections of s and C.
0
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if there exits y0 ∈ [y, y] such that fy (x0 , y0 ) = 0. Such a point [x0 , y0 ] is called
x-critical. We distinguish two types of x-critical points
• x-extremal (points having vertical tangent line) have fx (x0 , y0 ) ̸= 0 and
• singular points (selfintersections, isolated points, cusps) have fx (x0 , y0 ) = 0.
Similarly we define y-critical points.
To ensure that the graph G is topologically equivalent to C˜ we have to include all the critical and boundary points among vertices of G. The CAD based
algorithms are usually divided into three phases:
Phase 1: Find out x-coordinates of critical points of C.
We project the critical points on the x-axis by computing the discriminant D(f )
with respect to the variable y, see Section 2.3.5. The discriminant is an univariate
polynomial with rational coefficients. Its roots are x-coordinates (xi , 1 ≤ i ≤ n)
of all critical points of C.
Phase 2: For each xi compute intersection points of C and the vertical line x = xi .
y-coordinates of the intersection points Pi,j (1 ≤ j ≤ m) are the roots of the
polynomial f (xi , y).
Phase 3: Connect the points appropriately.
For Pi,j , we determine the number of halfbranches of C on the left and the right
side. Using this information we can connect the points appropriately.
The main problem of such algorithms is the Phase 2, because x-coordinates of
critical points are not necessarily rational numbers and therefore the polynomials
f (xi , y) may have nonrational coefficients.
There are several methods to deal with this problem. Hong in [25] computes
xy-parallel separating boxes of critical points with rational endpoints. Then
he counts the halfbranches in Phase 3 as roots of a univariate polynomial with
rational coefficients.
Gonzales-Vega and Necula in [19] proposed Phase 0: Linear change of coordinate. The x-coordinate is transformed so that the curve is in the generic
position.
Definition 56. The real algebraic curve C is in the generic position if it satisfies
the following conditions:
• the curve C has no vertical asymptotes,
• on every vertical line x = α, α ∈ R lies at most one critical point.
( )

Obviously there are only 2c nongeneric configurations, where c is the number
of critical points. Therefore the change of coordinates is always possible.
When the curve is in generic position, in [19], is used the Sturm-Habicht sequence, a suitable generalization of the polynomial remainder sequence (cf. [6,
Chapter 4]), to derive the y-coordinates of critical points (Phase 2) as rational
functions of their x-coordinate and also to deduce the multiplicities of the considered critical points.
Another solution was given by Seidel and Wolpert in [36] - they project critical
points to three axes x, y and a random one. From these projections they can recover xy-parallel boxes with rational endpoints which separate the critical points.
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Eigenwilling et al. in [15] give the Bitstream Descartes algorithm (a variant
of interval Descartes algorithm) as an efficient algorithm to isolate roots of a
polynomial with nonrational coefficients.
In contrast to all above algorithms, Cheng et al. in [27] do not assume the
generic position. They replace the Sturm-Habicht sequence with a Gröbner basis
and rational univariate representation, which ensure that we avoid working with
polynomials with nonrational coefficients even in a nongeneric position.

4.1.2

Subdivision based algorithm

The only certified algorithm (i.e. such that gives the correct output for every
input) based on the subdivision is [3]. This algorithm subdivides the box B into
regular regions (the curve is smooth inside) and regions with singular points,
which can be made sufficiently small. The topology inside the regions containing
a singular point is recovered from the information on the boundary using the
topological degree, defined in [28].

4.1.3

Our algorithm

We propose an approach exploiting the geometric information about the curve.
Our strategy consists of the decomposition of C˜ into suitable smooth segments
(which can intersect) and their subsequent approximation. While doing so, we
ask two principal questions, namely
• whether the topology of the curve is correctly represented and eventually
how to enforce it (Section 4.5) and
• how big is the approximation error (measured as the Hausdorff distance) Chapter 5.

4.2

Smooth monotonous segments

Our algorithm is based on the decomposition of C˜ into smooth monotonous segments. This section finds such a decomposition.
Definition 57. Let [a, b] ⊂ R.
n(a) := lim n(t),

n(b) := lim n(t).

t→a+

t→b−

We say that c([a, b]) is a smooth segment of Cf if moreover f (c(t)) = 0 for
t ∈ [a, b].
Proposition 58. Any boxed curve C˜ can be decomposed into smooth segments
with possibly some additional isolated points. More precisely, there exist a finite
set {ci } of smooth segments and a finite set of points {Pk } ⊂ B such that
C˜ =

⋃

ci ∪

i

⋃

Pk

k

and which for every i, j, k satisfy Pk ̸∈ ci and ci ∩ cj is either empty or consists
of a finite number of points.
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Proof. We can smoothly parametrize a neighborhood of every regular point due
to the implicit function theorem. Branches of a real singularity with real tangents
can be locally parametrized using the rational Puiseux series. If a branch is regular, the segment goes smoothly through the singularity. If a branch is singular,
the singularity can be taken as the endpoint of a smooth segment. Points with
no real branches are isolated singularities {Pk } and form a finite set. The infinite
set of smooth segments covering C˜ − {Pk } can be reduced to a finite one, because
the set C˜ − {Pk } is compact. Moreover the overlapping segments can be merged
and reparametrized together. As a result, we obtain a finite decomposition of
C˜ − {Pk } into smooth segments which intersect in a finite number of points.
From now on, we suppose that there are no isolated real singularities of C in
the box B.
Definition 59. A smooth curve segment is called monotonous if it is monotonous
in the x and y coordinates and with respect to its normal. More precisely c(t) =
[x(t), y(t)], t ∈ I ⊂ R, with the moving unit normal n(ϕ(t)) is called monotonous
if the functions x(t), y(t) and ϕ(t) are monotonous on I.
˜ where the smooth curve segments can
We want to detect the points of C,
possibly lose their monotonicity.

Proposition 60. If a smooth segment c of C˜ does not contain in its interior
˜ then it is a
any boundary points, extremal points, inflections nor cusps of C,
monotonous segment.
Proof. If the smooth segment is not monotonous in its x-coordinate (y-coordinate)
it must contain an x-extremal (y-extremal) point. If it is not monotonous with
respect to its tangent it must contain an inflection or cusp. If there is no cusp in
the interior of a segment it can be parametrized smoothly.
In the sake of simplicity, we refer all boundary points, extremal points, inflection points and cusps as characteristic points. The following proposition summarizes the results so far.
Proposition 61. Any boxed curve C˜ (which does not contain real isolated singularities) can be decomposed into smooth monotonous segments connecting characteristic points.
Proof. There exists a decomposition into smooth segments due to Proposition 58.
We can add as splitting points all the characteristic points to obtain the monotonicity.
˜ Although selfNote that we do not need to detect all selfintersections of C.
intersections are important features in standard algorithms determining the curve
topology, when all branches are regular and smooth, they do not affect our algorithm and the right topology can be enforced ex post.
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4.3

Detection of characteristic points

In this section we identify the characteristic points which are the only possible
points which can disturb the monotonicity or smoothness of the segments. We
devote a paragraph to every type of points.
When the characteristic points are determined we can profit from the use of
the support function (see Section 2.4.3). As we will see the support function
representation is particularly useful in the search for cusps and extremal points.
On the other hand the determination of boundary and inflection points is easier
using the primary equation.
Support function based approach also provides additional information allowing us to omit the selfintersections from the list of the characteristic points. From
the dual point of view the branches of the intersection are handled separately.
In Section 4.5, we easily obtain geometrical bounds on the curve segments which
help us to formulate the necessary condition for their intersections and in some
cases also their uniqueness.

4.3.1

G1 points

In order to permit more geometric consideration in the connectivity process and
to simplify the subsequent approximation, it may be useful to extend the points
coordinates with the higher order characteristics (first derivative represents the
tangent, second the curvature), i.e. to work with the local halfbranches (Sec. 2.4.2,
Def. 8). The representation of halfbranches by singular parts of branches of the
Puiseux trees (see Section 3.1) allows to distinguish them. Then every halfbranch
is connected by one smooth segment to exactly one other halfbranch.
On the other hand, to compute the singular Puiseux tree at each characteristic
point is very time consuming (as the values attached to the nodes does not need
to be rational). We have to do a compromise. We will work with a simplification
of the first order enriched by the sign of the curvature, called G1 -points.
Definition 62. Let B be a halfbranch of C, the corresponding G1 -point is the
triple P = (P, n, ±), where P is the center of B, n the outwards unit normal to
B at P and the third element is the direction of the rotation of the normal vector
(as usual, + signs the counterclockwise and − the clockwise direction). The
multiplicity of the G1 -point is the number of halfbranches having the specified
coordinates, the normal vector and the direction of the rotation of the normal
vector.
Note that all the elements of the G1 -point are easily computed from the singular Puiseux tree of B. To compute the outward unit normal vector we use
Proposition 34. The sign of curvature, computed in Proposition 35, determines
the direction of the rotation of the normal vector.
In order to simplify the notation, sometimes we append the multiplicity m of
the G1 -point as the fourth coordinate: P = (P, n, ±, m).
For example, the regular point of a curve consists of two simple G1 -points having same coordinates, normals but different directions of rotation of the normal
vector. An ordinary inflection resp. cusp splits into two regular G1 -points having
same coordinates, opposite normal vectors and same resp. different directions of
the rotation of the normal vector.
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Example 63. Consider the Tschirnhausen cubic f (x, y) = x3 − 9x2 + 27y 2 (shown
in Figure 4.1). The origin is singular, but both branches passing trough it are
regular:
√
t2
t3
5t5
t4
√ −
+
+ ... ,
B1 : − 3t, t + √ −
6 3 216 1296 3 93312
]
[
√
t3
t4
5t5
t2
√ −
−
+ ... .
B2 : 3t, t − √ −
6 3 216 1296 3 93312
]

[

Therefore the origin splits into four regular G1 -points. The center of all
√ of them
is the origin. The unit normal vector of the first two is n1 = (−1, − 3)/2. So
the G1 -points corresponding to B1 are P1 = ([0, √
0], n1 , +), P2 = ([0, 0], n1 , −).
1
Similarly, the remaining G -points have n2 = (−1, 3)/2 and P3 = ([0, 0], n2 , +),
P4 = ([0, 0], n2 , −), see Figure 4.1.
y
n2

1
x
1

n1

Figure 4.1: At origin, Tschirnhausen cubic has double point which splits into four
regular G1 -points.
Note that the notion of the G1 -point is also very natural from the perspective
of the support function, because it is self-dual. Any G1 -point on the primary
curve corresponds to a unique G1 -point on the dual curve and vice versa.

4.3.2

Boundary points

Boundary points are the intersections of the curve Cf with its boundary. In the
case of the rectangular box B = [x, x] × [y, y], they are solutions of the univariate
polynomial equations
f (x, y) = 0,

f (x, y) = 0,

f (x, y) = 0,

f (x, y) = 0.

(29)

As we assumed at the beginning of this chapter, on the boundary there are only
regular points, so through each boundary point pass two halfbranches. One of
them is inside the box and one outside B. We conclude that to every boundary
point corresponds unique G1 -point of multiplicity one.

4.3.3

Extremal points

Extremal points are points (not necessarily regular) where the monotonicity of
the segment with respect to its position (x or y coordinate) can be disturbed.
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Definition 64. We say, that a G1 -point of C˜ is x-extremal (resp. y-extremal ), if
its normal vector is horizontal (±1, 0), resp. vertical (0, ±1).
Compared to the standard definition of extremal points, we admit that extremal G1 -point is a singular point which is extremal with respect to at least one
branch of the given curve.
Example 65. Consider the curve defined by f = 2x4 − 3x2 y + y 2 − 2y 3 + y 4 . It
has at the origin a tacnode, see Figure 4.2. Its two branches at the origin are
B1 = [t, t2 − 2t4 + 17t6 − 202t8 + 2825t10 + . . . ]
B2 = [t, 2t2 + 16t4 + 112t6 + 1664t8 + 15616t10 + . . . ].
So the origin is represented by G1 -points P1 = ([0, 0], (0, −1), +, 2), P2 =
([0, 0], (0, −1), −, 2). All these G1 -points are y-extremal.
y

x

Figure 4.2: A curve having singular y-extremal G1 -point at the origin.
Due to the dual nature of the (implicit) support function representation it is
particularly easy to find any point having a given normal vector, as shown in the
following lemma.
Lemma 66. Let h be the support function of the curve C implicitly defined by
the equation D(h, n) = 0. The points on C with the given normal n0 corresponds
to the solutions of the polynomial univariate equation in h
D(h, n0 ) = 0.

(30)

Lemma 66 in the combination with the envelope formula (3) can be used to
determine the extremal G1 -points and also G1 -points with another prescribed
auxiliary tangent. The second case we use for the determination of the connectivity of the characteristic G1 -points.
Remark 67. As extremal points may be singular, we have to decide how to treat
the regular branches passing trough these points. As we have mentioned, using
the support function approach, we do not need the regular branches to get a good
approximation of the curve. If we are interested in the approximation consisting
of as little arcs as possible, we consider only the extremal halfbranches resp. G1 points. On the other hand, if we are interested in the topologically accurate
approximation, we have to consider them.
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Remark 68. Note that by enclosing all the extremal G1 -points among the characteristic points, we obtain natural geometric bounds for the segments (called
tangent triangles, in details discussed in Section 4.5). Moreover, the normal vector pass at most the angle π/2 along each monotonous segment. We will profit
from this fact in the connectivity process (Section 4.4).
Nevertheless this is not the only possibility. To have the right topology, we
may choose another points. The extremal points are somehow auxiliary and they
help us to get a geometrically accurate approximation. For example, they posses
a way how to distinguish between a circle and an epitrochoid which both consist
of one smooth segment. In other applications may be suitable to choose another
axes or to define auxiliary points as affine invariant, for example the points with
extremal curvature.

4.3.4

Inflection points

The monotonicity with respect to the tangent can be broken only at inflection
points or cusps.
Definition 69. We say that a G1 -point is an inflection G1 -point of C, if it corresponds to an inflection halfbranch of C.
In Section 2.3.3 we have recalled that the intersection of a given curve and
its Hessian consists of all inflection and singular points. In the other word, every inflection (half)branch is centred at an intersection point of the curve and
its Hessian.
To identify at which points are centred inflection (half)branches, we can use
the following proposition. For its proof see cf. [24] or [41].
Proposition 70. Let fr be the first nonvanishing term of the graded Taylor expansion of f at P ∈ Cf , as defined in Sec. 2.3.2. At least one branch of Cf has
an inflection point at P if and only if fr |fr+1 .
Let P be a singular point satisfying Proposition 70, to choose which (half)branches are inflection, we can use Proposition 38. As in Remark 67, again, we can
discard or consider the regular (half)branches through the inflection G1 -points.

4.3.5

Cusps

At the centres of the singular branches can be disturbed the monotonicity in both
coordinates x, y or normal vector.
Definition 71. We say that a G1 -point is a cusp G1 -point if it corresponds to a
singular halfbranch of C.
We have two possibilities to find the cusp G1 -points. In the previous paragraph, we have found the intersection of the curve with its Hessian, which contains
(besides the inflection points) all singular points. The singular halfbranch at the
intersection points can be identified using Proposition 37.
We propose another way, which can be particularly useful when we does not
need to seek the inflections, for example, when that the Gauss image is simple.
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We show that all the cusps G1 -points are contained among the inflection G1 points and cusps of class 1 (for definition see Section 2.4.2), which corresponds
to ordinary inflections of the support function.
Proposition 72. All cusp G1 -points are either centred at cusps of class 1 or they
are inflection G1 -points.
Proof. Assume that P is a cusp G1 -point corresponding to a singular halfbranch
B. Denote l the class of B. Either l = 1 or l > 1. In the second case P is a
(singular) inflection G1 -point.
Proposition 73. Cusps having class equal to one can be determined via the
support function by solving the equation
h + ḧ = 0.

(31)

If only the implicit support function D(h, n) = 0 is available, the condition
(31) becomes
n21
n1 Dn1
h − 3 (Dh2 Dn2 n2 + Dhh Dn2 2 − 2Dh Dhn2 Dn2 ) −
+
Dh
Dh
n2
n2 Dn2
+ 23 (Dh2 Dn1 n1 + Dhh Dn2 1 − 2Dh Dhn1 Dn1 ) −
+
(32)
Dh
Dh
2n1 n2
+
(Dh Dhn2 Dn1 + Dh Dhn1 Dn2 + Dhh Dn1 Dn2 − Dh2 Dn1 n2 ) = 0 ,
Dh3
Proof. Without loss of generality we can assume the position of C, so that h = 0.
From Section 2.3.4 we know that the class and the order of a branch are mutually
dual. Let the tilde signs the duality. At the given point, the support function
D(h, n) has order r̃ = l = 1 and class l˜ = r > 1, so the dual branch is centred at
a regular inflection point, so ḧ = 0. The equation (31) follows.
To prove the second part of the proposition, denote n(s) = (n1 (s), n2 (s)) a
parametrization of the unit circle by arc length s and suppose that we locally
have h(n(s)). Using the chain rule we get the following derivatives:
ḣ = hn1 ṅ1 + hn2 ṅ2 = −hn1 n2 + hn2 n1

(33)

ḧ = hn1 n1 ṅ21 + hn1 n2 ṅ1 ṅ2 + hn1 n̈1 + hn2 n2 ṅ22 + hn2 n1 n˙1 ṅ2 + hn2 n̈2 =
= hn1 n1 n22 − hn1 n2 n2 n1 − hn1 n1 + hn2 n2 n21 − hn2 n1 n1 n2 − hn2 n2 ,

(34)

The second equality in (33) and in (34) is due to the fact that (ṅ1 , ṅ2 ) = (−n2 , n1 ).
The partial derivatives of h can be deduced by the differentiation of D(h, n) =
0. For example:
∂
D(h(n1 , n2 ), n1 , n2 ) = Dn1 (h, n1 , n2 ) + hn1 Dh (h, n1 , n2 ) = 0 .
∂n1
And therefore

Dn1 (h, n1 , n2 )
.
Dh (h, n1 , n2 )
Similarly we can deduce all partial derivatives of h and substitute them into
(34). The obtained equation we substitute into (31) to get (32), the necessary
condition for the cusps of class one.
hn1 = −
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In concrete computations the cusps of class one are found by simultaneous
solving of equation (32), the fundamental equation D(h, n) = 0 and n21 + n22 − 1 =
0. We compute normal vectors, positions of the corresponding G1 -points are fully
defined by the envelope formula (3).
Through the cusp G1 -points may pass other branches. Similarly as in Remark
67, according to application, we can discard or consider the regular branches
through the cusp G1 -points.
In Sections 4.3.2 - 4.3.5 we have found all boundary, extremal, inflection and
cusp halfbranches and therefore we have determined all the G1 -points where the
monotonicity of some segment can fail (see Proposition 61). It remains to connect
them appropriately.

4.3.6

Examples

Example 74. Consider the curve given by the polynomial f (x, y) = 2x − 2x3 +
x4 − 2y 2 + y 4 inside the box [−2, 2]2 , see Figure 4.3. We compute its implicit
support function:
D(h, n) = 16h6 + 8n41 n22 − 3n21 n42 + 11n62 − 48h4 (n21 + n22 )+
+ h2 (64n41 + 24n21 n22 + 21n42 ) + h(32n51 + 54n1 n42 ).
D
J
G

A

K
F

E

L
H

B
I
C

Figure 4.3: Curve of Example 74 with marked characteristic points.
Using the birational parametrization of the circle (see Section 2.4.3, equation (5)), we get the implicit support function in the following form. It is drawn
in Fig. 4.4:
D(h, s) = h6 (1 + 6s2 + 15s4 + 20s6 + 15s8 + 6s10 + s12 )+
+ h4 (−3 − 18s2 − 45s4 − 60s6 − 45s8 − 18s10 − 3s12 )+
+ h2 (4 − 2s2 + 17s4 + 46s6 + 17s8 − 2s10 + 4s12 )+
+ h(2 − 8s2 + 64s4 − 64s8 + 8s10 − 2s12 )+
+ 2s2 − 11s4 + 62s6 − 11s8 + 2s10 = 0
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B1
D
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Figure 4.4: Support function to the curve of Example 74 with marked characteristic points. Note that dual point to F is at infinity.
The characteristic G1 -points are computed as described in previous sections.
Theirs list is in Table 4.1. The sign ±, we use as a shortcut for two different
G1 -points having same coordinates and normal vector but the opposite direction
of the rotation of the normal vector.
Table 4.1: Characteristic G1 -points of curve of Example 74.
point

type

coordinates

A1
A2
B1
B2
C
D
E
F
G
H
I1
I2
J1
J2
K1
K2
L1
L2

cusp
cusp
cusp
cusp
extremal
extremal
extremal
extremal
extremal
extremal
inflection
inflection
inflection
inflection
inflection
inflection
inflection
inflection

[1, 1]
[1, 1]
[1, −1]
[1, −1]
[−0.5, −1.51626]
[−0.5, 1.51626]
[0, 0]
[−0.83929, 0]
[−1, 1]
[−1, −1]
[0.52589, −1.18459]
[0.52589, −1.18459]
[0.52589, 1.18459]
[0.52589, 1.18459]
[−0.91579, 0.48011]
[−0.91579, 0.48011]
[−0.91579, −0.48011]
[−0.91579, −0.48011]

outer normal
vector
(0, 1)
(0, −1)
(0, −1)
(0, 1)
(0, −1)
(0, 1)
(−1, 0)
(1, 0)
(−1, 0)
(−1, 0)
(0.43473, −0.90056)
(−0.43473, 0.90056)
(0.43473, 0.90056)
(−0.43473, −0.90056)
(−0.97192, −0.23529)
(0.97192, 0.23529)
(−0.97192, 0.23529)
(0.97192, −0.23529)

rot. of n
+
−
−
+
±
±
±
±
±
±
−
−
+
+
−
−
+
+

Example 75. In the following example, we show the main advantages of our
support function based approach to the determination of the structure and approximation of a curve. Consider the offset at distance −9/10 to the ellipse
f (x, y) = x2 + 4y 2 − 4 inside the box [−2, 2] × [−1, 1], see Figure 4.5, top. The
implicit support function of the ellipse is De (h, n) = h2 − 4n21 − n22 . So, the
implicit support function of the offset at distance −9/10 is
(

D(h, n) = h −

9
10

)2

− 4n21 − n22 .

The birational parametrization of the circle (5) produces
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D(h, s) =

4(1 − s2 + s4 )
9
− (− + h)2 = 0.
2
2
(1 + s )
10

The support function is displayed in Fig. 4.5, bottom. As we know, that the
curve is an offset curve, many things becomes simpler. The Gauss map is the
same for the ellipse and its offset. So, it suffices to find extremal and inflection
points of the original curve. Extremal points correspond to the vertices of the
ellipse. There are no inflection points. The list of all characteristic G1 -points is
in Table 4.2.
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Figure 4.5: (top) Curve of Example 75 and (bottom) its support function. On
both figures characteristic points are marked. Note that dual point to G is at
infinity.

Table 4.2: Characteristic G1 -points of curve of Example 75.
point
A1
A2
B1
B2
C1
C2
D1
D2
E
F
G
H

type
cusp
cusp
cusp
cusp
cusp
cusp
cusp
cusp
extremal
extremal
extremal
extremal

coordinates
[−1.15500, −0.19184]
[−1.15500, −0.19184]
[−1.15500, 0.19184]
[−1.15500, 0.19184]
[1.15500, −0.19184]
[1.15500, −0.19184]
[1.15500, 0.19184]
[1.15500, 0.19184]
[0, −0.1]
[0, 0.1]
[−1.1, 0]
[1.1, 0]
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normal vector
(−0.75348, 0.65747)
(0.75348, −0.65747)
(−0.75348, −0.65747)
(0.75348, 0.65747)
(0.75348, 0.65747)
(−0.75348, −0.65747)
(0.75348, −0.65747)
(−0.75348, 0.65747)
(0, −1)
(0, 1)
(1, 0)
(−1, 0)

rot. of n
−
+
+
−
+
−
−
+
±
±
±
±

4.4

Connectivity of characteristic points

Let recall, that each G1 -point is given by the point position P = [x, y], the outer
unit normal n and its direction of rotation. While solving the equations of each
kind of characteristic G1 -points we also obtain their multiplicity. We can couple
all this information in the quadruple P = (P, n, ±, m).
In this section we formulate an algorithm of geometric nature (Section 4.4.1)
which connects the given G1 -points appropriately. Note that our algorithm is
extremely effective when the Gauss map is simple, e.g. the normal is monotonous.
For example, although the topology of the offset to a simple shape can be very
complicated, the connectivity is deduced easily, because the original shape has a
simple Gauss map.
If we add to the list of connected points also multiple G1 -points (Section 4.4.2),
we are able to prove that the correct connectivity is found in a finite time, see
Section 4.4.3. In the last Section 4.4.4, we show the algorithm on two examples
introduced in the previous text.

4.4.1

The connectivity algorithm

We have the list of G1 -points U = {Pi } and we want to connect them appropriately. The algorithm has the following main steps:
(a) add to U all G1 -points having normal vector same as the points already
contained in the list U ,
−
1
(b) for each i initialize two lists L+
i and Li of G -points, to which the point
Pi can be connected in the counterclockwise and the clockwise direction,
respectively,
(c) use certain rules of geometric nature to eliminate G1 -points from the lists
−
L+
i and Li , see Lemma 76 – 81,
±
1
(d) if there is an ambiguity (∃i : |L±
i | > mi ) add some auxiliary G -points,
which resolve it,
(e) reduce the list of connected points to contain only the characteristic points.
To make the whole procedure more systematic in the step (a) we add for any
existing Pi all the G1 -points with the same normal. This can be done efficiently
using Lemma 66. To check the normal orientation, we can use Proposition 33 or
34.
After this addition only G1 -points with neighboring normals can be connected.
We also know whether the normal rotates clockwise or counterclockwise. Using
these facts we initialize the lists of possibly connected points in (b). As the set
U contains all extremal points, the angle of normals of two possibly connected
points is at most π/2.
The monotonicity condition together with the G1 nature of the information
given at each point provides the following rules which allow us to eliminate the
lists in the step (c). Clearly, we assume that all the characteristic points are
contained among {Pi }.
Lemma 76 (R1). The point connected to a given G1 -point P can lie only in the
quadrants not intersected by the normal line of P.
75

Proof. We have included among the characteristic points all extremal points.
The point connected to P must lie in one quadrant (with respect to the x, y
coordinates) crossed by the tangent line. As the normal vector is perpendicular
to the tangent line, these quadrants are precisely the quadrants not passed by
normal line.
n2
n2

n
P0

P0

P

n

P0
P

n1

−

Q
P 00

+
n1

P

P

00

Figure 4.6: Ilustration of rules (left) R1, (center) R2 and (right)R3.
Remark 77. For the boundary points only one quadrant is possible because the
other one falls outside the box. For extremal points all quadrants are possible.
Lemma 78 (R2). The interval between boundary normals must contain the vector perpendicular to the difference vector given by the connected points.
Proof. Indeed, the tangent at the point with the specified normal is parallel to
the difference vector. Such a point have to occur in any smooth segment (not
even necessarily monotonous) due to the Rolle’s theorem.
To formulate the most important rule, we need one more definition.
Definition 79. Let P = (P, n, z, m) be a G1 -point. The generalized quadrant
Q(P) associated to P is the set of points P ′ defined by two inequalities:
(i) P · n > P ′ · n
(ii) P · n⊥ < P ′ · n⊥
where the dot signs the scalar product and n⊥ is n rotated z·π/2 counterclockwise.
Remark 80. The generalized quadrant is delimited by the tangent line (i) and the
line in the normal direction through P (ii). The distance of the tangent line from
the origin is the value of the support function at this point h = P · n. Similarly
the distance of the normal line from the origin equals to the value of the derivative
of the support function h′ = P · n⊥ .
Lemma 81 (R3). If two G1 -points P, P′ are connected then P ′ ∈ Q(P ).
Proof. The normal vector nP points to one halfspace defined by the tangent line.
From the definition of the outer normal, P ′ lies in the opposite halfspace. Using
the direction of the rotation of the normal vector, we choose one of the remaining
generalized quadrants.
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From the proof of Prop. 94 will be clear that the connectivity can be deduced
using only the last rule (R3 ). Nevertheless we can profit from the other rules.
The first rule is not invariant under rotations, but it is very fast - it suffices to
check the signs of coordinates differences. The rule R2 determines a cone, where
the point can lie and therefore reduces the lists L±
i a lot. Naturally, this set of
rules is not exhausting. According to the specific character of the input data, it
can be extended.
Many times these rules suffice to resolve the connectivity, but sometimes there
is an ambiguity. In such situation, in step (d) of Algorithm 2, we add some auxiliary points. More precisely, we choose the points having the normal vector (e.g. at
half) between the normals of the endpoints. Then we apply the whole procedure
(a) - (d) again to this augmented set of G1 -points. Section 4.4.3 formulates a
sufficient condition for the auxiliary points to resolve the ambiguity and claims
that such points are always added while halving the angle of normals.
The described algorithm returns the list of connected pairs. As we are interested only in the connectivity of the input points, it is useful in step (e) to reduce
the list to contain only them. More precisely, if Pα1 and Pα2 are input G1 -points
and Pβi for i = 1, 2, . . . , n are auxiliary G1 -points, every set of pairs in the form
{{Pα1 , Pβ1 }, {Pβ1 , Pβ2 }, {Pβ2 , Pβ3 }, . . . , {Pβn−1 , Pβn }, {Pβn , Pα2 }},

(35)

can be substituted by a pair {Pα1 , Pα2 }.
The connectivity algorithm, summarized in Algorithm 2, is correct:
Proposition 82. The Algorithm 2 finds the correct connectivity of the input
points.
Proof. The connectivity found by Algorithm 2 is correct, because the rules R1-R3
are correct.

4.4.2

Multiple G1 -points

Considering only the characteristic G1 -points, their connectivity may not be unique and may not be solved by adding arbitrary many auxiliary points. Specially,
without including the multiple G1 -points (i.e. the points coinciding in position,
normal vector and its direction of rotation) among the input points of Alg. 2, we
are not able to connect them appropriately. As the multiple points have identical
tangents at the singularity, we can not decide which halfbranches fit together
without computing the Puiseux series at the given singular point.
Example 83. The only characteristic points of the curve given by
f (x, y) = 3x4 − 5x3 + x2 + (−4x + 18x2 − 8x3 )y+
+ (4 − 24x + 24x2 )y 2 + (16 − 32x)y 3 + 16y 4

(36)

are extremal points (A, B, . . . , H), see Fig. 4.7, left. The chains of connected
points E − D − G − B, F − C − H − A are deduced using rules R1-3. The
connectivity of points A, B, E, F is not unique. We subdivide the angle of normals
to obtain auxiliary points P1 , Q1 . Applying again rules R1-3 we get connectivity
of Q1 − E − D − G − B, P1 − F − C − H − A and ambiguous connectivity of
A, B, P1 , Q1 . Subdividing again and again, we add Pi , Qi in each step but the
connectivity can not be solved, see Fig. 4.7, right.
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Algorithm 2 finds the connectivity of input G1 -points
cw=clockwise, ccw=counterclockwise
Input: Set of G1 -points Pi = ([xi , yi ], ni , ±, mi ), i = 1, . . . , n including all characteristic and multiple G1 -points
Output: Set of connected pairs {Pj , Pk }
1: U = {P1 , P2 , . . . , Pn }
2: Add to U all curve points having normal vector ni for i = 1, . . . , n
▷ (a)
3: repeat
4:
for all Pi ∈ U do
▷ (b)
1
5:
L±
←
G
-points
having
the
neighboring
normal
in
the
ccw/cw
direci
tion
6:
m±
i ← the multiplicity of Pi in ccw/cw direction
7:
end for
8:
connected = ∅
9:
for k = 1 to 3 do
▷ (c)
±
10:
Use Rk to reduce lists Li , i = 1, 2, . . . , |U |
11:
Connect Remaining Points
12:
end for
13:
ambigous = false
14:
if there exists nonempty list (say that Li contains Pj ) then
▷ (d)
15:
ambigous = true
16:
add to U curve points having normal (ni + nj )/2
17:
end if
18: until not ambigous
19: reduce connected using substitution (35)
▷ (e)
20: return connected
This example shows that the input list of Alg. 2, beside the characteristic
points, have to contain all multiple G1 -points. The necessary condition for a
G1 -point to be of greater multiplicity follows:
Lemma 84. Let P be a G1 -point of Cf , which is not inflection, nor cusp. Let
fr be the first nonvanishing term of the graded Taylor expansion of f at P , as
defined in Sec. 2.3.2. P has the multiplicity greater than one if and only if fr is
not square free.
Proof. If P has coordinates [x0 , y0 ], fr is a polynomial in (x − x0 ), (y − y0 ). The
linear factors of fr correspond to the tangent lines to Cf at P . The point P is a
multiple G1 -point, if there are at least two halfbranches centred at P having same
normal rotating in the same direction. As the G1 -point is not cusp, there are at
least two branches having same tangent and therefore two factors of fr coincide.
On the other hand, if fr contains square, there are two branches at P having
same tangent line. As the point is not inflection, there are also two halfbranches
having same normal rotating in same direction and P has multiplicity greater
than one.
In section 4.3.4, the intersection of the curve with its Hessian was used to find
the inflection points. But it contains also all singular points. Using the previous
lemma, we can choose among them the multiple G1 -points. As in remark 67,
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Algorithm 3 Connect Remaining Points
1: T oConnect = true
2: repeat
3:
if some L⋆i contains only m⋆ G1 -points Pj1 , . . . , Pjm then
⋃
4:
connected = connected ∪ m
l=1 (Pi , Pjl )
5:
remove Pi from all lists L−⋆
6:
else
7:
T oConnect = false
8:
end if
9: until T oConnect = false
A

B
G

Q2

H

P1

P2

F
Q1

G

P3

Q3

C

B

P1

F

E
D

Figure 4.7: (left) Characteristic and auxiliary points marked on curve from Example 83 and (right) its cut out.
according to the application may be added to the list of the input points of the
connectivity algorithm (Algorithm 2) the G1 -points having same center as the
multiple G1 -points. Note that, we still not consider the ordinary singularities, i.e.
the points where all the branches are regular with different tangents.
Remark 85. In order to approximate the algebraic curve, it suffices to find the
topology of the curve as described above, particularly every G1 -point of multiplicity m is connected to m G1 -points. But if we want to find the analytic structure
of the curve (i.e. the exact connectivity of halfbranches), we have to use information about the mutual position of halfbranches obtained using rational Puiseux
series in Section 3.2.3.

4.4.3

Finiteness of the connectivity algorithm

In the previous sections we have formulated an algorithm which correctly connects
curve points of a suitable list. Many times the rules R1 - R3 suffice to resolve
the connectivity, but sometimes there is an ambiguity. In such situation, in step
(d) of Algorithm 2, we add some auxiliary points. In Example 83, we have seen
that if the multiple G1 -points are not included among the input points, we may
add arbitrary many points and the connectivity rests unsolved.
In this section we describe what have to satisfy the auxiliary points resolving
the structure of the curve at a given point and we prove that such points are
added in a finite time. First, we prove that the connectivity is solved locally and
global arguments will follow.
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Let inspect this situation in details. In the simplest case we have two G1 points A1 , A2 having same normal vectors and they can be both connected to
B1 and B2 , also coinciding in the normal vectors. In Figure 4.8 two ways, how
the points can be connected, are displayed. Obviously, more general situation
(more G1 -points) will look similarly (more parallel lines).
B1

B1

B2
A1

B2

A2

A1

A2

Figure 4.8: Possible ways to connect G1 -points A1 , A2 and G1 -points B1 , B2 by
smooth monotonous segments.
To resolve an ambiguity in the connectivity process we need to add auxiliary
G1 -points in a convenient way, one such way is described in the following lemma.
Lemma 86. Let Ai = (Ai , nA , −, mAi ), i = 1, 2, . . . , r be all G1 -points of the
given curve having the normal vector nA rotating clockwise. Similarly Bj =
(Bj , nB , +, mBi ), j = 1, 2, . . . , s are G1 -points having the normal nB = nA + ε1
rotating counterclockwise. Let Q(Ai ) contain points Aik , k = 1, 2, . . . r̃ and Bjl ,
l = 1, 2, . . . s̃. Then
∀ i : mAi +

r̃
∑

mAik ≤

s̃
∑

mBjl .

(37)

l=1

k=1

Moreover, if the equality holds for every i, there exists the unique way how to
connect the points Ai and Bj .
Example 87. Lemma 86 resolves the connectivity of points in Figure 4.9, left
because for all the G1 -points Ai the equality in (37) arises.
On the other hand, the previous lemma can not solve the connectivity of the
points in Figure 4.9, right. The quadrant Q(A2 ) contains only point Ar−1 of
multiplicity one but four points B2 , B3 , Bs−1 , Bs , i.e. (37) becomes the inequality
2 < 4. Similarly for Q(Ar ) we have 1 < 2.
Proof. Assume that the G1 -points Ai are ordered lexicographically by increasing
derivative of the support function and decreasing support function (i.e. from
upper left to lower right).
Let Ai is an arbitrary G1 -point and its quadrant contains points Aik and Bjl
for k = 1, 2, . . . r̃ and l = 1, 2, . . . s̃. Due to the rule R3 Ai and Aik can not be
connected to other points than Bjl , so for multiplicities we have (37).
In the case when the equality holds for every i, we want to deduce the unique
connectivity: We start connecting points from the lower right quadrant Q(Ar ).
It does not contain any A and contains points Bjl having
mAr =

s̃
∑

mBjl .

l=1
1

The used notation is not exact, but it is clear what it means. Let ϕA ∈ [0, 2π) be the angle
of nA , i.e. nA = n(ϕA ). Then nB = n(ϕA + ε).
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.
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Figure 4.9: Solving ambiguity in connectivity process using Lemma 86.
Due to the rule R3, the point Ar can not be connected to other points than Bjl .
Therefore Ar have to be connected to all of them.
We finish the proof by induction. Let Ai is an arbitrary point and its quadrant
Q(Ai ) contains points Aik and Bjl for k = 1, 2, . . . r̃ and l = 1, 2, . . . s̃. The
connectivity of all points Aik is clear from induction hypothesis. Let discard them
and also all the points Bjl connected to them (considering the multiplicity). There
rest points Bu , u = 1, 2, . . . v of multiplicities mBu which can be smaller than the
original multiplicities of the given G1 -points. Subtracting discarded points from
∑
(37) we get mAi = vu=1 mBu . As Ai can not be connected to other points than
Bjl (rule R3 ), it have to be connected to every point Bu . We have found the
unique connectivity in Q(Ai ) and therefore we have proved the inductive step.
Lemma 88. Assume that for ε > 0 the equalities (37) arise for all i = 1, 2, . . . , r.
Then they arise also for every 0 < δ < ε.
Proof. Because of the monotonicity of the segments, while ε decreases the points
⊥
Bj move continuously in directions −nA and −nA
. So, the number of points in
quadrants of points A can only decrease. So, the right sides of the inequalities
(37) can only decrease. As the left sides of the inequalities (37) are fixed, once
the inequalities become equalities for all i, they have to rest the equalities while
ε decreases.
Definition 89. Let ε : S1 → [0, 2π) be the function which assigns to every n the
maximal angle ε(n) for which the equalities in (37) are satisfied.
Lemma 90. The function ε is well defined and nonzero for every normal vector.
Proof. Let J ⊂ [0, 2π) be the set of values for which (37) are satisfied for all
i = 1, 2, . . . , r. Due to Lemma 88, J is an interval (0, ε0 ]. It is right-closed
because the quadrants of points A do not contain the normal and tangent lines.
So ε is well defined.
To prove that ε(nAi ) is nonzero, we find an angle δ > 0 for which the equalities
in (37) are satisfied. Then ε ≥ δ > 0.
We denote t1 , . . . tk tangent lines and n1 , . . . nk lines in the normal direction
through the points Ai numbered by decreasing distance to the origin (support
function for t resp. its derivative for n).
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Each point Ai is upper left corner of a rectangle Ri delimited by lines tu , tu+1
and nv , nv+1 , see Fig. 4.10. Let denote its remaining corners Bi = tu+1 ∩ nv ,
Ci = tu+1 ∩ nv+1 , Di = tu ∩ nv+1 . The curve entries the rectangle Ri at Ai and
due to the rule R3, leaves it by one of the edges Bi Ci or Ci Di . Denote Pi the
intersection of Ri and the curve.

Ai

δi

Di

tu

Qi
Bi

nv

tu+1

Ci

Pi

nv+1

Figure 4.10: Rectangle Ri contains point having normal nQi , whose angle with
nAi is δ positive.
Due to the Rolle’s theorem and the smoothness of the curve segment Ai Pi
has to contain a point Qi having the normal perpendicular to the line Ai Pi ,
(−−→)⊥
i.e. nQi = Ai Pi /||Ai Pi ||. Here, the ⊥ is chosen so that nQi lies between nAi
and nPi . The point Qi lies inside Ri . Denote δi the angle of nQi and nAi . More
explicitly
(
)
π
δi = cos−1 (nAi · nQi ), δi ∈ 0,
.
2
Sometimes the rectangle Ri becomes unlimited and the curve does not intersect its boundary, then we define δi = π/2.
Finally, we choose δ as minimal among δi , i = 1, 2, . . . , r. Due to Lemma 88,
all the points having normal nA + δ lie in the corresponding Ri and the equalities
in (37) are satisfied. A particular situation looks as in Figure 4.11. As ε ≥ δ > 0,
ε is positive and the lemma is proved.
A1
B1
B2

A2
B3

A3
B4

..
.
Ar−2

Ar−1
Bs

Bs−2
Ar
Bs−1
...

Figure 4.11: Special points position used in proof of Lemma 90.
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A more precise estimate of ε(n) can be deduced from the following lemma. Its
disadvantage is that at the inflection points the minimal curvature is zero and the
estimate fails. But the inflections can be treated separately using the estimate
used in the proof of the Lemma 90.
Lemma 91. Let A and B be two G1 -points connected by a segment of C and the
angle of nA and nB be δ. Let κmin and κmax are minimal and maximal curvature
of the curve segment AB, respectively. We denote theirs reciprocal values Rmin
and Rmax . Then B have to lie inside the rectangle ST U V , see Figure 4.12, where
⊥
S = A − Rmin (1 − cos δ)nA − Rmin (sin δ) nA
⊥
T = A − Rmax (1 − cos δ)nA − Rmin (sin δ) nA
⊥
U = A − Rmax (1 − cos δ)nA − Rmax (sin δ) nA
⊥
.
V = A − Rmin (1 − cos δ)nA − Rmax (sin δ) nA

nA
n⊥
A

A
S

V

Rmax

B
δ

T

U

Rmin

δ

Figure 4.12: Estimating position of point B using minimal and maximal curvature
of curve segment.
Proof. From the definition of the curvature, the point B have to lie inside the
grey area in Fig. 4.12. It is contained inside the rectangle ST U V , whose corners
coordinates are computed using goniometric functions.
To estimate ε(n) using Lemma 91, we assume the same configuration as in the
proof of Lemma 90, specially the point Ai is the upper left corner of the rectangle
Ri . We choose δi so that the rectangle Si Ti Ui Vi , given by Lemma 91, is contained
in Ri . If the curve has the minimal curvature κmin , we have to choose δi such
that
Rmax sin δi < dist(nv , nv+1 )
Rmax (1 − cos δi ) < dist(tu , tu+1 ).
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Again we define δ as the minimal value among δi , i = 1, 2, . . . , r. If the curve
contains an inflection, first, we have to first delimit δi near the inflection and
then to use this estimate for the rest of the curve, where the minimal curvature
is nonzero.
Remark 92. We obtain even more precise estimate of ε(n) by choosing the rectangle Ri even more carefully in the way that it is contained in Q(Ai ) but not
intersect any other Q(Aj )
Lemma 93. The function ε is continuous almost everywhere. More precisely, it
is discontinuous in the G1 -points having multiplicity greater than one (whose are
only finite many).
Proof. If there are no points Ai , Aj having the same tangent nor the normal line,
the continuity of ε is due to the smoothness of the segments. The discontinuity can
arise when more tangent and/or the normal lines become one. If some tangent
lines collapse but the points have different normal lines, the angle ε changes
smoothly because of the normal direction, see Figure 4.13. Similarly in the case
of the same normal lines. The points, where both normal and tangent lines
collapse are multiple G1 -points. They form subset of the singular points and
therefore they are only finitely many.
A1

A2

ε
ε0

B1

B2

Figure 4.13: When tangent lines collapses, but normal lines are different, function ε(n) changes smoothly.
This allow us to formulate the following proposition:
Proposition 94. The Algorithm 2 terminates.
Proof. Locally, the connectivity is solved due to Lemma 90. As the multiple
G1 -points are included among the input points in Algorithm 2, first we solve the
connectivity near them. It remains finitely many closed intervals of S1 which
are compact and where the function ε(n) is continuous. So the unit circle may
be divided into finitely many intervals, where the connectivity is uniquely given. Assume that the angle of the smallest interval is C. Halving the angle of
normals in Algorithm 2, we get a value smaller than C in a finite time and the
algorithm terminates.

4.4.4

Examples

In examples 74 and 75 of Section 4.3, we found the characteristic points of the
given curves. Here, we find the multiple and auxiliary G1 -points and connect all
the points appropriately.
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Example 74 (continued). Recall that we are studying the curve given by f (x, y)
= 2x−2x3 +x4 −2y 2 +y 4 inside the box [−2, 2]2 . This curve have no multiple G1 points. The points having the same normal vectors as the characteristic points
are listed in Tab. 4.3. Table 4.4 shows the initialized lists L±
i , i.e. the lists of
points to which the given points can be connected while the normals rotate in
the given directions.
Table 4.3: Auxiliary G1 -points of Example 74.
point
M
N
O
P
Q
R
S
T

type
auxiliary
auxiliary
auxiliary
auxiliary
auxiliary
auxiliary
auxiliary
auxiliary

coordinates
[−0.76059, 1.46391]
[0.78167, 0.92942]
[−0.76059, −1.46391]
[0.78167, −0.92942]
[0.01497, 0.12282]
[−0.98067, 1.17794]
[0.01497, −0.12282]
[−0.98067, −1.17794]

normal vector
(−0.43473, 0.90056)
(−0.43473, 0.90056)
(−0.43473, −0.90056)
(−0.43473, −0.90056)
(−0.97192, 0.23529)
(−0.97192, 0.23529)
(−0.97192, −0.23529)
(−0.97192, −0.23529)

rot. of n
±
±
±
±
±
±
±
±

Table 4.4: Initialized lists L±
i of Example 74.
G1 -points
+
+
A+
1 , B2 , D
C+
E + , G+ , H +
F+
J1+
J2+ , O+ , P +
+
+
L+
1 ,Q ,R
+
L2
M +, N +
S+, T +

G1 -points
−
−
A−
2 , B1 , C
D−
E − , G− , H −
F−
I1−
I2− , M − , N −
K1− , S − , T −
K2−
O− , P −
Q− , R−

possibly connected to
M − , N − , I2−
I1−
S − , T − , K1−
K2−
D−
−
−
A−
2 , B1 , C
−
−
E , G , H−
F−
Q− , R−
O− , P −

possibly connected to
P + , O+ , J2+
J1+
Q+ , R+ , L+
1
L2
C+
+
+
A+
1 , B2 , D
+
+
E , G , H+
F+
S+, T +
M +, N +

From the form of the lists we have the connectivity of I1 − C, D − J1 , L2 −
F − K2 . Using the rule R1 we are able to connect R − M − D, A1 − N − Q,
S − P − B1 and C − O − T . The rest of the points can be connected using the
rule R3, so we have
A − J − D − M − R − G − K − F − L − H−
−T − O − C − I − B − P − S − E − Q − N − A.
Example 75 (continued). In this example we consider the offset at distance −9/10
to the ellipse f (x, y) = x2 + 4y 2 − 4 inside the box [−2, 2] × [−1, 1]. Also in the
connectivity process, we profit from the offset form of this curve. As the Gauss
map is simple, there are no multiple G1 -points and there are no points having
same normals as characteristic points. The list of possible connected points is in
Table 4.5. They have to be connected in the unique way (without need of any
proposed rule): A1 − F − C1 , C2 − H − D2 , D1 − E − B1 , B2 − G − A2 .
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Figure 4.14: Characteristic, multiple and auxiliary points and their connectivity:
(left) Example 74 and (right) Example 75 .
Table 4.5: Initialized lists L±
i of Example 75.
G1 -points
A−
1
A+
2
B1+
B2−
C1+
C2−
D1−
D2+

4.5

G1 -points
E+
E−
F+
F−
G+
G−
H+
H−

possibly connected to
F+
G−
E−
G+
F−
H+
E+
H−

possibly connected to
D1−
B1+
A−
1
C1+
B2−
A+
2
C2−
D2+

Verifying and enforcing correct topology

In the previous section, we have constructed a planar graph, whose edges corre˜ Using some approximation
spond to smooth monotonous segments of the curve C.
technique, the edges can be approximated in any desired accuracy. The additional fact that the segments are smooth and monotonous allow us to suggest (in
Chapter 5) the high order approximation algorithms as well as efficiently control
the Hausdorff distance of the approximation.
Although, at the level of monotonous segments there is no problem with the
topology, it is still possible that they intersect in a different way that the exact
curve segments. More precisely, we do not know nothing about the number and
the position of the ordinary singularities where all the branches are regular.
We propose the concept of a tangent triangle as a strong tool, which can prove
the correct topology or localize the topology problems to small areas, where they
can be handled using exact algebraic methods.
Definition 95. Let P1 , P2 be two G1 -points connected by a smooth monotonous
˜ The tangent triangle T (P , P ) is the triangle bounded by the
segment of C.
1
2
tangents at P1 and P2 and by the segment P1 P2 .
This triangle provides a natural bounding area of the curve segment.
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P10

P2
P1

P20

Figure 4.15: Two curve segments and their tangent triangles. Intersection of
segments lies inside intersection of tangent triangles.
Proposition 96. The monotonous segment c of C˜ connecting P1 , P2 lies in the
interior of the tangent triangle T (P1 , P2 ).
Proof. As c is smooth and monotonous in x, y, and n, it can be after suitable
rotation parametrized as the graph of a function without inflections. Without
loss of generality we can suppose that this function is strictly convex. From the
definition of convexity, the arc lies above both tangents and below the segment
P1 P 2 .
Due to this proposition the exact curve segment and every its approximation
interpolating the G1 endpoints (constructed in Chapter 5) lie in the same tangent
triangle. This fact allows us to say whether the curve segments may intersect (and
therefore in some cases certify the global topology) without including the ordinary
singularities in the list of characteristic points.
If the tangent triangles of all segments are nonintersecting, the correct topology is ensured. The continuous transition required in Definition 55 is realized for
each segment independently within the tangent triangle.
It turns out, that a transversal intersection of two triangles can also ensure
the correct topology, see Fig. 4.15.
Proposition 97. Let P1 P1′ and P2 P2′ be two curve segments and their tangent
triangles T1 = T (P1 , P′1 ) and T2 = T (P2 , P′2 ) intersect in the following way:
/ T1 . Then the
/ T2 and P2 , P2′ ∈
The edge P1 P1′ intersects the edge P2 P2′ , P1 , P1′ ∈
segments have precisely one transversal intersection and it lies in T1 ∩ T2 .
Proof. The existence of the intersection follows from the transversal intersection
of the triangles. The uniqueness is ensured by the convexity of both curve segments within the bounding tangent triangles.
If we have only two triangles intersecting in the given area, we are sure, that
the segments intersect in one ordinary double point. The continuous transition
required in Definition 55 can be realized for each segment independently within
the tangent triangle, because it does not change the nature of the intersection
due to Proposition 97. Often, this tool is sufficient to prove the correct topology.
Example 74 (continued). For each pair of connected G1 -points we draw the tangent triangle (some of them are very small), see Fig. 4.16, left. Because we have
no triangle intersection, the correct topology is certified.
Example 75 (continued). The tangent triangles have only transversal intersection,
the correct topology is therefore certified due to Proposition 97, see Fig. 4.16,
right. Although we have not computed the exact position of the ordinary singularities, we have theirs approximate positions inside the intersections of the
tangent triangles.
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Figure 4.16: Tangent triangles ensuring right global topology of curves of (left)
Example 74 and (right) Example 75. Transversal intersection of triangles guarantees two ordinary singularities.
Other mutual positions of tangent triangles must be handled more carefully.
We must consider two cases
(a) More then two triangles have nonempty intersection - Fig. 4.17, left.
(b) Two triangles intersect in a different way then described in Proposition 97,
Fig. 4.17, right.
Both cases must be also considered if they would occur after slight perturbation of
the triangle corners, because their position can be influenced by a computational
error.

Figure 4.17: Examples of ambigous topology of smooth monotonous segments.
If one of the previous cases occurs, we can use two projections to detect boxes
containing at most one critical point. Inside such a boxes we can resolve the
topology using topological degree as in [3].
We project the critical points to x and y axes using the determinant with
respect to the direction of the projection, see Section 2.3.5. Let B = I × J be a
box, where we want to resolve the topology. We isolate roots of discriminant of
f with respect to x (resp. y) by intervals I1 , . . . , Ik resp. J1 , . . . , Jl , then in each
smaller box Ii × Jj there is at most one singular point. To handle the topology
inside such a box we need the concept of the topological degree.
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Definition 98. Let B ⊂ R2 be open subset, G : B → R2 be C 2 bivariate function
and M ∈ R2 . Suppose that no root of G(x, y) = M is on the boundary of B.
Let N be a regular point of G lying in the component R2 − G(∂B) containing M .
Then the topological degree of G at M with respect to B is defined by
Deg(G, B, M ) =

∑

sign det JG (P ),

(38)

P ∈B,G(P )=N

where JG (P ) denotes the Jacobian matrix of G at P .
The topological degree can be computed using only the information on the
boundary of the box. For more details and the proof see [38].
Proposition 99. Let B be a polygon and G = (G1 , G2 ) be C 2 continuous. Suppose that the boundary of B is couterclockwise decomposed into segments [Pi , Pi+1 ],
where i ∈ {1, 2, . . . , k} and Pk+1 = P1 . Let the decomposition satisfy the condition
that for every segment [Pi , Pi+1 ] there exists αi ∈ {1, 2} such that Gαi has on that
segment constant nonzero sign. For simplicity, we say that G3 = G1 . Then the
topological degree can be computed using the following formula:
k
⏐ sign(G (P ))
1∑
sign(Gαi (Pi+1 )) ⏐⏐
αi
i
⏐.
(−1)αi −1 ⏐⏐
Deg(G, B, [0, 0]) =
⏐sign(Gαi+1 (Pi )) sign(Gαi+1 (Pi+1 ))⏐
8 i=1

⏐

⏐

(39)

Finally, using the combination of the previous and the following proposition
we deduce the topology inside the box.
Proposition 100 (Khimšiašvili, [28]). Let P be the only singular point of C in
the box B. Then the number of branches of C at P is 1 − Deg(∇f, B, (0, 0)).
Example 101. Consider the folium f = (x2 + y 2 )(x2 + y 2 + x) − 4xy 2 . Let B1 , B2
be its √
points having normal vector (1, 0), B3 , B4 points having
normal vector
√
(−1, − 3)/2 and B5 , B6 points having normal vector (−1, 3)/2. The tangent
triangles of smooth segments B1 B4 , B2 B5 and B3 B6 have the nonempty intersection T , see Fig. 4.18, left. To deduce the right topology we have to compute the
topological degree of ∇f inside the T . We use Prop. 99.
The derivative fx vanishes on ∂T at points with approximate coordinates
[−0.3359, ±0.2074], [0.3476, ±0.5742], these points are marked red in Fig. 4.18.
The derivative of fy vanishes approximately at [0.2149, ±0.5255], [0.3476, 0] and
[−0.6953, 0]. In the figure, they are marked green. In the sense of Prop. 99,
right, we can define the separating point (in figure black) e.g. P1 = P10 =
[0.3476, 0.6021], P2 = [−0.0025, 0.4], P3 = [−0.5221, 0.1], P4 = [−0.6953, 0], P5 =
[−0.5223, −0.1], P6 = [−0.0025, −0.4], P7 = [0.3476, −0.6021], P8 = [0.3476, −0.2],
P9 = [0.3476, 0.2].
The topological degree is then
⏐−1 −1⏐
⏐ 1 1⏐
⏐1 1 ⏐
1
⏐
⏐
⏐
⏐
⏐
⏐
(−1)1−1 ⏐⏐
⏐ + (−1)2−1 ⏐
⏐ + (−1)1−1 ⏐
⏐+
Deg(∇f, T , [0, 0]) =
⏐
⏐
⏐
⏐
−1 1
−1 1
1 0⏐
8
⏐

(

+
+

⏐

⏐

⏐

⏐

⏐

⏐
⏐
⏐
⏐
⏐
⏐
⏐1 1 ⏐
⏐
⏐
⏐
⏐
⏐
⏐
2−1 ⏐−1 −1⏐
1−1 ⏐−1 −1⏐
(−1) ⏐
⏐ + (−1)
⏐
⏐ + (−1)
⏐
⏐+
⏐0 −1⏐
⏐ 1 −1⏐
⏐−1 1 ⏐
⏐)
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
1⏐⏐
1 ⏐⏐
2−1 ⏐ 1
1−1 ⏐1
2−1 ⏐−1 −1⏐
⏐ =
(−1) ⏐
⏐ + (−1)
⏐
⏐ + (−1)
⏐
⏐1 −1⏐
⏐ 1 −1⏐
⏐−1 1⏐
1−1

= (−2 − 2 − 1 − 1 − 2 − 2 − 2 − 2 − 2)/8 = −2
Due to Prop. 100 we have 1 − (−2) = 3 branches at the point [0, 0] of Cf .
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B6
P1 = P10

B1
P2

B5

P3

P9

P5

P8

P4

B4
B2

P6

B3

P7

Figure 4.18: (left) Folium f (x, y) = (x2 + y 2 )(x2 + y 2 + x) − 4xy 2 and tangent
triangles of its three smooth segments through the origin. (right) Intersection
of tangent triangles with marked important points: Red resp. green points are
points where fx , resp. fy vanishes. Black points are auxiliary points.
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5. Approximation of algebraic
curves
Any boxed curve C˜ can be decomposed into monotonous smooth segments. These
segments are identified by theirs boundary G1 -points. In this chapter we interpolate the endpoints by suitable smooth segments which will thus approximate
the curve.
We restrict ourselves to the support function based approximation of the curve
segments. One of the main advantages of this representation consists in the
possibility of handling efficiently both the shape and its offsets (or more generally
the convolutions with other shapes). The approximation error remains the same
for the curve and its offsets. Also the rational parametrization is ensured the
for the curve and its offsets simultaneously, see [40]. This fact can be applied in
the context of the CNC manufacturing, where the tool center does not follow the
boundary of the produced object, but the convolution with the tool shape.
Another advantage of the use of the support function is an effective solution
of the G1 Hermite interpolation. The geometric interpolations (where not exact
tangent vectors but only theirs directions are interpolated) typically lead to nonlinear equations, see e.g. [33]. Via the support function representation, however,
it is reduced to the usual functional interpolation and a system of linear equations
is obtained [9, 10, 39].
Probably the main difficulty related to this approach is that the support function is a function for convex objects or more generally for so called quasi-convex
shapes [40]. In general it is multivalued. Certain effort was done in attempts
of handling the multivalued nature of the support function considering its implicit version [31] or the trigonometric polynomials with various rational periods
[39]. The most complicated situation arises for inflections, where the normal
turns back and the support function is singular and therefore multivaluated in its
neighbourhood. The inflections were so far excluded from the description using
support function. It was also remarked [5, 39] that at the presence of inflections
the G1 Hermite interpolation is less efficient.
We analyze the behavior of the support function in the neighborhood of a
curve inflection. We describe it using Puiseux series of its branches. Due to
this form, we can approximate the curve at its inflection to any desired degree
by curves with a simple support function (which consequently possess rational
offsets). We also study the G1 Hermite interpolation at two points of a planar
curve. We prove that its approximation order is 4 for inflection-free curves. We
show that at the presence of inflection points this approximation is less efficient.
We analyze this phenomenon and applying a nonuniform subdivision scheme we
receive the best possible approximation order 4 even in the inflection case.
The first three sections follow our papers [9, 10]. In section 5.1 we present the
advantages of the support function based approximation. Section 5.2 realizes a
G1 approximation by circular splines. Section 5.3 focuses on G2 approximation.
Last sectiondeals with G1 approximation at the presence of inflection points. This
approach was sketched in the proceedings paper [12] and submitted to the journal
as [8].
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5.1

Support function based approximation

In this section we describe how to use the support function to reduce the Hermite
interpolation to solving a system of linear equations. Moreover, using the support
function approach to the approximation, the Hausdorff distance can be efficiently
measured as the distance of support functions. Another advantage is that taking
support function rational, not only the curve but also its offsets are rational.
The Hermite interpolation can efficiently be performed on the level of support
functions due to the following
Proposition 102. Let C be a planar curve and h its support function. Suppose
that P ∈ C has normal n0 and h is defined at least locally in a neighborhood of
n0 . Let g be a function defined also in a neighborhood of n0 and satisfying
g(n0 ) = h(n0 ),

ġ(n0 ) = ḣ(n0 ).

(40)

Then the corresponding curve cg , obtained via (3), interpolates the position of the
point P and its normal. If moreover g̈(n0 ) = ḧ(n0 ) the curve cg interpolates also
the curvature at P .
Proof. Due to (3)
P = h(n0 )n0 + ḣ(n0 )n0⊥ = g(n0 )n0 + ġ(n0 )n0⊥ = cg (n0 ).
The two curves have also the common normal n0 at their common point. Finally,
using the curvature formula (6), when g̈(n0 ) = ḧ(n0 ), they have also the same
curvature
1
1
=−
.
κ=−
g(n0 ) + g̈(n0 )
h(n0 ) + ḧ(n0 )
Figure 5.1 shows a support function and its interpolant on the left and the
corresponding segments of the primary curve on the right.
P1

h

y

x

φ1
φ
φ2
P2

Figure 5.1: (left) Support function and its interpolantand (right) Corresponding
interpolant of primary curve.
A corollary of the previous proposition is that the G1 (resp. G2 ) Hermite
interpolation in the curve space is thus reduced to the C 1 resp. C 2 interpolation
in the space of support functions.
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Remark that the support function h is not in general available in an explicit
form. Instead the positions of the points P0 , P1 of C are given. In the parametrization of the circle (4), we can obtain the values of h and h′ as follows
h(ϕi ) = n(ϕi ) · Pi ,

h′ (ϕi ) = n′ (ϕi ) · Pi = n(ϕi +

π
) · Pi ,
2

i ∈ 0, 1.

(41)

Another advantage of the support function approach is that its approximation error translates to the identical behavior of the Hausdorff distance of the
corresponding segments.
Proposition 103. Let g, h be two support functions defined on the interval U =
n([ϕ0 , ϕ1 ]) ⊂ S1 , such that
g(n(ϕi )) = h(n(ϕi )),

ġ(n(ϕi )) = ḣ(n(ϕi )),

i = 0, 1.

Suppose, that the corresponding curve segments ch , cg are cusp and inflection free
on U . Then their Hausdorff distance is equal to the error in the support functions
||ch − cg ||H = ||h − g||∞ = max |h(ϕ) − g(ϕ)|.
ϕ∈[ϕ0 ,ϕ1 ]

(42)

Proof. Due to the boundary conditions and the absence of the singular points
(cusps) and inflections, the Hausdorff distance is realized by a common normal
line to both curve segments. The distance of the points on this line is equal to
the absolute value of the difference of the support functions. For a more formal
proof see [40, Proposition 14].
In order to solve the interpolation problem (40) we must choose wisely the
space G of interpolation functions.
Definition 104. We say that the space G = ⟨g1 (ϕ), g2 (ϕ), g3 (ϕ), . . . gn (ϕ)⟩ of
smooth functions on the interval [α, β] is regular, if for any function h(ϕ) smooth
on the interval [α, β] there exists a constant K so that for any ϕ0 , ϕ1 ∈ [α, β],
ϕ0 ̸= ϕ1 , there exists exactly one function
g(ϕ) =

n
∑

λj gj (ϕ) ∈ G

(43)

j=1

satisfying (40) and moreover |λj | < K for j = 1, 2 . . . , n.
The definition of regular space clearly does not depend on the choice of the
basis and the regularity is preserved by reparametrizations.
Any segment of the primary algebraic curve will be approximated by a piece of
a parametric curve with a support function g ∈ G satisfying (43). The parametric
segment ci (ϕ) is computed from h(ϕ) via the envelope formula (3). Obviously in
every regular basis the interpolation problem (40) is reduced to solving finitely
many linear equations in the same number of variables.
Definition 105. A regular approximation space G is called rational if the curves
with support functions from G are rational.
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Let stress the importance of rational approximation spaces for CAGD. As
the resulting segments are rational, their union, which approximates the whole
algebraic curve can therefore be represented in the NURBS format.
Natural choices of regular spaces are trigonometric polynomials [40], trigonometric polynomials with rational noninteger arguments [4] and rational trigonometric functions [22]. All of them are rational and moreover their bases are
invariant under rotations (as the sets), which ensures rotation invariance of the
interpolation problem. In the last section, we will also consider the space of polynomials in the rational variable s defined by (5). This space is also regular and
rational, but it is not invariant under the rotations.
Usually, we approximate the curve by dividing it to several parts and interpolating each segment, we need to fix the terminology.
Definition 106. Let c be a curve segment which has no inflections at the interior
points. Let c be divided in subsegments {ci }ki=0 at the points {Pi }k+1
i=0 . Let the
regular support function space G be fixed and cgi be the G1 Hermite interpolant
of the subsegment ci with the support function gi ∈ G. Then the collection of
segments {cgi }ki=0 is called approximating spline constructed over the sequence
{Pi }k+1
i=0 .
Due to the Proposition 103, to estimate the Hausdorff distance it is not necessary to perform a sampling from both curves (requiring a quadratic complexity),
but rather sample linearly the values of ϕ ∈ [ϕ0 , ϕ1 ]. If the error is too big, we
subdivide the curve segment in more parts. Moreover, we can study directly
the approximation order of the Hermite interpolation of the support function (in
the maximum norm) and we obtain automatically the behavior of the Hermite
interpolation of the original curve in the Hausdorff distance.

5.2

Approximation using circular splines

In this section we introduce a method to compute G1 approximation of the original
curve using circular splines.
Due to Proposition 102, we can always reduce the Hermite G1 interpolation
in the curve space to the C 1 problem in the approximation space. If moreover we
use the rational approximation space consisting of functions which are at least
C 2 , we will obtain the approximation order 4, as it is usual in the case of the
G1 Hermite interpolation at two values. We will however use a slightly different
approach. We will give up one degree of the approximation order to obtain a
greater geometric simplicity of the resulting curve graph.
˜ The angle
Let P0 , P1 be two G1 -points connected by a smooth segment of C.
of theirs normal vectors n0 , n1 is at most π/2. By possibly switching the order of
the G1 -points and using the parametrization (4) we can put the boundary data
to the form

Pi = ([xi , yi ], n(ϕi )) for i = 0, 1 and 0 < ϕ1 − ϕ0 ≤ π/2.

(44)

We will interpolate the the support function by two trigonometric polynomials
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of degree one
p0 (ϕ) = A0 cos ϕ + B0 sin ϕ + C0 and
p1 (ϕ) = A1 cos ϕ + B1 sin ϕ + C1 ,

(45)

which are smoothly connected (with G1 continuity) at an additional point. This
problem has always one solution as proved in the following proposition.
Proposition 107. Let two G1 -points (44) and ϕ̃ ∈ (ϕ0 , ϕ1 ) be given. Then there
is precisely one pair of goniometric polynomials (45) connected at ϕ̃ with G1
continuity so that the resulting curve segment satisfies
cp0 (ϕ0 ) = [x0 , y0 ],

cp1 (ϕ1 ) = [x1 , y1 ],

cp0 (ϕ̃) = cp1 (ϕ̃).

(46)

This segment have the form of two circular arcs connected in a G1 manner.
Proof. The conditions (46) lead to the following system of 6 linear equations
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
0
0
0
1
0

0 cos ϕ0 0
0
0
1 sin ϕ0 0
0
0
0
0
1
0 cos ϕ1
0
0
0
1
sin ϕ1
0 cos ϕ̃ −1 0 − cos ϕ̃
1 sin ϕ̃ 0 −1 − sin ϕ̃

⎞⎛
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎠⎝

A0
B0
C0
A1
B1
C1

⎞

⎛

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

=

x0
y0
x1
y1
0
0

⎞
⎟
⎟
⎟
⎟
⎟.
⎟
⎟
⎟
⎠

(47)

The determinant of the matrix is equal to sin(ϕ̃ − ϕ0 ) + sin(ϕ1 − ϕ̃) − sin(ϕ1 − ϕ0 ),
which is nonzero unless at least two of the angles ϕ0 , ϕ̃, ϕ1 coincide. The system
of equations has a solution for any right-hand side. A straightforward evaluation
of the formula (3) provides
cpi (ϕ) = [Ai , Bi ] + Ci [cos ϕ, sin ϕ].

(48)

So cpi are cirular arcs with one common point cp1 (ϕ̃) = cp0 (ϕ̃) and the common
normal n(ϕ̃) at this point.
The two circular arcs are connected in a G1 way, they can not be connected
in an inflection (the normal is monotonous), but can be connected at a cusp. A
cusp occurs if and only if the two circles are differently oriented, i.e. if the signs
of C0 and C1 are different. Indeed certain boundary data can not be connected
in an inflection and cusp free way. This is however not the case of boundary data
˜ We still have to be careful about the right choice
of a monotonous segment of C.
of the breaking value ϕ̃.
Proposition 108. Let two G1 -points (44) be boundary points of a smooth mo˜ Then there is precisely one value ϕ̃ ∈ (ϕ , ϕ ) so that
notonous segment of C.
0
1
n(ϕ̃) ⊥ ([x1 , y1 ] − [x0 , y0 ]) and the two arcs constructed using Proposition 107 are
connected in a smooth cusp-free way. The whole interpolating segment is called
parallel tangent biarc and its approximation order is 3. Particularly its error
decreases as O(d3 ), where d is the distance of the boundary points.
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Proof. The existence of the desired value of ϕ̃ follows from the rule R3 of Section 4.4. Its uniqueness is due to the size of the interval ϕ1 − ϕ0 ≤ π/2. For this
particular value of ϕ̃ a laborious but straightforward computation gives
C0 · C1 =

(x1 − x0 )2 + (y1 − y0 )2
>0
2(1 − cos(ϕ1 − ϕ0 ))

and C0 , C1 thus have the same sign and the two circles are oriented in the same
way. The tangent at the breaking point is obviously parallel to the difference
vector ([x1 , y1 ] − [x0 , y0 ]). This is a standard case in the biarc interpolation and
it has approximation order equal 3 as shown in [32].
Example 74 (continuation). Consider the example of the previous chapter. The
arc spline (in Figure 5.2, left drawn red) provides an approximation of the black
curve. As we interpolate G1 -points, we have even the correct topology as proved
in the previous chapter.
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Figure 5.2: The original curves of (left) Example 74 and (right) Example 75 are
drawn black and their arc spline approximations are drawn red.
Example 75 (continuation). Consider the curve of the previous chapter. The
result of the approximation by circular arcs is drawn red in Figure 5.2, right. The
original curve is black. Again, the topology is certified as we have shown in the
previous chapter.

5.3

Optimized G2 interpolation

When we want to preserve curve features, it is suitable to interpolate the characteristic points up to the second order geometric data. Indeed, e.g. the cusps
are distinguished by having infinite curvature. The G2 Hermite interpolation is
transformed to solving a system of linear equations, due to the Proposition 102.
Here, we will demonstrate how the interpolation can be extended to the points
with infinite curvature and combined with an optimization.
To perform the G2 Hermite interpolation, we need to fix an approximation
space. In this section, we use trigonometric polynomials of degree 3:
G1 = ⟨1, sin ϕ, cos ϕ, sin 2ϕ, cos 2ϕ, sin 3ϕ, cos 3ϕ⟩.
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(49)

From [40], we know that this space is even rational. The details of the G2 Hermite
interpolation are described in [4].
The main drawback of trigonometric polynomials is that they can not produce
curves with inflections (and interpolate the zero curvature). It is possible to
approximate inflections only with the G1 precision.
To solving the G2 Hermite interpolation problem, we seek the support function
∑
g(ϕ) = 7i=1 λi gi (ϕ) such that the following three linear conditions are satisfied:
7
∑

λi gi (ϕ) = h(n0 ),

i=1

7
∑

λi ġi (ϕ) = ḣ(n0 ),

i=1

7
∑

λi g̈i (ϕ) = ḧ(n0 ),

(50)

i=1

where ϕ = arctan (n01 /n02 ) is arc length parameter. The right-hand sides may
be obtained via the implicit differentiation or from the G1 data as in (41).
Matching the support function up to the second derivative also reproduces
the cusps, which correspond to the case h(n0 ) + ḧ(n0 ) = 0. This case, which is
singular in the primary curve space, is completely regular from the point of view
of the support function.
The approximation space (49) has dimension 7. We are left one free parameter
after satisfying (50) for both endpoints. We can use it to minimize the segment
error. We can interpolate the support function value at the midnormal
g(ϕ̃) =

7
∑
i=1

λi gi (ϕ̃) = h

(

n0 + n1
,
2
)

for ϕ̃ = arctan

n01 + n11
n02 + n12

(51)

or alternatively to minimize the L2 norm of the difference of supports. In this
case every λi is a function of the free parameter e used to minimize the quantity
(52)

||h(ϕ) − g(ϕ, e)||∞ .

Example 75 (continuation). On this example we will demonstrate that the approximation order stays 6, even when the cusps are present. For simplicity we
use the approximation space G2 = ⟨sin ϕ, cos ϕ, sin 2ϕ, cos 2ϕ, sin 3ϕ, cos 3ϕ⟩ of dimension 6. The values of the support function and its first two derivatives in
characteristic points are in Tab. 5.1. The approximating spline over the characteristic points is found by solving the system of linear equations (50). The spline
is marked red in Fig. 5.3, the original curve is black (but it is almost not visible
below the red one).
B
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G
A

D
H

E

C

Figure 5.3: Approximation of offset at distance −9/10 to the ellipse f (x, y) = x2 +
4y 2 − 4 by curve having as support function piecewise trigonometric polynomials
of degree 3.
If the error is too big, we may divide all segments at midnormal points and
obtain the approximation spline with smaller error. Table 5.2 shows the approximation error and its improvement (ratio of two consecutive errors), while
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Table 5.1: Samples of support function and its derivatives to offset curve at
distance −9/10 to ellipse x2 + 4y 2 − 4 = 0.
point
A
B
C
D
E
F
G
H

h
h′
h′′
−0.7441 0.9039 0.7441
−0.7441 −0.9039 0.7441
−0.7441 −0.9039 0.7441
−0.7441 0.9039 0.7441
−0.1
0
−3
−0.1
0
−3
−1.1
0
1.5
−1.1
0
1.5

dividing the curve in more parts. The error was obtained by sampling the Hausdorff distance, which is, due to Proposition 103, the maximal difference between
the support functions. From the table it seems that the improvement of the error
converge to 64, i.e., the approximation order is 6. The graphs of the error for
first few iteration are shown in Fig. 5.4.
Table 5.2: Errors of interpolation of offset at distance −9/10 to ellipse x2 + 4y 2 −
4 = 0 by approximating spline in approximation space G2 .
parts
8
16
32
64
128
256
512
1024
2048
4096

error
2.43023 · 10−3
4.42354 · 10−5
1.26347 · 10−6
3.66130 · 10−8
6.68349 · 10−10
1.08374 · 10−11
1.71052 · 10−13
2.64063 · 10−15
4.16170 · 10−17
6.48248 · 10−19

improvement
54.93871
35.01110
34.50865
54.78136
61.67045
63.35748
64.77699
63.45069
64.19919

When we use the approximation space (49) of dimension 7 and use the last degree of freedom to interpolate the support function at midnormal (condition (51)),
the approximation error for 8 segments will decrease approximately 10 times
(from 2.43023 · 10−3 to 2.12534 · 10−4 ). The graph of the approximation error is
in Fig. 5.5, left.
We get very similar result when the degree of freedom is used to minimize
the L2 norm of the difference of the support functions. Sampling the norm (52)
and minimizing the values of the parameters up to 4 digits precision we get
e1 = e4 = e5 = e8 = 2.9805 and e2 = e3 = e6 = e7 = −18.6308, where the index
denotes the number of the segment. The approximation error is 2.03011 · 10−4
and the graph is shown in Fig. 5.5, right.
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Figure 5.4: (left to right) Approximation error for approximating spline over
points dividing curve in 8, 16 and 32 parts points in the and approximation space
G2 .
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Figure 5.5: Graph of approximation error for 8 segments of the approximating
spline and for different methods of fixing degree of freedom: (left) interpolation
of support function at midnormal, (right) minimization of L2 norm of difference
of support functions.

5.4

Approximation of inflection points

In Section 5.2 we have shown how to using the support function transform the
G1 interpolation by a smooth segment into the standard problem of the functional
Hermite interpolation of the first order at the two values ϕ0 and ϕ1 . The support
function representation is suitable for G1 Hermite approximation, but it has also
some disadvantages, one of them is that the approximation order at the presence
of inflection points drops. In this section we analyze the support function near
the inflection and we design a nonuniform subdivision, which causes that the
approximation degree remains 4 as in the regular case.

5.4.1

Support function at curve inflections

The behavior of the support function at inflections was never analyzed before.
The problem is, that the support function is necessarily multivalued at the neighborhood of an inflection and we have to use some techniques related to the algebraic functions and the Puiseux series. Let start with a simple example.
Example 76. Consider the parametric curve
−5 + 8t − 6t3 − 6t4 − 6t5 5 − 3t − 4t3 − 4t4 − 4t5
,
,
c(t) =
10
5
]

[

t ∈ R.

(53)

It has the inflection point at c(0) = [−1/2, 1] as shown in Figure 5.6, left. Its
implicit support function has the form
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D(h, n) = h4 (93750000n1 + 125000000n2 ) + h3 (263808000n21 − 46512000n1 n2 −
− 531008000n22 ) + h2 (294438600n31 − 486945600n21 n2 −
− 518860800n1 n22 + 871795200n32 ) + h(141760320n41 −
− 466276960n31 n2 + 111982080n21 n22 + 827304960n1 n32 −
− 649287680n42 ) + 19947071n51 − 107423460n41 n2 +
+ 133465840n31 n22 + 133792320n21 n32 − 361624320n1 n42 +
+ 184521728n52 .
This algebraic curve has a cusp at n = (3/5, 4/5), h = 1/2 corresponding to the
inflection point on the primary curve. So, the support function is multivalued
near the cusp, as shown in Figure 5.6, right.
h

y

1
cusp
φ
π

inflection

1
x

−1

Figure 5.6: (left) Curve with inflection point and (right) its multivaluated support
function.
This behavior of the support function is general (cf. the following proposition).
We use the rational parameter of the circle s, (5), because in this case the implicit
support function is algebraic (providing that the primary curve is algebraic). But
similar forms of the Puiseux-like series can be obtain for the variable ϕ. Indeed
s and ϕ are related by a diffeomorphism with a Taylor series for the changes of
the parameter in both directions with a nonzero linear term.
Proposition 77. Let C be a curve with a first order inflection at a point with the
normal n(s0 ). Then the support function has the rational Puiseux series at the
point s = s0 of the form
s = s0 ± r 2 ,

h = b0 + b2 r2 + b3 r3 + O(r4 ),

b2 ̸= 0.

(54)

Proof. Let first consider the case s0 = 0, i.e. the normal at the inflection is
n0 = (1, 0). Supposing that the inflection is of the first order (the tangent has
triple intersection with the curve), we can locally parametrize the curve by a
parametrization with the Taylor series
c(t) = [x0 + x3 t3 + x4 t4 + O(t5 ), y0 − t].
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(55)

By an explicit series computation we obtain that the variation of the normal
expressed in the parametrization (5) has the expansion
3
s = x3 t2 + 2x4 t3 + O(t4 )
2

(56)

and the corresponding distance of the tangent to the origin (the support function)
h = x0 + 3x3 y0 t2 + (−2x3 + 4x4 y0 )t3 + O(t4 ).
Composing with the inverse series to (56) we get the Puiseux series for h(s)
4
h(s) = x0 + 2y0 s −
3

√

2 3/2
s + O(s2 ).
3|x3 |

(57)

The corresponding parametrization is in the form of (54). For different values of
s0 the series of h will be transformed by a linear rational function of s. As it is
a diffeomorphism it has a regular Taylor series and will not change the form of
(54).
We will not analyze and exploit the higher order inflections in detail. However,
we will show the form of the corresponding support function. The proof uses same
technique as the Proposition 77.
Corollary 78. Let P ∈ C be a regular point and t the tangent at this point. If
t has with C at P an intersection of multiplicity k + 1, then the rational Puiseux
series of D(h, s) at the corresponding point has the form
(

(s, h) = s0 ± r ,
k

∞
∑

)

bi r

i

,

(58)

i=0

where b1 = b2 = . . . bk−1 = 0 and bk+1 ̸= 0.
Remark 79. Note that similar to the known results for the inflection-free curves
(see [40]), the support function determines the primary curve up to its derivative
of the order one higher than one might expect from the envelope formula (3).
This is due to the special nature of (55), which is essentially parametrization by
the projection from the tangent line. See also Example 80.
Example 80. The support function of the curve (53) has rational Puiseux series
(given by Proposition 77):
1
s = + r2 ,
3

1 9
6
h = − r2 +
2 5
5

√

3 3
63 4
r −
r + O(r5 )
5
100

(59)

To interpolate the inflection by an inflection, theirs support function series
have to coincide in at least first three terms of the series. We denote hi the
support function involving only terms of degrees at most i. Theirs graphs are
in Figure 5.7, left. The corresponding primary curves ci (obtained using the
envelope formula) are in the same figure on the right.
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s
1
−1
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h4 h3

Figure 5.7: (left) Support function of given curve (red) and its interpolation using
finite parts of Puiseux series at inflection point. (right) Corresponding primary
curves.

5.4.2

Dual G1 Hermite interpolation

In this section, we show how to redesign the regular subdivision scheme to obtain
the best possible approximation order 4 at any point (including inflection).
To permit the G1 Hermite interpolation, we have to fix the suitable basis. We
fix integers p, q and we denote the four-dimensional regular, rational and rotation
invariant space ([4])
⟨

⟩

p
p
G3 = cos ϕ, sin ϕ, cos ϕ, sin ϕ .
q
q
We also consider the polynomials in the rational variable s defined by (5). This
space is also regular and rational. Moreover we will be able to take advantage of
the well understood theory of interpolation by polynomials. Denote
G4 = ⟨1, s, s2 , s3 ⟩.
The relation between the variables ϕ and s is given by s = arctan(ϕ/2).
In the sequel, the following lemma will be useful.
Lemma 81. Let r(s) be a real function which is four times differentiable on the
interval (a, b) and C 1 continuous on [a, b]. Suppose that r(a) = r(b) = 0 and
′
′
r+
(a) = r−
(b) = 0. Then there exists a function ξ : (a, b) → (a, b) so that
r(s) = (s − a)2 (s − b)2

r′′′′ (ξ(s))
.
4!

Proof. Let fix s ∈ (a, b). We choose K such that
r(s) = K(s − a)2 (s − b)2 .
For x ∈ [a, b], we define a function
F (x) = r(x) − K(x − a)2 (x − b)2 .
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For this function F (a) = F (s) = F (b) = 0, F ′ is continuous on [a, s] and [s, b] and
differentiable on (a, s) and (s, b), so the Rolle’s theorem guarantees the existence
of c1 ∈ (a, s) and c2 ∈ (s, b) such that F ′ (c1 ) = F ′ (c2 ) = 0.
Moreover, we have F ′ (a) = F ′ (b) = 0, so again applying (three times) the
Rolle’s theorem we get c3 ∈ (a, c1 ), c4 ∈ (c1 , c2 ) and c5 ∈ (c2 , b) such that F ′′ (c3 ) =
F ′′ (c4 ) = F ′′ (c5 ) = 0.
Another Rolle gives c6 ∈ (c3 , c4 ) and c7 ∈ (c4 , c5 ) for which F ′′′ (c6 ) = F ′′′ (c7 ) =
0. Last use of the Rolle’s theorem yields c8 ∈ (c6 , c7 ) such that F ′′′′ (c8 ) = 0.
Differentiating F we get F ′′′′ (t) = r′′′′ (t) − 24K, so K = r′′′′ (c8 )/24. As s was
an arbitrary value, the statement of the lemma is proved.
The behavior of the error of the approximating spline is analyzed in the following propositions.
Proposition 82. Let C = {c(t), t ∈ [A, B]} be a regularly parametrized smooth
curve which has no inflections at the interior points nor at the endpoints. Let for
any integer N ≥ 1, C˜N be the approximating spline constructed over the sequence
{c(ti )}N
i=0 , where ti = A +

i
(B − A).
N

Then the approximation error satisfies
||C

1
.
N ||H = O
N4
(

− C˜

)

Proof. For the seek of clarity of the proof, let first consider the regular approximation space of the polynomials G4 . Let h(s), where s ∈ [a, b] be the precise
support function of C in the variable s defined as above by (5). Because h is also
smooth it has bounded fourth derivative and we denote K = maxs∈[a,b] h′′′′ (s).
The interpolation values {ti }N
i=0 are equally spaced. Because the parametrization c(t) is regular, there is a constant δ such that |c′ (t)| < δ. Moreover there
are no inflections and thus the Gauss image is regular, too. Consequently the
sequence {si }N
i=0 of the corresponding values of s is spaced not equally but still
regularly. More precisely there exist constants L1 , L2 so that
L2
L1
≤ max(si+1 − si ) ≤
.
i
N
N
By Definition 106, C˜N is the collection of the interpolants cgi having support
function gi (s), s ∈ [si , si+1 ]. For every i, the function ri (s) = h(s) − gi (s) on
[si , si+1 ] satisfies the assumptions of Lemma 81. Consequently, for s ∈ [si , si+1 ]
there exists a constant K such that
|h(s) − gi (s)| =

1
(s − si )2 (s − si+1 )2 (h − gi )′′′′ (ξ(s)) ≤ K(si+1 − si )4 .
24

(60)

The last inequality follows from the fact that gi ∈ G2 is a polynomial of degree
three (with vanishing fourth derivative) and ξ(s) ∈ [si , si+1 ] ⊂ [a, b], where h′′′′ is
bounded. The estimate (60) holds for every i and so by Proposition 103 we get
||C

L2
max |h(s) − gi (s)| ≤ K
N ||H =
i
N
s∈[s ,s
]
(

− C˜

i

i+1
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)4

=

K(L2 )4
,
N4

which is the statement of the proposition.
For a general regular approximation space G the proof is analogous, with the
difference that the derivative gi′′′′ does not vanish but it is bounded by a global
constant due to the definition of the regular space.
This behavior of the error of the approximating splines was already observed
on level of examples in [5, 39]. In the same papers it was also observed that
the error behavior deteriorates at the presence of the inflection. More precisely,
one degree of the approximation order is lost. This is due to the fact that at
the inflection the support function h(s) behaves essentially as s3/2 , see (57), and
consequently h′′′′ is not bounded.
We are however able to remedy this behavior by a nonuniform sampling of
the interpolation points near the inflection.
Proposition 83. Let C = {c(t), t ∈ [A, B]} be a regularly parametrized smooth
curve having the only one first order inflection point at c(A). Let fix a real
constant j ≥ 4/3. Let for any integer N ≥ 1, C˜N be the approximating spline
constructed over the sequence
{c(ti )}N
i=0 ,

i
where ti = A +
N
(

)j

(B − A),

(61)

then the approximation error satisfies
||C

1
.
N ||H = O
N4
(

− C˜

)

Proof. Let again consider first the approximation space G4 . Let h(s), s ∈ [a, b] be
the precise support function of C in the variable s defined as above. Because of the
inflection point at the value s = a the relation between the parameters t and s is
of the form (56), i.e. (s−a) = (t−A)2 +O((t−A)3 ) and the support does not have
a bounded fourth derivative but has the form h(s) = (s − a)3/2 r((s − a)1/2 ), where
r(x) is a function analytical at x = 0, see (57). Let consider the diffeomorphism
σ : (a, b) → (0, (b − a)1/2j ), s̃ = σ(s) = (s − a)1/2j .
The composed relation between the parameters t and s̃ is thus s̃ = (t − A)1/j +
O((t−A)3/2j ) and thus the sequence of the points s̃i corresponding to the sequence
(61) is regularly spaced, i.e. there exist constants L1 , L2 so that
L2
L1
≤ max(s̃i+1 − s̃i ) ≤
.
i
N
N
Consider now the transformation of the support function to the new parameter h̃(s̃) = h(σ(s)) = s̃3j r(s̃j ). By Definition 106, C˜N is the collection of the
interpolants cgi having support function gi (s), s ∈ [si , si+1 ]. Let again transform
these supports to the new parameter g̃i (s̃) = gi (σ(s)), s̃ ∈ [s̃i , s̃i+1 ]. Then the
conditions of Lemma 84 (see infra) are satisfied and there exists a global constant
Kj so that we have
|h(s) − gi (s)| = |h̃(s̃) − g̃i (s̃)| ≤ Kj (s̃i+1 − s̃i )4 .
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This estimate holds for every i and so by Proposition 103 we get
max |h̃(s̃) − g̃i (s̃)| ≤ Kj

||C − C˜N ||H =

i
s∈[s̃i ,s̃i+1 ]

(

L2
N

)4

=

Kj (L2 )4
,
N4

which is the statement of the proposition. For different regular spaces, the result
can be obtained by approximation of the basis functions with the elements of G4 .
Lemma 84. Let h̃(s̃) be a real function which is C 1 continuous on the interval
[0, δ] and C 4 on (0, δ], δ > 0. Moreover let j ≥ 4/3 and on a right neighborhood
of the point s̃ = 0 we have h̃(s̃) = s̃3j · r(s̃j ), where r is a function analytic at 0.
Assume I = [ã, b̃] ⊂ [0, δ]. Denote g̃(s̃) := a0 + a1 s̃2j + a2 s̃4j + a3 s̃6j the unique
Hermite interpolant of the values and the first derivatives of h̃(s̃) at the points ã
and b̃. Then there exists a constant Kj so that
max |h̃(s̃) − g̃(s̃)| < Kj · (b̃ − ã)4 .
s̃∈I

Proof. The function h̃(s̃) − g̃(s̃) satisfies assumptions of Lemma 81, so we have
h̃(s̃) − g̃(s̃) = (s̃ − ã)2 (s̃ − b̃)2

(h̃ − g̃)(4) (ξ(s̃))
.
24

The maximum is
max |h̃(s̃) − g̃(s̃)| ≤
s̃∈I

(b̃ − ã)4 (h̃ − g̃)(4) (ξ(s̃))
·
16
24

If we can bound (h̃ − g̃)(4) on I by an universal constant, the lemma will be
proved. For j ≥ 4/3 the function h̃(4) is bounded on I, so it suffices to bound g̃ (4)
on I. It has the following form
g̃ (4) (s̃) = a1 s̃2j−4 + a2 s̃4j−4 + a3 s̃6j−4 .

(62)

Using equations (40) of the Hermite interpolation h̃(ã) = g̃(ã), h̃(b̃) = g̃(b̃),
h̃′ (ã) = g̃ ′ (ã), h̃′ (b̃) = g̃ ′ (b̃), we are able to calculate the coefficients a1 , a2 , a3 of g̃
explicitly and substituting them into (62). We get
(

s̃2j−4
(ã2j − b̃2j )ã2j ã2j (2b̃2j − s̃2j ) + (b̃2j − s̃2j )2 r′ (ãj ) +
g̃ (s̃) =
2j
2j
3
2(ã − b̃ )
(4)

)

(

(

)

+ (ã2j − b̃2j )b̃2j ã4j + 2ã2j (b̃2j − s̃2j ) + s̃2j (s̃2j − b̃2j ) r′ (b̃j ) −
(

)

− ã4j (6b̃2j − 3s̃2j ) + ã2j (3b̃4j − 3b̃2j s̃2j + s̃4j ) + 3b̃2j (b̃2j − s̃2j )2 ãj r(ãj ) +
(

)

+ 3ã4j (b̃2j − 2s̃2j ) + 3ã6j + 3ã2j (2b̃4j − b̃2j s̃2j + s̃4j ) + b̃2j s̃2j (s̃2j − 3b̃2j ) ·
)

· b̃ r(b̃ )
j

(63)

j

We have to prove that this expression is bounded for ã ∈ [0, δ), b̃ ∈ (ã, δ] and
s̃ ∈ [ã, b̃]. The only discontinuities (and therefore the places where g̃ (4) should be
unbounded) can arise when
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(1) 4/3 ≤ j < 2 and s̃ → 0,
(2) b̃ → ã.
In the first case, using the inequality 0 ≤ ã ≤ s̃, we have ã → 0, too. In such a
case
) ( ))
) ( ) (
((
1
lim g̃ (4) (s̃) = b̃−3j s̃4j−4 b̃j s̃2j − b̃3j r′ b̃j + 3b̃2j − s̃2j r b̃j
2
ã→0
⏐ ( )⏐
⏐ ( )⏐
⏐
⏐
⏐
⏐
≤ b̃4j−4 ⏐r′ b̃j ⏐ + 2b̃3j−4 ⏐r b̃j ⏐ ,

which is bounded for j ≥ 4/3, b̃ ∈ (0, δ] and s̃ ∈ I. Specially also for 4/3 ≤ j < 2
and s̃ → 0. To treat the second case, let b̃ = ã + ∆. The second case is equivalent
to ∆ → 0. By substituting into (63), we get
ã−3j s̃2j−4
g̃ (ã + ∆) =
3ãj s̃4j g ′ (ãj ) − 3ã5j s̃2j g (3) (ãj ) + ã3j s̃4j g (3) (ãj )−
48
− 3s̃4j g(ãj ) + 3ã7j g (3) (ãj ) + 6ã2j s̃4j g ′′ (ãj ) − 12ã4j s̃2j g ′′ (ãj )+
(4)

(

+ 6ã6j g ′′ (ãj ) + 21ã3j s̃2j g ′ (ãj ) − 27ã5j g ′ (ãj ) + 27ã2j s̃2j g(ãj )+
)
(
)(
j ã−3j−1 s̃2j−4
+ 27ã4j g(ãj ) +
− 3ã2j s̃2j + 3ã4j + s̃4j 9g(ãj )−
96
)

− 9ãj g ′ (ãj ) + ã4j g (4) (ãj ) + 6ã3j g (3) (ãj ) − 3ã2j g ′′ (ãj ) ∆ + O(∆2 )

As the case ã → 0 we treated above, we can assume that there exists ε > 0 such
that ã > ε and therefore also s̃ > ε and g̃ (4) is bounded.
In both cases (1) and (2), g̃ (4) (s̃) is bounded and otherwise it is continuous,
so g̃ (4) (s̃) is bounded on whole I and the lemma is proved.
Now, we will show how the preceding theoretical results can be applied on
examples. Assume that we have a parametric curve segment c(t), t ∈ [A, B].We
provide the support function based a G1 Hermite interpolation on this segment.
In the case of the space G3 , we have to fix p, q and then we seek an interpolant
having the support function
p
p
g(ϕ) = vx sin ϕ + vy cos ϕ + s sin ϕ + c cos ϕ.
q
q
Firstly, for A, B, we determine the normal vectors nA , nB and the corresponding
angles ϕA , ϕB such that nA = n(ϕA ), nB = n(ϕB ). The G1 Hermite interpolation
is thus reduced to solving the linear system in variables vx , vy , s, c ∈ R:
⊥
⊥
g(ϕA ) = nA · A, g(ϕB ) = nB · B, g ′ (ϕA ) = nA
· A, g ′ (ϕB ) = nB
· B.

(64)

If 0 < ϕB − ϕA < min(π, pq π), the system has the unique solution and the normal
of the interpolant runs the interval (ϕA , ϕB ). The details are described in [39].
Similarly in the case of G4 , we are seeking for the coefficients of the polynomial
support function g(s) = a0 + a1 s + a2 s2 + a3 s3 such that
⊥
⊥
g(sA ) = nA · A, g(sB ) = nB · B, g ′ (sA ) = nA
· A, g ′ (sB ) = nB
· B.
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(65)

If the obtained interpolant has a too big error, we subdivide the segment and we
consider the approximating spline instead. If the segment is regular, we add the
). If one endpoint (without loss of generality c(A)) is an
splitting point c( A+B
2
inflection point, we have to fix j ≥ 4/3 and we add the splitting point c(A+ B−A
).
2j
If the error is still too big, we can divide the segment in more parts. In
general step
k, the approximating
spline will have 2k parts and it is splitted at
)
(
points c A + 2ik (B − A) , i = 1, . . . 2k − 1 in the case of regular segment and
(

c A+

(

i
2k

)j

)

(B − A) , i = 1, . . . 2k − 1 in the case of c(A) the inflection point.

Due Propositions 82 and 83, in both cases, the interpolation error descend as
O(2−4k ) and after a finite number of steps, we reach any given quality.
Example 85. Let again use the parametric curve (53) having the inflection at
c(0) = [−1/2, 1], it is shown in Fig. 5.8.
y

y

c(A)

c(A)
x

c(B)

x

c(B)

Figure 5.8: Approximating spline subdivided (left) uniformly in parameter and
(right) nonuniformly for j = 4/3 .
We first perform the G1 Hermite interpolation on the segment t ∈ [1/2, 1],
which is completely regular. We implement the interpolation by the support
function from G3 for p = 1, q = 3 as well as from G4 . Table 5.3 shows the errors depending on the number of parts n of the approximating spline. The third
column gives the ratio of the previous and the new error. We see that it tends
to 16 = 24 , indicating the approximation order 4. Next, let do the same for the
segment c(t), t ∈ [0, 1/2], i.e. the segment with one inflection point. Without
adapting the subdivision (see Fig. 5.8, left), we get only the approximation order
3, which confirms the results of [5, 39], see Table 5.4. For the nonuniform subdivision for fixed j = 4/3 (see Fig. 5.8, right), we obtain errors confirming the
(best possible) approximation order 4, see Table 5.5.
Remark 86 (Dual G2 Hermite interpolation). Also in the G2 case, the support
function based approximation is less efficient at the presence of inflection points.
In [4], it was observed at the level of examples that the optimal approximation
degree 6 decreases to 3 when the inflection point is present.
To interpolate the inflections in the G2 manner, we have to seek the approximation of the support function in the form given by Proposition 78 and again
adjust the subdivision scheme as in the G1 case. Our preliminary tests confirmed
that the approximation order 6 is obtained even at the inflection points.
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Table 5.3: Errors of G1 Hermite interpolation on regular curve segment c(t), t ∈
[1/2, 1].
support function from G3
p = 1, q = 3
n
error
improve
1
7.35064 · 10−2
2
5.39909 · 10−3 13.6146
4
3.52580 · 10−4 15.3131
8
2.20019 · 10−5 16.0250
16
1.38914 · 10−6 15.8385
32
8.70391 · 10−8 15.9600
64
5.44331 · 10−9 15.9901
128 3.40238 · 10−10 15.9985
256 2.12650 · 10−11 15.9999
512 1.32908 · 10−12 15.9998
1024 8.30674 · 10−14 16.0000

support function from G4
n
1
2
4
8
16
32
64
128
256
512
1024

error
3.43811 · 10−2
2.14616 · 10−3
1.42697 · 10−4
8.93366 · 10−6
5.60192 · 10−7
3.50252 · 10−8
2.18938 · 10−9
1.36844 · 10−10
8.55286 · 10−12
5.34555 · 10−13
3.34097 · 10−14

improve
16.0198
15.0400
15.9729
15.9475
15.9940
15.9978
15.9991
15.9998
15.9999
16.0000

Table 5.4: Errors of G1 Hermite interpolation on the curve segment containing
inflection c(t), t ∈ [0, 1/2], subdivided uniformly.
support function from G3
p = 1, q = 3
n
error
improve
1
2.06742 · 10−2
2
2.34218 · 10−3 8.82690
4
2.41869 · 10−4 9.68368
8
2.50397 · 10−5 9.65943
16
2.93218 · 10−6 8.53961
32
3.54975 · 10−7 8.26025
64
4.36752 · 10−8 8.12760
128 5.41664 · 10−9 8.06315
256 6.74432 · 10−10 8.03141
512 8.41393 · 10−11 8.01567
1024 1.05071 · 10−11 8.00782
2048 1.31275 · 10−12 8.00391

support function from G4
n
1
2
4
8
16
32
64
128
256
512
1024
2048
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error
1.75600 · 10−2
2.51863 · 10−3
2.32844 · 10−4
2.51388 · 10−5
2.93471 · 10−6
3.55065 · 10−7
4.36787 · 10−8
5.41676 · 10−9
6.74433 · 10−10
8.41386 · 10−11
1.05070 · 10−11
1.31273 · 10−12

improve
6.97205
10.8168
9.26235
8.56601
8.26528
8.12903
8.06361
8.03158
8.01573
8.00785
8.00392

Table 5.5: Errors for G1 Hermite interpolation on the curve segment containing
inflection c(t), t ∈ [0, 1/2], subdivided nonuniformly, j = 4/3.
support function from G3
p = 1, q = 3
n
error
improve
−2
1
2.0674 · 10
2
4.04023 · 10−3 5.11709
4
5.58532 · 10−4 7.23366
8
5.04553 · 10−5 11.0698
16
3.63883 · 10−6 13.8658
32
2.41407 · 10−7 15.0734
64
1.55035 · 10−8 15.5711
128 9.81510 · 10−10 15.7956
256 6.17290 · 10−11 15.9003
512 3.86997 · 10−12 15.9508
1024 2.42243 · 10−13 15.9755
2048 1.51518 · 10−14 15.9878

support function from G4
n
1
2
4
8
16
32
64
128
256
512
1024
2048
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error
1.75600 · 10−2
1.71363 · 10−3
2.33469 · 10−4
2.31334 · 10−5
1.42685 · 10−6
9.49301 · 10−8
6.00738 · 10−9
3.76075 · 10−10
2.35059 · 10−11
1.46940 · 10−12
9.18398 · 10−14
5.74000 · 10−15

improve
10.2473
7.33988
10.0923
16.2129
15.0306
15.8022
15.9739
15.9991
15.9969
15.9996
16.0000
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6. Conclusion
The main contribution of this thesis is a new algorithm which gives a topologically accurate rational approximation of algebraic curves. The advantage of the
found approximation is that it simultaneously gives a rational approximation of
the offsets and convolutions to the curve. This procedure can be useful for solving
CAGD problems. Our approach is quite complex and can be divided into two
nearly independent parts: finding the global structure of the curve and approximating of the given arcs at any prescribed precision.
The global structure is represented by a graph whose edges correspond to
smooth monotonous segments of the curve. Its endpoints are geometric features
called characteristic points: inflections, cusps, extremal and boundary points.
While seeking them, we exploit not only the primary curve equation but also
its support function representation. In order to connect the characteristic points
correctly, we formulate a set of rules of a geometric nature. We prove that the
rules connect the points correctly in a finite time. The connectivity graph of
the curve may not have the same topology as the curve, because the smooth
monotonous segments can pass the ordinary singularities. We propose segment
tangent triangles to certify the topology or to reduce the uncertified regions to
arbitrarily small. If this is not sufficient, we apply the axis projections and the
topological degree to resolve the right topology.
Our method also provides an effective and high-quality approximation of the
segments. We use an approximation based on the support function, which has
several advantages. For example, the Hermite interpolation is reduced to solving
a system of linear equations, or it is possible to directly and easily control the
Hausdorff distance. It is known that one problem of this approach arises near the
inflections, where the approximation order drops. We use the rational Puiseux
series to carefully analyze the behavior of the support function at inflection points.
We design a nonregular subdivision scheme, which remedies the approximation
order in the G1 case to the best possible (four), and we prove it.
We use many results about the local properties of the curves, which we deduce
from the rational Puiseux series. To represent them effectively, we define the Puiseux tree. To compute them effectively, we implement the Mathematica package.
As a by-product of the study of Puiseux series, we formulate an algorithm, which
for a prescribed singularity computes an algebraic curve containing it.
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