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Abstract: Superfluid 4He (He II) is a quantum liquid whose flow is strongly af-
fected by quantum mechanical effects. This thesis presents experimental and
numerical studies of turbulent flows in He II – quantum turbulence. Experimen-
tally, quantum turbulence is investigated in thermal counterflow, pure superflow
and coflow using second sound attenuation, precision local thermometry and by
visualisation of helium excimer molecules. The steady state and decay of the
vortex line density in pure superflow and counterflow is studied and the universal
quasi classical decay is characterised by measurements of the effective kinematic
viscosity. General dynamical behaviour is studied in detail in unsteady thermal
counterflow, with various theoretical models tested. A new model where the mean
tangle curvature is dependent on the vortex line density is proposed. Tempera-
ture dependence and enhancement of intermittency in quasi-classical flow in the
wake of a moving grid is found using visualisation. Numerically, the interaction
of the tangle of quantized vortices with solid tracers is investigated, where a back
reaction of the seeding particles on the tangle is identified and its relevance to
visualisation experiments is discussed. Additionally, an interesting and as-yet
overlooked spherical counterflow is studied, where a possible critical temperature
for the creation of turbulence was found. The findings are explained in terms of
a transparent physical model.
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Introduction

Flows of fluids at sufficiently high velocities exhibit chaotic properties. This
phenomenon is called turbulence. Turbulent behaviour of fluids underpins much
of our every day experiences, ranging from the drag experienced by a moving
vehicle to a certain degree of unpredictability of tomorrows’ weather. Flows of
fluids, in particular turbulent ones, have been the subject of scientific inquiry for
well over a century and turbulence is sometimes regarded as the last unsolved
problem of classical physics. The presented thesis aims to explore this classical
problem of turbulence in a quantum liquid, specifically the superfluid 4He. Such
phenomenon is called quantum turbulence [1].

While turbulence is chaotic and unpredictable, it is not random [2]. The
turbulent velocity field is not a featureless, continuous analogue of white noise. An
important characteristic of turbulent flows is the presence of dynamics occurring
at many scales simultaneously. Eddies and vortices with a range of sizes and
strengths are embedded in the turbulent flow. The scenario of the behaviour of
this multitude of scales (for three-dimensional turbulence) can be described in
terms of the Richardson cascade, illustrated in Fig. 1. The size of the largest
eddies is given by the scale of the energy injection. These large eddies break up,
due to the non-linear effects of the governing Navier-Stokes equations, into smaller
eddies with negligible loss of energy. This process repeats itself recursively until
the small scale of turbulence is reached – the Kolmogorov length scale – where
the viscous dissipation dominates over the non-linear effects. At this scale, the
small eddies are dissipated into heat via friction.

Sandwiched between the large (energy injection) and small (dissipation) scales
is the inertial range of scales, where energy is conserved as it flows from the
larger to the smaller scales. On the assumption of homogeneity, isotropy and
self-similarity of the turbulent flow within the inertial range, Kolmogorov [3] and
Obukhov [4] derived a statistical theory (so-called K41) of turbulence, successfully
predicting, among other things, the distribution of the turbulent kinetic energy
across scales. While the homogeneity and isotropy of turbulence can be well
approximated by a suitable choice of the experimental conditions, self-similarity
of turbulence across scales was found to be broken [5], a phenomenon referred to
as the turbulence intermittency.

In the presented thesis, turbulence was studied in the superfluid 4He, typically
called He II. He II belongs to a wider class of quantum fluids, of which other
notable examples are the several superfluid phases of 3He or the Bose-Einstein
condensates of cold atomic gasses. Turbulence in He II has two primary features
[6] that distinguish it from the classical version: (i) the two-fluid nature – He II
behaves as if consisting of two interpenetrating fluid components – the normal
and the superfluid, and (ii) the presence of a complex tangle of thin topological
defects – quantized vortices – in the superfluid component.

Many aspects of classical turbulence have their quantum turbulence counter-
parts. Energy is distributed across scales and (for three-dimensional turbulence)
cascades (typically) towards the small scales [7]. Decay of quantum turbulence
is observed in many cases to proceed in a patently classical fashion. He II, when
stirred classically, behaves approximately as a single-component classical fluid
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The thesis is structured as follows. Chapter 1 provides a brief overview of the
superfluidity in 4He and the relevant literature. The methods of investigation,
both experimental and numerical, are described in detail in Chapter 2. The
results of the thesis are separated into two Chapters, the experimental results are
shown in Chapter 3 and the numerical results in Chapter 4. The main analysis
and discussion is presented alongside the data in Chapters 3 and 4. The obtained
results are followed by a brief overall discussion and the conclusions.

The research presented in this thesis was published in several articles listed
in the Attachments. Reprints of a selection of articles most relevant to the thesis
are provided as attachments, including preprints of two submitted articles where
the peer review has not yet concluded at the time of submission of the thesis.
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1. Superfluidity and quantum

turbulence

This chapter briefly summarises the basic facts on the superfluidity in 4He in
Sec. 1.1 and provides an overview of the turbulence in this quantum fluid in
Sec. 1.2.

1.1 Superfluid helium-4

Helium-4 boils at atmospheric pressure at approximately 4.2 K. As can be seen
in the phase diagram in Fig. 1.1, 4He possesses no triple point and remains liquid
down to the absolute zero at ambient pressures. Upon cooling, however, 4He does
undergo a second-order phase transition into a superfluid phase denoted as He II
(the phase above the transition being known as He I). The superfluid transition,
often called the λ transition, occurs at a weakly pressure dependent temperature
Tλ with Tλ ≈ 2.17 K at saturated vapour pressure.

He II exhibits several non-classical features [6]. Following the two-fluid model
of Landau and Tisza, He II can be described as consisting of two interpenetrating
and semi-independent fluid components: the superfluid and the normal compo-
nent. Each component supports its own velocity field – vs and vn, respectively –
and has a temperature dependent density, shown in Fig. 1.2 – ρs, ρn – with the
sum of the densities equal to the total density of He II, ρ. The mass flux is then
given by

j = ρsvs + ρnvn. (1.1)

The normal fluid behaves approximately classically – possessing non-vanishing
viscosity and entropy. The superfluid component, on the other hand, has zero
viscosity and entropy (the entire entropy content of He II being carried by the
normal fluid). Furthermore, the superfluid velocity is given by the gradient of
the macroscopically coherent phase,

vs =
ℏ

m4

∇S, (1.2)

where m4 is the mass of the 4He atom and ℏ = h/2π stands for the reduced Planck
constant. This immediately leads to the quantisation of circulation Γ around a
closed loop C,

Γ =
∮

C
vs d l =

ℏ

m4

∮

C
∇S d l =

ℏ

m4

2πn = nκ, (1.3)

where the second-to-last expression follows due to the requirement that the macro-
scopic wave function must be single-valued and

κ =
h

m4

≈ 9.997 × 10−4 cm2/s (1.4)

is the quantum of circulation. In a simply connected region (i.e., closed loops can
be arbitrarily continuously deformed) the circulation around any closed loop is
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Early experiments of Gorter and Mellink [30] revealed that the heat conduc-
tivity of He II above a certain critical heat flux is strongly non-linear, with the
temperature gradient along the counterflow channel depending on the supplied
heat flux as

∇T ∝ Q̇m, (1.6)

where m varies between approximately 3 and 3.5, depending on the temperature
[31]. As a side note, classical turbulence, specifically the thermal convection, can
also be activated via heat flux. The mechanism, however, is not the advection
of the produced entropy as in counterflow but rather buoyancy caused by the
thermal expansion which also necessitates presence of an additional volumetric
force such as the gravity.

The temperature distribution is also very different in counterflow and convec-
tion. Whereas in thermal convection the temperature is approximately constant
in the turbulent bulk between the hot and cold ends with the temperature gra-
dient concentrated to the vicinity of the end plates, the temperature gradient
in thermal counterflow is spatially constant, temperature having a linear profile
along the entire turbulent channel. Interestingly, recent visualisation experiments
of Hrubcová et al. [32] demonstrated a boundary region near the heat source in
thermal counterflow, although, this has not yet been observed with thermometry
(see Sec. 3.2).

A common and easily experimentally accessible characteristic of quantum tur-
bulence is the vortex line density L – the total length of the quantized vortex lines
per unit volume. In a steady-state thermal counterflow, the vortex line density
(VLD) was found to scale with the counterflow velocity vns as

L = γ2(vns − vc)
2, (1.7)

where vc is the critical velocity typically of the order of 1 mm/s and γ is a tem-
perature dependent parameter. The temperature gradient in thermal counterflow
stems from the balance between the friction that the vortices exert on the normal
fluid (and vice versa) through the effect of mutual friction and the mechano-
caloric force [33]1 linear in ∇T . In light of this, the Gorter Mellink expression
can be rewritten as ∇T ∝ Lvns for a steady state homogeneous counterflow.

For a general time evolution of vortex line density, Vinen [14] derived, using
primarily dimensional arguments, the dynamical equation for vortex line density
which reads

d L

d t
=

(

d L

d t

⎜

gen.

+

(

d L

d t

⎜

decay

=
1

2
χ1B

ρn

ρ
vnsL

3/2 − χ2

2π
κL2, (1.8)

where B is a temperature-dependent mutual friction coefficient [34] and χ1, χ2

are temperature-dependent free parameters. This equation correctly describes the
steady state (i.e, L̇ = 0) scaling of vortex line density L ∝ v2

ns, although it does
not account for the finite critical velocity, as the L = 0 fixed point of Eq. (1.8)
is always unstable for a non-zero vns. This issue is sometimes rectified by the
addition of an unspecified, geometry-dependent term g(L, vns) which absorbs the
phenomena relating to critical velocities.

1Which is responsible for the fountain effect.
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The dynamical equation (1.8) was put on more solid footing by Schwarz [35]
who derived it on the basis of vortex filament model (Sec. 2.2.1) in the local induc-
tion approximation, and for tangles of relatively low density and small deviations
from the steady state. In this version the equation reads

∂L

∂t
= αIlvnsL

3/2 − βαc2
2L

2, (1.9)

where

β =
κ

4π
log

(

1

c1L1/2ξ

⎜

, (1.10)

with ξ denoting the vortex core parameter, Il one of the anisotropy parameters
introduced by Schwarz [35] and c1 and c2 are defined through S̄ = c1L

1/2, S̃ =
c2L

1/2 where S̄ and S̃ are mean and RMS, respectively, curvatures of the vortex
lines in the turbulent tangle. Recently, this form of the dynamical equation
(as well as its mere existence [36]) was challenged on theoretical and numerical
grounds [37, 38] with several new proposals. Restricting the attention to cases
of homogeneous turbulence (i.e., no vortex flux term) and without new and as-
yet experimentally inaccessible terms, the proposals (apart from abandoning the
concept altogether) can be summarised in the form

∂L

∂t
= Anvn

nsL
2−n/2 − BnL2, (1.11)

where An, Bn are adjustable parameters and n is 1, 2, or 3. It is found in Sec. 3.4
that the region of validity of Eq. (1.9) is greater than perhaps expected, espe-
cially if one is less concerned with the decay. Moreover, the agreement with
experiments, including early decay, can be significantly improved if the geomet-
rical factor c2, connecting RMS tangle curvature and inter-vortex distance, is
allowed to vary.

The Vinen-like equations (1.11) predict the free decay (vns = 0) of vortex line
density as L ∝ t−1. This was indeed observed for counterflow of small intensity
[39, 13] or in the very early stages of more intense counterflow and pure superflow
[40, 41] (see Sec. 3.3). Even though the Vinen equation was developed to describe
counterflow experiments, the t−1 decay was observed also in the zero-temperature
limit [29]. The decay term in the Vinen equation arises from a picture of random
collisions and annihilations of the vortices, that is, the so-called “ultra quantum”
decay t−1 is observed for tangles with no structure on scales larger than the
inter-vortex distance (the so-called quantum length scale).

The VLD dynamical equations outlined above are applicable to the thermal
counterflow and pure superflow, i.e., flows with forced difference between the
normal and superfluid mean velocities. Coflow (flow with no forced difference
between the mean normal and superfluid velocities) was found to scale [9] as
L ∝ v3/2, with v denoting the mean flow velocity in the pipe. Vinen-like equa-
tions also do not correctly describe the free decay of vortex line density, regardless
of the flow type (Sec. 3.3). Experimentally, the late stage decay typically displays
quasi-classical t−3/2 scaling (for all types of flow; discussed in more detail in the
next section). For the early decay of thermal counterflow, a non-monotonous
time dependence of vortex line density is typically observed (see Fig. 3.9). Non
monotonous behaviour cannot, in principle, be described by a first-order au-
tonomous system ∂L/∂t = F (L) (such as Eq. (1.11) for vns = 0).
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Clearly, the behaviour of counterflow, especially its free decay, is too complex
to allow satisfactory description in terms of the VLD dynamics alone. Using
novel visualisation method of laser-induced fluorescence of the He∗

2 molecules,
several non-classical features of thermal counterflow previously unaccounted for
were observed. The turbulent fluctuations in the thermal counterflow can be
significantly higher than in classical turbulence [42, 43], with turbulence intensity
(ratio of the velocity fluctuations to the mean flow velocity) ranging from about
10% at low temperatures to nearly 100% at high temperatures (compared to a
typical value of about 5%–10% in classical pipe flow turbulence [44]).

Furthermore, and more importantly, the structure functions of the normal
fluid velocity field, and by extension the scaling of the turbulent energy spectrum,
can be studied [21]. It was found that in the steady state thermal counterflow,
the energy spectrum roll-off exponent changes with temperature and heat flux
[42] but is always higher than the 5/3 of the Kolmogorov K41 theory. During the
decay, the energy spectrum was found to evolve in time from a non-classical to a
classical one with this transition roughly coinciding with transition to the quasi-
classical t−3/2 decay of vortex line density. Note that a roll-off exponent higher
than 5/3 signifies energy dissipation at all scales, contrary to the dissipation-free
inertial range of classical turbulence. It is believed that this dissipation is caused
by mutual friction attenuating eddies in the two components which are torn apart
by the mean counterflow [16, 17].

The re-distribution of the energy across scales manifested by the change in
roll off exponent of the energy spectrum causes influx of energy from the large to
the small scales, which is believed to be the mechanism behind the appearance
of the non-monotonic decay [41, 17] (see Sec. 3.3 for detailed discussion).

1.2.1 Quasi-classical quantum turbulence

In certain cases quantum turbulence displays a quasi-classical character, behaving
as a single-component liquid characterised by an effective viscosity. For He II in
the two fluid regime, the single-fluid behaviour stems from locking of the flows
of the two fluids by the mutual friction [45]. Examples include flow stirred by
counter-rotating discs [46], pressure-driven flows past a grid [47, 9], decaying
turbulence in the wake of a moving grid [8, 48] (see also Sec. 3.5) or polarised
tangles in the zero temperature limit [29].

An important idea in the quasi-classical treatment of quantum turbulence is
the identification of dissipation ϵ ≡ − d E/ d t of the turbulent kinetic energy E
with the vortex line density L through an effective viscosity νeff,

ϵ = νeff (κL)2 , (1.12)

in analogy with the classical expression ϵ = ν ⟨ω2⟩, where ⟨ω2⟩ is the mean square
vorticity.

Indeed, defining Reynolds number in analogy with classical relationships as

Reκ ≡ ϵ1/3H4/3

κ
≡ vH

κ
, (1.13)

where v is the root mean square of velocity fluctuations and H ≡ v3/ϵ is the
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characteristic length scale of the flow, and substituting back to (1.12) leads to

ℓ

H
=
(

νeff

κ

)2

Re−3/4
κ . (1.14)

Relationship (1.14) is indeed observed experimentally in a steady state coflow
(pressure-driven simultaneous flow of both components) [9], with the effective
viscosity νeff approximately independent of the temperature above roughly 1 K,
although the data suffer from large experimental scatter. For low temperatures
below roughly 0.8 K the observed effective viscosity is flow-dependent, with a
general trend to decrease with decreasing temperature [49, 50]. The effective
viscosity of He II, unlike viscosity in classical fluids, is not a material parameter of
He II. Dissipation of turbulence in He II is necessarily an interplay of normal fluid
viscosity, dynamics of individual vortices and (above 1 K) the mutual friction,
thus it should not be expected a priori that a single parameter will be able to
describe the multitude of possible flows.

In terms of the VLD and the mean flow velocity V , Eq. (1.14) reads L ∝ V 3/2.
Coflow turbulence in a channel was found [24] to be inhomogeneous (transversally
to the flow direction), meaning that the vortex line density must be understood
as a spatial average over the channel cross section.

Historically, the common method to measure the effective viscosity is through
a quasi-classical decay of quantum turbulence characterised by L ∝ t−3/2 late-
decay scaling. This decay regime is commonly present not only in the coflow
[47, 8] but also in thermal counterflow and pure superflow [40, 51] (also Fig. 3.7)
and in the zero-temperature limit [29, 49]. Skrbek et al. [48] and Stalp et al.
[8] developed a theory of a classical decay based on the assumption of the pres-
ence of the Kolmogorov energy spectrum E = Cϵ2/3k−5/3, where C ≈ 1.5 is the
Kolmogorov constant. Assuming further that the large scale of turbulence is sat-
urated by the size of the system and using the dissipation relationship Eq. (1.12)
one can obtain [48]

L(t) =
H (3C)3/2

2πκν
1/2
eff

t−3/2, (1.15)

which allows determination of the effective viscosity from the scaling prefactor of
a quasi-classical decay. It should be noted that to simply arrive at the correct
scaling L ∝ t−3/2 the assumption of the Kolmogorov spectrum can be relaxed
[52, 53]. Assuming that the large eddies, of velocity scale U and spatial scale H,
decay roughly within their turnover time H/U one gets for the energy dissipation
− d E/ d t = ϵ = U3/H = E3/2/H with E ≈ U2. Solving for E, E ∝ t−2, thus
ϵ ∝ t−3 and substituting back to Eq. (1.12) one immediately gets L ∝ t−3/2,
although the prefactors in this approach are less controlled.

With the advent of the visualisation based on the laser-induced fluorescence
of the He∗

2 molecules it became possible to measure the turbulent kinetic energy
of the normal fluid (as mean square velocity fluctuations). Assuming the normal
and superfluid velocity fields are fully coupled, one can compare the decay of
vortex line density with the decay of kinetic energy and use Eq. (1.12) directly
to obtain the effective viscosity. The results obtained for thermal counterflow
[51] are in agreement with previous experiments, strengthening the validity of
Eq. (1.12).
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To a lesser degree, studies of quasi-classical quantum turbulence progressed
beyond vortex line density scaling and effective viscosity. Numerical approaches
based on a continuous model of quantum turbulence [54, 55] studied the scaling
of longitudinal velocity structure functions of higher order. The longitudinal
velocity structure function of order n is defined as

S∥
n(R) = ⟨[δu(r, R) · R/R]n⟩ , (1.16)

where δu(r, R) ≡ u(r + R) − u(r) is a velocity difference with separation R

and u is the turbulent velocity field which is assumed to be homogeneous and
isotropic. The Kolmogorov theory predicts scaling of the structure functions as
S∥

n(R) ∝ Rζn with ζK41
n = n/3. Real turbulent flows deviate from this exact

scaling, a phenomenon called intermittency. The numerical studies of Boué et
al. [54] and Biferale et al. [55] found intermittency in coflowing He II to be
temperature-dependent with maximum deviation from the classical scaling near
1.85 K. This finding was challenged by the experiment of Rusaouen et al. [56],
based on the measurements of pressure fluctuations, who observed no temperature
dependence of intermittency in a wide range of temperatures.

Transverse structure functions S⊥
n pertaining to the normal fluid velocity alone

are experimentally accessible through the helium excimer molecules visualisation
[22, 21]. Transverse structure functions, defined similarly to (1.16) with the pro-
jection transverse to the separation vector R (see Eq. 3.15), ought to scale equiva-
lently to the longitudinal ones for homogeneous and isotropic turbulence [2]. The
scaling of these structure functions (see Sec. 3.5) was indeed found to follow the
prediction of numerical studies of Boué et al. [54] and Biferale et al. [55], in ap-
parent contradiction with the results of Rusaouen et al. [56]. A possible scenario
explaining this discrepancy will be discussed in Sec. 3.5, however, intermittency
of He II coflow must still be regarded as an open question.

12



2. Methods of investigation

This chapter describes the methods of investigation of the quantum turbulence in
He II. Experimental methods, primarily the second sound attenuation [24], and
the arrangement of the experiments are described in Sec. 2.1. The complementary
numerical work based on the vortex filament model [57] is discussed, including
the description of the implementation used, in Sec. 2.2.

2.1 Experimental methods and set-ups

The experimental part of the thesis is concerned with various types of flows of
He II in channels of square cross section. The produced turbulence was probed
in three ways: the vortex line density was measured by the second sound at-
tenuation [24, 58]; the temperature profile of the flow was probed by miniature
local thermometers inside the channel; and the flow of the normal fluid compo-
nent was visualised using laser-induced fluorescence of metastable helium excimer
molecules [22].

The channels used for the experiments and the basic experimental arrange-
ment is described in Sec 2.1.1. Local thermometry in the thermal counterflow is
discussed in Sec. 2.1.2. The main method, vortex line density measurements using
second sound attenuation, is the topic of Sec. 2.1.3 and the experimental section
concludes with the helium excimer visualisation method described in Sec. 2.1.4.

2.1.1 Experimental setup

The flows investigated can be grouped into three classes (see Fig. 2.1): thermal
counterflow, opposing flows of the normal and superfluid component with zero
mass flow [15]; pure superflow, net flow of the superfluid component only [59];
and coflow, simultaneous flow of both components with no forcing difference [9].
Thermal counterflow is constructed by placing a heat source at the closed end of
the flow channel open to helium bath on the opposite end. The supplied heat Q̇
leads to the creation of the normal component and its outflow from the channel
with velocity vn, which is compensated by the inflow of the superfluid component
with velocity vs to maintain the overall density of helium. The resulting relative
velocity is

vns = vn − vs =
Q̇

ρSTA
, (2.1)

where T is the temperature, A the channel cross section, S the entropy density
and ρ the total density of liquid helium. Pure superflow is constructed using the
so-called superleaks, porous filters made of sintered silver powder, which allow
through-flow of the inviscid superfluid component but not the viscous normal
fluid component [60, 59, 40]. The flow itself is activated by squeezing a calibrated
bellows attached to the channel through such a superleak [59, 40] or by a fountain
pump [61, 60] (although accurate determination of the superfluid velocity in the
fountain pump can be error-prone [62]). The coflow is achieved in two different
ways, either by simply removing the superleaks from the ends of the channel
[9, 47] (possibly replacing them with flow conditioner or grids transparent to
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2.1.2 Thermometry

In the thermal counterflow set up in channel L7 (Fig. 2.3) temperature was mon-
itored inside the channel by up-to 7 miniature Ge-on-GaAs film resistance ther-
mometers from the Microsensor company2 (type TTR-G in the micropackage
version). Additional thermometer of the same type was placed in the bath as
a reference and as an input for the temperature control. The resistances of the
thermometers were read using a commercial Lake Shore 336 and 332 temperature
controllers which read the thermometers with input power less than 10−8 W in
order to limit sensor self-heating.

Calibration was performed in-situ below 4.2 K against the temperature of the
helium bath determined from the saturated vapour pressure. Specifically, the
temperature T as a function of the resistance R was fit using

log T = C8(log R), (2.2)

where C8 is 8th order Chebyshev polynomial. The calibration curves for the
thermometers are shown in Fig. 2.4 for temperatures below Tλ. The absolute
error of the calibration is estimated as the standard deviation of the fit residuals
and is about 1 mK throughout the range. The thermometers are mostly used to
measure relative changes in time, i.e. ∆T (t) = T (t) − T (t = 0) (see Sec. 3.2.1)
with t = 0 some chosen reference point in time. The error of ∆T (t) is given by
the error of the slope of T (R). The typical slope (depending on the temperature
and the used thermometer) T ′(R) ≈ 20 ± 2 × 10−3 mK/kΩ (with the error deter-
mined by bootstrap) in the range 1.4 – 2.17 K. The error on ∆T (measured ∆T
being typically of the order of 10 mK) resulting from calibration is thus typically
negligible compared to the instrumentation noise, which is of the order of 100 µK
(see Fig. 3.3).

2.1.3 Second sound attenuation

Second sound, the wave of temperature or entropy accompanied by the relative
motion of the two components of He II, is damped by the presence of quantized
vortices [10, 24]. The damping coefficient (the complex part of a wave vector of
a plane wave) is [59]

α̃ =
BκL

4c2

sin2 ϑ, (2.3)

where B is the mutual friction constant, L is the vortex line density (total length
of quantized vortices per unit volume), c2 is the velocity of second sound and ϑ
is the angle between orientation of vortex lines and direction of propagation of
the second sound. For an isotropic tangle (that is, all angles θ are equally likely)
the last term is replaced by ⟨cos2 θ⟩ = 2/3.

Typically one does not measure the damping of a propagating plane wave
directly but rather the damping constant of a resonator where second sound
standing wave is created, with the flow channel acting as the resonator. In the
resonator, a second sound transducer and a receiver (of identical construction) are
placed. The second sound transducer/receiver consists of a gold-plated porous
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the nodes of the standing second soud wave within the resonator [24]. The value
Ln measured by the n-th mode is given by (for a one-dimensional resonator and
assuming symmetry around the centre of the resonator)

Ln = ⟨L(x)⟩x − 1

D

∫ D

0
L(x) cos(2πnx) d x, (2.5)

where L(x) is the “true” distribution and integration is over the entire one-
dimensional resonator of length D. The mode-dependence of Ln is given by
the appropriate Fourier component of L(x). For sufficiently high n, the Fourier
component can be neglected (due to convergence of the Fourier series) and Ln is
simply the mean vortex line density in the resonator. Note that knowing Ln, the
inverse problem can be solved and the variation of L(x) could be, in principle,
probed by measuring Ln for different n. This, however, requires high quality
of multiple low-lying modes of the second sound resonator which are often dis-
rupted3 The experiments in this thesis used n ≥ 10, unless specified otherwise,
and the measured vortex line density is taken as the spatial average of the tangle.

To measure the vortex line density using Eq. (2.4), one requires only the
resonance amplitude a and not the entire resonance peak. Measurements of L
well resolved in time can thus be obtained, if one can measure the amplitude a
in time reliably. Typically, the amplitude is measured by tuning the resonator
to its resonance frequency and measuring the resulting response with a lock-in
amplifier. A significant flaw of this approach, however, is that because of the
temperature dependence of the second sound velocity, the resonance might shift
due to temperature change during an experiment (problem especially with heat
flux-activated counterflow) which results in spurious change in a if measured at
fixed frequency. A method of compensating this shift will be explained below.

The time resolution of the vortex line density measurement is limited primarily
by two factors: the width of the second sound resonance and the time constant
of the lock-in amplifier. The time constant of the lock-in amplifier was set to
10 ms for all time-resolved measurements and to 100 ms for measurements of
the second sound spectra. The width of the resonance peak depends on the
level of attenuation and on the particular experimental conditions. The typical
values for the non-attenuated peaks are in the range of 30 – 100 Hz and 100 –
300 Hz for vortex line densities of about 105 cm−2. The data acquisition of the
presented experiments was either hardware-timed at 100 points per second and
sampled from analog outputs of a Stanford Research SR830 lock-in amplifier using
a National Instruments PCIe-6361 DAC card or by direct communication through
a GPIB bus at roughly 50-60 points per second (with sampling not uniform in
time).

Compensation for temperature shift of the resonator4

The creation and the decay of turbulence can cause sufficiently large and abrupt
changes in the temperature that can easily overwhelm the PID control, which
might take tens of seconds to stabilise. Moreover, in a long channel the thermal

3The reason for this is, unfortunately, not satisfactorily understood.
4The presented compensation method was published in Ref. [63], reproduced in Attachment

1.

19



gradient naturally associated with the thermal counterflow can produce signifi-
cant shift (several mK) in temperature near the heat source relative to the bath
temperature which cannot be removed even with perfect temperature control in
the bath. These temperature changes shift the second sound resonance, as shown
in Fig. 2.5 for the case of thermal counterflow, and invalidate the time-resolved
measurement of the second sound amplitude at fixed frequency.

This difficulty can be overcome by considering the shape of the resonance
peak in the plane of the complex amplitude ã. Plotting the amplitude of second
sound signal in the complex plane in the vicinity of the resonance for different
attenuation levels, see Fig. 2.6, one obtains a set of (distorted) circles. These
curves do not depend on the slight temperature shift (for a fixed attenuation).
For a second sound signal at fixed attenuation level (i.e., constant vortex line
density) subject to changes in temperature (sufficiently small not to affect mutual
friction parameters significantly) or frequency, the complex amplitude will move
only along the “circle” corresponding to the particular level of attenuation. By
measuring the resonances beforehand, one can calibrate, by suitable interpolation,
a relevant part of the plane of the complex amplitude to obtain the correct real
amplitude a from the off-resonant complex amplitude ã.

It is clear though that departing too far from the central frequency decreases
the resolution. Another difficulty arises when the resonance peaks are disturbed
(e.g., by neighbouring spurious resonances) – the circles of the complex amplitude
can cross and thus it is not possible to uniquely assign real resonant amplitude
to the complex amplitude. These difficulties limit the applicability of the com-
pensation method only to a certain neighbourhood of the central frequency of
the resonance (typically about the width of the resonance) that depends on the
particular shape of the resonance peak.

The two-dimensional calibration was implemented using radial basis functions
(RBF) interpolation (using an open-source implementation [64]) with linear basis
functions, i.e.,

a(ã) =
∑

n

Anφ(ã − ãn), (2.6)

with φ(x) = ♣x♣, the sum running through the points on the calibration resonance
curves and An determined by fitting.

The RBF method was chosen due to its ability to withstand small extrap-
olation, which can occur for very low attenuation which is strongly affected by
the uncontrolled remnant vortex line density. The linear basis functions were
chosen primarily for reasons of simplicity (especially the absence of free pa-
rameters). Choice of different basis functions (e.g., the so-called multiquadric

ϕ(r) =
√

(r/ε)2 + 1 with ε a free parameter) was found to have negligible effect
on the interpolated results, except for the small extrapolation parts where the
more complicated functions can produce undesired oscillations.

2.1.4 Helium excimer molecular tagging velocimetry

Molecular tagging velocimetry (MTV) is a flow visualisation method developed
for the study of classical turbulence with high spatial resolution which is applica-
ble in hostile environments [65, 66]. In general, the method involves “tagging” of
suitable molecules in a predefined region of the flow and subsequently following
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the higher-order structure functions.

2.2 Numerical simulations

Numerical simulations of quantum turbulence can be grouped into three main
categories according to the scales they resolve: (i) microscopic models based
on the non-linear Schrodinger equation [73], (ii) the mesoscopic vortex filament
model [57], and (iii) macroscopic models that ignore the discrete nature of the
quantized vortices [7]. The microscopic non-linear Schrodinger equation excels
at the approximation of the dynamics of a weakly interacting Bose-Einstein con-
densate at zero temperature. Its main advantage is the ability to self-consistently
describe the dynamics of the system at the level of individual quantized vortices,
including their intrinsic nucleation [74] and reconnections [75]. The disadvan-
tages include difficulties with incorporating finite-temperature effects (i.e., the
two-fluid behaviour) and the fact that He II is not a weakly interacting gas, but
rather a strongly interacting liquid.

On the opposite end of the spectrum of scales lie the macroscopic models pre-
dominantly based on the Hall-Vinen-Bekarevich-Khalatnikov (HVBK) model5.
The basic formulation of the HVBK model [77] consists of two Navier-Stokes
equations for the normal and superfluid component, with the dynamic viscos-
ity of He-II used for the normal component and an effective viscosity νeff for the
superfluid component, supplemented by equations for normal and superfluid pres-
sures. The main advantage of this approach lies in the ease of modelling of full
two-way coupling between normal and superfluid component. Since the super-
fluid vorticity is assumed to be continuous and non-quantized, this model clearly
cannot describe any process occurring near or below the scales of vortex-vortex
separation.

The numerical work presented in this thesis is concerned solely with the meso-
scopic vortex filament model, which retains the discreteness of quantized vortices
but no longer resolves their internal structure, described in detail in the following
subsection. This model has the ability to resolve the dynamics of a vortex tangle
with the resolution of individual vortices and its interaction with the normal fluid.
However, it should be noted that that full two-way coupling between normal and
superfluid component remains a challenge with this model and so far has been
used only with relatively small resolution [78].

2.2.1 The vortex filament model

The vortex filament model pioneered by K. W. Schwarz [79, 35] uses the quantized
vortices as the basic building blocks of the dynamics of quantum turbulence. The
quantized vortices, or vortex lines, within the vortex filament model (VFM) are
modelled as one-dimensional space curves without internal structure, as sketched
in Fig. 2.8. The vortex line is parameterized by its arc length ξ with the positions
on the line denoted by s(ξ). Differentiation of the vortex position s(ξ) with respect

5Other, less popular, approach is the so-called “one fluid model” [76], where He II is modelled
as a single-component liquid with heat, or sometimes vortex line density, taken as another
independently flowing quantity.
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cumulative length of the line segments is used, for example the distance along
the line between points si and si+2 is ξ2 = ♣si+1 − si♣ + ♣si+2 − si+1♣. In general,
the distance ξk between the points si and si+k, with si some specified reference
point, is (for k ̸= 0)

ξk =
♣k♣−1
∑

j=0

♣si+(j+1) sgn k − si+j sgn k♣. (2.11)

The derivatives at a node si are calculated using (with si the reference for all
ξk)

s′
i = −ξ1ξ−1ξ−2

d2

s̄2 +
ξ2ξ−1ξ−2

d1

s̄1 − ξ1ξ2ξ−2

d−1

s̄−1 +
ξ1ξ2ξ−1

d−2

s̄−2, (2.12a)

s′′
i = 2

(

a2

d2

s̄2 − a1

d1

s̄1 +
a−1

d−1

s̄−1 − a−2

d−2

s̄−2

⎜

, (2.12b)

where s̄k = si+k − si and

a2 = −ξ1ξ−1 − ξ1ξ−2 + ξ−1ξ−2, (2.13a)

a1 = −ξ2ξ−1 − ξ2ξ−2 + ξ−1ξ−2, (2.13b)

a−1 = −ξ1ξ2 + ξ1ξ−2 + ξ2ξ−2, (2.13c)

a−2 = −ξ1ξ2 + ξ1ξ−1 + ξ2ξ−1, (2.13d)

with the denominators given by

d2 = ξ2(ξ2 − ξ1)(ξ−1 + ξ2)(ξ−2 + ξ2), (2.14a)

d1 = ξ1(ξ2 − ξ1)(ξ−1 + ξ1)(ξ−2 + ξ1) (2.14b)

d−1 = ξ−1(ξ−1 + ξ1)(ξ−1 + ξ2)(ξ−2 − ξ−1) (2.14c)

d−2 = ξ−2(ξ−2 + ξ1)(ξ−2 + ξ2)(ξ−2 − ξ−1). (2.14d)

Given a known tangent s′
i and normal s′′

i the locally-induced superfluid velocity
in Eq. (2.8) can be calculated, with β typically taken [79] as

β =
κ

4π
log

(

2
√

ξ+ξ−√
ea

⎜

, (2.15)

with ξ± being the distances to the nearest nodes. From known superfluid velocity
at the node si, its velocity is easily calculated from Eq. (2.10).

Marching in time is implemented using the 4th order Runge-Kutta scheme. In
order to maintain spatial resolution, the discretisation of the vortices dynamically
changes (nodes are added or removed) so as to keep the inter-node distances
♣si+1 − si♣ within a specified range (ξmin, ξmax), typically of the order 10−4 – 10−3

cm. Very short vortices (less than 5 nodes) are removed from the simulation.
The final component of the dynamics of the vortices not captured by the

equations above are the reconnections. When two vortices collide, they reconnect
and thus change the topology of the tangle. The importance of the reconnec-
tions lies in the fact that they create sharp cusps on the vortices (as sketched
in Fig. 2.10) which move with large velocity due to the second derivative in the
locally induced velocity and thus tend to be the regions of strong dissipation due
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3. Experimental results

3.1 Introduction

This chapter summarises the obtained experimental data on the investigated
types of quantum turbulence in superfluid 4He. All flows reported below fall
within a broad range of channel flow experiments, where the turbulence is estab-
lished in a bounded channel of a square cross-section. Analogous experiments
with classical working medium such as water or air are relatively commonplace
[44]. The properties of turbulence are often studied with respect to changes in
Reynolds number (or similar dimensionless variable) by varying the flow speed,
typical dimension (e.g., the width of a wind tunnel) or the kinematic viscosity
(e.g., by changing the working medium or changing the temperature for certain
media). Superfluid helium, thanks to its two-fluid nature, allows also to tune the
relative velocity between the two fluids. This relative, or counterflow, velocity
turns out to have significant impact on the observed flow properties.

The primary experimental characterisation of turbulence in this work is via
the vortex line density, the total length of the quantized vortices per unit volume,
measured through second sound attenuation as described in Sec. 2.1.3. Additional
major method used is the visualisation of the normal fluid flow using laser-induced
fluorescence of helium excimer molecules discussed in Sec. 3.5.

This Chapter is structured as follows. Section 3.2 is concerned with the vortex
line density and temperature distribution in the steady state of quantum turbu-
lence and its dependence on flow parameters (temperature and velocity). Data
concerning decaying turbulence is presented in Sec. 3.3, focusing on the decay of
thermal counterflow and pure superflow. Sec. 3.4 describes the measurements of
the dynamics of vortex line density in an unsteady counterflow. Lastly, Sec. 3.5
is dedicated to visualisation study of intermittency in decaying coflow turbulence
in the wake of a towed grid.

3.2 Steady state turbulence

The steady state vortex line density as a function of mean flow velocity is shown
in Fig. 3.1 for all three classes of the investigated flow [59, 9, 24]. One can
immediately observe the strong influence of the presence of non-vanishing mean
counterflow velocity on the properties of turbulence. Most notably the observed
scaling is different: L ∝ V 3/2 for the coflow and L ∝ V 2 for counterflow and
superflow. Note the similarity between thermal counterflow and pure superflow
– not only the scaling is identical [59], but the absolute values of the vortex line
density are similar as well. This is hardly a surprise if one considers that for an
unbounded system these two flows are simply Galilean transform of each other.
However, real systems are not unbounded and the turbulence generated by the
two flows can decay quite differently [40], as will be shown in Sec. 3.3.

Apart from the vortex line density, an important property of a steady state
flow is the temperature distribution along the channel. Thermal counterflow re-
sults in approximately constant temperature gradient (linear temperature profile)
along the streamwise direction of the channel [31, 63] (although very near the heat
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source a possible boundary layer has been reported [32]). Pure superflow is ex-
pected to behave in a similar fashion while coflow is expected to be approximately
isothermal. Although temperature profile data for pure superflow and coflow are
not available, measurements of the local temperature in thermal counterflow are
shown below in Sec. 3.2.1.

3.2.1 Steady state counterflow

The steady state behaviour of vortex line density in counterflow follows from the
steady state solution of Eq. (1.8) (i.e., L̇ = 0)

L = γ2(vns − vc)
2, (3.1)

where vns −vc is typically used instead of just the counterflow velocity to account
for the existence of non-zero critical velocity [14, 15], under which one observes
no measurable vortex line density. The critical vc is typically of the order of 1
mm/s and depends on the channel width for pure superflow [59] and, in the case
of thermal counterflow, also on the temperature [83].

The steady state solution of Eq. (1.8) suggests that γ depends only on tem-
perature and not on vns. For sufficiently large channels (of near-unity aspect
ratio) and sufficiently high velocity, this does appear to be the case, see Fig. 3.2.
In narrow channels two states of turbulence have been observed [84, 85] with γ
switching from a low value (TI state) to a higher value (TII state) as the coun-
terflow velocity is increased. A possible TI/TII transition was also observed in a
wide channel [21], although the significant experimental scatter makes a decisive
conclusion difficult.

Even though thermal counterflow and pure superflow would be a simple
Galilean transforms of each other in an unbounded system, Fig. 3.2 reveals that
γ of pure superflow is systematically higher than for thermal counterflow. This
can only be explained by the different relative motion of the normal fluid with
respect to the walls of the channel in the two flows and thus its possibly different
turbulent state. The difference between pure superflow and thermal counterflow
is even more pronounced during the decay (see Sec. 3.3).

Forced relative motion of the normal and superfluid component activated using
a heat flux (i.e., the thermal counterflow) is an arrangement somewhat reminis-
cent of Rayleigh-Bénard convection (RBC) in classical fluids [86]. An important
difference between the two flows, however, lies in the distribution of the thermal
gradient along the flow. In the classical turbulent convection the temperature
gradient is restricted to the boundary layers in the vicinity of the heating and
cooling plate with the central region having mostly constant temperature. In
thermal counterflow, on the other hand, the temperature gradient is constant (in
other words, the temperature distribution is linear) in the bulk of the flow [31, 63],
as shown in Fig. 3.4 (measured in a slowly ramping heat flux, as illustrated in
Fig. 3.3).

Recent visualisation experiments [32], however, revealed an enhancement of
vortex line density in close vicinity of the heat source in thermal counterflow at
low heat inputs suggesting an existence of a boundary layer akin to the case in
RBC. Similarly, enhancement of vortex line density has been observed near solid
boundaries both experimentally [87] and numerically [88, 89]. Moreover, there
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[41]. In thermal counterflow, there are two length scales at which the energy
is injected. First, at small scales, the energy is taken from the mean flow by
ballooning of favourably oriented vortex loops and Kelvin waves via the action
of mutual friction [79]. This mechanism is expected to act primarily near the
scale of intervortex separation ℓ = 1/

√
L. Second, at large scales, by analogues

of classical flow instabilities. The large scale mechanism ought to act on the scale
of the size of the system, i.e., the channel width D.

The small scale energy injection is conjectured [16, 17] to induce a “quantum
peak” in the turbulent energy spectrum located at the intervortex distance ℓ. In
the absence of imposed counterflow, the two fluid components should be coupled
at scales exceeding ℓ by mutual friction, causing He II to behave quasi-classically,
as outlined above. The energy injected at large scales would be distributed along
a classical Richardson cascade following a classical K41 k−5/3 spectrum. This will
not be the case with imposed difference between the normal and superfluid mean
velocities, which will pull similarly sized eddies in the two components apart,
causing additional dissipation across all scales [16].

It was found [21, 42] that the energy spectrum in steady state thermal coun-
terflow (for scales larger than the intervortex distance ℓ) is steeper than the K41
spectrum3. The exact roll-off exponent of the normal fluid energy spectrum de-
pends on the temperature and heat flux [42], but is always larger in magnitude
than the classical 5/3.

A useful way to interpret this non-classical spectrum E(k) is through k-
dependent energy flux ϵ(k), i.e.,

E(k) = C[ϵ(k)]2/3k−5/3. (3.2)

For the special case [21] of E(k) ∝ k−2, ϵ(k) ∝ k−1/2. Generally, steeper spec-
trum signifies diminishing flux ϵ with increasing k. In particular, in steady state
thermal counterflow, the flux of energy originating at large scales to the quan-
tum peak at small scales is negligible. When the counterflow is switched off and
the decay starts, the quasi-classical spectrum establishes (thus ϵ ceases to be
k-dependent) and energy flow to inter-vortex scale resumes. The quasi-classical
spectrum is established only in finite time (roughly the turnover of the large
eddies), during which the quantum peak in the energy spectrum decays to be
subsequently partially replenished by the restored energy flux, thus resulting in
temporary increase in vortex line density (seen experimentally as the “bump” in
temporal decay of VLD).

Note that in the pure superflow, the normal fluid is not directly forced and can
be entrained freely by the superflow at large scales (apart from inducing mean
flow, which is blocked by the superleaks). It is thus a reasonable assumption
that the pure superflow energy spectrum is closer to a quasi-classical one and the
energy flux to small scales is suppressed to a lesser degree, which would in turn
translate to a less pronounced bump. This is indeed observed as can be seen in
Figs. 3.11 and 3.12. Note an interesting geometrical effect, that actual reversal
in L(t) appears for superflow only in the 10 mm S10 channel and is never present

3Note that a similarly steeper-than-classical spectrum was also observed in coflow in the de-
caying turbulent wake behind a towed grid, see Sec. 3.5. This situation is, however, complicated
by the fact that the turbulence in this case never reaches the steady state.
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completely during the course of one period. For these transitions, the heater has
to supply only the difference in energy between the higher and the lower state.
Thus for these cases the characteristic time would be somewhat reduced. Note
also that the kinetic energy of the flow outside the channel is neglected, therefore
Eq. 3.4 should be understood as an order-of-magnitude estimate.

(2) Thermal characteristic time. As has been shown in Sec. 3.2.1, a tempera-
ture gradient is always present in thermal counterflow. To establish the tempera-
ture gradient, heat must be supplied to warm up the helium appropriately. This
time is estimated in a similar fashion to Ref. [97]. Assuming linear temperature
profile of constant gradient ∇T , the excess heat necessary is

∆Q = ρAc
∫ Lch

0
d xx♣∇T ♣ =

1

2
ρAcLch∆T (3.5)

where ∆T is the temperature difference between the two ends of the channel
and c is the heat capacity of He II. For sufficiently high vortex line densities
q̇ = ζ(T )∇T 1/3 where ζ(T ) is a temperature-dependent parameter (see Fig. 3.4).
Differentiating Eq. (3.5) with respect to time yields

q̇ =
1

2
ρAcLch∆̇T = ζ(T )

⎟

∆(t)

Lch

]1/3

. (3.6)

Solving Eq. (3.6) for ∆T , and assuming that ∆T (t = 0) = 0, the temperature
gradient ∆Tf corresponding to a given heat flux q̇ is reached in a time

tth
char =

3cρ♣∆T
2/3
f ♣

4ζ
L

4/3
ch . (3.7)

The temperature distribution, and thus ∆Tf and ζ(T ), are measured inside the
channel L7 by the wall-mounted thermometers. The resulting thermal character-
istic times in the experiments are shown in Fig. 3.15, and can be bounded from
above for all experimental cases by roughly 60 ms. It was only possible to read
out the thermometer resistances with an approximately 100 ms time constant in
order to suppress noise sufficiently, therefore it was not possible to observe this
temperature buildup directly.

Additional limitation comes from the time resolution of the second sound mea-
surement (see Sec. 2.1.3), namely the width of the second sound peak (typically
larger than 50 Hz) and the lock-in time constant (10 ms). Since all parasitic pro-
cesses ought to take place in parallel, we can take overall parasitic characteristic
time approximately 60 ms as the worst-case scenario. The vortex line density
is sampled at a fixed rate of 100 points per second, meaning that the first six
points after each individual transition in the pulse train are possibly affected by
parasitic effects unrelated to the intrinsic dynamics of vortex line density. The
pulse widths used were 200, 500, 1000 and 2000 ms. The parasitic characteristic
time might pose a problem for the fastest pulses, however, the bulk of the study
was focused on the 2000 ms and 1000 ms cases.

The transients resulting from the periodic switching of the heat flux are well
reproducible and averaging can be used to significantly reduce the experimental
noise on L(t) to the point where numerical differentiation is possible, as can be
seen in Fig. 3.16. Access to the time derivative of the vortex line density allows

45







is shown in Fig. 3.17. The particular case of the Schwarz equation reads

− d

d t

(

1

ℓ

)

= αβc2
2

(

1√
ℓ

− 1

⎜

, (3.10)

where α is the mutual friction parameter and

β =
κ

4π
ln

(

1

c1L1/2ξ

⎜

, (3.11)

with ξ ≈ 1Å. The c1 and c2 coefficient are defined through ⟨♣s′′♣⟩ = c1L
1/2 and

√

⟨♣s′′♣2⟩ = c2L
1/2 with s′′ the local curvature vector of a vortex (i.e., the second

derivative of the vortex line with respect to the arc length along the vortex, see
Sec. 2.2.1).

The above definition of the dimensionless vortex line density ℓ is not suitable
for free decay, where L0 = 0. Therefore for decays (for consistency all decays,
not just the free decay) the dimensionless vortex line density is defined as ℓ̃(t) =
L(t)/Li, where Li is the initial vortex line density from which the decay originates.
With these variables equations (3.9) and (3.10) read

− d

d t

(

1

ℓ̃

)

= LiDn

⎟(

vns

vi
ns

⎜n (
1√
ℓ̃

⎜n

− 1

]

(3.12)

and

− d

d t

(

1

ℓ̃

)

= αβc2
2Li

(

vns

vi
ns

1√
ℓ̃

− 1

⎜

, (3.13)

respectively, where vi
ns is the initial counterflow velocity associated with the Li.

In the following, the growth and decay phase trajectories in the dimensionless
coordinates are never shown together and the ℓ̃ notation is dropped.

Plotting the experimentally obtained dynamics of the vortex line density in
the phase space given by (3.8) one obtains a phase trajectory as in Fig. 3.18
for T = 1.45 K, heat flux switching between 0 and 266 mW (corresponding to
vns ≈ 1 m/s and L0 = 106 cm−2) and for several different pulse widths of the
square wave modulation. The trajectories in Fig. 3.18 showcase several important
features: the non-monotonicity of the decay appears as the loop in the decay
part of the curve (and as such cannot be described by a functional relationship
of the form L̇ = f(L)); the approach to the steady state from the growth side
is monotonous; the growth does not depend on the pulse width, while the decay
is clearly dependent on the history. For these reasons, the vortex line density
growth appears to be a more suitable transient process for studying the intrinsic
dynamics of the vortex tangle5. Additionally, theories of VLD dynamics ought
to be valid for both growth and decay transients, but the growth received scant
experimental attention to date, with few notable exceptions [98].

Focusing thus on the growth of VLD and its approach to the steady state,
an example shown in Fig. 3.19, one immediately sees that assessing the relative
suitability of the three proposed forms of the Vinen equation – Eq. (3.9) with
n = 1, 2, 3 – is an ill-posed problem. For sparse tangles, all functional forms
yield adequate fit whereas for higher densities none of the models provides a
satisfactory description.

5Assuming, of course, that VLD-centric description of quantum turbulence is not an over-
simplification so severe as to render development of a meaningful theory impossible.
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Temperature 1.45 K 1.65 K 1.95 K

symbol e e
vns (cm/s) 2.4/0.0 2.5/0.0
L1, L2 7.9 ± 0.3/1.9 ± 0.3 7.4 ± 0.4/0.8 ± 0.3
(104 cm−2) 6.4 ± 0.7/1.3 ± 0.7 8.2 ± 0.1/1.6 ± 0.2

symbol ` ` e
vns (cm/s) 2.4/0.4 2.5/0.8 1.8/0.5
L1, L2 7.9 ± 0.2/1.9 ± 0.3 7.5 ± 0.3/1.3 ± 0.3 9.7 ± 0.2/0.8 ± 0.3
(104 cm−2) 6.5 ± 0.7/1.6 ± 0.7 8.3 ± 0.3/1.5 ± 0.3 8.5 ± 0.2/0.5 ± 0.3

symbol `
vns (cm/s) 4.3/1.8
L1, L2 54 ± 0.4/10 ± 0.7
(104 cm−2) 48 ± 0.4/8.5 ± 0.5

symbol a
∗∗

a a
vns (cm/s) 8.4/0.0 8.3/0.0 6.1/0.0
L1, L2 97 ± 0.5/11 ± 0.3 83 ± 0.3/1.3 ± 0.2 100 ± 0.5/1.8 ± 0.5
(104 cm−2) 96 ± 2.4/13 ± 0.7 100 ± 0.3/2.0 ± 0.2 99 ± 0.5/1.7 ± 0.5

symbol c
∗

c c
vns (cm/s) 8.4/0.4 8.3/0.8 6.1/0.5
L1, L2 99 ± 0.8/5.7 ± 0.3 83 ± 0.3/1.5 ± 0.3 100 ± 0.4/0.6 ± 0.5
(104 cm−2) 98 ± 2.3/6.3 ± 0.7 100 ± 0.6/0.91 ± 0.3 98 ± 0.6/1.0 ± 0.6

symbol f
∗

f
vns (cm/s) 8.4/2.4 8.3/2.5
L1, L2 99 ± 0.5/9.2 ± 0.2 83 ± 0.2/7.6 ± 0.1
(104 cm−2) 98 ± 2.4/8.7 ± 0.6 100 ± 0.4/7.3 ± 0.2

symbol f
vns (cm/s) 6.1/4.3
L1, L2 100 ± 0.4/53 ± 0.4
(104 cm−2) 100 ± 0.7/48 ± 0.6

Table 3.1: Experimental datasets of Figs. 3.19, 3.20 and 3.22. The pulse width
for the displayed cases was 2 s except for 1.45 K where it was 1 s (marked ∗ near
the symbol) or 0.5 s (marked ∗∗). The values shown are in the format Xhigh/Xlow,
the “high” and “low” subscripts correspond to the square-wave modulated heat
flux being in the higher or lower state. For counterflow velocity vns, average across
the entire duration of the pulse is shown. For L, Lhigh is the VLD 10 ms before
the heat pulse is switched to the lower state and Llow corresponds to the overall
minimum. Ensemble averaging is used to calculate the Lhigh and Llow and the
standard deviation of this average is shown as the error. The two lines of VLD
correspond to second sound sensors L1 and L2 (see Fig. 2.3).
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Temperature ϕ (cm) ϑ (cm) C
1.45 K 1.49 10−3 6.54 10−4 1.85
1.65 K 1.82 10−3 7.46 10−4 1.83
1.95 K 1.66 10−3 5.03 10−4 0.95

Table 3.2: Fit parameters of the c2 function (3.14) for the three experimental
temperatures.

decay cannot be fully accounted for by the dynamical equation of the type (3.10),
the use of the effective c2 from Fig. 3.21 for the decay improves the agreement
between the observed experimental behaviour and Eq. (3.10). The experimental
decay phase trajectories and the corresponding theoretical curves are shown in
Fig. 3.22. For sparse tangles, or for the cases with shallow modulation, the use of
L-dependent effective c2 effects little change, as is to be expected since the growth
is also well described by a constant c2. On the other hand, for dense tangles and
large transients, the agreement in the initial decay rate is greatly improved by
the use of effective the c2.

It is tempting to postulate that the effective L-dependent c2 is the real measure
of the RMS curvature of the tangle. However, two difficulties must be noted.
First, the derivation of Eq. (1.9) is strictly valid only near the equilibrium [35].
It is questionable whether the transients reported here can be regarded as such.

Second, if one accepts the possibility of a variable c2, an issue arises connected
to the steady state vortex line density. The coefficient γ of Eq. (3.1) determining
the steady state L0 depends on c2, yet no change in γ is observed with increasing
vns (or L0) – that is, no obvious deviation from L ∝ v2

ns in Fig. 3.14. However,
considering the Schwarz equation (1.9) for L, the steady state VLD scaling coeffi-
cient is γ = Īl/c2

2, where Il is [35], roughly speaking, the average (over the tangle)
value of the binormal s′ × s′′ projected along the counterflow direction , i.e., γ
depends also on the distribution of the binormal s′ ×s′′. It is clearly a speculation
to claim that Il depends on vortex line density in a similar fashion to c2 so that
γ remains constant, but it is not surprising that Il ought to be L-dependent if c2

is.
These two difficulties remain an open question. Regardless, the agreement

with numerical simulations suggests that even for fairly dense tangles (i.e., L0 =
105 cm2 – cases where non-monotonicity of the decay is clearly present) the effec-
tive c2 is indeed a measure of RMS tangle curvature and thus the effective c2 for
higher densities ought to be at least related to it. The physical relevancy of the
effective c2 is also strengthened by the significant improvement of the prediction
of the initial decay rate for very dense tangles.

3.5 Intermittency enhancement in decaying

coflow turbulence6

The Kolmogorov theory of homogeneous and isotropic turbulence (K41) assumes
that the turbulence is self-similar within the inertial range. Real turbulent flows

6The results of this section were submitted to Physical Review Fluids, reproduced as At-
tachment 4 .
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do not fulfil this assumption exactly, a phenomenon termed turbulent intermit-
tency [2]. Physical manifestation of intermittency is typically observed as sudden
high-intensity bursts of velocity that occur more commonly than one would ex-
pect for self-similar turbulence.

All classical turbulent flows display similar intermittent behaviour [99], thus
a natural question arises whether this universality can be extended to the quasi-
classical flows of He II. The quasi-classical behaviour of He II (above 1 K) is typi-
cally thought to arise from the coupling of the velocity fields through the mutual
friction [45]. This coupling, however, cannot be complete and must necessar-
ily break down near the inter-vortex distance ℓQ (sometimes called the quantum
length scale of the flow) due to the quantisation of circulation in the superfluid
component [45, 37, 17]. Indeed, it has been observed that even quasi-classical
flows of He II display non-classical statistics when probed as sufficiently small
lengths scales [18, 100]. Decoupling at larger scales would necessarily lead to ad-
ditional dissipation by the mutual friction which would break the scale-invariance
of the inertial range and thus lead to intermittency.

As the mutual friction is temperature dependent, it is reasonable to expect
temperature dependence also in the turbulent statistics. Recent numerical stud-
ies [54, 55] suggested that intermittency in coflowing He II is in fact temperature
dependent and, additionally, enhanced for certain temperatures. However, ex-
perimental studies of intermittency by measurements of pressure fluctuations for
a wide range of temperatures [56] found no temperature dependence and inter-
mittency corrections similar to those in classical turbulence.

Reliable determination of intermittency in He II requires generation of homo-
geneous turbulence and measurement techniques with spatial resolution compa-
rable to ℓQ. In the present work, quasi-classical quantum turbulence in the wake
of a moving grid was studied using helium excimer tracer line tagging velocime-
try technique [21, 22] (see Sec. 2.1.4) and simultaneously with vortex line density
measurements using the second sound attenuation.

The experiment was performed with the Tallahassee He∗
2 visualisation setup,

sketched in Fig. 3.23 and described in detail in Ref. [22]. In the experiment, He∗
2

molecules are created along a straight line, initially 100 µm thick and spanning
the width of the channel, and then allowed to be advected by the turbulent flow
for a brief drift time tdrift (typically 10 – 30 ms). From the displacement of the
initial to the deformed line, Fig. 3.24, one can calculate the local velocity in the
streamwise direction y as a function of the transverse direction x, i.e., vy(x). The
molecules are created by a series of high-intensity femtosecond laser pulses [72]
and are visualised using the laser-induced fluorescence using a separate laser sheet
at 905 nm wavelength [68].

The photographs of the deformed tracer lines in the wake of the moving grid
are obtained as follows (see Fig. 3.25). The grid starts moving at some time t < 0
from a position roughly 50 mm below the visualisation region (the end position
being about 10 cm above the visualisation region). The origin of time is set to the
instant when the grid crosses the position where the tracer line will be inscribed.
The inscription of the line is delayed by the decay time td of interest. Finally,
after a brief drift time tdrift a photograph of the deformed line is taken using the
laser induced fluorescence. For all experimental configurations (temperature and
grid velocity) and decay times, the measurement is repeated multiple times (order
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(K41) predicts that for (non-intermittent) homogeneous isotropic turbulence [2]

S⊥
n (r) ∝ rζ⊥

n , where ζ⊥
n = n/3. (3.16)

Given that the theory of quasi-classical decay of Ref. [8, 48] assumed classical
scaling of turbulent energy spectra one would expect classical K41-like scaling of
normal fluid (transverse) velocity structure functions for the entire duration of
the decay, in particular [2] S⊥

2 ∝ r2/3. This is, however, not the case as seen in
Fig. 3.28. Initially, the scaling is compatible with, if somewhat higher than, the
K41 scaling, however, beyond approximately the 4 s mark the scaling exponents
become notably smaller than 2/3. The increased exponents in the initial stage are
likely due to strong inhomogeneity in the wake closely behind the grid (i.e., the
flow through individual grid openings [44, 101]). In the late decay, the turbulence
is likely no longer fully developed and might be affected by the counterflow caused
by a weak radiative heating through the optical windows.

Often quoted as the only exact result in the study of turbulence is the Kol-
mogov 4/5 law which states that in homogeneous isotropic turbulence the longi-
tudinal third order velocity structure function is given by

S
∥
3(r) = −4

5
εr, (3.17)

where ε is the energy dissipation rate [2]. Longitudinal structure functions are
not accessible in the present experiment, however, for homogeneous and isotropic
turbulence the scaling ought to be identical for both the longitudinal and the
transverse cases [67]. The third order structure function at 4 s decay time for
300 mm/s grid velocity case and various temperatures is shown in Fig. 3.29.
Especially for the high temperatures the linear scaling is apparent.

The classical scaling in the full range of the decay can be recovered using the
so-called extended self-similarity hypothesis (ESS) [102]. The scaling of the struc-
ture functions is not determined directly from their dependence on the separation
distance r but rather by plotting structure functions of different orders against
each other. The third order structure function S3 is used as the reference. Plots
of S2 vs. S3 and the corresponding scaling exponents are shown in Fig. 3.30.
Both the 50 mm/s and 300 mm/s cases maintain classical scaling ζ2 = 2/3. See
also Fig. 3.31 for the ESS plot of higher-order structure functions.

Note that around the 4 s decay time the large inhomogeneity decays (Fig. 3.26)
and the scaling of S⊥

2 (r) exhibits classical scaling even without the use of extended
self-similarity hypothesis. For these reasons the 4 s decay time is studied more
closely in the rest of the section.

The deviation of scaling exponents ζ⊥
n , obtained from ESS plots as in Fig. 3.31,

from their classical values n/3 is shown in Fig. 3.32 for the case of 4 s decay time
and 300 mm/s grid velocity. The temperature dependence is evident. Addition-
ally, the strongest deviation is observed in the vicinity of 1.85 K, in agreement
with numerical predictions of Biferale et al. [55]. It should be noted that while
the result is robust for td = 4 s, the situation is less clear for the short decay times
and the slower grid velocity (see Sec. 3.5.1 for a discussion of uncertainties).

This result may appear contradictory to recent experiments of Rusaouen et
al. [56], who observed no appreciable temperature dependence of intermittency
corrections. There, the authors calculated the structure functions of the velocity
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fluctuations from measurements of fluctuating pressure in the wake of a flat disc.
There are at least two possible reasons for this difference. First, Biferale et al.
[55] identify a “flip-flop” scenario – a random two-way energy transfer between
the two fluid components mediated by the mutual friction – as the mechanism
responsible for the temperature dependence and enhancement of intermittency in
quantum turbulence. It is not clear how pressure fluctuations, which are related
to both fluid components, respond to this inter-component energy transfer.

Second, the size of the cantilever used to probe the pressure in the Grenoble
experiment [56] is typically larger than the inter-vortex distance. The smallest
accessible length scale in the present experiment is limited by the width of the
tracer line – roughly 100 µm, which is comparable to the quantum length scale
ℓQ ≃ L−1/2 at 4 s during the decay and increases further as the decay progresses
(Fig. 3.27), thus the tracer line tracking is sensitive at the inter-vortex scales.

The inter-vortex distance in the experiments of Rusaouen et al. [56] can be
estimated following Babuin et al. [9]. Taking the outer scale of turbulence in the
Grenoble experiment to be the channel size ≃ 5 cm, effective kinematic viscosity
νeff ≃ 0.1κ , the κ-based large scale Reynolds number at 1.85 K is roughly 6×104.
This corresponds to ℓQ ≈ 7µm. The sensing area of the cantilever probe is 32×375
µm, which translates to more than 100 vortex lines, even if the likely increase of
L in the vicinity of any obstacles [87, 32] is neglected. Thus it is to be expected
that the experiment of Rusaouen et al. [56] measures the same intermittency
corrections as in classical turbulence.

3.5.1 Estimation of the errors

In order to determine the robustness of the obtained intermittency corrections
the uncertainties of the structure functions and the scaling exponents must be
estimated. Transverse velocity structure functions S⊥

n are defined through the
probability density functions (PDF) of the transverse velocity increments

S⊥
n (r) = ⟨♣δv(r)♣n⟩ (3.18)

=
√∞

−∞ d x♣x♣n PDFr(x), (3.19)

where PDFr is the probability distribution function of the transverse velocity
increment δv(r) = vy(x + r) − vy(x) for a given separation r. Structure functions
of relatively high order n are required to estimate the intermittent properties of
turbulence. High order structure functions are sensitive to rare events – events of
low probability which would contribute to the “tails” of the statistical distribu-
tion. In samples of limited size, these tails could be under-resolved, what could
lead to an erroneous estimation of the structure functions. A simple strategy to
estimate the errors due to lack of statistics is adopted: an estimate of the PDF
is calculated from the measured data, which is then extended beyond the range
of experimental data using a fit to a particular choice of a heavy-tailed statistical
distribution. The difference between the value obtained through Eq. (3.19) using
either a non-extrapolated or extrapolated PDF is then used as the estimate of
the error caused by under-resolved tails of the statistical distribution.

The estimate of the PDF is calculated from the measured velocity increments
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using kernel density estimation (KDE) as

PDFKDE
r (x) =

1

N

N
∑

i=1

1√
2πb

e−(x−δv(r)i)
2/2b2

, (3.20)

where the sum runs through all N measured samples of δv(r)i at a given sepa-
ration r. The result, for a particular case, is shown in Fig. 3.33. The number of
samples for the 4 s decay data sets is shown in Fig. 3.34.

To estimate the error in calculating a given moment, the PDF estimate is
extrapolated either by natural extension of the KDE (3.20) outside the range of
the data set or by using fits to either the normal (Gaussian) distribution,

PDFN
r (v) =

1√
2πs2

exp

(

− v2

2s2

⎜

, (3.21)

or a particular case of heavy-tailed distribution

PDFHT
r (v) =

exp(s2/2)

4m

⋃

⨄1 − ERF

∏

∐

log
(

♣v♣
m

)

+ s2

√
2s

⎞

ˆ

⋂

⎦ , (3.22)

where s and m are adjustable parameters. This form of the PDF was found
to describe Lagrangian accelerations [103] but in this case it is used simply for
reasons of convenience (Eulerian transverse velocity increments are measured),
as it allows for smooth varying of the weight of the tails. Note that using a
distribution with power-law tails would be inconsistent as such distribution would
render moment of sufficiently high order infinite. Using the two fits and the KDE
a new PDF is constructed with the shape of an envelope (point-wise maximum)
of the three estimates. Point-wise maximum breaks the normalisation of the
probability density function which needs to be re-normalised to integral of unity.
This effectively decreases the probability in the central peak and moves it towards
the tails. An illustration of this procedure is in Fig. 3.35 for calculating the 6th
order moment of a distribution.

The error of the moment is estimated as the absolute value of the difference
between the moment calculated using natural extension of the KDE (3.20) and the
re-normalised PDF. Graphically, this is given approximately by the area under
the tails of the re-normalised PDF outside the range of the data set, shown
by the shaded area in Fig. 3.35. For calculation of the value of the structure
function PDFKDE is used. This estimate has a very sharp cutoff (faster than
the fit of the normal distribution) outside the range of the experimental data set
(essentially equivalent to extending a histogram with zeros) so that the value is
not affected by a particular choice of the extrapolation. The result is shown in
Fig. 3.36. The errors of the structure functions render flatness (ratio S⊥

4 /(S⊥
2 )2)

unusable for quantitative analysis of intermittency. The structure functions are
also calculated directly from the ensemble average (3.18). The intermittency
corrections resulting from both procedures are shown in Fig. 3.37, where they
are compared with the classical theory of intermittency of She and Leveque [99],
which shows that the intermittency in quantum turbulence is indeed enhanced at
1.85 K.

Due to a degree of arbitrariness in the choice of the heavy-tailed distribution,
the definition of the renormalized PDF and the definition of the error itself, the

68



errors are also calculated using a bootstrapping scheme [104]. The set of all
N measured samples entering the calculation of S⊥

n in Eq. (3.18) is sampled at
random (with possible repetitions and omissions) to form B = 5000 new synthetic
sets of length N . The standard deviation of the moment (3.18) for these new B
data sets is used as the error. The resulting error bars were significantly smaller
than those calculated using the renormalized PDF and the results were consistent
with the straightforward calculation by directly averaging the sample and are thus
not shown here.

Additionally, a similar bootstrapping scheme was also used to estimate the
error of the scaling exponent itself. Using structure functions calculated via
the direct ensemble averaging (3.18), the power law fit was performed only in
a randomly chosen sub-interval of the range indicated in Figs. 3.29 and 3.31.
Repeating this fit for B = 5000 randomly chosen intervals yields a distribution
of the scaling exponents, the mean and standard deviation of which are taken as
the estimate of the scaling exponent and its error. The results are shown in the
inset of Fig. 3.37.

One might justifiably become alarmed by the correlation between the number
of samples in Fig. 3.34 and the deviation from K41 scaling in Fig. 3.37. This,
however, appears to be a coincidence. The correlation is not present for other
data sets and artificially restricting the data sets at 4 s to random choice (with
replacement) of 10000, 5000 or 2000 samples does not have a strong effect on the
observed scaling exponents (although the quality of the structure functions does
decrease, as is to be expected). In particular, the minimum near 1.85 K persists
unaffected.
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4. Numerical simulations

4.1 Introduction

This chapter presents the results obtained with the numerical simulations. Two
main topics are explored. First, the behaviour of inertial particles in thermal
counterflow, primarily their interaction with the vortex tangle, is presented in
Sec. 4.2. This study was motivated primarily by the advent of visualisation ex-
periments using frozen hydrogen or deuterium particles [105]. Second, in Sec. 4.3,
a counterflow resulting from a point heat source is studied. This very simple geom-
etry, while lacking motivation in currently available experimental data, features
an interesting property in that it lacks a preferred direction which, in standard
channel-bounded counterflow, causes slight anisotropy of the tangle.

The numerical software used for the work presented in this chapter was based
on the qvort code of A. Baggaley and others [106] for the results in Sec. 4.2 or
written completely by the author of the thesis for the results in Sec. 4.3.

4.2 Interaction of the solid particles and the

vortex tangle in thermal counterflow1

The most widespread method of visualising the flow of He II is by the use of small
solid particles of frozen gas, typically hydrogen or deuterium [105]. The particles
are illuminated, usually by a thin sheet of laser light, and their motion is captured
by a camera. An important subclass of visualisation studies is formed by the
particle tracking velocimetry (PTV), where the paths of individual particles are
followed in a Lagrangian sense [18].

When a particle is inserted into He II it is subject to forces due to both normal
and superfluid components. Both components exert inertial forces (i.e., pressure)
and, in addition, the particle also experiences viscous drag due to the normal
component. A simplified equation of motion for a free spherical particle moving
in He II is [108]

d vp

d t
=

ρs

ρ

D vs

D t
+

ρs

ρ

D vn

D t
− vp − vn

τ
, (4.1)

where τ is the viscous relaxation time due to the Stokes drag, τ = 2a2ρ/9µn

with a being the particle radius, µn standing for the dynamic viscosity of the
normal component and the particles are assumed to be neutrally buoyant, i.e.,
their density is the same as the total density of He II, ρ. The material derivative
is defined as

D v

D t
=

∂v

∂t
+ (v · ∇) v. (4.2)

The normal fluid flow is assumed to be steady and uniform in the present simu-
lation, therefore D vn/ D t = 0. The time and space derivatives of the superfluid
velocity field are calculated using exact expressions obtained by differentiating
Eq. (2.7).

1The results of this section were published in Ref. [107], reproduced as Attachment 5.
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The equation of motion (4.1) is, of course, simplified. A particle is assumed
to be infinitesimally small and spherical, thus neglecting any modification of the
flow fields in its vicinity, including its wake. For the interaction with quantized
vortices this becomes an issue only very close to the vortex. For a real solid
particle the quantized vortex would bend toward the particle [109], an effect
which is neglected in the present approximation.

The velocity field around a quantized vortex induces a pressure field which
pushes solid particles toward the core of the vortex. When a particle approaches
the vortex sufficiently closely (within some trapping distance), it may become
trapped. A trapped particle experiences additional forces due to the presence of
the vortex: (i) tension of the vortex (i.e., the energy of a vortex per unit length)
since the vortex is no longer required to be smooth at the point of trapping;
(ii) Magnus force due to circulation around the particle; (iii) mutual friction.
Including these three additional forces to the equation of motion of the particle
one obtains

d vp

d t
=

vn − vp

τ
+

ρs

ρ

D v′
s

D t
+
⎭

T0(s
′
+ − s′

−) + ρsκs′ × (vp − vs)

+
(

γ0s
′ × [s′ × (vp − vn)] + γ′

0s
′ × (vp − vn)

)

∆ξ
⎨

1

Meff

,

(4.3)

where Meff = 3/2ρVp is the effective mass of the particle (Vp being its volume),
T0 is the vortex tension – the energy of vortex per unit length, s′

± are left and
right tangents of the vortex line (which is allowed to be non-smooth) and γ0, γ′

0

are the mutual friction coefficients. The vortex tension is defined as

T0 =
ρsκ

2

4π
log

(

2
√

ℓ+ℓ−√
eξ0

⎜

, (4.4)

with l+, l− the distances to neighbouring discretisation points and ξ0 ≈ 1 Å the
vortex core parameter. The mutual friction constants γ and γ0 are related to the
more commonly used α and α′ through [23]

γ0 =
ρsκα

z2 + α2
, (4.5)

γ′
0 = ρsκ

α2 − α′z

z2 + α2
, (4.6)

with z = 1 − α′.
From the point of view of the implementation, when a particle approaches

a vortex discretisation point sufficiently closely, the particle becomes labelled as
trapped and is placed on the vortex discretisation point. If the particle is assumed
to be inertial, Eq. (4.3) is used for the motion of the particular discretisation node
instead of Eq. (2.10) (i.e., the vortex is locally deformed due to the presence of
the particle). If the particle is assumed to be an ideal tracer, trapped particle
follows the motion of the trapping vortex without disturbing it in any way.

A trapped particle can become free through processes sketched in Fig. 4.1.
Both processes involve a self-reconnection of the vortex with the trapped parti-
cle. Either a small loop is emitted which is annihilated on the particle or the
reconnection happens on a sharp cusp near the particle2

2Even though these two processes are qualitatively somewhat different, they are both han-
dled by the same reconnection and small-loop-annihilation algorithm.
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A B

Figure 4.1: A sketch of two mechanisms of a trapped particle de-trapping from a
vortex.

A series of simulations was ran for material parameters corresponding to 1.9 K
(taken from Ref. [34]) and particle size 5 µm (equal to the trapping distance).
This corresponds to the viscous relaxation time τ = 0.6 ms. A statistically
converged counterflow tangle is used as the initial condition. Into this tangle a
number of initially stationary particles is inserted at t = 0 with random positions
and their motion is evolved in time using Eqs. (4.1) and (4.3). As the particles
move, they interact with and are trapped onto the quantized vortices with the
trapping rate (relative number of trapped particles) shown in Fig. 4.2. Both ideal
tracers and inertial interacting particles, for several different particle counts are
shown. It is obvious that accounting for the dynamics of the trapped particles
and their backreaction on the vortex greatly increases the de-trapping rate. The
trapping rate also weakly depends on the particle count, which is most likely due
to effect on vortex line density (see Fig. 4.3 and the text below).

A trapped particle experiences Stokes drag due to the flow of the normal fluid
component. This drag indirectly acts on a quantized vortex, deforming it in the
direction of the normal fluid flow. This additional channel of energy transfer
between the large scale normal fluid flow and the tangle of quantized vortices
causes an increase of the vortex line density, as one can see in Fig. 4.3, left. As
the Stokes drag acts primarily in the mean flow direction of the normal fluid, the
tangle ought to stretch globally in this direction, which is indeed the case as can
be seen in Fig. 4.3, right. The polarisation here is defined as

p =
2Lx

Ly + Lz

, (4.7)

where Lk̂ is the vortex line density projected along the direction k̂ (with the
counterflow velocity being oriented along x-direction).

Detailed understanding of the motion of particles in turbulent flow is impor-
tant for interpretation of the visualisation experiments developed for He II in
recent years. The results presented here clearly show that inertial particles do
not behave as passive tracers of the flow and in large numbers can affect the
global tangle characteristics significantly, as can be seen from the increase of the
vortex line density and tangle polarisation in Fig. 4.3. Experiments using a rela-
tively small number of particles such as the particle tracking velocimetry [18, 110]
(order of 1 particle/mm3) are less likely to suffer from these effects, however, vi-
sualisation experiments relying on large particle density such as PIV [111] ought
to be analysed with care.

Furthermore, even for low particle number densities, when the tangle is af-
fected only weakly, the statistics of motion of the particles are significantly dif-
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Figure 4.2: Trapping rate for idealised tracer and inertial particles. Inertia of
particles clearly increases the chance of liberating the particle from a vortex due
to increased local curvature.
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Figure 4.3: Total vortex line density (left) and tangle polarisation (right) for
fixed counterflow velocity and different particle counts. Trapped particles provide
additional mode of energy transfer from the large-scale counterflow to the vortex
tangle through the Stokes drag, hence the increase in total vortex line density
with increasing number of particles. Correspondingly, the tangle becomes more
stretched in the direction of the normal fluid flow, i.e., the direction of the Stokes
drag. The reference black curves correspond to a run with the particles calculated
as passive tracers.
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Figure 4.4: The probability density functions of the particle velocity component
– streamwise (top row) and transverse (bottom row) to the counterflow direction
(the velocity of the normal fluid is positive). Data for ideal tracers (left) and
intertial particles (right) are shown. The inertial particles’ PDFs are based on
the run with 1000 particles.

ferent from ideal tracers, as seen in Fig. 4.4. Trapped particles deform the vortex
locally and cause it to move with slightly artificial velocity, i.e., the particles
do not act as passive probes of intrinsic tangle dynamics, even in small concen-
trations. Lastly, it should be noted that the sharp peaks corresponding to free
particles in Fig. 4.4 are generally not observed in experiments [112], although
particle trajectories that could be consistent with the numerical PDFs have been
observed for small velocities [113]. A likely cause for this discrepancy, apart
from a wide distribution of particle sizes and shapes in experiments, is absence
of normal fluid turbulence in the simulations, which is likely to be present in the
experiment.

4.3 Spherically symmetric counterflow3

An idealised point heat source in unbounded helium results in spherically sym-
metric counterflow. As in ordinary channel-bound rectilinear counterflow, the
heater generates entropy at rate Q̇/T which is carried away by the normal fluid
component. This outflux is balanced by the influx of the superfluid component.

Assuming spherical symmetry of the flow fields and the heater placed at the
origin, the radial velocity of the normal fluid component vn through a shell of
radius r is

vn4πr2ρS =
Q̇

T
, (4.8)

3The results of this section were submitted to Journal of Low Temperature Physics, repro-
duced as Attachment 6.
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where S is the entropy per unit mass. The superfluid velocity is given by the
standard counterflow condition ρsvs = ρnvn. In the following, the velocity will be
identified by the radial counterflow velocity on the 5 mm shell denoted by v5mm

ns .
The velocity field given by (4.8) has a singularity at the origin. This singu-

larity is removed in the simulation in a two-fold way. The prescribed counterflow
velocity field used has a radial profile of the form

vns(r) =
v0

4πr2
e−(rcutoff/r)2

(4.9)

where v0 is a prescribed strength and rcutoff is set to be 150 µm. Second, an
additional cutoff rO is introduced. If a vortex loop is fully contained within a
sphere of radius rO it is removed from the simulation. This is to prevent a pile-up
of nearly-parallel loops near the origin. In a hypothetical experiment, these would
collide with the walls of the heater and thus would be destroyed. In the simulation,
they are mostly inactive in outer turbulence but cause large increase in the number
of necessary vortex nodes thus slowing down the calculation considerably. In all
runs the rO was set to 200 µm. The simulation was implemented as described
in detail in Sec. 2.2. The discretisation length was maintained between 1 and 2
×10−3 cm (a subset of the result was checked also for discretisation between 2
and 4 ×10−3 cm). The time step used was 6.4× 10−4, 10−5 or 10−6 s for v5mm

ns =
0.1, 1 or 10 mm/s, respectively.

As the initial condition, a few (less than 10) random vortex loops are placed in
the vicinity of the origin, see Fig. 4.5. The centre of the loops is placed randomly,
with uniform distribution, in a cube of 1 mm length centered on the origin. The
radius of loops is chosen with uniform distribution between 50 µm and 1 mm.
The direction of the loops (i.e., the direction from which the winding of the loop
is positive) is chosen randomly with isotropic distribution.

The converging flow of the superfluid component causes the vortices to bend
toward the origin. This creates sections of the vortex oriented nearly radially
and thus parallel with prescribed counterflow velocity. Straight vortex lines in
parallel counterflow are unstable [23] and small perturbations quickly expand to
large-amplitude Kelvin waves, as illustrated in Fig. 4.6. Note that the wavelength
of the initial perturbation is likely influenced by the spatial discretisation of the
vortices (between 10 and 20 µm).

The Kelvin waves converging on the origin from random directions cause fre-
quent reconnections and creation of a tangle in the neighbourhood of the origin,
as seen in Fig. 4.7 for a simulation corresponding to 1.3 K. The development of
a localised tangle is, however, strongly dependent on the temperature. As can
be seen from the plots in Fig. 4.8 of total vortex line length as a function of
time, for sufficiently low temperatures a dense tangle is created from the initial
seed loops while for high temperatures the vortices are quickly annihilated at the
origin. The time in Fig. 4.8 is normalised by the “fall time” tfall, a time it would
take a superfluid Lagrangian particle to fall to the origin from a given distance
r. The Lagrangian particle would move toward the origin with velocity given by
the local superfluid velocity, i.e.

d r

d t
= −vns(r)

ρn

ρ
, (4.10)
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subsequently expand and slow down. The vortex loop expands until it is so slow
that it is pulled back towards the tangle. Obviously, outward-propagating and
expanding loops are crucial for this mechanism to work, therefore the sizes and
positions of such vortex rings in the field of the spherical counterflow are now
determined.

Assuming the ring and flow source geometry as in Fig. 4.10, the motion of the
vortex ring is determined by

ṡ = vR
s + vO

s + αs′ × (vn − vs), (4.12)

where vR
s is the self induced velocity of the ring oriented along the x direction,

with the magnitude given by [23]

vR
s =

κ

4πR

[

log
(

8R

a

)

− 1

2

⎢

, (4.13)

with a ≈ 10−10 m denoting the vortex core parameter. The second term is the
inward-facing spherical superflow of magnitude vO

s = vnsρn/ρs. The last term is
the mutual friction, with vn and vs standing for the total normal and superfluid
velocities. The resulting configurations of d and R where the ring is outward-
propagating (ṡx > 0) and expanding (ṡy > 0 for the special point in Fig. 4.10)
are shown in Fig. 4.11. The number of possible configurations clearly decreases
as the temperature increases. For increasing velocities, the effect is related to the
system size. The favourable ring geometries shift to grater distances d which fit
the initial condition more poorly. The rings that are too large or too close to the
origin are being pulled toward the origin and/or are shrinking. Rings that are
too small, on the other hand, have large enough self-induced velocity to escape
the flow completely.

The numerically predicted temperature-dependent behaviour of spherically
symmetric counterflow ought to be relatively simple to test experimentally, for
example using a setup as proposed, simplified, in Fig. 4.12. The initial seed
loops would be provided by rectilinear thermal counterflow constructed around a
miniature heater. The development of turbulence would be monitored by stan-
dard second sound attenuation technique, which could even hypothetically allow
for spatial mapping of the tangle [24], if one develops.
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Discussion and conclusions

Historically, the most thoroughly studied form of quantum turbulence, thermal
counterflow, still poses significant challenges to its complete understanding. Ge-
ometrical effects in counterflow appear to play a significant role which has been
scarcely explored so far. The work presented in this thesis approached this com-
plicated problem experimentally, by comparing thermal counterflow and pure su-
perflow in the steady state (Sec. 3.2) and decay (Sec. 3.3). In pure superflow, the
mean velocity of the normal fluid component is zero with respect to the walls of
the channel, contrary to thermal counterflow. In an infinite, unbounded system,
thermal counterflow and pure superflow are clearly just Galilean transformations
of the same flow, however, the presence of the walls influences both the absolute
value of the steady state vortex line density (Fig. 3.2) and important details of the
decay. Specifically, the non-monotonous “bump” in the early stages of the decay
(Fig. 3.9) is weakened or absent completely. In light of the theories of the bump
[51, 17], this signifies a non-trivial alteration of the energy spectrum of the flow
simply due to the introduction of walls to the system. The decreased intensity
of the bump hints at a shallower spectrum, closer to the classical K41 E ∝ k−5/3

case. A tentative reason for this may lie in the fact that the normal fluid is not
forced by the heat flux and can conform to the flow of the superfluid on a wider
range of scales, i.e., coupled eddies that form in the intermediate range of scales
are not torn apart by the mean counterflow.

Another geometric effect that is gaining attention concerns boundary layers
[88, 89, 87] and entrance length effects [90] and, in particular, a possible bound-
ary layer in the vicinity of the heat source in counterflow turbulence [32]. The
possible boundary layer in the vicinity of the heater is of particular interest due to
its similarity to the boundary layer in classical thermal convection. Attempts at
detecting this boundary layer were made with a movable miniature temperature
sensor in close proximity to the heater (Fig. 3.6). However, this revealed no sig-
nificant deviation from the constant temperature gradient in the bulk. It should
be noted that the boundary layer here may have been significantly narrower than
in the experiments of Hrubcová et al. [32], and may actually be smaller than the
spatial resolution of the movable thermometer.

Due to the revived theoretical debate [37, 38, 36] concerning the dynamical
behaviour of the vortex line density in thermal counterflow, the general dynam-
ics of L(t) in non-stationary counterflow was studied experimentally (Sec. 3.4).
Low-noise measurements of vortex line density allowed for the phase trajectories
of L(t) to be inferred directly, without restricting the study to a mere compar-
ison of the solutions of the proposed differential equations. It was found that
the theory of Schwarz [35], the simplest currently available theory derived on
the basis of mesoscopic dynamics of individual vortex lines, has a surprisingly
wide range of applicability, showing a near perfect match between experimentally
and numerically determined tangle parameters. Furthermore, even outside this
range of applicability, a fair agreement between theory and experiment can be
restored if one allows a geometrical coefficient connecting the mean tangle curva-
ture and vortex line density to vary, which is in line with numerical simulations
that attempted to capture the effects of normal fluid turbulence.
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In a somewhat separate development from the studies of counterflow, de-
cay in the wake of a moving grid was studied by laser-induced fluorescence of
He∗

2 molecules created by field ionisation using high-intensity femtosecond laser
pulses, a visualisation method developed by the group in Tallahassee [21]. The
decay of vortex line density in this system (Fig. 3.27) is the archetypical quasi-
classical decay [8, 48], however, non-classical scaling in the energy spectrum was
found both in the very early and very late decay (Fig. 3.28). Additionally, in
the time frame when the turbulence displayed classical characteristics, higher-
order statistics revealed temperature-dependent intermittency(Fig. 3.32) with a
maximum deviation from K41 scaling in the vicinity of 1.85 K, in agreement
with pre-existing numerical predictions [54, 55]. This suggests that coflow of He
II is significantly more complex than the framework of full coupling of the two
components and the effective viscosity (Eq. (1.12)) can account for.

The second part of this thesis considered numerical simulations based on the
vortex filament model, which were used to study two particular problems pertain-
ing to thermal counterflow. First, the modification of the vortex tangle by seeding
the flow with solid particles, a situation that models the visualisation technique
[105] based on the observation of frozen particles of gas (typically hydrogen, deu-
terium [18] or air [114]). It was found that the particles trapped on the vortices
can act as an additional channel of energy transfer from the mean normal fluid
flow to the vortex tangle, which only usually proceeds through expansion of vor-
tex rings by mutual friction. Particles also behave significantly differently from
idealised tracers when trapped, modifying the local geometry of the vortex and
resulting in statistical properties of their motion significantly different than those
of the vortices or the velocity field themselves, a fact which could have implica-
tions for experimental studies focusing on the statistical properties of the motion
of the particles such as particle tracking velocimetry (PTV).

Second, thermal counterflow in a spherical geometry was studied, which can
be easily realised using a miniature heater, but to the author’s knowledge was
not yet studied experimentally. Rectilinear thermal counterflow (i.e., a flow in
a channel) is naturally slightly polarised due to the expansion of favourably ori-
ented vortex loops lying in the plane perpendicular to the direction of the mean
counterflow velocity. This preferential direction is absent in this spherical case.
It was found that turbulence in this geometry can develop from initial seed loops
only at sufficiently low temperatures, whereas at high temperatures the vortices
are quickly compressed toward the origin and annihilated. Note that in rectilin-
ear counterflow, critical counterflow velocity was found to decrease [84, 83] with
increasing temperature and vortex line density generally grows with temperature
for fixed counterflow velocity.

In view of the considerable variety of the studied flows, certain questions
remain unresolved: Is there a region of increased temperature gradient in the
vicinity of the heat source in thermal counterflow akin to Rayleigh-Bénard Con-
vection in classical liquids? Is the effective c2 deduced in Sec. 3.4 an actual
measure of the curvature of the tangle or is the quasi-stationary theory of the
vortex line density dynamics of Schwarz and Vinen simply not applicable to large
transients? Can the apparent critical temperature emerging in the numerical
simulation of spherical counterflow be reproduced experimentally? It is the hope
of the author that these outstanding questions will help motivate further study
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of this beautiful and interesting physical system.
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Abstract We report preliminary results of the complementary experimental and

numerical studies on spatiotemporal tangle development and streamwise vortex line

density (VLD) distribution in counterflowing 4He. The experiment is set up in a

long square channel with VLD and local temperature measured in three stream-

wise locations. In the steady state, we observe nearly streamwise-homogeneous VLD.

Experimental second-sound data as well as numerical data (vortex filament method in

a long planar channel starting with seeding vortices localized in multiple locations)

show that the initial build-up pattern of VLD displays complex features depending on

the position in the channel, but some tangle properties appear uniform along its length.

Keywords Superfluid 4He · Quantum turbulence · Thermal counterflow

1 Introduction

Various aspects of quantum turbulence (QT) generated in thermal counterflow of

superfluid 4He has been the subject of numerous studies since the pioneering experi-

ments and their phenomenological description of Vinen [1–4]. Along with his studies

of steady-state counterflow, he was also interested in transient effects such as tem-

poral development of temperature difference �T and vortex line density (VLD),

based on experiments performed with two relatively large channels (�0.5 cm) of
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constant rectangular cross section. Vinen’s interesting observations, however, cannot

give direct spatial information on generation of VLD, as his second-sound system

detected the whole volume of the channel simultaneously. Later, depending on experi-

mental conditions such as the applied heat load, geometry of the channel, wall material

and/or roughness, a number of various scenarios of vortex tangle development were

observed or theoretically predicted, from stationary turbulent plugs to propagating

fronts [5–14]. Observation of turbulent fronts filling a long thin circular thermal coun-

terflow pipe, propagating into it from both the cold and hot ends, was first claimed

by Mendelssohn and Steele [5]. Many investigations followed; let us mention here

detailed investigations of propagating and stationary turbulent fronts in rather narrow

uniform as well as nonuniform counterflow channels performed by Tough’s group

(see [6] and references therein). These studies in narrow channels were based pri-

marily on measurements of the temperature difference �T (and in some cases the

chemical potential difference �μ [7]) over the counterflow channel and therefore

cannot provide direct information about the spatiotemporal development of VLD in

the channel.

In order to study, the development and streamwise structure of the vortex tan-

gle in counterflow QT, several localized probes are required. Such a setup is very

difficult to realize experimentally in narrow channels of characteristic cross section

below ≈1 mm2, where two turbulent states, referred to as T1 and T2 have been

observed—see, e. g., [7]. On the other hand, multiple turbulent states are generally

not observed in channels of large cross section of order ≈1 cm2. According to cur-

rent understanding, the existence of multiple turbulent states is a consequence of the

two fluid behavior of superfluid 4He at temperatures above about 1 K, as either of

its two components (or both of them, coupled with the mutual friction force) might

become turbulent; the outer scale of QT, i.e., the channel dimensions, ought to play

a significant role. This paper report our first results of our planned complementary

experimental, theoretical and numerical studies of counterflow QT, namely on the

spatiotemporal development of VLD and its streamwise distribution in counterflow-

ing 4He.

2 Experimental Setup

We have designed and manufactured an approximately 20 cm long, 7 mm-wide mul-

tipurpose channel of square cross section, sketched in Fig. 1. The channel is equipped

with three second-sound sensors (labeled L1, L2 and L3 hereafter) and seven addi-

tional ports, three of which in the present experiment are mounted with thermometers

(labeled T1, T2 and T3; see Fig. 1). For second-sound sensors the standard design of

capacitively actuated gold-plated Nuclepore membrane is used [15] and thermometry

is accomplished using commercial Ge-on-GaAs film resistors. Using this system, we

are able to monitor the initial local VLD buildup. It should be noted, however, that

volumes probed by the second-sound transducers are macroscopic, approximately

7 × 7 × 7 mm3. Temperature data are more local, thermometers being just over 1 mm

in extent.
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Fig. 1 Sketch of the counterflow channel and the positions of the probes. The width of the flow cavity

itself is 7 mm. Labels Ln indicate the positions of the second-sound transducers and Tn the positions of the

thermometers. The sockets on the channel, which do not have thermometers, are closed with blank holders

geometrically identical to those with thermometers. The heater is mounted on the left side of the drawing.

The drawing is to scale

3 Experimental Results

Typical growth of VLD is shown in Fig. 2. Initially a rapid transition for L1 and L2 is

observed, followed by a slower, gradual increase to the eventual steady state, which is

the only regime observed for L3. The initial VLD change can be either a rapid increase

(L2) or decrease (L1) of VLD. A negative vortex line density means simply that the

attenuation of second sound decreased from its value in quiescent helium before the

flow was initiated, which is taken as a reference point. Such a transient behavior prob-

ably corresponds to a partial removal of pinned remnant vortices, or downstream drift

of vortex structures, formed further upstream, which is also supported by numerical

simulations below. One might notice that there is a systematic relationship between

steady-state vortex line densities at the three sensor locations, namely VLD at L2

being highest, L1 being middle and L3 being lowest. This is most probably simply

due to a slightly differing quality of the sensors or minor discrepancies in the channel

geometry and should not be taken as an evidence for streamwise inhomogeneity of

the vortex tangle.

The standard procedure for obtaining the time dependence of vortex line density

is to excite the second-sound resonator at one of its resonance frequencies and to

monitor the real component of the complex amplitude of the oscillations (the imag-

inary being zero for an ideal resonator), for example, by a lock-in amplifier. This

requires that the resonance frequency does not change throughout the measurement.

However, in the present experiment, we observe temperature gradients which, along

the fairly long channel, can cause an appreciable temperature change (see Fig. 3a for

T = 1.3 K) and cause the resonance peak to shift significantly (Fig. 3b) thus rendering

the standard procedure no longer applicable, except at 1.65 K where the second-sound

velocity depends on temperature only very weakly. A common solution is to scan the

amplitude over a small frequency range for every data point. However, this introduces
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Fig. 2 Typical growth of VLD at 1.65 K. VLD at position L1: blue (closest to the counterflow heater,

middle line in steady state), L2: green (top in steady state), L3: red (bottom in steady state). All curves

represent pointwise averages over 100 individual events. Savitzky–Golay smoothing has been applied to

L3. Left, middle and right panels correspond to 20, 100 and 200 mW/cm2 heat flux, respectively (Color

figure online)

(a) (c)

(b)

Fig. 3 The temperature shift and its effect on the second sound measurement at 1.30 K. a the steady-state

temperature shifts across the channel for approx. 20, 100 and 200 mW/cm2 (lines from bottom to top). b

Shift of the second-sound resonance peak. The curves span heat fluxes from 0 to about 300 mW/cm2. c

Determination of the resonance amplitude using off-resonance data. “Circles” are the same data as in (b)

and the black superimposed curve is a typical experimental run—single case of buildup and decay (Color

figure online)

temporal uncertainty on the points and decreases the data acquisition rate to a point,

where it would be difficult, if not impossible, to resolve fast initial transients. Addi-

tionally, in our experience, this method is not applicable to fast (<0.5 s) and large

(around 50 Hz, with FWHM around 100 Hz) shifts. Therefore, we propose a different

approach, illustrated in Fig. 3c. The temperature shifts are sufficiently large to shift

the peak, but small enough not to cause any other significant distortion. Thus, the

graphs of imaginary versus real component of the complex amplitude form a set of

non-overlapping curves. Each of these curves has a resonance amplitude, and thus it

is possible, with suitable interpolation, to assign a well-defined amplitude to points in

the complex plane spanned by the measured “calibration” resonance peaks, at least

roughly within the resonance linewidth. In the tails of the resonance, the sensitivity
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will necessarily decrease. This way, we can determine the resonance amplitude even

when exciting the resonance slightly off-peak, without sacrificing temporal resolution.

4 Numerical Simulations

It is believed that QT is generated in the channel from “seed” vortices pinned to the

channel walls or from some remnant vortices in the bulk of the channel. Schwarz [10],

using a local induction approximation, showed that a wall-attached vortex near the

channel inlet may serve as vortex mill to seed the flow with vortices. Indeed, it was

very recently shown by large-scale Gross–Pitaevskii simulations of the superfluid flow

near realistic surface [16] that the critical velocity, necessary for nucleation of vortices,

is easily exceeded near sharp excrescences of the surface.

4.1 Method

To understand different VLD build-up scenarios observed in the experiment, we per-

form numerical simulations using the vortex filament method [17]. The simulations

are set up in a long plane channel of width h = 0.1 cm and length H = 20 h, which

is a scaled-down analog of the experimental channel. To generate the counterflow,

we impose a prescribed parabolic time-independent profile of the streamwise projec-

tion of the normal velocity V n
z (y), oriented toward positive z-direction. The applied

superfluid velocity V s is calculated dynamically at each time step to maintain the

counterflow condition ρn〈V
n〉 + ρs〈V

s〉 = 0. Here, we use the reconnection method

[18] and the line resolution �ξ = 1.0 × 10−3 cm. Open boundary conditions are

used in the streamwise z and periodic conditions in the spanwise x directions. In the

wall-normal y direction, we impose V s
y (±h) = 0 and s

′(±h) = (0,±1, 0) at the solid

walls. The details of the simulation method may be found in Refs. [19,20]. To study

the buildup of VLD and to compare it with the experimental results, we calculate the

streamwise VLD profile L(z), by accounting for the part of the lines configuration C′

within a channel section of width �Z = 0.1 cm, such that the channel is divided into

20 cubic sections of size V ′ = 0.1 × 0.1 × 0.1 cm3.

To quantify the degree of the anisotropy of the developing tangle, we use the profiles

of the anisotropy indices[17]:

I‖(z) =
1

L(z)V ′

∫

C′

[1 − (s
′ · r̂‖)

2]dξ , I⊥(z) =
1

L(z)V ′

∫

C′

[1 − (s
′ · r̂⊥)2]dξ ,

where r̂‖ and r̂⊥ are unit vectors in the direction parallel and perpendicular to V
n ,

respectively. In the isotropic case, we have I‖ = I⊥ = 2/3. If all vortex lines lie in

planes normal to V
n, then I‖ ≈ 1 , I⊥ ≈ 1/2, while in the steady-state homogeneous

vortex tangle under counterflow conditions I‖ ≈ 0.8, I⊥ ≈ 0.6 [17,19,21].

To mimic the experimental situation, we use initial conditions with seeding vortex

loops placed on the walls at the positions corresponding to the sensor mounting points.

Additionally, some loops are placed in the bulk, reflecting the fact that the critical
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(a) (b) (c)

Fig. 4 The averaged vortex lines density for a realistic distribution of the seeding loops. Panel a: the

streamwise profiles at several time moments. Panel b: time evolution at several locations. The horizontal

black line marks the value of the mean initial density. Panel c: The anisotropy indices profiles at several

time moments (Color figure online)

velocity may be reached spontaneously [16] and these loops are moving inside the

channel even in the absence of thermal counterflow. Such initial conditions produce a

slightly inhomogeneous initial VLD distribution along the channel, ranging between

50 and 250 cm−2. To make sure that the particular choice of the initial conditions does

not influence the results, we use 20 such conditions that differ by the exact position of

the loops placement and their orientation. The resulting configurations are analyzed

first individually, and the resulting profiles further averaged. These simulations are

carried out at T = 1.65 K and centerline normal velocity V n(0) = 1.5 cm/s.

5 Numerical Results

The averaged streamwise profiles of VLD along the channel at several time instants

and the time evolution at several locations are shown in Fig. 4. The initial slight density

inhomogeneity is enhanced (see panel (a)) and the initial stages of evolution are very

different at different locations (panel (b)). In particular, at the position Z3 the density

is first diminished, as the nearby vortex lines group is moving downstream, but then

recovered as the tangle becomes dense and starts to grow. In other three locations,

the density growth includes some kind of a plateau, at a small value of L(z), with

subsequent faster or slower growth. Different scenarios may be found at different

locations. Notice that the evolution of the individual realizations is similar to the

averaged, differing slightly in the exact locations of the density peaks and therefore,

the positions where different growth patterns are realized.

The dynamics of the developing tangle is governed by competition between the

downstream drift due to superfluid velocity and the diffusion of the vortices [9,12,14].

At T = 1.65 K, the superfluid velocity is sufficiently strong to cause an overall

downstream drift at initial stages of the evolution. Each group of vortices initially

grows across the channel, forming thin sheets of vortex lines, moving downstream

parallel to each other. In Fig. 4c, we show the profiles of the anisotropy indices I‖
and I⊥ at very early stages and at later time, when the tangle becomes fully three

dimensional. We see that initially the vortex lines are mostly oriented normally to the

direction of the counterflow, while later the tangle becomes typically slightly oblate,

but homogeneous along the entire channel.
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6 Conclusions

We have experimentally probed the growth dynamics of the VLD at three locations

inside a long counterflow channel of relatively large rectangular cross section. Our

preliminary data, obtained at 1.65 K, clearly show that the VLD builds up at different

locations almost simultaneously at variance with earlier results that the turbulent front

moves from any side of the channel with either superfluid or normal mean velocities, as

it was indirectly observed and claimed in long but very thin channels. The complemen-

tary numerical simulations show that the experimentally observed complex patterns of

the early VLD buildup are consistent with the tangle growth from multiple localized

sources of remnant vortices. Initially, the vortex loops grow preferentially across the

channel. At later stages, the tangle anisotropy becomes typical for the counterflow

conditions and homogenous along the channel, despite inhomogeneous streamwise

distribution of VLD.
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We report on studies of quantum turbulence with second sound in superfluid 4He in which the turbulence is

generated by the flow of the superfluid component through a wide square channel, the ends of which are plugged

with sintered silver superleaks, the flow being generated by compression of a bellows. The superleaks ensure that

there is no net flow of the normal fluid. In an earlier paper [S. Babuin et al., Phys. Rev. B 86, 134515 (2012)]

we have shown that steady flow of this kind generates a density of vortex lines that is essentially identical to that

generated by thermal counterflow, when the average relative velocity between the two fluids is the same. In this

paper we report on studies of the temporal decay of the vortex-line density, observed when the bellows is stopped,

and we compare the results with those obtained from the temporal decay of thermal counterflow remeasured in

the same channel and under the same conditions. In both cases there is an initial fast decay which, for low enough

initial line density, approaches for a short time the form t−1 characteristic of the decay of a random vortex tangle.

This is followed at late times by a slower t−3/2 decay, characteristic of the decay of large “quasiclassical” eddies.

However, in the range of investigated parameters, we observe always in the case of thermal counterflow, and only

in a few cases of high steady-state velocity in superflow, an intermediate regime in which the decay either does

not proceed monotonically with time or passes through a point of inflexion. This difference, established firmly

by our experiments, might represent one essential ingredient for the full theoretical understanding of counterflow

turbulence.

DOI: 10.1103/PhysRevB.92.184503 PACS number(s): 67.25.dg, 67.25.dk, 67.25.dm

I. INTRODUCTION

In this paper we report on an experimental investigation
of the decay of turbulence in a quantum fluid, superfluid 4He,
displaying the two-fluid behavior. The necessary introduction
to superfluidity and quantum turbulence is given in the next
section, together with a review on counterflow turbulence,
a unique form of turbulence existing in superfluid 4He, of
which the superflow treated in this article represents a special
case. The review sets this work into a detailed context. Here
we summarize the general motivation for this project, which
is twofold.

(i) We wish to continue the study of temporal decay
of turbulence in quantum fluids, in the spirit of exploring
similarities and differences with the decay of turbulence in
classical viscous fluids, as advocated again as an important
goal for the community in the latest review on the state of
the field [1]. The decay of turbulence is indeed a cornerstone
in classical turbulence studies because the rate of decay (of
kinetic energy or vorticity) is related to the distribution of
energy over the scales of the system, which constitutes a key
description of a turbulent flow [2]. In quantum turbulence our
experiments can accurately measure the decay of the total
length of quantized vortices per unit volume, a well defined
quantity which, if the detailed spatial distribution of the vortex
lines is known, can be related to classical vorticity.

(ii) Our second and more specific motivation is to continue
our investigation of the mechanically driven turbulent flow of
the superfluid component of 4He, of which we have reported
the steady-flow characteristics in this journal [3]. The study of
pure superflow ought to be in principle simpler than thermal
counterflow because the normal component is on average
at rest. In our previous work we have demonstrated that

Galilean invariance holds between steady-state counterflow
and superflow turbulence, i.e., that, to first order, the turbulence
produced when the superfluid and normal components of
4He move in opposite direction is the same as when the
normal fluid is at rest and the superfluid moves past it with
the same relative velocity, despite the fact that the presence
of a finite channel ought to introduce differences such as a
profile to the normal component. In this paper we extend this
work by asking how these two turbulent flows decay in time
when driving is suddenly switched off. We describe emerging
similarities as well as differences, which ought to deepen our
general understanding of the underlying physics of quantum
turbulence, especially in relation to the dynamical state of the
normal component.

II. REVIEW OF COUNTERFLOW TURBULENCE

Quantum turbulence [1,4–6] is the turbulence occurring
in a superfluid such as the superfluid phases of liquid 4He
and liquid 3He [7]. At a finite temperature superfluids exhibit
two-fluid behavior, a normal viscous fluid (composed of
thermal excitations) coexisting with an inviscid superfluid
component. Flow of the superfluid component is strongly
influenced by quantum effects, reflecting the origin of super-
fluidity in Bose condensation. In the case of 4He superfluid
flow must be irrotational, rotational motion being possible
in a simply-connected volume only with the formation of
topological defects in the form of vortex lines, each of which
carries a circulation of κ = h/m ≈ 1 × 10−3 cm2/s, where
h is Planck’s constant and m is the mass of a helium atom.
Turbulence in the superfluid component must therefore in
general take the form of a complex tangle of vortex lines. A
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purely random tangle involves turbulent energy almost entirely
on only quantum length scales—scales comparable to, or
less than, the mean vortex spacing, � = L−1/2, where L is
vortex line density (length of line per unit volume), although
local polarization of the vortices can lead to the existence
of turbulent energy on any larger scale [4,5,8]. Both purely
quantum and classical features of turbulence can therefore be
detected simultaneously in the same quantum flow, depending
on the length scale at which this quantum flow is probed [9,10].

If vortex lines move relative to the normal fluid they
experience a drag force, called mutual friction [4,5]. On
quasiclassical length scales, i.e., scales large compared to �,
the superfluid component usually behaves like a classical fluid
at high Reynolds number. The small kinematic viscosity of the
normal fluid (of order κ/6 [11]) means that the same is true
for the normal fluid on these large quasiclassical scales. Thus
the two fluids can move together with the same velocity fields,
mutual friction serving only to stabilize this coupled motion.
The coupled fluids then behave as a single quasiclassical fluid
at high Reynolds number. This situation, referred to as coflow,
obtains quite frequently—for example when the fluid is stirred
by large-scale objects similarly as for classical fluids, such as
propellers [12], grids [13], flow through channels [14–17], or
due to various oscillating objects [18].

On quantum length scales (even in coflow) the superfluid
motion is strongly influenced by quantum effects. The cou-
pled motion therefore cannot be maintained, the resulting
dissipation due to the mutual friction, combined with viscous
dissipation in the normal fluid, results in a dissipation per unit
mass of helium of the form

ε = ν ′κ2L2, (1)

where ν ′ is an effective kinematic viscosity of order
κ [4,13,19–21]. This type of coupled motion, leading to
quasiclassical behavior on large length scales, will usually
obtain as long as there is no forced relative motion between
the two fluids on these scales. We shall refer to such forced
relative motion as counterflow. It is most easily imposed with
a temperature gradient, the superfluid component moving up
the gradient and the normal fluid moving down, with no net
mass flow. This is one special case of counterflow, known as
thermal counterflow.

Quite generally, by combining mechanical and thermal
drive, a rich variety of counterflows, i.e., two-fluid flows with
different flow ratio of the two components, can be generated,
representing a very complex superfluid hydrodynamic system.
In this paper, we are concerned with the special case of
counterflow that can be generated by forcing helium through a
tube, the ends of which are closed with superleaks—only the
superfluid component can flow through the superleaks, so that
the average velocity of the normal fluid vanishes. The forced
flow is conveniently driven by compression of a bellows,
and we refer to this type of counterflow as bellows-driven

superflow [3], or simply superflow.
Early experiments on thermal counterflow [22] led to the

idea that in such a flow a self-sustaining random tangle of
vortex lines is generated simply by the imposed relative
motion, the turbulence being essentially homogeneous, and
a phenomenological equation was derived that describes the
growth and decay of line density. In the steady state the line

density is given in terms of the relative velocity v = (vs − vn)
by

L = γ v2, (2)

where γ is a temperature-dependent parameter. Confirmation
of these ideas, together with an understanding of the physical
processes involved, came from the pioneering computer
simulations of Schwarz [23], which were improved and refined
by Adachi et al. [24], Baggaley and Barenghi [25], and
Kondaurova et al. [26]. These simulations were based on
the vortex filament model. They assumed that the flow of
the normal fluid remained laminar, and that the mean flow
velocities were spatially homogeneous and in an unbounded
volume. The resulting vortex tangle was disordered, so
there was no large-scale turbulent motion in the superfluid
component.

In Ref. [3] we reported the results of a study of the
attenuation of second sound in bellows-driven steady-state
superflow. According to the theories that we have described so
far, the line densities observed in such an experiment should
agree with those measured at the same value of v as those
observed in thermal counterflow. This was indeed confirmed
to a good approximation in channels of different cross sections,
with the agreement being particularly good when counterflow
and superflow are measured in the same (large) channel [17].

There are, however, subtle differences between counterflow
and superflow, even in the steady state. Experiments have
shown that there is a critical velocity below which the line
density is unmeasurably small, which scales with the channel
size, D. It was found to be roughly temperature independent
scaling as D−1/4 for superflow, while for counterflow it dis-
plays a D−1 temperature-dependent scaling [3]. Additionally,
another critical velocity has been reported by Tough and his
co-workers [27] in thermal counterflow, above which the γ

factor suddenly increases, the so-called T1-T2 transition. The
existence of this transition depends on the details of channel
cross section in counterflow (according to the data reviewed
by Tough [27] two states are observed if the aspect ratio is of
order 1 and the smallest dimension is less than about 1 mm; a
single state is observed if the aspect ratio is much larger than
1 or the smallest dimension is larger than 1 mm). In superflow
on the contrary, in channels of different cross section, only one
regime of turbulence has been observed. These facts may be
related to the different dynamics of the normal component in
the two systems.

Theoretical and computational work has recognized that
earlier simulations were unrealistic in at least one important
respect: they related to an unbounded volume of helium, and
to a situation where the velocity of the normal fluid (assumed
laminar) and the mean velocity of the superfluid are spatially
uniform. In practice, thermal counterflow takes place almost
always in a channel of finite cross section, so that, at the
very least, the no-slip condition for the viscous normal fluid
at a solid boundary must lead to spatial nonuniformity in
the velocity of the normal fluid. Furthermore, the Reynolds
number for the flowing normal fluid is typically quite large,
so that it is questionable whether the flow of the normal fluid
remains laminar.

The results of more realistic theoretical and computa-
tional work can be summarized as follows. The stability of
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laminar normal-fluid flow has been studied by Melotte and
Barenghi [28], although with assumptions that have turned
out to be unrealistic (the normal-fluid velocity profile remains
approximately parabolic in the presence of mutual friction, and
the line density remains unperturbed and spatially uniform).
The properties of the vortex tangle have been studied when the
normal fluid has a prescribed laminar parabolic profile by Aarts
and De Waele [29], Adachi and coauthors [24], and Baggaley
and Laurie [30], and when the normal fluid has imposed on it
a prescribed classical turbulent flow profile by Baggaley and
Laizet [31]. In the former case the line density turns out to be
quite inhomogeneous, although the spatially averaged value
of γ is not seriously affected. In the latter case the value
of γ is increased, suggesting that the transitions at which
γ is observed to increase are associated with transitions to
normal-fluid turbulence. However, this work is still unrealistic
for two reasons: the motion in the two fluids, coupled by
mutual friction, is not treated in a dynamically self-consistent
way, and it is assumed that there is no pinning of vortex lines
at a solid boundary.

We note at this point that our recent experimental work
on bellows-driven superflow [3] showed that the steady-state
spatially averaged line density is hardly any different from that
observed in thermal counterflow at the same relative velocity
v. This is in spite of the fact that the normal-fluid velocity,
relative to the channel walls, is very different in the two cases.
This suggests that the average line density is insensitive not
only to any inhomogeneity in the vortex tangle, as suggested
by simulations, but perhaps also, contrary to the simulations,
to any turbulence in the normal fluid, since any turbulence in
the normal fluid might be expected to be different in the two
types of flow. We are led to conclude that detailed information
about counterflow turbulence must come from experiments
other than those that measure average line densities in steady
flows: two possible directions are the direct visualization of
the turbulence and a study of the decaying line density after
the flow is switched off, which we pursue in our work.

On the visualization side, experiments on thermal counter-
flow have been reported using as tracers both micron-sized
hydrogen or deuterium particles and metastable He2 excimer
molecules [32]. In the former case at relatively low heat
currents bimodal distributions of vertical velocity have been
first measured by Paoletti and coworkers [33], indicating that
some of the particles move in the direction of the normal fluid,
while others are trapped on vortices and move with the tangle,
with a velocity generally different from that of the superfluid.
At larger heat currents, where effects relevant to our present
studies might be seen, the particles experience frequent trap-
ping and detrapping: vertical velocity distribution changes to
a monovalued one [34] and interpretation is in general harder.
A wealth of statistics of particle velocity and acceleration has
been produced by the Prague group in counterflow in different
heat current regimes [9,10,35], showing that the character of
particle dynamics changes from classical to quantum as the
length scale investigated is reduced from well above to well
below the intervortex separation. Additionally, there has also
been some indication that vortical structures exist on scales
larger than the intervortex spacing [10]. The excimer molecules
instead are useful because they track only the normal fluid (at
temperatures above 1 K). The use of these molecules is still

at an early stage of development, but Guo and coworkers have
already produced evidence that the normal fluid does become
turbulent above a critical velocity [36]. Very recently, Guo’s
group has been studying the time evolution of thin lines of
excimer molecules produced in counterflowing helium, from
which they can deduce the flow of the normal fluid in greater
detail [37]. We will further refer to this work in the Discussion
session.

We now turn to the main topic of this paper, i.e., the
decay of vortex line density in superflow and counterflow. The
phenomenological Vinen equations describing the growth and
decay of line density in counterflow turbulence [22] predict
that the free decay should be described by the equation

dL

dt
= −

χ2κ

2π
L2, (3)

where χ2 is a dimensionless temperature-dependent parameter
proportional to mutual friction [23,38], related closely to the
effective kinematic viscosity ν ′. It follows that

L =

[

1

L0

+

(

χ2κ

2π

)

t

]−1

, (4)

where L0 is the line density at time t = 0. Recent simulations
of Mineda et al. based on the assumption that counterflow
turbulence is homogeneous and occurs in an unbounded
medium with laminar flow of the normal fluid have confirmed
this prediction [39]. However, it is now well known [22,40–44]
that the experimentally observed decay is quite different.
Although there is for a very short time a rapid decay that
might be described by Eq. (4), the decay then slows down for
a time and may actually reverse (there is a “bump” in the decay
curve), while at large times the decay is observed to continue
as t−3/2 rather than as t−1.

It is now widely accepted that the time dependence as
t−3/2 is associated with the decay through a quasiclassi-
cal Richardson-Kolmogorov cascade of coupled (superfluid-
normal fluid) energy containing eddies, the size of which is
determined by and limited by the dimensions of the containing
channel [5,8,13,45]. It has been shown that this decay is
described in detail by the equation

L(t) =
D(3C)3/2

2πκν ′1/2
(t − t0)−3/2, (5)

where D is taken as the channel width, C ≈ 1.5 is the classical
Kolmogorov-41 constant, and t0 denotes the virtual time
origin.

The behavior described by Eq. (5) was first observed by the
Oregon group in the decay of grid turbulence [46–48], where
the formation of large eddies can be understood in classical
terms. However, formation of large-scale classical eddies in the
decay of counterflow turbulence must be less straightforward
than is the case with grid turbulence. Are they formed out
of large-scale eddies already present in the steady state? Or
are they generated from scratch during the early stages of the
decay? Presumably, the processes involved in this formation
are reflected in the early stages of the decay of line density,
but interpretation is hard. There has been some speculation
about these early stages, particularly about the origin of the
“bump” [49], to which we shall refer later, but there is as yet no
agreed explanation. Further substantial progress must probably
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FIG. 1. (Color online) Flow channel for turbulent superflow de-

cay studies, to scale, with dimensions in mm (left). Helium flows ver-

tically up, provided by low-temperature bellows next to the channel.

Superleak filters allow flow-through of superfluid component only.

Second-sound probes measure the total length of quantized vortices

per unit volume, Eq. (6). The channel can be modified to host thermal

counterflow too, as illustrated by sketches on the right, where S and

N stand for superfluid and normal components of He II. The channel

exists in two variants, with internal square cross section 7 mm and 10

mm on a side, coded D7 and D10 in the article.

await the results of visualization experiments, perhaps backed
up by more realistic numerical simulations. However, we argue
that if indeed the large eddies responsible for the t−3/2 decay
are formed out of large-scale eddies present in the steady state,
then bellows-driven superflow could exhibit very different
features in its decay from that seen with thermal counterflow.
We have therefore undertaken a study of the decay of such
bellows-driven superflow with a direct comparison of thermal
counterflow studied in the same channel and conditions, and
we present the results in this paper. As we shall see, the two
cases do indeed exhibit different forms of decay.

III. THE EXPERIMENT

A. Apparatus and method

A full description of the mechanically driven superflow
apparatus and the measurement technique was given in
Ref. [3]. Here we briefly recall only the essential features
for convenience, focusing on the aspects more specific to the
decay studies. A drawing of the flow channel is in Fig. 1. Two
vertical brass flow channels have been used in this experiment.
The test section is 105 mm in length and has an internal
square cross section of side 7 mm and 10 mm, therefore with a
factor 2 change in cross-sectional area (coded D7 and D10 in
this article). The channel ends are plugged by sintered-silver
superleak disks, each 2 mm thick, 16 mm diameter, with 1/2
filling fraction; these disks serve to prevent any net flow of
the viscous normal component on time scales relevant to the
experiment.

The superflow is driven by a low-temperature stainless steel
bellows immersed in the open cryostat bath and operated
through a shaft by a computer-controlled precision motor

located above the cryostat at room temperature. The velocity
of the flow in the channel is inferred from a measurement of the
rate of compression of the calibrated bellows volume, assum-
ing that the helium is incompressible. Counterflow is studied in
the traditional way, as in previous Prague experiments [42,43]:
we used the same channel of the superflow experiment (D10
only), installed it horizontally in the cryostat, removed one
superleak to open the channel to the bath, and fitted the other
end with a close cap which hosts a 50 	 heater resistor (sketch
in Fig. 1). The dissipated power is measured continuously, by
independent measure of voltage and current.

Turbulence is detected by measuring the extra attenuation
of second sound caused by scattering of normal-component
thermal excitations by the vortex lines. Second sound is gen-
erated and detected by a pair of vibrating porous membranes
located in the walls of the channel at its midpoint (see Fig. 1);
the second sound travels across the channel, which acts as a
resonator. The time-dependent attenuated amplitude of second
sound at resonance a(t) can be related to the instantaneous total
length of quantized vortex lines per unit volume, L(t), through
the equation

L(t) =
6π
f0

Bκ

(

a0

a(t)
− 1

)

, (6)

where a0 and 
f0 are the amplitude and full width at half
maximum of the second-sound amplitude resonant curve for
quiescent helium, and B is the mutual friction coefficient of
order unity, tabulated in Ref. [50] (the frequency dependence
of B can be neglected in this experiment since we perform
measurements only with a single low-frequency mode). The
attenuation of second sound measures the length of vortex line
per unit volume weighted by a factor sin2 θ , where θ is the
angle between any element of vortex line and the direction of
propagation of the second sound. To derive Eq. (6) [3], the
distribution of vortex lines is assumed to be fully random and
spatially uniform; the opposite limiting case where the lines
are instead assumed to be fully polarized, i.e., forming vortex
rings lying in planes perpendicular to the flow direction, leads
to a version of Eq. (6) a factor 4/3 higher. Therefore if the real
vortex line distribution is not known, the use of Eq. (6) can
lead to errors in L(t) of at most 33%. We will return to how
this aspect may affect results during discussion.

The decay process is too fast in time to allow sampling of a
full resonance curve at any point during the decay. However,
our studies of the steady state have shown that the second-
sound resonant frequency is not significantly affected by the
extra attenuation, so that it is sufficient to set the second-sound
frequency on resonance and observe this resonant response
as a function of time, as shown in Fig. 2. This response
accurately reflects the changing attenuation only if the natural
response time of the second-sound resonator (of order the
inverse linewidth) is sufficiently short; in practice 
f −1 is
about 10 ms at the start of the decay and about 100 ms
for quiescent helium, values that are small enough for our
purposes. Amplitude times series are sampled at 60 Hz, and
each sample is averaged with a lock-in amplifier with time
constant of 10 ms. Temperature control in our cryostat is of
order 0.1 mK, therefore sufficient to ensure that temperature
drift cannot cause significant drift away from resonance, as we
have experimentally verified.
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FIG. 2. (Color online) Example of a single raw measurement of

superflow turbulence decay in D7 channel, at T = 1.26 K. The

second-sound amplitude a(t) (black solid line) is plotted as a function

of time. At t = 0 helium is quiescent, at t = 30 s a steady flow of

velocity 11.3 cm/s is produced by the bellows, and at t = 51.5 s it is

suddenly switched off, resulting in the following decay. The reference

signal a0 entering the calculation of vortex line density, Eq. (6), is

the average of the last 20 s of the amplitude signal. The red solid line

(right axis) shows the bellows displacement. Inset: A zoom around the

switch-off time, showing that the second sound reacts immediately

after the halting of the drive. Time resolution of our measurements is

about 16 ms.

To create a turbulent steady state, the bellows are com-
pressed at a constant rate for about 20 s (Fig. 2), after which
compression is suddenly stopped. The position of the movable
end of the bellows is recorded by the motor encoder, which
shows that sudden stopping is achieved in less than 10 ms
(inset). The decay of line density is followed for 200 s,
after which the amplitude of the second-sound signal has
reached a statistically steady value; a further 30 s is allowed to
elapse before a new measurement is made. The second-sound
amplitude before and long after the steady flow was observed
to be generally slightly different. This effect—related to a
varying remanent amount of vortex line in the sample—is
studied statistically in Sec. III B and has some bearing on the
interpretation of results. It is not clear whether the beginning
or the end of the amplitude time series ought to be used for a0

in Eq. (6): we calculate it averaging the last 20 s. The measure-
ment protocol for thermal counterflow decays is very similar.

The parameter space covered by the experiment is sum-
marized in Table I. We have performed mechanically driven
superflow and thermally driven counterflow decay measure-
ments, in the two channels D7 and D10, in the temperature
range between 1.25 K to 2.10 K, and for initial steady-state
line densities, L0, spaced almost exactly one decade apart:
106 cm−2, 105 cm−2, and 104 cm−2 (we shall refer to the decay
curves corresponding to these initial line densities as L6, L5,
and L4). The table shows the corresponding superflow and
counterflow velocity in the steady state, with experimental
uncertainty of 3%.

For every combination of temperature and starting line
density we have measured typically 150 individual decays, un-
der nominally identical experimental conditions, and we have
ensemble-averaged these samples, by linearly interpolating

TABLE I. Overview of the parameter space explored by the exper-

iment. Steady-state line density and corresponding mean superflow

and counterflow velocity, shown per temperature and channel width

(7 mm and 10 mm side of square cross section).

Mechanical superflow Thermal counterflow

D7 D10 D10

T (K) L0 (cm−2) vs (cm/s) vs (cm/s) vns (cm/s)

106 11.3 / /

1.25 105 3.6 4.25 /

104 / 1.3 /

106 7.7 7.4 8.45

1.45 105 2.6 2.7 3.0

104 0.86 1.0 1.0

106 5.7 5.3 7.1

1.65 105 1.9 2.0 2.5

104 0.57 1.0 0.9

106 4.9 / /

1.75 105 1.7 / /

104 0.6 / /

/ / / /

2.10 105 0.4 / 1.50

104 0.15 / 0.51

each one onto a 100 Hz time series and averaging pointwise.
Decay signals are checked individually and rare anomalous
ones are discarded from averaging. The improvement of the
averaged signal with respect to a single sample is demonstrated
in Fig. 3. Averaging over a large ensemble has proven essential

FIG. 3. (Color online) Demonstration of the improvement of

signal-to-noise ratio by ensemble average of 150 decay samples. Data

relate to pure superflow, D7, T = 1.26 K, L6. The noisier signal in

solid black line is a single sample randomly chosen from the batch of

150. Time is rescaled here, with t = 0 marking the instant when the

bellows stops. On the y axis is the vortex line density calculated from

the data in Fig. 2 via Eq. (6). The average signal only looks noisy at

late times because it averages to zero and is plotted in logarithmic

scale. We can resolve 6 orders of magnitude in decay of vortex line

density.
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FIG. 4. (Color online) The dependence of the standard deviation

of the remanent vortex line density LR (vortex lines remaining in

the channel after a decay process) with temperature and steady-state

line density. Data relate to the D7 channel, D10 being similar. LR is

calculated with Eq. (7) and its standard deviation is typically from a

batch of 150 decays. The distribution of LR in a typical batch (here L5

at T = 1.65 K) is shown inset, roughly with a Gaussian distribution

with zero mean.

for our study, allowing us to resolve 6 orders of magnitude of
decay on L.

B. The remanent vortex line density

Our second-sound attenuation technique cannot provide
an absolute measurement of vortex line density, because the
reference second-sound signal a0 in Eq. (6) may itself be
attenuated by remanent vortex lines persisting in quiescent
helium after the turbulence has decayed. Vortex lines are
indeed expected to survive because they pin effectively to any
surface, due to their Å-size core [1]. The absolute vortex line
density in our sample is therefore Labs = Lrem + L, where
Lrem is the nonmeasurable remanent density of vortex lines
hidden in a0. However, Lrem is expected to be negligibly
small compared to L during most of the decay. An estimate
provided by the work of Awschalom and Schwarz [51] leads
to Lrem = 72 cm−2 and 36 cm−2 for the D7 and D10 channels,
respectively. What the experiment can access, however, is the
variation of L in the quiescent state between one decay and
another, which constitutes a measurement of the remanent
vorticity above the unmeasurable Lrem floor. We calculate this
quantity as

LR = Lstart − Lend, (7)

where this difference is obtained from the change in average
amplitude of the second-sound signal averaged over a period
of 20 s in the quiescent states before and after the imposition
of a flow. We have studied the distribution of LR in the batch
of 150 decays across all parameter space. An example for D7,
T = 1.65 K, and L5 is given in the inset of Fig. 4, showing
roughly a Gaussian distribution centered around zero; this
distribution is common to all batches. Notice that LR can be
positive or negative, and that the extent of its variation cannot

be accounted for by changes in helium temperature from one
decay to another (which are too small for this effect); therefore
we attribute this effect to varying remanent vortex line density
in the sample. The standard deviation of this distribution,
SD(LR), is given in the main plot of Fig. 4 as a function
of T and L0 for the D7 channel, D10 being similar. From this
we learn that SD(LR) is not correlated to L0 and that with the
exception of the points at T = 2.1 K where measurements are
more difficult, it varies from about 100 cm−2 to 300 cm−2. We
guess therefore that an upper limit on the absolute remanent
vortex line density in the sample is roughly SD(LR).

We do not know precisely what effect remanent vortices
might have on the rate of decay of a vortex tangle, compared
to a decay where vortex lines are totally annihilated, a
condition which, as we have explained, cannot be achieved
experimentally due to pinning. However we have indication
that when the counterflow heat current is reduced not to zero,
but to a finite subcritical value, the decay shape is somewhat
affected (Fig. 7); this suggests that the decay rate may be
affected by the amount of residual vortices. A detailed study
of these effects was carried out for thermal counterflow [22]
and we plan a similar approach for mechanical superflow.

In addition to these effects a further complication for
interpretation arises at low densities: for T < 2 K our averaged
estimated residual density SD(LR) ≈ 250 cm−2 corresponds
to a ratio of line separation to channel width of about 0.1 in D7,
at which wall effects might well start to be important. For these
combined reasons, we think it wise to consider our results only
up to times for which L � SD(LR), despite the fact that our
ensemble-average curves resolve a longer decay process. For
example, for the decay in Fig. 3 for which SD(LR) ≈ 100 m−2

we would limit our consideration up to about t = 90 s. This is
taken into account in the rest of the article.

IV. EXPERIMENTAL RESULTS

An overview of the first 10 s of all our experimentally
observed superflow decays in the D7 and D10 channels is
shown in Figs. 5 and 6, respectively. Each panel groups decays
from the same initial density and different temperature. These
plots serve to demonstrate the main features of the decays at
a glance; details on shorter and longer time ranges will be
presented in due course. An overview of the full time range
in log-log coordinates is available for D7 in the Supplemental
Material [52], with D10 being similar. Each decay shown here
in Figs. 5 and 6 displays an initial fast rate (see also Fig. 8 for
details) which expires within roughly 0.5 and 2 s depending on
conditions, followed by a slower process which continues for a
longer time (see also Figs. 9 and 11 for details). For short-time
behavior, we notice that qualitatively but systematically the
ratio of L0 to Lx at which the fast process changes to a slow
process decreases with L0 for fixed T , and increases with T

for fixed L0, in both channels. The time at which Lx occurs
increases systematically with decreasing L0 for fixed T and
increases with T for fixed L0.

In D10-L6 only (Fig. 6, left panel), the fast and slow regimes
are joined by an intermediate one, with an inversion of the
decay rate, i.e., a change of sign of dL/dt . In D10-L5 at
T = 1.25 K, instead, we observe only a slow down of the
decay rate without an increase in L, but with the presence
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FIG. 5. (Color online) Decay of vortex line density of pure superflow turbulence. Plots of L (in log scale) versus t for the D7 channel, at

different temperatures. Each panel groups decays from the same steady-state density, at different temperatures.

of a point of inflexion across which d2L/dt2 changes sign.
We shall refer henceforth to these features as a “bump” in
the decay curve. For simplicity we shall call “bump” both
the increase in L during the decay and the presence of
a point of inflexion, and we shall be more specific when
needed. The bump, observed only in these few circumstances
in superflow, is instead seen always in counterflow in the
stricter sense of nonmonotonic behavior, as demonstrated

in Fig. 7 and the related Supplemental Material [52]. The
existence of a nonmonotonic bump in counterflow was already
detected in earlier experiments [42–44] and here, within the
range of investigated parameters, we confirm it. There were
however instances in past experiments, including the ones
just cited, when a point of inflexion was observed instead
of nonmonotonic behavior, as in the first experiments on the
decaying thermal counterflow by Vinen [22] or more recently

FIG. 6. (Color online) Decay of vortex line density of pure superflow turbulence, as in Fig. 5 but for channel D10. Features are similar to

D7, except that L6 curves display a short nonmonotonic behavior and the L5 curve at 1.25 K has a change in the decay rate with a point of

inflexion. This feature, referred to in the text as a “bump,” is an exception in superflow decay and the rule in counterflow decay, shown in later

figures.
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FIG. 7. (Color online) Comparison of decays observed for thermal counterflow with those observed for bellows-driven superflow for

different initial line densities, at the same temperature, T = 1.65 K, and in the same channel, D10. Line densities are normalized to the initial

line densities. For counterflow, lighter lines correspond to decays when the heat current was reduced to a subcritical value of 10 mW. The

temporary increase in vortex line density during decay (the “bump”) is observed systematically in thermal counterflow, but only in the D10

channel and at high density in mechanical superflow. Similar plots at T = 1.45 K are in the Supplemental Material [52], including also the

thermal counterflow decay at T = 2.10 K which does not have a counterpart in superflow for the same channel size.

FIG. 8. (Color online) Comparison of decays observed for thermal counterflow with those observed for bellows-driven superflow for

different initial line densities at very small times for T = 1.65 K. Plots of 1/L − 1/L0 against t according to Eq. (8). The Vinen decay of a

random tangle is observed for a very short transient and is followed more closely by mechanical superflow than thermal counterflow, and, in

both cases, by decays originating from lower densities. (The T = 1.45 K data are in the Supplemental Material [52].)
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TABLE II. Values of κχ2/2π obtained averaging the values

computed by Schwarz [23] and those given by the theory of Vinen

and Niemela [4]. This quantity occurs in Eq. (8) which is plotted in

Fig. 8.

T (K) κχ2/2π (cm2 s−1)

1.25 2.2 × 10−4

1.45 3.1 × 10−4

1.65 4.5 × 10−4

1.75 5.3 × 10−4

2.10 9.3 × 10−4

in the Prague decays [42,43], for decays originating from
steady-state counterflow generated by larger heat fluxes than
reached here. What Fig. 7 adds to previous studies is high
statistics for counterflow (ensemble average of 150 decays
instead of single curve, i.e., the same standards as for our
superflow) and, especially, the fact that we can compare
superflow and counterflow strictly under the same conditions:
channel, temperature, and initial vortex line density.

Figure 7 shows that the bump in counterflow is broadened
with decreasing L0, and that in superflow it occurs only for
L6, although the details of the decay remain different in the
two cases. The lighter curves in the left panel are decays when
the heat current is reduced, not to zero, but to a small value
(10 mW) below the critical value for transition to quantum
turbulence. The idea here was to observe whether leaving a
subcritical heat current in the channel may help in reducing
the level of residual vortex lines, “washing them away,” in
the spirit of the systematic study in Ref. [22]. While we did
not observe a change in the residual second-sound attenuation
at the end of the decay process, we did measure differences
during the rest of the decay, as shown. At late times the line
density is lower in the case of nonzero heat current, and the
“bump” is somewhat reduced.

Let us now focus on the fast initial decay regime observed
at short times, emphasized in Fig. 8 for counterflow and
superflow in D10 at T = 1.65 K. In the figure we compare this
decay regime with the prediction of the Vinen model in Eq. (4)
relating to the decay of a fully random tangle unbounded by
walls, by recasting the equation as follows:

1

L
−

1

L0

=

(χ2κ

2π

)

t, (8)

where the quantity κχ2/2π is given in Table II. We notice
that the Vinen decay is not generally observed, and when it
exists, is followed for only a very short time, at most 1 s.
The pure superflow is more Vinen-like than the counterflow,
and departures increase with increasing L0 in both cases. The
situation is similar at other temperatures, with departure from
Vinen behavior increasing with decreasing temperature and
increasing initial density (data at T = 1.45 K are provided as
Supplemental Material [52]). In Fig. 8 we notice also that the
decay does not start abruptly as predicted by Eq. (4), but there is
some rounding immediately after t = 0. This rounding is more
pronounced in superflow than in counterflow, lasting at most
some 200 ms, with the tendency to increase with initial line
density. This latter fact leads us to favor the explanation that the

FIG. 9. (Color online) Superflow decay in the D7 channel from

initial line density L0 = 105 cm−2 at different temperatures. In the

main plot L and t are plotted in logarithmic axis, demonstrating

that superflow decays with the power law L ∝ (t − t0)−3/2 (dashed

line) for a very large fraction of time, except for the first few seconds,

according to the quasiclassical single fluid decay model in Eq. (5). The

x axis requires the subtraction of the virtual time origin t0 obtained

from the inset, as described in the text. Similar plots from different

initial density and for the D10 channel are in the Supplemental

Material [52] and confirm the same conclusions.

rounding may be an instrumental effect. The switching off of
counterflow is controlled fully electronically, while the bellows
is a mechanical system which may introduce secondary
lagging effects. Although the bellows motor encoder at room
temperature does show that the system comes to rest to
within 10 ms (Fig. 2), the actual flow may not stop abruptly,
for reasons such as finite compressibility, the finite time
for expiration of pressure gradients (which would increase
with bellows velocity as observed), the expiration of thermal
gradients occurring because of the presence of superleaks
causing an increase of temperature in the bellows and a
decrease in the channel due to change in superfluid/normal
density ratio (see Ref. [3] for more detailed discussion), and so
on. In principle however one should not exclude the possibility
that the flow actually stops at t = 0 and therefore the rounding
would be explained by some incompleteness of the model in
Eq. (4). At any rate, our time resolution of ≈ 16 ms, limited
by the intrinsic physics of second-sound resonance, does not
allow us to study this physical process in greater depth. We
therefore concentrate on the decay process after the first, say,
100 ms have elapsed.

The situation at late times is summarized in Fig. 9, for the
case of superflow in D7, with starting density L5 at different
temperatures (D10 version in the Supplemental Material [52]).
Although we know from Sec. III B that we should handle
with care the decay process when L becomes comparable
with or smaller than its mean remanent value, in this figure
we demonstrate that a single power law of the form L ∝

(t − to)−3/2 represents the data from the first few seconds to
the end of the range. This is the behavior predicted by the
quasiclassical model in Eq. (5).
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FIG. 10. (Color online) The time for the onset of L ∝ t−3/2

behavior (saturation time; see text) as a function of the flow’s

Reynolds number. The present experiments are compared with an

older Prague thermal counterflow experiment in a round channel [42]

and with the Oregon towed grid experiments (the dashed line is

an interpolation of their experimental points) which measures the

turbulence decay behind a moving grid [48].

Since Eq. (5) has a virtual time origin t0, this must be
subtracted from the time axis in a logarithmic plot. To estimate
it we recast Eq. (5) as follows:

1

L2/3
=

(2π )2/3κ2/3ν ′1/3

3CD2/3
(t − t0), (9)

and obtain t0 as the intercept of the linear part of the plot with
the time axis, as demonstrated in the inset of Fig. 9 by dashed
lines.

Another characteristic time of the decay process, often
discussed in literature, is the time at which the t−3/2 behavior
onsets, i.e., the “saturation time” ts [“saturation” refers to
the attainment of the condition of large eddies reaching their
maximum size limited by the channel width D, required in
deriving Eq. (5)]. This time is plotted for different flows in
Fig. 10 against the Reynolds number, defined with the mean
velocity v, the channel width D, and the kinematic viscosity
of the normal component ν, following Ref. [42]. Allowing
for some scatter, all experiments produce roughly a scaling
ts ∝ Re−1.

We continue the analysis of the late-time behavior by
contrasting superflow and counterflow in Fig. 11, for the same
temperature, T = 1.65 K, and channel, D10, observing that
in both cases there is linear range as predicted by Eq. (9)
extending as far as 80 s; the similar T = 1.45 K case is in
the Supplemental Material [52]. This equation also predicts
that (i) curves from different initial densities should have the
same slope: our data confirm this. (ii) The slope should scale
as D−2/3: despite the fact that we have only two channel sizes,
we checked this prediction and found that experimental slopes
scale by a substantially larger extent than expected. In these
two respects therefore our results differ from the prediction.

Fitting Eq. (9) to the linear part of the curves in Fig. 11
allows us to extract the effective viscosity ν ′, as is customarily
done [13,19,20]. In Fig. 12, together with the data from the
decay of turbulence past the towed grid [53], we thus plot
ν ′(T ) for all our flows. The effective viscosity measured
from decays starting from different vortex line density L0

is found to slightly vary, but in a manner uncorrelated with
L0. In any case, we do not expect ν ′ to be dependent on
L0 because we understand ν ′ to be a robust property of the
flow independent of flow details, as is shown by consistent
values coming from different decay experiments [20] and

FIG. 11. (Color online) Comparison of decays observed for thermal counterflow with those observed for bellows-driven superflow for

different initial line densities at T = 1.65 K in D10. Plots of L−2/3 against t as according to Eq. (9). Linear behavior corresponds to the

quasiclassical L ∝ t−3/2, observed in both flows. The T = 1.45 K version is in the Supplemental Material [52].
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FIG. 12. (Color online) The effective viscosity of the “quasiclas-

sical” model [Eq. (5)] as a function of temperature. For our three

experiments, at each given temperature, ν ′ has been averaged from

decays of different initial density (L4, L5, and L6), resulting in the

shown error bars. For comparison we add also data from the Oregon

towed grid experiment [53].

also from steady flows, hence from an entirely independent
approach [54]. For these reasons, we think it justified to
average ν ′ originating from different L0—which is reflected
in the error bars in Fig. 12. We notice that, despite the data
from the three experiments at the same temperature being
roughly consistent within error bars, the superflow data for
D10 lie systematically lower than those for D7, which puts
pressure on the understanding that ν ′ should not depend on
flow details. At any rate, as we have discussed in our works
which include determination of effective viscosity [16,54], the
absolute value of ν ′ obtained from decay measurements can
have uncertainties up to a factor of 4, depending on how strictly
the assumption on saturation of the large eddies’ size obtains.
Accurate experimental determination of ν ′ to better than a
factor of 4 remains therefore still a challenge.

V. DISCUSSION

All our experimentally observed decays, both in superflow
and counterflow, have an initial regime when the line density
drops rapidly (for sufficiently low density it approaches for a
short time the Vinen law L ∝ t−1, especially in superflow),
and a final slower regime of the form L ∝ t−3/2. The first, fast
regime, lasts at most 1 s (Fig. 8) and is responsible for the
loss of a large fraction of vortex lines, even up to about 99%
(see, e.g., the T = 1.75 K curve in Fig. 5, left panel). The
fact that the decay rate increases with increasing temperature
for fixed initial density may be due to rising value of the
prefactor κχ2/2π in Eq. (3) with temperature, as shown in
Table II, which in turn must be related to the increase in mutual
friction. The second, slow regime lasts for the majority of the
decay process and causes the loss of the remaining vortex lines
(except the remanent ones).

We have compared our observations with two available
analytic models: (i) the Vinen equation for a random tangle,
and found it to apply in a limited regime, and (ii) the
quasiclassical model for the decay of large eddies, and found it
to apply more generally although not fulfilling all predictions.

Our results generally confirm the understanding [19,55,56]
that a general quantum turbulence tangle consists of an random
system of vortex lines which decays fast by mutual annihilation
of lines, a fraction of which is organized in bundles giving
rise to eddies of various sizes, up to sizes comparable to the
channel width, which decay more slowly. Alternatively, we
can imagine there being a more spatially homogeneous regime
with an energy spectrum that is Kolmogorov in form except
for an initially enhanced energy at wave numbers close to
the inverse vortex line spacing; i.e., a situation in which the
density of vortex lines is initially larger than is necessary for
the dissipation of energy, given by Eq. (1), at the rate required
to match the flow of energy down the Kolmogorov cascade.
Our experiment cannot establish unequivocally whether these
eddies exist already in the steady state, although evidence
that they do exist comes from visualization of counterflow
turbulence both from tracing solid particles [10] and imaging
the normal component [36,37].

What is not predicted by the existing analytic models is
the occurrence of the “bump,” i.e., the change of sign in
dL/dt or d2L/dt2 between the fast and slow regimes, which
we have observed always in thermal counterflow and as an
exception in superflow. The second-sound attenuation can
become increased during decay for one, or for a combination
of two, reasons: (i) the line length stays approximately constant
but it is spatially rearranged so that the second sound “sees”
a greater fraction (recall that second sound is attenuated only
by the projection of vortex lines onto a plane perpendicular
to second sound’s propagation direction), or (ii) the spatial
orientation stays fixed but the line length increases.

The possibility of (i) has been confirmed numerically
by Barenghi et al. [44,49] for spatially rearranged random
tangles, but although the simulation gave a qualitative result
in agreement with observations, the vortex line density in
the simulation was about an order of magnitude below the
lowest available experimentally. We note nevertheless that the
observed height of the bump is never greater than can be
accounted for by this mechanism (33%). On the other hand,
this effect was not observed in the simulations of Mineda
and coworkers [39], based on more realistic line densities.
However, neither of these simulations takes account of the
possibility that the vortex tangles with which we are dealing
are polarized in such a way that large-scale eddy motion is
superimposed on the random tangle.

Option (ii) is also physically possible, and to build an
argument for it we note that in our measurements the bump
occurs always in thermal counterflow and only at high steady-
state velocities in superflow. This suggests that the dynamical
state of the normal component (laminar, unstable, or turbulent)
might be relevant to the existence or not of the bump, since the
average velocity of the normal component relative to the walls
varies significantly in the two systems: it can be rather large
in the case of thermal counterflow, but it is nominally zero in
the case of superflow. We note however that, as suggested in
Ref. [3], from considerations on the scaling of critical velocity
with channel width from different experiments, the normal
component is probably not at rest in superflow in a large
channel, but is set in motion by mutual friction, the spatially
averaged velocity remaining zero. Nevertheless this motion
may be relatively slow in comparison with that in thermal
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counterflow, except at large superflow velocities. But just how
would the motion of the normal component cause the decay
inversion? The recent results from the Tallahassee group [37],
where the normal component is tracked by the excimer
molecules, give evidence that the normal component at a
sufficiently high heat current becomes turbulent (specifically
at T = 1.83 K for a heat current above qc = 80 mW/cm2 at
which L0 ≈ 104 cm−2). The second order structure functions
calculated from the normal fluid turbulent velocity fluctuations
extend over a fairly large range of lengths scales, up to a sizable
fraction of the channel size. The structure function can be
related to a turbulent energy spectrum of the form E(k) ∝ k−2

in the steady state (where k is the wave number). During the
decay the spectrum changes gradually, within about 3 seconds,
into the Kolmogorov form E(k) ∝ k−5/3. It seems possible that
the bump is associated with this evolution. We are currently
exploring this idea with a model for the temporal evolution
of the energy spectrum, and this work will be reported in
a future publication. Further experimental evidence that the
bump is associated with transition to turbulence in the normal
component would come by testing thermal counterflow at
heat currents below the transition. In our system this would
mean to study decays from initial density sufficiently below
L0 = 104 cm−2, which constitutes a direction for future work.

VI. CONCLUSIONS

We have presented a comprehensive picture of the temporal
decay of vortex line density in quantum turbulence produced
by mechanically driven superflow through two square channels
of 7 and 10 mm on a side. We have covered a broad parameter
space in temperature (1.25 � T � 2.10 K) and in steady-state
vortex line density (104 � L � 106 cm−2). Additionally, at
T = 1.45 K and T = 1.65 K and for all the same initial
densities, we have provided, for the first time, a direct
comparison of mechanical superflow and thermal counterflow,
the latter performed in the same 10 mm wide channel used for
superflow and under exactly the same experimental conditions.
This, together with enhanced accuracy achieved thanks to
ensemble averaging of up to 150 individual decays, placed
us in a strong position to compare these flows.

In an unbound system superflow and counterflow ought to
display identical physics since they are related by Galilean

invariance. In practice, the presence of channel walls will
change the physics, at least for the normal component
which must acquire a profile due to viscous drag with the
walls. This has been indeed confirmed experimentally by
visualizing the normal fluid flow profile using helium excimer
molecules, observed to turn from laminar to turbulent as heat
current increases [37]. Additionally, we know from numerical
simulations [31,38,57] that the normal fluid profile induces
inhomogeneity in the distribution of vortex lines across the
channel width, with the density being enhanced in the case of
turbulent normal fluid profile. Our experiments with steady-
state superflow have shown that when comparing with other
counterflow experiments with channels of different size [3] and
also when measuring in our own superflow channel adapted for
counterflow [17], the line density for a given relative velocity
is essentially insensitive to the normal component net flow.
This is not so for the decay.

The decay of these two flows is similar in that both display
an initial fast process where most of the line density is lost
which for sufficiently low density has the form L ∝ t−1,
and a subsequent slow L ∝ t−3/2 process where the rest of
the tangle decays. These two processes have been associated
respectively with the decay of the randomized and polarized
components of the tangle. The key difference however is that in
counterflow we invariably observed an inversion of the decay
rate between the two regimes, which we observed only at
high steady-state velocities in the wider channel in superflow.
This fact, firmly established by high-statistics measurements,
indicates that the dynamical state of the normal component in
the steady state (no net flow through the channel in superflow
and turbulent pipe flow in counterflow) has consequences
for the decay of the tangle. We have speculated about the
reasons, but further work is required if these reasons are to
command confidence. We hope that this comprehensive set
of experimental data describing the vortex tangle decay in
superflow and counterflow will stimulate the development of
a still missing full theory of counterflow turbulence.
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Recently the interest in thermal counterflow of superfluid 4He, the most extensively studied form of quantum
turbulence, has been renewed. Particularly, an intense theoretical debate has arisen about what form, if any,
of the so-called Vinen equation accurately captures the dynamics of vortex line density, L. We address this
problem experimentally, in a 21 cm long channel of square 7 × 7 mm2 cross section. Based on large statistics
of second-sound data measured in nonequilibrium square-wave modulated thermally induced counterflow we
investigate the phase portrait of the general form of the governing dynamical equation and conclude that for
sparse tangles (L � 105 cm−2) all proposed forms of this equation based on the concept of a homogeneous
random tangle of quantized vortices provide equally adequate descriptions of the growth of L, while for dense
tangles (L > 105 cm−2) none of them is satisfactory or able to account for the significant slow-down in tangle
growth rate as the steady state is approached. We claim, however, that agreement with theory is recovered if the
geometrical parameter c2 introduced in numerical studies by K. W. Schwarz [Phys. Rev. B 38, 2398 (1988)] is
allowed to vary with vortex line density which also greatly improves the prediction of the observed early decay
rate.

DOI: 10.1103/PhysRevB.97.064507

I. PREFACE

Thermal counterflow of superfluid 4He represents the first
and most extensively studied form of quantum turbulence
[1–3]. Despite that, a number of open problems and unan-
swered questions remain that ought to be tackled both theoreti-
cally and experimentally, such as the existence and role of large
vortical structures and their visualization [4–7], forms and
interplay of energy spectra [8–12] in the superfluid and normal
components constituting at finite temperature the superfluid
4He and appropriate boundary conditions [13] for their veloc-
ity fields, small-scale universality [14], or possible relations
between classical and quantum convective heat transport [15].

Recently an intense theoretical debate has arisen about
what form, if any, of the so-called Vinen equation accurately
captures the dynamics of vortex line density (VLD) [16–18],
which motivates us to tackle this problem experimentally.
Using a purposefully designed flow channel where counterflow
is repeatedly generated by rectangular heat pulses and probed
by second-sound attenuation we demonstrate that experimental
approach is fruitful. Indeed, we find that for relatively dilute
vortex tangles all proposed forms of the Vinen equation [16,19]
provide adequate descriptions of its growth rate, while for
dense tangles they fail and cannot account for the signifi-
cant slow-down in tangle growth rate as the steady state is
approached. We report data analysis that shows the way to
resolve this problem, by allowing the geometrical coefficient,
introduced in the theory of Schwarz [20], connecting rms
curvature of quantized vortices and VLD, to depend on the
VLD. Surprisingly, the observed decay rate occurring after
switching off the heat is then predicted well by the observed
turbulence growth rate.

The paper is organized as follows: After the introduction,
Sec. II, we in Sec. III describe our experimental arrangement

and in Sec. IV we present our experimental results and discuss
the dynamics of the vortex tangle based on the phase portrait
using a coordinate system motivated by the general form of the
governing dynamical equation, prior to drawing conclusions in
the last section.

II. INTRODUCTION

Normal liquid 4He (He I), when cooled below the Tλ �
2.17 K, undergoes a second-order phase transition; the low-
temperature phase is known as He II. The physical properties of
He II cannot be described by classical physics; it is a quantum
fluid displaying extraordinary physical properties such as
superfluidity and the two-fluid behavior. Phenomenologically,
He II is described by the two-fluid model as consisting
of two components: (i) viscous normal fluid of density ρn,
carrying all the entropy content, and (ii) inviscid superfluid
of density ρs; the total density of He II ρ = ρn + ρs. While
at Tλ He II is entirely normal, in the zero-temperature limit
there is no normal fluid; for many practical purposes He II
can be thought of as entirely superfluid below about 1 K. In
the limit of low velocities, He II supports two independent
velocity fields vn(r,t) and vs(r,t); both components can easily
become turbulent. Due to quantum-mechanical restrictions
the otherwise potential flow of the superfluid component is
violated on line singularities—cores of singly quantized vor-
tices. Superfluid turbulence, i.e., turbulence in the superfluid
component, therefore consists of a tangle of vortices carrying
a single circulation quantum κ ≈ 9.97 × 10−8 m2/s each.

Quantum turbulence [3,21], defined as turbulence in quan-
tum fluids displaying superfluidity, was first considered as a
theoretical possibility by Feynman [22] and experimentally
studied and theoretically described by Vinen [19,23–25] in

2469-9950/2018/97(6)/064507(11) 064507-1 ©2018 American Physical Society
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a peculiar thermally induced flow of He II called thermal
counterflow, which can be easily set up by applying a voltage
to a resistor (heater) located at the closed end of a channel of
cross-section area A open to a helium bath at the other end. The
heat flux Q̇ is carried away (mean velocity vn) from the heater
by the normal fluid alone, and, by conservation of mass, i.e.,
vnρn + vsρs = 0, a superfluid current (mean velocity vs) arises
in the opposite direction. In this way a relative (counterflow)
velocity vns = |vn| + |vs|, proportional to the applied heat
flux, is created along the channel. Upon exceeding a critical
value of vns, extrinsic vortex nucleation originating from the
always present remnant vorticity leads to creation of a vortex
tangle—superfluid turbulence in the superfluid component of
He II.

Vinen introduced for the description of counterflow tur-
bulence a phenomenological model based on the concept of
a random vortex tangle characterized by the approximately
homogeneous VLD, L. Apart from the size of the vortex core
ξ ∼= 10−10 m, there is only one characteristic length scale: the
quantum length scale δ ∼= L−1/2, the mean distance between
quantized vortices in the tangle. He argued that L (which is a
measurable quantity with the dimensions of length per volume)
obeys the equation of general form

dL

dt
= F (L; vns) =

(

∂L

∂t

)

prod

−
(

∂L

∂t

)

dec

; (1)

i.e., the dynamics of VLD is understood as the interplay
between two processes one of which acts to create the VLD
and the other to destroy it. With the particular form of the
production and decay terms this equation has been known as
Vinen’s equation

dL

dt
= αVvnsL

3/2 − βVL2, (2)

where αV and βV are parameters, αV being proportional to
the mutual friction parameter α tabulated in Ref. [26]. In
his original study [19] Vinen admitted that other forms of
Eq. (2) cannot be excluded and an alternative production term,
quadratic in vns, has been suggested that accounted for the
experimental observation with sufficient accuracy. For detailed
theoretical discussion of possible forms of Eq. (1) we direct
the reader to the review of Nemirovskii and Fiszdon [27].

Recently the interest in Eq. (1) describing the dynamics of
L in counterflow turbulence has been renewed and resulted
in an intense theoretical debate between the L’vov’s group
[16,17] and Nemirovskii [18]. Theoretical analysis and nu-
merical experiments based on nonhomogeneous counterflow
led Khomenko et al. [16] to suggested yet another form of
Eq. (1) and claimed that, while satisfying the quadratic L ∝ v2

ns
relation, it better describes the numerical data for a counterflow
possessing a particular artificial flow profile.

In general, the various proposed forms of the Vinen equation
can be written as

dL

dt
= Cnv

n
nsL

2−n/2 − DnL
2, (3)

where n = 1,2 for the original or alternative Vinen equation
and n = 3 for the equation of Khomenko et al. [16], and Cn,Dn

are adjustable parameters suitable for the given model. For
steady state, the equation of the form of Eq. (3) predicts that

L ∝ v2
ns regardless of the exponent n. This relation has been

experimentally verified many times not only for counterflow
turbulence (see reviews [27,28] and references to original
papers therein), but more recently also for steady state of
pure superflow in relatively wide channels with ends blocked
by superleaks allowing the net through-flow of the superfluid
component only [29].

The first theory which attempted to connect microscopic
equations of motion of a quantized vortex with the dynamics of
VLD is that of Schwarz [20,30]. It is based on the mesoscopic
picture of superfluid turbulence developed by him—the vortex
filament model [20,30,31], describing the quantized vortices as
infinitesimally thin lines with no internal structure. This model
led to successful pioneering numerical simulations (which
were later significantly advanced by several groups [32–34])
of quantum turbulence and is still in common use today
[35]. In the so-called local induction approximation (LIA)—an
approximation where the long-range interaction between the
vortices is ignored—the model leads to an analytical prediction
of the dynamical equation [20]

dL

dt
= αIlvnsL

3/2 − βαc2
2L

2, (4)

where

β =
κ

4π
ln

(

1

c1L1/2ξ

)

, (5)

with ξ the vortex core size, Il one of the anisotropy indices
introduced by Schwarz [20], and c1, c2 the geometrical co-
efficients connecting the mean S̄ or rms S̃ curvature of the
vortices in the tangle with the VLD: S̄ = c1L

1/2, S̃ = c2L
1/2.

It should be noted that recent analysis [17,36] of a general
inhomogeneous counterflow in the framework of the vortex
filament model suggests that the situation might be more
complicated, with closures being necessary for new separate
fields of anisotropy or the curvature. In particular, even though
Eq. (4), as written, suggests that n = 1, the closure necessary
for, say, Il might change this. For completeness we note
that, formally, Eq. (3) with n = 1 coincides with Eq. (4) for
C1 = αIl and D1 = βαc2

2.
Several experimental works in the past have studied the

dynamics of VLD in (particularly free) decay of thermal
counterflow. These studies are complicated by the appearance
of nonmonotonic behavior (commonly called a “bump”). This
feature is presently outside the scope of this article, but is
thought to be connected with the redistribution of energy across
scales in the coupled system of normal fluid turbulence and
the vortex tangle and the formation of classical energy cascade
observed in late decay [9,10].

We believe that from the point of view of the intrinsic tangle
dynamics a more suitable approach is to study transitions be-
tween two turbulent states, especially the growth part. Growth
of VLD in a previously quiescent helium can go through
complex evolution probably connected to sudden advection of
remnant vorticies pinned to the wall [37]. Additionally, growth
from nonzero VLD does not seem to exhibit the nonmonotonic
behavior common in the decay. Lastly, the theories of VLD
dynamics should work equally well in the turbulence growth
but have received little testing in this regime [38]. Following
Schwarz and Rozen [38], our goal is therefore to experimen-
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growth

decay

vns switch

possible thermal

inertia

0

FIG. 1. Idealized sketch of the phase portrait of VLD according
to Eq. (6) for sharp changes in the heat flux. See Sec. III for the
explanation of the indicated possible thermal inertia.

tally test the proposed models of the dynamics of VLD using
transients between two well-defined turbulent states of thermal
counterflow, with the emphasis on the growth of turbulence.

In order to study the dynamics, one can compare the
experimentally observed time evolution of L(t) with the
solution of the appropriate differential equation. The solutions
to the proposed Eq. (3) are, however, very similar and difficult
to distinguish. Plus, this path a priori restricts the possible
functional forms of F in Eq. (1) with little justification. A
more direct way of studying the dynamics is to look at the
phase portrait (i.e., a set of trajectories in the phase space) of
L(t). A straightforward choice of phase space would be (L,
L̇), where the dot denotes differentiation with respect to time.
However, a slight manipulation of Eq. (3) gives us a much
simpler expression on the right-hand side:

−
d

dt

(

1

�

)

= L0Dn

[(

1
√

�

)n

− 1

]

, (6)

where �(t) = L(t)/L0 is a dimensionless VLD and L0 =
(Cn/Dn)n/2 v2

ns is the steady-state VLD corresponding to the
instantaneous counterflow velocity vns. Motivated by this
simple functional form we chose to work with the phase
space ( 1√

�
, − d

dt
( 1
�
)). The physical meaning of these axes is the

rate of change of the average (dimensionless) area occupied
by a vortex (intervortex spacing squared) as a function of
(dimensionless) intervortex spacing. The Schwarz equation,
Eq. (4), in these variables reads

−
d

dt

(

1

�

)

= αβc2
2L0

(

1
√

�
− 1

)

. (7)

An expected form of a phase trajectory of VLD according
to Eq. (6) or (7) for sharply switching counterflow velocity
between two turbulent steady states is sketched in Fig. 1.

Note that the dimensionless VLD defined as � = L/L0 is
unsuitable for free decay due to the fact that L0 = 0. For
decays we therefore define the dimensionless VLD: �̃ = L/Li

where Li is the initial VLD from which the decay starts. This
definition leads to only a small modification of Eq. (6)

−
d

dt

(

1

�̃

)

= L0Dn

[(

vns

vi
ns

)n( 1
√

�̃

)n

− 1

]

, (8)

Heater

FIG. 2. A sketch of the geometrical arrangement of the channel.
The figure is to scale. The counterflow is created by a resistive heater
placed at one end of the channel (left end of the channel in the figure).
The channel is positioned vertically, with the heater at the bottom,
and placed in a bath cryostat. The heater is approximately 1 cm from
the channel entrance inside a detachable small brass enclosure which
is connected to the main channel cavity and sealed against the bath
through an indium o-ring.

where vns is the instantaneous counterflow velocity and vi
ns is

the one that produced Li. In a similar way, Eq. (7) becomes

−
d

dt

(

1

�̃

)

= αβc2
2L0

(

vns

vi
ns

1
√

�̃
− 1

)

. (9)

In the following we drop the �̃ notation because dimension-
less growth and decay curves are never shown together.

III. EXPERIMENTAL ARRANGEMENT

The counterflow turbulence we study is set up in a brass
channel of square cross section A = 7 × 7 mm2 sketched
in Fig. 2. The channel length is approximately 21 cm. The
counterflow is generated using a resistive heater of about
50 �. During the experiments the temperature of the bath is
controlled within 0.1 mK by pumping rate of the bath in com-
bination with temperature controller; for further experimental
details, see our previous reports [29,39].

In order to study the dynamics of VLD with the afore-
mentioned methods, some sort of nonstationarity is necessary.
Additionally, the numerical differentiation of experimental
data requires strong reduction of experimental noise. We
achieve both of these goals by modulating the counterflow
velocity in a channel by a square wave; see Fig. 6. We measure
several thousands of transients which, when averaged, provide
us with sufficiently low noise data sets to allow for numerical
differentiation. The differentiation is performed either using
centered differences or using a weakly smoothing cubic spline.
Both methods gave nearly identical results, the only difference
being slightly larger noise with the centered differences. Spline
differentiation was used for all data shown in this paper.

Since the problem under study represents a strongly nonsta-
tionary flow, thorough understanding of all physical processes
triggered in the channel by switching on and off the applied
heat flux is necessary. Not all of these processes are necessarily
directly related to the dynamics of the turbulent tangle of
quantized vortices. It is useful to describe these processes by
their characteristic times, which can be estimated as follows:

(1) Kinetic characteristic time. In steady-state counterflow
in a channel Lch long, both the normal and superfluid compo-
nents of He II move, carrying kinetic energy. Neglecting the
flow generated in the bath outside the channel and the turbulent
velocity inside the channel, it takes time tkin

char to gain this kinetic
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FIG. 3. Kinetic (top panel) and thermal (bottom panel) char-
acteristic time scales given by Eqs. (11) and (13), respectively.
Dependencies for the three experimental temperatures 1.45, 1.65,
and 1.95 K are shown. The symbols indicate configurations where
experiments took place. , 1.45 K; , 1.65 K; , 1.95 K. The
time constants have been calculated for the highest heat flux in a
given experimental configuration. The highest point on a given curve
corresponds to the last point in Table I.

energy from the heater, which can be estimated from the energy
balance as

Q̇tkin
char = ρsALch

v2
s

2
+ ρnALch

v2
n

2
. (10)

Taking into account that in counterflow vs = (ρn/ρs)vn and
vn = q̇/(ρσT ), where q̇ = Q̇/A and σ denotes the entropy of
He II at temperature T , we estimate the kinetic characteristic
time as

tkin
char =

ρn

2ρsρσ 2T 2
Lchq̇. (11)

Figure 3 shows tkin
char for our channel for various applied heat

fluxes at different temperatures.
(2) Thermal characteristic time. This can be estimated in

the same way as in our earlier work [40]. Let us consider a
switch of the applied heat input to the channel heater from q̇1

to q̇2. For simplicity, we assume linear temperature gradients in
steady states, ∇T1 and ∇T2, leading to temperature differences
�T1 = Lch∇T1 and �T2 = Lch∇T2, while the temperature
of the helium bath, T , remains unchanged. In a steady-state
counterflow, it is an established experimental fact that, for high
enough VLD, q̇1 = ζ (T )∇T

1/3
1 , where for any temperature

[19] ζ � constant. On the other hand, the heat that must
be either taken away or supplied between the two steady

FIG. 4. Second-sound resonance peak for different counterflow
velocities at 1.95 K, measured with sensor L2.

states, assuming that specific heat of He II c(T2) ∼= c(T1) ∼=
c(T ) = c, equals Q = 1

2cρALch|�T2 − �T1|. Differentiating
with respect to time, we get

q̇ =
1

2
cρLch ˙�T (t) = ζ (T )[�T (t)/Lch]1/3, (12)

which is easy to solve by separating the variables and finally
yields the thermal characteristic time

t th
char =

3cρ
∣

∣�T
2/3

2 − �T
2/3

1

∣

∣

4ζ
L

4/3
ch . (13)

Figure 3 shows calculated t th
char for all individual experimental

runs discussed in this paper. Temperature in the channel
was monitored using multiple independent thermometers; see
Ref. [37] for details.

(3) Second-sound response time t ss
char. VLD is detected by

measuring the extra attenuation of second sound caused by
scattering of normal-component thermal excitations by the
vortex lines [19]. In this work, second sound is generated
and detected simultaneously by three pairs of vibrating porous
membranes located in the walls of the channel as shown in
Fig. 2; the second sound travels across the channel, which acts
as a resonator [29,39]. An example of the second-sound reso-
nance being attenuated by the presence of quantum turbulence
is shown in Fig. 4. The attenuated amplitude of second sound
at resonance, a, is related to VLD through the equation

L =
3πρn�f

ρακ

(a0

a
− 1

)

, (14)

where a0 and �f are the amplitude and full width at half
maximum of the second-sound amplitude resonant curve for
quiescent helium, and α is the mutual friction coefficient [26].
Correct estimation of the resonant second-sound amplitudes a

and a0 is necessary to obtain the measurement of VLD. This
is a challenge for time-resolved second-sound measurements,
which are of primary interest for our purposes. The changing
attenuation is accurately reflected only if the natural second-

sound response time t ss
char of the second-sound resonator (on the

order of the product of the time in which second sound crosses
the width of the channel and the time-dependent quality factor
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FIG. 5. Steady-state VLD as a function of the counterflow ve-
locity. Filled symbols are measured using second-sound sensor L1,
empty using sensor L2; see Fig. 2. , –1.45 K; , –1.65; ,

–1.95 K.

of the resonant peak) is sufficiently short—in our experiment
on the order of 10 ms (for attenuated peaks). Moreover, the
time-dependent measurements (such as generation and decay)
are usually accomplished by tuning the excitation frequency
and measuring the second-sound amplitude directly, for exam-
ple as the in-phase component measured by a lock-in amplifier.
This is not possible in our long channel, due to significant
temperature shifts caused by the presence of the temperature
gradient naturally associated with thermal counterflow. We
overcome this difficulty using a postprocessing technique,
described in our previous publication [37], which calculates
the resonant amplitude from slightly off-resonant real and
imaginary components of the complex amplitude measured
with a lock-in amplifier. Another option could have been the
resonance-tracking technique recently developed by Yang et al.

[41]. We opted not to use this technique due to concerns about
about resolving fast transients in a system that continually
adjusts its excitation frequency.

Estimated times tkin
char, t th

char, and t ss
char are generally rather

short, on the order of the time constant of the lock-in amplifier
(10 ms in our case) which in turn must be chosen based on the
frequency and quality factor of the second-sound resonance
used for direct measurement of the VLD in the channel.
The processes described above ought to work simultaneously
and in parallel. The actual limitation to the experiment is
therefore given roughly by the longest time constant (i.e.,
the slowest process) for a given experimental configuration.
In our case this is always less than 60 ms—meaning that, in
general, measurements of the VLD in the first 60 ms after a
transient in the heat flux might be affected by processes that
are not interesting from the point of view of the intrinsic tangle
dynamics.

In practice, the X and Y components of all three lock-ins
(for the three second-sound sensors) and the power dissipated
by the counterflow heater are all sampled simultaneously by a
multichannel digital-to-analog converter at a fixed rate of 100
points per second. The data measured with sensors L1 and L2
are generally very similar and the results reported below are

FIG. 6. Illustration of the time dependence of the VLD in mod-
ulated counterflow. The displayed case is for 1.95 K and 2 s pulse
width, and modulation depth is roughly between densities of 5 × 105

and 106 cm−2. The sharp square wave shows the time dependence of
the applied heater power (with values on the right y axis). The two
experimental curves show measured vortex line density with sensor
L1 (higher; blue color) and L2 (lower; orange color) with values on
the left y axis.

measured with L1. Sensor L3 displayed much higher noise and
was generally not used.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

Vortex line density obtained in the steady state measured
using the full resonance peak is shown in Fig. 5. The observed
relationship between VLD and counterflow velocity obeys

FIG. 7. Averaged growth of the VLD during a heat pulse for
different pulse widths. Shown are 0.2, 0.5, 1, and 2 s pulse widths.
Temperature was 1.45 K and the heat flux was pulsed between
266 mW and 0. Heat flux 266 mW corresponds to a steady-state
VLD of about 106 cm−2. The standard deviation of the average is
not visible on the scale shown. The rising edge of the counterflow
velocity (width of the edge of the heat flux is about 300 μs; the VLD
is measured every 10 ms) is used as the time origin.
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FIG. 8. Full phase portrait obtained from the pulsed heat flux. The
data are the same as in Fig. 7: , 2 s pulse; , 1 s; , 0.5 s; , 0.2
s. The inset shows the detail of the behavior near the “bump”. While
the growth of the VLD is hardly affected by the pulse width, decay
can be affected quite strongly.

the expected L = γ 2v2
ns with γ coefficients approximately

129, 141, and 186 s/cm2 for 1.45 K, 1.65 K, and 1.95 K,
respectively. The values for 1.45 K and 1.65 K are within about
10% of values reported in the literature [29] whereas the 1.95 K
case is either about 30% too low or within the expected range,
depending on the data set with which one compares.

The dynamics of the VLD, however, cannot be studied
using the properties of the steady state. In order to study
the dynamical properties of the tangle we do not allow the
tangle to settle to a constant value of the VLD. To achieve
this in a controlled fashion we use a square-wave modulated
counterflow, an example of which is shown in Fig. 6. Several
thousands of the pulses have been measured and the results,

FIG. 9. Growth phase trajectory for sparse ( , modulation of
VLD between 0 and 105 cm−2) and dense ( , modulation between
105 and 106 cm−2) tangle at 1.45 K. Lines are fits of Eq. (6) with
dashed line n = 1, dash-dotted line n = 2, and dotted line n = 3. For
the sparse tangle all fits are adequate (fits for different n essentially
overlap); for the dense tangle all models provide a poor description.
For the fit, only � ∈ [1,1.2] are used.

FIG. 10. Phase portrait of the VLD growth dynamics. The dashed
lines coinciding with the experimental data for 1/

√
� = 1 are predic-

tions according to simulations of Schwarz [20]. The curves and the
theoretical predictions are offset for clarity. We emphasize that no
fitting was used in comparison of the numerical prediction with the
experiment. Temperatures (top to bottom): 1.45, 1.65, and 1.95 K.
VLDs high and low are increasing for the curves going from bottom
to top; see Table I for details about the data sets. The y-axis offset
increment is 2 in the units of the axis.

when averaged, are illustrated in Fig. 7. Attempting to fit
these time dependencies using solutions to one of the expected
dynamical equations bears little fruit. The solutions are, indeed,
very similar and all can be said to provide an adequate fit.

In order to study the dynamics of the VLD more directly we
look at its phase portrait using a coordinate system motivated
by Eq. (7). A particular case for 1.45 K (the same data as in
Fig. 7) and several different pulse widths is shown in Fig. 8. As
can be expected already from Fig. 7, the dynamics of the VLD
growth are unaffected by the pulse width; however, the decay
can be quite different. The VLD alone, in general, is unsuitable
for the description of the decay due to the nonmonotonic
behavior usually referred to as the “bump” (seen as the small
loop in the decaying part of a phase trajectory). Nonmonotonic
behavior cannot be modeled by a one-dimensional dynamical
system. The physical origin of the bump is beyond the scope
of this article but is thought to be connected to the existence of

064507-6



DYNAMICS OF THE DENSITY OF QUANTIZED VORTEX … PHYSICAL REVIEW B 97, 064507 (2018)

TABLE I. Experimental data sets shown in Figs. 10 and 12. The pulse width for the displayed cases was 2 s except for 1.45 K where it was
1 s (marked ∗ near the symbol), 0.5 s (marked ∗∗), or 2 s for all other cases. The numbers shown are in the format Xhigh/Xlow; the “high” and
“low” subscripts correspond to the square-wave modulated heat flux being in the higher or lower state. For counterflow velocity vns, the average
across the entire duration of the pulse is shown. For L, Lhigh is the VLD 10 ms before the heat pulse is switched to the lower state and Llow

corresponds to to the overall minimum. Ensemble averaging is used to calculate the Lhigh and Llow and the standard deviation of this average is
shown as the error. The two lines of the VLD correspond to second-sound sensors L1 and L2 (see Fig. 2).

Nominal VLD 1.45 K 1.65 K 1.95 K

105/0 symbol
vns (cm/s) 2.4/0.0 2.5/0.0
actual L 79 ± 2.7/19 ± 2.9 74 ± 3.6/7.9 ± 2.8

(103 cm−2) 64 ± 6.8/13 ± 6.6 82 ± 1.4/16 ± 1.5

105/104 symbol
vns (cm/s) 2.4/0.4 2.5/0.8 1.8/0.5
actual L 79 ± 2.4/19 ± 2.5 75 ± 3.3/13 ± 3.0 97 ± 1.9/7.5 ± 2.5

(103 cm−2) 65 ± 7.1/16 ± 7.0 83 ± 3.3/15 ± 3.2 85 ± 2.2/5.0 ± 3.1

5 × 105/105 symbol
vns (cm/s) 4.3/1.8
actual L 54 ± 0.39/10 ± 0.67

(104 cm−2) 48 ± 0.39/8.5 ± 0.47

106/0 symbol **
vns (cm/s) 8.4/0.0 8.3/0.0 6.1/0.0
actual L 97 ± 0.47/11 ± 0.34 83 ± 0.25/1.3 ± 0.22 100 ± 0.52/1.8 ± 0.52

(104 cm−2) 96 ± 2.4/13 ± 0.70 100 ± 0.26/2.0 ± 0.18 99 ± 0.49/1.7 ± 0.45

106/104 symbol
vns (cm/s) 8.4/0.4 8.3/0.8 6.1/0.5
actual L 99 ± 0.82/5.7 ± 0.34 83 ± 0.34/1.5 ± 0.28 100 ± 0.42/0.61 ± 0.47

(104 cm−2) 98 ± 2.3/6.3 ± 0.65 100 ± 0.62/0.91 ± 0.26 98 ± 0.58/0.96 ± 0.62

106/105 symbol
vns (cm/s) 8.4/2.4 8.3/2.5
actual L 99 ± 0.48/9.2 ± 0.21 83 ± 0.20/7.6 ± 0.13

(104 cm−2) 98 ± 2.4/8.7 ± 0.63 100 ± 0.37/7.3 ± 0.20

106/5 × 105 symbol
vns (cm/s) 6.1/4.3
actual L 100 ± 0.35/53 ± 0.43

(104 cm−2) 100 ± 0.73/48 ± 0.64

energy at large scales in quantum turbulence [9,10]. Note that
the VLD is sampled at a rate of 100 points/s; i.e., all points are
equidistant in time and separated by 10 ms. The first five or six
points after a transient might be affected by parasitic effects;
see Sec. III. From now on, the first 50 ms of the growth phase
trajectories are never shown. Decay trajectories will be shown
in full.

Looking at the phase trajectories of two particular cases of
high and low VLD transients from 1.45 K in Fig. 9 we imme-
diately see that trying to decide between the different forms of
the Vinen equation Eq. (3), in particular which exponent from
the three proposed models of n = 1,2,3 best describes the data,
is an ill-posed question. The behavior of these functions is very
similar and for sparse tangles the fits are adequate regardless of
the exponent. For dense tangles, none of the models provides
a good description. In the following, we chose to base most of
our interpretation on the model of Schwarz (and assuming that
n = 1) since that is the simplest currently available theory that
connects the microscopic physics of the motion of the vortices
with macroscopic VLD dynamics.

The growth part of the phase portrait for different modulated
flows is shown in Fig. 10 (see Table I for classification of all

data sets in Fig. 10). As a point of reference, we compare
our experimental data with numerical simulations obtained
by Schwarz [20] expressed through Eq. (7). The numerical
values of the coefficient c2 for the experimental temperatures
have been obtained by cubic spline interpolation of the data
published in Ref. [20]. We observe that the agreement between
the experimental data and simulations, with no adjustable
parameters, is nearly perfect for tangles with relatively low
VLD. The measured approach to the steady state, however,
is significantly less steep for dense tangles. As a way to
capture this behavior quantitatively we allow the geometric
coefficient c2 to vary with VLD. The c2 coefficient as a function
of intervortex distance obtained from these growth curves is
shown in Fig. 11. A sharp increase in c2 is seen for the 1.65 K
and, to a lesser extent, for 1.95 K, for small tangle densities.
For these cases, small oscillations in L are observed (visible
also in Fig. 10), especially early after the transient (not shown
in Fig 10), probably related to temperature instability and
nonideal second-sound resonance. In the first 50 ms after the
transient (which are not used for analysis; these points are
not shown) a sharp swing to smaller c2 is seen. Therefore we
regard these points as experimental artifacts [43]. It should also
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FIG. 11. Effective coefficients c2 as a function of the mean
intervortex distance. , 1.45 K; , 1.65 K; , 1.95 K. The horizontal
full lines show c2 interpolated for experimental temperatures from
values calculated by Schwarz [20] corresponding to 1.45, 1.65, and
1.95 K (top to bottom). The dashed lines are least squares fits to
Eq. (15). Black dash-dotted lines on the right: numerical simulations
of a vortex tangle with uniform normal fluid, synthetic turbulence, and
frozen Navier-Stokes turbulence in normal fluid, respectively from top
to bottom, from Ref. [42]. See text for estimation of c2 from average
curvature. Dotted lines on the right: c2 from Ref. [34] for 1.3 K, 1.6 K,
and 1.9 K (top to bottom). Lines from Ref. [42] and Ref. [34] terminate
at the minimum intervortex distance that these simulations achieved
(except for the top dashed 1.3 K case, where the intervortex spacing
was 125 μm). The tendency of the experimental points to rise for
small vortex line densities is most likely an experimental artifact; see
text for discussion.

be noted that for simplicity, we neglected the changes in c1 in
the logarithmic correction given by Eq. (5) and simply used
the values obtained by Schawrz [20,44]

Physically, it is tempting to keep the original interpretation
of c2 as a way to measure the rms curvature of the tangle.
However, the dynamical equation that leads to the calculation
of c2 from the experimental data was an approximation for
relatively sparse tangles (so that the local-induction approx-
imation is sufficient) and for only quasistationary processes.
It should be noted though that systematic numerical studies
[34] have shown that scaling of tangle rms curvature with the
VLD remains valid even when the nonlocal full Biot-Savart
interaction is taken into account. These simulations yielded
c2’s which are somewhat higher than those predicted by [20]
but roughly within the range of the experimental values, except
for their lowest 1.3 K. The comparison with c2’s from [34]
(average of values for different reconnecting algorithms) is
shown in Fig. 11. No decrease of c2 with increasing VLD
has been observed in simulations of steady-state counterflow
with uniform normal fluid velocity; however, two numerical
experiments observed changes in the tangle curvature which
could be said to be in agreement with our experimental
findings: (i) at fairly low temperatures, Kondaurova et al. [45]
observed that in freely decaying turbulence c2 increases as the
VLD decreases, and (ii) simulations which used quasiturbulent
normal fluid velocity field [42] (either synthetic turbulence or a

TABLE II. Adjustable parameters of the expression Eq. (15) for
the empirical c2.

Temperature (K) φ (cm) ϑ (cm) C

1.45 1.49 × 10−3 6.54 × 10−4 1.85
1.65 1.82 × 10−3 7.46 × 10−4 1.83
1.95 1.66 × 10−3 5.03 × 10−4 0.95

stationary “frozen” snapshot of a DNS simulation of classical
turbulence at one temperature 1.95 K and one steady VLD of
about 2 × 104 cm−2) have demonstrated marked decrease in
average curvature compared to the uniform case. Data in [42]
are reported in terms of mean curvature S̄. In order to transform
them to rms curvature S̃ we use the estimate of Kondaurova
et al. [34] S̃ = S̄

√
3/2 which is then used to calculate c2 using

the reported VLD. The result is also shown in Fig. 11. If we
were to take the decrease in c2 as an empirical fact, it would be
an interesting question whether the main cause is the normal
fluid turbulence or the high tangle density. One possibility of
shedding some light on this issue is to repeat the experiments in
a mechanically generated counterflow (pure superflow) [39],
where the normal component should be on average at rest.
These experiments are planned in our laboratory.

One should bear in mind that the numerical simulations
can as yet achieve only relatively low VLD (on the order
of 104 cm−2, i.e., about 10 times lower than our present
smallest experimental VLD), where it is challenging to ob-
tain experimental data with sufficiently low noise to allow
differentiation. In addition, the simple models Eq. (3) or (4)
introduced earlier assume homogeneous counterflow and an
unbound system (although there have been fruitful attempts
[16,36] to capture inhomogeneity by introducing a flux term
in the dynamical equation). Thermal counterflow is known
to be somewhat inhomogeneous, both from experiments [7]
and simulations [46], especially at relatively low counterflow
velocities in wall-bounded setups. However, the inhomoge-
neous turbulence observed in Ref. [7] referred to a low-velocity
state (less than about 0.8 cm/s in their system), whereas for
the velocities more typically used in our experiments mostly
statistically homogeneous turbulence in the normal fluid was
observed. Furthermore, the curvature in Ref. [46], except for
very near the wall, was observed to be almost homogeneous.
Lastly, in our reported tangles the typical intervortex spacing
is 0.01–0.1 mm (0.01–0.03 mm for the more dense states),
which, even in the worst case, is separated from the size of
the system (7 mm) by nearly two orders of magnitude. We
therefore consider finite-size effects to play little role in our
experimental data. It should also be noted that due to the
nature of second-sound attenuation measurements, the value
of the VLD measured is an average over a volume of about
0.3 cm3 (7 mm cubed) and over a time interval of about
10 ms (the time constant of the lock-in amplifier); therefore
we do not have access to local information. One way to probe
tangle inhomogeneity would be to use low-lying modes of the
second-sound resonator [47]; however, this was not possible in
the current work and all the resonances used were higher than
the 10th harmonic, which measures the VLD uniformly across
the channel.
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FIG. 12. Phase portrait of the decaying turbulence. Shown with the data are also theoretical predictions using c2 coefficients either from
Schwarz [20] (dash-dotted lines) or obtained from the fit of the experimental data (dashed lines). Temperatures are (top to bottom) 1.45 K,
1.65 K, and 1.95 K. The y-axis offset increment is 100 in the units of the axis. List of shown data sets is in Table I. Left: Smaller transients
for which nominal Lhigh/Llow � 100 or Lhigh = 105 cm−2. Right: Larger transients for which nominal Lhigh/Llow � 100 and Lhigh = 106 cm−2.
For 1.95 K, very early after switching the heat flux, it is very challenging to compensate for the resulting shifts in the second-sound resonance,
hence the disruptions in the decay curves; see the shift in Fig. 4.

For simplicity of handling the empirical c2 in the subsequent
analysis we approximate the experimental data with a simple
formula

c2
2(δ) = C

[

1 + tanh

(

δ − φ

ϑ

)]

, (15)

where δ = 1/
√

L is the intervortex spacing and C,φ,ϑ are
adjustable parameters. The reason for this particular functional
form is simply convenience and the fact that c2

2 > 0 by
definition. The function parameters obtained by nonlinear least
squares fitting are given in Table II.

Even though we a priori accept that the VLD dynamical
equations are in general unsuitable for the description of
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the decay, it is interesting to compare the phase trajectory
of the decaying turbulence with the prediction based on the
dynamical equation; see Fig. 12. Using the c2 coefficients
calculated by Schwarz (dot-dashed lines) we obtain reasonable
agreement in decay rate for sparse tangles but a very gross
mismatch for denser tangles, where the actual decay rate is
much smaller (in absolute value) than predicted. However,
using the (variable) empirical c2 coefficients obtained from
the growth brings the decay rate much closer to reality and
even reproduces some qualitative features. Agreement is good
even for the very dense tangles and becomes worse only for the
free (no residual vns) or nearly free (small residual vns) decay
from very high density. Moreover, the initial decay rate for all
tangles is estimated to a high degree of accuracy. The slow
initial decay rate has usually been explained using the residual
heat flux due to thermal RC time constant [i.e., Eq. (13)]. These
results suggest that the importance of the thermal time constant
for the tangle dynamics may have been overstated.

V. CONCLUSIONS

The vortex tangle in quantum turbulence is a very complex
system and as such vortex line density, and its dynamics,
alone provide only a very coarse description. However, due
to the simplicity and time-tested reliability of second-sound
measurements and the existence of relatively simple theories of
VLD dynamics in a homogeneous counterflow it is important
to establish the boundaries within which the description of
superfluid turbulence using just the VLD is sufficient, how, if at
all, the straightforward ideas about tangle motions relate to the
experimental reality, and in what way the line-density-centric
description of quantum turbulence breaks down.

With these goals in mind we studied thermal counterflow in
a channel in a situation where the turbulence is not allowed to
settle, in a controlled way, to a statistical steady state. This we
achieved by modulating the counterflow velocity in the channel
by a square wave. The large number of turbulent transients
thus obtained allows us not only to study the time evolution of
the VLD but also to focus on the dynamics of the VLD more
directly using its phase portrait, a common tool for studying
dynamical systems.

We find that for small overall tangle densities all proposed
forms of Eq. (3) provide adequate description. For higher
densities, across all temperatures, these forms of the dynamical
equation cannot account for the significant slow-down in tangle
growth rate as the steady state is approached (Fig. 10). A
possible approach to the description of this problem is to
allow the geometrical coefficient c2, connecting rms curvature
of quantized vortices and the VLD, to depend on the VLD.
Calculating c2 using the theory of Schwarz [20], Eq. (7),
we find (see Fig. 11) that c2 is close to the value expected
from numerical simulations for relatively sparse tangles but
decreases markedly for densities L > 5 × 105 cm−2. This is
also in accord with the observed decrease in curvature, which
was found in numerical simulations of thermal counterflow in
the presence of classical turbulence in the normal fluid [42].

An important and striking observation is that even for large
counterflow velocities and dense tangles, where the phase
portrait does not have a form predicted by Eq. (6), the decay
rate occurring after the falling edge of the heat flux is predicted
well by the turbulence growth by using the effective estimated
parameter c2, as shown in Fig. 12.

It is our hope that we have demonstrated the utility and
power of looking at the behavior of the VLD from the point
of view of dynamical systems. Specifically, second-sound
measurements of the growth of turbulence might provide us
with a way to measure mean curvature of the tangle. The
observed dynamics are complex, but we believe that further
study following this line could provide deeper understanding
of the tangle dynamics even in highly turbulent cases. More
measurements, especially at higher temperatures closer to the
lambda point and other types of quantum flows, are, however,
clearly needed.
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Intermittency is a hallmark of turbulence, which exists not only in turbulent flows of classical
viscous fluids but also in flows of quantum fluids such as superfluid 4He. Despite the established
similarity between turbulence in classical fluids and quasi-classical turbulence in superfluid 4He, it
has been predicted that intermittency in superfluid 4He is temperature dependent and enhanced
for certain temperatures, which strikingly contrasts the nearly flow-independent intermittency in
classical turbulence. Experimental verification of this theoretical prediction is challenging since
it requires well-controlled generation of quantum turbulence in 4He and flow measurement tools
with high spatial and temporal resolution. Here, we report an experimental study of quantum
turbulence generated by towing a grid through a stationary sample of superfluid 4He. The decaying
turbulent quantum flow is probed by combining a recently developed He∗2 molecular tracer-line
tagging velocimetry technique and a traditional second sound attenuation method. We observe
quasi-classical decays of turbulent kinetic energy in the normal fluid and of vortex line density in
the superfluid component. For several time instants during the decay, we calculate the transverse
velocity structure functions. Their scaling exponents, deduced using the extended self-similarity
hypothesis, display non-monotonic temperature-dependent intermittency enhancement, in excellent
agreement with recent theoretical/numerical study of Biferale et al. [Phys. Rev. Fluids 3, 024605
(2018)].

I. INTRODUCTION

Intermittency in turbulent flows is a topic of extensive
study in classical fluid dynamics research [1–5]. In fully
developed turbulence, intermittency manifests itself as
extreme velocity excursions that appear more frequently
than one would expect on the basis of Gaussian statistics.
Small-scale intermittency results in corrections to the en-
ergy spectrum and velocity structure functions that are
nearly universal across a wide range of turbulent flows
in classical fluids [6, 7]. A question that has attracted
increasing interest in recent years is whether this uni-
versality can be extended to quantum fluids such as su-
perfluid 4He whose hydrodynamic behavior is strongly
affected by quantum effects and cannot be described by
the Navier-Stokes equation [8–13].
Below about Tλ ' 2.17 K, liquid 4He undergoes a sec-

ond order phase transition into a superfluid phase called
He II. According to the two fluid model [14], He II be-
haves as if it is composed of two interpenetrating liquids
– a superfluid component and a normal-fluid component
made off thermal excitations called phonons and rotons.
While the normal fluid behaves classically, possessing fi-
nite viscosity and carrying the entire entropy content of
He II, the superfluid component has neither entropy nor
viscosity. Due to quantum restriction, vorticity in the su-
perfluid is constrained into line singularities, each carry-
ing a single quantum of circulation κ ≈ 9.97×10−4 cm2/s
around its angstrom-sized core [15]. The fraction ratio of

∗ Email: varga.emil@gmail.com
† Email: wguo@magnet.fsu.edu

the two fluids strongly depends on temperature. Above 1
K where both fluids are present, turbulence in He II (also
termed as quantum turbulence [16]) takes the form of a
tangle of quantized vortices in the superfluid component,
co-existing with more classical-like turbulent flow of the
normal fluid. When the velocity fields of the two fluids
are mismatched, a mutual friction force between them,
arising from the scattering of thermal excitations off the
cores of quantized vortices, provides an inter-component
energy transfer and additional dissipation, resulting in a
modified turbulence scaling [17–21].

The general properties of quantum turbulence in He
II above 1 K depend on the type of forcing. When the
turbulence is generated by an applied heat current in
He II, the two fluids are forced to move with opposite
mean velocities (i.e., thermal counterflow) [14]. The mu-
tual friction acts at all length scales in both fluids which
leads to strongly non-classical behavior and decay [21–
23]. On the other hand, when the turbulence is gen-
erated by methods conventionally used in classical fluid
dynamics research, such as by a towed grid [24, 25] or
using counter-rotating propellers [8], the two fluids can
become strongly coupled by the mutual friction force at
large scales and behave like a single-component fluid (i.e.,
quasi-classical turbulence), possessing some effective vis-
cosity [20, 26]. This coupling must break down at scales
comparable or smaller than the mean inter-vortex dis-
tance `Q = L−1/2 (where L denotes the vortex line den-
sity, i.e., the vortex line length per unit volume) since the
flow of the superfluid component at these small scales is
restricted to individual vortex lines and cannot match the
velocity field of the normal fluid [27]. The quantity `Q is
also known as the “quantum length scale”; it scales sim-
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ilarly to the Kolmogorov dissipation scale, η, of classical
turbulence [28].

The similarity between quasi-classical turbulence in He
II and turbulence in classical fluids has attracted a great
deal of interest in both quantum and classical fluid dy-
namics research fields [29, 30]. Extensive experimental,
theoretical, and numerical work has been conducted to
explore various properties of turbulence in He II (see the
reviews [18, 31] and references therein). In recent years,
intermittency in He II quasi-classical turbulence has be-
come one of the central topics. Since the coupling of the
two fluids at large scales and their decoupling at small
scales are all controlled by the temperature dependent
mutual friction, one may naturally expect temperature
dependent turbulence statistics. Indeed, it has been pre-
dicted by Boué et al. [10] and Biferale et al. [12] that
when probed at small scales, intermittency corrections to
the scaling of higher-order velocity structure functions in
He II quasi-classical turbulence should be enhanced in
the temperature range 1.3 . T . 2.1 K, with a maxi-
mum deviation from the Kolmogorov-Obukhov K41 the-
ory for classical turbulence [32] around 1.85 K. Early ex-
periments conducted at low temperatures and close to
Tλ did not find deviations from the statistics of classical
turbulence [9, 33, 34]. A more recent experiment in a
turbulent wake in He II covered a wider range of temper-
atures but also reported temperature independent inter-
mittency, similar to that in classical flows [13]. It should
be noted, however, that the pressure and velocity probes
used in these experiments all have sizes much larger than
`Q and hence are sensitive only for the corresponding
part of the turbulent cascade [12, 13].

A reliable determination of intermittency in He II re-
quires not only the generation of fully developed turbu-
lence but also flow measurement tools with a spatial res-
olution comparable to `Q. In this paper, we report an
experimental study of quasi-classical turbulence gener-
ated by towing a grid through a stationary sample of He
II. The velocity of the normal fluid is measured using a
recently developed He∗2 molecular tracer-line tagging ve-
locimetry technique [19, 35] while the vortex line density
in the superfluid component is determined using a tra-
ditional second sound attenuation method [24, 36]. Our
experimental results indeed demonstrate intermittency
enhancement, in excellent agreement with the theory pre-
dictions [10, 12].

II. EXPERIMENTAL METHOD

The experiment utilizes the Tallahassee He∗2 tracer-
line visualization setup [35] as shown schematically in
Fig. 1 (a). A stainless steel channel (inner cross-section:
9.5×9.5 mm2; length 300 mm) is attached to a pumped
helium bath whose temperature can be controlled within
0.1 mK. A mesh grid of 7× 7 woven wires (about 8 mm
in length and 0.41 mm in thickness) is supported inside
the channel at the four corners and can be towed by a
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FIG. 1. (a) Schematic diagram of the experimental setup. (b)
A sample image of the He∗2 molecular tracer line. The white
dashed line serves to demonstrate the initial location of the
trace line for velocity calculations.

linear motor to move past our flow probes at a controlled
speed up to about 65 cm/s. The grid is designed to have
an open area of 54% so as to avoid producing secondary
flows [37]. The flow generated in the wake of a moving
grid is usually treated as a prototype of nearly homo-
geneous and isotropic turbulence, the simplest form of
turbulence that has been extensively studied in classi-
cal fluid dynamics research [25, 38–40]. The grid turbu-
lence has also been utilized as a valuable vantage point in
quantum turbulence research for assessing the similarities
and differences between classical and quantum turbulent
flows [24, 28, 41].

To probe the flow, we send high-intensity femtosecond
laser pulses through the channel via a pair of slits (about
1 mm in width and 10 mm in length) cut into oppo-
site sides of the channel along its length. These slits are
covered with indium sealed extension flanges and win-
dows. As a consequence of femtosecond laser-field ion-
ization [42], a thin line of He∗2 molecular tracers can be
created along the beam path [35]. The initial thickness
of the He∗2 tracer line is about 100 µm and its length
matches the channel width. Above about 1 K, these He∗2
molecular tracers are completely entrained by the viscous
normal fluid with negligible effect from the superfluid or
quantized vortices [43]. A line of the molecules so cre-
ated is then left to evolve for a drift time td of about
10–30 ms before it is visualized by laser-induced fluores-
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cence using a separate laser sheet at 905 nm for imaging
[35]. The streamwise velocity vy(x) can be determined
by dividing the displacement of a line segment at x by
td (see Fig. 1 (b)). The transverse velocity increments
δvy(r) = vy(x)−vy(x+r) can thus be evaluated for struc-
ture function calculations. Additionally, the flow is also
probed by a standard second-sound attenuation method
[35, 44], revealing temporal decay of vortex line density
L(t) in the superfluid.

The grid starts moving from about 50 mm below the
second sound sensors up to the uppermost position which
is roughly 100 mm above the 1 cm ×1 cm visualisation
region. Since no steady input of energy into the flow ex-
ists (except marginal parasitic radiative heat leaks), the
flow starts to decay after the passage of the grid. As the
origin of time for both visualization and second sound
data, we take the instant when the grid passes the po-
sition where a tracer line would be inscribed. To study
the time evolution, tracer line inscription is delayed un-
til the desired decay time t. The measurement at each
decay time is normally repeated 100− 200 times for sta-
tistical analysis, and every time the grid is towed anew.
The experiments were performed in a temperature range
1.45 − 2.15 K with quadratically increasing decay times
(typically) 1, 2, 4, and 8 s. In all cases, the grid velocity
vg was set to either 300 or 50 mm/s.

III. EXPERIMENTAL RESULTS

A. Temporal evolution of the grid turbulence

In Fig 2, we show the profiles of the mean veloc-
ity vy(x) = 〈vy(x)〉x and the velocity variance σ(x) =

〈(vy(x)− vy)
2〉1/2x measured at 1.85 K across the channel

at various decay times, where 〈...〉x denotes an ensem-
ble average of the results obtained at location x at each
given decay time from the analysis of 100 deformed tracer
line images. Similar to typical classical grid flows, the
quantum flow in the immediate wake of the grid is not
perfectly homogeneous and isotropic. The observed de-
formation of the tracer line suggests the existence of large
scale eddies spanning the entire width of the channel fol-
lowing the towed grid. This is most likely caused by me-
chanical imperfections in the construction of the grid and
its support. Nevertheless, this inhomogeneity quickly de-
cays, being virtually completely eliminated within 4 s.
In contrast with the mean flow and its marked initial in-
homogeneity, the profile of the velocity variance σ(x) is
much more homogeneous, even at small decay times.

Despite the initial transient inhomogeneity at large
scales, the temporal decays of the normal fluid turbulent
kinetic energy, K(t) = 〈σ2〉, and the vortex line density
in the superfluid, L(t), exhibit clear decay characteris-
tics of quasi-classical homogeneous isotropic turbulence.
As discussed in detail in Refs. [24, 25], in the early de-
cay stage of grid turbulence when the energy contain-
ing length scale `e grows from the injection scale (i.e.,
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FIG. 2. (a) The ensemble-averaged velocity profile vy(x)
across the channel at different decay times with grid veloc-
ities vg as indicated. (b) The corresponding velocity variance
σ(x) profiles. The shown data are obtained at 1.85 K, at the
indicated time instants.

comparable to the mesh size) to the channel width, the
characteristic decay exponents for quasi-classical homo-
geneous isotropic turbulence should be K(t) ∝ t−6/5 and
L(t) ∝ t−11/10; in the late universal decay stage after
`e is saturated by the channel width, K(t) ∝ t−2 and
L(t) ∝ t−3/2 should be expected. These decay behav-
iors are clearly observed in our data. Note that at high
towed-grid velocity (i.e., vg = 300 mm/s), the saturation
of `e likely occurs too rapidly for the early decay stage to
be resolved. Furthermore, the transient inhomogeneity
at small decay times may also affect the decay charac-
teristics in this regime. At the lower grid velocity (i.e.,
vg = 50 mm/s), the late universal decay stage appears at
relatively large decay times (i.e., over 3–4 s) due to the
slower increase of `e = `e(t) [24, 25].

B. Transverse velocity structure functions

The observed quasi-classical decay laws for K(t) and
L(t) suggest that classical K41-like scalings in other tur-
bulence statistics such as the velocity structure functions
may also be expected. For instance, for fully developed
classical homogeneous isotropic turbulence, the second
order transverse velocity structure function, defined as

S⊥
2 (r) =

〈

|vy(x+ r)− vy(x)|2
〉

, (1)

should scale with the transverse separation distance r as
S⊥
2 (r) ∝ r2/3 [45].
In the case of He II grid turbulence, the situation is

more complex. Fig. 4 (a) shows typical examples of cal-
culated S⊥

2 (r) curves, for T = 1.85 K with a grid veloc-
ity of vg = 300 mm/s at decay times t =1, 2, 4, and
8 s. Non-trivial power-law scalings of S⊥

2 (r) are clearly
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FIG. 3. (a) Decaying turbulent kinetic energy of the normal
fluid, K(t), and (b) vortex line density, L(t), originating from
towing the grid at 50 mm/s - empty symbols/blue line and 300
mm/s - full symbols/orange line. The energy decay is shown
for temperatures 1.45 K (•), 1.65 K (�), 1.85 K (N), 2.00 K
(H), 2.15 K (�). The red line corresponds to the early decay
of L(t) for times when the grid is still moving. The decays
are quasi-classical in character. The early part of the decay,
when the energy containing length scale `e grows, displays the
characteristic decay exponents K(t) ∝ t−6/5, L(t) ∝ t−11/10,
while the late universal part of the decay, when `e is saturated
by the channel size, obeys K(t) ∝ t−2, L(t) ∝ t−3/2 [24, 25].
These decay rates are illustrated by thick black lines. For
towed grid velocity of 300 mm/s saturation occurs too early
for the early part of the decay to be resolved. The shown data
are obtained at 1.85 K.

observed in the scale range 0.2 mm ≤ r ≤ 4 mm. The
quadratic-like dependence of S⊥

2 (r) at small r is prob-
ably caused by smearing of the measured velocity field
limited by the width of the tracer line (i.e., about 100
µm) rather than due to the viscous flow. By fitting the
data in 0.2 mm ≤ r ≤ 4 mm with a power-law form

S⊥
2 (r) ∼ rζ

⊥

2 , the scaling exponent ζ⊥2 can be extracted
and is shown in Fig. 4 (b). Data at other temperatures
are also included in this figure. We see that the data
display slightly steeper than K41 scaling (i.e., ζ⊥2 > 2/3)
for the 1 s and 2 s measurements and shallower than K41
(i.e., ζ⊥2 < 2/3) for 8 s and later measurements. We note
in passing that this behavior is not unusual in classical
decaying grid turbulence, especially before the wakes of
individual bars of the grid fully coalesce [38, 46]. An ad-
ditional factor to consider is possible parasitic radiative
heating to the channel. This parasitic heating can cause
weak thermal counterflow which may become important
at long decay times when the grid turbulence strength is
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FIG. 4. (a) Calculated second order transverse velocity struc-
ture functions, S⊥

2 (r), for T = 1.85 K at decay times (from
up to down) t =1 s (•); 2 s (•); 4 s (•); and 8 s (•). The
grid velocity is vg = 300 mm/s. The grey solid lines represent
power-law fits to the data in the range 0.2 mm ≤ r ≤ 4 mm.
(b) The scaling exponent ζ⊥2 deduced from the power-law fits,
such as shown in (a), at different temperatures: 1.45 K (•),
1.65 K (�), 1.85 K (N), 2.0 K (�), 2.15 K (H). The dashed
horizontal line shows the K41 scaling ζ⊥2 = 2/3.

low.
Besides the second order structure function, the Kol-

mogorov 4/5-law also states that within the inertial range
of scales, the third order longitudinal velocity structure
function should be given by

S
‖
3 (r) = (−4/5)εr , (2)

where ε = −dK/dt is the energy dissipation rate [47, 48].
In our experiment, only the transverse velocity struc-
ture functions S⊥

n are accessible. Nevertheless, it can
be shown [47] that the scaling is equal for both S⊥

2 and

S
‖
2 structure functions in three dimensional incompress-

ible homogeneous isotropic turbulence and that the Kol-
mogorov 4/5-law ought to be valid also for the transverse
structure function [49, 50]. On the other hand, there is
an experimental evidence that the scaling exponent of S⊥

3

in high Reynolds (Re) number atmospheric turbulence is
slightly less (perhaps due to finite Re) but very close to
unity [51]. We have evaluated the 3rd order transverse
structure function S⊥

3 (r) =
〈

|vy(x+ r)− vy(x)|3
〉

at 4
s decay time where classical scaling is clearly observed
for S⊥

2 (r) as shown in Fig. 4. The calculated values of
S⊥
3 (r)/r as a function of r are shown in Fig. 5 at various

temperatures. Over a similar range, 0.2 mm ≤ r ≤ 4 mm,
we see a reasonably good linear dependence of S⊥

3 (r) on
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FIG. 5. Third order transverse velocity structure functions
compensated by linear scaling, S⊥

3 (r)/r, plotted versus the
separation distance r. Data for 300 mm/s grid velocity and 4
s decay time are shown for temperatures and offsets as indi-
cated.

r, which coincides with the Kolmogorov 4/5 law in the
inertial cascade range. Similar behavior is observed at 4
s for the other available temperatures and for both grid
velocities, however, for decay times other than 4 s any
linear scaling of S⊥

3 (r) cannot be convincingly resolved.

The scaling exponents of the structure functions can
also be obtained by using the so-called extended self-
similarity hypothesis [52]. This hypothesis states that
the scaling of a structure function Sn(r) in the iner-
tial scale range should be equivalent to the scaling of

Sn(r) ∝ (S3(r))
ζn . Indeed, structure function scalings

based on extended self-similarity appear to be very ro-
bust and can extend down to the dissipative scale range
even for turbulent flows with moderate Reynolds num-
bers [53], therefore allowing for significant improvement
in experimental determination of the scaling exponent ζn
[54]. In Fig. 6 (a), we show S⊥

2 (r) versus S⊥
3 (r) on a log-

log plot for the data obtained at 1.85 K at 4 s decay time.
For both grid velocities, a linear dependence of logS⊥

2 (r)
on logS⊥

3 (r) is clearly seen and extends to a wide range
of length scales. The values of the scaling exponent ζ⊥2
deduced using the extended self-similarity hypothesis at
various decay times and temperatures are shown in Fig. 6
(b), which display noticeably improved agreement with
the K41 scaling.

C. Temperature dependence of intermittency

corrections

Turbulence intermittency is normally evaluated by sta-
tistical analysis of the experimental data via higher order
structure functions Sn(r) that are more sensitive to the
occurrence of rare events. The transverse velocity struc-
ture function of order n is defined through the transverse
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3 to the data
that fall within the shadowed region that corresponds to the
shadowed region in Fig. 5 where S⊥

3 /r appears to be flat. The
particular case shown is for 1.85 K, 300 mm/s grid velocity
and 4 s decay time. Other cases appear qualitatively similar.

velocity increments as

S⊥
n (r) = 〈|δvy(r)|n〉 =

∫ ∞

−∞

dx|x|n PDFr(x), (3)

where PDFr(x) represents the probability density func-
tion of δvy(r). In order for S⊥

n to be evaluated accu-
rately, the experimental estimation of the PDF needs to
have well-resolved tails because of the xn term in the in-
tegral, which in turn requires very large data sets. Our
setup does not presently allow for the collection of very
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large data sets. Typical data sets are limited to about
104 samples. Another issue is that, although the indi-
vidual He∗2 molecules are of nm size and are true tracers
of normal fluid flow, we cannot detect individual trac-
ers - a large number of them closely spaced are needed
to satisfy our sensitivity limit. Rare events resulting in
large departures of individual tracers are therefore invis-
ible to us. In other words, our experimentally resolved
length scale is limited by the thickness of the deformed
tracer line, `exp ' 100 µm. A more detailed discussion of
the uncertainties associated with the calculated structure
functions is provided in the Appendix.

According to the K41 theory, for fully developed ho-
mogeneous isotropic turbulence in classical fluids without
any intermittency, the structure function in the inertial
cascade range should scale as Sn(r) ∝ rζn with the scal-
ing exponent ζn = n/3 [45]. Intermittency in real tur-
bulent flows of conventional viscous fluids leads to cor-
rections of the scaling exponents, and this correction be-
comes more pronounced at large n. In order to reliably
determine the actual scaling exponents of the transverse
structure functions ζ⊥n in our quantum grid turbulence,
we again utilize the extended self-similarity hypothesis.
Furthermore, we focus our study on data obtained at
4 s decay time, since the scalings of S⊥

2 (r) and S⊥
3 (r)

presented in the previous section suggest fully developed
homogeneous isotropic turbulence at this decay time.

In Fig. 7, the calculated S⊥
n (r) versus S⊥

3 (r) for n = 1
to 7 are shown for data obtained at 1.85 K with a grid
velocity vg = 300 mm/s. Clear power law dependence
of S⊥

n (r) on S⊥
3 (r) is seen, which extends to the smallest

scales probed in the experiment. Data obtained at other
temperatures appear qualitatively similar. We then per-

form a power-law fit of the form S⊥
n (r) ∝

(

S⊥
3 (r)

)ζ⊥

n to
the data (shown as black lines in Fig. 7). The fit is re-
stricted to the range of scales 0.2 mm < r < 4 mm where
S⊥
3 (r)/r is reasonably flat, supporting the existence of an

inertial cascade.
The deduced scaling exponents ζ⊥n , for all investigated

temperatures, as a function of the order n are shown in
Fig. 8. This figure represents the central result of our
work. It is remarkable that the deduced scaling expo-
nents closely follow the recent theoretical prediction of
Biferale et al. [12], i.e., temperature dependent intermit-
tency corrections of the structure function scaling expo-
nents with a maximum deviation from the K41 scaling
at 1.85 K. It should be noted that, while the result for
t = 4 s is robust, for small decay times (for additional
discussion see the Appendix) and for slower grid veloc-
ity the conclusion is not as clear, which is likely due to
insufficiently developed turbulence.

IV. DISCUSSION

Let us compare our results with similar experimental
data available. The recent Grenoble measurements of
Rusaouen et al. [13] in the wake of a disk in the two-

FIG. 8. Intermittency corrections to the scaling exponents of
the transverse structure functions deduced through extended
self-similarity for data obtained at 4 s decay time and with
grid velocity vg = 300 mm/s. The 3D plot shows the tem-
perature dependent deviation of scaling exponents from K41
scaling – 1.45 K (•), 1.65 K (�), 1.85 K (N), 2.00 K (�), 2.15
K (H).

fluid region of superfluid 4He found no appreciable tem-
perature dependence in intermittency corrections. The
results of the Grenoble experiment and our experiment
therefore appear to be controversial. Nevertheless, there
are several reasons why the two experiments may show
different results. First, the prediction of temperature de-
pendent enhanced intermittency is explained by the au-
thors of ref. [10, 12] via a flip-flop scenario – a random en-
ergy transfer between the normal and superfluid compo-
nents due to mutual friction. While He∗2 molecules in our
experiment probe the normal fluid solely, the cantilever
anemometer and pressure probes used in the Grenoble
experiment [13] may not sense such a flip-flop exchange
of energy, as it probes both fluids simultaneously. Fur-
thermore, the sizes of the probes used in the Grenoble
experiment are typically much larger than the quantum
length scale `Q. Indeed, recent particle image velocime-
try visualization experiments by La Mantia et al. in
Prague [55, 56], utilizing solid hydrogen/deuterium par-
ticles a few µm in size, reveal a crossover from classical to
quantum signatures of turbulence as the probed length
scale crosses `Q. As discussed previously, our smallest
accessible length scale `exp - the width of tracer line - is
about 100 µm. At a decay time of 4 s in our experiment,
`Q ' L−1/2 is also about 100 µm (see Fig. 3). The quan-
tum length scale `Q increases at later decay times as the
vortex line density L(t) decays. Therefore, our data sets
sample the velocity field near to or below `Q, where one
expects the effect of quantized vorticity to become appar-
ent. In the experiments of Rusaouen et al. [13], taking
the outer scale of turbulence to be their channel size ' 5
cm, effective kinematic viscosity νeff ' 0.1κ and following
the estimations in Babuin et al. [28], the κ-based large
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scale Reynolds number at 1.85 K is roughly 6×104. This
corresponds to `Q ≈ 7 µm. The cantilever probe has a
sensing area of 32 × 375 µm, which would translate to
more than 100 quantized vortices, even if we neglect the
likely increase of L in the vicinity of any obstacles [57].
The experiment of Rusaouen et al. [13] therefore natu-
rally measures the same intermittency corrections as in
classical turbulence.

V. CONCLUSIONS

We have designed and performed an experiment to
study quasiclassical turbulence in the wake of a towed
grid in He II, using a recently developed He∗2 molecu-
lar tracer-line tagging velocimetry technique and a tradi-
tional second sound attenuation method. Our main re-
sult is that, despite the fact that our data sets are not as
large as they ideally ought to be, extended self-similarity
reveals temperature dependent intermittency corrections
that peak in the vicinity of 1.85 K, in excellent agreement
with recent theoretical predictions [10, 12]. The univer-
sality of the intermittency corrections found in many dif-
ferent turbulent flows of classical viscous fluids [46] there-
fore cannot be extended to quantum turbulence in super-
fluid 4He. It seems that the role of cliffs that are thought
to be responsible for rare but intense events resulting
in intermittency corrections in classical turbulence is at
least partly played by quantized vortices in He II. In or-
der to observe this “quantum” intermittency, similarly as
in classical homogeneous isotropic turbulence, where one
has to resolve small scales down to the Kolmogorov dissi-
pation scale, in quantum turbulence one needs to resolve
scales below the quantum length scale `Q.
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APPENDIX: ESTIMATION OF STRUCTURE

FUNCTION ERRORS

High order structure functions required to estimate the
intermittency corrections are sensitive to rare events –
events of low probability which would contribute to the
“tails” of the statistical distribution. In samples of lim-
ited size, these tails could be under-resolved, what could
lead to an erroneous estimation of the structure func-
tions. We adopt a simple strategy to estimate these errors

FIG. 9. Probability distribution function of the velocity in-
crements. The rug plot shows the actual data set used for the
KDE. The data shown is for 1.45 K, 300 mm/s grid velocity
and 4 s decay time.

due to lack of statistics: an estimate of the PDF is cal-
culated from the measured data, which is then extended
beyond the range of experimental data using a fit to a
particular choice of a heavy-tailed statistical distribu-
tion. The difference between the value obtained through
Eq. (3) using either a non-extrapolated or extrapolated
PDF is then used as the estimate of the error caused by
under-resolved tails of the statistical distribution.
We calculate an estimation of the PDF from the mea-

sured velocity increments using the kernel density esti-
mation (KDE) as

PDFKDE

r (x) =
1

N

N
∑

i=0

1√
2πb

e−(x−δv(r)i)
2/2b2 , (4)

where the sum runs through all N measured samples of
δv(r)i at a given separation r. The result, for a particular
case, is shown in Fig. 9. The number of samples for the
4 s decay data sets is in Fig. 10.
To estimate the error in calculating a given moment,

we extrapolate the estimated PDF either by natural ex-
tension of the KDE (4) outside the range of the data set,
or by using fits to either the normal (Gaussian) distribu-
tion,

PDFN

r(v) =
1√
2πs2

exp

(

− v2

2s2

)

, (5)

or a particular case of heavy-tailed distribution

PDFHT

r (v) =
exp(s2/2)

4m



1− erf





log
(

|v|
m

)

+ s2

√
2s







 ,

(6)
where s and m are adjustable parameters. This form
of the PDF was found to describe Lagrangian accelera-
tions [58], but in our case it is used simply for reasons
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FIG. 10. Number of velocity increment samples as a function
of separation for 4 s data sets and all experimental tempera-
tures.

FIG. 11. Calculation of the sixth moment of the velocity
increment distribution. The curves are offset along the y-axis
with an offset incrementing by 2. Same data set as in Fig. 9.

of convenience (we measure Eulerian transverse velocity
increments), as it allows for smooth varying of the weight
of the tails. Note that using a distribution with power
law tails would be inconsistent in our case as such a dis-
tribution would render the moment of sufficiently high
orders undefinable. Using the two fits and the KDE,
we construct a new PDF with the shape of an envelope
(point-wise maximum) of the three estimates. The point-
wise maximum breaks the normalization of the probabil-
ity density function which needs to be re-normalized to
the integral of unity. This effectively decreases the prob-
ability in the central peak and moves it towards the tails.
An illustration of this procedure is shown in Fig. 11 for
calculating the sixth order moment of a distribution.

As an error estimate of the moment, we take the ab-
solute value of the difference between the moment calcu-
lated using the natural extension of the KDE (4) and the

FIG. 12. Structure functions S⊥
n of orders 1 to 7 as a func-

tion S⊥
3 at 1.85 K, 4 s decay time and associated error bars

calculated using the scheme described in Sec. V. These plots
are analogues of curves in Fig. 7.

re-normalized PDF. Graphically, this is given approxi-
mately by the area under the tails of the re-normalized
PDF outside the range of the data set, shown by the
shaded area in Fig. 11. For calculation of the value of
the structure function, we use PDFKDE. This estimate
has a very sharp cutoff (faster than normal distribution)
outside the range of the experimental data set (essen-
tially equivalent to extending a histogram with zeros) so
that the value is not affected by any particular choice of
extrapolation. The result is shown in Fig. 12. We note
that the errors of the structure functions render flatness
(ratio S⊥

4 /(S⊥
2 )2) unusable for quantitative analysis of

intermittency.

We also calculate the structure functions directly from
the ensemble average, using the definition Eq. (3). The
intermittency corrections resulting from both procedures
are shown in Fig. 13. Due to the rather arbitrary choice
of the heavy-tailed distribution, the definition of the re-
normalized PDF and the definition of the error itself, we
also calculate the errors using a bootstrapping scheme
[59]. The set of all N measured samples entering the
calculation of S⊥

n in Eq.(3) is sampled at random (with
possible repetitions and omissions) to form B = 5000
new synthetic sets of length N . The standard devia-
tion of the moment (3) calculated for these new B data
sets is used as the error. The resulting error bars were
significantly smaller than those calculated using the re-
normalized PDF and the results were consistent with
the straightforward calculation by directly averaging the
sample and are not shown here.

One might justifiably become alarmed by the corre-
lation between the number of samples in Fig. 10 and
the deviation from K41 scaling in Fig. 13. This, how-
ever, appears to be a coincidence. The correlation is not
present for other data sets, and artificially restricting the
data sets at 4 s to a random choice (with replacement)
of 10000, 5000 or 2000 samples does not have a strong
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FIG. 13. Structure function scaling exponents calculated
from PDF-derived structure functions. The error bars are
just the standard errors of a total least squares linear regres-
sion, also known as orthogonal distance regression. The inset
shows scaling exponents of structure functions calculated us-
ing Eq. (3), see the main text for how the error bars are
calculated for the data shown in the inset. All data for 4 s
decay time and 300 mm/s grid velocity. The temperatures are
1.45 K (•), 1.65 K (�), 1.85 K (N), 2.00 K (�), 2.15 K (H).
The black dotted line shows the prediction of the She-Leveque
theory[6].

effect on the observed scaling exponents (although the
quality of the structure functions does decrease, as is to
be expected). In particular, the minimum near 1.85 K
persists unaffected.
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Abstract We report computer simulations of the interaction of seeding particles with
quantized vortices and with the normal fluid flow in thermal counterflow of superfluid
4He. We show that if the number of particles is too large, the vortex tangle is signif-
icantly affected, posing problems in the interpretation of visualization experiments.
The main effects are an increase in vortex line density and a change in polarization of
the vortex tangle, caused by the action of the Stokes drag of the viscous normal fluid
on the trapped particles. We argue that in the case of large particle number, typically
used for the particle image velocimetry technique, the tangle properties might become
significantly changed. On the contrary, the particle tracking velocimetry technique
that uses smaller particle concentration should not be appreciably affected.

Keywords Superfluid 4He · Quantum turbulence · Visualization · Numerical
simulations

1 Introduction

Flow visualization is one of the most valuable experimental tools in fluid dynamics.
A variety of techniques exists which seed the fluid with contrasting agent that can be
easily observed, e.g. by a sensitive camera [1]. Visualization techniques have already
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been used at low temperatures to study both classical and quantum cryogenic flows,
even though their application is difficult, for various technical reasons. As for quantum
flows and turbulence [2] (so far of superfluid 4He, known as He II), application of visu-
alization techniques face additional fundamental difficulties, due to the existence of
two velocity fields and the interaction of seeding particles with quantized vortices [3].
Despite these problems, the implementation of visualization methods in He II has
led to the direct visualization of quantized vortices in [4] and several other important
results(see [5] and references therein). In comparison with classical fluid dynamics,
visualization of quantum flows is not yet firmly established and the interpretation of
experiments poses important fundamental questions.

The questions arise because He II differs from classical liquids in several important
aspects [2]. For 1 K < T < Tλ, where visualization methods are usually applied, He
II can be described as consisting of two fluids—the inviscid superfluid component
carrying no entropy, and the viscous normal fluid behaving approximately as an ordi-
nary Navier–Stokes fluid. Turbulence in the superfluid component can only exist in
the form of a complex tangle of quantized vortices—thin topological defects around
which the circulation is restricted to single quantum of circulation κ = h/M , where
h is the Planck constant and M is the mass of 4He atom.

This complex nature of He II poses challenges for the interpretation of visualization
experiments. Here, we consider potential problems that might occur in the interpreta-
tion of particle tracking velocimetry (PTV) and/or particle image velocimetry (PIV)
techniques, both relying on observing seeding particles (such as solid hydrogen or
deuterium flakes [5]) suspended in the flow. These particles interact with both the
normal and superfluid velocity fields [3,5] and can become trapped on the cores of
quantized vortices. However, in most cases they are treated as non-intrusive, passive
probes of the flow under study. It is therefore of great interest to try to assess the degree
of non-ideality of the particles, which might lead to a distorted physical information
about the quantum flow under study and, consequently, to a misleading conclusion on
some important aspects of quantum turbulence.

To this end, we perform a series of numerical experiments, extending the work of
Mineda et al. [6], which simulates the movement of seeding particles in the velocity
field due to the counterflow tangle of quantized vortices. We find that a trapped particle
deforms the vortex on which it is trapped, stretching it in the direction of the flowing
normal fluid, via the action of the Stokes drag. A large number of particles can increase
the vortex line density by up to 100 % and change its polarization. We compare these
results with those obtained by modelling trapped particles as ideal tracers of the vortices
and find significant differences, both in the probability of trapping and the velocity
statistics.

2 Computational Setup and Results

We perform a vortex filament simulation of counterflowing He-II in periodic boundary
conditions. The normal fluid velocity vn is uniform and statically prescribed. To a
statistically converged counterflow tangle, we add inertial particles at random positions
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and initially zero velocities. The movement of both vortices and particles is described
below.

The quantized vortices in He-II are modelled, following the seminal work of
Schwarz [7], as one-dimensional spatial curves of arbitrary shape. These vortex lines
(labelled s(ξ), where ξ is the arc length along the line) induce a superfluid velocity vs
given by the standard [7–9] Biot–Savart integral

vs(r) =
κ

4π

∮

L

s
′(ξ) × [r − s(ξ)]

|r − s(ξ)|3
d ξ, (1)

with L denoting the entire configuration of lines in the vortex tangle. The movement
of the vortices themselves is determined from the balance of forces, namely Magnus
force and mutual friction, under the assumption that the vortices are massless (e.g.
[6]). The resulting equation of motion is

ṡ = v
′
s(s) + αs

′ × (vn − vs) + α′
s
′ ×

[

s
′ × (vn − vs)

]

, (2)

where the dot denotes the time derivative and the prime denotes derivative with respect
to the arc length. The prime on the superfluid velocity in (2) denotes the standard de-
singularization of the Biot–Savart integral.

Particle dynamics Several past studies were concerned with modelling inertial par-
ticles that are either far away the from cores of the quantized vortices [3,10] or remain
trapped on them [6]. Studies that address the full range of possible interactions of
finite spherical particles and quantized vortex lines have already been performed [11],
however, the computational complexity of the methods used there prevents the scaling
of the simulation to high densities of vortex tangle and/or high number of particles.

In the present study, we adopt a mixed approach. Unlike [11], particles are consid-
ered as point-like objects. Particles sufficiently far from the vortex lines are considered
free and, following [10], interact with vortices only through inertial forces and with
normal fluid inertially and viscously. The resulting equation of motion is

d vp

d t
=

ρs

ρ

D vs

D t
+

ρs

ρ

D vn

D t
−

vp − vn

τ
, (3)

where vp is the free particles’ velocity D v/ D t = ∂v/∂t +(v ·∇)v and τ = 2a2ρ/9µn

is the viscous relaxation time, with ρ being the density of fluid or the particles (particles
are assumed to be neutrally buoyant), a is the radius of the particles and µn denotes
the dynamic viscosity of the normal fluid component. Time-independent and uniform
normal fluid velocity is used in the present simulations, therefore the second term on
the right-hand side of (3) is identically zero.

When a particle comes to within 5 µm (the trapping distance) of a vortex a new
discretisation point along the line is created in the particle’s vicinity (such that first
and second derivative of the line is preserved) into which the particle is placed, while
retaining its momentum. This trapped particle then occupies this point in a manner
described below. The trapped particle experiences additional forces acting on it—
namely the vortex tension, the Magnus force and the mutual friction [6]. It should
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be noted, however, that the particles are still assumed to be infinitesimally small and
therefore a particle trapped on a vortex does not modify the superfluid velocity induced
by the vortex, except possibly deforming the vortex itself. The modified equation of
motion for the trapped particles becomes

d vp

d t
=

vn − vp

τ
+

ρs

ρ

D v
′
s

D t
+

{

T0
(

s
′
+ − s

′
−
)

+ ρsκs
′ × (vp − vs)

+
(

γ0s
′ ×

[

s
′ × (vp − vn)

]

+ γ ′
0s

′ × (vp − vn)
)

�ξ
} 1

Meff
, (4)

where T0 = ρsκ
2/4π log[2

√
l+l−/

√
eξ0] is the vortex tension (energy of the vortex

per unit length) with l+, l− being the distances to the neighbouring discretisation points
along the line and ξ0 ≈ 1 Å being the vortex core parameter, γ0 and γ ′

0 are mutual
friction parameters, s

′
− and s

′
+ are right and left tangents of the vortex line; s

′ is the
tangent at the trapping site calculated as if the line were smooth, Meff = 3/2ρVp

is the effective mass of the particle (vp being its volume) and �ξ is the maximum
discretisation distance along the vortex, 1.6 × 10−5 m.

From the point of view of the vortex, the equation of motion is changed from (2) for
the single discretisation point that hosts the trapped particle, to (4). Even though the
equation of motion for only a single point is changed, this affects the local geometry
of the line thus affecting the neighbourhood of this point as well. The present work
differs from that of Mineda et al. [6] in that we consider both free and trapped particles
simultaneously. This requires that the particles, once trapped, can de-trap and become
free again. Algorithmically, the particles de-trap only if they are attached to a small
vortex loop that is annihilated as a part of small-scale numerical cutoff. This mechanism
roughly corresponds to a physical scenario (see Fig. 1a) where a vortex loop collapses
into the surface of the particle or (Fig. 1b) the trapped particle produces a cusp on the
line sharp enough to cause reconnection producing a small loop that is immediately
annihilated.

This treatment of trapped particles is compared with the limiting case of particles
so light that they do not affect the movement of the vortices in any way. In this case, the
particle is simply attached to a discretisation point along the vortex line and follows
its movement—that is, its movement is described by (2). This case will be henceforth
referred to as “ideal” particle and the case described above as “non-ideal”.

We performed several simulations with various numbers of particles Np (100, 250,
500, 750 and 1000) in a 1 mm3 cubic computational box with periodic boundary
conditions. All particles experience Stokes drag corresponding to a sphere with 5 µm

Fig. 1 Two mechanisms of de-trapping
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Fig. 2 (Left) Total vortex line length in 1 mm3 periodic computational box for different particle number
densities. (Right) Polarization of the vortex tangle, shown here as a ratio of the vortex length projected in
stream-wise direction (x) to that in transverse direction (mean of y and z) (Color figure online)

radius. The imposed flow condition was counterflow with uniform, stationary normal
fluid velocity vn = 0.55 cm/s and stationary imposed superfluid velocity. The initial
condition of each simulation was a vortex tangle converged to a statistically stationary
state with total vortex line length of about 6.7 cm. The initial condition for the particles
was zero velocity and random position, all the particles being free. All necessary
parameters were taken from [12] at T = 1.9 K.

After introducing the particles into the tangle, we observe two major changes in its
properties. Firstly, as can be seen in Fig. 2, the particles increase the tangle density by
nearly 100 % for the highest number of particles. Secondly, the polarization of the tan-
gle is also affected. Counterflow tangles are always partially polarized in the sense that
the vortex line length in the transverse direction is larger than in the stream-wise direc-
tion, due to expansion of the favourably oriented vortex loops by mutual friction. Intro-
duction of the particles is seen, in Fig. 2, to decrease this anisotropy—that is, to increase
the relative length of the vortex tangle projected onto the stream-wise direction.

Statistical properties of the particles’ motion, in the form of probability density
functions (PDFs) of the instantaneous velocity component of free and trapped particles,
are shown in Fig. 3 for both non-ideal and ideal particles. In Fig. 4, the percentage
of the trapped particles is also shown. Neither free nor trapped particles significantly
dominate and, indeed, the PDFs feature contributions from both. The narrow peaks
correspond to the uniform motion of the free particles determined mostly by the Stokes
drag. The wide background distribution is a result of more chaotic movement of the
trapped particles.

3 Discussion and Conclusions

Flow visualization using frozen hydrogen/deuterium particles is an important experi-
mental tool of contemporary quantum turbulence research. Understanding the detailed

123



220 J Low Temp Phys (2016) 183:215–221

Fig. 3 Probability density functions of particles’ velocity component, for both non-ideal (right) and ideal
(left) particles. Stream-wise (first row) and transverse (second row) components are shown (Color figure
online)

Fig. 4 The percentage of
trapped particles. Notice that the
vortex stretching caused by the
particles decreases the number
of trapped particles by nearly a
half. The final ratio of trapped
particles is nearly independent
of the total number of particles,
meaning that global changes to
the structure of the tangle do not
significantly affect de-trapping
(Color figure online)

behaviour of the particles is therefore of utmost importance for extracting information
from the particles’ observed movement. Since detailed numerical simulation such as
Ref. [11] is at this point prohibitively computationally expensive for large number
of particles and/or dense tangles, our attempt at providing some insight into particle
dynamics is through the simplified point-like model used by Mineda et al. [6], but
including trapping and de-trapping of the particles on the cores of quantized vortices.

Our data show that the interaction of the particles with quantized vortices can indeed
become significant, and particles can cease to act as passive probes. This is evidenced
by a significant increase in the vortex line density and by a change of the polarization of
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the tangle (Fig. 2). These global tangle properties, however, are significantly affected
for high enough particle concentration only. Careful PTV experiments that use low
particle concentrations (typically about 1 mm−3) should not be appreciably affected.
Experiments that use higher particle concentration, such as PIV, should be interpreted
with care.

Moreover, one should remain cautious even if the low particle concentration does
not affect global mean properties of the tangle. From the trapping rate (Fig. 4) one
can see that both trapped and free particles give significant contributions to the overall
statistical properties of the particle motion. Trapped particles, however, do not sample
the vortex as it would have moved undisturbed—it locally deforms it and causes it to
move with slightly artificial velocity.

The effect of the back-interaction of the particles on the vortices on the statistics
of the particles’ velocities can be seen in Fig. 3. It should be noted that the sharp
peak corresponding to the free particles in the PDFs is generally not observed in the
experiments. The most probable causes for this discrepancy, besides the generally
wide distribution of particles sizes and shapes, is that the normal fluid component in
the experiments is turbulent, while in the simulations it is laminar.
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Abstract Thermal counterflow in superfluid 4He (He II) was studied numeri-
cally using the vortex filament model in a spherically symmetric geometry (as
resulting from a point heat source). It is found that, for the range of tempera-
tures and velocities studied, turbulent tangle of the quantized vortices develops
only for sufficiently low temperatures, hinting at the existence of a critical tem-
perature, and only for velocities bounded from above (and presumably from
below). A velocity-temperature phase diagram is presented. A simple physical
model is proposed that qualitatively explains both observations.

Keywords Superfluid helium · quantum turbulence · thermal counterflow

1 Introduction

Unique properties of superfluid 4He (He II) allow for a construction of a spher-
ically symmetric flow simply using a point heat source. Turbulence generated
by such flow may serve as an ideal case of isotropic turbulence due to absence
of a globally preferred direction which is typically present in channel flows.

He II flows as if composed of two interpenetrating fluids[1] – the normal and
the superfluid component, each with its own temperature-dependent density
(ρn,s, with the total density of He II ρ = ρs+ρn) and velocity field (vn, s). Nor-
mal fluid behaves approximately classically, possessing viscosity and entropy.
The superfluid component is inviscid and carries no entropy, additionally its
vorticity is quantized with quantum of circulation κ ≈ 9.997 cm−2/s. The
vortices in the superfluid component exist as singly-quantized thin topological
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defects (quantized vortices). The turbulence in He II, quantum turbulence[2],
takes the form of a dense tangle of quantized vortices in the superfluid compo-
nent coexisting with possible turbulence of more classical nature in the normal
component.

The most studied form of quantum turbulence in He II, counterflow, in-
volves oppositely oriented flows of the normal and superfluid component with
relative counterflow velocity vns, typically in a rectilinear channel[3,4]. Above
some critical counterflow velocity (depending on temperature and exact flow
arrangement[5]) a tangle of quantized vortices develops[3]. The tangle can be
created and maintained for all temperatures and its density increases with
temperature for fixed counterflow velocity[6]. Note that the vortex tangle in
rectilinear counterflow is always slightly anisotropic[7].

A point heat source in unbounded He II bath results in spherically symmet-
ric counterflow. As in channel-bound thermal counterflow, the heater generates
entropy at rate Q̇/T which is carried away by the normal fluid. This outflux is
balanced by the influx of the superfluid component. Assuming spherical sym-
metry of the flow fields and the heater placed at the origin, the radial velocity
vn of the normal fluid through a shell of radius r is

vn4πr
2ρS =

Q̇

T
, (1)

where S is the entropy per unit mass. The superfluid velocity is given by the
standard counterflow condition ρsvs = ρnvn. In the following, the strength of
the flow will be identified by the radial counterflow velocity at 5 mm distance
from the origin, denoted v5mm

ns .
Behaviour of quantized vortices in such flow is studied using numerical

simulations of the vortex filament model[8]. A striking contrast with the rec-
tilinear case is found in two aspects: turbulence does not develop at tempera-
tures higher than roughly 1.45 K and the velocities, where the turbulence does
occur, also appear to be bounded from above.

2 Computational Setup

The simulations are implemented using the vortex filament model pioneered
by Schwarz[9] with the full non-local Biot-Savart interaction included[7]. The
vortices are represented as thin lines s(ξ) parameterized in terms of their arc
length ξ. The superfluid velocity at point r (not on any vortex) is given by the
Biot-Savart integral

vs(r) =
κ

4π

∫

d s× (r− s)

|s− r|3 , (2)

where integration runs through all vortices in the system.The vortices are
discretised as a series of linked points sk with linear interpolation for the
purpose of integration in Eq. (2). The equation of motion for the points is

ṡk = v′
s(sk) + αs′ × (vn − v′

s)− α′s′ × [s′ × (vn − v′
s)], (3)
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where s′ is the local tangent of the line (∂s(ξ)/∂ξ) and v′
s denotes the standard

de-singularisation of the Biot-Savart integral (2) by splitting into local and
non-local contributions[9]. The differentials of s are calculated using fourth-
order finite differences and time stepping is accomplished with fourth order
Runge-Kutta scheme. The distances between the discretisation points of the
lines are maintained between 10−3 and 2× 10−3 cm (for a subset of runs the
results were also checked with discretisation distances between 2 and 4 ×10−3

cm). The time step used was approximately 6.4× 10−4, 10−5 or 10−6 s for
v5mm
ns = 0.1, 1 or 10 mm/s, respectively.

The spherical flow (1) has a singularity at the origin which needs to be
removed. This is accomplished by an exponential cutoff as

vns =
v0

4πr2
e−(rcutoff/r)

2

, (4)

where v0 is the adjustable strength and rcutoff is set to 200 µm in all runs.
Additional cutoff is necessary to remove nearly-parallel vortex loops that clus-
ter in large quantities near the origin. These vortices are tightly packed near
the cutoff region around the the origin and their amount can be as large as to
render further calculation unfeasible. To alleviate this problem, when a vortex
loop is fully enclosed by a shell of radius rO = 150 µm centred on the origin, it
is removed from the simulation. This removal can be thought of as analogous
to annihilation of the vortices on the solid surface that would be present in an
experimental realisation.

3 Development and sustainability of the turbulent tangle

As the initial condition (see an example in Fig. 1(a)), random loops of total
length about 5 cm are placed near the origin. The loops are oriented isotrop-
ically, have radii uniform;y distributed between 50 µm and 1 mm, and their
centres are placed in a cube of 1 mm side centred on the origin with uni-
form distribution. The loops that are not perfectly concentric with the ori-
gin are deformed such that parts of them points towards the flow source. A
straight vortex parallel with the local counterflow velocity is unstable [10] and
Kelvin waves of large amplitude are quickly excited, (see Fig. 1(b)), whose ini-
tial wavelength in the simulation is most likely affected by the discretisation
length. The time evolution of total vortex length L =

∫

d ξ for a particular
velocity is shown in Fig. 2 for the case of v5mm

ns = 0.1 mm/s. As the evolution
progresses, the Kelvin waves from different vortices either interact and create
a turbulent tangle near the origin or the vortices are pulled toward the origin
and annihilate (Fig. 1 (c) and (d), respectively).

The time in Fig. 2 is normalised by the “fall time” tfall, the time it would
take a superfluid Lagrangian particle to fall to the origin from a given distance
r. The Lagrangian particle would move toward the origin with velocity given
by the local superfluid velocity, i.e. d r/d t = −vns(r)ρn/ρ, where vns(r) is
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