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Abstract
Recent results from cognitive psychology suggest that human behavior can be, in some
situations, better described by laws known from physical quantum theory. This work
responds to this development and seeks to answer the question of how quantum models
of cognition and decision-making can contribute to our understanding of the social world.
We introduce the approaches to the application of quantum theory in social sciences -

quantum consciousness, quantum reasoning and quantum metaphor and further develop
the second, in the context of strategic interaction in game theory. We show that the

quantum model corresponds to both the psychological intuition and many empirically
known anomalies such as the order effect, disjunction effect, or context effect.

In this work, we derive a specific model of strategic interaction between two players, and

we test it in the experimental Prisoner’s Dilemma game. The model is based on the
rational choice theory, which is nevertheless re-defined when it is shown how the strategic

choice is changed if the quantum probability (C*-algebra) is used as the underlying theory
instead of classical probability (c-algebra). The results obtained support the quantum
model and showed a different representation of the game among various groups of

players. The quantum model of strategic interaction is also tested on the example of a

hypothetical poll on Czexit, showing how the expectation of the outcome changes the
respondents’ electoral behavior. The model is further generalized to the case of the

security dilemma and the general model of the agent/social structure interaction.

Abstrakt
Nedávné výsledky z kognitivní psychologie naznačují, že chování člověka lze
v některých situacích popsat zákony známé z fýzikální kvantové teorie. Tato práce

reaguje na tento vývoj a hledá odpovědět na otázku, jak mohou kvantové modely kognice
a rozhodování přispět k porozumění sociálního světa. V práci představujeme dosavadní

přístupy k aplikace kvantové teorie v sociálních vědách - přístupy kvantového vědomí,
kvantového uvažování a kvantové metafory. Rozvíjíme druhý jmenovaný, v konkrétním
kontextu strategické interakce v teorii her. Ukazujeme, že kvantový model odpovídá

nejen psychologické intuici, ale především řadě empiricky známých anomálií, jako je

efekt pořadí, disjunkční efekt, či efekt kontextu.
V práci odvozujeme konkrétní model strategické interakce dvou hráčů a testujeme jej v
experimentálním Vězňově dilematu. Vycházíme z teorie racionální volby, kterou ovšem
nově definujeme, když ukazujeme, jak se strategická volba promění, pokud jako základ
teorie využijeme kvantovou teorii pravděpodobnosti (C*-algebra) místo teorie klasické

(o-algebra). Získané výsledky podporují kvantový model a ukazují také na odlišnou

reprezentaci hry mezi raznými skupinami hráčů. Kvantový model strategické interakce

testujeme také na příkladu hypotetického hlasování o Czexitu, kde ukazujeme, jak
očekávání o výsledku mění volební chování respondentů. Získané výsledky zobecňujeme

na případ bezpečnostního dilematu a také obecný model interakce aktéra a sociální
struktury ve společnosti.
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Introduction

Ifpeople do not believe that mathematics is simple, it is
only because they’ do not realize how complicated life is.

John von Neumann1

The topic of this research project is the “quantum theory of international relations,” i.e.,
the application of the quantum probability theory to the field of International Relations

(IR). Why should a political scientist consider a physical theoiy that emerged to explain
the behavior of tiny particles such as photons and electrons at the microscopic level? The
main reason is the nature of quantum probability theory which, in many respects, parallels

the logic of the social world, hi opposition to the classical probability theory

(Kolmogorov o-algebra), which is widely used in social science, e.g., in the rational
choice theory or game theoiy, the quantum probability theoiy (C*-algebra) is non-

commutative (order-dependent), non-deterministic and context-dependent. Therefore, it
seems to be more suitable to account for the social world which features agents equipped

with the free will and acting according to the context of the given situation.
The fundamental starting point of this work is the scientific universalism that assumes the
universal nature of the world - in this case, that the same principles are valid in both the

natural and social realm. The modern science was based on the Newtonian idea of the
world that is mechanistic, contains direct relation between cause and result, and allows
prediction (in principle at least); idea that reflected the then prevailing notion of the world.
It assumes the world that exists independently of the observer which is accessible to be

observed and measured. The same also applied to the social science - Auguste Comte,
the founder of modem sociology, used the term “social physics” for the new science. It

reflected his conviction that the natural and social world is of the same nature and that it

is possible to find similar laws for society too.
This broad worldview was also reflected in IR theory. “Traditionally, we understand

political phenomena and international relations in terms of positivist approaches based

1 Austro-Hungarian and later American mathematician (1903-1957), who contributed significantly both to
the development of quantum theory (Von Neumann 1955; first published in 1932 in Germany) and game
theory (von Neumann and Morgenstem 1953; first published in 1944).
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upon Newtonian worldview, which is mechanistic and reflecting “systemic determinism”

governed by eternal universal laws" (Kazemi 2015, p. 90; cf. Akrivoulis 2002). However,
this clear deterministic idea of the world has failed gradually with the interpretation of

the reality studied. Several post-positivist approaches have aroused in the reaction. “From
ontological perspective, we find the shift from objective (mechanistic) to subjective

(interpretive) approaches; and from epistemological point of view, we depart from mere

description and explanation to “understanding” of the political phenomenon in its
entirety. ... Despite all these endeavors, we still feel an epistemic vacuum and are not

sure about the explanatory and predictive capacity of our methods and approaches“
(Kazemi 2015, p. 92).

The gradual shift in social science that limited the rationality of agents, the possibility of

prediction, and the objectivity of the social research (among all) have not been

accompanied by the corresponding shift in the underlying worldview that remained
Newtonian. The inconsistencies between our empirical knowledge of the social world and
the underlying assumptions, i.e., the phenomena that cannot be accounted for in the

Newtonian world, were dismissed as just 'fallacies' (see chapter 3 for the review).
Meantime, in natural sciences, the quantum theory replaced the Newtonian mechanics as

the more fundamental theory of the material world, but this development was not reflected

in the social science due to the departure from the scientific universalism. We argue that
the two shifts that took place in social and natural science in parallel are of the same
nature. Therefore, that by embracing the quantum theory as the more fundamental theory

also in social science we can reinstate the scientific universalism and, at the same time,
lay a better foundation to the post-positivistic approaches in social science.

What are the analogies that suggest the possible connection between the quantum theory
and social sciences? There is no definite list of the comparable phenomena known in both

fields. However, three qualities are repeating in the literature. First, the complexity of the

social world that overcomes the predictable mechanics of the classical world (Munro
1928; Becker 1991a). Quantum theory, with its probabilistic character that replaced the
deterministic laws of classical mechanics, seems to be more suitable to explain the social

world where human agents claim the faculty of the free will and perfect causal

relationship are rare. Second, the missing subject/object distinction which is closely
connected to the measurement problem. In quantum theory, as well as in many situations

in the social science, by measuring we come to the contact with the object, influence it
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and, in a certain sense, create the measured quality. Finally, the holistic character of the

quantum theory. Order-dependence of quantum measurements, together with the novel
phenomenon of quantum entanglement can cause a spatiotemporal link of systems
previously believed to be separated. This holistic character is appealing to many authors,

who consider phenomena like shared ideas or collective intentions as vital parts of their
theories (Wendt 2015).

Even though the quantum theory is by nature probabilistic, taking it as the more

fundamental theory of probability would not bring an end to the positivistic theories based
on classical logic. If the evolution of physics could indicate the possible development in

social sciences, we would expect a mere correction of classical theories in settings where
“quantum” effects are non-negligible. In physics, quantum theory is considered as a more

general theory that includes the Newtonian mechanics as its limit case (see below).

Therefore, we could expect that also a quantum theory of social science would allow

explaining a broader range of phenomena while conserving the functional findings even
within the framework of quantum theory.

As it is clear from the introduction, the nature of this work is inherently interdisciplinary.
The following chapters are written from the perspectives of the theory of science (meta-

theoretical consideration), physics (quantum probability theory), cognitive psychology

(quantum decision-making), social science (quantum strategic interaction/game theory)
and finally international relations (quantum model of society). The overall structure

reflects the chosen approach to gradually apply the quantum logic to the systems whose
complexity is growing: from the electrons to the human cognition, man, and social
structure (cf. Comte's hierarchy of sciences).
This work has several goals, which lay at the conceptual, empirical as well as the

theoretical level. On the conceptual level, we will isolate, from the cacophony of current
approaches, a single model which is supported by the existing research and is directly
applicable to the political science. The most natural link between cognitive models of

decision-making and the field of international relations is the game theory. Therefore, we
will test this model empirically in the game-theoretical setting, in the Prisoner’s Dilemma

game. On the theoretical level, we will derive the consequences of embracing the quantum
model of decision-making for our notion of the world as well as for the social research.
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We will discuss how this model can account for some of the most important topics of the
IR field - the interactions of human agents and the social structure, and the possibility of

social change. We also explore the consequences of the quantum reasoning for the
question of causation in both quantitative and qualitative tradition in IR.

The primary assumption, on which this work is based, is that some non-classical

phenomena stem from the interaction of different perspectives the agent can use to

consider the particular situation - the self-perspective and the other-perspective. We
assume that human thinking about themselves differ from their thinking about the others
and, what is the most important, that these two perspectives are non-compatible. This has,

in the quantum model, two significant consequences. First, it follows that the two
positions are not available at the same time (we can access self-perspective first and otherperspective later or vice versa but never simultaneously). Second, these two positions
influence each other - to clarify someone position in one perspective brings uncertainty

to the other and vice versa. Empirically speaking, they can exhibit all kinds of nonclassical effects, including the question order effect or the disjunction effect.
In this work, we redefine the rational choice theory (RCT) and more specifically, the use

of RCT in the game theory, by modifying the underlying probability theory. Besides RCT,
we discuss the role of language in the perception of the world and the mutual relationship

between the agents and the social structure. Generally speaking, our central question is

how the social structure and its perception influence the behavior of the actor and,
contrariwise, how the actor influences the social structure through his/her behavior.

From the current approaches of international relations, this work is closest to the social
constructivism. Our main topic is the co-constitutive relationship between the agent and

the social structure, where on the one hand, the actions of the social agent reflect his/her

perception of the world; and on the other hand, his/her actions create the social structure

that influences the perception of his/her and of the other agents. The agents are formed
by the structure but are simultaneously co-creating it via their behavior.
The work is based on four assumptions. First, the state of human cognition can be
described as the quantum state of superposition of all conceivable options. Second, this

cognitive state is shared across the society via language. Third, human decision-making

can be represented as the "measurement" of the quantum system, which therefore follows
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the logic of quantum probability theory. Fourth, in the strategic decision-making, there
are two perspectives to consider: the self-perspective and the other-perspective. The

interaction of these two non-compatible perspectives produces the effects (e.g., the order
effect, or the disjunction effect) that are considered as just anomalies" from the classical

point of view.
Throughout the text, we point out several specific areas where this approach could be

utilized to analyze the social world. In chapter 3, we show how the mutual interaction of

two political issues (such as the euro adoption and the attitude towards the EU) can
modify the decision-making of individuals. Later, in chapter 4 we present a quantum

analysis of empirical results of the Prisoner’s Dilemma game and the hypothetical poll on
Czexit. In chapter 5 we show how the quantum model can be used to understand the
problem of the security dilemma. These examples illustrate the possibility of generalizing

quantum analysis on any case of interaction of different perspectives in human decision

making. Concrete use in political science may range from moral, market or electoral
behavior to the strategic interaction of aggregated actors (e.g., states).

The structure of the thesis is as follows. In the second chapter, we will introduce the

quantum theory to scholars from the field of social sciences. We will compare this theory

to the classical probability theory based on sets and will discuss the consequences of this
theory for our notion of the world and its researching. The third chapter is devoted to the

models of quantum decision-making. We will introduce a particular model of strategic

interaction in which the different perspectives will play a role of different, possibly non

compatible variables of the quantum system. We will derive several predictions, both

qualitative and quantitative, for the observed probabilities for this model which will be
later tested in the experiment (chapter four). Our goal is to replicate and explain the

experimental results of Shafir and Tversky (Shafir and Tversky 1992; Tversky and Shafir

1992). hi the last chapter, we derive some theoretical consequences that follow from the
non-compatibility of different perspectives in crucial questions of IR theory. We will
focus on the relationship between the agent and the social structure and the possibility of

change in IR.
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1

Meta-theoretical consideration: Quantum challenge

to the classical worldview
Quantum theory2 (QT) developed at the turn of the 19th and 20th centuries to explain some

novel phenomena in physics3 and became one of the most successful theories in modem

history. Many experiments have confirmed its validity to an extraordinary level of
precision, and it has provided the basis for a new era in human history: The Information
Age. However, it is not only the realm of natural science that has produced

groundbreaking innovations. Quantum theory poses a fundamental challenge to the
classical notion of reality in general, as it radically alters the grounds on which it is

constructed (Norris 2000).
The foundations of the modem scientific method were laid in the Age of Enlightenment,
at the turn of the 17th and 18th centuries, especially in the works of Francis Bacon
(inductive method and empiricism), René Descartes (dualism, objectivism, and

rationalism), Isaac Newton (mechanism and determinism) and David Hume (causality
and positivism). This relatively compact set of ideas4 can be called “Cartesian science”
after one of the cornerstones of this method - Cartesian dualism (cf. Wendt 2004). What

are the basics of Cartesian science?

i.

The dualism of mind and matter: There are two distinct substances in the world -

thinking substance {res cogitans} and extended substance {res extensa). Mind and
matter follow their own rules and differ entirely from one other.

ii. Distinguishing between object and subject {objectivism}-. We observe objects of

inquiry without influencing them. They exist independently of the observer.
According to Atmanspacher, these are the regulative principles of contemporary science.

They are sometimes referred to as the Cartesian cut and the Heisenberg cut
(Atmanspacher 1999, pp. 127-130). Moreover, other characteristics stem from these cuts.

2 This chapter is an extended version of earlier papers, previously published as review article Quantum
Theory ofInternational Relations: Approaches and Possible Gains (Tesař 2015) and book review
Quantum Social Science: Too Elegant not to be True? (Tesař 2016).
3 It was primarily the theoretical problem of black-body radiation and experimental results of the
photoelectric effect that gave the birth to the quantum theory.

4 There are fundamental differences in their work, but also a common body that is now considered to be
the modem scientific method (Burtt 2003).
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in. We can gain knowledge of the outer world through observation and rational

reasoning {empiricism/rationalism. as opposed to the use of metaphysics).

ITO. The outer world consists of material objects {materialism}.

to. These objects can be reduced to smaller ones and analyzed /?er partes
{reductionism}.
t o i.

Material objects are governed by natural laws. If we know the exact state of the
system, we can predict its temporal development {determinism}.

t ou.

These laws obey three principles of causality {local mechanism}-. Causality

itself (occurrence of event B depends on the occurrence of event A), antecedence
(the cause must be prior or at least simultaneous with the effect) and contiguity

(cause and effect must be in direct or indirect spatial contact) (Born 1949).
Moreover, and especially relevant to the social science, due to a mind trapped in a material

body and the dualism of mind and matter, the basic unit for social reasoning is the person.

All social phenomena must be reducible to facts about individuals {individualism} (cf.
Burtt 2003; Busemeyer and Bruza 2014; Wendt 2015)

These features, notwithstanding differences between the theorists, became the

fundamental paradigm of modern science. Newton’s discovery of universal gravitation
(and the laws of motion) played a crucial role here, proving the power of the new approach

in a field traditionally home to great disputes among philosophers. Its influence on the
emerging social sciences can easily be seen. Auguste Comte, the founder of modern

sociology, used the term social physics for the new science. It reflected his belief that it
was possible to find similar laws for society too. “In [his essay from 1822] Comte argued

that it was necessary to create a ‘positive science’ based on the model of other sciences.
This science would ultimately rest on empirical observations, but, like all science, it

would formulate the laws governing the organization and movement of society...

[Sjociologists must use their observations to uncover the laws governing the social

universe, in much the same way as Newton had formulated the law of gravity“ (Turner et
al. 2007, p. 40).

Others tried to use Newton’s ideas to build a positivistic social science. We could mention
Henry Carey's theory of social gravitation or George Berkley's law of moral attraction as
rather bizarre cases (Cohen 1994). However, more serious examples of the influence of
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Newtonian science have been known throughout modern history despite not being
immediately apparent. Dimitris Akrivoulis has persuasively shown how the Newtonian

metaphor had a substantial impact in two distinct eras of American history: The Founding
Era and the early years of the Cold War. “Through the use of metaphors like the billiard-

ball or the balance-of-power ones, societies and politics are finally reduced to force-fields
where all interaction occurs, and confrontations are resolved in terms of power so that
stability becomes the outcome of the equalization of such powers” (Akrivoulis 2002).
In IR, it is quite rare to find Newtonian theory being used directly; nevertheless, the

general aspects of Cartesian science have somewhat inconspicuously marked out the
boundaries of this field. The most important is probably the Humean notion of causation.

As Milja Kurki has shown in her Causation in International Relation (2008), both

mainstream positivists (rationalists) and post-positivists (interpretivists) accept that
Humean causality is the dominant discourse in IR. In fact, it was the dominant Humean
discourse that divided the field. Reflectivists have rejected the use of causality as their

starting point because of the difficulties it has dealing with unobservable causes such as

motivations or ideas, but they have never challenged the Humean notion of causality itself
(Kurki 2008; cf. Hulswit 2002). Moreover, the same is also true for other aspects of

Cartesian science, particularly the dualism of mind and matter. Even the interpretivists
“... have never doubted the classical assumption that ultimately reality is purely material,
only that an analysis from such a point of view could capture what really matters in social

life” (Wendt, 2004, p. 6).
To sum up, Cartesian science forms the basis of positivistic approaches in social science.

The later post-positivistic approaches rejected some features of this notion but have never
challenged the underlying worldview. It was QT that reconstructed some of the classical

concepts and had enriched ontological and epistemological ideas in the 20th century

(Becker 1991b). However, due to the departure from scientific universalism that began
during the Enlightenment, the quantum revolution has attracted little consideration in

social science (and international relations particularly).
If we are to consider how quantum theory might be applied in the field of international

relations, we need first to understand what quantum theory is. That is quite a challenging
task “[fjor those who are not shocked when they first come across quantum theory cannot

possibly have understood it” (Heisenberg 1971, p. 206). While making practical use of
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QT requires knowledge of advanced mathematics, understanding its basic features is
more accessible. What is the underlying logic that builds this theory?
A system that obeys the rules of quantum theory is called a quantum system. The possible
states of this system are represented by state vectors. The specific rules define which
states the system can be found in (eigenstates'} and what the values of observable variables

(eigenvalues) are. One of the crucial elements in quantum theory (which gave it its name)

is the statement that some of these values are not continuous but quantized.
In which state can we find the system? And what is its temporal development? According

to the standard interpretation5, a quantum system is found in the superposition of all
possible states (e.g., the famous Schrodinger's cal6).7 The
8 development of such a system

flows from the temporal development of its eigenstates (guided by the Schrodinger's
equation1). If we observe/measure the system, we obtain one of the eigenvalues of the

variable measured. However, it is only the probability of finding the system in any state

that stems from quantum theory. The process of measurement is crucial; according to the
standard interpretation, collapse of state occurs. I.e., the system passes from the

superposition of states to one particular state with a well-defined value of observable
variables. As a result, quantum theory is radically non-deterministic*, as only the
probability of the outcomes of the measurements can be ascertained.

The innovative elements of the quantum theory include:
•

The principle of uncertainty: this limits the precision with which certain pairs of

physical properties of a system can be known simultaneously (complementary

variables).

5 We will use the term quantum theory for quantum mechanics and its standard, so-called Copenhagen,
interpretation, developed in the 1930s, mainly by Niels Bohr and Werner Heisenberg.

6 The title Schrodinger cat denotes a famous thought experiment by Ervin Schrodinger which illustrate the
problem of transition between quantum and classical world by the act of measurement. In this experiment,
a cat is locked in the box along with small flask of poisonous gas. Possible release of the poison depends
on the purely quantum phenomenon (like is a decay of a radioactive atom). Than the state of the
(macroscopic) cat is entangled with the state of (microscopic) atomic system. The question is whether the
indeterminacy of the microscopic system (when only the probability of a decay can be known) goes "all
the way up" to the cat itself. Whether the cat lives in the superposition of both "live" and "dead" or her
state is determined classically as either "live" or "dead".
7 More on Schrodinger equation, as a fundamental equation of the QT, can be found in Sec. 2.2.3.
8 This is valid for mainstream interpretations, for other possibilities see below.
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•

Wave-particle duality: we are not able to describe the phenomena in the micro

world with just one set of equations. Particles behave both like classical particles
and waves. “It seems as though we must use sometimes the one theory and
sometimes the other, while at times we may use either. We are faced with a new

kind of difficulty. We have two contradictory pictures of reality; separately neither
of them fully explains the phenomena of light, but together they do.” (Einstein
and Infeld 1967, pp. 262-263).
•

Entanglement: a phenomenon that has no analogy in the classical world.

Entangled particles behave as one system although they can be in remote places.
This feature of quantum theory radically undermines the classical view of (local)

causality.

Quantum theory challenges the Cartesian worldview in many respects. First and crucially,
there is a measurement problem. We do not possess knowledge of the exact nature of this

phenomenon, but we do know one thing for sure: something special happens when the
system is measured. Due to the state collapse (or state reduction') occurring at that
moment (according to the standard interpretation), we cannot “see” the system itself (Tyc

2006, pp. 54-56). It is impossible to observe the quantum system without influencing it,
so only partial information about the original state is obtained. In the quantum world, we

have only indirect access to reality. This undermines the Heisenberg cut and therefore

goes directly against the classical conception of objectivist science.
Second, major consequences for the nature of the quantum system itself result from the

measurement problem. Since we have no direct access to the quantum world, many

models (interpretations) of it exist. The alternative models differ in crucial respects—

whether the vector states in superposition are real objects; whether collapse of state
occurs; and if so, whether it is a deterministic act, etc. Although we cannot be sure of the

ontology, some features of the quantum phenomena stem from the theory (and we can be

sure about that because many experiments confirmed this). We do not know, for instance,
whether wave function is real (what the quantum world is like), but we can make use of
it (we know how it works). Similarly, the classical picture of matter has changed because

of wave-particle dualism. Further, we have discovered the phenomenon of entanglement.

All these features put together quite a different picture of reality which overcomes

Cartesian reductionism and creates a more holistic world.
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The last but essential point is that Cartesian determinism faces great difficulties with the

quantum turn. A quantum system is found in a weird fuzzy state where all possible states
are represented. The concrete values of a particular state can be obtained only after the

state has collapsed. The quantum world is non-deterministic in this respect; all that is
known is the probability of respective outcomes. The probabilistic nature of quantum

theory is closely related to Heisenberg's uncertainty principle, initially considered to be

an epistemological problem but now recognized to be a real feature of quantum ontology.

Several authors have attempted to connect this with the problem of free will. (If we were
to obey deterministic laws, there would be no place for free will. This poses a crucial

problem for human responsibility and morality). Non-deterministically choosing between

the alternatives, as in the standard interpretation of quantum mechanics, would allow for

an autonomous decision-maker (Hodgson 2002).
As was already said, the ontological nature of the theory is quite ambiguous. There are

laws that have been experimentally well proven but have not answered all our questions.

Several interpretations explain the ontology of this theory, but there are no empirical
means of choosing between them. The standard view (already mentioned above) is the

Copenhagen interpretation developed in the 1930s (mainly) as a result of collaboration
between Niels Bohr and Werner Heisenberg. At present, there are over a dozen

empirically equivalent interpretations (see Home 1997; Laloě 2012; Ruetsche 2011 for
philosophical reflection) and “even though the debate has clarified their implications and
swings of fashion have occurred, none has been ruled out. (This uncertainty poses a

second-order problem for social scientists, in turn, since some interpretations may have
many social implications, and others none)” (Wendt 2004, pp. 16-17). One of the crucial

themes which distinguish one interpretation from the others is the (non)deterministic
nature of the quantum world (see below).

By now might be obvious that quantum theory has challenged many of the cornerstones
of the classical notion of reality. Why is this knowledge not used in other fields? The

departure from scientific universalism is a partial answer. However, the scale of

theorizing is fundamental. Quantum phenomena seem to occur only in the micro-world,
typically guiding tiny particles like photons, electrons, or atoms. The largest systems

exhibiting quantum effects created up-to-date contained tens or hundreds of particles.9

9 See the results of prof. Arndt's group in Wien, in their experiments, they proved quantum effects on
compounds composed of up to 430 atoms (Gerlich et al. 2011; Arndt and Homberger 2014).
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According to the standard interpretation, updated in the 1980s, a higher number of
particles associated with more frequent interaction with the surrounding environment

causes the decoherence of the system and quantum properties effectively disappear
(however, the transition from the quantum superposition to the classical state is still part
of the measurement problem). Mutual interactions “measure” the system so often that

quantum effects simply do not take shape. This is a way of saving determinism in macro
scale. While the behavior of a single particle can be non-deterministic, by averaging over
a sufficiently extensive set of particles we gain “adequate determinism ... capable of

sending men to the moon and back with astonishing accuracy” (Doyle no date).
In the next section, we will review the approaches which, despite these obstacles, attempt

to apply quantum theory in social science, particularly in international relations.

1.1 Approaches to quantum social science
We will consider several different approaches that have applied quantum theory (QT) in
the social science. We call any system in which quantum effects (like superposition or
entanglement) play a non-negligible role a quantum system. Let us take a general system
A. How might this system work like a quantum system? There are three general options:

First, system A works as a quantum system because it actually is a quantum system. In
other words, the physical characteristics of the system are suitable for the presence of

quantum effects. Second, system A works as a quantum system because it is analogous

to a quantum system. That means general laws exist which are the driving principles for
both the quantum system and system A (e.g., the generalized non-commutativity
principle). Third, system A works as a quantum system because it imitates a quantum

system. The model that system A follows is a quantum system.
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Figure 1.1: Possible types of relation between quantum and social systems.

These three possible types of relation, that of an identity, an analogy and of a metaphor

(Figure 1.1), constitute the classification we use below in the review. In looking at the
application of quantum theory in social science, we will consider quite distinct ensembles

as system A: the human brain and mind, cognitive functions of human reasoning and
decision-making, or even the society or the political sphere as a whole. We will deal with
the quantum mind/consciousness approach (in relations of identity), quantum reasoning

(the relation of analogy) and the quantum metaphor approach. Specific examples of the

application of “quantum politics” are provided throughout this overview. Quantum game

theory, as a special case of quantum decision-making, is introduced in the fourth chapter.

Table 1.1: Typology of the quantum social science approaches
type of relations

approaches

rationale

identity

quantum mind and
consciousness

human brain is a system capable of
sustaining the quantum coherence

analogy

quantum reasoning

human decision-making follows the same
rules as the physical quantum systems

metaphor

quantum metaphor

social world will acquire features of QT
after the social absorption of the theory

1.1.1 Quantum mind and quantum consciousness
The use of QT outside physics is closely connected to the development of the theory itself.
Apart from the apparent overlaps in chemistry and biology, there is also the question of

the possible quantum essence of human mind and consciousness. We can consider Niels

Bohr, one of the founders of quantum theory, to be the forerunner of this approach.
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The quantum mind approach is based on the quantum mind hypothesis which sees a direct

correspondence between the human mind and QT. It matches our first type of relationship,
that of identity. The proponents of this approach regard the human brain as a quantum
system (quantum processes play a non-marginal role here) and the human mind and
consciousness as the manifestation of this system.

Following Atmanspacher (2011), we can classify the different branches of this approach
according to the level at which the quantum effects would have a part to play. As far as

the quantum features of the brain are concerned, the most influential work is perhaps that

of physicist Robert Penrose and anesthesiologist Stuart Hameroff (Hameroff and Penrose
2014). They utilize the concept of quantum gravitation to explain quantum decoherence

on the level of ensembles of microtubules. Their orchestrated objective reduction (ArchOR) theory has been widely studied and criticized since it goes beyond the limits of
current QT (there is no broadly accepted theory of quantum gravitation yet) and many

researchers have questioned the very starting point of their theorizing: Penrose's

interpretation of Godel's incompleteness theorem. Several other theorists are looking for

quantum effects on the level of single neurons and their synapses, or neuronal assemblies
(Atmanspacher 2011).
We can leave the question of possible quantum mechanism in the brain to biophysicists
and neurologists and merely note that the mere eventuality of its existence has raised two

interesting questions for social science. First, if the human brain were to have quantum

features, could we possibly use them to explain human consciousness? Many see the

innovative principles of QT as a way of overcoming Cartesian dualism, and they mostly
link consciousness (human inner experience) to the measurement problem (Davies 2004;

Satinover 2002; Wendt 2015). However, according to David Chalmers, author of the
concept of the “hard problem of consciousness,” this cannot solve the issue:

The attractiveness of quantum theories of consciousness may stem from a law of
minimization of mystery: consciousness is mysterious and quantum mechanics

is mysterious, so maybe the two mysteries have a common source. Nevertheless,
quantum theories of consciousness sufferfrom the same difficulties as neural or
computational theories. Quantum phenomena have some remarkable functional

properties, such as nondeterminism and nonlocality. It is natural to speculate

that these properties may play some role in the explanation of cognitive
functions, such as random choice and the integration of information, and this
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hypothesis cannot be ruled out a priori. But when it comes to the explanation of
experience, quantum processes are in the same boat as any other. The question

of why these processes should give rise to experience is entirely unanswered
(Chalmers 2010, p. 14).

Nevertheless, the proponents of the quantum mind hypothesis complement “remarkable
functional properties” of the quantum brain with the idea of panpsychism. I.e., the idea

that the inner experience is a fundamental faculty of any element of nature, only amplified
by the human quantum brain (Hameroff and Penrose 1996; Wendt 2015, chap. 6).
Second, if the human brain were a quantum system, could we use the concept of

superposition and its non-local mechanism to build a quantum model of society?

Proponents of this approach assume that it could be achieved with the notion of the
collective wave-function of members of society (cf. shared ideas of constructivism) or the
entanglement of “individual” quantum systems (human brains) (Barad 2003; Bohm 2002;
Ekstrom 2004; cf. Esfeld 2001). However, this aspect of quantum social science is not
unique to the quantum mind hypothesis, and as it concerns the main topic of this thesis,
it will be discussed in detail in chapters three and five.

1.1.2 Quantum reasoning
The second approach to quantum social science consists of work that tries to explain the

phenomena of human cognition, decision-making, concept creation and learning by
generalized quantum concepts, hi the literature, there are at least two philosophical

positions that allow the system A to be analogous to the quantum system, i.e., to follow
the same rules as the quantum system without being a quantum system in the sense of

physics. The first position considers mind and matter as dual aspects of some another,

more general, reality. These authors combine an epistemic dualism with ontic monism

when they
consider mental and material domains of reality as aspects, or manifestations,
of one underlying reality in which mind and matter are unseparated. In such a
framework, the distinction between mind and matter results from the

application of a basic tool for achieving epistemic access to, i.e., gather
knowledge about, both the separated domains and the underlying reality. ... A

remarkable feature of [this approach] is the possibility that the mental and
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material manifestations may inherit mutual correlations due to the fact that they
are jointly caused by the psychophysic ally neutral level (Atmanspacher 2011,

sec. 4.6).
This dual-aspect approach sees a difference between mental and material spheres as a

result of human cognition process. It also raises the question of panpsychism (the idea

that mentality is a common feature of objects) because “in the limit of a universal
symmetry breaking at the psychophysically neutral level, every system has both a mental
and a material aspect” (ibid.). Nevertheless, the notion of mentality is of the most
considerable importance here.
Harald Atmanspacher et al. provide the theoretical basis for this type of reasoning in Weak

Quantum Theory which introduces the general concepts of complementarity and
entanglement (Atmanspacher et al. 2002). They omit some of the axioms of standard QT
and obtain a system which “is considered as a part of reality in a very general sense, i.e.,
it can be the object of attention and investigation beyond the realm of ordinary quantum

theory, possibly even beyond the limitations set by the concept of material reality” (ibid.,
390). Moreover, they provide two examples showing how it can be applied to real

problems (cf. Aerts and Aerts 1995; Khrennikov 1999).
The second position of quantum reasoning is built on the analogy of the quantum logic
and the logic of human cognition and decision-making. It extracts the mathematical

formalism of quantum theory and applies it to the cognitive phenomena. The authors
remain mostly agnostic to the question why human cognition should feature the quantum

effects pointing out that the models simply fit the known experimental data better than
the classical one. This pragmatic position is sometimes supported by the argument that

even though there are no clear reasons why quantum theory should explain the human

cognition, it applies to the classical probability theoiy as well. Even though the classical
probability theoiy is often considered as the only option (e.g., in rational choice theory),

it is not automatic that it should yield better results and be superior to the quantum
probability theoiy in this respect.

This approach brought several notable results in the last 20 years. It has helped explain

the question order effect in surveys, conjunction and disjunction effect, violation of the

sure thing principle and other “fallacies” in probabilistic reasoning; several works have
expanded game theory to include the novel “quantum options,” e.g., a successful quantum
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strategy for the Prisoner’s Dilemma. A complete review of all the authors has been
provided elsewhere (Atmanspacher 2011; Busemeyer and Bruza 2014) and decision

making fallacies will be discussed in chapter three, we will now introduce only an
example to show the power of quantum models of cognition and decision-making.
In their 2009 paper, Pothos and Busemeyer dealt with the violation of the 'sure-thing

principle.' Let us look at the experimental arrangement which poses a crucial problem for

traditional decision making.
The sure thing principle (Savage 1954) is fundamental to classical decision
theory: if you prefer action A over B under state of the world X, and you also

prefer A over B under the complementary state ~X, then you should prefer A

over B when the state is unknown. This principle was tested by Tversky &
Shafir (1992) in a simple two-stage gambling experiment: participants were

told that they had just played a gamble (even chance to win $200 or lose $ 100),
and then they were asked to choose whether to play the same gamble a second

time, hi one condition, they knew they won the first play; in a second condition,
they knew they lost the first play; and in a third condition, they did not know
the outcome. Surprisingly, the results violated the sure thing principle:
following a win/loss, the participants chose to play again on 69%/59%,

respectively, of the trials; but when the outcome was unknown, they chose only

to play again on 36 percent of the trials. This preference reversal was observed
at the individual level of analysis with real money at stake (Pothos and

Busemeyer 2009, p. 1).
Pothos and Busemeyer explain the violation of standard rational decision theory using
different preference orders over actions as basis states in a quantum model. They allowed

the players to be in a superposition of preference orders which distinguishes it from the

standard model (where the order is considered to be singular and sufficiently stable). As
a result, interference among the different options occurs, and this may explain the
inadequacies of classical theory (see in chapter three and four in detail).

Given the importance of order, conjunction and disjunction effects on the cognition
processes, they are the central theme of other papers as well (Khrennikov and Haven

2009; Yukalov and Sornette 2011; Wang et al. 2014). A recent book, Quantum Models of
Cognition and Decision (Busemeyer and Bruza 2014), provides a detailed elaboration of
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these models. The authors use two generalized aspects of QT, contextuality, and

entanglement, to build a general model of cognition and decision. Similar logic has also

been applied to other practical problems of human cognition and decision making, notably
the creation of concepts, semantics networks, bistable perceptions, or order effects (e.g.,

in the process of learning, or in questionnaires)(Atmanspacher 2011).

1.1.3 Quantum metaphor
Finally, we will consider the third logical option: the relation of metaphor. This
interpretive approach is based on the assumption that reality is, to a certain extent,

(co)constituted by our concepts and ideas. If we think of system A using quantum
concepts, it will acquire the characteristics of a quantum system. As mentioned above,
several works link features of modem politics, namely political institutions, to the

Newtonian mechanical worldview (Munro 1928; Becker 1991a; Wendt 2004). The

formation of some kinds of quantum patterns would be the logical consequence of this
perspective. (The traditional Newtonian worldview has changed gradually with the

emergence of the novel ideas of quantum theory, so the same should hold true for reality

itself.) Nevertheless, all the papers and books mentioned in the previous section consider
the quantum model merely as a way of understanding political phenomena; they do not

grant it (apart from a few exceptions) the power of changing the reality itself. In their
view, the power of the quantum model lies on an epistemological level, not an ontological

one.
We are aware of only one piece of work which considers in any depth the potential of

quantum metaphor for the realm of international relations according to our third model of
metaphor. In his doctoral thesis, Dimitrios Akrivoulis uses a method based on Ricoeur's

hermeneutic and considers how IR would change following the “social absorption’'’ of
QT (2002). The reality of the world stems from the prevailing scientific paradigm which
operates as the glasses through which we view the world. He uses two critical cases in
American history - the Founding Era and the early Cold War period - to show that the

classical concepts of IR (e.g., the balance of power) were based on the Newtonian notion
of the world. Next, he examines the possibility of developing a new paradigm based on

quantum mechanics.
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In his view, the principles of quantum theory itself are not as important as their depictions,

which they gain during the process of social absorption. “[W]hat is of importance is less
what quantum theories make of space and time than how their spatiotemporal insights are

socially absorbed in their dissemination and popularisation” (Akrivoulis 2002, p. 190).
The quantum notion of the world, he concludes, is “characterised by instantaneous

change, dynamic interactions, and multifaceted political identification occurring in a
multiplicity of constantly emerging, simultaneously coexisting and communicating, yet
distinct, political spatiotemporalities” (ibid.).

1.2 Quantum political science
Quantum theory has been used sporadically in political science and international

relations, and when it has been distant analogies have been the most common. It is how
we should perceive Robert Munro's presidential address to the American Political Science
Association in 1927 in which he appealed for the incorporation of thinking on quantum

physics.
So long as the social order was simple, without the unending complexities that
have been infused into it during the past half-century, [the old principles] were

not beyond the power of rational minds to accept. ... But we have now passed
into an age when the vast laboratory of world politics is conducting
experiments of every kind with unmeasurable rapidity, and we continue the

attempt to explain our electro-dynamics in terms of mechanics - an attempt

which the physicist abandoned a generation ago! (Munro 1928, p. 4).
It was intended to help to grasp the new complexity of the political world; something that

traditional political science had been incapable. However, Munro’s call for “quantum
revolution in political science” mostly fell on deaf ears. With several exceptions (Barber

1984; Dator 1983; Becker 1991a) the interest in the topic was renewed only in the last 10

to 15 years.
An excellent example of the distant analogies between QT and political science is an
edited volume from 1991, Quantum Politics: Applying Quantum Theory to Political

Phenomenon (Becker 1991a). The authors share the view that the institutions of liberal

democracy reflected the Newtonian notion of the world and sought for participatory
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democracy to be built on the quantum worldview. “Two major implications of the world
revealed by quantum physics are the radical breakdown of the subject/object dichotomy
and the paradoxical character of individual entities. Modern ethics is largely based on a

belief in the subject/object dichotomy. ... Supposedly a gulf separates our minds from the

objective realms of matter. This gulf is now problematic, to say the least” (diZerega 1991,
p. 70). Moreover, they explicitly linked the principles of QT to several postmodern

schools of thought like feminism, environmental movements, and non-Westem
philosophy.

While the first part of Quantum politics concerns the similarities between the physical
and political realms, other chapters offer more detailed ideas about the methodology of

the “new politics.” R. J. Rummel develops the social-field theory of perception, using
latent functions and potentials known from the Heisenberg interpretation of QT (Rummel

1991). Peggy Ann James ponders the role of the overall energy of the political system
and reconsiders the concept of political stability. She forms a dynamic model of the

system based on the role of entropy.

Max Planck identified a major paradigmatic change in the transfer of allegiance
from a mechanical view of nature to that of energy. ... While not usually

conceived as parallel to physics, political science has the potential to undergo
the same sort of paradigmatic shift (James 1991, p. 127).

She introduces a research method that measures the amount of uncertainty that an
individual event adds to the political system, increasing its entropy. Unfortunately, we are
not aware of any empirical research that has been conducted using this formalism.
Laurence H. Tribe, in his chapter Curvature of Constitutional Space: What Lawyers Can

Learnfrom Modern Physics (1991), utilizes two metaphors: the curvature of space from
general relativity theory and the observer-dependency effect from quantum theory. He
presents a dynamic picture of constitutional space in which “interaction between
background and foreground” takes place, where the observer is never really separated

from the system, and decisions restructure the law itself. However, he remains tentative

about this,
the criterion of appraisal is whether the concepts we might draw from physics

promote illuminating questions and directions. I press forward in this endeavor
because I believe that reflection upon certain developments in physics can help
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us hold on to and refine some of our deeper insights into the pervasive and
profound role law plays in shaping our society and our lives (Tribe 1991,

p. 169).
The last chapters conclude with the general principles of the new naturalistic approach:

quantum politics (Heilman 1991). According to Heilman, quantum methodology i) works
with multiple realities that are interactive and non-separable from the observer; ii) is

context-dependent; iii) features entities that mutually shape each other, therefore, causes

and effects are indistinguishable; iv) is value-laden. These features make it stand in

apparent contrast to the positivist methodology, mainly for the issue of observer-

dependency.
This book and subsequent ones (e.g., Becker and Slaton 2000 dealing with the concept of

teledemocracy) represent a renewed interest in the use of quantum theory in political

science. The authors convincingly show the similarity between the political system and
the traditional Newtonian view and propose a shift to post-modem quantum-based
politics. Nevertheless, this approach has been the target of significant criticism, mainly

regarding the weak link between the work and QT itself.
If we look beyond the political science, to closely related fields of sociology,
anthropology, or economics, we will find similar attempts to harness unique ideas
introduced by the quantum theory. A full review of these approaches is beyond the scope
of this work, and it exceeds the limits of authors expertise as well. However, even the

quick exploration of the area reveals the main inspiration by the QT which is the concept
of wave-particle dualism that overcomes the dichotomy of previous theories. The idea of

the holistic potential that spread out through the space and is actualized into a local
phenomenon in the act of measurement is reflected in many fields, whether it concerns

the relation of self and society in sociology (Tamdgidi 2004), man and culture in

anthropology (Trnka and Lorencová 2016), body and spirit in theology (Russell 2013),
microeconomics and macroeconomic framework in social economics (Karsten 1990), or
dualistic nature of money in economics (Orrell 2018). The relational ontology of QT also
inspired the agential realism of Karen Barad, in which the social and natural agencies, in

the act of the intra-action, produce local phenomena (Barad 2007).
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The most up-to-date elaboration of quantum social science has been presented by
Alexander Wendt. His thoughts have been expounded in his replies to critics of his Social

Theory of International Politics (Wendt 2004). In his recent book Quantum Mind and
Social Science: Unifying Physical and Social Ontology (Wendt 2015), he answers two
central questions: “(a) how might a quantum theoretic approach explain consciousness
and by extension intentional phenomena, and thereby unify physical and social ontology
and (b) what are some implications of the result for the contemporary debates in social

theory?” (p. 29). The book does not introduce a new social theory; nevertheless, it
discusses some of the implications that would follow if the 'quantum ontology' had been
embraced and gave the future theory a radically new meta-theoretical basis.

The topic of the book and the proposed solution are closely related to the topic of this

thesis. Therefore, we will review it in detail. A problem that author aims to solve consists
of the contradiction of four statements that are valid for contemporary social science: (1)
only explanations consistent with the causal closure of physics are considered as

legitimate scientific explanations (i.e., only physical phenomena have causal effects in
the physical world); (2) the theory of physics that is relevant for social science is the

classical one; (3) causal closure of physics (CCP) based on classical physics excludes the
causal effects of consciousness (and thereby all intentional phenomena); and (4) social
scientists need consciousness and intentionality in their theories, which leads to the

contradiction with CCP.
In other words, we face the old mind-body problem. On the one hand, we might have a
theory that is consistent with the classical worldview, but then consciousness and

intentionality are just epiphenomena with no real effects and therefore have no place in
the theory. On the other hand, we can equip consciousness and intentionality with causal

power in the material world, but then they (a) have to be admitted into our view of physics,
or (b) we have to renounce CCP as the necessary condition for our theories. Wendt, as we

may expect, argues that consciousness and intentional phenomena are crucial for social

science. For him, an ontology of the material world with no trace of consciousness is an
ontology of death, which apparently is not the best basis for social science. Therefore, he
looks for a way to get consciousness back into the picture.

The solution that Wendt offers stems from the adoption of the hypothesis of the quantum

mind. It says that the mind is a macroscopic quantum phenomenon and therefore
compatible with physicalism, because “in quantum physics, physicality can encompass
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mentality” (p. 27). How does this resolve the contradiction introduced above? Rewritten
from the quantum-mind perspective, Wendt's statements become: (1) only explanations

consistent with the CCP are considered as legitimate scientific explanations; (2) the
relevant theory of physics for social science is quantum; (3) CCP based on quantum

physics does not exclude (and therefore allows for) the causal effects of consciousness
and all the intentional phenomena; and (4) social scientists need consciousness and

intentionality in their theories, which is (thanks to the acceptance of the quantum mind

hypothesis) consistent with CCP.
The reasoning in the previous paragraphs can be summarized with another narrative from

Wendt. He points out that the problem we face (the mind-body problem in social science,
e. g., in the form of the agent-structure problem) has been dealt with from many

perspectives for centuries with little progress. He suggests that social science based on

classical physicalism (materialism) contains inner contradictions and therefore can never
reach a solution. “When philosophical debates persist for a long time with no apparent
progress, one way to gain traction is to look at what all sides have in common, hi the

mind-body problem a key, generally unstated assumption is that the nature of the body is

clear, and as such 'the problem’ is with the mind” (p. 29). However, “[rjegardless of which

interpretation of quantum theory one prefers, the existence of such debate shows that the
nature of matter is no less mysterious than the nature of mind.” (p. 29-30)

The book presents a unique philosophical reflection regarding the possible connection

between the quantum world and social science, which is, on the one hand, well-argued,
but on the other hand (admittedly) speculative in some parts. From our perspective, two

main objections can be raised. First, how is the main argument constructed? It can be

argued some essential parts not be well established and may soon be disproven
empirically. It is, e.g., the case of quantum brain theory, which seems to lack substantial
support even among neuroscientists. We could dismiss this work as mere speculation, for

its foundation does not stand upon strong grounds. However, the general argument of the

book has a second element that does not depend so much on the individual constituents:

an overall coherence and ability to explain many well-known phenomena within a single
axiomatic framework. It is more like a puzzle - most but not all the pieces are needed to

see the whole picture. Even if some of them turn out to be false or inaccurate, the overall
picture will not change much (assuming there are not too many wrong pieces). In
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composing it, Wendt has already done considerable work; the result is convincing enough

to at least accept it as a viable alternative to the classical framework.
However, our general support for his approach does not extend to some of the

implications in the second half of the book. I refer particularly to the argument which
extrapolates quantum effects beyond the individual level to entangle individuals with one
another and with social structures into coherent wave-functions. (This step is done
between entanglement of concepts in language and entanglement of partners in dialogue
via language, part IV of the book). Another, a more straightforward solution would also

account for the anomalies left unexplained by the classical CCP: the “classically” shared

superposition of perspectives at the individual level. It would preserve quantum effects at
the level of the individual agent but, due to the conception of the agent that is entangled

with the conceptions of others or social structures, still, exhibit holism and contextual
character. Sharing this superposition across society (via language) would bring
empirically-known stability.

Our second point relates to scientific realism: why not take an “as if’ approach? With
respect to the inaccessibility of quantum theory and apparent gaps which lay on the way

to a would-be quantum social science, shouldn’t we approach quantum logic only as an
inspiration for the new social model? Some research presented in the book shows that this

is possible and can lead to the fascinating results. However, if it is true that social
scientists take the classical worldview at face value, but we actually live in a quantum
world, we can expect that the acceptance of the quantum mind hypothesis would lead to

discoveries. The quantum model could be especially important for the debate between the
positivists and post-positivists in social science. However, wouldn't this create a new
hegemony that could be proven false in the future, as would the classical one now? Such
a possibility always exists, but just as the quantum physics does not annul classical theory

(it only generalizes it), a new theory might not have to annul quantum theory. In the
meantime, we can use quantum logic to refine our present theories and explain some
phenomena which are considered anomalies in the classical framework.

1.3 Criticism of the quantum approach
As mentioned above, quantum theory has rarely been used in social science. Given the
relative novelty of this approach, there is still a lack of discussion on the weaknesses and
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potential benefits of such a theory/models. Physicist Max Tegmark has criticized the

quantum mind approach (Tegmark 2000). He deduced the timescales of the (quantum)
decoherence processes and compared them with the dynamic timescales of the human

brain. On this basis, he rejected Penrose’s suggestion that the brain acts as a quantum

computer. According to him, quantum coherence (a necessary condition for the quantum

system) cannot be sustained long enough to do any computational work. Litt et al. (2006)
used a similar approach together with other biological and psychological arguments.
Nevertheless, their work has not been without opponents, and they did not challenge the

quantum mind approach as a whole, just one option of the realization of the quantum
mind.

There is also some lack of broader testing of quantum cognition and decision models.
These models have been proposed to several problems in cognitive psychology

(Busemeyer & Bruza, 2014) but often as post-hoc fits of the earlier results. The authors

also differ in their ontological positions which again may cause a problem with the
coherence of such models. Probably the best quantitative data exists in regards to the

question order effect where a meta-analysis of 70 representative surveys (Wang et al.
2014) showed a correct prediction of the quantum model (so-called QQ-equation, see

below). However, the broader spectrum of situations under different experimental settings

is still needed.
The quantum metaphor approach offers a unique view of the possible application of

quantum theory in social science. However, its weakness may be the very process of

social absorption of quantum theory. It is not clear how the ideas of quantum theory will
translate into human perception and the formation of concepts. What subsequently

remains of quantum theory and, if not much, what can we know directly from the theory?

Our approach combines and further develops the models of quantum decision-making of
Jerome Busemeyer, Emmanuel Pothos, Peter Bruza and others (Pothos and Busemeyer

2009; Busemeyer and Bruza 2014; Wang et al. 2014; Yearsley and Busemeyer 2016;
Trueblood et al. 2017) and notion of socially shared quantum states of Alexander Wendt.
However, in contrast to Busemeyer’s work we do not consider the quantum effects

resulting from the quantum dynamics but from non-compatibility of different

perspectives (see chapters 3 and 4 below). Further, relating to the Alexander Wendt’s
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approach (which is probably the most advanced approach to quantum political science by
now), we differ in two key aspects. Primarily, this work is based on the methodological

individualism, namely the unitary actor principle, which states that "aggregate social
behavior results from the behavior of individual actors, each of whom is making their

individual decision" (de Mesquita 1992, 26). All the concepts and results in this work
concern the decision-making process of the individuals that then aggregate into the social
phenomena. It is closely related to the second distinction. We propose to read the work

as the "as if' approach, i.e., as the analogy from the classification above. It is not because
we think there are no real quantum effects concerning human brain or mind. However,
we believe there is still very little support for such a proposition by now. Therefore, in
accordance with Occam's Razor, the assumption of quantum consciousness or

"collective" quantum state, based on entanglement of different individuals, should be
abandoned as they are not necessary to explain the phenomena that we will focus on in
this work. Which of the many candidate models (e.g., people behaving in accordance with

quantum logic because they are quantum systems, versus people behaving in accordance

with quantum logic because they share the same general principles with the physical
quantum system) is more appealing to the broader spectrum of phenomena and to the
criteria of simplicity is not the purpose of this work and we will leave it to philosophers

of science.

29

30

2 Quantum probability theory
In the previous chapter, we have repeatedly stated that quantum theory radically changed
our notion of the world. The primary goal of this chapter is to familiarize the reader from

the social science with the nature of this change.

The quantum theory is primarily the algebraic structure that originated in physics in the

first half of the 20th century to explain some phenomena in the micro-world. Initially, it
was the explanation of the black body radiation, later the so-called photoelectric effect,
followed, e.g., by the model of a hydrogen atom or electron scattering on atoms. Many
researchers can earn some credit for the origin of the theory, including Max Planck, Niels
Bohr, Albert Einstein, Werner Heisenberg, Erwin Schrodinger, Max Born, Paul Dirac,
John von Neumann, and Wolfgang Pauli, among the others. Popular knowledge of both
these names, and some concepts of quantum theory (Heisenberg's uncertainty principle,

Schrodinger's cat, etc.) even outside the area of physics, show the impact this theory has
had beyond its field, especially in philosophy, but also in popular culture.

Quantum mechanics describes the properties of matter in all its details, but it is especially
useful in explaining what is happening at the atomic level (Feynman et al. 2000, p. 496).
It shows that in small dimensions the matter behaves quite differently from what we know

from our everyday experience. This is logical, as our notion of the world was established

in contact with objects that are much larger than atoms and electrons. However, it cannot

be said that the quantum theory only applies to the microcosm. Its laws are universal, but
in the macro-world, the quantum effects can often be neglected. From that perspective,

quantum mechanics does not deny the classical, Newtonian, mechanics it just refines it
for small objects. It can be perceived in analogy with the theory of relativity, which also
refined the classical mechanics for effects typical for large objects and high speeds.
In this chapter, we will introduce the logic of quantum theory. We do not aim to discover
the discovered; we try to introduce the world of quantum theory to readers whose

theoretical background lies in the social sciences. By introducing this topic, we will

follow the structure and arguments of the introductory lectures on quantum theory
(Feynman et al. 2000; 2001; 2002; Tyc 2006), along with classical textbooks (Formánek

2004; Griffiths 1995) as well as the basic texts of quantum formalism (Dirac 1958). For
a more in-depth understanding of the issue, I recommend (Feynman et al. 2000; 2001;

2002; and Griffiths 1995) in this order.
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The following sections illustrate the rules of quantum theory in two experiments, a

double-slit experiment, and a Mach-Zender interferometer. The rules of quantum logic

that are apparent from the experiments are then generalized into mathematical principles
that build the algebra of quantum theory of probability. At the end of the chapter, we
summarize how this theory challenges our classical notion of the world.

2.1 Principles of the quantum mechanics

2.2 Double-slit experiment
In the introduction to this chapter, we have said that quantum mechanics successfully
explains the behavior of matter at the level of elementary particles - atoms, electrons, etc.

In this section, we will look at this behavior in more detail. To get closer to the basic

principles of quantum mechanics, we introduce the simple experiment that stood at the
birth of quantum theory, the double-slit experiment. In this section, we follow the logic

of Feynman's introductory lecture on quantum theory, from the famous series of lectures
(Richard P. Feynman, Leighton, & Sands, 2002, Chapter 37).

One of the main questions that were historically examined in the micro-world was the
nature of light. Newton believed that light is a stream of small particles of light. Later
experiments (such as diffraction on the slit and other optical phenomena) have shown that

light behaves more like a wave, and this theory has generally been accepted for a long
time. At the beginning of the 20th century, however, Albert Einstein came up with an

explanation of so-called photoelectric effect, which he explained with the impact of
particles of light, later named photons (and was awarded the Nobel Prize in Physics in

1907 for that). It seemed that in some situations light behaved more like particles, in

others as a wave.
This wave-particle duality (as the problem is today referred to) lies at the very foundation

of quantum theory and can be well demonstrated by the double-slit experiment. We
present the experiment in three configurations - first, with the particles of macro-world
(bullets of machine gun), then, with classical waves (waves on the water surface) and

finally, with electrons that will represent the particles of micro-world. According to the
above, we expect that the behavior of electrons should, to some extent, exhibit the

characteristics of both the former cases.
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Imagine the experiment in the following configuration (Figure 2.110): on the left is a
particle source - a machine gun that ejects a stream of bullets onto a wall (a) with two

narrow slits. Bullets that pass through the slits are captured at the backstop where they
are registered by the measuring device. The question is, where (measured as distance x
from the axis of symmetry of the experiment) do the bullets hit the backstop. To find the

answer, we can analyze the experiment in two different settings: first, when only one of
the slits is opened and second, when they are both.

Figure 2.1: Double-slit experiment with macroscopic objects (bullets).

If we close the slit 2 in the wall, and the bullets could only pass through the slit 1, the

bulk of them would hit the backstop in a place that lies directly on the line between the
machine gun and the split 1. With increasing deviation from that point, the number of
bullets will decrease. The probability density of impact (which we would obtain as the

number of bullets hitting the small neighborhood of x divided by the total number of

bullets) is then given by the Pr curve shown in Figure 2.1, part b. Analogically, if only
slit 1 is open, and bullets could only pass through the slit 2, there would be a resulting
probability density P2. Curves P± and P2 are similar, one mirrors the other with mirror
axis in the symmetry axis of the experiment.

In the other setting of the experiment, when both slits are open, bullets coming from both

slits contribute to the result at any point x. The resulting curve P12 (shown in part c of the
Figure 2.1) is therefore the sum of curves P± a P2. The probability density has a maximum

in the axis of the experiment, there the contributions from the two splits are high and their
sum exceeds the maximum of the two basic curves (this reasoning is valid only for slits

10 Figures 2.1-2.4 come from the online version of Feynman lectures (Feynman et al. no date)
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sufficiently close to each other, if they were remote, we would get a camel-like curve with

two maxims instead).
How would the experimental results differ if we perform it with classical waves? Consider
the following arrangement (Figure 2.2). We replace the machine gun from the previous

experiment with a source of waves (ws) and add the environment where waves can
propagate. This can be achieved, e.g., by experimenting on a water surface where the

wave source generates waves that spread in all directions with a constant wavelength. If
the wave reaches the slit, this slit becomes a source of waves, and from it, the wave

spreads towards the absorber (that absorbs the energy of the wave, so the wave does not
reflect).

Figure 2.2: Double-slit experiment with classical waves.

For measuring in this experiment, we further must adjust our detector, which now will
not count the number of coming particles, but the energy transmitted by the waves at the

given point of the absorber. This energy is proportional to the square of the amplitude of

waves that impact. We will analyze the experiment as in the previous setting.
If only one of the splits is opened, the result is analogous to the previous experiment. The

waves transmit the maximum energy at the point x which lies on at the absorber nearest

to the slit. With the increasing distance from this point, the transmitted energy decreases

as the energy of the wave decreases inversely proportional to the distance from the slit.
The result is curves Zx and l2 in Figure 2.2, part b.
However, if the experiment is repeated with both slits open, it is found that the energy

transmitted to the absorber varies wildly, depending on x. The result of the experiment is
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evident from curve Z12. It reaches the maximum in the axis of the experiment, but is almost

zero nearby, then it reaches a new local maximum, etc.; and with the increasing distance
from the center the, maxima go to zero. This pattern is known as an interference effect.

How do we explain it?

Recall that curve l12 represents the energy transmitted by waves coming from both slits
in the wall. At point x = 0, the waves arrive along the paths of the same length, therefore,

their crests arrive at the same time. These waves are in phase, their amplitudes add, and
the result is a wave with maximum energy. However, just a little further form the axis of
the experiment, the waves arrive along the paths that are of different lengths. If the
difference is exactly half the wavelength, the waves will come in the opposite phases, i.e.,

the crest of one will arrive at the same time as the trough of the other; the amplitudes

subtract, and the wave transmit zero energy at that point. Therefore, wave adding is the

cause of the experimental pattern. At maxima, the waves interfere positively (they
summed up), in minims negatively (they subtract); the result is an interference pattern,

which is an unmistakable sign of the presence of waves.
So far, it is evident, that the double-split experiment returns different results when
performing with macro-particles (bullets) and waves. What are the results of the

experiment with electrons?
We will repeat the experiment in the same setting as in the first case, but now with the socalled electron gun (the hot strand that emits electrons towards the slit-wall) as a source

of particles (Figure 2.3). We once again observe the density of the impacting electrons on
the backstop in two configurations. When a single slit is opened, the familiar Pr and P2

curves are obtained, as in both previous cases. If both slits are open, we gain an
interference pattern í*12-

35

Figure 2.3: Double-split experiment with microscopic particles (electrons).

If we compare the result with previous experiments, we can see that electrons exhibit

unmistakable signs of waves. At the same time, they always hit the screen as an individual

electron and are registered as particles. According to our result, it seems, that the electrons
leaving the electron gun form a wave that passes through the two slits and interfere on the

screen according to the logic of wave adding, resulting in an interference pattern.
The interpretation could be as follows, the electron passes through one of the slits, and on
the screen, it interferes with another electron that has passed through the second slit. Can

we test this hypothesis? It is possible. If we reduce the frequency with which the electron
gun emits electrons, only one electron will be present in the experiment at a given time.

If the hypothesis above is correct, the electron distribution (observed after some time to
accumulate a higher number of individual electrons) should match the results of the

experiment with the machine gun, since the single electrons have no partners to interfere
with.
If we run such an experiment, we find that the interference pattern is - despite our

classical expectation - still present. The electrons continue to hit the screen in some
places, whereas others are almost or entirely excluded. There are no electrons in the local
minima of the interference pattern; even though, these places were hit by individual

electrons with only one slit open. What mechanism can force the electron to such
behavior? We already know the answer, it is an interference effect. However, we must
radically adapt our original idea - the electron interferes, after it passes the wall with two

slits, "with itself." The hypothetical wave, which we have previously attributed to a set of

electrons leaving the electron gun at the same time, is actually a wave that characterizes
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a single electron. Moreover, to be able to explain the interference pattern, we must allow

this wave to pass both slits.

Thus, the electron can best be described as the wave propagating through both the slits.
This wave interferes on the screen and indicates where we can register the electron

(positive interference) and where not (negative interference). But how is it possible that
the electron passes both slits? In various experimental configurations, we always measure
it at a specific time at a specific location, and the whole electron is always present (we

always measure the unit weight and charge of the electron).
Let's modify our experiment once more and see if we can distinguish which slit is the

electron going through. We place a light source behind the slits. The light can be reflected
on a free electron, so if we register the flash at slit 1, we know that the electron has passed
through this slit. Similarly, if it goes through the slit 2, we will register the flash at the slit
2 (Figure 2.4).

Figure 2.4: Double-slit experiment with electrons and light source as a detector.

If we perform the experiment, we will find that with the proper setting of the light source,

we can distinguish which slit the electron passes through. However, in that case, the
interference pattern on the screen disappears, and the probability density is the same as

for the particle experiment (curve P12 in Figure 2.4, part c). Due to the observation of

which of two slits is used to pass through, interferences disappeared, and the electrons
behave like machine gun bullets, hi the quantum world, it seems that observation plays a

significant role. In our case, it has "forced" electrons, behaving like waves when no one
observes them, to act as particles.
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2.2.1 Basic principles
We presented the main experimental conclusions of a double-slit experiment. We have
seen that electrons hit the screen as particles, but in places that would correspond to

spreading like waves. We also saw that our attempt to observe their exact trajectory (the

slit they are passing through) led to the loss of a wave-like interference phenomenon.
How can these qualitatively very different conclusions be summed up into a coherent
theory?

The results of the experiments above, generalized to account for any experimental setting,

can be summed up into the following principles (Feynman et al. 2002, pp. 506-507).

1. In an ideal experiment11, the probability P of an event12 occurring is equal to the
absolute square of the complex number cp, which is called the probability

amplitude'.
P = l<p|2

2. If an event occurs in several paths which are indistinguishable, then the probability
amplitude of such event is the sum of contributions of amplitude for all the

different paths. In this case, the interference effect occurs.

= <Pi + <p2
P

= l<Pi + <?2I2

3. If it was observed which path was followed, then the probability of an event is the
sum of contributions ofprobability for all the different paths. Interference effect

is not present.
P = Pi + P2
The description of the electron best corresponds to the wave, which is defined by the
probability amplitude (Principle 1). This wave propagates through all permissible paths

(slits), and when it meets again, the amplitudes add, and the interference effect occurs.

When observed, the wave “collapses into a particle," and the theory indicates the
probability of the particle being located at a given point (principle 2). If we observe the

wave before the final measurement, we force it to "choose" its path. Then the probability

11 An ideal experiment is an experiment where both initial and final conditions are precisely defined.
12 An event is a particular set of initial and final conditions.
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equals the simple sum of contributions of probability as we are accustomed from the
macro-world (Principle 3).
Here, it is appropriate to point out the different concept of probability in classical and

quantum theory. According to the classical theory, a probability phenomenon (e.g., the
result of a roll of dice) results only from our inaccurate knowledge of the problem. We

consider the phenomenon to be deterministic - if the initial conditions were known
precisely, we could calculate the precise final state of the system, in principle at least13.
In quantum theory, the nature of uncertainty is different. Knowing the initial state of the
system, we are able to determine only the probability of the individual outcomes from the

quantum theory. It provides no tools to predict the final state of a single case14 and

moreover, it claims no such rules exist (see sec. Interpretation of the wave function2.2.4).

2.2.2 Mach-Zehnder interferometer
The logic of quantum theory can be demonstrated in yet another experiment, which is the

passage of light through the Mach-Zehnder interferometer. In this case, we will also
introduce the basic symbolism that will be used in the following sections.

In the Mach-Zehnder interferometer (Figure 2.5), light from source S passes through a set

of 4 mirrors. Two of these mirrors (labeled a and d) are semi-permeable, they reflect just
half of the incident light, while the remaining half passes through them, so we will call
them splitters. The two others (h and c) are classical mirrors that reflect all the incident
light. We have two detectors behind the splitter d, so we can tell whether the light leaves

the interferometer in a direction parallel to the incident beam (detector DI) or in the
perpendicular direction (detector D2). In explaining the experiment, we will follow Tyc

(2006).

13 The real example could be a weather forecast where the future state of the climate system is not known
with arbitrary precision, however, we assume it is just for our imperfect knowledge of the current state of
the atmosphere.
14 Except the cases, when the probability is equal to one. In that case is the result of the experiment sure,
for only one option is possible.
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Figure 2.5: Mach-Zehnder interferometer.

According to classical logic, we would assume that half of the light reaches DI and half
of the light reaches D2. If the photon propagates as a particle, it has two options on splitter

a. If it is reflected, it reflects again on mirror c and then reaches DI or D2 with the same
probability. If it passes through the splitter a, it will end the same, so the result is the same

chance of reaching both detectors. However, if the experiment is performed, we find that
all light reaches DI.

How does quantum theory explain this result? As in the previous experiment, it seems

that the photon uses both paths through the interferometer and these two options interfere
at the splitter beyond the splitter d. The interference is positive for DI, and negative for
D2. Let's look at this result in more detail.
A photon can pass the interferometer along the four different paths shown in Figure 2.6

For example, an option marked capital A, it passes through the splitter a, reflects on b,
reflects on d and finally hit the detector Hl. hi the formalism of quantum theory, we can
express the amplitude of such events as follows:

<i|sh = <i|bHb|s>
The expression can be read as follows (we read the equation from the back): the amplitude

of an event in which the light coming from the source S hits the detector DI after passing
the trajectory A, is equal to the product of the amplitudes of the following events: the

light coming from the light source S hits the mirror b (i.e., it passes through the splitter
a) and the light coming from mirror b hits the detector DI (i.e., it is reflected on the

splitter d).
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Figure 2.6: Different paths through the Mach-Zender interferometer.

Now, we have to quantify the individual expressions on the right side of the equation. It
can be shown that the amplitude of the passage through the splitter is 1/V2, while the

amplitude of its reflection is i/y/215. According to the first principle of the quantum

mechanics, both expressions give the probability 1/2 when taking the absolute square.
The equation above then transforms into:
<1|S)X = i/V2 ■ I/a /2 = t/2

In a similar manner, we express the probability amplitude for path B in which the light is

also incident to the DI, but this time follows the lower branch of the interferometer.
<1|S>B = <l|c> ■ <c|S>

<1|S>b = 1/V2-Í/V2 = i/2
The result is the same because only the order of reflection and passage on the splitters has

been reversed. Further, according to the second principle, we can determine the total

amplitude of the event (1 |S), i.e., that light coming from the source reaches DI regardless
of the path:

<l|S) = <l|Sh + <l|S)B

15 Here, i is an imaginary’ unit (i2 = — 1, V—T = i). More about complex numbers in appendix no. 2.
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<1|S> = i
And finally, the probability that light reaches DI is:

?i = |i|2 = l

For reaching D2, light can pass through the other two paths (C and D). Analogously to
the previous case, we can determine their amplitudes. Path C contains a dual passage

through a splitter, and its amplitude is:
<2|5>c = <2|h> ■ <h|5>
<2|S>C = 1/V2 ■ 1/V2 = 1/2

In contrast, path D contains two reflections on the splitter, the amplitude is therefore

-1/2.
<2|5>D = <2|c> ■ (c|S>

<2|S)O = i/V2- í /a /2 = -1/2
The total amplitude of reaching D2 is:

<2|5> = <2|5>c + <2|5>D
<2|S> = 0
And therefore, also the probability of the light incident to D2 is zero:

P2 = |0|2 = 0
With a simple calculation, following the first two principles of quantum theory, we
obtained a result that agrees with experimental results of Mach-Zehnder interferometer.

Photon propagates like a wave in the experiment, as it passes through both the upper and

lower branch of the interferometer and interferes behind the splitter d: positively in the

direction of the DI and negatively in the perpendicular direction. Here again, even if we
reduce the intensity of light so that a single photon passes through the interferometer at

any given moment, all the photons will reach the DI.

Is there a mechanism in this experiment to see which branch is used to pass the device
and test the validity of the third principle? If the mirrors b and c are attached to very fine

springs, we can detect the reflection of the photon on the mirror and distinguish the two
options. When this is done, the interference effect disappears - in that case, both detectors
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register half of the passing light. As in a double-split experiment, by observing the photon

when passing through one of the branches, we "force" it to choose which branch it uses,
and the resulting probability corresponds to the classical notion of the particle.

2.2.3 Schrodinger equation
In the previous two sections, we have illustrated the underlying logic of quantum theory

through experiments and consequently the principles of quantum mechanics. One of the
concepts we used to explain the experimental findings was the so-called probability

amplitude. We will now focus on this variable in more detail.
The fundamental equation of quantum theory is the Schrodinger equation, which can be
expressed (among others) in this form16:

dV
h2 d2y
ih— =--------------- 1- W
dt
2m dx2

Here, i is an imaginary unit, fi is reduced Planck’s constant17 and V(x, t) is so called wave

function.
To grasp the meaning of the wave function, compare the Schrodinger equation with

Newton's law
F = m- a,

which is the fundamental equation of the classical mechanics.
Let's modify Newton's law into a differential equation. Force F can be expressed as the
potential gradient of the conservative field —dV/dx, similarly, acceleration a as the
second derivative of position d2x/dt2. Newton's law thus transforms into the following

equation:

dV
d2x
~~d^ = m'~ďť2
This differential equation allows to determine the position of the particle as a function of

time, if we know the potential of the field (F) and the initial position and velocity of the

16 Schrodinger equation of a particle with mass m in potential V.

17 ft = 1.054573 x 10“34/s
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particle18. The Schrodinger equation has a similar character. For a known potential V and

initial conditions, it enables to determine the development of the wave function in time
and space. Wave function is therefore analogous to the position in classical theory,
deteimining where the particles can be found at any given moment. The exact relationship

between the wave function and the position of the particle it represents is given by the

first principle of quantum mechanics: the probability of observing the particle at any
point19 is given as the square of the absolute value of the wave function. Wave function

is our probability amplitude from the previous section.

The problem of the development of the quantum system is thus reduced in two steps.

First, it is necessary to specify the potential of the field and then, find the wave function
that fulfills the condition of the Schrodinger equation. From that, the probability of
occurrence is easily obtained.

Wavefunction has two variables, position and time. In the general case, the Schrodinger

equation is complicated to solve, but for stationary fields (F independent of time), the
equation can be solved by the separation of variables (Griffiths 1995, pp. 20-22), when
we express the function as a product of two functions, one dependent only on position,

another only on time.

V(x,ť) =

• f(t)

If we plug in this form back into the Schrodinger equation, we obtain a solution in the
form f(x, t) = t/t(x) •

where E is the total energy of the particle. This solution

refers to the so-called stationary states, because although such a wave function is of course
dependent on time due to its second term, its absolute square is time-independent.

P(x, t) = |t/t(x) • e_iEt/ft|2 = t/f(x) - e+lFt/ft • t/t(x) •

= |t/t(x)|2

The probability of the different outcomes, therefore, does not change over time.
Due to the linear form of the Schrodinger equation, the linear combination of its solution

is also a solution, and it can be shown that a linear combination of stationary states for

18 Initial position and initial velocity show up as constants when solving the second order differential
equation for position.
19 Or more precisely, in the infinitesimal neighborhood of a given point.
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different particle energies covers all the possible solutions of Schrodinger equation
(Griffiths 1995, p. 24).
00

77(x, t) =

cnipn(x)e~lEnt/h

n=l

The problem of solving the Schrodinger equation is thus reduced to finding the stationary
states i/>n(x) and the coefficients of the linear combination cn.

2.2.4 Interpretation of the wave function
Before we move further with the description of the quantum system, consider for a
moment what the wave function, alias the probability amplitude, actually represents. We

have seen that by its nature it is a wave - it spreads in space and its key parameter is the
wavelength (a distance of the adjacent crests). How can this object refer to the state of the

particle? The answer is given by the first principle of quantum mechanics, or more

precisely, "by Born's statistical interpretation, which says that ^(x, t)|2 gives the
probability of finding the particle at point x, at time t" (Griffiths 1995, p. 2).

Such an answer may be unsatisfactory to a certain extent. Our best physical theory, the
theory that improved the deterministic Newtonian mechanics, cannot determine where

precisely the particle is, and what it offers is only the distribution of possibilities?

Statistical interpretation implies uncertainty in theory, but where does this uncertainty
come from? "Is it a peculiarity of nature, a deficiency in theory, a fault in the measuring

apparatus, or what?" (Griffiths 1995, p. 3; emphasis original)
According to Griffiths, there are three possible interpretations of the wave function
(Griffiths 1995, pp. 3-4). They can be shown by a simple thought experiment. Suppose

we measured the position of the particle at point C. Then "[wjhere was the particle just
before [the] measurement?" (ibid, emphasis original).

First, a realistic interpretation: The particle was at point C, quantum theory was just
unable to tell us. Therefore, quantum theory is incomplete, it does not offer a complete

picture of reality. There is a more basic theory (yet unknown) in which the particle state
will be given with certainty.
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Second, the orthodox position: The particle was not really anywhere, the act of

measurement forced it to choose a particular position according to the Born's statistical
rule. This interpretation attributes an exceptional position to the observation act:
"Observations not only disturb what is to be measured, they produce it.... We compel [the

particle] to assume a definite position" (quoted in Griffiths 1995, p. 4; emphasis original).
Third, the agnostic position: it makes no sense to ask where the particles were before the

measurement because there is no way to find the answer. Particles can never be observed
before measurement takes place, as observation is nothing but a measurement. No

hypothesis about the previous status can ever be tested.

Since the inception of quantum theory, all three positions have their proponents (e.g.,

Albert Einstein, was one of the most prominent advocates of realistic theory with his
famous theory of "hidden variable"). In the 1960s, however, John Bell mathematically
deduced that if particles had a fixed (arbitrary) position prior to a measurement, then the

so-called Bell's inequalities must hold. His work thus denied the agnostic position and, in

principle, allowed to answer the question experimentally. Proponents of a realistic
perspective had suggested experiments to show the validity of Bell's inequalities but

found they are violated. These findings lead to a definite conclusion - the realistic position
has been refuted, and the orthodox position is the only remaining explanation for the
status of the wavefunction.

Despite the fact, that this explanation goes against the human intuition, the orthodox

position is today accepted by physicists as valid. We can summarize it as follows: "A
particle simply does not have a precise position prior to measurement, any more than

ripples on a pond do: it is the measurement process that insists on one particular number,
and thus in a sense creates the specific result, limited only by the statistical weighting
imposed by the wave function” (Griffiths 1995, p. 4; emphasis original).

2.3 The formalism of the quantum theory (C*-algebra)
The previous section has shown the underlying logic of quantum theory; now we present

its mathematical description. Algebra, which uses symbols and operators to describe and
generalize observed patterns. This structure is called C*-algebra20 and its relation to

20 Compare to the o-algebra, the algebra of classical probability.
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physical theory can be summarized using the following table (following Tyc 2006, pp. 713):

Table 2.1: Correspondence of the elements of C*-algebra to the quantum theory.

element of the quantum theory

corresponding element in C*-algebra

state of the quantum system

vector in a Hilbert space

amplitude of finding the system at state ip, in
another state (p
probability of observing the system in state
ip, in another state (p

inner product of vectors

|t/>)

and \<p)'. (<p\ip)

absolute square of the inner product:
KRIVOI2

physical quantity21 A (energy, position, ...)

linear operator A on a Hilbert space

possible values of observable A

eigenvalues of the operator A

states in which we measure some value of A
with the certainty

eigenvectors of the operator A

expectation value of observable A of the
quantum system at state ip

mean value of the operator A in the given
state:

We see that two types of objects, vectors, and linear operators, play a crucial role in C*algebra. Paul Dirac, one of the founders22 of quantum theory, has referred to the
mathematics of quantum theory as algebra vectors and linear operators (Dirac 1958,

p. 25). In the following sections, we will gradually introduce these necessary objects
together with Hilbert's space, which is a "playing field" on which the interactions of vector
and operators interactions take place23.

21 Referred to as observables in quantum mechanics.

22 Besides Paul Dirac (1902-1984), it was John von Neuman (1903-1957) who played a decisive role in
the mathematical formulation of quantum theory. It is not without interest the latter is better known for
social science as co-author of the game theory (cf. chapter 4).
23 If we should resemble this structure, we could use the analogy to the chess game: there are figures and
their positions (vectors) that define the chess problem; there also are the mles (linear operators) that tell
how the figures can move in the game; and finally, there is a checkerboard (Hilbert's space) on which the
game takes place. The analogy is not perfect, yet may be illustrative for the basic introduction to the
abstract concepts of mathematical theory.
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2.3.1 Vectors and vector spaces
2.3.1.1 Vector space and basic operations with vectors

Vector space V24 is a set of vectors close to two operations: i) vector adding, ii) scalar25

multiplication. For all the vectors |a), |/?) G V and all numbers a, b the following must
apply:
Vector adding:
1. The sum of two vectors is also vector:

k) + k) = ly>2. Vector addition is commutative

k) + k) = k) + k>,
3. and associative

(k) + k» + ly> = k) + (k) + ly»4. There is a zero vector |0) G V, such that:

k) + 10) = k>5. For every vector, there exists the inverse vector such that:

k) + |-a> = 10).
Scalar multiplication:
1. The product of a scalar and a vector is also a vector:

«k> = ly>-

2. Scalar multiplication is distributive with respect to vector addition

a(k) + k» = ak) + ak)
and with respect to number addition

(a + h)k) = “k) + frk)-

24 In this section, we introduce the topic following Griffiths (1995, sec. 3.1.1 and 3.1.2) and Formánek
(2004, app. A).

25 Scalars are usually real numbers, but could also be complex numbers, rational numbers, or generally
any field. Particularly, the complex numbers are essential for the quantum theory.
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3. Scalar multiplication is associative with respect to the number multiplication:
a(b|<z)) = (ab)|<z).
4. Multiplication by 0 gives a zero vector:

0|«> = |0>.

5. Multiplication by 1 conserves the initial vector, multiplication by —1 gives an
inverse vector:

l|<x> = |<x>;

(-l)|a) = |-a).

These axioms are intuitive, applicable to ordinary vectors we encounter, e.g., in classical

mechanics (when adding vectors of force, speed, etc.). For quantum theory, however, it

is necessary to make a double generalization: (i) we allow the scalars to be complex
numbers and (ii) we do not restrict ourselves to three dimensions - in fact, quantum theoiy
uses spaces of different dimensions, including infinity (Formánek 2004, pp. 388-389;

Griffiths 1995, p. 75).

2.3.7.2 Linearly independent vectors

Vector adding, and scalar multiplication can be arbitrarily combined, resulting in the
linear combination of vectors:

a|<z) + b\(3) + c|y) + •••

Such formula, according to the axioms above, represents another vector that is linearly
dependent on the set of vectors | a), |/?), |y), ...

On the contrary, the vector |A) is linearly independent on the set | a), |/?), |y), ... if it is

impossible to express it as the linear combination of these vectors.

2.3.7.3 Basis and dimension of the vector space

The set of vectors spans the space if every vector of the space is linearly dependent on
the vectors from this set.

The set of vectors (|cf,) G F} that are mutually linearly independent and at the same time

spans the space is called basis (or set of basis vectors) of the vector space. The number

of basis vectors is a dimension of the vector space. The basis is not unique - there are
49

different sets of vectors in the space that can be a basis. However, their number (and

therefore the dimension of space) is always the same.
An example of the above can be a classical 3-dimensional space in Cartesian coordinates.

Vectors in the x, y, and z axes are (one of) the basis of the given space. These vectors are

linearly independent since the vector ž can not be obtained as a linear combination of
vectors x and y with arbitrary coefficients, etc. However, using a linear combination of x
and ý, any vector in the xy plane can be obtained (vectors x and y thus span the vector

subspace26 of dimension 2).

2.3.1.4 Inner product
Another operation that we need to define for working with vectors is their product. We

distinguish the inner and outer products; now we will focus on the first one. The inner
product of two vectors | a) and |/?), which is denoted as (a |/?), is a complex number with
the following properties:
(a\P + y> = (a\p) + <a|y>

(a\bp) = b(a\/3)

(a\P) =

(cr|(z) > 0

whereby the sign of equality applies when and only when |cr) = |0).
We can formally consider the inner product (cr|/?) as the expression created by
“multiplying” of the two terms: (a| and |/3). Considering that the former represents the

first, and the latter the second half of the bracket

they are called bra-vector and

ket-vector in the Dirac notation. There is a antilinear relation between these two vectors:

|a> # <a|
a*(cr| + b*(/?|

a\a) + b\P)

i.e., also the bra-vectors creates the vector space, dual to the vector space of ket-vectors

(Formánek 2004, p. 389).

26 For the exact definition of the vector subspace see (Formánek 2004, pp. 391-393)
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2.3.1.5 Norm and the orthogonality of vectors

Using the inner product, we can further define the norm of the vector (generalizing the
notion of "length"):

ll«ll =

y/(a\a).

If ||cr || = 1, the vector is a normalized, i.e., it has a unit length.

A vector that is not unitary can easily be normalized by dividing the original vector by its
norm:

I^unitary)\ ~ ||a||

Vectors | a) and |/?) are orthogonal (generalizing the notion of “perpendicular”), when
(a|/?> = 0.
A collection of mutually orthogonal normalized vectors,

(cřj |cry) = 8ij, where
e

If í=j
if i*j

_ (1
v - (0

is an orthonormal set. For every vector space it is possible27, and almost always suitable,
to choose an orthonormal basis (Griffiths 1995, p. 79).

2.3.7.6 Vector components in a respective basis

Have a basis of a vector space of dimension n
|ei), |e2), ...,|en).

Then, every vector | a) from the given space can be expressed as

|a> = ^aj \ei)

= ailei> +

a2le2>

+ ••• +

ajen)

j
where

a.j = (eyla).

27 An orthonormal basis of any space can be found using the so-called Gram-Schmidt procedure.
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Complex numbers dj play the same role as components of common three-dimensional
vectors. The ordered set of numbers {a7} uniquely determines the vector | a) and we can
work with it advantageously.

If the numbers {a7} are arranged into a matrix, ket-vector | a) is represented as a n-row

matrix.

The corresponding bra-vector (a| is represented with n-column matrix, which is the
conjugate transpose matrix

<a|

<r->

CÍ2

(a*

•••

an)-

Using the vector components, we can represent vector adding as adding of the

components:
/«i +*>i\
l«> + l/S) «( “2 f 621
\cij2

-f

bn/

The inner product of vectors (represented in an orthonormal basis) is represented as
components multiplication
= ZjO-Jbj,

which in matrix notation corresponds to the matrix multiplication.

a2

-

a*)\bj

Working with vector components is often preferable to working with vectors themselves.
However, we must realize that the expression in the components is always tied to a

specific basis. The same operations with vectors will be different in another basis

(Griffiths 1995, p. 77).

28 This type of matrix will be introduced in the next section.
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2.3.2 Hilbert space
With the notion of vector space and the inner product, we can now define the Hilbert

space - the field on which our calculations take place.

The sequence of vectors {| a,,)} is Cauchy sequence, if, for every £ > 0 exists n0 so that
for all m, n > n0

II kn> - km>ll < £•
We say, that the sequence of vectors {| <zn)} converges29 to | a), if

limllK) - |a>|| = 0.
The space in which every Cauchy sequence converges is called complete. This in

common language means that there are no "holes" in the space; every "reasonable"
converging series must lead to the vector that is also part of the space.

The complete vector space, in which the scalar product is defined, is called the Hilbert
space.

Here are examples of two Hilbert spaces (Formánek 2004, pp. 394-397).
Vector space Un is n-dimensional Hilbert space consisting of all single-column n-row
matrices. The sum of the vectors is given by the sum of the matrices, the scalar product

by the matrix multiplication of the matrix and the conjugate transpose matrix. The

orthonormal basis of this space consists, for example, of the matrices \a.j) which contains
ones in the y-row, and zeros elsewhere:

Vector L2 (a, b) is Hilbert space consisting of all complex functions rt(^) of real variable

for which there is the Lebesgue integral final

/' |4(0l2^

Ja

29 Specifically, this is a so-called strong convergence.
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The linear combination of vectors is given as a linear combination of functions A(^), the

inner product is given as the integral of the product of the function and function which is

complex conjugate

|4), \B) e L2(a, h)

|A> EE

\B) = B<&

a\A) + b\B) = aA(& + bB(&

Í A\QB(O^
Ja
If the space interval grows above all the limits
L2(a,b') = L2(-°°, °°)

we can choose an orthonormal basis, for example,
-x2/2

Tr^VňíŽ”

where Hn(x) are so-called Hermite polynomials. This base corresponds to the stationary
states of the linear harmonic oscillator.
In our work, there will be variables that have only a limited number of possible values

(for example, there are only two possible strategies in Prisoner’s Dilemma game), so we
will constrain ourselves to the vector space Un.

2.3.3 Linear operators
Now we move from the vectors to the second element that co-creates algebra of quantum

theory, i.e., to the linear operators30.
Have a set of vectors A of the vector space V. A formula that assigns to every vector | a) E

A vector | a') E V, is called the operator and denoted by a letter with a hat. An expression
A |tz) = |a')

then means that by the action of operator Á on vector |cr) we get vector |cr'). The set

D(A) = {|tz)} is a domain of the operator and the set H(A) = {|cr')} the range of the

operator.

30 In this section, we follow Griffiths (1995, sec. 3.1.3 and 3.1.4) and Formánek (2004, app. B).
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The operator is linear if, for all the vectors |a), |/?) e D(A) and all scalars a, b G C, it
holds

A(a |cr) + b\(iy) = aA\a) + bA\fi).
In the following, we will only consider linear operators, since they are crucial to C*-

algebra.

2.3.3.1 Main operations with operators

Operator Č is the sum of operators Á and B
Č=A+B

if for all the vectors | a)

Č | a) = A | a) + B | a).
Analogously, Č denotes of multiplication of operators Á and B

Č = ÁB

if for all the vectors | a)

C|cr> = Á(B\a)).
In the special case then

A2 = ÁÁ.

Similarly, the higher powers of the operator can be defined. They can also be used to
define other operator functions. If the function /(£) can be expanded in the power series
00

/(f) =
n=0

then the function f (Á) of operator A is
00

/(A) =

an^n
n=0

The critical feature of operator multiplication is that this operation is generally not
commutative, i.e., there are A and B such that
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ÁB * BÁ.

When operators are multiplied, their product depends on their ordering. This makes
operators significantly different from numbers (the multiplication of which is always

commutative).
We introduce the operator
[A, B]=ÁB - BÁ

which is called the commutator of operators A, B. If [A, B] = 0, we say that the operators
commute.

2.3.3.2 Linear operators with respect to a specific basis

As every vector is represented with respect to a given basis by a column matrix, each

linear transformation/operator is represented as a n X n matrix.

If the base is orthonormal, the elements of this matrix are given as:

Aj =
If the two operators are represented with respect to the same basis, the operations of

addition and multiplication described above are easy to express. The sum of the two
operators corresponds to the addition of the respective matrix elements:

Č = A + B <-> Cjj = Aij + Bjj.
And the product of two operators is:

Č = ÁB

Cik =

Thus, the product of two operators is obtained as a product of the corresponding matrices

according to the matrix multiplication rules. I.e., the element of the C matrix in the i-th
line and the k-column, is a sum of products of the corresponding elements from the i-th
line of the A matrix and the fc-th column of the B matrix.
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2.3.3.3 Main types of matrices

As we have seen, the algebra of quantum theory depends to a large extent on working

with matrices. Now we look at some of them and see what linear transformations they

represent.

Transpose of a matrix, denoted A, is a matrix with the same elements as the original
matrix, but with rows and columns interchanged.

Thus, the transposition of the column matrix is a row matrix.

The matrix is symmetric if it equals its transposed matrix,

A = A.
The symmetric matrix represents a symmetric operator for which

The complex conjugate matrix, denoted A*, is a matrix whose elements are complex
conjugates to the elements of the original matrix
/ A*1±

A* =

^12
-^22

"

Ain

Ann

An2

The conjugate transpose matrix (or Hermitian transpose matrix), is denoted AŤ:

AŤ =

ki

^21

^12

A22

An2

In

•^2n

Ann

'

Anl

It represents the Hermitian adjoint operator, for which
(apV<) = pap).

Finally, the matrix is Hermitian (or a self-adjoint) if it is equal to its conjugate transpose

matrix:
AŤ = A.
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Identity matrix contains ones on the main diagonal and zeros elsewhere.

°

0
1

-.

Ox
0

\o

o

...

1/

/I
1=

This matrix represents the so-called identity that transforms each vector to itself, 1 |<z) =

|a).
The matrix A-1 for which
AA_1 = A'A = 1

is an inverse matrix to matrix A.
Furthermore, we say that the matrix is unitary if the conjugate transpose of the matrix is

equal to the inverse matrix

u+ = u-1.
Both the columns and rows of any unitary matrix form an orthonormal basis.

How does the representation of a linear operator change if we move from its
representation in one orthonormal basis (Ax) to another (A2)? Of course, the elements of

the matrix that represents the given operator change. It can be shown (Griffiths 1995,

p. 85) that both matrices are connected by unitary transformation when there is a

similarity relationship
A2 = UAiU“1.

So, we can use a unitary matrix to move from one basis to another. The transition from
one basis to another change the elements of the matrix, but its trace, which is defined as

the sum of the elements on the main diagonal of the matrix, remains constant:
n

Tr(A)=^\(
i=l

2.3.3.4 Projection operator
A special case of the operator is so-called projection operator, which fulfills the
condition
P = P2.
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Thus, if it is repeatedly applied to an arbitrary vector, we obtain the same result as would

be if the operator was used just once.
If ?! is a projection operator than also

P2 = 1 - Pi
is a projection operator. It applies that

Pi + P2 = 1,
?1?2 = 0.

Therefore, for every pair of vectors !«!) = Pr | a), |cr2) = ?2|cr) it applies that
|a> = |«!> + |cz2>

<CZ! |«2> = 0
Projection operators P± and P2 thus assigns to each vector from a vector space V
projection onto the mutually orthogonal subspaces V± and V2.

Let |<zk) be a normalized vector. Then
Pk = |ak><ak|

is a projection operator into a one-dimensional subspace composed of all vectors linearly
dependent on | ak). Operation | ak )(ak | is an outer product of vectors.

We will show the above mentioned in the example.
Have a Hilbert space U3, i.e., the space of all 3x1 matrices in which matrix
multiplication defines the inner product. This space can be considered as a generalization
of the Cartesian coordinate system, with coordinates being the complex numbers.
As the basis of this set we can choose the following vectors:

Have an arbitrary unit vector, e.g.,

The test can quickly verily the unit size of the vector:
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Ill'll = Vw>
i
W>=^=(l + i

-i

i Z1“^
Í j

2)

(i/'l«=|(2 + l + 4) = l

IIV'II = VT=i

Now, what is, for example, the absolute square of the vector projection of

\ip)

into the

base vector |i.e., the quantity that corresponds to the probability of transition of the

quantum system from the state

\ip) to the state |

The answer can be found in two ways:
1. Using an inner product:

0

=

0) — (

'1 — P
i

(^llVO = -= (1-0
V/

KRIVOI2 =77(1 + 1)=;;
2. Or using the proj ection operator Px:

Pi = laiX^I
Pi = I 0 I ■ (1
Oh

'1
0) = I 0

0

0
0
0

k0

(T
0
0,

The projection of the vector is determined by the action of P± on vector
'10
PM = [o0 o0
,0 0

0
o|
0 —
0

1—r

1—r
1
2

0
0

0

The absolute square of the projection is then
IW)||2 =

(1 + i

0

o) ■ +
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0
0

1
2
= 7(1 + 1) = 7

\ip):

2.3.3.5 Eigenvalues and eigenvectors of a linear operator
Each linear transformation in a complex vector space has specific vectors that are not
changed much by the transformation: the transformed vector is only a (complex) multiple

of the original vector. Therefore, they correspond to the equation

4|aA) = A|crA>
Here, the complex number A is an eigenvalue of the operator Á and |c q ) is the
eigenvector of Á, associated with the eigenvalue A. If more independent vectors are

associated to the same eigenvalue, we say that this eigenvalue is degenerate.
In the quantum theory, the decisive role is played by the Hermitian operators (represented

by a Hermitian matrix A+ = A, see above). The eigenvalues and eigenvectors of such
transformation have three key properties (Griffiths 1995, pp. 92-93):

1. The eigenvalues of the Hermitian transformation are real.
2. The eigenvectors of the Hermitian transformation associated with the different
eigenvalues are orthogonal.

3. The eigenvectors of the Hermitian transformation span the space.

2.4 Generalized statistical interpretation of quantum theory
In the past three sections, we introduced the main elements of the quantum theory’s

algebra: vectors, linear operators, and Hilbert space. Now, we have all the tools needed

to formulate the basic principles of quantum theory in the language of C*-algebra
(Griffiths 1995, sec. 3.3):

1. The state of the physical (quantum) system is represented by the normalized
vector |i/i) in the Hilbert space.
2. The observable quantities Q (observables) are represented by Hermitian operators

Q; the mean expected value of quantity Q in state |i/>), is (i/>|Q|V0-

3. Measurement of observable Q in state |i/>) gives with certainty the result A if and
only if |i/i) is the eigenvector vector of the operator Q associated to the eigenvalue

A.
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4. Measurement of observable Q in state |i/>) always gives just one of the eigenvalues

of Q. The probability of measuring a specific eigenvalue A is equal to the absolute

power of the inner product of state | ip) and eigenvector | aA):
?(A) = Kaji/Ol2

2.5 Comparison to the classical probability
The above-introduced notion of the "quantum world" is radically different from the notion

of the previous, Newtonian, one. Now, we will try to summarize the findings of this

chapter and once again define the distinction between classical and quantum world. A
brilliant argument from Paul Dirac (1958, secs. 1-4), which we paraphrase here, can help
us.

Classical mechanics assumes that if the exact state of the physical system is known, it is
possible (in principle at least) to determine its future development. This belief is based on
the fact that the physical system as a whole can be explained by the behavior of its parts.

If we know the exact state of these parts (e.g., position and momentum of gas particles)
and the laws governing their interactions (e.g., momentum conservation law or energy

conservation law), we can determine the future development of these parts and,

retrospectively, the future behavior of the system as a whole. For example, the state of
motion of the car (as a function of position in time) is explained by the operation of the

engine and the transmission mechanisms. If this is not enough, we can further explain the

operation of the engine by the movement of its pistons, if this explanation is not enough,
we can explain the movement of the pistons by the chemical reaction during the fuel

ignition, etc. In general, we explain the larger by using a smaller one. The size is, however,
only relative. What is large relative to one object may be small relative to another - the

phenomenon to be explained (explanandum) becomes the explanatory phenomenon
(explanans) and vice versa. From the classical point of view, this chain of causes has no

principal limitations; the boundary is given by the level of our knowledge only. The

boundary has historically shifted from substances to molecules, atoms, elementary

particles, quarks, etc. and was considered to be minimize-able infinitely.
The second aspect closely related to the relativity of size is our ability to observe the

physical system. It is necessary to realize that in describing the physical system and its
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development we are talking about the so-called observables, i.e., quantities that can be
observed (measured) in some way. Without being able to get information about the
system, we cannot talk about its status and, subsequently, about the explanation of the
phenomenon. But the measurement of the system is not without consequences - every

interaction with the system changes its state in some way. The isolated system develops

predictably (deterministically), but our observation changes its state. Classical mechanics
share this view but supposes that this influence can be minimized, hi other words, we can

always find a measurement that is small in relation to the observable object and can,
therefore, be neglected in explaining the macro-phenomenon. This assumption is

certainly reasonable if we talk, e.g., about the radio wave, which is reflected from the
moving car (and allows to determine its position or speed); its effect on the vehicle’s state

of motion is marginal for any reasonable level of observation accuracy. The question is

whether it is possible to minimize the influence of measurement in principle infinitely so
that with the continuing diminishing of the explanandum, the measurement was still
negligible.
Thus, the classical notion of the world explains the large objects with the use of the small

ones, it considers this recursive relationship to be infinite, and I assume that the influence
of measurements on the state of the system can still be minimized, hi summary, it allows
a deterministic concept of the world with arbitrarily accurate predictions about the future

states.

Quantum mechanics radically challenge the above-described notion. Previously in this
chapter, we have shown that in a two-slit experiment as well as in a Mach-Zender

interferometer, the result radically differs depending on whether we try to observe the

state of the experiment or not. hi the first case, the interference pattern, which indicates
the wave character of the electrons, disappeared when trying to observe which slit the

electrons is used for passing through. Likewise, the light in the interferometer began to
fall into both detectors, if we were able to distinguish the passage of light just by one of
the interferometer branches. The assumption that observations can be neglected in

comparison with the size of the explanandum is not sustainable in the quantum world.
The reason can undoubtedly be sought in terms of size. Due to the "magnitude" of the

phenomena we see in the micro-world, we no longer have any means of measurement

that would be negligibly smaller. “There is a limit to the fineness of our powers of
observation and the smallness of the accompanying disturbance - a limit which is inherent
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in the nature of things and can never be surpassed by improved technique or increased
skill on the part of the observer” (Dirac 1958, pp. 3-4).

The most significant expression of the above is the so-called Heisenberg principle of
uncertainty. In terms of position and momentum, it takes the form

oxop > ft/2

where ax is the uncertainty31 in position and ap is uncertainty32 in the particle momentum.
This relationship says that in a given experiment, we can determine the position of a

particle with any accuracy, but only at the price of maximum uncertainty in its position
and vice versa. The state of the system, which is given by the combination of the position
and momentum of its particles, can only be determined with a certain degree of

inaccuracy. The accuracy of our observations has its limit, which is very small from the
point of view of our everyday reality - the reduced Planck constant, which in the formula
define the double of the limit value is 1,055 ■ 10-34 kg ■ m2/s - which nevertheless,
plays a significant role in microcosm. This "bundling" of reality into further indivisible

quanta of energy is one of the main features of the theory which even gives the theory its

name.
In the quantum notion of the world, therefore, the recursive explanatory relationship is
not endless. Heisenberg's uncertainty principle determines the specific limit which our

knowledge of the physical system cannot pass. Quantum theory, according to Dirac's

statement, "give[s] an absolute meaning to size" (1958, p. 3). From this perspective, we
can also re-consider the above-mentioned wave-particle dualism. From a classical
standpoint, it is unusual for light to behave like a wave (which is spread out in space,
defined by wavelength and therefore energy and momentum) in some types of
experiment, but as a particle (which is localized in space and defined by the position) in
another. From the point of view of the quantum theory, it is the effect of our observation.

If the experiment is prepared to observe the wave characteristic of light, we will measure

it, the same applies if our experiment tests the particle nature of the light. The
measurement no longer has no effect on the state of the system, and the result corresponds

to the type of interaction between the observer and the observed. On the size scale, we
cannot move to a smaller scale (due to the Heisenberg’s limit) that would explain this

31 Specifically, the standard deviation of the position

32 As before.
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phenomenon. Wavefunction contains all available information about the state of the

system, even if this information is only of a probabilistic nature.

Therefore, is quantum theory deterministic? The state of the physical system is described
by the wave function, and the law is known by which this function is developed - the
Schrodinger equation. Hence, the theory is deterministic and, in principle, allow to

determine the future development of the system. However, the moment of measurement

brings the randomness in. It forces the system to "rest" in one of the observable states.

From a superposition state, the system goes into one of its eigenstates, according to the

quantum probability rules described above. The system is causal only when it develops
without disruption; observation brings uncertainty (Dirac 1958, sec. 4).
The distinction between the quantum and classical world can, therefore, be defined by

two fundamental principles.

First, the superposition principle. From the linear character of quantum theory, it follows
that it is possible to express any state of the system as a linear combination of other states.
In respect to the specific operator that represents some physical quantity, it can be
expressed as a linear combination of states with a particular value of this physical quantity

(eigenvectors). The system is somewhere "between" its eigenvalues, but when measured
it returns just one of them. "The intermediate character of the state formed by

superposition thus expresses itself through the probability of a particular result for an
observation being intermediate between the corresponding probabilities for the original
states, not through the result itself being intermediate between the corresponding results

for the original states" (Dirac 1958, p. 13).
Second, the complementarity. When considering different physical quantities, they are

represented by different operators, whose states generally differ from each other. If we

measure one of the quantities, the system "collapses" into one of its eigenstates, which,

however, may not be the eigenstate of the second variable. Measuring one quantity causes

uncertainty in the second and vice versa. Such variables are called complementary, and
their relationship is determined by the uncertainty principle. The above does not apply to
all pairs of operators - some share their eigenvalues, and the measurement of one quantity
gives the definite outcome also in the other. However, there are many observables that

are mutually complementary: position and momentum of the particle, spin along different
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axes, energy and time. This is the principal reason our knowledge of the physical system
is never complete, and the quantum theory gives “absolute meaning to size.”
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3 Quantum decision-making
The quantum theory is not a new theory. It has been established gradually around a

century ago. Nevertheless, it is mainly the last decade which featured the application of
the quantum rules outside the framework of Natural Sciences and Technologies. In the

Social Science, there are several fields where quantum place theoiy has been employed,

including economics, linguistics, game theory, but mainly the cognitive psychology
(Busemeyer and Bruza 2014; Haven and Khrennikov 2013; 2017).

Our focus in this chapter, which applies to the thesis, is in the question of decision-making
and closely related game theory. There are two reasons for this. First, the decision theoiy
and the game theoiy provide the most direct connection between the human brain, which
seems to exhibit some aspects of quantum behavior, and the actions in the real world. And

second, closely related, the models from both the decision theoiy (e.g., Rational Choice

Theory or Expected Utility Theoiy) and the game theory (e.g., Prisoner’s Dilemma Game,

Chicken, Battle of Sexes) belongs to the foundations of many fields of the Social Science.
If we succeed in applying the quantum logic to these theories, then the way to use it in

empirical social research would be straightforward. This is the main reason, why we chose
the Prisoner’s Dilemma as our main theoretical and empirical case - it is one of the

simplest models of the strategic interaction, a case whose quantum model is not too
demanding and, at the same time, the well-established model in Psychology, Sociology,

Economy or Political Science.

The chapter consists of two bigger parts. The first two sections introduce the most

straightfoiward problem of quantum decision-making, the single decision. We will
describe where does the initial state of an agent come from and how the decision takes

place. The concept of decision making derived from the quantum theory will be compared

to the classical notion (represented here with the Rational Choice Theory), and the
differences will be discussed in section two. The second part of the chapter is devoted to

the sequential decision-making. In the third section, we present the quantum model for
this problem along with the derivation of its main predictions, hi the next section, these

predictions are compared to the phenomena known from the social science, namely the
framing effect, the order effect, the conjunction/disjunction effect, and more generally,

the ‘violation’ of the law of total probability.
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3.1 Single decision
The chapter consists of two bigger parts. We start with a simple decision among several
options. To illustrate the problem, we can imagine e. g. an American voter deciding

among several presidential candidates. To make the problem even simpler we can limit,

for now, the choice for only two candidates - the Democratic nominee and the Republican
nominee, hi the elections, the voter either makes his/her mind and support one of the
candidates or remains undecided. His/her decision can be expressed in different forms,
from public endorsement of the candidate, through participation in the campaign, to the
vote itself, all of that indicates that the decision was made.

How can we “translate” this decision-making process to the quantum model? hi the

previous chapter, we connected the state of the quantum system to the vector in the Hilbert

space, and we outlined the rules that specify how this state relates to the possible results
of the measurement of the system. The intuitive way to express the voter’s dilemma is to

build the state vector that reflects the cognitive state of the voter (before a decision is
made) in the Hilbert space that is spanned by two basis vectors - one for the Democratic

nominee and one for the Republican nominee. The probability of voter’s decision for any
of the two candidates is then given by the projection of the state vector into one of the
basis vectors. If there is no projection of the state vector, the voter remains in the state of
superposition, i.e., undecided.

We can explore this situation deeper in Figure 3.1. Here we have an undecided voter in
state \xp), which is the superposition of states |Dem) which represents the decision to
support the Democratic nominee and |Rep) which stands for Rthe epublican nominee.

The respective coefficients of the linear combination are i/>Dem and ipRep. These
(complex) numbers directly give the probability of observing support for the Democratic
and the Republican nominee:

p(Dem) = | l/^Deml2
p(Rep) = |i/>Rep|
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Figure 3.1: Initial state vector as a linear combination of two basis vectors.

We must stress once more that the rule that specifies the outcome of the decision-making

returns only the probability of a choice. In other words, we expect the voter could vote
differently if he/she voted another time. Given the particular state vector, we assume the

maximum information about the cognitive state is known. Nevertheless, it allows only for
the probabilistic prediction of the behavior.

If we generalize the previous example to the higher number of candidates, we add other
dimensions and create the N-row state vector.

Here i/ij is the coefficient of linear combination associated to the t-th possible outcome

of the decision-making. With four presidential candidates, this would be the 4-row vector,
reflecting possible support to all the candidates. The value of the coefficients lays within
the interval from zero, which means no chance for the given candidate, and

12 = 1,

which, on the contrary, means the sure support of him/her. All together they add to 1 to

represent a unitary vector:

IVhl2 + IV>2I2 + - +I<M2 = 1
Constructing the quantum model for the single decision is straightforward, but not without
possible issues. We will discuss three of them here and postpone others to the third section

of this chapter.
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First, the dimensionality of the problem. Generally speaking, the dimension of the model
should reflect the dimension of the problem. All options that are eligible as the outcomes
of the decision-making should be represented in the model - as the basis vectors of the

vector space. Given that the basis vectors are linearly independent (any of them is the
linear combination of the others) and that they span the whole vector space, we are
looking for the outcomes that are mutually exclusive and exhaustive. In the case of

American presidential candidates, it is straightforward: we assume the support for one
candidate excludes support for the others, and each candidate is assigned a separate basis

vector; therefore, the dimension of the vector space aligns with the number of the

candidates. However, in other cases, the looking for mutually exclusive and exhaustive

set of outcomes could be more difficult.
Some problems have no evident partitioning. Consider, e.g., the voter position to any

political question, e.g., to the position of the Czech Republic towards the European Union.
The basic options could be “supporting membership” and “against membership,” but it is

possible to refine this further to an arbitrarily high number of options. This is not a specific
problem of quantum modeling; it reflects the fundamental issue of the operationalization

of any concept studied, and it is a question of particular research design. The dimension
of the quantum model can be arbitrarily high, including infinity, so there is no limitation

on the side of the quantum model.
Another issue with dimensionality is the possible indecision of the agent, e.g., in the form

of “don’t know” of many survey questions. There are two ways how to incorporate this

option into the quantum model: We can either add the basis vector | don't know) and
increase the dimension by one, or we can consider this as if the agent remains in the

superposition of other options. Should we rather consider “don’t know” as the decision

(to oppose all other options) or not? It seems both options can be valid depending on the
context of the decision-making. There are clearly some outcomes (like a blank vote) that

qualify for the independent basis vector that reflects the decision was made, but others
(like abstention) that it maybe wasn’t. Nevertheless, the basis state | don't know) and the
state of initial superposition are generally different. Therefore, we can answer this

question empirically.
The most salient question of dimensionality relates to the combination of concepts.

Returning to the previous example of the attitude towards the European Union, what will
happen if this question is associated with the question of accepting euro? If we confine
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the model to the simplest partitioning of “for EU” or “against EU” and “for euro” or

“against euro,” there are still two primary options how this problem can be represented in
the quantum model. The agent either represents the problem in a four-dimensional vector

space that reflects all combinations of the outcomes or he/she represent it separately in
the two-dimensional space. Four basis vectors span the former:
{|for EU, for euro), |for EU, against euro), |against EU, for euro), |against EU, against euro)},

Whereas two pairs of basis vectors span the later:
{|for EU), |against EU)} and {|for euro), |against euro)}.

Further, the latter assumes the non-compatibility of the questions and leads to the
sequential decision-making which will be discussed in section 3.3, the former is a case of
the single decision, and it is appropriate to discuss it deeply here.

Depicting the model in four dimensions would be difficult. Therefore, we will limit it, for

now, to three dimensions by assuming that one of the options say | against EU, for euro),
is irrelevant33 and labeling the remaining EU-skeptical option simply as “against EU.”
Then, in Figure 3.2, there is an initial state vector of the decision-maker as the linear
combination of the three basis vectors |for EU, for euro), |for EU, against euro), and
|against EU).
Figure 3.2: Initial state vector in the Hilbert space of higher dimension.

33 It would be the case where it would be impossible (and also inconceivable) to be a non-member of the
EU and use euro at the same time.
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We already know what the probabilities of all the combinations are. If the agent were

asked about his/her opinion regarding both the EU and the euro, a familiar formula would
give the probability of each choice:

p(for EU, for euro) = 14hor EU,for euro |

2

2

p(for EU, against euro) = 14hor EU,against euro |
2

p(againstEU) = | Against Eu|
If the agent were asked just about his attitude towards the EU, then the projection would
not be into the individual basis vectors, but into the subspaces that contain the given

choice

- the

choice

“for EU”

is

present

in

both

|for EU, for euro)

and

|for EU, against euro) and, therefore, such a choice is given by a projection into the plane
created by these two vectors. The resulting vector, |i/>for EU), is depicted in Figure 3.2 as
a dashed line. Using coefficients of the linear combination we get:
2

p(for EU) — |Vhor EU,for euro | T | Vhor EU,against euro |

p(againstEU) = |V>againstEu|

2

2

The compatibility or incompatibility of the question is one of the most interesting aspects

of quantum modeling in social science. Compatibility of the questions requires
representing the problem in vector space of higher dimension, whereas its in
compatibility allow for confining to the vector space of lower dimension. Whether the
questions are compatible or not is an empirical question (as is the case of physical

variables). Some results are already at the table, e.g., Trueblood et al. (Trueblood et al.

2017) show that the representation of the problem can differ according to the cognitive
style of the agent and his/her familiarity with the problem. In chapter four, we present the

results of the Prisoner’s Dilemma game which also reveals that some players use the 4-

dimensional whereas other use the 2-dimensional representation of the game.
Second, the coefficients of linear combination. In the previous paragraphs, we discussed

which vectors are eligible to be the basis vectors and what is the resulting dimensionality
of the vector space. Now we would like to establish the exact position of the initial state

vector in this space, in other words, the coefficients of the linear combination that
indicates how much of any given outcome “is present” in the initial state. Are there any

hints that can help us to assess those numbers? This is an empirical question, i.e., we
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expect to be the outcome of the research, not the input. We can contribute only some

intuition, at least in two forms.
We expect that if the agent is deliberating the problem in question, he/she exhibits signs

of inclination towards some particular outcomes. Still undecided, his/her arguments, e.g.,

for one candidate are stronger than the others. We argue that the strength of these
arguments (weighted against the other options) reflects the relative size of the coefficients

in the superposition.
Another intuition relates to the closeness of different outcomes. If we know the position

of the agent toward another political issue, say gun control, we can use it to specify the

initial vector in question. If there is a high correlation, between say the support of the gun
control and the Democratic nominee, then, in quantum model, these two vectors should

be close to each other, i.e., their coefficients take the similar values. If we move this idea
forward, we can see any candidate as a superposition of political attitudes with high
coefficients in his/her principal topics and relatively low elsewhere.

Third, what counts as a decision? Another important aspect of quantum cognitive

modeling is the moment when a decision is made. We showed that, when deciding, the

initial vector of the agent is projected into a single basis state (or subspace spanned by

several basis states if the question is composite), but what exactly counts as a decision?
Starting from the quantum theory, we expect that it is a moment when the variable takes
a concrete value that can be measured by an observer. It can be a personal commitment

(where the observer is the person him/herself), a statement, a particular action, etc. In the
case of an election, it can range from the commitment to run or join the campaign, through

various oral or written statements, to placing a lawn sign or wearing a campaign button.
It does not mean that the position is unchangeable34, we nevertheless assume in such a

moment a decision was made.

By the analogy to the physical quantum systems, we also know that the results of the
experiment follow from the design of the experiment itself. Recall the double slit

experiment where light reveals its wave aspect when both slits are open, but particle
aspect when we explore which slit is used to pass. When applied to the previous example,
it is possible to say that the presidential election represents a massive experiment designed

34 That is the question of the further evolution of the quantum state. See (Busemeyer and Bruza 2014,
chap. 8) for reference of quantum dynamics.
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for measuring the position of the population regarding their support for the running
candidates, which nevertheless is unable to determine their attitude towards other political
issues like gun control and tax reform. These could be possibly established through the
referendum, which in turn does not specify who could be the best person implementing

the results. There could be some correlation between these two aspects but if these are

non-compatible questions they cannot be measured at once.

3.2 Comparing a single decision to the classical probability

theory
In the previous section, we presented the quantum model of decision-making regarding a

single decision. We represented the cognitive state of the agent as a state vector which is
a superposition of all possible outcomes that span the vector space. We also presented

rules that specify the probability of taking any given option, hi this section, we compare
this first step of quantum modeling to the classical model of Rational Choice Theory

(RCT).
In a broad view, it seems that the quantum model does not provide an advantage over

conventional models. If we put aside unfamiliar math, it says that the measurement of
some cognitive state of the population regarding some issue returns a probability of any

given option, and we can (retrospectively) create a state vector that represents the initial
state of the agents. How does this differ from a simple statement “in the election, 55% of

voters supported the Republican nominee and 45% the Democratic nominee”? Is there
any advantage of the quantum approach?
We have to admit that quantum modeling does not offer different predictions comparing

to conventional models in the single decision. The differences and unique features of the
model arise in the domain of sequential decision-making as we will see in the next section.

Nevertheless, even though the predictions are identical, the two models offer a radically

different interpretation of the single decision. We can see it if we compare the statement
mentioned above from the perspective of the conventional RCT and the Quantum
Probability Theory.

The Rational Choice Theory is based on two assumptions: First is the completeness and
the transitivity of the preferences which says that when choosing among the options the
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agent is capable to uniquely order the outcomes in respect to his/her preferences. In the
case of presidential elections that means that he/she can make a list of candidates where
number one on this list is a better (or equal) choice than all the other candidates, number

two is a better (or equal) choice than all the other candidates except number one, etc.
Moreover, second, it assumes that he/she always chooses the most preferred option, i.e.,
number one from that list. The statement “in the election, 55% of voters supported the

Republican nominee and 45% the Democratic nominee” means that for 55% of voters the
Republican nominee was the best choice, where for 45% of them the number one was the
Democratic candidate. In other words, it supposes the statistical mix where there are at

least two groups (sets) ofpeople which differ in theirpreferences. Moreover, it also means

that if these people voted again, they would vote for the same candidate.
The quantum model represents the election differently. It assumes that the higher support

for Republican nominee reflects that |V^Rep | > iV^Deml2 which gives a specific position

to the initial state vector. The statement “in the election, 55% of voters supported the
Republican nominee and 45% the Democratic nominee” means that the voters share the
same initial state which is more supportive to the Republican candidate. In other world,
there is only one group ofpeople that share the same cognitive state. And if these people

voted (from the same initial state) again, they would preserve the same ratio of votes, but

everyone could vote differently from the previous vote35.

Well, the quantum model differs in the important aspects from the RCT, but is this still
the ‘rational choice’ in any meaningful way? We have seen that the core of the rationality

assumption in RCT is some consistency of choices. Does it still apply when we get
different decisions from different (identical) trials?

Consider the experiment with simple decision-making task that repeats identically many
times. From the classical rational agent, who faces such a repeated situation (i.e., also his

preferences among the outcomes are considered the same), we expect the same decision
all the time. Contrary to this, the quantum actor should choose the outcomes with

probabilities she assigns to them, i.e., her choice differs from trial to trial in accordance

35 This can be hard to imagine, as we do not suppose that in the theoretical repeated election the voters
would radically change their behavior. But this thought experiment violates the basic assumption that the
decision-making happened from the state that is exactly the same as the state before the first elections - if
we waited long enough to recover the original state or could returned to the time of the first election, it
should apply.
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with the probability distribution function. Can we say that she remains consistent in her
decisions when every single answer is possible in the model?

Even if the experiment is probably impossible to realize (for the subjects with memory
would have never considered the same tenth trial as the identical situation) we can
imagine the results of a thought experiment, say two rounds of 100 identical trials with
the same person. If the preferences of the agent are consistent in the way the quantum

model demands, the probabilities of her choices will remain the same, and we can test it

by comparing the results from two different rounds. Moreover, in such an experiment we
would get results relating to all possible outcomes, even that with a small probability (as

opposed to only the most preferred one which is revealed in the classical model). That

means that quantum model is well-specified, for it is possible to make probabilistic
predictions and, in principle at least, to test them empirically.
The assumption of a unique state shared in the whole population can sometimes be too

demanding. In such cases, there is an option to represent the problem instead as a
statistical mix of the different superposed states. We can, e.g., assume that the small cities
in each state perceive the candidates differently from the big cities. Then we can represent
the cognitive state of the small cities’ voters with one state vector and that of the big cities

with another and combined that with a simple statistic36.
This interpretation of the quantum model leads to a substantial question of the
“mechanism” that allows for such uniformity of initial state in the population. We already

stated that quantum modeling could also incorporate the statistical mix of several different
initial states, but there must be at least some groups of people that share the same
cognitive state for the model to be of any significance. Where does it come from?

In the literature of quantum modeling, this issue has never been raised. However, by

connecting this field to social science literature, we can point out the most likely source
of such uniformity which is a shared language (or discourse if you want), hi a very

fundamental way, the concepts available in a language specify what can be considered as
separate outcomes of any given problem and therefore defines the vector space of the
model. The language also reflects the inclination to the individual solutions in the form

36 E.g., from the 33% voter from big cities, 80% voted for Democratic candidate and 20% for the
Republican candidate. From the 67% of small cities 28% voted for Democratic candidate and 72% for
Republican candidate. This is a mix of two shared states vectors that altogether gives 55% for
Republicans and 45% for Democrats.

76

of the strength of the arguments for the given course of action. The classical rationality is
often criticized that does not consider the cultural context of the decision-making. This
context is inherent in a quantum model for the construction of the initial state, through

language, reflects the discourse of the given society.

3.3 Sequential decision-making
Now we have discussed the case of the single (or first) decision in some length. We also
pointed out that the added value of quantum modeling, in comparison to the conventional
models, shows out in the case of sequential decision-making where two questions stay

back-to-back to each other. Then the quantum model offers unique predictions that
substantially differ from the conventional models. Some of these predictions have already

been tested in different contexts, and the results support the idea that quantum modeling
can explain some of the known effects that have been considered just “fallacies” in the

classical models. These include the Order Effect, the Framing Effect, the Conjunction or
Disjunction Effect and others. In this section we first introduce the quantum model of

sequential decision-making, then we explore the interference term that is emerging in

some cases and is responsible for the unique predictions of the quantum model, and we
end with the short review of “fallacies” that have been explained by the quantum

modeling.

3.3.1 Normalization procedure
From section 3.1 we know what happens to the state vector in the first decision - it is

projected into one of the basis vectors that belong to the individual outcome of the given
problem. That also means that the state vector right after the first decision equals to the

respective basis vector multiplied by a (complex) number. If we normalize the projected
vector, it again represents the cognitive state of the agent who is now sure about his/her
preferences. The normalization procedure (see section 2.2.1.5 of chapter 2), which returns
a unitary vector, is needed to secure that the state vector represents a cognitive state from

which an agent can reach other states with total probability precisely 100%. To illustrate

this, we return to the case of the decision between Democratic and Republican nominees,
in Figure 3.3 there is a first projection corresponding to picking the Democratic candidate
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(resulting in PDem IV7)) and normalization of the projected vector which returns a new state

vector

I ,

x

lV>Dem> =

pDemlV7)
------ 7-7Ň =

II^DemlVOH

ip,

x

C ' |Dem)

where |c| = 1.

3.3.2 Support for candidate vs. support for gun control case
We can now apply the known rules from the single decision to project the new vector to

another set of basis vectors corresponding to the other question. We assume that the set
of basis vectors of the second question is generally different from the first one and

therefore this basis is rotated in respect to the first basis. We can explore this situation in
Figure 3.4, where we added the question of gun control. As discussed in section 3.1, we

expect basis |gun control) to be closer to the basis |Dem), but it does not mean that they
are equal. The previously projected vector |i/>Dem) which represent the vote for
Democratic nominee is now represented as a superposition of basis vectors |gun control)

and |no restrictions), and the coefficients gives the probabilities of the second

projection.
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Figure 3.4: Initial state as a superposition of two different bases. The first representing the position
towards presidential nominees, the second towards the question of gun control.

The whole sequence of decisions “support for the Democratic nominee” and then
“support for gun control” can be seen in Figure 3.5 in three steps. First, the initial vector
is projected into a basis vector |Dem), which results in a projected vector PoemlV7)Second, this later vector is normalized to be a unitary vector, resulting in |^Dem). Third,

the vector

|t/>Dem)

Pgun control iV^Dem)-

is projected in the basis vector |gun control), which results in

The probability of the whole sequence of two question is given by

p(Dem and then gun control)

= ||Pgun control I V>Dem> ||"

— |p gun controlP[)em
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||

Figure 3.5: Sequential decision leading to support "Democratic nominee" followed by "gun
control."
I Rep}

I no restrictions}

^Dem} = c\Dem)

\ gun control}

Inverse order of questions brings about the sequence of similar steps. First, the initial

vector |r/>) is projected into a basis vector |gun control), which results in the projected
vector Pgun control I’P)- Second, this later vector is normalized to be of unit length,
resulting in |r/>gun control)- Third, the vector |r/>gun control) is projected in the basis vector

I Dem), which results in Pgun control I’pDem)The probability of a just-described sequence of two question is given by
2
pCgun control and then Dem) = ||PDem|’Pgun control) ||

If we compare the two terms above that both gives the probability of the choices “support

for the Democratic nominee” and “support for gun control” we notice that they differ only
in the order of projection operators Poem and PgUn control- As the product of the two
operators is generally dependent on their ordering, the order of questions makes a

significant difference in the result. Intuitively, we can see it directly from Figure 3.5. The
projection of the initial vector into |Dem) vector is bigger than into |gun control) vector.

And as the secondary projections from |Dem) to |gun control), and from |gun control)

to | Dem) are symmetric, the overall probability of “Dem and then gun control” should be
higher than “gun control and then Dem”. The interpretation of this case would be that the
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voter is more likely to identify with the Democratic candidate and then support gun
control than identify with the question of gun control and then support the Democratic
nominee, therefore altogether he/she is more likely to support both Democratic candidate

and gun control when deciding about the candidate first.
Figure 3.6: Sequential decision leading to support "gun control" followed by "Democratic
nominee."

We will explore the precise implications of the geometry of the problem in the next
section, but some intuitive features of the quantum model can already be seen. First, the

quantum model does not allow for the concurrent assessment of both questions; it always

proceeds in steps. Second, the previous steps influence what follows, e.g., after deciding

about the candidate the inclination towards the question of gun control is given by
projection of the already projected vector that generally differs from the initial state.

Therefore, for the quantum model of non-compatible perspectives, the order of decision

making is the key variable.

3.4 Predictions of the quantum model
3.4.1 Incompatibility of questions and the order effect
In the previous section, we explore the concrete example of sequential decision-making

in a simple model - two questions with two possible answers represented in the two-

dimensional vector space. Decision making in a real world is, of course, often more
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complex than that. Especially, there often are far more options as possible outcomes

which require representing the problem in a vector space of higher dimensionality.
Nevertheless, the “two-two-two” model captures most of the intriguing features of the

quantum world. Therefore, we will stick with it for a while. The generalization for more
questions, more options, and higher dimensions can be found at the end of this section.
Have two questions, first denoted with plain letters and the other with primed letters, both

with options A and B (?T and B' respectively). There are eight options in a set of possible
outcomes of such sequential decision-making {AA', AB', BA', BB', A'A, A'B, B'A, B'B}.

Starting with the first question, and with the use of projection operators, we can express
probability of these combined outcomes:

p(AA') = ||P^|^)||2

= IIP^I^II2

(3.1)

p(AB’) = ||PB,|iOI2

= \\PB,PAm\2

(3-2)

p(BA') = ||Px,|iOI2

= \\PA,PBm2

(3-3)

p^BB') = \\PB'\fB)\\2

= \\PB'PB\f)\\2

(3.4)

p{A'A) = \\PA\fA,)\\2

= \\PAPA,\f)\\2

(3.5)

p{A'B) = \\PB\fA,)\\2

= \\PBPA,\f)\\2

(3.6)

p(B'A)=\\PA\fB,)\\2

= \\PAPB,\f)\\2

(3.7)

p(P'5) = ||PB|^,)||2

= ||PBPB,|^||2

(3.8)

The reverse ordering of questions gives:

The probability of any outcome is given with a double projection of the initial state. As

was already discussed in chapter 2, the two projection operators do not always commute,
i.e., their product is generally order-dependent. It is order-independent if and only if they

share a common set of eigenvectors. The former indicates non-compatible whereas the

later the compatible observations. This aspect of the quantum model gives the first
prediction for the decision-making:

Pl: Incompatible questions exhibits the order effect in sequential decision-making.
Where the term “incompatible questions” indicates questions that do not share the same

set of possible outcomes. In the previous example with presidential candidate and the
policy of gun control, represented in 2-dimensional vector space, the basis vectors of both
questions differ. Therefore, the questions are incompatible. However, the same problem
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could be represented in the 4-dimensional vector space that contains the combinations of

the outcomes as the basis vectors (remember the euro/EU case from Figure 3.2) in which

case the questions would be compatible. Whether the questions are compatible or not
must be decided empirically, it depends on how the agent represents the given problem.

Nevertheless, if the questions are incompatible, they exhibit an order effect according to
the quantum model.

3.4.2 Interference effect
We further infer the probabilities of single question outcome in the context of sequential
decision-making. We will show the rules for a chosen outcome, say A, others can be

derived analogically.

There are two ways how A can be a result of the decision-making process. On the one

hand, the agent can choose it as an answer to the first question, on the other hand, it can
result as the answer to the consecutive question. We have already seen that in the quantum
model the order matters, so how do these two cases differ?

In the former case, A is a result of the first projection of the initial state which is then
followed by some answer to the second question resulting in:

pW = p(AA') + p(4B') = ||P^IV>>||2 + \\PB,PA |i/01|2

(3.9)

In the latter, the initial state is first projected into the basis of the primed question and
then into the basis vector belonging to A answer. The classical law of total probability in
this case require:

Pt W = p(A'A) + p(B'A) =

HPAIVOII2 + WPa Pb ^W2

(3-10)

However, in quantum probability theory it states:
p w = \\pAm2 =

lipovou2 =

\\pA(pAI+pBI)m2

(3.ii)

= \\pApA,m\2 + \\pApB,m2+int.A
Where we, in the second step, inserted the identity operator (that does not change the
initial vector) to get the required sequence of decisions. The equations (3.10) and (3.11)

differ in so-called interference term Int. A which is responsible for the violation of the
classical law of total probability. Further, comparing equations (3.9) and (3.11), we can
get the interference term as a sum of differences of both sequential probabilities:
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II^AI^II2 + IUWW>II2 = IPAI^II2 + \\PAPb M)\\2 + Int.A
Int.A = \\PA,PA|t/t)||2 - II^^J^II2 + l|PB,/W>ll2 - IIPAIVOII2

Int.A = [p(A4') - pG4'A)] + [p(AB') - p(B'A)]

(3.12)

The last equation directly reveals that the interference term is non-zero if and only if there

is an order effect in the sequential decision-making37, i.e., the order effect and the
interference effect are concurrently present if the two questions are incompatible.

Therefore, we have a second prediction of the quantum model which in two equivalent

ways states:
P2a: Incompatible questions exhibits the interference effect in sequential decision
making.

P2b: The order effect and the interference effect are concurrently present (or non

present) in the sequential decision-making.

That means that by inserting an incompatible question before the original question, we
generally change the probabilities of the original question’s outcomes. It is the nature of
different effects known from cognitive psychology, including the Disjunction effect, the

Conjunction effect, or the Framing effect as we will show at the end of this section.

3.4.3 The QQ-equation
The first two presented prediction are qualitative. They say that in sequential decision

making one question can influence the other, in other words, that the possible outcomes
of incompatible questions differ among the different orderings of questions. However, the

quantum model is not restrained to the qualitative predictions; it also offers a quantitative
prediction that binds the sequential probabilities together and represents a fundamental
test of the quantum models. It follows from the “quantum law of reciprocity” which states

that the probability of transition |t/tx) -> It/tyj,) is the same as the probability of the
transition in the reverse direction |i/<4,) -» iVCr) (Busemeyer and Bruza 2014, p. 113). hi

two equivalent ways it states:
P3a: The sum of sequential probabilities, in which the answers to the first and second
question differ, is invariant to reversing the order of questions.

37 It is also possible that the two terms in parenthesis are equal in size but with opposite signs, then the
Interference also disappears. This case is of marginal importance now and will be discussed later.
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p^AB') + p(BA') = p(A'B) + p(B'A)
P3b: The sum of sequential probabilities, in which the answers to the first and

second question fit, is invariant to reversing the order of questions.

p(AA') + p(BB') = p(A'A) + p(B'B)
To proof this prediction, we will follow the logic from Busemeyer and Bruza (2014,

pp. 111-114).
First, what is a formula for Int. A in terms of the projection operators and initial state IV7)?
If we start with eq. (3.11) and develop it further

p G4)

= HP^ + Pb OIVOII2
= WPMM) + (^\PA,PAPB,\^) + (^\PB,PAPA,\^) + (ip\PBlPAPBl\ip)
= IIPAIVOII2 + IPAIVOII2 + (^\PA,PAPM) + (iiAPB,PAPA,\i/P>

Comparing this formula back to Eq. (3.11), we get

Int. A = (iP\PAi Pa PM) + (^\PB,PAPA,\^)

(3.13)

= (^\Pa ,Pa PM) + (i/APA,PAPB,\iiPT
= 2Re[^\PAlPAPM)]
= 2Re[^\PMI - PM)]
= 2Re[^\PAlPM ~ WPAi PAPM)]
= 2Re[^\PA,PM]-2\\PAPA,^)\\2
The interference term for A' can be expressed analogically:

Int. A' = Wa Pa ,PM

+ Mb Pa ,PM = -

(3-14)

= 2Re[^\PAPM]-2\\PA,PM\\2
Both

formulas

above

feature

a

similar

term

Pe [(V> I P>i PŘIVOL

respective

Re [(ip | PAlPA |ip)]. We argue these two terms are equal. If we express the term in
parenthesis with the help of the inner product

= \\pA,m\ ■ \\pAm ■

W\p a p M) = \\pAm\ ■ \\PM)\\ ■ (Ma .)
then the real part is

Re[(ý\PAlPA\ý)] = HP^I^II ’ II^IVOII ■ (lOMViJI -cos<p)
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Re[(^\pApA,\^] = IIPJVOII ■ II^JVOII ■ (KVí4l<MI -cos<p)
Now it is possible to equate these two formulas. They both contain ||Pyi,|i/i)|| ' 11^1^)11

with different ordering which nevertheless makes no difference as the multiplication of
scalars is commutative. Term |(ipAI ' coscp reflects the length of the projection of
one vector into the other, where \ipA) denotes the normalized projection of the initial

vector onto the subspace for the A answer to the plaint-letters question, similarly \ipAl)
denotes the normalized projection of the initial state vector onto the subspace for the A'

answer to the primed-letters question. The length of the projection from \ipA) into |i/)Al)

is the same as the length in the reverse direction - this is a quantum law of reciprocity therefore the terms |(xpA,\ipA)| ■ cos (p and |(VhilVw)l ' cos

are equal. Altogether, also

Re [(i /j |PA,PA |i/>)] and Re [(ip | PAPA, I VO] are equal to each other.
Now we found an elementary equation, which holds for any quantum model of sequential
decision-making. All that remains is to express this equation in terms of observable

probabilities, hi the

first

step, we replace the terms

#e[(V>lOnOilVO]

and

Re [<pp |PAPAl | VO] with equal expressions from equations (3.12) and (3.13) respectively.
Re[<Pp\PAlPA\ip)] = Re[(ip\PAPAl\ip)]

Int.A + 21| PAPA, |i/i) ||2 = Int. A' + 21| PA,PA | VO ||2

Int.A + 2 ■ p(A'A) = Int.A' + 2 ■ p(AA')

p(AA') + p(A'A) + p(AB') — p(B'A) = p(A'A) + p(AA') + p(A'B) — p(BA')
p(AB') - p(B'A) = p(A'B) - p(BA')
p(AB')+p(BA') = p(A'B)+p(B'A)

(3.15)

The last equation relates four observable probabilities. It states that the sum of sequential
probabilities in which the answers to the first and second question differ (A to the first
and B to the second, or B to the first and A to the second) is invariant to reversing the

order of the questions. With the use of simple identities, we can convert it to the equation

binding the fitting answers instead:
p(AB') = p(A) — p(AA')

p(BA') = p(B) -p(BB')

p(A'B) = p(A') — p(A'A)
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p(B'A) = p(B')-p(B'B)
Then Eq. (3.15) transforms as below

p(A) — p(AA') + p(B) — p(BB') = p(4') — p(A’A) + p(B') — p(B'B)
p(?l) — p(AA') + [1 — p 04)] — p(BB') = p(A') — p(A'A) + [1 — pG4')] — p(B'B)

p(AA') + p(BB1') = p(A'A) + p(B'B)

(3.16)

3.4.4 The symmetry of conditional probabilities
The last prediction that will be derived in this section follows from the quantum “law of
reciprocity” as well. As we stated before, the length of the projection from

\ipA) into iVhn)

is the same as the length in the reverse direction. From the symmetry of the transition
between the basis vectors of both questions follow that in models where possible
outcomes are represented by single basis vectors, the respective conditional probabilities

must equal. In our two-dimensional model of two incompatible questions, all A, B, A' and

B' are represented by a single vector. Therefore
pG4'|4) = p(A|A')

p(B'\A) = p(A\Br)
p(A'\B) = p(B\Ar)

p(B'|B) = p(B|B')
Although, this argument is not constrained to the 2-dimensional models. It applied to all

models representing the non-composite questions, i.e., all models in which every outcome

is represented in a single basis vector. In general, the last prediction of quantum decision
making states:

P4: The corresponding conditional probabilities of non-composite questions equal

in different orderings of questions.
For two-dimensional models and with the QQ-equation from above (3.16), we can
develop this argument further:
p(AA'~) + p(BB') = p(A'A) + p(B’B)

p(A)p(A'|4) + p(B) p(B'|B) = p(A'yp(A|4') + p(B')p(B|B')
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p(i4)p(4'|4) — p(i4')p(4|4') = p(B')p(B|B') — p(fí) p(B'|fí)
pOV|A) ■ [pOO - P(A')] = p(B\B') ■ [p(B') - p(B}]

pG4'|4) ■ [p(A) - p(X')] = p(5|5') ■ [1 - p(A') - 1 + pG4)]
P(X|A) ■ [pG4) - P(X)] = P(S|B') ■ [p(A) - pG4')]

pG4'h4)= p(B|B')
Now we see that not only p (4' |4) = p (414'), but it also equals to the other pair of fitting
outcomes pG4'|4) = p(B|B'), therefore:

p(A'|A) = p(X|yl') = p(B'|B) = p(B|B')
From Eq. (3.15) we would get an analogical equation for differing outcomes:
p(B'\A) = p(A\B') = p(A'\B) = p(B\A')

Altogether, in quantum 2D-models of non-composite questions where every possible
outcome is represented by a single basis vector, there are only two values of conditional

probabilities - one for the fitting and another for differing outcomes.

3.5 Quantum effects in social science literature
The predictions derived in the previous section would have no significance if they were
not confirmed in the empirical data from the social world. After all, they are the
implications of a mathematical model which assumptions (representation of the problem

in the complex Hilbert space, projection logic of quantum probability theory) are
considerably demanding. Without an empirical confirmation, any added value of the
model would be open to doubts. In the introduction, we talked about several phenomena,
known in the literature, that exhibit some features analogical to the quantum world, how

do these phenomena stand against the predictions of the quantum model?

We will start with the question order effect, which is a phenomenon known at least from

1950 when Hyman and Sheatsley presented their results from “Communist reporters”
experiment (in Schuman 2008). In their study, Hyman and Sheatsley asked the

respondents in a nation-wide survey two symmetric questions. The exact wording of the
questions was:
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Ql: “Do you think a Communist country like Russia should let American newspaper

reporters come in and send back to America the news as they see it? ” and
Q2: “Do you think the United States should let Communist newspaper reporters from

other countries come in here and send back to their papers the news as they see it? ”

(Hyman and Sheatsley 1950; in Schuman 2008, p. 93)
Half of the respondents were presented with questions in this order. Starting with Ql,
90% of respondents supported the American reporters in Russia, and subsequently, 73%

of them supported the Communist reporters in the United States. The other half of

respondents encountered the questions in opposite order (Q2 -> Ql). Then, 36% of them
supported Communist reporters in the United States, followed by a 66% support of

American reporters in Russia. The data reveal a strong question order effect - the support

for American reporters dropped by 24% whereas for Communist reporters increased by
37% when presented as the second question. Also, while there was a huge gap of 54% in

favor of American reporters between the primary questions, this gap reduces
substantially, even favoring Communist reporters when comparing the secondary

questions. This result is at odds with the classical theory of rational choice. The authors

interpret these findings as the effect of the “norm of reciprocity,” according to which
respondents see the second question as reciprocal to the first. They increase the support
of Communist reporters after demanding the access of American reporters to Russia and
decrease the support of American reporters after denying the Communist reporters access

to the United States. The operation of the norm results in a convergence of the two views.
This effect was later renamed the “consistency effect” when contrasted to the “contrast

effect” by Schuman and Presser (1981, chap. 2). The basic typology of question order
effects was completed by David Moore who added the “additive” and “subtractive effect”
(Moore 2002). We can present these four effects as a simple two by two typology.
Compare the rate of approval of these two questions when they come first, and denote the

question with higher support (American reporter in the previous example) as A, and that

with lower support (Communist reporter) as B. Then there are four options as may be
seen from Table 3.1.

89

Table 3.1: How does approval of A/B change when presenting the question in a comparative context?

Approval of...

B increases

B decreases

A increases

additive effect

contrast effect

A decreases

consistency effect

subtractive effect

First, we can get some intuition how does the quantum model account for these effects,
from a simple 2-dimensional model. In Figure 3.7 there are two types of effects displayed

- the consistency effect on the left side and the contrast effect on the right. Both show
how the ordering effects the A-question, i.e., the question which is the more supported
among the options in the non-comparative context.

Figure 3.7: Consistency and contrast effect in a 2D quantum model.

Explore the left side of the picture. There is an initial state vector

|t/j)

somehow inclined

towards the Ayes options, which is more supported than Byes. If B-question is answered

first (and Ayes is still an outcome of the A-question now featured second), the initial
vector is either projected into |Byes), normalized, and projected into |Ayes), or projected
into |Bno), normalized, and projected into |Ayes)5S Due to the rotation of basis, both

sequences return considerably lower probabilities so that even if combined, the total
probability is lower than the original p(A) resulting from the direct projection of \ip) into

|Ayes). The effect for the B-question is analogical, but reverse. Projection of

38 Other two options of sequential decision-making result in Ano instead.
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\ip)

into

|Ayes) is more probable and supported by the closeness of basis vectors |Ayes) and |Byes)
it returns a considerably high probability to reach |fíyes). Combined with the other-

possible way (\ip) -> |Ano) -> |Byes)) the total probability is higher than the original p(B)
resulting from the direct projection of

into |Byes). Altogether, the arrangement as in

the left side of Figure 3.7, where the fitting basis vectors are located “on the same side of
the initial state”, exhibits a consistency effect.

On the contrary, there is a contrast effect. The example of this could be found, e.g., in a

Gallup poll regarding the honesty and trustworthiness of two American politicians - Newt

Gingrich and Bob Dole. When presented in a non-comparative context (as the first
question), Gingrich was supported by 41% respondents, and Dole by 60%. However, in
comparative context Gingrich’s rate of approval drop to 33% whereas Dole’s increase to

64%.

The second politician was contrasted to the first, and this comparison even

strengthened the stronger and weakened the weaker of them (Moore 2002, pp. 83-84).

The right side of picture Figure 3.7 depicts the quantum model of the contrast effect. In
this model again, in accordance with our definition above, Ayes is more probable than

Byes (notice that it is Bno what is more inclined to the initial state). If B-question is asked

first, the initial vector |i/i) is, with high probability, projected into |Bno) which in the next
step, due to the closeness of |Bno) and |Ayes), results in the high conditional probability

of Ayes. Combined with the other way to this option (|i/i) -> |fíyes) -> |Ayes)), it even
increases the probability of Ayes. From the perspective of B-question, Byes is less
probable, but if preceded by A-question it even decreases the support of Byes. Altogether,

switching the order of question increases the gap between the two questions - it contrasts
them. Therefore, the arrangement as in the right side of Figure 3.7, where the fitting basis

vectors are located “on the opposite sides of the initial state”, exhibits a contrast effect.
The two-dimensional model is always symmetric, i.e., the effect for one question is in the
opposite direction to the effect of the other question (it follows from the symmetry of

conditional probabilities, see section 3.4.4). That indicates that the additive and the

subtractive effects require the representation of the problem in vector space of higher
dimensionality where some other variable complements the approval of a single

candidate. This conclusion is in striking agreement with Moore’s psychological
interpretation of these two effects:
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Contrast and consistency effects are produced as a consequence of
respondents’ evaluations of the two items in relation to each other. But there is

another dimension: when respondents look beyond the two items being
evaluated to the larger framework within which the questions are posed.

This other “framework” dimension is illustrated in the results [...] about

people’s perceptions of racial hostility. In the noncomparative context, 41
percent of respondents said they felt that all or many white people disliked
blacks, and 46 percent of respondents said they felt that all or many black

people disliked whites. In the comparative context, those percentages jumped

to 53 and 56 percent, respectively; both are significantly higher than in the
noncomparative context (Moore 2002, pp. 84-85 emphasis added).

According to Moore, this “another dimension” that is responsible for the additive effect

which increases both percentages, is the “overall amount of racial hostility that exists”
(Moore 2002, p. 85). Later in the text, Moore concludes:

Substantively, this additive effect [...] suggests that respondents were not

thinking about how their estimates of black hostility and white hostility related

to each other—whether there was more of one than the other—as was the
underlying dynamic in the previous examples showing consistency and
contrast effects. Instead the respondents seemed to be influenced more by their

view of the larger framework in which the questions were asked, the overall
level of racial hostility that exists. And that estimate of hostility was greater
after being reminded of racial hostility from two races than after being asked

about racial hostility of just one race (Moore 2002, p. 86 emphasis added).
The close analogy between our psychological intuition and quantum model can be

appealing, but, of course, it does not prove that the quantum interference effect and the

question order effect are of the same nature. In fact, if we have put the numbers from the
studies mentioned above into the simple two-dimensional model, we would see that it is
not correct; the corresponding conditional probabilities do not equal (prediction P4).

Nevertheless, it is still possible to represent the problem in a quantum model of higher

dimension, hi the next chapter, it will be shown how experimental data can be analyzed

in this regard.
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However, there is already a quantitative test that can support the argument. If the nature

of the question order effect follows the quantum logic, then the QQ-equation (prediction
P3) must hold. Otherwise, there is no reason why the sequential probabilities should

follow this law. In the study by Wang et al. (Wang et al. 2014), in which 74 surveys
together with two experiment was analyzed, the prediction of QQ-equation was largely

confirmed. This result, together with the theoretical power of the quantum model,
indicates that the quantum logic is in fact “responsible” for the question order effect.

Besides the question order effect, there are several other effects considered as biased

rationality in the social science, namely the framing effect, the disjunction effect, or the
conjunction effect.
We argue that the framing effect is wholly analogical to the question order effect.

Consider the changes that result from switching the order of questions and replace the

first question with the context of the situation. If the respondent is forced to interpret the
context in which the second question takes place, then the framing of the context have the

same effect as the first question. The context and the issue question can be compatible
and exhibit no striking effects or reveal the same set of “fallacies” as shown before

regarding the order effect.
The possible quantum explanation of the conjunction effect was presented by Busemeyer
et al. (Busemeyer et al. 2011) in the form of the well-known Linda problem, hi the Linda
problem, respondents are presented with the short characteristics of Linda (in her 30ties,

at university was active in the anti-war movement) and then asked about the probability

of several statements. In the experiments, respondents regularly see the probability of
“Linda is a feminist and a bank teller” higher the probability of “Linda is a bank teller.”
It contradicts the classical probability for the probability of the conjunction of two events

should always be lower or equal to the probability of any of these events.
On the first sight, this problem is different from the previous; there are no obvious
separated instances whose interaction could create the interference effect. However, in
fact, they are. Trying to pick the most probable option, the agent must consider two

independent features of Linda: Linda-bank teller, and Linda-feminist. Busemeyer and

Bruza (2014, pp. 14-18) show that it is possible to explain the disjunction effect by adding
an intuitive assumption to the quantum model. They assumed that the two features of
Linda are incompatible, i.e., they have to be processed step-by-step, and that the
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respondents consider the more likely feature of Linda first. Thus, they start with Lindafeminist, they consider it a likely option, which creates a negative interference for the

Linda-bank teller option.
The last main effect, the disjunction effect, is well known from the famous studies of

Kahneman and Tversky. Its quantum interpretation will be discussed in the next chapter

in detail, together with the new experimental data from the Prisoner’s Dilemma game.

3.6 Comparing the sequence of decisions to the classical
probability theory
In section 3.2 we discussed how is the probabilistic logic of quantum model distinct from
the Rational Choice Theory. However, standing alone, the probabilistic nature of the

quantum model would not be novel to the theory of decision-making. E.g., in game
theory, which concerns with the process of decision-making in a strategic setting, the

similar approach was introduced as the Quantal Response Equilibrium (QRE) by
McKelvey and Palfrey (1995; 1998). This solution concept39 matches higher expected
payoffs with higher probability, in practice usually in the form of logit function (Camerer

2003, pp. 33-34). By introducing probabilistic solution concept, QRE has adjusted one
of the basic assumptions of RCT and can be considered as the half-way to the quantum
model. Nevertheless, it is still based on the classical probability theory based on sets,

which is commutative and therefore cannot explain the effects discussed above.
The second distinctive character of the quantum model is the non-commutativity of the
decision-making. Conventional RCT model determines the sequential probability of two

decisions with the use of Kolmogorov probability theory based on sets.

p(4B) = p(A) ■ p(B\A) = p(A) ■

p(BA) = p(B) ■ p(A!B) = p(B) ■

p(A n B)

p(B n 4)

= p(A n B)

(3-17)

= p(B n >1)

(3-18)

Sequential probabilities p(AB) and p (BA) equal probabilities of the intersection of events

A and B,p(A n B) respective p(B n A). For the intersection is the commutative operation

39 More about the different solution concepts in the game theory in Chapter four.
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(4 n B = B n A), the classical sequential probabilities are commutative as well
(p(d£>) = p(BAy). Quantum model, due to the projection rules of the Hilbert vector

space, is generally non-commutative. As a result, the quantum sequential decision
making is a non-commutative operation (p(dB) #= p(BA)) which means that the order of
the decisions influences the result of the process.

The non-commutativity of the quantum model is another challenge for the classical
concept of rationality. It means that the quantum decision-maker does not have well-

defined preferences in the classical sense. Remind that well-defined preferences in the

classical model are complete and transitive. In the quantum model, the probability of A
depends among other on the order of decision-making. Considering question B before the

decision about A can increase or decrease the probability of choice A. The higher
preference for A or B, if we measure it by comparing the probabilities of these choices, is
not defined. The reason for it is the relational character of quantum decision-making. If

the two questions are incompatible, then the interference effect exists, and the probability

of choice A is no longer independent on the context of question B.
The nature of the quantum model of sequential decision-making is analogical to the

double-split experiment. If the primary question (analogical to the impacts of the electrons

on the screen) is not disturbed by another question, it exhibits the interference effect.
However, once the decision-maker is forced (or choose) to consider another

question/aspect/lfame of the problem and reveals his position on that aspect (chooses the

slit to pass through) the interference disappears. Whereas the later can be described with
the classical RCT but leaving all the context effects (i.e., all the effects mentioned above)

unexplained as just “anomalies” of the rational choice, the former can include these effect

in the framework of the theory itself. However, it is not without costs. As we have seen,
the predictions of the quantum model are vaguer than the prediction of the conventional

model. Specifically, the degree of freedom of the quantum model is always higher than
the degree of freedom of the classical model. E.g., the quantum problem of two

incompatible question which is represented in a two-dimensional vector space has three
degrees of freedom. It could be specified, e.g., by probabilities p(A), p(B} and p(A\B).
On the other hand, in the classical model, the same problem would require only two

variables, e.g., p(A), p(B} leaving incompatibility of the questions outside of the model.
This trade-off is again analogical to the development of quantum theory in physics. It

offered a more complex framework to explain some weird phenomena in the micro-world,
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and we need it for many important applications if we work on that scale of precision, but

in many situations, the Newtonian (classical) framework is more appropriate for the task.

3.7 Conclusions
This chapter introduced the quantum model of decision-making in its simplest form of a

single decision and then the sequence of two incompatible questions. Generalization for
the higher number of question or dimensions is straightforward. In addition to it, the

compatible and composite questions were discussed. We have contrasted the quantum
and conventional model in both problems.

We conclude that the quantum model does not provide unique predictions in the single

decision, but offer a radically new interpretation of the problem. Instead of several groups
of people with distinct preferences which always choose their most preferred options,

quantum model interprets the problem as the shared state of the cognitive system which

nevertheless exhibits themselves with different choices according to the probabilistic
notion of the quantum theory. The most likely “mechanism” that unifies the cognitive

state across society is the shared language. It offers the concepts, that define the basis

vector of the Hilbert space and, through dialogue, the inclination of the initial state
towards the possible outcomes.

However, the added value of quantum modeling reveals itself in the sequential decision

making. The quantum model introduces the possible non-commutativity of the questions
which results in several effects which are not allowed in the conventional models based
on classical probability theory. Current research in this fields indicates that these unique
features of quantum models can account for the number of effects known from the Social

Science literature, which is considered as just “mistakes” or “fallacies” from the
perspective of classical decision theory. The concrete prediction of the quantum model

presented above provides the opportunity to test the model in comparison to the

conventional theories.
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4 Strategic decision-making: Quantum Analysis of the
Prisoner’s Dilemma game and the Czexit poll
In the previous two chapters, we introduced the quantum probability theory and a

quantum model of decision-making in non-compatible questions. In this chapter, we
utilized this model to build and test a general quantum model of decision-making in the

strategic context - a quantum form of the game theory.
Game theory provides a standard methodological framework explaining many social
phenomena. Specifically, in the field of International Relations, the Prisoner’s Dilemma

(PD) game plays a crucial role - it is a basic micro-model for the question of (non-

)cooperation in an anarchic international environment (Kaplan 1957; Jervis 1978;
Axelrod 1981; more recently, e.g., Gat 2009). Despite its importance and the fact that PD

is one of the most intensively studied problems, some of its basic features such as the
disjunction effect have not been satisfactorily explained by the standard solution. This

possibly indicates more substantial issues in our understanding of the strategic interaction
in PD game, and games in general.

What is the standard solution of the PD game? Table on the

Prisoner’s Dilemma
C
D'
right shows a payoff matrix of the game used in our
3,3
0,5
C
experiment. The number in a particular cell indicates a
5,0
D
1,1
payoff in dollars for the player in each row and column (in that order). For example, if
the player chooses cooperation (C) and his/her opponent chooses defection (/)'),40 then
the player wins zero and the opponent five. The standard solution to the one-shot PD
game, using the concept of dominating strategies, is that defection is the only rational

strategy. This is because the player prefers defection if the opponent cooperates (for
gaining 5 instead of 3) as well as if the opponent defects (1 instead of 0). The same also

applies to the opponent; mutual defection is the Nash equilibrium of the game.

The disjunction effect (DE) in the PD game was first described by Shafir and Tversky

(Shafir and Tversky 1992; Tversky and Shafir 1992). In their experiment, participants
encounter the game in three different settings: They either know their opponent i) is
defecting, or ii) is cooperating, or iii) the strategy of the opponent is unknown to them.

According to the Sure-Thing Principle (Savage 1972, para. 2.7), players who prefer

40 In all the text, primed letters denote the strategies of the opponent.
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defection (strategy D) both when knowing that their opponent is defecting (opponent’s
strategy D') and when knowing that their opponent is cooperating with them (C') should

also prefer D when the opponent’s strategy is unknown (Busemeyer and Bruza 2014,
p. 261). When aggregated among all the players the level of cooperation in the unknown

condition should stay in between the levels of cooperation for cooperative and defective
opponents41. Nevertheless, the results of the Shafir and Tversky experiment show a
different pattern. After the opponent’s defection, 3% of players cooperated; after the

opponent’s cooperation 16% cooperated; but in the unknown condition, the number
increased to 37% (Tversky and Shafir 1992)42. This phenomenon is known as the

disjunction effect for it violates standard probability theory regarding the disjunction of

events: In the disjunction of opponent’s cooperation and defection, i.e., in the unknown
condition, players choose the cooperative strategy more often than in any single event,
even though p(C\D') should pose an upper limit. The existence of the DE has been

replicated and extended in several other studies (Croson 1999; Li and Taplin 2002;
Busemeyer et al. 2006; Hristova and Grinberg 2008; Shu Li et al. 2010) and is well

established in the literature of cognitive psychology.
Comparing previous two paragraphs, it is clear that the DE constitutes a fundamental
challenge to the traditional explanation of the PD game: If the players exhibit the

disjunction effect, i.e., they do not follow the Sure-Thing Principle, then the assumption
that they prefer D after a hypothetical opponent’s defection D' and also D after his/her

cooperation C does not lead to any prediction for the preferred strategy when the
opponent’s strategy is unknown. Thus, the standard solution to the PD game using

dominating strategies and, consequently, many conclusions of social theories (e.g., about
the nature of the Security Dilemma), rest on shaky foundations.
Current explanations of the DE vary. In standard game theory, it is considered a mistake
or incomplete understanding of the game by the players (see Camerer 2003 for a review).

The behavioral game theory explains this phenomenon as some form of bounded

41 It follows from the law of total probability: p(C) = p(£>')p(C|£>') + p(C')p(C|C'). As the expectation
of the opponent’s defection and cooperation must stay in the interval (0,1) and sum to 1, the level of
cooperation is limited to stay in the interval bounded by p(C|£>') and p(C|C').

42 Moreover, studying the choices of the individual players, the authors show that in 25% of such triads
individual players directly violate the Sure-Thing Principle: they choose strategy D after C, and strategy D
after D', but strategy C in the unknown condition.

98

rationality of the players. Namely, Shafir and Tversky explain their result as a
combination of wishful thinking - “... when the opponent’s response was not known,
many subjects preferred to cooperate, perhaps as a way of ‘inducing’ cooperation from
the other” (1992, 458) - and nonconsequential evaluation. Their theory explains the

presence of DE only by depriving the players of their rationality. The behavioral game-

theoretic explanation is also limited to the qualitative description of the effect and cannot

be tested quantitatively.
Recently, a new approach developed in cognitive psychology offers an alternative view

that challenges the standard concept. The so-called quantum models of cognition and
decision-making (see below) build on the algebraic structure of quantum probability
theory and have already been used to explain several known decision-making effects such

as the order effect (see Moore 2002 for a typology; and Wang et al. 2014 for a meta
analysis of the OE), the Conjunction effect (Franco 2009; Aerts 2009; Khrennikov 2010;
Yukalov and Sornette 2011), or interference of categorization on decision making

(Busemeyer et al. 2009). The general features of the quantum model enable us to explain
known patterns of strategic decision-making in PD, including DE, but they have not been

tested adequately, as the experimental results enable only post-hoc fitting of free
parameters of the model.

Our aim in this chapter is to introduce the general quantum model of the two-player game
and test the prediction derived in the previous chapter in the experiment. We are going to

show that the disjunction effect in the PD game is entirely consistent with the quantum
model. First, we review solution concepts of the classical game theory to compare it later

with the quantum model, hi the second section, two general approaches to the quantum
game theory are introduced. Then we specify our quantum model of sequential
measurement of two non-compatible perspectives in the PD game. The fourth section

presents the results of the PD game experiment and tests the prediction of the model
against them. In conclusion, the findings of the experiment are related to the problem of

cooperation and social dilemmas in general.
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4.1 Classical game theory: solution concepts based on the

rational choice theory
Classical game theory offers many different solution concepts that can be ordered
hierarchically reflecting the growing complexity of the games they intend to solve and a

number of assumptions they need to make about the rationality of the players. We are not

going into full details, as this was treated many times elsewhere (Camerer 2003), but the

first two steps deserve our attention.
The most fundamental solution concept43 in game theory is dominance or iterated
dominance equilibrium. Every player has several possible strategies in the game. Player

t’s strategy is denoted Sj. The result of the game is given by the vector of strategies s =

(sx,s2,

where n G N is the number of players. The part of this vector which

removes player i’s strategy is denoted s_j. The utility of player t’s from playing

is

u(V-i).

Definition 4.1: The strategy sf is a dominant strategy if it is a strict best response to any
feasible strategy that the others might play

> (spS.j)

s*t.

The strategy s[ is dominated strategy if there exists s" G S(- such that

Wi(s",s_ř) >

Vs_f.

The strategy s ■ is weakly dominated strategy if there exists s ■' G

Ui(s",s_ř) >

such that

Vs_f,

s_£) > (s-, s_£) for at least one s_j.

To see how dominance works, consider some games that are

Deadloc c

C

D'
0,3
C
1,1
are also relevant to International Relations, is the Deadlock. In
3,0
2,2
D
this game (payoff matrix on the right), players face the symmetric situation, so the

solvable by the dominant strategy. One of these games, which

analysis of only one of them is needed. Row player has two strategies (C, D) and prefers
possible outcomes of the game in this order: DC' > DD' > CC' > CD' (because 3 > 2 >

43 The review of the solution concepts and the featured examples follow the introduction from Camerer’s
Behavioral Game Theory (Camerer 2003, chap. 1).
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1 > 0). He44 does not know what will be the strategy of his opponent, but regardless of

it, his dominant strategy is D because for both strategies of the opponent his preferred
outcome is reached by strategy D (if the opponent chooses C, he prefers D because DC' >

CC', and by the same token, if opponent chooses D', he prefers D because DD' > CD').
For the game being symmetric, the same reasoning applies also for the column player
(whose dominant strategy is D'), therefore the expected output of the game is DD\
This logic does not apply to many games. Consider, e.g.,

Stag Hunt
C
the Stag Hunt game (payoff matrix on the right). Again, the
2,2
C
player faces a symmetric game with two strategies, but this
D
1,0
time row player prefers possible outcomes in a different order: CC > DC', DD'

D'
0,1
1,1
> CD'.

There is no dominant strategy, because for opponent’s C he prefers C (CC > DC') but
for opponent’s D' he prefers D (DD' > CD'). Best strategy of the row player is contingent

on the strategy of her opponent and vice versa.
The logic of dominance of strategies can be

Up/Down
Left
Mid Right
stretched further to the iterated dominance.
Up
1,0
1,2
0,1
Consider the Up/Down game on the right, which
0,3
2,0
Down
0,1
is solvable by iterated dominance. Column player has three strategies, but strategy Right
is strictly dominated by strategy Mid (he always gets more by playing Mid instead of

Right). If row player assume that column player will never choose Right, her Down

strategy is dominated by Up. In the last iteration, if column player assume that row player
will always choose Up, his dominant strategy is Mid. The expected outcome of the game
is strategic vector s = (Up, Mid) that is reached be three iterations of strict dominance of
players’ strategies.

The logic of strategy dominance is a fundamental building block of game-theoretic
reasoning because only the two fundamental assumptions of rational choice theory

(completeness and transitivity of preferences, and picking the most preferred one) are
needed to reach a solution, hi our examples, we used numbers as the payoffs of the

players, but notice that their ordering is all that is required. The ‘numerical values’ of
different outcomes is never considered. Players always face Deadlock when their

44 Hereafter, we will refer to the player as “he” in the classical model and as “she” in the quantum model.
The rationale for this will be obvious at the end of this chapter. Interestingly this parallels the approach of
Wendt, who points out that “in his essentially relational character Quantum Man is if anything a Woman”
(Wendt 2015, p. 149)(Wendt 2015, 149).
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preferences are as in the example: DC' > DD' > CC' > CD'. Moreover, the logic of

dominance equilibrium does not impose any restrictions on the origin of the preferences.
They could match exactly the numerical value of payoffs of the experimental game but
in other cases some social preferences or the tendency for risk aversion as well. By
conserving the ordering of preferences as they are in the inequalities above, the game is

the same no matter where do these preferences come from.

Iterated dominance goes one step further by assuming that the players are not only able

to order their preferences but the preferences of their opponent as well. Alternatively,
even to recognize that their opponent can order their preferences (as in the third iteration

in the example above). In many cases, this is very problematic, and the uncertainty about
the utility function of the other player (other’s player type) leads to the different solution

concept (Bayesian-Nash Equilibrium).
To conclude, we have seen that dominance equilibrium is the fundamental solution

concept of game theory in the sense that no additional assumptions are needed to reach a
solution. The obvious disadvantage of the concept (as is evident from the Stag Hunt

example) is that this algorithm does not lead to the result in all types of games, it applies

to only a small portion of them. This problem is mostly overcome by the second solution
concept I will deal with here - the well-known Nash equilibrium.

Definition 4.2: The strategy profile s’ = (sf, slř) is the Nash equilibrium if each player’s

strategy is a best response to the other players’ strategies. That is, no player has an

incentive to deviate, if no other player will deviate.
> Ui(st',sN) Vs-.

The Nash equilibrium has two essential virtues. First, any strategy profde which is the

strict dominance equilibrium (iterated or not) is also the Nash equilibrium. We always get
all the solutions that would be found by dominance equilibrium (Camerer 2003, chap. 1).
Second, in contrast to dominance equilibrium, there is always some Nash equilibrium

(one or more) in any finite game. It is possible by two moves in theory. First, the new
solution concept introduces mixed strategies that are a statistical mixture of pure

strategies Sj. More precisely, the mixed strategy of player i is a probability distribution
over all his strategies sf e Sř. Even if there is no solution of the game in pure strategies

(played with probability 1.0), mixed-strategy equilibrium will always exist (ibid.). But
this would not be possible without a prior move, which add a new assumption to game-
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theoretical reasoning. To calculate the expected utility of the mixed strategy, the utilities
of the players need to be at least interval variables (in contrast to ordinal variables needed

to the dominance equilibrium).
Here the relationship between rationality assumption and utility function assumption can

be seen once again. By finding a solution to every finite game in the normal form, the
Nash-equilibrium solution concept imposes new constraints on the utility function. It

assumes that the player not only can order the preferences but also place them on the

cardinal scale. I.e., he can compare the numerical values of different outcomes (e.g.,

getting 2 is as good as getting 1 or 3 with p± = p3 = 0.5). To make it more intuitive
image a “fruit game”: if my preferences are orange > apple > banana > nothing we
cannot solve a game using the Nash equilibrium because the expected utility of a mixed

strategy is not well defined (e.g., my ordering does not say if a fair lottery between an

orange and a banana is preferred to getting an apple by sure or not).
We could extend this argument to other solution concepts (see Table 4.1), but as this is
not needed for the analysis of Prisoner’s Dilemma game (which is solvable by both the

dominance and the Nash equilibrium), we will not go into details.
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Table 4.1: Different solutions concepts of classical game theory and the constraints they impose
on the utility function.

solution
concept

algorithm for picking
the strategy

type of the utility
function (neededfor the
algorithm)

tradeoff between
restriction and power
of the concept

Dominance
equilibrium

players choose a
strategy with the
highest utility

ordinal preferences

Nash
equilibrium

players choose a
strategy with the
highest expected utility

interval preferences

basic solution with no
additional restrictions;
exists only for some
games
interval preferences are
needed; every finite
game has a solution

Trembling
Hand
perfection
(of Nash eq.)

players choose a
strategy with the
highest expected utility
in the presence of
mistakes
players choose a
strategy with the
highest expected utility
in the presence of
mistakes which are
proportional to the
utilities

Proper
equilibrium

ratio preferences

enables to pick the
Nash equilibrium which
is more stable in the
presence of decision
errors
ratio preferences are
needed; enables to pick
the Nash equilibrium
which is more stable in
the presence of
proportional decision
errors

In this section, we reviewed two basic solution concepts of standard game theory - the

dominance equilibrium and the Nash equilibrium - to show which assumptions do they
build on and how do these assumptions restrict the possible form of the utility functions.
The essential building blocks which are shared by all of the concepts mentioned above is
the assumption that players can ‘order’ their preferences uniquely and always (or almost

always in the case of players with ‘trembling hand’) pick the strategy which should bring
the highest utility/expected utility from their game. We tried to show their importance for

standard solution concepts at length because precisely these assumptions are questioned

by the quantum model of decision-making as we will see at the end of this chapter.

4.2 Quantum game theory
In the recent literature (developing in the last 15-20 years), two different approaches to

quantum game theory exists. The first, developing mainly in mathematics and economy,
generalizes the game theory with the respect of possible strategies. With the use of the

quantum formalism, new strategies can be found as the superpositions of the classical
strategies (i.e., cooperation and defection in the PD game). Eisert, Wilkens, and
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Lewenstein described a general method for extending classical games to the quantum

domain in that sense (Eisert et al. 1999). Using the example of the Prisoner’s Dilemma,
they demonstrated how quantum strategies could change the nature of the game:
It is interesting to see that [the quantum strategy] has the property to be Pareto

optimal, that is, by deviating from this pair of strategies it is not possible to
increase the pay-off of one player without lessening the pay-off of the other

player. In the classical game only mutual cooperation is Pareto optimal, but it

is not an equilibrium solution. One could say that by allowing for quantum
strategies the players escape the dilemma (Eisert et al. 1999, p. 3).
Theoretically, this option is very appealing. However, we can hardly consider it as
something that ‘overcomes the dilemma.’ The realization of the game would be difficult

if not impossible in the social world. We can simulate the game with quantum strategies
on the physical system (such experiment would be close to the currently developing field
of quantum computing), however, in the social world, we do not allow the superposition
of strategies to be played. Players in the PD game are forced to express their preferences

in terms of ‘pure’ strategies C or D, which they pass to the administrator of the game or

their opponent. In the language of quantum decision-making, the quantum system (if we
allow it to represent player’s cognition in the game) is measured and the initial state
collapses into one of the two options when choosing a strategy.
This approach to the quantum game theory is currently above all a mathematical domain

(Piotrowski and Sladkowski 2003). Nevertheless, several papers have applied this to

social science: Badredine Arfi uses the entanglement of players to explain the occurrence
of trust in the Prisoner’s Dilemma game. She goes beyond the limitations of an

individualistic paradigm and is concerned with collectively reconstructing environment

which becomes strategically entangled (Arfi 2005).

Our understanding of the strategic decision-making is closer to the second approach that
i) builds on the unitary actor principle and ii) uses quantum formalism to explain players’

inner cognitive process where superposition is allowed, but observable variables are

constrained to pure strategies of the original PD game, cooperation or defection. The
quantum explanation of PD game in this sense was originally suggested by Busemeyer et
al. (2006). Since then several other models have been proposed (Pothos and Busemeyer

2009; Khrennikov and Haven 2009; Aerts 2009; Yukalov and Sornette 2011; Accardi et
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al. 2009). These models differ in important aspects, including dimensionality of the

problem, construction of the initial state, or dynamic aspect of the game. Our model is in

many aspects similar to the model by Pothos and Busemeyer (2009) which consider
indifferent initial state (with even probabilities for all options) evolving in time according

to the Schrodinger equation. They specify the nature of the time evolution by proposing
two types of operators (Hamiltonians) - one corresponding to the possible strategies of
the opponent, and another corresponding to wishful thinking. They fit the model with the

experimental data and show that, in a certain configuration, the quantum model can
account for the known results. We use a similar setting of the model with strategies of the

player and her opponent as two incompatible variables of the game. But instead of the use
of quantum dynamics, we show that disjunction effect can be explained by the
interference effect resulting from sequential decision-making in these two incompatible
perspectives. Therefore, we consider a Prisoner’s Dilemma game (and more generally

any two-players game) as the case of sequential measurement of two incompatible

perspectives and will use the model proposed by Trueblood and Busemeyer for the

explanation of the order effects in inference (Trueblood and Busemeyer 2011).
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4.3 Analysis of the Prisoner’s Dilemma game
4.3.1 Variables of the game
To introduce the quantum model of the PD game, we must

Prisoner’s Dilemma game

start with the experiment and its variables themselves, hi

C

D'

75, 75
85,25

25, 85
30,30

the original study (Shafir and Tversky 1992) the

C

D

participants played several two-players games, some of
them were Prisoner’s Dilemma games (payoff matrix on the right). Every participant met
PD game in three different conditions. In different games he received: a) No information

about the opponent, b) the information that his opponent had defected (£)'), or c) the
information that his opponent had cooperated (C). The frequencies of cooperation
(strategy C) were 37% in the no-information treatment, 16% after the cooperation of the
opponent and 3% after his defection. Moreover, studying the choices of the individual

players, the authors showed that in 25% of the triads individual players exhibited an
inconsistency in their preferences: they choose strategy D after C', and strategy D after

D', but strategy C in the unknown condition, which violates the Savage’s sure thing
principle.
To test the quantum model of PD, we modified the original study in three essential ways.

We replaced the information about the opponent’s strategy by guessing of it by every
player, we added the reverse order of decision-making (choosing own strategy first and

then guessing the opponent’s strategy), and we added the modified game, which tests the

preference among outcomes with no influence of the strategic thinking. What is the
motivation for these changes?

We added the guess of the opponent’s strategy player that replaces the information the

player gets from the experimenter. This solution was introduced by Croson (1999) and,

in our experiment, it helps to solve two difficulties. One of them is the uncertainty about
the information the player receives. She can doubt the information is correct or hesitate
to exploit it for her profit as an ‘unfair’ advantage in an other-wise symmetric game. By

guessing the decision of her opponent, the player is forced to consider the perspective of

the opponent first and act accordingly without introducing any external element which

can disturb the game. The second reason is that guessing the strategy enables us to switch
the order of the question to measure the order effect.
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To test the quantum features of the model, we added the reverse order of questions. Half

of the respondents guess the opponent’s strategy after they have picked their strategy
whereas the second half guesses the opponent’s strategy first. To motivate players to think
out their guesses properly, they receive a bonus if they guess correctly.
PD game45

Last modification intends to test the level of cooperation
without the effect of strategic thinking. As we know from

the previous research (see, e.g., Camerer 2003), players

C

C

3,3

D'
0,5

D

5,0

1,1

are not entirely self-interested. Even in the dictator game when the outcome of the game

depends entirely on the decision of a single player, the noticeable

Dictator game

share of the players (20-40%) decides to cooperate. To estimate the
a

a'
3,3

b

0,5

game that preserves the structure of the payoffs in the PD game but

c

5,0

leaves the decision entirely on the single player. It was done by

d

1, 1

level of this inclination in our population, we added a modified

transformation of the 2x2 payoff matrix of PD game into 4x1 payoff matrix of the dictator
game (tables on the right). The outcome of the dictator game stems from the decision of
a single player (row player in the second table) and is a measurement of his preferences

with no effect on the strategic thinking. Moreover, it allows establishing the difference
between perspectives (what players choose vs. what players expect) without strategic

consideration.
In sum, our experiment enables to measure several different types of probabilities.

Starting with PD and the self-perspective (choosing and then guessing) we get the
sequential probabilities p(CC'), p(CD'), p(DC') and p(DD'). Here the plain letters denote
the player’s strategy (C for cooperation and D for defection), primed letters denote the
guess of the opponent’s strategy (C' for opponent’s cooperation and D' for his defection),

and the order matches the order of decision-making. From the sequential probabilities

also other probabilities are known: the overall level of cooperation: p(C) = p(CC') +
p(CD'), the level of cooperation the player expects conditioned by her cooperation:

p(C'|C) = p(CC')/p(C), or by her defection: p(C'|£)) = p(£)C')/p(D), and also the
overall expectation of the opponent’s cooperation: pT(C') = p(CC') + p(DC'). Here the
subscript T denotes the total probability that stems from the classical law of total

45 This is an actual payoff matrix of our experiment, which show directly the payoff in dollars in the pilot
study, or double value of payoffs in the online study.
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probability (eq. 3.4). The probabilities of defection are the corresponding complements

into 1, e.g., p(D) = 1 — p(C) = p(DC') + p(DD').

Similarly, the reverse order of questions enables to measure sequential probabilities
p(C'C), p(C'D), p(D'C) and p(D'D) and the derived probabilities p(C'), p(C|C'),

p(C\D'\ and pT(C).
From the dictator game, we get the probabilities of individual strategies p(a), p(.b), p(c),
p(d) in the self-perspective and p(a'), p^b'), p(c'), p(d') in the other-perspective.

4.3.2 Prediction of the quantum model
In the third chapter, we presented several predictions of the quantum model for sequential

measurement of incompatible questions. If we suppose, with a good hint of the presence

of the disjunction effect, that the two perspectives in PD game are indeed incompatible,
these predictions should apply to this game as well. We can summarize the quantum

model with the four predictions.

•

Pl: Incompatible questions exhibits the order effect in sequential decision
making.

•

P2: Incompatible questions exhibits the interference effect in sequential decision
making.

•

P3: The sum of sequential probabilities, in which the answers to the first and
second question differ, is invariant to reversing the order of questions (QQ-

equation).

•

P4: The corresponding conditional probabilities of non-composite questions equal

in different orderings of questions.
One of the essential theoretical questions regarding the quantum model is the assumption

about the dimensionality of the problem (see sec. 3.1 for a discussion of this issue). Table
4.2

summarizes all predictions concerning the two models. The first prediction holds for

both; however, it is for the different reasons. It requires the concurrent existence of
Disjunction and order effect, which in the 2D model means that both are present (if the

perspectives differ) whereas the 4D model does not show any of them. The QQ-equation

is also universal, but especially important in the 2D model: here, the QQ-equation
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demands that despite the presence of order effect in sequential probabilities, there is this
invariant across the different ordering of questions. In the 4D model, QQ-equality always

holds as there is no order effect. As we discussed above, the last prediction does not hold

for the four-dimensional model. Therefore, it can be used to differentiate between the two
models in the experimental data.
Table 4.2: Quantum models of PD game - comparison of predictions.

If and only if there is a disjunction effect,
there is an order effect
QQ-equation
[p(CD') + p(DC')] - [p(C'D) + p(D'C)] = 0
Symmetry of conditional probabilities
p(CQC) = p(D'|D) = p(C|CQ = p(D|D')

2D model
yes
(both are present)

4D model
yes
(neither is present)

yes

yes

yes

no

4.3.3 Experimental design: participants and the procedure
The experiment was piloted with the undergraduate students at the Ohio State University
(N=20) and then run online through Amazon Mechanical Turk (MTurk) with a total of
284 participants. Players were MTurk users from the eastern portion of the US Midwest

(Illinois, Indiana, Minnesota, Ohio, and Wisconsin). They were paid $2.50 for finishing
the study, plus a bonus of zero to three dollars based on their performance in the game

($0-2.50 as a payoff from one randomly chosen game and $0.50 as a possible bonus for
correctly guessing their opponent’s strategy in the same game). The mean reward was
$3.91. We also collected information about the participants’ sex, age, native language,

education, the population of the city/town they live in and their knowledge of game

theory, which we used as control variables.
The participants were instructed in the rules of the game and, after they correctly
answered control questions that checked their understanding of the instructions, they

played ten different games, two of which were the experimental PD games, another two
the Dictator games. Other games, with different payoff structures, were interspersed

among the experimental games to force the participants to consider the experimental

games anew. Players were told they were playing against a randomly chosen opponent
currently present in the game (the strategy of their opponent was in fact randomly chosen

as cooperation or defection, with a probability of 0.5 each). Players were told their
opponents' strategy at the end of the experiment, rather than at the end of each game. The
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results presented below come from the second round of the games when participants

encountered the experimental PD game for the first time46. There were five different
treatments different groups of players encountered in the second round:
Table 4.3: Experimental treatments.

Dictator
game

Prisoner’s
Dilemma
game

Self
perspective
Otherperspective
Self
perspective
first
Otherperspective
first

Players choose their strategy in the Dictator game.
Players guess the strategy of their opponent.
Players choose their strategy and then guess the strategy of
their opponent.
Guessing
treatment
Bonus
treatment

Players guess the strategy of their opponent
and then choose their strategy.
Players are told the strategy of their
opponent (C’ or D’) and then choose their
strategy.

4.4 Results of the experiment
4.4.1 Replication of the previous studies
To verify that the results of our experiment follow the main patterns of the original study,

we included a bonus treatment which was identical to the original treatment by Shafir and

Tversky (1992). When presented with the PD game, the participants were said to be in a
‘bonus’ group which receives information about the choice of their opponent. Participants

were instructed to use the information freely “to help them choose their own strategy.”
They were assured that their strategy would not be revealed to anyone playing with them.
Table 4.4 compares the results from the bonus group treatment and the guessing treatment

with the comparable results by Shafir and Tversky (1992) and Croson (1999).

46 The data from the other rounds exhibits a strong consistency bias. Players often follow the strategy they
have chosen in their first experimental game.
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Table 4.4: Comparison of the experimental results to the previous studies.

bonus treatment
p(C)
P(C|C')
p(C|D')

0.649
0.212
0.086

Shafir & Tversky
(bonus group)
0.37
0.16
0.03

guessing
treatment
0.649
0.630
0.286

Croson
(guessing)
0.78
0.83
0.68

Both treatments exhibit the same pattern as in previous studies. Our group (together with
the different framing of the experiment) is more cooperative than in the Shaftr and

Tversky study, but the disjunction effect is strong: 8.6% (N = 35) of participants chose

cooperation after the opponent’s defection, 21.2% (N = 33) after the opponent’s
cooperation, and 64.9% (N = 77) cooperated in the no-information treatment. The

conditional cooperation is about three times higher in the guessing treatment (28.6%, N =
27 respective 63.0%, N = 42) but still lower than the level of cooperation without
guessing (64.9%), i.e., both treatments exhibit the disjunction effect known from previous

studies.

4.4.2 Compatibility of perspectives
Our first test regards the difference between the two perspectives the player uses to
approach the game: The self-perspective and the other-perspective. If the quantum model

should explain the disjunction effect, these two perspectives must differ. Without the
influence of the strategic thinking, we can test the difference by the Dictator game. The

measured frequencies for this game are in Table 4.5.
Table 4.5: Dictator game.

a
b
c
d
N
x2

self-perspective
other-perspective
0.486
0.200
0.000
0.114
0.514
0.686
0.000
0.000
35
35
4.799*47

Only two strategies seem to be meaningful for the players (94.3% of all players choose
one of them), strategies a and c. Strategy a is a cooperative strategy - the player chooses

47 This number is a resulting chi-square test when the frequencies of only two strategies (a and c) are
compared.
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an even distribution of the points (48.6%); strategy c corresponds to a selfish strategy the player keeps the maximum of available points for herself (51.4%). Analogically, in
the other-person perspective, strategy a' means that the player expects the cooperative
opponent who distribute the point evenly (20.0%). Strategy c' means that the player

expects the selfish opponent, who keeps all the points for him/herself (68.6%). The chi-

squared test of independence using only these two strategies return /2 = 4.799 (p =
0.028). Based on this result we can say that the two perspectives differ in the Dictator
game.

If we also include the strategy b', which appears only in the second-person perspective,

we have two choices. We can add these responses to the cooperative strategies a' because

in the analogy of PD game this strategy means the opponent’s cooperation even in the
presence of my (hypothetical) defection. In other words, guessing this strategy, players
expect that their opponent will be altruistic and give all the points to them. In this case,

31.4% of players expect cooperative choice from their opponent which is still lower than
the willingness to cooperate in the self-perspective (48.6%), but the difference is no
longer significant (/2 = 2.143, p = 0.143). The second option is to count the b'

strategies among the ‘selfish’ c' strategies. The rationale for this is that we can expect that

when the players encounter the second-perspective for the first time some of them can
choose it by mistake because they have not switched their view and consider strategy b'
as opponent’s selfish strategy. If we accept this explanation than the level of expected

cooperation in the second-person perspective drops to 20.0% and the difference between
the two perspectives is consequently bigger (/2 = 6.341, p = 0.012).

From the data, it is not apparent, which of the two presented explanations is correct. It is

also possible that the rationale for the choice b' differs among the cases (4 players guessed
this strategy). Therefore, we decided to omit these cases from our analysis and the test

presented in the Table 4.5 is the test of the relative frequency of only 2 strategies a and c
(respective a' and c').

4.4.3 Order effect in sequential probabilities
The first prediction of the quantum model regards sequential probabilities of guessed and
played strategies. To be able to explain the presence of the disjunction effect, these
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probabilities must differ in different orderings. The data in Table 4.6 reveals a strong
tendency toward the wishful thinking described by Tversky and Shafir.
Table 4.6: Prisoner’s Dilemma game - sequential probabilities.

self-perspective first
0.403
p(CC')
0.247
P(CD')
0.117
p(DC')
0.234
p(DD')
77
N
x2

other-perspective first
0.246
P(C'C)
0.145
P(O'C)
0.174
p(C'D)
0.435
p(D'D)
69
N
9.896*

In both orderings, players match their strategy with their guess (and vice versa) in about

two-thirds of all cases. E.g., after playing the strategy C, 62.0% of players guess
opponent’s strategy C (similarly, after choosing D 66.7% expects opponent’s strategy

D'). Nevertheless, this is not enough to bring a consistence among the sequential

probabilities. Players choose cooperation more often then they expect it from their
opponents and, the frequencies of sequential decision-making differ substantially (/2 =

9.896, p = 0.019). Therefore, the first prediction (Pl from above) is confirmed.

4.4.4 The interference (disjunction) effect
In the previous section, we saw that the sequential probabilities of choosing and guessing

the strategy differ in opposite orderings of questions. However, does it apply also to the
frequencies of strategies presented as the first versus the second question? The overall
frequencies of strategies C and C measured in the experiment are summarized in Table

4.7.
Table 4.7: Prisoner’s Dilemma game - interference effect.

p(C)
Pr(C)
Int C
x2

0.649
0.420
-0.229
7.689**

0.391
0.520
0.128
2.408

p(C')
Pr(C')
Int C
x2

The first raw of the table shows the level of cooperation in non-comparative context, i.e.,

when the question is presented first, the second raw the same variable in the comparative
context, i.e. when presented as the second. Index T denotes that the latter can be derived

from the classical law of total probability (Eq. 3.4). Player’s willingness to cooperate is
significantly higher in non-comparative than in comparative context: 64.9% of players
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choose to cooperate when deciding their strategy first, and this rate dropped to 42.0%

when the strategy of their opponent was considered first (/2 = 7.689, p = 0.006). The
expected level of opponent’s cooperation shows similar but reverse effect - guessing the

opponent’s strategy first, 39.1% of players expect cooperation, and this number increases

to 52.0% when players have chosen their own strategy before the guess. Nevertheless, the
difference between p(C') and Pt (C') is not significant (/2 = 2.408, p = 0.121).

If we analyze this result in the framework of the quantum model, we see that the
sequential decision making in PD game exhibits a considerable interference effect. The

effect is negative for the player’s own strategy - the level of cooperation decreases by
22.9% if the choice of strategy is presented as the second question, compared to the first-

question choice. When guessing the opponent’s strategy, the effect is positive. The level
of expected cooperation increases by 12.8% if preceded by a choice of player’s strategy.
The interference term is a source of the disjunction effect described by Tversky and Shafir
(1992), and also a substantial obstacle for the classical solution concept. Recall the

classical solution by the dominance equilibrium: The defection is picked as the dominant
strategy because it is a preferred strategy after both opponent’s cooperation and his

defection. However, if the two questions exhibit an interference effect, how do the
decisions after some question determine the decision before that question? Classical
solution concept avoids this problem by the intrinsic assumption of the commutativity of

the sequential decision-making which leads to the ‘anomaly’ of disjunction effect. In the

quantum model, the interference effect is expected given the incompatibility of the two
perspectives.

4.4.5 QQ-equation: the quantum law of reciprocity
The last dimension-non-specific prediction is the QQ-equation which explores if there is
any consistency in the data. We can check the QQ-equation in two equivalent ways (P3a
or P3b from the previous chapter). In the table below, there are the sums of frequencies

of sequential probabilities in which the player’s chosen strategy and his guess of the
opponent’s strategy match together. The sum of all matching choices equals 63.6% in the

choosing-guessing treatment, whereas the reverse order gives 68.1% of such choices. The
difference (and the value of the q-test) is 4.5%. Using the z-test for a difference between

two independent proportions we cannot say that the frequencies differ significantly (z =
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—0.5695, p = 0.5687). Testing the prediction (value from one order as a prediction for
the other) with Bayesian hypothesis testing the data show substantial support for the

quantum model over a uniform distribution (Bayes factor 5.19).
Table 4.8: PD game - the q-test.

p(CC') + p(DD')
p(C'C) + p(D'D)

<7
z

0.636
0.681
-0.045
-0.570

The results of the three tests above reveal that even if the frequencies of the individual or
the sequential decisions differ and the same also apply to the frequencies of strategies
chosen as the first or the second question, the sum of all matching choices remains
invariant among the different orderings of questions. This non-parametric test indicates

that there is the consistency among the players’ strategies that was predicted by the
quantum model.

4.4.6 Conditional probabilities
So far, the results meet the qualitative and quantitative predictions of the quantum model.
However, which model matches the results better? Is the simpler 2D model satisfying, or

is it inappropriate and more complex 4D model is needed? To answer this question, we
should explore the conditional probabilities in both orderings.
Table 4.9: PD game - conditioned choice.
P(C|C')
p(D|C')

P(C|O')
p(D|D')

0.630
0.370
0.286
0.714

0.620
0.380
0.333
0.667

p(C'|C)
p(D'|C)
p(C'|D)
p(D'|D)

From the Table 4.9, we see that the prediction P4 is not met precisely. If it were, the

corresponding

probabilities

would

equal,

i.e.,

p(C|C') = p(C'|C) = p(D\D') =

p(D'\D). Nevertheless, the /2-test of the proportions shows this difference not to be
significant and, once again, the data reveals a substantial support for the 2D model over
a uniform distribution (Bayes factor 4.27).

It seems that the player’s own defection ‘attracts’ his guess of opponent’s defection

slightly more (66.7%) than his cooperation ‘attracts’ his guess of the opponent’s
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cooperation (62.0%). The same applies to the reverse order of questions as well.
Nevertheless, the /2-test of the proportions shows this difference not to be significant
(X2 = 1.017, p = 0.797).

We can also test the prediction with other known results. In the study by Croson (1999)

players choose their strategy with no instruction or after they have guessed a strategy of

their opponent. Level of cooperation in the ‘no-guessing’ treatment was 77.5%, whereas
p(C|C') = 83% and p(C\D') = 68%. Here the discrepancy from the two-dimensional

model is even bigger, however, due to the small number of players (N = 40) the z-test of

difference is not significant (z = 1.101, p = 0.271).
The results presented above suggest that the 2D model is not entirely sufficient for the
PD game. We will examine this further by using control variables.

4.4.7 Control variables: men and women play the game differently
We used six control variables in the game: sex, age, native language, education, the
population of the player’s city and the player’s knowledge of the game theory concepts

(Game Theory, Pareto Efficiency, Dominated Strategy, Nash Equilibrium). A multilinear
regression of the PD game reveals that only the first control variable has explanatory

power: women choose cooperation more often than men (k = 0.22*, se = 0.12) and
expect cooperation from their opponents less often (k = —0.26**, se = 0.12) than men.

What does this mean for the quantum model?
Table 4.10 summarizes the main results of the experiment concerning the sex of the
participants and reveals that men and women play the game differently. Women choose

cooperation more often (76.9% vs 52.6%, %2 = 5.013, p = 0.026), and expect
cooperation less often (29.3% vs 53.6%, /2 = 4.168, p = 0.042) than men. Whereas
men both choose and expect cooperation in about 53% of games (/2 = 0.006, p =
0.940), women differ largely between perspectives (/2 = 18.202, p = 0.002). For men,

the interference effect is mild (16.9% in their strategy versus 8.8% in their expectation);

in contrast, women exhibit a strong order effect (of about 30% in both choosing and
guessing). Women meet the QQ-equation very well (q = —0.033, p = 0.761), whereas
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men are farther from equilibrium (q = 0.145, p = 0.218). Moreover, women meet the
requirement of equal conditional probabilities very closely (y2 = 0.172, p = 0.98248).
Table 4.10: PD game - experimental results with respect to the sex of players.

PD game:
self-perspective
0.513
p(CC')
0.256
p(CD')
0.077
P(OC')
0.154
p(DD')
0.769
P(C)
0.463
Pt <&
-0.306
Int C
39
N

women
other-perspective
0.195
p(C'C)
0.098
p(C'D)
0.268
p(D'C)
0.439
p(D'D)
0.293
p(C')
0.590
Pr(C')
0.297
Int C
41
N

PD game: men
self-perspective
other-perspective
0.289
0.321
p(CC')
p(C'C)
0.237
0.214
p(CD')
p(C'D)
0.158
0.036
p(D'C)
P(OC')
0.316
0.429
p(DD')
p(D'D)
0.526
0.536
p(C)
p(C')
0.357
0.447
Pr(C')
Pr(O
-0.169
-0.088
Int C
Int C
38
28
N
N

In sum, the data reveal that women follow the predictions of the quantum (2D) model

veiy closely and that it is their choices that are for the most part responsible for the
aggregate data following the model prediction. The data from the male sample are

ambiguous: they are closer to the 4D model, but the q-test reveals some deviation from
the general quantum model. Nevertheless, primarily due to the smaller sample in the
other-perspective, we cannot reject the possibility that the q-test is met even in the sample

of men.

4.4.8 Comparing the PD game with the Dictator game
As was already mentioned, in the experiment there was another treatment besides the
sequential PD game: The dictator game. It tested the compatibility of different

perspectives as we presented above. Besides this, we propose it as a test of the player's

preferences with no effect on the strategic thinking. How does the level of cooperation

differ from the PD game?
We assume that the framework of the dictator game sets a different initial state vector,
therefore, results of the PD game does not match the dictator game directly. Nevertheless,

we assume that the vectors are close enough to produce similar effects. Particularly, we
assume that level of cooperation in the PD game (as the first question) corresponds to the

level of cooperative choice (the strategy a) in the dictator game and the same apply also

48 Or /2=0.112, p=0.989 with the Yates correction for the small number of cases in some cells of the
matrix that nevertheless, in this case, strengthen the finding.
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to the player’s guess of the opponent’s cooperation. The results for both types of games
are summarized in the Table 4.11.

Table 4.11: PD game vs. Dictator game.

PD game

p(C)
P(C')

0.645
0.391

Dictator game49
0.486
P(«)
0.226
p(cf)

In both games, the level of cooperation is significantly higher than the expected

cooperation of the opponent (see the exact test above). In the dictator game, the
willingness to cooperate and expected cooperation is lower than in the PD game - both

by about 16.5%. That means that also the two perspectives in both games differ by a

similar percentage of choices (25.8% versus 26.0%). The results of the dictator game
differ in important aspects but corroborate one of the key findings of the PD game that
the players expect much lower cooperation of their opponents then they exhibit in the

same game.

4.5 Discussion of the quantum model of PD game
In the previous section, we presented experimental results that confirm the viability of the

quantum model, accompanied by the startling difference between women and men. The
disjunction effect concurs with the order effect as predicted by the model. The data also
follows the QQ-equality which cannot be used to differentiate the classical and quantum
model but shows that there is some consistency among the players - the sequential

probabilities differ between the orderings, but certain combinations of them remain

invariant. The women’s data points to the symmetry of decision-making corresponding

to the quantum law of reciprocity in the 2D model, hi contrast, our interpretation of the
men’s results is that they mostly use the 4D representation of the game. This conclusion

parallels the findings of Trueblood et al. (Trueblood et al. 2017) who show that the
representation of the problem can differ according to the cognitive style and familiarity

with the problem. They connect the 2D (quantum) representation with intuitive or
spontaneous decision-making, whereas the 4D (classical) model with deliberative

49 The value p(a') is computed as the ratio of a’ strategies among all a’ and c’ strategies, b" strategies are
omitted (see rationale for this in the section 4.4.2).
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thinking (ibid., p. 10). Combining these findings, we could conclude that women employ
the more intuitive thinking-style in the game.

Based on these results, what can be said about the dilemma that players face in the PD

game? Two main conclusions can be made. The first relates to the classical solution based

on the dominant strategy. As has been said, this solution stems from the commutative
logic of classical probability theory, which claims that if the player prefers defection both
after the opponent’s cooperation and after the opponent’s defection, then he also must
prefer defection in the stand-alone decision. Quantum logic rejects this kind of reasoning.

Even if the player prefers defection after her opponent’s decision, when the order of the
decisions is reversed we can see a higher level of cooperation. The choice of a strategy

conditioned on the strategy of the opponent (known or guessed) gives only partial hints
(due to the symmetry of the quantum model) about the choice in the reverse order of

questions, hi other words, we cannot infer the level of cooperation in the self-perspective
from its level conditioned by the decision in the other-perspective, and the classical
solution loses its groundings.

The second main conclusion regards the “wishful thinking” introduced by Tversky and
Shafir (1992). In our study, a relatively stable share of participants matched their
strategies to their expectations in the PD game. It replicated the findings of previous

studies. However, while classical game theory considers this to be evidence of the

bounded rationality of players, the quantum model offers it as a predicted feature of the
2D model.
Both conclusions challenge the classical concept of rationality based on the commutative

logic of classical probability theory. The quantum model provides an alternative approach

that can improve our understanding of many types of interaction in the social world.
While it does not offer unique predictions that could replace the classical model as a nonparametric solution whose predictions are context-independent, it is nevertheless
supported by the known experimental data and is falsifiable via the q-test. It also

corresponds to our common-sense understanding of the world, in which context matters.
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4.6 Czexit poll
To verify that the quantum model can be useful in the actual political decision-making

too, we have subjected it to another test. In the questionnaire survey, we have asked the
respondents to give their opinion about the hypothetical vote on Czexit. Like in the PD
game, the respondents considered the same issue from two perspectives: in the self

perspective, they specified how they would vote, and in the other-perspective, they
specified what would they expect to be a result of the referendum. Such an arrangement

regards a crucial issue of political life - how do expectations about the results of the

election affect electoral behavior? We assume pre-election polls primarily set the

expectations in practice.
This experiment took place online, via a survey server, in June 2017. Altogether 1030

respondents were interviewed, and the results are available online (Tesař 2017).

Respondents faced three questions, each of them was introduced with a short text that
framed the topic. In the case of a hypothetical Czexit referendum, this was a pair of the

survey questions:
In June 2016, a referendum was held in Great Britain in which the citizens of
Great Britain were deciding on their country’s future membership in the
European Union. The voters, in ratio 51.9% to 48.1%, decided to leave the
European Union. The British Parliament subsequently supported the result of

the vote (so-called Brexit), and the government of Theresa May started working
on realizing this step.

In connection with the British referendum, there has also been a reflection on
similar voting in other European countries, including the Czech Republic.
Should a referendum on the Czech Republic's membership in the European
Union take place, how would you vote?

•

To remain in EU.

•

To leave EU.

What do you think would be an outcome of such a referendum?

•

The citizens of the Czech Republic would decide to remain in the EU.

•

The citizens of the Czech Republic would decide to leave the EU.
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Respondents were randomly assigned to two halves, one half reported their hypothetical
choice first and then stated their expectation about the outcome, the other half responded

in the reverse order. If we assume that these two perspectives are incompatible, as in the
PD game, the results should have a similar pattern to the previous game. The variables

and labels that we use below are wholly analogous to the analysis of the PD game. If we

replace a cooperative strategy for “remain” (R) and deflection for “leave” (L), we will

have the same prediction as in the PD game. The primed letters denote the decision in the
other-perspective, i.e., expectations, as before. How did the vote go?

4.6.1 Czexit poll: results
In Table 4.12 we can see the comparison of results for comparative and non-comparative
context. These two settings show an order effect, namely the consistency effect (see

typology of order effects in chapter 3). While 55.3% of respondents would choose to
remain when deciding in non-comparative settings, this figure dropped to 53.3% after

considering the other-perspective. The consistency effect is even higher for the expected
outcome. Only 47.1% of respondents expect the Czechs would vote to stay, but this share
increases to 55.4% in a comparative context. Thus, the data show an interference effect

that reduces the support for remaining by 2.0% (not statically significant, p = 51.9%) and
increases expectations for this outcome (p = 0.76%).

Table 4.12: Czexit poll - questions order effect.

p(fi)

Pt (R)
Int R
N

x2

0.553
0.533
-0.020
523/507
0.416

0.471
0.554
0.083
507/523
7.115**

p(fi')

Int R'
N

x2

Order effect can be explored more closely in sequential probabilities. As is evident from

Table 4.13, these probabilities differ significantly with respect to the order of questions

(p = 0.53%). The most significant difference brought by reversing the order of questions

is for respondents who would choose to leave the EU. In a non-comparative setting, exit
choice is followed by exit expectations by 65% of the respondents, whereas in a
comparative context, exit expectation is followed by exit choice by 79.3% of respondents.

As in the PD game, we observe that the exit expectation "attracts" player’s own support

to this step more than vice versa.
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Table 4.13: Czexit poll - sequential probabilities.

self-perspective first
0.398
PCRR')
0.155
pW
0.157
p W)
0.291
pM
523
N
x2

other-perspective first
0.375
p(R'R)
0.158
p(L'R)
0.097
p(R'L)
0.371
PW
507
N
12.700**

Consider further, the consistency of choices predicted by the QQ-equation. In Table 4.14
we can see that the sums of the corresponding choices in both perspectives do not return
the same values. For respondents who started with their own decision the sum is 68.8%,

while for those who started with the expectations the share is 74.6%. The difference of
5.7% of respondents is statistically significant (p = 4.14%). Does that mean that the

quantum model is inadequate to the case of Czexit poll? That is not a valid conclusion.
Remember that for the validity of the QQ-equation we assumed that a single quantum
state (represented with the initial state vector) is shared across the society. As the topic of
Czexit is almost entirely new in the Czech society, we could expect that this position has
not been fully formed, or that the different groups of respondents (as in the PD game men

and women) differ in this respect.

Table 4.14: Czexit poll - q-test

p(fifi') + p(LL')
p(L'L) + p(7?'7?)

<7
z

0.688
0.746
-0.057
-2.037*

If the results are explored from the viewpoint of control variables, we can find that four

variables are statistically significant to determine the probability of respondent’s choices

in both perspectives: they are age, education, the population of the city, and whether social
media belongs to two most important sources of news. The variable that is both most

powerful (accounting for about 10% change in the probability of choice) and most
significant (p = 0.01%) is age. There is a significant increase in support for leaving the

EU with increasing age. If we use this criterion to group the respondents, we can look at
the results in more detail.

For the age group from 30 to 49 years, the results are the most transparent. The data shows
the same character as the overall results. Respondents support remaining in the EU with
53.6%, but this figure drops to 49.7% after considering the possible outcome of the
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referendum. On the other hand, expectations in a non-comparative context are 45.4% for

remaining, but it rises to 53.6% after weighing the respondent’s own attitude. Interference
effect is -3.9% in the self-perspective, and 8.3% in the other-perspective (none of these
differences is statistically significant, p = 46.0% vs. p = 11.7%, partly for the sample

size).
Table 4.15: Czexit poll - age 30 to 49 years
0.536
0.497
-0.039
181/185
0.546

p(fi)

Pt W
lnt R
N

x2

0.454
0.536
0.083
185/181
2.452

p(fi')

Pr(K')
IntR'
N

x2

The q-test for this group (Table 4.16) reveals that the sums of corresponding choices are

closer to each other. Here, the difference is only 2.6% which is not statistically significant
(p = 58.9%). For this narrowed group, which was selected by the most significant

parameter from multilinear regression (age of respondents), QQ-equality is maintained.
Table 4.16: q-test - age 30 to 49.
p(fiP') + p(LL')
p(L'L) + p(7?'7?)

<7
z

0.702
0.676
-0.026
-0.537

4.6.2 Czexit poll: discussion
In the second experiment of this thesis, we applied the logic of the quantum model to the
actual political question of a hypothetical referendum on the EU. The data show that the

interaction of the self- and other-perspective is analogous to the PD game. The
willingness of the respondents to choose “remain” was higher than their expectation of
this outcome. If the issue was considered in a comparative context, there was a decrease

in support of remaining and, on the contrary, the decrease in expectations of the Czexit.
The data show the presence of the consistency effect like in the PD game.

One of the key predictions of the quantum model, QQ-equation, was not confirmed in the
data. The possible reasons why it failed are two. Either is the quantum model not

applicable to this issue, or the assumption of the shared quantum state across the whole

society does not apply. We believe that the second option is valid for the topic was not
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publicly discussed, and a common position could not establish. Two indicators suggest
the latter. First, for some groups that we isolated by control variables, this equation is

valid. Second, the attitude toward the Czexit is, among other things, dependent on how
the respondents follow the news. If they state the social media are one of the two primary

sources, their support for the Czexit is 10% higher. It suggests that different discourses
are possibly accessible to different groups of Czech society.

The results of this survey show that the quantum model with its interference term has its

explanatory value in real policy issues. For some groups (e.g., ages 30-49 presented
above), a shift in attitude following from the influence of the non-compatible perspective

was sufficient to change the results of a hypothetical referendum: The support for
remaining dropped from 53.6% to 49.7%. We believe this possibly have happened in the
case of the British referendum, where media reported voters who declared that they voted

for leaving because they thought the country would overwhelmingly choose to stay. From
the psychological point of view, such a voter chose to leave as a manifestation of

dissatisfaction with the supposed national consensus. From the quantum model, such a
voter did not decide from his/her original state. Instead, he/she collapsed his/her initial
state into “others-will-decide-to-remain” and from that state he/she chose to leave. Unlike
the Czexit poll, the protesting view50 suggests the presence of a "contrast effect," but

without specific data from before the referendum, it is mere speculation.

4.7 Conclusions
In the empirical chapter of this thesis, we presented the results of two online experiments

that tested the quantum model of strategic interaction. We showed that the model based
on the assumption of the incompatibility of the perspectives could account for the
observable patterns, including the disjunction effect known from Tversky and Shafir

study (Tversky and Shafir 1992). These findings show the viability of the quantum model
and undeimine the standard notion of strategic interaction based on the classical
probability theory. The effects that are considered only as ‘fallacies’ in the classical

context are possible or even expected features of the quantum model. However, classical

solutions remain still valid, as a limit case of the quantum model.

50 This topic will be handled in chapter 5 in detail.
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The assumption of the incompatibility of the self- and other-perspective, empirically
supported in this chapter, provides interesting theoretical questions. If the deliberate

decision in the strategic settings require considering two incompatible perspectives, then
how does the ‘measurement’ of one influence the other? Further, if the order matters, then

which perspective is decided first? Moreover, what is the maximum size of the
interference effect - is the other-perspective, when considered first, able to turn around

the self-perspective? We will try to answer these questions in the final chapter.
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5 Quantum society
The last chapter of this dissertation attempts to derive the theoretical implications of the

quantum model of decision-making for our notion of society. We have already discussed

several aspects of this issue in the previous chapters; now, we will look at the nature and
scope of quantum effects in general and how this can be implemented in specific IR

questions. The first section of this chapter deals with the general relationship between the
agent and the social structure; the second focuses on the possibility of change in the IR,
the third one deals with the methodology of the field.

Our theoretical consideration starts once more with the assumptions of the previous two
chapters: that human cognition and decision-making include, among other things, the

interaction of the two incompatible perspectives. The self-perspective, which relates to
the person's "inner" view, and the other-perspectives, that reflect agent’s expectations

about the "others." We assume that these two perspectives are complementary, i.e., in the
framework of the quantum theory, both essential for describing the cognitive state of an

individual agent, and at the same time incompatible, which excludes their simultaneous
determination. Thus, the individuality and the social dimension of the agent cognition can

be perceived in analogy to the position and momentum of the particle, where the first one
captures its local manifestation and the second its spread through space.
Previously, we have shown that the quantum model represents human decision-making

using vectors in Hilbert's space, where the projection rules determine the probability of

individual decision outcomes. For the particular model of any social context, the three
steps are essential: i) how the individual outcomes are defined (it determines the basis and
dimensionality of the problem); ii) what is the initial cognitive state of the actor in relation

to these possible outcomes (it gives the coefficients of the linear combination in a given
basis); and iii) how the actor's attitude differs from his/her expectations about the others

(it indicates the mutual relationship of the self-perspective and other-perspective bases).
We have already partly discussed this question in the third chapter. Now we will explore
it in detail with the knowledge of the specific application in the PD case and hypothetical

Czexit referendum.

As the main mean for establishing the parameters mentioned above of the quantum model,
we identified the language or, more generally, the discourse of a given agent. The
language determines which concepts are conceivable as possible distinguishable, and
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mutually exclusive states. We assume that the number of possible outputs may vary
individually, for example, due to the agent's experience. Take a case of colors; the

common languages offer a few basic options (black, white, red, green, yellow, and blue,

brown, gray, orange, purple and pink), which can later be extended with, e.g., ochre, navy
or claret. However, the classification of the surrounding world into mutually exclusive
categories is not unique as it is not an objective feature of the world. For example, the
champagne color may be related to a specific discourse of the weddings, and in others, it

may not exist. However, the material world is not without influence - the colors could be
a good example again. The concepts for basic colors can be found in every language for

it reflects some fundamental properties of the material world. Thus, on the one hand, the

basis is given by the discourse for the outcomes are what the agent conceives as the

possible options, but, on the other hand, the material world brings about certain

limitations (e.g., the concept of immortality as the possibility of a way of life is hindered
by mortality). Discourses arise from the perception of reality and are confronted by it
retroactively. It does not mean there is a perfect match, but specific feedback exists that

corrects what is possible in the discourse in the form of a heuristic circle: experience -

interpretation of the world, i.e., discourse - confronting reality, new experience amended interpretation -...

We suppose this relationship to be asynchronous: the current material world shapes the

future discourse, and the current discourse shapes the future material world. From the

literature on the discourse analysis, it is known that discourses may be very hard to amend.
Nevertheless, the combination of concepts and new experiences is continually changing
the environment, gradually creating new concepts and possibilities. The current discourse

is partially determined by historical development, as well as the current state partially
determine the future state. I.e., current constraints can be overcome, but in real time,

material world limits the discourse as well as the discourse limits the perception of the
world.

Therefore, the language gives the basic concepts that make up the conceivable outcomes
of human cognition and decision-making. Apart from these, a range of narratives is
present in the discourse, which connects the different concepts to the comprehensive

units. Narratives indicate why a given choice is possible/desirable; they give guidance for

behavior. The state where multiple opposing narratives are present corresponds to the
quantum state of the superposition. For example, there are several possible narratives in
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the PD game: the common good narrative invokes that strategic profile CC' is a desirable
outcome of the game because it corresponds to the highest absolute rewards; the personal

good narrative prefers the profile CD' for it maximizes the personal profit of the player;
the altruistic narrative invokes the profile DC' as it maximizes the opponent's profit. The

fundamental paradox of PD game follows from the fact that outcome DD' is not the
outcome preferred by any commonly shared narrative. It is considered to be the

consequence of the interaction of the personal profit narrative and the structure of the
game or the mere error of the players.
The basic concepts that indicate the possible outcomes and the individual narratives that
offer the arguments to seek for these outcomes are intertwined: Every new basis is created

within a narrative that tells why such an outcome is possible/desirable. The narratives are

therefore the reasons for many concepts to become value-laden: Concepts that are value-

neutral (red color), turn to be value-laden within a particular narrative (red as the color of
the Republicans, or the universal color of the communist parties). The power of discourse

that Foucault speaks of flows from the power of individual narratives that set the quantum
state of superposition. It is amended in a confrontation with the material world, but also

in confrontation with the social world. If people act according to shared narratives, the
discourse may become rigid as self-fulfilling prophecy (see chapter 4 and below).

5.1 Agent-structure interaction: norms compliance
In this section we will analyze the mutual interaction of individual actions and social
consideration, following from the quantum model, in the more specific problem of norm

compliance. The content of this section is a shortened version51 of the paper prepared for
the special issue of Foundations of Science, which is currently under review.

Social norms can be understood as the grammar of social interaction (Bicchieri 2006).

Like grammar in speech, it specifies what is acceptable in the given context, hi the
literature that explores the nature of social norms and the way in which they influence the
behavior of the individuals, the problem of norm compliance is considered from the

perspective of one of the three broad approaches: through the theory of a socialized actor,

51 The remaining parts of the paper introduce the quantum probability theory which was already
introduced in the second and third chapter of the thesis.
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the concept of group norms or the theory of rational choice (Bicchieri and Muldoon 2014).

Our approach is closely related to the theory of rational choice as it uses game theory as
the formal model of this interaction. Nevertheless, our conclusions (see below) are to a

great extent close to the Parsons approach of internalized norms that somehow shape not
only the behavior of the actor but also his self-concept (ibid.).

What is it known about the mutual relationship between the social norms and the human
behavior? Current literature agrees that the existence of the norm itself does not lead to

its compliance. The expectations about the others play a crucial role. Specifically,
Bicchieri and Xiao argued that “two different expectations influence our choice to obey a
norm: what we expect others to do (empirical expectations) and what we believe others
think we ought to do (normative expectations)” (Bicchieri and Xiao 2009, p. 191). In

other words, actors follow the norm only if they a) assume the others will follow the norm

as well; and they b) assume that also the others expect the compliance with the norm from
them. We also add one natural assumption that precedes the above, which is that actors

are familiar with the norm, and are considering it in their decision-making. These findings
form an essential qualitative characteristic of the agent/social norms interaction. How can

we formalize them to get an accurate description and possibly also the quantitative
predictions?

The prominent approach models this problem by the Bayesian theory of rational choice.
It uses the formalism of the game theory and defines the social norm mainly as the Nash

equilibrium of the respective game (Schelling 1960; Lewis 1969; Ullmann-Margalit
1977; Sugden 1986; Elster 1989; Binmore 2005). More recently, Bicchieri (2006) argues

that the mixed-motives games do not offer the equilibrium solution. Instead, the existence
of the norm transforms the game into the coordination game, which creates the
equilibrium as, e.g., the mutual cooperation in Prisoner’s Dilemma game. The gametheoretic argument has been pushed further by Gintis (2014), who argues that social norm

is the choreographer of the particular epistemic game.
We are now familiar with several empirically-known effects that contradict the logic of

standard rational choice theory, including the disjunction effect. The authors, when
reflecting this problem, often refers to the Kahnemann’s heuristics for explanation (e.g.,
Gintis 2014, sec. 1.5.4) while assuming this is only a small departure from the ‘fully’

rational behavior, leaving the question of the validity of rational choice assumptions
unanswered. However, we argue that the issue has much deeper consequences. The
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disjunction effect which violated the Savage’s sure thing principle, e.g., clearly
contradicts one of the Gintis’ axioms that is used to build the main algebraic structure of

his book (Gintis 2014, pp. 15-16). The vast majority of the literature (with some
exceptions like Shu Li et al. (2010)) neglects that these effects can stem from a more

fundamental issue with our notion of rationality.
If there are well-founded doubts about the validity of our rationality assumption in its

standard form, can we use the algebra of quantum probability theory to explain the
observed patterns of norms compliance? Analyzing the problem, we restricted ourselves
to the ‘toy model,’ which can explain the main features of the decision-making regarding

social norms in the form better accessible to be presented here. The vector space which

will be used to describe the situation is the 2-dimensional vector space over the field of

real numbers, which is the critical aspect where the toy model deviates from the fullyequipped one. We will discuss the difference later.
As before, we have two mutually orthogonal vectors |A) a \B) that belongs to the

strategies A and B from the self-perspective strategic set S G {A, B}. The position of the

initial vector |S) in relationship to vectors |A) and \B) is specified by the coefficients of
the linear combination ipA and i/iB, or equally by the angle a which is the angle between
the state vector and basis vector |A) (Figure 5.1). The mutual relationship of the

coefficients and a is given by: cos a = ipA, sin a = ipB, and of course i/’a +'I’b
Figure 5.1: State vector in the self-perspective.
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The expectation about the others defines the other-perspective which creates another

basis, |4') and \B'), rotated from the self-perspective by a general angle /? as is apparent

in Figure 5.2.
Figure 5.2: State vector in the other-perspective.

Now, we can analyze how considering the other-perspective can influence the agent’s
behavior. For the higher intelligibility, we will turn to the familiar example of the
Prisoner’s Dilemma game and the hypothetical norms of cooperation and selfishness. We

assume the players are expecting lower cooperation from the others and follow it by

decreased cooperation (norm of rational selfish player) or are expecting a higher level of

cooperation and follow it by increased cooperation (norm of cooperation).
To determine how the expectation about the others can influence a player’s behavior, we
are going to analyze the mutual relationship of three variables: i) player’s level of

cooperation, ii) player’s expectation about the others, and iii) the mutual relation of the

perspectives, in the form of angles a, (3 and y. Without the loss of generality,52 we can
assume a G (0,45°) and keep it constant while manipulating (3 and y. The influence of

the other-perspective will be analyzed in the first step in the interval /? G (a — 90°, a),

where the bottom limit corresponds to the situation that player expects all others to defect
and the upper limit to his expectation of the full cooperation of the others.

52 If alpha were outside the defined interval, we can simply switch the vectors | C) and | D) in our analysis and the
findings will remain analogous.
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We will start with the analysis of the situation depicted in Figure 5.2, where/? G

(a —90°, 0°) and y G (90°, a). The player tends to be cooperative, her level of
cooperation is p(C) = (cos a)2. And she expects cooperation at the level p(C') =
(cos y)2. As the cosine is the monotonously declining function in the given interval and

a < y, it follows that (cos a)2 > (cosy)2.1.e. that p(C) > p(C') and the player expects

lower cooperation from the others than she is willing to play. How does this expectation
influence her choice if she considers the other-perspective first? With basic trigonometry,
it is not hard to show, that in this case p(C) > p(C'C) + p(H'C), i.e. the decision in the

other-perspective which preceded her choice in the self-perspective decreases her
willingness to cooperate. Therefore, in the interval

E (a — 90°, 0°) the player expects

less cooperation from others and, if she takes the other-perspective into account, it lowers
her cooperation (in comparison to the ‘direct’ decision in the self-perspective). This

situation corresponds to the compliance to the selfish norm.
We can apply the same procedure for fi G (0°, a) and y G (a, 0°), depicted in Figure 5.3

as the second plot. Here a > y therefore (cosa)2 < (cosy)2 and the player expects
higher level of cooperation from the others. The overall effect of reasoning about the

others is positive, p(C) < p(C'C) + p(Z)'C). For /3 G (0°, a) the player expects more of

cooperation from the others which leads, if she takes it into account, to her higher level
of cooperation. There is a cooperative norm at play in this interval.
We can extend the analysis further to the interval (1 E (a, a + 90°) (in Figure 5.3, the

third, fourth and fifth plot), here the player expects the ‘opposite’ view from the others

(vector | C) is located on the opposite side of the initial vector than vector | C')) which can
lead to at-the-first-sight paradox conclusions. In the interval /? G (a, 2a) the player
expects more cooperation from the others, but taking it into account it leads to the lower

level of his cooperation. For

G (2a, 90°) there is the selfish norm at play, and finally

for /3 E (90°, 90° + a) the player expects less cooperation from the others, but taking it
into account, it leads to his higher level of cooperation.

All options of other-perspective influence are summed in the diagram below: gray sector
depicted the possible position of the | C) vector and, as an example, there is always | C)

vector in the middle of the sector (where the influence of the other-perspective is the
highest) and in the following table.
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Figure 5.3: Relative positions of self- and other-perspective in the norm compliance model.

3e(2a.'90°)

3e(90°;90°+a)
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Table 5.1: Possible results of self-/other-perspective interaction
The others are
expected to be more

Decision in the otherperspective increases Type of the self/otherplayer's probability to perspective interaction

(3 £ (a — 90°, 0°)
y e (90°, a)

selfish

defect

Compliance with the
selfish norm

(3 e (0°, a)
y e (a, 0°)

cooperative

cooperate

Compliance with the
cooperative norm

/? £ (a, 2a)
y e (0°, —a)

cooperative

defect

Defiant defection

(3 £ (2a, 90°)
y £ (—a, a — 90°)

selfish

defect

Compliance with the
selfish norm

(3 £ (90°, 90° + a)
y £ (a - 90°, 90°)

selfish

cooperate

Defiant cooperation

Interval for beta and
gamma53

From the analysis above also stems the interpretation of the angles in our toy model. The

angle a determined player’s willingness to cooperate. The angle y accounts for her

expectation about the cooperation of the others, so it corresponds to her empirical
expectations. The key role plays the angle /?, which corresponds to his normative
expectations. Small betas (close to 0°, first two rows of the Table 5.1) correspond to the

‘closeness’ of both perspectives and the reasoning about the other-perspective strengthen
the strategy that the player expect the others play more often than she. In contract, large
betas correspond to the disparity between the perspectives, to the ‘protest view’, where

the reasoning about the others strengthen the strategy that the player expect to be played

less often then she would play it (cooperation or defection ‘in spite’ of the others). The
mutual relationship of these three angles deteimines whether there is the norm of

cooperation or the norm of selfishness or if the perspectives go against each other.
The same situation can also be illustrated in the probabilities of the individual strategies,
as in Figure 5.4. There are three variables in the graph drawn dependent on the angle (3.

The blue one corresponds to p(C) which is the probability of the cooperation in the self
perspective. For a = 40°, this is a stable probability of about 59%. The orange line

53 The analysis is constrained to the open intervals. As is evident from the table, at the border values (3 £
(a — 90°, 0°, a, 2a, 90°} there is the change of the direction of the other-perspective’s influence. I.e., at
these values the impact of the other-perspective is neutral.
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corresponds to p(C') which is the expected cooperation from the anonymous other. It
develops in accordance with the change of the angle /? from 0% to 100%. The gray line

corresponds to pr(C) which is the overall probability of cooperation when this choice
takes place after the expectation about the other: pT(C) = p(C'C) + p(D'C). It is a

roughly sinus-shaped curve with maximums around the middle of the above-mentioned
intervals.

Figure 5.4: Interaction of self- and other-perspective in PD game.
Influence of the other-perspective

------- p(C]

------- p(C’) ------- pT(C)

P(°)

The size of the of the interference effect reaches half of the difference between p(C) and
the minimum and maximum probability. I.e., the influence of the other-perspective can

change the probability of cooperation in self-perspective in the interval

PT(C) e
The difference between the upper and lower limit of this interval is exactly 50% which,
among other things, means that it is always able to swing the results if the majority of

votes decides the issue. It is not without interest that in the case of the PD game played
by women, the interference effect almost reaches its maximum when it decreases the p(C)
from 76.9% by 30.6% and increases the p(C') from 29.3% by 29.7%.

Before we proceed to the conclusions, we should discuss the limitations of our toy model.

What is the nature of the toy model? How does it differ from the fully-equipped quantum
model? The deviations are of two kinds. First, we can model the strategic interaction of

two players in the vector space of different dimensionality. The existing works (see in

chapter 4) models the problem in 2, 3 or 4-dimensional spaces. The author of this paperanalyzed the PD game in 2D and 4D and compared these two options (Tesař
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forthcoming). We can say that the 2D model captures the actual experimental behavior of
the portion of participants, where women followed the 2D model, whereas men

represented the game instead of in 4D (see above).
Second, and most importantly, we made a substantial reduction of the quantum model by

restraining to the vector space over the field of real numbers. The angles, which have been

used to define and analyze the model, are not well-defined in the spaces over the field of
complex numbers (Scharnhorst 2001). If we defined the angles, e.g., as the Hermitian
angle (ibid.), the relation a = (3 + y, which is intuitive in the real vector space does not

hold for the complex spaces. If so, how the findings presented above relates to the fullyequipped quantum model? Recall that the probability of a choice has been defined as the

square root of the orthogonal projection of the state vector and this variable was converted
into the square root of the cosine or sine of the respective angle. We can revert this

operation and, e.g., the interval defined as /? £ (0°, a) and y £ (a, 0°) define simply as
the other-perspectives in that p(C|C') > p(C) simultaneously with p(C') > p(C). Then
it is evident that some options are missing in the Table 5.1. E.g., it is possible that, in the
language of our toy model, /3 £ (0°, a) and y £ (0°, —a) which is the situation ‘on the

border’ of a second and third row of Table 5.1. This situation nevertheless corresponds to
the cooperative normative as well as empirical expectation and in its interpretation, it is

analogical to the second row of the table. All four possible combinations of the two
expectations are present in the toy model
From the analysis above, we have already derived several interesting results, including
the values of the (3 angle that bring about the maximum interference effect and specifying

its size. What are the other conclusions following from the model? One of the interesting
features of the model is the situation where the other-perspective is rotated such that the
state vector is identical with one of its basis vector (i.e., (3 £ (a ± 90°, a}). In that case,
the reasoning about the other-perspective makes no change in the self-perspective

probabilities. In the other words, if the player would expect that all the others follow the
same strategy, there was no influence on her own choice, even if her state was widely
different. In contrast, the influence of the other-perspective is the biggest when

is

around the middle of any given interval.
Second, the quantum model also gives a particular place to the uncertainty. Players are to

‘remove’ the uncertainty about the others (to articulate their expectation) for the otherperspective have any influence. In the PD game where players expected a lower level of
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cooperation from the others, they lose their willingness to cooperate unless they stay
uncertain about their expectations. It is the uncertainty that keeps them cooperative. It

should not be surprising as it corresponds to the experimental results where players ‘learn’

to defect in repeated games by learning the other strategies and the common sense as well.
It indirectly supports the quantum model.

Third, our analysis of the beta angle shows also remarkable features that are analogical to

the process of identity formation. We saw that small betas correspond to the ‘closeness’

of perspectives which leads the agents to follow the others. On the contrary, high betas
correspond to the ‘protest view’ that leads them to revolt and go against the others. It
could correspond to the benign or malign others that form the player’s identity in the

process of identifications with (or against) the significant others.

5.2 Possibility of change
The just introduced model of interaction between the agent and the social structure offers
a unique insight into the possibility of social change. For the IR theory, it is a critical issue

that concerns, e.g., the stability of the political regime, of the economic growth, or the
possibility of change in the international environment.
How can we explore the question from the perspective of the quantum model? Assume

that a certain expectation of, e.g., the immutability of the dictatorship, or the continuation
of economic growth, is predominant in the society, and is widely shared and considered

in agent’s decision-making. Then, a dissatisfied citizen who is considering some form of
protest against the dictatorship is considering whether the last steps of the regime will
encourage more people to show up in the sheets or not. Similarly, an investor considering

an investment in a given industry is considering whether other investors will also buy
(and increase the value of her acquisition) or whether they sell instead.

Under these assumptions, added with the assumption of the closeness of the two

perspectives, the quantum model predicts that the predominant expectation in the otherperspective significantly influences the agent's own decision. If an agent considers the

others will not protest, it reduces her commitment to engaging herself. Conversely, if she
expects the mass involvement of the others, her engagement is more probable. Similarly,

an investor who expects an acquisition from others in the industry is more likely to choose
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her purchase. Conversely, the belief that others are leaving the industry leads to a
decreased willingness to buy. This logic, where the proximity of perspectives strengthens

the expected choice of the others, is, of course, a well-known mechanism of self-fulfilling
prophecy and leads to the rigidity of the current order.

On the other hand, the quantum model added with the assumption of the diversity of

perspectives, predicts that an agent who considers non-involvement of others will
increase his determination to join the protest "despite" the majority of the others.

Similarly, investors who are in "opposition" to the expected attitude of their colleagues
will respond to their coming into the industry with a stronger desire to leave. This
mechanism may be the cause of a crackdown of the current order when protestors engage

motivated by the apathetic public, or investors start to leave the sector inspired by
excessive (and unjustified) confidence of their colleagues.

Some actors may also merely not "listen" to the social structure and make their decision
from their own "inner" perspective. Direct consideration of self-perspective leads to a

dissident attitude that acts according to one's conscience without considering the
consequences. These rare cases of dissident views can then inspire the emergence of a
protest narrative that, in line with previous mechanisms, has the potential to change the
existing social order.

We see the same logic in an international environment. If the dominant narrative is a "war

of all against all," there is a very low expectation of cooperation from others which
reduces the willingness of the actors to cooperate and, therefore, creates this exact state

of hostility. In an environment where the dominant narrative highlights the suitability and
necessity of cooperation, there is a high expectation of cooperation by others, which

further increases the willingness of agents (in this case states) to cooperate. Therefore, we
argue that the logic of the quantum model supports Wendt's thesis that “Anarchy is what

states make of it” (Wendt 1992; 1999).

5.3 Methodological consideration
There is a long-standing controversy in the field of International Relations regarding our
ability to gain ‘scientific knowledge’ about the world politics. If we use the framework

of the third debate (which formed the field in late 80 ’s and 90 ’s), there is the positivism
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on the one side and the post-positivism on the other. According to the former social world

is independent and to some extent predictable environment. To explain it, we should
employ methods known from the natural science to study the general patterns and gain
knowledge about the social world in the form of causal mechanisms and social laws. From
the post-positivist point of view, this is quite a simplistic picture. The phenomena in the

social world are results of human actions and therefore to understand it we need to know
“how the actors defined the issue and the alternatives, what they believed about the

situation and each other, what they aimed to achieve and how” (Hollis and Smith 1990,
P-2).
We can trace the roots of this question back to the Second Great Debate in 60’s and

consider it one of the formative questions of the field. The canonical expression was laid
out in Explaining and Understanding International Relations in 1990 when Hollis and

Smith claimed famously that “there are always two stories to tell” (ibid., 1).

The primary goal of this section is twofold; it answers two questions. First, what concept

of causation do ‘explanation’ and ‘understanding’ employ? What are their starting points
and how do they differ? Second, how do they stand in relation to the quantum probability

theory? Can we use the framework of this theory to provide a common basis to unify the
seemingly incompatible traditions?

5.3.1 Distinct ‘cultures’ of research in the field of International

Relations
To characterize explanation versus understanding debate and position of individual

authors, we can use two types of questions. First, what kind of knowledge do these
‘stories’ (types of reasoning) offer? What they have in common and how do they differ?

Moreover, second, what is the mutual relation of these stories regarding the production

of scientific knowledge? Do we need both of them or is anyone reducible to the other? If
we need both, what is the specific contribution of each of them?
Let’s start with the position of Hollis and Smith (1990). They characterized the debate as

that of the outsider (explaining) versus the insider (understanding) story of a social actor.
The former is the causal story of Humean causality in which we observe the behavior of
the system (e.g., human, organization, state) from outside and infer causal relations of the
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observable phenomena. The latter is the inside story of an independent agent. In this case,

the phenomena we observe are only inputs and outputs of the deliberate reasoning

process. We need to employ empathy to understand agent’s choices from his/her inner
perspective.

What is the relation between these two distinct stories? For Hollis and Smith, again, “there
are always two stories to tell.” Any of them is reducible to the other. Authors try to
determine which one is superior (without much success as they disagree with each other)

what their followers rejected. In the subsequent works, the approaches are usually
characterized as compatible and equally important regarding their contributions to the

production of scientific knowledge.

The second major contribution to this debate was the influential book Designing Social

Inquiry from King, Keohane, and Verba (1994) which frames the debate differently.
According to the authors, both approaches can offer valid scientific knowledge inference - but of different kinds. They also use different ‘styles’ to reach it. The

explanatory story offers ‘causal inference’ and is explicitly connected to the quantitative

type of research and generalization. The understandable story offers the ‘descriptive
inference’ and is usually connected to the qualitative type of research. The main goal of
the book is to “connect the traditions of what are conventionally denoted as ‘quantitative’
and ‘qualitative’ research by applying a unified logic of inference to both” (King et al.

1994, p. 3). Nevertheless, as critics of the book showed, the attempt to set a common
standard for both was based on the standards of quantitative inference what

unintentionally reinforces second-class status of the qualitative (‘insider’) story (Wendt
1998, p. 104; compare Mahoney and Goertz 2006, p. 228).
Wendt in his article (1998) refuses the distinction between natural and social science

concerning this question. According to him what differentiate these two approaches is
that they give answers to two different types of questions: causal (explanation) and
constitutive (understanding) ones. “Although they have different truth conditions, this
does not mean that causal and constitutive theories imply different ‘epistemologies.’ Both
kinds of theory are true or false in virtue of how well they correspond to states of the

world” (Wendt 1998, p. 106). The natural and the social science do not differ because of

epistemological differences but because of the ontological one (compare Wendt 2015).
Moreover, there is a risk to treat constitutive theories as mere description. If we do so, we
will contribute to the ‘reification’ or ‘naturalization’ of social kinds (Wendt 1998, p. 108).

141

So far there is an agreement among the authors about the question of causality which is
closely tight to the explanation/understanding question. All the contributions mentioned

above assign causal relations to the explanation story. For Hollis and Smith by explaining
we are uncovering ‘causal mechanism’ (versus heuristic reasoning), King et al. speak

about ‘causal inference’ (versus descriptive one), for Wendt we try to answer a ‘causal
question’ (versus constitutive one).
It does not seem to apply to the article by Mahoney and Goertz (Mahoney and Goertz

2006). Authors do not relate to the explanation and understanding debate directly. The

paper contrasts two distinct ‘cultures’ of the qualitative and quantitative type of research.
From their point of view, both methodologies employ causal reasoning which can be
characterized as an ‘additive causation’ in quantitative tradition or ‘causation of necessary

and/or sufficient conditions’ employed by the qualitative researches (Mahoney and
Goertz 2006, sec. 2). Therefore, they can cover both approaches under the common roof

of causal stories. However, the closer reading reveals some inconsistency on this topic.
In the introduction, they follow the distinction of King et al. when they “... believe that

qualitative and quantitative scholars share the overarching goal of producing valid
descriptive and causal inferences” (Mahoney and Goertz 2006, p. 228) whereas later they
employ concepts mentioned above of ‘additive’ versus ‘INUS’ causality. The overall
logic

of their conceptualization follows the

logic

of previous papers

and

explanation/understanding debate closely. Our point is not that the one to one

correspondence between these two debates exists but that the overall patterns of both
debates overlap to a large extent and create the conglomerate which “bifurcates the social

sciences into a quantitative-systematic-generalizing branch and a qualitative-humanisticdiscursive branch” (King et al. 1994, p. 4).

To sum it up, there is a broad consensus among scholars that there really are two distinct
‘stories’ characterized as explanation and understanding in the field. It is not the existence
but the nature of the dividing line, where the authors differ from each other. This question

is closely related to the standards of production of scientific knowledge they employ.
Hollis and Smith see the two stories as competing and try to arbitrate between them. King,
Keohane, and Verba offer the common standards of the inference to achieve equally
credible knowledge in both approaches (based on the standards of quantitative approach).

Wendt employs the correspondence theory of truth, where the criterion is how the two
‘stories’ match the world itself. However, this cannot serve to arbitrate between the
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approaches as they never ask the same question. As long as we are interested in both types

of reasoning (causal and constitutive), we need both ‘stories’ to produce a relevant
knowledge about the social world.

One can agree with such a general framing of two distinct stories and yet be somehow
dissatisfied with it. If we think the two events (or characteristics of the system) A and
B and would like to know what is their relationship, which type of question should we

ask - the constitutive or the causal one? Are the stories so different, that the common
conceptual framework is unthinkable? Our goal is not to deny the distinction between the

explaining-quantitative and understanding-qualitative traditions, but to show that the

framework of the quantum probability theory is able to incorporate both while conserving

their distinguishing marks. I believe that it can strengthen our ability to explain (in the
Wendt’s inclusive conception of this concept) the phenomena in the social world by
utilizing both ‘stories’ in one ‘plot’.

5.3.2 Probabilistic causation and quantum probability theory
In this section, we will apply the quantum probability theory to the probabilistic theory

of causation. Before we start we should clarify two underlying assumptions, we will
follow. First, we will consider events in the social world as the results of the decision

making processes of a human agency. It stems from the idea that behind all the
phenomena in the social world there is a deliberative action of human being. E.g., if we

ask what the causes of war are (and what are the effects of these causes), we examine
what the phenomena that led relevant agents (leaders, institutions) to start a war are.

Instead of the impersonal causal mechanism of Humean causality, we will assume

deliberative reasoning of a human agent.
Second, we will draw upon a probabilistic notion of causation. The basic idea of

probabilistic causation is that phenomenon B is a cause of phenomenon A if octhe
currence of B raises the probability of A. I.e., the presence of B does not automatically

lead to A, it increases its probability. There is one fundamental reason for this step, the
nature of the social world and the quantum probability theory itself. First, we often

consider the decision-making process of a human being as open-ended. There are only a

few phenomena whose occurrence leads to the given outcome by necessity, if so.
Traditional example is the fire in the house that leads to the decision to quit the house.
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Even though we consider this relationship as very strong, we can imagine the opposite -

to stay in the house instead (to save children for example). Probabilistic causation is rather
able to catch the nature of the social world as this world does not offer many examples of
necessary causes.

To account for the probabilistic causation in the social world, we will employ the 2-

dimensional model derived in chapters 3 and 4. With the acquired knowledge that order
matters, we can explore the probability of event A in two forms:
p(4) = p(AI) = p(A)p(B |?1) + p(A)p(B\A)

(5.1)

p(A) = p(M) = p(B)pG4|5) + p(B)p(4|B) + Int.AB

(5.2)

The latter formula features the interference term that differentiates it from the standard

total probability of A (5.3).

PrOO = P(5)p(4|B) + p(5)p(A|5)

(5.3)

As we know, the results of the quantum probability theory differ from the classical one
in the case of a sequence of non-commutative measurements (decisions in our case). Let
A and B be two different decisions that are represented as subspaces corresponding to the

projectors PA and PB respectively. In our causal story, A is an effect we like to explain
(explanandum) and B is a possible cause of that effect (explanans). When we can say that

B probabilistically causes A? hi literature, there are two ways how we can express this

condition ((5.4) and (5.5)). However, as we show later only one has a proper meaning in
the case of quantum probability theory. Define:

B is the cause of A if and only if
p(4|B) > p(A)

(5.4)

i.e., the probability that A occurs, given that B occurs, is higher the unconditional

probability that A occurs. Using the classical probability theoiy this condition is

equivalent to:
p(4|B) > p(4|B)

Proof:
p(4|B) > P(A)

p(A\B) > p(B)p(A\B) + p(B)p(A|5)

pG4|5)(l-p(5))>p(5)p(A|5)
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(5.5)

p(4|fí) > p(4|B), for p(B) > 0

Some scholars define probabilistic causality in terms of Eq. (5.5), instead of Eq. (5.4)

(Hitchcock 2012). It is an adequate option when the classical probability theory is used
as the two conditions are equal. In that case, B raises the probability of A if and only if B

reduces it. hi other words, if B is a cause then B is not.

If we use quantum probability theory instead, the interference term appears (see Eq.

(5.2)). In this case a condition p(4|B) > p(A) is equivalent to:
p(A\B) > p(A\B) +

Int.Af,
forp(g)>0
p(B)

(5.6)

I.e., B can be the cause of A (in the sense of eq. (5.4)) even if p(A\B) < p(A\B) (when
Int.AB is negative and p(B) sufficiently small). Therefore, instead of asking whether B
or B causes A we should explore whether one or both are causing A or even what would

be the overall effect of considering B-perspective regardless of any particular decision.
We can also compare the overall effect of reasoning about B to the overall effect of
reasoning about some other possible cause C.
Interestingly, we can distinguish two different types of probabilistic causation. Therefore,

we are going to differentiate the ‘cause-by-decisiori' causation where B is the cause if the

conditioned probability p(d |B) is greater than the unconditioned probability p(4).
p(zl|B) > p(?l)
Beside this, we propose the ‘cause-by-reasoning' causation where the average probability
of A conditioned by deciding in a comparative context to B-perspective, is greater than

the unconditional probability of A (5.7). This is true if and only if interference term

Int.AB < 0 and the interference effect directly gives the size of the effect.
p(B)p(zl|B) + p(B)p(4|B) > p(zl)

(5.7)

p(B)p(4|B) + p(B)p(4|B) > p(B)p(4|B) + p(B)p(zl|B) + Int.AB

0 > Int.AB
As we see, cause-by-reasoning causation is the new type of causation that is available in

the quantum model of decision-making. Moreover, quantum probability theory changes
the condition for the presence of cause-by-decision causation too. Different types of

causation and conditions of their occurrence are summarized in Table 5.2.
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Table 5.2: Conditions ofdifferent types ofcausations under different probabilistic theories.

Cause-bydecision
Cause-byreasoning

Kolmogorov probability theory
p(A\B) > P(A)
is equivalent to
p(4|F) > p(4|F)
p(B)p(A |Z?) + p(fí)p(i4|fí) = p(4)
the overall effect is always zero

Quantum probability theory
p(A\B) > P(A)
is equivalent to
p(4|F) > pf4|F) + Int.AB/p(B)
p(f?)pf4|f?) + p(fí)p(i4|fí) > p(4)
the overall effect is positive,
negative or none

5.3.3 Explanation and understanding as two sides of the same
(quantum) coin
Now we are ready to compare the two types of causation that are available in quantum
probability theory to the two methodologies that are present in the field of International

Relations. The goal of this section is to show that both quantitative and qualitative
research follow one of these logics of causation.

As we have already shown in previous chapters, the classical probability theory relies on
the Kolmogorov probability theory which is commutative. I.e., the overall effect of

reasoning about B is always zero. Therefore, the cause-by-reasoning does not exist, and
the only meaningful question is how a particular decision about B influences the
probability of A. By saying that B raises the probability of A we already know that B

reduces it. We can compare the strength of different causes and combine them using
regression models. By that, our explanation story answers the basic question of

quantitative research: What are the average effects of different causes Bt for the
probability ofphenomenon A?

Nevertheless, this strategy poses a critical issue. By using classical probability theory
traditional quantitative research misses the effect of the interference term (eq. (5.2) versus
eq. (5.3)). It can still produce relevant results but only if the phenomena in question

commute (Int.AB = 0) or if the interference effect is small (Int.AB « 0). This

corresponds well to the difficulty of the quantitative research to deal with interacting

causes. If the interference effect is not negligible, we can substantially improve our

quantitative models by using quantum probability theory.
The qualitative (understanding) research tradition uses a different approach. We argue

that this story follows the logic of quantum probability theory instead, just without
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mathematic formalization. There is three main argument which supports our claim that
qualitative research matches quantum probability theory. First, the features of INUS

causality parallels the possibilities available to the quantum probability theory. The

causes seldom operate independently; they usually interact with the others. Moreover,
qualitative causation explicitly builds on non-commutativity of different phenomena by

introducing path dependency. Finally, the presence of both B and B (in different INUS
complexes) is no exception. I.e., both B and B causes A which is possible only in the

quantum probability theory.

Second, qualitative research is profoundly concerned with the context in which the

phenomena take place. This ‘context dependency’ in the form of well-known phenomena
of the priming effect, framing effect, or order effect match perfectly the cause-by-

reasoning causation. A given context does not force the agent to see his/her situation in
any particular way, he/she still has a choice. However, the overall effect of the context

can still be positive (negative) and raise (reduce) the probability of the phenomenon in

question. Again, this possibility is available only in the quantum probability theory.
The third argument regards the direction of the causation. As we have already shown,
quantitative research follows the logic of Humean causality which operates forward. We

are looking for the causes that precede the effect as in the Eq. (5.8). But how to deal with
Eq. (5.9) (which is equivalent to Eq. (5.8))?

p(A) = p(B)p(A|B) + p(B)p(A|B) + Int. AB

(5.8)

p(A) = p(A)p(B|A) + p(A)p(B|A)

(5.9)

Can B still cause A in this case? Apparently not in the traditional Humean notion of

causality, for the order of A and B reverses the ordering from the previous relation. But
we argue that if p(B\A) > p(B} we can still consider B as a cause of A for B gives a
reason for decision A. If the subjective conditioned probability of B after A is greater than
the unconditioned probability of B, agent believes that A would cause B and decides for

A if B is a desired outcome. The statement “She decided for A because of B” has two
different meanings: i) She decided for A because of the previous occurrence of B which

had caused A; ii) She decided for A because she believed that A will cause the occurrence
ofB. The latter operates backward, effect precedes the cause in a sense. Nevertheless, an

important part of this claim is that it regards the subjective probability of the path AB.
Even if the agent believes that decision A increase the probability of B it may not be true.
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It is not the future B causing but the present belief about the conditioned probability of B

which causes present A at the time of decision-making.
Together, these three arguments offer consistent evidence for the claim that quantum
probability offers the basis for qualitative research. It is the presence of phenomena

mentioned above available only to the quantum probability theory that enable our

understanding of “how the actors defined the issue and the alternatives, what they

believed about the situation and each other, what they aimed to achieve and how” (Hollis
and Smith 1990, p. 2).

5.3.4 Conclusions
In this section, we introduced two distinct research traditions in the field of International

Relations and showed how this division stems from the different notions of causation they
employ. Whereas quantitative research follows the standard (Kolmogorov) probability
theory based on sets, qualitative research matches the logic of quantum probability theory
instead. We proposed that the formalism of quantum probability theory could provide a

common basis for unifying these seemingly incompatible traditions in International
Relations.
We see three essential virtues of such a step. For quantitative researchers, the employment

of the quantum probability theory means incorporating the interference term into their

statistical models. If human decision follows the logic of quantum probability, it should
improve the power of these models. For qualitative researchers, quantum probability
theory provides a mathematical formalism that supports the logic of their research. It
could help to develop concepts and research tools of qualitative research further. Above

all, the quantum probability theory provides the common language that could be used by

researchers in both traditions what could strengthen our ability to explain phenomena in
the social world by utilizing both ‘stories’ in one ‘plot.’
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Conclusions
In this thesis, we introduced the quantum models of cognition and decision-making to the

field of International Relations. We derived a simple two-dimensional model based on
non-compatibility of the perspectives and contrasted it with the four-dimensional model

in which the perspectives are compatible. We have shown that even if the mathematical
construction of the model is somehow unfamiliar, it is in good correspondence with the
psychological intuition and, most importantly, with the experimental data too. The

predictions of the model were tested on two sets of own experimental data - the Prisoner’s
Dilemma game and the Czexit poll - providing a unique insight into the logic of strategic

interaction. In the last chapter, the generalized ‘quantum’ notion of strategic interaction,
based on the assumption of the interaction of the self- and other-perspective, was used to

derive important theoretical and methodological consequences of the quantum model. We

argued that the quantum modeling could provide a common basis for two ‘cultures’ of
research in the field of International Relations, connecting both explaining and

understanding to different types of causality that are provided by the quantum model.
Throughout the text, we introduced several examples that show how the quantum model

could be applied to practical questions of political science. We have shown how the

quantum effects can influence the approval rate of presidential candidates, support for a
concrete political position, or the level of cooperation in social dilemmas. It strengthens

our understanding of the mutual interaction of different kinds of issues/perspectives in

many social contexts, ranging from moral, market or electoral behavior to the strategic

interaction of aggregated actors (e.g., states).
The quantum modeling of social phenomena is a new and developing field. We argue that
our results provide another argument for its acceptance as, at least, a viable alternative to

the classical models. However, we are also aware that there are many questions that
remain to be answered. The model should be tested in different social contexts to verify

the robustness of our results. Moreover, we should try to specify the parameters of the

model: Which types of questions are prone to be incompatible? How (in how many
dimensions) is the problem represented? When is the shared quantum state established

and how we can recognize that it has been? When are the perspectives close enough to

bring consistency effect and when are they in opposition?
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However, it is not these practical considerations where the quantum modeling is the most

challenging for the current state of the field. It poses crucial theoretical, methodological,
and normative questions too.

If we should speculate how would the ‘quantum revolution’ change the IR field, we could

look at how it relates to basic methodological alternatives available. We say speculate,

for the variety of approaches already exist in the quantum social science, and with the

additional issue of different interpretations of QT itself, that creates a huge variety of
possible ways how the ‘quantization of IR field’ could really take place. However, some
contours of the quantum IR approach can already be seen.

Regarding the ontology of the field, the main innovation of the quantum theory probably

lies in the concept of wave-particle dualism. This notion introduces the concept of wave
like potentialities that spread out through the space and which turn into the particle-like
local actualities when measured/observed. As we have shown in a brief review in sec. 1.2,
this notion has already inspired several reflections in sociology, anthropology, and

economics, and is a basic idea of the interaction of self- and other-perspective in the

question of norms compliance, in sec. 5.1. We can see how the acceptance of quantuminspired ontology could enhance current discussion between proponents of ontic

individualism and structuralism when the either/or logic of classical approaches (ontic

prior of individual subjects or social structures) can be replaced by both/and logic of
quantum theory. Apparently, this notion has already taken place in many schools of IR

thinking where several aspects of constructivist thinking (like the notion of the co
constitution of agents and social structures) or in the performative theory (‘creation’ of
the agent through performative speech acts). We would argue that the acceptance of the

quantum theory as the viable ontology of social world would enhance the power of these
approaches, as is in the work of Karen Barad (2007).
On the similar take, the quantum theory would question the dichotomy of ontological

materialism vs. idealism. This issue has already been raised by Alexander Wendt (2015).

For him, the quantum theory, especially via the act of measurement, creates place for
ideas to play a role in the material world. He employs the concept of panpsychism that
connects the actualization of potentialities to the issue of the consciousness in the material

world (mind-body problem).
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Another aspect with the ‘revolutionary’ potential is the concept of quantum entanglement.
It further stretches our understanding of space and locality in the social world, which can

further challenge the individualism of many social theories, creating radically holistic
picture of the society. But should we expect the non-local phenomena, based on the

quantum entanglement, are present in the social world?
From our introduction in the second chapter, it is clear that the quantum theory could have
a substantial impact to the epistemological debates in the field as well. As we have shown

in our typology of the quantum social science approaches, all basic epistemological

alternatives are present. Several interpretations of the quantum theory offer a realist
perspective (which has been employed in Quantum Mind and Social Sciences by
Alexander Wendt (2015)). But mainly due to the measurement problem and blurred

subject/object distinction, the quantum theory is probably prone to support rather
epistemological positivism or pragmatism. In the form of the quantum probability theory,
it offers a novel form of the measurement theory that can guide research based in both

traditions. If we put aside the question of the reality of the wave-function and the nature

of the measurement problem, the quantum probability theory can still enhance our current

statistical model and possibly bring about more precise prediction of the observable
phenomena as discussed in sec. 5.3.

Given the great potential we see the quantum approach could have for different aspects
of IR field and the long history of an academic interest in the topic, how can we
understand that the reflection of the quantum theory is still very limited? Are there any
particular barriers that constrain this potential?

First, obviously, is certain inaccessibility of the quantum theory. Not many social
scientists have a proper training (philosophical or/and mathematical) needed to engage
the quantum theory. This can be overcome by a thorough study of the subject, which is

however often too demanding for the academics already engaged in the IR field. This is

closely related to the education system where the early specialization take place and

combination of studies in social and natural sciences is rather uncommon.
Second, the challenge of the quantum theory is somehow radical. Without exaggeration,

it would represent a major paradigm shift in the (western) thinking about human beings

and society. This development is analogical to the physics, where the acceptance of the

quantum theory was gradual and took several decades to take place, supported by the

151

increasing evidence of its success as well as the failure of the classical framework. I would

argue that the current interest in the quantum approach in many social sciences is

analogical to the physics almost a century ago. It is fueled by the apparent flaws of the
classical notion of the world (like the failure of the classical economic models in and after
the 2008 financial crisis, or inadequacy in facing the global climate crisis), together with
the mounting evidence in favor of the quantum models coming from psychology,

sociology, or linguistics.
Third, the sociology of the field. The classical notion of the world is safely embedded in

the crucial institutions of the field, whether they are universities, conferences, leading

journals, etc. When the classical notion of the world is not only the preferred alternative
(among for example the probability theories) but the ONLY alternative to teach, read, and
discuss then the quantum notion has a limited place to develop. It is only when the
monopoly of the classical view will be questioned for the quantum (and possibly other)

alternatives to flourish in the field.
These are the few intriguing questions that offer themselves for the future research. In our
view, quantum models provide a unique opportunity to overcome both theoretical and

methodological division of the field based on the new underlying logic they could share.
In parallel to the development in physics where ancient thinkers started from atoms,

turning to macro-phenomena of the Newtonian gravitation to come back to the micro
world of quantum theory, the social science could return to the ancient roots too,

downgrading from the level of the international system to international institutions, states,
bureaucracies, social groups and finally to individuals. Paraphrasing Dirac, quantum

theory of political science gives absolute meaning to size at the fundamental level of the
deliberate human cognition and decision-making.
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Appendices
1. Notation
C,D ... possible strategies in the PD game (cooperation, defection)

p(C) ... probability of playing cooperation

p(C') ... probability of guessing cooperation
p(CD') ... sequential probability of playing cooperation and guessing defection of the

opponent
p(C\D') ... conditioned probability of playing cooperation after guessing defection of the

opponent

|S) ... ket-vector in the Dirac symbolic (see Appendix no. 3)

(S| ... bra-vector in the Dirac symbolic (see Appendix no. 3)
ipi ... coefficient of the linear combination in the quantum superposition

1, U,T ... identity/unitary/transition matrix
Pc ... projection operator projecting a vector into the basis vector |C)

2. Complex numbers
A complex number is a number in the form z = a + bi, where a is the real part and b is
the imaginary part of the complex number and i is the imaginary unit which is satisfied

by the equation:

i2 = —1, or equivalently i = V—T

Two essential features of complex numbers are of great importance for the quantum
model. Every complex number has a complex conjugate, denoted by z*, defined as z* =

a — bi. A complex number which equals its own complex conjugate is a real number.

The absolute value of the complex number (its “length” if we imagine the number as a

vector in the 2-dimensional plane, where the real part of the complex number gives its
horizontal coordinate, and the imaginary part gives the vertical coordinate) is given by

|z| = yjz ■ z* = Va2 + b2.
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3. Vectors in the Dirac symbolic, the inner product
The use of Dirac symbolic is common in the quantum theory: The ket-vector (denoted
|5)) represents a column vectors whereas the bra-vector (denoted (S|) represents a row

vector whose elements are the complex conjugates54 of the elements of the ket-vector.

Together they form a bra-ket complex (5jS) that denotes the inner product of these two
vectors.
To see how this works, consider the following example. Let the vector |S) be given in the

1
1
basis |C) and \D) by the coefficients i/y = -^■ (1 — t) and i /j d =-=• 2i. Then, in this

v6

V6

basis, we can write it as a column vector:

The complementary bra-vector is a row vector with complex conjugate elements.

<S| =-y= ■ (1 + t
V6

-20

And the inner product (bra-ket) of these two vectors is:

(S|S> = («

1
(S|5) = — ■ (1 + i
V6

1 zl — i\
-20- —
9.
V6 V 2i )

<5|5)=j(2 + 4) = l

From the above example, we see three essential features of the quantum model. First,
even if the state vector has complex coefficients, the inner product of the vector with itself

is always a real number and equal to the vector’s length. Second, we can also observe the
role of the number 1 /a /6 which is the factor that normalizes the vector to be of a unit
length. And third, when the dimensionality of our model is N = 2, the vector is given by
2 complex parameters, which is a total of 4 real numbers. Using the condition of unit

54 More about complex numbers and the operation of the complex conjugation in Appendix no. 2.
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length, only 3 of them are independent variables55, but we can see that the degrees of

freedom of the quantum state exceed the dimensionality of the model.

4. Unitary matrix
The unitary matrix is a /V-dimensional matrix that satisfies the condition t/tA = IPU =
I, where Í/+ is a conjugate transpose of the matrix U and I the identity matrix. This

condition is equivalent to the condition that row vectors

and the column vectors |Q)

of the matrix form an orthogonal basis in the vector space. This means that the inner

product of every row or column vector with itself is equal to 1 and the inner product of

every row (respective column) vector with all other row (column) vectors yields 0.
Mathematically speaking:

(RjR,) = Si7;

; <5„ =

This condition guarantees that the unitary vector transformed by this matrix remains

unitary, and therefore the probabilities defined by the state vector still sum to 1.

5. Projection operator
The projection operator is the N xN matrix that is constructed as an outer product of the
respective basis state PB = |Bj) ■ (BJ. E.g., the projection operator Pc that projects the

state IS) into basis vector |C) can be computed as:
Bc = |C>-<C|

°> = (J

^>=(j

")

wx)

p(C) = »c

O)*'©)

P(C) = ^c'^c = lVk?l2

55 The 2-dimensional vector over the field of complex numbers has 3 degrees of freedom, but only 2 of
them are physically relevant. See the Bloch sphere representation of two-level quantum systems.
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In the 4D model, the construction of the operator is analogous. We start with the outer

product of the basis vector we would like to project into. E.g., the projection into the basis

vector | CD') (that corresponds to the situation in which the player chooses cooperation
while expecting the opponent to defect) is given by:

PCD, = \CD') • (CD'\

PCD, ■

1

(0

Pc d > —

/0
0
|S> =
0
<0

d)
0
0) =
0
<0

0

0 0
10
0 0
0 0

0<
0
0
0'

0
0
0
0

0 0
10
0 0
0 0

P(CD') = \\PCD, ■ |S>||:

p(CD') = (0

p(CD') —

i/j c d ,

IpcD' ■ ^CDr —

IV^c d J2

The projection operator of the combined event is then given as the sum of the operators

of the individual events. E.g., the operator that corresponds to the situation that the player
chooses cooperation regardless of his expectation is given as the sum of PCD, and PeerPc — Pc d i + Peer

d
0
Pr =
0
<0

0
0
0
0

0
0
0
0

Pc ■ IS) =

0<
d)
0
+ 0
0
0
0'
<0

0
<0

0
0

p(c) — (jpeer

0
0

0 0
10
0 0
0 0

0 0
10
0 0
0
<0 0
0

0<
0
0
0'

0
0

^CD'

o

0)

2
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0<
0
0
0'

6. Normalization procedure
After the projection of the vector into one of the basis states, the system is in that basis
state with probability p=l. What does the new vector look like? Returning to the example
from Appendix no. 3, how will the initial state |S) change after its projection into the

cooperation basis state |C)?
/I 2i
- i\)

1
V6

The projection into the basis vector |C) is given by a projection operator Pc.
f1
VO
1

V6

0\ 1 /1-Á
0? V6 V 2i )

1
V 0 J

1 zi-h
o) ■ — ■
v6 V o )

(1 + t

1

1

6

3

Then, the length of the projected vector is:

l|PC-|5)||= —
V3
Now we get a normalized vector by dividing the projected vector Pc ■ |S) by its length:

|5C) =

Pc ■ 15)

l|PC ' |5)||

VŠ zl-i
)
7/V3 “vTv o .

A/1

V2 v 0 )

To verify that this operation returns a vector with desired features, i.e., a vector which a)

is of the unit length and b) which projects into basis vector |C) with probability 1, we can
compute the relevant inner products:

1 (1-H
<SC|SC)- —

1 (zl —
0) —
Q t\)

<5c|Sc)=|-(2 + 0) = l

l<5c|Sc)| = 1

<C|Sc> =

■ (1 + i) ■ | C) + 0 ■

170

<C|5c) = 4= ■ (1 + i) ■ <C|C> + O ■ <C\D) = ^=

\z

\Z

(i + O

i<ci5c)i2=—-d + o—-d-o = --2 = 1
V2
V2
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PD game: codebook
PD game - strategies
1

Cooperation (C, C)

2

Defection (D, D')

Sex

1

Male

2

Female

Age
#

years

Mother language
1

English

2

Other

Education

1

Less than high school degree

2

High school degree or equivalent (e.g., GED)

3

Some college but no degree

4

Associate degree

5

Bachelor degree

6

Graduate degree

Population of the city/town you live in
1

less than 1,001

2

1,001-10,000

3

10,001-100,000

4

100,001-1,000,000

5

more than 1,000,001

Have you ever heard of these theories and concepts
(Game Theory, Pareto Efficiency, Dominated Strategy,
Nash Equilibrium)?

1

I have never heard of it

2

I have heard of it

3

I know it

4

I know it very well
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PD game: results
Prisoner’s Dilemma Game

214 players in total

payoff matrix (1 point = $0.50)
C

D'

C

3, 3

0, 5

D

5, 0

1, 1

guessing treatment, strategy first
sequence of
choices

number of percentage
players
of players

guessing treatment, guessing first

sequence of
choices

number of percentage
players
of players

CC

31

40,3%

C'C

17

24,6%

CD'

19

24,7%

C'D

10

14,5%

DC'

9

11,7%

D'C

12

17,4%

DD'

18

23,4%

D'D

30

43,5%

sum

77

100,0%

sum

69

100,0%

bonus treatment - after C

choice after
opponent's C

number of percentage
players
of players

bonus treatment - after D'
choice after
opponent's D'

number of percentage
players
of players

C

7

21,2%

C

3

8,6%

D

26

78,8%

D

32

91,4%

sum

33

100,0%

sum

35

100,0%
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