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Abstract

This thesis studies the empirical relationship between excess asset returns

and the Fama–French risk factors at various scales using a combination of

the Fama–French three-factor model and wavelet-based methods. We re-

examine previously published results obtained for six portfolios formed on

size and book-to-market ratio in the U.S. market, and focus on the influence

of different scales on the original results. We conclude that the most the

total variance of the risk factors and excess portfolio returns is concentrated

at scale 1 and 2, which corresponds to periodicities of 2-4 months and 4-8

months, respectively. Next, we observe significant variation in estimated

parameters across different scales. Furthermore, some of the Fama–French

risk factors are strongly correlated at scale 2, 3 and 4, which is unobserv-

able in standard correlation matrix. Overall, the multiscale approach seems

beneficial for analysis of the Fama–French three-factor model as it reveals

information that remains hidden to traditional methods.
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Abstrakt

Tato práce studuje empirický vztah mezi nadměrnými výnosy aktiv a Fama–

French rizikovými faktory na různých škálách s použitím kombinace Fama–

French tří-faktorového modelu a vlkových metod. Přezkoumali jsme již pub-

likované výsledky na šesti portfoliích zkonstruovaných na základě velikosti

a poměru mezi účetní a tržní hodnotou na americkém trhu, a zaměřili jsme

se na vliv jednotlivých škál na původní výsledky. Zjistili jsme, že většina

celkového rozptylu rizikových faktorů a nadměrných výnosů portfolií je kon-

centrována na škále 1 a 2, které zachycují periodicity mezi 2-4 měsíci a 4-8

měsíci. Dále jsme zaznamenali signifikantní variaci v odhadnutých para-

metrech napříč různými škálami. Navíc jsou některé Fama–French rizikové

faktory silně korelovány na škále 2, 3 a 4, což není zřejmé ze standardní

korelační matice. Celkově se víceškálový přístup k analýze Fama–French

tří-faktorového modelu zdá být přínosný, jelikož odhaluje informace, které

zůstávají skryté při použití tradičních metod.
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Bachelor thesis proposal

Research question and motivation

Using a combination of the Fama-French model and wavelet-based methods,

I will study the empirical relationship between asset returns and Fama-

French risk factors at various scales.

The Fama-French model extends the capital asset pricing model. It claims

that asset returns depend not only on market risk, but also on other factors.

Because of its high explanatory power, the model became a useful tool for

investment analysis and portfolio optimization.

Wavelet-based methods are modern econometric tools that often uncover

relationships hidden to traditional time-domain methods. As they offer a

scale-by-scale decomposition of time series, they are frequently used for ana-

lysis of the relationships between variables at individual scales. Revisions of

models initially defined in the time domain then often lead to the discovery

of interesting interdependences.

The Fama-French model is a case where such a revision looks promising.

In and Kim (2012) found that the effect of factors varies across scales. Kang,

In and Kim (2017) argue that “the model’s well-known empirical success is

largely due to the beta components associated with a timescale just short of

a business cycle (i.e., wavelet scale 3)”. Trimech et al. (2009) conclude that,

in the case of the French market, “the explanatory power of the Fama-French

three-factor model becomes stronger as the wavelet scale increases.”

As the Fama-French model has direct applications in portfolio optimiza-

tion, successful research in this area would be of great interest to academics

and practitioners alike.

Contribution

In my work, I will use the already developed methods to analyze a different

dataset and compare my results with those in the literature. Despite the

availability of literature on this topic, estimating the Fama-French model



at various scales is still a challenging task due to both the complexity of

the model and the advanced mathematics behind wavelet-based methods.

Moreover, the publications on the timescale betas are still quite rare, so

apart from the advancement of my knowledge, skills and experience, the

thesis should also provide original results which may be of interest for other

researchers and/or a good basis for my future research.

Methodology

I will analyze a ready-to-use dataset provided by Kenneth R. French on his

website (http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/

data_library.html).

First, I will decompose the individual time series using the wavelet trans-

form to obtain wavelet details and smooths. Then, I will analyze the dy-

namics of the transformed data and use them to estimate the Fama-French

model at various scales. Finally, I will discuss the results and compare them

with existing literature.

Outline

1. Introduction

2. Literature review

3. Methodology

(a) Fama-French

(b) Wavelet methods

4. Empirical part

(a) Data

(b) Model estimation

(c) Discussion of results

5. Conclusion

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Introduction

Asset pricing models are the cornerstone of modern portfolio theory. They

have conceptualised the way that investors view the risk and return relation-

ship ever since the introduction of the capital asset pricing model (CAPM)

and they play an important role in determining the cost of equity or in

portfolio management. Over time, the empirical strength of the CAPM was

questioned and many alternative asset pricing models have been developed.

Usually, the asset pricing models study the relationship of risk and return

in the time domain only and often ignore the frequency domain, which may

contain additional information about this relationship. Market participants

all have different investment horizons and interact with the market in a very

different way. For instance, consider an intra-day trader and a pension fund.

Moreover, the markets are also influenced by short term and long term eco-

nomic fluctuations. It seems natural to ask whether an asset pricing model

explains changes at different frequencies equally well and, if not, at which

frequencies the model is empirically stronger. Ultimately, this may help to

determine applications for which the use of such a model is appropriate.

Frequency is certainly of great interest in asset pricing. Numerous meth-

ods have been used to describe economic and financial relationships in the

frequency domain. The simplest way to describe some of the frequency-

related relationships is probably to estimate the model using data sampled

with different frequencies, e.g. daily and monthly data, or using simple mov-

ing averages. These methods are intuitive, but cannot efficiently separate

the high- and low- frequency movements. To study the frequency component

in further detail, more advanced methods, which have been formerly used

mostly in natural sciences, can help with this problem. The Fourier trans-

form was initially utilised, but often is not optimal as it cannot accurately

approximate the spikes and dips in the financial data. More recently, the

wavelet-based methods have been applied to answer this question.

Wavelet-based methods are convenient for time–frequency analysis. Wave-

lets approximate financial data much more precisely than the Fourier trans-
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form. They can also be relatively easily applied on time-series data. Most

importantly, they are suitable for extracting the high- and low- frequency

movements from original data, which enables the study of the relationships

at selected frequencies, or scales, and extension of the models originally

defined only in the time domain into the time–frequency domain. The con-

venience of wavelet-based methods is, to some extent, confirmed by their

increasing popularity in finance and economics including promising applic-

ations in asset pricing.

This thesis adopts the wavelet-based multiscale approach to analyse the

Fama-French three-factor model (FF3F model). The FF3F model overcomes

some issues of the original CAPM and is a widely established model in asset

pricing. The thesis is closely connected with existing literature as we re-

examine the results of Fama and French (1995) and subsequently extend

them into the time–frequency domain. Our goal is to determine whether

some specific time-scale drives the results of Fama and French (1995) and

whether time–frequency analysis discovers any new relationships about the

FF3F model in a given period and for given portfolios. In addition, the

multiscale version of the FF3F model is also estimated in period matching

that of In and S. Kim (2012), which serves as a benchmark. The results

may be of interest for other researchers as publications on multiscale factor

models are still relatively rare.

The thesis is organized as follows. In chapter 1, we present the liter-

ature review focusing on asset pricing models and applications of wavelet-

based methods in asset pricing. In chapter 2, the fundamentals of the FF3F

model, wavelet-based methods and their application to the FF3F model are

described in detail. Chapter 3 estimates the original and multiscale FF3F

models, and their results are discussed. Chapter 4 concludes.
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1 Literature review

1.1 Asset pricing theory

Markowitz (1952) presented a way in which investors should diversify their

portfolios to maximise their risk-adjusted portfolio value. The individual

decision problem was generalised by Sharpe (1964) and Lintner (1965) to

all capital market participants in the CAPM. Under some assumptions, the

CAPM argue that exposure to the systematic risk which cannot be avoided,

and is proxied with the excess market return, is the only relevant risk to

asset prices, and establish an intuitive relationship between risk and return.

The initial responses to the CAPM were favourable because of the suc-

cess of early tests (Fama and French 2004), and it thus became ‘the central

equilibrium model of financial economics’ (Ross 1978). Gitman (2002) sum-

marises that ‘it provides a useful conceptual framework for evaluating and

linking risk and return’, which shapen the way that practitioners think about

the risk. This widely positive response resulted in applications of the CAPM

in regulatory proceedings (Pettway 1978), estimating the required rate of re-

turn (Litzenberger, Ramaswamy and Sosin 1980), strategic planning (Tapon

1983) and others (see Brown and Walter 2012).

However, multiple authors have pointed out that the assumptions of the

CAPM are often not met and thus questioned the empirical strength of

the CAPM. Very strong criticism of the CAPM was formulated by Fama

and French (1992, 1993) who state that ‘[the CAPM] is useless for precisely

what it was developed to do’ as it has ‘no explanatory power’ in certain

set-ups and therefore that ‘the beta is death’. Moreover, Fama and French

(1996b) argue that the CAPM anomalies ‘are serious enough to infer that

the model is not a useful approximation’ and that the ‘beta alone cannot

explain expected return’. In addition, Ross (1978) and Lai and Stohs (2015)

argue that the theory behind the CAPM is also wrong. Further arguments

against the CAPM are summarised by Mirza and Shabbir (2005).

Such strong statements are not accepted unanimously. Even when some

authors strongly criticise the CAPM, other still defend it. For example,
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Jagannathan and McGrattan (1995) argue that anomalies in the CAPM are

not ‘economically important enough to reject it’ and question the arguments

of Fama and French (1992). Black (1993) recommends ‘investors who can

borrow freely’ to ‘continue to use the CAPM and beta to value investments

and to choose portfolio strategy’. Likewise, Grundy and Malkiel (1996) view

the CAPM as ‘a useful tool in forecasting short-term risk’, whereas the

FF3F model captures long-term relationships, which have ‘ceased to exists

after 1980’. J. Shanken and Zhou (2007) attempt to improve the empirical

strength of the CAPM by estimating it with other methods than the OLS.

Grauer and Janmaat (2010) test the CAPM in a rather unusual way using

the data repacked with zero-weight portfolios to conclude that the CAPM

achieves better results than the FF3F model.

As the CAPM provides highly desirable information about assets, mul-

tiple alternatives to the CAPM have been proposed which try to overcome

its issues. Ross (1978) formulates the arbitrage pricing theory (APT), a

multifactor asset pricing model with simpler assumptions that the CAPM.

The APT argues that the asset prices respond to multiple common risks.

Meanwhile, Merton (1973) focuses on the time dimension and assumes that

investors maximise their portfolio value over time rather than once in a single

period, as assumed in the case of the CAPM or the APT. The current asset

price is, according to his intertemporal capital asset pricing model (ICAPM),

determined by the state variables. However, the specific common risks or

state variables are not mentioned by these models, which has motivated the

development of more advanced factor models.

One such newly created model is the FF3F model (Fama and French 1995)

which uses three risk factors to explain the asset prices: the excess market

return, the size factor and the values factor. The literature confirms that the

FF3F model is empirically stronger than the CAPM (e.g. Fama and French

1996a, Clive 2004). However, it is criticised for the lack of a theory to support

it and that its strong empirical relationship may be the result of data-mining

(Black 1993; Dempsey 2012). Despite these drawbacks, the FF3F model has
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become widely applied by practitioners, and many researchers have begun

to study its possible extensions.

One of the closest extensions of the FF3F model is the Fama–French

five-factor model which adds the profitability and investment risk factors

as well as further extension to bonds markets or its momentum-augmented

version. Subrahmanyam (2010) and Harvey, Liu and Zhu (2015) provide an

extensive summary of the alternative factor models. Harvey, Liu and Zhu

(2015) catalogue more than 300 different risk factors used in different papers,

which lead them to propose new testing statistics to determine whether or

not the risk factor is priced.

In our work, we focus on the FF3F model as a well-understood and well-

established multi-factor model, and study its results for input time-series

decomposed using wavelets, as explained further in the thesis.

1.2 Wavelets in asset pricing theory

The frequency domain is an essential aspect of asset pricing models. Market

participants have different investment horizons, and their trading strategies

differ (Chaudhuri and Lo 2016). Each investor maximises the wealth in the

given time-horizon, which is translated into various price changes at various

frequencies. For example, an intra-day trader interferes with the market in

a very different way to a pension fund. Investors need to know with which

rules they should predict the asset price within their investment horizon.

For example, Lee (1976) studies the investment horizon problem in CAPM,

while Dew-Becker and Giglio (2016) stress the importance of consumption

fluctuations at different frequencies for investors. This creates the motivation

to study asset pricing models at different frequencies to determine which

frequency components are responsible for the model’s empirical success.

Multiple authors have published work on the multiscale CAPM. Gencay,

Selcuk and Whitcher (2001) and Gençay, Selçuk and Whitcher (2005) pro-

pose a methodology for multiscale beta estimation. Furthermore, Gençay,

Selçuk and Whitcher (2003) conclude that ‘the predictions of the CAPM
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model are more relevant at a medium long run as compared to short time

horizons’ for the U.S. market and Gençay, Selçuk and Whitcher (2005) make

similar conclusions for markets in Germany and the UK. However, Kang, In

and T. S. Kim (2017) criticise Gençay, Selçuk and Whitcher (2003, 2005)

for using the term ‘long-run’ while their ‘longest timescale was still much

shorter than a business cycle and hence short run’; this can also be ap-

plied to other papers. Rua and Nunes (2012) study market risk in different

emerging markets to find ‘variation in the results across frequencies and over

time’ which ‘highlight the importance of considering the time and frequency-

varying features in risk assessment’. Dajčman, Festić and Kavkler (2013)

studied the multiscale version of the CAPM in Hungary, Slovenia and the

Czech Republic using daily data decomposed up to scale 6 (corresponding to

investment horizons of 32-64 days) and conclude that the investment horizon

at which the CAPM is most relevant varies across these countries. Bortolu-

zzo, Minardi and Passos (2014) focus on the Brazil market using daily data

up to investment horizons of 128 days and find that shorter scales are ‘the

most significant to the risk-return relation’, but overall the CAPM perform-

ance is rather weak in the Brazil market. In short, it seems that results of

traditional CAPM should also be viewed within the frequency domain.

The multiscale approach based on wavelet methods can help to answer

more specific questions about the CAPM itself. Chen and Li (2015) show

that, under the assumptions of bounded rationality and heterogeneous agents,

‘the CAPM does not provide an adequate description of the market beha-

viour when holding periods are taken into consideration’. Furthermore, In,

S. Kim and Faff (2010) examine ‘the overreaction-related mispricing explan-

ation for the failure of the CAPM’, which is mostly present at ‘the small

stocks at the lower frequencies’.

The same wavelet methods can also be applied to multifactor asset pricing

models. A general framework for the multiscale analysis of multifactor asset

pricing models based on wavelet methods is presented by Kang, In and T. S.

Kim (2017). The multiscale FF3F model is used by In and S. Kim (2012)
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and Trimech et al. (2009), who analyse its results on six portfolios in the

US and French markets, respectively. These studies conclude that the FF3F

model has higher explanatory power at higher scales, which are associated

with longer time-horizons. For the case of the U.S. market, Kang, In and

T. S. Kim (2017) conclude more precisely that ‘[its] empirical success is

largely due to the beta components associated with a timescale just short

of a business cycle’. McNevin and Nix (2018) analyse the industry cost of

equity in the US using the multiscale FF3F model with time-varying betas

to argue that ‘a complete description of the systematic risk of investments in

sectors requires estimates that capture time-varying behaviour at different

frequencies’, but did not ‘find any simple pattern across scales’.

Analysis of multifactor models at different scales seems to conclude a

similar benefit as in the case of the CAPM. Nevertheless, a number of un-

answered questions remain due to the small amount of literature on this

topic.
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2 Methodology

2.1 Fama-French Three-Factor Model

The FF3F model is an asset pricing model developed by Fama and French

(1992, 1993, 1995) as a reaction to the poor results of Sharpe’s (1964) and

Linter’s (1965) CAPM in explaining average cross-sectional stock returns in

the U.S. stock market. The FF3F model extends the CAPM with the size

factor and book-to-market factor in order to capture the cross-sectional vari-

ation in average returns, which would be viewed as an anomaly in the CAPM.

Strong empirical results of the FF3F model make it a superior alternative to

the CAPM in portfolio selection, evaluation of portfolio performance, meas-

urement of abnormal returns in event studies and estimation of the cost of

capital.

Let Rm be the market return, Rf be the risk-free rate and Ri be the asset

return. In the CAPM, the excess market return (Rm − Rf ) is the only risk

factor explaining excess asset return (Ri − Rf ). Compared to the CAPM,

the FF3F model assumes that the systematic risk is multidimensional and

identifies two additional risk factors: the size factor (small minus big, SMB)

and the book-to-market factor (high minus low, HML). The relationship

between excess asset return and risk factors is captured by the following

time-series regression model,

Ri −Rf = αi + bi(Rm −Rf ) + siSMB + hiHML+ εi , (1)

where the parameters bi, si and hi indicate the effect of different risk factors

on excess asset return and αi is zero if the three factors fully explain the

asset prices.

These parameters can be expressed using the matrix notation as,

βi = V ar(f)−1Cov(f,Ri −Rf ) , (2)

where βi is a vector containing the parameters of the FF3F model, f is a

vector of risk factors, V ar(f) is the variance-covariance matrix of f and

Cov(f,Ri − Rf ) is a vector containing the covariances of risk factors with

excess asset return (Kang, In and T. S. Kim 2017).
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The creation of the SMB and HML risk factors is motivated by the ob-

served differences in returns on stocks with big and small market capitalisa-

tion and on stocks with high and low book-to-market ratios. In the case of

big market capitalisation and low book-to-market ratio, the observed returns

are usually lower than those predicted by the CAPM. In other words, these

stocks are viewed as less risky than others. The risk factors are calculated at

each period based on the return on six stock portfolios. First, we take all the

stocks in our dataset and classify them by their market capitalisation into

lower 50% (S) and upper 50% (B) and by their book-to-market ratio into

upper 30% (H), middle 40% (M) and lower 30%. Each stock then belongs to

one of the six portfolios: SH, SM, SL, BH, BM and BL, as shown in Figure

1.

The SMB risk factor is then calculated as the difference in weighted av-

erages of returns on small stock portfolios and big stock portfolios,

SMB = (0.3×RSH+0.4×RSM+0.3×RSL)−(0.3×RBH+0.4×RBM+0.3×RBL).

The HML risk factor is the difference between the simple averages of

return on high book-to-market portfolios and on low book-to-market port-

folios,

HML = (0.5 ×RSH + 0.5 ×RBH) − (0.5 ×RSL + 0.5 ×RBL).

As demonstrated by Fama and French (1995), the SMB risk factor should

be free of any book-to-market ratio effects, and the HML risk factor should

be free of any size effect.

The FF3F model is often criticized for the missing theory that would

support its results. Furthermore, the economic interpretation of the HML

Book-to-market ratio

High Medium Low

Size
Small SH SM SL

Big BH BM BL

Figure 1: Portfolios used to calculate the SMB and HML risk factors
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and SML risk factors is still unclear (Black 1993). Fama and French (1996a)

suggest that the FF3F model might be the equilibrium model of Merton’s

(1973) ICAPM or Ross’ (1976) APT. Therefore, the HML and SMB risk

factors would be proxies for some unknown state variable risks or common

risks. In the same vein, Petkova (2006) argues that the HML and SMB

risk factors are ‘proxies for innovations in state variables’ that forecast fu-

ture investment opportunities. Meanwhile, Hwang et al. (2010) focuses on

option-risk and states that stockholders’ limited liability can explain the size

and book-to-market factors. Vassalou and Xing (2002) conclude that the

SMB and HML risk factors ‘contain some default-rated information’. Even

though the reason for the success of the the HML and SML risk factors, ac-

cording to Fama and French (2004) this is not a ‘fatal concern’ as an exact

interpretation of risk factors is not required by the ICAPM nor the APT.

The vague link to the economic theory does not restrict us from studying

different attributes of the model. One aspect of interest is the time horizon

from which the strength of the FF3F relationship originates, and whether

the riskiness of the assets represented by the risk factors is the same across

different time horizons To determine this, In and S. Kim (2012), Kang, In

and T. S. Kim (2017) and Trimech et al. (2009) extend the FF3F factor

model into the frequency domain using wavelet-based methods. They argue

that the FF3F model has greater explanatory power at higher scales, and

thus longer time-horizons. More specifically, Kang, In and T. S. Kim (2017)

conclude that the greatest explanatory power is associated ‘with a timescale

just short of a business cycle’.

2.2 Wavelets

Wavelets are mathematical functions with specific properties, which are de-

signed for the approximation of possibly irregular functions and surfaces.

They wereinitially developed for data analysis in natural sciences, but, cur-

rently, are currently used across various fields. Their applications include

computer vision, speech recognition, data compression and many more (Graps
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1995). As wavelets enable time–frequency decomposition of time-series, they

are also used in time-series analysis for data denoising, time–frequency ana-

lysis of a single variable or analysis of economic relationships at various time

horizons. Wavelet-based methods allow the isolation of high-frequency and

low-frequency movements from the data so that they can be analysed separ-

ately. The idea of time–frequency analysis has greatly interested economists

for a long time (Engle 1974, Graps 1995). However, the wavelet-based meth-

ods still play a somewhat marginal role in the current economic and financial

literature. In this thesis, wavelets are used to study the relationship defined

by the FF3F model in further detail. This can be achieved by applying the

wavelet-based analysis of variance (ANOVA) or by multiresolution analysis

(MRA) of the original time-series. The rationale for both methods is de-

scribed in the upcoming text, closely following the textbook of Percival and

Walden (2000).

First, we begin with a very simplistic definition of wavelets. Wavelets

are, as the name suggests, small wave-like functions. Mathematically, the

wavelet function ψ needs to satisfy two conditions,
+∞∫

−∞

ψ(t) dt = 0 and
+∞∫

−∞

|ψ(t)|2 dt = 1 . (3)

The first condition ensures that the function has a wave-like shape with

zero mean whereas the second dictates that the wave is relatively small.

Although it is possible to define infinitely many wavelet functions, only a

few wavelet classes with the most appealing properties are used in most

applications.

The wavelet function ψ can be shifted and stretched in a certain way to

create the daughter wavelet function ψλ,t(u), formally defined as,

ψλ,t(u) = 1√
λ
ψ(u− t

λ
) , (4)

which also satisfies the conditions above (Zubaľ 2015). The daughter wavelet

function ψλ,t(u) can be used to extract information at scale λ and time t from

the original data. The continuous wavelet transform (CWT) makes use of

this property to extend signals in the time domain into the time–frequency
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domain.

This thesis focuses on the analysis of finite-length discrete time-series and

on extending the FF3F model into the time–frequency domain, for which

there are more appropriate wavelet-based methods than the CWT. In the

rest of this chapter, we present and compare two commonly used wavelet

transforms suitable for our analysis, the discrete wavelet transform (DWT)

and the maximal overlap discrete wavelet transform (MODWT). Both the

DWT and the MODTW have a close connection to continuous wavelets, but

can be alternatively defined without an explicit link to the CWT (Percival

and Walden 2000, p13).

In the discrete case, we define the wavelet filters instead of the wave-

let functions. The wavelet filter hj = [h0, h1, ...hL−1] can be derived from

the wavelet function ψ through critical sampling (see Gencay, Selcuk and

Whitcher 2001, pp 103-106) and needs to satisfy similar conditions,
L−1∑
l=0

hl = 0 ,
L−1∑
l=0

h2
l = 1 and

L−1∑
l=0

hlhl+2n =
+∞∑

l=−∞
hlhl+2n = 0 , (5)

were L is the length of the filter and n is a nonzero integer. The wavelet filter

captures only the high frequency movements. The low frequency movements

are captured by the scaling filter g = [g0, g1, ..., gL−1] defined as,

gl = (−1)l+1 hL−1−l . (6)

Similarly to the continuous case, the wavelet filters can be used to derive

additional wavelet filters associated with different scales. We define the level

j wavelet filter as h̃j = [hj,0, hj,1, ..., hj,Lj−1] and the level j scaling filter as

g̃j = [gj,0, gj,1, ..., gj,Lj−1], where Lj is the length of the level j wavelet filter.

Figure 2 shows two examples of wavelet filters and their relation to the

wavelet functions.

Concerning the differences between the two discrete wavelet transforms,

the DWT is an orthogonal transform which can only be applied to time-series

of length 2n. The number of coefficients is reduced at each scale by a half. At

scale j, we have 2n−j scaling coefficients Vj and 2n−j wavelet coefficients Wj.

Therefore, more terms from the original time-series are associated to just
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Figure 2: The first row shows the wavelet function ψ of the Haar wavelet and Daubechies

least asymmetric wavelet of length 8 (LA(8)). Rows 2-4 show wavelet filters h1, h2 and

h3 derived from the wavelets above.

one scaling or wavelet coefficient. Even though the DWT-based ANOVA

and MRA are possible, some DWT properties, such as the above mentioned

limitation only to datasets of length 2n, are quite restrictive and inconvenient

for application to economic and financial time-series data.

Contrarily, the MODWT gives up the orthogonality to gain more desir-

able properties. First, the MODWT is not limited to time-series of length

2n, it can be applied to a dataset of any length N . Moreover, the time-series

is transformed into N wavelet coefficients and N scale coefficients, so the

wavelet details and smooths are perfectly aligned with the original time-

series. Finally, choice of the wavelet filter ‘is not that vital’ in MODWT

(Gencay, Selcuk and Whitcher 2001, p144). For these reasons, we choose

the MODWT over the DWT and describe it in more detail throughout the

rest of this chapter.

For any time-series X of length N , the level j MODWT wavelet coef-

ficients Wj,t and level j MODWT scaling coefficients Vj,t, using a circular
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boundary condition, are defined as ,

Wj,t =
Lj−1∑
l=0

h̃j,lXt−l modN and Vj,t =
Lj−1∑
l=0

g̃j,lXt−l modN , (7)

where t ∈ {0, 1, ..., N − 1}, Lj is the length of the filter, and h̃j and g̃j

are level j MODWT wavelet and scaling filters. The MODWT wavelet and

scaling filters are rescaled versions of the wavelet filter hjl
and scaling filter

gjl
described above. This relationship can be re-expressed in matrix notation

using the pyramid algorithm as Wj = BjṼj−1 and Vj = AjVj−1 where Bj and

Aj are N × N matrices defining the j-th level of the MODWT, and V0 is

the original time-series X.

The main property of the MODWT that we use is that it enables scale-

by-scale decomposition of the time-series variance and covariance,

V ar(X) =
J0∑

j=1
V ar(Wj) + V ar(VJ0)

Cov(X, Y ) =
J0∑

j=1
Cov(Wj,Mj) + Cov(VJ0 , NJ0) ,

(8)

where Y is time-series of length N , Mj is a vector of level j wavelet coeffi-

cients of Y and NJ0 is a vector of level J0 scaling coefficients of Y .

Next, we can do the multiresolution analysis (MRA) of time-series using

the inverse MODWT to obtain the level j wavelet details Dj and wavelet

smooths Sj. The individuals components are defined as,

Dj = B̃T
j Wj and Sj = ÃT

j Vj , (9)

and the original time-series X can be expressed as a sum of the wavelet

smooth and details,

X =
J0∑

j=1
Dj + SJ0 , (10)

which allows to time-series at individual scales using the wavelet smooth

and details.

2.3 Multiscale Fama-French Three-Factor Model

The multi-scale FF3F model based on wavelet methods is found in multiple

publications (e.g. Kang, In and T. S. Kim 2017, In and S. Kim 2012, Trimech
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et al. 2009, Gençay, Selçuk and Whitcher 2005). Its primary goal is to study

the relationship captured by the FF3F model at different scales. In the

literature we find two different approaches to the multiscale analysis of the

FF3F model: the MRA-based beta decomposition and the ANOVA-based

beta decomposition.

The MRA-based decomposition has been applied by, for example, Ramsey

and Lampart (1998), who use it to decompose the relationship between

consumption and income, and between monetary aggregates and income.

Furthermore, Gençay, Selçuk and Whitcher (2005) use this approach to

create multiscale version of the CAPM, while Trimech et al. (2009) apply it

in the context of the FF3F model. The idea behind this approach is simple.

Let us take the variables and instead of looking at the average relationship

between them, decompose each one into its wavelet details and smooths

and estimate the given model at each scale separately. As the sum of the

wavelet details and smooths return the original data (Eq. 10), the link to

the original model is clear. The issue in this model is that, in the case of

the MODWT, the variance of the wavelet details and smooths do not sum

up to the variance of the original data, which might make the results more

difficult to interpret.

The ANOVA-based beta decomposition, described for example by Kang,

In and T. S. Kim (2017), utilises the wavelet-based variance and covari-

ance decomposition provided by wavelet and scaling coefficients. We believe

this is more appropriate in our case, as the variance and covariance of the

MODWT wavelet and scaling coefficients total the variance and covariance of

the original data (Eq. 8). In the rest of this chapter, the multiscale analysis

of the FF3F model using AVONA-based beta decomposition is presented in

more detail, closely following the methodology of Kang, In and T. S. Kim

(2017).

The scale-specific parameters of the FF3F model using ANOVA-based

decomposition are defined as,

βi,Wj
= V ar

(
fWj

)−1
Cov

(
fWj

, (Ri −Rf )Wj

)
, (11)
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where βi,Wj
is a vector containing scale-specific parameters of the FF3F

model, fWj
is a vector of level j wavelet coefficients of risk factors, V ar(f)Wj

is the variance–covariance matrix of fWj
and Cov

(
fWj

, (Ri −Rf )Wj

)
is a

vector containing the covariances of level j wavelet coefficients of risk factors

with level j wavelet coefficients of excess asset return.

The scale-specific parameters can also be estimated from time-series re-

gression,

(Ri −Rf )Wj
= αi,j + bi,Wj

(Rm −Rf )Wj
+ si,Wj

SMBWj
+hi,Wj

HMLWj
+ εW

i,j ,

(12)

where (Ri − Rf )Wj
, (Rm − Rf )Wj

, SMBWj
and HMLWj

are the level j

wavelet coefficients of the excess portfolio return, the excess market return,

the SMB risk factor and the HML risk factor, respectively.

Similarly, we define the ANOVA-based decomposition for scaling coeffi-

cients,

βi,Vj
= V ar

(
fVj

)−1
Cov

(
fVj
, (Ri −Rf )Vj

)
, (13)

where βi,Vj
is a vector containing scale-specific parameters of the FF3F

model, fVj
is a vector of level j scaling coefficients of risk factors, V ar(f)Vj

is

the variance–covariance matrix of fVj
and Cov

(
fVj
, (Ri −Rf )Vj

)
is a vector

containing the covariances of level j scaling coefficients of risk factors with

level j wavelet details of excess asset return.

The scale-specific parameters associated with scaling coefficients can also

be estimated from time-series regression,

(Ri−Rf )Vj
= αi,j +bi,Vj

(Rm−Rf )Vj
+si,Vj

SMBVj
+hi,Vj

HMLVj
+εV

i,j , (14)

where (Ri −Rf )Vj
, (Rm −Rf )Vj

, SMBVj
and HMLVj

are the level j scaling

coefficients of the excess portfolio return, the excess market return, the SMB

risk factor and the HML risk factor, respectively.

The original model parameters can be obtained by weighting the scale-
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specific parameters with weighing matrices,

βi = V ar (f)−1

⎛⎝ J0∑
j=1

Cov
(
fWj

, (Ri −Rf )Wj

)
+ Cov

(
fVJ0

, (Ri −Rf )VJ0

)⎞⎠ (15)

=
J0∑

j=1
ωf

Wj
βi,Wj

+ ωf
VJ0

βi,VJ0
, (16)

where f is a vector of the FF risk factors, fWj
is a vector of level j wavelet

coefficients, fVJ0
is a vector of level J0 scaling coefficients, V ar(f), V ar(fVj

)

and V ar(fWj
) are variance-covariance matrices, ωf

Wj
is the weighing matrix

for scale j wavelet coefficients and ωf
VJ0

is the weighing matrix for scale J0

scaling coefficients, which are defined as follows,

ωf
Wj

= V ar(f)−1V ar(fWj
) and ωf

Vj
= V ar(f)−1V ar(fVj

) . (17)

Moreover, given the variance preserving property of the MODWT wavelet

and scaling coefficients, it holds that the weighing matrices sum up to the

identity matrix,
Jo∑

j=1
ωf

Wj
+ ωf

VJo
= I . (18)
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3 Empirical part

3.1 Data description

To estimate the FF3F model, we use the dataset provided by Prof. Ken-

neth R. French on his website (French 2018), which contains pre-calculated

risk factors and return on different portfolios. Our goal is to replicate the

results of Fama and French (1995) and then compare them with those of

the multiscale analysis. Therefore, we use monthly data for the U.S. market

in period from July 1963 to December 1992. In addition, we also estimate

the FF3F model for the period of January 1927 to December 2003. This

returns results very similar to those of In and S. Kim (2012), which provide

a useful benchmark for our subsequent multiscale analysis. The results of

these additional estimations can be found in the Appendix and will not be

discussed in detail, as the methodology and conclusions of the regression

results analysis are very similar to those presented for our main dataset.

Despite the matching time span, our dataset is slightly different from

those used by Fama and French (1995) and In and S. Kim (2012) because of

changes in the underlying CRSP data, which are now considered more precise

than at the times of the original estimations. Therefore, our results differ

slightly from those of Fama and French (1995) and In and S. Kim (2012).

However, the differences are small, so we still can use the two studies as our

benchmarks. All of our calculations were performed in R (R Development

Core Team 2017).

Table 1 provides summary statistics of risk factors and excess return on

SL, SM, SB, BH, BM and BH portfolios. Our sample contains 354 monthly

observations of the excess market return (RM−RF), the SMB and HML risk

factors, the risk-free rate (RF) and the excess return on six market portfolios,

SL, SM, SH, BL, BM and BH, formed on size and book-to-market ratio (the

same portfolios as shown in Figure 1). The small portfolios (SL, SM and

SH) have higher average excess return and standard deviation than the big

portfolios (BL, BM and BH). Conversely, the portfolios with a low book-

to-market ratio (SL and BL) have lower average excess return and higher
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standard deviation than those with a medium or high book-to-market ratio

(SM, BM, SH and BH). The correlation between excess return on the six

portfolios is captured in Table 2 which reveals that excess return is strongly

correlated between all six portfolios.

Table 1: Summary statistics of the FF risk factors and excess portfolios return on six

portfolios formed on size and book-to-market ratio the period from July 1963 to December

1992

Statistic N Mean St. Dev. Min Pctl(25) Pctl(75) Max

RM−RF 354 0.412 4.531 −23.240 −2.185 3.480 16.100

SMB 354 0.278 2.901 −9.880 −1.272 2.047 11.030

HML 354 0.435 2.581 −10.010 −1.055 1.708 8.580

SL 354 0.470 6.885 −32.970 −3.599 4.587 23.877

SM 354 0.824 5.606 −28.576 −1.946 4.315 26.242

SH 354 1.011 5.686 −28.183 −1.913 4.303 29.984

BL 354 0.368 4.852 −23.779 −2.357 3.471 20.886

BM 354 0.403 4.297 −20.826 −1.964 2.774 16.362

BH 354 0.699 4.562 −19.981 −2.002 3.747 20.746

Table 2: Correlation matrix using Pearson’s r for excess return on six portfolios formed

on size and book-to-market ratio

SL SM SH BL BM BH

SL 1.00 0.96 0.92 0.86 0.81 0.81

SM 0.96 1.00 0.98 0.82 0.84 0.87

SH 0.92 0.98 1.00 0.76 0.81 0.89

BL 0.86 0.82 0.76 1.00 0.88 0.81

BM 0.81 0.84 0.81 0.88 1.00 0.90

BH 0.81 0.87 0.89 0.81 0.90 1.00

Focusing on the risk factors, the excess market return is the most volatile

risk factor, while the HML risk factor is the least volatile. There is no

extreme correlation between risk factors, although there is an observable
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Table 3: Correlation matrix for the FF risk factors using Pearson’s r

RM−RF SMB HML

RM−RF 1

SMB 0.363 1

HML −0.364 −0.097 1

relationship between the excess market return and the other FF risk factors,

as shown in Table 3.

3.2 Results of the original FF3F model

First, we estimate the original FF3F model from Eq. 1) for six portfolios

(SL, SM, SH, BL, BM and BH) using OLS. Table 4 presents the results

using the standard OLS estimator and compare them with those of Fama

and French (1995). The results are almost identical, and we believe that the

small differences are due to the previously discussed changes in the publicly

available dataset of Prof. French.

Next, we analyse the results in more detail, focusing on analysis of the

residuals and verifying whether the OLS assumptions are met for all six re-

gressions. For two portfolios, SM and BH, the residual analysis is included

in the Appendix. Based on the analysis of the residuals and the results of

Breusch–Pagan and Breusch–Godfrey tests, we conclude that the assump-

tion of homoscedasticity may be violated in the case of the SM and SH

portfolios. In Table 5, we present the results with Newey–West (heteros-

cedasticity and autocorrelation consistent) standard errors. These results

should be more appropriate at least in the case of the SM and SH portfolios.

Overall, the t-statistics corrected for heteroscedasticity are lower, but the

strong significance of the risk factors remains unchanged.

The HML parameter is positive for the medium and high book-to-market

portfolios. The SML parameter is positive for small portfolios and slightly

negative for big portfolios, except for the BH portfolio, where it is zero. The

21



Table 4: Comparison of our regressions results of the FF3F model with those of Fama

and French (1995)

Basic OLS estimates and t-statistics of the FF3F model (Eq. 1) for the six portfolios formed on

size and book-to-market ratio in the period from July 1963 to December 1992. In the brackets,

we show the benchmark of Fama and French (1995).

Portfolios

SL SM SH BL BM BH

ai

-0.12

(-0.12)

0.07

(0.03)

0.08

(0.06)

0.15

(0.13)

-0.07

(-0.10)

-0.05

(-0.06)

t-statistic
-2.53

(-2.48)

2.24

(0.97)

3.03

(2.49)

3.86

(3.39)

-1.24

(-1.70)

-1.00

(-1.18)

bi

1.06

(1.06)

0.97

(0.98)

1.00

(1.00)

0.99

(0.99)

0.99

(0.99)

1.05

(1.05)

t-statistic
88.70

(88.17)

119.37

(121.10)

148.83

(156.83)

101.09

(106.19)

69.93

(71.47)

86.37

(87.97)

si

1.04

(1.04)

0.84

(0.90)

0.89

(0.93)

-0.11

(-0.06)

-0.16

(-0.11)

0.04

(0.04)

t-statistic
59.18

(60.68)

71.06

(78.17)

90.9

(102.70)

-7.55

(-4.84)

-7.61

(-5.68)

2.14

(2.60)

hi

-0.31

(-0.31)

0.27

(0.26)

0.62

(0.36)

-0.37

(-0.36)

0.25

(0.25)

0.70

(0.70)

t-statistic
-15.59

(-15.27)

19.95

(19.12)

56.41

(59.55)

-23.11

(-23.42)

10.70

(10.82)

35.16

(34.91)

Adjusted R2 0.98

(0.98)

0.99

(0.99)

0.99

(0.99)

0.98

(0.98)

0.94

(0.94)

0.96

(0.96)
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Table 5: Regression results of the FF3F model on six portfolios formed on size and book-

to-market ratio

The OLS regression results of the FF3F model are calculated for six portfolios formed on size

and book-to-market ratio, including t-statistics and p-values for the null hypothesis that the

coefficient is equal to zero, in the period from July 1963 to December 1992. Newey–West

estimates of standard errors are used.

Portfolios

SL SM SH BL BM BH

ai -0.123 0.074 0.082 0.153 -0.071 -0.049

t-statistics -2.629 2.403 3.175 3.576 -1.18 -1.019

p-value 0.009 0.017 0.002 0.000 0.239 0.309

bi 1.063 0.97 0.998 0.986 0.994 1.05

t-statistics 63.499 78.566 97.011 70.286 41.817 79.18

p-value 0.000 0.000 0.000 0.000 0.000 0.000

si 1.037 0.844 0.891 -0.108 -0.158 0.038

t-statistics 42.541 50.605 70.351 -5.753 -5.247 1.742

p-value 0.000 0.000 0.000 0.000 0.000 0.082

hi -0.307 0.266 0.621 -0.371 0.25 0.702

t-statistics -11.302 10.61 30.062 -15.528 5.789 30.584

p-value 0.000 0.000 0.000 0.000 0.000 0.000

p-value of Breusch-Pagan test 0.7876 0.0321 0.000 0.1821 0.2228 0.1612

p-value of Breusch-Godfrey test 0.8197 0.6240 0.2386 0.5431 0.1026 0.7544

Adjusted R2 0.983 0.988 0.992 0.978 0.940 0.961
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market beta varies between 0.98 and 1.06. Only the BM and BH portfolios

have the zero intercept at the 95% level of confidence. In the case of the

other portfolios, the intercept is very close to zero.

We also obtain very high R2 values in all regressions, which is consist-

ent with Fama and French (1995). The reason for such high values is that

the excess returns on six portfolios formed on size and book-to-market ra-

tio are directly used in the calculation of the SMB and HML risk factors.

This practice is criticized by Lewellen, Nagel and Jay Shanken (2010) as it

eventually expresses very little about the model’s ability to explain cross-

sectional returns. As suggestion to overcome this issue, they recommend

the use of portfolios formed on different characteristics than the size and

the book-to-market ratio; for example, the beta or the industry. Despite

these issues, we conduct our analysis on six portfolios formed on size and

book-to-market portfolios, because other options do not facilitate the use

of suitable benchmark papers. Keeping in mind the pitfalls of our model

estimations, we avoid making any general statement about the ability of the

FF3F model to explain the asset returns, and in the following sections we

focus solely on understanding which time-scales have driven the results of

Fama and French (1995).

Moreover, the results are estimated on a data length of about 30 years.

Estimating the model over a long period is problematic if the parameters

vary in time. Although the coefficients are generally time-varying, Fama

and French (1996a) observe that ‘forming portfolios periodically on size,

BE/ME, [...] results in loadings on the three factors that are roughly con-

stant’. Therefore, we assume the stability of the parameters in time for the

six portfolios formed on size and book-to-market ratio, although, for future

work, this should be analysed in more detail.

3.3 Description of decomposed data

Next, we decompose the risk factors and the portfolio returns to study the

relationship captured by the original FF3F model at multiple scales. Con-
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sistent with Gençay, Selçuk and Whitcher (2005), In and S. Kim (2007,

2012), In, S. Kim and Faff (2010), Kang, In and T. S. Kim (2017) and

others, the data are decomposed using the MODWT with LA(8) wavelet.

The circular boundary condition, which assumes periodicity of the ori-

ginal time-series, is used in our calculation. We also consider the reflective

boundary condition, which consists of appending the time-series in reverse

order and assuming the periodicity of this new time-series. The impact of

boundary conditions on our results is negligible. For more information about

the boundary conditions see Bašta (2014), who discusses the effects of the

boundary conditions in more detail.

For the dataset of In and S. Kim (2012), we use level 5 decomposition,

as applied in the benchmark paper. For Fama and French (1995), level 4

decomposition is used, as it seems to be more appropriate given the length

of the time-series. Even though the threshold proposed by Kang, In and

T. S. Kim (2017) would still allow decomposition of the data up to level 5,

a more conservative approach results, for example, in reducing the impact

of boundary conditions.

Since we work with monthly data, the scales capture periodicities between

2 and 32 months in the case of wavelet coefficients and periodicities greater

than 32 in case of scaling coefficients, as summarised in Table 6.

Table 6: Overview of periodicities captured by the wavelet and scaling coefficients.

Wavelet/Scaling coefficients Periodicity

Scale 1 wavelet coefficients (W1) 2-4 months

Scale 2 wavelet coefficients (W2) 4-8 months

Scale 3 wavelet coefficients (W3) 8-16 months

Scale 4 wavelet coefficients (W4) 16-32 months

Scale 4 scaling coefficients (V4) >32 months

The summary statistics for decomposed risk factors are reported in Table

10. Lower-level wavelets coefficients are more volatile than the higher level

wavelet and scaling coefficients. The only exception is the scale 4 scaling

coefficients of the SML risk factor, which are more volatile than scale 4
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Table 7: Summary statistics of decomposed risk factors

Scale N Mean St. Dev. Min Pctl(25) Pctl(75) Max

MKT−RF 1 354 0.000 3.072 −10.860 −2.011 1.986 14.497

2 354 0.000 2.379 −11.965 −1.375 1.370 8.903

3 354 0.000 1.635 −5.703 −0.996 0.989 4.635

4 354 0.000 1.230 −3.185 −0.723 0.811 3.570

5 354 0.412 1.117 −2.943 −0.255 1.215 2.416

SMB 1 354 0.000 1.805 −6.250 −1.014 0.944 7.597

2 354 0.000 1.502 −5.477 −0.870 0.871 5.365

3 354 0.000 1.182 −2.747 −0.830 0.781 2.970

4 354 0.000 0.720 −2.124 −0.507 0.482 1.716

5 354 0.278 0.994 −2.212 −0.370 0.934 2.622

HML 1 354 0.000 1.609 −7.403 −0.962 0.939 5.022

2 354 0.000 1.321 −5.446 −0.855 0.817 4.159

3 354 0.000 1.072 −3.163 −0.666 0.617 3.406

4 354 0.000 0.776 −1.908 −0.449 0.510 2.241

5 354 0.435 0.759 −1.316 0.091 0.884 1.979

wavelet coefficients.

The variance of decomposed risk factors is examined in greater detail in

Table 8. Scale 1 and 2 wavelet coefficients capture about 74% of the total

variance of excess market return and about 66% percent of the variance of

Table 8: Variance of wavelets and scaling coefficients of the FF risk factors. The share of

individual scale variance within total variance is shown in brackets.

Scale MKT-RF SMB HML

1 9.44 (46%) 3.26 (39%) 2.59 (39%)

2 5.66 (28%) 2.25 (27%) 1.74 (26%)

3 2.67 (13%) 1.40 (17%) 1.15 (17%)

4 1.51 (7%) 0.52 (6%) 0.60 (9%)

5 1.25 (6%) 0.99 (12%) 0.58 (9%)
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the SMB and HML risk factors. Meanwhile, scale 4 wavelet coefficients and

scale 4 scaling coefficients only capture about 13 % of total variance of excess

market return and about 18% of the total variance of the SMB and HML

risk factors.

Table 9 reports the correlation between the wavelet and scaling coeffi-

cients of each risk factor, which is almost zero for all scales and risk factors.

This is due to the properties of the MODWT.

Table 9: Correlation matrices between wavelet and scaling coefficients of decomposed risk

factors using Pearson’s r

W1 W2 W3 W4 V4

MKT-RF W1 1 -0.038 -0.004 0.0002 0.001

W2 -0.038 1 -0.033 -0.010 -0.0003

W3 -0.004 -0.033 1 0.090 -0.022

W4 0.0002 -0.010 0.090 1 0.012

V4 0.001 -0.0003 -0.022 0.012 1

SML W1 1 0.015 -0.005 0.007 0.001

W2 0.015 1 -0.077 0.013 0.003

W3 -0.005 -0.077 1 -0.019 -0.008

W4 0.007 0.013 -0.019 1 0.044

V4 0.001 0.003 -0.008 0.044 1

HML d1 W1 0.035 -0.012 0.003 -0.0003

W2 0.035 1 -0.031 -0.003 -0.001

W3 -0.012 -0.031 1 -0.014 -0.008

W4 0.003 -0.003 -0.014 1 -0.012

V4 -0.0003 -0.001 -0.008 -0.012 1

The relationships between risk factors captured by the wavelet correlation

in Figure 3 illustrate the scale-by-scale correlation between the risk factors.

The excess market return and the SMB risk factor are weakly correlated at

scale 1, but the relationship is significantly stronger at scale 2, 3 and 4. The

negative correlation between the excess market return and the HML risk is
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Figure 3: Wavelet correlation between the FF risk factors. Blue lines represent upper

and lower limit of 95% confidence interval.

present at all scales considered, except for scale 4 scaling coefficients, for

which the confidence intervals are too wide. The SMB and HML risk factors

seem to have some negative relationship at scale 3 and 4, but we cannot

reject that there is no relationship between these risk factors at all scales

considered. The strong correlations revealed are interesting, as they seem

to be much weaker when calculated using the undecomposed data.

The summary statistics for decomposed excess returns on portfolios are

reported in Table 10. Similarly to the risk factors, lower level wavelet coeffi-

cients are more volatile than the higher level wavelet and scaling coefficients.

The only exception is the excess return on SH portfolio, which is more volat-

ile at scale 4 wavelet coefficients. Big portfolios have more of their excess

return variance concentrated in scale 1 wavelet coefficients and less in scale 3

wavelet coefficients and scale 4 scaling coefficients compared to small portfo-

lios. For all portfolios, scale 1 and 2 wavelet coefficients capture more than

65% of the total variation. Table 11 provides additional insights into the

variance of excess portfolio returns across different scales.
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Table 10: Summary statistics of wavelet and scaling coefficients obtained from excess

returns on six portfolios formed on size and book-to-market ratio

Scale N Mean St. Dev. Min Pctl(25) Pctl(75) Max

SL 1 354 0.000 4.251 −16.571 −2.481 2.688 15.632

2 354 0.000 3.651 −15.042 −1.860 2.300 10.478

3 354 0.000 2.878 −7.813 −1.970 1.800 7.323

4 354 0.000 2.014 −4.520 −1.252 1.335 5.647

5 354 0.470 1.913 −4.467 −0.701 1.717 4.161

SM 1 354 0.000 3.446 −14.901 −1.921 1.971 16.754

2 354 0.000 3.050 −13.292 −1.533 1.835 9.282

3 354 0.000 2.304 −6.479 −1.461 1.503 6.281

4 354 0.000 1.603 −3.944 −1.103 1.064 4.220

5 354 0.824 1.541 −3.116 −0.109 1.804 3.817

SH 1 354 0.000 3.528 −14.455 −1.957 2.055 19.466

2 354 0.000 3.116 −12.846 −1.715 1.774 9.835

3 354 0.000 2.386 −6.864 −1.506 1.557 7.788

4 354 0.000 1.494 −4.022 −1.098 1.043 3.789

5 354 1.011 1.501 −2.696 0.136 1.942 3.886

BL 1 354 0.000 3.260 −11.051 −2.380 1.924 18.155

2 354 0.000 2.547 −12.646 −1.353 1.453 9.508

3 354 0.000 1.789 −5.816 −1.094 1.131 4.522

4 354 0.000 1.341 −3.293 −0.851 0.786 3.967

5 354 0.368 1.194 −3.371 −0.384 1.255 2.251

BM 1 354 0.000 3.040 −9.341 −1.975 1.966 9.778

2 354 0.000 2.234 −11.163 −1.187 1.214 8.455

3 354 0.000 1.374 −5.386 −0.841 0.827 4.232

4 354 0.000 1.106 −3.157 −0.632 0.686 3.066

5 354 0.403 1.058 −2.209 −0.228 1.064 2.723

BH 1 354 0.000 3.182 −9.402 −1.992 1.958 12.699

2 354 0.000 2.356 −10.230 −1.341 1.393 8.052

3 354 0.000 1.656 −5.152 −1.017 0.945 5.519

4 354 0.000 1.152 −3.888 −0.750 0.710 3.405

5 354 0.699 1.032 −1.985 0.063 1.461 3.213
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Table 11: Variance of wavelets and scaling coefficients of excess return on six portfolios

formed on size and book-to-market ratio. The share of individual scale variance on total

variance is in brackets

Scale SL SM SH BL BM BH

W1 18.07 (38%) 11.88 (38%) 12.44 (39%) 10.63 (46%) 9.24 (50%) 10.12 (49%)

W2 13.33 (28%) 9.30 (30%) 9.71 (30%) 6.49 (28%) 4.99 (27%) 5.55 (27%)

W3 8.29 (18%) 5.31 (17%) 5.69 (18%) 3.20 (14%) 1.89 (10%) 2.74 (13%)

W4 4.06 (9%) 2.57 (8%) 2.23 (7%) 1.80 (8%) 1.22 (7%) 1.33 (6%)

V4 3.66 (8%) 2.37 (8%) 2.25 (7%) 1.43 (6%) 1.12 (6%) 1.07 (5%)

3.4 Results of the multiscale FF3F model

We estimate the FF3F model using OLS on the six portfolios in the same

period as previously using the ANOVA-based decomposition. In total, 30

models are estimated. Similarly to previous estimations, we also verify

whether the OLS assumptions are met. We find that heteroscedasticity

and autocorrelation is present (for more details see Table 13 in Appendix).

Therefore, we calculate Newey–West standard errors. The results of multiscale

estimation are reported in Table 12. In our preliminary analysis, we also ap-

plied the MRA-based decomposition. Its results are very similar to those

obtained with the ANOVA-based decomposition (see Table 15 in Appendix).

First, we focus on the model’s ability to explain excess portfolios return.

Similarly to the previous estimation of the original FF3F model, we obtained

a very high R2 in all regressions. The BM portfolio has the largest variation

in R2 across different scales. In this case, the FF3F model explains the excess

portfolio return more poorly on scale 2, 3 and 4 wavelet coefficients than on

scale 1 wavelet coefficients and scale 4 scaling coefficients. The remaining

portfolios exhibit minimal variation in R2 across scales. In short, the FF3F

model explains the variation in excess return on six portfolios formed on

size and book-to-market ratio in the period considered by Fama and French

(1995) almost equally well at all scales considered.

Second, the significance of the majority of the coefficients remains un-

changed compared to the original FF3F model. The only exceptions are
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Table 12: Results of the multiscale FF3F model estimate of wavelet and scaling coefficients

for six portfolios formed on size and book-to-market ratio in the period from July 1963 to

December 1992. The final column contains the weighted sum of scale-specific parameters,

which equal to the original parameters (see weighing matrices in Table 14 in Appendix).
W1 W2 W3 W4 V4 *

SL αi 0.00 0.00 0.00 0.00 -0.05
t-statistics 0.00 0.00 0.00 0.00 -0.26
bi 1.11 1.02 1.00 1.03 0.97 1.06
t-statistics 48.91 55.57 49.94 16.66 4.12
si 0.99 1.10 1.08 1.08 1.09 1.04
t-statistics 24.96 35.89 42.38 15.13 7.73
hi -0.26 -0.30 -0.37 -0.33 -0.42 -0.31
t-statistics -6.61 -8.48 -12.75 -6.92 -0.91
Adjusted R2 0.98 0.99 0.99 0.99 0.98

SM αi 0.00 0.00 0.00 0.00 0.05
t-statistics 0.00 0.00 0.00 0.00 0.35
bi 0.96 0.97 0.98 1.01 1.02 0.97
t-statistics 60.20 67.22 58.63 25.12 11.35
si 0.85 0.86 0.80 0.81 0.82 0.84
t-statistics 46.34 31.34 38.36 11.69 8.36
hi 0.29 0.27 0.23 0.22 0.29 0.27
t-statistics 7.83 7.04 7.54 3.81 1.51
Adjusted R2 0.99 0.99 0.99 0.99 0.99

SH αi 0.00 0.00 0.00 0.00 0.08
t-statistics 0.00 0.00 0.00 0.00 0.55
bi 0.99 1.01 1.03 0.98 0.99 1.00
t-statistics 75.52 82.32 59.43 16.46 14.13
si 0.91 0.89 0.88 0.84 0.86 0.89
t-statistics 44.61 54.43 28.29 9.84 12.11
hi 0.58 0.64 0.65 0.60 0.67 0.62
t-statistics 23.64 27.69 19.16 8.08 6.45
Adjusted R2 0.99 0.99 0.99 0.99 1.00

BL αi 0.00 0.00 0.00 0.00 0.15
t-statistics 0.00 0.00 0.00 0.00 0.69
bi 0.96 1.00 1.06 0.98 1.00 0.99
t-statistics 53.76 55.71 91.85 19.22 12.57
si -0.09 -0.11 -0.13 -0.14 -0.20 -0.11
t-statistics -2.90 -5.95 -4.50 -1.60 -3.29
hi -0.40 -0.37 -0.30 -0.41 -0.32 -0.37
t-statistics -13.40 -12.12 -16.15 -3.00 -1.64
Adjusted R2 0.98 0.98 0.98 0.98 0.98

BM αi 0.00 0.00 0.00 0.00 -0.09
t-statistics 0.00 0.00 0.00 0.00 -0.25
bi 1.01 1.00 0.93 1.03 0.99 0.99
t-statistics 37.12 37.87 27.60 19.71 4.55
si -0.16 -0.15 -0.19 -0.23 -0.07 -0.16
t-statistics -4.12 -3.54 -3.50 -3.66 -0.64
hi 0.26 0.30 0.15 0.25 0.25 0.25
t-statistics 5.09 4.07 2.68 1.69 0.79
Adjusted R2 0.95 0.93 0.93 0.96 0.92

BH αi 0.00 0.00 0.00 0.00 0.02
t-statistics 0.00 0.00 0.00 0.00 0.11
bi 1.08 1.00 1.03 1.03 0.98 1.05
t-statistics 57.74 48.45 47.37 15.46 10.24
si 0.00 0.10 0.08 0.10 0.03 0.04
t-statistics -0.07 3.57 3.68 1.68 0.11
hi 0.75 0.68 0.68 0.66 0.60 0.70
t-statistics 18.89 22.40 30.05 5.99 2.81
Adjusted R2 0.96 0.96 0.97 0.97 0.97
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the HML risk factor for the BM portfolio, which becomes insignificant with

scale 4 wavelet coefficients and scale 4 scaling coefficients, and the SMB

risk factor for the BH portfolio, which becomes significant at scale 2 and 3

wavelet coefficients.

Third, we compare the coefficients at different scales in detail. The para-

meter of excess market return at scale 1 wavelet coefficients is much higher

for the SL and BM portfolios. The SH and BL portfolios have a peak at scale

3 wavelet coefficients. For the BM portfolios, this parameter is the lowest at

scale 2 wavelet coefficients, while for the SM portfolio it is increasing. The

HML parameter behaves similarly. For the SL and BH portfolios, the HML

parameter is the highest at scale 1 wavelet coefficients. The SH and BL

portfolios have peak at scale 3 wavelet coefficients. For the BM portfolio,

it reaches its lowest value at scale 3 wavelet coefficients. In case of the SM

portfolio, the parameter increases. The SMB parameter is the highest at

scale 1 and 2 wavelet coefficients for the SM and BM portfolios, the low-

est at scale 1 and 2 wavelet coefficients for the SL and BH portfolio, and

decreases for the BL and SH portfolios. Overall, the most extremes values

are associated with the scale 1 and 3 wavelet coefficients and the paramet-

ers vary significantly between different scales, which suggests that the FF3F

model captures some scale-specific relationships.

The estimates for the benchmark of In and S. Kim (2012) exhibit the same

significance level, and its variation between portfolios and scales is almost

identical to that of our main dataset (see Table 19 in Appendix). However,

the coefficients for the same portfolios and scales are slightly different. This

may indicate that the assumption of coefficient stability in time is not met

for portfolios formed on size and book-to-market ratio in the case of very

long time periods, or simply that the historical data quality is rather poor.

This issue thus requires more attention in future research.

Finally, we compare our results with other papers. Kang, In and T. S.

Kim (2017) argue that the empirical success of the FF3F model is mainly

due to wavelet scale 3. However, for the case of six size and book-to-market
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portfolios, it seems that no such relationship exists. Trimech et al. (2009)

evaluate the multiscale FF3F model on the same portfolios in the French

market using the MRA-based beta decomposition. They found greater vari-

ation in parameters and R2 across scales. This can be explained by the

smaller empirical power of the FF3F model in the French market than in

the U.S. market, which is present particularly at short time horizons. The

results suggest that the differences in the empirical power of the FF3F model

for six size and book-to-market portfolios in the French and U.S. market may

be mainly due to components in short scales. Additional analysis would be

required to verify this, which is beyond the scope of this thesis.
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Conclusion

This thesis studies the relationship captured by the Fama-French three-

factor model at multiple time horizons using wavelet-based methods. The

results presented by Fama and French (1995) are re-examined and extended

into the time–frequency domain and the results of In and S. Kim (2012)

serve as a benchmark. We analyse the decomposed data in detail and find

interesting patterns in the scale-specific parameters. The main contribution

lies in providing original results of multiscale estimation of the FF3F model

as well as discussing some of the scale-specific features of the relationship

between the FF risk factors and excess returns on six portfolios formed on

size and book-to-market ratio.

The multiscale analysis provides additional details about the original res-

ults, which remain hidden to analysis in the time domain only. Wavelet-

based decomposition of variance of the portfolio returns and risk factors

shows that more than 65% of the total variance is concentrated in scale 1

and 2 wavelet coefficients for all these time-series. Moreover, the correlation

between some risk factors varies across scales. Namely, the excess market

return and SMB risk factor become strongly correlated at scale 2, 3 and 4;

no such relationship is apparent from the original data.

Most importantly, the estimation of the multiscale FF3F model demon-

strates that the parameters vary across different scales. The most significant

of the changes in estimated parameters are the HML risk factor for the BM

portfolio, which is not significant at scale 4 wavelet and scaling coefficients,

and the SMB risk factor for BH portfolio, which is significant only at scale 2

and 3 wavelet coefficients. An interesting relationship seems to be hidden at

scale 1 and 3 wavelet coefficients, where the majority of peaks and troughs

are located.

Contrary to existing literature, we do not conclude that the FF3F model

performs better at any particular scale. We note that mainly the estimates

on scale 1 and 3 wavelet coefficients are significantly different, but that

these differences are not translated into higher or lower explanatory power.
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Overall, the FF3F model exhibits extremely high explanatory power for all

portfolios and scales considered, which is mostly due to how the portfolios

are formed. Our findings are specific to the six size and book-to-market

portfolios, hence they may change for different portfolios.

In addition, we find that recent improvements to underlying CRSP data-

set, which was used by both of our benchmark papers, had no significant

impact on results of the FF3F model.

This thesis leaves many questions open for future research. First, some of

our assumptions should be revisited, especially the assumption concerning

the stability of the FF3F model parameters estimated on the size and book-

to-market portfolios. Our results suggest that in the case of the very long

period, the parameters slightly change. As this assumption is fairly common

in the existing literature, it warrants examination in more detail. Second, the

sources of the high R2 should be properly identified and the estimation setup

should be modified accordingly. Third, the results could be obtained for

more recent periods, for other portfolios and for other countries. We expect

the multiscale analysis to be more interesting when the link between the

risk factors and portfolios is not as tight as in our work. Finally, the Fama-

MacBeth regression could be applied to examine the relationship between

the risk factors and average excess returns.

We believe that this thesis provides an interesting analysis of the relation-

ship captured in the FF3F model and offers original results of the multiscale

FF3F model estimation, which may be of interest for other researchers and

serve as a useful starting point for future work.
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Appendix A

Figure 4: Risk factors and portfolios return in period from January 1980 to January 1983
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Figure 5: True vs fitted values for the BH portfolio

Figure 6: Normal Q-Q plot for the BH portfolio

Figure 7: Histogram of residuals for the BH portfolio
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Figure 8: True vs fitted values for the SM portfolio

Figure 9: Normal Q-Q plot for the SM portfolio

Figure 10: Histogram of residuals for the SM portfolio
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Figure 11: Wavelet and scaling coefficients of decomposed excess market return in period

from from July 1963 to December 1992 are plotted in rows 1-5. The original time-series

is plotted in the last row.
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Figure 12: Wavelet and scaling coefficients of decomposed excess return on the SL portfo-

lio in period from from July 1963 to December 1992 are plotted in rows 1-5. The original

time-series is plotted in the last row.
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Figure 13: Wavelet correlation of excess returns on 6 portfolios formed on size and book-

to-market ratio in period from from July 1963 to December 1992. Scale is plotted on

the horizontal axis, correlation on the vertical axis. Blue lines represent upper and lower

limit of the 95% confidence interval
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Table 13: Table shows p-values for Breusch-Pagan and Breusch-Godfrey tests for models

estimated in Table 12

W1 W2 W3 W4 V4

SL Breusch-Pagan test 0.007 0.953 0.344 0.000 0.000

SL Breusch-Godfrey test 0.000 0.000 0.000 0.000 0.000

SM Breusch-Pagan test 0.002 0.454 0.001 0.002 0.000

SM Breusch-Godfrey test 0.000 0.000 0.000 0.000 0.000

SH Breusch-Pagan test 0.189 0.283 0.293 0.506 0.000

SH Breusch-Godfrey test 0.000 0.000 0.000 0.000 0.000

BL Breusch-Pagan test 0.368 0.586 0.974 0.079 0.000

BL Breusch-Godfrey test 0.000 0.000 0.000 0.000 0.000

BM Breusch-Pagan test 0.000 0.760 0.911 0.363 0.030

BM Breusch-Godfrey test 0.000 0.000 0.000 0.000 0.000

BH Breusch-Pagan test 0.183 0.849 0.555 0.000 0.000

BH Breusch-Godfrey test 0.000 0.000 0.000 0.000 0.000
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Table 14: Weighing matrices for the multiscale FF3F model are presented bellow. Note

that the scale 1 and 2 wavelet coefficients have the most influence on the original para-

meters.

W1 W2

MKT-RF SMB HML MKT-RF SMB HML

MKT-RF 0.52 -0.05 -0.01 MKT-RF 0.27 0.03 -0.00

SMB -0.19 0.42 0.04 SMB 0.04 0.26 0.02

HML 0.05 0.02 0.39 HML 0.01 0.03 0.26

W3 W4

MKT-RF SMB HML MKT−RF SMB HML

MKT-RF 0.10 0.03 0.02 MKT−RF 0.06 0.01 -0.00

SMB 0.10 0.15 -0.04 SMB 0.03 0.05 -0.02

HML d3 -0.02 -0.02 0.18 HML -0.03 -0.02 0.09

V4

MKT-RF SMB HML

MKT-RF 0.05 -0.01 0.00

SMB 0.01 0.12 -0.01

HML -0.01 -0.01 0.09
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Table 15: Results of the multiscale FF3F model using MRA decomposition for 6 portfolios

formed on size and book-to-market ratio in the period from July 1963 to December 1992
W1 W2 W3 W4 V5

SL αi 0.000 -0.000 -0.000 0.000 -0.042
t-statistics 0.000 -0.000 -0.000 0.000 -0.260
bi 1.115 1.009 0.993 1.028 0.956
t-statistics 42.439 57.435 30.055 14.753 3.925
si 0.988 1.116 1.087 1.104 1.094
t-statistics 21.124 31.865 22.629 18.258 11.077
hi -0.266 -0.315 -0.373 -0.340 -0.428
t-statistics -5.658 -8.639 -8.112 -5.541 -1.080
Adjusted R2 0.979 0.986 0.989 0.994 0.983

SM αi 0.000 -0.000 -0.000 0.000 0.048
t-statistics 0.000 -0.000 -0.000 0.000 0.309
bi 0.961 0.971 0.986 1.014 1.018
t-statistics 55.558 66.405 85.298 22.733 12.196
si 0.848 0.866 0.780 0.818 0.820
t-statistics 42.139 28.790 35.099 9.716 7.952
hi 0.287 0.269 0.233 0.216 0.294
t-statistics 7.305 6.418 8.847 3.704 1.420
Adjusted R2 0.986 0.988 0.993 0.994 0.995

SH αi 0.000 0.000 -0.000 0.000 0.074
t-statistics 0.000 0.000 -0.000 0.000 0.491
bi 0.985 1.009 1.036 0.972 0.985
t-statistics 69.954 78.530 61.911 8.828 11.488
si 0.908 0.883 0.887 0.818 0.858
t-statistics 41.771 50.153 23.872 7.822 8.175
hi 0.580 0.652 0.656 0.581 0.675
t-statistics 22.893 26.982 21.653 3.819 2.945
Adjusted R2 0.991 0.994 0.995 0.991 0.996

BL αi 0.000 -0.000 0.000 0.000 0.144
t-statistics 0.000 -0.000 0.000 0.000 0.359
bi 0.959 0.995 1.069 0.953 1.005
t-statistics 47.943 52.788 53.453 14.040 7.902
si -0.092 -0.115 -0.127 -0.149 -0.202
t-statistics -2.581 -5.789 -4.154 -1.697 -2.930
hi -0.407 -0.374 -0.290 -0.448 -0.309
t-statistics -11.795 -11.600 -22.337 -2.646 -1.101
Adjusted R2 0.976 0.984 0.980 0.978 0.978

BM αi 0.000 0.000 -0.000 0.000 -0.096
t-statistics 0.000 0.000 -0.000 0.000 -0.173
bi 1.013 1.000 0.931 1.053 0.976
t-statistics 32.746 38.396 129.102 17.732 2.311
si -0.151 -0.136 -0.198 -0.256 -0.059
t-statistics -3.174 -3.015 -16.944 -5.517 -0.342
hi 0.262 0.318 0.123 0.272 0.259
t-statistics 4.409 4.004 11.976 1.819 0.505
Adjusted R2 0.948 0.937 0.930 0.965 0.916

BH αi 0.000 -0.000 -0.000 0.000 0.029
t-statistics 0.000 -0.000 -0.000 0.000 0.083
bi 1.089 0.993 1.019 1.011 0.978
t-statistics 50.054 48.185 36.734 13.732 4.365
si -0.010 0.115 0.077 0.136 0.034
t-statistics -0.257 3.539 2.006 2.871 0.086
hi 0.748 0.662 0.683 0.634 0.593
t-statistics 16.467 19.816 21.823 5.470 1.150
Adjusted R2 0.963 0.960 0.973 0.967 0.962
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Appendix B

Table 16: Summary statistics of the FF3F factors and excess return on 6 portfolios in

period from January 1927 to December 2003

N Mean St. Dev. Min Pctl(25) Pctl(75) Max

MKT-RF 924 0.650 5.570 −29.130 −2.150 3.852 38.850

SMB 924 0.232 3.349 −16.880 −1.562 1.830 36.700

HML 924 0.450 3.646 −13.280 −1.290 1.862 35.460

SL 924 0.710 7.852 −32.970 −3.460 4.862 59.898

SM 924 1.008 7.272 −30.082 −2.261 4.413 62.157

SH 924 1.260 8.532 −33.859 −2.337 4.638 83.545

BL 924 0.613 5.553 −28.897 −2.292 3.710 33.639

BM 924 0.700 5.920 −28.179 −1.940 3.363 51.793

BH 924 0.956 7.440 −35.143 −2.346 4.173 67.755

Table 17: Correlation matrix of the FF3F factors in period from January 1927 to Decem-

ber 2003
MKT−RF SMB HML

MKT−RF 1

SMB 0.314 1

HML 0.237 0.123 1
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Table 18: Regression results of the FF3F model for 6 portfolios formed on size and book-

to-market ratio in period from January 1927 to December 2003. Results of In and S. Kim

(2012) are reported in brackets.

Dependent variable:

SL SM SH BL BM BH

ai

-0.155

(-0.185)

0.043

(0.066)

0.018

(0.089)

0.067

(0.147)

-0.061

(-0.052)

-0.112

(-0.127)

t-statistics -3.725 1.172 0.72 2.678 -1.398 -2.598

bi

1.089

(1.084)

0.984

(0.978)

1.027

(1.010)

1.027

(0.992)

0.984

(1.015)

1.088

(1.065)

t-statistics 136.562 140.943 215.549 213.263 117.424 131.381

si

1.038

(1.016)

0.815

(0.805)

0.933

(0.850)

-0.088

(-0.176)

-0.144

(-0.146)

0.017

(-0.009)

t-statistics 79.964 71.698 120.258 -11.252 -10.523 1.227

hi

-0.187

(-0.258)

0.302

(0.388)

0.796

(0.695)

-0.225

(-0.296)

0.345

(0.370)

0.795

(0.751)

t-statistics -16.009 29.646 114.267 -32.03 28.129 65.697

Adjusted R2 0.975

(0.980)

0.977

(0.976)

0.992

(0.987)

0.981

(0.972)

0.951

(0.923)

0.969

(0.946)
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Table 19: Results of multiscale FF3F model using ANOVA decomposition for 6 portfolios

formed on size and book-to-market ratio in the period from January 1927 to December

2003. Results are very close to those of In and S. Kim (2012, p120).
W1 W2 W3 W4 V4

SL αi 0.00 0.00 0.00 0.00 -0.18
t-statistics 0.00 0.00 0.00 0.00 -0.64
bi 1.10 1.06 1.09 1.12 1.10
t-statistics 62.27 56.99 29.82 24.45 6.58
si 1.01 1.07 1.04 1.03 1.14
t-statistics 44.96 41.02 29.03 20.52 8.04
hi -0.20 -0.17 -0.15 -0.21 -0.20
t-statistics -7.60 -5.72 -3.20 -5.90 -1.70
Adjusted R2 0.97 0.98 0.98 0.98 0.98

SM αi 0.00 0.00 0.00 0.00 0.03
t-statistics 0.00 0.00 0.00 0.00 0.23
bi 0.97 0.98 1.00 1.01 0.99
t-statistics 49.03 53.25 66.39 31.50 7.57
si 0.79 0.82 0.85 0.81 0.85
t-statistics 30.35 16.30 24.08 9.99 5.71
hi 0.28 0.31 0.33 0.30 0.30
t-statistics 6.33 11.14 12.00 2.31 1.73
Adjusted R2 0.97 0.98 0.99 0.98 0.98

SH αi 0.00 0.00 0.00 0.00 0.02
t-statistics 0.00 0.00 0.00 0.00 0.09
bi 1.01 1.05 1.05 1.04 1.01
t-statistics 100.14 98.07 65.31 39.46 17.19
si 0.95 0.90 0.93 0.85 0.95
t-statistics 31.64 57.72 40.67 21.59 6.54
hi 0.79 0.79 0.80 0.76 0.81
t-statistics 22.28 33.06 33.24 21.23 14.09
Adjusted R2 0.99 0.99 1.00 0.99 0.99

BL αi 0.00 0.00 0.00 0.00 0.08
t-statistics 0.00 0.00 0.00 0.00 0.31
bi 1.02 1.04 1.05 1.04 1.01
t-statistics 99.80 119.13 107.85 71.27 25.58
si -0.07 -0.11 -0.09 -0.16 -0.13
t-statistics -2.48 -4.40 -5.01 -4.32 -0.92
hi -0.23 -0.23 -0.23 -0.24 -0.21
t-statistics -10.71 -12.74 -14.55 -7.14 -2.89
Adjusted R2 0.98 0.99 0.98 0.98 0.98

BM αi 0.00 0.00 0.00 0.00 -0.10
t-statistics 0.00 0.00 0.00 0.00 -0.17
bi 0.96 1.00 0.99 1.01 0.99
t-statistics 46.65 38.06 31.33 15.67 3.01
si -0.18 -0.15 -0.11 -0.17 -0.01
t-statistics -4.72 -4.10 -3.23 -2.12 -0.01
hi 0.32 0.35 0.39 0.31 0.35
t-statistics 7.49 8.09 8.46 3.03 2.16
Adjusted R2 0.95 0.96 0.96 0.94 0.93

BH αi 0.00 0.00 0.00 0.00 -0.12
t-statistics 0.00 0.00 0.00 0.00 -0.39
bi 1.10 1.05 1.08 1.11 1.09
t-statistics 60.25 53.30 29.70 35.27 5.13
si -0.01 0.05 0.04 0.02 0.06
t-statistics -0.53 1.31 1.14 0.36 0.40
hi 0.79 0.81 0.82 0.78 0.78
t-statistics 23.86 37.11 25.18 16.86 10.07
Adjusted R2 0.96 0.97 0.98 0.97 0.97
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