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Abstract

The main intention of the bachelor thesis is to introduce all necessary the-

ory to understand and apply the facility location problem for an alternative

delivery service. Solving the facility location problem we are able to find

optimal warehouse locations to minimize transportation costs from a firm to

customers. Our attention is focused on an alternative delivery service which

is slowly becoming to be taken seriously in logistic disciplines because many

companies are trying to apply drones or robots for shipping goods. The first

part of this thesis deals with an important theoretical background needed

to understand the facility location problem. Microeconomic view of the

problem is presented, basic knowledge of mathematical programming with

algorithms is explained and the facility location problem itself is defined.

Moreover, each step of the branch & bound algorithm for the facility loca-

tion problem is explained on an example from Prague. In the practical part

of the thesis, we solve a real problem for the Czech company which would

like to implement a drone delivery service in Prague. Finally, we discuss

future technical progress and its impacts on autonomous delivery service,

legislative and privacy problems with a drone delivery system in Prague and

other possible usage of autonomous vehicles in the Czech Republic.



Abstrakt

Hlavńım ćılem této bakalářské práce je zavedeńı veškeré potřebné teorie

pro pochopeńı a aplikaci problému lokace sklad̊u pro alternativńı formy

přepravy. Vyřešeńım problému lokace sklad̊u jsme schopni nalézt optimálńı

umı́stěńı firemńıch prostor tak, aby firma minimalizovala své náklady na

přepravu zbož́ı k zákazńık̊um. Naše pozornost je zaměřena na alterna-

tivńı formy přepravy, o které se stále v́ıce zaj́ımaj́ı společnosti řeš́ıćı lo-

gistické problémy a snaž́ı se implementovat drony nebo roboty pro přepravu

zbož́ı. Prvńı část této práce uvád́ı d̊uležité teoretické poznatky potřebné pro

pochopeńı problému lokace sklad̊u. Je zde prezentován mikroekonomický

pohled na tuto problematiku, dále jsou vysvětleny základńı znalosti mate-

matického programováńı s potřebnými algoritmy a v neposledńı řadě je také

definován samotný problém lokace sklad̊u. Dále je na př́ıkladu z Prahy

krok po kroku vysvětlen algoritmus branch & bound, který slouž́ı k řešeńı

problému lokace sklad̊u. V praktické části této práce se zabýváme reálným

problémem české firmy, která by ráda implementovala rozvoz zbož́ı pomoćı

dron̊u po Praze. Na konci práce diskutujeme možné dopady budoućıho tech-

nologického pokroku na zp̊usob rozvozu zbož́ı pomoćı autonomńıch vozidel,

legislativńı probémy a problémy omezováńı soukromı́, které bráńı aplikaci

dron̊u v Praze, a daľśı možné využit́ı autonomńıch vozidel v České republice.

Keywords

cost minimization, integer programming, facility location problem, alternat-

ive forms of transportation, drone delivery system
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Mathematical programming is an effective approach to estimate the op-

timal solution for a cost minimization problem of the firm. Using math-

ematical programming algorithms, we are able to find a solution for the

facility location problem which attempts to calculate the optimum ware-

house deployment, considering the size of the warehouses and the cost of

their construction, while also regarding the distance of customers from the

warehouse and the cost of transporting the goods. This should in effect

minimize the cost of shipping goods to customers.

The main goal of this bachelor thesis is to propose a solution for the

delivery cost minimization problem using mathematical programming. Spe-

cifically, it will be solving the facility location problem for a firm which will

be trying to use an alternative form of transportation of either drones or

robots, and then further on compare the results with the current delivery

methods.
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2. Linear and integer programming
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4. Application and efficiency

5. Conclusion



Bibliography
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Introduction

This bachelor thesis deals with the facility location problem which can be

classified as a microeconomic cost minimization problem. Classical theory of

the firm offers tools and procedures to solve the problem when the firm tries

to minimize the costs of shipping goods to customers. In this thesis we will

go even further and by using mathematical programming algorithms we will

be able to find a solution for the facility location problem. Mentioned optim-

ization problem attempts to calculate the optimum warehouse deployment,

considering the size of the warehouses and the cost of their construction,

while also regarding the distance of the customers from the warehouse and

the cost of transporting the goods.

The main goals of this thesis is to introduce the necessary theory to be

able to understand the facility location problem and propose a solution for

an actual delivery cost minimization problem for a firm which will be trying

to use an alternative form of transportation of either drones or robots. Im-

portant part of this thesis is also discussion about advantages, disadvantages

and complications of such a solution.

This bachelor thesis is organized as follows: the first chapter focuses on

the cost minimization problem from a microeconomics point of view and

proposes theoretical solutions for the firm which will be trying to minimize

delivery costs. The second chapter summarizes important information about

mathematical programming, practical algorithms and their use. Chapter 3

theoretically introduces the facility location problem. First, in its simpler

form of the transportation problem and subsequently its extension with

warehouse deployment. Our knowledge from previous chapters is demon-

strated on the solution of the practical problem in chapter 4 where for the

delivery of the firm’s goods, alternative forms of transportation are used.

And finally, in the last chapter, we discuss possible impacts transport auto-

mation may have on the market, its legislative complications in the Czech

Republic and successful projects from abroad.
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Literature review and motivation

In recent years, drones have drawn a lot of attention as a means of transport-

ation. Mainly due to increasing shipping needs and the high frequency of

traffic jams in larger cities. With the progress that has been achieved in the

navigation systems, endurance, electric engine power and speed of drones,

it seems promising that they will be used in the near future. An article [27]

from 2018 mentioned a case study of Amazon Prime Air in the city of San

Francisco, which proves that evidence that e-commerce companies are defin-

itely interested in the field. In that article, the optimal solution of the facil-

ity location problem for a drone delivery system in California was proposed

and the most realistic schema of how this alternative delivery system could

work was created. Drones would start at selected launch stations, which are

defined as warehouses from where the products are delivered to the custom-

ers, and fly over San Francisco on routes which minimize the transportation

costs. There already exist several simple examples of working drones deliv-

ery system in the world. For example in China [19] and Iceland [21]. There

are no sources on the solution in China and in Iceland they are only using

the drones to transport goods from one peninsula to another so they did not

need to solve a complicated facility location problem.

There was also an attempt in the Czech Republic to test the transport-

ation of goods by autonomous vehicles. Tests were done by Mall.cz and

Rohlik.cz [32] but they mainly focused on the technical issues of using these

vehicles rather than on the optimization problem of minimizing the trans-

portation costs. Therefore in this thesis we will clarify how such an optimiz-

ation problem might look like for a Czech firm in Prague, devise a solution

from available data and discuss the problems which prevent us from a ac-

tually applying it in the Czech Republic. The second goal of this thesis is

to introduce all the possible points of view of how to examine the facility

location problem and to summarize the theory necessary to understand and

solve this optimization problem.

Because the firm solving the facility location problem is trying to min-
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imize its delivery costs, generally speaking it is solving a microeconomic

problem. The economic theory behind this cost minimization problem is de-

scribed by Varian [31] or also Gravelle and Rees [7]. A more mathematical

approach is described by Zimmermann [35], with all the assumptions for the

production function and for the existence of a solution. To be able to solve

microeconomic optimization problems, basic knowledge of optimization the-

ory is needed. This can be found in [5] and its possible applications in

economics and business in the literature [6]. These pieces of literature allow

us to formulate and solve different cost minimization problems depending

on the production function and cost function of the firm and thus find an

optimal solution for the situation when the firm is trying to save money for

shipping goods.

The facility location problem can also be understood as a problem of

linear and integer programming [28]. This is a special case of the mathem-

atical programming problem and it is described in Chapter 2. This scientific

field came into existence during World War II because of its applications

in logistic, economic, finance and business problems [30] as is described in

detail by Hansen et al. [10]. A lot of theoretical information about in-

teger programming, its complexity and heuristics can be found in the text-

book [11]. Equally important to this field are algorithms that solve problems

formulated as mathematical programs. One of the basic ones is the simplex

algorithm [5] and Lawer et al. [17] explained the branch & bound meth-

ods. These algorithms are, however, still quite general and there are some

modifications for specific tasks. But the understanding of these general al-

gorithms is helpful when learning the more complicated algorithms which

are based on the general ones.

The facility location problem can also be considered as such a specific

task. Sharma et al. [26] described the revised simplex method to solve a

simpler form of the facility location problem called the transportation prob-

lem. In this problem we are not looking for the best positions to place

warehouses, which would minimize shipping costs. Instead we are only in-
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vestigating from which predefined warehouse is it the most advantageous

to transport goods to a particular customer. A more complicated facility

location problem study was done by Labbé et al. [15] from a mathematical

point of view. In this literature a modification of branch & bound is intro-

duced and different formulations of the problem for fixed and variable prices

are formally studied. Sule [29] covers all the relevant engineering topics

in facility planning including machine vision, equipment selection, materi-

als handling and coding. The facility location problem can be capacitated,

when we decide to consider that capacity of warehouses is limited, or un-

capacitated, meaning without limitations.[15] In our thesis we will compute

uncapacitated facility location problems, which are described in the literat-

ure [3], because nowadays warehouses of large companies such as Amazon,

DHL and Alibaba are enormous and therefore we generally do not have to

assume any size limitation. Another assumption in our study is that, be-

cause of technical limitations, drones return back to the warehouse after

each delivery to consumer. But in the future due to technical progress or

the implementation of charging stations [12], drones would be able to serve

more customers in one flight. Under those circumstances we would have

to solve a combination of the facility location problem and the salesman

problem which is explained by Baker and Chan [2]. Almost all literature

mentioned above is not relatively recent but it is still useful for studying the

theory of the problem. Now we will continue with literature which has been

published in past four years and primarily deals with drone delivery service.

The fact that drones do not only have to be used for the transportation

of goods but that they also can be used for example in crisis situations

was explained by Chowdhury et al. [13]. In their work they described the

model which exploits the potentiality of drones as a mode of transportation

to supply emergency commodities in a disaster-affected region. Haidari et

al. [9] introduced another interesting application of drones which could

transport life-saving vaccines to the people who need them in low and middle

income countries. As a result of implementing this model vaccine availability
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would rise to 94% and produce logistic cost savings. As it was mentioned at

the beginning of this chapter Shavarani et al. published a paper [27] that

shows the solution for the facility location problem in San Francisco. An

interesting extension of this work is the literature written by Hong et al. [12]

where authors examined the facility location problem when charging stations

for drones exists. Therefore under such circumstances drones can fly longer

distances to reach consumers which are farther away from the warehouse

or it can use its big storage to fly to multiple consumers on one trip and

stop at charging stations during its trip to recharge the battery. Another

alternative delivery service solution was suggested by Poikonen et al. [24].

They consider a situation in which drones take off from a truck’s roof and

fly to consumers. The drone then returns to the top of its truck to recharge

or change its batteries. The truck itself can also deliver packages but the

main advantage of this proposed model is that drones can transport goods

in less populated areas whereas the truck goes on the main road and thus

speeds up delivery. Mohammed et al. [20] wrote in a related article about

smart cities and how modern technologies can improve our lives. One of the

emphases in this work was a drone delivery system but on the other hand

Wilson [34] pointed out some issues with this new technology as a possible

loss of privacy and the danger which occurs when drones crash in the air.

To make a conclusion, the alternative delivery service is slowly becoming

to be taken seriously in logistics disciplines. The amount of literature which

studies the usage of drone delivery services is constantly growing and the

facility location problem is an integral part of each work. Moreover, the

strong advantage of the proposed models is shortening the time needed for

shipping goods and also cost minimization. We summarized the literature

related to our topic and now, before we start designing our model in the

Czech Republic, we will cover all the needed theory to understand and be

able to solve the facility location problem. Firstly, there is the chapter

about the microeconomic point of view of the problem which creates a bigger

picture about the problematics.
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1 Microeconomic view of the problem

In this bachelor thesis we attempt to find a various kinds of solutions for cost

minimization problem when the firm tries to minimize the shipping costs.

First, we look at this problem from a microeconomic perspective and use a

classical theory of the firm. Then, in next chapters we will study this cost

minimization problem in more detail using mathematical programming and

algorithms.

Under the term firm we understand an institution that processes certain

quantities of n inputs x1, . . . , xn and produce certain quantities of m outputs

q1, . . . , qm. In this thesis we assume that m = 1 thus we are limiting the

firm to has one output with quantity q.

Inputs, often called also production factors, are classified as land, labor,

capital and raw materials. Capital is then divided into financial and phys-

ical. Under the concept of financial capital we can imagine funds available

for the firm, by means of which can acquire other factors of production, start

and operate a business. Physical capital then represents produced produc-

tion factors such as final products or specific parts and components of final

products stored in firm’s inventory. [31]

Theory of the firm studies the behavior of this institution depending

on limitations of the firm. Typically, the firm is limited by its customers,

competitors and nature.

Since individual inputs represent a certain cost for a business, it is reas-

onable to limit the maximum possible output to a given level of input. The

function describing this effort is called production function.

Definition 1. [7] Function f : Rn → R, n ∈ N, of variables x1, . . . , xn such

that q = f(x1, . . . , xn) is called production function.

Further we will present three basic forms of production function, also

called firm’s technologies. Definitions of these three technologies will be

needed for our following computations.

First, consider the fixed proportion production function which we can
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write for n inputs x1, . . . , xn as

f(x1, . . . , xn) = Amin{x1, . . . , xn}, A > 0.

We can imagine a firm which for shipping of its goods uses a certain combin-

ation of a different types of transport facilities, these are inputs in this case.

For example it is useless for the firm to own two trucks for transportation

of goods to a port if it is possible to manage it with one truck or if firm’s

boat can not transfer goods from both truck at the same time.

Second, consider the production function in which the inputs are perfect

substitutes. For n inputs x1, . . . , xn we can write this function as

f(x1, . . . , xn) = A(x1 + . . .+ xn), A > 0.

Now we can think about firm for which it does not matter what means of

transport for shipping its goods to consumers uses. All transport facilities

are equivalent.

Finally, consider a Cobb-Douglas production function which can be writ-

ten for n inputs x1, . . . , xn as

f(x1, . . . , xn) = Axα1
1 xα2

2 . . . xαn
n , A > 0,

where αi ∈ (0, 1),∀i = 1, . . . , n. [35]

For firms, which are characterized by mentioned production functions, the

optimal solution for a cost minimization problem will be computed. Before

that it is needed to introduce necessary definitions and terms.

1.1 Optimization

The most important task for the firm on a competitive market is to be

profitable. To achieve this goal, the firm has to deal with a lot of business

problems. An example of such a problem can be the firm’s effort to minimize

its production and delivery costs of output for a contracting authority.

Mentioned example can be considered as an optimisation problem. In

order to introduce optimization problems more specifically, we will write the

following definition.
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Definition 2. [5] Let f : X → R, where ∅ ≠ X ⊂ Rn. We say that the

function f has a local minimum at point x∗ ∈ X, if there is δ > 0 such that

x ∈ X, |x− x∗| < δ =⇒ f(x) ≥ f(x∗).

We say that the function f has a global minimum at point x∗ ∈ X if

x ∈ X =⇒ f(x) ≥ f(x∗).

The definition of local maximum and global maximum is analogous. In

this thesis any column vector x is defined as an n×1 matrix, therefore (x∗)⊤

denotes a row vector (x1, . . . , xn).

Discipline dealing with optimization problems is called mathematical pro-

gramming. Mathematical programming is focusing on problems to minimize

or maximize function f on a specific set. This discipline is further divided

into particular subfields, for example nonlinear, linear, integer, stochastic or

dynamic programming. More information will be described in Chapter 2.

For our needs we will mention a nonlinear program which is an optimiz-

ation problem:

minimize
x

(maximize) f(x)

subject to gv(x) ≤ 0, v = 1, . . . , l,

hw(x) = 0, w = 1, . . . , k,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (1)

where l, k ∈ Z+ = {1, 2, . . .} and f, gv, hw are real-valued functions for all

v, w, with at least one of f, gv, hw being a nonlinear. If every function

f, gv, hw is linear then mathematical program (1) is called linear program.

In this thesis we will work with a symmetric program which is in the

following form

minimize
x

f(x)

subject to gk(x) ≤ 0, ∀k = 1, . . . ,m,

xj ≥ 0, ∀j = 1, . . . , n.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (2)

This symmetric optimization program is a special case of general nonlinear

optimization program (1). For problem (2) we can define Lagrange function
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in the form

L(x;y) = f(x) +
m∑
k=1

ykgk(x), (3)

where x ≥ 0,y ≥ 0.

Definition 3. [16] Let x∗ ∈ Rn,y∗ ∈ Rm. We say, (x∗,y∗) fullfils saddle

point condition for symmetric program (2), whenever

x∗ ≥ 0,y∗ ≥ 0

and for all x ∈ Rn,y ∈ Rm,x ≥ 0,y ≥ 0 we have

L(x;y∗) ≥ L(x∗;y∗) ≥ L(x∗;y).

Another often used terminology, (x∗,y∗) is a saddle point of Lagrange func-

tion (3).

Optimality conditions from Definition 3 are usually called also global op-

timality conditions.

Now we will introduce important proposition which will be useful for

finding optimal solutions.

Proposition 1. [5] Let f, gk, k = 1, . . . ,m, are differentiable. Then condi-

tions

∇xL(x
∗,y∗) ≥ 0, (x∗)⊤∇xL(x

∗,y∗) = 0, x∗ ≥ 0, (4)

∇yL(x
∗,y∗) ≤ 0, (y∗)⊤∇yL(x

∗,y∗) = 0, y∗ ≥ 0, (5)

are necessary for (x∗,y∗) to be the saddle point of Lagrange function L(x;y)

which is defined for x ≥ 0,y ≥ 0.

The term ∇xL(x
∗,y∗) in the proposition above denotes a gradient of a

function L with respect to the vector x. Formally defined as a vector with

an individual components

∇xi
L(x∗,y∗) =

∂L(x∗,y∗)

∂xi

, ∀i = 1, . . . , n.

If the functions f and gk, k = 1, . . . , n, are convex then mentioned op-

timality conditions (4) and (5), called also local optimality conditions for
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symmetric program (2), are necessary and sufficient. In that case, our solu-

tion of symetric program which fullfils local optimality conditions also meets

global optimality conditions and therefore such solution is a global optimum.

Now, focus on a particular optimization problem which the firm has to

solve. In this thesis it is cost minimization problem.

1.2 Cost minimization problem

Suppose that the firm uses n inputs x1, . . . , xn such that each input xi, i =

1, . . . , n, costs pi to be produced. Further assume that the firm requires

minimal amount of output q and at the same time it is trying to minimize

production costs for such amount of output. To solve this cost minimization

problem the firm has to find optimal selection of inputs which generally

depends on an amount of production output q and prices of inputs p1, . . . , pn.

This selection x̃(q, p1, . . . , pn) is called conditional factor demand minimizing

costs.

The costs which the firm have to pay for its production of output are de-

termined by cost function which depends on vector of inputs into production

x = (x1, . . . , x1) and vector of non-negative input prices p = (p1, . . . , pn),

therefore we can write a cost function as c(x, p1, . . . , pn).

Cost minimization program of the firm can be generally formulated as

follows

minimize
x

p⊤x

subject to f(x) ≥ q0,

x ≥ 0,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (6)

where f(x) is a strictly concave production function of the firm and q0 is the

minimum output of the produced commodity. The goal of this optimization

problem is to find such a vector of inputs which ensures a production volume

of output at least q0 and at the same time minimizes the cost of producing

this amount of output commodity.

At the beginning of this chapter we described individual technologies of

the firm. Now, we will deal with the problem how the optimal solution for
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the cost minimization problem (6) looks like for each technology.

First, consider a firm with a fixed proportion production function in the

form f(x1, . . . , xn) = min{x1, . . . , xn}. In situation in which the firm wants

to produce amount q0 of output, it is needed at least amout q0 of every input

x1, . . . , xn and therefore the minimal production costs are

c(x, p1, . . . , pn) = p1q
0 + . . .+ pnq

0.

If we go back to our example from the beginning of this chapter, in optimal

situation the firm will pay only for transport facilities which it really uses.

Second, consider a firm with the production function in which the in-

puts are perfect substitutes. This production function can be written as

f(x1, . . . , xn) = x1 + . . .+ xn. Assume again that the firm wants to produce

amount q0 of output. In this case we know that the firm will choose such

input which is the cheapest. Therefore we can write the minimal production

costs as

c(x, p1, . . . , pn) = min{p1, . . . , pn}q0.

Again, for our example from the beginning when all transport facilities are

equivalent, in optimal situation the firm will choose the cheapest one.

Finally, consider a firm with a Cobb-Douglas production function

f(x1, . . . , xn) = Axα1
1 xα2

2 . . . xαn
n .

We can rewrite the minimization problem (6) to symmetric program (2) and

use local optimality conditions with Lagrange function

L̃(x, y) = p⊤x+ y(q0 − f(x)), y ≥ 0,x ≥ 0.

If any of inputs xi, i = 1, . . . , n, is equal to zero then whole Cobb-Douglas

production of the firm is equal to zero. In our considerations we assume that

the firm’s production is non-zero and therefore also optimal vector of inputs

x̃ which minimize production costs can not equal null vector. This implies,

from local optimality conditions, that gradient of Lagrange function must

be zero.
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Therefore, optimality conditions can be written as

∂L̃(x̃, y)

∂xi

= pi − y
∂f(x̃)

∂xi

= 0, ∀i = 1, . . . , n, (7)

∂L̃(x̃, y)

∂y
= q0 − f(x̃) = 0, (8)

where x̃ is the optimal vector of inputs which solves problem (6).

Thus, for all i = 1, . . . , n we get

pi − y
∂(Axα1

1 xα2
2 . . . xαn

n )

∂xi

= pi − yαix
−1
i Axα1

1 xα2
2 . . . xαn

n = 0, (9)

q0 − Axα1
1 xα2

2 . . . xαn
n = 0. (10)

Solving the system of equations (9) and (10) we get expression for the op-

timal input vector x̃ with an individual components x̃i for which

x̃i =
yαiq

0

pi
, ∀i = 1, . . . , n. (11)

This conditional factor demand, cost-minimizing level of an input, is a func-

tion of optimal parameter y. Using Cobb-Douglas production function with

consideration for minimal production q0 we get

q0 = A

(
yα1q

0

p1

)α1
(
yα2q

0

p2

)α2

. . .

(
yαnq

0

pn

)αn

,

from this equation we can express the optimal parameter

y =

[
A−1(q0)

1−
n∑

k=1

αk
n∏

k=1

(
pk
αk

)αk

] 1
n∑

k=1
αk

, k = 1, . . . , n. (12)

By fitting expression (12) into equation (11) we get the conditional factor

demands x̃i(q
0, p1, . . . , pn), i = 1, . . . , n, which minimize production costs

and therefore we get also optimal vector of inputs into production x̃ which

is the solution of the problem (6) for the firm with Cobb-Douglas production

function. Production costs are minimal in case when the firm uses inputs

which minimze the production costs, i.e.

c(x, p1, . . . , pn) = p1x̃1(q
0, p1, . . . , pn) + . . .+ pnx̃i(q

0, p1, . . . , pn) = p⊤x̃.

If we focus on the expression (12) we can find out that production costs

would increase and decrease faster than a linear function depending on the

sum
n∑

k=1

αk. In other words it depends on returns to scale of a specific Cobb-

Douglas production function.
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2 Mathematical programming

The history of mathematical programming, alternatively called mathemat-

ical optimization, is written from the nineteenth century. During the Second

World War mathematical programing became important because of its ap-

plications in logistic problems and after that in the late nineteen forties and

fifties the acquired knowledge were applied in the new interesting fields of

economics, finance and business. [10]

Two important mathematicians who developed mathematical program-

ming are John von Neumann, author of the duality theory from 1947, and

George B. Dantzig who in the same year published the Simplex algorithm,

which will be described in this thesis later.

As we mentioned in Chapter 1.1, mathematical programming is focusing

on problems which try to minimize or maximize some function on a specific

set. Because the cost minimizing facility location problem, which is the main

subject of this thesis and will be explained in Chapter 3, is a combination

of problems from linear and integer programming, we will focus on this two

special fields of mathematical programming now.

2.1 Linear programming

First, we will introduce linear program in general form

minimize
x

(maximize) p⊤x

subject to a⊤
j x ≥ bj, for all j ∈ J≥,

a⊤
j x ≤ bj, for all j ∈ J≤,

a⊤
j x = bj, for all j ∈ J=,

xi ≥ 0, for all i ∈ I≥,

xi ≤ 0, for all i ∈ I≤,

xi ∈ R, for all i ∈ I∈,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)

where I∈ ∪ I≥ ∪ I≤ = I := {1, 2, . . . , n}, J= ∪ J≥ ∪ J≤ = J := {1, 2, . . . ,m}

are disjoint decomposition of index sets I and J . [5]
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For computational algorithms and theoretical considerations it is import-

ant to specify special form of a linear program. Linear program in general

form can be always transformed into standard form which can be written as

below

minimize
x

p⊤x

subject to Ax = bj, for all j = 1, 2, . . . ,m,

xi ≥ 0, for all i = 1, 2, . . . , n.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (14)

Where A is a matrix of dimensions (m,n) with columns which are denoted

as Ax1 , . . . , Axn . Suppose that rank of the matrix is m.

This form of linear program will be useful for computations and use of

simplex algorithm in Chapter 2.3.1.

2.2 Integer programming

Integer programming has drawn a lot of attention of researchers in the past

decades and it is still a popular area of study. This is due to the fact that

a growing number of practical problems can be formulated as an integer

program. For integer programming problems we can not use the same al-

gorithms as for continuous optimization problems which are in many cases

simple and fast. Integer programs are usually complicated combinatorial

tasks that lead to slow algorithms [30]. It means, and in the following text

it will be seen, that algorithms for integer programs have more paths to

calculate and therefore also a time complexity is higher.

Integer program can be understood as follows

minimize
x

f(x)

subject to gj(x) ≤ 0, for all j = 1, 2, . . . ,m,

xi ∈ Z, for all i ∈ C,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (15)

where C ⊆ {1, 2, . . . , n}. This is a problem of a mathematical programming

with condition for some variables to be integer. If C = {1, 2, . . . , n} this

integer program is called pure, otherwise is called mixed. [11]
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If functions f(x), gj(x) are linear then integer linear program can be

formulated as

minimize
x

p⊤x

subject to Ax ≤ b,

xi ∈ Z, for all i ∈ C.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (16)

where p, b are vectors, A is a matrix and all variables are integers.

Now we will introduce some algorithms by which we can solve mentioned

optimization problems.

2.3 Algorithms

There are many algorithms to solve optimization problems and scientists

are still working on new ones. In this chapter we will describe only two of

many. First, it will be the simplex algorithm, which was described after the

Second World War to solve linear programs. Then, we will focus on a newer

algorithm called branch & bound which will be useful for solving specific

facility location problems in next chapters.

2.3.1 Simplex algorithm

Effective way how to deal with a linear program is the simplex algorithm. We

will explain and demonstrate this problem solving method on an economic

cost minimization problem.

Suppose that the firm is specialised on a transportation of goods from

production factory to customers and its today’s goal is to transport 70t of

products. The firm uses trucks and boats for shipping goods. Usage of the

boat costs p1 = 20 and usage of the truck costs p2 = 10, in thousands of

US dollars, where the capacity of the boat is equal to 20t and capacity of

the truck is 15t. In case when the firm uses trucks for transportation there

is a possibility for the firm to earn extra 20 thousand of US dollars per one

truck if they will transport secret documents in its truck for government, but

maximum weight which can be transported by trucks per day is 30t. This

firm is trying to minimize its costs. What is an optimal number of trucks
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and boats which should be used to minimize transportation costs and what

are these mentioned costs?

We can rewrite our problem into linear program (13) as

minimize
x1, x2

20x1 + (10− 20)x2

subject to 15x2 ≤ 30,

20x1 + 15x2 = 70,

x1 ≥ 0, x2 ≥ 0,

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(17)

where x1 is a number of needed boats and x2 is a number of needed trucks.

First adjustment, which is important for the simplex algorithm, is to

transform this linear program into standard form (14):

minimize
x1, x2, x3

20x1 − 10x2

subject to 15x2 + x3 = 30,

20x1 + 15x2 = 70,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0,

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(18)

where x3 is a slack variable.

Next, we have to find an appropriate basis L ⊂ {x1, . . . , xn} and choose

AL = (Axl , xl ∈ L),pL = (cl, xl ∈ L). For our problem L = {x1, x3}. It will

be useful to rewrite the problem into table:

p⊤

x1x2 . . . xn

pL L (AL)
−1b (AL)

−1A

p⊤
L (AL)

−1b p⊤
L (AL)

−1A− p⊤

Table 1: Simplex table

and consider two steps of the algorithm.

First step: if applicable

p⊤
LA

−1
L A− p⊤ ≤ 0, (19)

then the calculation is over and non-zero optimal vector components are

given by formula A−1
L b. Otherwise continue in the next step.
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Second step: add to the basis any variable h ̸∈ L for which the condi-

tion (19) is not met, i.e.

p⊤
LA

−1
L Ah − ph > 0.

Now consider two cases.

1. If vector A−1
L Ah has at least one positive component then we find vari-

able r ∈ L such as

(A−1
L Ah)r > 0 and

(A−1
L b)r

(A−1
L Ah)r

= min

{
(A−1

L b)l

(A−1
L Ah)l

⏐⏐⏐⏐ l ∈ L, (A−1
L Ah)l > 0

}
.

We solve one iteration of Gaussian elimination algorithm which change

our basis

L ≡ L ∪ {h} \ {r}

and then we go back to the first step.

2. If vector A−1
L Ah has no positive component then the algorithm ends

and problem does not have an optimal solution.

For our particular problem we apply the previous process and solve:

20 −10 0

x1 x2 x3

0 x3 30 0 15 1

20 x1 70 20 15 0

1400 380 310 0

Table 2: Rewriting our problem into Table 1

20 −10 0

x1 x2 x3

−10 x2 2 0 1 1
15

20 x1 40 20 0 −1

780 380 0 − 62
3

Table 3: Change in basis L

From next Table 4 we can see that optimum vector is (x1, x2)
⊤ = (2, 2)⊤,

therefore the firm will use 2 trucks and 2 boats for transportation, and the

firm’s costs are 20 thousand of US dollars.
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20 −10 0

x1 x2 x3

−10 x2 2 0 1 1
15

20 x1 2 1 0 − 1
20

20 0 0 − 5
3

Table 4: Solution

The correctness of our computation can be verified for example using the

programming language R and the library lpSolve. For more complicated

problems which can not be easily transformed into standard form (14) we

use the two phase simplex method which is in its second phase analogous to

the mentioned simplex algorithm. A general description of this algorithm

can be found in the literature [5].

2.3.2 Branch & bound

In this part of the thesis we will try to find a way how to deal with an integer

linear program (16). There are more algorithms to solve mentioned problem

but we will describe one particular, Branch & bound, which will be used

also later for the facility location problem. We will explain this algorithm

on a cost minimization problem.

Assume the same firm with trucks and boats as before. But now the firm

has to pay p1 = 4 for a boat driver and p2 = 5 for a truck driver in tens of

thousands of US dollars per year. One boat driver is able to transport goods

of total amount which is equal to a size of one firm’s warehouse and this

driver is also competent for three international transportations of goods per

year. One truck driver is able to transport four times more than boat driver

and he is competent for two goods transports per year. The firm request

to transport amount of goods which is equal to a size of at least 5 firm’s

warehouses and at least 7 transportations of goods have to be abroad. How

many boat and truck drivers should the firm employ if it tries to minimize

its costs?
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If we rewrite this problem into form of the integer linear program we get

minimize
x1, x2

4x1 + 5x2

subject to x1 + 4x2 ≥ 5,

3x1 + 2x2 ≥ 7,

x1, x2 ∈ Z+ = {1, 2, . . .}.

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(20)

To solve this optimization problem we will use the branch & bound algorithm

which is described below in three steps.

1. First, solve our linear program (20) where we assume that x ∈ Rn
+. We

can use for example the simplex algorithm which has been described be-

fore. We know that optimal solution of this modified problem is better

or at least the same as optimal solution of the unmodified problem (20).

2. If a founded solution is not a vector of integers then we will create two

new problems, also called branches. In such case a component of vector

x exists, which is not an integer: x∗
i ̸̸∈ Z+. Now we create two new

branches with two boundaries

xi ≤ ⌞x∗
i ⌟ and xi ≥ ⌜x∗

i ⌝.

3. If a solution for any of two new problems is a vector of integers then

we look at value of a function f(x1, x2) and we save it in a case if

there was not a lower value of this function which was saved before.

If a solution of any of these problems is not a vector of integers but

value of a function f(x1, x2) is lower than value which is saved, then

apply second step again. Otherwise the calculation in such branch ends.

If there are no more steps for the algorithm then optimal solution of

a calculated problem is a vector (x1, x2)
⊤ for which is the last saved

value of f(x1, x2).

We can label the function f(x1, x2) ≡ 4x1 + 5x2 then the optimal solution

of linear problem (20), with changed condition for x ∈ Rn
+, is the vector

(x1, x2)
⊤ = (1.8, 0.8)⊤ and the function f(x1, x2) = 11.2.
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But we can realize that it makes no sense to employ 1.8 boat driver and

0.8 truck driver. Therefore we will use the second and the third step of the

branch & bound algorithm to get integers for these numbers. Solution is

described in the Figure 1 below.

Figure 1: Solution of our problem using the branch & bound algorithm

From this figure we can conclude that the optimal solution is the vector

(x1, x2)
⊤ = (2, 1)⊤ with the functional value f(x1, x2) = 13. In other words,

the firm will employ two boat drives and one truck driver. Its costs will be

130 thousand of US dollars per year.
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3 Facility location problem

The facility location problem is a special case of a cost minimization problem.

It is also a combination of problems defined by linear and integer program-

ming and therefore all knowledge from previous chapters will be used to

study this optimization problem.

The facility location problem deals with selecting the best placement of

a facility, most often a warehouse or a factory, to best meet the demanded

constrains. In our work the problem consists of choosing the warehouse

location which minimizes the weighted sum of distances from consumers to

suppliers, where weights can represent difficulty of transportation between

these two subjects.

History of this problem begins around the year 1640 when Pierre de Fer-

mat formulated the general geometric task of finding a location of a point

D which minimizes the sum of the distances between this point and each

of three random points A,B,C. Geometric solution of this triangle case by

Evangelista Torricelli in 1645 can be seen as an inception of the location

theory. The generalized form of the Fermat triangle problem, reformulated

for n points, was popularized by Alfred Weber in 1909 and later became one

of the most famous problems in the location theory. To demonstrate how

complex the problem is, the direct numerical solution of the general triangle

problem, and also the Weber problem, was found in 1972 by Canadian eco-

nomist Luc-Normand Tellier, more than 330 years after the formulation by

Fermat.

The application of the location theory can be seen in shipping problems

where, however, it is very difficult to express mentioned weights which rep-

resent difficulty of transportation. For example, for a long-distance road

transportation, these weights can depend on altitude change, quality of as-

phalt and air temperature which affects tire structure. Therefore these prob-

lems have to be usually solved with simplistic assumptions. Development

of new technologies offers formulations of problems for alternative models

of transportation with usage of drones and robots where these weights are
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negligible. The main reason for it is that these modern machines are moving

in the air or on predetermined routes in a relative small area, where we can

assume the same conditions for all used means of transportation. More in-

formation about this topic and application can be found in Chapter 4, where

practical problem is solved, and discussion in Chapter 5.

In the following text, we will focus on an exact definition and solution of

location problems. First, consider the simpler form of the facility location

problem, called the transportation problem, which is a modified version of

the Weber problem from 1909.

3.1 Transportation problem

Big companies like Amazon, eBay or Chinese Alibaba have a large number

of warehouses from which they distribute their goods to customers. These

companies transport millions of units of goods per year, and that is why they

are certainly trying to optimize the way of transportation. To achieve the

best result, they have to ask the following questions. From which warehouse

should our company transport goods to consumer in a given area? How

to minimize transportation costs? These questions can be answered if we

formulate and solve a transportation problem.

Assume a firm that ensures a transportation of goods from warehouses

to consumers. Suppose given number of warehouses i = 1, 2, . . . ,m and

consumers j = 1, 2, . . . , n. Consumers have requirements for a minimum

amount of goods delivered to them. Quantity requirement from consumer j

can be denoted as dj. Next, assume that warehouse i has a capacity Mi and

a transportation cost from warehouse i to consumer j is ci,j.

The aim of our calculation is to propose optimal solution which organizes

transportation of goods in such way that requirements of consumers are

satisfied, capacities of warehouses are not exceeded and total transportation

costs are minimized.

Let xi,j denotes an amount of goods transported from warehouse i to

23



consumer j, then we can write our problem as

minimize
m∑
i=1

n∑
j=1

ci,jxi,j

subject to
n∑

j=1

xi,j ≤ Mi, ∀i = 1, 2, . . . ,m,

m∑
i=1

xi,j ≥ dj, ∀j = 1, 2, . . . , n,

xi,j ≥ 0, ∀i, j.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(21)

Optimization problem in this form is also called unbalanced transportation

problem where the total supply is not equal to the total demand.

To be able to solve this problem using the simplex algorithm, formulation

(21) has to be transformed into standard form (14), also called balanced

transportation problem, where the total supply equals the total demand

minimize
m∑
i=1

n∑
j=1

ci,jxi,j

subject to
n∑

j=1

xi,j = Mi, ∀i = 1, 2, . . . ,m,

m∑
i=1

xi,j = dj, ∀j = 1, 2, . . . , n,

xi,j ≥ 0, ∀i, j.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(22)

If Mi ≥ 0 for all i = 1, 2, . . . ,m, dj ≥ 0 for all j = 1, 2, . . . , n and
∑m

i=1Mi =∑n
j=1 dj, then problem (22) has an optimal solution. [5]

Now, we can apply our knowledge from the previous Chapter 2.3.1 and

find an optimal solution of a balanced transportation problem using the

revised simplex method which is described in the literature [26]. Such op-

timal solution tells us from which warehouse i should the company ship the

amount of goods xi,j to consumer j and what are minimal costs.

3.2 Optimal warehouse location

Consider a more complicated situation when huge shipping companies are

trying to minimize firm’s costs not even by optimal delivery routes, as it was
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described in the previous chapter, but also by choosing the right warehouses

which are built and operated for some fixed cost.

Which warehouses from the possible options should be built and operated

to minimize firm’s transportation costs?

Let fi denotes the fixed cost of opening and operating the facility (ware-

house) i and yi is a binary variable where yi = 1 if the facility i is open

and yi = 0 otherwise, for i = 1, 2, . . . , n. The remaining notation is the

same as in the previous Chapter (3.1) with only one difference: number m

indicates the number of warehouses that can be built and operated. Then

the so-called capacitated facility location problem, which can be formulated

as the integer linear program (16), is given by

minimize
m∑
i=1

n∑
j=1

ci,jxi,j +
m∑
i=1

fiyi

subject to
m∑
i=1

xi,j = dj, ∀j = 1, 2, . . . , n,

n∑
j=1

xi,j ≤ Mi, ∀i = 1, 2, . . . ,m,

xi,j ≤ Miyi, ∀i, j,

xi,j ≥ 0, ∀i, j,

yi ∈ {0, 1}, ∀i.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(23)

From the first line we can see that we are minimizing costs for delivery of

goods to consumers and also fixed costs to build or operate warehouses.

The first condition tells us that all requirements from consumers have to

be satisfied. The second condition claims that an amount of goods shipped

to consumers from the warehouse i can not be bigger than a capacity of

this warehouse. In the third condition we consider also the fact whether the

warehouse i is built or not.

An important assumption in this given problem is that the company ex-

actly knows the total demand for its products. It is really strong assumption

if the company is considering also some possible changes on the market in the

future. To eliminate this complication it is advantageous to use stochastic

25



models to predict possible scenarios or at least the facility location problem

can be modified into uncapacitated problem.

In the uncapacitated case we are assuming that each warehouse i has

no capacity limit. Therefore the second and the third condition from the

problem (23) can be replaced by

xi,j ≤

(
n∑

j=1

dj

)
yi, ∀i = 1, 2, . . . ,m.

However, it is more elegant to define a new variable zi,j := xi,j/dj which

indicates what proportion of demand from the consumer j is satisfied by the

warehouse i. Let apply a substitution c̃i,j := djci,j and then the uncapacitated

facility location problem can be written as

minimize
m∑
i=1

n∑
j=1

c̃i,jzi,j +
m∑
i=1

fiyi

subject to
m∑
i=1

zi,j = 1, ∀j = 1, 2, . . . , n,

zi,j ≤ yi, ∀i, j,

zi,j ≥ 0, ∀i, j,

yi ∈ {0, 1}, ∀i.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(24)

This modification of the facility location problem is very helpful because we

can consider that whatever the demand will be in the future, it will always be

possible to serve it from any warehouse. On the other hand this assumption

is not unrealistic because nowdays warehouses from companies like Amazon

or Alibaba are giant.

In the next chapter the algorithm for an uncapacitated facility location

problem will be demonstrated on a simple example.

3.2.1 Branch & bound for a facility location problem

To find an optimal solution for a facility location problem, we can rely on

the knowledge from the Chapter 2.3.2. Described branch & bound algorithm

from previous chapter will be modified but the main idea stays the same.
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First of all, we will use breadth first search in our computation. This

process is useful for a searching of a tree or graph data structures. It starts

at a predetermined location in data structure, in our case it will be the tree

root, and explores all neighbouring nodes at the present depth before it goes

more deeply.

Then we will apply the pruning rule for which we have to define the

following terms.

• Lower (optimistic) bound: sum of minimum transportation costs

over all built or unknown warehouses and fixed costs of built ware-

houses, at each node of the tree.

• Upper (pessimistic) bound: sum of minimum transportation costs

over all built warehouses and fixed costs of built warehouses, at each

node of the tree.

The pruning rule states that if minimum (pessimistic) savings from building

a warehouse are greater than fixes cost then we build it. If maximum (op-

timistic) savings from building a warehouse are less than its fixed cost then

we do not build it.

Computational strategy can be described in these informally written

steps.

1. Start at the root of the tree and apply upper and lower bound on this

node. Focus on changes due to a potential building of warehouses and

try to ”lock in” or ”lock out” some.

2. Create tree node with an arbitrary warehouse locked in or out. Apply

upper and lower bound again at this node and try to lock in or lock

out additional warehouses. Generate new leaves of the tree if bounds

do not prune them by our rule.

3. Continue in this process until all suitable nodes have been explored. Dif-

ference between lower and upper bounds should decrease as algorithm

continues. Optimal solution is a node with the smallest difference
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between these bounds but we can stop the algorithm when the dif-

ference is small enough.

To describe the algorithm more deeply, a simple practical example will be

solved to demonstrate each of mentioned steps.

Consider a shipping firm operating in Prague, the Czech Republic. This

firm has an opportunity to build any of the warehouse k for the fixed

cost f(k), where k ∈ {0, 1, 2, 3}. The main goal of the company is de-

livering goods to the consumer j from different places in Prague, where

j ∈ {0, 1, . . . , 4}. The situation can be seen in the Figure 2.

Figure 2: Map with warehouses and customers

The company decided to use drones to transport goods, therefore traject-

ories are lines in the picture. The second consequence of this decision is that

shipping cost depends only on air distance between a warehouse and a cus-

tomer. The fixed cost to build warehouse depends primarily on lucrativeness

of the area where the warehouse could be located.

Table 5 shows us annual fixed costs to build each of the warehouse k, and

annual costs to ship goods from each warehouse k to each consumer j.
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Warehouse Fixed cost Ship to consumer j

k f(k) 0 1 2 3 4

0 4 3 10 8 18 14

1 6 9 4 6 5 5

2 6 12 6 10 4 8

3 8 8 6 5 12 9

Table 5: Costs for our example

Which warehouses should the firm build to minimize fixed and shipping

costs? If the uncapacitated facility location problem (24) is formulated in

this form, we can try to apply the branch & bound algorithm.

Analogically as for program (24) we define variable yk with a convention:

• yk = 1 when the warehouse k is built,

• yk = 0 when the warehouse k is unknown,

• yk = −1 when the warehouse k is not built.

Now we can start at the root node where all warehouses k are unknown,

therefore (y0, y1, y2, y3)
⊤ = (0, 0, 0, 0)⊤. Upper bound at the root is by con-

vention infinity. Lower bound is a sum of fixed costs of built warehouses,

which is equal to zero because all warehouses are unknown, plus minimum

transportation costs over all built or unknown warehouses, which equal 21

and can be seen from Table 5.

To be able to use the pruning rule it is necessary to calculate minimum

savings at all warehouses in Table 6 and maximum savings at all warehouses

in Table 7.

Warehouse Fixed cost Ship to consumer j Minimum Pruning

k f(k) 0 1 2 3 4 savings decision

0 4 3 10 8 18 14 5 x0 = 1

1 6 9 4 6 5 5 5 None

2 6 12 6 10 4 8 1 None

3 8 8 6 5 12 9 1 None

Table 6: Minimum savings at all warehouses
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Warehouse Fixed cost Ship to consumer j Maximum Pruning

k f(k) 0 1 2 3 4 savings decision

0 4 3 10 8 18 14 11 None

1 6 9 4 6 5 5 35 None

2 6 12 6 10 4 8 24 None

3 8 8 6 5 12 9 24 None

Table 7: Maximum savings at all warehouses

In Table 6, we compare the cheapest warehouse option, marked with a

blue colour, with the second cheapest option which is marked in grey. The

difference is written in the column ”Minimum savings”. We can see that for

the warehouse 0 minimum savings are greater than the fixed cost therefore,

according to the pruning rule, this warehouse should be built, y0 = 1.

Table 7 shows us the cost difference between the option offered by each

warehouse and the most expensive option which is marked with orange col-

our. Here we can observe that none of maximum savings is less than a fixed

cost therefore the pruning rule does not help us in this situation.

After this step a new branch of our tree is created because we locked

out warehouse 0, therefore (y0, y1, y2, y3)
⊤ = (1, 0, 0, 0)⊤ now. Upper bound

and lower bound are computed by the definition mentioned above. Whole

situation of our tree is demonstrated in the Figure 3 and we have to decide

whether to build warehouse 1 or not.

Figure 3: First steps in our tree
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Because no further pruning is possible at this node the problem will be

divided into two cases.

First, assume y1 = 1 and therefore (y0, y1, y2, y3)
⊤ = (1, 1, 0, 0)⊤. Using

Table 5 and known definitions of bounds, we can compute that the upper

bound for this node equals 33 where fixed costs are 6+ 4 and shipping costs

are 3+4+6+5+5. Lower bound is equal to 31 where fixed costs are again

6 + 4 and shipping costs are 21.

To be able to use pruning rule again we have to deal with minimum sav-

ings and maximum savings at all warehouses in this situation. Calculations

and results can be seen in Table 8 and Table 9.

Warehouse Fixed cost Ship to consumer j Minimum Pruning

k f(k) 0 1 2 3 4 savings decision

0 4 3 10 8 18 14 NA NA

1 6 9 4 6 5 5 NA NA

2 6 12 6 10 4 8 1 None

3 8 8 6 5 12 9 1 None

Table 8: Minimum savings at all warehouses if y1 = 1

Warehouse Fixed cost Ship to consumer j Maximum Pruning

k f(k) 0 1 2 3 4 savings decision

0 4 3 10 8 18 14 NA NA

1 6 9 4 6 5 5 NA NA

2 6 12 6 10 4 8 1 x2 = −1

3 8 8 6 5 12 9 1 x3 = −1

Table 9: Maximum savings at all warehouses if y1 = 1

Applying the pruning rule, the right decision is not to build warehouse 2

and 3. That implies (y0, y1, y2, y3)
⊤ = (1, 1,−1,−1)⊤. Upper bound equals

33 again because the calculation has not changed from the previous situation.

But the lower bound is equal to 33 now because shipping costs has changed

from 21 to 23 due to the decision about remaining warehouses. We can see

that upper and lower bounds equal, which indicates the optimal solution,

but we should check also the situation where y1 = −1 .
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Assume (y0, y1, y2, y3)
⊤ = (1,−1, 0, 0)⊤ and compute minimum savings at

all warehouses. Maximum savings will not be needed. Results are presented

in the Table 10.

Warehouse Fixed cost Ship to consumer j Minimum Pruning

k f(k) 0 1 2 3 4 savings decision

0 4 3 10 8 18 14 NA NA

1 6 9 4 6 5 5 NA NA

2 6 12 6 10 4 8 8 x2 = 1

3 8 8 6 5 12 9 3 None

Table 10: Maximum savings at all warehouses if y1 = −1

The decision based on the pruning rule is to build the warehouse 2. In

this node (y0, y1, y2, y3)
⊤ = (1,−1, 1, 0)⊤. As in previous cases, we calculate

lower and upper bounds. Lower bound, where fixed costs are 4 + 6 and

shipping costs are 3 + 6 + 5 + 4 + 8, equals 36. Upper bound is equal to 39

because fixed costs equal 10 and shipping costs are 3 + 6 + 8 + 4 + 8.

We can see is that the lower bound for this case is already greater than

the lower bound in the situation where (y0, y1, y2, y3)
⊤ = (1, 1,−1,−1)⊤.

Therefore this case will not lead to a better solution than we have already

found in previous computations.

All suitable nodes have been explored and that is why we can conclude

that the optimal solution is (y0, y1, y2, y3)
⊤ = (1, 1,−1,−1)⊤. In other words,

the optimal solution for our problem is to build the warehouse 0 and the

warehouse 1. In such situation the firm’s costs are minimized and equal to

33. Solution of the problem is also demonstrated by the tree graph in the

Figure 4.

Despite real world problems are mostly more complicated, described

branch & bound algorithm works in the same way. To save our time, for

more challenging problems a computer technology and programming lan-

guages as R, Python, C, Java, MATLAB with the optimization solver

Gurobi are used to find solutions. One real world problem will be solved in

the following chapter.
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Figure 4: Final solution
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4 Application for an alternative delivery service

Our practical example is focusing on the situation when the untitled Czech

fashion e-commerce company would like to implement a drone delivery sys-

tem in Prague. The main goal of this chapter is to find an optimal location

of warehouses with launch platforms for drones to minimize transportation

costs. From the history we know that firms Mall.cz and Rohlik.cz [32] tested

autonomous delivery systems in the Czech Republic but they did not focus

on the optimization problem what are the best places from which drones

should fly. This is the task which we want to study in this chapter.

Our firm has 11 shops with warehouses in Prague and distributing its

goods from these buildings. The area which should be served by drones in

the future is bordered by a red colour in the Figure 5. We can also see

locations of firm’s warehouses which are marked with blue points.

Figure 5: Location of warehouses in Prague
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The company do not want to spend an extra money to build or rent new

stores for landing platforms and it prefers to use existing warehouses which

are marked in the Figure 5.

We were given information about the number of orders per year from each

cadastral area inside the area in Prague. These data are written in Table 11

and Table 12. We can perceive these numbers as aggregate demands and

each cadastral area as a customer. Therefore we have 38 customers and

we assume that every customer is located in an approximate geographical

centre of its cadastral area.

From Chapter 3.2.1 we know that for a drone delivery system the shipping

cost depends only on air distance between a warehouse and a customer.

Because drones can fly on as short as possible traces to customers, we can

imagine these routes as lines. The situation is visualised in the Figure 6.

Therefore next important step is to determine these distances using the

program Geogebra. Obtained data are stored in Table 13 and Table 14.

Figure 6: Location of consumers in Prague
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The most challenging part of the example is how to determine fixed costs

of a warehouse with landing platforms for drones. Welch [33] studied this

problem for the Amazon Prime Air and Jenkins et al. [14] tried to fore-

cast the price for the UAS package delivery market. The first assumption is

that fixed costs are identical for each firm’s warehouse because technical re-

quirements would be the same for every location. Next, we will consider that

fixed costs equal approximately 46% of total drone delivery service costs. [14]

Then, with information about an average transportation cost and the total

number of orders per year, we are able to compute that fixed costs are in

the range of 3.5 million to 12.7 million of our cost units per year depending

on the number of open warehouses. Therefore for our computations we will

use values for fixed costs of 4 million and 12 million cost units and then we

will compare two different results.

The last information which we should mention is that due to the technical

restriction drones can carry goods only for one customer at a time. This

means that after each unloading of goods drones have to fly back to the

warehouse. Also every firm’s warehouse is big enough to serve all customers.

Considering all data and information from above we can apply the un-

capacitated facility location problem (24) and knowledge from Chapter 3 to

solve our practical problem. Because our dataset is much bigger than in

the previous example, we will use the programming language R and solver

Gurobi [8] to find the optimal solution which minimize firm’s transportation

costs. The complete dataset and reference to application facility location.txt

file with results and algorithm can be found in the appendix.

For the first situation, when fixed costs equal to 4 million cost units,

the result is visualised in the Figure 7. We can see that the firm should

open the Warehouse 4 and the Warehouse 10. Drone routes which minimize

transportation costs are marked in the figure with a green colour. For the

second situation, when fixed costs are higher and equal 12 million cost units,

the result is in the Figure 8. In such situation the firm open only the

Warehouse 3 and all customer demand should be served from this place.
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Figure 7: First result, fixed costs equal 4 million cost units

Figure 8: Second result, fixed costs equal 12 million cost units
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Calculations were performed by the computer which was equipped with

the 2.0 GHz Intel Pentium CPU built on 64-bit architecture and the al-

gorithm ran for 0.4 seconds.

Our model could be more accurate in a case when we would have ex-

act numbers about orders from specific addresses instead of cadastral areas.

However, these data were impossible to obtain for this thesis due to the

new GDPR regulation. Further improvement could happen, if we had em-

pirical data about fixed costs for a warehouse with landing platforms. This

information is very difficult to derive and therefore our model is based on

approximate values. If such data were available in the future, it can be

added to our attached solution in the programming language R.
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5 Complications and other possible use

First, we will discuss our practical example from the Chapter 4 and its as-

sumptions. We were solving a situation where drones could carry goods

only for one consumer and then had to go back to the warehouse. We can

consider a situation where drones have a multiple storage place inside and

therefore can fly from one consumer to another. In such a situation we would

have to solve a combination of the facility location problem and the sales-

man problem which would be more complicated. This type of optimization

problem is described in the literature [2]. Unfortunately nowadays we are

still constrained by the maximum weight which can be carried by a standard

drone and also by the distance which it can fly per one full battery capacity.

Drones which were tested by firms for delivery services in 2017 had gener-

ally a carrying capacity of 4.5 kg, maximum speed of 80 km/h and a battery

capacity for only an half an hour flight.[22] That is also a reason why all

solutions nowadays suggest that each drone will fly back to the warehouse

after each delivery. We can state that our mentioned assumption is not

unjustified and simplifying now. However it is probable that in the future,

after technical progress, it is something that could change.

Secondly, it is important to discuss whether it is possible to use our pro-

posed solution when taking into consideration the Czech legislation. The

Czech along with European laws, specifically the complement X of the L2

regulation [25], still prevent the introduction of drones into commercial

traffic based on two particular rules. The first is the need of a pilot for

an airplane that is able to control it from a distance and still maintain dir-

ect visual contact with the machine. The second is the ban of flying over

people or inhabited areas, i.e. private houses. Even more specifically speak-

ing, the take-off and landing platforms must be 50m horizontally away from

people and during the flight the drone can’t approach inhabited areas within

a horizontal distance of 150m which prevents the effective implementation

of drones in Prague. The European Aviation Safety Agency (EASA) is cur-

rently preparing an update to the rules, but it is not generally expected for
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them to release a permit for the commercial operation of drones in urban

areas. As it is written in the legislation [25] it is still possible to apply for

special permission at the Civil Aviation Authority in the Czech Republic but

we do not historically know of any similar cases that would be successful.

An argument for a possible change in today’s legislation is that drones

could be used also for different purposes rather than only for shipping

goods.[13] [9] Imagine a situation where Czech hospitals in Prague would

use drones for applying first aid. If we were to have data on the number of

rescue operations in each administrative district in Prague then we would be

able to compute where it would be best to build a drone base to minimize

time which is needed to fly from a starting point to an injured person. Such

a drone for hospitals could be equipped with basic medicines and first aid

tools which in combination with a camera, microphone and speakers could

be a great assistant in serious accidents. A doctor would be able to see the

whole situation on a monitor in the hospital and using speakers and the ba-

sic tools inside the drone he could navigate the civil rescuers to give effective

help before an ambulance arrives. The biggest advantage of using drones is

that the arrival time does not depend on the traffic situation in the city and

the immediate help that is needed can be provided within a few minutes

after call or visual registration by Prague’s camera system.

Examples of working applications of drones for the transportation of

goods can be found in China or Iceland. Specifically in the cities Shanghai,

Beijing and Reykjavik. The first implementation of drones was introduced

in Reykjavik where this new technology was used to transport food across a

particular peninsula which saves 60 percent of delivery costs and 21 minutes

per each shipping of goods.[21] The next application started in Shanghai

followed by Beijing. In these cities the implementation goes even further.

Drones are used for transportation of goods, especially food, from different

points.[18] [19] The classical way of transporting ordered food in these huge

cities by companies like Meituan Waimai, Ele.me or Daojia is by using elec-

tric scooters which are controlled by hired driver. But if the traffic situation
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is bad or if the ordered food is from a remote restaurant then the delivery

time can be really long. Implementation of drones solves cost and delivery

time minimization problems.

Because the Czech legislation does not allow the effective usage of drones

for shipping goods as of now, the Czech company Rohlik.cz in cooperation

with the British startup Starship Technologies were testing other autonom-

ous machines in Prague. These were small self-driving vehicles that would be

able to travel in the pedestrian zones of the old town.[32] The shortcomings

of this solution compared to the case with drones are the low maximum speed

of the vehicle and the inefficiency delivering over longer distances. However,

the Starship Technologies company has raised $25 million to bring its robots

even more into the mainstream and are deploying their vehicles in neighbour-

hoods, corporates and university campuses in the U.S. and Europe.[4]

Some problems with the drones will be solved because of technical pro-

gress over time. For example better batteries will allow a larger flying range,

new connectors will speed up charging time and more powerful engines will

allow the transportation of heavier weight. Under such circumstances our

facility location problem could be modified and combined with the sales-

man problem as it was mentioned at the beginning of this chapter. A more

complicated technical problem is how to deal with strong wind and thun-

derstorms. We can assume that due to future technological advancements it

will still be possible to deal with it by using a waterproof construction and

properly programmed and powerful engines.

There are other issues that will not be solved by time and are worth

discussing. The first question is where to deliver the shipments to. In China

and also in some streets in Prague there are designated places for multiple

blocks of buildings where to leave delivered packages. Would it be better

to create special landing platforms for each house? Or would it be the best

to use drones only for the shipping of goods to predefined locations and

then use a different form of transportation? Secondly, new flight levels and

routes would have to be created to avoid collisions and excessive noise from
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the rotors. Finally there is the problem with a privacy.[34] New laws on

the use of cameras and sensors would have to be designed to prevent the

restriction of personal freedom and it would be also needed to inform and

explain this issue to the people.[20]
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Conclusion

The main interest of the bachelor thesis was to introduce all necessary theory

to understand and apply the facility location problem for an alternative

delivery service. In the first chapter we studied microeconomic view of the

problem and we derived an optimal solution for different firm’s technologies.

Also a practical example for each technology was presented.

The second chapter was focused on a mathematical programming theory

which is important for a good understanding of the facility location problem.

Linear and integer programs were defined and two basic algorithms were

described in applications for logistic problems.

The facility location problem was defined in the third chapter. First,

the simpler form, the transportation problem, was studied and a possible

solution was presented with usage of revised simplex algorithm. Then, ca-

pacitated and uncapacitated version of the facility location problem was

written and for uncapacitated version the branch & bound algorithm was

described. The simple example from Prague was solved and each step of the

algorithm was explained.

The last two chapters studied the real practical application of a drone

delivery service in Prague. In the fourth chapter we solved the real facility

location problem for the Czech company located in Prague. The best pos-

sible choice of warehouses to minimize shipping costs was found based on a

given dataset describing a number of orders from given cadastral area. We

have concluded that our model would have better results in case when we

would use more specific data about location of customers. For further usage

of our model we also proposed to test what are fixed costs for a warehouse

with drone landing platforms and then this accurate empirical data fit into

our solution in programming language R. Finally, we discussed topics about

technological improvements of autonomous vehicles and changes in our fa-

cility location problems caused by new technology, legislative and privacy

problems with drones in Prague, working examples from abroad and we

suggested other possible usage of drones for hospitals in rescue operations.
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Matematická analýza 1. Charles University, Prague. [cit. 2017-04-

22]. Available from: http://www.karlin.mff.cuni.cz/~pick/analyza-

pro-studenty.pdf

[24] POIKONEN, S., X. WANG, and B. GOLDEN (2017). The vehicle rout-

ing problem with drones: Extended models and connections. Networks

70(1), 34-43.

46

http://www.thebeijinger.com/blog/2018/04/10/robot-drones-begin-beijing-service-june
http://www.thebeijinger.com/blog/2018/04/10/robot-drones-begin-beijing-service-june
http://www.thebeijinger.com/blog/2018/06/01/eleme-starts-using-drones-cut-delivery-costs-and-time
http://www.thebeijinger.com/blog/2018/06/01/eleme-starts-using-drones-cut-delivery-costs-and-time
https://nypost.com/2017/08/24/drone-food-delivery-service-is-off-the-ground-in-iceland/
https://nypost.com/2017/08/24/drone-food-delivery-service-is-off-the-ground-in-iceland/
https://www.pressroom.ups.com/pressroom/ContentDetailsViewer.page?ConceptType=PressReleases&id=1487687844847-162
https://www.pressroom.ups.com/pressroom/ContentDetailsViewer.page?ConceptType=PressReleases&id=1487687844847-162
https://www.pressroom.ups.com/pressroom/ContentDetailsViewer.page?ConceptType=PressReleases&id=1487687844847-162
http://www.karlin.mff.cuni.cz/~pick/analyza-pro-studenty.pdf
http://www.karlin.mff.cuni.cz/~pick/analyza-pro-studenty.pdf
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rolinum, Prague. Study materials, Charles University in Prague. ISBN

8024604647.

48



List of Figures

1 Solution of our problem using the branch & bound algorithm 21

2 Map with warehouses and customers . . . . . . . . . . . . . 28

3 First steps in our tree . . . . . . . . . . . . . . . . . . . . . . 30

4 Final solution . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5 Location of warehouses in Prague . . . . . . . . . . . . . . . 34

6 Location of consumers in Prague . . . . . . . . . . . . . . . 35

7 First result, fixed costs equal 4 million cost units . . . . . . . 37

8 Second result, fixed costs equal 12 million cost units . . . . . 37

List of Tables

1 Simplex table . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 Rewriting our problem into Table 1 . . . . . . . . . . . . . . 18

3 Change in basis L . . . . . . . . . . . . . . . . . . . . . . . . 18

4 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 Costs for our example . . . . . . . . . . . . . . . . . . . . . 29

6 Minimum savings at all warehouses . . . . . . . . . . . . . . 29

7 Maximum savings at all warehouses . . . . . . . . . . . . . . 30

8 Minimum savings at all warehouses if y1 = 1 . . . . . . . . . 31

9 Maximum savings at all warehouses if y1 = 1 . . . . . . . . . 31

10 Maximum savings at all warehouses if y1 = −1 . . . . . . . . 32

11 Number of orders in each catastral area, part 1 . . . . . . . 50

12 Number of orders in each catastral area, part 2 . . . . . . . 51

13 Shipping costs from warehouse i to consumer j, part 1 . . . 51

14 Shipping costs from warehouse i to consumer j, part 2 . . . 52

49



Appendix A

As a part of this bachelor thesis, the file metioned below is uploaded to the

Student Information System (SIS).

application facility location.txt: solution of the practial facility loc-

ation problem for an alternative delivery service using the programming

language R and the optimization solver Gurobi.

Appendix B

Consumer j Name of cadastral area Number of orders per year

1 Josefov 932

2 Staré Město 15151

3 Malá Strana 8998

4 Hradčany 1621

5 Nové Město 45318

6 Vyšehrad 986

7 Vinohrady 43901

8 Žižkov 44696

9 Kobylisy 12205

10 Stř́ıžkov 6309

11 Libeň 33957

12 Karĺın 16964

13 Prosek 7742

14 Vysočany 6771

15 Hrdlořezy 1177

16 Malešice 7798

17 Strašnice 17881

18 Záběhlice 17689

19 Vršovice 18377

20 Michle 9629

Table 11: Number of orders in each catastral area, part 1

50



Consumer j Name of cadastral area Number of orders per year

21 Nusle 16012

22 Krč 12858

23 Brańık 7777

24 Smı́chov 41226

25 Podoĺı 6723

26 Hlubočepy 27313

27 Jinonice 6631

28 Radlice 2181

29 Koš́ı̌re 17937

30 Střešovice 6005

31 Motol 3208

32 Břevnov 21648

33 Veleslav́ın 5721

34 Vokovice 9898

35 Dejvice 20970

36 Bubeneč 19065

37 Holešovice 24557

38 Troja 9867

Table 12: Number of orders in each catastral area, part 2

Consumer Shipping cost from warehouse i

j 1 2 3 4 5 6 7 8 9 10 11

1 24 21 16 45 97 58 43 58 88 36 24

2 27 19 9 48 100 57 40 52 81 29 29

3 42 36 24 62 115 73 56 64 90 28 20

4 51 48 38 71 122 85 69 79 105 40 12

5 33 20 8 52 103 51 34 39 66 20 43

6 54 40 30 71 119 61 45 34 51 16 60

7 32 22 28 41 84 25 10 22 55 44 65

8 37 41 55 24 48 15 27 51 81 78 81

9 70 84 95 58 57 89 90 119 152 121 90

10 88 101 114 70 40 93 100 128 159 141 117

Table 13: Shipping costs from warehouse i to consumer j, part 1
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Consumer Shipping cost from warehouse i

j 1 2 3 4 5 6 7 8 9 10 11

11 51 63 77 32 32 57 63 91 123 103 85

12 28 37 46 8 46 29 32 61 93 77 71

13 86 97 111 66 24 83 93 119 148 138 120

14 86 96 110 66 13 73 86 109 136 136 126

15 83 89 103 64 28 58 74 92 115 126 127

16 92 95 108 75 49 59 76 88 105 128 136

17 81 80 91 70 64 43 59 65 79 108 124

18 96 90 96 91 99 58 68 57 54 105 134

19 52 44 50 53 83 23 23 18 44 62 87

20 79 68 70 82 109 51 51 28 20 72 108

21 59 46 43 71 111 49 39 13 29 40 80

22 103 103 87 112 143 83 79 51 17 78 123

23 107 93 85 120 160 98 89 62 39 67 115

24 57 46 32 77 129 78 61 58 76 10 43

25 75 61 53 90 133 72 60 36 35 37 84

26 114 104 92 134 180 119 106 84 70 67 112

27 115 107 93 139 190 134 118 104 103 67 97

28 86 77 64 108 158 100 84 68 69 37 80

29 90 85 7 116 168 116 99 92 100 47 68

30 65 67 56 89 140 105 88 96 119 52 27

31 119 116 102 145 197 150 132 127 135 81 89

32 87 86 73 112 164 122 105 107 124 59 52

33 101 102 90 125 176 139 122 126 144 79 63

34 103 106 96 126 176 144 128 135 155 89 64

35 73 79 72 93 141 115 101 114 140 75 34

36 37 46 47 53 99 79 67 87 119 64 21

37 23 34 46 16 61 48 44 71 105 72 52

38 54 66 71 58 91 90 83 108 141 91 49

Table 14: Shipping costs from warehouse i to consumer j, part 2
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