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Introduction

Galois theory emerged in the 19th century as a means to study algebraic equations
and it remains an important part of modern algebra. The central object of Galois
theory is the Galois group. Given a polynomial f(z) € Z[z], the Galois group of
f is defined to be the group of automorphisms of the splitting field of f. In this
thesis, we study algorithms to determine the structure of the Galois group over
Q, given the polynomial f. There are methods to determine the Galois group
over a number field or function field too (see [9]).

Van der Waerden [25, p. 189] showed that the problem of finding the Galois
group can be reduced to the problem of multivariate polynomial factorization.
This result is presented in the second chapter of this thesis as Theorem 2.14.
Still, it’s importance is rather theoretical than practical. Other more efficient
algorithms are presented next. There are, in essence, two sorts of such algorithms:
numerical and symbolic. The most notable example of the first is the Stauduhar’s
algorithm. [23]. It involves numerical computations with the roots of f. We
present this method at the end of the second chapter. An example of a symbolic
algorithm for the computation of the Galois group is the modular method by K.
Yokoyama. [26]. It’s largely based on the Stauduhar’s algorithm but it doesn’t
involve numerical computations. Instead, p-adic approximations to the roots of
f are used. The careful explanation of this algorithm constitutes the bulk of this
thesis.

Applications of these algorithms include a modular method for computing the
splitting field of an integral polynomial, which builds on Yokoyama’s modular
algorithm. [21]. The age-old question of whether a given polynomial is solvable
by radicals is addressed in [27]. Another example is given later (see Note 2.22).
For implementations, the reader can refer to the computer algebra system GAP,
which solves the problem of finding the Galois group for polynomials of degree
up to 15. It uses algorithms from [22]. The modular algorithm by Yokoyama is
implemented in the computer algebra system ASIR (for polynomials of degree up
to 8). [18]. It’s also used in other, more advanced, algorithms such as [10].

This thesis is a compilation of known results. The author’s merit consists
of solving exercises and giving proofs that were omitted in the original articles.
Such occurrences are recorded throughout the text (for example, see Note 2.39,
Note 3.25, Note 3.50).



Chapter 1

Preliminaries

1.1 The field of p-adic numbers

Let p € N stand for a prime number.

Theorem 1.1 ([13], Theorem 1.30). Let Q, consist of formal sums

el .
> i,
1=z

where z € Z, a; € {0,...,p— 1} for i > z, and a, # 0. In Q,, operations of ad-
dition, multiplication, and division are defined by Algorithm 1,2, 3, respectively.
These give a field structure on Q,. The additive identity is 0 = 0p° and the
multiplicative identity is 1 = 1p°. We call Q, the field of p-adic numbers.

Before describing the algorithms, let’s introduce some notation. For

o0
Zaipze(@p, nez, z<n,

1=z
we define

0 .
a mod p" :=>_aip’,
1=z

where
, a; if z<i1<mn,
a, = :
¢ 0 otherwise.

It will be a helpful convention to set a; := 0 for all i < z. Firstly, addition in
Q, is done in practically the same way as how natural numbers in base p are
added. This is formalised in Algorithm 1. Algorithm 2 specifies the operation of
multiplication.



Algorithm 1 Addition in Q,

Input: a =32 a;p’, b=, bp' € Qp, n € Z such that z < 2/ <n
Output: (a+ b) mod p"

1:. £k:=0

2: fori==z2,...,n—1do
3: CZ:CLZ—Fbl—Fk

4: if ¢; > p then

5: C; = C,— P

6: k=1

7. else

8: k:=0

9: end if

10: end for

11: return 7! c;p’

Algorithm 2 Multiplication in Q,

Input: a =32 a;p’, b=, bp" € Qy, n € Z such that z + 2’ <n
Output: a-b mod p"

1 k=0

2:fori=z+2,....n—1do
5= (Sjepia by) +k

¢; = s mod p

k:=(s—c¢)divp

. end for

D

return "' ¢pf

=




It’s easy to verify that the additive inverse of 1 is

“1=@-p"+@—-1p" + - 1p*+-

Hence it’s possible to find the additive inverse of any element a € QQ,, by executing
Algorithm 2 to compute
—a=(-1)-a.

Finally, here’s the division algorithm.

Algorithm 3 Division in Q,
Input: a =32 a;p’, b=3>2,bp"' € Qy,n € Nsuchthat b,y # 0and z—2' <n

Output: a/b mod p”
1: Find g € {1,...,p— 1} such that b,, - =1 (mod p)
2: d= Z?jj' d;p' := a mod pn+z’+1
3: forj=z2—2,...,n—1do
4 ¢ =[ djr» modp
5 d= Z?:jiz’+1 dip' == (d+ (—1) - (¢;p?) - b) mod pr+=+1
6: end for

7. return Y7'  cpt

Before we close this section, note that
0 .
Zp: {Zaipl E@p | ZZO}
1=z

is a subring of Q,; it’s called the ring of p-adic integers. The ring of rational
integers Z is contained in Z, via the embedding

n
Z Z dip',
i=0

where Y% d;p" is the p-adic expansion of z € Z. The field Q of rational numbers
is therefore contained in @Q,, as Q is the quotient field of Z.



1.2 On idempotents

Definition 1.2. Let R be a commutative ring. An element 0 # e € R is called
an idempotent if e = e2. Two idempotents e, f € R are orthogonal if ef = 0.
An idempotent is said to be primitive if it is not the sum of non-zero orthogonal
idempotents.

Lemma 1.3 ([19], p. 42). Let R be a commutative ring and e, f € R distinct
primitive idempotents. Then ef = 0.

Proof. If we express

e=ef+(e—ef), f=ef+(f—ef)

it’s clear that, since e and f are primitive, ef # 0 would imply
e—ef=f—ef =0,

hence e = f, a contradiction. O

Lemma 1.4. If R is a field then 1 is the only (hence primitive) idempotent in R.

Proof. Let 0 # r € R be an idempotent. Then r =7 -1 =r(rr=!) = (rr)r-! =
rrl =1 u

Proposition 1.5. Let Fi, ..., Fi, k € N, be fields. Then the ring
R=F x---X Fk

has exactly k primitive idempotents ey, ..., er. Moreover,

k

> e =1. (1.1)

i=1

Proof. By Lemma 1.4, ¢; := (1,0,...,0),e3:= (0,1,...,0),...,ex:=(0,0,...,1) €
R are all primitive idempotents and (1.1) clearly holds. Now consider a primitive
idempotent e € R. Suppose that e # e; for every i = 1,... k. We derive a
contradiction. By Lemma 1.3, ee; = 0 for every i. Hence

e=e-1=eleg+---+e) =0,

a contradiction. O

1.3 The Chinese Remainder Theorem

Theorem 1.6 (Chinese Remainder Theorem). Let R be a commutative ring,
My, ..., M, C R ideals such that M; + M; = R whenever ¢ # j and let

k
i=1

Then
r+ M= (r+ My,...,r+ M)

is an isomorphism between

R/M = R/M; x -+ x R/Mj.

6



1.4 Group actions

Definition 1.7. Let G be a group, 2 a set, and S(2) the symmetric group on .
A group action of G on Q is a homomorphism ¢ : G — S(Q2). For g € G, w € )
we shall denote g(w) := ¢(g)(w). The action ¢ is called faithful if Ker(¢) = 1.

Lemma 1.8 ([8], Lemma 7.2, p. 43). Let ¢ : G — S(€2) be a group action. Let
wi,ws € Q. There’s an equivalence relation ~ on €2 defined by w; ~ wy iff there’s
g € Gs.t. glwy) =ws. The set G, ={g € G | g(w1) = w1} is a subgroup of G.

Definition 1.9. The equivalence classes of ~ are called orbits of ¢. Say that
the action ¢ is transitive if there’s only one orbit of ¢. The group G, called the
stabilizer of w, w € Q. A subgroup of S, is transitive if its action on {1,...,n}
is transitive.

Lemma 1.10. Let ¢ : G — S(Q2) be a group action of G on €. For every w € Q
denote by [w] the orbit of w. Then |[w]| = [G : G, ] and |G| = |Gy ||[w]|-

Proof. The first assertion is proved in [8] (Lemma 7.4). The rest follows from
Langrange’s theorem. O]

Let R be a commutative ring. An example of a group action we’ll encounter

later on is the action of the symmetric group S, on R[z1,...,z,], n € N, defined
by

T (f(@r, ., 20) = f(@r@)ys - Trm)))- (1.2)
In other words, given 7 € S,,, the indeterminates of polynomials in Rz, ..., z,]

are permuted according to 7. To denote this action, we use the symbol x;
T f(x1,...,2,) = f(Trq), .. Tr(n)), Where f € R[z1,..., 2], TES,.

Proposition 1.11. Let R be a commutative ring. For every o,7 € &, and
f S R[xl,...,xn],
ox (7% f) = (07) * f.

The map f — 7 x f is an automorphism of R[xq,...,x,].

Proof. The first part follows from o* (7% f) = 0% f(y-(1), - - -, Yr(n) = [ Wo(r(1))s - - - Yo(r(n)) =
(o7) % f and the rest is a matter of direct verification. O

1.5 Symmetric polynomials

In this section, R denotes a commutative ring.

Definition 1.12. Using the notation from the previous section, polynomial f €
Rlxy,...,x,] is symmetric if 7% f = f for every 7 € S,,.

Definition 1.13. Let sy,...,s, € R[z1,...,x,] be polynomials defined as

$1(T1,. .y xp) =21+ 22+ + 2y

$9(T1,. s ) = 21T + 213+ T1Ty + ToTz + o+ Ty 1Ty
$3(X1, ..., Tn) = T1X2T3 + T1To%s + -+ + Tp_oTp_1Ty,

Sp(T1y .oy Tp) = X1+ - Ty,

Then s; is called the i-th elementary symmetric polynomial.

7



The following is called the fundamental theorem of symmetric polynomials.
Its proof can be found in [20, Véta 3.11]

Theorem 1.14. Let f € R[zy,...,x,] be symmetric. There exists a polynomial
g € R[xq,...,x,] such that f(xq,...,2,) = g(s1(x1,. .., 2n), ..., Su(T1, ..o, T0)).

Lemma 1.15 (Universal property of polynomial rings). Let R, S be rings, ¢ :
R — S a homomorphism, and s;,...,s, € S. Then there’s a unique homomor-
phism

w : R[I’l,...,ﬂfn] — S

such that ¢ [r = ¢ and ¥ (x1) = s1,...,¢(z,) = sp.

1.6 Field extensions and homomorphisms

Let L/K be a field extension, a« € L. Then K(«) denotes the smallest subfield
of L that contains K and a. If « is algebraic over F' (i.e. « is a root of a nonzero
polynomial in K[z]) then K(a) = {f(«) | f € K|x]}.

Lemma 1.16. Let L/K be a field extension. If a, 8 € L are both roots of an
irreducible polynomial f € K[z] then there exists a K-isomorphism ¢ : K (a) —
K(B) such that ¢(a) = f.

Proof. Tt can be verified in a straightforward way that ¢ : g(«) — g(3) is a well
defined field homomorphism and it’s clear that ¢(a) = f. O

Lemma 1.17. Let K C Ly, Ly be fields and ¢ : L; — L5 a field homomorphism
such that ¢[x = idg. If f € K[z] and o € Ly then f(a) =0 iff f(é()) =0.

Proof. If f(a) = 0 then 0 = ¢(f(a)) = f(¢(a)) because ¢ is a homomorphisim
fixing K. The other direction is true because ¢ is injective. [l

The proof of the following proposition relies on the Zorn’s lemma and is com-
monly presented in courses on commutative rings.

Proposition 1.18. Let K, L be fields. Suppose K is an algebraic closure of both
K and L. If ¢ : K — L is a field homomorphism, ¢ # 0, then there exists

Y € Aut(K) such that ¥ [x = ¢.

1.7 Separable and normal field extensions

Throughout the rest of this chapter, let K denote an algebraic closure of a field
K.

Definition 1.19. Let K C L C K be fields. We say that f € K[z] is a separable
polynomial if f has no multiple roots in K. An element o € K is separable over
K if mq i, the minimal polynomial of a over K, is a separable polynomial. The
extension L/K is separable if every element of L is separable. A homomorphism

¢ : L — K is called a K-homomorphism if its restriction to K is the identity map
on K.



Lemma 1.20. Let f(z) € K[z], char(K) = 0. Then f is separable iff ged(f, f') =
1.

Lemma 1.21. Let L/K be an algebraic field extension with char(K) = 0. Then
L/K is separable.

Proof. For every a € L, mq  is irreducible and the formal derivative my, r is a
nonzero polynomial. The polynomials mq,r, m;, o are therefore coprime and the
minimal polynomial of o has no multiple roots. O

Denote by Hompg(L,K) the set {¢ : L — K | ¢ is a K-homomorphism}.
Separable field extensions are characterized as follows.

Proposition 1.22. Let L/K be a finite field extension. Then |[Homg (L,K)| <
[L : K]. Furthermore, the following statements are equivalent

(i) L/K is separable
(i) L = K(ay,...,a;) where ay,...,a, € L are separable over K
(iii) |[Homg(L,K)|=[L: K]
Proof. See [7], Lemma I1.2.3 and Proposition 11.2.4. O

The proof of the following can also be found in [7, p. 32|, stated as Theorem
I1.3.1.

Theorem 1.23 (Primitive element theorem). Let L/K be finite and separable.
Then there exists § € L such that L = K(0).

Definition 1.24. Let K C L C K be fields. We say that L is normal over K if,
for every o € Homy (L, K ), the equality o(L) = L holds. The set

Gal(L/K) = {¢ € Aut(L) | oIk = idc}

is called the Galois group of the extension L/K. It’s clearly a subgroup of the
symmetric group on L.

Remark 1.25. We have Gal(L/K) C Homg(L,K ) and Gal(L/K) = Homg (L, K )
iff L is normal over K. Hence |Gal(L/K)| < [Homg(L,K )| and the equality holds
iff L is normal over K.

Let I be a set of indices and { f; };c; a family of polynomials in K[x], deg(f;) >
1 for all ¢« € I. By a splitting field for this family we shall mean a field L,
K C L CK, such that every f; splits into linear factors in L[z| and L is generated
by the roots of all the polynomials f;, ¢ € I. All such splitting fields are K-
isomorphic

Proposition 1.26 ([7], Proposition 11.3.5, p. 33). Let K C L C K be fields.
The following statements are equivalent:

(i) L is normal over K

(ii) L is a splitting field for a family of polynomials in K[z]

9



1.8 (Galois field extensions

Definition 1.27. A finite field extension L/K is called Galois if L is normal and
separable over K.

Proposition 1.28. Let L be the splitting field of a separable polynomial f &€
K{z], deg(f) > 1. Then L is Galois over K.

Proof. If a € K is a root of f then m, x is separable since it divides f. The rest
follows combining Proposition 1.22 and Proposition 1.26. O

Remark 1.29. Given a field L and a group G C Aut(L), the set
Fix(L,G) ={zx € L | (Vo € G)(o(x) = 2)}

is a subfield of L. The proof of the following theorem can be found in [16, Theorem
1.8, p. 264].

Theorem 1.30 (Artin). Let L be a field and G C Aut(L) a finite subgroup.
Set K = Fix(L,G). Then L/K is a Galois field extension, [L : K| = |G|, and
Gal(L/K) = G.

Corollary 1.31. Let L/K be a finite field extension and G = Gal(L/K). The
following are equivalent:

(i) L/K is Galois
(i) [L: K] =[G
(ili) K = Fix(L,G)

Proof. The statements (i) and (ii) are equivalent by Proposition 1.22 and Remark
1.25. Furthermore, by definition, K C Fix(L,G) C L and, by Theorem 1.30,

[L: K]=|[L:Fix(L,G)|[Fix(L,Q) : K] = |G|[Fix(L,G) : K].
Hence (ii) and (iii) are equivalent. O

Proposition 1.32. Let K be a field, f € K[x] a separable polynomial, deg(f) >
1, and let L be the splitting field of f. There’s a group action of Gal(L/K) on
Q), where € is the set of the roots of f in K, defined by o + o[q. This action is
faithful and the orbits correspond exactly to the irreducible factors of f. More
precisely, if A C Q then A constitutes an orbit iff [Tycx(z — A) is an irreducible
polynomial in K[z]. In particular, if f is irreducible then the action is transitive.

Proof. Let 0 € Gal(L/K). We show that o[q is a permutation of Q. If w €
then o(w) € Q by Lemma 1.17 and ofq is a permutation of 2 because o is
injective. It’s clear now that o +— olq is an action of Gal(L/K) on €.

Let A C Q be an orbit and we show that g(x) = [[yea(x — A) is an irreducible
polynomial in K[z]. For every ¢ € Gal(L/K), o(g(z)) = [Lealz — (X)) =
[Thea(z — A) = g(x) because ¢ permutes the elements of A, and the coefficients
of g are therefore fixed by elements of the Galois group Gal(L/K). Because f is
separable, L /K is Galois by Proposition 1.28. Thus g € K[z] by Corollary 1.31.

10



To see that g is irreducible, let h € K[x] divide g. We can assume that h is monic
and the aim is to show that ¢ = h. Let A’ C A be the set of the roots of h and
fix an element \' € A’. By Lemma 1.17, o(\) € A’ for every 0 € Gal(L/K). Let
A € A. Since A is an orbit, there’s o € Gal(L/K) such that o(\) = A, which
means that A € A’. Thus A’ = A, g = h, and g is irreducible.

On the other hand, if g(x) = [Ixea(x — A) € K|[x] is irreducible then o(A) C A
for every ¢ € Gal(L/K) by Lemma 1.17. It remains to show that for every
A1, A2 € A, there’s o € Gal(L/K) such that o(A;) = A\y. By Lemma 1.16, there’s
a K-homomorphism ¢ : K(\;) — K()\2) such that ¢(\;) = Ao. By Proposition
1.18, ¢ can be lifted to an automorphism ¢ of K. Finally, as L is normal by
Proposition 1.28, the restriction of ¢ to L is a K-automorphism of L that maps
)\1 to )\2.

To show that the action of Gal(L/K) on 2 is faithful, note that L = K(Q)
and if o(w) = w for every w € Q, ¢ must be the identity map on L. n

Definition 1.33. Let f € K|[z| be separable, deg(f) = n. Let L be its splitting
field and 2 C L the set of its roots. Let ¢ : Gal(L/K) — S(€2) be the action
of Gal(L/K) on 2 from Proposition 1.32. Since this action is faithful, we can
identify Gal(L/K) with its image Im(¢) C §(Q2) under ¢. Furthermore, once the
roots oy, . .., a, € Q are ordered, Gal(L/K) can be identified with a subgroup of
S,. We shall denote this subgroup by Gal(f) and call it the Galois group of f.
Whenever we use this symbol, we do so with respect to a given order of the roots.
Note that if f is irreducible, Gal(f) is transitive by Proposition 1.32. Recall that
groups G,G' < §,, are conjugate in S, if there exists a permutation m € S,, such
that G = nG'n 1.

Lemma 1.34. Let f € K[x] be separable, deg(f) = n. Let ay,...,a, € K be
the roots of f and Gal(f) the Galois group of f. Rearranging the order of the
roots changes Gal(f) into a conjugate group.

Proof. Let m € S, and let H C §,, be the Galois group of f with respect to
the roots ordered as (aﬂ(l), s 0ry). It’s easy to verify that 7 € H iff there’s
o € Gal(f) such that 7 = 7 lom. O

Definition 1.35. Let L/K be a finite and separable field extension. Define the
Galois closure of L in K to be the intersection of all subfields of K which are
Galois over K and contain L.

Remark 1.36. Let the notation from the above definition hold. The Galois
closure of L in K is the smallest (with respect to inclusion) field F such that
L C F and F/K is Galois. For L, L, C K fields, let the product L;L, denote
the smallest subfield of K containing both Ly, L.

Proposition 1.37. Let L/K be finite and separable, L = K(0), § € L, and let
F be the Galois closure of L in K. Then F is the splitting field of mg k, the
minimal polynomial of # over K.

Proof. Let S C K be the splitting field of mg  and Q = {6y,...,6,} C K the
set of the roots of my k. Then S = K(0y,...,0,) =1}, K(0;). By Proposition
1.32, Gal(S/K) acts transitively on © and therefore S = [],cqa(s/x) K(o(0)).

11



For every o € Gal(S/K), there’s € Aut(K) such that 6;¢ = o by Proposition
1.18. We have ¢(F) = F because F'/K is normal. Hence

K(0(6)) = o(K(8)) = o(L) C 5(F) = F

and it follows that S = [[yeqais/x) K(0(f)) € F. On the other hand, S/K is
Galois by Proposition 1.28 and F' C S by Remark 1.36. n

1.9 Galois groups in number fields

Let Q denote the field of algebraic numbers: Q = {z € C | z is algebraic over Q}.

Definition 1.38. A field K is called a number field if Q C K and [K : Q] is
finite. The number [K : Q] is called the degree of the number field K.

By Theorem 1.23, every number field is a simple extension of Q. Let K = Q(«)
be a number field, o € Q, and let f be the minimal polynomial of a over Q. By
Proposition 1.37, the Galois closure L of K in Q coincides with the splitting field
of f. The algorithms studied in this thesis take a separable polynomial f € Q[z]
as an input and the aim is to learn the structure of the group Gal(L/Q). Every
automorphism in Gal(L/Q) is fully determined by its action on the roots of f
and it is therefore sufficient to restrict our attention to finding the permutation
group Gal(f) (with respect to some order of the roots of f).

The polynomial f can be assumed to be monic with integer coefficients because
there’s an integer k such that g(z) := kf(z) € Z[z| and clearly L is the splitting
field of g as well. Let ¢ € Z be the leading coefficient of g and consider the

polynomial
()
<)

It’s monic with integer coefficients and, again, L is its splitting field. Thus to
assume for the initial polynomial to be monic with integer coefficients causes no
loss of generality. The roots f are then algebraic integers in the sense of the
following definition.

Definition 1.39. Let o € C. The « is called an algebraic integer if there’s a
monic polynomial in Z[z] that has a root a. We denote by Zg the set of algebraic
integers.

The following is proved in [7], Corollary II1.2.6.
Proposition 1.40. The set Zg of algebraic integers is a ring.

As a next step, we prove that the ring 7Z is an integrally closed domain. That
is to say, if a € QQ is an algebraic integer then a € Z.

Lemma 1.41. Let f = Y ja;2" € Z[z] and let Pe Q be its root, ged(p, q) = 1.
q
Then p | ag and q | a,.

Proof. See [20, Kapitola V., Cviceni 36 (i), p. 336]. ]

Corollary 1.42. The ring Z is an integrally closed domain.

12



Proof. If « = p/q € Q is a root of a monic polynomial from Z[z] then ¢ € {1, -1}
by Lemma 1.41 and « € Z. O

There’s a simple relationship between the Galois group of a polynomial f and
its discriminant disc(f).

Definition 1.43. Let R be an integral domain, f € R[z], deg(f) =n > 1. Let
K be the quotient field of R and a1, ..., o, € K the roots of f. The number

disc(f) = le(f)** 7 [[ (o — o)?

i<j
is called the discriminant of f.
Remark 1.44. By definition, f is separable over K iff disc(f) # 0.

The following is a consequence of Proposition 2.4, which will be presented in
the next chapter.

Lemma 1.45. With the above notation, disc(f) € R.

Recall that for a permutation 7 € S, sgn(7) is equal to 1 if the number of
tuples (7, 7) such that ¢ < j and 7(i) > 7(j) is even and —1 otherwise. We say
that 7 is even if sgn(7) = 1 and odd if sgn(r) = —1. The set A,, C S,, consisting
of even permutations is a normal subgroup of §,,.

Proposition 1.46. Let f € Z[x] be monic and separable and let ay,..., a, € Q
be the roots of f. Then Gal(f) C A, iff disc(f) is a square.

Proof. Let L be the splitting field of f and let o € Gal(L/Q). There’s a unique
permutation ¢’ € Gal(f) such that o(c;) = a,(; for every i. Denote by d the
product d = [, ;(a; — ;). Then

o(d) = [T(o(e) — a(a;) = [T(aw) — ae)) =

1<J 1<j
= Il (ewwp—awy) 11 (eew —acy)
i<j i<j
o' (i)<o'(5) o' (i)>a'(5)

If the number of the tuples (7,j) such that i < j and o'(i) > o¢/(j) is even
then o(d) = d. Otherwise, o(d) = —d. We see that o(d) = sgn(o’)d for every
o € Gal(L/Q). Therefore Gal(f) C A, iff o(d) = d for every o € Gal(L/Q). By
Corollary 1.31, the latter condition is equivalent to d € Q because L is Galois
over Q. The roots of f are algebraic integers and, by Proposition 1.40, d is also
an algebraic integer. Finally, Corollary 1.42 implies that d € Q iff d € Z. O

Corollary 1.47. Let f € Z be monic and irreducible of degree 3. If disc(f) is a
square in Z then

Gal(f) = As.

Otherwise,

Gal(f) = 83.
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Proof. The group Gal(f) is a transitive subgroup of S3 by Proposition 1.32. S3
and Ajz are the only transitive subroups of S3 and the rest follows from Proposition
1.46. Note that the particular order of the roots of f is irrelevant since Aj is
normal in Ss. n

Example 1.48. We have disc(z® — 2) = —108 € Z \ Z* and Gal(z® — 2) = S;
(with respect to any order of the roots of z* — 2.
On the other hand, disc(z®+1?—22—1) = 49 € Z? and Gal(z3+2*—2x—1) = Aj3.

1.10 Galois groups in finite fields
Let p € N be a prime, F,» be a finite field and [F, its prime field. The extension
F, <Fp

is Galois because F,« is the splitting field of the separable polynomial z*" —
over F,. We now show that the Galois group Gal(F,/F,) is generated by the
Frobenius automorphism

gbp . ]Fpn — ]Fpn,
defined by
dp(ar) = aP.

Lemma 1.49. With the notation from the above paragraph we have ¢, €
Gal(F,n /F)).

Proof. It is easily verified that ¢, is an endomorphism of F.. If of = 7, o, 5 €
Fyn, then o — 7 = (o — B)? = 0 and o =  and ¢, is injective. So ¢, is an
automorphism. For every o € F,, o = « holds because |(F,)*| = p — 1. Hence
¢, fixes F,,. O

Theorem 1.50. Let F,» be a finite field, n € N, and let F, be its prime field.
The group Gal(F,/F,) is cyclic of order n and the Frobenius automorphism is
its generator.

Proof. As we know that the extension IF, < F,» is Galois, it follows from Corollary
1.31 that |Gal(Fp. /)| = [Fyn : Fp] = n. The multiplicative group F, is cyclic
and there’s an element o € ), that generates it. The n values ¢,(a) = o?,

Po(a) = o ¢p(a) = «a are distinct and ¢, therefore generates the whole
group Gal(Fn/F,). O
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Chapter 2

The Galois Group

2.1 Tschirnhausen transformation

The Stauduhar’s method of finding the Galois group relies partly on the so called
Tschirnhausen transformation. This is an algorithm that, given a number field
K, outputs an irreducible polynomial g € Z[z] such that K = Q(0), where § € Q
is a root of ¢g. It also uses the notion of resultant, defined as follows.

Definition 2.1. Let R be an integral domain, K its quotient field, and let K be
an algebraic closure of K. If f, g € R[z], where deg(f) = m, deg(g) = n, and

f(@) =a(z —ar) - (2 = am)

g(x) =blx = p1) -~ (x = bn)
with «y, 3; € K, the resultant res(f, g) of f and g is defined as
res(f,g) = a"0™ ] (ei—5;)

1<i<m
1<j<n

Remark 2.2. It’s clear that

res(f,g) =a" [ g(a).

1<i<m

The polynomials f, g from the above definition are usually elements of Z[z]| (i.e.
R = 7). Tt also makes sense to consider the the case R = Z[z], as we shall see
later.

Proposition 2.3 ([6], Lemma 3.3.4, p. 119). Let R be an integral domain. If
f(z) =31 a;x" € R[z] and g(z) = Y1, biz" € R[z], then the resultant res(f, g)
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is equal to the determinant of the following (n + m) X (n 4+ m) matrix

A Ol Qe .- - aq ag 0 0 ... 0
0 A Q1 G2 - .. aq agp 0O ... 0
0 0 Ay A1 Gm2 ... ai ap ... O
0 0 0 A, Am—1 Am—2 ay Qo
bn bn—l b2 b1 b() 0 0 0
0 b, b1 ba by bo 0 0
0 0 by, by_1 by by bo 0
0 0 .. 0 by, bp—1 ... by by by

where the coefficients of f are repeated on n rows, and the coefficients of g are
repeated on m rows.

We see now that the resultant is always an element of R. For example, if
f,g € Z|x], then res(f,g) € Z. Proposition 2.3 also gives us a practical method
of computing the resultant res(f, g) (based only on the knowledge of the coeffi-
cients a;,b; € R). This way (by computing the determinant of the matrix from
Proposition 2.3), the resultant res(f, g) can be obtained using O((m +n)?) oper-
ations in R (where deg(f) = m, deg(g) = n).

The discriminant disc(f) of a polynomial f (Definition 1.43) can be expressed
in terms of the resultant of f and f as follows.

Proposition 2.4. Let R be an integral domain, f € Rz|, deg(f) =n > 1. Let
K be the quotient field of R The discriminant of f is equal to

disc(f) = (=1)"" D72 cves(f, f)/le(f),

where f’ is the formal derivative of f.

Proof. Let ay,...,a, € K be the roots of f. Since

flx) =le(f)(z —ar) - (z = an),

the formal derivative of f is

f'(@) =le(f)(x = az) - (z = an) +1e(f) (@ —ar)(x —ag) - (= an) + -+

By Remark 2.2, we can express res(f, f') as
2

res(f, f) =1c(£)" T flew) =le(f)* (=" D2 ] (i —ay)® =

1<i<n 1<i<j<n
= le(f)(=1)"=D/2 . disc(f)
and the rest follows. O]

A simple consequence is that the discriminant is an element of R. In the
matrix from Proposition 2.3, the only nonzero elements of the first column are
a,, and b, and res(f,g) is therefore divisible by their greatest common divisor
ged(am, by). In particular, res(f, f') is divisible by le(f) and

disc(f) = (=1)""=Y/2 . res(f, f)/1c(f) € R.

16



Example 2.5. In Example 1.48, we used the fact that disc(z® —2) = —108. Let
f(x) =2® -2 € Z[z] and g(x) = f'(x) = 3z* € Z[z]. By Proposition 2.3,

100 =2 0

010 0 =2
res(f,g)=det[3 0 0 0 0O | =108

03 0 0 O

003 0 O

By Proposition 2.4, disc(f) = —res(f, f') = —108.

A more effective way to compute resultants is to use the sub-resultant algo-
rithm, introduced below. It uses "pseudo-division” as a subroutine, which we
now recall (as described in [4]). Given polynomials f,¢g € R[z], where R is a
UFD, g # 0, it might not always be the case that the quotient and remainder
q,r € R|x] exist, such that

f=qg+r, deg(r) < deg(g). (2.1)

There are, for example, no polynomials ¢,r € Z[z], such that 22 — 1 = ¢(x)(2x —
2) + r(z). Let deg(f) = m, deg(g) = n, n < n. There is, however, a solution to
(2.1) if

le(g)™ " f

is considered instead of f. In other words, there always exist polynomials ¢,r €
R[x], such that

le(g)™ " f(z) = q(2)g(x) +r(z), deg(r) < deg(g). (2.2)

The following algorithm can be used to find these polynomials.

Algorithm 4 Pseudo-division

Input: Polynomials f and g with coefficients in a UFD R, g # 0, deg(f) = m,
deg(g) =n, n <m.

Output: Polynomials ¢,r € R[z] that satisfy (2.2).

. Set r <« lc(g)™ L f

—

:for i=m—n,...,0do
¢; < a/lc(g), where a is the coefficient of x

rT—qr'g
end for

mti g g

g Wy

>

return ¢ < 7" gt v

The algorithm works correctly because, for every i € {0,...,m —n},
J(@) = (ment™ "+ + qa")g(x) + r(x), deg(r) <n+1,

and every coefficient of r is divisible by lc(g) because at most m — n + 1 divi-
sions take place throughout the execution of the algorithm. Concerning the time
complexity of Algorithm 4, the initial computation 7 < lc(g)™ "' f can be done
using

O(deg(f)-(m—n+1)) =O0(m(m —n—+1))
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operations in R. Furthermore, the cycle runs m —n + 1 times and its body takes
O(n) operations in R to execute. In total, the algorithm takes O((m + n)(m —
n + 1)) operations in R.

The following algorithm computes the resultant of two polynomials f, g with
coefficients in a UFD R. Using Proposition 2.4, it can be used to compute the
discriminant of a polynomial by substituting R = Z. Later we show how to use it
to compute the characteristic polynomial of an algebraic number by substituting
R = Z|x]. The proof of its correctness can be found in [6, p. 122].

Algorithm 5 Sub-Resultant
Input: Two polynomials f and g with coefficients in a UFD R.
Output: res(f,g).

1: If f=0o0r g =0, output 0 and terminate the algorithm. Otherwise, set
a < cont(f), b < cont(g), f < f/a, g < g/b, u < 1, v < 1, s < 1 and
t < ad8@pdeslf)  Finally, if deg(f) < deg(g) exchange f and g and if in
addition deg(f) and deg(g) are odd set s <— —1.

2: Set 0 < deg(f) — deg(g). If deg(f) and deg(g) are odd, set s < —s. Finally,
compute 7, ¢ such that le(g)°*' f = gq + r (using Algorithm 1).

3: Set f <+ g and g < r/(ur®).

4: Set u + le(f), v < v' %0 If deg(g) > 0 go to step 2, otherwise set
v < v (g)de) output s - ¢ - v and terminate the algorithm.

The second step of Algorithm 2.1 is repeated at most deg(g) times. With the
pseudo-division requiring O((m + n)(m —n + 1)) operations in R, the total time
complexity of Algorithm 2 is O(n(m + n)(m — n + 1)) operations in R, where
deg(f) = m, deg(g) = n. More details about it can also be found in [15].

Example 2.6. In Example 1.48, we used the fact that disc(z3+2?—22—1) = 49.
We show this using Algorithm 5 with R = Z, f(z) = 23 + 2% — 2z — 1, g(z) =
f'(z) = 3z* 4+ 2z — 2. Since the variables a,b, s, t are equal to 1 for the whole
duration of the algorithm, we omit them in our computations.
o (1: Initializations)
u+1,v+1

 (2: Pseudo division)

0 <= 1 = deg(f) — deg(g)
The algorithm for pseudo division yields g < 3x + 1, r «— —14x — 7

(so that 3°*! f(z) = g(z)q(z) + r(z)).

 (3: Reduce remainder)
f 32 +2x -2, g+ —14x — 7.

o (4: Finished?)
u < 3, v + 3. Since deg(g) > 0, we go to Step 2 (Pseudo division).

e (2: Pseudo division)

0 <= 1 = deg(f) — deg(g)
Again, the algorithm for pseudo division yields q < —42x — 7, r + —441
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 (3: Reduce remainder)
f+ —1dax—7 g« —49

e (4: Finished?)
As deg(g) = 0, the output of the algorithm is v +— —49

We conclude that res(f, f') = —49. By Proposition 2.4, we see that

disc(f) = —res(f, f') = 49.

Before giving the definition of the characteristic polynomial of an algebraic
number, let us summarize what we know about number fields.

Proposition 2.7. Let K = Q(«) be a number field of degree n. Then [Homg(K, Q)| =
n and {o(a) | 0 € Homg(K,Q)} is the set of all the roots of m, g in Q. In par-

ticular, mq g(x) = ngHomQ(K’@ (x —o(a)).

Proof. As shown in Lemma 1.21, K/Q is separable and the first assertion is true
by Proposition 1.22. Lemma 1.17 implies that Q := {o(a) | ¢ € Homg(K,Q)}
only contains roots of m, g. Furthermore, o generates K and if two embeddings
coincide on « then they must be equal. Thus, || = |Homg(K,Q)| = n =
deg(mq,q) and every root of m, g is contained in €2.

m

Definition 2.8. Let K be a number field of degree n, Homg (K, Q) = {04, ...,0.},
0 € K. The characteristic polynomial Ck g of  in K is

n

Cro(z) = [[(z —0i(0))

i=1

Remark 2.9. Let K be a number field and § € K. Since every embedding of Q(6)
lifts to exactly d = [K : Q(f)] embeddings of K, the characteristic polynomial of
0 is equal to

Crolw)= ]I (@-0(0)= [I  (@—00) = (mox),

ocHomg(K,Q) o€Homg(Q(6),Q)

where myg g is the minimal polynomial of ¢ over K. Thus the question of find-
ing the minimal polynomial of 6§ can be reduced to finding the characteristic
polynomial.

If K =Q(a), [K:Q] =n, then {1,a,...,a" '} is a Q-basis of K and every
0 € K can be represented as

1 .
0=— a; o' |,

where m € N, a; € Z and ged(ag, aq, ..., a,—1,m) = 1. Using resultants, the
characteristic polynomial can be computed using the following proposition.
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Proposition 2.10. Let K = Q(«) be a number field, where « is a root of a
monic, irreducible polynomial f(x) € Z[z] of degree n. Furthermore, let § € K,

where
1 .
9:7 il 3
m( > )

0<i<n—1

m € N, a; € Z. Set p(y) = Yo<icn1@y" € Z[y]. Then the characteristic
polynomial Ck 4 of 6 in K is given by the formula

Cro(z) =m " Ry(f(y), mz — p(y)),

where R, denotes the resultant taken with respect to the variable y (in other
words, the coefficient ring is Z[z] and f(y), mz — p(y) are treated as polynomials

from (Z[z])[y]).

_ 1
Proof. Let Homg(K,Q) = {o1,...,0,}. Clearly, 0,(0) = —p(o;(c)) for every i.
m
By the definition,

n n n

Cro(r) = [[(z = 0:(0)) = [[(z = ploi(@))/m) = m™" [ [ (ma — p(oi(a))).

=1 =1 =1

By Proposition 2.7, o;(a), i = 1,...,n are the roots of f(y) in Q. The latter
expression is therefore equal to to m™"R,(f(y), mz — p(y)) by Remark 2.2. O

Example 2.11. Let K = Q(v/2). Using Proposition 2.10, we compute the
characteristic polynomial of § = 1 + v/2 in K. The minimal polynomial of /2
over Q is f(y) = y* — 2. Setting p(y) = 1 + y, the characteristic polynomial
Crko(z) of 6 in K is equal to

R,(f(y),x —py)) = Ry(y* — 2,2 — (y + 1)) € Z[a].

Algorithm 2 with R = Z[z], f(y) =v* -2 € R[y], g(y) = —y + v — 1 € R[y]
runs as follows:

o (1: Initializations)

f<y¥—2,9g —y+z—1,
u+—1l,v+1

(2: Pseudo division)

b 1= degy(f) - degy(g)
The algorithm for pseudo division yields ¢ < —y+ (1 —z), r < 22 — 2z —1
(so that (—=1)%*1f = gg + 7).

¢ (3: Reduce remainder)
f+—yt+ax—1,g+ 2> —22—1.

(4: Finished?)
u<— —1, v+ —1.
Since deg(g) = 0, the output of the algorithm is 22 — 2z — 1.

In conclusion, we see that the characteristic polynomial of # = 1 + /2 in
K = Q(v2) is Ogg(r) = 22 — 22 — 1. Since § ¢ Q, the degree of its minimal
polynomial over Q must be greater 1 but also less than or equal to 2 = [K : Q).
The polynomial 22 — 2z — 1 is therefore the minimal polynomial of 6.
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Finally, we proceed to the Tschirnhausen transformation algorithm. Its input
is an irreducible polynomial f of degree n with integer coefficients. We need
not know explicitly what its roots are, but fix one, say, § € Q. Consider the
number field X' = Q(¢). The aim of the algorithm is to find an irreducible
polynomial g € Z[z] such that K = Q(#’), where ¢ is a root of g. It follows from
Proposition 1.37 that the polynomials f and g have the same splitting field. From
the perspective of finding the Galois group, the polynomial f may be replaced by
g.

The algorithm is randomized: in the first step we choose n integer coefficients
at random and then consider the resulting polynomial of degree at most n — 1,
which we denote by h. Next (Step 2), we compute the characteristic polynomial
of 0" = h(0), using Proposition 2.10. If Ck ¢ isn’t square-free, start with a new
h. Since Q(#") C K, it remains to be shown that Q(¢') = K if and only if the
characteristic polynomial C'x ¢ is square-free. By Remark 2.9, Ck o/ is square-free
iff CK,QI = My K iff [K . Q(Ql)] =1.

Algorithm 6 Tschirnhausen Transformation
Input: Irreducible, monic polynomial f € Z[z]| defining a number field K =

Q(6).
Output: Polynomial g defining the same number field.

1: Let n < deg(f). Choose at random a polynomial h € Z[y] of degree less than
or equal ton — 1

2: Using the sub-resultant algorithm, set g <— R, (f(y),z — h(y)).

3: Compute d «+ ged(g, g’). If d is constant, then output g and terminate the
algorithm, otherwise go to Step 1.
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2.2 A general theorem

A straightforward approach toward identifying the Galois group is described in
[25, p. 189]. Though the resulting algorithm is impractical, it has an interesting

corollary.

Let f € Z be monic and separable, deg(f) = n, and a1,...,a, € K be the
roots of f. Let L be the splitting field of f. Recall that there’s a group action
x of S, on Llyi,...,y,] defined as 7% g(y1,...,9n) = 9(Yr1)s- - -+ Yr(n)), Where
g € Llyi,...,yn], 7 € S, (cf. Proposition 1.11). We start by forming the
expression

O(y1, ... Un) = 0y1 + -+ + A,

where yi,...,y, are variables - in other words, 8 € L[yi,...,y,|. Define the
polynomial F(yi,...,yn, ) as follows:
Fyi, .. yn,x) = H(x—T*O(yl,...,yn)). (2.3)
TESH

It follows that F'(y1,...,Yn, ) € Z[y1,...,Yn,]. To prove this fact, we need an
auxiliary lemma.

Lemma 2.12. With the above notation, let o € Gal(L/K) and ¢’ € Gal(f) be
the corresponding element of S, (i.e. o(a;) = ;) for every 7). Then we have

o (c(O(yr, .- yn))) = O0(y1, - Yn)

and consequently

(01, yn)) = (&) % 0(y1, - ., Yn)-

Proof. By definition,

o' (0(0(yr,- - yn)) = 0" * (Qyy1 + - + Qor)¥n) = Qo) Yor(1) + *** + Aot (n) Yo (n
= H(yl, PN

and the rest follows from Proposition 1.11. O
Lemma 2.13. Let f € Z[z] be monic and separable, deg(f) = n,
f@)=a2"+ap 12" '+ + a7 + ao.

Let L be the splitting field of f, and «ay,...,a, € L the roots of f. Ev-
ery coefficient of F(yi,...,yn, ), the polynomial defined by (2.3), is equal to

Y

)
Y

p(ag, ..., a,_1) for some p(z1,...,x,) € Z[xq,...,x,] . Inparticular, F(y1,...,yn, ) €

Zlyi, - Yn, .

Proof. 1If we view the roots oy, ..., a, as formal indeterminates, it follows from
(2.3) that F is symmetric as a polynomial in (Z[y1,...,Yn,z])[a1,...,a,]. By

Theorem 1.14, there exists a polynomial G such that F'(ay,...,a,) = G(s1(aq, ..., ), ...
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where sq,...,s, are the elementary symmetric polynomials. In the field L, the
following equalities hold:

Ap—1 = —Sl(Oél, ce ,Oén),
Ap—9 = 82(061, v 7an)7
| (2.4)
ap = (—=1)"sp(aq, ..., ap).

Now it’s clear that every coefficient of F(yi,...,yn,2) € Lly1,...,yn, ] is a
polynomial expression in the a;’s. ]

Theorem 2.14. Let f € Z[z] be monic and separable, deg(f) = n. Let L be the
splitting field of f and aq,...,a, € L the roots of f. Let

(1, - Yn) = Qa1 + -+ an¥n € Ly, .-, Yn)

and

F(ylw"aynul‘) :Fl(yl:"'7yn7x)F2(y17"‘7yn)x)"'Fk(yla"'7yn7x)

be the factorization in Z[y, ..., yn, x| of F(y1,...,yn,x), where F is defined by
(2.3). Let the factors of F' be labeled in such a way that Fi(y1,...,Yn, ) is
divided by  — 0(y1,...,yn) in L[y, ..., yn, z]. Define

G={reS | FAlvi, - Yn, ) = Fi(yrq), - - Yr(n), ) }-

Then G = Gal(f), where Gal(f) is the Galois group of f with respect to the
given order aq, ..., «a, of the roots of f.

Remark 2.15. The set G is clearly a subgroup of §,,. To prove the theorem, we
need two lemmata.

Note 2.16. In [25], the statement of Lemma 2.18 is given without a proof.

Lemma 2.17. Under the assumptions of Theorem 2.14, the group G consists
precisely of those permutations 7 € §,, such that x — 7 % 6(yy,...,y,) is again a
factor of Fy in L{y1, ..., Yn, z].

Proof. Let Fi(y1,...,yn,2) = [T'_y(x — Oi(y1, ..., Yn), where 6, = 0,...,0, €
Llyi,...,ys] is a suitably chosen sequence of polynomials (i.e. 6; = m; * 6 for
some m; € S,). If 7 € G then Fi(y1, ..., ¥n, T) = Fi(Yr1)s - - -+ Yr(n)s T) = 1, (z—
7% 6;(y1,...,yn)) and 7 clearly maps « — (1, ..., y,) onto another factor of F.
Conversely, let 7 € S, transform = — 6(y1,...,y,) into another factor of Fi.
Note that 7 induces an automorphism of L[y, ..., y,, 2] that maps a polynomial
H(yr, .o yns @) to H(Yr1), - - -, Yr(m), ). The polynomial F is fixed by 7:

F(y‘r(l)w'wy‘r(n)vm) = H ($ —T* (0* Q(yla ces 7yn))) =
UES'IL

=[] (z—= (7o) *0(y1, ..., yn))) = F(y1, -, Yn, ).

ocES,

Furthermore, Fy(y-q1), - - -, Yrmn): &) € Z[Y1, . . ., Yn, ] is irreducible and divides

F(yi, ., Yn, ).
Therefore, F1(y-(1), - - -, Yrmn), ®) is equal to F;(y1, ..., Yn, ) forsome i € {1,... k}.
Since it has a factor in common with Fy in L{yi, ..., ¥n, 2|, F1(Yr1), - -, Yrm), ) =
Fi(yi,...,yn,x) and 7 € G. O
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Lemma 2.18. Let 7 € §,,. Under the hypotheses of Theorem 2.14, 7 € Gal(f)
iff v —771%0(yy,...,yn) is a factor of Fy in L[yy, ..., yn, 2]

Remark 2.19. The expression 7' %0(yy, ..., y,) equals to O(yi, . .., y,) with the
coefficients interchanged according to the permutation 7:

Tl x (alyl +-+ anyn) = Qr¥Y1 + -+ Qr(n)Yn-

Proof. Again, let

l
Fl(yh s JyTMI) = H('ZE - ei(yla B 7yn))7

=1

where 01 = 6,...,0, € L[y1,...,y,] is a suitably chosen sequence of polynomials.
Let 7 € S, be such that 7' %6 = 6;, i € {1,...,1}. We want to show that 7 €
Gal(f). The polynomial Fy € Z[y1,...,yn,x] = (Zly1,...,yn))[z] is irreducible
and, with respect to the variable x, monic. It is therefore primitive and, by
Gauss’s lemma, Fj is irreducible as a polynomial in T'[z|, where T' = Q(y1, - - ., yn)
is the quotient field of the UFD Z[y, . .., y,|. Denote T" = L(yi, ..., y,) and note
that 0, 0; € T" are algebraic over T' (they are both roots of F} € T'[z]). By Lemma
1.16, there’s a field homomorphism (a 7T-homomorphism in fact)

¢:T(0)— T(Y)

such that ¢(0) = 6;. Let T be an algebraic closure of T. By Proposition 1.18, ¢
can be lifted to an automorphism ¢ of T. The extension T"/T is clearly algebraic
and we can assume 7" C T. In particular, L C T. As the fields Q, (Q) C T are
algebraic over Q, ¢(Q) = Q and since L/Q is normal, the restriction of ¢ to L is
an element of Gal(L/K). The corresponding element of S, is then equal to 7, in
other words, 7 € Gal(f).

To prove the converse - that © — 77 % 0(y;, ..., y,) is a factor of F, provided
that 7 € Gal(f), let ¢ € Gal(L/Q) be the automorphism corresponding to 7 (i.e.
o(a;) = o) for every i). Since Fy € Z[y, ..., yn, x| has integral coefficients, it

remains fixed under o:

Fi(yi, - yn,x) = 0(F1(y1, .-y Yn, ) = H(:z: —a(0;(y1, - Yn))-

=1

By Lemma 2.12, the product is equal to [T'_,(z — 77 % 0;(y1,...,¥,)). It is clear
now that z — 77! % 0(yy, ..., y,) is a factor of Fj. O

Proof of Theorem 2.14. By Lemma 2.18, 7 € Gal(f) iff z — 771 % 0(yy,...,y,) is
a factor of Fy in L[y, ..., yn, 7]. By Lemma 2.17, the latter is true iff 77! € G.
Since G is a subgroup of S,,, we see that 7 € Gal(f) < 7€ G. O]

Theorem 2.14 holds also for finite fields (with analogous proof).

Theorem 2.20. Let p € N be a prime, f € F,[z] be monic and separable,
deg(f) = n. Let L be the splitting field of f and «,...,a, € L the roots of f.
Let

Q(ylv"'ayn>:alyl_’_"'—'—anyn GL[yhayn]
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and define
F(yi, ... yn,z) = H (x—7*0(y1, ..., yn))-

7T€S7L
Then F € Fyly1, ..., Yn, x]. Let

F(ylw"ayna‘%‘) :Fl(yl:"'7yn7x)F2(y17"‘7yn)x)"'Fk(yla"wyn)x)

be the factorization of Fin Fylyi, ..., y,, x| and let the factors of F' be labeled in
such a way that x — (v, ...,y,) divides Fy in L[zy,...,x,]. Now, define

G={1€S,: Fi(yr,. - Un, %) = Fi(Yr1)s - - -+ Yr(n)> T) }-

Then G = Gal(f), where Gal(f) is the Galois group of f with respect to the
given order aq, ..., a, of the roots of f.

Corollary 2.21. Let f € Z[z] be monic and separable, ay,...,a, € Q the
roots of f and let Gal(f) be the Galois group of f with respect to this order
of the roots. Let p € Z be a prime such that p { disc(f) and f € F,[z] be the
polynomial derived from f by reducing its coefficients modulo p. Then the Galois
group Gal(f) (as a permutation group with respect to a suitable order of the
roots of f) is a subgroup of Gal(f).

Proof. Although the polynomial f € F,[z] may be reducible, the condition p ¢
disc(f) ensures that f is separable. Let F(yi,...,yn,2) € Z[y1,...,Yn, 2] be
the polynomial from Theorem 2.14 defined by (2.3) and let F (yy,...,yn,z) €
Fuly1, -, Yn,x] be the corresponding polynomial with respect to f. Denote by 7

the homomorphism Z — F,,
7(z) = z mod p.

Clearly, n(f) = f. We show that 7(F) =F. Let ag,...,a,_1 € Z be the coeffi-
cients of f and by, ...,b,_1 € F, the coefficients of f (i.e. b; = a; mod p for every
i). By Lemma 2.13, for every coefficient of F', there is p(x1, ..., 2,) € Zlxy, ..., x,)
such that the coefficient is equal to p(ay, ..., a,—1). The corresponding coefficient
of F' is then equal to p(by, ..., b,_1) mod p. In other words, 7(F) = F Now, let

F(ylw"aynax) :Fl(yla"'7yn7x)F2(y17"'7yn7x)"'Fk(yla"'aynwr)

be the factorization of F'in Z[yy,. .., yn, z]. Then

F(yl)-"aynax) :F1<y17"'7yn>x>F2(y17"'7ynax)"'Fk(yla'"72/717*1')7

where F; = 7(F};) (and these polynomials may be reducible). If 7 ¢ Gal(f) then
7 maps [} onto another factor of ', i.e. Fi(yray, .- Yr(n), ) # Fi(y1,- -, Yn, T).
In particular, any irreducible divisor of F} is mapped this way onto another irre-
ducible factor of I and 7 ¢ Gal(f) by Theorem 2.20. O

Note 2.22. Let Q(a) be a number field, a € Q, and let f be the minimal
polynomial of « over Q. Let Gal(f) be the Galois group of f with respect to some
order of the roots of f. By [14], there’s an algorithm to compute all subfields
Q(B) € Q(«) of a given degree. The algorithm works with cyclic subgroups of
Gal(f) and Corollary 2.21 provides a theoretical foundation of it.
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Proposition 2.23. Let f € Z[z] be monic and irreducible and let p € Z be a
prime such that p { disc(f). Let f € F,[z] be the polynomial derived from f by
reducing its coefficients modulo p. If f = f; - - - fi is the factorization of f in F,[x]
and d; = deg(f;), i =1,...,k, then Gal(f), the Galois group of f with respect to
a fixed order of the roots, contains a permutation of the cycle type (dy,...,dy).

Proof. By Corollary 2.21, we can arrange the order of the roots ar, . .., o, of f in
such a way that Gal(f) C Gal(f). Hence it suffices to show that Gal(f) contains
a permutation of the cycle type (di,...,d). By Theorem 1.50, Gal(f) is cyclic.
Let 7 be the generating permutation and let 7 = (¢y...%;)(4j41...)... be its
representation as a product of disjoint cycles, i1,4s,... € {1,...,n}. It follows
that each cycle of 7 corresponds to an orbit of transitivity of the action of Gal( f)
on the roots of f. For example, the roots Q5 - - -, ; form an orbit corresponding
to the cycle (i1,...,4;). We also know, by Proposition 1.32, that each orbit of
transitivity corresponds to an irreducible factor of f. This means, that the cycle

type of 7 is the same as the list of degrees of the irreducible factors of f. O

Example 2.24 ([25], Exercise 1, p. 192). We show that the Galois group of the
polynomial
f(x) =2* +22° + 2+ 3 € Q7]

is isomorphic to S;. The polynomial f is irreducible (as shown below) and Gal( f)
is a transitive subgroup of S; by Proposition 1.32. The factorization of f mod 3
in F3[z] is z(2® + 22 + 1) and so Gal(f) contains a 3-cycle by Proposition 2.23.
Let the 3-cycle be (123) (this can be always achieved by possibly rearranging the
roots of f). The factorization of f mod 5 in Fs is (z + 1)(z + 2)(2? + 22 + 4)
and so Gal(f) contains a transposition (kl). Since Gal(f) is transitive, there’s
a permutation o € Gal(f) such that o(l) = 4 and Gal(f) contains also the
permutation

cgo(klyoo™ = (a(k) a(l)) = (a(k) 4).

Using the transposition (o(k) 4) and the cycle (123), one can obtain the three
transpositions (14), (24) and (34). But these transpositions already generate
Sy - any transposition (ij) € Sy may be written as the product (j4)(i4)(j4),
i,7 € {1,2,3}, and S, is generated by the set of the transpositions in S.

Let’s show that f is irreducible in Q[z]. Using Proposition 1.41, it’s easily
verified that f has no rational root. To be reducible, it would have to be a factor
of two degree 2 polynomials. Since f is primitive, it is irreducible in Q[z] iff it’s
irreducible in Z[z]. Assume, for the sake of contradiction, that

f@)=a*+2e+ 2 +3= (22 +ax +b) (2> +cx +d),

where a, b, c,d € 7. Since bd = 3, either b=1or b =3. If b = 3 then d = 1 and
we can expand f(z) = (22 4+ ax+3)(2? +cx +1) = 2* + (a + )2 + (44 ac)z® +
(3¢ + a)x + 3, whence a + ¢ = 0, ac = —2 and 3¢ + a = 1. This set of equations
has no solution in Z.

If b=1and d = 3, we similarly derive a +c¢ =0, ac = —2 and 3a+c =1 and
this set of equations also has no solution in Z. We have arrived at a contradiction
and f € Q[x] is irreducible.
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2.3 The resolvent polynomial

The aim of this section is to present the theory used in [23]. As we have seen,
the symmetric group acts on Q[zy,...,z,] by reordering the indeterminates:

T * f(xla s 7$n> = f(mT(l)) ce 7x7'(n))a
where f € Q[z1,...,2,], T € S,.

Lemma 2.25. Let L be the splitting field of f € Z[z], where f is monic and sep-
arable. If ay, ..., a, are the roots of f in L, 0 € Gal(L/Q) and P € Z[xy, ..., xz,)
then

o(Plag,...,an)) = (0" * P)(ay, ..., ap),

where 0’ € S, is the permutation such that o(c;) = () for every .

Proof. As o fixes Q, we have
o(Plai,...,an)) = P(o(on),...,0(an)) = P(Qyq), - Qo)) = (0'%P)(0u, ..., ap).
O

Definition 2.26. Let P € Z[xy,...,z,)and H C G C §,,. We call P a G-relative
H-invariant if
Tx P =P forevery 1 € H

and
T« P#Pifre G\ H.

Another way to express this is to say that Stabg(P) = H. If G = S,,, we simply
call P a H-invariant.

Proposition 2.27. For every pair H C G of subgroups of §,,, there exists a
G-relative H-invariant P € Z[xq,. .., Zy).

Proof. Define P(xy, ..., x,) = xia3--- 2P and P(zy, ..., 2n) = Sy T*P(z1, ..., Tp).
If 7 € H then 7% F' = F because 7 merely changes the order of the terms of P.

—1 —
Furthermore, every term of P is equal to z] .. X ') for some 7 € H and if

T ¢ H then 7% P # P. O

The task of finding a G-relative H-invariant P for a given pair H C G of per-
mutation groups is central to the Stauduhar’s algorithm, which will be presented
in the next section. It’s also advantageous for deg(P) to be as low as possible.
From this point of view, Proposition 2.27, where deg(P) = 1+- - -4n = n(n+1)/2,
isn’t very useful. There are, however, algorithms that deal specifically with the
problem of finding a G-relative H-invariant polynomial of a low degree. That
is, given the groups H C G, the goal is to find a G-relative H-invariant P with
deg(P) < n(n+ 1)/2. For this, see [10, p. 5].

Lemma 2.28. Let P € Z[xy,...,x,| be a G-relative H-invariant, H C G C S,,.
Then the length of the orbit of P under the action of G is equal to [G : H].

Proof. This is a direct consequence of Lemma 1.10. [
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Proposition 2.29. Let P € Z[xy,. .., x,] be a G-relative H-invariant, H C G C
S,. If 7 € G then 7 * P is a G-relative H'-invariant, where H' = GN7tH7r %

Proof. The polynomial 7 * P is a G-relative H'-invariant, where
H ={reG:7x(r%P)=1x*P}.

By Proposition 1.11, H' = {7’ € G : (77'7/7) x P = P} and the latter set is
clearly equal to G N THT L. O

Definition 2.30 (Resolvent polynomial). Let f € Z[z] be monic and irreducible
of degree n and ay,...,a, € Q the roots of f. Let G be a transitive subroup of
S, such that Gal(f) C G. Let H C G and let Plzy,...,x,] € Z[xy,...,2,] be a
G-relative H-invariant. If G« P = {Py,..., P} is the orbit of P under the action

of G on Q[z1, ..., x,], define the resolvent polynomial associated with P, f, and
G as: )
R(Gpj)(l‘) = H('I_R(ala"'aan))' (25)
i=1

By Lemma 2.28, the length of the orbit G« P = {Py,..., P} is k=[G : H].
It can also be looked at as {m x P,... , 7 P}, where 7; € G and mH, ..., 7, H are
the £ distinct cosets of G modulo H. For any m € G, nm H, ..., 77 H is again a
partition of GG into k distinct cosets. Hence G P = {m* Py, ..., 7m* P,}. We use
this fact in the following lemma.

Lemma 2.31. The resolvent polynomial R(GR s defined above has integral coef-
ficients.

Proof. Let o € Gal(L/Q), where L is the splitting field of f, and let o’ € Gal(f)
such that o(a;) = gy for every i = 1,...,n. By Lemma 2.25, we have

J(R(Gp’f)) =[[(z — o(Pia1,....an))) = [[(z = (¢'* P)(a1,...,a,)) = R(GFJ)

i=1 i=1
because Gal(f) C G and {0’ x P,...,0' x P} = {Py,...,P}. By Corollary
1.31, it follows that the coefficients of R(GR 5 are in Q. By Proposition 1.40,

Pi(ay, ..., ) is an algebraic integer for every i and the coefficients of RE;P, f) are
therefore algebraic integers. Hence R(GR nle) € Zlz] by Corollary 1.42. ]

Although the polynomials Pi, . .., Py are formally distinct, the values P;(ayq, . .., o)
(i.e. the roots of R{}, ;) may not be distinct.

Example 2.32. The polynomial f(z) = z*+1 € Z[z] is irreducible and its roots
are

a1 = ?(—1 —|—2), Qg = \25(1 + Z), g3 = ?(1 - Z), Qg = £<—1 - Z)

Let
P _ 2 2 2 2
1(33‘1, X9, T3, I4) = X1y + ToZy + XT3y + X4y,

and
Py(x1, 79, 73, 74) = (14)(23) % Py(11, 79, T3, 74) = ToT? + 1375 + 1475 + 1127,

Then Pl(Oél,Oég,Oég,Oé4) = P2(Oél,@2,0€3,064) =0.
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One of the roots of the polynomial R(GPJ) defined above is P(ay, ..., )
because P € G x P. The following proposition can be used when the root
P(ay,...,ay) is simple.

Proposition 2.33. Let f € Z[z] be monic and irreducible of degree n and
ai,...,a, € Q the roots of f. Let G be a transitive subroup of S, such that
Gal(f) € G. Let H C G and Plzy,...,x,] € Z[x1,...,2,] be a G-relative H-
invariant. If R(GP’ p) 1s the resolvent polynomial associated with P, f and G and
its root P(ay,...,a,) is simple then the equivalence

Gal(f) CH < P(ay,...,a,) €Z
holds. The implication = holds even if P(«q,...,a,) is a multiple root.

Proof. Let L be the splitting field of f. For ¢ € Gal(L/Q), we denote by o
the corresponding permutation in Gal(f) (ie. o(a;) = ag ) for every ). If
Gal(f) C H, o(P(ay,...,ap)) = (6" % P)(aq,...,ap) = Plag,...,ay) for every
o € Gal(L/Q), where the first equality follows from Lemma 2.25. By Corollary
1.31, P(ay,...,a,) € Q. As noted before, P(ay,...,a,) is an algebraic integer,
which means that P(ay,...,a,) € Z by Lemma 1.42.

Let 7 € G. Since P(ay, ..., qy,) is a non-repeated root of R%f), the following
equivalence holds:

(1% P)(aq,...,a,) = Plag,...,a,) < 7€ H
Thus if P(aq,...,q,) € Z, we have
(0"« P)(aq,...,an) = 0(Plag,...,a,)) = Plag,...,qy)
for every o € Gal(L/Q) and therefore Gal(f) C H. O

Corollary 2.34. Under the assumptions of Proposition 2.33, let P, = 7 % P,
7 € G, and let P;(ay,...,a,) be a non repeated root of jo’f). Then

Gal(f) CTHT ' <= Piay,...,a,) €Z.
The implication = holds even if P;(a,...,a,) is a multiple root.

Proof. First note that R?Pi,f) = R(Gp,f). By Proposition 2.29, P, = 7% P is a
G-relative H'-invariant, where H' := G N 7H7~!. As Proposition 2.33 applies
here, (7 * P)(av, ..., qy) is a simple root iff Gal(f) CGNrHr ' CrHr . O

Remark 2.35. As noted previously, the Galois group Gal(f) C S,, depends on
how the roots of f are arranged: if Gal(f) corresponds to ay, ..., q, in this order
and 7 € S, then 77'Gal(f)7 is the Galois group with respect to «f,...,a/,
where o = o).

Corollary 2.36. Let the assumptions of Proposition 2.33 hold. Suppose P;(ay, . ..
is a simple root of R(GRf) and that P(aq,...,a,) € Z. By Corollary 2.34,
Gal(f) C TH7™', where P, = 7% P, 7 € G. If the roots of f are reordered
according to the rule of = a,(;) then Gal(f) € H (where Gal(f) is understood

with respect to (o, ...,al)).
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2.4 Stauduhar’s method of finding the (alois

group
This method was introduced by Richard Stauduhar in [23]. The input is a monic
and irreducible polynomial f and high-precision approximations as, ..., a, to the

roots of f. By Proposition 1.32, the Galois group of f is a transitive subgroup of
S,. Throughout the course of the algorithm a table with all transitive subgroups
of S, is used, where n = deg(f). Such a table exists for every n < 31 [12].

Let H C S, be a (proper) transitive subgroup, maximal among the transitive
subgroups of S, (i.e. if H C H' and H’ is transitive then H' = S,,). By Propo-
sition 2.27, there’s a H-invariant polynomial P € Z|xy,...,z,]. To start with,
we know that Gal(f) C G = S, and we can use Corollary 2.34 to determine
whether Gal(f) or some its conjugates is a subset of H. If R(GR nis square-free
and doesn’t have an integral root, we know that no matter how we order the roots,
Gal(f) € H, and we can choose H to be another proper transitive subgroup of
(G, maximal among the transitive subgroups of S,. If Gal(f) isn’t contained in
any proper transitive subgroup of G then Gal(f) = G. Suppose, on the other
hand, that (7 % P)(aq,...,®,) is a simple and integral root of R(C}%f). Then, by
Corollary 2.34, Gal(f) C TH7~! and after renaming the roots according to 7 (c.f.
Corollary 2.36) we get that Gal(f) € H. Then we set G := H an repeat the
procedure. If there’s no proper transitive subgroup H of G then Gal(f) = G.

2.5 Example: Degree 4
If deg(f) = 4, Gal(f) is a transitive subgroup of Sy isomorphic to either

Cy = ((1234)), the cyclic group of order four,

C; = {id, (12)(34), (14)(23), (13)(24)}, the normal Klein 4-group,
Dg = ((1234), (13)), the dihedral group of order 8,

Ay = ((123), (12)(

Sy = ((1234), (12)

34)), the group of even permutations,

), the whole group.

Figure 2.1 shows the simplified inclusion diagram (simplified because there are
three groups conjugate to Dg and three groups conjugate to C, - the diagram
doesn’t show all of them). Before we give a formal description of the algorithm,
here’s a brief overview and examples. To start with, one computes disc(f) to
decide whether Gal(f) is a subgroup of A4 (as in Proposition 1.46). Then we use
the Dg-invariant polynomial

P(x1, 29,23, 24) = 123 + Toy

to compute the resolvent polynomial R‘(Sli%,y - Using Corollary 2.36, we then decide
whether Gal(f) is a subgroup of Dg or not. That leaves us with four possible
options:

« If Gal(f) C A4 N Dg, conclude Gal(f) = C3.
o If Gal(f) C A4 and if Gal(f) € Ds, conclude Gal(f) = Ajy.
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o If Gal(f) € A, and Gal(f) € Ds, conclude Gal(f) = Sy.

The last option is that Gal(f) C Ds (possibly after reordering the roots of f). In
this case, we set G = Dg, H = C4 and use the G-relative H-invariant polynomial

_ 2 2 2 2
P(x1, 29, 3, 4) = 2105 + Tos + T3T] + 2477

to compute the resolvent polynomial R(% - Again, using Corollary 2.36, we then
decide whether Gal(f) (or some of its conjugates) is equal to H.

(50
e
© @)

Figure 2.1: Transitive subgroups of Sy

One aspect of the algorithm we have so far neglected is that the resolvent
polynomial R?P, f might not be square-free. There’s a proof in [11, Theorem
3, (2)] that applying a Tschirnhausen transformation on f eventually leads to
square-free R(GR ) Before giving examples, let’s prove that the above assertions
about P were correct.

Lemma 2.37. The polynomial
P(xy, 29,23, 14) = 2173 + Toxy
is a Dg-invariant.
Proof. We denote by
Stab(P) ={r € S84 | 7« P = P}.

Since Dy = ((1234), (13)), the inclusion Dg C Stab(P) follows. Next, note that
the length of the orbit of P under the action of S, is (at least) equal to 3. This
is clear because

P(5€179527373, 1'4) = T1X3 + T2y,
(12) % P(z1, 22, T3, T4) = ToT3 + 2124,

(14) * P(xq,x9, T3, T4) = X129 + T3y,
are all distinct polynomials. Hence [S; : Stab(P)] > 3 by Lemma 1.10. Since
3 = [S4: Dg| =[Sy : Stab(P)][Stab(P) : Dg),
[Stab(P) : Dg] = 1 and Stab(P) = Ds. O

31



Lemma 2.38. The polynomial

2 2 2 2
P(xy, 29,3, T4) = 2125 + ToT5 + T3xy + T4T7

is a C4 invariant. In particular, P is a Dg-relative Cy-invariant.
Proof. Again, denote
Stab(P) ={r € Sy | 7« P = P}.

The inclusion C4 = ((1234)) C Stab(P) is clear. Similarly to the previous lemma,
it’s easy to check that the polynomials

2

P(xy,x9,x3,24) = :L‘% + I2x§ + Igl’i + x4x1,
(12) % P(xy, 29,23, 24) = T xl + :le3 + x3x4 + 3:41:2,
(13) * P(z1,x9,73,24) = T :132 + atgxl + m1x4 + x4:p3,
(14) % P(xq, 29, 23,14) = T x2 + xgazg + xgxl + 3123,
(23) * P(x1,29,23,24) =T .753 + :Ugycz + x2x4 + x477,
(34) * P(x1, 19,73, 74) = 2125 + D027 + 1475 + 1377,

are distinct and, by Lemma 1.10, [S, : Stab(P)] > 6. Combined with the equality
6= [84 . C4] = [84 . Stab(P)][Stab(P) . 64],
it follows that Stab(P) = Cy. O

Note 2.39. The following three examples have been solved as part of Exercise
14 in [6, p. 364].

Example 2.40. Let f(z) = ' + 23 + 2% + = + 1. Tts roots are

27i/5 4rmi/5 6mi/5 8mi/5

a1 =€ , Qig = € , i3 = € , gy = €
The discriminant of f is equal to
disc(f) = 125 € Z\ Z°.

By Proposition 1.46, Gal( f) contains an odd permutation. To investigate whether
Gal(f) is contained in Dg, let

P(x1, 19,23, T4) i= 2173 + ToTy

be the Dg-invariant polynomial from Lemma 2.37. For G := S, the resolvent
polynomial R(GP’ nis equal to

R(Gp’f)(x) =1, (x — Pi(ay, 0,03, 04)) = 2° —2* =324+ 2 = (2 — 2)(2* + 2 — 1),
where

Py (21, 29, k3, 24) := P(21, T2, T3, T4),
(12) * P(x17x27x37‘r4)7
(14) * P(x1, o, 3, 24).

PZ('Il? X2, X3, I4) =

P3(9517$2>333,x4) =
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The root 2 of R(prf) is equal to ((12) * P)(av, ag, az, ay). After we reorder the
roots of f according to the permutation (12), we get Gal(f) C Ds.
So with the roots ordered as

ay = By = 2By — (TS — (SIS
let’s decide whether or not Gal(f) is equal to Cy. For G := Dg, H :=Cy,
P([Ifl, To,X3, ]}4) = xlxg -+ 3321’% -+ $3£L’i + 51341'%

is the G-relative H-invariant from Lemma 2.38. The resolvent polynomial R(GR P
is equal to

R(Gp’f)(x) = (1—P(a1, a2, a3, ) (2 —((13)%P) (v, iz, a3, ) ) = 2°—32—4 = (v+1)(x—4)
and so, by Proposition 2.33, Gal(f) = C;.

The need to reorder the roots during the course of the algorithm may seem
bothersome but it ensures that when the algorithm terminates, we know exactly
how Gal(f) acts on the roots of f.

Example 2.41. Let f(z) = 2* + 1. Tts roots are

a1 = ?(—1 +Z), Qg = \gﬁ(l + Z), g3 = \gﬁ(l — Z), Qg = ?(—1 — Z)

The discriminant

disc(f) = 256 = 167
is a square and Gal(f) C A, by Proposition 1.46. Now, for G := S; and
P(x1,29,73,24) = 2173 + ToT4,
the resolvent polynomial R(GR n s equal to
3
Rp () = Z_HI(JC — Pi(aq, g, a3, 04)) = 2° — 4o = z(z — 2) (2 + 2),

where

Py (21, 9, x3,24) = P(21, T2, T3, T4),
12) % P(xq, x2, T3, 24),
14) * P(xy1, x2, T3, T4).

PQ(II) T, T3, I4) = (
P31, 2, w3, 24) 1= (
By Proposition 2.33, Gal(f) C Stab(P) = Ds. It follows that Gal(f) C A4 N Dy
and Gal(f) = C2, the normal Klein 4-group.

Remark 2.42. It’s not always the case that the roots of f are explicitly known as
in the above two examples. Often, only approximations to the roots are available.
The way to compute the resolvent polynomial is then to expand the product on
the right-hand side of (2.5) and round coefficients of the resulting polynomial to
the nearest integer. This is illustrated by the next example.
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Example 2.43. Let
f(z) = 2* + 8z + 12.

The roots of f are approximately equal to

oy = 1.3709 — 1.82717, g = 1.3709 + 1.82714,
as = —1.3709 — 0.64857, a4 = —1.3709 + 0.6485:

Let P(z1,x2,x3,24) = T1273 + 224 be the Dg-invariant polynomial from Lemma
2.37. The product

(x — P(ay, ag, as, ay))(z— ((12) % P)(aq, ag, as, aq)) (@ — ((14) * P) (o, ag, g, i) )
is equal to the polynomial
z® — 0.00012% — 48.0008z — 63.9924.
Hence the resolvent polynomial R‘(Sjé n s equal to
S

That’s a polynomial irreducible over Q, so Gal(f) € Ds by Corollary 2.34. Fi-
nally, the discriminant disc(f) is equal to

disc(f) = 5767,
and we conclude that Gal(f) = A, by Proposition 1.46.

Using approximations to the roots of f to compute the resolvent polynomial
can become unwieldy. A modular method, which is the subject of the fourth
chapter, has been devised by K. Yokoyama ([26]) to work around this problem.
To conclude this section, here’s a formal description of the algorithm.
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Algorithm 7 Galois group - degree 4

Input: Irreducible, monic polynomial f € Z|[x] of degree 4

Output: Gal(f) (with respect to some order ay,as, as, ay € Q of the roots of

10:

11:
12:
13:

14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

f)

Py, 29, 23, 24) = 1173 + 2274, 7(T) 1= R‘(géf)(x)

Using Algorithm 2.1, compute the resultant res(r, ") \\r(z) is square-free iff
\\res(r, ) # 0
if res(r,7’) = 0 then
Apply a Tschirnhausen transformation (Algorithm 3) on f and go to Step
1
end if

Using Algorithm 2.1, compute d := res(f, f') \\d = disc(f) by Proposition
2.4

Factor r(x) over Z[z]

if \/d € Z and r(z) has no integral roots then
return A,
end if

if /d € Z and r(z) has an integral root then
return C?
end if

if v/d ¢ 7Z and r(z) has no integral roots then
return S,
end if

if \/d ¢ Z and R(z) has an integral root then
Rearrange the roots ay, as, ag, ay of f so that ajas + asay € Z
P(w1, 9, 03, 24) = 2125 + 2973 + 2375 + 2427, v(x) == RS ) (2)
if res(r,7’) = 0 then
Apply a Tschirnhausen transformation on f and go to Step 18.
end if
Factor r(x) over Z[x]
if 7(z) has an integral root then
return C,
else
return Dg
end if
end if
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Chapter 3

The Universal Splitting Ring

3.1 The universal splitting ideal

The aim of this section is to prove Theorem 3.20. Throughout sections 3.1, 3.2,
and 3.3, R denotes a commutative ring and K denotes a perfect field.

Definition 3.1. Let f(z) = 2" + a, 12" ' + -+ + a1z + ap € R[z]. We denote
by Iy the ideal of Ry, ..., x,] generated by the polynomials

$1(x1, .y xn) + Ap1,
SQ(xl,...,.xn) — A2, (3.1)
Sn(T1, ... ,mn)' + (=1)"ay,
where s1,...,s, € R[xy,...,z,]| are the elementary symmetric polynomials, and

call it the universal splitting ideal of f. The ring Sy = R[z1,...,x,]|/I; is called
the universal splitting ring of f (over R).

Note 3.2. The above definition uses terminology from [26]. In [17], for example,
I; is called the ideal of symmetric relations. For a more thorough threatment of
the properties of the universal splitting ring, the reader can refer to [3].

Remark 3.3. The ring R can be embedded into S; and we may assume that
R C S¢. Furthermore, the equality

fl@) = I[( = [z])
i=1
holds over Sy because the product on the right-hand side is equal to
2" = si([zy], .. [z A (D) s ([], - [24]),
which is a polynomial equal to f(x), since clearly

[an_1] = [=s1(x1,. .. xn)], . [ao) = [(=1)"sn(21, .. ., 20)]

holds in Sy.
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Lemma 3.4 (Universal Property of the Splitting Ring). Let Sy = R[z1, ..., z,]/If
be the universal splitting ring of f over R, f € R[z] monic, deg(f) =n. f RC S
is a ring and py,...,p, € 9 exist such that

f(@) =TI - p) (3.2)

=1

holds in S[z], then
[zi] = pi, i=1,...,n (3.3)

induces a homomorphism

Sy —S.
Proof. By Lemma 1.15, there’s a homomorphism
Vi R[xy, ..z, — S
such that ¢(xz;) = p;, i =1,...,n. Let
flx)=a" +ap 12" + ... +ap.
Then (3.2) implies that

51(p1,- -, pn) + Gpe1 =0,
So(pP1y -y Pn) — Apn_o =0,

Sn(P1, s 7pTL) + (_1)n71a0 =0
in S. Hence I; C Ker(¢)) and v factors as ¢ = v o w, where
Rz, ...z, = Sy

is the natural projection and B
(1 Sf — 5
is defined by (3.3). O

Let f(z) € K[z] a monic and separable polynomial. Let ay,...,a, € K be
the roots of f and L = K (o, ..., a,) the splitting field of f. There’s a surjective
homomorphism

¢ Klry,...,x,] = L,

defined by
O(g(ze, ... xn)) = glag, ..., )
for every g € K[xy,...,x,]). We denote by M its kernel:

M = Ker(¢) = {g(x1,...,2,) € K[z1,...,2,] | g(c1,...,a,) = 0}. (3.4)
By the First isomorphism theorem, we have
Klzy,...,z,)/M = L. (3.5)

We see that K[zy,...,x,]/M is a field, hence M is a maximal ideal.
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Definition 3.5. We call the ideal M defined by (3.4) the splitting ideal of f with
respect to the order (o, ..., a,) of the roots of f.

Note 3.6. Let Sy be the universal splitting ring of f over K, f € K[x] monic
and separable. Furhermore, let Gal(f) C S,, and M be the Galois group and the
splitting ideal of f with respect to the order of the roots given above, respectively.
Let

(S, : Gal(f)] = k and {o1,...,0,} C S,

be a left transversal for Gal(f) in S,,. We further denote by M7 the ideal
Moi:{o-i*g(xla"'7$n)|g($17"'7mn)€M}' (36)

Our aim for the rest of this section is to prove
k
Iy = M7, (3.7)

i=1

thereby proving that Sy is a direct product of fields. A proof of this fact, one
using methods of algebraic geometry, can be found in [2]. The proof presented
here is slightly lengthy but only requires elementary commutative algebra.

Lemma 3.7. With the above notation, let 7 € S,,. Then
M™ ={rxg(xy,...,zy) | g(x1,...,2,) € M}
equals M7 for some i € {1,...,k}.

Proof. Since {07y, ..., 01} is aleft transversal for Gal( f), there exists j € {1,...,k}
such that 7Gal(f) = 0;Gal(f). To show that M™ = M, we first note that for
any T € S,,,

M =M" < 7€ Gal(f)

by (3.5). Therefore

M =M% — M=M" "% < 7 '0; € Gal(f) < 7Gal(f) = 0;Gal(f).
(3.8)
O

Lemma 3.8. With the above notation, let i € {1,...,k}. Then M7 is a maximal
ideal, Iy € M?, and the ideals M, ..., M°* are pairwise comaximal.

Proof. For every ¢, M7 is a maximal ideal because the map

o: Klry,...,x,] = Klz1,...,2,],
o(g(x1, ..., 20)) = 9(To,(1)s - - - s Toy(n))

is an automorphism of K[zy,...,z,] and M% = o(M). The inclusion Iy C M
clearly holds and hence

[f = U(If) g O'(M) = M.
By (3.8), the ideals M7, ... M are pairwise distinct and hence comaximal. [
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A direct implication of Lemma 3.8 is the inclusion C in (3.7). Next we argue
that the ideal I; is a radical ideal.

Definition 3.9. Let R be a ring and I C R an ideal. Then the set
VI={reR|r eI for somel e N}

is called the radical of I. I is called a radical ideal if T = /1.

Remark 3.10. For every ideal I in R, the radical of I is an ideal such that
I C /1. Every prime ideal is a radical ideal. In particular, every maximal ideal
is a radical ideal.

Proposition 3.11 ([5], Lemma 8.13, p. 341). Let J be an ideal of K[xq,...,z,]
such that for each i € {1,...,n}, there’s a separable polynomial f;(x;) € JNK|[x;].
Then J is a radical ideal.

To prove Proposition 3.11, we need three auxiliary lemmata. The following is a
consequence of Lemma 1.15.

Lemma 3.12. Let R, S be rings, ¢ : R — S a homomorphism of rings. Then
the map

Rxy,. .. xn]—>5[x1,...,mn],
Zajx{ . :EJ"I—>Z¢ a;) 3:1 R
is a homomorphism of rings. It is surjective iff ¢ is surjective.

Lemma 3.13 ([5], Lemma 1.62, p. 35). Let R, S be rings, ¢ : R — S a surjective
homomorphism of rings. We denote by Zs(R) the set of the ideals I of R satisfying
Ker(¢) C I and by Z(S) the set of ideals of S. Then I — ¢(I) is a bijection
between Z,(R) and Z(S). The map J +— ¢~ '(J) is its inverse. If J € Z(9) is
maximal in S then ¢~!(J) is maximal in R.

Proof. Let I € Z,(R) and ry,75 € I. Then r +1ry € I and ¢(r1) + ¢(r2) = ¢(r1 +
r9) € ¢(I). Now we show that s¢(ry) € ¢(I) for every s € S. Since ¢ is surjective,
there exists t € R such that ¢(t) = s. Then s¢(r1) = ¢(t)p(r) = é(tr1) € o(1).
We’ve shown that ¢(I) € Z(S) for every I € Zy(R). Now, let J € Z(S) and 1et
ri,79 € ¢~ Y(J). Then 11 + ry € ¢~ (J) because ¢(r; + 12) = ¢(r1) + é(ra) €

and ¢~1(J) is closed under addition. For every r € R, ¢(rr1) = &(r)p(r1) €
because ¢(r1) € J and J is an ideal. If r € Ker(¢), then ¢(r) =0 € J a d
Ker(¢) C 6-1(J) € T,(R)

To show that the map I — ¢(I) is a bijection between Zy(R) and Z(S), we
show that J — ¢~ 1(J) is its inverse, i.e. ¢(¢p~1(J)) = J for every J € Z(S) and
oY1) =1 for every I € Z4(R).

Let J € Z(S). The inclusion ¢(¢~1(J)) C J follows directly from the definition
of image and preimage of a map. For the reverse inclusion, let j € J. Since ¢
is surjective, there exists r € R such that ¢(r) = j. All we need to show for
J C ¢(¢~1(J)) to hold is that r € ¢~!(.J), which is true by the choice of r.

Let I € Z,(R) and ¢ € I. Then ¢(i) € ¢(I), proving I C ¢ (¢(I)). Con-
versely, let 7 € R be an element such that ¢(r) € ¢(/). This means there exists
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r" e I with ¢(r) = ¢(r'). Then r —r’ € Ker(¢) C I and consequently r» € I. Thus
o)) C I.

Finally, we show that if J € Z(S) is a maximal ideal, then ¢~*(J) is a maximal
ideal in R. Suppose I = ¢~'(J) is not maximal and let I’ € Z,(R) be such that
I € I' C R. Then, due to the fact that Ker(¢) C I, ¢(I) € ¢(I') € ¢(R) and
¢(I) = J is not maximal. O

Lemma 3.14 ([5], Lemma 8.5, p. 337). Let I be an ideal of Klzy,...,x,].
Assume that f,g1,...,g, € K[zi] are such that

f:gl.--g/r

is a factorization of f in K[z;] into pairwise relatively prime factors. then
s
ﬂ I+ (g:))

Proof Clearly I+(f) C I+(g;) for everyi € {1,...,r} and the inclusion I+(f) C
ﬂ (I + (g;)) follows. To prove the reverse inclusion, consider h € K[xq,...,x,]
such that for every i € {1,...,r}, h € I 4+ (g;). This means that there exist

polynomials ¢; € K[z, ... ,xn] and s; € I, 1 =1,...,r, such that h = ¢;g; + s;.
Now we define for i € {1,...,r},

fz = ng
i

Then clearly hf; € I + (f) for @ = 1,...,7. From the fact that ¢; and g¢; are
relatively prime for ¢ # j, one concludes that the greatest common divisor of
fi,..., fr in K[z1] is 1. Hence there exist uy, ..., u, € K[| satisfying

1:u1f1+"'+u7'f7'7

implying
h=uhfi+ - +uhf. €I+ (f).

O

Proof of Proposition 3.11. The idea of the proof is to show that J is an inter-
section of finitely many maximal ideals, which clearly implies that J is a radical
ideal.

To show that J is a finite intersection of maximal ideals, we proceed by induc-
tion on n. If n =1, then J C K|x;] is a principle ideal, i.e. J = (g), g € K[x1],
and the generator g is square-free (because fi, a multiple of g, is separable and
therefore square-free). Let

g=4g1-9r

with pairwise non-associated, irreducible polynomials g,..., g, € K[x;]. Then
the g; are pairwise relatively prime, and so

Iﬁ(g)

i=1
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by Lemma 3.14 (where the ideal I from the statement of Lemma 3.14 is the zero
ideal). The ideals occuring in the intersection on the right-hand side are maximal
because the g; are irreducible.

Now let n > 1. We may write f; = ¢y - - - - - g, with pairwise non-associated,
irreducible polynomials g1, ..., g, € K[z;] and, again by Lemma 3.14, we obtain

J=J+ (fi(z1)) ﬂj+gz$1)

To finish the proof, we show that each of the ideals J + (g;(z1)), i = 1,...,7, is
an intersection of finitely many maximal ideals. To this end, fix i € {1,...,7}
and denote J' = J + (g;). Since g; is irreducible, K[x1]/(g;) is a field and we may
consider the natural projection

¢ - Klaa] = K[x1]/(9:)

that maps a polynomial h € K|z;] to the residue class h + (g;). We note that K
may be considered a subfield of K[z1]/(g;) and ¢ fixes K. By Lemma 3.12, there’s
an epimorphism ¢ from (K[z1])[xe, ..., x| = K[z1, ..., x,] to (K[x1]/(g:))[xe, - - .
that extends ¢. We claim that the kernel of v is the ideal generated by g; (in
Klxy,...,2,)). It's clear that (g;) C Ker(¢). Now, let h € Ker(g;) and express h
as

h(zy,...,x,) = Zhj(xl)xéz coadr € (K[z])[za, . .., ).

Since ¢ (h) is the zero polynomial in (K [x1]/(¢:))[x1, - - ., 2n), &(h;) =0 € Klx1]/(
for every j (recall that ¢ denotes the natural projection from Klz1] to K|[x1]/(g:)).
In other words, h; € (g;) for every j and h € (g;). We've established that
Ker(¢) = (g:) € J".

As 9 is surjective, ¥(J') C (Klx1]/(g:))[z2,...,2s) is an ideal by Lemma
3.13. To verify that it satisfies the induction hypothesis, recall that the map
fixes K and ¢(f2) = fo € 9(7) 0 (Klmi]/ (@) sl 6(fa) = fu € $(J) O
(K[z1]/(g:))|xs] are indeed separable polynomials. By the induction hypothesis,
there exist maximal ideals M, ..., M such that (J") = N;_; M;. By Lemma
3.13,

S S
i=1 i=1
is an intersection of maximal ideals. O

Corollary 3.15. Let I; be the universal splitting ideal of f, where f(z) € K|[z]
is monic and separable. Then for each i = 1,...,n, f(z;) € I, and I; is a radical
ideal.

Proof. We have seen in Remark 3.3 that

n

fl@) =11 - [x])

=1

holds in the universal splitting ring Sy = K|[z1,...,2,]|/I;. Hence for every i,
f([z:]) = [f(x;)] = [0] and f(x;) € If. Since f is separable by assumption, [y is
a radical ideal by Proposition 3.11. O]

41

, Tn]

gi)



Next, we recall a well known description of radicals.

Proposition 3.16 ([7], Tvrzeni 1.3.12, p. 14). Let R be a commutative ring, J C
R an ideal. Then v/J equals the intersection of all prime ideals of R containing
J.

Proposition 3.17. Let J be a proper ideal of K[z, ..., x,]. Then K[xy,...,z,]/J
is finite-dimensional as a K-vector space iff there’s a non-zero polynomial in
J N Klz;] for every i € {1,...,n}.

Proof. For g(x1,...,x,) € K[x1,...,x,], we denote by [g(z1,...,x,)] the element
g+ J of K[zy,...,2z,)/J. Suppose dimg(K|[z1,...,2,])/J) = m € N and let

i € {1,...,n}. Then the m + 1 elements [1], [z;],...,[z]"""],[27"] are linearly
dependent and there are coefficients cy,...,c, € K, (co,...,cm) # (0,...,0),
such that [0] = X" ¢;[x]] = | o c;al]. Hence 0 # >0 cirl € J.

Conversely, let fi(z;) € J, n; = deg(f;) > 1,7 = 1,...,n. Let G =
{[af2® 2] | 0 < i1 < ny,...,0 < 4, < n,}. We claim that G gener-
ates K[zy,...,x,)/J. Let i € {1,...,n}. We prove by induction that [z}] €
(], [, - .., [z71]) for every k > 0. This is obvious for 0 < k < n; — 1. Let
k > n; — 1. By the induction hypothesis, [z¥7!] = ¢y + e1w] + - + ¢ [z 7]
with co,... 1 € K. As [z]7] = [z — fi(z)] € (1], [zi], ..., [z77"]), we see
that

[2F] = (2 [2i] = colai] + er[2f] + -+ cpmalal T+ 2] (3.9)
is also an element of ([1], [x],..., [z™']). But now it’s clear that [z]"---2/"] €

(G) for every n-tuple (ji,...,Jn), ji > 0,i=1,...,n,and G generates K|[z1,...,x,]/J.
O

Proposition 3.18 ([5], Exercise 7.43, p. 315). Let J C K|z1,...,z,] be a prime
ideal such that there’s a non-zero polynomial in JNK[z;] for every i € {1,...,n}.
Then J is maximal.

Proof. Let’s denote D = K|xy,...,x,]|/J. Since J is a prime ideal, D is a domain.
To show that it’s a field, fix a non-zero element a € D and consider the map
Y : D — D defined by ¢(x) = ax. It’s easily verified that 1 is an injective K-
endomorphism of D (as a K-vector space). Furthermore, D is finitely dimensional
over K by the previous proposition, so 1 is surjective and there’s ¢ € D such that
ac = 1p. Thus D is a field and J is maximal. O

It has been shown in the proof of Corollary 3.15 that f(x;) € I for every
i €{1,...,n}. We therefore have

I;y=\I;= () N
I;CN
N maximal
because every prime ideal containing /; is maximal by Proposition 3.18. The
following proposition states that every maximal ideal containing I is equal to
M™ tes,.
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Proposition 3.19. Let f(z) = 2" +a, 12" ' +---+ag € K[x] be separable and
let I; be the universal splitting ideal of f. Let ay,...,a, € K be the roots of f
and M C K|xy,...,z,] the splitting ideal of f associated with the assignment of
the roots z; to aq,...,x, to a,. Let N C K[xy,...,z,] be a maximal ideal such
that Iy € N. There’s a permutation 7 € S, such that N = M7.

Proof. We work under the assumption that the fields Fy = Klzy,...,z,]/M
and Fy = Klz1,...,2,]/N both contain K as a subfield. For g(z1,...,z,) €
Klxy,...,x,)], let’s denote by [g(x1,...,x,)]m the element g(xy,... ,2,) + M in
Fy and [g(z1,...,2,)]y the element g(z1,...,2,) + N in Fy. We've already seen
that Fj is a splitting field of f. By the same argument we used to show that f
splits over the universal splitting ring, we get that f(x) = [T~;(x — [z;]5) holds
in Fy. Since F; is clearly generated by [z1]n, ..., [za]n, F» too is a splitting field
of f and there’s an K-isomorphism

w2F1—>F2.

The isomorphism 1 sends a root of f in F} to a root of f in Fy. It follows that
there’s a permutation 7 € S,, such that 1 ([z;]a) = [z,4)]n for every i. As a con-
sequence, Y ([g(z1,. .., Tn)m) = [9(Tr1), -, Trmy) | for every g € K[zq,.. ., 2,].

We show that N = M7. Since both the ideals are maximal, it suffices to
show M™ C N. Consider ¢ € M. This means [0]xy = ¥([g(z1,...,2,)|m) =

[9(@-1ys - - - Try) v and g(27(1y, - -, Trn)) € N.
]

Theorem 3.20. Let f(z) = 2" + a,_12" ' + -+ + ap € K|z] be a separable
polynomial, ay, ..., a, € K its roots. Let Gal(f) and M be the Galois group and
the splitting ideal of f with respect to this order of the roots, respectively. Let
{o1,...,01} be aleft transversal for Gal(f) in S,, and

M7 ={9(e;1)s - - Zoyn)) | 9(x1, ... 2n) € M}, i€ {1,... k}.

Then
{M? |i=1,...,k}

is the set of the maximal ideals in K[z, ..., x,| containing Iy,

k

Iy = (M7,

i=1

where I is the universal splitting ideal of f, and there’s an isomorphism
Y Kz, oo x|/ — Koy, ..oz, /M7 x - X Kz, .o 2] /MOF,
V([g(x, ..., x0)]) = ([9(x1, ..o, 20)], - - [g(x, oo 20)]),

g(x, ... xn) € K[z, ..., 2,).

Proof. So far, we’ve shown that
Iy=\I;= () N

I;CN
N maximal
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Let N C K[zy,...,x,] be a maximal ideal containing I¢. By the previous propo-
sition, there’s 7 € S, such that N = M7. By Lemma 3.7, there’s j € {1,...,k}
such that M™ = M?i. Hence

k
Iy =M.
i=1
By Lemma 3.8, the ideals M7 are comaximal and the Chinese remainder theorem
implies the existence of the isomorphism 1. O]

3.2 The standard generating set

Lemma 3.21 (Double Factorization Lemma). Let R, S be rings and ¢ : R — S
a surjective homomorphism. Let I C R and J C S be ideals such that

¢~ (J) =1
Then the map
[r] = [¢(r)]
is an isomorphism
R/I — S/J.
Proof. Let
mr:R— R/I,
wy: S —S/J

denote the natural projection homomorphisms. Then
Ker(mjop)={re R|¢(r)eJ}=¢(J) =1
By the Homomorphism Theorem, there exists a monomorphism
v:R/I— R/J
such that ¢ o m; = 75 0 ¢ and v is surjective because ¢ is surjective. O

Lemma 3.22. Let R be a ring. Let f(z) € R[x] be monic, deg(f) = n. We
denote

gi(71) = f(x1)
- 91(71) — g1 ()

T1,To) =
g2(1, 22) o1 —
ng(xl? o ,$i+1) _ gz'(lli’l, ey L1, xz) - gi(xh e ;xiflaxi+1>
Ti — Ti41
gn<x17 o ’xn) _ gn—l(l‘b ey Tn—2, In—l) - gn—l(Il’ co oy Tn—2, xn) )
Tn—1— Tn

Then g1(x1), g2(x1, 22), ..., gn(T1, ..., 2n) € Rly, ..., 2]
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Proof. For every 1 < j <nandk € N,

k ok k=1 | k-2 k—2 | ok
v —xiy = (ry —xia) (v + i T e aal g gy,

so every term of g;(z1,...,xj_1,2;)—g;(21,...,2;-1, ;1) is divisible by x; — x4

and gj41(x1,...,%541) € R[z1, ..., 2] O

Example 3.23. For n € {1,2,3,4} and f(z) = 2" + a,_ 12" ' + -+ - + a7 + ay,
we have:
n=2 g1(z1) = 22 + a121 + ag

g2(x1,22) = 1 + 22+ a4

n=3 g1 (z1) = 2% + axx? + a1y + ag
gg(l'l, 1’2) = l’? + 120 + ZE% + (lg(l‘l + 172) + aq

93(21, 9, x3) = 1 + T2+ T3 + ag

n=4 g1(1) = 27 + a3x} + agx} + a7y + ag
G2(1, 2) = 2% + X319 + 3125 + 5 + az(2F + 1129 + 13) + as(Ty + T2) + @y
g3(x1, T2, x3) = iE% + $% + :Eg + 2129 + 123 + o + asz(xy + T2 + x3) + ag
94(x1, X9, 3, 14) = 1 + T2 + T3 + 4 + a3
Definition 3.24. We call the polynomials ¢1(x1), ..., gu(x1, ..., z,) from Lemma
3.22 the standard generating set for f.

Note 3.25. We use the terminology of [26, Definition 3|. In [17, p. 90], g1,. .., In
are called the Cauchy moduli of f. We show in this section that the ideal in
R[z1,...,x,] generated by ¢1,. .., g, is the universal splitting ideal I; of f. This
fact is stated in [26] but not proved. The author has found it difficult to provide
a reference for the complete proof. In [24, Theorem 4.4], for example, only the
inclusion (g1, ...,¢9,) C Iy is proved.

The following notation is used in Lemma 3.29: for j,m € N, let

b (21, ..., 2m) € Rlz1,..., Ty
denote the sum of all (monic) terms in xy,...,z,, of degree j:
ho(z1,. ., z) = > af--eaim
i1y >0

Example 3.26. Let
f(%) =z + a3x3 + CLQJJQ +aix+ag € R[:p]

Then
91(71) = f(z1),
92(1, 2) = h3(w1, 2) + agh3 (21, 22) + ashy (1, 22) + ay,
g3(x1, T2, x3) = §($17$2,$3)+a3h (21,22, T3) + ag,

ga(x1, T2, T3, T4) = h4(9€17$2,$3,3€4) + ag,

as one observes comparing with Example 3.23. This example is generalized in
Lemma 3.29.
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Lemma 3.27. With the above notation, let m, 7 € N. Then
hzn(l'l, <oy Tm—1, CEm)_h'Jm<a?17 sy Tm—1, xm—&-l) = (Im_ajm—l—l)hzn_-&l(xh <oy Ly CCm—i—l)
Proof. Note that

B (w1,...,0m) = 2! + 2 hl (w1, Tpet)

s xmhfn_jl(xl, ey Tpe) hf;l,l(xl, e Tm1)

by the definition of i/ . Hence

hin(l“l, oy Tm—1, Im) - h/gn(xla cee 7xm—17xm+1) -
= $fn - l{n+1 + (@n_l - xfn_Jrll)hqln—l(xh s 7xm—1) ++ (:L‘?n - I?n—l—l)hfgzl(xlv s 7xm—1)+
(T — $m+1)h’r;_11(:v1, e Te1) = (T — xm+1)hin_+11(a:1, e Ty T 1)

O

Note 3.28. No reference in literature has been found for the proof of Lemma
3.29.

Lemma 3.29. Let f(z) € R[x] be monic, deg(f) =n > 2,
f@)=a2"+ap 12" '+ + a2 + ao.
Let g1, ..., g, be the standard generating set for f. Then
g1(z1) = b (z1) + an_1hy (1) + - + arhi(z1) + ao = f(21),
go(x1, 20) = Wy Hwy, m9) 4 ap 1 by (21, 29) 4 - - + aghd (w1, 12) + ay,

93(71, 9, 73) = W3 2(21, T2, ¥3) + @p_1hy (21, B9, 23) + - - - + azhi(z1, T2, ¥3) + ag,

Gn(T1, .. xn) = hh(zy, .. 20) + Gy
In particular, for every i > 2,
gi(x1, ..., x) € (Rlzy, ..., xima])[24]
is monic and deg, (g;) =n —i+ 1.
Proof. We prove by induction on i that

gi([L’l, e ,QZ'Z') = h?_i-i_l(.il?l, e ,ﬂfi) + an,lh?_i(xl, Ce ,.’L'i> + an,gh?_i_l(:vl, Ce ,.731‘) —+ .

cdaghi (2, . m) Fai
for i € {1,...,n}. This is true for i = 1, since
g1(z1) = f(x1) = b (1) + an_1 R} H(x1) + -+ + arhi (1) + ao.
Let ¢ > 1. By definition,

) _ 92'71(371, ey L2, 561;71) - gz‘fl(mla sy Li—2, wz)
Ti—1 — X4

gi(xb R

46



By the induction hypothesis,

Gic1(T1, . Time, Tiq) = h?:f”(fl, ce Ti1) an—1h?:f+1($1, ceX) A

s Clzelh%_l(xl, o Ti1) Qg
By Lemma 3.27,

gi—l(fEla sy Lj—2, 901‘—1) - g¢—1(9€1, sy g2, xz) =
= (z;_1 — x,-)h?_”l(:vl, ey T, @) F Ay (T — @)Xy, X))

st i (T — 3),

hence
91’—1(%1; sy Lj—2, Iz’—l) - gz‘—l(l’l, sy L2, xz)
Ti—1 — T4
_ 1n—i+1 n—1i
= h; (@1, T, @) + ana b (@1, Ty, @) A
which is what we wanted to prove. O

Lemma 3.30. Let R be an integral domain, S = R[zy,...,x,], n > 2. Let

F(X) = [[(X = 2) € S[X] (3.10)

i=1

and G1(X1),...,Gn(Xy,..., X,) € S[Xq, ..., X,] be the standard generating set
for F'. Then
Gi(l'l,...,l’i) =0in S

for every i € {1,...,n}.
Proof. We prove the following: for every 1 <i<mn, 7 € S,

Gi(zr(1y, -, @r) =01in S.
This is clear for ¢ = 1, because

Gi(zj) = F(z;) =0

for every j € {1,...,n}. Let i > 1. Then
(Xori-1)=X70) Gi(Xr()s - -+, Xoi) = Gica(Xrqys - -+, X)) = Gica (X - -+, Xoi))
by the definition of GG;. By the induction hypothesis,

Gio1(Trqys -+ Tr(i1)) — Gic1(Tr1)s - - Tr(@)) = 0,

hence
(Tr(im1) — T7())Gi(Tr), - - T7()) = 0
and
Gi(@r1)s - Tr@) = 0
as S is an integral domain. O
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Lemma 3.31. Let R be an integral domain, f(x) € R[z], deg(f) =n > 2,
f(z)=2" +ap_12" -+ a12 + ao.
Let g1,...,9n € Rlxy,...,x,] be the standard generating set for f. Then

(917"'7971) g‘[f

Proof. By definition, Iy = (p1,...,p,), where

pr(xy, .. xy) = s1(T1, .0, Tp) + Qpet,
po(x1, ... xy) = So(x1, ..., XTy) — Ap_a,
Po(T1, . xn) = Sp(21, .o 2y) + (—=1)"Lag,
and s1, ..., s, are the elementary symmetric functions. Now, let S = Rzy,...,z,

and F(z) € S[x] be the polynomial defined by (3.10). We note that
F(X)=X"—s1(z1,...,22) X" P oo (=15, (21,..., 7).

Let i € {1,...,n}. By Lemma 3.29,

Gi(x1, . ) = R (g, m) By, @) aihy (T, m) a .

Let Gy,...,G, € S[X1,...,X,] be the standard generating set for F'. Again, by
Lemma 3.29,

Gi(Xb .. ,Xl) = h?_i+1(X1, e ,XZ) — 81(1'1, Ce ,l‘n)h?_i(Xl, Ce ,XZ) + s

<+ (-1)”71‘8”_1‘(1’1, e 7In)h}(X1, . 7Xz) -+ (—1)”4“5”_“_1(%, Ce ,In>.
Hence

gz‘(l’h e ;Ii) - Gi(xla e 7732') =
= pi(@r, . w)B T @) e+ (D) T () ()
+ (—1)n_ipn_i+1($1, Ce ,ZL’n) < ]f

By Lemma 3.30, G;(x1,...,2;) =0, so gi(z1,...,2;) € Iy. O

Lemma 3.32. Let R be a commutative ring, f(z) € R[z|, deg(f) =n > 2, and
let g1(z1),...,9n(z1,...,2,) € R[x1,...,x,] be the standard generating set for
f. Then

n

fla) =11 = [x])

i=1
over

R[l’l, SR 737”] /(gl(x1>, . ,gn(9€1, e 7‘7371))

Proof. We proceed by induction on n. Let n = 2 and denote Ry = R[x1]/(g1(z1)).
There’s an epimorphism

¢ R[xy, 9] = Ry[z2]
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such that ¢(z2) = x5 and ¢p,,) is the natural projection R[z,] — Ry. Since

(xy — 1) ga(x1, x2) = f(x2) — f(21)
holds in R[zy, xs],

(22 — [11])g2([71], w2) = f(22) — f([71]) = f(22)
=[0]

holds in R; [z;]. Furthermore, the degree of f(x) := gy([z1],2) € Ry[x] is 1. Hence

f(x) = (x = [2a]) f ()

splits over Ry, let alone over Ry < Ry[x]/(f(x2)). By Lemma 3.21, the assign-
ment

[h(21, 22)] = [p(h(21, 72))]

induces an isomorphism

Rlxy, m2]/(g1(21), g2(21, 02)) — s [$2]/(f(x2))

So f splits over

Rlz1, o] /(91(171)792(301,%2))'
Let n > 2. Similarly, f factors as

f(x) = (& = [2a]) f ()

over Ry, where f(z) = g2([71],7) € Ry[x] and deg(f) = n — 1. Applying the
induction hypothesis on f,

holds over

Rylxa, ... ) /(92([%}’;[2), ooy gn([za] ey o x))

Thus f splits over

Blev o] [g(2),.. galan, ... 20)) =
= Rava, - 2l /(92([331]7-%2)» s gnllm], z2, )
because the two rings are isomorphic by Lemma 3.21. u

Theorem 3.33. Let R be an integral domain, f(z) € R[z|, deg(f) =n > 2,
fx)=2"+ap 12"+ + a1 + ag,

and let g1(z1),...,gn(21,...,2,) € R[z1,...,x,] be the standard generating set
for f. Then

If = (glv"'ugn)v

where I is the universal splitting ideal of f.
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Proof. By Lemma 3.31, J := (¢1,...,9,) C Iy. For the reverse inclusion, consider
the n elementary symmetric functions sq,...,s, € R[z1,...,z,]. Recall that
Iy C R[zy,...,x,) is the ideal generated by

(1, xn) = s1(x, .., ) + an1,
pa(T1, .. ) = So(x1,. .., Tp) — Qp_s,

Po(1, . 2n) = Sp(x1, ... 1) + (—=1)" tag.

By Lemma 3.32,

fx) = f[l(l‘ — ) =" = si(lm], - )2+ (2D ([, )
holds over R[z1,...,z,]/J. Hence the equalities
lan_1] = [=s1(x1, ..., 2)],
[an—2] = [s2(T1, ..., 2p)],
[ao] = [(=1)"sn (21, .., 20)],
and py,...,p, € J holds. O

Lemma 3.34. Let R be an integral domain, f(z) € R[z|, deg(f) =n > 2. Let
Sy = Rlzy,...,x,)/1y
be the universal splitting ring of f over R. Then
B={[z{"-- 23] 0<e<nm—i,i=1,...,n—1}

generates the R-module Sj.

Proof. Let h € R[zy,...,x,]. We show that for every i € {1,...,n}, there’s a
polynomial r; € R[xy,...,z,] such that

h—TiEIf

and
deg, (r;) <1, deg, (r;) <2,... ,degmn_m(m) < 1. (3.11)

Let g1, ..., g, be the standard generating set for f. By Theorem 3.33,

It = (g1, 0n)-
By Lemma 3.29, g,,(21,...,%,) € (R[z1,...,2Zn-1])[2,] is monic and deg, (g,) =
1. Dividing h by g, with remainder in (R[z1,...,Z,-1])[z,], we obtain polyno-
mials ¢, € R[z1,...,x,] such that

hzy,...,zn) = q(xy, . x0)gn(T1, ..oy 2n) +11(21, .o Ty)
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and deg, (r1) < 1= deg, (gn). Let ¢ > 1. By the induction hypothesis, there’s
ri-1 € R[xy, ..., x,] such that

h—r,_y EIf

and
deg, ri-1 <1, deg,  (ri1) <2,...,deg, . (ri1)<i-—1

By Lemma 3.29, g,,_;4+1 is monic with respect to the variable z,_;.; and
degmn_ﬂ_l (gn*l"Fl) = Z

So we can divide r;_; with remainder by g,_;+1 in (R[z1, ..., Zpn_it1, -, Tp))[Tn_it1]:
ric1 (T, xn) = @1, ) Gneig1 (T1y oy Tpinr) F 1T, X)),
The polynomial r; then satisfies (3.11) and the condition
h—r;€lf

also holds. Finally, we note that r, is a linear combination of elements from B
and [h] = [r,] in Sy. O

Lemma 3.35. Let R be an integral domain, f(z) € R[z|, deg(f) =n > 2. Let
Sf = R[:L‘l, ce ,xn]/[f
be the universal splitting ring of f over R. Then

B={[z{"- 23] 0<e<mn—i,i=1,...,n—1}

n—1
is R-linearly independent.
Proof. Let g1,...,g, be the standard generating set for f. Let
Mz, ... x,) € Rz, ..., 2]
be a polynomial with terms over
{aft - | 0<e<n—i,i=1,...,n—1} (3.12)
such that

h(xy,...,x,) € Iy (e [D(z1,...,2,)] = 01in Sy).

We want to show that A is the zero polynomial. By Theorem 3.33, there exist
polynomials ¢, ..., ¢, € Rlzy,...,2,] :

n

h(zy,...,x,) = Zci(xl, e T)gi(Tr, o x).

=1

We prove by induction that
Cn—j+1 = 0
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for every j € {1,...,n}. By Lemma 3.29, deg, (g9,) = 1 but deg, (h) = 0
because h has terms from (3.12). This implies ¢, = 0. Let j > 1. By the
induction hypothesis,

Cn =Ch—1 =" =Cp—jt2 = 07
hence
n—j+1
h(zy, ... ,x,) = Z ci(xy, oy xn)gi(Tr, .o xp).
i=1

Moreover, By the choice of h, we have
deg, ., (h)<j—1.

By Lemma 3.29,
degwn,j+1 (gn—j+1) = .]

This implies ¢,—j+1 = 0. So ¢; = 0 for every ¢ and h is the zero polynomial. [
By Lemma 3.34 and 3.35, we have the following theorem.

Theorem 3.36. Let R be an integral domain, f(z) € R[x], deg(f) > 2. Let
Sy = Rlzy,...,x,)/Iy
be the universal splitting ring of f over R. Then

B=A{[z{"-27]0<e,<n—4,i=1,...,n—1}

n—1

is a free basis of the free R-module Sy. That is, B is R-linearly independent set
which generates S.

In case R is a field, the standard generating set for f is a Grobner basis of /5.

Proposition 3.37 ([4], Tvrzeni 22.5, p. 152). Let K be a field and let fi,..., f, €
K[xy,...,z,] be a triangular basis of an ideal I C K[xy,...,z,]. In other words,
{f1,--., fn} generates I and

f1 GIﬂK[xl], fQEIﬂK[I‘l,JZQ],...,fn_l eIﬂK[.ﬁl,...,l’n_l].

Then {fi,..., fu} is a Grobner basis of I with respect to the lexicographic order
< on terms such that z; < --- < z,,. In particular, the standard generating set
g1,---,9n for f € K[z] is a Grobner basis with respect to the lexicographic order
< on terms such that 1 < --- < x,.
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3.3 The universal splitting ring of a separable
polynomial

Recall that K denotes a perfect field. Throughout this part, we use the following
notation:

f(z) =a" +a, 12" ' + -+ +ay € K[x] is a separable polynomial,
ai,...,a, €K are its roots, Iy is the universal splitting ideal of f,
M is the splitting ideal of f with respect to the given order of the roots
(3.13)

Remark 3.38. With the above notation, let
Sf = K[[L‘l, ce ,xn]/lf

be the universal splitting ring of f. By Theorem 3.36, every element of Sy has a

unique representative from Klzy,...,z,] with terms from
{0 | 0<e<n—i,i=1,...,n—1}. (3.14)
So we can identify elements of S; with their representatives from K[zq,...,z,]

(such that their terms are from (3.14)).
Theorem 3.39. With the notation of (3.13), the universal splitting ring
Sr=Klxy,...,x,]/1;

of f has exactly k =[S, : Gal(f)] primitive idempotents e, ..., ex, where Gal(f)
is the Galois group of f with respect to the order of the roots of f given by (3.13).
Moreover,

k
Y e =1 (3.15)
i=1
and there is a unique element e € {ey, ..., e} such that
M={ge Klxi,...,x,] | ge € I+}. (3.16)

We call the idempotent e the primitive idempotent corresponding to the ideal M.
Proof. By Theorem 3.20, Sy is the direct product of the k fields

Klzy, ...,z /M, i=1,.. .k,
where k =[S, : Gal(f)] and I C My(= M), ..., M} are maximal ideals. Let
Y Sp— Klwy, ..., x| /My X - X K[z1, ..., 2,/ My,

@Z}([ZL‘Z]) = ([l’z], ey [IZ]), 1= ]_, .. .,k?,

be the isomorphism from Theorem 3.20. By Proposition 1.5, Sy has k idempotents
e1,...,e, and there’s exactly one e € {ey, ..., e} such that

w(e) = (1,0,...,0).
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As

e—1leM;, ec M;fori=2,... k, (3.17)
we're ready to prove (3.16). If g € M, then ge € N¥_,M; = I; by (3.17). On
the other hand, let ge € Iy C M,;. Since M; is maximal, it is prime and either

g € My or e € M. As we know e ¢ My, it follows that e € M;. Finally, (3.15) is
again a direct consequence of Proposition 1.5. O

Recall that for 7 € S, and g(x1,...,2,) € K|x1,...,2,]|, we denote by 7 %
g(x1,...,,), or simply 7 * g, the polynomial g(z,x1, ..., Zr@n))-

Lemma 3.40. With the notation of (3.13), let g € KJz1,...,2,] and 7 € S,.
Then the map [g] — [T * g] is an automorphism of S; = K{zy,...,x,]|/I; and
thus the symmetric group acts on Sy.

Proof. We first show that the map is defined correctly. Let g1,92 € K[x1,. .., 2]
such that g1 — go € Iy. Then 7 % (g1 — ¢g2) € Iy because Iy is generated by
symmetric polynomials. It follows

[T*g1] = [Txgo] = [Tx g1 — T x ga] = [T % (91 — g2)] = [0],

hence [T ¢1| = [T*go]. From the fact that the map g — 7% g is an automorphism
of K[zy,...,x,] it follows that the map [g] — [T * g] is an endomorphism of Sy,
which is clearly surjective. To show that it’s injective, let ¢1, g0 € Klz1,...,x,]
be such that [7 % g1] = [T * go], which is equivalent to 7 * (g1 — ¢2) € Iy. Again,
as Iy is generated by symmetric polynomials, g1 — g = 77 % (7% (g1 — g2)) € I,
i.e. [91] = [92] ]

Proposition 3.41. With the notation of (3.13), let e € Sy = Klx1,...,2,]/1f
be the primitive idempotent corresponding to M and 7 € §,,. Then

Stab(7 * €) = T7Gal(f)7 ",

where Stab(7 x e) C S, is the stabilizer of 7 % e under the action from Lemma
3.40 and Gal(f) is the Galois group of f with respect to the order of the roots of
f given by (3.13). In particular,

Stab(e) = Gal(f).

Proof. By (3.5), the field
Klzy, ...,z /M

is isomorphic to K (ay, ..., a,), the splitting field of f, via the assignment
[iL‘l] o, 1= 1,...,]€.

The group Autg(K|[z1,...,x,]/M) can be therefore identified with a subgroup
of S, equal to Gal(f). Now, let

Y Sp— Klwy, ... x| /My x - X K[zy, ..., 2, /My,

U([z]) = ([w], - [wi]), i=1,...,k
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be the isomorphism from Theorem 3.20, where k£ = [S,, : Gal(f)] and
Iy © My(=M),..., My

are maximal ideals. Since e is the primitive idempotent corresponding to M; =
M,
w(e) = (1,0,...,0),

and there’s an isomorphism
eSy = Klxy,...,x,|/M,

el = [zg], i=1,... k.

Thus Gal(f) is also the group of automorphisms of eS;. Then for every 7 €
Gal(f), 7 * (e[l]r;) = e[l];, and Gal(f) C Stab(e). Conversely, if 7 € Stab(e),
7 induces an automorphism of eSy by Lemma 3.40. Hence 7 € Gal(f) and
Gal(f) = Stab(e).

Finally, let 7 € S,,. Denote M™ = {rxg¢g | g € M}. By (3.16),

M™={ge K[zy,...,z,) | g- (Txe) € If}.

Hence 7xe is the primitive idempotent corresponding to M ™. It’s an easy observa-
tion that M7 is the splitting ideal of f with respect to the order a.—1(1),. .., ar-1(n)
of the roots of f. So by the above paragraph, Stab(7 x ) is the Galois group of f
with respect to the roots reodered according to 771, i.e. Stab(rxe) = 7Gal(f)7 !
by Lemma 1.34. O

Proposition 3.42. With the notation of (3.13), let £ be the set of primitive
idempotents of the universal splitting ring Sy. Then S, act transitively on &.

Proof. Let 7 € §,,. By Lemma 3.40,

[g] = [T * g]

induces an automorphism of S; for every 7 € §,. Thus 7 * e is a primitive
idempotent for every e € £ and §,, acts on £. Let e be the primitive idempotent
corresponding to the ideal M. By Lemma 1.10, the length of the orbit of e is
equal to [S, : Stab(e)]. As Stab(e) = Gal(f) by Proposition 3.41, the length of
the orbit of e is equal to

[Sn - Gal(f)] = €],
where the last equality follows from Theorem 3.39. [

Lemma 3.43. Let e € Sy be an idempotent. Then e is a sum of primitive
idempotents (we call those its primitive components). A primitive idempotent
f € Sy is a component of e iff ef = f.

Proof. The first assertion follows if we view S; as a product of fields using the
isomorphism 1 from Theorem 3.20. Solet e =e; +---4+¢, 1 € N, eq,...,¢ €
Sy primitive idempotents. By Lemma 1.3, if f = e; for some i then ef = f.
Otherwise, ef = 0. n
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3.4 More about idempotents

Let f € Z[z], deg(f) = n. Throughout this section,

Sf = Q[‘Tl, RN ,.Cl}n]/[f
denotes the universal splitting ring of f over Q.

Definition 3.44. Let f(z) = 2" +a, 12" ' +---+ag € Z[z], p € N a prime. We

denote by I](coo) the universal splitting ideal of f over QQ,. In other words, / () i

the ideal generated in Q,[x1,...,x,] by the polynomials

Sl(xla cee 7:En> + An—1,
82(1.17 cee ,I’n) — Qp—2,

sn(xl, .. ,.’L'n) + (—1)”_1a0,

where sq, ..., s, are the elementary symmetric polynomials. Moreover, we denote
by
S = Q1. ) 10

the universal splitting ring of f over Q,.

Proposition 3.45. Let f(z) € Z[z] be monic, deg(f) =n, p € N a prime. Let
Sf = Q[Z‘l, RN ,xn]/[f
be the universal splitting ring of f over Q. Then S; embeds into S](coo).

Proof. As Q C S](coo) = Qplz1, ... ,xn]/lj(coo), Lemma 3.4 implies that there’s a
homomorphism

Sy S
such that ¥ ([x;]) = [#;], ¢ = 1,...,n. To show that v is injective, note that by
Theorem 3.36,

B={lzf 2] |0<e<n—i, i=1,...,n—1} C 5%

n—1

is a Q,-basis of S}(coo). In particular, elements of B are Q,-linearly independent.
Let
0<e<n—i,1=1,...,n—1.

As

([t ]) = [

it follows that 1 is injective because
{[5 -2t e Sy, 0<e;<n—i, i=1,...,n—1}

is a Q-basis of Sy by Theorem 3.36. [

Corollary 3.46 ([26], Proposition 17). Let e be an idempotent in Sy = Q[z1, ..., x,]/I;.

Then e is an idempotent in SJ(COO).
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Although every idempotent in Sy is an idempotent in SJ(COO), it is not true that

every primitive idempotent in Sy is a primitive idempotent in S](coo), as we shall
see later. Recall that Z, C Q, denotes the ring of p-adic integers.

Definition 3.47. Let f(z) = 2"+ a, 12" ' +---+ag € Z|z], p € N a prime. We
denote by []?L the universal splitting ideal of f over Z,. That is, I]?L is the ideal

generated in Z,|xy, ..., x,] by the polynomials
81(1'17 s 7$n> + ap-1,
52(T1, -+ Tn) — An2,

Sp(T1, ... xn) + (=1)" tag,

where sq, ..., s, are the elementary symmetric polynomials. Moreover, we denote
by
ST =Tplxy, ... xn)/If

the universal splitting ring of f over Z,.

Proposition 3.48. Let f € Z[zy,...,x,] be monic, deg(f) = n, p € N a prime.
Then S} embeds into S](coo).

Proof. Recall that
S](coo) = @p[l’l, e an]/I](coo)

As Z, C Sj(coo), there’s a ring homomorphism
v Sf— S,

Y([z;]) = [zi), i =1,...,n, by Lemma 3.4. By Theorem 3.36,

B ={[zf - 2] |0<e<n—i,i=1,...,n—1} C S
generates S;{ as a Z,-module. Similarly, by Theorem 3.36,

B={[zp a1 0<e,<n—i,i=1,...,n—1} QS}OO)
is a Q,-basis of S}OO). Let s =Y, z:b; € ST with z; € Z,, b; € B'. If

s=0

then

P(s) = ZZW(@) =0

and ¥(b;) are distinct elements of B. Hence z; = 0 for every ¢ and ¢ is injective.
[
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Zylzy, ... ,.’E,J/I? = Sf+

Q[;I?l,...ﬁif.,l}/[f - Sf

Figure 3.1: Sy and S} embed into Sj(coo)

We need three more auxiliary lemmata before addressing the main topic of
this section.

Lemma 3.49. Let f(x) € Z[x] be a monic polynomial separable over Q, p € N
a prime. Then f := f mod p € F,[z] is separable (over F,) iff p { disc(f).

Proof. By Proposition 2.3,
R(f,f') = R(f, f') mod p.
Hence, by Proposition 2.4, the discriminant of f over F, is equal to
disc(f) = (—=1)""=V2R(f, ) = disc(f) mod p.
So f is separable over I, iff p { disc(f) by Remark 1.44. ]
Note 3.50. The following lemma is stated in [26, Lemma 13] without a proof.

Lemma 3.51. Let f(z) € Z[x] be a monic polynomial separable over Q, deg(f) =
n, let p € N be a prime such that p { disc(f). Let Iy be the universal splitting
ideal of f over Q and I;:= [ 7 the universal splitting ideal of f = f mod p over
F,. Then

ff: 7T([f ﬂZ[:Cl,. .. ,;Un]),

where
w7 — T,
is the canonical epimorphism (such that 7(z) = z mod p for every z € Z).
Proof. As m is surjective, w(I; N Z[xy,...,2,]) is an ideal in F,[zq,...,z,] by
Lemma 3.13. Let
Gly-osGn € L], ... 2]

be the standard generating set for f. By Lemma 3.29, 7(g1),...,7(gn) is the
standard generating set for f € F,. By Theorem 3.33,

Ir= (m(q1),- .., 7(gn)) S w(Iy NZ[21,. .., x0)).

For the reverse inclusion, we note that by Proposition 3.37, g1, ..., g, is a Grébner
basis of I; with respect to the lexicographic order < on terms such that z; <

- < x,. For each 7, the leading monomial of g; is monic. This means that
every polynomial from Z[zy, ..., z,]| can be reduced modulo {¢i, ..., g,} without
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using fractions. More precisely, if h € I N Z[zy,...,x,], there exist polynomials
Qs qn € Z[1, ..., x,] such that

h = Z 4i9i-
i=1

Now, w(h) € n(I; N Z[z4,...,x,]) can be expressed as
m(h) = m(a)m(g:) €1y
i=1

O

Lemma 3.52. Let f(x) € Z[z| be separable over Q, p € N a prime. Then f is
separable over Q,,.

Proof. As f is separable over Q, the discriminant d :=disc(f) # 0 by Remark
1.44. Over Q,, the discriminant is also equal to d, so f is separable over Q,. [

Let f(x) € Z[z] be monic and separable over Q, p € N a prime, p { disc(f).
Then f is separable over Q, by Lemma 3.52 and f := f mod p is separable over
F, by Lemma 3.49. We can therefore apply what we proved in Section 3.3 on the

rings Sj(coo) and
S = Fplat, ...,z /1},

where [;:= | 7 is the universal splitting ideal of f over F,. In fact, there’s a one-
to-one correspondence between primitive idempotents in these two rings. This is
what we aim to prove in the rest of this section.

Remark 3.53. Let z = >-%a;p’ € Z,. Define
z mod p := ayg.

Then
2z +— z mod p

is a surjective homomorphism
Ly — Ty

Lemma 3.54. Let f(z) € Z[z] be monic and separable, deg(f) = n. Let p be a
prime such that p t disc(f). Let

St =1Dyplxr, ... 0] /I7

be the universal splitting ring of f over Z, and I the universal splitting ideal of
f mod p over IF,. There’s a surjective ring homomorphism

mp o ST = Fylay, ..., x0) /Iy

such that m,(z) = z mod p for every z € Z,.
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Proof. The homomorphism
Ly, — I,

z+— zmod p:=ag
can be extended to a surjective ring homomorphism

Zylwr, s wn] = Fyplr, . wa] /I

by Lemma 3.12. Using Lemma 3.51, it’s easy to verify that the kernel of this
homomorphism contains I;. Hence,

Ly, .. ,:1071]/1]000)Jr — Fplz1, ... 2] /I

is a well defined epimorphism that extends m,,. n

By Proposition 3.48, S]T = ZLylx1, - .. ,a:n]/[}?L may be considered a subring of

Sj(fo) and we use this fact in the following lemma. We also use the fact that every

element of S}(coo) (resp. S}r) has a unique representative from Q,[x1, ..., z,] (resp.
Zplzy, ..., x,]) with terms from
{2 x| 0<e; <n—iyi=1,...,n—1}

by Theorem 3.36. This way, we may identify elements of S](coo) with their repre-
sentatives from Qp[zy, ..., x,).

Lemma 3.55 ([26], Lemma 15). Let f(z) € Z[z] be monic and separable,
deg(f) = n. Let p be a prime such that p t disc(f). Let

= 3 Y e @2 € Qa1

0<ei<n—1  0<e, 1<1
be an idempotent in SJ(COO). Then

e € Zylwy,. .., 1),
Now, let [} C Fp[z1,...,2,] be the universal splitting ideal of f = f mod p over

F, and
mp 2 S§ = Fylay, ..., w0) /Iy

the homomorphism from Lemma 3.54. Then
e =my(e!™) #£0
is an idempotent in the universal splitting ring Sy of f over F,,.

Proof. For a contradiction, assume that g, ., , € Q,\Z, for some ey, ..., e,_1.
Then there exists a positive integer £ € N such that

k
P Gey,.en € Ly
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forevery 0 <e; <n—1,...,0 < e, 1 <1. Let k be the smallest such integer.
Then 7,(p"¢e, ...e, ) # 0 for some (ey, ..., e,-1). Now, define

i= Y 0 Y Gt )l € 5],

0<e1<n-—1 0<en-1<1
By the choice of k, m,(u) # 0. Since

(e(oo))2 — (™)
holds in S](coo) and u = p*e(*) it follows that
u® = pu

holds in S}r. Consequently, as k is positive,

0 = m,(pu) = my(?) = (my(u))”.

By Theorem 3.20, Fy[z1, ..., x,]/I;is a direct product of fields and (m,(u))? = 0
implies 7,(u) = 0. That’s a contradiction.
We've established that e(>) € Z,[zy,...,z,]. Clearly,

(mp(e!))? = my(e!)
because m, is a homomorphism. So we need to show that
e = my(e™)) #£0.

Again, assume for a contradiction that e = 0. There’s a positive integer [ € N
and 2(®) € Z,[z1, ..., x,], m,(2®)) # 0, such that

00) ! (00)

e! P2

In SJ(IOO),

holds. Hence
S(00) — pl(Z(OO))2 — ¢(0) 5(o0)

and
0 # 7TIO(Z(OO)) = 7Tzo(e(oo)) 7T;D(Z(OO))-
This is a contradiction. O
Definition 3.56. Let p € N be a prime,
a = Zaipia b= Zblpl € Z;m
i>0 i>0

n € N. We write a = b (mod p") if (a—b)/p™ € Z,, where (a—b)/p" is considered
an element of Q,. This is equivalent to a; = b; for every : =0,...,n — 1.
For polynomials a(z1,...,2,),0(x1,...,2,) € Zp[z1,. .., 2],

a(xy,...,z,) =b(xy,...,2,) (mod p")
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if
(a(x1,...,xn) = b(z1,...,2,))/D" € Lplx1, ..., 2]
By Theorem 3.36, every element of
ST =Lplxy, ... ) /If

has a unique representative from Z,[x, ..., z,] with coefficients from

{5 23] |0< e <nm—i,i=1,...,n—1}.

n—1
The equivalence = thus translates to S;[ by emulating the representatives.

Theorem 3.57 ([26], Theorem 20). Let f(z) € Z[x] be monic and separable,
deg(f) = n. Let p be a prime such that p { disc(f). The homomorphism

mp o ST = Fylay, ..., w0) /Iy

from Lemma 3.54 gives a one-to-one corresponcence between the set of idem-
potents of S](coo) and the set of idempotents of S; = Fp[z1,...,2,]/[; where

I;C Fplas, ..., x,) is the universal splitting ideal of f = f mod p over F,.

Proof. By Lemma 3.55, every idempotent in S](coo) belongs to S}’ and its image

under 7, is an idempotent in F,[zy,...,z,|/I; Now we show that for every
idempotent
ee [z, ... x|/l

there’s exactly one idempotent e(>) € S](coo) such that 7,(e(*)) = é.
Let n € Z, n > 0. We show by induction on n that there’s

e e Sf = Zyla,. .. x,) /1"

such that
m(e™) =¢ (3.18)

and )
(e(”)) =™ (mod p"). (3.19)

By Lemma 3.54, m, is surjective and we may define e to be the inverse image
of €. Such a choice of ¢(©) satisfies both (3.18) and (3.19) by the definition of the
map 7, and by the fact that € € Fy[zy,...,2,]/I;is an idempotent.

Now let n > 0. By the induction hypothesis, we have

e = & (mod p)

and )
(e(")) = e™ (mod p"T).

The last congruence implies that
An — ((e(n))z . e(n))/pn—&-l
is an element of Z,[z1, ... ,a:n]/]](coo)Jr. If we define

Lo = (=29 + 1A,
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and
et = o L pntip (3.20)

then surely 7,(e("*1) = &. Furthermore,

(e(n+1))2 . e(n-i-l) _ (6(n))2 . e(n) _|_pn+11-\n+1 (2€(n) . 1) +p2n+2r721+17

hence
(6(n+1))2 _ p(nt1)

pn+1

= A, + Ty (2e™ — 1) 4 pmHT2 .

Modulo p, the middle summand on the right-hand side is equal to
L1 (2e™—1) = A, (—2e@41) (2™ —1) = A, (=20 +1) (2P —1) = —A,, (mod p).

This implies that

(e™+D)2 — g(n+1)

= =0 (mod p).

Hence
(emt)2 = e+ (mod pnt?).

Note that by (3.20), e+ = e (mod p"*') for every n. This means there’s an
element

e™ ¢ Lplwr, .. x]/If, ¥ >0 el = ™ (mod p™*t).

By (3.18) and (3.19), e(* is an idempotent and 7,(e(>)) = é.
To show the uniqueness of (>, suppose there’s an idempotent £ € Z,[z1, ..., x,]/ If+
such that

7r19(]0(00)) = €.
We show that f(*) = e (mod p"*!) for every n > 0. This is clear for n = 0.

For n > 0, suppose
) = el™ 4 ap™ (mod p™th),

where a € Zy[z1,...,x,)/I;. The aim is to show a = 0 (mod p). As ) is an
idempotent, we have

(e™ 4 ap™)* = e" 4 ap™ (mod p").
This is equivalent to
(ef)2 — e = ap™(1 — 2¢™) (mod p"*+?),
which is in turn equivalent to
(e(n));l_e(n) = a(1 — 2¢™) (mod p).
By (3.19), the fraction on the left-hand side is a multiple of p, hence
a(1 —2¢™) =0 (mod p).

Finally, we observe that (1 — 2e(™) is invertible modulo p because (1 — 2¢(™)?
1 (mod p). Therefore, a is congruent to 0 modulo p.

all

63



Theorem 3.58 ([26], Theorem 16). Let f(z) € Z[z] be monic and separable,
deg(f) = n. Let p be a prime such that p t disc(f). The homomorphism

mp o ST = Fylay, ..., wn) /I,

introduced in Lemma 3.54, gives a bijection between the set of primitive idem-
potents in Sj(coo) and the set of primitive idempotents in

S]z =F,[xy,... ,xn]/ff,
where I; C F)[x1,...,x,] is the universal splitting ideal of f = f mod p over F,,.

Proof. First we show that for a primitive idempotent e € Sy, its inverse image

e(>) under Tp is a primitive idempotent in S](coo). To this end, assume that e(>) =

e + el where €™, ™ £ 0 are orthogonal idempotents. By Lemma 3.55,
Wp(el(oo)), i = 1,2, are (non-zero) orthogonal idempotents. That’s a contradiction

because e is primitive and at the same time equal to
() = my(e™) + my(e5).

By a similar argument, it can be shown that the image of a primitive idem-
potent in S](coo) is a primitive idempotent (in S§). O

Theorem 3.58 has the consequence that Stab(e(>)) = Stab(é) for each pair
(e>), &) of corresponding primitive idempotents.
Corollary 3.59 ([26], Theorem 16). Let f(x) € Z[z| be monic and separable,
deg(f) = n. Let p be a prime such that p t disc(f). For each pair (e, €) such
that e(>) ¢ Sl(foo) is a primitive idempotent and & = 7,(e(>)),

Stab(e>)) = Stah(e),

where Stab(e(*)) C S, is the stabilizer of e(*) under the action of S, on Sj(foo)
and Stab(e) C S, is the stabilizer of € under the action of S, on S; (see Lemma
3.40).

Proof. By Lemma 3.52, f is separable over Q,. By Lemma 3.40, §,, acts on the
universal splitting ring S](coo) = Qylx1,. .. ,xn]/]foo) of f over Q,. Let (e(*) ¢)

be a pair of primitive idempotents described above and let Gal( f ) be the Galois
group of f mod p € F,[x] with respect to some order of the roots of f in F, By

Theorem 3.39, there are [S,, : Gal(f)] primitive idempotents in S7. By Proposi-

tion 3.41, Gal(f) = 7Stab(e)7 ! for some 7 € S,,. Hence the number of primitive
idempotents in Sy is equal to

[S,, : TStab(€)7 '] = [S, : Stab(e)].

Similarly, there are [S, : Stab(e(>))] primitive idempotents in Sj(coo). By Theorem
3.58,
[S,, : Stab(€)] = [S,, : Stab(e®)],
and [Stab(e)| = [Stab(e®))|. Now, to prove that Stab(e) = Stab(e(>)), it
suffices to show that Stab(e(®™)) C Stab(é). But this is clear since for every
7 € Stab(e(>)),
T =T*my(el®) =7, (1 %)) =7, (e)) =€

and 7 € Stab(e). O
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Chapter 4

A Modular Method

4.1 An outline of the method

As we’ve seen in section 2.4, a pivotal step of the Stauduhar’s algorithm is deciding
whether the resolvent polynomial R(GR 7 has an integral root. In theory, this could
be done simply by evaluating the expression P(aq,...,a,), where oy, ..., a, are
the roots of f. Unfortunately, the roots of f are usually known by their approxi-
mations, which makes it necessary to actually compute Rgg, P and then check for
integral roots by, for example, factoring R(GP’ ) over Z[zx]. The following lemma
provides an alternative approach.

Lemma 4.1 ([26], Remark 1). Let f € Z[z] be monic, separable, deg(f) = n,
and let o, ..., a, € Q be the roots of f. Let G be a Grobner basis of the ideal

M ={g(x1,...,2,) € Q[x1,..., 2] | g(v1,...,,) =0}

with respect to some term order and let P € Z[z1, ..., z,]. Denote by NFg(P) the
normal form of P with respect to G. Then P(ay,...,a,) € Ziff P(ay, ..., ap) =
NFg(P) iff NFg(P) is a constant polynomial.

Proof. 1f NFg(P) € Q then NFg(P) = P(ay, ..., a,) because
P(zy,...,x,) — NFg(P) € M.

Furhermore, since we assume f € Z[x] to be monic, P(ay, ..., a,) is an algebraic
integer by Proposition 1.40. Hence

P(ay,...,a,) €Q <= P(ay,...,a,) €Z

by Corollary 1.42. O]

So if we have a Grobner basis G of the ideal M defined above, it’s very easy
to decide whether R(GR 1) has an integral root simply by checking if NFg(F;) € Z
for some polynomial P; conjugate to P.

Example 4.2. Let f(z) = ' + 23 + 22 + 2 + 1 be the polynomial from Example
2.40. Recall that the roots of f are

ap = 6271'1/5’ Qy = 647”/5, Qg = 667”/5, = 687”/5.
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Let

M = {9($1,9€2,$37$4) € Q[I17$2,9€3,$4] | 9(041,&2,a3,a4) = 0} (4-1)
and
g1(x1) = x +1‘1+x1+:v1+1
92(I1,$2) = T2 «'Ei
93(351,%2,«753) = I3 95?,
94($1>$2, xs, 354) Ty — Iéf

Then G = {g1, 92, g3, 94} is a Grobner basis of M with respect to the lexicographic
order < on terms such that r; < x93 < 23 < z4. Now, let

P(ay, w2, w3, 14) = 2123 + X224
be the Dg-invariant polynomial from Lemma 2.37. Then

NFg(P) =
NFg((12) * P) =
NFg((14) « P) = :L‘l + ml

—:cl—xl—l

Hence by Lemma 4.1, ((12) *x P)(aq,...,a,) = 2 and R‘(Sﬁf) has a simple integral
root. By Corollary 2.36, if we swap the values of a; and «s (i.e. reorder the roots

of f according to (12)), Gal(f) C Dg. Now that the roots have been reordered,
we have to find a new basis of M. Let

g1(z9) i= a5 + 23 + 23+ 15 + 1,
gz(xz,l‘l) = $§,
93(w2, 11, 73) 1= 3 175%7
ga(To, 11, 3, 24) = T4 — T

and G := {g1,92,93,93}. Then G is a Grobner basis of M with respect to the
lexicographic order < on terms such that z, < 7 < x3 < x4. We're now ready
to decide whether Gal(f) C Cy:

Let P(zy, 2, 23, 74) := 103 + Tox3 + 2373 + 2427 be the Dg-relative Cy-invariant
from Lemma 2.38. Then

NFg(P) = —1,
NFg((13) % P) = 4.

So, by Lemma 4.1, P(ay, ag, as, ay) = —1, P(as, ag, a1, ay) = 4, and the resolvent
polynomial Rgéi ) does have an integral root. By Corollary 2.36,

Gal(f) C Cy.

Now, instead of actually computing a Grobner basis of M, we reduce f modulo
a prime p and then compute a Grobner basis G of the respective ideal over F,,.
It is possible to then lift G over to its counterpart in Q,[z1,...,x,] (or, more
precisely, to its approximation). Since the ideas presented above also work over
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Qplx1, ..., 2y, it’s possible to compute the Galois group as suggested above -
without resorting to computations with the roots of f.

In the rest of this chapter, we present three preparatory propositions. Then
we’ll discuss how to lift a Grébner basis over F, to a basis over Z/(p*) for some
k € N. This is done in Section 4.2. Finally, we present the algorithm itself.

Proposition 4.3 ([26], Proposition 17). Let f € Z[z] be monic and separable,
deg(f) = n. Let p € N be a prime such that p { disc(f). Let

e c Sf = @{1:177374/[]”
be a primitive idempotent and let
mp o ST = Fylay, ..., w0) /Iy

be the homomorphism from Lemma 3.54, where I is the universal splitting ideal

of

f = f mod p € F[z].

By Lemma 3.46, e is an idempotent in SJ(COO). By Lemma 3.55, e € S}’ and m,(e)
is an idempotent in Sy = Fy[z1,...,7,] /I;; we let € be its primitive component.
Then Stab(e) C Stab(e). Moreover, if T is the set of left coset representatives of

Stab(e) in Stab(e) then
Tp(e) = > Txe.
TET
By Corollary 3.58, € corresponds to a unique primitive idempotent e(*) e S](coo).
Then
e=> Txel>™. (4.2)
TET

Proof. We let £ be the set of primitive idempotents in Sy and £ the set of primitive
idempotents in S (the universal splitting ring of f = f mod p over F,). By
Proposition 3.41, Gal(f) = Stab(e). By Theorem 3.39,

m = |E] =[S, : Gal(f)] =[S, : Stab(e)].
Similarly, |€| =[S, : Stab(e)]. Next, we enumerate & = {ey,...,en} (wlog e; =
e) and further denote by & C &€ the primitive components of 7(e;), 1 = 1,...,m.
Using the fact that the elements of £ are orthogonal to each other (by Lemma,
1.3) and that, by Theorem 3.39, Y .c¢ mp(€) = 1, one can prove that the sets &
are disjoint and €& = U, &;.
Let us show that |&] = |&| for every i = 1,...,m. By Proposition 3.42,
there’s 7 € S, such that e; = 7 % ¢;. Thus

Y e=mple;) =mp(rrer) =T xmyler) = Y THe

5657 eea

The decomposition of an idempotent into the sum of its primitive components is
unique and € — 7 x € is a bijection between & and &;. Hence

&1 = E]/m =[S, : Stab(&)]/[S, : Stab(e)] = [Stab(e)|/|Stab(e)]  (4.3)
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In this paragraph we show that Stab(e) acts on &. Let 7 € Stab(e). By
Lemma 3.43, € - my(e) = € because € is a component of 7,(e). Hence

(rxe) me)=(Txe€) my(rxe)=(rxe)  (Txmye)) =7x(€-m(e)) =7 *e.

Again, by Lemma 3.43, 7 x e is a component of m,(e). This shows that Stab(e)
acts on & and consequently, |&| is greater than or equal to the lenght of the
orbit of €, i.e.

|€1] > [Stab(e) : Stab(e) N Stab(e)] > |Stab(e)|/|Stab(e)| £ &y].

Hence,
[Stab(e) : Stab(e) N Stab(e)] = |Stab(e)|/|Stab(e)|
and Stab(€) C Stab(e). This also shows that £ only consists of Stab(e) conju-
gates of e whence
=) Txe (4.4)

Finally, we note that by Corollary 3.59,
Stab(e>)) = Stah(e),

so T is also the set of left coset representatives of Stab(e(>)) in Stab(e). To
show (4.2), it suffices to prove that e(>) is a component of e iff e(>) is Stab(e)
conjugate to e(®). By Lemma 3.43, e is a component of e iff e - () = gloo)',
So let 7 € T and note that 7(e) - (T x €) = 7 % € because 7T * € is a component of
m(e) by (4.4). Hence e - (7 % () = 7 x e(>) because 7 gives a bijection between
idempotents in S](coo) and S7 by Theorem 3.57.

Conversely, let e(®) ¢ Sj(coo) be a primitive idempotent such that e - e(>®)" =
e Then w(e) - m(el®)) = 7(e(>)") and 7(e(>)") is a component of 7(e). Again,
by (4.4), w(el>)") is Stab(e)-conjugate to e and consequently, e(>) is Stab(e)-
congugate to 771 (€) = e(>). O

Note 4.4. The following is stated as Lemma 12 in [26] without a proof.

Lemma 4.5. Let f € Z[z] be monic and separable over Q, deg(f) = n. Let
ai,...,a, € Q be the roots of f and let Gal(f) and M be the Galois group
and the splitting ideal of f with respect to this order of the roots, respectively.
Let Sy = Q[z1,...,2,]/If be the universal splitting ring of f over Q and let
e € Sf be the pr1m1t1ve idempotent corresponding to M. If g € Q[xy,...,z,] is
a polynomial such that g(ay, ..., a,) € Z, then

[9(ea, .. an) —gle=0 (4.5)

in Sy. Furthermore, suppose H C G C §,, are groups such that Gal(f) C G and
P € Z[zy,...,z,) is a G-relative H-invariant. We let R(Gpvf) € Zlxy, ..., xz,) be
the G-relative H-invariant resolvent polynomial. Furthermore, we denote

m

R]GD(ywxla s axn) = H(?J - ]Di(xla s 7$n))7

=1
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where G« P = {P, = P,..., P,,} is the orbit of P under the action of G on S,
(so m =[G : H]). Then

[R(Gf>7f) (y) — RS(y,z1,...,20)] e =0 (4.6)

(in S¢ly]).

Proof. As g(aq,...,an) € Z, g—g(ay,...,a,) € M by the definition of the ideal
M. Hence

by (3.16). This shows (4.5). To prove (4.6), consider the polynomial

Zciyi = RJGD(%%, ey Ty) = R(GP,f)(y) € (Zlzy, ..., zn]) [yl

For i € {0,...,k}, the coefficient ¢; € Z[x,...,z,] of y" " is equal to

(=1 (si(Pr(z1, - n),y e Pe(@y oy 20))=si(Pi(a, oy am), oo Pl .o a)))

which is clearly a polynomial from M. Hence, by Theorem 3.39, ¢;-e € Iy, which
implies (4.6). O

Lemma 4.6. Under the assumptions of Lemma 4.5, let p € N be a prime such
that p 1 disc(f). Let

S = Qylan, .., @) /I

be the universal splitting ring of f over Q, and el®) ¢ S](coo) a primitive component
ofe. If g € Z[x1,. .., x,] is a polynomial such that g(«,...,«,) € Z, then

lg—glag,...,an)]- e =0
in S}OO). Let 7, be the homomorphism from Lemma 3.54. Then
[mp(9) = mp(g(eu, .. am))] - € =0 (4.7)
for every primitive component e of 7,(e) in Sy.
Proof. By Lemma 3.43, e(®) = ¢ - e(*®) because e(*) is a component of e. Hence
[g9—glar,...,an)] - e = ([g(ar,...,an) — g -€) - ™) =0

by Lemma 4.5. By Theorem 3.58, there’s a unique primitive idempotent e(®)
S](coo) such that 7,(e(>)) = &. Then

(g = glas,..., )] - €)= [my(g) = mp(glan, ..., )] - €= 0
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4.2 Lifting a basis

Let K be a perfect field, f € KJ[z|, monic and irreducible, deg(f) = n. Let
ai,...,a, €K be the roots of f and let

M ={g(x1,...,z,) € K|xy,...,2,) | g(a1,...,a,) =0} (4.8)

be the universal splitting ideal of f with respect to the above order of the roots.
We outline how to find a Grobner basis of M. More details can be found in [1].

o Let fi(z1) = f(z1) and K := K[z1]/(fi(z1)).

o Let fo(zy,29) € Klx1, 5] be a polynomial such that fo([z1],x) is a non-
linear, irreducible factor of f(x) over Kj. Set Ky := Ki[za]/(fo([x1], x2)).

e Similarly, let f,,([x1],...,[Tm-1],2) be a non-linear, irreducible factor of
f(z) over K,,_1. Set K, = Ky 1lxw]/(fm(lz1], -, [Tmo1],Tm)). Sup-
pose that f(x) factors into linear factors over K,, = K(a,..., ;). Then
polynomials

P (T1, o )y ooy B (2,0 )

exist such that

Qi1 = ha1(Qa, ooy am)y ooy = hp(ag, .o Q).
e Set
fe1(z1, o T, Tins1) 7= Tg1 — P (21, -+, T
o1, . my) =2 — (21, .. ).

Then fi,..., f, is a Grobner basis of M with respect to the lexicographic order
< on terms such that x; < --- < x,.

Example 4.7. Let f(z) = ' + 2% + 22 + 2 + 1 be the polynomial from example
4.2. Let f1(x1) = f(z1) and K7 = Q[z1]/(f1(x1)). Then f factors as

f@) = (z = [m])(@ = [#1])(z — [23]) (2 — [21])

over K. Let
ho(x1) = af,
hs(z1) = 7,
ha(z)) =z}
Then

f(x) = (2 = [0])(z = [ha(z1)]) (2 = [hs(21)]) (2 = [ha(21)]).
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By the above paragraph,

(@) =af + 2} + 2 + 21+ 1,
fo(z1, 22) = 29 ﬁa
f3($1,332,333) = I3 ZU?,
fa(x1, 29, 13, 14) = 24 — 2]

is a Grobner basis of the ideal (4.1) with respect to the lexicographic order < on
terms such that z; < 29 < 23 < 24.

Lemma 4.8 (Hensel’s Lemma). Let f(x) € Z[z] be primitive, p € N a prime,

le(f) mod p # 0.

Let g1, ..., 9m € (Z/(p))[z] be pairwise coprime polynomials such that

f=91- gm (mod p)

and le(gr) = le(f) mod p, le(ga) = -+ - = le(gm) = 1. Then, for every k € N, there
exist polynomials ¢\*), . .. , g% € (Z/(p*))[z] such that
f =g gl (mod ph), (4.9)
le(g1”) = le(f) mod p*, le(gs”) = -+ = le(g{})) = 1 and
9" = gi (mod p) (4.10)
for every 1.
Proof. See [4, Véta 17.3] O

By [4, Algoritmus 28], this is how to compute the polynomials ggk), o, gk

m
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Algorithm 8 Hensel lifting
Input: f,g1,..., 9, from Lemma 4.8, k € N, p € N a prime

Output: gik), ... g%) satisfying (4.9) and (4.10)

1: fortv=1,...,mdo

20 Ggi =1l 9 mod p

3: end for

4: fori=1,...,k—1do

5 le(gr) :=le(f) mod p't

6: d:=(f—g1-gm)/p' modp

7. Find uy,...,uy € (Z/(p))[x] such that d = >°; u;g; mod p and deg(u;) <
deg(g;)

8 gj:=(gi+pu;) mod pt j=1,....,m

9: end for

10: return gi,...,gm

For details on Step 7 of the above algorithm, see [4, Algoritmus 27].

Theorem 4.9 ([26], Theorem 21). Let f(z) € Z[x] be monic and separable. Let
p € N be a prime such that p 1 disc(f), let

f:=fmod peF,[z],

and let I; be the universal splitting ideal of f over F,. Let M be the splitting
ideal of f with respect to some order of the roots of f in F, and let

fl;--'afn

be a Grobner basis of M with respect to the lexicographic order < on terms such
that 1 < --- < x,,. By Theorem 3.39, there’s a unique primitive idempotent

e € Fplan,...,zn/l;
corresponding to M. By Theorem 3.58, there’s a unique primitive idempotent
e(>) e Sj(coo) = Qplz1, ... ,xn]/[}oo)
such that m,(e(*)) = &, where
mp o S§ = Fylay, ..., wn) /Iy
is the homomorphism from Lemma 3.54. Then fi, ..., f, can be lifted to a basis
TENENY

of a maximal ideal M) C Q,[z1,...,x,] such that e is the primitive idem-
00)

) C
potent corresponding to M (>
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Proof. For a formal proof, see [26, Theorem 21]. We outline how to compute
fi(oo) mod p* for every k > 1,43 =1,...,n. First, let i = 1. As f; is a factor of f,

there’s hy(z) € F,[z] be such that

f(2) = fi(@) - hu(2).

Smce f 1s separable, fi, h1 are CO}))HH]G and by Lemma 4.8, there are polynomials
fl , 1 ) such that f= fl (mod p*) for every k. Moreover, Algorithm 8
can be used to compute these polynomlals

Let ¢ > 1 and set

K = ]Fp['rh e 7331‘—1]/(]?17 cee ﬁ—1)~
Again, there’s a polynomial h; € K;_;[x] such that
fx:) = filw) - hi(:)

over K;_ ;. Set

U= F and bV = ;. (4.11)

In (4.11), we consider fi(l), hl(l) to be polynomials from Z([z1, ..., x;-1])[z;]. For
k> 1, Algorithm 9 computes fi(k), hz(k) € Z|xy,. .., x;] such that

f(z;) = fi(k) (X1, ..., 24) - hz(k)(xl, ..., x;) (mod p*, (g(’“+1)>), (4.12)

where
k 1) k+1) k+1
+ — {f( + N f( + )}

yJi—1
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Algorithm 9 Basis Lifting
Input: With the above notation, let f h satisfy (4.11), let k& > 1.

Output: f satlsfylng (4.12)
1 f= 0 h= W
2: Find ug, vg € Ki_l[xi] such that 1 = ugf; + vohs
3 forj=1,...,k—1do
A J+1) — {f J+1 f(J+1 }
5. d(xq,... 1) = Nng(i-}l—l)(f<I'Z'> — fi(j)(xl, e X)) ggj)(xl, o)/
6: d:=dmod p e K;_1[x;]
7. U= ug mod ﬁz
8  v:=uvyd+ fi(uo div ﬂl)
9: fi(jJrl) — fi(j) + pu mod pit
10: AT = p 4 piy mod pit!

11: end for

12: return fi(k), i)

i

Example 4.10. Let
f(x) =2+ 2 +1¢€Fs[].

Then f factors as
f(x) = (v +2)(2° + 32 + 42 + 3)

in F5[z]. Let

f1<l’1) =T + 2,

fo(za) = $§ + 3x§ + 4xq + 3.

The polynomial f factors as
f(x) = (x +2)(z + [daa])(z + [423 + 3])(z + [25 + 22])
over Fs[xo]/(fo(x2)). Let hs(xo) = 422 + 3, hy(xs) = 23 + x5 and

fg(xg,azg) =23+ 41:3 + 3 = x3 + hs(z2),
f4(l’2,l‘4) =4+ l’% + X9 = x4 + h4($2).

Then fi, fo, f3, f1 is a Grobner basis of the splitting ideal M of f (with respect
to some order of the roots of f in F,). If we run Algorithm 8 on fi, fo for
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k=1,2,3,4,5,6, the results are as follows:

1(1)(371) =x + 2, fz(l)(xg) = x5 + 303 + 4z + 3,

(1) = 2y + 12, I (g) = a3 + 1322 + 1925 + 23,

O (1) = @y + 37, 9 (y) = 23 + 8822 + 11925 + 98,

@ (2)) = 21 + 287, FSD(2y) = 3 + 33822 + 494z, + 98,
O)(21) = 21 + 1537, 9 (2y) = 23 + 158822 + 299425 + 1348,
) (21) = a1 + 7787, F39 (25) = 3 + 783822 + 123695 + 10723.

Note that
(&) (x) - Q(k)(a;) =2+ 2+ 1 (mod p*)
for k=1,2,3,4,5,6.
Let : =3 and

hs(xo, x3) = a3 + (23 4 2)a3 + (423 + 42y + 3)w3 + 405 + 325 + 1.
Then B B
f(x) = fa([z2], 3) - hs([z2], 25)

over Ky = Fs[zy]/(f2(x2)). If we run Algorithm 9 on A= 5 nlY = hy for
k=1,2,3,4,5, the results are as follows:

5D (w2, w5) = w5 + 423 + 3,

F (w9, 5) = w5 + 922 + 1525 + 18,

I (29, 25) = w5 + 3422 + 1152, + 43,

P (g, 25) = 25 + 15922 + 11525 + 203,
£ (g, 25) = 25 + 140922 + 261525 + 293,

hél)(xg, x3) = 5 + (v5 + 2)73 + (405 + day + 3)w3 + 4as + 379 + 1,

héz)(xg, x3) = 5 + (1623 + 102y + 7)x3 + (1425 + dx + 8)w3 + 1425 + 839 + 16,

W (29, 13) = 23 + (9122 + 1025 + 82)a2 + (11422 + 2975 + 83) x5 + 1433 + 825 + 91,
WY (29, 23) = 23 + (46622 + 51025 + 332)22 + (11422 + 27925 + 458) 75+

+ 1423 + 824 + 466,

W (2, w3) = 3 + (171622 + 5105 + 2832)22 + (261422 + 152925 + 458) w5+
4 188922 + 125825 + 1716.

Note that
f(xz) = f?gk) (x27$3) ) hz(’,k)<x2, 333) (mod pk, <g§k+1))7

for every k, where Gy = {f{*", £V},
Finally, let + = 4. Then

ha(2o, 24) = 2] + (423 + 429) x5 + (12 + 3) 3y + 45 + 29 + 4
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is the cofactor of f, and for il) = fu, hfll) = ha, the following are the results
obtained by Algorithm 9:

fi T2, T4) = Ty + $§ + T9,
P (29, 24) = 24 + 1622 + 112y + 20,
77
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hil)(l'g, T4) = o3+ (422 + 439) 22 + (z9 + 3) 2y + 4235 + 15 + 4,

W2 (29, 24) = 23 + (922 + 14wy + 5)22 + (1022 + 2125 + 23)23 + 2422 + 1135 + 9,

W (29, 24) = 2% + (3422 + 11425 + 80)22 + (1022 + 9635 + 48) x4 + T4z + 11125 + 34,
WY (g, 24) = 23 + (15922 + 11425 + 580)2% + (51022 + 34625 + 298) x4+

+ 32473 + 48625 + 159,

W (2, 24) = 23 + (140922 + 261475 + 1830)22 + (51022 + 159625 + 2798) x4+
+ 282415 + 173625 + 1409

4.3 The p-adic decision step

Let f(x) € Z[z] be a monic, irreducible polynomial of degree n. Let p € N be a
prime such that p t disc(f) and

f:=fmodpeF,

Let M be the splitting ideal of f with respect to some order of the roots of f in
F, and let

g:{fl7"'7fN}

be a Grobner basis of M with respect to the lexicographic order < on terms such
that v1 < ... < x,.

Let Sy be the universal splitting ring of f over F, and let e € S7 be the
primitive idempotent corresponding to the ideal M. Let S; be the universal
splitting ring of f over Q. Let m, be the homomorphism from Lemma 3.54.
It’s clear from the proof of Proposition 4.3 that there’s a primitive idempotent
e € Sy such that € is a component of m,(e). Let o, ..., a, € Q be the roots of f.
Suppose the order of the roots corresponds to the primitive idempotent e (that
is, Stab(e) = Gal(f) with respect to this order of the roots).

Given groups H C G C S, where G is transitive such that Gal(f) C G, Algo-
rithm 9 can be used to decide whether Gal(f) C TH7 ! for some 7 € S,,. Before
we give the algorithm, note that for P € Z[xy,...,z,], m,(P) = P (mod p) can
be considered a polynomial from F[z1, ..., z,] and NFg( m,(P) ) € Fplzy, ..., 2]
denotes the normal form of m,(P) with respect to G.
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Remark 4.11. We shall represent elements of Z/(p*) as integers from

{-("=1)/2,....(0" —1)/2}

if 2 < p and
{21 2t o1

if p = 2. This will be an important thing to note at Step 22 of Algorithm 9.

Lemma 4.12 is technical.

Lemma 4.12 ([26], Lemma 24). With the above notation, let

fx)=a"+ap 12" '+ +ag

1] = \/f

For P € Z[xy, ..., x,), let T(P) be the set of terms of P. For t € T'(P), we denote
by ¢; € Z the coefficient of ¢, i.e.

and

P = Z Ctt.

teT(P)

Moreover, for t € T'(P), let d(t) := max{deg, (t),...,deg, (t)}. Then

(75 P, an) < 32 el - I£1M

teT(P)

for every 7 € §,,. In particular,

B = max{ S e - |1 £1199, [G - H] + 1}

teT(P)

satisfies the conditions from Step 4 of Algorithm 10.
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Algorithm 10 The p-adic decision step
Input: With the above notation, let H C G C §,,, where G is transitive such
that Gal(f) C G, [G: H] = m.

Output: 7 € S, such that Gal(f) C TH7!; 0 if no such 7 exists
k=160 :={fY . fO} where f) =F,i=1,...,n

2: Compute a list (o1, ...,0,,) of left coset representatives of H in G.
3: Compute an H-relative G-invariant P € Z[z1, ..., x,]
4: Compute a bound B € N such that [G : H] < B and
|(o; % P)(cu,...,an)| < Bforeveryi=1,...,m
5 T =10
6: fort=1,...,m do
7. if NFg(l)( w(o;x P) ) € F, then
8: T :=TU{o;}
9: end if
10: end for

11: if 7 = () then
12:  return 0
13: end if

14: if p* < (2B)H] then
15:  Find &’ such that p* > (2B)1¢]
16: Lift £, f® o fF 0 p0D

17: k:=F

18 GW = B ey
19: end if

20: A:=10

21: fori=1,...,m do

222 A, :==NFgm(o;*P)

23: if A; € Z and |A;| < B then
24: A =AU {Z}

25: end if

26: end for

27: if A = () then
28: return 0
20: end if

30: if 3i e A (Vj € A\ {i}: A; # Aj) then
31: return o;

32: else

33:  Go to Line 3

34: end if
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First, let’s show that the decision step from Line 10 of Algorithm 9 is correct.

Lemma 4.13. With the above notation, let 7 € S, be such that Gal(f) C
TH7™'. Then
NFg(1)( 7Tp(7' * P) ) S Fp. (413)

Proof. 1f Gal(f) C TH7™ !, then A := (7 % P)(ay,...,a,) € Z by Corollary 2.34.
Hence

[mp(7 % P) = my(A)] - & = 0

in S by Lemma 4.6. By (3.16) (from Theorem 3.39), m,(7 * P) — m,(A) € M .
Hence
NFgo) (mp(1# P) ) = mp(A),

which implies (4.13). O

Example 4.14. Let
flz)=a'+2+1.

Then disc(f) = 229 € Z \ Z*. By Proposition 1.46, Gal(f) ¢ A;. We show that
Gal(f) = Sy. It suffices to prove Gal(f) € Ds. Let G := Sy, H := Dy, and let

P(x1, 29,3, 74) = 2123 + 224
be the H-invariant polynomial from Lemma 2.37. Then

{0, (12), (14)}

are the left coset representatives of H in G and G = {fi, fo, f3, f4} is a Grobner
basis of the splitting ideal M C Fs[xy, z9, x3, 4] of f, where

fiz) =21+ 2,

fo(y) = a3 + 322 4 4y + 3,
fa(xa, 3) = 25 + 422 4 3,
f4(I2,$4) = T4 + 25 + Ty

Then

NFg(P(C(]l,IQ,ZE37JZ4)) = 4 —+ 4%2,
NFG((12) x P(z1, 29, 23, 24)) = 2 + 423,
NFg((14) * P(x1, x9, 73, 74)) = 4 + 25 + 23.

None of the above is a constant polynomial and Gal(f) ¢ Ds by Lemma 4.13.
Hence Gal(f) = S..

Now we show that the decision step from Line 26 is correct.

Lemma 4.15. With the above notatin, let 7 € S,, be such that Gal(f) C TH7 !
and let £ € N. Then
A:=NFgn(TxP)

is an integer such that |A| < B.
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Proof. By Theorem 3.58, there’s a unique primitive idempotent e(*) € SJ(IOO) such

that 7,(e(>®)) = é. Since € is a component of m,(e), e is a component of e by
Proposition 4.3. By Corollary 2.34, A := (7 %« P)(aq,...,a,) € Z and |A| < B
by the definition of B. By Theorem 4.9, G can be lifted to f\°”,..., f> €

n
Zp|x1, ..., T,) such that e(*®) is the primitive idempotent corresponding to the

ideal M () generated by fl(oo), o f19in Qyzy, . . ., 2y,). By Lemma 4.6,
[T P — A]-el™ =0.
By (3.16) (from Theorem 3.39), 7 P — A € M(>®). For every i,
S = 5 (mod ph),
hence 7+ P = A (mod p*, (G®)) and A = NF (7 P ). O

Lemma 4.16. With the above notation, suppose oy, i € {1,...,m}, is output
by Algorithm 10. Then Gal(f) C o;Ho; .

Proof. Let G be the basis lifted from GV, Let A := NFg() (0; * P). Then
A; = A (mod p¥)
by the construction of A;. Furthermore, by Theorem 3.39,
[o;% P — A]- e =0

in S](coo), where e(>) is the primitive idempotent corresponding to the ideal M (>)
generated by G in Q,[z1,...,,]. Hence

[o0;% P — A;]-e® =0 (mod p). (4.14)

Let

=

RG(y, 1, ..., 1,) = | (y— (0j % P)(x1,...,2,)).

J

1

For every Q(x1,...,x,) € M),
Q... 2,)] - e =0

in Sj(coo) by Theorem 3.39. Hence

[RIG;(ya T1y.-. 737“)] ' 6(00) = H[y - NFQ<°°>((Uj * P)(xlv s 7.%',1))] ’ 6(00)
i=j
in S, By (4.14),
[RG(Ai, 21, ..., 20)] - € =0 (mod p).

Moreover, RE(A;, 1y, Trm)) = RE(As,21,...,21) for every 7 € G. By
Proposition 4.3, Stab(e) C Stab(e) and

e:ZT*e("O),

TET
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where T is the set of left coset representatives of Stab(e) in Stab(e). By Lemma
45,

R(GPJ)(AZ') e = RE(A [r], - [wa]) e = X;Rg(Az’, (1], faa]) - (7 ) =
= X7 (RE (A [arl o fonl) - €)= 0 (anod ),

where R(GR < Z[z] is the resolvent polynomial associated with P, f, and G.
Let M C Q|xy,...,z,]| be the maximal ideal such that e is the primitive idempo-
tent corresponding to M. By Theorem 3.20,

v:Sy— Qzy,...,x,]/M
[9]1, = [9]ar-

is a surjective homomorphism. Since e is the primitive idempotent corresponding

to M, v(e) = [1]p. Hence

V(R(Gp,f)(Ai) re) = [R(Gp,f)(Ai)]M-

As
R(GPJ) e =0 (mod p*),

R?P?f) (A;) mod p* € M. But M is a maximal (hence proper) ideal, so

RG (@) = (2 — Au(x) + p**o(a)

for some u,v € Z[x|. Now, either A; is a root of R(%f) or R(%f)(Ai) > pk.

By the definition of the resolvent polynomial,

RS 5y (As) = f[(Ai —(oy % P)as,...,an)) < (2B)™.

By the choice of k,
2B)" < p*

and A; is a root of R(GPJ). By Corollary 2.34, if we show that A; is a simple
root of R(C};f) then Gal(f) C o;Ho;'. Suppose j € {1,...,m} is such that
(0% P)(ay,...,a,) = A;. By Lemma 4.6, [0 % P — A;] - ¢(*) = 0. Hence

ojx P = A; (mod p", (GH*)

and thus A; = NFgw ( ;% P ). By the condition from Line 30 of Algorithm 10,
j =1 and A; is a simple root. 0
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Lemma 4.17. If P € Z[zy,...,x,] is such that R(Gp’f) is separable then the
condition of Line 30 of Algorithm 10 holds, i.e. the algorithm terminates.

Proof. Let A € Z, |A] < B, be an integer such that R{, (A) = 0 (mod p"),
where (2B)™ < p* and B is from Line 4 of Algorithm 10. Let

R?P’f) () = 2™ + 1 2™ T+ .

Let sq1,...,s, be the elementary symmetric functions in m variables. For every
ie€{0,...,m—1},

ITi] = |sm—i((01 % P)(a1, ... 0n), ...y (Om * P)(a1,...,ap))| < ( m )Bm—i‘

m—i
We denote by R’ the formal derivative of R(% n- As |Al < B,

|RN(A)| <mB™ '+ (m —D|rpm1|B™ 2+ +|r1| <
(1 () e ()
1 m—1

IR'(A)| < (2B)™. (4.15)

Since m < B,

Assume that A is a multiple root modulo p* of R(GP’ s
RS p)(x) = (x — A)"h(z) (mod ).
where v > 2, h € Z[z]. Then
R'(A) =0 (mod p")

so either R'(A) = 0 or R'(A) > p*. Recall that (2B)™ < p*. Hence R'(A) = 0 by
(4.15). This contradicts the separability of pr’ n- O
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Conclusion

In the 2nd chapter, we’ve looked at some fundamental methods for the
computation of Galois groups. The rest of this thesis was concerned with the
p-adic method, both from the theoretical and algorithmic point of view. Examples
were given for polynomials of degree 3 and 4. More examples of higher degree
polynomials would be desirable too but that would probably exceed the usual
scope of a master thesis.
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