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A b s tra c t

We analyzed Swiss Franc LIBOR using R  software and the  Vasicek model. 

We utilized OLS, ML, bootstrap  or simulations to  te st our hypotheses. The 

random  walk hypothesis was not rejected, when we considered all the  his

torical da ta . To get reasonable estim ators, we used only d a ta  from the  last 

adjustm ent of interest rates by the  central bank and rejected the  random  

walk hypothesis for all m aturities b u t 12M. The difference in the  results for 

OLS and ML estim ates was negligible, so we did not reject the hypothesis 

th a t  bo th  m ethods give alm ost the same results. Performing a  simulation 

study, we did not find any significant difference in the  estim ates for the  Euler 

approximation for small values of the  param eter a,  b u t for larger values of a, 

the  approximation led to  biased results. All the hypotheses testing led the 

construction of confidence intervals for the estim ated param eters, which are 

om itted in m any papers and only point estim ates are provided. We created 

confidence intervals for param eters of the  Vasicek model for all the m aturities 

b u t 12M. Extensive numerical simulations were run to  explore the a ttrib 

utes of bootstrap  estim ates. We used an  innovative approach of utilizing the 

logarithmic transform ation to  achieve a  distribution closer to  normal (which 

was necessary, because the  intervals contained negative numbers and did not 

make sense), which to  the best of our knowledge nobody used in th is context.
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A b s tra k t

Analyzovali jsme LIBOR Švýcarského Franku pomocí softwaru R a Vašíčkova 

modelu. PouZili jsme OLS, ML, bootstrap a simulace pro testovaní našich 

hypotýez. Hypotýeza nýahodnýe prochýazky (Šze je Šcasovýa Šrada uýrokovyých mŠer 

nahodnou prochazkou) nebyla zam ítnuta pro vsechna historicka data. Aby

chom dostali rozumne odhady, pouZili jsme pouze data od poslední ýpravy 

urokových mer centralní bankou a zamítli jsme hypotezu nahodne prochazky 

pro vŠsechny splatnosti kromŠe 12M. Rozdýly mezi odhady pomocý OLS a ML 

byly zanedbatelnýe, nemohli jsme tedy zamýtnout hypotýezu, Šze obŠe metody 

daývajý skoro stejnýe výysledky. Pomocý simulaŠcný studie jsme nepozorovali 

Šzýadnýy vyýznamnyý rozdýl pro Eulerovu aproximaci oproti pŠresnýemu ŠreŠsený pro 

malýe hodnoty param etru a , ale pro vŠetŠsý hodnoty a  vedla aproximace k 

vychýleným výsledkum. Testovaní hypotez smerovalo ke konstrukci kon- 

fidencních intervalu pro odhadovane parametry, které jsou casto vynechany 

ve clýncích a pouze bodove odhady jsou poskytnuty. Zkonstruovali jsme kon- 

fidencní intervaly pro param etry Vasíckova modelu ve vsech splatnostech 

kromŠe 12M. PouŠzili jsme rozsýahlýe numerickýe simulace ke zkoumýaný vlast- 

nostý bootstrapovych odhadu. Dale jsme inovativne pouzili logaritmickou 

transformaci k dosaŠzený rozdŠelený, kterýe je bliŠzŠsý normýalnýmu (transformace 

byla nutnaý, neboŠt bez nýintervaly spolehlivosti nedýavaly smysl a obsahovaly 

zýapornýa Šcýsla), coŠz podle naŠseho nejlepŠsýho vŠedomý nikdo v tomto kontextu 

nepouŠzil.

K eyw ords

in te res t ra te , Vasicek m odel, random  walk, b o o ts trap , confidence 

intervals
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Thesis in SIS:

M onte C arlo  S im ulation of Swiss Franc L IB O R  U sing th e  Vasicek 

M odel

R esearch question  and  m otivation 

Owners of bonds face many risks, and one of them  is the  interest ra te  risk, 

which directly influences the  bond's price. Since m any financial institutions 

hold bonds as a  large p a rt of their portfolio, they m ust observe interest rates 

very carefully and try  to  predict them .

For a long tim e, interest rates were considered to  have only positive values

and negative rates were unthinkable. In  2014, the  European Central Bank

lowered its deposit rate to -20 basis points, which was then followed by Den

m ark's Nationalbank, Sweden's Sveriges Riksbank and the Swiss National 

Bank. Most of the models and software were not designed for negative rates, 

so banks and other institutions had to adapt to the new situation.

One of the models describing interest rate evolution is the Vasicek model, 

which was criticized for allowing the predicted interest rates to be negative, 

which is very convenient at this tim e. The goal of this thesis will be to use 

the Vasicek model to predict interest rates and use backtesting to check its 

precision with regard to the Swiss franc LIBOR.

C ontribu tion

The contribution of this thesis will be a verification of whether this model 

is useful or not and the prediction of interest rates themselves.

M ethodology

The main model will be the Vasicek model. Param eters will be estim ated 

using Swiss franc LIBOR data, published for example by the Swiss National 

Bank. The model with the param eters estim ated by historical data will be 

then used to make predictions using Monte Carlo simulations.
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L ist of ab b rev ia tio n s

1W  =  One week

1M =  One m onth

CIR =  Cox-Ingresill-Ross

ICE =  Intercontinental Exchange

i.i.d. =  Independent and identically distributed 

IQ R =  Interquartile range 

LIBOR =  London Interbank Offered R ate 

M L(E) =  M aximum likelihood (estim ate)

OLS =  Ordinary least squares 

ON =  Overnight

SD =  S tandard deviation
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1 In tro d u c tio n

Companies evaluate their risk in order to  ensure long-lasting prosperity and 

profitability. Many companies are exposed to  interest ra te  risk, th is includes 

mainly banks, insurance companies and generally any firm th a t is involved 

in loans or bonds, which means bo th  holding bonds or issuing them .

The change of the  interest ra te  may cause the  value of loans or bonds 

to  change, which leads to  the necessity to  be prepared for such changes. 

In  order to  predict the  possible (and m ost probable) changes in interest 

rates, m any models were proposed. One of them  is the Vasicek model, 

which is one of the  mean-reversion models. Mean-reversion describes the 

interest ra te  as randomly fluctuating around a  long-term mean and it is 

drawn back to  the  long-term mean (reversion). The Vasicek model does 

allow for negative interest rates, which were considered unthinkable in the 

history, b u t recent changes of interest rates by m any central banks in Europe 

to  negative numbers brought th is topic up.

In th is thesis, we used the Vasicek model on LIBOR interest rates of the 

Swiss franc. The Swiss franc LIBOR is currently in negative numbers, which 

makes the  Vasicek model very useful. The main focus was on estim ating 

param eters of the Vasicek model and testing its usefulness. Furtherm ore, we 

used bootstrap  to  derive confidence intervals for the  estim ated param eters. 

To be able to  use bootstrap , we tested  several hypotheses, firstly, we needed 

to  te st w hether our statistical tools can be used to  analyze the series - 

stationarity. Secondly, we had to  choose the  estim ation m ethod and lastly 

we needed to  choose the  simulation m ethod.

We propose following hypotheses:

•  H1: The interest ra te  tim e series are a  random  walk. This would mean 

th a t the  interest ra te  behaves unpredictably.

•  H2: The hypothesis th a t  bo th  OLS and ML (maximum likelihood) 

estim ation of param eters in Vasicek model give alm ost identical results.

•  H3: We propose, th a t bo th  simulation m ethods, using the  exact solution
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to  the  Vasicek model or its  approximation by the Euler m ethod, give 

the  same results.

To overcome the  problem with negative numbers appearing in the  con

fidence intervals, we used an  innovative approach utilizing the  logarithmic 

transform ation.

The thesis is structured as follows: C hapter 2 gives a  literature review for 

the  use of the  Vasicek model and estim ation of its  param eters. C hapter 3 

provides a  theoretical background for the  risk m anagement theory. C hapter 

4 explains the methodology, which was used in the  thesis. C hapter 5 covers 

basic exploration of the  da ta . C hapter 6 includes the  use of methodology 

on the  da ta , providing results and future research opportunities. C hapter 7 

summarizes the findings.

For all the  com putations in the  thesis, R  software was used, The R  P ro  ject 

for Statistical Computing.
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2 L ite ra tu re  review

In  literature, we can find many models for interest rates (for example in 

K orn e t al. (2010)). Vasicek (1977) was one of the  first, b u t it  allowed 

interest rates to  be negative, which used to  be unthinkable, so the  Cox- 

Ingresill-Ross (CIR , 1985) model was developed. I t  kept the mean-reverting 

property of the  Vasicek model b u t ensured th a t the  interest rates are posit

ive. O ther models th a t  can be mentioned are Hull-W hite (1990) approach 

models, Black-Karasinski model (1991), Health e t al. (1992) and more.

There has been a  comparison of these models done for example by Chan 

e t al. (1992) concluding th a t the  Vasicek and CIR  models perform worse 

th an  some of the  other models like D othan (1978), even though the Vasicek 

model is much more known and used. This has been confirmed by another 

study Bo (2006). We did not find any recent studies comparing interest 

ra te  models. I t  is possible th a t the  findings of past studies do not hold for 

present interest rates, the development of the  interest rates has changed, as 

is possible to  see in next chapters, and one of the  m ain disadvantages of the

Vasicek model, the  possibility of negative rates, is welcome today. In  2014,

the European Central Bank lowered its deposit rate to -20 basis points, 

which was then followed by Deanmark's Nationalbank, Sweden's Sveriges 

Riksbank and the Swiss National Bank.

There are m any papers and theses using the Vasicek model. One of the 

older is Zeytun and G upta (2007), comparing Vasicek and CIR models and 

concluding a good fit using the models. Same conclusion was published in 

Halgasova et al. (2014) with the note th a t more complex models could bring 

even better results.

W hen considering methods of param eter estimation, we can find max

imum likelihood (ML) m ethod described in Franco (2003) or Laffers (2009), 

where also the empirical likelihood theory is used and then compared with 

the standard likelihood using real data  to estim ate param eters and Monte 

Carlo simulation to compare the approaches. In Sypkens (2010), theory 

of estimation of param eters in mean reverting and GARCH (generalized
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autoregressive conditional heteroskedasticity) models is described. For the 

Vasicek model, the  results are th a t OLS (ordinary least squares) and ML 

estim ates are very similar if the  distribution does no t have fa t tails (if the 

error term  is normally distributed, it  does not).

Simple description of m ethods and example of bo th  M LE and OLS estim

ates is also shown in van den Berg (2018). Sm ith (2010) performed Monte 

Carlo simulation in MATLAB to  estim ate variance of the  estim ated para

m eters. In bo th  cases, estim ates of bo th  ML and OLS are almost identical.

For the  recent use of the  Vasicek model, Thompson e t al. (2016) estim ated

param eters in the Vasicek model for T-bills in Ghana. Peleskova (2016) 

estim ated param eters in the Vasicek model for PRIBOR (PRague InterBank 

Offered R ate), which is the Czech equivalent for LIBOR. In Ayranci (2013) 

not only th a t the param eters were estim ated (for Turkish Lira LIBOR), but 

also Monte Carlo simulation was used to determine confidence intervals for 

all of the param eters, which is also the aim of this thesis. Most recent paper 

ab o u tth e V a s ice k m o d e lisBurgess(2018),w h erep aram ete rso fth eV asicek  

and Hull-W hite models are estim ated for LIBOR of m any currencies (EUR, 

USD, JP Y , CH F, AUD) and also the probability of the rate being negative 

is computed.
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3 T h eo re tica l background

3.1 R isk m anagem ent theo ry

3 .1 .1  R isk

According to  Bessis (2015), risk is defined as uncertainty th a t might result 

in adverse variation of profitability or loss. There is difference between 

uncertainty and risk. One can have no stocks of a  company, so he does not 

face a  risk, b u t the price is uncertain.

The m ost common classification of risk is due to  the  its source, we dis

tinguish 2 main types of risk: financial risk and non-financial risk. Mejstrik 

et al. (2015)

Financial risks:

•  credit risk (w ith concentration risk),

•  market risk - interest rate risk, foreign exchange risk, equity risk, com

modity risk,

•  liquidity risk.

Non-financial risks:

•  operational risk,

•  model risk,

•  legal risk, taxes risk, regulation risk, political risk,

•  reputational risk and other.

3 .1 .2  B a n k in g  r isk

Basic types of risks in banking are:

C red it risk  - risk to  the bank due to  a default of borrowers. The default 

may happen at any time of the duration of the contract and banks still might
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get p a rt of the  debt even after default. C redit risk accounts for 60-80% of 

to ta l banking risk, which is connected to  high capital to  cover the risk.

Liquidity  risk  - risk not to  m eet short-term  obligations (risk of running 

ou t of cash)

O perational risk  - risk of loss caused inadequate or failed internal pro

cesses or hum an and system failures. Accounts for 5-30% of to ta l risk.

M arket risk  - sometimes also called ”system atic risk”. I t  includes risks 

associated w ith movement in m arket prices of various kinds - movement of 

interest rates, exchange rates, change of m arket price of an  asset, etc.

We focused on the  interest ra te  risk. Anyone who lends or borrows faces 

the  interest ra te  risk. If the  interest ra te  goes up, lenders can get more 

from the  interest, on the  other way, if rates fall, borrowers can get money 

cheaper. O ur goal was to  predict the  changes in the  interest ra te  or ju st to  

find possible values and give them  a  probability of occurrence.

3 .1 .3  R isk  m a n a g e m e n t

To control risk, qualitative and quantitative assessments m ust be made. We 

m ust measure the  risk to  be able to  take i t  into account in an effective way. 

Risk oversight is the  m ain principle of the  risk management and challenge 

for bo th  firms and regulators. In  banking, the  risk m anagement failed in 

2008 starting  the financial crisis. O n the other hand, m any organizations 

adopted risk m anagement policies and implemented them  properly.

3 .1 .4  R isk  o v e rs ig h t

The motivation is clear, banks can lend a t  high interest rates to  risky bor

rowers in the  vision of a  higher profit, b u t a t  the  same tim e, they face a  

higher risk. Prudent banks screen its customers and try  to  predict the  risk 

of a  default. If banks did no t do it, they would suffer from the  adverse 

selection. Safe borrowers would no t borrow from the bank for high interest 

rates, on the  other hand, risky borrowers would like to  borrow for such in

terest ra te , so the bank would get only bad costumers. They m ust protect
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themselves from this effect and choose whom to  borrow money and a t  which 

interest ra te  level. For sub-prime loans, banks tried to  get rid of the  high 

risk by securitizations.

To measure risk, mainly the  credit risk for loans, we need models. Models 

tell us how the risk is distributed by using other variables such as credit 

ratings or economic and industry indices. Using the  measures such as value- 

at-risk, we can then  use suitable tools to  control the  risk. One of the  natural 

risk controls is the  diversification. W hen banks make a  lot of loans, the 

final risk is no t sum of all the risks, b u t i t  is less, because the  loans are not 

perfectly correlated. Having enough loans, the  number of defaults can be 

predicted using the  law of large numbers very accurately. This holds for the 

independent p a rt of loans (different person/firm s etc.), b u t there is risk of 

a  general decline resulting in a  default of a  large proportion of loans. This 

is the m arket (system atic) risk and i t  is the  m ain challenge for regulators. 

Furtherm ore, large loans m ust be judged individually, because there are not 

enough large loans to  apply law of large numbers and they impose a  great 

risk, because the  principal is large. For the  visualization of proportional risk 

decline using diversification for securities see fig. 1.

Figure 1: Systematic and unsystematic risk

Source: Peleskova (2016)
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As mentioned before, the  regulator faces the  challenge of controlling the 

system atic risk to  m itigate the  economic cycle and prevent a  crisis. Banks 

lend and borrow to  and from each other and having one big bank go bankrupt 

can destabilize the entire sector, leading to  a  crisis.

3 .1 .5  R isk  m a n a g e m e n t p ro cesses

There are several ways how to  control risk in banking, commonly organized 

as ”three lines of defense”. The m ain goal of the  first line of defense is to  

make sure every single business line takes the  risk into consideration. The 

risk departm ent has a  representative in each of the  m ain offices, who is closest 

to  the  problem and can change the nature  of the  risk. The second line in 

term s of risk m anagement is the  central management, the  risk departm ent 

and the finance departm ent. They are independent of other business lines 

and a  risk executive is assigned to  each business line to  oversee all risks. 

The finance departm ent takes care of managing the  interest ra te , liquidity 

and m aturity  mismatch risk. Last defense line is the  internal audit, which 

assesses the  internal structure of the  risk management and serves as an 

assurance th a t risks are well handled.

3 .1 .6  I n te r e s t  r a te  r isk

The interest ra te  is unstable, which poses risk to  all parties engaged. There 

are 2 m ain types of interest rates a t  which to  borrow, fixed and floating. 

Nevertheless, bo th  expose lenders and borrowers to  risk, because the  future 

interest ra te  is unstable, the  only choice is which exposure to  choose. W hen 

we study the  value of the  interest ra te  as dependent variable to  m aturity, 

we find out th a t  there are several common types, increasing, decreasing and 

w ith a  bum p (see fig. 2). The m ost common is the  increasing curve, which 

tells us th a t  the  longer the  tim e period I am  willing to  lend for, the  higher 

interest I get. The spread of short and long term  interest rates is the  main 

source of income for a  bank, i t  borrows deposits (short term ) and provides 

loans (long term ), the  difference is profit, which comes w ith a  risk of default 

Bessis (2015).
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Figure 2: Yield curves

Source: au thor

There are multiple ways how to  manage interest ra te  risk, for example 

we can use the  forward ra te . This could mean I want to  get a  loan after a  

year from now, b u t the  interest ra te  next year is uncertain so i t  is calculated 

from today 's interest ra te  and gives a  fixed ra te  contract. O ther examples 

are interest ra te  swaps and caps and floors (insuring against interest moving 

ou t of predefined bounds, the loss and profit for the  interest ra te  moving is 

sub jected to  the  issuer of the  product - usually bank).

3 .1 .7  W h e re  d o  in te re s t  r a te s  co m e fro m

Interest rates are not completely random , they are connected to  other indic

ators such as inflation. The m a jor driver of changes is m onetary policy. The 

central bank might change the interest rates for various reasons, for example 

as was mentioned to  fight inflation, other reasons might be to  avoid crisis, 

pressure on depreciation etc. A part from inflation and m onetary policy, 

the  m ain determ inants of the  interest ra te  are public deficits, the  foreign 

exchange ra te  policy, fundamentals of the  economy and expectations.

3 .1 .8  M e a su rin g  r isk

As mentioned before, to  measure and quantify risk, we need the probability 

distribution of events th a t cause a  change of the expected profit/loss. As 

for the credit risk, the  distribution is not symmetric and there are non-zero 

probabilities for big losses (the  gain from a  loan is lim ited in the  profit and
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can give a huge loss in case of a default. This is captured in fig. 3

As for the  interest ra te  risk, we mention 2 approaches to  measure it, 

where the second can be used to  measure any kind of risk. The distribution 

of m arket risk is often assumed to  be symmetric and even normally distrib

uted (even though we have to  be careful when it  comes to  crises), which is 

supported by historical da ta . The assumption of normal distribution is also 

used in the Vasicek model, which was the main model used in the thesis.

G A P  analysis - measures the im pact of the interest ra te  changes on 

the income and the value of bank 's assets and liabilities. We divide bank's 

assets and liabilities to  interest ra te  sensitive assets (RSA) and interest ra te  

sensitive liabilities (RLS), the rest (insensitive assets and liabilities) is not 

considered. The G A P is defined as the difference of risk sensitive assets and 

risk sensitive liabilities. W hen a bank has a  positive GAP, the m aturity  of 

assets is bigger than  the m aturity  of liabilities and when the interest ra te  

falls, it  makes a  profit and vice versa (having loans for higher interest than  

is now makes the profit).

Value a t  risk  (V aR ) - as mentioned in Suhobokov (2007), Value a t risk 

(VaR) has become in the  last 30 years one the m ost im portant approaches
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to  measure risk for its  ability to  provide precise quantification of risk. W hat 

is Value a t  Risk? I t  gives us the  worst loss th a t can happen w ith a  gained 

probability, Jorion (2006). M ost usually 1% confidence level is chosen, so 

we get the  highest value of loss th a t  can happen in 99% of the  cases. VaR is 

the  quantile of gains and losses distribution for a  selected tim e horizon. The 

horizon is chosen based upon the  assets one works w ith. Bank traders usually 

invest in liquid assets, b u t for investment managers, usually 1 m onth horizon 

is selected. Because of the  broad definition, one can use VaR to  estim ate the 

to ta l risk of the  institution, if we know its distribution. This includes m arket 

risk w ith all its  components and can be adapted to  credit risk, liquidity risk 

and operational risk. VaR can be used as an  universal benchmark in the 

banking industry. Because of the param eters of assumed distributions of 

risks are changing, nowadays stressed VaR is used, which calculates VaR 

under various stress scenarios. The basic m ethods to  compute VaR are:

•  Analytical - derive the  exact distribution of to ta l risk given the  distri

bution (usually norm al) of the  components.

•  Historical - use historical da ta  to  estim ate the future loss.

•  Monte Carlo - use historical d a ta  to  get param eters of assumed distri

butions and simulate scenarios which are evaluated.

C onditional Value a t  risk  (C V aR ) - CVaR is an extension of VaR.

Let X be a  random  variable representing the  loss. CVaR(X) is defined as

conditional expectation of X, condition to X > VaR(X). It has superior m ath

ematical properties and can be optimized using convex programming. CVaR 

does take into account what happens in the tail of the loss distribution, which 

VaR does not. It evaluates where is the worst loss and actually evaluates 

the expected loss. On the other hand it needs a precise modeling of the 

distribution tails. For more details, see for example Sarykalin et al. (2008).
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4 M ethodology

4.1 T he  Vasicek m odel

One of the  first models for interest ra te  was applied by Oldrich Vasicek in 

Vasicek (1977) and is given by the  stochastic differential equation:

dr(t ) =  a (b — r (t ))dt +  adW  (t ) , (1)

where a and a are real positive constants, b is a real constant. Solution 

to this equation is given as:

r (t ) =  r0e- a t  +  b(1 — e - a t ) +  a e- a ( t - u ) d W (u ) , (2)
0

where r0  is the starting interest rate. This leads to the distribution of the 

interest rate given by:

r0 e- a t  +r (t ) -  N  ( ro e~ a t +  b(1 — e - a t ) , —  (1 — e~2at 
2a ) (3)

This can be found in Korn et al. (2010). For the interpretation of para

meters and the model, this model assumes th a t there is a long term  mean 

(param eter b) to which the interest rate converges in a steadily fashion - 

called mean reversion. The speed of this mean reversion is given by para

m eter a . The Vasicek model divides the interest rate time series into two 

parts, the first part is given by the convergence to the long-tem mean, the 

second part is given by a random part, which is assumed to be normal with 

zero mean and variance a 2 .

4.2 M onte C arlo

Monte Carlo is a m ethod of estim ating the expected value. The main idea is 

to use large amount of observations with the same distribution and estimate 

the expected value as the arithm etic average. Given th a t X  is our random 

variable and E X  exists, we can use the law of large numbers for i.i.d. (inde

pendent identically distributed) observations to justify this estimation, we 

know tha t this estim ate converges to the true mean value. Furthermore, 

we can use central limit theorem (for i.i.d. case) to get the precision of the 

estim ate Korn et al. (2010).
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One could get the impression th a t Monte Carlo m ethod has, despite the 

very large need to  compute expected values in m any industries, very limited 

possibilities of use. B u t w ith a  little  trick, we can use i t  to  compute stan

dard  integrals over a  finite interval. We can do th is just by multiplying the 

integrand by the  density of the  uniform distribution on the interval, which 

will then  translate  into the expected value. Furtherm ore, using indicator 

functions, we can estim ate the  probability th a t the  value will be in a  certain 

range given by the  indicator, because expected value of an  indicator is the 

probability th a t our random  variable will lie in the indicated range Anderson 

(1999).

An im portant necessity to  use M onte Carlo is to  have a  random  number 

generator, which allows us to  create our i.i.d. da ta  sample, b u t it  is usually 

implemented in m ost m athem atical software.

M ost often use of Monte Carlo principle in statistics is the approximation 

of the  distribution of a  te st statistic. Suppose we know (or assume) the 

distribution of our d a ta  sample, which has i.i.d. structure. We want to  

know the  distribution of our te st statistic, which is com puted from the da ta . 

Because we know the distribution of our d a ta  sample, we can generate a  new 

d a ta  sample and compute the  statistic  again. Repeating th is procedure many 

times gives us an approximation of the  true  distribution of the te st statistic. 

The approximation also converges (alm ost surely) to  the real distribution 

w ith the  increasing num ber of iterations of the  algorithm . Knowing the 

distribution of the  test statistic  allows us to  compute confidence intervals or 

perform a hypothesis testing.

One of the  reasons to  use Monte Carlo is th a t the  exact or the  asym ptotic 

distribution of a  te st statistic  might be very complicated or even impossible 

to  compute. Another reason is described later on, simulation m ethods can 

provide be tte r results than  asym ptotic tests.

Note th a t  Monte Carlo approximates the exact distribution of the  test 

s tatistic , not the  asym ptotic distribution, which is used by m any tests. This 

results in exact testing or creation of confidence intervals, i t  does not rely on
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large sample sizes and asym ptotic convergence to  a  known distribution. The 

exact distribution might be very complicated to  be analytically described, 

b u t th is procedure approximates it  and the  precision is just the  m atter of the 

num ber of generated samples, no t the sample size. Basically, the precision 

is lim ited just by the com putational power. This provides an incentive th a t 

using Monte Carlo is even be tte r th a t  using usual asym ptotic tests (if the 

distribution is known).

4.2 .1  E x am p le  - a p p ro x im a tio n  o f n

As the most basic example of the use of Monte Carlo, approximation of n 

is often stated  in the literature. This is based on a very simple idea, we 

want to know the value of n and we use the fact tha t the area of a circle is 

computed as n r 2 .

Firstly, let us draw a unit circle and the circumscribed square as it is 

in fig. 4. The idea is th a t the area of the square is 4 and the area of a 

unit circle is n, then we know tha t the ratio of areas of the circle and the 

square is n /4 . From this, we easily get th a t n  equals four times the ratio 

of areas. All we need now is the ratio of areas and which is approximated 

by the Monte Carlo simulation. As was mentioned before, we can compute 

an area (which is integral) by adding density of a random  variable. The 

most simple distribution is the uniform distribution. We generated random 

variables from uniform distribution on the square depicted in the picture 

(w ith apexes in points (- 1 ,- 1 ),( - 1 ,1 ) ,(1 ,- 1 ),(1 ,1 )) and the ratio ofareas 

was computed as the number of generated points th a t are in the unit circle 

divided by the number of all points.

An example of generated points can be found in fig. 5 , there are 1000 

generated points in the picture. For this not so large number of points, the 

estim ated value of n  is 3.172, which is not so far, but it differs in the third 

digit. More estim ated values with increasing number of generated points, 

which shows the convergence of the method, can be found in table 1

Note th a t this is just an example, n  can be approximated much more
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Figure 4: Circle with circumscribed square

Source: au thor

Figure 5: Circle with circumscribed square and generated points

Source: au thor

efficiently using other algorithms.

4.3 B o o tstrap

The bootstrap  was firstly introduced by Bradley Efron, i t  combines the 

M onte Carlo principle and the  ”plug-in”  principle. W hen we want to  use 

M onte Carlo, which means to  sample observations from a  distribution, we 

need to  know the  distribution, which is hardly ever true . O ur distribution 

is unknown in m any cases and we m ust somehow estim ate the  distribution 

function. The replacement of the  true  distribution function w ith our es

tim ate  is the  plug-in principle. For more details, see Efron and Tibshirani
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Table 1: Table of approximations of n for different number of generated values

n 100 1000 10 000 100 000 1 000 000 10 000 000

n 3.1600000 3.1720000 3.1292000 3.1393200 3.1408760 3.1413904

Source: au thor

(1994) or Stine (1989).

W hen we are in an  i.i.d. setting, the  true distribution function is usu

ally replaced by the  empirical distribution function (or empirical cumulative 

distribution function - ecdf )  and then the  random  sample is generated from 

the  empirical distribution function. Taking into consideration the form of 

the  ecdf (when we have n  observations, the ecdf has jumps a t  the observed 

values of size 1 /n , when there are no ties), the sampling procedure basically 

means th a t we draw a sample from our d a ta  w ith repetition to  get a  new 

d a ta  sample. Then, we compute the test statistic  when we are interested 

in testing a  hypothesis, or param eter estim ates when we are interested in 

confidence intervals. This is called the non-param etric bootstrap , we do not 

estim ate any param eters of the  unknown distribution.

W hen we are no t in an  i.i.d. setting, the  sample is not drawn from 

the  same distribution, there is no t a  single distribution from which each 

observation could be drawn repeatedly. We need to  impose some additional 

assumptions on the structure of our d a ta  and only estim ate some features 

(param eters) of the  distribution, th a t  is assumed to  be true. This could also 

be done in i.i.d. setting, when we know th a t the  d a ta  are from some exact 

distribution. This is called the param etric bootstrap .

For Monte Carlo, we assumed we know the  exact distribution, which could 

give us much be tte r results than  using the  asym ptotic distribution, especially 

for small sample sizes. Now we do no t know the  distribution and we just 

estim ate it, which leads us back to  the  asym ptotic results. There is a  still 

chance th a t bootstrap  will be more efficient than  the  standard  asym ptotic 

testing, because bootstrap  ”mimics”  the way our test statistic  or estim ates 

are computed, which might improve the  ra te  of convergence compared to
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the  usage of central lim it theorem.

4 .3 .1  C o n fid en ce  in te rv a ls

Let us have data  of size n  and estim ated one-dimensional param eter dn  of 

the true param eter d, B  denotes the number of samples we want to generate. 

For each b =  1, ..., B  we generate new data sample of size n  and estimate 

the param eter 0n ,b from the generated sample (the estimation m ethod must 

be the same for the initial estim ate dn  and for the estimators dn ,b). Let qn ,B  

be the quantile calculated from dn>1, d n ,B , then confidence interval for d 

can be w ritten as:

^ 2 d n  — qn ,B  (1 -  a /2), 2dn  — qn ,B  ( a /2 )) , (4)

where a  denotes the confidence level. More details can be found in Omelka 

(2018).

For symmetric distributions (like normal) the expression can be simplified 

to the form of

(qn , B ( a /2 ) ,qn ,B (1 -  a / 2 ) ) . (5)

This expression is much more intuitive, because we just take the  m ost 

common values th a t we calculated from the  generated da ta  as the confidence 

interval. B ut th is does not hold for asymm etric distributions.

For param etric bootstrap , if the value we obtain as the  estim ate is sys

tem atically higher for example (biased), we should take lower values of the 

param eter as confidence region, which is captured in eq. (4). This follows 

from the  fact th a t  for param etric bootstrap  we take the estim ated param eter 

as true  and generate from the  distribution w ith th is estim ated param eter. 

So if we then  receive again biased estim ation for the  param eter we assumed 

to  be true , we try  capture the behavior of the  bias.

Multi-dimensional param eters can be surely estim ated in the  same way, 

b u t confidence regions would not have a  simple shape as in the one-dimensional 

case.
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4.4 O rd inary  least squares and  M axim um  likelihood

The theory and findings of OLS and ML were used in th is thesis, b u t are 

usually well known and can be easily found. Regarding OLS, all im portant

information can be found in C ipra (2008) and all necessary information

about ML can be found for example in Andël (2002).
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5 D a ta  analysis

Some of the  findings of th is section were a  p a rt of a  pro ject for econometrics

class carried ou t together w ith a  classmate, only my p a rt of the pro ject was

used in th is thesis.

5.1 D a ta

The collected d a ta  contained interest rates od Swiss franc LIBOR (London

Interbank Offered R ate) for multiple m aturities (ON, 1W , 1M, 3M, 6M and

12M, where W  stands for week and M for m onth) and different tim e periods

(considering all historical da ta , b u t some of the  m aturities were presented

later in the  history). The d a ta  were till 15 December 2017. LIBOR is created

by collecting d a ta  from contributor banks, a t  which ra te  they are willing to

lend money. Then the  top  25% and the  bottom  25% is excluded and from

the  rest, the  arithm etic mean is calculated. LIBOR is now m aintained by

the  ICE (Intercontinental Exchange).

We used LIBOR d a ta  available on Federal Reserve Economic D ata  (FRED ).

However, there was one mistake in the  da ta  uncovered, 31 May 2016 there

was a  missing minus sign for the overnight LIBOR. The observation was a

clear outlier and the value was checked, th a t  the  corrected ra te  is right, on

the  official website of ICE. Next, there was one observation missing, for 18

April 2017 the  overnight ra te  was missing and was added from the  official

ICE website.

5.2 F irs t exploration  of th e  d a ta

Let us s ta r t w ith a  quick look on all the historical da ta , see fig. 6. Overnight

ra te  was introduced later than  other m aturities. Basic descriptive statistics

can be found in section 5.2 for all m aturities, there are some missing val

ues for ON and 1W  interest rates, because they were introduced later in

the  history. SD stands for standard deviation Q  for quartiles and IQR for

interquartile range.

20



Figure 6: P lots of historical LIBOR rates

Source: au thor

We can see differences between overnight,1 week and other rates, b u t we 

hardly see any difference in the behavior of 1 and more m onths rates.

5.3 R andom  walk hypothesis

According to  van den Berg (2018), we can compute the  param eters of the 

Vasicek model from estim ated param aters of AR(1) (autoregressive process 

of order one) model. W hen we want to  use any statistical tools, we need 

the  tim e series to  be stationary. This is satisfied when the  param eter of 

dependence on the  previous value is less than  one in absolute value. The 

series is not stationary when it  is equal to  1. Such process is called a  random  

walk, the series is created in the  way th a t we take the  previous value and add 

white noise (non-correlated, zero m ean, constant variance series). We could
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Table 2: Descriptive statistics for the whole interest ra te  time series

Mean Min Max SD Median Q1 Q3 IQR NA's

ON 0.53 -1.16 4.58 1.10 0.10 0.00 0.99 1.00 3030

1W 0.72 -1.17 4.27 1.16 0.25 0.00 1.43 1.43 2252

1M 2.17 -1.02 10.05 2.77 1.31 0.11 3.26 3.15 0

3M 2.25 -0.96 10.00 2.75 1.47 0.18 3.31 3.13 0

6M 2.30 -0.88 10.00 2.71 1.61 0.24 3.34 3.10 0

12M 2.42 -0.79 9.75 2.60 1.77 0.50 3.37 2.87 0

Source: au thor

suspect interest rates to  follow a  random  walk and be totally  unpredictable. 

This corresponds to  the  way Vasicek model param eters are com puted from 

the  regression param eters. Given the  AR(1) model

r t  =  a  +  fir—  +  et , (6)

where a  and ft are the regression parameters, r t  interest rate at time t and 

e the error term. The param eter of the speed of mean reversion is calculated

as

a =
M (d )

5
(7)

where 5 is the  frequency of observations, see van den Berg (2018) (log

denotes natural logarithm ). There is the  logarithm  of the  autoregression

coefficient, so for our model to be satisfied, ft must lie in the interval (0,1). 

For lower values, the logarithm is not defined. For higher values there are two 

options. For param eter equal to 1, the process would follow a random walk 

and there would be no mean reversion. And for a >  1, the process would 

be explosive, tending to drive away from the long-term mean. Coefficients b 

and a  are estim ated as:

b =
a

(8)
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' = * > y  02 ) • (9)

where sd (e) represents standard deviation of the error term  from regres

sion.

We tried regressing 1m o n th  LIBOR on lagged values to see the result 

using all historical data  (which includes large falls and surges), see table 3.

Table 3: Regression of AR(1) model for 1 m onth LIBOR

Dependent va riab le :

1 month

Lagged 1 month 1.000* * *

(0.0003)

Constant - 0.0003

(0.001)

Observations 7,315
R 2 0.999

Adjusted R2 0.999

Residual S td. Error 0.062 ( d f =  7313)

F  Statistic 14,615,978.000*** (df =  1; 7313)

N ote : *p<0.1; **p<0.05; ***p<0.01

Source: au thor

We can see th a t the result suggests th a t the process is a random walk. The 

95% confidence interval using all data  is (0.9992584, 1.000284) (not adjusted 

for possible heteroskedasticity and autocorrelation, bu t it would not change 

the result much), so we can see th a t the estimate is very precise if we assume 

the series to follow AR(1) model. Using the augmented Dickey-Fuller test 

to test whether we deal with a random walk, we got p-value around 0.24 for
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all overnight d a ta  up to  0.54 for 12 m onth rates, so we could not refuse the 

null hypothesis (H1) of a  random  walk process on the  level of 5% for any 

m aturity.

Even if the  param eter would be very close to  one and not exactly one, 

b u t little  less, i t  would mean the  mean-reversion is so slow th a t i t  would not 

give us much valuable information. There is a  paper suggesting there tru ly  

is a  mean reversion for interest rates for long periods of tim e, see van den 

E nd (2011). Ju s t from looking a t  the graphs we can see th a t the interest 

rates are behaving very wildly and th a t there could be some changes in 

the  param eters throughout the  history. This is also described in section 3, 

the  interest ra te  is dependent on other factors in economy, one of the m ost 

im portant is the  ra te  determined by the  central bank.

To avoid getting invalid results, we used only d a ta  from the  last adjust

m ent by the central bank. The starting date was 23 M arch 2015, which is few 

days after the  adjustm ent when interest rates ”stabilized”. There are now 

691 observations from 23 M arch 2015 to  15 December 2017. Dickey-Fuller 

does reject the null hypothesis of random  walk (on 5% confidence level) for

all m aturities b u t the  twelve m onth m aturity. For example, the  estim ated

value of ft using OLS is 0.811 for the overnight interest rate and 0.975 for 

one month. So the hypothesis H1 is rejected for all m aturities but 12M and 

we cannot reject H1 for the 12M m aturity  on 5% level.

5.4 D a ta  from  in troduc tion  of negative ra te s

In fig. 7 we can see the plots of considered data and in table 4 we can see 

the basic descriptive statistics again. We can see th a t the range is much 

smaller (see the scale) and it now does make sense to  consider this data. 

The arithm etic average now has some meaning for the short-term  predictions 

unlike in the case of using all data.
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Figure 7: P lots of considered data

Source: au thor

6 E m pirica l A nalysis

6.1 E stim ation  of param eters

6 .1 .1  C h o o s in g  th e  e s tim a tio n  m e th o d

For the selection of the  m ethod to  estim ate param eters, we used Sypkens 

(2010). We performed regression of interest rates on its lagged value and 

analyzed the residuals, see fig. 8 for the  Q-Q plot for overnight interest 

rates. I t  is clear th a t the distribution of residuals has fa t tails and is far 

from normal. The graph was similar to  all other m aturities. (Note: the 

residuals were obtained by using the  ML estim ates, which are described 

later in the  thesis.)

I t  is suggested th a t OLS might be biased in th is case. We calculated both  

OLS and ML estim ates to  compare them , using following formulas given in
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Table 4: Descriptive statistics for the considered interest ra te  time series

Mean Min Max SD Median Q1 Q3 IQR NA's

ON -0.78 -0.85 -0.76 0.01 -0.78 -0.79 -0.77 0.01 0

1W -0.80 -0.87 -0.78 0.02 -0.80 -0.81 -0.79 0.02 0

1M -0.80 -0.88 -0.77 0.02 -0.79 -0.81 -0.78 0.02 0

3M -0.75 -0.86 -0.72 0.03 -0.73 -0.76 -0.73 0.03 0

6M -0.68 -0.83 -0.64 0.03 -0.66 -0.69 -0.65 0.04 0

12M -0.55 -0.75 -0.48 0.06 -0.53 -0.59 -0.50 0.08 0

Source: au thor

van den Berg (2018). The plot also shows th a t the Vasicek model is not 

entirely true  for the  da ta , b u t i t  does not mean th a t it  is not useful. Some 

of the more complex models might provide an even be tte r fit b u t a t  the 

expense of simplicity.

The following formulas (see van den Berg (2018))  were used to  get max

imum likelihood estim ates: denote r t  the  interest rates in tim e t , t  =  0,  ...n  

and further denote
n  n  n  n  n

S x  =  r t - 1  , S y  =  r t  ,  S x x  =  r t - 1  ,  ,  S x y  =  r t - 1  r t  ,  S y y  =  r t  .
t = 1  t = 1  t = 1  t = 1  t = 1

The ML estim ates are given as:

S  S  S  S  y  x x  -  x  x y

n (S x x  - S x y ) - (S x2 - S x S y )

b = -  i '
1 S  x y  -  aS  x  -  aS  y  +  na  2

2b
n(1 — O2 )

S x x  -  2aS x  +  na 2

(10)

(11)

( S y y  — 20SXy  +  S XX — 26(1 — O)(S y  — OSx ) +  (l — Q)2)

a

a2
5

(12)

where 6 =  e~ a& . For our case, n  is number of observations minus 1, which 

is 690 (numbering from 0), 5 was chosen to be 2 5 2 , because there were 252 

business days in 2016, which is the only whole year in our da ta  set.

In the paper, the derivation of the formulas is provided. See table 5 for 

estimates for overnight and one month maturities. These two m aturities 

were chosen to cover the whole range. ON being the most volatile and 1M 

being pretty  stable to stand for longer m aturities.
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Figure 8: Q-Q plot of residuals for overnight LIBOR

Normal Q -Q  Plot

Theoretical Quantiles

Source: au thor

We can see th a t there is a  negligible difference in the  estim ate of variation 

param eter and no noticeable difference in other param eters. This means 

th a t we cannot reject the hypothesis th a t  bo th  m ethods provide the  same 

results. For our da ta , the  difference is minimal. Further on, we used just 

the  likelihood m ethod to  estim ate the param eters for its  superior attribu tes 

in m ost cases (b u t we can see th a t i t  does no t really m atter).

We cannot reject the  null hypothesis H2 ( th a t bo th  m ethods give similar 

results), for our use and da ta , the  result are very similar. This follows from 

the  fact th a t we use a  relatively large da ta  sample, given th a t bo th  m ethods 

provide consistent estim ators of unknown param eters.

6 .1 .2  C a lib ra t io n  of th e  V asicek  m o d e l

Now let us estim ate the  param eters of the  Vasicek model for our d a ta  - 

all the  m aturities of Swiss franc LIBOR. The estim ated param eters can be
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Table 5: Table of estimates using OLS and ML methods

a b a

OLS (ON) 53.2619 -0.7816 0.1198

ML (ON) 53.2619 -0.7816 0.1194

OLS (1M) 6.4052 -0.7971 0.0704

ML(1M) 6.4052 -0.7971 0.0702

Source: au thor

found in table 6.

Table 6: Table of estimates for all m aturities of Swiss franc LIBOR

a b a

ON 53.2619 -0.7816 0.1194

1W 24.1128 -0.8038 0.1030

1M 6.4052 -0.7971 0.0702

3M 3.5644 -0.7440 0.0676

6M 3.2107 -0.6717 0.0813

12M 1.8116 -0.5330 0.1037

Source: au thor

6.2 B ack-testing of th e  Vasicek m odel

6 .2 .1  In -sa m p le  p e rfo rm a n c e

F irst of all, le t us have a  look a t  the  in-sample performance, which means 

the  tested  d a ta  are the  same as were used to  calibrate the  model. The plots 

w ith the  real d a ta  and 95% coverage confidence regions, derived from the 

exact distribution stated  in eq. (3), can be found in fig. 9. The confidence 

region was constructed for each point as confidence interval given by the 

normal distribution. The actual coverage rates can be found in table 7.

We can see th a t for bo th  overnight and one-week LIBOR, the  confidence 

interval is alm ost the  same for all the  observations, th is is caused by the 

large estim ates of the  coefficient a . This is caused by the  convergence of 

the  term s e- a t  and e- 2 a t  in eq. (3) to  zero very fast. We can see in table 6
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Figure 9: Confidence regions for interest rates for all maturities.

Source: au thor

th a t  for longer m aturities, the  estim ates of a  are smaller which results in 

slower convergence, as can be see in fig. 9. We can see in table 7 th a t  the 

coverage is close to  the  95% level as was dem anded, which shows good fit of 

the  model.

6 .2 .2  O u t-o f-sam p le  p e rfo rm a n c e

Now to  test the prediction ability of the  model, we estim ated the  param eters 

on a  shorter period of tim e and then  predict the values for the  last 100 days.

We can see the  prediction intervals in fig. 10 being far too wide, which 

is also captured in the coverage ratios in table 8. The interest rates were 

really stable during th is period which caused the  confidence intervals to  be 

very conservative. The intervals being too wide of course has a  reason, the 

param eters are estim ated from the  behavior of the  series itself, b u t in the 

past. The interest rates were much more volatile and the  prediction interval
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Table 7: Table of coverage rates of confidence intervals in-sample

ON 1W 1M 3M 6M 12M

0.967 0.959 0.962 0.933 0.938 0.946

Source: au thor

Table 8: Table of coverage rates of confidence intervals out-of-sample

ON 1W 1M 3M 6M 12M

0.990 1.000 0.990 1.000 1.000 1.000

Source: au thor

tries to  capture it.

An option to  narrow down the  intervals would be no t to  predict from the 

volatile observations, which means to  take a  shorter tim e period. O n the 

other hand there is no guarantee th a t  the wild behavior will not reappear 

and when we do no t take it into consideration, the  predictions might be very 

misleading. Using fewer observations also leads to  a  less precise estim ation of 

the  param eters of the  Vasicek model. W hen predicting for a  shorter period 

of tim e, the  intervals are narrower th an  those m ade for d istan t tim e periods, 

because we can use the  connection between observations.

6.3 B o o tstrap

To get confidence intervals, we used the bootstrap  m ethod, in particular, the 

param etric bootstrap . The case where i.i.d. structure is violated is exactly 

the  case of the  interest ra te  series. The observations depend highly on the 

previous observation, breaking the independence structure. In  th is case, we 

impose additional assumptions by assuming the  Vasicek model as the  true 

model th a t  the  interest ra te  follows.

The validity of the bootstrap  m ethod for our case (and generally for 

Markovian tim e series models) - the  Vasicek model - was proved for example 

in Neumann e t al. (2008). A general rule of thum b is th a t bootstrap  works 

when we have asym ptotic norm ality of estim ators, which is true  in th is case

30



Figure 10: Confidence regions for interest rates for all m aturities

Source: au thor

(see the  end of th is section).

Firstly, an estim ation of param eters m ust be found, which was done in 

section 6. Now th a t we have the  estim ated values of param eters of the 

Vasicek model, we can generate new tim e series, estim ate the  param eters 

again and get confidence intervals for all estim ated param eters of the  Vasicek 

model. The intervals are constructed in the  way th a t is captured in eq. (4).

6 .3 .1  S im u la tio n  m e th o d  h y p o th e s is

There are m any simulation m ethods available, we used two th a t are m ost 

common for this issue. As the Vasicek model is defined by a  stochastic 

differential equation, we can use the  exact solution (eq. (3))  to  generate 

the  tim e series. The second way is to  use the  Euler's approximation of the 

stochastic differential equation's solution. Both cases are described in detail 

in Korn e t al. (2010). For the use of these m ethods, Euler's approximation
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m ethod was used for example in Ayranci (2013) or Sm ith (2010) and the 

exact solution was used in van den Berg (2018).

The basic difference between Euler approximation and exact solution is 

th a t  we approxim ate the  evolution of the  mean (m ean value is a  function 

of tim e and converges to  long-term mean according to  the  Vasicek model) 

only w ith the  first order term  of the  Taylor expansion. This means we take 

the  derivative to  be constant from one observation to  the  other. I t  takes the 

form of:

A r =  a (b — r )A t +  ae t A t, (13)

where A t is taken to be 1/252 as the simulated points should represent 

our observations, et  is a random variable with normal distribution, zero mean 

and unit variance (et  ~  N (0,1)) and r  is the previous point of the time series.

The problem is tha t the m ethod might not be appropriate, because of the 

value of A t. For A t 0, the m ethod converges to the true solution, but we 

do not know if 1/252 is small enough to give good results. If we look at the 

expression in eq. (13) we can see th a t A t is multiplied by param eter a, so 

the result may depend on the value of the parameter.

To explain further, comparing the approximation and the exact solution, 

we must go back to the interpretation of the Vasicek model. The interest 

rate is supposed to be drawn back to an equilibrium, which is represented by 

a long-term mean and there is a normally distributed random part. In the 

exact solution, the mean-reversion is present in the form of an exponential, 

having the interpretation th a t in every point, a proportion of the difference 

between the current value and the long-term mean is the speed of reversion. 

This means tha t when the value is far away, the speed of reversion is high, 

but as it approaches the long-term mean, the speed of reversion decreases in 

absolute numbers. The proportion taken away from the difference from the 

long-term mean is always the same, but the actual speed then varies, de

pending on the distance. On the other hand, when we use the approximation 

(the first derivative is basically the speed of mean reversion) by the Euler 

method, we suppose th a t the speed does not change between the points.
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The speed does not vary too much in most cases, but when we consider A t 

big enough and being close to the long-term mean, the Euler approximation 

could result in overestimation of the mean-reversion. Because the mean 

reversion is not a smooth adhesion to the long-term mean as is the exact 

solution, but a straight line, the mean reversion term  could also be greater 

than  the actual difference. To illustrate the difference, let us select the long 

term  mean to be - 1, starting value of interest rate -1.5, mean reversion 

param eter (a ) to be 7 and A t to be 1 /4 . We can see what happens in fig. 11

Figure 11: Difference between exact solution and Euler discretization

t

Source: au thor

Sim ulation study :

To address the possible problem with the approximation, which was 

presented above, we select the param eters equal to the estimates in our 

problem and perform a simulation study for different values of a . Les us 

set n  =  690 (the size of our data  sample set equal to simulated size of the 

series -1), A t =  1/252, a  =  0.1 (rounded value of our estimates), b =  — 1 

(long term  mean equal to -1) and choose a  =  50 and a  =  3 (mean reversion 

speed, both common to our data, larger values for shorter maturities) to 

compare the results. The size of the simulation study was set to 10000, i.e.
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we generate 10000 tim e series of size 691 and estim ate the  param eters for 

each m ethod. The starting point was set to  -1.

F irst, le t us have a  look a t  the  results for a  =  50. In  fig. 12 we can see 

a  histogram  of the estim ated values of param eter a .  We can clearly see the 

bias in the  estim ated values using the  Euler m ethod, there tru ly  is an  overes

tim ation of the  mean-reversion ra te . In  fig. 13 we can see the overestimation 

of variance param eter, which is connected to  the  error in estim ation of the 

param eter a,  p a rt of the error which is m ade by the  approximation is estim

ated  as variance of the  norm al distribution of the  random  component. The 

param eter b,  which is the long-term mean, is no t affected.

Figure 12: Estimation of param eter a  for both  methods, true value equals 50

Histogram of exact Histogram of Euler

30 40 50 60 70 80 30 40 50 60 70 80 90 100 

exact Euler

Source: au thor

Let us have a  look a t  the  results for a =  3. In  fig. 14 we can see th a t 

there is no significant difference in the  estim ated values, other param eters 

are also not affected.

We can conclude th a t we reject the  hypothesis H3 th a t bo th  m ethods can

be used. Even though there is no difference for small values of param eter a,

for higher values, the estim ated values are biased. We would have to set A t
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Figure 13: Estimation of parameter u  for both methods, a =  50, true value equals 0.1
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Source: au thor

to  a  much smaller value and then  take only some of the  generated points (as

observations) to  get correct results (as was mentioned, the  m ethod is valid

for A t 0).

Note th a t when we are using bootstrap , the  bias m ade by using the  Euler 

m ethod would be partly  corrected for confidence intervals, because bootstrap  

confidence intervals try  to  account for this kind of bias, which is explained 

later.

6 .3 .2  N o rm a lity  of e s t im a to rs

As we could notice, the distribution of estim ated values for a  =  3 in fig. 14 

was far from norm al, i t  was skewed. We know th a t the  distribution of para

m eters will be asymptotically normal. We can use the  asym ptotic normality 

of regression coefficients, then  use the  fact the Vasicek model coefficients are 

com puted as a  function of the regression coefficients, which was discussed 

in section 6 . So by using A-theorem (sometimes also called A-m ethod), 

we get easily the  asym ptotic norm ality of our estim ators (the  A-theorem 

is stated  and proved for example in Omelka (2018)). Note th a t one m ust 

also use Cramer-Slutsky theorem  (Theorem 2 in Omelka (2018)) and use a  

consistent estim ator of variance, which is also given by the  regression.
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Figure 14: Estim ation of param eter a  for both  methods, true value equals 3

Histogram of exact Histogram of Euler
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exact Euler

Source: au thor

The reason th a t our estim ated values are no t normally distributed for 

small a  is the  small d a ta  sample. If we perform 5000 simulations w ith length 

of each series 10000 and estim ate the  param eters, we get close to  normally 

distributed values, which can be seen in fig. 15 (other param eters were set 

equally as in the  previous simulation).

Knowing about the  asym ptotic norm ality and the  non-normality for our 

d a ta  size, we can see the  use of bootstrap . We m ight be able to  get more 

precise result th an  w ith the  asym ptotic norm ality results. We also m ust use 

the  general version for confidence interval (eq. (4)), because the  distribution 

is no t symmetric.

6 .3 .3  C o n fid en ce  in te rv a ls

To get confidence intervals, the  bootstrap  m ethod was used. We generated 

10000 tim e series (following the Vasicek model) starting  in a  random  point of 

the  original da ta . We used the param eters estim ated from the  original da ta  

for the  simulation (see section 6) and then , the param eters were estim ated

36



Figure 15: Estimation of param eter a  for n  =  10000, true value equals 3

Histogram of exact
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Source: au thor

again from the generated series to  get the  confidence intervals using eq. (4). 

The 95% and 99% confidence intervals can be found in table 9.

In the  table w ith confidence interval (table 9), we can see th a t  the con

fidence intervals for both long-term mean (b) and variance (a) are very nar

row and the estimation is precise. On the other hand, the speed of mean- 

reversion (a) is very imprecise. S tarting w ith the 1M m aturity, there are 

also negative numbers in the intervals. The estimation m ethod never gives 

negative values (except for the 12M m aturity), so this is where the intuition 

fails w ith respect to the confidence intervals. The reason for negative values 

being in the interval is th a t for a specific value of a , the estimation procedure 

sometimes gives very large estimates and because it was usual to get large 

estimates even though the real param eter is much smaller, the confidence 

interval tries to account for th a t. We might get large estimates for small 

values of the real param eter (there is almost no space to the left - bounded 

by zero - and much more space to the right for the higher values), so the 

interval is shifted to the left (smaller values) and tries to correct for this.
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Table 9: Table of confidence intervals for all m aturities

2.5% 97.5% 0.5% 99.5%

ON-a 36.050 64.293 30.289 67.618

ON-b -0.784 -0.779 -0.785 -0.778

ON--a 0.112 0.126 0.110 0.128

1W-a 12.235 30.587 8.381 32.330

1W-b -0.809 -0.799 -0.811 -0.797

1W-a 0.097 0.108 0.095 0.110

1M-a -1.382 8.873 -4.551 9.546

1M-b -0.810 -0.784 -0.814 -0.780

1M-a 0.066 0.074 0.065 0.075

3M-a -3.515 5.124 -6.386 5.696

3M-b -0.767 -0.721 -0.773 -0.715

3M-a 0.064 0.071 0.063 0.072

6M-a -3.924 4.617 -6.610 5.070

6M-b -0.701 -0.642 -0.711 -0.632

6M-a 0.077 0.085 0.076 0.087

12M-a -4.801 2.741 -7.312 3.154

12M-b -0.603 -0.465 -0.637 -0.435

12M-a 0.098 0.109 0.096 0.111

Source: au thor

Nonetheless th is shift does not respect the dependence on variability (lower 

variability near zero), so we end up w ith negative values.

Another reason for such result is th a t  we do not have large enough da ta  

sample, a  simulation showed th a t w ith 2000 observations, only confidence 

interval for the  12M m aturity  contains negative numbers. There are two 

reasons for th a t, first is th a t  w ith more da ta , the  estim ation is naturally 

more precise and the intervals should be smaller. The second reason is th a t 

the  distribution is no t so skewed w ith more d a ta  and becomes closer to  

norm al, which has be tter a ttribu tes. This is exactly the  opposite than  we 

wanted to  get be tte r predictions. We would need to  use less d a ta  to  capture 

only recent behavior. So we get a  trade-off between predicting in term s of 

latest trends and precision.
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Let us now focus on the  12M m aturity. In  the  simulations, we sometimes 

get negative values of the estim ated param eter a. We know th a t negative 

values of a  are no t covered by the  Vasicek model. I t  would mean th a t the 

interest ra te  moves away from the long term  mean, which would result in 

the  divergence of the tim e series, such series would not be stationary. This 

corresponds to  the  fact th a t we were not able to  reject the  random  walk 

hypothesis for the 12M m aturity. Given these results, we conclude th a t any 

inference using the Vasicek model for the  12M m aturity  is no t valid. The 

fact th a t we cannot reject the random  walk hypothesis makes any inference 

about the  series very complicated, because we do not know whether the 

series is stationary.

To evaluate the presence of negative values in confidence intervals, we 

would use the  same argum ents, the  negative values are not allowed values. 

We could just replace the left border points of the intervals by 0, b u t this 

would no t provide good or accurate inference. Instead, we tried to  use some 

transform ation to  get a  be tter confidence interval for each m aturity  (bu t 

12M).

We can inspect histograms of estim ated values of a  from the  bootstrap  and 

try  to  correct the procedure, see fig. 16. We can see th a t the  distribution for 

ON is alm ost normal, b u t as the  m aturity  grows, the  distribution is more 

and more skewed. This type of deviation from norm ality can usually be 

solved by using logarithmic transform ation. The idea behind is th a t using 

th is transform ation, the variance of the  lim it distribution would no t depend 

on unknown param eters.

To check our theory, let us inspect the histograms of the  logarithm  of a 

to  see whether we are closer to  normal distribution, see fig. 17. For the  12M 

m aturity, some of the  logarithms were no t defined ( it is displayed only if it  

was defined).

We can see th a t  the  distribution is much closer to  normal for all m aturities 

and s tarts  to  be skewed to  the other side for longer m aturities. Nonetheless, 

th is is a  huge improvement and we can create be tte r confidence intervals
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Figure 16: Histrograms of estim ated param eters a  for all m aturities
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using the  transform ation.

The procedure to  create confidence intervals is simple, we create confid

ence interval for the  logarithm  of a,  then  by using exponential function on 

the  border points of the  interval (exponential is an  increasing function), we 

get confidence interval for the  param eter a,  results can be found in table 10. 

There are no longer any negative values (which is not surprising, the  ex

ponential function cannot be negative) and furthermore, the values of left 

border points are pretty  far away from 0.

Comparing the  confidence intervals using the  transform ation and the ones 

w ithout the  logarithmic transform ation, we got meaningful results regarding 

the  values of param eters, b u t the  right border point of the intervals is bigger. 

Nonetheless the  fact th a t  we got meaningful confidence intervals (which 

include only allowed values of param eters) is decisive for the  choice and 

the  confidence intervals created using the logarithmic transform ation are
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Figure 17: Histrograms of estim ated logarithms of param eters a  for all m aturities
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preferred.
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Table 10: Table of confidence intervals for all m aturities using log transformation

2.5% 97.5% 0.5% 99.5%

ON-a 40.212 66.867 37.210 72.513

ON-b -0.784 -0.779 -0.785 -0.778

ON--a 0.112 0.126 0.110 0.128

1W-a 16.161 32.884 14.367 36.671

1W-b -0.809 -0.799 -0.811 -0.797

1W-a 0.097 0.109 0.095 0.110

1M-a 2.896 10.512 2.422 12.828

1M-b -0.810 -0.784 -0.814 -0.780

1M- a 0.066 0.074 0.065 0.075

3M-a 1.204 6.417 0.968 8.394

3M-b -0.766 -0.722 -0.774 -0.714

3M- a 0.064 0.071 0.063 0.072

6M-a 1.020 5.817 0.818 8.314

6M-b -0.701 -0.642 -0.710 -0.631

6M- a 0.077 0.086 0.076 0.087

Source: au thor

6.4 R esu lts sum m ary

6 .4 .1  H y p o th e s is  H 1  -  a  ra n d o m  w alk

For the  random  walk hypothesis, when we considered all the historical da ta , 

we were no t able to  reject the random  walk hypothesis. This means th a t 

the  tim e series might not be stationary and statistical inference using the 

Vasicek model is no t possible. The fact th a t we were not able to  reject 

w hether the  tim e series is a random  walk means th a t the  tim e series behavior 

is highly unpredictable. Furtherm ore, using 20 years old d a ta  might no t have 

positive im pact on our estim ation, it  m ight even make i t  worse, because the 

param eters of the  model might change over tim e. As was mentioned in the 

theoretical background, the  interest ra te  is connected to  the  policy of central 

banks, government policies and other factors.

To get reasonable estim ators, we used only d a ta  from the  last adjustm ent 

of interest rates by the  central bank. W hen considering th is shorter tim e
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period, we were able to  reject the random  walk hypothesis for all m aturities 

b u t 12M, which allowed us to  use statistical tools. So for the  period from 23 

M arch 2015 to  15 December 2017, the hypothesis H1 was rejected for ON, 

1W , 1M, 3M and 6M m aturities. The hypothesis H1 was no t rejected for 

the  12M m aturity  (on 5% level).

6 .4 .2  H y p o th e s is  H 2  -  th e  e s t im a tio n  m e th o d

We estim ated all param eters w ith bo th  OLS and ML m ethods for ON and 

1M m aturities. The difference in the result was negligible so we cannot reject 

the  hypothesis th a t bo th  m ethods give almost the  same results.

6 .4 .3  H y p o th e s is  H 3  -  th e  s im u la tio n  m e th o d

We performed a  short simulation study to  te st whether using the  Euler ap

proxim ation as the  simulation m ethod is usable and gives reasonable results. 

The exact solution to  simulate the  tim e series was used to  compare the  res

ults. As the  step for the  Euler m ethod, 1/252 was used, which represented 

one day. For smaller values of the  param eter a,  we did not find any signi

ficant difference, b u t for larger values of a,  the  mistake m ade by using an 

approximating m ethod led to  biased results, which overestimated the value 

of param eter a.  So we reject the  hypothesis of bo th  m ethods being valid for 

simulating the tim e series which follows the  Vasicek model.

6 .4 .4  C o n fid en ce  in te rv a ls

All our hypothesis testing led to  the  creation of confidence intervals. The 

estim ates itself are n o t useful, when we do no t know their variance or confid

ence intervals. Param etric bootstrap  was used to  determine the  confidence

intervals for each param eter. For param eters b and a , the estimates were 

very precise, but we got very wide range of values in confidence intervals 

for a and also negative values were present in the intervals. To correct for 

the presence of negative values in the confidence intervals for the param eter 

a , which do not make sense for the Vasicek model, we used the logarithmic
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transform ation and received meaningful confidence intervals, which can be 

found in table 10.

6 .4 .5  C o m p a riso n  to  o th e r  re se a rc h e rs

W hen considering the estim ation m ethod, bo th  OLS and ML m ethods are

common in the literature (van den Berg (2018),PeleSkova (2016), Sypkens 

(2010), Ayranci (2013)) , as was shown for our data, they provide almost 

the same results.

For the simulation methods, several authors were mentioned, who used 

both  methods (using Euler approximation Ayranci (2013) and Smith (2010), 

using exact solution van den Berg (2018)). We used exact solution, which 

should be in every way better than  using just an approximation, but the 

difference for small values of the param eter a  is negligible.

The crucial part of this thesis was the construction of confidence intervals, 

which are om itted in many papers and only point estimates are provided. 

W hen given only the point estimate, we have no information about the 

variance of the estimate which tells us how far the estim ate could be from 

the true value.

6.5 F u rth e r research opportun ities

The research could further be extended by comparing the fit of multiple 

models. This would require using goodness of fit tests and probably boot

strap . As was mentioned in section 2, there are many models th a t could be 

considered. There is always a trade-off between the simplicity and the fit 

of the model. Using more complex models could lead to over-fitting, which 

could result in a poor prediction quality.

Another extension could relate to the estimation of variance. One could 

compute the theoretical distribution of the estimates (either OLS or ML) and 

use the asymptotic normality to derive confidence intervals. The intervals 

could be further compared to the ones created by bootstrap  and find out 

which ones provide a better fit. This would surely require a simulation study.
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One of the m ost im portant features is also the  selection of the  period, 

from which we take observations to  estim ate the  param eters of the  selected 

model. As was mentioned before, we want to  take the  period as short as 

possible to  capture the latest behavior of the  interest ra te  tim e series. O n the 

other hand we want to  get as precise estim ates as we can, which requires long 

tim e periods. W hat naturally follows is the  determ ination of the  optim al 

length of the  tim e period taken to  estim ate the param eters. This period 

could surely depend on the param eters (larger variance tim e series could 

require more observations) or other features of the  model.
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7 C onclusion

There is a  need for companies to  evaluate their exposure to  risk. For this 

purpose, the  Vasicek model was introduced. I t  describes the  behavior of 

the  interest ra te  tim e series, giving the distribution of possible values of the 

interest ra te  in the future, allowing firm to  compute for example VaR.

Recently, many central banks lowered their interest rates to  negative num

bers, which brought the  necessity to  use models allowing negative values of 

interest rates, as is the  Vasicek model. The Vasicek model is very common

and often used, from the m ost recent papers, one could mention for example

Thompson et al. (2016), Peleskova (2016) or Burgess (2018). We estim ated 

param eters of the Vasicek model for Swiss franc LIBOR and constructed 

confidence intervals.

We utilized commonly used methods to test our hypotheses for example 

OLS, ML, bootstrap  or simulations. To conclude the findings about our 

hypotheses:

•  H 1 - the random walk hypothesis was not rejected, when we considered 

all the historical data. To get reasonable estimators, we used only data 

from the last adjustm ent of interest rates by the central bank. When 

considering theshortertim eperiodfrom 23M arch2015 to15D ecem ber 

2017, the hypothesis H1 was rejected for ON, 1W, 1M, 3M and 6M 

maturities. The hypothesis H1 was not rejected for the 12M m aturity  

(on 5% level).

•  H 2 - n o t re jec ted . The difference in the results for OLS and ML 

estimates was negligible so we did not reject the hypothesis th a t both 

methods give almost the same results.

•  H 3 - re jec ted . Performing a simulation study, we did not find any 

significant difference in the estimates for the Euler approximation for 

smaller values of the param eter a , bu t for larger values of a , the mistake 

made by using an approximating m ethod led to biased results.

All the hypotheses testing led to the crucial part of the thesis, the con-
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struction of the  confidence intervals for param eters, which are om itted in 

many papers and only point estim ates are provided. We used ML estima

tion and exact solution in our simulations to  create confidence intervals for 

param eters of the Vasicek model for all the  m aturities, for which we were 

able to  reject the  random  walk hypothesis (using the  tim e period from 23 

M arch 2015 to  15 December 2017). Extensive numerical simulations were 

run  to  explore the  a ttribu tes of bootstrap  estim ates. We used an  innovative 

approach by utilizing the  logarithmic transform ation to  achieve a  distribu

tion closer to  normal (which was necessary, because the  intervals contained 

negative numbers and did no t make sense), which to  the best of our know

ledge nobody used in th is context. The results can be found in table 10.
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