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6. R. Tesař, J. Koláček, Z. Šimša, M. Šindler, L. Skrbek, K. Il’in, M. Siegel,
Terahertz transmission of NbN superconductor thin film, Physica C 470
(2010) 932 - 934.
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We report the design, construction and testing of a broadband-tunable terahertz circular
polarizer, which we developed for our magneto-optical measurements using the FIR/THz laser
source in the range of 0.25–7.5 THz. We present a thorough analysis of the lock-in amplifier
signal generated by a rotating analyzer with regard to setting the desired state of polarization.
The phase-sensitive detection method is applied to a combination of a wire-grid polarizer
and a parallel translation mirror providing a tunable retardance. The proposed technique
is appropriate not only to free-standing grids but also to those deposited on transparent
substrates which may introduce additional non-linear effects. The method is preferred when
the distance between the mirror and the grid cannot be exactly determined but the relative
displacements are measured. The device enables switching between left and right hand
polarization states on a time scale of a few seconds. Practical use of the circular polarizer
is demonstrated by directly probing the far infra-red magneto-optical properties of the two-
dimensional electron gas on the 458 ➭m laser line.

I. INTRODUCTION

In many optical and magneto-optical experiments, var-
ious types of polarizers are employed to ensure the con-
version of light into a predetermined polarization state.
A common task is to create circularly polarized light from
a linearly polarized laser beam. This can be achieved by
introducing a phase delay of odd multiples of π/2 be-
tween two perpendicular Cartesian components of the
electric vector. Although a conventional quarter-wave
plate1 is suitable for this purpose, its use is limited to
a narrow spectral line for which it has been designed.
This disadvantage is partially eliminated by achromatic
quarter-wave plates fabricated from several layers of dif-
ferent birefringent materials, which exhibit compensated
dispersion and approximately constant retardance in a
broader spectral range.2 A promising technique of ma-
nipulating the polarization state is the exploitation of re-

FIG. 1. Schematic drawing of our magneto-optical measure-
ment setup. The tunable circular polarizer system comprises
a polarizer, a retarder and a rotating analyzer. The latter can
be removed from the optical path as distinguished by faded
colors. Direction of magnetic field is parallel with the laser
beam as indicated by the arrow.

markable properties of metamaterials. It has been shown
that a helix-structured metamaterial transmits one ori-
entation of circular polarization, whereas the other one
is blocked.3 Various other conventional and unconven-
tional methods have been suggested to generate circularly
polarized terahertz waves.4–22 Some of these techniques
provide polarization states that are well circular within
a narrow band around the design frequency, while others
yield rather elliptic polarization over a broad band.

Linear to circular polarization conversion, however,
can be achieved in a much simpler way, even in a
broad bandwidth. An example is a circular polarizer
composed of a wire-grid linear polarizer and a transla-
tion mirror which provides a continuously tunable phase
retardance.4–12 The first devices have been developed
for experiments in the millimeter waves where a free-
standing wire grid driven by a manual micrometer screw
provides sufficient performance and accuracy. With de-
creasing wavelengths, it is necessary to reduce the diam-
eter and spacing of the wires. Towards the far-infrared
(FIR), mid-infrared, and beyond, one can reach a size
limit where the fabrication of wires is extremely difficult
without a supporting substrate. The presence of an ad-
ditional support layer, however, dramatically alters the
response of the system so that reliable checking of the ad-
justed polarization state becomes inevitable. Although
the theoretical principle of the circular polarizer has long
been known, a number of questions arise in its practical
application that require a careful analysis of the problem.
We therefore cover both the theoretical background and
the experimental procedures necessary for successful op-
eration of such an apparatus. The proposed approach al-
lows for use wire grids deposited on a substrate instead of
expensive and fragile free-standing grids, and, moreover,
enables to extend the function of the device to shorter
wavelengths.

Our effort was primarily motivated by the need of
expanding the capabilities of our magneto-optical lab-
oratory, namely for experiments based on measurements
of transmission of far infra-red (FIR) radiation through
thin layers of various superconductors.23–25 On the other
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hand, we believe that the device we are reporting will
find a response in other areas of physical research, e.g.,
in studies of semiconductors and semiconductor het-
erostructures involving cyclotron resonance of relevant
quasiparticles.26 We therefore demonstrate the applica-
bility and full functionality of our device by directly prob-
ing the FIR magneto-optical properties of the 2D electron
gas in a thin layer of GaAs being a part of the AlGaAs
and GaAs multilayer structure, grown in situ on GaAs
substrate.

II. RETARDANCE AND POLARIZATION STATES

We consider a linearly polarized monochromatic plane
wave of circular frequency ω traveling in free space along
the z-axis in the positive direction. When interacting
with a tunable retardance device, the electric vector un-
dergoes a phase delay, δ, on one of its Cartesian compo-
nents, which we may express in the form

Ex(t) = Ex e
i(kz−ωt),

Ey(t, δ) = Ey e
iδei(kz−ωt),

(1)

where Ex and Ey are real amplitudes of the incident
beam, k = ω/c = 2π/λ is the magnitude of the k-vector,
c and λ are the speed of light and wavelength in vacuum,
respectively. The resulting wave has the following polar-
ization states in relation to the values of phase retardance
and the amplitudes:

right-handed circular, δ = −π
2 + 2mπ, Ex = Ey,

left-handed circular, δ = +π
2 + 2mπ, Ex = Ey,

linear, δ = mπ,
elliptic, otherwise,

(2)
where m is an integer number. Furthermore, we can
introduce a non-dimensional relative amplitude using an
auxiliary angle α, so that

tanα =
Ey

Ex
, (3)

and express the polarization states (2) by the two angles
δ and α. It is worth mentioning that the rotation of
the electric vector may be described by two handedness
conventions.27 Here, we refer to the direction of rotation
defined from the point of view of the source. The circular
polarization is right-handed when the end of the electric
vector moves along the right-hand thread in the direction
of wave propagation. Similarly, the electric vector forms
the left-hand thread in the left-hand circularly polarized
wave.
If we place an analyzer into the optical path as shown

in Fig. 1, only the projection of the electric vector (1) on
its polarization axis is transmitted1 (see Fig. 2a)

E(t, θ, δ) =
[
Ex cos θ + Eye

iδ sin θ
]
ei(kz−ωt), (4)

and the intensity of light coming to the detector is then

I(θ, δ) = |E(t, θ, δ)|2 =

= E2
x cos

2 θ + E2
y sin

2 θ + 2ExEy cos θ sin θ cos δ. (5)

FIG. 2. Electric vector of a monochromatic plane wave. Pro-
jection of components on the transmitting axis of the rotating
analyzer (a). Resolution into reflected and transmitted com-
ponents at the wire-grid polarizer (b). The transmission axis
of the polarizer is orthogonal to the wires and is shown dot-
dashed.

The exact value of the phase delay δ introduced by the
retardance device is not always known, but it is evident
that it can be determined directly from the light inten-
sity measurement at several values of the analyzer angle
θ. Such a procedure is, however, not very suitable for ac-
curate tuning of the desired retardance. Here we consider
δ as an independent variable controlled by the position
of the translation mirror and, as we will see later, for a
real device the relationship between the phase delay and
mirror displacement is monotonic, albeit not necessarily
linear. Moreover, the measured distance could be biased
by an unknown offset. Therefore, we prefer the method
of scanning δ and analyzing the lock-in output signal as
described in the following section.

III. LOCK-IN SIGNAL ANALYSIS

Like in many other experiments, modulation of the
light is indispensable for successful application of the
phase-sensitive detection method.28 When the analyzer
rotates with angular frequency Ω, the detected intensity
I(θ, δ) depends on time through the angle θ as

θ(t) = Ωt. (6)

We consider a response to the analyzer rotation only on
fundamental and higher harmonic frequencies equal to
ΩL = nΩ (n = 1, 2, 3, ...). Using a dual phase lock-in
amplifier, we obtain a signal vector via two orthogonal
components, in-phase and quadrature

XL = lim
T→∞

1

T

∫ T

0

sin(nΩt+ φL) I(θ(t), δ) dt , (7)

YL = lim
T→∞

1

T

∫ T

0

cos(nΩt+ φL) I(θ(t), δ) dt , (8)

where φL is the adjustable phase angle. Evaluating the
time-average integrals above requires careful treatment
of indeterminate forms, which ultimately leads to a non-
zero result for n = 2. The components of the resulting
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signal detected on twice the fundamental frequency ΩL =
2Ω are of the form

XL =
1

4
(E2

x − E2
y) cosφL − 1

2
ExEy sinφL cos δ , (9)

YL =
1

4
(E2

x − E2
y) sinφL +

1

2
ExEy cosφL cos δ . (10)

These relations contain both the variable phase differ-
ence δ introduced by the retarder and the arbitrary phase
shift φL between the signal and reference channels of the
lock-in amplifier. Rewriting the signal vector in polar
coordinates

RL =
√
X2

L + Y 2
L , (11)

tanΘL =
YL

XL
, (12)

the φL parameter completely disappears in the expression
for the signal magnitude

RL =
1

4

√
(E2

x − E2
y)

2 + 4E2
xE

2
y cos

2 δ , (13)

but it remains in the expression for the signal angle ΘL.
Let’s see how the polarization states could be deter-

mined from the measured curves. In the case when
the amplitudes of the electric vector are mathematically
equal, Ex = Ey and tanα = 1, which is desirable for a
circular polarization adjustment, but hardly achievable
experimentally, we get a constant signal angle

ΘL = φL − π

2
. (14)

In Fig. 3 we plot the theoretical lock-in signal as a func-
tion of retardance δ for the amplitudes close to the con-
dition of circular polarization, tanα = 0.99. It is obvious
that the signal magnitude is periodic and oscillates be-
tween the maximum and minimum values:

RL,max =
1

4
(E2

x + E2
y) , (15)

RL,min =
1

4
|E2

x − E2
y | . (16)

We note that the magnitude function reaches its min-
imum at odd multiples of π/2, while the phase angle
undergoes a sharp change of sign. Those are exactly the
points for which the light is circularly polarized, however,
left or right handedness cannot be uniquely identified if
we are not able to assign the absolute values of δ to them
because of unknown instrumental offset. The shape of
the phase angle curve strongly depends on the arbitrary
parameter φL, as illustrated in the right panel of Fig. 3,
so this signal component is not very helpful. In spite of
that, the magnitude itself provides enough information
to distinguish between the linear, circular and elliptic po-
larization states. As can be seen from relations (2) and
Fig. 3, the adjacent minima correspond to the opposite
sense of circular polarization and the adjacent maxima
to the linear polarizations perpendicular to each other,
while elsewhere the polarization is elliptical.
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FIG. 3. Theoretical lock-in signal as a function of phase retar-
dance δ. The magnitude RL and phase angle ΘL of the signal
vector were calculated for the relative amplitude tanα = 0.99
and the lock-in phase φL = 0. The right panel shows ΘL for
several values of φL.

Further, from the measured magnitude curves we can
estimate how accurately the circular polarization is ad-
justed. Assuming Ey ≤ Ex, we calculate the relative
amplitude of the electric vector components as

tanα =

√
RL,max −RL,min

RL,max +RL,min
. (17)

If a polarization ellipse is close to a circle, then the rel-
ative amplitude is approximately equal to the ellipticity
of the polarized light.29 For perfect circular polarization,
the minimum of signal magnitude reaches zero and the
ellipticity reaches unity.

IV. WIRE-GRID PHASE RETARDER

The above signal analysis applies generally to the δ de-
pendence, regardless of how the phase shift between the
components (1) of the electric vector has been achieved.
Let us first discuss a simplified case which helps us under-
stand how the phase delay may be controlled. We con-
sider the configuration of a free-standing wire-grid linear

FIG. 4. Structure of the retarder: 0 and 3 – free space; 1 and
2 – linear polarizer, 1 – wire grid, 2 – HDPE substrate; 4 –
gold mirror; θ0 – angle of incidence. For the sake of simplicity,
multiple reflections are drawn only between the substrate and
mirror interfaces.
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FIG. 5. Theoretical lock-in signal together with the phase re-
tardance as a function of mirror distance d3 for two FIR/THz
wavelengths 458 ➭m and 311 ➭m. The calculations take into
account the layered structure shown in Fig. 4 and reason-
able parameter values.30 The optical properties of the mate-
rials are taken from the literature,31,32 while the refractive in-
dices of the wire grid are estimated from the effective medium
theory.33

polarizer with a parallel flat mirror at a distance d behind
it. We assume that the grid exhibits perfect reflectance
and transmittance along two orthogonal axes, and there
is no interference between the grid and the mirror. Let a
linearly polarized plane wave fall onto the grid at an an-
gle of θ0. If the direction of polarization forms an angle
α0 with the wires, the electric vector is resolved into two
orthogonal components, as shown in Fig. 2b, and the in-
cident wave is divided into two independent waves, which
can be treated separately. The wave with the component
parallel with the wires is reflected from the metallic sur-
face while the other wave freely proceeds to the mirror
and after reflection it propagates back and leaves the grid
with a phase delay of

δ =
2π

λ
2d cos θ0 . (18)

In the ideal case we have described, there is no absorption
and no phase difference in the electric vector components
except that given by the variation in the optical path.
The relative amplitude (3) remains unaffected, and the
angles α and α0 are identical. The retardance is a linear
function of the mirror distance, which means that we get
the same pattern as in Fig. 3, with equidistantly spaced
extrema when scanning the mirror position.
We now consider a more realistic description, which in-

volves optical properties of the wire-grid polarizer along

with multiple reflections in the system. The structure
of the phase retarder is shown schematically in Fig. 4.
We suppose that the wires are deposited on a transpar-
ent substrate of defined thickness and refractive index;
the substrate is separated from the metal mirror by a
distance d3. The reflection coefficients rx and ry of the
layered system are calculated separately for each compo-
nent of the electric vector

Ex = |rx|E0 cosα0 , (19)

Ey = |ry|E0 sinα0 , (20)

where α0 is the angle included by the wires and the elec-
tric vector E0 of the incident beam. The phase difference
between the components is then

δ = arg

(
ry
rx

)
= −i ln

(
ry
rx

|rx|
|ry|

)
. (21)

A simple way to obtain the reflection coefficients is to use
the following reiterative formula34

rj−1 =
rFj−1 + rj e

2iδj

1 + rFj−1 rj e
2iδj

, (22)

where rFj−1 are the Fresnel coefficients of the (j−1)-th and
j-th layer interfaces, δj are the phase shifts introduced
by the corresponding layers,

δj =
2π

λ
nj dj cos θj , (23)

and dj , nj and θj denote the thickness, index and angle
of refraction of the j-th layer, respectively. The refractive
indices of the materials related to the individual layers
are available in the literature.31,32 The wire-grid, how-
ever, shows an optical anisotropy, which may be char-
acterized by a couple of refractive indices n1x and n1y.
There are several ways to estimate them.33 Obviously,
the refractive index along the reflecting axis n1x will re-
sult in values typical for metallic materials, whereas the
index along the transmitting axis n1y will be more like
dielectric.
Using expressions (19–23) we are now able to evaluate

the lock-in signal components (11, 12) and plot them,
for reasonable values of parameters, as a function of d3.
Compared to the ideal case, the equidistant nature of
the extrema is lost due to non-linear dependence of the
phase retardance δ on the mirror distance d3, as clearly
seen in the upper panel of Fig. 5. The exceptional quasi-
equidistant behavior at the laser line 311 ➭m we ascribe
to a coincidence of λ/2 and the optical thickness of the
substrate, so that δ2 ≈ π. It should be noted that the
metallic surfaces in the real system do not exhibit per-
fect reflectivity, which leads to partial absorption of the
incident waves and to slight variations of the real ampli-
tude (20) with the mirror position. Consequently, some
relationships apply only approximately, such as α ≈ α0.
The expression for the relative amplitude (17) is only ap-
proximate, since the signal minimum (16) and maximum
(15) are measured at different mirror positions. In the
presented calculations, however, the variations of the rel-
ative amplitude due to the absorption effects are below
0.2% and may be neglected.
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V. EXPERIMENTAL ARRANGEMENT

We have designed and constructed the wire-grid circu-
lar polarization device primarily for our magneto-optical
studies of thin film superconductors, which are described
in detail elsewhere.25 Here, we only briefly present rele-
vant parameters of our equipment. The system consists
of an optically pumped FIR/THz gas laser, a magneto-
optical cryostat, and a helium-cooled bolometer detector
(see Fig. 1). The laser emits a coherent, linearly po-
larized, monochromatic radiation at discrete lines in the
frequency range of 0.25 – 7.5 THz, i.e., of correspond-
ing wavelengths from 1.2 mm down to 40 ➭m. The laser
output is modulated using an external signal generator
to drive the power supply with the repetition frequency
and pulse width of about 300 Hz and 1 ms, respectively.
As shown in Fig. 1, the output beam is partially re-
flected from a polarizer P1 to a pyroelectric detector,
which serves to monitor the variation in laser power.
The light transmitted through the polarizer is directed
to the retarder and then to the bolometer. The trans-
mission of the sample is proportional to the bolometer-
to-pyrodetector signal ratio. An analyzer mount may be
inserted into the optical path for scanning the phase de-
lay and removed in the case of sample measurement. The
sample is placed inside the optical cryostat and it is eas-
ily positioned into or out of the beam using a sliding rod
holder.

Our setup incorporates three identical wire-grid linear
polarizers commercially available from the Tydex Co.35

The first polarizer P1, embedded in a manual rotation
mount, ensures proper orientation of the electric vector of
the radiation incoming to the retarder. The other two po-
larizers are mounted in the retarder and analyzer devices
as indicated in Fig. 1. The transmitting axes of the po-
larizers P1 and P2 make an angle of 45 degrees. The po-
larizers consist of a transmission aluminum grating with
1200 grooves per millimeter that is deposited on a high-
density polyethylene (HDPE) substrate of 100 ➭m thick-
ness. According to the manufacturer’s specifications, the
degree of polarization of transmitted power is greater
than 99.5%, whereas the transmission of unwanted radia-
tion is less than 0.1% across a wide range of wavelengths
from 30 ➭m up to millimeter waves. The polarizers, as
well as all other optics, are functional throughout the
entire line spectrum produced by our laser source.

In the construction of the retarder, we use a gold mir-
ror and one of the wire-grid polarizers. The retarder as-
sembly is mounted on a base which provides out-of-plane
tilting and in-plane rotation (see the photo in Fig. 6).

The mirror is firmly attached to a moving platform
by a right-angle bracket while the polarizer P2 may be
precisely positioned by a kinematic rotation mount to a
parallel arrangement with the mirror. The parallelism
of the mirror and the wire grid is adjusted using a vis-
ible laser diode. The optical elements are positioned so
that the laser spot is retro-reflected to the source within
the precision of ±1.5 mm at the distance of 3.5 m. This
procedure guarantees that a deflection from the paral-
lel orientation is not greater than 1 mrad. Linear move-
ment of the mirror is provided by a motorized translation

FIG. 6. Tunable phase retardance device on an optical table.

stage with a backlash less than 5 ➭m, which is compen-
sated by the motor controller software. An optical ro-
tary encoder ensures minimum displacement resolution
of 40 nm. Since any target position of the stage is always
approached from the same direction, the most limiting
factor of the motion system is the unidirectional repeata-
bility, that has been estimated below 1 ➭m.

The wire-grid analyzer is secured to a home-made ro-
tational mount which enables spinning with frequency
of 6 Hz. The reference signal for the lock-in amplifier
is supplied by a photodiode coupled with a LED source
which is mechanically chopped by a rotating slotted disk.
Although the reference pulse is generated once per cycle,
we can still take advantage of the 2f detection mode pro-
vided by the lock-in amplifier and measure the signals at
twice the input reference frequency.

With the rotating analyzer inserted into the optical
path, we scan the mirror distance while measuring the
lock-in signals RL and ΘL. As already stated in the pre-
vious sections, circular polarization occurs for the mirror
position at the minimum of the magnitude signal. The
relative amplitude (17) of the light incident on the re-
tarder device is set to unity by the polarizer. However,
on reflection the amplitude may be modified, since the
components Ey and Ex are attenuated differently. In
that case, the minimum of the magnitude signal does
not reach zero. Nevertheless, we can set the mirror po-
sition at the signal minimum and turn the polarizer P1
slightly to get the signal as low as possible. Then we
repeat the scan again and, using equation (17), we check
the relative amplitude, which should ideally be equal to
unity. An example of the experimental mirror scan for
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FIG. 7. Measured lock-in signal as a function of mirror dis-
placement ∆d3 at two FIR laser lines 458 ➭m and 311 ➭m.
For each mirror scan, one position of minimum amplitude sig-
nal is selected as the origin of the coordinate axis (∆d3 = 0).
The approximate mirror-grid separation is d3 ≈ 3− 4mm.

the laser wavelength 458 ➭m and 311 ➭m is plotted in
Fig. 7. The obtained high values of relative amplitude,
about 0.97 – 0.99, indicate that this method allows us to
adjust polarization very close to the circular state.
Once the data are recorded, the analyzer mount may

be removed from the optical path. Then we switch the
lock-in reference frequency to normal operation mode
and the reference input to the signal generator. Now
we choose an appropriate mirror position depending on
what state of polarization we require or we can switch
between selected positions during the measurement.

VI. CIRCULAR POLARIZER IN USE: CYCLOTRON
RESONANCE MEASUREMENT

In order to test the performance of the tunable THz po-
larizer in practice, one needs a physical system for which
the right and left-handed circularly polarized beams are
eigenmodes, i.e. they are independent, and at the same
time they exhibit significantly different optical proper-
ties in the THz range. A perfect candidate is a layer or
multilayer of homogeneous isotropic materials which in
a magnetic field reveals a single cyclotron resonance. In
a magnetic field parallel with the k-vector, B > 0, the
right-hand circular polarization (RHCP) is the cyclotron
active component of the radiation, while the left-hand
circular polarization (LHCP) causes a continuous back-
ground only. For B < 0, all signs are inverted and LHCP
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FIG. 8. Transmission of a 2D electron gas in a GaAs/AlGaAs
heterostructure measured at 100 K using a sharp FIR laser
line 458 ➭m. Cyclotron resonance absorption occurs at mag-
netic field B0 = ±1.6 T according to the sense of circular
polarization. From the frequency dependence of the resonant
field B0 (see the upper inset) the electron effective mass is
estimated as m∗ = 0.069me. In the lower inset, the magnetic
field dependence of LHCP transmission is compared with the
inverted RHCP curve (B → −B).

becomes cyclotron-active.26

Here, we report cyclotron resonance measurements of a
high-quality two-dimensional electron gas sample grown
by molecular beam epitaxy of AlGaAs and GaAs multi-
layer structure on 0.5 mm thick undoped GaAs substrate.
The substrate is a semi-insulating material with high re-
sistivity (107 ❲ cm) and low mobility of charge carriers
(5×103 cm2V−1s−1). The gas of free electrons is accom-
modated in a GaAs quantum potential well of 30 nm
thickness with 25 nm AlGaAs barriers on both sides.
The electrons are delivered into the potential well from
the surrounding layers of Si-doped Al0.3Ga0.7As. Un-
doped AlGaAs continues 500 nm towards the substrate
and 125 nm towards the surface. The surface of the struc-
ture is capped with 10 nm of GaAs. Important param-
eters of the electron gas, the two-dimensional electron
mobility µ2D = 6× 105 cm2V−1s−1 and the sheet carrier
concentration n2D = 3 × 1011 cm−2, are estimated from
the Hall resistivity measurements.

The transmission measurements were performed for
three different FIR/THz wavelengths using linearly and
circularly polarized laser beams. The sample tempera-
ture was 100 K while the magnetic field was swept in
both positive and negative direction. In Fig. 8 we only
show the results for the 458 ➭m laser line obtained in the
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left and right-hand circularly polarized light. In both
cases, transmission exhibits a sharp dip corresponding
to the cyclotron resonance when the polarization compo-
nent is cyclotron-active, and no visible dip when inactive.
This demonstrates that the prepared polarization states
are not a mixture of LHCP and RHCP states. Further-
more, transmissions for left and right-handed circularly
polarized beams are nearly perfectly antisymmetric (see
the lower inset in Fig. 8). The effective electron mass es-
timated from the position of the transmission minimum,
m∗ = 0.069me, is in a good agreement with the tabu-
lated value m∗ = 0.067me.

36 A detailed analysis of the
transmission dependence on the magnetic field is not the
primary objective of this study, and will be reported else-
where. Additional transmission measurements using a
linear polarization (not shown here) are consistent with
the presented LHCP and RHCP data, and confirm the
good performance of our tunable THz circular polarizer.

VII. CONCLUSIONS

We constructed and tested an original polarization
converting device fully tunable in a broad range of tera-
hertz frequencies. The device covers at least the band of
0.25 - 7.5 THz and was developed for linear-to-circular
polarization conversion necessitated by magneto-optical
experiments with the FIR/THz gas laser source. The
proposed polarization converter utilizes a scheme with a
variable phase retarder composed of a wire-grid polar-
izer and a parallel moving mirror.4–8 A practical method
based on detailed analysis of the lock-in signal generated
by the rotating analyzer was elaborated for precise cir-
cular polarization adjustment. The proposed technique
provides independent and effective control of the polar-
ization output of the phase retarder, and it is suitable
not only for free-standing grids but also for grids on sub-
strates. We found that grids deposited on transparent
substrates introduce a non-linear and non-equidistant re-
sponse of the system. The method is applicable even if
the distance between the mirror and the wire-grid po-
larizer cannot be exactly determined or is biased by an
unknown offset. Our approach allows us to achieve the
ellipticity of the laser beam as high as 0.99, which is very
close to perfectly circular polarization. The very good
agreement between the calculated and measured lock-
in signals (Fig. 5 and 7) leads us to conclude that the
device indeed works as expected. Furthermore, the ex-
perimental functionality of the polarizer was verified in
practice, via detection of the cyclotron resonance in the
two-dimensional electron gas. The presented method of
signal analysis is not limited to the terahertz spectral re-
gion, but generally applies to modulation of the polarized
beam with a rotating analyzer.
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a b s t r a c t 

Transmission of terahertz waves through a thin layer of the superconductor NbN deposited on an 
anisotropic R-cut sapphire substrate is studied as a function of temperature in a magnetic field oriented 
parallel with the sample. A significant difference is found between transmitted intensities of beams lin- 
early polarised parallel with and perpendicular to the direction of applied magnetic field. 

© 2016 Elsevier B.V. All rights reserved. 

1. Introduction 

Far-infrared techniques provide valuable information about 
condensate, quasiparticle and vortex behaviour in both equilib- 
rium and non-equilibrium states of superconductors [1] . Magnetic 
fields substantially change the properties of superconductors in 
two different ways: by pair-breaking mechanism or by introducing 
a vortex lattice. Regarding mutual orientation of applied magnetic 
field, sample position and linear polarisation, three fundamental 
configurations of magneto-optical experiments can be recognised, 
as illustrated in Fig. 1 . While in the Faraday geometry , optical prop- 
erties are insensitive to the direction of the incident beam linear 
polarisation, in the Voigt geometry , the dependence is generally 
possible. 

As the case of Faraday geometry is better understood [2–4] and 
only few studies deal with the parallel field [5–7] , in this work 
we concentrate on transmission in Voigt geometry. Very thin su- 
perconducting films of thickness, d , lower or comparable with the 
coherence length, ξ , exhibit in parallel magnetic field a vortex free 
state [5] . In thicker films, vortices are introduced inside the film. 
Luzhbin [6] found that in such a geometrically frustrated system 

vortices arrange themselves in rows. 
In this paper, we describe transmission of monochromatic THz 

radiation with well-defined linear polarisation through a thin NbN 

∗ Corresponding author. Tel.: +420 220 318 556. 
E-mail address: sindler@fzu.cz , soptik26@gmail.com (M. Šindler). 

film with magnetic field applied parallel to its surface. Anisotropy 
of transmission can be regarded as a sign of vortex presence. 

2. Experiment 

The superconducting NbN film of nominal thickness d 1 = 15 nm 

was grown epitaxially on an anisotropic R-cut sapphire substrate 
(with the c -axis at angle ϕ = 57 . 6 ◦ with respect to the surface nor- 
mal), see Table 1 . This sample has already been studied by us in 
zero magnetic field [8] . 

Our optically pumped far-infrared laser produces several dis- 
crete lines in the range from 0.4 to 4.9 THz. Intensity of trans- 
mitted beam through the sample placed inside magneto-optical 
cryostat is measured by a helium cooled bolometer and relative 
transmission is evaluated as a ratio between measured transmis- 
sion and transmission measured just above T c . Our experimental 
protocol is to set a constant magnetic field and to cool the sam- 
ple from slightly above T c to the minimum attainable tempera- 
ture (usually 3 K); then the sample is heated up. Temperature of 
the sample is monitored by a small Cernox thermometer located 
nearby, which performs well even in high magnetic fields. The DC 
resistivity is monitored simultaneously, by the four-probe measure- 
ment method. Further details can be found elsewhere [9] . 

Utilising the wire-grid polarisator the transmission is measured 
for two fundamentally different linear polarisations (see Fig. 1 ), po- 
larisation parallel with ( E ‖ ) and perpendicular to ( E ⊥ ) the applied 
magnetic field. In our special case, the angle between the electric 

http://dx.doi.org/10.1016/j.physc.2016.02.013 
0921-4534/© 2016 Elsevier B.V. All rights reserved. 
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Table 1 

Parameters of the sample. 

Film d 1 T c σ N (0) Substrate d 2 
[nm] [K] �−1 .m −1 [mm] 

NbN 15 16 0.51 × 10 6 Al 2 O 3 0.33 

Fig. 1. Schematics of fundamental magneto-optical geometries: � B is a static exter- 
nal magnetic field, � k is a wavevector and � E denotes electric field of an incoming 
beam. 

vector of the incident beam and the extraordinary ray axis of the 
birefringent sapphire substrate is 45 °, therefore the relative trans- 
missions of the parallely and perpendicularly polarised radiations 
should be equal in zero magnetic field. Note, however, that the 
intensities of the parallely and perpendicularly polarised rays are 
different, which might affect the accuracy of the individual mea- 
surements, but resulting dependencies are reliable. 

3. Theoretical model 

Zero magnetic field conductivity ˜ σs is well described by the 
BCS theory-based Zimmermann model [10] . In our model, vor- 
tices are considered as cylindrical inclusions of normal state ma- 
terial [11] . Their typical radius is proportional to the coherence 
length ( ξ ∼= 5 nm for NbN at zero temperature) which is much 
smaller than the typical wavelengths in the terahertz range. We 
can use the long wavelength limit when electromagnetic radiation 
does not sense individual vortices and the system can be thought 
of as a homogeneous one, possessing an effective com plex conduc- 
tivity ˜ σe f f which strongly depends on the volume fraction of vor- 
tex cores f n = V n /V and the superconducting fraction f s = 1 − f n . 

In our case, vortices are considered as inclusions and the su- 
perconducting environment surrounding the vortices as a filler. 
Maxwell–Garnett formulated his theory [12] for dilute systems as- 
suming that inclusions feel the external field that coincide with the 
local field inside the filler. In contrast with the Bruggeman the- 
ory [13] , this model respects the topology of the vortex system. 
Mutual interaction between inclusions is neglected. More generally, 
MGT formulas can hold even for higher concentrations of inclu- 
sions as long as the filler is percolated [14] . Considering the special 
case of cylindrical inclusions, MGT gives 

˜ σ⊥ 
MGT = 

2 f n ̃  σs ( ̃  σn − ˜ σs ) 

(1 − f n )( ̃  σn − ˜ σs ) + 2 ̃  σs 
+ ˜ σs ; (1) 

˜ σ ‖ 
MGT = f n ̃  σn + (1 − f n ) ̃  σs , (2) 

for electric fields perpendicular to and parallel with the vortex 
axes, respectively. The latter formula can be qualitatively under- 
stood assuming that charges along the vortex cores and in the su- 
perconducting matrix move independently. 

Fig. 2. Temperature dependence of transmission through NbN thin film at 0.58 THz 
in parallel magnetic fields up to 10 T. Upper panel: perpendicular polarisation E ⊥ ; 
lower panel: parallel polarisation E ‖ . 

Fig. 3. Temperature dependence of transmission through NbN thin film at 0.65 THz 
in parallel magnetic fields up to 10 T. Upper panel: perpendicular polarisation E ⊥ ; 
lower panel: parallel polarisation E ‖ . 

4. Results 

Let us describe our experimental results. Transmission is mea- 
sured at frequencies 2.52, 0.65, 0.58, 0.53 and 0.40 THz. 

Zero-field transmission has been measured in both polarisa- 
tions. The observed difference does not exceed 5%, which most 
likely can be attributed to a slight misalignment of the sample. 
Importantly, one can appreciate good agreement between trans- 
mission obtained while cooling and heating our sample. The trans- 
mission curves differ due to frequency dependence of the complex 
conductivity and interference effects. Detailed analysis of zero-field 
transmission [8] and interpretation [15] was reported in our previ- 
ous studies. 

We study differences between the transmission for E ⊥ and E ‖ 

with increasing magnetic field. In low magnetic fields up to 2 T, 
the measured transmission deviates from the zero field values only 
slightly, usually within the experimental error. In large magnetic 
fields, we observed frequency dependent anisotropic behaviour of 
transmission. Significant differences are observed in the case of 
0.58 THz ( Fig. 2 ) and 0.65 THz ( Fig. 3 ) lines, while for the remain- 
ing laser lines anisotropy is less pronounced (see Appendix). 
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Fig. 4. Numerical simulation of transmission through a thin NbN film in Voigt ge- 
ometry. For details, see the text. 

For 0.58 THz and 0.65 THz, peaks in transmission are formed at 
temperatures slightly below T c , with decreasing temperature the 
transmission decreases until it becomes constant in the low tem- 
perature limit. The low temperature value increases with the ap- 
plied magnetic field, more rapidly for E ⊥ than for E ‖ . For E ⊥ and 
10 T the measured transmission is above the normal state value. 
Measurement for 0.53 THz also exhibits similar increase of low 

temperature transmission with the applied magnetic field, but the 
anisotropy is less pronounced. For 2.52 THz line, anisotropy is less 
pronounced since the Cooper pair breaking mechanism dominates 
( ℏ ω > 2 �(0)). Only for the lowest frequency (0.40 THz), we find 
transmission insensitive to the polarisation direction. 

5. Discussion 

Calculations are performed using the values listed in Table 1 
and the following values of physical properties of our sample: 
the collision time τ = 3 . 86 fs [16] and the optical gap 2�(0) = 

5 . 7 meV (1.38 THz) which results in 2�(0) /k B T c = 4 . 15 [8] . In zero 
field we calculated complex conductivity following the Zimmer- 
man recipe [10] and transmission is evaluated using Yeh formalism 

[15,17,18] . While variations of the film parameters within their ex- 
perimental errors affect the calculated transmission only slightly, 
the results are much more sensitive to the exact values of ordi- 
nary and extraordinary refractive indices of the substrate. This is 
well understood, since transmission is strongly influenced by the 
interference effects. 

In non-zero magnetic field, both NbN film and R-cut sapphire 
are anisotropic, which leads to new features. It is no longer possi- 
ble to decompose the beam into two different parts with their own 
eigenpolarisations - mode coupling occurs [15,17,18] . This prevents 
us to treat transmission of E ⊥ and E ‖ independently. 

The key variable in our theoretical model is the vortex core 
fraction f n which can be approximated by f n = B/B c2 (T ) [2] . As 
shown by Drew [19] , the time dependent Ginzburg Landau the- 
ory predicts the upper critical field in the thin film limit in par- 
allel field as B c2 = B c2 (0) 

√ 
1 − t . Our results are well-described by 

this Drew formula with B c2 (0) = 25 . 1 T and almost equally well by 

the equation B c2 = B c2 (0) 
√ 

1 − t 2 with B c2 (0) = 18 . 4 T. The normal 
state conductivity of vortex cores, ˜ σn , is considered to be indepen- 
dent of magnetic field. 

Numerical calculations of the transmission displayed in Fig. 4 
are performed following our method described in Ref. [15] us- 
ing the Drew formula for B c 2 ( T ) (the alternative formula B c2 = 

B c2 (0) 
√ 

1 − t 2 leads to somehow worse description of the data). 

The resulting theoretical curves for E ‖ describe our transmission 
data semi-quantitatively. Therefore we believe that parameters of 
our NbN sample and the dependence of f n ( T, B ) are chosen rea- 
sonably. The experimentally observed peaks are somewhat broader 
than predicted by the theoretical calculations, which can be at- 
tributed to some inhomogeneity of our sample. Furthermore, the 
case of E ‖ is influenced by contribution from σ⊥ due to the mode 
coupling. In the case of perpendicular polarisation E ⊥ , the effec- 
tive medium approximation fails to describe the experimentally 
observed transmission, even on a qualitative level. The obvious rea- 
son is, that perpendicular field induces current evoking vortex mo- 
tion, the effect of which is beyond the frame of this paper. 

6. Conclusions 

In the Voigt experimental geometry, transmission of beams 
with polarisation parallel with ( E ‖ ) and perpendicular ( E ⊥ ) to the 
vortex axes in the superconducting thin NbN film exhibit very 
different behaviour. In the case of E ‖ , we report a fairly good 
semiquantitative description of transmission, while for E ⊥ , the 
Maxwell–Garnett theory fails to describe measured transmission 
even on the quantitative level. We believe that the simple for- 
mula (2) provides good approximation of conductivity in the di- 
rection parallel with the applied magnetic field ˜ σ ‖ , while conduc- 
tivity in perpendicular direction ˜ σ⊥ is more complex and deserves 
further attention. We therefore plan systematic measurements of 
transmission through NbN films deposited on MgO isotropic sub- 
strate utilising laser thermal spectroscopy and time-domain ter- 
ahertz spectroscopy methods for both types of Voigt geometry, 
which will be reported elsewhere. 
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Abstract
We studied a thin superconducting NbN film in magnetic fields up to 8 T above the
zero-temperature limit by means of time-domain terahertz and scanning tunneling
spectroscopies in order to understand the vortex response. Scanning tunneling spectroscopy
was used to determine the optical gap and the upper critical field of the sample. The values
obtained were subsequently used to fit the terahertz complex conductivity spectra in the
magnetic field in the Faraday geometry above the zero-temperature limit. These spectra are
best described in terms of the Coffey–Clem self-consistent solution of a modified London
equation in the flux creep regime.

Keywords: superconductivity, thin films, scanning tunneling spectroscopy, time-domain
terahertz spectroscopy

(Some figures may appear in colour only in the online journal)

1. Introduction

Terahertz-range electrodynamics of superconductors is gover-
ned by the response of Cooper pairs and thermally activated
quasiparticles [1–4]. The key parameter is the optical gap 21,
which represents the energy necessary for breaking Cooper
pairs [5]. For classical BCS-like superconductors, the value
of the optical gap ranges from tenths to units of meV, which
corresponds to the high-frequency part of the microwave range
and to the terahertz (THz) region.

In a magnetic field B lying between the lower and upper
critical fields (Bc1 < B < Bc2), type-II superconductors, such
as NbN, enter into the so-called Abrikosov or mixed state.
In this state, the magnetic field penetrates the superconductor
through cylindrical regions carrying a quantized magnetic flux

80, so-called vortices: the normal state is locally restored
in vortex cores. The vortex lattice has a large impact on the
high-frequency electrodynamic response of superconductors
not only because the material becomes inhomogeneous,
but also because a vortex oscillatory motion inevitably
contributes to both the inductive and the dissipative parts of
the electrodynamic response [6–8]. While the vortex state has
been studied quite thoroughly in the microwave range [9–12],
there are only few studies in the far-infrared range lying in
the vicinity of the optical gap [13, 14]. The conclusions of
these studies, however, do not provide a simple unambiguous
picture: Ikebe et al [13] explained their experiments on
classical NbN superconductor by the Coffey–Clem model
within the dissipative flux-flow regime, while Xi et al [14]
argued that the vortices are strongly pinned and that the
contribution from the vortex motion can be neglected.

0953-2048/14/055009+08$33.00 1 c© 2014 IOP Publishing Ltd Printed in the UK
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The aim of this paper is to clarify the issue by studying
a superconducting NbN film in the Faraday geometry in a
broad temperature range between T = 0 K and a temperature
slightly above the critical temperature Tc. A number of
important parameters of the NbN film studied were determined
by supplemental scanning tunneling spectroscopy (STS)
experiments, which enabled us to test various theoretical
models with a minimum of free parameters.

2. Experiment

NbN was chosen as a typical representative of classical BCS
type-II superconductors. Our sample was a 11.5 nm thick
NbN film deposited on a highly resistive Si substrate. The
nominal critical temperature determined by DC conductivity
measurements was Tc = 11.5 K.

A custom-made spectrometer was used for time-domain
terahertz spectroscopy (TDTS) measurements in the
transmission geometry arrangement. Broadband THz pulses
were generated using a Ti:sapphire femtosecond laser and
a commercial large-area semiconductor interdigitated emitter
(TeraSED, GigaOptics). The sample was placed in an Oxford
Instruments Spectromag He-bath cryostat with mylar windows
and a superconducting coil, enabling measurements down
to T = 2 K. The distance of the sample from the built-in
temperature sensor was several centimeters; therefore, at
low temperatures, the real value of the temperature at the
sample was several degrees higher than the readout on the
temperature controller. The Faraday configuration was used
with an external static magnetic field B ≤ 7 T parallel to the
wavevector of the THz radiation. The transmitted pulses were
detected by electro-optic sampling [15] in a 1 mm thick 〈110〉
ZnTe crystal.

The experiments consisted of two consecutive
measurements: one of a signal wave form Es(t) using a
sample consisting of a NbN film on a substrate, and one
of a reference wave form Er(t) with a bare Si substrate.
These wave forms were time-windowed such that they
contained only the direct pass of the THz beam through
the thick substrate [16]. The ratio of the Fourier transforms
of the time-domain wave forms provided the complex THz
transmittance spectrum of the film: t (ω) = Es(ω)/Er(ω). The
complex refractive index ñ = n + iκ of the NbN film was then
determined by numerically inverting the expression4 [17]:

t (ω) =
2ñ(ns + 1) exp[ik0(ñ − 1)d] exp[ik0(ns − 1)(ds − dr)]

(1 + ñ)(ñ + ns) + (1 − ñ)(ñ − ns) exp[2ik0ñd]
, (1)

where ns is the refractive index of the substrate and k0 = ω/c,
with c denoting the speed of light in vacuum. The film
thickness is denoted by d; ds and dr are the thicknesses
of the substrate under the film and of the reference (bare)
substrate, respectively. The complex conductivity spectra σ̃ (ω)

4 The convention E(t) = E0 exp(−iωt) used by us leads to the
following notation for the complex quantities: complex conductivity
σ̃ = σ1 + iσ2, complex permittivity ε̃ = ε1 + iε2, and refractive index
ñ = n + iκ .

of the thin film were directly evaluated from ñ(ω) as σ̃ =
−iωε0ñ2. Inverting equation (1) may offer multiple solutions
in thick samples; however, in the thin-film regime where
|k0ñd| ≪ 1, the determination of the refractive index of the
film is unambiguous. Moreover, in the thin-film approximation
the transmission function depends directly on the product
σ̃d , which means that a possible error in the film thickness
determination only scales the amplitude of the measured
conductivity spectra and does not change their shape.

STS measurements were performed in a homebuilt
low-temperature scanning tunneling microscope (STM)
inserted in a commercial Janis SSV cryomagnetic system
with a 3He refrigerator, controlled by Nanotecs Dulcinea SPM
electronics. The sample and the tip were cooled down to 0.7 K,
and magnetic fields up to 8 T was applied perpendicularly to
the NbN film. A sharp gold (Au) tip was prepared in situ by
cold welding of the Au wire to the gold spot and subsequent
retracting the wire [18]. The tip was then scanned over the
NbN sample. A bias voltage was applied to the tip, while the
sample was grounded. The Au tip enabled the formation of an
N–I–S tunnel junction, where N represents the gold tip (normal
state), I is the insulating barrier of the vacuum, respectively
the surface oxides, and S stands for the superconducting NbN
sample.

The tunneling spectrum, i.e. the differential conductance
versus the voltage dependence obtained by STS, represents a
convolution of the local density of states of both electrodes
comprising the tunneling junction. Since the normal tip
features a constant density of states near the Fermi energy, the
differential conductance dI/dV versus voltage of an N–I–S
junction reflects the local energy-dependent superconducting
density of states NS(E) smeared by ≈ ±2kBT in energy at
temperature T , where kB is the Boltzmann constant:

dI
dV

(V ) ∝
∫ ∞

−∞
NS(E)

∂ f
∂ E

(E + eV )dE, (2)

where f is the Fermi–Dirac distribution. The tunneling
probability which also enters into the expression of the
tunneling current is taken as a constant at low voltages
where the superconducting energy gap is scanned. For
a BCS superconductor, NS(E) = E/

√
E2 − 12, where

1 is the superconducting energy gap. Consequently, in
the low-temperature limit (kBT ≪ 1), the differential
conductance measures the superconducting density of states
NS directly [19].

3. Results

First, our experimental results in zero magnetic field are
evaluated, then our efforts are extended to include magnetic
field measurements in the Faraday geometry.

3.1. Zero magnetic field

STM measurements have revealed that an oxidized layer
covers the whole surface of our NbN film, thus preventing
us from a detailed topographic investigation of the sample
surface. Semenov et al [20] estimated the thickness of oxidized
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Figure 1. Differential tunneling conductance of the NbN–Au tunnel
junction measured at several temperatures between 0.7 and 12.5 K.
The inset shows the temperature dependence of the energy gap
1(T ) in a zero magnetic field together with the prediction of the
BCS model (full line).

layers on the surface of NbN films exposed to the air, and found
that layers approximately 1 nm thick are created. In order to
perform STS measurements on such samples, a force was
applied to the Au tip allowing it to penetrate through the oxide
layer. Such measurements were performed at several places of
the sample surface, and they revealed a slight variation of the
superconducting gap.

Typical STM spectra taken at indicated temperatures
above 0.7 K are displayed in figure 1. The dependences
of differential tunneling conductance on the bias voltage
were normalized to the spectrum taken in the normal state
at T = 12.5 K. The value of the superconducting gap
21(0) corresponds roughly to the distance of the peaks in
the tunneling conductance taken at the lowest temperature.
The temperature dependence of the gap was determined
by fitting the spectra by equation (2) taking into account
the thermal broadening. Moreover, in the BCS density of
states an extra smearing parameter Ŵ has been incorporated
by introducing the complex energy E ′ = E + iŴ in the
density of states expression [21]. This enables us to account
phenomenologically for a broadening of the spectra of
unknown origin, here probably caused by the nanoscale
inhomogeneity of the sample. From the fit at 0.7 K we
obtained a relatively small value of Ŵ = 0.121, which was
then temperature independent. The temperature dependence
of the superconducting gap obtained is shown in the inset of
figure 1, together with the prediction of the BCS theory [19]
adjusted for 21(0)/kBTc = 4.25, and a reasonable agreement
is found.

The superconducting energy gap 1(0) and the local
transition temperature Tc were checked at several locations
on the sample surface. The local values of the gap 1(0)

estimated from the fits of the low-temperature spectra to
equation (2) varied between 2.1 and 2.3 meV. The local Tc was
independently determined from the temperature dependence
of the energy gap 1(T ) and from its extrapolation to zero.
The resulting Tc varied between 11.5 and 12 K. These
results point to a moderate inhomogeneity of the NbN film.

Figure 2. Real (σ1) and imaginary (σ2) parts of the conductivity of
NbN thin film in zero magnetic field at several temperatures. The
following values were used in fits using the Zimmermann
model [22] (solid lines): σn(0) = 0.45 µ�−1 m−1, τ = 8 fs,
1(0) = 2.2 meV, and Tc = 12 K.

Since the thickness of our sample corresponds only to a few
coherence lengths, we conclude that this inhomogeneity is
rather in plane than along the depths of the film. Indeed,
the coherence length ξ(0) =

√
80/2π Bc2(0) estimated from

the upper critical field Bc2(0) ≈ 26 T (see below) amounts
to 3.5 nm. Thus, our STS measurements determine a ratio of
21(0)/kBTc = 4.25–4.5 in our NbN films, suggesting a strong
coupling superconductivity.

For steady-state TDTS experiments, a bare 404 µm thick
highly resistive Si substrate was used as a reference. First, the
normal-state properties of the NbN film were determined just
above the superconducting phase transition. Using the Drude
model (σ̃n = σn(0)/(1 − iωτ)), the value of DC conductivity
σn(0) = 0.45 µ�−1 m−1 was obtained, while the relaxation
time τ could not be reliably determined. We estimated τ <

15 fs; the best fit yielded τ = 8 fs (1/(2πτ) = 20 THz).
As pointed out above, the temperature sensor in the

cryostat was not in a direct contact with the sample, and
some temperature gradient appeared. This did not influence
the measurements in the normal state, since the normal-state
properties are only weakly temperature dependent. Below
Tc, we fitted the measured complex conductivity at each
temperature by the Zimmerman model [22], with the
temperature as the only free parameter (see figure 2). We
observe in figure 2 that σ2 exhibits a typical 1/ω dependence,
and that it decreases with increasing temperature, since the
density of the condensate decreases. The sharp-edge feature
in σ1 is a characteristic fingerprint of the superconducting
gap; it becomes less pronounced at higher temperatures
due to an increasing number of quasiparticles. Close to Tc,
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σ1 continuously transforms into σ1n . Note that a careful
evaluation of the experimental errors (error bars in figure 2)
shows that σ2 is determined more precisely than σ1, and that
especially below the superconducting gap (where σ1 acquires
quite small values) the real part of the conductivity suffers from
large relative uncertainties. This is an important statement,
which will be used for fitting the experimental spectra obtained
in the magnetic field.

3.2. Non-zero magnetic field

Tunneling measurements in magnetic fields up to 8 T were
performed at different temperatures. A typical example of the
measured data is shown in figure 3 with the spectra taken
at 6 K in fields from 0 to 8 T with a 0.5 T step. As can
be seen from the position of the peaks, the superconducting
gap is only slightly altered by the magnetic field, and the
normalized conductance at zero bias increases with increasing
magnetic field. The Au STM tip was pressed against the sample
surface to overcome the surface oxide layers. We deduced from
imprints observed in an optical microscope after the STM
experiments that the STM junction was of submicron size, in
contrast to the nanometer sizes which are typical for usual
STM experiments. In such a situation when a magnetic field
B > Bc1 is applied perpendicularly to the junction’s interface
on the NbN film, not only the film but also the junction area is in
the mixed state comprising the Abrikosov vortices. Then, the
measured tunneling conductance corresponds to an in-plane
average (over the junction’s area) of the local densities of
states. The zero-bias tunneling conductance is a measure of the
averaged quasiparticle density of states at the Fermi level. To a
first approximation, the vortex cores represent the normal-state
areas while the rest of the junction is superconducting,
with a fully developed superconducting order parameter.
The increasing zero-bias tunneling conductance is thus
proportional to the increasing volume fraction of vortex cores,
which shows a linear dependence on the applied magnetic field
( fn = Vn/V ∝ B/Bc2(T )). In the paper of Samuely et al [23]
it was shown that the measurement of normalized zero-bias
tunneling conductance as a function of the field strength is a
very sensitive method to determine the upper critical magnetic
field Bc2(T ) for which the sample enters the normal state.
A substantial advantage of this method is that, even if the
value of Bc2(T ) exceeds the maximum attainable field, the
upper critical field at a given temperature can be reliably
determined by a linear extrapolation of the zero-bias tunneling
conductance to its normal-state value.

The linear extrapolation of the normalized zero-bias
tunneling conductance versus B is shown in the inset of
figure 4. In this way, Bc2(T ) was determined for several
temperatures, and the results of this analysis are shown in
the main part of the figure. Although they were obtained
only in a limited temperature range, the Bc2 values reveal
a linear increase upon decreasing temperature below Tc,
with a tendency to saturation below 0.5 T/Tc. Due to
a lower number of data points, two different theoretical
model Bc2(T ) curves were drawn in order to extrapolate the
zero-temperature value of the upper critical field. The classical

Figure 3. Differential tunneling conductance of the NbN–Au tunnel
junction measured at 6 K in magnetic fields up to 8 T with a 0.5 T
step.

Figure 4. Temperature dependence of the upper critical field Bc2.
Symbols are data obtained from a linear extrapolation of the
measured normalized zero-bias tunneling conductance (ZBC) as a
function of magnetic field shown in the inset. The solid and dashed
lines correspond to WHH and Tinkham models, respectively.

Werthammer–Helfand–Hohenberg (WHH) dependence [24] is
shown by the solid line yielding a correct fit. The extrapolated
value Bc2(0) = 26 T is found. Another frequently used model
developed by Tinkham [19], i.e. Bc2 = Bc2(0)(1 − t2)/(1 +
t2), where t = T/Tc(B = 0), provides a fit of almost the
same quality (dashed line) with a slightly higher value:
Bc2(0) = 28 T. With these Bc2(0) estimates one derives the
zero-temperature coherence length ξ(0) = 3.5 ± 0.1 nm.

We measured THz complex conductivity spectra in the
Faraday geometry (B perpendicular to the film) for magnetic
fields up to 7 T and at several temperatures starting from
7.8 K up to Tc. Typical results are shown in figure 5; at other
temperatures, the spectra are qualitatively the same. The values
of σ2 in the THz range slowly decrease with magnetic field,
while the frequency dependence of σ1 is more complex. At
low THz frequencies, σ1(ω) grows with increasing magnetic
field and exceeds the normal-state value σn(0). As the upper
critical field is approached, σ1 starts to decrease, and it reaches
the normal-state value σn(0) at Bc2(T ). This is difficult to
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Figure 5. Experimental data are compared with two different
effective medium models: Maxwell–Garnett theory (solid lines)
and Bruggeman or effective medium approximation (dashed lines).
The following parameters were used in the calculations:
σn(0) = 0.45 µ�−1 m−1, τ = 8 fs, Tc = 12 K, and
21(0)/kBTc = 4.25.

see at T = 9.4 K (figure 5), but it was clearly observed at
T = 10 K (not shown). For frequencies above the optical gap,
σ1 increases monotonically towards its normal-state value.

4. Theoretical models

Various aspects of the high-frequency response of the
Abrikosov state are described by effective medium models,
e.g. the Maxwell–Garnet or the Bruggeman theories, and
by the Coffey–Clem model. These two approaches are
fundamentally different. The effective medium theories treat
vortex cores as normal-state inclusions embedded in a
superconducting matrix. The induced depolarization fields
modify the macroscopic response of the sample. These models
do not take into account effects due to the vortex motion or
linked to the regular arrangement of vortices in a hexagonal
lattice (a random distribution is assumed instead). Effects
caused by vortex dynamics are described by the Coffey–Clem
model, which assumes that the whole volume is filled with a
mixture of a normal fluid and a superfluid, whose fractions
depend on the temperature and the external magnetic field;
vortices are introduced only as zero-volume lines. Let us note
that the applicability of the Coffey–Clem model is limited to
frequencies below the superconducting gap.

For low temperatures, Ikebe et al [13] made an attempt to
combine the Coffey–Clem model with the Maxwell–Garnet
theory. The generalization of this approach for finite
temperatures with a substantial number of quasiparticles
present, however, is not clear.

4.1. Effective medium models

As mentioned above, the superconducting film is considered
as a system consisting of a superconducting matrix and
cylindrical inclusions of the normal-state material representing
vortex cores [25]. The radius of the vortex core is defined by the
coherence length ξ , i.e., it is of the order of a few nanometers;
the inter-vortex distance is usually of the same order for fields
applied in our experiment. The typical wavelengths of the
far-infrared radiation (hundreds of micrometers) are much
larger; therefore, the electromagnetic radiation cannot sense
individual vortices, and an effective complex conductivity can
be used to describe the macroscopic properties of the system.
The upper frequency limit of the effective medium models is
given merely by the size of the vortices.

The Maxwell–Garnet theory [26] (MGT) is suitable for
dilute systems of inclusions (vortices) with a percolated
matrix (superconducting state), and in the case of cylindrical
inclusions it takes the form [27]:

σ̃MG =
2 fn σ̃s(σ̃n − σ̃s)

(1 − fn)(σ̃n − σ̃s) + 2σ̃s
+ σ̃s, (3)

where fn = Vn/V is the volume fraction of vortex cores,
and σ̃s and σ̃n are the complex conductivities of the
superconducting and normal state, respectively. Recently,
Rychetsky [28] argued that the MGT formula holds even
for high concentrations of inclusions as long as the matrix
is percolated.

The Bruggeman approach [29] assumes that both
the superconducting and the vortex-core components are
surrounded by an effective medium with effective permittivity
ε̃B. Local field and effective conductivity values are obtained
in a self-consistent way, and one finds that [27]

σ̃B = 1
2

(

β ±
√

β2 + 4σ̃n σ̃s

)

. (4)

Here, β = (1 − 2 fn)(σ̃n − σ̃s), and the sign is chosen so that
a physically relevant solution σ1,B ≥ 0 is obtained.

4.2. Coffey–Clem model

Coffey and Clem [6] solved the modified London equation
self-consistently in the presence of vortices and found that the
vortex motion can modify both the dissipative and the inductive
parts of the complex conductivity. Explicitly, their model can
be expressed as

σ̃CC =
(1 − f )σ̃s + f σ̃n

1 + (1 − f )σ̃s/σ̃vd
, (5)

where f = 1 − (1 − T 4/T 4
c )(1 − B/Bc2(T )) is the

normal-fluid fraction and σ̃vd is the contribution to the
conductivity induced by the vortex dynamics [9]:

σ̃vd =
σn

b

(

1 + iω/ω0

ǫ + iω/ω0

)

, (6)

where the dimensionless parameter ǫ varies between 0 (at
zero temperature) and 1 (at Tc) and describes effects of
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the flux creep, ω0 is an effective depinning frequency,
and b = B/Bc2(T ). Depending on the temperature, on the
magnetic field, and on the ratio ω/ω0, three different regimes
emerge [30]: a flux-creep regime (where the flux creep
dominates and the response is mainly dissipative), a pinning
regime (where the inductive response prevails), and a flux-flow
regime (where vortices move collectively and the dissipative
response dominates).

5. Discussion

5.1. Sources of errors

An important source of errors in thin-film measurements
comes from the uncertainty in the substrate thickness, which
significantly influences the phase of the transmitted THz
wave [17]. The error bars shown in figure 2 take into account
two effects: the statistical error in the time-domain THz wave
form calculated from individual data accumulations and a
systematic error due to a substrate thickness uncertainty of
1 µm; they can be considered as typical for all other data
shown in this paper.

The oxidized layer covering the NbN film influences the
evaluation of the complex conductivity. On the one hand, the
presence of an ultrathin niobium oxide layer does not have
any influence on the THz transmission of the sample. On
the other hand, if such a layer develops, the superconducting
film thickness is necessarily reduced by 1dfilm. This is a
source of error in the evaluated conductivity, given as 1σsc =
(1dfilm/dfilm) σ̃sc. In our case, it may be responsible for an
error of up to 9%. However, this error only rescales σn(0),
so the qualitative analysis is not affected. Nevertheless, in
principle this error should be added to the error bars shown in
figure 2.

The in-plane inhomogeneity leading to the observed
differences in the values of Tc can cause some minor variations
of the complex THz conductivity. So long as the sample
temperature is sufficiently far from Tc, the inhomogeneity will
however not play a significant role.

Finally, small systematic oscillations observed in the
spectra of figure 2 are probably due to a very small error in the
instrumental function (parasitic reflection in the waveform),
which can lead to a visible Fabry–Perot-like effect in the
conductivity of a thin film.

In zero magnetic field, the value of the superconducting
gap was determined from the normalized tunneling
conductance. The ratio 21(0)/kBTc was observed to vary
from 4.25 to 4.5 along the surface of the sample; these
values are slightly higher than what is typically observed [4,
13, 31–33]; nevertheless, even higher values have also been
found [34]. These values suggest that NbN is a strong-coupling
superconductor and that, in general, the high-frequency (THz)
response should be treated within the framework of Eliashberg
formulas following Nam [35, 36]. The dominant effect of
strong coupling is a uniform decrease of σ2(ω), while the effect
on σ1(ω) is only minor. Nevertheless, based on previous good
experience with analysis of similar data without accounting for
the strong-coupling effects [4, 31, 34, 37, 38], we believe that
these effects are not substantial, and that the BCS-theory-based
Zimmermann model [22] describes the THz properties of NbN
films adequately.

Figure 6. Coffey–Clem model in two different limits: flux flow (left
panel) and thermal creep (right panel) for T = 7.8 K. Experimental
data are plotted as points.

5.2. Modeling the experimental data

The complex conductivity of the normal state of our NbN
sample is well described by the Drude model: it is almost
purely real and frequency independent in the observed
range; the relaxation time τ thus reaches a value of a few
femtoseconds only, and its precise value cannot be established
reliably. Below Tc, and in the absence of a magnetic field,
the experimental data are well described by the Zimmermann
model [22]; see figure 2. The two-fluid model [19] fails
to describe the features connected with the gap which are
clearly observed in the real part of the conductivity spectra;
by contrast, it describes the imaginary part fairly well; see the
zero-field data shown in figures 6 and 7.

In the analysis of the transmission measurements in a
magnetic field, we compare our experimental results with those
from the theoretical models presented in section 4. Almost all
the parameters of these models were determined using STS or
from the zero-field transmission measurements. In the frame
of the Coffey–Clem model, only the creep parameter ǫ and the
effective depinning frequency ω0 are free parameters.

Let us start with an application of the effective medium
theories, since the local field effects (almost negligible in
a microwave range where |σs| ≫ |σn|) become important
at terahertz frequencies. In figure 5, the predictions by the
Maxwell–Garnett and the Bruggeman theories are compared
with experimental data for two different temperatures. For
T = 9.4 K and B varying from 0 to 7 T, the volume fraction
of vortex cores fn = B/Bc2(T ) spans almost over the entire
interval from 0 to 1 (normal state), providing thus an excellent
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Figure 7. Coffey–Clem model in two different limits: flux flow (left
panel) and thermal creep (right panel) for T = 9.4 K. Experimental
data are plotted as points.

opportunity to test these theories. On the one hand, both
theories give similar results and agree with experimental data
for the frequencies above the gap and also for low magnetic
fields. On the other hand, at low frequencies and high magnetic
fields, both theories fail to describe the experimental values
of σ2(ω). Furthermore, in the frame of the Maxwell–Garnett
theory, the real part of σ1 is limited by σn(0), which is in
disagreement with the experimental data. In our analysis, we
neglected the fact that the conductivity of the superconducting
matrix σ̃s is modified by the magnetic field [39, 40]. Xi
et al [14] took this effect into account, but their numerical
calculations lead to a further decrease in σ2, which disagrees
with our experimental data. We thus concluded that this effect
cannot explain the discrepancies between the predictions of
the effective medium models and the experimental data.

We agree with the argument of Xi et al [14] that the
topology assumed by the Bruggeman theory does not match
that of the vortex state. From this point of view one may
expect that the MGT should be more suitable. In our previous
study [41], however, we found that our experimental data were
both quantitatively and qualitatively better described by the
Bruggeman theory. This theory accidentally mimics the effect
of vortex dynamics at low frequencies and high magnetic
fields, as we can assume on the basis of the present study.

In figures 6 and 7, the low-frequency data (h̄ω < 21)
are compared with results from the Coffey–Clem model,
equation (5). Since this model is not adequate for higher
frequencies, the conductivity at higher frequencies is not
shown. Due to the weak dependence of the complex
conductivity on free parameters, ǫ and ω0 cannot be reliably

determined from our data. Therefore we compare our data with
two limiting cases—the flux-flow regime (where ω ≫ ω0 and
the flux creep can be neglected; see panel A) and the flux-creep
regime (where ω ≪ ω0 and the flux creep dominates; see
panel B). Our data (both the real and the imaginary parts
of σ̃sc) suggest that flux flow does not occur, which is in
disagreement with previous observations [10, 13]. However,
the Coffey–Clem model in the case of flux creep provides an
excellent description of σ2 and a reasonable description of σ1.

6. Summary

We have reported properties of a thin NbN film deposited on a
high-resistivity Si substrate, obtained by time-domain THz and
scanning tunneling spectroscopies. STS revealed the presence
of a continuous oxide layer on the top of the film. We found
that the optical gap 21(0) varies between 2.1 and 2.3 meV,
and that the critical temperature Tc varies between 11.5 and
12 K. This indicates a strong coupling superconductivity, with
21(0)/kBTc = 4.25–4.5.

The values of the upper critical magnetic field Bc2
were determined by a linear extrapolation of the normalized
zero-bias tunneling conductance as a function of the field
strength. Its temperature dependence is well described by
the WHH model, with Bc2(0) = 26 T. The measured
zero-field THz complex conductivity is well described by the
Zimmermann model [22].

For low magnetic fields, we found that both the
Maxwell–Garnett and Bruggeman theories give similar results
and agree with the experimental data. At high magnetic
fields, however, they both fail to describe the dissipation
at low frequencies and the inductive response, σ2. The
obvious reason is that they do not account for the effects of
vortex dynamics, which are particularly important at low THz
frequencies. Fortunately, the Coffey–Clem two-fluid approach,
which neglects the pair-breaking process for frequencies above
the optical gap, can be used for low THz frequencies. Our
experimental results were compared with those from the
Coffey–Clem model assuming either the flux-flow or the
flux-creep regime. Based on the excellent description of σ2
and the reasonable description of σ1, we concluded that the
Coffey–Clem model in the flux-creep regime best describes
the THz properties of our NbN sample.
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a b s t r a c t

We provide a thorough analysis of THz properties of BCS-like superconducting thin films. Temperature
and frequency dependence of complex conductivity in zero magnetic field is discussed by utilizing the
Zimmerman et al. explicit BCS based formula [Physica C 183 (1991) 99]. We extend this approach by
employing the effective medium theory and develop a phenomenological model capable of accounting
for the influence of external magnetic field. Using Yeh powerful formalism [Surface Sci. 96 (1980) 41]
we calculate optical transmission of linearly polarized laser beam normally incident to a multilayered
sample consisting of a thin NbN film grown on birefringent sapphire substrate, entirely covering ranges
of interest in temperature and frequency. A proposal to exploit linear polarization of the incident beam
parallel with principal axes of conductivity tensor is explained and theoretical predictions for a realistic
NbN sample are computed and discussed.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Far-infrared techniques have played crucial role in experimen-
tal validation of Bardeen–Cooper–Schrieffer (BCS) theory thanks
to their ability of studying physical behavior of quasiparticles
and Cooper pairs, in particular in determining the optical gap 2D.
BCS theory is universally recognized as a microscopic theory
explaining various physical features of many superconducting
materials, especially metals, alloys and diatomic compounds. An
important limitation of BCS theory is that it generally does not de-
scribe behavior of superconductors in externally applied magnetic
field, except in some special cases [1]. Indeed, in external magnetic
field superconductors of type II exhibit very complex properties
due to inhomogeneity of the energy gap associated with quantiza-
tion of magnetic flux and, consequently, with the existence of
quantized vortices. They in turn sense an applied electric field so
it is our belief that experimental efforts in far-infrared region pro-
vide a very convenient way to study vortex motion. Further, in
external magnetic field quantized vortices in the interior of type
II superconductors appreciably influence their high-frequency
complex conductivity and these studies could play a crucial role
in stimulating further advances in superconductivity theory.

In this paper, we provide a thorough analysis of THz properties
of classical BCS-like superconducting thin films. This theoretical

attempt is closely related to our experimental efforts [2–4] based
on laser thermal spectroscopy technique [5]. Temperature and fre-
quency dependence of complex conductivity following the Zim-
merman et al. [6] explicit formula based on BCS theory is
discussed and utilized together with effective medium theory to
account for the influence of external magnetic field. Transmission
through a realistic thin superconducting film sample is discussed
based on analysis of a free standing film and a bare substrate. Bet-
ter quality superconducting films are in some cases obtained by
growing them on anisotropic substrates. In order to describe com-
plex multiple reflections of normally incident beam inside the mul-
tilayered superconducting film/substrate sample, Yeh formalism
[7,8] is employed (see Appendix). We show that in applied mag-
netic field in the general case of anisotropic substrate this powerful
tool becomes essential. Our goal is to describe transmission in
broad frequency and temperature ranges both in zero-field and un-
der influence of externally applied magnetic field, where we pay
close attention to geometry.

A crucial test of the presented model will be experimental ver-
ification of its predictive power, especially in testing predicted
differences in transmission that ought to be observed in measure-
ments in magnetic field parallel with the sample surface using nor-
mally incident linearly polarized beam but in different mutual
orientation with respect to the magnetic field direction. Verifica-
tion of this prediction will have to await until further detailed
experimental studies on available high quality NbN film samples
grown on birefringent sapphire substrate are completed and care-
fully analyzed.
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2. Basic theoretical considerations

2.1. Zero magnetic field

Complex conductivity of superconductors in zero magnetic field
is well described by the Mattis–Bardeen extension of BCS theory
[9]. Following Zimmerman et al. [6], an explicit expression for
the complex optical conductivity ~rBCS of a homogeneous BCS
superconductor with arbitrary electron mean free path can use-
fully be utilized, covering whole range of BCS superconductors
from clean to dirty limit. Although the Zimmerman et al. formula
does not include the strong-coupling case, it still works well for a
number of superconductors possessing somewhat larger (or smal-
ler) gaps than the theoretical BCS prediction 2D(0) ffi 3.53 kBTc [10],
such as NbN with the optical gap (4 � 4.2) � kBTc [11,12]. For high-
temperature superconductors complex conductivity does not fol-
low the model of Zimmerman et al. and more robust two-fluid
model is often used [13] for describing it.

The typical frequency and temperature dependence of the com-
plex conductivity for a classical BCS-like superconductor (dirty lim-
it) is shown in Fig. 1. The upper panel presents the real – dissipative
– part of the complex conductivity. At zero temperature, one sees a
sharp turning point at the frequency corresponding to the optical
gap (hm = 2D(0)); for higher frequencies dissipation due to the
Cooper pair breaking mechanism becomes significant. With
increasing temperature the optical gap is reduced and this turning
point becomes less pronounced. Quasiparticle population increases

with temperature from zero at zero temperature to its normal state
value at Tc, consequently, conductivity r1 acquires non-zero values
even for frequencies below the optical gap; hm < 2D(T). Even at
somewhat higher temperatures the turning point at the optical
gap is still recognizable. At low frequencies, roughly for hm < 0.2 �
2D(0), the temperature dependence exhibits a coherence peak near
Tc, which serves as a manifestation of macroscopic quantum nature
of superconductivity. For higher frequencies, r1 continuously rises
from zero at zero temperature towards its normal-state value, dis-
playing a derivative discontinuity at temperature T⁄ where
2D(T⁄) = hm. This can be thought of as a direct consequence of the
Cooper-pair breakingmechanism. For frequencies above the optical
gap, r1 is finite even at zero temperature and monotonously in-
creases towards its normal state value. The normal state conductiv-
ity is well-described by Drude model: ~rN ¼ rNð0Þ= 1� ixsð Þ, where
s is the collision time. Ifxs� 1, then the real component r1n(x) is
almost constant, while the imaginary component r2n(x) is almost
zero.

The imaginary component of conductivity, r2(x, T), is shown in
the lower panel of Fig. 1. It behaves with frequency as 1/x and in-
creases towards zero temperature as the condensate fraction
grows. This typical 1/x dependence is a result of Kramers-Kronig
relation coming from d-function in r1(x). Let us note that while
the two-fluid model can describe r2(x, T) quite reasonably, it can-
not reliably describe r1(x, T) because it does not comprise optical
gap and consequently disregards all associated phenomena.

Complex dielectric function of superconducting materials (both
in normal and in superconducting state) ~eðxÞ is assumed to be a
linear superposition of several contributions. Most important in
far-infrared region are those originating from conduction elec-
trons, from phonons and from electronic absorption caused by
interband transitions [6]. The contribution from conduction elec-
trons can be expressed in terms of the complex conductivity ~rel

(for T < Tc ~rel ¼ ~rBCS and for T > Tc it follows Drude formula). In
many cases the phonon and interband absorption terms can be ne-
glected in the THz region, since they are negligible in comparison
with the main contribution from conduction electrons. These for-
mer terms becomemore important for higher frequencies (for pho-
nons typically above 10 THz [14]). In the following discussion, we
shall neglect them, assuming e1 = 1.

The key quantity in optical calculations is complex refractive in-
dex ~n, which can be obtained by straightforward calculation:
~n ¼ nþ ij ¼

ffiffiffi

~e
p

. In the normal state the real part of conductivity
r1 dominates, therefore in the limit of low frequencies the refrac-
tive index is given as ~n �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r1=e0x
p

ð1þ iÞ=
ffiffiffi

2
p

. On the other hand,
at low temperature the situation is reversed – the imaginary part
of conductivity r2 dominates while r1 for hm < 2D(0) vanishes.
Consequently, j increases towards its zero temperature value,
while n decreases, reaching almost zero for frequencies below
the optical gap.

2.2. Finite magnetic field

In this subsection we discuss behavior of thin films of type II
superconductors in magnetic field. Clearly, externally applied mag-
netic field strongly affects physical properties of superconductors.
Critical temperature Tc becomes reduced until it vanishes at the
upper critical magnetic field Bc2. In sufficiently large magnetic field
(B > Bc1) vortex matter is introduced into a superconducting layer.
Quantized magnetic vortex represents a topological defect inside
the superconductor. Energy gap is suppressed in a cylindrical vol-
ume with typical radius of the coherence length n and magnetic
flux penetrates superconductor through a cylindrical volume with
typical radius of the penetration depth. If, however, a superconduc-
ting layer has relevant typical dimension comparable with or smal-
ler than the coherence length n, the superconductor is in the so
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Fig. 1. Real (upper panel) and imaginary (lower panel) components of complex
conductivity normalized to its normal state value of a BCS-like superconductor in
dirty limit. Both temperature and frequency scales are in reduced dimensionless
units T/Tc and hm/2D(0).
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called non-vortex regime. This is only possible for extremely thin
films in parallel magnetic field, as discussed by Xi et al. [1].

Although vortices have been observed by a number of different
techniques utilizing measurements of local magnetic flux or regis-
tering suppression of superconductivity, a satisfactory microscopic
theoretical description is still missing. Clem [15] proposed a very
simple treatment of vortices that works surprisingly well. He as-
sumed that normal properties inside vortex cores are locally re-
stored and the system can be thought of as a superconducting
material with cylindrical inclusions of normal state material. The
situation becomes more complicated as individual vortices interact
with each other and might move. Moreover, physical properties of
the superconducting matrix are modified by magnetic field.

To the best of our knowledge, there is as yet no fundamental
theoretical model that would consider all physical phenomena
associated with the presence of quantized vortices in type II
superconductors.

In order to interpret magneto-optical measurements in THz re-
gion, we propose a simple phenomenological model, which ne-
glects vortex motion and treats the superconducting thin film as
a system consisting of a superconducting matrix and cylindrical
inclusions of normal state material that represent the vortex lat-
tice. Coherence length n is of order of a few nm (Ikebe et al. [11]
estimates the coherence length n ffi 5 nm for NbN at zero tempera-
ture) and the intervortex distance is usually of the same order – so
the typical far infrared wavelengths are much larger. We can there-
fore use the long wavelength limit – electromagnetic radiation
does not sense individual vortices and the system can be thought
of as a homogeneous one, possessing an effective permittivity
~eeff , which in turn can be described by suitable effective medium
theories.

Our model utilizes generalized Bruggeman theory for cylindri-
cal inclusions [16], which can describe two composite systems
for any volume fraction of vortex cores (fn = Vn/V) and respects
the geometry by considering polarization effects via local electric
fields. On the other hand, Lee et al. [17] treated a similar case by
Maxwell–Garnett theory (MGT).

The normal state volume fraction fn is proportional to the area
occupied by vortex cores, i.e. pn(T)2, and to vortex density. Upon
increasing the temperature of a type II superconductor in external
magnetic field, the fraction of its normal state will monotonously
grow until superconductor becomes fully normal at Tc. Thus the
superconducting to normal state transition can be thought of as
continuous grow of the normal state area until fn reaches unity
at Tc. Using the temperature dependence of coherence length
n(T) = n(0)[1 � (T/Tc)

4]�1/2 we can describe the normal state frac-
tion as

fn ¼
1� Tc ðBÞ

Tc ð0Þ

� �4

1� T
Tc ð0Þ

� �4 ; ð1Þ

where one ought to carefully distinguish between critical tempera-
ture in zero field Tc(0) and critical temperature in non-zero field
Tc(B). The superconducting matrix fraction is given by fs = 1 � fn.

Let us mention here that different approximations for the tem-
perature dependence of normal state fraction are possible. For
example, Ikebe et al. [11] expressed fn via magnetic field and ob-
tained somewhat different temperature dependence. As both these
approaches have the same physical basis, it is hardly surprising
that resulting temperature dependencies are qualitatively the
same.

Although we are aware that magnetic field generally modifies
~rSC , we limit ourselves to a rather crude approximation, assuming
that Zimmerman et al. expressions are valid even if Tc is replaced
by its field value Tc(B). A somewhat more rigorous treatment of

superconducting fraction is also possible in some cases, e.g., by uti-
lizing the pair-breaking theory of Abrikosov and Gorkov [18].

There are three principal mutual orientations of the thin film
sample, external magnetic field and linear polarization of the nor-
mally incident laser beam. In the case of Faraday orientation, mag-
netic field is perpendicular to the sample and any changes of its
physical properties induced by magnetic field are isotropic in the
plane of the sample. It follows that optical properties are the same
for any direction of linear polarization and in the experiment it can
be chosen arbitrarily. Note in passing that some experiments [20]
suggest that utilization of circularly polarized radiation might also
be useful. In Voigt orientation, when magnetic field is parallel with
the surface of the thin film sample, two principal geometries are
available – linear polarization with electric field component paral-
lel (EkB) or perpendicular (E\B) to the magnetic field direction and
anisotropic behavior is expected [19].

The simplest case to treat is the Voigt configuration – the case of
EkB. The local field is identical with the applied field and Bruge-
mann expression for effective permittivity [16] reads

~eeff ¼ fn~en þ fs~eSC : ð2Þ

Permittivity, resp. conductivity, is just the weighted average of
normal state conductivity (~rN � rNð0Þ þ 0i). As fn increases, the
frequency and temperature dependence of r1 is shifted towards
its normal state value. Similarly, r2 is pushed towards zero.

For the remaining two cases – Faraday configuration and the
case of E\B in Voigt configuration – the local field due to the
charge induced on the interface between vortex inclusion and
superconducting matrix leads to the same expression [16]

~eeff ¼
1
2

b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ 4~en~esc
q

� �

; ð3Þ

where b ¼ ð1� 2f nÞð~en � ~escÞ and the sign of the square root is cho-
sen so that Im(eeff) > 0. Although the expression for the two men-
tioned magneto-optical configurations is formally the same, these
two cases are not identical. The reason is that Tc(B) acquires differ-
ent values for magnetic field parallel with the thin film and perpen-
dicular to it. Additionally, the vortex lattices will be very different
for B\ and Bk. In perpendicular field (assuming no crystal defects)
vortices will arrange themselves into a triangular lattice [10]. In
parallel field this is not possible, because the film thickness is of
the same order as n or intervortex distance. Generally, THz radiation
can cause vortices to move. However, not in the special case when
electric field points in the same direction as the vortex axis EkB,
when dissipation from vortex dynamics ought to be switched off.

3. Brief description of a complementary experiment

In a typical experimental run, we set the frequency of incoming
laser beam (between 0.40 THz and 2.52 THz) and transmission of
linearly polarized beam normally incident to a sample is measured
while the temperature of the sample and/or applied magnetic field
is slowly (avoiding any hysteresis) swept. Absolute value of trans-
mission is difficult to determine, therefore transmission – the
quantity of interest – is displayed normalized, so that its normal
state value (with good accuracy constant above the critical temper-
ature) is unity. Further details can be found in our previous publi-
cations [2–4].

Typical samples for the experiment are thin superconducting
films deposited on suitable transparent dielectric substrate, pre-
pared by various layer growing techniques. It is important that
the substrate has similar lattice parameters as the deposited super-
conducting film. In some cases optimal lattice parameters of the
substrate are achieved at the cost of anisotropic properties of the
substrate. Substrates substantially influence transmission of such
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a double layer system, it is therefore important to accurately deter-
mine their physical properties.

Critical temperature of a very thin film might appreciably de-
pend on its thickness [21]. Certain films can exhibit higher critical
temperatures than bulk materials since they can be prepared with
greater purity and with less defects than bulk samples. In our re-
search we mostly use NbN thin films as typical representatives of
type II BCS – like superconductors.

As shown by Semenov et al. [12], each individual NbN film has
unique properties; this applies in particular to its electric conduc-
tivity. In Table 1, we list properties of one particular NbN film,
which will serve as our model example for subsequent numerical
analysis. This filmwas grown on an anisotropic sapphire R-cut sub-
strate – the c-axis at angle u = 57.6� with respect to the surface
normal. The extraordinary ray axis is oriented diagonally, at the
angle a = 45� with respect to the y-axis. Ordinary and extraordi-
nary refractive indices no and ne can be found in literature [22].
Extraordinary index ne(u = 57.6�) associated with R-cut sapphire
can be calculated using values for no and ne [23]

1

neðuÞ2
¼ cos2ðuÞ

n2
o

þ sin2ðuÞ
n2
e

ð4Þ

Sapphire exhibits only a weak dispersion in the THz region,
which we take into account by linear fit through data obtained
from literature [22]: no = 3.047 + 0.021 � 10�12m and ne(u =
57.6�) = 3.274 + 0.030 � 10�12m. Further, we assume that the opti-
cal gap at zero temperature is given as 2D(0) = 4.16 kBTc.

4. Transmission calculation

4.1. Free film in zero magnetic field

We begin with theoretical calculation of transmission through a
free superconducting film. This starting point will be essential later
for understanding of more complicated behavior of multilayered
systems. Moreover, theoretical transmission of free film is also
important for other techniques than laser thermal spectroscopy:
Time Domain Terahertz Spectroscopy [11,13] or Backward-Wave
Oscillator Spectroscopy [24]. Let us stress, however, that in this
article only the case of normally incident beam is discussed.

A free film is physically ideal system for measuring transmis-
sion, which, however, does not depend entirely on its supercon-
ducting properties – its thickness is equally as important. In the
theoretical limit of zero thickness transmittance T reaches unity
and, consequently, reflectance R and absorptance A become zero.
With increasing thickness (assuming temporarily that film param-
eters do not depend on thickness) transmission sharply falls while
reflection is growing. Absorption is also growing for small thick-
nesses, however, with thickness increasing further huge reflection
leads to a decrease in absorption and, as a consequence, absorption
exhibits a maximum for certain film thickness. Note that the de-
scribed thickness dependence depends significantly on wavelength
of the incident light.

As an illustrative example, we calculate optical properties of a
free NbN film with parameters listed in Table 1. In Fig. 2 transmis-
sion, reflection and absorption are plotted versus normalized
dimensionless temperature T/Tc and frequency. Similar calcula-
tions for different thicknesses of order tens of nanometers show

that these quantities – transmission, reflection and absorption –
are qualitatively the same.

The behavior of these three interconnected variables can be
understood on the basis of ~rðT; mÞ, as plotted in Fig. 1. For low tem-
perature and frequency, r1 is almost zero and therefore absorption
follows this tendency, see lower panel of Fig. 2. Low resistivity in
this region leads to high reflection and consequently to a low
transmission. By careful observation of transmission in upper pa-
nel of Fig. 2 one sees a thermal peak in the temperature depen-
dence of transmission for frequencies below the optical gap.
Numerical analysis explains this peak as a competition between

Table 1

Parameters of the sample.

Film d1 (nm) Tc (K) rN(0) ( X
�1 m�1) Substrate d2 (mm)

NbN 15 16 0.51 � 106 Al2O3 0.33

Fig. 2. Transmission (upper panel), reflection (middle panel) and absorption (lower
panel) of free NbN film with parameters from Table 1. These quantities are
expressed in dimensionless form, as a ratio between the transmitted (reflected,
absorbed) intensities and the incoming intensity I0. The frequency corresponding to
the optical gap is ffi1.39 THz.
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temperature dependencies of r1(T) and r2(T), which cause oppo-
site tendencies on resulting transmission. For even lower frequen-
cies, when the coherence peak appears in r1(T), both the real and
imaginary parts of conductivity grow from Tc towards lower tem-
perature within a small temperature interval and no peak in trans-
mission is present. This excludes any direct connection between
the coherence peak and the thermal peak described above. For fre-
quencies around and above the optical gap, r2(T), the temperature
dependence prevails and transmission grows monotonically from
Tc towards zero temperature.

4.2. Double layer film in zero magnetic field

A thin superconducting film cannot stand alone – an essential
part of any thin superconducting sample for optical measurements
is its substrate layer, usually much thicker than the superconduc-
ting film itself. In order to explain optical response of such a dou-
ble-layer system, one has to assume all possible interference
effects. Moreover, surface roughness and even a very thin oxide
layer on superconductor might generally influence transmission.

In order to treat transmission of multilayer systems quantita-
tively, we utilize Yeh formalism [7,8]. This powerful tool can be ap-
plied even for anisotropic homogeneous layers, as described in
more detail in Appendix. If all matrices in Yeh formalism are block
diagonal (for example in the case of isotropic film and anisotropic
substrate), then ordinary and extraordinary rays are transmitted
through double layer separately and transmission can be calcu-
lated for each ray in the same way as for isotropic layers and their
intensities should be added at the end [4].

Interference effects due to the substrate are very important
since substrates are typically rather thick (dsub is about tenths of
millimeter), with optical thickness nsubdsub (nsub is of orders unity,
typically 2–4) comparable with the wavelength (1 THz corre-
sponds to 0.33 mm) of the incident laser beam. The substrate thus
behaves as an asymmetric Fabry–Perot resonator. Transmission of
such a double-layer system can be greatly enhanced or diminished,
see Fig. 3, where the interference effects are demonstrated by
numerical calculation for two particular examples of NbN on Si
and sapphire (R-cut) substrates. One sees that the overall transmis-
sion of a double layer is given by transmission through the NbN
superconducting film, but modulated by the interference effects
due to its substrate. One can also compare transmission of NbN
film on isotropic substrate (Si) and anisotropic R-cut sapphire sub-
strate. Still, the temperature dependence of transmission of such a
double layer system at a fixed frequency preserves all fundamental
features of transmission through a free film, but substantially mod-
ified. In order to appreciate these changes, we present the temper-
ature dependence of free film and double layer system for several
selected frequencies in Fig. 4.

In some cases, there is an interlayer between the thin supercon-
ducting film and its substrate. If the interlayer is very thin, i.e.,
phase almost does not change as beam propagates through the
interlayer, then its influence on transmission will be negligible.
Following the same argument, oxidized surface of NbN �1 nm
thick [12] will not have any appreciable effect. For optical mea-
surements, ideally, substrate should be a plane-parallel both side
polished slab with negligible roughness. Rough surface can be trea-
ted by Bruggeman theory as an effective medium consisting of air
or gaseous helium and the substrate’s material – if the roughness is
small enough, diffraction effects can be neglected. In that case,
slightly rough surface can be thought of as another interlayer
and can be neglected. Let us stress that the superconducting film
itself cannot be neglected since it has enormously high values of
refractive index in comparison with the interlayer material.

Note that any anisotropy of superconducting film (some super-
conductors are anisotropic by nature or anisotropy can be induced

by external magnetic field) in general requires the full power of
Yeh formalism.

4.3. Double layer film in non-zero magnetic field

Description of transmission through a superconducting thin
film in non-zero magnetic field becomes much more complicated.

Fig. 3. Numerical analysis (red dotted line) of interference effects for a NbN/
sapphire double-layer system. Transmission of free film (black solid line) and of
bare substrate (blue dotted line) is also given. In upper figure we assumed that NbN
film mentioned in the text is deposited on 0.333 mm thick isotropic Si substrate
with refractive index nSi = 3.4175 constant with variation less than 0.0001 in whole
range of interest [14]. Bottom figure displays the case of NbN on R-cut sapphire.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 4. Comparison of transmission of free NbN film (solid dotted lines) and NbN
thin film on R-cut sapphire substrate (dotted solid lines) for several experimentally
available frequencies as indicated. Transmission is normalized by its normal state
value.
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In the case of Voigt orientation one can measure anisotropic optical
properties. Matrices in Yeh formalism are no longer block diagonal
and it is no longer possible to decompose the beam into two differ-
ent parts with their own eigenpolarizations – mode coupling oc-
curs. Fortunately, in the case of our model sample – NbN thin
layer on sapphire – this anisotropic non-linear system behaves
quite reasonably and exhibits properties similar to those in zero
magnetic field.

Returning to the transmission of a free film (Fig. 2), changes
occurring in magnetic field can be explained relatively easily. First
of all, the critical temperature decreases with increasing magnetic
field. Further, magnetic field spoils superconducting properties,
which results in decreasing reflectivity for lower frequencies and
temperatures and, as a consequence, the low transmission plateau
is shifted up. At the same time the maximum in transmission is
shifted towards lower frequencies and temperatures. Not surpris-
ingly, transmission of superconducting state has a tendency to
change towards its normal state value. Although this crude quali-
tative description holds for both vertical and horizontal polariza-
tions, there are important quantitative differences. Let us stress
that the presence of the birefringent sapphire substrate makes
these tendencies less straightforward.

Our main aim in this section is to give theoretical prediction of
typical temperature dependencies of transmission for several fre-
quencies available in our experiment. Theoretical calculations of
transmission in parallel magnetic field (computed for 0,2,4,6,8
and 10 T) for two typical linear polarizations of electric field – ver-
tical (E\B) and horizontal (EkB) – for frequencies demonstrating
typical cases for our NbN double-layer are given in Fig. 5. Experi-
mentally determined critical temperatures Tc(B) were used – their
values can easily be seen in Fig. 5 as a transmission onset at Tc(B).
Note that results for Faraday configuration will be qualitatively the
same as for the case of vertical polarization since both these cases
follows the same formula (3) and the only difference in the frame
of our model is the different Tc(B) dependence.

The predicted temperature dependence of transmission for low
frequencies (Fig. 5 – lower panel) as well as for those above the
optical gap are very similar for vertical and horizontal polarization.
Especially for frequencies above the optical gap, properties of
superconducting and normal state are almost the same and this
is why any difference between polarizations due to presence of
vortices is hardly expected. A crucial test of our theory is in the
intermediate frequency interval – at frequencies slightly lower
than the gap frequency. One can see in upper and middle panel
of Fig. 5 that substantial differences in transmission for vertical
and horizontal polarization are indeed expected.

Experimental efforts should therefore concentrate on this criti-
cal interval of frequencies, where this predicted anisotropy in
transmission ought to be easily observable. Moreover, comparison
of theoretical predictions with experiments might shed light on
possible importance of vortex dynamics. Indeed, for polarization
parallel with vortex axis one may expect better agreement with
theoretical prediction since in this case transmission is hardly
influenced by possible vortex motion. Additionally, optical mea-
surements in Voigt orientation for horizontal and vertical polariza-
tion might serve as a useful tool in proving the existence and
investigating physical properties of the non-vortex regime [1],
starting from film thicknesses much smaller than the coherence
length and increasing the thickness up to films thick enough to
undoubtedly display vortex dynamics.

Any quantitative prediction how vortex dynamics might affect
transmission seems extremely tricky, as vortex motion will not
only increase dissipation (r1) but at the same time a decrease in
the imaginary part of conductivity can be expected. We are not
aware of any model capable of accounting for vortex motion over
the whole temperature and frequency ranges. Thus we did not

include vortex motion in our transmission calculation. However,
in the linear regime for low frequencies and low temperatures such

Fig. 5. Temperature dependencies of transmission of thin NbN film in (horizontal)
magnetic field (0, 2, 4, 6, 8 and 10 T) for three selected frequencies as indicated, for
both horizontal and vertical beam polarizations.
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that 2D(T)� hm the response due to the vortex motion can be de-
scribed by Coffey–Clem model [25,19] or time-dependent Ginz-
burg–Landau theory [26]. Together with influence of thick
substrate prone to interference effects, any quantitatively accurate
prediction of transmission changes are not feasible without further
improvements of the theoretical model which will have to explic-
itly include other ingredients, such as BCS response, local charge
effects and vortex dynamics.

Let us comment on one substantial disadvantage of our experi-
mental method. Measured transmission alone cannot provide com-
plete information on THz properties of a superconductor, in that it
is not possible to obtain complex conductivity. On the other hand,
we already demonstrated that transmission serves as a convenient
quantity for testing various models and provides useful physical
insights. In fact, one can also measure reflection and knowing both
transmission and reflection, the complex conductivity can in prin-
ciple be deduced [27], however, non-linear nature of equations
describing interference effects does not make such an analysis
straightforward. Corresponding values of reflection and transmis-
sion do not have to correspond to unique values of r1 and r2,
which makes correct analysis together with further complications
due to noise and other sources of experimental errors extremely
tricky. A simple test, starting from r1 and r2 to calculate transmis-
sion and reflection and adding realistic noise and then subsequent
use of Newton method to obtain complex conductivity, revealed
that the input values do not always coincide with the output val-
ues. Simultaneous measurement of transmission and phase is
experimentally more demanding, however, in this case the non-
linear system of equations should be numerically more stable. It
is therefore more advantageous to simultaneously measure trans-
mission and phase rather than transmission and reflection [28].

5. Conclusions

To conclude, we attempted to discuss THz properties of classical
superconducting films using the explicit Zimmerman et al. formula
for conductivity. We did not consider the strong coupling case,
however, our BCS theory based approach works well also for super-
conductors with 2D(0)/kBTc ratio larger than the theoretical BCS
value of 3.53. As an illustrative example, transmission of NbN thin
layer on anisotropic substrate is computed and presented, and has
been found in good quantitative agreement with our previous
experiments [4] performed in zero magnetic field.

When magnetic field is introduced into superconductors, BCS
theory is no longer capable of exact treatment of their optical prop-
erties, as quantized magnetic vortices significantly alter their
superconducting properties. We incorporated Clem description of
a single vortex into effective medium theory and predicted differ-
ent behavior for various mutual orientations of applied magnetic
field and linear polarization of incoming radiation with respect to
the film surface. Since our proposed model is based on zero field
BCS conductivity, it becomes less precise for higher magnetic field.
Its predicting power is further limited by the fact that it neglects
vortex dynamics. On the other hand, in our earlier study [3] we
have found that it is capable of explaining experimental data rather
well, at least at qualitative level and partly also at quantitative le-
vel. To the best of our knowledge, there is no other model capable
of quantitative description of complex conductivity in various
magnetic fields over sufficiently broad temperature and frequency
range.

Our model calculations lead to a very interesting option for
observing the influence of vortex presence and vortex dynamics,
by measuring optical properties using linear polarization parallel
with and perpendicular to vortex axes. In case of horizontal polar-
ization, radiation does not cause vortices to move and vortex
dynamics will not contribute. In experimentally almost identical

situation but with vertical polarization, electric field forces vortices
to move. It may be very instructive to compare these two measure-
ments in order to determine possible influence of vortex motion.
Further, measurements with horizontal and vertical polarization
on superconducting films of variable thickness (from thicknesses
smaller than the coherence length to thick films displaying essen-
tially bulk superconducting features) ought to indicate an onset of
vortex regime. Our experimental efforts directly related to the out-
lined problems are under progress and a full account will be re-
ported elsewhere.
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Appendix A. Yeh formalism

The aim of this appendix is to describe calculation of transmis-
sion through a multilayer system using Yeh formalism in detail.
Multilayer system of interest is introduced in Fig. 6. Explicit formu-
lae for numerical calculations are also given.

Yeh formalism, a 4 � 4 matrix algebra, which combines and
generalizes Abelès 2 � 2 matrix method and Jones 2 � 2 matrix
method, is introduced to investigate plane-wave propagation in
an arbitrarily anisotropic homogeneous medium [7,8]. In this
method, each layer of finite thickness is represented by a propaga-
tion matrix which is diagonal and consists of the phase excursions
of the four partial plane waves. Each side of an interface is repre-
sented by a dynamical matrix that depends on the direction of
the eigenpolarizations in the anisotropic medium.

A wave equation has to be solved in each layer, with condition
for non-trivial plane-wave solution leading to a quartic equation
for the wavevector k. The four solutions correspond to beams with
two different eigenpolarizations p, traveling in positive and in neg-
ative directions. Although eigenpolarization does not have to be
normalized, here we do so for convenience. We assume that elec-
tromagnetic radiation propagates along the z-axis normally to
the sample surface, see Fig. 6. Thus, electromagnetic radiation is
decomposed into four partial waves

Fig. 6. Schematics and orientation of a multilayered sample. Individual layers are
enumerated 1,2 . . .N and surrounding environment as 0, N + 1, respectively. The
method of calculating resulting transfer matrix and orientation of the laboratory
system are also indicated.

M. Šindler et al. / Physica C 483 (2012) 127–135 133

104



EðzÞ ¼
X

4

r¼1

Arpr exp iðkrðz� znÞ �xtÞ; ðA:1Þ

where Ar denotes the amplitude and pr is the eigenpolarization
vector. Amplitude Ar and eigenpolarization pr depend on the
z-coordinate which takes into account the corresponding layer. Par-
tial waves are ordered, so E1 corresponds to the beamwith p1 polar-
ization traveling in positive z-direction, E2 beam traveling in
negative z-direction with the same polarization p1, E3 beam with
p3 polarization traveling in positive z-direction and E4 beam travel-
ing in negative z-direction with the same polarization p3. In the case
of anisotropic environment the partial waves correspond to ordin-
ary and extraordinary rays. For isotropic material, polarization can
be chosen arbitrarily. For convenience, we assume linear polariza-
tion. Magnetic field is obtained from Maxwell equation and is given
by

HðzÞ ¼
X

4

r¼1

Arqr exp iðkrðz� znÞ �xtÞ; ðA:2Þ

where

qr ¼ ðckr=xlÞ � pr: ðA:3Þ

Imposing the continuity of Ex, Ey, Hx and Hy at the interface z = zn
leads to

X

4

r¼1

Ar z�n
� �

prðn� 1Þ 	 x ¼
X

4

r¼1

Ar zþn
� �

prðnÞ 	 x

X

4

r¼1

Ar z�n
� �

prðn� 1Þ 	 y ¼
X

4

r¼1

Ar zþn
� �

prðnÞ 	 y

X

4

r¼1

Ar z�n
� �

qrðn� 1Þ 	 x ¼
X

4

r¼1

Ar zþn
� �

qrðnÞ 	 x

X

4

r¼1

Ar z�n
� �

qrðn� 1Þ 	 y ¼
X

4

r¼1

Ar zþn
� �

qrðnÞ 	 y; ðA:4Þ

where z�n zþn
� �

correspond to the left (right) side of the interface and
expressions on the left hand side of equations are associated with
the left side of interface; right hand side of equations are associated
with the right side of the interface.

Using these four equations we can associate amplitudes at z�n�1

and z�n

A1 z�n�1

� �

A2 z�n�1

� �

A3 z�n�1

� �

A4 z�n�1

� �

0

B

B

B

@

1

C

C

C

A

¼ Dðn� 1Þ�1DðnÞPðnÞ

A1 z�n
� �

A2 z�n
� �

A3 z�n
� �

A4 z�n
� �

0

B

B

B

@

1

C

C

C

A

; ðA:5Þ

where D(n) is the dynamical matrix

DðnÞ ¼

p1ðnÞ 	 x p2ðnÞ 	 x p3ðnÞ 	 x p4ðnÞ 	 x
q1ðnÞ 	 y q2ðnÞ 	 y q3ðnÞ 	 y q4ðnÞ 	 y
p1ðnÞ 	 y p2ðnÞ 	 y p3ðnÞ 	 y p4ðnÞ 	 y
q1ðnÞ 	 x q2ðnÞ 	 x q3ðnÞ 	 x q4ðnÞ 	 x

0

B

B

B

@

1

C

C

C

A

ðA:6Þ

and P(n) is the propagation matrix, which describes free propaga-
tion in the layer and depends only on the phase excursion of these
four partial waves

P ¼

eðþik1dÞ 0 0 0

0 eðþik2dÞ 0 0

0 0 eðþik3dÞ 0

0 0 0 eðþik4dÞ

0

B

B

B

@

1

C

C

C

A

: ðA:7Þ

There are no off-diagonal terms since we are working in eigen-
polarization basis.

The transfer matrix can be defined as

Tðn� 1;nÞ ¼ Dðn� 1Þ�1DðnÞPðnÞ: ðA:8Þ

The matrix equation which relates amplitudes A z�0
� �

and A zþm
� �

is therefore given by

A1 z�0
� �

A2 z�0
� �

A3 z�0
� �

A4 z�0
� �

0

B

B

B

@

1

C

C

C

A

¼
Y

ðmÞ

i¼1

Tði� 1; iÞ

A1 zþm
� �

A2 zþm
� �

A3 zþm
� �

A4 zþm
� �

0

B

B

B

@

1

C

C

C

A

ðA:9Þ

as it is indicated in Fig. 6.
In the case whenm is equal to N + 1, this equation relates ampli-

tudes of incoming and of outcoming radiation for multilayer sys-
tem with N layers. We can write

A1 z�0
� �

A2 z�0
� �

A3 z�0
� �

A4 z�0
� �

0

B

B

B

@

1

C

C

C

A

¼

M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44

0

B

B

B

@

1

C

C

C

A

A1 zþN
� �

0

A3 zþN
� �

0

0

B

B

B

@

1

C

C

C

A

; ðA:10Þ

where we used the fact that incoming radiation propagates from
left to right and not the other way around, therefore putting
A2 zþN
� �

and A4 zþN
� �

equal to zero. A2 z�0
� �

and A4 z�0
� �

are amplitudes
of light reflected from the multilayered structure with their
eigenpolarizations p2, p4, respectively. Similarly, A1 zþN

� �

and A3 zþN
� �

are amplitudes of light transmitted through the multilayered struc-
ture with their eigenpolarizations p1, p3, respectively. These ampli-
tudes can be related to the incoming light described by amplitudes
A1 z�0
� �

; A3 z�0
� �

via transmission coefficients:

tð0;Nþ1Þ
11 ¼ A1 zþN

� �

A1 z�0
� �

 !

A3 z�
0ð Þ¼0

¼ M33

M11M33 �M13M31
ðA:11Þ

tð0;Nþ1Þ
13 ¼ A3 zþN

� �

A1 z�0
� �

 !

A3 z�
0ð Þ¼0

¼ �M31

M11M33 �M13M31
ðA:12Þ

tð0;Nþ1Þ
31 ¼ A1 zþN

� �

A3 z�0
� �

 !

A1 z�
0ð Þ¼0

¼ �M13

M11M33 �M13M31
ðA:13Þ

tð0;Nþ1Þ
33 ¼ A3 zþN

� �

A3 z�0
� �

 !

A1 z�
0ð Þ¼0

¼ M11

M11M33 �M13M31
ðA:14Þ

Using the defined transmission coefficient, we can simplify the
algebra:

A1 zþN
� �

A3 zþN
� �

 !

¼
t11 t31
t13 t33

� �

A1 z�0
� �

A3 z�0
� �

 !

: ðA:15Þ

In the case of isotropic multilayered structure, t13 and t31 are
zero so the matrix in Eq. (A.15) is diagonal.

Transmittance is given as

T ¼ nN

n0
jA1 zþN
� �

j2 þ jA3 zþN
� �

j2
� �

ðA:16Þ

assuming isotropic non-dissipative surroundings.
Analogically, the whole procedure can be applied for reflection.
In our case, the dynamical matrices of helium gas ð~nx ¼ ~ny ¼ 1Þ

and superconducting NbN layer have the same structure:

D ¼

1 1 0 0
~nx �~nx 0 0

0 0 1 1

0 0 �~ny ~ny

0

B

B

B

@

1

C

C

C

A

; ðA:17Þ

while the dynamical matrix, Dsap, for sapphire is more
complicated:
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cosðaÞ cosðaÞ sinðaÞ sinðaÞ
~no cosðaÞ �~no cosðaÞ ~neðuÞ sinðaÞ �~neðuÞ sinðaÞ
sinðaÞ sinðaÞ � cosðaÞ � cosðaÞ

�~no sinðaÞ ~no sinðaÞ ~neðuÞ cosðaÞ �~neðuÞ cosðaÞ

0

B

B

B

@

1

C

C

C

A

ðA:18Þ

Here ~no is the ordinary refractive index, ~neðuÞ is the extraordi-
nary refractive index and a = 45� is the angle between the direction
of eigenpolarization of the normal beamand x-axis of the laboratory
frame. The propagation matrix has the same form as expression
(A.7) for every system. In Table 2 we specify the corresponding val-
ues of kr (positive sign corresponds to k1,k3, negative sign to k2,k4).

As one can see from explicit expressions for dynamical and
propagation matrices, in the case of isotropic systems both matri-
ces will become block-diagonal and coupling between modes
disappears. It is thus possible to investigate each polarization inde-
pendently and corresponding formulae are greatly simplified. In
non-zero magnetic field the dynamical matrix of NbN film, Eq.
(A.17), is still block diagonal, thanks to suitably chosen laboratory
system, so x- and y-axes correspond to the direction of eigenpolar-
izations of ordinary and extraordinary beams.

By different suitable choice of laboratory system one can make
the dynamical matrix of the R-cut sapphire, Eq. (A.18), block diag-
onal, too. However, there is no laboratory system in which these
two dynamical matrices would be block diagonal at the same time.

Mansuripur [29] found a recursive 2 � 2 matrix formalism
which gives results in agreement with Yeh formalism. We have
used this formalism to check that results obtained by the numeri-
cal recipe described above are indeed correct.
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We report far-infrared optical properties of a NbN superconductor. Transmission through a high-quality NbN

film grown on a birefringent sapphire substrate above and below its superconducting transition down to the

zero-temperature limit is measured at six different frequencies from 0.4 to 2.5 THz both above and below its

optical gap. The experimental results agree with theoretical calculations developed based on utilization and

extension of the BCS model of Zimmermann et al. [Physica C 183, 99 (1991)] applied for the NbN film.

Full quantitative agreement over the entire ranges of temperature and frequencies is found based solely on the

physical properties of this NbN film sample and on the parameters of an identical sapphire substrate as measured

in time-domain spectroscopy experiments, without use of any additional fitting parameters.
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I. INTRODUCTION

The exact knowledge of physical properties of conventional

superconductors such as NbN is fundamental from the point of

view of their future application. At first glance it might seem

that all of them are indeed well known and understood. A closer

look shows, however, that some of them are still understood

rather poorly. The high-frequency conductivity serves as an

example—in principle, the Mattis-Bardeen theory1 can be used

to calculate it, but some terahertz frequency experiments still

lack a satisfactory explanation. This Brief Report represents

our effort to improve this situation.

Time-domain terahertz spectroscopy provides data in a

broad frequency region and enables one to determine the

complex conductivity; see, e.g., Ikebe et al.2 On the other

hand, laser thermal spectroscopy is advantageous in that the

transmission measurements are performed quasistatically. It

enables precise measurement of transmission at fixed laser

frequencies as a function of temperature in the vicinity of

the superconducting transition, where a peculiar behavior was

observed, and has proved to be a very useful experimental

method.3,4

Earlier we performed experiments in the terahertz fre-

quency range,4,5 but a satisfactory theoretical explanation

has not been found. Our previous experiments suffered from

the fact that the NbN sample we used displayed a rather

broad superconducting transition.5 In order to get better

agreement between the experiment and the BCS theory we

had to artificially treat it as a mixture of superconductors with

different Tc’s.

In this Brief Report we present experimental data on a much

higher-quality NbN film obtained using our setup,4 as well as

additional supporting experiments.6 Further, we discuss a full

analysis of the thermal and frequency behavior of the NbN

superconductor in terms of a developed BCS-based model

that takes into account optical properties of the birefringent

sapphire substrate. Without using any additional fitting pa-

rameters, we demonstrate full quantitative agreement between

theory and experiment over entire ranges of temperature and

frequency.

II. EXPERIMENT

We have measured far-infrared (FIR) transmission of a

superconducting NbN film of nominal thickness d1 = 15 nm

grown epitaxially on a sapphire substrate. We estimate the

thickness uncertainty of ±1 nm to be due to the partially

oxidized NbN surface layer.7

The quality of our NbN sample is very high, as is apparent

from the temperature dependence of its dc resistivity displayed

in Fig. 1, showing that the resistance drops to zero within

an interval of 0.5 K. Measurements of the dc electrical

conductivity have been performed using a 0.7 × 10 mm2 strip

cut for this purpose from our actual sample and measured

by the four-probe method, as sketched in the upper inset

of Fig. 1. The critical temperature has been determined as

Tc ≈ 16 K. The normal-state dc resistivity has been estimated

as ρ0 = (2.0 ± 0.2) × 10−6 � m, with the accuracy limited

mainly by the uncertainty of the film cross section and the

size and separation of the potential contacts. The lower inset

in Fig. 1 shows that the normal-state resistivity is nearly

temperature independent over the entire temperature range up

to room temperature with a residual resistivity ratio of 0.97.

FIR transmission is strongly influenced by optical interfer-

ence of multiple internal reflections, especially in a relatively

thick substrate. Thus for accurate numerical analysis of

transmission it is important to have a well-determined optical

thickness of the substrate. Our NbN sample is grown on a

birefringent R-cut sapphire with dimensions 10 × 10 mm2 and

thickness d2 = 0.333 mm. Sapphire is an important anisotropic

uniaxial material with ordinary, no, and extraordinary, ne,

refractive indices that are tabulated.8 The structure and

orientation of our sample in the experiment are shown in Fig. 2.

The extraordinary ray axis is oriented diagonally (at an angle

α = 45◦ with respect to the y axis), while ϑ = 57.6◦ is the

angle between the c axis of the sapphire crystal and the z axis

oriented normally to the substrate.

Both the ordinary and extraordinary refractive indices

were determined in the supporting independent time-domain

terahertz spectroscopy experiment6 at room temperature, using

an identical sapphire substrate, as shown in Fig. 3. While the
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FIG. 1. (Color online) Temperature dependence of the electrical

resistivity of the NbN sample in the vicinity of its critical temperature

Tc (red). The lower inset shows the extension of the temperature range

up to room temperature (blue); the upper inset is a sketch of the sample

strip and the four-probe method used in this measurement.

real part of the refractive index increases slightly, approxi-

mately linearly with frequency ν, the imaginary part is almost

frequency independent. The optical thickness of the substrate,

n2d2, is to a good approximation temperature independent.9,10

Absorption by the substrate is nearly negligible at room tem-

perature and is even smaller at low temperature. The values of

refractive indices deduced from the time-domain spectroscopy

experiment are given in Table I together with those tabulated

by Palik:8 the agreement is excellent. Additionally, these

measurements allowed us to determine that the polarization

of the ordinary ray is parallel with the diagonal direction of

the square sapphire substrate.

Our experimental setup has been described in detail in our

previous report.4 In short, the FIR gas laser can be tuned

to various terahertz frequencies. A wire grid polarizer was

inserted in the optical path to ensure a horizontal or vertical

orientation of the FIR laser beam polarization. The sample is

placed in the cryomagnetic system and its temperature tuned

and controlled by means of a heater and by flowing He gas.

FIG. 2. (Color online) Schematic representation of the double-

layer structure of the NbN sample on the sapphire substrate. For

notation details, see the text.

FIG. 3. (Color online) Real and imaginary parts of the refractive

indices of the R-cut sapphire substrate. Lines, data from terahertz

time-domain spectroscopy; single points, obtained from the best fit of

the FIR transmission. The full (red) and dashed (blue) lines represent

the ordinary and the extraordinary ray, respectively.

To eliminate a possible temperature difference between the

sensor and the true temperature of the sample, the dc resistivity

is monitored by the four-probe method simultaneously with

the transmission measurement. This allows, in particular,

determination of the superconducting transition temperature

Tc with sufficient precision.

Since NbN is an isotropic superconductor, the only

anisotropy introduced in the system is due to the birefringent

sapphire substrate. In the special case of a 45◦ angle between

the electric vector of the incident beam and the extraordinary

ray axis of the sapphire substrate (and only in this case), the rel-

ative transmission of the horizontally and vertically polarized

radiation should be equal. Transmission was measured in both

polarizations and the observed difference was less than 5%,

which can most likely be attributed to a slight misalignment

of the sample. Even for the 0.4037 THz line, for which the

TABLE I. Parameters of the sapphire substrate.

Palik, Ref. 8 Ref. 17

ν (THz) n2o n2e(ϑ) no ne ne(ϑ)

0.4037 3.06 3.26 3.06 3.39 3.29

0.5254 3.05 3.26 3.06 3.40 3.29

0.5843 3.06 3.26 3.06 3.40 3.29

0.6538 3.06 3.26 3.06 3.40 3.29

1.8191 3.06 3.30 3.08 3.44 3.33

2.5228 3.08 3.32 3.10 3.47 3.35
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FIG. 4. (Color online) Normalized transmission as measured

(individual data points) and calculated (solid lines) as described in the

text for six different frequencies as indicated, plotted versus relative

temperature T/Tc.

transmission in the zero-temperature limit is very weak, the

relative difference is still within 10%.

Our experimental data for the horizontally polarized beam

are displayed in Fig. 4 as individual data points. The sample

temperature was swept up and down at a low rate of about

1 K/min, without observable temperature hysteresis. The far-

infrared transmission, T , is related to that in the normal state,

TN , taken slightly above Tc.

The transmission of photons with energies far below the

optical gap displays a monotonic increase toward the critical

temperature. As the frequency approaches the optical gap, the

characteristic BCS thermal peak starts to appear close below

Tc. As the frequency increases further, the peak becomes wider

and its center shifts toward a lower temperature. Above the

optical gap, the transmission displays a monotonic decrease

and in the high-frequency limit approaches the normal-state

transmission.

III. THEORETICAL MODEL

The theoretical calculation and subsequent numerical eval-

uation of transmission requires precise values of the refractive

indices of both the NbN film and the sapphire substrate.

Additionally, precise knowledge of the relative permittivity

of the superconductor film for angular frequency ω is also

needed, which is given by11

ε(ω,T ) = ε∞ +
iσ (ω,T )

ωε0

, (1)

where ε∞ ≈ 1 is the core permittivity, ε0 denotes the permittiv-

ity of vacuum, and σ (ω,T ) is the optical complex conductivity.

Other contributions, such as that from phonons, are negligible

in our spectral range, as proved by Ikebe et al.2 and Semenov

et al.7 The refractive index of the superconducting film

n1 =
√

ε(ω,T ), and the indices of the substrate n2o, n2e enter

the recurrence relations12 for the transmission coefficients t03

of the extraordinary and ordinary rays. The electric vector of a

monochromatic wave incident normally on the double-layered

system shown in Fig. 2 can be decomposed in the directions

parallel and perpendicular to the plane containing the k wave

vector and the c axis of the sapphire crystal. The extraordinary

and ordinary rays do not interfere with each other and travel

through the system independently, resulting in summation of

their intensities at the output. Due to the geometry of the

system, the transmissivities are the same for both horizontally

and vertically polarized beams:

T = |t03(n2e)|2 cos2 α + |t03(n2o)|2 sin2 α . (2)

The transmission in the normal state, TN , can be calculated in

the same way, replacing the BCS conductivity by the Drude

formula for a normal metal:

σN (ω) =
σ0

1 − iωτ
, (3)

where σ0 and τ are the dc conductivity and the relaxation rate

of the NbN film, respectively.

The optical conductivity σ (ω,T ) of a BCS superconductor

is well described by the theoretical approach of Zimmermann

et al.13 We utilize their approach, but instead of their

simple approximation for the gap temperature dependence

we use values obtained by numerically solving the BCS gap

equation.14,15 The model parameters Tc and σ0 are sufficiently

well established and their variations within experimental errors

do not appreciably influence the calculated transmission. The

values of the optical gap 2�0 = 4.15kBTc and the relaxation

rate τ as low as 3.86 fs have been taken from the literature.7

In our frequency range, however, ωτ < 0.1, and the dirty limit

τ → 0 seems appropriate.

The parameters for sapphire—the ordinary and extraordi-

nary refractive indices n2o and n2e and the substrate thickness

d2 = 0.333 mm—have been determined from our time domain

spectroscopy experimental data. As the optical system is

anisotropic, calculation of the transmission is rather compli-

cated. While variations of the film parameters (within their

experimental errors) hardly affect the calculated transmission,

we found that the results are much more sensitive to the

ordinary and extraordinary indices of the substrate. This is

understandable, since the optical thickness of the substrate is

responsible for interference effects.

To achieve the best agreement between calculated and

experimental transmission values, we have modified the

substrate parameters slightly, within their experimental errors.

This procedure yields optimum indices of refraction that

are displayed in Fig. 3 as individual data points. Their

scatter can most likely be attributed to small experimental

errors in transmission measurements, which in turn could be

caused by standing waves in the optical path and/or by small

misalignment of the sample with respect to the polarization

vector. The optimal calculated values of transmission of

light for six different frequencies from 0.4 up to 2.5 THz

plotted versus temperature as solid lines, together with the

experimental data points, are displayed in Fig. 4.

IV. DISCUSSION AND CONCLUSIONS

The temperature dependencies of FIR transmissions at six

frequencies hν close to 2�0 have been measured on a high-

quality NbN epitaxial film deposited on a birefringent sapphire

substrate. Linearly polarized laser lines with photon energies
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in the vicinity of the optical gap revealed typical BCS behavior.

The transmission of photons with energies far below/above the

optical gap showed monotonic decrease/increase toward the

zero-temperature limit. The transmissions for photon energies

close to the optical gap follow a complex behavior with

a characteristic BCS thermal peak. Let us stress that our

approach, unlike that of Ikebe et al.,2 enables the study of

quasistatic FIR transmission over a full range of temperature.

The experimental results are found to agree with theoretical

calculations developed based on utilization of the BCS model

of Zimmermann et al.13 applied for a NbN film with the

numerical solution of the gap equation14 replacing the original

simple approximation for the temperature dependence of the

gap. Full quantitative agreement within error bars over the

entire range of temperature and frequency is found based

solely on physical properties of this NbN film sample and

an identical sapphire substrate as measured in additional

experiments. This important quantitative step was not possible

to achieve with our previously investigated NbN samples,

where a more or less satisfactory agreement was possible

only when the superconducting transition temperature was

artificially smeared out over a temperature interval of order

of 1 K. In addition, we have found that transmission is notably

affected by interference effects in the substrate, which acts as a

Fabry-Pérot étalon possessing temperature-dependent surface

reflectivity.

In conclusion, the reported results represent a textbook

example of thermal spectroscopy of a conventional BCS

superconductor: a full quantitative agreement between the

experimental data spanning broad ranges of temperature and

frequency and the fundamental BCS-based microscopic theory

with no free parameters. They constitute therefore a valuable

basis for a further important extension: a detailed quantitative

investigation of the terahertz properties of superconducting

thin films in a magnetic field and in a nonequilibrium regime.
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a b s t r a c t

Transmission of terahertz waves through a thin layer of the NbN superconductor deposited on a sapphire
substrate was studied as a function of temperature in zero field as well as in magnetic field perpendicular
to the sample. For photon energies lower than optical gap, detailed temperature measurements in zero
field provide BCS-like curves with a pronounced peak below the critical temperature. In accordance with
the BCS model, the temperature peak disappears as the energy of incident radiation is increased above
the gap. In non-zero field, the temperature behavior of transmission is modified because the gap is sup-
pressed and vanishes at upper critical field. In addition, the presence of quantized vortices in the super-
conducting film substantially changes shape of the temperature curves.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

Vortex dynamics in superconductors is experimentally most
effectively studied in the terahertz frequency region. A number
of experiments have already been performed, nevertheless, some
questions still remain open. Recently Ikebe et al. [1] used terahertz
time-domain spectroscopy to study vortex dynamics in the NbN
thin film at 3 K. They used the Maxwell Garnett theory [2] and
the modified Coffey–Clem self-consistent theory [3] to reveal
how vortices contribute to ac conductivity in the THz frequency
range. In this paper, we describe our experimental setup, report
first observed temperature and magnetic field dependences of ter-
ahertz wave transmission through a NbN thin film sample depos-
ited on a sapphire substrate and compare these results with
available theories.

2. Experimental setup

Our experimental setup is schematically shown in Fig. 1. Its
essential parts are the CO2 laser pumping the far-infrared (FIR) la-
ser source [4], the SM4000 Spectromag cryomagnetic system [5]
and the helium cooled bolometer [6].

The FIR laser generates a coherent, linearly polarized, mono-
chromatic radiation at discrete wavelengths in the range from
40 lm to 1 mm. From a number of the available far-infrared lines
only few sufficiently intense lines have so far been exploited in
our experiment, as listed in Table 1. To achieve a successful laser

action, several conditions must be satisfied. First, the waveguide
tube of the FIR laser is filled with the operating gas at a low pres-
sure. Appropriate excitation energy emitted from the strong infra-
red CO2 laser is injected into the resonator cavity with 130 Hz
repetition frequency. The length of the FIR resonator is fine tuned
to meet the lasing condition. Part of the FIR output beam reflected
by a mylar beamsplitter (BS) is focused by a mirror (M2) to a pyro-
electric detector (PD) which is used for monitoring the laser power.
The beam transmitted through the beamsplitter is concentrated on
the sample using a gold coated off-axis parabolic mirror (M4).
Radiation transmitted through the sample is collected by mirrors
(M40, M5) to the bolometer detector. Transmission of the sample
is proportional to the ratio of signals from bolometer and pyrode-
tector. This method effectively eliminates any possible time insta-
bility in the laser power.

The Spectromag cryomagnetic equipment enables to measure
optical transmission at temperatures ranging from 3 K to 300 K
in magnetic fields up to 11 T. The system stands on a simple
non-magnetic rotation stage designed for an easy change of the
field configuration as indicated by the curved arrow in Fig. 1. The
horizontal split pair of superconducting coils provides optical ac-
cess in two perpendicular directions through four pairs of mylar
windows. The sample rod can be rotated manually about vertical
axis to adjust position of the sample perpendicular or parallel with
the magnetic field. The magnet coils are supplied by a bipolar cur-
rent source which allows energizing the magnet in both field
directions.

The temperature of the sample can be controlled automatically
by a dynamic cooling and heating. Liquid helium flows from the
main bath into the sample space through a needle valve and
evaporates in a heat exchanger. A stabilized flow rate is adjusted
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and the sample surrounded by flowing gas is constantly cooled. A
heater placed in a copper block near the sample enables varying
the sample temperature. Calibrated field independent Cernox sen-
sor is used for an accurate temperature measurement. Four con-
tacts in corners of the superconducting film allow for a
simultaneous monitoring of the dc resistance as shown on the
photo of the sample holder in Fig. 2.

FIR radiation transmitted through the sample is focused to the
bolometer which is mounted in the center of a small liquid helium
dewar. The light passes through a wedged white polyethylene vac-
uum window, a far-infrared cut-on filter and a Winston cone col-
lector to the composite silicon bolometer element. The detector

operates at a temperature of 4.2 K, which is ensured by a thermal
bond to liquid helium bath. The first stage of the preamplifier is
mounted on the cold plate and operates at temperature of 60 K,
the second stage is mounted outside the dewar at room
temperature.

The sample is a 15 nm thick NbN superconducting film on the
sapphire substrate with dimensions 10 � 10 � 0.33 mm3. The
NbN film has been deposited using DC reactive magnetron sputter-
ing of a pure Nb target in Ar/N2 gas atmosphere with a total pres-
sure of about 5 � 10�3 mbar. The one side polished R-plane
sapphire substrate has been placed on a heater kept at a tempera-
ture of 750 �C during deposition. The main parameters of the depo-
sition process, i.e. the gas pressure, the substrate temperature and
the plasma discharge current, were optimized for deposition rate
of NbN film of about 0.17 nm/s. The critical temperature of as
deposited film in zero field was found to be Tc � 16 K. For more de-
tails on the preparation and properties of such NbN films on sap-
phire see [7].

3. Experimental results

We have measured optical properties of the thin NbN film in its
normal and superconducting state as functions of temperature and
magnetic field. It is convenient to analyze the temperature
dependences of the far-infrared transmission T normalized to that
in the normal state T N, taken slightly above the critical
temperature.

Fig. 2. Sample holder.

Fig. 3. Normalized transmission of the NbN thin film (relative to values above Tc) in
zero magnetic field for three representative frequencies. Full lines are theoretical
curves following from the BCS model as described in Section 4.

Fig. 4. Temperature dependences of normalized transmission in field perpendicular
to the sample.

Fig. 1. Schematic drawing of the experimental setup showing two different
orientations of magnetic field (B?;Bk), flat mirrors (M1,M3), focusing mirrors
(M2,M4,M5), lenses (L1,L2), beamsplitter (BS) and pyrodetector (PD).

Table 1

Far-infrared laser lines frequently used in the experiment. MA, methyl alcohol
(CH3OH); FA, formic acid (HCOOH).

Wavelength (lm) Frequency (THz) Intensity Pump line Gas

70.5120 4.25165 Very strong 9P34 MA
96.5224 3.10594 Very strong 9R10 MA

118.8341 2.52278 Very strong 9P36 MA
164.7832 1.81931 Strong 9R10 MA
311.5540 0.96225 Week 10R22 FA
405.5848 0.73916 Medium 9R18 FA
458.5229 0.65382 Week 9R38 FA
513.0157 0.58437 Strong 9R28 FA
570.5687 0.52543 Medium 9P16 MA
742.5720 0.40372 Week 9R40 FA

R. Tesař et al. / Physica C 470 (2010) 932–934 933
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Typical examples of our zero field measurements are shown in
Fig. 3. For frequencies low enough compared with the optical gap,
�hx� 2D0, we observe a monotonous transition from normal to
superconducting state. At frequencies near the gap, �hxK2D0, a
pronounced peak is formed below the critical temperature that
disappears at very high frequencies, �hx > 2D0.

Fig. 4 presents transmission measured at a laser line with pho-
ton energy near the optical gap for several magnetic fields perpen-
dicular to the sample. It is obvious that the onset of the peak shifts
to lower temperatures as the Tc is depressed by increasing mag-
netic field. The peak is gradually reduced in height and disappears
completely when the applied field diminishes the optical gap be-
low the laser photon energy, 2D0ðHÞ < �hx. The shape of the curve
is then similar to that measured at high frequency in zero field,
only the critical temperature is shifted accordingly.

Fig. 5 shows transmission measured as a function of magnetic
field at selected temperatures. The transmission is nearly field
independent at 4 K. For temperatures on the left and right hand
sides of the peak (cf. Fig. 3), the transmission at zero field has min-
imum and maximum, respectively.

4. Discussion

In order to understand the observed behavior of transmission
through the sample, we have to consider interference effects
resulting from multiple reflections of the incoming laser light in
the film as well as in the substrate. These can be computed using
standard formulas [8,9], assuming that all optical interfaces are
ideal. As the wavelengths of all our FIR lines exceed the optical
thickness of the NbN film, interference effects within the supercon-
ducting film itself are negligible.

The NbN is supposed to be a homogenous isotropic BCS type-II
superconductor. Since the coherence length is much smaller then
both the magnetic penetration depth and the wavelength of the
incident light, the local limit is appropriate.

4.1. Zero field results

We describe the NbN superconductor using the complex optical
conductivity rðx; TÞ given by an explicit integral expression in
[10]. Temperature dependence of the BCS gap is approximated by
an analytical function [11]

DðTÞ ¼ D0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos
p

2
T

Tc

� �2
s

: ð1Þ

The optical properties are calculated from the index of refrac-
tion n

n2 ¼ erðx; TÞ ¼ erð1Þ þ
irðx; TÞ

xe0
; ð2Þ

where at high frequencies the relative permittivity can be approxi-
mated with unity erð1Þ � 1. By use of (2) and formulas in [10] we
can calculate the temperature dependence of the relative transmis-
sion in zero magnetic field. As seen in Fig. 3 the experimental data
are in good agreement with the theoretical curves obtained from
the BCS model.

4.2. Non-zero field results

As NbN represents a superconductor of the second kind, in mag-
netic fields exceeding Hc1 � 10 mT vortices penetrate into the sam-
ple and modify its optical properties substantially, as seen in Figs. 4
and 5. To describe experimental observations, the above suggested
model for zero field must be modified by taking into account the
presence of vortices and their dynamics in applied magnetic field.

Systematic measurements of the transmission over a tempera-
ture range (3–20) K in magnetic fields up to 11 T (both in parallel
and perpendicular configuration with respect to the sample) are
under progress. The detailed analysis of the data as well as a devel-
oped theoretical model that takes into account magnetic vortices
and more realistic optical properties of the substrate will be given
in a later paper.

5. Conclusions

We have built an experimental setup capable of investigating
far-infrared optical properties of thin films over a wide tempera-
ture range in magnetic fields of various configurations up to 11 T.
Our zero-field transmission data on NbN thin film sample depos-
ited on a sapphire substrate are well understood in frame of the
BCS based model [10]. More detailed experimental and theoretical
description of optical properties in magnetic fields exceeding Hc1

will be published elsewhere.
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We report far-infrared optical properties of a thin NbN superconductor in magnetic field, B, up to 10 T.
Transmission, Tr�T ,B�, of monochromatic linearly polarized laser beam with frequency below and above an
optical gap is measured both below and above Tc. Tr�T ,B=0� is well described by the BCS-based model that
approximates the sample as a mixture of superconductors with different Tc. Tr�T ,B�0� appears qualitatively
different for Voigt and Faraday geometry. To calculate optical properties, we use Bruggeman’s approach and
present a phenomenological model accounting for both field orientations. The model captures all observed
features of the Tr�T ,B� data.
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I. INTRODUCTION

Far-infrared spectroscopy serves as a sensitive tool for
investigating physical properties of superconductors, as their
optical gap 2��0� is comparable with the energy of radiation
quanta. Photons with energy higher than the gap can break
Cooper pairs, which strongly influences high-frequency con-
ductivity. Measurements of optical properties of supercon-
ductors thus enable deduction of important physical phenom-
ena. Most authors present infrared transmission spectra
measured at fixed temperatures using a continuous source of
radiation1,2 or a set of many monochromatic laser lines3

while we report a complementary method using monochro-
matic source of radiation while sweeping the temperature.4,5

In gigahertz frequency region, Oates et al.6 reported both
approaches.

Superconductors of the second type in magnetic field
larger than the lower critical field B�Bc1 are in Abrikosov
state. Superconductivity in the vortex core region is sup-
pressed and its conductivity approaches normal-state value.
Electric currents flowing through the material interact with
the vortices, cause their motion, and the nondissipative re-
gime is lost. Motion of the vortex lattice thus also influences
conductivity. Controlled vortex motion—fluxonics—
currently represents a hot topic of investigation. High-
frequency vortex dynamics constitutes an essential tool for
these aspirations, however, it is not yet properly understood.
One of the most successful theoretical models is that by Cof-
fey and Clem.7 At present, there is aspiration to understand
vortex dynamics by means of the time-dependent Ginzburg-
Landau theory.8 This paper represents our experimental con-
tribution to this effort.

II. EXPERIMENT

We report far-infrared transmission of a thin supercon-
ducting �sc� NbN film deposited on silicon substrate in mag-
netic field B up to 10 T for both Faraday �B�s� and Voigt
�B�s� orientations with respect to the sample surface s. Our
far-infrared gas laser can be tuned to various frequencies
including 0.4037 THz �3.3 meV� and 2.5228 THz �10.4
meV� reported in our previous paper.5 By using a beam split-

ter, the laser output is monitored by a pyroelectric detector
and the transmitted intensity is measured by a helium-cooled
bolometer. Transmission is measured at normal incidence in
a constant magnetic field while temperature is swept continu-
ously from above Tc to minimum attainable and back. The
temperature of the sample monitored by a Cernox thermom-
eter �error in T due to magnetic field less than 3.2%� is con-
trolled by adjusting He-gas flow rate and by a resistive
heater. To keep measurement times reasonable, sweep rate of
1K/min was chosen �sweep rates �0.5–2� K/min as well as
cool-down and heat-up data series showed no appreciable
differences�. Our experimental method was described in
more detail in previous papers.4,5

The investigated high-quality polycrystalline NbN sample
on Si substrate with a very thin SiO2 interlayer9 was prepared
by Benačka, who measured its basic properties listed in
Table I. It is important to characterize each NbN sample
individually, since various NbN films10 can display different
Tc.

A. Zero magnetic field data

The T-dependent transmission, shown in Fig. 1, is in good
quantitative agreement with our previous experiments.4

Transmission in the normal state Trn�Tc�T� is constant and
serves as a suitable reference for transmission of the sc state
Trsc; all measured transmission dependencies are expressed
in a normalized dimensionless form as Tr=Trsc /Trn. There
are two important cases: �i� ���2��0�, represented by
2.5228 THz line with the photon energy safely above the
optical gap and �ii� ���2��0� for 0.4037 THz line, which is
more complicated. The quantity 2��T� is almost constant at
low temperature, approximately equal to the T→0 value, but
with increasing temperature it falls toward zero at Tc. For
each frequency there is a temperature where the energy of
radiation exceeds 2��T� and Cooper pairs can absorb pho-
tons. In case �i� Tr monotonously decreases with temperature
until it reaches its normal-state value and remains constant
up to 16 K and in case �ii� a well-pronounced peak is ob-
served. The Tc onset can easily be determined from Tr�T�
data.
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